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Abstract

This dissertation focuses on improving inference in analyses of multi-group data,
that is, data obtained from non-overlapping subpopulations such as across counties
in a state or for various socio-economic groups. Precise and accurate group-specific
inference based on such data may be encumbered by small within-group sample
sizes. In such cases, inference may be improved by making use of auxiliary infor-
mation. In this work, we present two streams of methodological development aimed
at improving group-specific inference for multi-group data that may feature small
within-group sample sizes for some or all of the groups. First, we detail methodology
that constructs frequentist-valid prediction regions based on indirect information.
We show such prediction regions may feature improved precision over those con-
structed with standard approaches. To this end, we present methods that result
in accurate and precise prediction regions for multi-group data based on a contin-
uous response in Chapter 2 and a categorical response in Chapter 3. We develop
straightforward computational algorithms to compute the regions and detail empir-
ical Bayesian estimation procedures that allow for information to be shared across
groups in the construction of the prediction regions. In Chapter 4, we present work
that improves covariance estimation for structured multi-group data with shrink-
age estimation that allows for robustness to structural assumptions. In particular,
for multi-group matrix-variate data, we describe a hierarchical prior distribution

that improves covariance estimate accuracy by flexibly allowing for shrinkage within
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groups towards a Kronecker structure and across groups towards a pooled covariance
estimate. We illustrate the utility of all methods presented with simulation studies

and data applications.



Dedication

In memory of my grandmother, Dr. Louise Valine, or, “Honey”

vi



Contents

Abstract

List of Tables

List of Figures

List of Abbreviations and Symbols

Acknowledgements

1 Introduction

1.1
1.2

Prediction for multi-group data . . . . . .. ... ... ... ...

Covariance estimation for multi-group data . . . . . . . .. ... ...

2 Optimal Conformal Prediction for Small Areas

2.1
2.2

2.3
2.4

2.5
2.6

Introduction . . . . . . ..,

Bayes Optimal Conformal Prediction . . . . . ... .. .. ... ...

2.2.1 Review of Conformal Prediction . . . . . . . . . ... ... ..

2.2.2  Conformal Prediction via a Normal Working Model . . . . . .
2.2.3  Prediction Region Properties and Computation . . . .. . ..
Numerical Comparisons . . . . . . . . . .. ... ... ... ...

FAB Small Area Prediction . . . . ... ... ... .. ... .....
2.4.1 Information Sharing via a Working Model . . . . . . . . . ..

2.4.2 FAB Conformal Parameter Estimation Procedure . . . . . ..

Radon Data Example . . . . . . .. ... ...

Discussion . . . . . . .

Vil

iv

xi

xiii

XV



3 Prediction Sets for Species Abundance using Indirect Information 33

5

3.1 Imtroduction . . . . . . . ... 33
3.2 Methodology . . . . . . . .. . 35
3.2.1 Background and Notation . . .. .. .. ... ... ...... 35
3.2.2  Order-based prediction for a single area . . . . . . . ... ... 36
3.2.3 Order-based prediction for multiple areas . . . . . . . . . . .. 39
3.2.4 Empirical Bayes estimation of indirect information . . . . .. 40
3.3 Simulation Study . . . . .. ..o o 41
3.4 Summarising eBird species abundance data . . . . . .. ... ... 44
3.4.1 Order-based prediction in Robeson County . . . . . .. .. .. 47
3.4.2 Inference among species with tied counts in Haywood County 49
3.5 Discussion . . . . ... 51
Covariance Estimation for Multi-group, Matrix-variate Data 53
4.1 Introduction . . . . . . . ... 53
4.2 Methodology . . . . . . . . 57
4.2.1 Partial-pooling shrinkage for multi-group data . . . . . . . .. 57
4.2.2  Kronecker shrinkage for matrix-variate data . . . . . . . . .. 58
4.2.3  Flexible shrinkage for multi-group matrix-variate data . . . . . 60
4.2.4 Interpretation of Parameters . . . . . . . ... ... ... ... 61
4.3 Parameter Estimation . . . . . ... ... 0oL 63
4.3.1 Latent Variable Representation . . . . ... ... ... .... 63
4.3.2 Posterior Approximation . . . . . .. ... ... 64
4.3.3 Hyperparameter specification . . . .. ... .. .. ... ... 70
4.4 Simulation Studies . . . . .. .. ... 71
4.4.1 Analysis of computational expense . . . . ... .. ... ... 7
4.5 Examples . . . . . 78
4.5.1 Classification of spoken-word audio data . . . . . . ... ... 79
4.5.2  Analysis of TESIE chemical exposures data . . . . .. .. .. 83
4.6 Discussion . . . . . ... 87
Conclusion 89

viil



A Supplementary Material for Chapter 2 91

A.1 Derivation of Marginal Likelihood . . . . . . . .. ... ... .. ... 91
A.2 Notation Simplification . . . . . . . .. ... ... 92
A3 Proofs . . . . .. 93
B Supplementary Material for Chapter 3 104
B.1 Maximization of the marginal multinomial-Dirichlet likelihood . . . . 104
B.2 Proofs . . . . . . .. 105
C Supplementary Material for Chapter 4 108
C.1 Metropolis-Hastings Algorithm for SWAG . . . . . . ... ... ... 108
Bibliography 112
Biography 118

1X



List of Tables

3.1

3.2

4.1
4.2

4.3
4.4
4.5

Comparison of birds observed in Robeson County and neighboring
cCounties. . . . . . ..o 47

Comparison of birds observed in Haywood County and neighboring
counties. . . . . . ... 49

Population covariance assumptions used in the simulation study. . . . 72

Oracle estimators of the population covariances used in the simulation
study. . .. 73

Results from a simulation study comparing accuracy of five procedures. 74
Average run time of the SWAG Metropolis-Hastings sampler. . . . . . 7

Rates of correct classification on audio test dataset. . . . . . . . . .. 82



List of Figures

2.1

2.2

2.3

24

2.5

2.6

2.7

3.1

3.2

3.3

3.4

4.1

4.2

Frequentist coverage rate of classical pivot and Bayesian prediction
intervals. . . . . . ..

Schematic of the process to obtain the FAB conformal region.

Results of a numerical analysis comparing the FAB prediction interval
to alternatives for a population withn=3.. . . ... ... ... ...

Results of a numerical analysis comparing expected interval width of
the FAB and DTA procedures. . . . . . . . . . . ... .. .. .....

Results of a numerical analysis comparing expected interval width of
the FAB and EB procedures. . . . . . .. .. .. ... ... .. .. ..

Results of applying the FAB procedure to the EPA radon data.

Results comparing the interval width of FAB and various prediction
procedures to EPA radon data. . . . . . ... ...

Results of a numerical analysis comparing expected set cardinality of
the FAB and direct procedures. . . . . . . . . .. .. ... ......

Within-county log sample size of eBird data in North Carolina. Sam-
ple sizes range from 8 to approximately 50,000. . . . . . . ... ...

Results of applying two prediction set procedures to the eBird data in
North Carolina. . . . . . . . . . . ... ...

Comparison of species inclusion in prediction sets constructed using
two procedures in Robeson County. . . . . . .. ... ... ... ...

Schematic of the SWAG hierarchical model. . . . . . . . . . .. ...

Results from a simulation study comparing accuracy of five procedures
for a regime with J =4,p=12. . . . . . . .. ... ... ... . ...

x1

47

76



4.3

4.4

4.5

4.6

4.7

Confusion matrices resulting from classification from the various co-
variance estimates. . . . . .. ... oo o L

MCMC samples for 4 elements selected at random from the set of
covariance matrices . . . . ... ..o

MCMC samples for four elements selected at random from the set of
covariance matrices {X s, DS, BOY o0 e e e e e e e e

Approximations to the posterior distributions of key parameters \, v, n,
and & for the TESIE data example. . . . . .. ... ... ... ...

Covariance estimates from the SWAG parameter estimation for the
TESIE data example. . . . . . . . ... ... .

xii



List of Abbreviations and Symbols

Symbols

MNg(6,N)

Dirichlet g (7y)
['(a)
1)

The set of real numbers.
The set of n-tuples of real numbers.
The set of non-singular p-dimensional covariance matrices.
Kronecker product.
The ¢th quantile of the standard normal distribution.
2

The normal distribution with mean p and variance o~.

The p-dimensional multivariate-normal distribution with mean
p and covariance matrix 3.

The (p; x p2)-dimensional matrix-normal distribution with mean
M and covariance matrix X.

The Wishart distribution with parameter 3 and degrees of free-
dom v.

The gamma distribution with shape parameter a and rate pa-
rameter b.

The standard Chi-squared distribution with v degrees of free-
dom.

The multinomial distribution with /N trials and success proba-
bilities @ that lie on the K-dimensional simplex.

The Dirichlet distribution of order K with parameter ~.
The gamma function evaluated at a.

An indicator function equal to 1 if the argument in the paren-
thesis is true and 0 if the argument is false.

xiil



Abbreviations

CPU
DTA
EB
EPA
FAB
GB
MCMC
MH
MLE
NC
QDA
RAM
SVOC
SWAG
TESIE

A n-dimensional vector consisting of all entries equal to 1.

A (n x n)-dimensional matrix with entries along the diagonal
equal to 1 and all else equal to 0.

Central Processing Unit

Distance To Average

Empirical Bayes

Environmental Protection Agency
Frequentist And Bayes

Giga-byte

Markov Chain Monte Carlo
Metropolis-Hastings

Maximum Likelihood Estimate
North Carolina

Quadratic Discriminant Analysis
Random Access Memory
Semi-Volatile Organic Compound
Shrinkage Within and Across Groups

Toddlers Exposure to SVOCs in Indoor Environments

X1v



Acknowledgements

First and foremost, I'd like to thank my advisor, Dr. Peter Hoff, for his guidance,
support, and time over these past few years. He taught me, among other things, the
importance of intentionality and precision in research, and therefore life, for which I
am grateful.

Thank you also to my committee members: Amy Herring, Surya Tokdar, and
Elizabeth Turner. Their feedback throughout the various stages of the development
of this research has been invaluable. Thanks to Kate Hoffman and Heather Stapleton
for providing the TESIE data in Chapter 4.

Thanks too to Merlise Clyde, Amy Herring (x2!), Alexander Volfovsky, David
Dunson, Mike West, Yue Jiang, and Jason Xu for distinctive mentorship, and special
thanks to Joan Combs Durso for guiding me, often by example, to be a better mentor
and teacher myself. Thank you also to Lori Rauch for constant support.

Lastly, thank you to all of the graduate students and postdoctoral fellows I have
had the pleasure of interacting with during my time at Duke. The thoughtful dis-
cussions concerning life and science have been a joy. I am particularly appreciative
of my office mates and dear friends, Joseph Lawson, Michael Christensen, and David
Buch.

More generally, I am indebted to the entire Duke Statistical Science department
for curating such a wonderful environment. I can not conceive of many more enriching

ways to spend five years of one’s life, and I am grateful to have had such a privilege.

XV



1

Introduction

Multi-group data consisting of responses obtained from non-overlapping subpopula-
tions or groups, for example, counties in a state or labeled observations, are increas-
ingly common in many fields. As such, precise and accurate group-specific inference
for such data is an important goal. This task is often encumbered by small within-
group sample sizes for some or all of the groups. To this end, in this dissertation,
we develop methodologies that improve group-specific inference in analyses of multi-

group data.
1.1 Prediction for multi-group data

Existing methods for constructing prediction regions or sets for multi-group data
involve a trade-off between guaranteeing nominal group-specific frequentist coverage
rates and improving precision via the incorporation of indirect information. Chapters
2 and 3 detail methodologies aimed at mitigating this trade-off through making use
of indirect information to improve precision of a prediction region while maintaining
frequentist coverage guarantees of each region. Specifically, the methodologies de-

veloped in these chapters each utilize a conformal prediction framework to construct
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small prediction regions that are constructed using indirect or prior information
and maintain finite sample non-parametric guarantees of frequentist coverage. An
R package to implement the prediction methods developed in these two chapters
is provided at https://github.com/betsybersson/fabPrediction and includes a
vignette illustrating usage.

Chapter 2 details work from the article Bersson and Hoff (2022). In this work, we
develop a method for obtaining an optimally narrow prediction region for a numeric
response and detail a straightforward algorithm to efficiently compute the prediction
region. The resulting prediction region is proven to be an interval that contains
a standard Bayesian point prediction estimator. This implies a coherent method
for classically Bayesian point prediction with narrow uncertainty quantification that
maintains frequentist notions of error. We extend this approach to a multi-group or
small area regime without altering the frequentist coverage guarantee by incorporat-
ing prior information estimated from external populations in an empirical Bayesian
manner. This method is illustrated through simulation studies and an application
to radon survey data collected by the EPA.

In Chapter 3, based on the work in Bersson and Hoff (2023b), we detail method-
ology used to construct prediction sets for categorical data. This work is motivated
in part by the task of summarizing citizen science data that consist of observations
from volunteer-led sampling efforts. Such data often feature unequal sampling efforts
across some domain such as a geographic region. An interpretable comparison may
be made across subregions, e.g., counties in a state, with prediction sets that main-
tain the same coverage rate for each subregion regardless of its size or composition.
To this end, we develop a nonparametric method for categorical data that constructs
a small prediction set from a given group with the incorporation of auxiliary data
from other groups and maintains a finite-sample frequentist coverage guarantee. We
detail a simple algorithm to compute such a prediction set where the computation

2



time does not depend on the sample size and scales well with number of categories.
The usefulness of this method is demonstrated in summarizing avian species abun-
dance in North Carolina with data from the popular eBird database, a citizen science

database of species observations supported by the Cornell Lab of Ornithology.
1.2 Covariance estimation for multi-group data

Chapter 4 details work motivated by improving the accuracy of covariance estimates
for multi-group data based on the work in Bersson and Hoff (2023a). In general,
accurate covariance estimation is necessary for many statistical tasks including clas-
sification, principle component analysis, and multivariate regression analysis, among
others. To obtain accurate group-specific covariance estimates, shrinkage estimation
methods that shrink an unstructured, group-specific covariance either across groups
towards a pooled covariance or within each group towards some structure have been
developed. In many applications, however, it is unclear which approach will result
in more accurate covariance estimates, and, as such, inference may not be much im-
proved over that which results from a naive approach. Flexibly incorporating both
shrinkage approaches allows for robustness to such misspecification.

With this motivation, we present a flexible covariance estimation method for
multi-group, matrix-variate data in Chapter 4. We detail a hierarchical prior distri-
bution for covariance matrices that flexibly allows for shrinkage across groups towards
a pooled covariance or within groups towards a Kronecker structured covariance. The
flexible framework yields more accurate covariance estimates than standard methods
in situations where simplifying structural assumptions are unknown. The utility of
this method is demonstrated in a high dimensional audio file classification appli-
cation and an environmental health analysis. In the classification application, our
approach features superior classification performance over competitors, and in the
health analysis, the interpretability of our approach is demonstrated.

3



Codes to implement the methodologies presented along with replication codes for
all simulation studies and most data applications are available at https://github.

com/betsybersson.



2

Optimal Conformal Prediction for Small Areas

2.1 Introduction

Precise and accurate inference on a sample obtained from non-overlapping subpopu-
lations, referred to as areas or domains, is an important goal in a wide range of fields
where localized inference for various socio-demographic groups or refined geographic
regions is of interest. Analyses in economics (Janicki et al., 2022; Molina et al., 2014),
ecology (Sinha and Rao, 2009), health (Nandram and Choi, 2010), and other fields
rely on survey samples where it is common to have small area-specific sample sizes.
As a motivating example, we consider survey data of household radon concentrations
across counties in the Midwestern United States, in which 50% of within-county sam-
ple sizes are 8 or less. These sample sizes present challenges in making both precise
and valid area-specific inferences, which are particularly important in applications
where results often have policy implications.

Direct statistical methods that only make use of within-area samples can be un-
biased and achieve target frequentist coverage rates for all areas, but don’t take

advantage of indirect information, and so may be inefficient. As a result, researchers



often turn to indirect or model-based methods that allow information to be shared
across areas. Borrowing information across areas may decrease variability of point
estimates and volume of confidence and prediction regions, but doing so can intro-
duce bias and thus alter within-area frequentist coverage rates from their nominal
level (Carlin and Gelfand, 1990). To address this, parametric ‘frequentist and Bayes’
(FAB) methods have recently been developed for confidence intervals that maintain
within-area frequentist error rate control and allow for information sharing across
areas (Yu and Hoff, 2018; Burris and Hoff, 2020). See Bryan and Hoff (2023); Mc-
Cormack and Hoff (2023) for other FAB-motivated works.

In this chapter, we focus on the task of obtaining a prediction region for a response
in each area. In some small area applications, a prediction region for the units in a
small area may be as or more useful than a confidence region for the area-specific
mean. For example, we illustrate the methods in this chapter using data on household
indoor radon concentrations across multiple counties. Policy makers at the county-
level may be interested in obtaining a plausible range of household radon levels within
their county, instead of or in addition to a confidence interval for the county-level
mean. We develop a non-parametric FAB prediction method that has within-area
frequentist coverage rate control while incorporating indirect information to improve
prediction region precision. The proposed method is Bayesian in a decision-theoretic
sense (Lehmann and Casella, 1998) in that a FAB prediction region has minimum
Bayes risk if working model assumptions are accurate.

To illustrate the limitations of commonly used parametric prediction methods,
consider a study that includes a simple random sample Y; = {Yi;,...,Y, ;} from
area j with population mean ¢;, for instance, household radon concentrations within
county j, for j =1,...,J. We wish to obtain a prediction region A; for an unsam-

pled response Y, ;1 ; from population j that is accurate, in the sense that it ideally



maintains exact (1 — «)100% frequentist coverage,
Pr(Yanrl,j S A]) =1- Q, (21)

and precise, in that the expected volume is comparatively small. For normally-
distributed data, a commonly used direct method is the classical normal or ¢t pivot
prediction interval. To see what can go wrong, consider the simple case where the

population variance is known. In this case, the usual prediction interval is

_ 1/2
Y; + 21,0[/2 (sz(l + 1/71])) / , (22)

where ¢, is the sample mean of area j, o?

5 1s the population variance, and z, is the

gth quantile of the standard normal distribution. If the parametric distributional
assumptions hold true, this interval will have the desired frequentist coverage rate.
As this interval may be prohibitively wide due to a small sample size, researchers

often turn to a Bayesian interval, guaranteed to be narrower than the pivot interval:

b+ 21 ap (o—f. (1 + (1) + nj)‘l))l/2 , (2.3)
where 0, := (/72 + §;n;) / (1/7% + n;), for parameters y and 72 that may be em-
pirical Bayes. This interval approximately achieves the specified coverage rate on
average across areas, but the frequentist coverage rate for a specific area j declines
from greater than 1 —« when 0; = p to zero as |6; — p1| increases (see the solid lines in
Figure 2.1). Furthermore, if the parametric assumptions underlying either (2.2) or
(2.3) are not accurate, the coverage rates can differ from their nominal levels, even
on average across groups. For example, the dashed blue line in Figure 2.1 gives the
coverage rate of the normal prediction interval 2.2 when the true area-level distribu-
tion has variance one and support on two points equidistant from 6;. In this case,
the actual coverage rate of the 75% pivot interval is only 50%. To summarize Figure

2.1, the standard prediction intervals (2.2) and (2.3) can have lower than desired
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FIGURE 2.1:  Frequentist coverage rate of classical pivot prediction (blue) and
Bayesian prediction (red) for sample size n = 3, known o2 = 1, and Bayesian prior
parameters p = 0,72 = 1/2, for a target coverage rate of 0.75. Results under a
normal (solid lines) and non-normal (dashed lines) within-area distribution.

frequentist coverage rate in the case of either inaccurate parametric assumptions or
incorrect prior values.

There is an extensive literature on estimating (or “predicting”) within-area ran-
dom effects (see, for a review, Skrondal and Rabe-Hesketh (2009) or Pfeffermann
(2013)), but less work has been done on predicting the unit-level responses within
an area. Afshartous and De Leeuw (2005) offer a review of parametric point pre-
diction methods. The accuracy and theoretical guarantees of these methods rely on
modeling assumptions. Other prediction methods such as those presented in Vidoni
(2006), as well as empirical or fully Bayesian prediction methods produce precise
prediction intervals (Gelman, 2006), but do not maintain the desired coverage level
at each area. For more on small area inference, see Rao and Molina (2015), or, for
information on multilevel modeling more broadly, see Gelman and Hill (2006).

Conformal prediction, introduced in Gammerman et al. (1998) and further de-



veloped in Vovk et al. (2005), is a non-parametric method that relies solely on the
assumption of exchangeability to produce prediction regions with finite-sample cover-
age guarantees. A brief review of conformal prediction is in Section 2.2.1. Conformal
prediction has primarily focused on methods for a single population (Lei and Wasser-
man, 2014; Papadopoulos et al., 2011; Vovk et al., 2019). These methods could be
used to construct “direct” conformal prediction regions for each area separately, but
doing so could be inefficient, as information is not shared across groups. Closely
related to our method is the recent work of Dunn et al. (2022) on conformal predic-
tion for two-layer models. They primarily focus on predicting an observation from a
new population, or area, using data from previously observed areas and a data-based
non-conformity measure. For a specified area, their method results in a prediction
region with guaranteed 1 — « coverage for that area, on average over data from all
of the areas. Furthermore, their prediction approach for a new observation from
an observed area is unsupervised. In contrast, our prediction approach focuses on
the observed areas, and guarantees 1 — « frequentist coverage for each area across
data in that area with an approach that allows for supervised prediction via the
incorporation of area-specific covariates.

In this chapter, we develop a FAB prediction method that has non-parametric
within-area frequentist coverage rate control while incorporating indirect information
to improve prediction region precision. Specifically, we build on the generic result
shown in Hoff (2023) that conformal prediction regions obtained under the posterior
predictive distribution as the conformity measure are optimally precise. We show how
this result can be used to obtain narrower prediction regions than standard methods
by incorporating indirect information. When the proposed conformity measure is
constructed under a normal working model, we prove the resulting prediction region
is an interval that contains a standard Bayesian point prediction estimator. This
implies a coherent method of classically Bayesian point prediction while providing

9



uncertainty quantification which maintains frequentist coverage. While many confor-
mal prediction methods for complex conformity measures rely on algorithms which
result in approximate prediction regions, we develop a computationally straightfor-
ward procedure that makes full use of the data to obtain the exact FAB conformal
prediction region.

In Section 2.2, we briefly review the generic conformal prediction method and
detail the motivation, properties, and computation of the Bayes-optimal, or FAB,
conformity measure for a single population when indirect information is available.
Numerical results on the FAB prediction interval’s precision are provided in Section
2.3. In Section 2.4 we extend the FAB conformal algorithm to the small area regime,
and in Section 2.5 we apply the proposed prediction method to an EPA radon dataset.
We conclude with a discussion in Section 2.6. All supplementary materials, including

proofs, are contained in Appendix A.

2.2 Bayes Optimal Conformal Prediction

2.2.1 Review of Conformal Prediction

Conformal prediction is a method of obtaining a prediction region for a new ob-
servation Y, .1 based on an exchangeable sample Y = {Y,...,¥,} from the same
population. Having observed Y = y, a candidate value y,,.1 of Y, is included in
the conformal prediction region if it sufficiently “conforms” to the sample, as mea-

sured by a conformity measure C': R” x R — R (Vovk et al., 2005). The conformal

prediction region can be constructed to have the desired frequentist coverage rate by
including only those y,,,1-values with corresponding conformity score ¢, greater
than or equal to that of some fraction of the conformity scores of the observed el-
ements of the sample, {ci,...,c,}. Specifically, a 100(1 — «)% prediction region for
Y, .1 can be constructed as follows: To determine if a candidate value y,,,1 is included
in the prediction region,

10



1. compute Ci(yn-i-l) =C ({y17 7ynayn+1}\{yz}ay1) for ¢ = L...on+1

2‘ Set py = #{7’ =1,.,n+1: C;;SZ-JIL-FI) < Cn+1(yn+1)} .

The value y,1; is included in the region if p, > «. Note that each conformity
score ¢;(yn41) is a function of the candidate y,,1. More compactly, the conformal

prediction region may be expressed as

Ac (Y) _ {ynJrl c y : #{Z = 17 Nt L: Ci<yn+1) < Cn+1(yn+1>} > k }’ (24)

n+1 n+1

where k = |a(n + 1)|. The resulting prediction region A°(Y) has conservative
coverage greater than or equal to 1 — o and may have exact coverage if « = 1/(n +
1) for some integer | € {0,1,2,...,n + 1} under some regularity conditions (Dunn
et al., 2022; Tibshirani et al., 2019).  The frequentist coverage guarantee follows
from the exchangeability assumption as all permutations of the collection of random
variables {Y7,...,Y, 11} are equiprobable, and thus, all permutations of conformity
scores {c1, ..., Cpy1} are equiprobable (Balasubramanian et al. (2014) §1.3). A feature
of the conformal procedure is that the frequentist coverage guarantee of the conformal
method holds regardless of both the true distribution of the random variables and
the choice of conformity measure. Thus, a thoughtfully chosen conformity measure

can yield a precise prediction region which maintains the desired coverage rate.
2.2.2  Conformal Prediction via a Normal Working Model

Two main criteria of the usefulness of a prediction region are validity and preci-
sion. As frequentist validity is guaranteed by the conformal method, we focus on
constructing an optimally precise prediction region through a conformity measure
that takes advantage of indirect or prior information. This information will enter

the conformity measure through a working model, that is, a model we use to quantify
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different sources of information, but one that does not have to be correct for the in-
ferences to be valid. In this section, we derive a Bayes-optimal conformity measure

Cp for a single area using a normal working model:
Yi,....,Y, ~ N(0,0?) (2.5)
0 ~ N(p,7%0%)

1/0% ~ G(a/2,b/2),

where Y7, ..., Y, are the measurements on a sample of n units from a single area. Hoff
(2023) provides a generic result that the Bayes-optimal conformity measure having

the smallest expected volume is the posterior predictive density:

O (4, Y1) = P (gusaly) = Lp<ym|0>p<0|y>de, (2.6)

where p(y,.1|0) is the probability density of candidate y,,1 given model parameters
0, and p(B|y) is the posterior density of @ conditional on data y. We expand on
this result to develop a method which makes use of indirect information to obtain
narrower prediction regions than possible under standard methods and derive specific
results on FAB conformal prediction under the normal working model.

We proceed with the derivation of the Bayes-optimal conformity measure under
a normal working model. A standard calculation shows that the posterior predictive

density of the normal working model (2.5) is a non-standard, non-central ¢ density:

ag+1 _ 2\ —(ac+1)/2
Paly) = 2{,)< 12<1+iw) ) @7

where
w5 =1/ +n)" po = (/7% + 1,y)73
e =a+n bg=b+yTy+u2/TQ—(Te2)_lug
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and o7 = 2—;(1 +72). For now, we assume all hyperparameters of the working model,
{p, 7 a,b}, are known.  As will be discussed in Section 2.4.2, in practice the
parameters may be estimated from indirect information, such as the data of other
areas. Given working model hyperparameters, a FAB conformal prediction region,
denoted A/®(Y"), can be constructed for an area by taking (2.7) as the conformity
measure. Regardless of the accuracy of the working model, the resulting prediction
region will maintain the specified coverage rate, and if the working model assumptions
are accurate, the prediction region will have minimum expected volume.

Given a conformity measure, it is straightforward to test any individual candidate
value for inclusion in a prediction region by implementing the conformal algorithm.
In practice, testing every candidate prediction value in the sample space may be
infeasible due to an infinite number of candidates, or otherwise computationally ex-
pensive to do at a meaningful granule. Alternatively, we may make use of the form
of the chosen conformity measure to circumvent evaluating the typical conformal
algorithm at each candidate value and obtain a more computationally tractable al-
gorithm. As we will show, computations may be facilitated by considering alternative
representations of a conformity measure, or ECMs:

Definition 1 (equivalent conformity measure). Two conformity measures are called
equivalent conformity measures (ECM) if the resulting conformal prediction regions
are equivalent.

The idea of an ECM and how it may be used to simplify computation of the
prediction region have been discussed before in the conformal literature. For example,
standard computation of the prediction region resulting from the popular distance

to the average (DTA) non-conformity measure,

Cavg(y7 yn-i-l) = ‘yn-i-l - g| ) (28)

seems to require computing the mean of n + 1 sets during the execution of the
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conformal algorithm. As discussed in Shafer and Vovk (2008), this can be avoided
by using an ECM, Coug ({Y, Yn+1}, Ynt1). Considering this representation in place of
the classically defined measure allows each conformity score to be defined in terms
of the sample mean, an element of the sample, and the unknown candidate ¥, 1.
This in turn simplifies the implementation of the conformal algorithm. Under more
complex conformity measures such as the Bayes-optimal measure, the computational
gain obtained from constructing an algorithm under an ECM may be substantial.
It turns out that under the normal working model, the Bayes-optimal conformity

measure has the same ECM property as the DTA measure:

Theorem 1. If Model 2.5 is the working model, Cg (Y, yn+1) and Cp ({Y, Yn+1}, Yns1)
are ECM.

Consideration of the ECM Cp ({y, Yn+1}, Yns1) greatly simplifies the computation
of the FAB prediction region. In the evaluation of the conformal algorithm under
this measure, the conformity scores corresponding to each element of the sample and
the candidate are each a t density with the same parameters. As such, this form of
the conformity measure is more convenient to work with. In what follows, we will
derive properties and an efficient computational algorithm for the FAB conformal

prediction region under this normal working model.
2.2.8 Prediction Region Properties and Computation

By making use of properties of the form of Cz under the normal working model
(2.5), we show that the exact conformal prediction region can be obtained by a
procedure that involves evaluating a simple function of the sample. Additionally, we
prove that the FAB conformal prediction region under the normal working model

is an interval that contains the posterior mean estimator of the population mean,

0:= (u/m + S ye) (/T2 +n)
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The FAB conformal prediction region can be obtained via a two step process.

First, for each i = 1,...,n + 1, find the sub-region of acceptance,

Si = {Yn+1 € R cpi(Ynt1) < cBpr1(Yns1)} - (2.9)

Then, information in the set {51, ..., Sp+1} can be summed over the domain R to
obtain the number of ¢ = 1,...,n+ 1 such that ¢; < ¢,,1 at each point in the domain.
As made clear by the representation of a generic conformal prediction region given
in (2.4), this information fully classifies the conformal prediction region for a given
error rate .

This process is visualized for an example sample of size n = 4 in Figure 2.2.
For clarity, the conformity scores for each value in the sample and the candidate
prediction are plotted as a function of the candidate prediction in panel (a). The
corresponding sub-regions of acceptance are the regions in the sample space where
each conformity score is less than or equal to the conformity score of the candidate.
Under the normal working model, each sub-region of acceptance, plotted in panel
(b), is an interval that contains 6. This information can be directly translated to
the number of conformity scores less than or equal to the candidate conformity score
over the sample space. Dividing this value by (n + 1) yields the conformal p-value,
py (shown in panel (c)). From Figure 2.2(c), it is easy to see for a prediction error
rate of, for example, a = 0.2, the resulting conformal prediction region is the region
where #(i : ¢; < ¢,11) > 1, which is [—3.1,2.4].

Given the standard form of the Bayes-optimal conformity measure (2.7), the sub-
regions of acceptance are difficult to obtain analytically as the candidate y,,,1 appears
non-linearly in each ¢p 1(Yn+1), -y CB.n+1(Yns1). Upon consideration of the equivalent
representation of Cg given in Theorem 1, the regions Si, ..., .5, can be expressed in
closed form. This allows for efficient and exact computation of the prediction region

and, in turn, can be used to prove the FAB prediction region is an interval under the
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FIGURE 2.2: Schematic of the process to obtain the FAB conformal region: (a) con-
formity scores for each value in the sample (red dashed curves) and the candidate
(thick black curve) over the sample space; (b) sub-regions of acceptance correspond-
ing to the conformity scores; (¢) number of conformity scores less than or equal to
the candidate conformity score over the sample space; vertical black lines are drawn
at 0.

normal working model. These results are formalized below.

We first present two general lemmas (1 and 2) used to prove a conformal predic-
tion region is an interval. If the conformal p-value is a step function over the domain
R with a symmetric number of unit steps to and from 1/(n + 1) and 1, as in Figure
2.2(c), then the prediction region will be an interval. The following two lemmas may

be used to prove this is the case.

Lemma 1. In the conformal algorithm, if, for each i = 1,....n + 1, the region

{yn+1 eR: Ci(yn+1) < cn+1<yn+1)}

18 an interval and contains some common value, then

fWnar) =#{ie{l,..on+ 1} ¢ < e}
s a step function with ordered output 1,2,...,n,n+ 1,n,...,2,1 over the domain R.

Lemma 2. In the conformal algorithm, if f(yn41) is a step function with ordered
output 1,2,...n,n + 1,n,...,2,1 over the domain R, then the resulting prediction

region is an interval.
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It turns out the hypothesis of Lemma 1 holds for the normal working model case
under Cg. Specifically, by utilizing the equivalent form of Cg given by Theorem 1,
we are able to conclude that each S; is an interval for i € {1,...,n} and obtain a

closed form expression of the bounds:

Lemma 3. If Model 2.5 is the working model, the region

Si = {yn-i-l € y : OB ({y7yn+1}\yi7yi) < C1B ({y, yn+1}\yn+17yn+1)}a

for each i = 1,....n, is an interval [min{y;, g(y;)}, max{y;, g(y;)}] where

2 (/7 + ey ) (/72 + 0+ 17—y

9(wi) = 1-2(1/2+n+ 1)t

Additionally, the posterior mean estimator of the population mean, 6, is con-
tained in each sub-region of acceptance 51, ..., S,4+1. Not only is this result useful for
proving the prediction region is an interval, but it also suggests that using 6 as the
estimator for a new prediction and taking A/%(Y") as the prediction interval is a co-
herent method to predict the unknown value in a classically Bayesian manner while
providing uncertainty quantification that maintains the desired frequentist coverage

rate:

Lemma 4. For eacht =1,...,n + 1, the interval

Si = {yn+1 € y : OB <{y)yn+1}\y17y2) < C1B ({yuyn-l-l}\yn-‘rl?yn-‘rl)}a

contains the posterior mean estimator of the population mean,

0:= (/7> + > u)(1/7° +n)

k=1

In total, these results can be used to prove our main theorem concerning proper-
ties of the FAB conformal prediction region constructed under the normal working
model:
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Theorem 2. Using conformity measure Cg with Model 2.5 as the working model, the
a-level conformal prediction region based on a sample Y is the kth and (2n—k+1)th
order statistic of v:

AT(Y) = (vik), Ven—k+1))

forv="1[y - ya glyn) - g(yn)]T and k = |a(n + 1)|. Furthermore, the

conformal prediction region is an interval which contains 6.

The nature of C'g constructed with the normal working model suggests a simple,
efficient algorithm to obtain A/%°(Y’). In particular, as py is an incremental step
function over the sample space characterized by a symmetry in the number of steps
on either side of p, = 1 (e.g. Figure 2.2(c)), the 1 — k/(n + 1) prediction region can
be obtained by taking the kth ordered step location from either end of the collection
of step locations, where k = |a(n + 1)]. Specifically, to obtain A/%*(Y") for known

values of working model hyperparameters u, 72,

1. for each ¢ = 1,...,n, compute g(y;), the critical values of S;;

2. sctv=[ym - yu glyr) - g(y)] and k =|a(n + 1)];

3. acquire the bounds of the prediction region, the kth and (2n — k + 1)th order

statistics of v.

Then, the Bayes-optimal conformal prediction region with (1 —k/(n + 1))100% cov-
erage is
AT(Y) = (v, van-ken)

If a(n+ 1) = k, then the prediction interval will have exact coverage, a result which
will hold regardless of the values used for {1, 7%}, however, as will be discussed exten-
sively in Section 2.3, these values will impact the expected length of the prediction
interval. A brief note that if y; = g(y;) for at least one i € {1,...,n}, the resulting
prediction region may be a point, dependent on the specified error rate.
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2.3 Numerical Comparisons

To demonstrate properties of the FAB prediction method, we numerically evaluate
expected prediction interval widths of the FAB prediction regions. We compare the
FAB method to a simpler conformal method that does not use indirect informa-
tion, the distance to average (DTA) conformal prediction method, and the empirical
Bayesian (EB) approach described in the Introduction. In particular, DTA (Eqn 2.8)
is a popular approach that quantifies non-conformity of a new observation as the dis-
tance from the sample average. As this is a non-conformity measure, as opposed to a
conformity measure, computation of the DTA prediction region requires determining
if the candidate is “too different” from the sample. This corresponds to flipping the
direction of the inequality in Step (2) of the generic conformal algorithm.

Both the DTA and FAB methods provide nonparametric frequentist coverage
guarantees; the main difference between these two methods is the ability to utilize
prior information in the construction of the prediction interval. An EB prediction
interval is constructed via incorporation of prior information, but, in contrast to the
FAB method, frequentist coverage of an EB prediction interval relies on, among other
things, the accuracy of this information. While the conformal prediction methods
may be applied to non-normal populations, in this section, we explore their behavior
when obtained from a normal sample of size n, Y1, ..., Y, ~ N(0,1). As shown in Fig-
ure 2.3 (a), the FAB method shifts prediction bounds away from the true population
mean and towards the incorporated prior information. When this prior information
well-informs the true mean, the FAB interval is narrower than the alternatives. As
the accuracy of the prior information declines, the FAB interval widens, but the
coverage guarantee holds. Comparatively, when the prior information is inaccurate,
the EB intervals remain narrow, but the corresponding frequentist coverage rate falls

below the nominal level (Figure 2.3 (b)).
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FIGURE 2.3: (a) Expected prediction interval end points and (b) estimated frequen-
tist coverage (dashes) with 95% Wilson confidence intervals. Results plotted for FAB
(solid black lines), DTA (thick grey lines), and EB (red lines) prediction methods.
Forn = 3,0 €[-2.5,25],u=0,72=1/2,a = .25.

The prior parameters used in the FAB conformal method are {u, 7%} and respec-
tively represent the prior expected population mean and confidence in this expecta-
tion. To assess the effect of these prior parameters, we allow them to vary in this
study. We consider a prediction error rate of 0.25 and compare numerical results for
various sample sizes n € {3,7,11,15,19}, chosen such that the conformal methods
will result in regions with exact coverage. In general, the FAB conformal method out-
performs the standard DTA method in terms of precision when there is concentrated
and accurate prior information regarding the mean of the population, but a limited
amount of information in the sample itself. More specifically, the FAB conformal
interval can be expected to produce narrower intervals than standard methods when
6 — pu] is small, 72 is small, and n is small, or a combination of these properties. The
EB approach often results in narrower prediction intervals than the FAB approach,
but this comes at a cost to the frequentist coverage rate.

The ratio of expected interval widths of the FAB prediction method relative
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to the distance to average method are displayed in Figure 2.4. Recall that the
FAB method incorporates prior information while the DTA method does not. We
compute the expected interval widths via Monte Carlo approximation using 25,000
independently generated replications for each combination of values of 6,72, and n.
The effects of sample size and prior variance of the population mean are the focus of
Figure 2.4(a). This figure plots the ratio of Bayes expected interval widths (Bayes
risk) of the FAB conformal to distance to average conformal intervals, where the
expectations are taken with respect to Y and 6 under the sampling model Y7, ..., Y,, ~
N(6,1) and prior 6 ~ N(u,7%). The Bayes risk of the conformal intervals does not
depend on p. As informed by the theoretical Bayes-optimality of FAB conformal
prediction, the Bayes risk of the FAB interval is smaller than that of the DTA
interval, with the overall deviation between the methods’ expected interval widths
decreasing as the sample size increases. The FAB interval is substantially narrower
than the distance to average interval for a wide range of 72 values under very small
sample sizes. Intuitively, for small sample sizes, even a low level of confidence around
the prior value of the population mean p is useful information and will translate to
narrower prediction intervals if utilized in the construction of C'z. More confidence,
as conveyed through a smaller 72 value, translates to a more substantive increase in
precision. Even for larger sample sizes, a nontrivial gain in precision occurs under
small (less than about 0.5) 72 values, representing very informative prior information
about the population mean through a prior with tight concentration around .

For a given concentration level 72, it is natural to consider how |0 — u| affects
the resulting FAB prediction interval width. Figures 2.4(b)-(c) display the expected
interval width ratio of the FAB conformal to the distance to average conformal
method for varying population means and sample sizes when x4 = 0 and 72 = 1/2, 2.
Under this set-up, by the Bayes-optimal property of the conformal measure, the FAB
interval will outperform alternatives when |# — u| ~ 0 and 72 is small. The numerical
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FIGURE 2.4: Expected width ratio of FAB conformal interval to DTA conformal
interval for increasing n € {3,7,11,15,19} in decreasing darkness: (a) expectation
taken with respect to Y and 0; (b) expectation taken over Y conditional on 6 for
pw=0,72 =1/2; (c) same as (b) for 72 = 2.

results match this conclusion, and, as the distance between the prior mean and the
population mean increases in absolute value, the FAB intervals become wider, and
thus the benefit of utilizing this type of prior information declines. As seen in panel
(b), for a moderately small 72 value, and for the smallest sample size considered, the
FAB conformal method results in an interval width that is 17.6% narrower than the

2 as seen in the panel (c), there is a less

standard when 6 = u exactly. For larger 7
substantial benefit to utilizing this indirect information in Cg, but some benefit is
seen nonetheless for a wider range of 6 divergences from p.

A comparison between the FAB approach and the EB approach is presented in
Figure 2.5. As seen in panel (a), the EB method often has narrower Bayes risk,
but, as discussed, it is not guaranteed to have the desired frequentist coverage. In
comparing expected interval width ratios (panels (b-c)), the EB intervals may be
narrower, but frequentist coverage relies on the accuracy of the prior information,
among other features. The FAB intervals will have the desired validity regardless of

the accuracy of either the working model or the prior information.

Overall, when accurate prior information is available, FAB prediction intervals
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FiGureE 2.5: Expected width ratio of FAB conformal interval to parametric EB
interval for increasing n € {3,7,11,15,19} in decreasing darkness: (a) expectation
taken with respect to Y and 0; (b) expectation taken over Y conditional on 6 for
pu=0,72 =1/2; (c) same as (b) for 72 = 2.

outperform commonly utilized conformal prediction intervals in terms of precision.
The benefit is particularly large for small sample sizes. Regardless of the accuracy
of the prior information, the frequentist coverage rate of FAB prediction intervals is
guaranteed. This desirable feature is lost for parametric indirect methods such as

the EB approach.

2.4 FAB Small Area Prediction

2.4.1 Information Sharing via a Working Model

In inference on small areas, utilizing indirect methods that share information across
areas has been shown to improve precision compared with direct methods, particu-
larly for areas with small sample sizes (Gelman and Hill, 2006). With this motiva-
tion, we extend the FAB conformal prediction method to a small area regime. In the
construction of the Bayes-optimal conformity measure, information is shared across
areas via a multilevel working model in order to increase prediction region precision
while maintaining area-level frequentist coverage guarantees.

For each area j € {1, ..., J}, we observe an exchangeable sample (Y1 j,...,Yy, ;) =
(Y1,5> -+ Un,,j) of length n; such that the samples are independent across areas. Sup-
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pose a reasonable working model for the populations is a spatial Fay-Herriot model
(Fay and Herriot, 1979) that allows for heterogeneous area-specific variances. Specif-
ically,
Yij, oo Yo, 5~ N(Hj,a?), independently for j =1,...,J (2.10)
0~ Ny (XB,U2G)
1)o7, ..., 1/0% ~ G(a/2,b/2),

where G is a spatial covariance matrix such as that which results from the popular
simultaneous (SAR) autoregressive model G = [(I — pW)(I — pWT)]~* (Singh
et al., 2005). The matrix W is a distance matrix among areas that is typically row-
standardized to sum to 1, and p € (—1,1) is a spatial correlation parameter. For
more on spatial modeling, see Banerjee et al. (2014). This flexible set-up allows for
inclusion of an array of indirect information including area-level covariates X and
spatial relationships in the linking model for the population means which can be
exploited to improve precision of prediction regions.

For population j, a FAB conformal prediction interval may be constructed as fol-
lows. First, unknown parameters in the working model (Eqns 2.10) can be estimated
indirectly, from data independent of area j, Y_; := {Y,...,Y;}\{Y;}. Then, these

2 of the population

values may be used to estimate a mean p and variance ratio 7
mean 6;, to be used in the Bayes optimal conformity measure (2.7) along with the
sample from area j, Y;. The resulting prediction region is constructed from a mea-

sure that shares information across areas and will maintain the desired frequentist

coverage rate for each area.
2.4.2 FAB Conformal Parameter Estimation Procedure

All that remains to implement the FAB conformal method for area j is to acquire
values for the unknown prior parameters {u, 72}, which are the prior mean and vari-
ance ratio, respectively, of area j’s population mean 6; used in the Bayes-optimal
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conformity measure (Eqn 2.7). Estimates of these prior parameters are used along
with the jth sample Y; to obtain the critical values ¢(-) in the proposed FAB algo-
rithm. If the parameters of the working model (Eqns 2.10) are known, we can take
{1, 7?} to be the conditional mean and conditional variance proportion of 6; and
proceed with implementation of the Bayes-optimal conformal algorithm. In practice,
of course, these values are not known, but they may be estimated from indirect data
via standard techniques.

We propose an empirical Bayesian approach whereby values of the prior param-
eters are obtained for each area j using samples from all other areas, Y_;. As an
overview, for area j, our estimation procedure proceeds with first computing esti-
mates of unknown parameters in the working model using Y_;. Then, given these
estimates, we obtain the conditional mean of 6; and the proportion of the conditional
variance of 6; to an estimate of area j’s population variance, which are labeled as f;
and 77, respectively.

In more detail, we first obtain the maximum likelihood estimates (MLESs) of
a,b by maximizing the marginal density of {M?}iex for K = {1,...,J}\j where
ME =37 (Y. — Yi)? . Under the assumptions of the working model (2.10), this

marginal density can be shown to be

I (st) (4)°°

2 2

>(a+nk—1)/2 (2.11)

p({mi}eexla,b) = [ | f(m3)

() (S

for a function f that does not depend on the hyperparameters a,b. We use the re-
sulting MLEs to obtain empirical Bayes estimates of each area’s population variance.

That is,
62 = Mode[o2|m2,a,b] = (b+ m?)/(a+ (n, — 1) +2), for ke K, and

~92 21~ 1 7T /A
7 = Mode[oj]a,b] = b/(a + 2).
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See Appendix A for details on the derivations of the marginal density and the con-
ditional modes. Taking {67}rerc as plug-in values of the population variances, we
obtain MLEs {3,725} of the mean prior hyperparameters {3, 7?2, p} through stan-
dard REML or ML procedures (Pratesi and Salvati, 2008) with data Y_;. These
MLEs may then be used to obtain an estimate é,j of 6_;. Finally, empirical Bayes
estimates of the prior parameters of area j are the conditional mean and the pro-
portion of conditional variance of 6; obtained given {8,742 p, 0_;, {52} rek, 67} . By

properties of the conditional normal distribution, that is:
1= E[0;0_;=0_;,8=08,1="1p=p (2.12)
= [ B+ ViV, (éfj - X[—j]ﬁ)
77 =Varl0;00 ;= 6,8 =B,n=1,p= /5] (2.13)

= (Vi) = Vo Vil Visal) /57

where V' = #?[(I — pW)(I — pWT)]7L.

Given these prior values, {u;, Tf}, obtained from information independent of area
J, the conformal algorithm proceeds as described in Section 2.2.3 based on the sample
from area j. For each area, the algorithm yields an interval that may have improved
precision over other methods as a result of information sharing and maintains the

specified frequentist coverage rate.
2.5 Radon Data Example

Radon is an odorless, colorless natural gas that is a known carcinogen. Exposure to
radon is the leading cause of lung cancer among non-smokers and is responsible for
tens of thousands of deaths in the U.S. each year. To evaluate radon exposure risk,
the U.S. Environmental Protection Agency (EPA) conducted an extensive national

survey (US Environmental Protection Agency, 1992) of indoor radon concentrations
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measured from a random sample of households across 9 at-risk states. In this section,
we compare prediction regions for household radon levels within a county using data
collected in Minnesota and North Dakota, which consists of 2515 observations in total
throughout the states’ 138 counties. The within-county sample sizes range from 1 to
172, with a median of about 8 households.

Price et al. (1996) modeled household radon concentrations at the county level
in Minnesota with a goal of improving estimated county-level means, and accurate
county-specific predictions are cited as being of particular interest. Due to the small
within-county sample sizes, these are difficult tasks. Given the abundance of indi-
rect information, including county-level covariates and apparent spatial relationships
among radon concentrations across counties, incorporating indirect information in
the construction of confidence or prediction intervals is a natural tool to improve
inferential precision. In what follows, we compare prediction intervals resulting from
FAB, DTA, and EB methods. As county-specific predictive inference is of primary
interest, an ideal prediction interval will have the desired (1 — «)100% frequentist
coverage for every county while maintaining an interval width that is practically
informative.

We construct prediction intervals for the log radon concentration in a randomly
sampled household in each county. Exploratory analyses suggest log radon values
are approximately normally distributed, so we utilize the normal working model
(2.10) in the construction of the FAB conformal prediction intervals, and follow
the prior parameter estimation procedure detailed in Section 2.4.2. The same prior
parameters are used in the construction of both the EB intervals. Specifically, we
include a county-wide soil uranium measurement as a covariate, incorporate a shared
county-wide prior intercept, and allow for spatial effects under the (row-standardized)
squared exponential distance matrix W between county centroids. That is, before
row-standardization, the matrix entries are {wy,} = e~4@e)” for counties [, k where

27



Minnesota

Yn+1
0
I T
] 1
1 1
! 1
1 1

© North [I)akota
o g

FIGURE 2.6: County-level radon prediction intervals for FAB (solid black lines),
DTA (thick grey lines), and EB end points (red dashes) methods. Dashed lines
drawn at the state-wide sample mean > y;/J and 45° line.

d is a distance function. Preliminary analyses of county-level radon sample means
indicate that utilizing this distance metric may be more beneficial for the counties in
Minnesota than in North Dakota. In particular, the Geary’s C' (Geary, 1954) value,
a measure of spatial autocorrelation, is further from 1 in Minnesota (0.727) than in
North Dakota (0.896), indicating there may be stronger spatial autocorrelation in
Minnesota than in North Dakota.

FAB, DTA, and EB prediction intervals are obtained for counties with sample
sizes greater than 1 under a county-specific error rate o =

[5(n; + 1)]/(n; +1) to
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allow for exact 1 — «; frequentist coverage of prediction intervals for each county
j. The prediction intervals for each county are plotted in Figure 2.6. In summary,
including relevant indirect information in the construction of prediction intervals via
the Bayes-optimal conformal procedure results in improved overall interval precision.
Specifically, the FAB prediction intervals are narrower than the DTA intervals in
62.2% of counties. At a state level, the FAB intervals are narrower for a higher
percentage of counties in Minnesota (65.9%) than in North Dakota (56.6%). The
FAB intervals are only narrower than the EB intervals for 42.2% of counties, but recall
that the EB method relies on parametric assumptions. If the normality assumption
does not hold, or if the prior parameter estimates are inaccurate, the EB intervals
may under-cover.

The FAB and EB intervals exhibit classical ‘Bayesian’ or shrinkage behavior in
that they are shifted towards the shared region-wide sample mean, while each DTA
interval is centered near the respective county-specific sample mean. By the Bayes-
optimality property of the FAB prediction method, FAB prediction intervals are
narrower than all alternative prediction regions for counties where the working model
assumptions are accurate. As such, in this case, the FAB intervals perform best in
terms of precision for counties where the heterogeneity across county-specific mean
radon values is well described by the spatial and covariate information.

While the FAB prediction intervals are often narrower than the DTA intervals,
they are expected to be wider in counties where the utilized prior information is not
accurate (Figure 2.4). Practically, this corresponds to outlier counties where available
indirect information does not accurately inform that within-county population mean.
Furthermore, this behavior is exacerbated by small sample sizes. The relationship
between sample size and prediction interval width in the radon data is visualized in
Figure 2.7, which plots the ratio of FAB prediction interval width to DTA interval
width (panel (a)) and FAB prediction width to EB interval width (panel (b)). As
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FIGURE 2.7: County-level radon prediction interval width ratio of (a) FAB to DTA
and (b) FAB to EB. Black cross marks represent ratios obtained from samples in
counties in Minnesota and grey circles represent ratios obtained from samples in
counties in North Dakota.

the sample from Minnesota has a higher frequency of small sample sizes than that
from North Dakota, there is more opportunity for a substantial gain in county-
specific interval precision over the DTA method, and consequently there is also the
opportunity for a substantial loss, as seen in the black crosses in Figure 2.7 (a)
corresponding to counties with very small sample sizes. As expected, as sample sizes
increase, all methods perform similarly in terms of precision. Similar patterns are
seen in panel (b) where the EB intervals tend to be narrower than FAB in counties
with small sample sizes.

Overall, sharing information via the FAB conformal method can result in nar-
rower prediction intervals than standard non-parametric methods. Standard para-
metric methods like the EB approach may provide narrower intervals, but the validity
of such methods is not guaranteed. As these data were obtained by a simple ran-
dom sample, each county’s FAB and DTA prediction intervals maintain the desired

validity guarantee based on the theoretical conformal prediction result which relies
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solely on exchangeability of the samples.
2.6 Discussion

The FAB conformal prediction method introduced in this chapter, which utilizes the
posterior predictive density of some working model as a conformity measure, pro-
duces precise and accurate prediction regions. If the working model assumptions are
accurate, FAB prediction regions have minimum expected volume, and, regardless of
the accuracy of the working model, they have guaranteed frequentist coverage rate
control for each small area. When constructed under a normal working model, FAB
conformal prediction regions contain the standard posterior mean Bayes estimator
6. This implies a coherent method of Bayesian point prediction, through 5, where
uncertainty quantification maintains the specified frequentist coverage rate. Further-
more, exact FAB conformal prediction regions may be obtained in a straightforward
manner.

In practice, FAB conformal intervals are notably narrower than standard predic-
tion intervals when accurate prior information for the population mean is available,
especially in the presence of small sample sizes. The FAB conformal prediction
method leverages this accurate indirect information to improve interval width pre-
cision. As such, this method is particularly useful for small area applications where
within-area frequentist coverage guarantees are desirable but sample sizes are small.
While commonly-used small area prediction methods offer a trade-off between accu-
racy and precision, the FAB prediction method maintains a guarantee of accuracy
while allowing for increased precision via across-area information sharing.

This chapter focuses on FAB prediction intervals constructed under a normal
working model, but the Bayes-optimal conformity measure can be constructed under
alternative working models that may be more appropriate for different types of data.

Relatedly, our approach is well suited for simple random sample study designs, and
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we aim to consider extensions to more complicated study design in future work. The
framework presented in Section 2 may be utilized to aid in derivation of efficient

computation of conformal prediction regions for either of these extensions.
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3

Prediction Sets for Species Abundance using
Indirect Information

3.1 Introduction

Understanding species abundance across heterogeneous spatial areas is an important
task in ecology. Citizen science databases that consist of observations of species
counts gathered by volunteers are increasingly regarded as one of the richest sources
of data for such a task. One of the largest such data sources is the eBird database in
which citizen scientists throughout the world input counts of bird sightings (Sullivan
et al., 2009). In addition to its use for describing avian species abundance, eBird
is a principal resource for understanding global biodiversity and is widely used in
constructing and implementing conservation action plans (Sullivan et al., 2017).
More generally, analyses from such databases may be used for informing policy,
conservation efforts, habitat preservation, and more, for which understanding species
prevalence for non-overlapping geographic areas, such as counties across a state or
country, is important. In practice, species abundance from citizen science data are

commonly summarised within areas such as counties by empirical proportions from
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a sample, as in, e.g., Arnold et al. (2021); Camerini and Groppali (2014). Such pro-
portions can be used to construct a prediction set for each county that provides a
description of species prevalence for that county with guaranteed frequentist cover-
age.

Given the impact on policy design, corresponding uncertainty quantification is
of particular import (Lele, 2020), and so it is desirable that precise prediction sets
maintain a target coverage rate regardless of the county’s size or composition. This
is challenging as a common feature of citizen science data is unequal sampling efforts
that results in some counties with large amounts of data information and others with
very little. Using direct procedures that only make use of within-county information,
a prediction set may be imprecise in these counties with low sampling efforts. This
suggests using indirect information such as data from neighboring counties to improve
prediction set precision for a given county.

In this chapter, we describe species abundance across sampling areas such as
counties with frequentist-valid prediction sets that are constructed to contain an
unobserved bird with 1 — « probability. That is, a valid prediction set for a given
county is a set of avian species such that an unobserved bird will belong to one
of those species with 1 — a probability in a frequentist sense. We develop a valid
nonparametric prediction method that allows for information to be shared across
counties. Specifically, our approach results in prediction sets with guaranteed fre-
quentist coverage for each county that are constructed with the incorporation of
indirect or prior information. We detail and provide code for an empirical Bayes
procedure to estimate such prior information from auxiliary data such as neighbor-
ing counties. If this indirect information used to construct the prediction sets is
accurate, the prediction sets will be smaller than direct sets that only make use of
within-county information.

In Section 3.4, we detail the usefulness of the proposed approach in summarising
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the eBird citizen science data. Sharing information across counties generally results
in smaller prediction sets as compared to direct prediction approaches, particularly
so in counties with low sampling efforts. Moreover, the prediction sets provide a
useful summary of the data that may be used to compare information across areas

and better inform policy.

3.2 Methodology

3.2.1 Background and Notation

For county j € {1,...,J}, let X, be a vector of length K where X,;, = x;, is the
observed count of species i over some set sampling period that may vary across
counties. We model X; with a K-dimensional multinomial distribution with N; =

Zfil x;; trials and population proportions vector 6,
X; ~ MNk(6,,N;). (3.1)

We construct a prediction set A,(X;) for an observation of a new bird arising from
the same distribution, Y; ~ MNg(0;,1) where Y; € Y for ¥ = {(y1,...,yx) :
Zfil yi = Ly; € {0,1}(i = 1,....,K)}. Let yj(k) € ) denote a prediction of cate-
gory k, that is, let y](-k) be a vector of length K with a one at index k£ and zeros
elsewhere. In particular, we are interested in a prediction set for Y; that maintains

frequentist validity for some error rate a. Formally, we refer to this as an a-valid

prediction set:

Definition 2 (a-Valid Prediction Set). An a-valid prediction set for a predictand
Y; € )V is any subset A, of the sample space ) that contains Y; with probability

greater than or equal to 1 —
Py(Y;e Au(Xj))=1—a, VY6, (3.2)

where the probability is taken with respect to Y; and Xj.
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Additionally, small or precise a-valid prediction sets are of particular interest,
where prediction set size is measured by expected cardinality, that is, expected num-

ber of the K categories in the sample space included in the prediction set.
3.2.2  Order-based prediction for a single area

A standard approach to construct a-valid prediction sets for each county or area is
with a direct method that only makes use of within-area information. As such, we
first consider construction of a prediction set for a single area j, using only data from
area j. For ease of notation, we drop the area-identifying subscript in this subsection.

For multinomial data in general, if the event probability vector € is known, an a-
valid prediction set is any combination of categories such that their event probabilities
cumulatively sum to be greater than or equal to 1 —«. Equivalently stated, an a-valid
prediction set may be constructed by excluding categories such that the cumulative
sum of the excluded categories’ event probabilities is less than a. Such a prediction
set may be constructed by admitting categories in some prespecified order into the
prediction set until the cumulative sum of their event probabilities is at least 1 — av.
The resulting prediction set will have 1 —«a coverage regardless of the ordering used to
admit categories. In fact, the class of all a-valid prediction sets may be constructed
by following this procedure for non-strict total orderings of categories.

Perhaps intuitively, constructing such a prediction set by including categories
with the largest event probabilities will result in the smallest a-valid prediction set.
In the terminology of ordering, this corresponds to constructing a prediction set
based on an ordering of categories that matches the ordering of the elements in 6.

We refer to this optimal ordering as the oracle ordering:

Theorem 3 (Oracle order-based prediction). Let Y ~ MNg(0,1) for 8 known.
Then,
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(a) the class of all a-valid prediction sets for a given @ consists of prediction sets

of the form,
K
Al = {y(k) e): [Z 1 (or = o) 91] > CY} ) (3.3)
=1

for some vector o € RX, and

(b) the oracle ordering is that which corresponds to the increasing order statistics
of 6,
o ={0:0, <0,= 0, <0, Vm,ne{l,...K},m#n},
and Ag;"e has the smallest cardinality among all orderings.

In practice, @ is unknown, but a prediction set may be constructed based on an
observed sample X = x. It turns out, in fact, that any conditional a-valid prediction
set can be written similarly to the previous construction (Equation 3.3) where the
cumulative sum is computed with respect to the empirical proportions given by x and
y. This is a generalization of the conformal prediction framework, a popular machine

learning approach to construct prediction regions based on measuring conformity (or

non-conformity) of a predictand to an observed sample (Vovk et al., 2005).

Theorem 4 (a-valid order-based prediction). Let X ~ MNg(0,N), Y ~ MNg(6,1).

Then, every conformal a-valid prediction set based on observed data x can be written

k 5’3l+yz(k)
Au(@) ={y® ey Zﬂ(ok>ol)N—+1 >ayp, (3.4)

for some vector o € RX.

Note that the prediction set depends on the vector o only through the order of its

elements.
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For any ordering of the K categories, constructing a prediction set following
Theorem 4 results in a prediction set with guaranteed finite-sample 1 — « frequentist
coverage. The choice of ordering, however, will impact prediction set precision,
that is, the set’s cardinality. For inference for a single area, a natural approach is
to order the categories with respect to their empirical proportions. The empirical
proportions are unbiased for population proportions, so, if the area has a large sample
size, an ordering based on the empirical proportions will approximate the oracle
ordering well. It turns out this approach is well-motivated by classical prediction
approaches. Specifically, a standard direct prediction method constructs a prediction
set separately for an area based on an area-specific conditional pivotal quantity
(Faulkenberry, 1973; Tian et al., 2022). For a multinomial population, Y|X +Y
is such a quantity that follows a multivariate hypergeometric distribution which
does not depend on the event probability vector. See Thatcher (1964) for work on
prediction sets of this type for binomial data. A prediction set constructed to contain
species belonging to a highest mass region of this pivotal distribution is obtained by
including species with the largest empirical counts until their cumulative proportion

sum exceeds 1 — a,

AP () = {y(k) NE (3.5)

S (k) (k) $l+y(k)
S (k) > (o) A - o)

This direct prediction set based on an ordering of the empirical proportions is
appealing as it is easy to interpret and has finite-sample guaranteed 1 — « frequentist
coverage. For an area with low sampling effort, though, the empirical proportions
will not precisely estimate the true proportions. As a result, a prediction set may
have prohibitively large cardinality such that it is not practically useful. For such an

area, incorporating indirect information from neighboring counties can improve the
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estimates of the county proportions and thereby increase the precision of a prediction

set.
3.2.3  Order-based prediction for multiple areas

In general, in analyzing small area data, that is, areal data featuring small within-
area sample sizes in some areas, it is common to utilize indirect methods that share
information across areas (Rao and Molina, 2015). The eBird database is a rich
data source, and inference in any given county may be improved upon by taking
advantage of auxiliary data using an indirect method. In this subsection, we detail
how information from neighboring counties may be used in estimating an ordering
of categories to improve prediction set precision.

As opposed to a direct prediction set based on an ordering corresponding to
within-county empirical proportions, an indirect prediction set can be constructed
similarly whereby species are admitted into the prediction set based on an ordering
corresponding to empirical posterior proportions estimated from a hierarchical model.
Such an estimate may be obtained based on a conjugate Dirichlet prior distribution

parameterized with a common concentration hyperparameter for the J areas,
01,...,0; ~ Dirichlety (7). (3.6)

Given a hyperparameter v € R, the posterior expectation of the proportions 6; in
county j is &;/(N; + Zfil 7;) where ; = x; +. In this way, &, may be interpreted
as a posterior vector of counts for county j. Then, an a-valid prediction set based

on I; is,

() = {yW ey (3.7)

- (k - k T+ Y
S ()= ) 52 o)

=

Il
—_
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By Theorem 4, A!(x;) is an a-valid procedure, and it is constructed based on
prior information. Specifically, it differs from the direct set given in Equation 3.5 in
that categories are admitted into the prediction set based on an ordering determined
by posterior counts that incorporate indirect information -y, as opposed to an ordering
based on the observed sample. Moreover, it has been shown that if the indirect
information used is accurate, A (x;) may be more precise than a direct prediction
set with the same coverage rate (Hoff, 2023; Bersson and Hoff, 2022).

In total, A?(x;) and Al (x;) are both a-valid prediction procedures. They differ
in the order in which species are admitted into the prediction sets, as species are
admitted into the direct set in terms of decreasing empirical proportions and into
the indirect set in terms of decreasing posterior counts. As a result, for an area
with a small sample size, incorporating accurate prior information can result in an
ordering used to construct a prediction set that more accurately approximates the
oracle ordering as the empirical proportions might be too unstable. Of note, these
two approaches are equivalent for a uniform prior v = c1, for any constant c¢. This
includes, for example, a standard noninformative prior ¢ = 1, a standard objective

Bayes Jeffrey’s prior ¢ = 1/2, and an improper prior ¢ = 0.
3.2.4  Empirical Bayes estimation of indirect information

To obtain an a-valid indirect prediction set for county j € {1,...,J}, all that is
required is an estimate of the prior concentration parameter v. We propose an em-
pirical Bayesian approach whereby values of v to be used for county j are estimated
from data collected in neighboring counties. Specifically, we use the maximum likeli-

hood estimate of the marginal likelihood based on the conjugate hierarchical model
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given by Equations 3.1 and 3.6,

~; = argmaxlogp (U Xl"y> (3.8)
¥

leL

leL F(Zfil T+ 'Yi) i=1 F(’71> 7

INOIAIED) BT (@ + )
- log[ | =1 o T 00
arg maxlog [

where L; < {1,...,K}\{j} is a non-empty set containing the indices of counties
neighboring county j. Information is shared across neighboring counties to inform
an estimate of the prior for county j, and, when estimated in this way, the prior
concentration represents an across-county pooled prior concentration. This opti-
mization problem can be solved numerically with a Newton-Raphson algorithm. See
Appendix B.1 for details and derivation of such an algorithm. Code to implement
this procedure in the R Statistical Programming language is available online, see
Section 3.5.

When ~; is estimated using data independent of area j and used to construct
Al (x;), the finite sample coverage guarantee of A’ (x;) holds regardless of the accu-
racy of the estimated prior hyperparameter. If the estimated vector «; is accurate,

then Al (z;) may also be more precise than direct prediction approaches.
3.3 Simulation Study

To illustrate how the incorporation of indirect information can affect precision of
prediction sets, we compare expected set cardinality obtained from the indirect and
direct prediction methods for a single simulated area. In contrast to the eBird data,
for example, the analysis of this section corresponds to that of one county. Be-
cause citizen science data such as these often feature unequal sampling efforts across
counties, we are particularly interested in demonstrating the difference in cardinal-

ity between these two approaches for a range of sample sizes N = 10,100, 1000.
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FIGURE 3.1: Monte Carlo approximations (+/- 1 standard deviation) of the expected
cardinality ratio of (red) indirect to direct methods and (blue) a-valid prediction set
given the oracle ordering to direct method.

Moreover, we compare results for varying number of categories K. Throughout, we
consider a low entropy regime in which [K /4| categories unequally split nearly all of
the probability mass, and the rest of the categories have nearly probability 0. While
we do not necessarily expect real populations in practice to have such a distribution,
it is chosen to clearly demonstrate the benefit of including indirect information in
the construction of prediction sets that maintain frequentist coverage.

In one construction of indirect prediction sets, we consider a prior based on full
information with moderate prior precision v = 6 x 10. We compare with direct
prediction sets given by Equation 3.5, or, equivalently, indirect prediction sets con-
structed with a uniform prior v = ¢1. Finally, we compare the approaches to a-valid
order-based prediction sets obtained based on an oracle ordering. Results comparing
Monte Carlo approximations of the expected prediction set cardinality ratios between
the various approaches obtained from 25, 000 replications are displayed in Figure 3.1.

As all methods considered are a-valid procedures, the crucial difference between
them is the incorporation of indirect information. Utilizing accurate prior informa-
tion in the construction of prediction sets generally results in prediction sets distinctly

smaller than direct sets, particularly so if there are a large number of categories rel-
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ative to the sample size. This is evidenced by the red dashes in Figure 3.1 showing
the expected cardinality ratios of the indirect to direct prediction sets are always at
or below a value of 1. An accurate prior may be one that approximates the true
probability mass vector well with large precision relative to sample size, as seen in
the left plot of Figure 3.1 for sample size N = 10. More generally, though, all that
is needed is a prior that results in posterior counts that accurately approximate the
oracle ordering of categories. We discuss the three sample size regimes in detail
below.

For a small sample size of N = 10, the prior v used to construct the indirect
prediction sets is an informative prior with strong precision in that the scale used is
equal to the sample size in this case. As a result, the posterior distributions contain
notably more information than what is in each simulated dataset. As a result, the
ordering of categories induced by the posterior counts, used to construct the indirect
prediction sets, are accurately approximating the oracle ordering of categories. This
is evidenced by the nearly identical behavior of the two cardinality ratios explored.
In conjunction with the instability of the direct method in the presence of such a
small sample size, this results in notably smaller cardinality of the indirect set as
compared to the direct set, even for relatively small total numbers of categories. At
its best, the indirect prediction set is about 80% smaller than the direct set.

For a moderate sample size of N = 100, the prior precision used to construct
the indirect prediction sets is not overwhelming as compared to the sample size, and
hence the posterior counts do not approximate the oracle ordering as well as in the
regime with a smaller sample size. This is evidenced by the divergence of the red
and blue dashes in the middle plot of Figure 3.1. Still, particularly as the number
of categories increases for fixed N, the benefit of utilizing prior information of this
type is highlighted by the decline of the cardinality ratio of the indirect to direct
prediction sets (red lines). For example, in the case of N = 100 and K = 150,
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the indirect prediction set constructed with -« is about 15% smaller than the direct
prediction set.

A similar but less pronounced pattern is seen in the presence of a larger sample
size of N = 1000. For this sample size with K < 150, all methods considered perform
relatively similarly. However, as the number of categories increases, there is a distinct
gain in prediction set precision given the input of indirect information in prediction

set construction.
3.4 Summarising eBird species abundance data

In this section, we describe avian species abundance in North Carolina, USA from
eBird data obtained from citizen-uploaded complete checklists of species observa-
tions in the first week of May 2023. Across the 99 counties, 393 unique species were
identified. Some species such as the Northern Cardinal, Carolina Wren, and Ameri-
can Robin were identified frequently. Many others like the Northern Saw-whet Owl
and the Solitary Sandpiper were rarely seen; in fact, 50% of species were seen fewer
than 100 times each across the entire state. Moreover, within-county sample sizes
vary drastically (Figure 3.2) from approximately 50,000 individual birds identified
in Wake County, one of the most populous counties in NC that contains the state’s
capital, to only 8 in Pasquotank County, a small coastal county consisting of about
1/30" of the human population of Wake County.

As motivated in the Introduction, describing such data with a-valid prediction
sets for each county provides a useful summary with unambiguous statistical inter-
pretation. That is, with at least probability 1 — «, an unobserved bird in a given
county will belong to a species contained in the specified prediction set, where the
probability is taken with respect to the random sample and the predictand. Here,
we demonstrate the usefulness of this approach in gaining better understanding of
species abundance. Moreover, we elaborate on the benefit of utilizing indirect infor-

44



» N
o ¥ "‘ P = 10

FIGURE 3.2: Within-county log sample size of eBird data in North Carolina. Sample
sizes range from 8 to approximately 50,000.
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Ficure 3.3: Cardinality ratio of indirect to direct prediction sets. Prior hyper-
parameters estimated with an empirical Bayesian procedure based on five nearest
neighbors for each county. The lowest quantile sample sizes are overlaid on their
respective counties.

mation in the construction of practically useful sets that are precise, particularly for
counties with small within-county sample sizes.

For each county in NC, we construct an indirect prediction set based on a prior
hyperparameter estimated from data in the five nearest neighboring counties, follow-
ing the procedure described in Section 3.2.4. The eBird data consist of independent

samples collected across the state, so samples are independent across counties. As
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a result of this independence, finite-sample coverage of the indirect prediction ap-
proach is guaranteed. We compare the cardinality of these indirect prediction sets
to that of direct prediction sets, both of which maintain at least 95% coverage for
each county. The cardinality ratios of the indirect to direct prediction sets across the
counties in NC are plotted in Figure 3.3. To highlight the impact of within-county
sample size, the lower quantile sample sizes are overlaid on their respective county.

In general, the incorporation of indirect information in the construction of pre-
diction sets results in notably smaller cardinality of the indirect prediction sets as
compared with that of the direct prediction sets. Of the 99 counties in NC, indirect
sets have smaller cardinality in 65, and the two approaches result in the same car-
dinality in 20 counties. The improvement in cardinality is particularly conspicuous
in counties with small to moderate sample sizes, as evidenced by the sample sizes of
counties with the brightest shade of red in Figure 3.3. Moreover, ten counties have
trivial direct sets consisting of all K species, while only two counties with the small-
est within-county sample sizes, 8 and 14, have trivial indirect prediction sets. For
the county with the third smallest sample size (24), the indirect prediction set only
includes 80 species, or about 20% of all possible species, while the direct prediction
set is the trivial set.

Overall, even in counties with larger sample sizes, it is most common for the
indirect and direct prediction sets to contain a different set of species. In fact, the
indirect and direct prediction sets disagree for nearly every county in NC. They are
equivalent for only six counties where they aren’t both trivial sets. Commonly, this
discrepancy corresponds with smaller indirect sets, and hence highlights the benefit

of inclusion of indirect information in the construction of prediction sets.

46



o
N
o
(=}

o©
o
N
a

NN QA QO S S S RS S . O
Qo RO IO SN O L G @R 2 P PO N R O N S NEOAS
A T G S O b s
@’ A § Q. O N & Q NG & Q S NS
(,@a ‘}Q}o& Q/q,&e)&o GE © &R %‘e@@ EERS ISR 90 R Q}& /\&\‘?} X S
ALY XY S & (S
o\p S Q—Q’b Qg,b S 0@ S
o &
Q

FIGURE 3.4: Empirical probability masses of species included in only the indirect
(red text), only the direct (blue text), or both (purple text) prediction sets, sorted by
the posterior proportion. MLE plotted in blue, and the posterior proportion based
on a prior estimated from data in nearest five neighboring counties.

Table 3.1: Percentage of all birds observed within each respective county, for select
species included in either the indirect set (red text) or the direct set (blue text).
Estimated prior hyperparameter v for Robeson County recorded in the last row.

D. Cormorant E. Kingbird Pine Warbler C. Sparrow
Robeson 0.81% 0.4% 0.00% 0.00%
NC-017 0.00% 2.85% 1.97% 2.63%
NC-047 0.00% 0.00% 1.29% 0.64%
NC-051  0.00% 0.68% 2.62% 5.59%
NC-093 0.00% 0.00% 1.09% 0.55%
NC-165 0.00% 0.86% 2.58% 5.16%
| v 0.00 1.33 3.42 4.69 |

3.4.1  Order-based prediction in Robeson County

To further compare the two approaches and elucidate the role of the ordering of the
species, we elaborate on the construction of indirect and direct prediction sets for
Robeson County. Robeson is located near the southeastern border of NC and features
a moderately small within-county sample size of 247 birds observed, with species-
specific observation counts ranging from zero to ten. The two prediction sets have
nearly the same cardinality but contain differences in species inclusion. Specifically,

the indirect prediction set contains 33 species, and the direct set contains 32, with
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an overlap of 27 species.

To illustrate the role of the ordering used in the construction of a-valid prediction
sets, the empirical proportions based on the observed sample (MLE) and posterior
proportions (Post.Pred) are plotted in Figure 3.4 for the union of included species in
the two sets. In the figure, the species are sorted by increasing posterior proportions.
The indirect and direct sets include species based on the posterior and empirical
distributions, respectively. Discrepancies between the indirect and direct sets occur
when these two distributions disagree. From Figure 3.4, it is easy to see the in-
direct prediction set consists of the species with the 33 largest posterior predictive
proportions. In contrast, the direct set consists of species with the largest sample
probability mass. Naturally, the ordering of these two estimates agree for species
common to the region, and, as such, there is a fair amount of overlap of species
inclusion.

As a result of our estimation procedure for the prior hyperparameter v for Robe-
son County, the disparity between inclusion or exclusion of a species among the
two prediction set methods is further elucidated by examining species presence in
neighboring counties. In short, species with more frequent occurrence in neighboring
counties will have a larger estimated prior count than those seen rarely in neighbor-
ing counties. Species occurrences in neighboring counties are displayed in Table 3.1
for a select few species along with the estimated ~ for Robeson County, obtained by
solving Equation 3.8 using data in these neighboring counties.

Intuitively, species that are seen in neighboring counties with some relative fre-
quency, such as the Chipping Sparrow or Pine Warbler, are probably also present in
Robeson County, and hence should be included in a prediction set. In practice, these
species have a comparatively high estimated prior of about 5 and 4, respectively, and
hence are included in the indirect prediction set even though they weren’t recorded

as being observed in Robeson County in the dataset. Alternatively, consideration of
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Table 3.2: Percentage of all birds observed within each respective county for species
included in either both prediction sets (purple text) or only the direct set (blue
text). Estimated prior hyperparameter v for Haywood County recorded in the last
row. Species are sorted by posterior proportion.

L. Flycatcher R. Hawk C. Yellowthroat E. Kingbird Bobolink
Haywood 0.21% 0.24% 0.21% 0.24% 0.24%
NC-021 0.06% 0.29% 0.18% 0.43% 0.14%
NC-099 0.00% 0.08% 0.16% 0.00% 0.00%
NC-115 0.07% 0.14% 0.21% 0.28% 0.00%
NC-173  0.18% 0.18% 0.66% 0.09% 1.41%
NC-175  0.00% 0.30% 1.00% 0.54% 0.84%
’ v 04 1.29 2.43 1.49 2.15 ‘

indirect information yields the conclusion that species like the Eastern Kingbird and
Cormorant may be rare in the area in general, as reflected by small v values, and

thus these species are not included in the indirect prediction set.
3.4.2  Inference among species with tied counts in Haywood County

In species abundance data, particularly for areas or counties with small sample sizes,
it is common for multiple species to have the same observed count. A feature of
the construction of the direct order-based prediction approach as presented is that
species with the same observed counts will either be jointly included or excluded from
the prediction set. As a result, a direct prediction set constructed from a sample with
tied species counts may have increased cardinality over an indirect prediction set that
does not necessarily jointly admit all species with tied observed counts. If the direct
set has increased cardinality for this reason, the direct set will also have increased
coverage over the indirect set.

When constructing a prediction set based on the empirical proportions without
consideration of indirect information, as in the construction of the direct set, this
may commonly occur, and there is no clear approach to choose among the species

with tied counts without further information than what is provided in the sample in
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that county. One could randomly choose to include one of the species from the set
of species with tied counts, for example, but a more principled manner is to utilize
indirect information to determine which species should be included. This is the
mechanism used by the indirect prediction approach when the prior hyperparameter
is a real valued vector estimated from indirect information. As such, a more nuanced
benefit of utilizing indirect information in the construction of a prediction set is the
capacity to include a select few categories with tied empirical proportions.

To demonstrate, we elaborate on species inclusion in the indirect and direct pre-
diction sets in Haywood County. Haywood is popular destination in the Blue Ridge
Mountains, located near the western border of North Carolina. It features a mod-
erately large within-county sample size of roughly 4000 birds observed. In Haywood
County, the indirect prediction set contains 70 species, and the larger direct set con-
tains 74. In the construction of these prediction sets, the ordering of species with
regards to the posterior proportions and the empirical proportions agree for most
species. As a result, all 70 species included in the indirect set are also included in
the direct set. The disparity in species inclusion occurs primarily as a result of tied
counts of species occurrence in the sample.

Empirical proportions in Haywood and neighboring counties are reported in Table
3.2 for the five species included in Haywood County’s prediction sets with the smallest
posterior proportions. The species with the four smallest posterior proportions are
included only in the direct set, and the other species, the Bobolink, is included in
both the indirect and direct sets. The Bobolink was observed 9 times in the sample
from Haywood County, or about 0.24% of the Haywood sample. For an ordering
determined by either the empirical counts or the posterior counts, this species is
required to be included in the order-based prediction set to guarantee 1 —a coverage.
Two of the other species, the Red-shouldered Hawk and Eastern Kingbird, were each

also observed 9 times in the sample from Haywood, and, by construction of the order-
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based prediction approach, must also be included in the direct set. When admitting
the species into a prediction set by posterior counts based on the real-valued prior
hyperparameter « estimated from data in neighboring counties, as in the indirect
approach considered, the ‘tie’ among these three species is broken, and only one, the

Bobolink, is included in the indirect prediction set.
3.5 Discussion

Species abundance data collected across heterogeneous areas is increasingly impor-
tant in understanding biodiversity. Some of the largest sources of such data are
citizen science databases for which volunteers spearhead the data collection. As a
result of the civilian-led scientific effort, such data often feature unequal sampling
across a spatial domain where some areas have large within-area sample sizes and
others have much smaller within-area sample sizes.

In this chapter, we propose summarising species abundance data of this type
with valid prediction sets that are constructed by sharing information across areas.
Utilizing indirect information may result in smaller prediction sets than otherwise
achievable with direct methods. Meanwhile, maintaining validity of the prediction
sets for each area allows for an accessible interpretation that enables a straightfor-
ward comparison across areas. In particular, maintaining interpretable statistical
guarantees on a descriptor of such data is important as analyses from such data of-
ten have far reaching policy implications. Smaller prediction sets may be attainable
based on Bayesian inference of a spatial hierarchical model such as that presented in
Tang et al. (2023), for example, but these approaches introduce bias and a resulting
prediction set would not retain the nominal frequentist coverage rate guarantee for
each county.

The usefulness of our approach for summarising citizen science data is motivated

in part to combat the common problem of varying sampling efforts across areas. We
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detail how a-valid prediction sets can be constructed with the incorporation of in-
direct information to improve within-county prediction set precision and propose an
empirical Bayes procedure to do so. Incorporation of accurate indirect information
results in a narrower prediction set for a given county than a direct prediction set by
exploiting data in nearest neighboring counties. The proposed empirical Bayes proce-
dure is based on a standard hierarchical model that is straightforward to understand,
and the authors provide code for implementation.

There may, however, be a benefit to utilizing a more structured prior that incor-
porates indirect information in a more complex manner such as a prior that weights
data from different parts of the state differently. For example, a model based on a
learned intrinsic distance between counties was shown in Christensen and Hoff (2022)
to fit a subset of the eBird data better than standard methods based on geographic
adjacency structure. In the sample analyzed in Section 3.4, we found an indirect pre-
diction set constructed with a hyperparameter estimated from five nearest neighbors
results in overall narrower prediction sets than a direct approach, but it would be
valuable to explore if this can be further improved upon with a more detailed prior.
More broadly, different applications may warrant an alternative information sharing
prior if, for example, there is no notion of spatial distance across the different areas.
For example, it may be of interest to compare species abundance variation across

different time frames for a given county.
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4

Covariance Estimation for Multi-group,
Matrix-variate Data

4.1 Introduction

Matrix-variate datasets consisting of a sample of n matrices Yi,...,Y,, each with
dimensionality p; X pe are increasingly common in modern applications. FExam-
ples of such datasets include repeated measurements of a multivariate response,
two-dimensional images, and spatio-temporal observations. Often, a matrix-variate
dataset may be partitioned into several distinct groups or subpopulations for which
group-level inference is of particular interest. For example, a multi-group dataset
may be subdivided by socio-economic population or geographic region.

In analyzing multi-group matrix-variate data of this type, describing heterogene-
ity across groups is often of particular interest. For instance, in remote-sensing stud-
ies, scientists may be interested in understanding variation across classes of land cover
from repeated measurements of spectral information, as in Johnson et al. (2012). The
information collected at each site may be represented as a p; x ps matrix where the

rows represent p; wavelengths and the columns represent p, dates when the images
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were taken. Accurate multi-group covariance estimation is necessary for such a task.
Moreover, in many such applications, the population covariance of matrix-variate
data may be near separable in that the covariances across the p, columns are near
each other or the covariances across the p; rows are near each other. Incorporation of
this structural information in an estimation procedure can improve estimation accu-
racy. More generally, accurate covariance estimation of multi-group matrix-variate
data is a pertinent task in many statistical methodologies including classification,
principal component analysis, and multivariate regression analysis, among others.
For example, classification of a new observation based on a labeled training dataset
with quadratic discriminant analysis (QDA) requires group-level estimates of pop-
ulation means and covariance matrices. As a result, adequate performance of the
classification relies on, among other things, accurate group-level covariance estimates.

One approach to analyzing multi-group matrix-variate data is to vectorize each
data matrix and utilize methods designed for generic multivariate data separately
for each group. In this way, direct covariance estimates which only make use of
within-group samples may be obtained from matrix-variate data by vectorizing each
observation and computing the standard sample covariance matrices. While a group’s
sample covariance may be unbiased, the estimate may have large variance unless the
group-specific sample size n; is appreciably larger than the dimension p = p;p,. This
is a limiting requirement as modern datasets often consist of many features, that
is, often p ~ n;, or even p » n;. As a result, more accurate covariance estimates
may be obtained via indirect or model-based methods which incorporate auxiliary
information. Such methods may introduce bias, but can correspond to estimates
with lower variance than unbiased methods.

To improve the accuracy of covariance estimates for multi-group data, researchers
may estimate each group’s covariance with the pooled sample covariance matrix.
This implicitly imposes an assumption of homogeneity of covariances across the pop-
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ulations and greatly reduces the number of unknown parameters to be estimated.
Such an estimator may be biased, but can have lower error than the population-
specific sample covariance. For example, linear discriminant analysis (LDA), which
assumes homoscedasticity across groups, has been shown to outperform QDA when
sample sizes are small, even in the presence of heterogeneous population covariances
(see, for example, Marks and Dunn (1974)). A more robust approach estimates each
group’s covariance as a weighted sum of a pooled estimate and the group-specific
sample covariance. Such an approach is often referred to as partial-pooling, or, in
the Bayesian framework, hierarchical modeling. For a nice introduction to partial
pooling and an empirical Bayesian implementation, see Greene and Rayens (1989).
More work on the topic is found in Friedman (1989); Rayens and Greene (1991);
Brown et al. (1999). Relatedly, there has been work which assumes pooled elements
of common covariance decompositions (e.g. pooled eigenvectors across groups (Flury,
1987)) and proposals to shrink elements of decompositions to pooled values (Daniels,
2006; Hoff, 2009b).

Alternatively, as opposed to pooling information across groups, accuracy may be
improved by imposing structural assumptions on the covariances separately for each
group. Some common structural assumptions include diagonality (Daniels and Kass,
1999), bandability (Wu and Pourahmadi, 2009), and sparsity (Friedman et al., 2008),
among others. For matrix-variate data, a separable or Kronecker structure covari-
ance assumption (Dawid, 1981) may be more appropriate. A Kronecker structured
covariance represents each p x p population covariance as the Kronecker product of
two smaller covariance matrices of dimension p; x p; and ps x po which respectively
represent the across-row and across-column covariances. Again, while a separable
covariance estimator may be biased, it may have smaller error than an unstructured
covariance estimator. In practice, however, the population covariance may not be
well represented by a Kronecker structure. To allow for robustness to misspecifica-
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tion, a researcher may proceed in a Bayesian manner and adaptively shrink to the
Kronecker structure as in Hoff et al. (2022). Such an estimator can be consistent, but
may have stability issues similar to that of an unstructured covariance matrix if the
population covariance is not well represented by a Kronecker structure. In this in-
stance, more accurate multi-group covariance estimates may be obtained by pooling
across groups rather than shrinking within each group to a separable structure.

More generally, in covariance estimation based on matrix-variate data from mul-
tiple populations, it is rarely obvious whether shrinking each unstructured covariance
separately towards a Kronecker structure or shrinking all unstructured covariances
towards an unstructured pooled covariance will result in more accurate estimates.
This is particularly difficult in the presence of small within-group sample sizes as
popular classical statistical tests for both homogeneity of covariances (Box, 1949)
and accuracy of a Kronecker structure assumption (Lu and Zimmerman, 2005) rely
on approximations that require large sample sizes to achieve the desired precision.

To account for this uncertainty, we propose a hierarchical model that adaptively
allows for both types of shrinkage. Specifically, in this chapter, we provide a model-
based multi-group covariance estimation method for matrix-variate data that im-
proves the overall accuracy of direct covariance estimates. We propose a hierarchical
model for unstructured group-level covariances that adaptively shrinks each estimate
either within-population towards a separable Kronecker structure, across-populations
towards a shared pooled covariance, or towards a weighted additive combination of
the two. The model features flexibility in the amount of each type of shrinkage.
Furthermore, the proposed model has a latent-variable representation that results in
straightforward Bayesian inference via a Metropolis-Hastings algorithm. The pro-
posed model provides robustness to mis-specification of structural assumptions and
improved stability if assumptions are wrong while maintaining coherence and inter-
pretability.
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This chapter proceeds as follows. In Section 4.2 we motivate our method and
detail the proposed hierarchical model. We describe a Bayesian estimation algorithm
in Section 4.3 and demonstrate properties of the proposed method via a simulation
study in Section 4.4. The flexibility of the proposed method is shown in two examples
in Section 4.5. In the first example, we demonstrate the usefulness of inference
under the proposed model in speech recognition. In the second example, we perform
inference on a chemical exposure data set where understanding heterogeneity across
socio-demographic groups is of key interest. We conclude with a discussion in Section

4.6.

4.2 Methodology

In this section we introduce the Shrinkage Within and Across Groups (SWAG) covari-
ance model, a hierarchical model developed for simultaneous covariance estimation
for multi-group, matrix-variate data. We are particularly motivated by improving
the overall accuracy of group-specific estimates of population covariances when the
true covariance structures are unknown and group-specific sample sizes are small
relative to the number of features. The proposed model adaptively allows for flexible
shrinkage either across groups, within a group to a Kronecker structure, or an addi-
tive combination of the two. The SWAG model is constructed from semi-conjugate
priors to allow for straightforward Bayesian estimation and interpretable parameters.
The section proceeds by introducing motivation in Sections 4.2.1 and 4.2.2, present-
ing the proposed hierarchical covariance model in Section 4.2.3, and elaborating on

parameter interpretation in Section 4.2.4.
4.2.1 Partial-pooling shrinkage for multi-group data

As detailed in the Introduction, a common method used to improve a population’s

covariance estimate is linear shrinkage from the population’s sample covariance ma-
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trix towards some covariance term which can be estimated with greater precision.
One such method for multi-group multivariate data is partial pooling, as detailed
in Greene and Rayens (1989, GR). In particular, for population j € {1,..., J}, let
Y14, -+ Yn,,; De an 1.i.d. random sample of p-dimensional vectors from a mean-zero

normal population with unknown non-singular covariance matrix ¥; € S,
Yt Un;j ~ Np(0,%5), independently for i =1,....n;, j=1,...,J.

GR use mutually independent inverse-Wishart priors for each population covariance,
St~ W (Yo !/ (v—p—1),v), for j € {1,..., J}, parameterized such that E[%;| ¥, v] =
U,. The Bayes estimator for the covariance of population j under squared error loss

partially-pools each group’s sample covariance,
3, = B[Sy, Wo, v] = w1 S; + (1 —w;) Wy, (4.1)

where wy = n;/(nj + v —p—1) and S; = Y317, yijyl/n; is the sample covariance
matrix for population j. GR use plug-in estimates for the pooled covariance and
degrees of freedom {W,, v} which are obtained in an empirical Bayesian manner.
This partially-pooled estimator linearly shrinks a population’s sample covariance
matrix towards a pooled covariance by a weight w; that depends on the degrees of
freedom and the group-specific sample size n;. In this way, the degrees of freedom
parameter determines the amount of shrinkage towards the pooled covariance. In
particular, if the degrees of freedom v is large relative to the sample size n;, the
covariance estimate is strongly shrunk towards the pooled value. In populations
where the group-specific sample size is large, or if the degrees of freedom estimate is

comparatively small, more weight is placed on the sample covariance matrix.
4.2.2  Kronecker shrinkage for matriz-variate data

For a matrix-variate population, the accuracy of a covariance estimate may be im-
proved via linear shrinkage towards a population-specific Kronecker structure. Let
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Y1, ..., Y, be an i.i.d. sample of random matrices, each of dimension p; x ps , from

a mean-zero normal population with non-singular covariance matrix > e S;“ where

D = p1p2,
Yi oYy ~ Np sy, (0,X),  independently for i = 1, ..., n.

Even if p; and py are each relatively small, obtaining a statistically stable estimate of
the unstructured p-dimensional covariance may require a prohibitively large sample
size. As a result, shrinkage towards a parsimonious Kronecker structured covariance
C ® R may be used, where “ ® 7 is the Kronecker product, R € S is a “row”
covariance matrix, and C' € S is a “column” covariance matrix. A linear shrinkage
estimator that shrinks a population’s sample covariance towards a population-specific

Kronecker separable covariance may be obtained from the following prior,
ST A~W,((C® R (y—p-1)7),

parameterized so that E[¥;|C, R,v7] = C ® R. Here, the Bayes estimator of the

covariance X under squared error loss is
Y= E[2]Y,C, R, 7] = wsS + (1 —wy) (C ® R), (4.2)

where wy = n/(n+~v—p—1). An empirical Bayesian estimation approach based on
shrinkage towards a Kronecker structure is presented in Hoff et al. (2022). In context
to that chapter, here, we will take a fully Bayesian approach.

The estimator given in Equation 4.2 linearly shrinks the unstructured sample
covariance towards a Kronecker structured covariance by the weight wsy that depends
on the sample size and the estimated degrees of freedom. As with the partially-pooled
estimator, this estimator is strongly shrunk towards the Kronecker structure when
the degrees of freedom is large relative to sample size. If the degrees of freedom is
small, or the sample size is large, more weight is placed on the sample covariance.
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4.2.8  Flexible shrinkage for multi-group matriz-variate data

For each group j = 1,...,J, let Y;1,..., Y. be an i.i.d. sample of random matrices,
each of dimension p; x ps, from a mean-zero normal population with non-singular

covariance ¥; € S, that is,
Yits s Yin, ~ Npixp, (0,%5), independently for j =1,..., J. (4.3)

As it is often unclear which of the approaches presented is most appropriate in the
presence of multi-group matrix-variate data of this type, we propose an approach
that combines the two methods of covariance shrinkage discussed. In particular,
we propose the Shrinkage Within and Across Groups (SWAG) hierarchical prior
distribution which linearly combines an estimate shrunk towards a pooled covariance
Uy and an estimate shrunk towards a group-specific Kronecker structure (C; ® R;)
by a weight A € (0, 1) that is estimated from the data.

Specifically, the SWAG prior utilizes an over-parameterized representation of each

group’s covariance. That is, for population j € {1, ..., J},

S, = A+ (1— \)A;, (4.4)

where each ¥; is shrunk towards a common covariance, and each A; is shrunk towards
a group specific Kronecker covariance. Each covariance W, is shrunk across groups

towards a common covariance matrix using the prior distribution

Uit~ W, (5 /(v—p—1),v), independently for j = 1,...J;  (45)

parameterized such that E[V,;|U,, v] = U5. When ¥ is estimated from data across
all groups, this term is interpreted as a pooled covariance matrix. As we are interested
in obtaining a covariance matrix estimate based on matrix-variate data, each A; term

is shrunk towards a group-specific Kronecker structured covariance,

A~ W (G @ B) ™ (y=p=1),7),  independently for j = 1,...J,  (4.6)
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where E[A;|R;, Cj,v] = (C; ® R;). Here, as before, R; is a p; X p; row covariance
matrix from population j and C} is the corresponding p, x ps column covariance ma-
trix. Furthermore, to more clearly separate these two notions of shrinkage (within
population or across populations), a Wishart prior on the across-population covari-
ance V¥, allows for flexible shrinkage of this pooled term towards an across-group

Kronecker covariance:

\IIONWP((P2 ® Pl)/faf)? (47)

parameterized such that F [Uo|Pi, P5,&] = (P> ® P;) where P, € S, and P, €
Sp*; . In this way, the weight \ is interpreted as partially controlling the amount of
shrinkage towards homogeneity versus towards heterogeneity of covariances across
groups. A visualization of the proposed SWAG hierarchy is given in Figure 4.1. In
summary, the SWAG model combines a standard hierarchical model on the across-
group shrunk ¥; covariances with Bayesian shrinkage towards a separable structure
on the within-group shrunk A; covariances and the pooled covariance V.

We note that the SWAG model is primarily motivated by the need to obtain
more accurate group-specific covariance estimates, so, while there is redundancy in
this parameterization, the group-specific covariances X1, ..., > ; are identifiable. As
a result, this over-parameterization will not affect inference on estimation of group-
level covariances, estimation of mean effects, imputation of missing data, or response

prediction.
4.2.4  Interpretation of Parameters

In this section, we highlight properties of the proposed SWAG covariance priors
under the normal sampling model given in Equation 4.3. A priori, regardless of
the specified sampling model, the marginal expectation under the SWAG prior is

a weighted sum of a pooled covariance and the heterogeneous Kronecker separable
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FIGURE 4.1: A graphical representation of the SWAG hierarchical model. The
unstructured covariance terms Wy, ..., ¥ ; are shrunk across groups towards a shared
covariance Wy. The covariance terms Vg, Aq,....A; are each individually shrunk to-
wards a Kronecker covariance.

covariance:

E %W, R;,C;, A\ = Ao+ (1 =X (C; ® Rj), (4.8)

for j € {1, ..., J}, where the weight A quantifies the prior weight on each structure. As
a result, the SWAG prior presents a flexible approach to combine shrinkage across
groups towards a pooled value and shrinkage within groups towards a separable
structure.

The role of the weight A is further elucidated at the extremes of its sample space.
Given A = 1, the SWAG model reduces to a Bayesian analogue of the partially-
pooled estimators given in Greene and Rayens (1989), as given in Equation 4.1. At
the weight’s opposite extreme, when A\ = 0, the SWAG model is equivalent to the
Kronecker structure shrinkage model presented in Section 4.2.2 applied separately to
each group. To alleviate some of the potential ambiguity in interpretation of A\, we
further allow W to be flexibly shrunk to a Kronecker structure. In this way, A = 1
represents hierarchical shrinkage across populations towards a pooled covariance and
A = 0 represents within-population shrinkage.

Moreover, under the SWAG prior, the prior marginal expected value of a popula-
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tion’s covariance is a weighted sum of a pooled covariance and a population-specific
separable covariance (Equation 4.8). Under normality, as the degrees of freedom v
and v increase, the marginal sampling model of a random matrix Y; ; converges to a
normal distribution with this prior expectation as the covariance. That is, when the
degrees of freedom parameters v and 7 are large, the unstructured covariances V¥;
and A; are each strongly shrunk towards their respective prior expected value, and,
therefore, the population covariances are approximately represented by the weighted

sum of the pooled covariance and population-specific Kronecker structure.

4.3 Parameter Estimation

4.3.1 Latent Variable Representation

The SWAG model has a latent variable representation that allows for straightforward
Bayesian inference. Specifically, consider the following representation of the proposed

SWAG model:
vec(Yi;) = NPU; + (1 = NY2E;;, fori=1,...n; (4.9)
Uij ~ Ny (0,95)

Ei; ~ Ny (0,A;),

independently for each population j € {1, ..., J} where the priors on each ¥; and A;
are as given in Equations 4.5 and 4.6. That is, each matrix Y;; is represented as a
weighted sum of one factor (U; ;) which partially pools covariances across populations
and another factor (£; ;) which flexibly shrinks the population covariance towards a
group-specific Kronecker structure. Marginal with respect to the factors, this latent
variable representation is equivalent to the sampling model proposed in the SWAG
model,

vec(Yi ;)|\, Wi, Aj ~ Ny (0, A0 + (1 = A)A;) .
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Conditioning on the factor U; ; results in closed form full conditionals of the covari-

ance parameters of interest, as detailed in subsequent subsections.
4.8.2  Posterior Approximation

In this section, we detail a Metropolis-Hastings algorithm for parameter estimation
based on the latent variable representation of the SWAG model. Label Y = {Y; ; : i €
{1,..,n;},je{l,. ., J}}, U ={U;;:ie{l,...,n;},je{l,....J}}, ¥ = {¥, ..., U},
A={A,..,A;}, R={Ry,...,R;}, and C = {C},...,C;}. Then, Bayesian inference

is based on the joint posterior distribution, with density
p<A7 \II7 A7 \1107 v, R7 Cu e P17 P27 §|Y)a

and a Monte Carlo approximation to this posterior distribution is available via a
MetropolisHastings algorithm. Based on the latent variable representation presented
in Equations 4.9, nearly all of the parameters in the SWAG model maintain semi-
conjugacy leading to a straightforward Metropolis-Hastings algorithm which con-

structs a Markov chain in
0={\VU AU,V,,v,RC, v, P, P,¢&}.

Such Bayesian inference provides estimates and uncertainty quantification for ar-
bitrary functions of the parameters. While we focus on the mean-zero case, the
algorithm presented may be trivially extended to include estimation of mean param-
eters.

For a full Bayesian analysis, priors must be specified for all unknown param-
eters. For simplicity, a straightforward beta(c, 5) prior may be used to describe
prior expectations of behavior of \. On the degrees of freedom parameters v, y, and
&, negative binomial distributions with the appropriate support may be used, that

is, NegBiny,, o (ro, po), parameterized by size ry, success probability pg, and lower
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bound p + 2. Semi-conjugate priors on the remaining covariance parameters are

proposed to facilitate computation,

Ry, ... Ro/mﬂh)

W, (

Cl, CJ ~ 2 (00/7]2,772)

Wy, (Po'/(ns —pr — 1), 13)
(

Py 1“sz Fos 1/ 774—]71—1)»774)-

A discussion of hyperparameter specification is provided in Section 4.3.3.

A Metropolis-Hastings sampler proceeds by iteratively generating new sets of
model parameters based on their full conditional distributions. When iterated until
convergence, this procedure will generate a Markov chain that approximates the joint

posterior distribution p(0]Y’). The sampling steps are now detailed.
Sampling of population model parameters

The full conditionals of sampling model covariances and factors, as well as the key
shrinkage controlling parameters A, v,y are discussed in this subsection. To reduce
dependence along the Markov chain, we propose to sample the weight A and the latent
factor U from their joint full conditional distribution, p(A, U|Y,0_y —»), where, to
streamline notation, we let 6_(y denote the set containing all variables in 6 except

for (-). A sample from p(A|Y,0_y ) must first be obtained where
J e
PAY 0_yx)oc [ JIAT; + (1= M)A/ e VAT DA et (- 3y
7j=1
As the full conditional distribution of A is not available in closed form, a sample
of A may be obtained from a Metropolis step that proceeds by first obtaining a

proposed value \* from a reflecting random walk around the previous value of A

in the Markov chain (Hoff, 2009a). That is, an initial value is sampled from A\* ~
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Uniform(A — dx, A + J,), and it is reflected across the approporiate bound to retain

the correct support, A € (0, 1):

A* if \* e (0,1),
No= LN ifA* <0,
2N\ ifA* > 1

Then, the proposal A* is accepted as an updated value for A with probability r =
p(A* Y, 0_u_))/p(AlY,0_y ). The full conditional of each latent factor U, for

population j is independently N, ., (Mj, S; @ [nj) where

A -1
A$=<w +TTT%)

)\1/2 .
Mj = S YVA7S).

Again, to reduce dependence along the Markov chain, we propose to sample the

degrees of freedom v and covariances W as well as v and A from their joint full

conditional distribution. In particular, the joint full conditional of (v, ¥) is
p(yv ‘II|Ya 0—‘1’,—V) =D (\I’|Y7 0—‘1’) xXp (V|Y7 0—‘1’,—u)

where v may be sampled from a reflecting random walk Metropolis step. In this case,
a proposal v* may be obtained from a reflecting random walk based on the previous
iteration’s value of v, that is, sample an initial value from v* ~ Uniform(v—4,,v+4,)
and utilize the following reassignment schema to ensure the sample has the correct
support:

. v* itv*=>p+2
17 =
p+2)+(p+2—v*) fv*<p+2

The proposal v* is accepted as an updated value for v with probability

- — ﬁ p(Uj|‘I’o, v=v)pv= V*|7"0,P0)
p(U;|Vo, v = v)p(v = v|ro, po)




where Uj|Wo, v ~ Ty, xp (V —-p+ 1,0, ¥ (r—-p—1 ® Inj). Then, sample each ¥;

from its full conditional distribution,
_ -1
\I/j1|Y,0_q;j NWp((UJTUJ—F(I/—p—l)\IJ()) ,V+le)

for each j € {1, ..., J}. Samples from the joint full conditional distribution of (v, A),
p(A]Y,0_A) x p(7]Y,0_4a_,) are obtained similarly. A proposal sample v* is ob-
tained from a reflecting random walk based on an initial value drawn from Uniform(y—

0,7 + 6,) and accepted with probability

J * *
TZFFN%MU5&1%7=7)M7=7me)

jlicy p (Y;I\, U, Ry, Cj, v = 7) p(v = [0, po)

where ;|\, R;,Cj ~ Ty xp (v =2+ LAV2U;,L (1= X) (C; @ R) (v—p—1) ® IL,),

and the full conditional of each Aj’1 is independently
ST -1
Wo((YY;/M =N +(C; ® Ry) (v—p—1)) 7 +mny)

where Y; = (Y; — \2U5).

In addition to facilitating computation, these full conditionals contribute to the
interpretation of parameters. In particular, for population j € {1,...,J}, the full
conditional means of ¥; and A; resemble shrinkage estimators towards a pooled
covariance and a Kronecker structured covariance, respectively. Specifically, the full
conditional density of the across-group shrunk covariance ¥;, given all other model

parameters and the observed data matrices Y, is inverse-Wishart with mean

E [\I/J‘Y, 0,\1,],] = wlUjTUj/nj + (1 — wl)\Ifo, (410)

where wy = n;/(nj+v—p—1). That is, the prior on ¥, shrinks the sample covariance
of the latent factor U towards the pooled covariance by a shrinkage factor determined

by the degrees of freedom v and the within-group sample size n;. Similarly, the full
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conditional density of the within-group shrunk A; is inverse-Wishart with mean

E [A]|Y, G_A].] = wg?}TY/j/nj + (1 — wg) (C] ® Rj), (411)

where Y; = (Y; — AY2U;) /v/1 — X and wy = n;/(n; + v —p —1). In this case, the
prior on A; shrinks the sample covariance of the data residual towards a separable

covariance by a weight which depends on the degrees of freedom v and n;.
Full conditionals of Kronecker shrinkage parameters

The unstructured covariances A are each shrunk towards a population-specific Kro-
necker structured covariance. The derivations of the full conditionals of these Kro-

necker covariances make use of a few Kronecker product properties, namely,
tr(BTA|BAY) = vec(B)' (Ay ® A;)vec(B)

and |Ay ® Aq| = |A1|P2|Ay|P* for A; of dimension p; x p; and A, of dimension py X ps.
Then, it is straightforward to derive the full conditional of each population j’s row

covariance,

-1

p

Rj ~ Wpl( ((7 -p—1) Z LijLZ + RO_1771) s+ ng)
k=1

for Ly, = vec™(I},) from Aj_1 = LLT = Y _ 1 Ll and column covariance

-1

p

Cj ~ Wi ( ((7 —p—1) Y LiR;Ly, + 061772) M2+ Yp1)
k=1

for Ly = vec™ (I) from A} = LLT =37 LT,

Full conditionals of pooled shrinkage parameters

The unstructured covariances W are shrunk across-groups towards a pooled unstruc-

tured covariance. The full conditional of the pooled covariance is Wy|Y,0_g, ~
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Wo((v = p = 1) X, U7 + (P, ® P) 7' €) 7" ,€ + Jv). The final level of the hier-
archy allows for shrinkage of this pooled unstructured covariance towards a pooled
Kronecker structured covariance. The full conditional for the pooled row covariance
is

-1
p
Pt~ Wy, ( (52 Ly Py 'L + Poi(ns — p1 — 1)) 13 + Ep2)

k=1

for Ly = vec () from \Ilal = LIT = £=1 lklg, and the full conditional for the

pooled column covariance is

-1
/4
Pyt~ W, ( (5 D ULYPT Ly + Poo(ns — pa — 1)) 1+ Epr)
k=1
for L, = vec™!(l},) from ¥y' = LLT = v_ lll'. The corresponding degrees of
freedom term may be sampled from a Metropolis step, similar to v,y. Specifically, a
proposal sample may be obtained from a reflecting random walk based on an initial
value drawn from Uniform(§ — d¢,§ + d¢). Then, £* is accepted as an updated value

for ¢ with probability

TPl P = €90(€ =€l
1 (Wo| Py, Poy & = &) p(§ = €lro. po)

J

A note on computational expense

The computational complexity of the proposed Metropolis-Hastings algorithm is at
least O(max{Jp®,p* >} n;,p>;;n3}). However, while Bayesian computation of the
SWAG model may appear cumbersome, we note that many of the computationally
expensive steps may be run in parallel across group. Specifically, sampling the ran-
dom effects {U;}7_,, the covariance terms {¥;}7_; and {¥;}7_;, and the Kronecker

covariance terms {R;}7_, and {C;}/_, may each be computed in parallel across the .J
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groups. In this way, the proposed algorithm may scale nicely with number of groups,

depending on computational resources.
4.3.8  Hyperparameter specification

In the absence of meaningful external or prior information, weakly informative or
non-informative priors on all unknown variables can be considered. On the weight
A, the prior hyperparameters «, f may be selected in a way that weakly encourages
favoring one of the types of shrinkage, within or across groups, by setting a = § =
1/2.

Specifying weakly informative hyperparameters for the degrees of freedom priors
requires slightly more scrutiny as the impact of v,~v, and £ on the Wishart prior
distributions will depend on, among other things, covariance dimension p. In a
Wishart distribution, the degrees of freedom parameter controls the concentration of
the distribution around the prior mean. A value that is large relative to the covariance
dimension p can correspond to considerable concentration, and a value near the lower
bound p+2 corresponds to limited concentration. As such, we suggest using a weakly
informative prior for a degree of freedom by specifying hyperparameters rg, py that
allow for nontrivial prior mass on a range from p + 2 to values large relative to p. In
practice, we found it worked well to set hyperparameters such that a large majority
of the prior mass is placed on values in the range [p + 2,2p]. The size parameter
ro may be set such that the degrees of freedom prior mean is a value near the first
quantile of this range. The prior success probability may be set such that there is a
fair amount of dispersion around the mean. In analyses with moderate dimension,
we use pyp = 0.2 which corresponds to a degrees of freedom prior variance of 5 times
the prior mean. In analyses with large dimension, we use p, = 0.01 to allow for a
larger prior variance. In both cases, such a prior tends to be right skewed, whereby

more prior mass is placed on small to moderate values in the parameter space while
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still incorporating nonnegligible prior mass on moderate to large values.

The hyperparameters on the covariance parameters, R, C, P, and P, require
special attention due to the over-parameterization of the proposed model and the
scale ambiguity property of the Kronecker product. That is, for a scalar ¢ and ma-
trices A, B, (cA ® B) = (A ® c¢B). To deal with these potential ambiguities,
we propose standardizing the data in a pre-processing step before estimating model
parameters and setting the scale hyperparameters such that the prior mean of these
parameters is the identity matrix. The implications of this hyperparameter choice
result in an a priori homoscedastic marginal expectation of the within-group covari-
ances, F[X;] = I, for each j € {1,...,J}. The corresponding degrees of freedom
hyperparameters are taken as 7, = 73 = p1 + 2 and 72 = 174 = p2 + 2 to represent
diffuse distributions that maintain finite first moments. For example, a Wishart prior
of this type, W, (L,,/(p1 + 2),p1 + 2), on R; corresponds to a diffuse distribution
with prior expected value I,,,. Furthermore, this choice of prior suggests weak shrink-
age to an isotropic covariance matrix at the lowest level of the hierarchy. Weakly
shrinking to such a matrix has motivations in ridge regression and the regularization

discriminant analysis literature, as in Friedman (1989).
4.4 Simulation Studies

We demonstrate the performance of the proposed SWAG model by comparing the
accuracy of various covariance estimators obtained under four different population
covariance regimes. In particular, each regime features either homogeneous (Ho) or
heterogeneous (He) covariances across groups, and the covariances in each regime are
either Kronecker structured (K) or not Kronecker structured (N). Our goal in this
section is to generally explore results when the true group-specific covariance matri-
ces have off-diagonal values relatively far from zero within a given group. Specifically,
in unstructured regimes, each group’s true covariance is an exchangeable correlation
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matrix of dimension p x p with a fixed correlation randomly generated between 0.35
and 0.9. In Kronecker structured regimes, each group’s true covariance is the Kro-
necker product of a ps X py exchangeable correlation matrix and a p; x p; exchangeable
correlation matrix. For a given regime and parameter size combination, the true co-
variance matrices do not vary within the simulation. Details of the within-group true
covariances {¥1, ..., 2} for each regime are contained in Table 4.1. While we do not
necessarily expect the truth in real-world scenarios to be one of these extreme cases,
this study provides insight into the behavior of the SWAG model.

Table 4.1: Population covariance assumptions for each of the four regimes consid-

ered. Notionally, Z(® is an exchangeable correlation matrix of dimension p x p where
the correlation is a fixed value in [.35,.9].

Ho He
K| =-=%,= 7(p2) ® 7(p1) Y, = prz) ® Z§P1)’ Yy = Z§p2) ® Z§p1)
N 21:...:ZJ:Z(P) Elzzfp)’.”,EJ:Zt(]p)

In a simulation study under each regime, we compare the loss of various covariance
estimators under a range of dimensionality and number of groups. Specifically, we
consider p; € {2,4,8}, po = 3, and J € {4,10}. As we are particularly motivated by
the small sample size case, we consider within-group sample sizes n; = ... = ny =
p + 1. For each regime, we take the MLEs of the covariances under the simplest
correctly specified model as the oracle estimator. In total, this includes the standard
sample MLE for each group’s covariance S = {Sj, ..., S;}, the pooled sample MLE
Sp, the separable MLE for each group K = {f(l, e KJ}, and the pooled separable
MLE Kp. These oracle estimators for each group’s covariance under the four regimes
considered are specified in Table 4.2. We note that the most accurate estimator of
the He,U regime may vary depending on the problem dimension and the number of
the groups due to high variance of the sample covariance estimator when sample size
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is small relative to number of features, as in this study.

Table 4.2: Oracle estimators of the population covariances in the four regimes con-
sidered.

-~

Ho
K, | Ky,... K,
p

Z,

The simulation study proceeds as follows. For each permutation of regime, di-
mension, and number of groups, we sample 50 data sets each from a mean-zero
matrix normal distribution of the appropriate dimension with population covariance
as given in Table 4.1. For each data set, we compute the reference covariance es-
timates S, S‘p, K , and f(p. Additionally, we run the proposed Metropolis-Hastings
sampler for the SWAG model for 28,000 iterations removing the first 3,000 itera-
tions as a burn-in period and saving every 10th iteration as a thinning mechanism.
From the resulting 2,500 Monte Carlo samples, we obtain the Bayes estimate under
an invariant loss, Stein’s loss, of each group’s covariance, 3 = {f]l, e )y s} where
i}j = E[Z;1|Yj]_1. Then, we compute Stein’s loss averaged across the populations
L(Z%) = 13, Ls(%5,55) where Lg(S5,5) = tr (2;15;) ~ log |35 - pipa
We report the average of the 50 L values to approximate frequentist risk for each
scenario considered. In our analysis of results, we refer to L as the loss and do not
discuss group-specific Stein losses.

In general, we expect inference with the ‘oracle’ estimator to outperform that of
the SWAG model in each regime considered. However, as knowledge of true struc-
tural behavior is rare in practice, the oracle estimator of one regime obtained from
a correctly specified model may perform arbitrarily poorly in a different regime. In

contrast, due to the flexibility of the proposed SWAG model, we expect the SWAG
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Table 4.3: L values averaged over 50 iterations for J populations and problem di-
mension p = p1ps. The oracle estimator for each regime has a grey background. For
each case, the two smallest average losses are in bold font.

£ s | K& | =] 815 | k& |
Homogeneous, Kronecker Heterogeneous, Kronecker
J=4p=6 | 136 682 |0.85| 177 |0.31| 1.66| 6.82 | 2.54 | 1.77| 1.95
J=4p=12| 240 | 13.42/ 1.69 | 1.36 | 0.28 || 2.73 | 13.42| 5.33 | 1.36 | 3.74
J=4,p=241 321 | 25.77| 3.47 | 1.81| 0.44 || 4.38 | 25.77| 10.76] 1.81 | 7.42
J=10,p=61 1.14 | 712 | 0.33| 1.82 | 0.12 || 1.54 | 7.12 | 2.21 | 1.82| 1.98
J=10,p=12 | 2.32 | 13.48/ 0.65 | 1.39 | 0.12 || 2.67 | 13.48| 4.98 | 1.39 | 4.37
J=10,p=24 | 2.55 | 25.70| 1.27 | 1.81 | 0.17 || 4.43 | 25.70| 10.39| 1.81 | 9.14

Homogeneous, not Kronecker Heterogeneous, not Kronecker
J=4p=6 1.49| 6.82 | 0.85| 4.81 | 242 || 1.36 | 6.82 | 1.96 | 6.27 | 4.53
J=4,p=12 | 2.65| 13.42| 1.69 | 7.07 | 5.79 || 2.77| 13.42| 4.21 | 9.04 | 10.58
J=4,p=24| 4.63| 25.77| 3.47 | 22.02| 20.27|| 5.03 | 25.77| 8.63 | 31.70| 31.47
J=10,p=6 | 1.47| 7.12 | 0.33 | 4.64 | 2.12 || 1.54| 7.12 | 1.48 | 6.14 | 4.44
J=10,p=12 || 2.51| 13.48| 0.65 | 7.20 | 5.60 || 2.63 | 13.48| 3.14| 9.66 | 10.97
J=10,p=24 || 3.45| 25.70| 1.27 | 22.32| 20.27|| 4.52 | 25.70| 6.48 | 33.55| 33.17

estimator to perform nearly as well as each regime’s oracle estimator, and outperform
the other estimators considered. Specifically, the SWAG model is correctly specified
for all four cases as each regime corresponds to particular limiting choices of param-
eters in the SWAG model. Furthermore, given that we consider problem dimension
size similar to each population’s sample size, we expect the SWAG estimator to
outperform the sample covariance estimators in all cases.

The results of the simulation study are presented in Table 4.3. In the table, the
oracle estimator for each regime has a grey background, and the smallest two average
losses are in bold font. In summary, the SWAG estimator performs best or second
best in all cases considered except those in the Ho, Kr regime. In nearly all cases
where the SWAG estimator has the second smallest loss, it is beat by the respective
regime’s oracle estimator. Therefore, given that the oracle is unknown in practice, we

conclude the SWAG model is particularly effective in accurate population covariance
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estimation. While the overarching conclusion of the performance of the SWAG model
remains the same across most cases considered, the dynamics differ across regime.
To gain a better understanding of the variation around the average losses displayed
in the table, Figure 4.2 displays the empirical densities of the 50 L values for each
regime in the case where J = 4,p = 12.

In the regime where population covariances are homogeneous across population
and Kronecker structured, the oracle estimator kp has the smallest average loss
in the cases explored, as expected. Interestingly, for a given J, the average loss
corresponding to Kp and K for p = 12 is less than that for p = 6. This is a
consequence of the scaling used within Stein’s loss function as, in this case, the
difference between the first two terms of the loss increases by less than the increase
in p. In general, the pooled MLE and group-specific Kronecker MLEs perform well
in this regime, which is not surprising given the variety of estimators considered and
the overlap in their underlying assumptions. The SWAG estimator tends to have a
similar L to these estimators, and a notably smaller average loss than the sample
covariance. Furthermore, in most cases considered, the empirical density of the loss
corresponding to these three estimators (f], S‘p, and K ) overlap, as seen in Figure
4.2.

Given population covariances homogeneous across population and not Kronecker
structured, the pooled MLE and SWAG estimators have the two smallest average
losses. All other estimators have comparatively large average loss. This is partic-
ularly apparent in Figure 4.2 where the densities of the losses corresponding to 3
and S’p are smaller than and distinct from the densities corresponding to the other
estimators considered. In high dimension cases in particular, incorrectly assuming a
Kronecker covariance in this regime results in estimators nearly as inaccurate as the
sample covariances.

In the heterogeneous and Kronecker structured regime, the oracle estimator and
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FIGURE 4.2: Empirical densities of the 50 log(L) values for each estimator given
J=4,p=12.

the SWAG estimator have the two smallest average losses. Overall in this regime,
these two estimators behave similarly and are notable improvements over the other
estimators considered, as seen clearly in Figure 4.2. Again, in this regime, the average
loss corresponding to the oracle estimator K for p = 12 is less than that for p = 6 as
a result of the scaling used in Stein’s loss function.

In the fourth, and perhaps most realistic, regime considered, where population
covariances are heterogeneous across population and not Kronecker structured, the
SWAG estimator has the smallest average loss in all cases except when J = 10,p = 6,
where it has the second smallest average loss. In this regime, the oracle estimator

is outperformed by all other estimators considered. This is not surprising given the

76



Table 4.4: SWAG Metropolis-Hastings sampler run time in minutes for S = 28, 000
iterations, averaged over 50 replications for each simulation setting comprised of J
groups and problem dimension p = pips.

Ho, K | Ho, N | He, K | He, N
J=4,p=6 10.58 | 12.49 | 9.89 14.32
J=4;p=12 || 13.83 | 16.23 | 14.20 | 18.71
J=4;p=241 24.46 | 28.36 | 25.07 | 32.59
J=10;p =6 | 23.13 | 27.92 | 24.41 | 32.37
J=10;p=12 || 31.12 | 36.96 | 31.63 | 42.61
J=10;p=24 || 55.92 | 65.04 | 56.37 | 74.33

combination of the simplicity of the exchangeable population covariances in conjunc-
tion with large instability of the sample covariance due in part to the small sample
sizes considered for each regime. Again, we see estimators based on an incorrect as-
sumption of separability result in distinctly larger loss than the more flexible SWAG
estimator (Figure 4.2).

In total, these results support the conclusion that the SWAG model outperforms
standard alternatives given the true structure of the population covariances is un-
known. The flexibility of the SWAG model is particularly useful given the large error
under estimators based on incorrect assumptions. In particular, wrongly assuming a
Kronecker structure can result in an error nearly as large as that obtained under the
sample covariance. While the extreme regimes considered do not necessarily reflect
the truth in real-world scenarios, this simulation study highlights the flexibility of
the SWAG model.

4.4.1 Analysis of computational expense

Table 4.4 displays the wall-clock run time of the Metropolis-Hastings sampler for
28,000 iterations, averaged across 50 replications. We sample all parameters as de-
scribed in Section 4.3.2 and do not use any parallelization in the sampling of param-

eters. The algorithm was implemented for a given regime with code written with the
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R statistical programming language on the Duke University Compute Cluster on a
single thread with 32 CPUs and 228 GB of RAM. The smallest parameter space con-
sidered (J = 4,p = 12) takes about 10-15 minutes to run, and the largest parameter
space considered (J = 10, p = 24) takes about 50-80 minutes. In summary, doubling
of the dimension p from 6 to 12 results in about a 30% increase in computation time.
Doubling p from 12 to 24 results in about a 70% increase in computation time. For
a given p, an increase in the number of groups from 4 to 10 results in an increase
in computation time of approximately 125%. As discussed in Section 4.3.2, the in-
crease in computation time for large populations may be mitigated by parallelizing

sampling across populations in Metropolis-Hastings algorithm.
4.5 Examples

We demonstrate the usefulness of the SWAG model for estimating covariance matri-
ces in multi-group matrix-variate populations by analyzing two data sets. In the first
example, we perform a speech recognition task on a publicly available spoken-word
audio dataset. In the second example, we analyze chemical exposure data which
features small group-specific sample sizes.

In general, a data matrix for a single group Y of dimension n x p can be decom-
posed into two orthogonal matrices such that one may be used for mean estimation
and the other, based on centered data, for covariance estimation. As such, while a
mean estimation step could be included in the proposed SWAG Metropolis-Hastings
algorithm, we will estimate the covariance matrices based on centered data matrices
throughout the applications. To elaborate, first, define the n-dimensional centering
matrix C = I,, — P; where P; = 1nlg/n is a rank-1 idempotent projection matrix
and C is a rank-(n — 1) idempotent projection matrix (Christensen, 2011). Then,
note that,

Y =LY -PY +PY =CY +1,5"
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where ¥ is the length p vector of column means of Y and CY is the residual matrix.
Then, for Y ~ Npyp(Lyp', S ® L), § ~ Ny, 2/n) and nS ~ W,(X,n — 1) where
S = (CY)TCY /n is the sample covariance matrix. 3 and CY are uncorrelated, so ¢
and S are uncorrelated (Mardia et al., 1979). In this way, 3 may be estimated using

centered data CY.
4.5.1 Classification of spoken-word audio data

(Classification of a new observation based on a labeled training dataset consisting
of n; matrices, each with common dimensionality p; x ps, observed from each of
j€{1,...,J} populations is an important statistical task for speech recognition. To
illustrate the utility of the SWAG covariance estimator, we analyze classification
of spoken-audio samples of words “yes”, “no”, “up”, “down”, “left”, “right”, “on”,
“off”, “stop”, and “go” from a dataset consisting of 1-second WAV files where each
word has a sample size ranging from 1,987 to 2,103 (Warden, 2017, 2018). Audio
data such as these are commonly described by mel-frequency cepstral coefficients
(MFCCs) which represent the power spectrum of a sound across time increments.
Accordingly, we represent each audio sample as a p; X ps feature matrix of the first
p1 = 13 MFCCs across ps = 99 time bins (Ligges et al., 2018).

One popular classification method for generic multivariate data is quadratic
discriminant analysis (QDA). QDA is based on the result that, assuming normality
and equal a priori probabilities of group membership, the probability of misclassifica-

tion is minimized by assigning an unlabeled matrix Y € RP**P2 to group j € {1, ..., J}

which minimizes the discriminant score function (Mardia et al., 1979),
D;(Y) = (vec(Y) — /Lj)Tz;l(UGC(Y) — i) + log |35, (4.12)

where p; € R? and ¥; € S; , D = p1p2, are respectively the mean vector and covari-

ance matrix for population j and wvec(-) is the vectorization operator that stacks the
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columns of a matrix into a column vector. In practice, of course, these parameters
are unknown and thus are estimated from a training data set. As a result, adequate
performance of the classification relies on, among other things, accurate group-level

covariance estimates.
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FiGURrE 4.3: Confusion matrices resulting from classification from the various co-
variance estimates. Rows correspond to target words and columns correspond to
predictions.

We display the utility of the multiple population SWAG estimators over stan-
dard estimators by comparing correct classification rates resulting from QDA in a
leave-some-out comparison. To do this, we retain a random selection of 100 obser-
vations from each population as a testing dataset, and the remaining observations
constitute the training dataset. For the discriminant analysis, as we are interested
in comparing covariance estimation approaches, we use the sample mean to estimate

each p; and a variety of covariance estimates for 3;, all computed from the training
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dataset. Specifically, we obtain the SWAG covariance estimates 3 from output from
the proposed Metropolis-Hastings algorithm run for 5,100 iterations with a burn-in
of 300 and a thinning mechanism of 25. We compare this with the unstructured
sample covariance obtained separately for each word S, labeled MLE in this section.
Additionally, we consider the partially pooled empirical Bayesian covariance estimate
outlined in Greene and Rayens (1989) (GR), and the core shrinkage estimate (Hoff
et al., 2022) which partially shrinks each word’s sample covariance matrix towards
a separable covariance (CSE). Prior to computing the various covariance estimates,
the data for each word is standardized and centered. The scale is then re-introduced

to the covariance estimates prior to conducting the classification analysis.
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FiGure 4.4: MCMC samples for 4 elements selected at random from the set of
covariance matrices 3.

To obtain the SWAG estimate, we run the Metropolis-Hastings sampler in an

implementation written in the Julia programming language. The code is run on the
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Duke University Compute Cluster using a single thread with 64 CPUs and 600 GB
of RAM. We do not use any parallelization in the sampling of parameters. One
implementation of the algorithm for 5,100 iterations took approximately 25 hours to
run, including compilation of the code and saving the large MCMC output files. To
assess convergence of the Markov chain, we analyze four randomly selected elements
of the within-group covariances 3 in detail. Trace plots corresponding to each of
the four elements are plotted in Figure 4.4. The maximum lag-10 autocorrelation
among the four elements was 0.10 in absolute value, and the effective sample sizes
of the thinned chains corresponding to each element were 117.48,150.72,123.87, and
192 (out of 192 thinned iterations).

Table 4.5: Rates of correct classification on audio test dataset from discriminant
analysis under different covariance estimators. The average across all words for each
method is displayed in the final row.

| | SWAG | MLE | CSE | GR |

yes 0.94 | 042 | 0.85 | 0.76
no 0.80 | 0.10 | 0.82 | 0.80
up 0.48 0.08 | 0.60 | 0.17
down 0.69 | 0.27 | 0.54 | 0.57
left 0.74 | 0.80 | 0.63 | 0.41
right 0.86 | 0.43 | 0.58 | 0.77

on 0.80 | 0.13 | 0.64 | 0.60
off 0.65 | 0.25 | 0.64 | 0.32
stop 0.88 | 0.80 | 0.70 | 0.63
go 0.64 | 0.05 | 0.47 | 0.47

| average || 0.75 | 0.33 [ 0.65 | 0.55 |

Classifications for the test observations are made using each covariance estimate,
and results are summarized in confusion matrices displayed in Figure 4.3, with the
true word classes along the rows and predicted word classes along the columns. The
correct classification rates, or, the values of the diagonal elements in the confusion

matrices, are contained in Table 4.5. In general, the SWAG classifier outperforms
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the other estimates. The SWAG estimate has a higher correct classification rate
averaged over all words, and it features notably larger word-specific classification
rates for the majority of words.

When comparing the SWAG estimate with the MLE, it features a significantly
higher correct classification rate for every word except two, “left” and “stop”. Upon
further inspection, however, the two large correct classification rates for the MLE
are a feature of this classifier nearly always choosing one of these two words, as
displayed in the confusion matrix. The correct classification rates obtained from
the SWAG classifier are greater than or equal to those from the partially pooled
estimate GR for every word, oftentimes by a large margin, which corresponds with
a greater overall correct classification rate. Moreover, linear discriminant analysis,
which uses a pooled covariance estimate Sp for each population covariance, performs
even worse with an across-word average correct classification rate of 0.27. The most
convincing competing classifier is the core shrinkage estimate. It has a larger correct
classification rate for for the word “up” and correctly classifies two more observa-
tions for the word “no” than the SWAG estimate. While the CSE features slightly
better performance for these two words, though, the SWAG classifier performs better
over all populations. Furthermore, the SWAG classifier performs much better overall
than the separable MLEs obtained separately for each population, K, which has an
across-word average correct classification rate of 0.49. On the whole, the SWAG
classifier outperforms the other classifiers considered with respect to accurate clas-
sification across all populations, and this example showcases the benefit of allowing

for shrinkage both within and across populations.
4.5.2  Analysis of TESIE chemical exposures data

Many recent medical and environmental studies are concerned with understanding

differences among socio-economic groups from repeated measurements of chemical
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exposures (James-Todd et al., 2017). In such an application, researchers may be
interested in understanding within and across group heterogeneity. Additionally,
researchers are often interested in understanding covariate effects and appropriately

handling missing data. For all such tasks, accurate covariance modeling is critical.
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FIGURE 4.5: MCMC samples for four elements selected at random from the set of
covariance matrices {X1gg, Xys, Yo}

In this section, we analyze a sample gathered in the Toddlers Exposure to SVOCs
in Indoor Environments (TESIE) study (Hoffman et al., 2018). In this study, biomark-
ers of various semi-volatile organic compounds (SVOCs) were extracted from paired
samples of urine, blood, and silicone wristbands (see, e.g., Hammel et al. (2018)). In
particular, each observation is a p; X p, matrix where the rows represent biomarkers
from p; = 5 SVOCs obtained from the p, = 3 sources. Additionally, socio-economic
covariates were collected for each individual in the study including highest education
level attained and race, among others. We will analyze the p1py x pips covariance
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matrices across education level as a proxy for different socio-economic populations.
Specifically, the three education levels considered are less than high school (LHS),
high school degree or GED (HS), and some college or college degree (C). The sample
sizes are 30, 19, and 24 for the three populations defined by education levels LHS,
HS, and C, respectively.

We proceed with simultaneously estimating each group’s covariance with the
SWAG model. While we remove the mean effect, the SWAG model can be extended
to include a regression on covariates of interest, for example, with the addition of
sampling step for a regression coefficient in the proposed MCMC sampler. We run the
Metropolis-Hastings sampler for 33,000 iterations, remove the first 3,000 iterations as
a burn-in period, and retain every 30th sample as a thinning mechanism. The 33,000
iterations were completed in 3 minutes in an implementation of the sampler using
the R statistical programming language on a personal machine with an Apple Silicon
processor and 8 GB of RAM. Mixing of the Markov chain for model parameters
was good. The autocorrelation for the thinned chains corresponding to each of
the elements in ¥ was low, with a maximum lag-10 autocorrelation among all 360
elements of 0.11 in absolute value. Furthermore, the average effective sample size of
the thinned chains was 773.73, with a range of 250.40 to 1000 (out of 1000 thinned
iterations). For reference, see Figure 4.5 for trace plots of four randomly selected
elements of 3.

Approximations to the posteriors of shrinkage-controlling parameters \, v, v, and
¢ are plotted in Figure 4.6. The posterior density of the weight on within versus across
population shrinkage, A, is concentrated around the upper bound of one, indicating
that most of the weight is being placed on shrinking across groups towards a pooled
covariance. Additionally, the posteriors of the degrees of freedom for across-group
shrinkage v and £ are concentrated around large values indicating strong shrinkage
from an unstructured covariance towards a pooled Kronecker structured covariance.
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FIGURE 4.6: Approximations to the posterior distributions of key parameters \, v, n,
and ¢ for the TESIE data example.

In this way, interpretation of summarizing across-row and across-column covariance
estimates is straightforward.

This shrinkage behavior is evident upon comparing the Bayes estimates of the
group-specific covariances s, Sws, and e to the Bayes estimates of the pooled
Kronecker covariances P, and P, (Figure 4.7). Here, P is the across-SVOC covari-
ance estimate and P; is the across-source covariance estimate. The shrinkage towards
a pooled separable structure is recognizable throughout the three group-specific co-
variance estimates. In particular, the general pattern of across-SVOC heterogeneity
seen in P is roughly present in each 5x5 block in the group-specific covariances, seen
in the top row of Figure 4.7. However, a benefit of the SWAG model is the ability

to allow for divergences from this separable structure, a feature also discernible in
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FIGURE 4.7: Bayes estimates under Stein’s loss of the covariances for the three
populations LHS, HS, and C are plotted on the top row. Bayes estimates under
Stein’s loss of the pooled Kronecker covariance are plotted on the bottom row.

the group-specific estimates. For example, within a given population, say, the LHS
population, the pattern among the covariances between BPA and the other SVOCs
from samples obtained from urine differs across measurement source by more than
a single factor. Moreover, this pattern differs across populations which reflects het-
erogeneity across populations. In total, the output of the SWAG model allows for
interpretation of a row covariance and a column covariance, shared across groups,

while allowing for deviations from this structure at the group level.

4.6 Discussion

In this chapter, we propose a flexible model-based covariance estimation procedure
for multi-group matrix-variate data. The SWAG hierarchical model provides a co-
herent approach to combining two common types of shrinkage, within populations
towards a Kronecker structure and across populations towards a pooled covariance.

Bayesian inference of model parameters is straightforward with a Metropolis-Hastings
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algorithm and allows for uncertainty quantification of covariance estimates. In sim-
ulation studies, we show the flexibility of the proposed method results in covariance
estimates that outperform standard estimates in a wide array of settings in terms of
loss.

The flexibility of the SWAG model is developed specifically for matrix-variate
data, but the model and estimation procedure can be adapted for other types of data
or applications. If the data being analyzed are not matrix-variate, different structures
can be utilized in place of the Kronecker product. Additionally, the shrinkage towards
a pooled covariance can be replaced to represent more complex relationships across
the populations such as, for example, an autoregressive relationship.

While an inverse-Wishart prior results in computationally convenient inference
and has a practically useful interpretation in that the Bayes estimator of the popula-
tion covariance under a normal-inverse-Wishart hierarchical model is a linear shrink-
age estimator, it is potentially limiting in that, for inference on the covariance of
a single group, one degree of freedom parameter controls concentration around the
prior for the p standard deviations and the correlation structure. As such, a promising
direction for future work is to explore SWAG priors on the correlation decomposition
of unstructured covariances, as in Barnard et al. (2000). This could allow for infor-
mative priors to be placed on the correlation structure, while using uninformative
priors on the variable-specific standard deviations, or, vice-a-versa.

Replication codes are available at https://github.com/betsybersson/SWAG.
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5

Conclusion

This thesis details methodology developed to improve inference for a variety of tasks
in analyzing multi-group data. In analyzing such data, precise and accurate group-
specific inference is difficult to obtain for some groups with small within-group sample
sizes. To this end, in Chapters 2 and 3, we detail methodologies to construct pre-
diction regions for numeric and categorical data types. The prediction regions are
constructed using indirect information and maintain finite-sample frequentist cov-
erage guarantees. When implemented for multi-group data, these approaches make
use of data in auxiliary groups to construct accurate and precise prediction regions
for a given group. In Chapter 4, we present methodology to improve covariance
estimation based on structured multi-group data. This approach flexibly allows for
information to be shared across groups and flexibly make use of structural informa-
tion to improve the overall accuracy of the covariance estimates. We now briefly
summarize directions of future work for both avenues of research.

In the prediction region work, the coverage guarantee of these approaches relies
on the assumption of exchangeability. As a result, the prediction region methods

presented for multi-group data in Chapters 2 and 3 are applicable to observations
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resulting from simple random samples. As such, a natural, and useful, future direc-
tion is to extend the approach to account for different sampling schemes. Separately,
developing methods for frequentist-valid prediction regions that incorporate indirect
information might prove beneficial for different broad application settings such as in
online learning.

The covariance estimation work presented in Chapter 4 highlights the benefit of
relaxing structural assumptions and instead utilizing a flexible shrinkage approach.
With this motivation, in future work, it would be beneficial to extend the framework
presented in this chapter to allow for shrinkage to structures more useful for other
types of data beyond matrix-variate. Separately, the SWAG approach presented
is primarily concerned with covariance estimation. Incorporating shrinkage of an
unstructured mean parameter towards a separable structure would make for a flexible

holistic model, to be used as a default for multi-group matrix-variate data.
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Appendix A

Supplementary Material for Chapter 2

A.1 Derivation of Marginal Likelihood

In this section, we derive the marginal likelihood in (11). Independently for each
j e {l, ... J}, let m3|o} = 32, (Yy; — Yj)?lof ~ oix; i and 1)o7 ~ G(a/2,b/2).
Note that,

o2, =P 036 ((n; — 1)/2,1/2) = G ((n; — 1)/2,1/(20%)) .
Then, it is straightforward to obtain the joint marginal likelihood of {m3};:

p(m%a '--7m2J|a’7 b) = J o va(mi "'7m370%7 ...70'3|6L, b)dO’% o d03

J
= ij |07, a,b)p(o7|a,b)do?

=1

<.

7 a+nj71
)a/2 1\ Lb+md)
= 1_[ 0'_]2 exp —0_—]2 9 dO'j

B O U A N (RS TR VI
i 311 o (a/2) ((b + m?) /2)(a+"r1)/2

kﬁ

Q
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2

where f(-) is a function which does not depend on o, a, or b.

. . . . +n;—1 b+m?
In this derivation, it is easy to see 1/0%|m7,a,b ~ G (a =, — J). Hence, the

. . b+m?
2 2 _ J
posterior mode is Mode[o|m3, a, b] = YL

A.2 Notation Simplification

We begin by simplifying notation to be used in all proofs hereafter. In working with
the Bayes-optimal conformity measure, we often find ourselves making comparisons
between densities of two random variables conditional on the other and a shared set
of random variables. The information contained in the shared set may be viewed as
prior information, which results in fewer variables to keep track of. Specifically, for
two random variables of interest, Yj, Y}, conditioning on extra data Y_;_; simply
requires an update of the posterior of model parameters 8. In terms specific to the
conformal predictive procedure, Lemma 5 allows us to consider a simplified regime

where there is a single data point y; and a single candidate prediction 1.

Lemma 5. The density p(Y;|{Y1, ..., Yos1}\Y;) under the model:

Vi, o, Your ~ ii.d.Po (A.1)

0~ Q,

is equivalent to p(Y;|Yy) under the model:
Y, Vi ~ i.i.d.P (A.2)

0~ Q.

where

pe(Y—j,—k\g)Q(O)

10) = plOY-o0) = 5~ [8)4(0)d6

and Y_; _ = {Y1, ..., Yo \{Y;, Yi} for any ke {1,...n+ 1}, k # j, and p,(6)|)
refers to the posterior density of @ conditional on () under the prior q.
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Proof of Lemma 5. We aim to show the distribution of Y;|Y_; under (A.1) is equiv-

alent to the distribution of Y;|Y), under (A.2). First,
pa(0]Yr)cpe(Y5|0)G(0)
= po(Yi|0)pg(0]Y-j )
ocpy(Yi|0)po(Y—j,—£|0)q(0)
= po(Y—;(0)q(6)

Py (0]Y-;)

Therefore, p;(0|Yy) = p,(0|Y_;).
Then, for (A.1)

pY|Y;) = f@pqm,ew_nde
- | mvslpm 6y )as
= | mivlepm (el e,
which is the definition of p(Y;|Y}) for (A.2). O

A.3 Proofs

One straightforward method for proving two conformity measures are ECM is to
show, for each i = 1,...,n + 1, the sub-region of acceptance S;, S; = {yn41 € R :
Ci(Ynt1) < Cny1(Yny1)}, is the same for both measures. This generic result will be

used in the proof of Theorem 1.

Lemma 6. For conformity measures C, D, if

{Uns1 1 Ci(Yns1) < Cos1Wna1)} = {Uns1 : di(Yns1) < dnsr(Yns)} Vi=1,.,n+ 1

then C and D are ECM.
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Proof of Lemma 6.
{ynJrl NS Cn+1} = {yn+1 : dz < dn+1} Vi = 17 Nt 1
= #{i:ci<cpp} =#{i 1 di <dnia}

= Py,c = Py.d

where p, , is the conformal p-value corresponding to conformity measure . Thus
each candidate prediction value will be treated the same under both conformity

measures C, D. ]

Proof of Theorem 1. Based on Lemma 5, we consider the conformity between two
values y1,72. Under the normal working model, in this case, the Bayes-optimal

conformity measure is
Cp (y1,92) == p (Y2ly1) =

_ —(a12+1)/2
r aiz+1 b 1/2 1 o 2
4/611277'1—‘ (—éQ) ai2 a9 ﬂ(l + 7—122)

ai2

where
= (/7 + )
Moj1 = (/7% + y1)7122
app=a+1
bopp = b + yr + 12T = (/T + ).

Now, suppose the conformal algorithm requires that we identify the region of 1,

s.t. Cp (y1,92) < Cp (y2,41), or, equivalently, the region where

Cp (y1,y2) /Cp (y2,y1) < 1.

This region can be shown to be the same as that obtained from Cpg ({y1, 92}, 92) <
Cs ({y1, 2}, y1), which is the definition of equivalent conformity measures. Well, first
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note:

Cp (y1,92) /CB (Y2, 41)

F<a12+1 1/2 9 (a12+1)/2
p baj1 a 1 (y2—popn)
WF(%) <a12 (1 + 712)> (1 + ai2 1’21(1+7122)>

ai2

F(‘”?'H) 1/2 ) —(a12+1)/2
3 b2 2V 1 (i—pp2)
1/(112”1_\(%) (a12 <1 + Tl2)> (1 + s ai2 bl\z (1+7_12)>

—(a12+1)/2
—1/2 1 (ya—pop)?
b |4 L (e
) (10 e
- —(a12+1)/2
—-1/2 1 (y1—pa2)?
b |4 L mp)?
( 1‘2) ( a1z 1;1122(1+7_122)>
(1 —ppp)® \ 112 12
_ (1 + b1‘2(1+7'12 )
- aj2+1
(y2— #2\1
(1 + b2‘1(1+7'12 )
(b1|2 14+72)+(y1—pa)2 )2>a12+1 12
. by|2
(b2|1 1+78)+(y2— M21)2)a12+1
ba|1

1/2

) <%) (b12(1 +75) + (5 — ulz)z)“”“] A3)

bij2 bop (14 75) + (y2 — paon)?

ba \ 2
- ( | ) (A.4)
b2

Since the second term in (A.3) simplifies to 1:
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b (1 + 75) + (11 — M1|2)2)
bop (1 + 71) + (Y2 — pop)?

numerator <
1= bip(1+ 715) + (1 — paje)’?
= (bt g+ 12/77 = (/77 + yo)? 1) (L4 7))
+ (1 — (/72 + o) T)?
=D+
+ 2 [=2(0/T) (1 + 7)) + 2(0/7°) (112)"]
+
+ 1 [=2(u/7*) 7]
+ 192 [ 271
=D + 12 (A.5)
+yo [~2(/7%)m)]
+
+ 1 [=2(u/7*) 7]
+ Y1Y2 [—27'122] )
for some function D that does not depend on y; or ys. Since the coefficients on the

Y1, Yo terms are the same in (A.5), by symmetry, the denominator of the second term

in (A.3) will also be equal to (A.5).
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Substituting (A.4) into the original inequality of interest, we are able to show,

Cg (11,92) < Cp (Y2, 1)

< Cp (W1, y2) /CB (y2,11) < 1

ai2/2

bif2
< by — 012 <0
= (b+yi + 12/ = (/77 + 1))

— (b +ys + 1P/ — (W7 + 2/2)27'122) <0

2 2 2 2

oy w2 (w2 <0 (A.6)

' I 7'122 ? 1- 7'122 h .

We now show the inequality Cg({y1,y2}, v2) < Cs({y1, y2}, y1) simplifies to (A.6).

For any X € R, the conformity score is:

Cp({yr,y2}, X) = p (Xy1,92) (A7)

ayor+1 —1/2 —(ayy+1)/2
_ F< : ) (b12(1+72/)> / LI C Sl U
VTl (42) ary 2 a1 22 (1 + 72,) ’

aqo/

where
2 = (1/r2+2)7"
Hi2 = (M/T2 T Y+ y2) iy
aiy = a + 2
-1
bia =b+yi +ys + /7% — (7'122/) 13-
Notice that all parameters of the ¢ distribution that define this chosen conformity

measure will be the same regardless of which variable we are obtaining the conformity

score for. That is, first note that,

Cp ({y1, 92}, v2) < Cp ({y1, 92}, v1)
< (y1 — M12)2 — (Y2 — M12)2 < 0.
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Well,
(1 = 12)” = (y2 = pu2)’
= (= (W7 + g+ 90) ) = (1 — (/7 ) )
= [wt (=) + (/4 3)” () = 20 (1= 7o) (/7 4+ 92) 7o |
B =) () (PR)” = 20 (1= i) (/7 + ) 7
= |0t (U= m8)” = 0 ()" = 2 (/) (72)” = 200 (1= 7) (/7°) 7
(88 (=7 = 3 ()" — 20 (0/7) (72)” = 2 (1= 7)) (/) 72 |
= [yt (1= 270) — 201 (/7 7] = 5 (1 — 27) — 292 (/7" i ]

Furthermore,

[?J% (1 27'12/) — 21 (M/T ) 712/] [yz (1 - 27’12/) — 2y (N/T )7'12'] <0

7_2 2 7_2 2
2 12/
o (p—w/r ) —( u/7—> <0
( 1—272, 1—272,

2 2 —2 2
. 2 T2 . . 2 T12 <0
” (yl HiT 1 - 7'122) (y2 HiT 1 - 7'122)
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since

(e’
1-273%, " 1-2(1/72+2)"
B 1
(1/r2+2) —2(1/m2+2) (1/r2 +2)7"
1
- 1/72

1
1/7'2 +1- (7'122)_1 7'122

1

= 1 1
(7'122) _(7'122) 7'122
7122

- —.
1 -7

So, we have shown

Cp ({y1,¥2},v2) < C ({y1, ¥2}, 1)

2 2 2 2
< (?h - M/TZﬁ) - <y2 - M/T2ﬁ> <0 (A.8)

12 12

In summary, by (A.6) and (A.8) we have that

Cs (y1,92) < Cp (Y2, 1)

72 2 2 2
. 2 12 . . 2 12 <0
had (yl ks 1_ 2 7122) <y2 w/T 1 7122>

< Cp ({y1,v2},12) < Cs ({1, v}, 11) -

Then, by Lemma 6, Cp ({Y1, ..., You1}\Y;, ;) and Cp ({1, ..., Y11}, Y;) are ECD. [

Proof of Lemma 1. For each i = 1,...,n + 1, the region S; = {y,11 € R : ¢;(yns1) <
Cn+1(Yns+1)} 1s an interval and contains a shared value v € S;, 1 <7 <n+ 1. Clearly

Spt1 = R and let S; = [I;, u;] for some [;, u; € R for each 1 <i < n.
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Let () denote the kth increasing order statistic of a set {z, %2, 23,...}. Then,

for yns1 < L),
Flme) =#{ie{l, . n+1} e <o) =#{(n+1)} =1
For yn1 € [l L)),
F@nn) = #{(n+ 1), {71l = ly}} = 2.

And so on to yn11 € [ln-1),l(n)) Where f(yns1) = n. For y,11 € [l(n), wy], note that
v € [lny, wy], and f(yn41) = n+ 1. For yni1 € (uqy, u)]; f(Yn+1) = n, and so on to

Yn+1 € (u(n—1)7 u(n)] where f(ynJrl) =2. FinauYa for Ynt1 = U(n),

JWns1) =#{(n+1)} = 1.

We have shown that, for y,.1 < 7, f(yn+1) increases stepwise from 1 to n + 1,
and, for y,+1 = v, f(yns+1) decreases stepwise from n + 1 to 1. Therefore, f(y,+1)
is a step function that takes on ordered values {1,2,...,n,n + 1,n,...,2, 1} over the

domain R. n

Proof of Lemma 2. The region in R where f(y,.1) > a for some a € [0,n + 1] is an

interval. Therefore,

AY) = {1 €R: fyns1)/(n + 1) > o}

is an interval. O

Proof of Lemma 3. As shown in the proof of Theorem 1,
C(y1,92) < C (y2,y1)

< C ({y1, 92}, 92) < C ({y1, v}, 1)

T2 2 7-2 2
@(ylu/le 122) <y2,u/72—12 ) <0
-7

2
12 1=
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Therefore, the inequality reduces to a quadratic function of the unknown candidate

y1. Label this function h:

h(y) :=( u/Tl_2 )2—( u/Tli122 )2

By standard quadratic theory, we can draw a few conclusions:

1. Notice that h(y;) is in vertex form. In h(y;), the leading coefficient is positive,

so the parabola will be upward facing.

2
2. The discriminant obtained via the quadratic formula is 4( — /= = ) .
12

As the discriminant is non-negative, the solutions to h(y;) = 0 are a repeated

real value or 2 unique real values.

By items (1) and (2), the solution to the inequality h(y;) < 0 will be an interval.

Solving the inequality yields that the interval is of the form

[min{ya, g(ya)}, max{ys, g(y2)}]

where g(y2) = 2(u/7?)73,(1 — 75)~' — yo. For the remainder of proofs, we will

generally assume y, # ¢(y2), as will most likely be the case for continuous data. If
y2 = g(y2), the FAB conformal prediction region may be a point, depending on the

specified error rate. O

Proof of Lemma 4. Following notation used thus far in proofs, we aim to show

0e [min{ys, g(y2)}, max{ya, g(y2)}]

where 0 := (/7% + y2)72 and g(y3) == (/72751 — 75)"" — y,. We first consider

the case where ¥y < g(¥ys2).

By the quadratic formula, we conclude the vertex v of the parobola h(y;) is

= (M/72)7'122(1 - 7'122)71
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and Y < v < g(y2). We now prove the result in two steps.

1. First, we show the ordering y, < 6:
Yo < (/7)1 = 7iy)
< Yol — 7)< (/7)7y
< Yo < (W/7°)To + YaTiy

=: 9y < 0.

2. Additionally, we can show f(y,) > 6:

Yo < 0
= ys < (1/T)Tiy + Y2Ti

= Y2 (1 - 7'122) < (N/72)7'122

2 7'122
<:)y2<([11/7_ )(1—7'2)
12

=y < (/7)) (1-15)"" = 1)

S Yo+ /77 < (/) (1= 1ih)

= (y2 + N/T2) 7'122 < (N/72)<1 - 7'122)717'122

=:0<v

since

(1_7_2)71_1_1_(1_7129_ 7'122
12 =

To summarize, given that yo < g(y2), we have shown:

y2<é<v<g(y2)

If yo > g(y2), the ordering of the terms is reversed.
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Proof of Theorem 2. By Lemmas 3 and 4 each sub-region of acceptance S;, for 7 €
{1,...,n + 1}, is an interval which contains 6. Therefore, the hypothesis of Lemma
1 is met, and so, by Lemma 2, the conformal prediction region is an interval which

contains 6. Furthermore, by conformal algorithm, the conformal prediction region is

Afab Y)=A{ypm1 €Y :#{i=1,...n+1:¢WYns1) < Caz1(Uns1)} > k},

which is the kth and (2n — k + 1)th order statistics of the collection of bounds of

the sub-regions of acceptance, v = [y1 -+ Yo g(y1) - g(yn)]T. This result

assumes there are no ties in v. O
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Appendix B

Supplementary Material for Chapter 3

B.1 Maximization of the marginal multinomial-Dirichlet likelihood

In this section, we detail a Newton-Raphson algorithm to maximize the marginal log

likelihood of a conjugate multinomial-Dirichlet model:
X; ~ MNk(0;,N;), independently for j =1,...,J

01, ceey 0] ~ DZTZChthK(’Y)

The log likelihood of the marginal likelihood is as follows,

J K
Z[logFZ — logI'(N; +Z%
=1 -1

i=1

K K
Z log (i + i) — Z log F(%‘)]-
=1

i=1

Define

U(s) = LlogT(s) =—§+2[ =l

n+s
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where ¢ is the Euler-Mascheroni constant. Then, it is straightforward to obtain the

first and second derivatives of the marginal log likelihood,

di% = Z [W(Z Yi) — U(N; + Z%) + U(@gn + ) —
‘I’(’Yk)]
d

d J K K
= NS ) - v, )1
where U’ is the trigamma function. Let g be the gradient vector of length K and H

the Hessian matrix. Finally, Newton’s method updates ~ as follows:

A =40 — H (v ")g(v ),

where the algorithm is iterated until convergence.
B.2 Proofs

Remark 1 (Concerning Theorem 3.). We first elaborate on the construction of an
order-based prediction set following Equation 3.3. To test if an element y*) in the
sample space Y is included in a prediction set for a given vector o and known event
probability vector 6, the cumulative sum of event probabilities of the categories
corresponding to the minimum element of o up to element k, following the ordering
of o, is computed. If this cumulative sum is greater than the error rate «a, then
element k is included in the prediction set. As a result, all elements with such
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cumulative sums greater than « are included in the prediction set. The elements
with such cumulative sums less than or equal to « are not included. Therefore, by

construction, P(Y ¢ A%°|0) < a. Consequently,
P(Y € A%?10) =1 P(Y ¢ A’°10) > 1 — «q,
so A% is a-valid.

Proof of Theorem 3. (1): Note first that o enters Equation 3.3 only through the
ordering of its elements. As such, without loss of generality, consider vectors of the
form o € {0,1}%. When constructing a prediction set following Equation 3.3 based

on such a vector o, the category space is effectively divided into two disjoint subsets,

Yo={y*® ey:o =0}
V={yWeY:o =1},

such that, by construction,

AB,O _ y if Z{j:y(i)eyo} Qj >« .
¢ Y, else
For a given error rate «, clearly any a-valid prediction set may be constructed under
considerations of permutations of the vector o of the form o € {0, 1}¥.
(2): We wish to show no other ordering results in an a-valid prediction set

0

with strictly smaller cardinality than o”. In words, consider switching the order-

ing of one element at a time. This will always result in a prediction set with

. More formally, let

the same cardinality or greater cardinality than that under o
0=1{09,08,...,00%, 00 1,00 1,...,0%}, that is, equivalent to o’ with the (k*)th and

(k* —1)th ordering flipped. But, by construction, Oy > O4x_1, so |A%"| < |A%9|. O

Proof of Theorem 4. Let Y1, ..., Yny1 ~ 1.1.d.M Ng(0,1). Then, we wish to construct
a conformal prediction set for Yy,1 based on an observation of X = sz\il Y., and

some conformity measure C.
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To determine if a candidate category k € {1, ..., K} is included in a 1—a conformal
prediction set, the conformal algorithm proceeds as follows, see Section 2.1 of Bersson

and Hoff (2022) for more details:

1. Set yni1 = y® where y® is a vector of length K with a 1 in the k" index

and Os elsewhere.
2. For j =1,..., N + 1, compute conformity scores ¢; = C(z — y; + y*, y;).

3. Set

_ {#je{l,...N+1}:cnp = ¢4}

Pr N +1

More compactly, and by symmetry in the problem, this conformal p-value may be

equivalently written as:

Ty + Z/l(k)

K
— :[L *2 ES —_
Pk ; (0 = o) N+l

where of = cyyq and of = ¢; for a j € {1,..., N} such that y; = y®. Then, for
prediction mis-coverage rate «, the category k is included in the prediction set if
pr > «. A prediction set constructed from this procedure may be concisely written

as follows:
K (k)
x; +
Aa(a:) = {y(k)e)} [E 1(0k>0l)%] >Oé},

for some o € RX.
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Appendix C

Supplementary Material for Chapter 4

C.1 Metropolis-Hastings Algorithm for SWAG
1. Sample (A\,U) ~ p(w,U|Y ,0_, _y) as follows:

(a) sample A ~ p(A|Y,0_y —») using a Metropolis step as follows:

i. obtain a sample A* from a reflecting random walk based on the pre-
vious iteration’s value of A, that is, sample an initial value A* from
A* ~ Uniform(A — dx, A + d,), and utilize the following reassignment

schema to ensure the sample has the correct support:

A* if \* e (0, 1)
=N AT <0
2N\ A >1

)

ii. compute the Metropolis acceptance ratio

_pNY, 0 u ) ﬁp(%!%’% A= A)p(A =A%)
p()\‘Y, O—U,—/\) p(}/;’\IjﬁAj?)‘ = )‘)p()‘ = )‘) ’

j=1

iii. accept \* as the updated value for A with probability r, and
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(b) sample U;|Y,0_y, ~ Ny, wp (M;,S; ® I,;) for each j € {1,..., J}, where

)\ —1

)\1/2
Mj = 7Yy 'S;.

2. Sample (v, ¥) ~ p(v, ¥|Y,0_g _,) as follows:

(a) sample v from a Metropolis step as follows:

i. obtain a sample v* from a reflecting random walk based on the pre-
vious iteration’s value of v, that is, sample an initial value v* from
v* ~ Uniform(v — 6,,v + 6,), and utilize the following reassignment

schema to ensure the sample has the correct support:

R 2 ifv*=p+2
p+2)+(p+2—v*) v <p+2,

ii. compute the Metropolis acceptance ratio using a prior distribution

v, and
o p(Uj| %o, v = v¥)g, (v = v¥)
i p(U;|Wo,v =v)q,(v = v)
where U;[Wo,v ~ Ty, xp (V —p+1,0,¥(rv—-—p-1) ® I, )

iii. accept v* as the updated value for v with probability r, and

(b) sample W;|Y,0_y, ~ IW,( (UJTUJ- +(v—p— 1)\110)_1 ,v + n;) for each

jed{l, ..., J}
3. Sample (7, A) ~ p(v,AlY,0_4 ) as follows:

(a) sample 7 from a Metropolis step as follows:
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i. obtain a sample v* from a reflecting random walk based on the pre-
vious iteration’s value of v and the initial value drawn from ~* ~
Uniform(y — d,,v + d,),

ii. compute the Metropolis acceptance score using a prior distribution

¢y, and

L1 p(YIN U R, Gy =) g4(v =)

J
where
YiIN Ry, Cj ~ Toywp(v — p+ LAYU,

1-X(C; ® B))(v—p—1) ® Ly,),
iii. accept v* as the updated value for v with probability r, and

(b) sample A;[Y, 0y, ~ IW,((Y]Y;/(1-N)+(C; ® R;) (v—p—1))"", v+ny)

in parallel for each j € {1, ..., J} where ¥; = (Y; — w'2U;).
J -1 -1 \—1
. Sample Uy|Y, 0_yg, ~Wp(((y—p—1)zj:1 U+ (P, @ P) ) €+ ).

. Sample R; ~ W, (((v —p — 1) X5, LC; LT + Ro_lnl)fl,nl + yp2) where

Ly, = vec™(I) from A;' = LLT =37 I, for each j € {1,..., J}.

. Sample C; ~ sz( ((7 —p—1)X¢ _ LTR;Ly, + Cglng)_l ,772+’yp1) where L, =

vec™H(Iy) from A;' = LLT =37 LT, for each j e {1,..., J}.
. sample ¢ from a Metropolis step as follows:

(a) obtain a sample £* from a reflecting random walk based on the previous
iteration’s value of £ and the initial value drawn from &* ~ Uniform(§ —

5675“‘55)7
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(b) compute the Metropolis acceptance score using a prior distribution g,

and

o ﬁpwﬂ,m = &) g6 =€)
L1 p (ol P, Py 6 =8 qe(§=6)

J

(c) accept £* as the updated value for £ with probability r.

8. Sample P, ~ IW,, ( (f SP_ Ly Py LT + Poy(ns — p1 — 1))_1 M3 + fpz) where

Ly = vec™'(I) from Wyt = LI = 3P 11T

9. Sample Py ~ IW,,((€X0_ LTP7 Ly + Poa(ns —pa — 1)) ™', + Ep1). where

Ly, = vec™ (Iy) from ¥yt = LLT = b LlE
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