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Abstract—The paper examines the role of stability constraints in estiméiterature to get precise information on the behavior of the
tion by dynamic simulation. In particular, it analyzes the behavior of the; At ;

objective function on either side of the boundary of the stability regionrglmleated Objecnve funCtlo,n around the boundary of the
the parameter space. The main finding is that stability constraints mayWastable region. The analysis of the second moment dynam-

ignored because the simulation-based objective function contains a builigg does not attain quite such sharp results, as there are
penalty to enforce stability. A key caveat, however, is that the dynamigy:+: ; ;

stability of the auxiliary model that defines the moment conditions musgﬁddltlonal subtle aspects to the beha\”or of simulated _SGCOI’ld
checked and enforced. An attempt to fit via simulation to moments definBdoments. Nonetheless, the analytical results and an illustra-
by a dynamically unstable auxiliary model can be expected to lead to ige example indicate close parallels between the first and
ill-behaved objective function. second moment cases

The upshot is that, subject to a major caveat, one need not

worry about imposing dynamic stability on the maintained

HIS PAPER examines the behavior of the objectiv@odel itself. Dynamic stability is self-enforcing. If the
Tfunction of dynamic simulation estimators on either sideptimizer wanders into the region of the parameter space
of the boundary of the unstable region of the paramet&here the maintained model is unstable, then the data
space. The estimation context is the dynamic simulatiGimulator generates a wildly explosive simulated realization.
framework of Laroque and Selanie (1989), Smith (1990 he time-series properties of this explosive realization are
1993), Ingram and Lee (1991), Duffie and Singleton (1993yery much unlike the time-series properties of the observed
Gourieroux et al. (1993), Gourieroux and Monfort (1996fjata set over which the auxiliary deviation function is
Bansal et al. (1993, 1995), Gallant and Tauchen (1996a), @}graged. Hence, the objective function attains an exceed-
elsewhere. In this context, the underlying economic modé#lgly high value. Lack of stability thus entails an automatic
which here is termed thmaintained modeldefines a data and very stringent penalty. Practical experience is consistent
generating process from which it is straightforward twith this. Typically, the optimizer is seen to wander once or
generate artificial time series. The data generating procé&ice into the unstable region, but it quickly figures out that
maps a realization of the underlying forcing process andhis is a very unpromising region of the parameter space and
value of a parameter vector to an outcome process, of whays away from then on.
some or all components are observed by the econometricianl he caveat is that automatic stability is ensured if the

The central question addressed in this paper is whett@xiliary model that defines the moment conditions is itself
one needs to impose stability constraints on the maintain@amically stable. As seen in section Ill, the use of a
model, that is, whether one needs to restrict the paramedgpamically unstable auxiliary model can be expected to
space to that region where the maintained model genersdé§ne an MSD objective function with very poor numerical
stationary and ergodic data. The issue is of practicaloperties in both the stable and the unstable regions of the
importance because the econometric theory presuppoBagmeter space. Thus, stability must be checked and
stability, while deducing the actual stability constraints for @nforced on the auxiliary model.
particular dynamic model can be quite formidable.

The question is investigated for a class of simulation II.  Setup and Notation
estimators termed minimum simulated deviation (MSD). An . oo
MSD estimator mimics in the simulation the condition tha’%" Expectations under the Maintained Model
an auxiliary function, called the deviation function, vanishes The maintained model is described as follows. Assume
when averaged over the observed data. The MSD classhig conditional densiti of a vector of outcome variables
sufficiently broad to include many computationally tractablig given by
dynamic simulation-based estimators. The investigation
starts with the case where the auxiliary deviation function is v, ~ h(v,|v,_,, W, ) 1)

a general polynomial function of the data. It then proceeds to

cases involving simulation estimators for the first angherew, is a vector forcing process, angis anl, X 1
second moments of a time series. The analysis of figghrameter vector. The forcing processis assumed to be
moment dynamics utilizes recent results from the unit-roogenerated as

I. Introduction

W, ~ (W[ W1, ) 2)
Received for publication December 11, 1995. Revision accepted for . . . .
publication June 10, 1997. where g(w|w;_1, v) is the conditional density ofy; given
* Duke University. w;_1, andy is anl, X 1 parameter vector. The restriction to

The author wishes to thank three referees and the editor for commen | . . fi 1 d | i
that substantially improved this paper. The research is supported by tHalY one lag of_, appearing in equation (1) and one lag o

National Science Foundation. W, appearing in equation (2) is without loss of generality.

© 1998 by the President and Fellows of Harvard College and the Massachusetts Institute of Technology [ 389 ]



390 THE REVIEW OF ECONOMICS AND STATISTICS

Any system with longer (but finite) lag lengths can be puarlo integration as

into a first-order scheme as above by suitably redefining the

variables. Define the state variatde= (vi w})’ and the 1 N

combined parameter vectpr = (' ') € R C R, B L9 - - = > d%). - ).
wherep is of lengthl, = I, + |, and R is the parameter T

space. Not all elements of the state vectprmay be

observed, and we take For models that generate identically and independently

distributed (iid) datalN might not need to be too large for the
approximation to be quite accurate. However, for models
that display high persistence in mean or variance, experience
Fuggests thatl needs to be on the order of 50,000-100,000
or more to get accurate answers (Tauchen (1997), Gallant
&gd Tauchen (1997)), and Monte Carlo acceleration schemes
an be quite helpful (Andersen and Lund (1997)).

Vi = &(s)

as the observation equation, whgreepresents the observe
vector andp is a smooth function.

The maintained model thus defines a stochastic d
generator for the state procéssand hence for the processC
Iyl Itis assumed to generate stationary and ergodic data for
eachp € R. o B. Simulation Estimators

The econometrician observes the data {§gt,. The
maintained model is assumed to be correctly specified in theDuffie and Singleton (1993) analyze a dynarsimulated
sense that the observed data set has been generated thrBigjhod of momen{SMM) estimator based on the vector
it for some true valug, € R. The econometrician’s task is

to estimatep,. The optimal strategy is, of course, dynamic 1 N ~
maximum likelihood. Use An(p) = NT;L;lv[yH(p), )]
) 3)
n 1 2 . .
puie = argmax >, 10g [p(Fl%-v. - - - e 1. p)] Th2 O
pER t=L+1

wherep(W/Vi_i, - - ., Y1, p) is the transition density of, Wherev(¥i-., . . . ,y1) is a vector-valued function of a stretch
given its past. But for a wide class of interesting models, ti 1€ngthL + 1. The objective function for SMM is
transition density is not available in simple closed form, -
rendering pwe infeasible. The infeasibility of dynamic Qn  (P) = An(p)' WAN(p) (4)
maximum likelihood motivates the use of simulated moment _ _ o _ o
techniques. whereW is an appropriate weighting matrix. SMM mini-

For a candidate valup € R, the econometrician Mizes the length of the difference between the expectation of

done by priming the lags, simulating the processemdw, ["omthe data. _ _
by taking random draws iteratively through equations (1) Here we consider a somewhat more general simulation
and (2), letting the system run for a long time to let thgStimator, termedminimum simulated deviatioMSD),
effects of transients die out, and then retaining the hastWhich is based on an auxiliary deviation function
values of simulate§.(p). The econometrician computes vid(-L - - - ¥, ). The deviation functiom mapsy.-, . ..,
Monte Carlo integration the expectation of nonlinear fun@nd an auxiliary parameter vectore Nl to NRb. Let 6 be
tions under the maintained model. dfy._., . ..,y) is a definedby

function of a stretch of length + 1, then

12 .
Eoer - W= S ain W) 72, M 50 =0 ®)
L
X P(Yiets - - - Yilp) H dy;—j The preceding comprises a system Ipfequations inly
i=0 unknowns, which are presumed to admit a unique sol@ion
) . The MSD estimator mimics condition (5) in the simulation.
means the expectation gfy;—, ,...,y) under the main- Define
tained model givep € R, wherep(y,_. , . . .,¥/p) is the
implied joint density ofy;_, ...,y under the maintained 1 N
model. It is presumed tha is sufficiently regular that the  m (o, 8) = — > [Hi_(p), - . . . (o), 6] (6)
expectation exists. This expectation is computed via Monte \er g}
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which is the analogue of equation (5), but computed Bihe first-order conditions are
averaging with respect to the maintained model instead of
the empirical cumulative distribution functions (cdf) of the 1 .

- E S (V-

data. Define the objective function N, Y, 8) =0 (14)
Qu(p) = My(p, 6)' W\ (p, b) (7) where

whereW is a weighting matrix. The MSD estimator is SOVlYeets - - - Y1, 6)
~ — . a 15
p = argminQu(e). ® gl O

This estimator minimizes the expected length (computed viakingrm = s, then the first-order condition (14) is a special
simulation) of the deviation function. Evidently, the SMM case of equation (5). The objective function for EMM is
estimator is an MSD estimator, as its objective function (4)
takes the form of equation (7) witly(-, 6) = v(:) — 6. EMM/ .\ — 01—l 0 16

A specific example of an MSD estimator is given as QAP = (e, 6) (P, 0) (16)
follows. Lety, be scalarl. = 2, ando € 4. Set

where
MN(Yei-2: ¥i-1: Yo 0) = Y — 04 9) L1 5 3
== > sGw-- % 08 (Fir - -5 0)
N2 Yi-2: Yi-1, Yo 0) = (e — 01)> — 6, (10) Nt=r+1

M3(Ye2 Vi1, Yor 0) = 05 1(¥e — 01)(Ye—t — 01) — 03 (11) is the estimate of the information matrix. If the auxiliary
model fails to provide an adequate statistical description of

Na(Vie2 Yies Yo ) = [(Ye — 01) — 05(Vi_1 — 67)]2 the data, then a weighted covariance estimator would be
X [(Yiig — ) (12) used forl, as discussed in Gallant and Tauchen (1996a).
5 Using arguments parallel to those of Duffie and Singleton
— 03(Yi2 = 01)]° — 64, (1993), Gallant and Tauchen (1996a), and Tauchen (1997),

| L o~ ] ~ one can show that so long as the deviation functjone) in
Then élh) Et|=3 n(%-2 Y tﬁly % 6) 3 0 gllves 0, as the equation (5) is sufficiently regular that there exists a
unconditional mearg as the unconditional variances as o, otre valug such thatyn( — 8) — N(O, V, ), then

t_he flrst—orde_r autocqrrelatlon coefiicient, 'ar&)d as the' the MSD estimator has a well-behaved asymptotic distribu-
first-order serial covariance of the squared linear mnovatlotn

which, in general, is nonzero for time-varying volatilitylon' Doing so formally is beyond the scope of this paper.

models. Implementing MSD amounts to matching theseSmith (1990, 1993) introduces a different simulation
moments. For this particular choice of the weighting estimator, which is extended by Gourieroux et al. (1993) and

matrix of the MSD estimator should be a weighted Cc)Vau,ﬁermedindirect inferenceThis estimator matches directly to

ance estimator (Newey and West (1987), Andrews (1991)) fﬁe QML estimatos defined in equation (13). Set

order to take account of serial correlation in the moment 1 N
functions. Note, for subsequent reference, that each of theg, (o) = argmax— 2
functions comprising, is a polynomial function of; and its b St (17)

lags. This will be important in the stability analysis later. - - -
The efficient method of momen{EMM) estimator of 109 [F(5:(6) F5-L(p). - - - .Fr-1(p). 6)]

Bansal et al. (1993, 1995) and Gallant and Tauchen (199Q@jich is the implied estimate df, that is, the simulated
is an MSD estimator. For EMM, the deviation functions pinding function,when QML estimation is applied to the
defined by the scores of an auxiliary time-series model, thgkylated data sefy.(p)]_,. The objective function for
is, a conditional densit§(y|y -1, ...,Y1,0),0 € O C indirect inference is

e for {y}, which is called thescore generatoiThe score

generator is a statistical model foy,} that need not have ey = [8(o) — 61'TH 21 H ~11-18.(0) — 6

anything directly to do with the maintained model. Léet Qnlp) = [0n(e) I 17 10n(p) |

denote the quasi-maximum-likelihood (QML) estimator  \\nare -4 and I are estimates of the Hessian and informa-

tion matrices, respectively. Indirect inference involves a

~ 12 . L . . )
6 = argmax- E log [f(%/S-ts - - - »¥e1, O)]- (13) Hessian estimation, and, in order to evalu@fgp), it entails
pco Nit=C+1 evaluating the binding function (17) at each simulated
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realization|¥,(p)_,, which can be numerically very inten-without worrying too much about problems when the

sive. optimizer tries to evaluat®y(p) for p € Ryorforp € Re.
Because of the optimization in equation (17), the indireg¥e investigate the consequences of doing so.

inference estimator is not an MSD estimator as defined in

equation (8), which only involves evaluation of simulation

means as in equations (3) and (6). Interestingly, as noted b4.a Polynomial Deviation Functions

referee, and as will be seen below, the behavior of the . . .

indirect inference objective function on the unstable region CO’?S'der the example defined by_ equations (9)_(12.)’ and

turns out to be different from that of an MSD estimator. Th Ote.m partlcular.that then functlons are ponn_omlaI

behavior is difficult to analyze in more complex models lik unf:t|ons ofy and |ts_ !ags. Using polynomlgl fL,mCt'O_nS tp

that of Section IIIC because of the additional optimizatiof€finé moment conditions for SMM estimation is typical in

associated with evaluating the binding function. In whatactice, for example, Foster and Viswanathan (1995).

follows we concentrate on the properties of the objectidkewise, polynomial functions typically appear in the score

functions of the numerically tractable MSD estimatordunction of reasonable auxiliary models for EMM estima-

Where possible, we point out the different behavior dfon. For example, if (yi|yi-L, . . . ,¥i-1, 8) is based on the
indirect inference. exponential family, then polynomials will appear in the
score function.
. Main Results Suppose, for simplicity, that is a scalar process and that

. . _ . n(h, 8) = =K, a(®)y* is a scalar-valued function polyno-
The central topic of interest for this paper is the domaifial whose coefficientsy(0) depend on a scala@. The

over whichp is allowed to vary in performing the mimmiza‘components ofy in equations (9)—(12) are polynomials like
tion of Qn(p) for the MSD estimator as defined in equatiofis Then

(8). It is simple enough to write down
K

argminQy(p). as ¥ ak(é)(% 2 y =0 (19)
t=1

PER k=0

However, this presumes the econometrician actually h@sierminesd. Throughout, we condition on the observed
figured out the exact regioR over which the mamtamed%‘ a

del . q dic data. Tvoicall ata set{§,Ji_,, and henced in equation (19) is fixed.
model generates stationary and ergodic data. Typically, ﬁecializing equation (6) to this case, which is the mimick-
parameter spacR is a subset of a larger and more natur

spaceR* = R U Ry U R, C k. The regionsR, Ry, g of equation (19), gives

and R.are mutually disjoint, and fgr € R the maintained K 1N
model generates strictly stationary and ergodic datg far o NN o
Ry, it generates borderline (unit-root type) nonstationary M(p. 0) Zoak(e) Nglyt(p) ' (20)

data; forp € R, it generates explosive data. The presump-

tion that the true data-generation process (DGP) is stationanow letp € R* — R, which is the nonergodic region

and ergodic meang, € R. In formulating the model, on which one expect§n(p)| — © asN — o. Consider

however, it is often more natural to work in terms B *

than . n(e)|
In actual practice, computing equation (18) means that the —

stability constraint has to be imposed during the estimation.

For anything more complicated than a univariate AR(lé o )

characterizing the stability seR within R* can be BY this it is meant that for eac_1h_> O.there (?X|sNC s_uch that

burdensome. Even for an AR(2), the stability set depends dn(P)| = Nc for all N = Ne. This is simple linear divergence

the parameters ina Compncated manner, as suggested b)QfH@e simulated realization, which would be eaSin satisfied

famous diagram for a second-order deterministic autoregry. say, a realization from an autoregression with a coeffi-

sion (Baumol (1970, p. 221)). Monahan (1984) providescent on or outside the unit circle. The Cesaro sum of any

strategy for imposing stability on a univariate AR(More power ofy.(p) must likewise diverge:

generally, though, for any kind of complicated nonlinear

problem, the characterization & represents a formidable Proposition 1: Suppose € R* — R and equation

challenge. The natural thing to do is simply to ignore th@1) holds. Then, for eadh= 1,

stability constraints and attempt to compute

(21)

— o0, (22)

l N
argminQy(p) ’N 21 9:(p)«

pER*
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Proof: For sufficiently largeN, |In(p)] = 1 and so and py € (—1, 1). The econometrician knows the DGP,
In(P)| *= |In(p)|; hencelYn(p) | YN — . But observesy,)i_;, and must estimate Evidentlypue = 2,
S/ 2, 7, is readily available, and there is no actual
need to undertake estimation by simulation. Nonetheless, for

N = ‘N 2 9.(p)~ the sake of examining the role of the stability constraints, we
=1 consider MSD estimation for this special case.
N-—1 Take the deviation function as
+ 2 ()"

N(Yei-1 Yo 0) = Yio1(Ve — 0Yi-1) (25)
because any sequenpe|’, satisfies|yy| = [3N, y.| + This deviatipn functi_on entails matching to the first-order
[SN-1y | Therefore autocorrelation coefficient, or, as would amount to the same

thing, it is EMM using
Y O DR V= Oyi+e  &iid N@, 1)
2o lm TN =2 m N 25 | "
as the score generator to defif(g;| y;_1, 6). Specializing
which establishes equation (22). O equation (5) to this situation gives
From proposition 1 we expect the magnitude of each of n
the individual terms comprising the outer sum on the E VYA
right-hand side of equation (20) to diverge. Hence we ~ t=2
expect, in general, fgr € R* — R, that/my(p, 8)| — < as "o
N — o0, and thus we expect the MSD objective function (7) 2 ¥,
to satisfyQun(p) — © asN — o whenp € R* — R. In =2

other words, for sufficiently largeN the MSD objective ) ) ) S
function incorporates an automatic penalty on parametershin€ natural estimate of the weight matrix (which is actually

the unstable region of the parameter space. scalar) isW = 1 7%, where
There is a caveat in this reasoning. Although each of the

terms in equation (20) diverges, there could potentially be ~ ~

values ofp that generate simulated data that exactly (or ! E e 1(5: — 6%-1)%

nearly) match roots of the polyomial. In other words, there

potentially can be isolated valup§ € R* — R suchthat Eyerything from now on is conditional on the fixed data set

) (4. Hence, 6 and I are fixed throughout. We are
my(pr) ~ 0 (23) interested in the behavior of the objective funct@g(p) for

a g|ven6 asp varies andN — .
even though each of the individual terms of the polynomial gjmylated data[y(p)T] | | are generated by drawing

defining my(p, 9) is divergent orp € R* — R. This can e\, iid N(O, 1) 9o given, and formingi.(p) = p¥._1(p) +
happen if there are unstable dynamics embedded in @eT =1, 2,...,N. All limits will be taken as simulated
deV|at|on functionm(yi-t, . .., Y1, ) and there exists asample sizé\ — o, with the econometric sample size fixed
valuepy € R* — R such that the realizatiofy.(p;,/N_, atn. All randomness is with respect to the random number
reproduces those unstable dynamics. generator that deliver, [ ,. The intrinsic randomness of
Further insight is available in subsequent analysis. the underlying model (24) is irrelevant here because we are

conditioning on the particular data $gt_,.
Specializing the expression (6) gives
B. First Moment Analysis

We consider the case where one fits an AR(1) via MSD.
One would never actually do this in practice, but the analysis
provides some crucial insights. More can be said in this case,
because the unit-root literature provides specific informatigr the simulated moment conditions. Thus equation (7)
on the rates at which simulated data diverge in the nongpecializes to
godic region of the parameter space.

Suppose the true (and maintained) DGP is [my(p, )]2

Qnlp) = f (26)

~ 1 ~
m(p. 0) = 22 Je—1(P)[$:(p) — 6¥:—1(p)]

Vi = PYi-1 T €&, € iid N(0, 1) (24)
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Write where A (p) and B (p) are nondegenerate random variables
(with respect to the random number generator that generates
[€./N,) whose realizations depend also on the value &or

mMy(p, 6) = Au(p) + Bu(p) (p — 6) p > 1, the sequencBy(p) = const -p2N. Anything that is
O[Bn(p)] diverges rapidly indeed.
where The behavior oQy(p) in equation (26) depends critically

on whether the estimatelies in the stable region or not.
We start with the caseé € (—1, 1). In this case, for-1 <

1 )
Ay(p) = 5 ;2 9. 1(0) [9:(0) = p%-_1(0)] p < 1 andN large, by equations (27) and (28) we have that
1y (p — 6)°
== 9alp) Qp)=————, for-1<p<L. (29)
N =2 | (l — p2)2
and

Forp = 1, [Bu(p)]2Qu (p) 2 (p — 6)2B %p)/ 1. Hence for
N large,

1 N
Bu(p) = 2 (5100

_62

(o - 0)
QN<p>zsa(p)pl~ B2, forp=1.  (30)

Observe that

Mo Considering equations (29) and (30), & — o, the
[Anp) + Bpr) (b — O _ objective functiorQy(p) is asymptotically minimized gt =
1 6 while Qn(p) diverges (rapidly) to infinity fop = 1. The
objective function places a huge penalty @entering the
unstable region and, in effect, incorporates a built-in penalty
function to enforce stability on the fit,

The behavior oQy(p) is differentifé = 1. For—1<p <
1, Qu(p) still behaves as in equation (29). Alsopit= 1 and

p # 6, then Bu(p)]?Qu (p) > (o~ 6)?BXp)/1 and
Qu(p) — . However, ajp = 6, [Bn(6)] 2Qu(B) = [An(0)/
Bn(0)]121 =5 0. ThusQu(p) diverges (rapidly) to infinity

Qn(p)=

The limiting behavior ofAy(p) andBy(p), and thusQu(p),
depends omp. We consider only-1 < p < landp = 1, as
the situationp < —1 is not very relevant from a practical
perspective and can be handled in a similar mannprad
anyway. By standard results,

for—1<p<1, Ayp) S0 (27) everywhere in the unstable region exceppat 6, where
Qn(08) — 0. The objective function can thus be expected to
and admit a sharp local minimum at near6 in the unstable

region. However, ib > 1 then, sinc&y(p) diverges fop €
[1, 6) U (6, ), but converges fos € (—1, 1), by continuity
(28) we can exped@y(p) to admit another local minimum in the
stable region.
Figure 1 illustrates these analytical results. The top panel
shows a realization of the objective function fér= 100 for
a case where the estimator computed from observed data is
6 = 0.70. The objective function is nicely behaved and
admits a local minimum near 0.70, as expected. The bottom
panel shows a realization (with the same random numbers)
Alp) p andN = 100 but® = 1.01. As expected, there is a sharp
0(N(p)_’A(p) global minimum forp = 1.01 and a second false local
minimum in the stable region. The optimization software
might have a great deal of difficulty handling this objective
Bn(p) 2, B (p) function and might easily stop at the false minimum in the
Bn(p) P stable region.

for—1<p<1, By(p)= :
1-p2

On the other hand, fop = 1, there exist (Abadir (1993,
theorem 3.1)) sequencisy(p), {Bn(p)), such thatuy(p) —
®, Bn(p) = %, an(p)/Bn(p) — 0, asN — <, and
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Ficure 1.—OBseCTIVE FUNCTION Qn(p) A referee pointed out that the objective function of
Objective Function, theta=0.70 iqdirect inference behaves differentl_y, though the conclu-
sions are somewhat the same. For this example,
31 n(P) = [Bn(p) — 6] (31)
where
N
5 PRAAC)
g — T=2
o) = ——. (32)
- > 9e-a(p)?
=] T7=2
ol By well-known result$y (p) — p at rateNY2forp € (—1, 1)
© and at rateN for p = 1, while Abadir's (1993) results

0.40 0.45 0.50 0.55 0.60 0.65 O.7Cr)hc('>).75 0.80 0.85 0.90 0.95 1.00 1.05 indicate thaﬁN(p) —p eXponentia”y forp >1.ln eﬁeCt, for

Objective Function, theta=1.01 largeN the indirect inference objective function is

2.0

() = (p — 6)2

T a simple quadratic function @f Thus, if—1 < 6 < 1, then

indirect inference will not, for larg®\, generate an estimate
of p in the unstable region. This is analogous to MSD but the
mechanism is different, and the objective function does not
T diverge adN — o« for p in the unstable region. (Actually, in

15

sn
1.0

practice with machine arithmeti@Q};(p) could be quite
ill-behaved onR* — R for large N because both the
numerator and the denominator of equation (32) diverge
rapidly and the arithmetic becomes numerically unstable.)
On the other hand, i = 1, then indirect inference can
likewise be expected to generate an unstable estimate,
0.40 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.00 0.05 1.00 1.05  though there will not be the false local minimum as in the
rho bottom panel of figure 1.

The top panel shows a simulated realization of the objective functioN fer100 andd = 0.70. The
bottom panel shows a simulated realizationNor 100 andd = 1.01. Note the local minimum at about
p = 0.85in the lower panel.

0.5

0.0

C. Second Moment Analysis

To assess second moment properties, we investigate
Fstimation of the stochastic volatility model for security

The deviation function (25) is a polynomial function Oﬁ%turns,

the data, and the behavior in figure 1 is consistent with t
analysis of section IIA. Almost everywhere in the unstable , _

. . ~ . = exp (/2)z 33
regionp € R* — R the simulated meamy(p, 6) rapidly 4 P /22 (33)
diverges. Th_e exception occurs wh_enltself Iles_ in the he = p1 + pohi_y + pazr (34)
unstable region, and there is thus an isolated poifRih —

R wh(_ere the maintained model can replicate the unstal@l@rezﬂ andzy are unobserved iidI(0, 1) processes anglis
dynamics. the observed return. In the aboweis log volatility, which is

The message is that for MSD estimation, there is Rfenerated via the autonomous autoregression of the second
reason to impose stability constraints in the second-rougguation. The stochastic volatility model, which is reviewed
optimization in computing argmirC(p)], as the con- at great length in Ghysels et al. (1995), is a widely used
straints will be self-imposed via the nature of the objectii@odel for describing random fluctuations of financial volatil-
function. It is important to check that the deviation functioity. As is well understood, the likelihood function of
itself contains no embedded instabilities as they can lead tstachastic volatility models can be difficult to evaluate, but
numerical nightmare. expectations and simulations are easy, which motivates use
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of moment matching estimation as in Andersen and Sehereg? = 0, + 6293,1. Some care is needed in assessing

rensen (1996) and Gallant et al. (1997). this deviation function, which is not a polynomial. Along an
The key parameter vis-ds stability is p,. Consider a explosive trajectory wherg,| — «, the simulated variance

simulated realizatior{§,] generated withp, > 1, which &2 = 6; + 6%7_, diverges as well, and in fact

implies an explosive trajectoff.| — o for volatility. In the

remainder, we suppress the dependence of simulated data ory?_ L 1 1

to help simplify formulas. Observe that n <
P P simplity G2 (0492 ) + 0, 6,

2

P3

p1t = on an explosive trajectory. Thus, in equation (36) the terms
involving 92_,/G% converge to ¥, so that equation (36)

becomes

T— - eXp r— eXp
1 .2 iT . 2 1

where E,_y(-) meansE (-|{zs, 2511, ho). Let B denote an
arbitrary large positive constant. Along the explosive trajec-

tory, {h,} will visit the region h € %t:  h < —B] infinitely Ei 1

often, in which times exp e — 1)h._;] =~ 1 and§252 , is N<, A%e1, 5 0, 02) ~ = 2N

roughly constant on average; but it will also visit the region N . (37)

[he NR:  h> Blinfinitely often, in which case exp$¢ — 1) E 1

h._1] is huge and§?/§?_, grows very rapidly on average. = 62 y2 0,

Explosive growth of the form

However, from equation (35)%§7_, can be expected to

2 grow explosively along extended segments of the realiza-
—— —® (35) tion, which in turn can be expected to drive the right-hand
¥4 side to infinity, and thereby penalize very heavily values of

£ in the unstable region.

The preceding suggests that the objective function for
MSD estimation of stochastic volatility models should also
diverge on the unstable region of the parameter space and
thereby enforce stability. Table 1 illustrates this numerically.
¥he table shows the values of the concentrated objective

turns out to be important below. Such growth is faster th
exponential growth, which entaifé/y>_, — constant>1.

Suppose, for simplicity, that, = 0, p; = 1 are known and
the only task is to estimaj®. Consider MSD estimation of
p2 by using ARCH(1) (Engle, 1982) as the score genera
for EMM,

function
= Q¥(p2) = Min Qu(py, bz p3) 39)
f(Vi/Vie1, 01, 02) = (ZT?)Mexp - Zchy‘Z NP2 i S P1, P2: P3
where when the stochastic volatility model (33)—(34) is estimated
via EMM on daily S&P stock returns, 1977-1992. The
o2 =0, + 0,2 .. auxiliary model is an ARCH-type model with 11 lags in the
o o volatility and a modified Hermite polynomial of degree 4 for
The deviation function is the error density. (This auxiliary model is one of the sample

seminonparametric models estimated in Gallant and Tauchen

9 . . L .
(Ve s Yo 01, 6,) = = log [f(Yi/yi_1, 81, 6,)]. (1996¢) as illustration.) The objective function in table 1 has

TABLE 1.—CONCENTRATED OBJECTIVE FUNCTION OF STOCHASTIC

Also for simplicity, we concentrate on the behavior of the second VOLATILITY MODEL

component of the score functiom(V;—1, Y, 01, 02) = (9/

. p2 Qn(p2)
0,) log [ f(yi|yi-1, 61, 62)] near the unstable region for
p2. Let 6; and 6, denote the QML estimates obtained by 0900 20990
fitting the ARCH(1) model to the observed realizatigif._,. 0.920 44.135
Let {9/, denote a simulation given a candidate value of 8-328 gg-gg?
p=(0 pz 1).Basiccalculations give 0.950 32599
0.960 29.069
2 - . 0.970 26.490
— V. 1,9, 040 0.980 25.282
N < M2(Fe-1, 9o 61, 82) 0.990 25.461
(36) 1.000 2.8% 10°
1 X9 9 9, 1.005 6.4x 107
= 2 1 - ~ Note:p, is the autoregressive parameter of the volatility autoregression (34)aisthe concentrated
2N T=2 —1 0' objective function wittp, andps concentrated out.
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a minimum very close to unityp(= 0.9833), and, much like  The difficulty in enforcing stability on an auxiliary model

the top panel of figure 1, it is seen to be extremelfy(y;|y,_., ..., V-1, 0) appears not to be conceptual but
asymmetric due to the heavy penalty placed on valugs ofrather computational. Gonzalez-Farias and Dickey (1994)
in the unstable region. note that for a Gaussian AR(1), if one includes the contribu-

tion to the likelihood of the initial datury, and thereby does
full maximum likelihood instead of conditional maximum
likelihood, then the maximum-likelihood estimator cannot
There are two models involved in estimation by dynamiand outside the unit circle. The Gonzalez-Farias and Dickey
simulation. One is the maintained model, which is used tdea is likely to generalize. Inclusion of the contribution of
generate simulated data and whose parameters arethef unconditional loglikelihood of the initial observations,
intrinsic economic interest. The other is the auxiliary modethat is, log [f(y, . . . , Vi, 0)], wheref(y, ...,y |0) is the
which is used to define the moment conditions. Formal uggplied joint density of the initialL observations, should
of an auxiliary model to define moment conditions ignforce stability. The difficulty is that for a general, flexible,
introduced by Smith (1990, 1993) and followed upon byonditional densit§ (| yi_v, - - - ,Yi_1, ), itis infeasible to
Gourieroux et al. (1993) for indirect inference and by Bansgkduce a tractable closed form for the unconditional density
et al. (1993, 1995) for EMM. Although dynamic SMMs(y, . v[6). As a work-around, Gallant and Tauchen
estimation in the style of Ingram and Lee (1991) and Duffig 9g6¢) implement flexible conditional densities of the form
and Singleton (1993) d_oes not dlrectly_ require an auxiliag VT (Yed), - - -+ T (i), 6], where the nonlinear transfor-
quel, researchers typllc_ally have one in mind when form 1ation T (-) on the conditioning variables imposes nonlin-
Iatlng_ the moment pondltlons. . . ear mean reversion on the conditional density and thereby
This paper considers the role of dynamic stability cond]-

tions for each of these two models. The focus of thy|eS Out explosions a priori. Some ongoing research sug-

investigation is on a class of estimators termed minimuﬂwesgﬁitthiztmz Zgiitliezgry ﬁgé);entlally effective for enforcing
simulated deviation (MSD), which encompasses SMM arﬁﬁ"’l y y )
EMM, but not the more computationally demanding indirect
inference estimator. The main finding is that the stability
conditions should be enforced on the auxiliary model. Ifthat _ _ _
is done, then the stability conditions can be ignored f&bad'r}i'é‘;rr']fgér%”(T;ggiyggfggfowerofUnlt Root TestEtonomet-
estimation of the m_amtameq model. InSt‘_”lb'“_ty can pﬂndersen, Torben G., a,nd Jesper Lund, “Estimating Continuous-Time
expected to be heavily penalized by the objective function  Stochastic Volatility Models of the Short Term Interest Rate,”
itself. If stability is not enforced on the auxiliary model, and J JournTaI Obf ECOgometgcgEZ (195;7), 343—378-GMM Eetimati .
: o : ersen, Torben G., an ent Sorensen, “ stimation of a
if the auxiliary ”.‘Ode' should ha_ppe_n to Con.tam embeddé& Stochastic Volatility Model: A Monte Carlo StudyJournal of
unstable dynamics, then the objective function of MSD can  gysiness and Economic Statistio$ (1996), 328—352.
be expected to be ill-behaved as the simulations attemptai@irews, Donald W. K., “Heteroskedasticity and Autocorrelation Consis-
replicate the unstable dynamics. A more limited analysis of geon; gfgariance Matrix Estimation,Econometrica59 (1991),
|r_1d|rect inference suggests that somewhat the Same con g{sal, Ravi, A Ronald Gallant, Robert Hussey, and George Tauchen,
sions hold, thOUgh the penalty on the unstable region of the  «computational Aspects of Nonparametric Simulation Estima-
parameter space is not as severe as that of MSD. tion,” in David A. Belsley (ed.),Computational Techniques for

The issue then becomes that of actually enforcing stability Efm?g:g;se?pg '5E<35?_?T?;1_'c<)3 rﬁ%é}}'yg?itto?érlklﬂvgggé9?;)- High

. . . cpr . | | | uctu 1gn-

on the estimated aUXIIIary mOd,e,I' Givena _spemﬂcaﬂb,m\ Frequency Currency Market DataJournal of Econometric66
Vi-Ls - - - Yt-1, 8) for the conditional density of the data, (1995), 251-287.
there is no assurance that the unrestricted QML estinﬂatoIBaumcI)l, William) J..Economic Dynamics3rd ed. (Toronto, Ont: Macmil-

; ; ; ; i an, 1970).
WIH land mbftlhe j.tablel reglohn. Cu.rre.nt pracftlce IS. nOt. t%ufﬁe, Darrell, and Kenneth J. Singleton, “Simulated Moments Estima-
Impose Sta_- .l ity directly on the optimization Qr e.Stlmat'_on tion of Markov Models of Asset PricesEconometrice61 (1993),
of the auxiliary model, but rather to check via simulation 929-952.
that the fit is stable. An example is Andersen and Lurfehgle, Robert F., “Autoregressive Conditional Heteroskedasticity with
(1997), who use semiparametric GARCH models as auxil- Ejgrggt(elzg%“‘;g’?figgi of United Kingdom InflatioBiconomet-
lary moc_i_els for EMM estimation Qf continuous-time Sto‘_:ha%ster, Douglas, and S. Viswanathan, “Can Speculative Trading Explain
tic volatility models of the short interest rate. They estimate  the Volume-\olatility Relation?"Journal of Business and Eco-
a family of semiparametric GARCH and E-GARCH (eXpo(_Ballanrt]cg\nIlgc?rg:jsngi\?ic(ill-s\)ga)s’igrzgggg%eorge Tauchen, “Estimation of
nentla! GARCH) models and ther! carefully check stability. étochastic \}olatility Models \’Nith Diagnostics,]burnél of Econo-
They find that fitted semiparametric GARCH models tendto  metrics81 (1997), 159-192.
be unstable, and thus unusable, while fitted semiparametfadlant, A. Ronald, and George Tauchen, “Which Moments to Match?”
E-GARCH models are stable. A similar strategy is adopted ~ E¢onometric Theor§2 (1996a), 657-681. o .
. L Specification Analysis of Continuous Time Models in Finance,
in the applications of Tauchen (1997) and Gallant and i, p E. Rossi (ed.Modeling Stock Market Volatility: Bridging the

Tauchen (1996b, 1997). Gap to Continuous Tim@New York: Academic Press, 1996b).

IV. Conclusion
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