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Abstract

This dissertation introduces the new computational methods for two major topics.
The first topic is computing the Stokes flow driven by an open immersed interface.
The other topic is the simulation of the Stokes and Navier-Stokes fluid through an
elastic tube driven by an internal source and sink.

For the first topic, we developed two second-order accurate method. One is for
accurately evaluating boundary integral solutions at a point, and the other is for
computing Stokes solution values on a rectangular mesh. We first describe a method
for computing singular or nearly singular integrals, evaluated at a point on or near
the curve. To improve accuracy of the numerical quadrature, we add corrections
for the errors arising from discretization, which are found by asymptotic analysis.
When used to solve the Stokes equations with sources on an open, immersed inter-
face, the method generates second-order approximations, for both the pressure and
the velocity, and preserves the jumps in the solutions and their derivatives across
the boundary. We then combine the method with a mesh-based solver to yield a hy-
brid method for computing Stokes solutions at N? grid points on a rectangular grid.
Numerical results are presented which exhibit second-order accuracy. To demon-
strate the applicability of the method, we use the method to simulate fluid dynamics
induced by the beating motion of a cilium.

For the second topic, we present numerical method for simulating both Stokes and

Navier Stokes fluid flow through a compliant, closed tube, driven by an internal source
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and sink. The governing equations are implemented in axisymmetric cylindrical
coordinates, which capture 3D flow dynamics with only 2D computations.

In the Stokes fluid flow simulations, we solve the model equations using a hy-
brid approach: we decompose the pressure and velocity fields into parts due to the
surface force and due to the source and sink, with each part handled separately by
means of an appropriate method. Because the singularly-supported surface force
yields an unsmooth solution, that part of the solution is computed by using the im-
mersed interface method with the jump conditions for the axisymmetric cylindrical
coordinates. The velocity due to the source and sink is calculated along the tubular
surface using boundary integrals. The source and sink are prescribed in the simula-
tion. From the convergence test and oscillating frequency-amplitude study, we can
demonstrate second-order accuracy and applicability of the method.

In the Navier-Stokes flow simulations, we adopt the velocity decomposition ap-
proach developed by Beale and Layton [5]. The total velocity is decomposed into the
Stokes part and the regular part. The Stokes part satisfies the Stokes equation and
includes the boundary force. The regular part satisfies the modified Navier-Stokes
equation that incorporate the source and sink terms, with the latter computed us-
ing the Hagen-Poiseuille equation. Convergence test, oscillating frequency-amplitude
study and fluid viscosity-amplitude study are presented that demonstrate the accu-

racy of the method.
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1

Introduction

The fluid structure interaction problems in the Stokes and Navier-Stokes flow have
been studied for several years due to its wide application in physical and biological
systems. Several advanced methods have been developed and applied to scientific
and engineering problems.

One of the most widely used method is the immersed boundary method, which
is first proposed by Peskin for studying blood flow through a beating heart [31], and
has since been applied successfully to many other biological problems, such as flow
and transport in a rental arteriole [1], the mechanism of valveless pumping [21, 20]
and flow in a collapsible tube [34]. This method employs a set of lagrangian markers
to track the motion of interface and fluid variables are solved on the fixed Eulerian
fluid grid. The interpolation and spreading operation links the variables between
Eulerian and Lagrangian grid. When simulating the motion of a singular elastic

interface in the Navier-Stokes flow, the equation of motion is as follows:



EJru-Vu:uAu—VerF, (1.1)

V-u=0, (1.2)

F(y) = J f(T)é(y — X(T)) dx(7) (1.3)

where p is the pressure, u is the velocity, i is the viscosity, and F' is the force that is
singularly supported along a boundary v immersed in a two-dimensional fluid. x(7)
denotes a point on v, which is parametrized by 7, and ¢ is the Dirac delta function.

The immersed boundary method discretize the interface to be a set of Langragian
markers(X (%), Y (7)), k=1,2..n. and replace the boundary integral in Eq. (1.3) by
a discrete summation. Then this method transfers the singular boundary forces onto
the neighborhood Eulerian fluid grid points by using approximate (smooth) Dirac
delta functions typically with O(h) support. A common choice for the approximate

delta function is the cosine function, which has the following form:

Sz — o) — % <1 + cos (@)) (1.4)

With Peskin’s discrete delta function approach, the discretized form of the force at
grid (i,j) is

Ej = Z fkéh(mi — Xk)éh(y] — Yk)AT (15)
k=1

Because the delta function is smoothed, this approach does not capture the jump
discontinuity in the solution (e.g., pressure) at the immersed boundary, but rather
approximates the solution as a continuous function with a large gradient. In general,
the immersed boundary method computes approximations with first-order spatial

accuracy.



When simulating Stokes or Navier-Stokes flows driven by a closed boundary, one
may use the immersed interface method developed by LeVeque and Li [26, 27|, which
captures the jumps in the solution and its derivatives sharply, and which generates
approximations with second-order accuracy. The key idea in the immersed interface
method is the incorporation of known jumps in the solution or its derivatives into the
finite difference schemes. The necessary jump condition has been derived for Stokes
and Navier-Stokes flow in [27] and [25]. The jump condition for interface in Stokes

flow for 2D Cartesian coordinate is the following [27]:

[p] = fa (1.6)
7]
[“S_Z _ f s (1.8)
- »

For the Stokes equation, the pressure jump, the first and second order derivative
of pressure and velocity jump are incorporated into the finite difference discretized
equations when the stencil cross the interface to achieve the second order convergence.
For example, in 2D Cartesian coordinate, by taking the divergence on Eq. (1.1) and

discretizing the elliptic equation by using the standard five point stencil, one obtains:

1

ﬁ(pHLj + Pic1j + Dij+1 + Pijo1 —4pi;) = Cij. (1.10)

When grid stencils are away from the interface, the right hand side C;; = 0. When
grid stencils cross the interface, corrections need to be derived. However, the lim-
itation of this method is that the jump conditions can only be derived for closed
boundaries.

An alternative method, which employs the finite element approach for simulating

3



the free and moving boundary problem, is the Arbitrary Lagrangian-Eulerian method
[19, 13, 23]. This method combines the advantage of pure Lagrangian type method
and Eulerian type method. In Lagrangian type algorithms, the computational mesh
moves with fluid material particle, therefore the free surface or interface can be easily
tracked. However, large deformation may cause the mesh entanglement and cease the
computation. In Eulerian type algorithm, the computational mesh is fixed, therefore
the large deformation of material can be handled relatively easily. However, high
resolution grid and precise definition of the interface may be needed to track the
interface accurately. In the Arbitrary Lagrangian-Eulerian method, after updating
the fluid mesh by the fluid particle velocity, a rezoning process can be included so
that the mesh can be updated to optimal position, avoiding the mesh collapsing.
Rezoning techniques have been developed over years by researchers [39, 24].

An important Eulerian type method, the Volume of fluid method, which was
firstly proposed by Hirt and Nichols [12], can be applied to track the interface between
immiscible fluid. Rather than marking the interface, this method tracks the fluid
surface by marking the fluid region through fraction of volume, thus can handle the
complicated surface change, such as surface crossing or surface breaking. Denoting

the fraction of volume by F, the equation F satisfies is:

oF N oF
T
ot 0x

0 (1.11)
Here u is the velocity vector and the above equation is an advection equation. The
interface lies in the cell that has F with value 0 < F' < 1. Over the years researchers
have proposed several advection techniques that can keep sharp interface and main-
tain stability, such as the Donor Acceptor schemes by Hirt and Nichols [12], flux
corrected transport by Boris [9].

Another important interface tracking algorithm is the level set method, first pro-

posed by Osher and Sethian [30]. Without discrete parametrization of the interface,

4



this method models the interface by using a zero level set function ¢. With the cur-
vature K along the interface and the normal velocity speed vector F(K), ¢ satisfies

the Hamilton-Jacobi type equation:
o — F(K)|Vo| =0 (1.12)

The appealing part of this method is it can handle the topological change of the
surface, such as surface merging or breaking, however, with the computational cost
of solving the Hamilton-Jacobi type equation by sophisticated numerical techniques.

The methods introduced above can be applied for simulating both the Navier-
Stokes flow and Stokes flow. When simulating Stokes flows with singularly supported
interface, one may use the method of regularized Stokeslets [11], which is a boundary
integral type method, first proposed by Cortez. A Stokeslet is the fundamental
solution of Egs. (1.1)—(1.2), and it represents fluid motions due to a concentrated
external force acting on the fluid at a single point [2, 33]. In two dimensions, the
solutions to the Stokes equations in free space (1.1)—(1.2) can be written as the

boundary integrals

py) = =5 | VO =) () ax(r). uly) = = | Vix(r) =) dx(),
(1.13)
where
)= Y
VG(x —y) x—yP’ (1.14)
Vij(x) = —0; log [x| + % ij=1,2, (1.15)

where ¢; ; is the Kronecker delta. The gradient of Green’s function in Eq. (1.14) is
singular. The first term in the velocity integrand (1.15) has a logarithmic singularity;
the second term has a smooth integrand on the interface but not at neighboring

points. In the method of regularized stokeslet, the singular force on the interface can

5



be spread over a small region through blobs function ¢.. Then a regularized Green’s

function G, can be derived from V2G, = ¢.. With the blob function to be:

63

(X) = 5 1.16
?(x) 27 (|x|% + €2)2 ( )

The regularized Green’s function has the form:

= log(v/x—y)7 )] - —— (1.17)

Go(x —
(x—y) =5 TR

Correspondingly, one can obtains the regularized integral solution of pressure and
velocity. For points near the interface, the integrals for the pressure and velocity
are nearly singular, and standard quadrature (e.g., the trapezoidal rule) would lead
to substantial errors. In the case of a closed and smooth boundary, corrections
terms were derived in [3] so that the third order regularized error and second order
quadrature error can be achieved. However, such correction can only be applied for
the smooth and closed interface. The correction for nearly singularity problem for
open or non-smooth interface will be derived in the thesis by following Surles’ work
[37].

The first part of the thesis is to develop numerical methods that accurately
compute solution to Stokes flow driven by forces singularly supported along an im-
mersed, open interface. Solution values may be sought at an arbitrary point in
two-dimensional space, or at grid points on a rectangular grid. Specifically, we
aim to develop methods that generate second-order approximations. The numerical
challenges in achieving that goal arise from the singularities in the Stokes solution
introduced by the forces on the open interface: as previously noted, p and the normal
derivatives of u have jump discontinuities, which should be preserved if the computed
solutions are to be accurate. But because those jump conditions are not known for

open interfaces, the immersed interface method cannot be applied. Another difficulty
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is that at the end-points of the immersed interface, p and the normal derivatives of u
are unbounded, which may render mesh-based finite-difference schemes inaccurate.

Two numerical methods are developed. We first present a method, which we call
“the method of corrected boundary integrals” for computing Stokes solution at an
arbitrary location. The method is based on an accurate computation of the boundary
integrals involving the singular Stokeslets. Those integrals are corrected to reduce
discretization errors, to yield second-order accuracy, and to preserve the jumps in
the Stokes solutions and their derivatives. We then combine the method of corrected
boundary integrals with a mesh-based solver to yield a hybrid method for computing
Stokes solutions at a rectangular mesh with N? grid points. Numerical examples are
presented to evaluate the accuracy of these methods.

In addition, we formulate the methods for a quasi-dynamic Stokes problem. The
model equations are based on the steady-state Stokes equations, but the fluid motion
evolves in time, as the immersed boundary moves with the fluid and the boundary
forces are updated based on the boundary configuration. We apply the methods to
simulate the hydrodynamic flows generated by the beating motion of a pulmonary
cilium.

In the second part of the thesis, we consider incompressible Stokes or Navier-
Stokes flow through a compliant, closed tube, driven by an internal source and sink.
The internal source and sink allow us to represent inflow and outflow conditions
while using techniques that apply to closed boundaries. Motivated by applications
to blood flow through vessels, we take the structure and flow to be axisymmetric.

In the simulation study for Stokes flow, our approach is to decompose the pressure
and velocity fields into parts due to the tube boundary and due to the source and
sink, so that each may be treated with an appropriate method. The tube surface
creates a singularly-supported force on the fluid, resulting in an unsmooth solution.

We find this part of the solution using the immersed interface method. Meanwhile,

7



the smooth solution due to the source and sink is efficiently calculated along the tube
surface via a boundary integral.

In the Navier-Stokes flow simulation study, we adopt the velocity decomposition
approach developed by Beale and Layton [5]. We decompose the velocity and pressure
into the Stokes part and the regular part. The Stokes part satisfies the Stokes
equation with the singular force on the boundary. Then the body force for the regular
part equation is the material derivative of the Stokes velocity, which is continuous
along the interface. Therefore, we can solve the regular part fluid variables without
jump condition along the interface.

Rather than prescribing the sink strength in this problem, we compute the sink
strength by using the Hagen-Poiseuille equation. Besides doing the convergence test
to demonstrate the accuracy of method, we explore the trend between the oscillation
frequency and the oscillation amplitude, flow viscosity and the oscillation amplitude

of pressure and velocity.



2

Accurate Computation of Stokes Flow Driven By
An Open Immersed Interface

2.1 The method of corrected boundary integrals

In this section, we derive the method of corrected boundary integrals, which com-
putes the integrals in Eq. (1.13) to second-order accuracy, even for a point y that is
sufficiently near the boundary so that the integrals are nearly singular. Along the
boundary, the pressure is singular, but second-order accurate approximations can be
computed for the velocity. We parametrize the curve v using 7, such that 7 € [0, 1],

which we discretize using M grid points with grid spacing Ar.
2.1.1 Computing pressure integral

According to Eq.1.13, the boundary integral for p can be written in terms of its

tangential and normal components

py) = =5 1(y) = —5- (1) + (), .)

27 s



where the subscripts ¢ and n denote the tangential and normal components, respec-

tively. ¢ = (2} (7),24(7)) and n = (24(7), —2(7)). I, I, are

I(y) = j 8,G(x(r) — y) fi(r) dr. (2.2)
I(y) = f 0,G(x(r) — y) fulr) dr. (2.3)

Both I; and I, are nearly singular as y approaches x. Below we present the method
of corrected boundary integrals which yields second-order accurate approximations
to I(y), or p(y), including y near (but not on) the boundary. The corrections for the
normal part integral [,, was originally derived in Matthew Surles’ thesis [37]. Here we
follow Surles” method to derive correction for tangential part integral. Corrections
for quadrature errors are derived separately for three sets of points: one set in which
the points are near one of the end-points of 7y (i.e., x(0) or x(1)) and exterior to ;
another set in which the points are interior to 7; and a third set in which the points
are away from . We consider a point y interior to the curve if there exists a line
normal to the curve that passes through y and some point x on the curve. Otherwise

y is considered exterior to the curve.
Points near an end-point and exterior to the boundary

We first consider a point y that is near one of the end-points x(0) or x(1) but exterior
to the boundary. A point y is considered near an end-point if the distance between
the two points is < CA7*, for some small constant C' and for k > 0; see Fig. 2.1,
panel A. (In our implementation, C' is chosen to be 1 < C < 3 and k = 1/2. Our
numerical experience suggests that solution accuracy is insensitive to a substantial
range of C' values. The choice of k = 1/2 is justified below in Sect. 2.1.1.) Because
ly —x(7)] is small for 7 = 0 or 7 = 1, [, and I,, are nearly singular. We first consider

I;, and we assume that y is close to x(0). We will subsequently discuss I,, and the
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X1 X

x(1)

x(mr)
yo

x(0) X2 x(0) X)

FIGURE 2.1: A: y denotes a point close to end-point x(0) and exterior to the curve
7. The segment between x(0) and x(mAT) is the “short segment”. B: y is close to
v and interior to the curve. x(7*) is the intersection between ~ and the normal line
through y. The segment between x(71) and x(73) is the short segment.

case where y is close to the other end point x(1).

Let x = (21(7),x2(7)). To derive corrections for the trapezoidal approximation
of I;, we begin by applying a translation and a coordinate rotation of the boundary,
such that we obtain (z1(0),22(0)) = (0,0) and (2{(0),25(0)) = (1,0). To reduce the

singularity, we rewrite Eq. (2.2) as

I =Ly + I, (2.4)

where
t = [ 2600 =) 6) - 510 2.5
Iis = LlﬁtG(X(T) —y)fi(0)dr. (2.6)

I; 5 can be computed analytically to yield log % f:(0). Corrections will be derived
for the trapezoidal approximation of I; ;.

Similarly, we decompose I,, into two parts, given by
I, =11+ 1,9, (2.7)

11



where

Loy = f 2,G(x(r) — y)(falr) — £.(0)) dr, (2.8)
I = L 0nG(x(1) —y) [n(0) dr. (2.9)

I,, 5 can be integrated explicitly to yield

Lo = f2(0)(arg(z(1) — zo) — arg(z(0) — 2z)), (2.10)

where z(7) and zq denote the points x(7) and y, respectively, in the complex domain
[37]. I,,1 will be approximated by means of the trapezoidal rule with appropriate
corrections; see below.

To approximate I;; and I,,; accurately, we decompose each of the integrals into
two terms, one along a short segment of the boundary near one of the end-points,
and the other along the remaining longer segment of the boundary. We will first

consider I, ;. For notational simplicity, we denote the integrand in Eq. (2.5) by
a(r) = AG(x(r) = y) (fi(r) — Fi(0)). (2.11)
Using this notation, we write I ; as
Liy=ILs+ 11, (2.12)

where [, ¢ and I; ;, denote the short and long parts of the integral. The two integrals

are given by

mAT 1
Is :f a(r)dr, I, — J o) dr. (2.13)

0 mAT
where m is the number of grid points along the short segment, chosen such that
m = O(AT%); a rationale of this choice of m is given below. Thus, for a sufficiently

refined discretization of v with M grid points, m « M. Both I; g and I; ;, are nearly

12



singular. An analogous decomposition can be obtained for I, ;. Below we will derive
the corrections necessary for evaluating these integrals with second-order accuracy

using the trapezoidal rule.

Corrected integrals for the long segments. We first consider integrals for the long seg-

ments. We approximate I; ;, by
1 B, 2 1
L ~ Tip(a(7))]onr + TAT o' (mAT), (2.14)

where T ;,(a(7))|;,a, denotes the trapezoidal approximation of I, ;, and By denotes

the second Bernoulli number. The second term in Eq. (2.14) corrects for the dis-

1

Ay Below we show that the above approximation is

cretization error in T} p(a (7))

O(A7?). To that end, we rewrite I, 1, as

Iy = J b0 —y) () (fu(r) = £(0)) dr. (2.15)

mAT |X(T) - Y|2

We first consider the case where y is close to x(0). At 7 = 0, we have assumed that,
after the translation and rotation, x;(0) = 22(0) = 0 and 2 (0) = 1, 25(0) = 0; thus,

the Taylor expansion of the tangent vector t(7) around 7 = 0 is
t(1) = (xll(T), :EIQ(T)) = (1+ 2, (0)7 + O(72), 2, (0)7 + O(r?)). (2.16)

Let the coordinates of y after the translation and rotation be (a,b). Then the Taylor

expansion of x(7) — y is given by
(x(1) —y) = (21(7) —a,22(7) = b) = (—a+ 7+ O(r%),=b+ O(r%)). (2.17)
Taking the dot product of Eqgs. (2.16) and (2.17), we obtain that

(X(T) — y) t(7) = —a+ 7+ O(er) + O(77), (2.18)

13



where € = v/a? + b2. Substituting the above expression into Eq. (2.15), and applying

Taylor expansion, one can approximate I, ;, as

_Jl —a+ 7+ O(er) + O(7%)

2

(ft,(O)T + (’)(7'2)) dr,

:f i ((—a + 7)F0)T + O(er®) £,(0) + £,(0)O(7%) + (—a + T)O(?)
+0(er®) + (9(7’4)) dr. (2.19)

where r = |x(7) —y|.
We first analyze the term w, which we denote by ¢(7); the other terms

can be treated analogously. By means of the Euler Maclaurin summation, we obtain

that
1
) dr =T (6(7)) + A (@ mse) — 1)
+ B (g mar) — 07 (1)
1l
! _mA
_ A fmm% (M%) G (7) dr, (2.20)

where By, denotes the kth Bernoulli number, and P, denotes the corresponding func-
tion.

To approximate I; 1, to O(A7?), we must understand the size of each of the term
on the right of T;;, in Eq. (2.20). First consider Z2A7%)/(mA7), which we call &;.

Here we apply the following lemma [37]:

lemma 2.1.1. Suppose Q(e,a,b) is a degree q homogeneous polynomial, w(r) =

7k¢(7); g=1/r", andp+ 1= q+ k. Then we have

i(w)‘:

ott rP

al Kl Cl
a_Tl(ng(T))‘ < r(o+)—(g+k) < o+ —(q+k)

for some constants K; and C;.

14



From Lemma 2.1.1, one can show that ¢'(7) < ¢y/7 for some constant ¢y using
p=21=1,and ¢+ k = 2. If one chooses m to be A7~/3 (this choice will be
justified below), then ' (mA7) = O(A7~%3). Thus,

& = %A 2y (mAT) = O(ATY?). (2.21)

Consequently, to attain overall O(A7?) accuracy, £ must be included as a correction.

We then consider the other terms,

£ =~ A1)
&= Biact (" mar) — 0" (1
3—4! T(w (m T) ¢())7

! T —mAT| -
Ei= AT LAT&(MI_mAT)qp()

Because y is close to x(0), /(1) is O(1); thus & = O(A7?). Again by applying

Lemma 2.1.1, we obtain the following bounds on the derivatives of 1):
i(r) < 5, (1) < =, (2.22)

where ¢; and ¢, are constants. These above bounds imply that & = O(m™2Ar) and
&y = O(m *Ar). Thus, for both terms to be O(A7?), we choose m to be O(AT_TI).

A similar approach is used to derive corrections for I, 1,

B /

Lz = Ton(B()|L Ar + EQAT% (mAT) + O(AT?), (2.23)
where T, , denotes the trapezoidal approximation of I, 1, 8 = %( fu(T) —
fa(0))-

If y is close to x(1), then the integrals I; ; and I,, , can be approximated by
B
Iip = Tip(a(r)) | a7 — QAT '(1—mAT) + O(AT?), (2.24)
1—mAT BQ 2 a 2
L = Ton(B(7)o — TAT B (1 —mAT) + O(AT?). (2.25)
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Corrected integrals for the short segments. Next we derive corrections for approximat-
ing I; s and I,, g to second-order accuracy. We first consider I; ¢ for the case in which
y is close to x(0). We begin by linearizing both x(7) and f(7). Let &(7) be the

linearized form of a(7), given by

_ (T — CL) !
(7') = m t(O)T, (226)

We approximate I; g by

Lis ~ Typ(a — &)™ + J a(r)dr, (2.27)
0

where T}, denotes the trapezoidal approximation of [; . The term SS”AT&(T) dr can

be evaluated analytically to yield

LmAT&(T) dr = (%alog((a —7)2 +b?) + btan ! (%) + T) mAT L (2.28)

We will show that the approximation (2.27) is O(A7?). To that end, we consider the

difference between the two sides of Eq. (2.27), which can be written as

mAT
J CVQ(T) dr — E,h(OQ) SnAT,
0

where we let (1) = (1) — a&(7). We will show that this difference is O(A7?).

Consider the numerator and denominator of a(7) and &(7), denoted by af, a®
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and a”,a?, respectively:

7

af'(r) =(x(7) —y) - (21(7), 25(7)) (fulr) = f(0))

- ((7’ —a+ (9(7'2)) (1 + T’LUl(T)) + (O(7%) — b)ng(T)) (ftI(O)T + (9(7'2)),

(2.29)

a®(r) =Ix(r) =y = (w1(r) — )" + (w(7) = b)",

=(r—a+ 0(72))2 +(0(r*) - b)z, (2.30)
a”(r) =(r —a) f,(0)7,
a%(t) =(1 —a)? + b*

for some functions wy (7) and wsy (7).
Then we have
of af ofa?—-afa?  of —af  af(a? — a9)

@)= 0"a " e~ a@ T a0

_ O(2%(a + b)) N o) O((r —a)r?) B O((r — a)(a + b)T?) (2.31)

(a®)? (a9 (a@)*(ae)? (a®)?(a%)?

after simplification. Applying Lemma 2.1.1 again to the first term on the right side

of the above equation, one can show that

Lm TO[Q(’T) dr — Ti p(a2) B”AT = O(AT?). (2.32)

Thus, the corrected boundary integral approximation given in Eq. (2.27) is second
order.

The correction for trapezoidal sum for I, g is [37]:

mAT

Lis = Tun(B — B) o™ + B(r)dr + O(AT?), (2.33)
0

where T), , denotes the trapezoidal approximation of I,, g, and Jé; (1) is the linearized
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form of 3(7). The second term can be integrated analytically to yield

MAT , Tr—a

. B(r)dr = fn(O)(§ log((T — a)? + b*) + a arctan(

))[mAT, (2.34)

If y is close to x(1), then the short-segment integrals are approximated by

1
Ls = Ton(a— @) an + f a(r) dr + O(AT?), (2.35)
1—mAT
~ 1 ~
Lns ~ Ton(B=B) as + j B(r)dr + O(AT?). (2.36)
1—mAT

Points interior and close to the curve

Next, we consider a point located sufficiently close (within a distance of CA7*) and
interior to the curve. To derive corrections for the approximation of I,, + I; by the
trapezoidal rule, we proceed as before and begin by reducing the singularity of I,

and I; by rewriting those integrals as:

L =11+ Lo, I,=1I,1+1,2, (2.37)
where
1
Ly — J 2.G(x(7) — y) (fulr) — fulr*)) dr, (2.39)
0
1
lgp = J 0aG (x(1) — y) fa(T™) dr, (2.39)
0

for d =t or n, and where x(7*) is the intersection point between the curve v and the
line normal to v and through y. Similar to Egs. (2.6) and (2.9), the second integrals

I 5 and I,, 5 can be computed analytically to be

X(l) -y *
Iz = log |Lr =T (x(r)), (2.40)
Inz = fu(x(r7))(arg(2(1) — o) — arg(z(0) — zo)), (2.41)
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where z and zy denote the points x(7) and y, respectively, in complex domain.

We will describe the procedures for approximating I;; and I, ; to second order.
The approach is similar to the previous case where y is close to one of the end-points
but exterior to the curve. The difference is the boundary between the long and short
segments. We first consider the case where y is close to the curve but away from both
end-points. For this case, the short segment is chosen to be near the intersection
point x(7*). We let 75 be associated with the grid point that is closest to x(7*) and
such that 75 > 7*, and we let 7 to be the grid point that is closest to x(7*) and such

that 7{ < 7*. Then we pick
Ty =Ty + MAT, T =T — mAT, (2.42)

where m = O(Ar3). With this notation, (71, 73) is the interval for the short segment,
and the remainder of the curve are the two long segments. See Fig. 2.1, panel B.

Second-order approximations for I, ;, and I, ¢ are given by

Ly =T p (o) + Th(oz(T))H2 + %ATZ (/ (1) — () + O(AT?),  (2.43)

T1

Ls =Tyns(a—a)? + f a(r) dr + O(AT?), (2.44)

T1

where T} 1, and Tip s denote the trapezoidal approximations of the associated in-
tegrals. Second-order approximations for I, ; and I, g are similar, with o and &
replaced by 3 and 3, respectively.

If y is interior to the curve, but lies close to x(1), then 75 > 1. For this case,
we integrate [, by setting 75 in Eqs. (2.43) and (2.44) to 1. Similarly, if y is close
to x(0) such that 7 < 0, then we set 7, = 0 in Eqgs. (2.43) and (2.44). Analogous

procedures are used to integrate [,
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Points away from the curve

Recall that a point is considered away from - if its distance from the curve is greater
than Cv/AT (we chose the exponent of A7, k, to be 1/2; that choice is made to
ensure that the error is O(A7?), see below.). We will derive corrections for errors
arising in the discretization of I; in Eq. (2.2); the derivation of the corrections for I,

is analogous. To proceed, we let

fe(7) (2.45)

for notational simplicity. After applying the Euler Maclaurin summation formula,

we obtain the following expression, similar to Eq. (2.20):

By

1= | ot dr =T (0(r) + AT (010) = 0(1)

+ %AT4(¢"'(O) —¢"(1)) - AT L Py(M7)¢(r)dr.  (2.46)

We approximate I; by

B
I ~ Ty(o(1)) + 72&2 (¢'(0) — ¢'(1)). (2.47)
The remainder terms,
B4A 4 n n 5 1 5
AT (0) =9 (1) - Ar 0P5(MT)¢ (1), (2.48)

constitute error. We will show that the error is O(A7?). To that end, we apply
Taylor expansion to ¢(7) at 7 = 7%, where x(7*) is the intersect between - and the

normal line that passes through y. We obtain the following expression for I;

B r 7+ 0b7) + O(72) + O(b72) + O(73) + O(F*) (f (%) + T (1*) + O(7?))

=

dr,

72
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where 7 =7 — 7* and r = |x(7) — y|. Below we analyze the term #;*), which we
denote by ¢;(7). The rest of the terms can be treated analogously. The analysis is

based on the following corollary [37]:

corollary 2.1.2. There exists a constant ¢ such that a < cr(7), b < cr(7), 7 < er(7),

and € = v/a? + b2 for all T € [0, 1].

From Corollary 2.1.2 , we have the following inequality

)] _ Cor

C
o) = < 2 - 2

= (2.49)

72 T

where (] is a constant. We then apply Lemma 2.1.1 for k =m =0,p=1,1=3

and 5, and obtain that

" C C
oI (<7 18] < 3 (2:50)

Since y is assumed to be far away from v, r > C+v/Ar. With this assumption, we

derive the following bounds for the error terms

" m K K
AT () (0) = 61 (1) < AP 22 < AT 2 — O(ATY),
(60~ 61(1) < arti < art s = 0(ar)
1 ! K5 ! K5
ATE’J O (1) dr < AT° 5 dr < ATE)J ———dr = O(AT?), (2.51)
0 0 r 0 (CA7—§)6

for some constants K3, and Kj. Because the error terms are O(A7?), the approxi-
mation for I; given in Eq. (2.47) can achieve second-order accuracy.

Technically speaking, when y is sufficiently far from ~, the integral is not nearly
singular, and corrections are not needed to attain second-order accuracy when the
trapezoidal rule is used. Thus, the corrections in Eq. (2.47) need only be included
when y lies between a distance of Cv/A7 and some constant d from ~. However, for
simplicity (to limit the number of cases), we include the corrections for all y farther
than CvAT from .
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2.1.2  Computing velocity integral

We now derive corrections needed for accurately evaluating the Stokes velocity inte-
gral (1.13), which, as previously noted, is singular when evaluated on the curve, and

nearly singular close to the curve.
Points on the interface

We first discuss the evaluation of the part of the velocity integral (1.13) that involves
the logarithmic term, which is singular when y is on the interface. Correction terms
will be derived for the velocity integral in the z-direction (i.e., u); the integral for v
can be computed analogously. Given that y lies on v, let y = x(7*). We consider

the logarithmic integral

I = J—fx(x) log |x —y|dx = Jk(T) log |x(7) — x(7%)| dr, (2.52)

v

where k(1) = —f,(7)|x (1)|. Applying the Taylor expansion at 7 = 7*, k(7) and
x(7) can be expressed as:
k() = k(%) + (1 — T*)k,(T*) +O((1 — )%, (2.53)

xX(7) = x(7%) + (1 — 7)x (7%) + (7 — )2 H (1), (2.54)
for some function H (7). Rearranging Eq. (2.54) yields
[x(r) = x(7%) P = (1 = 72X (*)P + (7 = ) (7) + (7 = 7%)*ho(7)), (255

for some functions h;(7) and ho(7). Then, taking the logarithm of both sides, one

obtains

log |x(7) — x(7*)| = log |7 — 7*| + %log (|XI(T*)|2 + (1 =7 (1) + (7 — T*)zhg(T)).

(2.56)
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Substituting Eq. (2.53) and (2.56) into Eq. (2.52) yields

I = J(k(T*) + (1 — T*)kl(T*)) log |7 — 7% dr + JO((T — %)) log |t — 7*|dr

Y Y

+ fk(T)% log (|XI(T*)|2 + (1 —75h(7) + (7 — T*)2h2(7')) dr. (2.57)

Y

The first integral on the right-side of Eq. (2.57) can be integrally analytically to yield

J(k‘(T*) + (1 — T*)k?, (7'*)) log |7 — 7*| dr

zk(T*)(T* log(7*) + (1 — 7%)log(1 — 7*) — 1)

+ k/(T*)}L (2(7* —1)?log(1 —7*) — (7% — 1)* — 27*2 log(7*) + 7*2)

The second integral on the right-side of Eq. (2.57) can be approximated by trape-
zoidal summation. For the third integral term, note that |x (7*)|? is positive; thus,
there is no singularity in log (|x (7*)|? + (7 — 7*)hi(7) + (7 — 7*)?ha(7)). Therefore,
trapezoidal summation can be also used to approximate the third integral on the

right-side of Eq. (2.57) to second-order accuracy.
Points near the interface

When y is not on 7, but close to it, the boundary integral for u is nearly singular. To
derive corrections for the quadrature approximation, we first apply a translation and
a coordinate rotation to v and y, such that (z1(0), x2(0)) = (0,0) and (2{(0), z5(0)) =
(1,0). Then, we rewrite the velocity integral (1.13) in the transformed coordinates

as

I, = fk(r) log |x(7) — y| dr + JK(T) - (x— y)% dr, (2.58)

where x1 and a are the transformed z-coordinates of x and y, respectively, K(7) =
(k(7),k1(7)), and ki (1) = —f,(7)|2’(7)|. By a Taylor expansion of k(7) around 7*,
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we can express [, as the sum of three integrals

[u = Iu,l + [u,2 + Iu,37 (259)
where

Iy = [(k(T") + (7 — T*)/{Z’ (7)) log |x(7) — y| dr, (2.60)

y
Lz = [O((r = 7%)*) log [x(7) — y|dr, (2.61)

y

i (#1(7) — a)

I.;= |K C(x — dr, 2.62
3 ] (T) (X Y) |X(’7’) — |2 T ( )

where 7* is the intersection point between curve v and the line normal to v and
through y. When y is exterior to the curve and close to x(0) or x(1), we take
7% = 0 or 1, respectively. Note that when y is close to v, I,; and I,3 become
nearly singular, but not 7, 5. Thus, I,, 2 can be computed accurately by means of the
standard trapezoidal rule.

To derive an accurate evaluation of I, ;, we integrate by parts to obtain

= (k)7 4 57 = 77 PH() ) o () = 1

- [(seorr 5 =) Sroglxn) - lar (26

Y

Note that the integral in (2.63) has the form { f(7)6,G dr. Therefore, I,; can be

~

approximated by the trapezoidal rule, with correction terms given in Eqs. (2.14),
(2.24), (2.27), and (2.35).

To derive an accurate evaluation of I, 3, we denote K(7)(x1(7) — a) by Q, which
allows us to write I, 3 in a form similar to the boundary integral of pressure. Thus,
we can evaluate [, 3 by means of the corrected integral approximations given in
Egs. (2.14), (2.23), (2.24), (2.25), (2.27), (2.33), (2.35), and (2.36).
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2.2 The hybrid approach

The method of corrected boundary integrals described above can be used to evaluate
the free space velocity and pressure at any point. However, if values are needed at
grid points over the entire computational domain, this method, in a standard im-
plementation without acceleration (see below), would be too expensive inasmuch as
it requires O(M N?) computations, where M and N denote the numbers of spatial
subintervals along the immersed boundary and along one dimension in the computa-
tional domain, respectively. (A fast multipole-based method may yield substantially
faster computations [17].) If M scales as N, then the computational cost is O(N?).
Another difficulty is that p and the derivatives of the fluid variables are unbounded
near the end-points of the interface, which introduce large errors in standard mesh-
based finite-difference schemes. Motivated by these challenges, we propose a hybrid
approach for accurately evaluating Stokes solutions everywhere by combining the
integral method with a mesh-based method. Briefly, we use corrected boundary
integrals to compute the solution accurately near the interface and in the neighbor-
hood of the end-points, then form an accurate value for the right hand side of a
discrete grid problem, extend away from the interface, and finally solve the entire
grid problem. This approach was suggested in [29] and used in [3].

To solve the Stokes equations, we reduce (1.1)—(1.2) to a sequence of Poisson

problems, first for pressure, then for velocity, as in [27],
Ap =V -F, pwAu = Vp. (2.64)

The Poisson problems are solved on a rectangular computational domain 2. For the
free space problem, the boundary values for p and u along the domain boundary 052
are computed using (1.13), and specified as Dirichlet boundary conditions along 052.

In the numerical discretization, let h denote the meshsize, assumed to be the
same along the x- and y-directions. For an arbitrary function ¢(z,y), let ; ; denote
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W(ih,jh). To solve for p using the hybrid approach, we first label the irreqular
grid points, defined as the grid points for which the five-point stencil of the discrete
Laplacian crosses the interface. We then evaluate p, using the method of corrected
boundary integrals as above, at all grid points needed to form the stencil at the
irregular points. Thus p is computed as a boundary integral at irregular grid points
as well as their four nearest neighbors. We then form the discrete Laplacian at the

irregular grid points,

Al — Pizli + Dij—1 — 4pij + Div1; + Dij+1
p - h2 )

(2.65)

where A" denotes the discrete Laplacian. As in [29] we set A”p to zero at the regular
points where the stencil does not cross the interface, with O(h?) accuracy.

In previous studies [29, 3|, the linear system for grid values of p is then solved
to yield p that is uniformly O(h?) accurate [4]. However, this approach cannot
be applied directly to the present problem, owing to a complication inherent in
using the hybrid approach to solve the open-curve immersed boundary problem: p
is unbounded at the end-points. To compute uniformly O(h?) approximations, we
enclose each of the two end-points in a circle of radius R. How R should be chosen
will be discussed later. We assume that p = 0 within the circles, and we solve the

following problem instead:

. { 0, |x —x(0)] < R, or |x—x(1)] <R,

p(x) = p(x), otherwise. (2.66)

The new problem (2.66) is solved using the standard hybrid approach. The irregular
points in (2.66) include those near the open curve 7 as well as the boundaries of the
two circles. Unlike the original Poisson problem, p is bounded everywhere; thus, the
hybrid approach yields uniformly O(h?) grid-point values for p. Then, outside of the
two circles, we set p = p. Within the circles, values of p are computed using the

method of corrected boundary integrals.
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Next we compute the velocity u. Because the derivatives of u are unbounded at
the end-points, we again enclose each of the two end-points in a circle, and assume
that 1 = 0 within the circles. We then approximate Vp at the regular points outside
the circles by the second-order centered difference V"p and set A'u = V'p/u. As
above, we compute u from the integral (1.13) at grid points that are required to form
the discrete Laplacian A™u at the irregular grid points, and then we form the discrete
Laplacian. With A"u prescribed, we then solve the Poisson equations.The method
of corrected boundary integrals is used to compute grid-point u values within the
circles.

In this approach, the method of corrected boundary integrals is used to evaluate
solution values at irregular grid points, and at grid points within the two circles
enclosing the end-points of 7. There are O(N) irregular grid points. Assuming that
the size of the two circles does not scale with N, then there are O(N?) grid points
within those circles. That gives O(N?) total solution values, which incur a compu-
tational cost of O(N?). Applying fast cosine transforms to the linear system arising
from a finite-difference discretization of the two-dimensional Poisson problem has a
cost of O(N?log N). Thus, the computational complexity of the hybrid approach
does not seem to be an improvement over using the method of corrected boundary
integrals to compute solution values everywhere. However, because the size of the
circles can be chosen to be much smaller than the computational domain, the actual
computational times incurred by the hybrid approach should be substantially lower.

To attain O(h?) accuracy, R should be taken to be sufficiently large that the
values of p outside the circles are not too large to reduce solution accuracy. However,
because the computations within the circles (O(N?)) are more expensive than outside
(O(N?log N)), a R value that is too large will require large computational times.
Thus, what value of R should be chosen depends on one’s balance of time and

accuracy, and may be unclear a priori. In practice, we take a trial-and-error approach
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by picking a R and checking the values of p at the boundaries of the circles. If any

p value exceeds a maximum tolerance, R is increased.
2.3 Numerical tests

In this section, we present numerical examples to assess the accuracy of the methods
presented in this study. We first use boundary integral examples to evaluate the
accuracy of the the method of corrected boundary integrals. We then use a steady-
state Stokes example to test the hybrid approach. In all examples, fluid viscosity u

is taken to be 0.1.

2.3.1 Boundary integral examples

Ezample 1

In this example, the boundary is the horizontal line segment parametrized by (7,0),
for 7 € [0,1]. The boundary forces are given by fi(7) = f.(7) = 7 + 72, where fi(7)
and f,(7) are the forces in the tangential and normal directions, respectively. The

analytic solutions are given by

L(y) zl(a2 +a—b?)log (

! (1—a)2+b2>

a? + b2

a—1

+ (2a + 1)b (arctan ( ) — arctan (%)) +a+ 1.5,

3 (£5557)

+ (a® = b* +a) (arctan (1 ; a) — arctan (—Ta)) +b. (2.67)

where y = (a,b).
The integrals are evaluated at five points: y = {(—A72,Arz), (A2, Ar2),
(0.5,A72), (1 — Ar2,A72), (1 4+ A72,A72)}. The points (—A7z, Arz) and (1 +

At3, AT%) are close to an end-point and exterior to the curve. The points (AT%, AT%)
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Table 2.1: Convergence results for Example 1. Approximations computed using the
method of corrected boundary integrals exhibit second-order convergence and are
much more accurate than the trapezoidal rule, which suffers order reduction.

Trapezoidal rule Corrected boundary integrals
M L; error/A7? Ly error/A7? Ly error/A7? Lyt error/AT?
I
103 2.105e0 4.028e0 5.215e-2 1.105e-1
113 2.425e0 4.637e0 5.054e-2 1.091e-1
123 2.771e0 5.272e0 4.981e-2 1.080e-1
133 3.123e0 5.938e0 4.843e-2 1.069e-1
143 3.493e0 6.629¢0 4.838e-2 1.060e-1
153 3.870e0 7.339¢0 4.772e-2 1.052e-1
In
103 1.074e0 3.958¢0 6.101e-2 9.466¢-2
113 1.232e0 4.568e0 5.962e-2 9.246e-2
123 1.401e0 5.202e0 5.811e-2 9.006e-2
133 1.583e0 5.862e0 5.658e-2 8.749e-2
143 1.766e0 6.553e0 5.580e-2 8.678e-2
153 1.954e0 7.263¢0 5.493e-2 8.573e-2

and (1 — Ars, AT%) are close to an end-point and interior to the curve. The point
(0.5 + Az, 0) is close to the curve and away from the end-points. We evaluate I
and I, in Eqs. (2.2) and (2.3), associated with the p integral solution, using both
the standard trapezoidal rule and the method of corrected boundary integrals, and
we compare their accuracy. The errors for I, and I, are exhibited in Table 2.1.

The number of grid points M are chosen so that m = A7 1/3

, the number of grid
points along the short segment, is an integer. [When smaller values of M are used
such that A7'/2 is not an integer or such that m is too small, the convergence rates
are less robust (results not shown).] For both I; and I, the method of corrected

boundary integrals yields approximations with O(A7?) accuracy, an accuracy that

is substantially higher than the trapezoidal rule.
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Example 2

In the second example, the boundary is taken to be a quadratic line segment, param-
eterized by (7,7%), 7 € [0, 1]. The boundary force is given by f;(7) = f.(7) = exp(7).
Because the analytical solution is not known for this example, we use a highly refined
solution, computed using 40% grid points, as the reference solution to estimate the er-
rors. We evaluate the pressure integrals (2.2) and (2.3) at (—A7?, A7?), (A72, AT?),
(0.5+A72,0.25 + A7?), (1= A7%1—A7?), and (1 + A7%,1 + A7?). The errors are
shown in Table 2.2. As in the previous example, the method of corrected boundary
integrals yields approximations with O(A7?) accuracy, whereas the trapezoidal rule

exhibits order reduction.

Table 2.2: Convergence results for Example 2. Approximations computed using the
method of corrected boundary integrals exhibit second-order convergence and are
much more accurate than the trapezoidal rule, which suffers order reduction.

Trapezoidal rule Corrected boundary integrals
M L; error/A7? Ly error/A7? Ly error/A7? Lyt error/At?
I
103 6.109e2 1.331e3 1.201e-1 1.988e-1
113 5.877e2 1.765e3 1.200e-1 1.983e-1
123 1.030e3 2.279e3 1.198e-1 1.980e-1
133 9.632¢2 2.878e3 1.196e-1 1.976e-1
143 1.610e3 3.564e3 1.195e-1 1.973e-1
153 1.463e3 4.340e3 1.193e-1 1.970e-1
]n
103 2.944e2 8.118e2 6.272e-1 1.135e-1
113 1.784¢e2 5.334e2 6.248e-1 1.134e-1
123 5.006e2 1.386e3 6.248e-1 1.162e-1
133 2.936e2 8.671e2 6.231e-1 1.134e-1
143 7.804e2 2.165e3 6.226e-1 1.133e-1
153 4.517e2 1.305e3 6.211e-1 1.131e-1

Example 3

In this example, we seek to evaluate the velocity integral (1.13) when y is on the

interface. We use the quadratic curve (7,72) and the boundary forces in Example
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2. The integral is evaluated at 7 = 0, 7 = 0.3, and 7 = 1. Numerical results, which
exhibit second-order convergence, are shown in Table 2.3. Because 7 =0 and 7 = 1
are natural grid points, standard trapezoidal rule cannot be applied directly.

Table 2.3: Example 3: Convergence results for u, evaluated at points on the curve
by means of the method of corrected boundary integrals. Approximations exhibit
second-order convergence.

M Ly ertor/AT? Ly error/A7?

113 9.093e0 2.883el
123 9.211e0 2.926el
133 9.320e0 2.965¢1
143 9.414e0 3.001el
153 9.500e0 3.032el
163 9.573e0 3.060el

Ezxample 4

To assess the accuracy of the method in evaluating the velocity integral at points
that are close, but not on, the interface, we conduct another numerical test, where
we compute u at the points y given in Example 2. The interface and boundary
force are those given in Examples 2 and 3. Numerical results for the method of
corrected boundary integrals indicate second-order accuracy, whereas results for the
trapezoidal rule show lower convergence rate and have substantially larger errors; see

Table 2.4.
Example 5

Next we test the method on an example with a buckled curve, which is composed
of two straight lines, parameterized by (7,0),(r,7) for 7 € [0,1]. We evaluate p and
u at five points: (—A7, A7), (0.5, A7),(1.0 + A7,0),(1.0 + A7, 1.0 + A7), (0.5,0.5 +
AT). The boundary forces are those given in Example 2. The point (—A7, A1)

is sufficiently close to both lines that corrections for both lines must be included.
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Table 2.4: Example 4: Convergence results for u, evaluated at points near the curve
by means of the method of corrected boundary integrals. Approximations exhibit
second-order convergence.

Trapezoidal rule Corrected boundary integrals
M L; error/A7? Ly error/A7? Ly error/A7? Lyt error/AT?
103 1.368e3 4.239e3 3.777e-1 8.235e-1
113 1.310e3 5.620e3 3.782¢-1 8.237e-1
123 2.339e3 7.257e3 3.789e-1 8.237e-1
133 2.147e3 3.703e3 3.791e-1 8.236e-1
143 3.656e3 1.1347e4 3.792e-1 8.233e-1
153 3.263e3 1.3817e4 3.791e-1 8.227e-1

Numerical results, obtained using the method of corrected boundary integrals, which

shown in Table 2.5.

Table 2.5: Example 5: Convergence results for p and u, where the boundary is a
buckled curve.

D u
N Ly error/AT? Ly error/A7? Ly error/At? Ly error/Ar?
80 2.156e-2 4.083e-2 2.723e-1 1.490
160 2.152e-2 3.994e-2 3.028e-1 1.709
320 2.075e-2 3.777e-2 3.205e-1 1.858
640 1.742e-2 3.004e-2 2.822e-1 1.670

2.3.2  Stokes examples
Ezxample 6

To valid our method, we solve a Stokes problem with has an analytic solution.
We use the hybrid approach to compute Stokes solution at each grid point on a
two-dimensional rectangular domain: [—1.0,2.0] x [—1.0,2.0]. In this example, the
boundary is the horizontal line segment parametrized by (7, 0), for 7 € [0, 1] The tan-

gential and normal components of the boundary forces are given by f;(7) = f.(7) =
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7 + 72, respectively. The analytic solutions are given by

11, ) (1—a)*+0?

+ (a* + a — b* + 2ab + b) (arctan (1 ; a) — arctan (2)) +b—a-— §)7
(2.68)

1
- 144mp

u(y) ( — (15 + 18b° — (18a” + 18a)b — 6a” — 9a® + (54a + 27)b%) log((1 — a)*+

Lo a) = arctan(%a))

b*) — (—48b° + (72a + 36)b* + (724 + 72a)b) (arctan(
+ 43 + 54b + 24a — 48b° + 36ab + 12a” + (18b® — (18a” + 18a)b+ (2.69)

(54a + 27)b° — 6a° — 9a”) log(a® + b2))

v(y) ((15 + 186% + 186* — 6a” — 9a® — (18a + 9)b* — (18a® + 18a)b)

T 1ddrp

log((1—a)® + b%) + (24b + (72b + 36)b”) (arctan( a) — arctan(%))

— (186 — (18a + 9)b* — (18a* + 18a)b — 6a° — 9a”) log(a® + b*)

— 13— 54b — 24a — 245® — 36ab — 12a2) (2.70)

where y = (a, b).

We compute solution on 160 x 160 grid points, and compare it with the analytic
solution (2.68)—(2.70). Table 2.6 displays the Ly and L, errors in the solutions on the
N? grid points. Both p and u exhibit second-order convergence as the discretization

of the boundary is increased; see Table 2.6.
Ezxample 7

In another example, we use the hybrid approach to compute Stokes solution at
each grid point on a two-dimensional rectangular domain: [—1,2] x [—1,2]. As in
Example 2, the boundary is parameterized by (7,72%), with 7 € [0, 1]. The boundary
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Table 2.6: Example 6, Stokes equations. Convergence results for p and u, evaluated
at all grid points by means of the hybrid approach and computed using analytic
solution (2.68)—(2.70). Approximations exhibit second-order convergence.

D u

M Ly error/A7? Ly error/A7r? Ly error/A7t? Ly error/At?
480 1.928e-1 1.607 6.452e-1 6.337

960 1.901e-1 1.529 5.584e-1 3.760
1920 1.284e-1 1.274 3.079e-1 2.108
3840 1.054e-1 1.181 2.283e-1 1.597

force is given by f(7) = exp(7). Numerical solutions are computed for N = 40, 80,
160, and 320, where N denotes the number of subintervals in each spatial dimension.
The immersed boundary is discretized using M = 3N grid points. The two circles
that we enclose the immersed boundary end-points to avoid the singularities of the
solutions are taken to have radius 0.15, for all spatial resolutions. Figure 2.2 shows
the fluid pressure and velocity profiles at y ~ 0.5 (panel A) and y =~ 1.0, obtained
using N = 320. (These positions are approximate owing to the spatial discretization.)
The line y = 0.5 intercepts the interface at = 0.707. At that interception, p and the
derivatives of u and v exhibit jump discontinuities, which are captured by the hybrid
method. The line y = 1.0 touches one of the end-points of the interface, where p and
the derivatives of u and v are unbounded. The computed solution clearly indicates p
approaching infinity, although the velocity derivatives are more difficult to discern.
To assess the accuracy of the computed solutions, we use the solution computed on
a high-resolution N = 640 grid as the reference solution to estimate errors. Table
2.7 displays the L; and Ly, errors in the solutions on the N? grid points. Both p and

u exhibit second-order convergence.
2.4 Simulations of ciliary motion

To demonstrate the application of the method of corrected boundary integrals, we

use the method to simulate the fluid motion driven by the beating motion of a

34



Table 2.7: Example 7, Stokes equations. Convergence results for p and u, evaluated
at all grid points by means of the hybrid approach. Approximations exhibit second-
order convergence.

D u

N Ly error/A7? Ly error/A7? Ly error/At? Ly error/Ar?
40 1.928e-1 1.607 6.452e-1 6.337

80 1.901e-1 1.529 5.584e-1 3.760

160 1.284e-1 1.274 3.079%e-1 2.108

320 1.054e-1 1.181 2.283e-1 1.597

cilium. Motile cilia, which are whiplike structures that protrude from the cell surface,
are found in many eucaryotic cells. The beating motion of motile cilia generates
hydrodynamic flows that are believed to play a key role during the morphogenesis of
higher organisms, such as the left-right symmetry breaking of a mammalian embryo.
The whip-like motion of pulmonary cilia has an important impact in lung health.
The typical length of a pulmonary cilium is ~6 pum, and it beats at a frequency of
~15 Hz. At these scales, the Reynolds number is nearly zero, and the hydrodynamics

generated by its beating motion can be described by Stokes flows.
2.4.1 Model formulation

The model is formulated as an immersed boundary problem as in [8] and represents
an elastic cilium moving in Stokes flow. The cilium is modeled as an immersed
boundary, i.e., an one-dimensional open curve immersed in the fluid. One end of
the model cilium is assumed to be attached to a wall or floor. Thus, to compute
fluid motion, one may use Green functions corresponding free-space Stokes flow with
an infinite wall [33]. However, the method of corrected boundary integrals was
developed for free space Stokes flow (with no wall). To simulate the presence of the
floor, we represent a second immersed boundary, which is assigned boundary forces
so that fluid velocity is approximately zero near the floor. Thus, the force term F

in Eq. (1.1) arise from forces along the cilia boundary (denoted ~.) and the floor
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boundary (denoted 7¢). Thus, F has the form

F(y) =F(y) + Fs(y), (2.711)
where

F.(y) = J £.(s)0 (y — x(s)) dx(s), (2.72)

Pyy) = [ 53y —x(s) dx(s), (273

vf

where x denotes a point on . or 7, which are parametrized by s and s, respectively,
and 0 is the Dirac delta function. Below we describe the boundary force densities f.
and f;.

The cilium is modeled as an elastic boundary that moves in a whiplike motion
similar to that observed in pulmonary cilia. The force density f. is assumed to

consist of two components, an elastic force and a tether force (denoted f. . and f.;,

respectively):
f.=1.+1,. (2.74)
The elastic force is given by
0 .
fee(s) = - (T(s)7(5)), (2.75)

where T’ is the tension in the ciliary boundary and 7 is the unit tangent vector, i.e.,

T(S)ZTO(% —1), X (2.76)

The tension coefficient Ty is the material property of the ciliary boundary. An elastic
force is exerted on the fluid when the boundary is stretched or compressed.
To simulate the beating motion of a pulmonary cilium, we employ moving tether

forces [15, 14, 38]. A target configuration of the model cilium is specified by Y.(s,t).
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The ciliary boundary is tethered to the target configuration by a set of elastic springs,
such that as the target configuration is advanced in time, a force required to move

the cilium boundary sufficiently close to the target configuration is generated:
£ (Xe(s,t),t) = ke (Xe(s,t) — Ye(s,1)) . (2.77)

Both the elastic and tether forces are singular force density defined along the
immersed ciliary boundary ..
A tether force is exerted along the floor boundary. Let Y¢(s’) denote the fixed

target floor position. The tether force (ff) is given by

£ (X (s 1), 1) = ky (Xp (' 8) = Yy (s', 1)) (2.78)
2.4.2  Model parameters
Table 2.8: Fourier-least squares coefficients for the ciliary beat pattern. Data corre-

sponds to Table 2(B) in [16]. The upper and lower numbers in each entry correspond
to the x and y components respectively.

Amn
n 0 1 2 3 4 5 6
m=1 -0449 0.130 -0.169 0.063 -0.050 -0.040 -0.068
2.076 -0.003 0.054 0.007 0.026 0.022 0.010
m=2 -0.072 -1.502 0.260 -0.123 0.011 -0.009 0.196
-1.074 -0.230 -0.305 -0.180 -0.069 0.001 -0.080
m=3 0658 0.793 -0.251 0.049 0.009 0.023 -0.111
0.381 0.331 0.193 0.082 0.029 0.002 0.048
an
n 1 2 3 4 5 6
m=1 -0.030 -0.093 0.037 0.062 0.016 -0.065
0.080 -0.044 -0.017 0.052 0.007 0.051
m=2 1285 -0.036 -0.244 -0.093 -0.137 0.095
-0.298 0.513 0.004 -0.222 0.035 -0.128
m=3 -1.034 0.050 0.143 0.043 0.098 -0.054
0.210 -0.367 0.009 0.120 -0.024 0.102
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The model’s target ciliary configuration is based on data given by Fulford and
Blake [16], who analyzed ciliary profiles obtained by Sanderson and Sleigh [35], and
approximated those profiles by truncated Fourier series. At time ¢, the target con-

figuration is approximated by
1 &
Y.(s,t) = J2+ Z a,(s) cos(nwt) + b, (s) sin(nwt) (2.79)
n=1

where w/27 is the angular beat frequency. In [16] s denotes the arclength; in this
study, we take s to be the material coordinate, which corresponds to the arclength

at initial time. The Fourier coefficients a,, and b,, are given by
M() MO
a, = > Apns™, b= > Bys" (2.80)
m=1 m=1

where A,,, and B,,, are constants given in Table 2.8. Time-profiles of the cilia beat
cycles are displayed in Fig. 2.3.

In this study, the fluid viscosity p is set to 0.1. The angular frequency w/27 is
taken to be 15/27. The tension coefficient T is set to 0.1; the spring constants for

the model cilium (k.) and for the floor (k) are taken to be 10 and 1000, respectively.
2.4.3 Numerical results

The model equations (1.1) and (1.2) are integrated in time using the method of
corrected boundary integrals. To advance the model cilium, fluid velocity on the
ciliary boundary is first computed, as described in Sect. 2.1.2. Then the boundary
position is updated using a second-order Runge-Kutta method.

The time-step At was taken to be 0.0005. The ciliary boundary 7. and the floor
are discretized using 960 and 216 spatial subintervals, respectively. The profiles of

the simulated cilia beat cycle closely approximate those shown in Fig. 2.3 for t = T,
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where i = 0,0.1,...,0.9 and T = 27/w is the period of the beat cycle. In approxi-
mately the first 1/3 of the beat cycle, the cilium generates a forward stroke, during
which the cilium is relatively extended and makes an oar-like movement towards one
side. The motion of the cilium is similar to a rigid rod rotating about its base. The
forward stroke is also called the effective stroke, because it is believed to be a power
stroke that is responsible for transporting substances forward. In the reminder of
the beat cycle, the cilium moves back by propagating a bend from base to tip. This
is known as the recovery stroke. Unlike the effective stroke, here the cilium tries to
move parallel to and as close as possible to the floor. During the simulation, the
position of the floor remains approximately unchanged.

Owing to the forces that are singularly supported along the immersed boundaries,
the fluid solution and their derivatives are expected to exhibit jump discontinuities
across the boundaries. Figure 2.4 shows 1D profiles of the Stokes fluid pressure (p)
and velocity (v and v) at ¢t = 0.37". The solid lines correspond to profiles along the
horizontal line y = 0.9475, which intercepts the tip of the model cilium, and the
dashed lines correspond to profiles along y = 0.4866, which intercepts approximately
the midpoint of the model cilium. The pressure profiles in Fig. 2.4A indicate that p
exhibits a jump discontinuity across the interior of the cilium, and is unbounded at
the tip. The normal derivatives of the fluid velocity are expected to exhibit a jump
discontinuity across the interior of the cilium, and to become unbounded at the tip.
However, these jumps are not clear in the results shown in Figs. 2.4B and 2.4C.
This discrepancy can be attributed to the observation that at ¢ = 0.37', the cilium
is appropriately straight and unstretched, so the tension force is small. As a result,
the normal component of the boundary force, most of which arises from the tether
force, is substantially larger than the tangential component. And because the jump
discontinuities of the velocity gradient are proportional to the tangential component

of the boundary force [27, 32], those jumps are not obvious in Figs. 2.4B and 2.4C.
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In contrast, because the jump in p is proportional to the normal component of the
boundary force [27, 32|, it can be observed in Fig. 2.4A.

Figure 2.5 shows profiles for p, u, and v obtained at t = 0.77", along the vertical
line x = 0.3056 (solid line), which intercepts the cilium at its tip, and along the
horizontal line y = 0.4725), which intercepts the midpoint of the cilium. During
the recovery stroke, the tangential component of the boundary force is sufficiently
large that the jump discontinuity and unboundedness of the normal derivatives of the
velocity can be seen in Figs. 2.5B and 2.5C. Note also that v and v are approximately
zero near the floor (y = 0 along the solid lines), as expected.

To illustrate the hydrodynamics effects generated by the cilium at different phases
of its beat cycle, we show p and u everywhere in the 2D fluid computational domain
[—2,2] x [-2,2] during the effective stroke (¢ = 0.37, Fig. 2.6) and during the
recovery stroke (t = 0.77, Fig. 2.7). The computational domain is discretized using
320 subintervals along each spatial domain. The configuration of the cilium is overlaid
on the velocity plot (see Figs. 2.6 and 2.7, panels A). During the effective stroke, the
cilium is approximately straight; thus, it exerts a relatively large effect on the fluid
(compare the maximum pressure values in Figs. 2.6B and 2.7, and compare the size
of the regions in Figs. 2.6C and 2.7 with near maximum velocity magnitude). During
the recovery stroke, its effect on the surrounding fluid is reduced because the cilium
has a more curved shape. Note also that, in both cases, fluid motion is larger near
the tip of the cilium. Owing to the asymmetry in the effective and recovery strokes,
a net propulsion effect is generated in the direction of the effective stroke.

During one period of simulation, the wall remains approximately stationary. The
maximum speed and displacement of the wall were computed to be 0.01214 and
0.004005, respectively. We also compute L; and L;,s errors for the solution at t =
0.37', using, as a reference solution, the approximation computed on a 320 x 320 grid.

The errors, shown in Table 2.9, exhibit second-order convergence.
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Table 2.9: Ciliary motion example. Convergence results for p and u, evaluated at all
grid points. Approximations exhibit second-order convergence.

P u
N L error/A7? Ly error/Ar? Ly error/A7t? Ly error/Ar?
40 2.571e-1 2.559 8.768e-1 4.328
80 3.162e-1 3.174 9.863e-1 4.254
160 9.238e-2 2.926 2.848e-1 2.192
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FIGURE 2.2: Pressure and fluid velocity obtained for Example 7. A, values at
y ~ 0.5. At x = 0.707, p and the derivatiygs of v and v exhibit jump discontinuities.
B, values at y ~ 1.0. At z ~ 1.0, p and the derivatives of v and v approach 0.
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F1GURE 2.3: Target cilia configuration in one beat cycle. The label ¢ corresponds
to phase 27(i — 1) of the cycle.
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FiGURE 2.4: 1D profiles of p (A), u (B), and v (C) at ¢t = 0.37. Solid line, along
y = 0.9475; dashed line, along y = 0.4866
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Ficure 2.5: 1D profiles of p (A), u (B), and v (C) at ¢t = 0.77. Solid line, along
x = 0.3056; dashed line, along y = 0.4725

45



R 2 ‘ ‘ ‘ g
R ~ 181 il B
1.6 |
1.4 | B
1.2} |
= 0
1} |
0.8} | HL
0.6f |
0.4} |l
0.2} 1.
-2 —i d i 2
X
: [ ‘ 1
25 al .
? , 0
15 i
' -0.
. i
i -1
05 6)
-1
0 “
2] -2
05 ‘ ‘ M
-2 -1 0 1 2 -2 -1 0 1 2
X X

FIGURE 2.6: Plots of velocity vectors (A), pressure (B), - and y-components of
velocity (C and D) at t = 0.37.
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FIGURE 2.7: Plots of velocity vectors (A), pressure (B), - and y-components of
velocity (C and D) at ¢t = 0.77.
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3

Simulating Driven Stokes Flow in an Elastic Tube

3.1 Governing equations

In this study, our aim is to simulate driven Stokes flow in a three-dimensional elastic
tube. To take advantage of boundary integral solutions, we model the tube wall, T,
as a closed surface, e.g., an ellipsoid or closed tube. To represent inflow and outflow

conditions in this closed domain, we incorporate an internal source and sink, located

r 0

FIGURE 3.1: Cross section (6 = 0) of computational domain €.
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at the ends of the tube (see Fig. 3.1). The impermeable tube is immersed in fluid in
the computational domain Q. In this study, the characteristics of the fluid (i.e., the
viscosity) are assumed to be identical inside and outside of the tube.

In the immersed interface method, the fluid velocity and pressure are computed
on a fixed, Eulerian grid, while a moving, Lagrangian frame of reference is used
to track the location of the interface I' over time. Our Eulerian grid is described
by cylindrical, axisymmetric coordinates. That is, we use coordinates (r, 6, z), but
assume that the domain and flow are invariant with 6. In particular, we assume that
velocity in the 6 direction is always zero. Therefore, the fluid domain reduces to two
dimensions, with ¥ = (r, z). Furthermore, we compute variable values for the right
half of the domain, » > 0, and enforce symmetry for the left half, » < 0. We denote
the computed right-half of the domain by Q.

In the axisymmetric cylindrical equations that follow, the vector operator nota-

tion refers to the following standard definitions:

vy (P Lo dp
P=\orro0 oz

u  Ou 10v ow
V'(U,U,U)) = (;—F%) + (;%) +g

g 12 (00 1 o
ror \ or r2 002 = 022

Tube surface discretization

The axisymmetric assumption implies that we can represent surface I' by its cross
section at a fixed value of @, say, # = 0. We will call the curve found at this cross
section I' as well, with the distinction between curve I and surface ' made clear by
context. Curve I is represented by markers that move independently of the fixed
fluid grid, interpolated by periodic cubic splines. Each marker is labeled by a fixed

arclength value s, where s is established as the distance between the marker and an
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arbitrary origin location under zero source/sink equilibrium conditions. Then X =
(R(s,t), Z(s,t)) is the position at time ¢ in (axisymmetric) cylindrical coordinates
of the point on I' whose arclength label is s. We assume that the configuration
described by X at any time t determines the forces supported on I'. The use of

splines in the immersed interface method is detailed by Leveque and Li in [27].
Governing equations

In axisymmetric coordinates, the governing equations for Stokes flow are

1 op
2 dp
V.-v=g. (3.3)

Here velocity ¢ = (u, w), p is the pressure, p is the viscosity (assumed to be constant),

and F' = (Fy, Fy) is given by a surface integral over I,

F; = H fi(s,0.0)8(% — X (s,0,1))dS

for i = 1,3, where f = (f1, f3) denotes the body force (singularly supported) in the
r and z directions induced by I'. Free space boundary conditions are assumed.
Applying the divergence operator to Egs. (3.1) and (3.2), and substituting from

Eq. (3.3), we can also write

Vi(p—pg) =V - F. (3.4)
Definition of source and sink terms

Rather than enforcing incompressibility everywhere, Eq. (3.3) describes the source

and sink that drive flow through the tube. For compact regions Zsource and Tgini, we
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have
g(f, t) Z O fOI' f € fsourcm
g(Z,t) < 0 for T € Zging,

g(Z,t) = 0 otherwise.

We let Zspuree be the cylindrical region centered at a point (rg, zo) (with ro = 0 for
symmetry about the z axis) such that [r—r| < k and |z — zp| < £ (and 0 < 6 < 27),
for fixed radius parameter k. The region Z;,; is similarly defined.

For (1, 2) € Zspurce We define
g(t,r,z) = A(t)hi(r)ha(z) (3.5)
with the following properties:

JQWJKhl(r)-rdrd(‘): 1 (3.6)

0 0

fﬂ ho(z)dz = 1. (3.7)

—K

We use cosine functions scaled to meet these criteria:

ha(r) = B(x) (1 + cos (M)) (3.8)

K

ha(z) = i (1 + cos (@)) , (3.9)

where constant (k) is chosen such that Eq. (3.6) is satisfied. As an example of the

magnitude function A(t), in section 3.4.2 we use
A(t) = 0.0025(1.0 + sin(wt — 0.57))

for various frequency values w. We define ¢(Znx,t) similarly but with opposite
magnitude, so there is no net accumulation of fluid in the tube, and for other values
of Z we have g(Z,t) = 0.
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Domain boundary conditions

Free space boundary conditions are assumed for the Stokes flow. To discretize the
model equations, we impose the following conditions on the half-plane computational
domain .

Across the z axis, homogeneous Neumann boundary conditions are implemented

for pressure and for velocity in the z direction,

op ow
E—OandE—Oatr—O, (3.10)

and for velocity in the r direction we have
u=0atr=0. (3.11)

The other three sides of the domain have Dirichlet boundary conditions for p, u, and

w, with values obtained from boundary integrals (Egs. (3.19),(3.20)) below..
3.2 Problem decomposition and solution methods

We decompose the pressure and velocity into parts induced by the tube boundary
and induced by the source and sink,
P = Dbd + Ds, (312)

U = Upqg + Uy, (313)

so that each may be treated with an appropriate method. The tube boundary creates
a singularly-supported force; this part of the solution is addressed by the immersed
interface method. The smooth solution due to the source and sink is calculated with

a boundary integral method.
3.2.1 Solution induced by the tube boundary

The pressure and velocity due to the immersed tube boundary, p,q and vy, satisfy

the equations of Stokes flow, Eqgs. (3.1),(3.2), and (3.3), in the absence of source and
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sink terms, i.e., with g(#,¢) = 0. That is,

1 0
7] (V2 — 7“_2> Upd — —g;jd + Fy =0, (3'14)
2 OPba
,uV Wpg — a— + Fg = O, and (315)
z
V- G = 0, (3.16)

Forcing terms that are singularly supported on the tube boundary make this system

suitable for the immersed interface method.
Immersed interface method

For the immersed interface method the Stokes equations are recast as a sequence of
three Poisson problems. Each is solved by a standard finite difference method, with
the discretized right-hand side of each problem determined by jump conditions.

Taking the divergence of Egs. (3.14), (3.15) and applying Eq. (3.16), pyq satisfies
V2pbd =V- ﬁ, (317)

which is discretized using a standard five-point stencil,

1 1
2 (pdeLj + Podi—1,j T Pbdi j+1 T Podij—1 — 4pbd¢,j) + o (pbdi_t,_Lj _pbdi_Lj) = bi;.
(3.18)
Away from the immersed boundary, right-hand side b; ; = 0, and when the stencil
includes points from both sides of the boundary, the immersed interface method
prescribes values of b; ; based on jump conditions, as detailed in [26] and [27]. We
derive jump conditions for the axisymmetric setting in section 3.3; see Eqs. (3.38)
and (3.39) below.
With values of pyq given, Egs. (3.14) and (3.15) are also Poisson problems with

singularly supported right-hand side (F; and F3, respectively), subject to the same
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finite difference approach incorporating jump conditions. The jump conditions for

velocity are given in Egs. (3.47) and (3.49).
Boundary conditions

Boundary conditions are needed to solve the Poisson problems given above.

Eq. (3.17) has a boundary integral solution, given by

P = H——f v( ) ds, (3.19)

where I' denotes the (two-dimensional) immersed surface and dS is the surface ele-
ment.

We make use of the boundary integrals in 3-D Cartesian coordinates to compute
solutions for Eqs. (3.14) and (3.15). Relating the r component of velocity in cylindri-
cal coordinates to the x and y components of velocity in 3-D Cartesian coordinates,

we have

ucylindrical _ uCartesian COS(&) + UCartesian Sm(ﬁ)
When 6 = 0, the statement reduces to

cylindrical __ , Cartesian

u u

Therefore, we can make use of the boundary integral solution for Cartesian coordi-
nates to obtain the the boundary value of u, as well as w (which is unchanged in

Cartesian coordinates). Using the notation @ = (2!, 2. 2%), we have
1) #2943/

gCartesian _ fj — ( ij ix,) f;dS(z"). (3.20)
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3.2.2  Solution induced by the source and sink
The part of the pressure solution due to the source and sink is determined by com-
paring Eqs. (3.17) and (3.4):
Pod =P — HG, (3.21)
SO
Ps = Hg.

For velocity, our decomposition produces

1 10p g
2 L _19ps _ 99
(V r2) Us or "o (3.22)
1ops 0Og
2
S =2 2
V2w, 0. o (3.23)

These equations have smooth solutions which would typically be computed with

a finite difference approach. However, the 7%2 term in Eq. (3.22) grows large as r — 0.

is

Furthermore, when ¢’s radius parameter x is on the order of grid spacing h, aa’if
also large near r = 0. This is because the maximum of ¢ is found at » = 0 and
g(t,r,z) =~ 0 for r = k. These two large terms generate large numerical errors in
a finite difference scheme; instead we use a boundary integral method to evaluate
Us on the immersed interface. We don’t have the boundary integral solution for wu,
directly from Eq. (3.22), but we can refer to the solution for Cartesian coordinates

as we did for Eq. (3.14) above.

The relevant equation in 3-D Cartesian coordinates is
V24, = Vg, (3.24)

which has boundary integral solution

- 1 Vg(a')
—Cartesian !
= —————=dV 3.25
Vs fff 47 1 (*), (3.25)
Q
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where 2 is the (three-dimensional) computational domain and dV denotes the volume
element. To evaluate Eq. (3.25) we need the source/sink function g in Cartesian
coordinates; in Eq. (3.5), ¢ is given in axisymmetric coordinates. We simply use a
Cartesian grid with z axis and z axis identical to the r and z axes of our axisymmetric

cylindrical fluid grid.
3.2.83  Qwverview of hybrid computational approach

We briefly summarize the approach detailed in the previous sections. At time ¢,
approximate values are known for marker locations X (s,t™), establishing the config-

uration of tube surface I'. To advance the system to time ¢"*!:

1. Dirichlet boundary conditions: Compute pyg, upg and wyy (values due to tube
boundary force) on the boundary of domain 2 using boundary integrals (3.19)

and the first and third components of (3.20).
2. Advance Upq and pyy via immersed interface method:

(a) Using a cubic spline representation of the boundary force f along I, cal-
culate jump condition corrections from Egs. (3.38) and (3.39) for pressure,

and Egs. (3.47) and (3.49) for velocity.

(b) Incorporate jump conditions into finite difference approximations for p;*

and 7" on the fluid grid.

3. Find velocity due to source and sink via boundary integral: Use Eq. (3.25) to

find ¥ (velocity field due to source and sink) on the tube boundary markers.
4. Advance location of tube surface I':

(a) Obtain UZ?d“ on boundary marker locations, using a second order interpo-
lation scheme that incorporates the jump in velocity across the immersed
boundary (see [27]).
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(b) Advance tube boundary markers, i.e., find )Z(s,t”“), according to the

total velocity field, U = g + ¥:
H n+l v n 3 —n 1 —n—1
X(s,t") = X{(s,t") + At 50" = 57 : (3.26)

3.3 Derivation of jump conditions for axisymmetric coordinate sys-
tem

Next we derive the jump conditions for pressure and velocity for Stokes flow in
the axisymmetric cylindrical coordinate system. Note that the divergence-free flow
described in this section corresponds to the part of the solution due to the immersed
boundary discussed in section 3.2.1. For ease of notation, however, rather than using
the variables pyq and 7,4 in this section, we use generic p, u, v, w without the subscript
bd.

We consider momentarily the governing equations in fully three-dimensional cylin-
drical coordinates, then apply the assumption of invariance with 6 to derive jump
conditions for the axisymmetric setting.

The equations governing Stokes flow in 3-D cylindrical coordinates are

1 2u0v  0Op
M<VQ_E)U_T_/;%_E+F1:0 (327)
1 2uou 10
M(V2—7‘—2)U+T—l;%—;a—z+FQZO (328)
2 op
[LVUJ-&-FF;;:O (329)
V.i=0 (3.30)

where ¥ = (r,0, z), U = (u,v,w), and F= (Fy, Fy, F3), with

R - ﬂ Fi(s,0,00(F — X(5,0,1))dS (3.31)
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for i = 1,2,3. Taking the divergence of Eqs. (3.27), (3.28), (3.29) yields a Poisson
equation for pressure,

Vp=V-F. (3.32)

Let ¢(r, 0, z) be an arbitrary twice continuously differentiable test function. Mul-

tiplying v on the right hand side of Eq. (3.32), and applying Green’s theorem, we

fﬂ U V- fs.0,0)8(F — X(5,0,0))dS | ¢(r,0,2)dV

(3.33)

H(ﬁ@w fzﬁw s ¢> (3.34)

By using (s,#) coordinates to parameterize surface I', the surface element is dS =

have

ﬂ (V- FYb(r,0,2)dV

rdsdf.
Let I'" be a region that encloses the boundary surface I', and let the distance
between I'* and T shrink to zero. As I't — I', multiplying ¢ (r, 0, z) on the left hand

side of Eq. (3.32) and applying Green’s theorem again, we have
2 dp
(Vep)dV — 27 an Yrds— |[plwnrds . (3.35)
T+ r r

Here n is the outward normal direction and ds is the arclength element.
Now we make explicit our axisymmetric assumptions, that ¢ and f are indepen-

dent of . Then Eq. (3.34) can finally be written as

fjf V- F)g(z,y)dV = _27TJ (f1 L f35¢) - ds. (3.36)

Here I' denotes the boundary of the cross section of the surface for fixed 6.
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Now we split the force due to the boundary into components tangent to and
normal to the boundary. Because f1 + f fng—lf + fsg—f, the right hand side of

Eq. (3.36) can be written as

J(fl ¢+f3 @/’) f(fn ¢+fs 1/)) ds zf(fnrg—qs—a(gj)w) ds.

(3.37)

The second step of Eq. (3.37) is obtained by integration by parts on s. Finally, using
the fact v is arbitrary and combining Eq. (3.36) and Eq. (3.37), the jump conditions

for pressure are

[p] = fa (3.38)
[g—i] _ %% (3.39)

To obtain the jump condition for velocity, we can multiply test function  on

Eq. (3.27), and integrate:

H (V2u)pdV — m de H apwdv_ JflwdS (3.40)

Next we examine each term on the left-hand side of Eq. (3.40) as I'" — I'. For

the first term of Eq. (3.40) we have

fﬂu(vzu)wvﬁ f J [u%]wds. 1)

The second term of Eq. (3.40) is

”J wdv fﬂ z/;rdrdedz—fﬂ wdrdédz (3.42)

Now we enforce our axisymmetric assumptions and conclude that the second term

vanishes as 't — I': if r — 0, then v — 0 in the axisymmetric cylindrical coordinate
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system. On the other hand, when r remains finite, |“| — ||, which remains bounded
Therefore, as '™ — I', the second term of Eq. (3.40) vanishes, whether  — 0 or not.

The third term of Eq. (3.40) is

” %wd‘/ _ ”¢ e ];j) dv. (3.43)

AsTt - T,

HJT’N P, 0JdS — HWP] cos(a)dS (3.44)

fﬂlpgds 0. (3.45)

Here «v is the angle between the normal and r direction. Therefore, we have the jump

for w,

[MZ—Z] = [plcosa - fi (3.46)

= fssina. (3.47)
Similarly, we can derive the jump for w, which is
[MZ_:] = [p|sina — f3 (3.48)
= —f,cosa. (3.49)
3.4  Numerical results

Our method has second order spatial accuracy in the absence of source and sink,
shown below in section 3.4.1, and the simulated flow is found to be approximately
Poiseulle (section 4.3.3). We also study the behavior of the fluid field under oscil-

lating inflow and outflow. Although complicated fluid behavior has previously been
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observed for pumped Navier-Stokes flow, (e.g., [20]), in our Stokes flow study the
amplitude of pressure and velocity fluctuations decrease as the forcing oscillations
increase in frequency (section 3.4.2). We also investigate inflow/outflow oscillations

of increasing frequency under controlled, steady pressure.
3.4.1 Convergence test

To demonstrate the second order spatial accuracy of our method, we consider a
spherical elastic surface deformed into an ellipsoid shape. (This stationary example
does not include a source and sink.) At the plane § = 0, the cross section of the
ellipsoid is described parametrically as (0.8 cos(¢), 0.6 sin(¢)). The equilibrium shape
for this surface cross section is a circle with radius 0.7, centered at origin. In this
example, the fluid domain is [—1.8,1.8] x [—1.8,1.8], and the fluid field is computed
for N = 40, 80, 160, and 320, with uniform grid spacing h = 3.6/N in each case. The
immersed boundary is discretized using 240 markers. We use the solution computed
on a high-resolution 640 x 640 grid as the reference solution to estimate errors. Table
3.1 displays the convergence results, where the velocity columns average the results

in the r and 2 directions.

Table 3.1: Convergence results for p and v. Approximations exhibit second-order
convergence.

P U
N Ly error/h® Ly error/h* Ly error/h* Ly error/h?
40 1.012e-2 8.932e-1 1.600e-2 1.362e-1
80 1.098e-2 6.470e-1 1.420e-2 1.058e-1
160 8.221e-3 9.818e-1 1.109e-2 1.045e-1
320 4.849¢-3 1.405¢e0 9.415e-3 1.036e-1

3.4.2  Oscillating inflow

Here we simulate the motion of a compliant tube with an internal source and sink

that introduce an oscillating pumping force. In this example, the tube wall is subject
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to elastic tension and tether forces.

The fluid domain is [—0.45, 0.45] x [—3.6, 3.6], with the > 0 half of the domain
discretized on a 40 x 640 grid (and the r < 0 half reflected), so grid spacing h =
0.01125. The time step for the simulation is h/20.

Figure 3.2 shows the configuration of the tube. The source and sink are centered
at (r,z) = (0.0,2.0) and (r,z) = (0.0,—2.0), respectively, with radius parameter
k = h = 0.0225. At equilibrium, the top of the tube is the upper half of the circle

with radius 0.2 centered at the source, described by
r? 4 (2 —2.0)* = 0.2%

Similarly, the bottom of the tube is the lower half of the circle with radius 0.2 centered
at the sink:
2 + (2 +2.0)* = 0.2

Each half circle is discretized by 8 markers. The left and right walls of the tube are
straight lines at equilibrium, r = 0.2 and » = —0.2 between z = —2.0 and z = 2.0,
with 36 markers on each side. Of the 83 markers, the positions of the 44 on the right
half of the domain are computed, while the corresponding markers on the left half of
the domain move according to symmetry. We use the notation X (s,t) to denote the
position (7, z) of the marker associated with equilibrium arclength value s, at time
t, and we use X (s,pp,t) to denote the position of the mirrored twin marker.

The boundary force along the tube surface is composed of two parts,
f = f et f t-
The elastic tension force is given by

—

0 -
fe= % (T(sat)T(Sat)) )
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FI1GURE 3.2: Markers delineate the boundary of an elastic tube.
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where T'(s, t) is the tension,

—

0X

T(Sjt) = TO ( %

9

(we use elasticity constant Ty = 0.2) and 7(s,t) is the tangent vector to the tube
surface.
The tether force ﬁ is defined in two ways. Along the top and bottom semi-circular

regions of T,

—

ft = k()z _Xeq)a

with spring force k = 100 and )Zeq the equilibrium position described above.
Along the side regions of the tube, the r and 2z components of the tether force

are defined independently:
g f rt ]
- 7 3.50
ft |: th ( )

where f,; is the z component of the tether force defined above, and f,; arises from a
boundary point’s elastic connection to its neighbors along the circumference of the

tube. This width-restoring force is defined as
fro = m (| (5.8) = X (sopp )] — L) (3.51)

Here Lt is the equilibrium width of the tube, and m is the force constant. In this
example, Ly = 0.4 and m = 50.

The fluctuating magnitude for the source is
A(t) = 0.0025(1.0 + sin(wt — 0.57)); (3.52)

The magnitude for the sink is —A(t). We examine the flow subject to varying

fluctuation frequencies w in section 3.4.2 below.
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FIGURE 3.3: Velocity in the z direction at z = 0.99. Approximately parabolic profile
is characteristic of Poiseuille flow.

Velocity and Shear Stress

In this example, we choose inflow/outflow oscillation frequency w = 5. After the

system reaches equilibrium, we plot the z direction velocity and shear stress along

the cross section z = 0.99 (results are qualitatively similar at other cross sections).

From the parabolic shape of the z-velocity (Fig. 3.3), and the v-shaped shear stress

(Fig. 3.4), we can see that the flow is approximately Poiseuille flow, as could be

expected for laminar flow through a roughly circular pipe.
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FIGURE 3.4: Shear stress at z = 0.99. V-shape is characteristic of Poiseuille flow.
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FIGURE 3.5: Minimum and maximum of pressure cycle at (r, z) = (0, 1.8); pumping
frequency 5 < w < 80.

w

Frequencies and Amplitude

Other studies (e.g., [20]) have demonstrated pumped flow that changes nonlinearly
with forcing function frequency, even reversing direction for certain frequency ranges.
In the current, simple case of Stokes flow, however, we see pressure and flow fields
that settle (fluctuation amplitudes decrease) as the pumping speed increases. The
data in this set of experiments was collected at z = 1.8 and z = 0.99, but results are
qualitatively similar at other locations.

Figure (3.5) shows the maximum and minimum pressure values recorded over
an equilibrium temporal cycle at point (r,z) = (0, 1.8), for increasing pumping fre-
quency. For pumping frequencies 5 < w < 80, the amplitude of the pressure cycle
decreases monotonically.

Figure (3.6) shows the maximum and minimum flow values obtained by integrat-
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FIGURE 3.6: Minimum and maximum of flow across z = 0.99 for pumping frequency
O < w < 80.

ing the vertical velocity field at z = 0.99 throughout an equilibrium temporal cycle.
For all pumping frequencies, fluid flows in the downward direction. For pumping
frequencies 5 < w < 40, the amplitude of the flow cycle decreases monotonically. For
higher pumping frequencies, the amplitude of the flow cycle stays within 0.25% of

the mean flow.
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F1GURE 3.7: Under increasing pumping frequency and approximately steady pres-
sure, the average flow at z = 0.99 increases in absolute value.

Finally, for a more biologically or physically relevant experiment to investigate
the effect of pressure fluctuation frequency on flow rate, we varied the frequency
of pumping (and therefore the frequency of pressure oscillations) while holding the
pressure amplitude approximately fixed (= 1.378 x 1072). To obtain steady pressure
amplitude near the source, we adjust the magnitude of inflow /outflow function A(t)
(see Eq. (4.67)) as we vary w. Figure (3.7) shows that, under increasing pumping
frequency and approximately steady pressure, the average flow at z = 0.99 increases

in absolute value.
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4

Simulating Driven Navier-Stokes Flow in an Elastic
Tube

4.1 Governing equations

In this study, we simulate driven Navier-Stokes flow in a three-dimensional elastic
tube. The flow is driven by an oscillating internal source located at the top of the

tube.
Governing equations

In axisymmetric coordinates, the governing equations for Navier-Stokes flow are

ou _Op 5 1

ow _Op 9

E—l—v-Vw— &‘FMVUJ‘{‘Fg (4.2)
V-7=g. (4.3)
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Here velocity ¢ = (u, w), p is the pressure, u is the viscosity (assumed to be constant),

and F = (Fy, F3) is given by a surface integral over T',

- ” Fi(s,0,05(F — X(s,0,1))dS

for i = 1,3, where f = (f1, f3) denotes the body force (singularly supported) in the

r and z directions induced by I'.
Definition of source, sink and external source/sink

Rather than enforcing incompressibility everywhere, Eq. (4.3) describes the source
and sink that drive flow through the tube.

We let Zspuree be the cylindrical region centered at a point (rg, zo) (with ro = 0 for
symmetry about the z axis) such that [r—r| < k and |z — zp| < £ (and 0 < 6 < 27),
for fixed radius parameter k. The region Z;,; is similarly defined.

For (r, 2) € Zspurce We define

gi1(t,r,2) = A1 (t)d1(r, 2) (4.4)
01(r, 2) = hi(r)ki(z) (4.5)
For (r, z) € Zginp we define
g2(t,r,2) = Ax(t)da(r, 2) (4.6)
da(r, 2) = ho(r)ka(2) (4.7)

For i = 1,2, h;(r) and k;(z) satisfy the following properties:
2T PR
J f ha(r) - 7 drdf = 1, (4.8)
o Jo

f ki(2)ds — 1. (4.9)
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We use cosine functions scaled to meet these criteria:

1) = 500 (14 cos (=1 (110)

K

hi(z) = i (1 + cos (@)) | (4.11)

where constant (k) is chosen such that Eq. (4.8) is satisfied.
To conserve the fluid volume in the whole fluid domain, we set an external source/sink

outside of the tube.(e.g.[1]) The As(t) satisfies

As(t) = —Ai(t) — As(t) (4.12)

Similarly as source and sink,
g3(t,r, 2) = A3(t)d3(r, 2) (4.13)
d3(r, 2) = hs(r)ks(z) (4.14)

with the following property:

2T rR1
J J hs(r) -rdrdf =1 (4.15)
0 —K1

Here r; is the radius of the external source/sink.
The magnitude function A;(t) is prescribed in current model. As an example of the

magnitude function A;(¢), in the numerical result section, we use
Ai(t) = 0.005(1.0 + sin(wt — 0.57))

for various frequency values w.

Ay (t) is obtained by the Hagen-Poiseuille equation (e.g.[31, 1])

Ay(t) = 2 };m (4.16)
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Here ps is the external pressure at the sink, R, is the resistance at the sink. In this
study, p2 and Ry are both constants. p, is the weighted average pressure over the

sink region, scaled relative to the pressure over the external source and sink.

Do = Lp(r, z,t)(0o(r, 2) — 93(r, 2)) dV (4.17)

Domain boundary conditions

Homogeneous Dirichlet boundary conditions are assumed for the Navier-Stokes flow.
To discretize the model equations, we impose the following conditions on the half-
plane computational domain Q.

Across the z axis, homogeneous Neumann boundary conditions are implemented

for velocity in the z direction,

%%antrza (4.18)

and for velocity in the r direction we have
u=0atr=0. (4.19)

The other three sides of the domain have homogeneous Dirichlet boundary conditions

for u and w.
4.2  Computational methods

We follow the velocity decomposition approach in [5]. We decompose the total pres-

sure and velocity into the regular part and the Stokes part.

= Tyey + T, (4.20)
P = Preg + Ds (421)

Here reg denotes the regular part and s denotes the Stokes part.
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4.2.1 Stokes part

The Stokes part satisfies the Stokes equation with the boundary force and divergence

free condition:

1 Ops
1 <V2 - ﬁ) Us — 813’ +F=0 (4.22)
2 aps o
uVowg — 3, +F5=0 (4.23)
V-7=0. (4.24)

The jump conditions for s and p, are the following [28]:

[ps] = fa (4.25)
[?,);_ - %%. (4.26)
lu?:;_ — f,sina. (4.27)
[M?ZS_ — _f cosa. (4.28)

Here f,, and f. are the normal and tangential boundary force density, respectively. a
is the angle between the normal and r direction. Homogeneous Neumann boundary

conditions are implemented for pg, w.

Ops ow,
— —_— — 4-2
pm 0 and 5 0atr=0, (4.29)

and for velocity in the r direction we have
us =0at r=0. (4.30)

The other three sides of the domain have homogeneous Dirichlet boundary condi-

tions for p,, u, and wy.
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4.2.2  Regular part

Taking the difference of Eq. (4.1,4.2,4.3) and Eq. (3.1,3.2,3.3), one obtains the equa-

tion for the regular part of the velocity and pressure

OUreg | - Opre 1
ot g +v- Vureg = — 67"g + n (V2 — ﬁ) Ureg + Fbl (431)
aw're — 5])7‘6
ot g +v- Vwreg = —Wg + /LVZ’LUreg + Fbg (432)
V Vg =g (4.33)

Iy, and Fp3 are the body force from the material derivative of Stokes velocity on r

and z direction, respectively.

OUug
F, = —7- 4.34
bl ot v Vus ( 3 )
ow,
Frg= -2 _ 3. 4.
b3 o ¥ Vw, (4.35)

To avoid the discretization of V7,4, we solve Eq. (4.31,4.32) with the semi-Lagrangian
or Courant, Isaacson, Rees(CIR) method(e.g.[40, 7, 5]). In the semi-Lagrangian dis-

cretization, we incorporate advection term into material derivatives. Then Eq. (4.31,4.32)

become
dt‘gg - —ag’:g + <V2 = r—12> Ureg + Fon (4.36)
dzg;eg _ _512;69 Uy + Fig (4.37)

Where
Ry = _dczs (4.38)
Fyy = _d;l;s (4.39)
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To discretize Eq. (4.36,4.37), we use the second order backward difference formula,

(e.g.[40, 7, 5]) the discretized equations are

3un+1___4an +_an—1 apn+1 1
reg reg reg reg 2 _ = n+1 n+1
2At ~ T (V rZ) treg * Fin 440
Bwpey' — 4Wpey + Wrey Oy
et T R+ (4.41)

In Eq. (4.40), a",,, "' denotes the r-velocity at upstream position x™ and x*~*

reg’) “'reg )

respectively. The notation in Eq. (4.41) has the same meaning for z-velocity.
We use the second order pressure-free projection method [22] to solve for Eq. (4.40,4.41).

At time t,,,1, we define ¥, and ¢"*! by

ot = i, — AtV (4.42)

reg

Uy 1s the intermediate velocity field and can be solved from the following equation

Bu, —4ar, +a ! 1
2Ai 9~y (v2 — 772) uy + F (4.43)
3w, — 4, + Wt
" A = Vi, + B (4.44)

Grouping the v, terms together for Eq. (4.43,4.44), we have the Helmholtz type

equation for U, and can solve the equation by using the fast fourier transform.

3 1 Ay — Upey
(Gar~ (VZ - _>)“ = oA thT (4.45)
3 A, —
(Q_At — uV:w, = # + It (4.46)

Due to the boundary condition we have chosen for v and v, the boundary condition
of U4 has to be the same as the boundary condition for ¢’ or 7. Therefore, to attain

such boundary condition for .., we choose the boundary condition for v, to be
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(e.g.[22, 10])

7, on=0 (4.47)
Jw,
a”; —0atr=0 (4.48)
Uy -t = AtV¢™ -t at the other three sides (4.49)

From Eq. (4.43,4.44,4.42), one can update regular pressure at t"*! as
n+1 3 n+1 2 n+1
preg = §¢ - /,LAtV (b (450)

Then ¢" ™! has to be solved to update pressure. Taking the divergence on Eq. (4.42),

we have

AtV?¢" T =V - 7, — g™ (4.51)
To solve for ¢!, we decompose it into three parts:
¢n+1 — ¢71L+1 +A1(tn+1)¢2 +A2(tn+1)¢3 (452)

@1 is the part due to the elastic force on the tube and A; (") py, Ax(t" 1) s are

the part due to source and sink flow. ¢"*! can be written as
g = AL (") (01(r, 2) — 65(r, 2)) + As(t"TH) (ba(r, 2) — S3(r, 2)) (4.53)

Therefore, ¢, ¢y, ¢3 satisfy the following equations:

AtV =V - 4, (4.54)
AtV2py = (6,(r, 2) — 83(r, 2)) (4.55)
AtV2p3 = (5y(r, 2) — 83(r, 2)) (4.56)

¢o and ¢3 are independent of time, therefore, only need to be solved once at the
beginning. ¢7*' has boundary condition V¢ - n = 0. After solving for ¢, ¢

and ¢3, we have the equation for p,’f‘ezl to be

3 rd n
Preg = (@7 + ALt ) g + Aot ) ds) — (V- T — g™ ) (4.57)
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In Eq. (4.57), A;(t"*') is prescribed and Ay (¢"*!) is unknown from the current model
we use. By combing Eq. (4.16,4.21,4.57), one can obtain the solution for Ay(t"*1).

The expression for Ay(¢"1) is:

Ag(r+y = P2 = A (G — )

ot e (4.58)
pp2 = L(ps + ;¢’f“ — uV - uy) (02 — 83) dV (4.59)
o= | Goalta v (4.60)
by = L g¢3(52 — 03)dV (4.61)
P = L@l — 63) (5, — 63) AV (4.62)
pgs = L(dz — 63) (5, — 63) AV (4.63)

Once we have Ay(t"*1), the regular pressure can be obtained from Eq. (4.57). Then

we can obtain 7., by

8¢n+1

n+1

Upgy = Us — At 3 (4.64)
o n+1

wptl = w, — At ¢ (4.65)

4.2.8  Solver in the method

To solve for the v, U, and ¢ in the velocity decomposition approach, we apply the
fast sine or cosine transform on z-direction according to the boundary condition at
z-direction boundary. Then the discretized system of equation can be reduced to a
tri-diagonal system to solve. ¢ has the homogeneous Nuemann boundary condition

on all four sides. After applying the fast cosine transform on z-direction, the tri-
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diagonal system is:

1

~ 2 . 9
(ﬁ + M)¢i+l7k + (—— —4sin (

a2 Q—NZ)@)@JC + (W - %m)ggz—lk = ﬁk‘

(4.66)
Where dr, dz are the grid length on r and z direction, respectively. N, is the number
of the grid on z-direction and r; denotes the r-coordinate at the ith grid. When k=1,
the above system is rank deficient. By setting QENT.J = 0, which is vazzl on,; =0, we

can obtain the unique solution for ¢.

4.3 Numerical result

4.3.1 FEzxzample 1: Convergence for ellipsoid

To demonstrate the second order spatial accuracy of our method, we consider a
spherical elastic surface deformed into an ellipsoid shape. (This stationary example
does not include a source and sink.) At the plane § = 0, the cross section of the
ellipsoid is described parametrically as (0.8 cos(¢), 0.6 sin(¢)). The equilibrium shape
for this surface cross section is a circle with radius 0.6, centered at origin. In this
example, the fluid domain is [—1.5,1.5] x [—1.5,1.5], and the fluid velocity field is
computed for N = 160, 320, and 640, with uniform grid spacing h = 1.5/N in each
case at time ¢ = 0.3. The immersed boundary is discretized using 88 markers. We
use the solution computed on a high-resolution 1280 x 1280 grid as the reference

solution to estimate errors. Table 4.1 displays the convergence results.

Table 4.1: Convergence results for p, u and w. Approximations exhibit approximately
second-order convergence in space.

p u w
N Ll Linf Ll Linf Ll Linf
error/h? error/h? error/h? error/h? error/h® error/h?
160 4.082e-1 2.571 1.243e-2  3.160e-1  2.937e-2  3.184e-1
320 2.516e-1  1.903 1.204e-2  3.224e-1  1.556e-2  2.727e-1
640 1.598e-1  1.378 1.013e-2  2.351e-1  1.596e-2  2.350e-1
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4.3.2  Ezxample 2: Convergence for tube with source and sink

In this example, we do the convergence check for the elastic tube with source and
sink. The source has the prescribed periodic strength A;(¢) = 0.005(1.0 + sin(wt))
and the sink has the opposite strength as source, which is As(t) = —A;(t). The fluid
domain is [0.0,0.9] x [—3.6, 3.6], and the fluid velocity field is computed for N, = 320,
640, and 1280, with uniform grid spacing h = 3.6/N, in each case at time t=0.3. Here
N, is the number of total grid on z-direction. The oscillating frequency is w = 30.
t = 0.3 is approximately the time at the end of the first period. The equilibrium
shape, source and sink location has been described in [28]. The immersed boundary
is discretized using 320 markers. We use the solution computed on a high-resolution
2560 x 320 grid as the reference solution to estimate errors.

Table 4.2: Convergence results for p, v and w. Approximations exhibit second-order
convergence in space.

Nz Ll Linf Ll Linf Ll Linf
error/h* error/h? error/h? error/h® error/h* error/h*
320 19.32 214.3 1.941e-1  4.043 3.031e-1  6.643
640 24.72 253.2 9.740e-1  3.752 3.784e-1  5.990
1280  20.71 217.9 6.260e-2  5.532 2.615e-1 5.674

Besides spatial convergence test, we do the numerical test on time convergence in
this example. In the time convergence study, the fluid pressure and velocity field is
computed on the grid 640 x 80, with uniform grid spacing h = 3.6/320 in each case
at time ¢ = 0.2. The reference solution is the solution with time step dt = 0.0005.
The time step size dt is refined from dt = 0.004 to dt = 0.001. The other condition

is same as in the spatial convergence test.
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Table 4.3: Convergence results for p, v and w. velocity exhibits second-order con-
vergence in time and pressure exhibits between first and second order convergence
in time.

dt Ly Ling Ly Ling Ly Ling
error/dt  error/dt error/dt error/dt error/dt error/dt
0.004 1.564e-1 1.328 1.836e-3  4.344e-1  4.165e-3  2.187e-1
0.002 2.749e-1 1.834 1.854e-3  4.422e-1  4.355e-3  2.705e-1
0.001 3.727e-1  2.164 1.542e-3  3.288e-1  4.183e-3  2.663e-1

4.3.8  Simulation study

Different from Example. (4.3.2), we compute the sink magnetude by using Eq. (4.16).

The fluctuating magnitude for the source is
Ay (t) = 0.005(1.0 + sin(wt — 0.57)) (4.67)

Therefore, an external source or sink is needed outside the tube to balance the inflow
or outflow. Its magnitude is in Eq. (4.12). The tube’s boundary force, equilibrium
position, position of source and sink has been described in [28]. The external source

or sink is centered at (r, z) = (0.55,0.0) with domain [r—0.1,7+0.1] x[z—2.0, 2+2.0].

Poiseuille characteristics

In this example, we choose inflow/outflow oscillation frequency w = 20. After the
system reaches equilibrium, we plot the z direction velocity and shear stress along
the cross section z = 0.99 (results are qualitatively similar at other cross sections).
From the parabolic shape of the z-velocity (Fig. 4.1), and the v-shaped shear stress
(Fig. 4.2), we can see that the flow is approximately Poiseuille flow, as could be
expected for laminar flow through a roughly circular pipe. Besides plotting the
velocity and shear stress, we also obtained the pressure drop Ap by using the different
viscosity (Fig. 4.3). From the approximately linear relation between viscosity and

pressure drop, we can also see the flow is approximately Poiseuille flow.
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FIGURE 4.1: Velocity in the z direction at z = 0.99. Approximately parabolic profile

is characteristic of Poiseuille flow.

Frequency-amplitude study
Figure (4.4) shows the maximum and minimum pressure values recorded over an

equilibrium temporal cycle at point (r,z) = (0,1.8), for increasing pumping fre-

quency. For pumping frequencies 5 < w < 80, the amplitude of the pressure cycle

decreases to the minimum between 10 < w < 20 and then increases.
Figure (4.5) shows the maximum and minimum flow values obtained by inte-

grating the vertical velocity field at z = 0.99 throughout an equilibrium temporal

cycle. For all pumping frequencies, fluid flows in the downward direction. The flow

amplitude exhibits similar trend as the pressure amplitude in Fig.4.4.
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FIGURE 4.2: Shear stress at z = 0.99. V-shape is characteristic of Poiseuille flow.

Viscosity-amplitude study

Besides the frequency-amplitude study, we also explore how viscosity can affect the
pressure and flow amplitude. Figure (4.6) shows the pressure amplitude recorded
over an equilibrium temporal cycle at point (r, z) = (0, 1.8), for increasing viscosity.
For flow viscosity 0.01 < p < 0.15, the amplitude of the pressure cycle decreases to
the minimum between 0.04 < p < 0.06 and then increases. Figure (4.7) shows the
flow amplitude values obtained by integrating the vertical velocity field at z = 0.99
throughout an equilibrium temporal cycle. The flow amplitude exhibits similar trend

as the pressure amplitude in Fig.4.6
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FIGURE 4.3: Pressure drop from z=1.8 to z=-1.8 from different . Approximately
linear relation is characteristic of Poiseuille flow.
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FIGURE 4.4: Minimum and maximum of pressure cycle at (r, z) = (0, 1.8); pumping
frequency 5 < w < 80.
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FIGURE 4.5: Minimum and maximum of flow across z = 0.99 for pumping frequency
5 <w < 80.
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FIGURE 4.6: Pressure amplitude at (r, z) = (0, 1.8); viscosity 0.01 < p < 0.15.
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FIGURE 4.7: Amplitude of flow across z = 0.99 for viscosity 0.01 < p < 0.15.
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5

Conclusion

In Chapter 2, we introduced the method of corrected boundary integrals that yields
second-order accurate approximations for singular and nearly singular integrals. In
particular, the method computes the boundary integral solutions for the Stokes equa-
tions, with forces singularly supported along open curve segments. When the Stokes
boundary integral solution is evaluated near the interface, the accuracy diminishes by
using the standard quadrature rule. To attain the second order accuracy, we derived
the correction for errors arising from the trapezoidal rule. The corrected boundary
integral method can be combined with a mesh-based solver to yield a hybrid method
that can compute Stokes solution everywhere on the computational domain.

To demonstrate the applicability of the methods, we apply the methods to a
simple model of a single cilium to study the hydrodynamic interactions between
the ciliary beat motion and the surrounding fluid. The model is formulated as an
immersed boundary problem. Numerical results show that the method accurately
computes fluid solution, and preserves jump discontinuities in the solution across the
immersed boundaries. Although it is true that the motion of a boundary immersed

in Stokes flow can be simulated by computing fluid velocity on the boundary only,
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fluid velocity away from the boundary may still be of interest. For example, to
understand how the motion of the cilium transport fluid, one might be interested in
tracking tracer particles, which may be located near but not on the cilium. In that
case, the method of corrected boundary integrals can prove useful.

The methods in the present study are developed for 2D flows. In 3D Stokes flows
driven by forces supported on an open surface, pressure and velocity are given by
surface integrals [33]. The singularities of the integral kernels are different in 2D and
in 3D. Nonetheless, we believe that if one wants to accurately evaluate the surface
integral solutions at a point, one may derive corrections using asymptotic analysis
analogous to the 2D methods.

In Chapter 3, we developed numerical methods for simulating Stokes flows along
a compliant, closed tube. We employed axisymmetric cylindrical coordinate system
to simulate the fluid motion. Our hybrid method combined the boundary integral
approach and the immersed interface method with jump conditions derived for the
axisymmetric cylindrical coordinates. We used the method to simulate fluid flow
through an elastic tube driven by prescribed oscillatory source and sink, and stud-
ied how the pressure and velocity oscillation amplitudes vary as functions of the
oscillating frequency.

In Chapter 4, we developed numerical methods for simulating Navier-Stokes flows
along a compliant, closed tube. This method used the velocity decomposition ap-
proach with the axisymmetric cylindrical coordinate system. The jump condition
was derived in Chapter 3. In the simulation study, we employed the method to
study how the pressure and velocity oscillation amplitudes vary with oscillating fre-
quency and fluid viscosity. The model and numerical method can have potential
application in the biological system, such as blood flow in arteries and arterioles.
To simulate the blood flow, the axisymmetric wall can be used to model the blood

vessel. Quantities of interest, such as pressure and shear stress, can be computed for
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understanding the mechanism of cardiovascular disease. In addition, this model can
be applied to simulate the mass transport in arteries and arterioles [1]. Coupled with
the fluid velocity from the Navier-Stokes equation, the concentration of solute in the
blood can be modeled by the advection diffusion equation [1]. The axisymmetric
coordinate can reduce the degree of freedom, however, it may not be suitable for

simulating the tube with complex geometry.
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