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Abstract

This dissertation explores the development and analysis of new algorithms for se-
quential decision-making under uncertainty, with a focus on optimizing operations
and resource allocations within online marketplaces such as e-commerce and rental
platforms. The research initially revisits and expands upon the multi-item order
fulfillment model, introducing dynamic policies that combine randomized fulfillment
strategies, prophet inequalities, and subgradient methods. Our approaches not only
achieve asymptotic optimality and strong approximation guarantees in the multi-item
fulfillment setting, but also provide insights on how to construct robust policies in
scenarios where you have limited resources. The findings in this dissertation introduce
a novel approach to the management of resources in complex environments, presenting
a nearly optimal framework for developing policies tailored to the complexities of
multi-item order fulfillment. Moreover, our analysis can be extended into the domain
of rental operations, showcasing the flexibility and broad applicability of our proposed
solutions.

In addition, the dissertation addresses the complexities of online recommendation
systems through a contextual bandit framework, examining both full-feedback and
bandit-feedback settings. By formulating the problem to accommodate arbitrary
mappings from user contexts to product feature values, this research provides new
online algorithms that effectively minimize regret. The analysis extends to general

policy classes, revealing an inherent trade-off between approximation accuracy and

v



statistical error for a given policy class.
Collectively, this work advances theoretical knowledge in sequential decision-
making and algorithm design, providing actionable strategies for improving decision-

making processes such as fulfillment and recommendations in online marketplaces.
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1

Introduction

In the rapidly evolving landscape of online retail and digital platforms, the challenges
of optimizing real-time decision-making have become paramount for operational
efficiency. As e-commerce continues to scale, with projections indicating a rise in
sales to over $8 trillion globally by 2027 (Statista Research Department, 2023, 2024),
the complexity of managing large amounts of inventories across multiple warehouses
and addressing the diverse preferences of consumers in a timely manner have emerged
as critical priorities. The multifaceted nature of e-commerce order fulfillment and
online recommendations presents a unique set of problems characterized by uncertain
demand, finite resources, and unknown consumer preferences. On one hand, the
fulfillment of orders in e-commerce involves navigating through a complex and large
decision space to minimize expected costs while satisfying inventory constraints. On
the other hand, recommendation systems in digital platforms strive to personalize
offerings to enhance user experience, grappling with the statistical challenges of
predicting consumer behavior. This dissertation investigates these problems through
the lens of optimization and probability theory, exploring how dynamic policies and

algorithms can be used to achieve near-optimal performance in these uncertain and



data-rich environments.

The primary goal of this dissertation is twofold: firstly, we want to lay down a
solid theoretical framework for developing and analyzing algorithms that effectively
address some of the challenges faced by online marketplaces, particularly in the areas
of e-commerce fulfillment and online recommendations. Secondly, we want to offer
insights and practical solutions to the complex decision-making problems within
these areas. Specifically, the methodologies and tools we introduce are designed to
provide managers with robust decision-making tools that can be confidently applied

in practice.
1.1  Multi-Item Order Fulfillment

In Chapters 2 and 3, we revisit and expand upon the multi-item order fulfillment
model from the literature. In Chapter 2, we study the case of non-reusable resources
(or inventory); while in Chapter 3 we extend our model to cases in which resources
can be reused after a random period of time. Chapter 2 specifically addresses the
operational challenges associated with non-reusable resources, where the focus is
on optimizing inventory management because of limited or finite resources. In this
chapter, we reexamine the multi-item order fulfillment framework originally presented
by Jasin and Sinha (2015). In particular, we study a dynamic setting in which an
e-commerce platform, operating with multiple warehouses (or facilities) and finite
inventory, needs to decide how to dispatch orders across their warehouses. The goal
of the online retailer is to minimize the expected fulfillment costs, while satisfying the
inventory constraints. Diverging from the approach of Jasin and Sinha (2015), we
consider a different offline formulation of the problem. In our proposed model, the
platform sequentially chooses “methods” for fulfilling incoming orders (which may
contain one or more items). A method consists of a combination of item-facility pairs
that specify from which warehouses the items will be shipped, determining therefore
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whether multi-item orders items will be split or not. Within this framework, we
develop a class of dynamic policies for order fulfillment that integrates techniques from
randomized fulfillment, prophet inequalities, and subgradient methods. The most
important contribution of this work is to explain how prophet inequality techniques
can be used in the context of inventory management in order to derive algorithms
that are asymptotically optimal and have strong approximation guarantees in non-
asymptotic settings. Our findings reveal a straightforward and nearly optimal solution
for fulfilling orders, provided that the online retailer has sufficient inventory, regardless
of other problem specific parameters. Finally, our approach also uncovers new and
simple asymptotically optimal policies for network revenue management (NRM).

Transitioning to Chapter 3, the dissertation focuses on an extension of our model
in which the online retailer can use resources multiple times to fulfill orders. This
extension captures scenarios such as rentals and finds relevance in various applications
such as sports equipment rentals (like scuba diving, skiing/snowboarding, or climbing
gear), photography equipment rentals, or party and event supplies rentals (like rentals
of tables, chairs, decorations, and audio-visual equipment). Techniques used to
prove our results are similar to the one adopted in Chapter 2, but more refined to
accommodate the more intricate offline formulation which now requires that, at any
time ¢, the amount of inventory in use does not exceed its capacity.

The research in these two chapters was conducted under the supervision of Ali

Makhdoumi and Yehua Wei and the contributions are detailed in Amil et al. (2022).
1.2 Online Recommendation Systems

In Chapter 4, we study the complex challenge of online recommendation systems,
where the goal is to tailor product offerings to meet customer needs. Recognizing
the dynamic nature of users’ preferences, we adopt a contextual bandit approach
to model the problem, enabling the platform to adapt to the evolving preferences

3



over time and optimize their recommendations. Central to our model is the concept
of regret minimization. We define regret as the difference in performance between
the platform’s recommendations and those of a hypothetical clairvoyant entity with
full foresight of users’ preferences. Our research rigorously formulates the problem
as a contextual bandit model, accommodating an arbitrary sequence of customer
valuations and a broad class of policies without imposing restrictive assumptions on
the mappings from user contexts to product values.

We explore two distinct feedback settings: full-feedback, where the platform
learns the user’s valuation for each product feature post-recommendation, and bandit-
feedback, where only the aggregate valuation for the recommended product is revealed
to the platform. For both settings, we introduce online algorithms designed to adapt
and learn from the feedback. Our analysis provides explicit regret bounds for
these algorithms, illustrating their effectiveness as a function of the class of policies.
Specifically, our regret depends on the class of mappings from contexts to actions,
and exhibits the approximation versus statistical error trade-off. We then apply
this framework to two specific classes of policies: finite mappings from contexts to
actions and linear mappings from contexts to values. In these two examples, our
results show that, in the full-feedback setting, the regret scales as O(4/n), where
n is the number of interactions with the customers. The O(y/n) scaling indicates
that as the number of interactions increases, the total regret grows proportionally
to the square root of n. Thus, this slower growth rate implies that the platform’s
recommendations are becoming more effective over time, progressively narrowing the
performance gap with the clairvoyant benchmark. Essentially, the platform learns
from the full-feedback effectively, making fewer sub-optimal recommendations as it
gains more experience. Conversely, in the bandit-feedback setting, the regret scales as
O(n?3), reflecting the inherent challenges of learning under limited feedback. These
examples demonstrate the versatility of our approach, showing its applicability to a

4



wide range of scenarios. More importantly, our algorithms work without the need to
know the intricate processes by which customers develop their product preferences.
The research in this chapter was conducted under the supervision of Ali Makhdoumi

during my second year at Duke.



2

Multi-Item Order Fulfillment

2.1 Introduction

Since the boom of e-commerce in the mid-90s, online retailing has grown into a
multi-billion dollar industry. For example, in 2023, retail e-commerce sales amounted
to approximately $5.8 trillion worldwide (Statista Research Department, 2023, 2024).
Moreover, the increased adoption of the Internet across the globe and the continued
growth of the industry suggest that it is likely that the demand for e-commerce will
grow. In fact, e-commerce revenues are predicted to rise to more than $8 trillion
worldwide by the end of 2027 (Statista Research Department, 2023, 2024). As the
industry grows, some of the largest e-commerce platforms, such as Amazon, Alibaba,
JD.com, and Walmart, are serving an increasing number of online customers worldwide.
In order to address this growing customer base and stay competitive, e-commerce
companies have to make complex real-time decisions to optimize their revenues and
the customer experience. For example, an effective retail fulfillment strategy is crucial
for e-commerce businesses. Indeed, unlike brick-and-mortar retailers, where the

centralization of the fulfillment process streamlines the business to one place, online



retailers have more flexibility regarding the fulfillment of orders. Specifically, upon
receiving an order, an online retailer has to decide from a complex set of alternatives,
including which facility the items will ship from, by what shipping option, and
whether or not multi-item orders will be split. This large set of alternatives makes
it harder for e-commerce companies to make effective real-time fulfillment decisions
and manage their distribution network. Traditionally, e-commerce companies adopt
myopic policies to satisfy the demand (see, e.g., Xu et al., 2009), that is, they fulfill
the orders in the cheapest way possible without considering future costs. However,
by not accounting for future orders because of the limited inventory, they might lose

the opportunity to maximize their profits (Acimovic and Graves, 2015).
2.1.1 Contributions and Main Approach

Due to the curse of dimensionality, finding the optimal dynamic policy for the online
fulfillment problem is difficult, even if we assume that every order contains a single
item (see, e.g., Xu et al., 2009; Acimovic and Graves, 2015; DeValve et al., 2023). As
a result, the online fulfillment literature has focused on studying simple algorithms
through asymptotic or competitive analysis (see, e.g., Acimovic and Farias, 2019).
Jasin and Sinha (2015) are the first to study the general online multi-item fulfillment
problem under this line of research. In particular, the authors design an innovative
correlated rounding scheme that takes the solution of a deterministic linear program
(LP) to construct a probabilistic fulfillment policy. For the rounding scheme, they
derive a competitive ratio in the so-called “fluid scaling” regime in which both time
and inventories are scaled to infinity. While the competitive ratio of their rounding
scheme is not asymptotically optimal, Jasin and Sinha (2015) observe that the scheme
is effective in numerical studies.

In this chapter, we revisit the work of Jasin and Sinha (2015) by considering

a different offline formulation of the problem. Specifically, we combine ideas from



randomized fulfillment, prophet inequality, and projected supergradient method
and propose a new class of computationally effective fulfillment policies with non-
asymptotic (finite) competitive ratios, which are also asymptotically optimal when the
inventory is scaled to infinity. For example, we derive a policy with a (non-asymptotic)
average-case competitive ratio of 1 + (k — 1)|gmax|/v/s + 3, where ¢may is the largest
possible order (in terms of variety of items), s is the minimum inventory available for
any item, and k is the maximum ratio between the cost of not fulfilling an order and
the cost of using any other method. This result has two important implications. First,
our policy is asymptotically optimal in the “fluid scaling” setting where both the
inventory and time are scaled to infinity. Second, our competitive ratio is independent
of the number of items and order types. This independence is important as, in
practice, the number of items and order types are often very large, as big online
retailers hold millions to hundreds of millions of item types in their facilities. In
Table 2.1, we summarize a comparison of our result with the existing works in the
multi-item order fulfillment literature. Note that, in this chapter, we propose a whole
class of fulfillment policies, and the result presented in the next table is obtained by
applying the closed-form prophet inequality of Alaei (2014). This competitive ratio
can be improved using the tighter prophet inequality derived in Jiang et al. (2021).

There are a few points worth mentioning. First, in this chapter, instead of the
item-facility based offline LP model proposed by Jasin and Sinha (2015), we consider
an offline LP model that is method-based. This means that at each time period,
the online retailer chooses a fulfillment method. While our method-based model
has a large number of decision variables and constraints, we develop an effective
supergradient method that solves a Lagrangian relaxation of a large LP (corresponding
to the offline problem). This Lagrangian relaxation naturally decomposes the LP
formulation, making the policy computationally viable. We further show that our
supergradient method also leads to a policy that is asymptotically O(10g |Gmax|)-

8



competitive (as s — ) for the general multi-item fulfillment framework of Jasin
and Sinha (2015), answering a question raised by the authors. We note that this
result is also independently resolved by Ma (2023), where the author took a different
approach by building a novel virtual system with facilities opening according to Poisson
processes, and items viewing the openings of facilities in their own “dilated” opening
times. In contrast, our method relies on two ingredients: a Lagrangian relaxation and a

sequential randomized rounding algorithm for the relaxed decomposed problems.

Table 2.1: Comparison of competitive ratios of multi-item order fulfillment papers.

Multi- Asymptotic
item Competitive Ratio 0 }jcinli)ali ¢
Setting P Y
This General 1+ (k—1)|qmax|/Vs+ 3 Yes
chapter max
Jasin and
Sinha General Ex[B(|Q))]* No
(2015)
Ma
(2023) General 10g(Gmax) + 1 No
One
Zhao
et al. arIiiD(gle 23 Yes*
(2020) FDC2

We note that even though our method-based policy has a better competitive ratio

1 Only applies to the asymptotic setting (in which the time horizon and inventory are scaled at the
same rate). B is a function defined as B(n) = (n + 2)/4 if n is even, B(n) = (n + 1)?/4n if n is odd
and F' is the distribution defined by the proportion of total fixed costs incurred to fulfill an order
type ¢ (coming from region j) from facility k. Finally, Q denotes the random variable representing
the arriving order type at one time period.

2 RDC stands for “regional distribution center” and FDC stands for “front distribution center”.

3 Under the assumption that RDC has smaller fixed costs, but higher variable costs. The competitive
ratio also holds under adversarial arrivals.

4 The algorithm that achieves asymptotic optimality is different from the algorithm that achieves
a competitive ratio of two.



compared to item-facility-based policies, it comes with a higher computational cost
for solving an offline LP problem. Therefore, we view our work as complementary to
those that study item-facility-based approaches.

We conclude this section by noting that our class of fulfillment policies provides
a novel strategy for the general multi-item fulfillment problem. In particular, in
addition to the randomized fulfillment, we add an accept/reject step to better control
the on-hand inventory. This additional step allows us to leverage prophet inequalities
and derive strong non-asymptotic guarantees. For example, we propose one such
policy based on the single dimensional magician’s problem of Alaei (2014) by creating
a collection of magicians for all item-facility pairs and using this collection to provide
an accept/reject strategy. It is important to note that our procedure does not
require Alaei (2014)’s result. For example, we can alternatively use k-unit OCRS
as a subroutine, and our result can be improved using the tight bound proved by
Jiang et al. (2021). However, for simplicity of exposition, we adopt the closed-form
guarantee from Alaei (2014). Finally, a special case of our algorithm also provides new
asymptotically optimal bounds for network revenue management (NRM) problems
(see, e.g., Ma et al., 2020; Baek and Ma, 2022) where the focus is on accept/reject

decisions about the available resources (see Section 2.6 for further details).
2.1.2  Qutline

We review the related literature in Section 2.1.3, formalize our e-commerce model in
Section 2.2, and discuss our modeling assumptions in Section 2.2.1. In Section 2.3,
we introduce the benchmark that we use in order to evaluate the performance of an
algorithm and also provide our fulfillment strategy. In particular, in Section 2.3.2,
we present our multi-item fulfillment strategy as a two-step procedure, combining
probabilistic fulfillment and prophet inequality ideas. In Section 2.4, we discuss the

analysis of an important component of our fulfillment strategy, which we call the
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method-acceptance problem (see Section 2.3.2 for details). Finally, in Section 2.5,
because the probabilistic fulfillment component of our strategy requires access to the
solution of a large LP, we discuss how to obtain an approximate solution effectively.
Proofs of selected results are presented in the main body of the chapter, while the

remaining proofs are provided at the end of the chapter in Section 2.13.
2.1.3 Related Literature

Our work closely relates to three streams of literature: e-commerce fulfillment, prophet
inequality, and dynamic stochastic optimization. For e-commerce fulfillment, the early
work of Xu et al. (2009) studies an online multi-item order fulfillment model, analyzing
the impact of periodically re-evaluating the real-time decision of assigning the arriving
order to one or more warehouses under a myopic policy (without considering future
orders). Related work by Acimovic and Graves (2015), however, shows a simple
“CD - Textbook” example that illustrates how these types of myopic policies do not
perform well even in simple settings, casting evidence for the importance of adopting
forward-looking fulfillment policies. Following these papers, substantial research has
been done in the e-commerce fulfillment literature. Acimovic and Graves (2017)
explore how to use inventory replenishment as a way to alleviate the additional costs
caused by demand spillover. Lei et al. (2018) and Harsha et al. (2019) study joint
pricing and order fulfillment problems. Arlotto et al. (2023) study the impact of
initial inventory placement to the regret of fulfillment policies. For a comprehensive
tutorial on the fulfillment optimization problem, we refer Acimovic and Farias (2019)
to interested readers. Very recently, researchers have also examined the benefits
of limited flexibility of fulfillment networks in the single-item setting: Asadpour
et al. (2020) and Xu et al. (2020) study the case when the unit reward is uniform
through regret analysis, while DeValve et al. (2023) study a network with local and

spillover fulfillment costs across distribution centers through asymptotic analysis and
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simulations.

The paper by Jasin and Sinha (2015), which is the most relevant to our work,
presents a comprehensive framework for online multi-item fulfillment. In particular,
the authors design a correlated rounding scheme using the solution of a deterministic
LP to construct a probabilistic fulfillment policy and provide an upper bound on
its asymptotic competitive ratio. Their bound, however, is not asymptotically
optimal (i.e., it does not go to 1 as inventory grows). By contrast, we provide a
non-asymptotic analysis of the competitive ratio that only depends on the amount of
available inventory. We note that different non-asymptotic analyses for multi-item
fulfillment problems were studied by Zhao et al. (2020) with two distribution centers
and by Andrews et al. (2019) with adversarial demand.

Our work also relates to the literature on prophet inequality and magician’s
problem. Prophet inequality is an online stochastic decision-making problem first
studied by Krengel and Sucheston (1978) and Samuel-Cahn (1984) and further
developed in Babaioff et al. (2007), Kleinberg and Weinberg (2012), Azar et al.
(2014), and Dutting et al. (2020), among others. In the basic version of this problem,
there are n random variables X1, X5, ..., X,, with known distributions, but unknown
realizations. These realizations are revealed sequentially, and the decision-maker
(DM) wants to design a strategy (which is a stopping rule) that, upon observing the
realization X; (and all the values before it), decides either to choose i, stop, and
get a reward X;; or pass and move on to the next item (the DM is not allowed to
come back to i ever again). The DM’s goal is to maximize the expected reward.
Krengel and Sucheston (1978), among others, present a strategy with expected reward
%E [max;—1__, X;]. The magician problem can be thought of as an extension of the
prophet inequality, in which the decision-maker wants to choose (up to) k rewards.
This fundamentally changes the problem because it is no longer a stopping time
problem: the decision-maker needs to decide whether to collect each reward based on

12



its value and the number of collected rewards. Alaei (2014) presents an algorithm that
guarantees a minimum ex-ante probability (at time 0) of 1 — 1/y/k + 3 for collecting
each reward and, therefore, achieves 1 — 1/y/k + 3 of the offline benchmark (see also
Jiang et al. (2021) for an analysis of the tightness of this bound). Our problem is
different from both the prophet inequality and the magician problem and can be
thought of as a multidimensional extension of the magician problem (also see Correa
et al. (2019) for a survey on prophet inequality).

In general, our model can be viewed as a variant of dynamic matching problems.
In the literature, online bipartite matching is studied, among others, in Feldman
et al. (2009); Manshadi et al. (2012), k-stage variants of the classic vertex weighted
bipartite b-matching is studied in Feng and Niazadeh (2020); dynamic matching
problems in non-bipartite graphs are studied in Ashlagi et al. (2019a) and Ashlagi
et al. (2019b); and the study of bipartite graphs where both sides arrive/leave over
time is studied in Johari et al. (2021); Aouad and Saritag (2020); Truong and Wang
(2019); Castro et al. (2020). In addition, connections to assortment optimization are
studied in Golrezaei et al. (2014); Ma and Simchi-Levi (2020); Aouad and Saban
(2020); Feng et al. (2022); Désir et al. (2022); the dynamic matching with limited
supply is studied in Elmachtoub and Levi (2016); Ma et al. (2021); the dynamic
matching with returning suppliers is studied in Manshadi and Rodilitz (2020); Lo
et al. (2020); Manshadi et al. (2022); information relaxation to design simple policies
with guaranteed performances for a general class of stochastic dynamic optimizations
is studied in Balseiro and Brown (2019); and joint inventory selection and online
resource allocation Chen et al. (2022).

More broadly, our work is related to the literature on dynamic stochastic opti-
mization. Specifically, our multi-item fulfillment problem complements the literature
on dynamic resource allocation, which, in the past few years, has witnessed signifi-

cant advancements, particularly in the realms of dynamic and stochastic knapsack
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problems and dynamic matching. Recent contributions, such as the work by Arlotto
and Gurvich (2019) on uniformly bounded regret in the multisecretary problem, and
Aveklouris et al. (2021) on matching impatient and heterogeneous demand and supply,
illustrate the progress achieved towards optimizing resource allocation in uncertain
and evolving environments. Moreover, Balseiro et al. (2023)’s comprehensive sur-
vey cohesively synthesizes the diverse models and analyses the so-called dynamic
resource-constrained reward collection problems. These studies not only underscore
the theoretical depth and practical relevance of dynamic resource allocation but also
pave the way for novel methodologies, such as primal-dual policies. For example,
Wei et al. (2023) demonstrates the effectiveness of primal-dual policies in dynamic
resource allocation, setting a new benchmark for future research. Such explorations
are crucial for designing systems that are capable of adapting to the complexities of

real-world scenarios, from network revenue management to online labor markets.
2.2 Model

We consider a setting in which orders arrive sequentially to an online retailer (through-
out, we use the terms online retailer and platform interchangeably). The platform
and the customers interact over a period of length 7. During this period, at each
time ¢t € [T] == {1,...,T}, at most one order arrives. Upon the arrival of an order,
the platform needs to decide the method for fulfilling this order by using items from
one (or more) of its facilities (we also refer to facilities as warehouses). We allow the
online retailer to not fulfill an arriving order, incurring a cost higher than fulfilling
it with any other method. A fulfilling method consists of a set of facilities that will
determine which warehouses the items will ship from and, in particular, whether
multi-item orders will be split and shipped from different warehouses. The platform’s
goal is to minimize the sum of the fulfillment costs, that is, the cost incurred from
fulfilling the orders arriving sequentially over the entire time horizon [T].
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Throughout this chapter, we let I be the set of all item types (indexed by i) and
K be the set of facilities (indexed by k). We also let @ be the set of order types
(indexed by ¢), where each element encodes characteristics related to a particular
order, such as its item composition and the location from which the order is placed.
To simplify our analysis, we assume the number of requests for each item in an order
of type ¢ is exactly one. This assumption is common in the multi-item literature,
and it has been noted in Xu et al. (2009); Acimovic and Graves (2015) that orders
with multiple requests for the same item are rare in practice. In addition, we slightly
abuse the notation by using |g| to represent the number of different items included
in an order of type ¢ and 7 € ¢ to indicate that item ¢ € I belongs to the order type
qe Q.

We let p;(q) denote the arrival probability of order type ¢ at time t for all ¢ € [T']
and ¢q € ), and we assume that the probabilities p;(-) are independent across time.
Note that we assume independence across time but the order type distribution can
be non-stationary (hence, the subscript ¢). When an order type ¢ arrives at time
t, we consider the possible ways, or methods, available to the platform to fulfill the
order, with the possibility of not fulfilling the requests for some items in ¢. For ease
of notation, we assume, without loss of generality, that each method m can be used
to fulfill only one order type, and we use m ~ ¢ to denote that method m is used for
fulfilling order type q. Thus, each order type ¢ can be fulfilled by multiple methods,
but each method m is used to fulfill a unique order type. We let ¢,, denote the cost
the platform incurs when it uses method m to fulfill the corresponding order type,
and let M denote the set of all methods. For a method m such that m ~ ¢, we use
(i, k) € m to represent that item ¢ from facility & is being used for fulfilling order type
g under method m. Moreover, we consider any sub-method m’ < m of m to be a

method itself. Note that the set of items shipped using method m is always a subset
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of the items requested by order type ¢, i.e.,

{i e I: there exists a unique k € K such that (i,k)em} < {iel: ieq}.

The platform’s cost is the sum of all costs incurred during the time horizon [T].
In our model, every facility k € K has a fixed inventory S;; = 0 of units of item i € T
and no inventory replenishment takes place during the time horizon [T']. Without

loss of generality, we assume that S;. > s for all item-facility pairs for some s > 0.
2.2.1 Discussion of the Modeling Assumptions

We assume that the platform knows the distribution of arriving orders, i.e., py(q) for
t € [T] and ¢ € Q. This is a common assumption in online stochastic optimization (see,
e.g., Mehta et al. (2013)) and it is reasonable because, in practice, large e-commerce
platforms can use historical data to obtain a good estimate of the order distribution.
To ensure feasibility, we assume that facility 0 contains an infinite amount of inventory
for every item i € I, i.e., S;p = oo for each i. One can think of facility 0 as a dummy
facility such that fulfilling an order by using this facility can be interpreted as not
fulfilling that order. We let m/(q) denote the corresponding “discard” method, i.e.,
the method in which the dummy facility is used to satisfy all items in q. Moreover,
without loss of generality, we assume that for some & > 1, ¢;(g)/Cm < K, for all m ~ ¢
and any q € @, i.e., the ratio between the cost of not fulfilling an order and the cost
of fulfilling it (with any other method) is bounded. We note that in practice the lost
sale, as also noted in Jasin and Sinha (2015), Zhao et al. (2020), and DeValve et al.
(2023), is around twice the maximum single-item cost. In our simulation studies, in
Section 2.11, we use this fact to provide estimates for .

We next define a benchmark that we use to evaluate the performance of different

fulfillment policies and provide a brief overview of our proposed strategy.
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2.3 Offline Formulation and Fulfillment Strategy

In this section, as a benchmark, we consider a setting in which the platform knows all
order types in advance and describe an offline optimization problem that formulates
the corresponding platform’s cost. Given our definition of method (see Section 2.2 for
details), we let af, € {0, 1} denote the binary variable representing the offline decision
of using method m to fulfill its corresponding order type, i.e., zf, = 1 if the platform
uses method m and z!, = 0, otherwise. We denote by
x' = {f[fn}meM )

the fulfillment decision at time ¢, and by x = {x'},(7] an offline fulfillment strategy
over the entire time horizon [T7].

We next introduce some notations that we use in formulating the offline problem.
Let D% be the number of arrivals of order type ¢ at time ¢. Because of our assumption
that at most one order arrives at each time ¢, observe that D% is a Bernoulli random
variable with success probability p;(q). Now, since in our benchmark offline problem
all order arrivals D = {D%},c0 (] are known in advance, in order to minimize the
platform’s cost over the entire time horizon, we need to solve the following integer

program (IP):

OPT(D) = mln Z Z 2 CmTh, (2.1)

T] ¢eQ m:m~q
st >, @k, =D" VgeQ,te[T], (2.2)
m:mn~q
Z D, @< S, VielkeK, (2.3)
[T] m:(3,k)em
xt € {0,1}, Yme M,t e [T]. (2.4)

The objective is the platform’s cost, which is the sum of the incurred costs from all
periods. Moreover, the set of constraints (2.2) ensures that we fulfill order type g by
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using exactly one method at time ¢ (in the case in which D% = 1). Note that this
includes the “discard” method, i.e., fulfilling the order from the dummy facility. The
set of constraints (2.3) ensures that, over the entire time horizon [T], we do not fulfill
orders using more than S, units of item ¢ € I from facility £ € K. Finally, constraints
(2.4) come from the platform’s decision regarding using a method or not.

It is important to note that the optimization formulation of our offline problem
differs from the one used to design fulfillment policies in Jasin and Sinha (2015).
Specifically, in the formulation of Jasin and Sinha (2015), the number of decision
variables scales polynomially in the number of order types and items in the orders. In
our formulation, instead, the number of decision variables may increase exponentially
with the number of items in the orders. However, even though their formulation is
more compact, their LP relaxation does not lead to an asymptotically optimal policy.
In contrast, as we will establish later, the optimal solution of the LP relaxation of our
formulation leads to a policy that is both asymptotically optimal and guaranteed to
have strong approximation factors in finite settings. In addition, while the number of
decision variables in the LP relaxation of our formulation scales exponentially in the
number of items in the orders, we develop an effective supergradient method to solve
the corresponding LP relaxation approximately (within any factor) and show that the

approximation factor directly carries over to the performance measure of our policy.
2.3.1 Competitive Ratio

Before describing the performance measure that we consider in this chapter, we

formally introduce the definition of algorithm for an online fulfillment strategy.

Definition 2.1 (algorithm). An algorithm, denoted by ALG, at each time, specifies
the method for fulfilling any arriving order type. More specifically, an algorithm
specifies a collection of functions {f'}e(r) (adapted to the natural filtration), where
It is a mapping from the history of the interactions between the platform and the
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customers (and therefore, the available inventory levels) to a fulfillment decision x* at
time t. For a given order arrival D, we let ALG(D) be the random variable indicating

the platform’s cost when it adopts algorithm ALG.
For a given algorithm, we define the following performance measure.

Definition 2.2 (competitive ratio). Given an algorithm ALG for fulfillment, we

define the competitive ratio as

E[ALG(D)]

E[OPT(D)]’ (25)

where E[ALG(D)] is the expected cost obtained by algorithm ALG, compared against
E[OPT(D)] which is the expected cost obtained by the optimal offline solution of
(2.1). The expectation is with respect to the arrival process D and the (possible)

randomaization in the algorithm.

Note that computing OPT(D) requires solving problem (2.1), which is an integer
program. Moreover, the integrality gap of this problem is not one, i.e., the optimal
objective of the relaxed linear program and the integer program are not equal. We

illustrate this through the following example.

Example 2.1. Consider the following simple example. Suppose the platform has
only one warehouse with inventory (1,1,1), i.e., three items, each with inventory one.
Now, consider the following sequence of three orders (1,1,0),(1,0,1), and (0,1, 1),
all coming from the same location. For each order q, let method mg be the method
that fulfills the entire order q from the warehouse with a cost of 1; method m;, be the
“discard” method for q (the method where the dummy facility satisfies all items in q),
with a cost of 10; and let all other methods also have a cost of 10. Then, it is easy
to see that the optimal solution in the relazed problem of (2.1) is to use 1/2 of m}

and 1/2 of m;, for each q, with a total cost of 1.5+ 15 = 16.5. However, the optimal
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integer solution is to simply use m{; for ¢ =(1,1,0), and use m;, for orders (1,0,1)

and (0,1, 1), with a total cost of 1 + 20 = 21.

In general, computing OPT(D) even for one instance of D is NP-hard (see Jasin
and Sinha (2015) for a further discussion on the hardness of this problem), which
makes computing the exact value of E[OPT(D)] difficult. Therefore, in this chapter,
we focus on a lower bound of E[OPT(D)] and compare the performance of our
algorithm with this smaller benchmark. This lower bound is provided by the expected

relaxation of (2.1) defined as follows.

OPT® = mxin Z Z 2 CmTh, (2.6)
t

€[T] geQ m:m~q

s.t. Z xt =piq), Vge Q,te|[T], (2.7)
m:mn~q
> at < Sy, Viel keK, (2.8)

zt € [0,1], Yme M,t e [T]. (2.9)

Note that problem (2.6) differs from problem (2.1) in two ways. First, the right-hand
side of the constraint (2.2) is replaced by its expected value. Second, the integer
constraints (2.4) are replaced by their relaxed versions. Now, we perform a simple

and standard aggregation across time periods to reduce the number of variables in

(2.6) by defining

Ty = 2 zt, and p*(q) = Z e(q).
te[T]

te[T]

Using (-, - to denote the Euclidean inner product, we reformulate (2.6) as the following
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time-aggregated optimization

OPT? := min Z(c,x[q]> (2.10)
* q€eQ
St D T = , VgeQ, (2.11)
m:m~q
D @wm < Su, Vielkek, (2.12)
m:(i,k)em
e [0,T], ¥me M, (2.13)
where ¢ = (¢n)mem and x[q] = (zn1{m ~ ¢})menm denotes the subvector of x

corresponding to methods that can be used to fulfill order type ¢q. Note that problem
(2.6) and problem (2.10) achieve the same optimal value, i.e., OPT¢ = OPT¥. More
precisely, problem (2.6) and problem (2.10) have the same objective function and
the same feasible set. To see this, note that, if {f },.ersepr) satisfies (2.8), then
it satisfies (2.12) (by definition of x,,); and if {! }merrieir) satisfies (2.7), then by
summing over ¢, we obtain (2.11). Thus, we have OPT¥ < OPT®. Suppose now that

{@m mens satisfies (2.11) and (2.12). Then,

R LT
p*(q)
is feasible for problem (2.6). Indeed, if >, ... @n =p?(q), then

S oat = 3 el )

mimn~q m:mn~q pa(q)

and, if ) T < Sji, then

:(i,k)em

TP d) Tmp"(9) _
th:]m:(z,Zk:)Em Z Z (q) Z 7(q) < Sik-

m:(i,k)em m:(i,k)em

Thus, we obtain OPT® < OPT¥. Given this equivalence, note that if {ym, }mens is a
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solution to (2.10), then we can obtain a solution to (2.6) as follows

t _ ympt(Q)
Y = ()

. (2.14)

We next establish that the objective of problem (2.10) is indeed a lower bound on

the expected value of the objective of problem (2.1).

Lemma 2.1. The objective of problem (2.10) is weakly smaller than the expected

value of the objective of problem (2.1), i.e.,
OPT® < E[OPT(D)]. (2.15)

As we will see later, the optimal solution to (2.10) does not only provide an upper
bound on the optimal solution of (2.1) but also plays a crucial role in designing our
algorithm. Moreover, problem (2.10) is an LP, which is tractable when the number
of methods | M| (hence the number of variables) is small. In general, |M| can grow
exponentially with the number of items in the order types. Specifically, the number of
decision variables in (2.10) corresponding to an order type g is (|K| + 1) (assuming
that every facility has the same set of items). This further shows the combinatorial
nature of our e-commerce problem. As a result, in many practical scenarios, problem
(2.10) cannot be solved using off-the-shelf solvers, as it contains too many decision
variables. In order to overcome this problem, we develop a computationally viable
method for solving (2.10) approximately through a supergradient method for its dual
problem (as (2.10) decomposes into many smaller LPs under a Lagrangian relaxation).
We discuss this method in detail in Section 2.5. Next, we present a high-level idea
of our fulfillment strategy and show how to use the solution of (2.10) to design an

online algorithm for our multi-item order fulfillment framework.
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Algorithm 1 Online algorithm for fulfillment

Offline Process:

e Solve the expected LP in (2.10) and obtain the corresponding y = {y%, }menrte[7]
(through (2.14))

Online Process:

e Fort=1,....1T:
Let ¢ be the order that arrives at time ¢ and M (q) be the set of all available
fulfillment methods for order type ¢ (including the “discard” method m/(q)).
1. Draw a method with probability 4% /pi(q) for m € M(q).
2. If method m € M(q) is drawn, then:

(a) Decide whether to accept or reject method m. If accepted, use method

m to fulfill ¢. If rejected, use the “discard” method m/(q).

2.3.2  Fulfillment Policies

In this section, we provide an overview (in Algorithm 1) of our strategy, which
consists of a two-step procedure: an offline process and an online process. The offline
process starts at time 0 (before the fulfillment process starts) and consists in solving
the LP relaxation (2.10) of the offline problem and obtaining the corresponding
solution y = {y}, }mem e[r)- Note that, as we have shown previously, we can obtain
Y = {¥}, }menm te[r) using the relationship specified by (2.14). The relaxation of the
offline problem essentially reformulates the fulfillment process as a deterministic
process by leveraging the knowledge about the expected demand and satisfying the
constraints in expectation. After solving (2.10) and obtaining y = {y!, }menrie[r);

the solution can be interpreted as a sequence of probability distributions over the
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set of fulfillment methods M. It is worth mentioning that the current literature on
multi-item fulfillment focuses on providing a probability distribution over the set of
item-facility pairs (see, e.g., Jasin and Sinha, 2015), i.e., the frequency with which
each facility should be used to fulfill an item in a given order type. In contrast, our
offline process directly provides a “guide” for the choice of the fulfillment method,
which already prescribes a complete picture of how the order should be split among
the available facilities. This key difference turns out to be crucial for designing policies
with strong non-asymptotic performance guarantees that are also asymptotically
optimal. Note that the LP relaxation (2.10) was also considered by Jasin and Sinha
(2015), but the authors cautioned that such LP has too many variables and constraints
to be solved to optimality. To address this problem, in Section 2.5, we demonstrate
that a Lagrangian relaxation naturally decomposes the LP formulation. Based on this
decomposition, we present a supergradient method that effectively finds near-optimal
solutions, making the policy computationally viable, with a small sacrifice in the
competitive ratio.

After solving the LP relaxation, our online process consists of two steps. First, we
perform a probabilistic fulfillment step, i.e., when an order type arrives, we randomly
draw a method based on the LP solution. Second, on top of randomization, our
algorithm has an additional step in which we decide whether to accept or reject the
randomly drawn method. When the first step is fixed, the second step can be viewed
as a dynamic decision problem on its own, which we refer to as the method-acceptance
problem. For the method-acceptance problem, at each time ¢, exactly one method
arrives (where the arriving method is drawn from the fixed probabilistic procedure)
and the decision maker has to immediately choose whether to use it based on the
available inventories. If they decide to use/accept the method, then the inventories
corresponding to the items in the order will be consumed (from the facilities specified
by the method). If they decide to reject the method, then the online retailer uses
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what we call the discard method, incurring the maximum cost possible (by redirecting

the order to the dummy facility).
2.4 Analysis of the Method-Acceptance Problem

In this section, we propose and analyze a strategy for the method-acceptance problem.
Note that finding the optimal policy for this problem is intractable due to the curse
of dimensionality. As a result, instead of directly optimizing for a strategy that
considers the trade-off between using resources to fulfill the current order and holding
the inventories for the future, we focus on constructing a strategy that provably
accepts any method at any period ¢ with high probability. Intuitively, such a strategy
would be close to optimal, as its expected cost will be close to the objective of the
expected LP in (2.10), which is a lower bound for the expected cost of any fulfillment
strategy. Next, we formally introduce the definition of such strategy, which we call

~v-conservative method-acceptance strategy.

Definition 2.3 (y-conservative method-acceptance strategy). Consider a sequence
of (possibly randomized) decision rules m = {m*},e7) that determine whether to accept
a method based on the arriving method type and the history that occurred until time t.
Specifically, ©* : H" x M — {0,1}, where H' is the set of all possible histories until
time t and M 1is the set of all method types. Then, we say that 7 is a y-conservative

method-acceptance strategy if for any m € M and t € [T], we have

P(accepting method at t | the method is type m) = Z P(r'(h*,m) = 1) - P(h") = ~.
hteH?

When each order (and, therefore, each method) consists of at most one item, then

the y-conservative method-acceptance strategy stated above reduces to the celebrated

~-conservative magician strategy studied by Alaei (2014). As a result, designing a

~v-conservative method-acceptance strategy can be viewed as a multi-dimensional
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extension of Alaei’s magician strategy. Next, we show that a y-conservative method-
acceptance strategy directly leads to a non-asymptotic competitive ratio for our

fulfillment policy.

Lemma 2.2. For any online multi-item fulfillment problem, using a ~y-conservative

method-acceptance strategy, Algorithm 1 achieves a competitive ratio of at most

L+ (k=11 =),

where we recall that K is the maximum ratio between the cost of not fulfilling an order

and the cost of using any other method.

As we will show in Section 2.4.1, the question of finding strategies that provably
accept arriving methods with probability at least v naturally connects to the prophet
inequality literature. Indeed, in this fulfillment context, prophet inequalities allow to
design online strategies with two desirable features: these strategies are robust to
arbitrary bad instances of order (or method) arrivals, and they satisfy a provable
performance guarantee compared to the optimal solution in hindsight. Because of these
two features, we also note that v-conservative method-acceptance strategies naturally
lead to y-competitive policies for network revenue management problems, where
multiple capacity-constrained resources are sold to a stream of arriving customers.

We elaborate on this connection in Section 2.6.
2.4.1 Magician-Based Strategy for the Method-Acceptance Problem

In this section, we design a y-conservative method-acceptance strategy that uses a
set of conservative magician strategies of Alaei (2014) as a subroutine. The main
idea is to construct a magician (i, k) for each item-facility pair, which controls the
amount of inventory level S, of item ¢ in a facility k. Specifically, at each time period

t, for each (i, k) pair, magician (i, k) is faced with the problem of deciding whether
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to make inventory (i, k) available for fulfillment. If magician (i, k) makes item ¢ from
facility k available for fulfillment, one unit of the corresponding inventory may be
consumed. If they decide not to make their inventory available, then no resource is
consumed. Magician (i, k) wants to ensure 7, € [0, 1] ex-ante probability (before
any order realizes) of making their own inventory available for fulfillment at any
time period without running out of it by the end of the time horizon [T']. Next, we

formally define the problem for each magician (i, k).

Definition 2.4 (Magician (i, k) problem). For each (i, k) pair, where item i € I is in
facility k € K, imagine a game in which a magician has to manage the consumption
of inventory (i, k) (over a time horizon [T]), with the goal of not running out of it by
the end of the horizon. The magician starts with Sy, > 0 units of inventories of item
i from facility k (with Six < T ). Then, at each time t € [T], the magician decides
whether to make one unit of inventory (i, k) available for fulfillment. If the magician
chooses to make inventory (i, k) available for fulfillment, then with probability at most
pk, the inventory is consumed. Before making their decision at time t, the magician
learns pk, and moreover, it is quaranteed that Zthl phe < Sik. Magician (i, k) would
like to dewise a ~y;,-conservative strategy, i.e., a strategy that guarantees an ex-ante
(at time 0) probability of at least vy, € [0, 1] of making inventory (i, k) available for

fulfillment at any time period t.

In Algorithm 2, we present a method-acceptance strategy that leverages a set
of 7;,-conservative strategies (described in Definition 2.4) as subroutines. Next, we
discuss the details of our method-acceptance strategy. For each item ¢ in facility k,
we define a magician problem with

Mgk = Z yfnv

m:(i,k)em

where y = {y!, }men te[r] is obtained through (2.14). Remember that, as described
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Algorithm 2 A strategy for the method-acceptance problem

Inputs at ¢t = 0:

e For each (i, k), the probabilities {uf, }ie[r], inventory Sj; and v € [0, 1] as in
Definition 2.4.

Fort=1,...,T:
e Let m be the method that is drawn at time ¢.

e If all magicians (i, k) € m make their inventory available for fulfillment, then

accept method m. Else, reject m.

in Definition 2.4, pf, must be an upper bound on the probability of inventory (i, k)
being consumed at time t. Because of our fulfillment strategy, this upper bound
is provided by the sum of all probabilities y! 1{(i, k) € m} of using a method that
prescribes consuming (7, k) at time ¢. Note, moreover, that uf, <1 is ensured by the
constraints in (2.7) and Z;‘ll phe < Sir holds by the constraints in (2.8).

At time 0 (before starting our fulfillment process), for each item-facility pair
(1,k), we consider a magician problem as in Definition 2.4. For this problem, in
Section 2.9, we present a threshold based ~;,-conservative strategy for magician (i, k),
inspired by Alaei (2014), with v;x = 1 — 1/4/Si + 3. In particular, magician (i, k)
adaptively computes a sequence of thresholds {0}, }7_; and makes item ¢ from facility
k available for fulfillment at time ¢ if its number of used inventories prior to time ¢ is
below this threshold. The thresholds are determined by the probabilities {1, }ser) of
consuming inventories throughout the fulfillment process (see Section 2.9 for details).
The decision about whether to accept or reject the randomly drawn fulfillment method
m is then specified by Algorithm 2, based on the “recommendations” provided (at

time 0) by all magicians (i, k) € m. Specifically, if all magicians decide to make their
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own inventory available for fulfillment at time ¢, we accept method m for fulfillment.
Otherwise, we reject method m and fulfill order type ¢ from the dummy facility 0 (i.e.,
using the discard method m’(q)), incurring cost ¢,y (). Next, we present the formal
statement about our vy-conservative method-acceptance strategy with the exact ~.
This result is obtained by using prophet inequality results from the literature and
a union bound. For simplicity of exposition, we provide a ~y-conservative method-
acceptance strategy using the closed-form guarantee from Alaei (2014). We remark
that our result can be improved using the analysis from Jiang et al. (2021), where the
bound has more nuanced dependencies on the parameters of problem instances. In
addition to the statement, we also include the formal proof of the result as it illustrates
the connection between the prophet inequality and the multi-item fulfillment model

through a union bound.

Proposition 2.1. For any online multi-item fulfillment problem, when v, = 1 —
1/v/Sir + 3 for each pair (i, k), Algorithm 2 provides a ~y-conservative method-acceptance

strategy with

NP |Gmax|
Vs +3
where |qmax| denotes the size of the largest possible order and s = min  {Si}.

i€l ,ke K,S;,>0

Proof of Proposition 2.1: We want to prove that Algorithm 2 is a ~-conservative
method-acceptance strategy, i.e.,

P(accepting the method at ¢ | the method is of type m) > ~,

with 7 = 1 — |gmax|/V/s + 3. Let us start by describing how our fulfillment setting
relates to each magician (i, k) problem in Definition 2.4. First, remember that
magician (¢, k) in Definition 2.4 manages the consumption of inventory for item 4 in
facility & during the time horizon [T']. Now, note that this problem directly relates
to the original magician’s problem in Alaei (2014). Indeed, the amount of inventory
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Sit can be thought of as the number of magic wands available to the magician;
the decision about making the inventory available for fulfillment corresponds to the
decision of opening a box; and the consumption of inventory coincides with a magic
wand breaking in Alaei’s problem. Because of this correspondence, if we adopt the
magician’s strategy from Alaei (2014) for our problem in Definition 2.4, we have that,
whenever v < 1—1/4/Si + 3, magician (i, k) never requires more than S;;, inventory
and they are guaranteed an ex-ante probability (before the fulfillment process starts)
of at least v;, of making the inventory available at any time period ¢. Assuming that
method type m is drawn at time ¢, note that each magician (i, k) makes the decision
independently of m, while the method-acceptance policy in Algorithm 2 makes the
decision based on the set of magicians (7, k) € m (which depends on m).

Formally, denoting by A% = {inventory (i, k) available for fulfillment at ¢} the
event in which magician (i, k) makes inventory i from facility & available for fulfillment

at time ¢, we have that, according to Algorithm 2, for any m € M and t € [T]

P(accepting the method at ¢ | the method is of type m) Wp ﬂ Al

(i,k)em

(©

= 1- Z (1 - %k)
(i,k)em

@) |Qmax|

- Vs+3

where (a) follows from the definition of Algorithm 2, (b) holds by using union bound,
(c) follows from (Alaei, 2014, Theorem 4) because Definition 2.4 is an instance of the
magician’s problem, and (d) holds by setting ~v;x = 1 — 1/4/Six + 3 and the fact that

Sir. = s. This completes the proof. B
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Now, note that our fulfillment strategy specified in Algorithm 1, together with the
v-conservative method-acceptance strategy (specified in Algorithm 2) as a subroutine,

provides the following performance guarantee for our multi-item fulfillment setting.

Theorem 2.1. For any online multi-item fulfillment problem, when Algorithm 1 uses
Algorithm 2 as a subroutine in Step 2 of the online process, we obtain a fulfillment

strategy with a competitive ratio of at most

(K = 1)|Gmax|
] 4 o ) Mmax] 2.16
Vs+3 ( )
where |qmax| denotes the size of the largest possible order and s = min  {Si}.

i€l ke K,S;;.>0

Proof of Theorem 2.1: Let E[ALG(D)] denote the expected cost incurred by
Algorithm 1. Then, using the y-conservative method-acceptance strategy defined in

Algorithm 2 with v = 1 — [gmax|/V'$ + 3, we have that under Algorithm 1

E[ALG,(D)] @

E[OPT(D)] ~ L (k1)1 — ) = 14 = Dldmas]

Vs+3
where (a) follows from Lemma 2.2. This completes the proof. B

There are a few points worth mentioning. First, the competitive ratio of our
fulfillment algorithm depends only on the largest possible order (in terms of variety
of items), the minimum inventory available for any item, and . In particular, the
bound does not depend on the number of items and order types. This independence
is important as, in practice, the number of items and order types are often very large,
as large e-retailers hold millions to hundreds of millions of item types in their facilities.
In Section 2.12.1, we also show how our analysis can be extended to establish a bound
that depends on the average order size rather than the maximum order size. Second,
the offline computation of our algorithm involves solving problem (2.10), which, even

though it is a linear program, may have too many decision variables. As we show
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in the next section, however, we can solve this problem approximately through a
supergradient method. We conclude this section by noting that our performance

guarantee continues to hold for a slight variation of Algorithm 2, described below.

Remark 2.1. In Algorithm 2, we accept a method m to fulfill © from k if all magicians
(i', k") € m make their inventory available. Otherwise, we reject method m. Our
performance guarantee established in Theorem 2.1 continues to hold if instead of
rejecting method m we fulfill (i, k) € m whose magicians have made their inventory
available. This slight variation of Algorithm 2 rejects fewer items and, in practice,

can perform better.
2.5 Approximately Solving the Offline Relaxation

In Algorithm 1, we need access to a solution y!, obtained through (2.14) after solving
(2.10) for all m € M, t € [T]. Given the combinatorial nature of our e-commerce model,
the number of variables in problem (2.10) scales with O(|Q|| K|!#x), which can be
extremely large for many practical scenarios. Motivated by this, we first establish
a simple lemma that an approximate solution suffices for designing our algorithm
(and that the approximation factor directly carries over to the competitive ratio of
the algorithm). We then complement this observation by developing a supergradient

method to approximately solve problem (2.10).

Definition 2.5 (e-approximation). Let {ym,}mem be an optimal solution to the LP
relazation (2.10). The variables {§mtment form an e-approximation solution to (2.10)

iof they satisfy the constraints and

Z 2 cmﬂm<(1+e)2 Z ConYms

qeEQ m:m~q qeEQ m:m~q

for some € > 0.
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Given this definition, we next show that our algorithm also works with an e-

approximation of problem (2.10) (with a small sacrifice on the performance guarantee).

Lemma 2.3. For any online multi-item fulfillment problem, if we use an e-approximation
of relazation (2.10) in Algorithm 1, then the algorithm achieves a competitive ratio

of at most
(1+e)(1+(k—1)(1=7)).

2.5.1 A Supergradient Method to Solve Problem (2.10)

In this section, we develop an algorithm to obtain an e-approximation solution to
problem (2.10). First, note that problem (2.10) reduces the number of variables by a
factor of T. However, it still has a large number of decision variables. This motivates
us to develop a supergradient method based on a Lagrangian relaxation, which we

define below.

Definition 2.6 (Lagrangian relaxation and dual). For X = { A\ }ierper € RL{”K‘,

define the Lagrangian function L(X,x) = 3 co€C, X[q]) + Xicr pere Nk (Xm-(i pyem Tm —

Sik), and let

L(A) :== min L(A,x) (2.17)

X

s.t. Z Tm = p*(q), Yq e Q,

mim~q

Tm €10,T], Yme M,

denote the Lagrangian relaxation of (2.10) with parameter X. We also let L* =

max, x| L(A) denote the Lagrangian dual of problem (2.10).
+

Note that weak and strong duality directly imply that

L(A\) < L* = OPTE.
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Given this relationship between the primal and the Lagrangian dual, we propose
Algorithm 3, a (projected) supergradient method for the Lagrangian dual that
generates an approximately optimal primal solution. Note that in (2.17) we need to
compute L(A) for different values of A, i.e., we need to solve a minimization problem
for each A. Moreover, L(\) is concave in A. This motivates us to use a supergradient
method.

Now note that, although the number of variables in the minimization problem
(2.17) is large, this problem becomes separable in ¢. Indeed, we can rewrite (2.17),

after appropriate scaling of the decision variables, as

L()\)zm}jn Zp“(q) (e, x[q]) + Z ik Z T | — Z NieSi (2.18)

qeQ ieq,ke K m:(i,k)em,m~q i€l ke K

s.t. Z Tm =1, Yqge @,

mim~q

Tm € [0,1], Yme M,

where the first term in the objective depends on x and the last term depends only on

A. Next, for each ¢ € Q, define

Ly(A) = i ex[gh+ D, i D am (2.19)

1€q,ke K m:(i,k)em,m~q

s.t. Z Ty = 1,

mimn~q

T, € [0,1], Vm € M such that m ~ q.

Then, we have

L) = > p" (@) Le(A) = > AikS- (2.20)

qeqQ iel keK

Given the decomposition in (2.20), in order to find the optimal solution of (2.17),

denoted by x*(A), it is enough to find an optimal solution of (2.19) for each ¢ € Q.
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Moreover, note that now the number of decision variables in (2.19) is (| K| + 1)l4 (for
a given order type ¢). This is much smaller than »; ., (|K]| + 1)l the number of
decision variables in (2.17), as () can be very large. Therefore, solving (2.19) for each
individual ¢ is considerably more efficient than solving (2.17) as one large LP.

Now, let g,(A) be a supergradient of L,(-) at A. Then, because of (2.20), a
supergradient of L(A) at A is given by

G(A) = Y 1"(9)gg(N) — S,
q€Q

where S = (Sik) ;e Ikei- We now state a simple and yet important lemma that finds a

supergradient of L,(-) at A.

Lemma 2.4. Let g € Q be fized and x*[q](A) = (%, (AN)1{m ~ q})menm be an optimal

m

solution of Ly(X). Then, for X e RE”Kl,

9a(A) = DIEGACN

m:(i,k)em,m~q il kel

is a supergradient of L,(-) at A.

Given Lemma 2.4, we formally state our projected supergradient method as
Algorithm 3. As it turns out, Algorithm 3 can find approximate solutions to both the
primal and the (Lagrangian) dual formulations. Next, we formalize this statement

through a pair of propositions.

Proposition 2.2. Let C be a constant independent of J such that ||G(AY)|2 <
C-OPTF forallj=1,...,J, and let

1 J
J) . j
L{) = <3§ >\<J>> :

j=1

Then, given a step-size ay (as defined in Algorithm 3), at iteration J, we have
A3+ a3 J(C - OPTE)
pro ) < NI+ : 2.21
avg 2()[JJ ( )
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Algorithm 3 Projected supergradient method with fixed step-size

Input: Initialize A = 0, with 0 € RE”KI, ay € [0,1] such that a;J — oo and
ay — 0as J— oo,

For j=1,...,J:
1. For each g € Q, solve L,(AY) in (2.19) to obtain an optimal x[¢]") := x[q](AY)).

2. Let G(AD) = 3 o p(q)gg(AD) — 8, g,(AD)) = (Zm:u,memmw x’%)>iez hek

Output: x = £377 (quQp“(Q)X[Q](”).

Note that, as we show at the end of the proof of Proposition 2.2, the constant C
always exists as x*()\) is bounded for any A\. Now, using equation (2.21) in Proposition

2.2, we have that at iteration J of Algorithm 3

) < [A*[|5 + a3 J(C - OPTP)

0< L7 = L < 20,] !

implying that, when a;J — o and ay — 0 as J — o0, lim;_, ng = L*. This
shows the convergence of our supergradient method. Note that although the above
proposition suggests that Algorithm 3 can find an approximately optimal dual solution
(when, e.g., ay = 1/4/J), we also need to find an optimal primal solution that is
feasible with respect to the inventory constraint. Next, we show that under some
mild assumptions, the average primal solution (up to iteration J) is guaranteed to
be close to be optimal, and it satisfies the inventory constraint approximately. We

formally state this in the next theorem.

Theorem 2.2. Let C be a constant independent of J such that ||G(AY)|2 < C-OPT*

for all 3 = 1,...,J. Denote by X = %ijl <quQpa(q)X[q](j)>, where x[q]) is
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defined as in Algorithm 3. Then, under Algorithm 3, we have that

(c,%) < (1 + gaj) OPT”, (2.22)

and for each i€ I,k e K, and

C
77’)’1 - 7 < ) 223
m (%Zk:)Emm ' Qs ( )

for positive constants C, C' independent of J.

Again, note that, as we show at the end of the proof of Theorem 2.2, the constant
C' always exists (and the constant C' is the one from Proposition 2.2). Moreover,
note that in Theorem 2.2, in order to balance the convergence rate of both (2.22)

~1/3 obtaining a convergence

and (2.23), we can choose the step-size to be ay = J
rate of J~1/3. Because of this reason, in what follows, we will use a; = J~/3 as our
step-size.

It is worth noting that, according to Theorem 2.2, the (scaled) average primal
solution x computed by Algorithm 3 (at iteration J) is close to being optimal, i.e., it
is an e-approximation. However, given (2.23), Theorem 2.2 does not guarantee that
x satisfies the inventory constraint of problem (2.10). Fortunately, one can construct
a feasible solution for (2.10) as follows.

Let x denote the output of Algorithm 3, i.e.

J J
% = % >, L p@xlgl? = (% 33 p(g) a1 {m ~ q}) ,

Jj=1¢eQ

with each element denoted as z,,, for m € M. Then, x satisfies constraint (2.11) of
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problem (2.10). Indeed, for ¢’ € Q

5 5= 3 (5SS ~a)

m:mn~q’ m:m~q’ j=1¢e@
1J A
P (3 > 20 (@alLim ~ ghi{m ~ q'}>
meM 7=14¢eQ

e
e
]

p*(q) ( > e 1{m ~ q}> g =q}

meM

=p"(d) (2.24)
where (a) holds because x[q]") is a feasible solution to L,(AY)) at iteration j of

Algorithm 3 and so, by definition, >’ 2 = 1. Given this, we now show how to

m:m~q

construct a solution for problem (2.10) that satisfies the inventory constraint. Let

X = {Zm}menm be defined as before and let

e T
T = max{l, max M} (2.25)

iel,keK,S;,>0 S;

be its largest violation of the inventory constraint. For an order type ¢ € () and

denoting by m/(q) the discard method for ¢, define

T T 1 if m # m/(q) (2.26)
Ym = ) ) 2.26
r*(q)- <1 71 I~ S ””) if m = m'(q).

Zm:m~q Lm

Then, {Ym }mens is feasible for problem (2.10). Indeed, for a given ¢q € @), we have that

D1 Um = 1"(a).

m:mn~q

Moreover,

Z Ym @ Z fmT_l (2 Sik7

m:(i,k)em m:(i,k)em
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where (a) holds because the sum does not involve the discard method m/(q) (i.e., the
inventory constraint is automatically satisfied for the dummy facility); and (b) follows
from the definition of 7 in (2.25).

Finally, we show that y = {ym}menm only results in a small sacrifice of the
competitive ratio of our fulfillment strategy. Our main result of this section is

formally stated next.

Theorem 2.3. Suppose we use y = {Ym}mem as defined in (2.26) to find a feasible
solution to problem (2.10) in the offline process of Algorithm 1. Then, for any online
multi-item fulfillment problem, when Algorithm 1 uses Algorithm 2 as a subroutine in

Step 2 of the online process, we obtain a fulfillment strategy with a competitive ratio

sJY3 + kC C (k — 1)|Gmax]
_— 1 14+ —. 2.27
(sJ1/3+C>< +2J1/3)( " Vs +3 ) (2.27)

where J is the number of iterations of the supergradient method defined by Algorithm

of at most

3, and C and C are some positive constants from Theorem 2.2 that are independent

of J. Alternatively, the competitive ratio is at most

(1+¢) (1 + m%ﬂ%"') , (2.28)

with € < CN'J*VS, where C' is some positive constant that is independent of J.

Note that, according to (2.27), as J (the number of iterations in Algorithm 3)
and s (the amount of minimum inventory) go to infinity, our fulfillment strategy
with the approximate solution is asymptotically optimal. It is also worth noting that
Theorem 2.3 implies a trade-off between computation and performance of our policy:
by increasing J we need more offline computations, but we obtain a better solution to

problem (2.10) and a better competitive ratio of our fulfillment strategy. Therefore,
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our analysis shows that there is a trade-off between the computations required to
obtain the online policy and its performance.

We finish this section by studying a problem raised by Jasin and Sinha (2015)
using our supergradient method. Specifically, in the additive cost framework of
Jasin and Sinha (2015) (described in Section 2.10), our method, combined with a
novel randomized rounding, leads to a policy that is asymptotically O(10g |gmax|)-

competitive and runs polynomially in |gmax|, | K| and |Q].

Proposition 2.3. Consider the additive cost multi-item fulfillment framework. Then,
for this framework, there exists an algorithm that is asymptotically O(1og |Gmax|)-

competitive, as s — o0, where s is the minimum level of inventory for any item.

The details and the proof of the above result are provided in Section 2.10.2
(Theorem 2.5). In particular, in Section 2.10.2, we provide the explicit algorithm that
is asymptotically O(log |gmax|)-competitive, as s — co. We obtain this result by first
considering the Lagrangian relaxation of the corresponding offline LP which allows
us to decompose this LP into problems that involve only a single order. Then, we
reformulate the decomposed LPs using the item-facility framework of Jasin and Sinha
(2015) and develop a novel sequential randomized rounding scheme to approximately

solve them.
2.6 Connection with Network Revenue Management

In this section, we discuss the connections and the implications of our analysis in the
network revenue management (NRM) literature. Network revenue management is a
class of online resource allocation problems in which items (or resources) with limited
inventories (or capacities) are sold to satisfy the orders of a stream of customers
arriving sequentially over time. Specifically, at each time period, a customer arrives

with an order for one or multiple types of items. If we fulfill the order request, we
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collect some revenue and consume the inventories corresponding to the items in the
order. The goal is to find a policy to decide which orders to accept in order to
maximize the total expected revenue over the entire selling horizon.

We consider the independent arrival model, with D% denoting the number of
arrivals of order type ¢ at time ¢, i.e., D? is a Bernoulli random variable with success
probability p;(¢). Moreover, we let x, € {0, 1} denote the binary variable representing
the offline decision of fulfilling order ¢ at time t, i.e., xfl = 1 if the platform fulfills
order g at time ¢ and a:f] = 0, otherwise. We also denote by r, the revenue/reward for
fulfilling order type q. Then, the offline problem associated with a NRM problem can

be formulated as follows

max Z qu (2.29)

T] qeQ
s.t. oy, < DY, VgeQ,tel[T], (2.30)
Z dah <8, viel, (2.31)

T q:ieq
zy €{0,1}, Yge Q,te[T]. (2.32)

In this formulation, the objective is the platform’s profit, which is the sum of collected
rewards from all periods; the set of constraints (2.30) ensures that we fulfill order ¢
only when it arrives, allowing the option of not fulfilling the order; and, finally, the
set of constraints (2.31) ensures that, over the entire time horizon [T'], we do not

fulfill orders using more than .S; units of item ¢ € I. The LP relaxation associated
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with (2.29) is

max Z qu (2.33)

T] q€Q
s.t.al <pilq), Vge Q,te[T], (2.34)
Z dlal <S8, viel, (2.35)

T] g:ieq
e [0,1], Vqge Q,t e [T], (2.36)

where z, now can be interpreted as the probability of fulfilling order type ¢ at time .
Note that, the standard NRM formulation may be viewed as a special case of our
fulfillment model that maximizes the revenue when there is a single facility and each
order can only be fully fulfilled or lost.

It is also worth mentioning that an important characteristic of NRM problems is the
trade-off between accepting an order to generate some immediate revenue and saving
inventories for potentially more profitable orders that can arrive in the future. Because
of this trade-off, in these types of problems, the focus is on accept/reject decisions
based on the available inventories. This closely relates to our method-acceptance
problem. More specifically, a NRM problem has a similar decision structure to our
method-acceptance problem, except that it does not assume the expected demand to
not exceed the available inventory. Given this connection between NRM problems
and our method-acceptance problem, we next show (in the proof) that Algorithm
4, using a y-conservative method-acceptance strategy combined with randomization
(using the solution of the LP relaxation), directly implies a competitive ratio of at

least v for NRM problems.

Proposition 2.4. For any network revenue management problem, when Algorithm 4

uses Algorithm 2 (in the special case with one facility) as a subroutine in Step 2 of
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Algorithm 4 Algorithm for NRM

Offline Process:
e Solve the expected LP in (2.33) to obtain y; for all g€ Q and t € [T7].
Online Process:

e Fort=1,...,T:
Let ¢ be the order that arrives at time t.
1. Draw Y ~ Bernoulli(y; /p:(q)).

2. If th = 1, then decide whether to accept or reject order ¢ using a -

conservative method-acceptance strategy. If th = 0, reject order gq.

the online process, we obtain a policy with a competitive ratio of at least
| Gma]

Vs+3

with |qmax| denoting the size of the largest possible order and s = rmln{Sl} > |Gumax]® — 3.
1€

We provide the proof of the above statement in Section 2.13. Note that Proposition
2.4 provides an algorithm for NRM problems whose competitive ratio depends on
|qmax| and s. It is worth highlighting that the state-of-the-art guarantees (in terms
of competitive ratio) for NRM problems are the ones by Ma et al. (2020) in which
the authors prove 1/(1 + |gmax|)-competitiveness; and Baek and Ma (2022), where
the authors generalize and improve the 1/(1 + |gmax|) result by exploiting particular
network structures (while also recovering the same guarantee as a special case). To the
best of our knowledge, Proposition 2.4 identifies the first algorithm with a competitive
ratio that depends on s and in which the ratio converges to 1 as s goes to infinity
(when |gmax| is fixed). Remember that s is the minimum level of inventory. The
condition of 8 > |gmax|> — 3 is to ensure that the competitive ratio is not vacuous.
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We should mention that this is a drawback of our analysis as the above bounds in
the literature work for any s. Extending the analysis so that the competitive ratio
becomes 1/(1 + guax) for small s (similar to Ma et al. (2020) and Baeck and Ma (2022))
and becomes asymptotically optimal as s — oo is an interesting future direction to
explore. When s is much larger than |gmax|, Proposition 2.4 provides a significantly
higher competitive ratio compared to the current results in the literature. Moreover,
Proposition 2.4 also implies that Algorithm 4 is asymptotically optimal in the classical

“fluid-scaling” regime, where both time and inventory are scaled to infinity.
2.7 Numerical Simulation

In this section, we perform numerical simulations to evaluate our magician-based policy
designed for the multi-item fulfillment model described in Section 4.2. Our primary
objective is to compare our policy with the state-of-the-art correlated rounding policy
of Ma (2023). This comparison is directed towards understanding the performance
implications of employing a distinct offline problem formulation (a method-based
formulation as opposed to an item-facility-based formulation), as described in (2.1). To
ensure consistency and relevance in our comparisons, we have aligned our simulation
environment as closely as possible with the framework utilized by Ma (2023). Our
experiments are conducted using the Python programming language and the Gurobipy
package. Details of our simulation environment, including data and code, are provided
in Section 2.11. Briefly, the simulation environment that we consider is similar to a
setup studied in Ma (2023), with an e-commerce network with the 10 largest U.S.
cities spread geographically across the country and 5 centrally located facility centers.
We assume that the online retailer has 20 different item types and let the time
horizon be T' = 1000. Order arrivals are i.i.d. and orders vary in size from 1 to
a maximum size npa, of either 2 or 5, with each order size having ny = 5 distinct
possible combination of items (orders of size zero, i.e., no order, are also considered).
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For each order size, a unique combination of items is randomly selected from I. Then,
for each combination of items, |J| orders are generated, one for each city, leading to

a total of |J|(1 4 nmaxno) different order types.

Our parameterized policy. Remember that there are two main building blocks to our
policy: (1) the adoption of a probabilistic method-acceptance strategy; and (2) a
different formulation of the offline problem (with respect to Ma (2023)), which we
call method-based formulation. To isolate the impact of each of these building blocks,
we introduce a parametrized family of policies. Specifically, we define v € [0, 1] to be
a constant that influences the conservativeness of each magician’s decision-making
process. This modification alters the description of Algorithm 2 by changing its
inputs from vz = 1 — 1/4/Sir + 3 to Fi, = 1 — v/4/Si, + 3. Recall that ~;, represents
the ex-ante probability (prior to any order arrivals) of magician (i, k) making their
inventory available for fulfillment. We change this probability to 5, thus allowing
v to effectively model the magicians’ decision-making conservativeness. Indeed, the
case of v = 0 corresponds to the “always accept” policy (i.e., the policy that always
accepts a method as long as there is sufficient inventory), characterized by minimal
conservativeness, while v = 1 fully captures our magician-based approach. For values
of v € (0, 1), this parameterized policy exhibits varying degrees of conservativeness,
bridging the two extremes. It is important to acknowledge, especially in the context
of the findings from Alaei (2014), that v € (0,1) does not guarantee the availability
of inventory until the end of the time horizon. Thus, this modification introduces
a heuristic element to our strategy, necessitating a flexible approach that includes
verifying the availability of inventory before fulfilling orders. By incorporating this
parameterization, our aim is to assess the robustness and practical effectiveness of
our fulfillment algorithm. In Table 2.2, we present the average cost of our policy

when the maximum number of items in an order are N, = 2 and Ny = 5. These
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average costs are taken over 30 instances, where each instance differs by order types,
demand rates, and initial inventories (again, we refer to Section 2.11 for details), and
over 100 draws of sequences of order arrivals for each of instance. Finally, note that
in our numerical study, we use the variation of Algorithm 2, described in Remark 2.1
so that we do not incur any additional costs for (i, k) € m when some other magician
(7', k") € m does not make their inventory available.

To highlight the impact of adopting a probabilistic method-acceptance strategy,
we observe that in Table 2.2, by decreasing the conservativeness of every magician,
i.e., as v decreases, our policy performs better. In particular, a policy that always
accepts methods as long as there is available inventory, i.e., when v = 0, has the best
performance. The reason for this observation is twofold. First, in our simulation,
the inventory level S;;, for all 7 € [ and k € K scales linearly in the time horizon T
and proportionally to the average demand. Therefore, the probability of running
out of inventory is small. This makes a more conservative magician-based method
acceptance policy less effective as it is designed to work for scarce resources and to
be oblivious to the time horizon (see Section 2.9 for more discussion of the original
magician problem). In particular, for this i.i.d. simulation setting, holding inventory
for the future offers no real value, making the magician-based method-acceptance
policy overly conservative. Second, the magician-based acceptance method is designed
to guarantee a competitive ratio for the worst case. This means that even in settings
where the lost sale is much larger than the cost of fulfilling an order and the orders
are arriving in an arbitrary way, the magician-based acceptance method guarantees
that we fulfill each order with a large enough probability. However, in practice and
in our numerical studies, the cost of not fulfilling an order is comparable to the cost
of fulfilling it, making smaller v a better choice. For instance, in Jasin and Sinha
(2015) and Zhao et al. (2020), as well as in the more recent paper of Ma (2023),

the authors assume that each unfulfilled item incurs a lost-sale penalty cost equal
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to twice the maximum single-item cost. Finally, we observe that, although in the
i.i.d. order arrival setting the “always accept” policy outperforms the magician-based
policy, there are cases in which adopting a conservative approach is beneficial. For
example, when orders of larger size arrive later during the time horizon, our policy can
outperform the “always accept” policy. To verify this, we simulate arrival sequences in
which in the first |T/2]| periods only orders of size 1 can arrive, and in the remaining
periods only orders of size larger than 1 can arrive. Under this setting, when v = 0.01
and when we use a 7;,-conservative magician policy for a pair (i, k) that is requested
throughout the entire time horizon, the expected cost of our magician-based policy
is 10418.54, while the cost of the “always accept” policy is 10418.98, providing a
reduction in cost of about 0.004%. The reason for this improvement is that magician
(7, k) is now used for inventory that is valuable (because it is high in demand), i.e.,
(i, k) is requested in multiple orders throughout the entire time horizon.

On the other hand, to highlight the impact of adopting a method-based offline
formulation, we observe that, for small values of v (i.e., when the magicians are less
conservative), our policy outperforms that of Ma (2023) in terms of the expected cost.
Let us explain this difference and also compare the two policies from other perspectives.
The policy of Ma (2023) uses an item-facility offline formulation and achieves the
optimal competitive ratio with respect to that offline formulation. Instead, we use a
method-based offline formulation and show how to achieve a (not necessarily optimal)
competitive ratio with respect to that offline formulation. The gain of our policy
stems from this alternative formulation. However, as we have discussed earlier in the
chapter, this comes at the cost of requiring more computations to find the optimal
offline solution (that is needed for our policy). To see this, as shown in Table 2.3, for
Nmax = D, the running time to find the optimal offline solution of our LP formulation
is .51 seconds while the running time to find the optimal offline solution to the LP

described in Ma (2023) is .17 seconds which is smaller. For larger values of nax,
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solving our LP formulation takes even longer time, necessitating using other methods
such as the supergradient method we developed in Section 2.5. Moreover, note that in
Table 2.3, for convenience, the number of variables for our method-based formulation

are counted by only considering methods (as defined in Section 4.2) that could be

used for a given order type.

Table 2.2: Average costs with different v and n,., values.

Nmax Policy Cost
v=20 8197.95
v =0.01 8201.49
Nmax = 2
v=20.1 8250.88
v=1 9629.14
Ma (2023) 8316.76
v=20 13001.67
v =0.01 13014.65
Nmax = by
v=20.1 13180.19
v=1 16390.24
Ma (2023) 14239.88

Table 2.3: Comparison of our LP and Ma (2023)’s LP for different .., values.

Nmax LP Runtime Opt. Value #Variables #Constraints
o Method-based  0.003 7522.58 1425 210

. Ma (2023) 0.017 7522.58 13860 1150
S Method-based  0.528 11454.99 159488 360

- Ma (2023) 0177 11310.84 32760 5350
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2.8 Conclusion

In this chapter, we study the multi-item e-commerce fulfillment problem from the
literature. We propose a fulfillment policy for the problem that achieves 1 + (k —
1)|gmax|/v/s + 3 competitive ratio, the first known non-asymptotic competitive ratio
that depends only on the order size, inventories and x, the maximum ratio between
the cost of not fulfilling an order and the cost of fulfilling it with any other method.
In addition, our competitive ratio is independent of the number of item and order
types, and our analysis derives, to the best of our knowledge, the first non-asymptotic
approximation guarantee that is also asymptotically optimal under the so-called “fluid
scaling” regime.

Our approach to solving the multi-item fulfillment problem combines multiple
tools from different works of literature. First, we propose an algorithm that consists
of two key components: a probabilistic fulfillment step and an accept/reject step
(which we call method-acceptance problem). This accept/reject step helps us control
the on-hand inventory and connect key ideas in the fulfillment and prophet inequality
literature. Second, we apply the strategies from Alaei (2014) to show that one
can design a (1 — |qmax|/V/s + 3)-conservative method-acceptance strategy. Then,
we combine this strategy with probabilistic fulfillment to show that our algorithm
achieves the desired competitive ratio for the multi-item fulfillment problem. It is
important to note that our procedure does not require Alaei (2014)’s result. For
example, we can alternatively use k-unit OCRS as a subroutine, and our result can
be improved using the tight bound proved by Jiang et al. (2021). In general, we show
that as long as you have a y-conservative method-acceptance strategy, one can achieve
a competitive ratio of 1+ (K —1)(1—+) (and when v = 1 — |guax|/+/s + 3 this reduces
to our result). For simplicity of exposition, we adopt the closed-form guarantee from

Alaei (2014). In Section 2.6, we also note that a special case of our algorithm provides
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new asymptotically optimal bounds for network revenue management problems (see,
e.g., Ma et al., 2020; Baek and Ma, 2022) where the focus is on accept/reject decisions
about the available resources (see Section 2.6 for further details).

Finally, in order to perform the probabilistic fulfillment step, we develop a super-
gradient method to approximately solve the LP relaxation of the multi-item fulfillment
problem, which is computationally effective when (|K| + 1)9 is small for each order
q. A similar method, combined with a randomized rounding algorithm, also leads to
a policy that is asymptotically O(10og |gmax|)-competitive (as s — o) for the additive
cost multi-item fulfillment framework of Jasin and Sinha (2015), answering a question
raised by the authors. We note that a similar O(1og |gmax|) result was recently derived
by Ma (2023) using different techniques than ours.

We conclude by noting several interesting future directions to explore. For exam-
ple, in our model, we have considered the case in which we do not have replenishment
throughout the fulfillment process. An interesting future direction could be incor-
porating and modeling replenishment decisions in our fulfillment policy. As another
example, we assumed that the platform only knows the distribution of the arriving
orders and has no additional information about their arrival. In many online settings,
however, the platform may have partial information about the arrival of orders.
Modeling this additional information in our framework and incorporating it in the

fulfillment strategy is an exciting future direction to explore.
2.9 A ~;-Conservative Strategy for the Magician (i, k) Problem

In this section, we present a self-contained overview of a ~;.-conservative strategy for
the magician (i, k) problem presented in Definition 2.4. We first describe the original
magician problem from Alaei (2014) and then show the details of one such strategy

for Definition 2.4, inspired by Alaei (2014).
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Magician problem. Alaei (2014) describes the magician problem as follows:

A magician is presented with a sequence of boxes one by one, in an online fashion.
There is a prize hidden in one of the boxes. The magician has k magic wands that
can be used to open the boxes. If a wand is used on box 7, it opens, but with a
probability of at most x;, which is written on the box, the wand breaks. The magician
wants to maximize the probability of collecting the prize, but the sequence of boxes,
the written probabilities, and the box in which the prize is hidden are arranged by
a villain, and the magician has no prior information about them. However, it is
guaranteed that ), x; < k and that the villain has to prepare the sequence of boxes
in advance.

Alaei (2014) presents a strategy, called ~-conservative strategy, that guarantees
that the probability of finding the prize is at least v =1 — \/k;ﬁ This strategy works
for any number of boxes n and any number of wands & (that can potentially be much
smaller than n). Moreover, this strategy does not require the knowledge of n and
works as long as the inequality )., x; < k holds.

We next explain the high-level connection between the above problem and our
fulfillment problem and then provide the details. The connection is not so much in
the description of the two problems but rather in the solution used for solving the
two. In particular, in the magician problem, because the magician does not know
the whereabouts of the prize, the solution (i.e., the magician’s strategy) must be
conservative to guarantee that the probability of opening each box is large (so that the
probability of collecting the reward is large), knowing that the magician has a limited
number of wands. Now, in our fulfillment problem, the solution must be conservative
so that we guarantee to fulfill any arriving order with a large probability, knowing
that we have limited inventory. We next formalize this connection and introduce a

conservative strategy for any item-facility pair (i, k).
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vik-conservative strategy. For this strategy, we assume that we can solve (at least ap-
proximately) the expected LP in (2.10) and obtain the corresponding y = {y?, }menste[r]
through (2.14). See Section 2.5 for the details of how to solve (2.10) approximately.
and let W},

t
: em Ym

For each magician (i, k) in Definition 2.4, let pj = >, ., 1
denote the number of consumed inventory (i, k) (i.e. of item 4 from facility k) prior
to period ¢t. Then, magician (i, k) makes a decision about making their inventory

available for fulfillment by comparing W/, and a threshold €%, in the following way:

make (i, k) available it Wi, < 6%

make (i, k) available with some probability (to be defined) if W} = 6;

do not make (i, k) available it Wi > 6.
Magician (i, k) chooses 6%, to be the smallest threshold I such that P(W}, <1) = i,
where the probability P(W}, <) can be computed before period ¢ for any [ (because
of the definition of Wj). Formally, let Fy: (I) = P(Wj < 1) be the CDF of the
random variable W}, and let A, be the indicator variable which is 1 if and only
if magician (i, k) makes their inventory available at time ¢. Then, we can rewrite

the probability with which magician (i, k) should make their inventory available,

conditional on W} as follows:

1 if Wi < 0l
P(Aj, = 1| Wi) = { ik = Furg, (05 — 1))/ (Fwrg (05) — Fury, (65, — 1)) if Wiy = 03

0 it Wi > 6%

e )
¢;, = min {l D P (1) = %’k} :
Note that the threshold 6!, can be computed before period ¢ (because of the
definition of Fyy: (-)). Now, define afj == P(A}, = 1| Wj, =1). Then, it is easy to see
that the CDF of Wi(,:H) can be computed from the CDF of W/, and pf, as follows
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(assuming pf, is the exact probability of consuming the inventory at time ¢):

kalkFWz (l—-1)+(1- alkuzk)wak(l) ift>1,1>0;
FWi(]:+1)(l) =41 ift=0,1>0.
0 otherwise.

Moreover, if each pl, is just an upper bound on the probability of consuming the
inventory at time ¢, then the above definition of Fyye. stochastically dominates the
actual CDF of Wi (i.e. Fy: (1) < P(Wj <) for all ), and magician (i, k) makes
their inventory available with probability at least 7;,. This can be proven formally
by induction. Indeed, the base case t = 1 trivially holds (because both quantities are
1). Suppose now that the inequality holds for ¢ > 1. We prove that it holds for ¢ + 1
as follows:

PWY™ <) = PWS <1 —1) + P(WE = 1)(1 — aluly)

=P(Wj, <1-1)+ [P(Wj, <1) —P(Wj, <1 —1)](1 — aju)
= P(Wj, <1 — Dajuyy, +P(W, < D(1 — afu,)
= wak (1-1) Zmufk + ngk(l>(1 féﬂfk) wa,j“) (0).

Finally, note that the randomization probability (in the case in which W}, = 6%,)

is defined in a way so that the ex-ante probability of opening each box is at least ;.

Indeed,
t—1
P(Af, = 1) = ) afP(W, Z ag P(W,
1=0

= P(WE, < 6) + ali " P(WY, = 64,)

£t

= P(Wj, < 05 — 1) + a;," [P(W}, < 0) — P(Wy, <05, —1)]
t@fk t t9§k t
> (1= ay™ ) Fye (03 — 1) + a3 Fyye (03.)
ot
= Fye (05, — 1) + agt [Fyw:, (03) — Fwe (03, — D] = i
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Under this strategy, (Alaei, 2014, Theorem 4) guarantees that, whenever ~;; <
1 —1/4/Si + 3, magician (i, k) never requires more than Sj; inventory and they are
guaranteed an ex-ante probability (before the fulfillment process starts) of at least

vir of making the inventory available at any time period t.
2.10 Ttem-Facility-Based Model of Jasin and Sinha (2015)

In Jasin and Sinha (2015), the authors assume that the cost for each method m can
be decomposed into fixed and variable costs of shipping items from facilities. We
can adopt the same assumption in our method-based framework as follows. For a
given method m, define K, := {k € K : (i,k) € m} to be the set of facilities used for
fulfillment by method m. Then, the cost of using method m for its corresponding

order type can be written as:
Cm = Z vh + Z by, (2.37)

(i,k)em keKm

where v}, and b denote the unit variable cost and the fixed cost associated with
shipping items from facility k£ to the location where order type ¢ is placed, respectively.
Therefore, changing the variables z!, to xf}; (with xf}; denoting the binary variable
representing the decision of shipping item ¢ from facility k to satisfy order type ¢ at
time ¢), and defining ug, = 3,

1{(i, k) e m} and wy ==, 1{k € K,,} (used

mim~q m:mn~q
. . . . . . t
in objective 2.38 to avoid over-counting of fixed and variable costs whenever zf, = 1

and pair (4, k) is in more than one method for order type ¢), our offline problem can
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be reformulated as follows:

min Z Z Z Z uf%k%k"‘ Z Irzlgxxk (2.38)

T] geQ mm~q \ (i,k)em  F keKp

st. Y al =D VieqqeQ,telT],

keK

sz < Sy, Viel kekK,

| g2i

z% €{0,1}, Vie Lke K,qe Q,t e [T)].

Now, note that there is a close connection between z! and the decision variables
{x?,i}ie rker in the item-facility based model of Jasin and Sinha (2015): for a given
method m for order type ¢, we have that whenever zf, = 1, then xf,i = 1for (i,k) em

and :1:3,2 = 0, otherwise. We further discuss this connection in the next section.
2.10.1 Sequential Randomized Rounding Algorithm

In this section, we show how our supergradient method leads to a policy that is asymp-
totically O(log |gmax|)-competitive (as s — o) for the general multi-item fulfillment

13

framework of Jasin and Sinha (2015), which specifically write: “... this still leaves
open a gap between our competitive ratio of E[B(|Q|)] and the inapproximability
threshold of Q(log |@]). The standard techniques used to approximate the set cover
problem do not directly extend to our problem; the main difficulty lies in the capacity
constraints. Reducing this gap remains an open question.”

In Section 2.5, we showed how to obtain a computationally viable method for
approximately solving (2.10) through a supergradient method for its dual problem
(as (2.10) decomposes into many smaller LPs under a Lagrangian relaxation). For
the reader’s convenience, we rewrite here the Lagrangian relaxation that we want to
solve and its decomposition into smaller LPs. For A = { A\t }icr kex € RL{”K‘, we define
the Lagrangian function L(X,x) = 3, (¢, X[q]) + Xics per Aik( X nyem Tm — i),
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and the Lagrangian relaxation as follows:

LX) = mxin LA, x) (2.39)

s.t. Z zm = p*(q), Vg e Q,

mim~q

rm € [0,T], Yme M.

As noted in (2.18), the above Lagrangian relaxation can be rewritten as:

L(A) = min M) (exlah+ D A DL wa = DL AwSu

qeQ 1€q,ke K m:(i,k)em,m~q i€l ke K

s.t. Z rm =1, Vqge @,

mim~q

T, € [0,1], Vm e M.
Moreover, one can check that

L) = 2 0@ LN = Y] A,

qeQ iel ke K

where, for each ¢ € @,

Ly(A) = I)I{l[}]ﬁl (c,x[q]) + Z ik Z T, (2.40)

1€q,ke K m:(i,k)em,m~q

s.t. Z Tm = 1,

m:mn~q

Ty € [0,1], Vm € M such that m ~ q.

This shows that (2.39) decomposes across () into smaller LPs of the form in (2.40).
It is easy to check now that (2.40) has an optimal solution that has only one positive

component (by selecting the method m ~ ¢ with the least coefficient). Therefore,
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problem (2.40) is equivalent to

1}1(1[51 (e, x[q]) + Z ik Z T (2.41)

i€q,ke K m:(i,k)em,m~q

s.t. Z T = 1,

mim~q

xm € {0,1}, ¥Ym such that m ~ gq.

Now, in turn, this minimization problem is equivalent to:

. 1 , 1
min Py ( Z u—qvszzgk]l{(z,k) em} + Z —bi maxx§k> + (2.42)

4 ; i€
(o} ieq.keK ik keKom Wi =

+ )] )‘““uiq

ieq,keK ik

< D 1{Gik) e m}> z? (2.43)

mim~q

s.t. Z zh =1, Yiegq,

keK

zh €{0,1}, Vieq ke K,

where v}, and b] are defined as in (2.37). Indeed, let x,+ = 1 and z,,, = 0 for all
m # m* be the optimal solution to (2.41). Then, one can check that the feasible
solution to problem (2.42) defined as zf, = 1 for all (i, k) € m* and z, = 0 otherwise,
yields the same objective as (2.41). To see this, first note that, for each k € K,
there exists some 7 € ¢ such that (i, k) € m*, i.e., max;e, x5, = 1. Thus, using the fact
that cos = 3 e Vi L{(6, k) € m*} + 3 by, and remembering that uj, and wy
are used to avoid over-counting of costs, we see that the objective of (2.42) matches
the one of (2.41). Therefore, the optimal value of (2.42) is less or equal than the

optimal value of (2.41). We now prove the converse. In order to do that, first, note
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that problem (2.42) can be rewritten as:

min Y uiq< 3 ]l{(i,k;)ern}) (0 + Agy) 2%+ (2.44)

a .
{2 ieq,keK tk \m:m~q

1
+> o ( Y ke Km}> b max (2.45)

keK mim~q

s.t. Z zh =1, Vieg,

ke K

x} €{0,1}, Vie ¢,k € K,

where the first term in the objective depends on z}, and the second on max;e, ¥, .
Now, given the first constraint, we have that for any ¢ € ¢, there exists a unique k; € K
such that zf, = 1 and a7, = 0 for any k # k;. Then, defining m* = {(i, k) : i € ¢},
one can check that the feasible solution to problem (2.41) defined as z,» = 1 and
xm = 0 for all m # m*, yields the same objective as (2.42).

Next, we develop an approximation algorithm through sequential randomized
rounding to solve problem (2.44). For a comprehensive review of randomized rounding
algorithms, we refer Williamson and Shmoys (2011) to the interested reader. Let us

rewrite problem (2.44) (after linearizing the maximum) as follows:

OPTY := min 2 aiRTh + Z bz} (2.46)
ieq,ke K keK
st Y al > 1, Vieg, (2.47)
keK
A1l Viegkek, (2.48)
z} €{0,1}, Vieq ke K, (2.49)

for some a;;, = 0 for ¢t € ¢,k € K and b, > 0 for k € K. Relaxing the integer constraint
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of problem (2.46), we obtain

V4 = min Z aiRTh + Z bz} (2.50)
i€q,ke K keK
st Y al =1, Vieg, (2.51)
keK
Zlzal, ViegkekK, (2.52)
z} €[0,1], Vie ¢ ke K, (2.53)

so that, by definition, V¢ < OPT?. Then, we can prove the following.

Theorem 2.4. For each fized q € Q, consider Algorithm 5 which takes an optimal
basic feasible solution of (2.50) as input. Then, Algorithm 5 finds a solution that
is feasible for (2.46) with probability at least 1 — 1/|q|, and, for any constant 6 > 2,
the cost of the feasible solution is at most 08log(|q|) OPT? with probability at least
1—2/6.

Proof of Theorem 2.4: Let g € () be given and consider iteration j of Algorithm 5.

Define independent random variables w,ij ) ~ Bernoulli(z{*) for each k € K and

: q* 1 g%,
wy iy = 520

0 otherwise.

Note that, for each i € g,k € K, the probability of violating constraints (2.48) is
zero, while the probability of violating constraints (2.47) at iteration j can be upper

bounded as follows:

P (2 W < 1) - [la-PuR =1)

keK keK

G _
<e” Dker Py; =1)
= e~ ZkeK ZZ*IL{%?:?%ZZ*}.

99



Algorithm 5 Sequential randomized rounding algorithm

Input: (2 )icqrer and (287)rer optimal basic feasible solution to (2.50).

Define zf, =0, 2] =0, forall i € ¢, k € K.
For j =1,...,4log(|q|):

1. For k € K, let w,(fj ) = 1 with probability z/* and zero otherwise. Update

59 _ 34 ()
Z, = 2 Twp.

2. For i € ¢,k € K, let yi(i) = w,ij) if 287 > 120" and zero otherwise. Update

~q _ = (4)
Th = Th +yg -

Update z, = min{l, 2} }, z/ = min{1, z]}, forall i e ¢ k € K.

We now show that >, 27" 1{zdy = 121"} > 1 for any i € ¢. First, note that if

*

27t = afy for all k, then Y, . 2" 1{z?} > 32"} > 1 (by constraint (2.51)) and so

3
Swer 20 L{ady = 221"} = £ holds true. Next, we prove the following claim.

Claim 1: In problem (2.50), there exists a solution such that, for any i € ¢, there
exists at most one k; € K such that Z,Z:k > xf,; > 0.

Proof of Claim 1: Suppose, by contradiction, that there exist k; and k; such that

z,‘i* > xf,j > 0 and zq* > xq;, > 0. First, assume that a;, < a;z. Then, for some
¢ > 0, the feasible solution z¥;, — € and xf,: + € decreases the objective. But this

is impossible, since (x4 )icqrerx and (27 )kex Were assumed to be optimal (the case
Qik; > Qi can be proven similarly). Suppose now that a;, = air;. Then, for some
€ > 0, there are two feasible solutions 3:;1,:2 — ¢ afy +¢ and :1:;1,:; + ¢, afy — e with the
same objective. Thus, the feasible solution (x zk)zeq ek can be rewritten as a convex

combination of two other solutions, which is impossible because we assumed that our
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solution is a basic feasible solution. This proves the claim. B

Now, for any ¢ € g such that there exists k; € K with 2} > a:g,’;, we have two cases:

L. If:pg,:_ < %» then D3, j zg*]l{:vg,: = % } Zk;ﬁk z ]1{35 ZZ*} = Zk;éki xf: >
%, where the last inequality holds because of constraint (2.51) and the fact that

1
5

s

q*

ik <
g o 1 grq (o a% 1 q% 5 {0 _ g o 1

2. If o = 5, then 3, o 20 U{xfy = 5207} = 25 Wzl = 325 = 25 > 2l = 5.

Therefore, we have that, for any i € ¢, the probability of violating constraints (2.47)

at iteration j can be upper bounded as follows:

. 1
P 2y§;><1) < —=.
(keK \/E

According to Algorithm 5, we repeat the above process for 4log(|g|) times. There-

fore, for each i € ¢, we have that
(4%“ o S 41og(lal) 1\ dlogllah) 4
P yi,i<1>:]P’< yii<1> <<—> = —
j=1 kek ke K Ve lal?

Finally, the probability that Algorithm 5 finds a solution that is not feasible can

be bounded as follows

4log(|ql) ' 4log(lal) la 1
IP’(EIieq: Z Zy§,?<1)<ZIP’<Z Zyz ) ’CI’Q ma

7j=1 keK i€q 1=1 keK

i.e., the probability that Algorithm 5 finds a feasible solution is at least 1 — 1/|q|.

Now, note that

E [ Z aikyi(,? + 2 bkw,(fj)] = 2 aipzf {al = =21 + Z bz

ieq,ke K keK ieq,ke K keK

<2 [ Z aipxh + Z bzi | =2V < 20PTY,

i€q,ke K keK
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and, moreover, the cost of the resulting solution returned by Algorithm 5 can be

bounded by

4log(|q]) 4log(|ql)
E[ Z aikmin{ Z yl }+ Zbkmin{L Z w}iﬂ)}]

ieq,ke K keK Jj=1

410g(\q| , .
Z E [ D any + ] bkw;”] < 4log(|q))2V < 8log(|q|)OPTY.

ieq,ke K keK

Thus, by Markov inequality, we have that for some constant 6 > 2

P ( Z QiR + Z bzl =0 - 8log(|q|)OPTq> <

ieq,ke K keK

|~

and so, for a feasible solution, we have

P ( Z QipZh + Z bzl = 0 - 8log(|q))OPTY | (2 )icqrers (Z1)ker fea51ble>

i€q,ke K keK

F <Zi€q,keK iRy + Dperc U2 = 08 10g(|9|)OPTq> 1/60
< .
]P)((jgk)ieq,keKa (Eg)keK feasible) 1—1/|q|

~

Thus, because |¢q| = 2, we have that the probability that the cost of a feasible solution
is greater than 08 log(|q|)OPTY is at most 2/60. Therefore, the probability of obtaining

a feasible solution with cost less than 68log(|q|)OPT? is at least

( Z aikZy, + Z bz < 0 -8log(|q))OPT? | (&) icqrer, (ZL)kex fea51ble>

i€q,ke K keK

=1-P ( Z iRy, + Z bzl = 0 - 8log(|q))OPT? | (&} )icqrer, (ZL)ker fea51b1e>

ieq,ke K keK

>1-

N

This completes the proof. l
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2.10.2  Proof of Proposition 2.3

In this section, we present a supergradient method for finding the primal solution
of (2.10) when we only have access to an approximately optimal feasible solution
(and not the optimal solution) of L,(X). We then study the competitive ratio of our
fulfillment strategy in this setting. Finally, we show that, using Theorem 2.4 from
section 2.10.1, one can obtain a policy that is asymptotically O(10g |gmax|)-competitive

(as s — ).

Proposition 2.5. Denote by L,(\,x[q]) the objective of Ly(X\) at x[q]. Let x[q]"

be a randomized feasible solution to Lq()\(j)) at iteration j of Algorithm 6 such that
LA, x[a]) < BL, (D)

for some 8 > 1. Let C be a constant independent of J such that ||G(AD)||2 < C -
OPTE forallj =1,...,J andletay = J~Y3. Denote byx = %Zj;l (quQ p“(q)x[q](j)).

Then, under Algorithm 6 we have that

{c, B7'%) < (1 + 2ﬁ/3) OPT". (2.54)

Moreover, for each i€ I, ke K

Z B T — Six < JQ (2.55)

m:(i,k)em

for some positive constant C' independent of .J.

Proof of Proposition 2.5
Under Algorithm 6, we have that at iteration j
IAGDIE € IAD 4+, GO 3
= [AV]3 + aF IG5 + 20,A9, G(AD)), (2.56)
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Algorithm 6 Projected supergradient method with fixed step-size

Input: Initialize A = 0, with 0 € RE”KI, ay € [0,1] such that a;J — oo and
ay — 0 as J — oo, B as in Proposition 2.5.

For j=1,...,J:

1. For each ¢ € Q, run Algorithm 5 until you find a feasible solution x[q]7) :=
x*[q](AD)) for (2.40) whose cost is at most BL,(AY)), where 8 = 3210g(|qmax|);

2. Choose G(AV) = 5_1quQp“(Q)9(X[q](j)) — S, with g¢(x[q]9) =
(4)
<Zm:(i,k)em,m~q Tm >ie],keK

3. Update AUtD = max{0, AV + a;G(AW)};

where (a) holds because of update rule AU+ = max{0, AY) + a;G(A)}. Thus,
20,; AV, GAD)) = AT F — []AD]F = aF | GA) 5. (2.57)

Moreover, note that at any iteration j, we have

LA*) = )y @ Z LyAD) =AW 8

qeQ

2 Y @B L, xla]) - A9, 8)

q€Q

2 Y @5 (Cexlal?) + A, g(xlg] ) ~ AV, )
q€Q

L V@) (e xla D) + AV, G, (2:58)
q€Q

where (a) holds by the decomposition (2.20); (b) follows from our assumption on
Ly(A9); (¢) holds by definition of Ly(AY),x[¢]%); and (d) follows from the definition

of G(AY) (in Algorithm 6). Thus, we have that at iteration j

(%) = 2 0@ {ex[g]?) = AV, G(AV)). (2.59)

qeQ
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This implies that at iteration j

L") = > p"(@)B7" (e, x[q]D) = (AW, G(AD))
qeQ

—

a)

> 5 (INTV)E = IAV]3 = a3 IGAD)IE)

1
206]
where (a) holds by using (2.57). Therefore, after averaging over all j = 1,...,J

iterations and using the definition of X, we have that

OPT? —{c, f7'x) = L(N*) — (c, f'x)

1 J .
= 2a, <H>\("“)H§ — 1AV = o Z\!G(Am)!\%)

=1
@ C-OPTF
= ——2 ay,

where (a) holds because A) = 0 and by the assumption ||G(AD)|2 < C - OPTE.

Rearranging the terms, we have, for oy = J=/3

(e, B7'%) < (1 + TCIB) OPT?E.

We now prove (2.55). First note that from (2.56)

AUFDN2 < IAD Y2 4 o2 |GADY]12 + 20,00, GADY, 2.60
2 2 7 2

and, from (2.59), OPT? = L(A*) = ¥, ., p"(¢)57" (¢, x[q]D )+ (AU, G(AD)). Thus,

for any 7,

A9, GAV)) < OPTP = 3 1 p*(¢)57 e, x[q]V) < OPT".
q€Q

Let C' = OPTE. Since OPTF is independent of the number of iterations .J,
AU G(AU))) < €. Hence, from (2.60), we have that at iteration j

AR < A3 + a3 (C - OPTE) + 2a,C. (2.61)
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Summing the previous inequality over all J iterations (and using the fact that

A = 0), we obtain
IAVY2 < Ja2(C - OPTF) +2Ja,C.

In other terms, we have that

IAUHD)2 < Z(C-OPTE) + Lo (2.62)

1 | 1
J2a 2 J Jay

Now, note that at iteration j we have
AU = max{0, AY) + a;G(AD)} = AU 4 a,;G(AD),
ie.,

AU _\G) > onG()\(j)).

Averaging the previous inequality over all J iterations (and using the fact that

A = 0), we obtain

;i —ou@—l( S Y ) >) 5 e

Jj=1qeQ

)\(J+1)

Moreover, note that for any i € I and k € K,

Loyrw| ¥ W) ¥ (2% f>n{m~q})

J

ji=1qeQ m:(i,k)em,m~q m:(i,k)em
= X

m:(i,k)em

where the last equality holds by definition of X. Therefore, for any 7 € [ and k € K,

we have that

<>A,;’+1 ||>\J+1 2 b)\/1 1 .
m - M \ ! < —COPTE +—20
m;})@nﬂ v S T, Ja, 7 ) Ja,
© C
< —
J1/37
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where (a) holds by using (2.63); (b) follows from (2.62); and (c¢) holds for J sufficiently
large, ooy = J~ /3 and some positive constant C' independent of J. This completes
the proof. B

Finally, we study the competitive ratio of our fulfillment strategy in this setting in
which we only have access to an approximately optimal feasible solution of Lq()\(j))
for each g € @), at each iteration j of Algorithm 6. We start by reminding the reader
of some notation we use. Let

X = % >, 2 P (@)x[a)? = (% 2 2 (@ i {m ~ q}> 7

Jj=1¢eQ

with each element denoted as z,,, for m € M. Then, x satisfies constraint (2.11) of

problem (2.10). Indeed, for ¢’ € Q

2 = 2 (% DI AU S q}>

m:m~q’ m:m~q’ 7=1qeQ
1J }
= > (; DY) 1{m ~ ¢} 1{m ~ Q’}>
meM j=1¢e@

e
IV
]

(q) ( D, w1 {m ~ q}) 1{g=q}

meM

=p"(¢) (2.64)

where (a) holds because x[q]"7) is a feasible solution to L,(AY)) at iteration j of

Algorithm 6 and so, by definition, »] ) = 1. Therefore, denoting by X := 87!x,

mim~q

with each element denoted as 7,,, we have that

D =B, (2.65)

m:m~q’
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We now show how to construct a solution for problem (2.10) which satisfies the

inventory constraint. Let

T = max {1, max ZmL} (2.66)

iel ke K,S;;,>0 S;
be its largest violation of the inventory constraint. For an order type ¢ € () and
denoting by m/(¢) the discard method for ¢, define
T 71 if m # m’(q)

Ym = N v N (267)
pi(g) - (1+ 71 B Zmnea ) i — g (g).

mim~gq Tm

Then, {Ym }men is feasible for problem (2.10). Indeed, for a given ¢ € @), we have that

> m = (0).

m:m~q
Moreover,

a ~ _q®
Z Ym (:) Z T T ! < Sik7
m:(i,k)em m:(i,k)em
where (a) holds because the sum does not involve the discard method m/(q) (the
inventory constraint is automatically satisfied for the dummy facility); and (b) follows
from the definition of 7 in (2.66).

Given this, next we state the main result of this section.

Theorem 2.5. Suppose we use y = {Ym}mem as defined in (2.67) to find a feasible
solution to problem (2.10) in the offline process of Algorithm 1. Then, for any online
multi-item fulfillment problem, when Algorithm 1 uses Algorithm 2 as a subroutine in
Step 2 of the online process, we obtain a fulfillment strategy with a competitive ratio

of at most

(3J1/3+/15(7 ﬁ(5_1)<sjl/3)) (1+ C ) ( (5—1)\Qmax\)7

— — 14+ ———
sJU3 + C sJU3 + C 2J1/3 s+ 3
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where J is the number of iterations in Algorithm 6 and C,C and B are as in Proposition

2.5.

Proof of Theorem 2.5: Consider the feasible solution y = {4, }mens as defined in

(2.67). Suppose T # 1 (else, y = X). Then, the expected cost of y can be bounded as

follows:
le, y) @ Z CnTmT "+ Co() ( Z TpT™ )

m:m~q m:m~q

DN T+ g (5 D Fm— D) szmT*)
mim~q m:mn~q m:mn~q

= Z Cn T T+ + Z Cm/ (g ﬁ:vm — TnT 1)
m:m-~q mim~q

(c)

< D Cwlwm D) K (B — Fur )
mimn~q mim~gq

= > B (L= rR)7" + Br)
m:m~q

@ ~ sJYV3 4+ Br(sJVE + C) — ks JV3

< 2 ondn ST+ C
mimn~q

~ sJVP + kBC k(B —1)(sJV?)

= ConTm, - = =
e sJ3 +C sJ3 +C

_ sJV3 + Hé@ k(B — 1)(5{1/3) €5

sJ3 +C sJU3 +C
where (a) holds by using definition (2.67) and the fact that > . _ %, = p*(q); (b)

holds by using (2.65); (c) follows from the assumption that for some & > 1, ¢y (q)/cm <
Kk, for all m ~ ¢ and all ¢ € @; and (d) holds from the fact that (1 — k) < 0 and

because, from (2.55), we have that 7 < 14+ C/(sJ"/3), with s = MiNes kek,8;>01 ik}
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Therefore, from (2.54), we have that

sJV3 4 kBC k(B —1)(sJV?) ~
SR < ST C | sJByC ><C’X>

sJV3 4+ kBC k(B —1)(sJV?) C -
<< STBLC T sJByC ><1+ 2J1/3) OFT™

Now, following similar steps to the proof of Lemma 2.3 and by Proposition 2.1,
we have that when Algorithm 1 uses Algorithm 2 as a subroutine in Step 2 of the

online process achieves a competitive ratio of at most

(le/S + KkBC RCE 1)(sJ1/3)> <1 . C ) ( (k — 1)|qmax|) |

— — 1+ —
sJU3 + C sJU3 + C 2J1/3 s+ 3

(2.68)

This completes the proof. l
Finally, note that using Theorem 2.4 (from Section 2.10.1) with § = 4 to approxi-

mately solve L,(A)), we have that at iteration j in Algorithm 6

LAV, x[q]V) < 3210g(|gumax|) Ly (AY).

Therefore, the assumption of Proposition 2.5 holds with 5 = 3210g(|¢max|). Moreover,

since

i (3J1/3 +KBC k(B —1)(sJV?)

— — =1 —1
sJU3 +C sJ3 +C > TR 1)

§—00

we have that, from Theorem 2.5, our fulfillment strategy is asymptotically O(10g |gmax|)-
competitive, as s — 0.

It is worth mentioning that both Algorithm 6 and Ma (2023) are essentially finding
O(10g |gmax|)-optimal solutions for (2.10). Moreover, in terms of the number of LPs
to solve, assuming that every order contains n items, the algorithm of Ma (2023)
solves one large LP with |Q||K|n + |Q||K| variables, while Algorithm 6 solves in
expectation at most 2J|Q| LPs, where each LP has |K|n + | K| variables. Specifically,

because according to Algorithm 6, for each ¢ € @), we run Algorithm 5 until we find a
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feasible solution x[¢]"”), by choosing # = 4 in Theorem 2.4, we have that the expected
number of iterations of step 1 in Algorithm 6 is at most 2. Thus, the algorithm of
Ma (2023) has the computational advantage of solving one single LP when |@Q)] is not
too large. We also note that if the LP solved in the algorithm of Ma (2023) becomes
too large, it can be solved through a Lagrangian relaxation technique similar to the

one we develop in Algorithm 6.
2.11 Details of Numerical Simulations

In this section, we provide details about our simulation. We start by initializing
several parameters: the number of items |I| is set to 20, the number of facilities
is |K| = 5, the number of cities is |J| = 10 and 7" = 1000. Note that we follow a
simulation environment as close as possible to Ma (2023) and Jasin and Sinha (2015),
and details of our simulation environment, including data and code can be found in

Amil et al. (2022).
2.11.1 Facilities, Cities, and Costs

Similarly to Ma (2023), we consider an e-commerce network with the 10 biggest U.S.
cities that are geographically spread across the country and the 5 largest facility
centers that are centrally located (details can be found in Amil et al. (2022)). We
generate 30 instances for this network, where each instance differs by order types,
demand rates, and initial inventories. For each instance, we draw 100 sequences of
order arrivals of length 7" = 1000.

Following Jasin and Sinha (2015) and Ma (2023), we assume that each item is
exactly one pound and the fixed cost of shipping anything from any warehouse is
8.759. Moreover, for each facility k£ and city 7, the variable cost of shipping an
item from facility k to city j is calculated as 0.423 + 0.000541 = dists[k][j], where

dists[k] [j] is the haversine distance in miles between facility & and city j (see
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Jasin and Sinha (2015) for details). The cost of not fulfilling an item is assumed
to be twice as much as the maximum cost of fulfilling it (i.e., a factor of 2 times
the maximum distance between any facility k& and city j). Therefore, adopting the
assumption that the lost-sale penalty cost is 2, we can estimate the value for s in
our simulation. Remember that, in our model, x is defined as the maximum ratio
between the cost of not fulfilling an order and the cost of using any other method

for that order, i.e., K = maxgq % Hence, using this definition, the estimated
m~q Cm

average value of k in our simulation (over 30 different instances of our e-commerce
network) is as follows: when the maximum order size is 2, Knyy = 4.34; when the

maximum order size is 5, Kavg = 9.34.
2.11.2  Order Types, Demand Rates, Inventories and Methods

Following Jasin and Sinha (2015) and Ma (2023), we consider orders of different sizes.
Specifically, for each order size n = 1,..., nyay, We uniformly generate ng distinct
orders. Size n = 0 is also generated. We consider n.x € {2,5} and ng = 5. Each
unique combination of n items is selected randomly to match the specified size from
the total item set I. Moreover, note that, as described in our model, each order type
is characterized by the items in the order and the location or city j from which it is
ordered. Thus, for each given combination of items, we generate |J| orders (i.e. same
combination of items, with |J| different locations). We therefore generate a total of

| J|(1 + nmaxno) order types.
Demand rates.

In each period t = 1,...,T, exactly one location-specific order arrives. The ar-
rival probabilities are determined as follows. First, we randomly generate p(n):
the probability that an order of size n arrives. These probabilities are such that

domap(n) = 1. Second, for each size n € {1,. .., Nmax }, we randomly generate p(n, m):
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the probability that an order of size n is of combination m, for m = 1,...,n9. These
probabilities are such that >}*°_ p(n,m) = p(n). Finally, for each size n and com-
bination m, we scale the probabilities by the population of location j, obtaining
p(n,m,j) = p(n, m)%, where population(j) is the population from city j
and total population is the total population from all cities. Note that p(n,m,j) is

the probability that an order of size n, combination m, arrives from location 5. These

probabilities are such that Z‘j‘ﬂl p(n,m,j) = p(n,m).
Inventories.

Each facility k stocks item 7 independently with probability psiock = 0.75, i.e., for each
pair of facility k£ and item ¢ we determine whether k holds item ¢ using a Bernoulli
random variable with probability of success pgocc. Then, for each region j, we find
the closest facility k that holds item 4. Then, for an item i, we calculate its expected
demand at facility k, i.e. demand;, = Z'fz‘l Z(n,q):ieq 1{closest;; = k}p(n,q,j), where
the sum is over all cities and orders containing item <. Note that, for item 7 € ¢, we

consider only regions j for which facility k£ is the closest when summing over the

arrival probabilities. Finally, inventories for pair (i, k) are set as Sj; = [T'demand;g|.
Methods.

We closely follow the definition of methods provided in Section 2.2, i.e., a method is
defined as a set of item-facility pairs. First, for each item ¢ in the order, we find the
set of facilities K; from which the item can be fulfilled. Then, we list all methods m
that can be used to fulfill the order (including partial fulfillment and no fulfillment).

Considering the above setting, we run our policy described in Remark 2.1, the
state-of-the-art correlated rounding policy of Ma (2023) and compare the costs and

LPs in Tables 2.2 and 2.3, respectively.
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2.12 Extension of our Main Result

In this section, we show an extension of the main result of this chapter. Specifically, we
show that we can improve the bound provided in Theorem 2.1 to have the expectation

of |g| instead of its maximum.
2.12.1 A Competitive Ratio Based on the Average Order Size

Here, we provide the proof of the competitive ratio that depends on the average order

size instead of the maximum order size. The formal statement is provided next.

Theorem 2.6. For any online multi-item fulfillment problem, when Algorithm 1 uses
Algorithm 2 as a subroutine in Step 2 of the online process, we obtain a fulfillment

strategy with a competitive ratio of at most

(k = DEq r()llgl]
Vs +3 ’

1+

(2.69)

where s = 'mlinK{SZ-k} and the probability mass function F(q) is given by
€ €

Zte[T] ZmeM(q) CmYrm

Zq'eQ <Zte[T] ZmeM(q/) CmyﬁrL)

F(g) =

Before proving this extension, we highlight that F'(¢) can be interpreted as the
proportion of optimal cost incurred by the decision to fulfill order type ¢, in the same
spirit of Jasin and Sinha (2015).

Proof: The proof mirrors those stated in the previous sections. We next outline
the extra steps required to obtain the competitive ratio.

Following similar steps to the proof of Proposition 2.1, we have that

P(accepting the method at t | the method is of type m and ¢ arrives)

lq|
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Now, following similar steps to the proof of Lemma 2.2, we have that the expected
cost at time ¢ is:

SNaah | D %f%-mm+20—wm> 3 %wfé-mw

qe@ meM (q) qeq@ meM(q)

CE, o a)Ala) + (1= 1(la)rAd)]

= Egup () [Ai(g) + (v = 1)1 = v(lal) A:(g)],

where
t

¢
Aq) = Z cmy—m and By(q) = Z cm/(q)y—

mértig  Pild) ity PO

and (a) follows by noting that B;(q) < kA:(¢g). Thus, the competitive ratio of our

fulfillment policy can be upper bounded by

Zthl Eq~pt(~)[At<Q> + (k= 1)(1 —~(lq])Ac(q)]
Zthl Egnpe()[At(q)]

1 Eq~pt(~)[‘Q‘ 23:1 Ai(q)]
Vs + 3 Eq~pt(')[ZtT:1 Ai(q)] ’

=1+ (k—1)

where the equality holds by substituting the expression for (|¢|). Note that by using
the probability mass function defined in the theorem statement, the above upper

bound on the competitive ratio becomes

(k = DEqr(llgl]

1+ .
Vs +3

This completes the proof. l

2.13 Additional Proofs

Proof of Lemma 2.1:

Let y(D) = {4, (D) }ment,ieir) be the optimal solution to (2.1). Thus, it must satisfy
Dimq Yn(D) = DU, ¥g € Q,t € [T], and Yerry Xniiiem Yin(P) < S, Vie Ik €
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K. Taking expectation of both sides of these two equations and summing over ¢ for

the first constraint we obtain

S EIY @] = mla) = p(), Vae @,
te[T]

m:mn~q
and

Z E| > 4,(D)| <Su Viel ke K.

Note also that E [Ztem yﬁn(D)] € [0,77], i.e., {E [Ztem yﬁn(D)}} is a feasible

meM

solution to problem (2.10). Therefore, by definition,

OPT” < Y1 Y B | ). 4l (D)
te[T]

qe@Q m:m~q

E|YY Y D

e[T] qeEQ m:m~q

— E[OPT(D)].

This completes the proof. l
Proof of Lemma 2.2:

Following Algorithm 1, define m’(q) as the discard method, i.e., using the dummy
facility to satisfy all the items in q. Remember that, without loss of generality, we
assume that the cost of m/(g) is the largest among all m € M (q) for each order type
q.

Denote by O' = {accept the method at time ¢} the event in which we accept the
method at time ¢ and by C!, = {method at time ¢ is type m} be the event in which

method m is drawn for fulfillment at time ¢. Then, according to Algorithm 1, we
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have that the expected cost at time ¢ is

t
2l 2 i/m) (enP(O"| €, D™ = 1) + cougy (1 = P(O" | C,, DT = 1)) | pie(q)

Yin
- Z Z (9) ((Cm - Cm’(q))P(Ot | CL, D" = 1) + Cm’(q)> pe(q)
qeQ | meM(q )pt q

S Z Z y(TZ]) ((Cm - Cm'(Q))7 + Cm’(q)) pt(Q)

4eQ | men(q) Pt

- Z Z Z/é::;) (76771 + o) (1 — "Y)) p(q)

4eQ | ment(q) Pt

_’YZ Z Cmym Z Z Cm Q)ymv

q€Q meM (q qeQ meM (q

where (a) holds by definition of y-conservative method-acceptance strategy and the
fact that c,, < ¢py(q). Therefore, using E[ALG;(D)] to denote the expected cost

incurred by Algorithm 1, we have that
E[ALG{(D)] (2 E[ALG{(D)]
E [OPT(D)] N Zte[T] quQ Zm:m~q Cmyfn

- VZte[T] quQ ZmeM(q) CnYp + (1 =) Zte[T] quQ ZmeM(q) Cim'(g)Ym
Zte[T] qu@ Zm:qu Cmyfn

Zte quQ ZmEM(q) Cm!(q) yfn
Zte quQ Zm:m~q Cmyfn ’

<v+(1-7)

where (a) holds by using Lemma 2.1. Thus, since for some £ > 1, ¢p(q)/Cm < K, for

all m € M(q) and any ¢, we have that

E[ALGl(D>] /{Zte qu Zmqu Cmyfn
Efopr(p) <7 zqej zmm( Py
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This completes the proof. B

Proof of Lemma 2.3:

Let {¥m}menr be an optimal solution to the relaxation (2.10) and let {§.,,}men be an

e-approximation solution to (2.10). Then, we have that

E[ALG,(D)] @  E[ALG,(D)]
]E [OPT(D)] A quQ Zm:qu CmYm

(<b) 7 quQ ZmeM(q) Cmgm + (1 — )k ZQGQ ZmeM(q) CmYm
quQ Zm:m~q EmYm

© (L+ )L+ (k= DL = 7)) 2igeq 2imim~g cmYm
h ZqEQ Zm:mw EmYm

=1+ + (k=11 =),

where (a) follows from invoking Lemma 2.1, (b) holds by following similar steps we
used in the proof of Lemma 2.2 (using the e-approximation {§,,}menr), and (c) follows

from the definition of e-approximation. l
Proof of Lemma 2.4:
We want to prove that
Ly(p) < Ly(X) +<{gg(A), (p—A)) forall pe RL{HKl.
Note that, by definition of g,(-),

Lo(A) + (a0, (1= A 2 (e, X[l (A) + (A, go(A)) + {gg(A), (11— A))

= (&, X [q](A)) + {1 94 (X))

2 (e X [al(w) + Cps ga (1))

= LQ(:“)?
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where (a) holds because (X, g4(A)) = Dlic, rex Aik (Zm:(m)em’mw x%(k)) and inequal-

ity (b) holds because, for u € RE”Kl, the optimum of L,(-) is achieved at x*[¢](u).
This completes the proof. Il

Proof of Proposition 2.2:
Under Algorithm 3, at each iteration j, we have that
AT = X2 €AY + a,GAD) — X2
= A9 A + 20, GAP), AP X)) + a3 [GAD)3
<IN — X3+ 20,(LAY) — LX) + a3 |G
where inequality (a) holds because the projection operator onto ]RL{HM is nonexpansive

and (b) holds since G(AY) is a supergradient of L(AW) at AU). Therefore, iteratively

applying the previous inequality, we obtain

1=1

J
IAGFD = X3 < A = ¥ 3+ 20@2 LAWY = L)) + a3 Y IGAD).
=1
Now, note that, since [[AUF) — X*||2 > 0, we have

J
20 ) (L) = LAD)) < AW = A%|I3 + OéJZHG N3
i=1

=1

< A = X2 + o25(C - OPTE). (2.70)
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Moreover, at iteration J, we have

)
-
i

as (LX) = LAAY)) = LX) (Z ou) - oui L(AY)

where (a) holds by concavity of L(-). Therefore, by using (2.70) for j = J, we have
that

avg = QQJJ QOéJJ

Finally, note that the constant C' always exists. Indeed, we can find an explicit
expression in terms of the primitives of the model by upper bounding ||G(AW)]|2.

Specifically, whenever

oo anal T2+ S2 TN
- OPTE ’

where Spax = MaxXier rex {Six}, we have that ||G(AW)||2 < C'-OPTE. This completes

the proof. B
Proof of Theorem 2.2:
Under Algorithm 3, we have that at iteration j
AT L JAD + 0, GA0) 3
= [AV]3 + aF IG5 + 20,49, G(AD)), (2.71)
where (a) holds because of the update rule V™1 = max{0, AU) 4+ a;G(AD)}. Thus,
20, AV, GAV)) = ATV — [AD]5 = aF [ GAW)]3. (2.72)
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Moreover, note that at any iteration j

L) = LAY) 2 N pe(g) L, (AD) — (A9, 5)

qeqQ

2N p(g) (Cex[q] D) + AP, g,(AD))) — (AW, )

qeQ
= > p"(0)e, x[q] D) + (AW, G(AD)))
qeQ
¢y pa<q>x[q]<f>> + (A9, GAD)), (2.73)
q€Q

where (a) holds by the decomposition (2.20) and (b) holds because x[q]"") is an
optimal solution of L,(A?). Thus, we have that at iteration j
. (a) : )
c, ZP“(Q)X[Q](])> > (AW, G(AV))
9@

® 1 . . |
> 0 (IATEIE = IAD)E = aZIGAD)E)

where (a) holds from (2.73) and (b) follows from (2.72). Therefore, after averaging
over all 7 = 1,...,J iterations and denoting by x = %Zj;l 24c0 p*(¢)x[q]Y), we
have that

OPT¥ —(c,x) = L(A*) — (¢, %)

1 J
>T(le\("“)\|§—|l>\(”!|% NEEY ||2>

@ C-OPTE
Z T W

where (a) holds because A) = 0 and by the assumption ||G(AD)||2 < C - OPTE.

Rearranging the terms, we have (2.22), i.e.,

{c,X) < (1 + gaj) OPT®.
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We now prove (2.23). First, note that by using (2.71), we have that

AU )2 < IAD |2 + 2 |GAD)|2 + 20,00 GAD)Y), 2.74
2 J

and, from (2.73), we have that

OPT® = L(X*) > { e, Epa<q>x[q]<f>> + AP, GAD)),
q€Q

which implies that, at iteration j

A9, GA)y < OPTF — (¢, Zp“(Q)X[q](”> < OPT".
q€Q

Let C = OPTE. Since OPTF is independent of the number of iterations J,
AU G(AU))) < €. Therefore, from (2.74), we have that at iteration j

AGED2 < IAD2 4 02(C - OPTE) + 20,C. 2.75
2 2 J

Summing the previous inequality over all J iterations (and using the fact that

A = 0), we obtain

A2 < Ja2(C - OPTE) + 2Ja,C.

In other terms, we have that

1
J2a?

1 1 -
IAVHD|12 < j(C -OPT®) + J—QC, (2.76)

g

Now, note that at iteration j, we have

AU — max{0, AY) + a;G(AY)} = AU 1+ a,;G(AD),

ie.,

AU 20 > aJG()\(j)).

82



Averaging the previous inequality over all J iterations (and using the fact that
A = 0), we obtain

A(J-i—l) 1

J
— ()
Tz JZG(AJ)>

~oo| (§ 5 5rwm0) | 27)

Moreover, note that for any i € I and k € K,

%Z > r() >, > (% D 2 (@) 1 {m ~ q}>

J=1¢eQ m:(i,k)em,m~q m:(i,k)em j=1qe@

= Z T,
m:(i,k)em
where the last equality holds by definition of X. Therefore, for any ¢ € I and k € K,

we have that

(@) )\(J+1)
_m o Sz < ik
Z v g Jag

m:(i,k)em
(J+1)
_ A9,
JOéJ
® |1 1 -
< 4A/=(C-OPTE)+ —2C
\/J( ) JCMJ
© C
<

ﬁ
S
k‘\.

where (a) holds by (2.77); (b) follows from (2.76); and (c) holds for J sufficiently

large and some positive constant C' independent of J. Finally, given the previous set

of inequalities, we can see that whenever C' > \/OPTE(2 + C), then, (2.23) holds

true. This completes the proof. B



Proof of Theorem 2.3:

By using Theorem 2.2, we have that for oy = J~/3

(e,%) < (1 + %) OPT*. (2.78)

Now, consider the feasible solution y = {ym}men as defined in (2.26), with 7 as in
(2.25). Suppose T # 1 (else, y = x). Then, the expected cost of y can be bounded as

follows:

||
i
o
s
8
3
\]
_I_
g
o
54
S
=)
3
8
3
\]

m:mn~q m:m~q
(c)
— -1 - -1
< Z CmTmT — + Z KCm (xm — T T )
m:mn~q mimn~q

|
o
3
Kl
3
—
|
2
\]
L
+
2

(d)  sIVB L R(sIY 4+ C) — kI
ConTn - _
2 e sJ3 + C

Z _ SJ1/3+I€O
= CmTm * ———m——=
sJB3 4+ C

where (a) holds by using definition (2.26) and the fact that > . % =p(q); (b)
holds by using (2.24); (c) follows from the assumption that for some & > 1, ¢py(g)/C <
Kk, for all m ~ ¢ and all ¢ € Q; and (d) holds from the fact that (1 — k) < 0 and
because, from (2.23), we have that 7 < 1+ C/(sJY3), with s = mines gerc.s,, 01 }-
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Therefore, from (2.78), we have that

sJV3 + kC _ sJV3 + kC C 5
v < (Grre) en < (S (1 amm) orr”

Now, following similar steps to the proof of Lemma 2.3 and by Proposition 2.1,
we have that when Algorithm 1 uses Algorithm 2 as a subroutine in Step 2 of the

online process achieves a competitive ratio of at most

sJY3 + kC 14 C - (k — 1)|Gmax|
sJB3 4+ C 2J1/3 Vs+3 '

This completes the proof. l
Proof of Proposition 2.4:

We start by proving that for any given y-conservative method-acceptance strategy,
Algorithm 4 achieves a competitive ratio of at least v. To prove this, note that at

time ¢, the expected reward of Algorithm 4 is given by

Z r,P(accept order g at time ¢ | D¥ = 1)p,(q).
q€Q

Moreover
P(accept order ¢ at time t | D¥ = 1)

= P(accept order ¢ at time ¢ | th =1,D%" = 1)IP’(Y;; =1|D"=1)

=
Pt(Q)

where (a) holds by definition of y-conservative method-acceptance strategy (adapted
to the NRM setting, where we have a single method for each order type ¢). Therefore,

using E [ALG4(D)] to denote the expected reward collected from Algorithm 4, we
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have

E[ALG4(D)] @ E[ALG,(D)]

E [OPT(D)] Zte[T] quQ Tqyttl

yt
- 2ote[r] e Ta <’Yﬁlq)> pe(q)
2telr] 2aqe TaYe

\

Y

where (a) holds because Y371 Xpeq T'q¥y is an upper bound on E [OPT(D)]. Now,
combining this result with the v-conservative method-acceptance strategy provided in

Proposition 2.1 (appropriately adapted to the special case in which we have a single

facility), completes the proof. B
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3

Multi-Item Order Fulfillment with Reusable
Resources

In this chapter, we expand our multi-item fulfillment model from the previous
chapter to incorporate scenarios where inventory is reusable. In the literature,
these models are referred to as models with “reusable resources”. This framework
finds relevance in various applications such as sports equipment rentals (like scuba
diving, skiing/snowboarding, or climbing gear), photography equipment rentals, and
comprehensive party and event supplies rentals (like rentals of tables, chairs, linens,
tableware, decorations, and audio-visual equipment). Reusable resources models have
been studied in several settings, including revenue management problems, e.g., Levi

and Radovanovi¢ (2010), and assortment problems, e.g., Feng et al. (2022).
3.1 Offline Formulation and Algorithm

In this section, we consider the model we presented in the previous chapter (see
Section 2.2 for details), with the only difference that now inventory can be reused.
In order to capture the dynamics of reusable inventory, we define G : R, — [0, 1]

to be the cumulative distribution function (CDF) of rental duration for item ¢ from
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facility k. For simplicity of exposition, we assume that rental durations are stationary
across time and independent of each other. Moreover, we let R (¢, 7) be the binary
random variable which is 1 if the rental duration for pair (i, k) at time 7 is at least
t — 7, with 7 < t and ¢ € [T]. Clearly, E[Rit(t,7)] = 1 — Gi(t — 7). Given these
definitions, the LP relaxation of the offline problem in the reusable inventory setting

can be written as follows:

mln Z Z Z Cmt, (3.1)

T] geQ m:m~q
st Y ah, =pilq), Vge Q. te[T], (3.2)
m:m~q
Z > (1= Gult —7))a], < Sy, Yie ke K telT], (3.3)
€[t] m:(i,k)em
xt € [0,1], Yme M,t e [T). (3.4)

Note that this LP is similar to the LP relaxation (2.6) in the non-reusable setting,
except for the inventory constraint. Indeed, the set of constraints (3.3) ensures that,
in expectation, at any time ¢, the amount of inventory in use does not exceed its
capacity, while the set of constraints (2.8) in the non-reusable setting only ensures
that, in expectation, over the entire time horizon [T'], we do not fulfill orders
using more than S;; units of item ¢ € I from facility k € K. Essentially, the difference
lies in the fact that in the non-reusable setting, ensuring that we do not run out of
inventory by the end of the time horizon is enough to ensure that we do not run out
of inventory at any time t. However, this is not anymore the case in the reusable
resources setting because now resources can be used for a random period of time.
Note also that in scenarios where rental durations are indefinitely long, i.e., infinite,
our model simplifies back to the original non-reusable case (LP relaxation (2.6)), as
both models share the same feasible set and objective.

In this reusable resources setting, we now show how to find a ~-conservative
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method-acceptance strategy for step 2 of the online process of Algorithm 1 (after
having solved the LP relaxation (3.1) in the offline process of Algorithm 1). For
details about ~-conservative method-acceptance strategies, please refer to Section 2.4.
The main idea behind the y-conservative method-acceptance strategy we adopt in
the reusable inventory setting is as follows. Suppose that m is the sampled method at
time ¢ in the online process of Algorithm 1. Then, for each (i, k) € m, an independent
procedure is used to decide whether to make pair (i, k) € m available for fulfillment
or not, given the history up to time ¢. If all (i, k) € m are made available and are
in-stock, then we accept method m for fulfillment. Otherwise, we fulfill the order
using the dummy facility. Next, we present this method-acceptance strategy and
formally prove that it is indeed a v-conservative method-acceptance strategy, as

defined in (2.3).

Algorithm 7 A method-acceptance strategy for reusable inventory

Fort=1,...,T:
e Let m be the method that is drawn at time ¢.

e For each (i,k) € m, toss an independent coin and make (i, k) available for

fulfillment with probability ~;.

e If all (i, k) € m are available for fulfillment and in-stock, then accept method

m. Else, reject m.

Proposition 3.1. When ;. = 1 — 1/log(s)/s for all (i, k), Algorithm 7 provides a
~v-conservative method-acceptance strategy for step 2 of the online process of Algorithm

1 with

v =1 — 2|qmax|\/10g(s)/s,
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where |qmax| denotes the size of the largest possible order and s = — min  {Sy.} > 3
i€l ke K,S;>0

3.2 Proof of Proposition 3.1

In this section, we present a detailed proof of Proposition 3.1.
Proof: We want to prove that Algorithm 7 is a y-conservative method-acceptance

strategy, i.e.,

P(accepting the method at ¢ | the method is of type m) > ~,

with v = 1 — 2|¢max|+/log(s)/s. We start by proving that for all (¢, k) and ¢ € [T]

. (1 — Yir)%s
P ((i, k) is out-of-stock at time t) < exp [ ————— . (3.5)
L+ ik

In order to do so, we define the following events:

e 1!, : event that one unit of (i, k) is allocated for fulfillment at time ¢;

o Ek . event that (i, k) is in the sampled method m (in Algorithm 7) at time ¢;

o 12,22) : event that (i, k) is available for fulfillment at time t;

o IE,(S) . event that one unit of (i, k) is available in the inventory at the beginning
of time t;

e 17/ : event that the rental duration of (i, k) at time 7 is at least t — 7.

Note that, by definition, we have

t(1)1t(2)1t(3
ng = Iil(c )Iil(f )Iil(c )>

and the event that (i, k) is out-of-stock at time ¢ can be rewritten as

Z LIy =
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Given this notation, we want to prove

P tir Il > Sy | < ( “‘W)QS)
=8 <exp| ———— .
~ ik*ik k p 1 Yk

However, note that {I%,}, are not independent across ¢ and I}, and IJ} are not

independent at time 7. Because of this dependent structure, consider a hypothetical

scenario where we run Algorithm 7 without inventory constraints, and define random
¢ ) It(z)j;(s 1) _ ) 7@ _ @

variables {I{,,T;,’, T} Zk),IZT,g} as above. Specifically, Ek P ik) and

I} = 17, Now, by definition, we have that

Tt = 7Ot

ik = ik ik >

since IZ(;’) =1 for all ¢, and {I7,I7}}, are independent across 7. Moreover, because of

this coupling, we have that
t—1 =1
2L < ) TI
T=1 =1

for all (i, k) and ¢ € [T]. Thus, since P (30 IR0 = Si) < P (300 LI = Sy), it

is enough to prove that for all (i, k) and ¢ € [T]

P tzzl IT ITt > 9 < < (1 — 'Vik)QS)
I > S| <exp| ———— ).
ik ‘ L+ ik
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Now, note that
B[, I%]
= E[I:k]E[IZ—l:]
= BT IE[I]
= B[E[T,” | TV B[]
= B[ JE[T5]

=ik Y, Yl =Gt —7)).

m:(i,k)em

Thus,

-
E [Z IZ,{IZ,;;] = ik Z Z Ym(1 = Gi(t — 7)) < Vit Sik-

7=1m:(i,k)em

Therefore, applying the Multiplicative Chernoff Bound to {I7I7f}!!

=1

that we obtain

1 — )2
(S5 com (0.
Vik

for all (i,k) and t € [T].

Now, consider time t and pair (i, k). Denoting by

Al = {inventory (i, k) is available for fulfillment at ¢},

the event in which (7, k) is available for fulfillment at time ¢, and by

Bl = {(i, k) is in-stock at t},

one can check

the event in which one unit of (i, k) is available in the inventory at time ¢, we have

that, according to Algorithm 7, for any m € M and t € [T]:
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P(accepting the method at ¢ | the method is of type m)

2p ﬂ {Al, By,

(3,k)em

21— Y (- BALR(BY)

(i,k)em

© 1 — )2
(i,k)em L+ i

>1- Z 2+/log(s)/s

(i,k)em

= 1 — 2|qmax|V/10g(s)/s,

where (a) follows from the definition of Algorithm 7; (b) holds by using union bound
and independence; (¢) follows from the definition of Algorithm 7 and from (3.5); and
(d) holds because, if we choose 7, = 1 — +/log(s)/s, one can check that

1 — k)2 : :
1 — ik (1 — exp (_M>) = \/IOg(S)/S + g—2+\log(s)/s — g—2++/log(s)/s log(s)/s

L+ vk

< +/log(s)/s + s~/

< 24/log(s)/s,

where the last inequality holds if s > 3. This completes the proof. B

We should highlight that the above proposition holds true for s = 2 as well

by letting v = 1 — 2.02625|¢max|+/10g(s)/s (instead of 1 — 2|gmax|+/l0g(s)/s). For

simplicity, we stated the theorem with s > 3.

3.3 Main Result

In this section, we formally prove the performance guarantee in the reusable inventory
setting when Algorithm 1 uses Algorithm 7 as a subroutine in Step 2 of the online
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process. The proof is a simple application of Lemma 2.2.

Theorem 3.1. For any online multi-item fulfillment problem with reusable inventory,
when Algorithm 1 solves (3.1) in the offline process and uses Algorithm 7 as a
subroutine in Step 2 of the online process, we obtain a fulfillment strategqy with a

competitive ratio of at most

1
1 205 = gy 2 (5.6)
where |qmax| denotes the size of the largest possible order and s =  min  {Sy} = 3.

i€l ke K,S;;.>0

Proof of Theorem 3.1: Let E[ALG(D)] denote the expected cost incurred by
Algorithm 1. Then, using the y-conservative method-acceptance strategy defined in
Algorithm 7 with 7 = 1 — 2|gumax|+/l0g(s)/s (as proved in Proposition 3.1), we have

that under Algorithm 1

B €1 (e (1= 2) = 1+ 200 = Dlgmady 2,

where (a) follows from Lemma 2.2. This completes the proof. B

Finally, note that, an e-approximation of problem (3.1) is enough for the above
strategy to still achieve approximately the same competitive ratio (i.e., one can first
obtain an e-approximation of (3.1) and apply Lemma 2.3 instead of Lemma 2.2).
Moreover, we can also easily relax |gmax| to Eqwp()[|g[], similarly to how we did it in

Section 2.12.1.
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4

Online Recommendations: A Contextual Bandit
Approach

4.1 Introduction

In this chapter, we shift our focus to another critical element of decision-making
in online marketplaces: recommendations. As digital marketplaces evolve, the im-
portance of recommendation systems becomes increasingly apparent. With online
consumer purchases now accounting for 16% of the market and e-commerce valuations
exceeding $200 billion (e.g., Amazon alone has over 110 million Prime customers'),
the impact of advanced recommendation algorithms on user experience and sales
performance is undeniable. Recent advancements in Artificial Intelligence and Ma-
chine Learning have particularly empowered digital platforms to harness consumer
information for providing personalized recommendations. Examples include product
recommendations on e-commerce platforms such as Amazon, movie recommendations
on streaming platforms such as Netflix, or music recommendations on music streaming

platforms such as Spotify.

1 US Census Bureau News, U.S. Department of Commerce.
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Companies such as Amazon, Google, Meta or Netflix provide an extensive array
of choices to their users in terms of products and services. However, navigating
through this vast sea of options can become overwhelming for consumers. Therefore,
to enhance user experience, it is essential for these entities to develop effective
personalized recommendation systems that can accurately match users with options
that align with their preferences. This task, however, is challenging for multiple
reasons. Firstly, companies cannot directly observe user preferences. Secondly,
quantifying a user’s willingness to pay or their satisfaction from a specific product or
service is complex. Moreover, not only the valuation of each customer is unknown,
but also the decision-making process with which each user determines their value of
the product is unknown. Consequently, decision makers are faced with the problem
of “competing” with a large class of mappings (which is potentially unknown) from
the users’ characteristics (also known as side information) to their actual value for
the product. Accurately estimating these customer valuations is crucial, as they
significantly influence the online user experience and, by extension, the pricing
strategies and revenues of these platforms. This chapter specifically tackles the
following question: how should an online platform decide, based on information from
past user interactions, which products to offer to new customers as they arrive?

In this chapter, we consider a decision maker recommending a product to costumers
over a finite time horizon. In each period, a new customer arrives, and the decision
maker must decide which characteristics of the product to show. Note that we
focus our attention to a single product (e.g., movies) and try to design an algorithm
that recommends features for that product. However, our approach can be easily
extended to multiple products. In our model, the decision maker can base their
recommendation decision based on the data about the customer (called hereafter
context or side information), and the history of past recommendations. Once a

recommendation is selected, the corresponding valuation of the customer is realized.
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Since the decision maker does not know the valuation of the arriving customer, we do
not impose any constraints on how the side information determines the market value
of the product. Therefore, in this chapter, the decision maker is competing with a
large class of possible mappings from side information to the actual market values.
Given the above framework, we consider an online regret minimization formulation
of this problem in which the decision maker competes with the best possible policy
that models the set of functions mapping side information to market valuations. We
find the regret bound of our online policy against an arbitrary class of policies in
terms of the Rademacher complexity of the class in question. Our bound exhibits
the so-called approximation versus statistical error trade-off: a larger class of policies
is closer to the actual best mapping in practice, but it is harder for the algorithm
to compete against it. We do not assume any constraints on the set of mappings
and instead develop our algorithm and regret analysis such that it can adapt to any
specific class of policies. We then apply this framework to two specific classes of
policies: (i) class of finite mappings from contexts to actions and (ii) the class of
policies characterized by linear mappings from contexts to values. In the full-feedback
setting, our regret scales as O(4/n) (and we show it is tight), where n is the length of
time horizon and depends on the number of mappings in case (i) and the sparsity of
the linear mapping in case (ii). In the bandit setting, our regret scales as O(n*?) and
again depends on the number of mappings in case (i) and the sparsity of the linear

mappings in case (ii).
4.1.1 Related Literature

Our work relates to the online learning literature (see, for example, Cesa-Bianchi
and Lugosi (2006)), and, in particular, since we formulate our problem as a regret
minimization model with side information, it relates to the contextual bandit literature.

A contextual bandit problem is an online learning problem where decisions are made
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with the aid of side information, and actions are guided by a set of policies. This
perspective is useful because one can apply classical algorithms, such as Hedge (see,
e.g., Freund and Schapire (1997) and Cesa-Bianchi et al. (1997)) and Exp4 (see,
e.g., Auer et al. (1995)), which give information theoretically optimal regret bounds
of O(4/nlog(]F])) in full-information feedback and O(1/nK log(|F])) in the bandit
feedback setting, where n is the total number of rounds, K is the total number of
actions, and F is the policy set. However, directly applying standard online learning
algorithms to the contextual setting leads to a running time that is linear in the
number of policies. Given that the optimal regret is only logarithmic in |F| and that
our goal is to learn a very rich policy class, we want to consider policy classes that
are exponentially large. When we use a large policy class, existing algorithms are no
longer computationally tractable. To overcome this computational challenge several
papers such as Langford and Zhang (2007), Dudik et al. (2011), Rakhlin et al. (2012),
Perchet et al. (2013), Agarwal et al. (2014), and Rakhlin and Sridharan (2015) have
developed “oracle-based” algorithms that only access the policy class through an
optimization oracle for the offline full-information problem. Optimization oracles
have been used in designing contextual bandit algorithms (see, e.g., Agarwal et al.
(2014), Langford and Zhang (2007), Dudik et al. (2011)) that achieve the optimal
O(y/nK log(|F|)) regret while also being computationally efficient (i.e., requiring
poly (K, log(|F|),n) oracle calls and computation). However, these results only apply
when the values are drawn identically and independently at random at each round,
diverging from the computationally inefficient approaches that can handle adversarial
inputs. In contrast, in this chapter, we develop an oracle-based algorithm for online
recommendations with stochastic side information that can handle adversarial inputs
and also works for any class of policies (and not only a finite class of policies).

The papers of Rakhlin and Sridharan (2016) and Syrgkanis et al. (2016) are

the works that more closely relate to ours. In these papers, the authors develop a
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computationally efficient algorithm based on a relaxation framework with partial
information. We use this framework to develop algorithms for two settings: (i)
full-feedback and (ii) bandit feedback. The regret bound of our analysis is in terms
of the Rademacher complexity of the class of policies in question. We then develop
a novel analysis of this Rademacher complexity that enables us to provide explicit
characterizations for two special classes of policies, namely the class of finite mappings
and the class of policies characterized by linear mappings from contexts to values.
Finally, our work also relates to the emerging literature at the intersection of
online learning and operations research. In particular, Cohen et al. (2020) and Lobel
et al. (2018) study dynamic pricing with side information when the users’ values are
liner functions of the contexts; Keskin and Birge (2019) and Keskin and Zeevi (2017)
also study dynamic pricing; Niazadeh et al. (2021) and Balseiro et al. (2019) study
contextual learning with cross-learning; Bastani et al. (2020) and Bastani and Bayati
(2019) study online learning with high-dimensional contexts; Cassel et al. (2018)
study risk criteria in online learning; and Foster et al. (2020) study instant-dependent
contextual bandits. We depart from this literature by not assuming any specific
relationship between the contexts and the users’ values, and, instead, we develop a

framework that captures the trade-off between approximation and statistical error.
4.1.2  Outline

The rest of the chapter is organized as follows. Section 4.2 describes the model
and the notation used throughout the chapter. In Section 4.3, we first present the
full-feedback setting in which the customer’s valuation is fully revealed to the decision
maker and then provide an algorithm and the regret bound for an arbitrary set of
functions F, along with specific bounds for two particular choices of F. In Section
4.4, we consider the bandit feedback setting in which the decision maker observes

only the customer’s valuation for the recommended features and then provide an
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algorithm and the regret bound for an arbitrary set of functions F. Similarly to
the full-feedback setting, we provide bounds for two particular choices of F. Finally,

Section 4.6 presents the proofs of the statements from the text.
4.2 Model

Consider a setting in which customers (throughout we use the terms customer and
user interchangeably) arrive sequentially to a platform which offers a product (or
service) over a finite time horizon n. At each time period ¢t = 1,...,n, a customer
arrives and the platform (throughout we use the terms platform and decision maker
interchangeably) recommends a product with a certain set of features. The customer
that arrives at time ¢ is represented by a vector of side information z, € X < RY
and has a private market value v; = v(z;) € [—1,1]¢ for each of the d features of
the product. The side information z; captures the characteristics (or data) of the
customer such as location, gender, age, and purchase history. The market value v; is
the valuation of the customer for each of the product features (which is a function of
their characteristics). Note that if the decision maker knows the market value, the
optimal recommendation would be to include the features whose values are positive
and exclude the ones whose values are negative. The decision-maker, however, does
not know the mapping from contexts to values (i.e., does not know v) and, instead,
tries to minimize the regret against the optimal mapping in a class of policies, which
we will describe next.

The context of the customer arriving at time ¢ is drawn i.i.d. from some known
distribution P, on X'. The market value v; is chosen adversarially and it is unknown
to the decision maker. Specifically, v : X — [—1,1]? is unknown and it describes the
complex mechanism by which a customer assigns a market value to a given product.
After a recommendation to user z;, the platform observes the result of its interaction

with the user. In this chapter, we consider two complementary settings: first, we
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study the full-feedback case in which the valuation of user x; is observed at the end
of period t, i.e., v; is fully revealed to the decision maker after the recommendation;
second, we study the more realistic bandit feedback case in which, after time ¢, the
decision maker only observes the customer’s valuation for the recommended product.

Upon arrival of customer xz;, the platform observes the context z; and then
chooses an action, i.e. a recommendation, a; € A. For simplicity, we assume that
the platform chooses whether to include some particular feature of the product or
not, i.e., the action set is assumed to be A = {0,1}%. Once a recommendation a; is
selected, the corresponding customer valuation v, is realized. Note that, given this
framework, each action a;, € A describes a different product that the decision maker
can recommend to the arriving customer. Given an action a;, the valuation of product
a; for customer x; is given by al v;. In the full feedback case, the platform observes
v;, while in the bandit feedback case, the platform only observes alv;. Since we allow
for randomized recommendations as well, we denote by ¢; the distribution over the
2¢ possible recommendations in round ¢, and draw a; ~ g;. Given this notation, the

expected valuation of product a; for customer x; is given by
Eat~£1t [azvt] = quTAUh (41)

where A is a 2¢ x d matrix whose rows are all the possible (ordered) actions in A.
The goal of the platform is to design a prediction algorithm with large expected
cumulative valuation > | ¢/ Av, over the entire time horizon n.

A natural way to encode the decision maker’s prior knowledge from past recom-
mendations is to consider a class of functions F := {f | f : X — A}, with the hope
that one of the functions in F will incur large cumulative valuation on the presented

contexts, i.e., large D" | f(z4)"v;. Then, the platform’s goal is to make predictions
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in order to minimize the regret defined as:

Regret = supZ fz) v — Z qt Av,. (4.2)
feria t=1

Note that if the modeling choice of F is appropriate and (4.2) is small, the recom-
mendation algorithm is guaranteed to incur large expected cumulative valuation
2o 4 Ave.

Let us now define some notation. Throughout the chapter, we denote by (z,y, z)1.n
a sequence of tuples {(z1,y1,21), .., (Tn,Yn, 2n)}; we let Ag denote the set of dis-
tributions over a set S; and [n] denote the set {1,2,...,n}. The vector of ones is
denoted by 1 and the vector of zeros is denoted by 0. The indicator of a set S is
denoted by 1{S}. Another important notation that we use in the bandit feedback
setting is ef(,). This (abuse of) notation represents the vector whose components are

all zero except for the index corresponding to the vector f(x) € A.
4.3 Full-Feedback

As a preliminary study, we consider the case in which the decision maker, at each
time ¢, observes the entire vector v; € [—1, 1], i.e., at the end of round ¢, v; is fully
revealed to the platform. Specifically, at each round ¢t € {1,...,n}, the platform
observes side information z; € X drawn from P, and chooses a distribution ¢; € A 4.
The adversary then chooses v; € [—1,1]¢ and, finally, the decision maker draws an
action a; ~ ¢; and observes v;.

We describe the full-information obtained at round ¢ as a tuple

I = It(xtaQtaat)Ut) = (fft;Qtaat»Ut)a

where z; is observed before ¢; is chosen and v, is revealed. Define a full-information

relaxation Rel"™(-) to be a function that maps (I1,...,1;) to a real number, for any
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te{l,...,n}. We say that a full-information relaxation Rel"" (-) is admissible if

for any t € {1,...,n} and any (I4,..., ),

E,, sup nlin Eo g {a?vt + Rel™ (14—, I(24, s, ar, vt))} > Rel™ (I,,_y), (4.3)

qt

and for all x1.,, and vy.,,

Rel™ (I1.,) < —sup ) | f()" v (4.4)
feF =1

Any randomized strategy (q;);—, that satisfies (4.3) and (4.4) is called an admissible

strategy. Given this definition, we can prove the following lemma.

Lemma 4.1. Let Rel™ (-) be an admissible full-information relaxation and (q,)}_,

be an admissible strategy. Then, for any vi.,
E,,.,(Regret) < —Rel™" (2).

Lemma (4.1) provides an upper-bound on the expected regret by means of an
admissible full-information relaxation. The difficulty, however, is finding an appro-
priate Rel" () and an admissible strategy (g;)7_,. We next present a theorem that
provides a way of finding an admissible full-information relaxation.

For any t € {1,...,n}, define a d x n matrix Y® as
YO = vy, ... v, 2641, . . . 26n],

where each ¢, is a d-dimensional vector of independent Rademacher random variables,
i.e., each coordinate is an independent Rademacher random variable which is —1 or
+1 with equal probability. For each s = 1,...,n, we denote by Ys(t) the s-th column

of the matrix Y®. Then, we can prove the following result.
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Theorem 4.1. The full-information relaxation defined as

FF ._ : _ Ty ()
Rel™ (114) = E@e) 41y }gjf:{ ;1 flas)" Y, } (4.5)
is admissible. An admissible randomized strategy (q;)7—, for this relazation is given in
Algorithm 8. The expected regret of the algorithm is upper bounded by
Exl:n2'%<f7 $1:n)7

where Z(F,x1.,) is defined as

R(F,x12) =B, 30161;) [;1 f(z) 68] . (4.6)

Theorem 4.1 establishes a bound on the regret of the relaxation-based Algorithm

8 in terms of the Rademacher averages for vector-valued functions Z(F, x1.,).
4.3.1  Online Algorithm for Full-Feedback

In this section, we describe an algorithm whose regret is the bound provided in
Theorem 4.1. We then discuss the computations involved in this algorithm in Section

4.3.3.
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Algorithm 8

e For ¢ from 1 to n do

1. Observe x;, draw ;4 1., ~ P, and €;41., sequence of vectors of independent

Rademacher random variables in {11}

2. Define ¢; as the maximizer of
. T . T~y () T
rgéllgl{q Av — max {;f(%) YoV + fla) v}}
over ¢ € Ay, with D := {—1,1}<.
3. Predict a; ~ ¢; and observe .

e End for.

4.8.2  Statistical versus Approximation Error with Full-Feedback

In this section, we discuss an important characteristic of the framework we adopt.
Specifically, by expanding the set of functions F, the approximation error of the set
of mappings from contexts to actions decreases (simply because we have a richer
class). The statistical error, however, increases as our algorithm needs to compete
with a larger set of “experts”. Theorem 4.1 captures this trade-off by establishing
how the regret bound depends on the set of functions F. In this section, we further
demonstrate this trade-off by explicitly bounding the regret of Algorithm 8 for two
classes of functions: the finite class of functions F and the class F that contains all
linear mappings from contexts to valuations.

As shown in Theorem 4.1, the upper-bound on the expected regret is given by
Eml;nz@(Fa xl:n)a
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where Z(F, x1.,) is defined as

R (F,x1.0) = E,,, sup [2 f(:zcs)TeS] .
feF s=1

Note that this definition resembles the definition of Rademacher averages but it is
defined for vector-valued functions. In what follows, we show how to upper-bound
the expected regret when the class of functions F is finite and when the class F is

characterized by all linear mappings from contexts to values.
Finite Case

Consider the case in which the set of functions F = {f | f : X — A} is any arbitrary
finite set of functions from contexts to actions. Then, the next result provides a
bound on the expected regret in the full-feedback setting when the class of policies is

finite.

Proposition 4.1. Suppose |F| < oo and denote by Var(f) = E, (Zle [f(x)]f), for

feF and let f* = argmaxVar(f). Then,

E., . (Regret) < 4+/nlog(|F|) Var(f*), (4.7)
whenever n > dlog(|F|)/(1.79?).

Note that Proposition 4.1 provides a bound that depends on the distribution of
the contexts. Specifically, the bound depends on (the maximum) variance of the
random variable f(x,)Te,, for s = 1,...,n. Note that if we directly apply Massart
finite lemma to F, we obtain d\/m , which does not depend on the distribution
of the side information. Moreover, the bound provided by Massart finite lemma is
larger than the one provided in Proposition 4.1 whenever d > 2 and n is large enough
(because Var(f*) can be at most d). Finally, the dependence on n of our bound is

tight according to Dani et al. (2007) and Bubeck et al. (2012).
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Linear Case

Consider now the case in which customers’ valuations are linear in the contexts,
i.e. v(zy) = M, € [—1,1]¢ for some matrix M € RN, In this case, each context
characteristic contributes linearly to the valuation that the customer associates with
each feature of the product. Thus, in this case, a natural way to model the class of

functions F is the following:
F={f: X > A: f(z)=1(Mx)}, (4.8)

where 7 : R4 — {0,1}¢ is a function that maps customers’ valuations to the decision
maker’s action space {0,1}¢ according to the sign of the i-th coordinate of Mu;.

Specifically, for each i = 1,...,d, the i-th coordinate of 7(Mzx;) is

Y

Note that modeling F in this way allows us to focus only on the customers
preferences. In other words, the decision maker is going to recommend the i-th
feature of the product only if the customer values it, i.e., only if the i-th entry of Mz,
is nonnegative. Importantly, the function 7 depends on the choice of the matrix M.

Given this formulation for F, the bound provided in Theorem 4.1 can be upper

bounded as follows:

Proposition 4.2. Denote by [z4]; the i-th element of xs for s = 1,...,n and let
M € RN be a matriz where each column vector m; of M is such that ||m||s < C

fori=1,2,... N.Then
R(F,x1,) < Vidn <CN /n}qe}x([xs]i)z + d«/210g(2)) : (4.9)
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Note that Proposition 4.2 provides a bound conditional on the sequence of side
information z1.,. Since (4.9) does not take into account the randomness in the
contexts, we first prove Proposition 4.2 and then provide a corollary that bounds
directly the expected regret.

In order to prove Proposition 4.2, we use two lemmas. We first start with the

following.

Lemma 4.2. Suppose {¢s}, {1}, s = 1,...,n are two sets of functions from some
set M to R? such that for each s and M, M’ € M, ||¢ps(M) — ¢5(M")||; < ||¢s(M) —
Vs (M")||y. Then

n . n -
L [S}\bp;%(M) es] <E,., [S}\l/[p;lws(M) eS] : (4.10)

We now state a useful corollary of Lemma 4.2 that we will use to bound (4.9).

Corollary 4.1. Let V = {v | v : X — R%} and suppose v : R — R? satisfies

17(y) — W)l < Clly — ¥ |li for all y,y' € RY and some C > 0. Then

IEEI:n lsup Z /y(v(l‘s))TES < CE€1:TL
Uos=1

sgpz v(xS)Tesl : (4.11)

Now remember that, given the setting in the linear case (4.8), the quantity that

we want to bound is

E,., [S}&p Z T(st)TGS] :

s=1

In order to do this, we define the following function



for some constant 6 > 0 to be chosen later. The reason we define g is that 7(Mz)
does not satsify the condition of Corollary 4.1 (because of the discontinuity at zero).
On the contrary, the function ¢ shifts the nonnegative entries of Mz so that they are

at least 0 away from zero, allowing us to prove this condition for 7(g(+)). Clearly,

given z,, T(Mz,) e, £ 7(g(zs)) e, for any s, where the equality holds in distribution.

Thus, conditional on z1.,, it is enough to bound

E,.. [s;\bp Zn: T(g(ws))Tesl .

Now, note that for each s and g, ¢’, we have

(4.12)

for each coordinate j = 1,...,d. The reason equation (4.12) holds is the following: if
[9(zs)]; and [¢'(z5)]; have the same sign, the left-hand side is zero while the right-
hand side is nonnegative; if [g(z,)]; and [¢'(zs)]; have opposite signs, the left-hand
side is one while the right-hand side is at least one (because 6 < |[g(x;)]; — [¢'(z5))];],
given the definition of g). Therefore, 7(g(-)) satisfies the conditions of Corollary 4.1
with C' = 1/0, so that

SlipZn: 7(9($8)>T€8] < % (Eq;n [S]l\l/lpzn: g(xS)TESI>

(@) 1 = =
< 5 (EEM [S]l\l/[p Z(MIES)Tt‘s] + E,., [ sup EyZeS]>

s=1 ys€{0,6}¢ 5=

Efltn

where (a) follows from splitting the supremum into two parts and taking the supremum
in the second term over all possible vectors. We can now bound the second term on
the right-hand side by Massart finite lemma, yielding the upper bound dd+/2n log(24),

while for the first term we can use the following lemma.
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Lemma 4.3. Suppose v(z) = Mx, with M € RN and each column vector m; of M

is such that ||m;lla < C fori=1,2,...,N. Then

E.,.. [supZ(st)TES] < CN, /dnmax([z4];)?. (4.13)
M EX

s=1

Lemma 4.3 and Massart finite lemma then show that for any § > 0, we have

%CN dnmax([z]i)? + dr/2log(2)nd,

<

E,., lsup Y 7lg(z)) e
M s=1

where C'is as in Lemma 4.3. Now, choosing § = 1 (so that we can keep the dependence
on the contexts), we obtain the desired bound in (4.9). Remember that the bound in
Proposition 4.2 does not take into account the randomness in the contexts. The next
corollary provides a bound on the expected regret in the case in which the entries are

drawn 1.i.d. from some distribution.

Corollary 4.2. Suppose that the hypotheses of Proposition 4.2 hold true and that

each entry of xs is drawn i.i.d. from some distribution F, on [0, 1] with mean n. Then

E,,, (Regret) < 2vdn (ON ( M + n> + d«/210g(2)) . (4.14)

4.8.3  Computation of Algorithm 8

In this section, we provide some details about the optimization step in Algorithm 8.
Note that, if the value of the empirical risk minimization (ERM) can be computed,

the optimization problem to be solved, at each time period t, is the following:

sup min {qTAv — max {an flx)TY® + f(xt)Tv} } (4.15)

€D
qEAA v s#£t

Note that this maximization step in Algorithm 8 can be computed in time O(2%),
when we have 2% accesses to a value optimization oracle. The proof is provided in

Section 4.6.
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Lemma 4.4. Computing the mazimizer of (4.15) can be done in time O(2¢) and

with 2% accesses to a value optimization oracle.
4.4 Bandit Feedback

In this section, we study a setting in which the decision maker, at each time ¢, observes
the valuation of the recommended product a; for customer x;, i.e., at the end of round
t, the decision maker observes alv,. Specifically, let o, = Av, € [—d, d]*" denote the
vector of all possible valuations at time ¢. Then, at each round ¢ € {1,...,n}, the
platform observes side information z; € X drawn from P, and chooses a distribution
¢ € A4. The adversary then chooses v; € [—1,1]? and, finally, the decision maker

draws an action a; ~ ¢; and observes the bandit feedback

o,(a,) = el by (4.16)

at

Note that the platform does not observe the valuation given by recommending other
possible products (or actions). Also, remember that as we mentioned in Section 4.2,
an important notation that we use is es(,). This (abuse of) notation represents the
vector whose components are all zero except for the index corresponding to the vector
f(z) € A.

In this bandit feedback setting, we also augment the framework by adding some
random state X; drawn from some known distribution that can depend on ¢, a, and

0¢(ay). Specifically, the bandit information obtained at round ¢ is a tuple
Iy = Ly(we, Gr, p, v, Xi) = (@1, G, A, Ve(ar), Xo),

where x; is observed before ¢; is chosen and ©,(a;) is revealed. The random variable X;
will be constructed at the end of each round ¢ and will be used to define an estimator
for v;. Now, similarly to the full-feedback setting, we define a bandit-information
relaxation Rel® (-) to be a function that maps (I1, ..., ;) to a real number, for any
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te{l,...,n}. We say that a bandit-information relaxation Rel®"(-) is admissible

if for any t € {1,...,n} and any (I,...,I;),

K., sup HliIlEapqi,Xt {?7t(5lt) + RelBF(Ilztflu It(xty qt, &tWt,Xt))} = RelBF(Ilztfl)u
q Ut

(4.17)
and for all x1.,, v1., and ¢.,

Edl:nN(]l:n)Xl:nRelBF(Ilzn> g - Sup Z e‘,lf—'(xt)i}t (418)

fE]'— t=1
Any randomized strategy (¢:);, that satisfies (4.17) and (4.18) is called an admissible
strategy. Similarly to what we did in the full-feedback setting, we can prove the

following lemma.

Lemma 4.5. Let Rel®(\) be an admissible full-information relaxation and (q,)},

be an admissible strategy. Then, for any vi.,
E,,. (Regret) < —Rel®"(2).

Now, since at each time t, 7; is not fully revealed, let us define an unbiased
estimator for each possible reward vector v;. We do this as follows. Consider a
random variable X; which we construct at the end of each round by conditioning on

~

Q.

. . Ut (ae)
X, — 1 with probability Taiar) (4.19)

0 with the remaining probability

where L is a constant to be specified later such that L > d2% Define the set
L := {Le; : i € [2%]} U {0}. Then, based on the information I;, we construct an

unbiased estimate for v, as follows:
Uy = LX e, € L. (4.20)
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Note that for any a € {0, 1}¢:

E[0:(a)] = E[e76,] = E[e7LX;e4,] = E[eTea, LX,] = P(ay = a)L;jt(EL)) — 3(a),
qi\a
i.e., 9y is an unbiased estimate of ¥;. Now, for any ¢t € {1,...,n}, define Z; € {0, L} to

be a random variable which is L with probability d2?/L and 0 otherwise. Moreover,
let ¢ € {—1, 1}2d be a 2%-dimensional vector of independent Rademacher random

variables. Then, we can prove the following result.

Theorem 4.2. The bandit-information relaxation

RelBF(]lzt) = ]E(as,e,Z)(tJrl):n [R(xlzty @lzta ("L‘a €, Z)(t-‘rl):n)] (42]—)

with

3 : : T ~ . T (TL — t)d2d+1
R(w1., 014, (2, 6, Z)(t+1):n) = Jljelﬁ - Z Cfzs)Vs — Z 26f(xs)€sZs Y

s=1 s=t+1

is admissible. An admissible randomized strategy for this relazation is given by (4.31)

in Algorithm 9. The expected regret of the algorithm is upper bounded by

2E

n - nd2d+1
w1 By Bz, SU Crip\Esls o + ) 4.23
tin et 20 SUD ; f(zs) i (4.23)

Theorem 4.2 establishes a bound on the regret of the relaxation-based Algorithm
9 in terms of Rademacher random variables of dimension 2. The dependence on f(-),
however, is through ey, which does not provide much intuition on how the structure
of f(-) plays a role in this bound on the regret. We next present a corollary of this
theorem that provides a bound in terms of the function f(-) itself. We make use of

the following intermediary results to obtain this new bound.
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Lemma 4.6. Let {¢s}"_, be a set of functions from some set M to (RP,||-||1) and
{15}, be another set of functions from M to (R%||-||l1). Suppose that for each s
and M, M" e M, [[¢s(M) = ¢s(M")|[y < |[¢s(M) = o(M")|l1. Then

E., [S&p 21 ¢8(M)T65] < Es,.. [szp Z; ¢S(M)T<ss] : (4.24)

where €1., are p-dimensional Rademacher random variables and 6., are d-dimensional

Rademacher random variables.
We now state a useful corollary of Lemma 4.6.

Corollary 4.3. Let F = {f | f : X — R} and suppose v : (R ||-[[1) — (R, ||-||1)

satisfies ||v(y) —y(y)|l1 < Clly — /|1 for all y,y' € RY and some C > 0. Then

Eelzn lsup 2 ’y(f(:l:s))TQ, < CE61:7L
f

s=1

sup Zn] f(:cs)T(Ss] , (4.25)

where €., are p-dimensional Rademacher random variables and 61.,, are d-dimensional

Rademacher random variables.

Given Corollary 4.3, we can now bound the regret of the relaxation-based Algo-
rithm 9 as follows.

Let v(f(zs)) = Zseg(u,) for given Zs € {0, L} and z,;. Then, since f(z,) € {0, 1}<,
we have that

ZSHef(ms) - ef’(:cs)Hl < 27| f(zs) — f/<513's)H1,

1 is either 0 (if f(xs) = f'(zs)) or 2 (if f(xs) # f'(xs)), while

| f(xs)— f'(zs)|]1 counts the number of different coordinates between f(z,) and f’(x;).

because ||ef(,) — €f(a,)

Therefore, if f(zs) = f'(xs), we have 0 < 0, while if f(x;) # f'(xs), then they differ in

at least one coordinate, i.e. 1 < || f(zs) — f'(xs)|[1. Thus, the conditions of Corollary
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4.3 are satisfied (with C' = 2) and we can conclude that

s=1 s=1

Eelm [Supz 63;(955)6523 | Zl:naxlzn] < 2E51;n [Sl}p 2 f(xs)T(ssZs | Zl:na L1:n

s=1 s=1

— Emlanzlanﬁl:n lsgp Z e?($s)6523] < QECBl:n]EZl:nE(Sl:n [Sl‘;pz f(x3>T55Z5] :

(4.26)

Given equation (4.26), we can state a useful corollary of Theorem 4.2 which we will

use to bound the expected regret in the bandit feedback setting.

Corollary 4.4. The bandit-information relaxation
RelBF(Ilzt) = ]E(z,e,Z)(tJrl):n [R<~T1:t7 @lsta (I7 €, Z)(t-‘rl):n)] (427)

with
t

. , . = (n — t)d24+1
R(xlztu V1:t, (,’L’, €, Z)(t+1):n> = }Iel]t:_ {_ Z e?(xs)vs - Z 26?(15)6823} - #

s=1 s=t+1

is admissible. An admissible randomized strategy for this relaxation is given by (4.31)

in Algorithm 9. The expected regret of the algorithm is upper bounded by

n nd2d+1
4B, Bs, Bz, sup< > f(2) 0.7 ¢ + , (4.29)
' ' " feF L

s=1
where 01., are d-dimensional Rademacher random variables.
4.4.1 Online Algorithm for Bandit Feedback

In this section, we describe an algorithm whose regret is the bound provided in Theo-
rem 4.2 and then discuss the computations involved in this algorithm in Subsection

4.4.3.
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Algorithm 9

e Input: initialize a parameter L such that L > d2%.
e For ¢ from 1 to n do

1. Observe x; and draw p; = (x, €, Z)11)m, Where each x, is drawn from P,
¢, is a 2%-dimensional Rademacher random variable and Z, € {0, L} is L

with probability d2¢/L and 0 otherwise.

2. Define ¢/ (p;) to be the maximizer of

inf Egyp, [qT@ + R(21:4, V141, 0, Pt)] (4.30)

ptel’,
over q € Ay with A% == {pe A, : p(i) < d/L Vi e [2¢]} and set

24\ 1
alp) = (1= Ja(p) + 71 (4.31)
3. Predict a; ~ q:(p:) and observe ;(ay).

4. Create an estimate 0, = LX,e;, as in (4.20), with X, defined in (4.19) with

¢; in that equation instantiated with g;(p;).

e End for.

4.4.2  Statistical versus Approximation Error with Bandit Feedback

Similarly to Section 4.3.2, Theorem 4.2 captures the approximation-statistical error
trade-off by establishing how the regret bound depends on the set of functions F. As

shown in Corollary 4.4, an upper-bound on the expected regret of Algorithm 9 is
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given by

n nd2d+1
4E$1»nE51-nEZ1-n sup Z f(xs)T(SsZs + . (432)
‘ A A feF | =1 L

In this section, we explicitly bound this quantity for two classes of functions: the
finite class of functions F and the class F that contains all linear mappings from
contexts to valuations. Then, the next result provides a bound on the expected regret

in the bandit feedback setting when the class of policies is finite.
Finite Case

Similarly to the full-feedback setting, we first consider the case in which the set of
functions F = {f | f : X — A} is any arbitrary finite set of functions from contexts

to actions.

Proposition 4.3. Suppose |F| < oo and denote by Var(f) = E, (2?21 [f(x)]f), for

feF and let f* := argmaxVar(f). Then,
E,,..(Regret) < 23 (nd2%)*" (log(|F|) Var(f*))"?,

whenever n = 4(d2%)? log(|.F|) Var(f*).

Note that, again, similarly to the full-feedback setting, Proposition 4.3 provides a
bound that depends on the distribution of the contexts. The optimal dependence on
n of the regret in this finite case (when |F| < o0) is not yet settled. Specifically, the

best current upper bound has (N)(nQ/ 3) dependence on n (proved in Syrgkanis et al.

(2016)), against the Q(4/n) lower bound in Slivkins (2019).
Linear Case

Let us consider now the linear case framework, i.e.,

F={f: X~ A:f(x) = 7(Muz)},

117



where 7 : R? — {0,1}? is a function that maps customers’ valuations to the decision
maker’s action space {0,1}¢ according to the sign of the i-th coordinate of Muz;.

Again, for each ¢ = 1,...,d, we have that

In Section 4.6, we show that the analogue of Lemma 4.3 holds in this bandit feedback
setting, enabling us to further upper bound the bound provided by Corollary 4.4.

The formal statement is provided next.

Proposition 4.4. Denote by [x4]; the i-th element of xs for s = 1,...,n and let
M € R™N be a matriz where each column vector m; of M is such that |m;|s < C

fori=1,2,...,N. Then

2/3
E.,. (Regret) < 28/3d(n2d)2/3 (CN]Exm [ max([a:s]i)Q] + d«/210g(2)> , (4.33)

S0

2
whenever n > d*(2%)? (CNIEIM [ v/max,;([z]:)?] + d«/210g(2)> .

Note that the bound in Proposition 4.4 depends on the expectation of the largest
entry (in absolute value) of the sequence z1.,. We extend this result in the next
corollary by providing a bound on the expected regret in the case in which the entries

are drawn i.1.d. from some distribution.

Corollary 4.5. Suppose that the hypotheses of Proposition 4.4 hold true and that

each entry of x4 is drawn i.i.d. from some distribution F, on [0, 1] with mean n. Then

2/3
E.,. (Regret) < 2%3d(n2%)%/3 <0N < % - n) + d«/210g(2)> . (4.34)

whenever n > d*(2%)? (CNEQCM [/max,;([z]:)?] + dq/210g(2)>2.
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4.4.3  Computation of Algorithm 9

In this section, we provide some details about the optimization step in Algorithm 9.
Note that, if the value of the ERM can be computed, the optimization problem to be

solved in the bandit feedback setting, at each time period t, is the following:
sup inf K, .y, [qT'f)t + R(x1.4, 014, pt)] . (4.35)

qeA 4 PtEA]

Note that this maximization step in equation (4.30) can be computed in time O(2%),
when we have 2¢ 4+ 1 accesses to a value optimization oracle. The proof is provided in

Section 4.6.

Lemma 4.7. Computing the mazimizer of the objective (4.30) for any given p;, can

be done in time O(2%) and with 2% + 1 accesses to a value optimization oracle.
4.5 Conclusion

In this chapter, we consider a contextual bandit formulation for our online recom-
mendation problem. Specifically, at each time, a decision-maker is faced with the
problem of choosing which features of a given product to recommend. We develop
a relaxation-based algorithm that can compete against any set of policies that map
contexts to actions with either full-feedback or bandit feedback. We then apply this
framework to two specific classes of policies (finite and linear) and establish how the
regret scales with the class parameters, i.e., the size of the finite class and the sparsity
of the linear class.

Avenues for future research include characterizing the regret bound for richer
classes of policies. For instance, one can consider the case in which users belong to a set
of types and types reside in a (social) network. The values of types that are connected
in the social network are related to each other and the decision-maker’s goal is to
use the social network structure in order to develop a better online recommendation
system.
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4.6 Proofs

This section contains all the omitted proofs from the text.
Proof of Lemma 4.1

Let (¢;)7—; be an admissible strategy and define Regret = —Regret. Then:

E,.,. (Regret) > inf E,, (Regret)

Vl:n

@ infinf - inf inf E.,.. (Regret)

v U2 Un—1 Un

(®) _
> infinf- - inf E, (inf Regret)

v U2 Un—1

(=C)infinf~-- inf E

v VU2 Un—1

E,, (inf Regret)

T1:(n—1)

> infinf- - E

L1 (n—
V1 g 1:(n—1)

inf E, (inf Regret)
Un—1 Un

> E,, mf E,,inf---E, | inf Emn(lnf Regret),

v2 Un—1

where (a) follows from the fact that, for bounded f, inf(, ) f(x,y) = inf, inf, f(z,y);
(b) follows from inf,cy E[f(X,y)] = E[inf ey f(X,y)] for any measurable f; and (c)
follows from the independence of the contexts.

Now, by admissibility of Rel"(-), we have that

RelFF ]1n < Supi xt
fe]-—t 1

Therefore, we can further lower bound E,,. (Regret) as follows:
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E.,. (Regret)

U2 Un—1 Un,

(@
> E,, infE,, inf---E
U1 V2

Tn—1

> E,, ilr}llf E,,inf---E, | inf E, in <Z q Av, — sup Z f(wt)Tvt)
inf E, inf (
Un—1 Un

Tn—1

= E,, infE,, inf - -E Baymain [Z aj v + RelFF(Ilm)D
V1 V2

inf E, inf
Un—1 Un -1

= Exl inf ]Exg inf--- Exn—l inf ]Exn inf <Ea1;(n1)Ean~lJn Z a?vt + RelFF(Il:n) )
v1 v2 n

Lt=1 |

= EJ»‘I inf ]Exz inf--- Exn—l inf E$nEa1:(n—1) (mf Eaann Z atTvt + RelFF(Il:n) )
v1 Un,

v2 Un—1 i

® E,, infE;,inf - E,, , inf B, E., (inf Eon~gn [ Z al vy + RelFF(h:n)D

t=1

(© [
> Eo, inf By g, By, inf By gy - By, inf B, g, | Y a0, + RelFF(IM)]
V1 (%) Un

L t=1

rn—1
= By, inf Bg, <, Bo, inf Bqyg, - By, inf Bq g, | D af vy + alv, + RelFF(Ilm)]
V1 V2 Un

~q1
L ¢=1
n—1
N . . . T
=E, infE, . Ep, infEyy g, - Ky, inf B, g, Z a; U+
v1 V2 Un—1 i—1

+ E,, inf Ean~qn{azvn + RelFF([l:n)}]

n—1
(d) . . .
> E,, 111;11f E,, ~q1 E,, lilzf IEaz~q2 By, lelfl Eanfl“‘lInfl [ Z afvt + RelFF(II:N—I)]v

" t=1

where (a) holds by admissibility, (b) holds by Fubini Theorem and (d) holds by
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equation (4.3), since (¢;)}_, is admissible. Finally, proceeding iteratively from step

(¢), we obtain the final bound
E,,.(Regret) > Rel™ (@),

ie. K, (Regret) < —Rel™(@). This completes the proof. W
Proof of Theorem /.1

Admissibility: initial condition. For any vy.,, x1., it holds that

n

—su zs) v, = inf — )Y ™ = Rel™(1..,).
ap 35 7). = ol = 372" (1)

Admissibility: recursion. Let D = {—1,1}? and let ¢, € {£1}? denote a vector of
independent Rademacher random variables. We will now reason conditionally on z;.

Let us denote by
Pt = (x(t—&-l):n; E(t-‘rl):n)?

a draw of independent covariates from P, and Rademacher random variables for the

“future rounds”. Define the randomized prediction algorithm as:

o . T . _ Ty () T
0(pe) = argsupmf{q Av+}g]fr{ ;f(:rs) YoV — fla) v}}

geA, V€D
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where A4 denotes the set of distributions over A. Let ¢, := E,,[¢:(p)]. Then:

min  E,, -, {at v; + Rel F(h t)}

’l)zE[ 1 1]

—

a

= ef[ﬂlnl {qt Avt+R€1 (]1:(t—1)7lt(xt,Qt7ataUt))}

~

—
=

= I[n e {Qt Av + Ep, 1nf { i fla)"Y — f(xt)TUt}}

s#t

© inf <4 { [ Av, + E,, m]fr{ Zn:f(ivs)TYs(t) _f(xt>TUt}}

s#t

(@)

= Eptvitrelg {Qt(Pt)TAUt + }Iel]f: {— ; f(l's)TYs(t) - f(ft)TUt}}

Ept sup inf {QTAUt + chlélﬁ {— Z f(xs)TYs(t) - f(xt)TUt}}

eD
quAUt st

(i) EPt sup 1ZI)1tf ]Evt~pt {qTAvt + chg;_— {_ Z f(xS)TY:s(t) - f(xt)Tvt}}

qEAA s#t

Pt geA 4

@) m . T . N Ty (t) T
L Eptlnfstip Ey,~p, {q Avy + }gﬁ{*;f(xs) Yo — f(xy) vt}}

= E,,inf sup {qTAEvtNPt [vt] + By, 1nf { Zf )TV — f(x) T }}

Pt quA o

Dt je[24]

= E,,inf {maxe AE,, p, [vt] + Eppep, mf { Zf )TV — f(xy) vt}}

® E,,inf {E’Ut“'pt inf { Zf z)TY 1 4 maxe; T ARy, [ve] — f(xt)Tvt}} :
bt

d
pr! jel2d)

where (a) follows from the fact that Eq,~gaf v; = ¢/ Avg; (b) follows from the definition

of Rel™(-); (c) follows from the fact that, since the objective is concave in vy, the
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infimum will be achieved at a vertex of the set [—1,1]¢; (d) follows from the inequality
inf,cy E[f(X,y)] = E[inf,ey f(X,y)] for any measurable f; (e) follows from the
definition of ¢(p;); (f) follows from the fact that the infimum will be achieved at a
vertex of [—1,1]¢ and we are taking the infimum over all distributions p;, on {—1, 1}¢;
(g) follows from the Minimax Theorem (since the objective is linear in both ¢ and p;)
and (h) holds because maxe[pa) €] ARy, ~p, [v¢] i a constant.

The rest of the lower bounds will be derived conditionally on p;. In particular, for
0; one-dimensional Rademacher random variable, we have

inf { vi~pr 1nf{ Zf ) 'YW + maxe; ARy, p,[v:] — f(xt)Tvt}}

d
Pt o je[2 ]

@ it {EWt mf{ Z F@)TYD + f() By oy ] — f(xt)Tvt}}

®)
> inf {Eyt“’ptﬂ){g“'pt inf { Z Fa)TYD + fz)T (v] - vt)}}
bt

s#t

—
8}
~

inf {E’UtNPt’U 1 p, Es, inf { Zf (z) 'Y D + 6, f (x)T (v — Ut)}},
Dt ¢ feF

s#t

where (a) follows from the fact that maxefps €] ARg,p, [v¢] = f(2¢) By, [ve]; (D)
follows from inf ey E[f(X,y)] = El[inf,cy f(X,y)] and (c) holds because E[g(X —
X")] =E[g(X’' — X)], for any X, X’ i.i.d. Now notice that the expression inside the
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first infimum (in the latter expression) can be decomposed as follows:

Eoopevjpi Es, 1nf{ D fa) Y +§tf(xt)T(v;—vt)}
s#t

n 1 n
= Evtwphv;wptlﬁigt mf { Z )TV 4 6, f () 0] — 3 Z Fla) YO — (5tf(xt)Tvt}
s#t

s#t

= EvtNPt 'UtNPf { ;_—{ Z xS TY + 5tf( )Tvl/f} +

s#t

+ 1nf {——Zf z,) 1Y — (5tf(:ct)Tvt} }

= E’Ut'”pt v} Npt{Etst inf {__Zf $s TY + (5tf(xt) v } +

s#t

: RS Ty () T
+ Es, J{Eﬁ {_5 ; J(@g) Y =00 f (20)" vy

S#t

= Eyep. Es, mf{——Zf )Y + 6, f(x) "0 }—i—
+ Eup s, inf {——Zf 2)TY D — 6, f ()" t}

(a) . 1 S /

= EopopBs, inf {—5 ;tﬂxs)%@ + 5tf<xt>%t} +

1 n
+ EUtNPtE(st inf {_5 Z f(xS)T}/’S(t) =+ 5tf(xt)T'Ut}

feF poy!

1 n
= QEUtNPtE lnf {—5 Z f(l's)TYS(t) + (Stf(xt)TUt}

feF oy

= EvtNPt 1nf { Z f + 25tf(xt)TUt} 5
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where (a) holds because §; and —¢; have the same distribution. Thus,

inf {Evt~pt,vg~pt]E5t }Iel;—‘ {— Z f(xs)T}/s(t) + 5tf(ZL‘t)T(U£ - Ut) }}

Pt SEt

> inf { E,,.,,Es inf (2)TY Y + 26 ,
in { i~ }n{ fo + 20, f (zy) v }}

s#t

and so the overall bound is now given by

E, - Rel™ (I
vtef[mlnl] i~qt {@t v; + Rel™™ ( 1t)}

> E,,inf {EW mf{ Z F(2)TYD + maxel AE,,p, [v:] — f(xt)Tvt}}
Pt

pr jel24]

> [E,,inf {]Evt~ptE inf { Zf ) 'Y + 26, f(x0) v }}
Pt feF

@ E,,inf {EUMEQ 1nf{ Z Fla)TYD + 2f(2)Te }}
Pt

s#t
- F Eﬂmf{ foSTY +2f ()€ }7

where (a) follows from the fact that d,v; is a d-dimensional Rademacher for v, € D.
Now note that the above lower bound holds for any x;. Therefore, we can take the

expectation on both sides with respect to x;, so that

E,, min E,., {a/v; + Rel"" (I14)} = E,,, .., inf {—Zf(ms)TY + 2f(x,) "€ }

vee[—1,1]4 o fer s£t

= Rel (]1 t— 1))

This proves admissibility.
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Regret bound. The final bound is finally given by:

Rel'"(2) = E,,_E., }Eﬁ {— Z f(IS)TYS(O)}

Thus, by Lemma 4.1, we have that

E., (Regret) < E, 2%(F, x1.,).
This completes the proof. l
Proof of Proposition /.1

As shown in Theorem 4.1, in order to bound E,, (Regret), we need to bound the

quantity

€F 51

Il51:’5':1:117’51:1’1, [SU‘p Z f(xS)TESI .
f

Denote by z; == >."_, f(zs)"€es. Then, for A > 0, we have that
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(a)
AEzy. ei. [sup E Asup
e Lino€lin [b Zf] < T1:n,€1:n [6 ° Zf]

= ]Exl:n7€1:n [Sup e)\Zf:I

feF
n
_ Z . [H e)\f Ts s]
feF s=1

n
S BT
- Ts, 6s )
]: =]

where (a) follows from Jensen’s inequality, (b) follows from the monotonicity of the
exponential function, (¢) follows from the fact that |F| < o, and (d) follows from
independence of the contexts and the Rademacher random variables (across time).
Moreover, note that, since E[f(zs)Te,] = 0 and E[(f(zs)Te,)*] < Var[f(x,)Te,]d" 2 =
Var(f)d"? for k > 2, we have that

r o kE T k
B, [V@ o] =14 ) A [(f(;qu) €s)"] " (c

Therefore, letting A = p/y/n for some p > 0 (to be chosen later), the overall

bound is
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OV e | S evartow?
1

| feF

~

A
=5

log [\]—"\evar(f*)“f ,

where (a) follows from the inequality e® —z — 1 < 2? for z < 1.79, and () follows

from the inequality (1 + a/n)" < e® for a > 0. Now, minimizing the right hand side

log(|7])

Var (%) Hence

with respect to u, we obtain p* =

Eopcrn [SUp 2£] < 2\/71 log | F|Var(f*).

Note that in order for this bound to hold, we must have (according to (a)) that

og(1F) , g . log(F]) _ dlog(F)

N1 = N7 (L792)Var(f+) = (179%)

Given this, the final bound on the expected regret is then

E,, (Regret) < 4+/nlog(|F|)Var(f*).
This completes the proof. B
Proof of Lemma 4.2

We prove this lemma by induction. For n = 0 the statement clearly holds true because

both sides of equation (4.10) are zero. Now suppose the lemma holds for some n > 0.
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Then, for 6 Rademacher random variable

n+1

E

€lin+1

= E61m+1E5 [Sjl\l}) Z ¢S(M>T€s + ¢n+1<M)T€n+1(5
s=1
1 n
= E51:7L+1 {5 [pr Z (bs(M)Tes + ¢n+1<M)T€n+1
s=1

1 n
+ = |su S(MNTe
2[Mp§¢( )

€

T
8]1\141);1 ¢s(M)

s ¢n+1(M/)T€n+1] }

- ¢n+1

s] = Eelerl [S}\l}) 2 Qbs(M)TEs + ¢n+1(M)T€n+1
s=1

. [suP (MO0 BN (deslon

8, | g 3 (FEFEER) ot gl dua OO
[ n N\ I
o 3 (¢S<M> M >> 6o g llbnir (M) = a1

MM 3

= E511n+1 lsup Z ¢8(M)
M s=1

(e)

n+1

= EEl:nJrl [S]l\bp ; ¢S(M>

g ]Eﬁl:n+l lsup Z ¢S<M)
M s=1

B wn+1

2 (M/))T 6"“]

2

/ T
2K, lsup 3 (sbs(M) + oo (M )) - (1/1n+1(M)
E€1:n+1]E6 [Sup Zn: ¢S(M)T€S + wn+l(M)T€n+16]
M s=1
ey + ¢n+1(M)T6n+1]

Tes + ¢n+1(M)T€n+1]

T
65] )
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where step (a) follows from the fact that it must be the case that whenever the j-th
entry of €,,1 is +1, the j-th entry of ¢, 1(M) must be larger that the j-th entry of
¢On+1(M') and whenever the j-th entry of €,,1 is —1, the j-th entry of ¢, 1(M) must
be smaller that the j-th entry of ¢,.1(M’). This must hold because otherwise M
and M’ could not be the maximizers (because we can just swap the j-th entries and
increase the objective). Step (b) follows from the assumption; step (c¢) holds for the
same reason as step (a); step (d) follows from reversing the above steps (applied to

¥n+1), and step (e) follows from the induction hypothesis. B
Proof of Corollary 4.1

We apply Lemma 4.2 with M =V, M = v, ¢;(M) = y(v(xs)) and ¢s(M) = Cv(zy).
Given the assumption on v, we have that ||y(v(zs))—7(V'(z4))|1 < Cllv(xs)—v"(zs)]|1,

i.e., the conditions of Lemma 4.2 hold, yielding equation (4.11). B
Proof of Lemma 4.3

We want to bound the following quantity

E.,. sup [Zn:(st)TeS].

MeRdAxN s—1

Denoting by m; the i-th column of M and by [z,]; the i-th element of x,, we can

rewrite (Mz)Te, as follows:

(Mz) e, = e (Mz,) = €& (Z[ms]zmz) = Z[ws]iezmi.

131



Therefore,

where (a) follows from Cauchy-Schwarz and (b) follows from our hypothesis. Now,
denoting by [w;]; = D.._;[xs]i[es]; the I-th element of the i-th vector Y|, [z;]:€s, we

have that
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n

2 [xs]ies

s=1

E€1:n (

)-

where (a) follows from Jensen’s inequality. Therefore, the final bound is given by

N
<C)E,, (
=1

n

2 [%]iﬁs

s=1

E.,., sup [Z (Mz,)Te,

MeRdxXN s—1

> < CON, /dnmax([xs];)?.

2

This completes the proof. l
Proof of Corollary 4.2

As shown in Theorem 4.1, the upper-bound on the expected regret is given by
ECCl:nQ'%(‘/—-a'len)'

Moreover, by using Proposition 4.2, we have that

E,, (Regret) < 2vdn (CNEM [ Hﬁx([ggs]i)?] + d\/ﬁg@)) .

Therefore, it is enough to bound E [4/max,;([z,];)?]. In order to do that, note that

for any p > 0, we have
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pmax[a.];

B [ | @8 |l | @ [mande.) | = 28 [loge ]

=

< Liog (ZE [eu[ms]i])

S0

—

e)

< —log (nNe“"+“2/8>

log(nN) + % +n,

1
1
1
1t

where (a) holds because the square root function is monotone; (b) follows from the
assumption that [zs]; € [0, 1] for any s and i; (¢) follows from Jensen’s inequality
applied to the log function; (d) holds because the exponential function is monotone
and (e) follows from Hoeffding’s lemma applied to the random variable [z;];.
Minimizing the last expression with respect to pu, we obtain p* = \/W,

leading to the final bound

E,,, (Regret) < 2vdn (C’N < M + 77) + d«/210g(2)> :

This completes the proof. l
Proof of Lemma 4.4

The optimization problem that we want to solve is the following:

sup min {qTAU — max {i flz)TY® + f(xt)Tv} } (4.36)

eD
g€l Y st
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Denote by 1; = maxcr {ZZ# Flz)TY 4+ f(xt)Tvi}, where i is the index for the

i-th element of the set D = {—1,1}%. Note that each 1; can be computed with a
single oracle access, for a total of 27 accesses. Thus, we can assume that they are

given. With this notation, the optimization problem in (4.36) can be rewritten as

sup min {q Av; — 1/12} = sup z
qEA 4 ie[24] qeEA 4

subject to 2 < qlAv; — 1, i=1,...,2% (4.37)

Note that (4.37) is a linear program with 2¢ many variables and 2¢ many constraints.

Thus, it can be solved in time O(2¢). B
Proof of Lemma 4.5

We prove this lemma similarly to Lemma 4.1. Let (¢;)}.; be an admissible strategy

and define Regret = —Regret. Then,

E,,. (Regret) > 1nf E,,, (Regret)

@ infinf- - inf infE,, (Regret)

v V2 Un—1 Un

®) -
= infinf .- inf E, (inf Regret)

v U2 Un—1

Qinfinf--‘infE

v v2 Un—1

E., (inf Regret)

L1:(n—1)

> infinf- - E

vl V2

inf E,, (inf Regret)
Un—1 Un

Z1:(n—1)

> E,, mf E,,inf---E, | inf E, (inf Regret),

v2 Un—1

where (a) follows from the fact that, for bounded f, inf(, ) f(x,y) = inf, inf, f(z,y);
(b) follows from inf,cy E[f(X,y)] = E[inf ey f(X,y)] for any measurable f; and (c)
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follows from the independence of the contexts. Now, by admissibility of Rel®(-), we

have that for all zi.,, 01., and ¢1.p,

n
BF T ~
Edl:n”‘]l:n,Xlanel (Iln> < _Supz ef(wt)vt'
fer

Thus, using the definition of regret (in the context of bandit feedback), we can

continue the lower bound as follows:
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E.,.. (Regret)
> E,, igllf E., iﬁan- —E, f;if_fl E,, iglf <; ¢ v, — sup Z € (z)
(@
> E,., mf E., 1nf- E, ,inf E,. 1nf
Up—1 -1

(b) . . . .
= Exl lpf ExQ lpf e qun71 .,lnf El‘n lpf G1:n~q1:n,X1in
v1 v2 Un—1 Un

=E, infE,, inf---E, |, inf E, mf By 10Xy Baan, X0
V1 V2 Up—1
> E,, mf Ey,inf---E;, , inf B, Ea o x00 1nf Ea,.x,
V2 Un—1
(©) : . . .
= EZ‘1 lpf ]Ez2 lpf tot ]Ea;n71 }nf Edl;(n—l)uxlz(n—l)]Exn 1Ilf ]E&TL7X7L
U1 U2 Un—1 Un

(d) ) .
= K, l%llf Eay~q1,x, Ea, I%f Eag~gs,x, «-

St

’ El'n lp'f Edn“’QnaXn

Un

= Ewl lgllf ]Ed1~q1,X1 o

K

= E.Z’l lgllf ]Ed1~q1,X1 o - ~1Ilf Ean 1~Gn—1,X. l Z

Un—1

+E,, inf Eq, x, {0n(@n) + Rel® (I1,)} ]

1

3
|

()

= Ewl lnf ECL1~Q1 X1 El“n }nf ]E@n—1~qn—1»Xn—1 l

Un—1

-1

t=1
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feF 4

Z qz—‘{}t + Edln"’qln7X1nRelBF(Iln)

’ ]E'In lpf Edn"anXn |:
Un

")
)

Z ta,t +RelBF(Iln)

t=1

)

oy(a;) + Rel®F (I1.,)

- n

g

L =1

oy(ay) + Rel®" (I1,,)

RgE

|

,._
Il
_

=

t=1

n
t=1

f}t at + RelBF(h n)]

)+ Onlan) + RelBF(Ilzn)]

ﬁt(dt) + RelBF<[1:n,1> ,

oy(ay) + Rel®F (I1,,)




where (a) holds by admissibility; (b) follows from the fact that E;, 4, x, [0:(a:)] =
Ea, [af vi] = ¢f Av, = ¢f'0y; (c) holds by Fubini Theorem and (e) holds by equation
(4.17), since (q;)7—, is admissible. Finally, proceeding iteratively from step (d), we
obtain the final bound

E,,. (Regret) > Rel®"(2),
ie. K, (Regret) < —Rel® (o). This completes the proof.
Proof of Theorem 4.2

Admissibility: initial condition. For any x.,, v1., and q;., it holds that

n n n
T ~ . T ~ . T ~
—sup Z Cranle = }Iel;fc B Z €(a Barx, [0t] = Eaym,x1:m }gﬁ - Z € fae) Vt
feF i3 =1 =1
= ]Edlzn,XlanelBF(Ilzn>‘

Admissibility: recursion. Let £ = {Le; : i € [27]} U {0} and let ¢, € {—1, +1}2"
denote a vector of independent Rademacher random variables. We will now reason

conditionally on x;. Let us denote by

Pt = (x(t+1):n7 E(t+1)m> Z(tJrl):")’

a draw of independent covariates from P, independent Rademacher random variables
and real-valued i.i.d. random variables for the “future rounds”. Define the randomized

prediction algorithm as

d
o= Enlap)] with ale) = (1-7 )@+ f1 (439

and

6 = Eple/(p)] with g7 (p) = argmaxyes, 10f, Eovy, ("0 + R(214, 010, p1)]
=2

(4.39)
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where A 4 denotes the set of distributions over A and A, = {pe A, : p(i) < d/L Vi€

[27]}. First note that

@ T 2\ oo 1
&W%m@mmﬂlfm:<l—f)%%%+zf@ (4.40)
® . 2¢ d2¢
> ¢, — fq;"T(dl) - (4.41)
T - d2d+1
= ]Edt,Xt [qt Tvt:l - L 9 (442)

where (a) follows from the fact that Eg,~q, x, [0:(a:)] = Eq, [af vi] = ¢f Avy = ¢ 0
and (b) holds because @, € [—d, d]?". Thus, we have that

minEs, ., x, {0:(a) + Rel® (I14)}

—

d2d+1
L

a

> minEa, <, x, {g]" 0 + Rel (1)} —
t

=

d2d+1
L

Ir%)in Edt~qt,Xt {QfT@t + ]Ept [R(l’l;t, V1., ,Ot)]} -
t

d2d+1
L

min Ea g, x, {E,, [¢F (p0) 0 + R(z1s, 010, p1) |} —

—
=
=

d2d+1
L Y

> iﬁnf {Ept [q;,k (pe)"0¢ + R(21:4, D1t Pt)]} -

where (a) follows from equation (4.42) and (b) follows from the fact that we are taking
the infimum over a larger set (since ¥ is a function of ¥, a; and X;). Observe now
that ¢; is a random variable taking values in £ and such that the probability that is

equal to Le; can be upper bounded as:

Mm=Lw=Eamm=Lamm:Em%@mum%%@]swa

Therefore, we can continue the lower bound as follows:
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min Eg, g, x, {615(&1&) + Re]BF(h:t)}

(a) d2d+1
> inf Eg-p, {Ept [qt (p)T0r + R(214, D1, pr) ]} —

pteA, L
®) . R R d2d+1
> E,, inf Eop, {q] (pe) 0 + R(21, O, pr) } —

ptEAlﬁ L

@) d2d+1

E f E’u ~ + R Y ) -

o 20 itk B A0 R B} =
@ d2d+l
=K f Eg,~ + R(x1.4, U1, —

P ik, 20, B A0t B B )} =

- Ept lnf sup {q Evt~pt [vt] + E@t~ptR(I1:ta @1:t7 Pt)} -

!
PEAL geAy

=E,, inf {max@ Eoope[0e] + EﬁwptR(iUl:t»@l:t»Pt)} -

peel] | je[24)]

© E,, inf {maxe Ei,~p, [0t] + Egpepy mf{ Zef(w

peEA] | je[24]

(n— (t — 1))d24+!
L

t
&) E,, inf { Sempr mf { Z 2)0s + max el Ky, p, [0

preA’, Jje[2]

(n— (t — 1))d24+!
- ,

where (a) follows from the fact that we are taking the infimum over all distributions

pe in Az; (b) follows from, first exchanging the expectations, and then using the

fact that inf,ey E[f(X,y)]

q; (pt); (d) follows from the Minimax Theorem (since the objective is linear in both
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d2d+1
L

d2d+1
L

Z 2€f(z,)€s

s=t+1

t]_ Z 26?(3/.5)6523

s=t+1

)

/)

> Elinf,cy f(X,y)]; (c) follows from the definition of



q and py); (e) follows from the definition of R(z1.4, 014, p¢) and (f) holds because

MaX jepad) €1 By ~p, [0¢] 18 a constant. Let us now focus on the first term and use the

notation
t—1 n
. T ~ T
Sf,—t = — Z ef(ws)vs — 2 2€f(xs)ESZS'
s=1 s=t+1

The rest of the lower bounds will be derived conditionally on p;. In particular, for 4,

one-dimensional Rademacher random variable, we have

1, (B 0 {81 s T Bl i
2 . T - T A
AL }gﬁ {Sf’ft + ef(xt)Eﬁwpt [0¢] — €f(a:t)Ut}

PEAL

® . PR
> inf {Eﬁt~pt7’13£~pt }Ielﬁ {Sﬁ—t + 63:(%)(’02 o Ut)}}

PEAL

—~

C

. . T N N
= inf {]E/at'\'ptﬂ}é'\’pt]Eét }2;-" {Sﬁ_t + 5tef(xz)(/ué — 'Ut)}}

PEAL

N2

where (a) follows from the fact that max e €] Eg,p, [0;] = e?(xt)Ef,ppt [0:]; (b) follows
from infyey E[f(X,y)] = E[inf,ey f(X,y)] and (c) holds because E[g(X — X')] =
E[g(X" — X)], for any X, X' i.i.d. Now notice that the expression inside the first

infimum (in the latter expression) can be decomposed as follows:
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. T
B, vg i s, }Qﬁ {Sf,—t + 5t€f(xt)("02 - Ut)}

: 1 r o 1 T .
= Eﬁt~pt,ﬁ2~ptE5z }Iel]f-" {§Sf’_t + 5tef(:rt)vli + §Sf7_t - 5tef(xt)vt}

. 1 T ~/ . 1 T -~
= B, ~py,0)~p Eo, {}gﬁ {ﬁSfﬂt + 5tef(xt)vt} + }Ejfs {§Sf,t — 5tef(zt)vt

) 1 . . 1 T .

= By epe,oj~pi {Eét }gﬁ {ﬁsf,t + 5156?(:):,5)1];} + Es, J{gﬁ {st,t - 5t€f(xt)vt}}
. 1 T i . f ]- T ~

= EgywpEs, }gﬁ §Sf,,t + (5tef(wt)vt + Eg,~p. Es, chlel]__ §Sf,,t — 6tef(xt)vt

(a) ) 1 T . 1 T .
= Eojp s, inf {§Sf,t + 5t€f(xt)vi} + EoipEs, inf {§5f,t + 5t€f<xt)vt}

(1 :
= ZEﬁt"pt]Eét }Ielﬁ {§Sf,t + 6t€3:(1‘t)vt}

= ]EfltNPtE(st }Iel;:_ {Sf,—t + 25te?(xt)lﬁt}

where (a) holds because §; and —d; have the same distribution. Thus,

inf {EﬁtNPt }Ielﬁ {Sfa—t + max efE@tNPt [ﬁt] - 63;(%)@1&}}

preA’, je[29]

2 1Hf {E@t“‘pt]E(st }2_;—' {Sf’_t + 26t€?(zf)@t}} s

PEAT

and so the overall bound is now given by

mln Edt"‘qt,Xt {/Z}t<&t) "'I_ RelBF([]_t)} (443)
i i T - T (n — (t—1))d2¢+!
> Ept ptlenAf’L {]Ef;tht }IEIJ: {Sf’_t + Jrg[%gj ej Ef)tht [Ut] - 6f(xt)vt}} - i
(4.44)
. . . (n — (t—1))d24+1
= Ept ptlenAf’L {EﬁtwptE& }g]f_.{sfy—t + 25t€?(xt)’l}t}} — 7 . (445)
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Conditioning on 0y, consider now a random variable M; which is + max; 0;(i) with
equal probability on the coordinates where 9, is equal to zero and equal to v; on
the coordinate that achieves the maximum. Clearly, E[M; | ©;] = vy, i.e., M; is an

unbiased estimate of v;. Therefore,

. . T A

ptIEHAfQ: {EﬁtNPtEét ]lcfeljf:_ {Sﬁ,t + 2(5tef(xt)vt}} (446)
. . T N

- inf, {Eﬁtwptﬂ«:ét inf {Sy ¢ + 20, E[M, | vt]}} (4.47)
. . T

= pthPAf’L {EﬁtwptEgtEMt }Iel;—‘ {Sﬂ_t + 25t6f(xt)Mt}} . (448)

Note that the random variable ¢;M;, conditioning on 9y, is + max; 04(i) with equal
probability independently on each coordinate. Moreover, given any distribution
pr € A, the distribution of the maximum coordinate of o, has support on {0, L}
and is equal to L with probability at most d2?/L. Since the objective in (4.48)
only depends on the distribution of the maximum coordinate of 0y, we can continue
the lower bound with an infimum over any distribution of random vectors whose
coordinates are 0 with probability at least 1 — d2¢/L and otherwise +L with equal
probability. In particular, let ¢, be a 2¢-dimensional Rademacher random vector and

denote by a :=P(Z] = L). Then

. . T
ptlenAflﬁ {Ef,wptE(;tEMt ]lcrelﬁ {Sﬁ_t + 25tef(xt)Mt}} (4.49)
> inf E.E, inf {S;_, +2Z]eT, 4.50
deA{()’L):IP’I(%;:L)gdW/L A Jlfrelf{ f=t tef(xt)et} ( )

. . . T
= inf ((1 —a) chgjf__ St + akEe, }gﬁ {S_¢ + 2Lef(xt)et}) (4.51)

a:0<a<d2?/L

Note that the infimum in (4.51) is achieved at a = d2?/L. Indeed, it is enough to
prove that

: : T
}gjf__ St = E,, }gﬁ {Sp— + 2Lef(mt)et} ,
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which is true because, if we denote by f* := arginf, Sy, we have that

E., }gﬁ{Sf’,t + 2Le?(xt)et} <E., [Sp + 2Le?*(wt)et] = Spx + 2Le?*(xt)Eet [e:] = Sp.

Thus, we can lower bound (4.49) as follows:

inf {E@tNPtE(;t]EMt }gﬁ {Sp_¢ + 25te§(mt)Mt}} > E,Ey, }gjfr {St—t+2Zsefpet}

ptel/,

where Z; € {0, L} and is a random variable which is equal to L with probability d2¢/L

and 0 otherwise. Therefore,

min Eg, g, x, {0:(a:) + Rel® (I1,)} (4.52)
- - 5T b (n — (t —1))d24+!
> E, ptl‘:pA/L Es,~p. Es, inf {Sp—¢+2 tef(zt)vt} - 17 (4.53)
, (n — (t —1))d2¢+!
>E,E,Eyz }gjfr {Sf—t +2Z€f et} — 7 . (4.54)

Now note that the lower bound in (4.54) holds for any z;. Therefore, we can take

the expectation on both sides with respect to z;, so that

E,, min Eg, g, x, {0:(a:) + Rel® (I1,)} (4.55)
- T (n—(t—1))d2""!
= E(m,e,Z)(t:m }Ielﬁ {Sﬁft + 2Ztef(xt)6t} — 7 (456)
- T (n—(t—1))d2""!
= Ew.c.2) () }gﬁ {Sf— - 2Ztef(:pt)€t} - 7 (4.57)
= Rel” (I1.¢-1)). (4.58)

This proves admissibility.
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Regret bound. The final bound is finally given by

BF . o T nd2**!
Rel™ (@) = E,, B, Ez,, inf { — > 2], 6.7, ¢ — (4.59)
fer s=1 L
d2d+1
= —2E,,,E..Ez,, sup {Z e?(%)esZs} U T (4.60)
fe]'— s=1

and, thus, by Lemma 4.5, we have that

BF 7 nd2**!
IExl:n (Regret) < _Rel (@) = 2Ex1:nE51:nEZ1:n ‘S}’clel_g ef(CCa)esZS + L ’
s=1

(4.61)

This completes the proof. B
Proof of Lemma 4.6

We prove this lemma by induction. For n = 0 the statement clearly holds true because
both sides are zero. Now suppose the lemma holds for some n > 0. Then, for =

Rademacher random variable, we have that
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n+1

Eepin [S}\I/fp Z ¢5(M)T€s] =Eepis [S&p Z ¢8(M>T58 + ¢n+1(M)T€n+1
s=1 s=1

= EEl:nHEW [S}\bp Z ¢5(M)T€s + ¢n+1(M>T€n+17T]
s=1
1 n
= ]E61:n+1 5 | Sup Z ¢8(M)T68 + ¢n+1(M)T€n+l +
2 M s=1

+ % [S]EP z_; ¢S(M/>T€s - ¢n+1(M/>T€n+1] }

— - ¢S(M)+¢S(M/)>T (¢n+1(M)
= E.,..., []swl’lﬂg/ Zl ( 5 € +

. B hs(M) + (MO 1
SO P R P T
®) [ U (b (M) + (M) 1
< B, E?E,;( 2 ) €+ S l1¥na (M) -

- ¢n+1<M/>)T€
9 n+1

Gre1(M)]1

Y1 (M)

B wnJrl(M/)

up 37 (S0 800

d n
(:) Eel;nEcSnJrle lsup Z ¢S<M)T€s + ¢n+1(M)T5n+17T]
s=1
= ]E5n+1E€1:n [S}\Zp Z ¢S(M)Tes + wn-&-l(M)Tén-&-l]
s=1
(e) -
s=1

n+1
= ]E51;n+1 [Sll\ilp Z wS(M)T(SL?] )
s=1
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where step (a) follows from the fact that it must be the case that whenever the j-th
entry of €,,1 is +1, the j-th entry of ¢, 1(M) must be larger that the j-th entry of
¢On+1(M') and whenever the j-th entry of €,,1 is —1, the j-th entry of ¢, 1(M) must
be smaller that the j-th entry of ¢,.1(M’). This must hold because otherwise M
and M’ could not be the maximizers (because we can just swap the j-th entries and
increase the objective). Step (b) follows from the assumption; step (c¢) holds for the
same reason as step (a); step (d) follows from reversing the above steps (applied to

¥n+1), and step (e) follows from the induction hypothesis. B
Proof of Corollary 4.3

We apply Lemma 4.6 with M = F, M = f, ¢,(f) = v(f(x,)) and ,(f) = Cf(zs).
Given the assumption on ~y, we have that ||v(f(xs))—v(f"(z:)|l1 < C||f(xs)—f(xs)|]1

for some C' > 0, i.e., the conditions of Lemma 4.6 hold, yielding equation (4.25). B
Proof of Proposition 4.3

We prove this proposition similarly to Proposition 4.1. As shown in Corollary 4.3, in

order to bound E,, (Regret), we need to bound the quantity

fer s=1

Eur Es Bz, lsupz f(xS)TésZs] .

Denote by zp == >."_| f(x5)"0sZ5. Then, for A > 0, we have that
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(a)

AEg 06105210 [SUP 2
€7 T lin Ol l.n[ f] < Exlznvfsl:nyzl:n[

6)\sup Zf]

®) Az
= Exlznyélznyzlzn [Supe f]

(c) :
< Z ]E$11H761:’ﬂ1Z1:’ﬂ [GAZJ]

feF
n
T
= Z ]Elxlinv(;l:ruzhn 1_[ 6)\‘}0(1‘5) 0s s
feF o1

@ 3 ﬁExs,as, S [N @7,

feF s=1

where (a) follows from Jensen’s inequality, (b) follows from the monotonicity of the
exponential function, (¢) follows from the fact that |F| < o, and (d) follows from

independence. Moreover, note that, since E[f(z,)76,Zs] = 0 and, for k > 2,

E[(f(x8>TésZS)k] < Var[f(xS)T(SSZS] (dL>k_2
— Varf (2.)" 5. E[22)(dL)*
= Var(f)(Ld2%)(dL)*72,

we have that

saoaz o 30 MBI TOZN ) | Varlf)Ld?
= k! - (dL)2

EISa(Ss;Zs [6 (eAdL - )\dL - 1)

Therefore, letting A = p/y/n for some p > 0 (to be chosen later), the overall

bound is

148



( —Var )I;dZ (eME )\del))n]
eF

o )

_ _”10g ( Var( f)Ld?du2>”]
K | feF n

Ei[ln 01:ns Zln[sup Zf \/710g [
K i

(2 \/_ﬁ log Z o Var(f)Ld2?p?
K | feF

< \/_ﬁ log |:|f‘€Var(f*)Ld2d,u2_
7 |

where (a) follows from the inequality ¢* —z — 1 < 2% for z < 1.79, and () follows

from the inequality (1 + a/n)" < e® for a = 0. Now, minimizing the right hand side

with respect to p, we obtain p* = 4 /%‘de, leading to

]Exl:n7€1:n7zlzn [Sup Zf] < 2\//”/ 1Og |.F’Var(f*)Ld2d

Note that in order for this bound to hold, we must have (according to (a)) that

(1.79?)n2%Var(f*)

NdL < 1.79 \/bg—mdL<1.79 — I <

nVar(f*)Ld2? dlog(|F|)
(4.62)
Therefore, by Lemma 4.5, the final bound is given by
nd2d+1
E.,.(Regret) < —Rel®" (@) < 8/nlog(|F|)Var(f*)Ld2d +

1/3
Setting L* = -7 __nd2? , i.e., minimizing the upper bound and satisfying
& 7 Tog([])Var(F%)

equation (4.62), the final bound becomes

E.,. (Regret) < Q14/3 (nd2d)2/3 (log(]F])Var(f*))1/3,
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which holds whenever n > 4(d2%)? log(|F|)Var(f*) (since we require L > d2%). This

completes the proof. H
Proof of Proposition 4./

Note that, given that F = {f : X — A : f(x) = 7(Mx)}, reasoning conditional on

T1.,, the quantity that we want to bound is

]E(Sl:nEzl:n lsup Z T(MxS)T(SSZS
M

s=1

In order to do this, we define the function

1{[Mz]s = 0}

for some A > 0 to be chosen later. The function g shifts the nonnegative entries of
Mz so that they are at least A\ away from zero. Clearly, given z,, 7(Mx,)T6,Z, 4
7(g(xzs))16sZ, for any s, where the equality holds in distribution. Thus, it is enough
to bound

IEZI:n]E'(SI:n lsup Z T(g(xs))Tészsl .
M

s=1

Now, notice that for each s and g, ¢’, we have

[T(g(z))]; = [7(g'(z:))];

<

l9(zs)]; = [9'(x:))]; (4.63)

1
A

for each coordinate j = 1,...,d. The reason equation (4.63) holds is because if
[g(zs)]; and [¢'(z5)]; have the same sign, the left-hand side is zero while the right-
hand side is nonnegative; if [g(z;)]; and [¢'(x5s)]; have opposite signs, the left-hand
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side is one while the right-hand side is at least one because A < [[g(xs)]; — [¢'(z5))];],
given the definition of g. Therefore, 7(g(+)) satisfies the conditions of Corollary 4.1
with C' = 1/A, so that

E; E su 5Z
Z1.n 401 .n [ MpZ

s=1

/\ (EZlnEém lsupsz1 Ts) (5 Z ])

1 N T T
<5 (Eszém [sxij(st) 5SZS] +Ez,.. Es,., [ sup Zys (5SZS]> :

—
N

s=1 ys€{0,\}4 s=1

where (a) follows from splitting the supremum into two parts and taking the supremum
in the second term over all possible vectors. We can now bound the second term on

the right-hand side by Massart finite lemma (by reasoning conditional on Z;), yielding

the upper bound d\+/2nE[Z2]log(24); while for the first term we can follow similar

steps as in the proof of Lemma 4.3, yielding C'N+/dnE[Z2] max;([xs];)2. Therefore,

we have

s=1

E; E su 5Z
AR 51”[Mp2 ]

1 2 2 2 d
<5 (CN \/dnE[Zs] max([z,])? + Adr/2nE[Z2]log(2 ))

1
= — 2
3 ndE[Z?2] (C’N /maX )2 + dX\+/2log(2 )

Setting A = 1, and since E[Z?] = Ld2?, we have

Ez .. Es,., lsupZ g(x))ro, Z] < VnLd?24 (CN\/maX xsi)? + d\/210g )
M

s=1
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Given Corollary 4.4, the expected regret can be upper bounded by

Wnld2i (CNEM [ \/m] " W@) Ny

Minimizing this quantity with respect to L, we obtain

1/3

s n2?

(ONE,,,, [Vinax, ([2.] 7] + dy/2105(®))

yielding the desired upper bound in (4.33), i.e.

2/3
E.,. (Regret) < 28/3d(n2d)2/3 (C’NExl:n [ max([a:s]i)Q] +d 210g(2)) ,

2
which holds whenever n > d3(2¢)? (CNEIM [v/max,;([z]:)?] + d«/210g(2)> (since

we require L > d2¢). This completes the proof. B
Proof of Corollary 4.5

We prove this corollary similarly to Corollary 4.2. By Proposition 4.4, we have that

2/3
E.,. (Regret) < 28/3d(n2d)2/3 (CNIE“” l max([xs]i)Q] + d«/210g(2)) .

R

2
whenever n > d3(29)? (CNE,,. max,;([x];)?| + dy/21og(2) ) . Therefore, it is
1:n ’

enough to bound E [/max;;([z,];)?]. Following similar steps as in Corollary 4.2, we

obtain that

B |l

S,i

2] < log(;zN) T,

leading to the final bound

2/3
1 N
E.,. (Regret) < 28/3d(n2%)%3 (C’N ( % + 77) + d«/210g(2)> .

This completes the proof. l
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Proof of Lemma 4.7

For i e {0,1,...,2%}, define:

t—1 n
— T A T T
;= sup {Z €(2)Us + L€y € + 2 2ef(xs)esZs} ,

feF s=1 s=t+1

with the convention that eq = 0. Note that, with this notation we can rewrite g;(p;)

as follows:

¢; (pr) = argsup inf E;_,, [q 0+ R(x1.4, 01:4-1, 0, py )]

qeAy PEAL

2d
a)

@ argsup inf [pe(i)q(i) L — pe(i)1i] — pe(0)tho

’
qEA 4 ptEA —1

= argsup inf Zpt i) L — ;] — pe(0)2ho,

geA, PtEA

where (a) follows from the fact that © € {Le; : i € [2¢]} U {0} and the constant
(n — t)d24*1 /L does not change the maximizer in A4. Note that each v¢; can be
computed with a single oracle access, for a total of 2¢ + 1 accesses. Thus, we can
assume that they are given. We now show how to compute the maximizer of equation
(4.30).

For each given ¢, the infimum over p; can be characterized as follows. With the
notation z; = q(i)L — v; and zy = —1)y, we can rewrite ¢/ (p;) as follows

2d
q; (p:) = argsup 1nf Zpt i)z + pe(0) 20

qEA A pteA EZ 1

Note that if we did not have any constraint on p;(i) < d/L for i > 0, then we would
have put all the probability mass on the minimum of the z;. Given the constraint,

the best we can do is to put as much probability mass as allowed on the minimum
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coordinate argmin,.;  ,ay2; and continue to the next smallest quantity. We repeat
this until we reach the quantity zy. At this point, the probability mass that we
can put on coordinate 0 is unconstrained. Therefore, we can put all the remaining
probability mass on this coordinate.

Let z(1), 2(2) - - -  2(24), denote the ascending order of the z; quantities for 7 > 0
(from smallest to largest). Moreover, let k € [2?] be the largest index such that
k) < 2. By the above reasoning, we have that, for given ¢, the infimum over

pre AL ={peAr:p(i) <d/L Vie [2¢]} is equal to

a d
@ Z T min{z; — 20,0} + 2o
i=1
2d

d
— Z Z maX{ZU — Zi, O} + 2o,

i=1

®)

where (a) follows from the fact that, if s > k, then z() > 2, and we are assigning
probability mass zero to such z(); while (b) follows from the fact that min{z,0} =

—max{—x,0}. Therefore, using the notation (z)* = max{z,0}, we can further
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rewrite g; (p;) as follows

2d
q; (pr) = argsup — Z %(zo —z)" + 2
€ da i
2d
@ atlregAiff; E(ZO — 2" + 29
®) &
Sty

—~
o
~

2¢ +
: Vi — o . )
arginf » d —q(z ,
1gin ; < — — (i)
where (a) follows from the fact that the maximizer of the objective will be the same
as the minimizer of the negative objective, (b) holds since z; is a constant and (c)
follows from the fact that 1/L is monotone for L > 0. Now, let ¢; = @, so that
od

g7 (pr) = arginf > d (¢ — q(i)) "

qEA_A i=1

Note that the latter can be minimized as follows. Consider any i € [2¢] such that
¢; < 0. Then, for such 4, it is optimal to set ¢(i) = 0 because (¢; — q(i))" = 0
no matter what. Consider now the indices ¢ for which ¢; > 0. For such indices,
the objective will not increase if we set any ¢(i) > ¢;. Thus, a minimizer can be
obtained by successively assigning the probability as the minimum between the
current remaining probability and some ¢; for which ¢; > 0. We can keep doing this
until we assign all of the probability mass. At the end, if there is any remaining

probability mass, we can distribute it arbitrarily to any ¢(7) such that ¢; > 0 (because

the objective will not increase). B
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5

Conclusion

The research presented in this thesis addresses the challenge of developing practical
and near-optimal algorithms for sequential decision-making problems arising in
online marketplaces, with a particular focus on e-commerce and rental platforms.
This work revisits and expands upon existing models, such as the multi-item order
fulfillment model, introducing novel dynamic policies for resource allocation. By
leveraging techniques such as randomized fulfillment strategies, prophet inequalities,
and subgradient methods, these policies have not only proven to achieve asymptotic
optimality and strong approximation guarantees but also to provide robust solutions
in a wide range of problem instances.

Collectively, the methodologies and algorithms developed in this dissertation offer
new approaches for optimizing decision-making processes such as resource allocation
and recommendations. For each of these decision problems, we have shown how
optimization and applied probability theory can be used to design policies that are
theoretically guaranteed to perform well. It is my aspiration that the techniques and
insights from this research will inspire further exploration and find broader application

in various online platforms and beyond, aiding managers and decision-makers in
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navigating the complexities of today’s digital marketplaces.
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