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Abstract

Interacting particle systems have been applied to model the spread of infectious dis-
eases and opinions, interactions between competing species, and evolution of forest
landscapes. In this thesis, we study three spatial models arising from from ecology
and social sciences. First, in a model introduced by Schelling in 1971, in which fam-
ilies move if they have too many neighbors of the opposite type, we study the phase
transition between a randomly distributed and a segregated equilibrium. Second, we
consider a combination of the contact process and the voter model and study the
asymptotics of the critical value of the contact part as the rate of the voting term
goes to infinity. Third, we consider a family of attractive stochastic spatial models,
one of which is introduced by Staver and Levin to describe the coverage of forest.
We prove that the mean-field ODE gives the asymptotically sharp phase diagram
for existence of stationary distributions, while for Staver and Levin model there can
still be non-trivial stationary distributions even when the absorbing fixed point of

the mean-field ODE is stable.
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1

Introduction

Spatial interacting particle system has been applied to a variety of topic in ecology
and sociology. In Yuan Zhang’s research projects as a doctorate student, stochastic
spatial models were used to study spread of infectious disease, interaction between
competing species, evolution of forest landscapes, and the residential location and
spread of opinions in both the real world and social network online. Results on these

models are to be discussed in Chapter 2—4.

Chapter 2 concerns Schelling’s Model. In this work with my advisor Prof. Rick
Durrett, we consider a meta-population version of a model introduced by Thomas
Schelling in 1971, where families move if they have too many neighbors of the opposite
type. In our model, a city is divided into N neighborhoods each of which has L
houses. There are pN L red families and pN L blue families for some p < 1/2. Families
are happy if there are < p.L families of the opposite type in their neighborhood, and
unhappy otherwise. Each family moves to each vacant house at rates that depend

on their happiness at their current location and that of their destination.



from/to | Happy | Unhappy
Happy | r/(NL) | €/(NL)
Unhappy | 1/(NL) | ¢/(NL)

where ¢,7 < 1 and € is small, e.g., 0.1 or smaller. We first show that s];(¢) is the
faction of neighborhoods with ¢ red and j blue families then, for any fixed L, ,ufvj (1)

converges weakly to p; ;(t) which is the solution of an ODE as N goes to infinity.

When L = 20 the limiting system is 210 dimensional, so to analyze the dynam-
ics when L is large, we take a different approach. We concentrate on the evolution
of neighborhood 1 and consider the other N — 1 neighborhoods to be its environ-
ment, which can be summarized by the following 4 parameters: (1) the average
number of happy red and blue families per neighborhood, h} and hl and (2) the
average number of vacant sites happy for red or blue, A% and h%, again per neigh-
borhood. The first step in our solution is to identify the stationary distribution of
the neighborhood-environment chain that are self-consistent. That is, if we calculate
the expected values of hl,, h% hl and h% in equilibrium in neighborhood 1, they
agree with the original parameters. Doing this we find a one parameter family of self-
consistent stationary distribution. However, using simple large deviations estimates,
we discover that only the end points are stable solutions. One, pu,, corresponds to
randomly distributed individuals. The other is a segregated state ug in which half
the neighborhoods have density p; of reds and py of blues where p; > p. > ps.

Our main result is that if neighborhoods are large then there are critical values
P < pa < pe, so that for p < pp the equilibrium state is pu, for p, < p < pa, e
and ps are both stable, but when p increases past py the random state is no longer
stable. When p, is small enough (depending on €), the random state will again be
the stationary distribution when p is close to 1/2. In words, everyone is unhappy
in the random initial state and moves at rate 1. Segregated neighborhoods form
at a very small rate but break down faster than they are formed. When p, is the
stationary distribution for p close to 1/2, there is also a region in which p, and us are

stable. This work has been published in the Proceedings of the National Academy



of Sciences [21].

Chapter 3 concerns the Contact Process with Fast Voting. In this work with
Prof. Rick Durrett and Prof. Thomas Liggett, we considered a combination of the
contact process and the voter model in which deaths occur at rate 1 per site, and
across each edge between nearest neighbors births occur at rate A and voting events
occur at rate #. We are interested in the asymptotics as § — oo of the critical value

A:(0) for the existence of a nontrivial stationary distribution.

e In d > 3, it is easy to use the voter model perturbation result of Cox, Durrett,

and Perkins [6] to prove that the system, after rescaled by 61/

the solution of a PDE. This can be used to show that A\.(6) — 1/(2d3,) where

, converges to

B4 is the probability a d dimensional simple random walk does not return to

its starting point.

e In d = 2 we used the fact that, after the space is scaled by =2, a pruned ver-
sion of the dual coalescing random walk converges to a super-critical branching

Brownian motion. This allows us to use a block construction to show that

the dual of contact process with fast voting dominates a super-critical per-
colation process. with a finite range of dependence. This implies that \.(6)
has an asymptotic upper bound of log(#)/4m. By using the equations that are
satisfied by the stationary distribution, Liggett was able to prove a matching

asymptotic lower bound.

e In d = 1, since the Brownian motions hit each other, we cannot have the co-
alescing dual process cannot converge to a branching Brownian motion. How-
ever, we can control the movement of the particles but only follow certain
jumps. This allows us to use block construction to prove an asymptotic upper
bound lim supy_,,, A(6)/0"? < ¢, but with a huge constant c¢. Using a method
similar to the one we use d = 2, Liggett proved lim infy_,,, \.(0)/6"/? = 271/2,
which may be the correct asymptotics. This work has been published in the
Electronic Journal of Probability [15].
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Chapter 4 concerns the Staver-Levin’s Forest Model. In this work with Prof. Rick
Durrett, we proved the existence of a nontrivial stationary distribution for a forest
model 7, : Z? — {0, 1,2} with Grass (0), Saplings (1), and Trees (2) introduced by
Staver, Archibald and Levin in a paper in Science which argued that savanna and
forest are alternative stable states. It is natural to assume that dispersal of seeds
by trees is long range. To simplify our calculations, we will not use a continuous
dispersal distribution for tree seeds, but instead let f;(z, L) denote the fraction of
sites of type 7 in the box z + [—L, L]¢ and declare that site 2 changes with transition

as follows:
1 —0atrate u, 0— 1 at rate fa(x, L)

2 — 0 at rate v, 0 — 2 at rate w(fo(x, kL))

where > v. Here the rate w(-) at which saplings grow into trees is a decreasing
function of the density of grass in the box z + [~xL,xL]? due to the influence of
forest fires. The function w in Staver-Levin’s work is almost a step function which
drops from wy to w; when a critical threshold is passed. Intuitively this corresponds
to going from isolated patches of grass to a giant component.

The Staver-Levin model is attractive. That is, given two initial conditions ny = 7},
the two processes can be defined on the same space so that 7 = ;. If w = w; then
the model reduces to a process & studied by Krone with empty space (0), juveniles
(1) who cannot give birth, and adults (2) who can.

Our first result is a general result: for any attractive particle systems with states
{0, 1,2}, coexistence occurs in the long-range model when the absorbing state (0,0)
is an unstable fixed point of the mean-field ODE. The key to the proof is to use an
old idea of Grannan and Swindle [28] to show that when the density of 1+2’s in each
neighborhood is small, the system will recover almost deterministically dominating
a exponentially growing ODE. Once we have good estimates on the location of this
“positive density box”, a block construction does the rest.

As a special case, [36] introduce a attractive model where 1= immature individual,

4



2= adult individual and 0= vacancy. This model can also be seen as a degenerate case
of Staver-Levin’s Forest Model where the growth rate w(-) is a constant. The result
we obtain above is asymptotically sharp for Krone’s model, but the Staver-Levin
forest model may have a nontrivial stationary distribution when (0,0) is attracting.
To prove this we show that for some parameter values there are compactly supported
initial conditions for the saplings and the trees ug(0) and ur(0) and a time ¢ > 0 so
that with high probability we have ug(t) > ug(0) and ur(t) > ur(0). This and a
comparison argument show that there is an € > 0 so that ug(t),ur(t) > € expands
linearly and we can again use block construction to finish the proof. This work has

been accepted by the Annals of Applied Probability [20].



2

Exact Solution for a Metapopulation Version of
Schelling’s Model

2.1  Model Description and Convergence to a Deterministic Limit

In 1971, Schelling [50] introduced one of the first agent-based models in the social
sciences. Families of two types inhabit cells in a finite square, with 25%-30% of
the squares vacant. Each family has a neighborhood that consists of a 5 x 5 square
centered at their location. Schelling used a number of different rule for picking the
next family to move, but the most sensible seems to be that we pick a family at
random on each step. If the fraction of neighbors of the opposite type is too large
then they move to the closest location that satisfies their constraints. Schelling
simulated this and many other variants of this model (using dice and checkers) in
order to argue that if people have a preference for living with those of their own
color, the movements of individual families invariably led to complete segregation.
51)

As Clark and Fossett [5] explain “The Schelling model was mostly of theoretical

interest and was rarely cited until a significant debate about the extent and expla-



nations of residential segregation in U.S. urban areas was engaged in the 1980s and
1990s. To that point, most social scientists offered an explanation that invoked hous-
ing discrimination, principally by whites.” At this point Schelling’s article has been
cited more than 800 times. For a sampling of results from the social sciences literature
see Fossett’s lengthy survey [24], or other more recent treatments [46, 35, 33]. About
ten years ago physicists discovered this model and analyzed a number of variants
of it using techniques of statistical mechanics, [61]-[9]. However to our knowledge
the only rigorous work is [4] which studies the one-dimensional model in which the
threshold for happiness is p. = 0.5 and two unhappy families within distance w swap
places at rate 1.

Here, we will consider a metapopulation version of Schelling’s model in which
there are N neighborhoods that have L houses, but we ignore spatial structure
within the neighborhoods, and their physical locations. We do this to make the
model analytically tractable, but these assumptions are reasonable from a modeling
point of view. Many cities in the United States are divided into neighborhoods that
have their own identities. In Durham, these neighborhoods have names like Duke
Park, Trinity Park, Watts-Hillendale, Duke Forest, Hope Valley, Colony Park, etc.
They are often separated by busy roads and have identities that are reinforced by
email newsgroups that allow people to easily communicate with everyone in their
neighborhood. Because of this it is the overall composition of the neighborhood that
is important not just the people who live next door. In addition, when a family
decides to move they can easily relocate anywhere in the city.

Families, which we suppose are indivisible units, come in two types that we call
red and blue. There are pN L of each type, leaving (1 — 2p)N L empty houses. This
formulation was inspired by Grauwin et al. [29], who studied segregation in a model
with one type of individual whose happiness is given by a piecewise linear unimodal

function of the density of occupied sites in their neighborhood. To define the rules
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of movement, we introduce the threshold level p. such that a neighborhood is happy
for a certain type of agent if the fraction of agents of the opposite type is < p.. For
each family and empty house, movements occur at rates that depend on the state of

the source and destination houses:

from/to | Happy | Unhappy
Happy | r/(NL)| ¢/(NL)
Unhappy | 1/(NL) | ¢/(NL)

where ¢,7 < 1 and ¢ is small, e.g., 0.1 or smaller. Since there are O(NL) vacant
houses, dividing the rates by NL makes each family moves at a rate O(1). Since
€ is small, happy families are very reluctant to move to a neighborhood in which
they would be unhappy, while unhappy families move at rate 1 to neighborhoods
that will make them happy. As we will see later, the equilibrium distribution does
not depend on the values of the rates ¢ and r for transitions that do not change a
families happiness. We do not have an intuitive explanation for this result.

To describe the dynamics more precisely, let n; j(t), be the number of neighbor-
hoods with i red and j blue families for (i,7) € Q@ = {(i,7) : 4,5 = 0,i+ 5 < L}.
The configuration of the system at time ¢ can be fully described by the numbers
v¥(i,7) = n;;(t)/N. If one computes infinitesimal means and variances then it is
natural to guess (and not hard to prove) that if we keep L fixed and let N — oo,
then v converges to a deterministic limit.

Motivated by individual-based models in finance, Daniel Remenik [48] has proved
a general result which takes care of our example. To describe the limit, we need
some notation. Let A(ay,b1;as,b2) be N times the total rate of movement from
one (ay,by) neighborhood to one (ag,bs) neighborhood. Let b(wq,wq;wy,w)) be N
times the rate at which a movement from one w; = (ay,b;) neighborhood to one
wy = (a9, by) neighborhood turns the pair wy,ws into w},w). The exact formulas for

these quantities are not important, so they are hidden away in Subsection 2.8.1.
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Theorem 2.1. As N — oo, the v (i, j) converge in probability to the solution of the

ODE:
th<i7 j)
dt

= (i, 5) Y[, i w) + Aws i, §)]m(w) (2.1)

wef)

+ Z w17w2; j)7w/> +b(w1aw2;wla(i7j))] Vt(wl)yt(WQ)'

w1, WQEQ

We do not sum over ' since its value is determined by w; and wy. The first term
comes from the fact that a migration from (i, j) — w or w — (4, ) destroys an (3, j)
neighborhood, while the second reflects the fact that a migration w — w’ may create

an (i, j) neighborhood at the source or at the destination.
2.2 Special Case L = 2

To illustrate the use of Theorem 2.1, we consider the case L = 2, and let ¢, = [p.L]
be the largest number of neighbors of the opposite type which allows a family to be
happy. Here, [x] is the largest integer < x. When L = 2, a neighborhood with both
types of families must be (1,1), so the situation in which ¢. > 1 is trivial because
there are never any unhappy families. In the case L = 2 and ¢, = 0, it is easy to find
the equilibrium because there is detailed balance, i.e., the rate of each transition is

exactly balanced by the one in the opposite direction.

Tt = drvgoree  (1,0)(1,0) = (0,0)(2,0)
TVCQ),l = 4Aryy o2 (0,1)(0,1) = (0,0)(0,2)
2ug o111 = vl (1,1)(0,0) = (1,0)(0,1)
V1’01/171 = 261/270U071 (1 1)(1 O) (0 1)(2 0)
Wilig = 2€V072V1’0 (]_ 0)(1 ].) (1 O)(O 2)

After a little algebra, see Subsection 2.8.2, we find that this holds if and only if:
Voo =lVga =T V11 =26x Vig=1lp1 =Y Voo=1y/dz.

At first, it may be surprising that the rate r has nothing to do with the fixed point,
but if you look at the first two equations you see that the r appears on both sides.

9



The parameter ¢ does not appear either, but when L = 2 it is for the trivial reason
that transitions (1,1)(1,0) — (1,0)(1,1), which occur at rate ¢, do not change the
state of the system.

Using now the fact that the equilibrium must preserve the red and blue densities,

we can solve for x and y to conclude that

_ 1—+/8(1—€)p2—4(1—¢€)p+1
1—¢

(2—26)p—14++/81—¢€)p?2—4(1—e)p+1
21 +¢e)(1—¢) '

Y

The argument given here shows that this is the only fixed point that satisfies detailed
balance. We prove in Subsection 2.8.2 that it is the only fixed point. Since the
formulas, which result from solving a quadratic equation, are somewhat complicated,

Figure 2.1 shows how the equilibrium probabilities v; ; vary as a function of p.

]

8
0.8 §
0.6
0.4

0.2 P

001 02 03 04 05

FIGURE 2.1: Equilibrium probabilities v; ; for the case L = 2 plotted against p.

Unfortunately, when L > 3, there is no stationary distribution that satisfies
detailed balance. One can, of course, solve for the stationary distribution numerically.
Figures 2.2 shows the limit behavior of the system with L = 20, and p. = 0.3, i.e.,
l. = 6 for initial densities p = 0.1, 0.2, 0.25 and 0.35. In the first two cases, most of
the families are happy. In the third situation, the threshold ¢. = 6 while the average

number of reds and blues per neighborhood is 5, but since fluctuations in the make

10



up of neighborhoods can lead to unhappiness, there is a tendency toward segregation.
In the fourth case segregation is almost complete with most neighborhoods having 0

or 1 of the minority type.

FIGURE 2.2: Limiting behavior of limit differential equation, with p. = 0.3,¢ = 0.01,
p=20.1,0.2, 0.25, and 0.35.

2.3  Outline of Our Solution

Finding the stationary distribution requires solving roughly L?/2 equations. To be
precise, 231 equations when L = 20 and 5151 when L = 100. In this section, we
will adopt a different approach: we concentrate on the evolution of neighborhood 1
and consider the other N — 1 neighborhoods to be its environment, which can be
summarized by the following 4 parameters: (1) the average number of happy red and
blue families per neighborhood, hk and hk and (2) the average number of vacant

sites happy for red or blue, h% and h%, again per neighborhood.
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The first in our solution is to identify the stationary distribution of the neighborhood-
environment chain that are self-consistent. That is, if we calculate the expected
values of hk, h%, bl and h% in equilibrium in neighborhood, they agree with the orig-
inal parameters. To begin to do this, we divide the state space {2 into four quadrants
based on red and blue happiness. Writing 0 for H and 1 for U, we have

J>Lle| Qo Q11

Jg<Ale| Qoo Qo1
1<l | 1>/,

If we let Tri(pr, pg) be the trinomial distribution

L i J —i—j
L =i = jyPst e = pm) (22

then inside Q. ¢, the detailed balance condition is satisfied by Tri(pg, ps) where

Q¢ Bk,e

PR= 77—/ > PB= 17— —""F >
1+ oy + Bry 1+ age + Bry

and formulas for oy, and S are given in Subsection 2.8.3.

Unfortunately, there is no stationary distribution that satisfies detailed balance
on the entire state space. To verify this we note that if the stationary distribution 7
and the jump rates ¢ satisfy detailed balance 7(z)q(x,y) = m(y)q(y, x) then around

any closed path xg, 1, ...2, = xo with ¢(z;_1,2;) > 0 for 1 < i < n we must have

xz 17'1:1

.1'1 17$z)

N:P

but this is not satisfied around loops that visit two or more quadrants. To avoid
this problem we cut the connections between the different quadrants and identify
the self-consistent distributions for the modified chain. At this point, we can only

do this under

12



Assumption 1. Stationary distributions are symmetric under interchange of red

and blue.

The answer given in the next section is a one-parameter family of stationary distri-
butions indexed by a € [0,1/2]. There, and in the next two steps, we have a pair of
results, one for p < p. and one for p > p..

In the second step we investigate the flow of probability between quadrants when
transitions between the quadrants are restored. The key idea is that the measures
in each quadrant are trinomial, so the probabilities will decay exponentially away
from the mean (prL,ppL). This implies that the flow between quadrants occurs at
rate exp(—cL), which is much smaller than the time, O(1), it takes the probability
distributions to reach equilibrium. In words, the process comes to equilibrium on a
fast time scale while the parameters change on a much slower one. We will prove
this separation of time scales in a version of the paper for a mathematical audience.

Here, we will only give the answers that result under

Assumption 2. The process is always in one of self-consistent stationary distribu-

tions, but the value of a changes over time.

The third step is to use the stability results to show that the only possible stable

equilibria are at the end points:
a = 0 which represents a random distribution,
a = 1/2 which represents a segregated state.

We will call these measures p, and s when p < p,, fi, and fi; when p > p.. Theorems

4A and 4B describe when they are stable fixed points.
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2.4 Self-consistent Stationary Distributions

The results given here are proved in Subsections 2.8.4 and 2.8.5. The formulas, which
again come from solving a quadratic equation, are not simple but they are explicit

and easily evaluated.
Theorem 2.2. Suppose p < p.. For a e (0,1/2] let

o(ap) = -1+ (aQZ(q)Elg)e) + Al’

(2.3)

where

A =+/[1—=(a+p)(1—e)]2+4a(l —e)p.

Let pl(oa ,0) = lirna—>0 Pl(% p) - p/(l - p(]' - 6)) and fOT ac [Oa 1/2] let

ta = (1 —2a) Tri(po, po) + aTri(p1, p2) + aTri(ps, p1)
A symmetric distribution p is self consistent if and only if it has the form above with
parameters py > pe, p2 = ep1 < pe and po = p1/[1+ (1 —€)p1] < pe.
To clarify the last sentence: the definition of p; does not guarantee that the three
conditions are satisfied for all values of a € [0,1/2], so the inequalities are additional
conditions. As shown in Subsection 2.8.7 a — p1(a, p) is increasing, so the range of
possible values of p; for a fixed value of p is

91(0.0)-1(1/2.9)] = | T T (2.4

The possible self-consistent stationary distributions are similar in the second case

but the formulas are different.
Theorem 2.3. Suppose p = p.. Forae (0,1/2] let

pi(a, p) = At ;ae()l(a_t2§) - AQ;

14
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where

Ay =+/[e+ (1 —€)(a+ p)]? —4a(l — 2)p.

Let ﬁl(oa p) = 1irna—»O ﬁl(ga p) = p/(E + (1 - €)p))7 and fO?" ae [07 1/2] let
fla = aTri(p1, p2) + aTri(pa, p1) + (1 — 2a) Tri(ps, p3)

A symmetric distribution [i is self-consistent if and only if it has the form above with

parameters pr > po, pr = epy < pe and ps = ep1/[1— (1= €)p1] > p.

This time a — pi(a, p) is decreasing, so the range of possible values of p; for a fixed
value of p is

2p P

l+e e+ (1—ep (2.6)

[ﬁ1<1/27 p)> :51 (07 p)] =

i.e., the old upper bound on the range of p; in (2.4) has become the lower bound.

See Figure 2.3 for a picture.

.
0.8l /i‘f

0.6 #line
—0.2183
4-low-Ib

04 —0.8724
-A-large-ub

0.2] ®ps

01" %2 03 04 05

F1GURE 2.3: Picture to explain calculation of the phase transition when p. = 0.2,
€ = 0.1. The z-axis gives the value of p Dots on the axis are the locations of p,,
Pds Pb, Pa- The two curves are p;(0, p) for p < p. and p1(0, p) for p = p., while the

straight line is p1(1/2, p) = p1(1/2,p) = 2p/(1 + ¢€).

2.5 Stability Calculations

The results in this section are proved in Subsections 2.8.7 and 2.8.8. Using “large
deviations” for the trinomial distribution, which in this case is just calculating prob-
abilities using Stirling’s formula, we conclude:
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Theorem 2.4. Suppose p < p. and recall p, has no mass on Q11. The flow into

Qo0 from Qo1 and Q1 is larger than the flow out if and only if

1 _ 1_pc
< q“) <1+(1—e)pr. (2.7)
1—p

Theorem 2.5. Suppose p = p. and recall fi, has no mass on Qoo. The flow out of

Q1,1 to Qo1 and Q1 s larger than the flow in if and only if

(1 fp) <(1-(1-ep) (2.8)

2.6 Phase Transition
Combining Theorems 2.2 and 2.4, we can determine the behavior of the process

for p < pe.. The set of possible values for p;(a,p) for a fixed p is the interval

[p1(0,p), p1(1/2,p)] given in (2.4). Since 0 < p < p., we are looking for a solu-

1— 1-=pc
( 6%) — 1+ (1—e)x.

1-.%‘0

tion to

with 2o € [0,2p./(1 + €)). In Subsection 2.8.9 we show that z, exists and is unique.
Here, we will concentrate on what happens in the example p. = 0.2, € = 0.1. When
pe = 0.2 the interval is [0,0.4/1.1] and we have zy = 0.2183.

Let py, be chosen so that xy = p1(1/2, pp) and pg be chosen so that o = p1(0, pg).

See Figure 2.3 for a picture. When a solution x exists in the desired interval

14+ ¢€)x
pr% and  pg =

Zo
T4+ xo(l—¢€)

In our special case, p, = 0.1201 and pg = 0.1825.
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Theorem 2.6. The stable stationary distributions for p < p. are

pe for 0 < p < ps,
pr and ps - for py < p < pa,

ps  for pa < p < pe.

Why is this true? When p < py, po > p1(1/2, p), the flow into Qoo is always larger
than the flow out, so p, is the stationary distribution. When p, < p < pg there will
be an a. € (0,1/2) so that pi(ac, p) = po. The flow into Qy is larger than the flow
out when a < a. and the a in the mixture will decrease, while for a > a. the flow out
of Qoo will be larger than the flow in and a will increase. Thus we have stable fixed
points at 0 and 1/2. When pg < p < p., p < p1(0, p), the flow out of Qy is always
larger than the flow in, and the segregated fixed point with a = 1/2 is the stationary

distribution. 0

Using Theorems 2.3 and 2.5, we can determine the behavior of the process
for p = pe.. The set of possible values for pi(a,p) for a fixed p is the interval

[p1(1/2, p), p1(0, p)] given in (2.6). Since p. < p < 0.5, we are looking for a solution

( Zo )1_% — (1= (1 =)o)

to

1 -2
with in 2 € [2p./(1+¢€),1/1+€]. In Subection 2.8.10 we show that there is a solution
in the desired interval if and only if € > (e + 1)/2, and it is unique. The condition
comes from having = in (2.8) at the right end point 1/(1 + ¢). When ¢ = 0.1 the
condition is p. < 0.25964
When p. = 0.2 and € = 0.1, this interval is [0.4/1.1,1/1.1], and &y = 0.8724. Let

pp be chosen so that Zo = p1(0, pp) and pg be chosen so that Zo = p1(1/2, pg). When

17



a solution Zy exists in the desired interval, we have

Po =

In our example, p, = 0.4061 and pg = 0.4798.

Theorem 2.7. The stable stationary distributions for p = p. are

A

fis  Jor pe < p < po,
i and fig Jor py < p < pa,

~

[y for pg < p < 0.5.

The reasoning behind this result is the same as for Theorem 2.6. To show that these
result can be used to explicitly describe the phase transition, Figure 2.4 shows how

the four critical values depend on p. when € = 0.1.

0.5

0.4]

0.3

0.2

0.1

0 0.1 0.2 0.3 0.4 0.5

FIGURE 2.4: p, < pg < pp < paq as a function of p. when € = 0.1

2.7 Discussion

Here, we have considered a metapopulation version of Schelling’s model, which we
believe is a better model for studying the dynamics of segregation in a city than a
nearest neighborhood interaction on the two dimensional square lattice. Due to the
simple structure of the model, we are able to describe the phase transition in great

detail. For p < p, a random distribution of families u, = Tri(p, p) is the unique

18



stationary distribution. As p increases there is a discontinuous phase transition to
a segregated state u, at pg preceded by an interval (py, pg) in which both u, and g
are stable. Surprisingly the phase transition occurs to a segregated state occurs at
a value pg < p., i.e., at a point where in a random distribution most families are
happy. This shift in behavior occurs because random fluctuations create segregated
neighborhoods, which, as our analysis shows, are more stable than the random ones.

If p. is small enough then as p nears 1/2, there is another discontinuous tran-
sition at pg which returns the equilibrium to the random state i, = Tri(p, p), and
this is preceded by an interval (g, pg) of bistability. To explain this, we note that
when families are distributed randomly, everyone is unhappy and moves at rate 1,
maintaining the random distribution. In our concrete example, p. = 0.2, € = 0.1, the
fraction of vacant houses at py = 0.4798 is only 4.04%, so it is very difficult to make
segregated neighborhoods where one type is happy. Our stability analysis implies
that these segregated neighborhoods are created at a slower rate than they are lost,
so the random state prevails.

The results in this chapter has been derived under two assumptions (i) stationary
distributions are invariant under interchange of red and blue, and (ii) the process
is always in one of a one-parameter family of self-consistent stationary distributions
indexed by a € [0,1/2], but the value of a changes over time. We are confident
that (ii) can be proved rigorously. Removing (i) will be more difficult, since when
symmetry is dropped there is a two parameter family of self-consistent distributions.
A more interesting problem, which is important for applications to real cities, is to
allow the initial densities of reds and blues and their threshold for happiness to differ.
While our solution is not yet complete, we believe it is an important first step in
obtaining a detailed understanding of the equilibrium behavior of Schelling’s model

in a situation that is relevant for applications.
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2.8 Proofs

2.8.1 Formulas for Theorem 2.1

To describe the limit, we need some notation. Let £. = [p.L], where [z] is the largest
integer < x. In words, a family is happy if there are < /. families of the opposite

type in their neighborhood. Let

T i] < lc,ig <€c

o i1 < leyig > L,
A(ZDZQ) =

[

il > gc,ig < £C

q 11 >lc,i2>€c

be the matrix of movement rates, which depends on the number of houses of the

opposite type at the source 7; and destination 75. Let

1
)\(al, bl; ao, bg) = Z [CLl(L — ag — bz)A(bl, bg) + bl(L — a9 — bg)A(al, CLQ)]

be N times the total rate of movement from one (ay, by) neighborhood to one (as, by)

neighborhood. Let w; = (a;,b;), wi = (a, b))

1) 7

(al/L)(L — a9 — bg)A(bl, bg) if wi = ((11 — ]_, bl)wé = (CLQ + 1, bg)

b(wr, wa; wy, wy) = e ,
bl((L — a9 — bg)/L)A(bl, bg) if Wy = (al, bl — 1)&)2 = (CLQ, bg + 1)

and 0 otherwise.
2.8.2  Neighborhoods of size 2

To apply Theorem 2.1, we need to compute

w1 Wy = (0, 0) (1, 0) (0, 1)
(1,0) * r/2 €/2
(0,1) r* €/2 r/2
)\(wl,wg) = (270) o r¥ €
(0,2) 2r € r*
(1,1) 2 (1+q)/2  (14q)/2
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Wy = (070) (170) (O 1)
L0010 TLoo20/2  €loo11)/2
rLooon™  €loo002/2  T1o01,1)/2

AN SN AN AN
_ o N o
=N O~ O
S N N N N

and b(wq,ws; ) = 2r1(1,001,0) 11,0200 " 6]1(1 0;1,1)
; 2rlo,1;0,1) €l(0,1,0,2) 7“11(0,1,1,1)#<
, Li0,1;1,0) L(0,152,0)/2 Lio,151,1)/2

+1a,001)  +ela01,1)/2  +ql1,00.2)/2

The entries marked with *’s do not change the n, ;. Using the first table to see how
things are destroyed (terms in square brackets below) and the second table to see

how things are created — referring back to the first table for the rates, the limiting

ODE is:

dyoc;l—(;(t) = —100[2rva0 + 2011 + 2rvn ] + evi v + [r1g, + i) /2
dyla’l—(;(t) = —vio[rvio + evo1 + via(1+q)/2 + evpo]

+ drvgotao + 2v1 100 + €Vl + V11V01/2 + V111 0q/2
dl/océ_;(t) = —q[rvoa + evip +v1a(1 4+ q)/2 + evayp)

+ drvgproe + 2011000 + €V 210 + Via10/2 + V1110,14/2
d’/z_(;&(t) = —wo[2rv00 + €vpa] + [TV12,0 +11001,]/2
dyoé—i(t) = —pa|2rvp0 + €vio] + [rug,l + vo,1v1,1]/2
dylé—;(t) = —v11[2v00 + (110 + v01)(1 + q)/2]

+ eV 11 + €V ol + Vol + V11 (Vi + Vo1)q/2.
Inspired by the notion of detailed balance we make the following definitions;

T = T‘(l/%o - 41/0701/270) (1 O)(l 0)
To = T‘(l/&l — 41/070V072) (O 1)(0 1)
T3 = 2V070V171 — EVL()I/OJ (1, 1)(07 0)
Ty = VioV1,1 — 2€V2701/071 (1 1)(1 0)
Ts = Vo111 — 2€V0721/170 (1 O)(l 1)



Introducing these variable into the differential equations. We have that in order

to have a fixed point, the following equations has to be satisfied

(212 4+ 29/2 — 23 =0
—x1+ 23— 14/2 4+ 25/2=0
—To + X3+ 14/2 —x5/2 =0

x1/2+14/2 =0

ZE2/2+ZE5/2 =0

k—ZL’3—I4—ZE5:0

The rank of the linear equations in (2.9) is 4, so we cannot cannot have xz; = 0,7 =

1,---5 directly from it. Fortunately, we can get from equation (2.9) that
Ty = —@Iy, Tyg=—T5 T1+T3=21x3=0.

Then multiply the defining equation for x; by —erp; and the one for x4 be 2114,

and then add to eliminate the term of v o1 1120, we have
€Vp 11 — 2TV0,0$4 =Trraxrs = 0.

Since that we also have z1 + x4 = 0, this implies xq(evp1 + 2r190) = 0. If 21 + 0,
i = Yo = 0, so that 9 = 0. But then 27 + x5 = 0 is violated. It follows that

1 =0,290 =24 =—2x1 =0, x5 = —x9 = 0. The proof is complete.
2.8.8  Rates for the neighborhood-environment chain

If we let n;; be the number of (7,7) neighborhoods then those parameters for red

families can be written as:

hl = Z nmi, h/OR = Z ni,j(L — 17— j) (210)

j<lc j<lc
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Here, and in what follows, we will cut the number of formulas in half by not writing
the analagous quantities for blues. From the four parameters hk, hlt, h? and hZ,
we can calculate the rate at which reds arrive (superscript +) and leave (superscript
—), sites in neighborhood 1 that are happy H and unhappy U for red. Letting Ng,
Np, and Ny be the total number of red families, blue families, and empty sites,

Hy = [rhy + (N — hp)|/NL - Hp = [rhy + (No — h)]/NL

Ui = lehp + q(Ngr — hp)l/NL U = [hg + q(No — h)]/NL

From this, we see that the transition rates for neighborhood 1 are

lfjg éﬁc lf]O >€c
(i0, Jo) = (0, Jo +1) (L —io— jo)Hp, (L —io— Jjo)Up
(40, Jo) — (i0,Jo — 1) ioHp wUg

Using this it is easy to verify that inside @);,, the detailed balance condition is

satisfied by Tri(pr, pp) where

PR = Ak, and pp = Br.e
R= 7T —" 5 B=1T————5
1+ o+ Bry 1+ age+ Bre
and the ay; and [y, are as follows:
Hf U
Qpo = Qp1 = —}E Q1o = Q11 = —Ii
Hg Ug
Hp Ug
Boo = Bio = i Bo1 = P11 = U,

2.8.4  Proof of Theorem 2.2

The first step is to show

Lemma 2.8.1. A measure of the form

aTri(po, po) + bTri(py, p2) + bTri(py, p1) + cTri(ps, p3)

is self consistent only if ac = 0, i.e. 1t cannot put positive mass on both Qv and

Q1,1
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Proof. Suppose a,c + 0. Then by self consistency, py = ao/(1 + 2c) and p3 =
a11/(1 + 2aq1). Since py < p. < p3, we must have opg < «y1. However, since

e<q,r<l,

. rhl, + N —hl,  ehl + q(Ng — hl) .
OO RO+ e(Ng — h%) T RY 4 q(No — %)

since the numerator of the first fraction is larger than the numerator of the second,
and the denominator of the first fraction is smaller than the denominator of the

second and we have a contradiction. O

Theorem 2.2 concerns the case in which there is no mass on )1 ; and the measure
has the form

(1 —2a) Tri(po, po) + aTri(p1, p2) + aTri(pe, p1)

with pg <., p2 <l. < p1. In the next subsection we will show that there is no mass
on ()1 if and only if p < p.. Our goal is to show that any self-consistent distribution
of this form falls into the one-parameter family described in Theorem 2.2. The first

step is recalling that under this case the environmental parameters are as follows:
hi, = hpy = (1 — 2a)py + ap
Ng —hp = N —hp = ap,
R = kY% = (1—2a)(1—2pg) + a(l — p1 — p2)

No — hy = No — h = a(l — p1 — p2).

Thus in Q0,0:

r[(1 —2a)po + ap1] + aps
r[(1 = 2a)(1 = 2po) + a(l — p1 — p2)] + ea(l — p1 — py)

Qo0 = 50,0 =

r(1 —2a)po + a(rpr + p2)
r(1—2a)(1—2pg) + (r+ €)a(l — p1 — pa)
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In QO,lv Gp1 = Qo while

€[(1 = 2a)po + ap1] + qap;

fox = [(1—2a)(1 —2po) +a(l — p1 = p2)] + ga(l — p1 — p2)

e(1 — 2a)po + alepr + qp2)
(1=2a)(1 =2p) + (1 + g)a(l — p1 — p2)

since it is an unfriendly environment for blue individuals. Similarly, in GQ19, a1 =

Bo and Bio = Boo. For self-consistency, the following equations have to be satisfied:

Bo,1 N
p2-

. Q0,0 .. Qo1
— = po, 1) —————— = Py, ) ——————— =
() por () piv (i) o

YTy 0,0 + Boo L+ o1+ Bon
To treat (i) we first note that if g = oo = A/B where
A=r(1-2a)py+ a(rps + p2)
B =r(1—=2a)(1—2p) + (r+€)a(l — p1 — pa).
With the notations above, one can easily see that

B +2A
B

1+ apo+ Boo =
and condition (i) is equivalent to A = (B + 2A4)p, or
r(1—2a)po+a(rpr+ps) = [r(1—2a) +2a(rpr + p2) + (r+€)a(l — p1 — p2)]po. (2.11)
Subtracting r(1 — 2a)po and then dividing by a on both side of (2.11), we have

po(r + €)(1 = p1 = p2) = (rp1 + p2)(1 = 2po). (2.12)

This implies

(rp1 + p2)(1 — 2/)0)'

pNCI (2.13)

L—p1—p2 =
Conditions (ii) and (iii) imply that ag1/501 = p1/pa, so we have

pr_ (1 —2a)(1—2p) + (1 + q)a(l — p1 — p2) y r(1 —2a)po + a(rp; + p2)
pe (1 —=2a)(1—2po) + (r+e)a(l —py —p2) €l —2a)py+ alepr + qpa)

(2.14)
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Plugging (2.13) in to (2.14), we can simplify the equation and get

P1 I (I—=2a)po(r+e)+ (1+q)alrps + p2) y r(1 —2a)po + a(rp; + p2)

Py T e r(1 —2a)pg + a(rpr + pa) e(1 —2a)po + alepy + qpa)
(2.15)

Canceling out r(1 — 2a)po + a(rpy + p2) and cross multiplying gives us

p2[(1—2a)po(r +e€) + (1 +q)a(rp: + p2)] = pile(1—2a)po(r +€) +a(r +€)(ep1 +gpa)].
(2.16)

For further simplification, note that we can rewrite equation (2.16) as

(1 =2a)pi(r + €)(p2 — €p1) + a(l + q)pa(rpr + p2) — a(r + €)pi(epr + 1p2) = 0,

which is equivalent to

(1 =2a)pi(r + €)(p2 — ep1) + a[(1 + q)p2 + (r + €)p1](p2 — €p1) = 0,

and
(p2 —€p1) - [(1 —2a)po(r + €) + a(r + €)p1 + (1 + g)aps] = 0. (2.17)

Since (1 —2a)po(r + €) +ale + r)p1 + (1 + g)aps > 0, (2.17) implies that

p2 = €p1. (2.18)

Now plugging (2.18) back into (2.12), we have po(1 — (1 + €)p1) = p1(1 — 2pp)

and
P1

Ol vty vt (2.19)

To find p; note that ap; + aps + (1 — 2a)pg = p since the system preserves density,
combine this with (2.18) and (2.19):

P1

a(l+e€)p; + (1 — 2a)m

:p'
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Simplifying the equation above, we have:

a(l —e)pi +[1 = (a+p)(1—€)]pr —p=0.

Thus p; should be the positive solution of this quadratic equation:

~1+(a+p)(l—€ ++/[1—(a+p)(l—¢€]+4a(l—e)p

p1 = 2l = &) (2.20)

and we have proved Theorem 2.2.
2.8.5 Proof of Theorem 2.3

We move now to the case when there is no mass on (o o. Again we will prove in the
next subsection that this corresponds to p = p.. The measure in this case can be
written as:
aTri(py, p2) + aTri(pa, p1) + (1 — 2a) Tri( ps, p3)

and the environmental parameters are now as follows:

hp = hy = ap

Ng —hy, = Np — hy = (1 — 2a)p3 + aps

hy = by = a(l = p1 — pa)

No—h% = No— h% = (1 —2a)(1 —2p3) + a(l — p1 — p2).

As in case 1, in ;1 we can compute the ratios a and 3 as follows:

capy + q[(1 — 2a)ps + aps]
a(l = pr = p2) + q[(1 = 2a)(1 = 2p3) + a(l = p1 — po)]

Q11 = 51,1 =

(1 —2a)ps + a(epr + qpo)
a(1—2a)(1 — 2p) + (1 + q)a(l — pr — po)

Whlle n Q0,17 50’1 = 5171 and
rapy + [(1 —2a)ps + aps]
ra(l — p1 — p2) + €[(1 = 2a)(1 — 2p3) + a(l — p1 — p2)]

ap1 =

(1 —2a)ps + a(rpy + p2)
e(1—2a)(1—2p3) + (r+e€)a(l — p1 — pa)
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In case 2, a self-consistent distribution has to satisfy the following conditions:

Boa

a1 bt
1+ a91 + Boa

o — hs.
1+aq1+ Bia

AL Ly a1 _ N
=Py (1) T oor t s Y (441)

(1)
As before write a;; = fl/é where

A = q(1 = 2a)ps + alepy + qpa)
B = q(1—2a)(1 - 23) + (1 + q)a(l — p1 — pn).

Thus
B+2A=q(1—2a)+ (1+ q)a(l — py — p2) + 2a(epy + qps)

and we need A = (B + 2A)ps for condition (i)', which can also be written as
q(1 —2a)p3 + alepy + qp2) = q(1 — 2a)ps + (1 + q)a(l — p1 — p2)ps + 2a(epr + qp2)ps-
Then again subtracting ¢(1 — 2a)ps and dividing by a on both sides:
epr + pa = (1 +q)(1 — p1 — p2)ps + 2(ep1 + qpa)ps
which can be simplified as

(14 q)ps(1 — p1 — p2) = (1 —2p3)(epr + qp2)

(1 —2p3)(ep1 + qﬁQ)' (2.21)

(1+q)p3

=(1—p1—p2) =

From conditions (i7)" and (4i7)’, ao1/Bos = p1/p2- Thus

po e(1=2a)(1 = 2p3) + (r+ e)a(l = pr — p2) ~ q(1—2a)ps + alepy + qpa)”
(2.22)

pr_ (1 =2a)(1 =2p5) + (1 + g)a(l = pr = pp) (1= 2a)ps + a(rpy + ps)

Then using exactly the same calculation as in the proof of Theorem 2.2 by plugging

(2.21) into (2.22), we get

p1 q(1 —2a)ps + a(epr + gp2) (1 —2a)ps + a(rpr + p2)
—=(1+9) - - — X = ~ ~
P2 e(1—2a)(1+q)ps + (r+e)alepr + qp2)  q(1 —2a)ps + alepr + qpo)
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which implies:

pal(1=2a)(1+q) ps+(1+q)a(rpr+p2)] = p1 (€(1 = 2a)(1 + q)ps + (r + €)alepr + qp2))
(2.23)
after we cancel the term of ¢(1—2a)ps + a(epy + qp2). Simplifying (2.23) with exactly

the same procedure as in the proof of Theorem 2.2, we have
(p2 —€p1) - [(1 —2a)(1 + q)ps + (1 + €)apy + (1 + q)aps] = 0. (2.24)

It is clear that the second term in the product on the left side of (2.24) is positive,
which implies:
152 = Eﬁl. (225)

Using this in (2.21) gives

2p3(1 — p1 —€p1) = (1 — 2p3)(2¢p1)

which can be simplified to

A €p1

= —. 2.26
SRS (220
Noting that a(p; + p2) + (1 — 2a)p3 = p and using (2.25) and (2.26), we have
R €01
L4 )pr+ (1—2a)—P
and 0
a(l—eps —[e+ (1 —e)(a+p))p+p=0. (2.27)

The coefficient of p? and the constant term are positive and the coefficient of p; is
negative, and we expect the roots to be real so the quadratic equation above has two
positive solutions, say 0 < x; < x5. Suppose p; equals to the bigger solution x5. Then
the smaller solution z; < x93 = p; < 1. Note that a(l + €)p; + (1 — 2“)1—(?;—15),61 = p,
which implies

a(l+e€)p1 < p.
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Thus we have

<xTy=p; < :
T1T2 < T2 =M1 a(1+e)

However, from equation (2.27):

P _ P L
a(l—e€?) a(l+el—€e a(l+e

T1To =

and we get a contradiction. Thus p; has to be the smaller solution z; of the equation

above and

P Gt (CR w;;h(l—_e;))(a +p)I? —da(l — )p (2.28)

which completes the proof of Theorem 2.3.
2.8.6 Density of Self-Consistent Distributions

Our next step is to show that whenever a self-consistent distribution falls into form

of Theorem 2.2 we must have the corresponding overall density

p=ap+ apy + (1 —2a)pg

satisfies p < p.. And similarly when it falls into case 2 we must have the density
P> Pe

For a self-consistent distribution in case 1, py = €p; and pg = p1/[1 + (1 — €)p1].
Note that

2p
Po ( E)pl 1+ (1 — E)pl ( E)pl

2= (+ep—(1+e)(l—epi _ (1—e)pi[l —(1+€)pi]

1+ (1—¢)m 1+ (1—¢)m

since (1 +€)p1 = p1 + pa < 1, 2p9 = (1 + €)p1 = p1 + p2. Combine this with the fact
that po < pc, we have p = (1 —2a)po + a(p1 + p2) < po < pe.
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Similarly, for self-consistent distribution in Theorem 2.3, we have p3 = €py/[1 —
(1 - 6)161]7 then

A A 2ep A
2p3 — (1 + = —(1+

2p1— (L+ pu + (L+ (1 -t _ (1=9p((L+pi—1) _,

1—(1—€)ﬁ1 1—(1—€)ﬁ1

Thus (1 + €)p1 = 2p3 > 2p., and p = (1 —2a)ps + a(p1 + p2) = pe.
2.8.7 Proof of Theorem 2.4

To have the formulas at hand we p;(0, p) = p/(1 — p(1 — €)) while for a € (0,1/2]

or(a.p) = —1+(a+p)(1—¢€ + \/2[2(—1 (_a;—)p)(l — P+ Al =)

(2.29)

ta = (1 —2a)Tri(po, po) + aTri(p1, p2) + aTri(pe, p1), where

pr=cp1 <p. and po=p1/[L+(1—e)p] < pe.

Suppose p < p., The first task is to determine when the p; given in Theorem

2.2 satisfy the desired inequalities. Let b = 1 — (a + p)(1 — €¢). When a is small,

A2 +4a(l —e2)p~ b+ 2a(l —€?)p/b so

2a(1 - &)p p

pr(a, p) 2a(1 — €2)b 1 —p(l—¢) asa = 0.

From this we see that when a = 0,

. p/(L=p(1—0))
Tl + el - /(- p(1 - 9)

:p_

When a = 1/2 the quantity under the square root is

C=[1-(1/2+p)(1—e]+2(1—e)p.
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We claim this is the same as

D=[1—(1/2—p)1 -
To check this note that
C—D=—4p(l—¢€)+2p(1—€)?+2(1—¢€)p

=p[-4+4e+2(1 -2+ +2(1—€)]=0.
Putting D under the square root

p1(1/2,p) = % (2.30)

Since families do not change type, we must have

P1

p =020 g,

+ ap1 + aepy

This equation shows that the mapping a — p(a, p) so it must be monotone, so in
this case it is increasing.

In order for the measure constructed above to be valid we must have

P1

e >pg = ———. 2.31
Pe = Po =7 (- om ( )
which implies
Pc
e 2.32
p1<1_(1_€)pc ( )

When (2.31) fails mass will flow out of @, so the solution will be

(1/2)Tri(pr, p2) + (1/2)Tri(ps, p1).

We will now investigate the stability of our proposed equilibria. Suppose we have

a trinomial
L!

L—i—j
iDL —i—j '

)lpiRpfg(l — PR — DB)
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Using Stirling’s formula n! ~ n"e™"4/27n, dropping the square root terms, and

noticing the e™" terms cancel in a multinomial coefficient, this becomes

LL
digi(L—i—j

)L_i_jpigp’g(l —pr—pp)".

We are interested in what happens when i = p.L. Dividing top and bottom by L*

and inserting the definitions

= 07 H(O0) (1 = pe — 0)' PPl (1 — pr — p) e OF
pr\"" (pe\L (1 —pr—ps\" """
-7 (7)) (= (2:33)

Taking logs and dividing by L we want to maximize:

1—po—
pelog(pr/pe) + 0log(ps/8) — (1 — p. — ) log (%) |

Taking the derivative with respect to

—1

L log(pn/0) + 0(—1/6) — log (l_p—_”) ~(=pe—b) 7

do 1—p.—0
The derivative is 0 when
0 1—p.—06

A Sl 2.34
pe  1—pr—Pp ( )

i.e., the trials that do not result in R are allocated between B and 0 (i.e., neither R

nor B) in proportion to their probabilities. Solving gives
(1= pe—0)pp =01 —pr—pp) or

Using (2.34) in (2.33), the maximum probability is

pelL (1=pc)L
1—
(72) ( b R) . (2.35)
Pe 1— Pc
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In Qo0 where pr = pp = py < p. this is

6 — (1_p0)

1 Po < pPo < Pe.
— Po

In Qo1 where pr = p1 > p. and pp = €p1 < p, the maximizing 0 is

1- c
(1-pc) ”
(1=p1)
Using (2.32) this is
€Pe 1+ e€pe

< (1 - pC) < Pe,

I~ (-ap 1-(1—on

since p. < 1/2.
Putting the information from the last paragraph into (2.35), and discarding the

denominators we want to show
ot (1= po) Pt < gt (1 — py) Pk

Remembering py = p1/(1 + (1 — €)p1) and noting 1 — pg = (1 —€p1)/(1 + (1 — €)p1)

this is equivalent to

P1 peL 1 —eps (1=pc)L _ pch(l - pl)(1_pC)L
1+ (1—e)p 1+ (1—ep ! '

Cancelling and rearranging we want

(I_Pc)
L —epy
<1 1—
<1—Pl) L =9m,

which proves of Theorem 2.4.
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2.8.8 Proof of Theorem 2.5

Recall that let p1(0, p) = p/(e + (1 — €)p)) while for a € (0,1/2] let

. _ct(1—elatp)—le+(A—)a+p]*—dal —)p

L= 2a(1 — €2) (2.36)

f = aTri(pr, p2) + aTri(pa, p1) + (1 — 2a)Tri(ps, p3), where

€pP1

— 0 > P
1—(1-¢)pm p

pa =€p1 < p. and p3=

The first step is to determine when the p; satisfy the desired inequalities. Let

b=¢€+ (a+p)(1—e¢). When a is small,

A/02 —da(l — 2)p ~ b—2a(1 — €*)p/b,

so we have
2a(1 —€*)p

—> —> O_
2a(1—€2)b e+ p(l—ce) awa

ﬁl (a7 ,0) ~
Note that when a = 0, we have

L _epller(1=0p) _
T fer 1=

At the other extreme a = 1/2, the quantity under the square root is

~

C=le+(1—e)(1/24+p)]*—2(1 - €)p.
We claim that this is equal to
D=[e+(1—e)(1/2—-p)%

To check this, note that

A ~

C—D=4de(1—e)p+(1—€)? 2p—2(1—¢)
:p[4e—462+2—26+262—2—|—262]=0.
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Putting D under the square root,

2p(1 —€)

which agrees with (2.30), but now the possible values of p; are [p1(1/2, p), p1(0, p)].

To determine the rate of flow between (1 and @11, we use (2.35). We choose
these quadrants so that again the boundary is at ¢ = ¢.. In Q)19 we have pp = ps

and pgp = p1, so the maximum occurs at

1_ c 1_ c) ~
g | p)pB:( pA)pl.
1 —pr 1 —ep

In @11, we have pr = pp = ps3, so the maximum occurs at

_1=p

0 -
1 —p3

p3 > P3 > pPe.

Thus to show that there will be no mass on ();; we want to show

/‘c/‘lch ~Pc A —Pc
Phrpy T < (1= o)

Filling in the definitions we need

~ L ~ —pe)L
GchﬁL<< €1 >p < 1= )“ re)
! 1—(1—e)p 1—(1—e)p

Cancelling, rearranging, and raising both sides to the 1/L power, we want

i (1=pc) RN
(1_[)1) <(1-(1—=¢ep1) . (2.37)

2.8.9 Existence and Uniqueness of xo when p < p,

The first step in describing the phase transition for p < p. taken in Subsection 2.8.8

is to solve

1 _ (17pc)
( ewo) =14 (1 —€)xo,

1—1’0
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in (0,2p.)/(1 + €). When z, = 0 both sides are = 1. To look at the behavior near 0

we take log’s:

(1—e)x

(1 = pe)log (1+ > ~(1=p)1l—=ex
log(1+ (1 —€)z) ~ (1 —¢€)x

so near 0, the LHS < RHS.
The RHS is linear. Our next step is to check that the LHS is convex. To do

this we rewrite it as

and differentiate twice
d a ) N 1—e\ " 1—e€
—_— = —_ c E .
dx P 1—x (1—2)2

—— = — pe(l = pc) (6+

dx?

+ (1 —pc) <e+1

Rearranging we have

£ (20 e [ (0]

The quantity in square brackets is —p.(1—¢€) +2(1—x)e+2(1—¢€) > 0 since p. < 1/2.

Since LHS = RHS at x = 0 and LHS < RHS for small x > 0, we now know
that there is at most one positive solution. To show that there is a solution in

(0, pe/[1 — pe(1 — €)]) we evaluate the two functions at the right end point
1
1 - /00(1 - 6)

1— e
LHS — ( Pe )
1—pe—pe(l—e)
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To prove that LHS > RHS for any p. € (0,1/2), it suffices to show that
log[1 — pe(1 —€)] = (1 — pe) log[l — pe — pe(l — €)] > —(1 — pc) log(1 — pe). (2.38)
Then to prove inequality (2.38) we consider the following function
fou(6) = Tog[1 — pel1 — )] — (1 — po)logll — g — p(1— O] (239)

It suffices to prove that for any p. € (0,1/2), f,.(€) > —(1 — p.)log(1l — p.) for all

e € (0,1). Checking the derivative of f, , we have

) Pe pc<1 - pc)
Il = T = T -1 =0
(2.40)
—pa(1—¢)

IOl —p—pi—e] "

for all € € (0,1). This implies that f, (€) is a strictly decreasing function and thus
for any € € (0,1), p. € (0,1/2)

Joe(€) > foe(1) = =(1 = pe) log(1 — pe). (2.41)

Thus we have LHS>RHS at the right end, which finishes the existence and uniqueness

proof of solution xq, p, and p,.
2.8.10 Euxistence and Uniqueness of &y when p = p,

According to Theorem 2.5, in order to compare the flows in/out region @ 1, it suffices

to consider the sign of the function as follows:

Gpne(r) = (1 — )z + (1 — x)lpc ~1. (2.42)

X

Le. g, (x) > 0 if and only if inequality (8) in Theorem 2.5 holds. We have the

following lemma
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Lemma 2.8.2. Let A(pe,€) = €' 7Pe+ ¢ Pe—2. Forany0<p.<1/2,0<e<1, we

have:

o When A(pe,€) >0, gp.(x) >0 for all z € (0,1/(1 + €)].

o When A(pe,€) < 0, there is a &g, such that g, (x) > 0 on x € (0,2),

Gpere(Zo) = 0 and g, (z) <0 on x € (Zo,1/(1 + €)].

Proof. First we show that for any 0 < p. < 1/2, 0 < e < 1, g, (z) < 0 for all

z € (0,1), i.e g, is a strictly decreasing function. We have

o) = =0 -(1-0) (55) 7 = (= 0- (- pi—a) e (2)

Noting that 27! > 1 and € > 0,
(1= ) = (1= po)(1 — &) Pz~ < 1— (1= p)(1 — z)Fea 1+

for all z € (0,1). Thus, to prove g, (v) > 0, it suffices to show that

(1= po)(1 =) Pea™ttPe =1 (2.44)
for all p. € [0,1/2] and x € (0, 1). First, one can immediately rewrite (2.44) as

(1—pe) = (1 —z)Peat—re (2.45)

Let a = (1—z), b=a2'"* p=1/p.and ¢ = 1/(1 — p.). Noting that p~' + ¢! = 1,
apply Young’s inequality to the RHS of (2.45):

ppa
(1 — )Pzt ™P = ab < @ + —
P4 (2.46)

= pc(1—z) + (1 = pe)x = p. + = — 2p..
Then note that

(1=pc) = (pe + 2 —2px) =1—2p. — x4 2p.
(2.47)
=(1-2p.)(1l —z)=0.
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Combining (2.46) and (2.47) gives us the desired inequality (2.45) and (2.44). Thus
9p.(x) < 0for all z € (0,1). The fact that g, . is a strictly decreasing function

immediately implies that
e When g, (1/(1+¢€)) >0, g,.(x) >0 for all z € (0,1/(1 + ¢€)].

e When g, (1/(1 +€)) < 0, there is a &, such that g, () > 0 on z € (0, Zo),

Gpe,e(Z0) = 0 and g,, () <0 on z € (&g, 1/(1 + €)].

Then note that

1—¢ €
4l —1 =

1+e¢ 1+e¢

Gpec(1/(L +6)) = A(pe, €).

Thus A(pe, €) > 0 if and only if g, (1/(1 + €)) > 0, and the proof is complete.
O]

With the lemma above, to finish our proof of existence and uniqueness of p, and
pa, the the last step is to show that p, > p. at the left end when p = p.. According
to the same arguments as in Subsection 2.8.9, it is equivalent to g, (1) > 0 for
x1 = pe/le + (1 — €)p.]. Thus it is sufficient to prove:

_(A=dpe <M>l_pc - (2.48)

€+ (1—€)pe Pe

Let

6(1—pc> _ 1—.’131
Pe T

Yy =

Then we can rewrite inequality (2.48) as

1—e¢

1—-pc
+ > 1 2.49
1+ h ( )

which can be further simplified as

n Yyl >y e (2.50)
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Plugging the definition of y; into the inequality above,

Pc Pe Pe

Dividing € on both sides, we see that (2.48) is equivalent to the inequality as follows:

1—p.\' 7 1—p\> " 1
hpc(e)z( p) e+ (—p> e s — (2.51)

Pe Pe Pe

for all p. € (0,1/2), e € (0,1). Note that

W (€) = €177 <%) o [(1 ;Cpc) (1= pe)e — pc] -

So we have

2
min h,_(e) = h,, (), where ¢ = (1 fcp > : (2.52)

At the minimal point €y, we have

1—p " /1= p\" 1—p\*1 1
hy, (€0) = ( p) +( p) :( p) S (2.53)
Pc Pec Pe Pe Pe

since p. < 1/2. Thus we proved (2.48) and finished the proof of Theorem 2.7 in our

work.
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3

The Contact Process with Fast Voting

3.1 Model Description and Statement of Results

In this chapter we consider a particle system on Z? that is a contact process plus
a voter model run at a fast rate . To define the process precisely, if n;(z) is the
number of nearest neighbors of z in state ¢ then = changes from 0 — 1 at rate
(A+6)ny(x) and from 1 — 0 at rate 1 + Ong(z). The behavior of the contact process
is essentially the same in all dimensions. There is a critical value A. (depending on
dimension) of the infection parameter A with the property that the system has a
nontrivial stationary distribution for A > A, and does not for smaller A. The voter
model, on the other hand, displays a strong dimension dependence. For d < 2, the
only extremal invariant measures are the pointmasses on “all zeros” and “all ones”.
If d = 3, however, the extremal invariant measures v,™ are indexed by the density p
of ones. For precise statements and proofs, see Chapters V and VI of [38] and Part
I of [40].

Now suppose, informally, that the two processes are superimposed on one another

in d > 3, with the voter model being run at infinite rate. The effect is to make the
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distribution yu; at time ¢ be an invariant measure for the voter model at all times t.
Since the density of ones p(t) = p;(1) is not changed by the voter part, the evolution
of the density is determined by the contact part:

S p(t) = 24\ (10) = (1) = 20035 (10) — p(). (3.1)

Here y14(1) and p1;(10) represent the probabilities that a site takes the value 1, and that
two adjacent sites take the values 1,0 at time ¢ respectively. In the voter equilibrium,
vy™(10) = p(1 — p)pa, where pq is the probability that a simple random walk on Z%
does not return to the origin. (See page 242 of [38].) Therefore, in the ODE (3.1)
lim p(t) = (3.2)

t—00

1— (2dApg)~" it
0 if

This suggests that A\.(0) — 1/(2dpg) as 6 — oo. The asymptotics for the critical
value and the equilibrium density will be proved in Theorem 3.1 below.

In d < 2 this heuristic does not work well, since running the voter model infinitely
fast would drive the system to consensus. However, the fact that clustering occurs
in the voter model means that an occupied site is usually completely surrounded by
other occupied sites preventing births from occurring, and suggests that A.(6) — oo.
Theorems 3.2-3.5 prove this and identify the order of magnitude of A.(9).

If we let @ = €2 then our model becomes a voter model perturbation in the sense

of Cox, Durrett, and Perkins [6]. From their results we get
Theorem 3.1. In d = 3, 2dp;A\.(0) — 1.

Proof. The key is the fact proved in Theorem 1.2 (all the results we cite here are
from [6]): if & — oo, space is scaled to §~/2Z¢, and the initial profile converges to a

continuous function v(z) (in a sense made precise in [6]), then the particle system at
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each time ¢ converges (in the same sense) to u(t, x), the solution of

% = Au —u + 2dApgu(l — u).

If 5 = 2dA\pg > 1 results of Aronson and Weinberger (cited and used in a similar way
in [6]) imply that Assumption 1 is satisfied, so we can apply Theorem 1.4 to conclude
that there is a stationary distribution that concentrates on {2y, the configurations
with infinitely many 1’s and 0’s, and that in any such stationary distribution sites
are occupied with probability close to (5 —1)/3, confirming the heuristic calculation
in (3.2). Using —u + fu(l —u) < (8 — 1)u, we see that if 5 < 1, then for any initial
condition the PDE converges exponentially fast to 0, which verifies Assumption 2,

so Theorem 1.5 implies that there is no nontrivial stationary distribution. O]

To prove results in dimensions d < 2 we will use the fact that the contact plus
voter model, written as & : Z¢ — {0, 1}, is dual to a set-valued branching coalescing
random walk, 7;, in which each particle dies at rate 1, jumps to each of its 2d nearest
neighbors at rate 0, and gives birth onto each neighbor at rate A. If the transitions in
either of the last two possibilities produce two particles on one site, they immediately
coalesce to one. Due to work of Harris [32] and Griffeath [30], this is often called the
“additive” dual. The precise relationship between the two processes is that for any

finite set A
P(&(x) =0 for all z € A) = P(&(y) = 0 for all z € n)

where n{* denotes the dual process starting from 7' = A.

To study the dual process, we will adapt arguments in Durrett and Zahle [19] to
show that if we let § — oo, scale space to ~1/2Z2, let \/log(f) — ~, and remove
particles that quickly coalesce with their parents, then on any finite time interval

the dual process converges to a branching Brownian motion in which the Brownian
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motions are run at rate 2, particles give birth at rate 47y and die at rate 1. Once this
it is done, it is routine to use a block construction to show that if 47+ > 1 the limiting
Brownian motion dominates a supercritical M-dependent oriented percolation. A
weak convergence argument then allows us to extend the comparison with oriented
percolation to the dual process with large 6, and results from Durrett’s St. Flour

Notes [11] give the following:

Theorem 3.2. Ind = 2,

lim sup A.(6)/log(#) <

6—00 _7T
In the other direction we have
Theorem 3.3. Let ¢ = 1/(1 + 2\ + 46). If d = 2, the process dies out if

1
EX(1—e)">1- —

where T is the hitting time of the origin for the lazy simple symmetric random walk
on Z?%, that stays put with probability 1/2. From this it follows that

o 1
hggloglf Ae(0)/log(0) = o

To get the second conclusion from the first, integrate by parts (or use Fubini’s the-
orem) to conclude that if F is the distribution function of a nonnegative random

variable and ¢ is its Laplace transform

T _1-9(})
L e (l—F(x))dx—T.

Using the well-known fact that

PR > n) ~ 7/logn (3.3)
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(see page 167 of [55] or Lemma 3.1 in [7]) and applying a Tauberian theorem (e.g.,
Theorem 4 from Section XIIL.5 of [23]), we see that

1— 6(e) ~ /log(1/e).

If A ~ clog(f), then from the definition of € it follows that 1/e¢ ~ 46, and the
inequality will hold for large 6 if ¢ < 1/4.

Using techniques similar to the one for Theorem 3.3 we will show:

Theorem 3.4. Ind =1, the contact process with fast voting dies out if @ > 2A(A—1)
and hence

lign inf \.(0)/6"? = 1/v/2.

We note that he Holley-Liggett technique ([34], [39]) can also be used to get upper
bounds for \.(6) — see [41]. However, it gives a weaker bound on the asymptotic
growth rate: 6%/ instead of 6'/2.

The proofs of Theorems 3.3 and 3.4 use similar ideas. Assuming that the process
survives, we use duality to write down a harmonic function for the dual process. Of
course, this function is not explicit. However, by using various inequalities, we are
able to produce from it a function of d variables that we show is trivial under the
assumptions of the two theorems.

To prove an upper bound on the critical value it is convenient to rescale time so
that particles die at rate 6 = 1/A, give birth on each nearest neighbor at rate 1 and

jump across each edge at rate v = /\.

Theorem 3.5. In d =1, liminf,_,,, v6.(v) > 0 and hence

lim sup A (6) /6% < 0.

0—o0

To get the second conclusion from the first note that § > ¢/v translates into A <
(0/c)"2.
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The key to the proof is a block construction to compare the process with 6 = 0
with a supercritical one-dependent oriented percolation. To do this, we use an idea
from Bramson and Griffeath [3]. We follow two tagged particles in the dual: a white
particle that only follows random walk steps and a red particle that follows random
walk steps and in addition branchings that take it to the right. The two particles
may come together several times and follow the same trajectory for a while, but the
drift in the red particle will eventually take it to the right and away from the white
particle.

The existence of a comparison with oriented percolation for the process with
0 = 0 immediately implies that . > 0. To get the result given in Theorem 3.5, we
use the fact that our construction takes place in a space time box that is 8 L wide
(in space) and 10Lv high (in time) with L large, to conclude that the dual process
survives with positive probability if 10Lv¢d is small. Since the proof of Theorem
3.5 is based on a block construction, the constant is very large. This problem was
avoided in the proof of Theorem 3.2 by using a large number of particles in the block
construction. This is possible because two dimensional Brownian motions do not hit
points or each other. This strategy does not seem to be practical in d = 1.

Recently, another possible approach to the proofs of Theorems 3.4 and 3.5 has
emerged in the work of Newman, Ravishankar, and Schertzer [45]. They define a
process on £ = {(z,t) € Z® : x + t is even } that has (i) births (arrows (z,t) —
(z +1,t+ 1) and (z,t) — (z — 1,t + 1)) with probability bs = e=?b (ii) deaths (no
arrows) with probability ks = e Pk, and (iii) one arrow (z,t) — (x + 1,¢ + 1) or
(z,t) — (v —1,t+1) with probability (1/2)(1—bg—kg) each. If one takes e =@ = §'/2,
b = X and k = 1, this is a discrete time version of our model. They show that as
B — oo this process converges to the Brownian net with killing.

If one extends their convergence result to our continuous time system, which the
authors of [45] are doing in a paper in preparation, and uses the fact that the limit
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system has been shown to have a percolation transition, then one can conclude that
Ae(6)/6'% converges to some positive finite limit. However, even after this is done
our results remain relevant. Theorem 3.4 provides a good bound on the limit, which
might be sharp, and the proof of Theorem 3.5 is much simpler than one based on
[45].

The remainder of the chapter is devoted to proofs. Theorem 3.4 is proved in
Section 3.2 and Theorem 3.3 in Section 3.3. This follows the order in which the
results were first proved, but the proof of Theorem 3.3 is somewhat simpler, so if the
reader gets bogged down in the details of Section 3.2, he might have more success in
understanding Section 3.3. Theorem 3.2 is proved in Section 3.4, and Theorem 3.5 in
Section 3.5. Section 3.3 depends heavily on the ideas used in Section 3.2. However,

these sections are otherwise independent.
3.2 Extinction in One Dimension

Proof of Theorem 3.4. Let u be the upper invariant measure for the process, i.e., the
limit starting from all 1’s. (This limit exists by monotonicity — see Theorem 2.3 of

Chapter III of [38].) For finite A = Z, let

W(A) = p{€¢ =0 on A}.

From the definition of ¢ it is clear that
(A) = (AU B) = u{6 =0 on A€ # 0 on B\A}

<u{é=0on An B,{#0o0n B\A} =y (An B)—¢(B).
That is, ¥ is supermodular:
WA v B)+¢(An B) = ¢(A) +¢(B).

It is a long known and frequently used fact that invariant measures for a Markov

process translate into harmonic functions for the dual process. In the present case,
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the duality function is H(§, A) = l{e=o on 4}- Early examples that show the usefulness
of this observation are found in the analysis of the voter model (Section 1 of Chapter
V of [38]) and symmetric exclusion process (Section 1 of Chapter VIII of [38]). See
Corollary 1.3 of Chapter VIII for an explicit statement of this connection. The
discussion there applies equally well to our process and its dual.

At the level of generators, the duality relation asserts that

B

where L is the generator of the particle system acting on the first coordinate of H,
and ¢(A, B) is the Q—matrix of the dual Markov chain. Integrating both sides with

respect to p gives 0 on the left, since p is invariant, so it follows that

0= 4(4 B)[¥(B) = (A)]. (34)

So, this function ¢ is harmonic for the dual chain. Using (3.4) and the shift

invariance of p,

(1+2X0)9({0}) = 1+ 2Ap({0, 1}),
(1420 + A)({0,1}) = (1 + 0)v({0}) + 0¢({0,2}) + Mp({0, 1, 2}),

To check the second equation, note that while events happen to the pair {0,1} at
rate 2 + 460 + 2), it suffices by symmetry to consider only those that affect the site

on the right. Similarly, for n > 2,

(1+20 +220)¢({0,n}) = ¢({0}) + 0¢({0,n + 1}) + 6¢({0,n — 1})
+ A({0,n,n + 1}) + M ({0,n — 1, n}).

Let f(0) = ¥({0}) and f(n) = 9¥({0,n}) for n = 1. Though it is not needed
below, we note that f(n) | by Theorem 1.9 of Chapter VI of [38]. The proof given
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there for the contact process applies to our process as well. Changing notation, we
have from above

(14 2X)£(0) = 1+ 2Af(1). (3.5)

To simplify the other equations, we use the supermodularity equation
({0, m,m +1}) = ({0, m}) + P({m, m + 1}) = ¢({m})
to eliminate ¥ (A) for |A| = 3 in the above harmonicity equations. This gives
(1+20-X)f(1) = (1+6—-X)f(0)+60f(2), (3.6)
and for n > 2,
(14+204+N)f(n)+ 2A=1)f(0) =2 \f(1) + (@ + N f(n—1)+6f(n+1). (3.7)

Now let g(n) = f(n) — f(n + 1) for n > 0. Using 37} g(k) = £(0) — f(n), we see
that

n—1
Og(n) = (6 + N)g(n — 1) = 2Xg(0) + Y g(k)
k=0
for n = 1. In fact, this is (3.6) if n = 1 and (3.7) if n > 2. Furthermore, (3.5)
becomes ¢(0) = (1 — f(0))/(2X).

Define h(n) recursively by h(0) = 1,0h(1) =1+ 60 — A\, and
n—1
Oh(n) +2X = (0 + Mh(n —1) + > h(k) (3.8)
k=0
for n > 2. For the future, note that (3.8) also holds when n = 1. Then

1— £(0)
g(n) = o)

h(n), n=0. (3.9)

To see this, define ¢*(0) = ¢(0), and then g*(n) by using the recursion satisfied by
g(n) with inequalities replaced by equalities. By induction, g(n) = ¢g*(n). Since the
recursion is linear, g*(n) = g(0)h(n).
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Lemma 3.2.1. The solution to the recursion (3.8) for h can be given explicitly:

h(n) = h*(n), where

e\ n+k—7\/[(k k—2]ﬁ
" <”)_”ZZ< 2% — j )(z) Eo

k=1 j=0

Proof. To check this, it suffices to show that h* satisfies (3.8), together with the
initial conditions. The initial conditions are immediate. For the recursion, it suffices
to check that after replacing h(n) in (3.8) by the above expression for h*(n), the
coefficient of M /0% for any j, k is the same on both sides of the resulting equation.
To simplify matters, we will use the convention that g = 1 and (I;) = 0 unless
0 < j < k. In the computations below, we assume k£ > 1, leaving the case k = 0 to

the reader. The coefficient of A /6% is

k—g3+1\(k+1\k—25+1
nrRmIT i (3.10)
2k —7+2 j k+1

for the expression on the left, and
n+k—j5\[(k+1 k_2j+1+ n+k—j k' \k—25+2
2k —j5 +2 J E+1 2k—53+1)\y—1 k
+<kz)k—2j”1 <l+k:—j)
J ko &\ 2k—
for the expression on the right. The sum on the right above can be expressed as
1 . .
l+k— k— —k
( N .‘7) - ("+ J)"— (3.12)
4 2k — 2k—7 J2k—j5+1

To see this, note that the two expressions above agree when n = k. The differences

(3.11)

n

l

between the two sides at n + 1 and n are

n+k—j and n+k—j+I\n+l-k (n+k—j n—=k (3.13)
2k — 4 2k —j 2k—j+1 2k—7 J2k—j5+1 7
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respectively. Writing

(n+k—j+1> B (n+k—j)n+k—j+1

14
2k — j 2k — j n—k+1 "’ (3.14)

we see that the two expressions in (3.12) agree. Now replace the sum in (3.11) with
the right side of (3.12), and write each of the three summands in (3.11) as a multiple

of
(n+k—j)l(k—-1)!
2k —j+2)!n—k =11k -5+ 1)

The three multiples are
k(k—2j+1)(n—k—1),(k—2j+2)(2k—j+2)j, and (k—2j)(k—j+1)(2k—j+2)

respectively. Since these multiples add up to k(k —2j + 1)(n + k — j + 1), we see
that (3.10) and (3.11) agree. O

In order to determine the behavior of h(n) for large n, it is simplest to compute the
generating function. To avoid convergence issues in changing of order of summation,
one can consider the positive and negative terms separately, but the result is the
same. To be precise, one would write (k — 2j)/k = 1 — 2j/k and sum the resulting

two series separately, adding the results at the end. Using the Taylor series

o (m+ 1 1
Z I u :m, |u\<1,

m=0

E S (K\k—2j N & (n+k—7\ ,
Zuh(n)zl—FZZ(,) ’ %n_k(Qk—]‘ )u




where the final step comes from the binomial theorem, provided that

u(l + A1 —w))
O(1 — u)?

‘<1.

Let 0 < v < 1 be the solution of v(1 + A(1 —v)) = 6(1 — v)?. (Note that the ratio
of the left side to the right side increases from 0 to oo as v goes from 0 to 1, so the
solution exists and is unique.) As u 1 v, the final sum above tends to oo. Therefore

= if A\(1 — 1;
I u”h(n)={+oo if A(1—v) <1;

utv oy —Qo0 if )\(1 — ’U) > 1.

Solving the quadratic for v gives

B L+ A+20—+/(14+N)? +4

2(A+0)

and therefore

20+ A3 - \) — M/ 46
1Al —v) = 2 -

(A+6)

It follows that A(1 —v) < 1 is equivalent to

20 + A(3—=X) > M/(1+ \)? +40.

For this to be true, the left side must be positive, and the inequality obtained by

squaring both sides must hold, i.e.,
20 > AA—=3) and 6>2\\A—1).

Note that once A > %, the second condition is more restrictive than the first.

To complete the proof, note that if § > 2A(A — 1), then

o0
lim u"h(n) = +oo.

utv "m0
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Since 0 < v < 1, this implies that

limsup h(n) = 400,

n—oo

Since g(n) is bounded, this together with (3.9) implies f(0) = 1, so the process
started with all ones dies out locally, and hence no nontrivial equilibrium distribution

exists. O

Alternative proof. For readers who are less adept at computations with Binomial

coefficients, we now sketch another approach. We want to solve (3.8),

Oh(n) + 2\ = (0 + Ah(n—1) + nzl hk)  forn> 1,

k=0

with 2(0) = 1. If we let j(n) = Y._, h(k) then we have the system that can be

written as

(?(%)) _ (1 + (A1+ 1)/9 1{0> <?EZ: 3) . (-23/9) forn > 1.

where j(0) = 0. Writing A for the matrix and taking into account the initial condi-

() - ()= 2 (),

Being a positive matrix, the Perron-Frobenius theorem, Theorem 1.2 in Seneta’s

tion:

book [53] implies A}, ~ v;7fw; where 71 is the largest eigenvalue and w and v are
associated left and right eigenvectors, which have strictly positive entries and are
normalized so that )} w;v; = 1. Here a, ~ b, means that a,/b, — 1. Noting that

~v1 > 1 since the trace of A is > 2, and using the asymptotics for A™ we see that

n—1

h(n) ~ viws [7;1(1 + (1= N)/0) — 111—1/%@/9)] . (3.15)
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To find the eigenvalues we set (1 + (A +1)/0 — z)(1 — z) — 1/ = 0 which becomes
22— 2+ AN+1)/0)x+1+ 20 =0.

Solving we get

. 2+ (A+1)/0 £+/(2+ (A +1)/0)2 —4[1 + \/0]
[ 2 .

Underneath the square root we have

4(A+1)+(>\+1)2_4_4§: (A+1)2

A= B 7 B

+

I~

Multiplying top and bottom by 6, the largest eigenvalue is

T+A+20+/(A+1)2+46
= 50 > 1.

N

From (3.15) we see that h(n) — o if vy — 1 > 2A/f. Subtracting 1 from v,

removes the 20 from the numerator. When 6 = c)?,

A
=1~ %(1+\/1+4c),

so again we find liminf \.(0)/6'2 > 1/v/2.
3.3 Extinction in Two Dimensions

The main ideas in this section are similar to the ones in the previous section, but

the details are quite different.

Proof of Theorem 3.3. Now let £(0,0) = ¢({(0,0)}) and f(m,n) = ¥ ({(0,0), (m,n)})

for m,n = 0,m +n > 1. To keep formulas neater we will also use
g(m7 n) =1- f(m7 n) and h<m7 n) = g<m7 n)/2g(07 O)
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Imitating the proof in the previous section, we begin by observing that

(1+4M)9({(0,0)}) = 1+ 2X({(0,0), (1,0)}) + 2A¢({(0,0), (0, 1)})
(14+4X)f(0,0) =1+ 2Xf(0,1) +2Xf(1,0). (3.16)

Note that we have used reflection symmetry to keep the points in the first quadrant.

Next,
(1+3X+40)9({(0,0), (1,0)}) = £({(0,0)})(1 + 8) + 26¥({(0,0), (1,1)})
+60¢({(0,0),(2,0)}) + 220 ({(0,0), (1,0), (1,1)}) + Mp({(0,0), (1,0), (2,0)}).

Supermodularity implies

$({(0,0),(1,0), (1, D)}) = ¢({(0,0), (1,0)}) + ¢ ({(1,0), (1, 1)}) — ¥ ({1,0}),
so switching to the f notation
(1+3X+40)f(1,0) = f(0,0)(1+6) +20f(1,1) +6f(2,0)

+ 2)‘[f(17 O) + f(07 1) - f(07 O)] + )‘[Qf(L 0) - f(07 0)]>
and rearranging gives
(1=X+40)f(1,0) + (BA—60 —1)f(0,0) = 2Af(0,1) +20f(1,1) + 6f(2,0). (3.17)

When m > 2 there are terms 04 ({(0,0), (m—1,0)}) and A ({(0,0), (m—1,0), (m,0)}),

so switching to the f notation
(144X +460)f(m,0) = £(0,0) + 0f(m —1,0) + 20 f(m,1) + 6f(m + 1,0)
+ALf(m = 1,0) + f(1,0) = f(0,0)] + 2A[f (m, 0) + f(0,1) — f(0,0)]
+ALf(m, 0) + f(1,0) = f(0,0)],
and rearranging gives
(14+ X +40)f(m,0) + (4X —1)£(0,0) = 2Af(1,0) + 2Af(0,1) (3.18)
+ (A+0)f(m—1,0) +0f(m +1,0) +20f(m,1).
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Similarly, when m,n > 1
(L+2X+40)f(m,n) + (4X —1)f(0,0) = 2Af(1,0) + 27\ f(0,1)

+ AN+ D[f(m—1,n)+ f(m,n—1)]+0[f(m+1,n)+ f(m,n+ 1)].
Letting g(m,n) =1 — f(m,n), (3.16) becomes
(14 4X)g(0,0) = 2\[g(0,1) + g(1,0)], (3.19)

Multiplying each side of (3.18) by —1, noting that the coefficients on each side sum

to HA + 40 and using the last identity we have
(14460 + N)g(m,0) <2¢(0,0) + (A + 8)g(m — 1,0) (3.20)

+ 0g(m + 1,0) + 20g(m, 1).

Performing these manipulations on (3.17) gives the same result so this equation holds

for m > 1. A similar argument shows that for m,n > 1
(1+2X+40)g(m,n) < 2¢(0,0) + (A +0)[g(m —1,n) + g(m,n —1)] (3.21)
+ 0lg(m,n+ 1) + g(m + 1,n)].
As a warmup, consider formally the case § = co. Then (3.19), (3.20) and (3.21)

imply that if Sj, is simple random walk on the positive quadrant in Z? with reflection

at the boundaries then

g(m,n) < E™Mg(S)). (3.22)

Since Sy is recurrent, the bounded subharmonic function g is constant. By (3.19),
this constant is zero, so the process dies out.

Suppose now that the process survives, ¢g(0,0) > 0, and let

h(m,n) = g(m,n)/2¢(0,0).
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Then h(0,0) = 1/2 and (3.19), (3.20) and (3.21) imply that for m,n > 1
h(0,1) + h(1,0) = 1 + 1/4), (3.23)
(14+ X+ 40)h(m,0) <1+ (A +60)h(m —1,0) + 6h(m + 1,0) + 20h(m, 1), (3.24)
(1+2X+40)h(m,n) <1+ (A + 0)[h(m — 1,n) + h(m,n — 1)]
+ 0lh(m,n + 1) + h(m + 1,n)]. (3.25)
Clearly, f(m,n) < f(0,0). Since the contact process with fast voting has positive

correlations (see e.g., Theorem 2.13 of Chapter III of [38]), f(m,n) = f%(0,0), so for

all m,n

L= flmn) _ 1-f(0,0° 1+/(0,0) _

0)
V2SS0 S g0 T 2

e, 1/2 < h(m,n) < 1. Let € = 1/(1 + 2X + 46). To motivate the next definition

divide each side of (3.25) by (1 + 2\ + 40) to get

h(m,n) < e+(1 — )é; i i)e[h(m —1,n)+ h(m,n —1)]
+ (1 — )2)\f_4e[h(m,n+1)—|—h(m—|—1,n)], (3.26)
and note that
(A+0) 1 0

= - = .
2 +40 7 472X+ 40

It is natural to expect that h(m+1,n) = h(m—1,n) and h(m,n+1) = h(m,n—1),
so we should get an upper bound on h if we replace the two coefficients by 1/4. For
a technical reason (see below) we have to do something a little different. Define
hi(m,n) for k = 0 and m,n € Z by h(0,0) = 1/2 for all k. For (m,n) # (0,0), let
ho(m,n) = 1 and

his1(m,n) = € + (1 — e) E™™Mh,(S)), (3.27)
where Sj is the lazy version of the reflecting random walk S}, defined before (3.22),

that stays put with probability 1/2. It is easy to see inductively that 1/2 < hy(m,n) <
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1 for all k,m,n. Let 7 be the hitting time of the origin for Sj,. By extrapolating from

expressions one obtains for hj for small k, one is led to the following expression:

_ 1
P Z (1—€eYP*(r>j) + 51— P (r > k), x+#0. (3.28)

l\Dl
L\Dlm

To check that this is in fact correct, we argue by induction on k. Suppose this
expression is correct for k, and replace hy(z) by the right hand side in (3.27). The

Markov property yields
E* [P (1> j),5 # 0] = P*(r > j + 1).

Using this, on obtains for x # 0

b () =

— 1
“+ - g P (T >+ 1)+ S (L= M P > k4 1),

which agrees with the right hand side of (3.28) with k replaced by k + 1.

We have used the lazy random walk so that

Lemma 3.3.1. x — P*(7 > j) is increasing (and hence © — hg(z) is also) in the

usual partial order on the positive quadrant.

Proof. To prove this we note that two random walks started at (m,n) and (m’/,n’)
with m’ > m and n’ = n can be coupled to preserve the order. The ordering is trivial
to maintain while the walk is in the interior of the quadrant. To handle the situation
when one walker is at (¢,1) and the other is at (¢,0) note that:

from/to (¢,2) (¢,1) (¢,0)

(¢,1) 1/8 1/2 1/8
(¢,0) 0 2/8 1/2
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which completes the proof. Note that the coupling would fail for the non-lazy walk.
O

The equation in the interior. To begin to compare h; with h note that if

m,n =1

hiess (m, m) — %[e (1= hp(m,n)]

1 1-—
+5 (e +— E[hk(m —1,n) + hig(m,n — 1) + hp(m + 1,n) + h(m,n + 1)]) :

Since hg(m,n) < 1

1
hiv1(m,n) = §hk(m>”) + g

+% (1 ; 6[hk(m —1,n) + hi(m,n —1) + hp(m + 1,n) + hp(m,n + 1)]) .

Now (1 —¢€)/4 = (A/2+60)/(1 42X\ + 40) = €(N\/2 + 0) so if we temporarily denote

the last four terms by hi, i = 1,2, 3,4 we have
(N2 + 0)[hi + b + K + hi] = (A + 0)[hy + hi] + O[R; + hi]

+ (V2)[R — I] + (V/2)[ Iy, — hi)-
Dropping the last two terms, which are positive by Lemma 3.3.1, we have

1
hk-‘rl(man) = §hk(m7n) + (329)

DO ™

€

+ (()\ + 0)[hi(m — 1,n) + hg(m,n — 1)] + 0[hx(m + 1,n) + hx(m,n + 1)])

N |

Since (1 —¢€)/(2X + 40) = € the recursion (3.26) can be written as

h(m,n) + (3.30)

N | —
N | N

h(m,n) <

+ <()\ + 0)[h(m — 1,n) + h(m,n — 1)] + 0[h(m + 1,n) + h(m,n + 1)])

[NRINe
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The equation on the boundary. We begin by adding Ah(m,0) to each side
of (3.24), and divide by 1 + 2\ + 46 to rewrite it first as

h(m,0) < €+ e[(A+ 0)h(m —1,0) + Ah(m,0) + Oh(m + 1,0) + 20h(m, 1)],

and then as

h(m,0) < ~h(m,0) + % (3.31)

N | —

+§ <[(>\ + O)h(m —1,0) + M(m, 0) + 0h(m + 1,0) + 20h(m, 1)]).

From (3.27), the corresponding equation for Ay, is

hies1 (m, 0) = %[e + (1= hg(m, 0)]

+ (€+ %[hk(m— 1,0) —|—hk(m+ 1,0) —I—Qhk(m, 1)]) .

1
2

Using (1 —€)/4 = €(A\/2 + 0) and arguing as before we can convert this into

1
hi+1(m, 0) = §hk(ma 0) + =

5 (3.32)

1
+§e<(>\ + 0)hi,(m — 1,0) + Mg (m,0) + 6hy(m + 1,0) + 20hy(m, 1)

3l + 1,0) = huon = 1,0+ Alh(m, 1) = (im0} ).

and drop the last line, which is positive by Lemma 3.3.1.

Final details. Comparing (3.29) with (3.30) and (3.31) with (3.32) we see that
hi+1 and h satisfy similar iterations with > and < respectively. Since hy = h, it
follows by induction that

hi.(m,n) = h(m,n). (3.33)

Taking the limit in our formula (3.28) for h; and using (3.33) gives
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Since h(0,1) + ~(1,0) = 1 + 1/4X by (3.23),

o0]

14X < e (1—ef PUO(r > j).

§=0

Since this argument was based on the assumption that the process survives, it follows
that the process dies out whenever the opposite (strict) inequality holds.
To finish up, we note that the expression on the right is

e(1—¢) ZP(IOT—/{ i

k=j+1

) PUO (7 = k)

|
MS
HM\

<.
Il
o

(1-(1—-efPYO(r =k) =1 EM 1 —¢)

I
s

>
Il
—_

which converts our answer into the one given in Theorem 3.3. [
3.4 Survival in Two Dimensions

The proof is simple since most of the work has already been done by Durrett and
Zahle [19]. It is only necessary to make some minor modifications to their proof
presented on pages 1758-1761. However, since we have to give the details, we have
taken the opportunity to clarify the proof and sharpen some of the bounds. As in
[19], we work with the dual coalescing random walks 7;, but now jumps occur at
rate 0 across each edge between nearest neighbors, births occur at rate A\ = 7 log(f)
across each edge, and deaths occur at rate 1 per site. Thus, in contrast to [19], we
have no need to speed up the process, only to scale space to §~1/2Z2.

Most of the particles that are born in 7; coalesce with their parents. These short
intervals in which the size of the dual increases and then decreases are not compatible
with weak convergence, so we define a pruned dual process 7; using the rule that
a newly born particle has mass 0 until it has avoided coalescence with its parent for

1/log"(0) units of time, where a is the first of several positive constants whose values
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will be specified later. In the proof we will show that it is very unlikely for a particle
to collide with a particle that is not its parent.

Let Z}! and Z? be independent random walks that make jumps to nearest neigh-
bors at rate 1 and let S; = Z} — Z2. Suppose Sy is a neighbor of 0. Let Ty = inf{t :
Sy = 0}. From (3.3), P(Ty > t) ~ w/(logt). Changing to the fast time scale let
si = 07Y25(0t) and ty = inf{t : s, = 0}. We use lower case letters to remind us that

this process is smaller in space and time. Therefore

™

P(ty > 1/10g"(0)) = P(T} > 60/ log™(6))

~ . 3.34
log @ — aloglog ( )

Let R = 0/log"0 and r = 1/log"®d. Using a trivial inequality, then (3.3), and

Chebyshev’s inequality we have

1
1/2 /1. 5b 1/2 /150
PUISr| = 62/ 1og'(O)Ts = B) < 5= Pkl = 0/ 10g/(0)
4 10?;%(9) 1+2b—
< 1 X . — 1 +2b a. ]
< Clogb log™ 0 7 C(log0) (3.35)

which goes to 0 if @ > 1 + 2b. Here, we have collected all the constants into one
placed at the front, a practice we will continue in what follows.

Note that when [Sg| < 6Y2/log"’(), we have |s,| < 1/log"(#), i.e., the new
particle is close to its parent. The next result, which follows from using the local

central limit theorem, shows that they are not too close:

1
1/2 c s 1/2 c
P(|Sgr| < 07%/10g(0)|Ty > R) < T = )p(\SR| < 607%/1log (9))
61/2 log®(0)
< 1 i . _ 1 1+a720. )
< Clog(6) (logc(e)) 7 C(log0) (3.36)

Here the second term on the last line gives the order of magnitude of the number of
points z with |z| < 8'/2/10og°(#), and the third is a bound on the order of magnitude

of P(Sg =x). If 1 +a < 2c this tends to 0.
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To prove results about the asymptotic behavior of the pruned dual 7, we will
consider the pruned branching random walk 7; in which particles are assigned
mass 0 until they have avoided coalescing with their parent for time 1/log” 6. After
this time, we ignore collisions with any other particle (including its parent) until time
L?, which again is a constant whose value will be specified later. By (3.34) particles

in 7, are born at rate

~ 4~ylogf - T Ay,
log 0

and die at rate 1. From this and (3.35) it is easy to see the following:

Lemma 3.4.1. As § — oo the pruned branching random walk 7, 0 < t < L?,

converges to a branching Brownian motion (;, 0 < t < L2, in which births occur at

rate 4yr, deaths at rate 1, and the Brownian motions run at rate 2.

To estimate the difference between 7; and 7);, we need to estimate the probability
that a newly born particle in 7, collides with another particle before time L2. Using

(3.3), one can easily show that
P(ty < L*|tg > 1/log®(#)) = P(Ty < L*0|Ty > 0/1log®(6)) — 0. (3.37)
To do this, we note that if € > 0 then for large 6

1+e¢) m(1—¢)
P(6/108(6) < Ty < L?6) < — ™ -
(0/1log™(0) < Ty ) logh — aloglogd log® + log(L?)

2me 2me

< ~ .
logd — aloglogf  log6

The result in (3.37) implies that after the initial separation we don’t have to
worry about a particle colliding with its parent before time L2. To show that it
avoids the other particles, we will first show that if two particles are sufficiently
separated then they will not collide by time L?. Then we will use induction to prove

the desired amount of separation is maintained. The first step is to suppose Sy = x
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with |z| = 6%2/1log”(#), with the capital letter A to suggest this is a large constant,
and then estimate the probability «(z), that S; will hit the ball of radius K before
it exits the ball of radius M#Y? — 1. Our goal is to conclude that

a = sup a(x) — 0.
|2|>61/2/10g> (6)

If S; were a two-dimensional Brownian motion, then we would use the harmonic
function log |z| to calculate «(x). For the random walk, we use the recurrent potential
kernel defined by A(z) = >/ ,[¢*(0) — ¢*(z)] where ¢ is uniform on the four nearest
neighbors and ¢* denotes the k-fold convolution. It is immediate from the definition

that
S aly —2)A(2) ~ Alx) = 1m0

i.e., the difference is 1 if z = 0 and 0 otherwise. From this we see that A(S;) is a

martingale until time 7. By Theorem 2 of [26] or P3 of Section 12 of [55],
A(x) = calog|z| + O(1). (3.38)

If K is large and |z| = 6'/2/log™(6), then applying the optional stopping theorem to
A(Sy)/ca
(1/2)log0—Aloglogd + O(1) < A(x)

< a(z)[log K+ O(1)] + (1 — a(x))[(1/2)log 8 + log M + O(1)],

where the second inequality comes from the fact that upon exit from the annulus the

random walk will jump over the boundary by a distance < 1. Rearranging we have
a(z)[(1/2)log 6 —log K| < Aloglog# + log M + O(1), (3.39)

and we see that for any A < o0, & — 0 as § — 0.
To do the induction argument to bound the spacings between the particles, we

can ignore the death of particles. If we do this then, for large 6, the growth of the
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number of particles is bounded by a branching process with births at rate 5ym. This
implies that the expected number of particles N(L?) in the system at time L? is
finite, so if € > 0 then we can pick N, so that P(N(L?) > N,) < e.

We now choose the values of our parameters:
b=1/3, a=2, c=2,

which satisfy a > 1 + 2b, needed for (3.35), and 2¢ > 1 + a, needed for (3.36). With
these choices, (3.36) implies that when a new particle is added to 7; the newly born
particle is with high probability at distance > 1/ log? @ from its parent. Suppose that
at time 0 we have k particles that are separated by > 1/log® . The result in (3.39)
implies that none of the k particles will coalesce by time L?. Since, for large 6, births
in 7; occur at rate < 5y, it follows that for any ¢ > 0 the first successful birth will
with high probability occur after R = 6/log®#. If R’ < t < L? then the argument

for (3.36) can be repeated to show

9L/2 >2 ' log® ()

P(|St| < 61/2/10g2(0)) <C (10g2(9) 0

= C(log§)*°.

This implies that when the new particle is added to 7; the k + 1 particles are with
high probability separated by 1/log?®(6). Since this conclusion holds with probability
> 1 — € and the argument is only repeated N, times, we have shown that the desired
separation is maintained with high probability, and it follows from (3.39) that there

is no coalescence. Since this shows that 7, = 7, with high probability, we have:

Lemma 3.4.2. As 0 — o the pruned dual 7, 0 < t < L?, converges to a branching
Brownian motion (;, 0 < t < L%, in which births occur at rate 4ym, deaths at rate 1,

and the Brownian motions run at rate 2.

With Lemma 3.4.2 established, the rest of the proof is almost identical to that

in [19]. Let (; be a modification of ¢; in which particles are killed when they leave
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[-4L,4L]%. In [19] this is [0,4L]? but that is because they need to keep their con-
struction in one half-space. We will use the more natural symmetric geometry in the
construction here.

If we use (*(A) to denote the number of points in A when the killed branching

Brownian motion (; starts with one particle at = and let p = 4ym — 1 then
B[G/(A)] = " P(Bf € A),

where BY is a Brownian motion starting from z, run at rate 2, and killed when it
exits [—4L,4L)%. Let I = (2kL,0) + [-L, L]*. From the last estimate it follows
easily (see page 1760 of [19] for more details) that if g > 0 (an assumption that will

be in force until we state Lemma 3.4.3)

inf E[¢f2()] =2  fori=1,-1,

.ZEIO

and hence if we let (A =Y _, (7, then for A < I
E[(A(I)] = 2|A]  fori=1,-1,

where |A] is the number of particles in A.
Since E[(7.(1;)?] < E[(%2(R?)?] = ¢, and the ( are independent, it follows that
for Ac [~L, L]?
var[Cih(1)] = |Aleg fori=1,—1.
Using by Chebyshev’s inequality that if A < [—L, L]* has |A| = K then

P(CH(L) < K)<cy /K fori=1,-1.

The last conclusion gives us the block event for the branching Brownian motion

Ge:
Lemma 3.4.3. Suppose 4ym > 1. Let € > 0. If L = Lo(¢) and (o(Iy) = K then we
will with probability = 1 — 2¢ have (;2(I;) = K fori= —1,1. We do this in a system
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in which particles are killed when they leave [—4L,4L]? so the events for Iy and I,

are independent when m = 4.
Combining this with Lemma 3.4.2 it follows that

Lemma 3.4.4. Suppose 4ym > 1. Let € > 0 and pick L > Lo(e). If 0 = Oy(e, L)
and we start with > K particles in Iy in 7, that are separated by = 1/log @ at time
0 then we will with probability > 1 — 2¢ have = K particles in I_1 and I, that are
separated by = 1/log?@ at time L?. We do this in a system in which particles are
killed when they leave [—4L,4L)? so the events for Iy and I,, are independent when

m = 4.

With Lemma 3.4.4 established the existence of a stationary distribution follows from
Theorem 4.1 in [11] which shows that dual process starting from a single particle at

0 survives with positive probability.
3.5 Survival in One Dimension

In this section we consider the version of the contact plus voter process in which
births occur at rate 1. The dual process has deaths at rate §, births across each
edge at rate 1, and random walks that jump to each nearest neighbor at rate v, with
coalescence when two walks hit. Let L be a large constant that will be chosen later.
Let I,, = 4mLv+[—0.2Lv,0.2Lv]. We will show for the dual process with § = 0 that
if we start with one particle in I at time 0 then with high probability we will have
one in Iy and one in [; at time 10Lr. We will do this by following the behavior of
two tagged particles in the dual. In order to have the events in our construction one
dependent, we will also show that with high probability the particles do not leave
[-2Lv,6Lv].

The Key to the proof is a trick used by Bramson and Griffeath [3]. We follow a
tagged particle in the dual that moves according to the following rules: when it is

68



—2Lv 0 4Ly 6Lv

T() < 2Lv

T1 < 6Ly

10Lv
Iy I

FI1GURE 3.1: Picture of the block construction in d = 1. Time runs down the page.
The white particle stays in the region on the left. Once the red particle hits Lv at
time 7} it stays within the region on the right.

affected by a random walk event it must jump, but when there is a branching event,
it follows the birth if and only if the birth takes it to the right. This process, which
we call X,.(t), makes jumps

r—x+1 atraterv+1,

r—x—1 atrate v.

It is easy to check that X, (2vt)/2v = B,.(t) = B(t) +t. Let X, denote the analogous
process that only follows births to the left and has limit By(t) = B(t) —t, and let X,
denote the process that ignores branching arrows and has limit B.(t) = B(t).

The Construction. Suppose we have a particle at x € Iy. There are three things
to prove.

(i) Suppose the particle in I is at . We use X,. if x < 0 or X, if x > 0 to bring the
particle to 0, which happens at time Ty. We will declare this part of the construction
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a success if the particle never leaves [—0.4Lv, 0.4Lv] and Ty < 2Lv. Having brought
our particle to 0, we change our rule so that the particle we are watching, which we
call the white particle, only follows random walk arrows.

(ii) At time Ty we begin to follow a red particle that moves according to X,.(¢). The
red particle may coalesce with the white particle a large number of times, but will
keep separating from it because it follows births to the right, while the white particle
does not. Since the red particle is approximately a Brownian motion with drift, it
will reach 4Lv at some time 77. We declare this part of the construction a success if
Ty, < Ty + 6Lv. At time T, we change our rule so that the red particle only follows
random walk arrows.

(iii) The last thing we need is for the white particle not to leave [—0.2Lv,0.2Lv] in
[Ty, 10Lv] and for the red particle not to leave 4Lv + [—0.2Lv,0.2Lv] in [T3, 10Lv].
Note that between time Tj and time 77, the red particle is always to the right of the
white particle, and always to the left of 4Lv so if the two events in the first sentence
happen, the red particle will not leave the interval [—0.2Lv,4.2Lv]|.

Rescaled Construction. The processes B,, By, and B, arise from X,, X,, and X,
by scaling space and time by 2v. Using the weak convergence of these processes it
is enough to show that if L is large, then the correspondingly scaled events hold for
the B’s with high probability.

(i) The initial particle starting in [—0.1L,0.1L] can be brought to 0 without exiting
[-0.2L,0.2L] and gets there at time Ty < L.

(ii) The red particle born at time Ty gets to 2L at time T} < Ty + 3L.

(iii) The white particle does not leave [—0.1L,0.1L] during [Tp,5L] and the red
particle does not leave 2L + [—0.1L,0.1L] during [T},5L].

Lemma 3.5.1. Suppose B,(0) = x < 0 and let Ty = inf{t : B,(t) = 0}. In this case,
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as L — oo

sup P,(Ty=L)—0 and sup P, (inf B,(t) < —O.2L> — 0.
2€[—0.1L,0] 2€[—0.1L,0] t<L

Proof. 1t suffices to prove the result when z = —0.1L. As L — oo, B.(tL)/L =

—0.1 4+ ¢t where = indicates weak convergence in C([0,1]). The two results follow

from this. O]

Let 7y = inf{t : B,(t) = L}. Repeating the previous proof we see that Py(m =

2L) — 0. To check (iii) now, use scaling to conclude that for any 0 < e, M < o0

lim P ( sup |B.(t)] < eL) = lim P ( sup (ML)Y2B(t) < eL) =1

L—o t<ML L—w o<t<1

At this point we have shown that if L is large enough and L > Ly then all three
events in the rescaled construction occur with probability > 1 —e. If we take L = L
then the weak convergence of the X’s to the B’s implies that if v > 14 all three
events in the construction occur with probability > 1 — 2¢. Up to this point the
calculations are for the process with no death. If we pick 6 = n/Lr with n small
then the probability of a death affecting either of our two tagged particles is < e.
The events in the block construction are one dependent, so applying Theorem 4.1
from Durrett’s St. Flour Notes [11], we see that the dual process starting from a
single particle at 0 survives with positive probability. Consequently, there exists a

nontrivial stationary distribution of the contact plus voter process.
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4

Coexistence of Grass, Saplings and Trees in the
Staver-Levin Forest Model

4.1 Model Description and Statement of Results

In a recent paper published in Science [57], Carla Staver, Sally Archibald and Simon
Levin argued that tree cover does not increase continuously with rainfall but rather
is constrained to low (< 50%, “savanna”) or high (> 75%, “forest”) levels. In
follow-up work published in Ecology [58], the American Naturalist [59] and Journal
of Mathematical Biology [52], they studied the following ODE for the evolution of

the fraction of land covered by grass G, saplings S, and trees 7"
dG

— = T — BGT

i wS + v BG

% = BGT —w(G)S — uS (4.1)
dT

% = W(G)S — T

Here o > v are the death rates for saplings and trees, and w(G) is the rate at which
saplings grow into trees. Fires decrease this rate of progression, and the incidence of
fires is an increasing function of the fraction of grass, so w(G) is decreasing. Studies

72



suggest (see [59] for references) that regions with tree cover below about 40% burn
frequently but fire is rare above this threshold,so they used an w that is close to a
step function.

The ODE in (4.1) has very interesting behavior: it may have two stable fixed
points, changing the values of parameters may lead to Hopf bifurcations, and if the
system has an extra type of savanna trees, there can be periodic orbits. In this
work, we will begin the study of the corresponding spatial model. The state at time
tis x; : Z% — {0,1,2}, where 0 = Grass, 1 = Sapling, and 2 = Tree. Given the
application, it would be natural to restrict our attention to d = 2, but since the
techniques we develop will be applicable to other systems we consider the general
case.

In the forest model, it is natural to assume that dispersal of seeds is long range.
To simplify our calculations, we will not use a continuous dispersal distribution for
tree seeds, but instead let f;(z, L) denote the fraction of sites of type i in the box

x4+ [—L, L] and declare that site = changes
e 0 — 1 at rate Bfa(x, L)
e 1 — 2 at rate w(fo(z, kL))
e 1 — 0 at rate
e 2 — 0 at rate v

The configuration with all sites 0 is an absorbing state. This naturally raises the
question of finding conditions that guarantee that coexistence occurs, i.e., there is
a stationary distribution in which all three types are present. Our model has three
states but it is “attractive,” i.e., if xo(x) < x((z) for all  then we can construct the
two processes on the same space so that this inequality holds for all time. From this,

it follows from the usual argument that if we start from y2(x) = 2 then x? converges
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to a limit x% that is a translation invariant stationary distribution, and there will
be a nontrivial stationary distribution if and only if P(x%(0) = 0) < 1. Since 2’s
give birth to 1’s and 1’s grow into 2’s, if x% is nontrivial then both species will be
present with positive density in y%.

If w = v is constant, 4 = 1+9, and v = 1 then our system reduces to one studied
by Krone [36]. In his model, 1’s are juveniles who are not yet able to reproduce.
Krone proved the existence of nontrivial stationary distributions in his model by
using a simple comparison between the sites in state 2 and a discrete time finite-
dependent oriented percolation. In the percolation process we have an edge from
(x,n) —» (x+1,n+ 1) if a 2 at x at time ne will give birth to a 1 at = + 1, which
then grows to a 2 before time (n + 1)e, and there are no deaths at x or z + 1 in
[ne, (n+1)e]. As the reader can imagine, this argument produces a very crude result
about the parameter values for which coexistence occurs.

A simple comparison shows that if we replace the decreasing function w(G) in
the Staver-Levin model, y;, by the constant w = w(1), to obtain a special case 7,
of Krone’s model, then y; dominates 7, in the sense that given x, = ny the two
processes can be coupled so that x; = n, for all . Because of this, we can prove
existence of nontrivial stationary distribution in the Staver-Levin model by studying

Krone’s model. To do this under the assumption of long range interactions, we begin

with the mean field ODE:

dG

— = T — T
I wS + v BG
dsS

% =wS —T.

Here w is a constant. When it is a function we will write w(G).
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Since G + S +T =1, we can set G =1 — S — T and reduce the system to two
equations for S and T. To guess a sufficient condition for coexistence in the long

range limit we note that:

Lemma 4.1.1. For the mean-field ODE (4.2), S = 0,T = 0 is not an attracting
fixed point if
ur < w(p —v). (4.3)

On the other hand, S = 0,T = 0 is attracting if

uv > w(f —v). (4.4)

Proof. When (S,T) ~ (0,0) and hence G ~ 1, the mean-field ODE is approximately:

dS/dt S (—(w+p) B
(dT/dt)NA<T> where A—< " )
The trace of A, which is the sum of its eigenvalues is negative, so (0,0) is not
attracting if the determinant of A, which is the product of the eigenvalues is negative.
Since (w + p)v — fw < 0 if and only if uv < (f — v)w, we have proved the desired

result. Similarly, (0,0) is attracting if the determinant of A is positive, which implies

(4.4). 0

Theorem 4.1. Let n; be Krone’s model with parameters that satisfy (4.3) Then when
L is large enough, 1, survives with positive probability starting from a finite number

of nonzero sites and n; has a nontrivial stationary distribution .

Foxall [25] has shown that for Krone’s model the existence of non-trivial stationary
distribution is equivalent to survival for a finite set of non-zero sites, so we only have
to prove one of these conclusions. However, our proof is via a block construction, so
we get both conclusions at the same time.

Our next result is a converse, which does not require the assumption of long

range.
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Theorem 4.2. Suppose pv = w(f —v). Then for any L > 0, Krone’s model 1, dies

out, i.e., for any initial configuration ny with finitely many non-zero sites:

lim P(n:(z) =0) = 1.

t—00

If ywv > w(B — v), then for any any initial configuration ny and any v € Z%, the
probability
PEt >0, s.t. ns(x) =0,Vs = 1t) = 1.

The second conclusion implies that that there is no non-trivial stationary distribu-
tion. Comparing with Krone’s model we see that if ur > w(0)(5 — v) then the

Staver-Levin model dies out.
4.1.1  Survival when Zero is Stable

When pv > w(1)(8 — v), the Staver-Levin ODE (4.1) may have another stable fixed
point in the positive density region (and also an unstable fixed point in between),
the Staver-Levin model, like the quadratic contact process studied by [16], [44] and
[1] may have a nontrivial stationary distribution when (0, 0) is attracting.
Based on the observation in [58] mentioned above, it is natural to assume that
w(+) is a step function. In our proof we let :
wo, G€[0,1—0p)
w(G) = (4.5)
wi, G e[1—0dp,1]
where wy > wy and &y € (0,1). However, according to the monotonicity of y;, our
result about the existence of a nontrivial stationary distribution will also hold if one
replaces the ”="in (4.5) by ”>=" since the new process dominates the old one.
To prove the existence of a nontrivial stationary distribution under the assump-

tion of long range, a natural approach would be to show that when L — oo and space
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is rescaled by diving by L, the Staver-Levin model converges weakly to the solution

of following integro-differential equation:

% = 8D} (z,1)G — pS — w[Dg (x,1)]9
dT(x,t)
2l — DS, 1)]S — T (4.6)

where G =1 -5 —T and
SI+[_171]d T(y7 t) dyl e dyd

G S:BJF[,R’H]d G(:U: t) dyl o dyd
Dn (I7t) = (2/{)d )

are the local densities of trees and grass on the rescaled lattice. The first problem
with this approach is that since the density is computed by examining all sites in a
square, there is not a good dual process, which was the key to proofs in [60], [16],
[44] and [1]. The second problem is that one does not know much about the limiting
IDE. Results of Weinberger [62] show the existence of wave speeds and provide a
convergence theorem in the case of a single equation, but we do not know of results
for a pair of equations.

To avoid these difficulties, we will construct test functions Si.s; and Ties, SO
that under (4.6), the derivatives will always be positive for all z in {Tj.s > 0} and
m, where A stands for the closure of set A. The positive derivative implies
that after a positive time the solution will dominate translates of the initial condition
by positive and negative amounts. Monotonicity then implies that the solution will
expand linearly and the result follows from a block construction. Details can be

found in Section 4.8.

Theorem 4.3. Recall the definition of w(G) in (4.5). Under condition

Buwo > 2% (1 + wy), (4.7)
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there is a constant So(B,wo, v, ) so that if
50 S (0, 27dSO>
the Staver-Levin forest model x; survives when L 1s large for any wy = 0 and k > 0.

Combining Theorems 4.1-4.3 we have the following results for the Staver-Levin

model

1. When pur < w(1)(8 — v), x¢ survives from a finite set of nonzero sites when L

is large.

2. When pv = w(0)(8 — v), x; dies out from a finite set of nonzero sites for all

L>1.

3. When uv > w(1)(8 — v), under the hypotheses of Theorem 4.3, x; can still
survive from a finite set of nonzero sites when L is large, no matter how small

is wi.
4.1.2  Sketch of the Proof of Theorem 4.1

Most of the remainder of this chapter is devoted to the proof of Theorem 4.1. We

will now describe the main ideas and then explain where the details can be found.

(i) The key idea is due to Grannan and Swindle [28]. They consider a model
of a catalytic surface in which atoms of type i = 1,2 land at vacant sites (0’s) at
rate p;, while adjacent 1,2 pairs turn into 0,0 at rate co. If after a landing event,
several 1,2 pairs are created, one is chosen at random to be removed. The first type
of event is the absorption of an atom onto the surface of the catalyst, while the
second is a chemical reaction, e.g., carbon monoxide C'O and oxygen O reacting to
produce C'Os. The last reaction occurs in the catalytic converted in your car, but

the appropriate model for that system is more complicated. An oxygen molecule O,
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lands and dissociates to two O bound to the surface when a pair of adjacent sites is
vacant. See Durrett and Swindle [18] for more details about the phase transition in
the system.

Suppose without loss of generality that p; + po = 1. In this case Grannan and
Swindle [28] showed that if p; # pe the only possible stationary distributions con-
centrate configurations that are = 1 or = 2. Mountford and Sudbury [43] later
improved this result by showing that if p; > 1/2 and the initial configuration has
infinitely many 1’s then the system converges to the all 1’s state.

The key to the Grannan-Swindle argument was to consider

Q) =Y e N lg[m(2)).

x

where |z = sup; |z;| is the L* norm, ¢(0) = 0, ¢(1) = 1, and ¢(2) = —1. If
A is small enough then dEQ/dt = 0 so @ is a bounded submartingale and hence
converges almost surely to a limit. Since an absorption or chemical reaction in
[-K, K]¢ changes @ by an amount > §, it follows that such events eventually do

not occur.

(ii) Recovery from small density is the next step. We will pick ¢, > 0
small, let ¢ = [eyL] be the integer part of ¢yL and divide space into small bozes
B, = 20z + (—¢,0]¢. To make the number of 1’s and 2’s in the various small boxes
sufficient to describe the state of the process, we declare two small boxes to be
neighbors if all of their points are within an L* distance L. For the “truncated
process”, which is stochastically bounded by 7;, and in which births of trees can only
occur between sites in neighboring small boxes, we will show that if x € (d/2,d) and
we start with a configuration that has L"” non-zero sites in By and 0 elsewhere, then
the system will recover and produce a small box B, at time 7 in which the density

of nonzero sites is ag > 0 and P(7 > tolog L) < L¥?7*. See Lemma 4.3.1. To prove
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this, we use an analogue of Grannan and Swindle’s (). The fact that (0,0) is an
unstable fixed point implies dEQ/dt > 0 as long as the density in all small boxes is

< ap.

(iii) Bounding the location of the positive density box is the next step.
To do this we use a comparison with branching random walk to show that the
small box B, with density ag constructed in Step 2 is not too far from 0. Random
walk estimates will later be used to control how far it will wander as we iterate the
construction. For this step it is important that the truncated process is invariant
under reflection, so the mean displacement is 0. If we try to work directly with the
original interacting particle system 7; then it is hard to show that the increments
between box locations are independent and have mean 0. It is for this reason we

introduced the truncated process.

(iv) Moving particles. The final ingredient in the block construction is to show
that given a small block B, with positive density and any y with |y — 2|, < [c¢log L]
then if ¢ is small enough it is very likely that there will be > L" particles in By at
time [clog L]. Choosing y appropriately and then using the recovery lemma we can

get lower bounds on the spread of the process.

(v) Block construction. Once we have completed steps (ii), (iii), and (iv),
it is straightforward to show that our system dominates a one-dependent oriented
percolation. This shows that the system survives from a finite set with positive

probability and proves the existence of non-trivial stationary distribution.

The truncated process is defined in Section 4.2 and a graphical representation is
used to couple it, Krone’s model, and the Staver-Levin model. In Section 4.3 we use
the Grannan-Swindle argument to do step (ii). The dying out result, Theorem 4.2,
is proved in Section 4.4. In Sections 4.5, 4.6, and 4.7 take care of steps (iii), (iv),

and (v). In Section 4.8 we prove Theorem 4.3.
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4.2 Box Process and Graphical Representation

For some fixed ¢y > 0 which will be specified in (4.11), let | = [¢oL] and divide space
Z% into small boxes:

B, =2z + (-1,]]? zeZz?

For any x € Z% there is a unique 2’ such that z € B,.. Define the new neighborhood

of interaction as follows: For any y € Ey/, y € N(z) if and only if

sup  |lz1 — 2| < L.
Z1€Bz/,z2€By/

It is easy to see that N(x) < B,(L) where B,(L) is the L* neighborhood centered

at x with range L. To show that
N(x) 2 B,((1 —4ey)L) (4.8)

we note that if |z — y| < (1 —4€)L, 21 € By, and 2z, € By, where B, and B, are

the small boxes containing x and y:
|21 = zof <z — 2| + |z =y + |y — 22 < 4([eoL]) + (1 — 4eo) L < L.

Given the new neighborhood N (x), we define the truncated version of Krone’s model

& by its transition rates:

transtion at rate
1-0 7
2—-0 v
1—-2 w

0—1 ANy (N(2) /(2L + 1)1

where N;(S) stands for the number of 4’s in the set S.
For any z € Z¢ and ¢ € {0, 1, 2}Zd, define n;(x, ) to be the number of type i’s in

the small box B, in the configuration £. The box process is defined by

Gi(x) = (na(x, &), n2(, &)) , Yo € Z°
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Then ¢ is a Markov process on {(ny,ns) : ny,ns = 0,01 + ny < |By|}%" in which:

transition at rate
G(2) = G(z) = (1,0) pé ()
G(z) = G(z) = (0,1) V(i (x)
G(z) = G(z) + (=1,1) w(i (x)
G(2) = G(z) + (1,0) ¢ (@) Zy:ByCN(a;) B¢ (y)

where
(@) = |Bo| = ¢} (w) = G ()
be the number of 0’s in that small box.

Because (; only records the number of particles in any small box, and the neigh-
borhood is defined so that all sites in the same small box have the same neighbors,
the distribution of (; is symmetric under reflection in any axis. The main use for
this observation is that the displacement of the location of the positive density box

produced by the recovery lemma in Section 4.3 has mean 0.
4.2.1 Graphical Representation

We will use the graphical representation similar as in [36] to construct Krone’s model

7; and the truncated version & on the same probability space, so that
(%) If no = & then we will have n, > & for all ¢.
Note that ¢ > v. We use independent families of Poisson processes for each x € Z,

as follows:

{V¥:n > 1} with rate v. We put an x at space-time point (z, V,*) and write

a 012 next to it to indicate a death will occur if x is occupied by a 1 or a 2.

{U? : n > 1} with rate g —v. We put an x at space-time point (z,U?) and

write a d; next to it to indicate a death will occur if x is occupied by 1.
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{W? :n > 1} with rate w. We put an e at space-time point (x, W) which

indicates that if x is in state 1, it will become a 2.

{T*Y : n > 1} with rate 8/|By| for all y € N(x). We draw a solid arrow from
(x, T5Y) to (y,T¥¥) to indicate that if = is occupied by a 2 and y is vacant,

then a birth will occur at x in either process.

{T*Y : n = 1} with rate 8/|Bo| for all y € B,(L) — N(x). We draw a dashed
arrow from (x, T>Y) to (y, T>Y) to indicate that if « is occupied by a 2 and y

is vacant then a birth will occur at x in the process &;.

Standard arguments that go back to Harris [31] over forty years ago, guarantee that
we have constructed the desired processes. Since each flip preserves n, > &, the
stochastic order (*) is satisfied.

To finish the construction of the Staver-Levin model, x;, we add another family
of Poisson process {W¥ : n > 1} with rate 1 — w, and independent random variables
Wy, uniform on (0,1). At any time W2 if x is in state 1, it will increase to state 2 if

w(folr, kL)) —w

1—w

Wy >

)

These events take care of the extra growth of 1’s into 2’s in ;. Again every flip

preserves X = 1) SO we have

(xx) If xo = no then we will have x; = n; for all t.
4.3 Recovery Lemma

Given (4.3), one can pick a 6, which must be > 1, such that

M+w<0<é (4.9)
w v
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so we have

Ow — (w+ u) > 0, f—0v>0

and since the inequalities above are strict, we can pick some ag > 0 and p € (0,1)
such that

Ow — (w+ p) = p, B(1 —4ag) — v = Op. (4.10)

Now we can let the undetermined ¢y in the definition of & in Section 4.2 be a positive
constant such that

(1 —4e)? > 1 — 2ay. (4.11)

Fix some «a € (d/2,d). We start with an initial configuration in =y, the &, that have
&(z) = 0 for all x ¢ BO and the number of nonzero sites in EO is at least L®. We

define a stopping time 7:
7 = inf{t : 3z € Z% such that n,(x,&) + no(z, &) = a0|30|} (4.12)

Lemma 4.3.1. Recovery Lemma. Suppose we start the truncated version of

Krone’s model from a § € Zy . Let to = 2d/p. When L is large,
P(1 > tglog L) < L¥?7°, (4.13)
Proof. As mentioned in the introduction, we consider

Q&) = A 2 e—Allew[&(x)]

zeZd
where A = L™tay/2 and
0 if £(x) = 0
wlg(z)] = {1 if&(x) =1
0 if £(z) = 2
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If we imagine R? divided into cubes with centers at A\Z% and think about sums

approximating an integral then we see that

MY eNel < eWJ e Il dz < Uy (4.14)

d
reZd R

for all A € (0,1]. From this it follows that

Q&) < U149y (4.15)

Remark. Here, and in what follows, we subscript important constants by the
lemmas or formulas where they were first introduced, so it will be easier for the

reader to find where they are defined. U’s are upper bounds that are independent of

A e (0,1].
Our next step towards Lemma 4.3.1 is to study the infinitesimal mean

EQUEs) - Qe = €]

Lemma 4.3.2. For all € such that ny(z,€) + ny(z,€) < ag|Bo| and for all x € Z°,
w(&) = pQ(&) where p is defined in (4.10).

Proof. Straightforward calculation gives

M S 10— 1 e

£@)=1

NN e _ gue— el
Z 2,

(z)=0 §(x)=2

(4.16)

For the second term in the equation above, we interchange the roles of x and y then

rearrange the sum:

Z 6 2L+1) R S CY AN | L S S )

£(z)=2 yeN (z),£(y)=0
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Noting that A = L™'ag/2, and that for any z and y € N'(z) < B,, —L < |ly||—|z| < L
we have

e Ml 3 =002 Mal 3 (1 _ gq)e Mo,

Using this with ny(z, &) + na(z,€) < ag|Bo|, and B,[(1 — 460>L] < N(z) from (4.8),

— :I:\ NO 460)[1]) Azl
Z52L+1 e Zﬁ 2L+1) e
> (1—ao)[(1 — 4€)* — ag] >, Be Ml
£@)=2

Recall that by (4.11), € is small enough so that (1 — 4¢p)? > 1 — 2ag. This choice

implies

Z p2V At [ (z) o Aal > (1 — ap)(1 — 3ap) Z BefAHxH

a€
£(2)=0 (2L +1) £(z)=2

> (1 — 4ayp) Z Be M=l
£(z)=2

Combining inequality above with (4.16) and (4.10) gives

p(€) = X4 Y70 = Dw — ple ™4 x4 Y [(1 = 4ag)B — Ov]e M = pQ(8).

£(z)=1 E(x)=2

which proves the desired result. ]

Then for any initial configuration &y, define

M= Qle) - Qle) - [ () ds (4.17)

According to Dynkin’s formula, M, is a martingale with FM; = 0.

Lemma 4.3.3. There are constants Lyz3 and Uy33 < o0 so that when L > Lyss,

we have EM? < UsssL™% for all t = 0, and hence

E <sup Mf) < AUy 53L7%. (4.18)

s<t
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Proof. Using (4.16) and (4.14) we see that

1(€)] < C5 = 0(B + w + i+ v)Upra). (4.19)

To calculate EM?2, let 7 = it/n.

n—1
EM? = Y E(Mp, — My)?
o (4.20)
n—l iy 2
= Z E [Q(&al) — Q&) — f M(fs)dSI :
i=0

n
ti

The path of M, s € [0, t] is always a right continuous function with left limit. To
control the limit of the sum, we first consider the total variation of My, s € [0,¢].

For each n, let

— M, |.

i+1

n—1
Vt(n) = Z ‘Mtﬂ
i=0

By definition,

n—1 n—1

Vt(n) < Z ‘Q(ft;;rl) — Q)| + 2

=0 1=0

f% pu(&s)ds

n
7

t
<Vi+ f w(&)]ds < Vi + L) ot
0

where

Vi= ) Q&) — Q&)

sell;

to be the total variation of Q(&,) in [0, t] and II; be the set of jump times of &, in [0,t],
which is by definition a countable set. To control V;, write I, = ugozoni’“% where for
each k, Hgk) is the set of times in which £ has a transition at a vertex contained in
Hy, = By(kL)\By((k — 1)L). Then according to (4.14), there is some L4335 < 00 and
Cc,, 0%, < o, such that for all L > Lyss,
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18

Vi< 3 [ E(P]) s s |QEE) - Q&)

etk ¢ ¢ e f0,1,2)7"

Bl
Il
=}

| Ey)=¢&y Yy +a |

ee}
< Ol ) ke ™M < Ot
k=0

(4.21)

which implies that V; < oo almost surely, and that M; is a process with finite variation

and definitely bounded. Using Proposition 3.4 on page 67 of [22] and the fact that

M; is a bounded right-continuous martingale, we have

It

n—1
2 B(My, = My )* = [M],
=0

where [M]; is the quadratic variation of M;. Noting that for any n

n—1
S By, - 217 = EM,

i=0
combining this with the L' convergence in (4.22), we have
EM? = E[M],.

Since M, is a martingale of finite variation, Exercise 3.8.12 of [2] implies

[M]t = Z (Q(fs) - Q(gsf))Q'

sell;
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So for E[M];, similar as in (4.21), there is some Uy 33 < 0, such that when L > L4333

EM <Y [ E(P) s s (QE) - Q)

k=0 el ¢ ¢ e 0,1,2)2"
(4.24)
B ) =W Vy+= i
0
< Cf).gL_Qd Z kd_le_”\kt < U4_3_3L_dt.
k=0
(4.24) immediately implies that
EM? = E[M], < UyzsL™%
which completes the proof. O]

At this point, we have all the tools needed in the proof of Lemma 4.3.1. If {; € =

there is a u437 > 0 such that for all & in Lemma 4.3.1:

ugs1 L~ < Q(&).
Using (4.18) now

E ( sup M52> < 4U4.3.3L_dt0 10gL

s<tplog L

so by Chebyshev’s inequality and the fact that o > d/2:
> < 8U4_3.3L_dt0 10gL

—d+a
P < sup |Ms| = ug31L /2 I —2(d—a)

2
s<tolog L Uy3.1

= O(L?*"log L)
= o(L¥?*7*) - 0.

Consider the event {7 > tglog L}. For any s < tolog L, ny(z,&5) + no(z,&s) <

ao| By, for all z € Z%, so by Lemma 4.3.2, u(&,) = pQ(&,). Consider the set:

A= { sup |M5| < U4.3'1L_d+a/2} N {T > 1 10gL}

s<tolog L
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On A we will have that for all ¢ € [0, ¢, log L],

¢
Q(&) = ugs  L™/2 + ,OJO Q(&)ds.

If we let f(t) = ePluyz, L~ %"/2, then

f(t) = ug3aL7/2 + pJ f(s)ds.
0

Reasoning as in the proof of Gronwall’s inequality:

Lemma 4.3.4. On the event A, Q(&) = f(t) for all t € [0, log L]

Proof. Suppose the lemma does not hold. Let t; = inf{t € [0,tplog L] : Q(&) <
f(t)}. By right-continuity of Q(&), Q(&,) < f(t1) and t; > 0. However, by definition
of t1, we have Q(&) = f(t) on [0,1), and by right-continuity of Q(&;) near t = 0,

the inequality is strict in a neighborhood of 0. Thus we have

U4'3,1L7d+a t1
= - s d
Q) > 2T+ | Qe

Ug 3 L0

s 0| seas = pw)

which is a contradiction to the definition of ¢;.. O
Recalling that ¢, = 2d/p
f(t() log L) = epto 1OgLU,4_3_1L_d+a/2 = U4.3_1Ld+a/2.

When L is large this will be > 0U(414), the largest possible value of Q(&). Thus
the assumption that P(A > 0) has lead to a contradiction, and we have finished the

proof of Lemma 4.3.1. O
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4.4 Proof of Theorem 4.2

As in the proof of Lemma 4.3.2, we are able to prove the extinction result in Theorem

4.2, which does not require the assumption of long range.

Proof. When pv = w(f —v), if < v, the system dies out since 7; can be bounded
by a subcritical contact process with birth rate 5 and death rate v (the special case
of m; when w = ). Otherwise, we can find a ¢’ such that

>0 >—=>1.
w 1%

For 7, starting from 7y with a finite number of non-zero sites, consider

Sm) = D Intwy=1 + 0Ly (@)=

xeZd

Similarly, let p(n;) be the infinitesimal mean of S(1;). Repeating the calculation in
the proof of Lemma 4.3.2, we have

p(ne) = D [w(O = 1) = plly @)=t + [—0'v + fola, ) 811y, (@)=2-

reZd

Noting that w(f#’ — 1) — u < 0 and that
—0'v + folz,m)p < —0'v+ 5 <0

we have shown that p(n;) < 0 for all £ = 0. Thus S(7;) is a nonnegative supermartin-
gale. By martingale convergence theorem, S(7;) converge to some limit as t — o0.
Note that each jump in 7, will change S(n;) by 1,0 or #/ — 1 > 0. Thus to have
convergence of S(7;), with probability one there must be only finite jumps in each
path of n;, which implies that with probability one 7, will end up at configuration of

all 0’s, which is the absorbing state.
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For the second part of the theorem, there is no non-trivial stationary distribution

when 5 < v. When > v, note that when uv > w(f — v), there is a ¢’ such that

thu)>6’>§>1.
w 1%

We again use the

Q'(m) = ) e [ny(w)]

xeZd

similar to the ) introduced at the beginning of Lemma 4.3.1, with ' > 0 and

0 if n(z) = 0
wn(z)] =4 1 ifn()=1
g if n(z) =2

Consider the infinitesimal mean of @’(n;). Using exactly the same argument as in

Lemma 4.3.2, we have for any 7,

p) < D [0 = Dw—ple M4 Y (BeM — v)e

n(z)=1 n(z)=2

Thus when X is small enough, 1/(n) < 0 for all 5 € {0,1,2}%" and Q’(n,) is a nonneg-
ative supermartingale and thus has to converge a.s. to a limit. Then for any z € Z¢,

a flip at point x will contribute at least
e Nl min{1,0 — 1}

to the total value of (). So with probability one there is a t < oo such that there is
no flip at site x after time ¢, which can only correspond to the case where ns(z) = 0

for all s € [t, ). O
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4.5 Spatial Location of the Positive Density Box

The argument in the previous section proves the existence of a small box B, with
positive density, but this is not useful if we do not have control over its location.
To do this, we note that the graphical representation in Section 4.2 shows that box
process & can be stochastically bounded by Krone’s model 7, starting from the same
initial configuration. Krone’s model can in turn be bounded by a branching random
walk 7; in which there are no deaths, 2’s give birth to 2’s at rate [, and births are

not suppressed even if the site is occupied.

Lemma 4.5.1. Suppose we start from ~yo such that vo(x) = 2 for allx € By, Yol(z) =0
otherwise. Let My(t) be the largest of the absolute values of the kth coordinate among

the occupied sites at time t. If L is large enough then for any m > 0 we have
P(M;(t) = 1+ (28 + m)Lt) < 2¢7™|By|. (4.25)
From this it follows that there is a Cy51 < 90 S0,
E ([My(tolog L)]?) < Cys51(Llog L)? (4.26)

Proof. First we will start from the case where v has only one particle at 0. Rescale
space by dividing by L. In the limit as L — o we have a branching random walk 4,
with births displaced by an amount uniform on [—1,1]¢. We begin by showing that
the corresponding maximum has EM2(tglog L) < C(log L)% To this we note that

mean number of particles in A at time ¢
E(7(A)) = " P(S(t) € A)

where S(t) is a random walk that makes jumps uniform on [—1,1]¢ at rate 3. Let

Sk(t) be the kth coordinate of S(t),. We have

Eexp(054(1)) = exp(B[6(6) — 1]) with  6(6) = (¢ + ¢~*)/2.
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Large deviations implies that for any 8 > 0

P(Si(t) = x) < e exp(Bt[¢(0) — 1]).
By Symmetry, we have that
P(|S(t)] = x) < 2¢7% exp(Bt[6(6) — 1]).

and hence that

P(M(t) = x) < 2e % exp(Bt[o(h) — 1]). (4.27)

since the right-hand side gives the expected number of particles with kth component
= T.

To prove the lemma now we return to the case L < c0. Let ¢(0) = E exp(0Sk)(t))
where S(t) is a random walk that makes jumps uniform on [—1,1]¢ A Z4/L at rate
B. When 6 = 1, $(1) — 1 = 0.543, so if L is large ¢(1) — 1 < 1, and by the argument
that led to (4.27)

P(Mi(t) = (28 + m)t) < 2 ™.

The last result is for starting for one particlee at the origin. If we start with |£§0| in
By/L < [-1,1]% in 5y then

P(My(t) =1+ (28 + m)t) < 2|Byle™.
Taking t = tglog L, and noting that ¢ty = 2d/p > 1, gives the desired result. O

Lemma 4.5.2. For any a > 0, let M} (tglogL) 1 < j < L® be the mazimum of
the absolute value of kth coordinates in the jth copy of a family of independent and
identically distributed branching random walk in Lemma 4.5.1. There is a Cy 59 < 00
so that for large L

P ( max {M](tolog L)} = Cys5.Llog L) <1/L

1<j<Le
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Proof. Taking t = tylog L in (4.25) and recalling |By| = O(L%), the right-hand side
is < L¥exp(—mty log L) for each copy. So the probability on the left hand side in
the lemma < L% exp(—mtglog L) Taking the constant m to be large enough gives

the desired result. O
4.6 Moving Particles in 7,

Let H;, be the set of nonzero sites of 7, in E’x at time ¢. In this section, we will
use the graphical representation in Section 4.2 and an argument from Durrett and

Lanchier [13] to show that

Lemma 4.6.1. There are constants d461 > 0 and an Lygq, < 00 such that for all
L > Lyg1 and any initial configuration ny with |Hoo| = L2
P(|Hy 4| = 046.1|Hopl) > 1 — e L

for any v e {0, +eq, -+, teq}
Proof. We begin with the case v = 0 which is easy. Define GY to be the set of of
points x € By, with (a) no(x) = 1, and (b) no death marks x’s occur in {z} x [0,1].
We have &(z) = 1 on Sy = Hog n Gy, and |Sy| ~ Binomial(|Hopl,e "), so the
desired result follows from large deviations for the Binomial.

For v % 0, define Gy to be the set of of points in G for which (c) there exists a
(o), which produces growth from type 1 to type 2, in {z} x [0,1/2]. We define G, to
be the set of points y in B, so that there are no x’s in {y} x [0,1]. For any z € B,

and y € B, we say that = and y are connected (and write x — y) if there is an arrow

from x to y in (1/2,1). By definition of our process n;(y) = 1 for all y in
S ={y:yeG,, there exists an = € Gy so that x — y}.
It is easy to see that

|Go| ~ Binomial[|Hogl,e (1 — e “/%)]. (4.28)
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Conditional on |Gy
S| ~ Binomial(|B,|, e #[1 — e AlGol/21Bol]y, (4.29)

by Poisson thinning since the events of being the recipient of a birth from By are
independent for different sites in G,.
Since the binomial distribution decays exponentially fast away from the mean,

there is some constant ¢ > 0 such that
P(|Go| > |Hoole (1 — e7/?)/2) = 1 — e L™, (4.30)

To simplify the next computation, we note that 1 — e #" ~ Br as r — 0 so if the ¢

in the definition of the small box is small enough
1= e AGVAB > B1G, /4] By

Let p = e #5|Go|/4|Bo|. A standard large deviations result, see e.g., Lemma 2.8.5 in
[12] shows that if X = Binomial(V,p) then

P(X < Np/2) < exp(—Np/8)
from which the desired result follows. O

Let | - |1 be the L'—norm on Z¢. Our next step is to use Lemma 4.6.1 O(log L)

times to prove

Lemma 4.6.2. For any o € (d/2,d), let Cyg.9 be a constant such that Cy 21080461 >
a —d. There is a finite Lygo > Lyg1 such that for all L > Lygs, any initial con-
figuration ny with |Hyo| = a0]l§0|, and any x € Z¢ such that ||z|; < Cygolog L, we
have

P (’H%[Ca‘ﬁ.zlogL]‘ = La) >1— e*Ld/zl/?
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Proof. Let n = [Cyg2log L]. We can find a sequence xg = 0,21, ,2, = = such
that for all ¢ = 0,--- ,n—1, ;1 —x; € {0,%eq, -+ ,+eq}. Forany i =1,--- n
define the event

A; = {|Hy, il = 846.11Hool}-

By the definition of Cjy¢., ‘Hx,[@'mog L]| > L* on A,. To estimate P(A,) note that
by Lemma 4.6.1

P(A,) =1- Zn: P(AS) =1 — Zn: P(AS|Ai )

i=1 i=1

>1- O4.6.2<10g L)G_Ld/4 =>1-— G_Ld/4/2
when L is large. O]

4.7 Block Construction and the Proof of Theorem 4.1

At this point, we have all the tools to construct the block event and complete the
proof of Theorem 4.1. Let 0 < a < a/2—d/4, K = L'*?*/3 T, = 2mKe, +[-K, K]?,
and T, = 2mKe; + [-K/2,K/2]%. If m + n is even, we say that (m,n) is wet if
there is a positive density small box, i.e., a box with size ¢ and densities of nonzero
sites = ag, in I at some time in [nL% nL®* + Cglog L], where Cg = Cy¢.2 + to. Our

goal is to show

Lemma 4.7.1. If (m,n) is wet then with high probability so is (m+1,n+1), and the

events which produce this are measurable with respect to the graphical representation

in (I'm 0 mgr) x [nL% (n+ 1)L* + Cglog L.
Once this is done, Theorem 4.1 follows. See [11] for more details.

Proof. To prove Lemma 4.7.1, we will alternate two steps, starting from the location
of the initial positive density box B, at time T,. Let Ay = {Ty < oo} which is
the whole space. Assume given a deterministic sequence ¢; with ||0;]| < Cyg2log L.
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If we never meet a failure, the construction will terminate at the first time that
T; > (n+ 1)L* The actual number steps will be random but the number is < N =
[L%/[Cye.2log L]]. We will estimate the probability of success supposing that N steps
are required. This lower bounds the probability of success when we stop at the first

time T; > (n + 1)L% Suppose i > 1.

Deterministic Moving. If at the stopping time 7;_; < oo we have a positive
density small box éyH, then we use results in Section 4.6 to produce a small box
éyi_1+5i with at least L® nonzero sites at time S; = T;_1 + [Cy 6.2 log L]. If we fail we

let S; = o0 and the construction terminates. Let A = {S; < o0}.

Random Recovery. If at the stopping time S; < o0 we have a small box Eyi_ﬁ(;i
with at least L® nonzero sites then we set all of the sites outside the box to 0,
and we use the recovery lemma to produce a positive density small box Eyi at time
S; < T; < S;+tglog L. Again if we fail we let T; = oo and the construction terminates.

Let A; = {T; < wo}. Let Aj(w) = y; — (yi—1 + 9;) on A;, and = 0 on AS .

If we define the partial sums y; = yo + 23:1 d; and X; = 22:1 A; then we
have y; = y; + ¥;. We think of 7; as the mean of the location of the positive
density box and 3; as the random fluctuations in its location. We make no attempt
to adjust the deterministic movements 9; to compensate for the fluctuations. Let
Yend = (Yhgr 0, -+ ,0) € Z% be such that 2K (m + 1)e; € B, ,. We define the d; to
reduce the coordinates y§, k = 2,...d to 0 and then increase yg to yl ,, in all cases

using steps of size < Cyg2log L. Note that
150 = Yenal1 = O(K)/l = O(L*¥?) = o(N)

so we can finish the movements well before N steps. And once this is done we set
the remaining ; to 0. Moreover, note that each successful step in our iteration takes

a time at most Cglog L. Thus we will get t0 yenq by t = nL® + O(L*¥*)Cslog L <
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(n+ 1)L At the first time 7; > (n + 1)L%, we already have

57L = Oa gz = Yend (431)

At this point, we are ready to state the main lemma of this section that controls

the spatial movement in our iteration:

Lemma 4.7.2. For any initial configuration n(Ty) so that there is a small box Byo c

F/

m?’

event Gy with Gy — 1 as L — o0 so that (a) Gx < Ax, (b) on G, |yi—uil| < eL?3

and any sequence 6;, 1 < N with ||0;| < Cye2log L and any e > 0, there is a good

for 1 <i < N. (¢) Gy depends only on the gadgets of graphical representation in

Fm U Fm+1

Proof. The first step is to show that P(Ay) — 1 as L — co. For the ith deterministic

moving step, using the strong Markov property and Lemma 4.6.2, we have
P(AF|Ay) > 1—e 12

Then for the random recovery phase, according to Lemma 4.3.1, we have the condi-

tional probability of success:
P(A;|Af) = P(r; < tglog L) > 1 — L¥?7=,
Combining the two observations, we have
P(4]Ai ) > (1 — e M2y (1 = L#2) 5 1 — o172 _ [d/2-a (4.32)

which implies

P(An)>1- i P(AS) =1 — i P(ASA;y)

i=1 i=1

>1— La(ede/él/Q + Ld/27a) >1— 2Ld/4fa/2 1.

The next step is to control the fluctuations in the movement of our box.
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Lemma 4.7.3. Let F(T;) be the filtration generated by events in the graphical rep-
resentation up to stopping time T;. For any 1 < k < d, {SF}N, is a martingale with

respect to F(T;). E(XF) =0, and var(X%) < Cy73L%log L so for any € we have

P < ax || 5] > eLQ“/3) -0
i<N

Proof. Consider the conditional expectation of A¥ under F(.S;). According to the dis-
cussions about the truncated process right before Subsection 4.2.1, we have E(AF|F(S;)) =
0. Noting that 2¢|A¥| can be bounded by the largest kth coordinate among the oc-
cupies sites of the corresponding branching random walk at time tylog L, Lemma
4.5.1 implies that F((A¥)?|F(S;)) < C(log L)?>. By orthogonality of martingale in-
crements var (X%) < NC(log L)?. Since N < L*/[C52log L] + 1, we have the desired
bound on the variances and the desired result follows from L? maximal inequality

for martingales. [

To check (¢) now note that under A4; the success of A}, | depends only on gadgets

n:
(%yi + [_£C4.6.2 log L, (C4 6.2 10g L]d) X [Ev Si+1]

and that when the ith copy of the truncated process never wanders outside

D; = 20(y;—1 + 0;) + [-Cas2(Llog L), Cy52(L1og L)]d
the success of A;,; under A, | depends only on gadgets in D;. According to Lemma

4.4.2 and the fact that N < L% with probability > 1— L' = 1 —0(1), our construc-

tion only depends on gadgets in the box:
oot [(2€yi + [—4Cy62log L, (Cy65log L]%) x [T}, Siy1] U
(20(yi + 0i1) + [~Cusa(Llog L), Cys5.2(Llog L)]?) x [Sit1, Ti+1]]-

The locations of the y; are controlled by Lemma 4.7.3 so that it is easy to see that the
box defined above is a subset of I',, UI',, 1, and proof of Lemma 4.7.2 is complete. []
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Back to the proof of Lemma 4.7.1. On Gy it follows from (4.31) and Lemma

4.7.2, when we stop at the first time 7; > (n + 1)L*:
ly: = 2K (m + Dea| < €1 + 2[y; — 5i) < 4eK
which implies
By, =2y + (—, 014 T, .

Noting that the success of Gy only depends on gadgets in I';, UT',,;1, we have proved
that Gy is measurable with respect to the space-time box in the statement of Lemma

4.7.1, which completes the proof of Lemma 4.7.1 and Theorem 4.1. ]
4.8 Proof of Theorem 4.3

Our First Step is to construct the test functions for S and 7" and show that, under
(4.6), they have positive derivatives for all sites in the region of interest. According

to (4.7), we can choose ¥ € (0, 1) such that

wio < H (4.33)
Let
v 1-%
e "
and let:
T, = 1?’%, Sy = 1712700. (4.35)
Note that
So + 1o = 2o, So/To = 7o- (4.36)

Recall that for any x € Z% and r > 0, B(x,r) is defined in Section 4.2 to be the
L* neighborhood of x with range r. With Sy, Ty defined as above and €451 to be
specified later, define the test functions Sies(x,0) and Tiesi(x,0) as follows (Figure
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1 shows those test functions when d = 1): let Sieq(z,0) = Sy on B(0, M — €451),
Stest(x,0) = 0 on B(0, M)¢, and

d[l‘, B(O, M)C]So
dlz, B(0, M)¢] + d[z, B(0, M — €451)]

Stest(x,0) = (4.37)

for z € B(0, M —e€451)°n B(0, M). Similarly, let Tyq(x,0) = Ty on B(0, M —3e451),
Tiest(,0) =0 on B(0, M — 2¢451)¢, and

dlz, B(0, M — 2¢e451)°]To
dlz, B(0, M — 2¢451)¢] + d[z, B(0, M — 3€481)]

Thest(x,0) = (4.38)

forx € B(0, M —3¢e451)°nB(0, M —2¢451). In the definitions above, M = max{4,4x},
d(z,A) be the distance between z € R and A = R? under L*-norm, €451 =
€481(8,wo, i, v, k) is some positive constant that will be specified later in the proof
of Lemma 4.8.1. The following lemma shows that the test functions have positive

derivatives under IDE (4.6).

Remark. Throughout the discussion in this section, all the €’s, §’s, t’s and ¢’s

introduced are constants independent to the choice of L.

-M M+ 267.1

FIGURE 4.1: Test functions for d = 1

Lemma 4.8.1. Under the conditions in Theorem 4.3, there are €451 and €1 > 0 so
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that under IDE (4.6):
dStest(x7 0)
dt

thest (Q?, O)
dt

> 4e; for all z € B(0, M) = {Si.ss > 0}
(4.39)

> de; for all x € B(0,M — 2€e481) = {Tyest > 0}

Proof. With Ti.s; and Sieq defined as above, for any x € B(0, M), the local grass

density can be upper bounded as follows (see Figure 4.2 for the case when d = 2):

_ d
DC(z,0) <1— (w) Sp<1—27¢ (1 - de‘*'g'l) So.
2K K

€. €

2M —
x = (—M,M)
2K —

€4 €, — K— €71

€71 €71

FIGURE 4.2: S with d = 2. Left: Si.s with d = 2. The big box of size 2M is
region {Sj.ss > 0}. The shadow area is the region where Si.q; = Sp. Right: Worst
case for Si.sy where x = (—M, M). The big box is the local grass environment. The
shadow area is the region where S;.o = Sp.

Noting that d, < 2795y, let

k(1 — 295,/
€(4.40) = ( 1d o/ 0)- (4.40)

It is easy to check that when €451 < €(4.40)
DS(x,0) < 1 — by,

which implies that
w[D%(z,0)] = wo (4.41)
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for all x € B(0, M). Le., all sites in the region of test function live in a environment
with a higher growth rate wy. It is easy to see that the derivative of T} can be

lower bounded by its derivative on the top, i.e., for any z € B(0, M — 2¢451)

dT;fest(wa O) > dﬂest(07 0)

dt dt = WOSO - VTO (442)

and this holds for all x > 0. Note that vy = Sy/Ty according to (4.35). Combining

this observation with the definition of o in (4.34)

S() v

WOSO - VTO = ono <? - w—) = wOTO ("}/ - wi) > 0. (443)
0 0 0

Thus we have the derivative of Ty is always positive for all z € B(0, M — 2€451).
Similarly, we can control the lower bound of derivative for test function S;.s as

follows: for any = € B(z, M)

dStest(xa 0) < ﬁTo(l - 364.8.1)d
dt - 2d

> ﬁTo(l - 3d€4.8.1)

(1 — Sy — T()) — (,u + UJO)SO
(4.44)

(1 — S[) - To) - (,U + CL)Q)SO

For the right side of (4.44) , according to (4.36)

dStest(xa O) > 5T0(1 - 3d€4.8.1)

di od (1—SO—T0) - (,LL+W0)SO

= To(u + wo) [(1 - 3d€4~8-1>u ]

24(1+ wo) o

Again recalling the definition in (4.34) that



we let

rods) = [1 - H] /(6d). (4.45)

So for any es51 < €445 and x € B(0, M)

dStest(xa O) 6(1 - 20)
—= =T 1—3d —_ — 0. 4.46
dt ol + o) | ( 6(4'45’)2‘1(u Tw) )7 (4.46)
Thus let
€181 = Min{€(s.40), €445} > 0 (4.47)
and
1
€1 = —min {ono (’Yo - i) ;
4 Wo
B(1 —3)
To(p + wo) l(l - 3d€(4.45))m —%|¢ >0
Combining (4.43) and (4.46) and the proof is complete. O

With the test functions constructed, our Second Step is similar to the proof of
Theorem 4.1. We introduce the truncated version of the Staver-Levin model, and as
before, denote the process by &. For ¢ = eL, where the exact value of € is specified
later in Lemma 4.8.4, & has birth rate 8|\ (z, L)|/(2L + 1)¢, where N (z, L) in the
truncated neighborhood defined in Section 4.2. Type 1’s and 2’s in &, die at the same

rates as in the original y;, while a growth of a sapling into a tree occurs at rate:

wo G(x,6)ef0,1—9)

&|G(x,¢)] = _
w1 G(:C7£) € [1 - 57 1]
where
_ # of 0’s in N (z, K)
G -
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K = kL, and 6 = g + 4de. First of all, with the same argument as in Section 4.2,
we immediately have that the number of different types in each small box forms a
Markov process ;. According to (4.8):

_ # of 142’5 in N(z, K)
| B(z, K

G(x,€) <1
<G(z,8) +1—(1—46)? < G(z, ) + 4de,

combining this with the definition of d, we have for any & > &, w[G(z,{)] =
w[G(x, )], which implies that the truncated & once again is dominated by the orig-
inal ;. Thus in order to prove Theorem 4.3, it suffices to show that & survives.

The Third Step is to construct a initial configuration of &, according to the test
functions defined in (4.37) and (4.38). For any z € Z% If 20x ¢ B(0, ML) there is
no saplings or trees in B, under &. If 20x € B(0, ML), ny(z,&) = |Bo|Siest(202/L),
no(w, &) = ]BO|7}65,5(2€:1:/L). As noted earlier in the box process &, the locations of
the 1’s and 2’s inside each small box makes no difference.

We then look at f;(z,&;), the densities of type i in each small box. For any ,

the infinitesimal means of f; and fs can be written as follows:

pi(z,€) = 2L +1)7 By ( > f2(y7§)) fo(z, )8

y:Byc N (z,L)

— [@(G(,9)) + ulfi(x, ), (4.48)

/*LQ(xa5> = (’D(G(x7g))f1(‘rag) - VfQ(x7£>'
We prove that

Lemma 4.8.2. There is a €455 > 0 such that for any ¢ = €L < esg2L and the &

defined above, we have
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o (1, &) = 26 for all 20z € B(0, ML + 40).
o us(1, &) = 26 for all 20z € B(0, ML — 2481 L + 40).
Proof. First noting that 6 = dy + 4de, o < 279, for
€(1.49) = (27950 — 69)/(84) (4.49)

§ = dp+4de < 2745 for € < €(4.49). Moreover, for all z such that 20z € B(0, M L+4¢),

€ _ #0f 0's in N(z, K)

G _
(%) = N, B
K—E€ —10e\? (450)
< 1-— ( 4'28'1 ) SO < 1-— 2_dSO(1 - d64,8,1 - 10d€)
KR
Let
80(1 — d€4.8.1) — 2d50 - 0 (4 51)

€5 = TTH008, + 242

It is easy to see that G(z,&) <1 — g —4de = 1 —§ for all € < €(1.51), Which implies
w0(G(x,&)) = wp for all 20x € B(0, ML + 4¢). Thus

pa(2, &) = W(G(x, &) fr(w, &) — vfa(x, &) = woSo — vy > 4e
for all 20z € B(0, ML — 2¢451L + 4¢). Then for the infinitesimal mean of type 1:
iz, &) = (2L + 1)_d|f§0| Z fa(y, &) | folz,€0)8 — [wo + p] fi(, &)
y:BycN (x,L)

Note that

inf (2L + 1)7d|l§o\ Z fo(y.&) | fo(x,&)B

20xe B(0,M L+4¢) X
y:BycN (z,L)

> 271 — 3es51 — 10€)*Ty(1 — Sy — Ty) 3

> 27%(1 — 3dey g1 — 10de)To(1 — Sy — Tp) 3.
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Recalling (4.46), (4.47) and the definition of €, let

2 (4.52)
€ = . .
452 = 5aTo(1 — Sy — To) B
For all € < €450y and any 20x € B(0, ML + 4¢),
pa(z, &) = 2741 — 3degg ) To(1 — So — Tp) B — (wo + 1) So — 261 = 2e;.
Overall, let
€482 = Min{€(4.49), €(4.51), €(4.52) } -

It satisfies the condition of this lemma by definition. O]

Moreover, since that the inequalities for G’s in the proof above are strict and that

all other terms in the infinitesimal mean are continuous, we have:
Lemma 4.8.3. There is some 8,83 > 0 so that for any configuration &) with
|fil@, &) — fi(z,&)| < duss, i=1,2; 20w e B(0,2ML)

we have

o 1y (n, &) = e for all 2¢x € B(0, ML + 40).

o (1, &) = €1 for all 2¢x € B(0, ML — 2¢45, L + 4).
forall ¢ = el < e45-oL.
Proof. First note that for any z such that 2¢x € B(0, M L + 4¢),

|G (2,&) — G2, )] < 20453.

Let
(5(4_53) = [27d50(1 — d€4_8.1 — 10d€4.8_2> — 50 — 4d€4.8.2] /4 > 0. (453)
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For any 0483 < d(a.53), recalling (4.50) and (4.51), we have

Gz, &) < G(x,&) + 20483
< 1 — 2_d50(1 — d64,8.1 — 1Od€4.8,2) + 2(5(4.53)

<1—(50—4(164.8,2<1—50—4d€=1—5

which implies that
0(G(x,&)) = wo (4.54)

for all « such that 2¢x € B(0, ML + 4¢). Furthermore, under (4.54), (4.48) implies

that:
\a(z, &) — pa(w, &) < wodsss + vosss = (wo + v)das3 (4.55)
1 (2, &) — (@, §)| < (2L + 1) By Z fa(y,&0) | 260483
y:BycN (z,L)
(4.56)

+ (2L +1)7Y By Z 0183 | folz,&)B

y:BycN (z,L)
+ 20755+ (wo + 1)duss
for all x such that 20z € B(0, ML + 4¢). Noting that f; <1, 0,83 < 1, (4.56) can be

simplified as:

|/L1(ZL', 50) - Ml(‘rag(/)” < (2 + Sﬁ + wo + /L>64‘8.3~

Thus let
5 . 5 €1 €1
= min , , .
183 459 2w + ) 2(2 + 38 + wy + )
(4.54)-(4.56) show that d,53 satisfies the conditions in our lemma. O
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Both Si.s; and T} are Lipchitz with constants Soe;él and Tge;él. Let Cyyp be
the max of these two constants. At this point, we are ready to specify the size of our

small box and have the lemma as follows:

Lemma 4.8.4. For ¢ = €454, where

54.8‘361 €4.8.2 } (4 57)

€484 = il { 16(8 + wo + 0)Cly 2

& be the truncated process starting from &. At time

" . 0483
484 — 57,5 . N
2(8 4+ wo + )

there is some Cyg4 < 00 such that the probability that
i fl('rv €t4.844) = fl(xa EU) =+ C4.8.4, when 261‘ € B(Ov ML + 46)
o fo(r, &, ..) = folw, &) + caga, when 20x € B(0, ML — 2¢451 L + 4()

is greater than 1 — Cys4L~% when L is large, where

Cona = 04.8.3€1
84 = a2 . v
8(8 + wo + 1)

Proof. Consider the stopping time
7 =min{t: 3z : 20z e B(0,2ML),i =1 or 2,|f;(z,&) — fi(x,&)] > 483}

Note that each site in our system flip at a rate no larger than 8 + wy + p. Accord-
ing to standard large deviations result as we used in Lemma 4.5.1, there is some

c16.1,C161 € (0,00) independent to L such that

P(T <tys4) < Cypa eXp(—C4,6.1Ld) < CygsL7°

110



when L is large. Now consider, o2(z,&;), the infinitesimal variances of the local
densities. According to exactly the same calculation as we did in Lemma 4.3.3, there
is a Cy33 < o0 such that

o7 (2,€) < Cyzsl™ (4.58)

for all x € Z%, i = 1,2 and all configurations £. Thus we can again define Dynkin’s

martingale:
t
0
and Lemma 4.3.3 implies that there is a C4 33 so that

P( sup |Ml(l’,t)| > C4_8'4) < 04.3'3L_d.

t<t4.8.4

Consider the event

Ai(x) = {17 > tyga} 0 { sup |M;(z,t)] < casa}. (4.60)

t<t4.8.4

By definition, there is some Uyg4 < 00, independent to L, such that
P(Ai(2)) > 1 — Upga L™ Vo 5.t.200 € B(0, ML + 4¢).

For any x such that 2¢x € B(0, ML + 4¢), when A;(x) holds, Lemma 4.8.3 implies

that for any x

ta.8.4

fi(@,&yg,) = J €1dt — C484 > C48.4- (4.61)
0

Similarly, for any x such that 20x € B(0, ML — 2¢451L + 4¢), when As(z) holds,

ta.8.4

fo@, &y 4,) = f €1dt — C484 > C48.4- (4.62)
0

So let

A= N Ai(z) | n N As(z) . (4.63)

z:20xe B(0,M L+4¢) z:202€ B(0,M L—2¢4.8.1 L+4¢)
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The conditions in our lemma are satisfied on the event A. Noting that

40
P(A)=>1- > [P(AS(x)) + P(A5(2))] 2 1 — —Usgal ™
2:202€ B(0,M L+4¢) €484
let Cyg4 = 4MdU4,8,4/ej'f.8.4 and the proof is complete. O

For any x € Z% and any ¢ € {0, 1, Q}Zd, define shift(¢, z) to be the configuration

that for any y € Z¢:
shift (¢, ) (y) = €(y — ).

Recalling the definition of Cj;,,, on the event A, for any : = 1,--- ,d,
gt4A8A4 = Shift(éOa i2€€1)7

Monotonicity enables us to restart the construction above from anyone among
the shifts. Note that the success probability of such a construction is of 1 — O(L™%).
So when L is large, with high probability we can do it for 2dlog L times without a
failure. This will give us a "copy” of & at +2/(log L)e; for each i and will take time
T = (log L)tys.4.

Thus we can have out block construction as follows: let
I, = 2¢(log L)z + [~¢log L, ¢log L]¢, Va € Z¢
and T,, = nT, n > 0. We say (x,n) is wet if
&r, = shift(&o, 20(log L)z).

From the construction above, we immediately have that (z,n) is wet then with high
probability (z + e;,n + 1) are all wet for i =1,--- ,d.

To check that with high-probability, the block events are finite-dependent, note
that & is dominated by a branching random walk with birth rate § and initial

configuration &. Lemma 4.4.1 shows that for any m > 0

P(M(Ty) = (28 + m)LTy) < e ™| B(0, (M + 1)L)|
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when L is large enough, where My(t) is the largest kth coordinate among the oc-
cupied sites at time ¢t. Noting that 77 = (log L)t;54 and that the choice of t,g4 is

independent to the choice of L, let

We can control the probability that & wanders too far as follows:

P, ( max (| : &(x) + 0} > (26 + m)LTl) < 2de™™ | B0, (M + 1)L)].
te(0,To
Noting that

—mT _ 6—(10gL)t4.8.4(d+1)/t448.4 —(d+1)10gL _ L—d—l

(& =€
we have
P, (t%ag]{w H6u(x) + 0} = (28 + m)LTl) = L™"'O(LY) -0 (4.65)

as L — oo. Thus noting that ¢ = e4g4L, let

(25 + m)LT1 _ (2B + m)t4,8.4
20 10g L 264.8.4

which is a finite constant independent to the choice of L. As L goes large, we have
that with high probability & cannot exit the following finite union of blocks by time
Tli

U

w2l <R

which implies that the block events we constructed has finite range of dependence.
Then again according to standard block argument in [11] and [31], we complete the

proof of survival for & and this implies Theorem 4.3.
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