Theoretical Understanding of Neural Network
Optimization Landscape and Self-Supervised
Representation Learning
by
Chenwei Wu

Department of Computer Science
Duke University

Date:

Approved:

Rong Ge, Supervisor

Kamesh Munagala

Debmalya Panigrahi

Jianfeng Lu

Dissertation submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Computer Science
in the Graduate School of Duke University
2023



ABSTRACT

Theoretical Understanding of Neural Network Optimization

Landscape and Self-Supervised Representation Learning
by

Chenwei Wu

Department of Computer Science
Duke University

Date:

Approved:

Rong Ge, Supervisor

Kamesh Munagala

Debmalya Panigrahi

Jianfeng Lu

An abstract of a dissertation submitted in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in the Department of Computer Science
in the Graduate School of Duke University
2023



Copyright (©) 2023 by Chenwei Wu
All rights reserved except the rights granted by the
Creative Commons Attribution-Noncommercial Licence


http://creativecommons.org/licenses/by-nc/3.0/us/

Abstract

Neural networks have achieved remarkable empirical success in various areas. One
key factor of their success is their ability to automatically learn useful representations
from data. Self-supervised representation learning, which learns the representations
during pre-training and applies learned representations in downstream tasks, has
become the dominant approach for representation learning in recent years. However,
theoretical understanding of self-supervised representation learning is scarce. Two
main bottlenecks in understanding self-supervised representation learning are the
big differences between pre-training and downstream tasks and the difficulties in
neural network optimization. In this thesis, we present an initial exploration into
analyzing the benefit of pre-training in self-supervised representation learning and
two heuristics in neural network optimization.

The first part of this thesis presents our attempts to understand why the represen-
tations produced by pre-trained models are useful in downstream tasks. We assume
we can optimize the training objective well in this part. For the over-realized sparse
coding model with noise, we show that the masking objective used in pre-training
ensures the recovery of ground-truth model parameters. For a more complicated
log-linear word model, we characterize what downstream tasks can benefit from the
learned representations in pre-training. Our experiments validate these theoretical

results.

v



The second part of this thesis provides explanations about two important phe-
nomena in the neural network optimization landscape. We first propose and rigor-
ously prove a novel conjecture that explains the low-rank structure of the layer-wise
neural network Hessian. Our conjecture is verified experimentally and can be used
to tighten generalization bounds for neural networks. We also study the training
stability and generalization problem in the learning-to-learn framework where ma-
chine learning algorithms are used to learn parameters for training neural networks.
We rigorously proved our conjectures in simple models and empirically verified our
theoretical results in our experiments with practical neural networks and real data.

Our results provide theoretical understanding of the benefits of pre-training for
downstream tasks and two important heuristics of neural network optimization land-
scape. We hope these insights could further improve the performance of self-supervised

representation learning approaches and inspire the design of new algorithms.
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1

Introduction

Neural networks have demonstrated astonishing success across a wide range of do-
mains, including computer vision (He et al., 2016a), natural language processing
(Vaswani et al., 2017), speech recognition (Gulati et al., 2020), reinforcement learn-
ing (Mnih et al., 2015), and many more (Bommasani et al., 2021). In practice,
neural networks can automatically learn useful representations from data and use
these representations for various specific tasks. These representations can usually
achieve better performances in the tasks than handcrafted ones. However, the the-
oretical understanding of these learned representations is very limited. This has
led to a dependence on trial-and-error approaches which are time-consuming and
resource-intensive. A better theoretical analysis of these representations will help us
better understand neural networks, and as a result, help us improve their empirical
performances and even unlock new applications.

The representations of neural networks can be learned in supervised, unsuper-
vised, or self-supervised ways. In supervised representation learning, each datum

is given a label, i.e., the correct output, and the goal of the representations is to



help the model predict the labels more accurately. Unsupervised learning, on the
other hand, does not require labels and learns the representations by finding the
underlying patterns or structures of the data. Self-supervised learning is a variant
of unsupervised learning. It deals with unlabeled data but transforms the problem
into a supervised task by creating “labels” from the data themselves. For example,
contrastive learning (Oord et al., 2018) asks the model to pull representations for
similar data closer and push representations for different data farther. As another
example, in masking (Devlin et al., 2018), the model is trained to predict a portion
of its input data given the other portion. This representation-learning process using
unlabeled data is called pre-training. In most cases, the representations learned in
pre-training will be used as input in a supervised task with few labeled data. The
supervised task is called the downstream task.

Self-supervised learning is especially useful when there are abundant unlabelled
data but few labeled data for the task. For instance, people have unlabeled text
corpora that contain billions of sentences (Raffel et al., 2020a), but may only have
a thousand labeled sentences for a sentiment classification task. It is empirically
shown that the representations learned by self-supervised learning achieve state-of-
the-art performances in these cases (Chen et al., 2020) — more importantly, these
representations are much more transferable than before. Representations learned in
the pre-training stage are usually useful for multiple tasks (Devlin et al., 2018), even
tasks in other modalities, e.g., pre-trained language model representations can help
image generation (Ramesh et al., 2022).

Theoretically understanding self-supervised representation learning is very chal-
lenging for at least two reasons: Firstly, the pre-training task is usually quite different

from the downstream tasks. The neural networks are usually trained to predict part



of the input data during pre-training, but the downstream task can be classification,
detection, etc. This difference in tasks also usually results in a difference in their
objective functions and sometimes a difference in data distributions. Secondly, the
process of learning the parameters of neural networks is complicated. These param-
eters are usually learned by minimizing a loss function using local search algorithms.
Since the number of parameters in a neural network can be at the scale of billions and
even trillions (Fedus et al., 2021), the parameter space is extremely high-dimensional.
Furthermore, neural networks often have deep layered structures with non-linearities
in between, resulting in a highly non-convex and non-smooth loss landscape.

This thesis represents our initial attempts to theoretically understand the bene-
fit of pre-training in self-supervised learning and several heuristics in neural network
optimization. In the first part of this thesis, we try to understand why the representa-
tions learned in the pre-training stage benefit the downstream tasks. In this part, we
assume the optimization is successful and we get a model with low pre-training loss.
We then focus on how to choose the proper pre-training loss that allow pre-trained
representations to be useful. As a concrete example, we will prove that masking,
which is a commonly used objective in self-supervised learning, ensures the recovery
of ground-truth parameters in an over-realized sparse coding model. Generalizing
the insights to more complicated models, we will also provide some necessary and
sufficient conditions for the downstream task to provably benefit from pre-trained
representations in large language models. More detail about these results will be
provided in Section 1.1.

In the second part of the thesis, our goal is to understand the optimization of
neural networks. Since the optimization landscape of neural networks is very compli-

cated, current global convergence results for training neural networks are restricted



to simple models and shallow neural networks. However, neural networks used in
practice are much more complicated. Therefore, people use many heuristics to ac-
celerate training or make the learned model perform better on unseen data. In the
second part of this thesis, we investigate two such heuristics and provide theoretical

insights about them. We will discuss more details in Section 1.2.

1.1 Theoretical Analysis of Self-Supervised Representation Learning

Our first goal is to understand why the downstream tasks can benefit from the
representations learned in the pre-training stage. To do that, we need realistic and
reasonable connections between the pre-training and downstream tasks. A recent line
of work (Lee et al., 2021; Tosh et al., 2021b,c; Wei et al., 2021) assumes that they
share the same latent representations: the shared representations generate the pre-
training data via a latent variable model (such as Hidden Markov Model), and at the
same time decide the labels for the downstream tasks. This is also the framework we
will use in our analysis. We extend the previous results to new models. Moreover, our
studies give both the success and failure cases for self-supervised learning approaches,
providing a more complete understanding of the benefit of pre-training.

In Chapter 2, we analyze why the representations learned using a self-supervised
approach during pre-training can perform better than traditional methods. We study
masking, where the models are asked to predict part of the data (masked part) from
the other part (unmasked part). As an example, we focus on the sparse coding
problem with an over-realized dictionary as the generative model for the pre-training
data. Existing theoretical results are limited to noiseless data (Sulam et al., 2022).
Under the noisy data setting, we proved that minimizing the standard dictionary

learning objective can fail to recover the ground-truth parameters, but the masking



objective has the ground-truth parameters as its optimal solution. In other words,
a proper choice of pre-training objective helps us learn useful representations. Our
experiments validate our theoretical results and showed that the learned parameters
from masking can achieve better recovery performance than the traditional method.

A major bottleneck in existing works (Arora et al., 2016; Wei et al., 2021), includ-
ing the result in Chapter 2, is that they are limited to simple and well-understood
probabilistic models. In Chapter 3, we give initial results in understanding the ben-
efit of pre-training for much more complicated models. In this work, we open the
black box of huge models at the last layer. Specifically, we only assume that the
last layer of the generative model for pre-training data is a log-linear probabilistic
model. The network before the last layer can be arbitrarily complicated. In this
setting, we first find two necessary conditions for the downstream tasks to be guar-
anteed to benefit from the representations: the insensitivity to extremely rare words
and the resistance to shift-invariance of the softmax function. We also proposed,
empirically verify, and theoretically proved a sufficient condition for guaranteeing
good downstream performance, which is the existence of an “anchor vector” in the

representation space.
1.2 Neural Network Optimization Landscape

The loss function is a function of network parameters measuring the discrepancy
between the network outputs and our desired outputs. Its landscape — locations and
loss values for various local optimal solutions and saddle points — plays a very impor-
tant role in determining the quality of the final learned parameters. The commonly
used algorithms for neural networks are first-order local search algorithms, such as

gradient descent and its variants. These algorithms iteratively take small steps in



locally downhill directions on the loss landscape and are guaranteed to learn the
optimal parameters for convex functions. However, the optimization landscape of
neural networks is highly non-convex and usually has many spurious local minima
that are problematic for local search algorithms (Safran and Shamir, 2018). Despite
the complicated landscape, these algorithms in practice often find a point with a low
loss value. Moreover, the number of parameters in neural networks is usually larger
than the number of training samples, resulting in many global minima on the loss
landscape (Soudry and Hoffer, 2017). Although only a few global minima perform
well on unseen data (Keskar et al., 2017), the algorithms often converge to these
minima. The two phenomena are still far from being fully understood in theory.
The theoretical results capturing the global convergence of neural network op-
timization are usually limited to unrealistic models, e.g., linear neural networks
(Kawaguchi, 2016) or networks with near-infinite widths (Allen-Zhu et al., 2019;
Mei et al., 2018). In this thesis, we want to understand the optimization of practical
deep neural networks, whose optimization landscapes are much more complicated
than the ones in these theoretical results (Li et al., 2018). People usually use sev-
eral heuristics in training a practical neural network to help with its optimization
and its generalization to unseen data. Therefore, understanding these heuristics is
crucial for understanding the optimization of practical deep neural networks. The
theoretical insights gained from the understanding may help improve the optimiza-
tion performance and the design of new algorithms. In this section, we improve the
theoretical understanding of neural network optimization landscape by theoretically
understanding two such important heuristics about the optimization landscape. We
also empirically show that our new understanding can help improve the performances

of practical neural networks.



1.2.1 Understanding Top Eigenspace of Neural Network Hessian

Neural network Hessian captures important properties of the optimization landscape.
Hessian provides second-order information of the loss, e.g., the local optimality of a
critical point and the curvature in a local area. These information can help us analyze
the behavior of local search algorithms, including their convergence speeds, whether
they can get stuck, etc. Besides, Hessian can be used to design better algorithms
for neural network training, such as L-BFGS (Liu and Nocedal, 1989) and K-FAC
(Martens and Grosse, 2015). Furthermore, extensive experiments have shown that
the Hessian around a local minimum on the optimization landscape is closely related
to the generalization performance of the corresponding parameters (Jiang et al.,
2019). Despite such importance, little theory is known about the structure of neural
network Hessian.

In Chapter 4, we are going to provide a theoretical analysis of the low-rank
structure of the neural network Hessian, a phenomenon that has been observed in
previous works (Sagun et al., 2018). We propose a decoupling conjecture that de-
composes the layer-wise Hessian of a neural network as the Kronecker product of
two smaller matrices, and rigorously prove the conjecture for randomly initialized
2-layer networks. This decoupling not only explains the previous observations about
Hessian top eigenspace, but also has several other interesting implications, e.g., top
eigenspaces for different models have surprisingly high overlap, and top eigenvectors
form low rank matrices when they are reshaped into the same shape as the corre-
sponding weight matrix. We also empirically showed that the conjecture and its
implications are true for both shallow and deep neural networks. Furthermore, we
showed that our conjecture can be used to tighten the existing non-vacuous general-

ization bounds.



1.2.2  Learning-to-Learn for Tuning the Step Size

Training a neural network is a complicated process, and the parameters of the opti-
mization algorithms have a big impact on the performances of the networks. These
parameters are called hyperparameters. Examples of hyperparameters include step
size, momentum, weight decay, etc. An improper choice of hyperparameters can
cause many problems, e.g., overfitting, slow convergence, unstable training, or even
divergence in training. Choosing proper hyperparameters is usually time-consuming,
resource-expensive, and involves much human effort. To better select hyperparame-
ters, people have developed a learning-to-learn approach (Andrychowicz et al., 2016),
which views hyperparameter selection as a machine learning problem and learns
these hyperparameters automatically. Although effective under many circumstances,
learning-to-learn as a higher-level learning process is more difficult than regular train-
ing and suffers from multiple problems. For instance, the learning-to-learn problem
is unstable in training, and the learned hyperparameters may not generalize well to
other tasks (Metz et al., 2019).

We in Chapter 5 focus on a specific learning-to-learn problem: tuning the step
size for a quadratic objective by running meta-gradient descent on a meta-objective.
Although the inner objective is simple, this learning-to-learn problem is still diffi-
cult and has similar problems as practical circumstances. Under this framework,
we study the meta-training instability problem in learning-to-learn and the general-
ization properties of the learned parameters. We show that the meta-gradient can
explode or vanish if the meta-objective is not selected carefully, and computing the
meta-gradient using backpropagation leads to numerical issues. Besides, we charac-
terize the necessity of evaluating the hyperparameters on a separate validation set to

guarantee their generalization performance. We prove that when the noise is large
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and the sample size is not big enough, computing the meta-objective on a separate
validation set has better generalization on unseen data. This is because computing
the meta-objective on training data may not help us learn the correct parameter. We

validate all our theoretical results in real datasets with practical neural networks.

1.3  Other Related Works

Theory for Self-Supervised Learning. There have been previous works that theoreti-
cally analyze different kinds of self-supervised learning methods and aim to explain
why the representations learned in pre-training can be useful in downstream tasks.
Most of the works in this area make assumptions about the data. Some works as-
sume that the data are generated via explicit latent variable models and show that
self-supervised learning methods can recover the latent variables. These models in-
clude hidden Markov model (Wei et al., 2021), topic models (Arora et al., 2016;
Tosh et al., 2021a), graphical model (Zhang and Hashimoto, 2021), augmentation
graph (HaoChen et al., 2021), Hierarchical Latent Tree model (Tian et al., 2020),
etc. Another line of work assumes the data satisfy some properties, e.g., multi-view
redundancy (Tosh et al., 2021c; Tsai et al., 2020) or conditional independence given
the label (Lee et al., 2021; Saunshi et al., 2019), and prove that models can retrieve
downstream-task-related information such as labels via self-supervised learning.
Besides the data perspective, some other works in this area focus on the properties
of the model or representations. Wang and Isola (2020) showed that contrastive loss
encourages alignment and uniformity of representations, Bansal et al. (2020) proved
that a rational and robust-to-noise pre-trained model generalize well to downstream
tasks, and Saunshi et al. (2020) reformulates the downstream task in the same form

as pre-training and provides the performance guarantee.



Results for Global Neural Network Optimization Landscape. As for the optimization
part, there has been a long line of work characterizing the global properties of neural
network optimization landscape. Although the optimization landscape of a neu-
ral network is non-convex in general, people have shown that all local minima are
global minima for some special neural networks, including linear neural networks
(Kawaguchi, 2016; Hardt and Ma, 2016) and neural networks with structural or loss
modifications (Liang et al., 2018; Kawaguchi and Kaelbling, 2020). However, this
is not true in general, and spurious local minima are shown to be common in most
neural networks (Safran and Shamir, 2018; Ding et al., 2019).

Despite the common existence of spurious local minima on neural network opti-
mization landscape, another line of work shows that gradient descent usually con-
verges to global minima, not to these spurious local minima or saddle points. This
line of work includes Neural Tangent Kernel (Jacot et al., 2018; Allen-Zhu et al.,
2019; Du et al., 2018) and mean-field theory (Mei et al., 2018; Chizat and Bach,
2018). However, the Neural Tangent Kernel behaves different from practical neural
networks (Chizat and Bach, 1812; Arora et al., 2019), and the mean-field theory
assumes the width of the neural network to be exponentially large and the depth
to be two or three, which is unrealistic. Therefore, a satisfactory understanding of

general neural network optimization is still lacking.

Theoretical Insights about Heuristics in Practical Neural Network Optimization. People
have been using plenty of heuristics when optimizing neural networks empirically to
help with the convergence and the generalization performance to new data. Some
heuristics can work well in different domains, and some phenomena are commonly

observed under different settings, so people believe these heuristics and phenomena

10



capture important properties of neural network optimization and perform theoretical
analysis about them. Examples include batch normalization (Santurkar et al., 2018;
Kohler et al., 2018; Arora et al., 2018b), sharpness of local minima (Dinh et al.,
2017), Mixup (Guo et al., 2019; Carratino et al., 2020; Zhang et al., 2020, 2022a),
and the Edge of Stability (Arora et al., 2022; Zhu et al., 2022). These theoretical
studies improve our understanding of the heuristics or phenomena. They could also
lead to new optimization algorithms that work better in practice. For instance,
following the insight that flatter minima generalize better (Jiang et al., 2019; Keskar
et al., 2017), Sharpness-Aware Minimization (Foret et al., 2020) leads the network

parameters towards a flatter minima and usually generalizes better.
1.4 Bibliographic Notes

Chapter 2 is based on joint work (Chidambaram et al., 2023) with Muthu Chi-
dambaram, Yu Cheng, and Rong Ge. Chapter 3 is based on joint work with Holden
Lee and Rong Ge. Chapter 4 is based on joint work (Wu et al., 2020) with Yikai Wu,
Xingyu Zhu, Annie N. Wang, and Rong Ge. Chapter 5 is based on joint work (Wang

et al., 2021) with Xiang Wang, Shuai Yuan, and Rong Ge.
1.5 Future Directions

Our results about self-supervised representation learning rely on the generative mod-
els for the pre-training data. The two models used in this thesis are either simple or
only opening the black box for one layer. A better analysis of the relationship be-
tween the learned representations and the structure of the pre-training data requires
a model with more fine-grained structure and stronger expressive power. Another

future direction is going beyond the generative model assumption, e.g., relying on the
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connection between the pre-training task and the downstream task (Saunshi et al.,
2020).

For the observations about neural network optimization, We only have rigorous
results for one-layered or two-layered neural networks. Extending the existing results
to deeper models or other phenomena is a meaningful future direction. Another
future direction is to use our theoretical understanding to derive better algorithms

for neural network optimization.
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2

Masking Helps Sparse Coding

In this chapter, we present the benefit of self-supervised representation learning in
sparse coding. We assume that the data are generated from a sparse linear combina-
tion of vectors in a dictionary and the goal of the pre-training task is to recover the
dictionary. Under this setting, we compare two objectives for pre-training: the stan-
dard dictionary learning objective and the masking objective which is commonly used
in self-supervised representation learning. We prove that when the data are noisy
and the student model is over-realized, the masking objective can help successfully
recover the dictionary while the standard objective fails. Therefore, for over-realized
noisy sparse coding, masking can better capture the structure of input data during
pre-training than the standard objective. This could explain why representations

learned by self-supervised approaches yield better downstream performances.
2.1 Introduction

Modeling signals as sparse combinations of latent variables has been a fruitful ap-

proach in a variety of domains, and has been especially useful in areas such as medical
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imaging (Zhang et al., 2017), neuroscience (Olshausen and Field, 2004), and genomics
(Tibshirani and Wang, 2008), where learning parsimonious representations of data is
of high importance. The particular case of modeling high-dimensional data in R? as
sparse linear combinations of a set of p vectors in R (referred to as a dictionary) has
received significant attention over the past two decades, leading to the development
of many successful algorithms and theoretical frameworks.

In this case, the typical assumption is that we are given data y; generated as
y; ~ Az + €;, where A € R¥? is a ground-truth dictionary, z; is a sparse vector, and
€; is a noise vector. When the dictionary A is known a priori, the goal of modeling is
to recover the sparse representations z;, and the problem is referred to as compressed
sensing. However, in many applications, we do not have access to the ground truth
A, and instead hope to simultaneously learn a dictionary B that approximates A
along with learning sparse representations of the data. This problem is referred to as
sparse coding or sparse dictionary learning, which is what we focus on in this work.

One of the primary goals of analyses of sparse coding is to provide provable
guarantees for recovering the ground-truth dictionary A, both with respect to specific
algorithms and information-theoretically. Most prior work with such guarantees has
focused exclusively on the setting where the learned dictionary B has the same size
as the ground truth (in R%*?), which is in line with the fact that recovery error is
often formulated as some norm of (B — A).

Unfortunately, in practice one does not necessarily have access to the structure
of A. Tt is thus natural to consider what will happen (and how to formulate recovery
error) if we learn a dictionary B € R**? with p’ > p, where it is possible to recover A
as a sub-dictionary of B. The study of this over-realized setting was recently taken

up in the work of Sulam et al. (2020), in which the authors showed that a modest
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level of over-realization can be empirically and theoretically beneficial. However, the
results of Sulam et al. (2020) are restricted to the noise-less setting where data is

generated simply as y; ~ Az;, which motivates the following questions:

Does over-realized sparse coding run into pitfalls when there is noise in
the data-generating process? And if so, is it possible to prevent this by

designing new sparse coding algorithms?
2.1.1 Main Contributions and Outline

In this work, we answer both of these questions in the affirmative. After providing
the necessary background on sparse coding in Section 2.2, we show in Theorem 2.3.2
of Section 2.3 that, using standard sparse coding algorithms for learning over-realized
dictionaries in the presence of noise leads to overfitting. In fact, our result shows that
even if we allow the algorithms to access infinitely many samples and solve NP-hard
problems, the learned dictionary B can still fail to recover A.

The key idea behind this result is that existing approaches for sparse coding
largely rely on a two-step procedure (outlined in Algorithm 0): solving the com-
pressed sensing problem BZ = y; for a learned dictionary B, and then updating B
based on a reconstruction objective |jy; — BZ||°>. However, because we force 2 to be
sparse, by choosing B to have columns that are linear combinations of the columns
of A, one can effectively get around the sparsity constraint on z. Consequently, it
can be optimal to use such a B for reconstructing the data y;, in which case A cannot
be recovered as a sub-dictionary of B.

On the other hand, we show in Theorem 2.3.6 that for a large class of data-
generating processes, it is possible to prevent this kind of B by masking data (as

outlined in Algorithm 0): performing the compressed sensing step on a subset M of
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the coordinates of y;, and then computing the reconstruction loss on the complement
of M. This idea of masking has seen great success in self-supervised learning (Devlin
et al., 2019). Our result shows that it can lead to provable benefits in the context of
sparse coding.

Finally, in Section 2.4 we conduct experiments comparing our masking approach
with the standard sparse coding approach across several parameter regimes. In
all of our experiments, we find that our masking approach leads to better ground
truth recovery, which becomes more pronounced as the amount of over-realization

increases.
2.1.2 Related Work

Compressed Sensing. The seminal works of Candes et al. (2006), Candes and Tao
(2006), and Donoho (2006) established conditions on the dictionary A € R¥*?, even
in the case where p » d (the overcomplete case), under which it is possible to recover
(approximately and exactly) the sparse representations z; from Az;+¢;. In accordance
with these results, several efficient algorithms based on convex programming (Tropp,
2006; Yin et al., 2008), greedy approaches (Tropp and Gilbert, 2007; Donoho et al.,
2006; Efron et al., 2004), iterative thresholding (Daubechies et al., 2003; Maleki
and Donoho, 2010), and approximate message passing (Donoho et al., 2009; Musa
et al., 2018) have been developed for solving the compressed sensing problem. For
comprehensive reviews on the theory and applications of compressed sensing, we
refer the reader to the works of Candes and Wakin (2008) and Duarte and Eldar
(2011).

Sparse Coding. Different framings of the sparse coding problem exist in the

literature (Krause and Cevher, 2010; Bach et al., 2008; Zhou et al., 2009), but the
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canonical formulation involves solving a non-convex optimization problem. Despite
this hurdle, a number of algorithms (Engan et al., 1999; Aharon et al., 2006a; Mairal
et al., 2010; Arora et al., 2013, 2014, 2015) have been established to (approximately)
solve the sparse coding problem under varying conditions, dating back at least to the
groundbreaking work of Olshausen and Field (1997) in computational neuroscience.
A summary of convergence results and the conditions required on the data-generating
process for several of these algorithms may be found in Table 1 of Gribonval et al.
(2014).

In addition to algorithm-specific analyses, there also exists a complementary line
of work on characterizing the optimization landscape of dictionary learning. This
type of analysis is carried out by Gribonval et al. (2014) in the general setting of an
overcomplete dictionary and noisy measurements with possible outliers, extending
the previous line of work of Aharon et al. (2006b), Gribonval and Schnass (2010),
and Geng et al. (2011).

However, as mentioned earlier, these theoretical results rely on learning dictio-
naries that are the same size as the ground truth. To the best of our knowledge, the
over-realized case has only been studied by Sulam et al. (2020), and our work is the
first to analyze over-realized sparse coding in the presence of noise.

Self-Supervised Learning. Training models to predict masked out portions
of the input data is an approach to self-supervised learning that has led to strong
empirical results in the deep learning literature (Devlin et al., 2019; Yang et al., 2019;
Brown et al., 2020a; He et al., 2022). This success has spurred several theoretical
studies analyzing how and why different self-supervised tasks can be used to improve
model training (Tsai et al., 2020; Lee et al., 2021; Tosh et al., 2021b). The most

closely related works to our own in this regard have studied the use of masking

17



objectives in autoencoders (Cao et al., 2022; Pan et al., 2022) and hidden Markov

models (Wei et al., 2021).
2.2 Preliminaries and Setup

We first introduce some notation that we will use throughout the paper.

Notation. Given n € N, we use [n] to denote the set {1,2,...,n}. For a vector
x, we write ||z|| for the Lo-norm of x and ||z||, for the number of non-zero elements
in . We say a vector « is k-sparse if ||z||, < k and we use supp (x) to denote the
support of z. For a vector x € R? and a set S < [d], we use [z]s € RI®! to denote the
restriction of x to those coordinates in S.

For a matrix A, we use A; to denote the i-th column of A. We write ||A
for the Frobenius norm of A, and |[A|,, for the operator norm of A, and we write
Omin(A) and opax(A) for the minimum and maximum singular values of A. For a
matrix A € R and S < [q], we use Ag € R™ISI to refer to A restricted to the
columns whose indices are in S. We use I; to denote the d x d identity matrix.
Finally, for M < [d], we use Py; € RIM*4 to refer to the matrix whose action on
is Pyyz = [x]p. Note that for a d x ¢ matrix A, Py A would give a subset of rows of

A, which is different from the earlier notation Ag which gives a subset of columns.
2.2.1 Background on Sparse Coding

We consider the sparse coding problem in which we are given measurements y € R?
generated as Az +e¢, where A € R4 is a ground-truth dictionary, z € R? is a k-sparse
vector distributed according to a probability measure P,, and € € R? is a noise term
with i.i.d. entries. The goal is to use the measurements y to reconstruct a dictionary

B that is as close as possible to the ground-truth dictionary A.
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In the case where B has the same dimensions as A, one may want to formulate
this notion of “closeness” (or recovery error) as ||A — B||%. However, directly using
the Frobenius norm of (A— B) is too limited, as it is sufficient to recover the columns
of A up to permutations and sign flips. Therefore, a common choice of recovery error

(Gribonval et al., 2014; Arora et al., 2015) is the following:

. 2
min |4 = BP|f}, (2.1)

where II is the set of orthogonal matrices whose entries are 0 or +1.

In the over-realized setting, when B € R™? with p/ > p, Equation (2.1) no longer
makes sense as A and B do not have the same size. In this case, one can generalize
Equation (2.1) to measure the distance between each column of A and the column
closest to it in B (up to change of sign). This notion of recovery was studied by
Sulam et al. (2020), and we use the same formulation in this work:

dn(A, B) = li min || — B, (2.2)

p & jelplee{-1,1}

Note that Equation (2.2) introduced the coefficient 1/p in the recovery error and thus
corresponds to the average distance between A; and its best approximation in B.
Also, Equation (2.2) only allows sign changes, even though for reconstructing Az, it
is sufficient to recover the columns of A up to arbitrary scaling. In our experiments
we enforce A and B to have unit column norms so a sign change suffices; in theory
one can always modify the B matrix to have correct norm so it also does not change
our results.

Given access to only measurements y, the algorithm cannot directly minimize the

recovery error dg(A,-). Instead, sparse coding algorithms often seek to minimize the
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following surrogate loss:

¢(B) = E, | min ||y — B3||* + h(?)] (2.3)
zeRP

where h is a sparsity-promoting penalty function. Typical choices of h include hard
sparsity (h(Z) = 0 if Z is k-sparse and h(Z) = oo otherwise) as well as the £; penalty
h(Z) = ||Z]|;. While hard sparsity is closer to the assumption on the data-generating
process, it is well-known that optimizing under exact sparsity constraints is NP-
hard in the general case (Natarajan, 1995). When h(Z) = ||Z]|, is used, the learning
problem is also known as basis pursuit denoising (Chen and Donoho, 1994) or Lasso
(Tibshirani, 1996).

Equation (2.3) is the population loss one wishes to minimize when learning a
dictionary B. In practice, sparse coding algorithms must work with a finite number
of measurements vy, ys, . . . , ¥, obtained from the data-generating process and instead
minimize the empirical loss {(B):

1 < ~ ~
— Z Inm ly: — B2||* + h(2) (2.4)
i=1 2R

3

2.2.2  Sparse Coding via Orthogonal Matching Pursuit

Most existing approaches for optimizing Equation (2.4) can be categorized under the

general alternating minimization approach described in Algorithm 0.

Algorithm 1 Alternating Minimization Framework
Input: Data y, Dictionary B® e R¥>¥'
Decoding Step: Solve B®Z = y for k-sparse 2
Update Step: Update B®) to B®**D by performing a gradient step on loss
computed using BMZ2 and y

At iteration ¢, Algorithm 0 performs a decoding/compressed sensing step using
the current learned dictionary B® and the input data y. As mentioned in Section
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2.1.2, there are several well-studied algorithms for this decoding step. Because we
are interested in enforcing a hard-sparsity constraint, we restrict our attention to
algorithms that are guaranteed to produce a k-sparse representation in the decoding
step.

We thus focus on Orthogonal Matching Pursuit (OMP) (Mallat and Zhang, 1993;
Rubinstein et al., 2008), which is a simple greedy algorithm for the decoding step.
The basic procedure of OMP is to iteratively expand a subset 7" < [p] of atoms (until

|T'| = k) by considering the correlation between the unselected atoms in the current

2
dictionary B® and the residual (y — B:(Ft) arg ming _pr| ‘y — Bg)EH ) (i.e., the least

squares solution using atoms in 7"). A more precise description of the algorithm can
be found in Rubinstein et al. (2008). Moving forward, we will use gomp(y, B, k) to
denote the k-sparse vector 2 € R? obtained by running the OMP algorithm on an

input dictionary B and a measurement y.
2.2.3 Conditions on the Data-Generating Process

For the data-generating process y ~ Az + ¢, it is in general impossible to successfully
perform the decoding step in Algorithm 0 even with access to the ground-truth
dictionary A. As a result, several conditions have been identified in the literature
under which it is possible to provide guarantees on the success of decoding the sparse

representation z. We recall two of the most common ones (Candes and Tao, 2005).

Definition 2.2.1. [Restricted Isometry Property (RIP)] We say that a matrix A €

R*P satisfies (s, ds)-RIP if the following holds for all s-sparse z € RP:

(1= 8)llell” < Az|* < (L + &) |l||” (2.5)
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Definition 2.2.2. [u-Incoherence] A matrix A € RYP with unit norm columns is

p~incoherent if:

|(A;, Aj)l < p forall i # j (2.6)

These two properties are closely related. For example, as a consequence of the
Gershgorin circle theorem, (Js/s)-incoherent matrices must satisfy (s, ds)-RIP.

Given the prominence of RIP and incoherence conditions in the compressed sens-
ing and sparse coding literature, there has been a large body of work investigating
families of matrices that satisfy these conditions. We refer the reader to Baraniuk
et al. (2008) for an elegant proof that a wide class of random matrices in R4 (i.e.
subgaussian) satisfy (k,d)-RIP with high probability depending on §, k, p, and d.
For an overview of deterministic constructions of such matrices, we refer the reader

to Bandeira et al. (2012) and the references therein.

2.3 Main Results

Having established the necessary background, we now present our main results. Our
first result shows that minimizing the population reconstruction loss with a hard-
sparsity constraint can lead to learning a dictionary B that is far from the ground

truth. We specifically work with the loss defined as:

L(B,k) = E, l min ||y — 821\21 (2.7)

lIzllo<k

Note that in the definition of L(B, k), we are considering an NP-hard optimization
problem (exhaustively searching over all k-sparse supports). We could instead replace
this exhaustive optimization with an alternative least-squares-based approach (so

long as it is better than random), and our proof techniques for Theorem 2.3.2 would
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still work. We consider this version only to simplify the presentation.
We now show that, under appropriate settings, there exists a dictionary B whose
population loss L(B, k) is smaller than that of A, while dg(A, B) is bounded away

from 0 by a term related to the noise in the data-generating process.

Assumption 2.3.1. Let A € R™? be an arbitrary matrix with unit-norm columns
satisfying (2k, §)-RIP for k = o (@) and 0 = o(1), and suppose o2, (A) = Q(p/d).
We assume each measurement y is generated as y ~ Az + ¢, where z is a random

vector drawn from an arbitrary probability measure P, on k-sparse vectors in RP,

and € ~ N(0,0%I,) for some o > 0.

Theorem 2.3.2. [Overfitting to Reconstruction Loss] Consider the data-generating

model in Assumption 2.3.1 and define A(z) to be:

A(z) = inf{t | B.(z > 1) < 1/d). (2.8)

Then for q = Q(p? max(do?, A(2)?)/0?), there exists a B € R™ such that L(B, k) <

L(A k) — Q(ko?) and dr(A, B) = Q(0?).

Proof Sketch. The key idea is to first determine how much the loss can be
decreased by expanding from k-sparse combinations of the columns of A to 2k-sparse
combinations, i.e., lower bound the gap between L(A, k) and L(A,2k). After this,
we can construct a dictionary B whose columns form an e-net (with ¢ = ¢2) for all
2-sparse combinations of columns of A. Any 2k-sparse combination of columns in
A can then be approximated as a k-sparse combination of columns in B, which is

sufficient for proving the theorem.

Remark 2.3.3. Before we discuss the implications of Theorem 2.3.2, we first verify
that Assumption 2.3.1 is not vacuous, and in fact applies to many matrices of interest.
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This follows from a result of Rudelson and Vershynin (2009), which shows that after
appropriate rescaling, rectangular matrices with i.i.d. subgaussian entries satisfy the
singular value condition in Assumption 2.3.1. Furthermore, such matrices will also
satisfy the RIP condition so long as k is not too large relative to d and p, as per

Baraniuk et al. (2008) as discussed in the previous section.

Theorem 2.3.2 shows that learning an appropriately over-realized dictionary fails
to recover the ground truth independent of the distribution of z. This means that
even if we let the norm of the signal Az in the data-generating process be arbitrarily
large, with sufficient over-realization we may still fail to recover the ground-truth
dictionary A by minimizing L(B, k).

We also observe that the amount of over-realization necessary in Theorem 2.3.2
depends on how well z ~ P, can be bounded with reasonably high probability. If
z is almost surely bounded (as is frequently assumed), we can obtain the following

cleaner corollary of Theorem 2.3.2.

Corollary 2.3.4. Consider the same settings as Theorem 2.3.2 with the added stip-
ulation that P,(||z|| < C) = 1 for a universal constant C. Then for ¢ = Q(p*d), there

exists a B € R such that dgr(A, B) = Q(0?) and L(B,k) < L(A, k) — Q(ko?).

The reason that we can obtain a smaller population loss than the ground truth in
Theorem 2.3.2 is because we can make use of the extra capacity in B to overfit the
noise € in the data-generating process. To prevent this, our key idea is to perform
the decoding step BZ = y on a subset of the dimensions of y - which we refer to as
the unmasked part of y - and then evaluate the loss of B using the complement of
that subset (the masked part of y). Intuitively, because each coordinate of the noise
€ is independent, a dictionary B that well-approximates the noise in the unmasked
part of y will have no benefit in approximating the noise in the masked part of y.
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We can formalize this as the following masking objective:
~ 2
Lmask(B7 k» M) = Ey [H [y][d]\M - [BZ][d]\M” ] (29)

where Z([y]a) = gomp (v, B, k) (2.10)

In defining L, we have opted to use goyp in the inner minimization step, as
opposed to the exhaustive arg min in the definition of L. Similar to the discussion
earlier, we could have instead used any other approach based on least squares to
decode Z (including the exhaustive approach), so long as we have guarantees on the
probability of failing to recover the true code z given access to the ground-truth
dictionary A. This choice of using OMP is mostly to tie our theory more closely
with our experiments.

Now we present our second main result which shows, in contrast to Theorem
2.3.2, that optimizing L,,.s; prevents overfitting noise (albeit in a different but closely

related setting).

Assumption 2.3.5. Let A € R?*? be an arbitrary matrix such that there exists
an M < [d] with Py A being p-incoherent with p < C/(2k — 1) for a universal
constant C' < 1. We assume each measurement y is generated as y ~ Az + €, where
[2]supp(z) ~ N (0, 021),) with supp(z) drawn from an arbitrary probability distribution

over all size-k subsets of [d], and € ~ N'(0,021;) for some o > 0.

Theorem 2.3.6. [Benefits of Masking] Consider the data-generating model in As-
sumption 2.53.5. For any non-empty mask M < [d]| such that Py;A satisfies the

u-incoherence condition in the assumption, we have

lim (Lmask(A,k:,M) - mBianask(B,k,M)> ~0 (2.11)

0z—00
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That is, as the expected norm of the signal Az increases, there exist minimizers B

of Limask such that dgr(A, B) — 0.

Proof Sketch. The proof proceeds by expanding out L,,.sk(B, k, M) and using
the fact that [BZ*]aa is independent of [€]igar to obtain a quantity that closely
resembles the prediction risk considered in analyses of linear regression. From there
we show that the Bayes risk is lower bounded by the risk of a regularized least squares
solution with access to a support oracle. We then rely on a result of Cai and Wang
(2011) to show that gomp([y]ar) recovers the support of z with increasing probability

as 0, — o0, and hence its risk converges to the aforementioned prediction risk.

Remark 2.3.7. As before, so long as the mask M is not too small, matrices with
ii.d. subgaussian entries will satisfy the assumptions on A in Assumption 2.3.5.
In particular, the set of ground truth dictionaries satisfying Assumptions 2.3.1 and

2.3.5 is non-empty.

Comparing Theorem 2.3.6 to Theorem 2.3.2, we see that approximate minimizers
of Lasx can achieve arbitrarily small recovery error, so long as the signal Az is
large enough; whereas for L, there always exist minimizers whose recovery error is
bounded away from 0. We note that having the expected norm of the signal be
large is effectively necessary to hope for recovering the ground truth in our setting,
as in the presence of Gaussian noise there is always some non-zero probability that
the decoding step can fail. Full proofs of Theorems 2.3.2 and 2.3.6 can be found in

Section A.1 of the Appendix.
2.4 Experiments

In this section, we examine whether the separation between the performance of sparse
coding with or without masking (demonstrated by Theorems 2.3.2 and 2.3.6) mani-
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fests in practice. To do so, we need to make a few concessions from the theoretical
settings introduced in Sections 2.2.1 and 2.2.3. Firstly, we cannot directly optimize
the expectations in L and Ly,,s as defined in Equations (2.7) and (2.9), so we instead
optimize the corresponding empirical versions defined in the same vein as Equation
(2.4). Another issue is that the standard objective L requires solving the optimization
problem minzy <k ||y — B2||?, which is NP-hard in general. In order to experiment
with reasonably large values of d,p, and p’ and to be consistent with the decoding

step in L5k, we thus approximately solve the aforementioned optimization problem

using OMP.

Algorithm 2 Algorithm for Optimizing L

Input: Data {y,...,yr}, Dictionary B(") € R**?  Learning Rate € R*
fort=0to7T —1do

2 — gomp (yer1, BY)

B+ — B — 77VB<t>Hyt+1 - B(lt)Z”2

B « Projge— B4
end for

Algorithm 3 Algorithm for Optimizing L,
Input: Data {y,...,yr}, Dictionary B e R™? Learning Rate n € R*, Mask
Size m € [d]
fort=0to7T —1do
M « Uniformly random subset of size m from [d]
z < gomp ([Yer1]mr, B(t))
B BY — W g || [yesa]ae — [BY2]ne
B « Projge— B
end for

2

The approaches for optimizing L and L. given n samples from the data-
generating process are laid out in Algorithms 0 and 0, in which we use Projgu-—1 B
to denote the result of normalizing all of the columns of B. We also use M€ as a

shorthand in Algorithm 0 to denote [d]\M.
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We point out that Algorithm 0 introduces some features that were not present in
the theory of the masking objective; namely, in each iteration, we randomly sample a
new mask of a pre-fixed size. This is because if we were to run gradient descent using
a single, fixed mask M at each iteration, as we don’t differentiate through the OMP
steps, the gradient with respect to B® computed on the error H W] — [B2]iap H2
would be non-zero only for those rows of B corresponding to the indices [d]\M.
To avoid this issue, we sample new masks in each iteration so that each entry of
B can be updated. There are alternative approaches that can achieve this; i.e.
deterministically cycling through different masks, but we found them to have similar
performance.

While we will analyze the performance of Algorithms 0 and 0 across several
different experimental setups over the next few subsections, we describe the following
facets shared across all setups. We generate a dataset of n = 1000 samples y; =
Az; + ¢;, where A € R¥*P is a standard Gaussian ensemble with normalized columns,
the z; have uniformly random k-sparse supports whose entries are i.i.d. AN(0,1),
and the ¢; are mean zero Gaussian noise with some fixed variance (which we will
vary in our experiments). We also normalize the z; so as to constrain ourselves
to the bounded-norm setting of Corollary 2.3.4. In addition to the 1000 samples
constituting the dataset, we also assume access to a held-out set of p’ samples from
the data-generating process for initializing the dictionary B(®) e R¥*?',

For training, we use batch versions of Algorithms 0 and 0 in which we perform
gradient updates with respect to the mean losses computed over {y,...,yg} with
B = 200 as the batch size. For the actual gradient step, we use Adam (Kingma and
Ba, 2014) with its default hyperparameters of 51 = 0.9, 82 = 0.999 and a learning

rate of n = 0.001, as we found Adam trains significantly faster than SGD (and we
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ran into problems when using large learning rates for SGD). We train for 500 epochs
(passes over the entire dataset) for both Algorithms 0 and 0. For Algorithm 0, we
always use a mask size of d—|d/10[, which we selected based off of early experiments.
We ensured that, even for this fairly large mask size, the gradient norms for both
L and L,,,s were of the same order in our experiments and that 500 epochs were
sufficient for training.

We did not perform extensive hyperparameter tuning, but we found that the
aforementioned settings performed better than the alternative choices we tested for
both algorithms across all experimental setups. Our implementation is in PyTorch

(Paszke et al., 2019a), and all of our experiments were conducted on a single P100

GPU.
2.4.1 Scaling Over-Realization

We first explore how the choice of p’ for the learned dictionary B affects the empirical
performance of Algorithms 0 and 0 when the other parameters of the problem remain
fixed. Theorem 2.3.2 and Corollary 2.3.4 indicate that the performance of Algorithm
0 should suffer as we scale p’ relative to d and p.

In order to test whether this is actually the case in practice, we consider samples
generated as described above with A € R™? for d = 100,p = 200, and ||z, = k =5
fixed, while scaling the number of atoms p’ in B from p’ = p (exactly realized) to
p' = n (over-realized and overparameterized). We choose ¢; ~ N(0,1/d), which is a
high noise regime as the expected norm of the noise ¢; will be comparable to that
of the signal Az;. To make it computationally feasible to run several trials of our
experiments, we consider the p’ values {200, 400, 600, 800, 1000} and do not consider

more fine-grained interpolation between p and n.
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For the training process, we consider two different initialization of B©®. In the
first case, we initialize B(® to have columns corresponding to the aforementioned
set of held-out p’ (normalized) samples from the data-generating process, as this is
a standard initialization choice that has been known to work well in practice (Arora
et al., 2015). However, this initialization choice in effect corresponds to a dataset
of n + p’ samples, and it is fair to ask whether this initialization benefit is worth
the sample cost relative to a random initialization. Our initial experiments showed
that this was indeed the case, i.e. random initialization with access to p’ additional
samples did not perform better, so we focus on this sample-based initialization. That
being said, we did not find the ordering of the performances of Algorithms 0 and 0
sensitive to the initializations we considered, only the final absolute performance in
terms of dg(A, B).

In addition to this purely sample-based initialization, we also consider a “local”
initialization of B to the ground truth A itself concatenated with p’ —p normalized
samples. This is obviously not intended to be a practical initialization; the goal here
is rather to analyze the extent of overfitting to the noise ¢; in the dataset for both
algorithms. Namely, we expect that Algorithm 0 will move further away from the
ground truth than Algorithm 0.

The results for training using these initializations for both algorithms and then
computing the final dictionary recovery errors dg(A, B) are shown in Figure 2.1. We
use cosine distance when reporting the error dg(A, B) since the learned dictionary
B also has normalized columns, so Euclidean distance only changes the scale of the
error curves and not their shapes.

For both choices of initialization, we observe that Algorithm 0 outperforms Al-

gorithm 0 as p’ increases, with this gap only becoming more prominent for larger
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FIGURE 2.1: Comparison of Algorithm 0 (Baseline) and Algorithm 0 (Masking)
under the settings of Sections 2.4.1. Each curve represents the mean of 5 training
runs, with the surrounded shaded area representing one standard deviation.

p’. Furthermore, we find that recovery error actually worsens for Algorithm 0 for
every choice of p’ > p for both initializations in our setting. While this is possibly
unsurprising for initializing at the ground truth, it is surprising for the sample-based
initialization which does not start at a low recovery error. On the other hand, training
using Algorithm 0 improves the recovery error from initialization when using sample-
based initialization for every choice of p’ except p’ = n, which again corresponds to
the overparameterized regime in which it is theoretically possible to memorize every
sample as an atom of B.

Additionally, we also see that the performance of Algorithm 0 is much less sen-
sitive to the level of over-realization in B. When training from local initialization,
Algorithm 0 retains a near-constant level of error/overfitting as we scale p’. Similarly,
when training from sample initialization, performance does not degrade as we scale
p’, and in fact improves initially with a modest level of over-realization.

This improvement up to a certain amount of over-realization (in our case p’ = 2p)
is seen even in the performance of Algorithm 0 for sample initialization (although note

that while the recovery error is better for p’ = 2p compared to p’ = p, training still
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makes the error worse than initialization for Algorithm 0). A similar phenomenon
was observed in Sulam et al. (2020) in the setting where y; = Az; (no noise), and we
find it interesting that the phenomenon is (seemingly) preserved even in the presence
of noise. We do not investigate the optimal level of over-realization any further, but

believe it would be a fruitful direction for future work.
2.4.2 Scaling All Parameters

The experiments of Section 2.4.1 illustrate that for the fixed choices of d, p, and k
that we used, scaling the over-realization of B leads to rapid overfitting in the case
of Algorithm 0, while Algorithm 0 maintains good performance. To verify that this
is not an artifact of the choices of d,p, and k that we made, we also explore what
happens when over-realization is kept at a fixed ratio to the other setting parameters
while they are scaled.

For these experiments, we consider A € R**? for d € {100, 150, 200, 250} and scale
pasp=2dand k as k = |d/20] to (approximately) preserve the ratio of atoms and
sparsity to dimension from the previous subsection. We choose to scale p’ as p’ = 2p
since that was the best-performing setting (for the baseline) from the experiments
of Figure 2.1. We keep the noise variance at 1/d to stay in the relatively high noise
regime.

As before, we consider a sample-based initialization as well as a local initializa-
tion near the ground truth dictionary A. The results for both Algorithms 0 and 0
under the described parameter scaling are shown in Figure 2.2. Once again we find
that Algorithm 0 has superior recovery error, with this gap mostly widening as the
parameters are scaled. However, unlike the case of fixed d,p, and k, this time the

performance of Algorithm 0 also degrades with the scaling. This is to be expected,
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FIGURE 2.2: Comparison of Algorithm 0 (Baseline) and Algorithm 0 (Masking)
under the settings of Section 2.4.2 (all parameter scaling).

as increasing p leads to more ground truth atoms that need to be recovered well in

order to have small dg(A, B).
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FIGURE 2.3: Comparison of Algorithm 0 (Baseline) and Algorithm 0 (Masking)
under the settings of Section 2.4.3 (noise scaling).

2.4.3 Analyzing Different Noise Levels

The performance gaps shown in the plots of Figures 2.1 and 2.2 are in the high noise
regime, and thus it is fair to ask whether (and to what extent) these gaps are pre-
served at lower noise settings. We thus revisit the settings of Section 2.4.1 (choosing
d,p, and k to be the same) and fix p’ = 1000 (the maximum over-realization we con-

sider). We then vary the variance of the noise ¢; from 1/d* to 1/d linearly, which corre-

33



sponds to the standard deviations of the noise being {0.01, 0.0325,0.055,0.0775,0.1}.
Results are shown for the sample-based initialization as well as the local initial-
ization in Figure 2.3. Here we see that when the noise variance is very low, there is
virtually no difference in performance between Algorithms 0 and 0. Indeed, when the
variance is 1/d*> we observe that both algorithms are able to near-perfectly recover
the ground truth, even from the sample-based initialization.
However, as we scale the noise variance, the gap between the performance of the

two algorithms resembles the behavior seen in the experiments of Sections 2.4.1 and

2.4.2.
2.5 Conclusion

In summary, we have shown in Sections 2.3 and 2.4 that applying the standard
frameworks for sparse coding to the case of learning over-realized dictionaries can
lead to overfitting the noise in the data. In contrast, we have also shown that by
carefully separating the data used for the decoding and update steps in Algorithm 0
via masking, it is possible to alleviate this overfitting problem both theoretically and
practically. Furthermore, the experiments of Section 2.4.3 demonstrate that these
improvements obtained from masking are not at the cost of worse performance in
the low noise regime, indicating that a practitioner may possibly use Algorithm 0 as
a drop-in replacement for Algorithm 0 when doing sparse coding.

Our results also raise several questions for exploration in future work. Firstly,
in both Theorem 2.3.6 and our experiments we have constrained ourselves to the
case of sparse signals that follow Gaussian distributions. It is natural to ask to what
extent this is necessary, and whether our results can be extended (both theoretically

and empirically) to more general settings (we expect, at the very least, that parts of
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Assumptions 2.3.1 and 2.3.5 can be relaxed). Additionally, we have focused on sparse
coding under hard-sparsity constraints and using orthogonal matching pursuit, and
it would be interesting to study whether our ideas can be used in other sparse coding
settings.

Beyond these immediate considerations, however, the intent of our work has been
to show that there is still likely much to be gained from applying ideas from recent
developments in areas such as self-supervised learning to problems of a more classical
nature such as sparse coding. Our work has only touched on the use of a single such
idea (masking), and we hope that future work looks into how other recently popular
ideas can potentially improve older algorithms.

Finally, we note that this work has been mostly theoretical in nature, and as such

do not anticipate any direct misuses or negative impacts of the results.
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3

What Downstream Tasks Provably Benefit from
Pre-Training?

In the previous chapter, we have proved the benefit of self-supervised learning during
pre-training when the data are generated from a sparse coding model, which is a sim-
ple and well-studied generative model. In this chapter, we are going to analyze the
benefit of self-supervised pre-training for more complicated data. We only require
that each entry of the input sequence is generated by a log-linear model given the
representation of its context, and this representation can be an arbitrarily compli-
cated function of the input. Under this assumption, we investigate what kinds of
downstream tasks can benefit from the pre-training process. When the pre-training
task is language modeling and the downstream task is binary sequence classification
depending on a simple function of the hidden representation, we found two necessary
conditions and one sufficient condition for provably guaranteeing the model’s pre-
training performance to transfer to its downstream performance. The two necessary
conditions include robustness to very small probabilities and structure to handle the
shift-invariance of the softmax function. The sufficient condition is the existence of
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an “anchor vector”, which we have also empirically verified in various large language

models.

3.1 Introduction

Large-scale pre-trained language models have achieved strong performance in a wide
range of downstream tasks, including natural language inference (Devlin et al., 2018),
reading comprehension (Brown et al., 2020b), etc. For many of these tasks, training
a linear classifier on top of the hidden-layer representations generated by the pre-
trained models can already provide near state-of-the-art results (Belinkov et al.,
2017). Despite some empirical investigations about the zero-shot applications of these
pre-trained models, there is little theoretical understanding about their empirical

success. In this paper, we aim to theoretically investigate this core question:

When can the representations from pre-trained models transfer to down-

stream tasks that are very different from pre-training?

This is a fundamental question in understanding why good performance in pre-
training generalizes to give good performance on downstream tasks. Unlike the no-
tion of generalization in traditional learning theory where the models are evaluated
in the same task and the test data are sampled from the same distribution as the
training data, here the downstream tasks can be very different from training. For
instance, people can train large language models using cross-entropy loss on a lan-
guage modeling task with webpage data, and evaluate the models using classification
accuracy on text classification in news articles. This difference between pre-training
and downstream tasks makes it challenging to theoretically understand the success of
these language models, and previous results about generalization cannot be directly
applied here.
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To overcome this challenge, we need a way to model the relationship between the
pre-training and downstream tasks. Previous research has taken several approaches
in this direction: Wei et al. (2021) assumes a latent-variable generative model for the
data and that the downstream task depends on the latent variables; Nikunj et al.
(2021) formulates the downstream classification task as a language modeling task
which is similar to the pre-training task. These works either rely on strong explicit

assumptions about structure in the data or treat the pre-trained model entirely as a

black box.
3.1.1  Our Contributions

In this paper, we consider a very general model for the data and open the black
box of the pre-trained model at the last layer. Specifically, for an input sequence
x = (x1,--- ,xr) where the entries comes from a dictionary {1,--- ,n}, we assume

the observation probability of x; satisfies

p*(z; = jle_;)oc eXP(@:(ﬁ—i)aU}k ),

where z_; is the sequence = without z;, v} is a vector only depending on word j, and
v*, is an arbitrary function. Our model does not put any constraint on the functions
v*,, so it can be very complicated, such as BERT (Devlin et al., 2018) or GPT-3
(Brown et al., 2020b). We also allow the distribution of sequences z to be different
in pre-training and downstream tasks. This makes our setting more general than
previous latent models Wei et al. (2021); Arora et al. (2016).

We assume the pre-training task is predicting a word from its context, and the

downstream task is a binary sequence classification, e.g., sentiment classification.

During pre-training, for every input sequence z, we want our model to predict the
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“label” x; from z_;. We use a log-linear model to learn the ground-truth probability:
p(ri = jlrz_i)ocexp({uv_i(z_;),v;)). We define z§ := (v*;(z_;),v) and call z* :=

(27, ,2%) the logits. We also assume that the downstream task only depends
on a ground-truth function of the logits f*(z*). In reality, we only have access to
z = ((v_i(ri),v;))7_; and will learn a function f(z) for the downstream task. More
detail about this model will be provided in Section 3.2.

We focus on the representations from the model, so to simplify the problem, we
assume that the student model can be optimized to achieve a small KL, divergence

with the true word probabilities during training. This is often the case in practice.

Under this setting, the question we ask above becomes:

If the downstream task depends on a simple function of the logits f*(z*)

and we have access to a student model p such that E,[ Dy, (p* (x:|z_)||p(xi|z—;))]

1s small, under what condition would there be a function f such that

f(z) ~ [*(z%)?
We answer this question by providing two necessary conditions and one sufficient
condition for f* to be provably learned by the student model. The necessary con-
ditions include insensitivity to super-small probability words and the structure in
representations to handle the shift-invariance of the softmax function.

As for the sufficient condition, we proposed and empirically verified the existence
of an “anchor vector” that can tackle the shift-invariance of softmax. We also assume
that f* only depends on a small set of words, which is usually achieved by adding
proper prompts to the input sequence. For instance, appending “This movie is”
to movie reviews will make the model focus on indicative adjectives like “great” or
“bad”, and adding “This article is about” concentrates the probabilities on words
for categories like “sports” or “science” (Nikunj et al., 2021). Under this setting, we
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theoretically proved that if f* is a one-hidden-layer ReLLU network of the logits 2*,
the existence of the “anchor vector” guarantees the performance transfer from pre-

training to the downstream task. Our contributions can be summarized as follows:

Realistic model. We build the connection between pre-training and downstream tasks
in a more realistic way. We use a log-linear model for the word probabilities in the
data, which aligns with the softmax layer at the end of recent large-scale language
models. This opens the black box of the pre-trained model at the last layer. Besides,
we focus on the representations learned by the pre-trained models, which contain
more information than the probability outputs and could reflect more fundamental
properties of the data. We also incorporate the change of input distribution from pre-
training to downstream tasks, including the changes caused by prompt engineering,

in our results.

Necessary conditions for performance guarantee. We constructed two counterexamples
to showcase when the logits learned by our student model can perform badly in
the downstream tasks. These counterexamples indicate two necessary conditions for
the ground-truth function f* to be provably learned: (i) f* should not distinguish
between words with small probabilities and words with super-small probabilities (ii)
the logits must have some structures to deal with the shift-invariance of the softmax
function. Without any of these two properties, it is possible that the representations

from the pre-trained model are useless in the downstream task.

Novel observation about representations. 'To understand the empirical success of per-
formance transfer from pre-training to the downstream task, we hypothesize that

there exists an “anchor vector” in the representation space that can be used to es-
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timate the bulk partition function, which is the sum of the exponential of all logits

except the largest few, i.e., > e’ . We also verified the existence of this

j:z;‘ not large

vector in various large-scale pre-trained language models.

Sufficient condition and explanation of empirical success. We theoretically showed that
the existence of an “anchor vector” is a sufficient condition for a sparse one-hidden-
layer ReLU network f* to be learned by our student model f. Specifically, assuming
that f* is a one-hidden-layer ReLLU network depending on a small set of words and
the downstream task is a binary classification depending on f*(z*), the existence of
the anchor vector enable us to upper bound the downstream task performance of the
student model f(z) by its KL divergence in pre-training. In other words, a small
pre-training loss is guaranteed to transfer to a small downstream classification error.

This paper is organized as follows: We discuss the related works in Section 3.1.2.
In Section 3.2, we provide the detail about the problem setting. We then construct
counterexamples to present the two necessary conditions for the performance transfer
in Section 3.3. The hypothesis about the representation structure and the empirical
verifications are in Section 3.4 and the formal proof of sufficiency follows in Section

3.5. We finally conclude our paper and discuss future directions in Section 3.6.
3.1.2  Related Works

Theoretical understanding why pre-training helps downstream tasks. Most of the works
along this line rely on latent variable models and show that pre-training could recover
some form of the latent variables. Arora et al. (2016) proposed the RAND-WALK
latent model and explain the empirical success of word embedding methods such as
word2vec (Mikolov et al., 2013) and GloVe (Pennington et al., 2014). Arora et al.

(2017) extended the previous model to justify sentence embeddings theoretically, and
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Arora et al. (2018a) explained sentence embedding via compressed sensing. Other
models are also used in this line of work, e.g., Hidden Markov Model (Wei et al.,
2021) and graphical model (Zhang and Hashimoto, 2021). Besides, (Lee et al., 2021;
Tosh et al., 2021b) assume the conditional independence or multi-view structure in
the pre-training data and prove that training an additional linear layer on top of
learned representations could perform well in downstream tasks.

The problem setting in our paper is similar to that of Nikunj et al. (2021), which
also analyzes the performance transfer of pre-trained language models to binary
classification downstream tasks. They treat the pre-trained model as a black box
and assume that the downstream task can be formulated into a sentence completion
task, while we open the black box at the last layer and connect pre-training with
downstream tasks by the “anchor vector” and function f*. Besides, they focus on the
prediction probabilities of the pre-trained model while we focus on the representations

instead.

Applications and analysis of hidden representations from large-scale language models. 'The
hidden representations produced by large language models like BERT (Devlin et al.,
2018) or ELMo (Peters et al., 2018) have been very useful in various NLP tasks.
A standard way is to train a linear classifier on these representations, and there
are other ways such as using the normalized mean of concatenated word embed-
dings (Tanaka et al., 2020). To understand why these word embeddings are useful,
people have empirically showed that BERT word embeddings contain information
about sentence-level context (Miaschi and Dell’Orletta, 2020), word sense (Wiede-
mann et al., 2019), syntactic phenomena (Tenney et al., 2019) including parse trees

(Hewitt and Manning, 2019; Kim et al., 2020).
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Language modeling can also be considered as a form of applying the hidden
representations because the next word probability is usually the product of the rep-
resentation and the dictionary matrix going through softmax. Therefore, any zero-
shot application of pre-trained auto-regressive language models, e.g., GPT-3 (Brown
et al., 2020b) and T5 (Raffel et al., 2020b), is a specific form of using the hidden

representations.
3.2 Problem Setup

Notations. We use [n] to denote the set {1,2,...,n}. For an input sequence z =
(x1,...,21), we use x_; to denote the input sequence without the i-th entry where i €
[L], ie., x_; = (T1,...,&i—1,Tis1,-..,2L). We let Dgr(p||lq) be the KL-divergence

between distributions p and ¢ and define H(p) to be the entropy of distribution p.

Data Generation. We consider the following model: There is a set of words [n], each
with a fixed corresponding vector v¥ € R? (j € [n]). We refer to each v} as an atom

and the matrix [vf,--- ,v*] € R¥" as the dictionary. At each position i, let z; be

r n

the value of the word at that position, then x; € [n]. Assume that the probability of

x; given z_; follows a log-linear model, i.e.,

P (s = o) exp (@0 (o), D), (3.1)
where v*,(+) is a function that encodes the remaining sequence x_; into a vector in
R

We also use 2}(v,1) 1= (v*;(v_),v]) to denote the j-th logit and Z*(z,7) :=

Z;.L:I exp(z;(:c, z)) to denote the partition function, i.e., the normalization factor of
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equation (3.1). In other words,

Vieln], p*(zi=jlve) = expz(fg;i’)i)) = eXp(<in:<(;:7_Z)),U;= ) (3.2)

Student Model. We use a black-box neural network model whose penultimate layer
outputs a d’-dimensional vector v_;(x_;) € R%, and the last layer is a fully-connected
layer with weight matrix [v1,vs, -+ ,v,] € R¥*" followed by the softmax function.

In other words, the model output is

p(xi = jlz_i)cexp((v-i(z-i), v;)). (3.3)

Similar to the previous section, we use z;(z,4) := {(v_;(z_;),v;) to denote the j-th
logit and Z(z,7) := >7_, exp(z;(,i)) to denote the partition function of equation
(3.3), so

exp((v_i(z_i),v;))
Z(x,1)

Vieln], plx;=jlz;) = : (3.4)

Pre-training. For self-supervised pre-training, we are given (data, “label”) pairs
(x_;,z;), and want our model to predict the “label” x; given x_;. The pre-training

loss we use here is cross-entropy loss:
U(v-i) = E[—p*(wi|x—i) log p(;]z ;)]

= Eo[Dicr(p* (wilw ) ||p(zilz )] + Eo[H (p* (zi]7-4))].

Note that E,[H (p*(z;|x_;))] is a constant, and we assume that our student model
achieves a small loss so that the KL-divergence term E,[ D, (p* (z;|x_)||p(zi]z_:))] <

ek, for some exr,

44



Downstream Task. The downstream task we are considering is binary sequence classi-
fication, e.g., sentiment classification. For instance, give a sentence/paragraph/article,
we (perhaps after adding some prompts) use our pre-trained model to predict the
missing word x; from the given input x_;. We assume that there is a perfect classifier
f*(x,i) only depending on v*; that can distinguish between positive and negative
samples. In other words, Vz € POS, f*(x,i) > 0 and Vz € NEG, f*(x,i) < 0. Here
POS and NEG are the set of positive and negative input sequences, separately.

A simple downstream task is one whose classifier is linear in v*;, that is, f*(x,17) :=
v*,(z_;), u*) for some u* € RY. One might also expect more structures in the vectors
u* and v*;. For u*, the downstream task usually depends on only a small set of the
words which are related to this task. For example, for sentiment classification, the
sentiment of a sentence depends mostly on words similar to “positive” or “negative”.
This can be formalized as the following assumption:

*

Assumption 3.2.1 (u* is a k-sparse combination of {v}}7_;). Assume u* a sparse

combination of at most k vectors in {v¥}7_; and WLOG assume these k vectors are

7j=1
{v1,..., v}, Le., there exist coefficients {c;}}_, € R* such that u* = S .
As for v*,, we could add a prompt to the input sequence, which has become

the dominant way of using large language models for downstream tasks (Brown
et al., 2020b; Radford et al., 2019). For instance, for movie review classification,
appending “This movie was” to the original input could improve the classification
accuracy. Adding prompts to the input would make the distribution of inputs in the
downstream task different from that in pre-training. The difference in distribution
can also come from the source of data. For example, the samples in the downstream
task may only contain movie reviews while the pre-training dataset can include all
kinds of texts on the Internet. Similar to the assumption made in Nikunj et al. (2021),
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we use p € (0,1] to capture this difference. A smaller p indicates a larger difference
between the two distributions, and p = 1 if and only if these two distributions are

the same.

Assumption 3.2.2 (Difference between pre-training and downstream distribution).
Let p,r. and pps be the probability density functions of the pre-training and down-

stream task, respectively. We assume that there exists p € (0, 1] such that
Vi,Vo € POS U NEG, ppe(_;) = p-pps(z_;).

Ideally, we want to show that such simple downstream tasks can also be solved
well with the representations learned by our student model, i.e., v_; and {v;}5_,.
However, in Section 3.3 we show that this is not the case. More structure in the model
and downstream task is necessary to make sure that the pre-trained representations

are useful for the downstream task.
3.3 Cases When Representations are Insufficient in Downstream Tasks

The problem setting in Section 3.2 seems reasonable at first sight, but in the fol-
lowing subsections, we will show that this model is not enough to guarantee good
performance in pre-training generalizes to downstream tasks. In other words, there
are ways for the student model to approximate the ground-truth probabilities very
well in terms of KL divergence but perform very badly at the downstream task.
Therefore, we need to put further constraints on the ground-truth model and the

downstream task.
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3.83.1 Downstream Tasks Sensitive to Words with Super-Small Probabilities

Intuitively, KL divergence is a weighted log probability difference between two distri-
butions where the weight is the ground-truth probability. Therefore, for the entries
with small ground-truth probabilities, a large log probability difference will not result
in a large KL divergence. However, the log probability difference is proportional to
the difference in the value of f*(x,4). This makes it possible for the student model
to flip the sign of f*(z,i) without incurring a large KL divergence, as presented in

Theorem 3.3.1 whose proof is given in Appendix B.1.

Theorem 3.3.1. Suppose the downstream task performance depends only on a func-
tion f*(x,i) = (v* (r_),u*) = Zle i (x_y),vf). For t~ € [k], define p~ :=
1

p*(r; = t7|v_;), and assume p~ < 5. Then for all s € RT, there ewist func-

tions v_; and {v;}¥_, such that Dxy(p*(xi|z_)||p(zile_;)) < 2sp~ and f(x,i) =

25:1 cilv_i(x_y), vy < f*(x,i) — s - cy.

Theorem 3.3.1 shows that if there is some word of interest ¢~ that has a small
probability p~, then it is possible to have a model with small KL divergence in
pre-training but bad downstream performance. This is because changing the KL

divergence by only 2p~ -

w is enough to change the label of the downstream
-

prediction. In other words, as long as the KL divergence is higher than the threshold

2p~ - ! *CE;”’“), we cannot distinguish between the case when the student model makes

t—

an already small probability even smaller (which will probably hurt the downstream
task performance) and the case when we are just having some random approximation
errors across the entries. In this case, a small KL divergence does not necessarily
imply good downstream performance.

Note that this sensitivity of the downstream task to the logits of very small
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probability words is not natural. For the downstream tasks in practice, whether
a word has a probability of 1075 or 107!° should not influence the label of the
sequence. Thus, we need to impose addition structure of our model. We make the
downstream task ignore super-small entries by setting a threshold for the logits and
ignore the logits smaller than that threshold. In this case, making the logits smaller
when it’s already small will have no influence on the downstream task performance.

Concretely, the enhanced model will be

ajo((vi(x_),vi) — b7). (3.5)

IIM?r

k
f*(x,i):Za;‘-‘ (27 (w,1) = b)
=1

3.3.2  Representations are not Shift-Invariant

The softmax function is invariant under shift, i.e., the output stays the same if we
add the same value to every coordinate of the input. In the current model, We have
no control over the shift of student model logits on unseen data. Consequently, even
if we get a student model that performs well on the training data for the downstream
task, we cannot guarantee the performance of this model on new data. This can be

formalized in the following theorem.

Theorem 3.3.2. Assume the logits z*(x,1) are bounded. For any function f*(x,i) =
Y1 o (25 (x,0) — bj), there exist functions {Z;(x,i)}7_; such that for all x and i,
we have p(x;|x_;) = p*(z;|x—;) and f(a:,z) 1= ajo(Zi(z, 1) — bF) is always equal
to 0. In other words, the pre-training loss of the model {Z;(w,i)}}_, is the same as

{zj(z,9)}5_,, but its logits are useless for the downstream task.

Proof. We choose 7 € R such that Vz,i,7 < minjep,) bf — maxjep,) 25 (v,1), and
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Vr,i,Vj € [n], we set 2;(w,i) := 2f(x,7) + 7, then

Vi e [n],Zi(x, i) — bj < 25 (x,4) + m[ir}b”f - mfi)fz;‘(x,z) —b; <0, (3.6)
j€[n j€[n
which implies that o(Z;(x, i) — b3) = 0. Therefore, Yz, i, we have f(m,z) = 0. ]

Theorem 3.3.2 indicates that without any structure in the representations, the
student model is able to shift the logits for any sample and keep the pre-training
loss unchanged. In the worst case, it can shift the logits for unseen data drastically,
resulting in a bad downstream performance. Therefore, a theoretical guarantee in
downstream performance requires structures in the representations learned by the

pre-trained model.
3.4 “Anchor Vector” Hypothesis and Empirical Verifications

In Section 3.3.2, we have shown that the shift-invariance of the softmax function could
potentially make the student logits useless for the downstream task. Therefore, to
understand why the downstream tasks benefit from representations from the pre-
trained model, we need to understand the structure of these representations, and

this structure should be able to handle the shift-invariance problem.
3.4.1  “Anchor Vector” Hypothesis

There are different ways to prevent the shift-invariance of softmax from influencing
the performance of the downstream tasks. One way of doing this is to keep the par-
tition function stable. As shown in (3.4), the probability of a word is the exponential
of the corresponding logit divided by the partition function. If the partition func-
tion is constant for different samples, the logits can be uniquely determined by the

probabilities, which solves the shift-invariance problem. Arora et al. (2016) showed
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that when both the word embeddings and the latent representation are uniformly
distributed on a sphere, the partition function is close to a constant with high prob-
ability. They also empirically verified this uniformity of word embeddings trained
using GloVe (Pennington et al., 2014) and word2vec (Mikolov et al., 2013) on En-
glish Wikipedia. However, this is not true for recent large-scale pre-trained language
models. Empirical evidence about this will be shown in Section 3.4.3.

Instead of uniformity of word embeddings, in large pre-trained models such as
GPT-2 (Radford et al., 2019), we observe that if we remove several top logits from
the log partition function, the remaining part can be well approximated by the inner
product between the hidden representation v_;(x) and a fixed vector. This motivates

us to have the following assumption and hypothesis:

Definition 3.4.1. For a sample x and position i, we could select a set of bulk

words B(z,i) < [n], and we define the bulk partition functions as Z; . (x,i) :=

Z]‘eB(m,i) eXP(@iz‘(fE—i)a U;>) and Zpu(z, 1) 1= ZjeB(x,i) exp((v—i(—i), v;)).

The selection of bulk words B(z,i) can usually be selected by a simple algorithm
or manually. For instance, we can construct B(x,7) by taking out the words cor-
responding to the largest entries in p(z;|z_;). We can also manually select all the

words that are irrelevant to the downstream task.

Hypothesis 3.4.2 (“Anchor vector” hypothesis). There exists vy € R? such that
(u=i(z—3), v0) ~ log Zpui(x, 7).

If our hypothesis holds, we can use vy as an anchor for the logits because it
could be used to estimate the partition function, and this does not change the form

of the downstream task by much. In the following subsections, we will show that
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this Hypothesis 3.4.2 holds for most popular language models and provide some
discussions. More details about model information and performance are provided in

Appendix B.3.
3.4.2  Empirical Verification of “Anchor Vector” Hypothesis

Figure 3.1 plots the mean squared approximation error of the log bulk partition
function. We use different versions of pre-trained GPT-2 (Radford et al., 2019) and
OPT (Zhang et al., 2022b), and use the first 1/4 of WikiText-2 (Merity et al., 2016)
as the input text. The hidden representations we use in this experiment are the
last hidden states of these models, i.e., the output of the penultimate layer. The
dimension of the hidden representations ranges from 768 to 2048, and the number
of tokens is about 70k. We choose the bulk words to be all the words except those
having top-k probabilities and compute the optimal anchor vector using the closed-
form least-squares solution. In our experiments, we use the mean squared error

(MSE) to measure the approximation quality. Formally, the MSE is defined as
ensp = min By ;[ (v-i(x ), vo) —log Zuu(,1))°]-

The values of the bulk partition functions are always around 10, and we can
see from Figure 3.1 that the MSE is usually several orders of magnitude smaller.
Therefore, the inner product between the hidden representation and the optimal
anchor vector can usually approximate the log bulk partition function well, and the
approximation improves as k increases, i.e., when we ignore more top words. This

validates our “anchor vector” hypothesis.
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FIGURE 3.1: Mean squared error of log bulk partition function with different £ in
different models. Bulk partition function includes all logits except top-k ones.

3.4.8 Existence of Anchor Vector is not Trivial

In this section, we will show why it is important to consider the bulk partition
function. As discussed in Section 3.4.1, the partition function becomes easy to predict
under some settings, e.g., when the word embeddings are uniformly distributed on a
sphere. In this section, we will empirically show that the large-scale language models

do not fall under these settings. As a result, the existence of this vector is not trivial.

Linear approximation is not accurate for original partition function. Table 3.1 shows the
comparison between the MSE of approximating the original partition function and
the bulk partition function. We select the four models with the smallest bulk MSE.
For these models, although the log bulk partition function can be well approximated
linearly, the logarithm of the original partition function cannot. This confirms the

necessity of removing the words of interest in the partition function.

Word embeddings are not uniformly distributed on a sphere. Figure 3.2 shows the singu-
lar values of dictionary matrices from different models. For the four selected models,

their word embeddings are close to being low-rank. Therefore, the word embeddings
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Table 3.1: Comparison between MSE of log bulk partition function (except top-100)
and log partition function

in these

B

Model original MSE  bulk MSE
GPT-2 Large 0.7296 0.0740
GPT-2 XL 0.7716 0.0648
OPT-125M 0.6688 0.0443
OPT-1.3B 0.5234 0.0402

models are far from uniformly distributed on a sphere.
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(a) GPT-2 Large (b) GPT-2 XL (c) OPT-125M (d) OPT-1.3B
FIGURE 3.2: Singular values of dictionary matrices.

(Bulk) Partition functions have large variations. Figure 3.3 shows the histogram of log

partition function and log bulk partition function for the language models, where

the bulk words are defined as all the words except the top 100, in terms of logit

values.

We can see from the figures that both the partition function and the bulk

partition function vary a lot depending on the samples. Therefore, in recent large-

scale language models, the partition functions are not stable across samples.

000

nnnnn

(a) GPT-2 Large  (b) GPT-2 XL (¢) OPT-125M (d) OPT-1.3B
F1GURE 3.3: Histogram of log original and bulk partition functions

93



3.5 Anchor Vector Guarantees Performance Transfer from Pre-Training
to Downstream Tasks

Based on the counterexamples in Section 3.3 and the observations in Section 3.4.1, we
now give sufficient conditions on the downstream tasks so that classification accuracy

benefits from a pre-trained representation.
3.5.1 Modifications to the Model

Given the anchor vector hypothesis we proposed in Section 3.4: For huge language
models, there always exists a vector v such that its inner product with the hidden
state v*,(z_;) approximates the logarithm of the bulk partition function. Therefore,
we could use v} as an anchor to handle the shift invariance problem of the softmax
function, i.e., we want to subtract (v*;(z_;),vs) from {v*,(v_;),v¥). As a result, we

modify our model for the downstream task to be

*(x,7) := Z aio (W (z_;), v — vg) — bY). (3.7)

The student model is also modified accordingly:

o ((oi(x), vj — vo) — by). (3.8)

HM?r

Note that in the above model we have already adapted Assumption 3.2.1 which was
originally stated for the linear model. Therefore, we also update the assumption and

restate it below:

Assumption 3.5.1 (At most & words of interest). Assume there are at most k vec-

tors in {v}}7_; whose logits are relevant to the downstream task and WLOG assume
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these k vectors are {vy,...,v;}. In other words, we assume there exist coefficients

{ax}f_) € R¥ such that f*(z,i) := Y\ afo((*(x), v} — vf) — bY).

We are still assuming the teacher-student setting and the log-linear word produc-
tion model for the word probabilities, as restated below:
exp ((v*;(2), v})) exp(Cv—i(x), v;))

p(zi = jloy) = 7 ;o plai = jlovy) = 7 . (39

3.5.2  Assumptions

Under the modified model defined in Section 3.5.1, we will make some additional
assumptions. Firstly, we assume that there is a margin between the ground-truth

function values for positive and negative samples.

Assumption 3.5.2 (Margin for downstream task). There exists a margin v € R*
such that at any position i, if 2P € POS, then f*(zP%, i) > v, and if "¢ € NEG,
then f*(z"® i) < —v, where POS and NEG are the sets of positive and negative

samples, respectively.

As noticed in the experiments, the log bulk partition function (as defined in
Definition 3.4.1) can be linearly approximated by the hidden state. Normally, the
bulk only contains words that are not related to the downstream task, and every
single word usually has a small probability, but the total probability of the bulk
words is not negligible, as reflected in the following two assumptions. Note that the
set of bulk words can be strictly contained in the complement of the set of words
of interest. This is useful especially when we are not certain about which words are

important for the downstream task.
Assumption 3.5.3 (Bulk contains no words of interest). For all z and i, B(z,i) N
{1,...,k} = o.
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Assumption 3.5.4 (Lower bound of bulk probability). For all z and 1,

Zf:ulk(xa i)

= Dp.
Z*(x,0) -

The “anchor” vector v (i) is used to handle the instability of the partition func-

tion, and we formalize our anchor vector hypothesis as the following assumption:

Assumption 3.5.5 (Linear approximation of log bulk partition function). Jvg, v €

R? ¢, € RT s.t.

Vi, max{|Cv®;(x), v5) — log Zgu(#, )], [Cv=i(2), vo) — log Zounc(, )]} < €b-

< i
Furthermore, we assume ¢, < ¢ e

For notational simplicity, we will use all the notations (including f*, f, vg, and

vp) without 7 when the selection of i is clear from the context.

3.5.8  Main Theorem and Interpretations

k
J=1

In our model, the ground-truth function f* contains k terms with coefficients {a}
and we define the margin 7 as the margin for f*. If we scale {a%}¥_, or increase k
by adding duplicated terms to f*, we can scale v arbitrarily without changing the
pre-training performance or the downstream prediction of the student model. To

construct a quantity that better indicates the difficulty of the downstream task, we

have the following definition of the normalized margin that is invariant to the scaling

of k and {af}5_;:
Definition 3.5.6. We define the normalized margin as I :=

-y
kmax;ex) |a;‘

Then we are ready to state our main result:
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Theorem 3.5.7. Let ek, := E,p,,.[Dki(p*(x)||p(x))] be the pre-training loss, and
we let ecrs = Prowp,q[f(x) - f*(x) < 0] be the downstream classification error
rate, where Dy, and Dpg are the input distributions of pre-training and downstream

data. Under Assumptions 3.2.2-3.5.5, further assume minjepy b5 = €, — log(4k) and

J

8e, < I' < 6, then there exists a set of parameters (a;)7_,, (b;)j—, such that

288

_— 3.10

€CLS S €KL -

This theorem shows that when “anchor vector” exists, we could upper bound the
downstream classification error by the KL divergence of the student model during
pre-training. This upper bound becomes smaller when the distribution for input
data of the downstream task is close to that of pre-training, the bulk probability
is non-negligible, and the normalized margin of the ground-truth classifier is large.
Here we discuss these ways to decrease the upper bound and their corresponding
intuitions.

Large p. pis larger when the data distributions of pre-training and the downstream
task become closer, which helps with the performance transfer.

Large py. The bulk probability % is usually at least a constant in practice. When
the bulk probability becomes larger, the anchor vector plays a more important role
in the partition function and the downstream task.

Large I'. A larger normalized margin makes it harder for the student model to make

mistakes in downstream prediction.

Remark 3.5.8. For ease of presentation, we are making additional assumptions in
Theorem 3.5.7, e.g., minjepr b5 = €, — log(4k) and 4e, < T' < 3. More general cases

are covered in Lemma 3.5.9. We also discuss potential ways to improve the bound
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in Section 3.5.4.
3.5.4  Proof and Discussions for Main Theorem

Here we provide a proof sketch of Theorem 3.5.7.

Theorem 3.5.7. Let ey, := E,op,,.[Dki(p*(x)||p(x))] be the pre-training loss, and
we let ecrs = Proop,q[f(x) - f*(x) < 0] be the downstream classification error
rate, where Dp,. and Dpg are the input distributions of pre-training and downstream
data. Under Assumptions 3.2.2-8.5.5, further assume minjep bj > € — log(4k) and

8e, < I' < 6, then there exists a set of parameters (a;)7_y, (b;)j—, such that

288

i 3.10
popy - 12 (310)

€CLS < €KL °

Proof. We have the following lemma providing a lower bound of the TV distance

between p*(z;|x_;) and p(x;|z_;), which will be proved in Section 3.5.5.

Lemma 3.5.9. There exists a choice of (a;)j_,, (b;)¥_, such that if Assumptions

3.2.2-8.5.5 hold and there exists v € POSUNEG and i such that f(x,i)- f*(z,i) <0,

then we must have

TV(p*(zilr—s), p(zilz—s)) (3.11)
>py min {(1 ™)+ k- min eV —ev—n <ef’(%—2€b—6p) - 1)} . (3.12)

From Lemma 3.5.9 and Pinsker’s inequality we can lower bound the KL divergence
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at any incorrectly classified sample: For all z € POS u NEG,

KL(p* (i) [|p(2i]z i) (3.13)
> 2TV (p* (wilz—), p(xilr-i)))* (3.14)
(3205 _1) |
> 2 2 . 1 _ . €p . . b;‘—eb—z—:p . (o 5—26;]—61, _ 1 1
pbgg%{( e )+ k mine (e >} (3.15)

Since the pre-training loss is the expected KL divergence for pre-training data, it is
lower bounded by the KL divergence on the incorrectly classified samples, which is

related to the downstream classification error rate:

ext. = Eovp,, [KL(p" (@i|z—)|[p(zi|z-:))] (3.16)
> Pr x,1) - f*(x,i) <0]- min KL(p* (x;|x_; Tilr_;
x*iNDpre[f( ) f ( ) ] :r,zf(ac,z)f*(x,z)<0 <p ( | )||p( | ))
(3.17)

>pu- Pr x,1) - f*(x,i) <0]- min KL(p*(x;|x_; Tilr_;
pe P [fwi) e <0 win KL el
(3.18)

2
> eops - 2/ - pp min {(1 — e %) + k- min e (6‘7(%7251’7%) - 1)} :

Ep= jEA(’L)

(3.19)

Here D,,. and Dpg are the data distributions of pre-training and downstream
task, and the second inequality comes from Assumption 3.2.2.

Now we have established the relationship between ek, and ecp g, and the only step

left is to bound the minimum over €,. For notation simplicity, we define A := g —2¢€p.

If e, < £, we have (1 —e %) > (1 — e 3).

If e, > %, we know that
e —2ep—¢ A 2A A
eb?—ab—gp . (€2kmaxjeA(i) \a;‘| r . 1) = eb;‘—ab—g . (6? . 1) _ eb;‘—ab . sinh § ]
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Thus,

min {(1 — %) + k- min e " (eo(gde”fsp) — 1>} (3.20)
ep=0 JEA(H)
. _A . b¥* —¢ . A
>min{1—e 3,2k min e " -sinh [ — (3.21)
JeA(D) 3

Plugging this into (3.19) gives us

A
€KL = €crs - 2/4 - py min {(1 - e*%)Q, 4k* - m[llg]l 2% sinhz(g)} . (3.22)
je

Since I' > 8¢, we know that L < A <3, s0 (1— e 3)2 > (%)2 > %.
Besides, minje) b7 = €, — log(4k) implies 4k? - TN je[k] o272 > }1. We also have

. 2/ A A2 2
sinh*(3) > (3)” > 13-

Thus, min {(1 — 6*3)2, 4k? - minjepy 2 =2 sinhz(%)} > %. Plugging this into

(3.22) finishes the proof of Theorem 3.5.7.

Further Discussion of the Bound

Potentially improving the upper bound by better thresholding. We are taking the min-
imum over two terms in the proof of Theorem 3.5.7. These two terms come from
two parts of the difference between the ground-truth probability and our learned
probability: the bulk part and the top part. Both parts are functions of ¢,, which
measures the approximation error for the bulk probability. A large €, will incur a
large error in the bulk part while a smaller ¢, will make the top part larger. We
are setting % as the threshold for the current bound in Theorem 3.5.7. The bound
could be improved by choosing other thresholds if we know more about the values

# 1k 3 : i
of {b%}5_, and the normalized margin 5 e a1
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More general cases for thresholds {b} ;‘?:1 and normalized margin T'.  The thresholds
{07 };‘?:1 can be considered as the model’s sensitivity to the logits. A smaller threshold
indicates a higher sensitivity. In the proof of Theorem 3.5.7, we are assuming that
the thresholds are not very small. In general cases where the thresholds can be
small, an important observation is that: For the same set of samples, decreasing the
thresholds by some number s will increase the normalized margin by s as well. Since
both the thresholds and the normalized margin are in the exponent in our bound
(sinh function is close to exponential when I' is large), these two effects can cancel

out to a large degree and don’t influence the bound by much.

Prompt engineering can help with downstream performance. Prompt engineering can
help with the downstream task performance in multiple ways. The direct way is
to make the data distribution closer to that of the pre-training stage to increase pu.
Furthermore, it can also indirectly help improve the bound by decreasing the number

of activated neurons, increasing the margin, etc.
3.5.5 Proof of Lemma 3.5.9

Here we provide a proof of Lemma 3.5.9, with the proofs of the necessary technical

lemmas postponed to Appendix B.2.

Proof. For all j € [n], we set a; = a} and b; = b5. Since i is fixed in the proof, we
will omit ¢ when the selection of i is clear from context.

WLOG, assume z € POS because otherwise we can flip the sign of all a}’s. In this
case, from Assumption 3.5.2 we know that f*(z,7) > . Therefore, f(z,i)- f*(z,1) <
0 implies f(z,7) <0, so f*(z,i) — f(x,1) > 7.

There are two possible ways to make f(x,7) smaller than f*(z,7): Making the
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neurons with positive coefficients smaller or making those with negative coefficients
larger. The total difference must be at least v, so there must exist one sign whose
change in value is at least 2. Formally, we decompose the difference f*(z,7) — f(z,1)

into two terms:

Fo,i) = flai) = Y af (o(f (@), vf = o) = ) = o({vil@), v; = vo) = 7))

.
J:aj >0

(3.23)

+ > lajl (o(Cuai(@), v = voy = bF) = o (¥ (), 0f = vf) = 7)) -

j:a;‘<0
(3.24)
Note that at least one of the two terms on the right-hand side must be at least 3
because their sum is at least v. We first consider the first case, in other words,
Zj:a;!‘>o a; (U(@fi(x), v —v5) — b;‘) —o((v_i(z),v; —v9) — b;")) > 7. The analysis
of the second term is almost the same as the first one.

For notational simplicity, we define
Ay = (0F @), 0] o) — ) — (o) —w) — B), (3.25)

(n.b. o only appears in the second term) which implicitly depends on z, and and
define the set

S(x):={j:aj >0,A; > 0}. (3.26)

If A; > 0, we must have (v*,(z), v — v5) — bf > 0 because ReLU is non-negative.
This means that the neurons corresponding to the words in S(x) must be activated.
Intuitively, S(x) is the set of words whose corresponding neuron in our student

model has a smaller value than the ground-truth model, and A; for a word j € S(z)

is the difference between these two neurons. In other words, if we want to make a
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mistake in classifying a sample x, A; is the obstacle for the neuron to overcome, and
the sum of all these obstacles must be at least the margin . Formally, we have the

following lemma for S(z) and lower bound for A;:

Lemma 3.5.10. S(z) # .

Lemma 3.5.11. >’ A= .

jeS(z 7 2maxjes(a) a;‘ ’

Considering the TV distance, we get

D Ip* (s = jlw i) = pla = jlv)| (3.27)
=
> Z ™ (@i = jlo—i) — p(z; = jlz—i)| + Z ™ (i = jlz—i) — p(z; = jlz_)]
jeB(x,3) jeS(x
(3.28)
> Z Pz = jlr—i) — Z p(zi = jlv—:) (3.29)
jeB(x,i) jeB(x,3)
+ ) It = dle ) — pla: = jle )| (3.30)
jes(z)
Z lk(x,z) Zbulk (x,1) . .
_| Zeu — ) — plas = gl 3.31
Z+(2.1) + 3 P = jlem) — plai = jla_)] (3.31)

jeS(x)

where the first inequality comes from Assumption 3.5.3, i.e., S(x) < [k] < [n]\B(z,1).

We define ¢, := }log Zo (@) — log Zoun(@.9) , which is the approximation error of

2% (i) Z(xi)

the log bulk probability and an important quantity to trade off the two terms in the
TV distance. There are two terms in (3.31). The first term corresponds to the bulk
probability and the second term corresponds to the activated neurons. When ¢, is
large, the bulk probability has a large approximation error, resulting in a large TV

distance. We lower bound this term in the following lemma:
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Lemma 3.5.12.

Zya(®,7)  Zbu(z,7)

22 2@y | Z Pt (3.32)

The right-hand side of the above lemma is an increasing function of ¢,, and this
lower bound becomes large when the approximation error of the bulk probability is
large.

In the other regime when ¢, is small, the bulk partition function must be approx-

. . Z* (w0 V4 i
imated accurately, i.e., 5“*“(‘3(0 i)) ~ bZ“E‘;(f)’Z). Thus,

p*(z; = jlov_i) — p(z; = jlov_i)| = (3.33)

exp((v¥(2),v}))  exp((v_i(x),v)) ‘
Z*(x,1) Z(x,1)

~ Z§u1k<m7 i)
Z*(x,1)

exp((v*(2),v}))  exp((v_i(x), v)) ‘
Za(@,9) Zpu(w,1) |
(3.34)

From Assumption 3.5.5 we know the bulk partition functions can be accurately ap-
proximated using the vectors v§ and vg. Thus, % ~ exp (¥, (x), v — ).
So this difference is approximately | exp ((v*,(x), v — ) —exp({v_i(z), v; — vo))| &
exp((v_i(x),v; — vo)) (e —1). As g, becomes smaller, the aforementioned approx-

imations become more accurate, making the TV distance suffer from a term that is

roughly proportional to (¢ — 1). This is formalized in the following lemma:

Lemma 3.5.13. For all j € S(x),

(@i = jla-i) = plai = jlo-i)| = Ty (AT 1) (3.35)
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Plugging Lemma 3.5.12 and 3.5.13 into (3.31) gives us

TV (p*(wilw i), p(wlz_;)) (3.36)
- Zé‘ulk(%i) B Zbulk(xl, i) Y eXp(@fi(fE?,U}‘ ) eXp(<v_¢(af),vj>) (3.37)
Z*(x,1) Z(x,1) . Z*(x, 1) Z(x,1)
Jjes(x)
> pb(l o e—ep) + Z eb;‘—ab—ep Dy - (eU(Aj—2sb—ep) . 1) (338)
jes(x)
> pp(1 — e7%) + pp min e 5. e (Bi=2ep—ep) _ 1 3.39
o ( )+ P min, jeg(lm) ( ) (3.39)

> py(1 — e + pp .I%i(n) el —ev—en 1S(z)] - <€Zj55(x)U(Ar%b*sp)/\s(ib)l _ 1> . (3.40)
jeS(z

where the last inequality comes from Jensen’s inequality.

Let g(u,v) := u - (ex — 1) for u,v > 0, then % = e (1-2%—e"u) <0, so from

ou U

|S(x)| < k we know that
15(2)] (ezjesw o(A;=2e0—c,)/|S(@)] _ 1) > k- (ezjem) (A —2e—ep)/k _ 1) .

Using the fact that >, o(y;) = >, max{y;,0} > maxec)};v;,0 = 0 (3., y;), we have

dYio(dj—2s—g) =0 Y (A -2 —5)) (3.41)
jes(x) jes(@)
>0 (4 2k ey — kep) . (3.42)
2maxes(q) 4

where the last inequality follows from Lemma 3.5.11. Therefore,

TV(p* (zilz i), p(wi]z4)) (3.43)
— S "(W—?'ab—%)
>pp(1—e %) +pp - k 'Hél(n)e T e teS(x) “t -1]. (3.44)
jeS(x
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Since we do not have any assumption for ¢, we take the minimum over all possible

values of €, and get the following bound:

TV(p* (2ilx ), p(wilz ;) (3.45)

ep=0 jes(x)

o Y g
Zpp Min {(1 —e ™) + k- min e . (e <2’“ma"i65<w> F €p> - 1) } . (3.46)

Above we have derived a lower bound for the TV distance between p* and p when
the first term of (3.24) is at least 2. When the second term of (3.24) is at least I, the
proof is symmetric to that of the first term and we only need to exchange the role of
parameters from the teacher model and student model and the related definitions.

Therefore, with the second term being at least 3, we have

TV (™ (wilr—i), p(wilz—)) (3.47)

: —€ : b¥ —ep—e U(ka"”‘ W/ a*_2.€b_6p>
>pymin< (1 —e )+ k- min €7 =7 | e tes’ (@) e -1

£p=>0 jes'(x) ’

(3.48)

where S'(z) := {j : a] < 0,A% > 0} and A’ := ((v_4(x), v —vo)—bF) —o({v*(x), v} —
vg) — %),
Since S(x) u S'(z) < [k], merging (3.46) and (3.48) finishes the proof of Lemma

3.5.9.

3.6 Conclusions and Future Work

In this paper, we analyzed when and how the representations generated by pre-

trained large-scale language models can be used in downstream classification tasks.
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We found two necessary conditions for guaranteeing the usefulness of these represen-
tations: the insensitivity of the downstream task to super-small probability words,
and the underlying structure in the representations to handle the shift-invariance
of softmax. We also provide a sufficient condition, i.e., the existence of an anchor
vector, that can guarantee the representations from pre-trained language model to
help with downstream tasks. We verify this existence empirically in various large
language models and believe that this is an important reason why recent large-scale
language models can adapt to different downstream tasks.

While our work showed the existence of the anchor vector, it remains unclear why
this vector exists in most large language models. It might be related to the initial-
ization, optimization, and structure of the neural networks, especially transformers,
and it could also be related to the underlying structure of the training data. Digging
deeper into this may reveal more fundamental properties of these models. Our anal-
ysis of downstream task focuses on classification tasks. Since these large networks
perform well in various types of downstream tasks, another future direction would
be to analyze other kinds of downstream tasks. Furthermore, we model the network
before the softmax function as a black box, and further opening up this black box is
important for deeper understanding of the structures in the learned representations

from pre-training.
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4

Understanding Structure of Hessian for Neural
Networks

In the previous chapters, we assume that the optimization of neural networks is
successful, i.e., we can learn a set of parameters for the model so that the loss
function achieves a small value. Beginning from this chapter, we will focus on the
optimization landscape of practical neural networks. We are going to study two
heuristics that are frequently used in practice for training deep neural networks and
provide some theoretical insights. In this chapter, we focus on neural network loss
Hessian.

Hessian captures important properties of the deep neural network optimization
landscape. Previous works have observed low rank structure in the Hessians of neural
networks. In this chapter, we propose a decoupling conjecture that decomposes the
layer-wise Hessians of a network as the Kronecker product of two smaller matrices.
We can analyze the properties of these smaller matrices and prove the structure of
top eigenspace random 2-layer networks. The decoupling conjecture has several other

interesting implications — top eigenspaces for different models have surprisingly high
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overlap, and top eigenvectors form low rank matrices when they are reshaped into
the same shape as the corresponding weight matrix. All of these can be verified
empirically for deeper networks. Finally, we use the structure of layer-wise Hessian

to get better explicit generalization bounds for neural networks.

4.1 Introduction

The loss landscape for neural networks is crucial for understanding training and
generalization. In this paper we focus on the structure of Hessians, which capture
important properties of the loss landscape. For optimization, Hessian information is
used explicitly in second order algorithms, and even for gradient-based algorithms
properties of the Hessian are often leveraged in analysis (Sra et al., 2012). For
generalization, the Hessian captures the local structure of the loss function near a
local minimum, which is believed to be related to generalization gaps (Keskar et al.,
2017).

Several previous results including Sagun et al. (2018); Papyan (2018) observed
interesting structures in Hessians for neural networks — it often has around c large

eigenvalues where c is the number of classes. In this paper we ask:

Why does the Hessian of neural networks have special structures in its top

eigenspace?

A rigorous analysis of the Hessian structure would potentially allow us to under-
stand what the top eigenspace of the Hessian depends on (e.g., the weight matrices
or data distribution), as well as predicting the behavior of the Hessian when the
architecture changes.

Towards this goal, we focus on the layer-wise Hessians in this paper. One difficulty
in analyzing the layer-wise Hessian lies in its size — for a fully-connected layer with
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a n x n’ weight matrix, the layer-wise Hessian is a nn’ x nn’ matrix. We propose
a decoupling conjecture that approximates this matrix by the Kronecker product of
two smaller matrices — a n x n input autocorrelation matrix and a n’ x n’ output
Hessian matrix. We then study the properties of these two smaller matrices, which
together with the decoupling conjecture give an explanation of why there are just a
few large eigenvalues, as well as a heuristic formula to efficiently compute the top
eigenspace. We prove the decoupling conjecture and structure of the output Hessian
matrix for a simple model of 2-layer network. We then empirically verify that these

results extend to much more general settings.
4.1.1  Outline

Understanding Hessian Structure using Kronecker Factorization. In Section 4.3 We first
formalize a decoupling conjecture that states the layer-wise Hessian can be approxi-
mated by the Kronecker product of the output Hessian and input auto-correlation.

The auto-correlation of the input is often very close to a rank 1 matrix, because
the inputs for most layers have a nonzero expectation. We show that when the input
auto-correlation component is approximately rank 1, top eigenspace of the layerwise
Hessian is very similar to that of the output Hessian. On the contrary, when inputs
have mean 0 (e.g., when the model is trained with batch normalization), the input
auto-correlation matrix is much farther from rank 1 and the layer-wise Hessian often
does not have the same low rank structure.

In Section 4.4 we prove that in an over-parametrized two-layer neural network
on random data, the output Hessian is approximately rank ¢ — 1. Further, we can
compute the top ¢ — 1 eigenspace directly from weight matrices. We show a similar

low rank result for the layer-wise Hessian.
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FIGURE 4.1: Some interesting observations on the structure of layer-wise Hessians.

The eigenspace overlap is defined in Definition 4.2.1 and the reshape operation is
defined in Definition 4.2.2

Implication on the Structure of Top Figenspace for Hessians. The decoupling conjec-
ture, together with our characterizations of its two components, have surprising
implications to the structure of top-eigenspace for layer-wise Hessians. Since the
eigenvector of a Kronecker product is just the outer product of eigenvectors of its
components, if we express the top eigenvectors of a layer-wise Hessian as a matrix
with the same dimensions as the weight matrix, then the matrix is approximately
rank 1. In Figure 4.1.a we show the singular values of several such reshaped eigen-
vectors. Another more surprising phenomenon considers the overlap between top
eigenspaces for different models.

Consider two neural networks trained with different random initializations and
potentially different hyper-parameters; their weights are usually nearly orthogonal.
One might expect that the top eigenspace of their layer-wise Hessians are also very
different. However, empirically one observe that the top eigenspace of the layer-wise
Hessians have a very high overlap, and the overlap peaks at the dimension of the
layer’s output (see Figure 4.1(a)). This is a direct consequence of the Kronecker
product and the fact that the input auto-correlation matrix is close to rank 1.
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Applications. As a direct application of our results, in Section 4.6 we show that
the Hessian structure can be used to improve the PAC-Bayes bound computed in

Dziugaite and Roy (2017).
4.1.2  Related Works

Hessian-based analysis for neural networks (NNs). Hessian matrices for NNs reflect
the second order information about the loss landscape, which is important in char-
acterizing SGD dynamics (Jastrzebski et al., 2019) and related to generalization (Li
et al., 2020), robustness to adversaries (Yao et al., 2018) and interpretation of NNs
(Singla et al., 2019). People have empirically observed several interesting phenom-
ena of the Hessian, e.g., the gradient during training converges to the top eigenspace
of Hessian (Gur-Ari et al., 2018; Ghorbani et al., 2019), and the eigenspectrum of
Hessian contains a “spike” which has about ¢ — 1 large eigenvalues and a continuous
“bulk” (Sagun et al., 2016, 2018; Papyan, 2018). People have developed different
frameworks to explain the low rank structure of the Hessians including hierarchical
clustering of logit gradients (Papyan, 2019, 2020), independent Gaussian model for
logit gradients (Fort and Ganguli, 2019), and Neural Tangent Kernel (Jacot et al.,
2020). A distinguishing feature of this work is that we are able to characterize the

top eigenspace of the Hessian directly by the weight matrices of the network.

Layer-wise Kronecker factorization (K-FAC) for training NNs. The idea of using Kro-
necker product to approximate Hessian-like matrices is not new. Heskes (2000) uses
this idea to approximate Fisher Information Matrix (FIM). Martens and Grosse
(2015) proposed Kronecker-factored approximate curvature which approximates the
inverse of FIM using layer-wise Kronecker product. Kronecker factored eigenbasis

has also been utilized in training (George et al., 2018). Our paper focuses on a dif-
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ferent application with different matrix (Hessian vs. inverse FIM) and different ends

of the spectrum (top vs. bottom eigenspace).

Theoretical Analysis for Hessians Figenstructure. Karakida et al. (2019b) showed that
the largest ¢ eigenvalues of the FIM for a randomly initialized neural network are
much larger than the others. Their results rely on the eigenvalue spectrum analysis in
Karakida et al. (2019¢,a), which assumes the weights used during forward propaga-
tion are drawn independently from the weights used in back propagation (Schoenholz
et al., 2017). More recently, Singh et al. (2021) provided a Hessian rank formula for
linear networks and Liao and Mahoney (2021) provided a characterization on the
eigenspace structure of G-GLM models (including 1-layer NN). To our best knowl-
edge, theoretical analysis on the Hessians of nonlinear deeper neural networks is still

vacant.

PAC-Bayes generalization bounds. People have established generalization bounds for
neural networks under PAC-Bayes framework by McAllester (1999). For neural
networks, Dziugaite and Roy (2017) proposed the first non-vacuous generalization
bound, which used PAC-Bayesian approach with optimization to bound the gener-

alization error for a stochastic neural network.
4.2 Preliminaries and Notations

Basic Notations. In this paper, we generally follow the default notation suggested by
Goodfellow et al. (2016). Additionally, for a matrix M, let | M|z denote its Frobe-
nius norm and |M| denote its spectral norm. For two matrices M € R®*1 N ¢
Ro2xb2 Jot M @ N e R(@2)x(ib2) he their Kronecker product such that [M ®
Ny —1)xastio,Gih—1)xbotds = Miy i, Njy o
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Neural Networks. For a c-class classification problem with training samples S =
{(xi,y:)} Y, where (z;,y;) € R x {0,1}¢ for all i € [N], assume S is i.i.d. sampled
from the underlying data distribution D. Consider an L-layer fully connected ReLLU
neural network fy : R? — R°. With o(z) = x1,50 as the Rectified Linear Unit
(ReLU) function, the output of this network is a series of logits z € R® computed
recursively as 2 := W@ g®) 4 p®) and @ := (@)

Here we denote the input and output of the p-th layer as ® and z®, and set
V) =, z := fo(x) = 25, We denote § := (w,bM, w® b? ... wl) b)) e
R” the parameters of the network. For the i-th layer, w® is the flattened weight
matrix W@ and b" is its corresponding bias vector. For convolutional networks, a
similar framework is introduced in Section C.1.2.

For a single input & € R% with one-hot label y and logit output z, let n®
and m® be the lengths of £® and z®. For convolutional layers, we consider the
number of output channels as m® and width of unfolded input as n®. Note that
M =z, 21 = 2 = fy(x). We denote p := softmax(z) = €%/ >, €* as the output
confidence. With the cross-entropy loss function {(p,y) = — >, y;log(p;) € R,

the training process optimizes parameter 6 to minimize the empirical training loss

L(0) := E(z,y)es [£(z,9)].

Hessians. Fixing the parameter 6, we use Hy(v,x) = V2{(fo(x),y) = Vil(z,y)
to denote the Hessian of some vector v with respect to scalar loss function ¢ at
input . Note that v can be any vector. For example, the full parameter Hessian is
H,(0, x) where we take v = 0, and the layer-wise weight Hessian of the p-th layer is
H(w®, x) where we take v = w®,

For simplicity, define [E as the empirical expectation operator over the training

74



sample S unless explicitly stated otherwise. We mainly focus on the layer-wise weight
Hessians H(w®) = E[H,(w™, x)] with respect to loss, which are diagonal blocks
in the full Hessian H,(6) = E[H,(0,x)] corresponding to the cross terms between
the weight coefficients of the same layer. We define M := Hy (2P x) as the
Hessian of output z® with respect to empirical loss. With the notations defined

above, we have the p-th layer-wise Hessian for a single input as

Hyw®,z) = V2, ((z,y) = MP @ (0z®T). (4.1)
It follows that
H (w?)=E [Ma(f’) ® zc(p)w(p)T] =E[M@zz"]. (4.2)

The subscription & and the superscription (p) will be omitted when there is no
confusion, as our analysis primarily focuses on the same layer unless otherwise stated.
We also define subspace overlap and layer-wise eigenvector matricization for our

analysis.

Definition 4.2.1 (Subspace Overlap). For k-dimensional subspaces U,V in R?
(d = k) where the basis vectors u;’s and v;’s are column vectors, with ¢ as the size
k vector of canonical angles between U and V', we define the subspace overlap of U

and V' as Overlap(U, V) := [UTV [[i/k = | cos p[3/k.

Definition 4.2.2 (Layer-wise Eigenvector Matricization). Consider a layer with
input dimension n and output dimension m. For an eigenvector h € R™" of its

layer-wise Hessian, the matricized form of h is Mat(h) € R™*" where Mat(h); ; =

hi_1ymsj-
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4.3 Decoupling Conjecture and Implications on the Structures of Hes-
sian

The fact that layer-wise Hessian for a single sample can be decomposed into Kro-

necker product of two components naturally leads to the following informal conjec-

ture:

Congecture (Decoupling Conjecture). The layer-wise Hessian can be approximated

by a Kronecker product of the expectation of its two components, that is

H (w?) =EM@zz"] ~ E[M]QE[zz]. (4.3)

[MQE[zz"|-E[M@zz']|
[E[M®@zzT]|

More specifically, we conjecture that [E < €, where € is a small

constant.

Note that this conjecture is certainly true when M and xx' are approximately
statistically independent. One immediate implication is that the top eigenvalues and
eigenspace of H(w) is close to those of E[M]® E[za"]. In Section 4.4 we prove
that the eigenspaces are indeed close for a simple setting, and in Section 4.5.1 we
show that this conjecture is empirically true in practice.

Assuming the decoupling conjecture, we can analyze the layer-wise Hessian by
analyzing the two components separately. Note that E[M] is the Hessian of the
layer-wise output with respect to empirical loss, and E[zxT] is the auto-correlation
matrix of the layer-wise inputs. For simplicity we call E[M] the output Hessian
and E[zz"] the input auto-correlation. For convolutional layers we can a similar
factorization E[M| ® E[zx"] for the layer-wise Hessian, but with a different M
motivated by Grosse and Martens (2016). (See Section C.1.2) We note that the
off-diagonal blocks of the full Hessian can also be decomposed similarly, which in
turn allows us to approximate the eigenvalues and eigenvectors of the full parameter
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Hessian. The details of this approximation is stated in Section C.3.
4.8.1  Structure of Input Auto-Correlation Matriz E[zx] and Output Hessian E[ M ]

For the auto-correlation matrix, one can decompose it as E[zx'] = E[z|E[z]" +
Var[x]. A key observation is that the input @ for most layers are outputs of a ReL.U,
hence it is nonnegative. For large networks the mean component E[z|E[z]T will
dominate the variance, making E[zx ] approximately rank-1 with top eigenvector
being very close to E[x]. We empirically verified this phenomenon on a variety of
networks and datasets (see Section C.6.1).

For the output Hessian, we observe that E[ M| is approximately rank ¢ — 1 (with
¢ — 1 significantly large eigenvalues) in most cases. In Section 4.4, we show this is
indeed the case in a simplified setting, and give a formula for computing the top ¢—1

eigenspace using rows of weight matrices.
4.3.2  Implications on the Eigenspectrum and Figenvectors of Layer-Wise Hessian

The eigenvectors of a Kronecker product is the tensor product of eigenvectors of its
components. As a result, let h; be the i-th eigenvector of a layer-wise Hessian H | if
we matricize it as defined in Definition 4.2.2, Mat(h;) would be approximately rank
1. Since E[zz] is close to rank 1, by the decoupling conjecture, the top eigenvalues
of layer-wise Hessian can be approximated as the top eigenvalues of E[ M| multiplied
by the first eigenvalue of E[zx"]. The low rank structure of the layer-wise Hessian
H is due to the low rank structure of E[M].

Another implication is related to eigenspace overlap for different models. Even
though the output Hessians of two randomly trained models may be very different,
the top eigenspace of the Hessian will be close to E[x] ® I, so the top eigenspace of

the two models will have a high overlap that peaks at the output dimension. See
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Section 4.5.3 for more details.

4.4 Hessian Structure for Infinite Width Two-Layer ReLU Neural
Network

In this section, we show that for a simple setting of 2-layer networks, the layer-wise
parameter Hessian has ¢ — 1 large eigenvalues and its top ¢ — 1 eigenspace is close to

the top ¢ — 1 eigenspace of the Kronecker product approximation.

Problem Setting and Notations Let bold non-italic letters such as v, M denote random
vectors (lowercase) and matrices (uppercase). Consider a two layer fully connected
ReLU activated neural network with input dimension d, hidden layer dimension n

I+a for some constant o > 0. Let

and output dimension c. In particular, let d = n
the network has positive input from a rectified Gaussian x ~ N®(0, I;) where every
entry is identically distributed as max{X,0} for X ~ N'(0,1). Let W1 e R"*¢ and
W@ e R" be the weight matrices. In this problem we consider a random Gaussian
initialization that W ~ N(0,11,,) and W® ~ N(0, 11,,.). Both weight matrices
has expected row norm of 1. Let the loss objective be cross entropy ¢. Training
labels are irrelevant as they are independent from the Hessian at initialization.
Denote the output of the first and second layer as y and z respectively. We
have y = o(WWx) and z = W®y. Here ¢ is the element-wise ReLU function.
Let D = diag(I[y = 0]) € R™*" denote the 0/1 diagonal matrix representing the
activation of o that y = DWMx. Let p = softmax(z) and let A = diag(p) — pp'.

Note A is rank ¢ — 1 with the null space of the all one vector. We give full details

about our settings in Section C.2.1. By simple matrix calculus (see Section C.1.1),
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the output Hessian of M™ and the full layer-wise Hessian has closed-form

MY = E [DWITAW®D] . HY= E [DWITAWPDexx']|.
x~NR(0,I,) x~NR(0,14)

(4.4)
Following the decoupling conjecture, the Kronecker approximation of the layer-wise

Hessian is

—~

HY= g [DWITAWP®D|® E [xx']. (4.5)
XNNR(O,Id) XNNR(OvId)

Since we are always taking the expectation over the input x, we will neglect the

subscript and use E for expectation. Now we are ready to state our main theorem.

Theorem 4.4.1. For an infinite width two-layer ReL U activated neural network with
Gaussian initialization as defined above, let Vi and Vs, be the top ¢ — 1 eigenspaces of

HOY and HY respectively, for all € > 0,

lim Pr [Overlap (Vi,V5) > 1 —¢] = 1.
=0 WM AN (0,2 1,,4), W ~N (0,2 1)

Moreover HY has ¢ — 1 large eigenvalues that,

A\(H®
lim Pr (—1)’ <€l =1 (46)
n— W(l)'\’N(Ov%Ind)ﬂw(m "N(OuiICn) )\Cfl(H( )> W(1)7W(2)

Instead of directly working on the layer-wise Hessian, we first show a similar
theorem for the output Hessian M®. We will then show that the proof technique

of the following theorem can be easily generalized to prove our main theorem.

Theorem 4.4.2. For the same network as in Theorem 4.4.1, let

M* =E[DWATAWPD/]
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where D" is an independent copy of D and is independent of A. Let S; and Ss
be the top ¢ — 1 eigenspaces of MY and M* respectively, S, is approzimately

R{W}e_ \{1"W} where R is the row span, and for all € > 0,

lim Pr Overlap (S, S2) > 1 —¢] = 1.
o W<1>~N(07$Ind),w<2>~N(o,%1w)[ p (51, %) ]

Moreover, M has ¢ — 1 large eigenvalues that

(M)
lim Pr (—1)‘ <el=1 @7
=0 W AN (0,4 L) WO ~N 0,2 L) | \ Aec1 (MW) |yp0) e

Proof Sketch for Theorem 4.4.2 For simplicity of notations, in this section we will use
W to denote W® and M to denote M(® unless specified otherwise. Our proof
of Theorem 4.4.2 mainly consists of three parts. First we analyze the structure of
M* and show that it is approximately rank ¢ — 1. Then we show that M* and
M are roughly equivalent via an approximate independence between D and A.
Finally, by projecting both M and M™ onto a ¢ x ¢ matrix using W, we can apply
the approximate independence and prove that the top ¢ — 1 eigenspace of M™ is

approximately that of M, which concludes the proof.

(1) Structure of M* When n — o0, the output of the second layer y converges to a
multivariate Gaussian (Lemma C.2.11), hence we can consider each diagonal entry
of Dasap = % Bernoulli random variable. Since we assumed that D’ and A are

independent, by some simple calculation,

M* = — (WTE[A]W + diag(WTE[A]W)). (4.8)

o
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Here E[A] is rank ¢— 1 with the (¢—1)-th eigenvalue bounded below from 0 (Lemma
C.2.15). Since the two terms in the sum has the same trace while WTE[A]W is
rank ¢ — 1 compared to rank n of diag(W TE[A]W), we can show that the top
eigenspace is dominated by the eigenspace of WTE[A]W, which is approximately

RAW i, \{1TW}.

(2) Approzimate Independence Between A and D Intuitively, if D and A are indepen-
dent, then M = M™. However, this is clearly not true - if the activations align with
a row of W then the corresponding output is going to be large, which changes A
significantly. To address this problem, we observe that the formula for M is only of
degree 2 in D, so one can focus on conditioning on two of the activations — a negli-
gible fraction in the limit. More precisely, if one expand out the expression of each
element squared in M, it is an homogeneous polynomial of the form p(A, D, A, D) =
D jkd=1 D=1 CijkipgAij A DppDyy, where (A, D) are independent copies of (A, D).
The same element squared in M* is just going to be p(A, D’, A, D’). By nice proper-
ties of the Gaussian initialized weight matrix, we show that as n — oo, A is invariant
when conditioning on two entries of D (Lemma C.2.13). Therefore, in the limit we

have lim,,_,, E [p(A, D A, f))] =K [p(A, D’ A, ]j’)] (detailed proof in Appendix).

(3) Equivalence between M* and M Since the size of M also goes to infinity as we
take the limit on n, it is technically difficult to directly compare their eigenspaces.
In this case we utilize the fact that W has approximately orthogonal rows, and
project M onto WMW . In particular, by expanding out the Frobenious norms
as polynomials and bounding the ¢; norm of the coefficients, using Lemma C.2.13
we are able to show that ||M]7 ~ ||WMWTH§;, ~ HWM*WTH; ~ || M7
(Lemma C.2.18- Lemma C.2.22). This result tells us that the projection does not
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lose information, and hence indirectly gives us the dominating eigenspace of M.

This concludes our proof for Theorem 4.4.2

Proving Theorem 4.4.1 and Beyond 'To prove Theorem 4.4.1, we use a very similar
strategy. We consider a re-scaled Hessian H = éH and show that in the independent
setting H* — IE[DWAWD' ®x"x"T| = M*® 1E[x"x"T]. We then generalize the

conditioning technique to involve conditioning on two entries of x.
4.5 Empirical Observation and Verification

In this section, we present some empirical observations that either verifies, or are
induced by the decoupling conjecture. We conduct experiments on the CIFAR-
10, CIFAR-100 (Krizhevsky and Hinton, 2009), and MNIST (LeCun et al., 1998)
datasets as well as their random labeled versions, namely MNIST-R and CIFAR10-
R. We used different fully connected (fc) networks (a fc network with m hidden
layers and n neurons each hidden layer is denoted as F-n"), several variations of
LeNet (LeCun et al., 1998), VGG11 (Simonyan and Zisserman, 2015), and ResNet18
(He et al., 2016b). We use “layer:network” to denote a layer of a particular network.
For example, conv2:LeNet5 refers to the second convolutional layer in LeNet5. More

empirical results are included in Section C.6.
4.5.1 Kronecker Approximation of Layer-Wise Hessian and Full Hessian

To verify the decoupling conjecture in practical settings, we compare the top eigenval-
ues and eigenspaces of the approximated Hessian and the true Hessian. We use sub-
space overlap (Definition 4.2.1) to measure the similarity between top eigenspaces. As

shown in Figure 4.2, this approximation works reasonably well on the top eigenspace.
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FIGURE 4.2: Comparison between the approximated and true layer-wise Hessian of
F-2002.

4.5.2  Low Rank Structure of E[M| and H

Another way to empirically verify the decoupling conjecture is to show the similarity
between the outliers in eigenspectrum of the layer-wise Hessian E[ M| and the output
Hessian H.. Figure 4.3 shows the similarity of eigenvalue spectrum between E[ M |
and layer-wise Hessians in different situations, which agrees with our prediction. For
(a) and (b) we are also seeing the eigengap at ¢ — 1, which is consistent with our
analysis and previous observations (Sagun et al., 2018; Papyan, 2019). However,
the eigengap does not appear at minimum for random labeled data with a under-

parameterized network, meaning that our theory may not generalize to all settings.

x10~% x10~! x10~° x10~* x10!
. . . . 3.0 1%
34 1.0 4 64° ‘ 257, .
4 . 104 " 251 %,
9 '. '. 44 - . 2.0 1 '... 20 .\
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E[M] H. E[M] H. E[M] H.
(a) fcl:LeNet5 at initial- (b) fcl:LeNet5 at mini- (c¢) fcl:LeNet5 at mini-
ization (CIFARI10). mum (CIFAR10). mum (CIFAR10-R).

FIGURE 4.3: Eigenspectrum of the layer-wise output Hessian E[M ] and the layer-
wise weight Hessian H(w®). The vertical axes denote the eigenvalues. Similarity
between the two eigenspectra is a direct consequence of a low rank E[zx”] and the
decoupling conjecture.
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4.5.8  FEigenspace Overlap of Different Models

Apart from the phenomena that are direct consequences of the decoupling conjecture,
we observe another nontrivial phenomenon involving different minima. Consider
models with the same structure, trained on the same dataset, but using different
random initializations, despite no obvious correlation between their parameters, we

observe surpisingly high overlap between the dominating eigenspace of some of their

layer-wise Hessians.

0.5
0.44
0.6
0.4 4
2 0.31 N -
—<§ T; 0.3 % 0.4 1
S 0.2 P 3 02 . 3
— m =48 — m =48 0.2 1 m =100
01 m = 64 0.1 m = 64 m =120
P m =280 i m =280 m = 150
0.0 — T 0.0 — T 0.0 H 1 T
0 50 100 0 50 100 0 100 200
Dimension k Dimension k Dimension &
(a) convl2:ResNetl8 (CI- (b) conv6:VGG11 (CI- (c) fcl:LeNet5 (CIFAR10)
FARI00) with 48/64/80 FAR100) with 48/64/80 with 80/100/120/150 out-
output channels output channels put neurons

FIGURE 4.4: Overlap between the top k& dominating eigenspace of different inde-
pendently trained models. The overlap peaks at the output dimension m. The

eigenspace overlap is defined in Definition 4.2.1.

It turns out that the nontrivial overlap is also a consequence of the decoupling
conjecture, which arises when the output Hessian and autocorrelation are related
in the following way: When the small eigenvalues of E[M] € R™ ™ approaches
0 slower than the small eigenvalues of E[zxT], the top m eigenspace will then be
approximately spanned by I, ®E[z]T by the decoupling conjecture. Now suppose we
have two different models with IAE[:B]l and E[l']g respectively. Their top-m eigenspaces

are approximately I, ® IAE[a:]l and I, ® IAE[:C]Q Thus the overlap at dimension m is
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approximately (E[z]TE[x],)?, which is large since E[z]; and E[x], are the same for
the input layer and all non-negative for other layers. While this particular relation
between E[M] and E[zx ] are true in many shallow networks and in later layers of
deeper networks, they are not satisfied for earlier layers of deeper networks. In Section
C.7.2 we explain how one can still understand the overlap using correspondence

matrices when the above simplified argument does not hold.
4.6 Tighter PAC-Bayes Bound with Hessian Information

The PAC-Bayes bound is a commonly used bound for the generalization gap of neural
networks. In this section we show how we can obtain tighter PAC-Bayes bounds using

the Kronecker approximation of Hessian eigenbasis.

Theorem 4.6.1 (PAC-Bayes Bound). (McAllester, 1999; Langford and Seeger, 2001)
With the hypothesis space H parametrized by model parameters. For any prior dis-
tribution P in H that is chosen independently from the training set S, and any
posterior distribution ) in H whose choice may inference S, with probability 1 — ¢,
KL (e(Q)]le(Q)) < IS‘I;—l [KL(QHP) + log %] Where e(QQ) is the expected classifi-
cation error for the posterior over the underlying data distribution and €(Q) is the

classification error for the posterior over the training set.

Intuitively, if one can find a posterior () that has low loss on the training set, and
is close to the prior P, then the generalization error on ) must be small. Dziugaite
and Roy (2017) uses optimization techniques to find an optimal posterior in the
family of Gaussians with diagonal covariance. They showed that the bound can be
nonvacuous for several neural network models.

We follow Dziugaite and Roy (2017) to set the prior P to be a multi-variant
Gaussian. The covariance is invariant with respect to the change of basis since it
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is a multiple of identity. Thus, For the posterior, when the variance in one direc-
tion is larger, the distance with the prior decreases; however this also has the risk
of increasing the empirical loss over the posterior. In general, one would expect
the variance to be larger along a flatter direction in the loss landscape and smaller
along a sharper direction. However, since the covariance matrix of @) is fixed to be
diagonal in Dziugaite and Roy (2017), the search of optimal deviation happens in
standard basis vectors which are not aligned with the local loss landscape. Using
the Kronecker factorization as in Equation 4.3, we can approximate the layer-wise
Hessian’s eigenspace. We set () to be a Gaussian whose covariance is diagonal in the
approximated eigenbasis of the layer-wise Hessians. Under this posterior change of
basis, we can obtain tighter bounds compared to Dziugaite and Roy (2017). In our
experiments, the final posterior variance s’ is smaller along the direction of eigenvec-
tors with larger eigenvalues (see Figure C.27). This agrees with our presumption that
the alignment of sharp and flat directions will result in a better optimized posterior
() and thus a tighter bound on classification error.

Detailed algorithm description, experiment results, and plots are shown in Section

C.8.

Table 4.1: Optimized PAC-Bayes bounds using different methods. T-n™ and R-
n™ represents network F-n™ trained with true/random labels. TESTER. gives the
empirical generalization gap. BASE represents the bound given by Dziugaite and
Roy (2017). OURS represents the bound we get.

Model ~ T-600 T-1200 T-300> T-600> R-600 T-600;0 T-200%,

TestEr. 0.015  0.016 0.015 0.015  0.493 0.018 0.021
Base  0.154  0.175 0.169 0.192  0.605 0.287 0.417
Ours 0.120 0.142 0.125 0.146 0.568 0.213 0.215
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4.7 Limitations and Conclusions

In this paper we proposed the decoupling conjecture which helps in understanding
many different structures for the top eigenspace of layer-wise Hessian. Our theory
only applies to the initialization for a 2-layer network. How the property can be
maintained throughout training is a major open problem. However, the implications
of the decoupling conjecture can be verified empirically. Having such a conjecture
allows us to predict how the structure of the Hessian changes based on architec-
ture/training method (such as batch normalization), and has potential applications
in understanding training and generalization (as we demonstrated by the new gen-
eralization bounds in Section 4.6). We hope this work would be a starting point

towards formally proving the structures of neural network Hessians.
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5

Learning-to-Learn for Tuning the Step Size

In this chapter, we study learning-to-learn, which is a commonly-used heuristic for
choosing the parameters for the training algorithms of deep neural networks. These
parameters can have large influence on the performance of the trained model, but the
selection of a proper set of parameters usually requires trial-and-error approaches.
Learning-to-learn formalizes the selection of these parameters as a machine learning
problem and runs meta-gradient descent on a meta-objective to learn the parameters
automatically. To understand and provide theoretical insights for learning-to-learn,
we in this chapter work in a simple setting — choosing the step size for a quadratic
objective. Under this setting, we give meta-optimization guarantees for the learning-
to-learn approach.

Our results show that the naive objective suffers from meta-gradient explosion or
vanishing problem. Although there is a way to design the meta-objective so that the
meta-gradient remains polynomially bounded, computing the meta-gradient directly
using backpropagation leads to numerical issues. We also characterize when it is

necessary to compute the meta-objective on a separate validation set to ensure the
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generalization performance of the learned optimizer. Finally, we verify our results
empirically and show that a similar phenomenon appears even for more complicated

learned optimizers parametrized by neural networks.

5.1 Introduction

Choosing the right optimization algorithm and related hyper-parameters is impor-
tant for training a deep neural network. Even for simple algorithms like gradient
descent and stochastic gradient descent, choosing a good step size can be important
to the convergence speed and generalization performance. Empirically, the parame-
ters are often chosen based on past experiences or grid search. Recently, Maclaurin
et al. (2015) considered the idea of tuning these parameters by optimization—that is,
consider a meta-optimization problem where the goal is to find the best parameters
for an optimizer. A series of works (e.g., Andrychowicz et al. (2016); Wichrowska
et al. (2017)) extended such ideas and parametrized the set of optimizers by neural
networks.

Although this approach has shown empirical success, there are very few theoret-
ical guarantees for learned optimizers. Gupta and Roughgarden (2017) gave sample
complexity bounds for tuning the step size, but they did not address how one can
find the learned optimizer efficiently. In practice, the meta-optimization problem is
often solved by meta-gradient descent—define a meta-objective function based on the
trajectory that the optimizer generates, and then compute the meta-gradient using
back-propagation (Franceschi et al., 2017). The optimization for meta-parameters
is usually a nonconvex problem, therefore it is unclear why simple meta-gradient
descent would find an optimal solution.

In this paper we consider using learning-to-learn approach to tune the step size
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of standard gradient descent/stochastic gradient descent algorithm. Even in this
simple setting, many of the challenges still remain and we can get better learned
optimizers by choosing the right meta-objective function. Though our results are
proved only in the simple setting, we empirically verify the results using complicated

learned optimizers with neural network parametrizations.
5.1.1  Our Results

In this paper we focus on two basic questions on learning-to-learn for gradient descent
optimizer. First, will the meta-gradient explode/vanish and is there a way to fix the
problem? Second, how could we guarantee that the learned optimizer has good
generalization properties?

Our first result shows that meta-gradient can explode/vanish even for tuning the
step size for gradient descent on a simple quadratic objective. In this setting, we
show that there is a unique local and global minimizer for the step size, and we also

give a simple way to get rid of the gradient explosion/vanishing problem.

Theorem 5.1.1 (Informal version of Theorem 5.3.1 and Theorem 5.3.2). For tun-
ing the step size of gradient descent on a quadratic objective, if the meta-objective
is the loss of the last iteration, then the meta-gradient will explode/vanish. If the
meta-objective 1s the log of the loss of the last iteration, then the meta-gradient is
polynomially bounded. Further, doing meta-gradient descent with a meta step size
of 1/\k (where k is the number of meta-gradient steps) provably converges to the

optimal step size for the inner-optimizer.

Surprisingly, even though taking the log of the objective solves the meta-gradient
explosion/vanishing problem, one cannot simply implement such an algorithm using

back-propagation (which is standard in auto-differentiation tools such as those used
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in TensorFlow (Abadi et al., 2016)). The reason is that even though the meta-
gradient is polynomially bounded, back-propagation algorithm will compute the
meta-gradient as the ratio of two exponentially large/small numbers, which causes
numerical issues. Detailed discussion for the first result appears in Section 5.3.

Our second result shows that defining meta-objective on the same training set
(later referred to as the “train-by-train” approach) could lead to overfitting; while
defining meta-objective on a separate validation set (“train-by-validation”, see Metz
et al. (2019)) can solve this issue. We consider a simple least squares setting where
y = (w*Hx + & and £ ~ N(0,0?). We show that when the number of samples is
small and the noise is large, it is important to use train-by-validation; while when

the number of samples is much larger train-by-train can also learn a good optimizer.

Theorem 5.1.2 (Informal version of Theorem 5.4.1 and Theorem 5.4.2). For a least
squares problem in d dimensions, if the number of samples n is a constant fraction
of d (e.g., d/2), and the samples have large noise, then the train-by-train approach
performs much worse than train-by-validation. On the other hand, when the number

of samples n is large, train-by-train can get close to error do?/n, which is optimal.

We discuss the details in Section 5.4. In Section 5.5 we show that such obser-
vations also hold empirically for more complicated learned optimizers—an optimizer

parametrized by a neural network.
5.1.2  Related Work

Learned optimizer The idea of learning an optimizer has appeared in early works
decades ago (Bengio et al., 1990, 1992; Hochreiter et al., 2001). Recently, with the
rise of deep learning, researchers started to consider more complex optimizers on

more challenging tasks. One line of research views the optimizer as a policy and
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apply reinforcement learning techniques to train it (Li and Malik, 2016, 2017; Bello
et al., 2017). The other line of papers use gradient descent on the meta-objective to
update the optimizer parameters (Maclaurin et al., 2015; Andrychowicz et al., 2016;
Lv et al., 2017; Wichrowska et al., 2017; Metz et al., 2019).

Mostly relevant to our work, Metz et al. (2019) highlighted several challenges
in the meta-optimization for learning-to-learn approach. First, they observed the
meta-gradient exploding/vanishing issue and proposed to use a gradient estimator
for a variational meta-objective. They also observed that train-by-train approach

can overfit the training tasks while train-by-validation generalizes well.

Data-driven algorithm design In data-driven algorithm design, we aim to find an algo-
rithm that works well on a particular distribution of tasks. Gupta and Roughgarden
(2017) first modeled this algorithm-selection process as a statistical learning problem.
In particular, they analyzed the sample complexity of choosing the step size for gra-
dient descent. But they didn’t consider the meta-optimization problem. They also
restricted the step size into a small range so that gradient descent is guaranteed to
converge on every task. We don’t have such a restriction and allow the meta-learning
to choose a more aggressive step size.

Following the work by Gupta and Roughgarden (2017), data-driven algorithms
have been studied in many problems, including partitioning and clustering (Balcan
et al., 2016a), tree search (Balcan et al., 2018b), pruning (Alabi et al., 2019) and
machanism design (Morgenstern and Roughgarden, 2015, 2016; Balcan et al., 2016b,
2018a).

Step size schedule for GD/SGD Shamir and Zhang (2013) showed that SGD with

polynomial step size scheduling can almost match the minimax rate in convex non-
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smooth settings, which was later tightened by Harvey et al. (2018) for standard
step size scheduling. Assuming that the number of training steps is known to the
algorithm, the information-theoretically optimal bound in convex non-smooth setting
was later achieved by Jain et al. (2019) which used another step size schedule, and
Ge et al. (2019) showed that exponentially decaying step size scheduling can achieve
near optimal rate for least squares regression.

A closely related paper that appeared later than our work also studied the com-
parison between train-by-train and train-by-validation (Bai et al., 2020). They con-
sidered a very different meta-learning problem, where the goal is to find the best
common initialization for adapting to a linear predictor on each task. They proved

train-by-train can work better than train-by-validation in the noiseless setting.

5.2 Preliminaries

In this section, we first introduce some notations, then formulate the learning-to-learn

framework.
5.2.1 Notations

For any integer m, we use [n] to denote {1,2,--- ,n}. We use |-| to denote the /5
norm for a vector and the spectral norm for a matrix. We use {-) - to denote the inner
product of two vectors. For a symmetric matrix A € R?*? we denote its eigenvalues
as A\ (A) = -+ = A\g(A). We denote the d-dimensional identity matrix as I, or simply
as I when the dimension is clear. We use O(-),Q(-),©(-) to hide constant factor
dependencies. We use poly(-) to represent a polynomial on the relevant parameters

with constant degree.
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5.2.2  Learning-to-Learn Framework

We consider the learning-to-learn approach applied to training a distribution of learn-
ing tasks. Each task is specified by a tuple (D, Siyain, Svaiid, £). Here D is a distribution
of samples in X x Y, where X is the domain for the sample and Y is the domain for
the label /value. The sets Sy and Syaq are samples generated independently from
D, which serve as the training and validation set (the validation set is optional).
The learning task looks to find a parameter w € W that minimizes the loss function
lw,z,y) : W x X xY — R, which gives the loss of the parameter w for sample

(x,y). The training loss for this task is

f) = g Yt
(,y)€Strain
while the population loss is f(w) 1= E( ) ~p[f(w, z,y)].

The goal of inner-optimization is to minimize the population loss f(w). For the
learned optimizer, we consider it as an update rule u(-) on weight w. The update
rule is a parameterized function that maps the weight at step 7 and its history to
the step 7+ 1 : w1 = u(w,, Vf(wT), Vf(wT_l), -++;0). In most parts of this paper,
we consider the update rule u as gradient descent mapping with step size as the
trainable parameter (here § = n which is the step size for gradient descent). That
is, u(w;n) = w — an(w) for gradient descent and u(w;n) = w — NV l(w,x,y)
for stochastic gradient descent where (z,y) is a sample randomly chosen from the
training set Sirain-

In the outer (meta) level, we consider a distribution 7 of tasks. For each task

P ~ T, we can define a meta-loss function A(f, P). The meta-loss function measures

the performance of the optimizer on this learning task. The meta-objective, for
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example, can be chosen as the target training loss ]? at the last iteration (train-by-
train), or the loss on the validation set (train-by-validation).
The training loss for the meta-level is the average of the meta-loss across m

different specific tasks P;, Ps, ..., P,,, that is,
1 m
= —Z (6, Py).
m: =1

The population loss for the meta-level is the expectation over all the possible specific
tasks F'(0) = Ep.7[A(0, P)].

In order to train an optimizer by gradient descent, we need to compute the gra-
dient of meta-objective F in terms of meta parameters . The meta parameter is
updated once after applying the optimizer on the inner objective ¢ times to generate
the trajectory wq, wy, ..., w;. The meta-gradient is then computed by unrolling the
optimization process and back-propagating through the t applications of the opti-

mizer.

5.3 Alleviating Gradient Explosion/Vanishing Problems

First we consider the meta-gradient explosion/vanishing problem. More precisely,
we say the meta-gradient explodes/vanishes if it is exponentially large/small with
respect to the number of steps ¢ of the inner-optimizer.

In this section, we consider a simple instance of the learning-to-learn approach,
where the distribution 7 only contains a single task P, and the task also just defines
a single loss function f!. Therefore, in this section F\(n) = F(n) = Ay, P). We will

simplify notation and only use F\(1).

! In the notation of Section 5.2, one can think that D contains a single point (0,0) and the loss
function f(w) = £(w,0,0).
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The inner task P is a simple quadratic problem, where the starting point is fixed
at wy with unit norm, and the loss function is f(w) = sw’ Hw for some fixed positive
definite matrix H € R,

Let {w,,}._, be the GD sequence running on f(w) starting from w, with step
size 1. We consider two ways of defining meta-objective: using the loss of the last
point directly or using the log of this value. We first show that although choosing
F(p)=f (wy,,) does not have any bad local optimal solution, it has the meta-gradient
explosion/vanishing problem. We use F (n) to denote the derivative of Fin 1.

In the analysis, we use eigen-decomposition to transform H into a diagonal ma-
trix. We introduce related notations here: suppose the eigenvalue decomposition of
H is Zle Nugu, . We denote L := A\ (H) and o := A\g(H) as the largest and smallest

eigenvalues of H. For each i € [d], let ¢; be (wy)u; and let ¢y, be min(|eq|, |cq]). We

assume Cpi, > 0 and L > « for simplicity?.

Theorem 5.3.1. Let the meta-objective be }?’(77) = f(wiy), we know ﬁ(n) is a strictly
conver function in 1 with an unique minimizer. However, for any step size 0 < n <
2/L,

P ()] < 22 max(|1 - naf 1, [1 - gL 1);
for any step sizen > 2/L,
F'(m| = ALt (nL — 12! — L%t
[ (n 1 n

Note that in Theorem 5.3.1, when 0 < n < 2/L, |}A7’(77)| is exponentially small
because |1 —nal,|1 —nL| < 1; when n > 2/L, |F'(n)| is exponentially large because

nL —1 > 1. The strict convexity of F (n) is proved by showing the second order

2 If wy is uniformly sampled from the unit sphere, with high probability cui, is at least Q(1/v/d);
if His XX T with X e R¥24 35 a random Gaussian matrix, with constant probability, both o and
L — « are at least Q(d).
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derivative of F (n) is positive; the upper and lower bounds of F (n) follows from
direct calculation.
Intuitively, gradient explosion/vanishing happens because the meta-objective be-

comes too small or too large. A natural idea to fix the problem is to take the log of

the meta-objective to reduce its range. If we choose ja (n) = %log f(w,), we have

Theorem 5.3.2. Let the meta-objective be F(n) = Tlog f(wy,). We know F(n) has

a unique minimizer n* and ﬁ'(n) =0 <Lh(3) for allm = 0. Let {ny} be the GD

o ine(L—a)

sequence Tunning on F with meta step size [ = 1/\/% Suppose the starting step size

no < M. Given any 1/L > € > 0, there exists k' = Af—;poly( L L, X L) such that

Cmin? " @) T—a
for all k =K', |m. —n*| <e.

For convenience, in the above algorithmic result, we reset 1 to zero once 1 goes
negative (this corresponds to doing a projected gradient descent on 7 under constraint
n = 0). We give a proof sketch of Theorem 5.3.2 in Section 5.3.1.

Surprisingly, even though we showed that the meta-gradient is well-behaved, it
cannot be effectively computed by doing back-propagation due to numerical issues.

More precisely:

Corollary 5.3.3. If we choose the meta-objective as ]3(77) = 1log f(wyy), when
computing the meta-gradient using back-propagation, there are intermediate results

that are exponentially large/small in number of inner-steps t.

If we use back-propagation to compute Ia '(n), we need to separately compute the
numerator and denominator in Eqn. (5.1), which are exponentially large or small
as we showed in Theorem 5.3.1. Indeed, in Section 5.5 we empirically verify that
standard auto-differentiation tools can fail in this setting. In contrast, the meta
training succeeds if we use the formula derived in Section 5.3.1 (Eqn. (5.2)). This
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suggests that one should be more careful about using standard back-propagation in
the learning-to-learn approach. The proofs of the results in this section are deferred

into Appendix D.1.
5.83.1 Proof Sketch of Theorem 5.3.2

Throughout the proof, we work in the eigenspace of H which reduces the problem

to having a diagonal matrix H. The proof goes in three steps:

e Claim 5.3.4 shows that the meta-objective F has a unique minimizer n* and

the minus meta-gradient always points to the minimizer.
e Claim 5.3.5 shows meta-gradient F” (1) never explodes.

e Claim 5.3.6 shows meta-gradient is large when 7 is far from n*.

Claim 5.3.4. The meta-objective F has only one stationary point that is also its
unique minimizer n*. For any n € [0,n%), ﬁ"(n) < 0 and for any n € (n*,0),

F'(n) > 0.

The lemma follows from a direct calculation F (n):

=1 "1""

Z?:l sz/\i(l — ;)%

_ 2N N )T (5.1)

F'(n)
Claim 5.3.4 is proved by noticing that the denominator in jal (n) is always positive
and the numerator is strictly increasing in 7. Next, we show the meta derivative is

polynomially upper bounded.

Claim 5.3.5. For any n € [0, %), we have |F'(n)]| < -

coina(L—a)’
To prove this claim we observe that the numerator and denominator are both
polynomially bounded once we divide them by a common factor, which is (1 — na)?
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More precisely we have when 7 € [0, —2-]

when 7 € [0 .

’ a+L]

2)\2 )\ 2 1
‘Zz—l 1— na Za)t 221 1 12/\3 (5 2)
o+ Y (R ca(l —na)’ '

P =2

This leads to the claimed bounds based on our assumptions. The case when 7 is
large is similar. Finally, we show the meta-gradient is lower bounded if 7 is away

from n* and is not too large. The proof follows from a similar calculation as above.

Claim 5.3.6. Given M > 2/ac and 1/L > € > 0, for any n € [0,n* —e] U [n* +e, M\],

we have |F'(n)| = 2ec?,; min ( L37 z\/1[2> :

With the above three claims, we are ready to sketch the proof of Theorem 5.3.2.
Due to Claim 5.3.4, we know the minus meta-gradient always points to the minimizer
n*. This alone is not sufficient to prove the convergence result because the iterates
might significantly overshoot the minimizer if \]3 'l is too large or the iterates might
converge very slowly if \]3’ | is too small. Fortunately, these two problematic cases

can be excluded by Claim 5.3.5 and Claim 5.3.6.
5.4 Generalization for Trained Optimizer

Next we consider the generalization ability of simple trained optimizers. In this
section we consider a simple family of least squares problems. Let 7 be a distribution
of tasks where every task (D(w*), Strain, Svatid, £) is determined by a parameter w* €
R? that is sampled uniformly at random from the unit sphere. For each individual
task, (z,y) ~ D(w*) is generated by first choosing = ~ N(0, I;) and then computing
y = {w*yx + £ where £ ~ N(0,0?) with ¢ > 1. The loss function ¢(w,z,y) is just
the squared loss {(w,z,y) = 3(y — (wyx)®. That is, the tasks are just standard
least-squares problems with ground-truth equal to w* and noise level o2
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We consider two different ways to define the meta-objective.

Train-by-train: In the train-by-train setting, the training set Si..in contains n in-
dependent samples, and the meta-loss function is chosen to be the training loss.
That is, in each task P, we first choose w* uniformly at random, then generate
(1,91), -, (T, yn) as the training set Sipain. The meta-loss function Apyr, (7, P) is

defined to be

n

Aqprm)(n, P) = ! Z(?Jz — (W) )%,

2n i=1

Here wy,, is the result of running ¢ iterations of gradient descent starting from
point 0 with step size 1. Note we truncate a sequence and declare the meta loss is
high once the weight norm exceeds certain threshold®. We can safely do this because
we assume the ground truth weight w* has unit norm, so if the weight norm is too
high, it means the inner training has diverged and the step size is too large.

As before, the empirical meta-objective in train-by-train setting is the average of

the meta-loss across m different specific tasks P, P, ..., P,,, that is,
~ 1 &
Fryre) (n) = m 2 Aryr(n) (n, Pr). (5.3)
k=1

Train-by-validation: In the train-by-validation setting, the specific tasks are gener-
ated by sampling n; training samples and n, validation samples for each task, and
the meta-loss function is the validation loss. That is, in each specific task P, we first
choose w* uniformly at random, then generate (z1,41), ..., (Tn,,Yn,) as the training

set Strain and (27, 91), ..., (2,,,Yy,,) as the validation set Sy,a. The meta-loss function

3 Specifically, if at the 7-th step |w;,| = 400, we freeze the training on this task and set w, , =
400w for all 7 < 7" < t, for some arbitrary vector u with unit norm. Setting the weight to a large
vector is just one way to declare the loss is high.
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ATy (ny ne) (1, P) is defined to be

1 &
ATbV(m,nz)(na P) = 2_712 Z(y; - <wt,77> ZE;)2
=1

Here again wy,, is the result of running ¢ iterations of the gradient descent on the
training set starting from point 0, and we use the same truncation as before. The

empirical meta-objective is defined as

~ 1 &
FTbV(n1,n2)(n) = E Z ATbV(nl,ng)(na Pk)7 (5-4)
k=1

where each Py is independently sampled according to the described procedure.

We first show that when the number of samples is small (in particular n < d)
and the noise is a large enough constant, train-by-train can be much worse than
train-by-validation, even when n; + ny = n (the total number of samples used in

train-by-validation is the same as in train-by-train)

Theorem 5.4.1. Let ﬁTbT(n) (n) and ﬁ’TW(nhm)(n) be as defined in Equation (5.3)
and Equation (5.4) respectively. Assume n,ny,ny € [d/4,3d/4]. Assume noise level
o is a large constant c;. Assume unroll length t = co, number of training tasks
m = cglog(mt) and dimension d = cylog(mt) for certain constants cs, c3,cq. With

probability at least 0.99 in the sampling of training tasks, we have

2
n:rain = @(1> and EHwt,nZ’:‘am - U)* = 9(1)0—27
fOT all n;krain € arg minnZO ﬁTbT(n) (7]);
2
Toata = O/1) and Bllw, e —w||" = lu*|* = (1)
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for all 0}, q € argmin, > ﬁTbV(m,ng)(U)- In both equations the expectation is taken

over new tasks.

In Theorem 5.4.1, wyx —and wy ,» ., are the results obtained on the new task

and w* is the ground truth of the new task. If o is a large enough constant, we know

2
%

2
by some constant. The probability

Ellw,,+» —w*
t’ntrain

is larger than Eme;Hd —w
0.99 is an arbitrary number, which can be replaced by any constant smaller than 1.

Note that in this case, the number of samples n is smaller than d, so the least
square problem is under-determined and the optimal training loss would go to 0 (there
is always a way to simultaneously satisfy all n equations). This is exactly what train-
by-train would do—it will choose a large constant learning rate which guarantees the
optimizer converges exponentially to the empirical risk minimizer (ERM)?*. However,
when the noise is large making the training loss go to 0 will overfit to the noise and
hurt the generalization performance. In contrast, train-by-validation will choose a
smaller learning rate which allows it to leverage the signal in the training samples
without overfitting to noise.

We separately give a proof sketch for the train-by-train setting and train-by-
validation setting in Section 5.4.1 and Section 5.4.2, respectively. The detailed proof
of Theorem 5.4.1 is deferred to Appendix D.2. We also prove similar results for SGD
in Appendix D .4

We emphasize that neural networks are often over-parameterized, which corre-
sponds to the case when d > n. Therefore in order to train neural networks, it is
usually better to use train-by-validation. On the other hand, we show when the

number of samples is large (n » d), train-by-train can also perform well.

4 In an under-determined problem, there are actually multiple ERM solutions. Here, we focus on
the unique ERM solution in the span of training data. This is also the solution that GD converges
to when the initialization is 0.
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Theorem 5.4.2. Let ﬁTbT(n) (n) be as defined in Equation (5.3). Assume noise level

is a constant ¢1. Given any 1 > € > 0, assume training set size n > < log( ), unroll

cagn?

length t > co log(%), number of training tasks m > log( and dimension

tnm)

d = ¢4 for certain constants c, ¢y, c3,cq. With probability at least 0.99 in the sampling

of training tasks, we have

2 do?
<1+

n

]E *
wt’ntram w

for all 0., € argmin,>g ﬁTbT(n)(n), where the expectation is taken over new tasks.

Therefore if the learning-to-learn approach is applied to a traditional optimization
problem that is not over-parameterized, train-by-train can work well. In this case,
the empirical risk minimizer (ERM) already has good generalization performance,
and train-by-train optimizes the convergence towards the ERM. We defer the proof

of Theorem 5.4.2 into Appendix D.3.
5.4.1  Proof Sketch for Train-by-Train

In this section, we will give a proof sketch for the first half of Theorem 5.4.1 (train-
by-train with small number of samples). At the end of this section, we will briefly
discuss the proof of Theorem 5.4.2 (train-by-train with large number of samples).
For convenience, we denote ﬁ’TbT as the empirical meta-objective and Fryr as the
population meta-objective. We implicit assume the conditions in Theorem 5.4.1 hold
in the following lemmas.

Our meta-optimization problem works on a distribution of tasks. Since different
tasks can have different smoothness condition, it’s possible that under the same step
size, the inner training converges on some tasks, but diverges on others. One way to
avoid this issue is to restrict the step size into a small range under which the inner
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training converges on all tasks (Gupta and Roughgarden, 2017). But this is too
conservative and may lead to suboptimal step size. Instead, we allow any positive
step size and truncate the inner training if the weight norm goes too large. This
approach resolves the diverging issues and also allow the meta-learning algorithm to
choose a more aggressive step size. As we explain later, this brings some technical

challenges into our proof.

2

*|| is large, we only need to show the popula-

—w

In order to prove EHwt k-
»ltrain

tion meta-objective Fryr(nf.,;,) is small. This is because Fryr(nf,,,) measures the

distance between wy .« and the ERM solution while ERM solution is far from w*.

Since 7;,;, minimizes the empirical meta-objective, we know ﬁTbT(nEkrain) is small.
Thus we only need to show Frpryr and ﬁTbT are similar. This is easy to prove for small
step sizes when the inner training always converges, but is difficult when the inner
training can diverge and gets truncated. To address this problem we break the step
size into three intervals separated by 1/L and 7 (L is a large constant that bounds
the smoothness on all tasks). Intuitively, when n < 1/L almost all inner training
converges and larger step size leads to faster convergence and smaller ﬁ’TbT; on the
other hand, when n > 7], we show ﬁTbT(n) is always large so the minimizer of ﬁTbT
cannot be in this region. Therefore, the optimal step size must be in [1/L,7]. We
only need to prove in the interval [1/L, 7] the empirical meta-objective Eryr is close
to the population meta-objective Fryr. This proof is still nontrivial since the inner
training can still diverge on a small fraction of sampled tasks.

We first show that for n € [0,1/L], the empirical meta-objective Fpyy strictly

decreases as 7 increases and }?’TbT is exponentially small in ¢ at step size 1/L.

Lemma 5.4.3. With probability at least 1—m exp(—Q(d)), Frur(n) is monotonically
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decreasing in [0,1/L] and

~ 1\?
FTbT<1/L) < 2L20'2 (1 - ﬁ) .

Next we show that the minimizer cannot be larger than 7 for suitably chosen 7
(see the precise definition in the appendix). Intuitively, this is because when 7 is
too large the inner-optimizer would diverge on a significant fraction of the sampled

tasks.

Lemma 5.4.4. With probability at least 1 — exp(—§(m)),

for all n > 1.

By Lemma 5.4.3 and Lemma 5.4.4, we know when ¢ is large enough, the optimal
step size 1, must lie in [1/L,7]. We can also show 1/L < 7j < 3/L, so 0, is a
constant. To relate the empirical loss at ny,,;, to the population loss, we prove the

~

following uniform convergence result when n € [1/L, 7]

Lemma 5.4.5. With probability at least 1 —mexp(—Q(d)) — O(t + m) exp(—2(m)),

02

| Frryr(n) — Fryr(n)| < T3

for allm e [1/L,7].

The proof of this Lemma involves constructing special e-nets for Fryr and ﬁTbT
and showing that for each fixed n, |Fryr(n) — ﬁTbT(n)] is small with high probability

using concentration inequalities.
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Combining the above lemmas, we know the population meta-objective Fryr is

small at nf,;,, which means w,,x is close to the ERM solution. Since the ERM

has

_w*

solution overfits to the noise in the training samples, we know E Hwt ko
Yitrain

to be large.

Train-by-train with large number of samples: The proof of Theorem 5.4.2 follows the
same strategy as above. We prove that under the optimal step size 7., We,x
converges to the ERM solution. But with more samples, the ERM solution wggrm

becomes closer to the ground truth w*. More precisely, we can prove E|[wgry — w*||?

is roughly %, which leads to the bound in Theorem 5.4.2.
5.4.2  Proof Sketch for Train-by-Validation

In this section, we give a proof sketch for the second half of Theorem 5.4.1. We denote
ﬁ’TbV as the empirical meta-objective and Fryy, as the population meta-objective.

The overall proof strategy is similar as before: we will show the empirical meta-
objective is high when the step size is beyond certain threshold, and only prove
generalization result for step sizes below this threshold. Under the train-by-validation
meta-objective, the optimal step size 7% ., is in order O(1/t). So we will choose a
smaller threshold step size to be 1/L.

When n < 1/L, we show that the learned signal is linear in nt while the fitted
noise is quadratic in n¢. So there exists certain step size in the order ©(1/t) such that
our model can leverage the signal in the training set without overfitting the noise.

More precisely, we prove the following lemma.
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Lemma 5.4.6. There exist 11,192,135 = O(1/t) with n; < ne < n3 such that

1 2 9 0‘2
F < Zw*l]F = — .
oy (112) 2||w | 10 + 5
1, . 6 o?

Fry(n) = Sllw*l" = 350+ 5 ¥n e [0,m] o [ns, 1/L]

where C' 1s a positive constant.

We then show whenever 7 is large, either the gradient descent diverges and the
sequence gets truncated or it converges and overfits the noise. In both cases, the

meta-objective must be high.

Lemma 5.4.7. With probability at least 1 — exp(—§2(m)),

~ 1
FTbV(U) >C'o? + 502,

for alln = 1/L, where C" is a positive constant independent with o.

To relate the behavior of Fryyy to the behavior of ﬁTbV, we prove the follow-
ing uniform convergence result for step sizes in [0,1/L]. The proof is similar as in

Lemma 5.4.5.

Lemma 5.4.8. With probability at least 1 — O(1/¢) exp(—Q(e?*m)),

|ﬁTbV(77) — Fryv(n)] <,

for allm e [0,1/L].

By choosing a small enough € in Lemma 5.4.8, we ensure that the behavior of
ﬁ’TbV is similar as that of Fryy in Lemma 5.4.6. Combing with Lemma 5.4.7, we
know n¥ .4 = ©(1/t) and Fryv(nk,q) < %Hw*H2 + 0% — Q(1). This concludes our
proof since Fryy () = 1E|[w,, — w*||* + 102.
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FIGURE 5.1: Meta training trajectory for n (¢t = 80, 79 = 0.1).

5.5 Experiments

In this section, we give experiment results on both synthetic data and realistic data

to verify our theory.’?

Optimizing step size for quadratic objective We first validate the results in Section 5.3.
We fixed a 20-dimensional quadratic objective as the inner problem and vary the
number of inner steps ¢ and initial value 1. We compute the meta-gradient directly
using the formula in Eqn. (5.2). In this way, we avoid the computation of expo-
nentially small/large intermediate terms. We use the algorithm suggested in Theo-
rem 5.3.2, except we choose the meta-step size to be 1/(100v/k) as the constants in
the theorem were not optimized.

An example training curve of n for ¢ = 80 and 7y = 0.1 is shown in Figure 5.1,
and we can see that n converges quickly within 300 steps. Similar convergence also
holds for larger ¢ or larger initial n9. In contrast, we also implemented the meta-
training with Tensorflow, where the code was adapted from the previous work of
Wichrowska et al. (2017). Experiments show that in many settings (especially with
large t and large 79) the implementation does not converge. In Figure 5.1, under

the TensorFlow implementation, the step size is stuck at the initial value throughout

® Our code is available at https://github.com/Kolin96/learning-to-learn.
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the meta training because the meta-gradient explodes and gives NaN value. More

details can be found in Appendix D.6.

Train-by-train vs. train-by-validation, synthetic data Here we validate our theoretical
results in Section 5.4 using the least-squares model defined there. We fix the input
dimension d to be 1000.

In the first experiment, we fix the size of the data (n = 500 for train-by-train,
ny = ny = 250 for train-by-validation). Under different noise levels, we find the
optimal n* by a grid search on its meta-objective for train-by-train and train-by-
validation settings respectively. We then use the optimal n* found in each of these
two settings to test on 10 new least-squares problem. The mean RMSE, as well as
its range over the 10 test cases, are shown in Figure 5.2. We can see that for all
of these cases, the train-by-train model overfits easily, while the train-by-validation
model performs much better and does not overfit. Also, when the noise becomes

larger, the difference between these two settings becomes more significant.

6 ; 61 ; ' ' '
—I— ToT —F Tt /I
= ||—F—Tbv = ||—F—Tov s
‘T 4 34
0 w
) o
> 2 >2
o o
0 ] 0
0 1 2 3 4 0 1 2 3 4
ag g

FIGURE 5.2: Training and testing RMSE for different o values (500 samples)

In the next experiment, we fix ¢ = 1 and change the sample size. For train-by-
validation, we always split the samples evenly into training and validation set. From
Figure 5.3, we can see that the gap between these two settings is decreasing as we

use more data, as expected by Theorem 5.4.2.
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FIGURE 5.3: Training and testing RMSE for different samples sizes (o = 1)

Train-by-train vs. train-by-validation, MLP optimizer on MNIST Here we consider the
more interesting case of a multi-layer perceptron (MLP) optimizer on MNIST data
set. We use the same MLP optimizer as in Metz et al. (2019), and details of this
optimizer is discussed in Appendix D.6. As the inner problem, we use a two-layer
fully-connected network of 100 and 20 hidden units with ReLLU activations. The
inner objective is the classic 10-class cross entropy loss, and we use mini-batches of 32
samples at inner training. In all the following experiments, we use SGD as a baseline
with step size tuned by grid search against validation loss. For each optimizer, we run
5 independent tests and collect training accuracy and test accuracy for evaluation.
The plots show the mean of the 5 testsS.

In Figure 5.4, we show the test accuracy for different optimizers for different
sample size and noise level. In this figure, “TbTx” represents train-by-train approach
with x training samples; “TbVx + y” represents train-by-validation approach with x
training samples and y validation samples. In Figure 5.4(a) the optimizer is applied
to 1000 randomly sub-sampled data (split between training and validation for train-
by-validation); in Figure 5.4(b) we use the same amount of data, except we add

20% label noise; in Figure 5.4(c) we use the whole MNIST dataset without label

6 We didn’t show the measure of the spread because the results of these 5 tests are so close to
each other, such that the range or standard deviation marks will not be readable in the plots.
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noise. Comparing Figure 5.4(a) and (b), we see that when the noise is large train-
by-validation significantly outperforms train-by-train. Figure 5.5 gives the training
accuracy in the same setting as Figure 5.4(b), which clearly shows that train-by-
validation can avoid overfitting to noisy labels. Comparing Figure 5.4(a) and (c), we
see that when the number of samples is large enough there is no significant difference

between train-by-train and train-by-validation.

5.6 Conclusions

In this paper, we have proved optimization and generalization guarantees for tuning
the step size for quadratic loss. From the optimization perspective, we considered
a simple task whose objective is a quadratic function. We proved that the meta-
gradient can explode/vanish if the meta-objective is simply the loss of the last it-
eration; we then showed that the log-transformed meta-objective has polynomially
bounded meta-gradient and can be successfully optimized. To study the generaliza-
tion issues, we considered the least squares problem—when the number of samples
is small and the noise is large, train-by-validation approach generalizes better than
train-by-train; while when the number of samples is large, train-by-train can also
work well.

Although our theoretical results are proved for quadratic loss, this simple set-
ting already yields interesting phenomenons and requires non-trivial techniques to
analyze. We have also verified our theoretical results on an optimizer parameterized
by neural networks and on MNIST dataset. There are still many open problems,
including extending similar analysis to more complicated optimizers, or generalizing
the idea to prevent numerical issues to neural network optimizers. We hope our work

can lead to more theoretical understanding of the learning-to-learn approach.
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FIGURE 5.4: The test accuracy of different optimizers in various settings. Com-
parison between (a) and (b) shows that the advantage of train-by-validation over
train-by-train increases when the samples have more noise; comparison between (a)
and (c) shows that when the number of samples increases, train-by-train gets com-

parable performance as train-by-validation.
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FIGURE 5.5: Training accuracy for 1000 samples and 20% noise (same setting as in

Figure 5.4(b))
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6

Conclusion

Self-supervised representation learning is a paradigm where representations are learned
automatically during pre-training and later used in various downstream tasks. This
thesis presents our explanation of the empirical success of self-supervised representa-
tion learning from two important perspectives. We analyze why the representations
learned during pre-training can benefit downstream tasks. We also study the top
eigenspaces of neural network Hessian and learning-to-learn for step size tuning to
understand the optimization of neural networks.

Our analysis of the performance transfer from pre-training to downstream tasks
is limited to simple or black-box models. A complete understanding of this requires
analyzing more realistic white-box models. There are also many other important
heuristics in neural network optimization that lack enough theoretical understanding.
We believe our framework could potentially be applied there to provide more insights

and inspire new algorithms.
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Appendix A

Supplementary Materials for Chapter 2

A.1 Full Proofs

A.1.1  Proof of Theorem 2.5.2

We first recall the setting of Theorem 2.3.2.

Assumption 2.3.1. Let A € R?? be an arbitrary matrix with unit-norm columns
satisfying (2k, d)-RIP for k = o (%) and § = o(1), and suppose o2, (A) = Q(p/d).
We assume each measurement y is generated as y ~ Az + €, where z is a random

vector drawn from an arbitrary probability measure P, on k-sparse vectors in R?,

and € ~ N(0, 0%1,) for some o > 0.
And now we prove:

Theorem 2.3.2. [Overfitting to Reconstruction Loss] Consider the data-generating

model in Assumption 2.3.1 and define A(z) to be:

A(z) = inf{t | P,(z = t) < 1/d}. (2.8)
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Then for ¢ = Q(p* max(do?, A(2)?)/0?), there exists a B € R™ such that L(B, k) <

L(A k) — Q(ko?) and dr(A, B) = Q(0?).

Proof. Our proof technique will be to first lower bound the gap L(A, k) — L(A, 2k),
and then to construct a B matrix that closely approximates the 2k-sparse combina-
tions of the columns of A.

From the definition of L(B, k) we have that:

L(A,k:)—L(A,Qk:):Ey[min ||y—A2||2] —Ey[ min ||y—A2||2] (A.1)

IZlo=F I1Zllo=2k

Now let z*(y) = argminyz _ [ly — AZ[| and S* = supp (2¥), and further define:

Z(y) = argmin || (y — AZ*(y)) — AZ]| (A.2)

IZllo=F

We will also use S = supp (3(y)). For convenience, we will write * and % when y is

clear from context. Applying this notation to Equation (A.1) gives:
L(A k) = L(A, 2k) = Ey[|ly — AZ*[°] = B, [lly — AZ* — AZ|]"]
= B [2(y — AZ*, A2)] - E,[|| AZ|]"]

= E,[]| 42" (A.3)

Where we obtained the last line above by using the fact that AZ is the orthogonal

projection of y — AZ* on to the span of Az. Now using the fact that A is (2k, §)-RIP
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we have that:

E,[IIAZ]°] = (1 - 6)°E, [|IZ1I"]

>(L—®%@MAyy—A?)1
> (1-0)'E, | A%y — 429)|]°|
:(1—oﬂ»EyMA§@—<A?ﬂf] (A.4)

Where above we used the fact that Al = (A{Az)"'AL and RIP to obtain

> 1/(1+49), which led to the penultimate step. It remains to compute
op

H (A545)~

(or lower bound) the expectation in Equation (A.4). Towards this end, we let S
denote a (uniformly) random subset of size k from [p]. Then we have that (using

Assumption 2.3.1):
B, [ 450 - 429)]°] = B, [s [ 4% - 429

~ “g, [|]a7( - a2

p
k 2 o |2
> Z—QUmm(A)Ey [y — AZ*|]
k 112
— 0 (2B, [y - 42*)°] (A5)

Now the expectation in Equation (A.5) can be lower bounded in the same vein

as Equation (A.4) (i.e. relying on the RIP property). Below we use Sj, to denote
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the optimal support for the minimization problem.

E, [|ly — A5*|] = E.. [ min [le = A(5 — z>||2]

1Zllo=F

> E, [ min |je — AEHQ]

lIZllg=2k

= E, [H€H2] —2E. [<A;C;k€, e>] + E. l“A§;k€
|

> do® — (1 + o(1))2kE, [max(A?e)Q]

|

> E. [Jel’] = (1 + o(1)E. [HAggke

i€[p]
> do® - O (k:02 logp)

= Q(do?) (A.6)

Where above we used Lemma A.1.2 since the random variables (A7¢)? follows a

scaled chi-square distribution with degree of freedom 1, and for the last line we use

k=o ( a > Now putting Equations (A.3)-(A.6) together, we obtain:

logp

L(A k) — L(A, 2k) = Q(ko?) (A7)

Given the gap between L(A, k) and L(A,2k) shown in Equation (A.7), our goal
is now to construct a matrix B such that we can approximate sufficiently large 2k-
sparse combinations of the columns of A via BZ (where Z is k-sparse). We recall from
standard concentration of measure arguments (see Vershynin (2018a) for details)
that P(|le]|* = 2do?) < exp(—Q(d)). Furthermore, by Assumption 2.3.1, || Az| <
A(2)(1 + o(1)) with probability 1 — 1/d. Thus, we only need the columns of B to
approximate Az for 2-sparse x (since we are interested in BZ and Z is k-sparse) and

|Az|| < v, max(o+/d, A(z)) for an appropriately large constant 7, (as this will imply
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we get the same gap as Equation A.6).
To do this, we can construct e-nets for each of the following sets (indexed by the

different possible 2-sparse supports S < [p]):

Vg = {Az | supp (2) = S, ||Az|| < v max(oVd, A(2))} (A.8)

Since A has p columns, we need O(p?) such e-nets. As long as we choose € = Y50
with 75 a constant, we can approximate 2k-sparse combinations of the columns of A
with error kv,0? using k-sparse combinations from these nets, which is sufficient for
our purposes given the result of Equation (A.7).

Now let the columns of B be the union of the e-nets for the sets Vg and define
E = {|ly|l < yimax(ovd,A(2))}. After choosing v, to be sufficiently small, we then

get from Equations (A.3)-(A.7):
L(Ak) — L(B, k) = E, [||AZ])* | €] P(£) — kye0®

— Q(ko?) (A.9)

Noting that the e-nets for each Vg are of size O(max(do?, A(2)?)/0?) from our
choice of € (once again, refer to Vershynin (2018a) for bounds on the size of e-nets),
this construction of B requires O(p? max(do?, A(2)?)/0?) columns. As we can choose
these columns to be different from those of A by 7,6? (in norm), we obtain the

desired result. O
A.1.2  Proof of Theorem 2.3.6
Again, we first recall the setting of Theorem 2.3.6.

Assumption 2.3.5. Let A € R?? be an arbitrary matrix such that there exists
an M < [d] with Py A being p-incoherent with p < C/(2k — 1) for a universal
constant C' < 1. We assume each measurement y is generated as y ~ Az + €, where
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[2]supp(z) ~ N (0, 021),) with supp(z) drawn from an arbitrary probability distribution

over all size-k subsets of [d], and ¢ ~ N'(0,021;) for some o > 0.

In order to prove Theorem 2.3.6, we will need a result from Cai and Wang (2011),

which we restate below.

Theorem A.1.1 (Theorem 9 in Cai and Wang (2011)). For y ~ Az + € with € ~

N(0,0%1) and A € R¥P being p-incoherent with < 1/(2k — 1), let us define:

- 20\/%«/2(1+7])10gp} (A.10)
~ 2k — 1 '

S:{Ai:ie[p]v ’Zl‘ 1_( _ ),u

Then OMP (as defined in Algorithm) selects a column from S at each step with

probability at least 1 — WQ;IOW'
Now we may prove:

Theorem 2.3.6. [Benefits of Masking] Consider the data-generating model in As-
sumption 2.53.5. For any non-empty mask M < [d| such that Py A satisfies the

u-incoherence condition in the assumption, we have

lim (Lmask(A,k;,M) — mBianask(B,k;,M)> — 0 (2.11)

0z—0

That is, as the expected norm of the signal Az increases, there exist minimizers B

Of Limask such that dgr(A, B) — 0.
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Proof. We have from the definition of L, that:

= sz Hp[d]\MAZ - P[d]\MBgHQ] + (d - |]\4|)O‘2 (A.ll)

Since [BZ]gp s is necessarily independent! of [e]q s (by the construction of Z).
Now the quantity in Equation A.11 depending on B looks almost identical to the
prediction risk considered in linear regression.

With this in mind, let us define:
~ 112
Ru(y) = K. [Hp[d]\MAZ =l ] (A.12)
Where 7 is any estimator that depends only on [y]y (i.e. in the interest of brevity

we are omitting writing y([Az + €]ar)). We can lower bound Equation (A.11) by

analyzing R/ (7):

inf Ry = inf E. . [ | PlaparAz =3 HQ]
Yy Yy

= in}f E.. lEz,e [Hp[d]\MAsupp(Z) [Z]supp(Z) - @\HQ]

supp(z)] (A.13)

Equation (A.13) can be lower bounded by considering the infimum over the inner

expectation with respect to estimators y that have access to [Az + €]y and the

L There is actually a slight technicality here; we need gomp to be Borel measurable, which is the
case because it consists of the composition of Borel measurable functions.
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support S* = supp(z). In this case, the Bayes estimator y* is:

:/y\* = Ez,e [P[d]\MAS*)[Z]S*

PyrAgx[z]sx + [e]M]

= PlgmAs+E. [[Z]S*

PyrAgs [Z]S* + [E]M] (A.14)

Since [z]gx ~ N(0,02I;), we can explicitly compute the conditional expectation in
Equation (A.14). Indeed, it is just the ridge regression estimator:

e 1L\
Yy = P[d]\MAS* (AE*AS* + ;Ik> Ag* (PMAS* [Z]S* + [E]M) (A.15)

z

Where we have set Agx = Py Agx above to keep notation manageable. Thus, putting

all of the above together we have:

Lmask(By kv M) = RM@*) + (d - ’MDO’Q <A16>

Now let grs be the least squares estimator with access to the support supp(z):

Urs = PlapmAss A (PrrAs«[2)sx + [€]m) (A.17)

Then we have Ry (grs) — Ru(y*) as 02 — oo. If we show that Ry (PapmAZ) —
R (grs), then we will be done by Equation (A.16).

Showing this essentially boils down to controlling the error of Z when OMP fails
to recover the true support S* (because when it recovers the true support, PgpaAZ
is exactly yrs). We do this by appealing to Theorem A.1.1.

Recall that [Z]s = A%[y]a, where Ag = Py Ag with S = supp(Z) being the
support predicted by OMP. Letting Zrg be the vector whose non-zero components
correspond to [2rs]s+ = A [y]ar, it will suffice to show ||Z.s — 2]|* — 0 as 0, — o,
since then we will be done due to the fact that HP[d]\MAHOp is constant with respect
to o,.
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Now letting Z = Z — A [e]y (i.e. Z represents the part of the signal z recovered

by OMP), we have:
1Z0s — 27 = ||z = 2 + (A% — AD)[ue]”

<z = 21" + [|(Ade = ADu|l” + 201z = 2 [ (A — AD D] (A18)

We begin by first analyzing ||z — Z||*. To do so, we introduce the notation [z]y
to represent the vector in R* whose non-zero entries correspond to [z]y for U <

[d], |U| < k. Then we can make use of the following decomposition of Ag«|[z]g:

AS* [Z]S* = AS [Z]S*mS,O + AS* [Z]S*\570 (Alg)

From Equation (A.19) we get:
2= 21 = [|[else\50 — A5 Ass[=lsmiso
< [|[E)smsoll” + (| (AT AS) AL Ass [2]sws0]|”
+ 2 max (”[Z]s*\&OHQ’ | ASAss [z]s*\5,0||2>

= Z O(z7) (A.20)

i€S*\S

where we passed from the penultimate to the last line by using the p-incoherence of
Py A to control the middle term in the bound. With Equation (A.20) in hand, we
are finally in a position to apply Theorem A.1.1. Let n = C'log o, for a sufficiently

large constant C’. Now for convenience we define:

= 20\/%\/ 2(1 + 77) 10gp (A.21)

1— (2k —1)p

which corresponds to the lower bound in Equation (A.10). Using Theorem A.1.1
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with Equation (A.20) we obtain:

E.. [l = 2I°] < )} P({lzl = 7} n {i ¢ SHO(E[=F]) + B(|=i] < 7)O(7?)

1ES*

02 73
_ : T A22
ieZS*O (Of’vlogp " az) (A.22)

And clearly Equation (A.22) goes to 0 as 0, — 0. We can apply similar analysis
techniques to the term |[(Ad — Afg)[e]MH2 in Equation (A.18) as well, but for this
term we can afford to be less precise.

Namely, when S = 5% this term is 0. The probability that S # S* can be

bounded as:

-0 by (A.23)
ok logp '

where again above we used the naive bound for P(min;eg+ |z;| = ) (i.e. replacing

the density with 1 and integrating from ++). Now we have:
B |[[(A% = AD[elar[|*] < B(S # §E-| |G [elar|* + [[AF e[

+ 2max (||Ag [,

A§[€]MH2>]
<P(S # S*)O (k:IEE [%[%?(Az’ey])

< P(S # S*)O(ko* logp) (A.24)

Putting together Equations (A.22) and (A.24) shows that Equation (A.18) goes to

0 as o0, — o0, which proves the result.
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A.1.8  Auziliary Lemmas

Lemma A.1.2. Let Xy, ---,X, be n chi-square random variables with 1 degree of

freedom, then

E lm[eu](Xi} = O(logn).

S
Proof. We bound the maximum via the moment-generating function.
1

2

exp (t -E [max Xz]> <E lexp (t - max Xl>] = max K [etX"]

i€[n] i€[n] i€[n]

From Jensen’s inequality, for ¢ € (0, 5), we have

< DE[e™] = n(1 - 2t) 7z,

i=1

Setting t = % gives us

3 1
E |max X;| < 3logn — = log = = O(logn).
ie[n] 2 3
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Appendix B

Supplementary Materials for Chapter 3

B.1 Proof of Theorem 3.3.1

Theorem 3.3.1. Suppose the downstream task performance depends only on a func-
tion f*(x,7) = W*,(x_;),u*y = S v*,(z_;),vF). Fort~ e [k], define p~ :=
p*(x; = t7|z_;), and assume p~ < 5. Then for all s € RT, there exist func-
tions v_; and {v}¥_ | such that Dgy(p*(zs|z_)||p(xi|lz_;)) < 2sp~ and f(z,i) =
S (i), v < fH(,0) — s e

Proof. We choose v_; and {vg,};_; such that Yz, i, ¥t € [n]\{t"}, (v_i(z_;),v) =
W* (@), vf). Besides, Vi, (v_s(v_;),v-) = (0¥ (@), v7) — 5.

From the definition of p~ and ¢~ we know that

B . B exp ({v*;, v

(B.1)
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Following our construction of the student model, its partition function satisfies
= > exp((v-i 1)) (B2)
j=1

> Z exp((v*,,v5)) = Z*(x,4) — exp((w*;,v7)) = (1 —p ) Z*(2,4). (B.3)

Besides,
x,1) = Z exp((v_;,vj)) < Z exp ((v’,, vi)) = Z%(x,i). (B.4)
j=1
Therefore,
exp((e2,1) |
I ) 7% (2) Z(x,1)
\Y t = = . B.5
TP e il wten) | 2 9
Z(x,i)
exp <vfi,v]’.k>) )
Pt ez
= = <€’ (B.6)
plai=t-|v)  ew(@rob-r)  Z*(x,i)
ACE))
Thus,
Dialo™alopsle—)) = 30" = sla- g 2 =) (B.7)
et p(z; = jlz—i)
. Z(x, Z(x, i
= > p*(i = jlr_i)log Z*(( )) +p -slo gZ*(( >)
A
(B.8)
< sp~ log o= < 2sp~ (B.9)
and

N

flz, i) = Z c;v_i(x_y), vy = Zcf@ iy —cf s = f*(x,i) —s-c-. (B.10)
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B.2 Detailed Proofs of Auxilliary Lemmas

Lemma 3.5.10. S(z) # @

Proof. Assume by way of contradiction that S(z) = @. Then by the definition of

S(x), we know that for all j such that a} > 0,
o((ul(x),vf —vg) = b)) — o({v—i(x), vj — vo) — b;)

<), vf —vg) = b)) — o (Cvmi(), v — wo) = by) = A; <0

Therefore,

* * * fy
2 6 (o(@r(@),vf = u5) = 0F) = o((oi(w), 0 — vy = b)) <O < 7.
j:a;‘>0
which is a contradiction. Thus, S(z) # @. O

Lemma 3.5.11. >

jeS(x j 2 2 max;eg(z) a;!‘ :
Proof. Note that for all j € S(z), (v*;(x), v} —v§)—bF > o({v_s(x),v; —vo)—bF) = 0
so o((u¥; (), vf —vg) —bF) = (vi(2),v] —v5) — bj. Therefore,

D@y = Y (), of =gy = ) — o(((omil), 05 —vo) — 7)) (B.11)

jeS(z) jeS(z)
= > al (o), vf —uf) = bF) — o(Cuog(), 05 — vo) — bF))  (B.12)

jes(x)
> 2, (B.13)

which implies

Z A _ Zjes(z) maXtes(z) G?AJ‘ > deS (x) ;A v . <B14)

maxes(z) @y MaXes(z) Of 2 MaXes(z) Of

jesS(x)

128



Lemma 3.5.12.

Z‘;‘ulk(xvi) i Zbulk<$vi)

ACR) Z(x,0) |~ po(L —e7). (3.32)

Proof. If ¢, = 0, both sides of the inequality equal 0, and the inequality holds. When

gp >0,
Ziai(: 1)  Zpun(z,9) (B.15)
Z*(x,1) Z(x, 1) '
— Zbulk(x’.z> X 1 o ZbUlk('/L'.7 7’) . Z (m’ Z). (B16)
Z*(QZ,Z) Z('T’Z) Zﬁulk(ajjz)
Zyae(, 1) Zvui(, 1) Zpyane(,9)
=2 1] — 1 —1 u B.17
Z*(z,4) PN TZ @) T 2 (w0) (B.17)
Zhuk(@; 1) Zvuk(T, 1) (2, 7)
— 01— —‘1 —— 1 u—) B.18
Z+(z,1) CPATI® 2@ ) O 2 (w0) (B-18)
> py(l —e ™). (B.19)
]
Lemma 3.5.13. For all j € S(z),
" (2 = jlr—i) — plas = jlo_)| = 77 py - (e7 B =) 1) (3.35)

Proof. We know that the word probabilities come from a log-linear model, so

exp((v*i(2),v7))  exp((v_i(x),v;))
Z*(x,1) Z(x,1)

Ip*(zi = jle—i) — p(xi = jle—;)| =

If the probability p(x; = jlr_;) is reasonably large, i.e., its corresponding neuron is
activated, then we can use that with A; to bound this difference. In other words,
when (v_;(x),v; — vo) = b}, we know that
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(<vfi(x), vy) —log Z*) — ((v_i(z),v;) — log Z) (B.20)

Zoutk 1o Zbulk)

= (W*i(2), vF) —log ZE ) — ((v—i(z),v;) — 10g Zyui) + <log

Iz Z
(B.21)

> (@), v) = log Zi) — ((v—i(x),v;) — log Zuuw) — & (B.22)
=(*,(7),v] —v5) — (vi(x), v; — Vo) (B.23)
+ ((vZi(x), v5) — log Zgyu) — ((v-i(x), v0) — 10g Zbui) — & (B.24)
>A; — 28 — €. (B.25)

Note that the last inequality (B.25) comes from Assumption 3.5.5 and the following

property of A;:

Wii(x),v] —v5) — (v=ix),vj — vo) (B.26)
=¥, (7),v; —v5) — b — ((v_(x),vj — vo) — b}) (B.27)
= (2),v] —vg) —bf —o({v_i(x),v; —vo) — ) = A;. (B.28)

Then we bound the difference in probabilities: for all j € S(x),

exp(@fi(x),v; ) eXp(<U—i(x)7Uj>)
A - . ‘ (B.29)
_exp((ui(a),up) |exp((i(),v)) z _
-7 z (o)) 1’ (B30)
exp((v_i(x),v;))

— 7 : ’exp (((w*i(x), v —log Z*) — (v—i(x),v;) —log Z)) — 1’-
(B.31)
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Note that

exp({v_i(x), v;))

log 7 = (v_i(x),vj) —log Z (B.32)
Zpulk
= (v_i(z),v; — vo) + (v_i(x), vo) — log Zpu + log 7
(B.33)

Z Zbu zZF
> b — & + log % + (log bZlk —log %) (B.34)

> b7 — e + logpy, — €. (B.35)

Moreover, when A; — 2¢;, — ¢, > 0, we have by (B.25) that
’ exp (((v*;(z),v}) —log Z*) — ((vs(x),v;) —log Z)) — 1‘ (B.36)

> exp (A; —2e, —¢,) — L. (B.37)

When A; — 2¢, — ¢, < 0, we have

‘eXp (0 (), v —log Z*) — ((v_y(x), ;) — log Z)) — 1‘ >0=¢"—1. (B.38)

Thus,
‘exp (((v*(x),v)) —log Z*) — (Cv—i(x), v;) —log Z)) — 1’ > eo(Bi=2=en) _
(B.39)
Therefore, when (v_;(x),v; — vo) = b}, we must have

" (2 = jlr—i) — plai = jlo_i)| = 77 o py - (7B 1) - (B.40)

In the second case where (v_;(), vj—vp) < b5, we have (v_;(r),v;) < (v_i(x),vo)+b].
The proof for the second case is very similar to that of the first case, with the main
difference being we replace (v_;(x),v;) in the first case by (v_i(x),vo) + b} in the

second case.
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In the second case, by the definition of A; we know that A; = ((v*;(x), v} —vg)—
b¥).

Similar to the first case, we can get

((w*i(x),0) —log Z*) — (Cvi(x), vo)y + b —log Z) (B.41)

= (<Ufi(a:), v;) —log Z{fulk) — (<v_i(3:), vp) + b5 — log Zbulk) (B.42)

+ (log Zg‘fk — log Zqulk> (B.43)

> (W*(x),v) —log Ziu) — ((v—i(z), vy + b — log Zhux) — &, (B.44)
2t (x), v —v5) = bj + ((v2(x), v5) — log Ziu) — ((v-i(x), vo) — log Zpune) — &p

(B.45)

>N — 2ep — €. (B.46)

Therefore, for the difference in probabilities, if A; — 2¢, — ¢, > 0, we have

((v*(x),v) —log Z*) > ((v_i(x),vo) + b —log Z), so

p* (2 = jla—i) — p(zi = jlv—)| (B.47)
_ exp(<viZi§<x>,v§-‘>) - exp(<v-;(w)7vj>)‘ (B.4s)
;xp(@jziix),v; ) exp(<v_i(xZ),Uo> +b%) (B.49)
:exp(@_i(xZ) o)+ ) (exp((C0 ), 03> — 1o 7 (B.50)

~ ((wi(@), w0y + b ~ 10g 2)) 1) (B.51)
RO BN (8.5

Z

If Aj —2¢, — ¢, < 0, the absolute value of probability difference can be trivially
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bounded below by 0. Thus,

exp({v_;(x),vg) + bF
(0 = slo-0) —plas = o) > RO | (cots, -z .

(B.53)

Since

exp (<’U4($), U0> + b;k)

Zbu
log ~ = bj + (v_i(x),v0) — log Zpui + log ok

(B.54)

Zk Zin Zy,
> bj — &, + log —gu*lk + (10g bZlk — log %) (B.55)

> bj — e+ logpy — &y, (B.56)

we finally get the same bound as the first case:

" (2 = jlr—i) — pla; = jlo_i)| = 77 o py - (7B 1) - (B.5T)

Merging the two cases, we know that for all j € S(z),

(s = jlo—i) = plai = jlo_i)| = 5727wy (7B 1) (B.58)
This finishes the proof of Lemma 3.5.13. O]
B.3 Experiment Details

Language models. We use various versions of GPT-2 Radford et al. (2019) and OPT
Zhang et al. (2022b) with number of parameters ranging from 125M to 1.5B. We
use the base, medium, large, xl version of GPT-2 which have #parameters 124M /
355M / 774M / 1.5B and hidden dimension 768 / 1024 / 1280 / 1600. For OPT, we
use three versions, with #parameters 125M / 350M / 1.3B and hidden dimension
768 / 1024 / 2048. For all these models, the word probability is the softmax of the

product of the penultimate layer representation and the dictionary. This is consistent
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with our theoretical model introduced in Section 3.2. The parameter settings and

performances of these models are shown in Table B.1.

Table B.1: Parameters and Performances of Languge Models

Model #Param Hidden dim Perp
GPT-2 124M 768 25.92
GPT-2 Medium 355M 1024 19.19
GPT-2 Large T74M 1280 17.13
GPT-2 XL 1.5B 1600 15.34
OPT-125M 125M 768 25.01
OPT-350M 350M 1024 19.69
OPT-1.3B 1.3B 2048 13.16

Dataset. We use WikiText-2 Merity et al. (2016) as the text corpus. WikiText-2 has
about 280k tokens, and we only use the first 1/4 of it for computational efficiency.

The perplexities of the language models on this corpus are shown in Table B.1.

Dictionary atoms are not uniformly distributed on sphere. Figure B.1 shows the his-
togram of the fo-norm of the dictionary atoms from different language models, and
Figure B.2 shows the distribution of the Cosine similarity between two random atoms
. The norms of these atoms are somewhat bounded, but their cosine similarity is
strongly biased towards the positive part, and the dictionary matrices are close to
low rank, indicating that these vectors are far from uniformly distributed on a sphere.

Instead, they may concentrate around a cone-shaped region.

Log bulk partition function can be linearly approximated by hidden states. Table B.2
shows the mean squared approximation error of the log bulk partition function for
different models and different £. For most of the models, the approximation error
is small, and the approximation becomes better when k increases. GPT-2 is an
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exception to this rule: Its partition function form two clusters, each of which can be

well approximated. In other words, there exits two anchor vectors for GPT-2.

Table B.2: Mean squared approximation error of log bulk partition function for
different models and different k.

Model\k 0 10 100 1000 10000
GPT-2 625.8 651.4 665.2 6855 T727.4
GPT-2M | 0.7647 0.3444 0.3005 0.2683 0.2396
GPT-2 L 0.7296 0.1288 0.0740 0.0317 0.0022
GPT-2 XL | 0.7716 0.1219 0.0648 0.0279 0.0019
OPT-125M | 0.6688 0.1010 0.0443 0.0117 0.0006
OPT-350M | 2.2449 0.9393 0.7587 0.6182 0.4275
OPT-1.3B | 0.5234 0.0984 0.0402 0.0117 0.0006
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Appendix C

Supplementary Materials for Chapter 4

C.1 Detailed Derivations

C.1.1 Deriwation of Hessian

For an input & with label y, we define the Hessian of single input loss with respect

to vector v as
H(v,x) = Vol(fo(x),y) = Vil(2za, y). (C.1)

We define the Hessian of loss with respect to v for the entire training sample as

(v, ;) =E[Hy(v,x)]. (C.2)

||Mz

H[«(v) = Zv2 f@ wz 7yz =

We now derive the Hessian for a fixed input label pair (x, y). Following the definition
and notations in Section 4.2, we also denote output as z = fp(x). We fix a layer p
for the layer-wise Hessian. Here the layer-wise weight Hessian is Hy(w® ). We
also have the output for the layer as z"). Since w' only appear in the layer but

not the subsequent layers, we can consider z = fy(x) = go(2?) (w, x)) where gy only
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contains the layers after the p-th layer and does not depend on w®. Thus, using

the Hessian Chain rule (Skorski, 2019), we have

@\ (») m @
H@(w(p)aw) = <az—) Hﬁ(z(p)aw) <az(p)> + Z £< )vw(P) z( ) (CB)

Oow®) ow = o

where 27

is the ith entry of 2® and m® is the number of neurons in p-th layer
(size of z®)).

Since 2 = W® g + pP) and w®) = vec(W®)) we have

0z P
i (T
aw(p) Im(p) @ xr (04)
Since 2 = ( ) does not depend on w®, for all i we have V2 (p)z( P — . Thus,
H(w®? x) = (L) ®.’c(p)) H,(z") ) (I ® :L'(p)T) : (C.5)

We define MY = H,(2P x) as in Section 4.2 so that
Hz(w(p)7 x) = (Im(P> ® w(p)) M® (I - ® w(p)T) = Ma(cp) Rz g®T, (C.6)

X m

We now look into M¥) = H (2™ z). Again we have z = gy(2)) and can use

chain rule here,

oz \ '
Hf(z(p)7w>: (m) Hg(Z,CU <a (p))

By letting p := softmax(z) be the output confidence vector, we define the Hessian

z(p) Zi (C-7)

with respect to output logit z as A, and have
Ay = Hy(z,x) = Vii(z,y) = diag(p) — pp’, (C.8)
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according to Singla et al. (2019).

We also define the Jacobian of z with respect to 2® (informally logit gradient
for layer p) as GV .= %. For FC layers with ReLLUs, we can consider ReLLU after
the p-th layer as multiplying z® by an indicator function 1,4)-,. To use matrix
multiplication, we can turn the indicator function into a diagonal matrix and define

it as D® where

D™ = diag (1,4)-) - (C.9)

Thus, we have the input of the next layer as **Y = D®2®) The FC layers can

then be considered as a sequential matrix multiplication and we have the final output

as
> = WW DDy L-1) pL=2) . D ,PE) (C.10)
Thus,
av — % _ o pl-nya-npi-y . pe) (C.11)
x 0z(®P) ' '

Since G is independent of 2, we have
V22 = 0,Vi. (C.12)

Thus,

MP = H)(z2P z) = GPTA,GP. (C.13)

Moreover, loss Hessian with respect to the bias term b®) equals to that with respect

to the output of that layer z(»). We thus have
H,(bW )= MP = GPTA,GW. (C.14)

xr

The Hessians of loss for the entire training sample are simply the empirical ex-
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pectations of the Hessian for single input. We have the formula as the following:
Hﬁ(w(p)) = E [Hg('w(p), w)] o) [Ms(:p) ® m(p)m(p)T] : (C.15)

H (%) = H(2") =E[MP] =E[GPTA,GP]. (C.16)
Note that we can further decompose A, = QI Q,, where

Q= = diag (vp) (I — 1cp") , (C.17)

with 1. is a all one vector of size ¢, proved in Papyan (2019).
We can further extend the close form expression to off diagonal blocks and the

bias entries to get the full Gauss-Newton term of Hessian. Let

G0 @ &M
Gm(l)T
G.OT @ z®
FT = G2 . (C.18)

Gx(L)T ®z™
G. DT

€T

The full Hessian is given by
= ol
H.(0) =E[F]A,F,] + E [Z @vgzi] . (C.19)
-1 C
C.1.2  Approximating Weight Hessian of Convolutional Layers

The approximation of weight Hessian of convolutional layer is a trivial extension from
the approximation of Fisher information matrix of convolutional layer by Grosse and
Martens (2016).

Consider a two dimensional convolutional layer of neural network with m input

channels and n output channels. Let its input feature map X be of shape (n, X;, X»)
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and output feature map Z be of shape (m, P, P). Let its convolution kernel be of
size K1 x K3. Then the weight W is of shape (m,n, Ki, K3), and the bias b is of
shape (m). Let P be the number of patches slide over by the convolution kernel, we
have P = P, P,.

Follow Dangel et al. (2020), we define Z € R™*? as the reshaped matrix of Z
and W e R™*"E1Kz a5 the reshaped matrix of W. Define B € R™*” by broadcasting
b to P dimensions. Let X e R"1EK2xF he the unfolded X with respect to the
convolutional layer. The unfold operation (Paszke et al., 2019b) is commonly used
in computation to model convolution as matrix operations.

After the above transformation, we have the linear expression of the p-th convo-

lutional layer similar to FC layers:
zZ®) — wh x® L B (C.20)

We still omit superscription of (p) for dimensions for simplicity. We also denote z®)
as the vector form of Z® and has size mP. Similar to fully connected layer, we have

analogue of Equation C.6 for convolutional layer as
H/(w", X) = (I,® X)) M (I, @ X¥T), (C.21)

where M) = H,(2®,X) and is a mP x mP matrix. Also, since convolutional
layers can also be considered as linear operations (matrix multiplication with reshape)

together with FC layers and ReLLUs, Equation C.12 still holds. Thus, we still have

H)(2" X)=MP =GPTA,GP, (C.22)
where G = aﬁfp) and has dimension ¢ x mP, although is cannot be further decom-

posed as direct multiplication of weight matrices as in the FC layers.
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However, for convolutional layers, X ® is a matrix instead of a vector. Thus, we
cannot make Equation C.21 into the form of a Kronecker product as in Equation
C.6.

Despite this, it is still possible to have a Kronecker factorization of the weight

Hessian in the form

H,(w? X))~ M» @ X" X@T (C.23)

using further approximation motivated by Grosse and Martens (2016). Note that
M) need to have a different shape (mxm) from MY (mP xmP), since Hy(w®, X)

is mnK1K2 x mnK1K2 and X®X®T is nK1K2 x nK1K2.

Since we can further decompose Ay, = Qo' Q., we then have
T
M, = chp)TAmGz(cp) - (ngw(p)> <Qme(p)) . (C.24)

We define Ny’ = QuG.". Here Q, is ¢ x ¢ and G4 is ¢ x mP so that N3 is
¢ x mP. We can reshape NP into a ¢P x m matrix N&. We then reduce MY

(mP x mP) into a m x m matrix as

~

M — LNeTR ), (C.25)

x P T

The scalar % is a normalization factor since we squeeze a dimension of size P into
size 1.

Thus, we can have similar Kronecker factorization approximation as
H (w") =E [H/(w"”, X)| =E[(I,® X?) MP (I, @ X®T)]  (C.26)

~E [Ma(cp) ® X(p)X(p)T] ~F [Ma(cp)] QF [X(p)X(p)T] ' (C.27)
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C.2 Main Proof

This is the complete proof for the two main theorems sketched in Section 4.4.

C.2.1 Preliminaries

Notations

In this section, we generally follow the notation standard by Goodfellow et al. (2016).
We will use bold italic lowercase letters (v) to denote vectors, bold non-italic lower-
case letters to denote random vectors (v), bold italic uppercase letters (A) to denote
matrices, and bold italic uppercase letters (A) to denote random matrices.
Moreover, we use [n] for positive integer n to denote the set {1,--- ,n}, and | M ||
to denote the spectral norm of a matrix M. We use (A, B). to denote the Frobenius
inner product of two matrices A and B, namely (A, B), = >, ; A;;B;;. We use
tr(M) to denote the trace of a matrix M, and we use 1, to denote the all-one vector
of dimension ¢ (the subscript may be omitted when it’s clear from the context).
For probability distributions, we use N®(u, o) to denote the rectified Gaussian

distribution which has density function

fvr(x; o) =@ (g) d(z) + \/2;7 exp (—%) I[z>0]. (C.28)

Here @ is the CDF of standard normal distribution, §(x) is the Dirac delta function.

Note that when p = 0, the density function simplifies to

fawr(x;0,0) = %(5(35) + \/2;76)([) (—%) I[z>0]. (C.29)

We will use the same notation for multivariate rectified Gaussian distribution, which

will be used to characterize the inputs of the network.
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Problem Setting

Consider a two layer fully connected ReLU activated neural network with input
dimension d, hidden layer dimension n and output dimension c. In particular, n
goes to infinity, d = n'™® for some « > 0, and c is a finite constant. Let network
be trained with cross-entropy objective L. Let o denote the element-wise RelLU
activation function which acts as o(z) = x - I,5¢ and the product here is applied
element-wise. Let W) € R**? and W e R*™ denote the weight matrices of the
first and second layer respectively.

We consider the case that the neural network has rectified standard Gaussian
input x ~ N®(0,I;). Denote the output of the first and second layer as y and z
respectively. We have y = o(WWx) and z = W®)y. Let p = softmax(z) denote
the softmax output of the network and let A = diag(p) — pp'.

In this problem, we look into the state of random Gaussian initialization, in which
entries of both matrices are i.i.d. sampled from a standard normal distribution, and
then re-scaled such that each row of W) and W® has norm 1. When taking
n and d to infinity, with the concentration of norm in high-dimensional Gaussian
random variables, we assume in this problem that entries of W) are iid sampled
from a zero-mean distribution with variance 1/d, and entries of W®) are iid sampled
from a zero-mean distribution with variance 1/n. This initialization is standard in
training neural networks. From the previous analysis of Hessian, the output Hessian
corresponding to the first layer has closed form

MY = E [DWOTAWED], (C.30)
XNNR’(07Id)

where D = diag(I [y > 0]) € R"*" is the random 0/1 diagonal matrix representing
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the activations of ReLLU function after the first layer. Note that the output Hessian
of the second layer is simply M = E[A].
By the Kronecker decomposition, the closed form of the layer-wise Hessians of

the first and the second layer are

HY= g [DWPTAWPDgexx"],
XNNR(O,Id)

—~
™

=

II>

E [A¢@DWWxx"WWTD].
XNNR(O,Id)

Following the decoupling conjecture, let the Kronecker approximation of the Hessians

above be
HY= § [DWPTAW®D]|® E [xx'],
x~NFR(0,I4) x~NER(0,14)

—~

H®

I

E [Al® E [DWOxx'WWTD].
x~NR(0,1,) x~NR(0,1,)

—~

The decoupling conjecture is then equivalent to HV) ~ H®, H® ~ H®).

Since our formulae for the Hessians are going to depend on the weight matrices,
throughout the section we will condition on the value of W1 and W® when we
take expectation (i.e. the expectation is only taken over the input x ~ NR(0, I,;)).
We will neglect this under-script of the expectation operator E as there will be no
confusion. When we are discussing the Hessians of a certain layer, we will also neglect
the upper-script and just use H and M when there is no confusion. Moreover, we
denote X = [E [XXT] as the autocorrelation of the input.

Furthermore, for simplicity of notations, we will sometimes use the verbal de-
scription “with probability 1 over W) /W) event E is true” to denote

lim Pr [E] = 1. (C.31)
=0 WM AN (0,1 1,4), W ~N (0,2 I.y,)
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C.2.2  Detailed Proof

First, we restate our main theorems:
Theorem 4.4.1 (Decoupling Theorem) Let V| and Vs be the top c—1 eigenspaces

of HY and HO respectively, for all e > 0,

lim Pr Overlap (V1,V5) > 1 —¢] = 1. C.32
n—o0 W(l)NN(O%Ind):W@)~N(O,%Icn) [ p ( 1 2) ] ( )

Moreover HY) has ¢ — 1 large eigenvalues that,

A\(HW
lim Pr (—1)‘ <el=1 (C.33)
=0 W AN (0,5 1,0, W ~N (0,1 Ten) | \ Aem1 (H W) [y e

Theorem 4.4.2 Let M* = E[D’W@)TAW@)D’] where D’ is an independent
copy of D and is independent of A. Let S and Sy be the top ¢ — 1 eigenspaces of

MW and M* respectively, for all e > 0,

lim Pr Overlap (57,5) >1—¢| = 1. C.34
n—00 W(l)~N(0,é1nd),W(2)~N(0,%Icn)[ p (51, 52) | ( )

Moreover,

Ae(M
lim Pr (—)‘ <e|l=1 (C.35)
=0 WOAN (04 L,0) WEON O 2 L) | \ Aem1 (M) lyp0) e

Properties of Infinite Width Weight Matrices

We will first prove some simple properties of the Gaussian initialized weight matrices
WO and W® that will facilitate our analysis. Recall that W1 e R¥"™ and W® e
R™ ¢ where the output dimension c is a finite constant, the hidden layer width n goes
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1+a

to infinity, and the input dimension d = n'** for some constant o > 0.

Lemma C.2.1. For alli€ [c], for all e > 0,

lim Pr [

n—o0

- W
; ;

> 6] =0. (C.36)

Proof of Lemma C.2.1. Since each entry of W® is initialized independently from
N(0,1), by Central Limit Theorem we have D1 VVZ-(]-Q) ~ N(0,1). For any € > 0,

fix e. By Chebyshev’s inequality,

. (2) . I
lim Pr [ Z;Wij > e] < lim — = 0. (C.37)
-
OJ
Lemma C.2.2. (Laurent and Massart, 2000) For X ~ x2,
Pr [X —n>2v/nt+ Zt] <et,  Pr [X n< —2\@] <e. (C.38)
Lemma C.2.3. For all ¢ > 0,
lim Pr [[[|[W]} ~ | = | = 0. (C.39)
n—o0 F
Beside, for all i € [c],
- @|?
lim Pr HW 1zl =0 (C.40)
n—ao0

Proof of Lemma C.2.3. For simplicity of notations, we will use W to denote
W ® in this proof. Since each entry of W is initialized independently from N(0, 1),
we know that n||W|% = 3¢, S nW; ;% follows a x2,-distribution. From Lemma
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C.2.2 we know that for large enough n,

Pr [[nHWH% —cn| = ne| = Pr [|nHWH§7 —cn| = 2/en®* + 2n1/2] < 2exp(—n1/2).

(C.A41)
In other words,
. 2 BERT 2 _
nlgrolo Pr[||[W]p—c|>¢€| = T}grolo Pr [|n||W|% — cn| = ne| = 0. (C.42)

Similarly, for any i € [c], n||W;||% follows a x2-distribution, so for large enough n,

Pr [|n||VVZ||§ —n| = ne] < Pr [|n||W||fT —n| =203 + 2n1/2] < 2exp(*n1/2),

(C.43)
which indicates that
. 2 . . - 2 - _
Jim Pr[|[ Wi 1] > ¢] = lim Pr [ Wil o > ne] =0. (Ca4)
]

Lemma C.2.4. Let w; denote the i-th column vector of W . With probability 1
over W),

mj’alx [ wy|| < 5075 (C.45)

Proof of Lemma C.2.4. Since entries of W) are i.i.d. sampled from N(0,1),
each |Jw;||> obeys a x2 scaled by 1 = n~0F% Thus by the tail bound of Lemma

C.2.2, setting t = n we have

Pr [[Jwi]|* = 5n~*] = Pr [deiHQ >n+2Vn? + Qn] <e™ (C.46)
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By a Union bound we have
. d
Pr [malx Jw;||* = 5n_a] < 2 Pr [||'wz||2 >5n"% =de™" =n'Te " (C.47)
= i=1

Since « is a constant, RHS converges to 0. Thus with probability 1 over W1, we

have
mfalx lw;||* < 50 (C.48)
Taking square root on both sides completes the proof. ]

Lemma C.2.5. For any random matric W For all € > 0,

lim Pr[|[WOWOT — L || > €] = 0. (C.49)

n—0o0

Besides, for alli,j € [c],

lim Pr [[(WOWWOT), - — 6,5 =€ =0 (C.50)

n—0

Here 6 is the Kronecker delta function, i.e., 6;; = I[i = j].

Proof of Lemma C.2.5. To prove this lemma we need the following tail bound:

Lemma C.2.6. (Zhu, 2012) If S follows a Wishart distribution Wy(n,C), with

r = tr(C)/||C||, for 8 = 0 the following inequality holds that
Pr [

Since each entry of W) is initialized independently from N (0, 1), we know that

lS—C
n

n

> ( w + LW) HCH] < 2d exp(—0). (C.51)

WOWOT follows Wishart distribution Wy(d, 1I,). With r = tr(3L,)/|| 31| = n
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and set # = nz, from Lemma C.2.6, for n > 1 we get

. |1 1 20(n+1) 20n) |1
2dexp(—n2) > Pr HEW(I)W(I)T— EIHH > ( ¥ + y ) HEIR

|

1
_In >

nlta nlta In

d

— Pr le(l)w(l)T_ 2n2(2n) 2nin H1
d

=Pr[|[WOWOT — || >2(n"% +n2)].
(C.52)

Fix any € > 0, we may find N € N such that for all n > N, 2(n~% + n~2) < e. For
any € > 0, we may find N’ such that 2d exp(—n%) = 2plta eXp(— %) < €. Passing

n to infinity we get

lim Pr[|[|[WOWOT — L] > €] =0. (C.53)

n—0o0

Then we proceed to analyze the entries. For all 4, j € [n], we have

Pr [|(W(1)W(1)T)Z7] — 5i,j’ = 6] < Pr 2 Pr [(W(l)W(I)T)iJ — (SiJ]Q 62]
| 4,j=1

\%

2

e [wOweT g2 > ]

(C.54)

which implies that for all 4, j € [n],
lim Pr [(WOWOTY, - — 55 =] =0. (C.55)
|

For the second weight matrix W&, where WOW®T ~ W, (n, L1,), we may
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prove an identical statement as shown in the corollary below. The proof proceeds
identical as above since we only need the ratio between the width and the height of

W, which is n/c in this case, to go to infinity.

Corollary C.2.7. For all e > 0,

lim Pr[|[|[WOWET — L] > €] =0. (C.56)

n—o0

Next we will establish the approximate equivalence between the scatter matrix

WATW ) and the projection matrix Py ).

Lemma C.2.8. Let Py be the projection matriz onto the row space of W), then
for all e > 0,

lim Pr | [WETWE — Py} > | —o0. (C.57)

n—a0

Proof of Lemma C.2.8. For simplicity of notations, in this proof we will neglect
the layer index superscript and use W to denote W), Recall that W e R"*°.

Fix € € (0,1) without loss of generality. Let W;(i € [c]) be the i-th row of
W and we will do the Gram—Schmidt process for the rows of W. Specifically, the
Gram-Schmidt process is as following: Assume that the basis {W;}_| are already
normalized, we set W, = Wiy — Y ((Wi1, Wy and Wiy = Wi /|[WiL |-
Finally, from the definition of projection matrix, we know that Py = W'W.

From Lemma C.2.3 we have for all i € [¢],
lim Pr[[||[Wi]* - 1| = ¢] = 0. (C.58)
n—0o0
Let € = €2/ (c® - 16%“™), from Lemma C.2.5 we know that for all 4, j € [¢],

lim Pr[|[W,W —6;;| = €] = 0. (C.59)

n—0o0
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Then we use induction to bound the difference between W and W. Specifically,
we will show that for all i € [¢], le — VVZH < 8¢. For simplicity of notations, in
the following proof we will not repeat the probability argument and assume that for
all 4,5 € [c], [WiW] —6;;| < ¢ and for all i € [c], ||[W;]|® — 1] < €. We will only
use these inequalities finite times so applying a union bound will give the probability

result.

For i = 1, we know that W = Wy /|[Wi|| and |[|[Wi]|— 1| < €, s0 [|[W; — W;| <

€
If our inductive hypothesis holds for ¢ < k, then for ¢ = k£ + 1, we have for all
J <k,
(Wi, W )| < Wi, W)l + (Wi, W — W)
<+ Wi - |W; - W
' (C.60)
<€+ (1+€)8¢
< (29F 4 1)€'.
Therefore,
W] =W < X KW, Wl <+ ) 29" + 1) < (2% —1)¢,  (C61)
jelk] jelk]
and
W/ =1 < [[Wi]] = 1] + [W] — W] < 2%+2¢. (C.62)
Thus,

W — Wi < |[W, - W|| + W/ — Wi
<||W/]| - 1| + |W] — Wi (C.63)

k+1 7
< 8 le

Y
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which finishes the induction and implies that for all € > 0, for all i € [¢], ||WZ - W; H <
8i’. Thus,

W Wi = S [W,— Wil <167, (.64
i€(c]

This means that

|W™W — P, = ||wTW - WTW|

— 155 —(2
2w —W|[W] .+ W - W] (C.65)

<2 +e-8Ve + ¢ 16% <.

O

For the final property of the weight matrices, we show that the maximum among

all entry of the weight matrices are reasonably small with high probability.

Lemma C.2.9. Fiz any a > 0, consider W € R*® for some b > a'*® such that
each entry is sampled from a zero mean Gaussian N (0, %) The largest entry of W

15 reasonably small with high probability as b goes to infinity, namely,

lim Pr [ max ]VVZ(]Q)| > 2b_11”] =0 (C.66)
b—c0 (i,5)€[a] x[b]

Proof of Lemma C.2.9. For ii.d. random variables xi,...,x, ~ N(0,1), by
concentration inequality on maximum of Gaussian random variables, for any ¢ > 0,

we have

+2
Pr mfaﬁ(xi > /2log(2b) +t| <2e 2. (C.67)
€

For any i,j € [a] x [b], since Wj; are i.i.d. sampled from N(0, §), with rescaling of
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1/ Vb we may substitute x; with W;;. It follows that

Pr max W-(-2 )
(4,5)€la] x [b]

b3
< 2e 2

21 2ab) +t t2
> og(2ab) <2 7. (C.68)
Vb
Taking ¢ = bs, since a < b, for large b we have v/2log(2ab) < 4/2log(202) < b3
Thus for large b,
) [ bs + be
Pr [ max W > 2b3] = Pr max W > pe o8
(i.g)elal x [b] | (ig)elalx [0 Vn
| \/21og(2b) + bi
< Pr max W > 0g(2b) ’
| (ig)elalx [0 Vb
With the same argument, we have

(C.69)
Pr min  W;; < 973 | < 2

(i.5)€la] x[b]
Passing b to infinity completes the proof.

<o
N ol

(C.70)
follows:

From the above lemma, we can bound the maximum entry of W) and W® as

O
Corollary C.2.10. With probability 1 over W and W®),

lim Pr max
n—o0 (i,j

Je[n]x[d]

lim Pr max
n—0o0

(i,7)€le]x[n]

W > 2d‘§] ~0,

(C.71)
W - gné] _o
Approximate Independence Between Layer Inputs and Outputs

Let us first recall some definitions and notations of the inputs and outputs of layers.
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with identity covariance for the pre-rectified Gaussian, namely x ~ N®(0, I;). The
input propagates through the first layer to u = W®x, and is multiplied element-wise
by the ReLU activation to the input of the second layer y = o(u). Here we denote
that activation of ReLU function by the random matrix D = diag(I[u > 0]) € R™*".
Finally we get the logit output of the network z = W®y. The output Hessian of
the last layer is A = diag(p) — pp' € R

In this section we will show that when n goes to infinity, both y and z will
converge in distribution to rectified Gaussian. Moreover, when we condition on two
entries of x and two entries of y, the output Hessian A will be invariant in the

limiting case.

Lemma C.2.11. When d — oo, with probability 1 over W),

finy S A% (075 ).

Proof of Lemma C.2.11. We will prove this lemma using the multivariate Lindeberg-

Feller CLT. Given that x;’s are i.i.d. sampled from N®(0, 1) with bounded moments:

(s~ B[] = T, El(x — E[x]))

_671'2—1071'—3

12 < 1.

(C.72)
For each i € [d], let wgl) e R? denote the i-th column vector of W), Let s; =

'wgl)(xi — E[x;]), then we have

d

d d d d
(1) (1) 1 (1)
y=>) w, 'x;, =) s;+ ) ExjJw,” =) s; + — > w,". (C.73)
e st ) L5 o

1=

It follows that

MO (C.74)



Let § =Y Var[si],

wPw" = ——woOwHT, (C.75)

As d — oo, from Corollary C.2.7 we have WOWWT — I in probability, therefore

T—1

i = I,. :
8= (€70
We now verify the Lindeberg condition of independent random vectors {si, ..., s,}.

First observe that the fourth moments of the s;’s are sufficiently small.

d i [
. 4
Jim 3B lsf*] - Jim E(

=1

d
< lim E c2<

N
i*:
B

@)

A
ﬁB

?2

\/
M
ﬁ

Since E[(x; — E[x;])*] < 1 and maxea je[n] ]‘Vj(il)] < 2d~3, with probability 1 over
WO from Lemma C.2.9, it follows that
d

_1\* 2 9. _4 2 9. _1
hmZE Jsil'] < ¢ lim (Qd s) 1 = ¢ lim 16d"3n = 16¢? lim d~3 = 0.

4 d—o0 d—o0
i=1

(C.78)
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For any € > 0, since [|s;| > € in the domain of integration (when I[||s;|| > €]),

sl
hmZE st T{lsi] > e]] < hmEE o s T s >
(C.79)
1 d A
< 2 Jm 2B (sl =0

As the Lindeberg Condition is satisfied, with limy_,, S = WQ—;IIn we have

£%2&~N< ). (C.80)

By Lemma C.2.1, we have limy_,, 'wgl) = 0 with probability 1 over W1 there-

fore plugging Equation C.80 into Equation C.73 we have

: d m—1

Which completes the proof. O

Lemma C.2.12. lim,, .,z > N(0, (= 1) "= 1.) with probability 1 over W)

Proof of Lemma C.2.12. The proof technique for z is identical to that of y. For
completeness we will redo it for W, From Lemma C.2.11, y,’s are i.i.d. from

NE(0, Z=1) with bounded moments:

Bly,) = Y21 El(y, - Bl = T (©82)
El(y, — Bly)*) - 20 D (©58)

&3

For each i € [n], let w?) e R° denote the i-th column vector of W®. Let v; =
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@ (y; — Ely;]), then we have

27

z2= Zn] w?y; = ivi T Zn]E[Yi]w§2) = Zn]Vz‘ + vr—1 Zn:’w,@). (C.84)
i=1 i=1 i=1 i=1 ;

It follows that

—1)2
Var[v;] = Var[w§2)yi] = <7T47T2> ’w?)’w?)T. (C.85)

Let V. =3"  Var[vy],

B w—l ﬁ](m o1 _ (M= 1% 0 oyer (C.86)

472

As n — o, from Corollary C.2.7 we have WA W T _ T in probability, therefore

—1)2
m v - "= (C.87)
n—00 472
We now verify the Lindeberg condition of independent random vectors {vy, ..., v,}.

First observe that the fourth moments of the v;’s are sufficiently small.

Jim > E[|vi]*] = lim > E (Z (W (v, - E[ym)Q)

j=1

n 2
< Jggo Z E|c ((maX ‘/Vj(iz)) (vi — E[Yz])2> (C.88)
i—1

<T}i_r)r01062<[max W )ZE )]

Since E[(y; — E[y,])*] < 1 and maxep) jefq |W. | < 2n73 with probability 1 from
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Corollary C.2.10, it follows that

hm ZE ||Vz|| < hm (2n 6> Zl—c lim 16n"3n = 16¢> lim n™3 = 0.

— n—oo n—oo
(C.89)
For any € > 0, since |v;| > € in the domain of integration (when I[||v;|| > €]),
[vall® o
l E ST v 1 E vi| " T[] v;
im Z [IVil*T[Ivil > €]] < lim Z [ 2 Vil I{[vi] > €]
(C.90)

1 . "
<z lm 2 E[vI =0

As the Lindeberg Condition is satisfied, with lim,,_,,, V = (”4;12)2 .

lim EVZ SN ( %I(D : (C.91)

n—0o0

By Lemma C.2.1, we have lim, ., w'” = 0 with probability 1 over W® there-
fore plugging Equation C.91 into Equation C.84 we have

lim z %> N (0, ufc) : (C.92)

n—0o0 471—2

Which completes the proof. O

Now we will show a key lemma for proving the main theorem, which suggests that
when reasonably conditioning on two entries of the input x and two entries of the
activation D, the distribution of z converges in distribution to z without conditioning

as n — 0.

Lemma C.2.13. With probability 1 over W) and W3, fix any B < ¢ (recall that

d = n'*), fix any a,b € (—nP,nP), for any p,q € [n] and k,l € [d], we have the
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following convergence in distribution
z|(Dyp = 1,Dyy = 1,x, = a,x;, = b) 4 . (C.93)

Proof of Lemma C.2.13. For simplicity of notation, we will use subscript |x and |p
to denote the conditions we impose. For example, we will denote z|(D,, = 1,Dy, =
1,x, = a,x; = b) by z|px, and denote x|(x; = a,x; = b) by x|x etc.
First claim that with probability 1 over W) u is invariant upon the conditioning
on x. Let e € R? be the standard basis vector such that eg»i) = I[i = j]. Then
N S N

= [Whx = x|

= HW(l)((xk —a)e® + (x, — b)e(l))H
(C.94)

= st o

< 5n 2 (|xi| + x| + |a] + [b])

@

<5n72(xp + %) + 1007207,

) )

The norms of 'w,(: and 'wl(1 are bounded from Lemma C.2.4. Note that as n — o

we have n=% and n="3" converging to 0 as we set 8 < a. Since x is of bounded
expectation and variance, 5n~2 (x; + X;) converges in distribution to 0. Therefore
[u — uly|| % 0 and hence ylx 5 y. Since z is determined by y, to prove Z|D x 4, 7,
we now only ne ed to show z|p 4 .

Note that conditioning on D, = D4, = 1 is equivalent to conditioning on u, > 0
and u, > 0. Which is again equivalent to conditioning on y, and y, to be a half

Gaussian distribution truncated at 0 instead of the rectified Gaussian. Recall that

z =Wy =" 'wf)yi. Since only y, and y, are affected by conditioning on D,
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we have

1z —2|p| =

an wz@)Yi - Zn: wz@) (yp)i
=1 1=1

C.95
= sz(;z)(Yp - (Y|D>p) + w((IQ) (Yq - (Y|D)q)H ( )

< [lw?lys = Flo)sl + [l [llys = (¥Io)dl.

Note that y, — (y|p), and y, — (¥|p), are difference between a rectified Gaussian
with finite variance and its corresponding truncated Gaussian, both are of bounded
expectation and variance. Meanwhile, by Lemma C.2.10, for all i € [n] we have that

with probability 1 over W),

HwZ@)H < \/C ( max VVi(jz))2 <Vden s, (C.96)
i€[c.je[n]
Since lim, oo V4cn ™3 = 0, as n goes to infinity we have
w1y, = o)l + [0 [[lyy = (yIp)gl = 0 (C.97)
Therefore z|p 4, z, and hence
z|(Dyp = 1,Dyy = 1, x5, = a,x;, = b) 4, . (C.98)
]

Given that p = softmax(z) and A = diag(p) — pp', the mapping from z to A is
bounded and continuous. Thus by the Portmanteau Theorem, we have the following

corollary,

Corollary C.2.14. For any € > 0, with probability 1 over W and WP | fiz any

B < § (recall that d = n'*®), fix any a,b € (—nP,nP), for any p,q € [n], k,1 € [d],
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and i, j € [c], we have
’E [AZ]|(Dpp = 1,qu = 17Xk = a,X] = b)] —E [A”] ‘ < €. (099)

By the proof of Lemma C.2.13, this property holds when dropping the conditioning

on D or x.
Structure of A

In this section we will analyze properties of the second output Hessian A, which,
despite being a R°*¢ “small” matrix, provides many important properties to the first

output Hessian and the full layer-wise Hessians.

Lemma C.2.15. With probability 1 over W and @, A = lim,,_,, E[A] ezist and

is rank-(c — 1) .

Proof of Lemma C.2.15. Note that each entry of A is a quadratic function of
p, and p is a continuous function of z. Therefore, we consider A as a function of z
and write A(z) when necessary. From Lemma C.2.12 we know that lim,,_,, z follows
a standard normal distribution N (0,~vI.) with probability 1 over W) and W®),
where 7 is some absolute constant. Therefore, A = lim,, ., E[A] exist and it equals
E[A(lim, e 2)] = E,n041.)[A(z)]. For simplicity of notations, we will omit the
statement “with probability 1 over W) and W®” when there is no confusion.
From the definition of A we know that A = diag(p) — pp' where p is the vector
obtained by applying softmax to z, so Y ;_, p; = 1 and for all i € [¢],p; € (0,1).

Therefore, for any vector p satisfying the previous conditions, we have

1TA1 = i <pi — i pipj> = i(Pz —pi) =0, (C.100)

=1 i=1
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where 1 is the all-one vector. Therefore, we know that A has an eigenvalue 0 with
eigenvector ¢~21. This means that E[A] also has an eigenvalue 0 with eigenvector
¢ 21. Thus, E[A] is at most of rank (¢ — 1).

Then we analyze the other (¢ — 1) eigenvalues of A. Since A = QQT where
Q = diag(y/p)(I. — 1p"), we know that A is always a positive semi-definite (PSD)
matrix, which indicates that EF[A] must also be PSD. Assume the ¢ eigenvalues of
A are A =A== A1 = A\, = 0. Therefore, by definition, we have

A1 = min v'Av = [ min vTAv], (C.101)
veS,||v]|=1 z~N(071.) | veS;|v||=1

where S = R®\R{1"} is the orthogonal subspace of the span of 1. v € S implies that
vll e,  v;,=0.

Direct computation gives us

C C 2
v Av = Z vip; — (Z vipz-) ) (C.102)
i1 i1
Define two vectors a,b € R® as for all i € [c], with a; = v;\/P;;b; = |/P;, then
IB]* = X pi = 1 and

vTAv = |la|* —{(a,b)* = |a|” - [[b]* ~{a,b)". (C.103)

Therefore,

v Av > ||a||?||b]|* sin? 6(a, b), (C.104)

where 0(a,b) is the angle between a and b, i.e., 6(a,b) = arccos Hi“l"ﬁ’g”. Define
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Po = minge[ P;, then
la]l* = 2'0121% = Z’U?po = pov[* = po. (C.105)
i=1 i=1
Since ||b]| = 1, we have

sin29(a,b)=| —— L (C.106)

Besides,

nwwmwa=2<m@F(Zwm)ﬁQ

i=1

c c 2
= Zpl (’Ui — Z vjpj) (0107)
i=1 j=1

c c 2
= Po Z (’UZ‘ — Z ’Uij) .
i—1 j=1

Define s = arg maxe[q v; and ¢ = arg minep.) v;, then

2 2 2
& c C Cc ('US o 'l)t)z
v vip; | =Z2|lvs— ) vpj| +t|vi— ) vp;| =—F—-

j:
(C.108)

From |lv|| = 1 we know that max;e[q |vi| = ¢ 2. Besides, since 1 v; =0, we have

1
vy > 0 > v;. Therefore, v, — v; > max;e[q |v;| = ¢ 2. As a result,

_ 2
o~ a6y bl > py - P B (C.109)
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Moreover,

la* = > v/pi < ) pi= 1. (C.110)
i=1 i=1
Thus,
5 Po
-2 2
sin” 6(a, b) b ( )
which means that
2
T Po Po
Av > 1= == C.112
v Av=Po 2c 2c ( )

Now we analyze the distribution of pg. Since z follows a spherical Gaussian distri-
bution N (0,~I.), we know that the entries of z are totally independent. Besides,
for each entry z;(i € [c]), we have |z;| < v with probability &, where £ ~ 0.68 is an
absolute constant. Therefore, with probability £¢, forall entries z;(i € [c]), we have

|z;] < 7. In this case,

exp(minie[c] Zi) < exp(—7)

Po = c = . C.113
"X o) cexp(y) (C119)
In other cases, we know that py > 0. Thus,
<exp(v))2
Mt = Epnioory | min v Aw| > g 2P0 (C.114)
TR ves, vl|=1 2

The right hand side is independent of n. Therefore, A._; > 0, which means that A
has exactly (¢ — 1) positive eigenvalues and a 0 eigenvalue, and the eigenvalue gap
between the smallest positive eigenvalue and 0 is independent of n.

Hence we complete the proof.
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Projecting Hessians onto Finite Dimensions

In this section we will develop some technical tools for analyzing the eigenvalues and
eigenvectors of the output Hessians and the full layer-wise Hessians. In particular,
we will project both infinite dimensional matrices to ¢ x ¢ matrices.

First, we prove a technical lemma that will be very useful when we bound the

Frobenius norm of the difference between infinite size matrices.

Lemma C.2.16. Let p(A,D,x) be a homogeneous polynomial of A, D, and x and
15 degree 1 in A, degree 2 in D, and degree 2 in x. Suppose the coefficients in p are
upper bounded in {1-norm by an absolute constant . Also let D’ be an independent
copy of D and x" be an independent copy of X independent to D and A. Then with

probability 1 over W and WP | we have

lim E [p(A,D,x)] = E[p(A, D', x")] (C.115)

n—o0

Proof of Lemma C.2.16. Fix any € > 0. Assume that the homogeneous polynomial

is of the form
P(A, D, %) = > ciAui) e Dugi) (o Do) o) Xp(o) Xa(i) (C.116)
=1

for coefficients ¢;, then from linearity of expectation we know

E[p(A,D,x)] ch A i) 1) Duiy iy Do) w0y Xp(i) Xq(i))- (C.117)
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Hence

[E[p(A,D,x)] - E[p(A, D', x")]|

<ch|E As(i),0) D),y Do) 0 ) Xp(0)Xa() ] — EL[A (1) 46 Dty ut) Do) o) X0y Xq0) ||

(C.118)

Since the entries of D can only be 0 or 1, we have
E[A5),1) Duo) () DooGi) (6% Xa(0)]

= Pr [Dugyuty = Doty = 1 E[As) 46 Xp(i) X)) Duti) iy = Doiyti) = 1]

1
= B[00 %0 %00 Dutut) = Doty = 11-

(C.119)

The last equality holds since u converges in distribution to a spherical Gaussian,

and its entry-wise activations D follows a p = % Bernoulli distribution. Assume

>t lei| = p, that the ¢4 norm of the coefficients is upper bounded by some constant
€

. Set € = o To prove this lemma it is sufficient to prove that each term of the

polynomial are sufficiently small, namely, for any index,
B[ A5, %p()Xa(0) Puti) uti) = Doty oty = 11
= E[Asi),000%p0Xq0) Doy uty = Dioiyoey = 1 (C.120)
IE[As0),6 %00 Xq() | Duti)uti) = Dogiyoty = 1 = E[As 10X Xqm]| < €
Fix a set of index s, t, p, q, u, v, for simplicity of notation, we use the abbreviation
E [AxpXq|p] to denote E[Aq) ¢)Xpi)Xq() [ Dui)u) = Do) = 1]. Since x is of

rectified Gaussian with the covariance of the initial Gaussian distribution being the

identity, x, and x, shares the same density function when z > 0, namely f(z) =
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mexp( 2?/2). Note that
1
Rt xR+

Fix some 8 < £, we have
E[Aax,Xp] — E [Astxgxg] |

- U E [A|bxy—exg=y] 2y f(2)f(y) dv dy — H Aglzy f(x)f(y) dv dy

R+t xR+ Rt xR+t

f f E [Aulps, oo, v] — E[Au] [y £(2)f(y) do dy

R+ xR+

= ff ‘E [Ast‘D,xp:m,xq:y] —E [Ast] |xy f(x)f(y) dx dy

[0,n8]x [0,nP]

n ﬂ E [Aulb,—eos] — E[Au] 2y f(2)f () do dy.
R+ xR+\([0,n8] x[0,n5])

(C.122)

From Corollary C.2.14 we have, for any indices s, t, for sufficiently large n, for any

(z,y) € [0,n”] x [0,n"],
IE [AstyD,xp:I,xq:y] ~E[Ay]| <€ (C.123)

Thus

f f E[Aulp,—rmyes] — E[Au] [y f(2)(y) dz dy

[0,n8]x[0,nA]

H 2y f(z )dxdy:%.

[0,nP]x [0,n"]

(C.124)
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Now we consider the other integral. First note that since Ay is either p; — p? or
—p;p; for some i, j, and p;,p;,p; + P; € (0,1) as it is the output of the softmax
function, we have Ay, € (=1, ). It follows that [E [A|px,—zx,—y] — E[As]| < 3.
Therefore
|]E [Ast|D,xp::r,xq:y] - E [Ast] |I‘y f(‘r>f(y) dx dy
R+ xR+\([0,n8] x[0,n58])

1 e~ /2 =v/2
T ——dx d
Y V2T A/ 2T Y

R+ xR+\([0,n8]x[0,n5])

N

1 ]. *© 7]32/2 _ 2/2 1 ]. 7x2/2 *© _ 2/2

< - — e x dx eV iy dy + = — e x dx e Y%y dy
2 27 nB R+ 2 2w R+ nB

I

Cor ’

(C.125)

which decreases below €' /2 for sufficiently large n. As both terms in Equation C.122
are less than €/2 as n — o0, we have |E[Ayx,X,|p] — E[Aux!x!]| < ¢. Which
completes the proof of this lemma. O

We then generalize this lemma for a degree ten homogeneous polynomial, in which

the monomials are roughly multiplied with an independent copy of itself (except for

A).

Corollary C.2.17. Let p(A,D,x, A, D,x) be a homogeneous polynomial of A, D,
x, A, D, and x. Let it be degree 1 in A, A, degree 2 in D, D, and degree 2 in x,X.
Suppose the coefficients in p are upper bounded in {1-norm by an absolute constant
. Also let D' be an independent copy of D and x" be an independent copy of x

independent to D and A. Moreover, let (A,D,x,D’,X") be an independent copy of
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(A,D,x,D',x"). Then with probability 1 over W and W) we have

lim E [p(A,D,x,A,D,x)| =E[p(A,D',x",A, D", x")]. (C.126)

n—0o0

Proof of Corollary C.2.17. For simplicity of notations, we here denote s;jyurs =

Aijvawaers> S

wwrtrTrs

/ o 1/ / "ot s o
uors = AijDy, Dy Xy x5, Similarly, we also denote tripgrn =
A B B S S / _ A N Y S/ : : :
ApuDyDyxix, and ty,., = ArDy, Dy, X/X;. As there is no confusion on index-
ing, we will also omit the subscripts and use s, t.

Fix any ¢ > 0, Following the argument of the proof of Lemma C.2.16, it is

sufficient to prove this corollary by showing for any indexing,

|E[AijAlevUwaDpququxsitiu] — E[AijAklDlvafwwD;pD;qXZXgigiﬂ|

— [E[st] — E[s't]| < i
(C.127)

First note that since |A;;| < ; and [Dy| < 1 for all ¢, j, we have

1 1
[E[s]] = [E[A;DuuDuwxex]| < 7[E[ox]| = . (C.128)

™

The same argument also applies to s, t, and t’. Also, by Lemma C.2.16, for suffi-
ciently large n we have |E[s] —E[s']| < ¢ and |E[t] —E[t']| < €/. Since by construction
s and t are independent, we have

[E[st] — E[s'"t']] = [E[s]E[t] — E[TE[t]

= [E[s]E[t] — E[s|E[t'] + E[s]E[t'] — E[s'JE[t]]

, , , (C.129)
< [E[s]|[E[t] — E[t']] + [E[t']|[E[s] — E[]|
1 1
< . / . / /
871'6 + 8776 <€,
which completes the proof of Corollary C.2.17. O
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Now we formally begin our analysis. We start from M®) = E [DW(Q)TAW(Q)D],
the output Hessian of the first layer. The output Hessian of the second layer is just
E [A], which had been analyzed in Section C.2.2. In this section we will neglect the
superscript for M) and use M as there is no confusion. Also, we use W to denote

W unless specified otherwise. We first state our main lemma of projecting M.

Lemma C.2.18. With probability 1 over W) and W),

wmwT[;
lim 1 _ 1, (C.130)
e[ M|

Proof of Lemma C.2.18. To prove the equivalence between HWMWT”i and

|M||%., we need to introduce a bridging term
M* = E[DWHTAW D] (C.131)

where D’ is an independent copy of D and also independent of A. Essentially M*
is the matrix which has the same expression as M except that we assume D is

independent of A in M*. Informally, the proof strategy of Lemma C.2.18 is
2 * 2 *
|WMWT||, ~ |WMWT|, ~ M|}~ | M|[;. (C.132)

We now formally establish this equivalence.
Then we look into the structures of the bridging matrix M™*. It is simple to

analyze as we assumed the independence between A and D’. Formally,

Lemma C.2.19. With probability 1 over W) and W3,

M* = = (WTE[A]W + diag(W E[A]W)) . (C.133)

1
4
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Moreover, || M*|| and |M*||3 are bounded below by some nonzero constant and

bounded above by some constant.

Proof of Lemma C.2.19. First note that since D’ is the activation of u’, which

converges to a spherical Gaussian with probability 1 over W) and is independent

with A, each diagonal entry of D is a Bernoulli random variable with p =

i,7 € [n], when i # j, we have
MZ = E[Dgi(WTAW%jD;j]

= E[DLJE[D} JE[(WTAW), ]

1
When i = 7,
Mz*z = E[D;Z(WTA.W)“D’ILZ]
= E[D,]JE[(WTAW),]
1 T
Thus

M* = i (WTE[A]W + diag(W E[A]W)) .

Now we show the lower bound and upper bound on norms of M *.

Since (E[WTAW], diag(E[WTAW])) = 0, we have

1M, = |[E[WTAW]||, = HWTAWHF.

1
5- For

(C.134)

(C.135)

(C.136)

(C.137)

Since WW converges to I, in spectral norm from Lemma C.2.5, we have for

sufficiently large n, the smallest singular value of W is larger than

. Moreover,

since E[A] admits an eigenvalue that is bounded below by some constants n =
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2
& (%) /2¢ where £ ~ 0.68 is an absolute constant and vy = % as shown in

Lemma C.2.15, there exists an eigenvalue of M* = WTE[A]W that is larger than
2. Hence for large n, ||[M*|| is bounded from below by 7, and hence | M*||7..
Besides, since D is a diagonal matrix with 0/1 entries, and the absolute value of

each entry of A is bounded by 1, we have

|M]|, = [EDWTAWD]||. < [EWTAW]|, < [[WILIA] < e W]
(C.138)
From Lemma C.2.3, we know that with probability 1, || W% < 2c, therefore, |M]|,,

is upper bounded by 2¢?, which is independent of n. O

Lemma C.2.20. With probability 1 over W) and W),

2
LY
e | e

Proof of Lemma C.2.20.

Recall that M* = E[D'W@TAW )D’] where D’ is an independent copy of D
and also independent of A. Since we will only explicitly use W in this proof, for
simplicity of notation, we will omit its superscript and use W. Let (D, A) be an

independent copy of (D, A), then
2
IM|% = |[E[DWTAWD]|,.

=E[(DWTAWD,DW ' TAWD)]
(C.139)

l

E[tr ( DWTAWDDW TAWD) |

E[tr (WDDWTAWDDWTA)].
Expressing the term inside the expectation as a polynomial of entries of A, D, A
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and D, we get
tr (WDDW 'AWDDW'A)

=Y (WDDWTAWDDW'A) .
i=1

c

— Y (WDDW'A), (WDDW'A)
1,7 I

=1 ’ ’ (C.140)
— Z (2 Z "Vz‘,sz,lDl,lDz,zAk,j> (Z Z WDy Dy A Z)
ij=1 \k=11=1 —1i=1

C n
= > DWW W, W, Ay A, DyDyDy Dy
ijks=11t=1
The monomials are Ak,jAs,if)z,le,lDt,tDt,t, and the corresponding coefficients are
W; Wi W, W ,. Now we can bound the ¢; norm of the coefficient of this polyno-

mial as follows:

Z Z W, Wi, W; W,

i,j.k,s=11t=1

1

DT Wl (Wi - Wi - W

<
ij.k,s=11t=1
= (Wi - \Wk,l) (Z DLWl - |ws,t|>
ik=11=1 Jrs=11t=1 (C.141)
c n W21+Wkl) ( c n W2 +W2t>
< : I :
i,k=11=1 Js=1t=1
o Wl W Z W5 11° + [ W)?
. 2 ) 2
Z,kzl ]78:1

=(cW7)* = W[5
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From Lemma C.2.3 we know that |[W||, = O(c) with probability 1 over W, so the
coefficient of this polynomial is /;-norm bounded.

For any ¢ > 0, fix e. Note that HM*H% is just substituting D,D by D’, D’ in
the polynomial characterized by Equation C.140. From Corollary C.2.17 we have
the convergence of the difference of the expectation of the two polynomials, namely
|| M |5 — || M*||3] < e for sufficiently large n. Since the spectral norm of M* is on

the order of constant from Lemma C.2.19, we have lim,, o, | M ||3/||M*||3 = 1. O

Lemma C.2.21. For all i,j € [c],lim, oo (WMWT),;, — (WM*WT),,) = 0.
Thus,

| wawT)),
1m =
o |WM*WT |7,

Proof of Lemma C.2.21. This proof is very similar to that of Lemma C.2.20. First,
we focus on a single entry of the matrix WMW'T and express it as a polynomial of
entries of A and D:

(WMWT),, =E[(WDW TAWDW), /]

) Z(WDWTA)i,k(WDWT)k,j]
| k=1

[ e (e m n (C.142)
=219 ( Zm,lWS,ZDl,lAs,k) (Z Wk,jm,tDt,t”
S =1

| k=1 \s=1 t=1

= E Z Z m,lWS,lWk7t“/j7tA57kD17lDt7t] .

| k,s=11t=1
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Then we bound the ¢; norm of the coefficients of this polynomial as follows:

C

DD W W W W,

k,s=11t=1

1

<DL D Wl (W[ - [Wiy| - Wy

(ZZ Wl \Wsz\) (ZZM,A-WJ) (C.143)
S VVZ21+W2 - Wkt+
(S5 (S5

= (cIWil* + W) (W1 + [W[7)

2 4
<(2|W([p)* = 4| W .

Similar to Lemma C.2.20, this coefficient is /;-norm bounded. The expression of each
entry of WM*WT is just substituting D, D by D’, D’ in the polynomial character-
ized by Equation C.142. Therefore, using Lemma C.2.16, we have with probability

1 over W, for all i, j € [c],

lim (WMW'),; — (WM*WT),;) = 0. (C.144)
n—0o0
This completes the proof of the lemma as W MW is of constant size. O

Lemma C.2.22. With probability 1 over W) and W)

|w W,
e |M

~ 1. (C.145)

Proof of Lemma C.2.22. The proof of this lemma will be divided into two parts.

In the first part, we will estimate the Frobenius norm of M*, and in the second part
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we do the same thing for WM*WT.

Part 1: From Lemma C.2.19 we know that

M* = % (WTE[A]W + diag WTE[A]W)). (C.146)

Denote A = E[A], then
E[WTAW] = WTE[A]W = WTAW. (C.147)

From Lemma C.2.5, for all ¢ > 0, with probability 1 over W we have H WWT — ICH <
¢’. Besides, from Kleinman and Athans (1968) we know that for positive semi-definite

matrices A and B we have Ay (A) tr(B) < tr(AB) < Apax(A) tr(B), so

~ 2 ~ |12 ~ ~ ~ ~
‘HWTAW - HA = | WTAWWTAW) - tr(AA)‘
— [t (WWTAWWTA) — tr(&&)‘
<|(IWWT-L|+1) ae(AWWTA) — tr(AA)‘
(C.148)
—[(IWWT = L] +1) e (WWTAA) — tr(A“A)‘
<|(IwwWT - L] +1)’ t(AK) - tr(AA)‘
~|12 ~|12
< |WwT - IC||2HAHF +2|lWWT - L] AHF.
For any € > 0, set € = min{§, ‘/TE} gives us with probability 1,
~ 2 ~ 12
[[weaw], - |
. F F
lim =0, (C.149)

ST

L
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ie.,

[wraw],
’}E&W ~ 1. (C.150)
F

Besides, if we denote the i-th column of W by w;, then

|diagE[WTAW])[|, = Y (w] Aw,)’

=1

Z (IIwZII ) (C.151)
~ 12 & 4
— &[] ot
i=1
Since E[n?|w;||'] = ¢* + 2¢, by the additive form of Chernoff bound we get

" 243 2w, |4
prlz\m»%]_pY[M_@uQCDC}@_W 1

i=1 n

Therefore, when n — oo, with probability 1 over W we have

diag(E[WTAW]) Al sz\|4 Al < 3". (C.153)
FS
Thus, with probability 1 over W,
T 2
n— TN
HW |,
ie.,
1A 2
16
THOOW = 1. (C.155)
F



Part 2: We now estimate the norm of W M*W . Plug equation Equation C.133

into WM*W and we get
1
WM*W = 1 (EIWWTAWWT'] + E[Wdiag( W AW)W ). (C.156)

Similar to Part 1, when n — oo, with probability 1, we have

B wWTAW W[},
lim 5 = 1. (C.157)

A

B O

F

Besides, when n — oo, with probability 1 we have

|W diag(B[WTAW])WT|2, < W%

~ 112 ~I2 2+ 3¢ 2
Al Y hwilt < A" = wi.
=1

n
(C.158)
As a result, with probability 1,
Wdiag(E[WTAW )W T||?
i WA EWIAWDWI, (C.159)
| wwrAwwr |
ie.,
~ 112
%A
im E__ = (C.160)
o [WMW T
Combining the results of Part 1 and Part 2 proves this lemma.
[]

Combining Lemma C.2.20, Lemma C.2.21, and Lemma C.2.22 directly finishes
the proof of Lemma C.2.18. O

After establishing the projection of M onto a ¢ x ¢ matrix, we may project the
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full layer-wise Hessian of the first layer, namely H") = E[DW®TAW D ® xx"|
onto a ¢ x ¢ matrix using very similar techniques. For simplicity of notation, we will
denote W® by W and HW by H unless explicitly stated otherwise.

Since the autocorrelation matrix xx has unbounded Frobenious norm, we will
consider a re-scaled version H = H /d? for our analysis. Let U = 51y € R be

an all-1 matrix scaled by \/LE’ we have UUT = 1. Let V. = W QU be our projection

matrix for H , we may then state our main lemma for full layer-wise Hessian.

Lemma C.2.23. With probability 1 over W) and W),

. 2
|vavT]
F =

2

lim 1. (C.161)
n—0oo

9

F

Proof of Lemma C.2.23. Similar to the proof for the output Hessian, we will

introduce a “bridging term”

" 1
H* = EE[D/W(Q)TAW@)D/ ®Rx"x"T] (C.162)

where D’ is an independent copy of D and also independent of A, and x” is an

independent copy of x which is independent to both D’ and A. Informally, we will

show
. 2 o 2 o2 o2
HVHVT ~ ”VH*VT ~ HH ~ ||E|| . (C.163)
F F F F
We first look into the structures of H*.
Lemma C.2.24. With probability 1 over W) and W3,
. 1 T ) T 1 r m—1
H* = 1 (W E[A]W + diag(W ]E[A]W)) ® %ldld + o I,). (C.164)
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Moreover, for large n, /32 < HIjI*

< 202,
F

Proof of Lemma C.2.24. By independence in construction, we have H* =
M* ® (JE[x"x"T]). Thus we only need to look into E[x"x"T]. For i = j, we have

E[x"x"T];; = E[x;x;] = £ while for i # j, E[x"x"T];; = E[x;x;] = 5=. Thus

-1

1
E[x"x"T] = 5141} + 7% I, (C.165)
It follows that
1 1 (m—1)2 1 1
C}E&_”E xx' |||, = lim d\/d247r2 A= 5= = >3 (C.166)
Thus for large n we have = dHE xx HF < 1. Since = dHM* ®E[Xx HF =

||M*||F}iHIE[XXT]HF and we know that 7 < Hﬁ*

< 2¢? from Lemma C.2.19. We
F

can conclude that for large n, /32 < HI?*

- < 22, ]

Lemma C.2.25. With probability 1 over W) and W)

Proof of Lemma C.2.25. Unsurprisingly, this proof will be very similar to the proof

of Lemma C.2.20. Recall that H* = IE[D’'WTAWD’ @ x"x"T|. Let (D, A,X) be

1
d
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an independent copy of (D, A, x),

9 2

9

F

- H éE[DWTAWD ®xx"]

F

—E %<DWTAWD Rxx" , DWTAWD ® >-<5<T>]

1 o
=E = tr ((DWTAWD ®xx') (DWTAWD ® xxT))} (C.167)

| 1t (DWTAWDDWTAWD) 1 fux"xx)|

1 _ R
—E E(XTXXTX) tr (WDDWTAWDDWTA)] :

Expressing the term inside the expectation as a polynomial of entries of A, D, A
and D, we get

1

ﬁ(xTiiTx) tr (WDDWTAWDDW TA)

= 2 X)X, XX, (Z (WDDWTAWDDWTA)M)

i=1

(C.168)

p,g=1

[

1 d n
=d—2 Z 2 W Wi WAy AL DyDyDy Dy X, XXX,
g=114,5,k,s t=1

We skipped some derivations as they are identical to Equation C.140. The mono-
mials are AMASJ-DUDZ,Zf)t,tDt,txp)’cpxqiq, and the corresponding coefficients are
W, Wi W, W ,. The ¢; norm of the coefficients is

Z Z Z Wi W W, W,

p,q=117,k,s=11t=1

Z Z W, Wi W; W,y

i k,s=11t=1

I

1 1

(C.169)
which we know is upper bounded by some constant with probability 1 over W from
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Equation C.141.

o112 _
For any ¢ > 0, fix e. Note that HH* is just substituting (D, D, x,X) by
F

(D', D', x",%") in the polynomial characterized by Equation C.168. From Corollary
C.2.17 we have the convergence of the difference of the expectation of the two polyno-

o2 RIE
mials, namely | HH H — HH *II | < e for sufficiently large n. Since the spectral norm of
F F

N . o2
H* is bounded below from 0 by Lemma C.2.19, we have lim,,_,, HH H*|| =1.

iy

F

O]

Lemma C.2.26. For alli,j € [¢],lim,o(VHVT);; — (VH*VT),,) = 0. Thus,

o 2
HVHVTH
lim E =
n—00

1 r (C.170)
|vavr],

Proof of Lemma C.2.26. This proof is very similar to that of Lemma C.2.25. First,
we focus on a single entry of the matrix VHVT and express it as a polynomial of
entries of A and D:

1

(VHVT),, = E y

(WeU)

VR

DWTAWD @ xx")(W ® U)T) | ]

) % (WDWTAWDW')® (Uxx'U")) }

L 27]
—1 1 T T T T
-E|3- ~(1xx"1,) (WDWTAWDWY) | (C.171)
[ 1 d c
3 (8 5e) (Srowraiwonns)
| p,q=1 k=1

Z Z “/i,lWs,ka,tVVj,tAs,le,lDt,tXqu] :
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We skipped some derivations as they are identical to Equation C.142. The mono-
mials are A, ;D;;D;;x,x,, and the corresponding coefficients are W; W, ;W /W ;.

Observe that the ¢; norm of the coefficients satisfies

Z Z W, W W W,

k,s=11t=1

d c n
%Z DWW W W = . (C172)

p,q=1k,s=11t=1

1 1

which we know is bounded above by some constant from Equation C.143. Note
that the expression of each entry of VH*WT is just substituting (D, D, x,%) by
(D', D', x",x") in the polynomial characterized by Equation C.171. Therefore, using

Lemma C.2.16, we have with probability 1 over W, for all i, j € [¢],

lim (VHVT),; — (VH*VT),;) = 0. (C.173)
This completes the proof of the lemma as VHVT is of constant size. ]

Lemma C.2.27. With probability 1 over W1 and W®,

o 2
[vaevT,
lim ot = 1. (C.174)
H*
F

Proof of Lemma C.2.27. This lemma is a direct corollary of Lemma C.2.22 for
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the output Hessian. Note that by the independence in construction,

VH*VT =

(WU)E[DWTAWD@x"x"T| (W e@UT)

(W@U) (M* ®E[ n //T]) (WT®UT)

&Ir— &IH &IH

(WM*WT) @ (UE [x"X"T|UT)

_ (WM*WT) ® <d12 1TE[ " //T] 1d)

1
d2 1TE[ " //T] d (WM*WT)

From Equation C.165 we have

Thus

T % T2 1
HVHVH (= +
F 2T

T " //T d 1 2 m
1)E [x Z =&+
! 2

T—1 2

2md

)WM*W
F

1 T—1 (m—1)2 9
S W M*W ..
(47?2 * 272d - 472 d? ) | Iz

Meanwhile note that

2

9

H*

F

where

M QE X ”T]HQ _ 1

F o d? M”

2 nonT7|[2
®|[E x|

P

d 2 1 T—1

B e = 3 o - e+ T a

i,j=1
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(C.177)

(C.178)
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Thus

o 12 1 m—1 ~ |2

N =(-—=+ M*|| . C.180

F (47r2 2nd ) H F ( )

Since d = n'*® for some constant a > 0, we have
1 a—1 , (7—1)?
L+ 54

R D (C.181)
"0 T o

Thus combined with the result from Lemma C.2.22, we have

N—>00 PUI* 2 ﬁ + % N0 ||M*||%
F

o 2
VH*VTH pel L (re1)? 2
lim H F _ (hm ﬁ + 2#22 + 4m2d? ) (hm HWM*W HF) =1
n—a0

(C.182)

[
Combining Lemma C.2.25, Lemma C.2.26, and Lemma C.2.27 completes the

proof of Lemma C.2.23. O

Now we are done with the lemmas and will proceed to the proof of the main

theorems.
Structure of Output Hessian of the First Layer

We first restate Theorem 4.4.2 here:
Theorem 4.4.2 Let M* = E[D'W@TAW@D'| where D’ is an independent copy

of D and s also independent of A. Let S and Sy be the top ¢ — 1 eigenspaces of

MW and M* respectively, for all e > 0,

lim Pr [Overlap (S1,52) > 1 —¢€] = 1. (C.183)
=0 W ~N(0,51,4), W) ~N (0,2 I,,)
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Moreover, as
Ae(M
lim Pr ﬁ‘ <e|l=1 (C.184)
n—0 W) AN (0,4 I0), WD ~N (0,1 I.,,) )\c—l(M) WO W

Proof of Theorem 4.4.2. ]
From Lemma C.2.18 we have

| wamwT

= 1. (C.185)
e | Ml

Then we consider ||WTWMWTWH2 Note that

IWTWMW W = tr(WWMW WWWMWTW)
(C.186)
—tr(WW WMW WWTWMWT).
From Lemma C.2.5 we know that for all ¢ > 0, lim,,_,, Pr(HWWT — ICH > e’) = 0.
For notation simplicity, in this proof we will omit the limit and probability argu-
ments which can be dealt with using union bound. Therefore, we will directly state
HWWT — I.| < ¢. From Kleinman and Athans (1968) we know that for positive
semi-definite matrices A and B we have A\, (A) tr(B) < tr(AB) < Apax(A) tr(B),
SO
[trt(WWT - WMW WWTWMWT) —trt(WMW WW TWMWT)|
<max{l — Apin(WWT) A\ WWT) = Lto(WMW TWWTWMWT)

<|[WWT - L[| e(WMWTWW T WMW') < tr(WMW WW WMWT).
(C.187)
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Similarly,
[tt(WMW WW T WMW') —tt(WMW WMWT)|
=[trf(WW' - WMW ' WMW') - tt(WMW WMWT)| (C.188)

<WWT —L|r(WMW WMW") < tr( WMW TWMWT).

Therefore,
W W MWW - W)
=[tr(WWT - WMW T WW WMW") - tt( WMW TWMWT)|
<t (WWT - WMWTWW WMW'") - tt(WMW TWWTWMWT)|
+ [t (WMWTWW WMW'") —tr( WMW TWMWT)|
<Etr(WMW T WW WMWT) + {tt(WMW TWMWT)
<1+ HNtr(WMWTWMWT) + tr(WMW T WMW')

<(2¢ + (€2) e (WMWTWMWT) = (2¢ + (¢)°)|[WMWT|[>.

(C.189)
For all € > 0, select € < mim{%E 7}, we have
[[WTWMWTW|. — [WMWT|%| < WMWT|%. (C.190)
In other words,
| wmwWMwWTW [,
im - =1. (C.191)
e [WMWT
Hence we get
TWMWT 2
i IV WMWIW], =1 (C.192)

2
now® M|
Next, consider the orthogonal projection matrix Py = W' 'W that projects vectors
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in R™ into the subspace spanned by all rows of W. Here W is the orthogonolized W,
which is explicitly defined in Lemma C.2.8. We will consider the matrix Py M Py .

Define § = WTW — Py, then from Lemma C.2.8 we get [|6]|% < ¢. Therefore,
IWTWMWTW||,. — || Pw M Pw | |
< [Pw Mo||p + [|0M Pw || p + [[0M5]| -
(C.193)
2
< [|M | Pr (2] Pw | ll0]]» + 1161

< ||M||Pr[2-4%€ + (€)?].
For all € > 0, we choose € < min{‘/;, 76z and have

[WTWMWTW|| . — || Pw M Py ||| _.
| M| ’

(C.194)

which means that

. |WTWMWTW||,, — || Pw M Py || |

e [WTW MWW, .

- [|[WTWMWTW ||, — | PwMPw| | .
n— 1Ml

Thus,

. [PwMPw| . | Pw M Py ||
1 - F ] =1. C.196
M, A WTwaMw W, (C.196)

Note that || M 3. = || Pw M Pow |7+ || Pw M Py ||} + || Pt M Pw ||+ || Py M P || ..

It follows that,

P M P+ [P M+ [P M
= IMIE cron
IM2 — || P M Py | |
= lim W WIE .
o M
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In other words,

o lPwMPl, [PeMPw], [P MP
My e My e M

e _ 0. (C.198)

From Lemma C.2.19 we know that for large n, lim,_,o || M || is lower bounded by

some constant that is independent of n, so

lim ||PwM Py |, = lim || Py MPyw||, = lim |PMPy|[, =0.  (C.199)

n—00 n—o0 n—o0

Note that
M = Py M Py + Py M Py, + Py, M Py + Py M Py, (C.200)
Thus,
lim [|[M — Pw M Pw||, = 0. (C.201)
n—0o0

For any € > 0, set § < min{g%, ‘éej’}, from Lemma C.2.8, we know that with proba-

bility 1, ||[Pw — WTW ||, < 8. Therefore,
|PwMPyw — W WMWTW ||,

<||Pw — WIW || M| + 2| Pw — WTW || | M| || Pw ||

(C.202)
<6%-2¢% 4+ 20 - 267
<e€.
In other words,
lim ||PwMPy — WIWMW W] = 0. (C.203)
n—00
Now we conclude that
lim |M - W WMWTW||, = 0. (C.204)

n—o0
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From Lemma C.2.21 we know that

lim |[WMWT - WM*W'||, =0. (C.205)

n—0o0

Since

[WTWMW™W - WWMW W| < |W|,|WMWT-WMWT|_

(C.206)
from Lemma C.2.3 which bounds the Frobenius norm of W we know that
lim |[WIWMW'™W - W WM*W'W||, =0. (C.207)
n—0o0
Thus,
lim |M - W'WM*W'W||, = 0. (C.208)

n—0o0

Note that M* = 1 (E[WTAW] + diag(E[WTAW])), so

=

AWTWMWW = WWWIAWWW + W Wdiag(E[WTAW])WTW.
(C.209)
We will first analyze the second term on the RHS of equation Equation C.209. For

all e > 0, set € = ﬁ, and from Lemma C.2.5 we know that HWWT — ICH < € with

probability 1, which means that \”WWTHF — ¢| < € with probability 1. Set € = ¢,

we know that |[WWT|| < 2c with probability 1. Note that
|WTW diag(E[WTAW ) WTW || . < |[WTW|[>.||diag(E[WTAW])|| .
WW T diss(BWT AW, (C:210)

< 4¢°||diag(E[WTAW]) ||,
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Combine this with equation Equation C.154 and we have

_[[WTW diag(E[WTAW)WTW ||,
[wrawl,

— 0. (C.211)

From Lemma C.2.19 we know that HWTAWH > 7 with probability 1, so
F

lim H4WTWM*WTW - WTWWTAWWTWHF —0. (C.212)

et
Similarly, define § = WWT — I, then
HWTWWTA“WWTW - WTAWHF
<HWT5L&5WHF + 2HWTLA}5HF (C.213)

<IWIRSIG|A] + 20w 00| A

Set € < min{g%,+/5=}, then from Lemma C.2.5 we know that [|d]|, < € with

probability 1, and from Lemma C.2.3 we have |[W/||, < 2c with probability 1.
We also have H:&H < c since each entry of A is bounded by 1 in absolute value.
F

Therefore,
HWTWWTJ&WWTW - WT/KWH <AVt 220 ¢ < §+§ — ¢, (C.214)
F
which means that

lim HWTWWTAWWTW - WTAWHF —0. (C.215)

n—o0
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From Equation C.212 and Equation C.215 we get

1 ~
lim ZWTAW ~-W'WM*WTW| =0. (C.216)
n—aoo F
Combining with Equation C.208 we have
1 ~
lim |M - -WTAW| =0. (C.217)
n—0o0 4 P

Besides, from equation Equation C.64 in Lemma C.2.8 we know that for any ¢ > 0,

W =W, =X [Wi-wi" <<, (C.218)

i€(c]

where W is the orthogonal version of W, i.e., we run the Gram-Schmidt process for
the rows of W. Define § « W — W, for any € > 0, set € = min{ g5, \/g}, we have

with probability 1,

|wTAw - WTAW | < 200)||A]| 1wl + o0 A
r F F (C.219)
<4t +c(€)? <e
Therefore,
lim HWTAW - WTAWHF ~0, (C.220)
n—o0
which implies
l—T~——
lim |[M — W' AW| =o. (C.221)
n—00 4 F

From Lemma C.2.15 we know that with probability 1, A is of rank (¢ —1). Since
A -1 = 0is always true, the top (¢c—1) eigenspace of A is R°\{1}. Note that the rows

in W are of unit norm and orthogonal to each other, we conclude that W' AW is
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of rank (¢ — 1) and the corresponding eigenspace is R{W;}_,\{1"W}. Moreover,
the minimum positive eigenvalue of W'AW is lower bounded by 1.

As for the top ¢ — 1 eigenvectors of M, define 6 = M — }LWTAW, then M =
}lWTl&W + 0. Define Sy as the top ¢ — 1 eigenspaces for M, and S5 to be the top

¢ — 1 eigenspaces for }LWTAW. Then from Davis-Kahan Theorem we know that

[|sin ©(S1, S2) || » < 19z : (C.222)

—_—T =

A1 (LW AW)

Here ©(5;,52) is a (c—1) x (¢ — 1) diagonal matrix whose i-th diagonal entry is the
i-th canonical angle between S; and S,. Since lim,,_,, ||0]| - = 0, and with probability

1, )\C_l(}lWTAW) > 1 which is independent of n, we have with probability 1,

lim |sin ©(S1, S2) || = 0, (C.223)

which indicates that the top ¢ — 1 eigenspaces for M and iWTAW are the same
when n — co.

Here we note that the top ¢ — 1 eigenspace of W' AW is R{W }e_ \{1TW}
since A has its null space spanned by the all-one vector, so M will also have the

same top ¢ — 1 eigenspaces. Besides, from equation Lemma C.64 we know that
limy, o0 ||W — WHF =0, so R{W }¢_,\{1TW} are the same as R{W;}¢_,\{1"W}.

This completes the proof of this theorem.
Structure of Full Hessian of the First Layer

We first restate Theorem 4.4.1 here:

Theorem 4.4.1: Let Vi and Vs be the top c—1 eigenspaces of H and H respectively,
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for all e > 0,

lim Pr Overlap (V1,V5) > 1 — €] = 1. C.224
n—>ooW<1)~N(o,§1nd),w<2>~N(o,%1w)[ p (V1, V) ] ( )

Moreover,
A (H
lim Pr #' <e|=1. (C.225)
=0 WM AN (0,2 1,,4), W ~N (0,2 I.y,) Ae—1(H) L AOR 20

Before proceeding to the main theorem, we will first look into the eigenspectrum
of the scaled auto-correlation matrix X = éE [XXT] and the top eigenspace of H.

Also recall some useful notations including U = leT and V =WQU.

Vd
Lemma C.2.28. )\ (X) = > + 51 with eigenvector \/Lald. (X)) == M(X) =
r—1
2md

Proof of Lemma C.2.28. From Equation C.165 we know that

1 1 ~1
SE[xx] = 1,10 + =1, (C.226)

X =
d ord “7 T 2rd

For unit vector v = \/iald, it satisfies

. 1 1 7r 1.1 1 7—1\ 1
X 1 1) —1 — 4+ — | =14 C.227
v= ata la a gt = <27T+27rd)\/ad (C.227)
Hence the all one vector has eigenvalue = 5+ 2ﬂ; For any unit vector v L 1y, it
satisfies
9 1 m—1 m—1
Xv=—141] : C.228
Y 2md av ord ¢ 2md Y ( )
Which means Ag = A3 = -+ = \g = =, O



Corollary C.2.29. With probability 1 over W and W) | the overlap between the

top ¢ — 1 eigenspace of H and R{V;}5_,\{V - 1} converges to 1 as n — 0.
Proof of Corollary C.2.29. First note that by simple linear algebra,
R{VI_ N1V = (RIWHL\W -1} ®U. (C.229)

While from Theorem 4.4.2 we know the overlap between the top ¢ — 1 eigenspace
of M and R{W;}¢_\{1"W} converges to 1. Thus for proving this corollary it is
sufficient to show that the top ¢ — 1 eigenspace of éf{\ = M ® X is the Kronecker
product of the top ¢ — 1 eigenspace of M and U.

From Theorem 4.4.2 we know, with probability 1 over W1 and W@ for large
n, Ae_1 (M) > n/4 and \; (M) < 2¢® where 1 and ¢ are absolute constants. Thus for

large n we have

‘ o . 1 7-1 17
= - > !
T}l_{rolo A (X) A1 (M) C}l_)HOIO (27r + 5 ) Aec1(M) = o (C.230)
while
lim Ao(X) A (M) = Tim =2 x, 4 (M) < lim 22 — 0 (C.231)
o 2 ! e omd "t S 2rd c=" '

Y] 9

Since for large 1, A\;(X)A._1(M) > Xo(X)A\ (M), the top ¢ — 1 eigenspace of éfI\ is
the top ¢ — 1 eigenspace of M Kronecker with the first eigenvector of X, which is

exactly U from Lemma C.2.28. This completes the proof of this corollary.

Now we proceed to prove the main theorem

Proof of Theorem 4.4.1. We will conduct the proof on H = éH as the properties

to be proved are invariant to scalar multiplication. From Corollary C.2.29 we know
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the overlap between the top ¢ — 1 eigenspace of H and R{Vi}s_,\{1TV'} converges
to 1. Thus we only need to show the overlap between the top ¢ — 1 eigenspace of H
and R{V;}¢_,\{1"V'} converges to 1.

The proof strategy for the full layerwise Hessian is exactly the same as the proof
for the output Hessian in Section C.2.2. In particular, the proof is nearly identical
when we change the projection matrix from Py to Py where V. = W Q U.

Therefore, instead of rewriting the entire proof, we may neglect some repeating
arguments by verifying the equivalent lemmas for the full layer-wise Hessian. With V'

as defined, we have |V, = [W|p, VVT = WWT and |[VTV|, = |[WTW|

P

so we can directly apply the exact same result of the two norm bounds (Lemma C.2.3,

Lemma C.2.7) on V. Now we prove Lemma C.2.30 as the equivalent of Lemma C.2.8.

Lemma C.2.30. Let V = W Q U, then Py = V'V is the projection matrix from

R"™ onto the subspace spanned by all rows of V.= W Q U. Moreover, for all € > 0,

lim Pr|[VTV = Py} > | = 0. (C.232)

n—0o0

Proof of Lemma C.2.30. Since Kronecker product with the constant 1 x d matrix
U preserves the orthogonality of vectors, doing Gram-Schmit on V' is equivalent to
doing Gram-Schmit on W then Kronecker with U, which results in V' by construc-

tion. Therefore Py is a valid projection matrix.
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Also note that for any W,

VTV -l = [weu)Wweu)-V'V|

2
F

2

—|(WW)®UU) - (W' W) (U'U)

F
T =T 12 (15 7Ty 112
- |ww -w'w| juTul;
F

2

T w7 || L T
—|lww -w WHF 141

F

= [WW - Pw ;.

From Lemma C.2.8 we have

n—0o0 n—0o0

lim Pr | [VTV = Py} > | = lim Pr[|[WTW - Ry|[}, > ¢| 0.

(C.233)

(C.234)

L]

Note that the equivalent lemmas of Lemma C.2.18- Lemma C.2.22 for H are

also established in Lemma C.2.23 - Lemma C.2.27 in Section C.2.2, substituting

(Pw, M, M*) by (Py, H, ﬁ*), we may follow the argument in Section C.2.2 up to

Equation C.208 and conclude that

lim |H-VTVEVTV| 0.
n—0 F
Now claim an equivalent argument of Equation C.216, that

1 ~ o
8—VTAV ~-V'VH*VTV

™

=0.
F

lim
n—aoo

Observe that
VTAV = WQU)TAWQU)=WTAWRU'U
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and

VIVHVV = ( WU)"(WU)(M*@X)(WeU) (WeU)
] (C.238)
=WWMW WU 'UXU'U.
We have

8LVT1~&V —ViVH*VTV
T

F

1 ~ y
= 8—WTAW QU'U- W WMW WeU'UXU'U
T

F

VA

1 ~ 1
8—WTAW QU'U — Z—WTWM*WTW QU'U
T v

F

1 y
+ ‘ 2—WTWM*WTW QU'U- W WMW' WU UXU'U
T

F

11 ~
7 ZWTAW ~-WWM*WTW

HUTUXUTUH
F F

1 y
—U'U-U'UXU'U

T * T
+[WWMWIW |-

i (C.239)

Let’s first consider the second term. Note that from Lemma C.2.28,

Lyar- L ZdllE[xxT] 141
ord T P d ij | T4

1,j=1

1 y
—U'U-U'UXU'U
2T

F

F

1 1 (2nd®> (m—1)d T
|z (5 + 552l
T 1 _ T—1
ond?2~ 2md
(C.240)

Which converges to 0 as n — oo (since d = n'*®). Since HWTWM*WTWHF is
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bounded above from Lemma C.2.3 and Lemma C.2.19. We have

1 y
lim |[WTWM*W'W|| | —U'U-UUXU'U|| =0.
n—0 2T P
For the first term, since for all d,
vtuxuTul| = |2 3 Le ™) 1,17
| .=z | X Z8b], ) 1]
ij=1 o

1 27rd2+(7r—1)d _ 1
2\ 27 21 2’
Combined with Equation C.216 we have

lim —
n—w 27

1 ~
Z—lWTAW - W WM*W'™W

HUTUXUTUH _0.
F F

(C.241)

(C.242)

(C.243)

Plug Equation C.241 and Equation C.243 into Equation C.239 gives us Equation

C.236.

Now substitute %WTAW in Section C.2.2 to S%VTAV, following the arguments

after Equation C.216 completes the remaining proof for this theorem.
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C.3 Structure of Dominating Eigenvectors of the Full Hessian.

Although it is not possible to apply Kronecker factorization to the full Hessian di-
rectly, we can construct an approximation of the top eigenvectors and eigenspace
using similar ideas and our findings.In this section, we will always have superscript
(p) for all layer-wise matrices and vectors in order to distinguish them from the full
versions. As shown in Equation C.19 of Section C.1.1, we have the full Hessian of

fully connected networks as

5 ol(z,y)

Zi

H;(0) =E|[F, A,F,] +E [ ngi] : (C.244)

i=1

where

G,MT
G.OT @ x®
FT = G, | (C.245)

Gw(L)T ®z™
G. DT

xr

In order to simplify the formula, we define

(p)
F0) = (”’1 ) (C.246)

to be the extended input of the p-th layer. Thus, the terms in the Hessian attributed

to the bias can be included in the Kronecker product with the extended input, and
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E] can be simplified as

G, OT @z

G,0T @z®
FT = .

x

(C.247)

G, (IT @ Fn

As discussed in several previous works (Sagun et al., 2016; Papyan, 2018, 2019;
Fort and Ganguli, 2019), the full Hessian can be decomposed in to the G-term
E [FJA,F,| and the H-term E [Zle %_ﬂ)vgzl} in Equation C.244.

Empirically, the G-term usually dominates the H-term, and the top eigenvalues
and eigenspace of the Hessian are mainly attributed to the G-term. Since we focus

on the top eigenspace, we can approximate our full Hessian using the G-term, as
H:(9) ~E|[F, A,F,]|. (C.248)

In our approximation of the layer-wise Hessian H;(w®) Equation 4.2, the two
parts of the Kronecker factorization are the layer-wise output Hessian E[Mép )] and
the auto-correlation matrix of the input E[x®z®T]. Although we cannot apply
Kronecker factorization to E [Fa:,r Awa], we can still approximate its eigenspace
using the eigenspace of the full output Hessian.

Note here that the full output Hessian is not a common definition. Let m =
Z£=1 m®) be the sum of output dimension of each layer. We define a full output

vector Z € R™ by concatenating all the layerwise outputs together,

z = . (C.249)

202



We then define the full output Hessian is the Hessian w.r.t. Z. Let the full output
Hessian for a single input & be M, € R™* ™  Similar to Equation C.15, it can be

expressed as

M, = H/(Z,z) = GLA,G,, (C.250)

where

G(ml)T

Gg)T
G = . (C.251)

a7
similar to Equation C.247. The full output Hessian for the entire training sample is
thus

H;(Z) = E[M,] = E[G] A.G.]. (C.252)

We can then approximate the eigenvectors of the full Hessian H(f) using the
eigenvectors of E[M,]. Let the i-th eigenvector of H.(#) be v; and that of E[M,]
be u;. We may then break up wu; into segments corresponding to different layers as

n

where for all layer p, ugp ) e R™"” . Motivated by the relation between G, and F,,

the i-th eigenvector of H(f) can be approximated as the following. Let

u” @ B[]

) o R[22
ui” ©Elet] (C.254)

w; =
ul” @ B[z
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We then have

wA
v~ D (C.255)
|lwi

We can then use the Gram—-Schmidt process to get the basis vectors of the approxi-
mated eigenspace.

Another reason for this approximation is that the expectation is the input of
each layer E[z®)] dominates its covariance as shown in Section C.6.1. Thus, the
approximate is accurate for top eigenvectors and also top eigenspace. For latter
eigenvectors, the approximation would not be as accurate since this approximate
loses all information in the covariance of the inputs.

We also approximated the eigenvalues using this approximation. Let the ¢-th

eigenvalue of H.(f) be \; and that of E[M,] be ;. We have

Below we show the approximation of the eigenvalues top eigenspace using this
method. The eigenspace overlap is defined as in Definition 4.2.1. We experimented
on several fully connected networks, the results shown below are for F-200? (same as
Figure 4.2(c)(d) in the main text), F-200*, F-600?, and F-6008, all with dimension

50. The approximations are reasonably accurate.
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C.4 Computation of Hessian Eigenvalues and Eigenvectors

For Hessian approximated using Kronecker factorization, we compute E[M] and
E[zx™] explicitly. Let m and v be an eigenvector of E[M | and E[zx] respectively,
with corresponding eigenvalues \,, and \,. Since both matrices are positive semi-
definite, T ® v is an eigenvector of E[M] ® E[zx”] with eigenvalue A\pA,. In
this way, since E[M| has m eigenvectors and E[xz”]| has n eigenvectors, we can
approximate all mn eigenvectors for the layer-wise Hessian. All these calculation
can be done directly.

However, it is almost prohibitive to calculate the true Hessian explicitly. Thus,
we use numerical methods with automatic differentiation (Paszke et al., 2017) to
calculate them. The packages we use is Golmant et al. (2018) and we use the Lanczos
method in most of the calculations. We also use package in Yao et al. (2019) as a
reference.

For layer-wise Hessian, we modified the Golmant et al. (2018) package. In par-
ticular, the package relies on the calculation of Hessian-vector product Hwv, where
v is a vector with the same size as parameter 6. To calculate eigenvalues and eigen-
vectors for layer-wise Hessian at the p-th layer, we cut the v into different layers.
Then, we only leave the part corresponding to weights of the p-th layer and set all
other entries to 0. Note that the dimension does not change. We let the new vector
be v® and get the value of w = Hv® using auto differentiation. Then, we do the

same operation to w and get u®.
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C.5 Detailed Experiment Setup

C.5.1 Datasets

We conduct experiment on CIFAR-10, CIFAR-100 (MIT) (Krizhevsky and Hinton,
2009) (https://www.cs.toronto.edu/~kriz/cifar.html), and MNIST (CC BY-
SA 3.0) (LeCun et al., 1998) (http://yann.lecun.com/exdb/mnist/). The datasets
are downloaded through torchvision (Paszke et al., 2019b) (https://pytorch.org/
vision/stable/index.html). We used their default splitting of training and testing
set.

To compare our work on PAC-Bayes bound with the work of Dziugaite and Roy
(2017), we created a custom dataset MNIST-2 by setting the label of images 0-4 to
0 and 5-9 to 1. We also created random-labeled datasets MNIST-R and CIFAR10-R
by randomly labeling the images from the training set of MNIST and CIFAR10. The

dataset information is summarized in Table C.1

Table C.1: Datasets

# Data Points

Dataset Train ~ Test Input Size # Classes  Label
CIFAR10 50000 10000 3 x 32 x 32 10 True
CIFARI0-R 50000 10000 3 x 32 x 32 10 Random
CIFAR100 50000 10000 3 x 32 x 32 100 True
MNIST 60000 10000 28 x 28 10 True
MNIST-2 60000 10000 28 x 28 2 True
MNIST-R 60000 10000 28 x 28 10 Random

All the datasets (MNIST, CIFAR-10, and CIFAR-100) we used are publicly avail-
able. According to their descriptions on the contents and collection methods, they
should not contain any personal information or offensive content. MNIST is a remix

of datasets from the National Institute of Standards and Technology (NIST), which
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obtained consent for collecting the data. However, we also note that CIFAR-10 and
CIFAR-100 are subsets of the dataset 80 Million Tiny Image (Torralba et al., 2008)
(http://groups.csail.mit.edu/vision/TinyImages/), which used automatic col-

lection and includes some offensive images.
C.5.2 Network Structures

Fully Connected Network: We used several different fully connected networks varying
in the number of hidden layers and the number of neurons for each hidden layer. The
output of all layers except the last layer are passed into ReLLU before feeding into the
subsequent layer. As described in Section 4.5.1, we denote a fully connected network
with m hidden layers and n neurons each hidden layer by F-n™. For networks without
uniform layer width, we denote them by a sequence of numbers (e.g. for a network
with three hidden layers, where the first two layers has 200 neurons each and the
third has 100 neurons, we denote it as F-200%-100). For example, the structure of

F-200? is shown in Table C.2.
Table C.2: Structure of F-2002 on MNIST

# Name Module In Shape Out Shape
1 Flatten (28,28) 784
2 fel Linear(784, 200) 784 200
3 ReLU 200 200
4 fc2 Linear(200, 200) 200 200
5 ReLU 200 200
6 fc3 Linear(200, 10) 200 10
output

LeNet5: We adopted the LeNet5 structure proposed by LeCun et al. (1998) for
MNIST, and slightly modified the input convolutional layers to adapt the input of
CIFAR-10 dataset. The standard LeNetb structure we used in the experiments is
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shown in Table C.3. We further modified the dimension of fcl and conv2 to create
several variants for the experiment in Section 4.5.3. Take the model whose first
fully connected layer is adjusted to have 80 neurons as an example, we denote it as

LeNet5-(fc1-80).
Table C.3: Structure of LeNetb on CIFAR-10

# Name Module In Shape Out Shape
1 convl Conv2D(3, 6,5, 5)  (3,32,32) (6, 28, 28)
2 ReLU (6, 28, 28) (6, 28, 28)
3 maxpooll MaxPooling2D(2,2) (6, 28, 28) (6, 14, 14)
4 conv? Conv2D(6, 16, 5, 5) (6, 14, 14) (16, 10, 10)
5 ReLU (16, 10, 10) (16, 10, 10)
6 maxpool2 MaxPooling2D(2,2) (16, 10, 10) (16, 5, 5)
7 Flatten (16, 5, 5) 400

8 fcl Linear(400, 120) 400 120

9 ReLLU 120 120

10 fc2 Linear(120, 84) 120 84

11 ReLLU 84 84

12 fe3 Linear (84, 10) 84 10

output

Networks with Batch Normalization: In Section C.7.3 we conducted several experi-
ments regarding the effect of batch normalization on our results. For those exper-
iments, we use the existing structures and add batch normalization layer for each
intermediate output after it passes the ReLU module. In order for the Hessian to
be well-defined, we fix the running statistics of batch normalization and treat it as a
linear layer during inference. We also turn off the learnable parameters 6 and g (Ioffe
and Szegedy, 2015) for simplicity. For network structure X, we denote the variant
with batch normalization after all hidden layers X-BN. For example, the detailed

structure LeNet5-BN is shown in Table C.4.
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Table C.4: Structure of LeNet5-BN on CIFAR-10

# Name Module In Shape Out Shape
1 convl Conv2D(3, 6,5,5)  (3,32,32) (6, 28, 28)
2 ReLU (6, 28, 28) (6, 28, 28)
3 BatchNorm2D (6, 28, 28) (6, 28, 28)
4 maxpooll MaxPooling2D(2,2) (6, 28, 28) (6, 14, 14)
5 conv2 Conv2D(6, 16, 5, 5) (6, 14, 14) (16, 10, 10)
6 ReLU (16, 10, 10) (16, 10, 10)
7 BatchNorm2D (16, 10, 10) (16, 10, 10)
8 maxpool2 MaxPooling2D(2,2) (16, 10, 10) (16, 5, 5)
9 Flatten (16, 5, 5) 400
10 fel Linear (400, 120) 400 120
11 ReLLU 120 120
12 BatchNorm1D 120 120
13 fe2 Linear(120, 84) 120 84
14 ReLU 84 84
15 BatchNorm1D 84 84
16 fe3 Linear(84, 10) 84 10
output

Variants of VGG11: To verify that our results apply to larger networks, we trained a
number of variant of VGG11 (originally named VGG-A in the paper, but commonly
refered as VGG11) proposed by Simonyan and Zisserman (2015). For simplicity, we
removed the dropout regularization in the original network. To adapt the structure,
which is originally designed for the 3 x 224 x 224 input of ImageNet, to 3 x 32 x 32
input of CIFAR-10.

Since the original VGG11 network is too large for computing the top eigenspace
up to hundreds of dimensions, we reduce the number of output channels of each
convolution layer in the network to 32, 48, 64, 80, and 200. We denote the small size
variants as VGG11-W32, VGG11-W48, VGG11-W64, VGG11-W80, and VGG11-
W200 respectively. We use convl - conv8 and fcl to denote the layers of VGG11

where convl is closest to the input feature and fcl is the classification layer.
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Variants of ResNet18: We also trained a number of variant of ResNet18 proposed by
He et al. (2016b). As batch normalization will change the low rank structure of the
auto correlation matrix and reduce the overlap, we removed all batch normalization
operations. Following the adaptation of ResNet to CIFAR dataset as in https:
//github.com/kuangliu/pytorch-cifar, we changed the input size to 3 x 32 x 32
and added a 1x1 convolutional layer for each shortcut after the first block.

Similar to VGG11, we reduce the number of output channels of each convolution
layer in the network to 48, 64, 80. We denote the small size variants as ResNet18-
W48, ResNet18-W64, and ResNet18-W80 respectively. We use convl - convl7 and
fcl to denote the layers of the ResNet18 backbone where convl is closest to the
input feature and fcl is the classification layer. For the 1x1 convolutional layers
in the shortcut, we denote them by sc-convl - sc-conv3. where sc-convl is the
convolutional layer on the shortcut of the second ResNet block and sc-conv3 is the

convolutional layer on the shortcut of the fourth ResNet block.
C.5.8 Training Process and Hyperparameter Configuration

For all datasets, we used the default splitting of training and testing set. All models
(except explicitly stated otherwise) are trained using batched stochastic gradient
descent (SGD) with batch-size 128 and fixed learning rate 0.01 for 1000 epochs. No
momentum and weight decay regularization were used. The loss objective converges
by the end of training, so we may assume that the final models are at local minima.
For generality we also used a training scheme with fixed learning rate at 0.001, and a
training scheme with fixed learning rate at 0.01 with momentum of 0.9 and weight-
decay factor of 0.0005. Models trained with these settings will be explicitly stated.

Otherwise we assume they were trained with the default scheme mentioned above.
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Follow the default initialization scheme of PyTorch(Paszke et al., 2019b), the
weights of linear layers and convolutional layers are initialized using the Xavier

method (Glorot and Bengio, 2010), and bias of each layer are initialized to be zero.
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C.6 Additional Empirical Results

C.6.1 Low Rank Structure of Auto-Correlation Matriz E[xz"|

We have briefly discussed about the autocorrelation matrix E[za ] being approxi-
mately rank 1 in Section 4.3.1 in the main text. In particular, we claimed that the
mean of layer input dominate the covariance, that E[zx"] ~ E[z]|E[z"]. In this
section we provide some additional empirical results supporting that claim.

We use two metrics to quantify the quality of this approximation: the squared
dot product between normalized E[z] and the first eigenvector of E[za"] and the
ratio between the first and second eigenvalue of E[xzx]. Intuitively if the first
quantity is close to 1 and the second quantity is large, then the approximation
is accurate. Formally, for fully connected layers, define IAE[:B] as the normalized
expectation of the layer input @, namely E[x]/|E[z]|. For convolutional layers,
following the notations in Section C.1.2, define ]E[:v] as the first left singular vector
of E[X] where E[z] € R"S152_ Abusing notations for simplicity, we use E[zz"] to
denote the n K Ky x n Ky Ko matrix E[ X X T]. In this section we consider the squared
dot product between E[z] and the first eigenvector vy of E[za '], namely (v]E[x])2.

For the spectral ratio, let A\; be the first eigenvalue of E[xzx"| and )y be the
second. We have

M [E[z]E[z]T] - [2a] _ |E[z]E[z]"|
Do > P>

— 1, (C.257)

where ¥, is the covariance of x. Thus, the spectral norm of E[z|E[z]|T divided

by that of 3, gives a lower bound to A;/As. In our experiments, we usually have
M/A2 = [E[z]E[z]T] /|-

As we can see from Table C.5 and Table C.6, in a variety of settings, E[z]|E[x]"
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indeed dominated the autocorrelation matrix E[zz ] for fully connected layers. Sim-
ilar phenomenon also holds for convolutional layers in the modern architectures, but

the spectral gap are generally smaller compared to that of the fully connected layers.
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Table C.5: Squared dot product (vlTIE[a:])2 and spectral ratio A\;/Ay for fully con-
nected layers in a selection of network structures and datasets. We independently
trained 5 runs for each instance and compute the mean, minimum, and maximum of
the two quantities over all layers (except the first layer which takes the input with
mean-zero) in all runs.

(v] E[z])? A1/ A2

Dataset Network # fc mean min max mean min max

ResNet18-W48
ResNet18-W64
ResNet18-W8&0

1.000 1.000 1.000 28.23 27.37  29.27
1.000 1.000 1.000 27.07 25.72  29.50
1.000 1.000 1.000 28.23 25.98  30.03

MNIST F-200? 2 1.000 1.000 1.000 12.29 9.65 16.16
F-600? 2 0.999 0.999 0.999 12.00 11.42 13.00
F-600* 4 1.000 0.999 1.000 17.81 7.33 28.00
F-6008 8 0.991 0.965 1.000 6.63 2.28 11.15
CIFAR10  F-6002 2 0.999 0.998 1.000 9.24 4.74 13.74
F-15003 3 0.999 0.997 1.000 13.27 6.10 18.41
LeNet) 3 0.998 0.997 0.999 r1.21 5.88 9.02
LeNet5-(fc1-80) 3 0.998 0.996 0.999  7.80 6.77 11.01
LeNet5-(fc1-100) 3 0.997 0.995 0.999 7.42 6.20 9.10
LeNet5-(fc1-150) 3 0.998 0.992 0.999 7.35 5.34 9.62
VGG11-W32 1 0.990 0.988 0.993 6.02 5.57 6.51
VGG11-W64 1 0.996 0.993 0.999 5.87 5.32 6.26
VGG11-W64 1 0.995 0.993 0996 6.24 5.97 6.70
CIFAR100 VGG11-W48 1 0.999 0.999 0.999 17.861 15.456 20.491
VGG11-W64 1 0.999 0.999 1.000 19.185 18.358 20.410
VGG11-W80 1 0.999 0.999 1.000 19.455 18.120 21.450
1
1
1
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Table C.6: Squared dot product ('UITIE[:B])2 and spectral ratio A; /A, for convolutional
layers in the selection of network structures and datasets in Table C.5.

(0] E[z])? A1/A2
Dataset Network # conv mean min max mean min  max
CIFAR10  LeNeth 1 0.999 0.998 0.999 15.87 11.15 27.20

LeNet5-(fc1-80)
LeNet5-(fc1-100)
LeNet5-(fc1-150)

0.998 0.998 0.999 1236 9.53 13.36
0.999 0.999 0.999 19.49 16.69 21.92
0.999 0.998 0.999 1286 7.65 16.34

1

1

1
VGG11-W32 7 0995 0991 0999 531 239 9.09
VGG11-W64 7 0.997 0.993 1.000 5.76 250 9.98
VGG11-W64 7 0.998 0.995 1.000 5.81 253 10.62
CIFAR100 VGG11-W48 7 0.996 0.991 0.999 5.72 246 9.90
VGG11-W64 7 0.995 0.991 0.999 5.66 250 10.79
VGG11-W80 7 0.994 0.988 0.998 5.18 250 845
ResNet18-W48 19 0.981 0917 0998 3.79 189 7.56
ResNet18-W64 19 0985 0.910 0998 396 181 7.53
ResNet18-W80 19 0.987 0.954 0997 4.16 211 7.04
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C.6.2 Figenspace Overlap Between Different Models

The non trivial overlap between top eigenspaces of layer-wise Hessians is one of our
interesting observations that had been discusses in Section 4.5.3. Here we provide
more related empirical results. Some will further verify our claim in Section 4.5.3
and some will appear to be challenge that. Both results will be explained discussed

more extensively in Section C.7.
Qverlap preserved when varying hyper-parameters:

We first verify that the overlap also exists for a set of models trained with the different
hyper-parameters. Using the LeNet5 (defined in Table C.3) as the network structure.
We train 6 models using the default training scheme (SGD, Ir=0.01, momentum=0),
5 models using a smaller learning rate (SGD, Ir=0.001, momentum=0), and 5 models
using a combination of optimization tricks (SGD, lr=0.01, momentum=0.9, weight
decay=0.0005). With these 16 models, we compute the pairwise eigenspace overlap
of their layer-wise Hessians (120 pairs in total) and plot their average in Figure C.2.
The shade areas in the figure represents the standard deviation. The pattern of
overlap is clearly preserved, and the position of the peak roughly agrees with the
output dimension m, demonstrating that the phenomenon is caused by a common

structure instead of similarities in training process.

convl m =6 conv2 m = 16

fcl m =120

fc2m =284 fe3 m =10
0.6 4 0.20 : :
0.4
0.81

0.54

0.15 4 4
0.6 1 0.4 4 0.4 0.3

0.39 0.104
0.4 0.24

0.29 0.2

0.2 0.05 { 0.14

0.1

0.0 0.0+ 0.0 0.00 0.0

5 10 15 0 20 40 0 100 200 0 100 200 0 20
Dimension Dimension Dimension Dimension Dimension

Ficure C.2: Eigenspace overlap of different models of LeNet) trained with different
hyperparameters.
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Note that for fc3 (the final output layer), we are not observing a linear growth
starting from 0 like other layers. This can be explained by the lack of neuron permu-
tation. Related details will be discussed along with the reason for the linear growth

pattern for other layers in Section C.7.2.
FEigenspace overlap for convolutional layers in large models:

Even though the exact Kroneckor Factorization for layer-wise Hessians is only well-
defined for fully connected layers, we also observe similar nontrivial eigenspace
overlap for convolutional layers in larger and deeper networks including variants
of VGG11 and ResNet18 on datasets CIFAR10 and CIFAR100. Some representative
results are shown in Figure C.3 and Figure C.4. For each model on each dataset, we
independently train 5 models and compute the average pairwise eigenspace overlap.
The shade areas represents the standard deviation.

For most of the convolutional layers, the eigenspace overlap peaks around the
dimension which is equal to the number of output channels of that layer, which is
similar to the layers in LeNet5 as in Figure C.2. The eigenspace overlap of the final
fully connected-layer also behaves similar to fc3:LeNetb, which remains around a
constant then drops after exceeding the dimension of final output. However, there
are also layers whose overlap does not peak around the output dimensions, (e.g.
conv2 of Figure C.3(a) and conv7 of Figure C.4(a)). We will discuss these special

cases in the following paragraph.
Failed cases for eigenspace overlap

As seen in Figure C.3 and Figure C.4, there is a small portion of layers, usually closer
to the input, whose eigenspace overlap does peak around the output dimensions.

These layers can be clustered into the following two general cases.
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Early Peak of Low Overlap For layers shown in Figure C.5. The overlap of dominating
eigenspaces are significantly lower than the other layers. Also there exists a small

peak at very small dimensions.

Delayed Peak / Peak Doesn’t Decline  For layers shown in Figure C.6, the top eigenspaces
has a nontrivial overlap, but the peak dimension is larger than predicted output di-
mension.

However, the existence of such failure cases does not undermine the theory of
Kronecker factorization approximation. In fact, both appear because the top hessian
eigenspace is not completely spanned by E[x], and can be predicted by computing
the auto correlation matrices and the output Hessians. The details will also be

elaborated in Section C.7.2 with the help of correspondence matrices.
C.6.3 FEigenvector Correspondence

In this section, we leverage the idea of eigenvector matricization (Definition 4.2.2) and
analyze the validity of the decoupling conjecture using a matrix which we defined as
the eigenvector corresponding matrix. First let us recall the definition of eigenvector

matricization

Definition 4.2.2 Consider a layer with input dimension n and output dimension m.
For an eigenvector h € R™ of its layer-wise Hessian, the matricized form of h is

Mat(h) € R™ "™ where Mat(h); ; = R(i—1)m+;-

Suppose the i-th eigenvector for E[zx ] is v; and the j-th eigenvector for E[M] is
u;. Then the Kronecker product E[M|®E[zx ] has an eigenvector u; @ v;. There-
fore if the decoupling conjecture is true, one would expect that the top eigenvector
of the layer-wise Hessian have a clear correspondence with the top eigenvectors of its

219



two components. Note that u ® v is just the flattened matrix uwv'.

More concretely, to demonstrate the correspondence between the eigenvectors of
the layerwise hessian and the eigenvectors of matrix E[M | and E[zx ], we introduce

“eigenvector correspondence matrices” as shown in Figure C.7.

Definition C.6.1 (Eigenvector Correspondence Matrices). For layer-wise Hessian
matrix H e R"™*™" with eigenvectors hq,--- ,h,,,, and its corresponding auto-
correlation matrix E[zx ] € R™" with eigenvectors vy, - - ,v,. The correspondence

between v; and h; can be defined as
COI‘I‘(’U,‘, h]) = H Mat(h])vz|]2 (CQ58)

For the output Hessian matrix E[M] € R™*™ with eigenvectors uq, - -+ , u,,, we can

likewise define correspondence between v; and h; as
Corr(u;, h;) = | Mat(h;) Tu;|? (C.259)

We may then define the eigenvector correspondence matrix between H and E[zxT]
as a n x mn matrix whose 4, j-th entry is Corr(v;, h;), and the eigenvector corre-

spondence matrix between H and E[M] as a m x mn matrix whose 4, j-th entry is

COI'I'(’U,Z', h])

Intuitively, if the i, j-th entry of the corresponding matrix is close to 1, then
the eigenvector h; is likely to be the Kronecker product of v; (or w;) with some
vector. Note that if the decoupling conjecture holds absolutely, every eigenvector of
the layer-wise Hessian (column of the correspondence matrices) should have a perfect
correlation of 1 with exactly one of v; and one of u;. In Figure C.7 we can see that the
correspondence matrices for the true layer-wise Hessian approximately satisfies this
property for top eigenvectors. The similarity between the correspondence patterns
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for the true and approximated Hessian also verifies the validity of the Kronecker
approximation for dominating eigenspace.

In Figure C.7, we show the heatmap of Eigenvector Correspondence Matrices
for fcl:LeNeth, which has 120 output neurons. Here we take the top left corner of
the eigenvector correspondence matrices. We can see that the top 120 eigenvectors
of E[H], roughly corresponds to the top 120 eigenvectors of E[M] (as shown by
the diagonal patter of (b)) and the first eigenvector of E[zx"] (as shown by the
horizontal pattern of (a)). The similarity between the first row and the second row
also shows the validity of the Kronecker approximation.

Here we present the correspondence matrix for fc2, convl, and conv2 layer of
LeNetb. The top eigenvectors for all layers shows a strong correlation with the first
eigenvector of E[zx "] (which is approximately IAE[a:]) For convolutional layers, since
the computation of M is not exact, the correspondence matrices with E[ M| does not
exhibit the diagonal pattern. For fc2:LeNet5 as in Figure C.9, the diagonal pattern
in (b) and the strong correlation with E[x] stops at dimension 9. This fells into one
of the “failed cases” as described in Section C.6.2 case that the small eigenvalues of
[E[M] are approaching 0 faster than E[zx"]. We will discuss this case in more detail
in Section C.7.2.

For VGG11 we also observe a strong correlation with the first eigenvector of

Elzz'].
C.6.4 Structure of E[zx"] and E[M] During Training

We observed the pattern of E[zx'] matrix and E[M|] matrix along the training
trajectory (Figure C.15, Figure C.16). It shows that E[zxT] is always approximately

rank 1, and E[M] always have around ¢ large eigenvalues. According to our analysis,
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since the nontrivial eigenspace overlap is likely to be a consequence of a approximately
rank 1 E[zz "], we would conjecture that the overlap phenomenon is likely to happen

on the training trajectory as well.
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C.7 Additional Explanations

C.7.1 Dominating Eigenvectors of Layer-Wise Hessian are Low Rank

A natural corollary for the Kronecker factorization approximation of layer-wise Hes-
sians is that the eigenvectors of the layer-wise Hessians are low rank. Let h; be
the i-th eigenvector of a layer-wise Hessian. The rank of Mat(h;) can be considered
as an indicator of the complexity of the eigenvector. Consider the case that h; is
one of the top eigenvectors. From Section 4.5.3, we have h; ~ u; ® I@[m] Thus,
Mat(h;) ~ uilﬁ[w]T, which is approximately rank 1. Experiments shows that first
singular values of Mat(h;) divided by its Frobenius Norm are usually much larger
than 0.5, indicating the top eigenvectors of the layer-wise Hessians are very close to
rank 1. Figure C.17 shows first singular values of Mat(h;) divided by its Frobenius
Norm for ¢ from 1 to 200. We can see that the top eigenvectors of the layer-wise

Hessians are very close to rank 1.
C.7.2  FEigenspace Overlap of Different Models

From the experiment results in Section C.6 together with Figure 4.4, we can see
that our approximation and explanation stated in Section 4.5.3 of the main text is
approximately correct but may not be so accurate for some layers. We now present
a more general explanation which addresses why the overlap before rank-m grows
linearly. We will also explain some exceptional cases as shown in Section C.6.2 and
possible discrepancies of our approximation.

Let h; be the i-th eigenvector of the layer-wise Hessian H,(w®), under the
assumption that the autocorrelation matrix E[zz '] is approximately rank 1 that
Elzx"] ~ E[z]E[z]T, for all i < m, we can approximate the h; as u; @ (E[z]/|E[z]||)

where u; is the i-th eigenvector of E[M]. Formally, the trend of top eigenspace can
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be characterized by the following theorem. For simplicity of notations, we abuse the
superscript within parentheses to refer the two models instead of layer number in

this section.

Theorem C.7.1. Consider 2 different models with the same network structure trained
on the same dataset. Fiz the p-th hidden layer with input dimension n and output

dimension m. For the first model, denote its output Hessian as E[M]Y) with eigen-

values 71(1) = 72(1) == Ty(nl) > 0 and eigenvectors rgl), e ,rg) e R™; denote its
autocorrelation matriz as E[lxxT]V, with eigenvalues %1) > 751) = = 77,%) =0
and eigenvectors tgl), e ,tg) € R™. The variables for the second matrices are defined

identically by changing 1 in the superscript parenthesis to 2.
Assume the Kronecker factorization approzimation is accurate that H(w®)1) ~
E[M]Y ® E[zx" |V and Hy(w?)? ~ E[M]? ® E[lzx"]|?. Also assume the

autocorrelation matrices of two models are sufficiently close to rank 1 in the sense

that Tr(nl)’yp > Tl(l)fyél) and Tg)7§2) > 71(2)752). Then for all k < m, the overlap of

top k eigenspace between their layerwise Hessians Hp(w®) Y and Hy(w®)?) will

be approximately %(t%l) -t§2))2. Consequently, the top eigenspace overlap will show a

linear growth before it reaches dimension m. The peak at m is approzimately (t,-ts)>.

Proof of Theorem C.7.1. Let h§2) be the i-th eigenvector of the layer-wise Hessian

for the first model H,(w® )™M, and g; be that of the second model H.(w®)®. Con-

sider the first model. By the Kronecker factorization approximation, since s %1) >

Tl(l)vgl), the top m eigenvalues of the layer-wise Hessian are 79)7'1(1), e ,%1)7}%).

nT

Consequently, for all © < m we have h; ~ ;7" ® tgl). Thus, for any k£ < m, we

have its top k eigenspace as V;f” ® tgl), where Vk(l) e R™** has column vectors
ril), o ,r,gl). Similarly, for the second model we have h§2) ~ rl@) ® th) and the
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top k eigenspace as Vk(z) & tg2), where Vk@) has column vectors rf) ...,r,?). The

Y

eigenspace overlap of the 2 models at dimension k& is thus

1 2
Overlap <V}€(1) 2tV v e tgz)) _ EH%(DT%@) ® tgnth)HF
(C.260)
2
= <t11) -th)) Overlap (V;C(l), V}f)) .

Note that for all + < m, 'rgl), frZ@) e R™, which is the space corresponding to the

neurons. Since for hidden layers, the output neurons (channels for convolutional
layers) can be arbitrarily permuted to give equivalent models while changing eigen-

vectors. For h; ~ r; ® t;, permuting neurons will permute entries in r;. Thus, we

(1) )

can assume that for two models, ;" and ’I”Z@ are not correlated and thus have an

expected inner product of 4/1/m.

It follows from Definition 4.2.1 that

E[Overlap(V,", V)] = Zk]EKrE” ) = k(—) =

=1

(C.261)

and thus the eigenspace overlap of at dimension k& would be approximately %(tgl) :

t§2))2. This explains the peak at dimension m and the linear growth before it. [

From our results on autocorrelation matrices in Section 4.3.1 and Section C.6.1,
we have ]E[w](l) ~ tgl) and I@[w]@) ~ th) where E is the normalized expectation.
Hence when k = m, the overlap is approximately (E[z]® - E[]®)2. Since E[z]®
and I@[az]@) are the identical for the input layers, the overlap is expected to be very
high at dimension m for input layers. For other hidden layers in a ReLU network,

a are output of ReLU and thus non-negative. Two non-negative vectors E[z]) and

I@[az]@) still have relatively large dot product, which contributes to the high overlap
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peak.
The Decreasing Overlap After Output Dimension

Consider the (m+1)-th eigenvector hﬁ,ﬂrl of the first model. Following the Kronecker
factorization approximation and assumptions in Theorem C.7.1, we have hg)ﬂ A

rgl) & tgl). Since top m eigenspace of the first model is approximately I,, ® tgl)

and tgl) is orthogonal to tgl), the hﬁill eigenvector will be orthogonal to the top
m eigenspace of the first model. It will also have low overlap with I,, ® t§2) since
(E[z]® - E[z]®)? is large.

Moreover, since the remaining eigenvectors of the autocorrelation matrix no
longer has the all positive property as the first eigenvector and structure of the
convariance Y, is directly associated with the ordering of the input neurons which
are randomly permuted across different models, the overlap between other eigenvec-
tors of the autocorrelation matrix across different models will be close to random,

hence the overlap after the top m dimension will decrease until the eigenspaces has

sufficiently many basis vectors to make the random overlap large.
The Output Layer

Note that for the last layer satisfying the assumptions in Theorem C.7.1, the overlap
will stay high before dimension m and be approximately (t; - t5)? since the output
neurons directly correspondence to classes, and hence neurons cannot be permuted.
In this case, the overlap will be approximately (¢, - t5)? for all dimension k& < m.

This is consistent with our observations.
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Explaining “Failed Cases” of Eigenspace Querlap

As shown in Figure C.5 and Figure C.6, the nontrivial top eigenspace overlap does
not necessarily peak at the output dimension for all layers. Some layers has a low
peak at very small dimensions and others has a peak at a larger dimension. With
the more complete analysis provided above, we now proceed to explain these two
phenomenons. The major reason for such phenomenons is that the assumption of
autocorrelation matrix being sufficiently close to rank 1 is not always satisfied. In
particular, following the notations in Theorem C.7.1, for these exceptional layers we
have 7,71 < T172. We first consider the first phenomenon (early peak of low overlap)
and take fc2:F-200% (MNIST) in as an example. Here Figure C.19(a) is identical to
Figure C.5(a), which displays the early peak around m = 10.

As shown in Figure C.19(b), the second eigenvalue of the auto correlation E[zx ]
is as large as approximately 1/10 of the first eigenvalue. With the output Hessian
have ¢ — 1 = 9 significant large eigenvalues as described in Section 4.5.2, it has
T10Y1 < T17Y2- Thus through the Kronecker factorization approximation, the top m
dimensional eigenspace is no longer simply Im®ﬁ[a:], but a subset of top eigenvectors
of the output Hessian Kroneckered with a subset of top eigenvectors of E[zx'] as
reflected in Figure C.19(d). This “mixture” of Kronecker product is moreover verified
in Figure C.19(c).

As reflected by the first row of Figure C.19(c) and Figure C.19(d), for i < 9
we have h; ~ r; ® Iﬁ[w], which falls in the regime of Theorem C.7.1. Hence we
are seeing an linearly growing pattern of the overlap for dimension less than 10 and
reaches a mean overlap of around 0.012 by dimension 9. If following this linear
trend, the overlap would be close to 0.25 by the output dimension of 200. However,

since the 10-th eigenvalue of the output Hessian is significantly smaller, little of
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the 10-19 dimensional eigenspace were contributed by IAE[:IZ], hence the overlap of
dimension larger than 10 falls into the regime discussed in Section C.7.2, for which
we see a sharp decrease of overlap after dimension 9. Note that this example shows
that Kronecker factorization can be used to predict when our conditions in Theorem
C.7.1 fails and also predict the condition can be satisfied up to which dimension.
As shown in Figure C.20, similar explanation also applies to convolutional layers in
larger networks.

We then consider the second phenomenon (delayed peak) and take conv2:VGG11-
W200 (CIFAR10) in as an example. Here Figure C.21(a) is identical to Figure C.6(d),
which has the overlap peak later than the output dimension 200. In this case, the
second eigenvalue of the auto correlation matrix is still not negligible compared to
the top eigenvalue. What differentiate this case from the first phenomenon is that
the eigenvalues of the output Hessian no longer has a significant peak — instead it
has a heavy tail which is necessary for high overlap.

Towards dimension m there gradually exhibits higher correspondence to later
eigenvectors of the input autocorrelation matrix and hence less correspondence to
IAE[:/B] This eventually results in the delayed and flattened peak.

Since the full correspondence matrices are too large to be visualized, we plotted
their first rows up to 400 dimensions in Figure C.21(e) and Figure C.21(f), in which
each dot represents the average of correlation with ]E[a:] for the 10 eigenvector nearby.

From these figures it is straightforward to see the gradual decreasing correlation with

E[z].
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C.7.83 Batch Normalization and Zero-Mean Input

In this section, we show the results on networks with using Batch normalization (BN)
(Toffe and Szegedy, 2015). For layers after BN, we have E[z] ~ 0 so that E[z|E[x]"
no longer dominates X, and the low rank structure of E[zx'] should disappear.
Thus, we can further expect that the overlap between top eigenspace of layer-wise
Hessian among different models will not have a peak.

Table C.7 shows the same experiments done in Table C.5. The values for each
network are the average of 3 different models. It is clear that the high inner product
and large spectral ratio both do not hold here, except for the first layer where there is
no normalization applied. Note that we had channel-wise normalization (zero-mean
for each channel but not zero-mean for @) for convl in LeNetb so that the spectral

ratio is also small.

Table C.7: Structure of E[zx"] for BN networks

(o] E[z])? A1/A2
Dataset Network # fc mean min max mean min max
MNIST F-2002-BN 0.062 0.001 0.260 1.16 1.04 1.30

2

F-600>BN 2 0.026 0.000 0.063 1.13 1.02 1.26

F-600*-BN 4  0.027 0.000 0.146 1.11 1.03 1.19
3

CIFAR10 LeNet5-BN 0.210 0.001 0.803 1.54 1.20 1.89

Figure C.23(a) shows that E[zz "] is no longer close to rank 1 when having BN.
This is as expected. However, E[zx ] still has a few large eigenvalues.

Figure C.23(b) shows the eigenvector correspondence matrix of True Hessian with
E[zzT] for fcl:LeNet5. Because E[zx ] is no longer close to rank 1, only very few
eigenvectors of the layer-wise Hessian will have high correspondence with the top

eigenvector of E[zx "], as expected. This directly leads to the disappearance of peak
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in top eigenspace overlap of different models, as shown in Figure C.23. The peak
still exists in convl because BN is not applied to the input.

Comparing Figure C.23(b) and Figure C.23(c), we can see that the Kronecker fac-
torization still gives a reasonable approximation for the eigenvector correspondence
matrix with E[zz"], although worse than the cases without BN (Figure C.7).

Figure C.24 compare the eigenvalues and top eigenspaces of the approximated
Hessian and the true Hessian for LeNetb with BN. The approximation using Kro-
necker factorization is also worse than the case without BN (Figure 4.2). However,
the approximation still gives meaningful information as the overlap of top eigenspace

is still highly nontrivial.
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C.7.4 Outliers in Hessian Eigenspectrum

One characteristic of Hessian that has been mentioned by many is the outliers in the
spectrum of eigenvalues. Sagun et al. (2018) suggests that there is a gap in Hessian
eigenvalue distribution around the number of classes ¢ in most cases, where ¢ = 10
in our case. A popular theory to explain the gap is the class / logit clustering of
the logit gradients (Fort and Ganguli, 2019; Papyan, 2019, 2020). Note that these
explanations can be consistent with our heuristic formula for the top eigenspace
of output Hessian at initialization— in the two-layer setting we considered the logit
gradients are indeed clustered.

In the layer-wise setting, the clustering claim can be formalized as follows: For
each class k € [c] and logit entry [ € [¢], with Q be defined as in Equation C.17, and
(x,y) as the input, label pair, let

&wj

y = z] . (C.262)

Then at the initialization, for each logit entry j, {A;}ic[q is clustered around the
“logit center” Aj = Eicrq[A,;]; at the minima, for each class i, {A; ;}e[q is clustered
around the “class center” AZ = Ejepe [A;;]. With the decoupling conjectures, we

may also consider similar claims for output Hessians, where

0z«
I';=E [QvaT

X Jj

y = z] . (C.263)

A natural extension of the clustering phenomenon on output Hessians is then as
follows: At the initialization, for each logit entry j, {I‘m}ie[c] is clustered around

f‘j = Eierq[I;]; at the minima, for each class i, {I'; ;} e[ is clustered around f‘z =
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Ejeq [T;;]. Note that we have the layer-wise Hessian and layer-wise output Hessian
satisfying

H (w?)= E [ATA;;], MY = E [I].T;]. (C.264)

i,j€[c] i,j€lc]

Low-rank Hessian at Random Initialization and Logit Gradient Clustering
We first briefly recapture our explanation on the low-rankness of Hessian at random
initialization. In Section 4.4 and Section C.2.2, we have shown that for a two layer
ReLU network with Gaussian random initialization and Gaussian random input, the
output hessian of the first layer M® is approximately 1W®TAW®. We then
heuristically extend this approximation to a randomly initialized L-layer network,
that with §® = WEOW LD ... W r+D) the output Hessian of the p-th layer H®)

can be approximated by M® where

~ 1
M® = g ST A QP) (C.265)

Since A is strictly rank ¢ — 1 with null space of the all-one vector, H® is strictly
rank ¢ — 1. Thus H® is approximately rank ¢ — 1, and so is the corresponding
layerwise Hessian according to the decoupling conjecture.

Now we discuss the connection between our analysis with the theory of logit
gradient clustering. As previously observed by Papyan (2019), for each logit entry
I, {4 }ie[q are clustered around the logit gradients Eq[A;;]. Similar clustering
effects for {I'; ;}ic[ were also empirically observed by our experiments. Moreover,
through the approximation above and the decoupling conjecture, for each logit entry

7, the cluster centers f‘j and Aj can be approximated by

I, ~T; = (57Q), (266
.266

~

Aj~ A; = ((E[lz]®@ STE[Q]);.
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Following Papyan (2019), we used t-SNE (Van der Maaten and Hinton, 2008) to
visualize the logit gradients. As we see in Figure C.25, the “logit centers” of the
clustering directly corresponds to the approximated dominating eigenvectors of the

Hessian, which is consistent with our analysis.

Gradient Clustering at Minima Currently our theory does not provide an explanation
to the low rank structure of Hessian at the minima. However we have observed that
the class clustering of logit gradients does not universally apply to all models at the
minima, even when the models have around c significant large eigenvalues. As shown
in Figure C.26, the class clustering is very weak but there are still around ¢ significant
large eigenvalues. We conjecture that the class clustering of logit gradients may be

a sufficient but not necessary condition for the Hessian to be low rank at minima.
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C.8 Computing PAC-Bayes Bounds with Hessian Approximation

Given a model parameterized with § and an input-label pair (z,y) € R? x R,
the classification error of  over the input sample @ is (0, z) := 1[arg max fy(x) =
arg max y|. With the underlying data distribution D and training set S i.i.d. sampled

from D, we define

N

() = Biayyonll@, @), 200) 1= - D [i0,2) (C.267)

as the expected and empirical classification error of 6, respectively. We define the
measurable hypothesis space of parameters H := R”. For any probabilistic measure
P in H, let e(P) = Ep.pe(f), e(P) = Ep-pe(f), and e(P) = Ep.pL(0). Here é(P)

serves as a differentiable convex surrogate of e(P).

Theorem C.8.1 (Pac-Bayes Bound). (McAllester, 1999)(Langford and Seeger, 2001)
For any prior distribution P in H that is chosen independently from the training set
S, and any posterior distribution @) in H whose choice may inference S, with prob-
ability 1 — 9,

KL(Q|P) + log £
51 s (C.268)

KL (e(Q)[e(Q)) <

Fix some constant b,c > 0 and 6, € H as a random initialization, Dziugaite and
Roy (2017) shows that when setting @ = N (w,diag(s)), P = N (6o, \p), where

w,s € H and A = cexp{(—j/b)} for some j € N, and solve the optimization problem

min ¢(Q) +

KL(Q| P) + log 21
A \/ (QIP) +log 5 9

2(8-1)

with initialization w = 6, s = #?, one can achieved a nonvacous PAC-Bayes bound
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by Equation C.268.
In order to avoid discrete optimization for j € N, Dziugaite and Roy (2017) uses

the Brg term to replace the bound in Table C.268. The Bgrg term is defined as

KL(P|Q) + 2log(blog £) + log =]

S| =1 ’

BRE(’UJ,S,/\;5) = (CQ?O)

where @ = N (w, diag(s)), P = N(0p, \Ip). The optimization goal actually used in

the implementation is thus

1
min ( )é(Q) + \/—BRE(w,s,)\;é). (C.271)
0,c

weRP,seR¥ e 2

Algorithm 4 shows the algorithm for [terative Hessian (ITER) PAC-Bayes Opti-
mization. If we set n = T, the algorithm will be come Approzimate Hessian (APPR)
PAC-Bayes Optimization. It is based on Algorithm 1 in Dziugaite and Roy (2017).
The initialization of w is different from Dziugaite and Roy (2017) because we believe
what they wrote, abs(w) is a typo and log|abs(w)] is what they actually means. It
is more reasonable to initialize the variance s as w? instead of exp[2abs(w)].

In the algorithm, HESSIANCALC(w) is the process to calculate Hessian informa-
tion with respect to the posterior mean w in order to produce the Hessian eigenbasis
to perform the change of basis. For very small networks, we can calculate Hessian
explicitly but it is prohibitive for most common networks. However, efficient approx-
imate change of basis can be performed using our approximated layer-wise Hessians.
In this case, we would just need to calculate the full eigenspace of E[ M| and that of
E[zx "] for each layer. For pth layer, we denote them as U ) and V'® respectively
with eigenvectors as columns. We can also store the corresponding eigenvalues by

doing pairwise multiplications between eigenvalues of E[M] and E[zxT].
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Algorithm 4 PAC-Bayes bound optimization using layer-wise Hessian eigenbasis

Input:
wy € RP = Network parameters (Initialization)
w e RP > Network parameters (SGD solution)
S > Training examples
de(0,1) > Confidence parameter
beN,ce (0,1) > Precision and bound for A
7€(0,1),TeN = Learning rate; No. of iterations
neN > Epoch interval for Hessian calculation
Output
w > Optimized network parameters
s > Optimized posterior variances in Hessian eigenbasis
A > Optimized prior variancce
1: procedure ITERATIVE-HESSIAN-PAC-BAYES
2 s < log[abs(w)] > where s(¢) = exp(2¢)
3 0<«— —3 > where \(0) = exp(20)
4 R(w, s, \) = \/%BRE(’w, 8, );0) > BRE term
5: B(w,s,\,w') = L(w') + R(w, s, \) > Optimization goal
6 fort=0—-T—-1do > Run SGD for T iterations
7 if ¢ mod n == 0 then
8 HESSIANCALC(w)
9 end if
10: Sample & ~ N(0,1)”
11: w'(w,s) = w + TOSTANDARD (£ ® exp(s)) = Generate noisy parameter
for SNN
12: w—w— T [VypR(w,s,\) + Vy L(w)]
13: s «— ¢ —T7[V.R(w,s(s),A\) + TOHESSIAN (V. L(w')) © € ® exp(s)]
14: 0<—o0—T1V,R(w,s, \(0)) > Gradient descent
15: end for
16: return w, s(s), A\(o)
17: end procedure

After getting the eigenspaces, we can perform the change of basis. Note that we

perform change of basis on vectors with the same dimensionality as the parameter

vector (or the posterior mean). TOHESSIAN(u) is the process to put a vector w in

the standard basis to the Hessian eigenbasis. We first break w into different layers

and let u® be the vector for the pth layer. We then define Mat® as the reshape of

a vector to the shape of the parameter matrix W ® of that layer. We have the new
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vector v in Hessian basis as
v® = vec [U(p)T Mat®) (u(p))V(p)] : (C.272)

The new vector v = TOHESSIAN(u) is thus the concatenation of all the v,
TOSTANDARD(v) is the process to put a vector v in the Hessian eigenbasis to
the standard basis. It is the reverse process to TOHESSIAN. We also break v into

layers and let the vector for the pth layer be v®. Then, the new vector u® is
u® = vee [UW) Mat® (o) V7| (C.273)

The new vector u = TOSTANDARD(w) is thus the concatenation of all u®.

After getting optimized w, s, A\, we compute the final bound using Monte Carlo
methods same as in Dziugaite and Roy (2017).

Note that the prior P is invariant with respect to the change of basis, since its
covariance matrix is a multiple of identity AIp. Thus, the KL divergence can be
calculate in the Hessian eigenbasis without changing the value of . In the [lterative
Hessian with approzimated output Hessian (ITER.M), we use M to approximate
E[M], as in Equation C.265.

We followed the experiment setting proposed by Dziugaite and Roy (2017) in
general. In all the results we present, we first trained the models from Gaussian
random initialization wy to the initial posterior mean estimate w using SGD (Ir=0.01)
with batch-size 128 and epoch number 1000.

We then optimize the posterior mean and variance with layer-wise Hessian infor-
mation using Algorithm 4, where ¢ = 0.025, b = 100, and ¢ = 0.1. We train for 2000
epochs, with learning rate 7 initialized at 0.001 and decays with ratio 0.1 every 400

epochs. For Approximated Hessian algorithm, we set n = 1. For [terative Hessian
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algorithm, we set 7 = 10. We also tried n with the same decay schedule as learning
rate (multiply 7 by 10 every time the learning rate is multiplied by 0.1) and the re-
sults are similar to those without decay. We also used the same Monte Carlo method
as in Dziugaite and Roy (2017) to calculate the final PAC-Bayes bound. Except that
we used 50000 iterations instead of 150000 iterations because extra iterations do not
further tighten the bound significantly. We use sample frequency 100 and §' = 0.01
as in that paper.

The complete experiment results are listed in Table C.8. We follow the same
naming convention as in Dziugaite and Roy (2017) except adding T-200% we intro-
duced in Section 4.3. T-600;9, T-600%,, and T-200%, are trained on standard MNIST
with 10 classes, and others are trained on MNIST-2 (see Section C.5.1), in which we
combined class 0-4 and class 5-9.

In Table C.8, Prev means the previous results in Dziugaite and Roy (2017), APPR
means Approzimated Hessian, ITER means Iterative Hessian, ITER (D) means [ter-
ative Hessian with decaying n, ITER.M means Ilterative Hessian with approximated
output Hessian. BASE are Base PAC-Bayes optimization as in the previous paper.

We also plotted the final posterior variance, s. Figure C.27 shown below is for
T-200%,. For posterior variance optimized with our algorithms (APPR, ITER, and
ITER.M) we can see that direction associated with larger eigenvalue has a smaller
variance. This agrees with our presumption that top eigenvectors are aligned with
sharper directions and should have smaller variance after optimization. The effect is
more significant and consistent for Iterative Hessian, where the PAC-Bayes bound is

also tighter.
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Table C.8: Full PAC-Bayes bound optimization results

PAC-Bayes KL SNN Test
Network Method Bound Divergence  loss A (prior) Error
T-600 PrEV 0.161 5144 0.028 - 0.017
BASE 0.154 4612.6 0.03373 -1.3313 0.0153
APPR 0.1432 3980.6 0.03417  -1.6063  0.0153
ITER 0.1198 3766.1 0.02347 -1.2913  0.0153
ITER(D) 0.1199 3751.1 0.02366 -1.2913  0.0153
ITER.M 0.1255 3929.9 0.02494 -1.3213  0.0153
T-600? PRrREV 0.186 6534 0.028 - 0.016
BASE 0.1921 6966.6 0.03262 -1.4163 0.0148
APPR 0.1658 5176.1 0.03468 -2.0963 0.0148
ITER 0.1456 5086.5 0.02473  -1.7963  0.0148
ITER(D)  0.1443 4956.8 0.02523 -1.7963  0.0148
ITER.M 0.1502 5024.5 0.02767 -1.8363  0.0148
T-1200 PRrEV 0.179 5977 0.027 - 0.016
BASE 0.1754 5917.6 0.03295 -1.5463 0.0161
APPR 0.1725 5318.8 0.03701 -1.8313 0.0161
ITER 0.1417 5071 0.02292 -1.4763 0.0161
ITErR(D)  0.1413 5021.1 0.02316 -1.4763 0.0161
ITER.M 0.1493 5185.4 0.02576  -1.5363  0.0161
T-3002 PrEV 0.17 5791 0.027 - 0.015
BASE 0.1686 5514.9 0.03329 -1.1513  0.015
APPR 0.1434 4105.4 0.03296 -1.8063  0.015
ITER 0.1249 3873.2 0.02514 -1.4763  0.015
ITEr(D)  0.1244 3833.7  0.02526 -1.4763  0.015
ITER.M 0.1308 3987.2 0.02721 -1.5713  0.015
R-600 PRrEV 1.352 201131 0.112 - 0.501
BASE 0.6046 1144.8 0.507  -1.8263  0.4925
APPR 0.5653 390.25 0.5066  -2.4713  0.4925
ITER(D) 0.5681 431.62 0.5066  -2.4513  0.4925
ITER.M 0.5616 340.62 0.5065  -2.5263  0.4925
T-2003, BASE 0.4165 21896 0.04706  -1.1513  0.0208
APPR 0.2621 11068 0.0366  -1.4213  0.0208
ITER 0.2145 9821 0.02229 -1.1513  0.0208
ITER(D) 0.2311 9758.5 0.03071  -1.1513  0.0208
ITER.M 0.2728 13406 0.02605 -1.1513  0.0208
T-600;p BASE 0.2879 12674 0.03854 -1.1513  0.018
APPR 0.2424 9095.8 0.04159 -1.6013  0.018
ITER 0.2132 8697.9 0.02947 -1.3063  0.018
ITER.M 0.2227 8870.9 0.03294 -1.4613 0.018
T-6003, BASE 0.3472 17212 0.03884 -1.1513  0.0186
APPR 0.2896 11618 0.04723  -2.0563 0.0186
ITER 0.2431 10568 0.03057 -1.5713  0.0186
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Ficure C.6: Top eigenspace overlap for layers with a delayed peak.
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FiGURE C.7: Heatmap of Eigenvector Correspondence Matrices for fcl:LeNet5.

1 1 [
0 25 50 16l 100 125 150 175

(a) Correspondence with E [zz” |

60 -
80 -
100 -

' '
0 25 50 75 100 125

(b) True Hessian with E [M]

20 -
40 -

60 - \

80 - .,
100 - -
™~

0 25 50 5 100 125

with (e) Approximated Hessian with E [M]

0,
20 -
10 -
60 -
80 -

100 -

1 [ [ [ | [ |
0 25 50 75 100 125 150

(b) True Hessian with E [M]

- 1.0

- 0.6

- 0.4

-0.2

-0.0

- 1.0

[
175

FI1GURE C.8: Eigenvector Correspondence for fcl:LeNet5. (m=120)
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Ficure C.9: Eigenvector Correspondence for fc2:LeNeth. (m=84)
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F1cure C.10: Eigenvector Correspondence for convl:LeNet5. (m=6)
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FiGure C.11: Eigenvector Correspondence for conv2:LeNet5. (m=16)
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FIGURE C.12: Eigenvector Correspondence with E[zz "] for conv1:VGG11. (m=64)
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FIGURE C.13: Eigenvector Correspondence with E[zz"] for conv2:VGG11.
(m=128)
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Ficure C.14: Eigenvector Correspondence with E[zz']| for conv3:VGGI11.
(m=256)
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FIGURE C.15: Top eigenvalues of E[zx "] along training trajectory. (fcl:LeNet5)
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Eigenvalues of E[M] (normalized)
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FI1GURE C.16: Top eigenvalues of E[M ] along training trajectory. (fcl:LeNet5)
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Ficure C.18: Top eigenspace overlap for the final fully connected layer.
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F1GURE C.20: Eigenspace overlap, eigenspectrum, and cropped (upper 50 x 50 block)
eigenvector correspondence matrices for conv2:VGG11-W200 (CIFAR10)
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E[zxT] for LeNet5-BN.
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Appendix D

Supplementary Materials for Chapter 5

In this appendix section, we first give the missing proofs for the theorems in Chapter

5. Later in Appendix D.6 we give details for the experiments.

Notations: Besides the notations defined in Section 4.2, we define more notations
that will be used in the proofs.
For a matrix X € R™*¢ with n < d, we denote its singular values as o((X) >

- = on(X).

axd e denote uT Au as ||u?. For a

For a positive semi-definite matrix A € R
matrix X € R¥" let Projy € R¥4 be the projection matrix onto the column span
of X. That means, Projy = SS', where the columns of S form an orthonormal
basis for the column span of X.

For any event &, we use 1{£} to denote its indicator function: 1{£} equals 1

when & holds and equals 0 otherwise. We use € to denote the complementary event

of €.
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D.1 Proofs for Section 5.3 — Alleviating Gradient Explosion/Vanishing
Problem for Quadratic Objective

In this section, we prove the results in Section 5.3. Recall the meta learning problem
as follows:

The inner task is a fixed quadratic problem, where the starting point is fixed at
wp, and the loss function is f(w) = %wTH w for some fixed positive definite matrix
H e R¥4_ Suppose the eigenvalue decomposition of H is Zle A\iugu] . In this section,
we assume L = A\(H) and a = \g(H) are the largest and smallest eigenvalues of H
with L > o. We assume the starting point wg has unit ¢, norm. For each i € [d], let
¢; be {woyw; and let ¢y = min(|eq], |eq]). We assume ¢y > 0 for simplicity, which
is satisfied if wy is chosen randomly from the unit sphere.

Let {w,,} be the GD sequence running on f(w) starting from w, with step size
1. For the meta-objective, we consider using the loss of the last point directly, or
using the log of this value. In Section D.1.1, we first show that although choos-
ing ja (n) = f(w:,y) does not have any bad local optimal solution, it has the gra-
dient explosion/vanishing problem (Theorem 5.3.1). Then, in Section D.1.2, we
show choosing Ia (n) = %log f(wy) leads to polynomially bounded meta-gradient
and further show meta-gradient descent converges to the optimal step size (Theo-
rem 5.3.2). Although the meta-gradient is polynomially bounded, if we simply use

back-propogation to compute the meta-gradient, the intermediate results can still be

exponentially large/small (Corollary 5.3.3). This is also proved in Section D.1.2.
D.1.1 Meta-Gradient Vanishing/Explosion

In this section, we show although choosing F (n) = f(wy,) does not have any bad

local optimal solution, it has the meta-gradient explosion/vanishing problem. Recall
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Theorem 5.3.1 as follows.

Theorem 5.3.1. Let the meta-objective be F(n) = fwy), we know F(n) is a strictly
convez function in 1 with an unique minimizer. However, for any step size 0 < n <
2/L,

|ﬁ,(77)| < tLmax(|1 —nal® 7 |1 — L h);

for any step sizen > 2/L,
[F'(n)| = Lt (L — 1) — L2t

Intuitively, if we write w,, in the basis of the eigen-decomposition of H, then
each coordinate evolve exponentially in ¢. The gradient of the standard objective is

therefore also exponential in .

Proof of Theorem 5.3.1. According to the gradient descent iterations, we have

Wy = W1y — NV f(Wi—1) = Wim1y — NHwi—1, = (I — nH)w—1,y = (I —nH)"wy.

Therefore, F(n) := f(wg,) = swg (I —nH)* Hwy. Taking the derivative of F(n),

d
ﬁ/(n) = —twy (I —nH)* ' H?wy = —tZ N1 —nA)*

i=1

where ¢; = (wg) u;. Taking the second derivative of F(n),

d
F"(n) =t(2t — Dwy (I —nH)* 2 H*wy = t(2t — 1) Zcf)\?(l — )2

i=1

Since L > «a, we have 13”(77) > 0 for any 7. That means Z?’(n) is a strictly convex

function in 77 with a unique minimizer.
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For any fixed n € (0,2/L) we know |1 — nX;| < 1 for all i € [d]. We have

d
B <t Y ez — !
=1

d
<t Y max (A1 —nA|*

; i€[d] ( ‘ g ’ )
<tL’max (|1 —na|*~ ", |1 —nL*),

where the last inequality uses Zle ¢? = 1. Note for n € (0,2/L), it’s guaranteed that
|1 — nX;| takes the maximum at |1 — nal or |1 — nL].

For any fixed n € (2/L, ), we know nL —1 > 1. We have
F'(n)

= —tZL*(1 —nL)* ! —t Z N1 —n\)H
i#1:(1—nX;)<0

—t Z ENZ(1 —n\)* !

i#1:(1—nX;)>0

d
>tei L (nL — 1)*71 — tz N = teiL*(nL — 1)1 — L*t,
i=1
where the last inequality uses 2?21 cd =1 O

D.1.2  Alleviating Meta-Gradient Vanishing/FExplosion

We prove when the the meta objective is chosen as % log f(wy,), the meta-gradient is
polynomially bounded. Furthermore, we show meta-gradient descent can converge to

the optimal step size within polynomial iterations. Recall Theorem 5.3.2 as follows.

Theorem 5.3.2. Let the meta-objective be ﬁ’(n) = 1log f(wiy). We know ﬁ(n) has

a unique minimizer n* and ﬁ"(n) =0 <#(3Lia)> for allm = 0. Let {ny} be the GD

min
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sequence Tunning on F with meta step size p = 1/\/% Suppose the starting step size
no < M. Given any 1/L > € > 0, there exists k' = Aj—;poly(ﬁ,L, é, ﬁ) such that
for all k = K, |m. —n*| <e.

When we take the log of the function value, the derivative of the function value
with respect to n becomes much more stable. We will first show some structural result
on ﬁ’(n) — it has a unqgiue minimizer and the gradient is polynomially bounded.
Further the gradient is only close to 0 when the point 7 is close to the unique

minimizer. Then using such structural result we prove that meta-gradient descent

converges.

Proof of Theorem 5.3.2. The proof consists of three claims. In the first claim, we
show that F' has a unique minimizer and the minus meta derivative always points to
the minimizer. In the second claim, we show that I has bounded derivative. In the
last claim, we show that for any 7 that is outside the e-neighborhood of n*, |}A7’ (n)]

is lower bounded. Finally, we combine these three claims to finish the proof.

Claim D.1.1. The meta objective F has only one stationary point that is also its
unique minimizer n*. For any n € [0,n%), ﬁ’(n) < 0 and for any n € (n*,0),

F'(n) > 0. Furthermore, we know n* € [1/L,1/a].

We can compute the derivative of Fin n as follows,

ﬁ/( ) — —2wg (I —nH)*~ 1 H?w, 2 Z?Zlc?/\?(l — )2t
= wOT(I—nH)QtHwo - Zd ANi(1 = A2 '

=1 "

(D.1)

It’s not hard to verify that the denominator 3.7, ¢2\;(1 — nA;)? is always positive.

(3

Denote the numerator —23% | 2A2(1 — n\)*~! as g(n). Since ¢'() > 0 for any
n € [0,00), we know g(n) is strictly increasing in n. Combing with the fact that
g(0) < 0 and g(o0) > 0, we know there is a unique point (denoted as n*) where
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g(n*) = 0 and g(n) < 0 for all n € [0,n*) and g(n) > 0 for all n € (n*, o). Since
the denominator in F”(n) is always positive and the numerator equals g(n), we know
there is a unique point n* where ]3’(77*) = 0 and 13’(77) < 0 for all n € [0,7*) and
F'(n) > 0 for all g € (n*, ). It’s clear that n* is the minimizer of F.

Also, it’s not hard to verify that for any n € [0,1/L), 13’(77) < 0 and for any

€ (1/a, ), F'(n) > 0. This implies that n* € [1/L, 1/al].

Claim D.1.2. For any n € [0,0), we have

|ﬁ/(77)| < 2 all—a) =

For any 7 € [0, Z27], we have |1 —7);| < 1 —na for all i. Dividing the numerator

and denominator in 77(n) by (1 — na)?, we have

zlzz

o+ YT EN(ER2 T cjo(l - na)

zlz

1 Ai\2t—1
‘Zz 11 na IZ]cx)t <22 2)\2

P =2

Ao+ D) N ar

zlzz

a(L — ) = a(l - a)

. . 2
where the second last inequality uses n < —=7.

Similarly for any 7 € (=2

7> ), we have |1 —n)\;| < nL —1 for all i. Dividing the

numerator and denominator in 77\’(77) by (nL — 1)*, we have
d AN 1-nX\2t—
ﬁ/( _2 ZZ 1 nL— 1(77L771)2t ! < 222 1 22)\12
AL+ Y, N2 ALl - 1)

22 3
<2(a+L)Z XL

zlzz

AL(L—a)  ALL-a)

where the last inequality uses n > ﬁ
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Overall, we know for any n > 0,

R 3 3
Pl < e () € e
L—a« ca’ AL . a(l —a)

Claim D.1.3. Given M > 2/ac and 1/L > € > 0, for anyn € [0,n* —e] U [n* +¢, M\],

we have

2 2.3 2 2L2 3 1 P
a2 i ) > 2¢c?. min (a ,7> = Din(M).

F'(n)| = min , ——
7o) ( o

L ppe
If n e [0,n* — €] and n < 25, we have
~ c2A\2(1 — i 2t—1
F/(n):_2Zz 1 G z( n )
Zz 1 12)\ (1 o 77)\1')%
_ _221 LGN = )Pt - Z’L R I
Zz 1 12)\ (1 - 77)‘i)2t ’
where the second equality holds because 1% | ¢2A2(1 —7*\;)?~! = 0. For the numer-

ator, we have

Zcz)\2 (1 —nh)* ! Z EN(1 —n* N2 =c2a? ((1 —na)* 1 — (1 —n*a)*" 1)
>’ ((1 —na)* 1t — (1 —-na — eoz)2t_1) :

for the denominator, we have

Zc?)\i(l — ) < (20 i ) (1 —na)*,

where the second inequality holds because |1 —n\;| < 1 — na for all 7. Overall, we
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2
a+L?

5 a0 (1 = na)* ™ — (1 —na — ca)*)

have when 1 € [0,7* — €] and 7 <

# |22
(2 e2n) (1 = ey
2ecia’ 2ecia’
= L ]

(S en) -

where the last inequality holds because (1 — na) < 1 and Zf A\ <

Similarly, if n € [0,7* — €] and n > we have

+L>

GL? (1 —nL)* " — (1 —nL—eL)*")

s (T an) a -y

AL (L +eL—1)*1 — (L —1)*)

(S ) (L - 1y

2eci L3 2ecia’?
> > 5
(ZLien) mp—1p2 (E=a)

where the last inequality holds because n < n* — € < 1/a and Zf N\ <

If neln*+e ) andn < we have

2
a+L?

Aa? (1 —na + )1 — (1 —na)?1)

)| =2 ) 1o

3

2ecia
= 7
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Ifne[n*+eo)andn > ﬁ, we have
iL? (1 —nL +ne)* " — (1 —nL)*™")

(Zz 1 2)‘) (1 - 77[’)2t
2ectL? - 2eciL?

2(21 LEN) (L =12 (ML= 1)

()| =2

—~

where the last inequality uses the assumption that n < M.
With the above three claims, we are ready to prove the optimization result. By
Claim D.1.1, we know F’(n) < 0 for any n € [0, 7*) and F'(n) > 0 for any n € (n*, o0).

So the opposite gradient descent always points to the minimizer.

Since py, = 1/vVk, when k > ky := ng‘”‘ we know 4y, < 5<—. By Claim D.1.2, we
know |ﬁ”(77)| < Dpay for all n = 0, which implies |,uk}A7’(77)| < e for all k > ky. That
means, meta gradient descent will never overshoot the minimizer by more than ¢ when
k = ki. In other words, after k; meta iterations, once 7 enters the e-neighborhood of
n*, it will never leave this neighborhood.

We also know that at meta iteration ki, we have ny, < max(1/a 4+ Dpax, M) :=
M. Here, 1/a + Dyax comes from the case that the eta starts from the left of n*
and overshoot to the right of n* by Dyay. Since n* € [1/L,1/a], we have |ng, —
n*| < max(1/a,1/a + Dyax — 1/L, M — 1/L) := R. By Claim D.1.3, we know that
IF'(n)] = Dmin(f\/f\) for any n € [0,n* — €] U [n* + ¢, ]\/Z] Choosing some ks satisfying

l,f:kl 1/VEk = %, we know for any k > ko, |mpx — n*| < e. Plugging in all the

bounds for D, Dnax from Claim D.1.3 and Claim D.1.2, we know there exists

ki = 2poly( T a) ky = 7 poly( -, L, 1 ) satisfying these conditions.

]

Next, we show although the meta-gradient is polynomailly bounded, the inter-
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mediate results can still vanish or explode if we use back-propogation to compute

the meta-gradient.

Corollary 5.3.3. If we choose the meta-objective as ﬁ(n) = tlog f(wyy), when
computing the meta-gradient using back-propagation, there are intermediate results

that are exponentially large/small in number of inner-steps t.

Proof of Corollary 5.3.3. This is done by direct calculation. If we use back-
propagation to compute the derivative of %log( f(wy,)), we need to first compute
W% log(f(wy,)) that equals m Same as the analysis in Theorem 5.3.1, we

can show m is exponentially large when 1 < 2/L and is exponentially small when

n>2/L. [
D.2 Proofs of Train-by-Train v.s. Train-by-Validation (GD)

In this section, we show when the number of samples is small and when the noise
level is a large constant, train-by-train overfits to the noise in training tasks while
train-by-validation generalizes well. We separately prove the results for train-by-train
and train-by-validation in Theorem D.2.1 and Theorem D.2.2, respectively. Then,
Theorem 5.4.1 is simply a combination of Theorem D.2.1 and Theorem D.2.2.
Recall that in the train-by-train setting, each task P contains a training set St ain
with n samples. The inner objective is defined as f(w) == 2 (w)eSumann (W) T — ).
Let {w,,} be the GD sequence running on f(w) from initialization 0 (with trunca-
tion). The meta-loss on task P is defined as the inner objective of the last point,
Aqyrmy(n, P) = ]?(wtm) = = 2wy)eSmam ((Win) T — y)*. The empirical meta objec-
tive ﬁTbT(n) (n) is the average of the meta-loss across m different tasks. We show that

under }A?TbT(n) (1), the optimal step size is a constant and the learned weight is far
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from ground truth w* on new tasks. We prove Theorem D.2.1 in Section D.2.2.

Theorem D.2.1. Let the meta objective ﬁTbT(n)(n) be as defined in Equation 5.3
with n € [d/4,3d/4]. Assume noise level o is a large constant c¢i. Assume unroll
length t = ¢, number of training tasks m = c3log(mt) and dimension d = cqlog(m)
for certain constants co,c3, cq. With probability at least 0.99 in the sampling of the

training tasks, we have

2

Mo = ©(1) and E|uw, o —w*||" = 2(1)0%,

*
Mtrain

for all n} .., € argmin, > }A?’TbT(n)(n), where the expectation is taken over new tasks.

In Theorem D.2.1, (1) is an absolute constant independent with o. Intuitively,
the reason that train-by-train performs badly in this setting is because there is a way
to set the step size to a constant such that gradient descent converges very quickly
to the empirical risk minimizer, therefore making the train-by-train objective very
small. However, when the noise is large and the number of samples is smaller than
the dimension, the empirical risk minimizer (ERM) overfits to the noise and is not
the best solution.

In the train-by-validation setting, each task P contains a training set Si.am with
ny samples and a validation set with ny samples. The inner objective is defined

~

as f(w) = ﬁ ()€ Stmain ((wyx —y)*. Let {w,,} be the GD sequence running

on f(w) from initialization 0 (with truncation). For each task P, the meta-loss
ATpv(nyng) (0, P) is defined as the loss of the last point wy, evaluated on the val-
I : 2

idation set Syaia. That is, Aqyy(n,me)(n, P) = ﬁz(%y)esvahd ((wy ) x —1y)”. The

empirical meta objective ﬁTW(mm)(n) is the average of the meta-loss across m dif-

ferent tasks Py, P, ..., P,,. We show that under }?’Tbv(mm)(n), the optimal step size
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is ©(1/t) and the learned weight is better than initialization 0 by a constant on new

tasks. Theorem D.2.2 is proved in Section D.2.3.

Theorem D.2.2. Let the meta objective ﬁ’TW(mm)(n) be as defined in Equation 5./
with ny,ng € [d/4,3d/4]. Assume noise level o is a large constant c¢;. Assume unroll
length t > co, number of training tasks m = c3 and dimension d = cqlog(t) for
certain constants co, c3, cq. With probability at least 0.99 in the sampling of training

tasks, we have

2 w12
= [l = (1)

Noatia = O(1/t) and EHwt W

valid

for all n}.q € argmin,>o ﬁTbV(nth) (n), where the expectation is taken over new tasks.

Intuitively, train-by-validation is optimizing the right objective. As long as the
meta-training problem has good generalization performance (that is, good perfor-
mance on a few tasks implies good performance on the distribution of tasks), then
train-by-validation should be able to choose the optimal learning rate. The step
size of ©(1/t) here serves as regularization similar to early-stopping, which allows

gradient descent algorithm to achieve better error on test data.

Notations We define more quantities that are useful in the analysis. In the train by

train setting, given a task Py := (D(wj), sk

train’

). The training set St contains n

rain

samples {x( 'Y )} ', with yz <w*>$(k) + f(k

Let Xt(ram be an n x d matrix with its i-th row as (x ik )T, We also let Ht(m)m1 =
%(Xt(m)m)TXtraln be the covariance matrix of the inputs in St(ram Let {t(fain be an

n-dimensional column vector with its i-th entry equal to fi(k)

Since n < d, with probability 1, we know X ™) s full row rank. Therefore, X (k)

train train

) such that X ") (Xt(r’;)m) = I,,. It’s not hard to verify that

train

has pseudo-inverse (X (k)

train
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(%)

there exists wy ,;, =

= Proj )ka (Xt(fam)Tgtram such that yzk) <wtram> xgk) for

( tran

2, yMy e s

train*

every ( Here, Proj T is the projection matrix onto the column

(X(k)

train

span of (X*) Wi as (wt(fam) We use B( ) to denote

i) 7. We also denote Proj x®

train)

(I —(I— nHt(mm) ). Let wt77 be the weight obtained by running GD on St with

rain

step size n (with truncation).

With the above notations, it’s not hard to verify that for task Py, the inner ob-

jective f(w) = Hlw —wl)

. The meta-loss on task Py is just Agyrg (0, Pr) =
e

train

®) |?

Wt,n — Wipain

1
2 (k) °

train

In the train-by-validation setting, each task P contains a training set St with

rain

n; samples and a validation set s

alic With mo samples. Similar as above, for the

we can define §t(fain,X ® H® w® gk

(k). : :
erains Hivains Wirains 2577],11)2577],f01" the validation

training set St

rain’

set Svahd, we can define Svahd,Xi:l)id,H‘E:ﬂd,wgahd With these notations, the inner
objective is f(w) = %Hw —wégin & and the meta-loss is Ay (ny ng) (0, Pr) =
H

train

®) ||?

valid

1
3 Hwtm w )
valid

We also use these notations without index k to refer to the quantities defined

on task P. In the proofs, we ignore the subsripts on n,n;,ny and simply write

ATbT(na Pk), ATbV(na Pk)7 ﬁTbT; ﬁTbVa Fryr, Fryy.
D.2.1  Qwerall Proof Strategy

In this section (and the next), we follow similar proof strategies that consists of three

steps.
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Step 1: First, we show for both train-by-train and train-by-validation, there is a
good step size that achieves small empirical meta-objective (however the step sizes
and the empirical meta-objective they achieve are different in the two settings). This
does not necessarily mean that the actual optimal step size is exactly the good step
size that we propose, but it gives an upperbound on the empirical meta-objective for

the optimal step size.

Step 2: Second, we define a threshold step size such that for any step size larger
than it, the empirical meta-objective must be higher than what was achieved at the
good step size in Step 1. This immediately implies that the optimal step size cannot

exceed this threshold step size.

Step 3: Third, we show the meta-learning problem has good generalization perfor-
mance, that is, if a learning rate n performs well on the training tasks, it must also
perform well on the task distribution, and vice versa. Thanks to Step 1 and Step 2,
we know the optimal step size cannot exceed certain threshold and then only need
to prove generalization result within this range. The generalization result is not sur-
prising as we only have a single trainable parameter 7, however we also emphasize
that this is non-trivial as we will not restrict the step size 1 to be small enough that
the algorithms do not diverge. Instead we use a truncation to alleviate the diverging
problem (this allows us to run the algorithm on distribution of data whose largest
possible learning rate is unknown).

Combing Step 1, 2, 3, we know the population meta-objective has to be small at
the optimal step size. Finally, we show that as long as the population meta-objective
is small, the performance of the algorithms satisfy what we stated in Theorem 5.4.1.

The last step is easier for the train-by-validation setting, because its meta-objective
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is exactly the correct measure that we are looking at; for the train-by-train setting
we instead look at the property of empirical risk minimizer (ERM), and show that

anything close to the ERM is going to behave similarly.
D.2.2  Train-by-Train (GD)
Recall Theorem D.2.1 as follows.

Theorem D.2.1. Let the meta objective fAWTbT(n)(n) be as defined in FEquation 5.3
with n € [d/4,3d/4]. Assume noise level o is a large constant ¢;. Assume unroll
length t = co, number of training tasks m = cslog(mt) and dimension d = c4log(m)
for certain constants cq, c3,cq. With probability at least 0.99 in the sampling of the

training tasks, we have

2
n;kmin = @(1> and EHwt —w* = 9(1)027

*
Mirain

for all 0., € argmin, > ﬁTbT(n)(n), where the expectation is taken over new tasks.

According to the data distribution, we know Xi.i, is an n x d random matrix
with each entry i.i.d. sampled from standard Gaussian distribution. In the following

lemma, we show that the covariance matrix Hi.i, is approximately isotropic when

d/4 < n < 3d/4. Specifically, we show Y4 < 0;(Xypain) < VLd and < \i(Hurain) <
L for all i € [n] with L = 100. We use letter L to denote the upper bound of || Hyyain ||
to emphasize that this bounds the smoothness of the inner objective. Throughout

this section, we use letter L to denote constant 100. The proof of Lemma D.2.3

follows from random matrix theory. We defer its proof into Section D.2.2.

Lemma D.2.3. Let X € R™? be a random matriz with each entry i.i.d. sampled

from standard Gaussian distribution. Let H := 1/nX"X. Assume n = cd with
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c € [1,3]. Then, with probability at least 1—exp(—Q(d)), there exists constant L = 100

such that

1
< 0y(X) < VLd and I < N(H) < L,

Sl

for alli € [n].

In this section, we always assume the size of each training set is within [d/4, 3d/4]
so Lemma D.2.3 holds. Since |Hiainl is upper bounded by L with high probability,
we know the GD sequence converges t0 Wain for n € [0,1/L]. In Lemma 5.4.3, we
prove that the empirical meta objective ﬁTbT monotonically decreases as 7 increases
until 1/L. Also, we show Eryr is exponentially small in ¢ at step size 1/L. This serves

as step 1 in Section D.2.1. The proof is deferred into Section D.2.2.

Lemma 5.4.3. With probability at least 1 —m exp(—S2(d)), ﬁTbT(n) is monotonically
decreasing in [0,1/L] and

~ 1\*¢
Fryr(1/L) < 2070 (1 - ﬁ) :

When the step size is larger than 1/L, the GD sequence can diverge, which incurs
a high loss in meta objective. Later in Definition D.2.5, we define a step size 7] such
that the GD sequence gets truncated with descent probability for any step size that
is larger than 7]. In Lemma 5.4.4, we show with high probability, the empirical meta
objective is high for all n > 7. This serves as step 2 in the proof strategy described

in Section D.2.1. The proof is deferred into Section D.2.2.

Lemma 5.4.4. With probability at least 1 — exp(—Q(m)),




for all n > 1.

By Lemma 5.4.3 and Lemma 5.4.4, we know the optimal step size must lie in
[1/L,7]. We can also show 1/L < 7j < 3L, so n;,, is a constant. To relate the
empirical loss at nf;, to the population loss. We prove a generalization result for
step sizes within [1/L,7]. The following lemma is a formal version of Lemma 5.4.5.

This serves as step 3 in Section D.2.1. The proof is deferred into Section D.2.2.

Lemma D.2.4. Suppose o is a large constant ¢;. Assume t = co,d = ¢4 for certain

constants cq, cy. With probability at least 1 — mexp(—Q(d)) — O(t + m) exp(—Q(m)),

| Fror(n) — ﬁTbT(U)’ < I35

for allme [1/L,7],

Combining the above lemmas, we know the population meta objective Fryr is

small at 7f,;,, which means w;,+ s close to the ERM solution. Since the ERM

has to be

solution overfits to the noise in training tasks, we know Hwt it — W
ltrain

large. We present the proof of Theorem D.2.1 as follows.

Proof of Theorem D.2.1. We assume o is a large constant in this proof. According
to Lemma 5.4.3, we know with probability at least 1 — mexp(—Q(d)), Frr(n) is
monotonically decreasing in [0,1/L] and Fryr(1/L) < 2L%02(1—1/L?)!. This implies

that the optimal step size 1%, > 1/L and Frr(nf,.,) < 2L%2(1 — 1/L%)!. By

2

Lemma 5.4.4, we know with probability at least 1 — exp(—(m)), Fruyr(n) > 1078

for all n > 177, where 7] is defined in Definition D.2.5. As long as t > ¢y for certain

constant ¢y, we know 1828 > 2L2%0%(1 — 1/L?)!, which then implies that the optimal

step size 1., lies in [1/L,7]. According to Lemma D.2.7, we know 7 € (1/L,3L).
Therefore 7; ., is a constant.
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According to Lemma D.2.4, we know with probability at least 1 —m exp(—Q(d))—
O(t + m) exp(—Q(m)), | Fryr(n) — Fryr(n)] < %, for all n € [1/L,7]. As long as t is
larger than some constant, we have ﬁTbT(UEkrain) < z—z Combing with the generaliza-
tion result, we have Fryp(nt...) < 2%32 Next, we show that under a small population

2
*|I has to be large.

loss, El|lw, » —w
) t’ntrain

Let & be the event that \/&/\/Z < 0i(Xprain) < VLd and 1/L < Nj(Hgpain) < L
for all i € [n] and Vdo /4 < ||€ain|| < Vdo. We have

2

16

1
>ZEHwtm€krain — Wtrain

]EHwt,n* = Wtrain
train Htrain

e 1)

* i
wtvn;krain — Wipain — (Xtrain> £train

1 2
>z (E H(Xtrain)TgtrainH 1 {51} —E ‘ Wy e — w:‘rain 1 {&}) _

2
2 . o
< —4L"3 , this then implies

Since EHwt ¥ — Werain
»itrain

train

102 2
1{&} <y/L— =22,

E H (Xtrain)Tgtrain L3 L

%
1 {gl} —-E Hwt,ﬂ:‘ram — Wirain

Conditioning on &, we can lower bound H (Xtrain)T&rainH by ﬁ. According to Lemma D.2.3

and Lemma D.5.1, we know Pr[&;] = 1 —exp(—Q(d)). As long as d is at least certain

constant, we have Pr[&;] = 0.9. This then implies E H(Xtram)TftramH 1{&} = 43\”@.

Therefore, we have

90 20 90 20 o

A0VL L 4L L 4L

E|

1{&) >

*
wt,nﬁain Wirain
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where the first equality uses L = 100. Then, we have

2
%

16

>E)

E||lw, = —w Wy p* —w; .
t’ntrain t’”train train

0.2

16L%’

> <E‘ 11{51})2 >

*
wt,n;“min Wyrain

where the first inequality holds because for any Siain, Wi, 18 the projection of w*
on the subspace of Sipain and Wy is also in this subspace. Taking a union bound
for all the bad events, we know this result holds with probability at least 0.99 as long
as o is a large constant ¢; and t = ¢y, m = c3log(mt) and d = c4log(m) for certain

constants ¢y, C3, C4. L]
Behavior of Fryr forn e [0,1/L]

In this section, we prove the empirical meta objective ﬁTbT is monotonically decreas-

ing in [0, 1/L]. Furthermore, we show Z?’TbT(l /L) is exponentially small in ¢.

Lemma 5.4.3. With probability at least 1—m exp(—Q(d)), Fror(n) is monotonically
decreasing in [0,1/L] and

~ 1\*¢
FTbT(l/L) < 2L202 (1 - ﬁ) .

Proof of Lemma 5.4.3. For each k € [m], let & be the event that v/d/vVL <
0i(Xirain) < VLd and 1/L < M\j(Hyain) < L for all i € [n] and vVdo/4 < |[Epam] <
Vdo. Here, L is constant 100 from Lemma D.2.3. According to Lemma D.2.3
and Lemma D.5.1, we know for each k € [m], & happens with probability at least
1 —exp(—£2(d)). Taking a union bound over all k£ € [m], we know N je[m) & holds with
probability at least 1 —m exp(—(d)). From now on, we assume Nje[m]&x holds.

Let’s first consider each individual loss function Apyr(n, Py). Let {@&’2} be the
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GD sequence without truncation. We have

k) ) k) (k) g ®

T,n wtraln 7' 1n wtram 77 train

k k
)( ’(r—)l, - w‘grgin) = _(I - 7/]];[t(rau)m) w‘gra)ln

k k
(() ())

wr 1, Werain

= (I = nHy)

train

< 2\@0

For any n € [0,1/L], we have H@% ) < H t(fa)in

k k k
= H(w'frazin>* + (Xt(ra?in)Tét(rgin

for any 7. Therefore,

(,k) H never exceeds the norm threshold and never gets trun-

cated.

( (k) (k)

Noticing that Aqyr(n, Pr) = %(w,gli]) — wtrgm)TH( : Wy, — Wiy ), We have

train

1 k k k
(wt(ra)m ) ! Ht(ra)m (] - nHt(rBEm)2 wt(ra)ln

ATbT(na Pk) 5

Taking the derivative of Apyr(n, Py) in 7, we have

0 k k
ap Ao (0, P) = =) (i) (0 = 1Hii)* ™ i,

Conditioning on &, we know 1/L < )\i(H(k)-

traln)

< L for all i € [n] and H

tram

full rank in the row span of Xt Therefore, we know %ATbT(na Py) < 0 for all

rain”

(k)

train

€ [0,1/L). Here, we assume ’w > 0, which happens with probability 1.

Overall, we know that conditioning on Mgepm)&k, every Aqyp(n, Pr) is strictly
decreasing for 1 € [0,1/L]. Since Fryr(n) = L3ty Aqyr(n, Pr), we know Fryr(n)
is strictly decreasing when n e [0,1/L].

At step size n = 1/L, we have

1 k k

ATbT(n’ Pk) Q(wt(rezm>THt(ra)m([ - nHt(ra?ln) wigra)un
1 2 2 1\’
<3 <1— ) Juti|[ <2220 (1_ﬁ> ’
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2
by 4Lo? at the last step. Therefore, we have

where we upper bound Hwt(fa)in
Fryp(1/L) < 2L%%(1 — L), ]
Lower Bounding Fryr for n € (1], 0)

In this section, we prove that the empirical meta objective is lower bounded by
Q(0?) with high probability for n € (7], 00). Step size 7 is defined such that there is a
descent probability of diverging for any step size larger than 77. Then, we show the
contribution from these truncated sequence will be enough to provide an Q(o?) lower

bound for ﬁTbT. The proof of Lemma 5.4.4 is given at the end of this section.

Lemma 5.4.4. With probability at least 1 — exp(—Q(m)),

for all n > 1.

We define 7] as the smallest step size such that the contribution from the truncated
sequence in the population meta objective exceeds certain threshold. The precise

definition is as follows.

Definition D.2.5. Given a training task P, let & be the event that \/E/\/f <
0i(Xirain) < VLd and 1/L < M\j(Hyain) < L for all i € [n] and Vdo/4 < |[Epan]| <
Vdo. Let &(n) be the event that the GD sequence is truncated with step size 7.

Define 17 as follows,
~ . 1 2 = 0'2
n=infin=0 Eﬁ”“’tn - wtlrainHHtmmIL {51 a 52<77>} = 76 (-

In the next lemma, we prove that for any fixed training set, 1 {51 N E(n' )} >
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1{& n&(n)} for any ' > 5. This immediately implies that Pr[& n & (n)] and
E%Hwtm — wtrainH?{thl {51 N 5}(7})} is non-decreasing in 7.

Basically we need to show, conditioning on &, if a GD sequence gets truncated
at step size 7, it must be also truncated for larger step sizes. Let {w] ,} be the GD
sequence without truncation. We only need to show that for any 7, if Hw’mH exceeds

the norm threshold,

w, /|| must also exceed the norm threshold for any 7’ > 7. This
is easy to prove if 7 is odd because in this case Hw’mH is always non-decreasing in 7.

The case when 7 is even is trickier because there indeed exists certain range of 1 such

that Hw;nH is decreasing in 7. We manage to prove that this problematic case cannot

al
7—777

happen when Hw ’ is at least 4v/Lo. The full proof of Lemma D.2.6 is deferred into

Section D.2.2.

Lemma D.2.6. Fizing a task P, let & and E(n) be as defined in Definition D.2.5.

We have
1 {51 M 52(77/)} > 1 {gl N 8_2(77)} )

for anyn’ =n.

In the next Lemma, we prove that 7j must lie within (1/L,3L). We prove this
by showing that the GD sequence never gets truncated for n € [0,2/L] and almost

always gets truncated for n € [2.5L,20). The proof is deferred into Section D.2.2.

Lemma D.2.7. Let 1] be as defined in Definition D.2.5. Suppose o is a large constant

c1. Assume t = co,d = ¢4 for some constants ¢y, cy. We have
1/L <7 < 3L.

Now, we are ready to give the proof of Lemma 5.4.4.

Proof of Lemma 5.4.4. Let & and &(n) be as defined in Definition D.2.5. For
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. .. 2 c /I~ 2
the simplicity of the proof, we assume Ei|jw,; — Worain|py, 1 {&n &M} = %. We
will discuss the proof for the other case at the end, which is very similar.

Conditioning on &, we know %Hwt,ﬁ — wtrain”?{na-n < 18L202. Therefore, we know
Pr[& N &(7)] = 1o For each task P, define e® and P (n) as the corresponding

events on training set St By Hoeffding’s inequality, we know with probability at

rain*

least 1 — exp(—Q(m)),

— E >

k=1

By Lemma D.2.6, we know 1 {Sl(k) N 52("“)(77)} >1 {8 N 8 ( )} for any n > 1.

Then, we can lower bound Fryp for any 1 > 1 as follows,

o 11 ® || Lol m o w | ® &0
FTbT = E g §Hwtn — Wyrain Ht(fa)m 2% ];1 §Hwt,7] — Wirain t(fa)in {81 N 52 (77)}
1 k) alk)
>20%— 1{5” &l }
T Z 1 N (n)

1 & o
2 k) ak) /~
>20°— Y 1{eP n e} >

where the second inequality lower bounds the loss for one task by 202 when the
sequence gets truncated.

We have assumed E1||w;z; — wtrainHiItrainﬂ {&1n &M} = Z—z in the proof. Now,
we show the proof also works when E%Hwtﬁ — wtrain\@tmm]l {51 N 52(?))} < Z—z with
slight changes. According to the definition and Lemma D.2.6, we are able to know
that IE%Hwt,ﬁ — wtrainl‘i&raml {81 N 52(77)} > Z—Z for all n > 7. At each training set
Sirain, We can define 1 {51 N 5_2(77')} as lim, 5+ 1 {81 N 5_2(77)} . Note that we also have

Pr[& n &(7)] = 1o The remaining proof is the same as before as we substitute
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L{& n &)} by L{& n &(T)} -
Generalization for n € [1/L,17)]

In this section, we show empirical meta objective ﬁTbT is point-wise close to popula-

~

tion meta objective Fryr for all n e [1/L, 7]
Lemma D.2.4. Suppose o is a large constant ¢;. Assume t = co,d = ¢4 for certain
constants ca, cy. With probability at least 1 — mexp(—Q(d)) — O(t + m) exp(—Q(m)),

|Fror(n) — Fryr(n)] < I35

for allme [1/L, 1],

In this section, we first show ﬁ’TbT concentrates on Fryr for any fixed n and then
construct e-net for }?’TbT and Fryp for n € [1/L, 7). We give the proof of Lemma D.2.4
at the end.

We first show that for a fixed 7, ﬁTbT(n) is close to Fryr(n) with high prob-
ability. We prove the meta-loss on each task Arqyr(n, Pr) is O(1)-subexponential.
Then we apply Bernstein’s inequality to get the result. The proof is deferred into
Section D.2.2. We will assume ¢ is a large constant and ¢t > ¢o,d > ¢4 for some

constants co, ¢4 so that Lemma D.2.7 holds and 7] is a constant.

Lemma D.2.8. Suppose o is a constant. For any fived n and any 1 > € > 0, with

probability at least 1 — exp(—Q(e?m)),

Frosr(n) — Fror(n)| < e.

Next, we construct an e-net for Fryr. By the definition of 77, we know for any

n < 17, the contribution from truncated sequences in Fryr(n) is small. We can show
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the contribution from the un-truncated sequences is O(t)-lipschitz.

Lemma D.2.9. Suppose o is a large constant ¢;. Assume t = co,d = ¢4 for some

constant ¢y, cy. There ezists an li‘f -net N < [1/L, 7] for Fryr with |N| = O(t). That

means, for any n € [1/L, 1],

1102
LA

\Fror(n) — Fror(n')] <

for ' = argmin,en <, (n —n").

Proof of Lemma D.2.9. Let & and &(n) be as defined in Definition D.2.5. For

the simplicity of the proof, we assume E%Hwtﬁ — wtrainH?{m_ain]l {6'1 N 52(77)} < 22 We

L6
will discuss the proof for the other case at the end, which is very similar.

. 2
We can divide E%Hwtm — Wirain|| H,.. As follows,

1 2
E§ me] - wtrain ”Htrain

1 - 1 5
=ESllwey — Werain [, 1 &1 0 E(M)} + Egllwey — Werain|[,.... 1{E 0 ()}
1 9 -
+ EEHwt,n - thrain”Htmin:rl {gl} .

We will construct an e-net for the first term and show the other two terms
are small. Let’s first consider the third term. Since 1wy, — wtrain”iltmin is O(1)-
subexponential and Pr[c‘fl] < exp(—Q(d)), we have Eéﬂwm — wtrain‘ﬁﬂraml {é_’l} —
O(1) exp(—£2(d)). Choosing d to be at least certain constant, we could know that
%wa — wtrain”iltram]l {5’1} < o?/LA.

For the second term, since Ef||lw;; — wtrain”iltmmﬂ {&n &M} < Z—z and

Sllwe s — wtrain”iltrain > 20% when wj; diverges, we know Pr[& n &(7])] < 575. Then,
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we can upper bound the second term as follows,

1 2 = 2 9 1 902
]E§||’(1),5777 — wtrainHHtrainl]' {81 M 52(77)} < 18L°c m = F

Next, we show the first term 3 [|w;,, — wtrain”?{tminﬂ {& n &(7)} has desirable Lip-
schitz condition. According to Lemma D.2.6, we know 1{&; n & (n)} = 1{& n E(7)}
for any 1 < 7). Therefore, conditioning on & n & (7)), we know w,, never gets trun-
cated for any 1 < 7. This means wy, = By, Wyain With By, = (I — (I — nHyain)?).

We can compute the derivative of %me - wtrainH?{mm as follows,
6 1 2 t—1
6_775 ||wt,77 - U}trainHHtlrain = <thrain<] - nHtrain) wtrain> Htrain(wt,n - wtrain)-

Since |wi,| = (I = (I = NHuzain)!)Wirain| < 4V Lo and |wiai| < 2v/Lo, we have
1(I = nHzain ) Wirain| < 67/Lo. We can also bound the term ||(1 — nHzain)' ™ Werain||
with |[(I — nHirain) Wirain|| + |Wirain| by bounding the expanding directions using
(I — nHain) Wirain|| and bounding the shrinking directions using |weain| . There-
fore, we can bound the derivative as follows,

01 f
2 = il | L x 8VEo x 6LV T - a52%0%
/]7 train

Suppose o is a constant, we know E% |wy,, — wtrainﬂzmml {& N &)} is O(t)-lipschitz.
Therefore, there exists an Z—i—net N for Ei|jwy, — wtrain”iftmml {& N E(7)} with size

O(t). That means, for any n e [1/L, 7],

1 2 - 1 9 N
E§me — Wrain ||, L& N E(N)} — Eéuwt,n’ = Werain| 7y, T{E N &MY <
for ¥ = arg min,ren 7 <y(n — 1"). Note we construct the e-net in a particular way

such that 7’ is chosen as the largest step size in N that is at most 7.
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Combing with the upper bounds on the second term and the third term, we have
for any n € [1/L, 1],

1102
| Ervr(n) — Fror(n)] < i

for ' = argmin,ren <, (n —n").
In the above analysis, we have assumed Ei|jw,; — wtrainH?{mmﬂ {&n &M} <

Z—i. The proof can be easily generalized to the other case. We can define 1 {51 N E (Y )}
as lim, 5~ 1 {& N &(n)} . Then the proof works as long as we substitute 1 {& n & (7))}

by 1{& N &(7')}. We will also add 7 into the e-net. O

~
bl

In order to prove Fryr is close to ﬁ'TbT point-wise in [1/L,7], we still need to

construct an e-net for the empirical meta objective ﬁTbT.

Lemma D.2.10. Suppose o is a large constant ¢;. Assumet = co,d = ¢4 for certain

constants ¢y, cq. With probability at least 1 — mexp(—Q(d)), there exists an Z—i-net

N’ < [1/L, 7] for Fryr with |N| = O(t + m). That means, for any n € [1/L,7],

\Frr(n) — Frgr()] < —

for ' = argmin,en yr<n(n —1").

Proof of Lemma D.2.10. For each k € [m], let & 4 be the event that v/d/vL <
(k)

train||

) < V/Ld and 1/L < )\i<Ht(fa)in

train

) < L for all i € [n] and vdo/4 <

Vdo. According to Lemma D.2.3 and Lemma D.5.1, we know with probability at
least 1 —mexp(—(d)), & x’s hold for all k € [m]. From now on, we assume all these

events hold.
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Recall that the empirical meta objective as follows,

~ 1 &
Fryr(n) = o > Anr(n, P).
k=1

(k)

+n gets truncated.

For any k € [m], let 1. be the smallest step size such that w
If n.x > 7, by similar argument as in Lemma D.2.9, we know Aryr(n, Py) is O(t)-
Lipschitz in [1/L, 7] as long as ¢ is a constant. If 7., < 7, by Lemma D.2.6 we know

k
wt)

gets truncated for any 7 = 7. ,. This then implies that Agyr(n, Py) is a constant
function for n € [n.x,n]. We can also show that Apyr(n, Py) is O(t)-Lipschitz in
[1/L, 7). There might be a discontinuity in function value at 7., so we need to
add 7. into the e-net.

Overall, we know there exists an Z—Z-net N’ with |[N'| = O(t + m) for Fryr. That

~
)

means, for any n € [1/L, 7]

~ ~ o
Fryr(n) = Froe ()| < 77
for n' = argmin,pens <y (n —1"). ]

Finally, we combine Lemma D.2.8, Lemma D.2.9 and Lemma D.2.10 to prove
that ﬁTbT is point-wise close to Fryp for n e [1/L, 7).

Proof of Lemma D.2.4. We assume ¢ as a constant in this proof. By Lemma D.2.8,

we know with probability at least 1 —exp(—Q(e2m)), |Fror(n) — Fryr(n)| < € for any

fixed n. By Lemma D.2.9, we know there exists an %‘12 -net N for Fryr with size O(t).

By Lemma D.2.10, we know with probability at least 1 —m exp(—Q(d)), there exists

2

an #z-net N’ for ﬁTbT with size O(t + m). According to the proofs of Lemma D.2.9

and Lemma D.2.10, it’s not hard to verify that N u N’ is still an 1;2 -net for ﬁTbT
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and Fryp. That means, for any n € [1/L, 7], we have

1102

[Frir(n) = Fror ()], [Erir(n) = Fre ()| < — -

for 77/ = arg minn//eNuN/’nugn(n — 7]”).
Taking a union bound over N U N’; we have with probability at least 1 — O(t +
m) exp(—§2(m)),

Fror(n) — Frir(n)| < i

forallme N u N'.
Overall, we know with probability at least 1—m exp(—(d))—O(t+m) exp(—Q(m)),
for all n e [1/L, 7],
| Fror(n) — ﬁTbT(U)‘

<|Prsr(n) = Pror(0)| + | Frur (1) — Fre ()| + | Fror (') — Fror(n)|

2302 o
<

~

where 7' = argmin,renon<y(n — n"). We use the fact that L = 100 in the last

inequality. O
Proofs of Technical Lemmas

Proof of Lemma D.2.3. Recall that X, is an n x d matix with n = c¢d where
c € [1/4,3/4]. According to Lemma D.5.4, with probability at least 1 — 2 exp(—t?/2),

we have

Vd —Ved —t < 0(Xiaim) < Vd + Ved + ¢,

for all i € [n].

Since Hyain = 1/nX|

oo Xirain, we know A\;(Hipain) = 1/n02(Xiam). Since ¢ €
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[471] we have c_(\F+ \ﬁ) 100 — ¢’ and (\F \/7) = 1—00 + ¢, for some
constant ¢. Therefore, we know with probability at least 1 — exp(—Q(d)),

— < )\z Hrain < 1007
100 (Hrain)

for all i € [n].
Similarly, since there exists constant ¢’ such that v/d + v/ed < (10 — ¢)v/d and

Vd —~ed = (1/10 + ¢)+/d, we know with probability at least 1 — exp(—Q(d)),
1
1—()\/& < 0i<Xtrain) < 10\/&7

for all ¢ € [n]. Choosing L = 100 finishes the proof. O

Proof of Lemma D.2.6. We prove that for any training set Sy ain, 1 {51 N &, (77’)} >
1 {51 N 52(77’)} for any 1’ > n. This is trivially true if &; is false on Si.in. Therefore,
we focus on the case when & holds for Siam. Suppose 7. is the smallest step size
such that the GD sequence gets truncated. Let {w/ , } be the GD sequence without

> 44/Lo. We only need to

truncation. There must exists 7 < ¢ such that me H

prove that meH > 4+/Lo for any n > 1,. We prove this by showing the derivative

of meH in 7 is non-negative assuming ||wm|| > 44/ Lo.
Recall the recursion of wﬂ7 as w’T77 = Wyain — (I — NHirain) Werain. 1f 7 is an

is non-negative at any 7 = 0. From now on,

odd number, it’s clear that 2 meH

can be negative

we assume 7 is an even number. Actually in this case, < meH

for some 7. However, we can prove the derivative must be non-negative assuming
Jut | 4o
Suppose the eigenvalue decomposition of Hi ., 18 2?21 )\ZuluzT with Ay = -+ A\,

Denote ¢; as {Wirain) u;. Let A; be the smallest eigenvalue such that (1 —n);) < —1.
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as follows

This implies \; < 2/n for any ¢ = j + 1. We can write down meH

(1-(1- n)\i)t)2c? + Zn: (1-(1- 77)\Z-)t)2 c

i=j+1

el

||
'M“'

~
I
—

1— (1—n\) ) ; —i—HwtrainHQ.

M‘

=1

Since &; holds, we know ||wtrain\|2 < 4Lo?. Combining with ||w 16Lo?, we

rall” =

have >7_, (1 — (1 —n\)")* ¢ = 12Lo?. We can lower bound the derivative as follows,
Ol =S 2
a—ner,nH =D 2001 =) 7 (1= (1= n\)) ¢
-1

+ > 21—\ (1= (L=n\)) &

i=j+1
J n

22t > N1 =) (L= (L=n\)) ] — 22 Yo
o 55

J
=2t > Ni(1 =)'t (1= (1= n\)') & — 2t x 8La” /.

i=1

Then, we only need to show that 37 A\;(1—n\) (1 — (1 — n\;)!) ¢ is larger than
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8La?%/n. We have
J
DA =) (1= (1 =) ¢
i=1

d (1_77)‘)t_1 t\ 2
:;A,m(l—(l—m)) c

S I
=3\ 7;; 1) S(1= (1 =nh)) e
i=1

J
(A — 1) 1 1oy ()2
2)\1 1) —177&-—1(1 (1—n\)) ¢

—_

J
225 (1— (1 —n\)")* & = 12Lo%/n > 8La? /1.
1=1

O]

Proof of Lemma D.2.7. Similar as the analysis in Lemma 5.4.3, conditioning on
&1, we know the GD sequence never exceeds the norm threshold for any n € [0,2/L].

This then implies
1 ) ~
B vt~ vl 161 0 E:0)} = 0.

for all n € [0,2/L].
Let {w],} be the GD sequence without truncation. For any step size 1 €

[2.5L, 0], conditioning on &;, we have

| = (/L = 1) = 1) [tpen] = (15— 1) (m . 1) N

where the last inequality holds as long as o = 5v/L,t > ¢, for some constant c;.

Therefore, we know when 7 € [2.5L,0), 1{& n &(n)} = 1{&1}. Then, we have for
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any n = 2.5L,

1 _
E§Hwt,n - rwtrauin||?1rtrain]1 {gl N 52(77)}

2

1 2 9 o
Zﬁ (4\/50 - 2\/30) Pr[& ] = 20° Pr[& ] = 5

where the last inequality uses Pr[&;] = 1 — exp(—(d)) and assume d > ¢4 for some

constant cy.
Overall, we know EZ|lw, —wtramHiItramIL {& " &)} equals zero for all n €
[0,2/L] and is at least %5 > for all ) € [2.5L, o). By definition, we know 7 € (1/L, 3L).
OJ

Proof of Lemma D.2.8. Recall that ﬁTbT(n) = %ZZL:I Aryr(n, Pr). We prove
that each Apyr(n, Py) is O(1)-subexponential. We can further write Aryr(n, Pr) as

follows,

NI k K |
ATbT(na Pk‘) :§Hwt(,77) - /IU;: - (Xt(ra)in).rgéraain

(k)

train

2

L & k) k
<§Hw£,n) - ‘Ht(raln t(ra)in
1
k k
+ ‘wt(n) —’UJ;: (\/_ﬁ t(rzzin ) (\/* ” train ) :

as amax(%X ). According to Lemma D.5.3, we know that

train train

We can write H

T (X )~ B0 (X )

train

) is O(1)-subgaussian, which implies that amax(\}nggln) -

Eamx(\}Xt(f;m) O(1/+/d)-subgaussian. Since Eamax(\}Xt(gm) is a constant, we
Know opax( th(rkam) is O(1)-subgaussian and amaX(%Xtram) is O(1)-subexponential.

*) ||?

train

(k)

train

Similarly, we know both the terms ZL

) (&

> are

and (f“Xtraln

O(1)-subexponential.

284



*

Suppose o is a constant, we know ng? — wj| is upper bounded by a constant.

Then, we know Aryr(n, Py) is O(1)-subexponential. Therefore, ﬁTbT(n) is the aver-
age of m i.i.d. O(1)-subexponential random variables. By standard concentration

inequality, we know for any 1 > € > 0, with probability at least 1 — exp(—Q(e*m)),

Frir(n) — Fror(n)| < e.

D.2.3  Train-by-Validation (GD)

In this section, we show that the optimal step size under ﬁTW is ©(1/t). Furthermore,
we show under this optimal step size, GD sequence makes constant progress towards

the ground truth. Precisely, we prove the following theorem.

Theorem D.2.2. Let the meta objective I?’Tbv(mm)(n) be as defined in Equation 5./
with ny,ng € [d/4,3d/4]. Assume noise level o is a large constant c¢;. Assume unroll
length t = co, number of training tasks m > c3 and dimension d = cqlog(t) for
certain constants cs, c3, cq. With probability at least 0.99 in the sampling of training

tasks, we have

2
Teaia = O(/1) and E[Jwy e = || = lu*)? = (1)

valid

for all n} g € argmin, =g ﬁTW(mm)(n), where the expectation is taken over new tasks.

In this section, we still use L to denote constant 100. We start from analyzing
the behavior of the population meta-objective Fryy for step sizes within [0,1/L].
We show the optimal step size within this range is ©(1/t) and GD sequence moves

towards w* under the optimal step size. The following lemma is a formal version
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of Lemma 5.4.6. This serves as step 1 in Section D.2.1. We defer the proof of

Lemma D.2.11 into Section D.2.3.

Lemma D.2.11. Suppose noise level o is a large enough constant c;. Assume unroll
length t = co and dimension d = c4 for some constants co, cy. There exist ny, 1m0, 13 =

O(1/t) with n; < ng < n3 such that

1 2 9 0'2
F < Sfw*|| - —=C + —
ov (112) 2Hw I T
1, . 6 o’

Fryy (n) = 5 [w*|[* = 15C + 5 ¥n € [0,m] © [13,1/L]

where C' s a positive constant.

To relate the behavior of Fryy to the behavior of ﬁ’TW, we prove the following
generalization result for step sizes in [0, 1/L]. The following lemma is a formal version
of Lemma 5.4.8. This serves as step 3 in Section D.2.1. The proof is deferred into

Section D.2.3.

Lemma D.2.12. For any 1 > € > 0, assume d = c4log(1/e) for some constant c,.

With probability at least 1 — O(1/€) exp(—Q(e?*m)),
| Frov(n) — Frov (n)] < e,

for allm e [0,1/L].

In Lemma D.2.13, we show the empirical meta objective ﬁTW is high for all step
size larger than 1/L, which then implies 0¥, € [0,1/L]. The following lemma is a
formal version of Lemma 5.4.7. This serves as step 2 in Section D.2.1. We prove this

lemma in Section D.2.3.
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Lemma D.2.13. Suppose o is a large constant. Assume t = co,d = c4log(t) for

some constants cq, cq. With probability at least 1 — exp(—(m)),

~ 1
Frov(n) 2C'0% + 50,

for allm = 1/L, where C' is a positive constant independent with o.

Combining Lemma D.2.11, Lemma D.2.12 and Lemma D.2.13, we give the proof
of Theorem D.2.2.
Proof of Theorem D.2.2. According to Lemma D.2.11, we know as long as d and

t are larger than certain constants, there exists 1y, 72,13 = O(1/t) with 9, < 1y < 13

such that
Fryw () < S[[w*? = —=C + 02
TV \T2) & 5 10
1 %12 6 2
Fryy(n) = §Hw (e 1—00 +0°/2,¥n € [0,m] v [ns, 1/L],

for some positive constant C.
Choosing € = min(1,C/10) in Lemma D.2.12; we know as long as d is larger than

certain constant, with probability at least 1 — exp(—Q(m)),

| Eryv (1) — Frov (n)] < C/10,
for all n € [0,1/L].
Therefore,

8
|w*|]* = —C + 0%/2

B <
TbV (?72) 10

Frov(n) =

N~ N

. 7
H’LU H2 - 1_00 + 02/2aV77 € [07771] Y [7737 1/L]

By Lemma D.2.13, we know as long as t > ¢y,d = c¢4log(t) for some constants
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9, ¢4, with probability at least 1 — exp(—(m)),

~ 1
FTbV(U) = 0,0'2 + 50'2,

for all 7 > 1/L. As long as o > 1/v/C", we have Fryy(n) = 1 + s0? for all n >
1/L. Combining with Fryy (1,) < Hjw*|? - 2C + 02/2, we know n¥,q € [0,1/L].
Furthermore, since Fryy (1) = Hw*||* = £C + 0/2,¥n € [0,m] U [n3, 1/L], we have
M < Ngatia < 13-

Recall that n1,m3 = O(1/t), we know 0¥, = ©(1/t). At the optimal step size, we

have

Fryy (Miana) < Frov (M) + C/10 < Fryy (n2) + C/10 < §||w 1> - 1—00 +0°%/2.

®
Wy % —w
UM galid

Since Fryv (nq) = E%‘ + 0?/2, we have

2 . 7

*

E _
wt’njalid w

Choosing m to be at least certain constant, this holds with probability at least 0.99.
L]

Behavior of Fryy forne [0,1/L]

In this section, we study the behavior of Fru, when n € [0,1/L]. We prove the

following Lemma.

Lemma D.2.11. Suppose noise level o is a large enough constant c¢i. Assume unroll

length t = co and dimension d = c4 for some constants co,cy. There exist ny, 1m0, M3 =
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O(1/t) with n; < my < n3 such that

1 2 9 0'2
F < S|P - 20+ Z
o (112) 2||w | IOC+ 5
1, . 6 o?

Fryv(n) = o [lw|” - 100+ 5 e (0,m] o [ns, 1/L]

where C' 1s a positive constant.

It’s not hard to verify that Fryy (1) = E1/2|jw;,, — w*||* + 0%/2. For convenience,
denote Q(n) := 1/2||wy, —w*||>. In order to prove Lemma D.2.11, we only need
to show that EQ(n:) < iflw*||” — 3C and EQ(n) > 3|w*||® — SC for all 5 €
[0,m] U [n3,1/L]. In Lemma D.2.14, we first show that this happens with high

probability over the sampling of tasks.

Lemma D.2.14. Suppose noise level o is a large enough constant ¢,. Assume unroll
length t = co for certain constant co. Then, with probability at least 1 — exp(—(d))
over the sampling of tasks, there exists ny,1m2,m3 = O(1/t) with m; < ne < n3 such

that

1

2 2
Q) = gllwey, —w|” < Sllw*|" = C

1
Q) 1= gllwry, — wl” =

N = N~

C
lw*|* = 5 v e [0,m] o s, 1/L)
where C'is a positive constant.

Since we are in the small step size regime, we know the GD sequence con-

verges with high probability and will not be truncated. For now, let’s assume
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Wiy = Byywan + Brn(Xirain) Erain, where By, = I — (I — nHypain)'. We have
1 2
Q(Tl) :é HBtﬂ]w:rain + Bt,n<Xtrain)T§train - U)* ||
1 2 1 2
:EHBtﬂ?w;ain —w*|” + §||Bt,n<Xtrain)T§trainH

+ <Bt,77w‘;krain - w*> Bt,n(Xtrain)Tftrain

1 1 1
=—[lw*|* + §||Bt,nw§}am“2 + §}|Bt,n(Xtram)T§tram

2
9 - <Btﬂ7w:rain> w*

+ <Bt,77w*;krain - w*> Bt,n (Xtrain)Tftrain-

In Lemma D.2.15, we are going to show that with high probability the crossing
term (B, wiin — w*) By (Xirain) Eurain 18 negligible for all n € [0,1/L]. By Hoeffd-
ing’s inequality, we know the crossing term is small for any fixed 7. Constructing an
e-net for the crossing term in 7, we can take a union bound and show it’s small for

all n € [0,1/L]. We defer the proof of Lemma D.2.15 to Section D.2.3.

Lemma D.2.15. Assume o is a constant. For any 1 > ¢ > 0, we know with

probability at least 1 — O(1/€) exp(—Q(e3d)),

‘<Bt,7lw:<mm - w*> Bt,n (Xtmin)Tgtrain‘ < €,
for allm e [0,1/L].

Denote

1

2 1 2 1 2
G(n) = §||w*|| + §||Bt777w:<rain” + aHBt,n<Xtrain)T§trainH - <Bt,ﬂw:<rain> w*.

Choosing ¢ = C/4 in Lemma D.2.15, now we only need to show that G(ny) <
|w*||* — 5C'/4 and G(n) = |[w*||* — C/4 for all 5 € [0, 7] U [ns, 1/L].

We first show that there exists 7y = ©(1/t) such that G(1,) < %Hw*”2 —5C/4 for
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some constant C'. It’s not hard to show that %||Bt7nw§rain||2 + 1| Bry (Xirain) Eerain ?

O(n*t*c?). In Lemma D.2.16, we show that the improvement (B ,wf .. > w* = Q(nt)
is linear in 1. Therefore there exists 7, = ©(1/t) such that G(1,) < %||w*||2 —5C/4

for some constant C'. We defer the proof of Lemma D.2.16 to Section D.2.3.
Lemma D.2.16. For any fized n € [0, L/t] with probability at least 1 — exp(—§2(d)),

nt

<Btﬂ7w;’ain> w* > 16L°

To lower bound G(n) for small 1, we notice
1 ®|2 ® *
G(n) = SIwll” = (Buntiain) W™

We can show that (By,wi.,;.> w* = O(nt). Therefore, there exists n; = O(1/t) such
that (B ,wi . w* < C/4 for all n e [0,n].

To lower bound G(n) for large 1, we lower bound G(n) using the noise square
term,

I

1
G(Tl) = éHBt,n(Xtrain)Tftrain

We show that with high probability the term || By, (Xirain) Eain||”

= Q(0?) for all
n € [log(2)L/t,1/L]. Therefore, as long as ¢ is larger than some constant, there exists
ns = O(1/t) such that G(n) > %Hw*”2 for all n € [ns, 1/L].

Combing Lemma D.2.15 and Lemma D.2.16, we can now give a complete proof

for Lemma D.2.14.
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Proof of Lemma D.2.14. Recall that

1
2

+ <Bt,nw:rain - U)*> Bt,n<Xtrain)T£train

2

1
Q(n) ||Bt7nw:rajn - uj*”2 + HBt,n(Xtrain)Tgtrain
2

:G(U) + <Bt,nw:<rain - ’LU*> Bt,n(Xtrain)Tgtrain

We first show that with probability at least 1 — exp(—(d)), there exist 1y, 72,13 =
O(1/t) with 1, < o < n3 such that G(1) < 1/2||w*||*=5C /4 and G(n) = 1/2||w*|*—
C/4 for all n e [0,m] U [ns,1/L].

According to Lemma D.2.3, we know with probability at least 1 — exp(—(d)),
Vd/VL < 0;(Xupain) < VLd and 1/L < A\j(Hypain) < L for all i € [n] with L = 100.

Upper bounding G(n2):  We can expand G(n) as follows:
1 * *(|2 1 1 2
G(T]) ::§||Btﬂ?wtrain —w H + §||Bt,n(Xtrain) gtrain”
1

2 1 2 1 2
:§||w*” +§’|Bt:77w:<rain” +iHBt,n(Xtrain)TgtrainH _<Btﬂ7w‘:‘rain>w*'

Recall that By, = I — (I — nHiam)', for any vector w in the span of Hiyain,
| Biyw| = | (I = (I = nHiran)") w|| < Lt ]| .

According to Lemma D.5.1, we know with probability at least 1 — exp(—Q(d)),

|€eain| < V/do. Therefore, we have

1 1
§||Bt,77w;krain||2 + §HBt777(Xtrain)T£train ? < L2772t2/2 + L3772t20'2/2 < L3772t20'2,

where the second inequality uses o, L > 1. According to Lemma D.2.16, for any

fixed n € [0, L/t], with probability at least 1 — exp(—Q(d)), (B, win) w* = fé—tL.
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Therefore,

1 ) 'I’]t 1 ) nt
G < = * LB 2t2 2 < w* _
() < GIw7P + Lotto? = 7 < | = 22

where the second inequality holds as long as 1 <

32L4 2
have
1, .o 1 1 5C
G < - * - = * -
where C' = m. Note C'is a constant as o, L are constants.

Choosing 7, :=

1
321402t

we

Lower bounding G(n) for n € [0,m] : Now, we prove that there exists 7, = O(1/t)

with 7y < 79 such that for any n € [0,1m1], G(n) = %Hw*”2 — £ Recall that

Lo w2
G(U) :§”w*|l +35 ||Bt nwtram” + 3 ||Btn Xtram) gtraln

1

2
5 ||w* “ - <Bt77]w:rain> w*,

WV

Since |( By ywi i) w*| < Lnt, we know for any 7 € [0, 7],
L, w2
Glo) > L~ Lt

Choosing 1, = we have for any n € [0, ],

4Lt )

1, .0 C
> - -
Gn) = 5wl - -

Lower bounding G(n) for n € [ns,1/L]: Now, we prove that there exists 73 =

with 73 > 1 such that for all n € [z, 1/L],

1, .0 C
Gln) = Sl - =
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Recall that

1

1 2
G(n) = §||Bt777w:rain - UJ*||2 + §HBt7n(Xtrain)Tftrain

1
? = §HBt,77(Xtrain)T€train

According to Lemma D.5.1, we know with probability at least 1 —exp(—Q(d)), Y2 <

|€train|| - Therefore,

_ 0'2 g
||Bt,77(Xtrain)T5trainH2 = (1 — € nt/L>2 8_L > 32_L’

where the last inequality assumes 1 > log(2)L/t. As long as t > log(2)L?, we have

log(2)L/t < 1/L. Choosing 13 = log(2)L/t, we know for all n € [n3, 1/L],

0.2

1
G(U) = 5HBt,n<Xtrain)T§trainH2 = 64_L

Note that %Hw"‘”2 = 1/2. Therefore, as long as ¢ = 8v/L, we have

Gl > gl
for all n € [n3, 1/L].

Overall, we have shown that there exist 11,172,135 = O(1/t) with n; < 1y < 13
such that G(1) < 1/2||w*||* — 5C/4 and G(n) = 1/2||w*||> — C/4 for all € [0,m,] U
[73,1/L]. Recall that Q(n) = G(n) + (Biywiam — W*> Biy(Xirain) Eiram. Choosing
¢ = C/4 in Lemma D.2.15, we know with probability at least 1 — exp(—Q(d)),
[(Biywigin — w*) Byy(Xirain) Eirain] < C/4 for all n € [0,1/L]. Therefore, we know
Q) < 12| - C and Q(y) = 1/2]w*|2 — €/2 for all n e [0,m] v [, 1/L]. O

Next, we give the proof of Lemma D.2.11.

Proof of Lemma D.2.11. Recall that Fpy(n) = E1/2||w., — w*||* + ”72 For

convenience, denote Q(n) := 1/2|lw;, — w*||>. In order to prove Lemma D.2.11, we
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only need to show that EQ(ns) < %Hw"‘”2 — +C and EQ(n) > %Hw"‘“2 — &C for all
n e [0,m] v [ns, 1/L].

According to Lemma D.2.14, as long as o is a large enough constant ¢; and t is at
least certain constant ¢y, with probability at least 1 — exp(—Q(d)) over the sampling

of Strain, there exists ny,m2, 13 = O(1/t) with 11 < 179 < 13 such that
Q(n2) = 1/2||wyp, — w*||* < =|Jw*|* = C

Q) = 1/2||wyy — w*||* =

N~ N

. C
Hw H2 - §7V77 € [07771] v [773» 1/L]

where C' is a positive constant. Call this event £. Suppose the probability that &£

happens is 1 — 4. We can write EQ(n) as follows,

EQ(n) = E[Q(n)|E] Pr[€] + E[Q(n)|] Pr[£].

According to the algorithm, we know |w,,,| is always bounded by 4+/Lo. There-

fore, Q(n) := 1/2||ws, — w*||* < 13Lo?. When 1 = 1, we have

EQ(n2) < (%Hw*“2 - C) (1—6)+13Lo%6

1> — g —C + (C +13Lo%)6

]' *
=§Hw
1, .2 9C
<5 - T
Sl =3

c

where the last inequality assumes 0 < 15150052
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When 7 € [0,m1] U [n3,1/L], we have

1 C
EQ(n2) = <§||w*\|2 — 5) (1—6)—13Lo%6
1 5 0 C )
= “I'==—-(1—-6)—=—13L
S|P =5 = (1= )5 = 13Lo%
1 C
> ||lw*|* — = — (1/2 + 13Lo?)6
2 2
1., 6C
> [Jw* | = ==,
2 10
where the last inequality holds as long as 0 < zzy35752 +1C3’0L02'

According to Lemma D.2.14, we know § < exp(—£2(d)). Therefore, the conditions

for 6 can be satisfied as long as d is larger than certain constant. O
Generalization for n € [0,1/L]

In this section, we show ﬁTbV is point-wise close to Fryy for all € [0,1/L]. Recall

Lemma D.2.12 as follows.

Lemma D.2.12. For any 1 > € > 0, assume d = c4log(1/€) for some constant cy.

With probability at least 1 — O(1/€) exp(—Q(e*m)),

| Erov (n) — Frov(n)] < e,
for allm e [0,1/L].

In order to prove Lemma D.2.12, let’s first show that for a fixed n with high
probability ﬁTbV(n) is close to Frpy(n). Similar as in Lemma D.2.8, we show each

Aqpy (0, Py) is O(1)-subexponential. We defer its proof to Section D.2.3.

Lemma D.2.17. Suppose o is a constant. For any fized n € [0,1/L] and any
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1> € > 0, with probability at least 1 — exp(—Q(e*m)),

Friv(n) — Frov(n)| < e.

Next, we show that there exists an e-net for Frry with size O(1/¢). By e-net, we
mean there exists a finite set N, of step size such that |Fryy(n) — Frpy (1) < € for
any n € [0,1/L] and 0’ € argmin,en, |7 —n'|. We defer the proof of Lemma D.2.18 to

Section D.2.3.

Lemma D.2.18. Suppose o is a constant. For any1 > € > 0, assume d = cq4log(1/e)
for constant cy4. There exists an e-net N, for Fryy with |[N.| = O(1/€). That means,
for any n e [0,1/L),

|Fryv(n) — Frov ()| <,

forn' € argmin,en, |7 —7/|.

Next, we show that with high probability, there also exists an e-net for }A?’Tbv with
size O(1/e).

Lemma D.2.19. Suppose o is a constant. For any1 > € > 0, assume d = c41og(1/€)

for constant cy. With probability at least 1 — exp(—Q(e*m)), there exists an e-net N!

for Fryy with |N.| = O(1/€). That means, for any n € [0,1/L],

|ﬁTbV(77) - ﬁTbv(U/N <€,

forn' € argmin,en, |7 —1/|.
Combing Lemma D.2.17, Lemma D.2.18 and Lemma D.2.19, now we give the

proof of Lemma D.2.12.
Proof of Lemma D.2.12. The proof is very similar as in Lemma D.2.4. By
Lemma D.2.17, we know that with probability at least 1 — exp(—Q(e*m)), we have
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}?’Tbv(n) — Fryv(n)| < € for any fixed 1. By Lemma D.2.18 and Lemma D.2.19, we
know as long as d = Q(log(1/€)), with probability at least 1 — exp(—(e?*m)), there
exists e-net N, and N/ for Fryy and ﬁ’TW respectively. Here, both of N, and N/ have
size O(1/€). According to the proofs of Lemma D.2.18 and Lemma D.2.19, it’s not
hard to verify that N, u V! is still an e-net for ﬁTbV and Fryy. That means, for any

n € [0,1/L], we have

| Ery () — Frov ()], | Frov (n) — Frov (11)] < e,

/ : /
for o' € argmingen,onz 7 — 7|

Taking a union bound over N, u N/, we have with probability at least 1 —
O(1/e) exp(—Q(e*m)),
Fryv(n) — Frov()| < €

for any n e N, u N/.

Overall, we know with probability at least 1 — O(1/€) exp(—Q(€*m)), for all n €
[0,1/L],
| Fryy (1) = Froy ()|
<|Fryv(n) = Frov ()| + [Frov(n) = Froy ()| + [Prov(n) = Frov ()|

<3e,

where 7/ € arg min,en, on7 |7 — 7'|. Changing € to €'/3 finishes the proof. ]
Lower Bounding ﬁTW fornme[l/L,0)

In this section, we prove ﬁTW is large for any step size n = 1/L. Therefore, the

optimal step size 7} ;4 must be smaller than Fryy.
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Lemma D.2.13. Suppose o is a large constant. Assume t = co,d = c4log(t) for

some constants cq, cq. With probability at least 1 — exp(—(m)),

~ 1
Frov(n) 2C'0% + 50,

for allm = 1/L, where C' is a positive constant independent with o.

When the step size is very large (larger than 3L), we know the GD sequence gets
truncated with high probability, which immediately implies the loss is high. The

proof of Lemma D.2.20 is deferred into Section D.2.3.

Lemma D.2.20. Assume t = co,d = ¢4 for some constants co, cq. With probability
at least 1 — exp(—2(m)),

ﬁTbV(n) > o2,

for allm e [3L, )

The case for step size within [1/L,3L] requires more efforts. We give the proof

of Lemma D.2.21 in this section later.

Lemma D.2.21. Suppose o is a large constant. Assume t = co,d = c4log(t) for

some constants cq, cq. With probability at least 1 — exp(—(m)),

~ 1
FTbV(n) 2040'2 + 50’2,

for allm e [1/L,3L], where Cy is a positive constant independent with o.

With the above two lemmas, Lemma D.2.13 is just a combination of them.

Proof of Lemma D.2.13. The result follows by taking a union bound and choosing
C" = min(Cy, 1/2). L]

In the remaining of this section, we give the proof of Lemma D.2.21. When the
step size is between 1/L and 3L, if the GD sequence has a reasonable probability of
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diverging, we can still show the loss is high similar as before. If not, we need to show
the GD sequence overfits the noise in the training set, which incurs a high loss.

Recall that the noise term is roughly %H (I—(I- UHtrain)t)(Xtrain)T&rainHQ- When
n € [1/L,3L], the eigenvalues of I — nHyzain in Sirain Subspace can be negative. If all
the non-zero n eigenvalues of Hi,,;, have the same value, there exists a step size such
that the eigenvalues of I —1Hy.ai, in subspace Sipain is —1. If ¢ is even, the eigenvalues
of I — (I — nHizain)" in Sirain subspace are zero, which means GD sequence does not
catch any noise in Siain.

Notice that the above problematic case cannot happen when the eigenvalues of
Hi,.in are spread out. Basically, when there are two different eigenvalues, there won'’t
exist any large 1 that can cancel both directions at the same time. In Lemma D.2.22,
we show with constant probability, the eigenvalues of Hi..;, are indeed spread out.

The proof is deferred into Section D.2.3.

Lemma D.2.22. Let the top n eigenvalues of Hygin be Ny = -+ = \,. Assume
dimension d = ¢4 for certain constant cy. There exist positive constants p, p', " such

that with probability at least u,

"
)\,u’n - )\nf,u’n+1 = .

Next, we utilize this variance in eigenvalues to prove that the GD sequence has

to learn a constant fraction of the noise in training set.

Lemma D.2.23. Suppose noise level o is a large enough constant c¢i. Assume unroll
length t = co and dimension d = ¢4 for some constants co,cy. Then, with probability

at least C

||Bt,77wtmin - w*H?{tmm = 02027
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for all n € [1/L,3L], where Cy,Cy are positive constants.

Proof of Lemma D.2.23. Let & be the event that \/&/\/Z < 0;(Xirain) < VLd
and 1/L < \i(Hyai) < L for all i € [n] and vVdo/4 < |Eain| < Vdo. Let & be the
event that vd/v'L < 0i(Xyana) < VLd and 1/L < N\j(Hyana) < L for all i € [n] and
Vdo/4 < |éana| < Vdo. According to Lemma D.2.3 and Lemma D.5.1, we know
both &£ and &; hold with probability at least 1 — exp(—£(d)).

Let the top n eigenvalues of Hiyain be Ay = -+ = \,. According to Lemma D.2.22,
assuming d is larger than certain constant, we know there exist positive constants
{1, phe, f3 such that with probability at least i1, Aj,n — An—jons1 = p3. Call this event
&s.

Let S; and S; be the span of the bottom and top usn eigenvectors of Hipain

vd

10 with probability

respectively. According to Lemma D.5.1, we know |[&pain| =
at least 1 — exp(—(d)). Let P, € R™*™ be a rank-uon projection matrix such that
the column span of (Xtrain)Tpl is S1. By Johnson-Lindenstrauss Lemma, we know

with probability at least 1—exp(—£2(d)), > @ [€train| - Taking a union

PI‘Oj P gtrain

> V podo

bound, with probability at least 1 —exp(—(d)), > Y22 Similarly, we

PI‘Oj P gtrain
can define P; for the Sy subspace and show with probability at least 1 —exp(—(d)),

> —V“gda. Call the intersection of both events as &£;, which happens with

HPTOJP2§train
with probability at least 1 — exp(—Q(d)).

Taking a union bound, we know & n & N &3 N &4 holds with probability at least
(1/2 as long as d is larger than certain constant. Through the proof, we assume

E1n&E n & n & holds.
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Let’s first lower bound | By ;Wirain — Weiain| as follows,

HBt,nwtrain o w:rain” = HBL?? (w;krain + (XtraiH>T§train) - w;krain

= (HBtﬂ? (wfrain + (Xtrain)Tgtrain) H - 1)

Recall that we define S; and S5 as the span of the bottom and top usn eigenvectors
of Hiyain Tespectively. We rely on S; to lower bound |w;, — w*|| when 7 is small and

rely on Sy when 7 is large.

Case 1: Let 034 (B;,) be the smallest singular value of By, within S; subspace. If

77>\n7/12n+1 <2- ,U/B/(QL)’ we have

S (B, ) > T PR (1 a )t > 1
mnf(l—-|(1-— —(1—-— > -,

Omin{ Pt L2) 2L 2

where the second inequality assumes ¢ > max(L?,2L/u3)log2. Then, we have

-1 -1

”wtm - ’LU*” ( O thin Bt’r] (HPI‘OJsl Xtram) ftram

GO ) )

podo
8

where the second inequality uses HPFOj plftrainH = and the last inequality as-

< 48VL

sumes o = N

Case 2: If nAy_jons1 > 2 — pg/(2L), we have nA,,, = 2 + p3/(2L) since Ay, —

% (By,) be the smallest singular value of By,

An—pont1 = pig and n = 1/L. Let o

within S, subspace. We have
M3\ ' 1
B> (1 15) 1) 5
mln( tn) ( + 2L ) 27
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where the last inequality assumes t > 4L/pu3. Then, similar as in Case 1, we can also

prove |wy, — w*| = 3‘)/2%%

Therefore, we have

1 s

2 2 2 2
||Bt,nwtrain - w* ||Htrain = ||Bt777wtrain - w:ra'in“Htrain 2 ZHBt’nwtrain B wfrain” 2 1024L27
for all p € [1/L,3L]. We denote C} := /2 and Cy = 155375 O

Before we present the proof of Lemma D.2.21, we still need a technical lemma
that shows the noise in Syaiq concentrates at its mean. The proof of Lemma D.2.24

is deferred into Section D.2.3.

Lemma D.2.24. Suppose o is constant. For any 1 > € > 0, with probability at least

1—O(t/e) exp(—Q(e*d)), Mi(Hypasia) = 1/L and

2 2
[wey — wvalid”}[whd > |lwey — w*”leid +(1—¢)o?,

for allne[1/L,3L].

Combing the above lemmas, we give the proof of Lemma D.2.21.

Proof of Lemma D.2.21. According to Lemma D.2.24, we know given 1 > € > 0,
with probability at least

1—O(t/6) eXp<—Q(€2d)), An(Hvalid) = 1/L and Hwtm — wvalidH?{

valid

> ||wy, — w*H?{mhd—i—
(1—€)o? for allny € [1/L, 3L]. Call this event & . Suppose Pr[€;] = 1—§/2, where § will

(k)

be specifies later. For each training set S;..; , we also define Sl(k). By concentration,

we know with probability at least 1 — exp(—Q(6?m)), 1/m Y~ 1 {ka)} >1-4.
According to Lemma D.2.23, we know there exist constants C, Cy such that with

probability at least Cf,

| Bty Werain —w*qutrain > (Cyo? for all n € [1/L,3L]. Call this event &. For each

(k)

training set S;.,;,, we also define 52(1@)' By concentration, we know with probability
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at least 1 — exp(—Q(m)), 1/m> ;" | 1 {Sék)} > (/2.

For any step size n € [1/L,3L], we can lower bound Firyy () as follows,

ﬁTbv(n) :% i % wt(lz) - w\(zgid ;k)_
k=1 valid
> 2 gl — o 142}
>%§% w® ZIL {9) + %(1 — (1 =5
2% é% w®) — w 21 {5{’“ A 52““)} + %(1 —&)(1-8)o

Aslong as 0 < C1/4, we know L 37" |1 {81(k) N Sék)} > (/4. Let E5(n) be the event
that wt(l;) gets truncated with step size n. We have
1 - 1 ’ (k) " 2
— D5 |[w —wi
m = 2

1 {60 )

Hyatia

2

1{e® n el n el

Hyalia

1 mlH (k) "
DI (AR
mk:12

1 &1 () |2
+ N —_ —_
m kzl 2Hwt’" Wk

1{e e g},

Hyalia
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2

1 (£ )

. Hyalia
1l (k) «||? (k) (k) . &(k)
> E — — 1 {5 E & }
m ~ 5 ) wt,?] U}k Hos 1 MCy " N 3

*k

Here, we lower bound Hwt(’;) —wy, by 902 when the sequence gets truncated.

Heaia
IfFLy" 1 {El(k) AEP A gék)} < Cy/8, weknow L 37" |1 {El(k) AEP A é’ék)} >

C1/8. Then, we have

e e}

p Hyalia

2

1 {5{’” A EW A 5§’“>}

k=1 Hyalia
C, Cyo?  (C1Cy0?
=— X
8 2 16
Letting C5 = min(25!, €1€2) we then have
2 1 Cso? 1
Fry(n) = Cs0® + (1= €)(1 = 0)0” = 320 b 5o

where the last inequality chooses 0 = € = C5/2. In order for Pr[&;] = 1—0/2, we only

need d = ¢4 log(t) for some constant ¢y. Replacing C3/2 by Cy finishes the proof. []

Proofs of Technical Lemmas

Proof of Lemma D.2.15. We first show that for a fixed n € [0, 1/L], the crossing

term ‘<Bt7nw§rain —w*) Bt,n(Xtrain)Tftrain| is small with high probability. We can write
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down the crossing term as follows:

<Bt,nw;~ain - 'LU*> Bt,n (Xtrain)Tftrain = <[(Xtrain)T]TBt,n(Bt,nw:;ain - ’LU*)> gtrain-

Noticing that &y is independent with [(Xipain)']" By (Biywiiam — w*), we will

use Hoeffding’s inequality to bound [(By,wfa, — w*) Biy(Xirain) Erain| - According

to Lemma D.2.3, we know with probability at least 1 — exp(—Q(d)), Vd/VL <
0i(Xirain) < VLd and 1/L < Nj(Hyain) < L for all ¢ € [n] with L = 100. Since

n < 1/L, we know |By,| = [I — (I — nHypain)'| < 1. Therefore, we have

2

H[(Xtrain)T]TBt,n<Bt,77w:<rain - w*)H < \/& ’

for any n € [0,1/L]. Then, for any ¢ > 0, by Hoeffding’s inequality, with probability

at least 1 — exp(—Q(€%d)),
’<Btvﬁw:rain - w*> Bt,n (Xtrain)Tgtrain‘ S €

Next, we construct an e-net on 7 and show the crossing term is small for all

n e [0,1/L]. Let
9(71) = <Bt7nw:<rain - w*> Bt,n(Xtrain)Tgtrain-
We compute the derivative of g(n) as follows:
g/ (77) = <thrain (I - nHtrain>t_1w:<rain> Bt,n (Xtrain)Tgtrain
+ <Bt,77w:<rain - w*> thrain(I - nHtrain)t_l(Xtrain)Tftrain

By Lemma D.5.1, we know with probability at least 1 — exp(—Q(d)), ||Eam| < Vdo.
Therefore,

! L5 ! L5 n\! 1.5 n\!
gl <t (1-1) or2ntt (1) o= (1-0) o
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We can control |¢’(n)] in different regimes:
e For n e [0, ], we have |¢/(n)| < 3L"%to.

(i+1)L
t—1

3L1-5to
et "

e Given any 1 < i <logt — 1, for any n € (3, ], we have |¢'(n)] <

o For any n e (£28L 1/L], we have |¢'(n)| < 3L'%0.

Fix any € > 0, we know there exists an e-net /N, with size

logt—1 1.5
1 L L't 1 Llogt
N =2 <— S L (1oL )3L1'50)
€

L t—1

el 3\/Ea> - o()

such that for any n € [0,1/L], there exists ' € N, with |g(n) — g(n')| < €. Note that
L = 100 and o is a constant. Taking a union bound over N, and all the other bad
events, we have with probability at least 1 — exp(—Q(d)) — O(1/¢) exp(—Q(e?d)), for

all pe0,1/L],
‘<Bt,?7w:rain - U}*> Bt,n<Xtrain>T§train‘ <€et+e= 26-

Aslong as 1 > € > 0, this happens with probability at least 1—O(1/¢) exp(—Q(e%d)).

Replacing € by €’/2 finishes the proof. ]

Proof of Lemma D.2.16. According to Lemma D.2.3, we know with probability
at least 1 — exp(—Q(d)), 1/L < Ni(Hyain) < L for all ¢ € [n] with L = 100. We can

lower bound (B, ,wy,;,» w* as follows,

<Bt,7iw1>;krain>w* = <(] - (I - nHtl“aiH)t) w:rain> w;krain

2)\min (I - (I - nHtl“ain)t) ||w:<rain||2

nt
> (1o (<)) ot
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By Johnson-Lindenstrauss lemma (Lemma D.5.5), we know with probability at least

1 — 2exp(—ce?d/4),

—_

(1 -6 ] = 50— o).

Hw:‘rain H =

DO |

Then, we know with probability at least 1 — 2 exp(—ce?d/4) — exp(—(d)),

t ®
<Bt nwtra1n>w (1 — €xp ( Z—/)) HwtrainH2
- nt l 2
(1 exp( L)) 4(1 €)
1-2 t

Since e < 1 —xz + z?%/2 for any x < 0, we know exp(—nt/L) < 1—nt/L +n*t?/(2L?).

For any n < L/t, we have exp(—nt/L) < 1 —nt/(2L). Then with probability at least
1 — 2exp(—ce?d/4) — exp(—Q(d)),

1—2ent
<Bta”]w:rain> w* = 4 ﬁ

nt
16L

where the second inequality holds by choosing € = 1/4. O

Proof of Lemma D.2.17. Recall that

1 m
F = — A P
TbV m Z_: bV 77, k
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For each individual loss function Agyy (1, Py), we have

2
k k
ATbV(na Pk 2’ —w* - (X\Eal)id)Tgx(/al)id g®
valid
gl ] e ol o) X
=5||W —w + val Wy Xval va1
2 || Wt ey ok ha) "€
25La 1 e (k Lojew
< H Vahd % Valld + 5\/>O- (\/7 HXvalld \/_ﬁ gvalid
We can write H Vahd as U?Ilax(%X\(/:lld> According to Lemma D.5.3, we know

UmaX(X\E:l)ld) Eo max(Xé:hd) is O(1)-subgaussian, which implies that crmax(xle\(,:fl q)—

Eo max( fXg:l)ld) O(1/+/d)-subgaussian. Since ]Eamax(\leé:fld) is a constant, we

know amax(\}Xvalld) is O(1)-subgaussian and amax(%Xvahd) is O(1)-subexponential.

5 ) (2 €8] are

O(1)-subexponential. This further implies that Aryy (1, Py) is O(1)-subexponential.

2

x*

Similarly, we know both the terms 5- Vahd ﬁizl)id

and <

d

Therefore, }A?TW is the average of m i.i.d. O(1)-subexponential random variables. By
standard concentration inequality, we know for any 1 > € > 0, with probability at
least 1 — exp(—Q(e?m)),

Frov(n) — Fryv(n)| < e.

Proof of Lemma D.2.18. Recall that

1
Fryy (n) =Eg [lweq — w*(|” + 0%/2.

We only need to construct an e-net for Ef|lw, — w*||*. Let £ be the event that

VAd/VL < 0i(Xiain) < VLd and 1/L < M\j(Hypain) < L for all i € [n] and ||| <
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Vdo. We have

1 1 1 I
Byl — I = & | o, — w1l | Prie] + B | Glhuey - w7 1€ pafe]

We first construct e-net for E [ 1w, — w*\|2|8] Pr[€]. Let Q(n) := L{jwy, — w*||.
Fix a training set Si;aim under which event £ holds. We show that Q(n) has desirable
lipschitz property.

The derivative of Q(n) can be computed as follows,

Q,(n) = <thrain(] - nHtrain>t71wtrain> wt,n - UJ*-

Conditioning on £, we have

Therefore, we have

5| o - welPle | pafe]| - owe -

Similar as in Lemma D.2.15, for any € > 0, we know there exists an e-net N, with

size O(1/e€) such that for any n € [0,1/L],

1

1
‘E [§||wt,77 — w*||2|€] Pr[€] - E [§||wt7,7/ — w*||2|€] Pr[€]| < e

for o' € argmin,en, |7 — 7|
Suppose the probability of £ is . We have

25Lo2

0 <,

1 _ _
B [3lluny - w?IFlE | Pafe] <

where the last inequality assumes § < 252L—22 From Lemma D.2.3 and Lemma D.5.1,
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we know ¢ := Pr[€] < exp(—Q(d)). Therefore, given any € > 0, there exists constant
¢4 such that 6 < 32255 as long as d = ¢4 log(1/e).
Overall, for any € > 0, as long as d = Q(log(1/¢)), there exists N, with size O(1/¢)

such that for any 5 € [0, 1/L], |Fryv(n) = Frov ()] <

Changing € to €'/3 finishes the proof. O
Proof of Lemma D.2.19. For each k € [m], let &, be the event that \/d/v/L <

oi( tmm) v Ld for any i € [n] and

< V/do. Then, we can write the empirical

étrain

meta objective as follows,

Fry(n) == — Z Aqyr(n, Pe)le, + — Z Aqyr(n, Pr)lg, .
iyt S

Similar as Lemma D.2.18, we will show that the first term has desirable Lip-
schitz property and the second term is small. Now, let’s focus on the first term
% ZZ;l ATbT(na Pk)]lgk Recall that

*® ||
Aryr(n, Pr) = 5 Hwtn — Wealig

H\(Iil)ld
HB tra)ln - (X\(zla{hd) fvahd 2 (k) °
2 Hvahcl
Computing the derivative of Agpyr(n, Pg) in terms of 7, we have
0 (k (k (k k)
ﬁ_ATbT n, Pk <thra)1n I 77‘[—‘Itra1n t 1u}traln> Hval)ld (wt 77) (X\(/ahd)Tgvahd>

Conditioning on &, we can bound the derivative,

’ ~oe(1-2)" () +

P_ATbT(na Py) 55];1)@
on

) (Galel)

1 x (k)
E— .
<\/a H valid
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Therefore, we have

1 & 0
— § —Aqyr(n, Py)lg,
m

=
LS (] L Je®
omn(i-3) 15 (il () (&)
( ) 7 m l; ( valid \/* vahd \/& Svahd
Similar as in Lemma D.2.17, we know both H vahd and <\f HX\(,:hd > (\/La f\(,];l)id >

are O(1)-subexponential. Therefore, we know with probability at least 1—exp(—2(m)),

(k)
%Z?:l (HHvalid + <\f H vahd ) <

probability at least 1 — exp(—Q(m)),

fvahd )) O(1). This further shows that with

O(1)t (1 - %)H.

SIH

0
Z a_ATbT n, Pu)le, | =

Similar as in Lemma D.2.15, we can show that for any ¢ > 0, there exists an e-net
with size O(1/e) for = 3" | Aqyr(n, Py)le,.

Next, we show that the second term - 3" Aqyp(n, Py)lg, is small with high

))

probability. According to the proof in Lemma D.2.17, we know

1) (G

k)
vahd

ATbT(U, P k <H H V:ﬂd fvahd

(|5

Therefore, there exists constant C' such that

— Z Aqyr(n, Pr)lg,
"o

k)
Vahd

k
gx(lal)id

% Z (HH\(jhd

) (7

2
(k
(\f ”Xvahd

)
) (4

2 L)
b (]
(\/g valid

k k
+ é 6\(/al)id gx(zal)id

vahd

)

It’s not hard to verify that (‘
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is O(1)-subexponential.

2

k k
+ é S\Eal)id gial)id

) (2l

is 1, which is a constant. Suppose the probability of &, be §. We know the expec-

k) 1
([ HXvahd ) <\/_3

pendence. By standard concentration inequality, for any 1 > ¢ > 0, with probability

)Galead)

Suppose the expectation of (H Vahd ( Nz H Vahd

(k)
valid gvahd Svalid

tation of (”H(k

)) g, is po due to inde-

at least 1 — exp(—Q(e*m)),

1 m
EZ (‘ Vahd

<Cué + Ce < (C + 1)e,

(k)

Vahd

(k)
évalid

2 )
+ HXvai
(x/& fid

where the second inequality assumes 0 < €/(C'u). By Lemma D.2.3 and Lemma D.5.1,
we know § < exp(—£(d)). Therefore, as long as d > c4log(1/e€) for some constant ¢y,
we have 6 < ¢/(Cp).

Overall, we know that as long as d > c¢4log(1/e€), with probability at least 1 —

exp(—Q(e*m)), there exists N/ with |N!| = O(1/¢) such that for any n € [0,1/L],

\ﬁTbV(U) - ﬁTbV(U’)‘ < (20 + 3)e,

for ' € arg min, ey, |7 — 7/|. Changing € to € /(2C + 3) finishes the proof. O
Proof of Lemma D.2.20. Let & be the event that \/a/\/f < 0;(Xirain) < VLd
and 1/L < N\(Hyain) < L for all i € [n] and Vdo/4 < |paim] < Vdo. Let &
be the event that vd/vL < 0;(Xeana) < VLd and 1/L < \j(Hyana) < L for all

e [n] and Vdo/4 < |&ana| < Vdo. According to Lemma D.2.3 and Lemma D.5.1,
we know both & and & hold with probability at least 1 — exp(—€(d)). Assuming

d = ¢4 for certain constant ¢4, we know Pr[& n &] = 2/3. Also define Sl(k) and
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52(k) on each training set St

1 — exp(=Q(m)),

ain- BY concentration, we know with probability at least

L\DI}—t

PIRCRLEE

It’s easy to verify that conditioning on &£, the GD sequence always exceeds the
norm threshold and gets truncated for n > 3L as long as t is larger than certain
constant. We can lower bound FTW for any n > 3L as follows,

~ 1 &1 k PAIE
FTbV(n) :E Z §Hwt(7]) - w\(/afld

(k)

k=1 valid
1 &1 ) ® 1 2

®) ||?

valid

(k)

by 20% when w;,

where the last inequality lower bounds ngl;) —w

ets
g® g

valid

truncated. ]

Proof of Lemma D.2.22. We first show that with constant probability in Xi;ain,
the variance of the eigenvalues of Hi.i, is lower bounded by a constant. Let A be
1/nY." Ni. Specifically, we show 1/n> 7" | A? — A% is lower bounded by a constant.

Let’s first compute the variance of the eigenvalues in expectation. Let the i-th

row of Xipain be :EZT . We have,

- e )

1 = 2 2
2—42 x| +n— D1 Bl ||l

1<i#j<n

=i4 (nd(d + 2) + n(n — 1)d*) = &,

n2 n3
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" A7] as follows,

Similarly, we compute E[1/n> "

[ Z /\2] I—E tI‘ (Xt—;athrathrathrain)]

=——§:EH il +——- Y, Edwpa)?

1<i#j<n

= (nd(d+2)+n(n—1)d)=d—2+g+i

3 n2 n  n?

Therefore, we have
1 < - d d 2d_d_4
El=) M-XN|=-4——-">—->—,
[n; ! ] n n? n3 n 3

where the first inequality assumes n > 2 and the last inequality uses n < 3d. Since
n>%d,weknown>2aslongasd>8.

Let € be the event that vd/v/L < 0i(Xiain) < VLd and 1/L < N\j(Hyain) < L
for i € [n] with L = 100. According to Lemma D.2.3, we know £ happens with
probability at least 1 — exp(—Q(d)). Let 1 {E} be the indicator function for event £.
Next we show that E[1/n > " (A, — A\)?1 {€}] is also lower bounded.

It’s clear that E [A?1 {£}] is upper bounded by E[A?]. In order to lower bound
E[237, A21{€}], we first show that E[L 7" A?1 {£}] is small. We can decom-

pose E [% Zz 17 ]l {g}] into two parts
1 n _ 1 n B 1 n
o5 @)] o[ Sy man <] xS ]

The first term can be bounded by L?Pr[€]. Since Pr[€] < exp(—Q(d)), we know
the first term is at most 1/6 as long as d is larger than certain constant. The second

term can be bounded by E[M1{)\; > L}]. According to Lemma D.5.4, we know
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Pr[A; = L+ t] < exp(—Q(dt)). Then, it’s not hard to verify that E[A1{\; > L}] =
O(1/d) that is bounded by 1/6 as long as d is larger than certain constant. Overall,
we know E [1 37" AT {E}| = E[L 37", A?| — 1/3. Combing with the upper bounds
on E [A?1{&}], we have E[L 3" (N — N1 {€}] = 1.

Since conditioning on &£, \; is bounded by L for all i € [n]. In order to make
E[L37" (A — A)?1{&}] lower bounded by one, there must exist positive constants
111, pt2 such that with probability at least 1, € holds and £ Y7 | (A; — A)? > po.

Since £ 3" (A\; = A)? = pp and A; < L for all i € [n], we know there exists a
subset of eigenvalues S < {\;}} with size usn such that [A\; — A\| = 4 for all \; € S,
where pug3, 14 are both positive constants.

If at least half of eigenvalues in S are larger than \, we know at least B number
of eigenvalues are smaller than \. Otherwise, the expectation of the eigenvalues will

be larger than A, which contradicts the definition of A. Similarly, if at least half of

eigenvalues in S are smaller than A, we know at least #** number of eigenvalues

are larger than \. Denote 5 := B We know Agp — An—psnt1 = fa. O

Proof of Lemma D.2.24. Let & be the event that v/d/vL < 03(Xipain) < VLd
and 1/L < N(Hyam) < L for all i € [n] and vVdo/4 < ||€gain]| < Vdo. Let & be
the event that v/d/vVL < 0;(Xvaia) < VLd and 1/L < \j(Hyapg) < L for all i € [n]
and Vdo/4 < |€vana| < Vdo. According to Lemma D.2.3 and Lemma D.5.1, we
know both & and &; hold with probability at least 1 — exp(—€(d)). In this proof,
we assume both properties hold and take a union bound at the end.

We can lower bound |jw;,, — wVﬁlidH?{mnd as follows,

2
Hyalia

||wt,77 - wvalid”?_[ :Hwt,n - U)* - (Xvalid)Tgvalid

valid

1
>||wt7n - 'LU* ||i]valid + E||€valid||2 -2 |<wt,77 - w*> Hvalid(Xvalid)Tgvalid‘ .
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For the second term, by Lemma D.5.1, we know for any 1 > ¢ > 0, with proba-

bility at least 1 — exp(—Q(e3d)),

||§vahd” (1 - E)

We can write down the third term as < (Xyatia) )" Hoyatia (wy ) — w*)>§vahd. Sup-
pose o is a constant, we know H[(Xvahd)T]THvahd Wy — H =O0(1/vd \f Therefore,

for a fixed € [1/L,3L], we have with probability at least 1 — exp(—Q(e*d)),

Kwt,n —w*) Hvalid(Xvalid)vaahd‘ S€

To prove this crossing term is small for all n € [1/L,3L], we need to construct an
e-net for the crossing term. Similar as in Lemma D.2.10, we can show there exists an
e-net for the crossing term with size O(t/e). Taking a union bound over this e-net,

we are able to show with probability at least 1 — O(t/e) exp(—(e3d)),

Kwt,n — w*) Hyatid (Xvatia) "valia

<6

for all n e [1/L,3L].

Overall, we have with probability at least 1 — O(t/€) exp(—Q(e*d)),

2
||wt,n — Wyalid ||Hvalid

1
>Hwt,n - UJ*HE + ﬁ”évalidHQ -2 }<wt,n - w*> Hvahd(Xvahd)vaahd{

valid

>||wy, — w*||?{vahd + (1 —€)o? —2¢e = (1 — 3¢)0?

for all n € [1/L,3L], where the last inequality uses ¢ > 1. The proof finishes as we

change 3¢ to €. N

317



D.3 Proofs of Train-by-Train with Large Number of Samples (GD)

In this section, we give the proof of Theorem 5.4.2. We show when the size of each
training set n and the the number of training tasks m are large enough, train-by-train

also performs well. Recall Theorem 5.4.2 as follows.

Theorem 5.4.2. Let }A?TbT(n) (n) be as defined in Equation (5.3). Assume noise level

1s a constant ¢1. Given any 1 > € > 0, assume training set sizen > g—gl log(%), unroll

length t > co log(%), number of training tasks m > ‘éigi log(tf—dm) and dimension

d = ¢4 for certain constants c, co, c3, cq. With probability at least 0.99 in the sampling

of training tasks, we have

2 do?
< (14 ¢€)—,
(1+e) "

for all 0} ,;, € argmin,>g ﬁTbT(n)(n), where the expectation is taken over new tasks.

In the proof, we use the same notations defined in Section D.2. On each training

task P, in Lemma D.3.1 we show the meta-loss can be decomposed into two terms:

1

1 . 2
Aryr(n, P) = §||wt,n - wtrain||2Htrain + %H(I’n - PrOJXtmin)ftrain |

9

where Wipain = W* + (Xtram)Tgtrain. Recall that Xipain 18 a n X d matrix with its ¢-th row

as xZT The pseudo-inverse (Xtrain)T has dimension d x n satisfying X f Xirain = 14.

train
Here, Projy, . € R"" is a projection matrix onto the column span of Xirain.

In Lemma D.3.1, we show with a constant step size, the first term in Apyr(n, P)
is exponentially small. The second term is basically the projection of the noise on
the orthogonal subspace of the data span. We show this term concentrates well on
its mean. This lemma servers as step 1 in Section D.2.1. The proof of Lemma D.3.1

is deferred into Section D.3.1.
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Lemma D.3.1. Assume n > 40d. Given any 1 > € > 0, with probability at least

1 —mexp(—2(n)) — exp(=Q(e*md/n)),

~ 1 n—d e2do?
< 1 22,2 2 .
Fryr(2/3) < 20( 3) 0"+ ——0" + 5

In the next lemma, we show the empirical meta objective is large when n exceeds
certain threshold. We define this threshold 7 such that for any step size larger than
7 the GD sequence has reasonable probability being truncated. In the proof, we rely
on the truncated sequences to argue the meta-objective must be high. The precise
definition of 7 is in Definition D.3.5. This lemma serves as step 2 in Section D.2.1.

We leave the proof of Lemma D.3.2 into Section D.3.2.

Lemma D.3.2. Let 1§ be as defined in Definition D.3.5 with 1 > € > 0. Assume
n = cd,t = co,d = ¢4 for some constants c,co,cy. With probability at least 1 —

exp(—Q(e*md?/n?)),

~ do? n—d e2do?
F > + 2 ,
nr(n) = —g om C " 20m

for all n > 1.

By Lemma D.3.1 and Lemma D.3.2, we know when ¢ is reasonably large, ﬁTbT(n)
is larger than Fryr(2/3) for all step sizes n > 7. This means the optimal step size

7 must lie in [0,7]. In Lemma D.3.3, we show a generalization result for 7 € [0, 7]

This serves as step 3 in Section D.2.1. We prove this lemma in Section D.3.3.

Lemma D.3.3. Let 7 be as defined in Definition D.3.5 with 1 > ¢ > 0. Suppose o is

a constant. Assume n = clog(%)d,t > ¢o,d = ¢4 for some constants c,cy, cy. With

319



probability at least 1 — mexp(—Q(n)) — O(&5 + m) exp(—Q(me*d®/n?)),

17€2do?

Fror(n) = Frar(n)] < ———,

for all n € [0,7],

Combining Lemma D.3.1, Lemma D.3.2 and Lemma D.3.3, we present the proof

of Theorem 5.4.2 as follows.

Proof of Theorem 5.4.2. According to Lemma D.3.1, assuming n > 40d, given
any 1/2 > € > 0, with probability at least 1 — mexp(—Q(n)) — exp(—Q(e*md/n)),

Fryr(2/3) < 20(1 — 2tg? g onody? 4 2ot Aq Jong as t > cplog(Zy) for certain

constant ¢y, we have

n—d , Tedo?
o+

Fror(2/3) < .
ir(2/3) om 100n

Let 7 be as defined in Definition D.3.5 with the same €. According to Lemma D.3.2,

as long as n = cd, t > ¢y, d = ¢y with probability at least 1 — exp(—Q(e*md?/n?)),

7 ()>62d02+n—d , €do® n—d 2+7.5€2d(72
) = Te om C T 20m  2m © 100

for all n > 7. We have }AWTbT(n) > ﬁTbT(Q/B) for all n = 1. This implies that n;;, is

within [0,7] and Fryr(1,,) < Frar(2/3) < 502 4 1242,

By Lemma D.3.3, assuming o is a constant and assuming n > clog( )d for

n
ed

~

some constant ¢, we have with probability at least 1 — mexp(—Q(n)) — O(54 +

m) exp(—Q(metd?/n?)),

17€2do?

| Fror(n) — Frsr(n)] < —
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A~

for all € [0,7]. This then implies

~ 17€2do? n—d 24€%do?
FTbT (n:rain) < FTbT (n;krain) + < 02 + :
n 2n n

By the analysis in Lemma D.3.1, we have

1 .
+ E%H ([n - PrOJXtmin)gtrainHQ

1
*
FTbT(ntrain) :Eé Hwt,n:‘rain — Wtrain

train

=ES [|wg % — Werain o°.
2 Htrain 2n
1 2 24e2do? te d
Therefore, we know E5||w,,*  — Wirain < =<%=. Next, we show this im-
train erain
2
: sl
plies EHth?‘ram w*|| is small.

Let &€ be the event that 1 — € < A\j(Hpain) < 1 + € for all i € [d]. According to
Lemma D.3.4, we know Pr[£] = 1 — exp(—Q(e?n)) as long as n > 10d/e*. Then, we

*

—w as follows,

can decompose EHwt ko
train

*

2 _
- w” L{e}
’nzkrain w 7nﬁain g ’

2::EHwt 21{€}+EHwt —

E —
wt7n1§krain w

Let’s first show the second term is small. Due to the truncation in our algorithm,

*

21{5} <

we know ||w,,x —w < 41202, which then implies Ef|w, + — w*
Mtrain ? Mtrain

4120% exp(—Q(e?n)). As long as n > % log(Z) for some constant ¢, we will have that

21 {5—} < edo?

n "

EHwt —w*

*
Mrain

We can upper bound the first term by Young’s inequality,

2 1 2
Lig} < (1+E)EHwt7n§",am — Wirain|| 1{E}+(1+6)E||wipain — w*[*1 {€} .

Merain

2

2
> (1—e¢) Wy — Wirain|| Which

Conditioning on £, we have Hwt ¥~ Wirain
»itrain

train
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2 2

implies Hwtﬂ?fmin — Wirain

<(1+2€)‘

Wy — Werain as long as € < 1/2. Sim-

train

ilarly, we also have ||wain — w*||* < (1 + 2€) || Werain — w*\ﬁ{mm. Then, we have

E|lw, —
t’ntrain

S 1ge

train

1
<(1+ E)<1 + QE)Emetﬂ;am — Wirain

+ (1 + 6)(1 + 26)IEH/w‘Elfain - w*H?{trainl {5}

1

<(5 + _)EHwtﬂ?* _ — Wtrain + (1 + 5€)El|wtrain - UJ*H?{ ;
€ train train frain
1, 48€2do> do? do’

<5+ )2 (11 50% < (1429302
€ n n n

*

Overall, we have EHthE‘Zam —w*|| <(1+ 2936)‘%2 + % =(1+ 2946)‘17%2. Com-

bining all the conditions, we know this holds with probability at least 0.99 as long as

: cd nm n can tnm
o is a constant ¢, n > e—glog(g),t > ¢y 10g(a),m > EZ(F lo ( - ),d > ¢4 for some

constants ¢, cg, cg, ¢4. We finish the proof by choosing € = ¢'/294. ]
D.3.1  Upper Bounding ﬁTbT(Z/B)

In this section, we show there exists a step size that achieves small empirical meta
objective. On each training task P, we show the meta-loss can be decomposed into

two terms:

1 & 2
ATbT 7]7 :2_ 2 (<wt,n - wtrain> Xy — (§ - 'TTXtTramgtrain>>

1 1 . ,
:Q ”wtﬂ] N wtrain Hi]train + % H (In - Pro-]Xtrain)ftra'in H )

where Wi = W* + (Xtram)Tftrain. In Lemma D.3.1, we show with a constant step

size, the first term is exponentially small and the second term concentrates on its
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mearl.

Lemma D.3.1. Assume n = 40d. Given any 1 > € > 0, with probability at least
1 —mexp(—Q(n)) — exp(=Q(e*md/n)),

ly, » n—d , €do?
)F o+ 5 O T o

Friyr(2/3) < 20(1 3

Before we go to the proof of Lemma D.3.1, let’s first show the covariance matrix
Hi,.in is very close to identity when n is much larger than d. The proof follows from
the concentration of singular values of random Gaussian matrix (Lemma D.5.4). We

leave the proof into Section D.3.4.

Lemma D.3.4. Given 1 > ¢ > 0, assume n > 10d/e*. With probability at least

1 —exp(—Q(e*n)),
(1= e)vn < 0i(Xpain) < (1 +€)v/n and 1 — € < N\j(Hppain) < 1+ ¢,
for alli € [d].

Now, we are ready to present the proof of Lemma D.3.1.

Proof of Lemma D.3.1. Let’s first look at one training set Si;ajn, in which y; =

(w*y xz; + & for each sample. Recall the meta-loss as
A Ly * ?
ror(n, P) = m ; wg) i — (W) zi — &)°.

Recall that X .0 1S an n x d matrix with its ¢-th row as x . With probability 1, we

know Xiain is full column rank. Denote the pseudo-inverse of X a, as X f e Rdxn

train

that satisfies X

train

Xtraln - ]d and XtralnX

3 - nxn
train = PTOJx, ., where Projy, . € R

is a projection matrix onto the column span of X .i,.

323



Let Wipain be w* + bl

trainStrain, Where Epain 1S an n-dimensional vector with its i-th

entry as ;. We have,

Aryr(n, P)
1 & o )
:% <<wt,n - 'lUtrain> €T — (éz - Xtrainétrain>>
i=1
1 9 1 ‘ ,
:§Hwtm N wtrainHHtrain + %” (In - Pro.]Xtrain)ftrainH

1 n
- ﬁ Z <wt,77 - wtrain> ngz - xixZ—Xgraingtrain-
i=1

We first show the crossing term is actually zero. We have,

E Z <wt,r] - wtrain> wzgz — ;X Xgraingtrain
i=1

1 n n
Ty T
:ﬁ <wt,n - wtrain> Z xzfz - Z Til; Xtraingtrain
i=1 i=1

1
T T i
:ﬁ <wt777 - wtrain> Xtrainé-train - Xtrainth“ainXtrainé-train

1
T T
:E <wt,17 - wtrain> Xtraingtrain - Xtraingtrain = 07

where the second last equality holds because X ain X f

train = Pro']Xtrain'
k)

We can define w'®).  as wi + (X (*) )Tfégin for every training set St(ram.

train train

Then, we
have
2

~ 1 &1 (k) (k) 11 : (k)
Frorl) =2 2 o it g, * ) 2 U = Proys D&

2

We first prove that the second term concentrates on its mean. We can concatenate
m noise vectors ft(rgin into a single noise vector &.i, With dimension nm. We can also

construct a data matrix X, € R™*%™ that consists of X (k)

rain @S diagonal blocks.
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Then the second term can be written as

2

1 1 . —
5 H \/Tim <Inm N PI‘OJ Xtrain )ftrain

According to Lemma D.5.1, with probability at least 1 — exp(—Q(e*md?/n)),

By Johnson-Lindenstrauss Lemma (Lemma D.5.5), we know with probability at least

1 — exp(—Q(e*md)),

:

1

>(1-¢)

gtrain

> (1- 62)\/2(1 - %l)cr-

2

1 , -

:
f

2

Therefore, we have Hﬁ&mm < (1+ Be:d)g2 and H\/%meroj Rorarn Etrain

2¢2)402. Overall, we know with probability at least 1 — exp(—Q(e*md/n)),

2 n—d2+562d02
2n 2n

1 1 . —
5 ‘ ‘ \/TW (]nm B PIOJ Xirain )é.train

Now, we show the first term in meta objective is small when we choose a right step

size. According to Lemma D.3.4, we know as long as n > 40d, with probability at

least 1 —exp(—Q(n)), /n/2 < oi( tmm) 34/n/2 and 1/2 < \( tmm) 3/2, for all

€ [d]. According to Lemma D.5.1, we know with probability at least 1—exp(—£(n)),
(k)

train

< 24/no. Taking a union bound on m tasks, we know all these events hold

with probability at least 1 —mexp(—£2(n)).
(k)

For each k € [m], we have )wtrain

1+ f2\/70' < 5o. It’s easy to verify that

for any step size at most 2/3, the GD sequence will not be truncated since we choose
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the threshold norm as 400. Then, for any step size n < 2/3, we have

1 Ui 1 k k 2
E Z 5 ng,n) - w‘sra)‘in
k=1

1l k k
:E Z §H([ - nHt(ra?in)twt(rziin
k=1

2
°®

train

H®

train

<

)

(1— g)2t2502 < 20(1 — %)%2

oo

where the last inequality chooses 1 as 2/3.

Overall, we know with probability at least 1—m exp(—Q(n)) —exp(—Q(e*md/n)),

~ 1 n—d 5e2do?
Frir(2/3) < 20(1 — =)*0? 2 :
TbT( /3) 0( 3) o° + on o° + m
We finish the proof by changing % by (€)?/20. O

D.3.2  Lower Bounding Eror forne (n, o)

In this section, we show the empirical meta objective is large when the step size

exceeds certain threshold. Recall Lemma D.3.2 as follows.

Lemma D.3.2. Let 1) be as defined in Definition D.3.5 with 1 > ¢ > 0. Assume
n = cd,t = co,d = ¢4 for some constants c,co,cq. With probability at least 1 —

exp(—Q(e*md?/n?)),

~ edo?> n—d e2do?
F > + 2 ,
() 2 ==+ 5 S,

for all n > 1.

Roughly speaking, we define 7 such that for any step size larger than 7 the GD
sequence has a reasonable probability being truncated. The definition is very similar

as 17 in Definition D.2.5.
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Definition D.3.5. Given a training task P, let & be the event that /n/2 <
0i(Xirain) < 34v/n/2 and 1/2 < N\j(Hirain) < 3/2 for all ¢ € [d] and \/no/2 < || &pain| <
2y/no. Let & (n) be the event that the GD sequence is truncated with step size 7.

Given 1 > € > 0, define 7 as follows,

.~ . 1 - e2do?
n = inf {7} > OIE§||w,5777 - wtrain”?{tminl {&n &)} = " } .

Similar as in Lemma D.2.6, we show 1{& n & ()} = 1{& n &(n)} for any
17" = n. This means conditioning on &1, if a GD sequence gets truncated with step

size 7, it has to be truncated with any step size ' = 7. The proof is deferred into

Section D.3.4.

Lemma D.3.6. Fizing a training set Siyqin, let £ and 6_’2(77) be as defined in Defini-

tion D.53.5. We have
1 {(91 M 52(77/)} = 1 {gl M 8_2(77)} )

for anyn' =n.
Next, we show 7] does exist and is a constant. Similar as in Lemma D.2.7, we

show that the GD sequence almost never diverges when 7 is small and diverges with

high probability when 7 is large. The proof is left in Section D.3.4.

Lemma D.3.7. Let ) be as defined in Definition D.3.5. Suppose o is a constant.

Assume n = cd,t = co,d = ¢4 for some constants c, co, cy. We have

QO | W~

<7 <6.

Next, we show the empirical loss is large for any 7 larger than 77. The proof is
very similar as the proof of Lemma 5.4.4.
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Proof of Lemma D.3.2. By Lemma D.3.7, we know 7) is a constant as long as n >
cd,t = cy,d > ¢4 for some constants c, ¢y, c4. Let & and & (n) be as defined in Defini-
tion D.3.5. For simplicity of proof, we assume IE% l|we5 — wtrainnf‘ﬂramﬂ {Sl N gg(ﬁ)} >
62

€do® The other case can be resolved using same techniques in Lemma 5.4.4

e 2
Conditioning on &, we know ||lw; s — Wirain - < 345202, Therefore, we know
) 2 t,n tra Hirain 4 )

Pr[& n &()] = 3;1252 For each task k, define 51(k) and E_Q(k) (n) as the corresponding

events on training set St By Hoeffding’s inequality, we know with probability at

rain*

least 1 — exp(—Q(e*md?/n?)),

1 & - e“d
(k) (k) (=~
By Lemma D.3.6, we know 1 {8 S(k (n )} >1 {Sl(k) N 52(’“)(77)} for any n = 7.
Recall that

2

- Z 2_H PI‘O_] (k) )gtraln

(k)
Htrnn m — tra

~ 1 41
FTbT = EZ intr] traln

We can lower bound the first term for any n > 7 as follows,

2

11 )
FTbT = E Z éHwtn — Wirain g ®)

train

Lol wm o w | K #k)
2%25‘)11%77 — Wyrain g ]]'{gl m52 (77)}

k=1 train

where the second inequality lower bounds the loss for one task by 35202 when the
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sequence gets truncated.

For the second term, according to the analysis in Lemma D.3.1, with probability
at least 1 — exp(—Q(e*md/n)),
2 n-—d , édo?

> o .
2n 20n

1 &1 H . (k)
= § — (In — PI"O,]X(k)‘ )ftrain
m k=1 2n train

Overall, with probability at least 1 — exp(—Q(e*md?/n?)),

e?do® n—d , €do?

sn " on O T a0n

ﬁTbT(n) =

for all n > 7). ]
D.3.3  Generalization for n e [0,7]

Combing Lemma D.3.1 and Lemma D.3.2, it’s not hard to see that the optimal step

size N, lies in [0,7]. In this section, we show a generalization result for step sizes

in [0, 7]. The proof of Lemma D.3.3 is given at the end of this section.

Lemma D.3.3. Let 1) be as defined in Definition D.3.5 with 1 > ¢ > 0. Suppose o is
a constant. Assume n = clog(%)d,t > co,d = ¢4 for some constants c,cy,cq. With
probability at least 1 —mexp(—Q(n)) — O(&5 + m) exp(—=Q(me*d?/n?)),

17€%do?

| Fryr(n) — ﬁTbT(n)| < a—

for all n € [0,7],

In Lemma D.3.8, we show ﬁTbT concentrates on Fryr at any fixed step size. The

proof is almost the same as Lemma D.2.8. We omit its proof.
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Lemma D.3.8. Suppose o is a constant. For any fived n and any 1 > € > 0, with

probability at least 1 — exp(—Q(e?m)),

ﬁTbT(Tl) - FTbT(n) < €

Next, we construct an e-net for Fryr in [0,7]. The proof is very similar as in

Lemma D.2.9. We defer its proof into Section D.3.4.

Lemma D.3.9. Let i) be as defined in Definition D.3.5 with 1 > ¢ > 0. Assume
the conditions in Lemma D.3.7 hold. Assume n > clog( )d for some constant c.
There ezists an %—net N < [0,7] for Fryr with |N| = O(4%). That means, for

any 1 € [0, 7],

Re2do?
| Fror(n) — Fryr(n')| < —

for ' = argmin, ey <n(n —n").

We also construct an e-net for the empirical meta objective. The proof is very

similar as in Lemma D.2.10. We leave its proof into Section D.3.4.

Lemma D.3.10. Let 1) be as defined in Definition D.3.5 with 1 > ¢ > 0. Assume
the conditions in Lemma D.3.7 hold. Assume n = 40d. With probability at least 1 —
mexp(—Q(n)), there exists an <2 -pet N’ < [0,7] for Fryp with |N'| = O(55+m).
That means, for any n € [0, ﬁ],

e2do?

[Bror(n) = Fror ()] < =,

for 77, = a,rg minnllelen//gn(n _ 7,]//)‘

Combing the above three lemmas, we give the proof of Lemma D.3.3.
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Proof of Lemma D.3.3. We assume ¢ as a constant in this proof. By Lemma D.3.8,

we know with probability at least 1 — exp(—Q(metd?/n?)),

Fror(n) — FTbT(’fZ)‘ <

—EQi"Q for any fixed . By Lemma D.3.9, we know as long as n > clog(%)d for some

constant ¢, there exists an 862n—d”2—net N for Fryr with size O(:z—"d). By Lemma D.3.10,

we know with probability at least 1 —mexp(—Q(n)), there exists an %-net N’ for

ﬁ’TbT with size O(:Q—”d + m). It’s not hard to verify that N u N’ is still an 862ngz—net

A~
Y

for ﬁTW and Frpy. That means, for any n € [0, 77], we have

~ ~ 8e2do?
\Fryr(n) — Fror ()|, [Fror(n) — Frur(n')] < m—

/ : "
for ' = argmin,renone <y (n —0").

Taking a union bound over N u N’, we have with probability at least 1 — O(:T’fi +

m) exp(—Qme'd /n?)),

e2do?

n

Fror(n) — FPror(n)| <

forallne N u N'.
Overall, with probability at least 1—m exp(—Q(n))—O(55+m) exp(—Q(me*d*/n?)),

~
?

for all n € [0,7]
|Pror(n) = Pror(n)|

<|Prsr(n) — Pror(0)| + | Frur () — Fre ()| + | Fror (') — Fror(n)|

17€2do?

?

<
n

where 7' = arg min,renon pr<n(n —1"). ]
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D.3.4  Proofs of Technical Lemmas

Proof of Lemma D.3.4. According to Lemma D.5.4, we know with probability at

least 1 — 2exp(—t%/2),
f_\/g_tgo-i(Xtrain) S\/’ﬁ—l-\/a—l-t

for all i € [d]. Since d < 612—(?, we have y/n — i/% — 1 < 0§(Xoprain) < /0 i/% tt

— L )ey/n, we have with probability at least 1 — exp(—Q(e?n)),

Choosing ¢ = (3 AT

(1= VR < 03 Xina) < (L4 )V

Since \;(Hizain) = 1/10%(Xirain), we have 1 — € < \j(Hipain) < 1 + €. ]
Proof of Lemma D.3.6. The proof is almost the same as in Lemma D.2.6. We
omit the details here. Basically, in Lemma D.2.6, the only property we rely on is
that the norm threshold is larger than 2 |wyain| conditioning on &;. Conditioning on
&1, we know ||wipain| < 5o. Recall that the norm threshold is still set as 400. So this

property is preserved and the previous proof works. O

Proof of Lemma D.3.7. The proof is very similar as in Lemma D.2.7. Conditioning
on &, we know |Hipain| < 3/2 and |wirain| < 50. So the GD sequence never exceeds

the norm threshold 400 for any n < 4/3. That means,

1 _
Einwt,n - w‘mrainqutrainIL {51 N 52(77)} =0

for all n < 4/3.

To lower bound the loss for large step size, we need to first lower bound |[wyzain | -
Recall that wipain = W* + (Xirain) 'Eain- Conditioning on &1, we know ||pam| < 24/no
and 04(Xirain) = 4/n/2, which implies |[(X¢ain)'|| < 2/4/n. By Johnson-Lindenstrauss
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< %\/% ||£trainH with probablhty

at least 1 — exp(—£(d)). Call this event &. Conditioning on & n &, we have

23 /d d
H(Xtrain>T5trainH < 2\/50\/_55\/; < 6\/;0,

which is smaller than 1/2 as long as n > 122do?. Note that we assume o is a constant.

Lemma (Lemma D.5.5), we have |Projy,  &ain

This then implies |wipain| = 1/2.
Let {w/ ,} be the GD sequence without truncation. For any step size 7 € [6, o0,

conditioning on & N &, we have
! 1 t " 1
Hwth = (6 x 5 - 1) —1 HwtrainH > (2 - 1) 5 = 400’,

where the last inequality holds as long as t > ¢, for some constant c¢o. Therefore, we
know when 7 € [6,90), 1 {& n &(n)} = 1{& n &}. Assuming n > 40d, we know &;
holds with probability at least 1 — exp(—€2(n)). Then, we have for any n = 6,

1 9 - 1 9 e2do?
Eﬁme - wtrainHHtramﬂ {51 M 52(77)} ZZ (400’ — 50’) Pr[é’l M 53] = n y

where the last inequality assumes n > ¢, d > ¢4 for some constant c, cy.

Overall, we know EZ||lw, —wtrainHiIminIL {& N &(n)} equals zero for all n €
[0,4/3] and is at least % for all n € [6,00). By definition, we know 7 € (4/3,6). [
Proof of Lemma D.3.9. By Lemma D.3.7, we know 7] is a constant. The proof is
very similar as in Lemma D.2.9. Let & and &(n) be as defined in Definition D.3.5.
For the simplicity of the proof, we assume IE%Hwtﬁ — wtrainH?{mm]l {51 N 6_’2(77)} <

%. The other case can be resolved using techniques in the proof of Lemma D.2.9.
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Recall the population meta objective

1

n—d
FTbT(U) = E§Hwt,n - wtrainHzmm - ’

2710"

Therefore, we only need to construct an e-net for the first term.

. 2
We can divide Ei||wy,;, — Werain]| ... as follows,
rammn

1 2
E§ | | Wt — Wirain | | Hirain

1 ~ 1 5 A~
:Eénwt,n - wtrain”i]trainﬂ- {51 M 82(77)} + Eénwt,n - wtrain”?{tmin:ﬂ- {51 M 52(77)}

1 _
+ EEHMtW — wtrainHiItrainﬂ {51} .

We will construct an e-net for the first term and show the other two terms are
small. Let’s first consider the third term. Assuming n > 40d, we know Pr[&;] <
exp(—€(n)). Since 1|lw, — wtrain”iumm is O(1)-subexponential, by Cauchy-Schwarz
inequality, we have Ei|jw,, — wtrainH?{tram]l {&} = O(1) exp(—Q(n)). Choosing n >

2d2
<EO"

clog(n/(ed)) for some constant ¢, we know 1 ||w;z — wtrain”fqmmﬂ {&1} -

Then we upper bound the second term. Since ]E% |we 5 — Werain Hiltmm 1 {51 N gg('f])} <
# and

Hllwe s — wtrain”iltram > # when w,; diverges, we know Pr[81 N gg(ﬁ)] <

Then, we can upper bound the second term as follows,

3 x 45%02 4€%d - 6e2do?
4 352n n

]_ ~ A
I[“3§||Uht,n - wtrain”?{traml {&n&M)} <

Next, similar as in Lemma D.2.9, we can show that the first term, which is

Sllwe, — wtrain”iltrain]l {& N &(N)}, is O(t)-lipschitz. Therefore, there exists an %—

net N for E||wy, — wtramHiItrainIL {&1 N &(N)} with size O(FL). That means, for any
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A~
9

n € [0,7]

1 e2do?

~ 1 ~
E§||wt,n - wtrain“iltminﬂ- {gl N gZ(n)} - E§||wt,n’ - wtrain”i[trainll- {gl N & (77)} <

for 1" = arg minyen yr<n(n = 11").
Combing with the upper bounds on the second term and the third term, we have
for any n € [0, 7],
8c2do?

|Fryr(n) — Fror(n)| < p

for ' = arg min,yen <, (n —n"). O
Proof of Lemma D.3.10. By Lemma D.3.7, we know 7 is a constant. For each k €

) < 3yn/2and 1/2 < \(HY

train

[m], let & k. be the event that 1/n/2 < O'i(X(k)

train

) <3/2
gt(fa)in

we know with probability at least 1 — mexp(—(n)), &1x's hold for all k € [m].

for all i € [d] and y/no/2 <

< 24/no. Assuming n > 40d, by Lemma D.3.4,

Then, similar as in Lemma D.2.10, there exists an 62f:’z—net N’ with |N'| =

~
)

O(% +m) for ﬁTbT. That means, for any n € [0, 7]

~ ~ e2do?
Fryr(n) — Fror(n')| < n
for n' = argmin,pens r<y(n —n"). O]

D.4  Proofs of Train-by-Train v.s. Train-by-Validation (SGD)

Previously, we have shown that train-by-validation generalizes better than train-by-
train when the tasks are trained by GD and when the number of samples is small.
In this section, we show a similar phenomenon also appears in the SGD setting.

In the train-by-train setting, each task P contains a training set Saim = {(z4, ¥i) }y.
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1

The inner objective is defined as f(w) = 31 Di(eg)eSernn (WD T — y)®. Let {w,,} be

the SGD sequence running on J?(w) from initialization 0 (without truncation). Thus,

wT,n = w'r—l,n - nvf(wr—l,n)a where Vf(wr—lm) = <<w7—1,77> xi(‘rfl) - yi(771)> xi(771)~
Here index i(7 — 1) is independently and uniformly sampled from [n]. We denote the

SGD noise as n,_1,, : f(wf—m) — Vf(wf_lm). The meta-loss on task P is defined

as follows,

~ 1
ATbT(n) (7]7 P) = ESGDf(wt,n> = IESGD% Z <<wt,77>$ - y)2 )

(Ivy)estrain

where the expectation is taken over the SGD noise. Note w;, depends on the SGD
noise along the trajectory. Then, the empirical meta objective ﬁTbT(n) (n) is the

average of the meta-loss across m different specific tasks
E _ i Py) (D.2)
T (n ~ i Arpr(n 777 k) .

In order to control the SGD noise in expectation, we restrict the feasible set of
step sizes into O(1/d). We show within this range, the optimal step size under }A?’TbT(n)
is Q(1/d) and the learned weight is far from ground truth w* on new tasks. We prove

Theorem D.4.1 in Section D.4.1.

Theorem D.4.1. Let the meta objective ﬁTbT(n) be as defined in Equation D.2 with
€ [d/4,3d/4]. Suppose o is a constant. Assume unroll length t > cod and dimension
d = cqlog(m) for certain constants ca,cq. Then, with probability at least 0.99 in the

sampling of training tasks Py, --- , P,, and test task P,

2

= Q(c%),

*

n:(min = Q(l/d) and ]ESGDHth?:«am —w
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for all mj;;,, € argming_, . 1 ﬁTbT(n) (1), where L = 100 and wy,» is trained by
=U=913g »itrain

running SGD on test task P.

In the train-by-validation setting, each task P contains a training set Siyai, with
ny samples and a validation set with n, samples. The inner objective is defined
as f( ) = 2n1 ()8 (W) T — y)>. Let {w,,} be the SGD sequence running on
1 (w) from initialization 0 (with the same truncation defined in Section 5.4). For

each task P, the meta-loss Aryy(n, n0) (7, P) is defined as

1
ATbV(m,nz)(na P) = Esgp=— Z (<wt7n>:1: - y)2 .
2”2
(z,y)ESvalia
The empirical meta objective ﬁTW(mm)(n) is the average of the meta-loss across m

different tasks Py, P, ..., P,

~ 1 &
FTbV(nl,ng = E Z TbV (n1,n2) 77, Pk) (D-3)

In order to bound the SGD noise with high probability, we restrict the feasible

set of the step sizes into O( Within this range, we prove the optimal step

1
d? log? d) ’
size under l?’TbV(m,ng) is ©(1/t) and the learned weight is better than initialization 0

by a constant on new tasks. Theorem D.4.2 is proved in Section D.4.2.

Theorem D.4.2. Let the meta objective ﬁTbV(nmg) be as defined in Equation D.3
with ny,ng € [d/4,3d/4]. Assume noise level o is a large constant ¢;. Assume unroll
length t > cod®log®(d), number of training tasks m > cs and dimension d > ¢4 for

certain constants cs, c3, cy. There exists constant cs such that with probability at least
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0.99 in the sampling of training tasks, we have

2 w2
= [lw*[I” = (1)

valid

Toata = O/1) and Bw, e — v

Jor all 144 € arg ming, }?’Tbv(mm)(n), where the expectation is taken over

1
c5d2 log?2 (d)

the new tasks and SGD noise.

Notations: In the following proofs, we use the same set of notations defined in Ap-
pendix D.2. We use Ep.7 to denote the expectation over the sampling of tasks
and use Eggp to denote the expectation over the SGD noise. We use E to denote
Ep-7Esap. Same as in Appendix D.2, we use letter L to denote constant 100, which

upper bounds || Hyain| with high probability.
D.4.1  Train-by-Train (SGD)
Recall Theorem D.4.1 as follows.

Theorem D.4.1. Let the meta objective ﬁTbT(n) be as defined in FEquation D.2 with
n € [d/4,3d/4]. Suppose o is a constant. Assume unroll lengtht = cod and dimension
d = cylog(m) for certain constants ca,cq. Then, with probability at least 0.99 in the

sampling of training tasks Py, --- , P,, and test task P,

Mo = 1/d) and Esap|w,,e —w*

*
Mirain

Jor all np, € argmingg, o 1 ﬁTbT(n) (n), where L = 100 and Wy 1S trained by

2L3d

running SGD on test task P.

In order to prove Theorem D.4.1, we first show that ;. is 2(1/d) in Lemma D.4.3.

The proof is similar as in the GD setting. As long as n = O(1/d), the SGD noise
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is dominated by the full gradient. Then, we can show that Apyr(n, P) is roughly
(1 —©(1)n)*, which implies that o, .. = Q(1/d). We leave the proof of Lemma D.4.3

into Section D.4.1.

Lemma D.4.3. Assume t > cod with certain constant co. With probability at least

1 — mexp(—Q(d)) in the sampling of m training tasks,

* > L
Nirain = 6L5d>

fOT’ all nzkrain € arg min0<ngﬁlgd FTbT(n)‘

Let P = (D(w*), Strain, £) be an independently sampled test task with |Siam| =
n € [d/4,3d/4]. For any step size 0 € [5753, 5755], let wy, be the weight obtained by

running SGD on f(w) for ¢ steps. Next, we show Egcpllwe, — w*||* = Q(0?) with

high probability in the sampling of P.

Lemma D.4.4. Suppose o is a constant. Assume unroll length t = cod for some

constant co. With probability at least 1 — exp(—€Q(d)) in the sampling of test task P,

02

E — v’ > —
sapllwey — ' > .

1 1

for all n € [5753, 5735

|, where wy, is obtained by running SGD on task P for t

iterations.

With Lemma Lemma D.4.3 and Lemma D.4.4, the proof of Theorem D.4.1 is

straightforward.

Proof of Theorem D.4.1. Combing Lemma D.4.3 and Lemma D.4.4, we know as

long as o is a constant, t > cod, d > ¢4 log(m), with probability at least 0.99, nf .., =

2
Q(1/d) and ]ESGDmeTrain — w*

= Q(0?), for all i, € arg minogngﬁ ﬁ’TbT(n). O
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Detailed Proofs

Proof of Lemma D.4.3. The proof is very similar to the proof of Lemma 5.4.3
except that we need to bound the SGD noise term. For each k € [m], let & be the
event that Vd/vL < 0i(Xiwain) < VLd and 1/L < Nj(Hyain) < L for all i € [n]
and Vdo/4 < |€paim|| < Vdo. According to Lemma D.2.3 and Lemma D.5.1, we
know for each k € [m], & happens with probability at least 1 — exp(—£2(d)). Taking
a union bound over all k£ € [m], we know Njem)& holds with probability at least
1 —mexp(—£(d)). From now on, we assume Njep,)E; holds.

For each k € [m], we have

1 CHIE
ATbT(na Pk) = EESGDHwtn — Wirain

g®

train

Since 1/L < (Ht(fa)m) L and (wt?7 - wt(fgm) is in the span of H*).  we have

train’

2

L
§ESGD ngj}) — W

1 (k)
EESG Hwtm — w

(k)

train

(k)

train

2
< Arpr(n, Pr) <

Recall the updates of stochastic gradient descent,

k k) k) k k
wlg 77) - wéraln - (I 77]¥t(ram)(u)t( )1 mo wt(rzim> nngf)l,n'

Therefore,

(k)
]ESGD [”wt n — Wirain

k
|wt( )1 7]]

(k)
nt—lm

2
+ n°Esep U

|wt )1 n]

k k
= H (I - 77[—[t(ra)1n)(’wt( )1 mno wt(rfzm)
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We know for any n < 1/L,

2
k
(1 277L Hwt 1n wt(rzim
DRV & | NG ® |7
H(I nHtraln)(wt 1n wtraln) < (1 - Z)Hwtfl,n ~ Wirain
The noise can be bounded as follows,
1 k
*Escp | ||n! )ln |wt()1,n]
[ k k k k k (k
ZHZESGD xi(t—l)xz—'zt—l) (wg—)l,n - wtgra),in) - Ht(ra)in(wlg—)l,n - wtgra),in) ‘wt ) n]
[ k k (k
<n’Escp Ti(t—1)T z(t 1)(wt( )ln - wt(ra)m) |wt )1,71]
< maXHx || w (k) ’
SV ra) i(t—1) t— 1,7] train Ht(fa)in‘

Since | Xiwaim| < VLVd, we immediately know max;(;—1) Hxi(t—l)H < VLA/d. There-

fore, we can bound the noise as follows,

k 2l (k Ik
772ESGD U ng_)m |wt 1,77:| <77 zr(rtla{( sz(t 1 H ng—)l,n - wt(ra)in [0
2
<L2772dH’wt(ﬁ)1 n - w‘ggm
As long as n < 5757, we have
(k) ® |7 ® & |, ® N ® |7
(1_77[/)Hwt71,17 — Wirain < IESGD Hwt,n — Wirain |wt71,77 < (1_E)Hwt 1n Werain

This further implies

Ui
2L

(k)

2
(1— 77L)tHwtrainH ESGDHwtn — W || < (1=

) HwtramH
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Let 19 := ﬁ, we have
L 1
A P < -(1- ! rain 2
TbT(T]? k’) 2( 4L4d) Hwt H
Let 1 := 753, for all € [0,71] we have
Arsr(, Pe) > o=(1 = ) [t
7o\, L'k) = 27, 6L4d Wrrain|| -

As long as t = cod for certain constant ¢y, we know

1 1

(1 L 1
2L 6L%d

t 2
) ||wtrain|| > _(1 - 4L4d

: )t

As this holds for all k € [m] and Fryr = 1/m >t Aryr(n, Py), we know the optimal
step size 1., s within [, 5757 ]

We rely the following technical lemma to prove Lemma D.4.4.

Lemma D.4.5. Suppose o is a constant. Given any € > 0, with probability at least

1 — O(1/e) exp(—Q(€2d)),
‘<Bt,7]w;’ain - w*> Bt,n (Xtrain>T€train‘ < €,

for all m € [0, 5755].

Proof of Lemma D.4.5. By Lemma D.2.3, with probability at least 1—exp(—Q(d)),
\/&/ﬁ < 0i(Xprain) < Vv/Ld and 1/L < N(Hipain) < L for all i € [n]. Therefore
|[(Xtrain) 117 By (Bejywiain — w*)| < 2¢/L/v/d. Notice that & is independent with
[(Xirain)T]" Bty (Brywim — w*). By Hoeffding’s inequality, with probability at least
1 —exp(—Q(ed)),

‘<[<Xtrain)T]TBt,n(Bt,nw:rain - w*)>£train‘ S €
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Next, we construct an e-net for  and show the crossing term is small for all
1 € [0, 575]. For simplicity, denote g(n) := (B ywim — w*) Byy(Xirain) Eorain. Taking

the derivative of g(n), we have

9/(77) =t <Htrain(I - nHtrain)t_lw:rain> Bt,n (Xtrain)Tgtrain

+ t<BtJ7w:<rain - 'LU*> Htrain (I - 77[{train)t_1 (Xtrain)Tgtrain

According to Lemma D.5.1, we know with probability at least 1 — exp(—(d)),

|€rain| < V/do. Therefore, the derivative ¢’(n) can be bounded as follows,

! \t—1
lg'(n)] = O)¢(1 - 7)

Similar as in Lemma D.2.15, there exists an e-net N, with size O(1/€) such that
for any 1 € [0, 375;], there exists o' € N, with [g(n) — g(n')| < e. Taking a union
bound over N, we have with probability at least 1 — O(1/¢) exp(—Q(€*d)), for every
ne Ne

‘<Bt77]w:rain - w*> Bt,n (Xtrain)Tftrain

< €.

which implies for every 7 € [0, 3L—13d]
’<Bt:77w‘:<rain - w*> Bt,n(Xtrain>T€train‘ < 2e.

Changing € to €'/2 finishes the proof. O

Proof of Lemma D.4.4. According to Lemma D.2.3 and Lemma D.5.1, we know
with probability at least 1 — exp(—Q(d)), Vd/vVL < 0;(Xuain) < VLd and 1/L <
Ni(Hipain) < L for all i € [n] and Vdo/4 < [Epain| < Vdo. We assume these

properties hold in the proof and take a union bound at the end.
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Recall that Egapllw:, — w*||* can be lower bounded as follows,
%112
Escpllwe, — w*||

t—1

:ESGD Bt,r] (w:rajn + (Xtrain)Tétrain> -1 Z ([ - nHtrain)t_l_Tn‘r,n - w*
7=0

>HBt,77<w;krain + (Xtrain)Tftrain) - ”LU*HQ

2
= HBt,n(Xtrain)Tétrain + 2 <Bt,'f]w:‘rain - U}*> Bt,n (Xtrain)Tgtrain

1 1

For any 1 € (5755, 575

], we can lower bound the first term as follows,

2
t o2

2
||Bt,77(Xtrain)T§trainH = <1 — exXp (—%)) 16_L
>|1—¢ t ‘o
= — X — -
P\"6z%4) ) 16L

2_7
64L

where the last inequality holds as long as t > cod for certain constant c,.

Choosing € = % in Lemma D.4.5, we know with probability at least 1 —
QXp(—Q(d)),
|<Btv77wtrain —w >Bt,17(Xtrain) ftrain‘ < m7

for all € [0, 5757]-

Overall, we have Egap||wy, — w*||* = %. Taking a union bound over all the
bad events, we know this happens with probability at least 1 — exp(—(d)). O

D.4.2  Train-by-Validation (SGD)
Recall Theorem D.4.2 as follows.

Theorem D.4.2. Let the meta objective ﬁTW(nhm) be as defined in Equation D.3
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with ny,ng € [d/4,3d/4]. Assume noise level o is a large constant ¢;. Assume unroll
length t > cyd®log?(d), number of training tasks m > cs and dimension d > c4 for
certain constants co, c3,cq. There exists constant cs such that with probability at least

0.99 in the sampling of training tasks, we have

2
Meawa = O/ and Bllwy e —w*|" = u* | - 2(1)

A~

for all 0y, € argming, Frvy (ni,n) (1), where the expectation is taken over

1
51082 (d)
the new tasks and SGD noise.

To prove Theorem D.4.2, we first study the behavior of the population meta

objective Fryy. That is,

1 2
Fryy(n) := Ep~mAmpv (1, P) :EP~7’ESGD§Hwt,n —w* — (Xvahd)vaahdHHvahd
o2

1
:EP~TESGD§”wtﬂ7 - w*||2 + 9

We show that the optimal step size for the population meta objective Fryy is ©(1/t)

and Ep_7Esapllw:, — w*|* = |Jw*||* — (1) under the optimal step size.

Lemma D.4.6. Suppose o is a large constant c;. Assumet = cod?log?(d), d = ¢4 for
some constants ca, cy. There exist ny,n9,n3 = O(1/t) with n < ny < n3 and constant
cs such that

. 9 o?
Fryv(n2) < = [lw*||* - 1_OC 5
2 1

1 5 6 o
~—C+—,Ynelo, S

Frv(n) 2 5’

|

where C' is a positive constant.

In order to relate the behavior of Fryy to ﬁTbV, we show a generalization result
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from Fryy to Fryy for n e [0, m].

Lemma D.4.7. For any 1 > € > 0, assume o is a constant and d = cqlog(1/e)

for some constant cy. There exists constant cs such that with probability at least

1 — O(1/€) exp(—Q(e*m)),
Fru () = Prov ()] < c.

for all m € [0, m]'

Combining Lemma D.4.6 and Lemma D.4.7, we give the proof of Theorem D.4.2.

Proof of Theorem D.4.2. The proof is almost the same as in the GD setting

(Theorem D.2.2). We omit the details here. O

Behavior of Fry, for n € |0, o d2 %ogZd]

In this section, we give the proof of Lemma D.4.6. Recall the lemma as follows,
Lemma D.4.6. Suppose o is a large constant c;. Assumet > cod?log?(d), d = c4 for

some constants ca, cy. There exist ny,n9,n3 = O(1/t) with ny < ny < n3 and constant

cs such that

1 5 9 o?
F < Sfw*]]” = —=C + —
Tov (72) 2||w | 1OC+ 5
]. 2 6 0'2 1
F > —|lw*||" — =C + —,Vn e |0, S
Tov (1) 2Hw | 10 5 nel0,m]ulns c5d210g2(d)]

where C' is a positive constant.

Recall that Fryy () = EporBsapl/2||we, — w*||* + 02/2. We denote Q(n) :=
Escpl/2||we, — w*||>. Recall that we truncate the SGD sequence once the weight
norm exceeds 4v/Lo. Due to the truncation, the expectation of 1/2|jwy,, — w*||* over

SGD noise is very tricky to analyze.
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Instead, we define an auxiliary sequence {w’m} that is obtained by running SGD
on task P without truncation and we first study Q'(n) := 1/2ESGDHw£,n - w*H2. In
Lemma D.4.8, we show that with high probability in the sampling of task P, the
minimizer of Q’'(n) is ©(1/t). The proof is very similar as the proof of Lemma D.2.14
except that we need to bound the SGD noise at step size 1,. We defer the proof into

Section D.4.2.

Lemma D.4.8. Given a task P, let {w/ ,} be the weight obtained by running SGD
on task P without truncation. Choose o as a large constant c¢y. Assume unroll
length t = cod for some constant co. With probability at least 1 — exp(—$2(d)) over
the sampling of task P, V/d/\L < 0;(Xuain) < VLd and 1/L < Nj(Hpin) < L for
all i € [n] and Vdo/4 < |Epan| < Vdo and there ewists ny,n9,m3 = O(1/t) with

m < ne < n3 such that

Q'(12) == 1/2Es¢p||w],, — w*|’ < =|lw*|* — C

N | — N =

(2 C
Q' () =1/2Bsap||w;, —w*||" = 5 flw?| - 5 Ve [0,m] o lns, 1/L]

where C' is a positive constant.

To relate the behavior of '(n) defined on {w’ ,} to the behavior of Q() defined
on {w;,}. We show when the step size is small enough, the SGD sequence gets
truncated with very small probability so that sequence {w,,} almost always coincides

with sequence {w],}. The proof of Lemma D.4.9 is deferred into Section D.4.2.

Lemma D.4.9. Given a task P, assume Vd/NL < 05(Xyam) < VLd and 1/L <

Ni(Hypain) < L for alli € [n] and Vdo /4 < |Epain| < Vdo. Given any € > 0, suppose
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1
< —
NS G log(d)e) for some constant c5, we have

[Q(n) —Q'(n)| < e

Combining Lemma D.4.8 and Lemma D.4.9, we give the proof of lemma D.4.6.

Proof of Lemma D.4.6. Recall that we define Q(7) := 1/2Esqp ||wy,, — w*||* and
Q'(n) = 1/2ESGDHw£m - w*HQ. Here, {w!  } is a SGD sequence running on task P
without truncation.

According to Lemma D.4.8, with probability at least 1 — exp(—Q(d)) over the
sampling of task P, Vd/vVL < 0;(Xuain) < VLd and 1/L < N(Hyaim) < L for
all i € [n] and Vdo/4 < |€uain] < V/do and there exists n1,12,1m3 = O(1/t) with

M < 12 < n3 such that

Q') < Sllw*|* —C

N = N

C
Q) = Slwl” = 5 ¥n e [0,m] © [ns,1/L]

where C' is a positive constant. Call this event £. Suppose the probability that &£

happens is 1 — d. We can write Ep_7Q(n) as follows,

Ep~7Q(n) = Ep~7[Q(n)|E]Pr[€] + Ep7[Q(n)|E] Pr[E].

According to the algorithm, we know |w,,| is always bounded by 4v/Lo. Therefore,
Q(n) = 1/2||wy, — w*|* < 13Lo* By Lemma D.4.9, we know conditioning on &,

1Q(n) — Q'(n)] < € for any n < m' As long as t > cyd?log®(d/e) for certain

1

< —_—
constant ¢y, we know 13 < TR TAE
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When 1 = n,, we have

Ep~7Q(12) <(Q'(12) + €) (1 — ) + 13L0*5

1
< (§||w*||2 —C+ e) (1—6)+ 13Lo>5

<%||w*||2 —C +13Lo*0 + € < %Hw*ll2 - %,
where the last inequality assumes § < 260% and € < %.
When 1 € [0,m:] U [n3, CsdTng(d/E)], we have
Ep7Q12) = (Q'(n) — €) (1 — 6) — 13Lo™0
> (é||w*||2 - % — e) (1 —6)—13Lo%
St P = S % 18L0% o> | - O
where the last inequality holds as long as § < 280% and € < 2%.

According to Lemma D.4.8, we know ¢ < exp(—£2(d)). Therefore, the conditions
for 6 can be satisfied as long as d is larger than certain constant. The condition on

€ can be satisfied as long as n < ) for some constant c;. ]

1
csd? log?(d

e 1
Generalization for n € |0, WI]

In this section, we prove Lemma D.4.7 by showing that ﬁTW(n) is point-wise close

to Frrpy(n) for all n € [0, . Recall Lemma D.4.7 as follows.

é]
cs5d? log? (d/e)
Lemma D.4.7. For any 1 > ¢ > 0, assume o is a constant and d = c4log(1/e)

for some constant c4. There exists constant cs such that with probability at least

1 — O(1/€) exp(—Q(e*m)),

|Frov(n) — Frov(n)] <,
349



for alln € |0, m]

In order to prove Lemma D.4.7, we first show that for a fixed n with high proba-
bility Frsy () is close to Fryy (n). Similar as in Lemma D.2.17, we can still show that

each Aryy(n, P) is O(1)-subexponential. The proof is deferred into Section D.4.2.

Lemma D.4.10. Suppose o is a constant. Given any 1 > € > 0, for any fized n

with probability at least 1 — exp(—Q(e*m)),

Fry(n) — Fry(n)| < e.

Next, we show that there exists an e-net for Fry, with size O(1/€). By e-net, we
mean there exists a finite set N, of step sizes such that |Fry(n) — Frev (1) < € for
any 7 and 1’ € argmin,ey, |7 — 7’|. The proof is very similar as in Lemma D.2.18.

We defer the proof of Lemma D.4.11 into Section D.4.2.

Lemma D.4.11. Suppose o is a constant. For any 1 > € > 0, assume d = ¢4 log(1/e)

for some cy. There exists constant ¢5 and an e-net N, < [0 for Fryy with

e terel
? c5d? log?(d/e)

IN.| = O(1/€). That means, for any n € [0, —g—z—~],

? c5d? log?(d/e)

|Frov(n) — Erev ()] < e,

forn' € argmin,en, |7 —7/|.

Next, we show that with high probability, there also exists an e-net for ﬁTW with

size O(1/e€). The proof is very similar as the proof of Lemma D.2.19. We defer the

proof into Section D.4.2.

Lemma D.4.12. Suppose o is a constant. For any1 > € > 0, assume d = c4log(1/e)

for some cy. With probability at least 1 — exp(—Q(e*m)), there exists constant cs and
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an e-net N! < |0, for Fry, with |IN.| = O(1/€). That means, for any

@)

cs5d2 log? (d/e)
1

nell, o

|Eryy () — oy ()] < e,

for ' € argmin,en, |7 —17/|.

Combing Lemma D.4.10, Lemma D.4.11 and Lemma D.4.12, now we give the

proof of Lemma D.4.7.

Proof of Lemma D.4.7. The proof is almost the same as the proof of Lemma D.2.12.

We omit the details here. |
Proofs of Technical Lemmas

In Lemma D.4.13, we show when the step size is small, the expected SGD noise

square is well bounded. The proof follows from the analysis in Lemma D.4.3.

Lemma D.4.13. Let {w ,} be an SGD sequence running on task P without trunca-
tion. Let n’ , be the SGD noise at w,. Assume VAd/VL < 0:(Xpain) < N LAJo for

all i € [n] and | €| < Vdo. Suppose 1 € [0, 375, we have
Escpl|n., || < 4L%0%d

for all T < t.

Proof of Lemma D.4.13. Similar as the analysis in Lemma D.4.3, for n < ﬁ,
we have

Esap [Hn;,n”Q‘w;fl,n] S deHw/rq,n - wtrainHQ.
and

_ 2
1)7 1||wtrain|l2 < Hw;krain + (Xtrain)TgtrainH < 4L02-

ESGDHw;—_Ln - wtrain||2 < (1 - 27,

351



Therefore, we have

ESGDan"WHQ < L2dESGDHw;,n - wtrain||2 < 4L30'2d.

Proof of Lemma D.4.8. We can expand @Q'(n) as follows,

1

2
Q'(n) 3:§ESGD||”LU£,, —w*||
1 t—1 2
:iESGD Btmwzkrain + Bt,n(Xtrain)Tftrain - Z (I - UHtrain)tfl’Tn’m —w*
7=0
1 2 1 2
:§||Bt,7]w:rain —w*|” + §HBtm(Xtrain)T§trainH
7]2 t—1 2
+ EESGD Z ([ - nHtrain)t_l_Tng—w + <Bt,77w*;krain - w*> Bt,n(Xtrain)Tftrain
=0
Denote
. 1 * %112 1 T 2
G(n) = §’|Btmwtrain —w*||” + §HBt,n(Xtram) Etrain
772 t—1 2
t—1—71_1
+ EESGD 720(] - nHtrain) nTﬂ?

We first show that with probability at least 1 — exp(—£2(d)), there exist 11,729,135 =
O(1/t) with ny < 1y < 13 such that G(1) < 1/2||w*||*—5C /4 and G(n) = 1/2||w*||* -
C/4 for all e [0,m1] U [ns, 1/L].

According to Lemma D.2.3, we know with probability at least 1 — exp(—Q(d)),
\/g/\/f < 0i(Xirain) < v LA/d and 1/L < N\j(Hgpain) < L for all i € [n]. According to
Lemma D.5.1, we know with probability at least 1 —exp(—Q(d)), Vdo/4 < |[Epaml| <
Vdo.
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Upper bounding G(n2): We can expand G(n) as follows:

1 1 2
G(n) ::éuBtﬂw:}ain - ’LU*H2 + §HBt,n(Xtrain)T€trainH
772 t—1 2
+ 5 Esep 2}(1 — NHain)' ™' "0,
1 9 1 9 1 2
:§||UJ*|| + §||Bt,nw§}am|| + §HBtm(Xtrain)T§train
7)2 t—1 2
+ EESGD Z ([ - nHtrain)tiliTnfr,n - <Bt,7lw‘:<rain>w*'
=0

Same as in Lemma D.2.14, we know %HBtmwt*rainHZ—F% ||Bt,,7(Xtram)T§train||2 < LPn*t?o2.

< 4L30%d for all 7 < t

For the SGD noise, by Lemma D.4.13 we know ]ESGD”nTn”

as long as ) < 3 L3 5+ Therefore,
7]2 t—1 2 2 t—1

t—1-7, o 3,2 2,2
?ESGD ;(I - nHtrain) Z ESGDHnTﬁ” o“dt < 2L no [

where the last inequality assumes ¢t > d. According to Lemma D.2.16, for any fixed

n € [0, L/t], with probability at least 1 — exp(—(d)) over Xiyain,

nt
(B Wiy in) W* = 6L

: 1
Therefore, for any step size n < 37537

nt 1 2 Nt
— < glw" -

G * 3L3 2t2— < - e
() < | +3L%Pa% — 2 < S| - 2

where the second inequality holds as long as n < 5 L4 7;- Choosing 7, := 96L4 5; that

is smaller than assuming ¢ > d. Then, we have

2L3d

1, .. 5C
Glm) < 5wl - 21,
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=1
where constant C' = z57=—.

Lower bounding G(n) for n € [0,m] : Now, we prove that there exists 7, = O(1/t)

with 7, < 79 such that for any n € [0,7m1], G(n) = %Hw*”2 — £ Recall that

1 2 1 2 1 2
G(n) =§||UJ*H + §||Bt,nw§}am|| + §HBt,n(Xtrain)T§train
772 t—1 2
+ ?ESGD 2 ([ - nHtrain)tiliTn;,n - <Bt:7]w:<rain>w*‘
7=0
1 *)|2 ® ®
25 HU) H - <Bt:77wtrain> w-.

Same as in Lemma D.2.14, by choosing n; = we have for any 7 € [0, 7],

<
4L’

1, .o C
> - -
Gn) = Sl -

Lower bounding G(n) for n € [n3,1/L]: Now, we prove that there exists n3 = O(1/t)

with 73 > 1 such that for all n € [, 1/L],

1, .o C
Gln) = 5l - =

Recall that

1 1 2
G(U) :§HBt,r]w§rain - ”LU*HZ + §HBt,n(Xtrain)T€trainH
772 t—1 2
+ ?ESGD Z(I - nHtrain)t_l_Tn;—m
7=0

2

1
= 5 | { Bt,n (Xtrain)Tftrain

354



Same as in Lemma D.2.14, by choosing 13 = log(2)L/t, as long as ¢ > 8v/L, we have

Gl > gl
for all n € [n3,1/L]. Note n3 < 1/L as long as ¢t = log(2)L*.

Overall, we have shown that there exist 1,170,135 = O(1/t) with 1 < 179 < 73
such that G(n) < 1/2||w*||* — 5C/4 and G(n) = 1/2||w*||> — C/4 for all n € [0,71] U
[73,1/L]. Recall that Q'(n) = G(n) + {(Biywiam — w*) Bry(Xirain) Eirain- Choosing
¢ = C/4 in Lemma D.2.15, we know with probability at least 1 — exp(—Q(d)),
[(Bywigin — W) By (Xirain) 'orain| < C/4 for all i € [0,1/L]. Therefore, we know
Q'(12) < 1/2[|w*||* = C and Q'(n) = 1/2||w*||* = C/2 for all n € [0,m] U [, 1/L]. O

In order to prove Lemma D.4.9, we first construct a super-martingale to show
that as long as task P is well behaved, with high probability in SGD noise, the weight

norm along the trajectory never exceeds 4+/Lo.

Lemma D.4.14. Assume vV/d/\'L < 0i(Xrain) < VLd and 1/L < Ni(Hyrain) < L for

alli e [n] and v/do /4 < |Epain| < Vdo. Given any1 > § > 0, supposen < m

for some constant cs, with probability at least 1 — 9 in the SGD noise,

[whll < 4v'Lo
for all T < t.

Proof of Lemma D.4.14. According to the proofs of Lemma D.4.13, as long as

1
n < 2L3d° we have

Esan | [0}, = a0}, | < (1 = 55 w11, = wisan*
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Since log is a concave function, by Jenson’s inequality, we know

2
Esap [log le’f,ﬂ — Wtrain |w1/€—1,77]

<log Escp [Hwé,n - wtrain”ﬂwz{,fl,n] < log szfl,’? N wtrainHQ + lOg<1 B %)

Defining G; = log ||wt " wtrainHQ —t log(l — %)7 we know G is a super-martingale.
Next, we bound the martingale differences.

We can bound |G — Escp[Gi|w;_, ]| as follows,

|G — ESGD[Gt‘w;_Ln“ < | max log (

N1, Mt—1,n

H (I - nHtrain)(wg_lm - wtraln) ’I’]?’L; 1 77”2)

(7 = 1 Huwain) (w0}, = Wirain) = i,

We can expand [[(1 — N Hirain) (W1, — Werain) — 77”2—1,77”2 as follows,
|| ([ - nHtrain)<w;_17n - wtrain) - nn;_17nH2
:” ([ - nHtrain)<w1/571m - wtrain) H2 - 27] <n;71,77> (I - nHtrain>(w£71m - wtrain)

20| .1 2
+1n Hnt—l,n”

We can bound the norm of the noise as follows,
Hn:ﬁfl,nH = Hxi(t—l)x;ztfl) (Iw)/ffl,n - wtrain) - Htrain<w7/§71,n - wtrain)H
< Hxi(t—l)l’;;tfl) (Iw)/ffl,n - wtrain)H + HHtrain(w;gfl’n - wtrain)H

Y

< (Ld + L) Hw,/571777 - wtrainH < 2Ld ngflﬂi — Wtrain

where the second inequality uses H%‘(t—l) H < vV Ld. Therefore, we have

2

9

|277 <n1,t_1,77> (I - nHtrain)(wllf_lm - wtrain) < 4L77de2_1,77 — Wtrain

21| .7 2 2.2 320|, 1 2
(gl < AL d?||w) ) — Wirain|
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This further implies,

|Gt — Esap [Gt|w£_1,n]|

< 10g (H (I - nHtrain>(w£fl,n - wtrain) H2 + (4L77d + 4L2772d2) HU)éiLn — ’;UtrainH2>

H (] - nHtrain)(w{tflm - wtrain) H2 - 4L77de£717n — Wtrain

8Lnd + 4L*n*d>
(1 —2Ln—4Lnd)

<log (1 + ) < 16Lnd + SL*n*d?,

where the second inequality uses the fact that |[(1 — N Hrain) (Wi, — wtram)HQ >

(1 — 2[’77)"1”1/%*1771 —wtramHQ. The last inequality assumes 7 < j L and uses nu-

12Ld
merical inequality log(l +x) < z. Assuming n < 1/(Ld), we further have |G; —
ESGD [Gt|w£_1m]| < L277d.

By Azuma’s inequality, we know with probability at least 1 — d/¢,
Gy < Gy + L*V2tndlog(t/6).

Plugging in G; = log ngm — wtrainHz — tlog(l — %) and Gy = log ||wy — wtramHQ =

log ”wtrain||2, we have

log ||w£,77 — wtrainHQ <log HwtminH2 + tlog(l — %) + L2@ndlog(t/§)

< log || werain|* — %t + L2v2tnd log(t/6).

This implies,

1
sz,n - U)train||2 <|’wtrain||2 exXp (7] (_it + L2\/§10g(t/5)d\/£)>

= Hwtraimu2 exp (O(d2 Ing(d/5))77)

<HwtrainH2 exp (2/3),

where the second inequality assumes 7 < ) for some constant c;. Further-

[ S
csd?log
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more, since W < (1 +v/L)o, we have ngnH < (1 + e"3) | wyain| < 4V Lo.

Overall, we know as long as n < with probability at least 1 — d/t,

1
csd?log?(d/s)
|w},,| < 4v/Lo. Since this analysis also applies to any 7 < ¢, we know for any 7, with

probability at least 1 — §/t,

w/ﬁn” < 4+/Lo. Taking a union bound over 7 < t, we

have with probability at least 1 — 6,

u/mH < 4/ Lo for all 7 < t. O

Proof of Lemma D.4.9. Let £ be the event that Hw’mH < 4v/Lo for all 7 < t. We

first show that Esap|jwe,, — w*||” is close to I['ESGDle’m7 — w*HQIL {&}. It’s not hard to

verify that
Escp lw, —w*[[* = Eseplfw;, — w*|"L{€} + u — w*|* Pr[€],

where u is a fixed vector with norm 4v/Lo. By Lemma D.4.14, we know Pr[é'_] <

€/(25La?) as long as ) < for some constant c;. Therefore, we have

1
c5d? log?(d/e)

‘]ESGD”wt,n — U)*||2 — IESG,D”IU;J7 — w*H2]l {5}} < e

Next, we show that ESGDHU}L” - w*HQIL {€} is close to ]ESGD”wQ,n - w*HZ. For

any 1 < 7 < t, let £ be the event that Hw’mH

> 4+/Lo and Hw’f/m

} < 44/ Lo for all
7' < 7. Basically £ means the weight norm exceeds the threshold at step 7 for the

first time. It’s easy to see that Ul_ &, = &. Therefore, we have

t
ESGDHUJ;W - w*||2 = ESGDHw;n — w*||2]l {g} + Z ESGDHw{gn — w*HQIL {57—} .

T=1
Vd

Conditioning on &,, we know Hw’fflmH < 44/Lo. Since we assume Vi < 0;(Xirain) <

VIAd for all i € [n] and Epaim < Vdo, we know | Wrain| < 2+/Lo. Therefore, we have
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< 6v/Lo. Recall the SGD updates,

!
H W, _ 1n Wrrain

"U},/,.m — Wtrain = (I - nHtrain)<w;__1,n — wtrain) — 7777,;__1777.

/
T

that is at most

For the noise term, we have an *LWH < 2nlLd HU/PM7 — Wirain

1

!/ : / /
— wtrainH assuming 7 < 5. Therefore, me — wtrainH < 2 HwT_L?7 — wtrainH <

”wT_l7n

12v/Lo. Note that event &, is independent with the SGD noises after step 7. There-

fore, according to the previous analysis, we know as long as 1 < ﬁ,

]ESGD [Hw;n - wtrain”z‘gr] < Hw;m - wtrainH2 < 2L202.
Then, we can bound Eggp [”wgn - w*Hﬂé}] as follows,

Bsco [[uf,, — v €:]

[ 2
/ *
:ESGD HthI — Wirain T Wirain — W || ‘57':|

<ESGD :ngﬂi - wtrain||2|€7'] + 2IESGD I:szﬂi - wtrainH |5'r:| ”wtrain - W*H

+ ||wtrain - U)*HQ

<2L%0% +2-2Lo - 3V Lo + 9Lo* < 3L%0*
Therefore, we have

¢ t
M Esco|w), — w*[*1 (&) = ) Esao [||w{w7 - w*]ﬁa] Pr[,]

T=1 T=1

¢
<3L%? Z Pr[&;] = 3L%0° Pr[€] < 3L%0%.

=1

This then implies that ‘ESGDngm — w*H2 — Esap||w;, — w*H21l {5}‘ < 3L%0%.
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Finally, we have
[Escnlluen — | ~ Esoo|uf,, - v ||
< [Bscollwe — 0| ~ Escoljuf,, — w1 1€)]
[Bsanljut, — | - Escolfut, w1 (€}

< (3L202 + 1) €

as long as n < m. Therefore, |Q(n) — Q'(n)| < (3L%¢c* 4+ 1) ¢/2. Choosing
€ = m finishes the proof. J

Proof of Lemma D.4.10. Recall that

2

o

valid

1 & 1< L w . w
FTbV == Z Arpy(n, P - ];]ESGDﬁ Hwt,n — Wyaliq

x) ||?

valid is O(1)-subexponential,

Similar as in Lemma D.2.12, we can show %leg,}) —w )

valid
which implies

2 ~
ESGD%”w&) — w\(,’;fid w 8 O(1)-subexponential. Therefore, Fry,(n) is the aver-
valid

age of m i.i.d. O(1)-subexponential random variables. By standard concentration

inequality, we know for any 1 > € > 0, with probability at least 1 — exp(—Q(e*m)),

Fry(n) — Fry(n)| < e.

Proof of Lemma D.4.11. Recall that

1
Erey (1) :EP~TESGD§Hwt,n —w*||* + 0%/2

We only need to construct an e-net for Ep rEscps ||wi, — w*||°. Let € be the event
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that vVd/vVL < 0;(Xuaim) < VLd and 1/L < \(Hyam) < L for all i € [n] and
Vdo /4 < ||€ain| < Vdo We have

1
EP~TESGD§||wt,n —w*|?

1 1 P R
:EP~T |:§]ESGD||’LU,57,7 — w*||2\€] PI"[S] + EPw’T [EESGDHwt,U —w ‘|2‘€] Pr[é’]

According to Lemma D.4.9, we know conditioning on &,

1 1
‘_ESGD”wtm — w*||2 - é]ESGD”w;,n - w*H2 < €,

2

1

as long asn < s d? log2(dJe)

. Note {w] ,} is the SGD sequence without truncation.

For the second term, we have

Ep.r l%ESGDme —w*||*|E Pr[€] < 13Lo*Pr[€] < e,

where the last inequality assumes Pr[g] < According to Lemma D.2.3 and

€ _
13Lo2"

Lemma D.5.1, we know Pr[é’_] < exp(—£(d)). Therefore, given any € > 0, we have

Pr[€] < 3555 as long as d = ¢4 log(1/e) for some constant cy.
Then, we only need to construct an e-net for Epr [%ESGDHUJ;W —w* ||2|€] Pr[&].

By the analysis in Lemma D.4.3, it’s not hard to prove

P 1 , .2 1 ye-
'é‘_nEPNT léESGDme —w H |5] Pr[E]‘ =0()t(1 — E)t L

for all n e [0 . Similar as in Lemma D.2.15, for any € > 0, we know there

P teral
? c5d? log?(d/e)

exists an e-net N, with size O(1/¢) such that for any 7 € [0, m],

1 1
Epor [éESGDHw;m - w*H2|5] Pr€] ~ Eper [iESGDHw;m, - w*H2|5] Pr[é’]’ <e
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for ' € arg min,ep, |1 —7/|.
Combing with the bounds on ’%ESGDHUJW —w*|’1{&} - %ESGDHU)Q,,, —w* ||211 {8}‘

and

Ep7 [3Escpllwe, — w*||2|<‘:’] Pr[£], we have for any 7 € [0, mL

Fryv(n) — Frov (1) < 4e

for n' € arg min,en, | — n’|. We finish the proof by replacing 4e by €. ]

Proof of Lemma D.4.12. The proof is very similar as the proof of Lemma D.2.19.
The only difference is that we need to first relate the SGD sequence with truncation
to the SGD sequence without truncation and then bound the Lipschitzness on the
SGD sequence without truncation (as we did in Lemma D.4.11). We omit the details

here. ]
D.5 Tools
D.5.1 Norm of Random Vectors

We use the following lemma to bound the noise in least squares model.

Lemma D.5.1 (Theorem 3.1.1 in Vershynin (2018b)). Let X = (X1, Xo, -+, X,) €

R™ be a random vector with each entry independently sampled from N(0,1). Then
Pr(||z| — v/n| = t] < 2exp(—t*/C?),

where C' is an absolute constant.
D.5.2  Singular Values of Gaussian Matrices

Given a random Gaussian matrix, in expectation its smallest and largest singular

value can be bounded as follows.
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Lemma D.5.2 (Theorem 5.32 in Vershynin (2010)). Let A be an N xn matriz whose

entries are independent standard normal random variables. Then
VN = /n < Esmin(A) < Espax(A4) < VN +/n

Lemma D.5.3 shows a lipchitz function over i.i.d. Gaussian variables concentrate
well on its mean. We use this lemma to argue for any fixed step size, the empirical

meta objective concentrates on the population meta objective.

Lemma D.5.3 (Proposition 5.34 in Vershynin (2010)). Let f be a real valued Lip-
schitz function on R™ with Lipschitz constant K. Let X be the standard normal

random vector in R"™. Then for every t = 0 one has

Pr[f(X) — Ef(X) > t] < exp (—;—;2)

The following lemma shows a tall random Gaussian matrix is well-conditioned
with high probability. The proof follows from Lemma D.5.2 and Lemma D.5.3. We
use Lemma D.5.4 to show the covariance matrix is well conditioned in the least

squares model.

Lemma D.5.4 (Corollary 5.35 in Vershynin (2010)). Let A be an N x n matriz
whose entries are independent standard normal random variables. Then for every

t = 0 with probability at least 1 — 2 exp(—t?/2) one has

VN = /1 =t < Smin(A) < Smax(A) < VN + /n + t
D.5.8 Johnson-Lindenstrauss Lemma

We also use Johnson-Lindenstrauss (JL) Lemma in some of the lemmas. JL Lemma
tells us the projection of a fixed vector on a random subspace concentrates well as
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long as the subspace is reasonably large.

Lemma D.5.5 (Johnson and Lindenstrauss (1984)). Let P be a projection in R?
onto a random n-dimensional subspace uniformly distributed in Gg.,. Let z € R? be

a fized point and € > 0, then with probability at least 1 — 2 exp(—ce®n),

(1- e>\/§ o) < 1P2] < (14 e>\/§ 4]

D.6 Experiment Details

We describe the detailed settings of our experiments in Section D.6.1 and give more

experimental results in Section D.6.2.
D.6.1 FExperiment Settings

Optimizing step size for quadratic objective In this experiment, we meta-train a learn-
ing rate for gradient descent on a fixed quadratic objective. Our goal is to show that
the autograd module in popular deep learning softwares, such as Tensorflow, can
have numerical issues when using the log-transformed meta objective. Therefore, we
first implement the meta-training process with Tensorflow to see the results. We then
re-implement the meta-training using the hand-derived meta-gradient (see Eqn D.1)
to compare the result.

A general setting for both implementations is as follows. The inner problem is
fixed as a 20-dimensional quadratic objective as described in Section 5.3, and we use
the log-transformed meta objective for training. The positive semi-definite matrix
H is generated by first sampling a 20 x 20 matrix X with all entries drawn from the
standard normal distribution and then setting H = X7 X. The initial point wy is

drawn from standard normal as well. Note that we use the same quadratic problem
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(i.e., the same H and wy) throughout the meta-training. We do 1000 meta-training
iterations, and collect results for different settings of the initial learning rate 79 and
the unroll length .

We first implement the meta-training code with Tensorflow. Our code is adapted
from Wichrowska et al. (2017) *. We use their global learning rate optimizer and
specify the problem set to have only one quadratic objective instance. We imple-
mented the quadratic objective class ourselves (the ”MyQuadratic” class). We also
turned off multiple advanced features in the original code, such as attention and
second derivatives, by assigning their flags as false. This ensures that the experi-
ments have exactly the same settings as we described. The meta-training learning
rate is set to be 0.001, which is of similar scale as our next experiment. We also try
RMSProp as the meta optimizer, which alleviates some of the numerical issues as
it renormalizes the gradient, but our experiments show that even RMSProp is still
much worse than our implementation.

We then implement the meta-training by hand to show the accurate training
results that avoid numerical issues. Specifically, we compute the meta-gradient us-
ing Eq (D.1), where we also scaled the numerator and denominator as described in
Claim D.1.2 to avoid numerical issues. We use the algorithm suggested in Theo-
rem 5.3.2, except we choose the meta-step size to be 1/(100v/k) as the constants in

Theorem 5.3.2 were not optimized.

Train-by-train vs. train-by-validation, synthetic data In this experiment, we find the
optimal learning rate n* for least-squares problems trained in train-by-train and

train-by-validation settings and then see how the learning rate works on new tasks.

L Their open source code is available at https://github.com/tensorflow/models/tree/
master/research/learned_optimizer
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Specifically, we generate 300 different 1000-dimensional least-squares tasks with
noise as defined in Section 5.4 for inner-training and then use the meta-objectives
defined in Eq (5.3) and (5.4) to find the optimal learning rate. The inner-training
number of steps ¢ is set as 40. We try different sample sizes and different noise levels
for comparison. Subsequently, in order to test how the two n* (for train-by-train
and train-by-validation respectively) work, we use them on 10 test tasks (the same
setting as the inner-training problem) and compute training and testing root mean
squared error (RMSE).

Note that since we only need the final optimal n* found under the two meta-
objective settings (regardless of how we find it), we do not need to actually do
the meta-training. Instead, we do a grid search on the interval [1075, 1], which is
divided log-linearly to 25 candidate points. For both the train-by-train and train-
by-validation settings, we average the meta-objectives over the 300 inner problems
and see which 7 minimizes this averaged meta-objective. The results are shown in

Appendix D.6.2.

Train-by-train vs. train-by-validation, MLP optimizer on MNIST 'To observe the trade-
off between train-by-train and train-by-validation in a broader and more realistic
case, we also do experiments to meta-train an MLP optimizer as in Metz et al.
(2019) to solve the MNIST classification problem. We use part of their code % to
integrate with our code in the first experiment, and we use exactly the same default
setting as theirs, which is summarized below.

The MLP optimizer is a trainable optimizer that works on each parameter sepa-

rately. When doing inner-training, for each parameter, we first compute some statis-

2 Their code is available at https://github.com/google-research/google-research/tree/
master/task_specific_learned_opt
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tics of that parameter (explained below), which are combined into a feature vector,
and then feed that feature vector to a Muti-Layer Perceptron (MLP) with ReLU
activations, which outputs two scalars, the update direction and magnitude. The
update is computed as the direction times the exponential of the magnitude. The
feature vector is 31-dimensional, which includes gradient, parameter value, first-order
moving averages (5-dim), second-order moving averages (5-dim), normalized gradi-
ent (5-dim), reciprocal of square root second-order moving averages (5-dim) and a
step embedding (9-dim). All moving averages are computed using 5 different decay
rates (0.5, 0.9, 0.99, 0.999, 0.9999), and the step embedding is tanh distortion of the
current number of steps divided by 9 different scales (3, 10, 30, 100, 300, 1000, 3000,
10000, 300000). After expanding the 31-dimensional feature vector for each parame-
ter, we also normalize the set of vectors dimension-wise across all the parameters to
have mean 0 and standard deviation 1 (except for the step embedding part). More
details can be found in their original paper and original implementation.

The inner-training problem is defined as using a two-layer fully connected network
(i.e., another “MLP”) with ReLU activations to solve the classic MNIST 10-class
classification problem. We use a very small network for computational efficiency,
and the two layers have 100 and 20 neurons. We fix the cross-entropy loss as the
inner-objective and use mini-batches of 32 samples when inner-training.

When we meta-train the MLP optimizer, we use exactly the same process as
fixed in experiments by Wichrowska et al. (2017). We use 100 different inner prob-
lems by shuffling the 10 classes and also sampling a new subset of data if we do
not use the complete MNIST data set. We run each of the problems with three
inner-training trajectories starting with different initialization. Each inner-training

trajectory is divided into a certain number of unrolled segments, where we compute
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the meta-objective and update the meta-optimizer after each segment. The number
of unrolled segments in each trajectory is sampled from 10+ Exp(30), and the length
of each segment is sampled from 50+ Exp(100), where Exp(-) denotes the exponential
distribution. Note that the meta-objective computed after each segment is defined
as the average of all the inner-objectives (evaluated on the train/validation set for
train-by-train/train-by-val) within that segment for a better convergence. We also
do not need to log-transform the inner-objective this time because the cross entropy
loss has a log operator itself. The meta-training, i.e. training the parameters of the
MLP in the MLP optimzier, is completed using a classic RMSProp optimizer with
meta learning rate 0.01.

For each settings of sample sizes and noise levels, we train two MLP optimizer:
one for train-by-train, and one for train-by-validation. When we test the learned
MLP optimizer, we use similar settings as the inner-training problem, and we run
the trajectories longer for full convergence (4000 steps for small data sets; 40000
steps for the complete data set). We run 5 independent tests and collect training
accuracy and test accuracy for evaluation. The plots show the mean of the 5 tests.
We have also tuned a SGD optimizer (with the same mini-batch size) by doing a

grid-search of the learning rate as baseline.
D.6.2 Additional Results

Optimizing step size for quadratic objective We try experiments for the same settings
of the initial 77y and inner training length ¢ for all of three implementations (our hand-
derived GD version, Tensorflow GD version and the Tensorflow RMSProp version).
We do 1000 meta-training steps for all the experiments.

For both Tensorflow versions, we always see infinite meta-objectives if 7, is large
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or t is large, whose meta-gradient is usually treated as zero, so the training get stuck
and never converge. Even for the case that both 7y and ¢ is small, it still has very large
meta-objectives (the scale of a few hundreds), and that is why we also try RMSProp,
which should be more robust against the gradient scales. Our hand-derived version,
however, does not have the numerical issues and can always converge to the optimal
n*. The detailed convergence is summarized in Tab D.1 and Tab D.2. Note that the

optimal n* is usually around 0.03 under our settings.

Table D.1: Whether the implementation converges for different ¢ (fixed 79 = 0.1)

t 10 20 40 80

Ours v v v v
Tensorflow GD X X X X
Tensorflow RMSProp | v v/ Xx x

Table D.2: Whether the implementation converges for different 7y (fixed ¢ = 40)

Mo 0.001 0.01 0.1 1

Ours v v o v Vv
Tensorflow GD X X X X
Tensorflow RMSProp | v v X X

Train-by-train vs. train-by-validation, MLP optimizer on MNIST We also do additional
experiments on training an MLP optimizer on the MNIST classification problem. We
first try using all samples under the 20% noised setting. The results are shown in
Fig D.1. The train-by-train setting can perform well if we have a large data set,
but since there is also noise in the data, the train-by-train model still overfits and is
slightly worse than the train-by-validation model.

We then try an intermediate sample size 12000. The results are shown in Fig D.2
(no noise) and Fig D.3 (20% noise). We can see that as the theory predicts, as the

amount of data increases (from 1000 samples to 12000 samples and then to 60000
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FIGURE D.1: Training and testing accuracy for different models (all samples, 20%
noise)

samples) the gap between train-by-train and train-by-validation decreases. Also,
when we condition on the same number of samples, having additional label noise

always makes train-by-train model much worse compared to train-by-validation.
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