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Abstract

In this paper, we introduce several unbalanced optimal transport problems between
two Radon measures with different total masses. Initially, we explore a generalization
of the Benamou-Brenier problem, incorporating a growth constraint to accommodate a
non-decreasing total mass during transportation. This leads to the formulation of a modified
Hellinger-Kantorovich (HK) problem, denoted as n#HK. Our investigation reveals quasi-
metric properties of this novel problem and characterizes it within a cone setting through a
newly defined quasi-cone metric, resulting in an equivalent formulation denoted by nmHKg.
This formulation simplifies the demonstration of the existence of optimal solutions and
facilitates explicit calculations for transport problems between two Dirac measures.

A significant advancement in our work is the construction of a dual problem for K,
a topic previously unexplored. We confirm the duality and identify optimality conditions
for transport plans, successfully deriving a one-to-one (Monge) map under certain regularity
conditions for the initial measure. Furthermore, we propose a dynamic formulation for
ntK, focusing on minimization over dynamic plans involving absolutely continuous curves
between cone points. This approach not only projects a dynamic plan onto an absolutely
continuous curve between initial and target measures but also establishes a close relationship
with solutions to continuity equations.

Motivated by dynamic models of biological growth, our study extends to practical
applications, providing an equivalent convex formulation of n#K and developing numerical
schemes based on the Douglas-Rachford algorithm and the Alternating Direction Method of
Multipliers algorithm. We apply these schemes to synthetic data, demonstrating the utility

of our theoretical findings.
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1. Introduction

The field of optimal transport theory focuses on determining the most efficient way to
relocate resources and minimize the transportation costs associated with moving from one
distribution to another. This theory was first introduced by the French mathematician
Gaspard Monge in 1781. Monge was interested in devising the most efficient strategy for
relocating a pile of sand from a construction site to another location, laying the groundwork
for what is known today as the Monge problem. This problem requires that the total
mass at the starting and target locations are equivalent. Subsequently, Leonid [Kan39],
a Soviet mathematician, economist, and Nobel Prize winner, expanded upon Monge’s
initial formulation, introducing greater flexibility into the solutions of these transport
problems. Unlike the Monge problem, which restricts mass transportation from one specific
location to another, Kantorovich’s problem permits the mass distribution from a single
location to multiple destinations. Furthermore, Kantorovich introduced a dual problem,
a maximization problem constrained by the Kantorovich problem. This dual problem
facilitates the investigation of the optimality conditions necessary for identifying the optimal
solution to Kantorovich’s formulation.

A significant advancement in classical optimal transport theory is the development
of the Wasserstein Distance within a metric space, essentially applying Kantorovich’s
problem with a specific cost function. This distance measures the discrepancy between two
probability distributions and imbues the resulting space with several metric properties, such
as separability, compactness, completeness, and the existence of geodesics. Computationally,
the Wasserstein distance finds numerous applications in fields like image matching, computer
vision, and shape recognition within image processing.

The landmark study by [BB00| introduced a dynamic formulation characterizing a time-
dependent curve linking two probability measures, governed by a continuity equation, and
redefined the Wasserstein distance as the minimal kinetic energy required for the transport.

Additionally, their work proposed an efficient numerical approach for approximating these



optimal solutions. Comprehensive overviews of balanced optimal transport theory have been
adeptly provided by [Vil03], [Vil09], and [ABS21], offering deep insights into the subject’s
complexities and applications.

The theory of unbalanced optimal transport extends the classical framework of trans-
porting resources between two probability distributions to non-negative Radon measures,
eliminating the necessity for the total mass to be identical at both the origin and destination.
This advancement addresses the challenge of measuring distances between distributions
with different total masses. Early efforts to adapt the Wasserstein distance for this broader
context and to investigate the metric properties of these novel problem formulations were
undertaken in studies by [FG10], [PR12|, [PR13|. Concurrently, a variation of the Benamou-
Brenier problem was independently introduced by [LMS16], [Chi+18a], and [KMV16]|. These
researchers not only demonstrated that their modified formulation defines a metric between
two non-negative Radon measures but also approached the derivation of this metric from
unique perspectives, employing various techniques.

In their groundbreaking work, [KMV16| extended the traditional Benamou-Brenier
problem by incorporating a non-conservative continuity equation with an additional reac-
tion term, facilitating changes in mass. This modification conceptualizes the problem as
minimizing the Lagrangian action associated with the total energy, encapsulated by the
sum of kinetic energy and the potential energy attributed to the growth and decay of the
transported mass. According to [KMV16], this newly defined distance carries significant
implications, offering physical interpretations for the movement of charged particles as well
as biological contexts, particularly in the fitness-driven dispersal of organisms. Echoing
the innovative approach of [KMV16|, [Chi+18a| similarly applied the continuity equation
with a reaction term but introduced the Fisher-Rao Riemannian metric, originally proposed
in [[Rao45]], to quantify the impact of the reaction term. In their seminal contribution,
[Chi+18a]| formulated a metric representing the minimization of interpolation between the
Wasserstein and Fisher-Rao metrics. Moreover, they developed a numerical framework

for approximating these optimal solutions, further applying their methodology to conduct
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numerical experiments on images.

[LMS16] constructed the generalized Benamou-Brenier problem as the infimum of the
weighted combination of the Kantorovich-Wasserstein distance and Hellinger distance. In
this context, the Wasserstein distance quantifies the displacement of the distribution, whereas
the Hellinger distance captures the creation or destruction of mass within the distribution.
To bridge the gap between this dynamic challenge and a static framework, [LMS16] alongside
[LMS18] introduced the Hellinger-Kantorovich distance. This innovative approach involves
lifting the measures to a cone space, thereby framing it as a minimal balanced transport
problem for measures residing within this augmented space. Furthermore, an alternative
interpretation of the Hellinger-Kantorovich distance emerges through the Entropy-Transport
problem. This formulation is characterized by the objective of minimizing a balanced
transfer problem, which is complemented by penalty functionals. This development not only
broadens the theoretical landscape of unbalanced optimal transport but also enhances the
toolkit available for addressing problems where mass changes are an intrinsic part of the
system’s dynamics.

With an extensive background in optimal transport problems and their applications in
biological growth, such as the study of non-reversible tumor growth outlined in [[MC20||, my
Ph.D. thesis advisor, Professor James Nolen, and I are motivated to explore a novel problem
within this domain. Our project aims to contribute to the ongoing research by introducing
a growth constraint to the generalized Benamou-Brenier problem, denoted by nHK. This
modification imposes a condition where the total mass of the transported distribution is
required to be non-decreasing, a constraint that mirrors the growth processes observed in
biological systems.

The primary objective of our research is to rigorously establish the existence and
uniqueness of optimal solutions for this newly formulated problem. To achieve that, we
draw inspiration from the methodology employed by [LMS18] for addressing the Hellinger-
Kantorovich problem. Our approach involves developing a new quasi-distance, defined

within a cone setting and denoted by nHKg, associated with a quasi-cone metric. This
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new metric is designed to simplify the process of establishing minimization criteria. By
demonstrating the equivalence between the n#K and n#K problems, we can confirm the
existence of optimal solutions for n#HK. Moreover, leveraging our innovative approach to
the dual problem, coupled with certain regularity conditions on the initial measure, we
successfully identify a unique solution to the problem.

Our achievements aim to lay a solid mathematical foundation that can support further
exploration and application of optimal transport theory in the context of biological growth.
Furthermore, we are dedicated to developing efficient numerical schemes that can facilitate
the practical application of our findings. These computational tools are crucial for translating
theoretical insights into actionable knowledge that can be applied to real-world problems,
such as modeling tumor growth or other biological phenomena where growth is a key factor.

Our aspiration is that this work will advance the mathematical understanding of op-
timal transport problems with growth constraints and open new pathways for applying
these concepts to the biological field. The potential for contributing meaningful solutions
to pressing challenges in biology and medicine provides a significant motivation for our
research, highlighting the interdisciplinary impact that mathematical innovations can have

on understanding complex biological processes.

1.1 lllustrative Examples

To elucidate the nuances of optimal transport problems, we will explore some illustrative
examples. These examples will help differentiate the Monge problem, the Kantorovich
problem, and the dual problem within a practical context. Consider farmers who aim to
minimize transportation costs when selling apples from their farms to grocery stores, a
task that involves deciding which stores to supply and in what quantities. In the scenario
depicted in Figure 1.1, the farmers transport apples directly from one specific barn to a

single grocery store.



FIGURE 1.1: Monge Problem

Figure 1.2 expands on this by allowing farmers to distribute the apple load from one

barn to several stores, offering a more flexible approach to transportation.

FIGURE 1.2: Kantorovich Problem

Lastly, Figure 1.3 introduces a third party: agents who collect apples from various barns
to sell to grocery stores. These agents strive to minimize transportation costs to remain the
preferred choice for farmers while simultaneously seeking to maximize their profits through

efficient distribution strategies.



FIGURE 1.3: Dual Problem

Expanding on the apple transportation scenario, Figure 1.4 illustrates the distinction
between the Kantorovich problem and the Entropy-Transport problem. In the context of
balanced optimal transport, the scenario depicts a farmer delivering all 10 apples from
his barn directly to the grocery store. Conversely, in the scenario of unbalanced optimal
transport, the farmer opts to transport only 6 apples, incurring a penalty for the 4 apples

that are not transported.

Balanced OT

FIGURE 1.4: Comparison Between Static Formulations

Figure 1.5 illustrates the distinctions between the original Benamou-Brenier problem
and its generalized version. Typically, running involves only movement without a change in

mass. To optimize energy usage, an individual must modulate their running pace. However,



imagine a scenario akin to Ant-Man from the Marvel comics, where a person possesses the
ability to alter their physical size. In such circumstances, it could be advantageous for the
individual to reduce their size for long-distance running. Throughout this transformation,
the individual must achieve equilibrium between kinetic energy and the potential energy

generated through the mass’s creation or annihilation.

Balanced OT Kinetic Energy
>
t=0 t=0.5 t=1

Unbalanced OT Kinetic + Potential Energy
(4 @
X% & kR
>

t=0 t=1

= t=0.5 =

FIGURE 1.5: Benamou-Brenier Problems

Building on the example of a running man, Figure 1.6 illustrates the impact of the growth
constraint on his movement. To minimize energy expenditure, the individual attempts to
decrease his body size and then expand until reaching the final state. However, the growth
constraint prevents the man from reducing his weight; as a result, he maintains his current

state for a period before expanding to the final state.



Unbalanced OT

t=0.5

3.

'R /

t= 1

Unbalanced OT ( Only Growth )

t=0 t=0.5

FIGURE 1.6: Constrained Problems

1.2 Organization of the Paper

This paper is structured as follows: Chapters 2 and 3 provide a comprehensive overview
of the optimal transport theory pertinent to our study, while the subsequent chapters delve
into our contributions. Chapter 2 is dedicated to a concise discussion of the fundamental
problems in balanced optimal transport theory, including the Monge problem, Kantorovich
problem, Dual problem, and a specialized form of the Kantorovich problem known as the
Wasserstein Distance. This chapter also covers their characterizations, along with discussions
on the existence and uniqueness of solutions. Chapter 3 shifts focus to the major problems
identified in previous works [LMS16]|, [LMS18]|, such as the optimal transport problem, the
Hellinger-Kantorovich problem, and the generalized Brenier-Benamou problem, setting the
stage for our research.

Our novel contributions are presented starting from Chapter 4, where we introduce
a modified version of the Hellinger-Kantorovich problem (referred to as the generalized
Benamou-Brenier problem with a growth constraint) and its equivalent convex formulation
(Benamou-Brenier functional). Chapter 5 elaborates on a variant of the modified Hellinger-
Kantorovich problem within a cone setting. This innovative characterization enables us

to verify the existence of an optimal solution for the modified problem. Additionally, we



present a newly developed dual problem for this variant, a novel contribution not previously
explored in existing literature.

In Chapter 6, we outline numerical schemes designed for approximating the solutions to
these complex problems, further advancing the field of optimal transport theory. Figure 1.7,
Figure 1.8, and Figure 1.9 provide an overview of the problems we will cover in this paper,

where the arrow represents the relationship between the problems.

Balanced Optimal Transport Problems

Monge Problem

Kantorovich Problem e Wasserstein Distance j
Dual Problem I: Dynamic Reformulation
Benamou-Brenier Problem

FIGURE 1.7: The Structure of Chapter 2

Unbalanced Optimal Transport Problems

I: Entropy-Transport Problem

Hellinger-Kantorovich Problem ]

Dynamic Reformulation
‘ Generalized Benamou-Brenier

Problem

FIGURE 1.8: The Structure of Chapter 3



Unbalanced Optimal Transport Problems
with a Growth Constraint

Modified Hellinger-Kantorovich Problem
[ Generalized Benamou-Brenier Problem with a | —
Growth Constraint ]

Convex Formulation
[ Benamou-Brenier Functional ]

Modified Hellinger-Kantorovich Problem within
a Cone Setting
Dual Problem —_

— Dynamic Reformulation <

FIGURE 1.9: The Structure of Our Work

1.3 Preliminaries

Basic settings Let (Z,7z) be a Hausdorff topological space and B(Z) be the o-algebra of

Borel sets in Z. The set of finite nonnegative Radon measures on Z is

M(Z) = {U—additive set functions p : B(Z) — [0,0) :
VB e B(Z),Ve > 0,3K. — B compact s.t. u(B\K.) < 8} (1.1)

We endow M (Z) with the narrow topology s.t. u+— §, ¢ dpu is lower semi-continuous for
any lower semi-continuous and bounded function ¢, i.e. ¢ € LSCy(Z). When (Z,77) is a
Polish space, the narrow topology coincides with the weak topology induced by the duality

with functions in Cy(Z), i.e. py, — p€ M(Z) weakly if

f (=) dpin(2) — f o(2) du(z) for any ¢ € Cy(2)
Z A

Notations
Ry non-negative real number
B(X) o-algebra of Borel sets of X

10



M(X) finite non-negative Radon measures on X

P(X),Pp(X) the set of probability measures on X (with a finite p-moment)
Cy(X) continuous and bounded real functions on X
CP(X) smooth functions on X with compact support.

LSC(X),LSCyp(X)  (bounded) lower semicontinuous functions on X
Lip(X), Lipy(X) (bounded) Lipschitz functions on X

C(I; X) continuous curves on [

C(I; M(X)) continuous non-negative and finite Radon measures on

LP(X; ), L* (1) LP space of y-measurable functions on X (or RY)

LP(I) LP space of real functions in I

Geo(X) geodesics in X

Lip(¢, A) Lipschitz constant of the function ¢ in the set A

ACP(I; (X, d)) absolutely continuous curves on I within a metric space (X, d)

|2 |4 metric derivative of an absolutely continuous curve x within a
metric space (X, d)

Yy product space X x R

C(I; y),;l\ép(l;y) (absolutely) continuous curve (z,r) € Y on I, see (3.27), (3.28)

¢, e®N o (the product of) cone space and its vertex

e[r] Neighborhood of radius r centered at o

h2,dily o ith homogeneous marginals and dilations, see (3.13, 3.14)

h? characterization of homogeneous marginals, see Section 3.4

de, dg (modified quasi-) cone distance

W, Wasserstein distance in Pp,(X), see Section 2.4

ET, IET (Logarithmetric) Entropy-Transport problem, see (ET)

Wa, Wasserstein distance in a Radon space, see (3.9)

X Hellinger-Kantorovich (HK) problem, see Subsection 3.2.3

niK modified HK problem, see (4.2)

K modified HK problem within a cone setting (5.25)

WJ@ Wasserstein problem associated with quasi-cone metric d~¢, see
(5.29)

By Benamou-Brenier functional, see (4.18)

D'((0,T) x RY) distributional sense defined in (1.15)

ce*r,CE continuity constraints, see (4.3),(4.20)

Other notations
e 1 « L% the measure p is absolutely continuous w.r.t Lebsegue measure in R?

e 1c(x) = oo if x € C otherwise 0.

0, is a Dirac measure with mass 1 at location x

spt(w) is the intersection of all closed sets that have full measure

e 1 is concentrated on A if p(A°) = 0 where A° is the complement of A.

11



o (uy, vy, wy) is the abbreviation of (u(t, ), v(t, ), w(t,-))

1.3.1 Definitions

Definition 1.2 (Polish Space, [ABS21]). A topological space (X, 7) is Polish if there exists

a distance d on X inducing 7 such that (X, d) is complete and separable.

Definition 1.3 (|Oxt70]). Let (X, 1) be a topological measure space. u is non-atomic if

u({z}) = 0 for each z € X.

Definition 1.4 (Push Forward Measure, [ABS21, p.4|). fup is the push forward measure,

of a Borel function f: Z — Y on the measure y € M(Z) such that
f4n(B) = u(fN(B),  VBeB(Y). (1.5)

Proposition 1 (Change of Variable Formula, [ABS21, Proposition 1.7]). For any Borel

function f: X — Y and any Borel function ¢ : Y — [0, 0], one has

f bd(fn) =f (60 ) dp. (1.6)
Y X

Proposition 2 ([ABS21, Proposition 1.8]). For any Borel function 7' : X — Y, one has

Ty = v if and only if

f Sdv :f (GoT)du, Ve Cy(Y). (1.7)
Y X

1.3.2 Absolute Continuity

The foundational concepts of absolutely continuous curves are thoroughly discussed in
the literature, particularly in Chapter 1 of the book by [AGS05, Chapter 1| and Section 8.1
of the seminar paper by [LMS18, Section 8.1|. In this subsection, we summarize the key
definitions as presented in these works.

Let (Z,dz) be a metric space and I be a time interval in R. Then v : I — Z is an

absolutely continuous curve, i.e. v € AC(I; (Z, dz)), if there exists g € L'(I) such that

t1

dz(’y(to),’}/(tl)) < J g(t) dt, Vto,t1 €1, ty <t. (1.8)

to

12



If g € LP(I) for some p € (1,00], then v € AC?(I;(Z,dyz)). Its metric derivative ||q,, is the

Borel function defined by

7], (£) = Tim sup 220+ 1), (0)

1.9
h—0 |h] (19)

and by [AGS05, Theorem 1.1.2], the lim sup is a limit for £!-a.e. points in L.
If Z is complete and separable, then AC? (I; (Z, dZ)) is a Borel set in the space C(I;Z)

endowed with the topology of uniform convergence.

1.3.3 Length Space and Geodesic Space

This subsection is a summary from the book [BBIO1, Chapter 2|. Let X be a topological
space and A be a class of admissible paths, which is a subset of all continuous paths in X,
such that A is closed under

1. restrictions: if 7 : [a,b] — X is an admissible path, so is ’y’[c’d] for any a < c<d<b.

2. concatenations: if ’Y’[a,c] and ’y\[c’b] are admissible paths, so is Y[q,)-

3. linear reparameterizations: given a homeomorphism ¢ : [¢,d] — [a,b] of the form

o(t) = at + B, if v : [a,b] — X is an admissible path, so is the composition 7 o ¢(t).
Then a length structure on X is the class A, together with the length of path L : A —
R4 U {o0}. Let the space X be associated with this length structure, we can define a metric
dr, between two points x,y € Z to be the infimum of lengths of admissible paths connecting

them:
o) =t {20)]7: [08] Xy e Anfa) = 2a®) =y} (110)
Then (X, dr) defines a length space.

Theorem 3 (|[BBIO1, Theorem 2.7.6]). Let (X, d) be a metric space and 7 : [a,b] — X be

a Lipschitz curve. Then the length of the path is

b
L) = | Wlate) de. (1.11)
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Continuing with [AGS05, Section 2.5|, a curve v : [a,b] — X is a shortest path if and
only if L(y) = d(y(a),~(b)). If X is a length space, a curve v : I — X is a geodesic if for
every t € I, there exists an interval J containing a neighborhood of ¢ in I such that | is

the shortest path, i.e. for every [to,?1] < [a,b] < I,

dz(v(to),v(t1)) = |t1 — to| - dz(v(a),v(b)). (constant speed)
Moreover, a curve v € AC?(I; (X, dy)) is a geodesic if and only if

1
fo W2 (1) dt < d%((0),4(1). (1.12)

We denote by Geo(X) < C(I; X) the closed subset of all the geodesics.

Definition 1.13 (Geodesic Metric Space, [ABS21, Definition 9.12|). A metric space (X, d)

is geodesic if for all z,y € X, there exists v € Geo(X) with v(0) = z and v(1) = y.

In this context, the geodesic space is considered complete if every pair of points at a

finite distance can be connected by a geodesic.

1.3.4 Continuity Equations

Fix T > 0. Define a triplet (u(t, z),v(t, ), w(t, )) to represent the mass distribution,
velocity, and rate of growth of an object at a given time ¢ € [0,7] and position = € R?,
respectively. The continuity equation with a reaction term (CE) is a partial differential

equation such that

Opu(t,x) + V- (v(t,z)u(t, @) = wt,z)u(t,z) in (0,T) x RY (1.14)

in the distributional sense, denote by D’((0,T) x R%), i.e., for any test functions ¢ €
CZ((0,7) x RY),

T
J J <8t<p(t, x) +v(t,x) - Vep(t,x) + w(t,:c)go(t,x)) w(t,dx) dt = 0. (1.15)
0 JRd

Informally, vu represents the momentum at (¢,2), and wu describes the mass created or

destructed at (¢, ). See Appendix A for the proofs of the following statements.
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Proposition 4. Let t > py : (0,7) — M(R?) be a weakly continuous curve. If t — v, :

(0,7) — R and t > wy : (0,T) — R satisfy

T T
JJ‘M@Mmmﬁ<w wd.ff\wmmM@ﬁ<@ (1.16)
0 JR4 0 Jrd

then the following facts are equivalent:
1. (pu,v,w) solves (CE) in (1.14).

2. for any ¢ € C%(R9),

d
% de ¢d/,Lt = J;Rd <ngb - U+ ¢wt) d,ut (117)

This result is generalized from [ABS21, Proposition 16.3].

Proposition 5 (Existence and Uniqueness of Solutions to the Continuity Equations).
These results are generalized from [AGS05, Section 8.1] and [Manl7, Section 3|. Let
t > g 2 (0,T) — M(R?Y) be a weakly continuous curve solving (CE) in (1.14) induced by a
Borel vector (v;)er and a scalar function (wy)ser.

(i) If v satisfies

T
f (sup lvg| + Lip(vt,Rd)>dt < 0 (1.18)
0 \ Rd

and w be a Borel bounded and locally Lipschitz continuous (with respect to x) scalar
function. Then there exists a unique g such that (u, v, w) solves (1.14) and p; is given

by the explicit formula, p; := (X¢)x(Aip0), where Xy and A, are the unique solutions

of
Cauchy problem ‘ Leibniz formula
%Xt = Ut(Xt) %)\t = wt(Xt))\t
XO(-%') = )\0(1‘) =1

and t — p; is continuous, followed by the continuity of ¢t — X3

(ii) (Approximation by regular curves) Given p > 1, and suppose that v and w satisfy
T T
jJ|MMMWMﬁ<w wd\[fhmmwm@ﬁ<w (1.19)
0 JRd 0 JRrd
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Let (p:) be a family of strictly positive mollifiers (e.g. ps(z) = ————e~ 2 ), then

(vepir) * pe - (wipy) * ps>

(/stvavws) = (:ut*p ) )
e oo i

solves (1.14) where ¢t — p§ is continuous and it satisfies the uniform bounds

1 1
J}Rd (\vﬂp + 4]w§‘p> duy < J;Rd <|vt|p + 4\wt‘p> dpig. (1.21)

Moreover,

: P _ p : E|P _ p
il_{% lvg HLP(dpi) = “UtHLp(dm) and il_{% g “Lp(ui) = HthLP(ut)' (1.22)
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2. Balanced Optimal Transport

This chapter provides an overview of the classical optimal transport problem, which
involves determining the minimum total cost required to transport between two probability
distributions, each with a total mass of 1. We will focus on summarizing the principal

problems associated with balanced transfers in optimal transport.

2.1 Monge Problem

Monge’s problem revolves around computing the optimal map that minimizes the cost
of transporting a specified mass distribution from one location to another. Given an initial
measure p € P(X), a target measure v € P(Y), and a Borel cost function ¢: X xY — [0, 00),
representing the cost to transport a unit of mass from x to y, the Monge problem is

formulated as

inf { JX c(z, T(x)) du(z) : T: X — Y Borel, Tup = ,,}7 (M)

where the infimum is taken over all push-forward map 7', called Monge map. We denote
by C,(T) the transport cost {y c(z,T(x)) dp(x). The minimum may not be attained, for
example, when p is a Dirac measure but v is not, in which case the Monge map does not

exist.

Theorem 6 (Existence, Uniqueness in R, [ABS21]). If u,v € P(R) and p has no atoms
(or g « L), then there exists T : R — [—o0, 00] non-decreasing pushing y into v and any
other map S with these properties coincides with 7" on spt(u), with at most countably many
exceptions.

If c(z,y) = é(Jly — z|) with ¢ : [0,00) — [0,00) convex and non-decreasing, and if

Cu(T) < o0, then T is an optimal map. If ¢ is strictly convex, then T is the unique map.
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2.2 Kantorovich Problem

Kantorovich’s problem seeks to determine the optimal transport plan between two
probability measures, offering a more general perspective on optimal transport issues
compared to Monge’s problem. While Monge’s problem revolves around mapping each point
from one measure to a point in another, Kantorovich’s approach allows for a more flexible
“splitting” of mass, facilitating transport from a point in the source measure to multiple
points in the target. This problem involves not only finding the most cost-efficient way to
transport mass but also ensuring feasibility in scenarios where Monge’s problem does not
provide solutions, thus expanding applicability to a broader array of transport issues.

Firstly, we introduce the set of transport plans from € P(X) to v € P(Y), defined as

D(p,v) = {71‘ eP(X xY): (px)pm = p, (py)pm = 1/}, (2.1)

where px : X xY — X, py : X xY — Y are projections maps. I'(u, V) is not empty, since
uwxvel(u,v). Forany Ax Be X xY, m(A x B) represent the mass transported from

the locations in A to B. Then Kantorovich’s problem is defined as

inf { ny c(a,y) dr(z,y) : 7€ Dy, y)}. (K)

Denote Optg (1, v) by the set of all optimal transport plans 7 for the Kantorovich problem.
We also denote by C(m) the transport cost {y - c(x,y) dr. If there exists an optimal
Monge map 7" of C,(T"), then mp := (id, T') 4 gives a lower transportation cost than Monge

problem since

inf < Clrr) = [ e T(@) du(e) = Cu(T) = i

Theorem 7 (Existence, [ABS21]). Let X and Y be Polish spaces and ¢ : X xY — RT u{+o0}

be lower semi-continuous. Then the minimum in (K) is attained.

According to [Oxt70], in the Polish setting, the presence of Monge maps from u to v

requires that p is non-atomic. Building on this foundation, [Pra07] identified the optimal
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conditions under which the infimum of Monge’s problem aligns with the minimum of

Kantorovich’s problem.

Theorem 8 ([Pra07|). Let X and Y be Polish spaces. If y is non-atomic and ¢: X x Y —
R* U {+00} is continuous, then

inf = min.
(M)  (K)

2.3 Dual Problem

The dual problem is finding a pair to maximize the cost, which always produces no
higher cost than the primal problem — Kantorivich’s problem. Assume that X and Y are

Polish spaces. For any p € P(X),v € P(Y), the Dual problem is defined as

s [ @ [ swaw) 22

where the supremum is taken over the set I. where

I {(Wb) e Lipy(X) x Lipy(Y) : é(z) + $(y) < c(a y>}

Theorem 9 (Duality, [ABS21|). For any cost function ¢ € Lipy(X x Y),

min = sup duality
K) (22 ( )

where the supremum in (2.2) is a maximum attained by a bounded and Lipschitz pair (¢, ).

More specifically, given an optimal transport plan 7 of (K) and fixing (x,yo) € spt(7),

¢(x) := inf {C(x,yN) —clzn,yn) + c(xn,yn—1) — ... + c(x1,%0) — C(ffo,yo)}v (2.3)

where the infimum is taken over all N > 1 and { Ti, Yi) } € spt(), and
Y (y) := inf {c(x, y) —¢(z) 1z € X}. (2.4)

By establishing duality and thanks to [[Bre91], [KS84]|, the uniqueness of the optimal

transport plan of (K) is thereby confirmed in the following theorem.
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Theorem 10 ([ABS21, Brenier, Knott-Smith]). Assume that X =Y = R? ¢(z,y) =
31z —yl?, pv e Py(RY) and p « LY.

(i) Then the problem (K) has a unique solution © = (id,T)4p where T' = V¢ and
¢ : RY — (=00, 0] is a lower semi-continuous convex function differentiable y—almost
everywhere.

(ii) If ¢ is convex, lower semi-continuous, differentiable p-almost everywhere with |Vo| €
L2(RY, 11), then T := V¢ is optimal from p to v := Ty € Pa(RY).

(i) if v « L4, denoting by TH™Y (resp. T"7*) the unique optimal transport map between
w and v (resp. v and p), we get that

T'>HoTHFY = id prae. in RY, THY o TV>F  peace. in RY.

Remark 2.5. If (¢, ¢) is the optimal solution of the dual problem, then ¢ is 3|z|> — ¢(x).

2.4 Wasserstein Distance

The optimal transport problem can be used to endow P,(X) for any 1 < p < o0 with a
natural metric structure. Many metric properties (separability, compactness, completeness,
geodesic, nonbranching, lower bounds on sectional curvature) can be lifted from X to Pp,(X).
In this section, assume that (X, 7) is Polish, then there exists a distance d on X inducing 7
such that (X, d) is complete and separable.

According to [ABS21|, the Wasserstein distance in P,(X) is a Kantorovich problem
when c(z,y) = d(z,y)? for p € [1,00). More specifically, given pu € P,(X),v € Pp(X), the

Wasserstein distance W), in Pp(X) is defined as

WpGn) s win{ [ dGey) dnto) s 7 e )| (W)

x X

and the extended distance W, is defined as

Wio(pov) = it { o)l < 7 € ) (W)
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Remark 2.6 (Wasserstein Distance in P2(R?)). The Euclidean space R? is endowed with

Euclidean distance. For y,v € Py(RY),

W2(p,v) = min { f |z —y|?dr(z,y) : 7 e T(u, 1/)} (W)
R xR4

According to [ABS21], for p > 1, if (X, d) is a metric space, (Pp(X), W),) is a metric
space. If (X,d) is a complete metric space, (P,(X), W)) is complete as well. If (X,d) is
compact, then (P,(X), W,) is compact. If (X, d) is Polish, then (P,(X), W)) is separable.

If (X, d) is a geodesic space, then (P,(X), W) is geodesic as well.

2.5 Dynamic Formulation of Wasserstein Distance

The optimal transport plans of Kantorovich problem establish the origin and destination
points of a transportation process. However, these plans alone do not provide a comprehensive
understanding of the intricate mechanisms underlying the movement and transformation of
mass during transit. By delving into the concept of absolute continuity, we can elucidate
the trajectories employed for mass transfer. These trajectories manifest as curves within a
geodesic space. With the pre-background in Preliminaries, leveraging an action functional
Aj, [ABS21] introduced a dynamic formulation of the Wasserstein distance in P2(X). This
dynamic formulation quantifies the total cost expended in transporting mass along all
conceivable curves.

More formally, let I = [0, 1] be the time interval and e; : C'(I; X) — X be the evaluation

map defined by e;(y) := 7(t) for any ¢ € I.

Definition 2.7. The Dynamic Formulation of the Wasserstein distance W5 between

w, v € Pa(X) is given by

win{ [ a0) i) s e PO, (o = s (egn =v} (28)
C(I:X)

where Ay : C(I; X) — [0, 0] is the action of a curve defined as

1y, . ‘
As(v) = {SU I3t dt  if v e AC(I; (X, d)) .
—+00 else
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We denote by OptGeo(p,v) < P(C(I; X)) the collection of optimal geodesic plans from g

to v of the dynamic formulation in (2.8).

This dynamic framework is an equivalent formulation of Kantorovich’s problem, stated

in the following theorem.

Theorem 11 (|[ABS21]). If (X, d) is a Polish and geodesic metric space, then the dynamic
formulation in (2.8) is equivalent to the Kantorovich problem in (K).
In addition, n € OptGeo(p,v) if and only if 7 is supported in Geo(X) and (eg, e1)xn €

Opt g (p,v), an optimal transport plan of the Kantorovich problem.

2.6 Absolutely Continuous Curves in a Probability Space

This section aims to characterize a time-independent curve (p)er € C(I;P(X)) connect-
ing two measures (g, 111 € P(X). Building on this, [ABS21] investigates a lifting relationship
between the absolutely continuous curves in a probability space, metricized by the Wasser-
stein distance, and a dynamic plan within absolutely continuous curves in a metric space
(X,d).

Due to [ABS21, Lecture 10|, a dynamic plan n € P(C(I;X)) is a lifting of a curve
pe o I — P(X) if (er)un = p for all t € I. The theorem presented below demonstrates that
any absolute continuous curve in a probability space metricized by Wasserstein distance

induces a dynamic plan.

Theorem 12 (|Lis06, Theorem 5|). Let (X, d) be a complete and separable metric space.
If piy € ACP(I; (Pp(X),Wp)) for p > 1, then there exists n € P(C(I; X)) such that

1. n is concentrated on ACP(I;(X,d)), i.e. n(C(I; X)\ACP(I;(X,d))) = 0.

2. (er)yn =y for all t e I.

3. |u’]€vp (t) = SC(I,X) [v'|B(t) dn(v) for £'—almost every t € 1.

Building upon this foundation, [Lis06] extended these findings to the geodesic of P,(X).
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Theorem 13 (|Lis06, Theorem 6]). Let (X, d) be a complete and separable length space.
A curve (fus)ser is a constant speed minimizing geodesic of P, (X) if and only if there exists
n e P(C(I; X)) such that

1. n is concentrated on G where

G:= {'y : 1 — X : 7 is a constant speed minimizing geodesic of X}. (2.10)

2. (er)yn =y for all t e I.

3. W;?(/fLOa ,U:1) = SC(I;X) dp(7(0)7 7(1» dn(V)

In their published book, [ABS21] more clearly outlined the relationship between the
geodesic in Py(X) and its lifting. They noted that necessary conditions are required to

guarantee the uniqueness of the geodesic and its lifting.

Theorem 14 (Stablitiy of the Geodesic Property, [ABS21]). If (X, d) is a geodesic metric
space, then (Pa(X), Wh) is geodesic as well. More precisely, any n € OptGeo(ug, j11) induces
a constant speed geodesic py = (e;)xn in Po(X) from po to pi. Conversely, for any

pt € Geo(P2(X)), there exists a (possiblt nonunique) lifting 7 € OptGeo(po, p1)-

Proposition 15 (|[ABS21, Proposition 10.9]). Let (X, d) be a geodesic metric space. Fix
o, 1 € P2(X) and assume that there exists a unique optimal transport plan 7 € I'(uo, 11)
and that m—a.e. (z,y) € X x X are joined by a unique constant speed geodesic I'(z,y) €
Geo(X). Then there exists a unique 7 € OptGeo(uo, p11), given by I'ym, and a unique

i € Geo(P2(X)) connecting po and g1, given by (eq)4n.

Corollary 16 (Uniqueness of Geodesics in P2(R%), [ABS21]). Assume that pg, i1 € Po(R?)
and po « £2. Then there exists a unique n € OptGeo(pg, 1) and a unique constant speed
geodesic ji; € Geo(Po(R?)) joining pg and pug, given by

pe = (Ty) o, (2.11)

where T' = V¢ is the optimal map from pg to p1 and T3 is the interpolated transport map

Ty i= (1 — t)id + tT.
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2.7 Benamou-Brenier Problem

In their seminal work, [BB0O] introduced an innovative framework within continuum
mechanics for the Wasserstein distance Wy in PQ(Rd). This framework presents a dynamic
perspective, offering a time-dependent interpolant (¢, ) that transports from the initial
measure o and the target measure ;. Additionally, it provides a velocity field v(t, x) that

facilitates mass movement while adhering to the continuity equation:

orp(t, ) + V- (v(t, z)u(t, z)) = 0. (2.12)

From a computational point of view, this novel formulation brings significant advantages to
numerical solutions. It introduces convexity through the incorporation of the time variable,
and notably, the continuity constraint remains linear, streamlining the computational process,

which may be used for applications in computational vision.

Theorem 17 (Benamou-Brenier Formula). For all pg, 11 € P2(R?),

1
W2 (po, p11) = min { L JRd l(t, z)|? u(t, dz) dt : %u + V- (vp)=0in (0,1) x Rd} (2.13)

where the minimization is among all curve p : [0, 1] — Po(R?) continuous w.r.t the weak

topology.

In their work, [ABS21] provided a fresh perspective on proving the Theorem 17, distinct
from the methodology adopted by [BB00|. Moreover, they successfully established a
close correspondence between absolutely continuous curves in P2 (R%) and solutions to the

continuity equations. Fix the time interval I = [0,1].

Proposition 18 ([ABS21, Proposition 17.9]). Let ¢t — u; : I — P2(R?) be a solution
to the continuity equation in (2.12) induced by the vector field (v;)er and assume that

§3 §a ve(@)|? dug(x) dt < oo. Then pe AC?(I; (Py(RY), W) and

3, () < fRd (@) R dps(z) for Lloae. £ e (0,1). (2.14)
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Theorem 19 ([ABS21, Thereom 17.10]). Given pue AC%(I; (P2(R%), W3)), there exists a

velocity field (v¢)er such that p solves the associated continuity equation in (2.12) and

Wy, (£) = f lvs ()| dpg(x)  for L'-ace. te (0,1). (2.15)
R
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3. Unbalanced Optimal Transport

The unbalanced optimal transport problem aims to minimize the total cost of moving
an object from one location to another, accommodating variations in the initial and target
masses. This scenario differs from the balanced optimal transport scenario, where the
mass remains constant throughout the transportation process. The allowance for mass
variation in unbalanced transport often leads to a reduction in the overall transportation
cost. This chapter will delve into the unbalanced optimal transport problem between
two Radon measures, allowing for different total masses. The discussion primarily draws
upon the foundational work presented in [LMS16] and [LMS18|, offering insights into the

methodologies and results detailed within these studies.

3.1 Optimal Entropy-Transport Problems

[LMS18] developed a full theory of static formulations between non-negative and finite
Radon measures in general topological spaces, which is called the Entropy-Transport problem.
This problem addresses the challenge of determining optimal transport plans between two
measures when their total masses are unequal. It is constructed from the Kantorovich
formulation by adding the penalty of the deviation from p € M(X) and v € M(Y) to its
corresponding marginals mx := (px)x7 and 7y := (py ), respectively. By choosing convex

entropy functions F; : [0,00) — [0, 0], the Entropy-Transport problem is formulated as

ET(p,v) := inf { L( y c(z,y)dm + Fi(rx|p) + Fa(my|v) : me M(X x Y)} (ET)

The additional term in (ET) is a sum of penalizing functionals such that the entropy

functional F7 is defined as

Famxl) = fX Fy(o0) dp + (F),mk (X)

o1 = ——=, 7wx =ou+ny (Lebesgue decomposition),
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and the entropy functional F3 is defined as
Fo(myl|v) := J Fy(09) dv + (F)l my (V)
Y

dry

0 Ty =0 +my  (Lebesgue decomposition),
v

o9 =

where (F})., are their recession constants such that (F;)/, := lims_,q FZT(S) The Logarith-
mic Entropy-Transport problem, denote IET, is established by choosing a specific cost
function c as

log(1 + tan?(d)) if de[0,%)

c(x,y) :=l(d(x,y)) with £(d) := {—i—oo YN
Z 3

and entropy functions F;(s) := slog(s) — s+ 1 for ¢ € {1,2}. It is well-known that (p,v) —
A/ IET (u,v) defines a distance in M(X), which is equivalent to Hellinger-Kantorovich

Distance introduced in the next section.

3.2 Hellinger-Kantorovich Distance

From a geometric perspective, the Hellinger-Kantorovich problem is approached as the
minimization of a balanced optimal transport problem between two measures within a cone
space. Before presenting the definition, it is essential to first introduce the concept of a cone

structure.

3.2.1 Cone Structure

The construction of cone space is cited from [BBIO1, Section 3.6.2] and [LMS18, Section
7]. Let the space X be endowed with a metric d. A cone € over a topological space X is the

quotient space of ) := X x Ry, i.e. € =)/ ~, where
Yy, = (i) €Y, y1~y2 < ri=r9=0 or r =79, ] = Z3.

Any element in € denotes as § = [x,r] together with the vertex o = [z,0] for all x € X,

where the complement of the vertex is €, = €\{0}. We endow € with a topology 7¢ induced
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by a cone metric dg given by

dg(91,92) 1= r{ + 713 — 2r172 cos(dx (1, 22)) (3.1)
= (r, — 7~2)2 + 4riry sin2(dg(:1:1, x2)/2) (3.2)

and dz (21, 22) 1= d(21,22) A 5. The metric da([z1,], [%2,-]) is 2-homogenous, i.e.

™ T2

d%([azl,rl], [z2,72]) = d%([azl, ;], [z, ;]) 02, Yo > 0. (3.3)

A neighborhood of the vertex o, shown in Figure 3.1, is

{ne€:de(o,y) <e} ={[z,r]:0<r<e}, e>0. (3.4)

d@(070)

¢

FIGURE 3.1: A neighborhood of the vertex o

Under this setting, (€, 7¢) is a Hausdorff topological space and (€, dg) is a complete
separate metric space known as Polish space if (X, d) is. In [BBIO1, Section 3.6.2|, if (X, d)
is a geodesic (resp. length) space, then also (€, d¢) is a geodesic (resp. length) space.

Furthermore, the product space )V = X x Ry can be projected to the cone space € via
the map p : ) — € where p(x,r) = [z,r]. Conversely, we can project € to ) by the inverse
projection y : € — Y of p, which obtained by fixing a point T € X, then y = (x,r) where

r:¢ >Ry, rlx,r]=r, (3.5)

if 0
x:€—> X, x[z,r]= Sf ?T>’ (3.6)
z iftr=0.
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3.2.2 Wasserstein Distance and Homogeneous Marginals

This subsection will explore projecting the measures from a cone space to a regular
space, with definitions from [LMS18]|. Denote by €®V the product spaces and § = (n;)¥ | =

zi,73])V, the element in €®N. We equip €¢®V with the metric
9 =1 q

v :
d¢<n',n”>=<2d%<n;,n;'>), for oy = ()Y, and o’ = ()Y, (37)
=1

Let p : €®N — ¢ be the projections on the i-th coordinate.

Definition 3.8 (L2—Kantorovich-Wasserstein distance Wy, ). For any vy, s € Mo (€),

Wg@(yl, v9) := min {f da(n1,92) da(n1,92) : a € M(C x €), p;#oz = I/i}, (3.9)
¢

x €

and Wy, (v1,12) = 400 if v1(€) # 12(€). Denote Optw,, (1, ) by the set of optimal transport

plans for Wg@ (v1,12).

We can extend the projection maps r in (3.5) and x in (3.6) to a product space €V by

r;: Q:®N — [0, OO), F,L(l]) = F(l)l) =T, (310)
xi: €N — X, xi(9) := x(n;) = @, (3.11)

and also the projections p = p®V : YON _ ¢®N and the liftings y = yOV : ¢®V _ YON,

Consider a plan a € M(€®V), we say that a € Mo(€®V) if

N N
L@N b5 do < 0, where [pf3 = Y ri(n)* = Y r]. (3.12)
i=1

i=1

Any measure a € M(€®N) can be projected onto a measure in M(X;), via h2a € M(X;),

for any i € {1,..., N}, where the homogeneous marginals are defined by

b2 : M(E®V) > M(X;), b?:= (x;)xr?, Vie{l,...,N}, (3.13)

and the notation h? = (x)4r? is used when N = 1. The function r; scales the measure a,

and then the function x; projects the cone space €®V onto the space X;.
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If 9 : €N — (0,00) is a Borel map in L?(¢®V a), we can define a scaled transport plan

by dilation, dilyoa := (prdy)4(92a), where

(prdy(v)), :=vi- ((9)) " = [, @]‘ (3.14)
For example, if N = 2 and y = (91, 92) € €92, then
— (T =27 . 27, .
prdﬂ(‘)) - ([ 1 19(1))]7[ 25 19(0)]) (3 15)

Thus, the homogeneous marginals is invariant w.r.t dilation, h? (dﬂﬁyz(&)) = f]?a, i.e. for

any o € B(X;),

f so(mi)d[h%(dnﬁ,ga)]:f () d[h20]. (3.16)
X;

3.2.3 The Hellinger-Kantorovich problem

Definition 3.17 (The HK Problem, [LMS18|). Given pui,pu2 € M(X), the Hellinger-

Kantorovich problem is defined as

HK? (1, pi2) := inf U da(v1,92) da(n1,92) : a € Mo(€ x €), h?a = u} (3.18)
¢

x &

where the marginal constraint hZa = y; holds w.r.t the weak topology: For any ¢ € Cj(X),

f o) dyig(a) = f (i) 12 da([z1, 71], [, 72]). (3.19)
X Cx¢

We denote Optyg (11, p12) by the set of all optimal plans o for HK?(ji1, po). And the existence

of a minimum is guaranteed in Theorem 21.

It is shown that HK defines a metric in M(X) and (M (X), HK) satisfyies many metric
properties. If (X, d) is separable, then (M (X), HK) is as well. If (X, d) is complete, then
(M(X),HK) is complete. Moreover, (M(X), HK) is a length (resp. geodesic) space if and

only if (X, d) is a length (resp. geodesic) space.
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Lemma 20 ([LMS18, Section 7.3, Section 5.2]). Let € = €®2, Given any a € My(€) with

a(€) > 0. If the scaling size is chosen as

1 |U|2 if |‘)|2 7 07 (J 2 >2
I(y) = — EES da + «a =0)]| , 3.20
(U) T {1 if |U|2 = 0, r ’0|2 (‘U|2 ) ( )

then we obtain a rescaled probability measure & := dily s with the same homogeneous
marginals as o and concentrated on €[r.]| := {§ = (91,92) € € : |[y|2 < 74}

a € Po(€), h7a = bia, a(€\€[ry]) = 0.

Remark 3.21. Since the transport from the vertex to vertex has no physical meaning and

ci(o7 0) = 0, then we can restrict the transport plan & = a!e\(u 0)’ then
Ty = (J\q]%@) = .= R. (3.22)
Thus, we can obtain a rescaled measure & := dily o2& such that
a € Py(€), h7a = bia, a(€\€[R]) = 0.

where €[R] := {y = (91,92) € €: [y[2 < R}.

Due to Lemma 20 and that cone metric and the homogeneous marginals are invariant

under the rescaling, the Hellinger-Kantorovich problem can be reformulated as

HK? (1, p12) = min { Jd%(m, n2)da : e P(€), bla = i, a(€\E[R]) = 0}. (3.23)

Theorem 21 (Existence of Optimal Transport Plans for the HK Problem, [LMS18, Section
7]). For any 1, us € M(X), the Hellinger-Kantorovich problem always admits a solution
a € P(€) concentrated on €[R]|\{(0,0)}.

Corollary 22 (HK and Wasserstein distance on Pa(€), [LMS18, Section 7|). For every

1, p2 € M(X), we have

HK(p1, p2) = min {de(yl>y2) v € Po(€), by = Mz}- (3.24)

31



3.3 Dynamic Reformulation for the HK Distance

Let X = R? be endowed with the Euclidean distance d(z1,x2) = |1 — 22|. Fix a time
interval I = [0, 1]. In this section, we will obtain a characterization of absolutely continuous
curves 1 : [ — €, denoted by 7(t) = [x(t),r(t)], where r : I — [0,00) and = : I — X defined
as r(t) :=r(v(t)) and z(t) := x(y(t)).

If t — 7(t) is a continuous curve in €, then so is 7 in [0,00) and z in O, := {t € I :
r(t) € (0,00)}. Thus, according to [LMS18, Section 8|, any continuous curve v : I — € can

be lifted to y =yovy = (z,r) : [ — ).

3.3.1 Dynamic Interpretation for the Cone Metric

Aligned with the discussions in Subsection 1.3.3, the cone metric dg can be interpreted

as the infimum arc length of absolutely continuous curves (7;); between yg and 1,

1
dQ(UOaUI) = inf {J h/|d¢(t) dt : v E ACQ(I, (Q:7 d@))’ ’y(l) =, 1= Oa 1}7 (325)
0

where |74, (t) is the metric derivative,

lat) = fm 2O 2(0) 3.26)

Let YV := X x Ry. [LMS18, Section 8] introduced a set of continuous curves such that

C(I;Y) = {y = (x,r) :re C(I;Ry), x|OT € C’(OT;X)}, (3.27)

and a set of absolutely continuous curves such that for p > 1,

ACP(I,Y) = {y = (2,7) : 7€ ACP(I;Ry), z|,, € ACY

loc

(Op; X), r|#| LP(OT)}. (3.28)

Ify = (x,r)€ A\é’p(I; ), we define a Borel vector field 3/ : I — R4*! by

S () = (r(t)z(t),7(t)) if r>0,4,7 exists, (3.29)
(0,0) else ,
and the Borel map |¢/| : I — R™ by
r2|z|2 4+ |72 if r > 0,&,7 exists,
W {0 it it 530
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Lemma 23 (JLMS18, Section 8]). Let v € C(I; €) be lifted to y = y oy € C(I;)). Then
v = [z,7] € ACP(I; (€, d¢)) if and only if y = (z,7) € AC" (I;) and

Ve (1) = |¥/|(t), for Ll-ae. tel. (3.31)

Corollary 24. The cone metric in (3.25) is equivalent to

deworn) = it | f ) e} (3.32)

(90,91

where the infimum is taken over all curves (z,r) € I'(9o, 91) defined as
—~2
C(no, 1) := {y = (x,r) e AC (I;)), [z(i),r(i)] =i, i =0, 1}. (3.33)

By Jensen’s inequality, it is easy to verify that

o) = int | j P dr . (3.34)

(9o,91)

3.3.2 Optimal Curves in Cone Space

As per the definition of d¢ (9o, 91), the optimal curve ([z,7])te; with the shortest length
between 1y = [x0,70] and v; = [z1,71] is a straight line in a cone space. We are interested
in the explicit formulation of the optimal curves for dg given the initial and the target
values. Specifically, for points where d(zo,r1) < 7, it is possible to identify a curve

v = [z,7] € AC%(I; €) such that the infimum is realized, that is

1
(90, 01) = f /3. (t) dt. (3.35)

By absolute continuity, the condition for the infimum to be achieved is when |/|4, () remains
constant. Consequently, the optimal curve ([z,7])ws is a geodesic in this context.

For simplicity in notation, we will use 0(t) := d(zg, z(t)) and 61 = d(x¢,z1). According
to [LMS18, Section 8], to find z(¢) and r(t), we use the complex plane C and write the curve
z(t) = r(t)exp(if(t)) connecting zg = ro € C and z; = r1exp(if;) € C in polar coordinates
and z(t) = zo + H55 - 0(1).
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¢ C

Cone Space Complex Space in Polar Coordinates

F1GURE 3.2: Correspondence Between the Two Spaces

The figure in 3.2 shows the correspondence between the cone space and the complex

space in polar coordinates. Using the linear interpolation, we obtain

7“(25)2 = [((1 —t)ro + tr1 008(91)]2 + [tr1 sin(@l)]2

= (1 —t)%r3 + t2r? 4 2t(1 — t)ror cos(fy) (3.36)
1—t¢
cos((t)) = L= Dro* tr1cos(6) (3.37)
r(t)
We can verify the equality dz(9o, 1) = S(l) (r?|z|*> + |F|?) dt by computing
) 2
0) —
rz? + |7 = M +|7*  with ¢ := 71 cos(f;) — 7o
sin”(0)
= (rysin(61))? + 2 = 12 + 7 — 2rgry cos(6y). (3.38)

Definition 3.39. Given 1,91 € €, define a function ¥ : € x € — C(I; ¢) mapping the cone

points g and y; to an optimal and unique time-dependent curve between them, as

E(00,91) := (Ve)ter = ([Z(t),7(t)])sers (3.40)

where Z(t) = zg + =20 . §(t) such that 7(t),0(t) are provided in (3.36).

d(zo,21)

Lemma 25. Given 1o, n; € €, there exists a unique optimal curve 7 = (9o, 91) = [Z,7] €
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C(I;€) such that [2(0),7(0)] = no and [z(1),7(1)] = p1, and

1
02 (0,01) = fo 5/[2, (¢) dt.

3.3.3 Dynamic Formulation of HK problem

Similar to the approach outlined in Subsection 2.5, we can also dynamically interpret

the Hellinger-Kantorovich problem in (3.18). Assume that (€, 7) is Polish.

Definition 3.41. The Dynamic Formulation of the Wasserstein distance Wy, in M(€)

between vy, 19 € M(€) is defined as

D (n,02) = min{ [ o) i) 0 € PO, (cohgn =, (en)gn = ).

(3.42)
where Ay : C(I;€) — [0, 0] is the action of a curve defined as
o) = { gj Q'\ge(t) dt ;fl Sye.e AC(I; (€, de)), (3.43)
Denote Opt Dynyy e (v1,1v2) by the set of optimal dynamic plans for Dynyy e (v1,12).
Theorem 26. If (X, d) is a Polish and geodesic metric space, then
Dynw,, (v1,12) = Wi(ul, v2), where Wy, is defined in (3.9). (3.44)

Moreover, 7 € OptDandE(vl, vo) if and only if (ep,e1)yn € OpthQ. (v1,12) and 7 is sup-

ported in a set

{fy e C(I;€) : v = X(7(0),v(1)), where ¥ defined in (3.40)}, (3.45)
Proof. If a is an optimal transport plan of Wc%@ (v1,1v2), then we can choose 7 := Yxa €
P(C(I;€)) such that n is concentrated on a set defined in (3.45) and

j As(y) dn() = fd’*é(v(omm) dn() = fwdémo,m) do = W2, (1, v2).
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On the other hand, if 5 is an optimal dynamic plan of DandC (v1,12), let o = (ep, e1)un.

Then « satisfies the marginal constraints pi%oc = v; and

f Ao(y) dn(y) > f 02 (4(0), (1)) dn ()
C(I;2) C(1;¢)

= f dg(90,91) d(eo, e1)4n = Wi, (v1,12).
Ex¢

The first inequality is an equality if and only if 7 is supported on a set in (3.45) and the

second inequality is an equality if and only if (e, e1)xn € Opth(E (v1,19). O

Definition 3.46. With the equality in Corollary 22, we can generalize the Dynamic

Formulation of the Hellinger-Kantorvich distance HK between 1, o € M(X) as

Dyl ) = min [ 4o(3) ) e PICUL @),

62 o (e0) 41 = i1, B 0 (e1) y1) = Mz}- (3.47)

Denote Opt Dynyxk (111, pi2) by the set of optimal dynamic plans for Dynyk (141, p2).

Corollary 27. If (X,d) is a Polish and geodesic metric space, then
Dyngxc(p1, o) = FK?(u1, ), where HK is defined in (3.18). (3.48)

Moreover, n € OptDynyk (p1, p2) if and only if (eq, e1) 41 € Optyx (11, p2) and 7 is supported

on a set in (3.45).

3.4 Absolutely Continuous Curves in a Radon Space

Similar to Section 2.6, this section aims to characterize the evolution of a time-dependent
curve (pg)wer € C(I; M(X)) that links two measures, pup and gy, within M(X). The
exploration by [LMS18| extends to examining the lifting relationship between absolutely
continuous curves in a Radon space, where the metric is defined by the Hellinger-Kantorovich
distance, and a dynamic plan associated with absolutely continuous curves within the metric
space (€, dg).
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|[LMS18| expanded upon Theorem 12, by demonstrating that any absolutely continuous
curve (fu)ser in M(X), metricised by HK, can be written via a dynamic plan 1 as iy = h2n :=

h2o(er)un, where e; : C(I;€) — € is an evaluation map defined as e(7) := v(¢) = [z(t), r(t)].

Theorem 28 ([LMS18, Section 8.2]). Let (X, d) be a complete and separable metric space.

Given a curve p e ACP(I; (M(X),HK)), p € [1,00] with
1
© 1= Vi) + | lilsslt) (3.49)

Then there exists a curve v € ACP(I; (P2(€), Wy, )) such that
1. 14 is concentrated on €[©] for every t € I.
2. g = b%yin L
3. |1 (t) = |&/|w,, (t) for ae. t e (0,1).
Moreover, when p = 2, there exists a dynamic plan € P(AC?(I;€)) such that
1. ps = b?n = b2y in I where vy = (er) 4.

2. 11 Bac(t) = [V, (1) = Sy P (6) () for £1-ae. t € (0,1),

Building upon this foundation, [LMS18] extended these findings to the geodesic of
M(X).

Theorem 29 (Geodesic in (M(X), HK), [LMS18]). For every po, 1 € M(X),
(i) If (ut)ier is a geodesic in (M(X), HK), then there exists an optimal geodesic plan
n € P(Geo(€)) such that
(a) n-a.e. curve py is a geodesic in €.
(b) let vy := (e¢)4m, then t — vy : I — P(C) is a geodesic in (Po(€), Wy, ) and v is
concentrated on €[0] with ©2 = 2(uo(X) + HK? (o, p1))-
(c) pe = bin = b’y in L.
(d) (es,er)4n e Optax (ps, pe) if 0 < s <t < 1.
(i) If (X,d) is a geodesic space, for every o € Optpk (po, p11), there exists an optimal

geodesic plan 1 € P(Geo(€)) such that (eg,e1)4n = a.
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3.5 Generalized Benamou-Brenier Problem

In Section 2.7, a continuum mechanics framework for the Wasserstein distance W5 in
P2(R%) was established by Benamou and Brenier. This framework can be extended to
accommodate the Hellinger-Kantorovich distance HK in M(RY). To address mass variation
during transport, we introduce a scalar field w(t, x), representing the rate of growth, which
facilitates mass creation or annihilation. Coupled with a vector field v(¢, z), which drives the
mass movement, the mass measure u(t, z) evolves according to a continuity equation with
the reaction term in (1.14). Through this transport equation, the Hellinger-Kantorovich

distance can be interpreted as the minimal energy required for transportation.

Theorem 30 (Generalized Benamou-Brenier Problem, [LMS18, Section 8.5]). For any

o, i1 € M(R?), the Hellinger-Kantorovich problem in (3.18) is equivalent to
! 1
FK (49, ) = min {f | (|v<t, o)+ St x>\2) u(t, dz) dt}, (3.50)
0 Jrd

where the minimization is taken over a set

{p e C(I; M(RY) : Oy + V - (vp) = wp in 2'((0,1) x RY), pry—i = pgy i = 0, 1}. (3.51)

Similar to the Section 2.7, [LMS18| established a correspondence between absolutely
continuous curves in Ms(R?) and solutions to the continuity equation with a reaction term

in (1.14). Fix the time interval I = [0, 1].

Theorem 31 ([LMS18, Section 8.5]). Given p € AC?(I; (M(RY), HK)), there exists a
velocity field (v¢)wer and a scalar field (w¢)wer such that (u,v,w) solves the continuity

equation in (1.14) and

1
v, wy € L(j;)  and j (|vt|2 + 4|wt|2> dpy < |1 |fgc(t)  for Ll-ae. te (0,1). (3.52)
Rd

Theorem 32 ([LMS18, Section 8.5]). If u € C(I; M(R?)) is a solution to the continuity

equation with a reaction term in (1.14) induced by a velocity field (v;)er and a scalar field
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(wy)ser and assume that vy, wy € L2(u) for Ll-a.e t € (0,1), then p e AC%(I; (M(RY), HK))

and

1
I 3 () < JRd <]vt\2 + 4]wt]2> dug  for L'-a.e. te (0,1). (3.53)
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4. Modified Hellinger-Kantorovich Problem

Shown in Theorem 30, the Hellinger-Kantorovich problem has a characterization of
the Benamou-Brenier problem, which aims to determine the least amount of total energy
required to transport an initial distribution to a target distribution. This energy consists of
two main components: the kinetic energy from the movement of the mass and the energy
associated with changes in the mass itself. During transportation, the change in mass pu,
velocity v, and rate of growth w are governed by a partial differential equation known as
continuity equation in (1.14), given by o + V - (vu) = wpu. Given this framework, the
Hellinger-Kantorovich (HK) problem is formulated as in (3.50).

Let us introduce a modified variant of the HK problem, denoted as n#K?, which
incorporates a non-negative constraint on the rate of growth denoted by w > 0. This
constraint enforces a non-decreasing flow of mass, meaning that while the mass can either
remain constant or increase during transportation, it is not allowed to decrease at any point
in the process. This constraint provides a focused examination of transportation scenarios

where only mass accumulation or conservation is permitted.

Definition 4.1. If po(R?) < p1(RY) < o0, we define the modified Hellinger Kantorovich

problem as

K2 (jig, 1) :=  inf ” JRd <|vtac |w(t z)| >,u(t,dx)dt}, (4.2)

C5+ Ho:ul

where the infimum is taken over a set CE™ := C& EB 1] and for any T > 0,

CgiB,T](:uOv:ul) = {(,u,v,w) THE C([OaT]aM(Rd))a Ut, Wt € L2(:“’t)7
Orpr + V- (o) = wp in 2'((0,T) x RY)

w = 0on [0,T] x RY, ju—o = po, puer = Hl}- (4.3)

Else, if p0(R%) > p1(R?), nHK (uo, p11) := +00. Adding the constraint w > 0 makes niK

different from HK in (3.50).

40



Remark 4.4. Here, u € C([0,T]; M(R?)) refers to that u is continuous in the sense of
weak topology induced by the duality on M(R%). Shown in Theorem (92), the min for
the mHK problem is attained. Moreover, it is trivial that n#HK? > HK? since the optimal

solution for nHK? can also serve as the solution for HKZ.

4.1 Properties of the Modified HK Problem

Proposition 33. Suppose that there exists R > 0 such that spt(ug), spt(u1) < Bg(0).
Given (p, v, w) € CEY (o, pr1). With the imposition of the non-negative constraint w > 0, it is

implied that the initial total mass cannot exceed the target total mass, i.e. po(RY) < pu1(R9).

Proof. Let xgr € CX(R?) be a smooth cut-off such that 0 < yg < 1, [Vxg| <2, and xg = 1

on Br(0). By integration by parts, we obtain

Lrd
p(RY) — po(RY) > f Xrd(p1 — po) = f <dJ XR dut) dt = J xrw dp; = 0.
R4 0o \at Jgd R4

Corollary 34. When po(R?) = u;(R?),

IIH<2(”O>M1) = WZQ(M(]le)v (45>

where Wy is the Wasserstein distance defined in (17). The equality holds since the rate of

growth is 0, i.e. w = 0.

Definition 4.6. Given T > 0, define
T

T, (s v, w) = TL

[J lu(t, ) + i|w(t,$)|2 p(t, daz)}dt, (4.7)
R4

Fom (o)~ { [ ' [ o+ ot xm@,d@]%t}?. (48)

0

We will use J := j[o,l]-
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Proposition 35.

1) .

oK (110, 1) D ing {«7[0,T](Mav,w) t(p,v,w) € CEG (MOaMl)}, (4.9)
2) . ~
©iat { Ty, ) s (00 & Cfy o)} (110

The first equality is the time-rescaling version.

Lemma 36. Fix 71,7, > 0 and pick a triplet (ji,0,w) € CSEB Tl](,uo, 1), we can construct

a new triplet:

T
(fls, Ds, W) := (iks, ks, kilps) with k = TQ (4.11)
1
such that (i, 0,w) € C5E67T2] (o, pe1) and
‘7[07T1]('a’2~}’ U?) = t7[0,T2] (:[j’a "A}a’d)) (412)

Proof of Proposition 35. Let us prove the first equality in (4.9). Pick a triplet (g, v, w) €

CE'EEM] (o, p11) such that for any € > 0,

nH<2(/~L0a,u1) = k7[0,1] (ﬁvﬁvw) - &

then by Lemma 36, we can construct a solution (f, 0, w) € CEE&T] (o, p1) such that

nH{2(M07,U1> = k7[07T](,LA1,,lA),’uA)) — €.

The other direction is achieved by setting 77 = T and 15 = 1 in Lemma 36.

To prove the second equality in (4.10), we generalize the methodology used for the proof
of [DNS09, Theorem 5.4]. By Holder’s inequality, we have Jjo.1) = j[oj]. For the other
direction, pick a triplet (&, v,w) € CE'EB,T] (10, p1) and given 6 = 0, define

Ss(s) := f [5 + fRd <|ﬁ(t,x)|2 + i|u~1(t,:1:)|2> ﬂ(t,dx)];dt, Vs e [0, 11,

0

then S5(s) > 0 for all s,d > 0. Compute the derivative of S§ with respect to s,

2

sy = [+ [ (It + Jlateo ) ate.an)|
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we have that S5 > S > 0. Moreover, 55—1 exists and it is continuous since Sy is increasing
and continuous. Let z = S5(t), we have that t = S5 '(2) and dz = S§(¢) dt. We can construct

a triplet (g, 0,w) € CgE’(_),Sg(T)](MO’ p1) by
(s, 52) 1= <u S50, [sg<t>]—1wt).

Substituting the triplet, we obtain that Jj s,y (i2, ¥, %) is equivalent to

T

Ss(T) f

0

HW (‘[Sé(t)]lﬁ(t, z)|” + i![sé(t)]*lw(t, x)\2> jia (¢, dm)] Sh(t) dt.

Simplifying the equation, we have
0,551 (i 0, )
T

= S5(T) J

0

URd (\f)(t,a:)!? + ilw(u@ﬁ) fu(t, dx)} (S50 dt

T

< S5(T) fo [S5(6)]2 - [S}(0)] " dt

T
= S5(T) | Sy(t) dt = (1"
0
For any € > 0, there exists a small § > 0 such that Ss(7")? — So(T)? < e. Therefore,
Tio,55(7y] (i, 0, %) < S5(T)? < So(T)? + & = Jjo,1) (i, 0, D) + .
Due to the first equality in (4.9), we can conclude that

HH<2(,U07H1) = inf {tj[O,SE(T)] (v, w) « (1,0, w) € CSE&SE(T)] (,LLOaiqu)}

< inf {ti[O,T](:ua'an) (v, w) € C“:EB,T](,UO,M)} +e.

O
Proposition 37. niK is a quasi-metric, i.e. n#K does not satisfy the symmetric property.

Proof. 1t is trivial that the identity property holds. Let us show the triangle inequality, i.e.
for Moy M1, 12 € M(Rd)v

oK (110, p2) < oK (1o, p1) + oK (11, o).
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Except for when 1(R%) < p1(R?) < po(R?), it is trivial to show since the right-hand side

must be +o0. Fix Ty, Ty > 0. Given any € > 0, let (a°!, 3%, @) e Cé’[*O Tl](ﬂo’/ﬂ) be a

triplet such that

\/j[O,Tl] (1&’017 5017 ’lI)Ol) - IIH{(ILLO7 ,u’l) <g,

and ('%, 912, @12) e CEEB o] (u1, 2) be a triplet such that

\/j[o,TQ](ﬂm,@l?,’lDu) — K (1, p2) < €.

Then we can construct a new triplet

(402, 002, 02 = (At opt, wit) if t € [0,T1]
He Ve We ) 2= ~19 12 19 if T T, + T
(lut—Tl’Ut—prt—Tl) if t e [Th, T + T3]

such that (u92,v)% w?) e CSEB,TﬁTg](MO’ p2) and

IIH((/.L(), MQ) < \/j[O,Tl +7%] (/.LOQ, U027 w02)

= \/j[O,Tl] (/1017 ’5011 wOI) + \/j[O,TQ] (/]127 Q~}127 ’II)IQ)

< IIH((,uo,/Ll) + IIH((,U,l,/LQ) + 2e.

Definition 4.13.

G(MO ,ul) - lTH((/LO”U,]_) if MO(Rd) < Ml(Rd)v
, | mEK (p1, p0)  otherwise.

Proposition 38. G is a semi-metric. It satisfies the identity and symmetry properties, but
the triangle inequality

G(po, p2) < G(po, 1) + Gpr, o)

might fail. A counterexample will be given in the following remark.
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Remark 4.14. In the later Section 5.3.1, we can compute the mHK? between the Dirac

measures. Let pug = 40_1, u1 = &o, and po = 401.

G(po, o) = 0K (1o, p1o) = 4> 2-4/1+4—2-2-cos(1)
= oK (po, p1) + oK (1, o)

= G(p1, po) + Gpr, pa)-

4.2 Benamou-Brenier Functional

The nHK? problem poses challenges due to its non-convex nature with respect to the
variables (u, v, w). Furthermore, the continuity constraint, given by oy + V - (vp) = wp
introduces additional intricacies because of its non-linearity about the variables (u, v, w).
These properties make the development of numerical schemes more challenging. To address
these issues, we drew inspiration and generalized ideas from previous works in [Sanlb5,
Section 5.3.1] and [Chi+18a] for unbalanced transport.

Fix £ > 0 and let K, := {(a,b,c) € R x R x R : a + (]b]> + s?c?) < 0}. For
(z,y,2) € R x R x R, we can define

felz,y,2):= sup (az+b-y+ ck?2). (4.15)
(a,b,c)eK

Lemma 39. The function f is equivalent to

ly|24+K222

- if x >0,
fo(z,y,2) = 10 if (z,|y],2) = (0,0,0), (4.16)
+o0 otherwise,

and f. is 1-homogeneous, convex, and lower semicontinuous. Moreover, the subdifferential

of fi is given by

(= LB 2y 22y gy
Ofc =1 K if (z,lyl, z) = (0,0,0), -
(%] otherwise,
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Definition 4.17 (Benamou-Brenier Functional).

Bn(lu’awaC) = sup (418)
(a,b,c)eCy([0,1]xR%, K ;)

{ Ll JRd (a(t, z) p(t, dz) + b(t, ) - w(t, dz) + x2c(t, ) C(t, dx)) dt}_

Proposition 40. Suppose that Z = [0,1] x R%. The functional By is convex and lower
semicontinuous on the space M(Z) x M%(Z) x M(Z) for the weak convergence. Moreover,
the following property holds:

1. B, = 0.

2. The supremum in (4.18) can be taken over the space L*([0,1] x R%; K,,).

3. If p,w, « A, then
e p(t,dx) w(t, dx) ((t, dx)
BH(MawaC) = J() J]Rd fﬁ()\(l’?,dl‘)’ )\(t,dl')’ )\(f,dl’)) )\(t,dl‘)dt.

4. B, <+wonlyif p >0, w « p, and ¢ « p.

5. If 4 > 0, then

BuGuon o = [ [ (e + Jute.a? ) ey

1 |z

6. Given mollifying kernels p. (e.g. pe(z) = me pE
TE

)' Iflu’e::u*p67w€:w*p£7

and (7 = ( » pz, then By (%, 6, (%) < B, , ¢

Proof. If we treat (w, () as a unity, the proof is the same as the proof of Proposition 5.18 in

[San15]. O
Thanks to Proposition 40, we establish the convex formulation of mHK? (g, f11).

Corollary 41 (Convex Formulation of mHK Problem in (4.2)).

: 1 .
oK (g, 1) = inf  Bi(p, vp, —wp) = _inf  Bi(p,w, €), (4.19)
CE™ (po,p1) 2 CE (p0,11)
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where the constraint set é\é is defined as
CE o) 1= {(10,0) € < e CL0, 1 MRD)

O+ V -w =2¢ in 2'((0,1) x RY), (4.20)

¢=0o0n (t,x) € [0,1] x R, p— = po, pu=1 = Ml}-

Remark 4.21. The Benamou-Brenier functional B; is convex with respect to (u,w, ()
respectively, and the continuity constraint oy + V - w — 2¢ = 0 is linear. In Chapter 6, we

will develop the algorithms to numerically solve (4.19).
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5. A Variant of the mHK Problem within a Cone Setting

Recalling Corollary 22, the Hellinger Kantorovich problem is geometrically defined as a
minimal balanced optimal transport problem within a cone space. This is achieved by lifting
the measure from its regular space up to this cone space. Motivated by this framework, we
introduce a new variant of the modified Hellinger Kantorovich, denoted as nI-K%, which is
formulated within this cone space. Furthermore, we establish that n#K? is equivalent to
niK2. This equivalent formulation allows us to verify the existence of a minimum for the
nHK? problem. By leveraging this method, we successfully demonstrate that a minimizing

solution for the problem is indeed attainable.

5.1 New Cone Quasi-Metric

Drawing upon the principles established for the dynamic formulation of the cone metric
dg, we can extend our approach to devise a novel distance, denoted as J@ to measure the
separation between two points within the cone space, but with added constraints. Specifically,
we impose the constraint 7 > 0 on any feasible curve (z,r) within I'(ho, t1) defined in (3.33),
ensuring that the parameter r(t) remains non-decreasing in [0, 1]. Furthermore, we solidify
its static formulation by determining the optimal curve (z,r) that adheres to this constraint.

Let us introduce a new set of curves with a non-negative constraint,

(9o, 91) := {y = (x,7) € I'(no,n1), ¥ = 0 a.e. if 7 exists } (5.1)

Recall the definition of I'(yg, 1), we have r € ACP(I;R,) so 7 exists, representing that r is

non-decreasing within [0, 1]. Then we can define a new cone distance de by that

Definition 5.2. Given yy = [zg,r0] € € and y; = [z1,71] € €. If 79 < 7y, then

de(yo,m) = _in { j 1) de}. (53)

F (vo,m1)

where |3/|(t) is defined in (3.30), and if 7o > 1, then dg(no,91) := +00.
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By Jensen’s inequality, it is easy to verify that when rg < rq,

Rlow.on) o= in { j o) e (5.49)

I'(vo,h1)
Theorem 42. dg is a quasi-metric, i.e. de¢ does not satisfy the symmetric property.

Proof. It is obvious that the identity holds and symmetry does not hold. Now, let us prove

that triangle inequality holds, i.e. for any v, 91,1992 € €,

de(90,92) < de(90,91) + de(v1,92).

Except for when rg < r1 < ro, it is trivial to show since the right-hand side must be co.

Pick two curves (z°1,701) € T'(no,n1) and (z'2,7'2) € (91, 92) such that for any e > 0,

1
J |(r0 0L PON | dt < de(no,91) + and j [(r'2312, 712)| dt < de(91,92) + €
0

then we can construct

2 [0 (2t), 7 (2 f :
[:1302(t),T02(t)] = \/7 [$ ( t),’l" ( t)] orte [?a 2]7
V2 [22(2t —1),72 (2t - 1)]  for te (5,1].
such that (292,70%) € I'(yg, v2). Therefore,
B 1
de(n.ne) < [ 6%, 1) (0 de
0

! 1
=2 [0 (2t dt 2 [ 11217, 2t~ 1)
0 3

1 1
= [ e @ de [ @ i
0 0

de(90,91) + de(91,92) + 2¢.

Corollary 43. For any g, 11,92 € €,

min {de (90, 92), de(92,90) } < min {de(90,91), de(91,90)} + min {de(v1,92), de(92,91) }-
(5.5)
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5.1.1 Static Formulation of the Modified Cone Metric

Inspired by the observation that the shortest path between o = [xo,70] and 1 = [z1, 7]
corresponding to the cone metric dg is a straight line, we seek to investigate the shortest
path associated with our cone quasi-metric dg. Visualized in Figure 5.1, our assumptions
are that when rg < r1 # 0 and d(zg,z1) < cos_l(:—(l)), the shortest path from by to yp is
indeed a straight line. Conversely, if 79 < r; # 0 and d(xg,z1) > cos_l(:—(l)), the optimal
path first traverses along the arc with initial radius rg, and then continues directly along
the tangent line toward [z1,71]. To verify our assumptions, we will find a feasible curve

(z,7) € T(9o,91) and then show it is the only optimal curve between b and 1.

(a) when d(zg,z1) < cosfl(:—‘i) (b) when d(xg,z1) > cosfl(:—?)

FIGURE 5.1: The new cone distance J@(t)(], v1)

At first, we hope to find an explicit formulation of a curve (z,7) € f‘(ljg, 1), satisfying
our assumption, visualized in Figure 5.2, that there is a value £ € [0, 1] such that
e for t € [0,%], 7(t) = 0, or equivalently, r(¢) = ro, which means that it travels along the

arc with initial radius ro within the time interval [0, #].

o for t € [t,1], [y/|(t) = A/r2(t)|2(t)|2 + |7(2)|? is a constant, which means that it travels

along a straight line within the time interval [£, 1].
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points at ¢

¢

FIGURE 5.2: Curve Between 19 and 1; with Non-Decreasing Radius

To achieve that, we will use similar ideas discussed in Subsection 3.3.2. For simplicity
in notation, let 6(t) := d(xo,z(t)) with 01 = d(xo,x1). To find z(t) and r(t), we use the
complex plane C and write the curve z(t) = r(t)exp(if(t)) connecting zp = ro € C and
z1 = r1exp(if1) € C in polar coordinates and z(t) = zg + #5*¢ - 0(1). Figure 5.3 shows the

correspondence between the cone space and the complex space in polar coordinates.

¢ C

Cone Space Complex Space in Polar Coordinates

FIGURE 5.3: Correspondence Between the Two Spaces

Let 0 = 6, — cosfl(:—‘f). Using linear interpolation, we obtain that
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(i) When t € [0,1],

r(t) =7y and O(t) = tt 6. (5.6)

(ii) When t € [£,1], let s = = € [0, 1], then

—
Rt

r(t)? = [(1—s)ro cos(f) + sr1 (:08(191)]2 + [(1 = s)ro sin(f) + sr1 Sila(t91)]2

= (1— )12 + s2r? + 25(1 — s)rory cos(6; — )

= (1 — )23 + s%r% + 2s(1 — s)rg
= (1 —s*)rd + s*r? (5.7)
_0 -1 (0

0(t) = 0 + cos (r(t)) (5.8)

If such 7 exists, we can conclude that the construction of (z,r) satisfies that (z,7) € I'(9o, 91)

and

1
dg (90, 91) < L ly'12(t) dt.

The next step is to find # € [0, 1] such that the curve (z,7) obtained from above steps is the

only curve minimizing d(no,91), i.e.
1
o) = | w0 ar

Lemma 44. Given yg = [29,70] € € and v = [z1,71] € €. If 1o <7 # 0 and d(zg, z1) >

cosfl(:—(l)), then for any (z,r) € I'(o, 1),

Ll [y (t)]? dt = {TO (d(m’xl) oo (2)) VT Tgr i

and the equality holds only when (z,r) is given by that x(t) = zo + #5* - 0(¢) and
(i) for t € [0,%], r(t) and 6(t) are given in (5.6).
(ii) for t e [¢,1], r(t) and O(t) are given in (5.7).

where

z ro(d(zo, 1) — cos™ (%
i— o(d(xo, 21) (%)) | 510
o (d(CC(],l‘l) - COSfl(%)) + ’F% _ T(Q)
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Proof. Pick any t € [0,1] such that for ¢ € [0,%], 7(t) = 0 and for ¢ € [¢,1], 7(t) = 0. Denote
~ _ T‘O
A = rod(zo,z(t)) = ro (d(mo,xl) —cos ! (ﬁ)) and B =4/r}—r3. (5.11)

We can separate the integral into two parts,

| W) dt = ( | g | 1)|y'\2<t>dt.

For the first integral, by Holder’s inequality and absolute continuity of x w.r.t. Euclidean

norm, we have that
t t i -1 i 2
J 1y 12(t) dtzf 2|z [3(t) dt}r%(f 12dt> : <f || q(t) dt)
0 0 0 0
> ()7 rgd(zo, (1)) = (1)~ A%

For the second integral, by Holder’s inequality and the equivalent formulation of cone metric

dg in (3.32), we have

f; W 2(t) dt > <f 12dt) o (f 1v](8) dt>2

(1= dg (@), 01) = (1 -~ ' B~

\Y

Combining them, we obtain

f Iy [(t)dt = (£) T A% + (1 — 1)1 B? := f({).
0

f attains the minimum at ¢, where

te = (5.12)
and

|

2
f(ts) = (A+ B)? = [TO(G — cosfl(—)) + /72 — r%] . (5.13)

The equality holds when

N (P if te[0,7]
W|(t) = {(1 B ey = AT (5.14)

53



Proposition 45 (Static Formulation of Modified Cone Metric).
o If rog > 7y, CZQ‘(Uo,\)l) 1= +400.
o If 7o <71 # 0 and d(xg, 1) < cos™'(%2), then

dg(n0,91) = dg(vo,v1) = 1§ + 17 — 2rory cos(d(wo, 71)). (5.15)

o If 7o <7y # 0 and d(zo,x1) > cos_l(;—?), then

dg (90, 91) = {To <d($o,x1) —cos ! <m>> +4/72 — rgr. (5.16)

1

Proof. For some £ € [0,1], let (Z,7) be given by that #(t) = 2o + HGE 0(t) and

(i) for t € [0,], #(t) and 6(t) are given in (5.6).
(i) for t € [£,1], 7(t) and A(t) are given in (5.7).

If ro <71 # 0 and d(xo, 1) < cos_l(%’), then

1
fo 1 2(8) dt > d2 (0, 1),

and the lower bound is achieved by (#,7) when £ = 0. If ro < r; # 0 and d(xo, 1) >

cosfl(:—(l)), then by Lemma 44,

Ll /| (t) dt > {ro (d(azo,xl) — cos™! (:?)) +afr2 - rg]z, (5.17)

and the lower bound is achieved by (Z,7) when

ro(d(zo, 1) — cosfl(%))
.

ro (d(:z:o,ml) — cosfl(:—?)) +4/7% — s

t= (5.18)

O

—~2 -

To connect the optimal curve (z,7) € AC™ (I;Y) and [z,7] € AC?(I; (€, d¢)), Lemma 23
can be generalized as follows,
Corollary 46. Let (€, d¢) be a quasi-metric space and v € C/(I; €) be lifted to y = yoy €

C(I;Y). Then v = [z,7] € AC2(I; (€, dg)) if and only if y = (z,7) € ;1\(72(1; Y) where 7 = 0
if 7 exists. Moreover,

\*yllczc(t) =|y/|(t), for L'-ae. tel. (5.19)
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Definition 5.20. Given 1g, 1 € €, define a function Yi¢xe - C(I;€) mapping the cone

points y)g and y; to an optimal and unique time-dependent curve between them, as

S(00,91) 1= (F(O))ser = ([2(1), 7()])ser, (5.21)

where Z(t) = zo + dﬁo_i(l’) - O(t) such that 7(t),0(t) are provided in(5.6) and (5.7). Note,

(0, [y, 71]) = ([y, tr1])eer-

—~2
Lemma 47. Given 19,91 € €, there exists an unique optimal curve § = (z,7) € AC (I;))
between 1y and v, given in (5.6), (5.7), minimizing J%(t)o, 91). According to Corollary 46,

¥ =poy = [z,7] € AC?*(I;(€,dy)) is also the unique optimal curve of d%(l’)o, »1) such that

1
Foom) = | 1R, 0.

Proposition 48. J%([xo, -], [z1,]) is 2-homogeneous, i.e.

&([zo, o], [x1,71]) = d2([zo, %], 21, %]) 02 Vo> 0. (5.22)

Proof. 1t suffices to check when rg < r; # 0 and d(xg,x1) > Cos_l(:—(l’).

R L e € R

ry v v
= de([70, 0], [z1,71])-

O

Here, if we treat d? as a cost function on € x ¢, where the cone space € is endowed
with the cone metric d¢ defined in (3.1), then we can show that this cost function is lower

semicontinuous w.r.t. the cone metric dg.

Proposition 49. Let the cost function be ¢(yo,91) := (i%(l)o, 91). Then c is lower semi-

continuous w.r.t the cone metric dg, i.e. show that
0(0/07 Ull) < lim H}f C(UOa Ul)? (523>
Do—"Ng
n1—9]
that is, for every y < c(yj, b)), there exists a neighborhood U of (yj, ;) such that y <
c(no, 1) for all (no,91) € U.
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Proof. Given ¢ > 0, let

U. = {(00,1)1) € € x €:de(ni,v;) <e,i€ {0, 1}}

be a neighborhood of (0, v}). Fixing y < ¢(n(, v}), the goal is to find e such that y < ¢(vo, 1)
for all (o, 91) € U-. Observe from the definition of d¢ in (3.1),
da(vi,vl) = |ri — ri|* + 4 sinQ(dg(ari,x;)ﬂ) <e? Vie{0,1}

that we obtain |r; — r| < e and

. . 5
4rr) SIHQ(dg (z5,20)/2) < = sin(dz (wi,25)/2) < T — o

2! .
When e < %, we obtain

g
d(xia l’é) <=

Then for any (9o, 1) € U, when r; < 7!

77

(i) If d(zi, 2}) < cos™'(%), then

de(9i,0}) = de(vi,0}) <e.

(ii) If d(2;, a}) > cos (%), then

delor,o0) = o dCos ) = cos (5 )+ 42 - 7
i

In summary,

de(vi,n}) < 5y /rle.

Similarly, when r; > ., we get

de (v}, 19;) < By/rie < 5\/(7“; +e)e < 5\/27"25.

Therefore,
min {de(v;,v7), de (v}, vi)} < 10\/7"76.

Then
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! !
o™
4

(i) If v, > |, further choose € < , we obtain for any (9o,91) € Uk,

ro— 11 > (Té—E)_(T/1+5) >T6_T/1_2E>0'
Therefore, ¢(n(,n}) = 0 = ¢(yo, h1).

(ii) If r{, < r}, by Corollary 43,

1
de (90, 01) < de(vo, 1) + Y, min {de (s, 97), de (v}, 9:) }
=0

1
< de(no,91) + Z 10\/7"75'
i=0

Therefore, if we further choose

2

e < [<10§W> - (de (9o, v}) — x/ﬂ)] »

we have dg(no,91) >/ so that c(no,91) > y.

5.2 A Variant of mHK Problem within a Cone Setting

Similar to the original construction of the Hellinger Kantorovich problem defined in

(3.18), we also want to construct a modified variant on a cone space.
Definition 5.24 (Modified Hellinger Kantorovich Problem within a Cone Setting). Given
Hi, 42 € MQ(X)>

K (1, po) = inf{f d2(91,92) da(v1,92) : v € Ma(€ x €), h?a = iy, i = 1,2}.
¢

x €
(5.25)
We denote Optnixc, (11, it2) by the set of all optimal plans o for nHK3 (1, p2).
Proposition 50. Let € = €92 and €[R] := {y = (y1,92) € € : |y|]2 < R}. Then
obKG (1, p2) = inf J dg(91,92) da(v1,92) := C(a), (5.26)
aeS(p1,p2) Je

where S(p1, p2) = {a e P(€) : a(€\€[R]) = 0, 2 = pu;, i = 1,2}.
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Proof of Proposition 50. By Remark 3.21, we can obtain a rescaled measure & := dily 2cv
such that & € Po(€), h?a = hla, and a(€\E€[R]) = 0. Since di([z1,-], [z2,-]) is 2-

homogeneous, then

Jdg([ml,m] 22,72]) f [ ] [xg,q;(n;)])w?(t))Qda
f (21, 71], [, r2]) dov.

O

Theorem 51 (Existence of IIH(%) The nH{g: problem always admits an optimal solution
a € P(€) concentrated on €[R]\{(0,0)}.

Remark 5.27. a € P(€) concentrated on €[R]\{(0,0)} refers to the transport plan «

assigns no mass transported from the vertex to the vertex.

Lemma 52 (Tightness, [LMS18, Lemma 7.3]). Let {K;}}¥; be a finite collection of bounded

and equally tight sets in M(X). Then the set
{ae/\/lg(C@N) blae Ky, i ={1,. N}}

is equally tight in M (€®V).

Proof of Theorem 51. For simplicity, say S := S(u1, p2).
(i) S is compact w.r.t the weak topology since
(a) S is relatively compact: since sup,eg @(€ x €) =1 < 0o, then S is bounded and
by Lemma 52, S is equally tight in P(¢%?).
(b) S is closed w.r.t weak topology, i.e. the limit of any convergent sequence is
also in S. Suppose a,, € S — «ay weakly. Since €[R] is closed, then a, is
also concentrated on €[R]. Moreover, a, satisfies the homogenous marginals

h2a, = p;. Since x;, r; are continuous, then for any ¢ € Cy(X;),

| elepdmian) = [ ot ddas = lim | ptardda, = | () du.
X; ¢[R]

n=%0 Je[R] X;
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Therefore, ay € S.

(ii) the map o — C(«) is lower semi-continuous, i.e. if ay, — @, weakly, then

Clax) < liminfC(ay,).

n—0o0
For k e N, let ¢(9o,91) := J%(t)o,t)l) and

cr(om.00) = i { e, n) o b+ - e, o) + 6 dein.50) .

then 0 < ¢ < czr1 < ¢ A k and we can prove that ¢, € Lipy(€®?). Given
(95, 97), (95, v]) € €®2. For any ¢ > 0, there exists (§o,01) € €®? such that

ck(00,91) > ck (Do, 1) + & - de(90, o) + & - de(v’, 91) — €,

cx(00,91) < ck(Do, 1) + & - de(vg, o) + k - de(vY, 91).
Thus, by the metric property of dg,

ek (05, 1) — er(00, 1) < & - [de (b5, 90) — de (9o, o) | + & - [de (91, 1) — de(vr, 1)]
< k- [de(v5, 00) + de (91, 1)]-
Similar for g (0, 9]) — cx(vg, 7)., we obtain
lex (96, 97) — ex (9o, 1) < k- [de(vg, 90) + de (v, v1)]-

Since ¢ is lower semi-continuous, then ¢ 1 ¢ and ¢ = supy, ¢, for ¢ € Lip, (€®2). Thus,

n—0o0

liminf C(a,) = limiorolffck doy, = fck doy — C(ay).

The second equality is from weak convergence and the last one is by monotone
convergence theorem.

(iii) Since dZ([xo, 0], [x1,0]) = 0, then

| @0 r0) o1, 1) o
&
= f J%([xo, ro], [x1,71]) dovs + f J%([wo, 0], [z1,0]) dovs
€2\ (0,0) (0,0)

= f dz([z0, 7o), [z1,71]) dovs.
€®2\ (0,0)
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5.2.1 A Modified Variant of Wasserstein Distance

The L2—Kantorovich-Wasserstein distance Wy, in (3.9) can be generalized as follows:

Let p : €®N — ¢ be the projections on the i-th coordinate.

Definition 5.28. The modified Wasserstein (extended) distance W;_in P2(¢), induced

by the quasi-cone metric Jg, between two measure vy, s € Pa(€), is defined as

W§€(V1, v2) 1= min { Jdi(m,nz) da(hi,92) s a € M(€ x €), plya = Vi}; (5.29)

and WJQ(I/l, ve) = +0 if v1(€) # v2(€). We denote Optw . (v1,12) as the set of all optimal
<

plans « for Wg (v1,12).
<

Proposition 53 (mHK and Wasserstein distance W; -on P3(€)). For every p1, pp € M(X),

we have

IIH(g(,ul,lug) = min {WCZQ (Vl, I/Q) Y€ PQ(Q:), hzl/i = Hz} (530)

Proof. 1f there exist v; € Py(€) satisfying v1(€) = v5(€) and h?y; = p;, then there exists
an optimal transport plan « of dec(l/l, vy) and h?a = h%y; = p;. Since « is concentrated
only when r; < 7o, then u1(X) = b?v1(X) < b?va(X) = pa(X). Thus, Wd'c(lll,l/g) >
K¢ (11, 12). On the other hand, let o be the optimal solution of n#K¢(p1, p2). Then

v; = (pi)#a satisfying b2v; = p;, so MK g (1, 1) = WJ@(Vl, V). O

5.2.2 Triangle Inequality

Lemma 54 (Dudley, [AGS05, Lemma 5.3.2|, [ABS21, Lemma 8.4|). Let Zi, Zs, Z3 be
Radon separable metric spaces and let a'? € P(Z; x Z5) and a*® € P(Zy x Z3) such that

pf#a12 = p;%a%. Then there exists aw € P(Z1 x Zy x Z3) such that

pqlf(a) —a'?  and p;;?’(a) = a®, (5.31)
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where pY2(z1, 22, 23) = (21, 20) and p?3(21, 22, 23) = (22,23). More specifically, using the
disintegration theorem,

a'?(dzy, dz) = ag(dzl),ug(d@) and  a?(dzy,dz3) = o? (dz;z,),ug(sz)

Then

o= 0412 zg(dzl, dz3)pe(dze).

Proposition 55. The WJ¢ is a quasi-metric in Mo (€), i.e. the symmetry does not hold.

Proof. By Jensen’s inequality,

W, (v1,v2) := min { JCZQ(UMD) do(91,92) : a € M(€ x €), plyar = Vi}- (5.32)

It suffices to show that for any vy, va, v3 € Pa(€),
WJ@ (v1,v3) < WJC(I/l, Vo) + Wd'C(VQ, v3).
Let a'? a? be the optimal solutions of W, (w1,v2), Wy (v2,v3) respectively such that
p?éﬁc»z12 =1y = p#aw. By Dudley’s lemma, there exists a'? € P(€®3) such that
p2(@3) = !?  and p;f’(ozm) _
Therefore, applying the triangle inequality for de

Wy, (v1,v3) < jdc n1,93) da Jdc n1,n2) da'® + fdc D2, 93) da'?

= Jcic(m,na) da'? + fde(ng,ng) da®
= Wy, (v1,v2) + Wy (v2,v3).
O

Lemma 56 ([LMS18, Lemma 7.10]). Given N > 2 and a € My (€®V) satisfying h2a = p;

fori=1,...,N. Suppose that w; := a({t) € ¢®N . pJ = 0}) > 1. We can choose a scalar

9() = {Z(") oy # o (5.33)

1
4 2 otherwise,
then & := dily 2(«) satisfies
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1. h?a = p; fori=1,...,N.
2. Sd%(m—h ;) do = S&%(Ui—h y;)da for i = 2,..., N.
3. the normalization of jth lift,

P(@) = 0o + ps(; ® 1), (5.34)
i.e. for any ¢ € By(€),

Lm) dl,a] = (o) + f (. 7]) dlpy sy ® 61)]. (5.35)

¢

Lemma 57 (Gluing Lemma). Given N > 2 and a sequence of non-negative Radon measures
pi € M(X), i = 1,...,N such that p1(X) < p2(X)... < pn(X). Then there exists
o € Po(€®N) such that

h?a:,u,i, fori=1,...,N,
WK -1, n) = [ B0i-10) o, fori =20, (5.36)

Moreover, there exists 3 € Po(€®V) such that

U?B:,ui, fori=1,...,N,
kK (1, 1) = fd%ml,m)dﬂ, fori=2,...,N. (5.37)

This lemma is generalized from [AGS05, Lemma 5.3.4] and [LMS18, Lemma 7.11].

Proof. We will prove the first statement in (5.36) by induction. The case when N = 2 holds
by Theorem 51. Assume it holds for N = k, then there exist ay € Po(€®F) satisfying (5.36)
and o/ € Optpik, (pg, pi+1)- By Lemma 56, applying the scaling to a and o, we obtain

piak = p;lio/. By Lemma 54, there exists agy € Po(€®F*1) satisfying p#""kakﬂ = ay,

and p;’kﬂakﬂ = «/. In particular, a1 satisfies (5.36).
Similarly, we will prove the second statement in (5.37) by induction. The case when
N = 2 holds by Theorem 51. Assume it holds for N = k, then there exist 3 € Pa(C®F)

satisfying (5.37) and 8’ € Optygxc, (11, ftk+1)- By Lemma 54, there exists Bj1 € Py(€EF 1)

Lk+1

satisfying p;“"kﬂkﬂ = ), and p#k Br+1 = 8. In particular, g, satisfies (5.37). O]
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Lemma 58 ([LMS18, Section 7.4|). Continuing with the Gluing Lemma 57. Assume that
a((0,0)) = 0. Then
i) Let M?:= 3N 1;(X) and suppose that a satisfies (5.36). If the scalar function is

chosen as

9(9) = (ra) Upl2y  where ﬁ=f 02 da = M2, (5.38)
cON

then o := dily () € Po(€®V) satisfies (5.36) and it is concentrated on

C[M]®N = {t) e @@V |y|y < M}. (5.39)

ii) Let © := /p1(X) + Zf; K¢ (11i-1, 11i) and suppose that « satisfies (5.36). If the

scalar function is chosen as

909) = () ol = () Tsupr(o), where of= | plda, (50

then o := dily2(cr) € P2(€®V) satisfies (5.36) and it is concentrated on

c[e1®N = {1) e ¢®V 1|yl < @}. (5.41)

iii) Let 2 := 4/p1(X) + 25\7:2 K¢ (11, i) and suppose that « satisfies (5.37). If the

scalar function is chosen as

90 = (7)ol = () T supriCo), where 2= [ poPda,  (542)
i ¢

then o := dily () € P2(€®V) is concentrated on

C[E1®N = {1) e €OV 1|yl < E} (5.43)

Corollary 59. Given a sequence of non-negative Radon measures y; € M(X), 1 =1,...,N
such that p1(X) < pa(X) ... < pun(X), then there exist v; € Py(€) such that

(1) v; is concentrated in €[r] where r = min{M, ©}.

(2) b%v; = p; fori=1,..., N.

(3) mKe(pi, tit1) = WJC(VI‘,Z/Z'_A'_l) fori=2,...,N.
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Moreover, there exists 3; € Po(€) such that
(1) B; is concentrated in €[=].
(2) B2B; = pi fori=1,...,N.

(3) nH{@(Nh/J'Z’) = WJC(Bhﬁz) for i = 27 s 7N'
Corollary 60. n¥K is a quasi-metric on M(X), i.e. the symmetry does not hold.

Proof. It is obvious that the identity holds and symmetry does not hold. Now, let us prove

that triangle inequality holds, i.e. for any pq, g, us € M(X),

K¢ (11, p3) < 0B K e (1, p2) + 0K e (p2, p3)- (5.44)

It suffices to assume that p1(X) < p2(X) < ps(X), otherwise the right-hand side must be
. Apply the corollary 59, there exists v; € Po(€) for i = 1,2, 3 such that h%v; = p; and

K e (pi1, p2) = Wy, (vi,v2)  and  nBKe(pz, p3) = Wy, (v2, v3).

Applying the triangle inequality for Wd} in Proposition 55, we obtain

K e (11, pu3) < W, (s p3) < Wy, (vi,v2) + Wy (v2,v3)

<

= K¢ (1, p2) + 0K ¢ (p2, p3).

5.3 The Support of Optimal Transport Plan

In this subsection, we will explore several properties of the support of optimal transport
plans for the nH(% problem. These properties will help compute the explicit solution of
rrH{% between two Dirac measures as discussed in Subsection 5.3.1. Furthermore, the
findings of this subsection will contribute to establishing dual pairs for the dual problem, as

discussed in Section 5.4.

Lemma 61. Given any optimal transport plan & € Optnik, (10, 1) with {cdéd < oo and
&((0,0)) = 0. Let & := dil, o6&, where ry is defined in (3.10) such that ro([x, ro], [y, 71]) = 71,

then & € OptnI-K@ (NO; ,u1).
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Proof. Since J%([:c, ‘], [y, ]) is 2-homogeneous, we obtain

70

JCZ%(['%pL [3/7 1]) dd([l’,p], [yv 1]) = JCZ%([%, 7]7 [97 E]) ' 7"% dd([xaTOL [yvrl])

1 1

— [ (.ol Ly da(lo, ol 3.7

O
Moreover, we can write the support of & as
r = sp1(@) = { (o b 1) (el i) € s, p = e o)} .5)
We can decompose I' into I'g u I't, where I't :=T'_ U T's and
Foi=T o {p = 0) = {05 1)y spt(un) (5.46)
Foi T fp = 1) & { (11D 1) sptlpa) sy . (5.47)

I'.:.=Tn{0<p<l}c {([ZL‘,[)], [y,1]) : x € spt(po),y € spt(u1), p € (0, 1)} (5.48)

Here, I'y is a set where the mass grows from the vertex. We denote ' as a balanced transfer
set, where the initial-to-target mass ratio is 1, and I's as an unbalanced transfer set, where
the initial-to-target mass ratio falls between 0 and 1. For simplicity in notation, define

0: X xX—-Ry, 5:[0,1] = [0, 3], and 7 : [0,1] — [0,1] such that

0 =0(z,y) :==d(z,y), B=PB(p)=cos  p), v=n(p):=+1-p% (5.49)

Here, shown in Figure 5.4, the variable 6 represents the angle between [, p] and [y, 1], the
variable 3 denotes the angle between [z, p] and [y, 1], and the variable 7 is the length of

straight line from [z, p] to [y, 1].
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¢

FIGURE 5.4: Representations of 6, 3,

Thus, we can simplify the cost d2([z, p], [y, 1]) for all p € [0,1] as

p?+1—2pcos(f) if 6 < B,

(p(0—p)+7v)?  if6>p. (5:50)

C(l‘,p,y, 1) = {

When 6 > 7, let py denote the unique solution of ( — )y = p in (0, 1), where the uniqueness
is proved in Claim B.1. We will now elaborate on the significance of pg. This value serves
as a threshold: as demonstrated in the following Lemma, it illustrates that the cost of
transporting p units of mass from location = to location y with a unit of mass can be
minimized if the mass is partially transferred from location = to y while partially growing in

place.
Lemma 62. Shown in Claim B.3, given 7 € (ppgl, 1), then

c(x, p,y,7) + c(z,0,y, V1 —72) < ez, p,y,1). (5.51)

The investigation into py aids in refining our understanding of the support of the optimal
transport plan. As evidenced by the subsequent proposition, we conclude that the optimal

transport plan & is not concentrated on the set {# > 7,0 < p < py}.

Proposition 63. D:=T"n{0 > F,p < py} = .
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Proof. Assume that D # (. Fix 7 € (ppgl, 1) and define two measurable maps 73,75 on D
by
T (([=, o], [y, 1)) := ([, ], [y, 7]),

Ty (([z, p], [y, 11)) = ([, 0], [y, V1 = 7)),
we can construct a better plan o than & where
o = alpe + (T1)x(alp) + (To)x(alp).
By Lemma 62,
fcd(a' —a) = J;) [c(ac,p, y,7) + c(z,0,y,V/ 1 —72) — c(z, p,y, 1)] da < 0,
which contradicts the optimality of &. Hence, D = (7. O

Corollary 64. By Proposition 63, we can rewrite the cost function in (5.50)

p% +1—2pcos(h) if 6 < 8,
c(@,p,y,1) = < p*[(0 — B(pe))* + 1] + 1 if > 5, p < pg, (5.52)
(p(0 = B) +7)° else.

Due to that ¢(z, -, y, ) is 2-homogeneous, we have that for ro < rq,
13 + r? — 2rgry cos() if 0 <8,
c(x,r0,y,m1) = L 13[(0 — B(pe))* + 1] + 13 if 6> 5, p < py, (5.53)
(ro(0 —B) + r% — rg)Q else.

Building upon our earlier discoveries regarding the support of the optimal transport
plan, we proceed to develop two functions, F' and GG, and analyze their properties. This
exploration serves as a foundation for deriving the optimality conditions for the One-To-
Two and Two-To-One cases in Subsection 5.3.1, as well as for establishing dual pairs in

Subsubsection 5.4.1.2.

Definition 5.54. Let F(60,p) := F(x,y,p) = Tzﬁpc(x,p,y, 1) be defined on {# > 0,p €
(0,1]}. Then
1 — p~tcos(f) ito<p
F(0,p) =4 (0 — B(pg))* + 1 if 6> 7%,p<pp- (5.55)
(9—[3—1—%)-(9—6) else
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Let G(0,p) := G(y,z,p) = c(x, p,y, 1) — F(x,y,p) - p?> on {# = 0,p € [0,1]}. Then

1 — pcos(h) ifo<p
G,p) =<1 if 0> 7%5,p<po- (5.56)
(p(0 = B)+7) -7 else

Remark 5.57. F is increasing and G is decreasing. These graphs are drawn from the link:

https://www.desmos.com/calculator.

] St 600 G(00)

140 fp)?

i
e » cos(0) 1 »

(a) F(6,-) when 6 < T (b) F(6,-) when 6 > & (c) G(0,+) when 0 < & (d) G(0,-) when 0 = &

5.3.1 Examples Between Dirac Measures

In this section, we will discuss explicit solutions of nHK between two Dirac measures.

5.3.1.1 One-to-One

Fix a,b € R? with § = d(a,b) and 0 < n < m with p, = \/Z. Let u = nd, and

v = mdyp.
Theorem 65.

HK? (11, v) = n +m — 24/ - mcos(6y). (5.58)
Proof. Pick a € Optyk (11, v). By Holder’s inequality,

f (7“8 + 77 — 2rory cos(6r)) da = n +m — 2 cos(6) frorl da

; ;
>n+m—2cos(97r)<f7“gda> <f7"%da>
>n+m—2y/n-mcos(f;).
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and the equality holds when crq; = rg where

2 _ ST(Q) doc n 9
~ {rida m — P
The lower bound is achieved when a = d([4, /n),[b,v/m])- O

Theorem 66. When 6 > 7, let pg be the unique solution of (6 — 3)y = p in (0, 1) where
the uniqueness is proved in Claim B.1.

e Case I: Suppose 6§ < B(p4), then

K3 (11, v) = HK? (11, v) = n +m — 24/n - mcos(), (5.59)

and one of the optimal transport plans is o = (5([(17\/@[&%]).

e Case II: Suppose § > ((ps). If 6 > 5 and pp > ps, then

K (1, v) =n - [(9 — B(pe))” + 1} +m, (5.60)

and there must be mass transported from nothing and one of the optimal transport

plans is

= (=& - g m ith mg = np; 2,
= 0= oo/ z2z0) ¥ ey mpyzay T = 10

for any € € (0,1).

e Case III: Suppose 0 > B(ps). If 6 > § and py < ps or 0 < 7, then
2
EECE () = m (0 = Blp2)) 42000 (5:61)

and one of the optimal transport plans is & = &[4, /n],[6,v/m])-

In summary,

HIK%(H&GJ méb) = C<a7 \/ﬁa b, \/m)7 (562)
where c is defined in (5.53).

Remark 5.63. The Case I is obvious since nH(% > HK? and the equality holds when we

choose a transport plan a = dj,, /m) (5,/m] for K (p, v).
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Proof of Case II in the Theorem 66. For any a € Optnix, (11, ) such that a((o,0)) = 0,
let & = dily, 2cr, where ry is defined in (3.10) such that ro([z, ro], [y,71]) = 1. From the

cost redefined in (5.52), if # > 7, then

fC(w, Py, 1) da = JC(a, p,b,1)da

- f (P*[(0 — B(pe))* + 1] + 1) da + f (p(0 — B) +~)° da.
{p<pe} {p=po}
(5.64)

Let g(p) := (0 — B)? + 2(0 — B)L — 1. Since
(

g'(p) = =2p7-[(0 = B)y —p],
then from the proof of Claim B.1, ¢’(p) < 0 if p € (0,pp) and ¢'(p) > 0 if p € (pg, 1].

Therefore, g(p) > g(pa) = [(6 — B(ps))? + 1] and

0= 8) +1)"da = > g(p) +1) div > 2 g(pp) + 1) da.
Lp}pe}(ﬂ( B) + )" da Lp}pe}(ﬂ g9(p) +1) da Lp>p9}(p g(pe) +1) déi

Then we get the lower bound of (5.64),

fc(x,p, y,1)da > J(p2[(9 —B(pe))®> + 1]+ 1)da =n-[(0 — B(ps))* + 1] + m.

The lower bound is achieved when

S - g gy, With mg = npy ™ 5.65
noie (10,00 1oy Z22)) T Sl T ) T O TP (5.65)

£

for any € € (0,1). O

Proof of Case III in the Theorem 66. For any o € Optugk, (1, v) such that o((0,0)) =0,

let & = dily, 2a. Let the Lagrangian be
g(p) = C(a,p,y, 1) *A'(pQ*pi) with A = F(eap*)

for p € (0,1] where F' is defined in (5.55). By Claim B.6, g(p) = g(p«). Then

| et pvyda = [etapb1)da = [ [o) + A 62~ )] da

> fg(p*) dé + - J(p2 — p2) dé

=m-c(a, pe,y, 1) + X+ (n = pim) = c(a, v/, y,/m).
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The lower bound is achieved when a = 4, /m1 (v, /m]- O

n

5.3.1.2 One-To-Two

Fix a,by,by € R? with 6; := d(a,b;) and n < m := my + ma. Let u = né, and

V= Z,?:l m;&p,. We want to find the optimality conditions for computing ndEK2(u, v).

2 2
IIH(%(,[L, v) = min { Z IIH<¢ (nidq, midp,) : Z n; =n and n; € [O,mi]}. (5.66)
=1

ni,no

FIGURE 5.5: One-To-Two Transportation

By (5.62) in One-to-One example,
rrH{Q(nZéa,mléb ( \/7”71, bz, A/ i . (5.67)

Then the problem can be reduced to

2
K2 (pu, v) = min { Z a, /M, biy /M) : Z n; =n and n; € [07mi]} (5.68)
mene U4 i=1
= min {Obj(nl) :ng € [0,m1] n [n— mg,n]}, (5.69)
1

where Obj(ny) := c(a,/n1, b1, /m1) + c(a,/n —ny, by, /m2).

Theorem 67. If n — mg = my, then Obj = Obj(my). Suppose that n —mg < my. Let

F(n1) := 0, 0bj(ny) = F (61, /%) — P04 1), (5.70)

ma

where F' is defined in (5.55). Then Obj(n;) attains the minimum within the interior
(0 v (n —mg),n A my) if and only if there exists 111 € (0 v (n — m2),n A my) such that

f(n1) = 0. Otherwise, Obj(ny) attains the minimum at the boundary, more specifically,
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i) If f(0 v (n—ma)) >0, then f attains the minimum at 0 v (n — ma).

ii) If f(n A my) <0, then f attains the minimum at n A my.

m
—"’}.bl
0——’—’—__,,
ae
\
mg.b2

m
1.b1
n///
ae
0 \‘~~~~~~~~
-_7’;{2.132

FIGURE 5.8: When n < my, f(n) <0

mi
.bl
n—ms
ae
n\
o)
mo 2

FIGURE 5.7: When n > maq, f(n —m3) =0

mq
.bl
7n1//
ae
n_m\
o)
ma 2

FIGURE 5.9: When n > my, f(n —mq) <0

Proof. f is increasing in n; since it’s the sum of increasing functions. Therefore, Obj(n1)

attains the minimum within (0 v (n —ms),n A my) if and only if there exists 1y € (0 v (n —

ma),nAmy) such that f(7q) = 0. Else, if f(0v (n—mg) = 0, then f(n1) = f(0v(n—mg) = 0.

Thus, Obj(nq) is increasing. If f(n Am1) <0, then f(n1) < f(n Amq) <0 so that Obj(n;)

is decreasing.

5.3.1.3 Two-To-One

Fix a1, a2,b € R? with 6; := d(a;,b) and n := ny + ny < m. Let u = Z?zl n;id0q, and

v = mdy. We want to find the optimality conditions for computing n#K3 (1, v).

mi,m2

2 2
IIH(%(M,I/) = min { Z nﬂ(%(niéai,miéb) : Z m; =m and m; € [nz,m]}
i=1 i=1
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FIGURE 5.10: Two-To-One Transportation

By (5.62) in One-to-One example,
K (130, , mi0) = (i, v/ni, b, /M) (5.71)

Then the problem can be reduced to

mi,m2 : :
’ =1 =1

2 2
K2 (u, v) = min { Z c(ai,\/ni,b,/m;) Z m; = m and m; € [ni,m]} (5.72)

=n7}liln{0bj(m1):m1 e [nl,m—ng]}, (5.73)

where Obj(m1) = c(a1, /n1,b, /m1) + c(az, /n2,b,/m —mq)
Theorem 68. Let
F(my) := 0y, Obj(m1) = G (61, /:Tll> = G (O 4| —2—). (5.74)

m—ma

where G is defined in (5.56). If ny = m — ng, then Obj = Obj(n1) and f(n;1) = 0. Suppose
that ny < m — ng. Then there exists my € (n1,m — ng) such that f(mq1) = 0 and Obj(m;)

attains the minimum at M.

Proof. Suppose that n; < m — na. Observe that f is increasing in my since it’s the sum of

increasing functions. Moreover,

"2 ) o G| -2 ) < —G(02,1) =0

m—ni m—ni

f(m) = G(@l, 1) — G(92,

ni ni

f(m — ng) = G(Ql, ) — G(QQ, 1) = G(Gl,

G(61,1) =0
m—ne m_n2)> (17 ) )

then by the intermediate value theorem, there exists m; € (n1, m —ng) such that f(m;) = 0.

Therefore, Obj(m1) attains the minimum at 7i;. O
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5.3.2 The Costs of Sending and Receiving the mass

After establishing the optimality conditions for the One-To-Two and Two-To-One
cases in Section 5.3.1, we will further explore the properties of functions F and G defined in
(5.55) and (5.56). This study will help establish a well-defined dual pair in Subsubsection
5.4.1.2. In this subsection, we will continue using the setting at the beginning of Section 5.3:
Given any optimal transport plan & € Optuix, (10, 1) with {cd@ < oo and &((0,0)) = 0.

Let & := dily, o6&, where ry is defined in (3.10) such that ro([z, ro], [y, r1]) = 1.

Theorem 69. For any ([z, p1], [y1,1]), ([z, p2], [y2,1]) € >,
‘F(xvylvpl) = '7:(1‘,?/2#2)- (575)

Remark 5.76. Since F(x,-,-) is independent of the target location and the initial-to-target

mass ratio, we can understand F(z,-,-) as the cost of sending p unit of mass from z.

Proof. Assume that F(z,y1,p1) # F(x,y2, p2). Let

A~

mg; = d([x7pl]7 [y’ta Q,

1]) = J d
{(lzro] lyiri)ee®2: 2 =p.}

7‘1_

and n; = mipg. Since 0 < p1,p2 < 1, then n :=my -p% + meo - pg < mi + ma.

ny
ns<xre
na

Then we can define an objective function

Obj(u) := c(x, vVu,y1,/m1) + c(x,v/n — u,y2,/mz2) Yue [0,mi] " [n—ma,n].

mi
p1 oyl

P2 ol

By Theorem 67, there exists @ € [0, m1] N [n — ma,n] such that Obj(u) > Obj(%). From

that, we can define two measurable maps 77, 1> by

T (([z, 1] [31,1])) = ([:c,m], [yl,l]) with j1 = \/mT1

n—14

TQ(([x>p2]7 [y27 1])) = (['rvﬁQ]v [y27 1]) with ﬁg =

mg’
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and we can construct a better plan o’ than & by

o 1= Al a0 + (T1)g(@1a,) + (To)(al4,),

where A; = {([:c, pil, [vi, 1 } Then we obtain

[ edta -~ - gf”[@)#(dhi” - LM? cdd

[C(xvlahyiv 1) - C(xnoia Yi, 1)] : d(xapivyia 1)

I
P

~
Il
—

[\

= \/;’Lvy ALl (x7ﬁayi7\/mi) with ﬁlzﬁa ﬁ2:n_a

=1

— Obj(@) — Obj(n1) <0,
which contradicts the optimality of &, so F(z,y1,p1) = F(x,y2, p2)- O]

Theorem 70. For any ([(131, p1]7 [y7 1])7 ([x27 P2]7 [y7 1]) el

G(y, w1, p1) = G(y, x2, p2). (5.77)

Remark 5.78. Since G(y, -, ) is independent of the initial location and the initial-to-target

mass ratio, we can understand G(y, -, ) as the cost of receiving 1 unit of mass at y.
Proof. Let

mg = 64([517 pz yu

f{(azro [yi,r1])e€®2: —*p}

and n; = m1p2 Then nq + no < m :=mq + mo.

ni
T1e P1

mi
oYy rm
ma

Zoe P2

75



If ny + ng = m, then m; = n; and ma = n9 so that py = p2 =1 and

g(yaxlapl) =0= g(y,:cg,pz).

Now, suppose that n; + ny < m and assume that G(y, x1, p1) # G(y, x2, p2). We can define

an objective function

Obj(u) = c(x1, /N1, Y, Vu) + c(z2,/n2,y,vV/m —u) Yu € [ny,m — nal.

By Theorem 68, there exists @ € (ny, m —ng) and @ # my such that Obj(u) > Obj(%). From

that, we can define two measurable maps 17, 1> by

ni

’

T (e . [ 1]) = ([m,m, v 1]) with pr =

U

(o pal [ 1D) = (o2 pal 1) with o =y |2
and we can construct a better plan o’ than & by

o = dﬂ(AluAQ)c + (Tl)#(&]lAl) + (TQ)#(&]IAQ).

where A; = {([zi, pi], [y,1])}. Then we obtain

2
= Z 0(337\/"71‘,317 V ml) - c(£7\/”7a Yi, \/mi) with ml = ﬁa m2 =m—-14

Obj(a) — Obj(my) < 0.
which contradicts the optimality of &, so G(y,x1,p1) = G(y, x2, p2). O]

Corollary 71. Let P? : € x € — X be the projection map, i.e. P?([x, p],[y,1]) = y. Then
P2(T2) nP3Ts) = & and P?(I'=) n P%3(Ty) = &. In other words, the mass transported
with a ratio of 1 (balanced transfer) cannot be transported to the same target location as

the mass transported with a ratio of p € (0,1) (unbalanced transfer) or mass grew in place.
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Proof. Given the definition of G in (5.56),
1. for any ([z,1],[y,1]) eT=, G(y,z,1) = 0.
2. for any ([z,p],[y,1]) € T, G(y,x, p) € (0,1].
3. for any ([z,0],[y,1]) € Ty, G(y,z,0) = 1.

By Theorem 70, P?(T2) n P?(I's) = & and P%3(T'2) n P?3(Ty) = . O

5.3.3 Cyclical Monotonicity-like Property

Similar to the concept of cyclic monotonicity introduced in [ABS21], we observe that the

support of the optimal transport plan exhibits a similar cyclical monotonicity-like property.

Lemma 72 ([ABS21, p.31|). Let Xi,..., X} be Polish spaces and 7; € P(X;) for i =
{1,...,k}. Then there exists a probability space (2, F,P) and measurable maps T} : Q@ — X,
s.t. (Ti)yP =~; for i = {1,...,k}. In this case, we can take Q = l_[le Xi, F the product

o-algebra, and P the product of the ~;.

Theorem 73. For every N > 1, o permutations of {1,..., N} and {([zi, p], [vs, 1])}511 el

N N
Z x]ap]aya(j Z xjvp]aij . (579)
i=1 i=l

Proof. We will generalize the proof for [ABS21, Theorem 3.17|. Assume it by contradiction,

then there exists N = 1, and a permutation ¢ and points {([z;, p], [¥:, 1])}1]11 € I such that

N N
Z x]apjaya(j Z xjvpjvij . (58())
Jj=1 Jj=1

It suffices to find 7 s.t. {cd(a +n) < {eda, which will contradict the optimality of a.
By the continuity of ¢, there exist neighbourhoods U; x Vj of ([z;, p;], [y, 1]) where the

inequality in (5.80) still hold. Let z; = &(U; x V;) and a; = e P(U; x Vj).

1~
Zja|Uj xVj

Then by the Lemma 72, there exists a probability space (2, F,P) and measurable maps
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XjXYVjSQHUjXV}S.t. ajz(ijYj)#IP’. Let

N
X X Y (XJ X Y})#P
j=1

Since n~ < S o < —N_&, then let 77 = ¢n where ¢ = =520 we have 77~ < & so that
n 7=1"%"J min; z; 17 U N U

7N+ & = 0. Moreover, 7 is null on marginals since

Jr dn—cZJn 2dpP = o0.

Finally, {cd(n + &) < §cda since

N
deﬁ = JZ [C(xjyp]ﬁya(j)v 1) - C(mjapjayﬁ 1)] dP < 0.
j=1

5.4 Dual Problem

Let us define the dual problem Dj, for the transport only such that for any u°, % € M(R%),

Dy (4, u)z—sup{fqbb )it (w) + [ valy) v } (5.81)

where the supremum is taken over a set

Ib:={(cbb,wb)eLipb(Rd)xLipbaRd):asb(>+¢b<> <x,1,y,1>} (5.82)

When z°(R?) = p°(R?), the problem Dj, coincides with the dual problem of balanced optimal
transport defined in (2.2). Further, we define the dual problem D, for growth such that for

any 9,9 € M(R?),

Dy (4, 19) —sup{ f 6 () dud (x f o) Ay } (5.83)
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where the supremum is taken over a set

Iy = {(‘bgawg) € Lipb(Rd) x Lipb(Rd) L dg() - P2 +g(y) < ez, p,y, 1)
for pf @ v9-a.e. and 0 < p < 1}. (5.84)

Then the combined dual problem is defined as

D(u,v) := sup {Db(ub, V) + Dy (1, v9) + [v— (W + I/g)](Rd)}, (5.85)

where the supremum is taken over a set

{0000, € MEBYES 0+ = P 00 < PR =YL (659

The left-over term [v — (v° 4+ v9)](R%) is the mass which only grows in place.
Proposition 74. D(p,v) < n¥KZ(u, v).

Proof. For every a® concentrated on {0 < ro = 71} satisfying h2a® = p® and h3a® = v°, and

(¢p, Vp) € I,

f¢bdub+jwbdub =f(¢b-r§ + 4y - 17) da’ =f(¢b+wb) ri da’”
< Jc(:p, 1,y,1) -r% dab = jc(w,ro,y,m) da®,

which implies that

Db(iub7 Vb) < jc(xa ro,Y, 7"1) dab‘

For every af concentrated on {0 < ro = ry} satisfying h3a9 = p9 and h3a? = 19, and

(d)ngg) € Ig7

Jaﬁgdug—kj%dug =f(¢>g'7“% + 1 - ri) dad = J [%' (2)2+¢9] i do?

To
< fc(xa ana 1) : T% daf = JC($,TO,y,T1) ClOég,
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which implies that

IDQ(M97 Vg) < fc(xu r0,Y, Tl) dag'

For every a° concentrated on {rg = 0} satisfying h2a°® = v — (v° 4 19),

[v— (b + v9)] (R = Jr% da® = jc(:z:, ro,Y,71) da’.

By combining all the information, we obtain
Dy(u’,v°) + Dy (u?, %) + [v — (V* + 1) J(RY) < fc(:c, ro,y,m1) d(a” + af + a°)
= Jc(xa T0,Y, Tl) do.
for all @ € M(€ x €) satisfying h?a = p and h3a = v. Taking the supremum for the left
and minimum for the right, the desired inequality D(u, v) < ndK2(u, v) will hold. O

Theorem 75 (Main Theorem, Duality). For any p,v € M(R%), assume that for some
R >0, spt(p), spt(v) € Br(0). Then

D(p,v) = nFK3 (1, v). (Duality)

The Duality will be proved in Section 5.4.2. Before that, we will discuss the dual pairs

of the dual problem in the next section.

5.4.1 Dual Pairs

In this subsection, we are given an optimal transport plan & € Optuik, (fo, 1) with
{cda < oo and G&((0,0)) = 0. Let & := dil,, 24 and by Subsection 5.3, the support of & is

I' =TyuT_- uT.. Then we can decompose & into & = o’ + a9 + a° where
o

o’ =alp_, od =alr_, a’ = alr,.

Let (4, 1%) = (b3, b3a?) and (u7, %) = (h?a9, h3a).
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5.4.1.1 Dual Pairs of Dual Problem for the Transport
In this subsection, our goal is to construct ¢, 1, such that

¢b(x) +¢b(y) Sc(x,l,y,l) vayERda

and the equality holds on I'_. We will generalize the construction of dual pairs for Dual

problems in [ABS21, Lecture 3]. If ¢y, vy, satisfy the conditions, then for any z € R? and
([, 1] [y, 1]) e T,
Po(x) — dp(2") < el 1y, 1) = Pu(y’) — [e(2’, 1, ', 1) — ¥ (y")]

= C(.%', 17 y/7 1) - C(xlv 17 y/a 1)

Fix ([zo,1], [y0,1]) € T'= with ¢p(z9) = 0 and take {([z;,1], [yj,l])}j»v:l e I'_ for some

N =1, we can observe that
ov(x) = () — dp(an) + dp(xN) — dp(zN—1) + ... + dp(x1) — Pp(x0) + ¢b(20)

<c(z,l,yn,1) —c(zn, L, yn,1) + ... + c(x1, 1,90, 1) — c(x0, 1,90, 1). (5.87)
Inspiring from this upper bound, we will construct ¢y, 1, in the following theorem
Theorem 76. Fix ([z0,1],[v0,1]) € T'=, we define ¢, : R? — R? as
¢p(z) := inf {c(a:, Liyn,1) —c(zn, Liyn, 1) + ... + c(z1, 1,90, 1) — (0, 1, yo, 1)}, (5.88)
where the infimum is taken over all N > 1 and {([}, 1], [y, 1])}?;1 € I'_ and we define
Yy : R — R? as
Yp(y) := inf {C(ac, Ly 1) —¢p(z):ze ]Rd}. (5.89)
Then ¢p(xo) = 0, so ¢y is well-defined. Moreover,
(bb(w) + wb(y) < C(xa 17 Y, 1) va Yye Rd' (590)

and the equality holds on I'_.
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Proof. Choosing N = 1 and (z1,y1) = (%0, %0), we have ¢p(xo) < 0. By Theorem 73, we
have ¢p(z9) = 0. If we minimize (zx,yn) first, we can observe that ¢ in (5.88) can be

rewritten as

oo(x) = inf {c<x,1,yN,1>—c<xN,1,yN,1>+¢<xN>}. (5.91)
([~ 1], [y 1))

The inequality in (5.90) is held by the construction of ¥3. Now, take ([z/,1],[¢/,1]) e T'=.
From ¢ in (5.91), we obtain

c(z,1,y/,1) = dy(x) = e(2’, 1,1/, 1) — ¢y(2'). (5.92)
Take the infimum w.r.t z in the left side, we obtain ¥, (y’) = c¢(2’,1,y’, 1) — ¢p(2'). The other

direction is obtained when we choose = = a’. Therefore, ¢p(2’) + Vp(v') = (2, 1,¢/,1). O

Corollary 77. With ¢, 1}, defined in (5.88) and (5.89) resp, if there exists R > 0 such that
spt(pb), spt(v®) = Bg(0), then ¢y, 1), are Lipschitz and bounded. Thus, by Theorem 76,

(¢, ¥p) € Iy where I, defined in (5.82) such that ¢p(x) + ¢s(y) = ¢(x,1,y,1) holds on I'_.

Proof. We will use the equivalent formulation of ¢, in (5.91) to show that ¢y, is Lipschitz.

For any z, z € R, we want to show that there exists K > 0 such that
[96(2) — dp(2)| < Kz — z||.
Given € > 0, there exists ([zn, 1], [yn, 1]) € I'= such that
dp(2) > c(z,1,y/,1) —c(2', 1,4/, 1) + ¢p(2) — ¢,
dp(z) < c(z,1,y,1) —c(2', 1,4/, 1) + gp(2).
Since ¢(+, 1,9, 1) is uniformly Lipschitz within Bg(0), then there exists K > 0 such that

d)b(x) - (Z)b(z) = C(x7 17?/,1 1) - C(Zv 173//) 1) +e< K“l’ - ZH +E.

Similarly for ¢p(z) — ¢p(2). The same techniques can be applied to show that 1)y is Lipschitz.
Now let’s prove that ¢y, 1, are bounded. The ¢ is bounded above due to the boundedness
of ¢, and ¥p(y) < c(x,1,y,1) — ¢p(x) < supc is also uniformly upper bounded. According

to [ABS21, Theorem 3.14|, we have that

on(a) = inf {c<x, Ly 1) — wb<y>} > inf e — sup
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S0 ¢ is bounded from below. Similarly,

Up(y) = in {c@:, 1,y,1) - ¢b<x>} > inf ¢ — sup

80 1y is bounded from below.

5.4.1.2 Dual Pairs of Dual Problem for the Growth

In this subsection, our goal is to construct ¢g4, 4 such that

bg(x) + Yy(y) < c(z,p,y,1) Va,yeR% pe(0,1).

and the equality holds on I's.

Theorem 78. Given any ([z,p],[y,1]) € I's, we define

¢g(z) := F(z,y,p) and Yy(y) := F(y,z,p).

Then for any z € spt(u?),y € spt(r9) and p € (0, 1),

bg(x) - p* + () < clz, p,y, 1)

and the equality holds on I's.

(5.93)

Remark 5.94. Relied on the Theorem 69, ¢4 and 1, are well-defined in spt(p9) and spt(v9)

resp. Due to the definition of F and G, the equality inherently holds on I's.

Proof. Fix any x1 € spt(u?) and y2 € spt(19), there exist

([xlvpl]v[ylvl]) and ([xQ,pz],[yg,l])eI‘>.

If yo = y1, then by the Claim B.6

¢g(x1) ' p2 + 1/’9(292) < C($17P7 Y2, 1) vp € (07 1)

If yo # 21, we will prove the inequality by contradiction. Assume that there exists &k € (0,1]

such that
¢g(x1) K+ 1/’9(92) > c(x1,k,y2,1) + €.
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Given an optimal transport plan & € Optygxc, (14, v) of tHK2 (i, v) and & := dil,, 24, we want
to construct a better plan o/ s.t. §ed(a’ — &) < 0, which will contradict the optimality of é.
We will construct o/ by rerouting the mass transported from x1 to y1. Let m; = a(x;, pi, yi, 1)

and n; = pim;.

ni P1 mq ny P1 mq
T1e oY1 T1e oY1

Ioe 02 T2e 0y2
2 P2 ma n2 A ml

The left figure is endowed with the original total costs as
COStl = C(J?l, V11, Y1,/ ml) + C(.’EQ, V12, Y2,/ m2)

= ¢(z1)n1 + Y (y1)ma + ¢(x2)n2 + P (y2)ma.

In the right figure, we construct o’ by rerouting the transport plan & where we
e transport from x; with new mass n} to y2 with new mass mj = k~2nj.
e transport from x; with new mass nj = n; —n4 to y; with mass m; s.t. nf <my.

e transport from xp with mass ng to yo with mass mb = ng —mj s.t. ng < mb.

Let pf = ™ and ph = . /22. Then the right figure is endowed with the total costs as
1 1 2 mh
COSt’r‘ = C(]?l, \/ n/17y17 V ml) + C(.’EQ, V12, Y2, \/ mIQ) + C(.TQ, \/ néa Y1, \/ m:lg)
< c(x1,4/n,y1,/ma) + c(xe, /N2, y2,4/mb) + [d)(xg)ng + (y1)ms — 5mé].

Then

cost, — cost; < [c(:nl, \/n7’1, Y1,/m1) — ¢(x1)n) — w(yl)m1]+
[c(z2, v/n2, Y2, \/7?”72) — ¢(2)na — P(ya)my| — em.

Now, let’s find mf so that cost, — cost; < 0.
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e Define f(p) = c(zr, 1, 1) — p(a1)p% Then f(p1) = 1(y1) and by Claim B.6, we
have f(p) = f(p1), and f is continuous in p € [0, 1] so it is continuous in p?. Since

o L0 =S o ) )

= = < o,
poer (P2 =p)?2 e A(p2—pt)p 8pi

then there exists K7 > 0 s.t.

FB) — Fo1) < Ka[(0)? - o2

e Define g(p) := c(z2, p,y2,1) — ¢(x2)p? where g(p2) = ¥(y2). Similarly, there exists
K2 > 0 s.t.

9(05) — 9(p2) < Ks[(ph)* = p3]".
Therefore, we have
cost, — cost; < [f(p}) — f(p1)]m1 + [g(p3) — g(p2)]miy — emj
< K1[(p)? = p3] mu + Ka[(ph)? — p3]°my — em

< [mg (Klmfl + szgl) — 5]mg
1
< —iemg <0
if mh < 5(K1m1_1 + Kgmgl)fl. Pick small & > 0, mj4 will satisfy the constraint and
;. 1
cd(a’ — &) = cost, — cost; < —5E < 0,
so we have the desired plan ', which is better than &. Therefore,
ng(xl) P2+¢g(y2) < C(x17p7y271) vpe (07 1)
O

We want to extend the definition of ¢, and v, to R? so that ¢g and )4 can be Lipschitz.

Definition 5.95. For any = € R?,

Pg(x) = iFn>f {c(:z:, 1,9,7) —c(z,1,9,7) + F(Z,7, ﬁ)} (5.96)
=iFn>f {c(:n, 1,9,7) — G(7, %, p) -7’2}. (5.97)
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Remark 5.98. The second equality holds by the Claim 78
Claim 5.99. Given any ([Z,],[y,1]) € I's, ¢4(2) = F(2,9, p).

Proof. It’s trivial that ¢4(&) < F(Z,9y,p). On the other hand, by the Theorem 78.

c(#,1,9,7) = G(9,%,p) - 7 = F(2,5,p) for all ([Z,4],[9.,1]) € I
O
Theorem 79. If there exists R > 0 such that spt(u9), spt(v9) < Bg(0), then ¢ is Lipschitz.

Proof. For any z,z € R%, we want to show that there exists K > 0 such that

|0g(2) — ¢9(2)| < K|z — .

By the definition of ¢4, for any € > 0, there exists ([2/, '], [y, 1]) € I's such that
¢g(2) > c(2, 1,9/, 1") = Gy, ', ) - (') — €,

?bg(l‘) < C($, 1,:1/,’/“,) - g(y/>$/7p/) ’ (T/)Q'

Since c(-, p,y’, 1) is Lipschitz, then there exists K > 0 such that

bg(x) — ¢g(2) = c(z, 1,9/, 7") —c(z, 1,y ,7') +e < K|z — 2| +e.
Similarly for ¢4(2) — ¢g(x). O
Definition 5.100. For any y € R¢,

() = inf { ol o 1) = 0y(a) 22 € spe?)pe O} (5101

Claim 5.102. Given any ([z,p],[9,1]) e I's, ¥4(2) = G(9, 2, p).

Proof. It’s trivial that 14(9) < G(9,Z, p). On the other hand, by the Theorem 78

c(x,p,9,1) — dg(2) - p* = G(§,%,p) VY € spt(u?),pe (0,1).
O

Theorem 80. If there exists R > 0 such that spt(p?), spt(v?) < Br(0), then 1, is Lipschitz.

86



Proof. For any y, z € R?, we want to show that there exists K > 0 such that

¥g(2) = ¥g(y)| < Kz —y].

By the definition of ¢, for any ¢ > 0, there exists # € R? and j € (0, 1) such that
bg(y) > c(@,5,y,1) — ¢4(2) - 5° — ¢,
g(2) < (@, p,2,1) = ¢4(3) - .
Since ¢(Z, p, -, 1) is Lipschitz, then there exists K > 0 such that
Ug(2) = Ug(y) = (&, p, 2,1) — (&, p,y,1) + € < K|z —y| + &
Similarly for ¥g(y) — ¢g(2). O

Corollary 81. When ¢4,1, defined in (5.96) and (5.101), Theorem 78 still holds. In
addition, if there exists R > 0 such that spt(u?), spt(v?) < Br(0), then ¢g4, 14 are Lipschitz
and bounded. Thus, (¢g,1,) € I, where I, defined in (5.84) such that ¢,(x) - p? + 1y(y) =

c(x, p,y,1) holds on I's.

Proof. ¢4 is upper bounded since it’s bounded by a finite sequence of bounded cost functions.
1)y is upper bounded since it’s bounded by sup c. From the definition of ¢, in (5.96) and

the Claim 5.102, we have

bg(z) = ilpf {c(z:, 1,9,7) — g(7) - (f)2} > inf ¢ — sup 9.

>

S0 ¢4 is lower bounded and similar for 1. O

5.4.2 Duality

Theorem 82 (Main Theorem, Duality). For any p,v € M(R?), assume that for some
R >0, spt(p), spt(v) € Br(0). Then

D(p,v) = nFK2 (i, v). (Duality)
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Proof. From Proposition 74, we have D(u,v) < ndKZ(u,v). Thus, it suffices to find
(b, V0, p9,v9) such that

Dy(ub, %) + Dy (19, v9) + [v— (P + Vg)](Rd) = oK% (u, v).

Given an optimal transport plan & € Optngx, (11, V) of rrI-K%(u, v) and & := dil,, 24. Let
(b, %) = (h2ab,h2ab) and (u9,19) = (h2a9,h3a9) where a® = a@lp_ and o = alr_. By

Corollary 77, there exists (¢p,¥p) € I, such that ¢p(x) + ¥p(y) = ¢(z,1,y,1) on T'—. Thus,

J¢bdﬂb+f¢deb=L (dn + 1p) ddzf c(x,l,y,l)ddzf c(x, p,y,r1) dév.

By Corollary 81, there exists (¢g,1,) € I, where I, defined in (5.84) such that ¢4(z) - p* +

g(y) = c(x, p,y,1) holds on I's.. Thus,

f¢g dp? + fwg dvd = L (¢g - p* +1by) di = f c(x, p,y, 1) dé.

rs
Moreover,
f cddzf r%ddz(J—J >r%dd=[v—(ub+yg)](Rd).
T'o To T r—ol's
Therefore,
Dy (b, %) + Dy (19, v9) + [v— (P + Vg)](Rd) = L . cda = n¥KZ(p, v).
—uI'> Ul

5.4.3 Existence of Monge Maps

Theorem 83 (Rademacher, [ABS21]). Assume that @ < R is an open set and that

f:Q — Ris locally Lipshictz. Then f is differentiable £%a.e. in Q.

Theorem 84. Given u,v € M(R?). Assume that u « £% and spt(u), spt(v) < Q := Br(0)

for some R > 0. If & € Optpix, (11, v) with §ed@ < oo and &((0,0)) = 0. Let & := dily, 2,
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where ry is defined in (3.10) such that ro([z,70], [y, 71]) = m1. By Subsection 5.3, the support

ofaisI' =T'guTl'— UI's. Then there exists a Monge map T} : R? — R? such that

r = {11 1) = Tilo) | (5.103)

and there exist a Monge map Tj : R? - R¢ and a growth map 0g : R? — (0,1) such that
L= { ol ) v = L), = 00 (5.104)

Remark 5.105. The set I'— for balanced transfer and the set I's for unbalanced transfer
both admit Monge maps respectively. However, there might exist x such that the mass was

sent from x to two locations Tj(z) and Ty(x).

FIGURE 5.11: The support of an optimal
transport plan &

Proof of Theorem 84. If u « £%, then p® := h?(alr=) « £ and p9 := h?(alr.) « L%
1. By Corollary 77, ¢y, 1y defined in (5.88) and (5.89) are Lipschitz and bounded. By
Rademacher Theorem 83, ¢ is differentiable pu-a.e. in Q. Take 2’ € Q where V¢ (z")
exists. For any ([z, 1], [y,1]) e T, ¢(2/,1,y,1) — dp(2’) attains the minimum at 2’ = x.

By differentiation, we obtain

Vx[c(x, 17y7 1) - (bb(x)] = 0.

For simplicity, V represents the gradient w.r.t . Since c(z,1,y,1) = 62, then we have

20V6 — Vb, = 0.

This equation provides

1
y=x+0Vl=x+ §V¢b = Tp(x).
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Therefore,

ro = { (e 1.1 0 = o)

. By Corollary 81, ¢4,1, defined in (5.96) and (5.101) are Lipschitz and bounded
such that for any ([z, p],[y,1]) € I's, ¢4(z) = F(z,y,p). By Rademacher Theorem
83, ¢q is differentiable p9-a.e. in Q. Now, take 2’ € Q where V¢, (z’) exists. For
any ([z,1],[y,1]) € T, (2, p,y, 1) — ¢4(a’)p* attains the minimum at 2’ = x. By
differentiation, we obtain

Vele(w, p,y,1) — ¢g(x) - p°] = 0.

For simplicity, V represents the gradient w.r.t . Thus, given x, our goal is to find y, p
satisfying ¢4(z) = F(x,y, p) and Vo,(z) = p~2Ve(z, p,y,1). Let P1: € x € — X be
the projection map, P([z, o], [y,1]) = =.
e For z € PY(Ts n {6 < B}), solving
¢pg=1—p tcos(d) and Ve, =2p 'sin()V0,

we have that
sin(6)Ve Vg

tan(y — z) := tan(0)Vo = cos(@) ~ 2(1—o6y)°

Hence,

Vg
2(¢g — 1)

cos(d(x,Tg(x)))‘

y=x—arctan<
1 —¢q4

>:=Tg(x) and  gy(z) i=

e For z € PY(T> n {6 > B}), solving

¢g=(9—5+%)-(9—5) and v¢g=2(0—5+%)ve.

Divide them, we can observe that

Vo, _
294

2 4oy

B _— 2¢g
Vy|?

[Vl

Vo= (0-5) () 60— 8

Substitute that back for ¢4, we have that
2¢4 g 2¢g

Vool p) [Vl

¢g:(
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Solving this for p, we obtain that

1
p= [Vl 294 \2 . Qg(x)-
Vi O - )
Further, we can solve for y such that
2¢ Vo
y=x+0V0=uzx+ <B(gg(x)) + Nd)g |> : |V¢g| = Ty(x).
g g

Therefore,

5.4.4 Uniqueness of the Optimal Transport Plan

Proposition 85. Given u,v € M(R?%). Assume that u « £ and spt(u), spt(v) < Q :=
Bg(0) for some R > 0. If & € Optyik,(p,v) with {cdd < o and é((0,0)) = 0. Let
& := dily, 2&4, where ry is defined in (3.10) such that ro([z,70], [y, r1]) = r1, then & is

uniquely determined.

Proof. Let P': € x € — X be the projection maps, i € {1,2} such that P!([z, p],[y,1]) = z
and P%([z,p),[y,1]) = y. Given two optimal solutions &1, ds of nHK2(y,v) and &; :=
dily, o&; with their supports I'; := spt(&;) = Ff) uT'. UTL. By Theorem 84, there exist

Ti : RY — RY and T; :R? — RY pz : R? — (0, 1) such that

= {1 1D = T3 .
= { Gl 1D = T = o) -

We can construct a new optimal transport plan o/ = %dl + %6&2 such that

1 1
Jc(x7p7y7 1) dOé, = 5 J‘c(x)pu Y, ]-) ddl + 2JC($7P>?/, 1) dd2 = JC(%P)% 1) ddl

and its support is I' := spt(a/) = = U T's U Ty where
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1. Tg =T} uTE

2. T_=TL urz. By Theorem 84, there exists Tj, : R4 — R% such that

Ir. = {([x, 11,[y,1]) : y = Ty(x),z e P*(TL) U PI(IQ)}.

Therefore, we have

) THx)  ifzePYIL)
T(@) = {T:?(a;) if 2 e PHI2)

and by the one-to-one property of Tj, we have that Tb1 and Tb2 coincide within
PHTL) n PHIZ).
3. I =TL UT2. By Theorem 84, there exists T, : R — R? and p, : R? — (0,1) such

that

E = { Lo 1D s = Ta)p = (o).

Therefore, we have

| Ty(x) ifxePHIL) Jpp(x)  ifzePYTY)
(@‘{sz@) ireepirz) pg(m)_{é(x) if o € PLT2)

and by the one-to-one property of (Ty, py), we have that Tgl, ng coincide and ,0;, pg
coincide within PH(TL) n PY(T2).
Now, let us prove that T'L = I'2. Pick z € P}(I'L) and suppose that = ¢ P}(I'2). Then
Ty(x) € P2(T'L) < P3(I'2). By Corollary 71,

PHT2) nPHIS) = & = PAI2) n P3(Ty),

so Ty(z) ¢ P*(T's U Ty). Since 2 UTZ < I's U Iy, then Ty(z) ¢ P2(I'2 U TZ). Hence,
Ty(z) € P2(I'2) and there exists z € P1(I'2) such that Ty(z) = Ty(2). By the uniqueness
of Ty, x = z, which gives a contradiction. Therefore, z € P}(I'2) and P}(T'L) < PY(T?2).
Similarly, we can prove that PY(T'2) < P}(T'L). Therefore, P}(I'L) = PY(T'2). Since the

target is determined by z via the monge map T}, then 'L = T'2.
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FIGURE 5.12: Transport plan a;

FIGURE 5.13: Transport plan &y

Now, let us prove that I'L = I'2. Pick x € P1(I'}) and suppose that = ¢ P}(I'2). Then
x € P1(I'2) and by the previous statement, z € P}(I'L) as well. Observe that Tj(z) € P?(I'-)
and by Corollary 70, Ty(z) ¢ P?(I's UTg). Hence, Ty(z) € P*(T'2) but Ty(x) ¢ P2(T2 uT?2).
However,

642(1'3 L, Tb(x)a 1) = (l’, L, Tb(‘r)a 1) < dl(x’ L, Tb($)v 1) + pg($)2 s} (l‘, pg($)a Tg(m)v 1)

gives a contradiction. Hence, z € P1(I'2) and PY(T'L) < PY(I'2). Similarly, we can prove

that PY(T'2) < PYTL). Therefore, P1(I'L) = PL(T'%) so 'L =T2.

ny + no = dg(l’, 1,Tb(l‘), 1)
( mi :dQ(walaTb(I)vl)
ma :dl(x717Tg(I)71) mao :dQ(IvlaTg(x)?l)
FIGURE 5.14: Transport plan &, FIGURE 5.15: Transport plan &y

From the previous statement, we obtain P?(I'L UTL) = P?(I'2 UT?2). Since P*(T'!) =
P2(T?) = spt(u), then T'§ = I'3. Therefore, the optimal transport plan is uniquely determined

after the scaling, i.e. & is unique. O
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5.5 Dynamic Formulation
Let e; : C(I;€) — € be an evaluation map s.t. e:(y) = vy(t) = [z(t), r(t)].

Definition 5.106. The Dynamic Formulation of the modified Wasserstein distance ch

in M(€) between two measures vy, s € M(€) is given by

Dyni; (v1,2) i min { L(m As(y) dn() 1 € P(C(T; ©)),

(eo)yn = v1, (e1)yn = 7/2}, (5.107)

where Ay : C(I;€) — [0, 0] is the action of a curve defined as

T(n) e {Sé 5. (0 dt i y € AC(L; (€, do)),

Aa(7) (5.108)

+00 else.
Denote OptDyny, (v1,v2) by the set of optimal dynamic plans for the Dynw, (v1,v2).
¢ (8

Theorem 86. If (X,d) is a Polish and geodesic metric space, then
Dynw; (v1,v2) = W;@(yl, v2), where Wy is defined in (5.29). (5.109)
<
Moreover, n € OptDynw, (v1,v2) if and only if (ep, e1)4n € Optw, (v1,12) and 7 is sup-
(8 <

ported in a set

{’y e C(I;€) : v = £(7(0),7(1)), where 3 defined in (5.21)}, (5.110)

Proof. If a is an optimal transport plan of W; (v1,12), then we can choose 7 := i#a €
<

P(C(I;€)) such that 7 is concentrated on a set defined in (5.110) and
f Aol dna) = [ (01 dnt) = [ Beloosn) do = WE (,00)
X

On the other hand, if 7 is an optimal dynamic plan of Dynw._ (v1,12), let a = (eo, €1)#n.
<

Then « satisfies the marginal constraints pz#a = v; and

| Aaydne) = | &0 dnty)
C(I;0) C(1;9)

= J J%(UO) Ul) d(607 61)#77 = W~ (1/17 1/2).
ExC
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The first inequality is an equality if and only if 7 is supported on a set in (5.110) and the

second inequality is an equality if and only if (e, e1)xn € Optw; (u,v). O
¢

Definition 5.111. With equality in Proposition (53), we can establish the Dynamic
Formulation of the modified Hellinger Kantorvich problem nHKg between two measures

i, p2 € M(X) as

Dymasc o) = min{ [ doly) o) sme P(CAT ),

h% o (eo)wn = pu1, b o (e1)un = NQ};
(5.112)

We denote OptDynpir, (111, f12) by a set of optimal dynamic plans for Dynugxc, (1, f12).

Corollary 87. If (X,d) is a Polish and geodesic metric space, then

Dynnixk, (11, p2) = nFKE (1, p2),  where ndK is defined in (5.25). (5.113)

Moreover, n € OptDynnik, (11, p2) if and only if (e, e1)4n € Optuik, (11, p2) and 7 is

supported on a set in (5.110).

5.6 Absolutely Continuous Curves in a Radon Space

Corresponding to the Theorem 12, the theorem below shows that every absolutely

continuous curve p : I — (M(X),nHK¢) can be written via a dynamic plan n as u; =

h7n = b%o (er)pn.
Theorem 88. Let (X, d) be a complete and separable metric space. Let (u)wer be a curve
in AC?(I; (M(X),nEK¢) with

1
0= w/MO(X)+J0 1 |tz (1) dt. (5.114)

Then there exists a dynamic plan n € P(AC?(I;€)) such that

1. vy = (et)4n is concentrated on €[O] for every t e I.
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2. = bhin = b7y in I.

3 I e (1) = VI, (8) = Sor0) W1, (D) dn(3) for Ll-ae. £€ (0,1).

Proposition 89. Given pg, i1 € Ma(R?) with compact supports. Assume that py « £2.
Then by Proposition 85, there exists a unique & € Optngx, (10, pt1). Thus, there exist
(i) an optimal dynamic plan n € OptDynngxk, (1o, (1), denote by 1 = f]#d, where ¥ is
defined in (5.21), and

(ii) a curve (us)wer in C(I; Po(R?)) joining po and g1, given by b2, such that

1
pe AC(I; (M(RY), nHK¢)), and nH{%(uo,ul)zfom’]ZnH{e(t)dt (5.115)

meaning that (u¢)er is the minimizing curve of nd K¢ (uo, p1)-

Proof. Given any optimal transport plan & € Optuik,(po, 1) with {eda < oo and
a((0,0)) = 0. Let & := dily, 2&, where ry is defined in (3.10) such that ro([z, 0], [y, 71]) = 1.

Due to Corollary 87, we can verify that n := i#d € OptDynpix, (1o, 1) by

| Aydne = [ B0 = [ dlo) da = oBKE a0, ).
spt(n) spt(n) ex¢e

Let u; = h?n. Since

K ¢ (ue, pirn) = 8K e (h7n, b7,,m) < JCZQ(UOaUl) d(et; etn) %Mo, 91)

- t+h
[ et cntmanm < [ [ ) dsdnty)
spt(m) spt(n) Jt
t+h
< L Lpt(n) 173, (8) dn(v)

and by Jensen’s inequality,

f Lpt 7'lac(s) dn(y (J Lpt(n ' ’dk s)dn(vy)d ) = K¢ (po, 1) < +o0,

ds.
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then e AC(I; (M(RY), nFK¢)). Moreover, since

oK (11g, pesn) = mEKE (hin, by m) < Jdg(007 n1) d(et, ex+n)#n(y)

::j;nm)&%<q<wxevHxv>>dn«w =‘Lpﬂm (Jj+h|7W@K8)d8>2dn(V)

then we can compute

% (D dn().

nE (j1t, e
1 P, () = lim Z2meeUe <j w
¢ h—0 h? spt(n)

Therefore,
! 2 ! 2 2
. < |1 0 dnta) = wEE o, ).

By the absolute continuity of u;, we have

1
ﬂKﬁmwﬂéﬁJM%mﬁMt
Therefore,
2 ! 2
MKaMMo=LJmﬁmﬁMt

O

Corollary 90. Continuing with Proposition 89, let (u, 1%) := (h2a’, h2ab) and (1§, 1) ==
(h2a9,h2a9) where a® = @lr— and a9 = Glrs. Then there exist X? : R? — R? X7 : RY —

R9, and A/ : R? — (1, 00) such that

e =07 (Ep@) = fig + 1% [u1 — ], where fi := (X2) b + (X9 (\pg).  (5.116)

Proof. Now, let us prove the explicit formulation of y;. By Theorem 84, there exists a

Monge map T}, : R* — R? such that

P = {1 1) = Tio) .

97



and there exist a Monge map T}, : R? — R? and a growth map g, : R? — (0,1) such that

I, = {([:c,p], [, 1]) 1y = Ty(z), p = Qg(x)}-

Then we can define

XP(x) :=x0e 0 5([w,1], [y, 1]) = x 0 e[z, 1], [Tp(2), 1])

such that X8(x) = x and X?(x) = Ty(x). Therefore, from Subsection 5.1.1 we obtain

XM(z) = (1 —t)z + tTy(x).

Moreover, let

d(, Ty(x) — cos™ (py(x))

d(z,Ty(z)) — cos™Hpg(z)) + +/1g(x)? — 1’

ti=

where 7, : RY — (1,00) such that 7, o p;, = id. Then we can define
X7 = xo0e 0 X([w, p], [y, 1]) = x 0 exl[, py(2)], [Ty (), 1)),
pl i=roe o X([z,pl, [y, 1]) = ro e[z, pg(2)], [Ty(2), 1)),
N = (o] () (@),
such that X3 (z) = z,X{(z) = Ty(z) and N\J(x) = 1,X{(z) = ry(z)?. Therefore, from
Subsection 5.1.1,
1. If t e [0,2],

N(x) =1,

X)(z):=x+ t[d(x,Tg(w)) —cos (pg(x)) + A /rg()2 — 1].

2. Ifte(t,1], let s = =% € (0,1], then

Rt

M (@) = (1= 8%) + s%rg(2)?,

X9(2) = a + m - [d(m,Tg(x)) — cos Y (py()) + cos™! (%)]

We can verify that p} = (X?)4ud and pf = (X7) (A u).
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L. pb = (XP)ppf since for any ¢ € B(R?),

| et dut = [ew st = [ etealle. 1,17, 1) rolfo. 1, Ty(0). 1) do”
- [ o)) aa’
= [0 T, 11 i), 1) - ([ 11, 7o), 1)
_ Jw(Tb(x))d(b%ab) = f@xm))dug = f@(y) d[(X7)5)-
2. 1 = (X7)x(A{pf) since for any ¢ € B(RY),
fs&(y) dpi = fsﬂ(y) d(h3a?)

= [etallo py @ [Zy(2), 1) v py )], [Ty 2): 1)

- @@ da? = [ o) ry@ oo d

= [ Tallo. py@L Zy(2), 1) 1y @) ra(fpy )], [y (o), 1)

= [@@) - @ dvar) = [ (Xt ) Mo) i

- [ew L)

Now, let us show that
e = b7 (Egd) = e+ 1% 1 — ], where jip := (XP)upf + (X7) (AN 1sf).
1. For any ¢ € B(R?),

jd)(fﬂ) db;S4(@lr )] = | é(xoe(S(00,m1))) - roe(E(no, m))* da

r=

= | (X7 (), 1]) - r([X7 (), 1))* da([, 1], [Ty (), 1])

— [ o(xP(2))da = f H(XD () dp = f o) d(XD) 48],
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2. For any ¢ € B(R%),

j o(2) (57554 (G1r.)]

- | d(x 0 e(S(n0,91))) - r 0 (S0, 91))? dé

= . S(x([X7 (), pf (2)])) - r([X] (2), p{ (2)])? da[, pg(2)], [Ty(x), 1])

- ¢(X7(2)) - (pf(2))* dé = . $(X7 () - M (x) - (pf(2))* dG

_ f H(XP () - N () dpf = j o) d[(X7)4 OL10)].

3. For any ¢ € B(RY),

f(b(x) d[b;Eg(@lry)](@) = | é(x(o, [y,1])) - r(o. [y, t])* da(o, [y, 1])

o

— | o) -2 dalo.[y,1]) = f o(y) d( i1 — in]) ()

o

_ f () d(t [ — fu])(@).

5.7 Equivalent Characterization of mHK Problem

Theorem 91 (Disintegration Theorem, [ABS21, p.16]). Let Z, X be Polish spaces, o €
My (2), f: Z — X a Borel function and set 6 := fyo € M, (X). Then there exists a
family {0 }zex < P(Z) such that
(i) x — o, is Borel, i.e. 0,(A) is Borel for all A € B(Z).
(ii) 0 = §y 0, db, ie. 0(A) = { 0.(A)dO(x) for all Ae B(Z).
(iii) o, is concentrated on f~1(z) for f-a.e. x € X.

Any other family {0/ },ex < P(Z) with these properties satisfies o), = o, for f-a.e. z € X.
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Proposition 92 (Main Proposition, Existence of nFK?). We have the equivalence between
the n#K? problem in (4.2) and the n#K32 problem in (5.25), i.e. nFK? = nFK2. Moreover,

the minimum in nHK? is attained.

Fix the time interval I = [0,1]. Let 3 be defined in (5.21) and the evaluation map e; be

defined in Section 3.4 such that

X r

(90,91) —> 9 —>0(t) where 9(t)— 2(t) and 9(t) — (1),

Furthermore, we can define X; : C(I;€) — R% and R; : C(I;€) — R, by X; := xo ¢; and
R; := r o e; respectively such that

Db 2(t)  and by (d).

Lemma 93. Given a dynamic plan n € P(C(I;€)). For almost every ¢ € I, there exist

pi: R — M(R?), v : R* - R?, and w; : R? — R, such that

1
vnwp€ L(u)  and j (v, 5w dpg < f V15,0 dn(y)  Llae. te(0,1).
Rd C(I,e) ¢

2
(5.117)
Moreover, (u, v, w) satisfies the constraints in (4.3).
Proof. For t € I, we can define a scaled dynamic plan o; := R?7, its projection j; :=
(Xe)gor € M(RY), and u; : C(I;€) — R x Ry by
N O s
t), =+ f~ve AC(I; (€, dg)),
w(y) := ((t) r(t)) 1y (1; (€, de)) (5.118)
(0,0) else.

For each t € I, applying the disintegration theorem 91 with respect to z, there exists a
family {o¥}zex < P(C(I;€)) such that oy = {of dpy. Then we can construct vy, wy such

that

1

—w) = us(7)]? ai (7). .
oge) =[P as) (5119)
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Since 7(t) = 0, then w > 0. By Jensen’s inequality, we have

1
| teguoPdus | [ juPdoi(duto = [ ju)Pdonta)
R4 rd Jo(r;¢) C(I;¢)

= f lug(7) - Re(7) [ dn(y) = f r(t)?[@(t)]* + [#(1)]* dn(y)
C(1;¢)

AC(I;(€,de))
= I3 (t) dn.
fC(I;Q‘) de

so vy, wy € L?(j1y). We can show that (u,v,w) satisfies the continuity equation in (4.3). For

any ¢ € C2(X),

[ ot dne = 5 [ 0060 Rbdo = 5 [ ota(0) -0 dn
= [ |[Feotaton - a0y 02 + 2000 70y 10|
- [(720000.26000) wedon = [ | [(926060, 26030 e ]
~ [(920,26) (o gun dhe = [ V2001 + G e

We have the desired result from Proposition 4. O

Proof of < in Proposition 92. Let us prove niK? < III‘K% Assume that & is an
optimal solution of nﬂ(%(uo, 11). Then by Proposition 89, we can construct a optimal
dynamic plan n by n := i#d € P(C(I;€)). By Lemma 93, there exists (u, v, w) satisfying

the constraints in (4.3) such that v;, w; € L?(u¢) and
1 ! iy iy A
[t g0 due < (10 @ ant) = [ (Pt + i) aa

Therefore,

[ ] v g amar < [ [ (Renio + o ) aad = [ doon)da
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_la?
(led)e 2= ), then

Lemma 94. Let (p-) be a sequence of mollifiers (e.g. p:(x) =

EECE (1) = i 0K+ v ).

Proof of Proposition 94 . By previous proposition, there exist & € Optngr, (11, V) and o, €

Optuiic, (1t * pe, v * pe) such that

EK (1, ) = j B(oo.)da  and  0EKE(w pe,v % pe) = f 3 (0,01 da.
¢[R] ¢[R]

Suppose that a. does not converge to o w.r.t the weak topology. For any ¢ € Cy(X), there

exists € > 0 such that for all § > 0, there exists an . such that

Jsratn—nes) [IRRCCNRLEICRES

As e — 0, since pu * p. — p weakly, the leftmost term goes to 0, which gives a contradiction.

> 4.

Therefore,

K2 (p, v) = lim d2 doe = lim nFHK2 (1 % pe, v * pe).
e—0 Q[R] e—0

O

Proof of > in Proposition 92. Now, let us prove that n¥K? > nI-K% Given 6 > 0,

suppose that (fi, 0y, W) is a triplet such that
T (i, Oy, ) < nBK? (1o, 1) + 6.

1. If (04, W) satisfies conditions in the first position of (5), then there exists X; and A\

such that fi; = (X¢)4(Apo) given in (5). Therefore, by Jensen’s inequality,

T (fug, Oy, Wy) f f ’ Ut wt ‘ dﬂtdt_f f ! ¢ (Xe), (Xt))|2 At dpig dt
f f ’ Xt, 2dt lOg At )‘ )‘t d,uo dt
1 d d 2
:f f |(\/E@Xt,£\/)\7t)| dpio dt
0o Jx

L d_ d 2
>J “ |(«/)\ttht,Cﬁ«/)\t)]dt] dpo.
X 0
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Since i‘ = w¢(X¢) = 0, then At = 0. Thus, by the definition of dg in (5.3),

N 1
de([Xo(x0), v/ Ao(0)], [X1(x0), v/ A1(20)]) <JO |(\//\>t%Xt,%\/>\>t)\dt. (5.120)

Defining o = ([Xo, v/ o), [X1, v/A1]) 20, we would have that
L@ dg (90, 91) dow = JX d ([Xo(20), v/ Ao(z0) ], [X1(20), v/ A1 (20)]) dpo
< T (fig, B, W) < nBK? (po, pa) + 6.

Moreover, « satisfies the homogeneous marginals h?a = g and h3a = pg hold. More
specifically,
(a) for any Borel ¢ € B(X),

f o(z) dho = f 6(x1(9)) - 2(n) da = f $(Xo(2)) - Jol(x) diso
X ®2 X
J o(x) d[(Xo)x(Aopo)] J (o) dpo.

(b) for any Borel p € B(X),

f o(y) d(bia) = f p(a(v)) - r3(n) da = f P(X1(2)) - (@) dpo
X e®2 X
_ f () d[(X1) 2 (Aajao)] = f o) dyan.
X

2. If o4, Wy satisfies conditions in the second position of (5), then there exists (uf, vf, w;) €
CET (uo * pe, p1 * pe) such that

II’H(%('LLO * Pey K1 *pE) < J(Mtvvt’wt) j(utavtth) < HH<2(M07M1) + 4.

Take ¢ — 0, by Lemma 94, we obtain

K (1o, 1) < nBK? (1o, p1) + 0.
0

Proof of Proposition 92. From the previous proofs, we show that nHK? = nH(% Now,

let us prove that the minimum in nHK? is attained. Show in Proof of < in Proposition 92,
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given an optimal solution & € Optugk, (o, pt1), there exist (i, v, w) satistying the continuity

equation with reaction in (4.3) such that vy, w; € L?(X; py) and

1 1 ~ A
R o, ) < | [ (o gunP dunde < [ oo, ) da = b o, n).
0 JRE e®2

Since n#K? = ndK?2, then n#K? (g, p11) attains the minimum at (u, v, w). O

5.7.1 Correspondence Between Absolutely Continuous Curves and So-
lutions to the Continuity Equation

Lemma 95 ([ABS21, p.209]). Let v : I — X be a curve with values in a metric space

(X, d), satisfying

d?(y(s),y(t)) < (t — s) ftg(T)2 dr Vs,tel with s <t (5.121)

S
for some g € L2(0,1). Then v € AC?(I; X) and |y/| < g holds L!-a.e. in (0, 1).

Theorem 96. Let (u)ier be a curve in C(I; M(R?)). If i is a solution to the continuity
equation with reaction in (4.3) induced by a vector field (v;)er and a scalar field (wy)er,

then p e AC%(I; (M(R?), nfK¢)) and
1
]u’\?ﬂ{c(t) < J <|Ut2 + 4\wt\2) du; for L'-ae. te (0,1). (5.122)
Rd

Proof. By Proposition 92 and applying a rescaled version of the Benamou-Brenier formula

under a constraint (Proposition 35), we obtain

IIH{%(MtnutJrh) = HH@(,UJt, fht+h)
t+h 1
< hj f <|U(S,ZE)|2 + 4|w(s,x)|2> wu(s,dx)ds Vh > 0.
t
Then by Lemma 95, we have the desired result. O

Theorem 97. Given pu e AC%(I; (M(R?), nFKg)), there exist a velocity field (v¢)swer and a
scalar field (wy)ser such that p; solves the associated continuity equation in (4.3) and
1
v, w; € L* () and f (\%’2 + 4\11}1;\2) dp = \,u’|2nﬁ<¢(t) for L'-a.e. te (0,1).
(5.123)
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Proof. By Theorem 88, if u e AC?(I; (M(R?), niKy¢)), then there exists a dynamic plan
n € P(AC%(I; €)) such that

1. = b?nin I.

2. |pilac, (1) = Scqre) V15, (8) dn(y) for Ll-ae. te (0,1).

We have that u; = (X¢)x(R?1) € M(R?) since for any ¢ € By(RY),
| etardn = [ oty dtoim = [ ptter) e dnta) = [ ota) dixe) o (B
By Lemma 93, there exist v, w satisfying the continuity equation with reaction in (4.3) such
that vy, w; € L?(p¢) and
e gl aus < [ 1R, 0 dn) = i Besee®) < [ 1601, )
where the last inequality holds thanks to Theorem 96. O

Proposition 98. Given pq, y1; € Ma(R?%) with compact supports. Assume that puo « £%.
If (1, v, w) is the optimal solution of mdHK? (g, 111), then there exists & € Optuik, (10, 11)
such that & = dily 2 and

i = 6254, (5.124)
where ¥ is given in (5.21).

Proof. If (1, v, w) is the optimal solution of nd¥K? (g, 111) solving the associated continuity

equation, then by Theorem 96, p € AC?(I; (M(R?), niFK¢)) and

1 1
[ e e < [ [ (1ot + Gt ) utede) de = (o, ).

Thanks to Proposition 92, nHK? = n#K?2, and due to the definition of the metric derivative

of mHK, we obtain

f’/ﬁ/\?rﬂq(t) dt < oK (po, 1) = nHKE (po, 1) < f:U’IErI-KQ-(t) dt.

which implies that

nEK (1, j11) = f 1 B, (8) .
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Moreover, by Theorem 88, there exists 1 such that y; = h?n and

W Baxc = [ R 0dn).
C(L;¢)

Therefore,

f mf 12 () de dn(y f e, (£) dt = B2 (s, 11).

so that 7 is an optimal dynamic plan. By Corollary 87, « := (eg, €1)n € Optnir, (1o, f1)-
Let & = dil,, pa be a scaled optimal transport plan. Due to Proposition 89, there exists a

Radon measure fi; = h%i#d such that

1
fo () dt = a2 (10, ).

We can show that s = fiz: for any ¢ € B(R?),

| ot du = [otw)atvin) = [ oxo ) [reo )] dnta)
B J[Cb(x) 1?1 o er(S(vo, m)) dax(vo, v1)
B J[ﬁb(x) 1] o e(3(90, 1)) dé(vo, v1)

- [0t 7843 = [ o0)

the third equality holds due to the optimal dynamic plan n concentrated on a set defined in
(5.110), by Corollary 87.

O

Corollary 99. Continuing with Proposition 98, if (i, v,w) is the optimal solution of
K2 (119, p11), then p is unique, ie. given two optimal solutions (ji,?,w) and (fi, 0, ) of

K2 (g, p11), we have fi = fi.

Proof. According to Proposition 98, there exist &, & € Optagi, (10, 1) such that
1. & = dily @ and iy = h?X4a .
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2. & = dilyod and fi; = h?X4a.

Due to Proposition 85, & = & so that fi; = fi; for all ¢ € I almost everywhere.
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6. Numerical Schemes

In this section, we expand upon concepts introduced in [Chi+18a, Section 5] and [PPO14].
We aim to leverage these generalized ideas to devise an effective numerical approximation

for the nFK? problem in (4.19).

6.1 Discretization

Given the previous works in [Chi+18a| and [CP11|, we also implemented algorithms on

the centered and staggered grids.

6.1.1 Centered and Staggered Grids

Given the time domain [0, 1] and the space domain [0, L], we discretize the time domain
into T pieces and the space domain into N pieces, then Ax = % and At = % The centered
grid is obtained from discretizing the domain [0, 1] x [0, L] equally which does not include

boundaries, that is

gc={(tiz(i—;)At,:cjz(j—;)Ax):1<i<T,1<j<N}.

The staggered grids on the space and time domains are given by

1
gfz{(tiz(i—2)At,xj:(j—l)A:U):1<i<T,1<j<N+1},
1
Qéz{(tiz(i—l)At,sz(j—2)A:r):1<z’<T—|—1,1<j<N}.

Figure 6.1 is an example of the centered grid G, (labeled by the star), the staggered grid on
the space domain G% (labeled by the circle), and time domain G! (labeled by the rectangle)

when N =4,T = 3.
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FIGURE 6.1: Centered and Staggered Grids

The variables discretized on the centered grid and staggered grid are

V = (p,w,() € E = (R%)®  and U=(_,@,f)e€s:Rg§ngnggC.

Since satisfying the continuity equation requires computing the partial derivative of i, @,

then we act them on the staggered grid.

6.1.2 Discrete Continuity Constraint

The continuity equation with boundary conditions under the constraint in (4.20) is
discretized on the staggered grid. Given U = (fi,@,() € &, the continuity constraint

Oufi + V - @ = 2( is linear. Define a divergence operator div: & — RY% as

. 1 ) 1 _
div(U);; := Kt(“i“’j — fiij) + E(Wi,jﬂ — Wi,j) (6.1)

and s,(U) := 2(, then the discrete scheme for the continuity constraint is

div(U) — s,(U) = 0. (6.2)

Moreover, to discretize the boundary constraints, where 2(0, -) and fi(1, -) should be equiva-

lent to initial and target distributions respectively, i.e.

@2(0,x) = po(x) and  p(l,z) = pi(z) for all z,

and w satisfies the Neumann boundary condition,

w(t,0) =0=w(t, L) forallt,
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we define a function s : E5 — R2WNV+T) by sp(U) := by where by is a vector of the boundary

values, i.e.

bo = [/,Lo(xl) MO(J}N) ,ul(xl) ,ul(xN) 0...0 O0... O]T

and the function s; selects the values of U on the boundaries of the staggered grids (red

points shown in Figure 6.2).

- ] [ ] ] n
° + . + . + (] + (]

t=0 | | L ] | | | | | | L
x=0 x=L

FIGURE 6.2: Boundaries on the Staggered Grids

Thus, the continuity equation with boundary conditions can be defined as a set

CE = {Ueé’s L AU) = fo, A= {di"_ﬂ fo= BJ] } (6.3)

Sb

6.1.3 Discrete Energy Functional and Interpolation Operator

The energy functional in (4.19) is discretized on the centered grid, i.e. D(V) :=
Yreg, f(nr,wr, ¢r) where f := fi is given in (4.16). Since the energy functional and the
continuity equation with boundary constraints are not defined on the same grid, we add a
linear constraint Z(U) = V, where Z : & — &, is a midpoint interpolation operator such

that for any U € &,

_ _ = Hivl,j + Hij Wi+l +Wij =
ZWU);, = (Il(ﬂ)i,jy T (@) 5, IS(C)Z’J) = < i ]2 7, Tt 5 L Ci,j)- (6.4)

111



6.1.4 Discrete Optimization Problem
The discrete scheme of the convex minimization problem in (4.19) is

minimize {D(V) + ch(U) + L{V:I(U)}(Uv V) + Lc+(U, V)}, (6.5)

where Ct := {(U, V)eEsxE:(Ce R%} with R% = {( eRY : (> O}.

6.2 Minimization Algorithms

In this section, we will provide two methods to approximate the optimal solutions of the
discrete minimization problem in (6.5). Before introducing the algorithms, let us provide

some definitions. Denote by H be a Hilbert space.

Definition 6.6 (|CP11]). The projection Il¢(x) of 2 € R? onto the nonempty closed convex

set C' c R% is the solution to

1
minimizie ega  to(y) + 5“1‘ —y|?. (6.7)

Definition 6.8 (|CP11]). Let f : RY — [—c0, 0] be a lower semicontinuous convex function.

For every x € R%, the minimization problem

L 1
minimizie,cga  f(y) + §Hx —yl? (6.9)

admits a unique solution, denoted by proxf(x). The operator prox; : R? — R? is the

proximal operator of f.

6.2.1 Douglas-Rachford Splitting Algorithm
Problem 6.10. Define
G1(U,V):=DV) + 1ce(U), (6.11)
GQ(U, V) = Uy =T(U)} (U, V) + to+ (U, V) . (6.12)
Then the discrete minimization problem in (6.5) is equivalent to
minimize G1(U, V) + G2(U, V). (6.13)
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The minimal solutions of problem 6.10 can be approximated using the Douglas-
Rachford Splitting Algorithm, which was originally proposed in [DR56] for solving linear
problems and later generalized to nonlinear problems by [LM79]. According to [Chi+18a| and
[CP11], the Douglas-Rachford algorithm facilitates the identification of minimal solutions
for the sum of two convex, proper, and lower semicontinuous functions, (G; and G, through
iterative schemes: choose (2(9,w(®) e H2 a € (0,2), and v > 0,

wl D = O 4 a(proval(Qz(l) — w(l)) — z(l)),

2D — Prox.c, (w(lH)), (6.14)

then z() — z*. (see [[CP11]] for the details of convergence).

6.2.2 Alternating Direction Method of Multipliers

Problem 6.15. Define

G (U, V) := D(V) + tce(U), (6.16)
Co(U, V) = vz (U, V), (6.17)
H(U,V) == 10 (U, V). (6.18)

Then the discrete minimization problem in (6.5) is equivalent to

minimize G1(U1, V1) + Ga(Us, Vo) + H(X,Y),
subject to (U;,V;) = (X,Y), i=1,2. (6.19)

The minimal solutions of problem 6.15 can be approximated using the Alternating
Direction Method of Multiplier (ADMM) algorithm. According to [Boy+11, Chapter

7], the problem 6.15 is a global variable consensus problem with regularization and it can

be solved through iterative schemes: choose (ﬂsgo),mgo), 20, ygo),ygo)) and v > 0,

sz(’m) = Prox,q, (Z(’Z) - vyy)), i1=1,2,

2
) (Z 20 ’ngﬁ)>7
=1

(1) _ (0 1 (x(ﬁ-&-l)

Y; =y, N i — Z(é_'_l)), 1=1,2.
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6.2.3 Proximal Operators

Proposition 100. The proximal operator of vG1 is equivalent to

prox.,, (Uo, Vo) = (Tleg (Uo), prox,p(Vo)). (6.20)

Proof of Proposition 100.

prox,q, (Uo, Vo)

. 1
—argipin {3 DV) +y1ec(U) + 51U V) = o, I}

: 1 2 : 1 2
~(argmin {3ece@) + 210~ 0ol |, axgmin {5 V) + v~ 16

- (Hcg(Ug), proxw(vo)>.

O
Proposition 101. The projection operator of U onto CE is equivalent to
Heg(U) = U + A*(AA*) "} (fo — A(D))
=TIp(U) — (s* — div¥)S™!(s, — div)(TIg(U)). (6.21)

where S = (div)(div*) + 4id is the Schur complement of the block sys; of AA*, and IIg(U)

is the protection onto the boundaries B := {U € & : s,(U) = by} such that
Hp(U) = U + s (sps5) " (bo — s5(U))
=U+ 3;;([70 — S(,(U)) (6.22)
Moreover, given p = (s, — div)(HB(U)), we can approximate © = S~!'p by solving —Au +

4u = p where u satisfies Neuwmann boundary conditions on the staggered grids. Then u

can be numerically solved by taking the Fourier inverse of 4 where u solves

a(m,n) - <4 + (Ai)? [2 — 2cos <;\T](n + ;)ﬂ

+ (Alt)2 [2 — 2cos <;(m + ;)>]> = p(m,n). (6.23)
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Proof of Proposition 101. Compute

div

AA*:[
s

— Sz] [div* —s¥  sf]
b

[ (div = s;)(div* — s%)  (div —s;)s;
B sp(div* — s¥) 5p5;

and sps; = id, we obtain the Schur complement of the block sys; of AA* as
S = AA*/spsi
= (div — s;)(div* — s3) — (div — s) s} sp(div* — sF)

= (div)(div*) + 4id

and the last equality holds since

s, div* = 0 =divs}, sdiv* =0 =divs], spsi =0=s,s}, s.55 = 4did.

Furthermore, we have
(AA%)1 = St —S7Hdiv — s.)s;
—[sp(divF — s5)STL Id + sp(divF — s¥)ST(div — s,)sF
Substitute that into

Tee(U) = U + A*(AA*) ™ (fo — A(U)),

we will have the desired result for Ileg(U). Since (div)(div*) ~ —A, then Su = p is
approximated by —Au + 4u = p. To solve this equation, we can represent u by normalized

discrete cosine transform, i.e.

I X T 1 s 1
= Z Z @(m,n) cos N(n—l— 5)]) cos(f(m—l— 5)@),
m=1n=1
where i = —3 , T+ 2,] =—3 , N + =, and substitute that into —Au + 4u = p. We

obtain

<4+(A1x) [2 - 2coS(N(n+;))]+ (Alt) [Q_QCOS(T(er;))])@:ﬁ_

Taking the inverse Fourier transform, we can recover the solution of u. O
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Proposition 102. The proximal operator of vD is equivalent to

prox, p(V) = (prOX'yf(VI))Iegc7 (6.24)

where for any [ € G,

(fir Arwr _frdr ) if iy >0
rox ywr, () = A2y 2y ’ 6.25
prosey (s, wr, 1) {(0,0,0) otherwise, (6.25)

and jir is the largest real root of (X — pur)(X + 27)% — v(Jwr|? + ¢72) = 0.
Proof of Proposition 102. Since

- 1 ~
Prox,p(V) = arg min {’YD(V) + -lV = VQ}
Ve&. 2

: 1 =
= arg mln{ D fv) + SV = V1||2}, Vi = (pr,wr,Cr)
Ve&e IeG.

= (orgmin {rromy + 17— vie})
Vi

IeG.

then for any I € G, proch(Vj) =V = (,&1,&)1,51) satisfies V; — V; + ’ny(VI) =0. If
iy > 0, we have

wil* + ¢ 2wr 2
vf(ulawIaCI):(_ 2 Ia ) .
1394 Hr  Hr
Simplify the linear systems,

fir — pr —y(|@r)* + CH/(a3) =0
wr —wr +7(201)/(jir) =0
Cr — Cr +7(2¢r)/(fr) =0,

we obtain

(fur — pr)(fir + 29)* = y(wr* + ¢F) = 0

~. . _PIwr
WL = 2yti
{r = 13485

= 2yt
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Proposition 103. The proximal operator of i _7(r); 1s equivalent to

Uo, Vo) = (U, Z(U)), (6.26)

prOX’YL{sz(U)} (

where U = (fi, @, C) satisfies

F= QU (@ THW), =@ (@4 TW), (=5@+), (621
with Q; = Id + ZZ; for i = 1,2 and Z} is the adjoint operator of Z;.
Proof of Proposition 103.

. 1
PE0S 0y (U Vo) = av puin {0 (U V) + 5100, 6) - (U V) 2}

. 1 2
arg i {3100 V0) - 020D

Then U = (fi,@, () s.t.
o= angin {S1°.0) — (T .
o= argmin { 31(6%.6) - @ 2(@)IB
¢ = argamin { 1€, ¢") — € BB

W.L.O.G, take the derivative w.r.t i, we have

20 =200 + 2T () — 2Z4 (1°) = 0 = o= (Id + I{Th) 1 (B° + Z{ (7).

Proposition 104. The proximal operator of ’)/(L{V:I(U)} + tc+) is equivalent to

DYOX, 11y sy 101 (U0 Vo) = (T Z(D)), (6.28)

where U = (ji,@,¢) such that /i, & are given in (6.27) and

CNI =max{(€0—gco) ,0} for I € G,.
I
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Proof of Proposition 104.

Prox.( ) (Uo, Vo)

Hv=z(U)}ttic+

. 1
—arg min {7 =) (U, V) +7ie+ (U, V) + S (U0, Vo) = (U, V)|§}

. 1
—arg uin {316 (0 Z0) + 100, %) - OO}

Then U = (f1,&,() s.t.

- argnin {;uuo,w) - w,zl(u))H%}

i
& 5= argmin { 116°.°) - (. (@) 2}
5 = argméin {VLR%XIR%C (E’I@)) + %H(Eovco) - (C’I3(O)§}'

O

Proposition 105. The projection of (Uy, Vp) onto C* is e+ (Up, Vo) = (U, f/) where for

I'ege,
Ur = (ﬂ(}, @?, max(f?,O)) and  Vp = (,u?, w?, max(C?,O)).

6.3 Numerical experiments

To reproduce the results, the source code in Julia and animations of the process are

available in the GitHub link: https://github.com/yd124/Unbalanced-0T.

6.3.1 Examples: 1D Gaussian Bumps

Consider the initial density pg as a composite of two Gaussian densities with masses of 1
and 4, respectively, within the interval 2 = [0, 3]. These densities have peaks at 0.2 and
2.2. Conversely, the target density p; is formed from Gaussian densities of masses 4 and 1,
supported on the same segment = [0, 3], but with modes at 0.4 and 2.0. The problem is

discretized using T' = 16 in time steps and N = 256 in spatial divisions.
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FIGURE 6.3: Transport Between the Gassuain Bumps

Figure 6.4 illustrates the variance in transported densities between the unconstrained
(HK) and constrained (mHK) scenarios. In the unconstrained case, the transported density
pF¥ exhibits local increases and decreases. Conversely, the constrained case, incorporating
a non-negativity condition, prevents any reduction in the transported density pf¥. This
results in a noticeable mass redistribution from the right peak to the left, demonstrating

the significant impact of the non-negative constraint on the mass transport dynamics.
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FIGURE 6.4: The Transport Between Gaussian Bumps

6.3.2 Examples: 2D Images Transport

Let the domain = [—2,2]. Consider the initial density py as composed of two distinct
rings: the first ring is centered at (—1, —1), featuring an inner diameter of 0.05 and an outer
diameter of 0.15, while the second ring, centered at (1, 1), has inner and outer radii of 0.25
and 0.45, respectively. On the other hand, the target density p; consists of two rings as well:
the first, centered at (—1,—1), has inner and outer radii of 0.25 and 0.45, mirroring the

second ring of po; the second ring, centered at (1, 1), is defined by an inner diameter of 0.05
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and an outer diameter of 0.15, matching the first ring of pg. This configuration inversely
mirrors the ring arrangements between pg and p1, establishing a symmetrical relationship in

their compositions.

Intial Density Target Density
2

-2 0 2 -2 0 2

FIGURE 6.5: Intial and Target Densities

Figure 6.6 demonstrates the dynamic changes in density over a specified interval. The
initial set of images (in the first row) vividly captures the evolution of the optimal density for
the HK problem, highlighting the local contraction and expansion of two distinct rings. This
visual progression succinctly illustrates the density adjustments necessary for optimizing the
HK framework. In contrast, the subsequent series of images (in the second row) distinctly
reveals the mass transfer process: a significant portion of the mass is relocated from the
larger ring to the smaller one. Concurrently, there is evident growth of the smaller ring in
its original location, indicating not just a transfer but also an accumulation process. This
detailed portrayal underscores the complex interactions and adjustments within the system,
providing a clear visual understanding of the density transformation phenomena.

t=1.0
t=1.0

t=0.6

t=0.6

M
-t
-
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FIGURE 6.6: The Transport Between 2D Images
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7. Conclusion

In this paper, we build several unbalanced optimal transport problems with growth
constraints and connect their relationships. We succeed in proving the two major theorems:
the existence and uniqueness of the optimal solutions for our problems. Moreover, we
developed a numerical scheme based on previous work. In the future, we hope to apply our
problem in a real scenario, for example, we want to uncover the change in the density of a

tumor within a period, which might provide more treatment insights.
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Appendix A. Proof of Results in Continuity Equations

Proof of Proposition 4. It suffices to check when ¢(t,x) = n(t)¢(x) for any ne CL((0,T))

and ¢ € CX(R?), since D is dense in C%((0,T) x RY) where

D= {i_fjlm«tm(x) € CEO.T), € CEERY,i = 1., N .
Observe that
o~ | ' |, (atgo F Vgt gowt> dyn dt
= [ [, (606 + 000906 )+ ttro(a1ine) ) .

Using the integration by parts, we can conclude that

d
dtf o dur = J <Vm¢ v+ </5wt> dyug.
Rd Rd
O

Proof of Proposition 5. Let us prove (i) at first. According to [SC16| and [Tes12|, there

exists a unique X; and a unique A; of the following ODEs:

Cauchy problem ‘ Leibniz formula
%Xt = Ut(Xt) %)\t = ’U)t(Xt)At
Xo(x) == Xo(z) =1
Then p; = (X¢)%(Aipo) is unique. Since X; and A; are continuous in ¢, then so is p.

Moreover, we want to show that (u,v,w) solves (CE) in (1.14). Given any ¢ € C°(R?) and

any h > 0, we obtain

fRd ¢(x) dpsgn — fRd o(x) dpy = JRd (qﬁ(XHh)/\Hh - d)(Xt))\t) duo. (A1)

Since

OXeen Mesn — 60N = [60XeDh e — 60X Neun] + [6(X0Nean — (X]
t+h
~ [ (Aesn gl + o(x0 0 Y.
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then (A.1) is equivalent to
t+h
[ o~ [ o@au= [ [ (henvorx o+ s0xmux.) ) dsduo
R4 Rd Rd Jt

Take the derivative w.r.t time t from both sides, we can conclude that

d
p fRd ¢ duy = fRd At <V¢(Xt) <+ ¢(Xt)wt(Xt)>dM0

= fRd <V¢ -vp + gbwt)d,ut.

This implies that (@, v, w) solves (1.14) in the distributional sense.

Now, let us prove (ii). The triplet (u°, v®, w*) solves (1.14) since

O + V- (0°p7) —w'p® = (@u + V- (vp) + (w)) % pe = 0.

Let vf (dy) := m% e P(RY), we can compute that

| lt@p + Jlui @ dui (o)

Jul

<[ L, (e + ghunto) avg ) aui o)

L |
T

) i (2)

| wtwyavew)

| )

- L L (1w + o ) octe = it

:J lve(y) P + %’wt(y)lp dp(y).-
Rd

Gt (dz)
(

Let w = vy and ¢ = wp. Since (g, wy, ) — §pa zzggg ‘p + ‘M ) ‘p dus(z) is lower semi-

continuous by Proposition 40, then the convergence in (1.22) holds.
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Appendix B. Supplementary Calculations

Claim B.1. Let f(p) := (0 — )y — p. When 0 > 7, the equation f(p) = 0 has a unique
solution pg in (0,1). When 6 = 7, 0 is the only solution of f(p) = 0. In summary,

(6 — B)y = p has a unique solution in [0,1) when 6 > 7.

Proof. Take the derivative of f, we obtain

F(p)=—(6—8)- g <0 for pe (0,1).

Hence, f is a monotone decreasing function in (0, 1).
1. If 6 > 7, then f(0) = (0 — %) > 0 and f(1) = —1 < 0. By the intermediate value

theorem, there exists a unique py € (0,1) s.t. f(pg) = 0.

2. If 6 = 7, then f(0) = 0. Thus, pp = 0 is a unique solution of (6 — 3)y = p.

Claim B.2. Fix z,y € R? and 6 = d(z,y). Let

90(p) == (p(0 = B) +7) -7, Vp€ [cos(0z),1].

Then
1. When 6 < 7, gg(p) < 1 for all p € [cos(f), 1].
2. When 6 > 7, then gg(p) > 1 if p € (0, pp) and gg(p) < 1 if p € (pg, 1) where pg is the

unique solution of (0 — 5)y = p.

Proof. Observe that

go(p) = (p(0 = B) + ) - v = pl(0 — B)y —pl + 1:=pf(p) + 1.

1. When 0 < T, since f'(p) = —(6 — f) - g <0, then f(p) < f(cos()) = sin?(#) < 1.
2. When 0 > 7, g9(0) = 1 = gg(pp). From the proof of Claim B.1, f(p) > 0 if p € (0, py)

and f(p) < 0if p e (pp,1). Therefore, we obtain go(p) > 1 if p € (0, pp) and go(p) < 1

if p € (pp,1).
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Claim B.3. Fix z,y € R? and 6 = d(x,%). Let

f(u) :=c(z, pyy,u) + c(x,0,y, /1 —u?) —c(x, p,y, 1) Yue [p,1], (B.4)

where the cost is defined in 5.50. Then f(u) < 0 if and only if § > % and ppe_l < u where

pp is the unique solution of (0 — B)y = p.
Proof. Take the derivative of f,
f'(u) = [go(pu") = 1] - 24, (B.5)

where gy is defined in Claim B.2 and by that claim, f(u) < f(1) = 0 if and only if f/(u) >0

if and only if gg(pu=!) > 1 if and only if pu~! € (0, pp). O

Claim B.6. Fix z,y € R? with § = d(z,y). Fix x € (0,1]. Let f(p) := c(z,p,y,1) —
F(0,r) - p? for p € (0,1] where the cost ¢ and F are defined in (5.52) and (5.55). Then

f(p) = f(k) in (0,1].
Proof. Take the partial derivative of f, we have

Since F(#,-) is increasing and f’(k) = 0, then f(p) = f(k) in (0,1]. Moreover, f(k) =
G(0, k) where G is defined in (5.56), so f(k) < 1= f(0). Thus, f(p) = f(x) in (0,1]. O
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