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Abstract

Uncovering the DNA regulatory logic in complex organisms leeen one of the important goals
of modern biology in the post-genomic era. The sequencingudfiple genomes in combination

with the advent of DNA microarrays and, more recently, of sy parallel high-throughput

sequencing technologies has made possible the adoptiomglobal perspective to the inference
of the regulatory rules governing the context-specificriptetation of the genetic code. Extracting
useful information and managing the complexity resultingnf the sheer volume and the high-
dimensionality of the data produced by these genomic adsay®merged as a major challenge.
We address this challenge in our work by developing comjmrtak methods and tools, specifically

designed for the study of the gene regulatory processessimélv global genomic context.

First, we focus on the genome-wide discovery of physicaradtions between regulatory se-
quence regions and their cognate proteins at both the DNARM level. We present a motif
analysis framework that leverages the genome-wide eveéoic sequence-specific interactions
between trans-acting factors and their preferred cisigategulatory regions. The utility of the
proposed framework is demonstrated on DNA and RNA crodsAmhigh-throughput data.

A second goal of this thesis is the development of scalalppeoaghes to dimension reduction
based on spectral decomposition and their applicatioretetildy of population structure in massive
high-dimensional genetic data sets. We have developed watignal tools and have performed
theoretical and empirical analyses of their propertiehwdrticular emphasis on the analysis of the

individual genetic variation measured by Single Nucleafblymorphism (SNP) microarrays.
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Chapter 1

Introduction

1.1 Contributions and Goals

One of the major goals of this work is the development of tdotsthe study of gene regulatory
processes at the cellular level. Our focus is on leveradgirgautput from recently introduced
high-throughput technologies that allow for genome-widscaolvery of physical interactions be-
tween regulatory sequence regions and their cognate psotéi second goal of this thesis is the
development of scalable approaches to dimension redubiead on efficient approximate meth-
ods for spectral decomposition and their application tostivey of population structure in massive
high-dimensional genetic data sets.

Both goals deal with one of the major challenges in bioldgieaearch of the post-genomic
era: how to extract useful information from (possibly largember of) high-dimensional genomic

measurements from various biological contexts.

1.2 Thesis Outline

The chapters are organized as follows:

e Chapter 2 contains a description of the biological proce#sthe cell involved in the gener-
ation of gene products. | introduce the high-throughpuagssised to probe the regulation
of these processes that will be of major interest in this vasrkvell as some existing analysis

strategies.

e Chapter 3 describes an approach to cis-regulatory patiscokry based on direct binding
evidence for both transcriptional (transcription facjoasd post-transcriptional regulators

(RNA-binding proteins).



Chapter 4 describes the application of the proposed maddiliyais approach to the study of

transcriptional regulation based on genome-wide DNA lrigdévidence.

Chapter 5 describes the application of the proposed motifyais approach to the study
of post-transcriptional regulation based on transcripgesmide cross-linking data, both in
the context of sequence-specific binding factors as wellge@aute-mediated microRNA

regulation.

Chapter 6 describes a framework for approximate dimenséolugtion using randomized
algorithms. A specific application of interest of the propdsnethodology is the inference
of population structure in genetic data from massive highethsional Singular Nucleotide

Polymorphism (SNP) data sets.

Chapter 7 contains a brief summary of the ideas and majoribations of this thesis and a

discussion of possible extensions.



Chapter 2

Background

2.1 Gene Regulation

In this section | provide an introduction to the biology oéthenetic code contained in the cells of
all living organisms with a specific emphasis on the regujapwocesses involved in the generation
of functional gene products. These processes together latedhe cellular response to environ-
mental stimuli, developmental cues, and disease and dbdrmcthe dynamic nature of the cell.
I conclude the section with a description of some experialeteichnologies that can be used to

address questions related to the regulation of genes adogtjlobal quantitative perspective.

2.1.1 General Overview

Cells are the building blocks of life in an organism. Someanigms are unicellular, e.g. bacteria,
while other organisms, such as humans, are multicellularmé&hs have about 100 trillion cells.
Each cell contains a copy of the entire set of hereditaryructibns for development, functioning,
and passing life on to the next generation for the whole aggain itsgenome

In this thesis, | focus on eukaryotic organisms which cantaimembrane-delineated compatrt-

ment, thenucleus that houses the cell’s genome, separating it from the m@nmgicellular compo-

Sugar (deoxyribose)
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Sugar-phosphate
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Figure 2.1: DNA double helix (adapted from http://science.plazzé&lna-structure).
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nents contained in the intra-cellular space-gioplasm The genome is partitioned and packaged
into a set of molecules callechromosomesvhich help a cell to keep the large amount of ge-
netic information organized, and compact. Each chromossmemposed of information-carrying
double-stranded Deoxyribonucleic acid (DNA) wrapped adbstructural units called histones. As
the organism grows and develops, cells divide and the fulbsehromosomes is duplicated in the

process of DNA replication, providing each cell its own cdempent of the hereditary material.

DNA consists of two long polymer strands of repeating un@bed nucleotidesheld together
in a double helix via hydrogen bonds formed by complemenitaigractions (base-pairing). Each
nucleotide has three parts: a sugar molecule, a phosphdéeeute® and a nitrogenous base. The
nitrogenous base carries the genetic information and camfesir varieties: adenine (A), thymine
(T), guanine (G), and cytosine (C), the letters of the genglfphabet. Each type of base on one
strand interacts with just one type of base on the other dtweith A bonding only to T, and C

bonding only to G. Figure 2.1 depicts the molecular striectafrDNA.

Humans have 23 pairs of chromosomes, withaRBosomesnd two sex chromosomes. In the
case of sexual reproduction, each parent contributes amencsome to its child, resulting in half
of the genetic material from the mother and the other hathftbe father. Hence, each position on
the human DNA has two variants of the complementary bass-palledalleles In the majority
of cases, the combination of variants at each position aeséime across individuals. The DNA
locations when this is not the case are called Single Nude®olymorphisms (SNPs). In humans
there are few such locations (abakid x 107 bp [170]) relative to the total size of the known
genomic sequence.85 x 10° bp [30]). Hence, these can be enumerated and used to chienacte
an individual’'s heterogeneity, with wide-ranging applioas in evolutionary history and disease
studies. Genomic assays that provide measurements of tietigbeterogeneity are described in
more detail in Section 2.3.4.

DNA is segmented into logical regions annotated accordintheir biological function. The
regions that result in functional products are called geaed can be classified in two broad cate-

gories: (proteinodinggenes andon-codinggenes.



2.1.2 Structure of the Genetic Code

The structure of a protein-coding gene is illustrated irulFég?.2(a). The start sequence of the gene
is called the 5’ untranslated region (SUTR) and terminausege is called the 3’ untranslated re-
gion (3UTR). Both these regions encode regulatory sigrespansible for thpost-transcriptional
regulation of the encoded message. The internal part of @aigesomposed of an alternating series
of two distinct sequence typegxonsandintrons, which have specific sequence boundaries and
characteristic sequence composition. Depending on tHedial context, different combinations
of exons are spliced together to form the mature messggied isoforn. All introns are excised

out and serve no further purpose in the formation of the fonel gene product—thgrotein

Enhancers ==
Promoter

DNA e —— s ———

l'Transcription
Introns

Exon Exan Exon  Exon Exon

pre-mRMNA
}[Splicing
Open reading
MANA 5' UTR frame 3'UTR
ljfl’ranslatinn_
protein w

(a) Structure of a gene as part of the chromo- (b) Conversion of a gene message into final
some. functional product

Figure 2.2 Gene structure (Courtesy: National Human Genome Reséasttute).

2.1.3 Biogenesis of the Functional Gene Products

In eukaryotes, transcription occurs in the nucleus, wheé¥é esides. Although a functional gene
product may be an RNA (see Section 2.1.5) goratein in this thesis | focus on studying the
mechanisms regulating protein coding genes and hence idesrsoteins as the functional unit of
interest. After transcription, the DNA message is trarsférby means of a carrier molecule called
messenger RNANRNA), to the cytoplasm where the translation machinenpésted. The final

step in the generation of a functional gene product is thestagion of the mRNA into a protein.



Figure 2.2(b) represents a schematic of this process, vidretfierred to agene expressioand can

be summarized by the following steps:

1. Transcription Transcriptional regulatory signals result in the initat of the copying (tran-
scription) of the DNA sequence coding for the gene into amrinediary single-stranded
molecule—pre-mRNA, which is another type of nucleic acit ik very similar to DNA (see

Figure 2.3).

2. ProcessinglInside the nucleus a carefully regulated subset of therf@&pRNA, theexonsis
splicedtogether, skipping the intermediate sequenceirtiens, to produce the mature RNA
message. In some cases only a subset of exons is selected pati®f the final MRNA. This
is a carefully controlled process that provides a mechamirproducing different variants

(isoformg of the same protein as a function of the specific biologicaitexts.

3. Export the mRNA is exported from the nucleus into the cytoplasnemlit is subject to fur-
ther regulatory control that determines if it is degradedredd in some cellular compartment

for later use, or converted into protein.

4. Translation the encoded message in the mRNA is converted into a chaimifoaacids

which are then folded into a protein product.

Each stage of the biogenesis of the gene products descrifmee @ontains multiple check-
points which are controlled by various regulatory mechausiso ensure the correct interpretation
of the genetic code. Some steps in protein biogenesis oocparallel and hence many of the
regulatory processes are tightly coupled, yet there aremagor stages of regulation which are
delineated by the transcription of the gene into its mMRNA sags:transcriptional regulation and
post-transcriptionakegulation. In this work | focus on developing computatiom&thodology and

tools for the analysis of the regulatory logic at both stagfaggulation.
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Figure 2.3 Structure similarity between DNA and RNA (adapted from
www.accessexcellence.org)

The RNA Message

Even though RNA is very similar to DNA, there are significaiffedences that have functional
consequences. Unlike DNA, RNA sngle strandedand containdJracil (U) instead of thiamine
(T). Another important distinction between RNA and DNA isitlthey differ in their type ofugar
connectorbetween the phosphate backbone (see Figure 2.3), whichsaR&NA to form complex
three-dimensional structures and perform a variety of leguy functions in the cell related to the
interpretation of the genetic program embedded in DNA. linenRNA messages are converted
into functional products—proteins, serving as necess#grmediaries, while DNA cannot directly

serve this purpose.

2.1.4 Transcriptional Regulation

An important checkpoint in the regulation of gene exprasssoat the stage of transcription initia-
tion, which includes the accessibility of regulatory DNAyiens as well as the recruitment of DNA
binding factors.

The control of these processes is mediated by a class ofipsatalled Transcription Factors
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(TFs) that directly interact with factor-specific regulat@lements in DNA (a.k.acis-regulatory
elementls These cis-regulatory elements tend to be short (aboui Bp4 in eukaryotes) and often
highly degenerate, which makes it difficult to distinguibkrn from the surrounding sequence [148,
188, 23]. In order for TFs to be able to distinguish the reguiabinding sites from the vast majority
of other DNA sequence, the binding locations needgttacturally accessibland able to form a
duplex with the active site of the corresponding TF that haergetically favorable electrostatic
properties. Hence, the functional properties of a locatigthin DNA are determined by both
static and dynamiccontrol mechanisms. Static mechanisms correspond to tgeree content
which should match the binding preferences of a regulatétylportant dynamic modulators of
transcription initiation are the specific concentratiofishe regulatory TF proteins present in the
nucleus as well as the DNA structural state that can eithalitéie or impede general binding by
regulatory factors.

Constructing models of TF binding sitan@tif9 and the identification of their functional occur-
rences within a pre-specified subset of regulatory regiorthé genome is termeaaotif discovery
and will be of major interest in the current work. In partiayll focus on thgenome-wideiscovery
of such functional DNA elements, leveraging the recentlyoiduced technologies for measuring
thein vivo (inside the living cells) general accessibility of DNA aslhees the degree of occupancy
by a specific TF of interest (see Section 2.3.2 and Sectioh)2 Bnowledge of the full complement
of cis-regulatory elements bound in different biologicahtexts will help improve our understand-
ing of context-specific transcriptional regulation andrismportant input for the reconstruction of
the gene regulatory networks in the cell.

About 5-7% of an eukaryotic genome encodes for TFs [202],thad can be divided in two
major functional sub-categories based on their effect gmession of their target geneactivators
(binding results in increase of the target’s expressiod)rapressorgbinding results in decrease of
the target’s expression).

Next | describe in detail the different types of regulatori®regions encoding the transcrip-

tion initiation regulatory logic for individual genes. Tigeare four major types of such regionso-



moters(contains DNA signals necessary for the initiation of ti@igion), enhancergresponsible
for context-specific up-regulation of gene expressiailgncers(responsible for context-specific
down-regulation of gene expression), andulators (limits scope of regulatory interactions be-

tween genes).

Promoters

Promoter regions correspond to the stretches of DNA a fewdtathbase pairs immediately up-

stream of the gene Transcription Start Site (TSS) and aostghals responsible for the recruitment
of thegeneral transcription machinergommon to all genes. A promoter is further subdivided into
acore promoter region, immediately adjacent to the TSS, aptbaimal promoter region;>50bp

upstream of TSS.

A gene can have more than one promoter, resulting in geneesapidifferent length [133].
Promoters tend to have some characteristic features in conthat allow for experimental and
computational techniques to be used for their detectiohéngenomic DNA [148, 189, 100]. Re-
cently, it has become clear that promoters can be dividextimd classes: those that have a single
TSS and those that have a broad or dispersed range of TSS 59€X@0bp region [156, 87]. Next-
generation sequencing technologies in combination witkehexperimental protocols have allowed
for comprehensive mapping at an improved resolution of ifferdnt promoter types [141]. Most
genes in higher eukaryotes seem to be under the transo@ptiontrol of dispersed promoters, but
further studies of these two classes of promoters is negessa&lucidate their distinct functional
characteristics.

The core promoter regions are enriched in a number of cisla¢égyry elements that aid in the
anchoring and assembly of the transcription initiation hiaery—thepre-initiation complexPIC)
e.g. TATA box, Initiator element (INR), TFIIB recognitioneenent (BRE), Downstream Promoter
Element (DPE) etc. [181, 182]. Some of these are remarkalelj-awnserved across different
eukaryotic species, yet there is no single binding site ihainiversally present in all promoter

regions. Even the ubiquitously distributed TATA box, invedl in the recruitment of the TATA-
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Figure 2.4 Structure of the eukaryotic promoter (adapted from Lewhal. [110]).

binding protein (TBP) a central component of the transmipinitiation process, is present in at
most 30% of eukaryotic promoters [38]. Rather, there seefurictionally equivalent combinations

of factors that are required for the initiation of transtiop to proceed.

Enhancers

In eukaryotes, many promoters by themselves are insuffitgedrive thein vivo production of
biologically relevant levels of gene transcripts and thegad additional assistance from activation
signals that are encoded in tkahancerregions. Enhancers are found mostly inside intergenic
sequence, but also within genes sometimes even as far &0bf,(in Drosophila) or 100,000bp
(in human and mouse) away from the boundaries of the generdugyate [110, 29, 104]. Still
they are able to confer the specificity to the gene transorignitiation process required for the
normal functioning of the cell. A schematic representatibia gene with its associated regulatory
sequence is illustrated in Figure 2.4 for both the case afalinilar eukaryotes (a) and more com-
plex, higher eukaryotes (b). The exact mechanisms gowvgthia functioning of enhancers is still
under active investigation, but it is well known that theseai strong combinatorial aspect to the
encoded regulatory logic, as the activation process tipicaquires the binding of several TFs to

their cognate cis-regulatory motifs. Many enhancers haanliound within non-coding sequences

10



that are highly conserved through evolution (e.g. fish to sed(i144] and regulate gene expression
in highly temporal or tissue-specific manner [178].

Reliably identifying functional enhancers in higher eylaes has been a major challenge due
to the large amount of candidate intergenic sequence (irahuwaer 98.5% of the total size of the
DNA). Recent progress has been made in that direction thnkse advent of high-throughput
sequencing technologies which have enabled the profilingeofvhole human genome for regions
bound by proteins characteristic of most enhancers [198]adsD regions enriched in general fea-

tures typical of enhancers, like open chromatin [19].

Silencers

Silencer regions serve a role that is complementary to thewsser regions, as they are involved
in the repression of gene expression. Two distinct clas$eslencers exist: short, position-
independent motifs that via their bound repressor TFs elgtiobstruct the assembly of the Tran-
scription pre-initiation complex and are typically foungatream of TSS. The second category of
silencer sequence motifs are position-dependent thaivpasprevent the binding of activator TFs

to their cis-regulatory elements and can be found both egstrand downstream of the TSS [147].

Insulators

Both silencers and enhancers can act on multiple genespimgtienes their regulatory effects need
to be localized. The insulator elements are cis-reguladeguences that can block such interactions.
Two distinct classes of insulator elements have been disedvenhancer-blockingnsulators that
interfere with enhancer-promoter interaction if locatadoetween the two anblarrier insulators
that interfere with DNA accessibility of promoter and enbanregions, demarcating the boundaries
between active and inactive DNA regions [60]. Enhancer lbtaginsulators | first described by
[86] who studied thérosophilainsulator elemengypsy In higher eukaryotes a large number of
the currently known enhancer-blocking insulator elemeotstain the cis-regulatory motif for the

CTCF protein [12] (for further discussion of CTCF see SetHd3).
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Evolutionary Conservation and Function

The genetic code of living organisms has evolved over tinenéhg for changes to occur in dif-
ferent locations within DNA. Identification of binding mtdithat match the preferences of TFs
and are in fact recognized and boundvivo can be aided by the observation that not all DNA has
evolved at the same rate and parts of the genome containimagidnal elements tend to be con-
strained to change less than other regions [142]. Hencéytewarily related species contain quite
similar regulatory code which can be used to identify fumaéil regions within DNAPhylogenetic
footprinting[14, 15, 109, 139] is one such approach specifically desigmad in the identification
of functional occurrences of cis-regulatory motifs.

Applying phylogenetic footprinting on a single gene levelsafirst introduced by Tagle and
colleagues in 1988, who applied the technique to find evatatily conserved cis-regulatory el-
ements responsible for embryoricand~y globulin gene expression in primates [186]. More re-
cently, a large number of computational approaches have ffreposed that incorporate evolution-
ary information as part of functional motif discovery [15)9, 177, 97]. Given a set of putatively
co-regulated genes within an organism of interest thoseoappes use regulatory regions from
orthologous genes (inherited from a common ancestor, lmlves separately within each species)

in related species to look for motifs that are overrepresgt@ind highly conserved.

Phylogenetic footprinting does not provide a universalrapph to motif discovery as it has
some inherent limitations: not all functional cis-regolgt elements fall within strongly conserved
DNA regions and even when they do, the aligning of the segeffom related species to pro-
duce the evolutionary “footprints” that contain functibmaotifs could be a very challenging task.
Nevertheless, “ensemble” approaches that carefully parate evolutionary conservation informa-
tion as a part of the motif discovery, have tended to prodeeeef false positive predictions than

comparable approaches that do not use conservation (snessit the cost of fewer true positives).
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2.1.5 Post-transcriptional Regulation

As it is evident from Figure 2.2(b) the protein productioraisulti-step process that can be regu-
lated not only at thdranscription initiation step but alsgost-transcriptionally especially when
fine-tuning of the level of gene transcripts is to be achievdRNA binding proteins (RBPS),
sometimes with the help of non-coding RNAs (microRNAs) anpartant mediators of the post-
transcriptional control of mMRNA messages. Next | describeore detail the nature and function

of these important regulators.

RNA Binding Proteins

RNA binding proteins (RBPs) play important roles in the tiecle of the protein-coding transcript,
from its transcription based on a DNA template until its detg RNases [130]. All steps of
RNA processing and function including splicing, nucleapent, localization, stability, and small
RNA-mediated regulation are controlled by different RNidiing proteins (RBPs) and ribonucle-
oproteins (RNPs) (For a review, see [94]). The identificatid which RBPs or RNPs interact with
which transcripts, how they interact, and where the int@acccurs, has been the focus of many

studies [183, 18].

Architecture of RBPs RBPs are defined through their ability to interact with mRNAa
RNA-binding domains. Similarly to TFs interacting with tiegulatory regions of gene in or-
der to control transcription initiation, RBPs interact vgpecific RNA sequence patterns to effect
post-transcriptional control. Currently, there are ové®Q@ human genes in the Pfam database that
are annotated to be RBPs [52], yet there are only about 4€reiff types of RNA-binding domains
[122]. This observation suggests that the combinatoriahpexity of different domain arrange-
ment is key to providing the functional diversity necesdanthe regulation of the various steps of
RNA metabolism and function. The next section focuses omaportant class of RBP-mediated

regulation—with the participation of small regulatory RBIA
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MicroRNA Regulation

MicroRNAs (miRNAS) control gene expression post-transionally by regulating the mRNAta-
bility or translationin the cytoplasm. They are approximately 21nt long RNA ratprs of gene
expression which, by pairing to the 3'UTR of mRNAs of proteoding genes, direct their repres-
sion. The discovery of miRNAs [107, 197, 158] has revealedva dimension in our understanding
of post-transcriptional regulation of eukaryotic generesgion in the cell. More than a thousand
new mMiRNAs have been discovered in plants, animals andegr[i03]. In mammals, miRNAs are
predicted to control the activity of more than 60% of all giotcoding genes [57] and have been

shown to participate in the regulation of a wide variety dfudar process and disease [9].

mMiRNA Biogenesis Next | describe a summary of the known mechanism of miRNAgdnesis

illustrated in Figure 2.5 (For a review, see [22]).

1. Similar to protein-coding genes, miRNA are transcribexhfa DNA template to generate a
stem structure called tharimary miRNA(pri-miRNA) that can vary in size from hundreds

to thousands of bp.

2. The pri-miRNA is processed within the nucleus to form-@0nt double-stranded hairpin

precursor calleghre-miRNA

3. The pre-miRNA is exported outside of the nucleus with taip lof transporter proteins that

recognize the characteristic 2nt 3’ overhang present atiigeof the hairpin.
4. Inside the cytoplasm the pre-miRNA is cleaved to produ2érd miRNA:miRNA duplex.

5. Once incorporated into the RNA Induced Silencing ComgRIC), with the help of its
active catalytic unit-the Argonaute protein complex—th&RA guides the complex to its
targets by complementary base-pair interaction. In caggedect complementarity (com-
mon in plants) the target is cleaved, while partial completagty (common in animals)
results in reduction of gene expression by means of traoslathibition or transcript desta-

bilization.
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MIiRNA Function Early studies in the worn€Caenorhabditis elegangl72] and more recent
studies in mammalian cells [127, 145, 152] have providedngtrevidence that miRNASs repress
protein synthesis at the level of translation initiationtlasy were associated with mRNA that are
being actively translated. Another mechanism for inhdpitiof the production of protein synthe-
sis was demonstrated to be taking place at the mRNA level byadation of the target mMRNA
prior to or in cooperation with translational inhibition46199, 50]. In support of this observation,
upon inhibition of the miRNA pathway by depletion of RISC qulex members [64, 157, 171] or
upon deletion of specific mMiIRNA members [5], the levels ofdicted and validated miRNA tar-
gets increase. Conversely, overexpression of specific AERMsults in lower abundance of the
transcripts containing binding sites for those miRNAs. Etlgough, recent high-throughput stud-
ies combining proteomic and transcriptomic data suggesttiie predominant reason for reduced
protein product due to miRNA regulation is due to destahbilan of target mMRNAs rather than
translational repression [73], the mechanistic detailshef functioning of the miRNA is still an

active area of research. For a recent review on miRNA regnjdtinction and target prediction see

[9].

2.2 Dimension Reduction and Inference of Population Struc-
ture

Studying the genetic information encoded into DNA, as dised so far, provides a microscopic
view of the functioning of a living organism, at the cellulavel and can be used to gain insight into
the cellular processes and their regulation. The focuséh smalyses is typically on the interaction

among genes, from the viewpoint of their regulatory conioestin the gene regulatory network.

An alternative view of the genome is to understand variaitidine genome across a population
of individuals, in this case the individual is the unit ofengést. In Figure 2.6 Principal Components
Analysis (PCA [149]) was used to produce a two-dimensionslial summary of the observed
genetic variation on 1,387 European individuals. The rddante between this genetic summary

and the geographic map of Europe is clear. Major subdivssioto closely clustered subpopulations
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Figure 2.6. Agreement between genetic map and geography (adapted\aitembreet

al. [146]).

from similar geographic areas are distinguishable. Evehiwsome countries individuals are well
differentiated along the principal component (PC) axeds Than illustration that DNA sequence
variation typically reflects thesubpopulation structurén a sample of individuals which can be
formally defined as the difference in allele frequency distions between the subsgroups forming
the sample. Population structure has been a classic sulfjsttdy for geneticist for decades
[129, 114]. It has had multiple applications to the studydbkenographic histories of populations
of individuals [165] and is recognized as a confounder tarference of disease associated alleles

in case-control studies [56].

2.2.1 Methods for Studying Population Structure

There has been two dominant approaches to the analysis ofgtiom structure in genetic data.
Structure[154] is a Bayesian model-based clustering method whicigiasséndividuals to discrete
clusters corresponding to subpopulations based on a ronitai probabilistic model for the allele
frequencies at each locus of variation. This approach hesrbve very popular and has been suc-

cessfully applied in many genetic studies [165, 56, 180]thvilie increased availability of SNP
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microarrays, that probe the genetic variants of each iddai sample at hundreds of thousands
of bi-allelic loci, it has been problematic to practicallpmy Structure to such high-dimensional
genotype data due to the inherent computational limitatiointhe sampling procedure underlying

the Bayesian inference.

A more recent approach, based on Principal Component Asgly§A), Eigenstrat proposed
in [149], has successfully addressed this issue. In additia@ computationally fast procedure, the
authors in [149] have proposed a principled statisticadri@fce method to test for the presence of
population structure, based on recent results from randanixitheory applied to the eigenvalues
of the sample covariance matrix. Both theoretical and eigadiarguments in [149] strongly suggest
that the top few principal components (PCs) tend to captistindt axes of variation that separate

different subpopulations.

The computation time of Eigenstrat {3(m?n), wherem is the number of individuals and
n is the number of SNPs. Hence, the inference procedure siEalesmbly with increasing num-
ber of SNPs, which is a clear computational advantage ovectste, yet it scaleguadratically
with the number of individuals. This poses a computatiomalllenge when analyzinigrge high-
dimensional genetic data. In this work | address this chgleby proposing to adapt an approx-
imate PCA procedure based omaandomizeddimension reduction algorithm. The runtime of the
proposed approach @(kmn), wherek is on the order of the dimension of the population structure,
which can typically be assumed to be small-not more thanQL(Etails regarding the proposed
approach to approximate inference of the axes of variatidarge high-dimensional data as well as
extensions to other dimension reduction approaches basetgendecompositon: Sliced Inverse
Regression (SIR), Localized Sliced Inverse RegressioriR), S ocality Preserving Projections

(LPP), is the main topic of Chapter 6.

2.3 Experimental Assays

The advent of microarrays and the next-generation sequgnechnology has opened up opportu-

nities to start learning about the gene regulatory proceasd the individual’s genetic variation on
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a global scale. In this section | describe four such assays.

2.3.1 Genome-wide Chromatin Immunoprecipitation

Chromatin immunoprecipitation (ChIP) is a method used tereine the location of DNA binding
sites on the genome for a particular protein of interest [&] within a pre-specified stretch of
genomic DNA (using on PCR primers). This is an in vivo proaedilnat provides a way to assay

the DNA-protein interactions in the cell nucleus.

ChIP-chip

More recently, a key additional step was added to the exeriah protocol: hybridization against
a microarray, which allows for the characterization of tleding interactions at the genome-wide
level [21]. The ChIP-chip technology has been successtidgd to characterize the binding pref-

erences for a number of DNA binding proteins [159, 90, 108, 77

Figure 2.7 illustrates the steps in a typical ChlP-chip &xpent. The steps proceed as follows:

1. Cross-link the protein of interest to DNA-vivo, using formaldehyde fixation.

2. Shear DNA, using sonication or micrococcal digestiotg fragments of size approximately

1kb.
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3. Enrich in DNA fragments associated with the protein okiast using a protein-specific

antibody.

4. Reverse the formaldehyde cross-linking. Purify, anymifd label DNA with a fluorescent
dye (e.g. Cy5).

5. Purify, amplify and labejenomicDNA using a different color fluorescent dye (e.g. Cy3).

6. Hybridize the two differentially tagged probes (e.g. Gy¥ Cy5) against a microarray

containing all putatively bound sequence regions (typiagnome-wide set) [21].

The output from the ChIP-chip genomic assay is a set of skguence regions (approx 1kb)
with assigned fluorescence intensities for the bound problettze genomic control. These scores
are typically reduced to a single binding score per regianictvcould be a (hormalized) log-ratio

of dye intensities or a p-value based on a null statisticalehof binding intensities [108, 77].

ChlP-seq

Instead of hybridization to a microarray the Chromatin inmoprecipitation (ChlP) step can be
followed by high-throughput sequencing instead, which wexently proposed as an alternative
approach to genome-wide successfully used to charactémézbinding preferences and locations

of multiple DNA binding proteins [7, 91, 161, 191, 204].

2.3.2 Genome-wide Detection of DNasel Hypersensitive Site

In the nucleus, the vast majority of genomic DNA is wrappeabad structural proteins called his-
tones to form DNA-histone octamer complexes called nude®s. The nucleosomes are regularly
spaced and serve the role of packaging DNA into more comuewt.f The degree of packaging
has a strong impact on the regulation of gene transcriptdh [The DNasel enzyme can be used
to study regions of DNA where the nucleosomes have beenadisgl(such as for the activation
of promoters) which allow for easier cleavage [128, 96]. ISlacation are called DNase | hy-

persensitive (DH) sites. It has been shown that DH sitesiglyocorrelate with the location of
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activeregulatory regions within the genome, including promatershancers, silencers, insulators
[71, 51]. Traditionally individual DNase | HS sites have beéentified using Southern blot assays
[198], which is a time-consuming process difficult to apptyalarge scale. A recent application
of the DHS protocol in combination with high-throughput geqgcing (DNasel-seq) has allowed
[19] to create the first comprehensive genome-wide opemaditio map. A brief summary of the

DNase-seq protocol contains the follows steps [39, 19]:

1. Start with chromatin that is digested with a small amodrdiase | that preferentially cuts

at a DNasel HS site.
2. Attach a biotinylated linker to the DNase I-digested ends
3. Use the biotinylated linker to extract short adjacent Difgments.

4. Sequence the extracted DNA fragments using next-geoersequencing platform.

2.3.3 Transcriptome-wide RNA Cross-linking

Recent advancements in high-throughput genomic techieaddgve resulted in profiles of transcriptome-
wide RNA-protein interactions in vivo. Two of the most esisired methods for the investigation
of these interactions are RIP-Chip [95] and CLIP [190] or mbmation of both, known as RIP-seq
[174, 205].

RIP-Chip was the first method to use immunoprecitipationdantify RNA targets bound by
specific RBPs at genome-wide scale. Associated mRNAs adigasp and then quantified using
MRNA arrays or, more recently, subjected to high-throughgrquencing. This allows for the
identification of all transcripts targeted by a particulaBmR but not for direct identification of
where, or how many, RNA-protein interactions occur withidranscript. The second method,
CLIP, typically uses short wave UV 254 nm crosslinking falled by immunoprecipitation and
partial RNase digestion of the bound transcript. Conversibthe residual RNA segments into
cDNA libraries and characterization by high-throughpufieencing yields small size windows in

which the RNA-protein crosslinking occurred.
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Figure 2.8 A summary of the PAR-CLIP procedure (adapted from Ha#teal. [74])

PAR-CLIP (Photoactivatable-Ribonucleoside-Enhanceaxs€linking and Immunoprecipitation)
is a powerful modification of the CLIP technology for the &tabn of protein bound RNA segments
[74]. Cells are first cultured with a photoreactive riboreaside analogue, typically 4-thiouridine
(4SU), to boost RNA-protein crosslinking. This is followbkg high-throughput sequencing of cD-
NAs generated from the crosslinked immunopurified RNA fragis. During cDNA generation,
preferential base pairing of the 4SU crosslink product tauangne instead of an adenine results
in a thymine (T) to cytosine (C) transition in the PCR-amplifisequence, serving as a diagnostic
mutation at the site of contact. The pattern of T-to-C cosiesrs, coupled with read density, can
thus provide a strong signal to generate a high-resolutiap of confident RNA-protein interaction

sites.

Figure 2.8 illustrates the steps in a typical PAR-CLIP ekpent. The steps proceed as follows:

1. Culture cells in media containing 4-SU (biochemicallydified Uracils)
2. lIrradiate cells with UV, 365nm to induce RNA-protein csdiking

3. Immunoprecipitate and select the gel band of the sizespanding to the protein of interest
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4. Convert the RNA from the selected gel band into a cDNA lprand amplify using PCR

(incorporating U-to-G conversions during the reversedcaiption step)

5. Sequence using next-generation sequencing platforin [74

Identifying Bound Regions

Generally speaking, there are three main steps in the asalfysinding data from deep sequencing

experiments.

1. Read alignmentSequence reads are aligned against the reference genome

2. Peak calling Genomic regions significantly enriched in aligned rea@sidentified for fur-

ther study

3. Motif analysis Peaks are further analyzed to infer the binding affinity taxdet regions of

the trans-acting element under study

The focus of this thesis is on step 3, the Motif analysis ofitlferred sequence peaks, taking
advantage of the information contained in the quantitdiineling evidence provided by the number

of reads aligned to each peak.

Current Approaches to Motif Discovery in High-throughput B inding Data

Once sequence peaks have been inferred based on the hegightput binding data a set of puta-
tively bound sequence regions needs to be defined, whicpimsatly done by selecting an arbitrary
subset from the peaks with highest number of aligned ChtPraads. This set of likely co-bound
regions is searched for overrepresented motifs that woellgdod candidates for binding sites for
the TF under study. The overrepresentation is often defingdrespect to a model for background
sequence (e.g. Markov Model 219 or 3" order).

There have been a large number of classic motif discoverg,todginally developed for motif

analyses based on a small set of pre-defined co-bound seqregyions, that have been adapted to
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the task of motif discovery using ChiP-seq data [6, 166, X2, More recently, discriminative

analyses based on a positive and negative set of sequetmesrag well as additional genome-wide
information on nucleosome positioning and energetic btalaf DNA have been incorporated as
part of the motif search, to significantly improve the sawisjt and specificity of the reported results

[136, 68].

2.3.4 Genome-wide SNP Microarrays

Single Nucleotide Polymorphism (SNP) arrays enable thaystdiindividual genetic variation and
have diverse applications in medical genetics and evalatio biology. SNP array is a type of
DNA microarray which is used to detect genetic variaqslymorphismswithin a population of
individuals. A SNP in DNA (variation at a single site), is st frequent type of variation in the
genome. For example, there are around 30 million SNPs that been identified in the human
genome [176, 170] based on sequencing studies on multipfeaihundividuals. As SNPs are
highly conserved throughout evolution and within a popalatthey can serve as excellent genetic
markers. Detection of population structure based on SNPFsurements from a large number of

individuals will be the main focus of Section 6.
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Chapter 3

cERMIT: An Approach for Motif Discovery
Using Direct Binding Evidence

3.1 De-novo Transcription Factor Binding Site Discovery

In this Section | describe a computational framework desibfor the discovery of the functional
binding site as well the occurrences in the genome based monge and transcriptomic high-

throughput binding data from ChIP-chip, ChlP-seq, or PARFCexperiments.

3.1.1 Classic Formulation of the Motif Finding Problem

The motif finding problem has been traditionally phrasechadollowing: given a set of putatively
co-regulated genes, find the optimal motif description dwedsiet of occurrence locations in the cor-
responding regulatory regionddany popular approaches are based on iterative updatingpo$ia
tion specific scoring matrix (PSSM) representation of thellrig site, which reflects the affinity of
the protein to its functional sites. Stochastic searchésdifiorm of Gibbs sampling [105, 166, 120],
or EM-based algorithms [6], have been used extensivelydoesd this goal by means of iteratively
optimizing a suitable objective function. The use of aduitl information, such as the sequences
from multiple related species, e.g. [177], or priors on thebinding domain or nucleosome po-
sitions [137, 136], has lead to noticeable improvementténperformance of these strategies. As
alternative to PSSMs, motifs can be described by a simpteesentation of consensus strings over
a degenerate alphabet. This representation allows fordi@ustive identification of motifs which
are over-represented compared to a genomic backgroundl i@ 82, 179], and frequently use
efficient data structures such as suffix arrays to searchverrepresented oligomers [150, 153].
This strategy places the focus directly on optimizing theifraescription without having to im-

pose an explicit generative model on the entire DNA sequenricieh requires an appropriate model
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for background non-motif sequence.

3.1.2 Genome-wide Quantitative Evidence

The detection of functional DNA motifs has been greatly lfeated by the availability of high-
throughput functional genomics data that provide direcindirect evidence for gene regulation.
For instance, the genome-wide DNA occupancy by a partidtiazan now commonly be measured
through in vivo approaches such as chromatin immunopt@tipin microarray experiments (ChiP-
chip) [160]. Depending on the setup of the array, these assmp TF binding locations at a
resolution on the order of 1kb or better [155]. Recent adgarsuch as genome-wide ChiIP-seq
(ChIP followed by deep sequencing instead of hybridizatoran array) provide a less biased
approach to identify candidate regulatory regions, anceHaeen shown to identify hundreds or
thousands of enriched regions for individual factors [8Bkternal sources of information like p-
values from ChlIP-chip experiments, or the strength of &mnient in ChlP-seq experiments, have
strong potential to increase specificity and sensitivityewldetecting functional motifs. However,
some of the most popular existing approaches scale badlgr@nwbmputationally infeasible when
applied to sets with thousands of candidate regulatoryesemps. For instance, the sampling step
in PSSM-based approaches is typically performed on theiposiof the regulatory sequences, and
samples are then used to update the motif model. Due to thedations, existing approaches
have thus often made use of genome-wide quantitative ddya@mmeduce the search space over
functional motifs, e.g. by running a standard motif finderaosubset of high-scoring or otherwise

pre-filtered regions [121].

3.1.3 Reformulation of the Motif Finding Problem

Instead of modifying traditional approaches, the avalighof such data suggests the following
re-phrasing of the motif finding problemdentify enriched sequence motifs, given quantitative
experimental evidence for a genome-wide set of regulategions. This formulation allows one

to explicitly utilize the total quantitative informatiomdm the experiment, rather than to only use
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it to define a set of promising target sequences, and ther@dowith motif finding as usual. The
motif finder REDUCE [24] was an early example of this frameky@nd applied a linear regression
strategy to fit the log expression ratios from microarrayeskpents to the sum of contributions
from a set of putative regulators. This promising approaes iater followed up with MatrixReduce
[54], which is based on a non-linear statistical mechaniogl@hof TF-DNA interactions fitted to
ChIP-chip data. A common feature of approaches in this osyes that all the experimental
data are used in the model, avoiding the use of an expliaiifgignce threshold. In addition, the
utilization of all probes from the high-throughput expeeint generally does not require an explicit

model for background sequence.

3.2 The cERMIT Framework

To address the above reformulation of the motif finding peail | propose a new motif discov-
ery approach—(conserved) Evidence-Ranked Motif Ideatifica (CERMIT), which is explicitly
designed to be able to analyze current state-of-the-ambrgenregulatory datasets such as those
from ChIP-chip or ChIP-seq experiments.

In a nutshell, cERMIT takes putative regulatory regighsnd scores representing evidence
of direct or indirect regulation as inpuf and searches for an optimal motif of flexible length,
represented as a degenerate consensus sequence overAlzdlgRabet. A post-processing step

allows to generate PSSMs from high scoring candidates.

The objective function used to score motif candidates ipifed by [131, 42, 140] and en-
capsulates the aggregate evidence of regulation for a sstqufence regions. It is used to search
for the best partition of5 into a positive and anegative set, where theositive set consists of
regions that have at least one occurrence of a candidaté, mbtie thenegative set contains the
remaining sequences regions$n The search starts from the comprehensive set of all pessibl
non-degenerate 5-mers, each of which defines an initialopadf S. Each of the 5-mers is then
“evolved” in a greedy search by varying motif length or degrawcy (see Figure 3.1). cERMIT

can take different data as evidence for regulatory inteast and can optionally utilize orthogonal

27



Evidence Ranked Motif Identification

73
Q
o
=1
(v}
o

regulatory regions score: 1.5

high
evidence AAAAA
AAAAG

AAAAC

[0

AAAAT
AAAGA

RYTCAAAGW
YRCAGT
TCSTGM

ARTTGANK

TCGGA
TCCAA
TCTAA
TTAAA
TTGAA
[E—

512 seed motifs

low
evidence

I
MR 1111110
i

sorted list of
evolved motifs

Figure 3.1 cERMIT motif discovery algorithm

sequences from related species to restrict the search sei@u motifs. The following sections

outline the process in more detail.

3.3 Evidence of Regulation

The statistical scoring of evidence of regulation in a segeeregion will depend on the type of
assay used to infer the binding specificities of factors. Ehmw, all the statistical scores can be

placed in the framework of log-odds ratios

wheree; is the evidence for regulatory regien and f denotes the likelihood of the experimental
evidence fors;, given that it is in the positive sef{;) or negative seti{/).

The types of experimental evidence provided | describe inendletail next are p-values from
ChlIP-chip experiments, counts of aligned short sequeragsréom ChlP-seq experiments, and

expression changes from microRNA overexpression assays.
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3.3.1 P-values as Evidence of Regulation: Chip-chip data

In the case when p-values are provided as binding evidenceafth sequence region #, the

logarithm of the approximate Bayes factors [173] is usedvaeace for regulation for each region.
Bayes factors represent the relative evidence between twipeting models. In this setting,

given a p-value; for regions; the Bayes factor is a ratio of the marginal likelihoods of nbbemnship

in the positive set (modél/;) vs. the negative set (modéf,)

/@ £(p; | 6, My)m(6, M) db

Bio(p5) (3.1)

- /@ F(p; | 6, Mo)x(0, Mo) do'

A direct estimate of the Bayes factor would require a proligtli model for the p-values of se-
guences in the positive set (the p-values for the negativareauniformly distributed) and specifi-
cation of a prior distributionr. Specifying such a model and integrating out the model paters

f to arrrive at the marginal likelihood estimate could be peafatic. Hence, | have decided on a
computationally efficient solution, which provides an uppeund to the exact Bayes Factor, and

was originally suggested in [173]:

1 H 1
supy Bio(pj) = —g5regp; 1 25 € (0, ]

1 otherwise,

Bio(py) = {

where the supremum is over prior distributions. As observeflL73], this upper bound holds
for a broad range of parametric and non-parametric modetratives. One such possibility is
f(p|0;, M;) ~ Betad;,1), 6, € (0,1), p = 1. Note thatM; consists of a family of decreasing
densities, which includes as a limiting case the uniforntridhstion of the p-values undev/,. In
the ensuing ChIP-chip analyses= log[(B1(p;)] is used as the evidence of regulation for region

Sj.

29



3.3.2 ChlP-seq Reads as Evidence of Regulation

The counts of aligned short sequence reads in ChlP-seqiegres can be used to provide evi-
dence of regulation. In [20] a kernel density estimator isdut score binding; this smooths and
normalizes the counts of aligned reads. For each sequegmmrg the maximum of the kernel

density estimate over all locations in the sequence is dersil positive evidencé\(;),

f(sj| My) = e k(t),

wheret indexes positions ig; andk(t) is the kernel density estimate at positiorThe background
binding scoré is fixed to be ther5-th percentile of the strictly positive kernel density searThe
evidence of regulation for regiosy is

max [ (s; | My), I
b

ej = log

3.4 Integration of Evidence: Definition of the Objective
Function

| propose two different approaches to integrating the iiiial putative regulatory region binding
evidence into a combined score for a set of co-bound regiéinst, | outline an approach based on
the assumption of independent contributions of each régylaegions to the overall set binding
score, in which case | can appeal to the Central Limit Thearathemploy a (normalized) average
to quantify the cumulative binding evidence. In the secorappsed approach | relax the inde-
pendence assumption, controlling for observable confergdn a linear regression framework. In
this scenario the binding evidence scores for individualegeare independent, conditionally on
the values of the covariates for the specific sequence rdgign length of region, di-nucleotide
frequencies etc.). This provides a more general approadatctmporating additional information
into the motif discovery framework, including interactiéerms to allow more targeted questions

and potentially transitioning to a fully probabilistic sdibn.
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3.4.1 Random Set Scoring

In this section | introduce the sequence region scoringcgmbr that was used in [61] and is best
suited to the direct binding evidence provided by chip-chiml chip-seq assays as well as mi-
croRNA overexpression.

Given evidencel = {ey, ..., eq} for a set of sequence regiolss a motifm; partitions E into
a positive sef2’ where the elements @’ are the evidence for those sequence regions that contain
motif m, EI = {e; : m;j € s; fori =1, ...,d}, the negative set is the compliment.

| assume that there exists a “true” motif, that induces a partition of the evidence with a
positive sett*. This partition can be recovered by searching over the elis@pace of motifs using
an appropriate objective function. This objective funct&hould capture highggregateevidence
for regulation in the positive set and low evidence in theatiwg set. The number of candidate
partitions over the set of sequences is very large (at ®bps0 this objective function must be
efficiently computed.

A test statistic introduced in [42, 140] has the above prigerand is used as the objective

function for cERMIT. Given evidenc&? induced by a motifn;, define:

Jpy = Elzac T (3.2)

j 2
0'2 = 1 <‘E| - ‘EJ‘> ZeiEEe? _ <Z€i€Eei>
’ [E7[\ Bl =1 |E] Bl ’
where|E| = d and|E’| are the cardinalities of the total number of regulatory oegiand those

contained in the positive set, respectively. The resuldipgmization problem is

" = arg max J(FE7), (3.3)

mj;eM

wherem is the best guess at the optimal binding matif. To constrain the search, | eliminate

implausible candidate k-mers; which result in very small or very large target sets. This ban
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done by constraining the set size to be in the rajagé x |E|], wherea = 20, b = .15 for the
ChIP-chip data and = 100, b = .30 for the the ChIP-seq data. The values of these parameters
may vary depending on the expected number targets for then@iErustudy. This results in the

following objective function

J(E?), if |E| € [a,bx |E|]
—00 otherwise.

J(EY) = {

3.4.2 Linear Regression Scoring

In this section | describe a solution to the problem of evéthgea set of sequence regions, with indi-
vidually assigned binding evidence, in terms of a summaay riéflects their combined binding ev-
idence, assuming that there is some, potentially relecanfounder information e.g. di-nucleotide
frequencies, region length.
Lets;,7 € {1,...,n} be a set of sequence regions (e.g. clusters or read-grougpased

in [37]) andy; be the corresponding binding evidence for each region. Alidaite set of putative
motifs is defined to be the set;, j € {1,...,7"}. Functional motifs are typically of length 6-10
with a limited number of degenerate positions, assumingttteamotif has a conserved core of at
least 3-5 nt. A match of motifn; in sequence regios; is given by the binary indicator variable

z;;. Denote the number of motif occurrences{in};’ , by n; = > , z;;, and let

) 1 ¢ R _
go= = v 0=-> (—0)’ (3.4)
=1 =1
. _ n—n;
yi = vi—y, Aj= ¢ (3.5)
n—1
1 . &
e = - yi, ;% =— (3.6)
n nj
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then

SchRMIT — A] X eTj (37)
0j
Miyeer =  argmax SfERM'T, (3.8)

wherem* .., denotes the top predicted motif using the strategy destribéhe Section 7.1.1,
based on motif enrichment scae=*"'" assigned to motifi;. In the spirit of previously published
work [24, 54, 53], | rephrase the above scoring function oihaing motif in a regression model for
the sequence region’s binding evidence. The baselineoverdithe model closely resembles the
CERMIT score from Section 7.1.1, and provides a frameworéasily add additional confounding
variables to the primary explanatory variable of motif acence. Let the regression coefficient for

motif m; be denoted a8;, then a simple linear model for the binding evidence is ds\id

yi = ziif + € (3.9

e ~ N(0,0%). (3.10)

Using the classical Ordinary Least Squares (OLS) estinfatahe regression coel‘ficier;ﬁtjOLS =

nij szijzl yr, define the motif enrichment score and the resulting topiptied to be

ﬂ'OLS
5% = ; (3.12)
J
S reg __ 1 S CERMIT 3 12
m'e, = argmax S« (3.13)
je{1,....T}

Note that the typical scenario in which the size of the mati§et set is small relative to the number
of all sequence regionsi{ < n) results in4; ~ 1, which implies thatS;* ~ S *=*"T. Empirical
observations based on the re-analyses of ChlP-chip and-€&gRiatasets from [61] using this
slightly modified scoring strategy produces near identioatif predictions, with slightly different

enrichment scores.
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A natural extension of this framework is to account for feasuof the sequence regions that
expected to be unrelated to motif binding. Two such poteatiafounders are di-nucleotide counts
and region’s sequence length. More generally, let us cengid1 additional confounders to control
for when searching for motifs. To generalize the notatidwe vector of regression covariates is
augmented to a matri&; = (zj,c1j,. .-, c(-1);), Wherex; denotes the column vector of binary
indicators of motif matches ang € R, k € {1,...,p} denote the additional confounders. With
corresponding regression coefficients, ..., 5,5, Ok; € R, k € {1,...,p} the model becomes

(using matrix notation):
Y* = ZiBi+e, e~N(0,0%xn) (3.14)

In order to be able to score a large number of motif candiddttescessary to have a computation-
ally efficient estimator for the regression coefficientgtthas good statistical properties. Hence |
adopt the simple OLS estimatq@ = (Z].TZj)*leTY*, which for small to moderate values pf

provide a fast solution. Note there are typically a large hanof putative regulatory regions and
therefore a large number of sample points to use in the eitimprocess. The resulting estimator

for motif scores is a straightforward generalization of timévariate regression case:

BQLS
Sfee ;— (3.15)
J
gj = (igj)n, (3.16)

where(iﬁq)n is the first diagonal element in the covariance matrix for plagameter estimate
J

B;’LS. The proposed motif analysis pipeline can be easily adaptede conservation information
to improve target prediction specificity by requiring thaatches fall within conserved genomic

regions similarly to the strategy described in Section 3.7.

3.5 Search Strategy

An exhaustive search over the space of all potential matiégtimize the objective function defined

in Section 7.1.1 or Section 3.4.2 is not computationallysiigle. Instead, | adopt a direct greedy

34



search strategy that relies on local motif updates to cooistandidate motifs.

All possible 5 or 6-mers are used as seed points to start drelséin the case of TFs, pooling
reverse complements, hen¢e= 512). Given a motifm, a candidate set of motifs is constructed
by locally varying the length and the degeneracynaf The extension move takes a k-mer as
input and independently appends or prepends A, G, C, or Trgeéng8 new (: + 1)-mers. When
reducing the length the motif is truncate by one letter on either sidproduce two new candidate
motifs. Thedegeneracy move operates on a single position in the k-mer at a time tdyme a new

motif candidate. The following update rules are appliedaoheposition; in motif m:

1. m]j] = A then three new k-mers are constructed witfy] set to)M, R, W respectively;

2. if m[j] = C then three k-mers are constructed withyj] set to)M, S, Y respectively;

3. if m[j] = G then three k-mers are constructed withyj] set toX, R, S respectively;

4. if elementm[j] = T then three k-mers are constructed witlyj| set toK, W, Y respectively;
5. ifm[j] =R,Y,S, M, K,W thenm|j] is set toN;

6. if m[j] = N then the k-mer is not updated.

A move, reducing the motif degeneracy is also incorporatadiigfollows the same rules de-
scribed above but reversed from the more degenerate toghddgenerate symbol e iy collapses

to A andC and produce two new candidates.

For a k-mer with no degeneracies, these moves will gen8fatandidate k-mers. For a k-mer
with double degeneracy in all positions, the move will gatelk candidate k-mers with the same
double degeneracy in all but one position seito

For each seed motifn the search algorithm applies the update rules and examirtegyi
result in a higher motif score, in which case the highestisgoctandidate is used in the following
iteration. This procedure is repeated until the updatesraganot improve the motif score, resulting

in a candidate for the best scoring motif evolved from thdipalar seed.
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The result of the search is a set of motifs = {1, ...,mr} and their corresponding scores
J = {Ji,...,Jr}. For each motif a PSSM is constructed based on the empirizaits of occur-
rences of each of the exact instantiations in the subsetediojn 50% of the evidence-ordered list

of putative regulatory regions.

3.6 Post-processing

Many of the top scoring motifs will be very similar, varyingy la few letters. Hence, to reduce
redundancy and improve the interpretability of the repbrisults, a post-processing step is added:
similar motifs are clustered around “cluster centers” dediho be distinct individual k-mers with
maximum objective function scoté*.

In the clustering procedure | use the Harbison metric (e Outoff) [78] to compute similarity

between two motifs. For motifs, b of equal lengthw the distance)(a, b) is

D(a,b) = ﬁ Z J Z (a;,r, —bir)?, (3.17)

i=1 \| Le{A,G,C,T}

wherea; 1, andb; 1, are the relative frequencies of bakeat position: for the PSSM motif descrip-

tions ofa andb, respectively. For motifs of differing lengths define thédwing metric
sim(a,b) = max, i [1 — D(d', V)],

whered’, b’ are correspond to all possible overlaps of between matifsinduced by shifts such

that the minimum overlap length is six. This metric is alsedis [136].

Two motifsm; andmsq are considered similar if
1. The PSSMs ofn; andmsy have Harbison similarity score 0.75;

2. The motifsm; andmsy co-occur in the same sequences significantly more frequémdin

expected by chance, as measured by the following p-valeshbid

Hyp(|S*°]; d, |1, |S%]) < 1072,
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whereS! andS? are the positive sets for motifa; andms. The set of co-occurring regions

Seeecer gre those regions where the motifs andms are both present and separated by at

min(|m1],|me|)

mostr nucleotides, where is set to ber = ——>—-.

Then, given the set of redundant output mofifs = {m1,...,mr}, the following procedure

outputs a set of motif clustefsR; } and smaller indices corresponding to higher motif scores.

1. Initialize the cluster countz = 1;

2. Find the top motif in the set'

m* = arg max J*(m;);
i=1,.,k

3. Addm* and all other motifs irC' similar tom™* to R,,;
4. Remove the s&k,, from C;
5. Update cluster count = n + 1;

6. Repeat steps (3) and (4) and (5) udatils empty.

Given a motif clusterR; a cluster PSSM is computed by averaging the correspondif@vVPS

columns of each cluster member weighted by their motif score

3.7 Integrating Evolutionary Conservation

Sequence conservation between related species can belmdp guide the motif search: Defining
the positive set of putative regulatory regions based omib#éf presence across a set of species
can help to increase the signal-to-noise ratio by elimingptalse positive matches which occur
in individual genomes. | followed the example of previoupmaches which utilized pattern co-
occurrence without relying on alignments [69, 49]. In cERMtonservation information is incor-
porated by refining the positive sé{ of regulatory regions in whictr; is present. If orthologous

regions are available for a given region in one or more of theiospecies, | remove froi¥ those

37



regions wheren; is not found in all orthologous regions. |.e., rather thastrieting the analysis
to the subset of genes with clearly defined orthologs, | simgdjuire that patterns must co-occur
in available orthologs; in cases where no ortholog is defisetimembership is based on the oc-
currences in the species with experimental evidence ofl@égn. This strategy allows for a more
complete utilization of the full data set, and | otherwisédie the same motif search procedure,

applied to the refined s&v .

3.8 Significance Evaluation of Motif Enrichment

For the top representative motif predictiofis;, } a p-value is provided, using a permutation pro-

cedure. For a motifn, with score.J, the following procedure is used to compute its p-value:

=

. Generatd, ..., IT permutations of the evidendg, {E(ﬂ)}ﬂzl.

N

For eachr = 1,...,II compute

_ ¢
I = nrggﬁ J(E(r)-

w

. From{J;}1L_, fit a Gamma distribution,

f(J) = GammaJ; &, 3).

D

. The p-value isf(J(EY)).

3.9 Conclusions

In the classic motif finding framework the search aims to fdgroverrepresented short patterns
in a pre-defined subse&t’ C S (with S being the genome wide set of regulatory regions),ctvhi
is assumed to be enriched in functional motif occurrencesthis work | have proposed an ef-
fective and highly scalable novel approach to the identificeof functional non-coding sequence
motifs, which is applicable to the motif finding problem inephrased definition, where each reg-

ulatory sequence in the whole sgtis annotated with quantitative experimental evidence.sThi
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method circumvents the problem of having to define a sequseicenriched in cis-regulatory tar-
gets, and makes use of the additional information provideduantitative evidence from current
high-throughput experiments.

Other recent approaches have worked within this rephrasgditibn; for instance, rank-based
algorithms have been described to generate canonical destdriptions for protein binding arrays
[135, 13]. The FIRE algorithm [48] could also be mentionedhis context, as it is based on
the idea that the presence of an oligomer in regulatory reggis statistically dependent on a rel-
evant phenotype of interest (e.g. expression level or egpya cluster membership). Compared
to some of these other rank-order based approaches, it @riam to note that cERMIT incorpo-
rates the entire genome-wide evidence of regulation irganibtif search. This is achieved through
a carefully chosen objective function which provides a danpet effective quantitative measure
for co-regulation of a set of sequences, without the needefme any cutoffs. The inspiration
for this overall framework, and the particular function ledls[42, 140], draws from gene set en-
richment analysis (GSEA) [131, 184], in which the aggregatelence of a predefined gene set
such as a functional pathway is used to increase the powestéztddifferential gene expression.
The proposed approach to motif discovery can be seen as arsento GSEA.: instead of scoring
a pre-defined gene set, cCERMIT searches for optimal genalsétwed by shared functional cis-
regulatory motifs. The GSEA framework has attracted caersidle attention, and other objective
functions have been proposed which can be explored as @itaiernatives for CERMIT.

Of key computational importance is the fact that the objediiinction is efficiently computable,
which allows cERMIT to determine a putative motif enrichrhextremely quickly, making the pro-
posed direct motif search strategy feasible. To score #ipartorresponding to a given consensus
motif, CERMIT operates on a set of sequences representaueffiaiently searchable suffix array
data structure [124, 125]. Hence the overall runtime of therithm on a standard single proces-
sor workstation is on the order of a minute per typical runtf@ comprehensive set of upstream
sequences for a yeast TF of interest, and 2-5 minutes for §608 regions ( 1KB) from human

ChiIP-seq experiments. Instead of directly searching far-ogpresented short patterns in a pre-
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defined set of co-regulated sequences, | update the camdiaiptimal partition by modifying the
corresponding consensus motif. Thus, | perform a search®mliscrete space of IUPAC maoitifs,
which is independent of the number of regulatory regions stades logarithmically with the total
length of the sequences i

The adaptation to incorporate additional covariate infation provides extra flexibility to the
scoring of the putative co-bound sets, retaining the coatjutal efficiency due to the availability

of a closed from solution provided by the Ordinary Least $gsa
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Chapter 4

Applications of cERMIT to Studying the
Transcriptional Regulation

In this section | describe the application of the motif digeny framework introduced in Section
3.1 to studying the processes of transcriptional regutaiticthe cell. In particular, 1 will focus on
the studying the binding preferences of proteins (Trapsiom Factor) that recognize specific DNA
sequence sites in the genome. Such description would atlofuifther exploration of the specific
genes that are targeted by the protein of interest in thengbielogical context. The main data
sources for the analysis will be high-throughput assaysgiwvide direct evidence for TF binding
by means of ChIP followed by hybridization or sequencing.

For a controlled evaluation of a new motif discovery applpdtis desirable to have reliable
sets of positive examples for which it is straightforwardctompare the success of different strate-
gies. ChlIP-chip or ChiP-seq data on factors with knownditge binding site consensus sequences
provides the most straightforward setting, as it impliegcli evidence of binding, presumably me-
diated by a common sequence motif. To provide a common graithdother recent algorithms, |
focus on the genome-wide yeast ChIP-chip data set from thag/tab, which is still the most com-
prehensive ChIP data set [78], but also demonstrate thécapph of CERMIT on a compendium
of recent mammalian ChIP-seq datasets. Finally, | congxlgression and mass spectrometry data
collected from microRNA overexpression data sets, to shwat the motif finder performs well
in cases where the influence of a factor is not determined hiyeatdinding assay but rather by
downstream changes in mMRNA or protein expression levels.

cERMIT shows competitive performance on gold-standart{tigoughput ChiP-chip datasets.
In addition, | present an application on ChlP-seq data sefi®al step in an integrated pipeline for
motif inference, which includes the alignment of high-tigbput sequencing reads [113] and peak

calling of enriched locations [19], and additionally intatgs genome-wide information on open
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chromatin as determined by DNasel hypersensitive assays.

4.1 Analysis of Transcriptional Regulation Using High-
throughput DNA Binding Evidence

This section provides a detailed description of the analg$iChlP-seq data from two different
mammalian organism$i( sapiensandM. musculusas well as a more comprehensive compendium
of ChIP-chip data sets assaying the binding preferenc&s Gerevisia¢ranscription factors. In all
cases there exists a reasonably good prior knowledge atetarget binding site, which makes it
possible to implement an unbiased evaluation of the pedone of the proposed motif discovery
strategy (see Section 3.1) in the different contexts. Fer#mainder reference to the “CERMIT’
approach, correspond to the enrichment scoring stratedyagdsumes independent contributions by
the individual sequence binding evidence as describedctioge?.1.1 and originally introduced in

[61].

4.1.1 Yeast ChiP-chip Compendium

The 352 ChIP-chip Serevisiaedatasets and the corresponding orthologous probe sequemce

extracted as described in [136].

4.1.2 Human and Mouse ChlP-seq Experiments

The six human TFs ChlP-seq datasets were used as provideslfiilowing papers: STAT1[161],
the insulator binding protein CTCF [7], SRF, GABP [191], Rdx[204], NRSF [91]. The twelve
chip-seq datasets analyzed by cERMIT, cMyc, nMyc, E2f1, ETE3rrb, KIf4, Nanog, Oct4, Sox2,
STAT3, Tcfcp2ll, Zfx, were used as provided by [25]. The eyobic stem cell panel additionally
included datasets for the factors Suz12 and Smadl whichatreonsidered for further analysis.
The former factor does not interact directly with DNA,; thetatset for the latter contained reads
of length 36bp instead of the reported 26bp, and succeskfuinzent to the mouse genome was
significantly impacted.
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Motif finder # successes top 1 Motif finder # successes top 4

AlignACE 16 Trawler 52
MEME 35 YMF 57
MEMFe 49 AlignACE 64
Kellis 50

MEME 76
Converge 56

Weeder 78
PRIORITY-C 69
MD-scan 54 Amadeus 90
PRIORITY-DC 78
ERMIT 77 ERMIT 92
cERMIT 88 cERMIT 114

Figure 4.1 Comparison of cERMIT with other motif finders (adapted aftshart et al.
[119]).

4.2 Elucidating Regulatory Sequence from ChlIP-chip Ex-
periments

The transcription factor data set from [78] consists of geaavide location data for 203 yeast TFs
assayed in a total of 352 different experiments. 82 TFs wssayed in more than one condition.
The input consists of an upstream sequence for each geneelhasnan associated p-value of
binding of a specific TF to each upstream sequence. Previtadges [78, 123] have combined
known literature consensuses with the results of diffeneatif finders to arrive at a comprehensive
list of binding site representations. Knowing the literatgonsensus provides us with a common
basis to compare the performance of motif finders, but difiepublications use different criteria
to define success. In this work | follow the PSSM similaritytrizeintroduced by [78]. For the
detailed specification, please, refer to Equation 3.17eMiethods section.

Following [136], | set a requirement of at least 6 overlagpbases (rather than 7 as initially
introduced [78]), as | do consider motifs of more variablegth. Varying the similarity threshold
cutoff of course influences the absolute number of succegedictions, but for any fixed cutoff,
it provides a relatively fair assessment of different aigoons. The similarity cutoff is selected

according to previous evaluations of the same data set.

The yeast data set has been used as a starting point for maemnyt raotif finder evaluations,
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of which | will use two to assess the poposed motif discoveagreach. While yeast is often
regarded as “easy” with respect to regulatory sequence/sinathese assessments demonstrated
that there was still considerable room for possible impmogst. The first evaluation focused on a
subset of 156 out of the 352 total experiments for which theas strong evidence of more than 10
bound probes (p-value 0.001) [136]. This gold standard set for motif finders cov@dsunique
TFs for which there is a known literature consensus binditeg[$23]. With the idea that a ChIP
experiment should strongly enrich for sequences shariaditiding site of the TF assayed, a motif
was only counted as successfully identified if the top pteaticmatched the known consensus at
a cutoff of 0.75. Applying cERMIT on this data set leads to thseults summarized in Figure
4.1, where cERMIT predictions with and without conservatare reproted in the context of a
comprehensive recent comparison adapted from [69]. Thaespeelated t&. cerevisiaeised here
were the remaining four yeast species in emsu strictaclade, the set commonly used in other
approaches relying on cross-species conservation.

Applying cERMIT results in a dramatic increase in terms omtuer of recovered motifs as
compared to AlignACE and MEME, which make use of oSlycerevisiaggenomic sequence in-
formation and do not exploit quantitative information omding, or conservation across species.
MEME-c, the Kellis approach [98], and Converge [123] arevilgdoased on conservation informa-
tion across the four related yeasnsu strict@pecies, yet resulting in a substantially lower number
of successfully predicted motifs even when conservatiowisised (ERMIT). The proposed motif
discovery approach also shown singnificant improvemergs lND-scan which uses the ChlIP-chip
information. The recently introduced PRIORITY algorithga state-of-the-art Gibbs sampling ap-
proach which makes use of both conservation (PRIORITY-@)@hIP data (PRIORITY-DC), by
additionally utilizing discriminative counts obtaineai bound versus unbound probes [69]. Even
PRIORITY-DC produces a smaller number of successful ptiedis than cERMIT, and overall, the

performance improvement compared to other recent appesaslsignificant.

Another recent assessment of motif finders also includedltsesn this yeast ChIP dataset.

The assessment was part of the description of Amadeus [A18]otif finding platform which
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introduces multiple strategies for detecting enrichedifsiobased on ranking all genes based on
evidence of binding. The gold standard defined in this pafer lmghly similar to the set in Figure
4.1. The intersection set between the two data sets [119cbBEins 150 experiments (77TFs) out
of possible 156. In contrast to the more stringent evaluatig{136], this study defined a success
if any of four motifs (the top two predictions obtained by nimg the motif finder on fixed word
lengths of 8 and 10 nucleotides) matched the known consemssi€ERMIT identifies motif of
flexible length, | compared the top 4 cERMIT predictions te tlsults reported in this study in
Figure 4.1. | used the results provided on the Amadeus websitich is based on a Harbison

similarity threshold of 0.76 almost identical to the onedigeFigure 4.1.

As can be seen, results improve consistently for the motifdiia also evaluated in Figure 4.1.
The superior performance of cERMIT can be explained by twgpmeaasons: cERMIT uses the
actual quantitative scores for each sequence as evidenbmdihg, rather than only the ranks
of the genes based on decreasing evidence of binding. Tdnsases cERMIT’s power to detect
functional binding. Clearly, another advantage of cERMiTit$ ability to take into consideration
evolutionary information from closely related genomeswvéitable. It is however not a result of
the particular similarity cutoff: The authors of Amadeusateport performance results based on
a cutoff of 0.82, at which they successfully recovered nsdiifr 78 conditions covering 53 TFs;

CERMIT (100/58) clearly exceeds these numbers.

Finally, | assessed cERMIT in comparison to DRIM [47], a récaotif fidner which is likely to
be the closest to the proposed motif discovery approachlefIiRIM was evaluated on the yeast
ChIP-chip data, the authors considered a specific subsefpnall of which a known literature
consensus is available. The subset of TFs with known coosetsntains 44 conditions out of
the set of 156 from Figure 4.1, corresponding to 36 unique. TPRIM generally predicts more
than one motif, with an average of 2.5 motif predictions pbichip dataset. For the purpose of
a meaningful comparison, | verified whether the cERMIT ressirom Figure 4.1 which relate to
this TFs contained a successful prediction among the toatwichree motifs. DRIM successfully

predicts motifs for 26 conditions and 19 TFs (a 53% successam the level of TFs). cERMIT
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identifies the correct motif among the top two prediction8@out of the 44 conditions, and 30 of

the 36 TFs (83%); for the top three motifs, these numbereasz to 32 conditions/31 TFs.

4.2.1 Performance Aspects

In this section | describe a detailed analysis of the TFB8iptiens on the ChlP-chip compendium
data set from [78, 123], particularly focusing on the assesd of False Positive and False Negative
predictions. This provides additional insight into theendnt difficulty of the problem of identi-
fying de-novo motifs in the in-vivo context of yeast ChiPigclexperiments. Novel predictions are
also discussed and could provide valuable source for newthgpes to be followed with further

wetlab experiments.

4.2.2 Assessment of False Positive and False Negatives

In order to obtain significance estimates for the scores @ftdpp CERMIT prediction, a paermu-
tation procedure was applied randomly assgning the bindiridence to the putative sequence
regions (see Section 3.8). This helps to investigate casekich the motif search appears to fail,
and to pinpoint experiments in which the scores for even #st predicted motifs do not rise above
background scores on randomized data. To check the camsisté these estimates, | compared
them with results from the motif finder PRIORITY which alselnded a similar significance anal-
ysis [69]. In the following, a stringent p-value cutoff d—* was applied to the cERMIT results.
Comparing how estimated p-values agree with successfdigi@ns, i.e. the cases in which the top
motif corresponded to the known literature consensusetivere 67 True Positives (TPs), 21 False
Negatives (FNs), 50 True Negatives (TNs), and 18 FalseiResi{FPs), which corresponded to a
FP rate of 26% and a TP rate of 76%. On the FN side, where cERMIS tb assign high enough
significance to predictions that match the literature, éteme 21 cases, for 7 of which PRIORITY
also reported a non-significant match. This means that evemhe signal from the experiment

does not exceed random expectation, motif recovery mdypstuccessful.

There is a significant number of cERMIT prediction in whicle tlierature motif is among the
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top three or four reported motifs, but not at the top, anddtlesses somewhat misleadingly count
as False Positives here. | further investigated the topigtesti motifs in these cases, where a sig-
nificant p-value did not match the literature consensus effdlctor assayed in the experiment. At
least for eight cases (involving the TFs DAL81, INO4, METBESN2, MSN4, and TEC1), there is
convincing circumstantial evidence explaining the pradits. These cases are likely due to exper-
imental conditions in which several factors regulate adirgverlapping set of target genes, and
this effectively demonstrates cERMIT’s ability to predimbre than one functional motif. Details
are given in the Supplementary Information.

Looking at the overall results from a different angle, therere only 34 conditions in which
cERMIT (with or without using evolutionary information fno other species) failed to recover the
literature consensus motif among the top 3 predictions. Msing conservation, 25 of these had
comparatively large p-values-(10~%), and may be cases in which the experimental noise may have
been too high to successfully recover a functional site,amdéions in which the factor assayed
does in fact not directly bind DNA. Furthermore, PRIORIT Ynststently did not assign a signifi-
cant p-value and/or predict a matching motif for any of thésehe remaining 9 cases with stringent
p-values, 3 concerned the experiments INCED, TEC1Alpha, and TEC1YPD discussed above,
which likely corresponded to cases where another proteendomplex is enriched, or in which the
reported consensus is similar to the prediction but noedadit the predefined threshold. cERMIT
failed to report a high ranking matching prediction undey aondition for only 6 TFs. Overall,
this means that cERMIT predictions are able to explain atralb€hlP-chip experiments. Contrary
to the reportedly low success rates of various algorithmshenoriginally formulated motif find-
ing problem [188], this shows that motif discovery on cutrgeanomic datasets has now become a

highly successful undertaking.

4.2.3 Novel Predictions

Finally, | ran the cERMIT analysis on the complete set of 3%2egiments described by Harbison

et al; for 51 of the 196 datasets without known TF consensus, cHRMgdictions had a p-value
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less tharl0~%. The recent PRIORITY publication [69] reported predictdor a total of 82 out of
the 196 experiments. Comparing the cERMIT’s novel predidito significant PRIORITY predic-
tions provides computational support for predicted mdtiésn two highly different motif finding
approaches. 18 out of the 82 PRIORITY predictions met cER8$Tringent p-value cutoff of
10~4, while cERMIT passed this P value cutoff for 25 motifs out lnése 82. Significant predic-
tions overlap on 12 conditions, and the actual predictedPB8M were similar to each other in 7
out of the 12 cases. This shows a trend for the motif findergteeaon the top motifs if both are

supported by stringent P values.

4.3 Identification of Motifs from Deep Sequencing ChlIP-
seq Experiments

ChIP-chip experiments are in the process of being replage@HiP-seq experiments, in which
chromatin immunoprecipitation is followed by high-thrdymit sequencing of the bound DNA frag-
ments. This allows for a cheaper and potentially less biassdy of the whole genome, but like
genomic ChIP-chip before it, poses new challenges for nfiotifing, as the number of bound re-
gions can be in the hundreds or even thousands. Not all motiefs are able to deal with input
sets of such a large size efficiently, and some are not apficet all. cERMIT has been specif-
ically developed to make use of evidence for a genome-witl®fseegulatory regions. For the

compact yeast genome, ChiIP experiments followed the cormassumption that binding sites are
found in close proximity to genes’ transcription start sitd he definition of an appropriate set of
putativeregulatory regions is a more difficult task in multicellukwkaryotes with more complex

genomes. Forinstance, randomly selecting intergenionsgn mammalian genomes will include
a large fraction of non-regulatory sequences such as epekwever, high-throughput sequenc-
ing technology has already demonstrated its great proroiséhé study of gene regulation in such
organisms, and currently available experimental measemnesncan be utilized to extract salient

features of gene regulation at a whole-genome scale.

As the main focus of this work is developing global approache studying the condition-
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Figure 4.2 Motif discovery pipeline

specific gene regulation, it would would be most appropriatdefine the search space to be the
complete set of enhancer regions in the genome, or at least #ctive within the specific condi-
tion. In a recent paper [193], the authors mapped thousahitisvivo target sites of the enhancer-
associated protein p300 using ChlP-seq, which providemya ket of enhancer regions conditional
on interactions with p300. A perhaps even more compreherstategy to defining potential en-
hancer regions is to use regions known to fall within operoofatin, which tend to be accessible
to binding by regulatory factors. This has been assayed leygDNasel digestion, and DNasel
Hypersensitive Sites (DHS) have been determined by higihutghput sequencing [19].

Starting from such data in its entirety, | can then focus anrtiore nuanced transcription regu-
lation signals that control condition-specific gene-regy programs. Hence, the high-throughput
deep sequencing data is utilized in two parallel ways, fri@hfassays defining the space of puta-
tive regulatory regions, e.g. as those around DHS peakssarwohd from factor-specific binding
evidence based on the corresponding ChiP-seq data. A stibgipeeline that intersects different
sources of high-throughput regulatory evidence for matédiction as described above is shown
in Figure 4.2. Comprehensive ChlP-seq gold standard déddilse the one in yeast [123] are not

yet available, and therefore cERMIT was applied on a numbeuwently available mammalian
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datasets from human and mouse. For all experiments, | dthden the deposited raw sequence

reads, which were realigned to the genome and then analysedRMIT.

Next | outline the peak calling and pre-processing stepseémpnted prior to the motif analysis.

4.3.1 Peak Calling and Processing of Fseq Peaks

The following two steps are implemented to produce a set akpé¢o be used (after some further

processing) as input to the motif analysis.

1. Identify discrete ChIP peaks using the kernel densitimedion (KDE) procedure imple-

mented in [20].
2. Assign binding score = maximum KDE value across all laretiwithin the peak.

(a) Discard regions with binding score scores more than 4€h@se are most likely to be

pile-ups within repeat regions.

(b) Extend/Trim peaks (proportional to the distance from mhaximum KDE score loca-

tion) to fall within the range: 100-1000bp

The peaks produced during the peakcalling step are furtleepqcessed using the following

steps:

1. Define the space of putative bound sequence regiewent high-throughput sequencing
technologies coupled with DNasel Hypersensitive Sites$Phssays have clearly demon-
strated that regions of open chromatin tend to be highlyceed in functional DNA elements
[19]. Hence, the set of putative regulatory is define to beDS peaks assayed in the
same experimental conditions and call this the "DNasel’teagh. Ideally, DHS data would
be combined with the factor-specific binding evidence (eGhlP-seq) derived from the
same cell type. When DHS data is unavailable | propose amattee strategy—"ensemble”
approach—which relies on the assumption that in generdPShkl peaks tend to fall within

open chromatin regions, irrespective of the specific askince, the combined set of the
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Figure 4.3 cERMIT predictions on human ChlP-seq datasets from [7181, 191, 204]

top ChlP-seq peaks from an ensemble of unrelated ChiP-sasedswould provide a useful

proxy to open chromatin.

2. Assign binding scores based on ChlP-seq dizdah putative regulatory region is assigned the
binding score for the corresponding overlapping ChlP-seakp If there is no overlapping
ChiIP-seq peak assign 0. Whenever two putative regulatgipme overlap, merge the two

and assign the binding score of the longer of the two origiegions.
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4.3.2 Analysis Results

| first analyzed six human ChlP-seq datasets on factors ST, the insulator binding protein
CTCF [7], SRF, GABP [191], FoxA1 [204], and NRSF [91]. Restfom the cERMIT analysis
are reported in Figure 4.3. | defined the sp&cef putative regulatory regions based on published
DHS data, and contrasted this with an ’'ensemble’ approatte Iatter is suitable for conditions
or species for which DHS data is not available, and | took thalmined set of high scoring peaks
from a panel of ChiP-seq experiments and, after merginglaweing regions, arrived at one final
setS used in common for each individual factor. The evider¢evas then assigned in factor-
specific fashion, based on overlap of the commonly defineidmedn .S with the factor's ChiP-seq
peak regions. The 'ensemble’ strategy is effectively arr@gmation to open chromatin regions,
potentially under different experimental conditions degieg on the particular ChlP-seq panel
used, and provides a reasonable substitute for the DHS dédiala scoring ChlP-seq peaks are
known to be enriched within DHS sites. The DNasel approadaguced excellent matches to
the known literature motif in all 6 datasets in human. Theeemde approach resulted in similar
performance, with the exception of SRF factor, which haatietly low enrichment of binding sites
in ChlP-seq peak regions compared to the other factors. SEamed to result in too weak a signal

to detect based on the whole ensemble of input regions.

The largest single ChlP-seq panel has been published asfastudy of transcription factor
binding in mouse embryonic stem cells [25]. | applied cERNbTwelve datasets from this study:
cMyc, nMyc, E2f1, CTCF, Esrrb, KlIf4, Nanog, Oct4, Sox2, SBATTcfcp2l1, Zfx. As no DHS
data has been published for mouse so far, the ensemble appn@s used to define the set of
putative regulatory regions. The additional data for the-sequence-specific factor p300 was also
used to define the space of regulatory regions, as its brqaattogre of binding partners should
help to define an appropriate target set. Results from theMiERwnalysis are shown in Figure
4.4, which also shows the motifs identified in the originaidst using the two popular algorithms
Weeder [150] and NestedMICA [44]. In all 12 cases cERMIT x&red a good approximation to

the known literature binding specificity. For Zfx, there is known literature consensus, and in
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that case CERMIT’s prediction agrees with the results repblby the other motif finders. The E2F
data set was reportedly noisy, and no motif was reported &pther motif finders; while cERMIT
successfully identifies a short GC-rich sequence motifmégieag part of the site, it fails to expand
to a longer motif matching the longer consensus (e.g. astegbon JASPAR [168, 194]). Finally,
in the case of Sox2, cERMIT detected a more precise defingfoeach binding site than both
Weeder and NestedMICA, whose prediction corresponded tifsrgpanning sites for both Sox2
and Oct4, which are known to frequently co-occur as a moduteca-regulate target genes. This
demonstrates a strength of cERMIT as compared to Weeder este dMICA,; it is able to integrate
the quantitative evidence for tens of thousands of putaéigalatory regions (35,500 regions for the
mouse 'ensemble’ set), rather than running on a small sef@fdundred highly scoring regions,
in which a co-occurring motif might dominate over the truegtds of the assayed factor. This makes
the proposed motif discovery pipeline naturally suitedaietfull advantage of the state-of-the-art

high-throughput sequence data.

4.4 Conclusions

| have demonstrated that the cERMIT motif discovery stratggscribed in Section 3.1 is easily
scalable to genome-wide technologies such as ChIP-seghwhdvide data for the analysis of a
much larger sequence space for putative TF targets. WhiRMIE does not require an explicit
background model, it detects enriched motifs by virtue @flyring their occurrence patterns in the
complete set of regulatory regions. In higher organismé w&itomplex non-coding genome, the
definition of regulatory regions is a challenging task; hegrerecent high-throughput approaches
to map open chromatin, or factors such as p300 which intevdahta range of enhancers, provide
a good approximation. In fact, based on the empirical exdddrom mouse ChlP-seq data, even a
simple joint set of target regions from a panel of differefisTcan serve that purpose. Naturally,
this will lead to differences in performance if the TFs hawgide range of biological targets. Data
on open chromatin under different conditions is expectethd¢oease by efforts of the ENCODE

consortium. As the described emprical results show, thenitiefn of putative regulatory regions is
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already very good given the current limited data, even thatihg conditions of DNasel-chip and
ChIP-seq matched for only some experiments.

Together with other recent approaches which utilize aklauantitative evidence of regula-
tion, the results reported here demonstrate convincirtgdy motif finders which make intelligent
use of this additional information consistently outpenfioearlier motif finders. In contrast to the
notoriously difficult motif finding problem based on ovepresentation in sequence alone, the
scale-up in genomic experimental techniques, combineld appropriate motif finders, has made

great progress on the problem to efficiently decode the aggryl information in complex genomes.
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Chapter 5

Applications of cERMIT to Studying the
Post-transcriptional Regulation

5.1 Analysis of RBP Regulation Using Transcriptome-wide
RNA Cross-linking Data

Here | present a novel methodology for analysis of PAR-Cldfado generate a transcriptome-wide

high-resolution map of RNA-protein interaction sites.

5.2 PAR-CLIP Datasets

The main focus was the analysis of human PAR-CLIP datasetsrided in [74] which profile
the targets of four distinct mRNA-interacting factors. &arof the datasets were generated from
immunoprecipitation data of the sequence-specific RBPkiQg@4QKI), Pumilio2 (PUM2), and
Insulin-like growth factor 2 binding protein (IGF2BP1). \14QKI is a well-studied splicing factor
in the nucleus [58], Pumilio2 RBPs are involved in mRNA diaband translation in the cytoplasm
[196]. The functions of Pumilio2 are widely studied in a edyi of species, and their global RNA
targeting properties have been examined across a largegeny [62, 63, 59, 99, 132]. IGF2BP1
belongs to a family of genes that are able to regulate traoslay the their direct binding to target
MRNAs.

The fourth dataset consists of pooled libraries assayinminees of the Argonaute (AGO) fam-
ily of RBPs, central components of the RNA-induced silegcaomplex (RISC) which directs
microRNAs (miRNA) to their target transcripts, thereby atgely impacting gene expression [8].
Different from the other RBPs, Argonaute members do not laasgecific mMRNA recognition site;
rather, their targets are specified by the interaction oftileRNA in RISC with partially comple-

mentary sequences in the target MRNAs. The seed region ofiRibA is regarded as the important

56



sequence determinant in target mRNA interactions [111]OAsBoss-linking is currently a popular
method to directly identify miRNA targets, but the libragieontain a mixture of all targets of those
MiRNAs expressed in a particular cellular context.

Initial analysis of the PAR-CLIP data revealed that intémacsites of different proteins exhibit
particular patterns of T-to-C conversions, likely reflegtithe accessibility of nucleotides in the
RNA bound by the protein. Therefore, conversions do not laugclude all thymines of a sequence
motif equally, and may not even fall directly on top of congat motifs at the interaction sites.
Most notably, miRNA seed matches were observed to be lagmigid of T-to-C conversions, and
conversions were predominantly located directly upstredme 5 end of the seed match, which

was also observed by [102].

5.3 Data Pre-processing

The T-to-C conversion event that occurs at the site of RN&tgan crosslinking can be used to iden-
tify, with high resolution, where within the read data théuat RBP interaction occurred, and sub-
sequently, which sequence motifs are found at these initenagites. A recently proposed toolkit,

dubbed PARalyzer (PAR-CLIP data analyzer), uses a nomperec kernel-density estimate clas-
sifier to identify the RNA-protein interaction sites from ancbination of T-to-C conversions and
read density. Next | briefly outline the steps in the PARalya®alysis which uses as input the full
set of aligned reads to the genome and produces as outpubfapsetk regions with corresponding

evidence of RBP cross-linking that is used as input to thefrdstcovery approach described in

detail in Section 5.1.

Genomic Mapping and Peak-calling of PAR-CLIP Data Reads are first aligned to the
genome, and those overlapping by at least a single nuckeatiel grouped together. To exploit
available read data in an effective way, relatively lenigignment parameters are utilized. Reads
are allowed to be as short as 13nt after adapter strippirtba@a@ad may contain up to 2 mismatches

restricted to T-to-C conversions (in comparison, the asialpy [74] used a read length of at least
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20nt, and allowed for one T-to-C mismatch). Within each rgemlp, PARalyzer generates two
smoothed kernel density estimates, one for T-to-C tramstiand one for non-transition events.
Nucleotides within the read-groups that maintain a minintead depth, and where the likelihood

of T-to-C conversion is higher than non-conversion, aresered interaction sites.

Initial read-groups are extended either to encompass theriderlying reads that contain a
conversion event, or by a generic window size The choice éetwthese methods is dependent
on the cross-linking properties of the analyzed RBP. Fongla, extending the region by five
nucleotides on each side efficiently captures for Pumilim2ling sites, where crosslinking occurs
directly at the motif. In contrast, when assaying the Argdagrotein family in which the miRNA-
MRNA interaction site is protected from both digestion ard-IC conversion events, extending the
region based on the underlying reads will include the larabf conversion as well as the bound

site, i.e. the miRNA seed matches.

For each read-group that contained at least 5 reads, a kienslty based classifier was utilized
to more precisely delineate the region of crosslinkingg(isil’) versus non-crosslinking ('back-
ground’). Class-specific densities were estimated usinguas&an kernel density estimator with

globally fixed precision parameter= 3.

More formally, for a given read-group of length deﬁnenglw and x(rfp)ftofc to be the
number of observed conversion and non-conversion evesgpectively, at an offségtrelative to
the start, and with a minimum read depth of 5 to be able to es&monversion frequencies. Let

n 7_to—r andn r_;,_c be the total number of conversion and non-conversion evettite group.

For any positiory € {1,...., L} define:
L (@) 2
. Tr_to—C 1 i3]l
to— = e 222 5.1
fro-cl) = 2070 Vos &Y
L (@) 0
. Tp_ o 1 =gl
fror(i) = Y ———= e (5.2)

N T—to-T V2\’7

Which, after normalization, produces a non-parametrigrede for the density of conversions
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and non-conversions, respectively:

kr_to-c(j) = froto-cld) (5-3)

Z?:l f T—to—C(j)

fotofT(j)
Zf:l fT—to—T(j)

kr—to-1(J) (5.4)

The nucleotide positions j such that_,—c(j) > k r—w—7(j) are considered to be interaction

sites.

5.4 Analysis of RNA Binding Motifs

The analysis performed in [74] successfully applied steshdaotif discovery approaches (PhyloGibbs[177],
MEME][6]) on the subset of top 100 most highly confident reaniigs to predict RNA binding
preferences. Such a strategy is well justified in cases wterdarget-binding motif is of low
degeneracy and/or long and hence contains high discriivénaignal relative to the background
sequence. When this is not the case, a larger set of exanplersges with the motif occurrence,
with possibly variable binding affinity, can facilitate teearch process. When this is not the case, a
larger set of example sequences with the motif occurrenith, possibly variable binding affinity,
could facilitate the search process. There is currently ethod specific to PAR-CLIP data that
can identify RBP motifs or miRNA seeds taking into accourd &mtire set of binding evidence.
We therefore extended a previous motif finding approach turately determine the motifs of
sequence-specific RBPs, as well as to identify miRNA tarfyeta Argonaute PAR-CLIP data.
There are two essential components of the motif discovaggraghm: an enrichment function
to score evidence of binding for a given sequence motif smpried as a k-mer over the alphabet of
IUPAC symbols A, C, G, U, W, K, R, Y, S, M, N, and a search stratidxgt explores the motif space
for high-scoring motifs. cERMIT was based on the assumgpitiah evidence was available for an
input set of potential regulatory target regions, indegemdf a specific analyzed factor (e.g., all
upstream regions for small genomes such as S. cerevisiaegions of open chromatin in higher

eukaryotes). Here, the regions to be evaluated are basdt @ame experiments that assayed the
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particular protein of interest. We therefore rephrasedatiginal scoring within a classical linear
regression framework, allowing for flexible and easily ewible accounting of biases unrelated to

protein binding, such as sequence composition or cluster si

The binding evidence for PARalyzer-generated clusterseweflected in the number of ob-
served T-to-C conversions, which was used (after log2 toamstion) as binding evidence for
each sequence cluster. Based on the PAR-CLIP experimeaattalrd[74], the number of observed
T-to-C conversions strongly correlated with the total nembf reads, which suggested that a very
similar motif discovery strategy can also be applied to Ck#e datasets [190] by using the (log2

transformed) number of reads as binding evidences for daskec

5.4.1 Sequence-specific RNA Binding Proteins

The motif discovery problem for RNA Binding Proteins(RBRsich as Pumilio2 [62, 63, 59] and
Quaking [58] is closely related to the discovery of DNA-himgl preferences of transcription fac-
tors (TFs). The proposed approach from Section 3.1 exhiitglly competitive performance in
the context of TF binding site discovery [61]. cERMIT diffefrom most other motif identifica-
tion tools by making use of the complete quantitative evigeior a genome-wide set of regulatory
regions (such as ChlP-chip values for all promoters, or @& peaks from high-throughput se-
guencing). Rather than identifying a motif in a subset of¢apdidates of arbitrary size, CERMIT
ranks all putative target regions based on binding evidendadentifies sequence motifs of flexible
length that are highly enriched in targets with high bindawidence. This idea was extended to the
setting of RBPs. Here, the regions to be evaluated are basttksame experiments that assayed
the particular protein of interest. In order to allow for filebe and easily extensible accounting of
biases unrelated to protein binding, | rephrased the aiginoring described in 3.2 within a clas-
sical linear regression framework, such as sequence catigmosr cluster size. A useful extension
in this setting is allowing for different treatment of genismegions depending on their annotation.
This can be achieved by including the annotation categasesdditional covariates in the models,

possibly including interaction terms. An alternative, mdlexible formulation can be achieved in
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the framework of a hierarchical random effects model, with@tation category indicator variables
being random intercepts, potentially augmenting the madi additional group-specific covari-
ates.

The motif identification of both QKI and PUM2 datasets werecgssful in recovering their
respective consensus binding motifs [74, 58, 195]. Fordhalysis, | used read-groups or PARa-
lyzer clusters that contained at least five reads and magpadéenic region not flagged as a repeat

region.

5.4.2 Enrichment Analysis of Argonaute-associated MicroRIAs

For the analysis of AGO dataset, | take advantage of pre\atudies on the well-established mech-
anism of miRNA gene regulation [111, 9], which is based ondabmplementarity of miRNAs to
target MRNA transcripts. In particular, | represent eacRNA by a short list of canonical 5 end
seeds: 8mer-Al, 8mer-m1, 7mer-Al, 7mer-ml, 7mer-m8, 6+ieBier3-8. Instead of perform-
ing ade novomotif search as in the case of Pumilio2 and Quaking, | cart liré motif search
to a pre-specified seed list of known miRNAs, e.g. as definadiRBase [70]. In cases where
additional information on miRNA expression is availabtasipossible to further restrict the search

to the subset of expressed miRNAs.

Members from the same miRNA family share canonical seeds$,aaross families there are
also cases where seeds differ by only one nucleotide in disulm or a shift. This is reflected in
the motif enrichment analysis, where such miRNAs receigéliyisimilar scores and are essentially
indistinguishable. We therefore post-processed the tetuigroup together miRNAs with highly
similar canonical seeds.

For the motif analysis on the combined AGO PAR-CLIP data, setsuman miRNAs avail-
able in miRBase v16 were used as input for the restrictedfranélysis of the microRNA enrich-
ment analysis tool (MEAT). Despite starting from all knowmtan miRNAs, mEAT automatically
ranked the top expressed miRNAs in the cell line on the topefist of predicted enriched miRNA

seed clusters (Table 5.1). Therefore, this enrichmenyaisatan be used to identify those miRNAs
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1 hsa-mir-16-2 TGCTGCTA 22 17.93 3.50E-20 438 438(3%)
hsa-mir-15b TGCTGCTA 53 17.93 3.50E-20 438 438(3%)
hsa-mir-15a TGCTGCTA 64 17.93 3.50E-20 438 438(3%)
hsa-mir-195 TGCTGCTA NA 17.93 3.50E-20 438 438(3%)
hsa-mir-16-1 TGCTGCTA NA 17.93 3.50E-20 438 438(3%)
hsa-mir-103-2 ATGCTGCT 2 14.41 9.70E-13 620 620(5%)
hsa-mir-107 ATGCTGCT 39 14.41 9.70E-13 620 620(5%)
hsa-mir-103-1 ATGCTGCT NA 14.41 9.70E-13 620 620(5%)
hsa-mir-424 TGCTGCTG 60 12.92 1.50E-08 632 632(5%)
hsa-mir-497 TGCTGCTG 133 12.92 1.50E-08 632 632(5%)
hsa-mir-646 AGCTGCTT NA 10.5 1.10E-06 708 708(6%)
hsa-mir-503 GGCTGCTA 97 10.08 1.70E-07 714 714(6%)
2 hsa-mir-106b GCACTTTA 5 17.63 8.90E-17 455 1164(9%)
hsa-mir-20a GCACTTTA 9 17.63 8.90E-17 455 1164(9%)
hsa-mir-106a GCACTTTT 121 15.65 1.60E-15 565 1272(10%)
hsa-mir-519c TGCACTTT NA 14.71 7.60E-21 689 1395(11%)
hsa-mir-519¢-3p TGCACTTT NA 14.71 7.60E-21 689 1395(11%)
hsa-mir-519a-2 TGCACTTT NA 14.71 7.60E-21 689 1395(11%)
hsa-mir-519b-3p TGCACTTT NA 14.71 7.60E-21 689 1395(11%)
hsa-mir-519a-1 TGCACTTT NA 14.71 7.60E-21 689 1395(11%)
hsa-mir-526bstar GCACTTTC NA 14.57 4.80E-22 746 1450(12%)
hsa-mir-93 GCACTTTG 1 12.99 1.40E-13 790 1490(12%)
hsa-mir-17 GCACTTTG 10 12.99 1.40E-13 790 1490(12%)
hsa-mir-20b GCACTTTG NA 12.99 1.40E-13 790 1490(12%)
hsa-mir-519d GCACTTTG NA 12.99 1.40E-13 790 1490(12%)
hsa-mir-520d-3p AGCACTTT NA 12.15 4.20E-11 796 1496(12%)
hsa-mir-520b AGCACTTT NA 12.15 4.20E-11 796 1496(12%)
hsa-mir-520e AGCACTTT NA 12.15 4.20E-11 796 1496(12%)
hsa-mir-372 AGCACTTT NA 12.15 4.20E-11 796 1496(12%)
hsa-mir-520c-3p AGCACTTT NA 12.15 4.20E-11 796 1496(12%)
hsa-mir-520a-3p AGCACTTT NA 12.15 4.20E-11 796 1496(12%)
hsa-mir-3609 TCACTTTG NA 10.2 9.30E-09 798 1498(12%)
3 hsa-mir-92a-1 GTGCAATA 4 13.59 4.80E-10 223 1709(14%)
hsa-mir-32 GTGCAATA 95 13.59 4.80E-10 223 1709(14%)
hsa-mir-92b GTGCAATA 101 13.59 4.80E-10 223 1709(14%)
hsa-mir-92a-2 GTGCAATA NA 13.59 4.80E-10 223 1709(14%)
hsa-mir-25 GTGCAATG 11 11.38 2.20E-09 239 1722(14%)
hsa-mir-363 GTGCAATT 130 11.33 1.60E-09 265 1746(14%)
hsa-mir-367 GTGCAATT NA 11.33 1.60E-09 265 1746(14%)
4 hsa-mir-454 TTIGCACTA 108 12.04 2.30E-04 298 1904(16%)
5 hsa-mir-101-2 GTACTGTA 12 11.87 1.70e-11 202 2098(17%)
hsa-mir-101-1 GTACTGTA NA 11.87 1.70E-11 202 2098(17%)
hsa-mir-144 ATACTGTA NA 9.83 8.30E-06 260 2151(18%)

Figure 5.1 Top enriched microRNAs based on the Argonaute PAR-CLIR ttam [74]
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with the strongest impact on mRNA targeting, even in the atsef miRNA expression infor-
mation. While the initial PAR-CLIP study reported that seedtches could explain about 50%
of CCRs, this was based on 6-mer matches to the top 100 egdrésdividual miRNAs. As the
above analysis showed, only the matches of the~@P or so miRNAs provide a signal above
background. Thele novomotif analysis here confirms this: The top 5 expressed miRhlAse
can explain~18% of all targets, but collectively, all 25 significantlyresmed seed match families

covered only~30% of the clusters.

5.5 Conclusions

As with many new short-read deep sequencing protocols ARe@LIP approach to elucidate RNA
binding sites enables specific opportunities for in-depidlysis and interpretation of genomic data.
In addition to mapping sequence-specific RBPs such as PUMRoRQIGF2BP1, an anticipated

popular application of this protocol will be to study bindily members of the RISC complex,
making it possible to identify the joint set of transcripteswide miRNA targets under specific
conditions. To address the challenges posed by these twarszg the motif analysis approach
described in Section 3.1 successfully identified bindindifaéor sequence-specific RBPs or over-

represented miRNA seed-matches.
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Chapter 6

Randomized Dimension Reduction and
Inference of Population Structure

6.1 Introduction

With the increased availability of large high-dimensiodaka set the demand for scalable dimen-
sion reduction methods based on spectral decompositidmeaddtimated covariance structure has
dramatically increased. In this section | investigate tkiemsion of several such dimension reduc-
tion approaches to the novel setting of large number of bgaand data samples using a recently
introduced randomized algorithm for approximate dimens&duction [162]. Specific approaches
| consider in detail are Principal Component Analysis (P@A{ Locality Preserving Projections
(LPP) and I also discuss extension to supervised dimensiturctions based on generalized eigen-
decompositions: Sliced Inverse Regression (SIR) and izmxhSliced Inverse Regression (LSIR).
Tests of the runtime and the quality of the approximationvigled by the randomized dimension

reduction algorithms is preformed on simulated and real &itffoarray data sets.

6.2 Statistical Methods and Algorithms

| consider three common dimension reduction approachaspengised dimension reduction [151,
88], localized (non-linear) unsupervised dimension réidnd187, 167, 43, 80, 10], and supervised
dimension reduction [116, 36, 115, 79, 66, 65, 112, 143, 38band discuss algorithmic adapta-
tions that allow for scaling these approaches to massivesids, tens to hundreds of thousands of
observations and millions of variables. The ideas | devel@papplicable, in general, to spectral
decomposition-based approaches to dimension reductidingggrate recent developments in nu-
merical linear algebra, theoretical computer science gattbscs. The main tool | will use to scale

these methods are randomized approximate matrix factmizalgorithms [72, 162]. There will
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be two complementary arguments for randomization. Thedingiiment is the increased computa-
tional efficiency resulting from using randomized algamith This idea has been well developed in
the numerical analysis and theoretical computer sciencaramities. The second argument comes
from a statistical perspective and has drawn less attenti@ninherent sampling based nature of
randomized algorithms provides an algorithmic form of degaation. This can help prevent over-
fitting and the randomized scalable approximate algoritamresult in better performance than its
exact deterministic counterpart due to this regularizatio

| will adapt randomized algorithms for matrix factorizatito dimension reduction procedures.
The appeal of the randomized algorithms is their computati@fficiency which is vital in the
analysis of large high-dimensional data. In particulag, idindomized methods | will use [162, 75]
provide flexible control of the degree of accuracy in thedazation and make explicit the tradeoff
between computation time and estimation accuracy. In nrastipal scenarios the data we observe
is a random sample with some noise, so it does not make semsquioe estimation accuracy of
the factorization beyond the level of the noise and the ststitity of the sample. This perspective
is not so prevalent in classical numerics applications amdiges an argument for treating the

computation time as a regularization parameter in dimensduction procedure.

Many dimension reduction methods can be stated as a gareeraligendecomposition problem
CUZ‘ = AZ‘DUZ',

where{v;} are the eigenvectors aqd, } are the eigenvalues. Typically, dimension reduction con-
sists of projecting the data or the observations optg!_, corresponding to thé eigenvalues
greater than zero by some threshold. It is almost alwaysmaasduhat! < p, wherep is the di-
mension of the observations. The subspBce spatv;, ..., vy) will be the result of the dimension
reduction methods and the data will be projected onto tHisace In the case of PCA is the
identity andC' is the empirical covariance matrix of the data. The ideas lthell develop are
applicable to dimension reduction methods that can be ftated as the above spectral decompo-
sition problem. Some popular representatives include AE®, SIR, LSIR, Linear Discriminant

Analysis (LDA), and Canonical Correlation Analysis (CCA).

65



To exploit randomized approximation algorithms we will dge assume some structure in the
matricesC and D — typically it is assumed that those matrices have low rarfie tructure ot”
andD, depends on the specific dimension reduction method of ehé&iar this reason, | will focus
in detail on two specific dimension reduction methods andyagmdomized algorithms to these
methods. The first is PCA and is widely used torsupervisedlimension reduction — probably
the most common dimension reduction tool. The second mdthakifocus on is LPP [80], also
an unsupervised method developed in the context of maniéalching [187, 167, 43, 10]. LPP
is expected to outperform PCA when there is local structnréaita, for example there are several
clusters in the data or the data is concentrated on a manifoladdition I'll discuss extensions to
two superviseddimension reduction methods: SIR [116] and LSIR [200]. &y to LPP and

PCA, LSIR outperforms SIR when there is local structure itada

6.2.1 Notation

The following notation and definitions are used repeatedlihe remainder of the current section.
For positive integerg andd, R?*¢ stands for the class of all matrices with real entries of digien

p x d, andSP*P denotes the sub-class of symmetric positive semi-definitep matrices. For
B € RrP*4, span) denotes the subspace®f spanned by the columns &. A basis matrixfor a
subspaces is any full column rank matrix € RP*? such thatS = spar(B), whered = dim(S).

A semi-orthogonaimatrix A € RP*? has orthonormal columng” A = I,,. Foramatrixt € SP*P,
the inner product iR? defined by(x1, x2)y = :clTZa:QT is referred to as th& inner product; when
¥ = I,, this is the usual inner product. A projection relative te thner product: has the matrix
representationPp(sy = B(BTYB)!BTY, where the projection is onto the spat)( B € RP*¢

and' indicates the Moore-Penrose inverse. Whes I, | use the abbreviated notatidry.

Data

Denote the data matrix arovariates matrixoy X = (X1,...,X,)T € R"*P, wheren is the

number of samples angis the number of variables. If provided, denote the resptmbeY € R".
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The data and the response are drawn from a joint distribytlort”) ~ Px «y, which induces the

corresponding marginal distributions ~ Px andY ~ Py.

Unless explicitly specified otherwise, assume that bothstivaple data and the response are
centered and scaled to have unit variance, so ¥igt, ¥; = >0 X;; = Oand). | Y? =
Yo ij = 1forall j = 1,...,p. Denote the covariance df to beX = Cov(X) € SP*P, and
the response variance to b = Var(Y) € R*. Denote the corresponding sample estimators by
3 andoy .

Types of Error

Our methodology development will focus on the estimatiom bfasis for the projective subspace,
characterizing linear dimension reductions. Hence, thauladion quantity of interest will be the
span of abasis matrixB, wereB € RP*?, d < p. Without loss of generalityB is assumed to be a

semi-orthogonal matrix and is estimated by two classestohators:
(1) estimate based on exact spectral decomposifin:
(2) estimate based on randomization-based spectral dexsitiop: 5.

Of major interest when discussing the inference propeunfethe proposed procedures are three

types of error
e estimation errorE, = ||B — B||
e approximation errorE, = ||B — B|

e total error:E = ||B — B|| < ||B — B|| +||B — B|| = E. + E,.

Subspace Distance Metric

The main goal is to minimize the total errél. To judge the quality of the proposed estimators | use

the trace correlation[201, 206] as the distance metric between subspacesS i et spafA) €
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Rs*? andSp = spar{B) € R**¢, for anyd, s € N*. Define the distance betweéh andSp to
be

1
Dy (Sa,Sp) ==1— atr(PAPB), (6.1)

Notice that0 < D;.(Sa,Sp) < 1 andDy.(S4,Sp) = 1 corresponds to orthogonal subspaces

while Dy, (S4,Sp) = 0 indicates identical subspaces.

6.2.2 Principal Component Analysis

In his section | consider the classic approach for unsupedvilimension reduction based on PCA.
| first introduce the problem and a standard numerical agbrda solving it, followed by an ap-
proximate solution using a randomized algorithm. Next cd&s the inference properties of the
exact and the randomized dimension reduction and the paltéoit applying regularization via the
randomized estimator.

PCA is an unsupervised approach widely used in applicatidmesre measurements are made
on a large number of variables and the objective is to find afset< p linear combinations of the
original p variables

&=b0X, j=12,...k,

which retain as much as possible of the variation in the pabdata set. Thus the j-th coefficient

vectorb; = (by;, ..., by;) satisfies the following
e the linear projectiong;, j = 1,2,...,k are ordered by decreasing variance: (gay >
.o > var(éy)

e & is uncorrelated witlg; for all i # j.

This problem is stably and efficiently solved, for an arbiigreectangular matrixX € R™*? and all

possible valueg € {1,...,n}, by theSingular Value Decompositiof§VVD), which provides an
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algorithmic approach to the estimationf.S, V' such that:

X = UsSvl, UTU =VTV = Lixn, (6.2)

= diag(i, ...ly), L >l>, ... >1,>0 (6.3)

The diagonal entries o are the singular values, sorted in non-decreasing ordeording to the
the amount of captured variance in the directions definechbycbrresponding singular vectors.
The firstk orthonormal columns of the matriX (with the & largest singular values), provide the

exact solutionB € RP*k

| |
B=|wu ... ug]. (6.4)

| |

A numerically stable and computationally efficient implertaion of SVD is provided as part
of the industry-standard numerical linear algebra packa@BACK [4] requiring O(n?p) time
andO(np) of memory. Parallelization of the code, which is based ossitaSVD algorithms, is
inherently problematic. This prevents the optimal use ofyadays commonly available, cluster
resources with thousands of processors capable of pacalleputation. When both the number
of variables ) and the number of data points)(is large this runtime cost is prohibitively high,
which has been one of my major motivations to explore fastriaditive solutions which | describe

in details in Section 6.2.2.

Randomness and Dimension Reduction

It is often much more efficient to solve a computational peoblpresented in a high-dimensional
space by first transforming it to a lower-dimensional spab@enpreserving its essential structure.
This is possible if the support of the sampling distributadithe data is a lower-dimensional (linear)
manifold embedded in the high-dimensional ambient spa@mdBm projections provide a very
effective tool for constructing such dimension-reductioaps. Most approaches that rely on this
ideas can be traced back to the seminal work of Johnson ardehstrauss [92], who showed

that any set ofv points inp-dimensional Euclidean space can be embeddedfirdonensional

69



Euclidean space, whetkes logarithmicin n andindependentf p, preserving all pairwise distances

to within an arbitrarily small factor. More formally:

Lemma 6.2.1. (Johnson-Lindenstrauss (1984))
Lete € (0,1/2) and letxy, ..., z, € RP be arbitrary points. Lek = O(e 2log(n)) € N. Then

there exists a Lipschitz map: R? — R* such that

(1= )i — 5|3 < |If (@) = fe)ll3 < (1 + )|z — 2513
foralli,5 € {1,...,n}.

The original proof of the Lemma was constructive, based adean orthogonal projections. Using
probabilistic approaches has allowed for the original proioJohnson and Lindenstrauss to be
greatly simplified and sharpened [55, 89, 40, 2].

It turns out that the provided guarantee regarding the aqimiate preservation of the pairwise
distances is often enough to ensure that a solution, fourrlimgpin the low dimensional space,
is a good approximation to the solution in the original spatbere has been rich contributions
significantly expanding on these ideas that produce apmation alternatives [45, 169, 72, 118,
17, 162, 75]. Here are a few examples of areas where randtomzdeas have contributed in a

significant way:

o Efficient methods for factoring the coefficient matrix lead®fficient techniques for solving

least squares problems [163].

e Low-dimensional embedding of data under the assumptionasfifold structure often re-

duces to computing low-rank SVD of a matrix derived from tla¢so[28].

e Latent Semantic Indexing is an approach for studying thaticeiship between text docu-
ments and keyword terms, based on the SVD factorizationefitcumentx term matrix

[85].

o Efficient approximations to the Gram matrix have been pregassing the Nystrom Method

[46].
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Randomized SVD

| first describe an approximate randomized approach for theent estimation of a best rank-
approximation of an arbitrary rectangular matrix calRdndomized SVI162, 75]. At the core of
the approach is the ability to efficiently identify the pafttioe range of the data that corresponds
to the larger variance directions. The task of constructivglow-rank approximation to the given
data matrix can be split naturally in two distinct steps vahitecouple the randomization from the

linear algebra.

e Randomization: sample high-variance directions in tha datng uniformly distributed ran-
dom orthogonal matrices. In this contexiniform is defined in terms of Haar measure,
which essentially requires that the distribution not chaiignultiplied by any freely chosen

orthogonal matrix

e Factorization: restrict the data to sampled subspace freniReandomization step and apply

standard exact factorizations

In essence, th&andomizatiorstep couples a random projection step with a form of the power
iteration method, to enhance the decay of the eigenspegcivhite leaving the singular vectors un-
changed. Thé&actorizationstep rotates the orthogonal basis constructed during#melomization
step to the canonical eigenvector basis and recovers gstirobthevariances(eigenvalues) for the

top eigenvectors. Next | provide a more detailed descriptibthe above steps.

Randomization: Sample the Range of the Data Sample linear combination efl! direc-
tions of the column space of the data with weights propodafido the corresponding empirical
eigenvalues raised to a powere N (fixed parameter). Specifically, given a random projection
matrix Q,,»;, €.9.Q;; ~ N(0,1),l < n,

FO = (xxTta.
~~

nxl
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As a result the columns df(*) contain a random sample from spaf)( Additional insight can be

gained by considering the SVD representation of the dataixnat

FO — ys2yTq

= US*Q*.

Notice thatQ* := VT Q = Q; ~ N(0,1) Vi, 5 (other random structures work equally well in prac-
tice, e.g.;; ~ Uniform(0, 1), but the theoretical results are easier to derive for thesGian case).
Hence,Fj(t) ~ N(0,US*UT), whereFj(t) denotes the j-th column a&f®). Another interpreta-

tion of the construction on(t)

is that after scaling according to their corresponding migkies
(importance weighis the columns ofU are samplediniformly using the unstructured Gaussian
random projectior2* to produce a linear combination of the left eigenvectorsXof Next, in a
similar fashion to the (blocked) Lanzcos approach (Chapter [67]) the matrixR; is constructed

by concatenating al") fori=1,...,¢:

R = (FO|F® | | F®)

= (US*Q* |US*Q*| ... |US*Q").

Each column ofR; corresponds to a random linear combination of the sampleneegtorsU,

wighted bypowersof the corresponding eigenvalues $h Blocks F(*) that correspond to larger
values ofi contain columns with increased weight for the higher varéarelative to the lower
variance directions, while lower values opiesult in moreuniform weights, hence allowing for

larger influence of lower variance directions.

Factorization: Exact SVD in Lower-Dimensional Space This step relies on mature tech-
nology, utilizing well-established deterministic linealgebra routines to project the data onto the
inferred subspace during tliandomizatiorstep. First, the orthonormal basis of the sampled sub-
space is constructed using a pivoted QR or SVD factorizatiimen an exact SVD is performed

in the lower-dimensional space. Both the pivoted QR and Wb Bave efficient implementation

72



for dense matrices in the numerical linear algebra packa®RACK [4]. See Algorithm (1) for a

detailed description of the proposed Randomized SVD apprfiE52].
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Randomized SVD 1

input

X data matrixy» x p

k: number of required top variance directions
t: number of power iterations

output
3 singular values (top)

U: left eigenvectorsi( x k)

V: right eigenvectorsy( x k)

Stage 1 Find approximate orthonormal basis for the rangeof
1. Setl=k+12
2. Generatef)(n x 1) s.t. ;; ~ N(0,1) Vi, j

3. Construct

RO = XXTQ
RV = XXTRU-Vforj=1,...,t
4. FactorizeR = (RO |RW |...|RW)=QS, QTQ=1I

Stage 2 Project data onto the orthonormal ba§isnd do SVD

1. ConstructB = XXTQ
2. Factorize B =USWT, ¥ =diag@,...,00my), U'U=WIW =1

3. Set | |
U == Uy ... Uk
| |
vV =XTU
> = diag(/a1, - - -, /%)
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Runtime Analysis The main runtime bottleneck is tHeandomizatiorstep of the algorithm,
which in addition turns out to be of interest for reasons atistical inference. The asymptotic

runtimes for both steps are as follows:
e RandomizationO(tinp), wherel ~ k, which is the rank of the required approximation
e Factorization:O(Inp + t21%n)

The overall asymptotic runtime ©(tinp + t21?n), with small values of and! relative ton < p.
The runtime in both steps is dominated by the multiplicatigrthe data matrix. Hence, if the data
matrix is sparse or amenable to fast multiplication, themrimtime can be further reduced. The
computational efficiency of the matrix multiplication cdube improved, even in the case of dense
data matrix, by using ideas from [75, 118] who suggest theofisariants of the Fourier transform
(FFT) to introduce “structured” randomness that allowsrfmre efficient multiplication than using
dense matrix containing Gaussian noise. Another relgtisghple, yet potentially very effective
speed-up could be implemented by means of parallelizingrizigix multiplication, which can be

performed in a distributed fashion.
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Error Bound The Randomized SVD algorithm introduced in the previousisegrovides not
only a highly computationally efficient solution but alschaves very high accuracy [162, 75].
Despite the fact that the algorithm fails to produce good@ximation with a certain probability,
this probability of failure can be easily controlled to beghgibly small. In addition the algorithm
is not sensitive to the random number generator that is i$edce, for all practical purposes it can
be treated as a computational device that efficiently coagpatgood deterministic approximation
to the exact sample estimate. On the other hand the structumdomness in Randomized SVD
could be exploited to serve as a regularization control \pitkential utility in inference settings
which is discussed further in Section 6.2.2.
The authors in [162] proved a strong relative error bouncpdrticular, for a givem x p matrix
X and a pre-specified rank of the required approximatiothe algorithm produces orthonormal

U, V, and diagonal: with non-negative entries, such that:
||X — UXAJVTHQ < Cnl/(4t)0k;+1

with very high probability (typicallyl —10~!%, independent oX), where||.||» denotes the spectral
norm andC is a constant independent &f. Numerical experiments show [162] that the theoret-
ical bound holds in practice with greatly reduced scalingstants as compared to the theoretical

prediction, independent of the matrix structure.

Inference Properties

In this section | study the implications of introducing a dam projection step in the inference
of the dimension reduction subspace based on the PCA olgdamction and provide arguments
that, in addition to the attractive computational propgestithe Randomized SVD approach opens up
opportunities for imposing implicit regularization by tigroduction of small amount of “random

noise”.

Implicit Regularization Control  The key parameter that controls both the computational ef-

ficiency and the approximation accuracy of the randomizéchesor described in Algorithm 1 is

76



since

EY =B - BY|,

with ||B — B®|| | 0 ast increases. As noted in Section 6.2.1

1B-BY|| < [B-B|+]B-BY| (6.5)

EY < E.+EWY (6.6)

The tightest upper bound is achieved mff) = 0, yet we have no control ovér,, so for any finite
sample size the order of the right hand side can be no smbhberQ(E,). This suggests that
needs to be large enough to ensure mﬁ? = O(E,) and any further reduction (Eff) would be
unnecessary.

When the sample size is small relative to the variable dioerthe resulting estimatds tends
to have high variance and the bound described in Equatiéh ¢6uld be quite loose for large values
of t. On the other hand, small valuestafould have beneficial regularization effect on the subspace
estimateB, as lower sample variance directions are allowed to havieehignpact. This could be
a useful feature in the context of an optimality criterionigthdepends on a (possibly unknown)
subspace spanned by a subset of the top sample eigenvéetocs, allowing for the possibility of
preferring lower variance directions over higher variadaections. One such example is when the
subspace estimate is used for prediction. In that caseadiptive estimation of can be used to
select the optimal value farthat would allow the incorporation of lower variance diieos that

have predictive power.

In addition, if the data has approximately low-rank struetwith all signal concentrated in the
top few eigenvectors, the low-rank factorization of the pntovariance produces a good approx-
imation when the level of noise is small. Hence, it would bsiidédle to have peaked distribution
on the sampling weights of the variance directions withelitir no regularization being necessary
(t small). In this setting the noise eigenvalues decay vetydh ¢ which results in a very efficient
computation.

In the presence of substantial added noise, with most of iimalsconcentrated in the top
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few eigenvectors, yet still having some signal in the lowariance directions, the lower variance
directions may contain useful information. Hence it wouédhelpful to allow for non-negligible
probability of sampling from these directions. Large valwé: may not necessarily achieve that,
as they would result in improved estimation accuracy of fiece spanned by the top few sample
eigenvectors at the expense of lower variance directionthi$ cas@ntermediate or evensmall
values oft are more appropriate.

In both cases of small and substantial noise a data depeaplerttach to selectingthat is data

dependent is useful. One such approach, based on the idezsefv@lidation is presented next.

Selecting the Regularization Parameter In the unsupervised setting of PCA and LPP it is
possible to use the reconstruction accuracy of the projeaf each{ X;}" ; onto the dimension

reduction subspacB(®) as the optimization criterion, which in the population esponds to

t*= argmin Ex||(I — Pyu)X|[3-
te{l,---,tmam}

Leave-one-out cross-validation (LOO-CV) provides an agpnately unbiased estimate of this

error based on the random samplE; }” ;|

t t t
cvi = ZHI Py JXillb =, ZH B, BUTXi|3,

whereB((t_)Z.) € RP** js the orthogonal basis matrix for the dimension reductigibspace inferred

using{X_; }, the full data set excluding the i-th sample. An equivalentrffor the LOO-CV is

_x®

(t)

CViy = —E; :
o0 = \1-( H((t i

where H((t_)l) — Bét_) )B((t)T) is thehat matrix andX") = H ((t_)z)

the full range of allowable values forto arrive at the final estimate

X;. Itis necessary to optimize over

tio, = argmin CVl(OZ)

te{l ----- tm.a.r}
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A more computationally efficient estimate that has lowerarase but higher bias than LOO-
CV is provided by the c-fold cross-validation (e.g. ¢ =5 0}.10o simplify notation leth = a x ¢
and denote the c-fold cross-validation error estimate foreaspecified value of the parametdn

be C\VY') ¢- Then

c-fol

Cchold— Z ZH B‘tj Xj Hz ZZH B(t )X] 113,

zl ]1 21]1

)

whereBéii) € RP** is the orthogonal basis matrix for the dimension reductisbspace inferred

using the full data set excluding the i-th subset of sizeX(;, where the input datg X;}? ; is

randomly partitioned inta: equally sized disjoint subse{sY ;) }¢_, and X() fory =1,...,q,
denotes the-th sample point within subsét It is necessary to optimize over the full range of

allowable values fot to arrive at the final estimate

~ . t
tedold = argmin CV((:-zoId'

te{l,....tmax }
Runtime Analysis The overall asymptotic runtime for the c-fold cross-valida procedure
scales linearly with for a fixed value of the regularization parametetn more detail, or a fixed

value of oft € {1,...,tnq. } there are two majors computational steps:

e estimate projective subspa%t) fori=1,...,c

—i)?
O(c x [tl(n — a)p + t21?(n — a)])

e project data and construct error estimatginp)

Hence, the overall asymptotic runtime is dominated by tlugeptive subspace estimation and

adds up ta(>";4" ¢ x [tl(n — a)p + t*1*(n — a)]). For small values of,,,,, this is on the order

of a single iteration of the Randomized SVD algorithm (s&4).

Bounds on Estimators Exact PCA produces an optimal subspace estimate in term&cge

distance of the sample data from their projections onto tisgace of the pre-specified dimension

79



k. The quality of the estimate has been studied from the pdwitav of reconstruction errof175]
andsubspace estimatiogrror [207]. In the latter case the authors derived an uppend on the
error that depends only on the gap betweenithbk andk+1-st eigenvalues. They considered the
general case when the d4t&,, ..., X,,) € & is mapped to a Reproducing Kernel Hilbert Space
(RKHS) H,. with kernel functionx through the feature map(z). In that case, the objective of
PCA remains unchanged: recover thdimensional subspad8y, such that the projection af(z)
onto B, has maximum averaged square norm. | focus on the case-efR?, for somep € N*
and the feature map is the identity.

For a general kernel the follow holds. Denote the covariasmerator of variables(z) by K
and its empirical version b¥,,. Then, assuming a bounded kersep,,.c v x(x,z) < M for some

M < oo, the following holds:

Theorem 6.2.2. (Zwald-Blanchard]207]
Let B, and B, be the subspaces spanned by the firsigenvectors of the covariance operator

K, resp. K,,. DenotingA; > Ay > ... the eigenvalues oK, if £ > 0 is such that\;, > 0, put

Bk:%<l+\/§>

Then, provided that > B2, the following holds with probability at leagt— e

&k = 3(Ak — A1) and

By,
[|Ps,, — Pg, Il < NG
this entails in particular
N 1
Sk C{g+h,g € Sk, h € Si, [l < Bin~?lglln, } (6.7)

whereS;, = spar(¢1,...,¢;) and S, = span¢, ..., ¢;) are the topk eigenvectors of<, resp.

K,.

Note that (6.7) has a geometric interpretation: the tangetween any vector i, and its

projection ontaSy, is bounded byBy. //n.
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For PCA it is also possible to bound the difference betweenetipirical covariance and the

population covariance by the following analysis. liet % Yo, X; and
3=

In the following, | adopt the notation ® v = uv . Then

1

2:E(Xi_ll)®(Xi_ﬂ)

and
5 =E[(X — p) ® (Xi — ).

For a matrixA, ||A| represents the Hilbert-Schmidt norm alpd||,,, represents the operator
norm. We will need the following fact:

lu @ vl = [lul[]v]
Theorem 6.2.3. Assume: = E[X] exists andV; = E[|| X — u||*] < co. Then in probability

A My + /My — |22
E[|IE - 5| < <
NG NG

whereM; = E[[| X — pul]?].

Proof. It is easy to check that

Direct calculation gives

2
Bl — p?) = TIX ]

Hence
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By definition® = E[(X; — 1) ® (X; — u)], hence

E||L (X - w e Xi-w)- 3] =1 @l -we X -l -I2)?)

(E[IX — pll*] = 11512) -

1
n
1
n

The desired estimate follows from the triangle inequalitg ¢he two estimates above. O

This theorem tells us that the upper bound of the estifidte > depends only on the moments
of the random variableX, but not on the dimensionality. Hence, X has a low dimensional
structure, this theorem ensures that the error bound orstireaion error depends on the intrinsic,
rather than the extrinsic dimensionality of the data. To meeprecise, supposk € R? c R,
hence rank() = d. Let (0;,v;) be the eigenvalues and the corresponding eigenvectore, bially
the topd eigenvalues are nonzero. Let = (X — u)Tv; be the projection ofX — y onto the
directionv;. Thenn; has mean zero, varianeg, and are uncorrelated. The SVD decomposition
X—p =731 \/oin,v; provides simple estimates for the quantities in the uppant in Theorem
6.2.3:

My = E[|IX — ) = X1 1E[n2] Yo=Y 0

My =E[|X —p|*] =E [ i= 1"7 2] [( i= 1”?)2]

=2 = Tr(2?) = X, 0 = S, 0F
All these quantities depends @nhnot onp. Furthermore, the upper bound can be independent of
p even whenX do not have low dimensional structure, provided that thesjectionsonto the PC

directions all have “light” tails to ensuring that the totabments are absolutely bounded.

By combining the above analysis with matrix perturbatioadty, it follows that
~ K
B-B| <—
1B =Bl < =

with x depending on the moments &f. In the case of interest for us wheéh has ad dimensional

low-rank structurex depends om, not onp.
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6.2.3 Dimension Reduction Via Graph Embeddings

Dimension reduction based on graph embeddings seek to meagritiinal data points to a lower
dimensional set of points while preserving neighborhodati@nships. The theoretical assumptions
underlying these methods are that the data lies on a smoatifiatdeembedded in high-dimensional
ambient space. This manifold is unknown and needs to ber@dfdrom the data. Given enough
observations the manifold can be reasonably representadras (FE, V') [27] where the vertices
{v1, .., v, } correspond to the observationdz1, .., z,, } and the edges corresponds to which points
are close to each other. For example this neighborhoodiaeitip can be encoded in a sparse
adjacency matrix?’, which is assumed to be symmetric. Given this adjacencyixthe Laplacian
eigenmaps (LE) algorithm [10] embeds the data into a low dsmal space preserving local
relationships between points.

Given the adjacency or association matrix the Graph Lapta constructed. = D — W,

whereD is a diagonal matrix withD;; = Zj W;;. A spectral decomposition df
LUZ' = )\ivi

results in eigenvalues; = 0 < Xy < ... < A\, with v; = 1. Projecting the matrix, onto the
£ eigenvectors corresponding to the smallegtigenvalues greater than zero embedsrthmints
into a/¢ dimensional space. Under certain conditions [11], the Giagplacian converges to the
Laplace-Beltrami operator on the underlying manifold. SThrovides a theoretical motivation for
the embedding. This embedding needs to be recomputed whew alata point is introduced
and typically will not be a linear projection of the data. Fmmputational reasons it would be
advantageous to have a linear projection that can be apmie#w data points without having
to recompute the spectral decomposition of the graph L&acThe goal of Locality Preserving
Projections [80] is to provide a linear approximation to tihen-linear embedding of Laplacian
eigenmaps (LE) [10].

The dimension reduction procedure starts by specifyinglitmension of the transformed space

to bel < n. Letthe parameter defining the neighborhood siz&.Heocality Preserving Projections
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(LPP) [80] results in a generalized eigendecompositiotblera. Assume that the-NN adjacency

matrix W = JI'Jy, where

101 1~ S1mm
Jp =

Sprl Spmn—1 Sn~n nxn

6 — exp{w} if samples; is among the-NN of samples, or vice versa
e 0 otherwise

= (V1)) b=k
j=1

The generalized eigendecompostion problem reduces to

XTLxe = MXTDXe (6.8)
XT(D-W)Xe = MXTDXe
XTWXxe = (1-MNXT'DXe

XTiEnXe = (1-)NXTDXe

The column vectors that are the solutions to equation (68} required embedding directions
{e;}, ordered according to their generalized eigenvalues Ao < A\; < ... < A\y_;. Hence the

neighborhood-preserving optimal embedding accordingpeéd PP criterion is:
z; — ATy;, where A = (eg,e1,..., e 1).

LPP is obtained from a graph embedding, using a hearestlm@iginaph trying to capturkcal
manifold structure. If a complete graph is used, e.g. Ewalidinner products between data points,

then a very similar result to PCA is produced, emphasizimgytbbal structure of the data.

XTLXe = MXTDXe (6.9)
X"™WXe = (1-)NXTDXe
XTxxTXe = (1-MNXTDXe.
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Since the diagonal matri® is close to identity matrixX” DX ~ X7 X and the minimum eigen-

values of equation (6.9) correspond to the maximum eigeegabf

XTXXTXxe = MXTXe

XTXe = e,

which is the optimization problem that is solved by PCA. HerldPP with a complete inner product
graph is similar to PCA. The only difference is that the maviis used to measure the local density

around each data point (by its degree on the neighborhoguhpvéhile PCA treats all point equally.

Randomized Algorithm for LPP

In this section | describe in more detail the incorporatiédnhe Randomized dimension reduction

ideas as part of the Locality Preserving Projections allgori
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Locality Preserving Projections 2

input X': data matrix ¢ x p)

r: number of nearest neighbors in the affinity graph

b: bandwidth for the Gaussian kernel density estimator
k: number of required embedding directions

t: number of power iterations for Randomized SVD

output Vzpp: embedding direction®(x k)

Stage 1 Project data onto the tapeigenvectors o from Randomized SVD
1. Estimate[U, S, V] = RandomizedSVD(X, k, t)
2. ProjectX = XV (n x k)
3. Set

S11 51~2 S1m
Jp = : : [use sparse representationg n space]

Sprl Spmon—1 Sne~n nxn

5 _ exp{—w} if s; is among the-NN of s, or vice versa
e 0 otherwise

D= diag(Z?:1 Oy v s 2?21 S
4. Construct
L=Xx"jr
Y=LL"T =XTDX
Stage 2 Solve Generalized Eigendecompositon

1. Solve (CholeskyYv; = \;\I'v;, for i =1,....k

2. SetVi,, = (vi] ... |vg)
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Runtime Analysis The main runtime bottleneck of Randomized LPP is Stage 1revtie
Randomized SVD estimates are used to project the data. Hemeceverall runtime i€ (tinp +
t21?n) (see 6.2.4). When c-fold cross-validation is used to esénaa optimal value fot the

runtime become® (> ;74 ¢ x [tl(n — a)p + t*1*(n — a)]) (see 6.2.2).

6.2.4 Supervised Dimension Reduction

In this section we assume the data matrix toXbec RP*™, and to contain samples as rows and
variables as columns. The response is univa¥ate R. Dimension reduction is typically only the
first step in the data analysis which often also includestiessof data visualization and regression.
If the focus is on the regression, one typically seeks a lawedisional projection or embedding
R(X) € R?, d < p, for which a simple predictive model can be used to predicttaré response
YeR

YV = f(R(X)) +e,
heree corresponds to noise or error. A natural criterion that theedding or projection should
satisfy isE[Y | X] = E[Y | R(X)]. ReplacingX by R(X) is termedsufficient dimension reduction
wheneverR(X) retains all the relevent information for predicting R(X) is minimal sufficient
if any other sufficient reductioft’(X) is a function ofR [35]. The idea of sufficiency in dimension

reduction was clearly captured in [35] which develops tHefang definition following:

Definition 6.2.4. A reduction RR? — RY, ¢ < p, is sufficient if it satisfies one of the following

statements:

1. Inverse reductionX | Y, R(X) 4 x | R(X), (Z 2 U denotes equivalence in distribution

betweenZ andl);
2. Forward reductionY” | X Ly | R(X);
3. Jointreduction X 1l Y | R(X).

If (X,Y) have a joint distribution then the above conditions are edent and using?(X)
for prediction has a strong motivatiof[Y” | X| = E[Y | R(X)]. The population quantity that
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uniquely identifies a particular sufficient dimension retiutis the subspac-| x C colspacéX ) C
RP, which captures all the information in the data releventreggction. Any basig) = (n1,...,14) €
RP*4 of Sy|x can be used to define the sufficient dimension reductiis) = nT X. A parsimo-
nious target of supervised dimension reduction is ofterriak be the intersection of all dimension
reduction subspaces-the central subspace, which from ndwenote asSy|x. Under mild con-

ditions [33, 34]Sy | x exists and is a dimension reduction space (for more detedlSgction 6.2.4).

Sufficient Dimension Reduction in Inverse Linear Regressio

We now introduce two algorithms, Sliced Inverse Regresg¢®ifR) [116] and Localized Sliced
Inverse Regression (LSIR) [200], for estimating the thdisight dimension reduction£(X).
Both algorithms fit within the inverse regression framewarid are based on a semi-parametric

statistical model
Y|X:f(GTX>€)7 G=(91,---,94) ERdev E[5|X] =0, (6.10)

where f is a density function ang; are thed orthonormal bases of the dimension reduction sub-
spaceSy|x (the column space af = Sy |x) that contains the predictive information oh The
newd variatesZ = GT X, can replaceX without any loss of information about the regression as
Y 1L X | Z. Notice, an important distinction from PCA is that the oltjez explicitly includes the

respons&” as part of the optimality criterion.

Sliced Inverse Regression Sliced Inverse Regression (SIR) is a dimension reductignageh
introduced by [116] which is based on the semi-parametrideh (6.10). The statistical quan-
tities underlying SIR are the inverse regression functibme, covariance of the inverse regression

function, and the marginal covariance of the covariates
ny =Ex[X |Y], T'=cov(ny), X =covX)
with the central statistical assumption that

spafEx[X | Y] — Ex[X]) € spanXQ) (6.11)
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where spaflz) = Sy|x is the dimension reduction subspace. One setting wherehitreeaas-
sumption is satisfied is th&[X | nL X] is a linear function of X, theinearity condition[32].
The basig~ for the dimension reduction subspace can be computed frerfollowing generalized

eigendecomposition problem
Tg; = X\Xg;, fori = 1,...,d (612)

andG = {(¢1,...,94)| 1, -.-,Aq > 0}, the eigenvectors corresponding to non-zero eigenvalues.
Given observationg(z;, v;)};—, an empirical estimaté is computed via the following algorithm

[116]:

(1) Compute an empirical estimate Bf

M>
Sl’i

Z -’
whereji = % Y i, z; is the sample mean.

(2) Divide the samples inté/ groups (or slicesp, ..., Sy according to the value af. Com-

pute an empirical estimate of

H
nh
F — — — =
> —(an = ) (i m' = Z z;
h=1 jESh

with [i, as the sample mean for gropandn,, the group size.

(3) Estimate the d.r. directions by solving the generalized eigendecomposition problem
G = \iSd;. (6.13)
(4) SetG = {(j1, ..., Ga)| A1, ..., Ag > 0} whered > 0 is a small threshold.

Localized Sliced Inverse Regression Problems with SIR arise when the statistical assump-

tion in (6.11) is not satisfied, that is the predictive stasetin the data is nonlinear. This can be
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due to the data being concentrated near a manifold or théng bkisters in the data. SIR can be
adapted to address this setting by taking into account ktcatture of the explanatory variables
conditioned on the response variable. The idea behind lzechEliced Inverse Regression (LSIR)
[200] is based on the observation in manifold learning thatlidean structure around a data point
in R? is only useful locally. Therefore, when observations iniaeshre far apart in the ambient
space, computing a global averagefor a slice is not meaningful. Instead it is more appropriate

consider local averages. The one difference between SIR. &l is how the empirical estimate

of I" is computed. The following is the algorithm for LSIR:

(1) Computes as in SIR.

(2) Slice the samples intd groups as in SIR. For each samfig, y;) compute

lai,loc = % Z Zyj,

JES;

where

s; = {j : z; belongs to thé:-nearest neighbors af; in S} ,
andh indexes the group, to whichi belongs. Then a localized versionlois computed

. 1 e N .
FIoc - E Z(/-Li,loc - ,u)(,ui,loc - ,U)T
i=1

(3) Solve the generalized eigendecomposition problem

flocgi = Xzigl (614)

Exact Solutions

For both SIR and LSIR the most straightforward solution ® gleneralized eigendecompostion in
equations (6.13) and (6.14) is based on the Cholesky decsitignoof 3 and typically has runtime

complexity Oqp?). We provide a procedure based on the SVD of the data matrbo provide
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exact solutions to equations (6.13) and (6.14). One mativdor this procedure is that extensions
to very large data sets are feasible by randomized algosithm

The algorithm consists of a few steps:
(1) Sort the samples in decreasing value of the responstitjguang them intoH (approximately)
equally-sized slices. Denote the number of samples in daehi$0 ben;.

(2a) For SIR construct the following matrix

Ji O 1.1
Jsir = ) Jz‘:( ) )
O T P N

and

I =XxTJ% JsX.
(2b) For LSIR construct the following matrix

Jl O 1 S1~2 S1rm;
Jasin = ,
0 Ji

=~
I
==

nxn 6ni~1 s 6n,i~n,i—l 1 ngXn;

wherek is the number of nearest neighbors and in each bpck = 1 if observationr is among

the k-nearest neighbors afand isO otherwise. The following equivalence holds
e = X i isie X.

The above k-NN computation requires distances betweengome use the SVD of the data
matrix, X = USVT, to compute these distances by computing the distancesiritfenvector
coordinates of the marginal covariance. Each sample indbigdinate system is a row in the
matrix X = XV = US and the distance between thé¢h andj-th sample ig|X; — Xj||2 where

X; andX; correspond to théth and;j-th rows.
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(3) The solution for (L)SIR based on the SVD decompositioXafeduces to

Lige = AXTXe
X" Jhsdosi Xe = AXTXe
VUS) JpsieJayst(US)VTe = AV(US)(US)VTe
VX T Jisdosi XVTe = AVXTXVTe

= XTJg;SirJ(|)sirXf = )\XTXf

wheref = VTe. Whenn < p the systemi’"e = f is underdetermined so we select the solution
with minimal norm, which is provided by the sgt; = V f;, j =1,...,n—1}, ordered according

to the corresponding generalized eigenvaldes> Ao > ... > X\, _1.

Supervised Locality Preserving Projections LPP can be adapted to be a supervised di-
mension reduction methodology by replacidgsir with Jjpp in equation (6.15). This results in
re-defining the notion of “local neighborhoods” to only theighbors in covariate space that have
similar responses (i.e. fall within the same “slice”). A den approach was proposed in [81], in
which the authors suggest the use of a block diagonal steufbn the adjacency matrix based on

provided class labels in the context of classification.

Approximate Randomized Solutions

The exact solution presented in the previous section tateanéage of the matrix arguments in
the generalized eigendecomposition problems defined iatmms (6.13) and (6.14). The exact
solution is also based on the SVD &f. The appeal of this formulation in extensions to very large
data is the exact SVD oK can be replaced with the randomized algorithm described2r2@o
estimate the top eigenvectors and eigenvaluesiofvherer is large enough so that the span of the
eigenvectors contains the effective dimension reductidssgace. The regularization parameter

in the randomized algorithm is assumed fixed.

The randomized solution follows the same steps describ&adtion 6.2.4, replacing the exact
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SVD factorization of the data matrix with the approximatéusion provided by Randomized SVD.
In more detail, the Randomized (L)SIR steps are as follows,
(1a) Estimate Randomized SVD as described in Section @2 &tuce a rank-r approximation to
the data matrix:
X ~USVT.

(1b) Construct derived variates

X=XV (nxn).
(2a) For SIR construct thés; matrix
(2b) For LSIR construct thdigj, matrix,
where thek-NN matrix (k fixed) is constructed using the derived varsate The distances between
points are computed using the approximate eigenvectordotaies of the marginal covariance.
Each sample in this coordinate system is a row in the mafrix U S and the distance between the
i-th andj-th sample i§| X; — X,]||» whereX; and X; correspond to thé-th and;j-th rows.

(3) The solution for (L)SIR based on the Randomized SVD dgasition of X reduces to
X" JhsrJose X f = AXTXF,

wheref = VTe. The system/Te = f is underdetermined d8 € RP*" andr << p, but we work
in basis spanned by the estimated topigenvectors of the marginal covariance matrix, hence the
unique solution that falls in that subspace is provided leysbt{e; = V' f;, j=1,...,n —1},

ordered according to the corresponding generalized e@ees)\; > Ao > ... > X\, 1.

Runtime Analysis The main runtime bottleneck in Randomized (L)SIR is caltngathe Ran-
domized SVD estimates which are used to project the datédoviAal that step is the solution to a
generalized eigendecomposition problem of dimensiamhich takesO(r3) time. Asr << n < p
this is computationally feasible for large data sets. Hetioe overall asymptotic runtime is the
same as that for Randomized SVO(tinp + t%1?>n) (see 6.2.4). When c-fold cross-validation is
used to estimate an optimal value fdhe runtime becomed(>",4* e x [tl(n—a)p+t21*(n—a)))

(see 6.2.2).
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Inference Properties

In this section | describe some known population resulthédlassic case of SIR and a closely

related likelihood based formulation for sufficient dimemsreduction.

Model-free Framework for Inverse Regression The population quantity of interest in in-
verse regression approaches to dimension reduction igtiteat subspacgy | x = sparig, - - -, ga),

as any orthonormal basis 6%y can be used to construct the orthogonal projection madsx . .

An actual model linking the linearly transformed covargte the response need not be specified

for the estimation ofy, .. ., gq4.

If the additionallinearity assumptions satisfied
E[X | Psy ] = Psyy X, (6.15)

then the centered inverse regression is confineg g, spafEx (X | Y] — Ex[X]) C Sy|x and
Sex[v|x] € Sy|x- Aninteresting observation was thatag — oo linear combinations of the
covariates are approximately normally distributed [78]stensures that thinearity conditionis
asymptotically satisfied. The practical implication ofstiesult is yet to be clearly understood. If,

in addition, we assume that

Y LX|Ps X (6.16)

[X[yp==>

then it was shown thatgy|x; = Sy x [26]. If condition (6.16) is not satisfied then [116] and
[36] suggested that we can consider higher conditional nmésnaf X' | Y or consider the "central

kth-moment subspace“(CKMS) [203]. The localization in R2lso addresses this situation.

Model-based Framework for Inverse Regression Principal Fitted Components (PFC) is
a general parametric framework for inverse regression gseg in [35] and extended in [31, 3],
which is based on a multivariate normal model for the coodal distribution ofX|Y", allowing

for a variety of covariance structures. L&}, € RP denote the random vector with conditional

distribution X|(Y = y), E[Y] = p,, andE[X] = p. In addition letl' € RP*? be a basis for

94



the spafu, — 1). Then, assuming a normal conditional model, the author8%h postulate the

following model
Xy = p+Tvy + o€, (6.17)

wheree ~ N(0,A), A € SP*P ande is independent of. The respons&” is incorporated as part
of the conditional mean through, € R%. In particular,y, = (I7T) 11T (u, — p) = T (py — ),
provides the coordinates for the centered conditional nveatory,, — 1 in the basis defined by the
semi-orthogonal matriX'. Under this modeR(X) = T A~1X is a minimal sufficient reduction
and hence the central subspace is characterizeshhy = A™'I' = {A~'z : z € Sr}. Thisis
the same targgiopulationquantity estimated by the SIR algorithm, which implies tinathe class
of normal inversemodels (6.17)moment-fregSIR) andmodel-basedPFC) inverse dimension
reduction coincide in the population. The above paramétaimework was further extended in a
Bayesian setting by [126].

In the special case d@$otropic conditional covariancé = ¢%1, the subspace for the sufficient
dimension reduction is the span of the top eigenvectorsefithrginal covarianc®& = Cov(X),
which are estimated, using maximum likelihood, by the tamesvectors of the sample covariance
matrix. This provides a parametric model justifying the agBrincipal Components as a dimension
reduction approach for regression, that assumes a veryajenean structure and quite restrictive

conditional covariance structure.

Bounds on Estimators Similar to the case of PCA we can bound the deviation betwken t
estimated dimension reduction subspace and the populditioension subspace for SIR. Theorem
6.2.3 can be applied to both the sample covariance matrixeisas/the estimate of the covariance
of the inverse regression resulting in a bound of the form

K

B-B| <
| II,\/E,

wherex depends on the moments &fand X | Y = y. In this case the upper bound also turns out

to depend on\iy.
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We do not yet have an analysis for the case of LSIR or supehise.

6.3 Results

In this section | describe the application of the algorithaescribed in Section 6.2.2 and Section
6.2.3 in the context of a simulated Wishart and low-rank dewece structure and a SNP microarray
experimental data from Wellcome Trust Case Control Consor{WTCCC) [1] and a genotyping
study of European Populations from POPRES [138] report¢il46].

| first investigate theuntimeproperties of the randomized procedures as compared toéue e
sample estimates, followed up a study of the effect of thaleggzation parameter on the estimation

accuracy of the dimension reduction subspace.

6.3.1 Simulation

The following section contains results from empirical roighe iterative approximation scheme
with comparisons to an exact SVD approach implemented asftiie LAPACK package (DGESVD
routine). The agreement between the estimates of the stdspanned by the top eigenvectors and

the true subspace is measured using trace correlation 228] as described in Section 6.2.1.

Random Wishart Covariance Structure

The input data was a randomly generated rectangular mdtdxrensionm x n with independent
N(0,1) entries. Our main goal in this section is to examine the tgbdf the iterative scheme to
produce fast and accurate approximation to the span of fhéete eigenvectors of the sample co-
variance matrix. Notice that this is the worst-case scerfarithe Randomized algorithm whereby
all population eigenvalues are the same i.e. no eigenvaoayd Hence, the observed performance
gains over the exact method can be expected to be much matastial in similar size data set
that containgow rank structure and small values for the parametexould be sufficient to achieve
excellent approximation accuracy (see Section 6.3.1). Wegaing to illustrate the relative im-

provement in terms of runtime over the exact SVD method indvstinct dimension size regimes.
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Wishart(scale=I, m, n)
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m

Figure 6.1 Similar matrix dimensions result in increased runtimengaver exact PCA

m  runtime(exact) sec(s) =&t |pg,.xad

approx approx
1000 38 2.11 1.08
2000 217 5.43 2.44
3000 1172 14.84 3.89
4000 1887 17.80 4.15
5000 2828 19.64 4.30
6000 6983 35.81 5.16

Table 6.1 n=9000, varying m

Decreasing Difference Between the Data DimensiongFigure 6.1 (based on Table 6.1)
illustrates the runtime behavior of the iterative schematree to the exact SVD as traifference
between the data dimensions decreadeghis scenario Randomized PCA show exponential run-
time gains. This is expected to be the regime of greatesteisttein which an abundance of high
dimensional samples are to be analyzed in the context ofhighrdimensional genotype data for

each individual sample.

97



Wishart(scale=I, m, n)

5.0

4.5

log2(runtime.ratio)
4.0

3.5

T T T T I
6000 8000 10000 12000 14000

n

Figure 6.2 Different matrix dimensions result in decreased runtiragng over exact PCA

n runtime(exact) sec(s) =& |og, exact

approx approx
5000 1873 26.76 4.74
6000 2533 30.52 4.93
7000 3134 27.73 4.79
8000 2637 18.84 4.24
9000 2828 19.64 4.30
10000 2873 14.81 3.89
11000 2966 13.73 3.78
12000 3088 11.61 3.54
13000 3222 11.27 3.49
14000 3268 9.10 3.19

Table 6.2 m=5000, varying n

Increasing Difference Between the Data Dimensionsin many high dimensional datasets
the number of samples is much smaller than the number of mehgeatures, as it is often infeasi-

ble to collect a large amount of data. Figure 6.2 (based ofeTél?) illustrates how Randomized
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PCA runtime changes as we approach such a scenario in wredfifference between the data
dimensions increasesn this case the relative runtime gains of Randomized PCQwirdsh expo-
nentially fast. Hence, unless runtime gain of a factor of 3 @ essential an exact SVD approach

would be recommended.

Low Rank Covariance Structure

When the matrix is of low rank, usually a single iteration bé& tapproximate scheme produces a
very accurate approximation to the top eigenvectors aneheaues. We expect this to be (approx-
imately) the case in many real-world datasets as illusdratethe next section with large gentic
data sets. Figure 6.3 illustrates this behavior of RandethiCA on a spiked covariance matrix in
which top 5 eigenvalues contain signal and all other corgaly noise. The simulation experiments

were replicated 1000 times.
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]

Figure 6.3 Application of Randomized PCA to a spiked Wishart covat@structure
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6.3.2 SNP Data

In this section | apply Randomized PCA to some moderate ®rety data sets, evaluating its
ability to provide a good approximation to the dimensionuetn subspace spanned by the top

few eigenvectors as compared to the exact methods.

Randomized (t=5) Exact

PC3

i i S s
.

S

Fligg]re 6.4 Estimated axes of variation (PC2, PC3) based on data frouemdbreet al.
European Data Set Figure 6.4 illustrates the ability of the Randomized SVDeoaver a good
approximation to the top 4 PCs in [146]. The genotype dataliscted from European individuals
as part of the POPRES [138] project. The DNA of a totakoB,000 European individuals was
assayed at- 500,000 locations. After data pre-processing 1,387 inddial samples ang 200,000
SNPs were used in the downstream analysis. The differeatxoh Figure 6.4 represent different
geographic origin of the individuals projected onto #& and3™" principal component (PC). Good
separation is evident among the geographic subpopulafibe. value oft used was 5 and it was
sufficient to produce empirical correlations of the exachpke PCs with the approximate estimates

as follows (starting from PC2): 0.999, 0.996, 0.930, 0.%28,
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WTCCC Crohn’s Disease Genotype Data In this section | compare the performance of
Randomized SVD to the exact SVD on a subset of the Crohn'sasis&NP data set from the
Wellcome Trust Case Control Consortium [14 5,000 individuals were assayed -at500,000

locations. After data pre-processing5,000 individual samples and 200,000 SNPs were used
in the downstream analysis. Table 6.3 shows results fromimgnrRandomized SVD on a subset of

the data from chr 17,19,21, and 22.

To study the properties of the Randomized SVD approach | twedlifferent stopping rules.
Table 6.3 summarizes the results from a single iterationasfd®mized SVD while Table 6.4 con-
tains the results from running the iterative scheme unghtsubspace accuracy has been achieved
(distance ofl.0 x 1072 or less has been achieved, that typically corresponds tad.p-3accuracy
of the eigenvalue estimates for the sample covariance xhatfihe dimension of the target sub-
space was fixed to be 10. In both scenarios the results dlasthat Randomized SVD provides a
highly scalable approach to inference of the axes of gematiation that correspond to the top few

Principal Components of the sample covariance matrix oSiN@ data matrix.

data runtime(exact) runtime(approx) subspace dist.
4,686x6,041 (chr 19) 37 min(s) 34 sec(s) 6 sec(s) 0.01
4,686x11,943 (chr 19, 22) 48 min(s) 1 sec(s) 13 sec(s) 0.05
4,686x18,715 (chr 19, 21, 22) 72 min(s) 8 sec(s) 38 sec(s) 0.11
4,686x29,406 (chr 17, 19, 21, 22) 72 min(s) 29 sec(s) 31 sec(s) 0.09

Table 6.3 Crohns Disease; 200K SNP array; 5,000 individuals. Sirtglation of Ran-
domized SVD
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data

runtime(exact) exact  og exact

subspace dist.

approx approx
4,686x6,041 (chr19) 34 min(s) 40 sec(s) 189.09 7.56
4,686x11,943 (chr 19,22)

35 min(s) 46 sec(s) 79.48 6.31
4,686x18,715 (chr 19,21,22) 45 min(s) 29 sec(s) 62.02 5.95

4,686x29,406 (chr 17,19,21,22) 61 min(s) 34 sec(s) 53.54  5.74

3.9 x 1077
3.3x 1077
1.9 x 1077
3.2x 1077

Table 6.4 Required minimum distance to the space spanned by the eeeigenvectors:
1.0 x 1073

102



Chapter 7

Conclusions

7.1 Direct Evidence of Regulation Improve$e Novo Mo-
tif Discovery Predictions

In this section | briefly summarize some of the general casichs and propose future directions
based on the proposed approach for leveraging high-thpuigbinding evidence to achieve im-
proved models for the binding preferences of RNA and DNA biigdactors as well as their func-

tional occurrences in the genome.

7.1.1 Genome-wide Binding Evidence

Motif finding with an objective function based on genome-avigvidence of regulation provides
a flexible and successful framework to integrate sequentz wiigh high-throughput binding or
expression information. In particular, | presented a flexiand successful pipeline to analyze
regulatory information resulting from applications of mgeneration sequencing technology. |
have also demonstrated the usefulness to integrate highitdormation on the genome wide set
of regulatory regions (such as defined by DNasel hyperseasites), with quantitative data on the
genome-wide affinity of individual regulatory factors.

For the case of TF binding site discovery in ChIP-chip datRRET was compared to existing
state-of-the art approaches and showed very competitiferpeance. In the case of Chip-seq the
method successfully recovered the known binding prefergio€ the factor under study, with much
improved quality possibly due to the larger amount of bigddata as well as the much higher

resolution provided by the sequencing-based experimastalys.
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Binding Site Representation

Using IUPAC consensus motifs as described in Section 3.&stmeally results in underestimat-
ing the motif degeneracy, as | build a PSSM description basethe consensus sequence in the
predicted set of bound genes. Together with the objectiwetion currently used by cERMIT
described in Section and 3.4.2, targeting oligomer moshgty associated with the evidence pro-
vided, this means that reported motif predictions shouldb@oconsidered as quantitative models
of actual binding affinity, but rather as the core of a funaéibmotif. In addition, similarly to others
before us [41], the motif search implemented by cERMIT isgdlasn the assumption that the ex-
perimental setup ensures sufficient concentration of tttefan order for it not to be a limiting step
in the sequence binding reactions. This allows us currd¢athpproximate the inherently stochastic

DNA-TF interaction by modeling it as a binary event.

7.1.2 Transcriptome-wide Binding Evidence

The different, and in many cases unknown, cross-linkingerties for RBPs presents a challenge
for all CLIP protocols, and requires small adjustments asaw to call and expand read clusters
to ensure the inclusion of the binding site to be identifiedhi@ downstream motif analysis. In
instances of newly studied proteins, for which the motif onersion pattern are not known, e.g.
the recently analyzed HuR protein [134], it is thus best ® BARalyzer with the extend-by-read
option in combination with the output of motif finding to detene if significant top-scoring motifs
tend to have specific locations of high conversion. If it is tase, as it is e.g. for PUM2, that there
is at least one location of high conversion, then a tightestelr extension can be used to reduce the
size of the interaction map.

In addition to the RBP-specific sequence affinity preferentiee RBP-RNA interaction has
been shown to be influenced by the secondary structure chtheted RNA sequence and has been
successfully exploited in previous work on RBP motif disexgv[83, 117, 93]. Incorporating infor-
mation on the RBP structural preferences into the motifysigproposed in the current work could

be implemented by means of a prior distribution on the bigdidence for individual sequence
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regions inferred by PARalyzer, biasing the motif discoviemyards high-scoring sequence patterns
that contain favorable sequence context for RBP bindings @buld help filter out non-specific in-
teractions with highly abundant mRNAs. In the context of AGf@diated regulation, a prior based

on the predicted microRNA-mRNA duplex stability could bedsn a similar fashion.

Due to the use of 4SU nucleoside analogue in the original BARR protocol, the U content
of an actual binding site and its vicinity will obviously irapt the identification of RBP binding
sites. If a recognition site does not contain any uridinescige delineation using this approach is
compromised; on the other hand, many U residues may eitlhiseqgaroblems with alignment due
to the potential of many mismatches, and/or to spread ousitireal over multiple positions. The
current investigations of additional amenable photoatdible nucleosides [106], complemented
by the use of different digestion enzymes [101], are expktdeeduce potential biases, and can
easily be specified in PARalyzer. As such, the RBP motif aislyipeline provides a standardized
solution for the analysis of RBP binding sites via PAR-CLfift, subsequent motif finding for
sequence-specific RBPs, and for the elucidation of posstrgtional regulatory mechanisms and

networks.

7.1.3 Future Directions

The presented motif discovery approach in high-througlynding data from Section 3.1 provides
a useful set of ideas but there is scope for improvement, lbotarms of a more flexible motif

description as well as on the motif search strategy, by mefiasstochastic search in place of the
greedy approach. | expect that this will allow us to pick uprendegenerate signals and to provide
more quantitative models of the recovered functional sitestead of merely defining genome
partitions by the presence of motifs, a probabilistic framek based on a joint likelihood as well as
a formal model of uncertainty would also allow for the sinamkous inference of a motif model and
the most probable set of target genes. Different types opagimoves can be also incorporated
that will enhance cERMIT’s ability to explore the motif sefarspace. This may allow us to better

capture motifs with two half-sites separated by highly degate spacer regions, or combinations
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of two or more motifs. To that end partitions can be definedetésed on high scoring motifs that
co-occur in regulatory sequences. Ultimately, the mairl goenotif discovery is to approach the
harder problem of detecting combinatorial interactiongliferent factors that distinguish between
biological states, be it between different tissues, spedédvelopmental stages, or normal vs. cancer

conditions.

7.2 Extensions to the Framework for Inference of Popu-
lation Structure

In this section | briefly outline some possible extensioret thiould allow to take full advantage
of the proposed computational framework for approximat@resion of the optimal dimension

reduction subspace relevent to large genetic data sets.

7.2.1 Statistical Inference of the Dimensionality of the Poulation Struc-
ture

Randomized SVD was demonstrated to produce highly accastimates of the subspace spanned
by the top few eigenvectors of the sample covariance estgndthis subspace could be very useful
for visual inspection of the projections onto the top 2-3eigectors to identify natural groups and
individual patterns. In addition, random matrix theory bagn successfully adapted to the problem
of formal inference of population structure using the fM3of the (normalized) genotype matrix
[149]. Even though, typically, the top few eigenvectorstaap the population structure present
in the data, testing exactly how many eigenvectors are meedeently relies on estimates of all
sample eigenvalues. Hence, new statistical theory neetle teveloped to address the setting
of large number of genotypes (SNPs) as well as large numbgerdtyped individuals (samples)
where estimation of the full SVD is not feasible.

One promising direction to explore would be to take advamtasigthe knowledge that in struc-
ture in the genetic data from real world populations tendset@f small dimension, hence most of

the population eigenvalues of the covariance matrix shoaldespond to noise directions and are
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approximately equal. Combining this idea with accuratévesties of the top few sample eigenval-
ues e.g. using Randomized SVD, could provide the necessfoyriation to construct a suitable

statistic to test for the dimensionality of the structuregant in the population under study.

7.2.2 Theoretical Results for Localized Sliced Inverse Regssion

For the case of PCA and SIR Theorem 6.2.2 and Theorem 6.2/&1pra bound on the deviation
between the estimated dimension reduction subspace ambgheation dimension subspace was
derived. It would be desirable to prove a similar result farchlized Sliced Inverse Regression
(LSIR) and supervised LPP. This is problematic as the pojma@bject itself that LSIR estimates

is diffcult to define and analyze.
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Appendix A

Website With Software and Data Sets

A.1 TF Binding Motif Discovery

http://tools.genome.duke.edu/generegulation/traoison/cCERMIT/

A.2 PAR-CLIP Motif Analysis

http://www.genome.duke.edu/labs/ohler/research/mE&ExX.php

A.3 Randomized Eigendecomposition Analysis

http://stat.duke.edu/ sayan/eigen.htm
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