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Abstract

This dissertation focuses on improving inference in analyses of multi-group data,

that is, data obtained from non-overlapping subpopulations such as across counties

in a state or for various socio-economic groups. Precise and accurate group-specific

inference based on such data may be encumbered by small within-group sample

sizes. In such cases, inference may be improved by making use of auxiliary infor-

mation. In this work, we present two streams of methodological development aimed

at improving group-specific inference for multi-group data that may feature small

within-group sample sizes for some or all of the groups. First, we detail methodology

that constructs frequentist-valid prediction regions based on indirect information.

We show such prediction regions may feature improved precision over those con-

structed with standard approaches. To this end, we present methods that result

in accurate and precise prediction regions for multi-group data based on a contin-

uous response in Chapter 2 and a categorical response in Chapter 3. We develop

straightforward computational algorithms to compute the regions and detail empir-

ical Bayesian estimation procedures that allow for information to be shared across

groups in the construction of the prediction regions. In Chapter 4, we present work

that improves covariance estimation for structured multi-group data with shrink-

age estimation that allows for robustness to structural assumptions. In particular,

for multi-group matrix-variate data, we describe a hierarchical prior distribution

that improves covariance estimate accuracy by flexibly allowing for shrinkage within
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groups towards a Kronecker structure and across groups towards a pooled covariance

estimate. We illustrate the utility of all methods presented with simulation studies

and data applications.
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1

Introduction

Multi-group data consisting of responses obtained from non-overlapping subpopula-

tions or groups, for example, counties in a state or labeled observations, are increas-

ingly common in many fields. As such, precise and accurate group-specific inference

for such data is an important goal. This task is often encumbered by small within-

group sample sizes for some or all of the groups. To this end, in this dissertation,

we develop methodologies that improve group-specific inference in analyses of multi-

group data.

1.1 Prediction for multi-group data

Existing methods for constructing prediction regions or sets for multi-group data

involve a trade-off between guaranteeing nominal group-specific frequentist coverage

rates and improving precision via the incorporation of indirect information. Chapters

2 and 3 detail methodologies aimed at mitigating this trade-off through making use

of indirect information to improve precision of a prediction region while maintaining

frequentist coverage guarantees of each region. Specifically, the methodologies de-

veloped in these chapters each utilize a conformal prediction framework to construct
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small prediction regions that are constructed using indirect or prior information

and maintain finite sample non-parametric guarantees of frequentist coverage. An

R package to implement the prediction methods developed in these two chapters

is provided at https://github.com/betsybersson/fabPrediction and includes a

vignette illustrating usage.

Chapter 2 details work from the article Bersson and Hoff (2022). In this work, we

develop a method for obtaining an optimally narrow prediction region for a numeric

response and detail a straightforward algorithm to efficiently compute the prediction

region. The resulting prediction region is proven to be an interval that contains

a standard Bayesian point prediction estimator. This implies a coherent method

for classically Bayesian point prediction with narrow uncertainty quantification that

maintains frequentist notions of error. We extend this approach to a multi-group or

small area regime without altering the frequentist coverage guarantee by incorporat-

ing prior information estimated from external populations in an empirical Bayesian

manner. This method is illustrated through simulation studies and an application

to radon survey data collected by the EPA.

In Chapter 3, based on the work in Bersson and Hoff (2023b), we detail method-

ology used to construct prediction sets for categorical data. This work is motivated

in part by the task of summarizing citizen science data that consist of observations

from volunteer-led sampling efforts. Such data often feature unequal sampling efforts

across some domain such as a geographic region. An interpretable comparison may

be made across subregions, e.g., counties in a state, with prediction sets that main-

tain the same coverage rate for each subregion regardless of its size or composition.

To this end, we develop a nonparametric method for categorical data that constructs

a small prediction set from a given group with the incorporation of auxiliary data

from other groups and maintains a finite-sample frequentist coverage guarantee. We

detail a simple algorithm to compute such a prediction set where the computation
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time does not depend on the sample size and scales well with number of categories.

The usefulness of this method is demonstrated in summarizing avian species abun-

dance in North Carolina with data from the popular eBird database, a citizen science

database of species observations supported by the Cornell Lab of Ornithology.

1.2 Covariance estimation for multi-group data

Chapter 4 details work motivated by improving the accuracy of covariance estimates

for multi-group data based on the work in Bersson and Hoff (2023a). In general,

accurate covariance estimation is necessary for many statistical tasks including clas-

sification, principle component analysis, and multivariate regression analysis, among

others. To obtain accurate group-specific covariance estimates, shrinkage estimation

methods that shrink an unstructured, group-specific covariance either across groups

towards a pooled covariance or within each group towards some structure have been

developed. In many applications, however, it is unclear which approach will result

in more accurate covariance estimates, and, as such, inference may not be much im-

proved over that which results from a naive approach. Flexibly incorporating both

shrinkage approaches allows for robustness to such misspecification.

With this motivation, we present a flexible covariance estimation method for

multi-group, matrix-variate data in Chapter 4. We detail a hierarchical prior distri-

bution for covariance matrices that flexibly allows for shrinkage across groups towards

a pooled covariance or within groups towards a Kronecker structured covariance. The

flexible framework yields more accurate covariance estimates than standard methods

in situations where simplifying structural assumptions are unknown. The utility of

this method is demonstrated in a high dimensional audio file classification appli-

cation and an environmental health analysis. In the classification application, our

approach features superior classification performance over competitors, and in the

health analysis, the interpretability of our approach is demonstrated.
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Codes to implement the methodologies presented along with replication codes for

all simulation studies and most data applications are available at https://github.

com/betsybersson.
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2

Optimal Conformal Prediction for Small Areas

2.1 Introduction

Precise and accurate inference on a sample obtained from non-overlapping subpopu-

lations, referred to as areas or domains, is an important goal in a wide range of fields

where localized inference for various socio-demographic groups or refined geographic

regions is of interest. Analyses in economics (Janicki et al., 2022; Molina et al., 2014),

ecology (Sinha and Rao, 2009), health (Nandram and Choi, 2010), and other fields

rely on survey samples where it is common to have small area-specific sample sizes.

As a motivating example, we consider survey data of household radon concentrations

across counties in the Midwestern United States, in which 50% of within-county sam-

ple sizes are 8 or less. These sample sizes present challenges in making both precise

and valid area-specific inferences, which are particularly important in applications

where results often have policy implications.

Direct statistical methods that only make use of within-area samples can be un-

biased and achieve target frequentist coverage rates for all areas, but don’t take

advantage of indirect information, and so may be inefficient. As a result, researchers
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often turn to indirect or model-based methods that allow information to be shared

across areas. Borrowing information across areas may decrease variability of point

estimates and volume of confidence and prediction regions, but doing so can intro-

duce bias and thus alter within-area frequentist coverage rates from their nominal

level (Carlin and Gelfand, 1990). To address this, parametric ‘frequentist and Bayes’

(FAB) methods have recently been developed for confidence intervals that maintain

within-area frequentist error rate control and allow for information sharing across

areas (Yu and Hoff, 2018; Burris and Hoff, 2020). See Bryan and Hoff (2023); Mc-

Cormack and Hoff (2023) for other FAB-motivated works.

In this chapter, we focus on the task of obtaining a prediction region for a response

in each area. In some small area applications, a prediction region for the units in a

small area may be as or more useful than a confidence region for the area-specific

mean. For example, we illustrate the methods in this chapter using data on household

indoor radon concentrations across multiple counties. Policy makers at the county-

level may be interested in obtaining a plausible range of household radon levels within

their county, instead of or in addition to a confidence interval for the county-level

mean. We develop a non-parametric FAB prediction method that has within-area

frequentist coverage rate control while incorporating indirect information to improve

prediction region precision. The proposed method is Bayesian in a decision-theoretic

sense (Lehmann and Casella, 1998) in that a FAB prediction region has minimum

Bayes risk if working model assumptions are accurate.

To illustrate the limitations of commonly used parametric prediction methods,

consider a study that includes a simple random sample Yj “ tY1,j, . . . , Ynj ,ju from

area j with population mean θj, for instance, household radon concentrations within

county j, for j “ 1, . . . , J . We wish to obtain a prediction region Aj for an unsam-

pled response Ynj`1,j from population j that is accurate, in the sense that it ideally

6



maintains exact p1 ´ αq100% frequentist coverage,

PrpYnj`1,j P Ajq “ 1 ´ α, (2.1)

and precise, in that the expected volume is comparatively small. For normally-

distributed data, a commonly used direct method is the classical normal or t pivot

prediction interval. To see what can go wrong, consider the simple case where the

population variance is known. In this case, the usual prediction interval is

ȳj ˘ z1´α{2

`

σ2
j p1 ` 1{njq

˘1{2
, (2.2)

where ȳj is the sample mean of area j, σ2
j is the population variance, and zq is the

qth quantile of the standard normal distribution. If the parametric distributional

assumptions hold true, this interval will have the desired frequentist coverage rate.

As this interval may be prohibitively wide due to a small sample size, researchers

often turn to a Bayesian interval, guaranteed to be narrower than the pivot interval:

θ̂j ˘ z1´α{2

´

σ2
j

´

1 `
`

1{τ 2 ` nj

˘´1
¯¯1{2

, (2.3)

where θ̂j :“ pµ{τ 2 ` ȳjnjq { p1{τ 2 ` njq, for parameters µ and τ 2 that may be em-

pirical Bayes. This interval approximately achieves the specified coverage rate on

average across areas, but the frequentist coverage rate for a specific area j declines

from greater than 1´α when θj “ µ to zero as |θj ´µ| increases (see the solid lines in

Figure 2.1). Furthermore, if the parametric assumptions underlying either (2.2) or

(2.3) are not accurate, the coverage rates can differ from their nominal levels, even

on average across groups. For example, the dashed blue line in Figure 2.1 gives the

coverage rate of the normal prediction interval 2.2 when the true area-level distribu-

tion has variance one and support on two points equidistant from θj. In this case,

the actual coverage rate of the 75% pivot interval is only 50%. To summarize Figure

2.1, the standard prediction intervals (2.2) and (2.3) can have lower than desired
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Figure 2.1: Frequentist coverage rate of classical pivot prediction (blue) and
Bayesian prediction (red) for sample size n “ 3, known σ2 “ 1, and Bayesian prior
parameters µ “ 0, τ 2 “ 1{2, for a target coverage rate of 0.75. Results under a
normal (solid lines) and non-normal (dashed lines) within-area distribution.

frequentist coverage rate in the case of either inaccurate parametric assumptions or

incorrect prior values.

There is an extensive literature on estimating (or “predicting”) within-area ran-

dom effects (see, for a review, Skrondal and Rabe-Hesketh (2009) or Pfeffermann

(2013)), but less work has been done on predicting the unit-level responses within

an area. Afshartous and De Leeuw (2005) offer a review of parametric point pre-

diction methods. The accuracy and theoretical guarantees of these methods rely on

modeling assumptions. Other prediction methods such as those presented in Vidoni

(2006), as well as empirical or fully Bayesian prediction methods produce precise

prediction intervals (Gelman, 2006), but do not maintain the desired coverage level

at each area. For more on small area inference, see Rao and Molina (2015), or, for

information on multilevel modeling more broadly, see Gelman and Hill (2006).

Conformal prediction, introduced in Gammerman et al. (1998) and further de-
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veloped in Vovk et al. (2005), is a non-parametric method that relies solely on the

assumption of exchangeability to produce prediction regions with finite-sample cover-

age guarantees. A brief review of conformal prediction is in Section 2.2.1. Conformal

prediction has primarily focused on methods for a single population (Lei and Wasser-

man, 2014; Papadopoulos et al., 2011; Vovk et al., 2019). These methods could be

used to construct “direct” conformal prediction regions for each area separately, but

doing so could be inefficient, as information is not shared across groups. Closely

related to our method is the recent work of Dunn et al. (2022) on conformal predic-

tion for two-layer models. They primarily focus on predicting an observation from a

new population, or area, using data from previously observed areas and a data-based

non-conformity measure. For a specified area, their method results in a prediction

region with guaranteed 1 ´ α coverage for that area, on average over data from all

of the areas. Furthermore, their prediction approach for a new observation from

an observed area is unsupervised. In contrast, our prediction approach focuses on

the observed areas, and guarantees 1 ´ α frequentist coverage for each area across

data in that area with an approach that allows for supervised prediction via the

incorporation of area-specific covariates.

In this chapter, we develop a FAB prediction method that has non-parametric

within-area frequentist coverage rate control while incorporating indirect information

to improve prediction region precision. Specifically, we build on the generic result

shown in Hoff (2023) that conformal prediction regions obtained under the posterior

predictive distribution as the conformity measure are optimally precise. We show how

this result can be used to obtain narrower prediction regions than standard methods

by incorporating indirect information. When the proposed conformity measure is

constructed under a normal working model, we prove the resulting prediction region

is an interval that contains a standard Bayesian point prediction estimator. This

implies a coherent method of classically Bayesian point prediction while providing

9



uncertainty quantification which maintains frequentist coverage. While many confor-

mal prediction methods for complex conformity measures rely on algorithms which

result in approximate prediction regions, we develop a computationally straightfor-

ward procedure that makes full use of the data to obtain the exact FAB conformal

prediction region.

In Section 2.2, we briefly review the generic conformal prediction method and

detail the motivation, properties, and computation of the Bayes-optimal, or FAB,

conformity measure for a single population when indirect information is available.

Numerical results on the FAB prediction interval’s precision are provided in Section

2.3. In Section 2.4 we extend the FAB conformal algorithm to the small area regime,

and in Section 2.5 we apply the proposed prediction method to an EPA radon dataset.

We conclude with a discussion in Section 2.6. All supplementary materials, including

proofs, are contained in Appendix A.

2.2 Bayes Optimal Conformal Prediction

2.2.1 Review of Conformal Prediction

Conformal prediction is a method of obtaining a prediction region for a new ob-

servation Yn`1 based on an exchangeable sample Y “ tY1, ..., Ynu from the same

population. Having observed Y “ y, a candidate value yn`1 of Yn`1 is included in

the conformal prediction region if it sufficiently “conforms” to the sample, as mea-

sured by a conformity measure C : Rn ˆ R Ñ R (Vovk et al., 2005). The conformal

prediction region can be constructed to have the desired frequentist coverage rate by

including only those yn`1-values with corresponding conformity score cn`1 greater

than or equal to that of some fraction of the conformity scores of the observed el-

ements of the sample, tc1, ..., cnu. Specifically, a 100p1 ´ αq% prediction region for

Yn`1 can be constructed as follows: To determine if a candidate value yn`1 is included

in the prediction region,

10



1. compute cipyn`1q :“ C pty1, .., yn, yn`1uztyiu, yiq for i “ 1, . . . , n ` 1;

2. set py :“
#
␣

i “ 1, ..., n ` 1 : cipyn`1q ď cn`1pyn`1q
(

n`1
.

The value yn`1 is included in the region if py ą α. Note that each conformity

score cipyn`1q is a function of the candidate yn`1. More compactly, the conformal

prediction region may be expressed as

Ac
pY q “

"

yn`1 P Y :
# ti “ 1, ..., n ` 1 : cipyn`1q ď cn`1pyn`1qu

n ` 1
ą

k

n ` 1

*

, (2.4)

where k “ tαpn ` 1qu. The resulting prediction region ACpY q has conservative

coverage greater than or equal to 1 ´ α and may have exact coverage if α “ l{pn `

1q for some integer l P t0, 1, 2, ..., n ` 1u under some regularity conditions (Dunn

et al., 2022; Tibshirani et al., 2019). The frequentist coverage guarantee follows

from the exchangeability assumption as all permutations of the collection of random

variables tY1, ..., Yn`1u are equiprobable, and thus, all permutations of conformity

scores tc1, ..., cn`1u are equiprobable (Balasubramanian et al. (2014) §1.3). A feature

of the conformal procedure is that the frequentist coverage guarantee of the conformal

method holds regardless of both the true distribution of the random variables and

the choice of conformity measure. Thus, a thoughtfully chosen conformity measure

can yield a precise prediction region which maintains the desired coverage rate.

2.2.2 Conformal Prediction via a Normal Working Model

Two main criteria of the usefulness of a prediction region are validity and preci-

sion. As frequentist validity is guaranteed by the conformal method, we focus on

constructing an optimally precise prediction region through a conformity measure

that takes advantage of indirect or prior information. This information will enter

the conformity measure through a working model, that is, a model we use to quantify

11



different sources of information, but one that does not have to be correct for the in-

ferences to be valid. In this section, we derive a Bayes-optimal conformity measure

CB for a single area using a normal working model:

Y1, ..., Yn „ Npθ, σ2
q (2.5)

θ „ Npµ, τ 2σ2
q

1{σ2
„ Gpa{2, b{2q,

where Y1, . . . , Yn are the measurements on a sample of n units from a single area. Hoff

(2023) provides a generic result that the Bayes-optimal conformity measure having

the smallest expected volume is the posterior predictive density:

CB py, yn`1q “ p pyn`1|yq “

ż

Θ

ppyn`1|θqppθ|yqdθ, (2.6)

where ppyn`1|θq is the probability density of candidate yn`1 given model parameters

θ, and ppθ|yq is the posterior density of θ conditional on data y. We expand on

this result to develop a method which makes use of indirect information to obtain

narrower prediction regions than possible under standard methods and derive specific

results on FAB conformal prediction under the normal working model.

We proceed with the derivation of the Bayes-optimal conformity measure under

a normal working model. A standard calculation shows that the posterior predictive

density of the normal working model (2.5) is a non-standard, non-central t density:

ppyn`1|yq “
Γ
`

aσ`1
2

˘

?
aσπΓ

`

aσ
2

˘

˜

1
a

σ2
t

ˆ

1 `
1

aσ

pyn`1 ´ µθq
2

σ2
t

˙´paσ`1q{2
¸

, (2.7)

where

τ 2θ “ p1{τ 2 ` nq
´1 µθ “ pµ{τ 2 ` 1T

nyqτ 2θ

aσ “ a ` n bσ “ b ` yTy ` µ2
{τ 2 ´

`

τ 2θ
˘´1

µ2
θ

12



and σ2
t “ bσ

aσ
p1` τ 2θ q. For now, we assume all hyperparameters of the working model,

tµ, τ 2, a, bu, are known. As will be discussed in Section 2.4.2, in practice the

parameters may be estimated from indirect information, such as the data of other

areas. Given working model hyperparameters, a FAB conformal prediction region,

denoted AfabpY q, can be constructed for an area by taking (2.7) as the conformity

measure. Regardless of the accuracy of the working model, the resulting prediction

region will maintain the specified coverage rate, and if the working model assumptions

are accurate, the prediction region will have minimum expected volume.

Given a conformity measure, it is straightforward to test any individual candidate

value for inclusion in a prediction region by implementing the conformal algorithm.

In practice, testing every candidate prediction value in the sample space may be

infeasible due to an infinite number of candidates, or otherwise computationally ex-

pensive to do at a meaningful granule. Alternatively, we may make use of the form

of the chosen conformity measure to circumvent evaluating the typical conformal

algorithm at each candidate value and obtain a more computationally tractable al-

gorithm. As we will show, computations may be facilitated by considering alternative

representations of a conformity measure, or ECMs:

Definition 1 (equivalent conformity measure). Two conformity measures are called

equivalent conformity measures (ECM) if the resulting conformal prediction regions

are equivalent.

The idea of an ECM and how it may be used to simplify computation of the

prediction region have been discussed before in the conformal literature. For example,

standard computation of the prediction region resulting from the popular distance

to the average (DTA) non-conformity measure,

Cavgpy, yn`1q “ |yn`1 ´ y| , (2.8)

seems to require computing the mean of n ` 1 sets during the execution of the

13



conformal algorithm. As discussed in Shafer and Vovk (2008), this can be avoided

by using an ECM, Cavg pty, yn`1u, yn`1q. Considering this representation in place of

the classically defined measure allows each conformity score to be defined in terms

of the sample mean, an element of the sample, and the unknown candidate yn`1.

This in turn simplifies the implementation of the conformal algorithm. Under more

complex conformity measures such as the Bayes-optimal measure, the computational

gain obtained from constructing an algorithm under an ECM may be substantial.

It turns out that under the normal working model, the Bayes-optimal conformity

measure has the same ECM property as the DTA measure:

Theorem 1. If Model 2.5 is the working model, CB py, yn`1q and CB pty, yn`1u, yn`1q

are ECM.

Consideration of the ECM CB pty, yn`1u, yn`1q greatly simplifies the computation

of the FAB prediction region. In the evaluation of the conformal algorithm under

this measure, the conformity scores corresponding to each element of the sample and

the candidate are each a t density with the same parameters. As such, this form of

the conformity measure is more convenient to work with. In what follows, we will

derive properties and an efficient computational algorithm for the FAB conformal

prediction region under this normal working model.

2.2.3 Prediction Region Properties and Computation

By making use of properties of the form of CB under the normal working model

(2.5), we show that the exact conformal prediction region can be obtained by a

procedure that involves evaluating a simple function of the sample. Additionally, we

prove that the FAB conformal prediction region under the normal working model

is an interval that contains the posterior mean estimator of the population mean,

θ̃ :“ pµ{τ 2 `
řn

k“1 ykqp1{τ 2 ` nq´1.
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The FAB conformal prediction region can be obtained via a two step process.

First, for each i “ 1, ..., n ` 1, find the sub-region of acceptance,

Si :“ tyn`1 P R : cB,ipyn`1q ď cB,n`1pyn`1qu . (2.9)

Then, information in the set tS1, ..., Sn`1u can be summed over the domain R to

obtain the number of i “ 1, ..., n`1 such that ci ď cn`1 at each point in the domain.

As made clear by the representation of a generic conformal prediction region given

in (2.4), this information fully classifies the conformal prediction region for a given

error rate α.

This process is visualized for an example sample of size n “ 4 in Figure 2.2.

For clarity, the conformity scores for each value in the sample and the candidate

prediction are plotted as a function of the candidate prediction in panel (a). The

corresponding sub-regions of acceptance are the regions in the sample space where

each conformity score is less than or equal to the conformity score of the candidate.

Under the normal working model, each sub-region of acceptance, plotted in panel

(b), is an interval that contains θ̃. This information can be directly translated to

the number of conformity scores less than or equal to the candidate conformity score

over the sample space. Dividing this value by pn ` 1q yields the conformal p-value,

py (shown in panel (c)). From Figure 2.2(c), it is easy to see for a prediction error

rate of, for example, α “ 0.2, the resulting conformal prediction region is the region

where #pi : ci ď cn`1q ą 1, which is r´3.1, 2.4s.

Given the standard form of the Bayes-optimal conformity measure (2.7), the sub-

regions of acceptance are difficult to obtain analytically as the candidate yn`1 appears

non-linearly in each cB,1pyn`1q, ..., cB,n`1pyn`1q. Upon consideration of the equivalent

representation of CB given in Theorem 1, the regions S1, ..., Sn can be expressed in

closed form. This allows for efficient and exact computation of the prediction region

and, in turn, can be used to prove the FAB prediction region is an interval under the
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Figure 2.2: Schematic of the process to obtain the FAB conformal region: (a) con-
formity scores for each value in the sample (red dashed curves) and the candidate
(thick black curve) over the sample space; (b) sub-regions of acceptance correspond-
ing to the conformity scores; (c) number of conformity scores less than or equal to
the candidate conformity score over the sample space; vertical black lines are drawn
at θ̃.

normal working model. These results are formalized below.

We first present two general lemmas (1 and 2) used to prove a conformal predic-

tion region is an interval. If the conformal p-value is a step function over the domain

R with a symmetric number of unit steps to and from 1{pn ` 1q and 1, as in Figure

2.2(c), then the prediction region will be an interval. The following two lemmas may

be used to prove this is the case.

Lemma 1. In the conformal algorithm, if, for each i “ 1, ..., n ` 1, the region

tyn`1 P R : cipyn`1q ď cn`1pyn`1qu

is an interval and contains some common value, then

fpyn`1q “ #ti P t1, ..., n ` 1u : ci ď cn`1u

is a step function with ordered output 1, 2, ..., n, n ` 1, n, ..., 2, 1 over the domain R.

Lemma 2. In the conformal algorithm, if fpyn`1q is a step function with ordered

output 1, 2, ..., n, n ` 1, n, ..., 2, 1 over the domain R, then the resulting prediction

region is an interval.
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It turns out the hypothesis of Lemma 1 holds for the normal working model case

under CB. Specifically, by utilizing the equivalent form of CB given by Theorem 1,

we are able to conclude that each Si is an interval for i P t1, ..., nu and obtain a

closed form expression of the bounds:

Lemma 3. If Model 2.5 is the working model, the region

Si “ tyn`1 P Y : CB pty, yn`1uzyi, yiq ď CB pty, yn`1uzyn`1, yn`1qu,

for each i “ 1, ..., n, is an interval rmintyi, gpyiqu,maxtyi, gpyiqus where

gpyiq :“
2
´

µ{τ 2 `
ř

kPt1:nu
yk

¯

p1{τ 2 ` n ` 1q´1 ´ yi

1 ´ 2p1{τ 2 ` n ` 1q´1
.

Additionally, the posterior mean estimator of the population mean, θ̃, is con-

tained in each sub-region of acceptance S1, ..., Sn`1. Not only is this result useful for

proving the prediction region is an interval, but it also suggests that using θ̃ as the

estimator for a new prediction and taking AfabpY q as the prediction interval is a co-

herent method to predict the unknown value in a classically Bayesian manner while

providing uncertainty quantification that maintains the desired frequentist coverage

rate:

Lemma 4. For each i “ 1, ..., n ` 1, the interval

Si “ tyn`1 P Y : CB pty, yn`1uzyi, yiq ď CB pty, yn`1uzyn`1, yn`1qu,

contains the posterior mean estimator of the population mean,

θ̃ :“ pµ{τ 2 `

n
ÿ

k“1

ykqp1{τ 2 ` nq
´1.

In total, these results can be used to prove our main theorem concerning proper-

ties of the FAB conformal prediction region constructed under the normal working

model:
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Theorem 2. Using conformity measure CB with Model 2.5 as the working model, the

α-level conformal prediction region based on a sample Y is the kth and p2n´k`1qth

order statistic of v:

Afab
pY q “

`

vpkq,vp2n´k`1q

˘

for v “
“

y1 ¨ ¨ ¨ yn gpy1q ¨ ¨ ¨ gpynq
‰T

and k “ tαpn ` 1qu. Furthermore, the

conformal prediction region is an interval which contains θ̃.

The nature of CB constructed with the normal working model suggests a simple,

efficient algorithm to obtain AfabpY q. In particular, as py is an incremental step

function over the sample space characterized by a symmetry in the number of steps

on either side of py “ 1 (e.g. Figure 2.2(c)), the 1 ´ k{pn ` 1q prediction region can

be obtained by taking the kth ordered step location from either end of the collection

of step locations, where k “ tαpn ` 1qu. Specifically, to obtain AfabpY q for known

values of working model hyperparameters µ, τ 2,

1. for each i “ 1, ..., n, compute gpyiq, the critical values of Si;

2. set v “
“

y1 ¨ ¨ ¨ yn gpy1q ¨ ¨ ¨ gpynq
‰T

and k “ tαpn ` 1qu;

3. acquire the bounds of the prediction region, the kth and p2n ´ k ` 1qth order

statistics of v.

Then, the Bayes-optimal conformal prediction region with p1 ´ k{pn ` 1qq100% cov-

erage is

Afab
pY q “

`

vpkq,vp2n´k`1q

˘

.

If αpn` 1q “ k, then the prediction interval will have exact coverage, a result which

will hold regardless of the values used for tµ, τ 2u, however, as will be discussed exten-

sively in Section 2.3, these values will impact the expected length of the prediction

interval. A brief note that if yi “ gpyiq for at least one i P t1, ..., nu, the resulting

prediction region may be a point, dependent on the specified error rate.
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2.3 Numerical Comparisons

To demonstrate properties of the FAB prediction method, we numerically evaluate

expected prediction interval widths of the FAB prediction regions. We compare the

FAB method to a simpler conformal method that does not use indirect informa-

tion, the distance to average (DTA) conformal prediction method, and the empirical

Bayesian (EB) approach described in the Introduction. In particular, DTA (Eqn 2.8)

is a popular approach that quantifies non-conformity of a new observation as the dis-

tance from the sample average. As this is a non-conformity measure, as opposed to a

conformity measure, computation of the DTA prediction region requires determining

if the candidate is “too different” from the sample. This corresponds to flipping the

direction of the inequality in Step (2) of the generic conformal algorithm.

Both the DTA and FAB methods provide nonparametric frequentist coverage

guarantees; the main difference between these two methods is the ability to utilize

prior information in the construction of the prediction interval. An EB prediction

interval is constructed via incorporation of prior information, but, in contrast to the

FAB method, frequentist coverage of an EB prediction interval relies on, among other

things, the accuracy of this information. While the conformal prediction methods

may be applied to non-normal populations, in this section, we explore their behavior

when obtained from a normal sample of size n, Y1, ..., Yn „ Npθ, 1q. As shown in Fig-

ure 2.3 (a), the FAB method shifts prediction bounds away from the true population

mean and towards the incorporated prior information. When this prior information

well-informs the true mean, the FAB interval is narrower than the alternatives. As

the accuracy of the prior information declines, the FAB interval widens, but the

coverage guarantee holds. Comparatively, when the prior information is inaccurate,

the EB intervals remain narrow, but the corresponding frequentist coverage rate falls

below the nominal level (Figure 2.3 (b)).
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Figure 2.3: (a) Expected prediction interval end points and (b) estimated frequen-
tist coverage (dashes) with 95% Wilson confidence intervals. Results plotted for FAB
(solid black lines), DTA (thick grey lines), and EB (red lines) prediction methods.
For n “ 3, θ P r´2.5, 2.5s, µ “ 0, τ 2 “ 1{2, α “ .25.

The prior parameters used in the FAB conformal method are tµ, τ 2u and respec-

tively represent the prior expected population mean and confidence in this expecta-

tion. To assess the effect of these prior parameters, we allow them to vary in this

study. We consider a prediction error rate of 0.25 and compare numerical results for

various sample sizes n P t3, 7, 11, 15, 19u, chosen such that the conformal methods

will result in regions with exact coverage. In general, the FAB conformal method out-

performs the standard DTA method in terms of precision when there is concentrated

and accurate prior information regarding the mean of the population, but a limited

amount of information in the sample itself. More specifically, the FAB conformal

interval can be expected to produce narrower intervals than standard methods when

|θ´µ| is small, τ 2 is small, and n is small, or a combination of these properties. The

EB approach often results in narrower prediction intervals than the FAB approach,

but this comes at a cost to the frequentist coverage rate.

The ratio of expected interval widths of the FAB prediction method relative
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to the distance to average method are displayed in Figure 2.4. Recall that the

FAB method incorporates prior information while the DTA method does not. We

compute the expected interval widths via Monte Carlo approximation using 25,000

independently generated replications for each combination of values of θ, τ 2, and n.

The effects of sample size and prior variance of the population mean are the focus of

Figure 2.4(a). This figure plots the ratio of Bayes expected interval widths (Bayes

risk) of the FAB conformal to distance to average conformal intervals, where the

expectations are taken with respect to Y and θ under the sampling model Y1, ..., Yn „

Npθ, 1q and prior θ „ Npµ, τ 2q. The Bayes risk of the conformal intervals does not

depend on µ. As informed by the theoretical Bayes-optimality of FAB conformal

prediction, the Bayes risk of the FAB interval is smaller than that of the DTA

interval, with the overall deviation between the methods’ expected interval widths

decreasing as the sample size increases. The FAB interval is substantially narrower

than the distance to average interval for a wide range of τ 2 values under very small

sample sizes. Intuitively, for small sample sizes, even a low level of confidence around

the prior value of the population mean µ is useful information and will translate to

narrower prediction intervals if utilized in the construction of CB. More confidence,

as conveyed through a smaller τ 2 value, translates to a more substantive increase in

precision. Even for larger sample sizes, a nontrivial gain in precision occurs under

small (less than about 0.5) τ 2 values, representing very informative prior information

about the population mean through a prior with tight concentration around µ.

For a given concentration level τ 2, it is natural to consider how |θ ´ µ| affects

the resulting FAB prediction interval width. Figures 2.4(b)-(c) display the expected

interval width ratio of the FAB conformal to the distance to average conformal

method for varying population means and sample sizes when µ “ 0 and τ 2 “ 1{2, 2.

Under this set-up, by the Bayes-optimal property of the conformal measure, the FAB

interval will outperform alternatives when |θ´µ| « 0 and τ 2 is small. The numerical
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Figure 2.4: Expected width ratio of FAB conformal interval to DTA conformal
interval for increasing n P t3, 7, 11, 15, 19u in decreasing darkness: (a) expectation
taken with respect to Y and θ; (b) expectation taken over Y conditional on θ for
µ “ 0, τ 2 “ 1{2; (c) same as (b) for τ 2 “ 2.

results match this conclusion, and, as the distance between the prior mean and the

population mean increases in absolute value, the FAB intervals become wider, and

thus the benefit of utilizing this type of prior information declines. As seen in panel

(b), for a moderately small τ 2 value, and for the smallest sample size considered, the

FAB conformal method results in an interval width that is 17.6% narrower than the

standard when θ “ µ exactly. For larger τ 2, as seen in the panel (c), there is a less

substantial benefit to utilizing this indirect information in CB, but some benefit is

seen nonetheless for a wider range of θ divergences from µ.

A comparison between the FAB approach and the EB approach is presented in

Figure 2.5. As seen in panel (a), the EB method often has narrower Bayes risk,

but, as discussed, it is not guaranteed to have the desired frequentist coverage. In

comparing expected interval width ratios (panels (b-c)), the EB intervals may be

narrower, but frequentist coverage relies on the accuracy of the prior information,

among other features. The FAB intervals will have the desired validity regardless of

the accuracy of either the working model or the prior information.

Overall, when accurate prior information is available, FAB prediction intervals

22



0 1 2 3 4 5 6

0.
94

0.
96

0.
98

1.
00

1.
02

τ2

B
ay

es
 E

xp
ec

te
d 

In
te

rv
al

 W
id

th
 R

at
io

(a)

−2 −1 0 1 2

0.
9

1.
0

1.
1

1.
2

1.
3

1.
4

1.
5

θ

E
xp

ec
te

d 
In

te
rv

al
 W

id
th

 R
at

io

(b)

−2 −1 0 1 2

1.
00

1.
02

1.
04

1.
06

1.
08

1.
10

1.
12

θ

E
xp

ec
te

d 
In

te
rv

al
 W

id
th

 R
at

io

(c)

Figure 2.5: Expected width ratio of FAB conformal interval to parametric EB
interval for increasing n P t3, 7, 11, 15, 19u in decreasing darkness: (a) expectation
taken with respect to Y and θ; (b) expectation taken over Y conditional on θ for
µ “ 0, τ 2 “ 1{2; (c) same as (b) for τ 2 “ 2.

outperform commonly utilized conformal prediction intervals in terms of precision.

The benefit is particularly large for small sample sizes. Regardless of the accuracy

of the prior information, the frequentist coverage rate of FAB prediction intervals is

guaranteed. This desirable feature is lost for parametric indirect methods such as

the EB approach.

2.4 FAB Small Area Prediction

2.4.1 Information Sharing via a Working Model

In inference on small areas, utilizing indirect methods that share information across

areas has been shown to improve precision compared with direct methods, particu-

larly for areas with small sample sizes (Gelman and Hill, 2006). With this motiva-

tion, we extend the FAB conformal prediction method to a small area regime. In the

construction of the Bayes-optimal conformity measure, information is shared across

areas via a multilevel working model in order to increase prediction region precision

while maintaining area-level frequentist coverage guarantees.

For each area j P t1, ..., Ju, we observe an exchangeable sample pY1,j, ..., Ynj ,jq “

py1,j, ..., ynj ,jq of length nj such that the samples are independent across areas. Sup-
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pose a reasonable working model for the populations is a spatial Fay-Herriot model

(Fay and Herriot, 1979) that allows for heterogeneous area-specific variances. Specif-

ically,

Y1,j, ..., Ynj ,j „ Npθj, σ
2
j q, independently for j “ 1, ..., J (2.10)

θ „ NJ

`

Xβ, η2G
˘

1{σ2
1, ..., 1{σ2

J „ Gpa{2, b{2q,

where G is a spatial covariance matrix such as that which results from the popular

simultaneous (SAR) autoregressive model G “ rpI ´ ρW qpI ´ ρW T qs´1 (Singh

et al., 2005). The matrix W is a distance matrix among areas that is typically row-

standardized to sum to 1, and ρ P p´1, 1q is a spatial correlation parameter. For

more on spatial modeling, see Banerjee et al. (2014). This flexible set-up allows for

inclusion of an array of indirect information including area-level covariates X and

spatial relationships in the linking model for the population means which can be

exploited to improve precision of prediction regions.

For population j, a FAB conformal prediction interval may be constructed as fol-

lows. First, unknown parameters in the working model (Eqns 2.10) can be estimated

indirectly, from data independent of area j, Y´j :“ tY1, ...,YJuztYju. Then, these

values may be used to estimate a mean µ and variance ratio τ 2 of the population

mean θj, to be used in the Bayes optimal conformity measure (2.7) along with the

sample from area j, Yj. The resulting prediction region is constructed from a mea-

sure that shares information across areas and will maintain the desired frequentist

coverage rate for each area.

2.4.2 FAB Conformal Parameter Estimation Procedure

All that remains to implement the FAB conformal method for area j is to acquire

values for the unknown prior parameters tµ, τ 2u, which are the prior mean and vari-

ance ratio, respectively, of area j’s population mean θj used in the Bayes-optimal
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conformity measure (Eqn 2.7). Estimates of these prior parameters are used along

with the jth sample Yj to obtain the critical values gp¨q in the proposed FAB algo-

rithm. If the parameters of the working model (Eqns 2.10) are known, we can take

tµ, τ 2u to be the conditional mean and conditional variance proportion of θj and

proceed with implementation of the Bayes-optimal conformal algorithm. In practice,

of course, these values are not known, but they may be estimated from indirect data

via standard techniques.

We propose an empirical Bayesian approach whereby values of the prior param-

eters are obtained for each area j using samples from all other areas, Y´j. As an

overview, for area j, our estimation procedure proceeds with first computing esti-

mates of unknown parameters in the working model using Y´j. Then, given these

estimates, we obtain the conditional mean of θj and the proportion of the conditional

variance of θj to an estimate of area j’s population variance, which are labeled as µj

and τ 2j , respectively.

In more detail, we first obtain the maximum likelihood estimates (MLEs) of

a, b by maximizing the marginal density of tM2
k ukPK for K “ t1, ..., Juzj where

M2
k “

řnk

i“1pYik ´ Ȳkq2 . Under the assumptions of the working model (2.10), this

marginal density can be shown to be

pptm2
kukPK |a, bq “

ź

kPK

fpm2
kq

Γ
`

a`nk´1
2

˘ `

b
2

˘a{2

Γ
`

a
2

˘

´

b`m2
k

2

¯pa`nk´1q{2
(2.11)

for a function f that does not depend on the hyperparameters a, b. We use the re-

sulting MLEs to obtain empirical Bayes estimates of each area’s population variance.

That is,

σ̂2
k “ Moderσ2

k|m2
k, â, b̂s “ pb̂ ` m2

kq{pâ ` pnk ´ 1q ` 2q, for k P K, and

σ̂2
j “ Moderσ2

j |â, b̂s “ b̂{pâ ` 2q.
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See Appendix A for details on the derivations of the marginal density and the con-

ditional modes. Taking tσ̂2
kukPK as plug-in values of the population variances, we

obtain MLEs tβ̂, η̂2, ρ̂u of the mean prior hyperparameters tβ, η2, ρu through stan-

dard REML or ML procedures (Pratesi and Salvati, 2008) with data Y´j. These

MLEs may then be used to obtain an estimate θ̂´j of θ´j. Finally, empirical Bayes

estimates of the prior parameters of area j are the conditional mean and the pro-

portion of conditional variance of θj obtained given tβ̂, η̂2, ρ̂, θ̂´j, tσ̂2
kukPK , σ̂

2
j u . By

properties of the conditional normal distribution, that is:

µj “ Erθj|θ´j “ θ̂´j,β “ β̂, η “ η̂, ρ “ ρ̂s (2.12)

“ xT
j β̂ ` Vrj,´jsV

´1
r´j,´js

´

θ̂´j ´ Xr´jsβ̂
¯

τ 2j “ V arrθj|θ´j “ θ̂´j,β “ β̂, η “ η̂, ρ “ ρ̂s{σ̂2
j (2.13)

“

´

Vrj,js ´ Vrj,´jsV
´1

r´j,´js
Vr´j,js

¯

{σ̂2
j

where V “ η̂2rpI ´ ρ̂W qpI ´ ρ̂W T qs´1.

Given these prior values, tµj, τ
2
j u, obtained from information independent of area

j, the conformal algorithm proceeds as described in Section 2.2.3 based on the sample

from area j. For each area, the algorithm yields an interval that may have improved

precision over other methods as a result of information sharing and maintains the

specified frequentist coverage rate.

2.5 Radon Data Example

Radon is an odorless, colorless natural gas that is a known carcinogen. Exposure to

radon is the leading cause of lung cancer among non-smokers and is responsible for

tens of thousands of deaths in the U.S. each year. To evaluate radon exposure risk,

the U.S. Environmental Protection Agency (EPA) conducted an extensive national

survey (US Environmental Protection Agency, 1992) of indoor radon concentrations
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measured from a random sample of households across 9 at-risk states. In this section,

we compare prediction regions for household radon levels within a county using data

collected in Minnesota and North Dakota, which consists of 2515 observations in total

throughout the states’ 138 counties. The within-county sample sizes range from 1 to

172, with a median of about 8 households.

Price et al. (1996) modeled household radon concentrations at the county level

in Minnesota with a goal of improving estimated county-level means, and accurate

county-specific predictions are cited as being of particular interest. Due to the small

within-county sample sizes, these are difficult tasks. Given the abundance of indi-

rect information, including county-level covariates and apparent spatial relationships

among radon concentrations across counties, incorporating indirect information in

the construction of confidence or prediction intervals is a natural tool to improve

inferential precision. In what follows, we compare prediction intervals resulting from

FAB, DTA, and EB methods. As county-specific predictive inference is of primary

interest, an ideal prediction interval will have the desired p1 ´ αq100% frequentist

coverage for every county while maintaining an interval width that is practically

informative.

We construct prediction intervals for the log radon concentration in a randomly

sampled household in each county. Exploratory analyses suggest log radon values

are approximately normally distributed, so we utilize the normal working model

(2.10) in the construction of the FAB conformal prediction intervals, and follow

the prior parameter estimation procedure detailed in Section 2.4.2. The same prior

parameters are used in the construction of both the EB intervals. Specifically, we

include a county-wide soil uranium measurement as a covariate, incorporate a shared

county-wide prior intercept, and allow for spatial effects under the (row-standardized)

squared exponential distance matrix W between county centroids. That is, before

row-standardization, the matrix entries are twlku “ e´dpxl,xkq2 for counties l, k where
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Figure 2.6: County-level radon prediction intervals for FAB (solid black lines),
DTA (thick grey lines), and EB end points (red dashes) methods. Dashed lines
drawn at the state-wide sample mean

ř

ȳj{J and 45˝ line.

d is a distance function. Preliminary analyses of county-level radon sample means

indicate that utilizing this distance metric may be more beneficial for the counties in

Minnesota than in North Dakota. In particular, the Geary’s C (Geary, 1954) value,

a measure of spatial autocorrelation, is further from 1 in Minnesota (0.727) than in

North Dakota (0.896), indicating there may be stronger spatial autocorrelation in

Minnesota than in North Dakota.

FAB, DTA, and EB prediction intervals are obtained for counties with sample

sizes greater than 1 under a county-specific error rate αj “ t1
3
pnj ` 1qu{pnj ` 1q to
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allow for exact 1 ´ αj frequentist coverage of prediction intervals for each county

j. The prediction intervals for each county are plotted in Figure 2.6. In summary,

including relevant indirect information in the construction of prediction intervals via

the Bayes-optimal conformal procedure results in improved overall interval precision.

Specifically, the FAB prediction intervals are narrower than the DTA intervals in

62.2% of counties. At a state level, the FAB intervals are narrower for a higher

percentage of counties in Minnesota (65.9%) than in North Dakota (56.6%). The

FAB intervals are only narrower than the EB intervals for 42.2% of counties, but recall

that the EB method relies on parametric assumptions. If the normality assumption

does not hold, or if the prior parameter estimates are inaccurate, the EB intervals

may under-cover.

The FAB and EB intervals exhibit classical ‘Bayesian’ or shrinkage behavior in

that they are shifted towards the shared region-wide sample mean, while each DTA

interval is centered near the respective county-specific sample mean. By the Bayes-

optimality property of the FAB prediction method, FAB prediction intervals are

narrower than all alternative prediction regions for counties where the working model

assumptions are accurate. As such, in this case, the FAB intervals perform best in

terms of precision for counties where the heterogeneity across county-specific mean

radon values is well described by the spatial and covariate information.

While the FAB prediction intervals are often narrower than the DTA intervals,

they are expected to be wider in counties where the utilized prior information is not

accurate (Figure 2.4). Practically, this corresponds to outlier counties where available

indirect information does not accurately inform that within-county population mean.

Furthermore, this behavior is exacerbated by small sample sizes. The relationship

between sample size and prediction interval width in the radon data is visualized in

Figure 2.7, which plots the ratio of FAB prediction interval width to DTA interval

width (panel (a)) and FAB prediction width to EB interval width (panel (b)). As
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Figure 2.7: County-level radon prediction interval width ratio of (a) FAB to DTA
and (b) FAB to EB. Black cross marks represent ratios obtained from samples in
counties in Minnesota and grey circles represent ratios obtained from samples in
counties in North Dakota.

the sample from Minnesota has a higher frequency of small sample sizes than that

from North Dakota, there is more opportunity for a substantial gain in county-

specific interval precision over the DTA method, and consequently there is also the

opportunity for a substantial loss, as seen in the black crosses in Figure 2.7 (a)

corresponding to counties with very small sample sizes. As expected, as sample sizes

increase, all methods perform similarly in terms of precision. Similar patterns are

seen in panel (b) where the EB intervals tend to be narrower than FAB in counties

with small sample sizes.

Overall, sharing information via the FAB conformal method can result in nar-

rower prediction intervals than standard non-parametric methods. Standard para-

metric methods like the EB approach may provide narrower intervals, but the validity

of such methods is not guaranteed. As these data were obtained by a simple ran-

dom sample, each county’s FAB and DTA prediction intervals maintain the desired

validity guarantee based on the theoretical conformal prediction result which relies
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solely on exchangeability of the samples.

2.6 Discussion

The FAB conformal prediction method introduced in this chapter, which utilizes the

posterior predictive density of some working model as a conformity measure, pro-

duces precise and accurate prediction regions. If the working model assumptions are

accurate, FAB prediction regions have minimum expected volume, and, regardless of

the accuracy of the working model, they have guaranteed frequentist coverage rate

control for each small area. When constructed under a normal working model, FAB

conformal prediction regions contain the standard posterior mean Bayes estimator

θ̃. This implies a coherent method of Bayesian point prediction, through θ̃, where

uncertainty quantification maintains the specified frequentist coverage rate. Further-

more, exact FAB conformal prediction regions may be obtained in a straightforward

manner.

In practice, FAB conformal intervals are notably narrower than standard predic-

tion intervals when accurate prior information for the population mean is available,

especially in the presence of small sample sizes. The FAB conformal prediction

method leverages this accurate indirect information to improve interval width pre-

cision. As such, this method is particularly useful for small area applications where

within-area frequentist coverage guarantees are desirable but sample sizes are small.

While commonly-used small area prediction methods offer a trade-off between accu-

racy and precision, the FAB prediction method maintains a guarantee of accuracy

while allowing for increased precision via across-area information sharing.

This chapter focuses on FAB prediction intervals constructed under a normal

working model, but the Bayes-optimal conformity measure can be constructed under

alternative working models that may be more appropriate for different types of data.

Relatedly, our approach is well suited for simple random sample study designs, and

31



we aim to consider extensions to more complicated study design in future work. The

framework presented in Section 2 may be utilized to aid in derivation of efficient

computation of conformal prediction regions for either of these extensions.
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3

Prediction Sets for Species Abundance using
Indirect Information

3.1 Introduction

Understanding species abundance across heterogeneous spatial areas is an important

task in ecology. Citizen science databases that consist of observations of species

counts gathered by volunteers are increasingly regarded as one of the richest sources

of data for such a task. One of the largest such data sources is the eBird database in

which citizen scientists throughout the world input counts of bird sightings (Sullivan

et al., 2009). In addition to its use for describing avian species abundance, eBird

is a principal resource for understanding global biodiversity and is widely used in

constructing and implementing conservation action plans (Sullivan et al., 2017).

More generally, analyses from such databases may be used for informing policy,

conservation efforts, habitat preservation, and more, for which understanding species

prevalence for non-overlapping geographic areas, such as counties across a state or

country, is important. In practice, species abundance from citizen science data are

commonly summarised within areas such as counties by empirical proportions from
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a sample, as in, e.g., Arnold et al. (2021); Camerini and Groppali (2014). Such pro-

portions can be used to construct a prediction set for each county that provides a

description of species prevalence for that county with guaranteed frequentist cover-

age.

Given the impact on policy design, corresponding uncertainty quantification is

of particular import (Lele, 2020), and so it is desirable that precise prediction sets

maintain a target coverage rate regardless of the county’s size or composition. This

is challenging as a common feature of citizen science data is unequal sampling efforts

that results in some counties with large amounts of data information and others with

very little. Using direct procedures that only make use of within-county information,

a prediction set may be imprecise in these counties with low sampling efforts. This

suggests using indirect information such as data from neighboring counties to improve

prediction set precision for a given county.

In this chapter, we describe species abundance across sampling areas such as

counties with frequentist-valid prediction sets that are constructed to contain an

unobserved bird with 1 ´ α probability. That is, a valid prediction set for a given

county is a set of avian species such that an unobserved bird will belong to one

of those species with 1 ´ α probability in a frequentist sense. We develop a valid

nonparametric prediction method that allows for information to be shared across

counties. Specifically, our approach results in prediction sets with guaranteed fre-

quentist coverage for each county that are constructed with the incorporation of

indirect or prior information. We detail and provide code for an empirical Bayes

procedure to estimate such prior information from auxiliary data such as neighbor-

ing counties. If this indirect information used to construct the prediction sets is

accurate, the prediction sets will be smaller than direct sets that only make use of

within-county information.

In Section 3.4, we detail the usefulness of the proposed approach in summarising
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the eBird citizen science data. Sharing information across counties generally results

in smaller prediction sets as compared to direct prediction approaches, particularly

so in counties with low sampling efforts. Moreover, the prediction sets provide a

useful summary of the data that may be used to compare information across areas

and better inform policy.

3.2 Methodology

3.2.1 Background and Notation

For county j P t1, ..., Ju, let Xj be a vector of length K where Xj,i “ xj,i is the

observed count of species i over some set sampling period that may vary across

counties. We model Xj with a K-dimensional multinomial distribution with Nj “

řK
i“1 xj,i trials and population proportions vector θj,

Xj „ MNKpθj, Njq. (3.1)

We construct a prediction set AαpXjq for an observation of a new bird arising from

the same distribution, Yj „ MNKpθj, 1q where Yj P Y for Y “ tpy1, ..., yKq :

řK
i“1 yi “ 1, yi P t0, 1upi “ 1, ...., Kqu. Let y

pkq

j P Y denote a prediction of cate-

gory k, that is, let y
pkq

j be a vector of length K with a one at index k and zeros

elsewhere. In particular, we are interested in a prediction set for Yj that maintains

frequentist validity for some error rate α. Formally, we refer to this as an α-valid

prediction set:

Definition 2 (α-Valid Prediction Set). An α-valid prediction set for a predictand

Yj P Y is any subset Aα of the sample space Y that contains Yj with probability

greater than or equal to 1 ´ α,

Pθ pYj P AαpXjqq ě 1 ´ α, @ θ, (3.2)

where the probability is taken with respect to Yj and Xj.

35



Additionally, small or precise α-valid prediction sets are of particular interest,

where prediction set size is measured by expected cardinality, that is, expected num-

ber of the K categories in the sample space included in the prediction set.

3.2.2 Order-based prediction for a single area

A standard approach to construct α-valid prediction sets for each county or area is

with a direct method that only makes use of within-area information. As such, we

first consider construction of a prediction set for a single area j, using only data from

area j. For ease of notation, we drop the area-identifying subscript in this subsection.

For multinomial data in general, if the event probability vector θ is known, an α-

valid prediction set is any combination of categories such that their event probabilities

cumulatively sum to be greater than or equal to 1´α. Equivalently stated, an α-valid

prediction set may be constructed by excluding categories such that the cumulative

sum of the excluded categories’ event probabilities is less than α. Such a prediction

set may be constructed by admitting categories in some prespecified order into the

prediction set until the cumulative sum of their event probabilities is at least 1 ´ α.

The resulting prediction set will have 1´α coverage regardless of the ordering used to

admit categories. In fact, the class of all α-valid prediction sets may be constructed

by following this procedure for non-strict total orderings of categories.

Perhaps intuitively, constructing such a prediction set by including categories

with the largest event probabilities will result in the smallest α-valid prediction set.

In the terminology of ordering, this corresponds to constructing a prediction set

based on an ordering of categories that matches the ordering of the elements in θ.

We refer to this optimal ordering as the oracle ordering:

Theorem 3 (Oracle order-based prediction). Let Y „ MNKpθ, 1q for θ known.

Then,
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(a) the class of all α-valid prediction sets for a given θ consists of prediction sets

of the form,

Aθ,o
α “

#

ypkq
P Y :

«

K
ÿ

l“1

1 pok ě olq θl

ff

ą α

+

, (3.3)

for some vector o P RK, and

(b) the oracle ordering is that which corresponds to the increasing order statistics

of θ,

oθ
“ to : θm ă θn ñ om ă on @ m,n P t1, ...., Ku,m ‰ nu ,

and Aθ,oθ

α has the smallest cardinality among all orderings.

In practice, θ is unknown, but a prediction set may be constructed based on an

observed sample X “ x. It turns out, in fact, that any conditional α-valid prediction

set can be written similarly to the previous construction (Equation 3.3) where the

cumulative sum is computed with respect to the empirical proportions given by x and

y. This is a generalization of the conformal prediction framework, a popular machine

learning approach to construct prediction regions based on measuring conformity (or

non-conformity) of a predictand to an observed sample (Vovk et al., 2005).

Theorem 4 (α-valid order-based prediction). Let X „ MNKpθ, Nq,Y „ MNKpθ, 1q.

Then, every conformal α-valid prediction set based on observed data x can be written

Aαpxq “

#

ypkq
P Y :

«

K
ÿ

l“1

1 pok ě olq
xl ` y

pkq

l

N ` 1

ff

ą α

+

, (3.4)

for some vector o P RK.

Note that the prediction set depends on the vector o only through the order of its

elements.

37



For any ordering of the K categories, constructing a prediction set following

Theorem 4 results in a prediction set with guaranteed finite-sample 1´α frequentist

coverage. The choice of ordering, however, will impact prediction set precision,

that is, the set’s cardinality. For inference for a single area, a natural approach is

to order the categories with respect to their empirical proportions. The empirical

proportions are unbiased for population proportions, so, if the area has a large sample

size, an ordering based on the empirical proportions will approximate the oracle

ordering well. It turns out this approach is well-motivated by classical prediction

approaches. Specifically, a standard direct prediction method constructs a prediction

set separately for an area based on an area-specific conditional pivotal quantity

(Faulkenberry, 1973; Tian et al., 2022). For a multinomial population, Y |X ` Y

is such a quantity that follows a multivariate hypergeometric distribution which

does not depend on the event probability vector. See Thatcher (1964) for work on

prediction sets of this type for binomial data. A prediction set constructed to contain

species belonging to a highest mass region of this pivotal distribution is obtained by

including species with the largest empirical counts until their cumulative proportion

sum exceeds 1 ´ α,

AD
α pxq “

!

ypkq
P Y : (3.5)

«

K
ÿ

l“1

1

´´

xk ` y
pkq

k

¯

ě

´

xl ` y
pkq

l

¯¯ xl ` y
pkq

l

N ` 1

ff

ą α
)

.

This direct prediction set based on an ordering of the empirical proportions is

appealing as it is easy to interpret and has finite-sample guaranteed 1´α frequentist

coverage. For an area with low sampling effort, though, the empirical proportions

will not precisely estimate the true proportions. As a result, a prediction set may

have prohibitively large cardinality such that it is not practically useful. For such an

area, incorporating indirect information from neighboring counties can improve the
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estimates of the county proportions and thereby increase the precision of a prediction

set.

3.2.3 Order-based prediction for multiple areas

In general, in analyzing small area data, that is, areal data featuring small within-

area sample sizes in some areas, it is common to utilize indirect methods that share

information across areas (Rao and Molina, 2015). The eBird database is a rich

data source, and inference in any given county may be improved upon by taking

advantage of auxiliary data using an indirect method. In this subsection, we detail

how information from neighboring counties may be used in estimating an ordering

of categories to improve prediction set precision.

As opposed to a direct prediction set based on an ordering corresponding to

within-county empirical proportions, an indirect prediction set can be constructed

similarly whereby species are admitted into the prediction set based on an ordering

corresponding to empirical posterior proportions estimated from a hierarchical model.

Such an estimate may be obtained based on a conjugate Dirichlet prior distribution

parameterized with a common concentration hyperparameter for the J areas,

θ1, ...,θJ „ DirichletKpγq. (3.6)

Given a hyperparameter γ P RK , the posterior expectation of the proportions θj in

county j is x̃j{pNj `
řK

i“1 γiq where x̃j “ xj `γ. In this way, x̃j may be interpreted

as a posterior vector of counts for county j. Then, an α-valid prediction set based

on x̃j is,

AI
αpxjq “

!

ypkq
P Y : (3.7)

«

K
ÿ

l“1

1

´´

x̃j,k ` y
pkq

k

¯

ě

´

x̃j,l ` y
pkq

l

¯¯ xj,l ` y
pkq

l

Nj ` 1

ff

ą α
)

.
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By Theorem 4, AI
αpxjq is an α-valid procedure, and it is constructed based on

prior information. Specifically, it differs from the direct set given in Equation 3.5 in

that categories are admitted into the prediction set based on an ordering determined

by posterior counts that incorporate indirect information γ, as opposed to an ordering

based on the observed sample. Moreover, it has been shown that if the indirect

information used is accurate, AI
αpxjq may be more precise than a direct prediction

set with the same coverage rate (Hoff, 2023; Bersson and Hoff, 2022).

In total, AD
α pxjq and AI

αpxjq are both α-valid prediction procedures. They differ

in the order in which species are admitted into the prediction sets, as species are

admitted into the direct set in terms of decreasing empirical proportions and into

the indirect set in terms of decreasing posterior counts. As a result, for an area

with a small sample size, incorporating accurate prior information can result in an

ordering used to construct a prediction set that more accurately approximates the

oracle ordering as the empirical proportions might be too unstable. Of note, these

two approaches are equivalent for a uniform prior γ “ c1, for any constant c. This

includes, for example, a standard noninformative prior c “ 1, a standard objective

Bayes Jeffrey’s prior c “ 1{2, and an improper prior c “ 0.

3.2.4 Empirical Bayes estimation of indirect information

To obtain an α-valid indirect prediction set for county j P t1, ..., Ju, all that is

required is an estimate of the prior concentration parameter γ. We propose an em-

pirical Bayesian approach whereby values of γ to be used for county j are estimated

from data collected in neighboring counties. Specifically, we use the maximum likeli-

hood estimate of the marginal likelihood based on the conjugate hierarchical model
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given by Equations 3.1 and 3.6,

γj “ argmax
γ

log p

˜

ď

lPL

Xl

ˇ

ˇ

ˇ
γ

¸

(3.8)

“ argmax
γ

log
ź

lPL

«

Γp
řK

i“1 γiq

Γp
řK

i“1 xl,i ` γiq
ˆ

K
ź

i“1

Γpxl,i ` γiq

Γpγiq

ff

,

where Lj Ď t1, ..., Kuztju is a non-empty set containing the indices of counties

neighboring county j. Information is shared across neighboring counties to inform

an estimate of the prior for county j, and, when estimated in this way, the prior

concentration represents an across-county pooled prior concentration. This opti-

mization problem can be solved numerically with a Newton-Raphson algorithm. See

Appendix B.1 for details and derivation of such an algorithm. Code to implement

this procedure in the R Statistical Programming language is available online, see

Section 3.5.

When γj is estimated using data independent of area j and used to construct

AI
αpxjq, the finite sample coverage guarantee of AI

αpxjq holds regardless of the accu-

racy of the estimated prior hyperparameter. If the estimated vector γj is accurate,

then AI
αpxjq may also be more precise than direct prediction approaches.

3.3 Simulation Study

To illustrate how the incorporation of indirect information can affect precision of

prediction sets, we compare expected set cardinality obtained from the indirect and

direct prediction methods for a single simulated area. In contrast to the eBird data,

for example, the analysis of this section corresponds to that of one county. Be-

cause citizen science data such as these often feature unequal sampling efforts across

counties, we are particularly interested in demonstrating the difference in cardinal-

ity between these two approaches for a range of sample sizes N “ 10, 100, 1000.
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Figure 3.1: Monte Carlo approximations (+/- 1 standard deviation) of the expected
cardinality ratio of (red) indirect to direct methods and (blue) α-valid prediction set
given the oracle ordering to direct method.

Moreover, we compare results for varying number of categories K. Throughout, we

consider a low entropy regime in which rK{4s categories unequally split nearly all of

the probability mass, and the rest of the categories have nearly probability 0. While

we do not necessarily expect real populations in practice to have such a distribution,

it is chosen to clearly demonstrate the benefit of including indirect information in

the construction of prediction sets that maintain frequentist coverage.

In one construction of indirect prediction sets, we consider a prior based on full

information with moderate prior precision γ “ θ ˆ 10. We compare with direct

prediction sets given by Equation 3.5, or, equivalently, indirect prediction sets con-

structed with a uniform prior γ “ c1. Finally, we compare the approaches to α-valid

order-based prediction sets obtained based on an oracle ordering. Results comparing

Monte Carlo approximations of the expected prediction set cardinality ratios between

the various approaches obtained from 25, 000 replications are displayed in Figure 3.1.

As all methods considered are α-valid procedures, the crucial difference between

them is the incorporation of indirect information. Utilizing accurate prior informa-

tion in the construction of prediction sets generally results in prediction sets distinctly

smaller than direct sets, particularly so if there are a large number of categories rel-

42



ative to the sample size. This is evidenced by the red dashes in Figure 3.1 showing

the expected cardinality ratios of the indirect to direct prediction sets are always at

or below a value of 1. An accurate prior may be one that approximates the true

probability mass vector well with large precision relative to sample size, as seen in

the left plot of Figure 3.1 for sample size N “ 10. More generally, though, all that

is needed is a prior that results in posterior counts that accurately approximate the

oracle ordering of categories. We discuss the three sample size regimes in detail

below.

For a small sample size of N “ 10, the prior γ used to construct the indirect

prediction sets is an informative prior with strong precision in that the scale used is

equal to the sample size in this case. As a result, the posterior distributions contain

notably more information than what is in each simulated dataset. As a result, the

ordering of categories induced by the posterior counts, used to construct the indirect

prediction sets, are accurately approximating the oracle ordering of categories. This

is evidenced by the nearly identical behavior of the two cardinality ratios explored.

In conjunction with the instability of the direct method in the presence of such a

small sample size, this results in notably smaller cardinality of the indirect set as

compared to the direct set, even for relatively small total numbers of categories. At

its best, the indirect prediction set is about 80% smaller than the direct set.

For a moderate sample size of N “ 100, the prior precision used to construct

the indirect prediction sets is not overwhelming as compared to the sample size, and

hence the posterior counts do not approximate the oracle ordering as well as in the

regime with a smaller sample size. This is evidenced by the divergence of the red

and blue dashes in the middle plot of Figure 3.1. Still, particularly as the number

of categories increases for fixed N , the benefit of utilizing prior information of this

type is highlighted by the decline of the cardinality ratio of the indirect to direct

prediction sets (red lines). For example, in the case of N “ 100 and K “ 150,
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the indirect prediction set constructed with γ is about 15% smaller than the direct

prediction set.

A similar but less pronounced pattern is seen in the presence of a larger sample

size of N “ 1000. For this sample size with K ď 150, all methods considered perform

relatively similarly. However, as the number of categories increases, there is a distinct

gain in prediction set precision given the input of indirect information in prediction

set construction.

3.4 Summarising eBird species abundance data

In this section, we describe avian species abundance in North Carolina, USA from

eBird data obtained from citizen-uploaded complete checklists of species observa-

tions in the first week of May 2023. Across the 99 counties, 393 unique species were

identified. Some species such as the Northern Cardinal, Carolina Wren, and Ameri-

can Robin were identified frequently. Many others like the Northern Saw-whet Owl

and the Solitary Sandpiper were rarely seen; in fact, 50% of species were seen fewer

than 100 times each across the entire state. Moreover, within-county sample sizes

vary drastically (Figure 3.2) from approximately 50, 000 individual birds identified

in Wake County, one of the most populous counties in NC that contains the state’s

capital, to only 8 in Pasquotank County, a small coastal county consisting of about

1{30th of the human population of Wake County.

As motivated in the Introduction, describing such data with α-valid prediction

sets for each county provides a useful summary with unambiguous statistical inter-

pretation. That is, with at least probability 1 ´ α, an unobserved bird in a given

county will belong to a species contained in the specified prediction set, where the

probability is taken with respect to the random sample and the predictand. Here,

we demonstrate the usefulness of this approach in gaining better understanding of

species abundance. Moreover, we elaborate on the benefit of utilizing indirect infor-
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Figure 3.2: Within-county log sample size of eBird data in North Carolina. Sample
sizes range from 8 to approximately 50,000.
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Figure 3.3: Cardinality ratio of indirect to direct prediction sets. Prior hyper-
parameters estimated with an empirical Bayesian procedure based on five nearest
neighbors for each county. The lowest quantile sample sizes are overlaid on their
respective counties.

mation in the construction of practically useful sets that are precise, particularly for

counties with small within-county sample sizes.

For each county in NC, we construct an indirect prediction set based on a prior

hyperparameter estimated from data in the five nearest neighboring counties, follow-

ing the procedure described in Section 3.2.4. The eBird data consist of independent

samples collected across the state, so samples are independent across counties. As

45



a result of this independence, finite-sample coverage of the indirect prediction ap-

proach is guaranteed. We compare the cardinality of these indirect prediction sets

to that of direct prediction sets, both of which maintain at least 95% coverage for

each county. The cardinality ratios of the indirect to direct prediction sets across the

counties in NC are plotted in Figure 3.3. To highlight the impact of within-county

sample size, the lower quantile sample sizes are overlaid on their respective county.

In general, the incorporation of indirect information in the construction of pre-

diction sets results in notably smaller cardinality of the indirect prediction sets as

compared with that of the direct prediction sets. Of the 99 counties in NC, indirect

sets have smaller cardinality in 65, and the two approaches result in the same car-

dinality in 20 counties. The improvement in cardinality is particularly conspicuous

in counties with small to moderate sample sizes, as evidenced by the sample sizes of

counties with the brightest shade of red in Figure 3.3. Moreover, ten counties have

trivial direct sets consisting of all K species, while only two counties with the small-

est within-county sample sizes, 8 and 14, have trivial indirect prediction sets. For

the county with the third smallest sample size (24), the indirect prediction set only

includes 80 species, or about 20% of all possible species, while the direct prediction

set is the trivial set.

Overall, even in counties with larger sample sizes, it is most common for the

indirect and direct prediction sets to contain a different set of species. In fact, the

indirect and direct prediction sets disagree for nearly every county in NC. They are

equivalent for only six counties where they aren’t both trivial sets. Commonly, this

discrepancy corresponds with smaller indirect sets, and hence highlights the benefit

of inclusion of indirect information in the construction of prediction sets.
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Figure 3.4: Empirical probability masses of species included in only the indirect
(red text), only the direct (blue text), or both (purple text) prediction sets, sorted by
the posterior proportion. MLE plotted in blue, and the posterior proportion based
on a prior estimated from data in nearest five neighboring counties.

Table 3.1: Percentage of all birds observed within each respective county, for select
species included in either the indirect set (red text) or the direct set (blue text).
Estimated prior hyperparameter γ for Robeson County recorded in the last row.

D. Cormorant E. Kingbird Pine Warbler C. Sparrow
Robeson 0.81% 0.4% 0.00% 0.00%
NC-017 0.00% 2.85% 1.97% 2.63%
NC-047 0.00% 0.00% 1.29% 0.64%
NC-051 0.00% 0.68% 2.62% 5.59%
NC-093 0.00% 0.00% 1.09% 0.55%
NC-165 0.00% 0.86% 2.58% 5.16%

γ 0.00 1.33 3.42 4.69

3.4.1 Order-based prediction in Robeson County

To further compare the two approaches and elucidate the role of the ordering of the

species, we elaborate on the construction of indirect and direct prediction sets for

Robeson County. Robeson is located near the southeastern border of NC and features

a moderately small within-county sample size of 247 birds observed, with species-

specific observation counts ranging from zero to ten. The two prediction sets have

nearly the same cardinality but contain differences in species inclusion. Specifically,

the indirect prediction set contains 33 species, and the direct set contains 32, with
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an overlap of 27 species.

To illustrate the role of the ordering used in the construction of α-valid prediction

sets, the empirical proportions based on the observed sample (MLE) and posterior

proportions (Post.Pred) are plotted in Figure 3.4 for the union of included species in

the two sets. In the figure, the species are sorted by increasing posterior proportions.

The indirect and direct sets include species based on the posterior and empirical

distributions, respectively. Discrepancies between the indirect and direct sets occur

when these two distributions disagree. From Figure 3.4, it is easy to see the in-

direct prediction set consists of the species with the 33 largest posterior predictive

proportions. In contrast, the direct set consists of species with the largest sample

probability mass. Naturally, the ordering of these two estimates agree for species

common to the region, and, as such, there is a fair amount of overlap of species

inclusion.

As a result of our estimation procedure for the prior hyperparameter γ for Robe-

son County, the disparity between inclusion or exclusion of a species among the

two prediction set methods is further elucidated by examining species presence in

neighboring counties. In short, species with more frequent occurrence in neighboring

counties will have a larger estimated prior count than those seen rarely in neighbor-

ing counties. Species occurrences in neighboring counties are displayed in Table 3.1

for a select few species along with the estimated γ for Robeson County, obtained by

solving Equation 3.8 using data in these neighboring counties.

Intuitively, species that are seen in neighboring counties with some relative fre-

quency, such as the Chipping Sparrow or Pine Warbler, are probably also present in

Robeson County, and hence should be included in a prediction set. In practice, these

species have a comparatively high estimated prior of about 5 and 4, respectively, and

hence are included in the indirect prediction set even though they weren’t recorded

as being observed in Robeson County in the dataset. Alternatively, consideration of
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Table 3.2: Percentage of all birds observed within each respective county for species
included in either both prediction sets (purple text) or only the direct set (blue
text). Estimated prior hyperparameter γ for Haywood County recorded in the last
row. Species are sorted by posterior proportion.

L. Flycatcher R. Hawk C. Yellowthroat E. Kingbird Bobolink
Haywood 0.21% 0.24% 0.21% 0.24% 0.24%

NC-021 0.06% 0.29% 0.18% 0.43% 0.14%
NC-099 0.00% 0.08% 0.16% 0.00% 0.00%
NC-115 0.07% 0.14% 0.21% 0.28% 0.00%
NC-173 0.18% 0.18% 0.66% 0.09% 1.41%
NC-175 0.00% 0.30% 1.00% 0.54% 0.84%

γ 0.4 1.29 2.43 1.49 2.15

indirect information yields the conclusion that species like the Eastern Kingbird and

Cormorant may be rare in the area in general, as reflected by small γ values, and

thus these species are not included in the indirect prediction set.

3.4.2 Inference among species with tied counts in Haywood County

In species abundance data, particularly for areas or counties with small sample sizes,

it is common for multiple species to have the same observed count. A feature of

the construction of the direct order-based prediction approach as presented is that

species with the same observed counts will either be jointly included or excluded from

the prediction set. As a result, a direct prediction set constructed from a sample with

tied species counts may have increased cardinality over an indirect prediction set that

does not necessarily jointly admit all species with tied observed counts. If the direct

set has increased cardinality for this reason, the direct set will also have increased

coverage over the indirect set.

When constructing a prediction set based on the empirical proportions without

consideration of indirect information, as in the construction of the direct set, this

may commonly occur, and there is no clear approach to choose among the species

with tied counts without further information than what is provided in the sample in
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that county. One could randomly choose to include one of the species from the set

of species with tied counts, for example, but a more principled manner is to utilize

indirect information to determine which species should be included. This is the

mechanism used by the indirect prediction approach when the prior hyperparameter

is a real valued vector estimated from indirect information. As such, a more nuanced

benefit of utilizing indirect information in the construction of a prediction set is the

capacity to include a select few categories with tied empirical proportions.

To demonstrate, we elaborate on species inclusion in the indirect and direct pre-

diction sets in Haywood County. Haywood is popular destination in the Blue Ridge

Mountains, located near the western border of North Carolina. It features a mod-

erately large within-county sample size of roughly 4000 birds observed. In Haywood

County, the indirect prediction set contains 70 species, and the larger direct set con-

tains 74. In the construction of these prediction sets, the ordering of species with

regards to the posterior proportions and the empirical proportions agree for most

species. As a result, all 70 species included in the indirect set are also included in

the direct set. The disparity in species inclusion occurs primarily as a result of tied

counts of species occurrence in the sample.

Empirical proportions in Haywood and neighboring counties are reported in Table

3.2 for the five species included in Haywood County’s prediction sets with the smallest

posterior proportions. The species with the four smallest posterior proportions are

included only in the direct set, and the other species, the Bobolink, is included in

both the indirect and direct sets. The Bobolink was observed 9 times in the sample

from Haywood County, or about 0.24% of the Haywood sample. For an ordering

determined by either the empirical counts or the posterior counts, this species is

required to be included in the order-based prediction set to guarantee 1´α coverage.

Two of the other species, the Red-shouldered Hawk and Eastern Kingbird, were each

also observed 9 times in the sample from Haywood, and, by construction of the order-
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based prediction approach, must also be included in the direct set. When admitting

the species into a prediction set by posterior counts based on the real-valued prior

hyperparameter γ estimated from data in neighboring counties, as in the indirect

approach considered, the ‘tie’ among these three species is broken, and only one, the

Bobolink, is included in the indirect prediction set.

3.5 Discussion

Species abundance data collected across heterogeneous areas is increasingly impor-

tant in understanding biodiversity. Some of the largest sources of such data are

citizen science databases for which volunteers spearhead the data collection. As a

result of the civilian-led scientific effort, such data often feature unequal sampling

across a spatial domain where some areas have large within-area sample sizes and

others have much smaller within-area sample sizes.

In this chapter, we propose summarising species abundance data of this type

with valid prediction sets that are constructed by sharing information across areas.

Utilizing indirect information may result in smaller prediction sets than otherwise

achievable with direct methods. Meanwhile, maintaining validity of the prediction

sets for each area allows for an accessible interpretation that enables a straightfor-

ward comparison across areas. In particular, maintaining interpretable statistical

guarantees on a descriptor of such data is important as analyses from such data of-

ten have far reaching policy implications. Smaller prediction sets may be attainable

based on Bayesian inference of a spatial hierarchical model such as that presented in

Tang et al. (2023), for example, but these approaches introduce bias and a resulting

prediction set would not retain the nominal frequentist coverage rate guarantee for

each county.

The usefulness of our approach for summarising citizen science data is motivated

in part to combat the common problem of varying sampling efforts across areas. We
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detail how α-valid prediction sets can be constructed with the incorporation of in-

direct information to improve within-county prediction set precision and propose an

empirical Bayes procedure to do so. Incorporation of accurate indirect information

results in a narrower prediction set for a given county than a direct prediction set by

exploiting data in nearest neighboring counties. The proposed empirical Bayes proce-

dure is based on a standard hierarchical model that is straightforward to understand,

and the authors provide code for implementation.

There may, however, be a benefit to utilizing a more structured prior that incor-

porates indirect information in a more complex manner such as a prior that weights

data from different parts of the state differently. For example, a model based on a

learned intrinsic distance between counties was shown in Christensen and Hoff (2022)

to fit a subset of the eBird data better than standard methods based on geographic

adjacency structure. In the sample analyzed in Section 3.4, we found an indirect pre-

diction set constructed with a hyperparameter estimated from five nearest neighbors

results in overall narrower prediction sets than a direct approach, but it would be

valuable to explore if this can be further improved upon with a more detailed prior.

More broadly, different applications may warrant an alternative information sharing

prior if, for example, there is no notion of spatial distance across the different areas.

For example, it may be of interest to compare species abundance variation across

different time frames for a given county.
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4

Covariance Estimation for Multi-group,
Matrix-variate Data

4.1 Introduction

Matrix-variate datasets consisting of a sample of n matrices Y1, ..., Yn each with

dimensionality p1 ˆ p2 are increasingly common in modern applications. Exam-

ples of such datasets include repeated measurements of a multivariate response,

two-dimensional images, and spatio-temporal observations. Often, a matrix-variate

dataset may be partitioned into several distinct groups or subpopulations for which

group-level inference is of particular interest. For example, a multi-group dataset

may be subdivided by socio-economic population or geographic region.

In analyzing multi-group matrix-variate data of this type, describing heterogene-

ity across groups is often of particular interest. For instance, in remote-sensing stud-

ies, scientists may be interested in understanding variation across classes of land cover

from repeated measurements of spectral information, as in Johnson et al. (2012). The

information collected at each site may be represented as a p1 ˆ p2 matrix where the

rows represent p1 wavelengths and the columns represent p2 dates when the images
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were taken. Accurate multi-group covariance estimation is necessary for such a task.

Moreover, in many such applications, the population covariance of matrix-variate

data may be near separable in that the covariances across the p2 columns are near

each other or the covariances across the p1 rows are near each other. Incorporation of

this structural information in an estimation procedure can improve estimation accu-

racy. More generally, accurate covariance estimation of multi-group matrix-variate

data is a pertinent task in many statistical methodologies including classification,

principal component analysis, and multivariate regression analysis, among others.

For example, classification of a new observation based on a labeled training dataset

with quadratic discriminant analysis (QDA) requires group-level estimates of pop-

ulation means and covariance matrices. As a result, adequate performance of the

classification relies on, among other things, accurate group-level covariance estimates.

One approach to analyzing multi-group matrix-variate data is to vectorize each

data matrix and utilize methods designed for generic multivariate data separately

for each group. In this way, direct covariance estimates which only make use of

within-group samples may be obtained from matrix-variate data by vectorizing each

observation and computing the standard sample covariance matrices. While a group’s

sample covariance may be unbiased, the estimate may have large variance unless the

group-specific sample size nj is appreciably larger than the dimension p “ p1p2. This

is a limiting requirement as modern datasets often consist of many features, that

is, often p « nj, or even p " nj. As a result, more accurate covariance estimates

may be obtained via indirect or model-based methods which incorporate auxiliary

information. Such methods may introduce bias, but can correspond to estimates

with lower variance than unbiased methods.

To improve the accuracy of covariance estimates for multi-group data, researchers

may estimate each group’s covariance with the pooled sample covariance matrix.

This implicitly imposes an assumption of homogeneity of covariances across the pop-
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ulations and greatly reduces the number of unknown parameters to be estimated.

Such an estimator may be biased, but can have lower error than the population-

specific sample covariance. For example, linear discriminant analysis (LDA), which

assumes homoscedasticity across groups, has been shown to outperform QDA when

sample sizes are small, even in the presence of heterogeneous population covariances

(see, for example, Marks and Dunn (1974)). A more robust approach estimates each

group’s covariance as a weighted sum of a pooled estimate and the group-specific

sample covariance. Such an approach is often referred to as partial-pooling, or, in

the Bayesian framework, hierarchical modeling. For a nice introduction to partial

pooling and an empirical Bayesian implementation, see Greene and Rayens (1989).

More work on the topic is found in Friedman (1989); Rayens and Greene (1991);

Brown et al. (1999). Relatedly, there has been work which assumes pooled elements

of common covariance decompositions (e.g. pooled eigenvectors across groups (Flury,

1987)) and proposals to shrink elements of decompositions to pooled values (Daniels,

2006; Hoff, 2009b).

Alternatively, as opposed to pooling information across groups, accuracy may be

improved by imposing structural assumptions on the covariances separately for each

group. Some common structural assumptions include diagonality (Daniels and Kass,

1999), bandability (Wu and Pourahmadi, 2009), and sparsity (Friedman et al., 2008),

among others. For matrix-variate data, a separable or Kronecker structure covari-

ance assumption (Dawid, 1981) may be more appropriate. A Kronecker structured

covariance represents each p ˆ p population covariance as the Kronecker product of

two smaller covariance matrices of dimension p1 ˆ p1 and p2 ˆ p2 which respectively

represent the across-row and across-column covariances. Again, while a separable

covariance estimator may be biased, it may have smaller error than an unstructured

covariance estimator. In practice, however, the population covariance may not be

well represented by a Kronecker structure. To allow for robustness to misspecifica-
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tion, a researcher may proceed in a Bayesian manner and adaptively shrink to the

Kronecker structure as in Hoff et al. (2022). Such an estimator can be consistent, but

may have stability issues similar to that of an unstructured covariance matrix if the

population covariance is not well represented by a Kronecker structure. In this in-

stance, more accurate multi-group covariance estimates may be obtained by pooling

across groups rather than shrinking within each group to a separable structure.

More generally, in covariance estimation based on matrix-variate data from mul-

tiple populations, it is rarely obvious whether shrinking each unstructured covariance

separately towards a Kronecker structure or shrinking all unstructured covariances

towards an unstructured pooled covariance will result in more accurate estimates.

This is particularly difficult in the presence of small within-group sample sizes as

popular classical statistical tests for both homogeneity of covariances (Box, 1949)

and accuracy of a Kronecker structure assumption (Lu and Zimmerman, 2005) rely

on approximations that require large sample sizes to achieve the desired precision.

To account for this uncertainty, we propose a hierarchical model that adaptively

allows for both types of shrinkage. Specifically, in this chapter, we provide a model-

based multi-group covariance estimation method for matrix-variate data that im-

proves the overall accuracy of direct covariance estimates. We propose a hierarchical

model for unstructured group-level covariances that adaptively shrinks each estimate

either within-population towards a separable Kronecker structure, across-populations

towards a shared pooled covariance, or towards a weighted additive combination of

the two. The model features flexibility in the amount of each type of shrinkage.

Furthermore, the proposed model has a latent-variable representation that results in

straightforward Bayesian inference via a Metropolis-Hastings algorithm. The pro-

posed model provides robustness to mis-specification of structural assumptions and

improved stability if assumptions are wrong while maintaining coherence and inter-

pretability.
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This chapter proceeds as follows. In Section 4.2 we motivate our method and

detail the proposed hierarchical model. We describe a Bayesian estimation algorithm

in Section 4.3 and demonstrate properties of the proposed method via a simulation

study in Section 4.4. The flexibility of the proposed method is shown in two examples

in Section 4.5. In the first example, we demonstrate the usefulness of inference

under the proposed model in speech recognition. In the second example, we perform

inference on a chemical exposure data set where understanding heterogeneity across

socio-demographic groups is of key interest. We conclude with a discussion in Section

4.6.

4.2 Methodology

In this section we introduce the Shrinkage Within and Across Groups (SWAG) covari-

ance model, a hierarchical model developed for simultaneous covariance estimation

for multi-group, matrix-variate data. We are particularly motivated by improving

the overall accuracy of group-specific estimates of population covariances when the

true covariance structures are unknown and group-specific sample sizes are small

relative to the number of features. The proposed model adaptively allows for flexible

shrinkage either across groups, within a group to a Kronecker structure, or an addi-

tive combination of the two. The SWAG model is constructed from semi-conjugate

priors to allow for straightforward Bayesian estimation and interpretable parameters.

The section proceeds by introducing motivation in Sections 4.2.1 and 4.2.2, present-

ing the proposed hierarchical covariance model in Section 4.2.3, and elaborating on

parameter interpretation in Section 4.2.4.

4.2.1 Partial-pooling shrinkage for multi-group data

As detailed in the Introduction, a common method used to improve a population’s

covariance estimate is linear shrinkage from the population’s sample covariance ma-
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trix towards some covariance term which can be estimated with greater precision.

One such method for multi-group multivariate data is partial pooling, as detailed

in Greene and Rayens (1989, GR). In particular, for population j P t1, ..., Ju, let

y1,j, ..., ynj ,j be an i.i.d. random sample of p-dimensional vectors from a mean-zero

normal population with unknown non-singular covariance matrix Σj P S`
p ,

y1,j, ..., ynj ,j „ Np p0,Σjq , independently for i “ 1, ..., nj, j “ 1, ..., J.

GR use mutually independent inverse-Wishart priors for each population covariance,

Σ´1
j „ Wp

`

Ψ´1
0 {pν´p´1q, ν

˘

, for j P t1, ..., Ju, parameterized such thatErΣj|Ψ0, νs “

Ψ0. The Bayes estimator for the covariance of population j under squared error loss

partially-pools each group’s sample covariance,

Σ̂j :“ E rΣj|y,Ψ0, νs “ w1Sj ` p1 ´ w1qΨ0, (4.1)

where w1 “ nj{pnj ` ν ´ p ´ 1q and Sj “
řnj

i“1 yi,jy
T
i,j{nj is the sample covariance

matrix for population j. GR use plug-in estimates for the pooled covariance and

degrees of freedom tΨ0, νu which are obtained in an empirical Bayesian manner.

This partially-pooled estimator linearly shrinks a population’s sample covariance

matrix towards a pooled covariance by a weight w1 that depends on the degrees of

freedom and the group-specific sample size nj. In this way, the degrees of freedom

parameter determines the amount of shrinkage towards the pooled covariance. In

particular, if the degrees of freedom ν is large relative to the sample size nj, the

covariance estimate is strongly shrunk towards the pooled value. In populations

where the group-specific sample size is large, or if the degrees of freedom estimate is

comparatively small, more weight is placed on the sample covariance matrix.

4.2.2 Kronecker shrinkage for matrix-variate data

For a matrix-variate population, the accuracy of a covariance estimate may be im-

proved via linear shrinkage towards a population-specific Kronecker structure. Let
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Y1, ..., Yn be an i.i.d. sample of random matrices, each of dimension p1 ˆ p2 , from

a mean-zero normal population with non-singular covariance matrix Σ P S`
p where

p “ p1p2,

Y1, ..., Yn „ Np1ˆp2 p0,Σq , independently for i “ 1, ..., n.

Even if p1 and p2 are each relatively small, obtaining a statistically stable estimate of

the unstructured p-dimensional covariance may require a prohibitively large sample

size. As a result, shrinkage towards a parsimonious Kronecker structured covariance

C b R may be used, where “ b ” is the Kronecker product, R P S`
p1

is a “row”

covariance matrix, and C P S`
p2

is a “column” covariance matrix. A linear shrinkage

estimator that shrinks a population’s sample covariance towards a population-specific

Kronecker separable covariance may be obtained from the following prior,

Σ´1
„ Wp

`

pC b Rq
´1

{pγ ´ p ´ 1q, γ
˘

,

parameterized so that ErΣj|C,R, γs “ C b R. Here, the Bayes estimator of the

covariance Σ under squared error loss is

Σ̂ :“ E rΣ|Y , C,R, γs “ w2S ` p1 ´ w2q pC b Rq , (4.2)

where w2 “ n{pn` γ ´ p´ 1q. An empirical Bayesian estimation approach based on

shrinkage towards a Kronecker structure is presented in Hoff et al. (2022). In context

to that chapter, here, we will take a fully Bayesian approach.

The estimator given in Equation 4.2 linearly shrinks the unstructured sample

covariance towards a Kronecker structured covariance by the weight w2 that depends

on the sample size and the estimated degrees of freedom. As with the partially-pooled

estimator, this estimator is strongly shrunk towards the Kronecker structure when

the degrees of freedom is large relative to sample size. If the degrees of freedom is

small, or the sample size is large, more weight is placed on the sample covariance.
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4.2.3 Flexible shrinkage for multi-group matrix-variate data

For each group j “ 1, ..., J , let Yj,1, ..., Yj,nj
be an i.i.d. sample of random matrices,

each of dimension p1 ˆ p2, from a mean-zero normal population with non-singular

covariance Σj P S`
p , that is,

Yj,1, ..., Yj,nj
„ Np1ˆp2 p0,Σjq , independently for j “ 1, ..., J. (4.3)

As it is often unclear which of the approaches presented is most appropriate in the

presence of multi-group matrix-variate data of this type, we propose an approach

that combines the two methods of covariance shrinkage discussed. In particular,

we propose the Shrinkage Within and Across Groups (SWAG) hierarchical prior

distribution which linearly combines an estimate shrunk towards a pooled covariance

Ψ0 and an estimate shrunk towards a group-specific Kronecker structure pCj b Rjq

by a weight λ P p0, 1q that is estimated from the data.

Specifically, the SWAG prior utilizes an over-parameterized representation of each

group’s covariance. That is, for population j P t1, ..., Ju,

Σj “ λΨj ` p1 ´ λqΛj, (4.4)

where each Ψj is shrunk towards a common covariance, and each Λj is shrunk towards

a group specific Kronecker covariance. Each covariance Ψj is shrunk across groups

towards a common covariance matrix using the prior distribution

Ψ´1
j „ Wp

`

Ψ´1
0 {pν ´ p ´ 1q, ν

˘

, independently for j “ 1, ..., J, (4.5)

parameterized such that ErΨj|Ψ0, νs “ Ψ0. When Ψ0 is estimated from data across

all groups, this term is interpreted as a pooled covariance matrix. As we are interested

in obtaining a covariance matrix estimate based on matrix-variate data, each Λj term

is shrunk towards a group-specific Kronecker structured covariance,

Λ´1
j „ Wp

`

pCj b Rjq
´1

{pγ ´ p ´ 1q, γ
˘

, independently for j “ 1, ..., J, (4.6)
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where ErΛj|Rj, Cj, γs “ pCj b Rjq. Here, as before, Rj is a p1 ˆ p1 row covariance

matrix from population j and Cj is the corresponding p2 ˆp2 column covariance ma-

trix. Furthermore, to more clearly separate these two notions of shrinkage (within

population or across populations), a Wishart prior on the across-population covari-

ance Ψ0 allows for flexible shrinkage of this pooled term towards an across-group

Kronecker covariance:

Ψ0 „ Wp ppP2 b P1q {ξ, ξq , (4.7)

parameterized such that E rΨ0|P1, P2, ξs “ pP2 b P1q where P1 P S`
p1

and P2 P

S`
p2
. In this way, the weight λ is interpreted as partially controlling the amount of

shrinkage towards homogeneity versus towards heterogeneity of covariances across

groups. A visualization of the proposed SWAG hierarchy is given in Figure 4.1. In

summary, the SWAG model combines a standard hierarchical model on the across-

group shrunk Ψj covariances with Bayesian shrinkage towards a separable structure

on the within-group shrunk Λj covariances and the pooled covariance Ψ0.

We note that the SWAG model is primarily motivated by the need to obtain

more accurate group-specific covariance estimates, so, while there is redundancy in

this parameterization, the group-specific covariances Σ1, ...,ΣJ are identifiable. As

a result, this over-parameterization will not affect inference on estimation of group-

level covariances, estimation of mean effects, imputation of missing data, or response

prediction.

4.2.4 Interpretation of Parameters

In this section, we highlight properties of the proposed SWAG covariance priors

under the normal sampling model given in Equation 4.3. A priori, regardless of

the specified sampling model, the marginal expectation under the SWAG prior is

a weighted sum of a pooled covariance and the heterogeneous Kronecker separable
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Figure 4.1: A graphical representation of the SWAG hierarchical model. The
unstructured covariance terms Ψ1, ...,ΨJ are shrunk across groups towards a shared
covariance Ψ0. The covariance terms Ψ0,Λ1, ....ΛJ are each individually shrunk to-
wards a Kronecker covariance.

covariance:

E rΣj|Ψ0, Rj, Cj, λs “ λΨ0 ` p1 ´ λq pCj b Rjq , (4.8)

for j P t1, ..., Ju, where the weight λ quantifies the prior weight on each structure. As

a result, the SWAG prior presents a flexible approach to combine shrinkage across

groups towards a pooled value and shrinkage within groups towards a separable

structure.

The role of the weight λ is further elucidated at the extremes of its sample space.

Given λ “ 1, the SWAG model reduces to a Bayesian analogue of the partially-

pooled estimators given in Greene and Rayens (1989), as given in Equation 4.1. At

the weight’s opposite extreme, when λ “ 0, the SWAG model is equivalent to the

Kronecker structure shrinkage model presented in Section 4.2.2 applied separately to

each group. To alleviate some of the potential ambiguity in interpretation of λ, we

further allow Ψ0 to be flexibly shrunk to a Kronecker structure. In this way, λ “ 1

represents hierarchical shrinkage across populations towards a pooled covariance and

λ “ 0 represents within-population shrinkage.

Moreover, under the SWAG prior, the prior marginal expected value of a popula-
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tion’s covariance is a weighted sum of a pooled covariance and a population-specific

separable covariance (Equation 4.8). Under normality, as the degrees of freedom ν

and γ increase, the marginal sampling model of a random matrix Yi,j converges to a

normal distribution with this prior expectation as the covariance. That is, when the

degrees of freedom parameters ν and γ are large, the unstructured covariances Ψj

and Λj are each strongly shrunk towards their respective prior expected value, and,

therefore, the population covariances are approximately represented by the weighted

sum of the pooled covariance and population-specific Kronecker structure.

4.3 Parameter Estimation

4.3.1 Latent Variable Representation

The SWAG model has a latent variable representation that allows for straightforward

Bayesian inference. Specifically, consider the following representation of the proposed

SWAG model:

vecpYi,jq “ λ1{2Ui,j ` p1 ´ λq
1{2Ei,j, for i “ 1, ..., nj (4.9)

Ui,j „ Np p0,Ψjq

Ei,j „ Np p0,Λjq ,

independently for each population j P t1, ..., Ju where the priors on each Ψj and Λj

are as given in Equations 4.5 and 4.6. That is, each matrix Yi,j is represented as a

weighted sum of one factor (Ui,j) which partially pools covariances across populations

and another factor (Ei,j) which flexibly shrinks the population covariance towards a

group-specific Kronecker structure. Marginal with respect to the factors, this latent

variable representation is equivalent to the sampling model proposed in the SWAG

model,

vecpYi,jq|λ,Ψj,Λj „ Np p0, λΨj ` p1 ´ λqΛjq .
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Conditioning on the factor Ui,j results in closed form full conditionals of the covari-

ance parameters of interest, as detailed in subsequent subsections.

4.3.2 Posterior Approximation

In this section, we detail a Metropolis-Hastings algorithm for parameter estimation

based on the latent variable representation of the SWAG model. Label Y “ tYi,j : i P

t1, ..., nju, j P t1, ..., Juu, U “ tUi,j : i P t1, ..., nju, j P t1, ..., Juu, Ψ “ tΨ1, ...,ΨJu,

Λ “ tΛ1, ...,ΛJu, R “ tR1, ..., RJu, and C “ tC1, ..., CJu. Then, Bayesian inference

is based on the joint posterior distribution, with density

ppλ,Ψ,Λ,Ψ0, ν,R,C, γ, P1, P2, ξ|Y q,

and a Monte Carlo approximation to this posterior distribution is available via a

MetropolisHastings algorithm. Based on the latent variable representation presented

in Equations 4.9, nearly all of the parameters in the SWAG model maintain semi-

conjugacy leading to a straightforward Metropolis-Hastings algorithm which con-

structs a Markov chain in

θ “ tλ,Ψ,Λ,U ,Ψ0, ν,R,C, γ, P1, P2, ξu.

Such Bayesian inference provides estimates and uncertainty quantification for ar-

bitrary functions of the parameters. While we focus on the mean-zero case, the

algorithm presented may be trivially extended to include estimation of mean param-

eters.

For a full Bayesian analysis, priors must be specified for all unknown param-

eters. For simplicity, a straightforward betapα, βq prior may be used to describe

prior expectations of behavior of λ. On the degrees of freedom parameters ν, γ, and

ξ, negative binomial distributions with the appropriate support may be used, that

is, NegBinrp`2,8qpr0, p0q, parameterized by size r0, success probability p0, and lower
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bound p ` 2. Semi-conjugate priors on the remaining covariance parameters are

proposed to facilitate computation,

R1, ..., RJ „ Wp1 pR0{η1, η1q

C1, ..., CJ „ Wp2 pC0{η2, η2q

P´1
1 „ Wp1

`

P´1
01 {pη3 ´ p1 ´ 1q, η3

˘

P´1
2 „ Wp2

`

P´1
02 {pη4 ´ p1 ´ 1q, η4

˘

.

A discussion of hyperparameter specification is provided in Section 4.3.3.

A Metropolis-Hastings sampler proceeds by iteratively generating new sets of

model parameters based on their full conditional distributions. When iterated until

convergence, this procedure will generate a Markov chain that approximates the joint

posterior distribution ppθ|Y q. The sampling steps are now detailed.

Sampling of population model parameters

The full conditionals of sampling model covariances and factors, as well as the key

shrinkage controlling parameters λ, ν, γ are discussed in this subsection. To reduce

dependence along the Markov chain, we propose to sample the weight λ and the latent

factor U from their joint full conditional distribution, ppλ,U |Y ,θ´U ,´λq, where, to

streamline notation, we let θ´p¨q denote the set containing all variables in θ except

for p¨q. A sample from ppλ|Y ,θ´U ,´λq must first be obtained where

ppλ|Y ,θ´U ,´λq9

J
ź

j“1

r|λΨj ` p1 ´ λqΛj|
´nj{2 etrp´YjpλΨj`p1´λqΛjq

´1Y T
j q

sλα´1
p1 ´ λq

β´1.

As the full conditional distribution of λ is not available in closed form, a sample

of λ may be obtained from a Metropolis step that proceeds by first obtaining a

proposed value λ˚ from a reflecting random walk around the previous value of λ

in the Markov chain (Hoff, 2009a). That is, an initial value is sampled from λ˚ „
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Uniformpλ ´ δλ, λ ` δλq, and it is reflected across the approporiate bound to retain

the correct support, λ P p0, 1q:

λ˚
“

$

’

&

’

%

λ˚ if λ˚ P p0, 1q,

|λ˚| if λ˚ ď 0,

2 ´ λ˚ if λ˚ ě 1.

Then, the proposal λ˚ is accepted as an updated value for λ with probability r “

ppλ˚|Y ,θ´U ,´λq{ppλ|Y ,θ´U ,´λq. The full conditional of each latent factor Uj for

population j is independently Nnjˆp

`

Mj, Sj b Inj

˘

where

Sj “

ˆ

Ψ´1
j `

λ

1 ´ λ
Λ´1

j

˙´1

Mj “
λ1{2

1 ´ λ
YjΛ

´1
j Sj.

Again, to reduce dependence along the Markov chain, we propose to sample the

degrees of freedom ν and covariances Ψ as well as γ and Λ from their joint full

conditional distribution. In particular, the joint full conditional of pν,Ψq is

ppν,Ψ|Y ,θ´Ψ,´νq “ p pΨ|Y ,θ´Ψq ˆ p pν|Y ,θ´Ψ,´νq

where ν may be sampled from a reflecting random walk Metropolis step. In this case,

a proposal ν˚ may be obtained from a reflecting random walk based on the previous

iteration’s value of ν, that is, sample an initial value from ν˚ „ Uniformpν´δν , ν`δνq

and utilize the following reassignment schema to ensure the sample has the correct

support:

ν˚
“

#

ν˚ if ν˚ ě p ` 2

pp ` 2q ` pp ` 2 ´ ν˚q if ν˚ ă p ` 2.

The proposal ν˚ is accepted as an updated value for ν with probability

r “

J
ź

j“1

ppUj|Ψ0, ν “ ν˚qppν “ ν˚|r0, p0q

ppUj|Ψ0, ν “ νqppν “ ν|r0, p0q
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where Uj|Ψ0, ν „ Tnjˆp

`

ν ´ p ` 1, 0,Ψ0pν ´ p ´ 1q b Inj

˘

. Then, sample each Ψj

from its full conditional distribution,

Ψ´1
j |Y ,θ´Ψj

„ Wp

` `

UT
j Uj ` pν ´ p ´ 1qΨ0

˘´1
, ν ` nj

˘

for each j P t1, ..., Ju. Samples from the joint full conditional distribution of pγ,Λq,

ppΛ|Y ,θ´Λq ˆ p pγ|Y ,θ´Λ,´γq are obtained similarly. A proposal sample γ˚ is ob-

tained from a reflecting random walk based on an initial value drawn from Uniformpγ´

δγ, γ ` δγq and accepted with probability

r “

J
ź

j“1

p pYj|λ, Uj, Rj, Cj, γ “ γ˚q ppγ “ γ˚|r0, p0q

p pYj|λ, Uj, Rj, Cj, γ “ γq ppγ “ γ|r0, p0q

where Yj|λ,Rj, Cj „ Tnjˆp

`

γ ´ p ` 1, λ1{2Uj, p1 ´ λq pCj b Rjq pγ ´ p ´ 1q b Inj

˘

,

and the full conditional of each Λ´1
j is independently

Wp

``

Ỹ T
j Ỹj{p1 ´ λq ` pCj b Rjq pγ ´ p ´ 1q

˘´1
, γ ` nj

˘

where Ỹj “
`

Yj ´ λ1{2Uj

˘

.

In addition to facilitating computation, these full conditionals contribute to the

interpretation of parameters. In particular, for population j P t1, ..., Ju, the full

conditional means of Ψj and Λj resemble shrinkage estimators towards a pooled

covariance and a Kronecker structured covariance, respectively. Specifically, the full

conditional density of the across-group shrunk covariance Ψj, given all other model

parameters and the observed data matrices Y , is inverse-Wishart with mean

E
“

Ψj|Y ,θ´Ψj

‰

“ w1U
T
j Uj{nj ` p1 ´ w1qΨ0, (4.10)

where w1 “ nj{pnj `ν´p´1q. That is, the prior on Ψj shrinks the sample covariance

of the latent factor U towards the pooled covariance by a shrinkage factor determined

by the degrees of freedom ν and the within-group sample size nj. Similarly, the full
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conditional density of the within-group shrunk Λj is inverse-Wishart with mean

E
“

Λj|Y ,θ´Λj

‰

“ w2Ỹ
T
j Ỹj{nj ` p1 ´ w2q pCj b Rjq , (4.11)

where Ỹj “
`

Yj ´ λ1{2Uj

˘

{
?
1 ´ λ and w2 “ nj{pnj ` γ ´ p ´ 1q. In this case, the

prior on Λj shrinks the sample covariance of the data residual towards a separable

covariance by a weight which depends on the degrees of freedom γ and nj.

Full conditionals of Kronecker shrinkage parameters

The unstructured covariances Λ are each shrunk towards a population-specific Kro-

necker structured covariance. The derivations of the full conditionals of these Kro-

necker covariances make use of a few Kronecker product properties, namely,

trpBTA1BAT
2 q “ vecpBq

T
pA2 b A1qvecpBq

and |A2 b A1| “ |A1|
p2 |A2|

p1 for A1 of dimension p1ˆp1 and A2 of dimension p2ˆp2.

Then, it is straightforward to derive the full conditional of each population j’s row

covariance,

Rj „ Wp1

`

˜

pγ ´ p ´ 1q

p
ÿ

k“1

LkCjL
T
k ` R´1

0 η1

¸´1

, η1 ` γp2
˘

for Lk “ vec´1plkq from Λ´1
j “ L̃L̃T “

řp
k“1 lkl

T
k and column covariance

Cj „ Wp2

`

˜

pγ ´ p ´ 1q

p
ÿ

k“1

LT
kRjLk ` C´1

0 η2

¸´1

, η2 ` γp1
˘

for Lk “ vec´1plkq from Λ´1
j “ L̃L̃T “

řp
k“1 lkl

T
k .

Full conditionals of pooled shrinkage parameters

The unstructured covariances Ψ are shrunk across-groups towards a pooled unstruc-

tured covariance. The full conditional of the pooled covariance is Ψ0|Y ,θ´Ψ0 „
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Wp

``

pν ´ p ´ 1q
řJ

j“1Ψ
´1
j ` pP2 b P1q

´1 ξ
˘´1

, ξ ` Jν
˘

. The final level of the hier-

archy allows for shrinkage of this pooled unstructured covariance towards a pooled

Kronecker structured covariance. The full conditional for the pooled row covariance

is

P´1
1 „ Wp1

`

˜

ξ
p
ÿ

k“1

LkP
´1
2 LT

k ` P01pη3 ´ p1 ´ 1q

¸´1

, η3 ` ξp2
˘

for Lk “ vec´1plkq from Ψ´1
0 “ L̃L̃T “

řp
k“1 lkl

T
k , and the full conditional for the

pooled column covariance is

P´1
2 „ Wp2

`

˜

ξ
p
ÿ

k“1

LT
kP

´1
1 Lk ` P02pη4 ´ p2 ´ 1q

¸´1

, η4 ` ξp1
˘

for Lk “ vec´1plkq from Ψ´1
0 “ L̃L̃T “

řp
k“1 lkl

T
k . The corresponding degrees of

freedom term may be sampled from a Metropolis step, similar to ν, γ. Specifically, a

proposal sample may be obtained from a reflecting random walk based on an initial

value drawn from Uniformpξ ´ δξ, ξ ` δξq. Then, ξ
˚ is accepted as an updated value

for ξ with probability

r “

J
ź

j“1

p pΨ0|P1, P2, ξ “ ξ˚q ppξ “ ξ˚|r0, p0q

p pΨ0|P1, P2, ξ “ ξq ppξ “ ξ|r0, p0q
.

A note on computational expense

The computational complexity of the proposed Metropolis-Hastings algorithm is at

least OpmaxtJp3, p2
ř

j nj, p
ř

j n
2
juq. However, while Bayesian computation of the

SWAG model may appear cumbersome, we note that many of the computationally

expensive steps may be run in parallel across group. Specifically, sampling the ran-

dom effects tUju
J
j“1, the covariance terms tΨju

J
j“1 and tΣju

J
j“1, and the Kronecker

covariance terms tRju
J
j“1 and tCju

J
j“1 may each be computed in parallel across the J
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groups. In this way, the proposed algorithm may scale nicely with number of groups,

depending on computational resources.

4.3.3 Hyperparameter specification

In the absence of meaningful external or prior information, weakly informative or

non-informative priors on all unknown variables can be considered. On the weight

λ, the prior hyperparameters α, β may be selected in a way that weakly encourages

favoring one of the types of shrinkage, within or across groups, by setting α “ β “

1{2.

Specifying weakly informative hyperparameters for the degrees of freedom priors

requires slightly more scrutiny as the impact of ν, γ, and ξ on the Wishart prior

distributions will depend on, among other things, covariance dimension p. In a

Wishart distribution, the degrees of freedom parameter controls the concentration of

the distribution around the prior mean. A value that is large relative to the covariance

dimension p can correspond to considerable concentration, and a value near the lower

bound p`2 corresponds to limited concentration. As such, we suggest using a weakly

informative prior for a degree of freedom by specifying hyperparameters r0, p0 that

allow for nontrivial prior mass on a range from p` 2 to values large relative to p. In

practice, we found it worked well to set hyperparameters such that a large majority

of the prior mass is placed on values in the range rp ` 2, 2ps. The size parameter

r0 may be set such that the degrees of freedom prior mean is a value near the first

quantile of this range. The prior success probability may be set such that there is a

fair amount of dispersion around the mean. In analyses with moderate dimension,

we use p0 “ 0.2 which corresponds to a degrees of freedom prior variance of 5 times

the prior mean. In analyses with large dimension, we use p0 “ 0.01 to allow for a

larger prior variance. In both cases, such a prior tends to be right skewed, whereby

more prior mass is placed on small to moderate values in the parameter space while
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still incorporating nonnegligible prior mass on moderate to large values.

The hyperparameters on the covariance parameters, R,C, P1, and P2, require

special attention due to the over-parameterization of the proposed model and the

scale ambiguity property of the Kronecker product. That is, for a scalar c and ma-

trices A,B, pcA b Bq “ pA b cBq. To deal with these potential ambiguities,

we propose standardizing the data in a pre-processing step before estimating model

parameters and setting the scale hyperparameters such that the prior mean of these

parameters is the identity matrix. The implications of this hyperparameter choice

result in an a priori homoscedastic marginal expectation of the within-group covari-

ances, E rΣjs “ Ip for each j P t1, ..., Ju. The corresponding degrees of freedom

hyperparameters are taken as η1 “ η3 “ p1 ` 2 and η2 “ η4 “ p2 ` 2 to represent

diffuse distributions that maintain finite first moments. For example, a Wishart prior

of this type, Wp1pIp1{pp1 ` 2q, p1 ` 2q, on R1 corresponds to a diffuse distribution

with prior expected value Ip1 . Furthermore, this choice of prior suggests weak shrink-

age to an isotropic covariance matrix at the lowest level of the hierarchy. Weakly

shrinking to such a matrix has motivations in ridge regression and the regularization

discriminant analysis literature, as in Friedman (1989).

4.4 Simulation Studies

We demonstrate the performance of the proposed SWAG model by comparing the

accuracy of various covariance estimators obtained under four different population

covariance regimes. In particular, each regime features either homogeneous (Ho) or

heterogeneous (He) covariances across groups, and the covariances in each regime are

either Kronecker structured (K) or not Kronecker structured (N). Our goal in this

section is to generally explore results when the true group-specific covariance matri-

ces have off-diagonal values relatively far from zero within a given group. Specifically,

in unstructured regimes, each group’s true covariance is an exchangeable correlation
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matrix of dimension pˆ p with a fixed correlation randomly generated between 0.35

and 0.9. In Kronecker structured regimes, each group’s true covariance is the Kro-

necker product of a p2ˆp2 exchangeable correlation matrix and a p1ˆp1 exchangeable

correlation matrix. For a given regime and parameter size combination, the true co-

variance matrices do not vary within the simulation. Details of the within-group true

covariances tΣ1, ...,ΣJu for each regime are contained in Table 4.1. While we do not

necessarily expect the truth in real-world scenarios to be one of these extreme cases,

this study provides insight into the behavior of the SWAG model.

Table 4.1: Population covariance assumptions for each of the four regimes consid-
ered. Notionally, Zppq is an exchangeable correlation matrix of dimension pˆp where
the correlation is a fixed value in r.35, .9s.

Ho He

K Σ1 “ ¨ ¨ ¨ “ ΣJ “ Zpp2q b Zpp1q Σ1 “ Z
pp2q

1 b Z
pp1q

1 , ¨ ¨ ¨ ,ΣJ “ Z
pp2q

J b Z
pp1q

J

N Σ1 “ ¨ ¨ ¨ “ ΣJ “ Zppq Σ1 “ Z
ppq

1 , ¨ ¨ ¨ ,ΣJ “ Z
ppq

J

In a simulation study under each regime, we compare the loss of various covariance

estimators under a range of dimensionality and number of groups. Specifically, we

consider p1 P t2, 4, 8u, p2 “ 3, and J P t4, 10u. As we are particularly motivated by

the small sample size case, we consider within-group sample sizes n1 “ ... “ nJ “

p ` 1. For each regime, we take the MLEs of the covariances under the simplest

correctly specified model as the oracle estimator. In total, this includes the standard

sample MLE for each group’s covariance S “ tS1, ..., SJu, the pooled sample MLE

Ŝp, the separable MLE for each group K̂ “ tK̂1, ..., K̂Ju, and the pooled separable

MLE K̂p. These oracle estimators for each group’s covariance under the four regimes

considered are specified in Table 4.2. We note that the most accurate estimator of

the He,U regime may vary depending on the problem dimension and the number of

the groups due to high variance of the sample covariance estimator when sample size
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is small relative to number of features, as in this study.

Table 4.2: Oracle estimators of the population covariances in the four regimes con-
sidered.

Ho He

K K̂p K̂1, ..., K̂J

N Ŝp S1, ..., SJ

The simulation study proceeds as follows. For each permutation of regime, di-

mension, and number of groups, we sample 50 data sets each from a mean-zero

matrix normal distribution of the appropriate dimension with population covariance

as given in Table 4.1. For each data set, we compute the reference covariance es-

timates S, Ŝp, K̂, and K̂p. Additionally, we run the proposed Metropolis-Hastings

sampler for the SWAG model for 28,000 iterations removing the first 3,000 itera-

tions as a burn-in period and saving every 10th iteration as a thinning mechanism.

From the resulting 2,500 Monte Carlo samples, we obtain the Bayes estimate under

an invariant loss, Stein’s loss, of each group’s covariance, Σ̂ “ tΣ̂1, ..., Σ̂Ju where

Σ̂j “ ErΣ´1
j |Yjs

´1. Then, we compute Stein’s loss averaged across the populations

L̄pΣ, Σ̂q “ 1
J

řJ
j“1 LSpΣj, Σ̂jq where LSpΣj, Σ̂jq “ tr

´

Σ´1
j Σ̂j

¯

´ log
ˇ

ˇ

ˇ
Σ´1

j Σ̂j

ˇ

ˇ

ˇ
´ p1p2.

We report the average of the 50 L̄ values to approximate frequentist risk for each

scenario considered. In our analysis of results, we refer to L̄ as the loss and do not

discuss group-specific Stein losses.

In general, we expect inference with the ‘oracle’ estimator to outperform that of

the SWAG model in each regime considered. However, as knowledge of true struc-

tural behavior is rare in practice, the oracle estimator of one regime obtained from

a correctly specified model may perform arbitrarily poorly in a different regime. In

contrast, due to the flexibility of the proposed SWAG model, we expect the SWAG
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Table 4.3: L̄ values averaged over 50 iterations for J populations and problem di-
mension p “ p1p2. The oracle estimator for each regime has a grey background. For
each case, the two smallest average losses are in bold font.

Σ̂ S Ŝp K̂ K̂p Σ̂ S Ŝp K̂ K̂p

Homogeneous, Kronecker Heterogeneous, Kronecker
J = 4, p = 6 1.36 6.82 0.85 1.77 0.31 1.66 6.82 2.54 1.77 1.95
J = 4, p = 12 2.40 13.42 1.69 1.36 0.28 2.73 13.42 5.33 1.36 3.74
J = 4, p = 24 3.21 25.77 3.47 1.81 0.44 4.38 25.77 10.76 1.81 7.42
J = 10, p = 6 1.14 7.12 0.33 1.82 0.12 1.54 7.12 2.21 1.82 1.98
J = 10, p = 12 2.32 13.48 0.65 1.39 0.12 2.67 13.48 4.98 1.39 4.37
J = 10, p = 24 2.55 25.70 1.27 1.81 0.17 4.43 25.70 10.39 1.81 9.14

Homogeneous, not Kronecker Heterogeneous, not Kronecker
J = 4, p = 6 1.49 6.82 0.85 4.81 2.42 1.36 6.82 1.96 6.27 4.53
J = 4, p = 12 2.65 13.42 1.69 7.07 5.79 2.77 13.42 4.21 9.04 10.58
J = 4, p = 24 4.63 25.77 3.47 22.02 20.27 5.03 25.77 8.63 31.70 31.47
J = 10, p = 6 1.47 7.12 0.33 4.64 2.12 1.54 7.12 1.48 6.14 4.44
J = 10, p = 12 2.51 13.48 0.65 7.20 5.60 2.63 13.48 3.14 9.66 10.97
J = 10, p = 24 3.45 25.70 1.27 22.32 20.27 4.52 25.70 6.48 33.55 33.17

estimator to perform nearly as well as each regime’s oracle estimator, and outperform

the other estimators considered. Specifically, the SWAG model is correctly specified

for all four cases as each regime corresponds to particular limiting choices of param-

eters in the SWAG model. Furthermore, given that we consider problem dimension

size similar to each population’s sample size, we expect the SWAG estimator to

outperform the sample covariance estimators in all cases.

The results of the simulation study are presented in Table 4.3. In the table, the

oracle estimator for each regime has a grey background, and the smallest two average

losses are in bold font. In summary, the SWAG estimator performs best or second

best in all cases considered except those in the Ho, Kr regime. In nearly all cases

where the SWAG estimator has the second smallest loss, it is beat by the respective

regime’s oracle estimator. Therefore, given that the oracle is unknown in practice, we

conclude the SWAG model is particularly effective in accurate population covariance
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estimation. While the overarching conclusion of the performance of the SWAG model

remains the same across most cases considered, the dynamics differ across regime.

To gain a better understanding of the variation around the average losses displayed

in the table, Figure 4.2 displays the empirical densities of the 50 L̄ values for each

regime in the case where J “ 4, p “ 12.

In the regime where population covariances are homogeneous across population

and Kronecker structured, the oracle estimator K̂p has the smallest average loss

in the cases explored, as expected. Interestingly, for a given J , the average loss

corresponding to K̂p and K̂ for p “ 12 is less than that for p “ 6. This is a

consequence of the scaling used within Stein’s loss function as, in this case, the

difference between the first two terms of the loss increases by less than the increase

in p. In general, the pooled MLE and group-specific Kronecker MLEs perform well

in this regime, which is not surprising given the variety of estimators considered and

the overlap in their underlying assumptions. The SWAG estimator tends to have a

similar L̄ to these estimators, and a notably smaller average loss than the sample

covariance. Furthermore, in most cases considered, the empirical density of the loss

corresponding to these three estimators (Σ̂, Ŝp, and K̂) overlap, as seen in Figure

4.2.

Given population covariances homogeneous across population and not Kronecker

structured, the pooled MLE and SWAG estimators have the two smallest average

losses. All other estimators have comparatively large average loss. This is partic-

ularly apparent in Figure 4.2 where the densities of the losses corresponding to Σ̂

and Ŝp are smaller than and distinct from the densities corresponding to the other

estimators considered. In high dimension cases in particular, incorrectly assuming a

Kronecker covariance in this regime results in estimators nearly as inaccurate as the

sample covariances.

In the heterogeneous and Kronecker structured regime, the oracle estimator and
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Figure 4.2: Empirical densities of the 50 logpL̄q values for each estimator given
J “ 4, p “ 12.

the SWAG estimator have the two smallest average losses. Overall in this regime,

these two estimators behave similarly and are notable improvements over the other

estimators considered, as seen clearly in Figure 4.2. Again, in this regime, the average

loss corresponding to the oracle estimator K̂ for p “ 12 is less than that for p “ 6 as

a result of the scaling used in Stein’s loss function.

In the fourth, and perhaps most realistic, regime considered, where population

covariances are heterogeneous across population and not Kronecker structured, the

SWAG estimator has the smallest average loss in all cases except when J “ 10, p “ 6,

where it has the second smallest average loss. In this regime, the oracle estimator

is outperformed by all other estimators considered. This is not surprising given the
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Table 4.4: SWAG Metropolis-Hastings sampler run time in minutes for S “ 28, 000
iterations, averaged over 50 replications for each simulation setting comprised of J
groups and problem dimension p “ p1p2.

Ho, K Ho, N He, K He, N

J = 4; p = 6 10.58 12.49 9.89 14.32
J = 4; p = 12 13.83 16.23 14.20 18.71
J = 4; p = 24 24.46 28.36 25.07 32.59
J = 10; p = 6 23.13 27.92 24.41 32.37
J = 10; p = 12 31.12 36.96 31.63 42.61
J = 10; p = 24 55.92 65.04 56.37 74.33

combination of the simplicity of the exchangeable population covariances in conjunc-

tion with large instability of the sample covariance due in part to the small sample

sizes considered for each regime. Again, we see estimators based on an incorrect as-

sumption of separability result in distinctly larger loss than the more flexible SWAG

estimator (Figure 4.2).

In total, these results support the conclusion that the SWAG model outperforms

standard alternatives given the true structure of the population covariances is un-

known. The flexibility of the SWAG model is particularly useful given the large error

under estimators based on incorrect assumptions. In particular, wrongly assuming a

Kronecker structure can result in an error nearly as large as that obtained under the

sample covariance. While the extreme regimes considered do not necessarily reflect

the truth in real-world scenarios, this simulation study highlights the flexibility of

the SWAG model.

4.4.1 Analysis of computational expense

Table 4.4 displays the wall-clock run time of the Metropolis-Hastings sampler for

28,000 iterations, averaged across 50 replications. We sample all parameters as de-

scribed in Section 4.3.2 and do not use any parallelization in the sampling of param-

eters. The algorithm was implemented for a given regime with code written with the
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R statistical programming language on the Duke University Compute Cluster on a

single thread with 32 CPUs and 228 GB of RAM. The smallest parameter space con-

sidered (J “ 4, p “ 12) takes about 10-15 minutes to run, and the largest parameter

space considered (J “ 10, p “ 24) takes about 50-80 minutes. In summary, doubling

of the dimension p from 6 to 12 results in about a 30% increase in computation time.

Doubling p from 12 to 24 results in about a 70% increase in computation time. For

a given p, an increase in the number of groups from 4 to 10 results in an increase

in computation time of approximately 125%. As discussed in Section 4.3.2, the in-

crease in computation time for large populations may be mitigated by parallelizing

sampling across populations in Metropolis-Hastings algorithm.

4.5 Examples

We demonstrate the usefulness of the SWAG model for estimating covariance matri-

ces in multi-group matrix-variate populations by analyzing two data sets. In the first

example, we perform a speech recognition task on a publicly available spoken-word

audio dataset. In the second example, we analyze chemical exposure data which

features small group-specific sample sizes.

In general, a data matrix for a single group Y of dimension n ˆ p can be decom-

posed into two orthogonal matrices such that one may be used for mean estimation

and the other, based on centered data, for covariance estimation. As such, while a

mean estimation step could be included in the proposed SWAG Metropolis-Hastings

algorithm, we will estimate the covariance matrices based on centered data matrices

throughout the applications. To elaborate, first, define the n-dimensional centering

matrix C “ In ´ P1 where P1 “ 1n1
T
n{n is a rank-1 idempotent projection matrix

and C is a rank-pn ´ 1q idempotent projection matrix (Christensen, 2011). Then,

note that,

Y “ InY ´ P1Y ` P1Y “ CY ` 1nȳ
T
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where ȳ is the length p vector of column means of Y and CY is the residual matrix.

Then, for Y „ Nnˆpp1nµ
T ,Σ b Inq, ȳ „ Nppµ,Σ{nq and nS „ WppΣ, n ´ 1q where

S “ pCY qTCY {n is the sample covariance matrix. ȳ and CY are uncorrelated, so ȳ

and S are uncorrelated (Mardia et al., 1979). In this way, Σ may be estimated using

centered data CY .

4.5.1 Classification of spoken-word audio data

Classification of a new observation based on a labeled training dataset consisting

of nj matrices, each with common dimensionality p1 ˆ p2, observed from each of

j P t1, ..., Ju populations is an important statistical task for speech recognition. To

illustrate the utility of the SWAG covariance estimator, we analyze classification

of spoken-audio samples of words “yes”, “no”, “up”, “down”, “left”, “right”, “on”,

“off”,“stop”, and “go” from a dataset consisting of 1-second WAV files where each

word has a sample size ranging from 1,987 to 2,103 (Warden, 2017, 2018). Audio

data such as these are commonly described by mel-frequency cepstral coefficients

(MFCCs) which represent the power spectrum of a sound across time increments.

Accordingly, we represent each audio sample as a p1 ˆ p2 feature matrix of the first

p1 “ 13 MFCCs across p2 “ 99 time bins (Ligges et al., 2018).

One popular classification method for generic multivariate data is quadratic

discriminant analysis (QDA). QDA is based on the result that, assuming normality

and equal a priori probabilities of group membership, the probability of misclassifica-

tion is minimized by assigning an unlabeled matrix Y P Rp1ˆp2 to group j P t1, ..., Ju

which minimizes the discriminant score function (Mardia et al., 1979),

DjpY q “ pvecpY q ´ µjq
TΣ´1

j pvecpY q ´ µjq ` log |Σj|, (4.12)

where µj P Rp and Σj P S`
p , p “ p1p2, are respectively the mean vector and covari-

ance matrix for population j and vecp¨q is the vectorization operator that stacks the
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columns of a matrix into a column vector. In practice, of course, these parameters

are unknown and thus are estimated from a training data set. As a result, adequate

performance of the classification relies on, among other things, accurate group-level

covariance estimates.
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Figure 4.3: Confusion matrices resulting from classification from the various co-
variance estimates. Rows correspond to target words and columns correspond to
predictions.

We display the utility of the multiple population SWAG estimators over stan-

dard estimators by comparing correct classification rates resulting from QDA in a

leave-some-out comparison. To do this, we retain a random selection of 100 obser-

vations from each population as a testing dataset, and the remaining observations

constitute the training dataset. For the discriminant analysis, as we are interested

in comparing covariance estimation approaches, we use the sample mean to estimate

each µj and a variety of covariance estimates for Σj, all computed from the training

80



dataset. Specifically, we obtain the SWAG covariance estimates Σ̂ from output from

the proposed Metropolis-Hastings algorithm run for 5,100 iterations with a burn-in

of 300 and a thinning mechanism of 25. We compare this with the unstructured

sample covariance obtained separately for each word S, labeled MLE in this section.

Additionally, we consider the partially pooled empirical Bayesian covariance estimate

outlined in Greene and Rayens (1989) (GR), and the core shrinkage estimate (Hoff

et al., 2022) which partially shrinks each word’s sample covariance matrix towards

a separable covariance (CSE). Prior to computing the various covariance estimates,

the data for each word is standardized and centered. The scale is then re-introduced

to the covariance estimates prior to conducting the classification analysis.
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Figure 4.4: MCMC samples for 4 elements selected at random from the set of
covariance matrices Σ.

To obtain the SWAG estimate, we run the Metropolis-Hastings sampler in an

implementation written in the Julia programming language. The code is run on the
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Duke University Compute Cluster using a single thread with 64 CPUs and 600 GB

of RAM. We do not use any parallelization in the sampling of parameters. One

implementation of the algorithm for 5,100 iterations took approximately 25 hours to

run, including compilation of the code and saving the large MCMC output files. To

assess convergence of the Markov chain, we analyze four randomly selected elements

of the within-group covariances Σ in detail. Trace plots corresponding to each of

the four elements are plotted in Figure 4.4. The maximum lag-10 autocorrelation

among the four elements was 0.10 in absolute value, and the effective sample sizes

of the thinned chains corresponding to each element were 117.48, 150.72, 123.87, and

192 (out of 192 thinned iterations).

Table 4.5: Rates of correct classification on audio test dataset from discriminant
analysis under different covariance estimators. The average across all words for each
method is displayed in the final row.

SWAG MLE CSE GR

yes 0.94 0.42 0.85 0.76
no 0.80 0.10 0.82 0.80
up 0.48 0.08 0.60 0.17

down 0.69 0.27 0.54 0.57
left 0.74 0.80 0.63 0.41
right 0.86 0.43 0.58 0.77
on 0.80 0.13 0.64 0.60
off 0.65 0.25 0.64 0.32
stop 0.88 0.80 0.70 0.63
go 0.64 0.05 0.47 0.47

average 0.75 0.33 0.65 0.55

Classifications for the test observations are made using each covariance estimate,

and results are summarized in confusion matrices displayed in Figure 4.3, with the

true word classes along the rows and predicted word classes along the columns. The

correct classification rates, or, the values of the diagonal elements in the confusion

matrices, are contained in Table 4.5. In general, the SWAG classifier outperforms
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the other estimates. The SWAG estimate has a higher correct classification rate

averaged over all words, and it features notably larger word-specific classification

rates for the majority of words.

When comparing the SWAG estimate with the MLE, it features a significantly

higher correct classification rate for every word except two, “left” and “stop”. Upon

further inspection, however, the two large correct classification rates for the MLE

are a feature of this classifier nearly always choosing one of these two words, as

displayed in the confusion matrix. The correct classification rates obtained from

the SWAG classifier are greater than or equal to those from the partially pooled

estimate GR for every word, oftentimes by a large margin, which corresponds with

a greater overall correct classification rate. Moreover, linear discriminant analysis,

which uses a pooled covariance estimate Ŝp for each population covariance, performs

even worse with an across-word average correct classification rate of 0.27. The most

convincing competing classifier is the core shrinkage estimate. It has a larger correct

classification rate for for the word “up” and correctly classifies two more observa-

tions for the word “no” than the SWAG estimate. While the CSE features slightly

better performance for these two words, though, the SWAG classifier performs better

over all populations. Furthermore, the SWAG classifier performs much better overall

than the separable MLEs obtained separately for each population, K̂, which has an

across-word average correct classification rate of 0.49. On the whole, the SWAG

classifier outperforms the other classifiers considered with respect to accurate clas-

sification across all populations, and this example showcases the benefit of allowing

for shrinkage both within and across populations.

4.5.2 Analysis of TESIE chemical exposures data

Many recent medical and environmental studies are concerned with understanding

differences among socio-economic groups from repeated measurements of chemical
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exposures (James-Todd et al., 2017). In such an application, researchers may be

interested in understanding within and across group heterogeneity. Additionally,

researchers are often interested in understanding covariate effects and appropriately

handling missing data. For all such tasks, accurate covariance modeling is critical.
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Figure 4.5: MCMC samples for four elements selected at random from the set of
covariance matrices tΣLHS,ΣHS,ΣCu.

In this section, we analyze a sample gathered in the Toddlers Exposure to SVOCs

in Indoor Environments (TESIE) study (Hoffman et al., 2018). In this study, biomark-

ers of various semi-volatile organic compounds (SVOCs) were extracted from paired

samples of urine, blood, and silicone wristbands (see, e.g., Hammel et al. (2018)). In

particular, each observation is a p1 ˆ p2 matrix where the rows represent biomarkers

from p1 “ 5 SVOCs obtained from the p2 “ 3 sources. Additionally, socio-economic

covariates were collected for each individual in the study including highest education

level attained and race, among others. We will analyze the p1p2 ˆ p1p2 covariance
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matrices across education level as a proxy for different socio-economic populations.

Specifically, the three education levels considered are less than high school (LHS),

high school degree or GED (HS), and some college or college degree (C). The sample

sizes are 30, 19, and 24 for the three populations defined by education levels LHS,

HS, and C, respectively.

We proceed with simultaneously estimating each group’s covariance with the

SWAG model. While we remove the mean effect, the SWAG model can be extended

to include a regression on covariates of interest, for example, with the addition of

sampling step for a regression coefficient in the proposed MCMC sampler. We run the

Metropolis-Hastings sampler for 33,000 iterations, remove the first 3,000 iterations as

a burn-in period, and retain every 30th sample as a thinning mechanism. The 33,000

iterations were completed in 3 minutes in an implementation of the sampler using

the R statistical programming language on a personal machine with an Apple Silicon

processor and 8 GB of RAM. Mixing of the Markov chain for model parameters

was good. The autocorrelation for the thinned chains corresponding to each of

the elements in Σ was low, with a maximum lag-10 autocorrelation among all 360

elements of 0.11 in absolute value. Furthermore, the average effective sample size of

the thinned chains was 773.73, with a range of 250.40 to 1000 (out of 1000 thinned

iterations). For reference, see Figure 4.5 for trace plots of four randomly selected

elements of Σ.

Approximations to the posteriors of shrinkage-controlling parameters λ, ν, γ, and

ξ are plotted in Figure 4.6. The posterior density of the weight on within versus across

population shrinkage, λ, is concentrated around the upper bound of one, indicating

that most of the weight is being placed on shrinking across groups towards a pooled

covariance. Additionally, the posteriors of the degrees of freedom for across-group

shrinkage ν and ξ are concentrated around large values indicating strong shrinkage

from an unstructured covariance towards a pooled Kronecker structured covariance.
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Figure 4.6: Approximations to the posterior distributions of key parameters λ, ν, η,
and ξ for the TESIE data example.

In this way, interpretation of summarizing across-row and across-column covariance

estimates is straightforward.

This shrinkage behavior is evident upon comparing the Bayes estimates of the

group-specific covariances Σ̂LHS, Σ̂HS, and Σ̂C to the Bayes estimates of the pooled

Kronecker covariances P̂1 and P̂2 (Figure 4.7). Here, P̂1 is the across-SVOC covari-

ance estimate and P̂2 is the across-source covariance estimate. The shrinkage towards

a pooled separable structure is recognizable throughout the three group-specific co-

variance estimates. In particular, the general pattern of across-SVOC heterogeneity

seen in P̂1 is roughly present in each 5x5 block in the group-specific covariances, seen

in the top row of Figure 4.7. However, a benefit of the SWAG model is the ability

to allow for divergences from this separable structure, a feature also discernible in
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Figure 4.7: Bayes estimates under Stein’s loss of the covariances for the three
populations LHS, HS, and C are plotted on the top row. Bayes estimates under
Stein’s loss of the pooled Kronecker covariance are plotted on the bottom row.

the group-specific estimates. For example, within a given population, say, the LHS

population, the pattern among the covariances between BPA and the other SVOCs

from samples obtained from urine differs across measurement source by more than

a single factor. Moreover, this pattern differs across populations which reflects het-

erogeneity across populations. In total, the output of the SWAG model allows for

interpretation of a row covariance and a column covariance, shared across groups,

while allowing for deviations from this structure at the group level.

4.6 Discussion

In this chapter, we propose a flexible model-based covariance estimation procedure

for multi-group matrix-variate data. The SWAG hierarchical model provides a co-

herent approach to combining two common types of shrinkage, within populations

towards a Kronecker structure and across populations towards a pooled covariance.

Bayesian inference of model parameters is straightforward with a Metropolis-Hastings
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algorithm and allows for uncertainty quantification of covariance estimates. In sim-

ulation studies, we show the flexibility of the proposed method results in covariance

estimates that outperform standard estimates in a wide array of settings in terms of

loss.

The flexibility of the SWAG model is developed specifically for matrix-variate

data, but the model and estimation procedure can be adapted for other types of data

or applications. If the data being analyzed are not matrix-variate, different structures

can be utilized in place of the Kronecker product. Additionally, the shrinkage towards

a pooled covariance can be replaced to represent more complex relationships across

the populations such as, for example, an autoregressive relationship.

While an inverse-Wishart prior results in computationally convenient inference

and has a practically useful interpretation in that the Bayes estimator of the popula-

tion covariance under a normal-inverse-Wishart hierarchical model is a linear shrink-

age estimator, it is potentially limiting in that, for inference on the covariance of

a single group, one degree of freedom parameter controls concentration around the

prior for the p standard deviations and the correlation structure. As such, a promising

direction for future work is to explore SWAG priors on the correlation decomposition

of unstructured covariances, as in Barnard et al. (2000). This could allow for infor-

mative priors to be placed on the correlation structure, while using uninformative

priors on the variable-specific standard deviations, or, vice-a-versa.

Replication codes are available at https://github.com/betsybersson/SWAG.
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5

Conclusion

This thesis details methodology developed to improve inference for a variety of tasks

in analyzing multi-group data. In analyzing such data, precise and accurate group-

specific inference is difficult to obtain for some groups with small within-group sample

sizes. To this end, in Chapters 2 and 3, we detail methodologies to construct pre-

diction regions for numeric and categorical data types. The prediction regions are

constructed using indirect information and maintain finite-sample frequentist cov-

erage guarantees. When implemented for multi-group data, these approaches make

use of data in auxiliary groups to construct accurate and precise prediction regions

for a given group. In Chapter 4, we present methodology to improve covariance

estimation based on structured multi-group data. This approach flexibly allows for

information to be shared across groups and flexibly make use of structural informa-

tion to improve the overall accuracy of the covariance estimates. We now briefly

summarize directions of future work for both avenues of research.

In the prediction region work, the coverage guarantee of these approaches relies

on the assumption of exchangeability. As a result, the prediction region methods

presented for multi-group data in Chapters 2 and 3 are applicable to observations
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resulting from simple random samples. As such, a natural, and useful, future direc-

tion is to extend the approach to account for different sampling schemes. Separately,

developing methods for frequentist-valid prediction regions that incorporate indirect

information might prove beneficial for different broad application settings such as in

online learning.

The covariance estimation work presented in Chapter 4 highlights the benefit of

relaxing structural assumptions and instead utilizing a flexible shrinkage approach.

With this motivation, in future work, it would be beneficial to extend the framework

presented in this chapter to allow for shrinkage to structures more useful for other

types of data beyond matrix-variate. Separately, the SWAG approach presented

is primarily concerned with covariance estimation. Incorporating shrinkage of an

unstructured mean parameter towards a separable structure would make for a flexible

holistic model, to be used as a default for multi-group matrix-variate data.
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Appendix A

Supplementary Material for Chapter 2

A.1 Derivation of Marginal Likelihood

In this section, we derive the marginal likelihood in (11). Independently for each

j P t1, ..., Ju, let m2
j |σ

2
j “

řnj

i“1pYij ´ Ȳjq
2|σ2

j „ σ2
jχ

2
nj´1 and 1{σ2

j „ Gpa{2, b{2q.

Note that,

σ2
jχ

2
nj´1 “

D σ2
jG ppnj ´ 1q{2, 1{2q “

D G
`

pnj ´ 1q{2, 1{p2σ2
j q
˘

.

Then, it is straightforward to obtain the joint marginal likelihood of tm2
juj:

ppm2
1, ...,m

2
J |a, bq “

ż

¨ ¨ ¨

ż

ppm2
1, ...,m

2
J , σ

2
1, ..., σ

2
J |a, bqdσ2

1 ¨ ¨ ¨ dσ2
J

“

J
ź

j“1

ż

ppm2
j |σ

2
j , a, bqppσ2

j |a, bqdσ2
j

“

J
ź

j“1

fpm2
jq

pb{2qa{2

pa{2q

ż
ˆ

1

σ2
j

˙

a`nj´1

2
´1

exp

"

´
1

σ2
j

b ` m2
j

2

*

dσ2
j

“

J
ź

j“1

fpm2
jq

pb{2qa{2

pa{2q

Γ ppa ` nj ´ 1q{2q
``

b ` m2
j

˘

{2
˘pa`nj´1q{2
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where fp¨q is a function which does not depend on σ2, a, or b.

In this derivation, it is easy to see 1{σ2
j |m2

j , a, b „ G
´

a`nj´1

2
,
b`m2

j

2

¯

. Hence, the

posterior mode is Moderσ2
j |m2

j , a, bs “
b`m2

j

a`pnj´1q`2
.

A.2 Notation Simplification

We begin by simplifying notation to be used in all proofs hereafter. In working with

the Bayes-optimal conformity measure, we often find ourselves making comparisons

between densities of two random variables conditional on the other and a shared set

of random variables. The information contained in the shared set may be viewed as

prior information, which results in fewer variables to keep track of. Specifically, for

two random variables of interest, Yj, Yk, conditioning on extra data Y´j,´k simply

requires an update of the posterior of model parameters θ. In terms specific to the

conformal predictive procedure, Lemma 5 allows us to consider a simplified regime

where there is a single data point yj and a single candidate prediction yn`1.

Lemma 5. The density ppYj|tY1, ..., Yn`1uzYjq under the model:

Y1, ..., Yn`1 „ i.i.d.Pθ (A.1)

θ „ Q,

is equivalent to ppYj|Ykq under the model:

Yj, Yk „ i.i.d.Pθ (A.2)

θ „ Q̃.

where

q̃pθq “ pqpθ|Y´j,´kq “
pθpY´j,´k|θqqpθq

ş

Θ
pθpY´j,´k|θqqpθqdθ

and Y´j,´k :“ tY1, ..., Yn`1uztYj, Yku for any k P t1, ..., n ` 1u, k ‰ j, and pqpθ|¨q

refers to the posterior density of θ conditional on p¨q under the prior q.
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Proof of Lemma 5. We aim to show the distribution of Yj|Y´j under (A.1) is equiv-

alent to the distribution of Yj|Yk under (A.2). First,

pq̃pθ|Ykq9pθpYk|θqq̃pθq

“ pθpYk|θqpqpθ|Y´j,´kq

9pθpYk|θqpθpY´j,´k|θqqpθq

“ pθpY´j|θqqpθq

9pqpθ|Y´jq

Therefore, pq̃pθ|Ykq ” pqpθ|Y´jq.

Then, for (A.1)

ppYj|Y´jq “

ż

Θ

pqpYj,θ|Y´jqdθ

“

ż

Θ

pθpYj|θqpqpθ|Y´jqdθ

”

ż

Θ

pθpYj|θqpq̃pθ|Ykqdθ,

which is the definition of ppYj|Ykq for (A.2).

A.3 Proofs

One straightforward method for proving two conformity measures are ECM is to

show, for each i “ 1, ..., n ` 1, the sub-region of acceptance Si, Si “ tyn`1 P R :

cipyn`1q ď cn`1pyn`1qu, is the same for both measures. This generic result will be

used in the proof of Theorem 1.

Lemma 6. For conformity measures C,D, if

tyn`1 : cipyn`1q ď cn`1pyn`1qu “ tyn`1 : dipyn`1q ď dn`1pyn`1qu @ i “ 1, ..., n ` 1

then C and D are ECM.
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Proof of Lemma 6.

tyn`1 : ci ď cn`1u “ tyn`1 : di ď dn`1u @i “ 1, ..., n ` 1

ñ #ti : ci ď cn`1u “ #ti : di ď dn`1u

ñ py,c “ py,d

where py,x is the conformal p-value corresponding to conformity measure x. Thus

each candidate prediction value will be treated the same under both conformity

measures C,D.

Proof of Theorem 1. Based on Lemma 5, we consider the conformity between two

values y1, y2. Under the normal working model, in this case, the Bayes-optimal

conformity measure is

CB py1, y2q :“ p py2|y1q “

Γ
`

a12`1
2

˘

?
a12πΓ

`

a12
2

˘

¨

˝

ˆ

b2|1

a12
p1 ` τ 212q

˙´1{2
˜

1 `
1

a12

py2 ´ µ2|1q
2

b2|1

a12
p1 ` τ 212q

¸´pa12`1q{2
˛

‚,

where

τ 212 “ p1{τ 2 ` 1q
´1

µ2|1 “ pµ{τ 2 ` y1qτ
2
12

a12 “ a ` 1

b2|1 “ b ` y21 ` µ2
{τ 2 ´ pµ{τ 2 ` y1q

2τ 212.

Now, suppose the conformal algorithm requires that we identify the region of y1

s.t. CB py1, y2q ď CB py2, y1q, or, equivalently, the region where

CB py1, y2q {CB py2, y1q ď 1.

This region can be shown to be the same as that obtained from CB pty1, y2u, y2q ď

CB pty1, y2u, y1q, which is the definition of equivalent conformity measures. Well, first
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note:

CB py1, y2q {CB py2, y1q

:“

Γp
a12`1

2 q
?
a12πΓp

a12
2 q

¨

˝

´

b2|1

a12
p1 ` τ 212q

¯´1{2

˜

1 ` 1
a12

py2´µ2|1q2

b2|1
a12

p1`τ212q

¸´pa12`1q{2
˛

‚

Γp
a12`1

2 q
?
a12πΓp

a12
2 q

¨

˝

´

b1|2

a12
p1 ` τ 212q

¯´1{2

˜

1 ` 1
a12

py1´µ1|2q2

b1|2
a12

p1`τ212q

¸´pa12`1q{2
˛

‚

“

`

b2|1

˘´1{2

˜

1 ` 1
a12

py2´µ2|1q2

b2|1
a12

p1`τ212q

¸´pa12`1q{2

`

b1|2

˘´1{2

˜

1 ` 1
a12

py1´µ1|2q2

b1|2
a12

p1`τ212q

¸´pa12`1q{2

“

»

—

–

`

b1|2

˘

´

1 `
py1´µ1|2q2

b1|2p1`τ212q

¯a12`1

`

b2|1

˘

´

1 `
py2´µ2|1q2

b2|1p1`τ212q

¯a12`1

fi

ffi

fl

1{2

“

»

—

–

`

b1|2

˘

´

b1|2p1`τ212q`py1´µ1|2q2

b1|2

¯a12`1

`

b2|1

˘

´

b2|1p1`τ212q`py2´µ2|1q2

b2|1

¯a12`1

fi

ffi

fl

1{2

“

«

ˆ

b2|1

b1|2

˙a12 ˆb1|2p1 ` τ 212q ` py1 ´ µ1|2q2

b2|1p1 ` τ 212q ` py2 ´ µ2|1q2

˙a12`1
ff1{2

(A.3)

“

ˆ

b2|1

b1|2

˙a12{2

(A.4)

Since the second term in (A.3) simplifies to 1:
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numerator

ˆ

b1|2p1 ` τ 212q ` py1 ´ µ1|2q
2

b2|1p1 ` τ 212q ` py2 ´ µ2|1q
2

˙

:“ b1|2p1 ` τ 212q ` py1 ´ µ1|2q
2

:“
`

b ` y2
2

` µ2
{τ 2 ´ pµ{τ 2 ` y2q

2τ 212
˘

p1 ` τ 212q

` py1 ´
`

µ{τ 2 ` y2
˘

τ 212q
2

“ D ` y22

` y2
“

´2pµ{τ 2qτ 212p1 ` τ 212q ` 2pµ{τ 2qpτ 212q
2
‰

` y21

` y1
“

´2pµ{τ 2qτ 212
‰

` y1y2
“

´2τ 212
‰

“ D ` y22 (A.5)

` y2
“

´2pµ{τ 2qτ 212q
‰

` y21

` y1
“

´2pµ{τ 2qτ 212
‰

` y1y2
“

´2τ 212
‰

,

for some function D that does not depend on y1 or y2. Since the coefficients on the

y1, y2 terms are the same in (A.5), by symmetry, the denominator of the second term

in (A.3) will also be equal to (A.5).
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Substituting (A.4) into the original inequality of interest, we are able to show,

CB py1, y2q ď CB py2, y1q

ô CB py1, y2q {CB py2, y1q ď 1

ô

ˆ

b2|1

b1|2

˙a12{2

ď 1

ô b2|1 ´ b1|2 ď 0

:“
`

b ` y21 ` µ2
{τ 2 ´ pµ{τ 2 ` y1q

2τ 212
˘

´
`

b ` y22 ` µ2
{τ 2 ´ pµ{τ 2 ` y2q

2τ 212
˘

ď 0

ô

ˆ

y1 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

´

ˆ

y2 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

ď 0 (A.6)

We now show the inequality CBpty1, y2u, y2q ď CBpty1, y2u, y1q simplifies to (A.6).

For any X P R, the conformity score is:

CBpty1,y2u, Xq :“ p pX|y1, y2q (A.7)

“

Γ
´

a121 `1

2

¯

?
a121πΓ

`a121

2

˘

¨

˝

ˆ

b12
a121

p1 ` τ 2121q

˙´1{2
˜

1 `
1

a121

pX ´ µ12q2

b12
a121

p1 ` τ 2121q

¸´pa121 `1q{2
˛

‚,

where

τ 2121 “
`

1{τ 2 ` 2
˘´1

µ12 “
`

µ{τ 2 ` y1 ` y2
˘

τ 2121

a121 “ a ` 2

b12 “ b ` y21 ` y22 ` µ2
{τ 2 ´

`

τ 2121

˘´1
µ2
12.

Notice that all parameters of the t distribution that define this chosen conformity

measure will be the same regardless of which variable we are obtaining the conformity

score for. That is, first note that,

CB pty1, y2u, y2q ď CB pty1, y2u, y1q

ô py1 ´ µ12q
2

´ py2 ´ µ12q
2

ď 0.
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Well,

py1 ´ µ12q
2

´ py2 ´ µ12q
2

:“
`

y1 ´
`

µ{τ 2 ` y1 ` y2
˘

τ 2121

˘2
´
`

y2 ´
`

µ{τ 2 ` y1 ` y2
˘

τ 2121

˘2

“

”

y21
`

1 ´ τ 2121

˘2
`
`

µ{τ 2 ` y2
˘2 `

τ 2121

˘2
´ 2y1

`

1 ´ τ 2121

˘ `

µ{τ 2 ` y2
˘

τ 2121

ı

´

”

y22
`

1 ´ τ 2121

˘2
`
`

µ{τ 2 ` y1
˘2 `

τ 2121

˘2
´ 2y2

`

1 ´ τ 2121

˘ `

µ{τ 2 ` y1
˘

τ 2121

ı

“

”

y21
`

1 ´ τ 2121

˘2
´ y21

`

τ 2121

˘2
´ 2y1

`

µ{τ 2
˘ `

τ 2121

˘2
´ 2y1

`

1 ´ τ 2121

˘ `

µ{τ 2
˘

τ 2121

ı

´

”

y22
`

1 ´ τ 2121

˘2
´ y22

`

τ 2121

˘2
´ 2y2

`

µ{τ 2
˘ `

τ 2121

˘2
´ 2y2

`

1 ´ τ 2121

˘ `

µ{τ 2
˘

τ 2121

ı

“
“

y21
`

1 ´ 2τ 2121

˘

´ 2y1
`

µ{τ 2
˘

τ 2121

‰

´
“

y22
`

1 ´ 2τ 2121

˘

´ 2y2
`

µ{τ 2
˘

τ 2121

‰

Furthermore,

“

y21
`

1 ´ 2τ 2121

˘

´ 2y1
`

µ{τ 2
˘

τ 2121

‰

´
“

y22
`

1 ´ 2τ 2121

˘

´ 2y2
`

µ{τ 2
˘

τ 2121

‰

ď 0

ô

ˆ

y1 ´ µ{τ 2
τ 2121

1 ´ 2τ 2121

˙2

´

ˆ

y2 ´ µ{τ 2
τ 2121

1 ´ 2τ 2121

˙2

ď 0

ô

ˆ

y1 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

´

ˆ

y2 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

ď 0
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since

τ 2121

1 ´ 2τ 2121

:“
p1{τ 2 ` 2q

´1

1 ´ 2 p1{τ 2 ` 2q
´1

“
1

p1{τ 2 ` 2q ´ 2 p1{τ 2 ` 2q p1{τ 2 ` 2q
´1

“
1

1{τ 2

“
1

1{τ 2 ` 1 ´ pτ 212q
´1

τ 212

“:
1

pτ 212q
´1

´ pτ 212q
´1

τ 212

“
τ 212

1 ´ τ 212
.

So, we have shown

CB pty1, y2u, y2q ď CB pty1, y2u, y1q

ô

ˆ

y1 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

´

ˆ

y2 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

ď 0 (A.8)

In summary, by (A.6) and (A.8) we have that

CB py1, y2q ď CB py2, y1q

ô

ˆ

y1 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

´

ˆ

y2 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

ď 0

ô CB pty1, y2u, y2q ď CB pty1, y2u, y1q .

Then, by Lemma 6, CB ptY1, ..., Yn`1uzYi, Yiq and CB ptY1, ..., Yn`1u, Yiq are ECD.

Proof of Lemma 1. For each i “ 1, ..., n ` 1, the region Si “ tyn`1 P R : cipyn`1q ď

cn`1pyn`1qu is an interval and contains a shared value γ P Si, 1 ď i ď n ` 1. Clearly

Sn`1 “ R and let Si “ rli, uis for some li, ui P R for each 1 ď i ď n.
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Let xpkq denote the kth increasing order statistic of a set tx1, x2, x3, ...u. Then,

for yn`1 ă lp1q,

fpyn`1q “ # ti P t1, ..., n ` 1u : ci ď cn`1u “ #tpn ` 1qu “ 1.

For yn`1 P rlp1q, lp2qq,

fpyn`1q “ #tpn ` 1q, tj : lj “ lp1quu “ 2.

And so on to yn`1 P rlpn´1q, lpnqq where fpyn`1q “ n. For yn`1 P rlpnq, up1qs, note that

γ P rlpnq, up1qs, and fpyn`1q “ n` 1. For yn`1 P pup1q, up2qs, fpyn`1q “ n, and so on to

yn`1 P pupn´1q, upnqs where fpyn`1q “ 2. Finally, for yn`1 ą upnq,

fpyn`1q “ #tpn ` 1qu “ 1.

We have shown that, for yn`1 ď γ, fpyn`1q increases stepwise from 1 to n ` 1,

and, for yn`1 ě γ, fpyn`1q decreases stepwise from n ` 1 to 1. Therefore, fpyn`1q

is a step function that takes on ordered values t1, 2, ..., n, n ` 1, n, ..., 2, 1u over the

domain R.

Proof of Lemma 2. The region in R where fpyn`1q ą a for some a P r0, n ` 1s is an

interval. Therefore,

ApY q “ tyn`1 P R : fpyn`1q{pn ` 1q ą αu

is an interval.

Proof of Lemma 3. As shown in the proof of Theorem 1,

C py1, y2q ď C py2, y1q

ô C pty1, y2u, y2q ď C pty1, y2u, y1q

ô

ˆ

y1 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

´

ˆ

y2 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

ď 0
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Therefore, the inequality reduces to a quadratic function of the unknown candidate

y1. Label this function h:

hpy1q :“

ˆ

y1 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

´

ˆ

y2 ´ µ{τ 2
τ 212

1 ´ τ 212

˙2

By standard quadratic theory, we can draw a few conclusions:

1. Notice that hpy1q is in vertex form. In hpy1q, the leading coefficient is positive,

so the parabola will be upward facing.

2. The discriminant obtained via the quadratic formula is 4
´

y2 ´ µ{τ 2
τ212

1´τ212

¯2

.

As the discriminant is non-negative, the solutions to hpy1q “ 0 are a repeated

real value or 2 unique real values.

By items (1) and (2), the solution to the inequality hpy1q ď 0 will be an interval.

Solving the inequality yields that the interval is of the form

rminty2, gpy2qu,maxty2, gpy2qus

where gpy2q :“ 2pµ{τ 2qτ 212p1 ´ τ 212q
´1 ´ y2. For the remainder of proofs, we will

generally assume y2 ‰ gpy2q, as will most likely be the case for continuous data. If

y2 “ gpy2q, the FAB conformal prediction region may be a point, depending on the

specified error rate.

Proof of Lemma 4. Following notation used thus far in proofs, we aim to show

θ̃ P rminty2, gpy2qu,maxty2, gpy2qus

where θ̃ :“ pµ{τ 2 ` y2qτ
2
12 and gpy2q :“ pµ{τ 2qτ 212p1 ´ τ 212q

´1 ´ y2. We first consider

the case where y2 ă gpy2q.

By the quadratic formula, we conclude the vertex v of the parobola hpy1q is

v :“ pµ{τ 2qτ 212p1 ´ τ 212q
´1.

101



and y2 ă v ă gpy2q. We now prove the result in two steps.

1. First, we show the ordering y2 ă θ̃:

y2 ă pµ{τ 2qτ 212p1 ´ τ 212q
´1

ô y2p1 ´ τ 212q ă pµ{τ 2qτ 212

ô y2 ă pµ{τ 2qτ 212 ` y2τ
2
12

“: y2 ă θ̃.

2. Additionally, we can show fpy2q ą θ̃:

y2 ă θ̃

:“ y2 ă pµ{τ 2qτ 212 ` y2τ
2
12

ô y2
`

1 ´ τ 212
˘

ă pµ{τ 2qτ 212

ô y2 ă pµ{τ 2q
τ 212

p1 ´ τ 212q

ô y2 ă pµ{τ 2q
`

p1 ´ τ 212q
´1

´ 1
˘

ô y2 ` µ{τ 2 ă pµ{τ 2qp1 ´ τ 212q
´1

ô
`

y2 ` µ{τ 2
˘

τ 212 ă pµ{τ 2qp1 ´ τ 212q
´1τ 212

“: θ̃ ă v

since

p1 ´ τ 212q
´1

´ 1 “
1 ´ p1 ´ τ 212q

1 ´ τ 212
“

τ 212
1 ´ τ 212

To summarize, given that y2 ă gpy2q, we have shown:

y2 ă θ̃ ă v ă gpy2q

If y2 ą gpy2q, the ordering of the terms is reversed.
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Proof of Theorem 2. By Lemmas 3 and 4 each sub-region of acceptance Si, for i P

t1, ..., n ` 1u, is an interval which contains θ̃. Therefore, the hypothesis of Lemma

1 is met, and so, by Lemma 2, the conformal prediction region is an interval which

contains θ̃. Furthermore, by conformal algorithm, the conformal prediction region is

Afab
pY q “ tyn`1 P Y : # ti “ 1, ..., n ` 1 : cipyn`1q ď cn`1pyn`1qu ą ku ,

which is the kth and p2n ´ k ` 1qth order statistics of the collection of bounds of

the sub-regions of acceptance, v “
“

y1 ¨ ¨ ¨ yn gpy1q ¨ ¨ ¨ gpynq
‰T
. This result

assumes there are no ties in v.
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Appendix B

Supplementary Material for Chapter 3

B.1 Maximization of the marginal multinomial-Dirichlet likelihood

In this section, we detail a Newton-Raphson algorithm to maximize the marginal log

likelihood of a conjugate multinomial-Dirichlet model:

Xj „ MNKpθj, Njq, independently for j “ 1, ..., J

θ1, ...,θJ „ DirichletKpγq.

The log likelihood of the marginal likelihood is as follows,

Lpγq9

J
ÿ

j“1

«

log Γp

K
ÿ

i“1

γiq ´ log ΓpNj `

K
ÿ

i“1

γiq`

K
ÿ

i“1

log Γpxj,i ` γiq ´

K
ÿ

i“1

log Γpγiq

ff

.

Define

Ψpsq “
d

ds
logΓpsq “ ´ξ `

8
ÿ

n“0

„

1

n ` 1
´

1

n ` s

ȷ

,
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where ξ is the Euler-Mascheroni constant. Then, it is straightforward to obtain the

first and second derivatives of the marginal log likelihood,

d

dγk
“

J
ÿ

j“1

«

Ψp

K
ÿ

i“1

γiq ´ ΨpNj `

K
ÿ

i“1

γkq ` Ψpxj,k ` γkq´

Ψpγkq

ff

d

dγ2
k

“

J
ÿ

j“1

«

Ψ1
p

K
ÿ

i“1

γiq ´ Ψ1
pNj `

ÿ

i

γiq ` Ψ1
pxj,k ` γkq´

Ψ1
pγkq

ff

d

dγkdγk1

“

J
ÿ

j“1

«

Ψ1
p

K
ÿ

i“1

γiq ´ Ψ1
pNj `

K
ÿ

i“1

γiq

ff

,

where Ψ1 is the trigamma function. Let g be the gradient vector of length K and H

the Hessian matrix. Finally, Newton’s method updates γ as follows:

γpt`1q
“ γptq

´ H´1
pγptq

qgpγptq
q,

where the algorithm is iterated until convergence.

B.2 Proofs

Remark 1 (Concerning Theorem 3.). We first elaborate on the construction of an

order-based prediction set following Equation 3.3. To test if an element ypkq in the

sample space Y is included in a prediction set for a given vector o and known event

probability vector θ, the cumulative sum of event probabilities of the categories

corresponding to the minimum element of o up to element k, following the ordering

of o, is computed. If this cumulative sum is greater than the error rate α, then

element k is included in the prediction set. As a result, all elements with such
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cumulative sums greater than α are included in the prediction set. The elements

with such cumulative sums less than or equal to α are not included. Therefore, by

construction, P pY R Aθ,o
α |θq ď α. Consequently,

P pY P Aθ,o
α |θq “ 1 ´ P pY R Aθ,o

α |θq ě 1 ´ α,

so Aθ,o
α is α-valid.

Proof of Theorem 3. (1): Note first that o enters Equation 3.3 only through the

ordering of its elements. As such, without loss of generality, consider vectors of the

form o P t0, 1uK . When constructing a prediction set following Equation 3.3 based

on such a vector o, the category space is effectively divided into two disjoint subsets,

Y0 “ typkq
P Y : ok “ 0u

Y1 “ typkq
P Y : ok “ 1u,

such that, by construction,

Aθ,o
α “

#

Y if
ř

tj:ypjqPY0u
θj ą α

Y1 else
.

For a given error rate α, clearly any α-valid prediction set may be constructed under

considerations of permutations of the vector o of the form o P t0, 1uK .

(2): We wish to show no other ordering results in an α-valid prediction set

with strictly smaller cardinality than oθ. In words, consider switching the order-

ing of one element at a time. This will always result in a prediction set with

the same cardinality or greater cardinality than that under oθ. More formally, let

õ “ toθ1, o
θ
2, ..., o

θ
k˚ , oθk˚´1, o

θ
k˚`1, ..., o

θ
Ku, that is, equivalent to oθ with the pk˚qth and

pk˚ ´1qth ordering flipped. But, by construction, θk˚ ě θk˚´1, so |Aθ,oθ

α | ď |Aθ,õ
α |.

Proof of Theorem 4. Let Y1, ...,YN`1 „ i.i.d.MNKpθ, 1q. Then, we wish to construct

a conformal prediction set for YN`1 based on an observation of X “
řN

i“1 Yi, and

some conformity measure C.
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To determine if a candidate category k P t1, ..., Ku is included in a 1´α conformal

prediction set, the conformal algorithm proceeds as follows, see Section 2.1 of Bersson

and Hoff (2022) for more details:

1. Set yN`1 “ ypkq where ypkq is a vector of length K with a 1 in the kth index

and 0s elsewhere.

2. For j “ 1, ..., N ` 1, compute conformity scores cj “ Cpx ´ yj ` ypkq,yjq.

3. Set

pk “
t#j P t1, ..., N ` 1u : cN`1 ě cju

N ` 1

More compactly, and by symmetry in the problem, this conformal p-value may be

equivalently written as:

pk “

K
ÿ

l“1

1po˚
k ě o˚

l q
xl ` y

pkq

l

N ` 1
,

where o˚
k “ cN`1 and o˚

l “ cj for a j P t1, ..., Nu such that yj “ yplq. Then, for

prediction mis-coverage rate α, the category k is included in the prediction set if

pk ą α. A prediction set constructed from this procedure may be concisely written

as follows:

Aαpxq “

#

ypkq
P Y :

«

K
ÿ

l“1

1 pok ě olq
xl ` y

pkq

l

N ` 1

ff

ą α

+

,

for some o P RK .
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Appendix C

Supplementary Material for Chapter 4

C.1 Metropolis-Hastings Algorithm for SWAG

1. Sample pλ,Uq „ ppw,U |Y ,θ´λ,´U q as follows:

(a) sample λ „ ppλ|Y ,θ´U ,´λq using a Metropolis step as follows:

i. obtain a sample λ˚ from a reflecting random walk based on the pre-

vious iteration’s value of λ, that is, sample an initial value λ˚ from

λ˚ „ Uniformpλ ´ δλ, λ ` δλq, and utilize the following reassignment

schema to ensure the sample has the correct support:

λ˚
“

$

’

&

’

%

λ˚ if λ˚ P p0, 1q

|λ˚| if λ˚ ď 0

2 ´ λ˚ if λ˚ ě 1,

ii. compute the Metropolis acceptance ratio

r “
ppλ˚|Y ,θ´U ,´λq

ppλ|Y ,θ´U ,´λq
“

J
ź

j“1

ppYj|Ψj,Λj, λ “ λ˚qppλ “ λ˚q

ppYj|Ψj,Λj, λ “ λqppλ “ λq
,

iii. accept λ˚ as the updated value for λ with probability r, and
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(b) sample Uj|Y ,θ´Uj
„ Nnjˆp

`

Mj, Sj b Inj

˘

for each j P t1, ..., Ju, where

Sj “

ˆ

Ψ´1
j `

λ

1 ´ λ
Λ´1

j

˙´1

Mj “
λ1{2

1 ´ λ
YjΛ

´1
j Sj.

2. Sample pν,Ψq „ ppν,Ψ|Y ,θ´Ψ,´νq as follows:

(a) sample ν from a Metropolis step as follows:

i. obtain a sample ν˚ from a reflecting random walk based on the pre-

vious iteration’s value of ν, that is, sample an initial value ν˚ from

ν˚ „ Uniformpν ´ δν , ν ` δνq, and utilize the following reassignment

schema to ensure the sample has the correct support:

ν˚
“

#

ν˚ if ν˚ ě p ` 2

pp ` 2q ` pp ` 2 ´ ν˚q if ν˚ ă p ` 2,

ii. compute the Metropolis acceptance ratio using a prior distribution

qν , and

r “

J
ź

j“1

ppUj|Ψ0, ν “ ν˚qqνpν “ ν˚q

ppUj|Ψ0, ν “ νqqνpν “ νq

where Uj|Ψ0, ν „ Tnjˆp

`

ν ´ p ` 1, 0,Ψ0pν ´ p ´ 1q b Inj

˘

,

iii. accept ν˚ as the updated value for ν with probability r, and

(b) sample Ψj|Y ,θ´Ψj
„ IWp

` `

UT
j Uj ` pν ´ p ´ 1qΨ0

˘´1
, ν ` nj

˘

for each

j P t1, ..., Ju.

3. Sample pγ,Λq „ ppγ,Λ|Y ,θ´Λ,´γq as follows:

(a) sample γ from a Metropolis step as follows:
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i. obtain a sample γ˚ from a reflecting random walk based on the pre-

vious iteration’s value of γ and the initial value drawn from γ˚ „

Uniformpγ ´ δγ, γ ` δγq,

ii. compute the Metropolis acceptance score using a prior distribution

qγ, and

r “

J
ź

j“1

p pYj|λ, Uj, Rj, Cj, γ “ γ˚q qγpγ “ γ˚q

p pYj|λ, Uj, Rj, Cj, γ “ γq qγpγ “ γq

where

Yj|λ,Rj, Cj „ Tnjˆp

`

γ ´ p ` 1, λ1{2Uj,

p1 ´ λq pCj b Rjq pγ ´ p ´ 1q b Inj

˘

,

iii. accept γ˚ as the updated value for γ with probability r, and

(b) sample Λj|Y ,θ´Λj
„ IWp

``

Ỹ T
j Ỹj{p1´λq`pCj b Rjq pγ´p´1q

˘´1
, γ`nj

˘

in parallel for each j P t1, ..., Ju where Ỹj “
`

Yj ´ w1{2Uj

˘

.

4. Sample Ψ0|Y ,θ´Ψ0 „ Wp

``

pν ´ p ´ 1q
řJ

j“1Ψ
´1
j ` pP2 b P1q

´1 ξ
˘´1

, ξ ` Jν
˘

.

5. Sample Rj „ Wp1

``

pγ ´ p ´ 1q
řp

k“1 LkCjL
T
k ` R´1

0 η1
˘´1

, η1 ` γp2
˘

where

Lk “ vec´1plkq from Λ´1
j “ L̃L̃T “

řp
k“1 lkl

T
k , for each j P t1, ..., Ju.

6. Sample Cj „ Wp2

` `

pγ ´ p ´ 1q
řp

k“1 L
T
kRjLk ` C´1

0 η2
˘´1

, η2`γp1
˘

where Lk “

vec´1plkq from Λ´1
j “ L̃L̃T “

řp
k“1 lkl

T
k , for each j P t1, ..., Ju.

7. sample ξ from a Metropolis step as follows:

(a) obtain a sample ξ˚ from a reflecting random walk based on the previous

iteration’s value of ξ and the initial value drawn from ξ˚ „ Uniformpξ ´

δξ, ξ ` δξq,
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(b) compute the Metropolis acceptance score using a prior distribution qξ,

and

r “

J
ź

j“1

p pΨ0|P1, P2, ξ “ ξ˚q qξpξ “ ξ˚q

p pΨ0|P1, P2, ξ “ ξq qξpξ “ ξq
,

(c) accept ξ˚ as the updated value for ξ with probability r.

8. Sample P1 „ IWp1

` `

ξ
řp

k“1 LkP
´1
2 LT

k ` P01pη3 ´ p1 ´ 1q
˘´1

, η3 ` ξp2
˘

where

Lk “ vec´1plkq from Ψ´1
0 “ L̃L̃T “

řp
k“1 lkl

T
k .

9. Sample P2 „ IWp2

` `

ξ
řp

k“1 L
T
kP

´1
1 Lk ` P02pη4 ´ p2 ´ 1q

˘´1
, η4 ` ξp1

˘

. where

Lk “ vec´1plkq from Ψ´1
0 “ L̃L̃T “

řp
k“1 lkl

T
k .
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