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Abstract

The dynamics of a particle coupled to a dense and homogeneous ideal Fermi gas
in two spatial dimensions is studied. We analyze the model for coupling parameter
g =1 (i.e., not in the weak coupling regime), and prove closeness of the time evolution
to an effective dynamics for large densities of the gas and for long time scales of the
order of some power of the density. The effective dynamics is generated by the free
Hamiltonian with a large but constant energy shift which is given at leading order by
the spatially homogeneous mean field potential of the gas particles. Here, the mean field
approximation turns out to be accurate although the fluctuations of the potential around
its mean value can be arbitrarily large. Our result is in contrast to a dense bosonic gas
in which the free motion of a tracer particle would be disturbed already on a very short
time scale. The proof is based on the use of strong phase cancellations in the deviations
of the microscopic dynamics from the mean field time evolution.

1 Introduction and Main Result

In this article we consider the dynamics of a tracer particle interacting with a dense and
homogeneous two-dimensional fermionic gas. In order to keep the analysis simple we neglect
the interaction between the gas particles and focus only on the interaction between tracer
particle y and gas particles 1, ..., zy. The general model we wish to study is defined by the

Hamiltonian
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where v € C§° (the space of smooth functions with compact support), and g > 0 is a coupling
constant. The time evolution of the (N+1)-body wave function ¥; € H, ® Hy = L*(T¢) ®
L*(T*N), where d is the dimension, T a one-dimensional torus of length L € R, and L? denotes
the space of complex square integrable functions (for simplicity, we neglect spin), is given by
the Schrodinger equation

10V, = HWY,. (2)

As initial condition we choose a factorized state Wy = ¢y ® )y, where ¢y € H, is the initial
wave function of the tracer particle and €y € Hy is the free fermionic ground state with
periodic boundary conditions in the d-dimensional box of side length L. For analyzing ¥, we
first take the limit N, L — oo with p = N/L? = const. in order to remove finite size effects
and then consider large gas densities p. Note that in this situation the average potential
energy of the tracer particle is proportional to gp. We later choose g = 1, such that our
analysis is beyond any weak-coupling limit.

We expect that the above model exhibits some interesting phenomena which depend in
particular on the time scale that one considers. Here, we consider time scales for which the
tracer particle moves in the mean field of the gas particles. Since the mean field potential is
spatially homogeneous for the ideal Fermi gas, the effective dynamics is equivalent to the free
time evolution. For longer times, we expect that the tracer particle will create electron-hole
pairs and eventually lose its energy. The situation may differ depending also on the spatial
dimension. For reasons which we explain in Section [1.2.2] we focus on the two dimensional
case. Let us also remark that the described model is relevant, e.g., for understanding the
motion of ions in a degenerate and dense electron plasma. In this situation it is known that
the ability of the plasma to stop ions decreases in the high-density limit; cf. Section [1.2.8]

We prove in this article that in the limit p — oo, the time evolution of the tracer particle
is close to the free dynamics on a particularly large time scale. Our main result is readily
stated:

Theorem 1.1. Let d = 2, the masses m, = m, = 1/2 and the coupling constant g = 1. Let
further oy € H, with |[V*po| < C uniformly in p. Then, for any small enough € > 0, there
exists a positive constant C. such that

li H _th\IJ o —iHmft\Ij ) < C& 1 t§ —1+e 3
NI s ‘ 0e Nyemy = SRE @)
p=N/L?=const.
holds for all t > 0, where
N
Hmf = _Ay - ZALL‘z + p]:[UKO) - Ere(p) (4)

=1

is the free Hamiltonian with constant mean field pF[v](0) = (Qo, SN v(w; — y)Q)a,y minus
a positive p-dependent next-to-leading order energy correction E,..(p) which is defined in .

Let us remark that in Theorem [L.I} we have fixed all scales except for the density p and
the time ¢t. The statement is meaningful for all pairs of p and t for which the r.h.s. of
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becomes small compared to one. Note that a more detailed expression for the error term can
be inferred from in combination with Lemma . The proof of Theorem is given in
Section [2] Before we discuss the model, the theorem and its application in physics in more
detail, let us stress that Theorem is nontrivial and might be surprising at first sight:

e Contrast the situation with a tracer particle in a classical or bosonic gas. Since the
velocity of the tracer particle is of order one and the interaction proportional to the
density p, then after times of O(1), the tracer particle has scattered with O(p) particles
in the gas. The expected mean free path of the tracer particle is accordingly small,
namely oc p~° for some § > 0.

e In a fermionic gas, the kinetic energy of the tracer particle can dissipate into its environ-
ment by means of particle-hole excitations. One might expect that this kind of friction
mechanism would become stronger the larger p. This is the case for a tracer particle in
a Bose gas which was shown in the mean field regime on a rigorous level in [14] 13} [3].
For fermions one finds a different behavior: the larger the density, the less the particle
is disturbed and, vice versa, disturbs the gas less. As a consequence, the free motion
holds on a much larger time scale ¢ = O(p?) for some § > 0; cf. the r.h.s. in ().

Our result follows from a careful analysis of the fluctuations in the gas and their propaga-
tion, and relies heavily on the Fermi pressure, i.e., the antisymmetry of the wave function of
the fermionic particles. We give a sketch of the proof in Section [I.3] and provide a physically
more intuitive explanation in Section [1.3.1]

1.1 The Model in More Detail

Let us discuss the considered model and its properties in more detail. First, note that we do
not take any internal degrees of freedom such as spin into account. On the level of our main
result, we do not expect a qualitative different behavior by doing so. Note also that our focus
lies on the analysis of the interaction between the tracer particle and the gas, whereas the
mutual interaction of the gas particles is neglected. While this is generally expected to be a
reasonable approximation for many situations, its rigorous justification is a very interesting
question on its own. Physical units are chosen such that the constant A and the masses of
tracer particle and gas particles are dimensionless and h = 2m, = 2m, = 1.

We model the potential between the tracer particle and each of the gas particles by an
infinitely differentiable function with compact support (uniformly in L), i.e., v € C§(T?) N
Cs°(R?). Theorem holds as well for less regular potentials with fast enough decay at
infinity. In order to simplify the proof as much as possible, however, the chosen class of
potentials is very convenient. We often abbreviate the total interaction term in H by V =
Zi]\il v(x; —y). Since V' is bounded, H defines a self-adjoint operator on the second Sobolev
space H2(T2N+D) € H, ® Hy. For the corresponding time evolution, we write U(t) = e~
t > 0.

The initial wave function y of the tracer particle is restricted to be an element of H*(T?) C
H, with || g+ < C for all values of p. The initial state of the gas is assumed to be given by



the ground state of the ideal Fermi gas which is described by the antisymmetric product of
N one-particle plane waves,

Q()(Ila '”7xN) - L Z (_1)Tﬂ¢PT(i)<Ii>> (5>
VN! .

" TESN

with ¢p(x) = L™'e”” € L*(T?), and (p;))_, the N pairwise different elements of (2r/L)Z?
with smallest absolute value. Sy denotes the group of permutations of integers {1,..., N}
and (—1)7 is the sign of the permutation 7. Since the system is defined on a torus of side
length L (with periodic boundary conditions), the set of possible momenta in the gas is given
by the lattice (27r/L)Z?. We label the momenta such that for j;,j, > 1 we have j; < j, <
1pji| < |pjp|. The wave function € corresponds thus to the lowest possible kinetic energy
given by Zszl pi.

It is later very convenient to use fermionic creation and annihilation operators. For wave
functions ¥ € ‘H, ® Hy which are antisymmetric in the gas-coordinates, we have

Py, 01, o) = D 60 /T dri &, (2D (g, 01, oo on), (6)

i.e., a particle with momentum p; € (27/L)Z? is replaced by a particle with momentum
YURS (QW/L)ZQ.

An important quantity that characterizes the state 2y is the Fermi momentum kp. It
is defined as the radius of the Fermi sphere which corresponds to the lattice points (pj)é-vzl
lying within a distance |py| = kp around the origin. The Fermi momentum is related to the
average density p via

_LZ_/ o _Ke = Vi (7)
p - L2 - |P|SkF (271')2 - 47'[' B ﬂ_p.

We study the model in the thermodynamic limit N, L — oo and p = const. which we denote
by limyp. This simplifies the analysis because it allows us to ignore additional effects which
are due to the chosen boundary conditions. For very large systems, i.e., in particular for
L/supp(v) > 1, such boundary effects are not expected to be physically relevant which
justifies the analysis in the thermodynamic limit. We emphasize that for the result we are
interested in in this work, it is really the parameter p > 1 which is the physically interesting
one. We expect a very similar result to hold if one repeats all estimates for fixed but large
values of N and L, and then considers the regime in which N > L.

Let us next discuss the effective model. The effective dynamics is described by the Schrodinger
equation with mean field Hamiltonian H™. Note that H™ is also self-adjoint on H?(T2(V+1)
and the corresponding mean field time evolution is denoted as U™{(t), ¢ > 0. The average
potential w.r.t. Qy that acts at position y € T?,

E(y) = (Qo, VQo)ay (y) = pF[v](0), (8)



where F denotes the Fourier transform, is spatially constant. The homogeneity of E(y) = E
is furthermore conserved under the mean field time evolution U™(t), i.e.,

—ig!
(VA )y = (Q0, V), Qf = e N1Qy, 9)

where H ]{, = — Zfil A,, denotes the free Hamiltonian of the gas. The Schrodinger equation
with Hamiltonian defines therefore a self-consistent approximation. The reason why we
call H™ a mean field Hamiltonian is that to leading order, it is obtained from H by replacing
the potential V' by its average value E. The constant F,.(p) is due to immediate recollisions
between the tracer particle and gas particles. It is given by

Ee(p) = thl Ere<Na p), (10)
N o)
~ 1 Flol(pr — p 2 1
Ee(N.p)=13D_ D | Hg —; | 9<Ipz\—lpk!—p 2),
k=1 I=N+1 Py = Pk

where 0(x) denotes the usual Heavyside step function, i.e., #(x) = 1 for x > 0 and zero
otherwise. Eq. of Lemma shows that for any € > 0 there are positive constants C, C.
such that

C < E.(p) < CP% + Cep_1/€~ (11)

Since pF[v](0) — E..(p) is constant as a function of the coordinates y, 1, ..., xy, the time
evolution U™(t) is physically equivalent to the free dynamics generated by Hg + H ]J; (where
Hf = —A,).

Note that in the rest of this article we omit the subscripts H,, Hy or H, ® Hy on all
scalar products and norms, since it is always clear from the argument on which space the
scalar product or norm is meant.

1.2 Discussion of the Main Result

We give a list of nonrigorous remarks and assertions about the described model and Theorem

inl

1.2.1 Spectral Properties

H and H™ describe translation invariant systems and therefore the total momentum is con-
served by both dynamics, U(t) as well as U™{(¢). In the microscopic model, however, the initial
momentum of the tracer particle is not necessarily conserved due to the presence of the inter-
action potential. The joint energy-momentum spectrum of (H, ]Stot), Ptot = —iVy— Zf\il 1V,
being the total momentum operator, is thus expected to consist of degenerate values (Eot, Piot)
where the degeneracy results from the different possibilities of splitting the total momentum
P,o: between the tracer particle and the gas. For (Eyy, Piot) = ((Vo, HWg), (¥, ﬁtotllf())), the
kinetic energy of the tracer particle may assume values between E*" = 0 and E;“m = P2,.
Note here that the smallest excitation energy of the gas is equal to 47?/L* < 1. It is not
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difficult to verify that for every value b € [0, P2,], there exists a wave function ¥U* € H, @ Hy,
such that

(Wb, AT = b+ O(L72), (¥°,9") =0 for |b— V| > 4n?/L?, (12)
while the W® are dynamically accessible in the sense that
(W0, HU") = (Wo, HWo), (W, Py W) = (Wo, ProtWo). (13)

In Figure (1] (Lh.s.), we depict an example of such a wave function ¥’ (in this case a simple
particle-hole excitation) which lowers the kinetic energy of the tracer particle for given values
((Vo, HUy), (P, Istot\IJ0>). The reduced energy spectrum of the tracer particle is shown in
Figure 1] (r.h.s.): for P, # 0 and in the limit L — oo, our initial wave function ¥, seems to
lie on top of a continuous fiber [0, P2,] of dynamically accessible states]T]

Although the rigorous analysis of spectral properties in the thermodynamic limit is very
subtle, we expect the above considerations to be true for d > 2, and for all p > 1.

1.2.2 Dimension

The spectral properties are very different in one spatial dimension. For d = 1, there are no
dynamically accessible states, i.e., wave functions with total energy and momentum equal to
that of Wy, for which the average kinetic energy of the tracer particle is smaller than its initial
value P?2,. Any significant transfer of momentum from ¢q to £y would cause an increase in the
energy of the gas proportional to kr which is due to the quadratic energy dispersion relation.ﬂ
The reduced kinetic energy spectrum of the tracer particle in one dimension and for large kg
is therefore the same as in the free model: E{fi” = (o, ]f’tot\If[)}?, with no other values allowed.
This makes a result similar to Theorem less surprising. A rigorous analysis of the one
dimensional model was carried out in [I6]. In Appendix [A] we write down the theorem for

= 1 and give a short sketch of how the the argument we employ to prove Theorem is
adapted to the one dimensional case.

For d = 3, the spectral properties are similar to the case d = 2. However, for d = 3, it
is unclear if a similar result about the dynamics holds; see also Remark [1.3] and Appendix [B]
This is why we chose to study d = 2 in this article.

1To illustrate the above argument, let us give a very simple example of a transition that conserves total
energy and total momentum, but lowers the kinetic energy of the tracer particle. Suppose, the initial momen-
tum of the tracer particle is given by <g007 (—iV)<p0> = Py # 0. Let us now consider a particle-hole excitation
that absorbs all the momentum of the tracer particle, i.e., the momentum transfer is dp = Py, such that the
total momentum is conserved. Then the difference in the total energy before and after the collision is

2
SE = P2+ p? — (pk + P0> — 2, Py (14)

Therefore, energy is conserved in this case if pi - Py =~ 0. One can easily convince oneself similarly that there
are particle-hole excitations from all states within two small regions (depicted in grey in Figure Lh.s.) which
change the momentum of the tracer particle by |dp| € [0, Py] and conserve the total energy.

2This can be seen from : In one dimension the energy difference is —2py, - Py o< —kp for any py near
the Fermi surface. For d > 2, this is different as explained above and indicated in Figure
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Figure 1: L.h.s.: A possible particle-hole excitation in the 2d Fermi sphere which lowers the
kinetic energy of the tracer particle from P? to (Py — dp)? while leaving total momentum
Py = <\IIO, f’tot\lf0> and total energy Fy = <\I/0, H\Ifo> unchanged. For given F, and large kp,
only particles from the grey region can be excited. It follows from energy and momentum
conservation that the area of this region is of order 1/kp, see Section [1.2.4 R.h.s.: Reduced
kinetic energy spectrum of the tracer particle E;ji”(Etot,Ptot) for given value FE;,; and as
function of P,. The part below P2, corresponds to dynamically accessible states for which
Efi"(Etot, P,,t) ranges between zero and P2,.

1.2.3 Asymptotic Energy Loss

From the spectral picture that was explained in Section [1.2.1 we expect that eventually,
the kinetic energy of the tracer particle dissipates into the gas by means of particle-hole
excitations. Recall Figure 1] (r.h.s): for L — oo, the initial wave function W, lies above the
continuous fiber over Py = <‘IJO, [f’tot\lfo>. If the initial momentum is nonzero, the tracer particle
occupies an excited state which is coupled to a dispersive medium with a large number of
degrees of freedom. In such a situation, one may expect that the excited subsystem approaches
asymptotically its lowest energy state. For the Fermi gas, this friction mechanism is suppressed
for large values of p. Theorem states that W, or equivalently, the initial momentum
distribution of the tracer particle, is stable on a large time scale, namely of the order of some
power of p. On some larger time scale the tracer particle is expected to slow down until it
reaches its ground state E}*" = 0.

The rigorous understanding of existence and properties such as lifetime and decay rate of
long-lived resonances is, however, very difficult. It needs more refined techniques and perhaps
a more general formulation of the model (e.g., defining it directly on R?) in order to describe
the physically correct behavior for ¢ — oco. In [I7], e.g., a similar question was studied



on the level of the (fermionic) Hartree equation for which it was shown that a small defect
added initially to the translation-invariant homogeneous state disappears for large times due
to dispersive effects of the gas.

1.2.4 Momentum Space

Let us take a closer look at the number of states in momentum space that can in principle
interact with the tracer particle. In the limit of large p only few particles in 2y can be
lifted above kr. The number of transitions is restricted because of the Pauli principle and
conservation of energy and momentum. In Figure[l] (Lh.s.) we also indicate the momentum
space region of particles that can exchange energy with the tracer particle for given Py =
(Vo, P,otWo). The probability of finding a gas particle in this phase space area at a given
instant of time within the range of the interaction of the tracer particle is small, namely
x 1/kp (note that the grey area in Figure|l] (1.h.s.) is chosen to have a width « |Fy| = O(1)
which implies that its height shrinks like 1/kr). During a unit time interval the number of
such particles is nevertheless again at least of order one, i.e., in particular independent of
the value of p. This is true because the corresponding Boltzmann cylinder (the distance from
where the gas particles can reach the tracer particle during a unit time interval) has length
 kpr. Therefore, already for times of order one, the tracer particle could interact with order
one gas particles. However, in Theorem we show that this does not happen and the tracer
particle moves freely even for longer time scales than order one.

1.2.5 Norm Distance

Since we consider a regime of strong coupling, even a single collision can be enough to disturb
the free motion of the system. It is thus necessary to prove that all particles behave according
to the mean field equation. This is the reason why the difference in norm between U (t)¥, and
U™ ()W, is the right quantity to consider. Note that the situation is different compared to the
weak coupling regime where the aim is usually to prove that the relative number of particles
which evolve according to the mean field potential is close to one; see, e.g., [2, 8, 12, [4], 2T, [, 20]
for the fermionic case.

1.2.6 Fluctuations and Mean Field Regime

The substitution of the potential V' in U(t)W, by its average value E would be easy to justify
if fluctuations around E were negligibly small, i.e., if V' &~ E would hold with probability close
to one (w.r.t. the probability density defined by |Qf |2). We show in Lemma Eq.(56), that
this is not the case: while lim, [(V — E)QJ|? is suppressed in the sense that it grows only
with /p instead of p (as naively expected from the square root of N law), it still diverges
in the limit p — oo. The reason for the large fluctuations is the strong coupling g = 1. If
we had assumed a weak coupling, say g = p!, the fluctuations would vanish when p tends
to oo and an estimate like in Theorem would follow almost trivially. We emphasize this
because it exemplifies an interesting fact: the mean field regime for fermions does not neces-
sarily coincide with a weak coupling limit g — 0 (p — o). For bosons, on the other hand,



the mean field regime coincides with the weak coupling limit. In other words, Theorem
provides an explicit example of a setting where the mean field regime for fermions is much
larger compared to bosons or classical particles. In Section we give a short explanation
of why the mean field description is valid even though the fluctuations can be very large.

Let us also remark that more generally one finds for d = 1, 2, 3 spatial dimensions,

2 —1
lim || (V — E)Q{H = Oyp'T, (15)
TD

with d-dependent constants C,;. A similar result about the suppression of fluctuations in a
Fermi gas has been mentioned in [0, Eqgs. (48)-(50)]. Compared to (15), there appears an
additional factor In p on the r.h.s. which is due to the fact that v was chosen less regular than
in our case.

1.2.7 Subleading Energy Correction E,.(p)

In Lemmawe show for d = 2 that C' < E,.(p) < Cp?** +C.p~'/ for any € > 0 and positive
constants C, C.. This means in particular that the claimed estimate in Theorem would
not be correct without including E,.(p) in the definition of H™f. Nevertheless, E,.(p) is only
a subleading correction to the mean field energy pF[v]. It arises from so-called immediate
recollisions, i.e., collisions of the type where the tracer particle excites a particle-hole pair in
the gas and then immediately recollides with the excited particle which recombines with the
hole. Such processes appear in the expansion of W, into the different collision histories that
have to be controlled, see the end of Section 2.2 From the definition of E,.(p) in one
can see that only gas particles near the Fermi surface contribute to E,..(p).

1.2.8 Application to Physics

The presented model is very close to the physically interesting situation of ions moving through
a degenerate and dense electron plasma. An understanding of what is often referred to as
slowing down of ions in a degenerate plasma has been of interest in the physics literature at
least since a work by Fermi and Teller in 1947 [11] (see also [18]). They have pointed out that
the efficiency of the gas for slowing down ions with velocities far below the Fermi edge is very
low. The same question has later been analyzed explicitly for the high-density case for which
the energy loss of the ions was found to be caused mainly by (rare) collisions with other ions
instead of interactions with the electrons from the plasma; see, e.g., [15, 23, [7, 24, 25]. These
results raised considerable interest in the field of nuclear physics in which it was known that
the existence of long-lived ions in the plasma is essential for the occurrence of fusion reactions;
e.g., [B, 19)].

3Let us remark that if we iterate the Duhamel expansion infinitely often, one can identify in each
order terms that contain only immediate recollisions. Then one can indeed show that the phase factor e*®re(P)t
cancels exactly the leading order contribution of those immediate recollision terms summed up in all orders.
However, we refrain from showing this here since for the proof of Theorem [1.1] it is sufficient to stop the
Duhamel expansion at third order.



Let us stress that to our knowledge, the analysis has remained so far on a purely formal
level. The rigorous bound we present here, starting from the microscopic dynamics and taking
into account the full strong interaction, seems to be novel.

1.3 Sketch of the Proof

For deriving Theorem [I.1] we use Duhamel’s expansion in order to decompose ¥, into different
wave functions that correspond to different collision histories of the tracer particle. The main
difficulty is to control the interaction with particles occupying momenta close to the Fermi
edge. Our main ingredient here is the large shift in the energy and the thereby caused phase
cancellation during the scattering with such particles. It turns out to be necessary but also
sufficient to use a third order expansion in the difference H — H™. Let us stress again that
g = 1. This prevents us from using a straightforward order by order expansion of the time
evolution. Thus, after expanding to third order, we have to estimate an error term involving
the whole time evolution U(t). In order to convey the main ideas and techniques behind the
proof, let us start by expanding

U)Wy — U™ ()T = —i / t dn U™t — m)(H — H™)U™ ()T, (16)

. z'/ot dn (U(t ) — UM — ﬁ)) (H — H™U™ (1),

which follows from expanding U around U™ in terms of Duhamel’s formula and then splitting
U = U™+ (U — U™). The first term on the r.h.s. contains deviations from the effective
dynamics due to single particle-hole excitations. In order to present the main argument, let
us ignore the next-to-leading order energy correction E,..(p) in the following. Using some
elementary algebra (only momenta inside the Fermi sphere can be annihilated and momenta
outside the Fermi sphere created), one readily rewrites

V- Eo= 753 3 Flllm— ) (¢O00) © ' poap)%. (17)

Abbreviating k(1) = T i Pr=p1)y =iy (which evolves the tracer particle freely to time
71 at which its momentum is changed by p; — pr and then evolves it back to the initial time),
it is also straightforward to arrive at

t 2
H/ dn U™ (—m)(V — E Umf(Tl)\IfoH
0

N o) t
1 2 . 2
- ﬁz Z "F[U](pk_pl) /0 dry PO ey (1) 00 (18)
k=1 I=N+1
=|l(v-E)a]|]2

Due to the regularity of the potential v it is unlikely that a single collision causes a large
momentum transfer between g and €2y. This is reflected in the fact that the Fourier transform
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of a smooth and compactly supported function decays faster than any polynomial: for all
p € N there exists a constant D), such that

D
- 7 (19)
(L + [px — p])?
which follows directly from the Paley-Wiener Theorem; e.g., [22, Theorem XI.11|. At this
point it is convenient to introduce the following notation. For ¢ > 0 we define v*¢ and v*¢
such that

Flol(px —p1)| <

Flo")(pr — i) = 0(lpe — pi| — ) Flol(px — p1) (20)
Flo*(pr — p1) = 0(p° — e — 2ul) F 0] (. — 1) (21)
The transition amplitude |F[v"¢](pr — p1)|? is negligible for p > 1 which can be inferred from
. What remains to be bounded is the transitions in with momentum transfer of order
one, i.e.,

2 2

N [e%e) t

1 ‘

72 2 F e =] [ anetttn e, (22)
k=11=N4+1

The reason that this term vanishes as well is the oscillation of the integrand el —pi)m i (1) o-
Outside a set of critical points of the phase for which |p;| —|px| < k(p), for some appropriately
small k(p) < 1, the energy shift grows rapidly: p?—pz = (|pi|+|px|) (Ipi]—|pkl) Z /pr(p) > 1.
By partial integration, one thus finds that

t2 N > 1 N 0 e 2
@sy (X oY S | el o
k=11=N+1 PEAP k=11=N+1

{ stationary points }

which will be shown to vanish in the limit p — oo, see Remarks and below. This
result is the key ingredient to understand the proof of Theorem [I.1] Since the interaction is
modeled by a two-body potential, it is reasonable to expect that an appropriate estimate for
the higher order terms in follows from a bound of the r.h.s. of . Technically, however,
it is more tedious to obtain good control of the higher-order contributions. The difficulty is
the appearance of the full time evolution U. Using the Duhamel expansion for U — U™, one
finds an estimate similar to

2
)

H /Ot i /0 drU(m)(V — EYU™ (ry — 1) (V — E)Umf(ﬁ)\IIOH2 <. @) H(V ~ B)Qf

for which the r.h.s., however, is still divergent for p — oo (recall that limyy, |(V — E)QJ | — oo
when p tends to co). Expanding U another time, the main contribution that has to be
controlled is given by

” /Ot dm /OTI dTg/OT2 drsU(13)(V — E)Umf(Tg — 1) (V — E)Umf(Tg —7)(V — E)Umf(ﬁ)q’o
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Now one can use the oscillation of the integrand also in the second time-variable. It will be
shown in detail that this can be bounded in terms of

2. @)° H(V—E)Q{

This explains why we expand the dynamics up to third order for proving Theorem [1.1} Let
us conclude with some remarks.

Remark 1.2. In Lemma [2.2) we show that lim.,, [(V — E)Q|*  /p. The term containing the

nonstationary terms in (23)) will therefore be proportional to p_%li(p)_2. The term containing
the stationary points in ([23) turns out, in d = 2, to be proportional to \/ﬁ/{(p)2. Thus, one
actually needs a finer separation around the stationary points in order to obtain the desired
bound in p. The details of this separation are explained in Section [2.3.1}

Remark 1.3. The second summand on the r.h.s. of behaves at best like |(V — E)Qq|?/k%.
Recalling ([15) as well as kp ,05 in d dimensions, it is clear that a similar statement as
Theorem also holds for d = 1. For d = 3, on the contrary, the last term is not small, even

if one optimizes the separation of the nonstationary points. We provide more details about
d =1 and d = 3 in Appendices [A] and [B]

Remark 1.4. Many of the techniques we use in the proof of our main result also appear in
the proof of quantum diffusion of a particle in an external random potential [9, [10], which is
in several respects much more involved. The main difficulty of our problem is that we do not
have a small coupling constant, but we need to show that the interaction is effectively small.

0 (p — 00). (24)

1.3.1 Physical Picture Behind the Proof

On the one hand, it is obvious that for p > 1 the tracer particle can interact only with
particles that occupy a momentum close to the Fermi edge. This is due to the exclusion
principle and because all momenta smaller than kr are occupied in ). Particles with small
momentum can simply not be lifted above kr. In other words, for p > 1, the Fermi pressure
becomes so strong that the particles far inside the Fermi sphere behave very rigidly and are
thus hardly disturbed by the presence of the tracer particle (and vice versa). On the other
hand, the reason why collisions with particles with momentum close to kr do not disturb the
free motion is that such particles have very large momenta when p > 1 (i.e., for m, = 1/2,
large velocities) and thus interact only on a very short time scale with the tracer particle.
Hence, the momentum transfer is effectively small. Let us note that in the limit of very short
wave lengths, the particle behavior is dominant, which makes this explanation plausible. In
the proof, the high momenta of the gas particles (or, the short time scale of interaction)
appear as the factor p_1 X k;Z in .

12



2 Proof of the Main Result

2.1 Notations and Definitions
Let for any t > 0

ki(t) : Hy — H,y, © = k(t)y = eiH?fte_i(p’“_pl)ye_iH?ftgp (25)
gut) :Hy = Hyy @ grlt)e = e TPy (g, (26)

and
D(t): H, @ Hy — H, ® Hu, U — D)V = U(—t)U™(t)T. (27)

We denote the Fourier transform of the potential v by F[v], where Fv] is defined such that

o(w) = 23 3 Flol(pe)e™ (28)

We use the following abbreviations:
o Oy = Flvl(px — p1),
o U = 0(—p° + ok —pil) O, 05 = 0(p° — |pi — i) s L. (20), (1),

L Ek :pia

|- o = limqp || - ||EI recall that limqp, | - | = limn 00 p=const. | - |+
o a*(p)a(pr)Qo = Qg*k} and all kind of variations thereof.

Next, we introduce

N 0o
1 N
Vi(re, 1) = 75 > > \Uk111\2<911k1 (72)%11(71)%00) ® o, (29)
ki=1011=N+1
1 N
[kaly
@2(7—277—1) = ﬁ Z Z /UkaI/Uklll (gk2k1 (7—2)976111 (7—1)900> ® Q ’ ] (30)
kl ko=111=N+1
(5K
Ws(72,m1) = 75 Z Z B1y15 01y <9l1l2(72)9k1h(71)900> ® Q"™ (31)
ki1=111,lo=N+1
1 Ikalk
\114(7—2’ 7—1) L Z Z Uk2l2vk111 <gk2l2 (TQ)gk‘lh (7_1)900> ® Q[ 2ti (32)
k1,ka=111,lo=N+1
4Note that despite the chosen notation, | - [rp does not define a proper norm since |f|rp may be zero for
nonzero f.
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which arise from the equality

U (=) (V = BYU™(1y — 1)(V = BYU™ (1) Wy = Uy + Ty + U3 + U,

We further define

U, (1) =E,e(p) / dpis(7) D(m) U™ (— 7, )(V — E)U™ () Wy,
Uy(t) :Ere(p)/o drD(1)Wo + 1
e (t) = / dyia(7) D (1) Uy, 7).

Wy (t) = / dyis(7) D7) Us (1 71).

t

i dpa(7)D(12) W1 (T2, 71),

o (t) =Ere(p) / dyis (7) D(73) W (72, 71).

T, (1) = / dyis(F)U (—7) (V — EYU™ (73) s (r 7).

where we have introduced the shorthand notation

/d,un /dﬁ/ dr / dry,.

(33)

(34)
(35)

(36)

2.2 Main Lemma and Proof of Theorem [1.1]

The main lemma we have to prove is

Lemma 2.1. Let 0 < € < 1/8. Under the same assumptions as in Theorem there exist
positive constants C', C. such that

[Wa()]2o

(t)
Vs (8) o
[We(®)]eo
[Wo ()]0
[We ()]0
(t)

[V ()]0

hold for all t > 0.

Theorem [L.1] follows from the above bounds.

_C(1+t)2( ey O ) (41)
< O(1+1)? (p 2 | Cgp_%>, (42)
<O+ t)2< +2e | cspeé), (43)
<01+ t)2<p Prze Ospg—%>, (44)
< O+ (p4H5 + Copt o), (45)
<O+ (p a0+ Copi k), (46)

14



Proof of Theorem[1.1]. Let ¢ > 0. We begin with Duhamel’s formula,

U(t) — U™(t) = —i / t dr U™ (t — 1) (v _E+ Ere(p)) U(r), (47)

0
then use that (U™ (m)W, (V — E)U™(1)¥) = (U, (V — E)¥) = 0, apply Duhamel’s
formula again, and eventually use the identity in (33)):

2

%HU@% — U)W,

~ —Re{ (U(t) . Umf(t)) Wo, U™ ()W) (48)
= Re (0o, iB,p) [ dnU(-r)0" ()t

+ Re (i /Ot dry <U(7'1) - Umf(n))%, (V= E)U™(m1) %)
= Re (W8, (p) [ dn(-n)0"(m) )

+ Re (W, Ere(p)/ dpa(12)U(—=12) U™ (12 — 71) (V = E)U™ (11) o)

0

+ Re ( /0 dpio(T)U™ (=75)U (2) Wo, U™ (=72) (V — EYU™ (15 — 70)(V = E)U™ (1) Wy ).

~
=V +Wo+W3+Wy

We proceed with the term that contains W,. Using <\I/0, Uy (72, 7'1)> = 0 (note that U, always

contains a particle outside the Fermi sphere), and applying one more time Duhamel’s formula,
we find

Re{ [ dualr)U™ (o) (U(r) — U™(7) ), W) (49)

— Re (W, i /Ot djis(T)U (—73) (v B+ Em(p)) U™ (75)U4(r2, 71)) = Re <\I/0,i<\IlE(t) + \IIF(t)> ).
By means of the triangle inequality and Cauchy Schwarz, it follows that
|U@wo - U ()90 <2(VI9 01+ VIT D] + VPO
+ VT O]+ VIPe(t)] + \/H‘pr(t)\l)- (50)
Choosing ¢ in — small enough then proves the Theorem. ]

The different wave functions W(¢), X € {A,B,C,D,E,F} can be identified with the following
collision histories of the tracer particle:

A: single collisions which cause particle-hole excitations in the Fermi gas.

B: two collisions with the same particle, removing the particle-hole excitation which was

caused in the first collision; the constant FE,.(p) cancels the contribution in which the
second collision follows immediately after the first one.
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C: two collisions with the same particle; the second collision scatters the lifted particle into
another momentum above the Fermi edge.

D: two collisions; the second collision scatters a particle from below the Fermi edge into
the hole that was created in the first collision.

E: two collisions with two different particles; causing two particle-hole excitations.

F: three collisions; three particle-hole excitations but also all possible recollisions with the
already scattered particles; the different possibilities are listed in Section [2.3.7]

The rest of this section is devoted to the proof of Lemma [2.1]

2.3 Proof of Lemma 2.1
2.3.1 Preliminaries

For € > 0, we define the two-dimensional index set
& (N.p) = {(k1) : 1SKSN, N+ 11, |p—pil < o} €N, (51)
and for M € N the family of sets
& (N, p) = {( D) € & (N.p) = p <l — I < p ), 0<n< M, (52)

where ) L1

b():OO, bnzi—n]& <§+E), ]_STLSM
For notational convenience, we omit from now on the N-, p-, e- and also the M-dependence
in the notation: & = &°(N, p) and &,, = G5M (N, p). The index set & corresponds to the
transitions that have to be controlled in , i.e., collisions with momentum transfer smaller
than p°. The set of pairs of momenta {(py, p;) € (27/L)*Z* : (k,l) € &,,} are pairwise disjoint,

and

U {@ep) € @r/Dzt s (h,1) € 6.} = {ep) € @n/L7Z: (k) e &} (53)

n=0

The distance of modulus between the occupied momentum p, and the new momentum state
pi increases in &, for increasing n. With 2c = 1/(3 + ¢),

il = |psl > p7t = p72 5 for (k1) €&, 1<n< M. (54)
Hence, also the energy shift increases,
By~ By = (Il + el ) (Ionl = ol ) = kpp™™ = Cp¥t - for (k1) €6, (55)

1 <n< M. p~b corresponds to the factor x(p) in .
In the following lemma we state the key estimates that are used in order to prove Lemma
Recall that 6(x) =1 for x > 0 and zero otherwise.
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Lemma 2.2. Assume 0 < e < 3 and M,q € N. Let v(z) € C5°(T?) N C5°(R?) and v'<, v®*
defined as in (20),([21)). Then there exist positive constants C, Cy, C., such that

1

IMTZX:E:IF (e —p1)| = Cyp2, (56)
k=1 I=N-+1

lgglﬁz S | — | < Coap (57)
k=1 I=N+1

. 1 1 e—bnt1 —bn+1 —bn

lglﬁ Z < Cp=* +<p H—p ) for 0<n<M, (58)
(k1)EG,
N 00 2

.1 Flvl(pk — m) 1 . 1/

C < Bu(p) =lm= > > | — | 0(Ipil = Il = p%) < Co™ + Cop™e, (59)
k=1 I=N+1 ! k
1 o0
lim—zz ‘f[v](pk —p)‘ <Cp* +C.p Ve for pe(2r/L)Z% (60)
™ [,

The proof of the lemma is postponed to Section [2.4] For notational ease, let us abbreviate
the number of possible transitions that correspond to the set &,, by

Vn(Nap) = 24 Z = %ZZXGn((hl))v (61)

(k,1)EG, =1

x4 : N2 — {0,1} denoting the characteristic function, i.e., xa((k,1)) = 1 whenever (k,[) €
A C N2, otherwise zero. We readily obtain the following

Corollary 2.3. Given the same assumptions as in Lemma and setting 2c = 1/(% +¢),
there exists a constant C' > 0 such that

lim Vy(N, p) < Cp~2*, (62)

lim (p (ZMI)Vn(N, p)) < Cp‘%+a<pﬁ - pﬁ) for 1 <n < M, (63)

TD

Remark 2.4. The decomposition of & into the sets &,, is optimal in the sense that the r.h.s.
. . 1

of all estimates behaves asymptotically almost the same, namely o< p~2 for small ¢ and large

M.

The corollary follows from Lemma [2.2] together with the definition of the b,. Next, we sum-
marize some straightforward bounds which makes the presentation of the proof of Lemma
more convenient.

Lemma 2.5. Let ¢ > 0 and M € N. Given the same assumptions as in Theorem the
following bounds hold for all 71,7 > 0 (xa denotes the characteristic function),

Xe., (k1) 107 k(1) o]l < Cp*, (64)
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X&, (k1)) (107, ki (2) gra (1) 0]l + |0r ki (72) gra (71 p0) < Cp*, (65)
XG((k’ l))XG((mvn)) ”amklk(T?)aﬁkmn(ﬁ)(po” < Op4g> (66)
Xe (k1)) xe ((my 1)) 07 k(1) ki (71) 0] < Cp™. (67)

The proof is obtained by means of Stone’s theorem and the assumption |[Vp,| < C (for more
details, see Section [2.4).

From now on, we always assume that 0 < & < 1/8 and denote 2¢ = (3 +¢)*. Furthermore,
we will equally use the letter 7 for indicating the dependence on the variables 7 = (1, 72) or
T = (71, T2, 73). For notational ease, let us also introduce for two real numbers A and B:

ASB & 3C>0st A<SCB,

where the constant C' may depend on the supremum of v but is independent of any of the
relevant parameters (N, L, p, t, € and M).

2.3.2 Derivation of the Bound for |V, (t)|rp

In order to bound |V, (¢)|rp, we first split the interaction potential into the contributions
coming from small momentum transfer ¢ and those from large momentum transfer 9%
The ¢%¢ will then be estimated using . For the v%¢, we seperate the stationary points of
the phase which can be estimated using . For the nonstationary points, we do one partial
integration in the time in order to be able to use and .

Let M > 1, and for 0 <n < M,

1 *
vt =g Y it [ e (e o o, (68)
(kl ll EGn

v (7,) Z S i 05 (9ma ()00 ) @ QT (69)

k1=101;=N+1

Using the identity in and vy, = vp, + v,i’fll, this leads to the following decomposition
of W, (),

qus" )+ Enolp) /0 A (7) D(7) T (7). (70)

We emphasize that U3"(t) depends on the choice of M through the M-dependence of the
sets &,,, whereas W, (t) and W4 (¢) are both M-independent. Next, we estimate each term on

the r.h.s. of (70). In the last one, we find, using (Q[l k] Q[nlml ) = O1yny Okymy Tor ky,my < N,
N +1 <l,ng, as well as Hgklll(ﬁ)@oﬂ =1,

Wi () = L4Z S I P < Cpne, (71)

k1=1011=N+1
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where the bound has been derived in (57). Recalling also (59) which states that E,..(p) <
p% 4+ Cep~'/¢, and using unitarity of D(s), one obtains for the last term in (70))

E..(p) tdug(T)D(Ta)‘Pi(ﬁ)
|z |

<42 <p2a i Cep—1/6>p—1/(2a)‘ (72)
TD
In U3°(t), we need to estimate the norm

1 ~8,E 1Tk 1
Hﬁ § : Uk;ll (gklll (7_1)900> & Q[ ] N ﬁ E = V()(N, p) (73)
(k1,11)€60 (k1,11)€60

The remaining expression, i.e., the number of transitions corresponding to the set &y, has
been estimated in (62)). Thus,

||‘I’i’0(t)||TD N t2p_4+ :

Lemma 2.6. Let U;"(t) as in (68). Then, under the same assumptions as in Theorem
there exists a constant C' > 0 such that

5" Ol S (1+8)p7 78 pa — pziw, 1<n < M, (™)

holds for all t > 0.

One can now use that for M = [Inp| (the largest integer smaller than the number In p),
YU Olen S (14 1)*p7 55 Mpw S (141)%p 1+ (75)

because Mpﬁ <lInp- e2e < p%E for any € > 0. This proves the bound for |V, (t)|p in .
That taking first the thermodynamic limit and then M = |In p| is unproblematic (even when
p tends to oo) is summarized in the following

Remark 2.7. W, (t) as well as W4 (7) in (70 are both M-independent. There is thus no need
to interchange the order of the two limits. One first takes the thermodynamic limit on both
sides and then passes to the limit of large M. Since only the r.h.s. of depends on the
choice of M, this provides the desired estimate.

Proof of Lemma[2.6. We first decompose each of the U3"(¢) via partial integration in 7;. For
that, we recall gi;, (11) = ¢/Ba=Pe)7 Ly (71) and rewrite (for n > 1)

s,n 1 ~8,E a el(Ell By )m o 17 ,k1
‘IJA’ (t) = 2 k1l1/ dTl El E, ) ) /(; dTQD<TZ) (kklll (7—1)900> ® Q([)1 ]'
1

(kl ll €6, 1

Partial integration in 7; leads to
t t
() = / drD(r) W (t, 1) +/ dpa(7) D (1) W5 (1), (76)
0 0
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where

t - *
\I’sn t, 1) Azal (gklh ) gklll(ﬁ)g%) - Q([)llykl]7 )
11 Ell Ekl)
(k1 1)EG,
(El Ek 7’18 k ( )
w2l U T O b (T -
i ( ) ® Qg 78
(kl%:EG S (Eh - Ekzl) ( )
Next, we estimate the the norms of ¥ (7) and \I!f;g( ):

il S < (). 79
w5t ) S (g: o E,ﬂ) (N, p) (79)

where we have used ,

1 87— kkl T1)P 2 c n—1
s o Y elnlal (G vp), o)
(kl,l1)€6n (Ell - Ekl)

where we have made in addition use of . The remaining expressions have been estimated
in (63). ]
2.3.3 Derivation of the Bound for |V (t)|rp

In the estimate for |Uy(¢)|rp, we first identify the contribution in zfot dps(7)D(72) U4 (7) that

cancels with the energy correction E,.(p) fot dr1D(m)¥o. The remaining terms will then be
estimated using similar techniques as in Section [2.3.2]

For 0 <n<M (M >1),let

S 1 ~8,E . !
U(t) = i > s, / A2 (7)D(72) g1,k (72) Gy 1y (11) Yo, (81)
(kl,ll)EGO 0
1 ~8,E ' 1k (72) Gty (F
\IJSBv”}(t) == Z | 0 |2/ dTgD( )gz(kE( 2>gkl ; )\1107 (82)
(k1,1)€GR 0 h ™
1 ! k k
\I/SB,;L(t) == Z Azléll|2/ dTQD(TQ) l1k1 (7—2) k1ly (7—2)\:[]07 (83)
(k1,11)€G, (Ell - Ek1)
1 t i(Ell 7Ek1)7'187_ k
‘IJE’VZ(t) = — Z ‘62131‘2/ d,LLQ(T)D(TQ)ghkl (7'2)6 1 klll(Tl)\Ijo, (84)
(k1,11)€Gn 0 (Ell - Ekl)
1 N 0o
w(7) = T SN 1085 Pk (2) gk (1) Vo (85)
l1=1k1=N+1

Via partial integration, this leads to the identity
M

o (t) = Evelp) / dn D(m) ¥y — W)

n=1
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M

000 + 3 [0 ) - wi)] i [ dmnpmve). 0

0

The first step in estimating the r.h.s. is to note that for any M > 1, the thermodynamic limit
of the upper line is bounded in terms of

t M
[Beto) [ anDrywe - Y wineo)] | <o (87)
0 —1 TD

In U5 (), the fluctuation does not propagate in time (note that k1, (72)kx,1, (72) = 1), and the
factor 1/(E), — Ek,) does not make this term small enough. This collision history corresponds
to immediate recollisions with the same particle removing the particle-hole excitation which
was created in the first scattering. It needs to be canceled directly by the next-to-leading
order energy correction in H™. To see that the above estimate is true, we rewrite

/\88

M t
Z\II;E Z Z k1llEk ) / dTQD(TQ)\I/() (88)
n=1 1

n=1 (k1,01) EGn

| 1 € _1 t
=-—§: > Ek” Q>—mm—pmy%mJ—u%w—p2)/dnnwwwm
l1 0

ki=1l= N+1

and thus, recalling definition , we need to estimate

’Uklll < -1
B.e(0) gﬁZijmf%@4MWM®wmwwﬂ

k1=111=N+1
‘vk;l e -3
—l;rglﬁz Z B B (—p +\pk1—ph!)@(\pzl\—!pkl\—ﬂ 2)
- N+1 ™

1 N 00 Afe ‘2

—1i k1l _1
—l;fglﬂz > MQOPM—!MJ—P 2)

kl 1h=N+1 v h

<M—2)Zrﬁﬁ (89)

k1=1101;=N+1

By , one obtains . Note that in the last step, we have used E;, — E, = (|py| —
P ) (pu] + Ip]) = p~Fke = C (since |pu] > k).

It follows with that

W3 (D)len S UM W(N, p) S 29737, (90)
as well as with ,
||\II£(T)||TD St hm T4 Z Z A£1511|2 < Ost2:0_1/6' (91)
ki=1011=N+1
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The bounds for the remaining wave functions are summarized in
Lemma 2.8. Let U5'(t) and U3'5(t) as in (82) and (84). Then, under the same assumptions
as in Theorem [I.1], there exists a positive constant C' such that

13 (0 o + 125 S+ 020734 (ph + Cop™) (pr — i), 1<n <M, (92)
holds for all t > 0.

Taking the sum of all terms, passing to the thermodynamic limit and then choosing again
M = |Inp] < p°, cf. (75)), one finds

M
> (1035 O o + 19350 ho ) S (1) (o742 4 Copdt272), (93)

n=1

This proves the bound for |¥g(t)|p in (recall Remark [2.7] and the fact that ¥y(¢) and
Wt (1) do both not depend on M).

In order to prove Lemma 2.8, we need the following estimate.

Lemma 2.9. Let ¢ € L*(T?) and Qy as in (B]). Then, there exists a positive constant C' such
that

N

[(0.00) (6290 < R (B + 532 3 1ouP) (94)

k=1 I=N+1
holds for all T > 0.

Proof. Using i0,D(1) = U(—7)(H™ — H)U™(7), |Q] = 1 and some basic algebra similar as
in and , it follows easily that

[(2:0)) (w0 2) [ <18 Eecl)? + H v -B)(ven)|

S 1P (Bl Z S liul). (95)

k=1I1=N+1
O
Proof of Lemma[2.8. Let
1 . D(t) = 91, (0) gy, ()
qls n _ S,e 12 1R1 141 q’ 96
1311( ) 4 " ZZ klll‘ 7:<Ell . Ek1>2 0 ( )
1,01)€6,
sn 1 55° |2 e'F 7Ek1)7—2a‘r2 (D(T2>kllk1 (T2>)gklll (t>
Vei(t,m) = * Z O, i(Ey, — Eg,)? Yo &7)
(kl,ll)een
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1 <n < M. One verifies by means of partial integration that

W = V(0 - [ v (98)
By (55),
1w @1 S (7, ), (99)

and, by using Lemma together with , ,

_(n=1 1
H\IJB 12<t7 T2>“ SJ p ( eM )ﬁ <” (8T2D<T2>>kl1k1 (7—2)gk1l1 (t>\I[0H + a‘l‘gkllkl (7—2>gk1l1 (t)SOOH>
(kl,ll)GGn
< 7(7171) 1 = = ~ 2 % 2e
S () (Bl + (7720 D lowl?)” +0%). (100)
k=1 1=N+1
Let similarly
Psn ( ) 1 Z 55 |2 (D(Tl)glllﬁ (Tl) — Gk (0)>ei(Ell_Ekl)nankklh (7_1)\1] (101)
R (k1,1)€G Tt i(El, — Ey,)? .
o . ” 26'(EkrEz1)(THl)aTQ (D(TZ)kllkl (72)>3ﬁ kklll(ﬁ)\p o
B32< ) - ﬁ (k IZ)EG k1l1| Z(Ell _ Ek1)2 05 ( )

such that by partial integration in 7o,

t t
win) = [ anvinn) = [ duvine, (103)
From together with , it follows that
s,n 1 a7' k T e _(n=1
il s 3 Wnhenlidaol ¢ oGy, (vp)), (0
(k1,11)EGn (Ell - Ek1)

as well as in combination with Lemma [2.9 and (65),

_(n=1y 1 .
U251 < p (o )ﬁ Z (H (3TQD(T2)> Kiuky (72) Bty (12) Wol| + p° ) (105)
(k‘l,ll)GGn
,(nfl) 1 ~ - A 12 % 2¢
S (7)) (Brelo) + (7720 D2 1owl?) ™ + %), (106)
k=1 I=N+1
Lemmathen follows from , and . O
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2.3.4 Derivation of the Bound for |V¢(t)|rp

For estimating |W(t)|p there is the extra difficulty that there is an additional sum appear-
ing. This can be dealt with by using .

Let M > 1. We define for 0 <n < M,

N t
sm 1 L se kol
VI =7 D Y i, / Ap2(T)D(72) (Grat (7)1t ()00 ) @ AT, (107)

(k1,01)€G, ka=1

[e%S) N
> bkandy, <9k2k1(72)9k111(71)¢0> ® Q™1 (108)
l1=N+1 ky,ka=1
such that
M t
U (t) = Z win(t) + / dpta(7)D(72)WE (7). (109)
n=0 0

Note that <Qg€2m, ng2n;]> = OkymyOlyny fOT ko, mo < N, N+1 < Iy, n;. Using this and |9] < C,
one finds

N
et Nng S RS Pl 3 S0 6] S im0, 0

ki=101;=N+1 ko=1 mi1=1n;=N+1 mao=1
(110)
1 N 00
v .,
S T4 Z Z Ok | 72 Z| k2k1|L2 Z 0| (111)
ki=10l1=N+1 ko=1 mi1=1
Then, by means of (57) and (60), [V (7)[w» < Cep™ <, and thus
t
| [ amripmpvei)] | <ot (112)
0 TD

Similarly, we can estimate the norm in Wg°(¢). Using (60), we find

1 [kals
Hﬁ > ZUkzklvklzlgkzkl(Tz)gklll(ﬁ)s@o®Q 21"

(k1,01)€EGR k2=1

1 AS&‘ 13 —1/e 3
S oY z|vk2kl|pz|mm N, p) (0% + Cop™) . (113)

(K1, l1)660 ko=1 mi=1

In combination with this gives

Y

e (Ol < #2743 (7 4 Cop™ /). (114)
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Lemma 2.10. Let Vg™ (t) as in (107). Then, under the same assumptions as in Theorem
there exists a positive constant C' such that

Ve (o S (18P Y pilr = ot (74 Cop V@), 1< (115)

holds for all t > 0.
Here, we can use again that Mpzx < p2¢ for M = |Inp|, and thus obtain
M
SN Ol S (4127 (5 Cp 09, (116

This proves the bound for |W¢(t)|rp in (43]).
Proof of Lemma[2.10. We define for 1 < n < M,

N
om 1 . ase Grats (t) — Grty (11) [k2l]]
VAT = D 3 Ok i (gne () R P 00, )
(k‘l ll)GGn ka=1
e En=Bm g by, (1 kol
\I]s ” - Z Z Uk‘2klvkz1l1 (gk2k1( ) . — 1( )900) ® Qg ’ 1]7 (118>
(k I l(Ell - Ekl)
1,1)EG, ka=1
and find via partial integration,
t t
v (1) = / dr D(r YU, 71) — / dpia(r) D (r2) U2 (7). (119)
0 0

For estimating the wave functions on the r.h.s., we use again <Qg€2m, Q([)mwﬂ> = OkymoOlyng s

and (G0)),
1 _ A5E
||\Ijz7rll<7—>”2 § ﬁ Z CM L2 Z |Uk2k1|L2 Z | m1l1

(k1,l1)€6n ko=1 mi=1
o (P_(ZX})VTL(N, p)) <p25 + Cgp’l/s). (120)

Similarly, using in addition ,

s,n £ 1 - nS,E
H\Ij (t 7—1)"2 S p4 L Z CJM L2 Z‘ k2k1‘L2 Z | ’m1ll

(k1,11)€6R ko=1 mi=1
<P (p G5y, (N, p)) (p% + Cap‘1/5>- (121)
Application of completes the proof of the lemma. O
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2.3.5 Derivation of the Bound for |V (t)|rp

The term V() has a similar structure as W (¢) and can be estimated in a similar way.

Let M >1and for 0 <n < M,

t
\I/sn = Z Z UlllZUk‘lll/ dMQ(T)D(TQ) <9l112 (TQ)lell (7_1)900) ® Qg2k1]7 (122)
0

(k1 )€, la=N+1

N 9]
1 . e 13k
V(1) = Ti D i, (91112 (Tz)gklh(ﬁ)@o) @ 0", (123)

k1=111,lo=N+1

This leads to the identity

Uy(t) = Z Win(t) + /0 dpg(T) D (12)WE (7). (124)

Using <Qg§k1],9n2ml]Q > O01ynyOkym, Which holds for ly,ny > N + 1 and ky,m; < N, one
finds

o0 (e}

WOFE LY Y L Y el 3 R (125)

k1=111=N+1 12=N+1 ni=N+1

Then, in combination with leads to [ W (7)o < Cop¢, and hence,
H/ djis(7) D ()W'. (7 )H < Ot (126)
TD

We similarly estimate the norm in W5%(t),

1 - k] ||
Hﬂ Yooy Uzlzzkazl<9l112(72)9k111(71)900>®Q([)2 .

(kl,h)EGo lo=N+1

1 I & . 1 &
S 7a > T2 > (0|75 > ol (127)
(k’l,h)EGQ lo=N+1 ni=N+1
With and , it follows that
[5°(0) o S 2075 (7 + Cop™/). (128)

Lemma 2.11. Let U3"(t) as in (122). Then, under the same assumptions as in Theorem
there exists a positive constant C' such that
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”\IJSD,n(t)”TD 5 (1 +t)2,0_3+28+2cM <p +C p—l/ 25)>’ 1<n< M, (129)
holds for all t > 0.

It follows exactly as below Lemma that for M = |Ilnp| (the largest integer smaller
than In p),

M
SIS Ol S (146252 (7 4 Cp/), (130)

which proves the bound for |¥y,(t)|rp in (44)).

Proof of Lemma |2.11. For 1 <n < M, we set

\I/sn t 7'1 Z Z Ul1lzvkll1 (ghlz(Tl)gklll( ) gklll(Tl) ) & Q[l kl] (131)

(kl 11)€G, l2=N+1 (Ell Ekl)

(B —Er )19 [ (1) .
Sn € 1 1 TRk \T1 15k
vy = g E O, 007, <9l1l2(7'2) i(Fr. — Er,) 900) ® Q([)Z ) (132)

(k:l ll)EGn lo=N+1

Partial integration leads to

P (1) = /0 dr D (7 ) U (1, 7) — /0 dyia(7) D7) W3(7). (133)

It remains to compute the norm of the wave functions on the r.h.s. Using ,

oo

1 5
H\IJD 1<t 7_1)”2 5 P CM _4 Z Z |Ulll2| Z vk;€n1|7 (134>
(kl ll)EGn =N+1 n1=N+1
and similarly, using in addition (64]),
s,n 2 < e 1 C “ 1 G ~8,E
el o S S Y ey S ) (39)
(k1 ll)EGn lo=N+1 n1=N+1

The lemma then follows from together with .

2.3.6 Derivation of the Bound for |Vg(t)|rp

The term Wy (t) is more difficult to estimate since it involves four sums. In order to get
the desired bound, it is not enough to do one partial integration. We have to split the term
more carefully into different contributions and for some of them perform an additional partial
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integration. This gives an additional phase cancellation which is enough for the desired bound.

For 0 < n,m < M, we define

t
snm ~S,E I5kall Kk
\Ij = Z Z vk212vk1l1/ dﬂg(T)D(Tg) (ngZz (7_2>gklll (7'1)900> ® Q([)2 o 117
0

(kl ,l1)€6n (k2,12)€6m
(136)

S kalik
- = S S il (9rata(72) g, ()00 ) @ Q114 (137)
k1,ka=111,lo=N+1

where

~le ~lE ~SE ~8,e ~lE ~le ~be
Wintokils “= YkaloVkits T Vkolo Vknty T Vkols Vi, - (138)

This leads to

t
Wy (t Z U5 () + Ere(p )/ dpis(7) D (73) Wy (7)), (139)
n,m=0 0
since Vg1, Okyt, = Oy, Opty, + whbkll1 Using that for ki, ko,mi,my < N and N +1 <

l17 l27 ni, na,

I5kol* K nimonimq
<Q([)2 - 1}7&—2{) 2 ]> = (5k2m25k17711 + (S1<32m161<31mz)csklglclcsl

m2m1
X (512712511711 + 512“1511712)6&[15#27117 (140)
where 6,5 =1 — 0y, we find
As ~S ~A ~L, ~A
e (r)I? < Z Z < R NN S R A I S |Uk1€ll|) (141)

k:l,kg 111,lo=N+1

By means of and G, 194 | < C ,04 21s, such that together with (59) we find for
the last term in ) that

t
[B0) [ dis(IDwn)] | < ctpperiok (142)
0 TD
Similarly, one finds for W™ (¢),

: 0,5 0 kol k] ||
Hﬁ Z Z UZ;SZZUZ;Sh (gk212 (7—2)gk1l1 (7—1)900) X ng 2lika]

(k:l,ll)EG() (k‘2,l2)€60

Hence, with ,

SWVo(N,p)% (143)

~Y

(U2 (1) | S o7t (144)
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Lemma 2.12. Let U3 (t) be defined as in (136)). Then, under the same assumptions as in
Theorem [1.1], there exists a positive constant C such that

[0 () e + 15" (Do S (14 1) 275 pair — pzr, 1 <n < M, (145)
[ (Ol S (14 870 5 (03— ), 1<nm <M, (146)
holds for all t > 0.

With M = |Inp| we then obtain that (recall and Remark

M
S (12 @l + 105 (1)) S (1+ %573, (147)
n=1
M
S () s $ (14 1)t (148)
n=1

This proves the bound for | Uy (t)|p in (45)).
Proof of Lemma[2.12. We define for 1 <n < M,

o fse o It (8) — Grty (1) kalt
LA VET- DD DI o o (TRNCY 1;( 5B o) @ WS
(kl 11)EGy (k2,l2)€60 L k1

et E;, —FEy. )T
‘I/S nO @SE @SE ( h kl) lalekjll (7—1) ® \Ijl Skaly k1]

kala Vk1ly gk2l2 i(E. — E )

(kl ll)EGn (kg lg)EGO 7/( h kl)

sOn _ ~8,E Asa

\Ij Z Z Okaty Vi 1y

(k1 1)€G6q (k2,l2)€6,

\115071 _ Z Z ~S,E A~S,E <€ (B = EkQ)Tza kalz(TQ)
1)€6 )

(% ()
kala “k1l
L 2l kil i(Ey, — Ey)

gk212 T1 gk212<7—2) ) [ kall k]
\Ij 2 1

2

Ikalikn]

9k1ly (7_1)900) ® \I/
o (k2,l2)€e6

By partial integration, this leads to
t t
V(0) = Bup) [ dna(nD(mVE (6 m) = Eulp) [ din(r)D(m)E(r), (149)
0 0
t t
qjg’on(ﬂ - Ere(p)/ dﬂ2(T)D<T2)\IIZ’,?n(T> - Ere(ﬂ)/ du3(T>D(T3)\P;’2n(7—)' (150)
0 0
Furthermore, for all 1 <n,m < M, and X € {1,2,3}, we set

o £8,E A8 [I3kol?k ]
\Ij t 7_ Z Z vk;lQ kfh( g;lzkllz (t T)@O) ® Q 2t (151)
(kl 11)EG, (ka,l2)EGm
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where we introduce the operators Gy, ., (t,7) : H, — H,, defined by

G(l) (t 7') = Gksoly (t)gklll (t) — Gkols (Tl)gklll (T1> N Gkala (7—1)<gklll (t) = Gk (T1)>
Ptz b i(Elz - Ek‘2)i<El2 - Ek2 + Ell - Ekl) i<El2 - Ek2)i(Ell - Ek1) ’

e B =By B =)0 (ko (11) gy, (T2 Giooly (T2) P =ERIT (O Ky (1
1 202 101 202 1 101

152)

Gl & 7) = BB 3B, — Bra+ B — Bu) i(Bry = B, )i By, — B )
e Fia =By )1 (871 Kyt (71)> (%ll () = gty (71))
- i(Ey, — By )i(Ey, — Eyy) ’
Ci(Biy =By )72 (am Koty (7'2)> ¢! By =Fi ) (371 Kty (ﬁ))
i(Ey, — E,)i(Ey, — Ey,) '

With a two-fold partial integration one now finds

(153)

G;:Q)ZQk'lll (t7 T) = (154)

t
W) = Bulp)| [ anDrwe,r)

— /Ot dpo(T)D(12) W™ (t, 7) + /Ot dps(T)D(m3)Wei™ (¢, 7)|.  (155)

It remains to compute the norm of the above wave functions. Recalling that the scalar product
produces four Kronecker-deltas,

1 1 1
Psn0 (¢ 2 < - - - X
WP S Y moE
(k1,11)€G, (k2,l2)€60

1 Skaly nimaonim
X Z ﬁ Z <Qg2k211k1}’9g2 onj 1]>

(m1,n1)€EG, m mi (m2,n2)€Go
S (p‘(Z&)Vn(N, p))Vo(N, p). (156)
Using in addition ({64]),

1 3 |07 Ky (1) 00 1 T
s,n0 2 T1'VK1l1
||\I[E,2 (T)” 5 4 Eh - Ekl L4 X
(kg,lg)GGo

(k‘1,l1)€6n
10+, Kmns (1) 0| (izkaltk] [nimantmi]
< 5 Pmaltal 5 g gy

(m1,n1)€EG, (ma2,n2)€6g

S % (0~ IVa(N, ) ) V(. p). (157)

By means of , this shows the first part of the first bound in the lemma. We omit the
proof for 5" (1) since it works exactly the same way as for 5" (7).

For the second bound of the lemma, note that by using and Lemma , one finds

X (1, 10)) X (ko 1)) |G, (8, 7)o | S p Gar) p= (550, (158)
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Xen (k1 11)) Xe (2, ) |G, (8, 7)ol S ptp~Gaat) (5551 ), (159)
X ((k1,11)) X (2, 1)) |G, o (8, T)po] S ptep~(Geat) p= (53, (160)
Then, for all 1 <n < M and X € {1,2,3},

LEORTFE I DR DR SN (<l RN RS P

(k1,11)€6 (k2,l12)ECm (Mm1,n1)EG, (M2,n2)EG,

X |G (1 )0l (75, Q523 )
S ¥ (p’(ﬁfl)Vn(N, p)) (p’(%’l)Vm(N? p)>. (161)
The bounds for the remaining expressions have been derived in ([63)). m

2.3.7 Derivation of the Bound for |V5(¢)|rp

The estimate for |V (¢)|rp is more tedious, since we have to deal with an additional (V — E),
i.e., we have to take into account one more collision, starting from W,. This leads to many
poss,1ble collision histories, which we write down in - ) below. After that, we use
the same techniques as in the previous sections, taklng care in addition of the more tedious
combinatorics.

We first rewrite the potential

1 0o oo A . - .
I13=1k3=1
(Is#ks3)

in terms of fermionic creation and annihilation operators, cf. @ This can be used to decom-
pose the wave function W.(¢) (for M > 1) in terms of

M

() = 0 (W) + e + ()

+ [ (v v+ ). a6)

where (recall the definition (138) for @*®)

W (t) = Z Z Z Z Vst Ui, O, X (164)

(kl ll)EGn (kz lQ)EGm k3=11l3=N+1

t
% / dug(T)D(73)<gk3,3 (73)9k2l2(Tz)gk3z3(71)90o> ® QUikstzkatik]
0

s nm _
\IJ Z Z Z vl?l3vk2l2vklll X

(k1,11)EG, (k2,l2)ECm I3=N+1
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\IJS nm

and

t
<[ a0 D) (g, ()9 () () ) 275
0

[e.e]
2 : 2 : 2 : ~ ~AS,E AS,E
vlll?)vkglzvklll X

(kl,ll)EGn (kz,lz)eem I3=N+1

X /t dM3(T)D(73)(gz113(Tg)gk2l2(72)gklll(Tl)%> © 0]

>

(kl,ll €6y

N
A8, E ~S8,E
Z Z Ukka Vkyly Vkyiy X
) 3=1

(k2

t

2 : 2 : A AS,E AS,E
UkSkl nglg vklll X
(kl,l1)€6 ( )

t

o\ HMZO\

5,6 AS,E
UZQk2 vk:glz Ukﬂl

(k?1 ll)GGn (kz,lQ)EGm

E : z /Ullkl nglgvklll

(kl 11)EG (k2,l2)EGm,

~ ~S,E
Ulel Uk:glg Uk’lll

(kl 7l1)66n (k2 al2)€67n

~ ~S,E
Ulle Ukzlg Uk,‘lll

(k1,1)€Gn (k2,l2)€Gm,

N

s (T

N
.

M3

N
=N

dﬂ3

N

Apts(7) D (75) ( Ghara (75) Ghats (72) g, ()0 ) © O

(1315 k2k1]

(k31315 k1)

(165)

[kal3kal}]

dsps(r) D(73) (Gt (73) Grats (72) gy ()00 ) © 24721,

b (7 D(73) (Gt (75) gt (72) g (T )0 ) © 2

<9l1k1 73 9k212 T2)9k111 (71)900

gl2k1 T3 ngZz T2>gk‘1l1 (7—1)900> ® Q(]

. N (3 kslykalf k1)
E E Vksls Wiolok 1 (gk313 (T3>gk212 (72)%11(71)%00) ® )

k1,k27k3 11y,l2,l3=N+1

k1,ko=111,la=N+113=N+1

> oy

k1,k2=111,la=N+113=N+1

o0

(167)

N oo o0
1 . (2 kol k1]
T) - E Z Z Z Ul213wk2€le1l1 (glzls <T3)gk212 <T2)gklll (T1>900) ® Q03 o

RO, 1515 kok
Z vlll3wk2€lzk1ll <glll3 (T3)gk2l2 (7—2)gk1l1 (7—1)900) & Q([)3 hath]

N 00 N
. ksl3ltk
Do D D kWi <9k3k2(73)9k212 (72)Graty (71)<P0> @ QR

k1,ko=111,lo0=N+1k3z=1
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N 00 N
. kalgkal
Do D D ek, <9k3k1(73)9k212 (72)Gk11y (71)<P0> @ Qe

k1,ko=111,lo0=N+1k3z=1

(168)
Q[l k1]
UleQUJlezklll Gioks (T3) Ghato (T2) Gyt (T1) 00 | @
kl,kz 11l1,lo=N+1
Q[l k2]
Ul1k1wk2[2klll gl1k1 73 gk2l2 T2 gklll 1 SDO 0%y
k‘hk'g 111,lo=N+1
Q[k21
UZlewkglgklll gl2k1 T3 ngZz T2 gklll 7—1 Yo | ®
k‘l k:z 111,lo=N+1
Qizhl, 169
Uh/@wkglgklll Gaks (T3) Gheaty (T2) Gty (T1) 00 ) ® (169)

kl,kg 1l1,lo=N+1

The different contributions in Wy (¢) correspond to the different collision histories in (V —E)V,.

Bounds for [0 (¢)|w and UL, (7)|rn. We use that for k;,m; < N, N +1 < l;,n,
(1 =1,2,3), the scalar product

(I5k3lkalik1]  ~[nimanimanim] _ 1o el sl ¢l sl ¢l
<Q0 790 >HN_ Z513”0(3)5l2na(2)611na(1) 6l3l26l2l15l1155n3n26n2n1571171,3

oES3

2 1 1 1 4 1 1
X ( 5k3ma(3) 5k2mg(2> 6]‘31 Mg (1) > 514:3]62 574:2]61 574:1 ks 5m3m2 5m2m1 6m1 ms3)

o€ES3

produces six Kronecker deltas in each summand, in order to find

”\Ij NLS Z Z Ai;lgklll L4Z Z |U7€313‘ (170)

k1,ko=111,lo0=N+1 ks3=113=N+1

Then, by means of and (57)), [VL, (7)o < CLpi~2*¢ which leads to
t
| [ ansrinimue, )] < ctpto, (1)
0 TD

Similarly in U3 (t), we estimate the norm,

I3kl kalik] ||
H 16 Z Z Z Z Uk3lavk2lgvk1l1 (gk313<7-3)gk212 <T2)gklll (T1>900) ® Q([)3 et

(k1,11)€Gq (k2,l2)EGo k3=113=N+1
1 N 00
SV L_ Z Z Okt |- (172)
3=113=N+1
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Using in combination with , leads to
[0 oo S #5747 (173)

Lemma 2.13. Let U7 (t) be defined as in (164). Then, under the same assumptions as in
Theorem [1.1], there exists a positive constant C' such that

[2" (Do + 19250 (D)oo S (L4 8)°p7 145/ pawr — pzwr, 1< n < M, (174)
[ (0o S (14255 (pF = p7), 1<nm< M. (175)
holds for all t > 0.

Next, we set again M = |Inp| and find, using Mpzwr < p as well as M2par < p7,

M
S (W50 )k + 19520 ) S (1417475, (176)
n=1
S IOk £ (17 (177)
n,m=1

Proof of Lemma[2.15 We define for 1 <n < M,

\IJEZLP 2 T Z Z Z Z vk3l3vk2€lQkallX (178)

(kl,ll)GGn (kz,lg)EGo k3=113=N+1

t - T I kal*kol*k
e LT
1 1

N 00
s,m 1 ~ ~S,E ~S,E
1

(k1,01)EGR (k2,l2)€G ks=113=N+

By —Ee)T1 9 e N
et v o T U kaltkol® K
X (gkdld (7-3)gk;2[2 (7-2) /L(El — é‘kk;ll( 1) 0> ® Q[O3 3lgR20q 1}’
1 1

N

S On _
\IJF 11 - § ,
k2,l2)€6, k3=

[e.e]
z : Uk313vkglgvk1l1 X (180)
(k‘1,ll)660 ( N 1

1i3=N+

Gkqly (Tl)('p()) ® Q[Z*k?’l*k?l*kl]’

kol (7—1) — Gkolo (7—2)
X (gksls (7_2) i(El — Ek )
2 2

N 00
s On _ E E
\IJF 12 - vk313vk‘glgvk1l1 X (18]‘)
N+1

(k1711)660 (k2,l2)€EGy, ka=113=

i(El _Ek )7’28 k i} . i

€2 % Onlkip (T2 15 kalt kol k
% <9k313(7—3> Z(El — Ek ;2( )gklll (7—1)@0> ® Qg?’ 3272 1}.
2 2
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Via partial integration we obtain
t t
s (f) = / dyia(r) D (r) W70, 7) — / dyis () D () U570 (7). (182)
t t
w0 (1) = / dyia(r) D (m) U3 () — / dyis (r) D(r) U (7). (183)

We further set for 1 < n,m < M, and for G;szlll(t’T)’ X € {1,2,3}, defined as in (152)-
(1154),

s,n I5k3lskalik
\IIF 1)7(n t T Z Z Z Z vk3l3vkglzvklll <gk3l3(TX)Gk2l2k’1l1 (t 7—)%00) ® Q[ ’ ’ 1]

(k‘l 11)€Gy, (k2,l2)EGm k3=1I13=N+1

Partial integration leads again to

Temm(1) = / drD(r) U (¢, 7) — / dpia (1) D) B (1, 7) + / dyis(r) D7) W5 (1, 7).

Using in combination with (64)), we find for Y € {1, 2},

s, 1 1+||a7' kkl 7—1 900“
RO S0 X (CpE ) X Sl
1

(k1,01)€Gn (k2,l2)€Gg k3=113=N+1

% <1 + |0r kmany (7—1)900”> Z Z Z |@m3n3|<Qg§k3l§kzli‘k1]’ Q([)"§m3n§m2n*{m1]>’

E,, — E,,
(m1,n1)€6 (m2,n2)€60 m3=1ng=N+1
. 1 N oo
S o (N DN D) DD D (i (184)
ks=1I13=N+1

In complete analogy one finds the same bound for &% (7), Y € {1,2}. Next, using
together with ((158)-(160)), we find for X € {1, 2, 3},

W EOP s > D Z Z [0k, 1 G it (8 )P0 %

(kl ll)EGn (kz lz)GGm k3=113=N+1
N 00
~ (X) (5 k313 kaly k] [nEmanimonimi]
X E E § E |Um3n3 | ||Gm2n2m1n1 (t’ 7)900 ” <QO ) Q0 >7
(m1,m1)EG, (m2,n2)ES,, m3=1ng=N+1

n—1

< ¥ (p‘( )V, (N, p)) (p‘(m

W) 72 S il (185)

ks3=113=N+1

The stated estimates then follow from ({56|) and Corollary . O]
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Bounds for |3 (¢)|w, and |UL,(7)|w. In WL,(¢), and similarly in U33™(t), we denote
the four lines separately by Wt ,(t), i = 1,2,3,4. We derive the estimates only for the first
line, whereas for ¢ = 2, 3,4 everything works in exact analogy to the case i = 1. Using the
Kronecker deltas in (kg, k1, ma,mqy < N and l3,l1,n3,n1 > N + 1)

IXkolrk nimonim
<Q£)3 21 1]7 QE) s 1]> Hgas (5l3n3511n1 + 513”1611713)6[3[157Jz_gn1
(5k2m25k1m1 + 6k2m15k‘1m2)5k1k25#@1m27 (186)
one finds
o' 1? < i e 1 S ol L S (e } 187
” F21 IA Z Z k2l2k1l1 L2 Z |Ul2l3‘L2 Z (|Un2l3| + ’Un211|)‘ ( )
k1,ko=111,lo0=N+1 I3=N-+1 na=N+1

By means of (57) and also ([60)), we obtain | W’ o < C.t3pit2=5:  and hence
y b F,21 p bl bl

| / dyis(r mmH < CLf PR, (188)
TD

Similarly, we estimate in \Ili{m () the norm

1 - o
Hﬁ Z Z Z Ul2l3vk2€lzvk1€l1 (glzl3(7_3)gk212 (7—2>gk111 (7_1)§00> ® Qgg ehit]

(kl,ll)EG() (k‘g,lg)GGo l3:N+1

1 1 I = . 1 & » »
Smo2 o2 Yy s D (Il 4 65))- (189)
(k1,11)€60 (k‘g,lg)EGg I3=N+1 no=N+1
Using in combination with , this leads to
WOt o < 2724 (% + Cop™'V7). 190
F,21

Lemma 2.14. Let W3, (t) be defined as in (165). Then, under the same assumptions as in
Theorem [1.1], there exists a positive constant C such that

023 Ol + 105 Olho S (1407050 (5 4+ Cp '), 1<ms M, (191)
W3 O)w S (1487505505 (2 4 Cp ), 1< mm< M, (192)

holds for all t > 0.

For M = |Inp], one obtains similar as before

5 (M52 Ol + 139 () o ) S (1 )7 345 (0 4 Cop°), (193)
n=1
> W e S (0% (5 ). o
n,m=1
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Proof of Lemma[2.1]]. We denote the four lines in Wy,™(t) respectively by W™ (t), i =
1,...,4. We prove the Lemma for the first line. The same estimates are readily verified for
the other three lines as well. Let us define

RS I S S DI AT L (195)

(k17l1)€6n (k2,l2)€6o I3=N+1

t - T * *
X (glglg (T2)gk212 (Tl)g]ﬂ;l((E)l _gg:g 1>(’00> ® Qg:akzllkﬂ’
1 1

s,n 1 - ~ ~A8,E ~S,E
\IJF 2?2( ) - E Z Z Ul2l3vk;lgvk;ll X (196)
(k1,11)EGn (ka,l2)€G0 la=N+1
i(El —Ey )7‘18 k ( ) « «
e 1 T Rk \T1 Ikol¥ky
X (gl2l3 (7—3)gk’2l2 (7—2 Z.(Ell — Ekl) 0> ® Qg?’ 2 ]7
\Illf‘g?l - Z Z 61213®Z;32UZ;31X (197)
kl l1) o (ka,l ) =N+1
Gral (T1) = Ghato (T2) ) kol k)
Q
X (91213(72) i(E, — Bw,) Gty (T1) 0 ) ® ;
s.0n 1 A~ ~S8.E S,e
\IIF (2)12( ) = E Z ,U1213Uk7212vk7111 X (198)
(k1,01)€6q (k2,l2)€6, I3=N+1
(B =Ery)T2 9 [ ( ) o
e TR R O, Ry, (T2 Ikol* k
X (gl2l3(7—3) Z.(Elz — EkQ) gklh (7—1)@0) ® QgS 2 1]-
By partial integration,
t t
W0(0) = [ i) D) (0 7) [ dia(r)D(rm) W), (199)
0 0
t t
0 = [ ) D)V — [ ) D)W (200)

We set further, with Gy, , , (t,7), X € {1,2,3} as in (152)-(154),

s,nm - ~ ~S,E A8, (122l k1)
\IIF 21X<t T) LG Z Z Z UZQlB/Uk‘QElQUk‘fll (gl213 (TX)GEC);;Qk‘lll (t7 T)QO()) ® QOS o N

(k1,011)€GR (k2,l2)€Gy, I3=N+1

By partial integration again,

e () = / dry D(r) U (1, 7) + / dyia(r) D(ra) T (1, 7) + / dyis(r) D7) TS0 (1, 7).

Next, we compute using , for Y € {1, 2},

s, 51 _(n=1y 1 1 - ~ 1 = ~ ~
et S Y B 3 53 el 2 (lonel + o)

(k1,11)EG, (k2,l2)€60 I3=N+1 na=N-+1
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Similarly, one derives the same estimate for |¥5% (7)|. Furthermore, using (I58)-(160), one
finds

s,nm e 1 _(n=1 1 _(m-=1
@l $o > ) 3 U (201)
(k‘1,l1)€6n (kQ,lg)GGm
I — . 1 <« /. A
x5 2 Nnlzs Do (Il + 1]} (202)
I3=N+1 na=N+1

The proof of the lemma then follows from , and . O]
Bounds for ||\IfS 5" ()| and WL (7)]|wp. We denote the four different lines by W™ (¢),
respectively W’ 5(7) and derive the bounds only for i = 1 since for i = 2,3,4, the same

estimates are derived analogously. Using <Qgik1},Qg"Tml]> = 01,0, Okym, for k1,m; < N and
N +1 <li,nq, we find

H\IJFSI N L8 Z Z Aﬁ;lgklll L4 Z Z ‘Un2m2’ (203)

k1,ko=111,lo0=N+1 mo=1ns=N+1

By (56) and (57), it follows that ¥, (7)|+» < Cep2~2, and thus,

| [ ausrvt)],, < et (201
TD
Similarly, in W% (¢), we estimate the norm

1 s s s Itk
Hﬁ Z Z Ulzk2vk72€lgvk71€ll (glzkz <T3)gkzl2 (T2>gklll (7_1)900> ® Q([J1 .

(k1 ,ll)EGQ (kg ,l2)€60

2
f§ VO(N7 p)3

(205)
Hence, by means of , we find
[U300 (1) |2p S CtPpm 7455, (206)

Lemma 2.15. Let U3\ (t) be defined as in (166)). Then, under the same assumptions as in
Theorem [1.1], there exists a positive constant C such that

5 O + 1PE Oeo S (14 65~ HH 0 (0% 4+ Cp™ %), 1<n< M, (207)
[ ()l S (1 )% 1002 (0 4 Cp ™), 1 <mom < M, (208)
holds for all t > 0.

With M = |lnp],

M
Z ( \118 nO t)]ro + ”qjiygn(tNlTD) S+ t)gp_%+56 (,026 + ng_1/€>, (209)

n=1
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—347¢ € —1/e
S I Ok £ (10T (b +Cp™). (210)

n,m=1

Proof of Lemma[2.15. Again, we prove the lemma only for the i = 1 term. Let

8,71 Gty (1) = Gty (11) ik
q’p 3101 (t,7)= L E E UlszU;levklll <912k2 (72) Gkatn (1) - 1(E El 1) ) ® Q 1]
(k1,011)EG, (k2,l2)€60 h — Pk

i(Ey—Er)T19 fe
S,n € 1 1 T T Tk
\IJFS?Q Z Z vlzkzvk212vklll (gmz 73) Gkots (T2) iE _11; k;ll( 1) )@Q[ 1]
(k1 1)€S,, (ka,la)EGo h k1
s,0n gkl 7'1) Gkol (7'2) ¥k
vy 211 = Z Z Ul2kzvk2lgvk1l1 (glzkz = i(E E2 2) Gkl (T1)<,00) ® le 1],
(kl 11)€6q (k2,l2)€6, bp ™ ke
P =E)™20) Jy 1o (T itk
\Iji‘ 27112 = Z Z U12k2vk2lgvk1l1 <g12k2 (E E ; 2( )gk)1l1 (7—1))(100 ® Q 1]
(k‘l 11)660 (kz lg)EGn l2 ™ k2
Via partial integration,
¢ ¢
w00 = [ dna(r) D)) = [ i) D) W) (211)

t t
W0 = [ ) D)W [ dia() D)) (212)
We set further, for G, ., (t,7), X € {1,2,3} as in (152)-(154)),

s,nm ITk
VIR =75 S Y it (s ()G (6 T)e) @ OB (213)
(k‘l ll)EGn (k2 l2)€6m

Partial integration leads again to
t t t
v () = [ anDrws(er) - [ de)DEVEE ) + [ din) D)V ).
Similar as before, we find for Y € {1,2}, using (64)),
w30 (1) S o (5 G IVA(N, ) )Vo(V )2 (214)

Analogously, one derives the same estimate for [Wg0% (7)]. Furthermore, using (I58))-(T60),
one finds

n— m— 2
fwm (e, )P S o (5 IV, ) (07 V(Y ) ) (215)
The stated estimates follow from and also (63]). O

This completes the proof of the bound for |V (¢)|+p in (46).
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2.4 Proof of Lemmas 2.2 and 2.5

Proof of Lemma[2.3. Let us first note that the choice v € C5°(R?) ensures that the constant
D, in is smaller than some C' > 0 uniformly in the length L of the torus.

We begin with the upper bound in . Using the Paley-Wiener Theorem, cf. with
ps.t. pg > 3,

1 N [e’e) q 1 N o] Dq
D
1};}??2 Z ’F[U](pk_pl)’ <hmﬁz Z (1+|pk—Pl|)qp
=1 I=N+1 =1 I=N+1
g / 2 2 1
= d k/ d“l
(2m)* J ki< uske  (L+ |k =1])%®
1
[1#1 -+ 1] = 1k + 1] <c, d2k;/ o
k| <k zke—p (L [I)%
-1 o0
Ry
! Jki<ir (L4 Ihe=2 ],
1 hr
< C.k 216
- QF{(lJFkF—\k\)qu]o 7 (216)

which proves the upper bound.

To show the lower bound in (56), we assume for simplicity that F[v](0) > 0 (the argument
is easily adapted to the general case). Let us denote here limy, Flv] = Flvp| with vy €
Co°(R?). Due to continuity of Flvrp] : R* — R, there is a nonempty, compact ball of some
radius r > 0, B,.(0) C R?, such that Flvp](k) > 0 for all k € B,(0). In particular, for given
| € R? with [I| € [kp, kr + r/10], we have Flup)(k —1) > 0 for all k € B,(I) with |k| < kp.
Since the set

A= {(k:,l) cR! : || € [kp,k;F —1—7“/10],/7{: e B, (), |k| < kF} (217)

is nonempty and compact, there exists a nonzero minimum on A, m = min yea F (v (k —
[) > 0. It is then sufficient to consider the transitions corresponding to A in order to obtain
the lower bound:

N 00
1 q 1 q
lim —— )F[v](pk —m)| = / ko/ d?l \f[vT J(k — 1)(
L ;;z:zzv;l @O Jwi<kr Juize ’
2/ d2k/ & f[UTD](k;—Z)(q X((k.1) € A)
|k|<kp [I=kr
szf/ ko/ &Pl x((k,1) € A)
|k|<kp [l|>kr
kF-H"/lO
_ mq/ dii| |l &k (k € B(D)
kr |k|<kp
[for sufficiently large kp] = Cyr’kp. (218)
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Remark 2.16. Along the same lines, one verifies also for d =1 and d = 3.

We next come to . Let ¢ > 0. Applying again Paley-Wiener, this time with p s.t.
p/2—3>0and p> 1+ 35, wefind

1imi2N: i ‘]—"[UZ»E]( — )‘ <limizN: i Dp0(|pk_pl|_,0€>
o L4 P — D) = > L4 (1+|pk_pl|)p

k=1 [=N+1 k=1 I[=N+1
(27)* J ik <kp uske  (L+[k=1])P
D 1
< T”ﬂ/ dzk/ N I
(2m)4 P2 ) \pi<hp ke (L+1]k—1])2
Dy s
< it (219)

where we have used in the last step the estimate from (216|). then follows from the choice
1, 2
P>z + =-

To show , one passes to the thermodynamic limit, and computes by direct integration
(for sufficiently large p and £ < 1/2),

N 00
3 1 3 1 —bn —bn,
lim — > :1%%1?2 > 9<P£—|pk—pl|>X<P < ol = |pu| < p “)

(k)G k=1 I=N+1
5,
_ d2k,/ d2l9<ps_ k-l) X<p*bn§ ll — |k <p*bn+1)
(2m)* J ki <hr >k et e
< Cp2boryf (p’b"“ - /fb”>- (220)

For the proof of , we recall the definition in (10)) and insert v = v*° + v%<:

. N 00 F . 2 )
lim (N, p) = imiZ > ZLl(pe 1) 9(\pz|—\pk!—p’5>

™ L4 k=1 1=N+1 (Ei — By)
S I B L (O I
S oy (B — Ey) bl — Pkl — P
k=11=N+1
N S l.e 2
.1 | Flv"(px — 1) 1
lim — 0 — —p 2. 222
timp s Y gy el =) )

In the first line we proceed with and find for any M > 1,

B3R P il i L
N n=1 ™ L4 (El - Ek)

(k,1)e6,
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= (k1)ES,
M
=C Z p_(;ci_lv})p%‘*’ﬁp*bn-kl (pfbn+1 B p’b”)
n=1
M
= O (pﬁ B 1) Y pE < Cp2tepran < COp, (223)
n=1

where we have taken the limit M/ — oo and inserted 2¢ = (1 + ). The second line (222)
has been estimated in . This proves the upper bound in (59). For the lower bound, we
insert again v = v*° + v%°,

~ > Flvoe - ? 1
i Fre(¥,0) 2 tim 1 3 50 PO o) e
TD =1 I=N+1 ( l k)

Since |p; — pi| < p7, we ﬁncll that [pi| — [p| < [ — x| < o and |pi| + |pu] < 3p2 (for e < 1/2),
ie., (B — Ex)~' > 3p < 2. Furthermore, note that the bound from (218) holds also if we
replace Flv] by F[v*¢] for any ¢ > 0. Thus we find

k=11=N+1
el 1
p2 <P2 - C)
p e (225)

Eventually note that here we can pass to the limit ¢ — 0 which completes the derivation of
the lower bound in (59)).

The proof of the last bound follows immediately from the decomposition of the potential;

cf. and . O]
Proof of Lemma[2.5 We prove only , since — are derived in complete analogy.

ale‘kl(Tl)gpoH — H(8r€iH5ﬁ)6i(pl_p’“)'ys0£1 + engfﬁei(pk—pz)'y 71907];

- H e — pif e PPy ¢ —2(pr — pi) - eHim vy, of

< lpx — »i* + Clpx — p (226)

because |V,of| = |V, 00| < C (uniformly in p). The estimate follows since |py — pi| < p° in
S, forall0<n< M. O]
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A The Model in One Dimension

The main difference in the definition of the model in one spatial dimension is that the possible
momenta for L < oo are now given by p € (2r/L)Z, and that the Fermi momentum |py| = kg
is proportional to p. Below, we are going to prove the following theorem which is the analogous
statement to Theorem (a slightly different statement implying the same result as Theorem

was proven in [16]).

Theorem A.1. Let d = 1, the masses m, = m, = 1/2 and the coupling constant g = 1. Let
wo € H, with |V*po| < C uniformly in p. Then, for any small enough € > 0, there exists a
positive constant C. such that

li H _th\IJ o —iHmft\Ij ‘ < ; 1 3 —lie 29
N € 0T Oy pgy, = G H 2P (227)
p=N/L=const.
holds for all t > 0, where
N
H™ =~y = 57 Ay, + pF[e](0) (228)

i=1
is the free Hamiltonian with constant mean field (o, S0 v(z; — y)Q0) 2y = pF[0](0).

Remark A.2. Note the two differences compared to Theorem the absence of an additional
next-to-leading order energy correction in H™ and the better error on the r.h.s.

Remark A.3. As explained in Section [1.2.2] we expect, and this is in contrast to d = 2, that

the Lh.s. of (227)) is small for large p on all time scales. Theorem can prove this only to

some extent since the error term on the r.h.s. becomes small only as long as ¢t < p%_%/ 3,
One possibility to prove (227)) is to adapt the proof of Theorem . For that, note that

the argument depends on the dimension essentially through Lemma and Corollary [2.3]
The corresponding bounds for d = 1 are summarized in

Lemma A.4. Letd =1,0<¢e < 1/2 and M,q € N. Let v(z) € C(T) N CF(R) and v,
v¥¢ defined as in ,. Then there exist positive constants C, Cy, Cy . such that

N 00
.1 q
tim = > 3 [Fllee— )| = (229)
k=11=N+1
1 N 00 q
Hm 72 Z Z ’}—[UZ’G] (px — pz)’ < Cyep™ ", (230)
k=1I1=N+1
lim Vo(N,p) < Cp~ !, (231)
TD
lim (p‘(%Wn(N, p)) < Cptte (pﬁ - p%M), 1<n<M (232)
TD
N
lile‘}"[v]( - )’ <Cp*+C.p7V5 for pe (2n/L)Z (233)
L pr—p)| < Cp"+Cep p :
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The proof is analogous to the ones for Lemma [2.2] and Corollary [2.3]

The only bound that remains to be shown is the one for W55 (t), 1 < n < M; cf. Section
In the two-dimensional case, this term was directly canceled by EZ,(p) which is iden-
tically zero for d = 1. However, one easily verifies, using Ej, — Ey, > Ckpp ™ = C’p_%J’gT_Jv}
(since kg o p), that in one dimension,

Z O3 (O)leo S (L4 0)p 3= Mpan S (14 )p 272, (234)
since M pﬁ < pf for M = |Inp]. This completes the proof of Theorem .

B The Model in Three Dimensions

Let us explain why it is not possible to adapt the argument also to the case d = 3. Here, the
1

possible momenta are given by p € (2rr/L)Z3 and |px| = kr o< p3. We exemplify this for one

particular term, namely

S 5” sn 1
H;xm | an HTD<Z{1¥§E 3 W] 35

(k,1)eG,

which appears at second order in the Duhamel expansion; cf. Section [2.3.2] Here, we have
used in addition that the W3"(¢) are pairwise orthogonal, and then we applied the first step
from . In order to obtain the optimal bound for the r.h.s., let us be more general as in
the case d = 2 and define the sets &,, with bg oo and b, = b+ (n—1)/(2¢M), for b > 0 and

2c=(b+e)", beR. Using (E, — E) > p3 b in &, together with

tim oo 37 ph e (pne = ), (236)

(k,1)e6,

one finds

1 1 1
5 2 e S A (1= p ) S —p(14 O(M ) ), (237

1 <n < M. Hence, this way (taking M — oo) we obtain at best (235) < In p, which would
imply a trivial statement like |V, (¢)|rp < Inp already for ¢ of order one.
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