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Abstract

This dissertation explores the development and analysis of new algorithms for se-

quential decision-making under uncertainty, with a focus on optimizing operations

and resource allocations within online marketplaces such as e-commerce and rental

platforms. The research initially revisits and expands upon the multi-item order

fulfillment model, introducing dynamic policies that combine randomized fulfillment

strategies, prophet inequalities, and subgradient methods. Our approaches not only

achieve asymptotic optimality and strong approximation guarantees in the multi-item

fulfillment setting, but also provide insights on how to construct robust policies in

scenarios where you have limited resources. The findings in this dissertation introduce

a novel approach to the management of resources in complex environments, presenting

a nearly optimal framework for developing policies tailored to the complexities of

multi-item order fulfillment. Moreover, our analysis can be extended into the domain

of rental operations, showcasing the flexibility and broad applicability of our proposed

solutions.

In addition, the dissertation addresses the complexities of online recommendation

systems through a contextual bandit framework, examining both full-feedback and

bandit-feedback settings. By formulating the problem to accommodate arbitrary

mappings from user contexts to product feature values, this research provides new

online algorithms that effectively minimize regret. The analysis extends to general

policy classes, revealing an inherent trade-off between approximation accuracy and
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statistical error for a given policy class.

Collectively, this work advances theoretical knowledge in sequential decision-

making and algorithm design, providing actionable strategies for improving decision-

making processes such as fulfillment and recommendations in online marketplaces.
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1

Introduction

In the rapidly evolving landscape of online retail and digital platforms, the challenges

of optimizing real-time decision-making have become paramount for operational

efficiency. As e-commerce continues to scale, with projections indicating a rise in

sales to over $8 trillion globally by 2027 (Statista Research Department, 2023, 2024),

the complexity of managing large amounts of inventories across multiple warehouses

and addressing the diverse preferences of consumers in a timely manner have emerged

as critical priorities. The multifaceted nature of e-commerce order fulfillment and

online recommendations presents a unique set of problems characterized by uncertain

demand, finite resources, and unknown consumer preferences. On one hand, the

fulfillment of orders in e-commerce involves navigating through a complex and large

decision space to minimize expected costs while satisfying inventory constraints. On

the other hand, recommendation systems in digital platforms strive to personalize

offerings to enhance user experience, grappling with the statistical challenges of

predicting consumer behavior. This dissertation investigates these problems through

the lens of optimization and probability theory, exploring how dynamic policies and

algorithms can be used to achieve near-optimal performance in these uncertain and

1



data-rich environments.

The primary goal of this dissertation is twofold: firstly, we want to lay down a

solid theoretical framework for developing and analyzing algorithms that effectively

address some of the challenges faced by online marketplaces, particularly in the areas

of e-commerce fulfillment and online recommendations. Secondly, we want to offer

insights and practical solutions to the complex decision-making problems within

these areas. Specifically, the methodologies and tools we introduce are designed to

provide managers with robust decision-making tools that can be confidently applied

in practice.

1.1 Multi-Item Order Fulfillment

In Chapters 2 and 3, we revisit and expand upon the multi-item order fulfillment

model from the literature. In Chapter 2, we study the case of non-reusable resources

(or inventory); while in Chapter 3 we extend our model to cases in which resources

can be reused after a random period of time. Chapter 2 specifically addresses the

operational challenges associated with non-reusable resources, where the focus is

on optimizing inventory management because of limited or finite resources. In this

chapter, we reexamine the multi-item order fulfillment framework originally presented

by Jasin and Sinha (2015). In particular, we study a dynamic setting in which an

e-commerce platform, operating with multiple warehouses (or facilities) and finite

inventory, needs to decide how to dispatch orders across their warehouses. The goal

of the online retailer is to minimize the expected fulfillment costs, while satisfying the

inventory constraints. Diverging from the approach of Jasin and Sinha (2015), we

consider a different offline formulation of the problem. In our proposed model, the

platform sequentially chooses “methods” for fulfilling incoming orders (which may

contain one or more items). A method consists of a combination of item-facility pairs

that specify from which warehouses the items will be shipped, determining therefore
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whether multi-item orders items will be split or not. Within this framework, we

develop a class of dynamic policies for order fulfillment that integrates techniques from

randomized fulfillment, prophet inequalities, and subgradient methods. The most

important contribution of this work is to explain how prophet inequality techniques

can be used in the context of inventory management in order to derive algorithms

that are asymptotically optimal and have strong approximation guarantees in non-

asymptotic settings. Our findings reveal a straightforward and nearly optimal solution

for fulfilling orders, provided that the online retailer has sufficient inventory, regardless

of other problem specific parameters. Finally, our approach also uncovers new and

simple asymptotically optimal policies for network revenue management (NRM).

Transitioning to Chapter 3, the dissertation focuses on an extension of our model

in which the online retailer can use resources multiple times to fulfill orders. This

extension captures scenarios such as rentals and finds relevance in various applications

such as sports equipment rentals (like scuba diving, skiing/snowboarding, or climbing

gear), photography equipment rentals, or party and event supplies rentals (like rentals

of tables, chairs, decorations, and audio-visual equipment). Techniques used to

prove our results are similar to the one adopted in Chapter 2, but more refined to

accommodate the more intricate offline formulation which now requires that, at any

time t, the amount of inventory in use does not exceed its capacity.

The research in these two chapters was conducted under the supervision of Ali

Makhdoumi and Yehua Wei and the contributions are detailed in Amil et al. (2022).

1.2 Online Recommendation Systems

In Chapter 4, we study the complex challenge of online recommendation systems,

where the goal is to tailor product offerings to meet customer needs. Recognizing

the dynamic nature of users’ preferences, we adopt a contextual bandit approach

to model the problem, enabling the platform to adapt to the evolving preferences

3



over time and optimize their recommendations. Central to our model is the concept

of regret minimization. We define regret as the difference in performance between

the platform’s recommendations and those of a hypothetical clairvoyant entity with

full foresight of users’ preferences. Our research rigorously formulates the problem

as a contextual bandit model, accommodating an arbitrary sequence of customer

valuations and a broad class of policies without imposing restrictive assumptions on

the mappings from user contexts to product values.

We explore two distinct feedback settings: full-feedback, where the platform

learns the user’s valuation for each product feature post-recommendation, and bandit-

feedback, where only the aggregate valuation for the recommended product is revealed

to the platform. For both settings, we introduce online algorithms designed to adapt

and learn from the feedback. Our analysis provides explicit regret bounds for

these algorithms, illustrating their effectiveness as a function of the class of policies.

Specifically, our regret depends on the class of mappings from contexts to actions,

and exhibits the approximation versus statistical error trade-off. We then apply

this framework to two specific classes of policies: finite mappings from contexts to

actions and linear mappings from contexts to values. In these two examples, our

results show that, in the full-feedback setting, the regret scales as Op
?
nq, where

n is the number of interactions with the customers. The Op
?
nq scaling indicates

that as the number of interactions increases, the total regret grows proportionally

to the square root of n. Thus, this slower growth rate implies that the platform’s

recommendations are becoming more effective over time, progressively narrowing the

performance gap with the clairvoyant benchmark. Essentially, the platform learns

from the full-feedback effectively, making fewer sub-optimal recommendations as it

gains more experience. Conversely, in the bandit-feedback setting, the regret scales as

Opn2{3q, reflecting the inherent challenges of learning under limited feedback. These

examples demonstrate the versatility of our approach, showing its applicability to a

4



wide range of scenarios. More importantly, our algorithms work without the need to

know the intricate processes by which customers develop their product preferences.

The research in this chapter was conducted under the supervision of Ali Makhdoumi

during my second year at Duke.
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2

Multi-Item Order Fulfillment

2.1 Introduction

Since the boom of e-commerce in the mid-90s, online retailing has grown into a

multi-billion dollar industry. For example, in 2023, retail e-commerce sales amounted

to approximately $5.8 trillion worldwide (Statista Research Department, 2023, 2024).

Moreover, the increased adoption of the Internet across the globe and the continued

growth of the industry suggest that it is likely that the demand for e-commerce will

grow. In fact, e-commerce revenues are predicted to rise to more than $8 trillion

worldwide by the end of 2027 (Statista Research Department, 2023, 2024). As the

industry grows, some of the largest e-commerce platforms, such as Amazon, Alibaba,

JD.com, and Walmart, are serving an increasing number of online customers worldwide.

In order to address this growing customer base and stay competitive, e-commerce

companies have to make complex real-time decisions to optimize their revenues and

the customer experience. For example, an effective retail fulfillment strategy is crucial

for e-commerce businesses. Indeed, unlike brick-and-mortar retailers, where the

centralization of the fulfillment process streamlines the business to one place, online
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retailers have more flexibility regarding the fulfillment of orders. Specifically, upon

receiving an order, an online retailer has to decide from a complex set of alternatives,

including which facility the items will ship from, by what shipping option, and

whether or not multi-item orders will be split. This large set of alternatives makes

it harder for e-commerce companies to make effective real-time fulfillment decisions

and manage their distribution network. Traditionally, e-commerce companies adopt

myopic policies to satisfy the demand (see, e.g., Xu et al., 2009), that is, they fulfill

the orders in the cheapest way possible without considering future costs. However,

by not accounting for future orders because of the limited inventory, they might lose

the opportunity to maximize their profits (Acimovic and Graves, 2015).

2.1.1 Contributions and Main Approach

Due to the curse of dimensionality, finding the optimal dynamic policy for the online

fulfillment problem is difficult, even if we assume that every order contains a single

item (see, e.g., Xu et al., 2009; Acimovic and Graves, 2015; DeValve et al., 2023). As

a result, the online fulfillment literature has focused on studying simple algorithms

through asymptotic or competitive analysis (see, e.g., Acimovic and Farias, 2019).

Jasin and Sinha (2015) are the first to study the general online multi-item fulfillment

problem under this line of research. In particular, the authors design an innovative

correlated rounding scheme that takes the solution of a deterministic linear program

(LP) to construct a probabilistic fulfillment policy. For the rounding scheme, they

derive a competitive ratio in the so-called “fluid scaling” regime in which both time

and inventories are scaled to infinity. While the competitive ratio of their rounding

scheme is not asymptotically optimal, Jasin and Sinha (2015) observe that the scheme

is effective in numerical studies.

In this chapter, we revisit the work of Jasin and Sinha (2015) by considering

a different offline formulation of the problem. Specifically, we combine ideas from
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randomized fulfillment, prophet inequality, and projected supergradient method

and propose a new class of computationally effective fulfillment policies with non-

asymptotic (finite) competitive ratios, which are also asymptotically optimal when the

inventory is scaled to infinity. For example, we derive a policy with a (non-asymptotic)

average-case competitive ratio of 1 ` pκ ´ 1q|qmax|{
?
s ` 3, where qmax is the largest

possible order (in terms of variety of items), s is the minimum inventory available for

any item, and κ is the maximum ratio between the cost of not fulfilling an order and

the cost of using any other method. This result has two important implications. First,

our policy is asymptotically optimal in the “fluid scaling” setting where both the

inventory and time are scaled to infinity. Second, our competitive ratio is independent

of the number of items and order types. This independence is important as, in

practice, the number of items and order types are often very large, as big online

retailers hold millions to hundreds of millions of item types in their facilities. In

Table 2.1, we summarize a comparison of our result with the existing works in the

multi-item order fulfillment literature. Note that, in this chapter, we propose a whole

class of fulfillment policies, and the result presented in the next table is obtained by

applying the closed-form prophet inequality of Alaei (2014). This competitive ratio

can be improved using the tighter prophet inequality derived in Jiang et al. (2021).

There are a few points worth mentioning. First, in this chapter, instead of the

item-facility based offline LP model proposed by Jasin and Sinha (2015), we consider

an offline LP model that is method-based. This means that at each time period,

the online retailer chooses a fulfillment method. While our method-based model

has a large number of decision variables and constraints, we develop an effective

supergradient method that solves a Lagrangian relaxation of a large LP (corresponding

to the offline problem). This Lagrangian relaxation naturally decomposes the LP

formulation, making the policy computationally viable. We further show that our

supergradient method also leads to a policy that is asymptotically Oplog |qmax|q-

8



competitive (as s Ñ 8) for the general multi-item fulfillment framework of Jasin

and Sinha (2015), answering a question raised by the authors. We note that this

result is also independently resolved by Ma (2023), where the author took a different

approach by building a novel virtual system with facilities opening according to Poisson

processes, and items viewing the openings of facilities in their own “dilated” opening

times. In contrast, our method relies on two ingredients: a Lagrangian relaxation and a

sequential randomized rounding algorithm for the relaxed decomposed problems.

Table 2.1: Comparison of competitive ratios of multi-item order fulfillment papers.

Multi-
item

Setting
Competitive Ratio

Asymptotic
Optimality

This
chapter

General 1 ` pκ ´ 1q|qmax|{
?
s ` 3 Yes

Jasin and
Sinha
(2015)

General EF rBp|Q|qs1 No

Ma
(2023)

General logpqmaxq ` 1 No

Zhao
et al.
(2020)

One
RDC

and one
FDC2

23 Yes4

We note that even though our method-based policy has a better competitive ratio

1 Only applies to the asymptotic setting (in which the time horizon and inventory are scaled at the
same rate). B is a function defined as Bpnq “ pn ` 2q{4 if n is even, Bpnq “ pn ` 1q2{4n if n is odd
and F is the distribution defined by the proportion of total fixed costs incurred to fulfill an order
type q (coming from region j) from facility k. Finally, Q denotes the random variable representing
the arriving order type at one time period.

2 RDC stands for “regional distribution center” and FDC stands for “front distribution center”.

3 Under the assumption that RDC has smaller fixed costs, but higher variable costs. The competitive
ratio also holds under adversarial arrivals.

4 The algorithm that achieves asymptotic optimality is different from the algorithm that achieves
a competitive ratio of two.
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compared to item-facility-based policies, it comes with a higher computational cost

for solving an offline LP problem. Therefore, we view our work as complementary to

those that study item-facility-based approaches.

We conclude this section by noting that our class of fulfillment policies provides

a novel strategy for the general multi-item fulfillment problem. In particular, in

addition to the randomized fulfillment, we add an accept/reject step to better control

the on-hand inventory. This additional step allows us to leverage prophet inequalities

and derive strong non-asymptotic guarantees. For example, we propose one such

policy based on the single dimensional magician’s problem of Alaei (2014) by creating

a collection of magicians for all item-facility pairs and using this collection to provide

an accept/reject strategy. It is important to note that our procedure does not

require Alaei (2014)’s result. For example, we can alternatively use k-unit OCRS

as a subroutine, and our result can be improved using the tight bound proved by

Jiang et al. (2021). However, for simplicity of exposition, we adopt the closed-form

guarantee from Alaei (2014). Finally, a special case of our algorithm also provides new

asymptotically optimal bounds for network revenue management (NRM) problems

(see, e.g., Ma et al., 2020; Baek and Ma, 2022) where the focus is on accept/reject

decisions about the available resources (see Section 2.6 for further details).

2.1.2 Outline

We review the related literature in Section 2.1.3, formalize our e-commerce model in

Section 2.2, and discuss our modeling assumptions in Section 2.2.1. In Section 2.3,

we introduce the benchmark that we use in order to evaluate the performance of an

algorithm and also provide our fulfillment strategy. In particular, in Section 2.3.2,

we present our multi-item fulfillment strategy as a two-step procedure, combining

probabilistic fulfillment and prophet inequality ideas. In Section 2.4, we discuss the

analysis of an important component of our fulfillment strategy, which we call the
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method-acceptance problem (see Section 2.3.2 for details). Finally, in Section 2.5,

because the probabilistic fulfillment component of our strategy requires access to the

solution of a large LP, we discuss how to obtain an approximate solution effectively.

Proofs of selected results are presented in the main body of the chapter, while the

remaining proofs are provided at the end of the chapter in Section 2.13.

2.1.3 Related Literature

Our work closely relates to three streams of literature: e-commerce fulfillment, prophet

inequality, and dynamic stochastic optimization. For e-commerce fulfillment, the early

work of Xu et al. (2009) studies an online multi-item order fulfillment model, analyzing

the impact of periodically re-evaluating the real-time decision of assigning the arriving

order to one or more warehouses under a myopic policy (without considering future

orders). Related work by Acimovic and Graves (2015), however, shows a simple

“CD - Textbook” example that illustrates how these types of myopic policies do not

perform well even in simple settings, casting evidence for the importance of adopting

forward-looking fulfillment policies. Following these papers, substantial research has

been done in the e-commerce fulfillment literature. Acimovic and Graves (2017)

explore how to use inventory replenishment as a way to alleviate the additional costs

caused by demand spillover. Lei et al. (2018) and Harsha et al. (2019) study joint

pricing and order fulfillment problems. Arlotto et al. (2023) study the impact of

initial inventory placement to the regret of fulfillment policies. For a comprehensive

tutorial on the fulfillment optimization problem, we refer Acimovic and Farias (2019)

to interested readers. Very recently, researchers have also examined the benefits

of limited flexibility of fulfillment networks in the single-item setting: Asadpour

et al. (2020) and Xu et al. (2020) study the case when the unit reward is uniform

through regret analysis, while DeValve et al. (2023) study a network with local and

spillover fulfillment costs across distribution centers through asymptotic analysis and
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simulations.

The paper by Jasin and Sinha (2015), which is the most relevant to our work,

presents a comprehensive framework for online multi-item fulfillment. In particular,

the authors design a correlated rounding scheme using the solution of a deterministic

LP to construct a probabilistic fulfillment policy and provide an upper bound on

its asymptotic competitive ratio. Their bound, however, is not asymptotically

optimal (i.e., it does not go to 1 as inventory grows). By contrast, we provide a

non-asymptotic analysis of the competitive ratio that only depends on the amount of

available inventory. We note that different non-asymptotic analyses for multi-item

fulfillment problems were studied by Zhao et al. (2020) with two distribution centers

and by Andrews et al. (2019) with adversarial demand.

Our work also relates to the literature on prophet inequality and magician’s

problem. Prophet inequality is an online stochastic decision-making problem first

studied by Krengel and Sucheston (1978) and Samuel-Cahn (1984) and further

developed in Babaioff et al. (2007), Kleinberg and Weinberg (2012), Azar et al.

(2014), and Dutting et al. (2020), among others. In the basic version of this problem,

there are n random variables X1, X2, . . . , Xn with known distributions, but unknown

realizations. These realizations are revealed sequentially, and the decision-maker

(DM) wants to design a strategy (which is a stopping rule) that, upon observing the

realization Xi (and all the values before it), decides either to choose i, stop, and

get a reward Xi; or pass and move on to the next item (the DM is not allowed to

come back to i ever again). The DM’s goal is to maximize the expected reward.

Krengel and Sucheston (1978), among others, present a strategy with expected reward

1
2
E rmaxi“1,...,nXis. The magician problem can be thought of as an extension of the

prophet inequality, in which the decision-maker wants to choose (up to) k rewards.

This fundamentally changes the problem because it is no longer a stopping time

problem: the decision-maker needs to decide whether to collect each reward based on
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its value and the number of collected rewards. Alaei (2014) presents an algorithm that

guarantees a minimum ex-ante probability (at time 0) of 1 ´ 1{
?
k ` 3 for collecting

each reward and, therefore, achieves 1 ´ 1{
?
k ` 3 of the offline benchmark (see also

Jiang et al. (2021) for an analysis of the tightness of this bound). Our problem is

different from both the prophet inequality and the magician problem and can be

thought of as a multidimensional extension of the magician problem (also see Correa

et al. (2019) for a survey on prophet inequality).

In general, our model can be viewed as a variant of dynamic matching problems.

In the literature, online bipartite matching is studied, among others, in Feldman

et al. (2009); Manshadi et al. (2012), k-stage variants of the classic vertex weighted

bipartite b-matching is studied in Feng and Niazadeh (2020); dynamic matching

problems in non-bipartite graphs are studied in Ashlagi et al. (2019a) and Ashlagi

et al. (2019b); and the study of bipartite graphs where both sides arrive/leave over

time is studied in Johari et al. (2021); Aouad and Saritaç (2020); Truong and Wang

(2019); Castro et al. (2020). In addition, connections to assortment optimization are

studied in Golrezaei et al. (2014); Ma and Simchi-Levi (2020); Aouad and Saban

(2020); Feng et al. (2022); Désir et al. (2022); the dynamic matching with limited

supply is studied in Elmachtoub and Levi (2016); Ma et al. (2021); the dynamic

matching with returning suppliers is studied in Manshadi and Rodilitz (2020); Lo

et al. (2020); Manshadi et al. (2022); information relaxation to design simple policies

with guaranteed performances for a general class of stochastic dynamic optimizations

is studied in Balseiro and Brown (2019); and joint inventory selection and online

resource allocation Chen et al. (2022).

More broadly, our work is related to the literature on dynamic stochastic opti-

mization. Specifically, our multi-item fulfillment problem complements the literature

on dynamic resource allocation, which, in the past few years, has witnessed signifi-

cant advancements, particularly in the realms of dynamic and stochastic knapsack
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problems and dynamic matching. Recent contributions, such as the work by Arlotto

and Gurvich (2019) on uniformly bounded regret in the multisecretary problem, and

Aveklouris et al. (2021) on matching impatient and heterogeneous demand and supply,

illustrate the progress achieved towards optimizing resource allocation in uncertain

and evolving environments. Moreover, Balseiro et al. (2023)’s comprehensive sur-

vey cohesively synthesizes the diverse models and analyses the so-called dynamic

resource-constrained reward collection problems. These studies not only underscore

the theoretical depth and practical relevance of dynamic resource allocation but also

pave the way for novel methodologies, such as primal-dual policies. For example,

Wei et al. (2023) demonstrates the effectiveness of primal-dual policies in dynamic

resource allocation, setting a new benchmark for future research. Such explorations

are crucial for designing systems that are capable of adapting to the complexities of

real-world scenarios, from network revenue management to online labor markets.

2.2 Model

We consider a setting in which orders arrive sequentially to an online retailer (through-

out, we use the terms online retailer and platform interchangeably). The platform

and the customers interact over a period of length T . During this period, at each

time t P rT s :“ t1, . . . , T u, at most one order arrives. Upon the arrival of an order,

the platform needs to decide the method for fulfilling this order by using items from

one (or more) of its facilities (we also refer to facilities as warehouses). We allow the

online retailer to not fulfill an arriving order, incurring a cost higher than fulfilling

it with any other method. A fulfilling method consists of a set of facilities that will

determine which warehouses the items will ship from and, in particular, whether

multi-item orders will be split and shipped from different warehouses. The platform’s

goal is to minimize the sum of the fulfillment costs, that is, the cost incurred from

fulfilling the orders arriving sequentially over the entire time horizon rT s.
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Throughout this chapter, we let I be the set of all item types (indexed by i) and

K be the set of facilities (indexed by k). We also let Q be the set of order types

(indexed by q), where each element encodes characteristics related to a particular

order, such as its item composition and the location from which the order is placed.

To simplify our analysis, we assume the number of requests for each item in an order

of type q is exactly one. This assumption is common in the multi-item literature,

and it has been noted in Xu et al. (2009); Acimovic and Graves (2015) that orders

with multiple requests for the same item are rare in practice. In addition, we slightly

abuse the notation by using |q| to represent the number of different items included

in an order of type q and i P q to indicate that item i P I belongs to the order type

q P Q.

We let ptpqq denote the arrival probability of order type q at time t for all t P rT s

and q P Q, and we assume that the probabilities ptp¨q are independent across time.

Note that we assume independence across time but the order type distribution can

be non-stationary (hence, the subscript t). When an order type q arrives at time

t, we consider the possible ways, or methods, available to the platform to fulfill the

order, with the possibility of not fulfilling the requests for some items in q. For ease

of notation, we assume, without loss of generality, that each method m can be used

to fulfill only one order type, and we use m „ q to denote that method m is used for

fulfilling order type q. Thus, each order type q can be fulfilled by multiple methods,

but each method m is used to fulfill a unique order type. We let cm denote the cost

the platform incurs when it uses method m to fulfill the corresponding order type,

and let M denote the set of all methods. For a method m such that m „ q, we use

pi, kq P m to represent that item i from facility k is being used for fulfilling order type

q under method m. Moreover, we consider any sub-method m1 Ď m of m to be a

method itself. Note that the set of items shipped using method m is always a subset
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of the items requested by order type q, i.e.,

ti P I : there exists a unique k P K such that pi, kq P mu Ď ti P I : i P qu .

The platform’s cost is the sum of all costs incurred during the time horizon rT s.

In our model, every facility k P K has a fixed inventory Sik ě 0 of units of item i P I

and no inventory replenishment takes place during the time horizon rT s. Without

loss of generality, we assume that Sik ě s for all item-facility pairs for some s ą 0.

2.2.1 Discussion of the Modeling Assumptions

We assume that the platform knows the distribution of arriving orders, i.e., ptpqq for

t P rT s and q P Q. This is a common assumption in online stochastic optimization (see,

e.g., Mehta et al. (2013)) and it is reasonable because, in practice, large e-commerce

platforms can use historical data to obtain a good estimate of the order distribution.

To ensure feasibility, we assume that facility 0 contains an infinite amount of inventory

for every item i P I, i.e., Si0 “ 8 for each i. One can think of facility 0 as a dummy

facility such that fulfilling an order by using this facility can be interpreted as not

fulfilling that order. We let m1pqq denote the corresponding “discard” method, i.e.,

the method in which the dummy facility is used to satisfy all items in q. Moreover,

without loss of generality, we assume that for some κ ą 1, cm1pqq{cm ď κ, for all m „ q

and any q P Q, i.e., the ratio between the cost of not fulfilling an order and the cost

of fulfilling it (with any other method) is bounded. We note that in practice the lost

sale, as also noted in Jasin and Sinha (2015), Zhao et al. (2020), and DeValve et al.

(2023), is around twice the maximum single-item cost. In our simulation studies, in

Section 2.11, we use this fact to provide estimates for κ.

We next define a benchmark that we use to evaluate the performance of different

fulfillment policies and provide a brief overview of our proposed strategy.
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2.3 Offline Formulation and Fulfillment Strategy

In this section, as a benchmark, we consider a setting in which the platform knows all

order types in advance and describe an offline optimization problem that formulates

the corresponding platform’s cost. Given our definition of method (see Section 2.2 for

details), we let xtm P t0, 1u denote the binary variable representing the offline decision

of using method m to fulfill its corresponding order type, i.e., xtm “ 1 if the platform

uses method m and xtm “ 0, otherwise. We denote by

xt “ txtmumPM ,

the fulfillment decision at time t, and by x “ txtutPrT s an offline fulfillment strategy

over the entire time horizon rT s.

We next introduce some notations that we use in formulating the offline problem.

Let Dqt be the number of arrivals of order type q at time t. Because of our assumption

that at most one order arrives at each time t, observe that Dqt is a Bernoulli random

variable with success probability ptpqq. Now, since in our benchmark offline problem

all order arrivals D “ tDqtuqPQ,tPrT s are known in advance, in order to minimize the

platform’s cost over the entire time horizon, we need to solve the following integer

program (IP):

OPTpDq :“ min
x

ÿ

tPrT s

ÿ

qPQ

ÿ

m:m„q

cmx
t
m (2.1)

s.t.
ÿ

m:m„q

xtm “ Dqt, @q P Q, t P rT s, (2.2)

ÿ

tPrT s

ÿ

m:pi,kqPm

xtm ď Sik, @i P I, k P K, (2.3)

xtm P t0, 1u, @m P M, t P rT s. (2.4)

The objective is the platform’s cost, which is the sum of the incurred costs from all

periods. Moreover, the set of constraints (2.2) ensures that we fulfill order type q by
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using exactly one method at time t (in the case in which Dqt “ 1). Note that this

includes the “discard” method, i.e., fulfilling the order from the dummy facility. The

set of constraints (2.3) ensures that, over the entire time horizon rT s, we do not fulfill

orders using more than Sik units of item i P I from facility k P K. Finally, constraints

(2.4) come from the platform’s decision regarding using a method or not.

It is important to note that the optimization formulation of our offline problem

differs from the one used to design fulfillment policies in Jasin and Sinha (2015).

Specifically, in the formulation of Jasin and Sinha (2015), the number of decision

variables scales polynomially in the number of order types and items in the orders. In

our formulation, instead, the number of decision variables may increase exponentially

with the number of items in the orders. However, even though their formulation is

more compact, their LP relaxation does not lead to an asymptotically optimal policy.

In contrast, as we will establish later, the optimal solution of the LP relaxation of our

formulation leads to a policy that is both asymptotically optimal and guaranteed to

have strong approximation factors in finite settings. In addition, while the number of

decision variables in the LP relaxation of our formulation scales exponentially in the

number of items in the orders, we develop an effective supergradient method to solve

the corresponding LP relaxation approximately (within any factor) and show that the

approximation factor directly carries over to the performance measure of our policy.

2.3.1 Competitive Ratio

Before describing the performance measure that we consider in this chapter, we

formally introduce the definition of algorithm for an online fulfillment strategy.

Definition 2.1 (algorithm). An algorithm, denoted by ALG, at each time, specifies

the method for fulfilling any arriving order type. More specifically, an algorithm

specifies a collection of functions tf tutPrT s (adapted to the natural filtration), where

f t is a mapping from the history of the interactions between the platform and the
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customers (and therefore, the available inventory levels) to a fulfillment decision xt at

time t. For a given order arrival D, we let ALGpDq be the random variable indicating

the platform’s cost when it adopts algorithm ALG.

For a given algorithm, we define the following performance measure.

Definition 2.2 (competitive ratio). Given an algorithm ALG for fulfillment, we

define the competitive ratio as

E rALGpDqs

E rOPTpDqs
, (2.5)

where E rALGpDqs is the expected cost obtained by algorithm ALG, compared against

E rOPTpDqs which is the expected cost obtained by the optimal offline solution of

(2.1). The expectation is with respect to the arrival process D and the (possible)

randomization in the algorithm.

Note that computing OPTpDq requires solving problem (2.1), which is an integer

program. Moreover, the integrality gap of this problem is not one, i.e., the optimal

objective of the relaxed linear program and the integer program are not equal. We

illustrate this through the following example.

Example 2.1. Consider the following simple example. Suppose the platform has

only one warehouse with inventory p1, 1, 1q, i.e., three items, each with inventory one.

Now, consider the following sequence of three orders p1, 1, 0q, p1, 0, 1q, and p0, 1, 1q,

all coming from the same location. For each order q, let method mf
q be the method

that fulfills the entire order q from the warehouse with a cost of 1; method m1
q be the

“discard” method for q (the method where the dummy facility satisfies all items in q),

with a cost of 10; and let all other methods also have a cost of 10. Then, it is easy

to see that the optimal solution in the relaxed problem of (2.1) is to use 1{2 of mf
q

and 1{2 of m1
q for each q, with a total cost of 1.5 ` 15 “ 16.5. However, the optimal
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integer solution is to simply use mf
q for q “ p1, 1, 0q, and use m1

q for orders p1, 0, 1q

and p0, 1, 1q, with a total cost of 1 ` 20 “ 21.

In general, computing OPTpDq even for one instance of D is NP-hard (see Jasin

and Sinha (2015) for a further discussion on the hardness of this problem), which

makes computing the exact value of E rOPTpDqs difficult. Therefore, in this chapter,

we focus on a lower bound of E rOPTpDqs and compare the performance of our

algorithm with this smaller benchmark. This lower bound is provided by the expected

relaxation of (2.1) defined as follows.

OPTe :“ min
x

ÿ

tPrT s

ÿ

qPQ

ÿ

m:m„q

cmx
t
m (2.6)

s.t.
ÿ

m:m„q

xtm “ ptpqq, @q P Q, t P rT s, (2.7)

ÿ

tPrT s

ÿ

m:pi,kqPm

xtm ď Sik, @i P I, k P K, (2.8)

xtm P r0, 1s, @m P M, t P rT s. (2.9)

Note that problem (2.6) differs from problem (2.1) in two ways. First, the right-hand

side of the constraint (2.2) is replaced by its expected value. Second, the integer

constraints (2.4) are replaced by their relaxed versions. Now, we perform a simple

and standard aggregation across time periods to reduce the number of variables in

(2.6) by defining

xm :“
ÿ

tPrT s

xtm and papqq :“
ÿ

tPrT s

ptpqq.

Using x¨, ¨y to denote the Euclidean inner product, we reformulate (2.6) as the following
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time-aggregated optimization

OPTE :“ min
x

ÿ

qPQ

xc,xrqsy (2.10)

s.t.
ÿ

m:m„q

xm “ papqq, @q P Q, (2.11)

ÿ

m:pi,kqPm

xm ď Sik, @i P I, k P K, (2.12)

xm P r0, T s, @m P M, (2.13)

where c “ pcmqmPM and xrqs “ pxm1tm „ quqmPM denotes the subvector of x

corresponding to methods that can be used to fulfill order type q. Note that problem

(2.6) and problem (2.10) achieve the same optimal value, i.e., OPTe
“ OPTE. More

precisely, problem (2.6) and problem (2.10) have the same objective function and

the same feasible set. To see this, note that, if txtmumPM,tPrT s satisfies (2.8), then

it satisfies (2.12) (by definition of xm); and if txtmumPM,tPrT s satisfies (2.7), then by

summing over t, we obtain (2.11). Thus, we have OPTE
ď OPTe. Suppose now that

txmumPM satisfies (2.11) and (2.12). Then,

xtm “
xmptpqq

papqq
P r0, 1s

is feasible for problem (2.6). Indeed, if
ř

m:m„q xm “ papqq, then

ÿ

m:m„q

xtm “
ÿ

m:m„q

xmptpqq

papqq
“ ptpqq,

and, if
ř

m:pi,kqPm xm ď Sik, then

ÿ

tPrT s

ÿ

m:pi,kqPm

xtm “
ÿ

tPrT s

ÿ

m:pi,kqPm

xmptpqq

papqq
“

ÿ

m:pi,kqPm

xmp
apqq

papqq
ď Sik.

Thus, we obtain OPTe
ď OPTE. Given this equivalence, note that if tymumPM is a
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solution to (2.10), then we can obtain a solution to (2.6) as follows

ytm “
ymptpqq

papqq
. (2.14)

We next establish that the objective of problem (2.10) is indeed a lower bound on

the expected value of the objective of problem (2.1).

Lemma 2.1. The objective of problem (2.10) is weakly smaller than the expected

value of the objective of problem (2.1), i.e.,

OPTE ď E rOPTpDqs . (2.15)

As we will see later, the optimal solution to (2.10) does not only provide an upper

bound on the optimal solution of (2.1) but also plays a crucial role in designing our

algorithm. Moreover, problem (2.10) is an LP, which is tractable when the number

of methods |M | (hence the number of variables) is small. In general, |M | can grow

exponentially with the number of items in the order types. Specifically, the number of

decision variables in (2.10) corresponding to an order type q is p|K| ` 1q|q| (assuming

that every facility has the same set of items). This further shows the combinatorial

nature of our e-commerce problem. As a result, in many practical scenarios, problem

(2.10) cannot be solved using off-the-shelf solvers, as it contains too many decision

variables. In order to overcome this problem, we develop a computationally viable

method for solving (2.10) approximately through a supergradient method for its dual

problem (as (2.10) decomposes into many smaller LPs under a Lagrangian relaxation).

We discuss this method in detail in Section 2.5. Next, we present a high-level idea

of our fulfillment strategy and show how to use the solution of (2.10) to design an

online algorithm for our multi-item order fulfillment framework.
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Algorithm 1 Online algorithm for fulfillment

Offline Process:

‚ Solve the expected LP in (2.10) and obtain the corresponding y “ tytmumPM,tPrT s

(through (2.14))

Online Process:

‚ For t “ 1, . . . , T :

Let q be the order that arrives at time t and Mpqq be the set of all available

fulfillment methods for order type q (including the “discard” method m1pqq).

1. Draw a method with probability ytm{ptpqq for m P Mpqq.

2. If method m P Mpqq is drawn, then:

(a) Decide whether to accept or reject method m. If accepted, use method

m to fulfill q. If rejected, use the “discard” method m1pqq.

2.3.2 Fulfillment Policies

In this section, we provide an overview (in Algorithm 1) of our strategy, which

consists of a two-step procedure: an offline process and an online process. The offline

process starts at time 0 (before the fulfillment process starts) and consists in solving

the LP relaxation (2.10) of the offline problem and obtaining the corresponding

solution y “ tytmumPM,tPrT s. Note that, as we have shown previously, we can obtain

y “ tytmumPM,tPrT s using the relationship specified by (2.14). The relaxation of the

offline problem essentially reformulates the fulfillment process as a deterministic

process by leveraging the knowledge about the expected demand and satisfying the

constraints in expectation. After solving (2.10) and obtaining y “ tytmumPM,tPrT s,

the solution can be interpreted as a sequence of probability distributions over the
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set of fulfillment methods M . It is worth mentioning that the current literature on

multi-item fulfillment focuses on providing a probability distribution over the set of

item-facility pairs (see, e.g., Jasin and Sinha, 2015), i.e., the frequency with which

each facility should be used to fulfill an item in a given order type. In contrast, our

offline process directly provides a “guide” for the choice of the fulfillment method,

which already prescribes a complete picture of how the order should be split among

the available facilities. This key difference turns out to be crucial for designing policies

with strong non-asymptotic performance guarantees that are also asymptotically

optimal. Note that the LP relaxation (2.10) was also considered by Jasin and Sinha

(2015), but the authors cautioned that such LP has too many variables and constraints

to be solved to optimality. To address this problem, in Section 2.5, we demonstrate

that a Lagrangian relaxation naturally decomposes the LP formulation. Based on this

decomposition, we present a supergradient method that effectively finds near-optimal

solutions, making the policy computationally viable, with a small sacrifice in the

competitive ratio.

After solving the LP relaxation, our online process consists of two steps. First, we

perform a probabilistic fulfillment step, i.e., when an order type arrives, we randomly

draw a method based on the LP solution. Second, on top of randomization, our

algorithm has an additional step in which we decide whether to accept or reject the

randomly drawn method. When the first step is fixed, the second step can be viewed

as a dynamic decision problem on its own, which we refer to as the method-acceptance

problem. For the method-acceptance problem, at each time t, exactly one method

arrives (where the arriving method is drawn from the fixed probabilistic procedure)

and the decision maker has to immediately choose whether to use it based on the

available inventories. If they decide to use/accept the method, then the inventories

corresponding to the items in the order will be consumed (from the facilities specified

by the method). If they decide to reject the method, then the online retailer uses
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what we call the discard method, incurring the maximum cost possible (by redirecting

the order to the dummy facility).

2.4 Analysis of the Method-Acceptance Problem

In this section, we propose and analyze a strategy for the method-acceptance problem.

Note that finding the optimal policy for this problem is intractable due to the curse

of dimensionality. As a result, instead of directly optimizing for a strategy that

considers the trade-off between using resources to fulfill the current order and holding

the inventories for the future, we focus on constructing a strategy that provably

accepts any method at any period t with high probability. Intuitively, such a strategy

would be close to optimal, as its expected cost will be close to the objective of the

expected LP in (2.10), which is a lower bound for the expected cost of any fulfillment

strategy. Next, we formally introduce the definition of such strategy, which we call

γ-conservative method-acceptance strategy.

Definition 2.3 (γ-conservative method-acceptance strategy). Consider a sequence

of (possibly randomized) decision rules π “ tπtutPrT s that determine whether to accept

a method based on the arriving method type and the history that occurred until time t.

Specifically, πt : H t ˆ M Ñ t0, 1u, where H t is the set of all possible histories until

time t and M is the set of all method types. Then, we say that π is a γ-conservative

method-acceptance strategy if for any m P M and t P rT s, we have

Ppaccepting method at t | the method is type mq “
ÿ

htPHt

Ppπtpht,mq “ 1q ¨ Pphtq ě γ.

When each order (and, therefore, each method) consists of at most one item, then

the γ-conservative method-acceptance strategy stated above reduces to the celebrated

γ-conservative magician strategy studied by Alaei (2014). As a result, designing a

γ-conservative method-acceptance strategy can be viewed as a multi-dimensional
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extension of Alaei’s magician strategy. Next, we show that a γ-conservative method-

acceptance strategy directly leads to a non-asymptotic competitive ratio for our

fulfillment policy.

Lemma 2.2. For any online multi-item fulfillment problem, using a γ-conservative

method-acceptance strategy, Algorithm 1 achieves a competitive ratio of at most

1 ` pκ ´ 1qp1 ´ γq,

where we recall that κ is the maximum ratio between the cost of not fulfilling an order

and the cost of using any other method.

As we will show in Section 2.4.1, the question of finding strategies that provably

accept arriving methods with probability at least γ naturally connects to the prophet

inequality literature. Indeed, in this fulfillment context, prophet inequalities allow to

design online strategies with two desirable features: these strategies are robust to

arbitrary bad instances of order (or method) arrivals, and they satisfy a provable

performance guarantee compared to the optimal solution in hindsight. Because of these

two features, we also note that γ-conservative method-acceptance strategies naturally

lead to γ-competitive policies for network revenue management problems, where

multiple capacity-constrained resources are sold to a stream of arriving customers.

We elaborate on this connection in Section 2.6.

2.4.1 Magician-Based Strategy for the Method-Acceptance Problem

In this section, we design a γ-conservative method-acceptance strategy that uses a

set of conservative magician strategies of Alaei (2014) as a subroutine. The main

idea is to construct a magician pi, kq for each item-facility pair, which controls the

amount of inventory level Sik of item i in a facility k. Specifically, at each time period

t, for each pi, kq pair, magician pi, kq is faced with the problem of deciding whether
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to make inventory pi, kq available for fulfillment. If magician pi, kq makes item i from

facility k available for fulfillment, one unit of the corresponding inventory may be

consumed. If they decide not to make their inventory available, then no resource is

consumed. Magician pi, kq wants to ensure γik P r0, 1s ex-ante probability (before

any order realizes) of making their own inventory available for fulfillment at any

time period without running out of it by the end of the time horizon rT s. Next, we

formally define the problem for each magician pi, kq.

Definition 2.4 (Magician pi, kq problem). For each pi, kq pair, where item i P I is in

facility k P K, imagine a game in which a magician has to manage the consumption

of inventory pi, kq (over a time horizon rT s), with the goal of not running out of it by

the end of the horizon. The magician starts with Sik ą 0 units of inventories of item

i from facility k (with Sik ă T ). Then, at each time t P rT s, the magician decides

whether to make one unit of inventory pi, kq available for fulfillment. If the magician

chooses to make inventory pi, kq available for fulfillment, then with probability at most

µtik, the inventory is consumed. Before making their decision at time t, the magician

learns µtik and moreover, it is guaranteed that
řT
t“1 µ

t
ik ď Sik. Magician pi, kq would

like to devise a γik-conservative strategy, i.e., a strategy that guarantees an ex-ante

(at time 0) probability of at least γik P r0, 1s of making inventory pi, kq available for

fulfillment at any time period t.

In Algorithm 2, we present a method-acceptance strategy that leverages a set

of γik-conservative strategies (described in Definition 2.4) as subroutines. Next, we

discuss the details of our method-acceptance strategy. For each item i in facility k,

we define a magician problem with

µtik :“
ÿ

m:pi,kqPm

ytm,

where y “ tytmumPM,tPrT s is obtained through (2.14). Remember that, as described
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Algorithm 2 A strategy for the method-acceptance problem

Inputs at t “ 0:

• For each pi, kq, the probabilities tµtikutPrT s, inventory Sik and γik P r0, 1s as in

Definition 2.4.

For t “ 1, . . . , T :

• Let m be the method that is drawn at time t.

• If all magicians pi, kq P m make their inventory available for fulfillment, then

accept method m. Else, reject m.

in Definition 2.4, µtik must be an upper bound on the probability of inventory pi, kq

being consumed at time t. Because of our fulfillment strategy, this upper bound

is provided by the sum of all probabilities ytm1tpi, kq P mu of using a method that

prescribes consuming pi, kq at time t. Note, moreover, that µtik ď 1 is ensured by the

constraints in (2.7) and
řT
t“1 µ

t
ik ď Sik holds by the constraints in (2.8).

At time 0 (before starting our fulfillment process), for each item-facility pair

pi, kq, we consider a magician problem as in Definition 2.4. For this problem, in

Section 2.9, we present a threshold based γik-conservative strategy for magician pi, kq,

inspired by Alaei (2014), with γik “ 1 ´ 1{
?
Sik ` 3. In particular, magician pi, kq

adaptively computes a sequence of thresholds tθtikuTt“1 and makes item i from facility

k available for fulfillment at time t if its number of used inventories prior to time t is

below this threshold. The thresholds are determined by the probabilities tµtikutPrT s of

consuming inventories throughout the fulfillment process (see Section 2.9 for details).

The decision about whether to accept or reject the randomly drawn fulfillment method

m is then specified by Algorithm 2, based on the “recommendations” provided (at

time 0) by all magicians pi, kq P m. Specifically, if all magicians decide to make their
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own inventory available for fulfillment at time t, we accept method m for fulfillment.

Otherwise, we reject method m and fulfill order type q from the dummy facility 0 (i.e.,

using the discard method m1pqq), incurring cost cm1pqq. Next, we present the formal

statement about our γ-conservative method-acceptance strategy with the exact γ.

This result is obtained by using prophet inequality results from the literature and

a union bound. For simplicity of exposition, we provide a γ-conservative method-

acceptance strategy using the closed-form guarantee from Alaei (2014). We remark

that our result can be improved using the analysis from Jiang et al. (2021), where the

bound has more nuanced dependencies on the parameters of problem instances. In

addition to the statement, we also include the formal proof of the result as it illustrates

the connection between the prophet inequality and the multi-item fulfillment model

through a union bound.

Proposition 2.1. For any online multi-item fulfillment problem, when γik “ 1 ´

1{
?
Sik ` 3 for each pair pi, kq, Algorithm 2 provides a γ-conservative method-acceptance

strategy with

γ “ 1 ´
|qmax|

?
s ` 3

,

where |qmax| denotes the size of the largest possible order and s “ min
iPI,kPK,Siką0

tSiku.

Proof of Proposition 2.1: We want to prove that Algorithm 2 is a γ-conservative

method-acceptance strategy, i.e.,

Ppaccepting the method at t | the method is of type mq ě γ,

with γ “ 1 ´ |qmax|{
?
s ` 3. Let us start by describing how our fulfillment setting

relates to each magician pi, kq problem in Definition 2.4. First, remember that

magician pi, kq in Definition 2.4 manages the consumption of inventory for item i in

facility k during the time horizon rT s. Now, note that this problem directly relates

to the original magician’s problem in Alaei (2014). Indeed, the amount of inventory
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Sik can be thought of as the number of magic wands available to the magician;

the decision about making the inventory available for fulfillment corresponds to the

decision of opening a box; and the consumption of inventory coincides with a magic

wand breaking in Alaei’s problem. Because of this correspondence, if we adopt the

magician’s strategy from Alaei (2014) for our problem in Definition 2.4, we have that,

whenever γik ď 1´1{
?
Sik ` 3, magician pi, kq never requires more than Sik inventory

and they are guaranteed an ex-ante probability (before the fulfillment process starts)

of at least γik of making the inventory available at any time period t. Assuming that

method type m is drawn at time t, note that each magician pi, kq makes the decision

independently of m, while the method-acceptance policy in Algorithm 2 makes the

decision based on the set of magicians pi, kq P m (which depends on m).

Formally, denoting by Atik “ tinventory pi, kq available for fulfillment at tu the

event in which magician pi, kq makes inventory i from facility k available for fulfillment

at time t, we have that, according to Algorithm 2, for any m P M and t P rT s

Ppaccepting the method at t | the method is of type mq
paq
“ P

¨

˝

č

pi,kqPm

Atik

˛

‚

pbq

ě 1 ´
ÿ

pi,kqPm

p1 ´ PpAtikqq

pcq

ě 1 ´
ÿ

pi,kqPm

p1 ´ γikq

pdq

ě 1 ´
|qmax|

?
s ` 3

,

where paq follows from the definition of Algorithm 2, pbq holds by using union bound,

pcq follows from (Alaei, 2014, Theorem 4) because Definition 2.4 is an instance of the

magician’s problem, and pdq holds by setting γik “ 1 ´ 1{
?
Sik ` 3 and the fact that

Sik ě s. This completes the proof. ■
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Now, note that our fulfillment strategy specified in Algorithm 1, together with the

γ-conservative method-acceptance strategy (specified in Algorithm 2) as a subroutine,

provides the following performance guarantee for our multi-item fulfillment setting.

Theorem 2.1. For any online multi-item fulfillment problem, when Algorithm 1 uses

Algorithm 2 as a subroutine in Step 2 of the online process, we obtain a fulfillment

strategy with a competitive ratio of at most

1 `
pκ ´ 1q|qmax|

?
s ` 3

, (2.16)

where |qmax| denotes the size of the largest possible order and s “ min
iPI,kPK,Siką0

tSiku.

Proof of Theorem 2.1: Let E rALG1pDqs denote the expected cost incurred by

Algorithm 1. Then, using the γ-conservative method-acceptance strategy defined in

Algorithm 2 with γ “ 1 ´ |qmax|{
?
s ` 3, we have that under Algorithm 1

E rALG1pDqs

E rOPTpDqs

paq

ď 1 ` pκ ´ 1qp1 ´ γq “ 1 `
pκ ´ 1q|qmax|

?
s ` 3

,

where paq follows from Lemma 2.2. This completes the proof. ■

There are a few points worth mentioning. First, the competitive ratio of our

fulfillment algorithm depends only on the largest possible order (in terms of variety

of items), the minimum inventory available for any item, and κ. In particular, the

bound does not depend on the number of items and order types. This independence

is important as, in practice, the number of items and order types are often very large,

as large e-retailers hold millions to hundreds of millions of item types in their facilities.

In Section 2.12.1, we also show how our analysis can be extended to establish a bound

that depends on the average order size rather than the maximum order size. Second,

the offline computation of our algorithm involves solving problem (2.10), which, even

though it is a linear program, may have too many decision variables. As we show
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in the next section, however, we can solve this problem approximately through a

supergradient method. We conclude this section by noting that our performance

guarantee continues to hold for a slight variation of Algorithm 2, described below.

Remark 2.1. In Algorithm 2, we accept a method m to fulfill i from k if all magicians

pi1, k1q P m make their inventory available. Otherwise, we reject method m. Our

performance guarantee established in Theorem 2.1 continues to hold if instead of

rejecting method m we fulfill pi, kq P m whose magicians have made their inventory

available. This slight variation of Algorithm 2 rejects fewer items and, in practice,

can perform better.

2.5 Approximately Solving the Offline Relaxation

In Algorithm 1, we need access to a solution ytm obtained through (2.14) after solving

(2.10) for allm P M, t P rT s. Given the combinatorial nature of our e-commerce model,

the number of variables in problem (2.10) scales with Op|Q||K||qmax|q, which can be

extremely large for many practical scenarios. Motivated by this, we first establish

a simple lemma that an approximate solution suffices for designing our algorithm

(and that the approximation factor directly carries over to the competitive ratio of

the algorithm). We then complement this observation by developing a supergradient

method to approximately solve problem (2.10).

Definition 2.5 (ϵ-approximation). Let tymumPM be an optimal solution to the LP

relaxation (2.10). The variables tŷmumPM form an ϵ-approximation solution to (2.10)

if they satisfy the constraints and

ÿ

qPQ

ÿ

m:m„q

cmŷm ď p1 ` ϵq
ÿ

qPQ

ÿ

m:m„q

cmym,

for some ϵ ą 0.
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Given this definition, we next show that our algorithm also works with an ϵ-

approximation of problem (2.10) (with a small sacrifice on the performance guarantee).

Lemma 2.3. For any online multi-item fulfillment problem, if we use an ϵ-approximation

of relaxation (2.10) in Algorithm 1, then the algorithm achieves a competitive ratio

of at most

p1 ` ϵqp1 ` pκ ´ 1qp1 ´ γqq.

2.5.1 A Supergradient Method to Solve Problem (2.10)

In this section, we develop an algorithm to obtain an ϵ-approximation solution to

problem (2.10). First, note that problem (2.10) reduces the number of variables by a

factor of T . However, it still has a large number of decision variables. This motivates

us to develop a supergradient method based on a Lagrangian relaxation, which we

define below.

Definition 2.6 (Lagrangian relaxation and dual). For λ “ tλikuiPI,kPK P R|I||K|

` ,

define the Lagrangian function Lpλ,xq :“
ř

qPQxc,xrqsy`
ř

iPI,kPK λikp
ř

m:pi,kqPm xm´

Sikq, and let

Lpλq :“ min
x

Lpλ,xq (2.17)

s.t.
ÿ

m:m„q

xm “ papqq, @q P Q,

xm P r0, T s, @m P M,

denote the Lagrangian relaxation of (2.10) with parameter λ. We also let L˚ :“

max
λPR|I||K|

`

Lpλq denote the Lagrangian dual of problem (2.10).

Note that weak and strong duality directly imply that

Lpλq ď L˚
“ OPTE.
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Given this relationship between the primal and the Lagrangian dual, we propose

Algorithm 3, a (projected) supergradient method for the Lagrangian dual that

generates an approximately optimal primal solution. Note that in (2.17) we need to

compute Lpλq for different values of λ, i.e., we need to solve a minimization problem

for each λ. Moreover, Lpλq is concave in λ. This motivates us to use a supergradient

method.

Now note that, although the number of variables in the minimization problem

(2.17) is large, this problem becomes separable in q. Indeed, we can rewrite (2.17),

after appropriate scaling of the decision variables, as

Lpλq “ min
x

ÿ

qPQ

papqq

¨

˝xc,xrqsy `
ÿ

iPq,kPK

λik
ÿ

m:pi,kqPm,m„q

xm

˛

‚´
ÿ

iPI,kPK

λikSik (2.18)

s.t.
ÿ

m:m„q

xm “ 1, @q P Q,

xm P r0, 1s, @m P M,

where the first term in the objective depends on x and the last term depends only on

λ. Next, for each q P Q, define

Lqpλq :“ min
xrqs

xc,xrqsy `
ÿ

iPq,kPK

λik

¨

˝

ÿ

m:pi,kqPm,m„q

xm

˛

‚ (2.19)

s.t.
ÿ

m:m„q

xm “ 1,

xm P r0, 1s, @m P M such that m „ q.

Then, we have

Lpλq “
ÿ

qPQ

papqqLqpλq ´
ÿ

iPI,kPK

λikSik. (2.20)

Given the decomposition in (2.20), in order to find the optimal solution of (2.17),

denoted by x˚pλq, it is enough to find an optimal solution of (2.19) for each q P Q.
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Moreover, note that now the number of decision variables in (2.19) is p|K| ` 1q|q| (for

a given order type q). This is much smaller than
ř

qPQp|K| ` 1q|q|, the number of

decision variables in (2.17), as Q can be very large. Therefore, solving (2.19) for each

individual q is considerably more efficient than solving (2.17) as one large LP.

Now, let gqpλq be a supergradient of Lqp¨q at λ. Then, because of (2.20), a

supergradient of Lpλq at λ is given by

Gpλq :“
ÿ

qPQ

papqqgqpλq ´ S,

where S “ pSikqiPI,kPK . We now state a simple and yet important lemma that finds a

supergradient of Lqp¨q at λ.

Lemma 2.4. Let q P Q be fixed and x˚rqspλq “ px˚
mpλq1tm „ quqmPM be an optimal

solution of Lqpλq. Then, for λ P R|I||K|

` ,

gqpλq “

¨

˝

ÿ

m:pi,kqPm,m„q

x˚
mpλq

˛

‚

iPI,kPK

is a supergradient of Lqp¨q at λ.

Given Lemma 2.4, we formally state our projected supergradient method as

Algorithm 3. As it turns out, Algorithm 3 can find approximate solutions to both the

primal and the (Lagrangian) dual formulations. Next, we formalize this statement

through a pair of propositions.

Proposition 2.2. Let C be a constant independent of J such that ∥Gpλpjqq∥22 ď

C ¨ OPTE for all j “ 1, . . . , J , and let

LpJq
avg :“ L

˜

1

J

J
ÿ

j“1

λpjq

¸

.

Then, given a step-size αJ (as defined in Algorithm 3), at iteration J , we have

L˚
´ LpJq

avg ď
∥λ˚∥22 ` α2

JJpC ¨ OPTEq

2αJJ
. (2.21)
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Algorithm 3 Projected supergradient method with fixed step-size

Input: Initialize λp1q “ 0, with 0 P R|I||K|

` , αJ P r0, 1s such that αJJ Ñ 8 and

αJ Ñ 0 as J Ñ 8.

For j “ 1, . . . , J :

1. For each q P Q, solve Lqpλ
pjqq in (2.19) to obtain an optimal xrqspjq :“ xrqspλpjqq.

2. Let Gpλpjqq “
ř

qPQ p
apqqgqpλ

pjqq ´ S, gqpλ
pjqq “

´

ř

m:pi,kqPm,m„q x
pjq
m

¯

iPI,kPK
;

3. Update λpj`1q “ maxt0,λpjq ` αJGpλpjqqu;

Output: x̄ :“ 1
J

řJ
j“1

´

ř

qPQ p
apqqxrqspjq

¯

.

Note that, as we show at the end of the proof of Proposition 2.2, the constant C

always exists as x˚pλq is bounded for any λ. Now, using equation (2.21) in Proposition

2.2, we have that at iteration J of Algorithm 3

0 ď L˚
´ LpJq

avg ď
∥λ˚∥22 ` α2

JJpC ¨ OPTEq

2αJJ
,

implying that, when αJJ Ñ 8 and αJ Ñ 0 as J Ñ 8, limJÑ8 L
pJq
avg “ L˚. This

shows the convergence of our supergradient method. Note that although the above

proposition suggests that Algorithm 3 can find an approximately optimal dual solution

(when, e.g., αJ “ 1{
?
J), we also need to find an optimal primal solution that is

feasible with respect to the inventory constraint. Next, we show that under some

mild assumptions, the average primal solution (up to iteration J) is guaranteed to

be close to be optimal, and it satisfies the inventory constraint approximately. We

formally state this in the next theorem.

Theorem 2.2. Let C be a constant independent of J such that ∥Gpλpjqq∥22 ď C ¨OPTE

for all j “ 1, . . . , J . Denote by x̄ “ 1
J

řJ
j“1

´

ř

qPQ p
apqqxrqspjq

¯

, where xrqspjq is
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defined as in Algorithm 3. Then, under Algorithm 3, we have that

xc, x̄y ď

ˆ

1 `
C

2
αJ

˙

OPTE, (2.22)

and for each i P I, k P K, and

ÿ

m:pi,kqPm

x̄m ´ Sik ď
C̄

?
JαJ

, (2.23)

for positive constants C, C̄ independent of J .

Again, note that, as we show at the end of the proof of Theorem 2.2, the constant

C̄ always exists (and the constant C is the one from Proposition 2.2). Moreover,

note that in Theorem 2.2, in order to balance the convergence rate of both (2.22)

and (2.23), we can choose the step-size to be αJ “ J´1{3, obtaining a convergence

rate of J´1{3. Because of this reason, in what follows, we will use αJ “ J´1{3 as our

step-size.

It is worth noting that, according to Theorem 2.2, the (scaled) average primal

solution x̄ computed by Algorithm 3 (at iteration J) is close to being optimal, i.e., it

is an ϵ-approximation. However, given (2.23), Theorem 2.2 does not guarantee that

x̄ satisfies the inventory constraint of problem (2.10). Fortunately, one can construct

a feasible solution for (2.10) as follows.

Let x̄ denote the output of Algorithm 3, i.e.

x̄ “
1

J

J
ÿ

j“1

ÿ

qPQ

papqqxrqspjq
“

˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqxpjq
m 1tm „ qu

¸

mPM

,

with each element denoted as x̄m, for m P M . Then, x̄ satisfies constraint (2.11) of
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problem (2.10). Indeed, for q1 P Q

ÿ

m:m„q1

x̄m “
ÿ

m:m„q1

˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqxpjq
m 1tm „ qu

¸

“
ÿ

mPM

˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqxpjq
m 1tm „ qu1tm „ q1

u

¸

“
1

J

J
ÿ

j“1

ÿ

qPQ

papqq

˜

ÿ

mPM

xpjq
m 1tm „ qu

¸

1tq “ q1
u

paq
“

1

J

J
ÿ

j“1

ÿ

qPQ

papqq1tq “ q1
u

“ papq1
q (2.24)

where paq holds because xrqspjq is a feasible solution to Lqpλ
pjqq at iteration j of

Algorithm 3 and so, by definition,
ř

m:m„q x
pjq
m “ 1. Given this, we now show how to

construct a solution for problem (2.10) that satisfies the inventory constraint. Let

x̄ “ tx̄mumPM be defined as before and let

τ :“ max

#

1, max
iPI,kPK,Siką0

ř

m:pi,kqPm x̄m

Sik

+

(2.25)

be its largest violation of the inventory constraint. For an order type q P Q and

denoting by m1pqq the discard method for q, define

ym “

$

’

&

’

%

x̄m ¨ τ´1 if m ‰ m1pqq

papqq ¨

´

1 ` τ´1 x̄m1pqq´
ř

m:m„q x̄m
ř

m:m„q x̄m

¯

if m “ m1pqq.

(2.26)

Then, tymumPM is feasible for problem (2.10). Indeed, for a given q P Q, we have that
ÿ

m:m„q

ym “ papqq.

Moreover,

ÿ

m:pi,kqPm

ym
paq
“

ÿ

m:pi,kqPm

x̄mτ
´1

pbq

ď Sik,
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where paq holds because the sum does not involve the discard method m1pqq (i.e., the

inventory constraint is automatically satisfied for the dummy facility); and pbq follows

from the definition of τ in (2.25).

Finally, we show that y “ tymumPM only results in a small sacrifice of the

competitive ratio of our fulfillment strategy. Our main result of this section is

formally stated next.

Theorem 2.3. Suppose we use y “ tymumPM as defined in (2.26) to find a feasible

solution to problem (2.10) in the offline process of Algorithm 1. Then, for any online

multi-item fulfillment problem, when Algorithm 1 uses Algorithm 2 as a subroutine in

Step 2 of the online process, we obtain a fulfillment strategy with a competitive ratio

of at most

ˆ

sJ1{3 ` κC̄

sJ1{3 ` C̄

˙ˆ

1 `
C

2J1{3

˙ˆ

1 `
pκ ´ 1q|qmax|

?
s ` 3

˙

. (2.27)

where J is the number of iterations of the supergradient method defined by Algorithm

3, and C̄ and C are some positive constants from Theorem 2.2 that are independent

of J . Alternatively, the competitive ratio is at most

p1 ` ϵq

ˆ

1 `
pκ ´ 1q|qmax|

?
s ` 3

˙

, (2.28)

with ϵ ď rCJ´1{3, where rC is some positive constant that is independent of J .

Note that, according to (2.27), as J (the number of iterations in Algorithm 3)

and s (the amount of minimum inventory) go to infinity, our fulfillment strategy

with the approximate solution is asymptotically optimal. It is also worth noting that

Theorem 2.3 implies a trade-off between computation and performance of our policy:

by increasing J we need more offline computations, but we obtain a better solution to

problem (2.10) and a better competitive ratio of our fulfillment strategy. Therefore,
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our analysis shows that there is a trade-off between the computations required to

obtain the online policy and its performance.

We finish this section by studying a problem raised by Jasin and Sinha (2015)

using our supergradient method. Specifically, in the additive cost framework of

Jasin and Sinha (2015) (described in Section 2.10), our method, combined with a

novel randomized rounding, leads to a policy that is asymptotically Oplog |qmax|q-

competitive and runs polynomially in |qmax|, |K| and |Q|.

Proposition 2.3. Consider the additive cost multi-item fulfillment framework. Then,

for this framework, there exists an algorithm that is asymptotically Oplog |qmax|q-

competitive, as s Ñ 8, where s is the minimum level of inventory for any item.

The details and the proof of the above result are provided in Section 2.10.2

(Theorem 2.5). In particular, in Section 2.10.2, we provide the explicit algorithm that

is asymptotically Oplog |qmax|q-competitive, as s Ñ 8. We obtain this result by first

considering the Lagrangian relaxation of the corresponding offline LP which allows

us to decompose this LP into problems that involve only a single order. Then, we

reformulate the decomposed LPs using the item-facility framework of Jasin and Sinha

(2015) and develop a novel sequential randomized rounding scheme to approximately

solve them.

2.6 Connection with Network Revenue Management

In this section, we discuss the connections and the implications of our analysis in the

network revenue management (NRM) literature. Network revenue management is a

class of online resource allocation problems in which items (or resources) with limited

inventories (or capacities) are sold to satisfy the orders of a stream of customers

arriving sequentially over time. Specifically, at each time period, a customer arrives

with an order for one or multiple types of items. If we fulfill the order request, we
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collect some revenue and consume the inventories corresponding to the items in the

order. The goal is to find a policy to decide which orders to accept in order to

maximize the total expected revenue over the entire selling horizon.

We consider the independent arrival model, with Dqt denoting the number of

arrivals of order type q at time t, i.e., Dqt is a Bernoulli random variable with success

probability ptpqq. Moreover, we let xtq P t0, 1u denote the binary variable representing

the offline decision of fulfilling order q at time t, i.e., xtq “ 1 if the platform fulfills

order q at time t and xtq “ 0, otherwise. We also denote by rq the revenue/reward for

fulfilling order type q. Then, the offline problem associated with a NRM problem can

be formulated as follows

max
x

ÿ

tPrT s

ÿ

qPQ

rqx
t
q (2.29)

s.t. xtq ď Dqt, @q P Q, t P rT s, (2.30)

ÿ

tPrT s

ÿ

q:iPq

xtq ď Si, @i P I, (2.31)

xtq P t0, 1u, @q P Q, t P rT s. (2.32)

In this formulation, the objective is the platform’s profit, which is the sum of collected

rewards from all periods; the set of constraints (2.30) ensures that we fulfill order q

only when it arrives, allowing the option of not fulfilling the order; and, finally, the

set of constraints (2.31) ensures that, over the entire time horizon rT s, we do not

fulfill orders using more than Si units of item i P I. The LP relaxation associated
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with (2.29) is

max
ÿ

tPrT s

ÿ

qPQ

rqx
t
q (2.33)

s.t. xtq ď ptpqq, @q P Q, t P rT s, (2.34)

ÿ

tPrT s

ÿ

q:iPq

xtq ď Si, @i P I, (2.35)

xtq P r0, 1s, @q P Q, t P rT s, (2.36)

where xtq now can be interpreted as the probability of fulfilling order type q at time t.

Note that, the standard NRM formulation may be viewed as a special case of our

fulfillment model that maximizes the revenue when there is a single facility and each

order can only be fully fulfilled or lost.

It is also worth mentioning that an important characteristic of NRM problems is the

trade-off between accepting an order to generate some immediate revenue and saving

inventories for potentially more profitable orders that can arrive in the future. Because

of this trade-off, in these types of problems, the focus is on accept/reject decisions

based on the available inventories. This closely relates to our method-acceptance

problem. More specifically, a NRM problem has a similar decision structure to our

method-acceptance problem, except that it does not assume the expected demand to

not exceed the available inventory. Given this connection between NRM problems

and our method-acceptance problem, we next show (in the proof) that Algorithm

4, using a γ-conservative method-acceptance strategy combined with randomization

(using the solution of the LP relaxation), directly implies a competitive ratio of at

least γ for NRM problems.

Proposition 2.4. For any network revenue management problem, when Algorithm 4

uses Algorithm 2 (in the special case with one facility) as a subroutine in Step 2 of
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Algorithm 4 Algorithm for NRM

Offline Process:

‚ Solve the expected LP in (2.33) to obtain ytq for all q P Q and t P rT s.

Online Process:

‚ For t “ 1, . . . , T :

Let q be the order that arrives at time t.

1. Draw Y t
q „ Bernoullipytq{ptpqqq.

2. If Y t
q “ 1, then decide whether to accept or reject order q using a γ-

conservative method-acceptance strategy. If Y t
q “ 0, reject order q.

the online process, we obtain a policy with a competitive ratio of at least

1 ´
|qmax|

?
s ` 3

,

with |qmax| denoting the size of the largest possible order and s “ min
iPI

tSiu ě |qmax|2´3.

We provide the proof of the above statement in Section 2.13. Note that Proposition

2.4 provides an algorithm for NRM problems whose competitive ratio depends on

|qmax| and s. It is worth highlighting that the state-of-the-art guarantees (in terms

of competitive ratio) for NRM problems are the ones by Ma et al. (2020) in which

the authors prove 1{p1 ` |qmax|q-competitiveness; and Baek and Ma (2022), where

the authors generalize and improve the 1{p1 ` |qmax|q result by exploiting particular

network structures (while also recovering the same guarantee as a special case). To the

best of our knowledge, Proposition 2.4 identifies the first algorithm with a competitive

ratio that depends on s and in which the ratio converges to 1 as s goes to infinity

(when |qmax| is fixed). Remember that s is the minimum level of inventory. The

condition of s ě |qmax|2 ´ 3 is to ensure that the competitive ratio is not vacuous.
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We should mention that this is a drawback of our analysis as the above bounds in

the literature work for any s. Extending the analysis so that the competitive ratio

becomes 1{p1`qmaxq for small s (similar to Ma et al. (2020) and Baek and Ma (2022))

and becomes asymptotically optimal as s Ñ 8 is an interesting future direction to

explore. When s is much larger than |qmax|, Proposition 2.4 provides a significantly

higher competitive ratio compared to the current results in the literature. Moreover,

Proposition 2.4 also implies that Algorithm 4 is asymptotically optimal in the classical

“fluid-scaling” regime, where both time and inventory are scaled to infinity.

2.7 Numerical Simulation

In this section, we perform numerical simulations to evaluate our magician-based policy

designed for the multi-item fulfillment model described in Section 4.2. Our primary

objective is to compare our policy with the state-of-the-art correlated rounding policy

of Ma (2023). This comparison is directed towards understanding the performance

implications of employing a distinct offline problem formulation (a method-based

formulation as opposed to an item-facility-based formulation), as described in (2.1). To

ensure consistency and relevance in our comparisons, we have aligned our simulation

environment as closely as possible with the framework utilized by Ma (2023). Our

experiments are conducted using the Python programming language and the Gurobipy

package. Details of our simulation environment, including data and code, are provided

in Section 2.11. Briefly, the simulation environment that we consider is similar to a

setup studied in Ma (2023), with an e-commerce network with the 10 largest U.S.

cities spread geographically across the country and 5 centrally located facility centers.

We assume that the online retailer has 20 different item types and let the time

horizon be T “ 1000. Order arrivals are i.i.d. and orders vary in size from 1 to

a maximum size nmax of either 2 or 5, with each order size having n0 “ 5 distinct

possible combination of items (orders of size zero, i.e., no order, are also considered).
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For each order size, a unique combination of items is randomly selected from I. Then,

for each combination of items, |J | orders are generated, one for each city, leading to

a total of |J |p1 ` nmaxn0q different order types.

Our parameterized policy. Remember that there are two main building blocks to our

policy: p1q the adoption of a probabilistic method-acceptance strategy; and p2q a

different formulation of the offline problem (with respect to Ma (2023)), which we

call method-based formulation. To isolate the impact of each of these building blocks,

we introduce a parametrized family of policies. Specifically, we define ν P r0, 1s to be

a constant that influences the conservativeness of each magician’s decision-making

process. This modification alters the description of Algorithm 2 by changing its

inputs from γik “ 1 ´ 1{
?
Sik ` 3 to rγik “ 1 ´ ν{

?
Sik ` 3. Recall that γik represents

the ex-ante probability (prior to any order arrivals) of magician pi, kq making their

inventory available for fulfillment. We change this probability to rγik, thus allowing

ν to effectively model the magicians’ decision-making conservativeness. Indeed, the

case of ν “ 0 corresponds to the “always accept” policy (i.e., the policy that always

accepts a method as long as there is sufficient inventory), characterized by minimal

conservativeness, while ν “ 1 fully captures our magician-based approach. For values

of ν P p0, 1q, this parameterized policy exhibits varying degrees of conservativeness,

bridging the two extremes. It is important to acknowledge, especially in the context

of the findings from Alaei (2014), that ν P p0, 1q does not guarantee the availability

of inventory until the end of the time horizon. Thus, this modification introduces

a heuristic element to our strategy, necessitating a flexible approach that includes

verifying the availability of inventory before fulfilling orders. By incorporating this

parameterization, our aim is to assess the robustness and practical effectiveness of

our fulfillment algorithm. In Table 2.2, we present the average cost of our policy

when the maximum number of items in an order are nmax “ 2 and nmax “ 5. These
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average costs are taken over 30 instances, where each instance differs by order types,

demand rates, and initial inventories (again, we refer to Section 2.11 for details), and

over 100 draws of sequences of order arrivals for each of instance. Finally, note that

in our numerical study, we use the variation of Algorithm 2, described in Remark 2.1

so that we do not incur any additional costs for pi, kq P m when some other magician

pi1, k1q P m does not make their inventory available.

To highlight the impact of adopting a probabilistic method-acceptance strategy,

we observe that in Table 2.2, by decreasing the conservativeness of every magician,

i.e., as ν decreases, our policy performs better. In particular, a policy that always

accepts methods as long as there is available inventory, i.e., when ν “ 0, has the best

performance. The reason for this observation is twofold. First, in our simulation,

the inventory level Sik for all i P I and k P K scales linearly in the time horizon T

and proportionally to the average demand. Therefore, the probability of running

out of inventory is small. This makes a more conservative magician-based method

acceptance policy less effective as it is designed to work for scarce resources and to

be oblivious to the time horizon (see Section 2.9 for more discussion of the original

magician problem). In particular, for this i.i.d. simulation setting, holding inventory

for the future offers no real value, making the magician-based method-acceptance

policy overly conservative. Second, the magician-based acceptance method is designed

to guarantee a competitive ratio for the worst case. This means that even in settings

where the lost sale is much larger than the cost of fulfilling an order and the orders

are arriving in an arbitrary way, the magician-based acceptance method guarantees

that we fulfill each order with a large enough probability. However, in practice and

in our numerical studies, the cost of not fulfilling an order is comparable to the cost

of fulfilling it, making smaller ν a better choice. For instance, in Jasin and Sinha

(2015) and Zhao et al. (2020), as well as in the more recent paper of Ma (2023),

the authors assume that each unfulfilled item incurs a lost-sale penalty cost equal
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to twice the maximum single-item cost. Finally, we observe that, although in the

i.i.d. order arrival setting the “always accept” policy outperforms the magician-based

policy, there are cases in which adopting a conservative approach is beneficial. For

example, when orders of larger size arrive later during the time horizon, our policy can

outperform the “always accept” policy. To verify this, we simulate arrival sequences in

which in the first tT {2u periods only orders of size 1 can arrive, and in the remaining

periods only orders of size larger than 1 can arrive. Under this setting, when ν “ 0.01

and when we use a γik-conservative magician policy for a pair pi, kq that is requested

throughout the entire time horizon, the expected cost of our magician-based policy

is 10418.54, while the cost of the “always accept” policy is 10418.98, providing a

reduction in cost of about 0.004%. The reason for this improvement is that magician

pi, kq is now used for inventory that is valuable (because it is high in demand), i.e.,

pi, kq is requested in multiple orders throughout the entire time horizon.

On the other hand, to highlight the impact of adopting a method-based offline

formulation, we observe that, for small values of ν (i.e., when the magicians are less

conservative), our policy outperforms that of Ma (2023) in terms of the expected cost.

Let us explain this difference and also compare the two policies from other perspectives.

The policy of Ma (2023) uses an item-facility offline formulation and achieves the

optimal competitive ratio with respect to that offline formulation. Instead, we use a

method-based offline formulation and show how to achieve a (not necessarily optimal)

competitive ratio with respect to that offline formulation. The gain of our policy

stems from this alternative formulation. However, as we have discussed earlier in the

chapter, this comes at the cost of requiring more computations to find the optimal

offline solution (that is needed for our policy). To see this, as shown in Table 2.3, for

nmax “ 5, the running time to find the optimal offline solution of our LP formulation

is .51 seconds while the running time to find the optimal offline solution to the LP

described in Ma (2023) is .17 seconds which is smaller. For larger values of nmax,
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solving our LP formulation takes even longer time, necessitating using other methods

such as the supergradient method we developed in Section 2.5. Moreover, note that in

Table 2.3, for convenience, the number of variables for our method-based formulation

are counted by only considering methods (as defined in Section 4.2) that could be

used for a given order type.

Table 2.2: Average costs with different ν and nmax values.

nmax Policy Cost

nmax “ 2

ν “ 0 8197.95

ν “ 0.01 8201.49

ν “ 0.1 8250.88

ν “ 1 9629.14

Ma (2023) 8316.76

nmax “ 5

ν “ 0 13001.67

ν “ 0.01 13014.65

ν “ 0.1 13180.19

ν “ 1 16390.24

Ma (2023) 14239.88

Table 2.3: Comparison of our LP and Ma (2023)’s LP for different nmax values.

nmax LP Runtime Opt. Value #Variables #Constraints

nmax “ 2
Method-based 0.003 7522.58 1425 210

Ma (2023) 0.017 7522.58 13860 1150

nmax “ 5
Method-based 0.528 11454.99 159488 360

Ma (2023) 0.177 11310.84 32760 5350
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2.8 Conclusion

In this chapter, we study the multi-item e-commerce fulfillment problem from the

literature. We propose a fulfillment policy for the problem that achieves 1 ` pκ ´

1q|qmax|{
?
s ` 3 competitive ratio, the first known non-asymptotic competitive ratio

that depends only on the order size, inventories and κ, the maximum ratio between

the cost of not fulfilling an order and the cost of fulfilling it with any other method.

In addition, our competitive ratio is independent of the number of item and order

types, and our analysis derives, to the best of our knowledge, the first non-asymptotic

approximation guarantee that is also asymptotically optimal under the so-called “fluid

scaling” regime.

Our approach to solving the multi-item fulfillment problem combines multiple

tools from different works of literature. First, we propose an algorithm that consists

of two key components: a probabilistic fulfillment step and an accept/reject step

(which we call method-acceptance problem). This accept/reject step helps us control

the on-hand inventory and connect key ideas in the fulfillment and prophet inequality

literature. Second, we apply the strategies from Alaei (2014) to show that one

can design a p1 ´ |qmax|{
?
s ` 3q-conservative method-acceptance strategy. Then,

we combine this strategy with probabilistic fulfillment to show that our algorithm

achieves the desired competitive ratio for the multi-item fulfillment problem. It is

important to note that our procedure does not require Alaei (2014)’s result. For

example, we can alternatively use k-unit OCRS as a subroutine, and our result can

be improved using the tight bound proved by Jiang et al. (2021). In general, we show

that as long as you have a γ-conservative method-acceptance strategy, one can achieve

a competitive ratio of 1` pκ´ 1qp1´γq (and when γ “ 1´ |qmax|{
?
s ` 3 this reduces

to our result). For simplicity of exposition, we adopt the closed-form guarantee from

Alaei (2014). In Section 2.6, we also note that a special case of our algorithm provides
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new asymptotically optimal bounds for network revenue management problems (see,

e.g., Ma et al., 2020; Baek and Ma, 2022) where the focus is on accept/reject decisions

about the available resources (see Section 2.6 for further details).

Finally, in order to perform the probabilistic fulfillment step, we develop a super-

gradient method to approximately solve the LP relaxation of the multi-item fulfillment

problem, which is computationally effective when p|K| ` 1q|q| is small for each order

q. A similar method, combined with a randomized rounding algorithm, also leads to

a policy that is asymptotically Oplog |qmax|q-competitive (as s Ñ 8) for the additive

cost multi-item fulfillment framework of Jasin and Sinha (2015), answering a question

raised by the authors. We note that a similar Oplog |qmax|q result was recently derived

by Ma (2023) using different techniques than ours.

We conclude by noting several interesting future directions to explore. For exam-

ple, in our model, we have considered the case in which we do not have replenishment

throughout the fulfillment process. An interesting future direction could be incor-

porating and modeling replenishment decisions in our fulfillment policy. As another

example, we assumed that the platform only knows the distribution of the arriving

orders and has no additional information about their arrival. In many online settings,

however, the platform may have partial information about the arrival of orders.

Modeling this additional information in our framework and incorporating it in the

fulfillment strategy is an exciting future direction to explore.

2.9 A γik-Conservative Strategy for the Magician pi, kq Problem

In this section, we present a self-contained overview of a γik-conservative strategy for

the magician pi, kq problem presented in Definition 2.4. We first describe the original

magician problem from Alaei (2014) and then show the details of one such strategy

for Definition 2.4, inspired by Alaei (2014).
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Magician problem. Alaei (2014) describes the magician problem as follows:

A magician is presented with a sequence of boxes one by one, in an online fashion.

There is a prize hidden in one of the boxes. The magician has k magic wands that

can be used to open the boxes. If a wand is used on box i, it opens, but with a

probability of at most xi, which is written on the box, the wand breaks. The magician

wants to maximize the probability of collecting the prize, but the sequence of boxes,

the written probabilities, and the box in which the prize is hidden are arranged by

a villain, and the magician has no prior information about them. However, it is

guaranteed that
ř

i xi ď k and that the villain has to prepare the sequence of boxes

in advance.

Alaei (2014) presents a strategy, called γ-conservative strategy, that guarantees

that the probability of finding the prize is at least γ “ 1 ´ 1?
k`3

. This strategy works

for any number of boxes n and any number of wands k (that can potentially be much

smaller than n). Moreover, this strategy does not require the knowledge of n and

works as long as the inequality
ř

i xi ď k holds.

We next explain the high-level connection between the above problem and our

fulfillment problem and then provide the details. The connection is not so much in

the description of the two problems but rather in the solution used for solving the

two. In particular, in the magician problem, because the magician does not know

the whereabouts of the prize, the solution (i.e., the magician’s strategy) must be

conservative to guarantee that the probability of opening each box is large (so that the

probability of collecting the reward is large), knowing that the magician has a limited

number of wands. Now, in our fulfillment problem, the solution must be conservative

so that we guarantee to fulfill any arriving order with a large probability, knowing

that we have limited inventory. We next formalize this connection and introduce a

conservative strategy for any item-facility pair pi, kq.
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γik-conservative strategy. For this strategy, we assume that we can solve (at least ap-

proximately) the expected LP in (2.10) and obtain the corresponding y “ tytmumPM,tPrT s

through (2.14). See Section 2.5 for the details of how to solve (2.10) approximately.

For each magician pi, kq in Definition 2.4, let µtik “
ř

m:pi,kqPm y
t
m and let W t

ik

denote the number of consumed inventory pi, kq (i.e. of item i from facility k) prior

to period t. Then, magician pi, kq makes a decision about making their inventory

available for fulfillment by comparing W t
ik and a threshold θtik in the following way:

$

’

’

’

&

’

’

’

%

make pi, kq available if W t
ik ă θtik;

make pi, kq available with some probability (to be defined) if W t
ik “ θtik;

do not make pi, kq available if W t
ik ą θtik.

Magician pi, kq chooses θtik to be the smallest threshold l such that PpW t
ik ď lq ě γik,

where the probability PpW t
ik ď lq can be computed before period t for any l (because

of the definition of W t
ik). Formally, let FW t

ik
plq “ PpW t

ik ď lq be the CDF of the

random variable W t
ik and let Atik be the indicator variable which is 1 if and only

if magician pi, kq makes their inventory available at time t. Then, we can rewrite

the probability with which magician pi, kq should make their inventory available,

conditional on W t
ik, as follows:

PpAtik “ 1 | W t
ikq “

$

’

’

’

’

&

’

’

’

’

%

1 if W t
ik ă θtik;

pγik ´ FW t
ik

pθtik ´ 1qq{pFW t
ik

pθtikq ´ FW t
ik

pθtik ´ 1qq if W t
ik “ θtik;

0 if W t
ik ą θtik;

θtik “ min
!

l : FW t
ik

plq ě γik

)

.

Note that the threshold θtik can be computed before period t (because of the

definition of FW t
ik

p¨q). Now, define atlik :“ PpAtik “ 1 | W t
ik “ lq. Then, it is easy to see

that the CDF of W
pt`1q

ik can be computed from the CDF of W t
ik and µtik as follows
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(assuming µtik is the exact probability of consuming the inventory at time t):

F
W

pt`1q

ik
plq “

$

’

’

’

’

&

’

’

’

’

%

atlikµ
t
ikFW t

ik
pl ´ 1q ` p1 ´ atlikµ

t
ikqFW t

ik
plq if t ě 1, l ě 0;

1 if t “ 0, l ě 0.

0 otherwise.

Moreover, if each µtik is just an upper bound on the probability of consuming the

inventory at time t, then the above definition of FW t
ik
stochastically dominates the

actual CDF of W t
ik (i.e. FW t

ik
plq ď PpW t

ik ď lq for all l), and magician pi, kq makes

their inventory available with probability at least γik. This can be proven formally

by induction. Indeed, the base case t “ 1 trivially holds (because both quantities are

1). Suppose now that the inequality holds for t ě 1. We prove that it holds for t ` 1

as follows:

PpW
pt`1q

ik ď lq ě PpW t
ik ď l ´ 1q ` PpW t

ik “ lqp1 ´ atlikµ
t
ikq

“ PpW t
ik ď l ´ 1q ` rPpW t

ik ď lq ´ PpW t
ik ď l ´ 1qsp1 ´ atlikµ

t
ikq

“ PpW t
ik ď l ´ 1qatlikµ

t
ik ` PpW t

ik ď lqp1 ´ atlikµ
t
ikq

ě FW t
ik

pl ´ 1qatlikµ
t
ik ` FW t

ik
plqp1 ´ atlikµ

t
ikq “ F

W
pt`1q

ik
plq.

Finally, note that the randomization probability (in the case in which W t
ik “ θtik)

is defined in a way so that the ex-ante probability of opening each box is at least γik.

Indeed,

PpAtik “ 1q “

t´1
ÿ

l“0

atlikPpW t
ik “ lq “

θtik
ÿ

l“0

atlikPpW t
ik “ lq

“ PpW t
ik ă θtikq ` a

tθtik
ik PpW t

ik “ θtikq

“ PpW t
ik ď θtik ´ 1q ` a

tθtik
ik rPpW t

ik ď θtikq ´ PpW t
ik ď θtik ´ 1qs

ě p1 ´ a
tθtik
ik qFW t

ik
pθtik ´ 1q ` a

tθtik
ik FW t

ik
pθtikq

“ FW t
ik

pθtik ´ 1q ` a
tθtik
ik rFW t

ik
pθtikq ´ FW t

ik
pθtik ´ 1qs “ γik.
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Under this strategy, (Alaei, 2014, Theorem 4) guarantees that, whenever γik ď

1 ´ 1{
?
Sik ` 3, magician pi, kq never requires more than Sik inventory and they are

guaranteed an ex-ante probability (before the fulfillment process starts) of at least

γik of making the inventory available at any time period t.

2.10 Item-Facility-Based Model of Jasin and Sinha (2015)

In Jasin and Sinha (2015), the authors assume that the cost for each method m can

be decomposed into fixed and variable costs of shipping items from facilities. We

can adopt the same assumption in our method-based framework as follows. For a

given method m, define Km :“ tk P K : pi, kq P mu to be the set of facilities used for

fulfillment by method m. Then, the cost of using method m for its corresponding

order type can be written as:

cm “
ÿ

pi,kqPm

vqik `
ÿ

kPKm

bqk, (2.37)

where vqik and bqk denote the unit variable cost and the fixed cost associated with

shipping items from facility k to the location where order type q is placed, respectively.

Therefore, changing the variables xtm to xqtik (with xqtik denoting the binary variable

representing the decision of shipping item i from facility k to satisfy order type q at

time t), and defining uqik :“
ř

m:m„q 1tpi, kq P mu and wqk :“
ř

m:m„q 1tk P Kmu (used

in objective 2.38 to avoid over-counting of fixed and variable costs whenever xqtik “ 1

and pair pi, kq is in more than one method for order type q), our offline problem can
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be reformulated as follows:

min
x

ÿ

tPrT s

ÿ

qPQ

ÿ

m:m„q

¨

˝

ÿ

pi,kqPm

1

uqik
vqikx

qt
ik `

ÿ

kPKm

1

wqk
bqkmax

iPq
xqtik

˛

‚ (2.38)

s.t.
ÿ

kPK

xqtik “ Dqt, @i P q, q P Q, t P rT s,

ÿ

tPrT s

ÿ

qQi

xqtik ď Sik, @i P I, k P K,

xqtik P t0, 1u, @i P I, k P K, q P Q, t P rT s.

Now, note that there is a close connection between xtm and the decision variables

txqtikuiPI,kPK in the item-facility based model of Jasin and Sinha (2015): for a given

method m for order type q, we have that whenever xtm “ 1, then xqtik “ 1 for pi, kq P m

and xqtik “ 0, otherwise. We further discuss this connection in the next section.

2.10.1 Sequential Randomized Rounding Algorithm

In this section, we show how our supergradient method leads to a policy that is asymp-

totically Oplog |qmax|q-competitive (as s Ñ 8) for the general multi-item fulfillment

framework of Jasin and Sinha (2015), which specifically write: “... this still leaves

open a gap between our competitive ratio of ErBp|Q|qs and the inapproximability

threshold of Ωplog |Q|q. The standard techniques used to approximate the set cover

problem do not directly extend to our problem; the main difficulty lies in the capacity

constraints. Reducing this gap remains an open question.”

In Section 2.5, we showed how to obtain a computationally viable method for

approximately solving (2.10) through a supergradient method for its dual problem

(as (2.10) decomposes into many smaller LPs under a Lagrangian relaxation). For

the reader’s convenience, we rewrite here the Lagrangian relaxation that we want to

solve and its decomposition into smaller LPs. For λ “ tλikuiPI,kPK P R|I||K|

` , we define

the Lagrangian function Lpλ,xq :“
ř

qPQxc,xrqsy `
ř

iPI,kPK λikp
ř

m:pi,kqPm xm ´ Sikq,
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and the Lagrangian relaxation as follows:

Lpλq :“ min
x

Lpλ,xq (2.39)

s.t.
ÿ

m:m„q

xm “ papqq, @q P Q,

xm P r0, T s, @m P M.

As noted in (2.18), the above Lagrangian relaxation can be rewritten as:

Lpλq “ min
x

ÿ

qPQ

papqq

¨

˝xc,xrqsy `
ÿ

iPq,kPK

λik
ÿ

m:pi,kqPm,m„q

xm

˛

‚´
ÿ

iPI,kPK

λikSik

s.t.
ÿ

m:m„q

xm “ 1, @q P Q,

xm P r0, 1s, @m P M.

Moreover, one can check that

Lpλq “
ÿ

qPQ

papqqLqpλq ´
ÿ

iPI,kPK

λikSik,

where, for each q P Q,

Lqpλq :“ min
xrqs

xc,xrqsy `
ÿ

iPq,kPK

λik

¨

˝

ÿ

m:pi,kqPm,m„q

xm

˛

‚ (2.40)

s.t.
ÿ

m:m„q

xm “ 1,

xm P r0, 1s, @m P M such that m „ q.

This shows that (2.39) decomposes across Q into smaller LPs of the form in (2.40).

It is easy to check now that (2.40) has an optimal solution that has only one positive

component (by selecting the method m „ q with the least coefficient). Therefore,
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problem (2.40) is equivalent to

min
xrqs

xc,xrqsy `
ÿ

iPq,kPK

λik

¨

˝

ÿ

m:pi,kqPm,m„q

xm

˛

‚ (2.41)

s.t.
ÿ

m:m„q

xm “ 1,

xm P t0, 1u, @m such that m „ q.

Now, in turn, this minimization problem is equivalent to:

min
txqiku

ÿ

m:m„q

˜

ÿ

iPq,kPK

1

uqik
vqikx

q
ik1tpi, kq P mu `

ÿ

kPKm

1

wqk
bqkmax

iPq
xqik

¸

` (2.42)

`
ÿ

iPq,kPK

λik
1

uqik

˜

ÿ

m:m„q

1tpi, kq P mu

¸

xqik (2.43)

s.t.
ÿ

kPK

xqik “ 1, @i P q,

xqik P t0, 1u, @i P q, k P K,

where vqik and bqk are defined as in (2.37). Indeed, let xm˚ “ 1 and xm “ 0 for all

m ‰ m˚ be the optimal solution to (2.41). Then, one can check that the feasible

solution to problem (2.42) defined as xqik “ 1 for all pi, kq P m˚ and xqik “ 0 otherwise,

yields the same objective as (2.41). To see this, first note that, for each k P Km˚ ,

there exists some i P q such that pi, kq P m˚, i.e., maxiPq x
q
ik “ 1. Thus, using the fact

that cm˚ “
ř

iPq,kPK v
q
ik1tpi, kq P m˚u `

ř

kPKm˚
bqk, and remembering that uqik and wqk

are used to avoid over-counting of costs, we see that the objective of (2.42) matches

the one of (2.41). Therefore, the optimal value of (2.42) is less or equal than the

optimal value of (2.41). We now prove the converse. In order to do that, first, note
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that problem (2.42) can be rewritten as:

min
txqiku

ÿ

iPq,kPK

1

uqik

˜

ÿ

m:m„q

1tpi, kq P mu

¸

pvqik ` λikqxqik` (2.44)

`
ÿ

kPK

1

wqk

˜

ÿ

m:m„q

1tk P Kmu

¸

bqkmax
iPq

xqik (2.45)

s.t.
ÿ

kPK

xqik “ 1, @i P q,

xqik P t0, 1u, @i P q, k P K,

where the first term in the objective depends on xqik and the second on maxiPq x
q
ik.

Now, given the first constraint, we have that for any i P q, there exists a unique ki P K

such that xqiki “ 1 and xqik “ 0 for any k ‰ ki. Then, defining m
˚ “ tpi, kiq : i P qu,

one can check that the feasible solution to problem (2.41) defined as xm˚ “ 1 and

xm “ 0 for all m ‰ m˚, yields the same objective as (2.42).

Next, we develop an approximation algorithm through sequential randomized

rounding to solve problem (2.44). For a comprehensive review of randomized rounding

algorithms, we refer Williamson and Shmoys (2011) to the interested reader. Let us

rewrite problem (2.44) (after linearizing the maximum) as follows:

OPTq :“ min
ÿ

iPq,kPK

aikx
q
ik `

ÿ

kPK

bkz
q
k (2.46)

s.t.
ÿ

kPK

xqik ě 1, @i P q, (2.47)

zqk ě xqik, @i P q, k P K, (2.48)

xqik P t0, 1u, @i P q, k P K, (2.49)

for some aik ě 0 for i P q, k P K and bk ě 0 for k P K. Relaxing the integer constraint
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of problem (2.46), we obtain

V q :“ min
ÿ

iPq,kPK

aikx
q
ik `

ÿ

kPK

bkz
q
k (2.50)

s.t.
ÿ

kPK

xqik ě 1, @i P q, (2.51)

zqk ě xqik, @i P q, k P K, (2.52)

xqik P r0, 1s, @i P q, k P K, (2.53)

so that, by definition, V q ď OPTq. Then, we can prove the following.

Theorem 2.4. For each fixed q P Q, consider Algorithm 5 which takes an optimal

basic feasible solution of (2.50) as input. Then, Algorithm 5 finds a solution that

is feasible for (2.46) with probability at least 1 ´ 1{|q|, and, for any constant θ ą 2,

the cost of the feasible solution is at most θ8 logp|q|qOPTq with probability at least

1 ´ 2{θ.

Proof of Theorem 2.4: Let q P Q be given and consider iteration j of Algorithm 5.

Define independent random variables w
pjq

k „ Bernoullipzq˚

k q for each k P K and

y
pjq

ik “

$

&

%

w
pjq

k if xq˚

ik ě 1
2
zq˚

k ;

0 otherwise.

Note that, for each i P q, k P K, the probability of violating constraints (2.48) is

zero, while the probability of violating constraints (2.47) at iteration j can be upper

bounded as follows:

P

˜

ÿ

kPK

y
pjq

ik ă 1

¸

“
ź

kPK

p1 ´ Ppy
pjq

ik “ 1qq

ď e´
ř

kPK Ppy
pjq

ik “1q

“ e´
ř

kPK zq˚

k 1txq˚

ik ě 1
2
zq˚

k u.
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Algorithm 5 Sequential randomized rounding algorithm

Input: pxq˚

ik qiPq,kPK and pzq˚

k qkPK optimal basic feasible solution to (2.50).

Define x̃qik “ 0, z̃qk “ 0, for all i P q, k P K.

For j “ 1, . . . , 4 logp|q|q:

1. For k P K, let w
pjq

k “ 1 with probability zq˚

k and zero otherwise. Update

z̃qk “ z̃qk ` w
pjq

k .

2. For i P q, k P K, let y
pjq

ik “ w
pjq

k if xq˚

ik ě 1
2
zq˚

k and zero otherwise. Update

x̃qik “ x̃qik ` y
pjq

ik .

Update x̃qik “ mint1, x̃qiku, z̃qk “ mint1, z̃qku, for all i P q k P K.

Output: px̃qikqiPq,kPK and pz̃qkqkPK .

We now show that
ř

kPK z
q˚

k 1txq˚

ik ě 1
2
zq˚

k u ě 1
2
for any i P q. First, note that if

zq˚

k “ xq˚

ik for all k, then
ř

kPK z
q˚

k 1txq˚

ik ě 1
2
zq˚

k u ě 1 (by constraint (2.51)) and so
ř

kPK z
q˚

k 1txq˚

ik ě 1
2
zq˚

k u ě 1
2
holds true. Next, we prove the following claim.

Claim 1: In problem (2.50), there exists a solution such that, for any i P q, there

exists at most one ki P K such that zq˚

ki
ą xq˚

iki
ą 0.

Proof of Claim 1: Suppose, by contradiction, that there exist ki and k
1
i such that

zq˚

ki
ą xq˚

iki
ą 0 and zq˚

k1
i

ą xq˚

ik1
i

ą 0. First, assume that aiki ă aik1
i
. Then, for some

ϵ ą 0, the feasible solution xq˚

ik1
i

´ ϵ and xq˚

iki
` ϵ decreases the objective. But this

is impossible, since pxq˚

ik qiPq,kPK and pzq˚

k qkPK were assumed to be optimal (the case

aiki ą aik1
i
can be proven similarly). Suppose now that aiki “ aik1

i
. Then, for some

ϵ ą 0, there are two feasible solutions xq˚

ik1
i

´ ϵ, xq˚

iki
` ϵ, and xq˚

ik1
i

` ϵ, xq˚

iki
´ ϵ, with the

same objective. Thus, the feasible solution pxq˚

ik qiPq,kPK can be rewritten as a convex

combination of two other solutions, which is impossible because we assumed that our
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solution is a basic feasible solution. This proves the claim. ■

Now, for any i P q such that there exists ki P K with z˚
ki

ą xq˚

iki
, we have two cases:

1. If xq˚

iki
ă 1

2
, then

ř

kPK z
q˚

k 1txq˚

ik ě 1
2
zq˚

k u ě
ř

k‰ki
zq˚

k 1txq˚

ik ě 1
2
zq˚

k u “
ř

k‰ki
xq˚

ik ą

1
2
, where the last inequality holds because of constraint (2.51) and the fact that

xq˚

iki
ă 1

2
.

2. If xq˚

iki
ě 1

2
, then

ř

kPK z
q˚

k 1txq˚

ik ě 1
2
zq˚

k u ě z˚
ki
1txq˚

iki
ě 1

2
z˚
ki

u “ z˚
ki

ą xq˚

iki
ě 1

2
.

Therefore, we have that, for any i P q, the probability of violating constraints (2.47)

at iteration j can be upper bounded as follows:

P

˜

ÿ

kPK

y
pjq

ik ă 1

¸

ď
1

?
e
.

According to Algorithm 5, we repeat the above process for 4 logp|q|q times. There-

fore, for each i P q, we have that

P

˜

4 logp|q|q
ÿ

j“1

ÿ

kPK

y
pjq

ik ă 1

¸

“ P

˜

ÿ

kPK

y
pjq

ik ă 1

¸4 logp|q|q

ď

ˆ

1
?
e

˙4 logp|q|q

“
1

|q|2

Finally, the probability that Algorithm 5 finds a solution that is not feasible can

be bounded as follows

P

˜

Di P q :

4 logp|q|q
ÿ

j“1

ÿ

kPK

y
pjq

ik ă 1

¸

ď
ÿ

iPq

P

˜

4 logp|q|q
ÿ

j“1

ÿ

kPK

y
pjq

ik ă 1

¸

ď
|q|

|q|2
“

1

|q|
,

i.e., the probability that Algorithm 5 finds a feasible solution is at least 1 ´ 1{|q|.

Now, note that

E

«

ÿ

iPq,kPK

aiky
pjq

ik `
ÿ

kPK

bkw
pjq

k

ff

“
ÿ

iPq,kPK

aikz
q˚

k 1txq˚

ik ě
1

2
zq˚

k u `
ÿ

kPK

bkz
q˚

k

ď 2

«

ÿ

iPq,kPK

aikx
q˚

ik `
ÿ

kPK

bkz
q˚

k

ff

“ 2V q
ď 2OPTq,
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and, moreover, the cost of the resulting solution returned by Algorithm 5 can be

bounded by

E

«

ÿ

iPq,kPK

aikmin

#

1,

4 logp|q|q
ÿ

j“1

y
pjq

ik

+

`
ÿ

kPK

bkmin

#

1,

4 logp|q|q
ÿ

j“1

w
pjq

k

+ff

ď

4 logp|q|q
ÿ

j“1

E

«

ÿ

iPq,kPK

aiky
pjq

ik `
ÿ

kPK

bkw
pjq

k

ff

ď 4 logp|q|q2V q
ď 8 logp|q|qOPTq.

Thus, by Markov inequality, we have that for some constant θ ą 2

P

˜

ÿ

iPq,kPK

aikx̃
q
ik `

ÿ

kPK

bkz̃
q
k ě θ ¨ 8 logp|q|qOPTq

¸

ď
1

θ
,

and so, for a feasible solution, we have

P

˜

ÿ

iPq,kPK

aikx̃
q
ik `

ÿ

kPK

bkz̃
q
k ě θ ¨ 8 logp|q|qOPTq

| px̃qikqiPq,kPK , pz̃qkqkPK feasible

¸

ď

P
´

ř

iPq,kPK aikx̃
q
ik `

ř

kPK bkz̃
q
k ě θ ¨ 8 logp|q|qOPTq

¯

Pppx̃qikqiPq,kPK , pz̃qkqkPK feasibleq
ď

1{θ

1 ´ 1{|q|
.

Thus, because |q| ě 2, we have that the probability that the cost of a feasible solution

is greater than θ8 logp|q|qOPTq is at most 2{θ. Therefore, the probability of obtaining

a feasible solution with cost less than θ8 logp|q|qOPTq is at least

P

˜

ÿ

iPq,kPK

aikx̃
q
ik `

ÿ

kPK

bkz̃
q
k ă θ ¨ 8 logp|q|qOPTq

| px̃qikqiPq,kPK , pz̃qkqkPK feasible

¸

“ 1 ´ P

˜

ÿ

iPq,kPK

aikx̃
q
ik `

ÿ

kPK

bkz̃
q
k ě θ ¨ 8 logp|q|qOPTq

| px̃qikqiPq,kPK , pz̃qkqkPK feasible

¸

ě 1 ´
2

θ
.

This completes the proof. ■
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2.10.2 Proof of Proposition 2.3

In this section, we present a supergradient method for finding the primal solution

of (2.10) when we only have access to an approximately optimal feasible solution

(and not the optimal solution) of Lqpλq. We then study the competitive ratio of our

fulfillment strategy in this setting. Finally, we show that, using Theorem 2.4 from

section 2.10.1, one can obtain a policy that is asymptotically Oplog |qmax|q-competitive

(as s Ñ 8).

Proposition 2.5. Denote by Lqpλ,xrqsq the objective of Lqpλq at xrqs. Let xrqspjq

be a randomized feasible solution to Lqpλ
pjqq at iteration j of Algorithm 6 such that

Lqpλ
pjq,xrqspjq

q ď βLqpλ
pjq

q

for some β ą 1. Let C be a constant independent of J such that ∥Gpλpjqq∥22 ď C ¨

OPTE for all j “ 1, . . . , J and let αJ “ J´1{3. Denote by x̄ “ 1
J

řJ
j“1

´

ř

qPQ p
apqqxrqspjq

¯

.

Then, under Algorithm 6 we have that

@

c, β´1x̄
D

ď

ˆ

1 `
C

2J1{3

˙

OPTE. (2.54)

Moreover, for each i P I, k P K

ÿ

m:pi,kqPm

β´1x̄m ´ Sik ď
C̄

J1{3
, (2.55)

for some positive constant C̄ independent of J .

Proof of Proposition 2.5

Under Algorithm 6, we have that at iteration j

∥λpj`1q∥22
paq

ď ∥λpjq
` αJGpλpjq

q∥22

“ ∥λpjq∥22 ` α2
J∥Gpλpjq

q∥22 ` 2αJxλpjq, Gpλpjq
qy, (2.56)
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Algorithm 6 Projected supergradient method with fixed step-size

Input: Initialize λp1q “ 0, with 0 P R|I||K|

` , αJ P r0, 1s such that αJJ Ñ 8 and

αJ Ñ 0 as J Ñ 8, β as in Proposition 2.5.

For j “ 1, . . . , J :

1. For each q P Q, run Algorithm 5 until you find a feasible solution xrqspjq :“

x˚rqspλpjqq for (2.40) whose cost is at most βLqpλ
pjqq, where β “ 32 logp|qmax|q;

2. Choose Gpλpjqq “ β´1
ř

qPQ p
apqqgpxrqspjqq ´ S, with gpxrqspjqq “

´

ř

m:pi,kqPm,m„q x
pjq
m

¯

iPI,kPK

3. Update λpj`1q “ maxt0,λpjq ` αJGpλpjqqu;

where paq holds because of update rule λpj`1q “ maxt0,λpjq ` αJGpλpjqqu. Thus,

2αJxλpjq, Gpλpjq
qy ě ∥λpj`1q∥22 ´ ∥λpjq∥22 ´ α2

J∥Gpλpjq
q∥22. (2.57)

Moreover, note that at any iteration j, we have

Lpλ˚
q ě Lpλpjq

q
paq
“

ÿ

qPQ

papqqLqpλ
pjq

q ´ xλpjq,Sy

pbq

ě
ÿ

qPQ

papqqβ´1Lqpλ
pjq,xrqspjq

q ´ xλpjq,Sy

pcq
“

ÿ

qPQ

papqqβ´1
`

xc,xrqspjq
y ` xλpjq, gpxrqspjq

qy
˘

´ xλpjq,Sy

pdq
“

ÿ

qPQ

papqqβ´1
@

c,xrqspjq
D

`
@

λpjq, Gpλpjq
q
D

, (2.58)

where paq holds by the decomposition (2.20); pbq follows from our assumption on

Lqpλ
pjqq; pcq holds by definition of Lqpλ

pjq,xrqspjqq; and pdq follows from the definition

of Gpλpjqq (in Algorithm 6). Thus, we have that at iteration j

Lpλ˚
q ´

ÿ

qPQ

papqqβ´1
@

c,xrqspjq
D

ě
@

λpjq, Gpλpjq
q
D

. (2.59)
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This implies that at iteration j

Lpλ˚
q ´

ÿ

qPQ

papqqβ´1
@

c,xrqspjq
D

ě xλpjq, Gpλpjq
qy

paq

ě
1

2αJ

`

∥λpj`1q∥22 ´ ∥λpjq∥22 ´ α2
J∥Gpλpjq

q∥22
˘

,

where paq holds by using (2.57). Therefore, after averaging over all j “ 1, . . . , J

iterations and using the definition of x̄, we have that

OPTE ´
@

c, β´1x̄
D

“ Lpλ˚
q ´

@

c, β´1x̄
D

ě
1

2JαJ

˜

∥λpJ`1q∥22 ´ ∥λp1q∥22 ´ α2
J

J
ÿ

j“1

∥Gpλpjq
q∥22

¸

paq

ě ´
C ¨ OPTE

2
αJ ,

where paq holds because λp1q “ 0 and by the assumption ∥Gpλpjqq∥22 ď C ¨ OPTE.

Rearranging the terms, we have, for αJ “ J´1{3

@

c, β´1x̄
D

ď

ˆ

1 `
C

2J1{3

˙

OPTE.

We now prove (2.55). First note that from (2.56)

∥λpj`1q∥22 ď ∥λpjq∥22 ` α2
J∥Gpλpjq

q∥22 ` 2αJxλpjq, Gpλpjq
qy, (2.60)

and, from (2.59), OPTE “ Lpλ˚q ě
ř

qPQ p
apqqβ´1

@

c,xrqspjq
D

`xλpjq, Gpλpjqqy. Thus,

for any j,

xλpjq, Gpλpjq
qy ď OPTE ´

ÿ

qPQ

papqqβ´1
@

c,xrqspjq
D

ď OPTE.

Let Ĉ “ OPTE. Since OPTE is independent of the number of iterations J ,

xλpjq, Gpλpjqqy ď Ĉ. Hence, from (2.60), we have that at iteration j

∥λpj`1q∥22 ď ∥λpjq∥22 ` α2
JpC ¨ OPTEq ` 2αJĈ. (2.61)
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Summing the previous inequality over all J iterations (and using the fact that

λp1q “ 0), we obtain

∥λpJ`1q∥22 ď Jα2
JpC ¨ OPTEq ` 2JαJĈ.

In other terms, we have that

1

J2α2
J

∥λpJ`1q∥22 ď
1

J
pC ¨ OPTEq `

1

JαJ
2Ĉ. (2.62)

Now, note that at iteration j we have

λpj`1q
“ maxt0,λpjq

` αJGpλpjq
qu ě λpjq

` αJGpλpjq
q,

i.e.,

λpj`1q
´ λpjq

ě αJGpλpjq
q.

Averaging the previous inequality over all J iterations (and using the fact that

λp1q “ 0), we obtain

λpJ`1q

J
ě αJ

1

J

J
ÿ

j“1

Gpλpjq
q “ αJβ

´1

˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqgpxrqspjq
q

¸

´ S. (2.63)

Moreover, note that for any i P I and k P K,

1

J

J
ÿ

j“1

ÿ

qPQ

papqq

¨

˝

ÿ

m:pi,kqPm,m„q

xpjq
m

˛

‚“
ÿ

m:pi,kqPm

˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqxpjq
m 1tm „ qu

¸

“
ÿ

m:pi,kqPm

x̄m,

where the last equality holds by definition of x̄. Therefore, for any i P I and k P K,

we have that

ÿ

m:pi,kqPm

β´1x̄m ´ Sik
paq

ď
λ

pJ`1q

ik

JαJ
ď

∥λpJ`1q∥2
JαJ

pbq

ď

c

1

J
pC ¨ OPTEq `

1

JαJ
2Ĉ

pcq

ď
C̄

J1{3
,
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where paq holds by using (2.63); pbq follows from (2.62); and pcq holds for J sufficiently

large, αJ “ J´1{3 and some positive constant C̄ independent of J . This completes

the proof. ■

Finally, we study the competitive ratio of our fulfillment strategy in this setting in

which we only have access to an approximately optimal feasible solution of Lqpλ
pjqq

for each q P Q, at each iteration j of Algorithm 6. We start by reminding the reader

of some notation we use. Let

x̄ “
1

J

J
ÿ

j“1

ÿ

qPQ

papqqxrqspjq
“

˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqxpjq
m 1tm „ qu

¸

mPM

,

with each element denoted as x̄m, for m P M . Then, x̄ satisfies constraint (2.11) of

problem (2.10). Indeed, for q1 P Q

ÿ

m:m„q1

x̄m “
ÿ

m:m„q1

˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqxpjq
m 1tm „ qu

¸

“
ÿ

mPM

˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqxpjq
m 1tm „ qu1tm „ q1

u

¸

“
1

J

J
ÿ

j“1

ÿ

qPQ

papqq

˜

ÿ

mPM

xpjq
m 1tm „ qu

¸

1tq “ q1
u

paq
“

1

J

J
ÿ

j“1

ÿ

qPQ

papqq1tq “ q1
u

“ papq1
q (2.64)

where paq holds because xrqspjq is a feasible solution to Lqpλ
pjqq at iteration j of

Algorithm 6 and so, by definition,
ř

m:m„q x
pjq
m “ 1. Therefore, denoting by rx :“ β´1x̄,

with each element denoted as rxm, we have that

ÿ

m:m„q1

rxm “ β´1papq1
q. (2.65)
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We now show how to construct a solution for problem (2.10) which satisfies the

inventory constraint. Let

τ :“ max

#

1, max
iPI,kPK,Siką0

ř

m:pi,kqPm rxm

Sik

+

(2.66)

be its largest violation of the inventory constraint. For an order type q P Q and

denoting by m1pqq the discard method for q, define

ym “

$

’

&

’

%

rxm ¨ τ´1 if m ‰ m1pqq

papqq ¨

´

1 ` τ´1 rxm1pqq´
ř

m:m„q rxm
ř

m:m„q x̄m

¯

if m “ m1pqq.

(2.67)

Then, tymumPM is feasible for problem (2.10). Indeed, for a given q P Q, we have that

ÿ

m:m„q

ym “ papqq.

Moreover,

ÿ

m:pi,kqPm

ym
paq
“

ÿ

m:pi,kqPm

rxmτ
´1

pbq

ď Sik,

where paq holds because the sum does not involve the discard method m1pqq (the

inventory constraint is automatically satisfied for the dummy facility); and pbq follows

from the definition of τ in (2.66).

Given this, next we state the main result of this section.

Theorem 2.5. Suppose we use y “ tymumPM as defined in (2.67) to find a feasible

solution to problem (2.10) in the offline process of Algorithm 1. Then, for any online

multi-item fulfillment problem, when Algorithm 1 uses Algorithm 2 as a subroutine in

Step 2 of the online process, we obtain a fulfillment strategy with a competitive ratio

of at most

ˆ

sJ1{3 ` κβC̄

sJ1{3 ` C̄
`
κpβ ´ 1qpsJ1{3q

sJ1{3 ` C̄

˙ˆ

1 `
C

2J1{3

˙ˆ

1 `
pκ ´ 1q|qmax|

?
s ` 3

˙

,
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where J is the number of iterations in Algorithm 6 and C̄, C and β are as in Proposition

2.5.

Proof of Theorem 2.5: Consider the feasible solution y “ tymumPM as defined in

(2.67). Suppose τ ‰ 1 (else, y “ rx). Then, the expected cost of y can be bounded as

follows:

xc, yy
paq
“

ÿ

m:m„q

cmrxmτ
´1

` cm1pqq

˜

papqq ´
ÿ

m:m„q

rxmτ
´1

¸

pbq
“

ÿ

m:m„q

cmrxmτ
´1

` cm1pqq

˜

β
ÿ

m:m„q

rxm ´
ÿ

m:m„q

rxmτ
´1

¸

“
ÿ

m:m„q

cmrxmτ
´1

`
ÿ

m:m„q

cm1pqq

`

βrxm ´ rxmτ
´1
˘

pcq

ď
ÿ

m:m„q

cmrxmτ
´1

`
ÿ

m:m„q

κcm
`

βrxm ´ rxmτ
´1
˘

“
ÿ

m:m„q

cmrxm ¨ pp1 ´ κqτ´1
` βκq

pdq

ď
ÿ

m:m„q

cmrxm ¨
sJ1{3 ` βκpsJ1{3 ` C̄q ´ κsJ1{3

sJ1{3 ` C̄

“
ÿ

m:m„q

cmrxm ¨

ˆ

sJ1{3 ` κβC̄

sJ1{3 ` C̄
`
κpβ ´ 1qpsJ1{3q

sJ1{3 ` C̄

˙

“

ˆ

sJ1{3 ` κβC̄

sJ1{3 ` C̄
`
κpβ ´ 1qpsJ1{3q

sJ1{3 ` C̄

˙

xc, rxy

where paq holds by using definition (2.67) and the fact that
ř

m:m„q x̄m “ papqq; pbq

holds by using (2.65); pcq follows from the assumption that for some κ ą 1, cm1pqq{cm ď

κ, for all m „ q and all q P Q; and pdq holds from the fact that p1 ´ kq ă 0 and

because, from (2.55), we have that τ ď 1 ` C̄{psJ1{3q, with s “ miniPI,kPK,Siką0tSiku
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Therefore, from (2.54), we have that

xc, yy ď

ˆ

sJ1{3 ` κβC̄

sJ1{3 ` C̄
`
κpβ ´ 1qpsJ1{3q

sJ1{3 ` C̄

˙

xc, rxy

ď

ˆ

sJ1{3 ` κβC̄

sJ1{3 ` C̄
`
κpβ ´ 1qpsJ1{3q

sJ1{3 ` C̄

˙ˆ

1 `
C

2J1{3

˙

OPTE.

Now, following similar steps to the proof of Lemma 2.3 and by Proposition 2.1,

we have that when Algorithm 1 uses Algorithm 2 as a subroutine in Step 2 of the

online process achieves a competitive ratio of at most

ˆ

sJ1{3 ` κβC̄

sJ1{3 ` C̄
`
κpβ ´ 1qpsJ1{3q

sJ1{3 ` C̄

˙ˆ

1 `
C

2J1{3

˙ˆ

1 `
pκ ´ 1q|qmax|

?
s ` 3

˙

. (2.68)

This completes the proof. ■

Finally, note that using Theorem 2.4 (from Section 2.10.1) with θ “ 4 to approxi-

mately solve Lqpλ
pjqq, we have that at iteration j in Algorithm 6

Lqpλ
pjq,xrqspjq

q ď 32 logp|qmax|qLqpλ
pjq

q.

Therefore, the assumption of Proposition 2.5 holds with β “ 32 logp|qmax|q. Moreover,

since

lim
sÑ8

ˆ

sJ1{3 ` κβC̄

sJ1{3 ` C̄
`
κpβ ´ 1qpsJ1{3q

sJ1{3 ` C̄

˙

“ 1 ` κpβ ´ 1q,

we have that, from Theorem 2.5, our fulfillment strategy is asymptoticallyOplog |qmax|q-

competitive, as s Ñ 8.

It is worth mentioning that both Algorithm 6 and Ma (2023) are essentially finding

Oplog |qmax|q-optimal solutions for (2.10). Moreover, in terms of the number of LPs

to solve, assuming that every order contains n items, the algorithm of Ma (2023)

solves one large LP with |Q||K|n ` |Q||K| variables, while Algorithm 6 solves in

expectation at most 2J |Q| LPs, where each LP has |K|n` |K| variables. Specifically,

because according to Algorithm 6, for each q P Q, we run Algorithm 5 until we find a
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feasible solution xrqspjq, by choosing θ “ 4 in Theorem 2.4, we have that the expected

number of iterations of step 1 in Algorithm 6 is at most 2. Thus, the algorithm of

Ma (2023) has the computational advantage of solving one single LP when |Q| is not

too large. We also note that if the LP solved in the algorithm of Ma (2023) becomes

too large, it can be solved through a Lagrangian relaxation technique similar to the

one we develop in Algorithm 6.

2.11 Details of Numerical Simulations

In this section, we provide details about our simulation. We start by initializing

several parameters: the number of items |I| is set to 20, the number of facilities

is |K| “ 5, the number of cities is |J | “ 10 and T “ 1000. Note that we follow a

simulation environment as close as possible to Ma (2023) and Jasin and Sinha (2015),

and details of our simulation environment, including data and code can be found in

Amil et al. (2022).

2.11.1 Facilities, Cities, and Costs

Similarly to Ma (2023), we consider an e-commerce network with the 10 biggest U.S.

cities that are geographically spread across the country and the 5 largest facility

centers that are centrally located (details can be found in Amil et al. (2022)). We

generate 30 instances for this network, where each instance differs by order types,

demand rates, and initial inventories. For each instance, we draw 100 sequences of

order arrivals of length T “ 1000.

Following Jasin and Sinha (2015) and Ma (2023), we assume that each item is

exactly one pound and the fixed cost of shipping anything from any warehouse is

8.759. Moreover, for each facility k and city j, the variable cost of shipping an

item from facility k to city j is calculated as 0.423 ` 0.000541 ˚ distsrksrjs, where

dists[k][j] is the haversine distance in miles between facility k and city j (see
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Jasin and Sinha (2015) for details). The cost of not fulfilling an item is assumed

to be twice as much as the maximum cost of fulfilling it (i.e., a factor of 2 times

the maximum distance between any facility k and city j). Therefore, adopting the

assumption that the lost-sale penalty cost is 2, we can estimate the value for κ in

our simulation. Remember that, in our model, κ is defined as the maximum ratio

between the cost of not fulfilling an order and the cost of using any other method

for that order, i.e., κ “ maxqPQ
cmaxpqq

minm„q cm
. Hence, using this definition, the estimated

average value of κ in our simulation (over 30 different instances of our e-commerce

network) is as follows: when the maximum order size is 2, κavg “ 4.34; when the

maximum order size is 5, κavg “ 9.34.

2.11.2 Order Types, Demand Rates, Inventories and Methods

Following Jasin and Sinha (2015) and Ma (2023), we consider orders of different sizes.

Specifically, for each order size n “ 1, . . . , nmax, we uniformly generate n0 distinct

orders. Size n “ 0 is also generated. We consider nmax P t2, 5u and n0 “ 5. Each

unique combination of n items is selected randomly to match the specified size from

the total item set I. Moreover, note that, as described in our model, each order type

is characterized by the items in the order and the location or city j from which it is

ordered. Thus, for each given combination of items, we generate |J | orders (i.e. same

combination of items, with |J | different locations). We therefore generate a total of

|J |p1 ` nmaxn0q order types.

Demand rates.

In each period t “ 1, . . . , T , exactly one location-specific order arrives. The ar-

rival probabilities are determined as follows. First, we randomly generate ppnq:

the probability that an order of size n arrives. These probabilities are such that
řnmax

n“0 ppnq “ 1. Second, for each size n P t1, . . . , nmaxu, we randomly generate ppn,mq:
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the probability that an order of size n is of combination m, for m “ 1, . . . , n0. These

probabilities are such that
řn0

m“1 ppn,mq “ ppnq. Finally, for each size n and com-

bination m, we scale the probabilities by the population of location j, obtaining

ppn,m, jq :“ ppn,mq
populationpjq

total population
, where populationpjq is the population from city j

and total population is the total population from all cities. Note that ppn,m, jq is

the probability that an order of size n, combination m, arrives from location j. These

probabilities are such that
ř|J |

j“1 ppn,m, jq “ ppn,mq.

Inventories.

Each facility k stocks item i independently with probability pstock “ 0.75, i.e., for each

pair of facility k and item i we determine whether k holds item i using a Bernoulli

random variable with probability of success pstock. Then, for each region j, we find

the closest facility k that holds item i. Then, for an item i, we calculate its expected

demand at facility k, i.e. demandik “
ř|J |

j“1

ř

pn,qq:iPq 1tclosestij “ kuppn, q, jq, where

the sum is over all cities and orders containing item i. Note that, for item i P q, we

consider only regions j for which facility k is the closest when summing over the

arrival probabilities. Finally, inventories for pair pi, kq are set as Sik “ rTdemandiks.

Methods.

We closely follow the definition of methods provided in Section 2.2, i.e., a method is

defined as a set of item-facility pairs. First, for each item i in the order, we find the

set of facilities Ki from which the item can be fulfilled. Then, we list all methods m

that can be used to fulfill the order (including partial fulfillment and no fulfillment).

Considering the above setting, we run our policy described in Remark 2.1, the

state-of-the-art correlated rounding policy of Ma (2023) and compare the costs and

LPs in Tables 2.2 and 2.3, respectively.
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2.12 Extension of our Main Result

In this section, we show an extension of the main result of this chapter. Specifically, we

show that we can improve the bound provided in Theorem 2.1 to have the expectation

of |q| instead of its maximum.

2.12.1 A Competitive Ratio Based on the Average Order Size

Here, we provide the proof of the competitive ratio that depends on the average order

size instead of the maximum order size. The formal statement is provided next.

Theorem 2.6. For any online multi-item fulfillment problem, when Algorithm 1 uses

Algorithm 2 as a subroutine in Step 2 of the online process, we obtain a fulfillment

strategy with a competitive ratio of at most

1 `
pκ ´ 1qEq„F p¨qr|q|s

?
s ` 3

, (2.69)

where s “ min
iPI,kPK

tSiku and the probability mass function F pqq is given by

F pqq “

ř

tPrT s

ř

mPMpqq
cmy

t
m

ř

q1PQ

´

ř

tPrT s

ř

mPMpq1q
cmytm

¯ .

Before proving this extension, we highlight that F pqq can be interpreted as the

proportion of optimal cost incurred by the decision to fulfill order type q, in the same

spirit of Jasin and Sinha (2015).

Proof: The proof mirrors those stated in the previous sections. We next outline

the extra steps required to obtain the competitive ratio.

Following similar steps to the proof of Proposition 2.1, we have that

Ppaccepting the method at t | the method is of type m and q arrivesq

ě γp|q|q “ 1 ´
|q|

?
s ` 3

,
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Now, following similar steps to the proof of Lemma 2.2, we have that the expected

cost at time t is:

ÿ

qPQ

γp|q|q

¨

˝

ÿ

mPMpqq

cm
ytm
ptpqq

˛

‚ptpqq `
ÿ

qPQ

p1 ´ γp|q|qq

¨

˝

ÿ

mPMpqq

cm1pqq

ytm
ptpqq

˛

‚ptpqq

paq

ď Eq„ptp¨qrγp|q|qAtpqq ` p1 ´ γp|q|qqκAtpqqs

“ Eq„ptp¨qrAtpqq ` pκ ´ 1qp1 ´ γp|q|qqAtpqqs,

where

Atpqq “
ÿ

mPMpqq

cm
ytm
ptpqq

and Btpqq “
ÿ

mPMpqq

cm1pqq

ytm
ptpqq

,

and (a) follows by noting that Btpqq ď κAtpqq. Thus, the competitive ratio of our

fulfillment policy can be upper bounded by
řT
t“1 Eq„ptp¨qrAtpqq ` pκ ´ 1qp1 ´ γp|q|qqAtpqqs

řT
t“1 Eq„ptp¨qrAtpqqs

“ 1 ` pκ ´ 1q
1

?
s ` 3

Eq„ptp¨qr|q|
řT
t“1Atpqqs

Eq„ptp¨qr
řT
t“1Atpqqs

,

where the equality holds by substituting the expression for γp|q|q. Note that by using

the probability mass function defined in the theorem statement, the above upper

bound on the competitive ratio becomes

1 `
pκ ´ 1qEq„F p¨qr|q|s

?
s ` 3

.

This completes the proof. ■

2.13 Additional Proofs

Proof of Lemma 2.1:

Let ypDq “ tytmpDqumPM,tPrT s be the optimal solution to (2.1). Thus, it must satisfy
ř

m:m„q y
t
mpDq “ Dqt, @q P Q, t P rT s, and

ř

tPrT s

ř

m:pi,kqPm y
t
mpDq ď Sik, @i P I, k P
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K. Taking expectation of both sides of these two equations and summing over t for

the first constraint we obtain

ÿ

m:m„q

E

»

–

ÿ

tPrT s

ytmpDq

fi

fl “
ÿ

tPrT s

ptpqq “ papqq, @q P Q,

and

ÿ

m:pi,kqPm

E

»

–

ÿ

tPrT s

ytmpDq

fi

fl ď Sik, @i P I, k P K.

Note also that E
”

ř

tPrT s
ytmpDq

ı

P r0, T s, i.e.,
!

E
”

ř

tPrT s
ytmpDq

ı)

mPM
is a feasible

solution to problem (2.10). Therefore, by definition,

OPTE
ď

ÿ

qPQ

ÿ

m:m„q

cmE

»

–

ÿ

tPrT s

ytmpDq

fi

fl

“ E

»

–

ÿ

tPrT s

ÿ

qPQ

ÿ

m:m„q

cmy
t
mpDq

fi

fl

“ E rOPTpDqs .

This completes the proof. ■

Proof of Lemma 2.2:

Following Algorithm 1, define m1pqq as the discard method, i.e., using the dummy

facility to satisfy all the items in q. Remember that, without loss of generality, we

assume that the cost of m1pqq is the largest among all m P Mpqq for each order type

q.

Denote by Ot “ taccept the method at time tu the event in which we accept the

method at time t and by Ct
m “ tmethod at time t is type mu be the event in which

method m is drawn for fulfillment at time t. Then, according to Algorithm 1, we
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have that the expected cost at time t is

ÿ

qPQ

»

–

ÿ

mPMpqq

ytm
ptpqq

`

cmPpOt
| Ct

m,Dqt
“ 1q ` cm1pqqp1 ´ PpOt

| Ct
m,Dqt

“ 1qq
˘

fi

fl ptpqq

“
ÿ

qPQ

»

–

ÿ

mPMpqq

ytm
ptpqq

`

pcm ´ cm1pqqqPpOt
| Ct

m,Dqt
“ 1q ` cm1pqq

˘

fi

fl ptpqq

paq

ď
ÿ

qPQ

»

–

ÿ

mPMpqq

ytm
ptpqq

`

pcm ´ cm1pqqqγ ` cm1pqq

˘

fi

fl ptpqq

“
ÿ

qPQ

»

–

ÿ

mPMpqq

ytm
ptpqq

`

γcm ` cm1pqqp1 ´ γq
˘

fi

fl ptpqq

“ γ
ÿ

qPQ

ÿ

mPMpqq

cmy
t
m ` p1 ´ γq

ÿ

qPQ

ÿ

mPMpqq

cm1pqqy
t
m,

where paq holds by definition of γ-conservative method-acceptance strategy and the

fact that cm ď cm1pqq. Therefore, using E rALG1pDqs to denote the expected cost

incurred by Algorithm 1, we have that

E rALG1pDqs

E rOPTpDqs

paq

ď
E rALG1pDqs

ř

tPrT s

ř

qPQ

ř

m:m„q cmy
t
m

ď
γ
ř

tPrT s

ř

qPQ

ř

mPMpqq
cmy

t
m ` p1 ´ γq

ř

tPrT s

ř

qPQ

ř

mPMpqq
cm1pqqy

t
m

ř

tPrT s

ř

qPQ

ř

m:m„q cmy
t
m

ď γ ` p1 ´ γq

ř

tPrT s

ř

qPQ

ř

mPMpqq
cm1pqqy

t
m

ř

tPrT s

ř

qPQ

ř

m:m„q cmy
t
m

,

where paq holds by using Lemma 2.1. Thus, since for some κ ą 1, cm1pqq{cm ď κ, for

all m P Mpqq and any q, we have that

E rALG1pDqs

E rOPTpDqs
ď γ ` p1 ´ γq

κ
ř

tPrT s

ř

qPQ

ř

mPMpqq
cmy

t
m

ř

tPrT s

ř

qPQ

ř

m:m„q cmy
t
m

“ 1 ` pκ ´ 1qp1 ´ γq.
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This completes the proof. ■

Proof of Lemma 2.3:

Let tymumPM be an optimal solution to the relaxation (2.10) and let tŷmumPM be an

ϵ-approximation solution to (2.10). Then, we have that

E rALG1pDqs

E rOPTpDqs

paq

ď
E rALG1pDqs

ř

qPQ

ř

m:m„q cmym

pbq

ď
γ
ř

qPQ

ř

mPMpqq
cmŷm ` p1 ´ γqκ

ř

qPQ

ř

mPMpqq
cmŷm

ř

qPQ

ř

m:m„q cmym

pcq

ď
p1 ` ϵqp1 ` pκ ´ 1qp1 ´ γqq

ř

qPQ

ř

m:m„q cmym
ř

qPQ

ř

m:m„q cmym

“ p1 ` ϵqp1 ` pκ ´ 1qp1 ´ γqq,

where paq follows from invoking Lemma 2.1, pbq holds by following similar steps we

used in the proof of Lemma 2.2 (using the ϵ-approximation tŷmumPM ), and pcq follows

from the definition of ϵ-approximation. ■

Proof of Lemma 2.4:

We want to prove that

Lqpµq ď Lqpλq ` xgqpλq, pµ ´ λqy for all µ P R|I||K|

` .

Note that, by definition of gqp¨q,

Lqpλq ` xgqpλq, pµ ´ λqy
paq
“ xc,x˚

rqspλqy ` xλ, gqpλqy ` xgqpλq, pµ ´ λqy

“ xc,x˚
rqspλqy ` xµ, gqpλqy

pbq

ě xc,x˚
rqspµqy ` xµ, gqpµqy

“ Lqpµq,
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where paq holds because xλ, gqpλqy “
ř

iPq,kPK λik

´

ř

m:pi,kqPm,m„q x
˚
mpλq

¯

and inequal-

ity pbq holds because, for µ P R|I||K|

` , the optimum of Lqp¨q is achieved at x˚rqspµq.

This completes the proof. ■

Proof of Proposition 2.2:

Under Algorithm 3, at each iteration j, we have that

∥λpj`1q
´ λ˚∥22

paq

ď ∥λpjq
` αJGpλpjq

q ´ λ˚∥22

“ ∥λpjq
´ λ˚∥22 ` 2αJxGpλpjq

q, pλpjq
´ λ˚

qy ` α2
J∥Gpλpjq

q∥22

pbq

ď ∥λpjq
´ λ˚∥22 ` 2αJpLpλpjq

q ´ Lpλ˚
qq ` α2

J∥Gpλpjq
q∥22,

where inequality paq holds because the projection operator onto R|I||K|

` is nonexpansive

and pbq holds since Gpλpjqq is a supergradient of Lpλpjqq at λpjq. Therefore, iteratively

applying the previous inequality, we obtain

∥λpj`1q
´ λ˚∥22 ď ∥λp1q

´ λ˚∥22 ` 2αJ

j
ÿ

i“1

pLpλpiq
q ´ Lpλ˚

qq ` α2
J

j
ÿ

i“1

∥Gpλpiq
q∥22.

Now, note that, since ∥λpj`1q ´ λ˚∥22 ě 0, we have

2αJ

j
ÿ

i“1

pLpλ˚
q ´ Lpλpiq

qq ď ∥λp1q
´ λ˚∥22 ` α2

J

j
ÿ

i“1

∥Gpλpiq
q∥22

ď ∥λp1q
´ λ˚∥22 ` α2

JjpC ¨ OPTEq. (2.70)
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Moreover, at iteration J , we have

J
ÿ

i“1

αJpLpλ˚
q ´ Lpλpiq

qq “ Lpλ˚
q

˜

J
ÿ

i“1

αJ

¸

´ αJ

J
ÿ

i“1

Lpλpiq
q

paq

ě JαJLpλ˚
q ´ JαJL

˜

1

J

J
ÿ

i“1

λpiq

¸

“ JαJ

˜

Lpλ˚
q ´ L

˜

1

J

J
ÿ

i“1

λpiq

¸¸

“ pL˚
´ LpJq

avgq pJαJq ,

where paq holds by concavity of Lp¨q. Therefore, by using (2.70) for j “ J , we have

that

L˚
´ LpJq

avg ď
∥λp1q ´ λ˚∥22 ` α2

JJpC ¨ OPTEq

2αJJ
“

∥λ˚∥22 ` α2
JJpC ¨ OPTEq

2αJJ
.

Finally, note that the constant C always exists. Indeed, we can find an explicit

expression in terms of the primitives of the model by upper bounding ∥Gpλpjqq∥22.

Specifically, whenever

C ě
|qmax|T 2 ` S2

max|I||K|

OPTE
,

where Smax “ maxiPI,kPKtSiku, we have that ∥Gpλpjqq∥22 ď C ¨OPTE. This completes

the proof. ■

Proof of Theorem 2.2:

Under Algorithm 3, we have that at iteration j

∥λpj`1q∥22
paq

ď ∥λpjq
` αJGpλpjq

q∥22

“ ∥λpjq∥22 ` α2
J∥Gpλpjq

q∥22 ` 2αJxλpjq, Gpλpjq
qy, (2.71)

where paq holds because of the update rule λpj`1q “ maxt0,λpjq ` αJGpλpjqqu. Thus,

2αJxλpjq, Gpλpjq
qy ě ∥λpj`1q∥22 ´ ∥λpjq∥22 ´ α2

J∥Gpλpjq
q∥22. (2.72)
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Moreover, note that at any iteration j

Lpλ˚
q ě Lpλpjq

q
paq
“

ÿ

qPQ

papqqLqpλ
pjq

q ´ xλpjq, Sy

pbq
“

ÿ

qPQ

papqq
`

xc,xrqspjq
y ` xλpjq, gqpλ

pjq
qy
˘

´ xλpjq, Sy

“
ÿ

qPQ

papqqxc,xrqspjq
y ` xλpjq, Gpλpjq

qy

“

C

c,
ÿ

qPQ

papqqxrqspjq

G

` xλpjq, Gpλpjq
qy, (2.73)

where paq holds by the decomposition (2.20) and pbq holds because xrqspjq is an

optimal solution of Lqpλ
pjqq. Thus, we have that at iteration j

Lpλ˚
q ´

C

c,
ÿ

qPQ

papqqxrqspjq

G

paq

ě xλpjq, Gpλpjq
qy

pbq

ě
1

2αJ

`

∥λpj`1q∥22 ´ ∥λpjq∥22 ´ α2
J∥Gpλpjq

q∥22
˘

,

where paq holds from (2.73) and pbq follows from (2.72). Therefore, after averaging

over all j “ 1, . . . , J iterations and denoting by x̄ “ 1
J

řJ
j“1

ř

qPQ p
apqqxrqspjq, we

have that

OPTE ´ xc, x̄y “ Lpλ˚
q ´ xc, x̄y

ě
1

2JαJ

˜

∥λpJ`1q∥22 ´ ∥λp1q∥22 ´ α2
J

J
ÿ

j“1

∥Gpλpjq
q∥22

¸

paq

ě ´
C ¨ OPTE

2
αJ ,

where paq holds because λp1q “ 0 and by the assumption ∥Gpλpjqq∥22 ď C ¨ OPTE.

Rearranging the terms, we have (2.22), i.e.,

xc, x̄y ď

ˆ

1 `
C

2
αJ

˙

OPTE.
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We now prove (2.23). First, note that by using (2.71), we have that

∥λpj`1q∥22 ď ∥λpjq∥22 ` α2
J∥Gpλpjq

q∥22 ` 2αJxλpjq, Gpλpjq
qy, (2.74)

and, from (2.73), we have that

OPTE “ Lpλ˚
q ě

C

c,
ÿ

qPQ

papqqxrqspjq

G

` xλpjq, Gpλpjq
qy,

which implies that, at iteration j

xλpjq, Gpλpjq
qy ď OPTE ´

C

c,
ÿ

qPQ

papqqxrqspjq

G

ď OPTE.

Let Ĉ “ OPTE. Since OPTE is independent of the number of iterations J ,

xλpjq, Gpλpjqqy ď Ĉ. Therefore, from (2.74), we have that at iteration j

∥λpj`1q∥22 ď ∥λpjq∥22 ` α2
JpC ¨ OPTEq ` 2αJĈ. (2.75)

Summing the previous inequality over all J iterations (and using the fact that

λp1q “ 0), we obtain

∥λpJ`1q∥22 ď Jα2
JpC ¨ OPTEq ` 2JαJĈ.

In other terms, we have that

1

J2α2
J

∥λpJ`1q∥22 ď
1

J
pC ¨ OPTEq `

1

JαJ
2Ĉ. (2.76)

Now, note that at iteration j, we have

λpj`1q
“ maxt0,λpjq

` αJGpλpjq
qu ě λpjq

` αJGpλpjq
q,

i.e.,

λpj`1q
´ λpjq

ě αJGpλpjq
q.
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Averaging the previous inequality over all J iterations (and using the fact that

λp1q “ 0), we obtain

λpJ`1q

J
ě αJ

˜

1

J

J
ÿ

j“1

Gpλpjq
q

¸

“ αJ

«˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqgqpλ
pjq

q

¸

´ S

ff

. (2.77)

Moreover, note that for any i P I and k P K,

1

J

J
ÿ

j“1

ÿ

qPQ

papqq

¨

˝

ÿ

m:pi,kqPm,m„q

xpjq
m

˛

‚“
ÿ

m:pi,kqPm

˜

1

J

J
ÿ

j“1

ÿ

qPQ

papqqxpjq
m 1tm „ qu

¸

“
ÿ

m:pi,kqPm

x̄m,

where the last equality holds by definition of x̄. Therefore, for any i P I and k P K,

we have that

ÿ

m:pi,kqPm

x̄m ´ Sik
paq

ď
λ

pJ`1q

ik

JαJ

ď
∥λpJ`1q∥2
JαJ

pbq

ď

c

1

J
pC ¨ OPTEq `

1

JαJ
2Ĉ

pcq

ď
C̄

?
JαJ

,

where paq holds by (2.77); pbq follows from (2.76); and pcq holds for J sufficiently

large and some positive constant C̄ independent of J . Finally, given the previous set

of inequalities, we can see that whenever C̄ ě
a

OPTEp2 ` Cq, then, (2.23) holds

true. This completes the proof. ■
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Proof of Theorem 2.3:

By using Theorem 2.2, we have that for αJ “ J´1{3

xc, x̄y ď

ˆ

1 `
C

2J1{3

˙

OPTE. (2.78)

Now, consider the feasible solution y “ tymumPM as defined in (2.26), with τ as in

(2.25). Suppose τ ‰ 1 (else, y “ x̄). Then, the expected cost of y can be bounded as

follows:

xc, yy
paq
“

ÿ

m:m„q

cmx̄mτ
´1

` cm1pqq

˜

papqq ´
ÿ

m:m„q

x̄mτ
´1

¸

pbq
“

ÿ

m:m„q

cmx̄mτ
´1

` cm1pqq

˜

ÿ

m:m„q

x̄m ´
ÿ

m:m„q

x̄mτ
´1

¸

“
ÿ

m:m„q

cmx̄mτ
´1

`
ÿ

m:m„q

cm1pqq

`

x̄m ´ x̄mτ
´1
˘

pcq

ď
ÿ

m:m„q

cmx̄mτ
´1

`
ÿ

m:m„q

κcm
`

x̄m ´ x̄mτ
´1
˘

“
ÿ

m:m„q

cmx̄m ¨ pp1 ´ κqτ´1
` κq

pdq

ď
ÿ

m:m„q

cmx̄m ¨
sJ1{3 ` κpsJ1{3 ` C̄q ´ κsJ1{3

sJ1{3 ` C̄

“
ÿ

m:m„q

cmx̄m ¨
sJ1{3 ` κC̄

sJ1{3 ` C̄

“

ˆ

sJ1{3 ` κC̄

sJ1{3 ` C̄

˙

xc, x̄y

where paq holds by using definition (2.26) and the fact that
ř

m:m„q x̄m “ papqq; pbq

holds by using (2.24); pcq follows from the assumption that for some κ ą 1, cm1pqq{cm ď

κ, for all m „ q and all q P Q; and pdq holds from the fact that p1 ´ kq ă 0 and

because, from (2.23), we have that τ ď 1 ` C̄{psJ1{3q, with s “ miniPI,kPK,Siką0tSiku.
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Therefore, from (2.78), we have that

xc, yy ď

ˆ

sJ1{3 ` κC̄

sJ1{3 ` C̄

˙

xc, x̄y ď

ˆ

sJ1{3 ` κC̄

sJ1{3 ` C̄

˙ˆ

1 `
C

2J1{3

˙

OPTE.

Now, following similar steps to the proof of Lemma 2.3 and by Proposition 2.1,

we have that when Algorithm 1 uses Algorithm 2 as a subroutine in Step 2 of the

online process achieves a competitive ratio of at most

ˆ

sJ1{3 ` κC̄

sJ1{3 ` C̄

˙ˆ

1 `
C

2J1{3

˙ˆ

1 `
pκ ´ 1q|qmax|

?
s ` 3

˙

.

This completes the proof. ■

Proof of Proposition 2.4:

We start by proving that for any given γ-conservative method-acceptance strategy,

Algorithm 4 achieves a competitive ratio of at least γ. To prove this, note that at

time t, the expected reward of Algorithm 4 is given by

ÿ

qPQ

rqPpaccept order q at time t | Dqt
“ 1qptpqq.

Moreover

Ppaccept order q at time t | Dqt
“ 1q

“ Ppaccept order q at time t | Y t
q “ 1,Dqt

“ 1qPpY t
q “ 1 | Dqt

“ 1q

paq

ě γ
ytq
ptpqq

,

where paq holds by definition of γ-conservative method-acceptance strategy (adapted

to the NRM setting, where we have a single method for each order type q). Therefore,

using E rALG4pDqs to denote the expected reward collected from Algorithm 4, we
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have

E rALG4pDqs

E rOPTpDqs

paq

ě
E rALG4pDqs

ř

tPrT s

ř

qPQ rqy
t
q

ě

ř

tPrT s

ř

qPQ rq

´

γ
ytq
ptpqq

¯

ptpqq
ř

tPrT s

ř

qPQ rqy
t
q

“ γ,

where (a) holds because
ř

tPrT s

ř

qPQ rqy
t
q is an upper bound on E rOPTpDqs. Now,

combining this result with the γ-conservative method-acceptance strategy provided in

Proposition 2.1 (appropriately adapted to the special case in which we have a single

facility), completes the proof. ■
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3

Multi-Item Order Fulfillment with Reusable
Resources

In this chapter, we expand our multi-item fulfillment model from the previous

chapter to incorporate scenarios where inventory is reusable. In the literature,

these models are referred to as models with “reusable resources”. This framework

finds relevance in various applications such as sports equipment rentals (like scuba

diving, skiing/snowboarding, or climbing gear), photography equipment rentals, and

comprehensive party and event supplies rentals (like rentals of tables, chairs, linens,

tableware, decorations, and audio-visual equipment). Reusable resources models have

been studied in several settings, including revenue management problems, e.g., Levi

and Radovanović (2010), and assortment problems, e.g., Feng et al. (2022).

3.1 Offline Formulation and Algorithm

In this section, we consider the model we presented in the previous chapter (see

Section 2.2 for details), with the only difference that now inventory can be reused.

In order to capture the dynamics of reusable inventory, we define Gik : R` Ñ r0, 1s

to be the cumulative distribution function (CDF) of rental duration for item i from
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facility k. For simplicity of exposition, we assume that rental durations are stationary

across time and independent of each other. Moreover, we let Rikpt, τq be the binary

random variable which is 1 if the rental duration for pair pi, kq at time τ is at least

t ´ τ , with τ ď t and t P rT s. Clearly, ErRikpt, τqs “ 1 ´ Gikpt ´ τq. Given these

definitions, the LP relaxation of the offline problem in the reusable inventory setting

can be written as follows:

min
x

ÿ

tPrT s

ÿ

qPQ

ÿ

m:m„q

cmx
t
m (3.1)

s.t.
ÿ

m:m„q

xtm “ ptpqq, @q P Q, t P rT s, (3.2)

ÿ

τPrts

ÿ

m:pi,kqPm

p1 ´ Gikpt ´ τqqxτm ď Sik, @i P I, k P K, t P rT s, (3.3)

xtm P r0, 1s, @m P M, t P rT s. (3.4)

Note that this LP is similar to the LP relaxation (2.6) in the non-reusable setting,

except for the inventory constraint. Indeed, the set of constraints (3.3) ensures that,

in expectation, at any time t, the amount of inventory in use does not exceed its

capacity, while the set of constraints (2.8) in the non-reusable setting only ensures

that, in expectation, over the entire time horizon rT s, we do not fulfill orders

using more than Sik units of item i P I from facility k P K. Essentially, the difference

lies in the fact that in the non-reusable setting, ensuring that we do not run out of

inventory by the end of the time horizon is enough to ensure that we do not run out

of inventory at any time t. However, this is not anymore the case in the reusable

resources setting because now resources can be used for a random period of time.

Note also that in scenarios where rental durations are indefinitely long, i.e., infinite,

our model simplifies back to the original non-reusable case (LP relaxation (2.6)), as

both models share the same feasible set and objective.

In this reusable resources setting, we now show how to find a γ-conservative
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method-acceptance strategy for step 2 of the online process of Algorithm 1 (after

having solved the LP relaxation (3.1) in the offline process of Algorithm 1). For

details about γ-conservative method-acceptance strategies, please refer to Section 2.4.

The main idea behind the γ-conservative method-acceptance strategy we adopt in

the reusable inventory setting is as follows. Suppose that m is the sampled method at

time t in the online process of Algorithm 1. Then, for each pi, kq P m, an independent

procedure is used to decide whether to make pair pi, kq P m available for fulfillment

or not, given the history up to time t. If all pi, kq P m are made available and are

in-stock, then we accept method m for fulfillment. Otherwise, we fulfill the order

using the dummy facility. Next, we present this method-acceptance strategy and

formally prove that it is indeed a γ-conservative method-acceptance strategy, as

defined in (2.3).

Algorithm 7 A method-acceptance strategy for reusable inventory

For t “ 1, . . . , T :

• Let m be the method that is drawn at time t.

• For each pi, kq P m, toss an independent coin and make pi, kq available for

fulfillment with probability γik.

• If all pi, kq P m are available for fulfillment and in-stock, then accept method

m. Else, reject m.

Proposition 3.1. When γik “ 1 ´
a

logpsq{s for all pi, kq, Algorithm 7 provides a

γ-conservative method-acceptance strategy for step 2 of the online process of Algorithm

1 with

γ “ 1 ´ 2|qmax|
a

logpsq{s,
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where |qmax| denotes the size of the largest possible order and s “ min
iPI,kPK,Siką0

tSiku ě 3.

3.2 Proof of Proposition 3.1

In this section, we present a detailed proof of Proposition 3.1.

Proof : We want to prove that Algorithm 7 is a γ-conservative method-acceptance

strategy, i.e.,

Ppaccepting the method at t | the method is of type mq ě γ,

with γ “ 1 ´ 2|qmax|
a

logpsq{s. We start by proving that for all pi, kq and t P rT s

P ppi, kq is out-of-stock at time tq ď exp

ˆ

´
p1 ´ γikq2s

1 ` γik

˙

. (3.5)

In order to do so, we define the following events:

• Itik : event that one unit of pi, kq is allocated for fulfillment at time t;

• I
tp1q

ik : event that pi, kq is in the sampled method m (in Algorithm 7) at time t;

• I
tp2q

ik : event that pi, kq is available for fulfillment at time t;

• I
tp3q

ik : event that one unit of pi, kq is available in the inventory at the beginning

of time t;

• Iτtik : event that the rental duration of pi, kq at time τ is at least t ´ τ .

Note that, by definition, we have

Itik “ I
tp1q

ik I
tp2q

ik I
tp3q

ik ,

and the event that pi, kq is out-of-stock at time t can be rewritten as

t´1
ÿ

τ“1

IτikI
τt
ik ě Sik.
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Given this notation, we want to prove

P

˜

t´1
ÿ

τ“1

IτikI
τt
ik ě Sik

¸

ď exp

ˆ

´
p1 ´ γikq2s

1 ` γik

˙

.

However, note that tItikut are not independent across t and Iτik and Iτtik are not

independent at time τ . Because of this dependent structure, consider a hypothetical

scenario where we run Algorithm 7 without inventory constraints, and define random

variables t̄Itik, Ī
tp1q

ik , Ī
tp2q

ik , Ī
tp3q

ik , Īτtiku as above. Specifically, Ī
tp1q

ik “ I
tp1q

ik , Ī
tp2q

ik “ I
tp2q

ik and

Īτtik “ Iτtik. Now, by definition, we have that

Ītik “ Ī
tp1q

ik Ī
tp2q

ik ,

since Ī
tp3q

ik “ 1 for all t, and t̄Iτik Ī
τt
ikuτ are independent across τ . Moreover, because of

this coupling, we have that

t´1
ÿ

τ“1

IτikI
τt
ik ď

t´1
ÿ

τ“1

Īτik Ī
τt
ik,

for all pi, kq and t P rT s. Thus, since P
`
řt´1
τ“1 I

τ
ikI

τt
ik ě Sik

˘

ď P
`
řt´1
τ“1 Ī

τ
ik Ī

τt
ik ě Sik

˘

, it

is enough to prove that for all pi, kq and t P rT s

P

˜

t´1
ÿ

τ“1

Īτik Ī
τt
ik ě Sik

¸

ď exp

ˆ

´
p1 ´ γikq2s

1 ` γik

˙

.
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Now, note that

Er̄Iτik Ī
τt
iks

“ Er̄IτiksEr̄Iτtiks

“ Er̄I
τp1q

ik Ī
τp2q

ik sEr̄Iτtiks

“ ErEr̄I
τp2q

ik | Ī
τp1q

ik ssEr̄Iτtiks

“ γikEr̄I
τp1q

ik sEr̄Iτtiks

“ γik
ÿ

m:pi,kqPm

yτmp1 ´ Gikpt ´ τqq.

Thus,

E

«

t´1
ÿ

τ“1

Īτik Ī
τt
ik

ff

“ γik

t´1
ÿ

τ“1

ÿ

m:pi,kqPm

yτmp1 ´ Gikpt ´ τqq ď γikSik.

Therefore, applying the Multiplicative Chernoff Bound to t̄Iτik Ī
τt
iku

t´1
τ“1, one can check

that we obtain

P

˜

t´1
ÿ

τ“1

Īτik Ī
τt
ik ě Sik

¸

ď exp

ˆ

´
p1 ´ γikq2s

1 ` γik

˙

,

for all pi, kq and t P rT s.

Now, consider time t and pair pi, kq. Denoting by

Atik “ tinventory pi, kq is available for fulfillment at tu,

the event in which pi, kq is available for fulfillment at time t, and by

Bt
ik “ tpi, kq is in-stock at tu,

the event in which one unit of pi, kq is available in the inventory at time t, we have

that, according to Algorithm 7, for any m P M and t P rT s:
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Ppaccepting the method at t | the method is of type mq

paq
“ P

¨

˝

č

pi,kqPm

tAtik X Bt
iku

˛

‚

pbq

ě 1 ´
ÿ

pi,kqPm

p1 ´ PpAtikqPpBt
ikqq

pcq

ě 1 ´
ÿ

pi,kqPm

ˆ

1 ´ γik

ˆ

1 ´ exp

ˆ

´
p1 ´ γikq2s

1 ` γik

˙˙˙

pdq

ě 1 ´
ÿ

pi,kqPm

2
a

logpsq{s

ě 1 ´ 2|qmax|
a

logpsq{s,

where paq follows from the definition of Algorithm 7; pbq holds by using union bound

and independence; pcq follows from the definition of Algorithm 7 and from (3.5); and

pdq holds because, if we choose γ˚
ik “ 1 ´

a

logpsq{s, one can check that

1 ´ γik

ˆ

1 ´ exp

ˆ

´
p1 ´ γikq2s

1 ` γik

˙˙

“
a

logpsq{s ` s
1

´2`
?

logpsq{s ´ s
1

´2`
?

logpsq{s
a

logpsq{s

ď
a

logpsq{s ` s´1{2

ď 2
a

logpsq{s,

where the last inequality holds if s ě 3. This completes the proof. ■

We should highlight that the above proposition holds true for s “ 2 as well

by letting γ “ 1 ´ 2.02625|qmax|
a

logpsq{s (instead of 1 ´ 2|qmax|
a

logpsq{s). For

simplicity, we stated the theorem with s ě 3.

3.3 Main Result

In this section, we formally prove the performance guarantee in the reusable inventory

setting when Algorithm 1 uses Algorithm 7 as a subroutine in Step 2 of the online
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process. The proof is a simple application of Lemma 2.2.

Theorem 3.1. For any online multi-item fulfillment problem with reusable inventory,

when Algorithm 1 solves (3.1) in the offline process and uses Algorithm 7 as a

subroutine in Step 2 of the online process, we obtain a fulfillment strategy with a

competitive ratio of at most

1 ` 2pκ ´ 1q|qmax|

c

logpsq

s
, (3.6)

where |qmax| denotes the size of the largest possible order and s “ min
iPI,kPK,Siką0

tSiku ě 3.

Proof of Theorem 3.1: Let E rALG1pDqs denote the expected cost incurred by

Algorithm 1. Then, using the γ-conservative method-acceptance strategy defined in

Algorithm 7 with γ “ 1 ´ 2|qmax|
a

logpsq{s (as proved in Proposition 3.1), we have

that under Algorithm 1

E rALG1pDqs

E rOPTpDqs

paq

ď 1 ` pκ ´ 1qp1 ´ γq “ 1 ` 2pκ ´ 1q|qmax|

c

logpsq

s
,

where paq follows from Lemma 2.2. This completes the proof. ■

Finally, note that, an ϵ-approximation of problem (3.1) is enough for the above

strategy to still achieve approximately the same competitive ratio (i.e., one can first

obtain an ϵ-approximation of (3.1) and apply Lemma 2.3 instead of Lemma 2.2).

Moreover, we can also easily relax |qmax| to Eq„F p¨qr|q|s, similarly to how we did it in

Section 2.12.1.
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4

Online Recommendations: A Contextual Bandit
Approach

4.1 Introduction

In this chapter, we shift our focus to another critical element of decision-making

in online marketplaces: recommendations. As digital marketplaces evolve, the im-

portance of recommendation systems becomes increasingly apparent. With online

consumer purchases now accounting for 16% of the market and e-commerce valuations

exceeding $200 billion (e.g., Amazon alone has over 110 million Prime customers1),

the impact of advanced recommendation algorithms on user experience and sales

performance is undeniable. Recent advancements in Artificial Intelligence and Ma-

chine Learning have particularly empowered digital platforms to harness consumer

information for providing personalized recommendations. Examples include product

recommendations on e-commerce platforms such as Amazon, movie recommendations

on streaming platforms such as Netflix, or music recommendations on music streaming

platforms such as Spotify.

1 US Census Bureau News, U.S. Department of Commerce.
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Companies such as Amazon, Google, Meta or Netflix provide an extensive array

of choices to their users in terms of products and services. However, navigating

through this vast sea of options can become overwhelming for consumers. Therefore,

to enhance user experience, it is essential for these entities to develop effective

personalized recommendation systems that can accurately match users with options

that align with their preferences. This task, however, is challenging for multiple

reasons. Firstly, companies cannot directly observe user preferences. Secondly,

quantifying a user’s willingness to pay or their satisfaction from a specific product or

service is complex. Moreover, not only the valuation of each customer is unknown,

but also the decision-making process with which each user determines their value of

the product is unknown. Consequently, decision makers are faced with the problem

of “competing” with a large class of mappings (which is potentially unknown) from

the users’ characteristics (also known as side information) to their actual value for

the product. Accurately estimating these customer valuations is crucial, as they

significantly influence the online user experience and, by extension, the pricing

strategies and revenues of these platforms. This chapter specifically tackles the

following question: how should an online platform decide, based on information from

past user interactions, which products to offer to new customers as they arrive?

In this chapter, we consider a decision maker recommending a product to costumers

over a finite time horizon. In each period, a new customer arrives, and the decision

maker must decide which characteristics of the product to show. Note that we

focus our attention to a single product (e.g., movies) and try to design an algorithm

that recommends features for that product. However, our approach can be easily

extended to multiple products. In our model, the decision maker can base their

recommendation decision based on the data about the customer (called hereafter

context or side information), and the history of past recommendations. Once a

recommendation is selected, the corresponding valuation of the customer is realized.
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Since the decision maker does not know the valuation of the arriving customer, we do

not impose any constraints on how the side information determines the market value

of the product. Therefore, in this chapter, the decision maker is competing with a

large class of possible mappings from side information to the actual market values.

Given the above framework, we consider an online regret minimization formulation

of this problem in which the decision maker competes with the best possible policy

that models the set of functions mapping side information to market valuations. We

find the regret bound of our online policy against an arbitrary class of policies in

terms of the Rademacher complexity of the class in question. Our bound exhibits

the so-called approximation versus statistical error trade-off: a larger class of policies

is closer to the actual best mapping in practice, but it is harder for the algorithm

to compete against it. We do not assume any constraints on the set of mappings

and instead develop our algorithm and regret analysis such that it can adapt to any

specific class of policies. We then apply this framework to two specific classes of

policies: (i) class of finite mappings from contexts to actions and (ii) the class of

policies characterized by linear mappings from contexts to values. In the full-feedback

setting, our regret scales as Op
?
nq (and we show it is tight), where n is the length of

time horizon and depends on the number of mappings in case (i) and the sparsity of

the linear mapping in case (ii). In the bandit setting, our regret scales as Opn2{3q and

again depends on the number of mappings in case (i) and the sparsity of the linear

mappings in case (ii).

4.1.1 Related Literature

Our work relates to the online learning literature (see, for example, Cesa-Bianchi

and Lugosi (2006)), and, in particular, since we formulate our problem as a regret

minimization model with side information, it relates to the contextual bandit literature.

A contextual bandit problem is an online learning problem where decisions are made
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with the aid of side information, and actions are guided by a set of policies. This

perspective is useful because one can apply classical algorithms, such as Hedge (see,

e.g., Freund and Schapire (1997) and Cesa-Bianchi et al. (1997)) and Exp4 (see,

e.g., Auer et al. (1995)), which give information theoretically optimal regret bounds

of Op
a

n logp|F |qq in full-information feedback and Op
a

nK logp|F |qq in the bandit

feedback setting, where n is the total number of rounds, K is the total number of

actions, and F is the policy set. However, directly applying standard online learning

algorithms to the contextual setting leads to a running time that is linear in the

number of policies. Given that the optimal regret is only logarithmic in |F | and that

our goal is to learn a very rich policy class, we want to consider policy classes that

are exponentially large. When we use a large policy class, existing algorithms are no

longer computationally tractable. To overcome this computational challenge several

papers such as Langford and Zhang (2007), Dudik et al. (2011), Rakhlin et al. (2012),

Perchet et al. (2013), Agarwal et al. (2014), and Rakhlin and Sridharan (2015) have

developed “oracle-based” algorithms that only access the policy class through an

optimization oracle for the offline full-information problem. Optimization oracles

have been used in designing contextual bandit algorithms (see, e.g., Agarwal et al.

(2014), Langford and Zhang (2007), Dudik et al. (2011)) that achieve the optimal

Op
a

nK logp|F |qq regret while also being computationally efficient (i.e., requiring

poly(K, logp|F |q, n) oracle calls and computation). However, these results only apply

when the values are drawn identically and independently at random at each round,

diverging from the computationally inefficient approaches that can handle adversarial

inputs. In contrast, in this chapter, we develop an oracle-based algorithm for online

recommendations with stochastic side information that can handle adversarial inputs

and also works for any class of policies (and not only a finite class of policies).

The papers of Rakhlin and Sridharan (2016) and Syrgkanis et al. (2016) are

the works that more closely relate to ours. In these papers, the authors develop a
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computationally efficient algorithm based on a relaxation framework with partial

information. We use this framework to develop algorithms for two settings: (i)

full-feedback and (ii) bandit feedback. The regret bound of our analysis is in terms

of the Rademacher complexity of the class of policies in question. We then develop

a novel analysis of this Rademacher complexity that enables us to provide explicit

characterizations for two special classes of policies, namely the class of finite mappings

and the class of policies characterized by linear mappings from contexts to values.

Finally, our work also relates to the emerging literature at the intersection of

online learning and operations research. In particular, Cohen et al. (2020) and Lobel

et al. (2018) study dynamic pricing with side information when the users’ values are

liner functions of the contexts; Keskin and Birge (2019) and Keskin and Zeevi (2017)

also study dynamic pricing; Niazadeh et al. (2021) and Balseiro et al. (2019) study

contextual learning with cross-learning; Bastani et al. (2020) and Bastani and Bayati

(2019) study online learning with high-dimensional contexts; Cassel et al. (2018)

study risk criteria in online learning; and Foster et al. (2020) study instant-dependent

contextual bandits. We depart from this literature by not assuming any specific

relationship between the contexts and the users’ values, and, instead, we develop a

framework that captures the trade-off between approximation and statistical error.

4.1.2 Outline

The rest of the chapter is organized as follows. Section 4.2 describes the model

and the notation used throughout the chapter. In Section 4.3, we first present the

full-feedback setting in which the customer’s valuation is fully revealed to the decision

maker and then provide an algorithm and the regret bound for an arbitrary set of

functions F , along with specific bounds for two particular choices of F . In Section

4.4, we consider the bandit feedback setting in which the decision maker observes

only the customer’s valuation for the recommended features and then provide an
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algorithm and the regret bound for an arbitrary set of functions F . Similarly to

the full-feedback setting, we provide bounds for two particular choices of F . Finally,

Section 4.6 presents the proofs of the statements from the text.

4.2 Model

Consider a setting in which customers (throughout we use the terms customer and

user interchangeably) arrive sequentially to a platform which offers a product (or

service) over a finite time horizon n. At each time period t “ 1, . . . , n, a customer

arrives and the platform (throughout we use the terms platform and decision maker

interchangeably) recommends a product with a certain set of features. The customer

that arrives at time t is represented by a vector of side information xt P X Ď RN

and has a private market value vt “ vpxtq P r´1, 1sd for each of the d features of

the product. The side information xt captures the characteristics (or data) of the

customer such as location, gender, age, and purchase history. The market value vt is

the valuation of the customer for each of the product features (which is a function of

their characteristics). Note that if the decision maker knows the market value, the

optimal recommendation would be to include the features whose values are positive

and exclude the ones whose values are negative. The decision-maker, however, does

not know the mapping from contexts to values (i.e., does not know v) and, instead,

tries to minimize the regret against the optimal mapping in a class of policies, which

we will describe next.

The context of the customer arriving at time t is drawn i.i.d. from some known

distribution Px on X . The market value vt is chosen adversarially and it is unknown

to the decision maker. Specifically, v : X Ñ r´1, 1sd is unknown and it describes the

complex mechanism by which a customer assigns a market value to a given product.

After a recommendation to user xt, the platform observes the result of its interaction

with the user. In this chapter, we consider two complementary settings: first, we
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study the full-feedback case in which the valuation of user xt is observed at the end

of period t, i.e., vt is fully revealed to the decision maker after the recommendation;

second, we study the more realistic bandit feedback case in which, after time t, the

decision maker only observes the customer’s valuation for the recommended product.

Upon arrival of customer xt, the platform observes the context xt and then

chooses an action, i.e. a recommendation, at P A. For simplicity, we assume that

the platform chooses whether to include some particular feature of the product or

not, i.e., the action set is assumed to be A ” t0, 1ud. Once a recommendation at is

selected, the corresponding customer valuation vt is realized. Note that, given this

framework, each action at P A describes a different product that the decision maker

can recommend to the arriving customer. Given an action at, the valuation of product

at for customer xt is given by aTt vt. In the full feedback case, the platform observes

vt, while in the bandit feedback case, the platform only observes aTt vt. Since we allow

for randomized recommendations as well, we denote by qt the distribution over the

2d possible recommendations in round t, and draw at „ qt. Given this notation, the

expected valuation of product at for customer xt is given by

Eat„qt

“

aTt vt
‰

“ qTt Avt, (4.1)

where A is a 2d ˆ d matrix whose rows are all the possible (ordered) actions in A.

The goal of the platform is to design a prediction algorithm with large expected

cumulative valuation
řn
t“1 q

T
t Avt over the entire time horizon n.

A natural way to encode the decision maker’s prior knowledge from past recom-

mendations is to consider a class of functions F :“ tf | f : X Ñ Au, with the hope

that one of the functions in F will incur large cumulative valuation on the presented

contexts, i.e., large
řn
t“1 fpxtq

Tvt. Then, the platform’s goal is to make predictions
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in order to minimize the regret defined as:

Regret “ sup
fPF

n
ÿ

t“1

fpxtq
Tvt ´

n
ÿ

t“1

qTt Avt. (4.2)

Note that if the modeling choice of F is appropriate and (4.2) is small, the recom-

mendation algorithm is guaranteed to incur large expected cumulative valuation
řn
t“1 q

T
t Avt.

Let us now define some notation. Throughout the chapter, we denote by px, y, zq1:n

a sequence of tuples tpx1, y1, z1q, . . . , pxn, yn, znqu; we let ∆S denote the set of dis-

tributions over a set S; and rns denote the set t1, 2, . . . , nu. The vector of ones is

denoted by 1 and the vector of zeros is denoted by 0. The indicator of a set S is

denoted by 1tSu. Another important notation that we use in the bandit feedback

setting is efpxq. This (abuse of) notation represents the vector whose components are

all zero except for the index corresponding to the vector fpxq P A.

4.3 Full-Feedback

As a preliminary study, we consider the case in which the decision maker, at each

time t, observes the entire vector vt P r´1, 1sd, i.e., at the end of round t, vt is fully

revealed to the platform. Specifically, at each round t P t1, . . . , nu, the platform

observes side information xt P X drawn from Px and chooses a distribution qt P ∆A.

The adversary then chooses vt P r´1, 1sd and, finally, the decision maker draws an

action ât „ qt and observes vt.

We describe the full-information obtained at round t as a tuple

It :“ Itpxt, qt, at, vtq “ pxt, qt, at, vtq,

where xt is observed before qt is chosen and vt is revealed. Define a full-information

relaxation RelFFp¨q to be a function that maps pI1, . . . , Itq to a real number, for any
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t P t1, . . . , nu. We say that a full-information relaxation RelFFp¨q is admissible if

for any t P t1, . . . , nu and any pI1, . . . , Itq,

Ext sup
qt

min
vt

Eat„qt

␣

aTt vt ` RelFFpI1:t´1, Itpxt, qt, at, vtqq
(

ě RelFFpI1:t´1q, (4.3)

and for all x1:n, and v1:n,

RelFFpI1:nq ď ´ sup
fPF

n
ÿ

t“1

fpxtq
Tvt. (4.4)

Any randomized strategy pqtq
n
t“1 that satisfies (4.3) and (4.4) is called an admissible

strategy. Given this definition, we can prove the following lemma.

Lemma 4.1. Let RelFFp¨q be an admissible full-information relaxation and pqtq
n
t“1

be an admissible strategy. Then, for any v1:n

Ex1:npRegretq ď ´RelFFp∅q.

Lemma (4.1) provides an upper-bound on the expected regret by means of an

admissible full-information relaxation. The difficulty, however, is finding an appro-

priate RelFFp¨q and an admissible strategy pqtq
n
t“1. We next present a theorem that

provides a way of finding an admissible full-information relaxation.

For any t P t1, . . . , nu, define a d ˆ n matrix Y ptq as

Y ptq :“ rv1, . . . , vt, 2ϵt`1, . . . , 2ϵns,

where each ϵs is a d-dimensional vector of independent Rademacher random variables,

i.e., each coordinate is an independent Rademacher random variable which is ´1 or

`1 with equal probability. For each s “ 1, . . . , n, we denote by Y
ptq
s the s-th column

of the matrix Y ptq. Then, we can prove the following result.
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Theorem 4.1. The full-information relaxation defined as

RelFFpI1:tq :“ Epx,ϵqpt`1q:n
inf
fPF

#

´

n
ÿ

s“1

fpxsq
TY ptq

s

+

(4.5)

is admissible. An admissible randomized strategy pqtq
n
t“1 for this relaxation is given in

Algorithm 8. The expected regret of the algorithm is upper bounded by

Ex1:n2RpF , x1:nq,

where RpF , x1:nq is defined as

RpF , x1:nq :“ Eϵ1:n sup
fPF

«

n
ÿ

s“1

fpxsq
T ϵs

ff

. (4.6)

Theorem 4.1 establishes a bound on the regret of the relaxation-based Algorithm

8 in terms of the Rademacher averages for vector-valued functions RpF , x1:nq.

4.3.1 Online Algorithm for Full-Feedback

In this section, we describe an algorithm whose regret is the bound provided in

Theorem 4.1. We then discuss the computations involved in this algorithm in Section

4.3.3.
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Algorithm 8

• For t from 1 to n do

1. Observe xt, draw xt`1:n „ Px and ϵt`1:n sequence of vectors of independent

Rademacher random variables in t˘1ud.

2. Define qt as the maximizer of

min
vPD

#

qTAv ´ max
fPF

#

n
ÿ

s‰t

fpxsq
TY ptq

s ` fpxtq
Tv

++

,

over q P ∆A, with D :“ t´1, 1ud.

3. Predict at „ qt and observe vt.

• End for.

4.3.2 Statistical versus Approximation Error with Full-Feedback

In this section, we discuss an important characteristic of the framework we adopt.

Specifically, by expanding the set of functions F , the approximation error of the set

of mappings from contexts to actions decreases (simply because we have a richer

class). The statistical error, however, increases as our algorithm needs to compete

with a larger set of “experts”. Theorem 4.1 captures this trade-off by establishing

how the regret bound depends on the set of functions F . In this section, we further

demonstrate this trade-off by explicitly bounding the regret of Algorithm 8 for two

classes of functions: the finite class of functions F and the class F that contains all

linear mappings from contexts to valuations.

As shown in Theorem 4.1, the upper-bound on the expected regret is given by

Ex1:n2RpF , x1:nq,
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where RpF , x1:nq is defined as

RpF , x1:nq “ Eϵ1:n sup
fPF

«

n
ÿ

s“1

fpxsq
T ϵs

ff

.

Note that this definition resembles the definition of Rademacher averages but it is

defined for vector-valued functions. In what follows, we show how to upper-bound

the expected regret when the class of functions F is finite and when the class F is

characterized by all linear mappings from contexts to values.

Finite Case

Consider the case in which the set of functions F “ tf | f : X Ñ Au is any arbitrary

finite set of functions from contexts to actions. Then, the next result provides a

bound on the expected regret in the full-feedback setting when the class of policies is

finite.

Proposition 4.1. Suppose |F | ă 8 and denote by Varpfq :“ Ex
´

řd
i“1 rfpxqsi

2
¯

, for

f P F and let f˚ :“ argmaxVarpfq. Then,

Ex1:npRegretq ď 4
a

n logp|F |qVarpf˚q, (4.7)

whenever n ą d logp|F |q{p1.792q.

Note that Proposition 4.1 provides a bound that depends on the distribution of

the contexts. Specifically, the bound depends on (the maximum) variance of the

random variable fpxsq
T ϵs, for s “ 1, . . . , n. Note that if we directly apply Massart

finite lemma to F , we obtain d
a

2n log |F |, which does not depend on the distribution

of the side information. Moreover, the bound provided by Massart finite lemma is

larger than the one provided in Proposition 4.1 whenever d ě 2 and n is large enough

(because Varpf˚q can be at most d). Finally, the dependence on n of our bound is

tight according to Dani et al. (2007) and Bubeck et al. (2012).
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Linear Case

Consider now the case in which customers’ valuations are linear in the contexts,

i.e. vpxtq “ Mxt P r´1, 1sd for some matrix M P RdˆN . In this case, each context

characteristic contributes linearly to the valuation that the customer associates with

each feature of the product. Thus, in this case, a natural way to model the class of

functions F is the following:

F “ tf : X Ñ A : fpxq “ τpMxqu, (4.8)

where τ : Rd Ñ t0, 1ud is a function that maps customers’ valuations to the decision

maker’s action space t0, 1ud according to the sign of the i-th coordinate of Mxt.

Specifically, for each i “ 1, . . . , d, the i-th coordinate of τpMxtq is

rτpMxqsi “

$

&

%

1, if rMxsi ě 0

0, if rMxsi ă 0.

Note that modeling F in this way allows us to focus only on the customers’

preferences. In other words, the decision maker is going to recommend the i-th

feature of the product only if the customer values it, i.e., only if the i-th entry of Mxt

is nonnegative. Importantly, the function τ depends on the choice of the matrix M .

Given this formulation for F , the bound provided in Theorem 4.1 can be upper

bounded as follows:

Proposition 4.2. Denote by rxssi the i-th element of xs for s “ 1, . . . , n and let

M P RdˆN be a matrix where each column vector mi of M is such that ∥mi∥2 ď C

for i “ 1, 2, . . . , N .Then

RpF , x1:nq ď
?
dn

ˆ

CN
b

max
s,i

prxssiq2 ` d
a

2 logp2q

˙

. (4.9)
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Note that Proposition 4.2 provides a bound conditional on the sequence of side

information x1:n. Since (4.9) does not take into account the randomness in the

contexts, we first prove Proposition 4.2 and then provide a corollary that bounds

directly the expected regret.

In order to prove Proposition 4.2, we use two lemmas. We first start with the

following.

Lemma 4.2. Suppose tϕsu, tψsu, s “ 1, . . . , n are two sets of functions from some

set M to Rd such that for each s and M,M 1 P M, ∥ϕspMq ´ ϕspM
1q∥1 ď ∥ψspMq ´

ψspM
1q∥1. Then

Eϵ1:n

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs

ff

ď Eϵ1:n

«

sup
M

n
ÿ

s“1

ψspMq
T ϵs

ff

. (4.10)

We now state a useful corollary of Lemma 4.2 that we will use to bound (4.9).

Corollary 4.1. Let V “ tv | v : X Ñ Rdu and suppose γ : Rd Ñ Rd satisfies

∥γpyq ´ γpy1q∥1 ď C∥y ´ y1∥1 for all y, y1 P Rd and some C ą 0. Then

Eϵ1:n

«

sup
v

n
ÿ

s“1

γpvpxsqq
T ϵs

ff

ď CEϵ1:n

«

sup
v

n
ÿ

s“1

vpxsq
T ϵs

ff

. (4.11)

Now remember that, given the setting in the linear case (4.8), the quantity that

we want to bound is

Eϵ1:n

«

sup
M

n
ÿ

s“1

τpMxsq
T ϵs

ff

.

In order to do this, we define the following function

gpxq :“ Mx ` δ

¨

˚

˚

˚

˚

˚

˝

1trMxs1 ě 0u

1trMxs2 ě 0u
...

1trMxsd ě 0u

˛

‹

‹

‹

‹

‹

‚
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for some constant δ ą 0 to be chosen later. The reason we define g is that τpMxq

does not satsify the condition of Corollary 4.1 (because of the discontinuity at zero).

On the contrary, the function g shifts the nonnegative entries of Mx so that they are

at least δ away from zero, allowing us to prove this condition for τpgp¨qq. Clearly,

given xs, τpMxsq
T ϵs

d
“ τpgpxsqqT ϵs for any s, where the equality holds in distribution.

Thus, conditional on x1:n, it is enough to bound

Eϵ1:n

«

sup
M

n
ÿ

s“1

τpgpxsqq
T ϵs

ff

.

Now, note that for each s and g, g1, we have∣∣∣∣∣rτpgpxsqqsj ´ rτpg1
pxsqqsj

∣∣∣∣∣ ď
1

δ

∣∣∣∣∣rgpxsqsj ´ rg1
pxsqqsj

∣∣∣∣∣ (4.12)

for each coordinate j “ 1, . . . , d. The reason equation (4.12) holds is the following: if

rgpxsqsj and rg1pxsqsj have the same sign, the left-hand side is zero while the right-

hand side is nonnegative; if rgpxsqsj and rg1pxsqsj have opposite signs, the left-hand

side is one while the right-hand side is at least one (because δ ď |rgpxsqsj ´ rg1pxsqqsj|,

given the definition of g). Therefore, τpgp¨qq satisfies the conditions of Corollary 4.1

with C “ 1{δ, so that

Eϵ1:n

«

sup
M

n
ÿ

s“1

τpgpxsqq
T ϵs

ff

ď
1

δ

˜

Eϵ1:n

«

sup
M

n
ÿ

s“1

gpxsq
T ϵs

ff¸

paq

ď
1

δ

˜

Eϵ1:n

«

sup
M

n
ÿ

s“1

pMxsq
T ϵs

ff

` Eϵ1:n

«

sup
ysPt0,δud

n
ÿ

s“1

yTs ϵs

ff¸

,

where paq follows from splitting the supremum into two parts and taking the supremum

in the second term over all possible vectors. We can now bound the second term on

the right-hand side by Massart finite lemma, yielding the upper bound dδ
a

2n logp2dq,

while for the first term we can use the following lemma.
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Lemma 4.3. Suppose vpxq “ Mx, with M P RdˆN and each column vector mi of M

is such that ∥mi∥2 ď C for i “ 1, 2, . . . , N . Then

Eϵ1:n

«

sup
M

n
ÿ

s“1

pMxsq
T ϵs

ff

ď CN
b

dnmax
s,i

prxssiq2. (4.13)

Lemma 4.3 and Massart finite lemma then show that for any δ ą 0, we have

Eϵ1:n

«

sup
M

n
ÿ

s“1

τpgpxsqq
T ϵs

ff

ď
1

δ
CN

b

dnmax
s,i

prxssiq2 ` d
a

2 logp2qnd,

where C is as in Lemma 4.3. Now, choosing δ “ 1 (so that we can keep the dependence

on the contexts), we obtain the desired bound in (4.9). Remember that the bound in

Proposition 4.2 does not take into account the randomness in the contexts. The next

corollary provides a bound on the expected regret in the case in which the entries are

drawn i.i.d. from some distribution.

Corollary 4.2. Suppose that the hypotheses of Proposition 4.2 hold true and that

each entry of xs is drawn i.i.d. from some distribution Fx on r0, 1s with mean η. Then

Ex1:npRegretq ď 2
?
dn

˜

CN

˜

c

logpnNq

2
` η

¸

` d
a

2 logp2q

¸

. (4.14)

4.3.3 Computation of Algorithm 8

In this section, we provide some details about the optimization step in Algorithm 8.

Note that, if the value of the empirical risk minimization (ERM) can be computed,

the optimization problem to be solved, at each time period t, is the following:

sup
qP∆A

min
vPD

#

qTAv ´ max
fPF

#

n
ÿ

s‰t

fpxsq
TY ptq

s ` fpxtq
Tv

++

. (4.15)

Note that this maximization step in Algorithm 8 can be computed in time Op2dq,

when we have 2d accesses to a value optimization oracle. The proof is provided in

Section 4.6.
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Lemma 4.4. Computing the maximizer of (4.15) can be done in time Op2dq and

with 2d accesses to a value optimization oracle.

4.4 Bandit Feedback

In this section, we study a setting in which the decision maker, at each time t, observes

the valuation of the recommended product at for customer xt, i.e., at the end of round

t, the decision maker observes aTt vt. Specifically, let ṽt “ Avt P r´d, ds2
d
denote the

vector of all possible valuations at time t. Then, at each round t P t1, . . . , nu, the

platform observes side information xt P X drawn from Px and chooses a distribution

qt P ∆A. The adversary then chooses vt P r´1, 1sd and, finally, the decision maker

draws an action ât „ qt and observes the bandit feedback

ṽtpâtq “ eTât ṽt. (4.16)

Note that the platform does not observe the valuation given by recommending other

possible products (or actions). Also, remember that as we mentioned in Section 4.2,

an important notation that we use is efpxq. This (abuse of) notation represents the

vector whose components are all zero except for the index corresponding to the vector

fpxq P A.

In this bandit feedback setting, we also augment the framework by adding some

random state Xt drawn from some known distribution that can depend on qt, ât and

ṽtpâtq. Specifically, the bandit information obtained at round t is a tuple

It :“ Itpxt, qt, ât, vt, Xtq “ pxt, qt, ât, ṽtpâtq, Xtq,

where xt is observed before qt is chosen and ṽtpâtq is revealed. The random variable Xt

will be constructed at the end of each round t and will be used to define an estimator

for ṽt. Now, similarly to the full-feedback setting, we define a bandit-information

relaxation RelBF
p¨q to be a function that maps pI1, . . . , Itq to a real number, for any
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t P t1, . . . , nu. We say that a bandit-information relaxation RelBF
p¨q is admissible

if for any t P t1, . . . , nu and any pI1, . . . , Itq,

Ext sup
qt

min
ṽt

Eât„qt,Xt

␣

ṽtpâtq ` RelBF
pI1:t´1, Itpxt, qt, ât, vt, Xtqq

(

ě RelBF
pI1:t´1q,

(4.17)

and for all x1:n, ṽ1:n and q1:n

Eâ1:n„q1:n,X1:nRelBF
pI1:nq ď ´ sup

fPF

n
ÿ

t“1

eTfpxtqṽt. (4.18)

Any randomized strategy pqtq
n
t“1 that satisfies (4.17) and (4.18) is called an admissible

strategy. Similarly to what we did in the full-feedback setting, we can prove the

following lemma.

Lemma 4.5. Let RelBF
p¨q be an admissible full-information relaxation and pqtq

n
t“1

be an admissible strategy. Then, for any v1:n

Ex1:npRegretq ď ´RelBF
p∅q.

Now, since at each time t, ṽt is not fully revealed, let us define an unbiased

estimator for each possible reward vector ṽt. We do this as follows. Consider a

random variable Xt which we construct at the end of each round by conditioning on

ât:

Xt “

$

&

%

1 with probability ṽtpâtq

Lqtpâtq

0 with the remaining probability

(4.19)

where L is a constant to be specified later such that L ě d2d. Define the set

L :“ tLei : i P r2dsu Y t0u. Then, based on the information It, we construct an

unbiased estimate for ṽt as follows:

v̂t “ LXteât P L. (4.20)
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Note that for any a P t0, 1ud:

E rv̂tpaqs “ E
“

eTa v̂t
‰

“ E
“

eTaLXteât
‰

“ E
“

eTa eâtLXt

‰

“ Ppât “ aqL
ṽtpaq

Lqtpaq
“ ṽtpaq,

i.e., v̂t is an unbiased estimate of ṽt. Now, for any t P t1, . . . , nu, define Zt P t0, Lu to

be a random variable which is L with probability d2d{L and 0 otherwise. Moreover,

let ϵt P t´1, 1u2
d
be a 2d-dimensional vector of independent Rademacher random

variables. Then, we can prove the following result.

Theorem 4.2. The bandit-information relaxation

RelBF
pI1:tq “ Epx,ϵ,Zqpt`1q:n

“

Rpx1:t, v̂1:t, px, ϵ, Zqpt`1q:nq
‰

(4.21)

with

Rpx1:t, v̂1:t, px, ϵ, Zqpt`1q:nq “ inf
fPF

#

´

t
ÿ

s“1

eTfpxsqv̂s ´

n
ÿ

s“t`1

2eTfpxsqϵsZs

+

´
pn ´ tqd2d`1

L

(4.22)

is admissible. An admissible randomized strategy for this relaxation is given by (4.31)

in Algorithm 9. The expected regret of the algorithm is upper bounded by

2Ex1:nEϵ1:nEZ1:n sup
fPF

#

n
ÿ

s“1

eTfpxsqϵsZs

+

`
nd2d`1

L
. (4.23)

Theorem 4.2 establishes a bound on the regret of the relaxation-based Algorithm

9 in terms of Rademacher random variables of dimension 2d. The dependence on fp¨q,

however, is through efp¨q which does not provide much intuition on how the structure

of fp¨q plays a role in this bound on the regret. We next present a corollary of this

theorem that provides a bound in terms of the function fp¨q itself. We make use of

the following intermediary results to obtain this new bound.
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Lemma 4.6. Let tϕsu
n
s“1 be a set of functions from some set M to pRp, ∥¨∥1q and

tψsu
n
s“1 be another set of functions from M to pRd, ∥¨∥1q. Suppose that for each s

and M,M 1 P M, ∥ϕspMq ´ ϕspM
1q∥1 ď ∥ψspMq ´ ψspM

1q∥1. Then

Eϵ1:n

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs

ff

ď Eδ1:n

«

sup
M

n
ÿ

s“1

ψspMq
T δs

ff

, (4.24)

where ϵ1:n are p-dimensional Rademacher random variables and δ1:n are d-dimensional

Rademacher random variables.

We now state a useful corollary of Lemma 4.6.

Corollary 4.3. Let F “ tf | f : X Ñ Rdu and suppose γ : pRd, ∥¨∥1q Ñ pRp, ∥¨∥1q

satisfies ∥γpyq ´ γpy1q∥1 ď C∥y ´ y1∥1 for all y, y1 P Rd and some C ą 0. Then

Eϵ1:n

«

sup
f

n
ÿ

s“1

γpfpxsqq
T ϵs

ff

ď CEδ1:n

«

sup
f

n
ÿ

s“1

fpxsq
T δs

ff

, (4.25)

where ϵ1:n are p-dimensional Rademacher random variables and δ1:n are d-dimensional

Rademacher random variables.

Given Corollary 4.3, we can now bound the regret of the relaxation-based Algo-

rithm 9 as follows.

Let γpfpxsqq “ Zsefpxsq for given Zs P t0, Lu and xs. Then, since fpxsq P t0, 1ud,

we have that

Zs∥efpxsq ´ ef 1pxsq∥1 ď 2Zs∥fpxsq ´ f 1
pxsq∥1,

because ∥efpxsq ´ ef 1pxsq∥1 is either 0 (if fpxsq “ f 1pxsq) or 2 (if fpxsq ‰ f 1pxsq), while

∥fpxsq´f 1pxsq∥1 counts the number of different coordinates between fpxsq and f
1pxsq.

Therefore, if fpxsq “ f 1pxsq, we have 0 ď 0, while if fpxsq ‰ f 1pxsq, then they differ in

at least one coordinate, i.e. 1 ď ∥fpxsq ´ f 1pxsq∥1. Thus, the conditions of Corollary

114



4.3 are satisfied (with C “ 2) and we can conclude that

Eϵ1:n

«

sup
f

n
ÿ

s“1

eTfpxsqϵsZs | Z1:n, x1:n

ff

ď 2Eδ1:n

«

sup
f

n
ÿ

s“1

fpxsq
T δsZs | Z1:n, x1:n

ff

ðñ Ex1:nEZ1:nEϵ1:n

«

sup
f

n
ÿ

s“1

eTfpxsqϵsZs

ff

ď 2Ex1:nEZ1:nEδ1:n

«

sup
f

n
ÿ

s“1

fpxsq
T δsZs

ff

.

(4.26)

Given equation (4.26), we can state a useful corollary of Theorem 4.2 which we will

use to bound the expected regret in the bandit feedback setting.

Corollary 4.4. The bandit-information relaxation

RelBF
pI1:tq “ Epx,ϵ,Zqpt`1q:n

“

Rpx1:t, v̂1:t, px, ϵ, Zqpt`1q:nq
‰

(4.27)

with

Rpx1:t, v̂1:t, px, ϵ, Zqpt`1q:nq “ inf
fPF

#

´

t
ÿ

s“1

eTfpxsqv̂s ´

n
ÿ

s“t`1

2eTfpxsqϵsZs

+

´
pn ´ tqd2d`1

L

(4.28)

is admissible. An admissible randomized strategy for this relaxation is given by (4.31)

in Algorithm 9. The expected regret of the algorithm is upper bounded by

4Ex1:nEδ1:nEZ1:n sup
fPF

#

n
ÿ

s“1

fpxsq
T δsZs

+

`
nd2d`1

L
, (4.29)

where δ1:n are d-dimensional Rademacher random variables.

4.4.1 Online Algorithm for Bandit Feedback

In this section, we describe an algorithm whose regret is the bound provided in Theo-

rem 4.2 and then discuss the computations involved in this algorithm in Subsection

4.4.3.
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Algorithm 9

• Input: initialize a parameter L such that L ě d2d.

• For t from 1 to n do

1. Observe xt and draw ρt “ px, ϵ, Zqpt`1q:n, where each xs is drawn from Px,

ϵs is a 2d-dimensional Rademacher random variable and Zs P t0, Lu is L

with probability d2d{L and 0 otherwise.

2. Define q˚
t pρtq to be the maximizer of

inf
ptP∆1

L

Ev̂„pt

“

qT v̂ ` Rpx1:t, v̂1:t´1, v̂, ρtq
‰

(4.30)

over q P ∆A with ∆1
L :“ tp P ∆L : ppiq ď d{L @i P r2dsu and set

qtpρtq “

ˆ

1 ´
2d

L

˙

q˚
t pρtq `

1

L
1. (4.31)

3. Predict ât „ qtpρtq and observe ṽtpâtq.

4. Create an estimate v̂t “ LXteât as in (4.20), with Xt defined in (4.19) with

qt in that equation instantiated with qtpρtq.

• End for.

4.4.2 Statistical versus Approximation Error with Bandit Feedback

Similarly to Section 4.3.2, Theorem 4.2 captures the approximation-statistical error

trade-off by establishing how the regret bound depends on the set of functions F . As

shown in Corollary 4.4, an upper-bound on the expected regret of Algorithm 9 is
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given by

4Ex1:nEδ1:nEZ1:n sup
fPF

#

n
ÿ

s“1

fpxsq
T δsZs

+

`
nd2d`1

L
. (4.32)

In this section, we explicitly bound this quantity for two classes of functions: the

finite class of functions F and the class F that contains all linear mappings from

contexts to valuations. Then, the next result provides a bound on the expected regret

in the bandit feedback setting when the class of policies is finite.

Finite Case

Similarly to the full-feedback setting, we first consider the case in which the set of

functions F “ tf | f : X Ñ Au is any arbitrary finite set of functions from contexts

to actions.

Proposition 4.3. Suppose |F | ă 8 and denote by Varpfq :“ Ex
´

řd
i“1 rfpxqsi

2
¯

, for

f P F and let f˚ :“ argmaxVarpfq. Then,

Ex1:npRegretq ď 214{3
`

nd2d
˘2{3

plogp|F |qVarpf˚
qq

1{3 ,

whenever n ě 4pd2dq2 logp|F |qVarpf˚q.

Note that, again, similarly to the full-feedback setting, Proposition 4.3 provides a

bound that depends on the distribution of the contexts. The optimal dependence on

n of the regret in this finite case (when |F | ă 8) is not yet settled. Specifically, the

best current upper bound has rOpn2{3q dependence on n (proved in Syrgkanis et al.

(2016)), against the Ωp
?
nq lower bound in Slivkins (2019).

Linear Case

Let us consider now the linear case framework, i.e.,

F “ tf : X Ñ A : fpxq “ τpMxqu,
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where τ : Rd Ñ t0, 1ud is a function that maps customers’ valuations to the decision

maker’s action space t0, 1ud according to the sign of the i-th coordinate of Mxt.

Again, for each i “ 1, . . . , d, we have that

rτpMxqsi “

$

&

%

1, if rMxsi ě 0

0, if rMxsi ă 0.

In Section 4.6, we show that the analogue of Lemma 4.3 holds in this bandit feedback

setting, enabling us to further upper bound the bound provided by Corollary 4.4.

The formal statement is provided next.

Proposition 4.4. Denote by rxssi the i-th element of xs for s “ 1, . . . , n and let

M P RdˆN be a matrix where each column vector mi of M is such that ∥mi∥2 ď C

for i “ 1, 2, . . . , N . Then

Ex1:npRegretq ď 28{3dpn2dq2{3

ˆ

CNEx1:n
„

b

max
s,i

prxssiq2
ȷ

` d
a

2 logp2q

˙2{3

, (4.33)

whenever n ě d3p2dq2
´

CNEx1:n
“a

maxs,iprxssiq2
‰

` d
a

2 logp2q

¯2

.

Note that the bound in Proposition 4.4 depends on the expectation of the largest

entry (in absolute value) of the sequence x1:n. We extend this result in the next

corollary by providing a bound on the expected regret in the case in which the entries

are drawn i.i.d. from some distribution.

Corollary 4.5. Suppose that the hypotheses of Proposition 4.4 hold true and that

each entry of xs is drawn i.i.d. from some distribution Fx on r0, 1s with mean η. Then

Ex1:npRegretq ď 28{3dpn2dq2{3

˜

CN

˜

c

logpnNq

2
` η

¸

` d
a

2 logp2q

¸2{3

, (4.34)

whenever n ě d3p2dq2
´

CNEx1:n
“a

maxs,iprxssiq2
‰

` d
a

2 logp2q

¯2

.
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4.4.3 Computation of Algorithm 9

In this section, we provide some details about the optimization step in Algorithm 9.

Note that, if the value of the ERM can be computed, the optimization problem to be

solved in the bandit feedback setting, at each time period t, is the following:

sup
qP∆A

inf
ptP∆1

L

Ev̂t„pt

“

qT v̂t ` Rpx1:t, v̂1:t, ρtq
‰

. (4.35)

Note that this maximization step in equation (4.30) can be computed in time Op2dq,

when we have 2d ` 1 accesses to a value optimization oracle. The proof is provided in

Section 4.6.

Lemma 4.7. Computing the maximizer of the objective (4.30) for any given ρt, can

be done in time Op2dq and with 2d ` 1 accesses to a value optimization oracle.

4.5 Conclusion

In this chapter, we consider a contextual bandit formulation for our online recom-

mendation problem. Specifically, at each time, a decision-maker is faced with the

problem of choosing which features of a given product to recommend. We develop

a relaxation-based algorithm that can compete against any set of policies that map

contexts to actions with either full-feedback or bandit feedback. We then apply this

framework to two specific classes of policies (finite and linear) and establish how the

regret scales with the class parameters, i.e., the size of the finite class and the sparsity

of the linear class.

Avenues for future research include characterizing the regret bound for richer

classes of policies. For instance, one can consider the case in which users belong to a set

of types and types reside in a (social) network. The values of types that are connected

in the social network are related to each other and the decision-maker’s goal is to

use the social network structure in order to develop a better online recommendation

system.
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4.6 Proofs

This section contains all the omitted proofs from the text.

Proof of Lemma 4.1

Let pqtq
n
t“1 be an admissible strategy and define Regret “ ´Regret. Then:

Ex1:npRegretq ě inf
v1:n

Ex1:npRegretq

paq
“ inf

v1
inf
v2

¨ ¨ ¨ inf
vn´1

inf
vn

Ex1:npRegretq

pbq

ě inf
v1

inf
v2

¨ ¨ ¨ inf
vn´1

Ex1:npinf
vn

Regretq

pcq
“ inf

v1
inf
v2

¨ ¨ ¨ inf
vn´1

Ex1:pn´1q
Exnpinf

vn
Regretq

ě inf
v1

inf
v2

¨ ¨ ¨Ex1:pn´1q
inf
vn´1

Exnpinf
vn

Regretq

...

ě Ex1 inf
v1

Ex2 inf
v2

¨ ¨ ¨Exn´1 inf
vn´1

Exnpinf
vn

Regretq,

where paq follows from the fact that, for bounded f , infpx,yq fpx, yq “ infx infy fpx, yq;

pbq follows from infyPY ErfpX, yqs ě ErinfyPY fpX, yqs for any measurable f ; and pcq

follows from the independence of the contexts.

Now, by admissibility of RelFFp¨q, we have that

RelFFpI1:nq ď ´ sup
fPF

n
ÿ

t“1

fpxtq
Tvt.

Therefore, we can further lower bound Ex1:npRegretq as follows:
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Ex1:npRegretq

ě Ex1 inf
v1

Ex2 inf
v2

¨ ¨ ¨Exn´1 inf
vn´1

Exn inf
vn

ˆ n
ÿ

t“1

qTt Avt ´ sup
fPF

n
ÿ

t“1

fpxtq
Tvt

˙

paq

ě Ex1 inf
v1

Ex2 inf
v2

¨ ¨ ¨Exn´1 inf
vn´1

Exn inf
vn

ˆ n
ÿ

t“1

qTt Avt ` RelFFpI1:nq

˙

“ Ex1 inf
v1

Ex2 inf
v2

¨ ¨ ¨Exn´1 inf
vn´1

Exn inf
vn

ˆ

Ea1:n„q1:n

„ n
ÿ

t“1

aTt vt ` RelFFpI1:nq

ȷ˙

“ Ex1 inf
v1

Ex2 inf
v2

¨ ¨ ¨Exn´1 inf
vn´1

Exn inf
vn

ˆ

Ea1:pn´1q
Ean„qn

„ n
ÿ

t“1

aTt vt ` RelFFpI1:nq

ȷ˙

ě Ex1 inf
v1

Ex2 inf
v2

¨ ¨ ¨Exn´1 inf
vn´1

ExnEa1:pn´1q

ˆ

inf
vn

Ean„qn

„ n
ÿ

t“1

aTt vt ` RelFFpI1:nq

ȷ˙

pbq
“ Ex1 inf

v1
Ex2 inf

v2
¨ ¨ ¨Exn´1 inf

vn´1

Ea1:pn´1q
Exn

ˆ

inf
vn

Ean„qn

„ n
ÿ

t“1

aTt vt ` RelFFpI1:nq

ȷ˙

...

pcq

ě Ex1 inf
v1

Ea1„q1Ex2 inf
v2

Ea2„q2 ¨ ¨ ¨Exn inf
vn

Ean„qn

„ n
ÿ

t“1

aTt vt ` RelFFpI1:nq

ȷ

“ Ex1 inf
v1

Ea1„q1Ex2 inf
v2

Ea2„q2 ¨ ¨ ¨Exn inf
vn

Ean„qn

„ n´1
ÿ

t“1

aTt vt ` aTnvn ` RelFFpI1:nq

ȷ

“ Ex1 inf
v1

Ea1„q1Ex2 inf
v2

Ea2„q2 ¨ ¨ ¨Exn´1 inf
vn´1

Ean´1„qn´1

„ n´1
ÿ

t“1

aTt vt`

` Exn inf
vn

Ean„qntaTnvn ` RelFFpI1:nqu

ȷ

pdq

ě Ex1 inf
v1

Ea1„q1Ex2 inf
v2

Ea2„q2 ¨ ¨ ¨Exn´1 inf
vn´1

Ean´1„qn´1

„ n´1
ÿ

t“1

aTt vt ` RelFFpI1:n´1q

ȷ

,

where paq holds by admissibility, pbq holds by Fubini Theorem and pdq holds by
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equation (4.3), since pqtq
n
t“1 is admissible. Finally, proceeding iteratively from step

pcq, we obtain the final bound

Ex1:npRegretq ě RelFFp∅q,

i.e. Ex1:npRegretq ď ´RelFFp∅q. This completes the proof. ■

Proof of Theorem 4.1

Admissibility: initial condition. For any v1:n, x1:n it holds that

´ sup
fPF

n
ÿ

s“1

fpxsq
Tvs “ inf

fPF
´

n
ÿ

s“1

fpxsq
TY pnq

s “ RelFFpI1:nq.

Admissibility: recursion. Let D :“ t´1, 1ud and let ϵs P t˘1ud denote a vector of

independent Rademacher random variables. We will now reason conditionally on xt.

Let us denote by

ρt :“ pxpt`1q:n, ϵpt`1q:nq,

a draw of independent covariates from Px and Rademacher random variables for the

“future rounds”. Define the randomized prediction algorithm as:

qtpρtq :“ argsup
qP∆A

inf
vPD

#

qTAv ` inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ´ fpxtq
Tv

++

,
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where ∆A denotes the set of distributions over A. Let qt :“ Eρtrqtpρqs. Then:

min
vtPr´1,1sd

Eat„qt

␣

aTt vt ` RelFFpI1:tq
(

paq
“ min

vtPr´1,1sd

␣

qTt Avt ` RelFFpI1:pt´1q, Itpxt, qt, at, vtqq
(

pbq
“ min

vtPr´1,1sd

#

qTt Avt ` Eρt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ´ fpxtq
Tvt

++

pcq
“ inf

vtPD

#

qTt Avt ` Eρt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ´ fpxtq
Tvt

++

pdq

ě Eρt inf
vtPD

#

qtpρtq
TAvt ` inf

fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ´ fpxtq
Tvt

++

peq
“ Eρt sup

qP∆A

inf
vtPD

#

qTAvt ` inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ´ fpxtq
Tvt

++

pfq
“ Eρt sup

qP∆A

inf
pt

Evt„pt

#

qTAvt ` inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ´ fpxtq
Tvt

++

pgq
“ Eρt inf

pt
sup
qP∆A

Evt„pt

#

qTAvt ` inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ´ fpxtq
Tvt

++

“ Eρt inf
pt

sup
qP∆A

#

qTAEvt„ptrvts ` Evt„pt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ´ fpxtq
Tvt

++

“ Eρt inf
pt

#

max
jPr2ds

eTj AEvt„ptrvts ` Evt„pt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ´ fpxtq
Tvt

++

phq
“ Eρt inf

pt

#

Evt„pt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` max
jPr2ds

eTj AEvt„ptrvts ´ fpxtq
Tvt

++

,

where paq follows from the fact that Eat„qta
T
t vt “ qTt Avt; pbq follows from the definition

of RelFFp¨q; pcq follows from the fact that, since the objective is concave in vt, the
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infimum will be achieved at a vertex of the set r´1, 1sd; pdq follows from the inequality

infyPY ErfpX, yqs ě ErinfyPY fpX, yqs for any measurable f ; peq follows from the

definition of qtpρtq; pfq follows from the fact that the infimum will be achieved at a

vertex of r´1, 1sd and we are taking the infimum over all distributions pt on t´1, 1ud;

pgq follows from the Minimax Theorem (since the objective is linear in both q and pt)

and phq holds because maxjPr2ds e
T
j AEvt„ptrvts is a constant.

The rest of the lower bounds will be derived conditionally on ρt. In particular, for

δt one-dimensional Rademacher random variable, we have

inf
pt

#

Evt„pt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` max
jPr2ds

eTj AEvt„ptrvts ´ fpxtq
Tvt

++

paq

ě inf
pt

#

Evt„pt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` fpxtq
TEvt„ptrvts ´ fpxtq

Tvt

++

pbq

ě inf
pt

#

Evt„pt,v1
t„pt inf

fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` fpxtq
T

pv1
t ´ vtq

++

pcq
“ inf

pt

#

Evt„pt,v1
t„ptEδt inf

fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
T

pv1
t ´ vtq

++

,

where paq follows from the fact that maxjPr2ds e
T
j AEvt„ptrvts ě fpxtq

TEvt„ptrvts; pbq

follows from infyPY ErfpX, yqs ě ErinfyPY fpX, yqs and pcq holds because ErgpX ´

X 1qs “ ErgpX 1 ´Xqs, for any X,X 1 i.i.d. Now notice that the expression inside the
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first infimum (in the latter expression) can be decomposed as follows:

Evt„pt,v1
t„ptEδt inf

fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
T

pv1
t ´ vtq

+

“ Evt„pt,v1
t„ptEδt inf

fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
Tv1

t ´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ´ δtfpxtq
Tvt

+

ě Evt„pt,v1
t„ptEδt

#

inf
fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
Tv1

t

+

`

` inf
fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ´ δtfpxtq
Tvt

++

“ Evt„pt,v1
t„pt

#

Eδt inf
fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
Tv1

t

+

`

` Eδt inf
fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ´ δtfpxtq
Tvt

++

“ Ev1
t„ptEδt inf

fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
Tv1

t

+

`

` Evt„ptEδt inf
fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ´ δtfpxtq
Tvt

+

paq
“ Ev1

t„ptEδt inf
fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
Tv1

t

+

`

` Evt„ptEδt inf
fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
Tvt

+

“ 2Evt„ptEδt inf
fPF

#

´
1

2

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
Tvt

+

“ Evt„ptEδt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` 2δtfpxtq
Tvt

+

,
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where paq holds because δt and ´δt have the same distribution. Thus,

inf
pt

#

Evt„pt,v1
t„ptEδt inf

fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` δtfpxtq
T

pv1
t ´ vtq

++

ě inf
pt

#

Evt„ptEδt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` 2δtfpxtq
Tvt

++

,

and so the overall bound is now given by

min
vtPr´1,1sd

Eat„qt

␣

aTt vt ` RelFFpI1:tq
(

ě Eρt inf
pt

#

Evt„pt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` max
jPr2ds

eTj AEvt„ptrvts ´ fpxtq
Tvt

++

ě Eρt inf
pt

#

Evt„ptEδt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` 2δtfpxtq
Tvt

++

paq
“ Eρt inf

pt

#

Evt„ptEϵt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` 2fpxtq
T ϵt

++

“ EρtEϵt inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` 2fpxtq
T ϵt

+

,

where paq follows from the fact that δtvt is a d-dimensional Rademacher for vt P D.

Now note that the above lower bound holds for any xt. Therefore, we can take the

expectation on both sides with respect to xt, so that

Ext min
vtPr´1,1sd

Eat„qt

␣

aTt vt ` RelFFpI1:tq
(

ě Ext:n,ϵt:n inf
fPF

#

´

n
ÿ

s‰t

fpxsq
TY ptq

s ` 2fpxtq
T ϵt

+

“ RelFFpI1:pt´1qq.

This proves admissibility.
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Regret bound. The final bound is finally given by:

RelFFp∅q “ Ex1:nEϵ1:n inf
fPF

#

´

n
ÿ

s“1

fpxsq
TY p0q

s

+

“ Ex1:nEϵ1:n ´ sup
fPF

#

n
ÿ

s“1

fpxsq
TY p0q

s

+

“ Ex1:nEϵ1:n ´ sup
fPF

#

n
ÿ

s“1

fpxsq
T2ϵs

+

“ Ex1:n ´ 2RpF , x1:nq.

Thus, by Lemma 4.1, we have that

Ex1:npRegretq ď Ex1:n2RpF , x1:nq.

This completes the proof. ■

Proof of Proposition 4.1

As shown in Theorem 4.1, in order to bound Ex1:npRegretq, we need to bound the

quantity

Ex1:n,ϵ1:n

«

sup
fPF

n
ÿ

s“1

fpxsq
T ϵs

ff

.

Denote by zf :“
řn
s“1 fpxsq

T ϵs. Then, for λ ą 0, we have that
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eλEx1:n,ϵ1:n rsup zf s
paq

ď Ex1:n,ϵ1:nreλ sup zf s

pbq
“ Ex1:n,ϵ1:nrsup eλzf s

pcq

ď
ÿ

fPF
Ex1:n,ϵ1:nreλzf s

“
ÿ

fPF
Ex1:n,ϵ1:n

«

n
ź

s“1

eλfpxsqT ϵs

ff

pdq
“

ÿ

fPF

n
ź

s“1

Exs,ϵsreλfpxsqT ϵss,

where paq follows from Jensen’s inequality, pbq follows from the monotonicity of the

exponential function, pcq follows from the fact that |F | ă 8, and pdq follows from

independence of the contexts and the Rademacher random variables (across time).

Moreover, note that, since Erfpxsq
T ϵss “ 0 and Erpfpxsq

T ϵsq
ks ď Varrfpxsq

T ϵssd
k´2 “

Varpfqdk´2 for k ě 2, we have that

Exs,ϵsreλfpxsqT ϵss “ 1 `

8
ÿ

k“2

λkErpfpxsq
T ϵsq

ks

k!
ď 1 `

Varpfq

d2
peλd ´ λd ´ 1q.

Therefore, letting λ “ µ{
?
n for some µ ą 0 (to be chosen later), the overall

bound is
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Ex1:n,ϵ1:nrsup zf s ď

?
n

µ
log

«

ÿ

fPF

ˆ

1 `
Varpfq

d2
peλd ´ λd ´ 1q

˙n
ff

paq

ď

?
n

µ
log

«

ÿ

fPF

ˆ

1 `
Varpfq

d2
pλdq

2

˙n
ff

“

?
n

µ
log

«

ÿ

fPF

ˆ

1 `
Varpfqµ2

n

˙n
ff

pbq

ď

?
n

µ
log

«

ÿ

fPF
eVarpfqµ2

ff

ď

?
n

µ
log

”

|F |eVarpf
˚qµ2

ı

,

where paq follows from the inequality ex ´ x ´ 1 ď x2 for x ă 1.79, and pbq follows

from the inequality p1 ` a{nq
n

ď ea for a ě 0. Now, minimizing the right hand side

with respect to µ, we obtain µ˚ “

b

logp|F |q

Varpf˚q
. Hence

Ex1:n,ϵ1:nrsup zf s ď 2
a

n log |F |Varpf˚q.

Note that in order for this bound to hold, we must have (according to paq) that

λ˚d ă 1.79 ðñ

d

logp|F |q

nVarpf˚q
d ă 1.79 ðñ n ą

d2 logp|F |q

p1.792qVarpf˚q
ě
d logp|F |q

p1.792q
.

Given this, the final bound on the expected regret is then

Ex1:npRegretq ď 4
a

n logp|F |qVarpf˚q.

This completes the proof. ■

Proof of Lemma 4.2

We prove this lemma by induction. For n “ 0 the statement clearly holds true because

both sides of equation (4.10) are zero. Now suppose the lemma holds for some n ě 0.
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Then, for δ Rademacher random variable

Eϵ1:n`1

«

sup
M

n`1
ÿ

s“1

ϕspMq
T ϵs

ff

“ Eϵ1:n`1

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ϕn`1pMq

T ϵn`1

ff

“ Eϵ1:n`1Eδ

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ϕn`1pMq

T ϵn`1δ

ff

“ Eϵ1:n`1

#

1

2

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ϕn`1pMq

T ϵn`1

ff

`

`
1

2

«

sup
M 1

n
ÿ

s“1

ϕspM
1
q
T ϵs ´ ϕn`1pM

1
q
T ϵn`1

ff+

“ Eϵ1:n`1

«

sup
M,M 1

n
ÿ

s“1

ˆ

ϕspMq ` ϕspM
1q

2

˙T

ϵs `

ˆ

ϕn`1pMq ´ ϕn`1pM
1q

2

˙T

ϵn`1

ff

paq
“ Eϵ1:n

«

sup
M,M 1

n
ÿ

s“1

ˆ

ϕspMq ` ϕspM
1q

2

˙T

ϵs `
1

2
∥ϕn`1pMq ´ ϕn`1pM

1
q∥1

ff

pbq

ď Eϵ1:n

«

sup
M,M 1

n
ÿ

s“1

ˆ

ϕspMq ` ϕspM
1q

2

˙T

ϵs `
1

2
∥ψn`1pMq ´ ψn`1pM

1
q∥1

ff

pcq
“ Eϵ1:n`1

«

sup
M,M 1

n
ÿ

s“1

ˆ

ϕspMq ` ϕspM
1q

2

˙T

ϵs `

ˆ

ψn`1pMq ´ ψn`1pM
1q

2

˙T

ϵn`1

ff

pdq
“ Eϵ1:n`1Eδ

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ψn`1pMq

T ϵn`1δ

ff

“ Eϵ1:n`1

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ψn`1pMq

T ϵn`1

ff

peq

ď Eϵ1:n`1

«

sup
M

n
ÿ

s“1

ψspMq
T ϵs ` ψn`1pMq

T ϵn`1

ff

“ Eϵ1:n`1

«

sup
M

n`1
ÿ

s“1

ψspMq
T ϵs

ff

,
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where step paq follows from the fact that it must be the case that whenever the j-th

entry of ϵn`1 is `1, the j-th entry of ϕn`1pMq must be larger that the j-th entry of

ϕn`1pM
1q and whenever the j-th entry of ϵn`1 is ´1, the j-th entry of ϕn`1pMq must

be smaller that the j-th entry of ϕn`1pM
1q. This must hold because otherwise M

and M 1 could not be the maximizers (because we can just swap the j-th entries and

increase the objective). Step pbq follows from the assumption; step pcq holds for the

same reason as step paq; step pdq follows from reversing the above steps (applied to

ψn`1), and step peq follows from the induction hypothesis. ■

Proof of Corollary 4.1

We apply Lemma 4.2 with M “ V , M “ v, ϕspMq “ γpvpxsqq and ψspMq “ Cvpxsq.

Given the assumption on γ, we have that ∥γpvpxsqq´γpv1pxsqq∥1 ď C∥vpxsq´v1pxsq∥1,

i.e., the conditions of Lemma 4.2 hold, yielding equation (4.11). ■

Proof of Lemma 4.3

We want to bound the following quantity

Eϵ1:n sup
MPRdˆN

«

n
ÿ

s“1

pMxsq
T ϵs

ff

.

Denoting by mi the i-th column of M and by rxssi the i-th element of xs, we can

rewrite pMxsq
T ϵs as follows:

pMxsq
T ϵs “ ϵTs pMxsq “ ϵTs

˜

N
ÿ

i“1

rxssimi

¸

“

N
ÿ

i“1

rxssiϵ
T
smi.
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Therefore,

Eϵ1:n sup
MPRdˆN

«

n
ÿ

s“1

pMxsq
T ϵs

ff

“

“ Eϵ1:n sup
MPRdˆN

«

n
ÿ

s“1

˜

N
ÿ

i“1

rxssiϵ
T
smi

¸ff

“ Eϵ1:n sup
MPRdˆN

«

N
ÿ

i“1

˜

n
ÿ

s“1

rxssiϵ
T
smi

¸ff

“ Eϵ1:n sup
MPRdˆN

»

–

N
ÿ

i“1

˜

n
ÿ

s“1

rxssiϵs

¸T

mi

fi

fl

paq

ď Eϵ1:n sup
MPRdˆN

«

N
ÿ

i“1

˜∥∥∥∥ n
ÿ

s“1

rxssiϵs

∥∥∥∥
2

∥mi∥2

¸ff

pbq

ď CEϵ1:n

˜

N
ÿ

i“1

∥∥∥∥ n
ÿ

s“1

rxssiϵs

∥∥∥∥
2

¸

“ C
N
ÿ

i“1

Eϵ1:n

˜∥∥∥∥ n
ÿ

s“1

rxssiϵs

∥∥∥∥
2

¸

,

where paq follows from Cauchy-Schwarz and pbq follows from our hypothesis. Now,

denoting by rwisl “
řn
s“1rxssirϵssl the l-th element of the i-th vector

řn
s“1rxssiϵs, we

have that
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Eϵ1:n

˜∥∥∥∥ n
ÿ

s“1

rxssiϵs

∥∥∥∥
2

¸

“ Eϵ1:n

¨

˝

g

f

f

e

d
ÿ

l“1

prwislq2

˛

‚

paq

ď

g

f

f

e

d
ÿ

l“1

Eϵ1:nprwislq2

“

d

d
n
ÿ

s“1

prxssiq2

ď
b

dnmax
s,i

prxssiq2.

where paq follows from Jensen’s inequality. Therefore, the final bound is given by

Eϵ1:n sup
MPRdˆN

«

n
ÿ

s“1

pMxsq
T ϵs

ff

ď C
N
ÿ

i“1

Eϵ1:n

˜∥∥∥∥ n
ÿ

s“1

rxssiϵs

∥∥∥∥
2

¸

ď CN
b

dnmax
s,i

prxssiq2.

This completes the proof. ■

Proof of Corollary 4.2

As shown in Theorem 4.1, the upper-bound on the expected regret is given by

Ex1:n2RpF , x1:nq.

Moreover, by using Proposition 4.2, we have that

Ex1:npRegretq ď 2
?
dn

ˆ

CNEx1:n
„

b

max
s,i

prxssiq2
ȷ

` d
a

2 logp2q

˙

.

Therefore, it is enough to bound E
“a

maxs,iprxssiq2
‰

. In order to do that, note that

for any µ ą 0, we have
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E
„

b

max
s,i

prxssiq2
ȷ

paq
“ E

„

max
s,i

|rxssi|
ȷ

pbq
“ E

„

max
s,i

rxssi

ȷ

“
1

µ
E
”

log e
µmax

s,i
rxssi

ı

pcq

ď
1

µ
logE

”

e
µmax

s,i
rxssi

ı

pdq
“

1

µ
logE

„

max
s,i

eµrxssi

ȷ

ď
1

µ
log

˜

ÿ

s,i

E
“

eµrxssi
‰

¸

peq

ď
1

µ
log

´

nNeµη`µ2{8
¯

“
1

µ
logpnNq `

µ

8
` η,

where paq holds because the square root function is monotone; pbq follows from the

assumption that rxssi P r0, 1s for any s and i; pcq follows from Jensen’s inequality

applied to the log function; pdq holds because the exponential function is monotone

and peq follows from Hoeffding’s lemma applied to the random variable rxssi.

Minimizing the last expression with respect to µ, we obtain µ˚ “
a

8 logpnNq,

leading to the final bound

Ex1:npRegretq ď 2
?
dn

˜

CN

˜

c

logpnNq

2
` η

¸

` d
a

2 logp2q

¸

.

This completes the proof. ■

Proof of Lemma 4.4

The optimization problem that we want to solve is the following:

sup
qP∆A

min
vPD

#

qTAv ´ max
fPF

#

n
ÿ

s‰t

fpxsq
TY ptq

s ` fpxtq
Tv

++

. (4.36)
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Denote by ψi :“ maxfPF

!

řn
s‰t fpxsq

TY
ptq
s ` fpxtq

Tvi

)

, where i is the index for the

i-th element of the set D “ t´1, 1ud. Note that each ψi can be computed with a

single oracle access, for a total of 2d accesses. Thus, we can assume that they are

given. With this notation, the optimization problem in (4.36) can be rewritten as

sup
qP∆A

min
iPr2ds

␣

qTAvi ´ ψi
(

“ sup
qP∆A

z

subject to z ď qTAvi ´ ψi, i “ 1, . . . , 2d. (4.37)

Note that (4.37) is a linear program with 2d many variables and 2d many constraints.

Thus, it can be solved in time Op2dq. ■

Proof of Lemma 4.5

We prove this lemma similarly to Lemma 4.1. Let pqtq
n
t“1 be an admissible strategy

and define Regret “ ´Regret. Then,

Ex1:npRegretq ě inf
v1:n

Ex1:npRegretq

paq
“ inf

v1
inf
v2

¨ ¨ ¨ inf
vn´1

inf
vn

Ex1:npRegretq

pbq

ě inf
v1

inf
v2

¨ ¨ ¨ inf
vn´1

Ex1:npinf
vn

Regretq

pcq
“ inf

v1
inf
v2

¨ ¨ ¨ inf
vn´1

Ex1:pn´1q
Exnpinf

vn
Regretq

ě inf
v1

inf
v2

¨ ¨ ¨Ex1:pn´1q
inf
vn´1

Exnpinf
vn

Regretq

...

ě Ex1 inf
v1

Ex2 inf
v2

¨ ¨ ¨Exn´1 inf
vn´1

Exnpinf
vn

Regretq,

where paq follows from the fact that, for bounded f , infpx,yq fpx, yq “ infx infy fpx, yq;

pbq follows from infyPY ErfpX, yqs ě ErinfyPY fpX, yqs for any measurable f ; and pcq

135



follows from the independence of the contexts. Now, by admissibility of RelBF
p¨q, we

have that for all x1:n, ṽ1:n and q1:n,

Eâ1:n„q1:n,X1:nRelBF
pI1:nq ď ´ sup

fPF

n
ÿ

t“1

eTfpxtqṽt.

Thus, using the definition of regret (in the context of bandit feedback), we can

continue the lower bound as follows:
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Ex1:npRegretq

ě Ex1 inf
ṽ1

Ex2 inf
ṽ2

¨ ¨ ¨Exn´1 inf
ṽn´1

Exn inf
ṽn

ˆ n
ÿ

t“1

qTt ṽt ´ sup
fPF

n
ÿ

t“1

eTfpxtqṽt

˙

paq

ě Ex1 inf
ṽ1

Ex2 inf
ṽ2

¨ ¨ ¨Exn´1 inf
ṽn´1

Exn inf
ṽn

ˆ n
ÿ

t“1

qTt ṽt ` Eâ1:n„q1:n,X1:nRelBF
pI1:nq

˙

pbq
“ Ex1 inf

ṽ1
Ex2 inf

ṽ2
¨ ¨ ¨Exn´1 inf

ṽn´1

Exn inf
ṽn

ˆ

Eâ1:n„q1:n,X1:n

„ n
ÿ

t“1

ṽtpâtq ` RelBF
pI1:nq

ȷ˙

“ Ex1 inf
ṽ1

Ex2 inf
ṽ2

¨ ¨ ¨Exn´1 inf
ṽn´1

Exn inf
ṽn

Eâ1:pn´1q,X1:pn´1q
Eân,Xn

„ n
ÿ

t“1

ṽtpâtq ` RelBF
pI1:nq

ȷ

ě Ex1 inf
ṽ1

Ex2 inf
ṽ2

¨ ¨ ¨Exn´1 inf
ṽn´1

ExnEâ1:pn´1q,X1:pn´1q
inf
ṽn

Eân,Xn

„ n
ÿ

t“1

ṽtpâtq ` RelBF
pI1:nq

ȷ

pcq
“ Ex1 inf

ṽ1
Ex2 inf

ṽ2
¨ ¨ ¨Exn´1 inf

ṽn´1

Eâ1:pn´1q,X1:pn´1q
Exn inf

ṽn
Eân,Xn

„ n
ÿ

t“1

ṽtpâtq ` RelBF
pI1:nq

ȷ

...

pdq

ě Ex1 inf
ṽ1

Eâ1„q1,X1Ex2 inf
ṽ2

Eâ2„q2,X2 ¨ ¨ ¨Exn inf
ṽn

Eân„qn,Xn

„ n
ÿ

t“1

ṽtpâtq ` RelBF
pI1:nq

ȷ

“ Ex1 inf
ṽ1

Eâ1„q1,X1 ¨ ¨ ¨Exn inf
ṽn

Eân„qn,Xn

„ n´1
ÿ

t“1

ṽtpâtq ` ṽnpânq ` RelBF
pI1:nq

ȷ

“ Ex1 inf
ṽ1

Eâ1„q1,X1 ¨ ¨ ¨Exn´1 inf
ṽn´1

Eân´1„qn´1,Xn´1

„ n´1
ÿ

t“1

ṽtpâtq`

` Exn inf
ṽn

Eân,Xn

␣

ṽnpânq ` RelBF
pI1:nq

(

ȷ

peq

ě Ex1 inf
ṽ1

Eâ1„q1,X1 ¨ ¨ ¨Exn´1 inf
ṽn´1

Eân´1„qn´1,Xn´1

„ n´1
ÿ

t“1

ṽtpâtq ` RelBF
pI1:n´1q

ȷ

,
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where paq holds by admissibility; pbq follows from the fact that Eât„qt,Xt rṽtpâtqs “

Eât
“

âTt vt
‰

“ qTt Avt “ qTt ṽt; pcq holds by Fubini Theorem and peq holds by equation

(4.17), since pqtq
n
t“1 is admissible. Finally, proceeding iteratively from step pdq, we

obtain the final bound

Ex1:npRegretq ě RelBF
p∅q,

i.e. Ex1:npRegretq ď ´RelBF
p∅q. This completes the proof. ■

Proof of Theorem 4.2

Admissibility: initial condition. For any x1:n, ṽ1:n and q1:n it holds that

´ sup
fPF

n
ÿ

t“1

eTfpxtqṽt “ inf
fPF

´

n
ÿ

t“1

eTfpxtqEât,Xtrv̂ts ě Eâ1:n,X1:n inf
fPF

´

n
ÿ

t“1

eTfpxtqv̂t

“ Eâ1:n,X1:nRelBF
pI1:nq.

Admissibility: recursion. Let L “ tLei : i P r2dsu Y t0u and let ϵs P t´1,`1u2
d

denote a vector of independent Rademacher random variables. We will now reason

conditionally on xt. Let us denote by

ρt :“ pxpt`1q:n, ϵpt`1q:n, Zpt`1q:nq,

a draw of independent covariates from Px, independent Rademacher random variables

and real-valued i.i.d. random variables for the “future rounds”. Define the randomized

prediction algorithm as

qt “ Eρtrqtpρtqs with qtpρtq “

ˆ

1 ´
2d

L

˙

q˚
t pρtq `

1

L
1, (4.38)

and

q˚
t “ Eρtrq˚

t pρtqs with q˚
t pρtq “ argmaxqP∆A

inf
ptP∆1

L

Ev̂t„pt

“

qT v̂t ` Rpx1:t, v̂1:t, ρtq
‰

,

(4.39)
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where ∆A denotes the set of distributions over A and ∆1
L “ tp P ∆L : ppiq ď d{L @i P

r2dsu. First note that

Eât„qt,Xt rṽtpâtqs
paq
“ qTt ṽt “

ˆ

1 ´
2d

L

˙

q˚T
t ṽt `

1

L
1T ṽt (4.40)

pbq

ě q˚T
t ṽt ´

2d

L
q˚T
t pd1q ´

d2d

L
(4.41)

“ Eât,Xt

“

q˚T
t v̂t

‰

´
d2d`1

L
, (4.42)

where paq follows from the fact that Eât„qt,Xt rṽtpâtqs “ Eât
“

âTt vt
‰

“ qTt Avt “ qTt ṽt

and pbq holds because ṽt P r´d, ds2
d
. Thus, we have that

min
ṽt

Eât„qt,Xt

␣

ṽtpâtq ` RelBF
pI1:tq

(

paq

ě min
ṽt

Eât„qt,Xt

␣

q˚T
t v̂t ` RelBF

pI1:tq
(

´
d2d`1

L

“ min
ṽt

Eât„qt,Xt

␣

q˚T
t v̂t ` Eρt rRpx1:t, v̂1:t, ρtqs

(

´
d2d`1

L

“ min
ṽt

Eât„qt,Xt

␣

Eρt
“

q˚
t pρtq

T v̂t ` Rpx1:t, v̂1:t, ρtq
‰(

´
d2d`1

L

pbq

ě inf
v̂t

␣

Eρt
“

q˚
t pρtq

T v̂t ` Rpx1:t, v̂1:t, ρtq
‰(

´
d2d`1

L
,

where paq follows from equation (4.42) and pbq follows from the fact that we are taking

the infimum over a larger set (since v̂t is a function of ṽt, ât and Xt). Observe now

that v̂t is a random variable taking values in L and such that the probability that is

equal to Lei can be upper bounded as:

Ppv̂t “ Leiq “ EρtrPpv̂t “ Lei | ρtqs “ Eρt
„

qtpρtqpiq
ṽtpiq

Lqtpρtqpiq

ȷ

ď d{L.

Therefore, we can continue the lower bound as follows:
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min
ṽt

Eât„qt,Xt

␣

ṽtpâtq ` RelBF
pI1:tq

(

paq

ě inf
ptP∆1

L

Ev̂t„pt

␣

Eρt
“

q˚
t pρtq

T v̂t ` Rpx1:t, v̂1:t, ρtq
‰(

´
d2d`1

L

pbq

ě Eρt inf
ptP∆1

L

Ev̂t„pt

␣

q˚
t pρtq

T v̂t ` Rpx1:t, v̂1:t, ρtq
(

´
d2d`1

L

pcq
“ Eρt sup

qP∆A

inf
ptP∆1

L

Ev̂t„pt

␣

qT v̂t ` Rpx1:t, v̂1:t, ρtq
(

´
d2d`1

L

pdq
“ Eρt inf

ptP∆1
L

sup
qP∆A

Ev̂t„pt

␣

qT v̂t ` Rpx1:t, v̂1:t, ρtq
(

´
d2d`1

L

“ Eρt inf
ptP∆1

L

sup
qP∆A

␣

qTEv̂t„ptrv̂ts ` Ev̂t„ptRpx1:t, v̂1:t, ρtq
(

´
d2d`1

L

“ Eρt inf
ptP∆1

L

"

max
jPr2ds

eTj Ev̂t„ptrv̂ts ` Ev̂t„ptRpx1:t, v̂1:t, ρtq

*

´
d2d`1

L

peq
“ Eρt inf

ptP∆1
L

#

max
jPr2ds

eTj Ev̂t„ptrv̂ts ` Ev̂t„pt inf
fPF

#

´

t
ÿ

s“1

eTfpxsqv̂s ´

n
ÿ

s“t`1

2eTfpxsqϵsZs

++

`

´
pn ´ pt ´ 1qqd2d`1

L

pfq
“ Eρt inf

ptP∆1
L

#

Ev̂t„pt inf
fPF

#

´

t
ÿ

s“1

eTfpxsqv̂s ` max
jPr2ds

eTj Ev̂t„ptrv̂ts ´

n
ÿ

s“t`1

2eTfpxsqϵsZs

++

´
pn ´ pt ´ 1qqd2d`1

L
,

where paq follows from the fact that we are taking the infimum over all distributions

pt in ∆1
L; pbq follows from, first exchanging the expectations, and then using the

fact that infyPY ErfpX, yqs ě ErinfyPY fpX, yqs; (c) follows from the definition of

q˚
t pρtq; pdq follows from the Minimax Theorem (since the objective is linear in both
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q and pt); peq follows from the definition of Rpx1:t, v̂1:t, ρtq and pfq holds because

maxjPr2ds e
T
j Ev̂t„ptrv̂ts is a constant. Let us now focus on the first term and use the

notation

Sf,´t :“ ´

t´1
ÿ

s“1

eTfpxsqv̂s ´

n
ÿ

s“t`1

2eTfpxsqϵsZs.

The rest of the lower bounds will be derived conditionally on ρt. In particular, for δt

one-dimensional Rademacher random variable, we have

inf
ptP∆1

L

"

Ev̂t„pt inf
fPF

"

Sf,´t ` max
jPr2ds

eTj Ev̂t„ptrv̂ts ´ eTfpxtqv̂t

**

paq

ě inf
ptP∆1

L

"

Ev̂t„pt inf
fPF

␣

Sf,´t ` eTfpxtqEv̂t„ptrv̂ts ´ eTfpxtqv̂t
(

*

pbq

ě inf
ptP∆1

L

"

Ev̂t„pt,v̂1
t„pt inf

fPF

␣

Sf,´t ` eTfpxtqpv̂
1
t ´ v̂tq

(

*

pcq
“ inf

ptP∆1
L

"

Ev̂t„pt,v̂1
t„ptEδt inf

fPF

␣

Sf,´t ` δte
T
fpxtqpv̂

1
t ´ v̂tq

(

*

where paq follows from the fact that maxjPr2ds e
T
j Ev̂t„ptrv̂ts ě eTfpxtq

Ev̂t„ptrv̂ts; pbq follows

from infyPY ErfpX, yqs ě ErinfyPY fpX, yqs and (c) holds because ErgpX ´ X 1qs “

ErgpX 1 ´ Xqs, for any X,X 1 i.i.d. Now notice that the expression inside the first

infimum (in the latter expression) can be decomposed as follows:
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Ev̂t„pt,v̂1
t„ptEδt inf

fPF

␣

Sf,´t ` δte
T
fpxtqpv̂

1
t ´ v̂tq

(

“ Ev̂t„pt,v̂1
t„ptEδt inf

fPF

"

1

2
Sf,´t ` δte

T
fpxtqv̂

1
t `

1

2
Sf,´t ´ δte

T
fpxtqv̂t

*

ě Ev̂t„pt,v̂1
t„ptEδt

"

inf
fPF

"

1

2
Sf,´t ` δte

T
fpxtqv̂

1
t

*

` inf
fPF

"

1

2
Sf,´t ´ δte

T
fpxtqv̂t

**

“ Ev̂t„pt,v̂1
t„pt

"

Eδt inf
fPF

"

1

2
Sf,´t ` δte

T
fpxtqv̂

1
t

*

` Eδt inf
fPF

"

1

2
Sf,´t ´ δte

T
fpxtqv̂t

**

“ Ev̂1
t„ptEδt inf

fPF

"

1

2
Sf,´t ` δte

T
fpxtqv̂

1
t

*

` Ev̂t„ptEδt inf
fPF

"

1

2
Sf,´t ´ δte

T
fpxtqv̂t

*

paq
“ Ev̂1

t„ptEδt inf
fPF

"

1

2
Sf,´t ` δte

T
fpxtqv̂

1
t

*

` Ev̂t„ptEδt inf
fPF

"

1

2
Sf,´t ` δte

T
fpxtqv̂t

*

“ 2Ev̂t„ptEδt inf
fPF

"

1

2
Sf,´t ` δte

T
fpxtqv̂t

*

“ Ev̂t„ptEδt inf
fPF

␣

Sf,´t ` 2δte
T
fpxtqv̂t

(

where paq holds because δt and ´δt have the same distribution. Thus,

inf
ptP∆1

L

"

Ev̂t„pt inf
fPF

"

Sf,´t ` max
jPr2ds

eTj Ev̂t„ptrv̂ts ´ eTfpxtqv̂t

**

ě inf
ptP∆1

L

"

Ev̂t„ptEδt inf
fPF

␣

Sf,´t ` 2δte
T
fpxtqv̂t

(

*

,

and so the overall bound is now given by

min
ṽt

Eât„qt,Xt

␣

ṽtpâtq ` RelBF
pI1:tq

(

(4.43)

ě Eρt inf
ptP∆1

L

"

Ev̂t„pt inf
fPF

"

Sf,´t ` max
jPr2ds

eTj Ev̂t„ptrv̂ts ´ eTfpxtqv̂t

**

´
pn ´ pt ´ 1qqd2d`1

L

(4.44)

ě Eρt inf
ptP∆1

L

"

Ev̂t„ptEδt inf
fPF

␣

Sf,´t ` 2δte
T
fpxtqv̂t

(

*

´
pn ´ pt ´ 1qqd2d`1

L
. (4.45)
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Conditioning on v̂t, consider now a random variable Mt which is ˘maxi v̂tpiq with

equal probability on the coordinates where v̂t is equal to zero and equal to v̂t on

the coordinate that achieves the maximum. Clearly, ErMt | v̂ts “ v̂t, i.e., Mt is an

unbiased estimate of v̂t. Therefore,

inf
ptP∆1

L

"

Ev̂t„ptEδt inf
fPF

␣

Sf,´t ` 2δte
T
fpxtqv̂t

(

*

(4.46)

“ inf
ptP∆1

L

"

Ev̂t„ptEδt inf
fPF

␣

Sf,´t ` 2δte
T
fpxtqErMt | v̂ts

(

*

(4.47)

ě inf
ptP∆1

L

"

Ev̂t„ptEδtEMt inf
fPF

␣

Sf,´t ` 2δte
T
fpxtqMt

(

*

. (4.48)

Note that the random variable δtMt, conditioning on v̂t, is ˘maxi v̂tpiq with equal

probability independently on each coordinate. Moreover, given any distribution

pt P ∆1
L, the distribution of the maximum coordinate of v̂t has support on t0, Lu

and is equal to L with probability at most d2d{L. Since the objective in (4.48)

only depends on the distribution of the maximum coordinate of v̂t, we can continue

the lower bound with an infimum over any distribution of random vectors whose

coordinates are 0 with probability at least 1 ´ d2d{L and otherwise ˘L with equal

probability. In particular, let ϵt be a 2d-dimensional Rademacher random vector and

denote by a :“ PpZ 1
t “ Lq. Then

inf
ptP∆1

L

"

Ev̂t„ptEδtEMt inf
fPF

␣

Sf,´t ` 2δte
T
fpxtqMt

(

*

(4.49)

ě inf
Z1
tP∆t0,Lu:PpZ1

t“Lqďd2d{L
EϵtEZ1

t
inf
fPF

␣

Sf,´t ` 2Z 1
te
T
fpxtqϵt

(

(4.50)

“ inf
a:0ďaďd2d{L

ˆ

p1 ´ aq inf
fPF

Sf,´t ` aEϵt inf
fPF

␣

Sf,´t ` 2LeTfpxtqϵt
(

˙

(4.51)

Note that the infimum in (4.51) is achieved at a “ d2d{L. Indeed, it is enough to

prove that

inf
fPF

Sf,´t ě Eϵt inf
fPF

␣

Sf,´t ` 2LeTfpxtqϵt
(

,
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which is true because, if we denote by f˚ :“ arginffPFSf,´t, we have that

Eϵt inf
fPF

␣

Sf,´t ` 2LeTfpxtqϵt
(

ď Eϵt
“

Sf˚ ` 2LeTf˚pxtqϵt
‰

“ Sf˚ ` 2LeTf˚pxtqEϵtrϵts “ Sf˚ .

Thus, we can lower bound (4.49) as follows:

inf
ptP∆1

L

"

Ev̂t„ptEδtEMt inf
fPF

␣

Sf,´t ` 2δte
T
fpxtqMt

(

*

ě EϵtEZt inf
fPF

␣

Sf,´t ` 2Zte
T
fpxtqϵt

(

,

where Zt P t0, Lu and is a random variable which is equal to L with probability d2d{L

and 0 otherwise. Therefore,

min
ṽt

Eât„qt,Xt

␣

ṽtpâtq ` RelBF
pI1:tq

(

(4.52)

ě Eρt inf
ptP∆1

L

"

Ev̂t„ptEδt inf
fPF

␣

Sf,´t ` 2δte
T
fpxtqv̂t

(

*

´
pn ´ pt ´ 1qqd2d`1

L
(4.53)

ě EρtEϵtEZt inf
fPF

␣

Sf,´t ` 2Zte
T
fpxtqϵt

(

´
pn ´ pt ´ 1qqd2d`1

L
. (4.54)

Now note that the lower bound in (4.54) holds for any xt. Therefore, we can take

the expectation on both sides with respect to xt, so that

Ext min
ṽt

Eât„qt,Xt

␣

ṽtpâtq ` RelBF
pI1:tq

(

(4.55)

ě Epx,ϵ,Zqpt:nq
inf
fPF

␣

Sf,´t ` 2Zte
T
fpxtqϵt

(

´
pn ´ pt ´ 1qqd2d`1

L
(4.56)

“ Epx,ϵ,Zqpt:nq
inf
fPF

␣

Sf,´t ´ 2Zte
T
fpxtqϵt

(

´
pn ´ pt ´ 1qqd2d`1

L
(4.57)

“ RelBF
pI1:pt´1qq. (4.58)

This proves admissibility.
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Regret bound. The final bound is finally given by

RelBF
p∅q “ Ex1:nEϵ1:nEZ1:n inf

fPF

#

´

n
ÿ

s“1

2eTfpxsqϵsZs

+

´
nd2d`1

L
(4.59)

“ ´2Ex1:nEϵ1:nEZ1:n sup
fPF

#

n
ÿ

s“1

eTfpxsqϵsZs

+

´
nd2d`1

L
, (4.60)

and, thus, by Lemma 4.5, we have that

Ex1:npRegretq ď ´RelBF
p∅q “ 2Ex1:nEϵ1:nEZ1:n sup

fPF

#

n
ÿ

s“1

eTfpxsqϵsZs

+

`
nd2d`1

L
.

(4.61)

This completes the proof. ■

Proof of Lemma 4.6

We prove this lemma by induction. For n “ 0 the statement clearly holds true because

both sides are zero. Now suppose the lemma holds for some n ě 0. Then, for π

Rademacher random variable, we have that
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Eϵ1:n`1

«

sup
M

n`1
ÿ

s“1

ϕspMq
T ϵs

ff

“ Eϵ1:n`1

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ϕn`1pMq

T ϵn`1

ff

“ Eϵ1:n`1Eπ

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ϕn`1pMq

T ϵn`1π

ff

“ Eϵ1:n`1

#

1

2

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ϕn`1pMq

T ϵn`1

ff

`

`
1

2

«

sup
M 1

n
ÿ

s“1

ϕspM
1
q
T ϵs ´ ϕn`1pM

1
q
T ϵn`1

ff+

“ Eϵ1:n`1

«

sup
M,M 1

n
ÿ

s“1

ˆ

ϕspMq ` ϕspM
1q

2

˙T

ϵs `

ˆ

ϕn`1pMq ´ ϕn`1pM 1q

2

˙T

ϵn`1

ff

paq
“ Eϵ1:n

«

sup
M,M 1

n
ÿ

s“1

ˆ

ϕspMq ` ϕspM
1q

2

˙T

ϵs `
1

2
∥ϕn`1pMq ´ ϕn`1pM

1
q∥1

ff

pbq

ď Eϵ1:n

«

sup
M,M 1

n
ÿ

s“1

ˆ

ϕspMq ` ϕspM
1q

2

˙T

ϵs `
1

2
∥ψn`1pMq ´ ψn`1pM

1
q∥1

ff

pcq
“ Eϵ1:nEδn`1

«

sup
M,M 1

n
ÿ

s“1

ˆ

ϕspMq ` ϕspM
1q

2

˙T

ϵs `

ˆ

ψn`1pMq ´ ψn`1pM 1q

2

˙T

δn`1

ff

pdq
“ Eϵ1:nEδn`1Eπ

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ψn`1pMq

T δn`1π

ff

“ Eδn`1Eϵ1:n

«

sup
M

n
ÿ

s“1

ϕspMq
T ϵs ` ψn`1pMq

T δn`1

ff

peq

ď Eδn`1Eδ1:n

«

sup
M

n
ÿ

s“1

ψspMq
T δs ` ψn`1pMq

T δn`1

ff

“ Eδ1:n`1

«

sup
M

n`1
ÿ

s“1

ψspMq
T δs

ff

,
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where step paq follows from the fact that it must be the case that whenever the j-th

entry of ϵn`1 is `1, the j-th entry of ϕn`1pMq must be larger that the j-th entry of

ϕn`1pM
1q and whenever the j-th entry of ϵn`1 is ´1, the j-th entry of ϕn`1pMq must

be smaller that the j-th entry of ϕn`1pM
1q. This must hold because otherwise M

and M 1 could not be the maximizers (because we can just swap the j-th entries and

increase the objective). Step pbq follows from the assumption; step pcq holds for the

same reason as step paq; step pdq follows from reversing the above steps (applied to

ψn`1), and step peq follows from the induction hypothesis. ■

Proof of Corollary 4.3

We apply Lemma 4.6 with M “ F , M “ f , ϕspfq “ γpfpxsqq and ψspfq “ Cfpxsq.

Given the assumption on γ, we have that ∥γpfpxsqq´γpf 1pxsqq∥1 ď C∥fpxsq´f 1pxsq∥1

for some C ą 0, i.e., the conditions of Lemma 4.6 hold, yielding equation (4.25). ■

Proof of Proposition 4.3

We prove this proposition similarly to Proposition 4.1. As shown in Corollary 4.3, in

order to bound Ex1:npRegretq, we need to bound the quantity

Ex1:nEδ1:nEZ1:n

«

sup
fPF

n
ÿ

s“1

fpxsq
T δsZs

ff

.

Denote by zf :“
řn
s“1 fpxsq

T δsZs. Then, for λ ą 0, we have that
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eλEx1:n,δ1:n,Z1:n
rsup zf s

paq

ď Ex1:n,δ1:n,Z1:nreλ sup zf s

pbq
“ Ex1:n,δ1:n,Z1:nrsup eλzf s

pcq

ď
ÿ

fPF
Ex1:n,δ1:n,Z1:nreλzf s

“
ÿ

fPF
Ex1:n,δ1:n,Z1:n

«

n
ź

s“1

eλfpxsqT δsZs

ff

pdq
“

ÿ

fPF

n
ź

s“1

Exs,δs,ZsreλfpxsqT δsZss,

where paq follows from Jensen’s inequality, pbq follows from the monotonicity of the

exponential function, pcq follows from the fact that |F | ă 8, and pdq follows from

independence. Moreover, note that, since Erfpxsq
T δsZss “ 0 and, for k ě 2,

Erpfpxsq
T δsZsq

k
s ď Varrfpxsq

T δsZsspdLq
k´2

“ Varrfpxsq
T δssErZ2

s spdLq
k´2

“ VarpfqpLd2dqpdLq
k´2,

we have that

Exs,δs,ZsreλfpxsqT δsZss “ 1 `

8
ÿ

k“2

λkErpfpxsq
T δsZsq

ks

k!
ď 1 `

VarpfqLd2d

pdLq2
peλdL ´ λdL ´ 1q.

Therefore, letting λ “ µ{
?
n for some µ ą 0 (to be chosen later), the overall

bound is
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Ex1:n,δ1:n,Z1:nrsup zf s ď

?
n

µ
log

«

ÿ

fPF

ˆ

1 `
VarpfqLd2d

pdLq2
peλdL ´ λdL ´ 1q

˙n
ff

paq

ď

?
n

µ
log

«

ÿ

fPF

ˆ

1 `
VarpfqLd2d

pdLq2
pλdLq

2

˙n
ff

“

?
n

µ
log

«

ÿ

fPF

ˆ

1 `
VarpfqLd2dµ2

n

˙n
ff

pbq

ď

?
n

µ
log

«

ÿ

fPF
eVarpfqLd2dµ2

ff

ď

?
n

µ
log

”

|F |eVarpf
˚qLd2dµ2

ı

,

where paq follows from the inequality ex ´ x ´ 1 ď x2 for x ă 1.79, and pbq follows

from the inequality p1 ` a{nq
n

ď ea for a ě 0. Now, minimizing the right hand side

with respect to µ, we obtain µ˚ “

b

log |F |

Varpf˚qLd2d
, leading to

Ex1:n,ϵ1:n,Z1:nrsup zf s ď 2
a

n log |F |Varpf˚qLd2d.

Note that in order for this bound to hold, we must have (according to paq) that

λ˚dL ă 1.79 ðñ

d

log |F |

nVarpf˚qLd2d
dL ă 1.79 ðñ L ă

p1.792qn2dVarpf˚q

d logp|F |q
.

(4.62)

Therefore, by Lemma 4.5, the final bound is given by

Ex1:npRegretq ď ´RelBF
p∅q ď 8

a

n logp|F |qVarpf˚qLd2d `
nd2d`1

L
.

Setting L˚ “ 1
22{3

´

nd2d

logp|F |qVarpf˚q

¯1{3

, i.e., minimizing the upper bound and satisfying

equation (4.62), the final bound becomes

Ex1:npRegretq ď 214{3
`

nd2d
˘2{3

plogp|F |qVarpf˚
qq

1{3 ,
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which holds whenever n ě 4pd2dq2 logp|F |qVarpf˚q (since we require L ě d2d). This

completes the proof. ■

Proof of Proposition 4.4

Note that, given that F “ tf : X Ñ A : fpxq “ τpMxqu, reasoning conditional on

x1:n, the quantity that we want to bound is

Eδ1:nEZ1:n

«

sup
M

n
ÿ

s“1

τpMxsq
T δsZs

ff

.

In order to do this, we define the function

gpxq “ Mx ` λ

¨

˚

˚

˚

˚

˚

˝

1trMxs1 ě 0u

1trMxs2 ě 0u
...

1trMxsd ě 0u

˛

‹

‹

‹

‹

‹

‚

for some λ ą 0 to be chosen later. The function g shifts the nonnegative entries of

Mx so that they are at least λ away from zero. Clearly, given xs, τpMxsq
T δsZs

d
“

τpgpxsqqT δsZs for any s, where the equality holds in distribution. Thus, it is enough

to bound

EZ1:nEδ1:n

«

sup
M

n
ÿ

s“1

τpgpxsqq
T δsZs

ff

.

Now, notice that for each s and g, g1, we have

∣∣∣∣∣rτpgpxsqqsj ´ rτpg1
pxsqqsj

∣∣∣∣∣ ď
1

λ

∣∣∣∣∣rgpxsqsj ´ rg1
pxsqqsj

∣∣∣∣∣ (4.63)

for each coordinate j “ 1, . . . , d. The reason equation (4.63) holds is because if

rgpxsqsj and rg1pxsqsj have the same sign, the left-hand side is zero while the right-

hand side is nonnegative; if rgpxsqsj and rg1pxsqsj have opposite signs, the left-hand
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side is one while the right-hand side is at least one because λ ď |rgpxsqsj ´ rg1pxsqqsj|,

given the definition of g. Therefore, τpgp¨qq satisfies the conditions of Corollary 4.1

with C “ 1{λ, so that

EZ1:nEδ1:n

«

sup
M

n
ÿ

s“1

τpgpxsqq
T δsZs

ff

ď
1

λ

˜

EZ1:nEδ1:n

«

sup
M

n
ÿ

s“1

gpxsq
T δsZs

ff¸

paq

ď
1

λ

˜

EZ1:nEδ1:n

«

sup
M

n
ÿ

s“1

pMxsq
T δsZs

ff

` EZ1:nEδ1:n

«

sup
ysPt0,λud

n
ÿ

s“1

yTs δsZs

ff¸

,

where paq follows from splitting the supremum into two parts and taking the supremum

in the second term over all possible vectors. We can now bound the second term on

the right-hand side by Massart finite lemma (by reasoning conditional on Zs), yielding

the upper bound dλ
a

2nErZ2
s s logp2dq; while for the first term we can follow similar

steps as in the proof of Lemma 4.3, yielding CN
a

dnErZ2
s smaxs,iprxssiq2. Therefore,

we have

EZ1:nEδ1:n

«

sup
M

n
ÿ

s“1

τpgpxsqq
T δsZs

ff

ď
1

λ

ˆ

CN
b

dnErZ2
s smax

s,i
prxssiq2 ` λd

a

2nErZ2
s s logp2dq

˙

“
1

λ

a

ndErZ2
s s

ˆ

CN
b

max
s,i

prxssiq2 ` dλ
a

2 logp2q

˙

,

Setting λ “ 1, and since ErZ2
s s “ Ld2d, we have

EZ1:nEδ1:n

«

sup
M

n
ÿ

s“1

τpgpxsqq
T δsZs

ff

ď
?
nLd22d

ˆ

CN
b

max
s,i

prxssiq2 ` d
a

2 logp2q

˙

.
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Given Corollary 4.4, the expected regret can be upper bounded by

4
?
nLd22d

ˆ

CNEx1:n
„

b

max
s,i

prxssiq2
ȷ

` d
a

2 logp2q

˙

`
nd2d`1

L
.

Minimizing this quantity with respect to L, we obtain

L˚
“

¨

˚

˝

n2d
´

CNEx1:n
“a

maxs,iprxssiq2
‰

` d
a

2 logp2q

¯2

˛

‹

‚

1{3

,

yielding the desired upper bound in (4.33), i.e.

Ex1:npRegretq ď 28{3dpn2dq2{3

ˆ

CNEx1:n
„

b

max
s,i

prxssiq2
ȷ

` d
a

2 logp2q

˙2{3

,

which holds whenever n ě d3p2dq2
´

CNEx1:n
“a

maxs,iprxssiq2
‰

` d
a

2 logp2q

¯2

(since

we require L ě d2d). This completes the proof. ■

Proof of Corollary 4.5

We prove this corollary similarly to Corollary 4.2. By Proposition 4.4, we have that

Ex1:npRegretq ď 28{3dpn2dq2{3

ˆ

CNEx1:n
„

b

max
s,i

prxssiq2
ȷ

` d
a

2 logp2q

˙2{3

.

whenever n ě d3p2dq2
´

CNEx1:n
“a

maxs,iprxssiq2
‰

` d
a

2 logp2q

¯2

. Therefore, it is

enough to bound E
“a

maxs,iprxssiq2
‰

. Following similar steps as in Corollary 4.2, we

obtain that

E
„

b

max
s,i

prxssiq2
ȷ

ď

c

logpnNq

2
` η,

leading to the final bound

Ex1:npRegretq ď 28{3dpn2dq2{3

˜

CN

˜

c

logpnNq

2
` η

¸

` d
a

2 logp2q

¸2{3

.

This completes the proof. ■
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Proof of Lemma 4.7

For i P t0, 1, . . . , 2du, define:

ψi :“ sup
fPF

#

t´1
ÿ

s“1

eTfpxsqv̂s ` LeTfpxtqei `

n
ÿ

s“t`1

2eTfpxsqϵsZs

+

,

with the convention that e0 “ 0. Note that, with this notation we can rewrite q˚
t pρtq

as follows:

q˚
t pρtq “ argsup

qP∆A

inf
ptP∆1

L

Ev̂„pt

“

qT v̂ ` Rpx1:t, v̂1:t´1, v̂, ρtq
‰

paq
“ argsup

qP∆A

inf
ptP∆1

L

2d
ÿ

i“1

rptpiqqpiqL ´ ptpiqψis ´ ptp0qψ0

“ argsup
qP∆A

inf
ptP∆1

L

2d
ÿ

i“1

ptpiq rqpiqL ´ ψis ´ ptp0qψ0,

where paq follows from the fact that v̂ P tLei : i P r2dsu Y t0u and the constant

pn ´ tqd2d`1{L does not change the maximizer in ∆A. Note that each ψi can be

computed with a single oracle access, for a total of 2d ` 1 accesses. Thus, we can

assume that they are given. We now show how to compute the maximizer of equation

(4.30).

For each given q, the infimum over pt can be characterized as follows. With the

notation zi “ qpiqL ´ ψi and z0 “ ´ψ0, we can rewrite q˚
t pρtq as follows

q˚
t pρtq “ argsup

qP∆A

inf
ptP∆1

L

2d
ÿ

i“1

ptpiqzi ` ptp0qz0.

Note that if we did not have any constraint on ptpiq ď d{L for i ą 0, then we would

have put all the probability mass on the minimum of the zi. Given the constraint,

the best we can do is to put as much probability mass as allowed on the minimum
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coordinate argminiPt0,...,2duzi and continue to the next smallest quantity. We repeat

this until we reach the quantity z0. At this point, the probability mass that we

can put on coordinate 0 is unconstrained. Therefore, we can put all the remaining

probability mass on this coordinate.

Let zp1q, zp2q, . . . , zp2dq, denote the ascending order of the zi quantities for i ą 0

(from smallest to largest). Moreover, let k P r2ds be the largest index such that

zpkq ď z0. By the above reasoning, we have that, for given q, the infimum over

pt P ∆1
L “ tp P ∆L : ppiq ď d{L @i P r2dsu is equal to

inf
ptP∆1

L

2d
ÿ

i“1

ptpiqzi ` ptp0qz0 “

k
ÿ

s“1

d

L
zpsq `

ˆ

1 ´
kd

L

˙

z0

“

k
ÿ

s“1

d

L
zpsq `

˜

1 ´

k
ÿ

s“1

d

L

¸

z0

“

k
ÿ

s“1

d

L

`

zpsq ´ z0
˘

` z0

paq
“

2d
ÿ

i“1

d

L
mintzi ´ z0, 0u ` z0

pbq
“ ´

2d
ÿ

i“1

d

L
maxtz0 ´ zi, 0u ` z0,

where paq follows from the fact that, if s ą k, then zpsq ą z0 and we are assigning

probability mass zero to such zpsq; while pbq follows from the fact that mintx, 0u “

´maxt´x, 0u. Therefore, using the notation pxq` “ maxtx, 0u, we can further
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rewrite q˚
t pρtq as follows

q˚
t pρtq “ argsup

qP∆A

´

2d
ÿ

i“1

d

L
pz0 ´ ziq

`
` z0

paq
“ arginf

qP∆A

2d
ÿ

i“1

d

L
pz0 ´ ziq

`
` z0

pbq
“ arginf

qP∆A

2d
ÿ

i“1

d

L
pz0 ´ ziq

`

pcq
“ arginf

qP∆A

2d
ÿ

i“1

d

ˆ

ψi ´ ψ0

L
´ qpiq

˙`

,

where paq follows from the fact that the maximizer of the objective will be the same

as the minimizer of the negative objective, pbq holds since z0 is a constant and pcq

follows from the fact that 1{L is monotone for L ě 0. Now, let ϕi :“
ψi´ψ0

L
, so that

q˚
t pρtq “ arginf

qP∆A

2d
ÿ

i“1

d pϕi ´ qpiqq
` .

Note that the latter can be minimized as follows. Consider any i P r2ds such that

ϕi ď 0. Then, for such i, it is optimal to set qpiq “ 0 because pϕi ´ qpiqq
`

“ 0

no matter what. Consider now the indices i for which ϕi ą 0. For such indices,

the objective will not increase if we set any qpiq ě ϕi. Thus, a minimizer can be

obtained by successively assigning the probability as the minimum between the

current remaining probability and some ϕi for which ϕi ą 0. We can keep doing this

until we assign all of the probability mass. At the end, if there is any remaining

probability mass, we can distribute it arbitrarily to any qpiq such that ϕi ą 0 (because

the objective will not increase). ■
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5

Conclusion

The research presented in this thesis addresses the challenge of developing practical

and near-optimal algorithms for sequential decision-making problems arising in

online marketplaces, with a particular focus on e-commerce and rental platforms.

This work revisits and expands upon existing models, such as the multi-item order

fulfillment model, introducing novel dynamic policies for resource allocation. By

leveraging techniques such as randomized fulfillment strategies, prophet inequalities,

and subgradient methods, these policies have not only proven to achieve asymptotic

optimality and strong approximation guarantees but also to provide robust solutions

in a wide range of problem instances.

Collectively, the methodologies and algorithms developed in this dissertation offer

new approaches for optimizing decision-making processes such as resource allocation

and recommendations. For each of these decision problems, we have shown how

optimization and applied probability theory can be used to design policies that are

theoretically guaranteed to perform well. It is my aspiration that the techniques and

insights from this research will inspire further exploration and find broader application

in various online platforms and beyond, aiding managers and decision-makers in
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navigating the complexities of today’s digital marketplaces.
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