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Abstract

Interacting particle systems have been applied to model the spread of infectious dis-

eases and opinions, interactions between competing species, and evolution of forest

landscapes. In this thesis, we study three spatial models arising from from ecology

and social sciences. First, in a model introduced by Schelling in 1971, in which fam-

ilies move if they have too many neighbors of the opposite type, we study the phase

transition between a randomly distributed and a segregated equilibrium. Second, we

consider a combination of the contact process and the voter model and study the

asymptotics of the critical value of the contact part as the rate of the voting term

goes to infinity. Third, we consider a family of attractive stochastic spatial models,

one of which is introduced by Staver and Levin to describe the coverage of forest.

We prove that the mean-field ODE gives the asymptotically sharp phase diagram

for existence of stationary distributions, while for Staver and Levin model there can

still be non-trivial stationary distributions even when the absorbing fixed point of

the mean-field ODE is stable.
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1

Introduction

Spatial interacting particle system has been applied to a variety of topic in ecology

and sociology. In Yuan Zhang’s research projects as a doctorate student, stochastic

spatial models were used to study spread of infectious disease, interaction between

competing species, evolution of forest landscapes, and the residential location and

spread of opinions in both the real world and social network online. Results on these

models are to be discussed in Chapter 2–4.

Chapter 2 concerns Schelling’s Model. In this work with my advisor Prof. Rick

Durrett, we consider a meta-population version of a model introduced by Thomas

Schelling in 1971, where families move if they have too many neighbors of the opposite

type. In our model, a city is divided into N neighborhoods each of which has L

houses. There are ρNL red families and ρNL blue families for some ρ ă 1{2. Families

are happy if there are ď ρcL families of the opposite type in their neighborhood, and

unhappy otherwise. Each family moves to each vacant house at rates that depend

on their happiness at their current location and that of their destination.

1



from/to Happy Unhappy
Happy r{pNLq ε{pNLq

Unhappy 1{pNLq q{pNLq

where q, r ă 1 and ε is small, e.g., 0.1 or smaller. We first show that µNi,jptq is the

faction of neighborhoods with i red and j blue families then, for any fixed L, µNi,jptq

converges weakly to µi,jptq which is the solution of an ODE as N goes to infinity.

When L “ 20 the limiting system is 210 dimensional, so to analyze the dynam-

ics when L is large, we take a different approach. We concentrate on the evolution

of neighborhood 1 and consider the other N ´ 1 neighborhoods to be its environ-

ment, which can be summarized by the following 4 parameters: (1) the average

number of happy red and blue families per neighborhood, h1
R and h1

B and (2) the

average number of vacant sites happy for red or blue, h0
R and h0

B, again per neigh-

borhood. The first step in our solution is to identify the stationary distribution of

the neighborhood-environment chain that are self-consistent. That is, if we calculate

the expected values of h1
R, h0

R, h1
B and h0

B in equilibrium in neighborhood 1, they

agree with the original parameters. Doing this we find a one parameter family of self-

consistent stationary distribution. However, using simple large deviations estimates,

we discover that only the end points are stable solutions. One, µr, corresponds to

randomly distributed individuals. The other is a segregated state µs in which half

the neighborhoods have density ρ1 of reds and ρ2 of blues where ρ1 ą ρc ą ρ2.

Our main result is that if neighborhoods are large then there are critical values

ρb ă ρd ă ρc, so that for ρ ă ρb the equilibrium state is µr for ρb ă ρ ă ρd, µr

and µs are both stable, but when ρ increases past ρd the random state is no longer

stable. When ρc is small enough (depending on ε), the random state will again be

the stationary distribution when ρ is close to 1/2. In words, everyone is unhappy

in the random initial state and moves at rate 1. Segregated neighborhoods form

at a very small rate but break down faster than they are formed. When µr is the

stationary distribution for ρ close to 1/2, there is also a region in which µr and µs are

stable. This work has been published in the Proceedings of the National Academy
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of Sciences [21].

Chapter 3 concerns the Contact Process with Fast Voting. In this work with

Prof. Rick Durrett and Prof. Thomas Liggett, we considered a combination of the

contact process and the voter model in which deaths occur at rate 1 per site, and

across each edge between nearest neighbors births occur at rate λ and voting events

occur at rate θ. We are interested in the asymptotics as θ Ñ 8 of the critical value

λcpθq for the existence of a nontrivial stationary distribution.

• In d ě 3, it is easy to use the voter model perturbation result of Cox, Durrett,

and Perkins [6] to prove that the system, after rescaled by θ´1{2, converges to

the solution of a PDE. This can be used to show that λcpθq Ñ 1{p2dβdq where

βd is the probability a d dimensional simple random walk does not return to

its starting point.

• In d “ 2 we used the fact that, after the space is scaled by θ´1{2, a pruned ver-

sion of the dual coalescing random walk converges to a super-critical branching

Brownian motion. This allows us to use a block construction to show that

the dual of contact process with fast voting dominates a super-critical per-

colation process. with a finite range of dependence. This implies that λcpθq

has an asymptotic upper bound of logpθq{4π. By using the equations that are

satisfied by the stationary distribution, Liggett was able to prove a matching

asymptotic lower bound.

• In d “ 1, since the Brownian motions hit each other, we cannot have the co-

alescing dual process cannot converge to a branching Brownian motion. How-

ever, we can control the movement of the particles but only follow certain

jumps. This allows us to use block construction to prove an asymptotic upper

bound lim supθÑ8 λcpθq{θ
1{2 ď c, but with a huge constant c. Using a method

similar to the one we use d “ 2, Liggett proved lim infθÑ8 λcpθq{θ
1{2 ě 2´1{2,

which may be the correct asymptotics. This work has been published in the

Electronic Journal of Probability [15].
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Chapter 4 concerns the Staver-Levin’s Forest Model. In this work with Prof. Rick

Durrett, we proved the existence of a nontrivial stationary distribution for a forest

model ηt : Zd Ñ t0, 1, 2u with Grass (0), Saplings (1), and Trees (2) introduced by

Staver, Archibald and Levin in a paper in Science which argued that savanna and

forest are alternative stable states. It is natural to assume that dispersal of seeds

by trees is long range. To simplify our calculations, we will not use a continuous

dispersal distribution for tree seeds, but instead let fipx, Lq denote the fraction of

sites of type i in the box x`r´L,Lsd and declare that site x changes with transition

as follows:

1 Ñ 0 at rate µ, 0 Ñ 1 at rate βf2px, Lq

2 Ñ 0 at rate ν, 0 Ñ 2 at rate ωpf0px, κLqq

where µ ě ν. Here the rate ωp¨q at which saplings grow into trees is a decreasing

function of the density of grass in the box x ` r´κL, κLsd due to the influence of

forest fires. The function ω in Staver-Levin’s work is almost a step function which

drops from ω0 to ω1 when a critical threshold is passed. Intuitively this corresponds

to going from isolated patches of grass to a giant component.

The Staver-Levin model is attractive. That is, given two initial conditions η0 ě η10,

the two processes can be defined on the same space so that ηt ě η1t. If ω ” ω1 then

the model reduces to a process ξt studied by Krone with empty space (0), juveniles

(1) who cannot give birth, and adults (2) who can.

Our first result is a general result: for any attractive particle systems with states

t0, 1, 2u, coexistence occurs in the long-range model when the absorbing state (0,0)

is an unstable fixed point of the mean-field ODE. The key to the proof is to use an

old idea of Grannan and Swindle [28] to show that when the density of 1+2’s in each

neighborhood is small, the system will recover almost deterministically dominating

a exponentially growing ODE. Once we have good estimates on the location of this

“positive density box”, a block construction does the rest.

As a special case, [36] introduce a attractive model where 1= immature individual,

4



2= adult individual and 0= vacancy. This model can also be seen as a degenerate case

of Staver-Levin’s Forest Model where the growth rate ωp¨q is a constant. The result

we obtain above is asymptotically sharp for Krone’s model, but the Staver-Levin

forest model may have a nontrivial stationary distribution when (0,0) is attracting.

To prove this we show that for some parameter values there are compactly supported

initial conditions for the saplings and the trees uSp0q and uT p0q and a time t ą 0 so

that with high probability we have uSptq ą uSp0q and uT ptq ą uT p0q. This and a

comparison argument show that there is an ε ą 0 so that uSptq, uT ptq ą ε expands

linearly and we can again use block construction to finish the proof. This work has

been accepted by the Annals of Applied Probability [20].
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2

Exact Solution for a Metapopulation Version of
Schelling’s Model

2.1 Model Description and Convergence to a Deterministic Limit

In 1971, Schelling [50] introduced one of the first agent-based models in the social

sciences. Families of two types inhabit cells in a finite square, with 25%–30% of

the squares vacant. Each family has a neighborhood that consists of a 5ˆ 5 square

centered at their location. Schelling used a number of different rule for picking the

next family to move, but the most sensible seems to be that we pick a family at

random on each step. If the fraction of neighbors of the opposite type is too large

then they move to the closest location that satisfies their constraints. Schelling

simulated this and many other variants of this model (using dice and checkers) in

order to argue that if people have a preference for living with those of their own

color, the movements of individual families invariably led to complete segregation.

[51]

As Clark and Fossett [5] explain “The Schelling model was mostly of theoretical

interest and was rarely cited until a significant debate about the extent and expla-
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nations of residential segregation in U.S. urban areas was engaged in the 1980s and

1990s. To that point, most social scientists offered an explanation that invoked hous-

ing discrimination, principally by whites.” At this point Schelling’s article has been

cited more than 800 times. For a sampling of results from the social sciences literature

see Fossett’s lengthy survey [24], or other more recent treatments [46, 35, 33]. About

ten years ago physicists discovered this model and analyzed a number of variants

of it using techniques of statistical mechanics, [61]–[9]. However to our knowledge

the only rigorous work is [4] which studies the one-dimensional model in which the

threshold for happiness is ρc “ 0.5 and two unhappy families within distance w swap

places at rate 1.

Here, we will consider a metapopulation version of Schelling’s model in which

there are N neighborhoods that have L houses, but we ignore spatial structure

within the neighborhoods, and their physical locations. We do this to make the

model analytically tractable, but these assumptions are reasonable from a modeling

point of view. Many cities in the United States are divided into neighborhoods that

have their own identities. In Durham, these neighborhoods have names like Duke

Park, Trinity Park, Watts-Hillendale, Duke Forest, Hope Valley, Colony Park, etc.

They are often separated by busy roads and have identities that are reinforced by

email newsgroups that allow people to easily communicate with everyone in their

neighborhood. Because of this it is the overall composition of the neighborhood that

is important not just the people who live next door. In addition, when a family

decides to move they can easily relocate anywhere in the city.

Families, which we suppose are indivisible units, come in two types that we call

red and blue. There are ρNL of each type, leaving p1´ 2ρqNL empty houses. This

formulation was inspired by Grauwin et al. [29], who studied segregation in a model

with one type of individual whose happiness is given by a piecewise linear unimodal

function of the density of occupied sites in their neighborhood. To define the rules

7



of movement, we introduce the threshold level ρc such that a neighborhood is happy

for a certain type of agent if the fraction of agents of the opposite type is ď ρc. For

each family and empty house, movements occur at rates that depend on the state of

the source and destination houses:

from/to Happy Unhappy
Happy r{pNLq ε{pNLq

Unhappy 1{pNLq q{pNLq

where q, r ă 1 and ε is small, e.g., 0.1 or smaller. Since there are OpNLq vacant

houses, dividing the rates by NL makes each family moves at a rate Op1q. Since

ε is small, happy families are very reluctant to move to a neighborhood in which

they would be unhappy, while unhappy families move at rate 1 to neighborhoods

that will make them happy. As we will see later, the equilibrium distribution does

not depend on the values of the rates q and r for transitions that do not change a

families happiness. We do not have an intuitive explanation for this result.

To describe the dynamics more precisely, let ni,jptq, be the number of neighbor-

hoods with i red and j blue families for pi, jq P Ω “ tpi, jq : i, j ě 0, i ` j ď Lu.

The configuration of the system at time t can be fully described by the numbers

νNt pi, jq “ ni,jptq{N . If one computes infinitesimal means and variances then it is

natural to guess (and not hard to prove) that if we keep L fixed and let N Ñ 8,

then νNt converges to a deterministic limit.

Motivated by individual-based models in finance, Daniel Remenik [48] has proved

a general result which takes care of our example. To describe the limit, we need

some notation. Let λpa1, b1; a2, b2q be N times the total rate of movement from

one pa1, b1q neighborhood to one pa2, b2q neighborhood. Let bpω1, ω2;ω11, ω
1
2q be N

times the rate at which a movement from one ω1 “ pa1, b1q neighborhood to one

ω2 “ pa2, b2q neighborhood turns the pair ω1, ω2 into ω11, ω
1
2. The exact formulas for

these quantities are not important, so they are hidden away in Subsection 2.8.1.

8



Theorem 2.1. As N Ñ 8, the νNt pi, jq converge in probability to the solution of the

ODE:

dνtpi, jq

dt
“ ´νtpi, jq

ÿ

ωPΩ

rλpi, j;ωq ` λpω; i, jqsνtpωq (2.1)

`
ÿ

ω1,ω2PΩ

rbpω1, ω2; pi, jq, ω1q ` bpω1, ω2;ω1, pi, jqqs νtpω1qνtpω2q.

We do not sum over ω1 since its value is determined by ω1 and ω2. The first term

comes from the fact that a migration from pi, jq Ñ ω or ω Ñ pi, jq destroys an pi, jq

neighborhood, while the second reflects the fact that a migration ω Ñ ω1 may create

an pi, jq neighborhood at the source or at the destination.

2.2 Special Case L = 2

To illustrate the use of Theorem 2.1, we consider the case L “ 2, and let `c “ rρcLs

be the largest number of neighbors of the opposite type which allows a family to be

happy. Here, rxs is the largest integer ď x. When L “ 2, a neighborhood with both

types of families must be p1, 1q, so the situation in which `c ě 1 is trivial because

there are never any unhappy families. In the case L “ 2 and `c “ 0, it is easy to find

the equilibrium because there is detailed balance, i.e., the rate of each transition is

exactly balanced by the one in the opposite direction.

rν2
1,0 “ 4rν0,0ν2,0 p1, 0qp1, 0q é p0, 0qp2, 0q

rν2
0,1 “ 4rν0,0ν0,2 p0, 1qp0, 1q é p0, 0qp0, 2q

2ν0,0ν1,1 “ εν1,0ν0,1 p1, 1qp0, 0q é p1, 0qp0, 1q
ν1,0ν1,1 “ 2εν2,0ν0,1 p1, 1qp1, 0q é p0, 1qp2, 0q
ν0,1ν1,1 “ 2εν0,2ν1,0 p1, 0qp1, 1q é p1, 0qp0, 2q

After a little algebra, see Subsection 2.8.2, we find that this holds if and only if:

ν2,0 “ ν0,2 “ x ν1,1 “ 2εx ν1,0 “ ν0,1 “ y ν0,0 “ y2
{4x.

At first, it may be surprising that the rate r has nothing to do with the fixed point,

but if you look at the first two equations you see that the r appears on both sides.

9



The parameter q does not appear either, but when L “ 2 it is for the trivial reason

that transitions p1, 1qp1, 0q Ñ p1, 0qp1, 1q, which occur at rate q, do not change the

state of the system.

Using now the fact that the equilibrium must preserve the red and blue densities,

we can solve for x and y to conclude that

y “
1´

a

8p1´ εqρ2 ´ 4p1´ εqρ` 1

1´ ε

x “
p2´ 2εqρ´ 1`

a

8p1´ εqρ2 ´ 4p1´ εqρ` 1

2p1` εqp1´ εq
.

The argument given here shows that this is the only fixed point that satisfies detailed

balance. We prove in Subsection 2.8.2 that it is the only fixed point. Since the

formulas, which result from solving a quadratic equation, are somewhat complicated,

Figure 2.1 shows how the equilibrium probabilities νi,j vary as a function of ρ.

0 0.1 0.2 0.3 0.4 0.5
0

0.2

0.4

0.6

0.8

1

Figure 2.1: Equilibrium probabilities νi,j for the case L “ 2 plotted against ρ.

Unfortunately, when L ě 3, there is no stationary distribution that satisfies

detailed balance. One can, of course, solve for the stationary distribution numerically.

Figures 2.2 shows the limit behavior of the system with L “ 20, and ρc “ 0.3, i.e.,

`c “ 6 for initial densities ρ “ 0.1, 0.2, 0.25 and 0.35. In the first two cases, most of

the families are happy. In the third situation, the threshold `c “ 6 while the average

number of reds and blues per neighborhood is 5, but since fluctuations in the make
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up of neighborhoods can lead to unhappiness, there is a tendency toward segregation.

In the fourth case segregation is almost complete with most neighborhoods having 0

or 1 of the minority type.
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Figure 2.2: Limiting behavior of limit differential equation, with ρc “ 0.3, ε “ 0.01,
ρ “ 0.1, 0.2, 0.25, and 0.35.

2.3 Outline of Our Solution

Finding the stationary distribution requires solving roughly L2{2 equations. To be

precise, 231 equations when L “ 20 and 5151 when L “ 100. In this section, we

will adopt a different approach: we concentrate on the evolution of neighborhood 1

and consider the other N ´ 1 neighborhoods to be its environment, which can be

summarized by the following 4 parameters: (1) the average number of happy red and

blue families per neighborhood, h1
R and h1

B and (2) the average number of vacant

sites happy for red or blue, h0
R and h0

B, again per neighborhood.
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The first in our solution is to identify the stationary distribution of the neighborhood-

environment chain that are self-consistent. That is, if we calculate the expected

values of h1
R, h0

R, h1
B and h0

B in equilibrium in neighborhood, they agree with the orig-

inal parameters. To begin to do this, we divide the state space Ω into four quadrants

based on red and blue happiness. Writing 0 for H and 1 for U , we have

j ą `c Q1,0 Q1,1

j ď `c Q0,0 Q0,1

i ď `c i ą `c

If we let TrippR, pBq be the trinomial distribution

L!

i!j!pL´ i´ jq!
piRp

j
Bp1´ pR ´ pBq

L´i´j (2.2)

then inside Qk,`, the detailed balance condition is satisfied by TrippR, pBq where

pR “
αk,`

1` αk,` ` βk,`
, pB “

βk,`
1` αk,` ` βk,`

,

and formulas for αk,` and βk,` are given in Subsection 2.8.3.

Unfortunately, there is no stationary distribution that satisfies detailed balance

on the entire state space. To verify this we note that if the stationary distribution π

and the jump rates q satisfy detailed balance πpxqqpx, yq “ πpyqqpy, xq then around

any closed path x0, x1, . . . xn “ x0 with qpxi´1, xiq ą 0 for 1 ď i ď n we must have

n
ź

i“1

qpxi´1, xiq

qpxi´1, xiq
“ 1

but this is not satisfied around loops that visit two or more quadrants. To avoid

this problem we cut the connections between the different quadrants and identify

the self-consistent distributions for the modified chain. At this point, we can only

do this under

12



Assumption 1. Stationary distributions are symmetric under interchange of red

and blue.

The answer given in the next section is a one-parameter family of stationary distri-

butions indexed by a P r0, 1{2s. There, and in the next two steps, we have a pair of

results, one for ρ ă ρc and one for ρ ą ρc.

In the second step we investigate the flow of probability between quadrants when

transitions between the quadrants are restored. The key idea is that the measures

in each quadrant are trinomial, so the probabilities will decay exponentially away

from the mean ppRL, pBLq. This implies that the flow between quadrants occurs at

rate expp´cLq, which is much smaller than the time, Op1q, it takes the probability

distributions to reach equilibrium. In words, the process comes to equilibrium on a

fast time scale while the parameters change on a much slower one. We will prove

this separation of time scales in a version of the paper for a mathematical audience.

Here, we will only give the answers that result under

Assumption 2. The process is always in one of self-consistent stationary distribu-

tions, but the value of a changes over time.

The third step is to use the stability results to show that the only possible stable

equilibria are at the end points:

a “ 0 which represents a random distribution,

a “ 1{2 which represents a segregated state.

We will call these measures µr and µs when ρ ă ρc, µ̂r and µ̂s when ρ ą ρc. Theorems

4A and 4B describe when they are stable fixed points.
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2.4 Self-consistent Stationary Distributions

The results given here are proved in Subsections 2.8.4 and 2.8.5. The formulas, which

again come from solving a quadratic equation, are not simple but they are explicit

and easily evaluated.

Theorem 2.2. Suppose ρ ă ρc. For a P p0, 1{2s let

ρ1pa, ρq “
´1` pa` ρqp1´ εq `∆1

2ap1´ ε2q
, (2.3)

where

∆1 “
a

r1´ pa` ρqp1´ εqs2 ` 4ap1´ ε2qρ.

Let ρ1p0, ρq “ limaÑ0 ρ1pa, ρq “ ρ{p1´ ρp1´ εqq and for a P r0, 1{2s let

µa “ p1´ 2aqTripρ0, ρ0q ` aTripρ1, ρ2q ` aTripρ2, ρ1q

A symmetric distribution µ is self consistent if and only if it has the form above with

parameters ρ1 ą ρc, ρ2 “ ερ1 ă ρc and ρ0 “ ρ1{r1` p1´ εqρ1s ă ρc.

To clarify the last sentence: the definition of ρ1 does not guarantee that the three

conditions are satisfied for all values of a P r0, 1{2s, so the inequalities are additional

conditions. As shown in Subsection 2.8.7 a Ñ ρ1pa, ρq is increasing, so the range of

possible values of ρ1 for a fixed value of ρ is

rρ1p0, ρq, ρ1p1{2, ρqs “

„

ρ

1´ ρp1´ εq
,

2ρ

1` ε



(2.4)

The possible self-consistent stationary distributions are similar in the second case

but the formulas are different.

Theorem 2.3. Suppose ρ ě ρc. For a P p0, 1{2s let

ρ̂1pa, ρq “
ε` p1´ εqpa` ρq ´∆2

2ap1´ ε2q
, (2.5)
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where

∆2 “
a

rε` p1´ εqpa` ρqs2 ´ 4ap1´ ε2qρ.

Let ρ̂1p0, ρq “ limaÑ0 ρ̂1pa, ρq “ ρ{pε` p1´ εqρqq, and for a P r0, 1{2s let

µ̂a “ aTripρ̂1, ρ̂2q ` aTripρ̂2, ρ̂1q ` p1´ 2aqTripρ̂3, ρ̂3q

A symmetric distribution µ̂ is self-consistent if and only if it has the form above with

parameters ρ̂1 ą ρc, ρ̂2 “ ερ̂1 ă ρc and ρ̂3 “ ερ̂1{r1´ p1´ εqρ̂1s ą ρc.

This time aÑ ρ1pa, ρq is decreasing, so the range of possible values of ρ1 for a fixed

value of ρ is

rρ̂1p1{2, ρq, ρ̂1p0, ρqs “

„

2ρ

1` ε
,

ρ

ε` p1´ εqρ



(2.6)

i.e., the old upper bound on the range of ρ1 in (2.4) has become the lower bound.

See Figure 2.3 for a picture.
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Figure 2.3: Picture to explain calculation of the phase transition when ρc “ 0.2,
ε “ 0.1. The x-axis gives the value of ρ Dots on the axis are the locations of ρb,
ρd, ρ̂b, ρ̂d. The two curves are ρ1p0, ρq for ρ ă ρc and ρ̂1p0, ρq for ρ ě ρc, while the
straight line is ρ1p1{2, ρq “ ρ̂1p1{2, ρq “ 2ρ{p1` εq.

2.5 Stability Calculations

The results in this section are proved in Subsections 2.8.7 and 2.8.8. Using “large

deviations” for the trinomial distribution, which in this case is just calculating prob-

abilities using Stirling’s formula, we conclude:
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Theorem 2.4. Suppose ρ ă ρc and recall µa has no mass on Q1,1. The flow into

Q0,0 from Q0,1 and Q1,0 is larger than the flow out if and only if

ˆ

1´ ερ1

1´ ρ1

˙1´ρc

ă 1` p1´ εqρ1. (2.7)

Theorem 2.5. Suppose ρ ě ρc and recall µ̂a has no mass on Q0,0. The flow out of

Q1,1 to Q0,1 and Q1,0 is larger than the flow in if and only if

ˆ

ρ̂1

1´ ρ̂1

˙1´ρc

ă p1´ p1´ εqρ̂1q
´1. (2.8)

2.6 Phase Transition

Combining Theorems 2.2 and 2.4, we can determine the behavior of the process

for ρ ă ρc. The set of possible values for ρ1pa, ρq for a fixed ρ is the interval

rρ1p0, ρq, ρ1p1{2, ρqs given in (2.4). Since 0 ď ρ ă ρc, we are looking for a solu-

tion to
ˆ

1´ εx0

1´ x0

˙1´ρc

“ 1` p1´ εqx0.

with x0 P r0, 2ρc{p1` εqq. In Subsection 2.8.9 we show that x0 exists and is unique.

Here, we will concentrate on what happens in the example ρc “ 0.2, ε “ 0.1. When

ρc “ 0.2 the interval is r0, 0.4{1.1s and we have x0 “ 0.2183.

Let ρb be chosen so that x0 “ ρ1p1{2, ρbq and ρd be chosen so that x0 “ ρ1p0, ρdq.

See Figure 2.3 for a picture. When a solution x0 exists in the desired interval

ρb “
p1` εqx0

2
and ρd “

x0

1` x0p1´ εq
.

In our special case, ρb “ 0.1201 and ρd “ 0.1825.
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Theorem 2.6. The stable stationary distributions for ρ ă ρc are

µr for 0 ď ρ ă ρb,

µr and µs for ρb ă ρ ă ρd,

µs for ρd ă ρ ă ρc.

Why is this true? When ρ ă ρb, ρ0 ą ρ1p1{2, ρq, the flow into Q0,0 is always larger

than the flow out, so µr is the stationary distribution. When ρb ă ρ ă ρd there will

be an ac P p0, 1{2q so that ρ1pac, ρq “ ρ0. The flow into Q0,0 is larger than the flow

out when a ă ac and the a in the mixture will decrease, while for a ą ac the flow out

of Q0,0 will be larger than the flow in and a will increase. Thus we have stable fixed

points at 0 and 1/2. When ρd ă ρ ă ρc, ρ ă ρ1p0, ρq, the flow out of Q0,0 is always

larger than the flow in, and the segregated fixed point with a “ 1{2 is the stationary

distribution.

Using Theorems 2.3 and 2.5, we can determine the behavior of the process

for ρ ě ρc. The set of possible values for ρ̂1pa, ρq for a fixed ρ is the interval

rρ̂1p1{2, ρq, ρ̂1p0, ρqs given in (2.6). Since ρc ď ρ ď 0.5, we are looking for a solution

to
ˆ

x̂0

1´ x̂0

˙1´ρc

“ p1´ p1´ εqx̂0q
´1.

with in x̂0 P r2ρc{p1`εq, 1{1`εs. In Subection 2.8.10 we show that there is a solution

in the desired interval if and only if ερc ě pε` 1q{2, and it is unique. The condition

comes from having “ in (2.8) at the right end point 1{p1 ` εq. When ε “ 0.1 the

condition is ρc ă 0.25964

When ρc “ 0.2 and ε “ 0.1, this interval is r0.4{1.1, 1{1.1s, and x̂0 “ 0.8724. Let

ρ̂b be chosen so that x̂0 “ ρ̂1p0, ρ̂bq and ρ̂d be chosen so that x̂0 “ ρ̂1p1{2, ρdq. When
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a solution x̂0 exists in the desired interval, we have

ρ̂b “
εx̂0

1´ x̂0p1´ εq
and ρ̂d “

p1` εqx̂0

2
.

In our example, ρ̂b “ 0.4061 and ρ̂d “ 0.4798.

Theorem 2.7. The stable stationary distributions for ρ ě ρc are

µ̂s for ρc ď ρ ă ρ̂b,

µ̂r and µ̂s for ρ̂b ă ρ ă ρ̂d,

µ̂r for ρ̂d ă ρ ă 0.5.

The reasoning behind this result is the same as for Theorem 2.6. To show that these

result can be used to explicitly describe the phase transition, Figure 2.4 shows how

the four critical values depend on ρc when ε “ 0.1.
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Figure 2.4: ρb ă ρd ă ρ̂b ă ρ̂d as a function of ρc when ε “ 0.1

2.7 Discussion

Here, we have considered a metapopulation version of Schelling’s model, which we

believe is a better model for studying the dynamics of segregation in a city than a

nearest neighborhood interaction on the two dimensional square lattice. Due to the

simple structure of the model, we are able to describe the phase transition in great

detail. For ρ ă ρb a random distribution of families µr “ Tripρ, ρq is the unique
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stationary distribution. As ρ increases there is a discontinuous phase transition to

a segregated state µs at ρd preceded by an interval pρb, ρdq in which both µr and µs

are stable. Surprisingly the phase transition occurs to a segregated state occurs at

a value ρd ă ρc, i.e., at a point where in a random distribution most families are

happy. This shift in behavior occurs because random fluctuations create segregated

neighborhoods, which, as our analysis shows, are more stable than the random ones.

If ρc is small enough then as ρ nears 1/2, there is another discontinuous tran-

sition at ρ̂d which returns the equilibrium to the random state µ̂r “ Tripρ, ρq, and

this is preceded by an interval pρ̂b, ρ̂dq of bistability. To explain this, we note that

when families are distributed randomly, everyone is unhappy and moves at rate 1,

maintaining the random distribution. In our concrete example, ρc “ 0.2, ε “ 0.1, the

fraction of vacant houses at ρ̂d “ 0.4798 is only 4.04%, so it is very difficult to make

segregated neighborhoods where one type is happy. Our stability analysis implies

that these segregated neighborhoods are created at a slower rate than they are lost,

so the random state prevails.

The results in this chapter has been derived under two assumptions (i) stationary

distributions are invariant under interchange of red and blue, and (ii) the process

is always in one of a one-parameter family of self-consistent stationary distributions

indexed by a P r0, 1{2s, but the value of a changes over time. We are confident

that (ii) can be proved rigorously. Removing (i) will be more difficult, since when

symmetry is dropped there is a two parameter family of self-consistent distributions.

A more interesting problem, which is important for applications to real cities, is to

allow the initial densities of reds and blues and their threshold for happiness to differ.

While our solution is not yet complete, we believe it is an important first step in

obtaining a detailed understanding of the equilibrium behavior of Schelling’s model

in a situation that is relevant for applications.
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2.8 Proofs

2.8.1 Formulas for Theorem 2.1

To describe the limit, we need some notation. Let `c “ rρcLs, where rxs is the largest

integer ď x. In words, a family is happy if there are ď `c families of the opposite

type in their neighborhood. Let

∆pi1, i2q “

$

’

’

’

&

’

’

’

%

r i1 ď lc, i2 ď `c

ε i1 ď lc, i2 ą `c

1 i1 ą `c, i2 ď `c

q i1 ą lc, i2 ą `c

be the matrix of movement rates, which depends on the number of houses of the

opposite type at the source i1 and destination i2. Let

λpa1, b1; a2, b2q “
1

L
ra1pL´ a2 ´ b2q∆pb1, b2q ` b1pL´ a2 ´ b2q∆pa1, a2qs

be N times the total rate of movement from one pa1, b1q neighborhood to one pa2, b2q

neighborhood. Let ωi “ pai, biq, ω
1
i “ pa

1
i, b

1
iq

bpω1, ω2;ω11, ω
1
2q “

#

pa1{LqpL´ a2 ´ b2q∆pb1, b2q if ω11 “ pa1 ´ 1, b1qω
1
2 “ pa2 ` 1, b2q

b1ppL´ a2 ´ b2q{Lq∆pb1, b2q if ω11 “ pa1, b1 ´ 1qω12 “ pa2, b2 ` 1q

and 0 otherwise.

2.8.2 Neighborhoods of size 2

To apply Theorem 2.1, we need to compute

λpω1, ω2q “

ω1 ω2 “ p0, 0q p1, 0q p0, 1q
p1, 0q r* r{2 ε{2
p0, 1q r* ε{2 r{2
p2, 0q 2r r* ε
p0, 2q 2r ε r*
p1, 1q 2 (1+q)/2 (1+q)/2
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and bpω1, ω2; ¨q “

ω1 ω2 “ p0, 0q p1, 0q p0, 1q
p1, 0q r1p0,0;1,0q* r1p0,0;2,0q{2 ε1p0,0;1,1q{2
p0, 1q r1p0,0;0,1q* ε1p0,0;0,2q{2 r1p0,0;1,1q{2
p2, 0q 2r1p1,0;1,0q r1p1,0;2,0q* ε1p1,0;1,1q

p0, 2q 2r1p0,1;0,1q ε1p0,1;0,2q r1p0,1;1,1q*
p1, 1q 1p0,1;1,0q 1p0,1;2,0q{2 1p0,1;1,1q{2

`1p1,0;0,1q `q1p1,0;1,1q{2 `q1p1,0;0,2q{2

The entries marked with *’s do not change the na,b. Using the first table to see how

things are destroyed (terms in square brackets below) and the second table to see

how things are created – referring back to the first table for the rates, the limiting

ODE is:

dν0,0ptq

dt
“ ´ν0,0r2rν2,0 ` 2ν1,1 ` 2rν0,2s ` εν1,0ν0,1 ` rrν

2
0,1 ` rν

2
1,0s{2

dν1,0ptq

dt
“ ´ν1,0rrν1,0 ` εν0,1 ` ν1,1p1` qq{2` εν0,2s

` 4rν0,0ν2,0 ` 2ν1,1ν0,0 ` εν2,0ν0,1 ` ν1,1ν0,1{2` ν1,1ν1,0q{2

dν0,1ptq

dt
“ ´ν0,1rrν0,1 ` εν1,0 ` ν1,1p1` qq{2` εν2,0s

` 4rν0,0ν0,2 ` 2ν1,1ν0,0 ` εν0,2ν1,0 ` ν1,1ν1,0{2` ν1,1ν0,1q{2

dν2,0ptq

dt
“ ´ν2,0r2rν0,0 ` εν0,1s ` rrν

2
1,0 ` ν1,0ν1,1s{2

dν0,2ptq

dt
“ ´ν0,2r2rν0,0 ` εν1,0s ` rrν

2
0,1 ` ν0,1ν1,1s{2

dν1,1ptq

dt
“ ´ν1,1r2ν0,0 ` pν1,0 ` ν0,1qp1` qq{2s

` εν0,1ν1,0 ` εν0,2ν1,0 ` εν2,0ν0,1 ` ν1,1pν1,0 ` ν0,1qq{2.

Inspired by the notion of detailed balance we make the following definitions;

x1 “ rpν2
1,0 ´ 4ν0,0ν2,0q p1, 0qp1, 0q é p0, 0qp2, 0q

x2 “ rpν2
0,1 ´ 4ν0,0ν0,2q p0, 1qp0, 1q é p0, 0qp0, 2q

x3 “ 2ν0,0ν1,1 ´ εν1,0ν0,1 p1, 1qp0, 0q é p1, 0qp0, 1q
x4 “ ν1,0ν1,1 ´ 2εν2,0ν0,1 p1, 1qp1, 0q é p0, 1qp2, 0q
x5 “ ν0,1ν1,1 ´ 2εν0,2ν1,0 p1, 0qp1, 1q é p1, 0qp0, 2q
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Introducing these variable into the differential equations. We have that in order

to have a fixed point, the following equations has to be satisfied

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

x1{2` x2{2´ x3 “ 0

´x1 ` x3 ´ x4{2` x5{2 “ 0

´x2 ` x3 ` x4{2´ x5{2 “ 0

x1{2` x4{2 “ 0

x2{2` x5{2 “ 0

´x3 ´ x4 ´ x5 “ 0

. (2.9)

The rank of the linear equations in (2.9) is 4, so we cannot cannot have xi “ 0, i “

1, ¨ ¨ ¨ 5 directly from it. Fortunately, we can get from equation (2.9) that

x1 “ ´x4, x2 “ ´x5, x1 ` x2 “ x3 “ 0.

Then multiply the defining equation for x1 by ´εν0,1 and the one for x4 be 2rν0,0

and then add to eliminate the term of ν0,0ν0,1ν2,0, we have

εν0,1x1 ´ 2rν0,0x4 “ rν1,1x3 “ 0.

Since that we also have x1 ` x4 “ 0, this implies x1pεν0,1 ` 2rν0,0q “ 0. If x1 ­“ 0,

ν0,1 “ ν0,0 “ 0, so that x2 “ 0. But then x1 ` x2 “ 0 is violated. It follows that

x1 “ 0, x2 “ x4 “ ´x1 “ 0, x5 “ ´x2 “ 0. The proof is complete.

2.8.3 Rates for the neighborhood-environment chain

If we let ni,j be the number of pi, jq neighborhoods then those parameters for red

families can be written as:

h1
R “

ÿ

jălc

ni,ji, h0
R “

ÿ

jălc

ni,jpL´ i´ jq (2.10)
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Here, and in what follows, we will cut the number of formulas in half by not writing

the analagous quantities for blues. From the four parameters h1
R, hR0 , hB1 and hB0 ,

we can calculate the rate at which reds arrive (superscript `) and leave (superscript

´), sites in neighborhood 1 that are happy H and unhappy U for red. Letting NR,

NB, and N0 be the total number of red families, blue families, and empty sites,

H`
R “ rrh

1
R ` pNR ´ h

1
Rqs{NL H´

R “ rrh
0
R ` pN0 ´ h

0
Rqs{NL

U`R “ rεh
1
R ` qpNR ´ h

1
Rqs{NL U´R “ rh

0
R ` qpN0 ´ h

0
Rqs{NL

From this, we see that the transition rates for neighborhood 1 are

if j0 ď `c if j0 ą `c
pi0, j0q Ñ pi0, j0 ` 1q pL´ i0 ´ j0qH

`
R pL´ i0 ´ j0qU

`
R

pi0, j0q Ñ pi0, j0 ´ 1q i0H
´
R i0U

´
R

Using this it is easy to verify that inside Qk,`, the detailed balance condition is

satisfied by TrippR, pBq where

pR “
αk,`

1` αk,` ` βk,`
and pB “

βk,`
1` αk,` ` βk,`

and the αk,l and βk,l are as follows:

α0,0 “ α0,1 “
H`
R

H´
R

α1,0 “ α1,1 “
U`R
U´R

β0,0 “ β1,0 “
H`
B

H´
B

β0,1 “ β1,1 “
U`B
U´B

.

2.8.4 Proof of Theorem 2.2

The first step is to show

Lemma 2.8.1. A measure of the form

aTripρ0, ρ0q ` bTripρ1, ρ2q ` bTripρ2, ρ1q ` cTripρ3, ρ3q

is self consistent only if ac “ 0, i.e. it cannot put positive mass on both Q0,0 and

Q1,1.
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Proof. Suppose a, c ­“ 0. Then by self consistency, ρ0 “ α0,0{p1 ` 2α0,0q and ρ̂3 “

α1,1{p1 ` 2α1,1q. Since ρ0 ă ρc ă ρ̂3, we must have α0,0 ă α1,1. However, since

ε ă q, r ă 1,

α0,0 “
rh1

R `NR ´ h
1
R

rh0
R ` εpN0 ´ h0

Rq
ą
εh1

R ` qpNR ´ h
1
Rq

h0
R ` qpN0 ´ h0

Rq
“ α1,1

since the numerator of the first fraction is larger than the numerator of the second,

and the denominator of the first fraction is smaller than the denominator of the

second and we have a contradiction.

Theorem 2.2 concerns the case in which there is no mass on Q1,1 and the measure

has the form

p1´ 2aqTripρ0, ρ0q ` aTripρ1, ρ2q ` aTripρ2, ρ1q

with ρ0 ă lc, ρ2 ă lc ă ρ1. In the next subsection we will show that there is no mass

on Q1,1 if and only if ρ ă ρc. Our goal is to show that any self-consistent distribution

of this form falls into the one-parameter family described in Theorem 2.2. The first

step is recalling that under this case the environmental parameters are as follows:

h1
R “ h1

B “ p1´ 2aqρ0 ` aρ1

NR ´ h
1
R “ NB ´ h

1
B “ aρ2

h0
R “ h0

B “ p1´ 2aqp1´ 2ρ0q ` ap1´ ρ1 ´ ρ2q

N0 ´ h
0
R “ N0 ´ h

0
B “ ap1´ ρ1 ´ ρ2q.

Thus in Q0,0:

α0,0 “ β0,0 “
rrp1´ 2aqρ0 ` aρ1s ` aρ2

rrp1´ 2aqp1´ 2ρ0q ` ap1´ ρ1 ´ ρ2qs ` εap1´ ρ1 ´ ρ2q

“
rp1´ 2aqρ0 ` aprρ1 ` ρ2q

rp1´ 2aqp1´ 2ρ0q ` pr ` εqap1´ ρ1 ´ ρ2q
.
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In Q0,1, α0,1 “ α0,0 while

β0,1 “
εrp1´ 2aqρ0 ` aρ1s ` qaρ2

rp1´ 2aqp1´ 2ρ0q ` ap1´ ρ1 ´ ρ2qs ` qap1´ ρ1 ´ ρ2q

“
εp1´ 2aqρ0 ` apερ1 ` qρ2q

p1´ 2aqp1´ 2ρ0q ` p1` qqap1´ ρ1 ´ ρ2q

since it is an unfriendly environment for blue individuals. Similarly, in Q1,0, α1,0 “

β0,1 and β1,0 “ β0,0. For self-consistency, the following equations have to be satisfied:

piq
α0,0

1` α0,0 ` β0,0

“ ρ0, piiq
α0,1

1` α0,1 ` β0,1

“ ρ1, piiiq
β0,1

1` α0,1 ` β0,1

“ ρ2.

To treat (i) we first note that if α0,0 “ β0,0 “ A{B where

A “ rp1´ 2aqρ0 ` aprρ1 ` ρ2q

B “ rp1´ 2aqp1´ 2ρ0q ` pr ` εqap1´ ρ1 ´ ρ2q.

With the notations above, one can easily see that

1` α0,0 ` β0,0 “
B ` 2A

B

and condition (i) is equivalent to A “ pB ` 2Aqρ0 or

rp1´2aqρ0`aprρ1`ρ2q “ rrp1´2aq`2aprρ1`ρ2q`pr` εqap1´ρ1´ρ2qsρ0. (2.11)

Subtracting rp1´ 2aqρ0 and then dividing by a on both side of (2.11), we have

ρ0pr ` εqp1´ ρ1 ´ ρ2q “ prρ1 ` ρ2qp1´ 2ρ0q. (2.12)

This implies

1´ ρ1 ´ ρ2 “
prρ1 ` ρ2qp1´ 2ρ0q

ρ0pr ` εq
. (2.13)

Conditions (ii) and (iii) imply that α0,1{β0,1 “ ρ1{ρ2, so we have

ρ1

ρ2

“
p1´ 2aqp1´ 2ρ0q ` p1` qqap1´ ρ1 ´ ρ2q

rp1´ 2aqp1´ 2ρ0q ` pr ` εqap1´ ρ1 ´ ρ2q
ˆ
rp1´ 2aqρ0 ` aprρ1 ` ρ2q

εp1´ 2aqρ0 ` apερ1 ` qρ2q
.

(2.14)
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Plugging (2.13) in to (2.14), we can simplify the equation and get

ρ1

ρ2

“
1

r ` ε
¨
p1´ 2aqρ0pr ` εq ` p1` qqaprρ1 ` ρ2q

rp1´ 2aqρ0 ` aprρ1 ` ρ2q
ˆ
rp1´ 2aqρ0 ` aprρ1 ` ρ2q

εp1´ 2aqρ0 ` apερ1 ` qρ2q
.

(2.15)

Canceling out rp1´ 2aqρ0 ` aprρ1 ` ρ2q and cross multiplying gives us

ρ2rp1´2aqρ0pr` εq`p1` qqaprρ1`ρ2qs “ ρ1rεp1´2aqρ0pr` εq`apr` εqpερ1` qρ2qs.

(2.16)

For further simplification, note that we can rewrite equation (2.16) as

p1´ 2aqρ1pr ` εqpρ2 ´ ερ1q ` ap1` qqρ2prρ1 ` ρ2q ´ apr ` εqρ1pερ1 ` 1ρ2q “ 0,

which is equivalent to

p1´ 2aqρ1pr ` εqpρ2 ´ ερ1q ` arp1` qqρ2 ` pr ` εqρ1spρ2 ´ ερ1q “ 0,

and

pρ2 ´ ερ1q ¨ rp1´ 2aqρ0pr ` εq ` apr ` εqρ1 ` p1` qqaρ2s “ 0. (2.17)

Since p1´ 2aqρ0pr ` εq ` apε` rqρ1 ` p1` qqaρ2 ą 0, (2.17) implies that

ρ2 “ ερ1. (2.18)

Now plugging (2.18) back into (2.12), we have ρ0p1 ´ p1 ` εqρ1q “ ρ1p1 ´ 2ρ0q

and

ρ0 “
ρ1

1` p1´ εqρ1

. (2.19)

To find ρ1 note that aρ1 ` aρ2 ` p1 ´ 2aqρ0 “ ρ since the system preserves density,

combine this with (2.18) and (2.19):

ap1` εqρ1 ` p1´ 2aq
ρ1

1` p1´ εqρ1

“ ρ.
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Simplifying the equation above, we have:

ap1´ ε2qρ2
1 ` r1´ pa` ρqp1´ εqsρ1 ´ ρ “ 0.

Thus ρ1 should be the positive solution of this quadratic equation:

ρ1 “
´1` pa` ρqp1´ εq `

a

r1´ pa` ρqp1´ εqs2 ` 4ap1´ ε2qρ

2ap1´ ε2q
(2.20)

and we have proved Theorem 2.2.

2.8.5 Proof of Theorem 2.3

We move now to the case when there is no mass on Q0,0. Again we will prove in the

next subsection that this corresponds to ρ ě ρc. The measure in this case can be

written as:

aTripρ̂1, ρ̂2q ` aTripρ̂2, ρ̂1q ` p1´ 2aqTripρ̂3, ρ̂3q

and the environmental parameters are now as follows:

h1
R “ h1

B “ aρ̂1

NR ´ h
1
R “ NB ´ h

1
B “ p1´ 2aqρ̂3 ` aρ̂2

h0
R “ h0

B “ ap1´ ρ̂1 ´ ρ̂2q

N0 ´ h
0
R “ N0 ´ h

0
B “ p1´ 2aqp1´ 2ρ̂3q ` ap1´ ρ̂1 ´ ρ̂2q.

As in case 1, in Q1,1 we can compute the ratios α and β as follows:

α1,1 “ β1,1 “
εaρ̂1 ` qrp1´ 2aqρ̂3 ` aρ̂2s

ap1´ ρ̂1 ´ ρ̂2q ` qrp1´ 2aqp1´ 2ρ̂3q ` ap1´ ρ̂1 ´ ρ̂2qs

“
p1´ 2aqρ̂3 ` apερ̂1 ` qρ̂2q

qp1´ 2aqp1´ 2ρ̂3q ` p1` qqap1´ ρ̂1 ´ ρ̂2q

while in Q0,1, β0,1 “ β1,1 and

α0,1 “
raρ̂1 ` rp1´ 2aqρ̂3 ` aρ̂2s

rap1´ ρ̂1 ´ ρ̂2q ` εrp1´ 2aqp1´ 2ρ̂3q ` ap1´ ρ̂1 ´ ρ̂2qs

“
p1´ 2aqρ̂3 ` aprρ̂1 ` ρ̂2q

εp1´ 2aqp1´ 2ρ̂3q ` pr ` εqap1´ ρ̂1 ´ ρ̂2q
.
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In case 2, a self-consistent distribution has to satisfy the following conditions:

piq1
α1,1

1` α1,1 ` β1,1

“ ρ̂3; piiq1
α0,1

1` α0,1 ` β0,1

“ ρ̂1, piiiq1
β0,1

1` α0,1 ` β0,1

“ ρ̂2.

As before write α1,1 “ Â{B̂ where

Â “ qp1´ 2aqρ̂3 ` apερ̂1 ` qρ̂2q

B̂ “ qp1´ 2aqp1´ 2ρ̂3q ` p1` qqap1´ ρ̂1 ´ ρ̂2q.

Thus

B̂ ` 2Â “ qp1´ 2aq ` p1` qqap1´ ρ̂1 ´ ρ̂2q ` 2apερ̂1 ` qρ̂2q

and we need Â “ pB̂ ` 2Âqρ̂3 for condition piq1, which can also be written as

qp1´ 2aqρ̂3 ` apερ̂1 ` qρ̂2q “ qp1´ 2aqρ̂3 ` p1` qqap1´ ρ̂1 ´ ρ̂2qρ̂3 ` 2apερ̂1 ` qρ̂2qρ̂3.

Then again subtracting qp1´ 2aqρ̂3 and dividing by a on both sides:

ερ̂1 ` ρ̂2 “ p1` qqp1´ ρ̂1 ´ ρ̂2qρ̂3 ` 2pερ̂1 ` qρ̂2qρ̂3

which can be simplified as

p1` qqρ̂3p1´ ρ̂1 ´ ρ̂2q “ p1´ 2ρ̂3qpερ̂1 ` qρ̂2q

ñp1´ ρ̂1 ´ ρ̂2q “
p1´ 2ρ̂3qpερ̂1 ` qρ̂2q

p1` qqρ̂3

.
(2.21)

From conditions piiq1 and piiiq1, α0,1{β0,1 “ ρ̂1{ρ̂2. Thus

ρ̂1

ρ̂2

“
qp1´ 2aqp1´ 2ρ̂3q ` p1` qqap1´ ρ̂1 ´ ρ̂2q

εp1´ 2aqp1´ 2ρ̂3q ` pr ` εqap1´ ρ̂1 ´ ρ̂2q
ˆ
p1´ 2aqρ̂3 ` aprρ̂1 ` ρ̂2q

qp1´ 2aqρ̂3 ` apερ̂1 ` qρ̂2q
.

(2.22)

Then using exactly the same calculation as in the proof of Theorem 2.2 by plugging

(2.21) into (2.22), we get

ρ̂1

ρ̂2

“ p1` qq
qp1´ 2aqρ̂3 ` apερ̂1 ` qρ̂2q

εp1´ 2aqp1` qqρ̂3 ` pr ` εqapερ̂1 ` qρ̂2q
ˆ
p1´ 2aqρ̂3 ` aprρ̂1 ` ρ̂2q

qp1´ 2aqρ̂3 ` apερ̂1 ` qρ̂2q
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which implies:

ρ̂2rp1´2aqp1`qqρ̂3`p1`qqaprρ̂1`ρ̂2qs “ ρ̂1 pεp1´ 2aqp1` qqρ̂3 ` pr ` εqapερ̂1 ` qρ̂2qq

(2.23)

after we cancel the term of qp1´2aqρ̂3`apερ̂1`qρ̂2q. Simplifying (2.23) with exactly

the same procedure as in the proof of Theorem 2.2, we have

pρ̂2 ´ ερ̂1q ¨ rp1´ 2aqp1` qqρ̂3 ` pr ` εqaρ̂1 ` p1` qqaρ̂2s “ 0. (2.24)

It is clear that the second term in the product on the left side of (2.24) is positive,

which implies:

ρ̂2 “ ερ̂1. (2.25)

Using this in (2.21) gives

2ρ̂3p1´ ρ̂1 ´ ερ̂1q “ p1´ 2ρ̂3qp2ερ̂1q

which can be simplified to

ρ̂3 “
ερ̂1

1´ ρ̂1p1´ εq
. (2.26)

Noting that apρ̂1 ` ρ̂2q ` p1´ 2aqρ̂3 “ ρ and using (2.25) and (2.26), we have

ap1` εqρ̂1 ` p1´ 2aq
ερ̂1

1´ p1´ εqρ̂1

“ ρ

and 0

ap1´ ε2qρ̂2
1 ´ rε` p1´ εqpa` ρqsρ̂1 ` ρ “ 0. (2.27)

The coefficient of ρ̂2
1 and the constant term are positive and the coefficient of ρ̂1 is

negative, and we expect the roots to be real so the quadratic equation above has two

positive solutions, say 0 ă x1 ă x2. Suppose ρ̂1 equals to the bigger solution x2. Then

the smaller solution x1 ă x2 “ ρ̂1 ă 1. Note that ap1` εqρ̂1 ` p1´ 2aq ερ̂1

1´p1´εqρ̂1
“ ρ,

which implies

ap1` εqρ̂1 ď ρ.
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Thus we have

x1x2 ă x2 “ ρ̂1 ď
ρ

ap1` εq
.

However, from equation (2.27):

x1x2 “
ρ

ap1´ ε2q
“

ρ

ap1` εq

1

1´ ε
ą

ρ

ap1` εq

and we get a contradiction. Thus ρ̂1 has to be the smaller solution x1 of the equation

above and

ρ̂1 “
ε` p1´ εqpa` ρq ´

a

rε` p1´ εqpa` ρqs2 ´ 4ap1´ ε2qρ

2ap1´ ε2q
(2.28)

which completes the proof of Theorem 2.3.

2.8.6 Density of Self-Consistent Distributions

Our next step is to show that whenever a self-consistent distribution falls into form

of Theorem 2.2 we must have the corresponding overall density

ρ “ aρ1 ` aρ2 ` p1´ 2aqρ0

satisfies ρ ă ρc. And similarly when it falls into case 2 we must have the density

ρ ą ρc.

For a self-consistent distribution in case 1, ρ2 “ ερ1 and ρ0 “ ρ1{r1 ` p1 ´ εqρ1s.

Note that

2ρ0 ´ p1` εqρ1 “
2ρ1

1` p1´ εqρ1

´ p1` εqρ1

“
2ρ1 ´ p1` εqρ1 ´ p1` εqp1´ εqρ

2
1

1` p1´ εqρ1

“
p1´ εqρ1r1´ p1` εqρ1s

1` p1´ εqρ1

since p1` εqρ1 “ ρ1 ` ρ2 ď 1, 2ρ0 ě p1` εqρ1 “ ρ1 ` ρ2. Combine this with the fact

that ρ0 ă ρc, we have ρ “ p1´ 2aqρ0 ` apρ1 ` ρ2q ď ρ0 ă ρc.
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Similarly, for self-consistent distribution in Theorem 2.3, we have ρ̂3 “ ερ̂1{r1 ´

p1´ εqρ̂1s, then

2ρ̂3 ´ p1` εqρ̂1 “
2ερ̂1

1´ p1´ εqρ̂1

´ p1` εqρ̂1

“
2ερ̂1 ´ p1` εqρ̂1 ` p1` εqp1´ εqρ̂

2
1

1´ p1´ εqρ̂1

“
p1´ εqρ̂1pp1` εqρ̂1 ´ 1q

1´ p1´ εqρ̂1

ă 0.

Thus p1` εqρ̂1 ě 2ρ̂3 ą 2ρc, and ρ “ p1´ 2aqρ̂3 ` apρ̂1 ` ρ̂2q ě ρc.

2.8.7 Proof of Theorem 2.4

To have the formulas at hand we ρ1p0, ρq “ ρ{p1´ ρp1´ εqq while for a P p0, 1{2s

ρ1pa, ρq “
´1` pa` ρqp1´ εq `

a

r1´ pa` ρqp1´ εqs2 ` 4ap1´ ε2qρ

2ap1´ ε2q
. (2.29)

µa “ p1´ 2aqTripρ0, ρ0q ` aTripρ1, ρ2q ` aTripρ2, ρ1q, where

ρ2 “ ερ1 ă ρc and ρ0 “ ρ1{r1` p1´ εqρ1s ă ρc.

Suppose ρ ă ρc, The first task is to determine when the ρi given in Theorem

2.2 satisfy the desired inequalities. Let b “ 1 ´ pa ` ρqp1 ´ εq. When a is small,
a

b2 ` 4ap1´ ε2qρ « b` 2ap1´ ε2qρ{b so

ρ1pa, ρq «
2ap1´ ε2qρ

2ap1´ ε2qb
Ñ

ρ

1´ ρp1´ εq
as aÑ 0.

From this we see that when a “ 0,

ρ0 “
ρ{p1´ ρp1´ εqq

p1´ ρp1´ εq ` ρp1´ εqq{p1´ ρp1´ εqq
“ ρ.

When a “ 1{2 the quantity under the square root is

C “ r1´ p1{2` ρqp1´ εqs2 ` 2p1´ ε2qρ.
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We claim this is the same as

D “ r1´ p1{2´ ρqp1´ εqs2.

To check this note that

C ´D “ ´4ρp1´ εq ` 2ρp1´ εq2 ` 2p1´ ε2qρ

“ ρr´4` 4ε` 2p1´ 2ε` ε2 ` 2p1´ ε2qs “ 0.

Putting D under the square root

ρ1p1{2, ρq “
2ρp1´ εq

p1´ ε2q
. (2.30)

Since families do not change type, we must have

ρ “ p1´ 2aq
ρ1

1` p1´ εqρ1

` aρ1 ` aερ1

This equation shows that the mapping a Ñ ρ1pa, ρq so it must be monotone, so in

this case it is increasing.

In order for the measure constructed above to be valid we must have

ρc ą ρ0 “
ρ1

1` p1´ εqρ1

. (2.31)

which implies

ρ1 ă
ρc

1´ p1´ εqρc
(2.32)

When (2.31) fails mass will flow out of Q0,0, so the solution will be

p1{2qTripρ1, ρ2q ` p1{2qTripρ2, ρ1q.

We will now investigate the stability of our proposed equilibria. Suppose we have

a trinomial

L!

i!j!pL´ i´ jq!
piRp

j
Bp1´ pR ´ pBq

L´i´j.
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Using Stirling’s formula n! „ nne´n
?

2πn, dropping the square root terms, and

noticing the e´n terms cancel in a multinomial coefficient, this becomes

LL

iijjpL´ i´ jqL´i´j
piRp

j
Bp1´ pR ´ pBq

L´i´j.

We are interested in what happens when i “ ρcL. Dividing top and bottom by LL

and inserting the definitions

“ ρ´ρcLc pθq´θLp1´ ρc ´ θq
1´ρc´θpρcLR pθLB p1´ pR ´ pBq

p1´ρc´θqL

“

ˆ

pR
ρ

˙ρL
´pB
θ

¯θL
ˆ

1´ pR ´ pB
1´ ρ´ θ

˙p1´ρ´θqL

(2.33)

Taking logs and dividing by L we want to maximize:

ρc logppR{ρcq ` θ logppB{θq ´ p1´ ρc ´ θq log

ˆ

1´ pR ´ pB
1´ ρc ´ θ

˙

.

Taking the derivative with respect to θ

d

dθ
“ logppB{θq ` θp´1{θq ´ log

ˆ

1´ pR ´ pB
1´ ρc ´ θ

˙

´ p1´ ρc ´ θq ¨
´1

1´ ρc ´ θ
.

The derivative is 0 when

θ

pB
“

1´ ρc ´ θ

1´ pR ´ PB
, (2.34)

i.e., the trials that do not result in R are allocated between B and 0 (i.e., neither R

nor B) in proportion to their probabilities. Solving gives

p1´ ρc ´ θqpB “ θp1´ pR ´ pBq or θ “
p1´ ρcq

p1´ pRq
pB.

Using (2.34) in (2.33), the maximum probability is

ˆ

pR
ρc

˙ρcLˆ1´ pR
1´ ρc

˙p1´ρcqL

. (2.35)
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In Q0,0 where pR “ pB “ ρ0 ă ρc this is

θ “
p1´ ρcq

1´ ρ0

ρ0 ă ρ0 ă ρc.

In Q0,1 where pR “ ρ1 ą ρc and pB “ ερ1 ă ρc, the maximizing θ is

p1´ ρcq

p1´ ρ1q
ερ1.

Using (2.32) this is

ď p1´ ρcq
ερc

1´ p1´ εqρc
¨

1` ερc
1´ p1´ εqρc

ă ρc,

since ρc ď 1{2.

Putting the information from the last paragraph into (2.35), and discarding the

denominators we want to show

ρρcL0 p1´ ρ0q
p1´ρcqL ă ρρcL1 p1´ ρ1q

p1´ρcqL.

Remembering ρ0 “ ρ1{p1 ` p1 ´ εqρ1q and noting 1 ´ ρ0 “ p1 ´ ερ1q{p1 ` p1 ´ εqρ1q

this is equivalent to

ˆ

ρ1

1` p1´ εqρ1

˙ρcLˆ 1´ ερ1

1` p1´ εqρ1

˙p1´ρcqL

ă ρρcL1 p1´ ρ1q
p1´ρcqL.

Cancelling and rearranging we want

ˆ

1´ ερ1

1´ ρ1

˙p1´ρcq

ă 1` p1´ εqρ1,

which proves of Theorem 2.4.
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2.8.8 Proof of Theorem 2.5

Recall that let ρ̂1p0, ρq “ ρ{pε` p1´ εqρqq while for a P p0, 1{2s let

ρ̂1 “
ε` p1´ εqpa` ρq ´

a

rε` p1´ εqpa` ρqs2 ´ 4ap1´ ε2qρ

2ap1´ ε2q
(2.36)

µ̂ “ aTripρ̂1, ρ̂2q ` aTripρ̂2, ρ̂1q ` p1´ 2aqTripρ̂3, ρ̂3q, where

ρ̂2 “ ερ̂1 ă ρc and ρ̂3 “
ερ̂1

1´ p1´ εqρ̂1

ą ρc.

The first step is to determine when the ρ̂i satisfy the desired inequalities. Let

b “ ε` pa` ρqp1´ εq. When a is small,

a

b2 ´ 4ap1´ ε2qρ « b´ 2ap1´ ε2qρ{b,

so we have

ρ̂1pa, ρq «
2ap1´ ε2qρ

2ap1´ ε2qb
Ñ

ρ

ε` ρp1´ εq
as aÑ 0.

Note that when a “ 0, we have

ρ̂3 “
ερ{pε` p1´ εqρq

ε{pε` p1´ εqρq
“ ρ.

At the other extreme a “ 1{2, the quantity under the square root is

Ĉ “ rε` p1´ εqp1{2` ρqs2 ´ 2p1´ ε2qρ.

We claim that this is equal to

D̂ “ rε` p1´ εqp1{2´ ρqs2.

To check this, note that

Ĉ ´ D̂ “ 4εp1´ εqρ` p1´ εq2 ¨ 2ρ´ 2p1´ ε2q

“ ρr4ε´ 4ε2 ` 2´ 2ε` 2ε2 ´ 2` 2ε2s “ 0.
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Putting D̂ under the square root,

ρ̂1p1{2, ρq “
2ρp1´ εq

1´ ε2
,

which agrees with (2.30), but now the possible values of ρ1 are rρ̂1p1{2, ρq, ρ̂1p0, ρqs.

To determine the rate of flow between Q1,0 and Q1,1, we use (2.35). We choose

these quadrants so that again the boundary is at i “ `c. In Q1,0 we have pR “ ρ̂2

and pB “ ρ̂1, so the maximum occurs at

θ “
p1´ ρcq

1´ pR
pB “

p1´ ρcq

1´ ερ̂1

ρ̂1.

In Q1,1, we have pR “ pB “ ρ̂3, so the maximum occurs at

θ “
1´ ρc
1´ ρ̂3

ρ̂3 ą ρ̂3 ą ρc.

Thus to show that there will be no mass on Q1,1 we want to show

ρ̂ρcL2 ρ̂
p1´ρcqL
1 ă ρ̂ρcL3 p1´ ρ̂3q

p1´ρcqL.

Filling in the definitions we need

ερcLρ̂L1 ă

ˆ

ερ̂1

1´ p1´ εqρ̂1

˙ρcLˆ 1´ ρ̂1

1´ p1´ εqρ̂1

˙p1´ρcqL

.

Cancelling, rearranging, and raising both sides to the 1{L power, we want

ˆ

ρ̂1

1´ ρ̂1

˙p1´ρcq

ă p1´ p1´ εqρ̂1q
´1. (2.37)

2.8.9 Existence and Uniqueness of x0 when ρ ă ρc

The first step in describing the phase transition for ρ ă ρc taken in Subsection 2.8.8

is to solve
ˆ

1´ εx0

1´ x0

˙p1´ρcq

“ 1` p1´ εqx0,
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in p0, 2ρcq{p1` εq. When x0 “ 0 both sides are “ 1. To look at the behavior near 0

we take log’s:

p1´ ρcq log

ˆ

1`
p1´ εqx

1´ x

˙

„ p1´ ρcqp1´ εqx

logp1` p1´ εqxq „ p1´ εqx

so near 0, the LHS ă RHS.

The RHS is linear. Our next step is to check that the LHS is convex. To do

this we rewrite it as
ˆ

ε`
1´ ε

1´ x

˙1´ρc

and differentiate twice

d

dx
“p1´ ρcq

ˆ

ε`
1´ ε

1´ x

˙´ρc

¨
1´ ε

p1´ xq2

d2

dx2
“´ ρcp1´ ρcq

ˆ

ε`
1´ ε

1´ x

˙´ρc´1

¨
p1´ εq2

p1´ xq4

` p1´ ρcq

ˆ

ε`
1´ ε

1´ x

˙´ρc

¨
2p1´ εq

p1´ xq3

Rearranging we have

d2

dx2
“ p1´ ρcq

ˆ

ε`
1´ ε

1´ x

˙´ρc´1

¨
1´ ε

p1´ xq4
¨

„

´ρcp1´ εq `

ˆ

ε`
1´ ε

1´ x

˙

2p1´ xq



The quantity in square brackets is ´ρcp1´εq`2p1´xqε`2p1´εq ą 0 since ρc ă 1{2.

Since LHS “ RHS at x “ 0 and LHS ă RHS for small x ą 0, we now know

that there is at most one positive solution. To show that there is a solution in

p0, ρc{r1´ ρcp1´ εqsq we evaluate the two functions at the right end point

RHS “
1

1´ ρcp1´ εq

LHS “

ˆ

1´ ρc
1´ ρc ´ ρcp1´ εq

˙1´ρc
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To prove that LHS ą RHS for any ρc P p0, 1{2q, it suffices to show that

logr1´ ρcp1´ εqs ´ p1´ ρcq logr1´ ρc ´ ρcp1´ εqs ą ´p1´ ρcq logp1´ ρcq. (2.38)

Then to prove inequality (2.38) we consider the following function

fρcpεq “ logr1´ ρcp1´ εqs ´ p1´ ρcq logr1´ ρc ´ ρcp1´ εqs. (2.39)

It suffices to prove that for any ρc P p0, 1{2q, fρcpεq ą ´p1 ´ ρcq logp1 ´ ρcq for all

ε P p0, 1q. Checking the derivative of fρc , we have

f 1ρcpεq “
ρc

1´ ρcp1´ εq
´

ρcp1´ ρcq

1´ ρc ´ ρcp1´ εq

“
´ρ3

cp1´ εq

r1´ ρcp1´ εqsr1´ ρc ´ ρcp1´ εqs
ă 0

(2.40)

for all ε P p0, 1q. This implies that fρcpεq is a strictly decreasing function and thus

for any ε P p0, 1q, ρc P p0, 1{2q

fρcpεq ą fρcp1q “ ´p1´ ρcq logp1´ ρcq. (2.41)

Thus we have LHSąRHS at the right end, which finishes the existence and uniqueness

proof of solution x0, ρb and ρd.

2.8.10 Existence and Uniqueness of x̂0 when ρ ě ρc

According to Theorem 2.5, in order to compare the flows in/out region Q1,1, it suffices

to consider the sign of the function as follows:

gρc,εpxq “ p1´ εqx`

ˆ

1´ x

x

˙1´ρc

´ 1. (2.42)

I.e. gρc,εpxq ą 0 if and only if inequality (8) in Theorem 2.5 holds. We have the

following lemma

38



Lemma 2.8.2. Let Apρc, εq “ ε1´ρc ` ε´ρc ´ 2. For any 0 ď ρc ď 1{2, 0 ď ε ă 1, we

have:

• When Apρc, εq ą 0, gρc,εpxq ą 0 for all x P p0, 1{p1` εqs.

• When Apρc, εq ă 0, there is a x̂0, such that gρc,εpxq ą 0 on x P p0, x̂0q,

gρc,εpx̂0q “ 0 and gρc,εpxq ă 0 on x P px̂0, 1{p1` εqs.

Proof. First we show that for any 0 ď ρc ď 1{2, 0 ď ε ă 1, g1ρc,εpxq ă 0 for all

x P p0, 1q, i.e gρc,ε is a strictly decreasing function. We have

g1ρc,εpxq “ p1´εq´p1´ρcq

ˆ

1´ x

x

˙´ρc 1

x2
“ p1´εq´p1´ρcqp1´xq

´ρcx´2`ρc (2.43)

Noting that x´1 ą 1 and ε ě 0,

p1´ εq ´ p1´ ρcqp1´ xq
´ρcx´2`ρc ă 1´ p1´ ρcqp1´ xq

´ρcx´1`ρc

for all x P p0, 1q. Thus, to prove g1ρc,εpxq ą 0, it suffices to show that

p1´ ρcqp1´ xq
´ρcx´1`ρc ě 1 (2.44)

for all ρc P r0, 1{2s and x P p0, 1q. First, one can immediately rewrite (2.44) as

p1´ ρcq ě p1´ xq
ρcx1´ρc . (2.45)

Let a “ p1´xqρc , b “ x1´ρc , p “ 1{ρc and q “ 1{p1´ ρcq. Noting that p´1` q´1 “ 1,

apply Young’s inequality to the RHS of (2.45):

p1´ xqρcx1´ρc “ ab ď
ap

p
`
bq

q

“ ρcp1´ xq ` p1´ ρcqx “ ρc ` x´ 2ρcx.

(2.46)

Then note that

p1´ ρcq ´ pρc ` x´ 2ρcxq “ 1´ 2ρc ´ x` 2ρcx

“ p1´ 2ρcqp1´ xq ě 0.
(2.47)
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Combining (2.46) and (2.47) gives us the desired inequality (2.45) and (2.44). Thus

g1ρc,εpxq ă 0 for all x P p0, 1q. The fact that gρc,ε is a strictly decreasing function

immediately implies that

• When gρc,εp1{p1` εqq ą 0, gρc,εpxq ą 0 for all x P p0, 1{p1` εqs.

• When gρc,εp1{p1 ` εqq ă 0, there is a x̂0, such that gρc,εpxq ą 0 on x P p0, x̂0q,

gρc,εpx̂0q “ 0 and gρc,εpxq ă 0 on x P px̂0, 1{p1` εqs.

Then note that

gρc,εp1{p1` εqq “
1´ ε

1` ε
` ε1´ρc ´ 1 “

ε

1` ε
Apρc, εq.

Thus Apρc, εq ą 0 if and only if gρc,εp1{p1` εqq ą 0, and the proof is complete.

With the lemma above, to finish our proof of existence and uniqueness of ρ̂b and

ρ̂d, the the last step is to show that ρ̂b ą ρc at the left end when ρ “ ρc. According

to the same arguments as in Subsection 2.8.9, it is equivalent to gρc,εpx1q ą 0 for

x1 “ ρc{rε` p1´ εqρcs. Thus it is sufficient to prove:

p1´ εqρc
ε` p1´ εqρc

`

ˆ

εp1´ ρcq

ρc

˙1´ρc

ą 1. (2.48)

Let

y1 “
εp1´ ρcq

ρc
“

1´ x1

x1

.

Then we can rewrite inequality (2.48) as

1´ ε

1` y1

` y1´ρc
1 ą 1 (2.49)

which can be further simplified as

y1´ρc
1 ` y2´ρc

1 ą y ` ε. (2.50)
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Plugging the definition of y1 into the inequality above,

ˆ

εp1´ ρcq

ρc

˙1´ρc

`

ˆ

εp1´ ρcq

ρc

˙2´ρc

ą `ε`
εp1´ ρcq

ρc
.

Dividing ε on both sides, we see that (2.48) is equivalent to the inequality as follows:

hρcpεq “

ˆ

1´ ρc
ρc

˙1´ρc

ε´ρc `

ˆ

1´ ρc
ρc

˙2´ρc

ε1´ρc ą
1

ρc
(2.51)

for all ρc P p0, 1{2q, ε P p0, 1q. Note that

h1ρcpεq “ ε´1´ρc

ˆ

1´ ρc
ρc

˙1´ρc „ˆ1´ ρc
ρc

˙

p1´ ρcqε´ ρc



.

So we have

minhρcpεq “ hρcpε0q, where ε0 “

ˆ

ρc
1´ ρc

˙2

. (2.52)

At the minimal point ε0, we have

hρcpε0q “

ˆ

1´ ρc
ρc

˙1`ρc

`

ˆ

1´ ρc
ρc

˙ρc

“

ˆ

1´ ρc
ρc

˙ρc 1

ρc
ą

1

ρc
(2.53)

since ρc ă 1{2. Thus we proved (2.48) and finished the proof of Theorem 2.7 in our

work.
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3

The Contact Process with Fast Voting

3.1 Model Description and Statement of Results

In this chapter we consider a particle system on Zd that is a contact process plus

a voter model run at a fast rate θ. To define the process precisely, if nipxq is the

number of nearest neighbors of x in state i then x changes from 0 Ñ 1 at rate

pλ` θqn1pxq and from 1 Ñ 0 at rate 1` θn0pxq. The behavior of the contact process

is essentially the same in all dimensions. There is a critical value λc (depending on

dimension) of the infection parameter λ with the property that the system has a

nontrivial stationary distribution for λ ą λc and does not for smaller λ. The voter

model, on the other hand, displays a strong dimension dependence. For d ď 2, the

only extremal invariant measures are the pointmasses on “all zeros” and “all ones”.

If d ě 3, however, the extremal invariant measures νvm
ρ are indexed by the density ρ

of ones. For precise statements and proofs, see Chapters V and VI of [38] and Part

I of [40].

Now suppose, informally, that the two processes are superimposed on one another

in d ě 3, with the voter model being run at infinite rate. The effect is to make the
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distribution µt at time t be an invariant measure for the voter model at all times t.

Since the density of ones ρptq “ µtp1q is not changed by the voter part, the evolution

of the density is determined by the contact part:

d

dt
ρptq “ 2dλµtp10q ´ µtp1q “ 2dλνvm

ρptqp10q ´ ρptq. (3.1)

Here µtp1q and µtp10q represent the probabilities that a site takes the value 1, and that

two adjacent sites take the values 1,0 at time t respectively. In the voter equilibrium,

νvm
ρ p10q “ ρp1 ´ ρqρd, where ρd is the probability that a simple random walk on Zd

does not return to the origin. (See page 242 of [38].) Therefore, in the ODE (3.1)

lim
tÑ8

ρptq “

#

1´ p2dλρdq
´1 if λ ě 1{p2dρdq;

0 if λ ď 1{p2dρdq.
(3.2)

This suggests that λcpθq Ñ 1{p2dρdq as θ Ñ 8. The asymptotics for the critical

value and the equilibrium density will be proved in Theorem 3.1 below.

In d ď 2 this heuristic does not work well, since running the voter model infinitely

fast would drive the system to consensus. However, the fact that clustering occurs

in the voter model means that an occupied site is usually completely surrounded by

other occupied sites preventing births from occurring, and suggests that λcpθq Ñ 8.

Theorems 3.2–3.5 prove this and identify the order of magnitude of λcpθq.

If we let θ “ ε´2 then our model becomes a voter model perturbation in the sense

of Cox, Durrett, and Perkins [6]. From their results we get

Theorem 3.1. In d ě 3, 2dρdλcpθq Ñ 1.

Proof. The key is the fact proved in Theorem 1.2 (all the results we cite here are

from [6]): if θ Ñ 8, space is scaled to θ´1{2Zd, and the initial profile converges to a

continuous function vpxq (in a sense made precise in [6]), then the particle system at
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each time t converges (in the same sense) to upt, xq, the solution of

Bu

Bt
“ ∆u´ u` 2dλρdup1´ uq.

If β “ 2dλρd ą 1 results of Aronson and Weinberger (cited and used in a similar way

in [6]) imply that Assumption 1 is satisfied, so we can apply Theorem 1.4 to conclude

that there is a stationary distribution that concentrates on Ω0,1, the configurations

with infinitely many 1’s and 0’s, and that in any such stationary distribution sites

are occupied with probability close to pβ´ 1q{β, confirming the heuristic calculation

in (3.2). Using ´u` βup1´ uq ă pβ ´ 1qu, we see that if β ă 1, then for any initial

condition the PDE converges exponentially fast to 0, which verifies Assumption 2,

so Theorem 1.5 implies that there is no nontrivial stationary distribution.

To prove results in dimensions d ď 2 we will use the fact that the contact plus

voter model, written as ξt : Zd Ñ t0, 1u, is dual to a set-valued branching coalescing

random walk, ηt, in which each particle dies at rate 1, jumps to each of its 2d nearest

neighbors at rate θ, and gives birth onto each neighbor at rate λ. If the transitions in

either of the last two possibilities produce two particles on one site, they immediately

coalesce to one. Due to work of Harris [32] and Griffeath [30], this is often called the

“additive” dual. The precise relationship between the two processes is that for any

finite set A

P pξtpxq “ 0 for all x P Aq “ P pξ0pyq “ 0 for all x P ηAt q

where ηAt denotes the dual process starting from ηA0 “ A.

To study the dual process, we will adapt arguments in Durrett and Zähle [19] to

show that if we let θ Ñ 8, scale space to θ´1{2Z2, let λ{ logpθq Ñ γ, and remove

particles that quickly coalesce with their parents, then on any finite time interval

the dual process converges to a branching Brownian motion in which the Brownian
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motions are run at rate 2, particles give birth at rate 4πγ and die at rate 1. Once this

it is done, it is routine to use a block construction to show that if 4πγ ą 1 the limiting

Brownian motion dominates a supercritical M -dependent oriented percolation. A

weak convergence argument then allows us to extend the comparison with oriented

percolation to the dual process with large θ, and results from Durrett’s St. Flour

Notes [11] give the following:

Theorem 3.2. In d “ 2,

lim sup
θÑ8

λcpθq{ logpθq ď
1

4π
.

In the other direction we have

Theorem 3.3. Let ε “ 1{p1` 2λ` 4θq. If d “ 2, the process dies out if

Ep1,0qp1´ εqτ ą 1´
1

4λ
,

where τ is the hitting time of the origin for the lazy simple symmetric random walk

on Z2, that stays put with probability 1/2. From this it follows that

lim inf
θÑ8

λcpθq{ logpθq ě
1

4π
.

To get the second conclusion from the first, integrate by parts (or use Fubini’s the-

orem) to conclude that if F is the distribution function of a nonnegative random

variable and φ is its Laplace transform

ż 8

0

e´λxp1´ F pxqq dx “
1´ φpλq

λ
.

Using the well-known fact that

P p1,0qpτ ą nq „ π{ log n (3.3)
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(see page 167 of [55] or Lemma 3.1 in [7]) and applying a Tauberian theorem (e.g.,

Theorem 4 from Section XIII.5 of [23]), we see that

1´ φpεq „ π{ logp1{εq.

If λ „ c logpθq, then from the definition of ε it follows that 1{ε „ 4θ, and the

inequality will hold for large θ if c ă 1{4π.

Using techniques similar to the one for Theorem 3.3 we will show:

Theorem 3.4. In d “ 1, the contact process with fast voting dies out if θ ą 2λpλ´1q

and hence

lim inf
θÑ8

λcpθq{θ
1{2
ě 1{

?
2.

We note that he Holley-Liggett technique ([34], [39]) can also be used to get upper

bounds for λcpθq – see [41]. However, it gives a weaker bound on the asymptotic

growth rate: θ2{3 instead of θ1{2.

The proofs of Theorems 3.3 and 3.4 use similar ideas. Assuming that the process

survives, we use duality to write down a harmonic function for the dual process. Of

course, this function is not explicit. However, by using various inequalities, we are

able to produce from it a function of d variables that we show is trivial under the

assumptions of the two theorems.

To prove an upper bound on the critical value it is convenient to rescale time so

that particles die at rate δ “ 1{λ, give birth on each nearest neighbor at rate 1 and

jump across each edge at rate ν “ θ{λ.

Theorem 3.5. In d “ 1, lim infνÑ8 νδcpνq ą 0 and hence

lim sup
θÑ8

λcpθq{θ
1{2
ă 8.

To get the second conclusion from the first note that δ ě c{ν translates into λ ď

pθ{cq1{2.
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The key to the proof is a block construction to compare the process with δ “ 0

with a supercritical one-dependent oriented percolation. To do this, we use an idea

from Bramson and Griffeath [3]. We follow two tagged particles in the dual: a white

particle that only follows random walk steps and a red particle that follows random

walk steps and in addition branchings that take it to the right. The two particles

may come together several times and follow the same trajectory for a while, but the

drift in the red particle will eventually take it to the right and away from the white

particle.

The existence of a comparison with oriented percolation for the process with

δ “ 0 immediately implies that δc ą 0. To get the result given in Theorem 3.5, we

use the fact that our construction takes place in a space time box that is 8Lν wide

(in space) and 10Lν high (in time) with L large, to conclude that the dual process

survives with positive probability if 10Lνδ is small. Since the proof of Theorem

3.5 is based on a block construction, the constant is very large. This problem was

avoided in the proof of Theorem 3.2 by using a large number of particles in the block

construction. This is possible because two dimensional Brownian motions do not hit

points or each other. This strategy does not seem to be practical in d “ 1.

Recently, another possible approach to the proofs of Theorems 3.4 and 3.5 has

emerged in the work of Newman, Ravishankar, and Schertzer [45]. They define a

process on L “ tpx, tq P Z2 : x ` t is even u that has (i) births (arrows px, tq Ñ

px ` 1, t ` 1q and px, tq Ñ px ´ 1, t ` 1q) with probability bβ “ e´βb (ii) deaths (no

arrows) with probability kβ “ e´βk, and (iii) one arrow px, tq Ñ px ` 1, t ` 1q or

px, tq Ñ px´1, t`1q with probability p1{2qp1´bβ´kβq each. If one takes e´β “ θ1{2,

b “ λ and k “ 1, this is a discrete time version of our model. They show that as

β Ñ 8 this process converges to the Brownian net with killing.

If one extends their convergence result to our continuous time system, which the

authors of [45] are doing in a paper in preparation, and uses the fact that the limit
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system has been shown to have a percolation transition, then one can conclude that

λcpθq{θ
1{2 converges to some positive finite limit. However, even after this is done

our results remain relevant. Theorem 3.4 provides a good bound on the limit, which

might be sharp, and the proof of Theorem 3.5 is much simpler than one based on

[45].

The remainder of the chapter is devoted to proofs. Theorem 3.4 is proved in

Section 3.2 and Theorem 3.3 in Section 3.3. This follows the order in which the

results were first proved, but the proof of Theorem 3.3 is somewhat simpler, so if the

reader gets bogged down in the details of Section 3.2, he might have more success in

understanding Section 3.3. Theorem 3.2 is proved in Section 3.4, and Theorem 3.5 in

Section 3.5. Section 3.3 depends heavily on the ideas used in Section 3.2. However,

these sections are otherwise independent.

3.2 Extinction in One Dimension

Proof of Theorem 3.4. Let µ be the upper invariant measure for the process, i.e., the

limit starting from all 1’s. (This limit exists by monotonicity – see Theorem 2.3 of

Chapter III of [38].) For finite A Ă Z, let

ψpAq “ µtξ ” 0 on Au.

From the definition of ψ it is clear that

ψpAq ´ ψpAYBq “ µtξ ” 0 on A, ξ ı 0 on BzAu

ď µtξ ” 0 on AXB, ξ ı 0 on BzAu “ ψpAXBq ´ ψpBq.

That is, ψ is supermodular:

ψpAYBq ` ψpAXBq ě ψpAq ` ψpBq.

It is a long known and frequently used fact that invariant measures for a Markov

process translate into harmonic functions for the dual process. In the present case,
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the duality function is Hpξ, Aq “ 1tξ”0 on Au. Early examples that show the usefulness

of this observation are found in the analysis of the voter model (Section 1 of Chapter

V of [38]) and symmetric exclusion process (Section 1 of Chapter VIII of [38]). See

Corollary 1.3 of Chapter VIII for an explicit statement of this connection. The

discussion there applies equally well to our process and its dual.

At the level of generators, the duality relation asserts that

pLHqpξ, Aq “
ÿ

B

qpA,BqrHpξ, Bq ´Hpξ, Aqs,

where L is the generator of the particle system acting on the first coordinate of H,

and qpA,Bq is the Q´matrix of the dual Markov chain. Integrating both sides with

respect to µ gives 0 on the left, since µ is invariant, so it follows that

0 “
ÿ

B

qpA,BqrψpBq ´ ψpAqs. (3.4)

So, this function ψ is harmonic for the dual chain. Using (3.4) and the shift

invariance of µ,

p1` 2λqψpt0uq “ 1` 2λψpt0, 1uq,

p1` 2θ ` λqψpt0, 1uq “ p1` θqψpt0uq ` θψpt0, 2uq ` λψpt0, 1, 2uq,

To check the second equation, note that while events happen to the pair t0, 1u at

rate 2 ` 4θ ` 2λ, it suffices by symmetry to consider only those that affect the site

on the right. Similarly, for n ě 2,

p1` 2θ ` 2λqψpt0, nuq “ ψpt0uq ` θψpt0, n` 1uq ` θψpt0, n´ 1uq

` λψpt0, n, n` 1uq ` λψpt0, n´ 1, nuq.

Let fp0q “ ψpt0uq and fpnq “ ψpt0, nuq for n ě 1. Though it is not needed

below, we note that fpnq Ó by Theorem 1.9 of Chapter VI of [38]. The proof given
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there for the contact process applies to our process as well. Changing notation, we

have from above

p1` 2λqfp0q “ 1` 2λfp1q. (3.5)

To simplify the other equations, we use the supermodularity equation

ψpt0,m,m` 1uq ě ψpt0,muq ` ψptm,m` 1uq ´ ψptmuq

to eliminate ψpAq for |A| “ 3 in the above harmonicity equations. This gives

p1` 2θ ´ λqfp1q ě p1` θ ´ λqfp0q ` θfp2q, (3.6)

and for n ě 2,

p1` 2θ ` λqfpnq ` p2λ´ 1qfp0q ě 2λfp1q ` pθ ` λqfpn´ 1q ` θfpn` 1q. (3.7)

Now let gpnq “ fpnq ´ fpn ` 1q for n ě 0. Using
řn´1
k“0 gpkq “ fp0q ´ fpnq, we see

that

θgpnq ě pθ ` λqgpn´ 1q ´ 2λgp0q `
n´1
ÿ

k“0

gpkq

for n ě 1. In fact, this is (3.6) if n “ 1 and (3.7) if n ě 2. Furthermore, (3.5)

becomes gp0q “ p1´ fp0qq{p2λq.

Define hpnq recursively by hp0q “ 1, θhp1q “ 1` θ ´ λ, and

θhpnq ` 2λ “ pθ ` λqhpn´ 1q `
n´1
ÿ

k“0

hpkq (3.8)

for n ě 2. For the future, note that (3.8) also holds when n “ 1. Then

gpnq ě
1´ fp0q

2λ
hpnq, n ě 0. (3.9)

To see this, define g˚p0q “ gp0q, and then g˚pnq by using the recursion satisfied by

gpnq with inequalities replaced by equalities. By induction, gpnq ě g˚pnq. Since the

recursion is linear, g˚pnq “ gp0qhpnq.
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Lemma 3.2.1. The solution to the recursion (3.8) for h can be given explicitly:

hpnq “ h˚pnq, where

h˚pnq “ 1`
n
ÿ

k“1

k
ÿ

j“0

ˆ

n` k ´ j

2k ´ j

˙ˆ

k

j

˙

k ´ 2j

k

λj

θk
.

Proof. To check this, it suffices to show that h˚ satisfies (3.8), together with the

initial conditions. The initial conditions are immediate. For the recursion, it suffices

to check that after replacing hpnq in (3.8) by the above expression for h˚pnq, the

coefficient of λj{θk for any j, k is the same on both sides of the resulting equation.

To simplify matters, we will use the convention that 0
0
“ 1 and

`

k
j

˘

“ 0 unless

0 ď j ď k. In the computations below, we assume k ě 1, leaving the case k “ 0 to

the reader. The coefficient of λj{θk is

ˆ

n` k ´ j ` 1

2k ´ j ` 2

˙ˆ

k ` 1

j

˙

k ´ 2j ` 1

k ` 1
(3.10)

for the expression on the left, and

ˆ

n` k ´ j

2k ´ j ` 2

˙ˆ

k ` 1

j

˙

k ´ 2j ` 1

k ` 1
`

ˆ

n` k ´ j

2k ´ j ` 1

˙ˆ

k

j ´ 1

˙

k ´ 2j ` 2

k

`

ˆ

k

j

˙

k ´ 2j

k

n´1
ÿ

l“k

ˆ

l ` k ´ j

2k ´ j

˙

(3.11)

for the expression on the right. The sum on the right above can be expressed as

n´1
ÿ

l“k

ˆ

l ` k ´ j

2k ´ j

˙

“

ˆ

n` k ´ j

2k ´ j

˙

n´ k

2k ´ j ` 1
. (3.12)

To see this, note that the two expressions above agree when n “ k. The differences

between the two sides at n` 1 and n are

ˆ

n` k ´ j

2k ´ j

˙

and

ˆ

n` k ´ j ` 1

2k ´ j

˙

n` 1´ k

2k ´ j ` 1
´

ˆ

n` k ´ j

2k ´ j

˙

n´ k

2k ´ j ` 1
(3.13)
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respectively. Writing

ˆ

n` k ´ j ` 1

2k ´ j

˙

“

ˆ

n` k ´ j

2k ´ j

˙

n` k ´ j ` 1

n´ k ` 1
, (3.14)

we see that the two expressions in (3.12) agree. Now replace the sum in (3.11) with

the right side of (3.12), and write each of the three summands in (3.11) as a multiple

of

pn` k ´ jq!pk ´ 1q!

p2k ´ j ` 2q!pn´ k ´ 1q!j!pk ´ j ` 1q!
.

The three multiples are

kpk´ 2j` 1qpn´ k´ 1q, pk´ 2j` 2qp2k´ j` 2qj, and pk´ 2jqpk´ j` 1qp2k´ j` 2q

respectively. Since these multiples add up to kpk ´ 2j ` 1qpn ` k ´ j ` 1q, we see

that (3.10) and (3.11) agree.

In order to determine the behavior of hpnq for large n, it is simplest to compute the

generating function. To avoid convergence issues in changing of order of summation,

one can consider the positive and negative terms separately, but the result is the

same. To be precise, one would write pk ´ 2jq{k “ 1 ´ 2j{k and sum the resulting

two series separately, adding the results at the end. Using the Taylor series

8
ÿ

m“0

ˆ

m` l

l

˙

um “
1

p1´ uql`1
, |u| ă 1,

8
ÿ

n“0

unhpnq “ 1`
8
ÿ

k“1

k
ÿ

j“0

ˆ

k

j

˙

k ´ 2j

k

λj

θk

8
ÿ

n“k

ˆ

n` k ´ j

2k ´ j

˙

un

“ 1`
8
ÿ

k“1

k
ÿ

j“0

ˆ

k

j

˙

k ´ 2j

k

λj

θk
ukp1´ uqj´2k´1

“ 1`
up1´ λp1´ uqq

θp1´ uq3

8
ÿ

k“1

„

up1` λp1´ uqq

θp1´ uq2

k´1

,
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where the final step comes from the binomial theorem, provided that

ˇ

ˇ

ˇ

ˇ

up1` λp1´ uqq

θp1´ uq2

ˇ

ˇ

ˇ

ˇ

ă 1.

Let 0 ă v ă 1 be the solution of vp1 ` λp1 ´ vqq “ θp1 ´ vq2. (Note that the ratio

of the left side to the right side increases from 0 to 8 as v goes from 0 to 1, so the

solution exists and is unique.) As u Ò v, the final sum above tends to 8. Therefore

lim
uÒv

8
ÿ

n“0

unhpnq “

#

`8 if λp1´ vq ă 1;

´8 if λp1´ vq ą 1.

Solving the quadratic for v gives

v “
1` λ` 2θ ´

a

p1` λq2 ` 4θ

2pλ` θq
,

and therefore

1´ λp1´ vq “
2θ ` λp3´ λq ´ λ

a

p1` λq2 ` 4θ

2pλ` θq
.

It follows that λp1´ vq ă 1 is equivalent to

2θ ` λp3´ λq ą λ
a

p1` λq2 ` 4θ.

For this to be true, the left side must be positive, and the inequality obtained by

squaring both sides must hold, i.e.,

2θ ą λpλ´ 3q and θ ą 2λpλ´ 1q.

Note that once λ ą 1
3
, the second condition is more restrictive than the first.

To complete the proof, note that if θ ą 2λpλ´ 1q, then

lim
uÒv

8
ÿ

n“0

unhpnq “ `8.
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Since 0 ă v ă 1, this implies that

lim sup
nÑ8

hpnq “ `8,

Since gpnq is bounded, this together with (3.9) implies fp0q “ 1, so the process

started with all ones dies out locally, and hence no nontrivial equilibrium distribution

exists.

Alternative proof. For readers who are less adept at computations with Binomial

coefficients, we now sketch another approach. We want to solve (3.8),

θhpnq ` 2λ “ pθ ` λqhpn´ 1q `
n´1
ÿ

k“0

hpkq for n ě 1,

with hp0q “ 1. If we let jpnq “
řn´1
k“0 hpkq then we have the system that can be

written as

ˆ

hpnq
jpnq

˙

“

ˆ

1` pλ` 1q{θ 1{θ
1 1

˙ˆ

hpn´ 1q
jpn´ 1q

˙

`

ˆ

´2λ{θ
0

˙

for n ě 1,

where jp0q “ 0. Writing A for the matrix and taking into account the initial condi-

tion:
ˆ

hpnq
jpnq

˙

“ An
ˆ

1
0

˙

`

n´1
ÿ

m“0

Am
ˆ

´2λ{θ
0

˙

.

Being a positive matrix, the Perron-Frobenius theorem, Theorem 1.2 in Seneta’s

book [53] implies Anij „ viγ
n
1wj where γ1 is the largest eigenvalue and w and v are

associated left and right eigenvectors, which have strictly positive entries and are

normalized so that
ř

iwivi “ 1. Here an „ bn means that an{bn Ñ 1. Noting that

γ1 ą 1 since the trace of A is ą 2, and using the asymptotics for An we see that

hpnq „ v1w1

„

γn1 p1` p1´ λq{θq ´
γn´1

1

1´ 1{γ1

p2λ{θq



. (3.15)
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To find the eigenvalues we set p1` pλ` 1q{θ ´ xqp1´ xq ´ 1{θ “ 0 which becomes

x2
´ p2` pλ` 1q{θqx` 1` λ{θ “ 0.

Solving we get

γi “
2` pλ` 1q{θ ˘

a

p2` pλ` 1q{θq2 ´ 4r1` λ{θs

2
.

Underneath the square root we have

4`
4pλ` 1q

θ
`
pλ` 1q2

θ2
´ 4´ 4

λ

θ
“
pλ` 1q2

θ2
`

4

θ
.

Multiplying top and bottom by θ, the largest eigenvalue is

γ1 “
1` λ` 2θ `

a

pλ` 1q2 ` 4θ

2θ
ą 1.

From (3.15) we see that hpnq Ñ 8 if γ1 ´ 1 ą 2λ{θ. Subtracting 1 from γ1

removes the 2θ from the numerator. When θ “ cλ2,

γ1 ´ 1 „
λ

2θ
p1`

?
1` 4cq,

so again we find lim inf λcpθq{θ
1{2 ě 1{

?
2.

3.3 Extinction in Two Dimensions

The main ideas in this section are similar to the ones in the previous section, but

the details are quite different.

Proof of Theorem 3.3. Now let fp0, 0q “ ψptp0, 0quq and fpm,nq “ ψptp0, 0q, pm,nquq

for m,n ě 0,m` n ě 1. To keep formulas neater we will also use

gpm,nq “ 1´ fpm,nq and hpm,nq “ gpm,nq{2gp0, 0q.
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Imitating the proof in the previous section, we begin by observing that

p1` 4λqψptp0, 0quq “ 1` 2λψptp0, 0q, p1, 0quq ` 2λψptp0, 0q, p0, 1quq

p1` 4λqfp0, 0q “ 1` 2λfp0, 1q ` 2λfp1, 0q. (3.16)

Note that we have used reflection symmetry to keep the points in the first quadrant.

Next,

p1` 3λ` 4θqψptp0, 0q, p1, 0quq “ ψptp0, 0quqp1` θq ` 2θψptp0, 0q, p1, 1quq

` θψptp0, 0q, p2, 0quq ` 2λψptp0, 0q, p1, 0q, p1, 1quq ` λψptp0, 0q, p1, 0q, p2, 0quq.

Supermodularity implies

ψptp0, 0q, p1, 0q, p1, 1quq ě ψptp0, 0q, p1, 0quq ` ψptp1, 0q, p1, 1quq ´ ψpt1, 0uq,

so switching to the f notation

p1` 3λ` 4θqfp1, 0q ě fp0, 0qp1` θq ` 2θfp1, 1q ` θfp2, 0q

` 2λrfp1, 0q ` fp0, 1q ´ fp0, 0qs ` λr2fp1, 0q ´ fp0, 0qs,

and rearranging gives

p1´ λ` 4θqfp1, 0q ` p3λ´ θ ´ 1qfp0, 0q ě 2λfp0, 1q ` 2θfp1, 1q ` θfp2, 0q. (3.17)

Whenm ě 2 there are terms θψptp0, 0q, pm´1, 0quq and λψptp0, 0q, pm´1, 0q, pm, 0quq,

so switching to the f notation

p1` 4λ` 4θqfpm, 0q ě fp0, 0q ` θfpm´ 1, 0q ` 2θfpm, 1q ` θfpm` 1, 0q

` λrfpm´ 1, 0q ` fp1, 0q ´ fp0, 0qs ` 2λrfpm, 0q ` fp0, 1q ´ fp0, 0qs

` λrfpm, 0q ` fp1, 0q ´ fp0, 0qs,

and rearranging gives

p1` λ` 4θqfpm, 0q ` p4λ´ 1qfp0, 0q ě 2λfp1, 0q ` 2λfp0, 1q (3.18)

` pλ` θqfpm´ 1, 0q ` θfpm` 1, 0q ` 2θfpm, 1q.
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Similarly, when m,n ě 1

p1` 2λ` 4θqfpm,nq ` p4λ´ 1qfp0, 0q ě 2λfp1, 0q ` 2λfp0, 1q

` pλ` θqrfpm´ 1, nq ` fpm,n´ 1qs ` θrfpm` 1, nq ` fpm,n` 1qs.

Letting gpm,nq “ 1´ fpm,nq, (3.16) becomes

p1` 4λqgp0, 0q “ 2λrgp0, 1q ` gp1, 0qs, (3.19)

Multiplying each side of (3.18) by ´1, noting that the coefficients on each side sum

to 5λ` 4θ and using the last identity we have

p1` 4θ ` λqgpm, 0q ď2gp0, 0q ` pλ` θqgpm´ 1, 0q (3.20)

` θgpm` 1, 0q ` 2θgpm, 1q.

Performing these manipulations on (3.17) gives the same result so this equation holds

for m ě 1. A similar argument shows that for m,n ě 1

p1` 2λ` 4θqgpm,nq ď 2gp0, 0q ` pλ` θqrgpm´ 1, nq ` gpm,n´ 1qs (3.21)

` θrgpm,n` 1q ` gpm` 1, nqs.

As a warmup, consider formally the case θ “ 8. Then (3.19), (3.20) and (3.21)

imply that if S̄k is simple random walk on the positive quadrant in Z2 with reflection

at the boundaries then

gpm,nq ď Epm,nqgpS̄1q. (3.22)

Since S̄k is recurrent, the bounded subharmonic function g is constant. By (3.19),

this constant is zero, so the process dies out.

Suppose now that the process survives, gp0, 0q ą 0, and let

hpm,nq “ gpm,nq{2gp0, 0q.
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Then hp0, 0q “ 1{2 and (3.19), (3.20) and (3.21) imply that for m,n ě 1

hp0, 1q ` hp1, 0q “ 1` 1{4λ, (3.23)

p1` λ` 4θqhpm, 0q ď 1` pλ` θqhpm´ 1, 0q ` θhpm` 1, 0q ` 2θhpm, 1q, (3.24)

p1` 2λ` 4θqhpm,nq ď 1` pλ` θqrhpm´ 1, nq ` hpm,n´ 1qs

` θrhpm,n` 1q ` hpm` 1, nqs. (3.25)

Clearly, fpm,nq ď fp0, 0q. Since the contact process with fast voting has positive

correlations (see e.g., Theorem 2.13 of Chapter III of [38]), fpm,nq ě f 2p0, 0q, so for

all m,n

1{2 ď
1´ fpm,nq

2p1´ fp0, 0qq
ď

1´ fp0, 0q2

2p1´ fp0, 0qq
“

1` fp0, 0q

2
ď 1,

i.e., 1{2 ď hpm,nq ď 1. Let ε “ 1{p1 ` 2λ ` 4θq. To motivate the next definition

divide each side of (3.25) by p1` 2λ` 4θq to get

hpm,nq ď ε`p1´ εq
pλ` θq

2λ` 4θ
rhpm´ 1, nq ` hpm,n´ 1qs

` p1´ εq
θ

2λ` 4θ
rhpm,n` 1q ` hpm` 1, nqs, (3.26)

and note that

pλ` θq

2λ` 4θ
ě

1

4
ě

θ

2λ` 4θ
.

It is natural to expect that hpm`1, nq ě hpm´1, nq and hpm,n`1q ě hpm,n´1q,

so we should get an upper bound on h if we replace the two coefficients by 1/4. For

a technical reason (see below) we have to do something a little different. Define

hkpm,nq for k ě 0 and m,n P Z by hkp0, 0q “ 1{2 for all k. For pm,nq ‰ p0, 0q, let

h0pm,nq “ 1 and

hk`1pm,nq “ ε` p1´ εqEpm,nqhkpS̃1q, (3.27)

where S̃j is the lazy version of the reflecting random walk S̄j, defined before (3.22),

that stays put with probability 1/2. It is easy to see inductively that 1{2 ď hkpm,nq ď
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1 for all k,m, n. Let τ be the hitting time of the origin for S̃k. By extrapolating from

expressions one obtains for hk for small k, one is led to the following expression:

hkpxq “
1

2
`
ε

2

k´1
ÿ

j“0

p1´ εqjP x
pτ ą jq `

1

2
p1´ εqkP x

pτ ą kq, x ‰ 0. (3.28)

To check that this is in fact correct, we argue by induction on k. Suppose this

expression is correct for k, and replace hkpxq by the right hand side in (3.27). The

Markov property yields

Ex
rP S̃1pτ ą jq, S̃1 ‰ 0s “ P x

pτ ą j ` 1q.

Using this, on obtains for x ‰ 0

hk`1pxq “ ε`
1´ ε

2
`
ε

2

k´1
ÿ

j“0

p1´ εqj`1P x
pτ ą j ` 1q `

1

2
p1´ εqk`1P x

pτ ą k ` 1q,

which agrees with the right hand side of (3.28) with k replaced by k ` 1.

We have used the lazy random walk so that

Lemma 3.3.1. x Ñ P xpτ ą jq is increasing (and hence x Ñ hkpxq is also) in the

usual partial order on the positive quadrant.

Proof. To prove this we note that two random walks started at pm,nq and pm1, n1q

with m1 ě m and n1 ě n can be coupled to preserve the order. The ordering is trivial

to maintain while the walk is in the interior of the quadrant. To handle the situation

when one walker is at p`, 1q and the other is at p`, 0q note that:

from/to p`, 2q p`, 1q p`, 0q
p`, 1q 1/8 1/2 1/8
p`, 0q 0 2/8 1/2
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which completes the proof. Note that the coupling would fail for the non-lazy walk.

The equation in the interior. To begin to compare hk with h note that if

m,n ě 1

hk`1pm,nq “
1

2
rε` p1´ εqhkpm,nqs

`
1

2

ˆ

ε`
1´ ε

4
rhkpm´ 1, nq ` hkpm,n´ 1q ` hkpm` 1, nq ` hkpm,n` 1qs

˙

.

Since hkpm,nq ď 1

hk`1pm,nq ě
1

2
hkpm,nq `

ε

2

`
1

2

ˆ

1´ ε

4
rhkpm´ 1, nq ` hkpm,n´ 1q ` hkpm` 1, nq ` hkpm,n` 1qs

˙

.

Now p1 ´ εq{4 “ pλ{2 ` θq{p1 ` 2λ ` 4θq “ εpλ{2 ` θq so if we temporarily denote

the last four terms by hik, i “ 1, 2, 3, 4 we have

pλ{2` θqrh1
k ` h

2
k ` k

3
k ` h

4
ks “ pλ` θqrh

1
k ` h

2
ks ` θrh

3
k ` h

4
ks

` pλ{2qrh3
k ´ h

1
ks ` pλ{2qrh

4
k ´ h

2
ks.

Dropping the last two terms, which are positive by Lemma 3.3.1, we have

hk`1pm,nq ě
1

2
hkpm,nq `

ε

2
(3.29)

`
ε

2

ˆ

pλ` θqrhkpm´ 1, nq ` hkpm,n´ 1qs ` θrhkpm` 1, nq ` hkpm,n` 1qs

˙

.

Since p1´ εq{p2λ` 4θq “ ε the recursion (3.26) can be written as

hpm,nq ď
1

2
hpm,nq `

ε

2
(3.30)

`
ε

2

ˆ

pλ` θqrhpm´ 1, nq ` hpm,n´ 1qs ` θrhpm` 1, nq ` hpm,n` 1qs

˙

.
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The equation on the boundary. We begin by adding λhpm, 0q to each side

of (3.24), and divide by 1` 2λ` 4θ to rewrite it first as

hpm, 0q ď ε` εrpλ` θqhpm´ 1, 0q ` λhpm, 0q ` θhpm` 1, θq ` 2θhpm, 1qs,

and then as

hpm, 0q ď
1

2
hpm, 0q `

ε

2
(3.31)

`
ε

2

ˆ

rpλ` θqhpm´ 1, 0q ` λhpm, 0q ` θhpm` 1, θq ` 2θhpm, 1qs

˙

.

From (3.27), the corresponding equation for hk`1 is

hk`1pm, 0q “
1

2
rε` p1´ εqhkpm, 0qs

`
1

2

ˆ

ε`
1´ ε

4
rhkpm´ 1, 0q ` hkpm` 1, 0q ` 2hkpm, 1qs

˙

.

Using p1´ εq{4 “ εpλ{2` θq and arguing as before we can convert this into

hk`1pm, 0q ě
1

2
hkpm, 0q `

ε

2
(3.32)

`
1

2
ε

ˆ

pλ` θqhkpm´ 1, 0q ` λhkpm, 0q ` θhkpm` 1, 0q ` 2θhkpm, 1q

`
λ

2
rhkpm` 1, 0q ´ hkpm´ 1, 0qs ` λrhkpm, 1q ´ hkpm, 0qs

˙

,

and drop the last line, which is positive by Lemma 3.3.1.

Final details. Comparing (3.29) with (3.30) and (3.31) with (3.32) we see that

hk`1 and h satisfy similar iterations with ě and ď respectively. Since h0 ě h, it

follows by induction that

hkpm,nq ě hpm,nq. (3.33)

Taking the limit in our formula (3.28) for hk and using (3.33) gives

hpm,nq ď
1

2
`
ε

2

8
ÿ

j“0

p1´ εqjP pm,nqpτ ą jq.
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Since hp0, 1q ` hp1, 0q “ 1` 1{4λ by (3.23),

1{4λ ď ε
8
ÿ

j“0

p1´ εqjP p1,0qpτ ą jq.

Since this argument was based on the assumption that the process survives, it follows

that the process dies out whenever the opposite (strict) inequality holds.

To finish up, we note that the expression on the right is

“

8
ÿ

j“0

εp1´ εqj
8
ÿ

k“j`1

P p1,0qpτ “ kq “
8
ÿ

k“1

k´1
ÿ

j“0

εp1´ εqjP p1,0qpτ “ kq

“

8
ÿ

k“1

p1´ p1´ εqkqP p1,0qpτ “ kq “ 1´ Ep1,0qp1´ εqτ

which converts our answer into the one given in Theorem 3.3.

3.4 Survival in Two Dimensions

The proof is simple since most of the work has already been done by Durrett and

Zähle [19]. It is only necessary to make some minor modifications to their proof

presented on pages 1758–1761. However, since we have to give the details, we have

taken the opportunity to clarify the proof and sharpen some of the bounds. As in

[19], we work with the dual coalescing random walks ηt, but now jumps occur at

rate θ across each edge between nearest neighbors, births occur at rate λ “ γ logpθq

across each edge, and deaths occur at rate 1 per site. Thus, in contrast to [19], we

have no need to speed up the process, only to scale space to θ´1{2Z2.

Most of the particles that are born in ηt coalesce with their parents. These short

intervals in which the size of the dual increases and then decreases are not compatible

with weak convergence, so we define a pruned dual process η̄t using the rule that

a newly born particle has mass 0 until it has avoided coalescence with its parent for

1{ logapθq units of time, where a is the first of several positive constants whose values
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will be specified later. In the proof we will show that it is very unlikely for a particle

to collide with a particle that is not its parent.

Let Z1
t and Z2

t be independent random walks that make jumps to nearest neigh-

bors at rate 1 and let St “ Z1
t ´ Z

2
t . Suppose S0 is a neighbor of 0. Let T0 “ inftt :

St “ 0u. From (3.3), P pT0 ą tq „ π{plog tq. Changing to the fast time scale let

st “ θ´1{2Spθtq and t0 “ inftt : st “ 0u. We use lower case letters to remind us that

this process is smaller in space and time. Therefore

P pt0 ą 1{ logapθqq “ P pT0 ą θ{ logapθqq „
π

log θ ´ a log log θ
. (3.34)

Let R “ θ{ loga θ and r “ 1{ loga θ. Using a trivial inequality, then (3.3), and

Chebyshev’s inequality we have

P p|SR| ě θ1{2
{ logbpθq|T0 ą Rq ď

1

P pT0 ą Rq
P p|SR| ě θ1{2

{ logbpθqq

ď C log θ ¨
θ

loga θ
¨

log2b
pθq

θ
“ Cplog θq1`2b´a. (3.35)

which goes to 0 if a ą 1 ` 2b. Here, we have collected all the constants into one

placed at the front, a practice we will continue in what follows.

Note that when |SR| ď θ1{2{ logbpθq, we have |sr| ď 1{ logbpθq, i.e., the new

particle is close to its parent. The next result, which follows from using the local

central limit theorem, shows that they are not too close:

P p|SR| ď θ1{2
{ logcpθq|T0 ą Rq ď

1

P pT0 ą Rq
P p|SR| ď θ1{2

{ logcpθqq

ď C logpθq ¨

ˆ

θ1{2

logcpθq

˙2

¨
logapθq

θ
“ Cplog θq1`a´2c. (3.36)

Here the second term on the last line gives the order of magnitude of the number of

points x with |x| ď θ1{2{ logcpθq, and the third is a bound on the order of magnitude

of P pSR “ xq. If 1` a ă 2c this tends to 0.
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To prove results about the asymptotic behavior of the pruned dual η̄t we will

consider the pruned branching random walk η̂t in which particles are assigned

mass 0 until they have avoided coalescing with their parent for time 1{ loga θ. After

this time, we ignore collisions with any other particle (including its parent) until time

L2, which again is a constant whose value will be specified later. By (3.34) particles

in η̂t are born at rate

„ 4γ log θ ¨
π

log θ
“ 4γπ,

and die at rate 1. From this and (3.35) it is easy to see the following:

Lemma 3.4.1. As θ Ñ 8 the pruned branching random walk η̂t, 0 ď t ď L2,

converges to a branching Brownian motion ζt, 0 ď t ď L2, in which births occur at

rate 4γπ, deaths at rate 1, and the Brownian motions run at rate 2.

To estimate the difference between η̄t and η̂t, we need to estimate the probability

that a newly born particle in η̄t collides with another particle before time L2. Using

(3.3), one can easily show that

P pt0 ď L2
|t0 ą 1{ logapθqq “ P pT0 ď L2θ|T0 ą θ{ logapθqq Ñ 0. (3.37)

To do this, we note that if ε ą 0 then for large θ

P pθ{ logapθq ă T0 ď L2θq ď
πp1` εq

log θ ´ a log log θ
´

πp1´ εq

log θ ` logpL2q

ď
2πε

log θ ´ a log log θ
„

2πε

log θ
.

The result in (3.37) implies that after the initial separation we don’t have to

worry about a particle colliding with its parent before time L2. To show that it

avoids the other particles, we will first show that if two particles are sufficiently

separated then they will not collide by time L2. Then we will use induction to prove

the desired amount of separation is maintained. The first step is to suppose S0 “ x
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with |x| ě θ1{2{ log∆
pθq, with the capital letter ∆ to suggest this is a large constant,

and then estimate the probability αpxq, that St will hit the ball of radius K before

it exits the ball of radius Mθ1{2 ´ 1. Our goal is to conclude that

ᾱ “ sup
|x|ěθ1{2{ log∆pθq

αpxq Ñ 0.

If St were a two-dimensional Brownian motion, then we would use the harmonic

function log |z| to calculate αpxq. For the random walk, we use the recurrent potential

kernel defined by Apxq “
ř8

k“0rq
kp0q ´ qkpxqs where q is uniform on the four nearest

neighbors and qk denotes the k-fold convolution. It is immediate from the definition

that
ÿ

y

qpy ´ xqApxq ´ Apxq “ 1px“0q

i.e., the difference is 1 if x “ 0 and 0 otherwise. From this we see that ApStq is a

martingale until time T0. By Theorem 2 of [26] or P3 of Section 12 of [55],

Apxq “ cA log |x| `Op1q. (3.38)

If K is large and |x| ě θ1{2{ log∆
pθq, then applying the optional stopping theorem to

ApStq{cA

p1{2q log θ´∆ log log θ `Op1q ď Apxq

ď αpxqrlogK `Op1qs ` p1´ αpxqqrp1{2q log θ ` logM `Op1qs,

where the second inequality comes from the fact that upon exit from the annulus the

random walk will jump over the boundary by a distance ď 1. Rearranging we have

αpxqrp1{2q log θ ´ logKs ď ∆ log log θ ` logM `Op1q, (3.39)

and we see that for any ∆ ă 8, ᾱÑ 0 as θ Ñ 8.

To do the induction argument to bound the spacings between the particles, we

can ignore the death of particles. If we do this then, for large θ, the growth of the
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number of particles is bounded by a branching process with births at rate 5γπ. This

implies that the expected number of particles NpL2q in the system at time L2 is

finite, so if ε ą 0 then we can pick Nε so that P pNpL2q ą Nεq ď ε.

We now choose the values of our parameters:

b “ 1{3, a “ 2, c “ 2,

which satisfy a ą 1` 2b, needed for (3.35), and 2c ą 1` a, needed for (3.36). With

these choices, (3.36) implies that when a new particle is added to η̄t the newly born

particle is with high probability at distance ě 1{ log2 θ from its parent. Suppose that

at time 0 we have k particles that are separated by ě 1{ log2 θ. The result in (3.39)

implies that none of the k particles will coalesce by time L2. Since, for large θ, births

in η̄t occur at rate ď 5γπ, it follows that for any δ ą 0 the first successful birth will

with high probability occur after R1 “ θ{ logδ θ. If R1 ď t ď L2 then the argument

for (3.36) can be repeated to show

P p|St| ď θ1{2
{ log2

pθqq ď C

ˆ

θ1{2

log2
pθq

˙2

¨
logδpθq

θ
“ Cplog θq2´δ.

This implies that when the new particle is added to η̄t the k ` 1 particles are with

high probability separated by 1{ log2
pθq. Since this conclusion holds with probability

ě 1´ ε and the argument is only repeated Nε times, we have shown that the desired

separation is maintained with high probability, and it follows from (3.39) that there

is no coalescence. Since this shows that η̄t “ η̂t with high probability, we have:

Lemma 3.4.2. As θ Ñ 8 the pruned dual η̄t, 0 ď t ď L2, converges to a branching

Brownian motion ζt, 0 ď t ď L2, in which births occur at rate 4γπ, deaths at rate 1,

and the Brownian motions run at rate 2.

With Lemma 3.4.2 established, the rest of the proof is almost identical to that

in [19]. Let ζ̄t be a modification of ζt in which particles are killed when they leave
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r´4L, 4Ls2. In [19] this is r0, 4Ls2 but that is because they need to keep their con-

struction in one half-space. We will use the more natural symmetric geometry in the

construction here.

If we use ζ̄xt pAq to denote the number of points in A when the killed branching

Brownian motion ζ̄t starts with one particle at x and let µ “ 4γπ ´ 1 then

Erζ̄xt pAqs “ eµtP pB̄x
t P Aq,

where Bx
t is a Brownian motion starting from x, run at rate 2, and killed when it

exits r´4L, 4Ls2. Let Ik “ p2kL, 0q ` r´L,Ls2. From the last estimate it follows

easily (see page 1760 of [19] for more details) that if µ ą 0 (an assumption that will

be in force until we state Lemma 3.4.3)

inf
xPI0

Erζ̄xL2pIiqs ě 2 for i “ 1,´1,

and hence if we let ζ̄At “
ř

xPA ζ̄
x
t , then for A Ă I0

Erζ̄AL2pIiqs ě 2|A| for i “ 1,´1,

where |A| is the number of particles in A.

Since Erζ̄xL2pIiq
2s ď ErζxL2pR2q2s ” cL, and the ζ̄xt are independent, it follows that

for A Ă r´L,Ls2

varrζ̄AL2pIiqs ě |A|cL for i “ 1,´1.

Using by Chebyshev’s inequality that if A Ă r´L,Ls2 has |A| ě K then

P pζ̄AL2pIiq ă Kq ď cL{K for i “ 1,´1.

The last conclusion gives us the block event for the branching Brownian motion

ζ̄t:

Lemma 3.4.3. Suppose 4γπ ą 1. Let ε ą 0. If L ě L0pεq and ζ̄0pI0q ě K then we

will with probability ě 1´ 2ε have ζ̄L2pIiq ě K for i “ ´1, 1. We do this in a system
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in which particles are killed when they leave r´4L, 4Ls2 so the events for I0 and Im

are independent when m ě 4.

Combining this with Lemma 3.4.2 it follows that

Lemma 3.4.4. Suppose 4γπ ą 1. Let ε ą 0 and pick L ě L0pεq. If θ ě θ0pε, Lq

and we start with ě K particles in I0 in η̄t that are separated by ě 1{ log2 θ at time

0 then we will with probability ě 1 ´ 2ε have ě K particles in I´1 and I1 that are

separated by ě 1{ log2 θ at time L2. We do this in a system in which particles are

killed when they leave r´4L, 4Ls2 so the events for I0 and Im are independent when

m ě 4.

With Lemma 3.4.4 established the existence of a stationary distribution follows from

Theorem 4.1 in [11] which shows that dual process starting from a single particle at

0 survives with positive probability.

3.5 Survival in One Dimension

In this section we consider the version of the contact plus voter process in which

births occur at rate 1. The dual process has deaths at rate δ, births across each

edge at rate 1, and random walks that jump to each nearest neighbor at rate ν, with

coalescence when two walks hit. Let L be a large constant that will be chosen later.

Let Im “ 4mLν`r´0.2Lν, 0.2Lνs. We will show for the dual process with δ “ 0 that

if we start with one particle in I0 at time 0 then with high probability we will have

one in I0 and one in I1 at time 10Lν. We will do this by following the behavior of

two tagged particles in the dual. In order to have the events in our construction one

dependent, we will also show that with high probability the particles do not leave

r´2Lν, 6Lνs.

The Key to the proof is a trick used by Bramson and Griffeath [3]. We follow a

tagged particle in the dual that moves according to the following rules: when it is
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´2Lν 6Lν
0

10Lν

0

I0

4Lν

I1

T0 ď 2Lν

T1 ď 6Lν

Figure 3.1: Picture of the block construction in d “ 1. Time runs down the page.
The white particle stays in the region on the left. Once the red particle hits Lν at
time T1 it stays within the region on the right.

affected by a random walk event it must jump, but when there is a branching event,

it follows the birth if and only if the birth takes it to the right. This process, which

we call Xrptq, makes jumps

xÑ x` 1 at rate ν ` 1,

xÑ x´ 1 at rate ν.

It is easy to check that Xrp2νtq{2ν ñ Brptq “ Bptq` t. Let X` denote the analogous

process that only follows births to the left and has limit B`ptq “ Bptq´ t, and let Xc

denote the process that ignores branching arrows and has limit Bcptq “ Bptq.

The Construction. Suppose we have a particle at x P I0. There are three things

to prove.

(i) Suppose the particle in I0 is at x. We use Xr if x ă 0 or X` if x ą 0 to bring the

particle to 0, which happens at time T0. We will declare this part of the construction
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a success if the particle never leaves r´0.4Lν, 0.4Lνs and T0 ď 2Lν. Having brought

our particle to 0, we change our rule so that the particle we are watching, which we

call the white particle, only follows random walk arrows.

(ii) At time T0 we begin to follow a red particle that moves according to Xrptq. The

red particle may coalesce with the white particle a large number of times, but will

keep separating from it because it follows births to the right, while the white particle

does not. Since the red particle is approximately a Brownian motion with drift, it

will reach 4Lν at some time T1. We declare this part of the construction a success if

T1 ď T0 ` 6Lν. At time T1, we change our rule so that the red particle only follows

random walk arrows.

(iii) The last thing we need is for the white particle not to leave r´0.2Lν, 0.2Lνs in

rT0, 10Lνs and for the red particle not to leave 4Lν ` r´0.2Lν, 0.2Lνs in rT1, 10Lνs.

Note that between time T0 and time T1, the red particle is always to the right of the

white particle, and always to the left of 4Lν so if the two events in the first sentence

happen, the red particle will not leave the interval r´0.2Lν, 4.2Lνs.

Rescaled Construction. The processes Br, B`, and Bc arise from Xr, X`, and Xc

by scaling space and time by 2ν. Using the weak convergence of these processes it

is enough to show that if L is large, then the correspondingly scaled events hold for

the B1s with high probability.

(i) The initial particle starting in r´0.1L, 0.1Ls can be brought to 0 without exiting

r´0.2L, 0.2Ls and gets there at time T̄0 ď L.

(ii) The red particle born at time T̄0 gets to 2L at time T̄1 ď T̄0 ` 3L.

(iii) The white particle does not leave r´0.1L, 0.1Ls during rT̄0, 5Ls and the red

particle does not leave 2L` r´0.1L, 0.1Ls during rT̄1, 5Ls.

Lemma 3.5.1. Suppose Brp0q “ x ă 0 and let T̄0 “ inftt : Brptq “ 0u. In this case,
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as LÑ 8

sup
xPr´0.1L,0s

PxpT̄0 ě Lq Ñ 0 and sup
xPr´0.1L,0s

Px

ˆ

inf
tďL

Brptq ď ´0.2L

˙

Ñ 0.

Proof. It suffices to prove the result when x “ ´0.1L. As L Ñ 8, BrptLq{L ñ

´0.1 ` t where ñ indicates weak convergence in Cpr0, 1sq. The two results follow

from this.

Let τ1 “ inftt : Brptq “ Lu. Repeating the previous proof we see that P0pτ1 ě

2Lq Ñ 0. To check (iii) now, use scaling to conclude that for any 0 ă ε,M ă 8

lim
LÑ8

P

ˆ

sup
tďML

|Bcptq| ď εL

˙

“ lim
LÑ8

P

ˆ

sup
0ďtď1

pMLq1{2Bptq ď εL

˙

“ 1.

At this point we have shown that if L0 is large enough and L ě L0 then all three

events in the rescaled construction occur with probability ě 1´ ε. If we take L “ L0

then the weak convergence of the X’s to the B’s implies that if ν ě ν0 all three

events in the construction occur with probability ě 1 ´ 2ε. Up to this point the

calculations are for the process with no death. If we pick δ “ η{Lν with η small

then the probability of a death affecting either of our two tagged particles is ď ε.

The events in the block construction are one dependent, so applying Theorem 4.1

from Durrett’s St. Flour Notes [11], we see that the dual process starting from a

single particle at 0 survives with positive probability. Consequently, there exists a

nontrivial stationary distribution of the contact plus voter process.
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4

Coexistence of Grass, Saplings and Trees in the
Staver-Levin Forest Model

4.1 Model Description and Statement of Results

In a recent paper published in Science [57], Carla Staver, Sally Archibald and Simon

Levin argued that tree cover does not increase continuously with rainfall but rather

is constrained to low (ă 50%, “savanna”) or high (ą 75%, “forest”) levels. In

follow-up work published in Ecology [58], the American Naturalist [59] and Journal

of Mathematical Biology [52], they studied the following ODE for the evolution of

the fraction of land covered by grass G, saplings S, and trees T :

dG

dt
“ µS ` νT ´ βGT

dS

dt
“ βGT ´ ωpGqS ´ µS (4.1)

dT

dt
“ ωpGqS ´ νT

Here µ ě ν are the death rates for saplings and trees, and ωpGq is the rate at which

saplings grow into trees. Fires decrease this rate of progression, and the incidence of

fires is an increasing function of the fraction of grass, so ωpGq is decreasing. Studies
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suggest (see [59] for references) that regions with tree cover below about 40% burn

frequently but fire is rare above this threshold,so they used an ω that is close to a

step function.

The ODE in (4.1) has very interesting behavior: it may have two stable fixed

points, changing the values of parameters may lead to Hopf bifurcations, and if the

system has an extra type of savanna trees, there can be periodic orbits. In this

work, we will begin the study of the corresponding spatial model. The state at time

t is χt : Zd Ñ t0, 1, 2u, where 0 = Grass, 1 = Sapling, and 2 = Tree. Given the

application, it would be natural to restrict our attention to d “ 2, but since the

techniques we develop will be applicable to other systems we consider the general

case.

In the forest model, it is natural to assume that dispersal of seeds is long range.

To simplify our calculations, we will not use a continuous dispersal distribution for

tree seeds, but instead let fipx, Lq denote the fraction of sites of type i in the box

x` r´L,Lsd and declare that site x changes

• 0 Ñ 1 at rate βf2px, Lq

• 1 Ñ 2 at rate ωpf0px, κLqq

• 1 Ñ 0 at rate µ

• 2 Ñ 0 at rate ν

The configuration with all sites 0 is an absorbing state. This naturally raises the

question of finding conditions that guarantee that coexistence occurs, i.e., there is

a stationary distribution in which all three types are present. Our model has three

states but it is “attractive,” i.e., if χ0pxq ď χ10pxq for all x then we can construct the

two processes on the same space so that this inequality holds for all time. From this,

it follows from the usual argument that if we start from χ2
0pxq ” 2 then χ2

t converges
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to a limit χ2
8 that is a translation invariant stationary distribution, and there will

be a nontrivial stationary distribution if and only if P pχ2
8p0q “ 0q ă 1. Since 2’s

give birth to 1’s and 1’s grow into 2’s, if χ2
8 is nontrivial then both species will be

present with positive density in χ2
8.

If ω ” γ is constant, µ “ 1` δ, and ν “ 1 then our system reduces to one studied

by Krone [36]. In his model, 1’s are juveniles who are not yet able to reproduce.

Krone proved the existence of nontrivial stationary distributions in his model by

using a simple comparison between the sites in state 2 and a discrete time finite-

dependent oriented percolation. In the percolation process we have an edge from

px, nq Ñ px ` 1, n ` 1q if a 2 at x at time nε will give birth to a 1 at x ` 1, which

then grows to a 2 before time pn ` 1qε, and there are no deaths at x or x ` 1 in

rnε, pn`1qεs. As the reader can imagine, this argument produces a very crude result

about the parameter values for which coexistence occurs.

A simple comparison shows that if we replace the decreasing function ωpGq in

the Staver-Levin model, χt, by the constant ω “ ωp1q, to obtain a special case ηt

of Krone’s model, then χt dominates ηt in the sense that given χ0 ě η0 the two

processes can be coupled so that χt ě ηt for all t. Because of this, we can prove

existence of nontrivial stationary distribution in the Staver-Levin model by studying

Krone’s model. To do this under the assumption of long range interactions, we begin

with the mean field ODE:

dG

dt
“ µS ` νT ´ βGT

dS

dt
“ βGT ´ pω ` µqS

dT

dt
“ ωS ´ νT.

(4.2)

Here ω is a constant. When it is a function we will write ωpGq.
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Since G ` S ` T “ 1, we can set G “ 1 ´ S ´ T and reduce the system to two

equations for S and T . To guess a sufficient condition for coexistence in the long

range limit we note that:

Lemma 4.1.1. For the mean-field ODE (4.2), S “ 0, T “ 0 is not an attracting

fixed point if

µν ă ωpβ ´ νq. (4.3)

On the other hand, S “ 0, T “ 0 is attracting if

µν ą ωpβ ´ νq. (4.4)

Proof. When pS, T q « p0, 0q and hence G « 1, the mean-field ODE is approximately:

ˆ

dS{dt
dT {dt

˙

« A

ˆ

S
T

˙

where A “

ˆ

´pω ` µq β
ω ´ν

˙

.

The trace of A, which is the sum of its eigenvalues is negative, so p0, 0q is not

attracting if the determinant of A, which is the product of the eigenvalues is negative.

Since pω ` µqν ´ βω ă 0 if and only if µν ă pβ ´ νqω, we have proved the desired

result. Similarly, p0, 0q is attracting if the determinant of A is positive, which implies

(4.4).

Theorem 4.1. Let ηt be Krone’s model with parameters that satisfy (4.3) Then when

L is large enough, ηt survives with positive probability starting from a finite number

of nonzero sites and ηt has a nontrivial stationary distribution .

Foxall [25] has shown that for Krone’s model the existence of non-trivial stationary

distribution is equivalent to survival for a finite set of non-zero sites, so we only have

to prove one of these conclusions. However, our proof is via a block construction, so

we get both conclusions at the same time.

Our next result is a converse, which does not require the assumption of long

range.
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Theorem 4.2. Suppose µν ě ωpβ ´ νq. Then for any L ą 0, Krone’s model ηt dies

out, i.e., for any initial configuration η0 with finitely many non-zero sites:

lim
tÑ8

P pηtpxq ” 0q “ 1.

If µν ą ωpβ ´ νq, then for any any initial configuration η0 and any x P Zd, the

probability

P pDt ą 0, s.t. ηspxq “ 0, @s ě tq “ 1.

The second conclusion implies that that there is no non-trivial stationary distribu-

tion. Comparing with Krone’s model we see that if µν ą ωp0qpβ ´ νq then the

Staver-Levin model dies out.

4.1.1 Survival when Zero is Stable

When µν ą ωp1qpβ ´ νq, the Staver-Levin ODE (4.1) may have another stable fixed

point in the positive density region (and also an unstable fixed point in between),

the Staver-Levin model, like the quadratic contact process studied by [16], [44] and

[1] may have a nontrivial stationary distribution when p0, 0q is attracting.

Based on the observation in [58] mentioned above, it is natural to assume that

ωp¨q is a step function. In our proof we let :

ωpGq “

$

&

%

ω0, G P r0, 1´ δ0q

ω1, G P r1´ δ0, 1s
(4.5)

where ω0 ą ω1 and δ0 P p0, 1q. However, according to the monotonicity of χt, our

result about the existence of a nontrivial stationary distribution will also hold if one

replaces the ”“” in p4.5q by ”ě” since the new process dominates the old one.

To prove the existence of a nontrivial stationary distribution under the assump-

tion of long range, a natural approach would be to show that when LÑ 8 and space
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is rescaled by diving by L, the Staver-Levin model converges weakly to the solution

of following integro-differential equation:

dSpx, tq

dt
“ βDT

1 px, tqG´ µS ´ ωrD
G
κ px, tqsS

dT px, tq

dt
“ ωrDG

κ px, tqsS ´ νT (4.6)

where G “ 1´ S ´ T and

DT
1 px, tq “

ş

x`r´1,1sd
T py, tq dy1 ¨ ¨ ¨ dyd

2d

DG
κ px, tq “

ş

x`r´κ,κsd
Gpy, tq dy1 ¨ ¨ ¨ dyd

p2κqd
,

are the local densities of trees and grass on the rescaled lattice. The first problem

with this approach is that since the density is computed by examining all sites in a

square, there is not a good dual process, which was the key to proofs in [60], [16],

[44] and [1]. The second problem is that one does not know much about the limiting

IDE. Results of Weinberger [62] show the existence of wave speeds and provide a

convergence theorem in the case of a single equation, but we do not know of results

for a pair of equations.

To avoid these difficulties, we will construct test functions Stest and Ttest, so

that under (4.6), the derivatives will always be positive for all x in tTtest ą 0u and

tStest ą 0u, where Ā stands for the closure of set A. The positive derivative implies

that after a positive time the solution will dominate translates of the initial condition

by positive and negative amounts. Monotonicity then implies that the solution will

expand linearly and the result follows from a block construction. Details can be

found in Section 4.8.

Theorem 4.3. Recall the definition of ωpGq in (4.5). Under condition

βω0 ą 2dνpµ` ω0q, (4.7)
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there is a constant S0pβ, ω0, ν, µq so that if

δ0 P p0, 2
´dS0q

the Staver-Levin forest model χt survives when L is large for any ω1 ě 0 and κ ą 0.

Combining Theorems 4.1-4.3 we have the following results for the Staver-Levin

model

1. When µν ă ωp1qpβ ´ νq, χt survives from a finite set of nonzero sites when L

is large.

2. When µν ě ωp0qpβ ´ νq, χt dies out from a finite set of nonzero sites for all

L ě 1.

3. When µν ě ωp1qpβ ´ νq, under the hypotheses of Theorem 4.3, χt can still

survive from a finite set of nonzero sites when L is large, no matter how small

is ω1.

4.1.2 Sketch of the Proof of Theorem 4.1

Most of the remainder of this chapter is devoted to the proof of Theorem 4.1. We

will now describe the main ideas and then explain where the details can be found.

(i) The key idea is due to Grannan and Swindle [28]. They consider a model

of a catalytic surface in which atoms of type i “ 1, 2 land at vacant sites (0’s) at

rate pi, while adjacent 1, 2 pairs turn into 0,0 at rate 8. If after a landing event,

several 1,2 pairs are created, one is chosen at random to be removed. The first type

of event is the absorption of an atom onto the surface of the catalyst, while the

second is a chemical reaction, e.g., carbon monoxide CO and oxygen O reacting to

produce CO2. The last reaction occurs in the catalytic converted in your car, but

the appropriate model for that system is more complicated. An oxygen molecule O2
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lands and dissociates to two O bound to the surface when a pair of adjacent sites is

vacant. See Durrett and Swindle [18] for more details about the phase transition in

the system.

Suppose without loss of generality that p1 ` p2 “ 1. In this case Grannan and

Swindle [28] showed that if p1 ‰ p2 the only possible stationary distributions con-

centrate configurations that are ” 1 or ” 2. Mountford and Sudbury [43] later

improved this result by showing that if p1 ą 1{2 and the initial configuration has

infinitely many 1’s then the system converges to the all 1’s state.

The key to the Grannan-Swindle argument was to consider

Qpηtq “
ÿ

x

e´λ}x}qrηtpxqs.

where }x} “ supi |xi| is the L8 norm, qp0q “ 0, qp1q “ 1, and qp2q “ ´1. If

λ is small enough then dEQ{dt ě 0 so Q is a bounded submartingale and hence

converges almost surely to a limit. Since an absorption or chemical reaction in

r´K,Ksd changes Q by an amount ě δK , it follows that such events eventually do

not occur.

(ii) Recovery from small density is the next step. We will pick ε0 ą 0

small, let ` “ rε0Ls be the integer part of ε0L and divide space into small boxes

B̂x “ 2`x ` p´`, `sd. To make the number of 1’s and 2’s in the various small boxes

sufficient to describe the state of the process, we declare two small boxes to be

neighbors if all of their points are within an L8 distance L. For the “truncated

process”, which is stochastically bounded by ηt, and in which births of trees can only

occur between sites in neighboring small boxes, we will show that if κ P pd{2, dq and

we start with a configuration that has Lκ non-zero sites in B̂0 and 0 elsewhere, then

the system will recover and produce a small box B̂x at time τ in which the density

of nonzero sites is a0 ą 0 and P pτ ą t0 logLq ă Ld{2´κ. See Lemma 4.3.1. To prove
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this, we use an analogue of Grannan and Swindle’s Q. The fact that p0, 0q is an

unstable fixed point implies dEQ{dt ą 0 as long as the density in all small boxes is

ď a0.

(iii) Bounding the location of the positive density box is the next step.

To do this we use a comparison with branching random walk to show that the

small box B̂x with density a0 constructed in Step 2 is not too far from 0. Random

walk estimates will later be used to control how far it will wander as we iterate the

construction. For this step it is important that the truncated process is invariant

under reflection, so the mean displacement is 0. If we try to work directly with the

original interacting particle system ηt then it is hard to show that the increments

between box locations are independent and have mean 0. It is for this reason we

introduced the truncated process.

(iv) Moving particles. The final ingredient in the block construction is to show

that given a small block B̂x with positive density and any y with }y´x}1 ď rc logLs

then if c is small enough it is very likely that there will be ě Lκ particles in B̂y at

time rc logLs. Choosing y appropriately and then using the recovery lemma we can

get lower bounds on the spread of the process.

(v) Block construction. Once we have completed steps (ii), (iii), and (iv),

it is straightforward to show that our system dominates a one-dependent oriented

percolation. This shows that the system survives from a finite set with positive

probability and proves the existence of non-trivial stationary distribution.

The truncated process is defined in Section 4.2 and a graphical representation is

used to couple it, Krone’s model, and the Staver-Levin model. In Section 4.3 we use

the Grannan-Swindle argument to do step (ii). The dying out result, Theorem 4.2,

is proved in Section 4.4. In Sections 4.5, 4.6, and 4.7 take care of steps (iii), (iv),

and (v). In Section 4.8 we prove Theorem 4.3.
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4.2 Box Process and Graphical Representation

For some fixed ε0 ą 0 which will be specified in (4.11), let l “ rε0Ls and divide space

Zd into small boxes:

B̂x “ 2lx` p´l, lsd x P Zd

For any x P Zd there is a unique x1 such that x P B̂x1 . Define the new neighborhood

of interaction as follows: For any y P B̂y1 , y P N pxq if and only if

sup
z1PB̂x1 ,z2PB̂y1

}z1 ´ z2} ď L.

It is easy to see that N pxq Ă BxpLq where BxpLq is the L8 neighborhood centered

at x with range L. To show that

N pxq Ą Bxpp1´ 4ε0qLq (4.8)

we note that if }x ´ y} ď p1 ´ 4ε0qL, z1 P B̂x1 , and z2 P B̂y1 , where B̂x1 and B̂y1 are

the small boxes containing x and y:

}z1 ´ z2} ď }z1 ´ x} ` }x´ y} ` }y ´ z2} ď 4prε0Lsq ` p1´ 4ε0qL ď L.

Given the new neighborhood N pxq, we define the truncated version of Krone’s model

ξt by its transition rates:

transtion at rate
1 Ñ 0 µ
2 Ñ 0 ν
1 Ñ 2 ω
0 Ñ 1 βN2 pN pxqq {p2L` 1qd

where NipSq stands for the number of i’s in the set S.

For any x P Zd and ξ P t0, 1, 2uZd
, define nipx, ξq to be the number of type i’s in

the small box B̂x in the configuration ξ. The box process is defined by

ζtpxq “ pn1px, ξtq, n2px, ξtqq , @x P Zd.
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Then ζt is a Markov process on tpn1, n2q : n1, n2 ě 0, n1 ` n2 ď |B̂0|u
Zd

in which:

transition at rate
ζtpxq Ñ ζtpxq ´ p1, 0q µζ1

t pxq
ζtpxq Ñ ζtpxq ´ p0, 1q νζ2

t pxq
ζtpxq Ñ ζtpxq ` p´1, 1q ωζ1

t pxq
ζtpxq Ñ ζtpxq ` p1, 0q ζ0

t pxq
ř

y:B̂yĂN pxq βζ
2
t pyq

where

ζ0
t pxq “ |B̂0| ´ ζ

1
t pxq ´ ζ

2
t pxq

be the number of 0’s in that small box.

Because ζt only records the number of particles in any small box, and the neigh-

borhood is defined so that all sites in the same small box have the same neighbors,

the distribution of ζt is symmetric under reflection in any axis. The main use for

this observation is that the displacement of the location of the positive density box

produced by the recovery lemma in Section 4.3 has mean 0.

4.2.1 Graphical Representation

We will use the graphical representation similar as in [36] to construct Krone’s model

ηt and the truncated version ξt on the same probability space, so that

(˚) If η0 ě ξ0 then we will have ηt ě ξt for all t.

Note that µ ě ν. We use independent families of Poisson processes for each x P Zd,

as follows:

tV x
n : n ě 1u with rate ν. We put an ˆ at space-time point px, V x

n q and write

a δ12 next to it to indicate a death will occur if x is occupied by a 1 or a 2.

tUx
n : n ě 1u with rate µ ´ ν. We put an ˆ at space-time point px, Ux

n q and

write a δ1 next to it to indicate a death will occur if x is occupied by 1.
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tW x
n : n ě 1u with rate ω. We put an ‚ at space-time point px,W x

n q which

indicates that if x is in state 1, it will become a 2.

tT x,yn : n ě 1u with rate β{|B0| for all y P N pxq. We draw a solid arrow from

px, T x,yn q to py, T x,yn q to indicate that if x is occupied by a 2 and y is vacant,

then a birth will occur at x in either process.

tT x,yn : n ě 1u with rate β{|B0| for all y P BxpLq ´ N pxq. We draw a dashed

arrow from px, T x,yn q to py, T x,yn q to indicate that if x is occupied by a 2 and y

is vacant then a birth will occur at x in the process ξt.

Standard arguments that go back to Harris [31] over forty years ago, guarantee that

we have constructed the desired processes. Since each flip preserves ηs ě ξs, the

stochastic order (˚) is satisfied.

To finish the construction of the Staver-Levin model, χt, we add another family

of Poisson process tŴ x
n : n ě 1u with rate 1´ ω, and independent random variables

wx,n uniform on p0, 1q. At any time Ŵ x
n if x is in state 1, it will increase to state 2 if

wn,x ą
ωpf0px, κLqq ´ ω

1´ ω

These events take care of the extra growth of 1’s into 2’s in χt. Again every flip

preserves χs ě ηs so we have

(˚˚) If χ0 ě η0 then we will have χt ě ηt for all t.

4.3 Recovery Lemma

Given (4.3), one can pick a θ, which must be ą 1, such that

µ` ω

ω
ă θ ă

β

ν
(4.9)
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so we have

θω ´ pω ` µq ą 0, β ´ θν ą 0

and since the inequalities above are strict, we can pick some a0 ą 0 and ρ P p0, 1q

such that

θω ´ pω ` µq ě ρ, βp1´ 4a0q ´ θν ě θρ. (4.10)

Now we can let the undetermined ε0 in the definition of ξt in Section 4.2 be a positive

constant such that

p1´ 4ε0q
d
ą 1´ 2a0. (4.11)

Fix some α P pd{2, dq. We start with an initial configuration in Ξ0, the ξ0 that have

ξ0pxq “ 0 for all x R B̂0 and the number of nonzero sites in B̂0 is at least Lα. We

define a stopping time τ :

τ “ inftt : Dx P Zd such that n1px, ξtq ` n2px, ξtq ě a0|B̂0|u (4.12)

Lemma 4.3.1. Recovery Lemma. Suppose we start the truncated version of

Krone’s model from a ξ0 P Ξ0 . Let t0 “ 2d{ρ. When L is large,

P pτ ą t0 logLq ă Ld{2´α. (4.13)

Proof. As mentioned in the introduction, we consider

Qpξtq “ λd
ÿ

xPZd

e´λ}x}wrξtpxqs

where λ “ L´1a0{2 and

wrξpxqs “

$

’

’

’

&

’

’

’

%

0 if ξpxq “ 0

1 if ξpxq “ 1

θ if ξpxq “ 2
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If we imagine Rd divided into cubes with centers at λZd and think about sums

approximating an integral then we see that

λd
ÿ

xPZd

e´λ}x} ď eλ{2
ż

Rd

e´}z} dz ď Up4.14q (4.14)

for all λ P p0, 1s. From this it follows that

Qpξtq ď θUp4.14q. (4.15)

Remark. Here, and in what follows, we subscript important constants by the

lemmas or formulas where they were first introduced, so it will be easier for the

reader to find where they are defined. U ’s are upper bounds that are independent of

λ P p0, 1s.

Our next step towards Lemma 4.3.1 is to study the infinitesimal mean

µpξq “ lim
δtÓ0

ErQpξt`δtq ´Qpξtq|ξt “ ξs

δt
.

Lemma 4.3.2. For all ξ such that n1px, ξq ` n2px, ξq ď a0|B̂0| and for all x P Zd,

µpξq ě ρQpξq where ρ is defined in (4.10).

Proof. Straightforward calculation gives

µpξq

λd
“

ÿ

ξpxq“1

rpθ ´ 1qω ´ µse´λ}x}

`
ÿ

ξpxq“0

β
N2rN pxqs
p2L` 1qd

e´λ}x} ´
ÿ

ξpxq“2

θνe´λ}x}.

(4.16)

For the second term in the equation above, we interchange the roles of x and y then

rearrange the sum:

ÿ

ξpxq“0

β
N2rN pxqs
p2L` 1qd

e´λ}x} “
ÿ

ξpxq“2

p2L` 1q´d
ÿ

yPN pxq,ξpyq“0

βe´λ}y}.
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Noting that λ “ L´1a0{2, and that for any x and y P N pxq Ă Bx, ´L ď }y}´}x} ď L,

we have

e´λ}y} ě e´a0{2e´λ}x} ě p1´ a0qe
´λ}x}.

Using this with n1px, ξq ` n2px, ξq ă a0|B̂0|, and Bxrp1´ 4ε0qLs Ă N pxq from (4.8),

ÿ

ξpxq“0

β
N2rN pxqs
p2L` 1qd

e´λ}x} ě p1´ a0q
ÿ

ξpxq“2

β
N0pBxrp1´ 4ε0qLsq

p2L` 1qd
e´λ}x}

ě p1´ a0qrp1´ 4ε0q
d
´ a0s

ÿ

ξpxq“2

βe´λ}x}.

Recall that by (4.11), ε0 is small enough so that p1 ´ 4ε0q
d ą 1 ´ 2a0. This choice

implies

ÿ

ξpxq“0

β
N2rN pxqs
p2L` 1qd

e´λ}x} ą p1´ a0qp1´ 3a0q
ÿ

ξpxq“2

βe´λ}x}

ą p1´ 4a0q
ÿ

ξpxq“2

βe´λ}x}.

Combining inequality above with (4.16) and (4.10) gives

µpξq ě λd
ÿ

ξpxq“1

rpθ ´ 1qω ´ µse´λ}x} ` λd
ÿ

ξpxq“2

rp1´ 4a0qβ ´ θνse
´λ}x}

ě ρQpξq.

which proves the desired result.

Then for any initial configuration ξ0, define

Mt “ Qpξtq ´Qpξ0q ´

ż t

0

µpξsqds (4.17)

According to Dynkin’s formula, Mt is a martingale with EMt “ 0.

Lemma 4.3.3. There are constants L4.3.3 and U4.3.3 ă 8 so that when L ě L4.3.3,

we have EM2
t ď U4.3.3L

´dt for all t ě 0, and hence

E

ˆ

sup
sďt

M2
s

˙

ď 4U4.3.3L
´dt. (4.18)
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Proof. Using (4.16) and (4.14) we see that

|µpξtq| ď C
p1q
4.3.3 “ θpβ ` ω ` µ` νqUp4.14q. (4.19)

To calculate EM2
t , let tni “ it{n.

EM2
t “

n´1
ÿ

i“0

EpMtni`1
´Mtni

q
2

“

n´1
ÿ

i“0

E

«

Qpξtni`1
q ´Qpξtni q ´

ż tni`1

tni

µpξsqds

ff2

.

(4.20)

The path of Ms, s P r0, ts is always a right continuous function with left limit. To

control the limit of the sum, we first consider the total variation of Ms, s P r0, ts.

For each n, let

V
pnq
t “

n´1
ÿ

i“0

ˇ

ˇ

ˇ
Mtni`1

´Mξtn
i

ˇ

ˇ

ˇ
.

By definition,

V
pnq
t ď

n´1
ÿ

i“0

ˇ

ˇ

ˇ
Qpξtni`1

q ´Qpξtni q
ˇ

ˇ

ˇ
`

n´1
ÿ

i“0

ˇ

ˇ

ˇ

ˇ

ˇ

ż tni`1

tni

µpξsqds

ˇ

ˇ

ˇ

ˇ

ˇ

ď Vt `

ż t

0

|µpξsq|ds ď Vt ` C
p1q
4.3.3t

where

Vt “
ÿ

sPΠt

|Qpξsq ´Qpξs´q|

to be the total variation of Qpξsq in r0, ts and Πt be the set of jump times of ξs in [0,t],

which is by definition a countable set. To control Vt, write Πt “ Y
8
k“0Π

pkq
t , where for

each k, Π
pkq
t is the set of times in which ξ has a transition at a vertex contained in

Hk “ B0pkLqzB0ppk ´ 1qLq. Then according to (4.14), there is some L4.3.3 ă 8 and

C
p2q
4.3.3, C

p3q
4.3.3 ă 8, such that for all L ě L4.3.3,
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EVt ď
8
ÿ

k“0

»

—

—

—

—

—

—

–

E
´

|Π
pkq
t |

¯

¨ sup
xPHk

sup
ξ, ξ1 P t0, 1, 2uZ

d
:

ξpyq “ ξ1pyq @y ­“ x

|Qpξsq ´Qpξs´q|

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

ď C
p2q
4.3.3L

´d
8
ÿ

k“0

kd´1e´λkt ď C
p3q
4.3.3t

(4.21)

which implies that Vt ă 8 almost surely, and that Mt is a process with finite variation

and definitely bounded. Using Proposition 3.4 on page 67 of [22] and the fact that

Mt is a bounded right-continuous martingale, we have

n´1
ÿ

i“0

EpMtni`1
´Mtni

q
2 L1

ÝÑ rM st (4.22)

where rM st is the quadratic variation of Mt. Noting that for any n

n´1
ÿ

i“0

EpMtni`1
´Mtni

q
2
” EM2

t ,

combining this with the L1 convergence in (4.22), we have

EM2
t “ ErM st.

Since Mt is a martingale of finite variation, Exercise 3.8.12 of [2] implies

rM st “
ÿ

sPΠt

pQpξsq ´Qpξs´qq
2 . (4.23)
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So for ErM st, similar as in (4.21), there is some U4.3.3 ă 8, such that when L ě L4.3.3

ErM st ď
8
ÿ

k“0

»

—

—

—

—

—

—

–

E
´

|Π
pkq
t |

¯

¨ sup
xPHk

sup
ξ, ξ1 P t0, 1, 2uZ

d
:

ξpyq “ ξ1pyq @y ­“ x

pQpξsq ´Qpξs´qq
2

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

ď C
p2q
4.3.3L

´2d
8
ÿ

k“0

kd´1e´2λkt ď U4.3.3L
´dt.

(4.24)

(4.24) immediately implies that

EM2
t “ ErM st ď U4.3.3L

´dt

which completes the proof.

At this point, we have all the tools needed in the proof of Lemma 4.3.1. If ξ0 P Ξ0

there is a u4.3.1 ą 0 such that for all ξ0 in Lemma 4.3.1:

u4.3.1L
´d`α

ď Qpξ0q.

Using (4.18) now

E

ˆ

sup
sďt0 logL

M2
s

˙

ď 4U4.3.3L
´dt0 logL

so by Chebyshev’s inequality and the fact that α ą d{2:

P

ˆ

sup
sďt0 logL

|Ms| ě u4.3.1L
´d`α

{2

˙

ď
8U4.3.3L

´dt0 logL

u2
4.3.1L

´2pd´αq

“ OpL´2α`d logLq

“ opLd{2´αq Ñ 0.

Consider the event tτ ą t0 logLu. For any s ď t0 logL, n1px, ξsq ` n2px, ξsq ă

a0|B̂0|, for all x P Zd, so by Lemma 4.3.2, µpξsq ě ρQpξsq. Consider the set:

A “

"

sup
sďt0 logL

|Ms| ă u4.3.1L
´d`α

{2

*

X tτ ą t0 logLu.
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On A we will have that for all t P r0, t0 logLs,

Qpξtq ě u4.3.1L
´d`α

{2` ρ

ż t

0

Qpξsqds.

If we let fptq “ eρtu4.3.1L
´d`α{2, then

fptq “ u4.3.1L
´d`α

{2` ρ

ż t

0

fpsqds.

Reasoning as in the proof of Gronwall’s inequality:

Lemma 4.3.4. On the event A, Qpξtq ě fptq for all t P r0, t0 logLs

Proof. Suppose the lemma does not hold. Let t1 “ inftt P r0, t0 logLs : Qpξtq ă

fptqu. By right-continuity of Qpξtq, Qpξt1q ď fpt1q and t1 ą 0. However, by definition

of t1, we have Qpξtq ě fptq on r0, t1q, and by right-continuity of Qpξtq near t “ 0,

the inequality is strict in a neighborhood of 0. Thus we have

Qpξt1q ě
u4.3.1L

´d`α

2
` ρ

ż t1

0

Qpξsqds

ą
u4.3.1L

´d`α

2
` ρ

ż t1

0

fpsqds “ fpt1q

which is a contradiction to the definition of t1..

Recalling that t0 “ 2d{ρ

fpt0 logLq “ eρt0 logLu4.3.1L
´d`α

{2 “ u4.3.1L
d`α
{2.

When L is large this will be ě θUp4.14q, the largest possible value of Qpξtq. Thus

the assumption that P pA ą 0q has lead to a contradiction, and we have finished the

proof of Lemma 4.3.1.

90



4.4 Proof of Theorem 4.2

As in the proof of Lemma 4.3.2, we are able to prove the extinction result in Theorem

4.2, which does not require the assumption of long range.

Proof. When µν ě ωpβ ´ νq, if β ď ν, the system dies out since ηt can be bounded

by a subcritical contact process with birth rate β and death rate ν (the special case

of ηt when ω “ 8). Otherwise, we can find a θ1 such that

µ` ω

ω
ě θ1 ě

β

ν
ą 1.

For ηt starting from η0 with a finite number of non-zero sites, consider

Spηtq “
ÿ

xPZd

1ηtpxq“1 ` θ
11ηtpxq“2.

Similarly, let µpηtq be the infinitesimal mean of Spηtq. Repeating the calculation in

the proof of Lemma 4.3.2, we have

µpηtq “
ÿ

xPZd

rωpθ1 ´ 1q ´ µs1ηtpxq“1 ` r´θ
1ν ` f0px, ηtqβs1ηtpxq“2.

Noting that ωpθ1 ´ 1q ´ µ ď 0 and that

´θ1ν ` f0px, ηtqβ ď ´θ
1ν ` β ď 0

we have shown that µpηtq ď 0 for all t ě 0. Thus Spηtq is a nonnegative supermartin-

gale. By martingale convergence theorem, Spηtq converge to some limit as t Ñ 8.

Note that each jump in ηt will change Spηtq by 1, θ1 or θ1 ´ 1 ą 0. Thus to have

convergence of Spηtq, with probability one there must be only finite jumps in each

path of ηt, which implies that with probability one ηt will end up at configuration of

all 0’s, which is the absorbing state.
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For the second part of the theorem, there is no non-trivial stationary distribution

when β ď ν. When β ą ν, note that when µν ą ωpβ ´ νq, there is a θ1 such that

µ` ω

ω
ą θ1 ą

β

ν
ą 1.

We again use the

Q1pηtq “
ÿ

xPZd

e´λ
1}x}w1rηtpxqs

similar to the Q introduced at the beginning of Lemma 4.3.1, with λ1 ą 0 and

w1rηpxqs “

$

’

’

’

&

’

’

’

%

0 if ηpxq “ 0

1 if ηpxq “ 1

θ1 if ηpxq “ 2

Consider the infinitesimal mean of Q1pηtq. Using exactly the same argument as in

Lemma 4.3.2, we have for any η,

µ1pηq ď
ÿ

ηpxq“1

rpθ1 ´ 1qω ´ µse´λ}x} `
ÿ

ηpxq“2

pβeλL ´ θ1νqe´λ}x}.

Thus when λ is small enough, µ1pηq ď 0 for all η P t0, 1, 2uZd
and Q1pηtq is a nonneg-

ative supermartingale and thus has to converge a.s. to a limit. Then for any x P Zd,

a flip at point x will contribute at least

e´λ}x} mint1, θ ´ 1u

to the total value of Q1. So with probability one there is a t ă 8 such that there is

no flip at site x after time t, which can only correspond to the case where ηspxq ” 0

for all s P rt,8q.
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4.5 Spatial Location of the Positive Density Box

The argument in the previous section proves the existence of a small box B̂x with

positive density, but this is not useful if we do not have control over its location.

To do this, we note that the graphical representation in Section 4.2 shows that box

process ξt can be stochastically bounded by Krone’s model ηt starting from the same

initial configuration. Krone’s model can in turn be bounded by a branching random

walk γt in which there are no deaths, 2’s give birth to 2’s at rate β, and births are

not suppressed even if the site is occupied.

Lemma 4.5.1. Suppose we start from γ0 such that γ0pxq “ 2 for all x P B̂0, γ0pxq “ 0

otherwise. Let Mkptq be the largest of the absolute values of the kth coordinate among

the occupied sites at time t. If L is large enough then for any m ą 0 we have

P pMkptq ě 1` p2β `mqLtq ď 2e´mt|B̂0|. (4.25)

From this it follows that there is a C4.5.1 ă 8 so,

E
`

rMkpt0 logLqs2
˘

ď C4.5.1pL logLq2 (4.26)

Proof. First we will start from the case where γ0 has only one particle at 0. Rescale

space by dividing by L. In the limit as LÑ 8 we have a branching random walk γ̄t

with births displaced by an amount uniform on r´1, 1sd. We begin by showing that

the corresponding maximum has EM̄2
k pt0 logLq ď CplogLq2. To this we note that

mean number of particles in A at time t

Epγ̄tpAqq “ eβtP pS̄ptq P Aq

where S̄ptq is a random walk that makes jumps uniform on r´1, 1sd at rate β. Let

S̄kptq be the kth coordinate of S̄ptq,. We have

E exppθS̄kptqq “ exppβtrφ̄pθq ´ 1sq with φ̄pθq “ peθ ` e´θq{2.
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Large deviations implies that for any θ ą 0

P pS̄kptq ě xq ď e´θx exppβtrφ̄pθq ´ 1sq.

By Symmetry, we have that

P p|S̄kptq| ě xq ď 2e´θx exppβtrφ̄pθq ´ 1sq.

and hence that

P pM̄kptq ě xq ď 2e´θxeβt exppβtrφpθq ´ 1sq. (4.27)

since the right-hand side gives the expected number of particles with kth component

ě x.

To prove the lemma now we return to the case L ă 8. Let φpθq “ E exppθSkqptqq

where Sptq is a random walk that makes jumps uniform on r´1, 1sd X Zd{L at rate

β. When θ “ 1, φ̄p1q ´ 1 “ 0.543, so if L is large φp1q ´ 1 ď 1, and by the argument

that led to (4.27)

P pMkptq ě p2β `mqtq ď 2e´mt.

The last result is for starting for one particlee at the origin. If we start with |B̂0| in

B̂0{L Ă r´1, 1sd in γ̄0 then

P pMkptq ě 1` p2β `mqtq ď 2|B̂0|e
´mt.

Taking t “ t0 logL, and noting that t0 “ 2d{ρ ą 1, gives the desired result.

Lemma 4.5.2. For any a ą 0, let M j
kpt0 logLq 1 ď j ď La be the maximum of

the absolute value of kth coordinates in the jth copy of a family of independent and

identically distributed branching random walk in Lemma 4.5.1. There is a C4.5.2 ă 8

so that for large L

P

ˆ

max
1ďjďLa

tM j
kpt0 logLqu ě C4.5.2L logL

˙

ď 1{L
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Proof. Taking t “ t0 logL in (4.25) and recalling |B̂0| “ OpLdq, the right-hand side

is ď Ld expp´mt0 logLq for each copy. So the probability on the left hand side in

the lemma ď La`d expp´mt0 logLq Taking the constant m to be large enough gives

the desired result.

4.6 Moving Particles in ηt

Let Ht,x be the set of nonzero sites of ηt in B̂x at time t. In this section, we will

use the graphical representation in Section 4.2 and an argument from Durrett and

Lanchier [13] to show that

Lemma 4.6.1. There are constants δ4.6.1 ą 0 and an L4.6.1 ă 8 such that for all

L ą L4.6.1 and any initial configuration η0 with |H0,0| ě Ld{2

P p|H1,v| ě δ4.6.1|H0,0|q ą 1´ e´L
d{4

for any v P t0,˘e1, ¨ ¨ ¨ ,˘edu

Proof. We begin with the case v “ 0 which is easy. Define G0
0 to be the set of of

points x P B̂0, with (a) η0pxq ě 1, and (b) no death marks ˆ’s occur in txu ˆ r0, 1s.

We have ξtpxq ě 1 on S0 “ H0,0 X G0
0, and |S0| „ Binomialp|H0,0|, e

´µq, so the

desired result follows from large deviations for the Binomial.

For v ­“ 0, define G0 to be the set of of points in G0
0 for which (c) there exists a

p‚q, which produces growth from type 1 to type 2, in txuˆ r0, 1{2s. We define Gv to

be the set of points y in B̂v so that there are no ˆ’s in tyu ˆ r0, 1s. For any x P B̂0

and y P B̂v we say that x and y are connected (and write xÑ y) if there is an arrow

from x to y in p1{2, 1q. By definition of our process η1pyq ě 1 for all y in

S “ ty : y P Gv, there exists an x P G0 so that xÑ yu.

It is easy to see that

|G0| „ Binomialr|H0,0|, e
´µ
p1´ e´ω{2qs. (4.28)
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Conditional on |G0|:

|S| „ Binomialp|B̂v|, e
´µ
r1´ e´β|G0|{2|B0|sq, (4.29)

by Poisson thinning since the events of being the recipient of a birth from B̂0 are

independent for different sites in Gv.

Since the binomial distribution decays exponentially fast away from the mean,

there is some constant c ą 0 such that

P p|G0| ą |H0,0|e
´µ
p1´ e´ω{2q{2q ě 1´ e´cL

d{2

. (4.30)

To simplify the next computation, we note that 1 ´ e´βr „ βr as r Ñ 0 so if the ε0

in the definition of the small box is small enough

1´ e´β|Gv |{2|B0| ě β|Gv|{4|B0|.

Let p “ e´µβ|G0|{4|B0|. A standard large deviations result, see e.g., Lemma 2.8.5 in

[12] shows that if X “ BinomialpN, pq then

P pX ď Np{2q ď expp´Np{8q

from which the desired result follows.

Let } ¨ }1 be the L1´norm on Zd. Our next step is to use Lemma 4.6.1 OplogLq

times to prove

Lemma 4.6.2. For any α P pd{2, dq, let C4.6.2 be a constant such that C4.6.2 log δ4.6.1 ą

α ´ d. There is a finite L4.6.2 ą L4.6.1 such that for all L ą L4.6.2, any initial con-

figuration η0 with |H0,0| ě a0|B̂0|, and any x P Zd such that }x}1 ď C4.6.2 logL, we

have

P
`ˇ

ˇHx,rC4.6.2 logLs

ˇ

ˇ ě Lα
˘

ě 1´ e´L
d{4{2
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Proof. Let n “ rC4.6.2 logLs. We can find a sequence x0 “ 0, x1, ¨ ¨ ¨ , xn “ x such

that for all i “ 0, ¨ ¨ ¨ , n ´ 1, xi´1 ´ xi P t0,˘e1, ¨ ¨ ¨ ,˘edu. For any i “ 1, ¨ ¨ ¨ , n

define the event

Ai “ t|Hxi,i| ě δi4.6.1|H0,0|u.

By the definition of C4.6.2,
ˇ

ˇHx,rC4.6.2 logLs

ˇ

ˇ ě Lα on An. To estimate P pAnq note that

by Lemma 4.6.1

P pAnq ě 1´
n
ÿ

i“1

P pAciq ě 1´
n
ÿ

i“1

P pAci |Ai´1q

ě 1´ C4.6.2plogLqe´L
d{4

ě 1´ e´L
d{4{2

when L is large.

4.7 Block Construction and the Proof of Theorem 4.1

At this point, we have all the tools to construct the block event and complete the

proof of Theorem 4.1. Let 0 ă a ă α{2´d{4, K “ L1`2a{3, Γm “ 2mKe1`r´K,Ks
d,

and Γ1m “ 2mKe1 ` r´K{2, K{2s
d. If m ` n is even, we say that pm,nq is wet if

there is a positive density small box, i.e., a box with size ` and densities of nonzero

sites ě a0, in Γ1m at some time in rnLa, nLa ` C6 logLs, where C6 “ C4.6.2 ` t0. Our

goal is to show

Lemma 4.7.1. If pm,nq is wet then with high probability so is pm`1, n`1q, and the

events which produce this are measurable with respect to the graphical representation

in pΓm Y Γm`1q ˆ rnL
a, pn` 1qLa ` C6 logLs.

Once this is done, Theorem 4.1 follows. See [11] for more details.

Proof. To prove Lemma 4.7.1, we will alternate two steps, starting from the location

of the initial positive density box B̂y0 at time T0. Let A0 “ tT0 ă 8u which is

the whole space. Assume given a deterministic sequence δi with }δi} ď C4.6.2 logL.
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If we never meet a failure, the construction will terminate at the first time that

Ti ą pn` 1qLa. The actual number steps will be random but the number is ď N “

rLa{rC4.6.2 logLss. We will estimate the probability of success supposing that N steps

are required. This lower bounds the probability of success when we stop at the first

time Ti ě pn` 1qLa. Suppose i ě 1.

Deterministic Moving. If at the stopping time Ti´1 ă 8 we have a positive

density small box B̂yi´1
, then we use results in Section 4.6 to produce a small box

B̂yi´1`δi with at least Lα nonzero sites at time Si “ Ti´1`rC4.6.2 logLs. If we fail we

let Si “ 8 and the construction terminates. Let A`i “ tSi ă 8u.

Random Recovery. If at the stopping time Si ă 8 we have a small box B̂yi´1`δi

with at least Lα nonzero sites then we set all of the sites outside the box to 0,

and we use the recovery lemma to produce a positive density small box B̂yi at time

Si ď Ti ď Si`t0 logL. Again if we fail we let Ti “ 8 and the construction terminates.

Let Ai “ tTi ă 8u. Let ∆ipωq “ yi ´ pyi´1 ` δiq on Ai, and “ 0 on Aci .

If we define the partial sums ȳi “ y0 `
ři
j“1 δi and Σi “

ři
j“1 ∆j then we

have yi “ ȳi ` Σi. We think of ȳi as the mean of the location of the positive

density box and Σi as the random fluctuations in its location. We make no attempt

to adjust the deterministic movements δi to compensate for the fluctuations. Let

yend “ py
1
end, 0, ¨ ¨ ¨ , 0q P Zd be such that 2Kpm ` 1qe1 P B̂yend

. We define the δi to

reduce the coordinates yk0 , k “ 2, . . . d to 0 and then increase y1
0 to y1

end, in all cases

using steps of size ď C4.6.2 logL. Note that

}y0 ´ yend}1 “ OpKq{` “ OpL2a{3
q “ opNq

so we can finish the movements well before N steps. And once this is done we set

the remaining δi to 0. Moreover, note that each successful step in our iteration takes

a time at most C6 logL. Thus we will get to yend by t “ nLa ` OpL2a{3qC6 logL ă
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pn` 1qLa. At the first time Ti ě pn` 1qLa, we already have

δi “ 0, ȳi “ yend (4.31)

At this point, we are ready to state the main lemma of this section that controls

the spatial movement in our iteration:

Lemma 4.7.2. For any initial configuration ηpT0q so that there is a small box B̂y0 Ă

Γ1m, and any sequence δi, i ď N with }δi} ď C4.6.2 logL and any ε ą 0, there is a good

event GN with GN Ñ 1 as LÑ 8 so that (a) GN Ă AN , (b) on GN , }yi´ȳi} ă εL2a{3

for 1 ď i ď N . (c) GN depends only on the gadgets of graphical representation in

Γm Y Γm`1

Proof. The first step is to show that P pANq Ñ 1 as LÑ 8. For the ith deterministic

moving step, using the strong Markov property and Lemma 4.6.2, we have

P pA`i |Ai´1q ą 1´ e´L
d{4{2.

Then for the random recovery phase, according to Lemma 4.3.1, we have the condi-

tional probability of success:

P pAi|A
`
i q “ P pτi ă t0 logLq ą 1´ Ld{2´α.

Combining the two observations, we have

P pAi|Ai´1q ą p1´ e
´Ld{4{2

qp1´ Ld{2´αq ą 1´ e´L
d{4{2

´ Ld{2´α (4.32)

which implies

P pANq ě 1´
N
ÿ

i“1

P pAciq ě 1´
N
ÿ

i“1

P pAci |Ai´1q

ě 1´ Lape´L
d{4{2

` Ld{2´αq ě 1´ 2Ld{4´α{2 Ñ 1.

The next step is to control the fluctuations in the movement of our box.
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Lemma 4.7.3. Let FpTiq be the filtration generated by events in the graphical rep-

resentation up to stopping time Ti. For any 1 ď k ď d, tΣk
i u
N
i“1 is a martingale with

respect to FpTiq. EpΣk
i q “ 0, and var pΣk

Nq ď C4.7.3L
a logL so for any ε we have

P

ˆ

max
iďN

}Σi} ą εL2a{3

˙

Ñ 0

Proof. Consider the conditional expectation of ∆k
i under FpSiq. According to the dis-

cussions about the truncated process right before Subsection 4.2.1, we have Ep∆k
i |FpSiqq “

0. Noting that 2`|∆k
i | can be bounded by the largest kth coordinate among the oc-

cupies sites of the corresponding branching random walk at time t0 logL, Lemma

4.5.1 implies that Epp∆k
i q

2|FpSiqq ď CplogLq2. By orthogonality of martingale in-

crements var pΣk
Nq ď NCplogLq2. Since N ď La{rC5.2 logLs`1, we have the desired

bound on the variances and the desired result follows from L2 maximal inequality

for martingales.

To check (c) now note that under Ai the success of A`i`1 depends only on gadgets

in:

p2`yi ` r´`C4.6.2 logL, `C4.6.2 logLsdq ˆ rTi, Si`1s

and that when the ith copy of the truncated process never wanders outside

Di “ 2`pyi´1 ` δiq ` r´C4.5.2pL logLq, C4.5.2pL logLqsd

the success of Ai`1 under A`i`1 depends only on gadgets in Di. According to Lemma

4.4.2 and the fact that N ă La, with probability ě 1´L´1 “ 1´ op1q, our construc-

tion only depends on gadgets in the box:

Y
N´1
i“0

“

p2`yi ` r´`C4.6.2 logL, `C4.6.2 logLsdq ˆ rTi, Si`1s Y

p2`pyi ` δi`1q ` r´C4.5.2pL logLq, C4.5.2pL logLqsdq ˆ rSi`1, Ti`1s
‰

.

The locations of the yi are controlled by Lemma 4.7.3 so that it is easy to see that the

box defined above is a subset of ΓnYΓn`1, and proof of Lemma 4.7.2 is complete.
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Back to the proof of Lemma 4.7.1. On GN it follows from (4.31) and Lemma

4.7.2, when we stop at the first time Ti ě pn` 1qLa:

}yi ´ 2Kpm` 1qe1} ď `p1` 2}yi ´ ȳi}q ď 4εK

which implies

B̂yi “ 2`yi ` p´`, `s
d
Ă Γ1n`1.

Noting that the success of GN only depends on gadgets in ΓnYΓn`1, we have proved

that GN is measurable with respect to the space-time box in the statement of Lemma

4.7.1, which completes the proof of Lemma 4.7.1 and Theorem 4.1.

4.8 Proof of Theorem 4.3

Our First Step is to construct the test functions for S and T and show that, under

(4.6), they have positive derivatives for all sites in the region of interest. According

to (4.7), we can choose Σ0 P p0, 1q such that

ν

ω0

ă
βp1´ Σ0q

2dpµ` ω0q
. (4.33)

Let

γ0 P

ˆ

ν

ω0

,
βp1´ Σ0q

2dpµ` ω0q

˙

(4.34)

and let:

T0 “
Σ0

1` γ0

, S0 “
γ0Σ0

1` γ0

. (4.35)

Note that

S0 ` T0 “ Σ0, S0{T0 “ γ0. (4.36)

Recall that for any x P Zd and r ě 0, Bpx, rq is defined in Section 4.2 to be the

L8 neighborhood of x with range r. With S0, T0 defined as above and ε4.8.1 to be

specified later, define the test functions Stestpx, 0q and Ttestpx, 0q as follows (Figure
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1 shows those test functions when d “ 1): let Stestpx, 0q “ S0 on Bp0,M ´ ε4.8.1q,

Stestpx, 0q “ 0 on Bp0,Mqc, and

Stestpx, 0q “
drx,Bp0,MqcsS0

drx,Bp0,Mqcs ` drx,Bp0,M ´ ε4.8.1qs
(4.37)

for x P Bp0,M´ε4.8.1q
cXBp0,Mq. Similarly, let Ttestpx, 0q “ T0 on Bp0,M´3ε4.8.1q,

Ttestpx, 0q “ 0 on Bp0,M ´ 2ε4.8.1q
c, and

Ttestpx, 0q “
drx,Bp0,M ´ 2ε4.8.1q

csT0

drx,Bp0,M ´ 2ε4.8.1qcs ` drx,Bp0,M ´ 3ε4.8.1qs
(4.38)

for x P Bp0,M´3ε4.8.1q
cXBp0,M´2ε4.8.1q. In the definitions above, M “ maxt4, 4κu,

dpx,Aq be the distance between x P Rd and A Ă Rd under L8-norm, ε4.8.1 “

ε4.8.1pβ, ω0, µ, ν, κq is some positive constant that will be specified later in the proof

of Lemma 4.8.1. The following lemma shows that the test functions have positive

derivatives under IDE (4.6).

Remark. Throughout the discussion in this section, all the ε’s, δ’s, t’s and c’s

introduced are constants independent to the choice of L.
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Figure 4.1: Test functions for d “ 1

Lemma 4.8.1. Under the conditions in Theorem 4.3, there are ε4.8.1 and ε1 ą 0 so
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that under IDE (4.6):

dStestpx, 0q

dt
ě 4ε1 for all x P Bp0,Mq “ tStest ą 0u

dTtestpx, 0q

dt
ě 4ε1 for all x P Bp0,M ´ 2ε4.8.1q “ tTtest ą 0u

(4.39)

Proof. With Ttest and Stest defined as above, for any x P Bp0,Mq, the local grass

density can be upper bounded as follows (see Figure 4.2 for the case when d “ 2):

DG
κ px, 0q ď 1´

´κ´ ε4.8.1
2κ

¯d

S0 ď 1´ 2´d
´

1´ d
ε4.8.1
κ

¯

S0.

Figure 4.2: Stest with d “ 2. Left: Stest with d “ 2. The big box of size 2M is
region tStest ą 0u. The shadow area is the region where Stest “ S0. Right: Worst
case for Stest where x “ p´M,Mq. The big box is the local grass environment. The
shadow area is the region where Stest “ S0.

Noting that δ0 ă 2´dS0, let

εp4.40q “
κp1´ 2dδ0{S0q

4d
. (4.40)

It is easy to check that when ε4.8.1 ď εp4.40q

DG
κ px, 0q ă 1´ δ0,

which implies that

ωrDG
κ px, 0qs ” ω0 (4.41)
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for all x P Bp0,Mq. I.e., all sites in the region of test function live in a environment

with a higher growth rate ω0. It is easy to see that the derivative of Ttest can be

lower bounded by its derivative on the top, i.e., for any x P Bp0,M ´ 2ε4.8.1q

dTtestpx, 0q

dt
ě
dTtestp0, 0q

dt
ě ω0S0 ´ νT0 (4.42)

and this holds for all κ ą 0. Note that γ0 “ S0{T0 according to (4.35). Combining

this observation with the definition of γ0 in (4.34)

ω0S0 ´ νT0 “ ω0T0

ˆ

S0

T0

´
ν

ω0

˙

“ ω0T0

ˆ

γ0 ´
ν

ω0

˙

ą 0. (4.43)

Thus we have the derivative of Ttest is always positive for all x P Bp0,M ´ 2ε4.8.1q.

Similarly, we can control the lower bound of derivative for test function Stest as

follows: for any x P Bpx,Mq

dStestpx, 0q

dt
ě
βT0p1´ 3ε4.8.1q

d

2d
p1´ S0 ´ T0q ´ pµ` ω0qS0

ě
βT0p1´ 3dε4.8.1q

2d
p1´ S0 ´ T0q ´ pµ` ω0qS0

(4.44)

For the right side of (4.44) , according to (4.36)

dStestpx, 0q

dt
ě
βT0p1´ 3dε4.8.1q

2d
p1´ S0 ´ T0q ´ pµ` ω0qS0

“ T0pµ` ω0q

„

p1´ 3dε4.8.1q
βp1´ S0 ´ T0q

2dpµ` ω0q
´
S0

T0



“ T0pµ` ω0q

„

p1´ 3dε4.8.1q
βp1´ Σ0q

2dpµ` ω0q
´ γ0



Again recalling the definition in (4.34) that

βp1´ Σ0q

2dpµ` ω0q
ą γ0,
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we let

εp4.45q “

„

1´
2dpµ` ω0qγ0

βp1´ Σ0q



{p6dq. (4.45)

So for any ε4.8.1 ď εp4.45q and x P Bp0,Mq

dStestpx, 0q

dt
ě T0pµ` ω0q

„

p1´ 3dεp4.45qq
βp1´ Σ0q

2dpµ` ω0q
´ γ0



ą 0. (4.46)

Thus let

ε4.8.1 “ mintεp4.40q, εp4.45qu ą 0 (4.47)

and

ε1 “
1

4
min

"

ω0T0

ˆ

γ0 ´
ν

ω0

˙

,

T0pµ` ω0q

„

p1´ 3dεp4.45qq
βp1´ Σ0q

2dpµ` ω0q
´ γ0

*

ą 0.

Combining (4.43) and (4.46) and the proof is complete.

With the test functions constructed, our Second Step is similar to the proof of

Theorem 4.1. We introduce the truncated version of the Staver-Levin model, and as

before, denote the process by ξ̄t. For ` “ εL, where the exact value of ε is specified

later in Lemma 4.8.4, ξ̄t has birth rate β|N px, Lq|{p2L ` 1qd, where N px, Lq in the

truncated neighborhood defined in Section 4.2. Type 1’s and 2’s in ξ̄t die at the same

rates as in the original χt, while a growth of a sapling into a tree occurs at rate:

ω̄rḠpx, ξqs “

$

&

%

ω0 Ḡpx, ξq P r0, 1´ δq

ω1 Ḡpx, ξq P r1´ δ, 1s

where

Ḡpx, ξq “
# of 0’s in N px,Kq

|N px,Kq|
,
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K “ κL, and δ “ δ0 ` 4dε. First of all, with the same argument as in Section 4.2,

we immediately have that the number of different types in each small box forms a

Markov process ζ̄t. According to (4.8):

Ḡpx, ξq ď 1´
# of 1+2’s in N px,Kq

|Bpx,Kq|

ď Gpx, ξq ` 1´ p1´ 4εqd ď Gpx, ξq ` 4dε,

combining this with the definition of δ, we have for any ξ1 ě ξ, ωrGpx, ξ1qs ě

ω̄rḠpx, ξqs, which implies that the truncated ξ̄t once again is dominated by the orig-

inal χt. Thus in order to prove Theorem 4.3, it suffices to show that ξ̄t survives.

The Third Step is to construct a initial configuration of ξ̄0 according to the test

functions defined in (4.37) and (4.38). For any x P Zd: If 2`x R Bp0,MLq there is

no saplings or trees in B̂x under ξ̄0. If 2`x P Bp0,MLq, n1px, ξ̄0q “ |B̂0|Stestp2`x{Lq,

n2px, ξ̄0q “ |B̂0|Ttestp2`x{Lq. As noted earlier in the box process ξ̄t, the locations of

the 1’s and 2’s inside each small box makes no difference.

We then look at fipx, ξ̄tq, the densities of type i in each small box. For any x,

the infinitesimal means of f1 and f2 can be written as follows:

µ1px, ξ̄q “ p2L` 1q´d|B̂0|

¨

˝

ÿ

y:B̂yĂN px,Lq

f2py, ξ̄q

˛

‚f0px, ξ̄qβ

´ rω̄pḠpx, ξ̄qq ` µsf1px, ξ̄q,

µ2px, ξ̄q “ ω̄pḠpx, ξ̄qqf1px, ξ̄q ´ νf2px, ξ̄q.

(4.48)

We prove that

Lemma 4.8.2. There is a ε4.8.2 ą 0 such that for any ` “ εL ď ε4.8.2L and the ξ̄0

defined above, we have
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• µ1px, ξ̄0q ě 2ε1 for all 2`x P Bp0,ML` 4`q.

• µ2px, ξ̄0q ě 2ε1 for all 2`x P Bp0,ML´ 2ε4.8.1L` 4`q.

Proof. First noting that δ “ δ0 ` 4dε, δ0 ă 2´dS0, for

εp4.49q “ p2
´dS0 ´ δ0q{p8dq (4.49)

δ “ δ0`4dε ă 2´dS0 for ε ď εp4.49q. Moreover, for all x such that 2`x P Bp0,ML`4`q,

Ḡpx, ξ̄0q “
# of 0’s in N px,Kq

|N px,Kq|

ď 1´

ˆ

κ´ ε4.8.1 ´ 10ε

2κ

˙d

S0 ď 1´ 2´dS0p1´ dε4.8.1 ´ 10dεq.

(4.50)

Let

εp4.51q “
S0p1´ dε4.8.1q ´ 2dδ0

20dS0 ` 2d`2d
ą 0. (4.51)

It is easy to see that Ḡpx, ξ̄0q ă 1´ δ0 ´ 4dε “ 1´ δ for all ε ď εp4.51q, which implies

ω̄pḠpx, ξ̄0qq ” ω0 for all 2`x P Bp0,ML` 4`q. Thus

µ2px, ξ̄0q “ ω̄pḠpx, ξ̄0qqf1px, ξ̄0q ´ νf2px, ξ̄0q ě ω0S0 ´ νT0 ą 4ε1

for all 2`x P Bp0,ML´ 2ε4.8.1L` 4`q. Then for the infinitesimal mean of type 1:

µ1px, ξ̄0q “ p2L` 1q´d|B̂0|

¨

˝

ÿ

y:B̂yĂN px,Lq

f2py, ξ̄0q

˛

‚f0px, ξ̄0qβ ´ rω0 ` µsf1px, ξ̄0q

Note that

inf
2`xPBp0,ML`4`q

p2L` 1q´d|B̂0|

¨

˝

ÿ

y:B̂yĂN px,Lq

f2py, ξ̄0q

˛

‚f0px, ξ̄0qβ

ě 2´dp1´ 3ε4.8.1 ´ 10εqdT0p1´ S0 ´ T0qβ

ě 2´dp1´ 3dε4.8.1 ´ 10dεqT0p1´ S0 ´ T0qβ.
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Recalling (4.46), (4.47) and the definition of ε1, let

εp4.52q “
2d´1ε1

5dT0p1´ S0 ´ T0qβ
. (4.52)

For all ε ď εp4.52q and any 2`x P Bp0,ML` 4`q,

µ2px, ξ̄0q ě 2´dp1´ 3dε4.8.1qT0p1´ S0 ´ T0qβ ´ pω0 ` µqS0 ´ 2ε1 ě 2ε1.

Overall, let

ε4.8.2 “ mintεp4.49q, εp4.51q, εp4.52qu.

It satisfies the condition of this lemma by definition.

Moreover, since that the inequalities for Ḡ’s in the proof above are strict and that

all other terms in the infinitesimal mean are continuous, we have:

Lemma 4.8.3. There is some δ4.8.3 ą 0 so that for any configuration ξ̄10 with

|fipx, ξ̄0q ´ fipx, ξ̄
1
0q| ď δ4.8.3, i “ 1, 2; 2`x P Bp0, 2MLq

we have

• µ1px, ξ̄
1
0q ě ε1 for all 2`x P Bp0,ML` 4`q.

• µ2px, ξ̄
1
0q ě ε1 for all 2`x P Bp0,ML´ 2ε4.8.1L` 4`q.

for all ` “ εL ď ε4.8.2L.

Proof. First note that for any x such that 2`x P Bp0,ML` 4`q,

|Ḡpx, ξ̄0q ´ Ḡpx, ξ̄
1
0q| ď 2δ4.8.3.

Let

δp4.53q “
“

2´dS0p1´ dε4.8.1 ´ 10dε4.8.2q ´ δ0 ´ 4dε4.8.2
‰

{4 ą 0. (4.53)
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For any δ4.8.3 ď δp4.53q, recalling (4.50) and (4.51), we have

Ḡpx, ξ̄10q ď Ḡpx, ξ̄0q ` 2δ4.8.3

ď 1´ 2´dS0p1´ dε4.8.1 ´ 10dε4.8.2q ` 2δp4.53q

ă 1´ δ0 ´ 4dε4.8.2 ď 1´ δ0 ´ 4dε “ 1´ δ

which implies that

ω̄pGpx, ξ̄10qq ” ω0 (4.54)

for all x such that 2`x P Bp0,ML ` 4`q. Furthermore, under (4.54), (4.48) implies

that:

|µ2px, ξ̄0q ´ µ2px, ξ̄
1
0q| ď ω0δ4.8.3 ` νδ4.8.3 “ pω0 ` νqδ4.8.3 (4.55)

|µ1px, ξ̄0q ´ µ1px, ξ̄
1
0q| ď p2L` 1q´d|B̂0|

¨

˝

ÿ

y:B̂yĂN px,Lq

f2py, ξ̄0q

˛

‚2βδ4.8.3

` p2L` 1q´d|B̂0|

¨

˝

ÿ

y:B̂yĂN px,Lq

δ4.8.3

˛

‚f0px, ξ̄0qβ

` 2δ2
4.8.3 ` pω0 ` µqδ4.8.3

(4.56)

for all x such that 2`x P Bp0,ML` 4`q. Noting that fi ď 1, δ4.8.3 ď 1, (4.56) can be

simplified as:

|µ1px, ξ̄0q ´ µ1px, ξ̄
1
0q| ď p2` 3β ` ω0 ` µqδ4.8.3.

Thus let

δ4.8.3 “ min

"

δp4.53q,
ε1

2pω0 ` νq
,

ε1
2p2` 3β ` ω0 ` µq

*

.

(4.54)-(4.56) show that δ4.8.3 satisfies the conditions in our lemma.
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Both Stest and Ttest are Lipchitz with constants S0ε
´1
4.8.1 and T0ε

´1
4.8.1. Let Clip be

the max of these two constants. At this point, we are ready to specify the size of our

small box and have the lemma as follows:

Lemma 4.8.4. For ε “ ε4.8.4, where

ε4.8.4 “ min

"

δ4.8.3ε1
16pβ ` ω0 ` µqClip

,
ε4.8.2

2

*

, (4.57)

ξ̄t be the truncated process starting from ξ̄0. At time

t4.8.4 “
δ4.8.3

2pβ ` ω0 ` µq

there is some C4.8.4 ă 8 such that the probability that

• f1px, ξ̄t4.8.4q ě f1px, ξ̄0q ` c4.8.4, when 2`x P Bp0,ML` 4`q

• f2px, ξ̄t4.8.4q ě f2px, ξ̄0q ` c4.8.4, when 2`x P Bp0,ML´ 2ε4.8.1L` 4`q

is greater than 1´ C4.8.4L
´d when L is large, where

c4.8.4 “
δ4.8.3ε1

8pβ ` ω0 ` µq
.

Proof. Consider the stopping time

τ̄ “ mintt : Dx : 2`x P Bp0, 2MLq, i “ 1 or 2, |fipx, ξ̄0q ´ fipx, ξ̄tq| ą δ4.8.3u.

Note that each site in our system flip at a rate no larger than β ` ω0 ` µ. Accord-

ing to standard large deviations result as we used in Lemma 4.5.1, there is some

c4.6.1, C4.6.1 P p0,8q independent to L such that

P pτ̄ ď t4.8.4q ď C4.6.1 expp´c4.6.1L
d
q ă C4.6.1L

´d

110



when L is large. Now consider, σ2
i px, ξ̄tq, the infinitesimal variances of the local

densities. According to exactly the same calculation as we did in Lemma 4.3.3, there

is a C4.3.3 ă 8 such that

σ2
i px, ξ̄q ď C4.3.3L

´d (4.58)

for all x P Zd, i “ 1, 2 and all configurations ξ̄. Thus we can again define Dynkin’s

martingale:

M̄ipx, tq “ fipx, ξ̄tq ´ fipx, ξ̄0q ´

ż t

0

µipx, ξ̄tqdt (4.59)

and Lemma 4.3.3 implies that there is a C4.3.3 so that

P p sup
tďt4.8.4

|M̄ipx, tq| ą c4.8.4q ă C4.3.3L
´d.

Consider the event

Aipxq “ tτ ą t4.8.4u X t sup
tďt4.8.4

|M̄ipx, tq| ă c4.8.4u. (4.60)

By definition, there is some U4.8.4 ă 8, independent to L, such that

P pAipxqq ą 1´ U4.8.4L
´d, @x s.t.2`x P Bp0,ML` 4`q.

For any x such that 2`x P Bp0,ML ` 4`q, when A1pxq holds, Lemma 4.8.3 implies

that for any x

f1px, ξ̄t4.8.4q ě

ż t4.8.4

0

ε1dt´ c4.8.4 ą c4.8.4. (4.61)

Similarly, for any x such that 2`x P Bp0,ML´ 2ε4.8.1L` 4`q, when A2pxq holds,

f2px, ξ̄t4.8.4q ě

ż t4.8.4

0

ε1dt´ c4.8.4 ą c4.8.4. (4.62)

So let

A “

¨

˝

č

x:2`xPBp0,ML`4`q

A1pxq

˛

‚X

¨

˝

č

x:2`xPBp0,ML´2ε4.8.1L`4`q

A2pxq

˛

‚. (4.63)
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The conditions in our lemma are satisfied on the event A. Noting that

P pAq ě 1´
ÿ

x:2`xPBp0,ML`4`q

rP pAc1pxqq ` P pA
c
2pxqqs ě 1´

4Md

εd4.8.4
U4.8.4L

´d

let C4.8.4 “ 4MdU4.8.4{ε
d
4.8.4 and the proof is complete.

For any x P Zd and any ξ P t0, 1, 2uZd
, define shiftpξ, xq to be the configuration

that for any y P Zd:

shiftpξ, xqpyq “ ξpy ´ xq.

Recalling the definition of Clip, on the event A, for any i “ 1, ¨ ¨ ¨ , d,

ξ̄t4.8.4 ě shiftpξ̄0,˘2`eiq,

Monotonicity enables us to restart the construction above from anyone among

the shifts. Note that the success probability of such a construction is of 1´OpL´dq.

So when L is large, with high probability we can do it for 2d logL times without a

failure. This will give us a ”copy” of ξ̄0 at ˘2`plogLqei for each i and will take time

T “ plogLqt4.8.4.

Thus we can have out block construction as follows: let

Γx “ 2`plogLqx` r´` logL, ` logLsd, @x P Zd

and Tn “ nT, n ě 0. We say px, nq is wet if

ξ̄Tn ě shiftpξ̄0, 2`plogLqxq.

From the construction above, we immediately have that px, nq is wet then with high

probability px˘ ei, n` 1q are all wet for i “ 1, ¨ ¨ ¨ , d.

To check that with high-probability, the block events are finite-dependent, note

that ξ̄t is dominated by a branching random walk with birth rate β and initial

configuration ξ̄0. Lemma 4.4.1 shows that for any m ą 0

P pMkpT1q ě p2β `mqLT1q ď e´mT1 |Bp0, pM ` 1qLq|
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when L is large enough, where Mkptq is the largest kth coordinate among the oc-

cupied sites at time t. Noting that T1 “ plogLqt4.8.4 and that the choice of t4.8.4 is

independent to the choice of L, let

m “ pd` 1q{t4.8.4. (4.64)

We can control the probability that ξ̄t wanders too far as follows:

Pξ̄0

ˆ

max
tPr0,T0s

t}x} : ξ̄tpxq ­“ 0u ě p2β `mqLT1

˙

ď 2de´mT1 |Bp0, pM ` 1qLq|.

Noting that

e´mT1 “ e´plogLqt4.8.4pd`1q{t4.8.4 “ e´pd`1q logL
“ L´d´1

we have

Pξ̄0

ˆ

max
tPr0,T0s

t}x} : ξ̄tpxq ­“ 0u ě p2β `mqLT1

˙

“ L´d´1OpLdq Ñ 0 (4.65)

as LÑ 8. Thus noting that ` “ ε4.8.4L, let

R “
p2β `mqLT1

2` logL
“
p2β `mqt4.8.4

2ε4.8.4

which is a finite constant independent to the choice of L. As L goes large, we have

that with high probability ξ̄t cannot exit the following finite union of blocks by time

T1:
ď

x:}x}ďR

Γx

which implies that the block events we constructed has finite range of dependence.

Then again according to standard block argument in [11] and [31], we complete the

proof of survival for ξ̄t and this implies Theorem 4.3.
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