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Abstract

Neural networks have achieved remarkable empirical success in various areas. One

key factor of their success is their ability to automatically learn useful representations

from data. Self-supervised representation learning, which learns the representations

during pre-training and applies learned representations in downstream tasks, has

become the dominant approach for representation learning in recent years. However,

theoretical understanding of self-supervised representation learning is scarce. Two

main bottlenecks in understanding self-supervised representation learning are the

big differences between pre-training and downstream tasks and the difficulties in

neural network optimization. In this thesis, we present an initial exploration into

analyzing the benefit of pre-training in self-supervised representation learning and

two heuristics in neural network optimization.

The first part of this thesis presents our attempts to understand why the represen-

tations produced by pre-trained models are useful in downstream tasks. We assume

we can optimize the training objective well in this part. For the over-realized sparse

coding model with noise, we show that the masking objective used in pre-training

ensures the recovery of ground-truth model parameters. For a more complicated

log-linear word model, we characterize what downstream tasks can benefit from the

learned representations in pre-training. Our experiments validate these theoretical

results.
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The second part of this thesis provides explanations about two important phe-

nomena in the neural network optimization landscape. We first propose and rigor-

ously prove a novel conjecture that explains the low-rank structure of the layer-wise

neural network Hessian. Our conjecture is verified experimentally and can be used

to tighten generalization bounds for neural networks. We also study the training

stability and generalization problem in the learning-to-learn framework where ma-

chine learning algorithms are used to learn parameters for training neural networks.

We rigorously proved our conjectures in simple models and empirically verified our

theoretical results in our experiments with practical neural networks and real data.

Our results provide theoretical understanding of the benefits of pre-training for

downstream tasks and two important heuristics of neural network optimization land-

scape. We hope these insights could further improve the performance of self-supervised

representation learning approaches and inspire the design of new algorithms.
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1

Introduction

Neural networks have demonstrated astonishing success across a wide range of do-

mains, including computer vision (He et al., 2016a), natural language processing

(Vaswani et al., 2017), speech recognition (Gulati et al., 2020), reinforcement learn-

ing (Mnih et al., 2015), and many more (Bommasani et al., 2021). In practice,

neural networks can automatically learn useful representations from data and use

these representations for various specific tasks. These representations can usually

achieve better performances in the tasks than handcrafted ones. However, the the-

oretical understanding of these learned representations is very limited. This has

led to a dependence on trial-and-error approaches which are time-consuming and

resource-intensive. A better theoretical analysis of these representations will help us

better understand neural networks, and as a result, help us improve their empirical

performances and even unlock new applications.

The representations of neural networks can be learned in supervised, unsuper-

vised, or self-supervised ways. In supervised representation learning, each datum

is given a label, i.e., the correct output, and the goal of the representations is to
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help the model predict the labels more accurately. Unsupervised learning, on the

other hand, does not require labels and learns the representations by finding the

underlying patterns or structures of the data. Self-supervised learning is a variant

of unsupervised learning. It deals with unlabeled data but transforms the problem

into a supervised task by creating “labels” from the data themselves. For example,

contrastive learning (Oord et al., 2018) asks the model to pull representations for

similar data closer and push representations for different data farther. As another

example, in masking (Devlin et al., 2018), the model is trained to predict a portion

of its input data given the other portion. This representation-learning process using

unlabeled data is called pre-training. In most cases, the representations learned in

pre-training will be used as input in a supervised task with few labeled data. The

supervised task is called the downstream task.

Self-supervised learning is especially useful when there are abundant unlabelled

data but few labeled data for the task. For instance, people have unlabeled text

corpora that contain billions of sentences (Raffel et al., 2020a), but may only have

a thousand labeled sentences for a sentiment classification task. It is empirically

shown that the representations learned by self-supervised learning achieve state-of-

the-art performances in these cases (Chen et al., 2020) — more importantly, these

representations are much more transferable than before. Representations learned in

the pre-training stage are usually useful for multiple tasks (Devlin et al., 2018), even

tasks in other modalities, e.g., pre-trained language model representations can help

image generation (Ramesh et al., 2022).

Theoretically understanding self-supervised representation learning is very chal-

lenging for at least two reasons: Firstly, the pre-training task is usually quite different

from the downstream tasks. The neural networks are usually trained to predict part

2



of the input data during pre-training, but the downstream task can be classification,

detection, etc. This difference in tasks also usually results in a difference in their

objective functions and sometimes a difference in data distributions. Secondly, the

process of learning the parameters of neural networks is complicated. These param-

eters are usually learned by minimizing a loss function using local search algorithms.

Since the number of parameters in a neural network can be at the scale of billions and

even trillions (Fedus et al., 2021), the parameter space is extremely high-dimensional.

Furthermore, neural networks often have deep layered structures with non-linearities

in between, resulting in a highly non-convex and non-smooth loss landscape.

This thesis represents our initial attempts to theoretically understand the bene-

fit of pre-training in self-supervised learning and several heuristics in neural network

optimization. In the first part of this thesis, we try to understand why the representa-

tions learned in the pre-training stage benefit the downstream tasks. In this part, we

assume the optimization is successful and we get a model with low pre-training loss.

We then focus on how to choose the proper pre-training loss that allow pre-trained

representations to be useful. As a concrete example, we will prove that masking,

which is a commonly used objective in self-supervised learning, ensures the recovery

of ground-truth parameters in an over-realized sparse coding model. Generalizing

the insights to more complicated models, we will also provide some necessary and

sufficient conditions for the downstream task to provably benefit from pre-trained

representations in large language models. More detail about these results will be

provided in Section 1.1.

In the second part of the thesis, our goal is to understand the optimization of

neural networks. Since the optimization landscape of neural networks is very compli-

cated, current global convergence results for training neural networks are restricted
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to simple models and shallow neural networks. However, neural networks used in

practice are much more complicated. Therefore, people use many heuristics to ac-

celerate training or make the learned model perform better on unseen data. In the

second part of this thesis, we investigate two such heuristics and provide theoretical

insights about them. We will discuss more details in Section 1.2.

1.1 Theoretical Analysis of Self-Supervised Representation Learning

Our first goal is to understand why the downstream tasks can benefit from the

representations learned in the pre-training stage. To do that, we need realistic and

reasonable connections between the pre-training and downstream tasks. A recent line

of work (Lee et al., 2021; Tosh et al., 2021b,c; Wei et al., 2021) assumes that they

share the same latent representations: the shared representations generate the pre-

training data via a latent variable model (such as Hidden Markov Model), and at the

same time decide the labels for the downstream tasks. This is also the framework we

will use in our analysis. We extend the previous results to new models. Moreover, our

studies give both the success and failure cases for self-supervised learning approaches,

providing a more complete understanding of the benefit of pre-training.

In Chapter 2, we analyze why the representations learned using a self-supervised

approach during pre-training can perform better than traditional methods. We study

masking, where the models are asked to predict part of the data (masked part) from

the other part (unmasked part). As an example, we focus on the sparse coding

problem with an over-realized dictionary as the generative model for the pre-training

data. Existing theoretical results are limited to noiseless data (Sulam et al., 2022).

Under the noisy data setting, we proved that minimizing the standard dictionary

learning objective can fail to recover the ground-truth parameters, but the masking
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objective has the ground-truth parameters as its optimal solution. In other words,

a proper choice of pre-training objective helps us learn useful representations. Our

experiments validate our theoretical results and showed that the learned parameters

from masking can achieve better recovery performance than the traditional method.

A major bottleneck in existing works (Arora et al., 2016; Wei et al., 2021), includ-

ing the result in Chapter 2, is that they are limited to simple and well-understood

probabilistic models. In Chapter 3, we give initial results in understanding the ben-

efit of pre-training for much more complicated models. In this work, we open the

black box of huge models at the last layer. Specifically, we only assume that the

last layer of the generative model for pre-training data is a log-linear probabilistic

model. The network before the last layer can be arbitrarily complicated. In this

setting, we first find two necessary conditions for the downstream tasks to be guar-

anteed to benefit from the representations: the insensitivity to extremely rare words

and the resistance to shift-invariance of the softmax function. We also proposed,

empirically verify, and theoretically proved a sufficient condition for guaranteeing

good downstream performance, which is the existence of an “anchor vector” in the

representation space.

1.2 Neural Network Optimization Landscape

The loss function is a function of network parameters measuring the discrepancy

between the network outputs and our desired outputs. Its landscape – locations and

loss values for various local optimal solutions and saddle points – plays a very impor-

tant role in determining the quality of the final learned parameters. The commonly

used algorithms for neural networks are first-order local search algorithms, such as

gradient descent and its variants. These algorithms iteratively take small steps in
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locally downhill directions on the loss landscape and are guaranteed to learn the

optimal parameters for convex functions. However, the optimization landscape of

neural networks is highly non-convex and usually has many spurious local minima

that are problematic for local search algorithms (Safran and Shamir, 2018). Despite

the complicated landscape, these algorithms in practice often find a point with a low

loss value. Moreover, the number of parameters in neural networks is usually larger

than the number of training samples, resulting in many global minima on the loss

landscape (Soudry and Hoffer, 2017). Although only a few global minima perform

well on unseen data (Keskar et al., 2017), the algorithms often converge to these

minima. The two phenomena are still far from being fully understood in theory.

The theoretical results capturing the global convergence of neural network op-

timization are usually limited to unrealistic models, e.g., linear neural networks

(Kawaguchi, 2016) or networks with near-infinite widths (Allen-Zhu et al., 2019;

Mei et al., 2018). In this thesis, we want to understand the optimization of practical

deep neural networks, whose optimization landscapes are much more complicated

than the ones in these theoretical results (Li et al., 2018). People usually use sev-

eral heuristics in training a practical neural network to help with its optimization

and its generalization to unseen data. Therefore, understanding these heuristics is

crucial for understanding the optimization of practical deep neural networks. The

theoretical insights gained from the understanding may help improve the optimiza-

tion performance and the design of new algorithms. In this section, we improve the

theoretical understanding of neural network optimization landscape by theoretically

understanding two such important heuristics about the optimization landscape. We

also empirically show that our new understanding can help improve the performances

of practical neural networks.

6



1.2.1 Understanding Top Eigenspace of Neural Network Hessian

Neural network Hessian captures important properties of the optimization landscape.

Hessian provides second-order information of the loss, e.g., the local optimality of a

critical point and the curvature in a local area. These information can help us analyze

the behavior of local search algorithms, including their convergence speeds, whether

they can get stuck, etc. Besides, Hessian can be used to design better algorithms

for neural network training, such as L-BFGS (Liu and Nocedal, 1989) and K-FAC

(Martens and Grosse, 2015). Furthermore, extensive experiments have shown that

the Hessian around a local minimum on the optimization landscape is closely related

to the generalization performance of the corresponding parameters (Jiang et al.,

2019). Despite such importance, little theory is known about the structure of neural

network Hessian.

In Chapter 4, we are going to provide a theoretical analysis of the low-rank

structure of the neural network Hessian, a phenomenon that has been observed in

previous works (Sagun et al., 2018). We propose a decoupling conjecture that de-

composes the layer-wise Hessian of a neural network as the Kronecker product of

two smaller matrices, and rigorously prove the conjecture for randomly initialized

2-layer networks. This decoupling not only explains the previous observations about

Hessian top eigenspace, but also has several other interesting implications, e.g., top

eigenspaces for different models have surprisingly high overlap, and top eigenvectors

form low rank matrices when they are reshaped into the same shape as the corre-

sponding weight matrix. We also empirically showed that the conjecture and its

implications are true for both shallow and deep neural networks. Furthermore, we

showed that our conjecture can be used to tighten the existing non-vacuous general-

ization bounds.
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1.2.2 Learning-to-Learn for Tuning the Step Size

Training a neural network is a complicated process, and the parameters of the opti-

mization algorithms have a big impact on the performances of the networks. These

parameters are called hyperparameters. Examples of hyperparameters include step

size, momentum, weight decay, etc. An improper choice of hyperparameters can

cause many problems, e.g., overfitting, slow convergence, unstable training, or even

divergence in training. Choosing proper hyperparameters is usually time-consuming,

resource-expensive, and involves much human effort. To better select hyperparame-

ters, people have developed a learning-to-learn approach (Andrychowicz et al., 2016),

which views hyperparameter selection as a machine learning problem and learns

these hyperparameters automatically. Although effective under many circumstances,

learning-to-learn as a higher-level learning process is more difficult than regular train-

ing and suffers from multiple problems. For instance, the learning-to-learn problem

is unstable in training, and the learned hyperparameters may not generalize well to

other tasks (Metz et al., 2019).

We in Chapter 5 focus on a specific learning-to-learn problem: tuning the step

size for a quadratic objective by running meta-gradient descent on a meta-objective.

Although the inner objective is simple, this learning-to-learn problem is still diffi-

cult and has similar problems as practical circumstances. Under this framework,

we study the meta-training instability problem in learning-to-learn and the general-

ization properties of the learned parameters. We show that the meta-gradient can

explode or vanish if the meta-objective is not selected carefully, and computing the

meta-gradient using backpropagation leads to numerical issues. Besides, we charac-

terize the necessity of evaluating the hyperparameters on a separate validation set to

guarantee their generalization performance. We prove that when the noise is large
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and the sample size is not big enough, computing the meta-objective on a separate

validation set has better generalization on unseen data. This is because computing

the meta-objective on training data may not help us learn the correct parameter. We

validate all our theoretical results in real datasets with practical neural networks.

1.3 Other Related Works

Theory for Self-Supervised Learning. There have been previous works that theoreti-

cally analyze different kinds of self-supervised learning methods and aim to explain

why the representations learned in pre-training can be useful in downstream tasks.

Most of the works in this area make assumptions about the data. Some works as-

sume that the data are generated via explicit latent variable models and show that

self-supervised learning methods can recover the latent variables. These models in-

clude hidden Markov model (Wei et al., 2021), topic models (Arora et al., 2016;

Tosh et al., 2021a), graphical model (Zhang and Hashimoto, 2021), augmentation

graph (HaoChen et al., 2021), Hierarchical Latent Tree model (Tian et al., 2020),

etc. Another line of work assumes the data satisfy some properties, e.g., multi-view

redundancy (Tosh et al., 2021c; Tsai et al., 2020) or conditional independence given

the label (Lee et al., 2021; Saunshi et al., 2019), and prove that models can retrieve

downstream-task-related information such as labels via self-supervised learning.

Besides the data perspective, some other works in this area focus on the properties

of the model or representations. Wang and Isola (2020) showed that contrastive loss

encourages alignment and uniformity of representations, Bansal et al. (2020) proved

that a rational and robust-to-noise pre-trained model generalize well to downstream

tasks, and Saunshi et al. (2020) reformulates the downstream task in the same form

as pre-training and provides the performance guarantee.
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Results for Global Neural Network Optimization Landscape. As for the optimization

part, there has been a long line of work characterizing the global properties of neural

network optimization landscape. Although the optimization landscape of a neu-

ral network is non-convex in general, people have shown that all local minima are

global minima for some special neural networks, including linear neural networks

(Kawaguchi, 2016; Hardt and Ma, 2016) and neural networks with structural or loss

modifications (Liang et al., 2018; Kawaguchi and Kaelbling, 2020). However, this

is not true in general, and spurious local minima are shown to be common in most

neural networks (Safran and Shamir, 2018; Ding et al., 2019).

Despite the common existence of spurious local minima on neural network opti-

mization landscape, another line of work shows that gradient descent usually con-

verges to global minima, not to these spurious local minima or saddle points. This

line of work includes Neural Tangent Kernel (Jacot et al., 2018; Allen-Zhu et al.,

2019; Du et al., 2018) and mean-field theory (Mei et al., 2018; Chizat and Bach,

2018). However, the Neural Tangent Kernel behaves different from practical neural

networks (Chizat and Bach, 1812; Arora et al., 2019), and the mean-field theory

assumes the width of the neural network to be exponentially large and the depth

to be two or three, which is unrealistic. Therefore, a satisfactory understanding of

general neural network optimization is still lacking.

Theoretical Insights about Heuristics in Practical Neural Network Optimization. People

have been using plenty of heuristics when optimizing neural networks empirically to

help with the convergence and the generalization performance to new data. Some

heuristics can work well in different domains, and some phenomena are commonly

observed under different settings, so people believe these heuristics and phenomena
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capture important properties of neural network optimization and perform theoretical

analysis about them. Examples include batch normalization (Santurkar et al., 2018;

Kohler et al., 2018; Arora et al., 2018b), sharpness of local minima (Dinh et al.,

2017), Mixup (Guo et al., 2019; Carratino et al., 2020; Zhang et al., 2020, 2022a),

and the Edge of Stability (Arora et al., 2022; Zhu et al., 2022). These theoretical

studies improve our understanding of the heuristics or phenomena. They could also

lead to new optimization algorithms that work better in practice. For instance,

following the insight that flatter minima generalize better (Jiang et al., 2019; Keskar

et al., 2017), Sharpness-Aware Minimization (Foret et al., 2020) leads the network

parameters towards a flatter minima and usually generalizes better.

1.4 Bibliographic Notes

Chapter 2 is based on joint work (Chidambaram et al., 2023) with Muthu Chi-

dambaram, Yu Cheng, and Rong Ge. Chapter 3 is based on joint work with Holden

Lee and Rong Ge. Chapter 4 is based on joint work (Wu et al., 2020) with Yikai Wu,

Xingyu Zhu, Annie N. Wang, and Rong Ge. Chapter 5 is based on joint work (Wang

et al., 2021) with Xiang Wang, Shuai Yuan, and Rong Ge.

1.5 Future Directions

Our results about self-supervised representation learning rely on the generative mod-

els for the pre-training data. The two models used in this thesis are either simple or

only opening the black box for one layer. A better analysis of the relationship be-

tween the learned representations and the structure of the pre-training data requires

a model with more fine-grained structure and stronger expressive power. Another

future direction is going beyond the generative model assumption, e.g., relying on the
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connection between the pre-training task and the downstream task (Saunshi et al.,

2020).

For the observations about neural network optimization, We only have rigorous

results for one-layered or two-layered neural networks. Extending the existing results

to deeper models or other phenomena is a meaningful future direction. Another

future direction is to use our theoretical understanding to derive better algorithms

for neural network optimization.
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2

Masking Helps Sparse Coding

In this chapter, we present the benefit of self-supervised representation learning in

sparse coding. We assume that the data are generated from a sparse linear combina-

tion of vectors in a dictionary and the goal of the pre-training task is to recover the

dictionary. Under this setting, we compare two objectives for pre-training: the stan-

dard dictionary learning objective and the masking objective which is commonly used

in self-supervised representation learning. We prove that when the data are noisy

and the student model is over-realized, the masking objective can help successfully

recover the dictionary while the standard objective fails. Therefore, for over-realized

noisy sparse coding, masking can better capture the structure of input data during

pre-training than the standard objective. This could explain why representations

learned by self-supervised approaches yield better downstream performances.

2.1 Introduction

Modeling signals as sparse combinations of latent variables has been a fruitful ap-

proach in a variety of domains, and has been especially useful in areas such as medical
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imaging (Zhang et al., 2017), neuroscience (Olshausen and Field, 2004), and genomics

(Tibshirani and Wang, 2008), where learning parsimonious representations of data is

of high importance. The particular case of modeling high-dimensional data in Rd as

sparse linear combinations of a set of p vectors in Rd (referred to as a dictionary) has

received significant attention over the past two decades, leading to the development

of many successful algorithms and theoretical frameworks.

In this case, the typical assumption is that we are given data yi generated as

yi „ Azi` εi, where A P Rdˆp is a ground-truth dictionary, zi is a sparse vector, and

εi is a noise vector. When the dictionary A is known a priori, the goal of modeling is

to recover the sparse representations zi, and the problem is referred to as compressed

sensing. However, in many applications, we do not have access to the ground truth

A, and instead hope to simultaneously learn a dictionary B that approximates A

along with learning sparse representations of the data. This problem is referred to as

sparse coding or sparse dictionary learning, which is what we focus on in this work.

One of the primary goals of analyses of sparse coding is to provide provable

guarantees for recovering the ground-truth dictionary A, both with respect to specific

algorithms and information-theoretically. Most prior work with such guarantees has

focused exclusively on the setting where the learned dictionary B has the same size

as the ground truth (in Rdˆp), which is in line with the fact that recovery error is

often formulated as some norm of pB ´ Aq.

Unfortunately, in practice one does not necessarily have access to the structure

of A. It is thus natural to consider what will happen (and how to formulate recovery

error) if we learn a dictionary B P Rdˆp1 with p1 ą p, where it is possible to recover A

as a sub-dictionary of B. The study of this over-realized setting was recently taken

up in the work of Sulam et al. (2020), in which the authors showed that a modest
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level of over-realization can be empirically and theoretically beneficial. However, the

results of Sulam et al. (2020) are restricted to the noise-less setting where data is

generated simply as yi „ Azi, which motivates the following questions:

Does over-realized sparse coding run into pitfalls when there is noise in

the data-generating process? And if so, is it possible to prevent this by

designing new sparse coding algorithms?

2.1.1 Main Contributions and Outline

In this work, we answer both of these questions in the affirmative. After providing

the necessary background on sparse coding in Section 2.2, we show in Theorem 2.3.2

of Section 2.3 that, using standard sparse coding algorithms for learning over-realized

dictionaries in the presence of noise leads to overfitting. In fact, our result shows that

even if we allow the algorithms to access infinitely many samples and solve NP-hard

problems, the learned dictionary B can still fail to recover A.

The key idea behind this result is that existing approaches for sparse coding

largely rely on a two-step procedure (outlined in Algorithm 0): solving the com-

pressed sensing problem Bpz “ yi for a learned dictionary B, and then updating B

based on a reconstruction objective ‖yi ´Bpz‖2. However, because we force pz to be

sparse, by choosing B to have columns that are linear combinations of the columns

of A, one can effectively get around the sparsity constraint on pz. Consequently, it

can be optimal to use such a B for reconstructing the data yi, in which case A cannot

be recovered as a sub-dictionary of B.

On the other hand, we show in Theorem 2.3.6 that for a large class of data-

generating processes, it is possible to prevent this kind of B by masking data (as

outlined in Algorithm 0): performing the compressed sensing step on a subset M of
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the coordinates of yi, and then computing the reconstruction loss on the complement

of M . This idea of masking has seen great success in self-supervised learning (Devlin

et al., 2019). Our result shows that it can lead to provable benefits in the context of

sparse coding.

Finally, in Section 2.4 we conduct experiments comparing our masking approach

with the standard sparse coding approach across several parameter regimes. In

all of our experiments, we find that our masking approach leads to better ground

truth recovery, which becomes more pronounced as the amount of over-realization

increases.

2.1.2 Related Work

Compressed Sensing. The seminal works of Candes et al. (2006), Candes and Tao

(2006), and Donoho (2006) established conditions on the dictionary A P Rdˆp, even

in the case where p " d (the overcomplete case), under which it is possible to recover

(approximately and exactly) the sparse representations zi from Azi`εi. In accordance

with these results, several efficient algorithms based on convex programming (Tropp,

2006; Yin et al., 2008), greedy approaches (Tropp and Gilbert, 2007; Donoho et al.,

2006; Efron et al., 2004), iterative thresholding (Daubechies et al., 2003; Maleki

and Donoho, 2010), and approximate message passing (Donoho et al., 2009; Musa

et al., 2018) have been developed for solving the compressed sensing problem. For

comprehensive reviews on the theory and applications of compressed sensing, we

refer the reader to the works of Candes and Wakin (2008) and Duarte and Eldar

(2011).

Sparse Coding. Different framings of the sparse coding problem exist in the

literature (Krause and Cevher, 2010; Bach et al., 2008; Zhou et al., 2009), but the
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canonical formulation involves solving a non-convex optimization problem. Despite

this hurdle, a number of algorithms (Engan et al., 1999; Aharon et al., 2006a; Mairal

et al., 2010; Arora et al., 2013, 2014, 2015) have been established to (approximately)

solve the sparse coding problem under varying conditions, dating back at least to the

groundbreaking work of Olshausen and Field (1997) in computational neuroscience.

A summary of convergence results and the conditions required on the data-generating

process for several of these algorithms may be found in Table 1 of Gribonval et al.

(2014).

In addition to algorithm-specific analyses, there also exists a complementary line

of work on characterizing the optimization landscape of dictionary learning. This

type of analysis is carried out by Gribonval et al. (2014) in the general setting of an

overcomplete dictionary and noisy measurements with possible outliers, extending

the previous line of work of Aharon et al. (2006b), Gribonval and Schnass (2010),

and Geng et al. (2011).

However, as mentioned earlier, these theoretical results rely on learning dictio-

naries that are the same size as the ground truth. To the best of our knowledge, the

over-realized case has only been studied by Sulam et al. (2020), and our work is the

first to analyze over-realized sparse coding in the presence of noise.

Self-Supervised Learning. Training models to predict masked out portions

of the input data is an approach to self-supervised learning that has led to strong

empirical results in the deep learning literature (Devlin et al., 2019; Yang et al., 2019;

Brown et al., 2020a; He et al., 2022). This success has spurred several theoretical

studies analyzing how and why different self-supervised tasks can be used to improve

model training (Tsai et al., 2020; Lee et al., 2021; Tosh et al., 2021b). The most

closely related works to our own in this regard have studied the use of masking
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objectives in autoencoders (Cao et al., 2022; Pan et al., 2022) and hidden Markov

models (Wei et al., 2021).

2.2 Preliminaries and Setup

We first introduce some notation that we will use throughout the paper.

Notation. Given n P N, we use rns to denote the set t1, 2, ..., nu. For a vector

x, we write ‖x‖ for the L2-norm of x and ‖x‖0 for the number of non-zero elements

in x. We say a vector x is k-sparse if ‖x‖0 ď k and we use supp pxq to denote the

support of x. For a vector x P Rd and a set S Ď rds, we use rxsS P R|S| to denote the

restriction of x to those coordinates in S.

For a matrix A, we use Ai to denote the i-th column of A. We write ‖A‖F
for the Frobenius norm of A, and ‖A‖op for the operator norm of A, and we write

σminpAq and σmaxpAq for the minimum and maximum singular values of A. For a

matrix A P Rdˆq and S Ď rqs, we use AS P Rdˆ|S| to refer to A restricted to the

columns whose indices are in S. We use Id to denote the d ˆ d identity matrix.

Finally, for M Ď rds, we use PM P R|M |ˆd to refer to the matrix whose action on x

is PMx “ rxsM . Note that for a dˆ q matrix A, PMA would give a subset of rows of

A, which is different from the earlier notation AS which gives a subset of columns.

2.2.1 Background on Sparse Coding

We consider the sparse coding problem in which we are given measurements y P Rd

generated as Az`ε, where A P Rdˆp is a ground-truth dictionary, z P Rp is a k-sparse

vector distributed according to a probability measure Pz, and ε P Rd is a noise term

with i.i.d. entries. The goal is to use the measurements y to reconstruct a dictionary

B that is as close as possible to the ground-truth dictionary A.
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In the case where B has the same dimensions as A, one may want to formulate

this notion of “closeness” (or recovery error) as ‖A´B‖2
F . However, directly using

the Frobenius norm of pA´Bq is too limited, as it is sufficient to recover the columns

of A up to permutations and sign flips. Therefore, a common choice of recovery error

(Gribonval et al., 2014; Arora et al., 2015) is the following:

min
PPΠ

‖A´BP‖2
F (2.1)

where Π is the set of orthogonal matrices whose entries are 0 or ˘1.

In the over-realized setting, when B P Rdˆp1 with p1 ą p, Equation (2.1) no longer

makes sense as A and B do not have the same size. In this case, one can generalize

Equation (2.1) to measure the distance between each column of A and the column

closest to it in B (up to change of sign). This notion of recovery was studied by

Sulam et al. (2020), and we use the same formulation in this work:

dRpA,Bq fi
1

p

p
ÿ

i“1

min
jPrp1s,cPt´1,1u

‖Ai ´ cBj‖2 (2.2)

Note that Equation (2.2) introduced the coefficient 1{p in the recovery error and thus

corresponds to the average distance between Ai and its best approximation in B.

Also, Equation (2.2) only allows sign changes, even though for reconstructing Az, it

is sufficient to recover the columns of A up to arbitrary scaling. In our experiments

we enforce A and B to have unit column norms so a sign change suffices; in theory

one can always modify the B matrix to have correct norm so it also does not change

our results.

Given access to only measurements y, the algorithm cannot directly minimize the

recovery error dRpA, ¨q. Instead, sparse coding algorithms often seek to minimize the
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following surrogate loss:

`pBq “ Ey
„

min
pzPRp1

‖y ´Bpz‖2
` hppzq



(2.3)

where h is a sparsity-promoting penalty function. Typical choices of h include hard

sparsity (hppzq “ 0 if pz is k-sparse and hppzq “ 8 otherwise) as well as the L1 penalty

hppzq “ ‖pz‖1. While hard sparsity is closer to the assumption on the data-generating

process, it is well-known that optimizing under exact sparsity constraints is NP-

hard in the general case (Natarajan, 1995). When hppzq “ ‖pz‖1 is used, the learning

problem is also known as basis pursuit denoising (Chen and Donoho, 1994) or Lasso

(Tibshirani, 1996).

Equation (2.3) is the population loss one wishes to minimize when learning a

dictionary B. In practice, sparse coding algorithms must work with a finite number

of measurements y1, y2, . . . , yn obtained from the data-generating process and instead

minimize the empirical loss r`pBq:

r`pBq “
1

n

n
ÿ

i“1

min
pzPRp1

‖yi ´Bpz‖2
` hppzq (2.4)

2.2.2 Sparse Coding via Orthogonal Matching Pursuit

Most existing approaches for optimizing Equation (2.4) can be categorized under the

general alternating minimization approach described in Algorithm 0.

Algorithm 1 Alternating Minimization Framework

Input: Data y, Dictionary Bptq P Rdˆp1

Decoding Step: Solve Bptqpz “ y for k-sparse pz
Update Step: Update Bptq to Bpt`1q by performing a gradient step on loss
computed using Bptqpz and y

At iteration t, Algorithm 0 performs a decoding/compressed sensing step using

the current learned dictionary Bptq and the input data y. As mentioned in Section
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2.1.2, there are several well-studied algorithms for this decoding step. Because we

are interested in enforcing a hard-sparsity constraint, we restrict our attention to

algorithms that are guaranteed to produce a k-sparse representation in the decoding

step.

We thus focus on Orthogonal Matching Pursuit (OMP) (Mallat and Zhang, 1993;

Rubinstein et al., 2008), which is a simple greedy algorithm for the decoding step.

The basic procedure of OMP is to iteratively expand a subset T Ă rp1s of atoms (until

|T | “ k) by considering the correlation between the unselected atoms in the current

dictionary Bptq and the residual

ˆ

y ´B
ptq
T arg min

pzPR|T |

∥∥∥y ´BptqT pz
∥∥∥2
˙

(i.e., the least

squares solution using atoms in T ). A more precise description of the algorithm can

be found in Rubinstein et al. (2008). Moving forward, we will use gOMPpy,B, kq to

denote the k-sparse vector pz P Rp1 obtained by running the OMP algorithm on an

input dictionary B and a measurement y.

2.2.3 Conditions on the Data-Generating Process

For the data-generating process y „ Az` ε, it is in general impossible to successfully

perform the decoding step in Algorithm 0 even with access to the ground-truth

dictionary A. As a result, several conditions have been identified in the literature

under which it is possible to provide guarantees on the success of decoding the sparse

representation z. We recall two of the most common ones (Candes and Tao, 2005).

Definition 2.2.1. [Restricted Isometry Property (RIP)] We say that a matrix A P

Rdˆp satisfies ps, δsq-RIP if the following holds for all s-sparse x P Rp:

p1´ δsq‖x‖2
ď ‖Ax‖2

ď p1` δsq‖x‖2 (2.5)
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Definition 2.2.2. [µ-Incoherence] A matrix A P Rdˆp with unit norm columns is

µ-incoherent if:

|xAi, Ajy| ď µ for all i ‰ j (2.6)

These two properties are closely related. For example, as a consequence of the

Gershgorin circle theorem, pδs{sq-incoherent matrices must satisfy ps, δsq-RIP.

Given the prominence of RIP and incoherence conditions in the compressed sens-

ing and sparse coding literature, there has been a large body of work investigating

families of matrices that satisfy these conditions. We refer the reader to Baraniuk

et al. (2008) for an elegant proof that a wide class of random matrices in Rdˆp (i.e.

subgaussian) satisfy pk, δq-RIP with high probability depending on δ, k, p, and d.

For an overview of deterministic constructions of such matrices, we refer the reader

to Bandeira et al. (2012) and the references therein.

2.3 Main Results

Having established the necessary background, we now present our main results. Our

first result shows that minimizing the population reconstruction loss with a hard-

sparsity constraint can lead to learning a dictionary B that is far from the ground

truth. We specifically work with the loss defined as:

LpB, kq “ Ey
„

min
‖pz‖0ďk

‖y ´Bpz‖2



(2.7)

Note that in the definition of LpB, kq, we are considering an NP-hard optimization

problem (exhaustively searching over all k-sparse supports). We could instead replace

this exhaustive optimization with an alternative least-squares-based approach (so

long as it is better than random), and our proof techniques for Theorem 2.3.2 would
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still work. We consider this version only to simplify the presentation.

We now show that, under appropriate settings, there exists a dictionary B whose

population loss LpB, kq is smaller than that of A, while dRpA,Bq is bounded away

from 0 by a term related to the noise in the data-generating process.

Assumption 2.3.1. Let A P Rdˆp be an arbitrary matrix with unit-norm columns

satisfying p2k, δq-RIP for k “ o
´

d
log p

¯

and δ “ op1q, and suppose σ2
minpAq “ Ωpp{dq.

We assume each measurement y is generated as y „ Az ` ε, where z is a random

vector drawn from an arbitrary probability measure Pz on k-sparse vectors in Rp,

and ε „ N p0, σ2Idq for some σ ą 0.

Theorem 2.3.2. [Overfitting to Reconstruction Loss] Consider the data-generating

model in Assumption 2.3.1 and define Λpzq to be:

Λpzq “ inftt | Pzpz ě tq ď 1{du. (2.8)

Then for q “ Ωpp2 maxpdσ2,Λpzq2q{σ2q, there exists a B P Rdˆq such that LpB, kq ď

LpA, kq ´ Ωpkσ2q and dRpA,Bq “ Ωpσ2q.

Proof Sketch. The key idea is to first determine how much the loss can be

decreased by expanding from k-sparse combinations of the columns of A to 2k-sparse

combinations, i.e., lower bound the gap between LpA, kq and LpA, 2kq. After this,

we can construct a dictionary B whose columns form an ε-net (with ε “ σ2) for all

2-sparse combinations of columns of A. Any 2k-sparse combination of columns in

A can then be approximated as a k-sparse combination of columns in B, which is

sufficient for proving the theorem.

Remark 2.3.3. Before we discuss the implications of Theorem 2.3.2, we first verify

that Assumption 2.3.1 is not vacuous, and in fact applies to many matrices of interest.
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This follows from a result of Rudelson and Vershynin (2009), which shows that after

appropriate rescaling, rectangular matrices with i.i.d. subgaussian entries satisfy the

singular value condition in Assumption 2.3.1. Furthermore, such matrices will also

satisfy the RIP condition so long as k is not too large relative to d and p, as per

Baraniuk et al. (2008) as discussed in the previous section.

Theorem 2.3.2 shows that learning an appropriately over-realized dictionary fails

to recover the ground truth independent of the distribution of z. This means that

even if we let the norm of the signal Az in the data-generating process be arbitrarily

large, with sufficient over-realization we may still fail to recover the ground-truth

dictionary A by minimizing LpB, kq.

We also observe that the amount of over-realization necessary in Theorem 2.3.2

depends on how well z „ Pz can be bounded with reasonably high probability. If

z is almost surely bounded (as is frequently assumed), we can obtain the following

cleaner corollary of Theorem 2.3.2.

Corollary 2.3.4. Consider the same settings as Theorem 2.3.2 with the added stip-

ulation that Pzp‖z‖ ď Cq “ 1 for a universal constant C. Then for q “ Ωpp2dq, there

exists a B P Rdˆq such that dRpA,Bq “ Ωpσ2q and LpB, kq ď LpA, kq ´ Ωpkσ2q.

The reason that we can obtain a smaller population loss than the ground truth in

Theorem 2.3.2 is because we can make use of the extra capacity in B to overfit the

noise ε in the data-generating process. To prevent this, our key idea is to perform

the decoding step Bpz “ y on a subset of the dimensions of y - which we refer to as

the unmasked part of y - and then evaluate the loss of B using the complement of

that subset (the masked part of y). Intuitively, because each coordinate of the noise

ε is independent, a dictionary B that well-approximates the noise in the unmasked

part of y will have no benefit in approximating the noise in the masked part of y.
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We can formalize this as the following masking objective:

LmaskpB, k,Mq “ Ey
”∥∥rysrdszM ´ rBpzsrdszM

∥∥2
ı

(2.9)

where pzprysMq “ gOMPpy,B, kq (2.10)

In defining Lmask, we have opted to use gOMP in the inner minimization step, as

opposed to the exhaustive arg min in the definition of L. Similar to the discussion

earlier, we could have instead used any other approach based on least squares to

decode pz (including the exhaustive approach), so long as we have guarantees on the

probability of failing to recover the true code z given access to the ground-truth

dictionary A. This choice of using OMP is mostly to tie our theory more closely

with our experiments.

Now we present our second main result which shows, in contrast to Theorem

2.3.2, that optimizing Lmask prevents overfitting noise (albeit in a different but closely

related setting).

Assumption 2.3.5. Let A P Rdˆp be an arbitrary matrix such that there exists

an M Ă rds with PMA being µ-incoherent with µ ď C{p2k ´ 1q for a universal

constant C ă 1. We assume each measurement y is generated as y „ Az ` ε, where

rzssupppzq „ N p0, σ2
zIkq with supppzq drawn from an arbitrary probability distribution

over all size-k subsets of rds, and ε „ N p0, σ2Idq for some σ ą 0.

Theorem 2.3.6. [Benefits of Masking] Consider the data-generating model in As-

sumption 2.3.5. For any non-empty mask M Ă rds such that PMA satisfies the

µ-incoherence condition in the assumption, we have

lim
σzÑ8

´

LmaskpA, k,Mq ´min
B
LmaskpB, k,Mq

¯

“ 0 (2.11)
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That is, as the expected norm of the signal Az increases, there exist minimizers B

of Lmask such that dRpA,Bq Ñ 0.

Proof Sketch. The proof proceeds by expanding out LmaskpB, k,Mq and using

the fact that rBpz˚srdszM is independent of rεsrdszM to obtain a quantity that closely

resembles the prediction risk considered in analyses of linear regression. From there

we show that the Bayes risk is lower bounded by the risk of a regularized least squares

solution with access to a support oracle. We then rely on a result of Cai and Wang

(2011) to show that gOMPprysMq recovers the support of z with increasing probability

as σz Ñ 8, and hence its risk converges to the aforementioned prediction risk.

Remark 2.3.7. As before, so long as the mask M is not too small, matrices with

i.i.d. subgaussian entries will satisfy the assumptions on A in Assumption 2.3.5.

In particular, the set of ground truth dictionaries satisfying Assumptions 2.3.1 and

2.3.5 is non-empty.

Comparing Theorem 2.3.6 to Theorem 2.3.2, we see that approximate minimizers

of Lmask can achieve arbitrarily small recovery error, so long as the signal Az is

large enough; whereas for L, there always exist minimizers whose recovery error is

bounded away from 0. We note that having the expected norm of the signal be

large is effectively necessary to hope for recovering the ground truth in our setting,

as in the presence of Gaussian noise there is always some non-zero probability that

the decoding step can fail. Full proofs of Theorems 2.3.2 and 2.3.6 can be found in

Section A.1 of the Appendix.

2.4 Experiments

In this section, we examine whether the separation between the performance of sparse

coding with or without masking (demonstrated by Theorems 2.3.2 and 2.3.6) mani-
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fests in practice. To do so, we need to make a few concessions from the theoretical

settings introduced in Sections 2.2.1 and 2.2.3. Firstly, we cannot directly optimize

the expectations in L and Lmask as defined in Equations (2.7) and (2.9), so we instead

optimize the corresponding empirical versions defined in the same vein as Equation

(2.4). Another issue is that the standard objective L requires solving the optimization

problem min‖pz‖0ďk
‖y ´Bpz‖2, which is NP-hard in general. In order to experiment

with reasonably large values of d, p, and p1 and to be consistent with the decoding

step in Lmask, we thus approximately solve the aforementioned optimization problem

using OMP.

Algorithm 2 Algorithm for Optimizing L

Input: Data ty1, ..., yT u, Dictionary Bp0q P Rdˆp1 , Learning Rate η P R`
for t “ 0 to T ´ 1 do

z Ð gOMPpyt`1, B
ptqq

Bpt`1q Ð Bptq ´ η∇Bptq

∥∥yt`1 ´B
ptqz

∥∥2

Bpt`1q Ð ProjSd´1Bpt`1q

end for

Algorithm 3 Algorithm for Optimizing Lmask

Input: Data ty1, ..., yT u, Dictionary Bp0q P Rdˆp1 , Learning Rate η P R`, Mask
Size m P rds
for t “ 0 to T ´ 1 do

M Ð Uniformly random subset of size m from rds
z Ð gOMPpryt`1sM , B

ptqq

Bpt`1q Ð Bptq ´ η∇Bptq

∥∥ryt`1sMc ´ rBptqzsMc

∥∥2

Bpt`1q Ð ProjSd´1Bpt`1q

end for

The approaches for optimizing L and Lmask given n samples from the data-

generating process are laid out in Algorithms 0 and 0, in which we use ProjSd´1B

to denote the result of normalizing all of the columns of B. We also use M c as a

shorthand in Algorithm 0 to denote rdszM .
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We point out that Algorithm 0 introduces some features that were not present in

the theory of the masking objective; namely, in each iteration, we randomly sample a

new mask of a pre-fixed size. This is because if we were to run gradient descent using

a single, fixed mask M at each iteration, as we don’t differentiate through the OMP

steps, the gradient with respect to Bptq computed on the error
∥∥rysrdszM ´ rBzsrdszM∥∥2

would be non-zero only for those rows of B corresponding to the indices rdszM .

To avoid this issue, we sample new masks in each iteration so that each entry of

B can be updated. There are alternative approaches that can achieve this; i.e.

deterministically cycling through different masks, but we found them to have similar

performance.

While we will analyze the performance of Algorithms 0 and 0 across several

different experimental setups over the next few subsections, we describe the following

facets shared across all setups. We generate a dataset of n “ 1000 samples yi “

Azi` εi, where A P Rdˆp is a standard Gaussian ensemble with normalized columns,

the zi have uniformly random k-sparse supports whose entries are i.i.d. N p0, 1q,

and the εi are mean zero Gaussian noise with some fixed variance (which we will

vary in our experiments). We also normalize the zi so as to constrain ourselves

to the bounded-norm setting of Corollary 2.3.4. In addition to the 1000 samples

constituting the dataset, we also assume access to a held-out set of p1 samples from

the data-generating process for initializing the dictionary Bp0q P Rdˆp1 .

For training, we use batch versions of Algorithms 0 and 0 in which we perform

gradient updates with respect to the mean losses computed over ty1, ..., yBu with

B “ 200 as the batch size. For the actual gradient step, we use Adam (Kingma and

Ba, 2014) with its default hyperparameters of β1 “ 0.9, β2 “ 0.999 and a learning

rate of η “ 0.001, as we found Adam trains significantly faster than SGD (and we
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ran into problems when using large learning rates for SGD). We train for 500 epochs

(passes over the entire dataset) for both Algorithms 0 and 0. For Algorithm 0, we

always use a mask size of d´td{10u, which we selected based off of early experiments.

We ensured that, even for this fairly large mask size, the gradient norms for both

L and Lmask were of the same order in our experiments and that 500 epochs were

sufficient for training.

We did not perform extensive hyperparameter tuning, but we found that the

aforementioned settings performed better than the alternative choices we tested for

both algorithms across all experimental setups. Our implementation is in PyTorch

(Paszke et al., 2019a), and all of our experiments were conducted on a single P100

GPU.

2.4.1 Scaling Over-Realization

We first explore how the choice of p1 for the learned dictionary B affects the empirical

performance of Algorithms 0 and 0 when the other parameters of the problem remain

fixed. Theorem 2.3.2 and Corollary 2.3.4 indicate that the performance of Algorithm

0 should suffer as we scale p1 relative to d and p.

In order to test whether this is actually the case in practice, we consider samples

generated as described above with A P Rdˆp for d “ 100, p “ 200, and ‖z‖0 “ k “ 5

fixed, while scaling the number of atoms p1 in B from p1 “ p (exactly realized) to

p1 “ n (over-realized and overparameterized). We choose εi „ N p0, 1{dq, which is a

high noise regime as the expected norm of the noise εi will be comparable to that

of the signal Azi. To make it computationally feasible to run several trials of our

experiments, we consider the p1 values t200, 400, 600, 800, 1000u and do not consider

more fine-grained interpolation between p and n.
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For the training process, we consider two different initialization of Bp0q. In the

first case, we initialize Bp0q to have columns corresponding to the aforementioned

set of held-out p1 (normalized) samples from the data-generating process, as this is

a standard initialization choice that has been known to work well in practice (Arora

et al., 2015). However, this initialization choice in effect corresponds to a dataset

of n ` p1 samples, and it is fair to ask whether this initialization benefit is worth

the sample cost relative to a random initialization. Our initial experiments showed

that this was indeed the case, i.e. random initialization with access to p1 additional

samples did not perform better, so we focus on this sample-based initialization. That

being said, we did not find the ordering of the performances of Algorithms 0 and 0

sensitive to the initializations we considered, only the final absolute performance in

terms of dRpA,Bq.

In addition to this purely sample-based initialization, we also consider a “local”

initialization of Bp0q to the ground truth A itself concatenated with p1´p normalized

samples. This is obviously not intended to be a practical initialization; the goal here

is rather to analyze the extent of overfitting to the noise εi in the dataset for both

algorithms. Namely, we expect that Algorithm 0 will move further away from the

ground truth than Algorithm 0.

The results for training using these initializations for both algorithms and then

computing the final dictionary recovery errors dRpA,Bq are shown in Figure 2.1. We

use cosine distance when reporting the error dRpA,Bq since the learned dictionary

B also has normalized columns, so Euclidean distance only changes the scale of the

error curves and not their shapes.

For both choices of initialization, we observe that Algorithm 0 outperforms Al-

gorithm 0 as p1 increases, with this gap only becoming more prominent for larger
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(a) Training from sample initial-
ization

(b) Training from local initializa-
tion

Figure 2.1: Comparison of Algorithm 0 (Baseline) and Algorithm 0 (Masking)
under the settings of Sections 2.4.1. Each curve represents the mean of 5 training
runs, with the surrounded shaded area representing one standard deviation.

p1. Furthermore, we find that recovery error actually worsens for Algorithm 0 for

every choice of p1 ą p for both initializations in our setting. While this is possibly

unsurprising for initializing at the ground truth, it is surprising for the sample-based

initialization which does not start at a low recovery error. On the other hand, training

using Algorithm 0 improves the recovery error from initialization when using sample-

based initialization for every choice of p1 except p1 “ n, which again corresponds to

the overparameterized regime in which it is theoretically possible to memorize every

sample as an atom of B.

Additionally, we also see that the performance of Algorithm 0 is much less sen-

sitive to the level of over-realization in B. When training from local initialization,

Algorithm 0 retains a near-constant level of error/overfitting as we scale p1. Similarly,

when training from sample initialization, performance does not degrade as we scale

p1, and in fact improves initially with a modest level of over-realization.

This improvement up to a certain amount of over-realization (in our case p1 “ 2p)

is seen even in the performance of Algorithm 0 for sample initialization (although note

that while the recovery error is better for p1 “ 2p compared to p1 “ p, training still
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makes the error worse than initialization for Algorithm 0). A similar phenomenon

was observed in Sulam et al. (2020) in the setting where yi “ Azi (no noise), and we

find it interesting that the phenomenon is (seemingly) preserved even in the presence

of noise. We do not investigate the optimal level of over-realization any further, but

believe it would be a fruitful direction for future work.

2.4.2 Scaling All Parameters

The experiments of Section 2.4.1 illustrate that for the fixed choices of d, p, and k

that we used, scaling the over-realization of B leads to rapid overfitting in the case

of Algorithm 0, while Algorithm 0 maintains good performance. To verify that this

is not an artifact of the choices of d, p, and k that we made, we also explore what

happens when over-realization is kept at a fixed ratio to the other setting parameters

while they are scaled.

For these experiments, we consider A P Rdˆp for d P t100, 150, 200, 250u and scale

p as p “ 2d and k as k “ td{20u to (approximately) preserve the ratio of atoms and

sparsity to dimension from the previous subsection. We choose to scale p1 as p1 “ 2p

since that was the best-performing setting (for the baseline) from the experiments

of Figure 2.1. We keep the noise variance at 1{d to stay in the relatively high noise

regime.

As before, we consider a sample-based initialization as well as a local initializa-

tion near the ground truth dictionary A. The results for both Algorithms 0 and 0

under the described parameter scaling are shown in Figure 2.2. Once again we find

that Algorithm 0 has superior recovery error, with this gap mostly widening as the

parameters are scaled. However, unlike the case of fixed d, p, and k, this time the

performance of Algorithm 0 also degrades with the scaling. This is to be expected,
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(a) Training from sample initial-
ization

(b) Training from local initializa-
tion

Figure 2.2: Comparison of Algorithm 0 (Baseline) and Algorithm 0 (Masking)
under the settings of Section 2.4.2 (all parameter scaling).

as increasing p leads to more ground truth atoms that need to be recovered well in

order to have small dRpA,Bq.

(a) Training from sample initial-
ization

(b) Training from local initializa-
tion

Figure 2.3: Comparison of Algorithm 0 (Baseline) and Algorithm 0 (Masking)
under the settings of Section 2.4.3 (noise scaling).

2.4.3 Analyzing Different Noise Levels

The performance gaps shown in the plots of Figures 2.1 and 2.2 are in the high noise

regime, and thus it is fair to ask whether (and to what extent) these gaps are pre-

served at lower noise settings. We thus revisit the settings of Section 2.4.1 (choosing

d, p, and k to be the same) and fix p1 “ 1000 (the maximum over-realization we con-

sider). We then vary the variance of the noise εi from 1{d2 to 1{d linearly, which corre-
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sponds to the standard deviations of the noise being t0.01, 0.0325, 0.055, 0.0775, 0.1u.

Results are shown for the sample-based initialization as well as the local initial-

ization in Figure 2.3. Here we see that when the noise variance is very low, there is

virtually no difference in performance between Algorithms 0 and 0. Indeed, when the

variance is 1{d2 we observe that both algorithms are able to near-perfectly recover

the ground truth, even from the sample-based initialization.

However, as we scale the noise variance, the gap between the performance of the

two algorithms resembles the behavior seen in the experiments of Sections 2.4.1 and

2.4.2.

2.5 Conclusion

In summary, we have shown in Sections 2.3 and 2.4 that applying the standard

frameworks for sparse coding to the case of learning over-realized dictionaries can

lead to overfitting the noise in the data. In contrast, we have also shown that by

carefully separating the data used for the decoding and update steps in Algorithm 0

via masking, it is possible to alleviate this overfitting problem both theoretically and

practically. Furthermore, the experiments of Section 2.4.3 demonstrate that these

improvements obtained from masking are not at the cost of worse performance in

the low noise regime, indicating that a practitioner may possibly use Algorithm 0 as

a drop-in replacement for Algorithm 0 when doing sparse coding.

Our results also raise several questions for exploration in future work. Firstly,

in both Theorem 2.3.6 and our experiments we have constrained ourselves to the

case of sparse signals that follow Gaussian distributions. It is natural to ask to what

extent this is necessary, and whether our results can be extended (both theoretically

and empirically) to more general settings (we expect, at the very least, that parts of
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Assumptions 2.3.1 and 2.3.5 can be relaxed). Additionally, we have focused on sparse

coding under hard-sparsity constraints and using orthogonal matching pursuit, and

it would be interesting to study whether our ideas can be used in other sparse coding

settings.

Beyond these immediate considerations, however, the intent of our work has been

to show that there is still likely much to be gained from applying ideas from recent

developments in areas such as self-supervised learning to problems of a more classical

nature such as sparse coding. Our work has only touched on the use of a single such

idea (masking), and we hope that future work looks into how other recently popular

ideas can potentially improve older algorithms.

Finally, we note that this work has been mostly theoretical in nature, and as such

do not anticipate any direct misuses or negative impacts of the results.
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3

What Downstream Tasks Provably Benefit from

Pre-Training?

In the previous chapter, we have proved the benefit of self-supervised learning during

pre-training when the data are generated from a sparse coding model, which is a sim-

ple and well-studied generative model. In this chapter, we are going to analyze the

benefit of self-supervised pre-training for more complicated data. We only require

that each entry of the input sequence is generated by a log-linear model given the

representation of its context, and this representation can be an arbitrarily compli-

cated function of the input. Under this assumption, we investigate what kinds of

downstream tasks can benefit from the pre-training process. When the pre-training

task is language modeling and the downstream task is binary sequence classification

depending on a simple function of the hidden representation, we found two necessary

conditions and one sufficient condition for provably guaranteeing the model’s pre-

training performance to transfer to its downstream performance. The two necessary

conditions include robustness to very small probabilities and structure to handle the

shift-invariance of the softmax function. The sufficient condition is the existence of
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an “anchor vector”, which we have also empirically verified in various large language

models.

3.1 Introduction

Large-scale pre-trained language models have achieved strong performance in a wide

range of downstream tasks, including natural language inference (Devlin et al., 2018),

reading comprehension (Brown et al., 2020b), etc. For many of these tasks, training

a linear classifier on top of the hidden-layer representations generated by the pre-

trained models can already provide near state-of-the-art results (Belinkov et al.,

2017). Despite some empirical investigations about the zero-shot applications of these

pre-trained models, there is little theoretical understanding about their empirical

success. In this paper, we aim to theoretically investigate this core question:

When can the representations from pre-trained models transfer to down-

stream tasks that are very different from pre-training?

This is a fundamental question in understanding why good performance in pre-

training generalizes to give good performance on downstream tasks. Unlike the no-

tion of generalization in traditional learning theory where the models are evaluated

in the same task and the test data are sampled from the same distribution as the

training data, here the downstream tasks can be very different from training. For

instance, people can train large language models using cross-entropy loss on a lan-

guage modeling task with webpage data, and evaluate the models using classification

accuracy on text classification in news articles. This difference between pre-training

and downstream tasks makes it challenging to theoretically understand the success of

these language models, and previous results about generalization cannot be directly

applied here.
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To overcome this challenge, we need a way to model the relationship between the

pre-training and downstream tasks. Previous research has taken several approaches

in this direction: Wei et al. (2021) assumes a latent-variable generative model for the

data and that the downstream task depends on the latent variables; Nikunj et al.

(2021) formulates the downstream classification task as a language modeling task

which is similar to the pre-training task. These works either rely on strong explicit

assumptions about structure in the data or treat the pre-trained model entirely as a

black box.

3.1.1 Our Contributions

In this paper, we consider a very general model for the data and open the black

box of the pre-trained model at the last layer. Specifically, for an input sequence

x “ px1, ¨ ¨ ¨ , xLq where the entries comes from a dictionary t1, ¨ ¨ ¨ , nu, we assume

the observation probability of xi satisfies

p˚pxi “ j|x´iq9 exp
`

xv˚´ipx´iq, v
˚
j y
˘

,

where x´i is the sequence x without xi, v
˚
j is a vector only depending on word j, and

v˚´i is an arbitrary function. Our model does not put any constraint on the functions

v˚´i, so it can be very complicated, such as BERT (Devlin et al., 2018) or GPT-3

(Brown et al., 2020b). We also allow the distribution of sequences x to be different

in pre-training and downstream tasks. This makes our setting more general than

previous latent models Wei et al. (2021); Arora et al. (2016).

We assume the pre-training task is predicting a word from its context, and the

downstream task is a binary sequence classification, e.g., sentiment classification.

During pre-training, for every input sequence x, we want our model to predict the
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“label” xi from x´i. We use a log-linear model to learn the ground-truth probability:

ppxi “ j|x´iq9 exppxv´ipx´iq, vjyq. We define z˚j :“ xv˚´ipx´iq, v
˚
j y and call z˚ :“

pz˚1 , ¨ ¨ ¨ , z
˚
nq the logits. We also assume that the downstream task only depends

on a ground-truth function of the logits f˚pz˚q. In reality, we only have access to

z :“ pxv´ipx´iq, vjyq
n
j“1 and will learn a function fpzq for the downstream task. More

detail about this model will be provided in Section 3.2.

We focus on the representations from the model, so to simplify the problem, we

assume that the student model can be optimized to achieve a small KL divergence

with the true word probabilities during training. This is often the case in practice.

Under this setting, the question we ask above becomes:

If the downstream task depends on a simple function of the logits f˚pz˚q

and we have access to a student model p such that ExrDKLpp
˚pxi|x´iq||ppxi|x´iqqs

is small, under what condition would there be a function f such that

fpzq « f˚pz˚q?

We answer this question by providing two necessary conditions and one sufficient

condition for f˚ to be provably learned by the student model. The necessary con-

ditions include insensitivity to super-small probability words and the structure in

representations to handle the shift-invariance of the softmax function.

As for the sufficient condition, we proposed and empirically verified the existence

of an “anchor vector” that can tackle the shift-invariance of softmax. We also assume

that f˚ only depends on a small set of words, which is usually achieved by adding

proper prompts to the input sequence. For instance, appending “This movie is”

to movie reviews will make the model focus on indicative adjectives like “great” or

“bad”, and adding “This article is about” concentrates the probabilities on words

for categories like “sports” or “science” (Nikunj et al., 2021). Under this setting, we
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theoretically proved that if f˚ is a one-hidden-layer ReLU network of the logits z˚,

the existence of the “anchor vector” guarantees the performance transfer from pre-

training to the downstream task. Our contributions can be summarized as follows:

Realistic model. We build the connection between pre-training and downstream tasks

in a more realistic way. We use a log-linear model for the word probabilities in the

data, which aligns with the softmax layer at the end of recent large-scale language

models. This opens the black box of the pre-trained model at the last layer. Besides,

we focus on the representations learned by the pre-trained models, which contain

more information than the probability outputs and could reflect more fundamental

properties of the data. We also incorporate the change of input distribution from pre-

training to downstream tasks, including the changes caused by prompt engineering,

in our results.

Necessary conditions for performance guarantee. We constructed two counterexamples

to showcase when the logits learned by our student model can perform badly in

the downstream tasks. These counterexamples indicate two necessary conditions for

the ground-truth function f˚ to be provably learned: (i) f˚ should not distinguish

between words with small probabilities and words with super-small probabilities (ii)

the logits must have some structures to deal with the shift-invariance of the softmax

function. Without any of these two properties, it is possible that the representations

from the pre-trained model are useless in the downstream task.

Novel observation about representations. To understand the empirical success of per-

formance transfer from pre-training to the downstream task, we hypothesize that

there exists an “anchor vector” in the representation space that can be used to es-
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timate the bulk partition function, which is the sum of the exponential of all logits

except the largest few, i.e.,
ř

j:z˚j not large e
z˚j . We also verified the existence of this

vector in various large-scale pre-trained language models.

Sufficient condition and explanation of empirical success. We theoretically showed that

the existence of an “anchor vector” is a sufficient condition for a sparse one-hidden-

layer ReLU network f˚ to be learned by our student model f . Specifically, assuming

that f˚ is a one-hidden-layer ReLU network depending on a small set of words and

the downstream task is a binary classification depending on f˚pz˚q, the existence of

the anchor vector enable us to upper bound the downstream task performance of the

student model fpzq by its KL divergence in pre-training. In other words, a small

pre-training loss is guaranteed to transfer to a small downstream classification error.

This paper is organized as follows: We discuss the related works in Section 3.1.2.

In Section 3.2, we provide the detail about the problem setting. We then construct

counterexamples to present the two necessary conditions for the performance transfer

in Section 3.3. The hypothesis about the representation structure and the empirical

verifications are in Section 3.4 and the formal proof of sufficiency follows in Section

3.5. We finally conclude our paper and discuss future directions in Section 3.6.

3.1.2 Related Works

Theoretical understanding why pre-training helps downstream tasks. Most of the works

along this line rely on latent variable models and show that pre-training could recover

some form of the latent variables. Arora et al. (2016) proposed the RAND-WALK

latent model and explain the empirical success of word embedding methods such as

word2vec (Mikolov et al., 2013) and GloVe (Pennington et al., 2014). Arora et al.

(2017) extended the previous model to justify sentence embeddings theoretically, and
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Arora et al. (2018a) explained sentence embedding via compressed sensing. Other

models are also used in this line of work, e.g., Hidden Markov Model (Wei et al.,

2021) and graphical model (Zhang and Hashimoto, 2021). Besides, (Lee et al., 2021;

Tosh et al., 2021b) assume the conditional independence or multi-view structure in

the pre-training data and prove that training an additional linear layer on top of

learned representations could perform well in downstream tasks.

The problem setting in our paper is similar to that of Nikunj et al. (2021), which

also analyzes the performance transfer of pre-trained language models to binary

classification downstream tasks. They treat the pre-trained model as a black box

and assume that the downstream task can be formulated into a sentence completion

task, while we open the black box at the last layer and connect pre-training with

downstream tasks by the “anchor vector” and function f˚. Besides, they focus on the

prediction probabilities of the pre-trained model while we focus on the representations

instead.

Applications and analysis of hidden representations from large-scale language models. The

hidden representations produced by large language models like BERT (Devlin et al.,

2018) or ELMo (Peters et al., 2018) have been very useful in various NLP tasks.

A standard way is to train a linear classifier on these representations, and there

are other ways such as using the normalized mean of concatenated word embed-

dings (Tanaka et al., 2020). To understand why these word embeddings are useful,

people have empirically showed that BERT word embeddings contain information

about sentence-level context (Miaschi and Dell’Orletta, 2020), word sense (Wiede-

mann et al., 2019), syntactic phenomena (Tenney et al., 2019) including parse trees

(Hewitt and Manning, 2019; Kim et al., 2020).
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Language modeling can also be considered as a form of applying the hidden

representations because the next word probability is usually the product of the rep-

resentation and the dictionary matrix going through softmax. Therefore, any zero-

shot application of pre-trained auto-regressive language models, e.g., GPT-3 (Brown

et al., 2020b) and T5 (Raffel et al., 2020b), is a specific form of using the hidden

representations.

3.2 Problem Setup

Notations. We use rns to denote the set t1, 2, . . . , nu. For an input sequence x “

px1, . . . , xLq, we use x´i to denote the input sequence without the i-th entry where i P

rLs, i.e., x´i :“ px1, . . . , xi´1, xi`1, . . . , xLq. We let DKLpp||qq be the KL-divergence

between distributions p and q and define Hppq to be the entropy of distribution p.

Data Generation. We consider the following model: There is a set of words rns, each

with a fixed corresponding vector v˚j P Rd pj P rnsq. We refer to each v˚j as an atom

and the matrix rv˚1 , ¨ ¨ ¨ , v
˚
ns P Rdˆn as the dictionary. At each position i, let xi be

the value of the word at that position, then xi P rns. Assume that the probability of

xi given x´i follows a log-linear model, i.e.,

p˚pxi “ j|x´iq9 exp
`

xv˚´ipx´iq, v
˚
j y
˘

, (3.1)

where v˚´ip¨q is a function that encodes the remaining sequence x´i into a vector in

Rd.

We also use z˚j px, iq :“ xv˚´ipx´iq, v
˚
j y to denote the j-th logit and Z˚px, iq :“

řn
j“1 exp

`

z˚j px, iq
˘

to denote the partition function, i.e., the normalization factor of
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equation (3.1). In other words,

@j P rns, p˚pxi “ j|x´iq “
exp

`

z˚j px, iq
˘

Z˚px, iq
“

exp
`

xv˚´ipx´iq, v
˚
j y
˘

Z˚px, iq
. (3.2)

Student Model. We use a black-box neural network model whose penultimate layer

outputs a d1-dimensional vector v´ipx´iq P Rd, and the last layer is a fully-connected

layer with weight matrix rv1, v2, ¨ ¨ ¨ , vns P Rd1ˆn followed by the softmax function.

In other words, the model output is

ppxi “ j|x´iq9 exppxv´ipx´iq, vjyq. (3.3)

Similar to the previous section, we use zjpx, iq :“ xv´ipx´iq, vjy to denote the j-th

logit and Zpx, iq :“
řn
j“1 exppzjpx, iqq to denote the partition function of equation

(3.3), so

@j P rns, ppxi “ j|x´iq “
exppxv´ipx´iq, vjyq

Zpx, iq
. (3.4)

Pre-training. For self-supervised pre-training, we are given (data, “label”) pairs

px´i, xiq, and want our model to predict the “label” xi given x´i. The pre-training

loss we use here is cross-entropy loss:

`pv´iq “ Exr´p˚pxi|x´iq log ppxi|x´iqs

“ ExrDKLpp
˚
pxi|x´iq||ppxi|x´iqqs ` ExrHpp˚pxi|x´iqqs.

Note that ExrHpp˚pxi|x´iqqs is a constant, and we assume that our student model

achieves a small loss so that the KL-divergence term ExrDKLpp
˚pxi|x´iq||ppxi|x´iqqs ď

εKL for some εKL
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Downstream Task. The downstream task we are considering is binary sequence classi-

fication, e.g., sentiment classification. For instance, give a sentence/paragraph/article,

we (perhaps after adding some prompts) use our pre-trained model to predict the

missing word xi from the given input x´i. We assume that there is a perfect classifier

f˚px, iq only depending on v˚´i that can distinguish between positive and negative

samples. In other words, @x P POS, f˚px, iq ą 0 and @x P NEG, f˚px, iq ă 0. Here

POS and NEG are the set of positive and negative input sequences, separately.

A simple downstream task is one whose classifier is linear in v˚´i, that is, f˚px, iq :“

xv˚´ipx´iq, u
˚y for some u˚ P Rd. One might also expect more structures in the vectors

u˚ and v˚´i. For u˚, the downstream task usually depends on only a small set of the

words which are related to this task. For example, for sentiment classification, the

sentiment of a sentence depends mostly on words similar to “positive” or “negative”.

This can be formalized as the following assumption:

Assumption 3.2.1 (u˚ is a k-sparse combination of tv˚j u
n
j“1). Assume u˚ a sparse

combination of at most k vectors in tv˚j u
n
j“1 and WLOG assume these k vectors are

tv1, . . . , vku, i.e., there exist coefficients tcju
k
j“1 P Rk such that u˚ “

řk
t“1 c

˚
t v
˚
t .

As for v˚´i, we could add a prompt to the input sequence, which has become

the dominant way of using large language models for downstream tasks (Brown

et al., 2020b; Radford et al., 2019). For instance, for movie review classification,

appending “This movie was” to the original input could improve the classification

accuracy. Adding prompts to the input would make the distribution of inputs in the

downstream task different from that in pre-training. The difference in distribution

can also come from the source of data. For example, the samples in the downstream

task may only contain movie reviews while the pre-training dataset can include all

kinds of texts on the Internet. Similar to the assumption made in Nikunj et al. (2021),
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we use µ P p0, 1s to capture this difference. A smaller µ indicates a larger difference

between the two distributions, and µ “ 1 if and only if these two distributions are

the same.

Assumption 3.2.2 (Difference between pre-training and downstream distribution).

Let ppre and pDS be the probability density functions of the pre-training and down-

stream task, respectively. We assume that there exists µ P p0, 1s such that

@i, @x P POSY NEG, pprepx´iq ě µ ¨ pDSpx´iq.

Ideally, we want to show that such simple downstream tasks can also be solved

well with the representations learned by our student model, i.e., v´i and tvju
k
j“1.

However, in Section 3.3 we show that this is not the case. More structure in the model

and downstream task is necessary to make sure that the pre-trained representations

are useful for the downstream task.

3.3 Cases When Representations are Insufficient in Downstream Tasks

The problem setting in Section 3.2 seems reasonable at first sight, but in the fol-

lowing subsections, we will show that this model is not enough to guarantee good

performance in pre-training generalizes to downstream tasks. In other words, there

are ways for the student model to approximate the ground-truth probabilities very

well in terms of KL divergence but perform very badly at the downstream task.

Therefore, we need to put further constraints on the ground-truth model and the

downstream task.
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3.3.1 Downstream Tasks Sensitive to Words with Super-Small Probabilities

Intuitively, KL divergence is a weighted log probability difference between two distri-

butions where the weight is the ground-truth probability. Therefore, for the entries

with small ground-truth probabilities, a large log probability difference will not result

in a large KL divergence. However, the log probability difference is proportional to

the difference in the value of f˚px, iq. This makes it possible for the student model

to flip the sign of f˚px, iq without incurring a large KL divergence, as presented in

Theorem 3.3.1 whose proof is given in Appendix B.1.

Theorem 3.3.1. Suppose the downstream task performance depends only on a func-

tion f˚px, iq “ xv˚´ipx´iq, u
˚y “

řk
t“1 c

˚
t xv

˚
´ipx´iq, v

˚
t y. For t´ P rks, define p´ :“

p˚pxi “ t´|x´iq, and assume p´ ď 1
2
. Then for all s P R`, there exist func-

tions v´i and tvtu
k
t“1 such that DKLpp

˚pxi|x´iq||ppxi|x´iqq ď 2sp´ and fpx, iq :“

řk
t“1 c

˚
t xv´ipx´iq, vty ď f˚px, iq ´ s ¨ c˚t´.

Theorem 3.3.1 shows that if there is some word of interest t´ that has a small

probability p´, then it is possible to have a model with small KL divergence in

pre-training but bad downstream performance. This is because changing the KL

divergence by only 2p´ ¨ f
˚px,iq

c˚
t´

is enough to change the label of the downstream

prediction. In other words, as long as the KL divergence is higher than the threshold

2p´ ¨ f
˚px,iq

c˚
t´

, we cannot distinguish between the case when the student model makes

an already small probability even smaller (which will probably hurt the downstream

task performance) and the case when we are just having some random approximation

errors across the entries. In this case, a small KL divergence does not necessarily

imply good downstream performance.

Note that this sensitivity of the downstream task to the logits of very small
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probability words is not natural. For the downstream tasks in practice, whether

a word has a probability of 10´5 or 10´10 should not influence the label of the

sequence. Thus, we need to impose addition structure of our model. We make the

downstream task ignore super-small entries by setting a threshold for the logits and

ignore the logits smaller than that threshold. In this case, making the logits smaller

when it’s already small will have no influence on the downstream task performance.

Concretely, the enhanced model will be

f˚px, iq “
k
ÿ

j“1

a˚jσpz
˚
j px, iq ´ b

˚
j q “

k
ÿ

j“1

a˚jσpxv
˚
´ipx´iq, v

˚
j y ´ b

˚
j q. (3.5)

3.3.2 Representations are not Shift-Invariant

The softmax function is invariant under shift, i.e., the output stays the same if we

add the same value to every coordinate of the input. In the current model, We have

no control over the shift of student model logits on unseen data. Consequently, even

if we get a student model that performs well on the training data for the downstream

task, we cannot guarantee the performance of this model on new data. This can be

formalized in the following theorem.

Theorem 3.3.2. Assume the logits z˚px, iq are bounded. For any function f˚px, iq “

řn
j“1 ajσpz

˚
j px, iq ´ bjq, there exist functions tpzjpx, iqu

n
j“1 such that for all x and i,

we have pppxi|x´iq “ p˚pxi|x´iq and pfpx, iq :“
řn
j“1 a

˚
jσppzjpx, iq ´ b˚j q is always equal

to 0. In other words, the pre-training loss of the model tpzjpx, iqu
n
j“1 is the same as

tzjpx, iqu
n
j“1, but its logits are useless for the downstream task.

Proof. We choose τ P R such that @x, i, τ ă minjPrns b
˚
j ´ maxjPrns z

˚
j px, iq, and
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@x, i,@j P rns, we set pzjpx, iq :“ z˚j px, iq ` τ , then

@j P rns, pzjpx, iq ´ b
˚
j ă z˚j px, iq `min

jPrns
b˚j ´max

jPrns
z˚j px, iq ´ b

˚
j ď 0, (3.6)

which implies that σppzjpx, iq ´ b
˚
j q “ 0. Therefore, @x, i, we have pfpx, iq “ 0.

Theorem 3.3.2 indicates that without any structure in the representations, the

student model is able to shift the logits for any sample and keep the pre-training

loss unchanged. In the worst case, it can shift the logits for unseen data drastically,

resulting in a bad downstream performance. Therefore, a theoretical guarantee in

downstream performance requires structures in the representations learned by the

pre-trained model.

3.4 “Anchor Vector” Hypothesis and Empirical Verifications

In Section 3.3.2, we have shown that the shift-invariance of the softmax function could

potentially make the student logits useless for the downstream task. Therefore, to

understand why the downstream tasks benefit from representations from the pre-

trained model, we need to understand the structure of these representations, and

this structure should be able to handle the shift-invariance problem.

3.4.1 “Anchor Vector” Hypothesis

There are different ways to prevent the shift-invariance of softmax from influencing

the performance of the downstream tasks. One way of doing this is to keep the par-

tition function stable. As shown in (3.4), the probability of a word is the exponential

of the corresponding logit divided by the partition function. If the partition func-

tion is constant for different samples, the logits can be uniquely determined by the

probabilities, which solves the shift-invariance problem. Arora et al. (2016) showed
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that when both the word embeddings and the latent representation are uniformly

distributed on a sphere, the partition function is close to a constant with high prob-

ability. They also empirically verified this uniformity of word embeddings trained

using GloVe (Pennington et al., 2014) and word2vec (Mikolov et al., 2013) on En-

glish Wikipedia. However, this is not true for recent large-scale pre-trained language

models. Empirical evidence about this will be shown in Section 3.4.3.

Instead of uniformity of word embeddings, in large pre-trained models such as

GPT-2 (Radford et al., 2019), we observe that if we remove several top logits from

the log partition function, the remaining part can be well approximated by the inner

product between the hidden representation v´ipxq and a fixed vector. This motivates

us to have the following assumption and hypothesis:

Definition 3.4.1. For a sample x and position i, we could select a set of bulk

words Bpx, iq Ă rns, and we define the bulk partition functions as Z˚bulkpx, iq :“

ř

jPBpx,iq exp
`

xv˚´ipx´iq, v
˚
j y
˘

and Zbulkpx, iq :“
ř

jPBpx,iq exppxv´ipx´iq, vjyq.

The selection of bulk words Bpx, iq can usually be selected by a simple algorithm

or manually. For instance, we can construct Bpx, iq by taking out the words cor-

responding to the largest entries in ppxi|x´iq. We can also manually select all the

words that are irrelevant to the downstream task.

Hypothesis 3.4.2 (“Anchor vector” hypothesis). There exists v0 P Rd such that

xv´ipx´iq, v0y « logZbulkpx, iq.

If our hypothesis holds, we can use v0 as an anchor for the logits because it

could be used to estimate the partition function, and this does not change the form

of the downstream task by much. In the following subsections, we will show that
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this Hypothesis 3.4.2 holds for most popular language models and provide some

discussions. More details about model information and performance are provided in

Appendix B.3.

3.4.2 Empirical Verification of “Anchor Vector” Hypothesis

Figure 3.1 plots the mean squared approximation error of the log bulk partition

function. We use different versions of pre-trained GPT-2 (Radford et al., 2019) and

OPT (Zhang et al., 2022b), and use the first 1{4 of WikiText-2 (Merity et al., 2016)

as the input text. The hidden representations we use in this experiment are the

last hidden states of these models, i.e., the output of the penultimate layer. The

dimension of the hidden representations ranges from 768 to 2048, and the number

of tokens is about 70k. We choose the bulk words to be all the words except those

having top-k probabilities and compute the optimal anchor vector using the closed-

form least-squares solution. In our experiments, we use the mean squared error

(MSE) to measure the approximation quality. Formally, the MSE is defined as

εMSE “ min
v0

Ex,irpv´ipx´iq, v0y ´ logZbulkpx, iqq
2
s.

The values of the bulk partition functions are always around 10, and we can

see from Figure 3.1 that the MSE is usually several orders of magnitude smaller.

Therefore, the inner product between the hidden representation and the optimal

anchor vector can usually approximate the log bulk partition function well, and the

approximation improves as k increases, i.e., when we ignore more top words. This

validates our “anchor vector” hypothesis.
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Figure 3.1: Mean squared error of log bulk partition function with different k in
different models. Bulk partition function includes all logits except top-k ones.

3.4.3 Existence of Anchor Vector is not Trivial

In this section, we will show why it is important to consider the bulk partition

function. As discussed in Section 3.4.1, the partition function becomes easy to predict

under some settings, e.g., when the word embeddings are uniformly distributed on a

sphere. In this section, we will empirically show that the large-scale language models

do not fall under these settings. As a result, the existence of this vector is not trivial.

Linear approximation is not accurate for original partition function. Table 3.1 shows the

comparison between the MSE of approximating the original partition function and

the bulk partition function. We select the four models with the smallest bulk MSE.

For these models, although the log bulk partition function can be well approximated

linearly, the logarithm of the original partition function cannot. This confirms the

necessity of removing the words of interest in the partition function.

Word embeddings are not uniformly distributed on a sphere. Figure 3.2 shows the singu-

lar values of dictionary matrices from different models. For the four selected models,

their word embeddings are close to being low-rank. Therefore, the word embeddings
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Table 3.1: Comparison between MSE of log bulk partition function (except top-100)
and log partition function

Model original MSE bulk MSE
GPT-2 Large 0.7296 0.0740
GPT-2 XL 0.7716 0.0648
OPT-125M 0.6688 0.0443
OPT-1.3B 0.5234 0.0402

in these models are far from uniformly distributed on a sphere.

(a) GPT-2 Large (b) GPT-2 XL (c) OPT-125M (d) OPT-1.3B

Figure 3.2: Singular values of dictionary matrices.

(Bulk) Partition functions have large variations. Figure 3.3 shows the histogram of log

partition function and log bulk partition function for the language models, where

the bulk words are defined as all the words except the top 100, in terms of logit

values. We can see from the figures that both the partition function and the bulk

partition function vary a lot depending on the samples. Therefore, in recent large-

scale language models, the partition functions are not stable across samples.

(a) GPT-2 Large (b) GPT-2 XL (c) OPT-125M (d) OPT-1.3B

Figure 3.3: Histogram of log original and bulk partition functions
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3.5 Anchor Vector Guarantees Performance Transfer from Pre-Training

to Downstream Tasks

Based on the counterexamples in Section 3.3 and the observations in Section 3.4.1, we

now give sufficient conditions on the downstream tasks so that classification accuracy

benefits from a pre-trained representation.

3.5.1 Modifications to the Model

Given the anchor vector hypothesis we proposed in Section 3.4: For huge language

models, there always exists a vector v˚0 such that its inner product with the hidden

state v˚´ipx´iq approximates the logarithm of the bulk partition function. Therefore,

we could use v˚0 as an anchor to handle the shift invariance problem of the softmax

function, i.e., we want to subtract xv˚´ipx´iq, v
˚
0 y from xv˚´ipx´iq, v

˚
j y. As a result, we

modify our model for the downstream task to be

f˚px, iq :“
k
ÿ

j“1

a˚jσpxv
˚
´ipx´iq, v

˚
j ´ v

˚
0 y ´ b

˚
j q. (3.7)

The student model is also modified accordingly:

fpx, iq :“
k
ÿ

j“1

ajσpxv´ipxq, vj ´ v0y ´ bjq. (3.8)

Note that in the above model we have already adapted Assumption 3.2.1 which was

originally stated for the linear model. Therefore, we also update the assumption and

restate it below:

Assumption 3.5.1 (At most k words of interest). Assume there are at most k vec-

tors in tv˚j u
n
j“1 whose logits are relevant to the downstream task and WLOG assume
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these k vectors are tv1, . . . , vku. In other words, we assume there exist coefficients

ta˚j u
k
j“1 P Rk such that f˚px, iq :“

řk
j“1 a

˚
jσpxv

˚
´ipx´iq, v

˚
j ´ v

˚
0 y ´ b

˚
j q.

We are still assuming the teacher-student setting and the log-linear word produc-

tion model for the word probabilities, as restated below:

p˚pxi “ j|x´iq “
exp

`

xv˚´ipxq, v
˚
j y
˘

Z˚
, ppxi “ j|x´iq “

exppxv´ipxq, vjyq

Z
. (3.9)

3.5.2 Assumptions

Under the modified model defined in Section 3.5.1, we will make some additional

assumptions. Firstly, we assume that there is a margin between the ground-truth

function values for positive and negative samples.

Assumption 3.5.2 (Margin for downstream task). There exists a margin γ P R`

such that at any position i, if xpos P POS, then f˚pxpos, iq ě γ, and if xneg P NEG,

then f˚pxneg, iq ď ´γ, where POS and NEG are the sets of positive and negative

samples, respectively.

As noticed in the experiments, the log bulk partition function (as defined in

Definition 3.4.1) can be linearly approximated by the hidden state. Normally, the

bulk only contains words that are not related to the downstream task, and every

single word usually has a small probability, but the total probability of the bulk

words is not negligible, as reflected in the following two assumptions. Note that the

set of bulk words can be strictly contained in the complement of the set of words

of interest. This is useful especially when we are not certain about which words are

important for the downstream task.

Assumption 3.5.3 (Bulk contains no words of interest). For all x and i, Bpx, iq X

t1, . . . , ku “ ∅.
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Assumption 3.5.4 (Lower bound of bulk probability). For all x and i,

Z˚bulkpx, iq

Z˚px, iq
ě pb.

The “anchor” vector v˚0 piq is used to handle the instability of the partition func-

tion, and we formalize our anchor vector hypothesis as the following assumption:

Assumption 3.5.5 (Linear approximation of log bulk partition function). Dv0, v
˚
0 P

Rd, εb P R` s.t.

@x,maxt|xv˚´ipxq, v
˚
0 y ´ logZ˚bulkpx, iq|, |xv´ipxq, v0y ´ logZbulkpx, iq|u ď εb.

Furthermore, we assume εb ď
γ

4kmaxjPrks |a
˚
j |

.

For notational simplicity, we will use all the notations (including f˚, f , v˚0 , and

v0) without i when the selection of i is clear from the context.

3.5.3 Main Theorem and Interpretations

In our model, the ground-truth function f˚ contains k terms with coefficients ta˚j u
k
j“1

and we define the margin γ as the margin for f˚. If we scale ta˚j u
k
j“1 or increase k

by adding duplicated terms to f˚, we can scale γ arbitrarily without changing the

pre-training performance or the downstream prediction of the student model. To

construct a quantity that better indicates the difficulty of the downstream task, we

have the following definition of the normalized margin that is invariant to the scaling

of k and ta˚j u
k
j“1:

Definition 3.5.6. We define the normalized margin as Γ :“ γ
kmaxjPrks |a

˚
j |

.

Then we are ready to state our main result:
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Theorem 3.5.7. Let εKL :“ Ex„DprerDKLpp
˚pxq||ppxqqs be the pre-training loss, and

we let εCLS :“ Prx„DDS rfpxq ¨ f
˚pxq ă 0s be the downstream classification error

rate, where Dpre and DDS are the input distributions of pre-training and downstream

data. Under Assumptions 3.2.2-3.5.5, further assume minjPrks b
˚
j ě εb ´ logp4kq and

8εb ă Γ ă 6, then there exists a set of parameters pajq
n
j“1, pbjq

n
j“1 such that

εCLS ď εKL ¨
288

µ ¨ p2
b ¨ Γ

2
. (3.10)

This theorem shows that when “anchor vector” exists, we could upper bound the

downstream classification error by the KL divergence of the student model during

pre-training. This upper bound becomes smaller when the distribution for input

data of the downstream task is close to that of pre-training, the bulk probability

is non-negligible, and the normalized margin of the ground-truth classifier is large.

Here we discuss these ways to decrease the upper bound and their corresponding

intuitions.

Large µ. µ is larger when the data distributions of pre-training and the downstream

task become closer, which helps with the performance transfer.

Large pb. The bulk probability
Z˚bulk

Z˚
is usually at least a constant in practice. When

the bulk probability becomes larger, the anchor vector plays a more important role

in the partition function and the downstream task.

Large Γ. A larger normalized margin makes it harder for the student model to make

mistakes in downstream prediction.

Remark 3.5.8. For ease of presentation, we are making additional assumptions in

Theorem 3.5.7, e.g., minjPrks b
˚
j ě εb ´ logp4kq and 4εb ă Γ ă 3. More general cases

are covered in Lemma 3.5.9. We also discuss potential ways to improve the bound
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in Section 3.5.4.

3.5.4 Proof and Discussions for Main Theorem

Here we provide a proof sketch of Theorem 3.5.7.

Theorem 3.5.7. Let εKL :“ Ex„DprerDKLpp
˚pxq||ppxqqs be the pre-training loss, and

we let εCLS :“ Prx„DDS rfpxq ¨ f
˚pxq ă 0s be the downstream classification error

rate, where Dpre and DDS are the input distributions of pre-training and downstream

data. Under Assumptions 3.2.2-3.5.5, further assume minjPrks b
˚
j ě εb ´ logp4kq and

8εb ă Γ ă 6, then there exists a set of parameters pajq
n
j“1, pbjq

n
j“1 such that

εCLS ď εKL ¨
288

µ ¨ p2
b ¨ Γ

2
. (3.10)

Proof. We have the following lemma providing a lower bound of the TV distance

between p˚pxi|x´iq and ppxi|x´iq, which will be proved in Section 3.5.5.

Lemma 3.5.9. There exists a choice of pajq
k
j“1, pbjq

k
j“1 such that if Assumptions

3.2.2-3.5.5 hold and there exists x P POSYNEG and i such that fpx, iq ¨f˚px, iq ă 0,

then we must have

TVpp˚pxi|x´iq, ppxi|x´iqq (3.11)

ěpb min
εpě0

"

p1´ e´εpq ` k ¨min
jPrks

eb
˚
j ´εb´εp ¨

´

eσp
Γ
2
´2εb´εpq ´ 1

¯

*

. (3.12)

From Lemma 3.5.9 and Pinsker’s inequality we can lower bound the KL divergence
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at any incorrectly classified sample: For all x P POSY NEG,

KLpp˚pxi|x´iq||ppxi|x´iqq (3.13)

ě 2pTVpp˚pxi|x´iq, ppxi|x´iqqq
2 (3.14)

ě 2p2
b min
εpě0

"

p1´ e´εpq ` k ¨min
jPrks

eb
˚
j ´εb´εp ¨

´

eσp
Γ
2
´2εb´εpq ´ 1

¯

*2

(3.15)

Since the pre-training loss is the expected KL divergence for pre-training data, it is

lower bounded by the KL divergence on the incorrectly classified samples, which is

related to the downstream classification error rate:

εKL “ Ex„DprerKLpp˚pxi|x´iq||ppxi|x´iqqs (3.16)

ě Pr
x´i„Dpre

rfpx, iq ¨ f˚px, iq ă 0s ¨ min
x´i:fpx,iq¨f˚px,iqă0

KLpp˚pxi|x´iq||ppxi|x´iqq

(3.17)

ě µ ¨ Pr
x´i„DDS

rfpx, iq ¨ f˚px, iq ă 0s ¨ min
x´i:fpx,iq¨f˚px,iqă0

KLpp˚pxi|x´iq||ppxi|x´iqq

(3.18)

ě εCLS ¨ 2µ ¨ p
2
b min
εpě0

"

p1´ e´εpq ` k ¨ min
jPApiq

eb
˚
j ´εb´εp ¨

´

eσp
Γ
2
´2εb´εpq ´ 1

¯

*2

.

(3.19)

Here Dpre and DDS are the data distributions of pre-training and downstream

task, and the second inequality comes from Assumption 3.2.2.

Now we have established the relationship between εKL and εCLS, and the only step

left is to bound the minimum over εp. For notation simplicity, we define Λ :“ Γ
2
´2εb.

If εp ď
Λ
3
, we have p1´ e´εpq ě p1´ e´

Λ
3 q.

If εp ą
Λ
3
, we know that

eb
˚
j ´εb´εp ¨

ˆ

e
γ

2kmaxjPApiq |a
˚
j
|
´2εb´εp

´ 1

˙

ą eb
˚
j ´εb´

Λ
3 ¨

´

e
2Λ
3 ´ 1

¯

“ eb
˚
j ´εb ¨ sinh

ˆ

Λ

3

˙

.
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Thus,

min
εpě0

"

p1´ e´εpq ` k ¨ min
jPApiq

eb
˚
j ´εb´εp ¨

´

eσp
Γ
2
´2εb´εpq ´ 1

¯

*

(3.20)

ě min

"

1´ e´
Λ
3 , 2k ¨ min

jPApiq
eb
˚
j ´εb ¨ sinh

ˆ

Λ

3

˙*

(3.21)

Plugging this into (3.19) gives us

εKL ě εCLS ¨ 2µ ¨ p
2
b min

"

p1´ e´
Λ
3 q

2, 4k2
¨min
jPrks

e2b˚j ´2εb ¨ sinh2
p
Λ

3
q

*

. (3.22)

Since Γ ą 8εb, we know that Γ
4
ă Λ ă 3, so p1´ e´

Λ
3 q2 ą

`

Λ
6

˘2
ą Γ2

576
.

Besides, minjPrks b
˚
j ě εb´ logp4kq implies 4k2 ¨minjPrks e

2b˚j ´2εb ě 1
4
. We also have

sinh2
pΛ

3
q ą

`

Λ
3

˘2
ą Γ2

144
.

Thus, min
!

p1´ e´
Λ
3 q2, 4k2 ¨minjPrks e

2b˚j ´2εb ¨ sinh2
pΛ

3
q

)

ą Γ2

576
. Plugging this into

(3.22) finishes the proof of Theorem 3.5.7.

Further Discussion of the Bound

Potentially improving the upper bound by better thresholding. We are taking the min-

imum over two terms in the proof of Theorem 3.5.7. These two terms come from

two parts of the difference between the ground-truth probability and our learned

probability: the bulk part and the top part. Both parts are functions of εp, which

measures the approximation error for the bulk probability. A large εp will incur a

large error in the bulk part while a smaller εp will make the top part larger. We

are setting Λ
3

as the threshold for the current bound in Theorem 3.5.7. The bound

could be improved by choosing other thresholds if we know more about the values

of tb˚j u
k
j“1 and the normalized margin γ

2kmaxjPApiq |a
˚
j |

.
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More general cases for thresholds tb˚j u
k
j“1 and normalized margin Γ. The thresholds

tb˚j u
k
j“1 can be considered as the model’s sensitivity to the logits. A smaller threshold

indicates a higher sensitivity. In the proof of Theorem 3.5.7, we are assuming that

the thresholds are not very small. In general cases where the thresholds can be

small, an important observation is that: For the same set of samples, decreasing the

thresholds by some number s will increase the normalized margin by s as well. Since

both the thresholds and the normalized margin are in the exponent in our bound

(sinh function is close to exponential when Γ is large), these two effects can cancel

out to a large degree and don’t influence the bound by much.

Prompt engineering can help with downstream performance. Prompt engineering can

help with the downstream task performance in multiple ways. The direct way is

to make the data distribution closer to that of the pre-training stage to increase µ.

Furthermore, it can also indirectly help improve the bound by decreasing the number

of activated neurons, increasing the margin, etc.

3.5.5 Proof of Lemma 3.5.9

Here we provide a proof of Lemma 3.5.9, with the proofs of the necessary technical

lemmas postponed to Appendix B.2.

Proof. For all j P rns, we set aj “ a˚j and bj “ b˚j . Since i is fixed in the proof, we

will omit i when the selection of i is clear from context.

WLOG, assume x P POS because otherwise we can flip the sign of all a˚j ’s. In this

case, from Assumption 3.5.2 we know that f˚px, iq ě γ. Therefore, fpx, iq ¨f˚px, iq ă

0 implies fpx, iq ă 0, so f˚px, iq ´ fpx, iq ą γ.

There are two possible ways to make fpx, iq smaller than f˚px, iq: Making the

61



neurons with positive coefficients smaller or making those with negative coefficients

larger. The total difference must be at least γ, so there must exist one sign whose

change in value is at least γ
2
. Formally, we decompose the difference f˚px, iq´fpx, iq

into two terms:

f˚px, iq ´ fpx, iq “
ÿ

j:a˚j ą0

a˚j
`

σpxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j q ´ σpxv´ipxq, vj ´ v0y ´ b

˚
j q
˘

(3.23)

`
ÿ

j:a˚j ă0

|a˚j |
`

σpxv´ipxq, vj ´ v0y ´ b
˚
j q ´ σpxv

˚
´ipxq, v

˚
j ´ v

˚
0 y ´ b

˚
j q
˘

.

(3.24)

Note that at least one of the two terms on the right-hand side must be at least γ
2

because their sum is at least γ. We first consider the first case, in other words,

ř

j:a˚j ą0 a
˚
j

`

σpxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j q ´ σpxv´ipxq, vj ´ v0y ´ b

˚
j q
˘

ě
γ
2
. The analysis

of the second term is almost the same as the first one.

For notational simplicity, we define

∆j :“ pxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j q ´ σpxv´ipxq, vj ´ v0y ´ b

˚
j q, (3.25)

(n.b. σ only appears in the second term) which implicitly depends on x, and and

define the set

Spxq :“ tj : a˚j ą 0,∆j ą 0u. (3.26)

If ∆j ą 0, we must have xv˚´ipxq, v
˚
j ´ v˚0 y ´ b˚j ą 0 because ReLU is non-negative.

This means that the neurons corresponding to the words in Spxq must be activated.

Intuitively, Spxq is the set of words whose corresponding neuron in our student

model has a smaller value than the ground-truth model, and ∆j for a word j P Spxq

is the difference between these two neurons. In other words, if we want to make a
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mistake in classifying a sample x, ∆j is the obstacle for the neuron to overcome, and

the sum of all these obstacles must be at least the margin γ. Formally, we have the

following lemma for Spxq and lower bound for ∆j:

Lemma 3.5.10. Spxq ‰ ∅.

Lemma 3.5.11.
ř

jPSpxq ∆j ě
γ

2 maxjPSpxq a
˚
j

.

Considering the TV distance, we get

n
ÿ

j“1

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| (3.27)

ě
ÿ

jPBpx,iq

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| `
ÿ

jPSpxq

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq|

(3.28)

ě

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

jPBpx,iq

p˚pxi “ j|x´iq ´
ÿ

jPBpx,iq

ppxi “ j|x´iq

ˇ

ˇ

ˇ

ˇ

ˇ

(3.29)

`
ÿ

jPSpxq

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| (3.30)

“

ˇ

ˇ

ˇ

ˇ

Z˚bulkpx, iq

Z˚px, iq
´
Zbulkpx, iq

Zpx, iq

ˇ

ˇ

ˇ

ˇ

`
ÿ

jPSpxq

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq|, (3.31)

where the first inequality comes from Assumption 3.5.3, i.e., Spxq Ď rks Ď rnszBpx, iq.

We define εp :“
ˇ

ˇ

ˇ
log

Z˚bulkpx,iq

Z˚px,iq
´ log Zbulkpx,iq

Zpx,iq

ˇ

ˇ

ˇ
, which is the approximation error of

the log bulk probability and an important quantity to trade off the two terms in the

TV distance. There are two terms in (3.31). The first term corresponds to the bulk

probability and the second term corresponds to the activated neurons. When εp is

large, the bulk probability has a large approximation error, resulting in a large TV

distance. We lower bound this term in the following lemma:
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Lemma 3.5.12.
ˇ

ˇ

ˇ

ˇ

Z˚bulkpx, iq

Z˚px, iq
´
Zbulkpx, iq

Zpx, iq

ˇ

ˇ

ˇ

ˇ

ě pbp1´ e
´εpq. (3.32)

The right-hand side of the above lemma is an increasing function of εp, and this

lower bound becomes large when the approximation error of the bulk probability is

large.

In the other regime when εp is small, the bulk partition function must be approx-

imated accurately, i.e.,
Z˚bulkpx,iq

Z˚px,iq
«

Zbulkpx,iq
Zpx,iq

. Thus,

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| “

ˇ

ˇ

ˇ

ˇ

exp
`

xv˚´ipxq, v
˚
j y
˘

Z˚px, iq
´

exppxv´ipxq, vjyq

Zpx, iq

ˇ

ˇ

ˇ

ˇ

(3.33)

«
Z˚bulkpx, iq

Z˚px, iq

ˇ

ˇ

ˇ

ˇ

exp
`

xv˚´ipxq, v
˚
j y
˘

Z˚bulkpx, iq
´

exppxv´ipxq, vjyq

Zbulkpx, iq

ˇ

ˇ

ˇ

ˇ

.

(3.34)

From Assumption 3.5.5 we know the bulk partition functions can be accurately ap-

proximated using the vectors v˚0 and v0. Thus,
exppxv˚´ipxq,v

˚
j yq

Z˚bulkpx,iq
« exp

`

xv˚´ipxq, v
˚
j ´ v

˚
0 y
˘

.

So this difference is approximately | exp
`

xv˚´ipxq, v
˚
j ´ v

˚
0 y
˘

´exppxv´ipxq, vj ´ v0yq| «

exppxv´ipxq, vj ´ v0yqpe
∆j ´ 1q. As εp becomes smaller, the aforementioned approx-

imations become more accurate, making the TV distance suffer from a term that is

roughly proportional to pe∆j ´ 1q. This is formalized in the following lemma:

Lemma 3.5.13. For all j P Spxq,

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| ě eb
˚
j ´εb´εp ¨ pb ¨

`

eσp∆j´2εb´εpq ´ 1
˘

. (3.35)
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Plugging Lemma 3.5.12 and 3.5.13 into (3.31) gives us

TVpp˚pxi|x´iq, ppxi|x´iqq (3.36)

ě

ˇ

ˇ

ˇ

ˇ

Z˚bulkpx, iq

Z˚px, iq
´
Zbulkpx, iq

Zpx, iq

ˇ

ˇ

ˇ

ˇ

`
ÿ

jPSpxq

ˇ

ˇ

ˇ

ˇ

exp
`

xv˚´ipxq, v
˚
j y
˘

Z˚px, iq
´

exppxv´ipxq, vjyq

Zpx, iq

ˇ

ˇ

ˇ

ˇ

(3.37)

ě pbp1´ e
´εpq `

ÿ

jPSpxq

eb
˚
j ´εb´εp ¨ pb ¨

`

eσp∆j´2εb´εpq ´ 1
˘

(3.38)

ě pbp1´ e
´εpq ` pb min

jPSpxq
eb
˚
j ´εb´εp ¨

ÿ

jPSpxq

`

eσp∆j´2εb´εpq ´ 1
˘

(3.39)

ě pbp1´ e
´εpq ` pb min

jPSpxq
eb
˚
j ´εb´εp ¨ |Spxq| ¨

´

e
ř

jPSpxq σp∆j´2εb´εpq{|Spxq| ´ 1
¯

, (3.40)

where the last inequality comes from Jensen’s inequality.

Let gpu, vq :“ u ¨ pe
v
u ´ 1q for u, v ą 0, then Bg

Bu
“ e

v
u

`

1´ v
u
´ e´

v
u

˘

ď 0, so from

|Spxq| ď k we know that

|Spxq| ¨
´

e
ř

jPSpxq σp∆j´2εb´εpq{|Spxq| ´ 1
¯

ě k ¨
´

e
ř

jPSpxq σp∆j´2εb´εpq{k ´ 1
¯

.

Using the fact that
ř

i σpyiq “
ř

i maxtyi, 0u ě max c
ř

i yi, 0 “ σ p
ř

i yiq, we have

ÿ

jPSpxq

σ p∆j ´ 2εb ´ εpq ě σ

¨

˝

ÿ

jPSpxq

p∆j ´ 2εb ´ εpq

˛

‚ (3.41)

ě σ

ˆ

γ

2 maxtPSpxq a
˚
t

´ 2k ¨ εb ´ kεp

˙

, (3.42)

where the last inequality follows from Lemma 3.5.11. Therefore,

TVpp˚pxi|x´iq, ppxi|x´iqq (3.43)

ěpbp1´ e
´εpq ` pb ¨ k min

jPSpxq
eb
˚
j ´εb´εp ¨

˜

e
σ

ˆ

γ

2kmaxtPSpxq a
˚
t
´2¨εb´εp

˙

´ 1

¸

. (3.44)
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Since we do not have any assumption for εp, we take the minimum over all possible

values of εp and get the following bound:

TVpp˚pxi|x´iq, ppxi|x´iqq (3.45)

ěpb min
εpě0

#

p1´ e´εpq ` k ¨ min
jPSpxq

eb
˚
j ´εb´εp ¨

˜

e
σ

ˆ

γ

2kmaxtPSpxq a
˚
t
´2¨εb´εp

˙

´ 1

¸+

. (3.46)

Above we have derived a lower bound for the TV distance between p˚ and p when

the first term of (3.24) is at least γ
2
. When the second term of (3.24) is at least γ

2
, the

proof is symmetric to that of the first term and we only need to exchange the role of

parameters from the teacher model and student model and the related definitions.

Therefore, with the second term being at least γ
2
, we have

TVpp˚pxi|x´iq, ppxi|x´iqq (3.47)

ěpb min
εpě0

$

&

%

p1´ e´εpq ` k ¨ min
jPS1pxq

eb
˚
j ´εb´εp ¨

¨

˝e
σ

˜

γ

2kmax
tPS1pxq

|a˚t |
´2¨εb´εp

¸

´ 1

˛

‚

,

.

-

,

(3.48)

where S 1pxq :“ tj : a˚j ă 0,∆1
j ą 0u and ∆1

j :“ pxv´ipxq, vj´v0y´b
˚
j q´σpxv

˚
´ipxq, v

˚
j ´

v˚0 y ´ b
˚
j q.

Since Spxq Y S 1pxq Ď rks, merging (3.46) and (3.48) finishes the proof of Lemma

3.5.9.

3.6 Conclusions and Future Work

In this paper, we analyzed when and how the representations generated by pre-

trained large-scale language models can be used in downstream classification tasks.
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We found two necessary conditions for guaranteeing the usefulness of these represen-

tations: the insensitivity of the downstream task to super-small probability words,

and the underlying structure in the representations to handle the shift-invariance

of softmax. We also provide a sufficient condition, i.e., the existence of an anchor

vector, that can guarantee the representations from pre-trained language model to

help with downstream tasks. We verify this existence empirically in various large

language models and believe that this is an important reason why recent large-scale

language models can adapt to different downstream tasks.

While our work showed the existence of the anchor vector, it remains unclear why

this vector exists in most large language models. It might be related to the initial-

ization, optimization, and structure of the neural networks, especially transformers,

and it could also be related to the underlying structure of the training data. Digging

deeper into this may reveal more fundamental properties of these models. Our anal-

ysis of downstream task focuses on classification tasks. Since these large networks

perform well in various types of downstream tasks, another future direction would

be to analyze other kinds of downstream tasks. Furthermore, we model the network

before the softmax function as a black box, and further opening up this black box is

important for deeper understanding of the structures in the learned representations

from pre-training.
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4

Understanding Structure of Hessian for Neural

Networks

In the previous chapters, we assume that the optimization of neural networks is

successful, i.e., we can learn a set of parameters for the model so that the loss

function achieves a small value. Beginning from this chapter, we will focus on the

optimization landscape of practical neural networks. We are going to study two

heuristics that are frequently used in practice for training deep neural networks and

provide some theoretical insights. In this chapter, we focus on neural network loss

Hessian.

Hessian captures important properties of the deep neural network optimization

landscape. Previous works have observed low rank structure in the Hessians of neural

networks. In this chapter, we propose a decoupling conjecture that decomposes the

layer-wise Hessians of a network as the Kronecker product of two smaller matrices.

We can analyze the properties of these smaller matrices and prove the structure of

top eigenspace random 2-layer networks. The decoupling conjecture has several other

interesting implications – top eigenspaces for different models have surprisingly high
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overlap, and top eigenvectors form low rank matrices when they are reshaped into

the same shape as the corresponding weight matrix. All of these can be verified

empirically for deeper networks. Finally, we use the structure of layer-wise Hessian

to get better explicit generalization bounds for neural networks.

4.1 Introduction

The loss landscape for neural networks is crucial for understanding training and

generalization. In this paper we focus on the structure of Hessians, which capture

important properties of the loss landscape. For optimization, Hessian information is

used explicitly in second order algorithms, and even for gradient-based algorithms

properties of the Hessian are often leveraged in analysis (Sra et al., 2012). For

generalization, the Hessian captures the local structure of the loss function near a

local minimum, which is believed to be related to generalization gaps (Keskar et al.,

2017).

Several previous results including Sagun et al. (2018); Papyan (2018) observed

interesting structures in Hessians for neural networks – it often has around c large

eigenvalues where c is the number of classes. In this paper we ask:

Why does the Hessian of neural networks have special structures in its top

eigenspace?

A rigorous analysis of the Hessian structure would potentially allow us to under-

stand what the top eigenspace of the Hessian depends on (e.g., the weight matrices

or data distribution), as well as predicting the behavior of the Hessian when the

architecture changes.

Towards this goal, we focus on the layer-wise Hessians in this paper. One difficulty

in analyzing the layer-wise Hessian lies in its size – for a fully-connected layer with
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a n ˆ n1 weight matrix, the layer-wise Hessian is a nn1 ˆ nn1 matrix. We propose

a decoupling conjecture that approximates this matrix by the Kronecker product of

two smaller matrices – a n ˆ n input autocorrelation matrix and a n1 ˆ n1 output

Hessian matrix. We then study the properties of these two smaller matrices, which

together with the decoupling conjecture give an explanation of why there are just a

few large eigenvalues, as well as a heuristic formula to efficiently compute the top

eigenspace. We prove the decoupling conjecture and structure of the output Hessian

matrix for a simple model of 2-layer network. We then empirically verify that these

results extend to much more general settings.

4.1.1 Outline

Understanding Hessian Structure using Kronecker Factorization. In Section 4.3 We first

formalize a decoupling conjecture that states the layer-wise Hessian can be approxi-

mated by the Kronecker product of the output Hessian and input auto-correlation.

The auto-correlation of the input is often very close to a rank 1 matrix, because

the inputs for most layers have a nonzero expectation. We show that when the input

auto-correlation component is approximately rank 1, top eigenspace of the layerwise

Hessian is very similar to that of the output Hessian. On the contrary, when inputs

have mean 0 (e.g., when the model is trained with batch normalization), the input

auto-correlation matrix is much farther from rank 1 and the layer-wise Hessian often

does not have the same low rank structure.

In Section 4.4 we prove that in an over-parametrized two-layer neural network

on random data, the output Hessian is approximately rank c ´ 1. Further, we can

compute the top c´ 1 eigenspace directly from weight matrices. We show a similar

low rank result for the layer-wise Hessian.
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(a) Overlap between dominate eigenspace of layer-
wise Hessian at different minima for fc1:LeNet5 (left)
with output dimension 120 and conv11:ResNet18-
W64 (right) with output dimension 64.
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Figure 4.1: Some interesting observations on the structure of layer-wise Hessians.
The eigenspace overlap is defined in Definition 4.2.1 and the reshape operation is
defined in Definition 4.2.2

Implication on the Structure of Top Eigenspace for Hessians. The decoupling conjec-

ture, together with our characterizations of its two components, have surprising

implications to the structure of top-eigenspace for layer-wise Hessians. Since the

eigenvector of a Kronecker product is just the outer product of eigenvectors of its

components, if we express the top eigenvectors of a layer-wise Hessian as a matrix

with the same dimensions as the weight matrix, then the matrix is approximately

rank 1. In Figure 4.1.a we show the singular values of several such reshaped eigen-

vectors. Another more surprising phenomenon considers the overlap between top

eigenspaces for different models.

Consider two neural networks trained with different random initializations and

potentially different hyper-parameters; their weights are usually nearly orthogonal.

One might expect that the top eigenspace of their layer-wise Hessians are also very

different. However, empirically one observe that the top eigenspace of the layer-wise

Hessians have a very high overlap, and the overlap peaks at the dimension of the

layer’s output (see Figure 4.1(a)). This is a direct consequence of the Kronecker

product and the fact that the input auto-correlation matrix is close to rank 1.
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Applications. As a direct application of our results, in Section 4.6 we show that

the Hessian structure can be used to improve the PAC-Bayes bound computed in

Dziugaite and Roy (2017).

4.1.2 Related Works

Hessian-based analysis for neural networks (NNs). Hessian matrices for NNs reflect

the second order information about the loss landscape, which is important in char-

acterizing SGD dynamics (Jastrzebski et al., 2019) and related to generalization (Li

et al., 2020), robustness to adversaries (Yao et al., 2018) and interpretation of NNs

(Singla et al., 2019). People have empirically observed several interesting phenom-

ena of the Hessian, e.g., the gradient during training converges to the top eigenspace

of Hessian (Gur-Ari et al., 2018; Ghorbani et al., 2019), and the eigenspectrum of

Hessian contains a “spike” which has about c´ 1 large eigenvalues and a continuous

“bulk” (Sagun et al., 2016, 2018; Papyan, 2018). People have developed different

frameworks to explain the low rank structure of the Hessians including hierarchical

clustering of logit gradients (Papyan, 2019, 2020), independent Gaussian model for

logit gradients (Fort and Ganguli, 2019), and Neural Tangent Kernel (Jacot et al.,

2020). A distinguishing feature of this work is that we are able to characterize the

top eigenspace of the Hessian directly by the weight matrices of the network.

Layer-wise Kronecker factorization (K-FAC) for training NNs. The idea of using Kro-

necker product to approximate Hessian-like matrices is not new. Heskes (2000) uses

this idea to approximate Fisher Information Matrix (FIM). Martens and Grosse

(2015) proposed Kronecker-factored approximate curvature which approximates the

inverse of FIM using layer-wise Kronecker product. Kronecker factored eigenbasis

has also been utilized in training (George et al., 2018). Our paper focuses on a dif-
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ferent application with different matrix (Hessian vs. inverse FIM) and different ends

of the spectrum (top vs. bottom eigenspace).

Theoretical Analysis for Hessians Eigenstructure. Karakida et al. (2019b) showed that

the largest c eigenvalues of the FIM for a randomly initialized neural network are

much larger than the others. Their results rely on the eigenvalue spectrum analysis in

Karakida et al. (2019c,a), which assumes the weights used during forward propaga-

tion are drawn independently from the weights used in back propagation (Schoenholz

et al., 2017). More recently, Singh et al. (2021) provided a Hessian rank formula for

linear networks and Liao and Mahoney (2021) provided a characterization on the

eigenspace structure of G-GLM models (including 1-layer NN). To our best knowl-

edge, theoretical analysis on the Hessians of nonlinear deeper neural networks is still

vacant.

PAC-Bayes generalization bounds. People have established generalization bounds for

neural networks under PAC-Bayes framework by McAllester (1999). For neural

networks, Dziugaite and Roy (2017) proposed the first non-vacuous generalization

bound, which used PAC-Bayesian approach with optimization to bound the gener-

alization error for a stochastic neural network.

4.2 Preliminaries and Notations

Basic Notations. In this paper, we generally follow the default notation suggested by

Goodfellow et al. (2016). Additionally, for a matrix M , let }M}F denote its Frobe-

nius norm and }M} denote its spectral norm. For two matrices M P Ra1ˆb1 ,N P

Ra2ˆb2 , let M b N P Rpa1a2qˆpb1b2q be their Kronecker product such that rM b

N spi1´1qˆa2`i2,pj1´1qˆb2`j2 “Mi1,i2Nj1,j2 .
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Neural Networks. For a c-class classification problem with training samples S “

tpxi,yiqu
N
i“1 where pxi,yiq P Rd ˆ t0, 1uc for all i P rN s, assume S is i.i.d. sampled

from the underlying data distribution D. Consider an L-layer fully connected ReLU

neural network fθ : Rd Ñ Rc. With σpxq “ x1xě0 as the Rectified Linear Unit

(ReLU) function, the output of this network is a series of logits z P Rc computed

recursively as zppq :“W ppqxppq ` bppq and xppq :“ σpzppqq

Here we denote the input and output of the p-th layer as xppq and zppq, and set

xp1q “ x, z :“ fθpxq “ z
pLq. We denote θ :“ pwp1q, bp1q,wp2q, bp2q, ¨ ¨ ¨ ,wpLq, bpLqq P

RP the parameters of the network. For the i-th layer, wpiq is the flattened weight

matrix W piq and bpiq is its corresponding bias vector. For convolutional networks, a

similar framework is introduced in Section C.1.2.

For a single input x P Rd with one-hot label y and logit output z, let nppq

and mppq be the lengths of xppq and zppq. For convolutional layers, we consider the

number of output channels as mppq and width of unfolded input as nppq. Note that

xp1q “ x, zpLq “ z “ fθpxq. We denote p :“ softmaxpzq “ ez{
řc
i“1 e

zi as the output

confidence. With the cross-entropy loss function `pp,yq “ ´
řc
i“1 yi logppiq P R`,

the training process optimizes parameter θ to minimize the empirical training loss

Lpθq :“ Epx,yqPS r` pz,yqs .

Hessians. Fixing the parameter θ, we use H`pv,xq “ ∇2
v`pfθpxq,yq “ ∇2

v`pz,yq

to denote the Hessian of some vector v with respect to scalar loss function ` at

input x. Note that v can be any vector. For example, the full parameter Hessian is

H`pθ,xq where we take v “ θ, and the layer-wise weight Hessian of the p-th layer is

H`pw
ppq,xq where we take v “ wppq.

For simplicity, define E as the empirical expectation operator over the training
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sample S unless explicitly stated otherwise. We mainly focus on the layer-wise weight

Hessians HLpw
ppqq “ ErH`pw

ppq,xqs with respect to loss, which are diagonal blocks

in the full Hessian HLpθq “ ErH`pθ,xqs corresponding to the cross terms between

the weight coefficients of the same layer. We define M
ppq
x :“ H`pz

ppq,xq as the

Hessian of output zppq with respect to empirical loss. With the notations defined

above, we have the p-th layer-wise Hessian for a single input as

H`pw
ppq,xq “ ∇2

wppq`pz,yq “M
ppq
x b pxppqxppqT q. (4.1)

It follows that

HLpw
ppq
q “ E

“

M ppq
x b xppqxppqT

‰

“ E
“

M b xxT
‰

. (4.2)

The subscription x and the superscription ppq will be omitted when there is no

confusion, as our analysis primarily focuses on the same layer unless otherwise stated.

We also define subspace overlap and layer-wise eigenvector matricization for our

analysis.

Definition 4.2.1 (Subspace Overlap). For k-dimensional subspaces U ,V in Rd

(d ě k) where the basis vectors ui’s and vi’s are column vectors, with φ as the size

k vector of canonical angles between U and V , we define the subspace overlap of U

and V as OverlappU ,V q :“ }UTV }2F {k “ } cosφ}22{k.

Definition 4.2.2 (Layer-wise Eigenvector Matricization). Consider a layer with

input dimension n and output dimension m. For an eigenvector h P Rmn of its

layer-wise Hessian, the matricized form of h is Matphq P Rmˆn where Matphqi,j “

hpi´1qm`j.
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4.3 Decoupling Conjecture and Implications on the Structures of Hes-

sian

The fact that layer-wise Hessian for a single sample can be decomposed into Kro-

necker product of two components naturally leads to the following informal conjec-

ture:

Conjecture (Decoupling Conjecture). The layer-wise Hessian can be approximated

by a Kronecker product of the expectation of its two components, that is

HLpw
ppq
q “ ErM b xxT

s « ErM s b ErxxT
s. (4.3)

More specifically, we conjecture that }ErM sbErxxTs´ErMbxxTs}

}ErMbxxTs}
ď ε, where ε is a small

constant.

Note that this conjecture is certainly true when M and xxT are approximately

statistically independent. One immediate implication is that the top eigenvalues and

eigenspace of HLpw
ppqq is close to those of ErM s bErxxTs. In Section 4.4 we prove

that the eigenspaces are indeed close for a simple setting, and in Section 4.5.1 we

show that this conjecture is empirically true in practice.

Assuming the decoupling conjecture, we can analyze the layer-wise Hessian by

analyzing the two components separately. Note that ErM s is the Hessian of the

layer-wise output with respect to empirical loss, and ErxxTs is the auto-correlation

matrix of the layer-wise inputs. For simplicity we call ErM s the output Hessian

and ErxxTs the input auto-correlation. For convolutional layers we can a similar

factorization ErM s b ErxxTs for the layer-wise Hessian, but with a different M

motivated by Grosse and Martens (2016). (See Section C.1.2) We note that the

off-diagonal blocks of the full Hessian can also be decomposed similarly, which in

turn allows us to approximate the eigenvalues and eigenvectors of the full parameter
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Hessian. The details of this approximation is stated in Section C.3.

4.3.1 Structure of Input Auto-Correlation Matrix ErxxTs and Output Hessian ErM s

For the auto-correlation matrix, one can decompose it as ErxxTs “ ErxsErxsT `

Varrxs. A key observation is that the input x for most layers are outputs of a ReLU,

hence it is nonnegative. For large networks the mean component ErxsErxsT will

dominate the variance, making ErxxTs approximately rank-1 with top eigenvector

being very close to Erxs. We empirically verified this phenomenon on a variety of

networks and datasets (see Section C.6.1).

For the output Hessian, we observe that ErM s is approximately rank c´ 1 (with

c ´ 1 significantly large eigenvalues) in most cases. In Section 4.4, we show this is

indeed the case in a simplified setting, and give a formula for computing the top c´1

eigenspace using rows of weight matrices.

4.3.2 Implications on the Eigenspectrum and Eigenvectors of Layer-Wise Hessian

The eigenvectors of a Kronecker product is the tensor product of eigenvectors of its

components. As a result, let hi be the i-th eigenvector of a layer-wise Hessian H , if

we matricize it as defined in Definition 4.2.2, Matphiq would be approximately rank

1. Since ErxxTs is close to rank 1, by the decoupling conjecture, the top eigenvalues

of layer-wise Hessian can be approximated as the top eigenvalues of ErM s multiplied

by the first eigenvalue of ErxxTs. The low rank structure of the layer-wise Hessian

H is due to the low rank structure of ErM s.

Another implication is related to eigenspace overlap for different models. Even

though the output Hessians of two randomly trained models may be very different,

the top eigenspace of the Hessian will be close to Erxs b I, so the top eigenspace of

the two models will have a high overlap that peaks at the output dimension. See
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Section 4.5.3 for more details.

4.4 Hessian Structure for Infinite Width Two-Layer ReLU Neural

Network

In this section, we show that for a simple setting of 2-layer networks, the layer-wise

parameter Hessian has c´ 1 large eigenvalues and its top c´ 1 eigenspace is close to

the top c´ 1 eigenspace of the Kronecker product approximation.

Problem Setting and Notations Let bold non-italic letters such as v,M denote random

vectors (lowercase) and matrices (uppercase). Consider a two layer fully connected

ReLU activated neural network with input dimension d, hidden layer dimension n

and output dimension c. In particular, let d “ n1`α for some constant α ą 0. Let

the network has positive input from a rectified Gaussian x „ NRp0, Idq where every

entry is identically distributed as maxtpx, 0u for px „ N p0, 1q. Let W p1q P Rnˆd and

W p2q P Rcˆn be the weight matrices. In this problem we consider a random Gaussian

initialization that W p1q „ N p0, 1
d
Idnq and W p2q „ N p0, 1

n
Incq. Both weight matrices

has expected row norm of 1. Let the loss objective be cross entropy `. Training

labels are irrelevant as they are independent from the Hessian at initialization.

Denote the output of the first and second layer as y and z respectively. We

have y “ σpW p1qxq and z “ W p2qy. Here σ is the element-wise ReLU function.

Let D fi diagpI ry ě 0sq P Rnˆn denote the 0/1 diagonal matrix representing the

activation of σ that y “ DW p1qx. Let p “ softmaxpzq and let A fi diagppq ´ ppT.

Note A is rank c ´ 1 with the null space of the all one vector. We give full details

about our settings in Section C.2.1. By simple matrix calculus (see Section C.1.1),
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the output Hessian of M p1q and the full layer-wise Hessian has closed-form

M p1q
“ E

x„NRp0,Idq

“

DW p2qTAW p2qD
‰

,Hp1q
“ E

x„NRp0,Idq

“

DW p2qTAW p2qDb xxT
‰

.

(4.4)

Following the decoupling conjecture, the Kronecker approximation of the layer-wise

Hessian is

xHp1q fi E
x„NRp0,Idq

“

DW p2qTAW p2qD
‰

b E
x„NRp0,Idq

“

xxT
‰

. (4.5)

Since we are always taking the expectation over the input x, we will neglect the

subscript and use E for expectation. Now we are ready to state our main theorem.

Theorem 4.4.1. For an infinite width two-layer ReLU activated neural network with

Gaussian initialization as defined above, let V1 and V2 be the top c´ 1 eigenspaces of

Hp1q and xHp1q respectively, for all ε ą 0,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq
rOverlap pV1, V2q ą 1´ εs “ 1.

Moreover Hp1q has c´ 1 large eigenvalues that,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq

«˜

λcpH
p1qq

λc´1pHp1qq

ˇ

ˇ

ˇ

ˇ

W p1q,W p2q

¸

ă ε

ff

“ 1. (4.6)

Instead of directly working on the layer-wise Hessian, we first show a similar

theorem for the output Hessian M p1q. We will then show that the proof technique

of the following theorem can be easily generalized to prove our main theorem.

Theorem 4.4.2. For the same network as in Theorem 4.4.1, let

M˚ fi E
“

D1W p2qTAW p2qD1
‰
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where D1 is an independent copy of D and is independent of A. Let S1 and S2

be the top c ´ 1 eigenspaces of M p1q and M˚ respectively, S2 is approximately

RtWiu
c
i“1zt1

TW u where R is the row span, and for all ε ą 0,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq
rOverlap pS1, S2q ą 1´ εs “ 1.

Moreover, M has c´ 1 large eigenvalues that

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq

«˜

λcpM
p1qq

λc´1pM p1qq

ˇ

ˇ

ˇ

ˇ

W p1q,W p2q

¸

ă ε

ff

“ 1. (4.7)

Proof Sketch for Theorem 4.4.2 For simplicity of notations, in this section we will use

W to denote W p2q and M to denote M p1q unless specified otherwise. Our proof

of Theorem 4.4.2 mainly consists of three parts. First we analyze the structure of

M˚ and show that it is approximately rank c ´ 1. Then we show that M˚ and

M are roughly equivalent via an approximate independence between D and A.

Finally, by projecting both M and M˚ onto a cˆ c matrix using W , we can apply

the approximate independence and prove that the top c ´ 1 eigenspace of M˚ is

approximately that of M , which concludes the proof.

(1) Structure of M˚ When nÑ 8, the output of the second layer y converges to a

multivariate Gaussian (Lemma C.2.11), hence we can consider each diagonal entry

of D as a p “ 1
2

Bernoulli random variable. Since we assumed that D1 and A are

independent, by some simple calculation,

M˚
“

1

4

`

W TErAsW ` diagpW TErAsW q
˘

. (4.8)
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Here ErAs is rank c´1 with the pc´1q-th eigenvalue bounded below from 0 (Lemma

C.2.15). Since the two terms in the sum has the same trace while W TErAsW is

rank c ´ 1 compared to rank n of diagpW TErAsW q, we can show that the top

eigenspace is dominated by the eigenspace of W TErAsW , which is approximately

RtWiu
c
i“1zt1

TW u.

(2) Approximate Independence Between A and D Intuitively, if D and A are indepen-

dent, then M “M˚. However, this is clearly not true - if the activations align with

a row of W then the corresponding output is going to be large, which changes A

significantly. To address this problem, we observe that the formula for M is only of

degree 2 in D, so one can focus on conditioning on two of the activations – a negli-

gible fraction in the limit. More precisely, if one expand out the expression of each

element squared inM , it is an homogeneous polynomial of the form ppA,D, Ā, D̄q “

řc
i,j,k,l“1

řn
p,q“1 cijklpqAijĀklDppD̄qq, where pĀ, D̄q are independent copies of pA,Dq.

The same element squared inM˚ is just going to be ppA,D1, Ā, D̄1q. By nice proper-

ties of the Gaussian initialized weight matrix, we show that as nÑ 8, A is invariant

when conditioning on two entries of D (Lemma C.2.13). Therefore, in the limit we

have limnÑ8 E
“

ppA,D, Ā, D̄q
‰

“ E
“

ppA,D1, Ā, D̄1q
‰

(detailed proof in Appendix).

(3) Equivalence between M˚ and M Since the size of M also goes to infinity as we

take the limit on n, it is technically difficult to directly compare their eigenspaces.

In this case we utilize the fact that W has approximately orthogonal rows, and

project M onto WMW T. In particular, by expanding out the Frobenious norms

as polynomials and bounding the `1 norm of the coefficients, using Lemma C.2.13

we are able to show that ‖M‖2
F «

∥∥WMW T
∥∥2

F
«

∥∥WM˚W T
∥∥2

F
« ‖M˚‖2

F

(Lemma C.2.18- Lemma C.2.22). This result tells us that the projection does not
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lose information, and hence indirectly gives us the dominating eigenspace of M .

This concludes our proof for Theorem 4.4.2

Proving Theorem 4.4.1 and Beyond To prove Theorem 4.4.1, we use a very similar

strategy. We consider a re-scaled Hessian H̆ fi 1
d
H and show that in the independent

setting H̆˚ “ 1
d
ErD1WAWD1bx2x2Ts “M˚b 1

d
Erx2x2Ts. We then generalize the

conditioning technique to involve conditioning on two entries of x.

4.5 Empirical Observation and Verification

In this section, we present some empirical observations that either verifies, or are

induced by the decoupling conjecture. We conduct experiments on the CIFAR-

10, CIFAR-100 (Krizhevsky and Hinton, 2009), and MNIST (LeCun et al., 1998)

datasets as well as their random labeled versions, namely MNIST-R and CIFAR10-

R. We used different fully connected (fc) networks (a fc network with m hidden

layers and n neurons each hidden layer is denoted as F-nm), several variations of

LeNet (LeCun et al., 1998), VGG11 (Simonyan and Zisserman, 2015), and ResNet18

(He et al., 2016b). We use “layer:network” to denote a layer of a particular network.

For example, conv2:LeNet5 refers to the second convolutional layer in LeNet5. More

empirical results are included in Section C.6.

4.5.1 Kronecker Approximation of Layer-Wise Hessian and Full Hessian

To verify the decoupling conjecture in practical settings, we compare the top eigenval-

ues and eigenspaces of the approximated Hessian and the true Hessian. We use sub-

space overlap (Definition 4.2.1) to measure the similarity between top eigenspaces. As

shown in Figure 4.2, this approximation works reasonably well on the top eigenspace.

82



10 20
The i-th eigenvalue

0.0

0.5

1.0

1.5

2.0 Approximated

Exact

(a) Top eigenvalues
of layer-wise Hes-
sian of fc1

0 20 40
Top k Eigenspace

0.0

0.2

0.4

0.6

0.8

1.0

fc1

fc2

fc3

(b) Top eigenspace
of layer-wise Hes-
sians

10 20
The i-th eigenvalue

0

1

2
Approximated

Exact

(c) Top eigenvalues
of the full Hessian

0 20 40
Top k Eigenspace

0.0

0.2

0.4

0.6

0.8

1.0

(d) Top eigenspace
of the full Hessian

Figure 4.2: Comparison between the approximated and true layer-wise Hessian of
F-2002.

4.5.2 Low Rank Structure of ErM s and H

Another way to empirically verify the decoupling conjecture is to show the similarity

between the outliers in eigenspectrum of the layer-wise Hessian ErM s and the output

Hessian HL. Figure 4.3 shows the similarity of eigenvalue spectrum between ErM s

and layer-wise Hessians in different situations, which agrees with our prediction. For

(a) and (b) we are also seeing the eigengap at c ´ 1, which is consistent with our

analysis and previous observations (Sagun et al., 2018; Papyan, 2019). However,

the eigengap does not appear at minimum for random labeled data with a under-

parameterized network, meaning that our theory may not generalize to all settings.
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(a) fc1:LeNet5 at initial-
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Figure 4.3: Eigenspectrum of the layer-wise output Hessian ErM s and the layer-
wise weight Hessian HLpw

ppqq. The vertical axes denote the eigenvalues. Similarity
between the two eigenspectra is a direct consequence of a low rank ErxxT s and the
decoupling conjecture.
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4.5.3 Eigenspace Overlap of Different Models

Apart from the phenomena that are direct consequences of the decoupling conjecture,

we observe another nontrivial phenomenon involving different minima. Consider

models with the same structure, trained on the same dataset, but using different

random initializations, despite no obvious correlation between their parameters, we

observe surpisingly high overlap between the dominating eigenspace of some of their

layer-wise Hessians.
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Figure 4.4: Overlap between the top k dominating eigenspace of different inde-

pendently trained models. The overlap peaks at the output dimension m. The

eigenspace overlap is defined in Definition 4.2.1.

It turns out that the nontrivial overlap is also a consequence of the decoupling

conjecture, which arises when the output Hessian and autocorrelation are related

in the following way: When the small eigenvalues of ErM s P Rmˆm approaches

0 slower than the small eigenvalues of ErxxTs, the top m eigenspace will then be

approximately spanned by ImbErxsT by the decoupling conjecture. Now suppose we

have two different models with pErxs1 and pErxs2 respectively. Their top-m eigenspaces

are approximately Im b pErxs1 and Im b pErxs2. Thus the overlap at dimension m is
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approximately ppErxsT1 pErxs2q2, which is large since pErxs1 and pErxs2 are the same for

the input layer and all non-negative for other layers. While this particular relation

between ErM s and ErxxTs are true in many shallow networks and in later layers of

deeper networks, they are not satisfied for earlier layers of deeper networks. In Section

C.7.2 we explain how one can still understand the overlap using correspondence

matrices when the above simplified argument does not hold.

4.6 Tighter PAC-Bayes Bound with Hessian Information

The PAC-Bayes bound is a commonly used bound for the generalization gap of neural

networks. In this section we show how we can obtain tighter PAC-Bayes bounds using

the Kronecker approximation of Hessian eigenbasis.

Theorem 4.6.1 (PAC-Bayes Bound). (McAllester, 1999; Langford and Seeger, 2001)

With the hypothesis space H parametrized by model parameters. For any prior dis-

tribution P in H that is chosen independently from the training set S, and any

posterior distribution Q in H whose choice may inference S, with probability 1 ´ δ,

KL ppepQq||epQqq ď 1
|S|´1

”

KLpQ||P q ` log |S|
δ

ı

. Where epQq is the expected classifi-

cation error for the posterior over the underlying data distribution and pepQq is the

classification error for the posterior over the training set.

Intuitively, if one can find a posterior Q that has low loss on the training set, and

is close to the prior P , then the generalization error on Q must be small. Dziugaite

and Roy (2017) uses optimization techniques to find an optimal posterior in the

family of Gaussians with diagonal covariance. They showed that the bound can be

nonvacuous for several neural network models.

We follow Dziugaite and Roy (2017) to set the prior P to be a multi-variant

Gaussian. The covariance is invariant with respect to the change of basis since it
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is a multiple of identity. Thus, For the posterior, when the variance in one direc-

tion is larger, the distance with the prior decreases; however this also has the risk

of increasing the empirical loss over the posterior. In general, one would expect

the variance to be larger along a flatter direction in the loss landscape and smaller

along a sharper direction. However, since the covariance matrix of Q is fixed to be

diagonal in Dziugaite and Roy (2017), the search of optimal deviation happens in

standard basis vectors which are not aligned with the local loss landscape. Using

the Kronecker factorization as in Equation 4.3, we can approximate the layer-wise

Hessian’s eigenspace. We set Q to be a Gaussian whose covariance is diagonal in the

approximated eigenbasis of the layer-wise Hessians. Under this posterior change of

basis, we can obtain tighter bounds compared to Dziugaite and Roy (2017). In our

experiments, the final posterior variance s1 is smaller along the direction of eigenvec-

tors with larger eigenvalues (see Figure C.27). This agrees with our presumption that

the alignment of sharp and flat directions will result in a better optimized posterior

Q and thus a tighter bound on classification error.

Detailed algorithm description, experiment results, and plots are shown in Section

C.8.

Table 4.1: Optimized PAC-Bayes bounds using different methods. T-nm and R-
nm represents network F-nm trained with true/random labels. TestEr. gives the
empirical generalization gap. Base represents the bound given by Dziugaite and
Roy (2017). Ours represents the bound we get.

Model T-600 T-1200 T-3002 T-6002 R-600 T-60010 T-2002
10

TestEr. 0.015 0.016 0.015 0.015 0.493 0.018 0.021
Base 0.154 0.175 0.169 0.192 0.605 0.287 0.417
Ours 0.120 0.142 0.125 0.146 0.568 0.213 0.215
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4.7 Limitations and Conclusions

In this paper we proposed the decoupling conjecture which helps in understanding

many different structures for the top eigenspace of layer-wise Hessian. Our theory

only applies to the initialization for a 2-layer network. How the property can be

maintained throughout training is a major open problem. However, the implications

of the decoupling conjecture can be verified empirically. Having such a conjecture

allows us to predict how the structure of the Hessian changes based on architec-

ture/training method (such as batch normalization), and has potential applications

in understanding training and generalization (as we demonstrated by the new gen-

eralization bounds in Section 4.6). We hope this work would be a starting point

towards formally proving the structures of neural network Hessians.
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5

Learning-to-Learn for Tuning the Step Size

In this chapter, we study learning-to-learn, which is a commonly-used heuristic for

choosing the parameters for the training algorithms of deep neural networks. These

parameters can have large influence on the performance of the trained model, but the

selection of a proper set of parameters usually requires trial-and-error approaches.

Learning-to-learn formalizes the selection of these parameters as a machine learning

problem and runs meta-gradient descent on a meta-objective to learn the parameters

automatically. To understand and provide theoretical insights for learning-to-learn,

we in this chapter work in a simple setting – choosing the step size for a quadratic

objective. Under this setting, we give meta-optimization guarantees for the learning-

to-learn approach.

Our results show that the näıve objective suffers from meta-gradient explosion or

vanishing problem. Although there is a way to design the meta-objective so that the

meta-gradient remains polynomially bounded, computing the meta-gradient directly

using backpropagation leads to numerical issues. We also characterize when it is

necessary to compute the meta-objective on a separate validation set to ensure the
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generalization performance of the learned optimizer. Finally, we verify our results

empirically and show that a similar phenomenon appears even for more complicated

learned optimizers parametrized by neural networks.

5.1 Introduction

Choosing the right optimization algorithm and related hyper-parameters is impor-

tant for training a deep neural network. Even for simple algorithms like gradient

descent and stochastic gradient descent, choosing a good step size can be important

to the convergence speed and generalization performance. Empirically, the parame-

ters are often chosen based on past experiences or grid search. Recently, Maclaurin

et al. (2015) considered the idea of tuning these parameters by optimization—that is,

consider a meta-optimization problem where the goal is to find the best parameters

for an optimizer. A series of works (e.g., Andrychowicz et al. (2016); Wichrowska

et al. (2017)) extended such ideas and parametrized the set of optimizers by neural

networks.

Although this approach has shown empirical success, there are very few theoret-

ical guarantees for learned optimizers. Gupta and Roughgarden (2017) gave sample

complexity bounds for tuning the step size, but they did not address how one can

find the learned optimizer efficiently. In practice, the meta-optimization problem is

often solved by meta-gradient descent—define a meta-objective function based on the

trajectory that the optimizer generates, and then compute the meta-gradient using

back-propagation (Franceschi et al., 2017). The optimization for meta-parameters

is usually a nonconvex problem, therefore it is unclear why simple meta-gradient

descent would find an optimal solution.

In this paper we consider using learning-to-learn approach to tune the step size
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of standard gradient descent/stochastic gradient descent algorithm. Even in this

simple setting, many of the challenges still remain and we can get better learned

optimizers by choosing the right meta-objective function. Though our results are

proved only in the simple setting, we empirically verify the results using complicated

learned optimizers with neural network parametrizations.

5.1.1 Our Results

In this paper we focus on two basic questions on learning-to-learn for gradient descent

optimizer. First, will the meta-gradient explode/vanish and is there a way to fix the

problem? Second, how could we guarantee that the learned optimizer has good

generalization properties?

Our first result shows that meta-gradient can explode/vanish even for tuning the

step size for gradient descent on a simple quadratic objective. In this setting, we

show that there is a unique local and global minimizer for the step size, and we also

give a simple way to get rid of the gradient explosion/vanishing problem.

Theorem 5.1.1 (Informal version of Theorem 5.3.1 and Theorem 5.3.2). For tun-

ing the step size of gradient descent on a quadratic objective, if the meta-objective

is the loss of the last iteration, then the meta-gradient will explode/vanish. If the

meta-objective is the log of the loss of the last iteration, then the meta-gradient is

polynomially bounded. Further, doing meta-gradient descent with a meta step size

of 1{
?
k (where k is the number of meta-gradient steps) provably converges to the

optimal step size for the inner-optimizer.

Surprisingly, even though taking the log of the objective solves the meta-gradient

explosion/vanishing problem, one cannot simply implement such an algorithm using

back-propagation (which is standard in auto-differentiation tools such as those used
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in TensorFlow (Abadi et al., 2016)). The reason is that even though the meta-

gradient is polynomially bounded, back-propagation algorithm will compute the

meta-gradient as the ratio of two exponentially large/small numbers, which causes

numerical issues. Detailed discussion for the first result appears in Section 5.3.

Our second result shows that defining meta-objective on the same training set

(later referred to as the “train-by-train” approach) could lead to overfitting; while

defining meta-objective on a separate validation set (“train-by-validation”, see Metz

et al. (2019)) can solve this issue. We consider a simple least squares setting where

y “ xw˚yx ` ξ and ξ „ N p0, σ2q. We show that when the number of samples is

small and the noise is large, it is important to use train-by-validation; while when

the number of samples is much larger train-by-train can also learn a good optimizer.

Theorem 5.1.2 (Informal version of Theorem 5.4.1 and Theorem 5.4.2). For a least

squares problem in d dimensions, if the number of samples n is a constant fraction

of d (e.g., d{2), and the samples have large noise, then the train-by-train approach

performs much worse than train-by-validation. On the other hand, when the number

of samples n is large, train-by-train can get close to error dσ2{n, which is optimal.

We discuss the details in Section 5.4. In Section 5.5 we show that such obser-

vations also hold empirically for more complicated learned optimizers—an optimizer

parametrized by a neural network.

5.1.2 Related Work

Learned optimizer The idea of learning an optimizer has appeared in early works

decades ago (Bengio et al., 1990, 1992; Hochreiter et al., 2001). Recently, with the

rise of deep learning, researchers started to consider more complex optimizers on

more challenging tasks. One line of research views the optimizer as a policy and
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apply reinforcement learning techniques to train it (Li and Malik, 2016, 2017; Bello

et al., 2017). The other line of papers use gradient descent on the meta-objective to

update the optimizer parameters (Maclaurin et al., 2015; Andrychowicz et al., 2016;

Lv et al., 2017; Wichrowska et al., 2017; Metz et al., 2019).

Mostly relevant to our work, Metz et al. (2019) highlighted several challenges

in the meta-optimization for learning-to-learn approach. First, they observed the

meta-gradient exploding/vanishing issue and proposed to use a gradient estimator

for a variational meta-objective. They also observed that train-by-train approach

can overfit the training tasks while train-by-validation generalizes well.

Data-driven algorithm design In data-driven algorithm design, we aim to find an algo-

rithm that works well on a particular distribution of tasks. Gupta and Roughgarden

(2017) first modeled this algorithm-selection process as a statistical learning problem.

In particular, they analyzed the sample complexity of choosing the step size for gra-

dient descent. But they didn’t consider the meta-optimization problem. They also

restricted the step size into a small range so that gradient descent is guaranteed to

converge on every task. We don’t have such a restriction and allow the meta-learning

to choose a more aggressive step size.

Following the work by Gupta and Roughgarden (2017), data-driven algorithms

have been studied in many problems, including partitioning and clustering (Balcan

et al., 2016a), tree search (Balcan et al., 2018b), pruning (Alabi et al., 2019) and

machanism design (Morgenstern and Roughgarden, 2015, 2016; Balcan et al., 2016b,

2018a).

Step size schedule for GD/SGD Shamir and Zhang (2013) showed that SGD with

polynomial step size scheduling can almost match the minimax rate in convex non-
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smooth settings, which was later tightened by Harvey et al. (2018) for standard

step size scheduling. Assuming that the number of training steps is known to the

algorithm, the information-theoretically optimal bound in convex non-smooth setting

was later achieved by Jain et al. (2019) which used another step size schedule, and

Ge et al. (2019) showed that exponentially decaying step size scheduling can achieve

near optimal rate for least squares regression.

A closely related paper that appeared later than our work also studied the com-

parison between train-by-train and train-by-validation (Bai et al., 2020). They con-

sidered a very different meta-learning problem, where the goal is to find the best

common initialization for adapting to a linear predictor on each task. They proved

train-by-train can work better than train-by-validation in the noiseless setting.

5.2 Preliminaries

In this section, we first introduce some notations, then formulate the learning-to-learn

framework.

5.2.1 Notations

For any integer n, we use rns to denote t1, 2, ¨ ¨ ¨ , nu. We use }¨} to denote the `2

norm for a vector and the spectral norm for a matrix. We use x¨y ¨ to denote the inner

product of two vectors. For a symmetric matrix A P Rdˆd, we denote its eigenvalues

as λ1pAq ě ¨ ¨ ¨ ě λdpAq. We denote the d-dimensional identity matrix as Id or simply

as I when the dimension is clear. We use Op¨q,Ωp¨q,Θp¨q to hide constant factor

dependencies. We use polyp¨q to represent a polynomial on the relevant parameters

with constant degree.
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5.2.2 Learning-to-Learn Framework

We consider the learning-to-learn approach applied to training a distribution of learn-

ing tasks. Each task is specified by a tuple pD, Strain, Svalid, `q. Here D is a distribution

of samples in X ˆY , where X is the domain for the sample and Y is the domain for

the label/value. The sets Strain and Svalid are samples generated independently from

D, which serve as the training and validation set (the validation set is optional).

The learning task looks to find a parameter w P W that minimizes the loss function

`pw, x, yq : W ˆ X ˆ Y Ñ R, which gives the loss of the parameter w for sample

px, yq. The training loss for this task is

pfpwq :“
1

|Strain|

ÿ

px,yqPStrain

`pw, x, yq,

while the population loss is fpwq :“ Epx,yq„Dr`pw, x, yqs.

The goal of inner-optimization is to minimize the population loss fpwq. For the

learned optimizer, we consider it as an update rule up¨q on weight w. The update

rule is a parameterized function that maps the weight at step τ and its history to

the step τ `1 : wτ`1 “ upwτ ,∇ pfpwτ q,∇ pfpwτ´1q, ¨ ¨ ¨ ; θq. In most parts of this paper,

we consider the update rule u as gradient descent mapping with step size as the

trainable parameter (here θ “ η which is the step size for gradient descent). That

is, upw; ηq “ w ´ η∇ pfpwq for gradient descent and upw; ηq “ w ´ η∇w`pw, x, yq

for stochastic gradient descent where px, yq is a sample randomly chosen from the

training set Strain.

In the outer (meta) level, we consider a distribution T of tasks. For each task

P „ T , we can define a meta-loss function ∆pθ, P q. The meta-loss function measures

the performance of the optimizer on this learning task. The meta-objective, for
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example, can be chosen as the target training loss pf at the last iteration (train-by-

train), or the loss on the validation set (train-by-validation).

The training loss for the meta-level is the average of the meta-loss across m

different specific tasks P1, P2, ..., Pm, that is,

pF pθq “
1

m

m
ÿ

i“1

∆pθ, Pkq.

The population loss for the meta-level is the expectation over all the possible specific

tasks F pθq “ EP„T r∆pθ, P qs.

In order to train an optimizer by gradient descent, we need to compute the gra-

dient of meta-objective pF in terms of meta parameters θ. The meta parameter is

updated once after applying the optimizer on the inner objective t times to generate

the trajectory w0, w1, ..., wt. The meta-gradient is then computed by unrolling the

optimization process and back-propagating through the t applications of the opti-

mizer.

5.3 Alleviating Gradient Explosion/Vanishing Problems

First we consider the meta-gradient explosion/vanishing problem. More precisely,

we say the meta-gradient explodes/vanishes if it is exponentially large/small with

respect to the number of steps t of the inner-optimizer.

In this section, we consider a simple instance of the learning-to-learn approach,

where the distribution T only contains a single task P , and the task also just defines

a single loss function f 1. Therefore, in this section pF pηq “ F pηq “ ∆pη, P q. We will

simplify notation and only use pF pηq.

1 In the notation of Section 5.2, one can think that D contains a single point p0, 0q and the loss
function fpwq “ `pw, 0, 0q.
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The inner task P is a simple quadratic problem, where the starting point is fixed

at w0 with unit norm, and the loss function is fpwq “ 1
2
wJHw for some fixed positive

definite matrix H P Rdˆd.

Let twτ,ηu
t
τ“0 be the GD sequence running on fpwq starting from w0 with step

size η. We consider two ways of defining meta-objective: using the loss of the last

point directly or using the log of this value. We first show that although choosing

pF pηq “ fpwt,ηq does not have any bad local optimal solution, it has the meta-gradient

explosion/vanishing problem. We use pF 1pηq to denote the derivative of pF in η.

In the analysis, we use eigen-decomposition to transform H into a diagonal ma-

trix. We introduce related notations here: suppose the eigenvalue decomposition of

H is
řd
i“1 λiuiu

J
i . We denote L :“ λ1pHq and α :“ λdpHq as the largest and smallest

eigenvalues of H. For each i P rds, let ci be xw0yui and let cmin be minp|c1|, |cd|q. We

assume cmin ą 0 and L ą α for simplicity2.

Theorem 5.3.1. Let the meta-objective be pF pηq “ fpwt,ηq, we know pF pηq is a strictly

convex function in η with an unique minimizer. However, for any step size 0 ă η ă

2{L,

| pF 1pηq| ď tL2 maxp|1´ ηα|2t´1, |1´ ηL|2t´1
q;

for any step size η ą 2{L,

| pF 1pηq| ě c2
1L

2tpηL´ 1q2t´1
´ L2t.

Note that in Theorem 5.3.1, when 0 ă η ă 2{L, | pF 1pηq| is exponentially small

because |1´ ηα|, |1´ ηL| ă 1 ; when η ą 2{L, | pF 1pηq| is exponentially large because

ηL ´ 1 ą 1. The strict convexity of pF pηq is proved by showing the second order

2 If w0 is uniformly sampled from the unit sphere, with high probability cmin is at least Ωp1{
?
dq;

if H is XXJ with X P Rdˆ2d as a random Gaussian matrix, with constant probability, both α and
L´ α are at least Ωpdq.
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derivative of pF pηq is positive; the upper and lower bounds of pF 1pηq follows from

direct calculation.

Intuitively, gradient explosion/vanishing happens because the meta-objective be-

comes too small or too large. A natural idea to fix the problem is to take the log of

the meta-objective to reduce its range. If we choose pF pηq “ 1
t

log fpwt,ηq, we have

Theorem 5.3.2. Let the meta-objective be pF pηq “ 1
t

log fpwt,ηq. We know pF pηq has

a unique minimizer η˚ and pF 1pηq “ O
´

L3

c2minαpL´αq

¯

for all η ě 0. Let tηku be the GD

sequence running on pF with meta step size µk “ 1{
?
k. Suppose the starting step size

η0 ď M. Given any 1{L ą ε ą 0, there exists k1 “ M6

ε2
polyp 1

cmin
, L, 1

α
, 1
L´α

q such that

for all k ě k1, |ηk ´ η
˚| ď ε.

For convenience, in the above algorithmic result, we reset η to zero once η goes

negative (this corresponds to doing a projected gradient descent on η under constraint

η ě 0). We give a proof sketch of Theorem 5.3.2 in Section 5.3.1.

Surprisingly, even though we showed that the meta-gradient is well-behaved, it

cannot be effectively computed by doing back-propagation due to numerical issues.

More precisely:

Corollary 5.3.3. If we choose the meta-objective as pF pηq “ 1
t

log fpwt,ηq, when

computing the meta-gradient using back-propagation, there are intermediate results

that are exponentially large/small in number of inner-steps t.

If we use back-propagation to compute pF 1pηq, we need to separately compute the

numerator and denominator in Eqn. (5.1), which are exponentially large or small

as we showed in Theorem 5.3.1. Indeed, in Section 5.5 we empirically verify that

standard auto-differentiation tools can fail in this setting. In contrast, the meta

training succeeds if we use the formula derived in Section 5.3.1 (Eqn. (5.2)). This
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suggests that one should be more careful about using standard back-propagation in

the learning-to-learn approach. The proofs of the results in this section are deferred

into Appendix D.1.

5.3.1 Proof Sketch of Theorem 5.3.2

Throughout the proof, we work in the eigenspace of H which reduces the problem

to having a diagonal matrix H. The proof goes in three steps:

• Claim 5.3.4 shows that the meta-objective pF has a unique minimizer η˚ and

the minus meta-gradient always points to the minimizer.

• Claim 5.3.5 shows meta-gradient pF 1pηq never explodes.

• Claim 5.3.6 shows meta-gradient is large when η is far from η˚.

Claim 5.3.4. The meta-objective pF has only one stationary point that is also its

unique minimizer η˚. For any η P r0, η˚q, pF 1pηq ă 0 and for any η P pη˚,8q,

pF 1pηq ą 0.

The lemma follows from a direct calculation pF 1pηq:

pF 1pηq “
´2

řd
i“1 c

2
iλ

2
i p1´ ηλiq

2t´1

řd
i“1 c

2
iλip1´ ηλiq

2t
. (5.1)

Claim 5.3.4 is proved by noticing that the denominator in pF 1pηq is always positive

and the numerator is strictly increasing in η. Next, we show the meta derivative is

polynomially upper bounded.

Claim 5.3.5. For any η P r0,8q, we have | pF 1pηq| ď 4L3

c2minαpL´αq
.

To prove this claim we observe that the numerator and denominator are both

polynomially bounded once we divide them by a common factor, which is p1´ ηαq2t
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when η P r0, 2
α`L

s. More precisely we have when η P r0, 2
α`L

s

ˇ

ˇ

ˇ

pF 1pηq
ˇ

ˇ

ˇ
“ 2

ˇ

ˇ

ˇ

řd
i“1

c2i λ
2
i

1´ηα
p

1´ηλi
1´ηα

q2t´1
ˇ

ˇ

ˇ

c2
dα `

řd´1
i“1 c

2
iλip

1´ηλi
1´ηα

q2t
ď

2
řd
i“1 c

2
iλ

2
i

c2
dαp1´ ηαq

. (5.2)

This leads to the claimed bounds based on our assumptions. The case when η is

large is similar. Finally, we show the meta-gradient is lower bounded if η is away

from η˚ and is not too large. The proof follows from a similar calculation as above.

Claim 5.3.6. Given xM ě 2{α and 1{L ą ε ą 0, for any η P r0, η˚´ εsY rη˚` ε,xM s,

we have |F 1pηq| ě 2εc2
min min

´

α3

L
, 1
xM2

¯

.

With the above three claims, we are ready to sketch the proof of Theorem 5.3.2.

Due to Claim 5.3.4, we know the minus meta-gradient always points to the minimizer

η˚. This alone is not sufficient to prove the convergence result because the iterates

might significantly overshoot the minimizer if | pF 1| is too large or the iterates might

converge very slowly if | pF 1| is too small. Fortunately, these two problematic cases

can be excluded by Claim 5.3.5 and Claim 5.3.6.

5.4 Generalization for Trained Optimizer

Next we consider the generalization ability of simple trained optimizers. In this

section we consider a simple family of least squares problems. Let T be a distribution

of tasks where every task pDpw˚q, Strain, Svalid, `q is determined by a parameter w˚ P

Rd that is sampled uniformly at random from the unit sphere. For each individual

task, px, yq „ Dpw˚q is generated by first choosing x „ N p0, Idq and then computing

y “ xw˚yx ` ξ where ξ „ N p0, σ2q with σ ě 1. The loss function `pw, x, yq is just

the squared loss `pw, x, yq “ 1
2
py ´ xwyxq2. That is, the tasks are just standard

least-squares problems with ground-truth equal to w˚ and noise level σ2.

99



We consider two different ways to define the meta-objective.

Train-by-train: In the train-by-train setting, the training set Strain contains n in-

dependent samples, and the meta-loss function is chosen to be the training loss.

That is, in each task P , we first choose w˚ uniformly at random, then generate

px1, y1q, ..., pxn, ynq as the training set Strain. The meta-loss function ∆TbT pnqpη, P q is

defined to be

∆TbT pnqpη, P q “
1

2n

n
ÿ

i“1

pyi ´ xwt,ηyxiq
2.

Here wt,η is the result of running t iterations of gradient descent starting from

point 0 with step size η. Note we truncate a sequence and declare the meta loss is

high once the weight norm exceeds certain threshold3. We can safely do this because

we assume the ground truth weight w˚ has unit norm, so if the weight norm is too

high, it means the inner training has diverged and the step size is too large.

As before, the empirical meta-objective in train-by-train setting is the average of

the meta-loss across m different specific tasks P1, P2, ..., Pm, that is,

pFTbT pnqpηq “
1

m

m
ÿ

k“1

∆TbT pnqpη, Pkq. (5.3)

Train-by-validation: In the train-by-validation setting, the specific tasks are gener-

ated by sampling n1 training samples and n2 validation samples for each task, and

the meta-loss function is the validation loss. That is, in each specific task P , we first

choose w˚ uniformly at random, then generate px1, y1q, ..., pxn1 , yn1q as the training

set Strain and px11, y
1
1q, ..., px

1
n2
, y1n2

q as the validation set Svalid. The meta-loss function

3 Specifically, if at the τ -th step }wτ,η} ě 40σ, we freeze the training on this task and set wτ 1,η “

40σu for all τ ď τ 1 ď t, for some arbitrary vector u with unit norm. Setting the weight to a large
vector is just one way to declare the loss is high.
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∆TbV pn1,n2qpη, P q is defined to be

∆TbV pn1,n2qpη, P q “
1

2n2

n2
ÿ

i“1

py1i ´ xwt,ηyx
1
iq

2.

Here again wt,η is the result of running t iterations of the gradient descent on the

training set starting from point 0, and we use the same truncation as before. The

empirical meta-objective is defined as

pFTbV pn1,n2qpηq “
1

m

m
ÿ

k“1

∆TbV pn1,n2qpη, Pkq, (5.4)

where each Pk is independently sampled according to the described procedure.

We first show that when the number of samples is small (in particular n ă d)

and the noise is a large enough constant, train-by-train can be much worse than

train-by-validation, even when n1 ` n2 “ n (the total number of samples used in

train-by-validation is the same as in train-by-train)

Theorem 5.4.1. Let pFTbT pnqpηq and pFTbV pn1,n2qpηq be as defined in Equation (5.3)

and Equation (5.4) respectively. Assume n, n1, n2 P rd{4, 3d{4s. Assume noise level

σ is a large constant c1. Assume unroll length t ě c2, number of training tasks

m ě c3 logpmtq and dimension d ě c4 logpmtq for certain constants c2, c3, c4. With

probability at least 0.99 in the sampling of training tasks, we have

η˚train “ Θp1q and E
∥∥∥wt,η˚train ´ w˚∥∥∥2

“ Ωp1qσ2,

for all η˚train P arg minηě0
pFTbT pnqpηq;

η˚valid “ Θp1{tq and E
∥∥∥wt,η˚valid ´ w˚∥∥∥2

“ ‖w˚‖2
´ Ωp1q
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for all η˚valid P arg minηě0
pFTbV pn1,n2qpηq. In both equations the expectation is taken

over new tasks.

In Theorem 5.4.1, wt,η˚train
and wt,η˚valid

are the results obtained on the new task

and w˚ is the ground truth of the new task. If σ is a large enough constant, we know

E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

is larger than E
∥∥∥wt,η˚valid

´ w˚
∥∥∥2

by some constant. The probability

0.99 is an arbitrary number, which can be replaced by any constant smaller than 1.

Note that in this case, the number of samples n is smaller than d, so the least

square problem is under-determined and the optimal training loss would go to 0 (there

is always a way to simultaneously satisfy all n equations). This is exactly what train-

by-train would do—it will choose a large constant learning rate which guarantees the

optimizer converges exponentially to the empirical risk minimizer (ERM)4. However,

when the noise is large making the training loss go to 0 will overfit to the noise and

hurt the generalization performance. In contrast, train-by-validation will choose a

smaller learning rate which allows it to leverage the signal in the training samples

without overfitting to noise.

We separately give a proof sketch for the train-by-train setting and train-by-

validation setting in Section 5.4.1 and Section 5.4.2, respectively. The detailed proof

of Theorem 5.4.1 is deferred to Appendix D.2. We also prove similar results for SGD

in Appendix D.4

We emphasize that neural networks are often over-parameterized, which corre-

sponds to the case when d ą n. Therefore in order to train neural networks, it is

usually better to use train-by-validation. On the other hand, we show when the

number of samples is large (n " d), train-by-train can also perform well.

4 In an under-determined problem, there are actually multiple ERM solutions. Here, we focus on
the unique ERM solution in the span of training data. This is also the solution that GD converges
to when the initialization is 0.
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Theorem 5.4.2. Let pFTbT pnqpηq be as defined in Equation (5.3). Assume noise level

is a constant c1. Given any 1 ą ε ą 0, assume training set size n ě cd
ε2

log
`

nm
εd

˘

, unroll

length t ě c2 log
`

n
εd

˘

, number of training tasks m ě c3n2

ε4d2 log
`

tnm
εd

˘

and dimension

d ě c4 for certain constants c, c2, c3, c4. With probability at least 0.99 in the sampling

of training tasks, we have

E
∥∥∥wt,η˚train ´ w˚∥∥∥2

ď p1` εq
dσ2

n
,

for all η˚train P arg minηě0
pFTbT pnqpηq, where the expectation is taken over new tasks.

Therefore if the learning-to-learn approach is applied to a traditional optimization

problem that is not over-parameterized, train-by-train can work well. In this case,

the empirical risk minimizer (ERM) already has good generalization performance,

and train-by-train optimizes the convergence towards the ERM. We defer the proof

of Theorem 5.4.2 into Appendix D.3.

5.4.1 Proof Sketch for Train-by-Train

In this section, we will give a proof sketch for the first half of Theorem 5.4.1 (train-

by-train with small number of samples). At the end of this section, we will briefly

discuss the proof of Theorem 5.4.2 (train-by-train with large number of samples).

For convenience, we denote pFTbT as the empirical meta-objective and FTbT as the

population meta-objective. We implicit assume the conditions in Theorem 5.4.1 hold

in the following lemmas.

Our meta-optimization problem works on a distribution of tasks. Since different

tasks can have different smoothness condition, it’s possible that under the same step

size, the inner training converges on some tasks, but diverges on others. One way to

avoid this issue is to restrict the step size into a small range under which the inner
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training converges on all tasks (Gupta and Roughgarden, 2017). But this is too

conservative and may lead to suboptimal step size. Instead, we allow any positive

step size and truncate the inner training if the weight norm goes too large. This

approach resolves the diverging issues and also allow the meta-learning algorithm to

choose a more aggressive step size. As we explain later, this brings some technical

challenges into our proof.

In order to prove E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

is large, we only need to show the popula-

tion meta-objective FTbT pη
˚
trainq is small. This is because FTbT pη

˚
trainq measures the

distance between wt,η˚train
and the ERM solution while ERM solution is far from w˚.

Since η˚train minimizes the empirical meta-objective, we know pFTbT pη
˚
trainq is small.

Thus we only need to show FTbT and pFTbT are similar. This is easy to prove for small

step sizes when the inner training always converges, but is difficult when the inner

training can diverge and gets truncated. To address this problem we break the step

size into three intervals separated by 1{L and rη (L is a large constant that bounds

the smoothness on all tasks). Intuitively, when η ď 1{L almost all inner training

converges and larger step size leads to faster convergence and smaller pFTbT ; on the

other hand, when η ą rη, we show pFTbT pηq is always large so the minimizer of pFTbT

cannot be in this region. Therefore, the optimal step size must be in r1{L, rηs. We

only need to prove in the interval r1{L, rηs the empirical meta-objective pFTbT is close

to the population meta-objective FTbT . This proof is still nontrivial since the inner

training can still diverge on a small fraction of sampled tasks.

We first show that for η P r0, 1{Ls, the empirical meta-objective pFTbT strictly

decreases as η increases and pFTbT is exponentially small in t at step size 1{L.

Lemma 5.4.3. With probability at least 1´m expp´Ωpdqq, pFTbT pηq is monotonically
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decreasing in r0, 1{Ls and

pFTbT p1{Lq ď 2L2σ2

ˆ

1´
1

L2

˙t

.

Next we show that the minimizer cannot be larger than rη for suitably chosen rη

(see the precise definition in the appendix). Intuitively, this is because when η is

too large the inner-optimizer would diverge on a significant fraction of the sampled

tasks.

Lemma 5.4.4. With probability at least 1´ expp´Ωpmqq,

pFTbT pηq ě
σ2

10L8

for all η ą rη.

By Lemma 5.4.3 and Lemma 5.4.4, we know when t is large enough, the optimal

step size η˚train must lie in r1{L, rηs. We can also show 1{L ă rη ă 3{L, so η˚train is a

constant. To relate the empirical loss at η˚train to the population loss, we prove the

following uniform convergence result when η P r1{L, rηs.

Lemma 5.4.5. With probability at least 1´m expp´Ωpdqq ´Opt`mq expp´Ωpmqq,

|FTbT pηq ´ pFTbT pηq| ď
σ2

L3
,

for all η P r1{L, rηs.

The proof of this Lemma involves constructing special ε-nets for FTbT and pFTbT

and showing that for each fixed η, |FTbT pηq ´ pFTbT pηq| is small with high probability

using concentration inequalities.
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Combining the above lemmas, we know the population meta-objective FTbT is

small at η˚train, which means wt,η˚train
is close to the ERM solution. Since the ERM

solution overfits to the noise in the training samples, we know E
›

›

›
wt,η˚train

´ w˚
›

›

›
has

to be large.

Train-by-train with large number of samples: The proof of Theorem 5.4.2 follows the

same strategy as above. We prove that under the optimal step size η˚train, wt,η˚train

converges to the ERM solution. But with more samples, the ERM solution wERM

becomes closer to the ground truth w˚. More precisely, we can prove E‖wERM ´ w
˚‖2

is roughly dσ2

n
, which leads to the bound in Theorem 5.4.2.

5.4.2 Proof Sketch for Train-by-Validation

In this section, we give a proof sketch for the second half of Theorem 5.4.1. We denote

pFTbV as the empirical meta-objective and FTbV as the population meta-objective.

The overall proof strategy is similar as before: we will show the empirical meta-

objective is high when the step size is beyond certain threshold, and only prove

generalization result for step sizes below this threshold. Under the train-by-validation

meta-objective, the optimal step size η˚valid is in order Θp1{tq. So we will choose a

smaller threshold step size to be 1{L.

When η ă 1{L, we show that the learned signal is linear in ηt while the fitted

noise is quadratic in ηt. So there exists certain step size in the order Θp1{tq such that

our model can leverage the signal in the training set without overfitting the noise.

More precisely, we prove the following lemma.
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Lemma 5.4.6. There exist η1, η2, η3 “ Θp1{tq with η1 ă η2 ă η3 such that

FTbV pη2q ď
1

2
‖w˚‖2

´
9

10
C `

σ2

2

FTbV pηq ě
1

2
‖w˚‖2

´
6

10
C `

σ2

2
, @η P r0, η1s Y rη3, 1{Ls

where C is a positive constant.

We then show whenever η is large, either the gradient descent diverges and the

sequence gets truncated or it converges and overfits the noise. In both cases, the

meta-objective must be high.

Lemma 5.4.7. With probability at least 1´ expp´Ωpmqq,

pFTbV pηq ě C 1σ2
`

1

2
σ2,

for all η ě 1{L, where C 1 is a positive constant independent with σ.

To relate the behavior of FTbV to the behavior of pFTbV , we prove the follow-

ing uniform convergence result for step sizes in r0, 1{Ls. The proof is similar as in

Lemma 5.4.5.

Lemma 5.4.8. With probability at least 1´Op1{εq expp´Ωpε2mqq,

| pFTbV pηq ´ FTbV pηq| ď ε,

for all η P r0, 1{Ls.

By choosing a small enough ε in Lemma 5.4.8, we ensure that the behavior of

pFTbV is similar as that of FTbV in Lemma 5.4.6. Combing with Lemma 5.4.7, we

know η˚valid “ Θp1{tq and FTbV pη
˚
validq ď

1
2
‖w˚‖2

` 1
2
σ2 ´ Ωp1q. This concludes our

proof since FTbV pηq “
1
2
E‖wt,η ´ w˚‖2

` 1
2
σ2.

107



0 100 200 300

Meta steps

0

0.2

0.4

Ours

Tensorflow

Figure 5.1: Meta training trajectory for η (t “ 80, η0 “ 0.1).

5.5 Experiments

In this section, we give experiment results on both synthetic data and realistic data

to verify our theory.5

Optimizing step size for quadratic objective We first validate the results in Section 5.3.

We fixed a 20-dimensional quadratic objective as the inner problem and vary the

number of inner steps t and initial value η0. We compute the meta-gradient directly

using the formula in Eqn. (5.2). In this way, we avoid the computation of expo-

nentially small/large intermediate terms. We use the algorithm suggested in Theo-

rem 5.3.2, except we choose the meta-step size to be 1{p100
?
kq as the constants in

the theorem were not optimized.

An example training curve of η for t “ 80 and η0 “ 0.1 is shown in Figure 5.1,

and we can see that η converges quickly within 300 steps. Similar convergence also

holds for larger t or larger initial η0. In contrast, we also implemented the meta-

training with Tensorflow, where the code was adapted from the previous work of

Wichrowska et al. (2017). Experiments show that in many settings (especially with

large t and large η0) the implementation does not converge. In Figure 5.1, under

the TensorFlow implementation, the step size is stuck at the initial value throughout

5 Our code is available at https://github.com/Kolin96/learning-to-learn.
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the meta training because the meta-gradient explodes and gives NaN value. More

details can be found in Appendix D.6.

Train-by-train vs. train-by-validation, synthetic data Here we validate our theoretical

results in Section 5.4 using the least-squares model defined there. We fix the input

dimension d to be 1000.

In the first experiment, we fix the size of the data (n “ 500 for train-by-train,

n1 “ n2 “ 250 for train-by-validation). Under different noise levels, we find the

optimal η˚ by a grid search on its meta-objective for train-by-train and train-by-

validation settings respectively. We then use the optimal η˚ found in each of these

two settings to test on 10 new least-squares problem. The mean RMSE, as well as

its range over the 10 test cases, are shown in Figure 5.2. We can see that for all

of these cases, the train-by-train model overfits easily, while the train-by-validation

model performs much better and does not overfit. Also, when the noise becomes

larger, the difference between these two settings becomes more significant.
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Figure 5.2: Training and testing RMSE for different σ values (500 samples)

In the next experiment, we fix σ “ 1 and change the sample size. For train-by-

validation, we always split the samples evenly into training and validation set. From

Figure 5.3, we can see that the gap between these two settings is decreasing as we

use more data, as expected by Theorem 5.4.2.
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Figure 5.3: Training and testing RMSE for different samples sizes (σ “ 1)

Train-by-train vs. train-by-validation, MLP optimizer on MNIST Here we consider the

more interesting case of a multi-layer perceptron (MLP) optimizer on MNIST data

set. We use the same MLP optimizer as in Metz et al. (2019), and details of this

optimizer is discussed in Appendix D.6. As the inner problem, we use a two-layer

fully-connected network of 100 and 20 hidden units with ReLU activations. The

inner objective is the classic 10-class cross entropy loss, and we use mini-batches of 32

samples at inner training. In all the following experiments, we use SGD as a baseline

with step size tuned by grid search against validation loss. For each optimizer, we run

5 independent tests and collect training accuracy and test accuracy for evaluation.

The plots show the mean of the 5 tests6.

In Figure 5.4, we show the test accuracy for different optimizers for different

sample size and noise level. In this figure, “TbTx” represents train-by-train approach

with x training samples; “TbVx` y” represents train-by-validation approach with x

training samples and y validation samples. In Figure 5.4(a) the optimizer is applied

to 1000 randomly sub-sampled data (split between training and validation for train-

by-validation); in Figure 5.4(b) we use the same amount of data, except we add

20% label noise; in Figure 5.4(c) we use the whole MNIST dataset without label

6 We didn’t show the measure of the spread because the results of these 5 tests are so close to
each other, such that the range or standard deviation marks will not be readable in the plots.
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noise. Comparing Figure 5.4(a) and (b), we see that when the noise is large train-

by-validation significantly outperforms train-by-train. Figure 5.5 gives the training

accuracy in the same setting as Figure 5.4(b), which clearly shows that train-by-

validation can avoid overfitting to noisy labels. Comparing Figure 5.4(a) and (c), we

see that when the number of samples is large enough there is no significant difference

between train-by-train and train-by-validation.

5.6 Conclusions

In this paper, we have proved optimization and generalization guarantees for tuning

the step size for quadratic loss. From the optimization perspective, we considered

a simple task whose objective is a quadratic function. We proved that the meta-

gradient can explode/vanish if the meta-objective is simply the loss of the last it-

eration; we then showed that the log-transformed meta-objective has polynomially

bounded meta-gradient and can be successfully optimized. To study the generaliza-

tion issues, we considered the least squares problem—when the number of samples

is small and the noise is large, train-by-validation approach generalizes better than

train-by-train; while when the number of samples is large, train-by-train can also

work well.

Although our theoretical results are proved for quadratic loss, this simple set-

ting already yields interesting phenomenons and requires non-trivial techniques to

analyze. We have also verified our theoretical results on an optimizer parameterized

by neural networks and on MNIST dataset. There are still many open problems,

including extending similar analysis to more complicated optimizers, or generalizing

the idea to prevent numerical issues to neural network optimizers. We hope our work

can lead to more theoretical understanding of the learning-to-learn approach.
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(a) 1000 samples, no noise
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(b) 1000 samples, 20% noise
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Figure 5.4: The test accuracy of different optimizers in various settings. Com-
parison between (a) and (b) shows that the advantage of train-by-validation over
train-by-train increases when the samples have more noise; comparison between (a)
and (c) shows that when the number of samples increases, train-by-train gets com-
parable performance as train-by-validation.
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Figure 5.4(b))
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6

Conclusion

Self-supervised representation learning is a paradigm where representations are learned

automatically during pre-training and later used in various downstream tasks. This

thesis presents our explanation of the empirical success of self-supervised representa-

tion learning from two important perspectives. We analyze why the representations

learned during pre-training can benefit downstream tasks. We also study the top

eigenspaces of neural network Hessian and learning-to-learn for step size tuning to

understand the optimization of neural networks.

Our analysis of the performance transfer from pre-training to downstream tasks

is limited to simple or black-box models. A complete understanding of this requires

analyzing more realistic white-box models. There are also many other important

heuristics in neural network optimization that lack enough theoretical understanding.

We believe our framework could potentially be applied there to provide more insights

and inspire new algorithms.
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Appendix A

Supplementary Materials for Chapter 2

A.1 Full Proofs

A.1.1 Proof of Theorem 2.3.2

We first recall the setting of Theorem 2.3.2.

Assumption 2.3.1. Let A P Rdˆp be an arbitrary matrix with unit-norm columns

satisfying p2k, δq-RIP for k “ o
´

d
log p

¯

and δ “ op1q, and suppose σ2
minpAq “ Ωpp{dq.

We assume each measurement y is generated as y „ Az ` ε, where z is a random

vector drawn from an arbitrary probability measure Pz on k-sparse vectors in Rp,

and ε „ N p0, σ2Idq for some σ ą 0.

And now we prove:

Theorem 2.3.2. [Overfitting to Reconstruction Loss] Consider the data-generating

model in Assumption 2.3.1 and define Λpzq to be:

Λpzq “ inftt | Pzpz ě tq ď 1{du. (2.8)
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Then for q “ Ωpp2 maxpdσ2,Λpzq2q{σ2q, there exists a B P Rdˆq such that LpB, kq ď

LpA, kq ´ Ωpkσ2q and dRpA,Bq “ Ωpσ2q.

Proof. Our proof technique will be to first lower bound the gap LpA, kq ´ LpA, 2kq,

and then to construct a B matrix that closely approximates the 2k-sparse combina-

tions of the columns of A.

From the definition of LpB, kq we have that:

LpA, kq ´ LpA, 2kq “ Ey
„

min
‖pz‖0“k

‖y ´ Apz‖2



´ Ey
„

min
‖pz‖0“2k

‖y ´ Apz‖2



(A.1)

Now let pz˚pyq “ arg min‖pz‖0“k
‖y ´ Apz‖ and S˚ “ supp ppz˚q, and further define:

rzpyq “ arg min
‖pz‖0“k

‖py ´ Apz˚pyqq ´ Apz‖ (A.2)

We will also use rS “ supp przpyqq. For convenience, we will write pz˚ and rz when y is

clear from context. Applying this notation to Equation (A.1) gives:

LpA, kq ´ LpA, 2kq ě Eyr‖y ´ Apz˚‖2
s ´ Eyr‖y ´ Apz˚ ´ Arz‖2

s

“ Eyr2 xy ´ Apz˚, Arzys ´ Eyr‖Arz‖2
s

“ Eyr‖Arz‖2
s (A.3)

Where we obtained the last line above by using the fact that Arz is the orthogonal

projection of y´Apz˚ on to the span of A
rS. Now using the fact that A is p2k, δq-RIP
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we have that:

Eyr‖Arz‖2
s ě p1´ δq2Ey

“

‖rz‖2
‰

ě p1´ δq2Ey
„∥∥∥A`

rS
py ´ Apz˚q

∥∥∥2


ě p1´ δq4Ey
”∥∥AT

rS
py ´ Apz˚q

∥∥2
ı

“ p1´ op1qqEy
”∥∥AT

rS
py ´ Apz˚q

∥∥2
ı

(A.4)

Where above we used the fact that A`
rS
“ pAT

rS
A

rSq
´1AT

rS
and RIP to obtain∥∥∥pAT

rS
A

rSq
´1
∥∥∥
op
ě 1{p1`δq, which led to the penultimate step. It remains to compute

(or lower bound) the expectation in Equation (A.4). Towards this end, we let S

denote a (uniformly) random subset of size k from rps. Then we have that (using

Assumption 2.3.1):

Ey
”∥∥AT

rS
py ´ Apz˚q

∥∥2
ı

ě Ey
”

ES
”∥∥ATS py ´ Apz˚q∥∥2

ıı

“
k

p
Ey

”∥∥AT py ´ Apz˚q∥∥2
ı

ě
k

p
σ2

minpAqEy
“

‖y ´ Apz˚‖2
‰

“ Ω

ˆ

k

d
Ey

“

‖y ´ Apz˚‖2
‰

˙

(A.5)

Now the expectation in Equation (A.5) can be lower bounded in the same vein

as Equation (A.4) (i.e. relying on the RIP property). Below we use S˚2k to denote
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the optimal support for the minimization problem.

Ey
“

‖y ´ Apz˚‖2
‰

“ Ez,ε
„

min
‖pz‖0“k

‖ε´ Appz ´ zq‖2



ě Eε
„

min
‖pz‖0“2k

‖ε´ Apz‖2



“ Eε
“

‖ε‖2
‰

´ 2Eε
”A

A`
S˚2k
ε, ε

Eı

` Eε
„∥∥∥A`S˚2kε∥∥∥2



ě Eε
“

‖ε‖2
‰

´ p1` op1qqEε
„∥∥∥ATS˚2kε∥∥∥2



ě dσ2
´ p1` op1qq2kEε

„

max
iPrps

pATi εq
2



ě dσ2
´O

`

kσ2 log p
˘

“ Ωpdσ2
q (A.6)

Where above we used Lemma A.1.2 since the random variables pATi εq
2 follows a

scaled chi-square distribution with degree of freedom 1, and for the last line we use

k “ o
´

d
log p

¯

. Now putting Equations (A.3)-(A.6) together, we obtain:

LpA, kq ´ LpA, 2kq ě Ωpkσ2
q (A.7)

Given the gap between LpA, kq and LpA, 2kq shown in Equation (A.7), our goal

is now to construct a matrix B such that we can approximate sufficiently large 2k-

sparse combinations of the columns of A via Bpz (where pz is k-sparse). We recall from

standard concentration of measure arguments (see Vershynin (2018a) for details)

that Pp‖ε‖2
ě 2dσ2q ď expp´Ωpdqq. Furthermore, by Assumption 2.3.1, ‖Az‖ ď

Λpzqp1 ` op1qq with probability 1 ´ 1{d. Thus, we only need the columns of B to

approximate Ax for 2-sparse x (since we are interested in Bpz and pz is k-sparse) and

‖Ax‖ ď γ1 maxpσ
?
d,Λpzqq for an appropriately large constant γ1 (as this will imply
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we get the same gap as Equation A.6).

To do this, we can construct ε-nets for each of the following sets (indexed by the

different possible 2-sparse supports S Ă rps):

VS “ tAz | supp pzq “ S, ‖Az‖ ď γ1 maxpσ
?
d,Λpzqqu (A.8)

Since A has p columns, we need Θpp2q such ε-nets. As long as we choose ε “ γ2σ
2

with γ2 a constant, we can approximate 2k-sparse combinations of the columns of A

with error kγ2σ
2 using k-sparse combinations from these nets, which is sufficient for

our purposes given the result of Equation (A.7).

Now let the columns of B be the union of the ε-nets for the sets VS and define

E “ t‖y‖ ď γ1 maxpσ
?
d,Λpzqqu. After choosing γ2 to be sufficiently small, we then

get from Equations (A.3)-(A.7):

LpA, kq ´ LpB, kq ě Ey
“

‖Arz‖2
ˇ

ˇ E
‰

P pEq ´ kγ2σ
2

“ Ωpkσ2
q (A.9)

Noting that the ε-nets for each VS are of size Opmaxpdσ2,Λpzq2q{σ2q from our

choice of ε (once again, refer to Vershynin (2018a) for bounds on the size of ε-nets),

this construction of B requires Opp2 maxpdσ2,Λpzq2q{σ2q columns. As we can choose

these columns to be different from those of A by γ2σ
2 (in norm), we obtain the

desired result.

A.1.2 Proof of Theorem 2.3.6

Again, we first recall the setting of Theorem 2.3.6.

Assumption 2.3.5. Let A P Rdˆp be an arbitrary matrix such that there exists

an M Ă rds with PMA being µ-incoherent with µ ď C{p2k ´ 1q for a universal

constant C ă 1. We assume each measurement y is generated as y „ Az ` ε, where
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rzssupppzq „ N p0, σ2
zIkq with supppzq drawn from an arbitrary probability distribution

over all size-k subsets of rds, and ε „ N p0, σ2Idq for some σ ą 0.

In order to prove Theorem 2.3.6, we will need a result from Cai and Wang (2011),

which we restate below.

Theorem A.1.1 (Theorem 9 in Cai and Wang (2011)). For y „ Az ` ε with ε „

N p0, σ2Iq and A P Rdˆp being µ-incoherent with µ ă 1{p2k ´ 1q, let us define:

S “
#

Ai : i P rps, |zi| ě
2σ
?
k
a

2p1` ηq log p

1´ p2k ´ 1qµ

+

(A.10)

Then OMP (as defined in Algorithm) selects a column from S at each step with

probability at least 1´ 1
pη
?

2 log p
.

Now we may prove:

Theorem 2.3.6. [Benefits of Masking] Consider the data-generating model in As-

sumption 2.3.5. For any non-empty mask M Ă rds such that PMA satisfies the

µ-incoherence condition in the assumption, we have

lim
σzÑ8

´

LmaskpA, k,Mq ´min
B
LmaskpB, k,Mq

¯

“ 0 (2.11)

That is, as the expected norm of the signal Az increases, there exist minimizers B

of Lmask such that dRpA,Bq Ñ 0.
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Proof. We have from the definition of Lmask that:

LmaskpB, k,Mq “ Ez,ε
”∥∥rAzsrdszM ` rεsrdszM ´ rBpzsrdszM

∥∥2
ı

“ Ez,ε
”∥∥rAzsrdszM ´ rBpzsrdszM

∥∥2
ı

` Eε

”∥∥rεsrdszM∥∥2
ı

´ Ez,ε
“@

rBpzsrdszM , rεsrdszM
D‰

“ Ez,ε
”∥∥rAzsrdszM ´ rBpzsrdszM

∥∥2
ı

` pd´ |M |qσ2

“ Ez,ε
”∥∥PrdszMAz ´ PrdszMBpz

∥∥2
ı

` pd´ |M |qσ2 (A.11)

Since rBpzsrdszM is necessarily independent1 of rεsdzM (by the construction of pz).

Now the quantity in Equation A.11 depending on B looks almost identical to the

prediction risk considered in linear regression.

With this in mind, let us define:

RMppyq “ Ez,ε
”∥∥PrdszMAz ´ py

∥∥2
ı

(A.12)

Where py is any estimator that depends only on rysM (i.e. in the interest of brevity

we are omitting writing pyprAz ` εsMq). We can lower bound Equation (A.11) by

analyzing RMppyq:

inf
py
RM “ inf

py
Ez,ε

”∥∥PrdszMAz ´ py
∥∥2
ı

“ inf
py
Ez,ε

„

Ez,ε
”∥∥PrdszMAsupppzqrzssupppzq ´ py

∥∥2
ı

ˇ

ˇ

ˇ

ˇ

supppzq



(A.13)

Equation (A.13) can be lower bounded by considering the infimum over the inner

expectation with respect to estimators py that have access to rAz ` εsM and the

1 There is actually a slight technicality here; we need gOMP to be Borel measurable, which is the
case because it consists of the composition of Borel measurable functions.
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support S˚ “ supppzq. In this case, the Bayes estimator py˚ is:

py˚ “ Ez,ε
„

PrdszMAS˚qrzsS˚

ˇ

ˇ

ˇ

ˇ

PMAS˚rzsS˚ ` rεsM



“ PrdszMAS˚Ez,ε
„

rzsS˚

ˇ

ˇ

ˇ

ˇ

PMAS˚rzsS˚ ` rεsM



(A.14)

Since rzsS˚ „ N p0, σ2
zIkq, we can explicitly compute the conditional expectation in

Equation (A.14). Indeed, it is just the ridge regression estimator:

py˚ “ PrdszMAS˚

ˆ

ΛT
S˚ΛS˚ `

1

σ2
z

Ik

˙´1

ΛT
S˚pPMAS˚rzsS˚ ` rεsMq (A.15)

Where we have set ΛS˚ “ PMAS˚ above to keep notation manageable. Thus, putting

all of the above together we have:

LmaskpB, k,Mq ě RMppy
˚
q ` pd´ |M |qσ2 (A.16)

Now let pyLS be the least squares estimator with access to the support supppzq:

pyLS “ PrdszMAS˚Λ`S˚pPMAS˚rzsS˚ ` rεsMq (A.17)

Then we have RMppyLSq Ñ RMppy
˚q as σ2

z Ñ 8. If we show that RMpPrdszMApzq Ñ

RMppyLSq, then we will be done by Equation (A.16).

Showing this essentially boils down to controlling the error of pz when OMP fails

to recover the true support S˚ (because when it recovers the true support, PrdszMApz

is exactly pyLS). We do this by appealing to Theorem A.1.1.

Recall that rpzsS “ Λ`S rysM , where ΛS “ PMAS with S “ suppppzq being the

support predicted by OMP. Letting pzLS be the vector whose non-zero components

correspond to rpzLSsS˚ “ Λ`S˚rysM , it will suffice to show ‖pzLS ´ pz‖2
Ñ 0 as σz Ñ 8,

since then we will be done due to the fact that
∥∥PrdszMA∥∥op is constant with respect

to σz.
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Now letting rz “ pz ´ Λ`S rεsM (i.e. rz represents the part of the signal z recovered

by OMP), we have:

‖pzLS ´ pz‖2
“

∥∥z ´ rz ` pΛ`S˚ ´ Λ`S qrεsM
∥∥2

ď ‖z ´ rz‖2
`
∥∥pΛ`S˚ ´ Λ`S qrεsM

∥∥2
` 2‖z ´ rz‖

∥∥pΛ`S˚ ´ Λ`S qrεsM
∥∥ (A.18)

We begin by first analyzing ‖z ´ rz‖2. To do so, we introduce the notation rzsU,0

to represent the vector in Rk whose non-zero entries correspond to rzsU for U Ă

rds, |U | ď k. Then we can make use of the following decomposition of ΛS˚rzsS˚ :

ΛS˚rzsS˚ “ ΛSrzsS˚XS,0 ` ΛS˚rzsS˚zS,0 (A.19)

From Equation (A.19) we get:

‖z ´ rz‖2
“

∥∥rzsS˚zS,0 ´ Λ`SΛS˚rzsS˚zS,0
∥∥2

ď
∥∥rzsS˚zS,0∥∥2

`
∥∥pΛT

SΛSq
´1ΛT

SΛS˚rzsS˚zS,0
∥∥2

` 2 max
´∥∥rzsS˚zS,0∥∥2

,
∥∥Λ`SΛS˚rzsS˚zS,0

∥∥2
¯

“
ÿ

iPS˚zS

Opz2
i q (A.20)

where we passed from the penultimate to the last line by using the µ-incoherence of

PMA to control the middle term in the bound. With Equation (A.20) in hand, we

are finally in a position to apply Theorem A.1.1. Let η “ C 1 log σz for a sufficiently

large constant C 1. Now for convenience we define:

γ “
2σ
?
k
a

2p1` ηq log p

1´ p2k ´ 1qµ
(A.21)

which corresponds to the lower bound in Equation (A.10). Using Theorem A.1.1
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with Equation (A.20) we obtain:

Ez,ε
“

‖z ´ rz‖2
‰

ď
ÿ

iPS˚

Ppt|zi| ě γu X ti R SuqOpErz2
i sq ` Pp|zi| ă γqOpγ2

q

“
ÿ

iPS˚

O

ˆ

σ2
z

σC1z
?

log p
`
γ3

σz

˙

(A.22)

And clearly Equation (A.22) goes to 0 as σz Ñ 8. We can apply similar analysis

techniques to the term
∥∥pΛ`S˚ ´ Λ`S qrεsM

∥∥2
in Equation (A.18) as well, but for this

term we can afford to be less precise.

Namely, when S “ S˚, this term is 0. The probability that S ‰ S˚ can be

bounded as:

PpS ‰ S˚q ď O

ˆ

k

σC1z
?

log p

˙

Ppmin
iPS˚

|zi| ě γq

“ O

ˆ

kγk

σC1`kz

?
log p

˙

(A.23)

where again above we used the naive bound for PpminiPS˚ |zi| ě γq (i.e. replacing

the density with 1 and integrating from ˘γ). Now we have:

Ez,ε
”∥∥pΛ`S˚ ´ Λ`S qrεsM

∥∥2
ı

ď PpS ‰ S˚qEz,ε
”∥∥Λ`S˚rεsM

∥∥2
`
∥∥Λ`S rεsM

∥∥2

` 2 max
´∥∥Λ`S˚rεsM

∥∥2
,
∥∥Λ`S rεsM

∥∥2
¯ı

ď PpS ‰ S˚qO

ˆ

kEε
”

max
iPrps

pATi εq
2
ı

˙

ď PpS ‰ S˚qOpkσ2 log pq (A.24)

Putting together Equations (A.22) and (A.24) shows that Equation (A.18) goes to

0 as σz Ñ 8, which proves the result.
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A.1.3 Auxiliary Lemmas

Lemma A.1.2. Let X1, ¨ ¨ ¨ , Xn be n chi-square random variables with 1 degree of

freedom, then

E
„

max
iPrns

Xi



“ Oplog nq.

Proof. We bound the maximum via the moment-generating function.

From Jensen’s inequality, for t P p0, 1
2
q, we have

exp

ˆ

t ¨ E
„

max
iPrns

Xi

˙

ď E
„

exp

ˆ

t ¨max
iPrns

Xi

˙

“ max
iPrns

E
“

etXi
‰

ď

n
ÿ

i“1

E
“

etXi
‰

“ np1´ 2tq´
1
2 .

Setting t “ 1
3

gives us

E
„

max
iPrns

Xi



ď 3 log n´
3

2
log

1

3
“ Oplog nq.
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Appendix B

Supplementary Materials for Chapter 3

B.1 Proof of Theorem 3.3.1

Theorem 3.3.1. Suppose the downstream task performance depends only on a func-

tion f˚px, iq “ xv˚´ipx´iq, u
˚y “

řk
t“1 c

˚
t xv

˚
´ipx´iq, v

˚
t y. For t´ P rks, define p´ :“

p˚pxi “ t´|x´iq, and assume p´ ď 1
2
. Then for all s P R`, there exist func-

tions v´i and tvtu
k
t“1 such that DKLpp

˚pxi|x´iq||ppxi|x´iqq ď 2sp´ and fpx, iq :“

řk
t“1 c

˚
t xv´ipx´iq, vty ď f˚px, iq ´ s ¨ c˚t´.

Proof. We choose v´i and tvktu
r
t“1 such that @x, i, @t P rnsztt´u, xv´ipx´iq, vty “

xv˚´ipx´iq, v
˚
t y. Besides, @x, i, xv´ipx´iq, vt´y “ xv

˚
´ipx´iq, v

˚
t´y ´ s.

From the definition of p´ and t´ we know that

p´ “ p˚pxi “ t´|x´iq “
exp

`

xv˚´i, v
˚
t´y

˘

Z˚px, iq
. (B.1)
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Following our construction of the student model, its partition function satisfies

Zpx, iq “
n
ÿ

j“1

exppxv´i, vjyq (B.2)

ą
ÿ

j‰t´

exp
`

xv˚´i, v
˚
j y
˘

“ Z˚px, iq ´ exp
`

xv˚´i, v
˚
t´y

˘

“ p1´ p´qZ˚px, iq. (B.3)

Besides,

Zpx, iq “
n
ÿ

j“1

exppxv´i, vjyq ă
n
ÿ

j“1

exp
`

xv˚´i, v
˚
j y
˘

“ Z˚px, iq. (B.4)

Therefore,

@j ‰ t´,
p˚pxi “ j|x´iq

ppxi “ j|x´iq
“

exppxv˚´i,v
˚
j yq

Z˚px,iq

exppxv˚´i,v
˚
j yq

Zpx,iq

“
Zpx, iq

Z˚px, iq
. (B.5)

p˚pxi “ t´|x´iq

ppxi “ t´|x´iq
“

exppxv˚´i,v
˚
j yq

Z˚px,iq

exppxv˚´i,v
˚
j y´rq

Zpx,iq

“
Zpx, iq

Z˚px, iq
¨ es. (B.6)

Thus,

DKLpp
˚
pxi|x´iq||ppxi|x´iqq “

n
ÿ

j“1

p˚pxi “ j|x´iq log
p˚pxi “ j|x´iq

ppxi “ j|x´iq
(B.7)

“
ÿ

j‰t´

p˚pxi “ j|x´iq log
Zpx, iq

Z˚px, iq
` p´ ¨ s log

Zpx, iq

Z˚px, iq

(B.8)

ă sp´ log
1

1´ p´
ă 2sp´ (B.9)

and

fpx, iq “
k
ÿ

t“1

c˚t xv´ipx´iq, vty “
k
ÿ

t“1

c˚t xv
˚
´ipx´iq, v

˚
t y ´ c

˚
t ¨ s “ f˚px, iq ´ s ¨ c˚t´ . (B.10)
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B.2 Detailed Proofs of Auxilliary Lemmas

Lemma 3.5.10. Spxq ‰ ∅.

Proof. Assume by way of contradiction that Spxq “ ∅. Then by the definition of

Spxq, we know that for all j such that a˚j ą 0,

σpxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j q ´ σpxv´ipxq, vj ´ v0y ´ bjq

ďpxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j q ´ σpxv´ipxq, vj ´ v0y ´ bjq “ ∆j ď 0.

Therefore,

ÿ

j:a˚j ą0

a˚j
`

σpxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j q ´ σpxv´ipxq, vj ´ v0y ´ bjq

˘

ď 0 ă
γ

2
,

which is a contradiction. Thus, Spxq ‰ ∅.

Lemma 3.5.11.
ř

jPSpxq ∆j ě
γ

2 maxjPSpxq a
˚
j

.

Proof. Note that for all j P Spxq, xv˚´ipxq, v
˚
j ´v

˚
0 y´b

˚
j ą σpxv´ipxq, vj´v0y´b

˚
j q ě 0,

so σpxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j q “ xv

˚
´ipxq, v

˚
j ´ v

˚
0 y ´ b

˚
j . Therefore,

ÿ

jPSpxq

a˚j∆j “
ÿ

jPSpxq

a˚j
`

pxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j q ´ σppxv´ipxq, vj ´ v0y ´ b

˚
j qq

˘

(B.11)

“
ÿ

jPSpxq

a˚j
`

σpxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j q ´ σpxv´ipxq, vj ´ v0y ´ b

˚
j q
˘

(B.12)

ě
γ

2
, (B.13)

which implies

ÿ

jPSpxq

∆j “

ř

jPSpxq maxtPSpxq a
˚
t ∆j

maxtPSpxq a
˚
t

ě

ř

jPSpxq a
˚
j∆j

maxtPSpxq a
˚
t

ě
γ

2 maxtPSpxq a
˚
t

. (B.14)

128



Lemma 3.5.12.
ˇ

ˇ

ˇ

ˇ

Z˚bulkpx, iq

Z˚px, iq
´
Zbulkpx, iq

Zpx, iq

ˇ

ˇ

ˇ

ˇ

ě pbp1´ e
´εpq. (3.32)

Proof. If εp “ 0, both sides of the inequality equal 0, and the inequality holds. When

εp ą 0,

ˇ

ˇ

ˇ

ˇ

Z˚bulkpx, iq

Z˚px, iq
´
Zbulkpx, iq

Zpx, iq

ˇ

ˇ

ˇ

ˇ

(B.15)

“
Z˚bulkpx, iq

Z˚px, iq
¨

ˇ

ˇ

ˇ

ˇ

1´
Zbulkpx, iq

Zpx, iq
¨
Z˚px, iq

Z˚bulkpx, iq

ˇ

ˇ

ˇ

ˇ

(B.16)

“
Z˚bulkpx, iq

Z˚px, iq
¨

ˇ

ˇ

ˇ

ˇ

1´ exp

ˆ

log
Zbulkpx, iq

Zpx, iq
´ log

Z˚bulkpx, iq

Z˚px, iq

˙ ˇ

ˇ

ˇ

ˇ

(B.17)

ě
Z˚bulkpx, iq

Z˚px, iq
¨

ˇ

ˇ

ˇ

ˇ

1´ exp

ˆ

´

ˇ

ˇ

ˇ
log

Zbulkpx, iq

Zpx, iq
´ log

Z˚bulkpx, iq

Z˚px, iq

ˇ

ˇ

ˇ

˙
ˇ

ˇ

ˇ

ˇ

(B.18)

ě pbp1´ e
´εpq. (B.19)

Lemma 3.5.13. For all j P Spxq,

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| ě eb
˚
j ´εb´εp ¨ pb ¨

`

eσp∆j´2εb´εpq ´ 1
˘

. (3.35)

Proof. We know that the word probabilities come from a log-linear model, so

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| “

ˇ

ˇ

ˇ

ˇ

exp
`

xv˚´ipxq, v
˚
j y
˘

Z˚px, iq
´

exppxv´ipxq, vjyq

Zpx, iq

ˇ

ˇ

ˇ

ˇ

.

If the probability ppxi “ j|x´iq is reasonably large, i.e., its corresponding neuron is

activated, then we can use that with ∆j to bound this difference. In other words,

when xv´ipxq, vj ´ v0y ě b˚j , we know that
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`

xv˚´ipxq, v
˚
j y ´ logZ˚

˘

´ pxv´ipxq, vjy ´ logZq (B.20)

“
`

xv˚´ipxq, v
˚
j y ´ logZ˚bulk

˘

´ pxv´ipxq, vjy ´ logZbulkq `

ˆ

log
Z˚bulk

Z˚
´ log

Zbulk

Z

˙

(B.21)

ě
`

xv˚´ipxq, v
˚
j y ´ logZ˚bulk

˘

´ pxv´ipxq, vjy ´ logZbulkq ´ εp (B.22)

“xv˚´ipxq, v
˚
j ´ v

˚
0 y ´ xv´ipxq, vj ´ v0y (B.23)

` pxv˚´ipxq, v
˚
0 y ´ logZ˚bulkq ´ pxv´ipxq, v0y ´ logZbulkq ´ εp (B.24)

ě∆j ´ 2εb ´ εp. (B.25)

Note that the last inequality (B.25) comes from Assumption 3.5.5 and the following

property of ∆j:

xv˚´ipxq, v
˚
j ´ v

˚
0 y ´ xv´ipxq, vj ´ v0y (B.26)

“xv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j ´ pxv´ipxq, vj ´ v0y ´ b

˚
j q (B.27)

ěxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j ´ σpxv´ipxq, vj ´ v0y ´ b

˚
j q “ ∆j. (B.28)

Then we bound the difference in probabilities: for all j P Spxq,

ˇ

ˇ

ˇ

ˇ

exp
`

xv˚´ipxq, v
˚
j y
˘

Z˚
´

exppxv´ipxq, vjyq

Z

ˇ

ˇ

ˇ

ˇ

(B.29)

“
exppxv´ipxq, vjyq

Z
¨

ˇ

ˇ

ˇ

ˇ

exp
`

xv˚´ipxq, v
˚
j y
˘

Z˚
¨

Z

exppxv´ipxq, vjyq
´ 1

ˇ

ˇ

ˇ

ˇ

(B.30)

“
exppxv´ipxq, vjyq

Z
¨

ˇ

ˇ

ˇ
exp

``

xv˚´ipxq, v
˚
j y ´ logZ˚

˘

´ pxv´ipxq, vjy ´ logZq
˘

´ 1
ˇ

ˇ

ˇ
.

(B.31)
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Note that

log
exppxv´ipxq, vjyq

Z
“ xv´ipxq, vjy ´ logZ (B.32)

“ xv´ipxq, vj ´ v0y ` xv´ipxq, v0y ´ logZbulk ` log
Zbulk

Z
(B.33)

ě b˚j ´ εb ` log
Z˚bulk

Z˚
`

ˆ

log
Zbulk

Z
´ log

Z˚bulk

Z˚

˙

(B.34)

ě b˚j ´ εb ` log pb ´ εp. (B.35)

Moreover, when ∆j ´ 2εb ´ εp ą 0, we have by (B.25) that

ˇ

ˇ

ˇ
exp

``

xv˚´ipxq, v
˚
j y ´ logZ˚

˘

´ pxv´ipxq, vjy ´ logZq
˘

´ 1
ˇ

ˇ

ˇ
(B.36)

ě exp p∆j ´ 2εb ´ εpq ´ 1. (B.37)

When ∆j ´ 2εb ´ εp ď 0, we have

ˇ

ˇ

ˇ
exp

``

xv˚´ipxq, v
˚
j y ´ logZ˚

˘

´ pxv´ipxq, vjy ´ logZq
˘

´ 1
ˇ

ˇ

ˇ
ě 0 “ e0

´ 1. (B.38)

Thus,

ˇ

ˇ

ˇ
exp

``

xv˚´ipxq, v
˚
j y ´ logZ˚

˘

´ pxv´ipxq, vjy ´ logZq
˘

´ 1
ˇ

ˇ

ˇ
ě eσp∆j´2εb´εpq ´ 1.

(B.39)

Therefore, when xv´ipxq, vj ´ v0y ě b˚j , we must have

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| ě eb
˚
j ´εb´εp ¨ pb ¨

`

eσp∆j´2εb´εpq ´ 1
˘

. (B.40)

In the second case where xv´ipxq, vj´v0y ă b˚j , we have xv´ipxq, vjy ă xv´ipxq, v0y`b
˚
j .

The proof for the second case is very similar to that of the first case, with the main

difference being we replace xv´ipxq, vjy in the first case by xv´ipxq, v0y ` b˚j in the

second case.
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In the second case, by the definition of ∆j we know that ∆j “ pxv
˚
´ipxq, v

˚
j ´v

˚
0 y´

b˚j q.

Similar to the first case, we can get

`

xv˚´ipxq, v
˚
j y ´ logZ˚

˘

´
`

xv´ipxq, v0y ` b
˚
j ´ logZ

˘

(B.41)

“
`

xv˚´ipxq, v
˚
j y ´ logZ˚bulk

˘

´
`

xv´ipxq, v0y ` b
˚
j ´ logZbulk

˘

(B.42)

`

ˆ

log
Z˚bulk

Z˚
´ log

Zbulk

Z

˙

(B.43)

ě
`

xv˚´ipxq, v
˚
j y ´ logZ˚bulk

˘

´
`

xv´ipxq, v0y ` b
˚
j ´ logZbulk

˘

´ εp (B.44)

ěxv˚´ipxq, v
˚
j ´ v

˚
0 y ´ b

˚
j ` pxv

˚
´ipxq, v

˚
0 y ´ logZ˚bulkq ´ pxv´ipxq, v0y ´ logZbulkq ´ εp

(B.45)

ě∆j ´ 2εb ´ εp. (B.46)

Therefore, for the difference in probabilities, if ∆j ´ 2εb ´ εp ą 0, we have

`

xv˚´ipxq, v
˚
j y ´ logZ˚

˘

ą
`

xv´ipxq, v0y ` b
˚
j ´ logZ

˘

, so

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| (B.47)

“

ˇ

ˇ

ˇ

ˇ

exp
`

xv˚´ipxq, v
˚
j y
˘

Z˚
´

exppxv´ipxq, vjyq

Z

ˇ

ˇ

ˇ

ˇ

(B.48)

ě
exp

`

xv˚´ipxq, v
˚
j y
˘

Z˚
´

exp
`

xv´ipxq, v0y ` b
˚
j

˘

Z
(B.49)

“
exp

`

xv´ipxq, v0y ` b
˚
j

˘

Z
¨

´

exp
``

xv˚´ipxq, v
˚
j y ´ logZ˚

˘

(B.50)

´
`

xv´ipxq, v0y ` b
˚
j ´ logZ

˘˘

´ 1
¯

(B.51)

ě
exp

`

xv´ipxq, v0y ` b
˚
j

˘

Z
¨
`

e∆j´2εb´εp ´ 1
˘

. (B.52)

If ∆j ´ 2εb ´ εp ď 0, the absolute value of probability difference can be trivially
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bounded below by 0. Thus,

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| ě
exp

`

xv´ipxq, v0y ` b
˚
j

˘

Z
¨
`

eσp∆j´2εb´εpq ´ 1
˘

.

(B.53)

Since

log
exp

`

xv´ipxq, v0y ` b
˚
j

˘

Z
“ b˚j ` xv´ipxq, v0y ´ logZbulk ` log

Zbulk

Z
(B.54)

ě b˚j ´ εb ` log
Z˚bulk

Z˚
`

ˆ

log
Zbulk

Z
´ log

Z˚bulk

Z˚

˙

(B.55)

ě b˚j ´ εb ` log pb ´ εp, (B.56)

we finally get the same bound as the first case:

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| ě eb
˚
j ´εb´εp ¨ pb ¨

`

eσp∆j´2εb´εpq ´ 1
˘

. (B.57)

Merging the two cases, we know that for all j P Spxq,

|p˚pxi “ j|x´iq ´ ppxi “ j|x´iq| ě eb
˚
j ´εb´εp ¨ pb ¨

`

eσp∆j´2εb´εpq ´ 1
˘

. (B.58)

This finishes the proof of Lemma 3.5.13.

B.3 Experiment Details

Language models. We use various versions of GPT-2 Radford et al. (2019) and OPT

Zhang et al. (2022b) with number of parameters ranging from 125M to 1.5B. We

use the base, medium, large, xl version of GPT-2 which have #parameters 124M /

355M / 774M / 1.5B and hidden dimension 768 / 1024 / 1280 / 1600. For OPT, we

use three versions, with #parameters 125M / 350M / 1.3B and hidden dimension

768 / 1024 / 2048. For all these models, the word probability is the softmax of the

product of the penultimate layer representation and the dictionary. This is consistent

133



with our theoretical model introduced in Section 3.2. The parameter settings and

performances of these models are shown in Table B.1.

Table B.1: Parameters and Performances of Languge Models

Model #Param Hidden dim Perp
GPT-2 124M 768 25.92
GPT-2 Medium 355M 1024 19.19
GPT-2 Large 774M 1280 17.13
GPT-2 XL 1.5B 1600 15.34
OPT-125M 125M 768 25.01
OPT-350M 350M 1024 19.69
OPT-1.3B 1.3B 2048 13.16

Dataset. We use WikiText-2 Merity et al. (2016) as the text corpus. WikiText-2 has

about 280k tokens, and we only use the first 1/4 of it for computational efficiency.

The perplexities of the language models on this corpus are shown in Table B.1.

Dictionary atoms are not uniformly distributed on sphere. Figure B.1 shows the his-

togram of the `2-norm of the dictionary atoms from different language models, and

Figure B.2 shows the distribution of the Cosine similarity between two random atoms

. The norms of these atoms are somewhat bounded, but their cosine similarity is

strongly biased towards the positive part, and the dictionary matrices are close to

low rank, indicating that these vectors are far from uniformly distributed on a sphere.

Instead, they may concentrate around a cone-shaped region.

Log bulk partition function can be linearly approximated by hidden states. Table B.2

shows the mean squared approximation error of the log bulk partition function for

different models and different k. For most of the models, the approximation error

is small, and the approximation becomes better when k increases. GPT-2 is an
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(a) GPT-2 (b) GPT-2 Medium (c) GPT-2 Large (d) GPT-2 XL

(e) OPT-125M (f) OPT-350M (g) OPT-1.3B

Figure B.1: `2-norms of atoms

(a) GPT-2 (b) GPT-2 Medium (c) GPT-2 Large (d) GPT-2 XL

(e) OPT-125M (f) OPT-350M (g) OPT-1.3B

Figure B.2: Cosine Similarity between two random atoms

(a) GPT-2 (b) GPT-2 Medium (c) GPT-2 Large (d) GPT-2 XL

(e) OPT-125M (f) OPT-350M (g) OPT-1.3B

Figure B.3: Histogram of log partition function
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(a) GPT-2 (b) GPT-2 Medium (c) GPT-2 Large (d) GPT-2 XL

(e) OPT-125M (f) OPT-350M (g) OPT-1.3B

Figure B.4: Histogram of log bulk partition function

exception to this rule: Its partition function form two clusters, each of which can be

well approximated. In other words, there exits two anchor vectors for GPT-2.

Table B.2: Mean squared approximation error of log bulk partition function for
different models and different k.

Modelzk 0 10 100 1000 10000
GPT-2 625.8 651.4 665.2 685.5 727.4
GPT-2 M 0.7647 0.3444 0.3005 0.2683 0.2396
GPT-2 L 0.7296 0.1288 0.0740 0.0317 0.0022
GPT-2 XL 0.7716 0.1219 0.0648 0.0279 0.0019
OPT-125M 0.6688 0.1010 0.0443 0.0117 0.0006
OPT-350M 2.2449 0.9393 0.7587 0.6182 0.4275
OPT-1.3B 0.5234 0.0984 0.0402 0.0117 0.0006
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Appendix C

Supplementary Materials for Chapter 4

C.1 Detailed Derivations

C.1.1 Derivation of Hessian

For an input x with label y, we define the Hessian of single input loss with respect

to vector v as

H`pv,xq “ ∇2
v`pfθpxq,yq “ ∇2

v`pzx,yq. (C.1)

We define the Hessian of loss with respect to v for the entire training sample as

HLpvq “ ∇2
vLpθq “

N
ÿ

i“1

∇2
v`pfθpxiq,yiq “

N
ÿ

i“1

H`pv,xiq “ E rH`pv,xqs . (C.2)

We now derive the Hessian for a fixed input label pair (x,y). Following the definition

and notations in Section 4.2, we also denote output as z “ fθpxq. We fix a layer p

for the layer-wise Hessian. Here the layer-wise weight Hessian is H`pw
ppq,xq. We

also have the output for the layer as zppq. Since wppq only appear in the layer but

not the subsequent layers, we can consider z “ fθpxq “ gθpz
ppqpw,xqq where gθ only
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contains the layers after the p-th layer and does not depend on wppq. Thus, using

the Hessian Chain rule (Skorski, 2019), we have

H`pw
ppq,xq “

ˆ

Bzppq

Bwppq

˙T

H`pz
ppq,xq

ˆ

Bzppq

Bwppq

˙

`

mppq
ÿ

i“1

B`pz,yq

Bz
ppq
i

∇2
wppqz

ppq
i , (C.3)

where z
ppq
i is the ith entry of zppq and mppq is the number of neurons in p-th layer

(size of zppq).

Since zppq “W ppqxppq ` bppq and wppq “ vecpW ppqq we have

Bzppq

Bwppq
“ Imppq b x

ppqT. (C.4)

Since Bzppq

Bwppq
does not depend on wppq, for all i we have ∇2

wppq
z
ppq
i “ 0. Thus,

H`pw
ppq,xq “

`

Imppq b x
ppq
˘

H`pz
ppq,xq

`

Imppq b x
ppqT

˘

. (C.5)

We define M
ppq
x “H`pz

ppq,xq as in Section 4.2 so that

H`pw
ppq,xq “

`

Imppq b x
ppq
˘

M ppq
x

`

Imppq b x
ppqT

˘

“M ppq
x b xppqxppqT. (C.6)

We now look into M
ppq
x “ H`pz

ppq,xq. Again we have z “ gθpz
ppqq and can use

chain rule here,

H`pz
ppq,xq “

ˆ

Bz

Bzppq

˙T

H`pz,xq

ˆ

Bz

Bzppq

˙

`

c
ÿ

i“1

B`pz,yq

Bzi
∇2

zppqzi (C.7)

By letting p :“ softmaxpzq be the output confidence vector, we define the Hessian

with respect to output logit z as Ax and have

Ax :“H`pz,xq “ ∇2
zlpz,yq “ diagppq ´ ppT, (C.8)
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according to Singla et al. (2019).

We also define the Jacobian of z with respect to zppq (informally logit gradient

for layer p) as G
ppq
x :“ Bz

Bzppq
. For FC layers with ReLUs, we can consider ReLU after

the p-th layer as multiplying zppq by an indicator function 1zppqą0. To use matrix

multiplication, we can turn the indicator function into a diagonal matrix and define

it as Dppq where

Dppq :“ diag p1zppqą0q . (C.9)

Thus, we have the input of the next layer as xpp`1q “ Dppqzppq. The FC layers can

then be considered as a sequential matrix multiplication and we have the final output

as

z “W pLqDpL´1qW pL´1qDpL´2q
¨ ¨ ¨Dppqzppq. (C.10)

Thus,

Gppq
x “

Bz

Bzppq
“W pLqDpL´1qW pL´1qDpL´2q

¨ ¨ ¨Dppq. (C.11)

Since G
ppq
x is independent of zppq, we have

∇2
zppqzi “ 0, @i. (C.12)

Thus,

M ppq
x “H`pz

ppq,xq “ GppqT
x AxG

ppq
x . (C.13)

Moreover, loss Hessian with respect to the bias term bppq equals to that with respect

to the output of that layer zppq. We thus have

H`pb
ppq,xq “M ppq

x “ GppqT
x AxG

ppq
x . (C.14)

The Hessians of loss for the entire training sample are simply the empirical ex-
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pectations of the Hessian for single input. We have the formula as the following:

HLpw
ppq
q “ E

“

H`pw
ppq,xq

‰

“ E
“

M ppq
x b xppqxppqT

‰

, (C.15)

HLpb
ppq
q “HLpz

ppq
q “ E

“

M ppq
x

‰

“ E
“

GppqT
x AxG

ppq
x

‰

. (C.16)

Note that we can further decompose Ax “ Q
T
xQx, where

Qx “ diag p
?
pq

`

Ic ´ 1cp
T
˘

, (C.17)

with 1c is a all one vector of size c, proved in Papyan (2019).

We can further extend the close form expression to off diagonal blocks and the

bias entries to get the full Gauss-Newton term of Hessian. Let

F T
x “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Gx
p1qT

b xp1q

Gx
p1qT

Gx
p2qT

b xp2q

Gx
p2qT

...

Gx
pLqT

b xpnq

Gx
pLqT

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (C.18)

The full Hessian is given by

HLpθq “ E
“

F T
xAxFx

‰

` E

«

c
ÿ

i“1

B`pz,yq

zi
∇2
θzi

ff

. (C.19)

C.1.2 Approximating Weight Hessian of Convolutional Layers

The approximation of weight Hessian of convolutional layer is a trivial extension from

the approximation of Fisher information matrix of convolutional layer by Grosse and

Martens (2016).

Consider a two dimensional convolutional layer of neural network with m input

channels and n output channels. Let its input feature map X be of shape pn,X1, X2q
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and output feature map Z be of shape pm,P1, P2q. Let its convolution kernel be of

size K1 ˆ K2. Then the weight W is of shape pm,n,K1, K2q, and the bias b is of

shape pmq. Let P be the number of patches slide over by the convolution kernel, we

have P “ P1P2.

Follow Dangel et al. (2020), we define Z P RmˆP as the reshaped matrix of Z

and W P RmˆnK1K2 as the reshaped matrix of W. Define B P RmˆP by broadcasting

b to P dimensions. Let X P RnK1K2ˆP be the unfolded X with respect to the

convolutional layer. The unfold operation (Paszke et al., 2019b) is commonly used

in computation to model convolution as matrix operations.

After the above transformation, we have the linear expression of the p-th convo-

lutional layer similar to FC layers:

Zppq “W ppqXppq
`Bppq (C.20)

We still omit superscription of ppq for dimensions for simplicity. We also denote zppq

as the vector form of Zppq and has size mP . Similar to fully connected layer, we have

analogue of Equation C.6 for convolutional layer as

H`pw
ppq,Xq “

`

Im bX
ppq
˘

M ppq
x

`

Im bX
ppqT

˘

, (C.21)

where M
ppq
x “ H`pz

ppq,Xq and is a mP ˆ mP matrix. Also, since convolutional

layers can also be considered as linear operations (matrix multiplication with reshape)

together with FC layers and ReLUs, Equation C.12 still holds. Thus, we still have

H`pz
ppq,Xq “M ppq

x “ GppqT
x AxG

ppq
x , (C.22)

where G
ppq
x “ Bz

Bzppq
and has dimension cˆmP , although is cannot be further decom-

posed as direct multiplication of weight matrices as in the FC layers.
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However, for convolutional layers, Xppq is a matrix instead of a vector. Thus, we

cannot make Equation C.21 into the form of a Kronecker product as in Equation

C.6.

Despite this, it is still possible to have a Kronecker factorization of the weight

Hessian in the form

H`pw
ppq,Xq « ĂM ppq

x bXppqXppqT, (C.23)

using further approximation motivated by Grosse and Martens (2016). Note that

ĂM
ppq
x need to have a different shape (mˆm) fromM

ppq
x (mPˆmP ), sinceH`pw

ppq,Xq

is mnK1K2ˆmnK1K2 and XppqXppqT is nK1K2ˆ nK1K2.

Since we can further decompose Ax “ Qx
TQx, we then have

Mx
ppq
“ GppqT

x AxG
ppq
x “

´

QxGx
ppq
¯T ´

QxGx
ppq
¯

. (C.24)

We define N
ppq
x “ QxGx

ppq. Here Qx is c ˆ c and Gx
ppq is c ˆmP so that N

ppq
x is

c ˆmP . We can reshape N
ppq
x into a cP ˆm matrix ĂN

ppq
x . We then reduce M

ppq
x

(mP ˆmP ) into a mˆm matrix as

ĂM ppq
x “

1

P
ĂN ppqT

x
ĂN ppq

x . (C.25)

The scalar 1
P

is a normalization factor since we squeeze a dimension of size P into

size 1.

Thus, we can have similar Kronecker factorization approximation as

HLpw
ppq
q “ E

“

H`pw
ppq,Xq

‰

“ E
“`

Im bX
ppq
˘

M ppq
x

`

Im bX
ppqT

˘‰

(C.26)

« E
”

ĂM ppq
x bXppqXppqT

ı

« E
”

ĂM ppq
x

ı

b E
“

XppqXppqT
‰

. (C.27)
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C.2 Main Proof

This is the complete proof for the two main theorems sketched in Section 4.4.

C.2.1 Preliminaries

Notations

In this section, we generally follow the notation standard by Goodfellow et al. (2016).

We will use bold italic lowercase letters (v) to denote vectors, bold non-italic lower-

case letters to denote random vectors (v), bold italic uppercase letters (A) to denote

matrices, and bold italic uppercase letters (A) to denote random matrices.

Moreover, we use rns for positive integer n to denote the set t1, ¨ ¨ ¨ , nu, and ‖M‖

to denote the spectral norm of a matrixM . We use xA,ByF to denote the Frobenius

inner product of two matrices A and B, namely xA,ByF fi
ř

i,jAi,jBi,j. We use

trpM q to denote the trace of a matrix M , and we use 1c to denote the all-one vector

of dimension c (the subscript may be omitted when it’s clear from the context).

For probability distributions, we use NRpµ, σq to denote the rectified Gaussian

distribution which has density function

fNRpx;µ, σq “ Φ
´µ

σ

¯

δpxq `
1

?
2πσ2

exp

ˆ

´
px´ µq2

2σ2

˙

I rx ą 0s . (C.28)

Here Φ is the CDF of standard normal distribution, δpxq is the Dirac delta function.

Note that when µ “ 0, the density function simplifies to

fNRpx; 0, σq “
1

2
δpxq `

1
?

2πσ2
exp

ˆ

´
x2

2σ2

˙

I rx ą 0s . (C.29)

We will use the same notation for multivariate rectified Gaussian distribution, which

will be used to characterize the inputs of the network.
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Problem Setting

Consider a two layer fully connected ReLU activated neural network with input

dimension d, hidden layer dimension n and output dimension c. In particular, n

goes to infinity, d “ n1`α for some α ą 0, and c is a finite constant. Let network

be trained with cross-entropy objective L. Let σ denote the element-wise ReLU

activation function which acts as σpxq “ x ¨ Ixě0 and the product here is applied

element-wise. Let W p1q P Rnˆd and W p2q P Rcˆn denote the weight matrices of the

first and second layer respectively.

We consider the case that the neural network has rectified standard Gaussian

input x „ NRp0, Idq. Denote the output of the first and second layer as y and z

respectively. We have y “ σpW p1qxq and z “ W p2qy. Let p “ softmaxpzq denote

the softmax output of the network and let A fi diagppq ´ ppT.

In this problem, we look into the state of random Gaussian initialization, in which

entries of both matrices are i.i.d. sampled from a standard normal distribution, and

then re-scaled such that each row of W p1q and W p2q has norm 1. When taking

n and d to infinity, with the concentration of norm in high-dimensional Gaussian

random variables, we assume in this problem that entries of W p1q are iid sampled

from a zero-mean distribution with variance 1{d, and entries of W p2q are iid sampled

from a zero-mean distribution with variance 1{n. This initialization is standard in

training neural networks. From the previous analysis of Hessian, the output Hessian

corresponding to the first layer has closed form

M p1q fi E
x„NRp0,Idq

“

DW p2qTAW p2qD
‰

, (C.30)

where D fi diagpI ry ě 0sq P Rnˆn is the random 0/1 diagonal matrix representing
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the activations of ReLU function after the first layer. Note that the output Hessian

of the second layer is simply M p2q fi E rAs.

By the Kronecker decomposition, the closed form of the layer-wise Hessians of

the first and the second layer are

Hp1q fi E
x„NRp0,Idq

“

DW p2qTAW p2qDb xxT
‰

,

Hp2q fi E
x„NRp0,Idq

“

AbDW p1qxxTW p1qTD
‰

.

Following the decoupling conjecture, let the Kronecker approximation of the Hessians

above be

xHp1q fi E
x„NRp0,Idq

“

DW p2qTAW p2qD
‰

b E
x„NRp0,Idq

“

xxT
‰

,

xHp2q fi E
x„NRp0,Idq

rAs b E
x„NRp0,Idq

“

DW p1qxxTW p1qTD
‰

.

The decoupling conjecture is then equivalent to Hp1q « xHp1q, Hp2q « xHp2q.

Since our formulae for the Hessians are going to depend on the weight matrices,

throughout the section we will condition on the value of W p1q and W p2q when we

take expectation (i.e. the expectation is only taken over the input x „ NRp0, Idq).

We will neglect this under-script of the expectation operator E as there will be no

confusion. When we are discussing the Hessians of a certain layer, we will also neglect

the upper-script and just use H and M when there is no confusion. Moreover, we

denote X fi E
“

xxT
‰

as the autocorrelation of the input.

Furthermore, for simplicity of notations, we will sometimes use the verbal de-

scription “with probability 1 over W p1q/W p2q, event E is true” to denote

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq
rEs “ 1. (C.31)
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C.2.2 Detailed Proof

First, we restate our main theorems:

Theorem 4.4.1 (Decoupling Theorem) Let V1 and V2 be the top c´1 eigenspaces

of Hp1q and xHp1q respectively, for all ε ą 0,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq
rOverlap pV1, V2q ą 1´ εs “ 1. (C.32)

Moreover Hp1q has c´ 1 large eigenvalues that,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq

«˜

λcpH
p1qq

λc´1pHp1qq

ˇ

ˇ

ˇ

ˇ

W p1q,W p2q

¸

ă ε

ff

“ 1. (C.33)

Theorem 4.4.2 Let M˚ fi E
“

D1W p2qTAW p2qD1
‰

where D1 is an independent

copy of D and is independent of A. Let S1 and S2 be the top c ´ 1 eigenspaces of

M p1q and M˚ respectively, for all ε ą 0,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq
rOverlap pS1, S2q ą 1´ εs “ 1. (C.34)

Moreover,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq

«˜

λcpMq

λc´1pM q

ˇ

ˇ

ˇ

ˇ

W p1q,W p2q

¸

ă ε

ff

“ 1. (C.35)

Properties of Infinite Width Weight Matrices

We will first prove some simple properties of the Gaussian initialized weight matrices

W p1q and W p2q that will facilitate our analysis. Recall that W p1q P Rdˆn and W p2q P

Rnˆc where the output dimension c is a finite constant, the hidden layer width n goes
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to infinity, and the input dimension d “ n1`α for some constant α ą 0.

Lemma C.2.1. For all i P rcs, for all ε ą 0,

lim
nÑ8

Pr

«
ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

W
p2q
ij

ˇ

ˇ

ˇ

ˇ

ˇ

ě ε

ff

“ 0. (C.36)

Proof of Lemma C.2.1. Since each entry of W p2q is initialized independently from

N p0, 1
n
q, by Central Limit Theorem we have

řn
j“1W

p2q
ij „ N p0, 1

n
q. For any ε ą 0,

fix ε. By Chebyshev’s inequality,

lim
nÑ8

Pr

«
ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

W
p2q
ij

ˇ

ˇ

ˇ

ˇ

ˇ

ě ε

ff

ă lim
nÑ8

1

nε2
“ 0. (C.37)

l

Lemma C.2.2. (Laurent and Massart, 2000) For X „ χ2
n,

Pr
”

X ´ n ě 2
?
nt` 2t

ı

ď e´t, Pr
”

X ´ n ď ´2
?
nt
ı

ď e´t. (C.38)

Lemma C.2.3. For all ε ą 0,

lim
nÑ8

Pr
”
∣∣∣∥∥W p2q

∥∥2

F
´ c

∣∣∣ ě ε
ı

“ 0. (C.39)

Beside, for all i P rcs,

lim
nÑ8

Pr

„∣∣∣∣∥∥∥W p2q
i

∥∥∥2

´ 1

∣∣∣∣ ě ε



“ 0. (C.40)

Proof of Lemma C.2.3. For simplicity of notations, we will use W to denote

W p2q in this proof. Since each entry of W is initialized independently from N p0, 1
n
q,

we know that n‖W ‖2
F “

řc
i“1

řn
j“1 nWi,j

2 follows a χ2
cn-distribution. From Lemma
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C.2.2 we know that for large enough n,

Pr
“

|n‖W ‖2
F ´ cn| ě nε

‰

ě Pr
“

|n‖W ‖2
F ´ cn| ě 2

?
cn3{4

` 2n1{2
‰

ď 2 exp
`

´n1{2
˘

.

(C.41)

In other words,

lim
nÑ8

Pr
“

|‖W ‖2
F ´ c| ě ε

‰

“ lim
nÑ8

Pr
“

|n‖W ‖2
F ´ cn| ě nε

‰

“ 0. (C.42)

Similarly, for any i P rcs, n‖Wi‖2
F follows a χ2

n-distribution, so for large enough n,

Pr
“

|n‖Wi‖2
F ´ n| ě nε

‰

ď Pr
“

|n‖W ‖2
F ´ n| ě 2n3{4

` 2n1{2
‰

ď 2 exp
`

´n1{2
˘

,

(C.43)

which indicates that

lim
nÑ8

Pr
“

|‖Wi‖2
´ 1| ě ε

‰

“ lim
nÑ8

Pr
“

|n‖Wi‖2
´ n| ě nε

‰

“ 0. (C.44)

l

Lemma C.2.4. Let wi denote the i-th column vector of W p1q. With probability 1

over W p1q,

d
max
i“1

‖wi‖ ă 5n´
α
2 . (C.45)

Proof of Lemma C.2.4. Since entries of W p1q are i.i.d. sampled from N p0, 1
n
q,

each ‖wi‖2 obeys a χ2
n scaled by 1

d
“ n´p1`αq. Thus by the tail bound of Lemma

C.2.2, setting t “ n we have

Pr
“

‖wi‖2
ě 5n´α

‰

“ Pr
”

d‖wi‖2
ě n` 2

?
n2 ` 2n

ı

ď e´n. (C.46)
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By a Union bound we have

Pr
”

d
max
i“1

‖wi‖2
ě 5n´α

ı

ď

d
ÿ

i“1

Pr
“

‖wi‖2
ě 5n´α

‰

“ de´n “ n1`αe´n. (C.47)

Since α is a constant, RHS converges to 0. Thus with probability 1 over W p1q, we

have

d
max
i“1

‖wi‖2
ă 5n´α. (C.48)

Taking square root on both sides completes the proof. l

Lemma C.2.5. For any random matrix W For all ε ą 0,

lim
nÑ8

Pr
“
∥∥W p1qW p1qT

´ Ic
∥∥ ě ε

‰

“ 0. (C.49)

Besides, for all i, j P rcs,

lim
nÑ8

Pr
“

|pW p1qW p1qT
qi,j ´ δi,j| ě ε

‰

“ 0 (C.50)

Here δ is the Kronecker delta function, i.e., δi,j “ Iri “ js.

Proof of Lemma C.2.5. To prove this lemma we need the following tail bound:

Lemma C.2.6. (Zhu, 2012) If S follows a Wishart distribution Wdpn,Cq, with

r “ trpCq{‖C‖, for θ ě 0 the following inequality holds that

Pr

«∥∥∥∥ 1

n
S ´ C

∥∥∥∥ ě
˜

c

2θpr ` 1q

n
`

2θr

n

¸

‖C‖
ff

ď 2d expp´θq. (C.51)

Since each entry of W p1q is initialized independently from N p0, 1
d
q, we know that

W p1qW p1qT follows Wishart distribution Wdpd,
1
d
Inq. With r “ trp1

d
Inq{

∥∥1
d
In
∥∥ “ n
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and set θ “ n
α
2 , from Lemma C.2.6, for n ě 1 we get

2d exp
`

´n
α
2

˘

ě Pr

«∥∥∥∥1

d
W p1qW p1qT

´
1

d
In

∥∥∥∥ ě
˜

c

2θpn` 1q

d
`

2θn

d

¸∥∥∥∥1

d
In

∥∥∥∥
ff

“ Pr

»

–

∥∥∥∥1

d
W p1qW p1qT

´
1

d
In

∥∥∥∥ ě
¨

˝

d

2n
α
2 p2nq

n1`α
`

2n
α
2 n

n1`α

˛

‚

∥∥∥∥1

d
In

∥∥∥∥
fi

fl

“ Pr
“
∥∥W p1qW p1qT

´ In
∥∥ ě 2pn´

α
4 ` n´

α
2 q
‰

.

(C.52)

Fix any ε ą 0, we may find N P N such that for all n ą N , 2pn´
α
4 ` n´

α
2 q ă ε. For

any ε1 ą 0, we may find N 1 such that 2d exp
`

´n
α
2

˘

“ 2n1`α exp
`

´n
α
2

˘

ă ε1. Passing

n to infinity we get

lim
nÑ8

Pr
“
∥∥W p1qW p1qT

´ In
∥∥ ą ε

‰

“ 0. (C.53)

Then we proceed to analyze the entries. For all i, j P rns, we have

Pr
“

|pW p1qW p1qT
qi,j ´ δi,j| ě ε

‰

ď Pr

«

n
ÿ

i,j“1

Pr
“

pW p1qW p1qT
qi,j ´ δi,j

‰2
ě ε2

ff

“ Pr
”∥∥W p1qW p1qT

´ In
∥∥2

F
ě ε2

ı

ď Pr

„∥∥W p1qW p1qT
´ In

∥∥ ě ε
?
n



,

(C.54)

which implies that for all i, j P rns,

lim
nÑ8

Pr
“

|pW p1qW p1qT
qi,j ´ δi,j| ě ε

‰

“ 0. (C.55)

l

For the second weight matrix W p2q, where W p2qW p2qT „ Wcpn,
1
n
Icq, we may
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prove an identical statement as shown in the corollary below. The proof proceeds

identical as above since we only need the ratio between the width and the height of

W , which is n{c in this case, to go to infinity.

Corollary C.2.7. For all ε ą 0,

lim
nÑ8

Pr
“
∥∥W p2qW p2qT

´ In
∥∥ ě ε

‰

“ 0. (C.56)

Next we will establish the approximate equivalence between the scatter matrix

W p2qTW p2q and the projection matrix PW p2q .

Lemma C.2.8. Let PW p2q be the projection matrix onto the row space of W p2q, then

for all ε ą 0,

lim
nÑ8

Pr
”∥∥W p2qTW p2q

´ PW p2q

∥∥2

F
ą ε

ı

“ 0. (C.57)

Proof of Lemma C.2.8. For simplicity of notations, in this proof we will neglect

the layer index superscript and use W to denote W p2q. Recall that W P Rnˆc.

Fix ε P p0, 1q without loss of generality. Let Wipi P rcsq be the i-th row of

W , and we will do the Gram–Schmidt process for the rows of W . Specifically, the

Gram–Schmidt process is as following: Assume that the basis tW iu
k
i“1 are already

normalized, we set W 1
k`1 fiWk`1 ´

řk
i“1xWk`1,W iy and W k`1 fiW 1

k`1{
∥∥W 1

k`1

∥∥.

Finally, from the definition of projection matrix, we know that PW “W
T
W .

From Lemma C.2.3 we have for all i P rcs,

lim
nÑ8

Pr
“

|‖Wi‖2
´ 1| ě ε

‰

“ 0. (C.58)

Let ε1 fi ε2{ pc3 ¨ 162c`1q, from Lemma C.2.5 we know that for all i, j P rcs,

lim
nÑ8

Pr
“

|WiW
T
j ´ δi,j| ě ε1

‰

“ 0. (C.59)
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Then we use induction to bound the difference between W and W . Specifically,

we will show that for all i P rcs,
∥∥W i ´Wi

∥∥ ď 8iε1. For simplicity of notations, in

the following proof we will not repeat the probability argument and assume that for

all i, j P rcs, |WiW
T
j ´ δi,j| ď ε1 and for all i P rcs, |‖Wi‖2

´ 1| ď ε1. We will only

use these inequalities finite times so applying a union bound will give the probability

result.

For i “ 1, we know that W 1 “W1{‖W1‖ and |‖W1‖´1| ď ε1, so
∥∥W i ´Wi

∥∥ ď
ε1.

If our inductive hypothesis holds for i ď k, then for i “ k ` 1, we have for all

j ď k,

|xWi,W jy| ď |xWi,Wjy| ` |xWi,W j ´Wjy|

ď ε1 ` ‖Wi‖ ¨
∥∥W j ´Wj

∥∥
ď ε1 ` p1` ε1q8jε1

ď p23j`1
` 1qε1.

(C.60)

Therefore,

‖W 1
i ´Wi‖ ď

ÿ

jPrks

|xWi,W jy| ď ε1 `
ÿ

jPrks

p23j`1
` 1qε1 ď p23k`2

´ 1qε1, (C.61)

and

|‖W 1
i ‖´ 1| ď |‖Wi‖´ 1| ` ‖W 1

i ´Wi‖ ď 23k`2ε1. (C.62)

Thus, ∥∥W i ´Wi

∥∥ ď ∥∥W i ´W
1
i

∥∥` ‖W 1
i ´Wi‖

ď |‖W 1
i ‖´ 1| ` ‖W 1

i ´Wi‖

ď 8k`1ε1,

(C.63)
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which finishes the induction and implies that for all ε ą 0, for all i P rcs,
∥∥W i ´Wi

∥∥ ď
8iε1. Thus, ∥∥W ´W

∥∥2

F
“

ÿ

iPrcs

∥∥W i ´Wi

∥∥2
ď c ¨ 16cε1. (C.64)

This means that∥∥W TW ´ PW

∥∥
F
“

∥∥∥W TW ´W
T
W

∥∥∥
F

ď 2
∥∥W ´W

∥∥
F

∥∥W∥∥
F
`
∥∥W ´W

∥∥2

F

ď 2c ¨
?
c ¨ 8c

?
ε1 ` c ¨ 16cε1 ď ε.

(C.65)

l

For the final property of the weight matrices, we show that the maximum among

all entry of the weight matrices are reasonably small with high probability.

Lemma C.2.9. Fix any α ą 0, consider W P Raˆb for some b ą a1`α such that

each entry is sampled from a zero mean Gaussian N p0, 1
b
q. The largest entry of W

is reasonably small with high probability as b goes to infinity, namely,

lim
bÑ8

Pr

„

max
pi,jqPrasˆrbs

|W
p2q
ij | ą 2b´

1
3



“ 0 (C.66)

Proof of Lemma C.2.9. For i.i.d. random variables x1, . . . ,xb „ N p0, 1q, by

concentration inequality on maximum of Gaussian random variables, for any t ą 0,

we have

Pr

„

max
iPrbs

xi ą
a

2 logp2bq ` t



ă 2e´
t2

2 . (C.67)

For any i, j P ras ˆ rbs, since Wij are i.i.d. sampled from N p0, 1
b
q, with rescaling of
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1{
?
b we may substitute xj with Wij. It follows that

Pr

«

max
pi,jqPrasˆrbs

W
p2q
ij ą

a

2 logp2abq ` t
?
b

ff

ă 2e´
t2

2 . (C.68)

Taking t “ b
1
6 , since a ă b, for large b we have

a

2 logp2abq ă
a

2 logp2b2q ă b
1
6 .

Thus for large b,

Pr

„

max
pi,jqPrasˆrbs

Wij ą 2b´
1
3



“ Pr

«

max
pi,jqPrasˆrbs

Wij ą
b

1
6 ` b

1
6

?
n

ff

ă Pr

«

max
pi,jqPrasˆrbs

Wij ą

a

2 logp2bq ` b
1
6

?
b

ff

ă 2e´
b

1
3
2 .

(C.69)

With the same argument, we have

Pr

„

min
pi,jqPrasˆrbs

Wij ă ´2b´
1
3



ă 2e´
b

1
3
2 . (C.70)

Passing b to infinity completes the proof. l

From the above lemma, we can bound the maximum entry of W p1q and W p2q as

follows:

Corollary C.2.10. With probability 1 over W p1q and W p2q,

lim
nÑ8

Pr

„

max
pi,jqPrnsˆrds

|W
p1q
ij | ą 2d´

1
3



“ 0,

lim
nÑ8

Pr

„

max
pi,jqPrcsˆrns

|W
p2q
ij | ą 2n´

1
3



“ 0.

(C.71)

Approximate Independence Between Layer Inputs and Outputs

Let us first recall some definitions and notations of the inputs and outputs of layers.

The input x follows the d-dimensional multivariate rectified Gaussian distribution
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with identity covariance for the pre-rectified Gaussian, namely x „ NRp0, Idq. The

input propagates through the first layer to u fiW p1qx, and is multiplied element-wise

by the ReLU activation to the input of the second layer y fi σpuq. Here we denote

that activation of ReLU function by the random matrix D fi diagpIru ě 0sq P Rnˆn.

Finally we get the logit output of the network z fi W p2qy. The output Hessian of

the last layer is A “ diagppq ´ ppT P Rcˆc.

In this section we will show that when n goes to infinity, both y and z will

converge in distribution to rectified Gaussian. Moreover, when we condition on two

entries of x and two entries of y, the output Hessian A will be invariant in the

limiting case.

Lemma C.2.11. When dÑ 8, with probability 1 over W p1q,

lim
dÑ8

y
d
ÝÑ NR

ˆ

0,
π ´ 1

2π
In

˙

.

Proof of Lemma C.2.11. We will prove this lemma using the multivariate Lindeberg-

Feller CLT. Given that xi’s are i.i.d. sampled from NRp0, 1q with bounded moments:

Erxis “
1
?

2π
, Erpxi ´ Erxisq2s “

π ´ 1

2π
, Erpxi ´ Erxisq4s “

6π2 ´ 10π ´ 3

4π2
ă 1.

(C.72)

For each i P rds, let w
p1q
i P Rd denote the i-th column vector of W p1q. Let si “

w
p1q
i pxi ´ Erxisq, then we have

y “
d
ÿ

i“1

w
p1q
i xi “

d
ÿ

i“1

si `
d
ÿ

i“1

Erxiswp1qi “

d
ÿ

i“1

si `
1
?

2π

d
ÿ

i“1

w
p1q
i . (C.73)

It follows that

V arrsis “ V arrw
p1q
i xis “

π ´ 1

2π
w
p1q
i w

p1qT

i . (C.74)
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Let S “
řd
i“1 V arrsis,

S “
π ´ 1

2π

d
ÿ

i“1

w
p1q
i w

p1qT

i “
π ´ 1

2π
W p1qW p1qT. (C.75)

As dÑ 8, from Corollary C.2.7 we have W p1qW p1qT Ñ In in probability, therefore

lim
dÑ8

S “
π ´ 1

2π
In. (C.76)

We now verify the Lindeberg condition of independent random vectors ts1, . . . , snu.

First observe that the fourth moments of the si’s are sufficiently small.

lim
dÑ8

d
ÿ

i“1

E
“

}si}
4
‰

“ lim
dÑ8

d
ÿ

i“1

E

»

–

˜

n
ÿ

j“1

´

W
p1q
ji pxi ´ Erxisq

¯2

¸2
fi

fl

ď lim
dÑ8

d
ÿ

i“1

E

»

–c2

˜

ˆ

max
jPrns

W
p1q
ji

˙2

pxi ´ Erxisq2
¸2

fi

fl

ď lim
dÑ8

c2

ˆ

max
iPrds,jPrns

W
p1q
ji

˙4 d
ÿ

i“1

E
“

pxi ´ Erxisq4
‰

.

(C.77)

Since Erpxi ´ Erxisq4s ă 1 and maxiPrds,jPrns |W
p1q
ji | ă 2d´

1
3 , with probability 1 over

W p1q from Lemma C.2.9, it follows that

lim
dÑ8

d
ÿ

i“1

E
“

}si}
4
‰

ď c2 lim
dÑ8

´

2d´
1
3

¯4 d
ÿ

i“1

1 “ c2 lim
dÑ8

16d´
4
3n “ 16c2 lim

dÑ8
d´

1
3 “ 0.

(C.78)
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For any ε ą 0, since }si} ą ε in the domain of integration (when Ir‖si‖ ą εs),

lim
dÑ8

d
ÿ

i“1

E
“

}si}
2
I r}si} ą εs

‰

ă lim
dÑ8

d
ÿ

i“1

E

«

}si}
2

ε2
}si}

2
I r}si} ą εs

ff

ď
1

ε2
lim
dÑ8

d
ÿ

i“1

E
“

}si}
4
‰

“ 0.

(C.79)

As the Lindeberg Condition is satisfied, with limdÑ8 S “
π´1
2π
In we have

lim
dÑ8

d
ÿ

i“1

si
d
ÝÑ N

ˆ

0,
π ´ 1

2π
In

˙

. (C.80)

By Lemma C.2.1, we have limdÑ8w
p1q
i “

ÝÑ
0 with probability 1 over W p1q, there-

fore plugging Equation C.80 into Equation C.73 we have

lim
dÑ8

y
d
ÝÑ N

ˆ

0,
π ´ 1

2π
In

˙

. (C.81)

Which completes the proof. l

Lemma C.2.12. limnÑ8 z
d
ÝÑ N p0, pπ´1q2

4π2 Icq with probability 1 over W p2q.

Proof of Lemma C.2.12. The proof technique for z is identical to that of y. For

completeness we will redo it for W p2q. From Lemma C.2.11, yi’s are i.i.d. from

NRp0, π´1
2π
q with bounded moments:

Eryis “
?
π ´ 1

2π
, Erpyi ´ Eryisq2s “

pπ ´ 1q2

4π2
, (C.82)

Erpyi ´ Eryisq4s “
p6π2 ´ 10π ´ 3qpπ ´ 1q

8π3
ă 1. (C.83)

For each i P rns, let w
p2q
i P Rc denote the i-th column vector of W p2q. Let vi “
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w
p2q
i pyi ´ Eryisq, then we have

z “
n
ÿ

i“1

w
p2q
i yi “

n
ÿ

i“1

vi `
n
ÿ

i“1

Eryisw
p2q
i “

n
ÿ

i“1

vi `

?
π ´ 1

2π

n
ÿ

i“1

w
p2q
i . (C.84)

It follows that

V arrvis “ V arrw
p2q
i yis “

pπ ´ 1q2

4π2
w
p2q
i w

p2qT
i . (C.85)

Let V “
řn
i“1 V arrvis,

V “
pπ ´ 1q2

4π2

n
ÿ

i“1

w
p2q
i w

p2qT
i “

pπ ´ 1q2

4π2
W p2qW p2qT. (C.86)

As nÑ 8, from Corollary C.2.7 we have W p2qW p2qT Ñ Ic in probability, therefore

lim
nÑ8

V “
pπ ´ 1q2

4π2
Ic. (C.87)

We now verify the Lindeberg condition of independent random vectors tv1, . . . ,vnu.

First observe that the fourth moments of the vi’s are sufficiently small.

lim
nÑ8

n
ÿ

i“1

E
“

}vi}
4
‰

“ lim
nÑ8

n
ÿ

i“1

E

»

–

˜

c
ÿ

j“1

´

W
p2q
ji pyi ´ Eryisq

¯2

¸2
fi

fl

ď lim
nÑ8

n
ÿ

i“1

E

»

–c2

˜

ˆ

max
jPrcs

W
p2q
ji

˙2

pyi ´ Eryisq
2

¸2
fi

fl

ď lim
nÑ8

c2

ˆ

max
iPrns,jPrcs

W
p2q
ji

˙4 n
ÿ

i“1

E
“

pyi ´ Eryisq
4
‰

.

(C.88)

Since Erpyi ´ Eryisq4s ă 1 and maxiPrns,jPrcs |W
p2q
ji | ă 2n´

1
3 with probability 1 from
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Corollary C.2.10, it follows that

lim
nÑ8

n
ÿ

i“1

E
“

}vi}
4
‰

ď c2 lim
nÑ8

´

2n´
1
3

¯4 n
ÿ

i“1

1 “ c2 lim
nÑ8

16n´
4
3n “ 16c2 lim

nÑ8
n´

1
3 “ 0.

(C.89)

For any ε ą 0, since }vi} ą ε in the domain of integration (when Ir‖vi‖ ą εs),

lim
nÑ8

n
ÿ

i“1

E
“

}vi}
2
I r}vi} ą εs

‰

ă lim
nÑ8

n
ÿ

i“1

E

«

}vi}
2

ε2
}vi}

2
I r}vi} ą εs

ff

ď
1

ε2
lim
nÑ8

n
ÿ

i“1

E
“

}vi}
4
‰

“ 0.

(C.90)

As the Lindeberg Condition is satisfied, with limnÑ8 V “
pπ´1q2

4π2 Ic we have

lim
nÑ8

n
ÿ

i“1

vi
d
ÝÑ N

ˆ

0,
pπ ´ 1q2

4π2
Ic

˙

. (C.91)

By Lemma C.2.1, we have limnÑ8w
p2q
i “

ÝÑ
0 with probability 1 over W p2q, there-

fore plugging Equation C.91 into Equation C.84 we have

lim
nÑ8

z
d
ÝÑ N

ˆ

0,
pπ ´ 1q2

4π2
Ic

˙

. (C.92)

Which completes the proof. l

Now we will show a key lemma for proving the main theorem, which suggests that

when reasonably conditioning on two entries of the input x and two entries of the

activation D, the distribution of z converges in distribution to z without conditioning

as nÑ 8.

Lemma C.2.13. With probability 1 over W p1q and W p2q, fix any β ă α
2

(recall that

d “ n1`α), fix any a, b P p´nβ, nβq, for any p, q P rns and k, l P rds, we have the
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following convergence in distribution

z|pDpp “ 1,Dqq “ 1,xk “ a,xl “ bq
d
ÝÑ z. (C.93)

Proof of Lemma C.2.13. For simplicity of notation, we will use subscript |x and |D

to denote the conditions we impose. For example, we will denote z|pDpp “ 1,Dqq “

1,xk “ a,xl “ bq by z|D,x, and denote x|pxk “ a,xl “ bq by x|x etc.

First claim that with probability 1 overW p1q, u is invariant upon the conditioning

on x. Let epiq P Rd be the standard basis vector such that e
piq
j “ Iri “ js. Then

‖u´ u|x‖ “
∥∥W p1qx´W p1qx|x

∥∥
“

∥∥W p1q
px´ x|xq

∥∥
“

∥∥W p1q
ppxk ´ aqe

pkq
` pxl ´ bqe

plq
q
∥∥

“

∥∥∥wp1qk ∥∥∥|xk ´ a| ` ∥∥∥wp1ql ∥∥∥|xl ´ b|
ď 5n´

α
2 p|xk| ` |xl| ` |a| ` |b|q

ď 5n´
α
2 pxk ` xlq ` 10n´

α
2 n

β
2 .

(C.94)

The norms of w
p1q
k and w

p1q
l are bounded from Lemma C.2.4. Note that as n Ñ 8

we have n´
α
2 and n´

α´β
2 converging to 0 as we set β ă α. Since x is of bounded

expectation and variance, 5n´
α
2 pxk ` xlq converges in distribution to 0. Therefore

‖u´ u|x‖ d
ÝÑ 0 and hence y|x

d
ÝÑ y. Since z is determined by y, to prove z|D,x

d
ÝÑ z,

we now only ne ed to show z|D
d
ÝÑ z.

Note that conditioning on Dpp “ Dqq “ 1 is equivalent to conditioning on up ą 0

and uq ą 0. Which is again equivalent to conditioning on yp and yq to be a half

Gaussian distribution truncated at 0 instead of the rectified Gaussian. Recall that

z “W p2qy “
řn
i“1w

p2q
i yi. Since only yp and yq are affected by conditioning on D,
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we have

‖z´ z|D‖ “
∥∥∥∥∥ n
ÿ

i“1

w
p2q
i yi ´

n
ÿ

i“1

w
p2q
i py|Dqi

∥∥∥∥∥
“

∥∥wp2qp pyp ´ py|Dqpq `wp2qq pyq ´ py|Dqqq∥∥
ď

∥∥wp2qp ∥∥|yp ´ py|Dqp| ` ∥∥wp2qq ∥∥|yq ´ py|Dqq|.
(C.95)

Note that yp ´ py|Dqp and yq ´ py|Dqq are difference between a rectified Gaussian

with finite variance and its corresponding truncated Gaussian, both are of bounded

expectation and variance. Meanwhile, by Lemma C.2.10, for all i P rns we have that

with probability 1 over W p2q,

›

›

›
w
p2q
i

›

›

›
ď

d

c

ˆ

max
iPrcs,jPrns

W
p2q
ij

˙2

ă

a

4cn´
2
3 . (C.96)

Since limnÑ8

a

4cn´
2
3 “ 0, as n goes to infinity we have

∥∥wp2qp ∥∥|yp ´ py|Dqp| ` ∥∥wp2qq ∥∥|yq ´ py|Dqq| d
ÝÑ
ÝÑ
0 . (C.97)

Therefore z|D
d
ÝÑ z, and hence

z|pDpp “ 1,Dqq “ 1,xk “ a,xl “ bq
d
ÝÑ z. (C.98)

l

Given that p “ softmaxpzq and A “ diagppq ´ ppT, the mapping from z to A is

bounded and continuous. Thus by the Portmanteau Theorem, we have the following

corollary,

Corollary C.2.14. For any ε ą 0, with probability 1 over W p1q and W p2q, fix any

β ă α
2

(recall that d “ n1`α), fix any a, b P p´nβ, nβq, for any p, q P rns, k, l P rds,
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and i, j P rcs, we have

|E rAij|pDpp “ 1,Dqq “ 1,xk “ a,xl “ bqs ´ E rAijs | ă ε. (C.99)

By the proof of Lemma C.2.13, this property holds when dropping the conditioning

on D or x.

Structure of A

In this section we will analyze properties of the second output Hessian A, which,

despite being a Rcˆc “small” matrix, provides many important properties to the first

output Hessian and the full layer-wise Hessians.

Lemma C.2.15. With probability 1 over W p1q and p2q, rA fi limnÑ8 ErAs exist and

is rank-pc´ 1q .

Proof of Lemma C.2.15. Note that each entry of A is a quadratic function of

p, and p is a continuous function of z. Therefore, we consider A as a function of z

and write Apzq when necessary. From Lemma C.2.12 we know that limnÑ8 z follows

a standard normal distribution N p0, γIcq with probability 1 over W p1q and W p2q,

where γ is some absolute constant. Therefore, rA fi limnÑ8 ErAs exist and it equals

ErAplimnÑ8 zqs “ Ez„N p0,γIcqrApzqs. For simplicity of notations, we will omit the

statement “with probability 1 over W p1q and W p2q” when there is no confusion.

From the definition of A we know that A fi diagppq ´ppT where p is the vector

obtained by applying softmax to z, so
řc
i“1 pi “ 1 and for all i P rcs,pi P p0, 1q.

Therefore, for any vector p satisfying the previous conditions, we have

1TA1 “
c
ÿ

i“1

˜

pi ´
c
ÿ

j“1

pipj

¸

“

c
ÿ

i“1

ppi ´ piq “ 0, (C.100)
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where 1 is the all-one vector. Therefore, we know that A has an eigenvalue 0 with

eigenvector c´
1
2 1. This means that ErAs also has an eigenvalue 0 with eigenvector

c´
1
2 1. Thus, ErAs is at most of rank pc´ 1q.

Then we analyze the other pc ´ 1q eigenvalues of rA. Since A “ QQT where

Q “ diagp
?

pqpIc ´ 1pTq, we know that A is always a positive semi-definite (PSD)

matrix, which indicates that ErAs must also be PSD. Assume the c eigenvalues of

rA are λ1 ě λ2 ě ¨ ¨ ¨ ě λc´1 ě λc “ 0. Therefore, by definition, we have

λc´1 “ min
vPS,‖v‖“1

vT rAv “ E
z„N p0,γIcq

„

min
vPS,‖v‖“1

vTAv



, (C.101)

where S fi RczRt1Tu is the orthogonal subspace of the span of 1. v P S implies that

v K 1, i.e.,
řc
i“1 vi “ 0.

Direct computation gives us

vTAv “
c
ÿ

i“1

v2
i pi ´

˜

c
ÿ

i“1

vipi

¸2

. (C.102)

Define two vectors a, b P Rc as for all i P rcs, with ai fi vi
?

pi, bi fi
?

pi, then

‖b‖2
“
řc
i“1 pi “ 1 and

vTAv “ ‖a‖2
´ xa, by2 “ ‖a‖2

¨ ‖b‖2
´ xa, by2. (C.103)

Therefore,

vTAv ě ‖a‖2‖b‖2 sin2 θpa, bq, (C.104)

where θpa, bq is the angle between a and b, i.e., θpa, bq fi arccos xa,by
‖a‖‖b‖ . Define
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p0 fi miniPrcs pi, then

‖a‖2
“

c
ÿ

i“1

v2
i pi ě

c
ÿ

i“1

v2
i p0 “ p0‖v‖2

“ p0. (C.105)

Since ‖b‖ “ 1, we have

sin2 θpa, bq “
‖a´ xa, by ¨ b‖2

‖a‖2 . (C.106)

Besides,

‖a´ xa, by ¨ b‖2
“

c
ÿ

i“1

˜

vi
?

pi ´

˜

c
ÿ

j“1

vjpj

¸

?
pi

¸2

“

c
ÿ

i“1

pi

˜

vi ´
c
ÿ

j“1

vjpj

¸2

ě p0

c
ÿ

i“1

˜

vi ´
c
ÿ

j“1

vjpj

¸2

.

(C.107)

Define s fi arg maxiPrcs vi and t fi arg miniPrcs vi, then

c
ÿ

i“1

˜

vi ´
c
ÿ

j“1

vjpj

¸2

ě

˜

vs ´
c
ÿ

j“1

vjpj

¸2

`

˜

vt ´
c
ÿ

j“1

vjpj

¸2

ě
pvs ´ vtq

2

2
.

(C.108)

From ‖v‖ “ 1 we know that maxiPrcs |vi| ě c´
1
2 . Besides, since

řc
i“1 vi “ 0, we have

vs ą 0 ą vt. Therefore, vs ´ vt ą maxiPrcs |vi| ě c´
1
2 . As a result,

‖a´ xa, by ¨ b‖2
ě p0 ¨

pvs ´ vtq
2

2
ą

p0

2c
. (C.109)
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Moreover,

‖a‖2
“

c
ÿ

i“1

v2
i pi ď

c
ÿ

i“1

pi “ 1. (C.110)

Thus,

sin2 θpa, bq ě
p0

2c

1
“

p0

2c
, (C.111)

which means that

vTAv ě p0 ¨ 1 ¨
p0

2c
“

p2
0

2c
. (C.112)

Now we analyze the distribution of p0. Since z follows a spherical Gaussian distri-

bution N p0, γIcq, we know that the entries of z are totally independent. Besides,

for each entry zipi P rcsq, we have |zi| ă γ with probability ξ, where ξ « 0.68 is an

absolute constant. Therefore, with probability ξc, forall entries zipi P rcsq, we have

|zi| ă γ. In this case,

p0 “
exp

`

miniPrcs zi
˘

řc
i“1 exppziq

ě
expp´γq

c exppγq
. (C.113)

In other cases, we know that p0 ą 0. Thus,

λc´1 “ Ez„N p0,γIcq

„

min
vPS,‖v‖“1

vTAv



ě ξc ¨

´

expp´γq
c exppγq

¯2

2c
. (C.114)

The right hand side is independent of n. Therefore, λc´1 ą 0, which means that rA

has exactly pc ´ 1q positive eigenvalues and a 0 eigenvalue, and the eigenvalue gap

between the smallest positive eigenvalue and 0 is independent of n.

Hence we complete the proof.

l

165



Projecting Hessians onto Finite Dimensions

In this section we will develop some technical tools for analyzing the eigenvalues and

eigenvectors of the output Hessians and the full layer-wise Hessians. In particular,

we will project both infinite dimensional matrices to cˆ c matrices.

First, we prove a technical lemma that will be very useful when we bound the

Frobenius norm of the difference between infinite size matrices.

Lemma C.2.16. Let ppA,D,xq be a homogeneous polynomial of A, D, and x and

is degree 1 in A, degree 2 in D, and degree 2 in x. Suppose the coefficients in p are

upper bounded in `1-norm by an absolute constant µ. Also let D1 be an independent

copy of D and x2 be an independent copy of x independent to D and A. Then with

probability 1 over W p1q and W p2q, we have

lim
nÑ8

E rppA,D,xqs “ E rppA,D1,x2qs (C.115)

Proof of Lemma C.2.16. Fix any ε ą 0. Assume that the homogeneous polynomial

is of the form

ppA,D,xq “
m
ÿ

i“1

ciAspiq,tpiqDupiq,upiqDvpiq,vpiqxppiqxqpiq, (C.116)

for coefficients ci, then from linearity of expectation we know

ErppA,D,xqs “
m
ÿ

i“1

ciErAspiq,tpiqDupiq,upiqDvpiq,vpiqxppiqxqpiqs. (C.117)
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Hence

|E rppA,D,xqs ´ E rppA,D1,x2qs |

ď

m
ÿ

i“1

ci|ErAspiq,tpiqDupiq,upiqDvpiq,vpiqxppiqxqpiqs ´ ErAspiq,tpiqDupiq,upiqDvpiq,vpiqxppiqxqpiqs|

(C.118)

Since the entries of D can only be 0 or 1, we have

ErAspiq,tpiqDupiq,upiqDvpiq,vpiqxppiqxqpiqs

“Pr
“

Dupiq,upiq “ Dvpiq,vpiq “ 1
‰

ErAspiq,tpiqxppiqxqpiq|Dupiq,upiq “ Dvpiq,vpiq “ 1s

“
1

4
ErAspiq,tpiqxppiqxqpiq|Dupiq,upiq “ Dvpiq,vpiq “ 1s.

(C.119)

The last equality holds since u converges in distribution to a spherical Gaussian,

and its entry-wise activations D follows a p “ 1
2

Bernoulli distribution. Assume

řm
i“1 |ci| ě µ, that the `1 norm of the coefficients is upper bounded by some constant

µ. Set ε1 “ ε
µ
. To prove this lemma it is sufficient to prove that each term of the

polynomial are sufficiently small, namely, for any index,

|ErAspiq,tpiqxppiqxqpiq|Dupiq,upiq “ Dvpiq,vpiq “ 1s

´ ErAspiq,tpiqx
2
ppiqx

2
qpiq|D

1
upiq,upiq “ D1

vpiq,vpiq “ 1s|

|ErAspiq,tpiqxppiqxqpiq|Dupiq,upiq “ Dvpiq,vpiq “ 1s ´ ErAspiq,tpiqx
2
ppiqx

2
qpiqs| ă ε1.

(C.120)

Fix a set of index s, t, p, q, u, v, for simplicity of notation, we use the abbreviation

E rAstxpxq|Ds to denote ErAspiq,tpiqxppiqxqpiq|Dupiq,upiq “ Dvpiq,vpiq “ 1s. Since x is of

rectified Gaussian with the covariance of the initial Gaussian distribution being the

identity, xp and xq shares the same density function when x ą 0, namely fpxq “
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1?
2π

expp´x2{2q. Note that

ĳ

R`ˆR`

xy fpxqfpyq dx dy “ E rxixjs “ E rxisE rxjs “
1

2π
. (C.121)

Fix some β ă α
2
, we have

|E rAstxpxq|Ds ´ E
“

Astx
2
px
2
q

‰

|

“

∣∣∣∣∣∣
ĳ

R`ˆR`

E
“

Ast|D,xp“x,xq“y
‰

xy fpxqfpyq dx dy ´

ĳ

R`ˆR`

E rAstsxy fpxqfpyq dx dy

∣∣∣∣∣∣
ď

ĳ

R`ˆR`

|E
“

Ast|D,xp“x,xq“y
‰

´ E rAsts |xy fpxqfpyq dx dy

“

ĳ

r0,nβsˆr0,nβs

|E
“

Ast|D,xp“x,xq“y
‰

´ E rAsts |xy fpxqfpyq dx dy

`

ĳ

R`ˆR`zpr0,nβsˆr0,nβsq

|E
“

Ast|D,xp“x,xq“y
‰

´ E rAsts |xy fpxqfpyq dx dy.

(C.122)

From Corollary C.2.14 we have, for any indices s, t, for sufficiently large n, for any

px, yq P r0, nβs ˆ r0, nβs,

|E
“

Ast|D,xp“x,xq“y
‰

´ E rAsts | ă ε1 (C.123)

Thus
ĳ

r0,nβsˆr0,nβs

|E
“

Ast|D,xp“x,xq“y
‰

´ E rAsts |xy fpxqfpyq dx dy

ď ε1
ĳ

r0,nβsˆr0,nβs

xy fpxqfpyq dx dy “
ε1

2π
.

(C.124)
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Now we consider the other integral. First note that since Ast is either pi ´ p2
i or

´pipj for some i, j, and pi,pj,pi ` pj P p0, 1q as it is the output of the softmax

function, we have Ast P p´
1
4
, 1

4
q. It follows that |E

“

Ast|D,xp“x,xq“y
‰

´ E rAsts | ď
1
2
.

Therefore
ĳ

R`ˆR`zpr0,nβsˆr0,nβsq

|E
“

Ast|D,xp“x,xq“y
‰

´ E rAsts |xy fpxqfpyq dx dy

ď
1

2

ĳ

R`ˆR`zpr0,nβsˆr0,nβsq

xy
e´x

2{2

?
2π

e´y
2{2

?
2π

dx dy

ď
1

2
¨

1

2π

ż 8

nβ
e´x

2{2x dx

ż

R`
e´y

2{2y dy `
1

2
¨

1

2π

ż

R`
e´x

2{2x dx

ż 8

nβ
e´y

2{2y dy

“
1

2π
e´n

2β

,

(C.125)

which decreases below ε1{2 for sufficiently large n. As both terms in Equation C.122

are less than ε1{2 as n Ñ 8, we have |E rAstxpxq|Ds ´ E
“

Astx
2
px
2
q

‰

| ă ε1. Which

completes the proof of this lemma. l

We then generalize this lemma for a degree ten homogeneous polynomial, in which

the monomials are roughly multiplied with an independent copy of itself (except for

A).

Corollary C.2.17. Let ppA,D,x, Ā, D̄, x̄q be a homogeneous polynomial of A, D,

x, Ā, D̄, and x̄. Let it be degree 1 in A, Ā, degree 2 in D, D̄, and degree 2 in x,x̄.

Suppose the coefficients in p are upper bounded in `1-norm by an absolute constant

µ. Also let D1 be an independent copy of D and x2 be an independent copy of x

independent to D and A. Moreover, let pĀ, D̄, x̄, D̄1, x̄2q be an independent copy of
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pA,D,x,D1,x2q. Then with probability 1 over W p1q and W p2q, we have

lim
nÑ8

E
“

ppA,D,x, Ā, D̄, x̄q
‰

“ E
“

ppA,D1,x2, Ā, D̄1, x̄2q
‰

. (C.126)

Proof of Corollary C.2.17. For simplicity of notations, we here denote sijuvrs “

AijDvvDwwxrxs, s1ijuvrs “ AijD
1
vvD

1
wwx2rx

2
s. Similarly, we also denote tklpqtu “

ĀklD̄ppD̄qqx̄tx̄u and t1klpqtu “ ĀklD̄
1
ppD̄

1
qqx̄

2
t x̄
2
u. As there is no confusion on index-

ing, we will also omit the subscripts and use s, t.

Fix any ε ą 0, Following the argument of the proof of Lemma C.2.16, it is

sufficient to prove this corollary by showing for any indexing,

|ErAijĀklDvvDwwD̄ppD̄qqxrxsx̄tx̄us ´ ErAijĀklD
1
vvD

1
wwD̄1

ppD̄
1
qqx

2
rx
2
sx̄
2
t x̄
2
us|

“ |Ersts ´ Ers1t1s| ă
ε

µ
.

(C.127)

First note that since |Aij| ă
1
4

and |Dii| ď 1 for all i, j, we have

|Erss| “ |ErAijDvvDwwxrxss| ď
1

4
|Erxrxss| “

1

8π
. (C.128)

The same argument also applies to s1, t, and t1. Also, by Lemma C.2.16, for suffi-

ciently large n we have |Erss´Ers1s| ă ε1 and |Erts´Ert1s| ă ε1. Since by construction

s and t are independent, we have

|Ersts ´ Ers1t1s| “ |ErssErts ´ Ers1sErt1s|

“ |ErssErts ´ ErssErt1s ` ErssErt1s ´ Ers1sErt1s|

ď |Erss||Erts ´ Ert1s| ` |Ert1s||Erss ´ Ers1s|

ď
1

8π
ε1 `

1

8π
ε1 ă ε1,

(C.129)

which completes the proof of Corollary C.2.17. l
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Now we formally begin our analysis. We start fromM p1q “ E
“

DW p2qTAW p2qD
‰

,

the output Hessian of the first layer. The output Hessian of the second layer is just

E rAs, which had been analyzed in Section C.2.2. In this section we will neglect the

superscript for M p1q and use M as there is no confusion. Also, we use W to denote

W p2q unless specified otherwise. We first state our main lemma of projecting M .

Lemma C.2.18. With probability 1 over W p1q and W p2q,

lim
nÑ8

∥∥WMW T
∥∥2

F

‖M‖2
F

“ 1. (C.130)

Proof of Lemma C.2.18. To prove the equivalence between
∥∥WMW T

∥∥2

F
and

‖M‖2
F , we need to introduce a bridging term

M˚ fi ErD1W p2qTAW p2qD1
s (C.131)

where D1 is an independent copy of D and also independent of A. Essentially M˚

is the matrix which has the same expression as M except that we assume D is

independent of A in M˚. Informally, the proof strategy of Lemma C.2.18 is

∥∥WMW T
∥∥2

F
«

∥∥WM˚W T
∥∥2

F
« ‖M˚‖2

F « ‖M‖2
F . (C.132)

We now formally establish this equivalence.

Then we look into the structures of the bridging matrix M˚. It is simple to

analyze as we assumed the independence between A and D1. Formally,

Lemma C.2.19. With probability 1 over W p1q and W p2q,

M˚
“

1

4

`

W TErAsW ` diagpW TErAsW q
˘

. (C.133)
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Moreover, ‖M˚‖ and ‖M˚‖2
F are bounded below by some nonzero constant and

bounded above by some constant.

Proof of Lemma C.2.19. First note that since D1 is the activation of u1, which

converges to a spherical Gaussian with probability 1 over W p1q and is independent

with A, each diagonal entry of D is a Bernoulli random variable with p “ 1
2
. For

i, j P rns, when i ‰ j, we have

M˚
ij “ ErD1

iipW
TAW qijD

1
jjs

“ ErD1
iisErD1

jjsErpW TAW qijs

“
1

4
pW TErAsW qij.

(C.134)

When i “ j,

M˚
i,i “ ErD1

iipW
TAW qiiD

1
iis

“ ErD1
iisErpW TAW qiis

“
1

2
pW TErAsW qi,j.

(C.135)

Thus

M˚
“

1

4

`

W TErAsW ` diagpW TErAsW q
˘

. (C.136)

Now we show the lower bound and upper bound on norms of M˚.

Since xErW TAW s, diagpErW TAW sqy ě 0, we have

‖M˚‖F ě
∥∥ErW TAW s

∥∥
F
“

∥∥∥W T
rAW

∥∥∥
F
. (C.137)

Since WW T converges to Ic in spectral norm from Lemma C.2.5, we have for

sufficiently large n, the smallest singular value of W is larger than 1
2
. Moreover,

since ErAs admits an eigenvalue that is bounded below by some constants η fi
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ξc ¨
´

expp´γq
c exppγq

¯2

{2c where ξ « 0.68 is an absolute constant and γ “ pπ´1q2

4π2 as shown in

Lemma C.2.15, there exists an eigenvalue of M˚ “W TErAsW that is larger than

η
4
. Hence for large n, ‖M˚‖ is bounded from below by η

4
, and hence ‖M˚‖2

F .

Besides, since D is a diagonal matrix with 0/1 entries, and the absolute value of

each entry of A is bounded by 1, we have

‖M‖F “
∥∥ErDW TAWDs

∥∥
F
ď

∥∥ErW TAW s
∥∥
F
ď ‖W ‖2

F‖A‖F ď c‖W ‖2
F .

(C.138)

From Lemma C.2.3, we know that with probability 1, ‖W ‖2
F ď 2c, therefore, ‖M‖F

is upper bounded by 2c2, which is independent of n. l

Lemma C.2.20. With probability 1 over W p1q and W p2q,

lim
nÑ8

‖M‖2
F

‖M˚‖2
F

“ 1.

Proof of Lemma C.2.20.

Recall that M˚ fi ErD1W p2qTAW p2qD1s where D1 is an independent copy of D

and also independent of A. Since we will only explicitly use W p2q in this proof, for

simplicity of notation, we will omit its superscript and use W . Let pD̄, Āq be an

independent copy of pD,Aq, then

‖M‖2
F “

∥∥ErDW TAWDs
∥∥2

F

“ E
“

xDW TAWD, D̄W TĀW D̄y
‰

“ E
“

tr
`

DW TAWDD̄W TĀW D̄
˘‰

“ E
“

tr
`

W D̄DW TAWDD̄W TĀ
˘‰

.

(C.139)

Expressing the term inside the expectation as a polynomial of entries of A, D, Ā
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and D̄, we get

tr
`

W D̄DW TAWDD̄W TĀ
˘

“

c
ÿ

i“1

`

W D̄DW TAWDD̄W TĀ
˘

i,i

“

c
ÿ

i,j“1

`

W D̄DW TA
˘

i,j

`

WDD̄W TĀ
˘

j,i

“

c
ÿ

i,j“1

˜

c
ÿ

k“1

n
ÿ

l“1

Wi,lWk,lDl,lDl,lAk,j

¸˜

c
ÿ

s“1

n
ÿ

t“1

Wj,tWs,tD̄t,tD̄t,tAs,i

¸

“

c
ÿ

i,j,k,s“1

n
ÿ

l,t“1

Wi,lWk,lWj,tWs,tĀk,jAs,iD̄l,lDl,lD̄t,tDt,t.

(C.140)

The monomials are Āk,jAs,iD̄l,lDl,lD̄t,tDt,t, and the corresponding coefficients are

Wi,lWk,lWj,tWs,t. Now we can bound the `1 norm of the coefficient of this polyno-

mial as follows:

∥∥∥∥∥ c
ÿ

i,j,k,s“1

n
ÿ

l,t“1

Wi,lWk,lWj,tWs,t

∥∥∥∥∥
1

ď

c
ÿ

i,j,k,s“1

n
ÿ

l,t“1

|Wi,l| ¨ |Wk,l| ¨ |Wj,t| ¨ |Ws,t|

“

˜

c
ÿ

i,k“1

n
ÿ

l“1

|Wi,l| ¨ |Wk,l|

¸˜

c
ÿ

j,s“1

n
ÿ

t“1

|Wj,t| ¨ |Ws,t|

¸

ď

˜

c
ÿ

i,k“1

n
ÿ

l“1

W 2
i,l `W

2
k,l

2

¸˜

c
ÿ

j,s“1

n
ÿ

t“1

W 2
j,t `W

2
s,t

2

¸

“

˜

c
ÿ

i,k“1

‖Wi‖2
` ‖Wk‖2

2

¸˜

c
ÿ

j,s“1

‖Wj‖2
` ‖Ws‖2

2

¸

“pc‖W ‖2
F q

2
“ c2‖W ‖4

F .

(C.141)
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From Lemma C.2.3 we know that ‖W ‖2
F “ Opcq with probability 1 over W , so the

coefficient of this polynomial is `1-norm bounded.

For any ε ą 0, fix ε. Note that ‖M˚‖2
F is just substituting D, D̄ by D1, D̄1 in

the polynomial characterized by Equation C.140. From Corollary C.2.17 we have

the convergence of the difference of the expectation of the two polynomials, namely

|‖M‖2
F ´ ‖M˚‖2

F | ă ε for sufficiently large n. Since the spectral norm of M˚ is on

the order of constant from Lemma C.2.19, we have limnÑ8 ‖M‖2
F {‖M˚‖2

F “ 1. l

Lemma C.2.21. For all i, j P rcs, limnÑ8ppWMW Tqi,j ´ pWM˚W Tqi,jq “ 0.

Thus,

lim
nÑ8

∥∥WMW T
∥∥2

F

‖WM˚W T‖2
F

“ 1.

Proof of Lemma C.2.21. This proof is very similar to that of Lemma C.2.20. First,

we focus on a single entry of the matrix WMW T and express it as a polynomial of

entries of A and D:

pWMW T
qi,j “ ErpWDW TAWDW T

qi,js

“ E

«

c
ÿ

k“1

pWDW TAqi,kpWDW T
qk,j

ff

“ E

«

c
ÿ

k“1

˜

c
ÿ

s“1

n
ÿ

l“1

Wi,lWs,lDl,lAs,k

¸˜

n
ÿ

t“1

Wk,jWj,tDt,t

¸ff

“ E

«

c
ÿ

k,s“1

n
ÿ

l,t“1

Wi,lWs,lWk,tWj,tAs,kDl,lDt,t

ff

.

(C.142)

175



Then we bound the `1 norm of the coefficients of this polynomial as follows:∥∥∥∥∥ c
ÿ

k,s“1

n
ÿ

l,t“1

Wi,lWs,lWk,tWj,t

∥∥∥∥∥
1

ď

c
ÿ

k,s“1

n
ÿ

l,t“1

|Wi,l| ¨ |Ws,l| ¨ |Wk,t| ¨ |Wj,t|

“

˜

c
ÿ

s“1

n
ÿ

l“1

|Wi,l| ¨ |Ws,l|

¸˜

c
ÿ

k“1

n
ÿ

t“1

|Wk,t| ¨ |Wj,t|

¸

ď

˜

c
ÿ

s“1

n
ÿ

l“1

W 2
i,l `W

2
s,l

2

¸˜

c
ÿ

k“1

n
ÿ

t“1

W 2
k,t `W

2
j,t

2

¸

“
`

c‖Wi‖2
` ‖W ‖2

F

˘ `

c‖Wj‖2
` ‖W ‖2

F

˘

ďp2c‖W ‖2
F q

2
“ 4c2‖W ‖4

F .

(C.143)

Similar to Lemma C.2.20, this coefficient is `1-norm bounded. The expression of each

entry of WM˚W T is just substituting D, D̄ by D1, D̄1 in the polynomial character-

ized by Equation C.142. Therefore, using Lemma C.2.16, we have with probability

1 over W , for all i, j P rcs,

lim
nÑ8

ppWMW T
qi,j ´ pWM˚W T

qi,jq “ 0. (C.144)

This completes the proof of the lemma as WMW T is of constant size. l

Lemma C.2.22. With probability 1 over Wp1q and Wp2q,

lim
nÑ8

∥∥WM˚W T
∥∥2

F

‖M˚‖2
F

“ 1. (C.145)

Proof of Lemma C.2.22. The proof of this lemma will be divided into two parts.

In the first part, we will estimate the Frobenius norm of M˚, and in the second part
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we do the same thing for WM˚W T.

Part 1: From Lemma C.2.19 we know that

M˚
“

1

4

`

W TErAsW ` diagpW TErAsW q
˘

. (C.146)

Denote rA fi ErAs, then

ErW TAW s “W TErAsW “W T
rAW . (C.147)

From Lemma C.2.5, for all ε1 ą 0, with probability 1 over W we have
∥∥WW T ´ Ic

∥∥ ď
ε1. Besides, from Kleinman and Athans (1968) we know that for positive semi-definite

matrices A and B we have λminpAq trpBq ď trpABq ď λmaxpAq trpBq, so

ˇ

ˇ

ˇ

ˇ

∥∥∥W T
rAW

∥∥∥2

F
´

∥∥∥rA∥∥∥2

F

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
trpW T

rAWW T
rAW q ´ trprArAq

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
trpWW T

rAWW T
rAq ´ trprArAq

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

`

}WW T
´ Ic} ` 1

˘

trprAWW T
rAq ´ trprArAq

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

`

}WW T
´ Ic} ` 1

˘

trpWW T
rArAq ´ trprArAq

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

`

}WW T
´ Ic} ` 1

˘2
trprArAq ´ trprArAq

ˇ

ˇ

ˇ

ď }WW T
´ Ic}

2
∥∥∥ rA∥∥∥2

F
` 2}WW T

´ Ic}
∥∥∥ rA∥∥∥2

F
.

(C.148)

For any ε ą 0, set ε1 “ mint ε
4
,
?
ε

2
u gives us with probability 1,

lim
nÑ8

ˇ

ˇ

ˇ

ˇ

∥∥∥W T
rAW

∥∥∥2

F
´

∥∥∥rA∥∥∥2

F

ˇ

ˇ

ˇ

ˇ∥∥∥rA∥∥∥2

F

“ 0, (C.149)
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i.e.,

lim
nÑ8

∥∥∥W T
rAW

∥∥∥2

F∥∥∥rA∥∥∥2

F

“ 1. (C.150)

Besides, if we denote the i-th column of W by wi, then

∥∥diagpErW TAW sq
∥∥2

F
“

n
ÿ

i“1

pwT
i
rAwiq

2

ď

n
ÿ

i“1

´

‖wi‖2
¨ }rA}

¯2

“

∥∥∥rA∥∥∥2 n
ÿ

i“1

}wi}
4.

(C.151)

Since Ern2}wi}
4s “ c2 ` 2c, by the additive form of Chernoff bound we get

Pr

«

n
ÿ

i“1

}wi}
4
ě
c2 ` 3c

n

ff

“ Pr

„řn
i“1 n

2}wi}
4

n
´ pc2

` 2cq ě c



ď e´2nc2 . (C.152)

Therefore, when nÑ 8, with probability 1 over W we have

∥∥diagpErW TAW sq
∥∥2

F
ď

∥∥∥rA∥∥∥2 n
ÿ

i“1

}wi}
4
ď

∥∥∥rA∥∥∥2

¨
c2 ` 3c

n
. (C.153)

Thus, with probability 1 over W,

lim
nÑ8

∥∥diag
`

E
“

W TAW
‰˘∥∥2

F∥∥∥W T
rAW

∥∥∥2

F

“ 0, (C.154)

i.e.,

lim
nÑ8

1
16

∥∥∥rA∥∥∥2

F

‖M˚‖2
F

“ 1. (C.155)
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Part 2: We now estimate the norm of WM˚W . Plug equation Equation C.133

into WM˚W and we get

WM˚W “
1

4

`

ErWW TAWW T
s ` ErWdiagpW TAW qW T

s
˘

. (C.156)

Similar to Part 1, when nÑ 8, with probability 1, we have

lim
nÑ8

∥∥ErWW TAWW Ts
∥∥2

F∥∥∥rA∥∥∥2

F

“ 1. (C.157)

Besides, when nÑ 8, with probability 1 we have

∥∥WdiagpErW TAW sqW T
∥∥2

F
ď ‖W ‖2

F

∥∥∥rA∥∥∥2 n
ÿ

i“1

}wi}
4
ď

∥∥∥rA∥∥∥2

¨
c2 ` 3c

n
‖W ‖2

F .

(C.158)

As a result, with probability 1,

lim
nÑ8

∥∥WdiagpErW TAW sqW T
∥∥2

F∥∥∥WW T
rAWW T

∥∥∥2

F

“ 0, (C.159)

i.e.,

lim
nÑ8

1
16

∥∥∥rA∥∥∥2

F

‖WM˚W T‖2
F

“ 1. (C.160)

Combining the results of Part 1 and Part 2 proves this lemma.

l

Combining Lemma C.2.20, Lemma C.2.21, and Lemma C.2.22 directly finishes

the proof of Lemma C.2.18. l

After establishing the projection of M onto a c ˆ c matrix, we may project the
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full layer-wise Hessian of the first layer, namely Hp1q “ ErDW p2qTAW p2qD b xxTs

onto a cˆ c matrix using very similar techniques. For simplicity of notation, we will

denote W p2q by W and Hp1q by H unless explicitly stated otherwise.

Since the autocorrelation matrix xx has unbounded Frobenious norm, we will

consider a re-scaled version H̆ fi H{d2 for our analysis. Let U fi 1?
d
1T
d P R1ˆd be

an all-1 matrix scaled by 1?
d
, we have UUT “ 1. Let V fiW bU be our projection

matrix for H̆ , we may then state our main lemma for full layer-wise Hessian.

Lemma C.2.23. With probability 1 over W p1q and W p2q,

lim
nÑ8

∥∥∥V H̆V T
∥∥∥2

F∥∥∥H̆∥∥∥2

F

“ 1. (C.161)

Proof of Lemma C.2.23. Similar to the proof for the output Hessian, we will

introduce a “bridging term”

H̆˚ fi
1

d
ErD1W p2qTAW p2qD1

b x2x2Ts (C.162)

where D1 is an independent copy of D and also independent of A, and x2 is an

independent copy of x which is independent to both D1 and A. Informally, we will

show ∥∥∥V H̆V T
∥∥∥2

F
«

∥∥∥V H̆˚V T
∥∥∥2

F
«

∥∥∥H̆˚

∥∥∥2

F
«

∥∥∥H̆∥∥∥2

F
. (C.163)

We first look into the structures of H̆˚.

Lemma C.2.24. With probability 1 over W p1q and W p2q,

H̆˚
“

1

4d

`

W TErAsW ` diagpW TErAsW q
˘

b

ˆ

1

2π
1d1

T
d `

π ´ 1

2π
Id

˙

. (C.164)
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Moreover, for large n, η{32 ă
∥∥∥H̆˚

∥∥∥
F
ă 2c2.

Proof of Lemma C.2.24. By independence in construction, we have H̆˚ “

M˚ b p1
d
Erx2x2Tsq. Thus we only need to look into Erx2x2Ts. For i “ j, we have

Erx2x2Tsii “ Erxixis “ 1
2

while for i ‰ j, Erx2x2Tsij “ Erxixjs “ 1
2π

. Thus

Erx2x2Ts “
1

2π
1d1

T
d `

π ´ 1

2π
Id. (C.165)

It follows that

lim
dÑ8

1

d

∥∥ErxxT
s
∥∥
F
“ lim

dÑ8

1

d

c

d2
1

4π2
` d

pπ ´ 1q2

4π2
“

1

2π
ą

1

8
. (C.166)

Thus for large n we have 1
8
ă 1

d

∥∥ErxxTs
∥∥
F
ă 1. Since

∥∥∥H̆˚

∥∥∥
F
“ 1

d

∥∥M˚ b ErxxTs
∥∥
F
“

‖M˚‖F ¨ 1
d

∥∥ErxxTs
∥∥
F

and we know that η
4
ă

∥∥∥H̆˚

∥∥∥
F
ă 2c2 from Lemma C.2.19. We

can conclude that for large n, η{32 ă
∥∥∥H̆˚

∥∥∥
F
ă 2c2. l

Lemma C.2.25. With probability 1 over W p1q and W p2q,

lim
nÑ8

∥∥∥H̆∥∥∥2

F∥∥∥H̆˚

∥∥∥2

F

“ 1.

Proof of Lemma C.2.25. Unsurprisingly, this proof will be very similar to the proof

of Lemma C.2.20. Recall that H̆˚ fi 1
d
ErD1W TAWD1 b x2x2Ts. Let pD̄, Ā, x̄q be
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an independent copy of pD,A,xq,

∥∥∥H̆∥∥∥2

F
“

∥∥∥∥1

d
ErDW TAWDb xxT

s

∥∥∥∥2

F

“ E
„

1

d2
xDW TAWDb xxT, D̄W TĀW D̄b x̄x̄T

y



“ E
„

1

d2
tr
``

DW TAWDb xxT
˘ `

D̄W TĀW D̄b x̄x̄T
˘˘



“ E
„

1

d2
tr
`

DW TAWDD̄W TĀW D̄
˘

tr
`

xxTx̄x̄T
˘



“ E
„

1

d2
pxTx̄x̄Txq tr

`

W D̄DW TAWDD̄W TĀ
˘



.

(C.167)

Expressing the term inside the expectation as a polynomial of entries of A, D, Ā

and D̄, we get

1

d2
pxTx̄x̄Txq tr

`

W D̄DW TAWDD̄W TĀ
˘

“
1

d2

d
ÿ

p,q“1

xpx̄pxqx̄q

˜

c
ÿ

i“1

`

W D̄DW TAWDD̄W TĀ
˘

i,i

¸

“
1

d2

d
ÿ

p,q“1

c
ÿ

i,j,k,s“1

n
ÿ

l,t“1

Wi,lWk,lWj,tWs,tĀk,jAs,iD̄l,lDl,lD̄t,tDt,txpx̄pxqx̄q.

(C.168)

We skipped some derivations as they are identical to Equation C.140. The mono-

mials are Āk,jAs,iD̄l,lDl,lD̄t,tDt,txpx̄pxqx̄q, and the corresponding coefficients are

Wi,lWk,lWj,tWs,t. The `1 norm of the coefficients is∥∥∥∥∥ 1

d2

d
ÿ

p,q“1

c
ÿ

i,j,k,s“1

n
ÿ

l,t“1

Wi,lWk,lWj,tWs,t

∥∥∥∥∥
1

“

∥∥∥∥∥ c
ÿ

i,j,k,s“1

n
ÿ

l,t“1

Wi,lWk,lWj,tWs,t

∥∥∥∥∥
1

,

(C.169)

which we know is upper bounded by some constant with probability 1 over W from
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Equation C.141.

For any ε ą 0, fix ε. Note that
∥∥∥H̆˚

∥∥∥2

F
is just substituting pD, D̄,x, x̄q by

pD1, D̄1,x2, x̄2q in the polynomial characterized by Equation C.168. From Corollary

C.2.17 we have the convergence of the difference of the expectation of the two polyno-

mials, namely |
∥∥∥H̆∥∥∥2

F
´

∥∥∥H̆˚

∥∥∥2

F
| ă ε for sufficiently large n. Since the spectral norm of

H̆˚ is bounded below from 0 by Lemma C.2.19, we have limnÑ8

∥∥∥H̆∥∥∥2

F
{

∥∥∥H̆˚

∥∥∥2

F
“ 1.

l

Lemma C.2.26. For all i, j P rcs, limnÑ8ppV H̆V
Tqi,j ´ pV H̆

˚V Tqi,jq “ 0. Thus,

lim
nÑ8

∥∥∥V H̆V T
∥∥∥2

F∥∥∥V H̆˚V T

∥∥∥2

F

“ 1. (C.170)

Proof of Lemma C.2.26. This proof is very similar to that of Lemma C.2.25. First,

we focus on a single entry of the matrix V H̆V T and express it as a polynomial of

entries of A and D:

pV H̆V T
qi,j “ E

«

ˆ

pW bUq
1

d
pDW TAWDb xxT

qpW bUqT
˙

i,j

ff

“ E
„

1

d

`

pWDW TAWDW T
q b pUxxTUT

q
˘

i,j



“ E
„

1

d
¨

1

d
p1T

dxxT1dq
`

WDW TAWDW T
˘

i,j



“ E

«

1

d2

˜

d
ÿ

p,q“1

xpxq

¸˜

c
ÿ

k“1

pWDW TAqi,kpWDW T
qk,j

¸ff

“ E

«

1

d2

d
ÿ

p,q“1

c
ÿ

k,s“1

n
ÿ

l,t“1

Wi,lWs,lWk,tWj,tAs,kDl,lDt,txpxq

ff

.

(C.171)
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We skipped some derivations as they are identical to Equation C.142. The mono-

mials are As,kDl,lDt,txpxq, and the corresponding coefficients are Wi,lWs,lWk,tWj,t.

Observe that the `1 norm of the coefficients satisfies

∥∥∥∥∥ 1

d2

d
ÿ

p,q“1

c
ÿ

k,s“1

n
ÿ

l,t“1

Wi,lWs,lWk,tWj,t

∥∥∥∥∥
1

“

∥∥∥∥∥ c
ÿ

k,s“1

n
ÿ

l,t“1

Wi,lWs,lWk,tWj,t

∥∥∥∥∥
1

, (C.172)

which we know is bounded above by some constant from Equation C.143. Note

that the expression of each entry of V H̆˚W T is just substituting pD, D̄,x, x̄q by

pD1, D̄1,x2, x̄2q in the polynomial characterized by Equation C.171. Therefore, using

Lemma C.2.16, we have with probability 1 over W , for all i, j P rcs,

lim
nÑ8

ppV H̆V T
qi,j ´ pV H̆

˚V T
qi,jq “ 0. (C.173)

This completes the proof of the lemma as V H̆V T is of constant size. l

Lemma C.2.27. With probability 1 over Wp1q and Wp2q,

lim
nÑ8

∥∥∥V H̆˚V T
∥∥∥2

F∥∥∥H̆˚

∥∥∥2

F

“ 1. (C.174)

Proof of Lemma C.2.27. This lemma is a direct corollary of Lemma C.2.22 for
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the output Hessian. Note that by the independence in construction,

V H̆˚V T
“

1

d
pW bUqE

“

D1W TAWDb x2x2T
‰

pW T
bUT

q

“
1

d
pW bUq

`

M˚
b E

“

x2x2T
‰˘

pW T
bUT

q

“
1

d

`

WM˚W T
˘

b
`

UE
“

x2x2T
‰

UT
˘

“
`

WM˚W T
˘

b

ˆ

1

d2
1T
dE

“

x2x2T
‰

1d

˙

“
1

d2
1T
dE

“

x2x2T
‰

1d
`

WM˚W T
˘

.

(C.175)

From Equation C.165 we have

1T
dE

“

x2x2T
‰

1d “
d
ÿ

i,j“1

E
“

xxT
‰

ij
“

1

2π
d2
`
π ´ 1

2π
d. (C.176)

Thus ∥∥∥V H̆˚V T
∥∥∥2

F
“

∥∥∥∥ˆ 1

2π
`
π ´ 1

2πd

˙

WM˚W

∥∥∥∥2

F

“

ˆ

1

4π2
`
π ´ 1

2π2d
`
pπ ´ 1q2

4π2d2

˙

‖WM˚W ‖2
F .

(C.177)

Meanwhile note that

∥∥∥H̆˚

∥∥∥2

F
“

1

d2

∥∥∥ĂM˚
b E

“

x2x2T
‰

∥∥∥2

F
“

1

d2

∥∥∥ĂM˚

∥∥∥2

F
b
∥∥E “

x2x2T
‰
∥∥2

F
, (C.178)

where ∥∥E “

x2x2T
‰
∥∥2

F
“

d
ÿ

i,j“1

E
“

xxT
‰2

ij
“

1

4π2
d2
`
π ´ 1

2π
d. (C.179)
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Thus ∥∥∥H̆˚

∥∥∥2

F
“

ˆ

1

4π2
`
π ´ 1

2πd

˙ ∥∥∥ĂM˚

∥∥∥2

F
. (C.180)

Since d “ n1`α for some constant α ą 0, we have

lim
nÑ8

1
4π2 `

π´1
2π2d

`
pπ´1q2

4π2d2

1
4π2 `

π´1
2πd

“ 1. (C.181)

Thus combined with the result from Lemma C.2.22, we have

lim
nÑ8

∥∥∥V H̆˚V T
∥∥∥2

F∥∥∥H̆˚

∥∥∥2

F

“

˜

lim
nÑ8

1
4π2 `

π´1
2π2d

`
pπ´1q2

4π2d2

1
4π2 `

π´1
2πd

¸˜

lim
nÑ8

∥∥WM˚W T
∥∥2

F

‖M˚‖2
F

¸

“ 1.

(C.182)

l

Combining Lemma C.2.25, Lemma C.2.26, and Lemma C.2.27 completes the

proof of Lemma C.2.23. l

Now we are done with the lemmas and will proceed to the proof of the main

theorems.

Structure of Output Hessian of the First Layer

We first restate Theorem 4.4.2 here:

Theorem 4.4.2 Let M˚ fi E
“

D1W p2qTAW p2qD1
‰

where D1 is an independent copy

of D and is also independent of A. Let S1 and S2 be the top c ´ 1 eigenspaces of

M p1q and M˚ respectively, for all ε ą 0,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq
rOverlap pS1, S2q ą 1´ εs “ 1. (C.183)
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Moreover, as

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq

«˜

λcpM q

λc´1pMq

ˇ

ˇ

ˇ

ˇ

W p1q,W p2q

¸

ă ε

ff

“ 1. (C.184)

Proof of Theorem 4.4.2. l

From Lemma C.2.18 we have

lim
nÑ8

∥∥WMW T
∥∥2

F

‖M‖2
F

“ 1. (C.185)

Then we consider
∥∥W TWMW TW

∥∥2

F
. Note that∥∥W TWMW TW

∥∥2

F
“ trpW TWMW TWW TWMW TW q

“ trpWW TWMW TWW TWMW T
q.

(C.186)

From Lemma C.2.5 we know that for all ε1 ą 0, limnÑ8 Pr
`
∥∥WW T ´ Ic

∥∥ ě ε1
˘

“ 0.

For notation simplicity, in this proof we will omit the limit and probability argu-

ments which can be dealt with using union bound. Therefore, we will directly state∥∥WW T ´ Ic
∥∥ ď ε1. From Kleinman and Athans (1968) we know that for positive

semi-definite matrices A and B we have λminpAq trpBq ď trpABq ď λmaxpAq trpBq,

so

| trpWW T
¨WMW TWW TWMW T

q ´ trpWMW TWW TWMW T
q|

ďmaxt1´ λminpWW T
q, λmaxpWW T

q ´ 1u trpWMW TWW TWMW T
q

ď
∥∥WW T

´ Ic
∥∥ trpWMW TWW TWMW T

q ď ε1 trpWMW TWW TWMW T
q.

(C.187)
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Similarly,

| trpWMW TWW TWMW T
q ´ trpWMW TWMW T

q|

“| trpWW T
¨WMW TWMW T

q ´ trpWMW TWMW T
q|

ď
∥∥WW T

´ Ic
∥∥ trpWMW TWMW T

q ď ε1 trpWMW TWMW T
q.

(C.188)

Therefore,

|
∥∥W TWMW TW

∥∥2

F
´
∥∥WMW T

∥∥2

F
|

“| trpWW T
¨WMW TWW TWMW T

q ´ trpWMW TWMW T
q|

ď| trpWW T
¨WMW TWW TWMW T

q ´ trpWMW TWW TWMW T
q|

` | trpWMW TWW TWMW T
q ´ trpWMW TWMW T

q|

ďε1 trpWMW TWW TWMW T
q ` ε1 trpWMW TWMW T

q

ďε1p1` ε1q trpWMW TWMW T
q ` ε1 trpWMW TWMW T

q

ďp2ε1 ` pε1q2q trpWMW TWMW T
q “ p2ε1 ` pε1q2q

∥∥WMW T
∥∥2

F
.

(C.189)

For all ε ą 0, select ε1 ă mint
?
ε

2
, ε

4
u, we have

|
∥∥W TWMW TW

∥∥2

F
´
∥∥WMW T

∥∥2

F
| ă ε

∥∥WMW T
∥∥2

F
. (C.190)

In other words,

lim
nÑ8

∥∥W TWMW TW
∥∥2

F

‖WMW T‖2
F

“ 1. (C.191)

Hence we get

lim
nÑ8

∥∥W TWMW TW
∥∥2

F

‖M‖2
F

“ 1. (C.192)

Next, consider the orthogonal projection matrix PW fiW
T
W that projects vectors
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in Rn into the subspace spanned by all rows ofW . HereW is the orthogonolizedW ,

which is explicitly defined in Lemma C.2.8. We will consider the matrix PWMPW .

Define δ fiW TW ´ PW , then from Lemma C.2.8 we get ‖δ‖2
F ď ε1. Therefore,

|
∥∥W TWMW TW

∥∥
F
´ ‖PWMPW ‖F |

ď ‖PWMδ‖F ` ‖δMPW ‖F ` ‖δMδ‖F

ď ‖M‖F Pr
“

2‖PW ‖F‖δ‖F ` ‖δ‖2
F

‰

ď ‖M‖F Pr
“

2 ¨ 4c2ε1 ` pε1q2
‰

.

(C.193)

For all ε ą 0, we choose ε1 ă mint
?
ε

2
, ε

16c2
u and have

|
∥∥W TWMW TW

∥∥
F
´ ‖PWMPW ‖F |

‖M‖F
ă ε, (C.194)

which means that

lim
nÑ8

|
∥∥W TWMW TW

∥∥
F
´ ‖PWMPW ‖F |

‖W TWMW TW ‖F

“ lim
nÑ8

|
∥∥W TWMW TW

∥∥
F
´ ‖PWMPW ‖F |

‖M‖F
“ 0.

(C.195)

Thus,

lim
nÑ8

‖PWMPW ‖F
‖M‖F

“ lim
nÑ8

‖PWMPW ‖F
‖W TWMW TW ‖F

“ 1. (C.196)

Note that ‖M‖2
F “ ‖PWMPW ‖2

F `
∥∥PWMPKW

∥∥2

F
`
∥∥PKWMPW

∥∥2

F
`
∥∥PKWMPKW

∥∥2

F
.

It follows that,

lim
nÑ8

∥∥PWMPKW
∥∥2

F
`
∥∥PKWMPW

∥∥2

F
`
∥∥PKWMPKW

∥∥2

F

‖M‖2
F

“ lim
nÑ8

‖M‖2
F ´ ‖PWMPW ‖2

F

‖M‖2
F

“ 0.

(C.197)
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In other words,

lim
nÑ8

∥∥PWMPKW
∥∥
F

‖M‖F
“ lim

nÑ8

∥∥PKWMPW

∥∥
F

‖M‖F
“ lim

nÑ8

∥∥PKWMPKW
∥∥
F

‖M‖F
“ 0. (C.198)

From Lemma C.2.19 we know that for large n, limnÑ8 ‖M‖F is lower bounded by

some constant that is independent of n, so

lim
nÑ8

∥∥PWMPKW
∥∥
F
“ lim

nÑ8

∥∥PKWMPW

∥∥
F
“ lim

nÑ8

∥∥PKWMPKW
∥∥
F
“ 0. (C.199)

Note that

M “ PWMPW ` PWMPKW ` PKWMPW ` PKWMPKW . (C.200)

Thus,

lim
nÑ8

‖M ´ PWMPW ‖F “ 0. (C.201)

For any ε ą 0, set δ ă mint εη
8c2
,
?
εη

2c
u, from Lemma C.2.8, we know that with proba-

bility 1,
∥∥PW ´W TW

∥∥
F
ď δ. Therefore,∥∥PWMPW ´W TWMW TW

∥∥
F

ď
∥∥PW ´W TW

∥∥2

F
‖M‖F ` 2

∥∥PW ´W TW
∥∥
F
‖M‖F‖PW ‖F

ďδ2
¨ 2c2

` 2δ ¨ 2c2

ăε.

(C.202)

In other words,

lim
nÑ8

∥∥PWMPW ´W TWMW TW
∥∥
F
“ 0. (C.203)

Now we conclude that

lim
nÑ8

∥∥M ´W TWMW TW
∥∥
F
“ 0. (C.204)
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From Lemma C.2.21 we know that

lim
nÑ8

∥∥WMW T
´WM˚W T

∥∥
F
“ 0. (C.205)

Since

∥∥W TWMW TW ´W TWM˚W TW
∥∥
F
ď ‖W ‖2

F

∥∥WMW T
´WM˚W T

∥∥
F
,

(C.206)

from Lemma C.2.3 which bounds the Frobenius norm of W we know that

lim
nÑ8

∥∥W TWMW TW ´W TWM˚W TW
∥∥
F
“ 0. (C.207)

Thus,

lim
nÑ8

∥∥M ´W TWM˚W TW
∥∥
F
“ 0. (C.208)

Note that M˚ “ 1
4

`

ErW TAW s ` diagpErW TAW sq
˘

, so

4W TWM˚W TW “W TWW T
rAWW TW `W TWdiagpErW TAW sqW TW .

(C.209)

We will first analyze the second term on the RHS of equation Equation C.209. For

all ε ą 0, set ε1 “ ε?
c
, and from Lemma C.2.5 we know that

∥∥WW T ´ Ic
∥∥ ă ε1 with

probability 1, which means that |
∥∥WW T

∥∥
F
´ c| ă ε with probability 1. Set ε “ c,

we know that
∥∥WW T

∥∥
F
ă 2c with probability 1. Note that∥∥W TWdiagpErW TAW sqW TW

∥∥
F
ď

∥∥W TW
∥∥2

F

∥∥diagpErW TAW sq
∥∥
F

“
∥∥WW T

∥∥2

F

∥∥diagpErW TAW sq
∥∥
F

ď 4c2
∥∥diagpErW TAW sq

∥∥
F
.

(C.210)
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Combine this with equation Equation C.154 and we have

lim
nÑ8

∥∥W TWdiagpErW TAW sqW TW
∥∥
F∥∥∥W T

rAW
∥∥∥
F

“ 0. (C.211)

From Lemma C.2.19 we know that
∥∥∥W T

rAW
∥∥∥
F
ě

η
4

with probability 1, so

lim
nÑ8

∥∥∥4W TWM˚W TW ´W TWW T
rAWW TW

∥∥∥
F
“ 0. (C.212)

Similarly, define δ fiWW T ´ Ic, then∥∥∥W TWW T
rAWW TW ´W T

rAW
∥∥∥
F

ď

∥∥∥W Tδ rAδW
∥∥∥
F
` 2

∥∥∥W T
rAδ

∥∥∥
F

ď‖W ‖2
F‖δ‖

2
F

∥∥∥rA∥∥∥
F
` 2‖W ‖F‖δ‖F

∥∥∥rA∥∥∥
F
.

(C.213)

Set ε1 ă mint ε
8c2
,
a

ε
8c3
u, then from Lemma C.2.5 we know that ‖δ‖F ă ε1 with

probability 1, and from Lemma C.2.3 we have ‖W ‖F ď 2c with probability 1.

We also have
∥∥∥rA∥∥∥

F
ď c since each entry of A is bounded by 1 in absolute value.

Therefore,

∥∥∥W TWW T
rAWW TW ´W T

rAW
∥∥∥
F
ď 4c2

pε1q2 ¨c`2¨2cε1 ¨c ă
ε

2
`
ε

2
“ ε, (C.214)

which means that

lim
nÑ8

∥∥∥W TWW T
rAWW TW ´W T

rAW
∥∥∥
F
“ 0. (C.215)
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From Equation C.212 and Equation C.215 we get

lim
nÑ8

∥∥∥∥1

4
W T

rAW ´W TWM˚W TW

∥∥∥∥
F

“ 0. (C.216)

Combining with Equation C.208 we have

lim
nÑ8

∥∥∥∥M ´
1

4
W T

rAW

∥∥∥∥
F

“ 0. (C.217)

Besides, from equation Equation C.64 in Lemma C.2.8 we know that for any ε1 ą 0,

∥∥W ´W
∥∥2

F
“

ÿ

iPrcs

∥∥W i ´Wi

∥∥2
ă ε1, (C.218)

where W is the orthogonal version of W , i.e., we run the Gram-Schmidt process for

the rows of W . Define δ fiW ´W , for any ε ą 0, set ε1 “ mint ε
8c2
,
a

ε
2c
u, we have

with probability 1,∥∥∥W T
rAW ´W

T
rAW

∥∥∥
F
ď 2‖δ‖F

∥∥∥rA∥∥∥
F
‖W ‖F ` ‖δ‖2

F

∥∥∥rA∥∥∥
F

ď 4c2ε1 ` cpε1q2 ă ε.

(C.219)

Therefore,

lim
nÑ8

∥∥∥W T
rAW ´W

T
rAW

∥∥∥
F
“ 0, (C.220)

which implies

lim
nÑ8

∥∥∥∥M ´
1

4
W

T
rAW

∥∥∥∥
F

“ 0. (C.221)

From Lemma C.2.15 we know that with probability 1, rA is of rank pc ´ 1q. Since

A ¨1 “ 0 is always true, the top pc´1q eigenspace of rA is Rczt1u. Note that the rows

in W are of unit norm and orthogonal to each other, we conclude that W
T
rAW is
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of rank pc ´ 1q and the corresponding eigenspace is RtW iu
c
i“1zt1

TW u. Moreover,

the minimum positive eigenvalue of W
T
rAW is lower bounded by η

4
.

As for the top c ´ 1 eigenvectors of M , define δ fi M ´ 1
4
W

T
rAW , then M “

1
4
W

T
rAW ` δ. Define S1 as the top c ´ 1 eigenspaces for M , and S2 to be the top

c´ 1 eigenspaces for 1
4
W

T
rAW . Then from Davis-Kahan Theorem we know that

‖sin ΘpS1, S2q‖F ď
‖δ‖F

λc´1p
1
4
W

T
rAW q

. (C.222)

Here ΘpS1, S2q is a pc´ 1q ˆ pc´ 1q diagonal matrix whose i-th diagonal entry is the

i-th canonical angle between S1 and S2. Since limnÑ8 ‖δ‖F “ 0, and with probability

1, λc´1p
1
4
W

T
rAW q ě η which is independent of n, we have with probability 1,

lim
nÑ8

‖sin ΘpS1, S2q‖F “ 0, (C.223)

which indicates that the top c ´ 1 eigenspaces for M and 1
4
W

T
rAW are the same

when nÑ 8.

Here we note that the top c ´ 1 eigenspace of W
T
rAW is RtW iu

c
i“1zt1

TW u

since A has its null space spanned by the all-one vector, so M will also have the

same top c ´ 1 eigenspaces. Besides, from equation Lemma C.64 we know that

limnÑ8

∥∥W ´W
∥∥
F
“ 0, so RtW iu

c
i“1zt1

TW u are the same as RtWiu
c
i“1zt1

TW u.

This completes the proof of this theorem.

Structure of Full Hessian of the First Layer

We first restate Theorem 4.4.1 here:

Theorem 4.4.1: Let V1 and V2 be the top c´1 eigenspaces of H and xH respectively,
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for all ε ą 0,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq
rOverlap pV1, V2q ą 1´ εs “ 1. (C.224)

Moreover,

lim
nÑ8

Pr
W p1q„N p0, 1

d
Indq,W p2q„N p0, 1

n
Icnq

«˜

λcpHq

λc´1pHq

ˇ

ˇ

ˇ

ˇ

W p1q,W p2q

¸

ă ε

ff

“ 1. (C.225)

Before proceeding to the main theorem, we will first look into the eigenspectrum

of the scaled auto-correlation matrix X̆ fi 1
d
E
“

xxT
‰

and the top eigenspace of xH .

Also recall some useful notations including U “ 1?
d
1T
d and V fiW bU .

Lemma C.2.28. λ1pX̆q “
1

2π
` π´1

2πd
with eigenvector 1?

d
1d. λ2pX̆q “ ¨ ¨ ¨ “ λdpX̆q “

π´1
2πd

.

Proof of Lemma C.2.28. From Equation C.165 we know that

X̆ “
1

d
E
“

xxT
‰

“
1

2πd
1d1

T
d `

π ´ 1

2πd
Id. (C.226)

For unit vector v “ 1?
d
1d, it satisfies

X̆v “
1

2πd
1d1

T
d

1
?
d
1d `

π ´ 1

2πd
Id

1
?
d
1d “

ˆ

1

2π
`
π ´ 1

2πd

˙

1
?
d
1d. (C.227)

Hence the all one vector has eigenvalue 1
2π
` π´1

2πd
. For any unit vector v K 1d, it

satisfies

X̆v “
1

2πd
1d1

T
dv `

π ´ 1

2πd
Idv “

π ´ 1

2πd
v. (C.228)

Which means λ2 “ λ3 “ ¨ ¨ ¨ “ λd “
π´1
2πd

. l
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Corollary C.2.29. With probability 1 over W p1q and W p2q, the overlap between the

top c´ 1 eigenspace of xH and RtViuci“1ztV ¨ 1u converges to 1 as nÑ 8.

Proof of Corollary C.2.29. First note that by simple linear algebra,

RtViuci“1zt1
TV u “ pRtWiu

c
i“1ztW ¨ 1uq bU . (C.229)

While from Theorem 4.4.2 we know the overlap between the top c ´ 1 eigenspace

of M and RtWiu
c
i“1zt1

TW u converges to 1. Thus for proving this corollary it is

sufficient to show that the top c ´ 1 eigenspace of 1
d
xH “M b X̆ is the Kronecker

product of the top c´ 1 eigenspace of M and U .

From Theorem 4.4.2 we know, with probability 1 over W p1q and W p2q, for large

n, λc´1pM q ą η{4 and λ1pM q ă 2c2 where η and c are absolute constants. Thus for

large n we have

lim
nÑ8

λ1pX̆qλc´1pM q “ lim
dÑ8

ˆ

1

2π
`
π ´ 1

2πd

˙

λc´1pMq ě
1

2π

η

4
. (C.230)

while

lim
nÑ8

λ2pX̆qλ1pM q “ lim
dÑ8

π ´ 1

2πd
λc´1pM q ď lim

dÑ8

π ´ 1

2πd
2c2

“ 0. (C.231)

Since for large n, λ1pX̆qλc´1pMq ą λ2pX̆qλ1pM q, the top c´ 1 eigenspace of 1
d
xH is

the top c ´ 1 eigenspace of M Kronecker with the first eigenvector of X̆, which is

exactly U from Lemma C.2.28. This completes the proof of this corollary.

l

Now we proceed to prove the main theorem

Proof of Theorem 4.4.1. We will conduct the proof on H̆ “ 1
d
H as the properties

to be proved are invariant to scalar multiplication. From Corollary C.2.29 we know
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the overlap between the top c ´ 1 eigenspace of xH and RtViuci“1zt1
TV u converges

to 1. Thus we only need to show the overlap between the top c´ 1 eigenspace of H̆

and RtViuci“1zt1
TV u converges to 1.

The proof strategy for the full layerwise Hessian is exactly the same as the proof

for the output Hessian in Section C.2.2. In particular, the proof is nearly identical

when we change the projection matrix from PW to PV where V fiW bU .

Therefore, instead of rewriting the entire proof, we may neglect some repeating

arguments by verifying the equivalent lemmas for the full layer-wise Hessian. With V

as defined, we have ‖V ‖F “ ‖W ‖F , V V T “WW T, and
∥∥V TV

∥∥
F
“

∥∥W TW
∥∥
F

,

so we can directly apply the exact same result of the two norm bounds (Lemma C.2.3,

Lemma C.2.7) on V . Now we prove Lemma C.2.30 as the equivalent of Lemma C.2.8.

Lemma C.2.30. Let V fiW bU , then PV fi V
T
V is the projection matrix from

Rnd onto the subspace spanned by all rows of V “W bU . Moreover, for all ε ą 0,

lim
nÑ8

Pr
”∥∥V TV ´ PV

∥∥2

F
ą ε

ı

“ 0. (C.232)

Proof of Lemma C.2.30. Since Kronecker product with the constant 1ˆd matrix

U preserves the orthogonality of vectors, doing Gram-Schmit on V is equivalent to

doing Gram-Schmit on W then Kronecker with U , which results in V by construc-

tion. Therefore PV is a valid projection matrix.
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Also note that for any W ,∥∥V TV ´ PV

∥∥2

F
“

∥∥∥pW bUqTpW bUq ´ V
T
V
∥∥∥2

F

“

∥∥∥pW TW q b pUTUq ´ pW
T
W q b pUTUq

∥∥∥2

F

“

∥∥∥W TW ´W
T
W

∥∥∥2

F

∥∥UTU
∥∥2

F

“

∥∥∥W TW ´W
T
W

∥∥∥2

F

∥∥∥∥1

d
1d1

T
d

∥∥∥∥2

F

“
∥∥W TW ´ PW

∥∥2

F
.

(C.233)

From Lemma C.2.8 we have

lim
nÑ8

Pr
”∥∥V TV ´ PV

∥∥2

F
ą ε

ı

“ lim
nÑ8

Pr
”∥∥W TW ´ PW

∥∥2

F
ą ε

ı

“ 0. (C.234)

l

Note that the equivalent lemmas of Lemma C.2.18- Lemma C.2.22 for H̆ are

also established in Lemma C.2.23 - Lemma C.2.27 in Section C.2.2, substituting

pPW ,M ,M˚q by pPV , H̆ , H̆˚q, we may follow the argument in Section C.2.2 up to

Equation C.208 and conclude that

lim
nÑ8

∥∥∥H̆ ´ V TV H̆˚V TV
∥∥∥
F
“ 0. (C.235)

Now claim an equivalent argument of Equation C.216, that

lim
nÑ8

∥∥∥∥ 1

8π
V T

rAV ´ V TV H̆˚V TV

∥∥∥∥
F

“ 0. (C.236)

Observe that

V T
rAV “ pW bUqT rApW bUq “W T

rAW bUTU (C.237)
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and

V TV H̆˚V TV “ pW bUqTpW bUqpM˚
b X̆qpW bUqTpW bUq

“W TWM˚W TW bUTUX̆UTU .
(C.238)

We have∥∥∥∥ 1

8π
V T

rAV ´ V TV H̆˚V TV

∥∥∥∥
F

“

∥∥∥∥ 1

8π
W T

rAW bUTU ´W TWM˚W TW bUTUX̆UTU

∥∥∥∥
F

ď

∥∥∥∥ 1

8π
W T

rAW bUTU ´
1

2π
W TWM˚W TW bUTU

∥∥∥∥
F

`

∥∥∥∥ 1

2π
W TWM˚W TW bUTU ´W TWM˚W TW bUTUX̆UTU

∥∥∥∥
F

“
1

2π

∥∥∥∥1

4
W T

rAW ´W TWM˚W TW

∥∥∥∥
F

∥∥∥UTUX̆UTU
∥∥∥
F

`
∥∥W TWM˚W TW

∥∥
F

∥∥∥∥ 1

2π
UTU ´UTUX̆UTU

∥∥∥∥
F

.

(C.239)

Let’s first consider the second term. Note that from Lemma C.2.28,∥∥∥∥ 1

2π
UTU ´UTUX̆UTU

∥∥∥∥
F

“

∥∥∥∥∥ 1

2πd
1d1

T
d ´

1

d2

˜

d
ÿ

i,j“1

1

d
E
“

xxT
‰

ij

¸

1d1
T
d

∥∥∥∥∥
F

“

∣∣∣∣ 1

2πd
´

1

d3

ˆ

2πd2

2π
`
pπ ´ 1qd

2π

˙∣∣∣∣ ∥∥1d1
T
d

∥∥
F

“
π ´ 1

2πd2
d “

π ´ 1

2πd
.

(C.240)

Which converges to 0 as n Ñ 8 (since d “ n1`α). Since
∥∥W TWM˚W TW

∥∥
F

is
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bounded above from Lemma C.2.3 and Lemma C.2.19. We have

lim
nÑ8

∥∥W TWM˚W TW
∥∥
F

∥∥∥∥ 1

2π
UTU ´UTUX̆UTU

∥∥∥∥
F

“ 0. (C.241)

For the first term, since for all d,

∥∥∥UTUX̆UTU
∥∥∥
F
“

∥∥∥∥∥ 1

d2

˜

d
ÿ

i,j“1

1

d
E
“

xxT
‰

ij

¸

1d1
T
d

∥∥∥∥∥
F

“
1

d2

ˆ

2πd2

2π
`
pπ ´ 1qd

2π

˙

ă
1

2
,

(C.242)

Combined with Equation C.216 we have

lim
nÑ8

1

2π

∥∥∥∥1

4
W T

rAW ´W TWM˚W TW

∥∥∥∥
F

∥∥∥UTUX̆UTU
∥∥∥
F
“ 0. (C.243)

Plug Equation C.241 and Equation C.243 into Equation C.239 gives us Equation

C.236.

Now substitute 1
4
W TAW in Section C.2.2 to 1

8π
V TAV , following the arguments

after Equation C.216 completes the remaining proof for this theorem. l
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C.3 Structure of Dominating Eigenvectors of the Full Hessian.

Although it is not possible to apply Kronecker factorization to the full Hessian di-

rectly, we can construct an approximation of the top eigenvectors and eigenspace

using similar ideas and our findings.In this section, we will always have superscript

ppq for all layer-wise matrices and vectors in order to distinguish them from the full

versions. As shown in Equation C.19 of Section C.1.1, we have the full Hessian of

fully connected networks as

HLpθq “ E
“

F T
xAxFx

‰

` E

«

c
ÿ

i“1

B`pz,yq

zi
∇2
θzi

ff

, (C.244)

where

F T
x “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Gx
p1qT

b xp1q

Gx
p1qT

Gx
p2qT

b xp2q

Gx
p2qT

...

Gx
pLqT

b xpnq

Gx
pLqT

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (C.245)

In order to simplify the formula, we define

rxppq “

ˆ

xppq

1

˙

(C.246)

to be the extended input of the p-th layer. Thus, the terms in the Hessian attributed

to the bias can be included in the Kronecker product with the extended input, and
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F T
x can be simplified as

F T
x “

¨

˚

˚

˚

˝

Gx
p1qT

b rxp1q

Gx
p2qT

b rxp2q

...

Gx
pLqT

b rxpnq

˛

‹

‹

‹

‚

. (C.247)

As discussed in several previous works (Sagun et al., 2016; Papyan, 2018, 2019;

Fort and Ganguli, 2019), the full Hessian can be decomposed in to the G-term

E
“

F T
xAxFx

‰

and the H-term E
”

řc
i“1

B`pz,yq
zi

∇2
θzi

ı

in Equation C.244.

Empirically, the G-term usually dominates the H-term, and the top eigenvalues

and eigenspace of the Hessian are mainly attributed to the G-term. Since we focus

on the top eigenspace, we can approximate our full Hessian using the G-term, as

HLpθq « E
“

F T
xAxFx

‰

. (C.248)

In our approximation of the layer-wise Hessian HLpw
ppqq Equation 4.2, the two

parts of the Kronecker factorization are the layer-wise output Hessian ErM ppq
x s and

the auto-correlation matrix of the input ErxppqxppqTs. Although we cannot apply

Kronecker factorization to E
“

F T
xAxFx

‰

, we can still approximate its eigenspace

using the eigenspace of the full output Hessian.

Note here that the full output Hessian is not a common definition. Let pm “

řL
p“1m

ppq be the sum of output dimension of each layer. We define a full output

vector rz P R pm by concatenating all the layerwise outputs together,

rz :“

¨

˚

˚

˚

˝

zp1q

zp2q

...

zpLq

˛

‹

‹

‹

‚

. (C.249)
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We then define the full output Hessian is the Hessian w.r.t. rz. Let the full output

Hessian for a single input x be Mx P R pmˆ pm. Similar to Equation C.15, it can be

expressed as

Mx :“H`prz,xq “ G
T
xAxGx, (C.250)

where

GT
x “

¨

˚

˚

˚

˚

˝

G
p1qT
x

G
p2qT
x

...

G
pLqT
x

˛

‹

‹

‹

‹

‚

(C.251)

similar to Equation C.247. The full output Hessian for the entire training sample is

thus

HLprzq “ ErMxs “ ErGT
xAxGxs. (C.252)

We can then approximate the eigenvectors of the full Hessian HLpθq using the

eigenvectors of ErMxs. Let the i-th eigenvector of HLpθq be vi and that of ErMxs

be ui. We may then break up ui into segments corresponding to different layers as

in

ui “

¨

˚

˚

˚

˚

˝

u
p1q
i

u
p2q
i
...

u
pLq
i

˛

‹

‹

‹

‹

‚

, (C.253)

where for all layer p, u
ppq
i P Rmppq . Motivated by the relation between Gx and Fx,

the i-th eigenvector of HLpθq can be approximated as the following. Let

wi “

¨

˚

˚

˚

˚

˝

u
p1q
i b ErĄxp1qs
u
p2q
i b ErĄxp2qs

...

u
pLq
i b ErĄxpLqs

˛

‹

‹

‹

‹

‚

. (C.254)
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We then have

vi «
wi

}wi}
(C.255)

We can then use the Gram–Schmidt process to get the basis vectors of the approxi-

mated eigenspace.

Another reason for this approximation is that the expectation is the input of

each layer Erxppqs dominates its covariance as shown in Section C.6.1. Thus, the

approximate is accurate for top eigenvectors and also top eigenspace. For latter

eigenvectors, the approximation would not be as accurate since this approximate

loses all information in the covariance of the inputs.

We also approximated the eigenvalues using this approximation. Let the i-th

eigenvalue of HLpθq be λi and that of ErMxs be σi. We have

λi « σi}wi}
2. (C.256)

Below we show the approximation of the eigenvalues top eigenspace using this

method. The eigenspace overlap is defined as in Definition 4.2.1. We experimented

on several fully connected networks, the results shown below are for F-2002 (same as

Figure 4.2(c)(d) in the main text), F-2004, F-6004, and F-6008, all with dimension

50. The approximations are reasonably accurate.
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Figure C.1: Top 50 Eigenvalues and Eigenspace approximation for full Hessian

205



C.4 Computation of Hessian Eigenvalues and Eigenvectors

For Hessian approximated using Kronecker factorization, we compute ErM s and

ErxxT s explicitly. Let m and v be an eigenvector of ErM s and ErxxT s respectively,

with corresponding eigenvalues λm and λv. Since both matrices are positive semi-

definite, m b v is an eigenvector of ErM s b ErxxT s with eigenvalue λmλv. In

this way, since ErM s has m eigenvectors and ErxxT s has n eigenvectors, we can

approximate all mn eigenvectors for the layer-wise Hessian. All these calculation

can be done directly.

However, it is almost prohibitive to calculate the true Hessian explicitly. Thus,

we use numerical methods with automatic differentiation (Paszke et al., 2017) to

calculate them. The packages we use is Golmant et al. (2018) and we use the Lanczos

method in most of the calculations. We also use package in Yao et al. (2019) as a

reference.

For layer-wise Hessian, we modified the Golmant et al. (2018) package. In par-

ticular, the package relies on the calculation of Hessian-vector product Hv, where

v is a vector with the same size as parameter θ. To calculate eigenvalues and eigen-

vectors for layer-wise Hessian at the p-th layer, we cut the v into different layers.

Then, we only leave the part corresponding to weights of the p-th layer and set all

other entries to 0. Note that the dimension does not change. We let the new vector

be vppq and get the value of u “ Hvppq using auto differentiation. Then, we do the

same operation to u and get uppq.
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C.5 Detailed Experiment Setup

C.5.1 Datasets

We conduct experiment on CIFAR-10, CIFAR-100 (MIT) (Krizhevsky and Hinton,

2009) (https://www.cs.toronto.edu/~kriz/cifar.html), and MNIST (CC BY-

SA 3.0) (LeCun et al., 1998) (http://yann.lecun.com/exdb/mnist/). The datasets

are downloaded through torchvision (Paszke et al., 2019b) (https://pytorch.org/

vision/stable/index.html). We used their default splitting of training and testing

set.

To compare our work on PAC-Bayes bound with the work of Dziugaite and Roy

(2017), we created a custom dataset MNIST-2 by setting the label of images 0-4 to

0 and 5-9 to 1. We also created random-labeled datasets MNIST-R and CIFAR10-R

by randomly labeling the images from the training set of MNIST and CIFAR10. The

dataset information is summarized in Table C.1

Table C.1: Datasets

# Data Points
Dataset Train Test Input Size # Classes Label

CIFAR10 50000 10000 3ˆ 32ˆ 32 10 True
CIFAR10-R 50000 10000 3ˆ 32ˆ 32 10 Random
CIFAR100 50000 10000 3ˆ 32ˆ 32 100 True
MNIST 60000 10000 28ˆ 28 10 True
MNIST-2 60000 10000 28ˆ 28 2 True
MNIST-R 60000 10000 28ˆ 28 10 Random

All the datasets (MNIST, CIFAR-10, and CIFAR-100) we used are publicly avail-

able. According to their descriptions on the contents and collection methods, they

should not contain any personal information or offensive content. MNIST is a remix

of datasets from the National Institute of Standards and Technology (NIST), which
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obtained consent for collecting the data. However, we also note that CIFAR-10 and

CIFAR-100 are subsets of the dataset 80 Million Tiny Image (Torralba et al., 2008)

(http://groups.csail.mit.edu/vision/TinyImages/), which used automatic col-

lection and includes some offensive images.

C.5.2 Network Structures

Fully Connected Network: We used several different fully connected networks varying

in the number of hidden layers and the number of neurons for each hidden layer. The

output of all layers except the last layer are passed into ReLU before feeding into the

subsequent layer. As described in Section 4.5.1, we denote a fully connected network

with m hidden layers and n neurons each hidden layer by F-nm. For networks without

uniform layer width, we denote them by a sequence of numbers (e.g. for a network

with three hidden layers, where the first two layers has 200 neurons each and the

third has 100 neurons, we denote it as F-2002-100). For example, the structure of

F-2002 is shown in Table C.2.

Table C.2: Structure of F-2002 on MNIST

# Name Module In Shape Out Shape

1 Flatten (28,28) 784
2 fc1 Linear(784, 200) 784 200
3 ReLU 200 200
4 fc2 Linear(200, 200) 200 200
5 ReLU 200 200
6 fc3 Linear(200, 10) 200 10

output

LeNet5: We adopted the LeNet5 structure proposed by LeCun et al. (1998) for

MNIST, and slightly modified the input convolutional layers to adapt the input of

CIFAR-10 dataset. The standard LeNet5 structure we used in the experiments is
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shown in Table C.3. We further modified the dimension of fc1 and conv2 to create

several variants for the experiment in Section 4.5.3. Take the model whose first

fully connected layer is adjusted to have 80 neurons as an example, we denote it as

LeNet5-(fc1-80).

Table C.3: Structure of LeNet5 on CIFAR-10

# Name Module In Shape Out Shape

1 conv1 Conv2D(3, 6, 5, 5) (3, 32, 32) (6, 28, 28)
2 ReLU (6, 28, 28) (6, 28, 28)
3 maxpool1 MaxPooling2D(2,2) (6, 28, 28) (6, 14, 14)
4 conv2 Conv2D(6, 16, 5, 5) (6, 14, 14) (16, 10, 10)
5 ReLU (16, 10, 10) (16, 10, 10)
6 maxpool2 MaxPooling2D(2,2) (16, 10, 10) (16, 5, 5)
7 Flatten (16, 5, 5) 400
8 fc1 Linear(400, 120) 400 120
9 ReLU 120 120

10 fc2 Linear(120, 84) 120 84
11 ReLU 84 84
12 fc3 Linear(84, 10) 84 10

output

Networks with Batch Normalization: In Section C.7.3 we conducted several experi-

ments regarding the effect of batch normalization on our results. For those exper-

iments, we use the existing structures and add batch normalization layer for each

intermediate output after it passes the ReLU module. In order for the Hessian to

be well-defined, we fix the running statistics of batch normalization and treat it as a

linear layer during inference. We also turn off the learnable parameters θ and β (Ioffe

and Szegedy, 2015) for simplicity. For network structure X, we denote the variant

with batch normalization after all hidden layers X-BN. For example, the detailed

structure LeNet5-BN is shown in Table C.4.
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Table C.4: Structure of LeNet5-BN on CIFAR-10

# Name Module In Shape Out Shape

1 conv1 Conv2D(3, 6, 5, 5) (3, 32, 32) (6, 28, 28)
2 ReLU (6, 28, 28) (6, 28, 28)
3 BatchNorm2D (6, 28, 28) (6, 28, 28)
4 maxpool1 MaxPooling2D(2,2) (6, 28, 28) (6, 14, 14)
5 conv2 Conv2D(6, 16, 5, 5) (6, 14, 14) (16, 10, 10)
6 ReLU (16, 10, 10) (16, 10, 10)
7 BatchNorm2D (16, 10, 10) (16, 10, 10)
8 maxpool2 MaxPooling2D(2,2) (16, 10, 10) (16, 5, 5)
9 Flatten (16, 5, 5) 400

10 fc1 Linear(400, 120) 400 120
11 ReLU 120 120
12 BatchNorm1D 120 120
13 fc2 Linear(120, 84) 120 84
14 ReLU 84 84
15 BatchNorm1D 84 84
16 fc3 Linear(84, 10) 84 10

output

Variants of VGG11: To verify that our results apply to larger networks, we trained a

number of variant of VGG11 (originally named VGG-A in the paper, but commonly

refered as VGG11) proposed by Simonyan and Zisserman (2015). For simplicity, we

removed the dropout regularization in the original network. To adapt the structure,

which is originally designed for the 3ˆ 224ˆ 224 input of ImageNet, to 3ˆ 32ˆ 32

input of CIFAR-10.

Since the original VGG11 network is too large for computing the top eigenspace

up to hundreds of dimensions, we reduce the number of output channels of each

convolution layer in the network to 32, 48, 64, 80, and 200. We denote the small size

variants as VGG11-W32, VGG11-W48, VGG11-W64, VGG11-W80, and VGG11-

W200 respectively. We use conv1 - conv8 and fc1 to denote the layers of VGG11

where conv1 is closest to the input feature and fc1 is the classification layer.
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Variants of ResNet18: We also trained a number of variant of ResNet18 proposed by

He et al. (2016b). As batch normalization will change the low rank structure of the

auto correlation matrix and reduce the overlap, we removed all batch normalization

operations. Following the adaptation of ResNet to CIFAR dataset as in https:

//github.com/kuangliu/pytorch-cifar, we changed the input size to 3ˆ 32ˆ 32

and added a 1x1 convolutional layer for each shortcut after the first block.

Similar to VGG11, we reduce the number of output channels of each convolution

layer in the network to 48, 64, 80. We denote the small size variants as ResNet18-

W48, ResNet18-W64, and ResNet18-W80 respectively. We use conv1 - conv17 and

fc1 to denote the layers of the ResNet18 backbone where conv1 is closest to the

input feature and fc1 is the classification layer. For the 1x1 convolutional layers

in the shortcut, we denote them by sc-conv1 - sc-conv3. where sc-conv1 is the

convolutional layer on the shortcut of the second ResNet block and sc-conv3 is the

convolutional layer on the shortcut of the fourth ResNet block.

C.5.3 Training Process and Hyperparameter Configuration

For all datasets, we used the default splitting of training and testing set. All models

(except explicitly stated otherwise) are trained using batched stochastic gradient

descent (SGD) with batch-size 128 and fixed learning rate 0.01 for 1000 epochs. No

momentum and weight decay regularization were used. The loss objective converges

by the end of training, so we may assume that the final models are at local minima.

For generality we also used a training scheme with fixed learning rate at 0.001, and a

training scheme with fixed learning rate at 0.01 with momentum of 0.9 and weight-

decay factor of 0.0005. Models trained with these settings will be explicitly stated.

Otherwise we assume they were trained with the default scheme mentioned above.
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Follow the default initialization scheme of PyTorch(Paszke et al., 2019b), the

weights of linear layers and convolutional layers are initialized using the Xavier

method (Glorot and Bengio, 2010), and bias of each layer are initialized to be zero.
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C.6 Additional Empirical Results

C.6.1 Low Rank Structure of Auto-Correlation Matrix ErxxTs

We have briefly discussed about the autocorrelation matrix ErxxTs being approxi-

mately rank 1 in Section 4.3.1 in the main text. In particular, we claimed that the

mean of layer input dominate the covariance, that ErxxTs « ErxsErxTs. In this

section we provide some additional empirical results supporting that claim.

We use two metrics to quantify the quality of this approximation: the squared

dot product between normalized Erxs and the first eigenvector of ErxxTs and the

ratio between the first and second eigenvalue of ErxxTs. Intuitively if the first

quantity is close to 1 and the second quantity is large, then the approximation

is accurate. Formally, for fully connected layers, define pErxs as the normalized

expectation of the layer input x, namely Erxs{}Erxs}. For convolutional layers,

following the notations in Section C.1.2, define pErxs as the first left singular vector

of ErXs where pErxs P RnK1K2 . Abusing notations for simplicity, we use ErxxTs to

denote the nK1K2ˆnK1K2 matrix ErXXTs. In this section we consider the squared

dot product between pErxs and the first eigenvector v1 of ErxxTs, namely pvT1
pErxsq2.

For the spectral ratio, let λ1 be the first eigenvalue of ErxxTs and λ2 be the

second. We have

λ1

λ2

ě
}ErxsErxsT} ´ }Σx}

}Σx}
“
}ErxsErxsT}

}Σx}
´ 1, (C.257)

where Σx is the covariance of x. Thus, the spectral norm of ErxsErxsT divided

by that of Σx gives a lower bound to λ1{λ2. In our experiments, we usually have

λ1{λ2 ě }ErxsErxsT}{}Σx}.

As we can see from Table C.5 and Table C.6, in a variety of settings, ErxsErxsT
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indeed dominated the autocorrelation matrix ErxxTs for fully connected layers. Sim-

ilar phenomenon also holds for convolutional layers in the modern architectures, but

the spectral gap are generally smaller compared to that of the fully connected layers.
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Table C.5: Squared dot product pvT1
pErxsq2 and spectral ratio λ1{λ2 for fully con-

nected layers in a selection of network structures and datasets. We independently
trained 5 runs for each instance and compute the mean, minimum, and maximum of
the two quantities over all layers (except the first layer which takes the input with
mean-zero) in all runs.

pvT1
pErxsq2 λ1{λ2

Dataset Network # fc mean min max mean min max

MNIST F-2002 2 1.000 1.000 1.000 12.29 9.65 16.16
F-6002 2 0.999 0.999 0.999 12.00 11.42 13.00
F-6004 4 1.000 0.999 1.000 17.81 7.33 28.00
F-6008 8 0.991 0.965 1.000 6.63 2.28 11.15

CIFAR10 F-6002 2 0.999 0.998 1.000 9.24 4.74 13.74
F-15003 3 0.999 0.997 1.000 13.27 6.10 18.41
LeNet5 3 0.998 0.997 0.999 7.21 5.88 9.02
LeNet5-(fc1-80) 3 0.998 0.996 0.999 7.80 6.77 11.01
LeNet5-(fc1-100) 3 0.997 0.995 0.999 7.42 6.20 9.10
LeNet5-(fc1-150) 3 0.998 0.992 0.999 7.35 5.34 9.62
VGG11-W32 1 0.990 0.988 0.993 6.02 5.57 6.51
VGG11-W64 1 0.996 0.993 0.999 5.87 5.32 6.26
VGG11-W64 1 0.995 0.993 0.996 6.24 5.97 6.70

CIFAR100 VGG11-W48 1 0.999 0.999 0.999 17.861 15.456 20.491
VGG11-W64 1 0.999 0.999 1.000 19.185 18.358 20.410
VGG11-W80 1 0.999 0.999 1.000 19.455 18.120 21.450
ResNet18-W48 1 1.000 1.000 1.000 28.23 27.37 29.27
ResNet18-W64 1 1.000 1.000 1.000 27.07 25.72 29.50
ResNet18-W80 1 1.000 1.000 1.000 28.23 25.98 30.03
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Table C.6: Squared dot product pvT1
pErxsq2 and spectral ratio λ1{λ2 for convolutional

layers in the selection of network structures and datasets in Table C.5.

pvT1
pErxsq2 λ1{λ2

Dataset Network # conv mean min max mean min max

CIFAR10 LeNet5 1 0.999 0.998 0.999 15.87 11.15 27.20
LeNet5-(fc1-80) 1 0.998 0.998 0.999 12.36 9.53 13.36
LeNet5-(fc1-100) 1 0.999 0.999 0.999 19.49 16.69 21.92
LeNet5-(fc1-150) 1 0.999 0.998 0.999 12.86 7.65 16.34
VGG11-W32 7 0.995 0.991 0.999 5.31 2.39 9.09
VGG11-W64 7 0.997 0.993 1.000 5.76 2.50 9.98
VGG11-W64 7 0.998 0.995 1.000 5.81 2.53 10.62

CIFAR100 VGG11-W48 7 0.996 0.991 0.999 5.72 2.46 9.90
VGG11-W64 7 0.995 0.991 0.999 5.66 2.50 10.79
VGG11-W80 7 0.994 0.988 0.998 5.18 2.50 8.45
ResNet18-W48 19 0.981 0.917 0.998 3.79 1.89 7.56
ResNet18-W64 19 0.985 0.910 0.998 3.96 1.81 7.53
ResNet18-W80 19 0.987 0.954 0.997 4.16 2.11 7.04
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C.6.2 Eigenspace Overlap Between Different Models

The non trivial overlap between top eigenspaces of layer-wise Hessians is one of our

interesting observations that had been discusses in Section 4.5.3. Here we provide

more related empirical results. Some will further verify our claim in Section 4.5.3

and some will appear to be challenge that. Both results will be explained discussed

more extensively in Section C.7.

Overlap preserved when varying hyper-parameters:

We first verify that the overlap also exists for a set of models trained with the different

hyper-parameters. Using the LeNet5 (defined in Table C.3) as the network structure.

We train 6 models using the default training scheme (SGD, lr=0.01, momentum=0),

5 models using a smaller learning rate (SGD, lr=0.001, momentum=0), and 5 models

using a combination of optimization tricks (SGD, lr=0.01, momentum=0.9, weight

decay=0.0005). With these 16 models, we compute the pairwise eigenspace overlap

of their layer-wise Hessians (120 pairs in total) and plot their average in Figure C.2.

The shade areas in the figure represents the standard deviation. The pattern of

overlap is clearly preserved, and the position of the peak roughly agrees with the

output dimension m, demonstrating that the phenomenon is caused by a common

structure instead of similarities in training process.
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Figure C.2: Eigenspace overlap of different models of LeNet5 trained with different
hyperparameters.
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Note that for fc3 (the final output layer), we are not observing a linear growth

starting from 0 like other layers. This can be explained by the lack of neuron permu-

tation. Related details will be discussed along with the reason for the linear growth

pattern for other layers in Section C.7.2.

Eigenspace overlap for convolutional layers in large models:

Even though the exact Kroneckor Factorization for layer-wise Hessians is only well-

defined for fully connected layers, we also observe similar nontrivial eigenspace

overlap for convolutional layers in larger and deeper networks including variants

of VGG11 and ResNet18 on datasets CIFAR10 and CIFAR100. Some representative

results are shown in Figure C.3 and Figure C.4. For each model on each dataset, we

independently train 5 models and compute the average pairwise eigenspace overlap.

The shade areas represents the standard deviation.

For most of the convolutional layers, the eigenspace overlap peaks around the

dimension which is equal to the number of output channels of that layer, which is

similar to the layers in LeNet5 as in Figure C.2. The eigenspace overlap of the final

fully connected-layer also behaves similar to fc3:LeNet5, which remains around a

constant then drops after exceeding the dimension of final output. However, there

are also layers whose overlap does not peak around the output dimensions, (e.g.

conv2 of Figure C.3(a) and conv7 of Figure C.4(a)). We will discuss these special

cases in the following paragraph.

Failed cases for eigenspace overlap

As seen in Figure C.3 and Figure C.4, there is a small portion of layers, usually closer

to the input, whose eigenspace overlap does peak around the output dimensions.

These layers can be clustered into the following two general cases.
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Early Peak of Low Overlap For layers shown in Figure C.5. The overlap of dominating

eigenspaces are significantly lower than the other layers. Also there exists a small

peak at very small dimensions.

Delayed Peak / Peak Doesn’t Decline For layers shown in Figure C.6, the top eigenspaces

has a nontrivial overlap, but the peak dimension is larger than predicted output di-

mension.

However, the existence of such failure cases does not undermine the theory of

Kronecker factorization approximation. In fact, both appear because the top hessian

eigenspace is not completely spanned by Erxs, and can be predicted by computing

the auto correlation matrices and the output Hessians. The details will also be

elaborated in Section C.7.2 with the help of correspondence matrices.

C.6.3 Eigenvector Correspondence

In this section, we leverage the idea of eigenvector matricization (Definition 4.2.2) and

analyze the validity of the decoupling conjecture using a matrix which we defined as

the eigenvector corresponding matrix. First let us recall the definition of eigenvector

matricization

Definition 4.2.2 Consider a layer with input dimension n and output dimension m.

For an eigenvector h P Rmn of its layer-wise Hessian, the matricized form of h is

Matphq P Rmˆn where Matphqi,j “ hpi´1qm`j.

Suppose the i-th eigenvector for ErxxTs is vi and the j-th eigenvector for ErM s is

uj. Then the Kronecker product ErM sbErxxTs has an eigenvector ujbvi. There-

fore if the decoupling conjecture is true, one would expect that the top eigenvector

of the layer-wise Hessian have a clear correspondence with the top eigenvectors of its
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two components. Note that ub v is just the flattened matrix uvT.

More concretely, to demonstrate the correspondence between the eigenvectors of

the layerwise hessian and the eigenvectors of matrix ErM s and ErxxTs, we introduce

“eigenvector correspondence matrices” as shown in Figure C.7.

Definition C.6.1 (Eigenvector Correspondence Matrices). For layer-wise Hessian

matrix H P Rmnˆmn with eigenvectors h1, ¨ ¨ ¨ ,hmn, and its corresponding auto-

correlation matrix ErxxTs P Rnˆn with eigenvectors v1, ¨ ¨ ¨ ,vn. The correspondence

between vi and hj can be defined as

Corrpvi,hjq :“ }Matphjqvi}
2. (C.258)

For the output Hessian matrix ErM s P Rmˆm with eigenvectors u1, ¨ ¨ ¨ ,um, we can

likewise define correspondence between vi and hj as

Corrpui,hjq :“ }Matphjq
Tui}

2 (C.259)

We may then define the eigenvector correspondence matrix between H and ErxxTs

as a n ˆ mn matrix whose i, j-th entry is Corrpvi,hjq, and the eigenvector corre-

spondence matrix between H and ErM s as a mˆmn matrix whose i, j-th entry is

Corrpui,hjq.

Intuitively, if the i, j-th entry of the corresponding matrix is close to 1, then

the eigenvector hj is likely to be the Kronecker product of vi (or ui) with some

vector. Note that if the decoupling conjecture holds absolutely, every eigenvector of

the layer-wise Hessian (column of the correspondence matrices) should have a perfect

correlation of 1 with exactly one of vi and one of ui. In Figure C.7 we can see that the

correspondence matrices for the true layer-wise Hessian approximately satisfies this

property for top eigenvectors. The similarity between the correspondence patterns
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for the true and approximated Hessian also verifies the validity of the Kronecker

approximation for dominating eigenspace.

In Figure C.7, we show the heatmap of Eigenvector Correspondence Matrices

for fc1:LeNet5, which has 120 output neurons. Here we take the top left corner of

the eigenvector correspondence matrices. We can see that the top 120 eigenvectors

of ErHs, roughly corresponds to the top 120 eigenvectors of ErM s (as shown by

the diagonal patter of (b)) and the first eigenvector of ErxxTs (as shown by the

horizontal pattern of (a)). The similarity between the first row and the second row

also shows the validity of the Kronecker approximation.

Here we present the correspondence matrix for fc2, conv1, and conv2 layer of

LeNet5. The top eigenvectors for all layers shows a strong correlation with the first

eigenvector of ErxxTs (which is approximately pErxs). For convolutional layers, since

the computation ofM is not exact, the correspondence matrices with ErM s does not

exhibit the diagonal pattern. For fc2:LeNet5 as in Figure C.9, the diagonal pattern

in (b) and the strong correlation with Erxs stops at dimension 9. This fells into one

of the “failed cases” as described in Section C.6.2 case that the small eigenvalues of

ErMs are approaching 0 faster than ErxxTs. We will discuss this case in more detail

in Section C.7.2.

For VGG11 we also observe a strong correlation with the first eigenvector of

ErxxTs.

C.6.4 Structure of ErxxTs and ErM s During Training

We observed the pattern of ErxxTs matrix and ErM s matrix along the training

trajectory (Figure C.15, Figure C.16). It shows that ErxxTs is always approximately

rank 1, and ErM s always have around c large eigenvalues. According to our analysis,
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since the nontrivial eigenspace overlap is likely to be a consequence of a approximately

rank 1 ErxxTs, we would conjecture that the overlap phenomenon is likely to happen

on the training trajectory as well.
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C.7 Additional Explanations

C.7.1 Dominating Eigenvectors of Layer-Wise Hessian are Low Rank

A natural corollary for the Kronecker factorization approximation of layer-wise Hes-

sians is that the eigenvectors of the layer-wise Hessians are low rank. Let hi be

the i-th eigenvector of a layer-wise Hessian. The rank of Matphiq can be considered

as an indicator of the complexity of the eigenvector. Consider the case that hi is

one of the top eigenvectors. From Section 4.5.3, we have hi « ui b pErxs. Thus,

Matphiq « uipErxsT, which is approximately rank 1. Experiments shows that first

singular values of Matphiq divided by its Frobenius Norm are usually much larger

than 0.5, indicating the top eigenvectors of the layer-wise Hessians are very close to

rank 1. Figure C.17 shows first singular values of Matphiq divided by its Frobenius

Norm for i from 1 to 200. We can see that the top eigenvectors of the layer-wise

Hessians are very close to rank 1.

C.7.2 Eigenspace Overlap of Different Models

From the experiment results in Section C.6 together with Figure 4.4, we can see

that our approximation and explanation stated in Section 4.5.3 of the main text is

approximately correct but may not be so accurate for some layers. We now present

a more general explanation which addresses why the overlap before rank-m grows

linearly. We will also explain some exceptional cases as shown in Section C.6.2 and

possible discrepancies of our approximation.

Let hi be the i-th eigenvector of the layer-wise Hessian HLpw
ppqq, under the

assumption that the autocorrelation matrix ErxxTs is approximately rank 1 that

ErxxTs « ErxsErxsT, for all i ď m, we can approximate the hi as uibpErxs{}Erxs}q

where ui is the i-th eigenvector of ErM s. Formally, the trend of top eigenspace can
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be characterized by the following theorem. For simplicity of notations, we abuse the

superscript within parentheses to refer the two models instead of layer number in

this section.

Theorem C.7.1. Consider 2 different models with the same network structure trained

on the same dataset. Fix the p-th hidden layer with input dimension n and output

dimension m. For the first model, denote its output Hessian as ErM sp1q with eigen-

values τ
p1q
1 ě τ

p1q
2 ě ¨ ¨ ¨ ě τ

p1q
m ě 0 and eigenvectors r

p1q
1 , ¨ ¨ ¨ , r

p1q
m P Rm; denote its

autocorrelation matrix as ErxxTsp1q, with eigenvalues γ
p1q
1 ě γ

p1q
2 ě ¨ ¨ ¨ ě γ

p1q
m ě 0

and eigenvectors t
p1q
1 , ¨ ¨ ¨ , t

p1q
n P Rn. The variables for the second matrices are defined

identically by changing 1 in the superscript parenthesis to 2.

Assume the Kronecker factorization approximation is accurate that HLpw
ppqqp1q «

ErM sp1q b ErxxTsp1q and HLpw
ppqqp2q « ErM sp2q b ErxxTsp2q. Also assume the

autocorrelation matrices of two models are sufficiently close to rank 1 in the sense

that τ
p1q
m γ

p1q
1 ą τ

p1q
1 γ

p1q
2 and τ

p2q
m γ

p2q
1 ą τ

p2q
1 γ

p2q
2 . Then for all k ď m, the overlap of

top k eigenspace between their layerwise Hessians HLpw
ppqqp1q and HLpw

ppqqp2q will

be approximately k
m
pt
p1q
1 ¨ t

p2q
1 q

2. Consequently, the top eigenspace overlap will show a

linear growth before it reaches dimension m. The peak at m is approximately pt1 ¨t2q
2.

Proof of Theorem C.7.1. Let h
p2q
i be the i-th eigenvector of the layer-wise Hessian

for the first modelHLpw
ppqqp1q, and gi be that of the second modelHLpw

ppqqp2q. Con-

sider the first model. By the Kronecker factorization approximation, since τ
p1q
m γ

p1q
1 ą

τ
p1q
1 γ

p1q
2 , the top m eigenvalues of the layer-wise Hessian are γ

p1q
1 τ

p1q
1 , ¨ ¨ ¨ , γ

p1q
1 τ

p1q
m .

Consequently, for all i ď m we have hi « r
p1qT
i b t

p1q
1 . Thus, for any k ď m, we

have its top k eigenspace as V
p1q
k b t

p1q
1 , where V

p1q
k P Rmˆk has column vectors

r
p1q
1 , . . . , r

p1q
k . Similarly, for the second model we have h

p2q
i « r

p2q
i b t

p2q
1 and the
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top k eigenspace as V
p2q
k b t

p2q
1 , where V

p2q
k has column vectors r

p2q
1 , . . . , r

p2q
k . The

eigenspace overlap of the 2 models at dimension k is thus

Overlap
´

V
p1q
k b t

p1q
1 ,V

p2q
k b t

p2q
1

¯

“
1

k

›

›

›
V
p1qT
k V

p2q
k b t

p1qT
1 t

p2q
1

›

›

›

2

F

“

´

t
p1q
1 ¨ t

p2q
1

¯2

Overlap
´

V
p1q
k ,V

p2q
k

¯

.

(C.260)

Note that for all i ď m, r
p1q
i , r

p2q
i P Rn, which is the space corresponding to the

neurons. Since for hidden layers, the output neurons (channels for convolutional

layers) can be arbitrarily permuted to give equivalent models while changing eigen-

vectors. For hi « ri b t1, permuting neurons will permute entries in ri. Thus, we

can assume that for two models, r
p1q
i and r

p2q
i are not correlated and thus have an

expected inner product of
a

1{m.

It follows from Definition 4.2.1 that

ErOverlappV
p1q
k ,V

p2q
k qs “

k
ÿ

i“1

Erprp1qi ¨ r
p2q
i q

2
s “ kp

1

m
q “

k

m
(C.261)

and thus the eigenspace overlap of at dimension k would be approximately k
m
pt
p1q
1 ¨

t
p2q
1 q

2. This explains the peak at dimension m and the linear growth before it. l

From our results on autocorrelation matrices in Section 4.3.1 and Section C.6.1,

we have pErxsp1q « t
p1q
1 and pErxsp2q « t

p2q
1 where pE is the normalized expectation.

Hence when k “ m, the overlap is approximately ppErxsp1q ¨ pErxsp2qq2. Since pErxsp1q

and pErxsp2q are the identical for the input layers, the overlap is expected to be very

high at dimension m for input layers. For other hidden layers in a ReLU network,

x are output of ReLU and thus non-negative. Two non-negative vectors pErxsp1q and

pErxsp2q still have relatively large dot product, which contributes to the high overlap
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peak.

The Decreasing Overlap After Output Dimension

Consider the pm`1q-th eigenvector h
p1q
m`1 of the first model. Following the Kronecker

factorization approximation and assumptions in Theorem C.7.1, we have h
p1q
m`1 «

r
p1q
1 b t

p1q
2 . Since top m eigenspace of the first model is approximately Im b t

p1q
1

and t
p1q
2 is orthogonal to t

p1q
1 , the h

p1q
m`1 eigenvector will be orthogonal to the top

m eigenspace of the first model. It will also have low overlap with Im b t
p2q
1 since

ppErxsp1q ¨ pErxsp2qq2 is large.

Moreover, since the remaining eigenvectors of the autocorrelation matrix no

longer has the all positive property as the first eigenvector and structure of the

convariance Σx is directly associated with the ordering of the input neurons which

are randomly permuted across different models, the overlap between other eigenvec-

tors of the autocorrelation matrix across different models will be close to random,

hence the overlap after the top m dimension will decrease until the eigenspaces has

sufficiently many basis vectors to make the random overlap large.

The Output Layer

Note that for the last layer satisfying the assumptions in Theorem C.7.1, the overlap

will stay high before dimension m and be approximately pt1 ¨ t2q
2 since the output

neurons directly correspondence to classes, and hence neurons cannot be permuted.

In this case, the overlap will be approximately pt1 ¨ t2q
2 for all dimension k ď m.

This is consistent with our observations.
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Explaining “Failed Cases” of Eigenspace Overlap

As shown in Figure C.5 and Figure C.6, the nontrivial top eigenspace overlap does

not necessarily peak at the output dimension for all layers. Some layers has a low

peak at very small dimensions and others has a peak at a larger dimension. With

the more complete analysis provided above, we now proceed to explain these two

phenomenons. The major reason for such phenomenons is that the assumption of

autocorrelation matrix being sufficiently close to rank 1 is not always satisfied. In

particular, following the notations in Theorem C.7.1, for these exceptional layers we

have τmγ1 ă τ1γ2. We first consider the first phenomenon (early peak of low overlap)

and take fc2:F-2002 (MNIST) in as an example. Here Figure C.19(a) is identical to

Figure C.5(a), which displays the early peak around m “ 10.

As shown in Figure C.19(b), the second eigenvalue of the auto correlation ErxxTs

is as large as approximately 1/10 of the first eigenvalue. With the output Hessian

have c ´ 1 “ 9 significant large eigenvalues as described in Section 4.5.2, it has

τ10γ1 ă τ1γ2. Thus through the Kronecker factorization approximation, the top m

dimensional eigenspace is no longer simply ImbpErxs, but a subset of top eigenvectors

of the output Hessian Kroneckered with a subset of top eigenvectors of ErxxTs as

reflected in Figure C.19(d). This “mixture” of Kronecker product is moreover verified

in Figure C.19(c).

As reflected by the first row of Figure C.19(c) and Figure C.19(d), for i ď 9

we have hi « ri b pErxs, which falls in the regime of Theorem C.7.1. Hence we

are seeing an linearly growing pattern of the overlap for dimension less than 10 and

reaches a mean overlap of around 0.012 by dimension 9. If following this linear

trend, the overlap would be close to 0.25 by the output dimension of 200. However,

since the 10-th eigenvalue of the output Hessian is significantly smaller, little of
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the 10-19 dimensional eigenspace were contributed by pErxs, hence the overlap of

dimension larger than 10 falls into the regime discussed in Section C.7.2, for which

we see a sharp decrease of overlap after dimension 9. Note that this example shows

that Kronecker factorization can be used to predict when our conditions in Theorem

C.7.1 fails and also predict the condition can be satisfied up to which dimension.

As shown in Figure C.20, similar explanation also applies to convolutional layers in

larger networks.

We then consider the second phenomenon (delayed peak) and take conv2:VGG11-

W200 (CIFAR10) in as an example. Here Figure C.21(a) is identical to Figure C.6(d),

which has the overlap peak later than the output dimension 200. In this case, the

second eigenvalue of the auto correlation matrix is still not negligible compared to

the top eigenvalue. What differentiate this case from the first phenomenon is that

the eigenvalues of the output Hessian no longer has a significant peak – instead it

has a heavy tail which is necessary for high overlap.

Towards dimension m there gradually exhibits higher correspondence to later

eigenvectors of the input autocorrelation matrix and hence less correspondence to

pErxs. This eventually results in the delayed and flattened peak.

Since the full correspondence matrices are too large to be visualized, we plotted

their first rows up to 400 dimensions in Figure C.21(e) and Figure C.21(f), in which

each dot represents the average of correlation with pErxs for the 10 eigenvector nearby.

From these figures it is straightforward to see the gradual decreasing correlation with

pErxs.
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C.7.3 Batch Normalization and Zero-Mean Input

In this section, we show the results on networks with using Batch normalization (BN)

(Ioffe and Szegedy, 2015). For layers after BN, we have Erxs « 0 so that ErxsErxsT

no longer dominates Σx and the low rank structure of ErxxTs should disappear.

Thus, we can further expect that the overlap between top eigenspace of layer-wise

Hessian among different models will not have a peak.

Table C.7 shows the same experiments done in Table C.5. The values for each

network are the average of 3 different models. It is clear that the high inner product

and large spectral ratio both do not hold here, except for the first layer where there is

no normalization applied. Note that we had channel-wise normalization (zero-mean

for each channel but not zero-mean for x) for conv1 in LeNet5 so that the spectral

ratio is also small.

Table C.7: Structure of ErxxTs for BN networks

pvT1
pErxsq2 λ1{λ2

Dataset Network # fc mean min max mean min max

MNIST F-2002-BN 2 0.062 0.001 0.260 1.16 1.04 1.30
F-6002-BN 2 0.026 0.000 0.063 1.13 1.02 1.26
F-6004-BN 4 0.027 0.000 0.146 1.11 1.03 1.19

CIFAR10 LeNet5-BN 3 0.210 0.001 0.803 1.54 1.20 1.89

Figure C.23(a) shows that ErxxTs is no longer close to rank 1 when having BN.

This is as expected. However, ErxxTs still has a few large eigenvalues.

Figure C.23(b) shows the eigenvector correspondence matrix of True Hessian with

ErxxTs for fc1:LeNet5. Because ErxxTs is no longer close to rank 1, only very few

eigenvectors of the layer-wise Hessian will have high correspondence with the top

eigenvector of ErxxTs, as expected. This directly leads to the disappearance of peak
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in top eigenspace overlap of different models, as shown in Figure C.23. The peak

still exists in conv1 because BN is not applied to the input.

Comparing Figure C.23(b) and Figure C.23(c), we can see that the Kronecker fac-

torization still gives a reasonable approximation for the eigenvector correspondence

matrix with ErxxTs, although worse than the cases without BN (Figure C.7).

Figure C.24 compare the eigenvalues and top eigenspaces of the approximated

Hessian and the true Hessian for LeNet5 with BN. The approximation using Kro-

necker factorization is also worse than the case without BN (Figure 4.2). However,

the approximation still gives meaningful information as the overlap of top eigenspace

is still highly nontrivial.
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C.7.4 Outliers in Hessian Eigenspectrum

One characteristic of Hessian that has been mentioned by many is the outliers in the

spectrum of eigenvalues. Sagun et al. (2018) suggests that there is a gap in Hessian

eigenvalue distribution around the number of classes c in most cases, where c “ 10

in our case. A popular theory to explain the gap is the class / logit clustering of

the logit gradients (Fort and Ganguli, 2019; Papyan, 2019, 2020). Note that these

explanations can be consistent with our heuristic formula for the top eigenspace

of output Hessian at initialization– in the two-layer setting we considered the logit

gradients are indeed clustered.

In the layer-wise setting, the clustering claim can be formalized as follows: For

each class k P rcs and logit entry l P rcs, with Q be defined as in Equation C.17, and

px, yq as the input, label pair, let

∆i,j “ E

«

Qx
Bzx

Bw
ppq
j

ˇ

ˇ

ˇ

ˇ

ˇ

y “ i

ff

. (C.262)

Then at the initialization, for each logit entry j, t∆i,juiPrcs is clustered around the

“logit center” p∆j fi EiPrcsr∆i,js; at the minima, for each class i, t∆i,jujPrcs is clustered

around the “class center” p∆i fi EjPrcsr∆i,js. With the decoupling conjectures, we

may also consider similar claims for output Hessians, where

Γi,j “ E

«

Qx
Bzx

Bz
ppq
x j

ˇ

ˇ

ˇ

ˇ

ˇ

y “ i

ff

. (C.263)

A natural extension of the clustering phenomenon on output Hessians is then as

follows: At the initialization, for each logit entry j, tΓi,juiPrcs is clustered around

pΓj fi EiPrcsrΓi,js; at the minima, for each class i, tΓi,jujPrcs is clustered around pΓi fi
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EjPrcsrΓi,js. Note that we have the layer-wise Hessian and layer-wise output Hessian

satisfying

HLpw
ppq
q “ E

i,jPrcs
r∆T

i,j∆i,js, M
ppq
“ E

i,jPrcs
rΓT

i,jΓi,js. (C.264)

Low-rank Hessian at Random Initialization and Logit Gradient Clustering

We first briefly recapture our explanation on the low-rankness of Hessian at random

initialization. In Section 4.4 and Section C.2.2, we have shown that for a two layer

ReLU network with Gaussian random initialization and Gaussian random input, the

output hessian of the first layer M p1q is approximately 1
4
W p2qTAW p2q. We then

heuristically extend this approximation to a randomly initialized L-layer network,

that with Sppq “W pLqW pL´1q ¨ ¨ ¨W pp`1q, the output Hessian of the p-th layer Hppq

can be approximated by ĂM ppq where

ĂM ppq fi
1

4L´p
SppqTASpP q. (C.265)

Since A is strictly rank c ´ 1 with null space of the all-one vector, Hppq is strictly

rank c ´ 1. Thus Hppq is approximately rank c ´ 1, and so is the corresponding

layerwise Hessian according to the decoupling conjecture.

Now we discuss the connection between our analysis with the theory of logit

gradient clustering. As previously observed by Papyan (2019), for each logit entry

l, t∆i,julPrcs are clustered around the logit gradients ElPrcsr∆i,js. Similar clustering

effects for tΓi,julPrcs were also empirically observed by our experiments. Moreover,

through the approximation above and the decoupling conjecture, for each logit entry

j, the cluster centers pΓj and p∆j can be approximated by

pΓj « Γ̆j fi pS
TQqj

p∆j « ∆̆j fi ppErxs b ST
qErQsqj.

(C.266)
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Following Papyan (2019), we used t-SNE (Van der Maaten and Hinton, 2008) to

visualize the logit gradients. As we see in Figure C.25, the “logit centers” of the

clustering directly corresponds to the approximated dominating eigenvectors of the

Hessian, which is consistent with our analysis.

Gradient Clustering at Minima Currently our theory does not provide an explanation

to the low rank structure of Hessian at the minima. However we have observed that

the class clustering of logit gradients does not universally apply to all models at the

minima, even when the models have around c significant large eigenvalues. As shown

in Figure C.26, the class clustering is very weak but there are still around c significant

large eigenvalues. We conjecture that the class clustering of logit gradients may be

a sufficient but not necessary condition for the Hessian to be low rank at minima.
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C.8 Computing PAC-Bayes Bounds with Hessian Approximation

Given a model parameterized with θ and an input-label pair px,yq P Rd ˆ Rc,

the classification error of θ over the input sample x is l̆pθ,xq :“ 1rarg max fθpxq “

arg maxys. With the underlying data distribution D and training set S i.i.d. sampled

from D, we define

epθq :“ Epx,yq„Drl̆pθ,xqs, pepθq :“
1

N

N
ÿ

i“1

rl̆pθ,xiqs (C.267)

as the expected and empirical classification error of θ, respectively. We define the

measurable hypothesis space of parameters H :“ RP . For any probabilistic measure

P in H, let epP q “ Eθ„P epθq, pepP q “ Eθ„Ppepθq, and ĕpP q “ Eθ„PLpθq. Here ĕpP q

serves as a differentiable convex surrogate of pepP q.

Theorem C.8.1 (Pac-Bayes Bound). (McAllester, 1999)(Langford and Seeger, 2001)

For any prior distribution P in H that is chosen independently from the training set

S, and any posterior distribution Q in H whose choice may inference S, with prob-

ability 1´ δ,

KL ppepQq}epQqq ď
KLpQ}P q ` log |S|

δ

|S| ´ 1
. (C.268)

Fix some constant b, c ě 0 and θ0 P H as a random initialization, Dziugaite and

Roy (2017) shows that when setting Q “ N pw, diagpsqq, P “ N pθ0, λIP q, where

w, s P H and λ “ c exptp´j{bqu for some j P N, and solve the optimization problem

min
w,s,λ

ĕpQq `

d

KLpQ}P q ` log |S|
δ

2p|S| ´ 1q
, (C.269)

with initialization w “ θ, s “ θ2, one can achieved a nonvacous PAC-Bayes bound
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by Equation C.268.

In order to avoid discrete optimization for j P N, Dziugaite and Roy (2017) uses

the BRE term to replace the bound in Table C.268. The BRE term is defined as

BREpw, s, λ; δq “
KLpP }Qq ` 2 log

`

b log c
λ

˘

` log π2|S|
6δ

|S| ´ 1
, (C.270)

where Q “ N pw, diagpsqq, P “ N pθ0, λIP q. The optimization goal actually used in

the implementation is thus

min
wPRP ,sPRP`,λPp0,cq

ĕpQq `

c

1

2
BREpw, s, λ; δq. (C.271)

Algorithm 4 shows the algorithm for Iterative Hessian (Iter) PAC-Bayes Opti-

mization. If we set η “ T , the algorithm will be come Approximate Hessian (Appr)

PAC-Bayes Optimization. It is based on Algorithm 1 in Dziugaite and Roy (2017).

The initialization of w is different from Dziugaite and Roy (2017) because we believe

what they wrote, abspwq is a typo and lograbspwqs is what they actually means. It

is more reasonable to initialize the variance s as w2 instead of expr2 abspwqs.

In the algorithm, HessianCalcpwq is the process to calculate Hessian informa-

tion with respect to the posterior mean w in order to produce the Hessian eigenbasis

to perform the change of basis. For very small networks, we can calculate Hessian

explicitly but it is prohibitive for most common networks. However, efficient approx-

imate change of basis can be performed using our approximated layer-wise Hessians.

In this case, we would just need to calculate the full eigenspace of ErM s and that of

ErxxTs for each layer. For pth layer, we denote them as U ppq and V ppq respectively

with eigenvectors as columns. We can also store the corresponding eigenvalues by

doing pairwise multiplications between eigenvalues of ErM s and ErxxTs.
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Algorithm 4 PAC-Bayes bound optimization using layer-wise Hessian eigenbasis
Input:
w0 P RP Ź Network parameters (Initialization)
w P RP Ź Network parameters (SGD solution)
S Ź Training examples
δ P p0, 1q Ź Confidence parameter
b P N, c P p0, 1q Ź Precision and bound for λ
τ P p0, 1q, T P N Ź Learning rate; No. of iterations
η P N Ź Epoch interval for Hessian calculation

Output
w Ź Optimized network parameters
s Ź Optimized posterior variances in Hessian eigenbasis
λ Ź Optimized prior variancce

1: procedure Iterative-Hessian-PAC-Bayes
2: ς Ð lograbspwqs Ź where spςq “ expp2ςq
3: %Ð ´3 Ź where λp%q “ expp2%q

4: Rpw, s, λq “
b

1
2
BREpw, s, λ; δq Ź BRE term

5: Bpw, s, λ,w1q “ Lpw1q `Rpw, s, λq Ź Optimization goal
6: for t “ 0 Ñ T ´ 1 do Ź Run SGD for T iterations
7: if t mod η ““ 0 then
8: HessianCalcpwq
9: end if

10: Sample ξ „ Np0, 1qP
11: w1pw, ςq “ w `ToStandard pξ d exppςqq Ź Generate noisy parameter

for SNN
12: w Ð w ´ τ r∇wRpw, s, λq `∇w1Lpw1qs
13: ς Ð ς ´ τ r∇ςRpw, spςq, λq `ToHessian p∇w1Lpw1qq d ξ d exppςqs
14: %Ð %´ τ∇%Rpw, s, λp%qq Ź Gradient descent
15: end for
16: return w, spςq, λp%q
17: end procedure

After getting the eigenspaces, we can perform the change of basis. Note that we

perform change of basis on vectors with the same dimensionality as the parameter

vector (or the posterior mean). ToHessianpuq is the process to put a vector u in

the standard basis to the Hessian eigenbasis. We first break u into different layers

and let uppq be the vector for the pth layer. We then define Matppq as the reshape of

a vector to the shape of the parameter matrix W ppq of that layer. We have the new
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vector vppq in Hessian basis as

vppq “ vec
”

U ppqT MatppqpuppqqV ppq
ı

. (C.272)

The new vector v “ ToHessianpuq is thus the concatenation of all the vppq.

ToStandardpvq is the process to put a vector v in the Hessian eigenbasis to

the standard basis. It is the reverse process to ToHessian. We also break v into

layers and let the vector for the pth layer be vppq. Then, the new vector uppq is

uppq “ vec
”

U ppq MatppqpvppqqV ppqT
ı

, (C.273)

The new vector u “ ToStandardpvq is thus the concatenation of all uppq.

After getting optimized w, s, λ, we compute the final bound using Monte Carlo

methods same as in Dziugaite and Roy (2017).

Note that the prior P is invariant with respect to the change of basis, since its

covariance matrix is a multiple of identity λIP . Thus, the KL divergence can be

calculate in the Hessian eigenbasis without changing the value of λ. In the Iterative

Hessian with approximated output Hessian (Iter.M), we use ĂM to approximate

ErM s, as in Equation C.265.

We followed the experiment setting proposed by Dziugaite and Roy (2017) in

general. In all the results we present, we first trained the models from Gaussian

random initialization w0 to the initial posterior mean estimate w using SGD (lr=0.01)

with batch-size 128 and epoch number 1000.

We then optimize the posterior mean and variance with layer-wise Hessian infor-

mation using Algorithm 4, where δ “ 0.025, b “ 100, and c “ 0.1. We train for 2000

epochs, with learning rate τ initialized at 0.001 and decays with ratio 0.1 every 400

epochs. For Approximated Hessian algorithm, we set η “ 1. For Iterative Hessian
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algorithm, we set η “ 10. We also tried η with the same decay schedule as learning

rate (multiply η by 10 every time the learning rate is multiplied by 0.1) and the re-

sults are similar to those without decay. We also used the same Monte Carlo method

as in Dziugaite and Roy (2017) to calculate the final PAC-Bayes bound. Except that

we used 50000 iterations instead of 150000 iterations because extra iterations do not

further tighten the bound significantly. We use sample frequency 100 and δ1 “ 0.01

as in that paper.

The complete experiment results are listed in Table C.8. We follow the same

naming convention as in Dziugaite and Roy (2017) except adding T-2002 we intro-

duced in Section 4.3. T-60010, T-6002
10, and T-2002

10 are trained on standard MNIST

with 10 classes, and others are trained on MNIST-2 (see Section C.5.1), in which we

combined class 0-4 and class 5-9.

In Table C.8, Prev means the previous results in Dziugaite and Roy (2017), Appr

means Approximated Hessian, Iter means Iterative Hessian, Iter (D) means Iter-

ative Hessian with decaying η, Iter.M means Iterative Hessian with approximated

output Hessian. Base are Base PAC-Bayes optimization as in the previous paper.

We also plotted the final posterior variance, s. Figure C.27 shown below is for

T-2002
10. For posterior variance optimized with our algorithms (Appr, Iter, and

Iter.M) we can see that direction associated with larger eigenvalue has a smaller

variance. This agrees with our presumption that top eigenvectors are aligned with

sharper directions and should have smaller variance after optimization. The effect is

more significant and consistent for Iterative Hessian, where the PAC-Bayes bound is

also tighter.
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Figure C.27: Optimized posterior variance, s. (fc1:T-2002, trained on MNIST),
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Table C.8: Full PAC-Bayes bound optimization results

Network Method
PAC-Bayes

Bound
KL

Divergence
SNN
loss λ (prior)

Test
Error

T-600 Prev 0.161 5144 0.028 - 0.017

Base 0.154 4612.6 0.03373 -1.3313 0.0153

Appr 0.1432 3980.6 0.03417 -1.6063 0.0153

Iter 0.1198 3766.1 0.02347 -1.2913 0.0153

Iter(D) 0.1199 3751.1 0.02366 -1.2913 0.0153

Iter.M 0.1255 3929.9 0.02494 -1.3213 0.0153

T-6002 Prev 0.186 6534 0.028 - 0.016

Base 0.1921 6966.6 0.03262 -1.4163 0.0148

Appr 0.1658 5176.1 0.03468 -2.0963 0.0148

Iter 0.1456 5086.5 0.02473 -1.7963 0.0148

Iter(D) 0.1443 4956.8 0.02523 -1.7963 0.0148

Iter.M 0.1502 5024.5 0.02767 -1.8363 0.0148

T-1200 Prev 0.179 5977 0.027 - 0.016

Base 0.1754 5917.6 0.03295 -1.5463 0.0161

Appr 0.1725 5318.8 0.03701 -1.8313 0.0161

Iter 0.1417 5071 0.02292 -1.4763 0.0161

Iter(D) 0.1413 5021.1 0.02316 -1.4763 0.0161

Iter.M 0.1493 5185.4 0.02576 -1.5363 0.0161

T-3002 Prev 0.17 5791 0.027 - 0.015

Base 0.1686 5514.9 0.03329 -1.1513 0.015

Appr 0.1434 4105.4 0.03296 -1.8063 0.015

Iter 0.1249 3873.2 0.02514 -1.4763 0.015

Iter(D) 0.1244 3833.7 0.02526 -1.4763 0.015

Iter.M 0.1308 3987.2 0.02721 -1.5713 0.015

R-600 Prev 1.352 201131 0.112 - 0.501

Base 0.6046 1144.8 0.507 -1.8263 0.4925

Appr 0.5653 390.25 0.5066 -2.4713 0.4925

Iter(D) 0.5681 431.62 0.5066 -2.4513 0.4925

Iter.M 0.5616 340.62 0.5065 -2.5263 0.4925

T-2002
10 Base 0.4165 21896 0.04706 -1.1513 0.0208

Appr 0.2621 11068 0.0366 -1.4213 0.0208

Iter 0.2145 9821 0.02229 -1.1513 0.0208

Iter(D) 0.2311 9758.5 0.03071 -1.1513 0.0208

Iter.M 0.2728 13406 0.02605 -1.1513 0.0208

T-60010 Base 0.2879 12674 0.03854 -1.1513 0.018

Appr 0.2424 9095.8 0.04159 -1.6013 0.018

Iter 0.2132 8697.9 0.02947 -1.3063 0.018

Iter.M 0.2227 8870.9 0.03294 -1.4613 0.018

T-6002
10 Base 0.3472 17212 0.03884 -1.1513 0.0186

Appr 0.2896 11618 0.04723 -2.0563 0.0186

Iter 0.2431 10568 0.03057 -1.5713 0.0186
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Figure C.3: Top Eigenspace overlap for varients of VGG11 on CIFAR10 and CI-
FAR100
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Figure C.4: Top Eigenspace overlap for variants of ResNet18 on CIFAR100
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Figure C.7: Heatmap of Eigenvector Correspondence Matrices for fc1:LeNet5.
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Figure C.8: Eigenvector Correspondence for fc1:LeNet5. (m=120)
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Figure C.9: Eigenvector Correspondence for fc2:LeNet5. (m=84)
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Figure C.11: Eigenvector Correspondence for conv2:LeNet5. (m=16)
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(m=128)

0 50 100 150 200 250 300 350

0

25

50

75

Figure C.14: Eigenvector Correspondence with ErxxTs for conv3:VGG11.
(m=256)
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Figure C.15: Top eigenvalues of ErxxTs along training trajectory. (fc1:LeNet5)
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Figure C.16: Top eigenvalues of ErM s along training trajectory. (fc1:LeNet5)
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Figure C.18: Top eigenspace overlap for the final fully connected layer.
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Figure C.19: Eigenspace overlap, eigenspectrum, and cropped (upper 20ˆ20 block)
eigenvector correspondence matrices for fc2:F-2002 (MNIST)
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Figure C.22: Eigenspectrum and Eigenvector correspondence matrices with
ErxxTs for LeNet5-BN.
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Figure C.25: Logit clustering behavior of ∆ and Γ at initialization (fc1:T-2002)
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Figure C.26: Class clustering behavior of ∆ and Γ at minimum. (fc1:T-2002)
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Appendix D

Supplementary Materials for Chapter 5

In this appendix section, we first give the missing proofs for the theorems in Chapter

5. Later in Appendix D.6 we give details for the experiments.

Notations: Besides the notations defined in Section 4.2, we define more notations

that will be used in the proofs.

For a matrix X P Rnˆd with n ď d, we denote its singular values as σ1pXq ě

¨ ¨ ¨ ě σnpXq.

For a positive semi-definite matrix A P Rdˆd, we denote uJAu as ‖u‖2
A. For a

matrix X P Rdˆn, let ProjX P Rdˆd be the projection matrix onto the column span

of X. That means, ProjX “ SSJ, where the columns of S form an orthonormal

basis for the column span of X.

For any event E , we use 1 tEu to denote its indicator function: 1 tEu equals 1

when E holds and equals 0 otherwise. We use Ē to denote the complementary event

of E .
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D.1 Proofs for Section 5.3 – Alleviating Gradient Explosion/Vanishing

Problem for Quadratic Objective

In this section, we prove the results in Section 5.3. Recall the meta learning problem

as follows:

The inner task is a fixed quadratic problem, where the starting point is fixed at

w0, and the loss function is fpwq “ 1
2
wJHw for some fixed positive definite matrix

H P Rdˆd. Suppose the eigenvalue decomposition of H is
řd
i“1 λiuiu

J
i . In this section,

we assume L “ λ1pHq and α “ λdpHq are the largest and smallest eigenvalues of H

with L ą α. We assume the starting point w0 has unit `2 norm. For each i P rds, let

ci be xw0yui and let cmin “ minp|c1|, |cd|q. We assume cmin ą 0 for simplicity, which

is satisfied if w0 is chosen randomly from the unit sphere.

Let twτ,ηu be the GD sequence running on fpwq starting from w0 with step size

η. For the meta-objective, we consider using the loss of the last point directly, or

using the log of this value. In Section D.1.1, we first show that although choos-

ing pF pηq “ fpwt,ηq does not have any bad local optimal solution, it has the gra-

dient explosion/vanishing problem (Theorem 5.3.1). Then, in Section D.1.2, we

show choosing pF pηq “ 1
t

log fpwt,ηq leads to polynomially bounded meta-gradient

and further show meta-gradient descent converges to the optimal step size (Theo-

rem 5.3.2). Although the meta-gradient is polynomially bounded, if we simply use

back-propogation to compute the meta-gradient, the intermediate results can still be

exponentially large/small (Corollary 5.3.3). This is also proved in Section D.1.2.

D.1.1 Meta-Gradient Vanishing/Explosion

In this section, we show although choosing pF pηq “ fpwt,ηq does not have any bad

local optimal solution, it has the meta-gradient explosion/vanishing problem. Recall
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Theorem 5.3.1 as follows.

Theorem 5.3.1. Let the meta-objective be pF pηq “ fpwt,ηq, we know pF pηq is a strictly

convex function in η with an unique minimizer. However, for any step size 0 ă η ă

2{L,

| pF 1pηq| ď tL2 maxp|1´ ηα|2t´1, |1´ ηL|2t´1
q;

for any step size η ą 2{L,

| pF 1pηq| ě c2
1L

2tpηL´ 1q2t´1
´ L2t.

Intuitively, if we write wt,η in the basis of the eigen-decomposition of H, then

each coordinate evolve exponentially in t. The gradient of the standard objective is

therefore also exponential in t.

Proof of Theorem 5.3.1. According to the gradient descent iterations, we have

wt,η “ wt´1,η ´ η∇fpwt´1,ηq “ wt´1,η ´ ηHwt´1,η “ pI ´ ηHqwt´1,η “ pI ´ ηHq
tw0.

Therefore, pF pηq :“ fpwt,ηq “
1
2
wJ0 pI ´ ηHq

2tHw0. Taking the derivative of pF pηq,

pF 1pηq “ ´twJ0 pI ´ ηHq
2t´1H2w0 “ ´t

d
ÿ

i“1

c2
iλ

2
i p1´ ηλiq

2t´1,

where ci “ xw0yui. Taking the second derivative of F pηq,

F 2pηq “tp2t´ 1qwJ0 pI ´ ηHq
2t´2H3w0 “ tp2t´ 1q

d
ÿ

i“1

c2
iλ

3
i p1´ ηλiq

2t´2.

Since L ą α, we have pF 2pηq ą 0 for any η. That means pF pηq is a strictly convex

function in η with a unique minimizer.
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For any fixed η P p0, 2{Lq we know |1´ ηλi| ă 1 for all i P rds. We have

ˇ

ˇ

ˇ

pF 1pηq
ˇ

ˇ

ˇ
ďt

d
ÿ

i“1

c2
iλ

2
i |1´ ηλi|

2t´1

ďt
d
ÿ

i“1

c2
i max
iPrds

`

λ2
i |1´ ηλi|

2t´1
˘

ďtL2 max
`

|1´ ηα|2t´1, |1´ ηL|2t´1
˘

,

where the last inequality uses
řd
i“1 c

2
i “ 1. Note for η P p0, 2{Lq, it’s guaranteed that

|1´ ηλi| takes the maximum at |1´ ηα| or |1´ ηL|.

For any fixed η P p2{L,8q, we know ηL´ 1 ą 1. We have

pF 1pηq

“ ´ tc2
1L

2
p1´ ηLq2t´1

´ t
ÿ

i‰1:p1´ηλiqď0

c2
iλ

2
i p1´ ηλiq

2t´1

´ t
ÿ

i‰1:p1´ηλiqą0

c2
iλ

2
i p1´ ηλiq

2t´1

ětc2
1L

2
pηL´ 1q2t´1

´ t
d
ÿ

i“1

c2
iλ

2
i ě tc2

1L
2
pηL´ 1q2t´1

´ L2t,

where the last inequality uses
řd
i“1 c

2
i “ 1. l

D.1.2 Alleviating Meta-Gradient Vanishing/Explosion

We prove when the the meta objective is chosen as 1
t

log fpwt,ηq, the meta-gradient is

polynomially bounded. Furthermore, we show meta-gradient descent can converge to

the optimal step size within polynomial iterations. Recall Theorem 5.3.2 as follows.

Theorem 5.3.2. Let the meta-objective be pF pηq “ 1
t

log fpwt,ηq. We know pF pηq has

a unique minimizer η˚ and pF 1pηq “ O
´

L3

c2minαpL´αq

¯

for all η ě 0. Let tηku be the GD
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sequence running on pF with meta step size µk “ 1{
?
k. Suppose the starting step size

η0 ď M. Given any 1{L ą ε ą 0, there exists k1 “ M6

ε2
polyp 1

cmin
, L, 1

α
, 1
L´α

q such that

for all k ě k1, |ηk ´ η
˚| ď ε.

When we take the log of the function value, the derivative of the function value

with respect to η becomes much more stable. We will first show some structural result

on pF pηq – it has a unqiue minimizer and the gradient is polynomially bounded.

Further the gradient is only close to 0 when the point η is close to the unique

minimizer. Then using such structural result we prove that meta-gradient descent

converges.

Proof of Theorem 5.3.2. The proof consists of three claims. In the first claim, we

show that pF has a unique minimizer and the minus meta derivative always points to

the minimizer. In the second claim, we show that pF has bounded derivative. In the

last claim, we show that for any η that is outside the ε-neighborhood of η˚, | pF 1pηq|

is lower bounded. Finally, we combine these three claims to finish the proof.

Claim D.1.1. The meta objective pF has only one stationary point that is also its

unique minimizer η˚. For any η P r0, η˚q, pF 1pηq ă 0 and for any η P pη˚,8q,

pF 1pηq ą 0. Furthermore, we know η˚ P r1{L, 1{αs.

We can compute the derivative of pF in η as follows,

pF 1pηq “
´2wJ0 pI ´ ηHq

2t´1H2w0

wJ0 pI ´ ηHq
2tHw0

“
´2

řd
i“1 c

2
iλ

2
i p1´ ηλiq

2t´1

řd
i“1 c

2
iλip1´ ηλiq

2t
. (D.1)

It’s not hard to verify that the denominator
řd
i“1 c

2
iλip1 ´ ηλiq

2t is always positive.

Denote the numerator ´2
řd
i“1 c

2
iλ

2
i p1 ´ ηλiq

2t´1 as gpηq. Since g1pηq ą 0 for any

η P r0,8q, we know gpηq is strictly increasing in η. Combing with the fact that

gp0q ă 0 and gp8q ą 0, we know there is a unique point (denoted as η˚) where
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gpη˚q “ 0 and gpηq ă 0 for all η P r0, η˚q and gpηq ą 0 for all η P pη˚,8q. Since

the denominator in pF 1pηq is always positive and the numerator equals gpηq, we know

there is a unique point η˚ where pF 1pη˚q “ 0 and pF 1pηq ă 0 for all η P r0, η˚q and

pF 1pηq ą 0 for all η P pη˚,8q. It’s clear that η˚ is the minimizer of pF .

Also, it’s not hard to verify that for any η P r0, 1{Lq, pF 1pηq ă 0 and for any

η P p1{α,8q, pF 1pηq ą 0. This implies that η˚ P r1{L, 1{αs.

Claim D.1.2. For any η P r0,8q, we have

| pF 1pηq| ď
4L3

c2
minαpL´ αq

:“ Dmax.

For any η P r0, 2
α`L

s, we have |1´ ηλi| ď 1´ ηα for all i. Dividing the numerator

and denominator in xF 1pηq by p1´ ηαq2t, we have

ˇ

ˇ

ˇ

pF 1pηq
ˇ

ˇ

ˇ
“ 2

ˇ

ˇ

ˇ

řd
i“1

c2i λ
2
i

1´ηα
p

1´ηλi
1´ηα

q2t´1
ˇ

ˇ

ˇ

c2
dα `

řd´1
i“1 c

2
iλip

1´ηλi
1´ηα

q2t
ď

2
řd
i“1 c

2
iλ

2
i

c2
dαp1´ ηαq

ď
2pα ` Lq

řd
i“1 c

2
iλ

2
i

c2
dαpL´ αq

ď
4L3

c2
dαpL´ αq

,

where the second last inequality uses η ď 2
α`L

.

Similarly for any η P p 2
α`L

,8q, we have |1´ ηλi| ď ηL´ 1 for all i. Dividing the

numerator and denominator in xF 1pηq by pηL´ 1q2t, we have

pF 1pηq “ 2

ˇ

ˇ

ˇ

řd
i“1

c2i λ
2
i

ηL´1
p

1´ηλi
ηL´1

q2t´1
ˇ

ˇ

ˇ

c2
1L`

řd
i“2 c

2
iλip

1´ηλi
ηL´1

q2t
ď

2
řd
i“1 c

2
iλ

2
i

c2
1LpηL´ 1q

ď
2pα ` Lq

řd
i“1 c

2
iλ

2
i

c2
1LpL´ αq

ď
4L3

c2
1LpL´ αq

where the last inequality uses η ě 2
α`L

.
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Overall, we know for any η ě 0,

| pF 1pηq| ď
4L3

L´ α
max

ˆ

1

c2
dα
,

1

c2
1L

˙

ď
4L3

c2
minαpL´ αq

.

Claim D.1.3. Given xM ě 2{α and 1{L ą ε ą 0, for any η P r0, η˚´ εsYrη˚` ε,xM s,

we have

|F 1pηq| ě min

˜

2εc2
dα

3

L
,

2εc2
1L

2

pxML´ 1q2

¸

ě 2εc2
min min

ˆ

α3

L
,

1

xM2

˙

:“ DminpxMq.

If η P r0, η˚ ´ εs and η ď 2
α`L

, we have

pF 1pηq “ ´2

řd
i“1 c

2
iλ

2
i p1´ ηλiq

2t´1

řd
i“1 c

2
iλip1´ ηλiq

2t

“ ´2

řd
i“1 c

2
iλ

2
i p1´ ηλiq

2t´1 ´
řd
i“1 c

2
iλ

2
i p1´ η

˚λiq
2t´1

řd
i“1 c

2
iλip1´ ηλiq

2t
,

where the second equality holds because
řd
i“1 c

2
iλ

2
i p1´ η

˚λiq
2t´1 “ 0. For the numer-

ator, we have

d
ÿ

i“1

c2
iλ

2
i p1´ ηλiq

2t´1
´

d
ÿ

i“1

c2
iλ

2
i p1´ η

˚λiq
2t´1

ěc2
dα

2
`

p1´ ηαq2t´1
´ p1´ η˚αq2t´1

˘

ěc2
dα

2
`

p1´ ηαq2t´1
´ p1´ ηα´ εαq2t´1

˘

;

for the denominator, we have

d
ÿ

i“1

c2
iλip1´ ηλiq

2t
ď

˜

d
ÿ

i“1

c2
iλi

¸

p1´ ηαq2t,

where the second inequality holds because |1 ´ ηλi| ď 1 ´ ηα for all i. Overall, we
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have when η P r0, η˚ ´ εs and η ď 2
α`L

,

ˇ

ˇ

ˇ

pF 1pηq
ˇ

ˇ

ˇ
ě2

c2
dα

2 pp1´ ηαq2t´1 ´ p1´ ηα ´ εαq2t´1q
´

řd
i“1 c

2
iλi

¯

p1´ ηαq2t

ě
2εc2

dα
3

´

řd
i“1 c

2
iλi

¯

p1´ ηαq
ě

2εc2
dα

3

L
,

where the last inequality holds because p1´ ηαq ď 1 and
řd
i c

2
iλi ď L.

Similarly, if η P r0, η˚ ´ εs and η ě 2
α`L

, we have

ˇ

ˇ

ˇ

pF 1pηq
ˇ

ˇ

ˇ
ě2

c2
1L

2 pp1´ ηLq2t´1 ´ p1´ ηL´ εLq2t´1q
´

řd
i“1 c

2
iλi

¯

p1´ ηLq2t

“2
c2

1L
2 ppηL` εL´ 1q2t´1 ´ pηL´ 1q2t´1q

´

řd
i“1 c

2
iλi

¯

pηL´ 1q2t

ě
2εc2

1L
3

´

řd
i“1 c

2
iλi

¯

pηL´ 1q2
ě

2εc2
1α

2L2

pL´ αq2
,

where the last inequality holds because η ď η˚ ´ ε ď 1{α and
řd
i c

2
iλi ď L.

If η P rη˚ ` ε,8q and η ď 2
α`L

, we have

ˇ

ˇ

ˇ

pF 1pηq
ˇ

ˇ

ˇ
ě2

c2
dα

2 pp1´ ηα` εαq2t´1 ´ p1´ ηαq2t´1q
´

řd
i“1 c

2
iλi

¯

p1´ ηαq2t

ě
2εc2

dα
3

L
,
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If η P rη˚ ` ε,8q and η ě 2
α`L

, we have

ˇ

ˇ

ˇ

pF 1pηq
ˇ

ˇ

ˇ
ě2

c2
1L

2 pp1´ ηL` ηεq2t´1 ´ p1´ ηLq2t´1q
´

řd
i“1 c

2
iλi

¯

p1´ ηLq2t

ě
2εc2

1L
3

´

řd
i“1 c

2
iλi

¯

pηL´ 1q2
ě

2εc2
1L

2

pxML´ 1q2
,

where the last inequality uses the assumption that η ď xM.

With the above three claims, we are ready to prove the optimization result. By

Claim D.1.1, we know F 1pηq ă 0 for any η P r0, η˚q and F 1pηq ą 0 for any η P pη˚,8q.

So the opposite gradient descent always points to the minimizer.

Since µk “ 1{
?
k, when k ě k1 :“ D2

max

ε2
we know µk ď

ε
Dmax

. By Claim D.1.2, we

know | pF 1pηq| ď Dmax for all η ě 0, which implies |µk pF
1pηq| ď ε for all k ě k1. That

means, meta gradient descent will never overshoot the minimizer by more than ε when

k ě k1. In other words, after k1 meta iterations, once η enters the ε-neighborhood of

η˚, it will never leave this neighborhood.

We also know that at meta iteration k1, we have ηk1 ď maxp1{α `Dmax,Mq :“

xM. Here, 1{α ` Dmax comes from the case that the eta starts from the left of η˚

and overshoot to the right of η˚ by Dmax. Since η˚ P r1{L, 1{αs, we have |ηk1 ´

η˚| ď maxp1{α, 1{α ` Dmax ´ 1{L,M ´ 1{Lq :“ R. By Claim D.1.3, we know that

| pF 1pηq| ě DminpxMq for any η P r0, η˚ ´ εs Y rη˚ ` ε,xM s. Choosing some k2 satisfying

řk2

k“k1
1{
?
k ě R

Dmin
, we know for any k ě k2, |ηk ´ η˚| ď ε. Plugging in all the

bounds for Dmin, Dmax from Claim D.1.3 and Claim D.1.2, we know there exists

k1 “
1
ε2

polyp 1
cmin

, L, 1
α
, 1
L´α

q, k2 “
M6

ε2
polyp 1

cmin
, L, 1

α
, 1
L´α

q satisfying these conditions.

l

Next, we show although the meta-gradient is polynomailly bounded, the inter-
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mediate results can still vanish or explode if we use back-propogation to compute

the meta-gradient.

Corollary 5.3.3. If we choose the meta-objective as pF pηq “ 1
t

log fpwt,ηq, when

computing the meta-gradient using back-propagation, there are intermediate results

that are exponentially large/small in number of inner-steps t.

Proof of Corollary 5.3.3. This is done by direct calculation. If we use back-

propagation to compute the derivative of 1
t

logpfpwt,ηqq, we need to first compute

Bfpwt,ηq

B

1
t

logpfpwt,ηqq that equals 1
tfpwt,ηq

. Same as the analysis in Theorem 5.3.1, we

can show 1
tfpwt,ηq

is exponentially large when η ă 2{L and is exponentially small when

η ą 2{L. l

D.2 Proofs of Train-by-Train v.s. Train-by-Validation (GD)

In this section, we show when the number of samples is small and when the noise

level is a large constant, train-by-train overfits to the noise in training tasks while

train-by-validation generalizes well. We separately prove the results for train-by-train

and train-by-validation in Theorem D.2.1 and Theorem D.2.2, respectively. Then,

Theorem 5.4.1 is simply a combination of Theorem D.2.1 and Theorem D.2.2.

Recall that in the train-by-train setting, each task P contains a training set Strain

with n samples. The inner objective is defined as pfpwq “ 1
2n

ř

px,yqPStrain
pxwyx´ yq2 .

Let twτ,ηu be the GD sequence running on pfpwq from initialization 0 (with trunca-

tion). The meta-loss on task P is defined as the inner objective of the last point,

∆TbT pnqpη, P q “ pfpwt,ηq “
1

2n

ř

px,yqPStrain
pxwt,ηyx´ yq

2 . The empirical meta objec-

tive pFTbT pnqpηq is the average of the meta-loss across m different tasks. We show that

under pFTbT pnqpηq, the optimal step size is a constant and the learned weight is far
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from ground truth w˚ on new tasks. We prove Theorem D.2.1 in Section D.2.2.

Theorem D.2.1. Let the meta objective pFTbT pnqpηq be as defined in Equation 5.3

with n P rd{4, 3d{4s. Assume noise level σ is a large constant c1. Assume unroll

length t ě c2, number of training tasks m ě c3 logpmtq and dimension d ě c4 logpmq

for certain constants c2, c3, c4. With probability at least 0.99 in the sampling of the

training tasks, we have

η˚train “ Θp1q and E
∥∥∥wt,η˚train ´ w˚∥∥∥2

“ Ωp1qσ2,

for all η˚train P arg minηě0
pFTbT pnqpηq, where the expectation is taken over new tasks.

In Theorem D.2.1, Ωp1q is an absolute constant independent with σ. Intuitively,

the reason that train-by-train performs badly in this setting is because there is a way

to set the step size to a constant such that gradient descent converges very quickly

to the empirical risk minimizer, therefore making the train-by-train objective very

small. However, when the noise is large and the number of samples is smaller than

the dimension, the empirical risk minimizer (ERM) overfits to the noise and is not

the best solution.

In the train-by-validation setting, each task P contains a training set Strain with

n1 samples and a validation set with n2 samples. The inner objective is defined

as pfpwq “ 1
2n1

ř

px,yqPStrain
pxwyx´ yq2 . Let twτ,ηu be the GD sequence running

on pfpwq from initialization 0 (with truncation). For each task P , the meta-loss

∆TbV pn1,n2qpη, P q is defined as the loss of the last point wt,η evaluated on the val-

idation set Svalid. That is, ∆TbV pn1,n2qpη, P q “
1

2n2

ř

px,yqPSvalid
pxwt,ηyx´ yq

2 . The

empirical meta objective pFTbV pn1,n2qpηq is the average of the meta-loss across m dif-

ferent tasks P1, P2, ..., Pm. We show that under pFTbV pn1,n2qpηq, the optimal step size
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is Θp1{tq and the learned weight is better than initialization 0 by a constant on new

tasks. Theorem D.2.2 is proved in Section D.2.3.

Theorem D.2.2. Let the meta objective pFTbV pn1,n2qpηq be as defined in Equation 5.4

with n1, n2 P rd{4, 3d{4s. Assume noise level σ is a large constant c1. Assume unroll

length t ě c2, number of training tasks m ě c3 and dimension d ě c4 logptq for

certain constants c2, c3, c4. With probability at least 0.99 in the sampling of training

tasks, we have

η˚valid “ Θp1{tq and E
∥∥∥wt,η˚valid ´ w˚∥∥∥2

“ ‖w˚‖2
´ Ωp1q

for all η˚valid P arg minηě0
pFTbV pn1,n2qpηq, where the expectation is taken over new tasks.

Intuitively, train-by-validation is optimizing the right objective. As long as the

meta-training problem has good generalization performance (that is, good perfor-

mance on a few tasks implies good performance on the distribution of tasks), then

train-by-validation should be able to choose the optimal learning rate. The step

size of Θp1{tq here serves as regularization similar to early-stopping, which allows

gradient descent algorithm to achieve better error on test data.

Notations We define more quantities that are useful in the analysis. In the train by

train setting, given a task Pk :“ pDpw˚kq, Spkqtrain, `q. The training set S
pkq
train contains n

samples tx
pkq
i , y

pkq
i u

n
i“1 with y

pkq
i “ xw˚kyx

pkq
i ` ξ

pkq
i .

Let X
pkq
train be an n ˆ d matrix with its i-th row as px

pkq
i q

J. We also let H
pkq
train :“

1
n
pX

pkq
trainq

JX
pkq
train be the covariance matrix of the inputs in S

pkq
train. Let ξ

pkq
train be an

n-dimensional column vector with its i-th entry equal to ξ
pkq
i .

Since n ď d, with probability 1, we know X
pkq
train is full row rank. Therefore, X

pkq
train

has pseudo-inverse pX
pkq
trainq

: such that X
pkq
trainpX

pkq
trainq

: “ In. It’s not hard to verify that
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there exists w
pkq
train “ Proj

pX
pkq
trainq

Jw
˚
k ` pX

pkq
trainq

:ξ
pkq
train such that y

pkq
i “

A

w
pkq
train

E

x
pkq
i for

every px
pkq
i , y

pkq
i q P S

pkq
train. Here, Proj

pX
pkq
trainq

J is the projection matrix onto the column

span of pX
pkq
trainq

J. We also denote Proj
pX
pkq
trainq

Jw
˚
k as pw

pkq
trainq

˚. We use B
pkq
t,η to denote

pI ´ pI ´ ηH
pkq
trainq

tq. Let w
pkq
t,η be the weight obtained by running GD on S

pkq
train with

step size η (with truncation).

With the above notations, it’s not hard to verify that for task Pk, the inner ob-

jective pfpwq “ 1
2

∥∥∥w ´ wpkqtrain

∥∥∥2

H
pkq
train

. The meta-loss on task Pk is just ∆TbT pnqpη, Pkq “

1
2

∥∥∥wt,η ´ wpkqtrain

∥∥∥2

H
pkq
train

.

In the train-by-validation setting, each task Pk contains a training set S
pkq
train with

n1 samples and a validation set S
pkq
valid with n2 samples. Similar as above, for the

training set S
pkq
train, we can define ξ

pkq
train, X

pkq
train, H

pkq
train, w

pkq
train, B

pkq
t,η , w

pkq
t,η ; for the validation

set S
pkq
valid, we can define ξ

pkq
valid, X

pkq
valid, H

pkq
valid, w

pkq
valid. With these notations, the inner

objective is pfpwq “ 1
2

∥∥∥w ´ wpkqtrain

∥∥∥2

H
pkq
train

and the meta-loss is ∆TbV pn1,n2qpη, Pkq “

1
2

∥∥∥wt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

.

We also use these notations without index k to refer to the quantities defined

on task P. In the proofs, we ignore the subsripts on n, n1, n2 and simply write

∆TbT pη, Pkq,∆TbV pη, Pkq, pFTbT , pFTbV , FTbT , FTbV .

D.2.1 Overall Proof Strategy

In this section (and the next), we follow similar proof strategies that consists of three

steps.
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Step 1: First, we show for both train-by-train and train-by-validation, there is a

good step size that achieves small empirical meta-objective (however the step sizes

and the empirical meta-objective they achieve are different in the two settings). This

does not necessarily mean that the actual optimal step size is exactly the good step

size that we propose, but it gives an upperbound on the empirical meta-objective for

the optimal step size.

Step 2: Second, we define a threshold step size such that for any step size larger

than it, the empirical meta-objective must be higher than what was achieved at the

good step size in Step 1. This immediately implies that the optimal step size cannot

exceed this threshold step size.

Step 3: Third, we show the meta-learning problem has good generalization perfor-

mance, that is, if a learning rate η performs well on the training tasks, it must also

perform well on the task distribution, and vice versa. Thanks to Step 1 and Step 2,

we know the optimal step size cannot exceed certain threshold and then only need

to prove generalization result within this range. The generalization result is not sur-

prising as we only have a single trainable parameter η, however we also emphasize

that this is non-trivial as we will not restrict the step size η to be small enough that

the algorithms do not diverge. Instead we use a truncation to alleviate the diverging

problem (this allows us to run the algorithm on distribution of data whose largest

possible learning rate is unknown).

Combing Step 1, 2, 3, we know the population meta-objective has to be small at

the optimal step size. Finally, we show that as long as the population meta-objective

is small, the performance of the algorithms satisfy what we stated in Theorem 5.4.1.

The last step is easier for the train-by-validation setting, because its meta-objective
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is exactly the correct measure that we are looking at; for the train-by-train setting

we instead look at the property of empirical risk minimizer (ERM), and show that

anything close to the ERM is going to behave similarly.

D.2.2 Train-by-Train (GD)

Recall Theorem D.2.1 as follows.

Theorem D.2.1. Let the meta objective pFTbT pnqpηq be as defined in Equation 5.3

with n P rd{4, 3d{4s. Assume noise level σ is a large constant c1. Assume unroll

length t ě c2, number of training tasks m ě c3 logpmtq and dimension d ě c4 logpmq

for certain constants c2, c3, c4. With probability at least 0.99 in the sampling of the

training tasks, we have

η˚train “ Θp1q and E
∥∥∥wt,η˚train ´ w˚∥∥∥2

“ Ωp1qσ2,

for all η˚train P arg minηě0
pFTbT pnqpηq, where the expectation is taken over new tasks.

According to the data distribution, we know Xtrain is an n ˆ d random matrix

with each entry i.i.d. sampled from standard Gaussian distribution. In the following

lemma, we show that the covariance matrix Htrain is approximately isotropic when

d{4 ď n ď 3d{4. Specifically, we show
?
d?
L
ď σipXtrainq ď

?
Ld and 1

L
ď λipHtrainq ď

L for all i P rns with L “ 100. We use letter L to denote the upper bound of }Htrain}

to emphasize that this bounds the smoothness of the inner objective. Throughout

this section, we use letter L to denote constant 100. The proof of Lemma D.2.3

follows from random matrix theory. We defer its proof into Section D.2.2.

Lemma D.2.3. Let X P Rnˆd be a random matrix with each entry i.i.d. sampled

from standard Gaussian distribution. Let H :“ 1{nXJX. Assume n “ cd with
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c P r1
4
, 3

4
s. Then, with probability at least 1´expp´Ωpdqq, there exists constant L “ 100

such that
?
d

?
L
ď σipXq ď

?
Ld and

1

L
ď λipHq ď L,

for all i P rns.

In this section, we always assume the size of each training set is within rd{4, 3d{4s

so Lemma D.2.3 holds. Since }Htrain} is upper bounded by L with high probability,

we know the GD sequence converges to wtrain for η P r0, 1{Ls. In Lemma 5.4.3, we

prove that the empirical meta objective pFTbT monotonically decreases as η increases

until 1{L. Also, we show pFTbT is exponentially small in t at step size 1{L. This serves

as step 1 in Section D.2.1. The proof is deferred into Section D.2.2.

Lemma 5.4.3. With probability at least 1´m expp´Ωpdqq, pFTbT pηq is monotonically

decreasing in r0, 1{Ls and

pFTbT p1{Lq ď 2L2σ2

ˆ

1´
1

L2

˙t

.

When the step size is larger than 1{L, the GD sequence can diverge, which incurs

a high loss in meta objective. Later in Definition D.2.5, we define a step size rη such

that the GD sequence gets truncated with descent probability for any step size that

is larger than rη. In Lemma 5.4.4, we show with high probability, the empirical meta

objective is high for all η ą rη. This serves as step 2 in the proof strategy described

in Section D.2.1. The proof is deferred into Section D.2.2.

Lemma 5.4.4. With probability at least 1´ expp´Ωpmqq,

pFTbT pηq ě
σ2

10L8
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for all η ą rη.

By Lemma 5.4.3 and Lemma 5.4.4, we know the optimal step size must lie in

r1{L, rηs. We can also show 1{L ă rη ă 3L, so η˚train is a constant. To relate the

empirical loss at η˚train to the population loss. We prove a generalization result for

step sizes within r1{L, rηs. The following lemma is a formal version of Lemma 5.4.5.

This serves as step 3 in Section D.2.1. The proof is deferred into Section D.2.2.

Lemma D.2.4. Suppose σ is a large constant c1. Assume t ě c2, d ě c4 for certain

constants c2, c4. With probability at least 1´m expp´Ωpdqq ´Opt`mq expp´Ωpmqq,

|FTbT pηq ´ pFTbT pηq| ď
σ2

L3
,

for all η P r1{L, rηs,

Combining the above lemmas, we know the population meta objective FTbT is

small at η˚train, which means wt,η˚train
is close to the ERM solution. Since the ERM

solution overfits to the noise in training tasks, we know
›

›

›
wt,η˚train

´ w˚
›

›

›
has to be

large. We present the proof of Theorem D.2.1 as follows.

Proof of Theorem D.2.1. We assume σ is a large constant in this proof. According

to Lemma 5.4.3, we know with probability at least 1 ´ m expp´Ωpdqq, pFTbT pηq is

monotonically decreasing in r0, 1{Ls and pFTbT p1{Lq ď 2L2σ2p1´1{L2qt. This implies

that the optimal step size η˚train ě 1{L and pFTbT pη
˚
trainq ď 2L2σ2p1 ´ 1{L2qt. By

Lemma 5.4.4, we know with probability at least 1 ´ expp´Ωpmqq, pFTbT pηq ě
σ2

10L8

for all η ą rη, where rη is defined in Definition D.2.5. As long as t ě c2 for certain

constant c2, we know σ2

10L8 ą 2L2σ2p1´ 1{L2qt, which then implies that the optimal

step size η˚train lies in r1{L, rηs. According to Lemma D.2.7, we know rη P p1{L, 3Lq.

Therefore η˚train is a constant.
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According to Lemma D.2.4, we know with probability at least 1´m expp´Ωpdqq´

Opt`mq expp´Ωpmqq, |FTbT pηq ´ pFTbT pηq| ď
σ2

L3 , for all η P r1{L, rηs. As long as t is

larger than some constant, we have pFTbT pη
˚
trainq ď

σ2

L3 . Combing with the generaliza-

tion result, we have FTbT pη
˚
trainq ď

2σ2

L3 . Next, we show that under a small population

loss, E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

has to be large.

Let E1 be the event that
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L

for all i P rns and
?
dσ{4 ď }ξtrain} ď

?
dσ. We have

E
∥∥∥wt,η˚train

´ wtrain

∥∥∥2

Htrain

ě
1

L
E
∥∥∥wt,η˚train

´ wtrain

∥∥∥2

1 tE1u

ě
1

L

´

E
›

›

›
wt,η˚train

´ w˚train ´ pXtrainq
:ξtrain

›

›

›
1 tE1u

¯2

ě
1

L

´

E
›

›pXtrainq
:ξtrain

›

›1 tE1u ´ E
›

›

›
wt,η˚train

´ w˚train

›

›

›
1 tE1u

¯2

.

Since E
∥∥∥wt,η˚train

´ wtrain

∥∥∥2

Htrain

ď 4σ2

L3 , this then implies

E
›

›pXtrainq
:ξtrain

›

›1 tE1u ´ E
›

›

›
wt,η˚train

´ w˚train

›

›

›
1 tE1u ď

c

L
4σ2

L3
“

2σ

L
.

Conditioning on E1, we can lower bound
›

›pXtrainq
:ξtrain

›

› by σ
4
?
L
.According to Lemma D.2.3

and Lemma D.5.1, we know PrrE1s ě 1´ expp´Ωpdqq. As long as d is at least certain

constant, we have PrrE1s ě 0.9. This then implies E
›

›pXtrainq
:ξtrain

›

›1 tE1u ě
9σ

40
?
L
.

Therefore, we have

E
›

›

›
wt,η˚train

´ w˚train

›

›

›
1 tE1u ě

9σ

40
?
L
´

2σ

L
“

9σ

4L
´

2σ

L
“

σ

4L
,
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where the first equality uses L “ 100. Then, we have

E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

ě E
∥∥∥wt,η˚train

´ w˚train

∥∥∥2

1 tE1u

ě

´

E
›

›

›
wt,η˚train

´ w˚train

›

›

›
1 tE1u

¯2

ě
σ2

16L2
,

where the first inequality holds because for any Strain, w
˚
train is the projection of w˚

on the subspace of Strain and wt,η˚train
is also in this subspace. Taking a union bound

for all the bad events, we know this result holds with probability at least 0.99 as long

as σ is a large constant c1 and t ě c2,m ě c3 logpmtq and d ě c4 logpmq for certain

constants c2, c3, c4. l

Behavior of pFTbT for η P r0, 1{Ls

In this section, we prove the empirical meta objective pFTbT is monotonically decreas-

ing in r0, 1{Ls. Furthermore, we show pFTbT p1{Lq is exponentially small in t.

Lemma 5.4.3. With probability at least 1´m expp´Ωpdqq, pFTbT pηq is monotonically

decreasing in r0, 1{Ls and

pFTbT p1{Lq ď 2L2σ2

ˆ

1´
1

L2

˙t

.

Proof of Lemma 5.4.3. For each k P rms, let Ek be the event that
?
d{
?
L ď

σipXtrainq ď
?
Ld and 1{L ď λipHtrainq ď L for all i P rns and

?
dσ{4 ď }ξtrain} ď

?
dσ. Here, L is constant 100 from Lemma D.2.3. According to Lemma D.2.3

and Lemma D.5.1, we know for each k P rms, Ek happens with probability at least

1´expp´Ωpdqq. Taking a union bound over all k P rms, we know XkPrmsEk holds with

probability at least 1´m expp´Ωpdqq. From now on, we assume XkPrmsEk holds.

Let’s first consider each individual loss function ∆TbT pη, Pkq. Let t pw
pkq
τ,ηu be the
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GD sequence without truncation. We have

pwpkqτ,η ´ w
pkq
train “ pw

pkq
τ´1,η ´ w

pkq
train ´ ηH

pkq
trainp pw

pkq
τ´1,η ´ w

pkq
trainq

“pI ´ ηH
pkq
trainqp pw

pkq
τ´1,η ´ w

pkq
trainq “ ´pI ´ ηH

pkq
trainq

tw
pkq
train.

For any η P r0, 1{Ls, we have
›

›

›
pw
pkq
τ,η

›

›

›
ď

›

›

›
w
pkq
train

›

›

›
“

›

›

›
pw

pkq
trainq

˚ ` pX
pkq
trainq

:ξ
pkq
train

›

›

›
ď 2

?
Lσ

for any τ. Therefore,
›

›

›
w
pkq
t,η

›

›

›
never exceeds the norm threshold and never gets trun-

cated.

Noticing that ∆TbT pη, Pkq “
1
2
pw

pkq
t,η ´ w

pkq
trainq

JH
pkq
trainpw

pkq
t,η ´ w

pkq
trainq, we have

∆TbT pη, Pkq “
1

2
pw

pkq
trainq

JH
pkq
trainpI ´ ηH

pkq
trainq

2tw
pkq
train.

Taking the derivative of ∆TbT pη, Pkq in η, we have

B

Bη
∆TbT pη, Pkq “ ´tpw

pkq
trainq

J
pH

pkq
trainq

2
pI ´ ηH

pkq
trainq

2t´1w
pkq
train.

Conditioning on Ek, we know 1{L ď λipH
pkq
trainq ď L for all i P rns and H

pkq
train is

full rank in the row span of X
pkq
train. Therefore, we know B

Bη
∆TbT pη, Pkq ă 0 for all

η P r0, 1{Lq. Here, we assume
›

›

›
w
pkq
train

›

›

›
ą 0, which happens with probability 1.

Overall, we know that conditioning on XkPrmsEk, every ∆TbT pη, Pkq is strictly

decreasing for η P r0, 1{Ls. Since pFTbT pηq :“ 1
m

řm
k“1 ∆TbT pη, Pkq, we know pFTbT pηq

is strictly decreasing when η P r0, 1{Ls.

At step size η “ 1{L, we have

∆TbT pη, Pkq “
1

2
pw

pkq
trainq

JH
pkq
trainpI ´ ηH

pkq
trainq

2tw
pkq
train

ď
1

2
L

ˆ

1´
1

L2

˙t ∥∥∥wpkqtrain

∥∥∥2

ď 2L2σ2

ˆ

1´
1

L2

˙t

,
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where we upper bound
∥∥∥wpkqtrain

∥∥∥2

by 4Lσ2 at the last step. Therefore, we have

pFTbT p1{Lq ď 2L2σ2p1´ 1
L2 q

t. l

Lower Bounding pFTbT for η P prη,8q

In this section, we prove that the empirical meta objective is lower bounded by

Ωpσ2q with high probability for η P prη,8q. Step size rη is defined such that there is a

descent probability of diverging for any step size larger than rη. Then, we show the

contribution from these truncated sequence will be enough to provide an Ωpσ2q lower

bound for pFTbT . The proof of Lemma 5.4.4 is given at the end of this section.

Lemma 5.4.4. With probability at least 1´ expp´Ωpmqq,

pFTbT pηq ě
σ2

10L8

for all η ą rη.

We define rη as the smallest step size such that the contribution from the truncated

sequence in the population meta objective exceeds certain threshold. The precise

definition is as follows.

Definition D.2.5. Given a training task P, let E1 be the event that
?
d{
?
L ď

σipXtrainq ď
?
Ld and 1{L ď λipHtrainq ď L for all i P rns and

?
dσ{4 ď }ξtrain} ď

?
dσ. Let Ē2pηq be the event that the GD sequence is truncated with step size η.

Define rη as follows,

rη “ inf

"

η ě 0

ˇ

ˇ

ˇ

ˇ

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

ě
σ2

L6

*

.

In the next lemma, we prove that for any fixed training set, 1
 

E1 X Ē2pη
1q
(

ě
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1
 

E1 X Ē2pηq
(

for any η1 ě η. This immediately implies that Pr
“

E1 X Ē2pηq
‰

and

E1
2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

is non-decreasing in η.

Basically we need to show, conditioning on E1, if a GD sequence gets truncated

at step size η, it must be also truncated for larger step sizes. Let tw1τ,ηu be the GD

sequence without truncation. We only need to show that for any τ, if
›

›w1τ,η
›

› exceeds

the norm threshold,
›

›w1τ,η1
›

› must also exceed the norm threshold for any η1 ě η. This

is easy to prove if τ is odd because in this case
›

›w1τ,η
›

› is always non-decreasing in η.

The case when τ is even is trickier because there indeed exists certain range of η such

that
›

›w1τ,η
›

› is decreasing in η. We manage to prove that this problematic case cannot

happen when
›

›w1τ,η
›

› is at least 4
?
Lσ. The full proof of Lemma D.2.6 is deferred into

Section D.2.2.

Lemma D.2.6. Fixing a task P, let E1 and Ē2pηq be as defined in Definition D.2.5.

We have

1
 

E1 X Ē2pη
1
q
(

ě 1
 

E1 X Ē2pηq
(

,

for any η1 ě η.

In the next Lemma, we prove that rη must lie within p1{L, 3Lq. We prove this

by showing that the GD sequence never gets truncated for η P r0, 2{Ls and almost

always gets truncated for η P r2.5L,8q. The proof is deferred into Section D.2.2.

Lemma D.2.7. Let rη be as defined in Definition D.2.5. Suppose σ is a large constant

c1. Assume t ě c2, d ě c4 for some constants c2, c4. We have

1{L ă rη ă 3L.

Now, we are ready to give the proof of Lemma 5.4.4.

Proof of Lemma 5.4.4. Let E1 and Ē2pηq be as defined in Definition D.2.5. For
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the simplicity of the proof, we assume E1
2
‖wt,rη ´ wtrain‖2

Htrain
1
 

E1 X Ē2prηq
(

ě σ2

L6 . We

will discuss the proof for the other case at the end, which is very similar.

Conditioning on E1, we know 1
2
‖wt,rη ´ wtrain‖2

Htrain
ď 18L2σ2. Therefore, we know

Pr
“

E1 X Ē2prηq
‰

ě 1
18L8 . For each task Pk, define E pkq1 and Ē pkq2 pηq as the corresponding

events on training set S
pkq
train. By Hoeffding’s inequality, we know with probability at

least 1´ expp´Ωpmqq,

1

m

m
ÿ

k“1

1

!

E pkq1 X Ē pkq2 prηq
)

ě
1

20L8
.

By Lemma D.2.6, we know 1

!

E pkq1 X Ē pkq2 pηq
)

ě 1

!

E pkq1 X Ē pkq2 prηq
)

for any η ě rη.

Then, we can lower bound pFTbT for any η ą rη as follows,

pFTbT pηq “
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

H
pkq
train

ě
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

H
pkq
train

1

!

E pkq1 X Ē pkq2 pηq
)

ě2σ2 1

m

m
ÿ

k“1

1

!

E pkq1 X Ē pkq2 pηq
)

ě2σ2 1

m

m
ÿ

k“1

1

!

E pkq1 X Ē pkq2 prηq
)

ě
σ2

10L8
,

where the second inequality lower bounds the loss for one task by 2σ2 when the

sequence gets truncated.

We have assumed E1
2
‖wt,rη ´ wtrain‖2

Htrain
1
 

E1 X Ē2prηq
(

ě σ2

L6 in the proof. Now,

we show the proof also works when E1
2
‖wt,rη ´ wtrain‖2

Htrain
1
 

E1 X Ē2prηq
(

ă σ2

L6 with

slight changes. According to the definition and Lemma D.2.6, we are able to know

that E1
2
‖wt,rη ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

ą σ2

L6 for all η ą rη. At each training set

Strain, we can define 1
 

E1 X Ē2prη
1q
(

as limηÑrη` 1
 

E1 X Ē2pηq
(

. Note that we also have

Pr
“

E1 X Ē2prη
1q
‰

ě 1
18L8 . The remaining proof is the same as before as we substitute
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1
 

E1 X Ē2prηq
(

by 1
 

E1 X Ē2prη
1q
(

. l

Generalization for η P r1{L, rηs

In this section, we show empirical meta objective pFTbT is point-wise close to popula-

tion meta objective FTbT for all η P r1{L, rηs.

Lemma D.2.4. Suppose σ is a large constant c1. Assume t ě c2, d ě c4 for certain

constants c2, c4. With probability at least 1´m expp´Ωpdqq ´Opt`mq expp´Ωpmqq,

|FTbT pηq ´ pFTbT pηq| ď
σ2

L3
,

for all η P r1{L, rηs,

In this section, we first show pFTbT concentrates on FTbT for any fixed η and then

construct ε-net for pFTbT and FTbT for η P r1{L, rηs. We give the proof of Lemma D.2.4

at the end.

We first show that for a fixed η, pFTbT pηq is close to FTbT pηq with high prob-

ability. We prove the meta-loss on each task ∆TbT pη, Pkq is Op1q-subexponential.

Then we apply Bernstein’s inequality to get the result. The proof is deferred into

Section D.2.2. We will assume σ is a large constant and t ě c2, d ě c4 for some

constants c2, c4 so that Lemma D.2.7 holds and rη is a constant.

Lemma D.2.8. Suppose σ is a constant. For any fixed η and any 1 ą ε ą 0, with

probability at least 1´ expp´Ωpε2mqq,

ˇ

ˇ

ˇ

pFTbT pηq ´ FTbT pηq
ˇ

ˇ

ˇ
ď ε.

Next, we construct an ε-net for FTbT . By the definition of rη, we know for any

η ď rη, the contribution from truncated sequences in FTbT pηq is small. We can show
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the contribution from the un-truncated sequences is Optq-lipschitz.

Lemma D.2.9. Suppose σ is a large constant c1. Assume t ě c2, d ě c4 for some

constant c2, c4. There exists an 11σ2

L4 -net N Ă r1{L, rηs for FTbT with |N | “ Optq. That

means, for any η P r1{L, rηs,

|FTbT pηq ´ FTbT pη
1
q| ď

11σ2

L4
,

for η1 “ arg minη2PN,η2ďηpη ´ η
2q.

Proof of Lemma D.2.9. Let E1 and Ē2pηq be as defined in Definition D.2.5. For

the simplicity of the proof, we assume E1
2
‖wt,rη ´ wtrain‖2

Htrain
1
 

E1 X Ē2prηq
(

ď σ2

L6 . We

will discuss the proof for the other case at the end, which is very similar.

We can divide E1
2
‖wt,η ´ wtrain‖2

Htrain
as follows,

E
1

2
‖wt,η ´ wtrain‖2

Htrain

“E
1

2
‖wt,η ´ wtrain‖2

Htrain
1 tE1 X E2prηqu ` E

1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2prηq
(

` E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

Ē1

(

.

We will construct an ε-net for the first term and show the other two terms

are small. Let’s first consider the third term. Since 1
2
‖wt,η ´ wtrain‖2

Htrain
is Op1q-

subexponential and Pr
“

Ē1

‰

ď expp´Ωpdqq, we have E1
2
‖wt,η ´ wtrain‖2

Htrain
1
 

Ē1

(

“

Op1q expp´Ωpdqq. Choosing d to be at least certain constant, we could know that

1
2
‖wt,η ´ wtrain‖2

Htrain
1
 

Ē1

(

ď σ2{L4.

For the second term, since E1
2
‖wt,rη ´ wtrain‖2

Htrain
1
 

E1 X Ē2prηq
(

ď σ2

L6 and

1
2
‖wt,rη ´ wtrain‖2

Htrain
ě 2σ2 when wt,rη diverges, we know Pr

“

E1 X Ē2prηq
‰

ď 1
2L6 . Then,
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we can upper bound the second term as follows,

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2prηq
(

ď 18L2σ2 1

2L6
“

9σ2

L4

Next, we show the first term 1
2
‖wt,η ´ wtrain‖2

Htrain
1 tE1 X E2prηqu has desirable Lip-

schitz condition. According to Lemma D.2.6, we know 1 tE1 X E2pηqu ě 1 tE1 X E2prηqu

for any η ď rη. Therefore, conditioning on E1 X E2prηq, we know wt,η never gets trun-

cated for any η ď rη. This means wt,η “ Bt,ηwtrain with Bt,η “ pI ´ pI ´ ηHtrainq
tq.

We can compute the derivative of 1
2
‖wt,η ´ wtrain‖2

Htrain
as follows,

B

Bη

1

2
‖wt,η ´ wtrain‖2

Htrain
“
@

tHtrainpI ´ ηHtrainq
t´1wtrain

D

Htrainpwt,η ´ wtrainq.

Since }wt,η} “ }pI ´ pI ´ ηHtrainq
tqwtrain} ď 4

?
Lσ and }wtrain} ď 2

?
Lσ, we have

}pI ´ ηHtrainq
twtrain} ď 6

?
Lσ. We can also bound the term }pI ´ ηHtrainq

t´1wtrain}

with }pI ´ ηHtrainq
twtrain} ` }wtrain} by bounding the expanding directions using

}pI ´ ηHtrainq
twtrain} and bounding the shrinking directions using }wtrain} . There-

fore, we can bound the derivative as follows,

ˇ

ˇ

ˇ

ˇ

B

Bη

1

2
‖wt,η ´ wtrain‖2

Htrain

ˇ

ˇ

ˇ

ˇ

ď tLˆ 8
?
Lσ ˆ 6L

?
Lσ “ 48L3σ2t.

Suppose σ is a constant, we know E1
2
‖wt,η ´ wtrain‖2

Htrain
1 tE1 X E2prηqu isOptq-lipschitz.

Therefore, there exists an σ2

L4 -net N for E1
2
‖wt,η ´ wtrain‖2

Htrain
1 tE1 X E2prηqu with size

Optq. That means, for any η P r1{L, rηs,

ˇ

ˇ

ˇ

ˇ

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1 tE1 X E2prηqu ´ E

1

2
‖wt,η1 ´ wtrain‖2

Htrain
1 tE1 X E2prηqu

ˇ

ˇ

ˇ

ˇ

ď
σ2

L4

for η1 “ arg minη2PN,η2ďηpη ´ η2q. Note we construct the ε-net in a particular way

such that η1 is chosen as the largest step size in N that is at most η.
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Combing with the upper bounds on the second term and the third term, we have

for any η P r1{L, rηs,

|FTbT pηq ´ FTbT pη
1
q| ď

11σ2

L4

for η1 “ arg minη2PN,η2ďηpη ´ η
2q.

In the above analysis, we have assumed E1
2
‖wt,rη ´ wtrain‖2

Htrain
1
 

E1 X Ē2prηq
(

ď

σ2

L6 . The proof can be easily generalized to the other case. We can define 1
 

E1 X Ē2prη
1q
(

as limηÑrη´ 1
 

E1 X Ē2pηq
(

. Then the proof works as long as we substitute 1
 

E1 X Ē2prηq
(

by 1
 

E1 X Ē2prη
1q
(

. We will also add rη into the ε-net. l

In order to prove FTbT is close to pFTbT point-wise in r1{L, rηs, we still need to

construct an ε-net for the empirical meta objective pFTbT .

Lemma D.2.10. Suppose σ is a large constant c1. Assume t ě c2, d ě c4 for certain

constants c2, c4. With probability at least 1 ´ m expp´Ωpdqq, there exists an σ2

L4 -net

N 1 Ă r1{L, rηs for pFTbT with |N | “ Opt`mq. That means, for any η P r1{L, rηs,

| pFTbT pηq ´ pFTbT pη
1
q| ď

σ2

L4
,

for η1 “ arg minη2PN 1,η2ďηpη ´ η
2q.

Proof of Lemma D.2.10. For each k P rms, let E1,k be the event that
?
d{
?
L ď

σipX
pkq
trainq ď

?
Ld and 1{L ď λipH

pkq
trainq ď L for all i P rns and

?
dσ{4 ď

›

›

›
ξ
pkq
train

›

›

›
ď

?
dσ. According to Lemma D.2.3 and Lemma D.5.1, we know with probability at

least 1´m expp´Ωpdqq, E1,k’s hold for all k P rms. From now on, we assume all these

events hold.
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Recall that the empirical meta objective as follows,

pFTbT pηq :“
1

m

m
ÿ

k“1

∆TbT pη, Pkq.

For any k P rms, let ηc,k be the smallest step size such that w
pkq
t,η gets truncated.

If ηc,k ą pη, by similar argument as in Lemma D.2.9, we know ∆TbT pη, Pkq is Optq-

Lipschitz in r1{L, pηs as long as σ is a constant. If ηc,k ď pη, by Lemma D.2.6 we know

w
pkq
t,η gets truncated for any η ě ηc,k. This then implies that ∆TbT pη, Pkq is a constant

function for η P rηc,k, pηs. We can also show that ∆TbT pη, Pkq is Optq-Lipschitz in

r1{L, ηc,kq. There might be a discontinuity in function value at ηc,k, so we need to

add ηc,k into the ε-net.

Overall, we know there exists an σ2

L4 -net N 1 with |N 1| “ Opt`mq for pFTbT . That

means, for any η P r1{L, rηs,

ˇ

ˇ

ˇ

pFTbT pηq ´ pFTbT pη
1
q

ˇ

ˇ

ˇ
ď
σ2

L4

for η1 “ arg minη2PN 1,η2ďηpη ´ η
2q. l

Finally, we combine Lemma D.2.8, Lemma D.2.9 and Lemma D.2.10 to prove

that pFTbT is point-wise close to FTbT for η P r1{L, rηs.

Proof of Lemma D.2.4. We assume σ as a constant in this proof. By Lemma D.2.8,

we know with probability at least 1´expp´Ωpε2mqq,
ˇ

ˇ

ˇ

pFTbT pηq ´ FTbT pηq
ˇ

ˇ

ˇ
ď ε for any

fixed η. By Lemma D.2.9, we know there exists an 11σ2

L4 -net N for FTbT with size Optq.

By Lemma D.2.10, we know with probability at least 1´m expp´Ωpdqq, there exists

an σ2

L4 -net N 1 for pFTbT with size Opt `mq. According to the proofs of Lemma D.2.9

and Lemma D.2.10, it’s not hard to verify that N Y N 1 is still an 11σ2

L4 -net for pFTbT
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and FTbT . That means, for any η P r1{L, rηs, we have

|FTbT pηq ´ FTbT pη
1
q|, | pFTbT pηq ´ pFTbT pη

1
q| ď

11σ2

L4
,

for η1 “ arg minη2PNYN 1,η2ďηpη ´ η
2q.

Taking a union bound over N YN 1, we have with probability at least 1´Opt`

mq expp´Ωpmqq,

ˇ

ˇ

ˇ

pFTbT pηq ´ FTbT pηq
ˇ

ˇ

ˇ
ď
σ2

L4

for all η P N YN 1.

Overall, we know with probability at least 1´m expp´Ωpdqq´Opt`mq expp´Ωpmqq,

for all η P r1{L, rηs,

|FTbT pηq ´ pFTbT pηq|

ď|FTbT pηq ´ FTbT pη
1
q| ` | pFTbT pηq ´ pFTbT pη

1
q| ` | pFTbT pη

1
q ´ FTbT pη

1
q|

ď
23σ2

L4
ď
σ2

L3
,

where η1 “ arg minη2PNYN 1,η2ďηpη ´ η2q. We use the fact that L “ 100 in the last

inequality. l

Proofs of Technical Lemmas

Proof of Lemma D.2.3. Recall that Xtrain is an n ˆ d matix with n “ cd where

c P r1{4, 3{4s. According to Lemma D.5.4, with probability at least 1´ 2 expp´t2{2q,

we have
?
d´

?
cd´ t ď σipXtrainq ď

?
d`

?
cd` t,

for all i P rns.

Since Htrain “ 1{nXJ
trainXtrain, we know λipHtrainq “ 1{nσ2

i pXtrainq. Since c P
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r1
4
, 3

4
s, we have 1

cd
p
?
d `

?
cdq2 ď 100 ´ c1 and 1

cd
p
?
d ´

?
cdq2 ě 1

100
` c1, for some

constant c1. Therefore, we know with probability at least 1´ expp´Ωpdqq,

1

100
ď λipHtrainq ď 100,

for all i P rns.

Similarly, since there exists constant c2 such that
?
d `

?
cd ď p10 ´ c2q

?
d and

?
d´

?
cd ě p1{10` c2q

?
d, we know with probability at least 1´ expp´Ωpdqq,

1

10

?
d ď σipXtrainq ď 10

?
d,

for all i P rns. Choosing L “ 100 finishes the proof. l

Proof of Lemma D.2.6. We prove that for any training set Strain, 1
 

E1 X Ē2pη
1q
(

ě

1
 

E1 X Ē2pη
1q
(

for any η1 ą η. This is trivially true if E1 is false on Strain. Therefore,

we focus on the case when E1 holds for Strain. Suppose ηc is the smallest step size

such that the GD sequence gets truncated. Let tw1τ,ηcu be the GD sequence without

truncation. There must exists τ ď t such that
›

›w1τ,ηc
›

› ě 4
?
Lσ. We only need to

prove that
›

›w1τ,η
›

› ě 4
?
Lσ for any η ě ηc. We prove this by showing the derivative

of
∥∥w1τ,η∥∥2

in η is non-negative assuming
∥∥w1τ,η∥∥2

ě 4
?
Lσ.

Recall the recursion of w1τ,η as w1τ,η “ wtrain ´ pI ´ ηHtrainq
τwtrain. If τ is an

odd number, it’s clear that B

Bη

∥∥w1τ,η∥∥2
is non-negative at any η ě 0. From now on,

we assume τ is an even number. Actually in this case, B

Bη

∥∥w1τ,η∥∥2
can be negative

for some η. However, we can prove the derivative must be non-negative assuming∥∥w1τ,η∥∥2
ě 4

?
Lσ.

Suppose the eigenvalue decomposition of Htrain is
řn
i“1 λiuiu

J
i with λ1 ě ¨ ¨ ¨λn.

Denote ci as xwtrainyui. Let λj be the smallest eigenvalue such that p1´ ηλjq ď ´1.
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This implies λi ď 2{η for any i ě j ` 1. We can write down
∥∥w1τ,η∥∥2

as follows

∥∥w1τ,η∥∥2
“

j
ÿ

i“1

`

1´ p1´ ηλiq
t
˘2
c2
i `

n
ÿ

i“j`1

`

1´ p1´ ηλiq
t
˘2
c2
i

ď

j
ÿ

i“1

`

1´ p1´ ηλiq
t
˘2
c2
i ` ‖wtrain‖2.

Since E1 holds, we know ‖wtrain‖2
ď 4Lσ2. Combining with

∥∥w1τ,η∥∥2
ě 16Lσ2, we

have
řj
i“1 p1´ p1´ ηλiq

tq
2
c2
i ě 12Lσ2. We can lower bound the derivative as follows,

B

Bη
‖wτ,η‖2

“

j
ÿ

i“1

2tλip1´ ηλiq
t´1

`

1´ p1´ ηλiq
t
˘

c2
i

`

n
ÿ

i“j`1

2tλip1´ ηλiq
t´1

`

1´ p1´ ηλiq
t
˘

c2
i

ě2t
j
ÿ

i“1

λip1´ ηλiq
t´1

`

1´ p1´ ηλiq
t
˘

c2
i ´ 2t

2

η

n
ÿ

i“j`1

c2
i

ě2t
j
ÿ

i“1

λip1´ ηλiq
t´1

`

1´ p1´ ηλiq
t
˘

c2
i ´ 2tˆ 8Lσ2

{η.

Then, we only need to show that
řj
i“1 λip1´ ηλiq

t´1 p1´ p1´ ηλiq
tq c2

i is larger than
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8Lσ2{η. We have

j
ÿ

i“1

λip1´ ηλiq
t´1

`

1´ p1´ ηλiq
t
˘

c2
i

“

j
ÿ

i“1

λi
p1´ ηλiq

t´1

1´ p1´ ηλiqt
`

1´ p1´ ηλiq
t
˘2
c2
i

“

j
ÿ

i“1

λi
pηλi ´ 1qt´1

pηλi ´ 1qt ´ 1

`

1´ p1´ ηλiq
t
˘2
c2
i

“

j
ÿ

i“1

λi
pηλi ´ 1qt

pηλi ´ 1qt ´ 1

1

ηλi ´ 1

`

1´ p1´ ηλiq
t
˘2
c2
i

ě

j
ÿ

i“1

1

η

`

1´ p1´ ηλiq
t
˘2
c2
i ě 12Lσ2

{η ą 8Lσ2
{η.

l

Proof of Lemma D.2.7. Similar as the analysis in Lemma 5.4.3, conditioning on

E1, we know the GD sequence never exceeds the norm threshold for any η P r0, 2{Ls.

This then implies

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

“ 0,

for all η P r0, 2{Ls.

Let tw1τ,ηu be the GD sequence without truncation. For any step size η P

r2.5L,8s, conditioning on E1, we have

›

›w1t,η
›

› ě
`

pη{L´ 1qt ´ 1
˘

}wtrain} ě
`

1.5t ´ 1
˘

ˆ

σ

4
?
L
´ 1

˙

ě 4
?
Lσ,

where the last inequality holds as long as σ ě 5
?
L, t ě c2 for some constant c2.

Therefore, we know when η P r2.5L,8q, 1
 

E1 X Ē2pηq
(

“ 1 tE1u. Then, we have for
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any η ě 2.5L,

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

ě
1

2L

´

4
?
Lσ ´ 2

?
Lσ

¯2

PrrE1s ě 2σ2 PrrE1s ě
σ2

L3
,

where the last inequality uses PrrE1s ě 1´ expp´Ωpdqq and assume d ě c4 for some

constant c4.

Overall, we know E1
2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

equals zero for all η P

r0, 2{Ls and is at least σ2

L3 for all η P r2.5L,8q. By definition, we know rη P p1{L, 3Lq.

l

Proof of Lemma D.2.8. Recall that pFTbT pηq :“ 1
m

řm
k“1 ∆TbT pη, Pkq. We prove

that each ∆TbT pη, Pkq is Op1q-subexponential. We can further write ∆TbT pη, Pkq as

follows,

∆TbT pη, Pkq “
1

2

∥∥∥wpkqt,η ´ w˚k ´ pXpkq
trainq

:ξ
pkq
train

∥∥∥2

H
pkq
train

ď
1

2

∥∥∥wpkqt,η ´ w˚k∥∥∥2 ›
›

›
H
pkq
train

›

›

›
`

1

2n

∥∥∥ξpkqtrain

∥∥∥2

`

›

›

›
w
pkq
t,η ´ w

˚
k

›

›

›

ˆ

1
?
n

›

›

›
ξ
pkq
train

›

›

›

˙ˆ

1
?
n

›

›

›
X
pkq
train

›

›

›

˙

.

We can write
›

›

›
H
pkq
train

›

›

›
as σ2

maxp
1?
n
X
pkq
trainq. According to Lemma D.5.3, we know that

σmaxpX
pkq
trainq´EσmaxpX

pkq
trainq is Op1q-subgaussian, which implies that σmaxp

1?
n
X
pkq
trainq´

Eσmaxp
1?
n
X
pkq
trainq is Op1{

?
dq-subgaussian. Since Eσmaxp

1?
n
X
pkq
trainq is a constant, we

know σmaxp
1?
n
X
pkq
trainq is Op1q-subgaussian and σ2

maxp
1?
n
X
pkq
trainq is Op1q-subexponential.

Similarly, we know both the terms 1
2n

∥∥∥ξpkqtrain

∥∥∥2

and
´

1?
n

›

›

›
X
pkq
train

›

›

›

¯ ´

1?
n

›

›

›
ξ
pkq
train

›

›

›

¯

are

Op1q-subexponential.
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Suppose σ is a constant, we know
›

›

›
w
pkq
t,η ´ w

˚
k

›

›

›
is upper bounded by a constant.

Then, we know ∆TbT pη, Pkq is Op1q-subexponential. Therefore, pFTbT pηq is the aver-

age of m i.i.d. Op1q-subexponential random variables. By standard concentration

inequality, we know for any 1 ą ε ą 0, with probability at least 1´ expp´Ωpε2mqq,

ˇ

ˇ

ˇ

pFTbT pηq ´ FTbT pηq
ˇ

ˇ

ˇ
ď ε.

l

D.2.3 Train-by-Validation (GD)

In this section, we show that the optimal step size under pFTbV is Θp1{tq. Furthermore,

we show under this optimal step size, GD sequence makes constant progress towards

the ground truth. Precisely, we prove the following theorem.

Theorem D.2.2. Let the meta objective pFTbV pn1,n2qpηq be as defined in Equation 5.4

with n1, n2 P rd{4, 3d{4s. Assume noise level σ is a large constant c1. Assume unroll

length t ě c2, number of training tasks m ě c3 and dimension d ě c4 logptq for

certain constants c2, c3, c4. With probability at least 0.99 in the sampling of training

tasks, we have

η˚valid “ Θp1{tq and E
∥∥∥wt,η˚valid ´ w˚∥∥∥2

“ ‖w˚‖2
´ Ωp1q

for all η˚valid P arg minηě0
pFTbV pn1,n2qpηq, where the expectation is taken over new tasks.

In this section, we still use L to denote constant 100. We start from analyzing

the behavior of the population meta-objective FTbV for step sizes within r0, 1{Ls.

We show the optimal step size within this range is Θp1{tq and GD sequence moves

towards w˚ under the optimal step size. The following lemma is a formal version
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of Lemma 5.4.6. This serves as step 1 in Section D.2.1. We defer the proof of

Lemma D.2.11 into Section D.2.3.

Lemma D.2.11. Suppose noise level σ is a large enough constant c1. Assume unroll

length t ě c2 and dimension d ě c4 for some constants c2, c4. There exist η1, η2, η3 “

Θp1{tq with η1 ă η2 ă η3 such that

FTbV pη2q ď
1

2
‖w˚‖2

´
9

10
C `

σ2

2

FTbV pηq ě
1

2
‖w˚‖2

´
6

10
C `

σ2

2
, @η P r0, η1s Y rη3, 1{Ls

where C is a positive constant.

To relate the behavior of FTbV to the behavior of pFTbV , we prove the following

generalization result for step sizes in r0, 1{Ls. The following lemma is a formal version

of Lemma 5.4.8. This serves as step 3 in Section D.2.1. The proof is deferred into

Section D.2.3.

Lemma D.2.12. For any 1 ą ε ą 0, assume d ě c4 logp1{εq for some constant c4.

With probability at least 1´Op1{εq expp´Ωpε2mqq,

| pFTbV pηq ´ FTbV pηq| ď ε,

for all η P r0, 1{Ls.

In Lemma D.2.13, we show the empirical meta objective pFTbV is high for all step

size larger than 1{L, which then implies η˚valid P r0, 1{Ls. The following lemma is a

formal version of Lemma 5.4.7. This serves as step 2 in Section D.2.1. We prove this

lemma in Section D.2.3.
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Lemma D.2.13. Suppose σ is a large constant. Assume t ě c2, d ě c4 logptq for

some constants c2, c4. With probability at least 1´ expp´Ωpmqq,

pFTbV pηq ěC
1σ2
`

1

2
σ2,

for all η ě 1{L, where C 1 is a positive constant independent with σ.

Combining Lemma D.2.11, Lemma D.2.12 and Lemma D.2.13, we give the proof

of Theorem D.2.2.

Proof of Theorem D.2.2. According to Lemma D.2.11, we know as long as d and

t are larger than certain constants, there exists η1, η2, η3 “ Θp1{tq with η1 ă η2 ă η3

such that

FTbV pη2q ď
1

2
‖w˚‖2

´
9

10
C ` σ2

{2

FTbV pηq ě
1

2
‖w˚‖2

´
6

10
C ` σ2

{2, @η P r0, η1s Y rη3, 1{Ls,

for some positive constant C.

Choosing ε “ minp1, C{10q in Lemma D.2.12, we know as long as d is larger than

certain constant, with probability at least 1´ expp´Ωpmqq,

| pFTbV pηq ´ FTbV pηq| ď C{10,

for all η P r0, 1{Ls.

Therefore,

pFTbV pη2q ď
1

2
‖w˚‖2

´
8

10
C ` σ2

{2

pFTbV pηq ě
1

2
‖w˚‖2

´
7

10
C ` σ2

{2, @η P r0, η1s Y rη3, 1{Ls.

By Lemma D.2.13, we know as long as t ě c2, d ě c4 logptq for some constants
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c2, c4, with probability at least 1´ expp´Ωpmqq,

pFTbV pηq ě C 1σ2
`

1

2
σ2,

for all η ě 1{L. As long as σ ě 1{
?
C 1, we have pFTbV pηq ě 1 ` 1

2
σ2 for all η ě

1{L. Combining with pFTbV pη2q ď
1
2
‖w˚‖2

´ 8
10
C ` σ2{2, we know η˚valid P r0, 1{Ls.

Furthermore, since pFTbV pηq ě
1
2
‖w˚‖2

´ 7
10
C ` σ2{2, @η P r0, η1s Y rη3, 1{Ls, we have

η1 ď η˚valid ď η3.

Recall that η1, η3 “ Θp1{tq, we know η˚valid “ Θp1{tq. At the optimal step size, we

have

FTbV pη
˚
validq ď

pFTbV pη
˚
validq ` C{10 ď pFTbV pη2q ` C{10 ď

1

2
‖w˚‖2

´
7

10
C ` σ2

{2.

Since FTbV pη
˚
validq “ E1

2

∥∥∥wt,η˚valid
´ w˚

∥∥∥2

` σ2{2, we have

E
∥∥∥wt,η˚valid

´ w˚
∥∥∥2

ď ‖w˚‖2
´

7

5
C.

Choosing m to be at least certain constant, this holds with probability at least 0.99.

l

Behavior of FTbV for η P r0, 1{Ls

In this section, we study the behavior of FTbV when η P r0, 1{Ls. We prove the

following Lemma.

Lemma D.2.11. Suppose noise level σ is a large enough constant c1. Assume unroll

length t ě c2 and dimension d ě c4 for some constants c2, c4. There exist η1, η2, η3 “
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Θp1{tq with η1 ă η2 ă η3 such that

FTbV pη2q ď
1

2
‖w˚‖2

´
9

10
C `

σ2

2

FTbV pηq ě
1

2
‖w˚‖2

´
6

10
C `

σ2

2
, @η P r0, η1s Y rη3, 1{Ls

where C is a positive constant.

It’s not hard to verify that FTbV pηq “ E1{2‖wt,η ´ w˚‖2
` σ2{2. For convenience,

denote Qpηq :“ 1{2‖wt,η ´ w˚‖2. In order to prove Lemma D.2.11, we only need

to show that EQpη2q ď
1
2
‖w˚‖2

´ 9
10
C and EQpηq ě 1

2
‖w˚‖2

´ 6
10
C for all η P

r0, η1s Y rη3, 1{Ls. In Lemma D.2.14, we first show that this happens with high

probability over the sampling of tasks.

Lemma D.2.14. Suppose noise level σ is a large enough constant c1. Assume unroll

length t ě c2 for certain constant c2. Then, with probability at least 1 ´ expp´Ωpdqq

over the sampling of tasks, there exists η1, η2, η3 “ Θp1{tq with η1 ă η2 ă η3 such

that

Qpη2q :“
1

2
‖wt,η2 ´ w

˚‖2
ď

1

2
‖w˚‖2

´ C

Qpηq :“
1

2
‖wt,η ´ w˚‖2

ě
1

2
‖w˚‖2

´
C

2
, @η P r0, η1s Y rη3, 1{Ls

where C is a positive constant.

Since we are in the small step size regime, we know the GD sequence con-

verges with high probability and will not be truncated. For now, let’s assume
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wt,η “ Bt,ηw
˚
train `Bt,ηpXtrainq

:ξtrain, where Bt,η “ I ´ pI ´ ηHtrainq
t. We have

Qpηq “
1

2

∥∥Bt,ηw
˚
train `Bt,ηpXtrainq

:ξtrain ´ w
˚
∥∥2

“
1

2
‖Bt,ηw

˚
train ´ w

˚‖2
`

1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2

` xBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

“
1

2
‖w˚‖2

`
1

2
‖Bt,ηw

˚
train‖2

`
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
´ xBt,ηw

˚
trainyw

˚

` xBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain.

In Lemma D.2.15, we are going to show that with high probability the crossing

term xBt,ηw
˚
train ´ w

˚yBt,ηpXtrainq
:ξtrain is negligible for all η P r0, 1{Ls. By Hoeffd-

ing’s inequality, we know the crossing term is small for any fixed η. Constructing an

ε-net for the crossing term in η, we can take a union bound and show it’s small for

all η P r0, 1{Ls. We defer the proof of Lemma D.2.15 to Section D.2.3.

Lemma D.2.15. Assume σ is a constant. For any 1 ą ε ą 0, we know with

probability at least 1´Op1{εq expp´Ωpε2dqq,

ˇ

ˇxBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain
ˇ

ˇ ď ε,

for all η P r0, 1{Ls.

Denote

Gpηq :“
1

2
‖w˚‖2

`
1

2
‖Bt,ηw

˚
train‖2

`
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
´ xBt,ηw

˚
trainyw

˚.

Choosing ε “ C{4 in Lemma D.2.15, now we only need to show that Gpη2q ď

‖w˚‖2
´ 5C{4 and Gpηq ě ‖w˚‖2

´ C{4 for all η P r0, η1s Y rη3, 1{Ls.

We first show that there exists η2 “ Θp1{tq such that Gpη2q ď
1
2
‖w˚‖2

´ 5C{4 for
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some constant C. It’s not hard to show that 1
2
‖Bt,ηw

˚
train‖2

` 1
2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
“

Opη2t2σ2q. In Lemma D.2.16, we show that the improvement xBt,ηw
˚
trainyw

˚ “ Ωpηtq

is linear in η. Therefore there exists η2 “ Θp1{tq such that Gpη2q ď
1
2
‖w˚‖2

´ 5C{4

for some constant C. We defer the proof of Lemma D.2.16 to Section D.2.3.

Lemma D.2.16. For any fixed η P r0, L{ts with probability at least 1´ expp´Ωpdqq,

xBt,ηw
˚
trainyw

˚
ě

ηt

16L
.

To lower bound Gpηq for small η, we notice

Gpηq ě
1

2
‖w˚‖2

´ xBt,ηw
˚
trainyw

˚.

We can show that xBt,ηw
˚
trainyw

˚ “ Opηtq. Therefore, there exists η1 “ Θp1{tq such

that xBt,ηw
˚
trainyw

˚ ď C{4 for all η P r0, η1s.

To lower bound Gpηq for large η, we lower bound Gpηq using the noise square

term,

Gpηq ě
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
.

We show that with high probability the term
∥∥Bt,ηpXtrainq

:ξtrain

∥∥2
“ Ωpσ2q for all

η P rlogp2qL{t, 1{Ls. Therefore, as long as σ is larger than some constant, there exists

η3 “ Θp1{tq such that Gpηq ě 1
2
‖w˚‖2 for all η P rη3, 1{Ls.

Combing Lemma D.2.15 and Lemma D.2.16, we can now give a complete proof

for Lemma D.2.14.
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Proof of Lemma D.2.14. Recall that

Qpηq “
1

2
‖Bt,ηw

˚
train ´ w

˚‖2
`

1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2

` xBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

“Gpηq ` xBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

We first show that with probability at least 1 ´ expp´Ωpdqq, there exist η1, η2, η3 “

Θp1{tq with η1 ă η2 ă η3 such that Gpη2q ď 1{2‖w˚‖2
´5C{4 and Gpηq ě 1{2‖w˚‖2

´

C{4 for all η P r0, η1s Y rη3, 1{Ls.

According to Lemma D.2.3, we know with probability at least 1 ´ expp´Ωpdqq,
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L for all i P rns with L “ 100.

Upper bounding Gpη2q: We can expand Gpηq as follows:

Gpηq :“
1

2
‖Bt,ηw

˚
train ´ w

˚‖2
`

1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2

“
1

2
‖w˚‖2

`
1

2
‖Bt,ηw

˚
train‖2

`
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
´ xBt,ηw

˚
trainyw

˚.

Recall that Bt,η “ I ´ pI ´ ηHtrainq
t, for any vector w in the span of Htrain,

}Bt,ηw} “
›

›

`

I ´ pI ´ ηHtrainq
t
˘

w
›

› ď Lηt }w} .

According to Lemma D.5.1, we know with probability at least 1 ´ expp´Ωpdqq,

}ξtrain} ď
?
dσ. Therefore, we have

1

2
‖Bt,ηw

˚
train‖2

`
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
ď L2η2t2{2` L3η2t2σ2

{2 ď L3η2t2σ2,

where the second inequality uses σ, L ě 1. According to Lemma D.2.16, for any

fixed η P r0, L{ts, with probability at least 1 ´ expp´Ωpdqq, xBt,ηw
˚
trainyw

˚ ě
ηt

16L
.

292



Therefore,

Gpηq ď
1

2
‖w˚‖2

` L3η2t2σ2
´

ηt

16L
ď

1

2
‖w˚‖2

´
ηt

32L
,

where the second inequality holds as long as η ď 1
32L4σ2t

. Choosing η2 :“ 1
32L4σ2t

, we

have

Gpη2q ď
1

2
‖w˚‖2

´
1

1024L5σ2
“

1

2
‖w˚‖2

´
5C

4
,

where C “ 1
819.2L5σ2 . Note C is a constant as σ, L are constants.

Lower bounding Gpηq for η P r0, η1s : Now, we prove that there exists η1 “ Θp1{tq

with η1 ă η2 such that for any η P r0, η1s, Gpηq ě
1
2
‖w˚‖2

´ C
4
. Recall that

Gpηq “
1

2
‖w˚‖2

`
1

2
‖Bt,ηw

˚
train‖2

`
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
´ xBt,ηw

˚
trainyw

˚.

ě
1

2
‖w˚‖2

´ xBt,ηw
˚
trainyw

˚.

Since |xBt,ηw
˚
trainyw

˚| ď Lηt, we know for any η P r0, η1s,

Gpηq ě
1

2
‖w˚‖2

´ Lη1t.

Choosing η1 “
C

4Lt
, we have for any η P r0, η1s,

Gpηq ě
1

2
‖w˚‖2

´
C

4
.

Lower bounding Gpηq for η P rη3, 1{Ls: Now, we prove that there exists η3 “ Θp1{tq

with η3 ą η2 such that for all η P rη3, 1{Ls,

Gpηq ě
1

2
‖w˚‖2

´
C

4
.
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Recall that

Gpηq “
1

2
‖Bt,ηw

˚
train ´ w

˚‖2
`

1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
ě

1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
.

According to Lemma D.5.1, we know with probability at least 1´expp´Ωpdqq,
?
dσ

2
?

2
ď

}ξtrain} . Therefore,

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
ě
`

1´ e´ηt{L
˘2 σ2

8L
ě

σ2

32L
,

where the last inequality assumes η ě logp2qL{t. As long as t ě logp2qL2, we have

logp2qL{t ď 1{L. Choosing η3 “ logp2qL{t, we know for all η P rη3, 1{Ls,

Gpηq ě
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
ě

σ2

64L
.

Note that 1
2
‖w˚‖2

“ 1{2. Therefore, as long as σ ě 8
?
L, we have

Gpηq ě
1

2
‖w˚‖2

for all η P rη3, 1{Ls.

Overall, we have shown that there exist η1, η2, η3 “ Θp1{tq with η1 ă η2 ă η3

such that Gpη2q ď 1{2‖w˚‖2
´ 5C{4 and Gpηq ě 1{2‖w˚‖2

´C{4 for all η P r0, η1s Y

rη3, 1{Ls. Recall that Qpηq “ Gpηq ` xBt,ηw
˚
train ´ w

˚yBt,ηpXtrainq
:ξtrain. Choosing

ε “ C{4 in Lemma D.2.15, we know with probability at least 1 ´ expp´Ωpdqq,
ˇ

ˇxBt,ηw
˚
train ´ w

˚yBt,ηpXtrainq
:ξtrain

ˇ

ˇ ď C{4 for all η P r0, 1{Ls. Therefore, we know

Qpη2q ď 1{2‖w˚‖2
´ C and Qpηq ě 1{2‖w˚‖2

´ C{2 for all η P r0, η1s Y rη3, 1{Ls. l

Next, we give the proof of Lemma D.2.11.

Proof of Lemma D.2.11. Recall that FTbV pηq “ E1{2‖wt,η ´ w˚‖2
` σ2

2
. For

convenience, denote Qpηq :“ 1{2‖wt,η ´ w˚‖2. In order to prove Lemma D.2.11, we
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only need to show that EQpη2q ď
1
2
‖w˚‖2

´ 9
10
C and EQpηq ě 1

2
‖w˚‖2

´ 6
10
C for all

η P r0, η1s Y rη3, 1{Ls.

According to Lemma D.2.14, as long as σ is a large enough constant c1 and t is at

least certain constant c2, with probability at least 1´ expp´Ωpdqq over the sampling

of Strain, there exists η1, η2, η3 “ Θp1{tq with η1 ă η2 ă η3 such that

Qpη2q :“ 1{2‖wt,η2 ´ w
˚‖2

ď
1

2
‖w˚‖2

´ C

Qpηq :“ 1{2‖wt,η ´ w˚‖2
ě

1

2
‖w˚‖2

´
C

2
, @η P r0, η1s Y rη3, 1{Ls

where C is a positive constant. Call this event E . Suppose the probability that E

happens is 1´ δ. We can write EQpηq as follows,

EQpηq “ ErQpηq|EsPrrEs ` ErQpηq|ĒsPr
“

Ē
‰

.

According to the algorithm, we know }wt,η} is always bounded by 4
?
Lσ. There-

fore, Qpηq :“ 1{2‖wt,η ´ w˚‖2
ď 13Lσ2. When η “ η2, we have

EQpη2q ď

ˆ

1

2
‖w˚‖2

´ C

˙

p1´ δq ` 13Lσ2δ

“
1

2
‖w˚‖2

´
δ

2
´ C ` pC ` 13Lσ2

qδ

ď
1

2
‖w˚‖2

´
9C

10
,

where the last inequality assumes δ ď C
10C`130Lσ2 .
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When η P r0, η1s Y rη3, 1{Ls, we have

EQpη2q ě

ˆ

1

2
‖w˚‖2

´
C

2

˙

p1´ δq ´ 13Lσ2δ

“
1

2
‖w˚‖2

´
δ

2
´ p1´ δq

C

2
´ 13Lσ2δ

ě
1

2
‖w˚‖2

´
C

2
´ p1{2` 13Lσ2

qδ

ě
1

2
‖w˚‖2

´
6C

10
,

where the last inequality holds as long as δ ď C
5C`130Lσ2 .

According to Lemma D.2.14, we know δ ď expp´Ωpdqq. Therefore, the conditions

for δ can be satisfied as long as d is larger than certain constant. l

Generalization for η P r0, 1{Ls

In this section, we show pFTbV is point-wise close to FTbV for all η P r0, 1{Ls. Recall

Lemma D.2.12 as follows.

Lemma D.2.12. For any 1 ą ε ą 0, assume d ě c4 logp1{εq for some constant c4.

With probability at least 1´Op1{εq expp´Ωpε2mqq,

| pFTbV pηq ´ FTbV pηq| ď ε,

for all η P r0, 1{Ls.

In order to prove Lemma D.2.12, let’s first show that for a fixed η with high

probability pFTbV pηq is close to FTbV pηq. Similar as in Lemma D.2.8, we show each

∆TbV pη, Pkq is Op1q-subexponential. We defer its proof to Section D.2.3.

Lemma D.2.17. Suppose σ is a constant. For any fixed η P r0, 1{Ls and any
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1 ą ε ą 0, with probability at least 1´ expp´Ωpε2mqq,

ˇ

ˇ

ˇ

pFTbV pηq ´ FTbV pηq
ˇ

ˇ

ˇ
ď ε.

Next, we show that there exists an ε-net for FTbV with size Op1{εq. By ε-net, we

mean there exists a finite set Nε of step size such that |FTbV pηq ´ FTbV pη
1q| ď ε for

any η P r0, 1{Ls and η1 P arg minηPNε |η´ η
1|. We defer the proof of Lemma D.2.18 to

Section D.2.3.

Lemma D.2.18. Suppose σ is a constant. For any 1 ą ε ą 0, assume d ě c4 logp1{εq

for constant c4. There exists an ε-net Nε for FTbV with |Nε| “ Op1{εq. That means,

for any η P r0, 1{Ls,

|FTbV pηq ´ FTbV pη
1
q| ď ε,

for η1 P arg minηPNε |η ´ η
1|.

Next, we show that with high probability, there also exists an ε-net for pFTbV with

size Op1{εq.

Lemma D.2.19. Suppose σ is a constant. For any 1 ą ε ą 0, assume d ě c4 logp1{εq

for constant c4. With probability at least 1´ expp´Ωpε2mqq, there exists an ε-net N 1
ε

for pFTbV with |Nε| “ Op1{εq. That means, for any η P r0, 1{Ls,

| pFTbV pηq ´ pFTbV pη
1
q| ď ε,

for η1 P arg minηPNε |η ´ η
1|.

Combing Lemma D.2.17, Lemma D.2.18 and Lemma D.2.19, now we give the

proof of Lemma D.2.12.

Proof of Lemma D.2.12. The proof is very similar as in Lemma D.2.4. By

Lemma D.2.17, we know that with probability at least 1 ´ expp´Ωpε2mqq, we have
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ˇ

ˇ

ˇ

pFTbV pηq ´ FTbV pηq
ˇ

ˇ

ˇ
ď ε for any fixed η. By Lemma D.2.18 and Lemma D.2.19, we

know as long as d “ Ωplogp1{εqq, with probability at least 1 ´ expp´Ωpε2mqq, there

exists ε-net Nε and N 1
ε for FTbV and pFTbV respectively. Here, both of Nε and N 1

ε have

size Op1{εq. According to the proofs of Lemma D.2.18 and Lemma D.2.19, it’s not

hard to verify that Nε YN
1
ε is still an ε-net for pFTbV and FTbV . That means, for any

η P r0, 1{Ls, we have

|FTbV pηq ´ FTbV pη
1
q|, | pFTbV pηq ´ pFTbV pη

1
q| ď ε,

for η1 P arg minηPNεYN 1ε |η ´ η
1|.

Taking a union bound over Nε Y N 1
ε, we have with probability at least 1 ´

Op1{εq expp´Ωpε2mqq,
ˇ

ˇ

ˇ

pFTbV pηq ´ FTbV pηq
ˇ

ˇ

ˇ
ď ε

for any η P Nε YN
1
ε.

Overall, we know with probability at least 1 ´ Op1{εq expp´Ωpε2mqq, for all η P

r0, 1{Ls,

|FTbV pηq ´ pFTbV pηq|

ď|FTbV pηq ´ FTbV pη
1
q| ` | pFTbV pηq ´ pFTbV pη

1
q| ` | pFTbV pη

1
q ´ FTbV pη

1
q|

ď3ε,

where η1 P arg minηPNεYN 1ε |η ´ η
1|. Changing ε to ε1{3 finishes the proof. l

Lower Bounding pFTbV for η P r1{L,8q

In this section, we prove pFTbV is large for any step size η ě 1{L. Therefore, the

optimal step size η˚valid must be smaller than pFTbV .
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Lemma D.2.13. Suppose σ is a large constant. Assume t ě c2, d ě c4 logptq for

some constants c2, c4. With probability at least 1´ expp´Ωpmqq,

pFTbV pηq ěC
1σ2
`

1

2
σ2,

for all η ě 1{L, where C 1 is a positive constant independent with σ.

When the step size is very large (larger than 3L), we know the GD sequence gets

truncated with high probability, which immediately implies the loss is high. The

proof of Lemma D.2.20 is deferred into Section D.2.3.

Lemma D.2.20. Assume t ě c2, d ě c4 for some constants c2, c4. With probability

at least 1´ expp´Ωpmqq,

pFTbV pηq ě σ2,

for all η P r3L,8q

The case for step size within r1{L, 3Ls requires more efforts. We give the proof

of Lemma D.2.21 in this section later.

Lemma D.2.21. Suppose σ is a large constant. Assume t ě c2, d ě c4 logptq for

some constants c2, c4. With probability at least 1´ expp´Ωpmqq,

pFTbV pηq ěC4σ
2
`

1

2
σ2,

for all η P r1{L, 3Ls, where C4 is a positive constant independent with σ.

With the above two lemmas, Lemma D.2.13 is just a combination of them.

Proof of Lemma D.2.13. The result follows by taking a union bound and choosing

C 1 “ minpC4, 1{2q. l

In the remaining of this section, we give the proof of Lemma D.2.21. When the

step size is between 1{L and 3L, if the GD sequence has a reasonable probability of
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diverging, we can still show the loss is high similar as before. If not, we need to show

the GD sequence overfits the noise in the training set, which incurs a high loss.

Recall that the noise term is roughly 1
2

∥∥pI ´ pI ´ ηHtrainq
tqpXtrainq

:ξtrain

∥∥2
. When

η P r1{L, 3Ls, the eigenvalues of I ´ ηHtrain in Strain subspace can be negative. If all

the non-zero n eigenvalues of Htrain have the same value, there exists a step size such

that the eigenvalues of I´ηHtrain in subspace Strain is ´1. If t is even, the eigenvalues

of I ´ pI ´ ηHtrainq
t in Strain subspace are zero, which means GD sequence does not

catch any noise in Strain.

Notice that the above problematic case cannot happen when the eigenvalues of

Htrain are spread out. Basically, when there are two different eigenvalues, there won’t

exist any large η that can cancel both directions at the same time. In Lemma D.2.22,

we show with constant probability, the eigenvalues of Htrain are indeed spread out.

The proof is deferred into Section D.2.3.

Lemma D.2.22. Let the top n eigenvalues of Htrain be λ1 ě ¨ ¨ ¨ ě λn. Assume

dimension d ě c4 for certain constant c4. There exist positive constants µ, µ1, µ2 such

that with probability at least µ,

λµ1n ´ λn´µ1n`1 ě µ2.

Next, we utilize this variance in eigenvalues to prove that the GD sequence has

to learn a constant fraction of the noise in training set.

Lemma D.2.23. Suppose noise level σ is a large enough constant c1. Assume unroll

length t ě c2 and dimension d ě c4 for some constants c2, c4. Then, with probability

at least C1

‖Bt,ηwtrain ´ w
˚‖2

Htrain
ě C2σ

2,
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for all η P r1{L, 3Ls, where C1, C2 are positive constants.

Proof of Lemma D.2.23. Let E1 be the event that
?
d{
?
L ď σipXtrainq ď

?
Ld

and 1{L ď λipHtrainq ď L for all i P rns and
?
dσ{4 ď }ξtrain} ď

?
dσ. Let E3 be the

event that
?
d{
?
L ď σipXvalidq ď

?
Ld and 1{L ď λipHvalidq ď L for all i P rns and

?
dσ{4 ď }ξvalid} ď

?
dσ. According to Lemma D.2.3 and Lemma D.5.1, we know

both E1 and E3 hold with probability at least 1´ expp´Ωpdqq.

Let the top n eigenvalues of Htrain be λ1 ě ¨ ¨ ¨ ě λn. According to Lemma D.2.22,

assuming d is larger than certain constant, we know there exist positive constants

µ1, µ2, µ3 such that with probability at least µ1, λµ2n´λn´µ2n`1 ě µ3. Call this event

E2.

Let S1 and S2 be the span of the bottom and top µ2n eigenvectors of Htrain

respectively. According to Lemma D.5.1, we know }ξtrain} ě
?
d

4
σ with probability

at least 1 ´ expp´Ωpdqq. Let P1 P Rnˆn be a rank-µ2n projection matrix such that

the column span of pXtrainq
:P1 is S1. By Johnson-Lindenstrauss Lemma, we know

with probability at least 1´expp´Ωpdqq,
›

›ProjP1
ξtrain

›

› ě
?
µ2

2
}ξtrain} . Taking a union

bound, with probability at least 1´expp´Ωpdqq,
›

›ProjP1
ξtrain

›

› ě
?
µ2dσ
8

. Similarly, we

can define P2 for the S2 subspace and show with probability at least 1´ expp´Ωpdqq,
›

›ProjP2
ξtrain

›

› ě
?
µ2dσ
8

. Call the intersection of both events as E4, which happens with

with probability at least 1´ expp´Ωpdqq.

Taking a union bound, we know E1 X E2 X E3 X E4 holds with probability at least

µ1{2 as long as d is larger than certain constant. Through the proof, we assume

E1 X E2 X E3 X E4 holds.
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Let’s first lower bound }Bt,ηwtrain ´ w
˚
train} as follows,

}Bt,ηwtrain ´ w
˚
train} “

›

›Bt,η

`

w˚train ` pXtrainq
:ξtrain

˘

´ w˚train

›

›

ě
`
›

›Bt,η

`

w˚train ` pXtrainq
:ξtrain

˘
›

›´ 1
˘

Recall that we define S1 and S2 as the span of the bottom and top µ2n eigenvectors

of Htrain respectively. We rely on S1 to lower bound }wt,η ´ w
˚} when η is small and

rely on S2 when η is large.

Case 1: Let σS1
minpBt,ηq be the smallest singular value of Bt,η within S1 subspace. If

ηλn´µ2n`1 ď 2´ µ3{p2Lq, we have

σS1
minpBt,ηq ě min

˜

1´

ˆ

1´
1

L2

˙t

, 1´
´

1´
µ3

2L

¯t

¸

ě
1

2
,

where the second inequality assumes t ě maxpL2, 2L{µ3q log 2. Then, we have

}wt,η ´ w
˚
} ě

`

σS1
minpBt,ηq

`
›

›ProjS1
pXtrainq

:ξtrain

›

›´ 1
˘

´ 1
˘

ě

ˆ

1

2

ˆ?
µ2σ

8
?
L
´ 1

˙

´ 1

˙

ě

?
µ2σ

32
?
L
,

where the second inequality uses
›

›ProjP1
ξtrain

›

› ě
?
µ2dσ
8

and the last inequality as-

sumes σ ě 48
?
L

?
µ2
.

Case 2: If ηλn´µ2n`1 ą 2 ´ µ3{p2Lq, we have ηλµ2n ě 2 ` µ3{p2Lq since λµ2n ´

λn´µ2n`1 ě µ3 and η ě 1{L. Let σS2
minpBt,ηq be the smallest singular value of Bt,η

within S2 subspace. We have

σS2
minpBt,ηq ě

ˆ

´

1`
µ3

2L

¯t

´ 1

˙

ě
1

2
,
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where the last inequality assumes t ě 4L{µ3. Then, similar as in Case 1, we can also

prove }wt,η ´ w
˚} ě

?
µ2σ

32
?
L
.

Therefore, we have

‖Bt,ηwtrain ´ w
˚‖2

Htrain
“ ‖Bt,ηwtrain ´ w

˚
train‖2

Htrain
ě

1

L
‖Bt,ηwtrain ´ w

˚
train‖2

ě
µ2σ

2

1024L2
,

for all η P r1{L, 3Ls. We denote C1 :“ µ1{2 and C2 “
µ2

1024L2 . l

Before we present the proof of Lemma D.2.21, we still need a technical lemma

that shows the noise in Svalid concentrates at its mean. The proof of Lemma D.2.24

is deferred into Section D.2.3.

Lemma D.2.24. Suppose σ is constant. For any 1 ą ε ą 0, with probability at least

1´Opt{εq expp´Ωpε2dqq, λnpHvalidq ě 1{L and

‖wt,η ´ wvalid‖2
Hvalid

ě ‖wt,η ´ w˚‖2
Hvalid

` p1´ εqσ2,

for all η P r1{L, 3Ls.

Combing the above lemmas, we give the proof of Lemma D.2.21.

Proof of Lemma D.2.21. According to Lemma D.2.24, we know given 1 ą ε ą 0,

with probability at least

1´Opt{εq expp´Ωpε2dqq, λnpHvalidq ě 1{L and ‖wt,η ´ wvalid‖2
Hvalid

ě ‖wt,η ´ w˚‖2
Hvalid

`

p1´εqσ2 for all η P r1{L, 3Ls. Call this event E1. Suppose PrrE1s ě 1´δ{2, where δ will

be specifies later. For each training set S
pkq
train, we also define E pkq1 . By concentration,

we know with probability at least 1´ expp´Ωpδ2mqq, 1{m
řm
k“1 1

!

E pkq1

)

ě 1´ δ.

According to Lemma D.2.23, we know there exist constants C1, C2 such that with

probability at least C1,

‖Bt,ηwtrain ´ w
˚‖2

Htrain
ě C2σ

2 for all η P r1{L, 3Ls. Call this event E2. For each

training set S
pkq
train, we also define E pkq2 . By concentration, we know with probability
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at least 1´ expp´Ωpmqq, 1{m
řm
k“1 1

!

E pkq2

)

ě C1{2.

For any step size η P r1{L, 3Ls, we can lower bound pFTbV pηq as follows,

pFTbV pηq “
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

ě
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

1

!

E pkq1

)

ě
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ w˚k∥∥∥2

Hvalid

1

!

E pkq1

)

`
1

2
p1´ εqp1´ δqσ2

ě
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ w˚k∥∥∥2

Hvalid

1

!

E pkq1 X E pkq2

)

`
1

2
p1´ εqp1´ δqσ2.

As long as δ ď C1{4, we know 1
m

řm
k“1 1

!

E pkq1 X E pkq2

)

ě C1{4. Let Ē3pηq be the event

that w
pkq
t,η gets truncated with step size η. We have

1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ w˚k∥∥∥2

Hvalid

1

!

E pkq1 X E pkq2

)

“
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ w˚k∥∥∥2

Hvalid

1

!

E pkq1 X E pkq2 X E pkq3

)

`
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ w˚k∥∥∥2

Hvalid

1

!

E pkq1 X E pkq2 X Ē pkq3

)

.
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If 1
m

řm
k“1 1

!

E pkq1 X E pkq2 X Ē pkq3

)

ě C1{8, we have

1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ w˚k∥∥∥2

Hvalid

1

!

E pkq1 X E pkq2

)

ě
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ w˚k∥∥∥2

Hvalid

1

!

E pkq1 X E pkq2 X Ē pkq3

)

ě
C1

8
ˆ

9σ2

2
“

9C1σ
2

16
.

Here, we lower bound
∥∥∥wpkqt,η ´ w˚k∥∥∥2

Hvalid

by 9σ2 when the sequence gets truncated.

If 1
m

řm
k“1 1

!

E pkq1 X E pkq2 X Ē pkq3

)

ă C1{8, we know 1
m

řm
k“1 1

!

E pkq1 X E pkq2 X E pkq3

)

ě

C1{8. Then, we have

1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ w˚k∥∥∥2

Hvalid

1

!

E pkq1 X E pkq2

)

ě
1

m

m
ÿ

k“1

1

2

∥∥∥Bpkqt,η wtrain ´ w
˚
k

∥∥∥2

Hvalid

1

!

E pkq1 X E pkq2 X E pkq3

)

ě
C1

8
ˆ
C2σ

2

2
“
C1C2σ

2

16

Letting C3 “ minp9C1

16
, C1C2

16
q, we then have

pFTbV pηq ě C3σ
2
`

1

2
p1´ εqp1´ δqσ2

ě
C3σ

2

2
`

1

2
σ2,

where the last inequality chooses δ “ ε “ C3{2. In order for PrrE1s ě 1´δ{2, we only

need d ě c4 logptq for some constant c4. Replacing C3{2 by C4 finishes the proof. l

Proofs of Technical Lemmas

Proof of Lemma D.2.15. We first show that for a fixed η P r0, 1{Ls, the crossing

term
ˇ

ˇxBt,ηw
˚
train ´ w

˚yBt,ηpXtrainq
:ξtrain

ˇ

ˇ is small with high probability. We can write
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down the crossing term as follows:

xBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain “
@

rpXtrainq
:
s
JBt,ηpBt,ηw

˚
train ´ w

˚
q
D

ξtrain.

Noticing that ξtrain is independent with rpXtrainq
:sJBt,ηpBt,ηw

˚
train ´ w˚q, we will

use Hoeffding’s inequality to bound
ˇ

ˇxBt,ηw
˚
train ´ w

˚yBt,ηpXtrainq
:ξtrain

ˇ

ˇ. According

to Lemma D.2.3, we know with probability at least 1 ´ expp´Ωpdqq,
?
d{
?
L ď

σipXtrainq ď
?
Ld and 1{L ď λipHtrainq ď L for all i P rns with L “ 100. Since

η ď 1{L, we know }Bt,η} “ }I ´ pI ´ ηHtrainq
t} ď 1. Therefore, we have

›

›rpXtrainq
:
s
JBt,ηpBt,ηw

˚
train ´ w

˚
q
›

› ď
2
?
L

?
d
,

for any η P r0, 1{Ls. Then, for any ε ą 0, by Hoeffding’s inequality, with probability

at least 1´ expp´Ωpε2dqq,

ˇ

ˇxBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

ˇ

ˇ ď ε.

Next, we construct an ε-net on η and show the crossing term is small for all

η P r0, 1{Ls. Let

gpηq :“ xBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain.

We compute the derivative of gpηq as follows:

g1pηq “
@

tHtrainpI ´ ηHtrainq
t´1w˚train

D

Bt,ηpXtrainq
:ξtrain

` xBt,ηw
˚
train ´ w

˚
y tHtrainpI ´ ηHtrainq

t´1
pXtrainq

:ξtrain

By Lemma D.5.1, we know with probability at least 1´ expp´Ωpdqq, }ξtrain} ď
?
dσ.

Therefore,

|g1pηq| ď L1.5t
´

1´
η

L

¯t´1

σ ` 2L1.5t
´

1´
η

L

¯t´1

σ “ 3L1.5t
´

1´
η

L

¯t´1

σ.
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We can control |g1pηq| in different regimes:

• For η P r0, L
t´1
s, we have |g1pηq| ď 3L1.5tσ.

• Given any 1 ď i ď log t´ 1, for any η P p iL
t´1
, pi`1qL

t´1
s, we have |g1pηq| ď 3L1.5tσ

ei
.

• For any η P pL log t
t´1

, 1{Ls, we have |g1pηq| ď 3L1.5σ.

Fix any ε ą 0, we know there exists an ε-net Nε with size

|Nε| “
1

ε

˜

L

t´ 1

log t´1
ÿ

i“0

3L1.5tσ

ei
`

ˆ

1

L
´
L log t

t´ 1

˙

3L1.5σ

¸

ď
1

ε

ˆ

3eL2.5tσ

t´ 1
` 3
?
Lσ

˙

“ Op
1

ε
q

such that for any η P r0, 1{Ls, there exists η1 P Nε with |gpηq ´ gpη1q| ď ε. Note that

L “ 100 and σ is a constant. Taking a union bound over Nε and all the other bad

events, we have with probability at least 1´ expp´Ωpdqq ´Op1{εq expp´Ωpε2dqq, for

all η P r0, 1{Ls,

ˇ

ˇxBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

ˇ

ˇ ď ε` ε “ 2ε.

As long as 1 ą ε ą 0, this happens with probability at least 1´Op1{εq expp´Ωpε2dqq.

Replacing ε by ε1{2 finishes the proof. l

Proof of Lemma D.2.16. According to Lemma D.2.3, we know with probability

at least 1 ´ expp´Ωpdqq, 1{L ď λipHtrainq ď L for all i P rns with L “ 100. We can

lower bound xBt,ηw
˚
trainyw

˚ as follows,

xBt,ηw
˚
trainyw

˚
“
@`

I ´ pI ´ ηHtrainq
t
˘

w˚train

D

w˚train

ěλmin

`

I ´ pI ´ ηHtrainq
t
˘

‖w˚train‖2

ě

ˆ

1´ exp

ˆ

´
ηt

L

˙˙

‖w˚train‖2.
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By Johnson-Lindenstrauss lemma (Lemma D.5.5), we know with probability at least

1´ 2 expp´cε2d{4q,

}w˚train} ě
1

2
p1´ εq }w˚} “

1

2
p1´ εq.

Then, we know with probability at least 1´ 2 expp´cε2d{4q ´ expp´Ωpdqq,

xBt,ηw
˚
trainyw

˚
ě

ˆ

1´ exp

ˆ

´
ηt

L

˙˙

‖w˚train‖2

ě

ˆ

1´ exp

ˆ

´
ηt

L

˙˙

1

4
p1´ εq2

ě
1´ 2ε

4

ˆ

1´ exp

ˆ

´
ηt

L

˙˙

Since ex ď 1´x`x2{2 for any x ď 0, we know expp´ηt{Lq ď 1´ ηt{L` η2t2{p2L2q.

For any η ď L{t, we have expp´ηt{Lq ď 1´ ηt{p2Lq. Then with probability at least

1´ 2 expp´cε2d{4q ´ expp´Ωpdqq,

xBt,ηw
˚
trainyw

˚
ě

1´ 2ε

4

ηt

2L

ě
ηt

16L
,

where the second inequality holds by choosing ε “ 1{4. l

Proof of Lemma D.2.17. Recall that

pFTbV pηq :“
1

m

m
ÿ

k“1

∆TbV pη, Pkq
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For each individual loss function ∆TbV pη, Pkq, we have

∆TbV pη, Pkq “
1

2

∥∥∥wpkqt,η ´ w˚ ´ pXpkq
validq

:ξ
pkq
valid

∥∥∥2

H
pkq
valid

“
1

2

∥∥∥wpkqt,η ´ w˚∥∥∥2

H
pkq
valid

`
1

2n

∥∥∥ξpkqvalid

∥∥∥2

`

A

w
pkq
t,η ´ w

˚
E 1

n
pX

pkq
validq

Jξ
pkq
valid

ď
25Lσ2

2

›

›

›
H
pkq
valid

›

›

›
`

1

2n

∥∥∥ξpkqvalid

∥∥∥2

` 5
?
Lσ

ˆ

1
?
n

›

›

›
X
pkq
valid

›

›

›

˙ˆ

1
?
n

›

›

›
ξ
pkq
valid

›

›

›

˙

We can write
›

›

›
H
pkq
valid

›

›

›
as σ2

maxp
1?
n
X
pkq
validq. According to Lemma D.5.3, we know

σmaxpX
pkq
validq´EσmaxpX

pkq
validq is Op1q-subgaussian, which implies that σmaxp

1?
n
X
pkq
validq´

Eσmaxp
1?
n
X
pkq
validq is Op1{

?
dq-subgaussian. Since Eσmaxp

1?
n
X
pkq
validq is a constant, we

know σmaxp
1?
n
X
pkq
validq is Op1q-subgaussian and σ2

maxp
1?
n
X
pkq
validq is Op1q-subexponential.

Similarly, we know both the terms 1
2n

∥∥∥ξpkqvalid

∥∥∥2

and
´

1?
n

›

›

›
X
pkq
valid

›

›

›

¯ ´

1?
n

›

›

›
ξ
pkq
valid

›

›

›

¯

are

Op1q-subexponential. This further implies that ∆TbV pη, Pkq is Op1q-subexponential.

Therefore, pFTbV is the average of m i.i.d. Op1q-subexponential random variables. By

standard concentration inequality, we know for any 1 ą ε ą 0, with probability at

least 1´ expp´Ωpε2mqq,
ˇ

ˇ

ˇ

pFTbV pηq ´ FTbV pηq
ˇ

ˇ

ˇ
ď ε.

l

Proof of Lemma D.2.18. Recall that

FTbV pηq “E
1

2
‖wt,η ´ w˚‖2

` σ2
{2.

We only need to construct an ε-net for E1
2
‖wt,η ´ w˚‖2. Let E be the event that

?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L for all i P rns and }ξtrain} ď
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?
dσ. We have

E
1

2
‖wt,η ´ w˚‖2

“ E
„

1

2
‖wt,η ´ w˚‖2

|E


PrrEs ` E
„

1

2
‖wt,η ´ w˚‖2

|Ē


Pr
“

Ē
‰

We first construct ε-net for E
“

1
2
‖wt,η ´ w˚‖2

|E
‰

PrrEs. LetQpηq :“ 1
2
‖wt,η ´ w˚‖2.

Fix a training set Strain under which event E holds. We show that Qpηq has desirable

lipschitz property.

The derivative of Qpηq can be computed as follows,

Q1pηq “
@

tHtrainpI ´ ηHtrainq
t´1wtrain

D

wt,η ´ w
˚.

Conditioning on E , we have

|Q1pηq| “ Op1qtp1´
η

L
q
t´1.

Therefore, we have

ˇ

ˇ

ˇ

ˇ

B

Bη
E
„

1

2
‖wt,η ´ w˚‖2

|E


PrrEs
ˇ

ˇ

ˇ

ˇ

“ Op1qtp1´
η

L
q
t´1.

Similar as in Lemma D.2.15, for any ε ą 0, we know there exists an ε-net Nε with

size Op1{εq such that for any η P r0, 1{Ls,

ˇ

ˇ

ˇ

ˇ

E
„

1

2
‖wt,η ´ w˚‖2

|E


PrrEs ´ E
„

1

2
‖wt,η1 ´ w˚‖2

|E


PrrEs
ˇ

ˇ

ˇ

ˇ

ď ε

for η1 P arg minηPNε |η ´ η
1|.

Suppose the probability of Ē is δ. We have

E
„

1

2
‖wt,η ´ w˚‖2

|Ē


Pr
“

Ē
‰

ď
25Lσ2

2
δ ď ε,

where the last inequality assumes δ ď 2ε
25Lσ2 . From Lemma D.2.3 and Lemma D.5.1,
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we know δ :“ Pr
“

Ē
‰

ď expp´Ωpdqq. Therefore, given any ε ą 0, there exists constant

c4 such that δ ď 2ε
25Lσ2 as long as d ě c4 logp1{εq.

Overall, for any ε ą 0, as long as d “ Ωplogp1{εqq, there exists Nε with size Op1{εq

such that for any η P r0, 1{Ls, |FTbV pηq ´ FTbV pη
1q| ď 3ε for η1 P arg minηPNε |η ´ η

1|.

Changing ε to ε1{3 finishes the proof. l

Proof of Lemma D.2.19. For each k P rms, let Ek be the event that
?
d{
?
L ď

σipX
pkq
trainq ď

?
Ld for any i P rns and

›

›

›
ξ
pkq
train

›

›

›
ď
?
dσ. Then, we can write the empirical

meta objective as follows,

pFTbV pηq :“
1

m

m
ÿ

k“1

∆TbT pη, Pkq1Ek `
1

m

m
ÿ

k“1

∆TbT pη, Pkq1Ēk .

Similar as Lemma D.2.18, we will show that the first term has desirable Lip-

schitz property and the second term is small. Now, let’s focus on the first term

1
m

řm
k“1 ∆TbT pη, Pkq1Ek . Recall that

∆TbT pη, Pkq “
1

2

∥∥∥wpkqt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

“
1

2

∥∥∥Bpkqt,η wpkqtrain ´ w
˚
´ pX

pkq
validq

:ξ
pkq
valid

∥∥∥2

H
pkq
valid

.

Computing the derivative of ∆TbT pη, Pkq in terms of η, we have

B

Bη
∆TbT pη, Pkq “

A

tH
pkq
trainpI ´ ηH

pkq
trainq

t´1w
pkq
train

E

H
pkq
valid

´

w
pkq
t,η ´ w

˚
´ pX

pkq
validq

:ξ
pkq
valid

¯

Conditioning on Ek, we can bound the derivative,

ˇ

ˇ

ˇ

ˇ

B

Bη
∆TbT pη, Pkq

ˇ

ˇ

ˇ

ˇ

“ Op1qt
´

1´
η

L

¯t´1
ˆ

›

›

›
H
pkq
valid

›

›

›
`

ˆ

1
?
d

›

›

›
X
pkq
valid

›

›

›

˙ˆ

1
?
d

›

›

›
ξ
pkq
valid

›

›

›

˙˙

.
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Therefore, we have

ˇ

ˇ

ˇ

ˇ

ˇ

1

m

m
ÿ

k“1

B

Bη
∆TbT pη, Pkq1Ek

ˇ

ˇ

ˇ

ˇ

ˇ

“Op1qt
´

1´
η

L

¯t´1 1

m

m
ÿ

k“1

ˆ

›

›

›
H
pkq
valid

›

›

›
`

ˆ

1
?
d

›

›

›
X
pkq
valid

›

›

›

˙ˆ

1
?
d

›

›

›
ξ
pkq
valid

›

›

›

˙˙

.

Similar as in Lemma D.2.17, we know both
›

›

›
H
pkq
valid

›

›

›
and

´

1?
d

›

›

›
X
pkq
valid

›

›

›

¯ ´

1?
d

›

›

›
ξ
pkq
valid

›

›

›

¯

areOp1q-subexponential. Therefore, we know with probability at least 1´expp´Ωpmqq,

1
m

řm
k“1

´
›

›

›
H
pkq
valid

›

›

›
`

´

1?
d

›

›

›
X
pkq
valid

›

›

›

¯ ´

1?
d

›

›

›
ξ
pkq
valid

›

›

›

¯¯

“ Op1q. This further shows that with

probability at least 1´ expp´Ωpmqq,

ˇ

ˇ

ˇ

ˇ

ˇ

1

m

m
ÿ

k“1

B

Bη
∆TbT pη, Pkq1Ek

ˇ

ˇ

ˇ

ˇ

ˇ

“ Op1qt
´

1´
η

L

¯t´1

.

Similar as in Lemma D.2.15, we can show that for any ε ą 0, there exists an ε-net

with size Op1{εq for 1
m

řm
k“1 ∆TbT pη, Pkq1Ek .

Next, we show that the second term 1
m

řm
k“1 ∆TbT pη, Pkq1Ēk is small with high

probability. According to the proof in Lemma D.2.17, we know

∆TbT pη, Pkq “ Op1q

ˆ

›

›

›
H
pkq
valid

›

›

›
`

1

d

∥∥∥ξpkqvalid

∥∥∥2

`

ˆ

1
?
d

›

›

›
X
pkq
valid

›

›

›

˙ˆ

1
?
d

›

›

›
ξ
pkq
valid

›

›

›

˙˙

Therefore, there exists constant C such that

1

m

m
ÿ

k“1

∆TbT pη, Pkq1Ēk

ďC
1

m

m
ÿ

k“1

ˆ

›

›

›
H
pkq
valid

›

›

›
`

1

d

∥∥∥ξpkqvalid

∥∥∥2

`

ˆ

1
?
d

›

›

›
X
pkq
valid

›

›

›

˙ˆ

1
?
d

›

›

›
ξ
pkq
valid

›

›

›

˙˙

1Ēk .

It’s not hard to verify that

ˆ

›

›

›
H
pkq
valid

›

›

›
` 1

d

∥∥∥ξpkqvalid

∥∥∥2

`

´

1?
d

›

›

›
X
pkq
valid

›

›

›

¯ ´

1?
d

›

›

›
ξ
pkq
valid

›

›

›

¯

˙

1Ēk
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is Op1q-subexponential.

Suppose the expectation of

ˆ

›

›

›
H
pkq
valid

›

›

›
` 1

d

∥∥∥ξpkqvalid

∥∥∥2

`

´

1?
d

›

›

›
X
pkq
valid

›

›

›

¯ ´

1?
d

›

›

›
ξ
pkq
valid

›

›

›

¯

˙

is µ, which is a constant. Suppose the probability of Ēk be δ. We know the expec-

tation of

ˆ

›

›

›
H
pkq
valid

›

›

›
` 1

d

∥∥∥ξpkqvalid

∥∥∥2

`

´

1?
d

›

›

›
X
pkq
valid

›

›

›

¯ ´

1?
d

›

›

›
ξ
pkq
valid

›

›

›

¯

˙

1Ēk is µδ due to inde-

pendence. By standard concentration inequality, for any 1 ą ε ą 0, with probability

at least 1´ expp´Ωpε2mqq,

C
1

m

m
ÿ

k“1

ˆ

›

›

›
H
pkq
valid

›

›

›
`

1

d

∥∥∥ξpkqvalid

∥∥∥2

`

ˆ

1
?
d

›

›

›
X
pkq
valid

›

›

›

˙ˆ

1
?
d

›

›

›
ξ
pkq
valid

›

›

›

˙˙

1Ēk

ďCµδ ` Cε ď pC ` 1qε,

where the second inequality assumes δ ď ε{pCµq. By Lemma D.2.3 and Lemma D.5.1,

we know δ ď expp´Ωpdqq. Therefore, as long as d ě c4 logp1{εq for some constant c4,

we have δ ď ε{pCµq.

Overall, we know that as long as d ě c4 logp1{εq, with probability at least 1 ´

expp´Ωpε2mqq, there exists N 1
ε with |N 1

ε| “ Op1{εq such that for any η P r0, 1{Ls,

| pFTbV pηq ´ pFTbV pη
1
q| ď p2C ` 3qε,

for η1 P arg minηPNε |η ´ η
1|. Changing ε to ε1{p2C ` 3q finishes the proof. l

Proof of Lemma D.2.20. Let E1 be the event that
?
d{
?
L ď σipXtrainq ď

?
Ld

and 1{L ď λipHtrainq ď L for all i P rns and
?
dσ{4 ď }ξtrain} ď

?
dσ. Let E2

be the event that
?
d{
?
L ď σipXvalidq ď

?
Ld and 1{L ď λipHvalidq ď L for all

i P rns and
?
dσ{4 ď }ξvalid} ď

?
dσ. According to Lemma D.2.3 and Lemma D.5.1,

we know both E1 and E2 hold with probability at least 1 ´ expp´Ωpdqq. Assuming

d ě c4 for certain constant c4, we know PrrE1 X E2s ě 2{3. Also define E pkq1 and
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E pkq2 on each training set S
pkq
train. By concentration, we know with probability at least

1´ expp´Ωpmqq,

1

m

m
ÿ

k“1

1

!

E pkq1 X E pkq2

)

ě
1

2
.

It’s easy to verify that conditioning on E1, the GD sequence always exceeds the

norm threshold and gets truncated for η ě 3L as long as t is larger than certain

constant. We can lower bound pFTbV for any η ě 3L as follows,

pFTbV pηq “
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

ě
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

1 tE1 X E2u ě 2σ2 1

2
“ σ2,

where the last inequality lower bounds
∥∥∥wpkqt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

by 2σ2 when w
pkq
t,η gets

truncated. l

Proof of Lemma D.2.22. We first show that with constant probability in Xtrain,

the variance of the eigenvalues of Htrain is lower bounded by a constant. Let λ̄ be

1{n
řn
i“1 λi. Specifically, we show 1{n

řn
i“1 λ

2
i ´ λ̄

2 is lower bounded by a constant.

Let’s first compute the variance of the eigenvalues in expectation. Let the i-th

row of Xtrain be xJi . We have,

E
“

λ̄2
‰

“
1

n2
E

«

ˆ

tr

ˆ

1

n
XJ

trainXtrain

˙˙2
ff

“
1

n4
E

»

–

˜

n
ÿ

i“1

‖xi‖2

¸2
fi

fl

“
1

n4

n
ÿ

i“1

E }xi}4 `
1

n4

ÿ

1ďi‰jďn

E‖xi‖2‖xj‖2

“
1

n4

`

ndpd` 2q ` npn´ 1qd2
˘

“
d2

n2
`

2d

n3
.

314



Similarly, we compute E r1{n
řn
i“1 λ

2
i s as follows,

E

«

1

n

n
ÿ

i“1

λ2
i

ff

“
1

n3
E
“

tr
`

XJ
trainXtrainX

J
trainXtrain

˘‰

“
1

n3

n
ÿ

i“1

E }xi}4 `
1

n3

ÿ

1ďi‰jďn

E xxiyxj2

“
1

n3
pndpd` 2q ` npn´ 1qdq “

d2

n2
`
d

n
`

d

n2

Therefore, we have

E

«

1

n

n
ÿ

i“1

λ2
i ´ λ̄

2

ff

“
d

n
`

d

n2
´

2d

n3
ě
d

n
ě

4

3
,

where the first inequality assumes n ě 2 and the last inequality uses n ď 3d
4
. Since

n ě 1
4
d, we know n ě 2 as long as d ě 8.

Let E be the event that
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L

for i P rns with L “ 100. According to Lemma D.2.3, we know E happens with

probability at least 1´ expp´Ωpdqq. Let 1 tEu be the indicator function for event E .

Next we show that Er1{n
řn
i“1pλi ´ λ̄q

2
1 tEus is also lower bounded.

It’s clear that E
“

λ̄2
1 tEu

‰

is upper bounded by E
“

λ̄2
‰

. In order to lower bound

E
“

1
n

řn
i“1 λ

2
i1 tEu

‰

, we first show that E
“

1
n

řn
i“1 λ

2
i1

 

Ē
(‰

is small. We can decom-

pose E
“

1
n

řn
i“1 λ

2
i1

 

Ē
(‰

into two parts,

E

«

1

n

n
ÿ

i“1

λ2
i1

 

Ē
(

ff

“E

«

1

n

n
ÿ

i“1

λ2
i1

 

Ē and λ1 ď L
(

ff

` E

«

1

n

n
ÿ

i“1

λ2
i1 tλ1 ą Lu

ff

.

The first term can be bounded by L2 Pr
“

Ē
‰

. Since Pr
“

Ē
‰

ď expp´Ωpdqq, we know

the first term is at most 1{6 as long as d is larger than certain constant. The second

term can be bounded by E rλ2
11 tλ1 ą Lus . According to Lemma D.5.4, we know
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Prrλ1 ě L` ts ď expp´Ωpdtqq. Then, it’s not hard to verify that E rλ2
11 tλ1 ą Lus “

Op1{dq that is bounded by 1{6 as long as d is larger than certain constant. Overall,

we know E
“

1
n

řn
i“1 λ

2
i1 tEu

‰

ě E
“

1
n

řn
i“1 λ

2
i

‰

´ 1{3. Combing with the upper bounds

on E
“

λ̄2
1 tEu

‰

, we have E
“

1
n

řn
i“1pλi ´ λ̄q

2
1 tEu

‰

ě 1.

Since conditioning on E , λi is bounded by L for all i P rns. In order to make

E
“

1
n

řn
i“1pλi ´ λ̄q

2
1 tEu

‰

lower bounded by one, there must exist positive constants

µ1, µ2 such that with probability at least µ1, E holds and 1
n

řn
i“1pλi ´ λ̄q

2 ě µ2.

Since 1
n

řn
i“1pλi ´ λ̄q2 ě µ2 and λi ď L for all i P rns, we know there exists a

subset of eigenvalues S Ă tλiu
n
1 with size µ3n such that |λi ´ λ̄| ě µ4 for all λi P S,

where µ3, µ4 are both positive constants.

If at least half of eigenvalues in S are larger than λ̄, we know at least µ3µ4n
2L

number

of eigenvalues are smaller than λ̄. Otherwise, the expectation of the eigenvalues will

be larger than λ̄, which contradicts the definition of λ̄. Similarly, if at least half of

eigenvalues in S are smaller than λ̄, we know at least µ3µ4n
2L

number of eigenvalues

are larger than λ̄. Denote µ5 :“ µ3µ4

2L
. We know λµ5n ´ λn´µ5n`1 ě µ4. l

Proof of Lemma D.2.24. Let E1 be the event that
?
d{
?
L ď σipXtrainq ď

?
Ld

and 1{L ď λipHtrainq ď L for all i P rns and
?
dσ{4 ď }ξtrain} ď

?
dσ. Let E3 be

the event that
?
d{
?
L ď σipXvalidq ď

?
Ld and 1{L ď λipHvalidq ď L for all i P rns

and
?
dσ{4 ď }ξvalid} ď

?
dσ. According to Lemma D.2.3 and Lemma D.5.1, we

know both E1 and E3 hold with probability at least 1 ´ expp´Ωpdqq. In this proof,

we assume both properties hold and take a union bound at the end.

We can lower bound ‖wt,η ´ wvalid‖2
Hvalid

as follows,

‖wt,η ´ wvalid‖2
Hvalid

“
∥∥wt,η ´ w˚ ´ pXvalidq

:ξvalid

∥∥2

Hvalid

ě‖wt,η ´ w˚‖2
Hvalid

`
1

n
‖ξvalid‖2

´ 2
ˇ

ˇxwt,η ´ w
˚
yHvalidpXvalidq

:ξvalid

ˇ

ˇ .
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For the second term, by Lemma D.5.1, we know for any 1 ą ε ą 0, with proba-

bility at least 1´ expp´Ωpε2dqq,

1

n
‖ξvalid‖2

ě p1´ εqσ2.

We can write down the third term as
@

rpXvalidq
:sJHvalidpwt,η ´ w

˚q
D

ξvalid. Sup-

pose σ is a constant, we know
›

›rpXvalidq
:sJHvalidpwt,η ´ w

˚q
›

› “ Op1{
?
dq. Therefore,

for a fixed η P r1{L, 3Ls, we have with probability at least 1´ expp´Ωpε2dqq,

ˇ

ˇxwt,η ´ w
˚
yHvalidpXvalidq

:ξvalid

ˇ

ˇ ď ε.

To prove this crossing term is small for all η P r1{L, 3Ls, we need to construct an

ε-net for the crossing term. Similar as in Lemma D.2.10, we can show there exists an

ε-net for the crossing term with size Opt{εq. Taking a union bound over this ε-net,

we are able to show with probability at least 1´Opt{εq expp´Ωpε2dqq,

ˇ

ˇxwt,η ´ w
˚
yHvalidpXvalidq

:ξvalid

ˇ

ˇ ď ε,

for all η P r1{L, 3Ls.

Overall, we have with probability at least 1´Opt{εq expp´Ωpε2dqq,

‖wt,η ´ wvalid‖2
Hvalid

ě‖wt,η ´ w˚‖2
Hvalid

`
1

n
‖ξvalid‖2

´ 2
ˇ

ˇxwt,η ´ w
˚
yHvalidpXvalidq

:ξvalid

ˇ

ˇ

ě‖wt,η ´ w˚‖2
Hvalid

` p1´ εqσ2
´ 2ε ě p1´ 3εqσ2,

for all η P r1{L, 3Ls, where the last inequality uses σ ě 1. The proof finishes as we

change 3ε to ε1. l
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D.3 Proofs of Train-by-Train with Large Number of Samples (GD)

In this section, we give the proof of Theorem 5.4.2. We show when the size of each

training set n and the the number of training tasks m are large enough, train-by-train

also performs well. Recall Theorem 5.4.2 as follows.

Theorem 5.4.2. Let pFTbT pnqpηq be as defined in Equation (5.3). Assume noise level

is a constant c1. Given any 1 ą ε ą 0, assume training set size n ě cd
ε2

log
`

nm
εd

˘

, unroll

length t ě c2 log
`

n
εd

˘

, number of training tasks m ě c3n2

ε4d2 log
`

tnm
εd

˘

and dimension

d ě c4 for certain constants c, c2, c3, c4. With probability at least 0.99 in the sampling

of training tasks, we have

E
∥∥∥wt,η˚train ´ w˚∥∥∥2

ď p1` εq
dσ2

n
,

for all η˚train P arg minηě0
pFTbT pnqpηq, where the expectation is taken over new tasks.

In the proof, we use the same notations defined in Section D.2. On each training

task P , in Lemma D.3.1 we show the meta-loss can be decomposed into two terms:

∆TbT pη, P q “
1

2
‖wt,η ´ wtrain‖2

Htrain
`

1

2n

∥∥pIn ´ ProjXtrain
qξtrain

∥∥2
,

where wtrain “ w˚`pXtrainq
:ξtrain. Recall that Xtrain is a nˆd matrix with its i-th row

as xJi . The pseudo-inverse pXtrainq
: has dimension dˆ n satisfying X:

trainXtrain “ Id.

Here, ProjXtrain
P Rnˆn is a projection matrix onto the column span of Xtrain.

In Lemma D.3.1, we show with a constant step size, the first term in ∆TbT pη, P q

is exponentially small. The second term is basically the projection of the noise on

the orthogonal subspace of the data span. We show this term concentrates well on

its mean. This lemma servers as step 1 in Section D.2.1. The proof of Lemma D.3.1

is deferred into Section D.3.1.
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Lemma D.3.1. Assume n ě 40d. Given any 1 ą ε ą 0, with probability at least

1´m expp´Ωpnqq ´ expp´Ωpε4md{nqq,

pFTbT p2{3q ď 20p1´
1

3
q
2tσ2

`
n´ d

2n
σ2
`
ε2dσ2

20n
.

In the next lemma, we show the empirical meta objective is large when η exceeds

certain threshold. We define this threshold pη such that for any step size larger than

pη the GD sequence has reasonable probability being truncated. In the proof, we rely

on the truncated sequences to argue the meta-objective must be high. The precise

definition of pη is in Definition D.3.5. This lemma serves as step 2 in Section D.2.1.

We leave the proof of Lemma D.3.2 into Section D.3.2.

Lemma D.3.2. Let pη be as defined in Definition D.3.5 with 1 ą ε ą 0. Assume

n ě cd, t ě c2, d ě c4 for some constants c, c2, c4. With probability at least 1 ´

expp´Ωpε4md2{n2qq,

pFTbT pηq ě
ε2dσ2

8n
`
n´ d

2n
σ2
´
ε2dσ2

20n
,

for all η ą pη.

By Lemma D.3.1 and Lemma D.3.2, we know when t is reasonably large, pFTbT pηq

is larger than pFTbT p2{3q for all step sizes η ą pη. This means the optimal step size

pη must lie in r0, pηs. In Lemma D.3.3, we show a generalization result for η P r0, pηs.

This serves as step 3 in Section D.2.1. We prove this lemma in Section D.3.3.

Lemma D.3.3. Let pη be as defined in Definition D.3.5 with 1 ą ε ą 0. Suppose σ is

a constant. Assume n ě c log
`

n
εd

˘

d, t ě c2, d ě c4 for some constants c, c2, c4. With
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probability at least 1´m expp´Ωpnqq ´Op tn
ε2d
`mq expp´Ωpmε4d2{n2qq,

|FTbT pηq ´ pFTbT pηq| ď
17ε2dσ2

n
,

for all η P r0, pηs,

Combining Lemma D.3.1, Lemma D.3.2 and Lemma D.3.3, we present the proof

of Theorem 5.4.2 as follows.

Proof of Theorem 5.4.2. According to Lemma D.3.1, assuming n ě 40d, given

any 1{2 ą ε ą 0, with probability at least 1 ´ m expp´Ωpnqq ´ expp´Ωpε4md{nqq,

pFTbT p2{3q ď 20p1 ´ 1
3
q2tσ2 ` n´d

2n
σ2 ` ε2dσ2

20n
. As long as t ě c2 log

`

n
εd

˘

for certain

constant c2, we have

pFTbT p2{3q ď
n´ d

2n
σ2
`

7ε2dσ2

100n
.

Let pη be as defined in Definition D.3.5 with the same ε. According to Lemma D.3.2,

as long as n ě cd, t ě c2, d ě c4 with probability at least 1´ expp´Ωpε4md2{n2qq,

pFTbT pηq ě
ε2dσ2

8n
`
n´ d

2n
σ2
´
ε2dσ2

20n
“
n´ d

2n
σ2
`

7.5ε2dσ2

100n

for all η ą pη. We have pFTbT pηq ą pFTbT p2{3q for all η ě pη. This implies that η˚train is

within r0, pηs and pFTbT pη
˚
trainq ď

pFTbT p2{3q ď
n´d
2n
σ2 ` 7ε2dσ2

100n
.

By Lemma D.3.3, assuming σ is a constant and assuming n ě c log
`

n
εd

˘

d for

some constant c, we have with probability at least 1 ´ m expp´Ωpnqq ´ Op tn
ε2d
`

mq expp´Ωpmε4d2{n2qq,

|FTbT pηq ´ pFTbT pηq| ď
17ε2dσ2

n
,
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for all η P r0, pηs. This then implies

FTbT pη
˚
trainq ď

pFTbT pη
˚
trainq `

17ε2dσ2

n
ď
n´ d

2n
σ2
`

24ε2dσ2

n
.

By the analysis in Lemma D.3.1, we have

FTbT pη
˚
trainq “E

1

2

∥∥∥wt,η˚train
´ wtrain

∥∥∥2

Htrain

` E
1

2n

∥∥pIn ´ ProjXtrain
qξtrain

∥∥2

“E
1

2

∥∥∥wt,η˚train
´ wtrain

∥∥∥2

Htrain

`
n´ d

2n
σ2.

Therefore, we know E1
2

∥∥∥wt,η˚train
´ wtrain

∥∥∥2

Htrain

ď 24ε2dσ2

n
. Next, we show this im-

plies E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

is small.

Let E be the event that 1 ´ ε ď λipHtrainq ď 1 ` ε for all i P rds. According to

Lemma D.3.4, we know PrrEs ě 1 ´ expp´Ωpε2nqq as long as n ě 10d{ε2. Then, we

can decompose E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

as follows,

E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

“ E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

1 tEu ` E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

1
 

Ē
(

.

Let’s first show the second term is small. Due to the truncation in our algorithm,

we know
∥∥∥wt,η˚train

´ w˚
∥∥∥2

ď 412σ2, which then implies E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

1
 

Ē
(

ď

412σ2 expp´Ωpε2nqq. As long as n ě c
ε2

log
`

n
εd

˘

for some constant c, we will have that

E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

1
 

Ē
(

ď εdσ2

n
.

We can upper bound the first term by Young’s inequality,

E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

1 tEu ď p1`1

ε
qE

∥∥∥wt,η˚train
´ wtrain

∥∥∥2

1 tEu`p1`εqE‖wtrain ´ w
˚‖2

1 tEu .

Conditioning on E , we have
∥∥∥wt,η˚train

´ wtrain

∥∥∥2

Htrain

ě p1´εq
∥∥∥wt,η˚train

´ wtrain

∥∥∥2

which
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implies
∥∥∥wt,η˚train

´ wtrain

∥∥∥2

ď p1` 2εq
∥∥∥wt,η˚train

´ wtrain

∥∥∥2

Htrain

as long as ε ď 1{2. Sim-

ilarly, we also have ‖wtrain ´ w
˚‖2

ď p1` 2εq‖wtrain ´ w
˚‖2

Htrain
. Then, we have

E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

1 tEu

ďp1`
1

ε
qp1` 2εqE

∥∥∥wt,η˚train
´ wtrain

∥∥∥2

Htrain

1 tEu

` p1` εqp1` 2εqE‖wtrain ´ w
˚‖2

Htrain
1 tEu

ďp5`
1

ε
qE

∥∥∥wt,η˚train
´ wtrain

∥∥∥2

Htrain

` p1` 5εqE‖wtrain ´ w
˚‖2

Htrain

ďp5`
1

ε
q
48ε2dσ2

n
` p1` 5εq

dσ2

n
ď p1` 293εq

dσ2

n
.

Overall, we have E
∥∥∥wt,η˚train

´ w˚
∥∥∥2

ď p1` 293εqdσ
2

n
` εdσ2

n
“ p1` 294εqdσ

2

n
. Com-

bining all the conditions, we know this holds with probability at least 0.99 as long as

σ is a constant c1, n ě cd
ε2

log
`

nm
εd

˘

, t ě c2 log
`

n
εd

˘

,m ě c3n2

ε4d2 log
`

tnm
εd

˘

, d ě c4 for some

constants c, c2, c3, c4. We finish the proof by choosing ε “ ε1{294. l

D.3.1 Upper Bounding pFTbT p2{3q

In this section, we show there exists a step size that achieves small empirical meta

objective. On each training task P , we show the meta-loss can be decomposed into

two terms:

∆TbT pη, P q “
1

2n

n
ÿ

i“1

´

xwt,η ´ wtrainyxi ´
´

ξi ´ x
J
i X

:

trainξtrain

¯¯2

“
1

2
‖wt,η ´ wtrain‖2

Htrain
`

1

2n

∥∥pIn ´ ProjXtrain
qξtrain

∥∥2
,

where wtrain “ w˚ ` pXtrainq
:ξtrain. In Lemma D.3.1, we show with a constant step

size, the first term is exponentially small and the second term concentrates on its
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mean.

Lemma D.3.1. Assume n ě 40d. Given any 1 ą ε ą 0, with probability at least

1´m expp´Ωpnqq ´ expp´Ωpε4md{nqq,

pFTbT p2{3q ď 20p1´
1

3
q
2tσ2

`
n´ d

2n
σ2
`
ε2dσ2

20n
.

Before we go to the proof of Lemma D.3.1, let’s first show the covariance matrix

Htrain is very close to identity when n is much larger than d. The proof follows from

the concentration of singular values of random Gaussian matrix (Lemma D.5.4). We

leave the proof into Section D.3.4.

Lemma D.3.4. Given 1 ą ε ą 0, assume n ě 10d{ε2. With probability at least

1´ expp´Ωpε2nqq,

p1´ εq
?
n ď σipXtrainq ď p1` εq

?
n and 1´ ε ď λipHtrainq ď 1` ε,

for all i P rds.

Now, we are ready to present the proof of Lemma D.3.1.

Proof of Lemma D.3.1. Let’s first look at one training set Strain, in which yi “

xw˚yxi ` ξi for each sample. Recall the meta-loss as

∆TbT pη, P q “
1

2n

n
ÿ

i“1

pxwt,ηyxi ´ xw
˚
yxi ´ ξiq

2 .

Recall that Xtrain is an nˆ d matrix with its i-th row as xJi . With probability 1, we

know Xtrain is full column rank. Denote the pseudo-inverse of Xtrain as X:

train P Rdˆn

that satisfies X:

trainXtrain “ Id and XtrainX
:

train “ ProjXtrain
, where ProjXtrain

P Rnˆn

is a projection matrix onto the column span of Xtrain.
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Let wtrain be w˚`X:

trainξtrain, where ξtrain is an n-dimensional vector with its i-th

entry as ξi. We have,

∆TbT pη, P q

“
1

2n

n
ÿ

i“1

´

xwt,η ´ wtrainyxi ´
´

ξi ´ x
J
i X

:

trainξtrain

¯¯2

“
1

2
‖wt,η ´ wtrain‖2

Htrain
`

1

2n

∥∥pIn ´ ProjXtrain
qξtrain

∥∥2

´
1

n

n
ÿ

i“1

xwt,η ´ wtrainyxiξi ´ xix
J
i X

:

trainξtrain.

We first show the crossing term is actually zero. We have,

1

n

n
ÿ

i“1

xwt,η ´ wtrainyxiξi ´ xix
J
i X

:

trainξtrain

“
1

n
xwt,η ´ wtrainy

n
ÿ

i“1

xiξi ´
n
ÿ

i“1

xix
J
i X

:

trainξtrain

“
1

n
xwt,η ´ wtrainyX

J
trainξtrain ´X

J
trainXtrainX

:

trainξtrain

“
1

n
xwt,η ´ wtrainyX

J
trainξtrain ´X

J
trainξtrain “ 0,

where the second last equality holds because XtrainX
:

train “ ProjXtrain
.

We can define w
pkq
train as w˚k ` pX

pkq
trainq

:ξ
pkq
train for every training set S

pkq
train. Then, we

have

pFTbT pηq “
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

H
pkq
train

`
1

m

m
ÿ

k“1

1

2n

∥∥∥pIn ´ Proj
X
pkq
train
qξ
pkq
train

∥∥∥2

We first prove that the second term concentrates on its mean. We can concatenate

m noise vectors ξ
pkq
train into a single noise vector ξ̄train with dimension nm. We can also

construct a data matrix X̄train P Rnmˆdm that consists of X
pkq
train as diagonal blocks.
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Then the second term can be written as

1

2

∥∥∥∥ 1
?
nm

pInm ´ ProjX̄train
qξ̄train

∥∥∥∥2

.

According to Lemma D.5.1, with probability at least 1´ expp´Ωpε4md2{nqq,

ˆ

1´
ε2d

n

˙

σ ď
1

?
nm

›

›ξ̄train

›

› ď

ˆ

1`
ε2d

n

˙

σ.

By Johnson-Lindenstrauss Lemma (Lemma D.5.5), we know with probability at least

1´ expp´Ωpε4mdqq,

1
?
nm

›

›ProjX̄train
ξ̄train

›

› ě p1´ ε2q

?
md

?
mn

1
?
nm

›

›ξ̄train

›

› ě p1´ ε2q

c

d

n
p1´

ε2d

n
qσ.

Therefore, we have
∥∥∥ 1?

nm
ξ̄train

∥∥∥2

ď p1 ` 3ε2d
n
qσ2 and

∥∥∥ 1?
nm

ProjX̄train
ξ̄train

∥∥∥2

ě p1 ´

2ε2q d
n
σ2. Overall, we know with probability at least 1´ expp´Ωpε4md{nqq,

1

2

∥∥∥∥ 1
?
nm

pInm ´ ProjX̄train
qξ̄train

∥∥∥∥2

ď
n´ d

2n
σ2
`

5ε2dσ2

2n
.

Now, we show the first term in meta objective is small when we choose a right step

size. According to Lemma D.3.4, we know as long as n ě 40d, with probability at

least 1´ expp´Ωpnqq,
?
n{2 ď σipX

pkq
trainq ď 3

?
n{2 and 1{2 ď λipH

pkq
trainq ď 3{2, for all

i P rds. According to Lemma D.5.1, we know with probability at least 1´expp´Ωpnqq,
›

›

›
ξ
pkq
train

›

›

›
ď 2

?
nσ. Taking a union bound on m tasks, we know all these events hold

with probability at least 1´m expp´Ωpnqq.

For each k P rms, we have
›

›

›
w
pkq
train

›

›

›
ď 1 ` 2?

n
2
?
nσ ď 5σ. It’s easy to verify that

for any step size at most 2{3, the GD sequence will not be truncated since we choose
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the threshold norm as 40σ. Then, for any step size η ď 2{3, we have

1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

H
pkq
train

“
1

m

m
ÿ

k“1

1

2

∥∥∥pI ´ ηHpkq
trainq

tw
pkq
train

∥∥∥2

H
pkq
train

ď
3

4
p1´

η

2
q
2t25σ2

ď 20p1´
1

3
q
2tσ2,

where the last inequality chooses η as 2{3.

Overall, we know with probability at least 1´m expp´Ωpnqq´expp´Ωpε4md{nqq,

pFTbT p2{3q ď 20p1´
1

3
q
2tσ2

`
n´ d

2n
σ2
`

5ε2dσ2

2n
.

We finish the proof by changing 5ε2

2
by pε1q2{20. l

D.3.2 Lower Bounding pFTbT for η P ppη,8q

In this section, we show the empirical meta objective is large when the step size

exceeds certain threshold. Recall Lemma D.3.2 as follows.

Lemma D.3.2. Let pη be as defined in Definition D.3.5 with 1 ą ε ą 0. Assume

n ě cd, t ě c2, d ě c4 for some constants c, c2, c4. With probability at least 1 ´

expp´Ωpε4md2{n2qq,

pFTbT pηq ě
ε2dσ2

8n
`
n´ d

2n
σ2
´
ε2dσ2

20n
,

for all η ą pη.

Roughly speaking, we define pη such that for any step size larger than pη the GD

sequence has a reasonable probability being truncated. The definition is very similar

as rη in Definition D.2.5.
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Definition D.3.5. Given a training task P, let E1 be the event that
?
n{2 ď

σipXtrainq ď 3
?
n{2 and 1{2 ď λipHtrainq ď 3{2 for all i P rds and

?
nσ{2 ď }ξtrain} ď

2
?
nσ. Let Ē2pηq be the event that the GD sequence is truncated with step size η.

Given 1 ą ε ą 0, define pη as follows,

pη “ inf

"

η ě 0

ˇ

ˇ

ˇ

ˇ

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

ě
ε2dσ2

n

*

.

Similar as in Lemma D.2.6, we show 1
 

E1 X Ē2pη
1q
(

ě 1
 

E1 X Ē2pηq
(

for any

η1 ě η. This means conditioning on E1, if a GD sequence gets truncated with step

size η, it has to be truncated with any step size η1 ě η. The proof is deferred into

Section D.3.4.

Lemma D.3.6. Fixing a training set Strain, let E1 and Ē2pηq be as defined in Defini-

tion D.3.5. We have

1
 

E1 X Ē2pη
1
q
(

ě 1
 

E1 X Ē2pηq
(

,

for any η1 ě η.

Next, we show pη does exist and is a constant. Similar as in Lemma D.2.7, we

show that the GD sequence almost never diverges when η is small and diverges with

high probability when η is large. The proof is left in Section D.3.4.

Lemma D.3.7. Let pη be as defined in Definition D.3.5. Suppose σ is a constant.

Assume n ě cd, t ě c2, d ě c4 for some constants c, c2, c4. We have

4

3
ă rη ă 6.

Next, we show the empirical loss is large for any η larger than rη. The proof is

very similar as the proof of Lemma 5.4.4.
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Proof of Lemma D.3.2. By Lemma D.3.7, we know pη is a constant as long as n ě

cd, t ě c2, d ě c4 for some constants c, c2, c4. Let E1 and Ē2pηq be as defined in Defini-

tion D.3.5. For simplicity of proof, we assume E1
2
‖wt,pη ´ wtrain‖2

Htrain
1
 

E1 X Ē2ppηq
(

ě

ε2dσ2

n
. The other case can be resolved using same techniques in Lemma 5.4.4

Conditioning on E1, we know 1
2
‖wt,pη ´ wtrain‖2

Htrain
ď 3

4
452σ2. Therefore, we know

Pr
“

E1 X Ē2ppηq
‰

ě 4ε2d
3ˆ452n

. For each task k, define E pkq1 and Ē pkq2 pηq as the corresponding

events on training set S
pkq
train. By Hoeffding’s inequality, we know with probability at

least 1´ expp´Ωpε4md2{n2qq,

1

m

m
ÿ

k“1

1

!

E pkq1 X Ē pkq2 ppηq
)

ě
ε2d

452n
.

By Lemma D.3.6, we know 1

!

E pkq1 X Ē pkq2 pηq
)

ě 1

!

E pkq1 X Ē pkq2 ppηq
)

for any η ě pη.

Recall that

pFTbT pηq “
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

H
pkq
train

`
1

m

m
ÿ

k“1

1

2n

∥∥∥pIn ´ Proj
X
pkq
train
qξ
pkq
train

∥∥∥2

.

We can lower bound the first term for any η ą pη as follows,

pFTbT pηq “
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

H
pkq
train

ě
1

m

m
ÿ

k“1

1

2

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

H
pkq
train

1

!

E pkq1 X Ē pkq2 pηq
)

ě
352σ2

4

1

m

m
ÿ

k“1

1

!

E pkq1 X Ē pkq2 pηq
)

ě
352σ2

4

1

m

m
ÿ

k“1

1

!

E pkq1 X Ē pkq2 ppηq
)

ě
ε2dσ2

8n
,

where the second inequality lower bounds the loss for one task by 352σ2 when the
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sequence gets truncated.

For the second term, according to the analysis in Lemma D.3.1, with probability

at least 1´ expp´Ωpε4md{nqq,

1

m

m
ÿ

k“1

1

2n

∥∥∥pIn ´ Proj
X
pkq
train
qξ
pkq
train

∥∥∥2

ě
n´ d

2n
σ2
´
ε2dσ2

20n
.

Overall, with probability at least 1´ expp´Ωpε4md2{n2qq,

pFTbT pηq ě
ε2dσ2

8n
`
n´ d

2n
σ2
´
ε2dσ2

20n
,

for all η ą pη. l

D.3.3 Generalization for η P r0, pηs

Combing Lemma D.3.1 and Lemma D.3.2, it’s not hard to see that the optimal step

size η˚train lies in r0, pηs. In this section, we show a generalization result for step sizes

in r0, pηs. The proof of Lemma D.3.3 is given at the end of this section.

Lemma D.3.3. Let pη be as defined in Definition D.3.5 with 1 ą ε ą 0. Suppose σ is

a constant. Assume n ě c log
`

n
εd

˘

d, t ě c2, d ě c4 for some constants c, c2, c4. With

probability at least 1´m expp´Ωpnqq ´Op tn
ε2d
`mq expp´Ωpmε4d2{n2qq,

|FTbT pηq ´ pFTbT pηq| ď
17ε2dσ2

n
,

for all η P r0, pηs,

In Lemma D.3.8, we show pFTbT concentrates on FTbT at any fixed step size. The

proof is almost the same as Lemma D.2.8. We omit its proof.
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Lemma D.3.8. Suppose σ is a constant. For any fixed η and any 1 ą ε ą 0, with

probability at least 1´ expp´Ωpε2mqq,

ˇ

ˇ

ˇ

pFTbT pηq ´ FTbT pηq
ˇ

ˇ

ˇ
ď ε.

Next, we construct an ε-net for FTbT in r0, pηs. The proof is very similar as in

Lemma D.2.9. We defer its proof into Section D.3.4.

Lemma D.3.9. Let pη be as defined in Definition D.3.5 with 1 ą ε ą 0. Assume

the conditions in Lemma D.3.7 hold. Assume n ě c log
`

n
εd

˘

d for some constant c.

There exists an 8ε2dσ2

n
-net N Ă r0, pηs for FTbT with |N | “ Op tn

ε2d
q. That means, for

any η P r0, pηs,

|FTbT pηq ´ FTbT pη
1
q| ď

8ε2dσ2

n
,

for η1 “ arg minη2PN,η2ďηpη ´ η
2q.

We also construct an ε-net for the empirical meta objective. The proof is very

similar as in Lemma D.2.10. We leave its proof into Section D.3.4.

Lemma D.3.10. Let pη be as defined in Definition D.3.5 with 1 ą ε ą 0. Assume

the conditions in Lemma D.3.7 hold. Assume n ě 40d. With probability at least 1´

m expp´Ωpnqq, there exists an ε2dσ2

n
-net N 1 Ă r0, pηs for pFTbT with |N 1| “ Op tn

ε2d
`mq.

That means, for any η P r0, pηs,

| pFTbT pηq ´ pFTbT pη
1
q| ď

ε2dσ2

n
,

for η1 “ arg minη2PN 1,η2ďηpη ´ η
2q.

Combing the above three lemmas, we give the proof of Lemma D.3.3.
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Proof of Lemma D.3.3. We assume σ as a constant in this proof. By Lemma D.3.8,

we know with probability at least 1 ´ expp´Ωpmε4d2{n2qq,
ˇ

ˇ

ˇ

pFTbT pηq ´ FTbT pηq
ˇ

ˇ

ˇ
ď

ε2dσ2

n
for any fixed η. By Lemma D.3.9, we know as long as n ě c log

`

n
εd

˘

d for some

constant c, there exists an 8ε2dσ2

n
-net N for FTbT with size Op tn

ε2d
q. By Lemma D.3.10,

we know with probability at least 1´m expp´Ωpnqq, there exists an ε2dσ2

n
-net N 1 for

pFTbT with size Op tn
ε2d
`mq. It’s not hard to verify that N Y N 1 is still an 8ε2dσ2

n
-net

for pFTbV and FTbV . That means, for any η P r0, pηs, we have

|FTbT pηq ´ FTbT pη
1
q|, | pFTbT pηq ´ pFTbT pη

1
q| ď

8ε2dσ2

n
,

for η1 “ arg minη2PNYN 1,η2ďηpη ´ η
2q.

Taking a union bound over N YN 1, we have with probability at least 1´Op tn
ε2d
`

mq expp´Ωpmε4d2{n2qq,

ˇ

ˇ

ˇ

pFTbT pηq ´ FTbT pηq
ˇ

ˇ

ˇ
ď
ε2dσ2

n

for all η P N YN 1.

Overall, with probability at least 1´m expp´Ωpnqq´Op tn
ε2d
`mq expp´Ωpmε4d2{n2qq,

for all η P r0, pηs,

|FTbT pηq ´ pFTbT pηq|

ď|FTbT pηq ´ FTbT pη
1
q| ` | pFTbT pηq ´ pFTbT pη

1
q| ` | pFTbT pη

1
q ´ FTbT pη

1
q|

ď
17ε2dσ2

n
,

where η1 “ arg minη2PNYN 1,η2ďηpη ´ η
2q. l
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D.3.4 Proofs of Technical Lemmas

Proof of Lemma D.3.4. According to Lemma D.5.4, we know with probability at

least 1´ 2 expp´t2{2q,

?
n´

?
d´ t ď σipXtrainq ď

?
n`

?
d` t

for all i P rds. Since d ď ε2n
10
, we have

?
n ´ ε

?
n

?
10
´ t ď σipXtrainq ď

?
n ` ε

?
n

?
10
` t.

Choosing t “ p1
3
´ 1?

10
qε
?
n, we have with probability at least 1´ expp´Ωpε2nqq,

p1´
ε

3
q
?
n ď σipXtrainq ď p1`

ε

3
q
?
n.

Since λipHtrainq “ 1{nσ2
i pXtrainq, we have 1´ ε ď λipHtrainq ď 1` ε. l

Proof of Lemma D.3.6. The proof is almost the same as in Lemma D.2.6. We

omit the details here. Basically, in Lemma D.2.6, the only property we rely on is

that the norm threshold is larger than 2 }wtrain} conditioning on E1. Conditioning on

E1, we know }wtrain} ď 5σ. Recall that the norm threshold is still set as 40σ. So this

property is preserved and the previous proof works. l

Proof of Lemma D.3.7. The proof is very similar as in Lemma D.2.7. Conditioning

on E1, we know }Htrain} ď 3{2 and }wtrain} ď 5σ. So the GD sequence never exceeds

the norm threshold 40σ for any η ď 4{3. That means,

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

“ 0

for all η ď 4{3.

To lower bound the loss for large step size, we need to first lower bound }wtrain} .

Recall that wtrain “ w˚`pXtrainq
:ξtrain. Conditioning on E1, we know }ξtrain} ď 2

?
nσ

and σdpXtrainq ě
?
n{2, which implies

›

›pXtrainq
:
›

› ď 2{
?
n. By Johnson-Lindenstrauss
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Lemma (Lemma D.5.5), we have
›

›ProjXtrain
ξtrain

›

› ď 3
2

a

d{n }ξtrain} with probability

at least 1´ expp´Ωpdqq. Call this event E3. Conditioning on E1 X E3, we have

›

›pXtrainq
:ξtrain

›

› ď 2
?
nσ

2
?
n

3

2

c

d

n
ď 6

c

d

n
σ,

which is smaller than 1{2 as long as n ě 122dσ2. Note that we assume σ is a constant.

This then implies }wtrain} ě 1{2.

Let tw1τ,ηu be the GD sequence without truncation. For any step size η P r6,8s,

conditioning on E1 X E3, we have

›

›w1t,η
›

› ě

ˆ

p6ˆ
1

2
´ 1qt ´ 1

˙

}wtrain} ě
`

2t ´ 1
˘ 1

2
ě 40σ,

where the last inequality holds as long as t ě c2 for some constant c2. Therefore, we

know when η P r6,8q, 1
 

E1 X Ē2pηq
(

“ 1 tE1 X E3u. Assuming n ě 40d, we know E1

holds with probability at least 1´ expp´Ωpnqq. Then, we have for any η ě 6,

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

ě
1

4
p40σ ´ 5σq2 PrrE1 X E3s ě

ε2dσ2

n
,

where the last inequality assumes n ě c, d ě c4 for some constant c, c4.

Overall, we know E1
2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2pηq
(

equals zero for all η P

r0, 4{3s and is at least ε2dσ2

n
for all η P r6,8q. By definition, we know pη P p4{3, 6q. l

Proof of Lemma D.3.9. By Lemma D.3.7, we know pη is a constant. The proof is

very similar as in Lemma D.2.9. Let E1 and Ē2pηq be as defined in Definition D.3.5.

For the simplicity of the proof, we assume E1
2
‖wt,pη ´ wtrain‖2

Htrain
1
 

E1 X Ē2ppηq
(

ď

ε2dσ2

n
. The other case can be resolved using techniques in the proof of Lemma D.2.9.
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Recall the population meta objective

FTbT pηq “ E
1

2
‖wt,η ´ wtrain‖2

Htrain
`
n´ d

2n
σ2.

Therefore, we only need to construct an ε-net for the first term.

We can divide E1
2
‖wt,η ´ wtrain‖2

Htrain
as follows,

E
1

2
‖wt,η ´ wtrain‖2

Htrain

“E
1

2
‖wt,η ´ wtrain‖2

Htrain
1 tE1 X E2ppηqu ` E

1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2ppηq
(

` E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

Ē1

(

.

We will construct an ε-net for the first term and show the other two terms are

small. Let’s first consider the third term. Assuming n ě 40d, we know PrrE1s ď

expp´Ωpnqq. Since 1
2
‖wt,η ´ wtrain‖2

Htrain
is Op1q-subexponential, by Cauchy-Schwarz

inequality, we have E1
2
‖wt,η ´ wtrain‖2

Htrain
1
 

Ē1

(

“ Op1q expp´Ωpnqq. Choosing n ě

c logpn{pεdqq for some constant c, we know 1
2
‖wt,pη ´ wtrain‖2

Htrain
1
 

Ē1

(

ď ε2dσ2

n
.

Then we upper bound the second term. Since E1
2
‖wt,pη ´ wtrain‖2

Htrain
1
 

E1 X Ē2ppηq
(

ď

ε2dσ2

n
and

1
2
‖wt,pη ´ wtrain‖2

Htrain
ě 352σ2

4
when wt,pη diverges, we know Pr

“

E1 X Ē2ppηq
‰

ď 4ε2d
352n

.

Then, we can upper bound the second term as follows,

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1
 

E1 X Ē2ppηq
(

ď
3ˆ 452σ2

4

4ε2d

352n
ď

6ε2dσ2

n

Next, similar as in Lemma D.2.9, we can show that the first term, which is

1
2
‖wt,η ´ wtrain‖2

Htrain
1 tE1 X E2ppηqu, is Optq-lipschitz. Therefore, there exists an ε2dσ2

n
-

net N for E1
2
‖wt,η ´ wtrain‖2

Htrain
1 tE1 X E2ppηqu with size Op tn

ε2d
q. That means, for any
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η P r0, pηs,

ˇ

ˇ

ˇ

ˇ

E
1

2
‖wt,η ´ wtrain‖2

Htrain
1 tE1 X E2ppηqu ´ E

1

2
‖wt,η1 ´ wtrain‖2

Htrain
1 tE1 X E2ppηqu

ˇ

ˇ

ˇ

ˇ

ď
ε2dσ2

n

for η1 “ arg minη2PN,η2ďηpη ´ η
2q.

Combing with the upper bounds on the second term and the third term, we have

for any η P r0, pηs,

|FTbT pηq ´ FTbT pη
1
q| ď

8ε2dσ2

n

for η1 “ arg minη2PN,η2ďηpη ´ η
2q. l

Proof of Lemma D.3.10. By Lemma D.3.7, we know pη is a constant. For each k P

rms, let E1,k be the event that
?
n{2 ď σipX

pkq
trainq ď 3

?
n{2 and 1{2 ď λipH

pkq
trainq ď 3{2

for all i P rds and
?
nσ{2 ď

›

›

›
ξ
pkq
train

›

›

›
ď 2

?
nσ. Assuming n ě 40d, by Lemma D.3.4,

we know with probability at least 1´m expp´Ωpnqq, E1,k’s hold for all k P rms.

Then, similar as in Lemma D.2.10, there exists an ε2dσ2

n
-net N 1 with |N 1| “

Op nt
ε2d
`mq for pFTbT . That means, for any η P r0, pηs,

ˇ

ˇ

ˇ

pFTbT pηq ´ pFTbT pη
1
q

ˇ

ˇ

ˇ
ď
ε2dσ2

n

for η1 “ arg minη2PN 1,η2ďηpη ´ η
2q. l

D.4 Proofs of Train-by-Train v.s. Train-by-Validation (SGD)

Previously, we have shown that train-by-validation generalizes better than train-by-

train when the tasks are trained by GD and when the number of samples is small.

In this section, we show a similar phenomenon also appears in the SGD setting.

In the train-by-train setting, each task P contains a training set Strain “ tpxi, yiqu
n
i“1.
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The inner objective is defined as pfpwq “ 1
2n

ř

px,yqPStrain
pxwyx´ yq2 . Let twτ,ηu be

the SGD sequence running on pfpwq from initialization 0 (without truncation). Thus,

wτ,η “ wτ´1,η ´ η p∇ pfpwτ´1,ηq, where p∇ pfpwτ´1,ηq “
`

xwτ´1,ηyxipτ´1q ´ yipτ´1q

˘

xipτ´1q.

Here index ipτ ´1q is independently and uniformly sampled from rns. We denote the

SGD noise as nτ´1,η :“ p∇ pfpwτ´1,ηq´∇ pfpwτ´1,ηq. The meta-loss on task P is defined

as follows,

∆TbT pnqpη, P q “ ESGD
pfpwt,ηq “ ESGD

1

2n

ÿ

px,yqPStrain

pxwt,ηyx´ yq
2 ,

where the expectation is taken over the SGD noise. Note wt,η depends on the SGD

noise along the trajectory. Then, the empirical meta objective pFTbT pnqpηq is the

average of the meta-loss across m different specific tasks

pFTbT pnqpηq “
1

m

m
ÿ

k“1

∆TbT pnqpη, Pkq. (D.2)

In order to control the SGD noise in expectation, we restrict the feasible set of

step sizes into Op1{dq. We show within this range, the optimal step size under pFTbT pnq

is Ωp1{dq and the learned weight is far from ground truth w˚ on new tasks. We prove

Theorem D.4.1 in Section D.4.1.

Theorem D.4.1. Let the meta objective pFTbT pnq be as defined in Equation D.2 with

n P rd{4, 3d{4s. Suppose σ is a constant. Assume unroll length t ě c2d and dimension

d ě c4 logpmq for certain constants c2, c4. Then, with probability at least 0.99 in the

sampling of training tasks P1, ¨ ¨ ¨ , Pm and test task P ,

η˚train “ Ωp1{dq and ESGD

∥∥∥wt,η˚train ´ w˚∥∥∥2

“ Ωpσ2
q,
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for all η˚train P arg min0ďηď 1
2L3d

pFTbT pnqpηq, where L “ 100 and wt,η˚train is trained by

running SGD on test task P.

In the train-by-validation setting, each task P contains a training set Strain with

n1 samples and a validation set with n2 samples. The inner objective is defined

as pfpwq “ 1
2n1

ř

px,yqPStrain
pxwyx´ yq2 . Let twτ,ηu be the SGD sequence running on

pfpwq from initialization 0 (with the same truncation defined in Section 5.4). For

each task P , the meta-loss ∆TbV pn1,n2qpη, P q is defined as

∆TbV pn1,n2qpη, P q “ ESGD
1

2n2

ÿ

px,yqPSvalid

pxwt,ηyx´ yq
2 .

The empirical meta objective pFTbV pn1,n2qpηq is the average of the meta-loss across m

different tasks P1, P2, ..., Pm,

pFTbV pn1,n2qpηq “
1

m

m
ÿ

k“1

∆TbV pn1,n2qpη, Pkq. (D.3)

In order to bound the SGD noise with high probability, we restrict the feasible

set of the step sizes into Op 1
d2 log2 d

q. Within this range, we prove the optimal step

size under pFTbV pn1,n2q is Θp1{tq and the learned weight is better than initialization 0

by a constant on new tasks. Theorem D.4.2 is proved in Section D.4.2.

Theorem D.4.2. Let the meta objective pFTbV pn1,n2q be as defined in Equation D.3

with n1, n2 P rd{4, 3d{4s. Assume noise level σ is a large constant c1. Assume unroll

length t ě c2d
2 log2

pdq, number of training tasks m ě c3 and dimension d ě c4 for

certain constants c2, c3, c4. There exists constant c5 such that with probability at least
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0.99 in the sampling of training tasks, we have

η˚valid “ Θp1{tq and E
∥∥∥wt,η˚valid ´ w˚∥∥∥2

“ ‖w˚‖2
´ Ωp1q

for all η˚valid P arg min0ďηď 1
c5d

2 log2pdq

pFTbV pn1,n2qpηq, where the expectation is taken over

the new tasks and SGD noise.

Notations: In the following proofs, we use the same set of notations defined in Ap-

pendix D.2. We use EP„T to denote the expectation over the sampling of tasks

and use ESGD to denote the expectation over the SGD noise. We use E to denote

EP„T ESGD. Same as in Appendix D.2, we use letter L to denote constant 100, which

upper bounds }Htrain} with high probability.

D.4.1 Train-by-Train (SGD)

Recall Theorem D.4.1 as follows.

Theorem D.4.1. Let the meta objective pFTbT pnq be as defined in Equation D.2 with

n P rd{4, 3d{4s. Suppose σ is a constant. Assume unroll length t ě c2d and dimension

d ě c4 logpmq for certain constants c2, c4. Then, with probability at least 0.99 in the

sampling of training tasks P1, ¨ ¨ ¨ , Pm and test task P ,

η˚train “ Ωp1{dq and ESGD

∥∥∥wt,η˚train ´ w˚∥∥∥2

“ Ωpσ2
q,

for all η˚train P arg min0ďηď 1
2L3d

pFTbT pnqpηq, where L “ 100 and wt,η˚train is trained by

running SGD on test task P.

In order to prove Theorem D.4.1, we first show that η˚train is Ωp1{dq in Lemma D.4.3.

The proof is similar as in the GD setting. As long as η “ Op1{dq, the SGD noise
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is dominated by the full gradient. Then, we can show that ∆TbT pη, P q is roughly

p1´Θp1qηqt, which implies that η˚train “ Ωp1{dq. We leave the proof of Lemma D.4.3

into Section D.4.1.

Lemma D.4.3. Assume t ě c2d with certain constant c2. With probability at least

1´m expp´Ωpdqq in the sampling of m training tasks,

η˚train ě
1

6L5d
,

for all η˚train P arg min0ďηď 1
2L3d

pFTbT pηq.

Let P “ pDpw˚q, Strain, `q be an independently sampled test task with |Strain| “

n P rd{4, 3d{4s. For any step size η P r 1
6L5d

, 1
2L3d

s, let wt,η be the weight obtained by

running SGD on pfpwq for t steps. Next, we show ESGD‖wt,η ´ w˚‖2
“ Ωpσ2q with

high probability in the sampling of P.

Lemma D.4.4. Suppose σ is a constant. Assume unroll length t ě c2d for some

constant c2. With probability at least 1´ expp´Ωpdqq in the sampling of test task P ,

ESGD‖wt,η ´ w˚‖2
ě

σ2

128L
,

for all η P r 1
6L5d

, 1
2L3d

s, where wt,η is obtained by running SGD on task P for t

iterations.

With Lemma Lemma D.4.3 and Lemma D.4.4, the proof of Theorem D.4.1 is

straightforward.

Proof of Theorem D.4.1. Combing Lemma D.4.3 and Lemma D.4.4, we know as

long as σ is a constant, t ě c2d, d ě c4 logpmq, with probability at least 0.99, η˚train “

Ωp1{dq and ESGD

∥∥∥wt,η˚train
´ w˚

∥∥∥2

“ Ωpσ2q, for all η˚train P arg min0ďηď 1
2L3d

pFTbT pηq. l
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Detailed Proofs

Proof of Lemma D.4.3. The proof is very similar to the proof of Lemma 5.4.3

except that we need to bound the SGD noise term. For each k P rms, let Ek be the

event that
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L for all i P rns

and
?
dσ{4 ď }ξtrain} ď

?
dσ. According to Lemma D.2.3 and Lemma D.5.1, we

know for each k P rms, Ek happens with probability at least 1´ expp´Ωpdqq. Taking

a union bound over all k P rms, we know XkPrmsEk holds with probability at least

1´m expp´Ωpdqq. From now on, we assume XkPrmsEk holds.

For each k P rms, we have

∆TbT pη, Pkq :“
1

2
ESGD

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

H
pkq
train

.

Since 1{L ď λipH
pkq
trainq ď L and pw

pkq
t,η ´ w

pkq
trainq is in the span of H

pkq
train, we have

1

2L
ESGD

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

ď ∆TbT pη, Pkq ď
L

2
ESGD

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

.

Recall the updates of stochastic gradient descent,

w
pkq
t,η ´ w

pkq
train “ pI ´ ηH

pkq
trainqpw

pkq
t´1,η ´ w

pkq
trainq ´ ηn

pkq
t´1,η.

Therefore,

ESGD

„∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

|w
pkq
t´1,η



“

∥∥∥pI ´ ηHpkq
trainqpw

pkq
t´1,η ´ w

pkq
trainq

∥∥∥2

` η2ESGD

„∥∥∥npkqt´1,η

∥∥∥2

|w
pkq
t´1,η



.
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We know for any η ď 1{L,

p1´ 2ηLq
∥∥∥wpkqt´1,η ´ w

pkq
train

∥∥∥2

ď

∥∥∥pI ´ ηHpkq
trainqpw

pkq
t´1,η ´ w

pkq
trainq

∥∥∥2

ď p1´
η

L
q

∥∥∥wpkqt´1,η ´ w
pkq
train

∥∥∥2

.

The noise can be bounded as follows,

η2ESGD

„∥∥∥npkqt´1,η

∥∥∥2

|w
pkq
t´1,η



“η2ESGD

„∥∥∥xipt´1qx
J
ipt´1qpw

pkq
t´1,η ´ w

pkq
trainq ´H

pkq
trainpw

pkq
t´1,η ´ w

pkq
trainq

∥∥∥2

|w
pkq
t´1,η



ďη2ESGD

„∥∥∥xipt´1qx
J
ipt´1qpw

pkq
t´1,η ´ w

pkq
trainq

∥∥∥2

|w
pkq
t´1,η



ďη2 max
ipt´1q

∥∥xipt´1q

∥∥2
∥∥∥wpkqt´1,η ´ w

pkq
train

∥∥∥2

H
pkq
train

.

Since }Xtrain} ď
?
L
?
d, we immediately know maxipt´1q

›

›xipt´1q

›

› ď
?
L
?
d. There-

fore, we can bound the noise as follows,

η2ESGD

„∥∥∥npkqt´1,η

∥∥∥2

|w
pkq
t´1,η



ďη2 max
ipt´1q

∥∥xipt´1q

∥∥2
∥∥∥wpkqt´1,η ´ w

pkq
train

∥∥∥2

H
pkq
train

ďL2η2d
∥∥∥wpkqt´1,η ´ w

pkq
train

∥∥∥2

.

As long as η ď 1
2L3d

, we have

p1´ηLq
∥∥∥wpkqt´1,η ´ w

pkq
train

∥∥∥2

ď ESGD

„∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

|w
pkq
t´1,η



ď p1´
η

2L
q

∥∥∥wpkqt´1,η ´ w
pkq
train

∥∥∥2

.

This further implies

p1´ ηLqt‖wtrain‖2
ď ESGD

∥∥∥wpkqt,η ´ wpkqtrain

∥∥∥2

ď p1´
η

2L
q
t‖wtrain‖2.
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Let η2 :“ 1
2L3d

, we have

∆TbT pη, Pkq ď
L

2
p1´

1

4L4d
q
t‖wtrain‖2

Let η1 :“ 1
6L5d

, for all η P r0, η1s we have

∆TbT pη, Pkq ě
1

2L
p1´

1

6L4d
q
t‖wtrain‖2.

As long as t ě c2d for certain constant c2, we know

1

2L
p1´

1

6L4d
q
t‖wtrain‖2

ą
L

2
p1´

1

4L4d
q
t‖wtrain‖2.

As this holds for all k P rms and pFTbT “ 1{m
řm
i“1 ∆TbT pη, Pkq, we know the optimal

step size η˚train is within r 1
6L5d

, 1
2L3d

s. l

We rely the following technical lemma to prove Lemma D.4.4.

Lemma D.4.5. Suppose σ is a constant. Given any ε ą 0, with probability at least

1´Op1{εq expp´Ωpε2dqq,

ˇ

ˇxBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain
ˇ

ˇ ď ε,

for all η P r0, 1
2L3d

s.

Proof of Lemma D.4.5. By Lemma D.2.3, with probability at least 1´expp´Ωpdqq,
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L for all i P rns. Therefore

›

›rpXtrainq
:sJBt,ηpBt,ηw

˚
train ´ w

˚q
›

› ď 2
?
L{
?
d. Notice that ξtrain is independent with

rpXtrainq
:sJBt,ηpBt,ηw

˚
train ´ w˚q. By Hoeffding’s inequality, with probability at least

1´ expp´Ωpε2dqq,

ˇ

ˇ

@

rpXtrainq
:
s
JBt,ηpBt,ηw

˚
train ´ w

˚
q
D

ξtrain

ˇ

ˇ ď ε.
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Next, we construct an ε-net for η and show the crossing term is small for all

η P r0, 1
2L3d

s. For simplicity, denote gpηq :“ xBt,ηw
˚
train ´ w

˚yBt,ηpXtrainq
:ξtrain. Taking

the derivative of gpηq, we have

g1pηq “t
@

HtrainpI ´ ηHtrainq
t´1w˚train

D

Bt,ηpXtrainq
:ξtrain

` t xBt,ηw
˚
train ´ w

˚
yHtrainpI ´ ηHtrainq

t´1
pXtrainq

:ξtrain

According to Lemma D.5.1, we know with probability at least 1 ´ expp´Ωpdqq,

}ξtrain} ď
?
dσ. Therefore, the derivative g1pηq can be bounded as follows,

|g1pηq| “ Op1qtp1´
η

L
q
t´1

Similar as in Lemma D.2.15, there exists an ε-net Nε with size Op1{εq such that

for any η P r0, 1
3L3d

s, there exists η1 P Nε with |gpηq ´ gpη1q| ď ε. Taking a union

bound over Nε, we have with probability at least 1´Op1{εq expp´Ωpε2dqq, for every

η P Nε,
ˇ

ˇxBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

ˇ

ˇ ď ε.

which implies for every η P r0, 1
3L3d

s.

ˇ

ˇxBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

ˇ

ˇ ď 2ε.

Changing ε to ε1{2 finishes the proof. l

Proof of Lemma D.4.4. According to Lemma D.2.3 and Lemma D.5.1, we know

with probability at least 1 ´ expp´Ωpdqq,
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď

λipHtrainq ď L for all i P rns and
?
dσ{4 ď }ξtrain} ď

?
dσ. We assume these

properties hold in the proof and take a union bound at the end.
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Recall that ESGD‖wt,η ´ w˚‖2 can be lower bounded as follows,

ESGD‖wt,η ´ w˚‖2

“ESGD

∥∥∥∥∥Bt,ηpw
˚
train ` pXtrainq

:ξtrainq ´ η
t´1
ÿ

τ“0

pI ´ ηHtrainq
t´1´τnτ,η ´ w

˚

∥∥∥∥∥
2

ě
∥∥Bt,ηpw

˚
train ` pXtrainq

:ξtrainq ´ w
˚
∥∥2

ě
∥∥Bt,ηpXtrainq

:ξtrain

∥∥2
` 2 xBt,ηw

˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

For any η P r 1
6L5d

, 1
2L3d

s, we can lower bound the first term as follows,

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
ě

ˆ

1´ exp

ˆ

´
ηt

L

˙˙2
σ2

16L

ě

ˆ

1´ exp

ˆ

´
t

6L6d

˙˙2
σ2

16L

ě
σ2

64L
,

where the last inequality holds as long as t ě c2d for certain constant c2.

Choosing ε “ σ2

256L
in Lemma D.4.5, we know with probability at least 1 ´

expp´Ωpdqq,

ˇ

ˇxBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

ˇ

ˇ ď
σ2

256L
,

for all η P r0, 1
2L3d

s.

Overall, we have ESGD‖wt,η ´ w˚‖2
ě σ2

128L
. Taking a union bound over all the

bad events, we know this happens with probability at least 1´ expp´Ωpdqq. l

D.4.2 Train-by-Validation (SGD)

Recall Theorem D.4.2 as follows.

Theorem D.4.2. Let the meta objective pFTbV pn1,n2q be as defined in Equation D.3
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with n1, n2 P rd{4, 3d{4s. Assume noise level σ is a large constant c1. Assume unroll

length t ě c2d
2 log2

pdq, number of training tasks m ě c3 and dimension d ě c4 for

certain constants c2, c3, c4. There exists constant c5 such that with probability at least

0.99 in the sampling of training tasks, we have

η˚valid “ Θp1{tq and E
∥∥∥wt,η˚valid ´ w˚∥∥∥2

“ ‖w˚‖2
´ Ωp1q

for all η˚valid P arg min0ďηď 1
c5d

2 log2pdq

pFTbV pn1,n2qpηq, where the expectation is taken over

the new tasks and SGD noise.

To prove Theorem D.4.2, we first study the behavior of the population meta

objective FTbV . That is,

FTbV pηq :“ EP„T ∆TbV pη, P q “EP„T ESGD
1

2

∥∥wt,η ´ w˚ ´ pXvalidq
:ξvalid

∥∥2

Hvalid

“EP„T ESGD
1

2
‖wt,η ´ w˚‖2

`
σ2

2
.

We show that the optimal step size for the population meta objective FTbV is Θp1{tq

and EP„T ESGD‖wt,η ´ w˚‖2
“ ‖w˚‖2

´ Ωp1q under the optimal step size.

Lemma D.4.6. Suppose σ is a large constant c1. Assume t ě c2d
2 log2

pdq, d ě c4 for

some constants c2, c4. There exist η1, η2, η3 “ Θp1{tq with η1 ă η2 ă η3 and constant

c5 such that

FTbV pη2q ď
1

2
‖w˚‖2

´
9

10
C `

σ2

2

FTbV pηq ě
1

2
‖w˚‖2

´
6

10
C `

σ2

2
, @η P r0, η1s Y rη3,

1

c5d2 log2
pdq
s

where C is a positive constant.

In order to relate the behavior of FTbV to pFTbV , we show a generalization result
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from pFTbV to FTbV for η P r0, 1
c5d2 log2pd{εq

s.

Lemma D.4.7. For any 1 ą ε ą 0, assume σ is a constant and d ě c4 logp1{εq

for some constant c4. There exists constant c5 such that with probability at least

1´Op1{εq expp´Ωpε2mqq,

| pFTbV pηq ´ FTbV pηq| ď ε,

for all η P r0, 1
c5d2 log2pd{εq

s.

Combining Lemma D.4.6 and Lemma D.4.7, we give the proof of Theorem D.4.2.

Proof of Theorem D.4.2. The proof is almost the same as in the GD setting

(Theorem D.2.2). We omit the details here. l

Behavior of FTbV for η P r0, 1
c5d2 log2 d

s

In this section, we give the proof of Lemma D.4.6. Recall the lemma as follows,

Lemma D.4.6. Suppose σ is a large constant c1. Assume t ě c2d
2 log2

pdq, d ě c4 for

some constants c2, c4. There exist η1, η2, η3 “ Θp1{tq with η1 ă η2 ă η3 and constant

c5 such that

FTbV pη2q ď
1

2
‖w˚‖2

´
9

10
C `

σ2

2

FTbV pηq ě
1

2
‖w˚‖2

´
6

10
C `

σ2

2
, @η P r0, η1s Y rη3,

1

c5d2 log2
pdq
s

where C is a positive constant.

Recall that FTbV pηq “ EP„T ESGD1{2‖wt,η ´ w˚‖2
` σ2{2. We denote Qpηq :“

ESGD1{2‖wt,η ´ w˚‖2. Recall that we truncate the SGD sequence once the weight

norm exceeds 4
?
Lσ. Due to the truncation, the expectation of 1{2‖wt,η ´ w˚‖2 over

SGD noise is very tricky to analyze.
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Instead, we define an auxiliary sequence tw1τ,ηu that is obtained by running SGD

on task P without truncation and we first study Q1pηq :“ 1{2ESGD

∥∥w1t,η ´ w˚∥∥2
. In

Lemma D.4.8, we show that with high probability in the sampling of task P , the

minimizer of Q1pηq is Θp1{tq. The proof is very similar as the proof of Lemma D.2.14

except that we need to bound the SGD noise at step size η2. We defer the proof into

Section D.4.2.

Lemma D.4.8. Given a task P , let tw1τ,ηu be the weight obtained by running SGD

on task P without truncation. Choose σ as a large constant c1. Assume unroll

length t ě c2d for some constant c2. With probability at least 1 ´ expp´Ωpdqq over

the sampling of task P,
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L for

all i P rns and
?
dσ{4 ď }ξtrain} ď

?
dσ and there exists η1, η2, η3 “ Θp1{tq with

η1 ă η2 ă η3 such that

Q1pη2q :“ 1{2ESGD

∥∥w1t,η2
´ w˚

∥∥2
ď

1

2
‖w˚‖2

´ C

Q1pηq :“ 1{2ESGD

∥∥w1t,η ´ w˚∥∥2
ě

1

2
‖w˚‖2

´
C

2
, @η P r0, η1s Y rη3, 1{Ls

where C is a positive constant.

To relate the behavior of Q1pηq defined on tw1τ,ηu to the behavior of Qpηq defined

on twτ,ηu. We show when the step size is small enough, the SGD sequence gets

truncated with very small probability so that sequence twτ,ηu almost always coincides

with sequence tw1τ,ηu. The proof of Lemma D.4.9 is deferred into Section D.4.2.

Lemma D.4.9. Given a task P , assume
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď

λipHtrainq ď L for all i P rns and
?
dσ{4 ď }ξtrain} ď

?
dσ. Given any ε ą 0, suppose
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η ď 1
c5d2 log2pd{εq

for some constant c5, we have

|Qpηq ´Q1pηq| ď ε.

Combining Lemma D.4.8 and Lemma D.4.9, we give the proof of lemma D.4.6.

Proof of Lemma D.4.6. Recall that we define Qpηq :“ 1{2ESGD‖wt,η ´ w˚‖2 and

Q1pηq “ 1{2ESGD

∥∥w1t,η ´ w˚∥∥2
. Here, tw1τ,ηu is a SGD sequence running on task P

without truncation.

According to Lemma D.4.8, with probability at least 1 ´ expp´Ωpdqq over the

sampling of task P,
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L for

all i P rns and
?
dσ{4 ď }ξtrain} ď

?
dσ and there exists η1, η2, η3 “ Θp1{tq with

η1 ă η2 ă η3 such that

Q1pη2q ď
1

2
‖w˚‖2

´ C

Q1pηq ě
1

2
‖w˚‖2

´
C

2
, @η P r0, η1s Y rη3, 1{Ls

where C is a positive constant. Call this event E . Suppose the probability that E

happens is 1´ δ. We can write EP„TQpηq as follows,

EP„TQpηq “ EP„T rQpηq|EsPrrEs ` EP„T rQpηq|ĒsPr
“

Ē
‰

.

According to the algorithm, we know }wt,η} is always bounded by 4
?
Lσ. Therefore,

Qpηq :“ 1{2‖wt,η ´ w˚‖2
ď 13Lσ2. By Lemma D.4.9, we know conditioning on E ,

|Qpηq ´ Q1pηq| ď ε for any η ď 1
c5d2 log2pd{εq

. As long as t ě c2d
2 log2

pd{εq for certain

constant c2, we know η3 ď
1

c5d2 log2pd{εq
.
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When η “ η2, we have

EP„TQpη2q ď pQ
1
pη2q ` εq p1´ δq ` 13Lσ2δ

ď

ˆ

1

2
‖w˚‖2

´ C ` ε

˙

p1´ δq ` 13Lσ2δ

ď
1

2
‖w˚‖2

´ C ` 13Lσ2δ ` ε ď
1

2
‖w˚‖2

´
9C

10
,

where the last inequality assumes δ ď C
260Lσ2 and ε ď C

20
.

When η P r0, η1s Y rη3,
1

c5d2 log2pd{εq
s, we have

EP„TQpη2q ě pQ
1
pηq ´ εq p1´ δq ´ 13Lσ2δ

ě

ˆ

1

2
‖w˚‖2

´
C

2
´ ε

˙

p1´ δq ´ 13Lσ2δ

ě
1

2
‖w˚‖2

´
C

2
´
δ

2
´ 13Lσ2δ ´ ε ě

1

2
‖w˚‖2

´
6C

10
,

where the last inequality holds as long as δ ď C
280Lσ2 and ε ď C

20
.

According to Lemma D.4.8, we know δ ď expp´Ωpdqq. Therefore, the conditions

for δ can be satisfied as long as d is larger than certain constant. The condition on

ε can be satisfied as long as η ď 1
c5d2 log2pdq

for some constant c5. l

Generalization for η P r0, 1
c5d2 log2 d

s

In this section, we prove Lemma D.4.7 by showing that pFTbV pηq is point-wise close

to FTbV pηq for all η P r0, 1
c5d2 log2pd{εq

s. Recall Lemma D.4.7 as follows.

Lemma D.4.7. For any 1 ą ε ą 0, assume σ is a constant and d ě c4 logp1{εq

for some constant c4. There exists constant c5 such that with probability at least

1´Op1{εq expp´Ωpε2mqq,

| pFTbV pηq ´ FTbV pηq| ď ε,
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for all η P r0, 1
c5d2 log2pd{εq

s.

In order to prove Lemma D.4.7, we first show that for a fixed η with high proba-

bility pFTbV pηq is close to FTbV pηq. Similar as in Lemma D.2.17, we can still show that

each ∆TbV pη, P q is Op1q-subexponential. The proof is deferred into Section D.4.2.

Lemma D.4.10. Suppose σ is a constant. Given any 1 ą ε ą 0, for any fixed η

with probability at least 1´ expp´Ωpε2mqq,

ˇ

ˇ

ˇ

pFTbV pηq ´ FTbV pηq
ˇ

ˇ

ˇ
ď ε.

Next, we show that there exists an ε-net for FTbV with size Op1{εq. By ε-net, we

mean there exists a finite set Nε of step sizes such that |FTbV pηq ´ FTbV pη
1q| ď ε for

any η and η1 P arg minηPNε |η ´ η1|. The proof is very similar as in Lemma D.2.18.

We defer the proof of Lemma D.4.11 into Section D.4.2.

Lemma D.4.11. Suppose σ is a constant. For any 1 ą ε ą 0, assume d ě c4 logp1{εq

for some c4. There exists constant c5 and an ε-net Nε Ă r0,
1

c5d2 log2pd{εq
s for FTbV with

|Nε| “ Op1{εq. That means, for any η P r0, 1
c5d2 log2pd{εq

s,

|FTbV pηq ´ FTbV pη
1
q| ď ε,

for η1 P arg minηPNε |η ´ η
1|.

Next, we show that with high probability, there also exists an ε-net for pFTbV with

size Op1{εq. The proof is very similar as the proof of Lemma D.2.19. We defer the

proof into Section D.4.2.

Lemma D.4.12. Suppose σ is a constant. For any 1 ą ε ą 0, assume d ě c4 logp1{εq

for some c4. With probability at least 1´ expp´Ωpε2mqq, there exists constant c5 and
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an ε-net N 1
ε Ă r0, 1

c5d2 log2pd{εq
s for pFTbV with |Nε| “ Op1{εq. That means, for any

η P r0, 1
c5d2 log2pd{εq

s,

| pFTbV pηq ´ pFTbV pη
1
q| ď ε,

for η1 P arg minηPNε |η ´ η
1|.

Combing Lemma D.4.10, Lemma D.4.11 and Lemma D.4.12, now we give the

proof of Lemma D.4.7.

Proof of Lemma D.4.7. The proof is almost the same as the proof of Lemma D.2.12.

We omit the details here. l

Proofs of Technical Lemmas

In Lemma D.4.13, we show when the step size is small, the expected SGD noise

square is well bounded. The proof follows from the analysis in Lemma D.4.3.

Lemma D.4.13. Let tw1τ,ηu be an SGD sequence running on task P without trunca-

tion. Let n1τ,η be the SGD noise at w1τ,η. Assume
?
d{
?
L ď σipXtrainq ď

?
L
?
σ for

all i P rns and }ξtrain} ď
?
dσ. Suppose η P r0, 1

2L3d
s, we have

ESGD

∥∥n1τ,η∥∥2
ď 4L3σ2d

for all τ ď t.

Proof of Lemma D.4.13. Similar as the analysis in Lemma D.4.3, for η ď 1
2L3d

,

we have

ESGD

”∥∥n1τ,η∥∥2
|w1τ´1,η

ı

ď L2d
∥∥w1τ´1,η ´ wtrain

∥∥2
.

and

ESGD

∥∥w1τ´1,η ´ wtrain

∥∥2
ď p1´

η

2L
q
τ´1‖wtrain‖2

ď
∥∥w˚train ` pXtrainq

:ξtrain

∥∥2
ď 4Lσ2.
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Therefore, we have

ESGD

∥∥n1τ,η∥∥2
ď L2dESGD

∥∥w1τ,η ´ wtrain

∥∥2
ď 4L3σ2d.

l

Proof of Lemma D.4.8. We can expand Q1pηq as follows,

Q1pηq :“
1

2
ESGD

∥∥w1t,η ´ w˚∥∥2

“
1

2
ESGD

∥∥∥∥∥Bt,ηw
˚
train `Bt,ηpXtrainq

:ξtrain ´ η
t´1
ÿ

τ“0

pI ´ ηHtrainq
t´1´τn1τ,η ´ w

˚

∥∥∥∥∥
2

“
1

2
‖Bt,ηw

˚
train ´ w

˚‖2
`

1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2

`
η2

2
ESGD

∥∥∥∥∥t´1
ÿ

τ“0

pI ´ ηHtrainq
t´1´τn1τ,η

∥∥∥∥∥
2

` xBt,ηw
˚
train ´ w

˚
yBt,ηpXtrainq

:ξtrain

Denote

Gpηq :“
1

2
‖Bt,ηw

˚
train ´ w

˚‖2
`

1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2

`
η2

2
ESGD

∥∥∥∥∥t´1
ÿ

τ“0

pI ´ ηHtrainq
t´1´τn1τ,η

∥∥∥∥∥
2

.

We first show that with probability at least 1 ´ expp´Ωpdqq, there exist η1, η2, η3 “

Θp1{tq with η1 ă η2 ă η3 such that Gpη2q ď 1{2‖w˚‖2
´5C{4 and Gpηq ě 1{2‖w˚‖2

´

C{4 for all η P r0, η1s Y rη3, 1{Ls.

According to Lemma D.2.3, we know with probability at least 1 ´ expp´Ωpdqq,
?
d{
?
L ď σipXtrainq ď

?
L
?
d and 1{L ď λipHtrainq ď L for all i P rns. According to

Lemma D.5.1, we know with probability at least 1´ expp´Ωpdqq,
?
dσ{4 ď }ξtrain} ď

?
dσ.
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Upper bounding Gpη2q: We can expand Gpηq as follows:

Gpηq :“
1

2
‖Bt,ηw

˚
train ´ w

˚‖2
`

1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2

`
η2

2
ESGD

∥∥∥∥∥t´1
ÿ

τ“0

pI ´ ηHtrainq
t´1´τn1τ,η

∥∥∥∥∥
2

“
1

2
‖w˚‖2

`
1

2
‖Bt,ηw

˚
train‖2

`
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2

`
η2

2
ESGD

∥∥∥∥∥t´1
ÿ

τ“0

pI ´ ηHtrainq
t´1´τn1τ,η

∥∥∥∥∥
2

´ xBt,ηw
˚
trainyw

˚.

Same as in Lemma D.2.14, we know 1
2
‖Bt,ηw

˚
train‖2

`1
2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
ď L3η2t2σ2.

For the SGD noise, by Lemma D.4.13 we know ESGD

∥∥n1τ,η∥∥2
ď 4L3σ2d for all τ ď t

as long as η ď 1
2L3d

. Therefore,

η2

2
ESGD

∥∥∥∥∥t´1
ÿ

τ“0

pI ´ ηHtrainq
t´1´τn1τ,η

∥∥∥∥∥
2

ď
η2

2

t´1
ÿ

τ“0

ESGD

∥∥n1τ,η∥∥2
ď 2L3η2σ2dt ď 2L3η2σ2t2,

where the last inequality assumes t ě d. According to Lemma D.2.16, for any fixed

η P r0, L{ts, with probability at least 1´ expp´Ωpdqq over Xtrain,

xBt,ηw
˚
trainyw

˚
ě

ηt

16L
.

Therefore, for any step size η ď 1
2L3d

,

Gpηq ď
1

2
‖w˚‖2

` 3L3η2σ2t2 ´
ηt

16L
ď

1

2
‖w˚‖2

´
ηt

32L
,

where the second inequality holds as long as η ď 1
96L4σ2t

. Choosing η2 :“ 1
96L4σ2t

that

is smaller than 1
2L3d

assuming t ě d. Then, we have

Gpη2q ď
1

2
‖w˚‖2

´
5C

4
,
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where constant C “ 1
3072L5σ2 .

Lower bounding Gpηq for η P r0, η1s : Now, we prove that there exists η1 “ Θp1{tq

with η1 ă η2 such that for any η P r0, η1s, Gpηq ě
1
2
‖w˚‖2

´ C
4
. Recall that

Gpηq “
1

2
‖w˚‖2

`
1

2
‖Bt,ηw

˚
train‖2

`
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2

`
η2

2
ESGD

∥∥∥∥∥t´1
ÿ

τ“0

pI ´ ηHtrainq
t´1´τn1τ,η

∥∥∥∥∥
2

´ xBt,ηw
˚
trainyw

˚.

ě
1

2
‖w˚‖2

´ xBt,ηw
˚
trainyw

˚.

Same as in Lemma D.2.14, by choosing η1 “
C

4Lt
, we have for any η P r0, η1s,

Gpηq ě
1

2
‖w˚‖2

´
C

4
.

Lower bounding Gpηq for η P rη3, 1{Ls: Now, we prove that there exists η3 “ Θp1{tq

with η3 ą η2 such that for all η P rη3, 1{Ls,

Gpηq ě
1

2
‖w˚‖2

´
C

4
.

Recall that

Gpηq “
1

2
‖Bt,ηw

˚
train ´ w

˚‖2
`

1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2

`
η2

2
ESGD

∥∥∥∥∥t´1
ÿ

τ“0

pI ´ ηHtrainq
t´1´τn1τ,η

∥∥∥∥∥
2

ě
1

2

∥∥Bt,ηpXtrainq
:ξtrain

∥∥2
.
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Same as in Lemma D.2.14, by choosing η3 “ logp2qL{t, as long as σ ě 8
?
L, we have

Gpηq ě
1

2
‖w˚‖2

for all η P rη3, 1{Ls. Note η3 ď 1{L as long as t ě logp2qL2.

Overall, we have shown that there exist η1, η2, η3 “ Θp1{tq with η1 ă η2 ă η3

such that Gpη2q ď 1{2‖w˚‖2
´ 5C{4 and Gpηq ě 1{2‖w˚‖2

´C{4 for all η P r0, η1s Y

rη3, 1{Ls. Recall that Q1pηq “ Gpηq ` xBt,ηw
˚
train ´ w

˚yBt,ηpXtrainq
:ξtrain. Choosing

ε “ C{4 in Lemma D.2.15, we know with probability at least 1 ´ expp´Ωpdqq,
ˇ

ˇxBt,ηw
˚
train ´ w

˚yBt,ηpXtrainq
:ξtrain

ˇ

ˇ ď C{4 for all η P r0, 1{Ls. Therefore, we know

Q1pη2q ď 1{2‖w˚‖2
´C and Q1pηq ě 1{2‖w˚‖2

´C{2 for all η P r0, η1s Y rη3, 1{Ls. l

In order to prove Lemma D.4.9, we first construct a super-martingale to show

that as long as task P is well behaved, with high probability in SGD noise, the weight

norm along the trajectory never exceeds 4
?
Lσ.

Lemma D.4.14. Assume
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L for

all i P rns and
?
dσ{4 ď }ξtrain} ď

?
dσ. Given any 1 ą δ ą 0, suppose η ď 1

c5d2 log2pd{δq

for some constant c5, with probability at least 1´ δ in the SGD noise,

›

›w1τ,η
›

› ă 4
?
Lσ

for all τ ď t.

Proof of Lemma D.4.14. According to the proofs of Lemma D.4.13, as long as

η ď 1
2L3d

, we have

ESGD

”∥∥w1t,η ´ wtrain

∥∥2
|w1t´1,η

ı

ď p1´
η

2L
q
∥∥w1t´1,η ´ wtrain

∥∥2
.
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Since log is a concave function, by Jenson’s inequality, we know

ESGD

”

log
∥∥w1t,η ´ wtrain

∥∥2
|w1t´1,η

ı

ď logESGD

”∥∥w1t,η ´ wtrain

∥∥2
|w1t´1,η

ı

ď log
∥∥w1t´1,η ´ wtrain

∥∥2
` log

´

1´
η

2L

¯

.

Defining Gt “ log
∥∥w1t,η ´ wtrain

∥∥2
´ t log

`

1´ η
2L

˘

, we know Gt is a super-martingale.

Next, we bound the martingale differences.

We can bound |Gt ´ ESGDrGt|w
1
t´1,ηs| as follows,

|Gt ´ ESGDrGt|w
1
t´1,ηs| ď max

n1t´1,η ,n
2
t´1,η

log

˜∥∥pI ´ ηHtrainqpw
1
t´1,η ´ wtrainq ´ ηn

1
t´1,η

∥∥2∥∥pI ´ ηHtrainqpw1t´1,η ´ wtrainq ´ ηn2t´1,η

∥∥2

¸

We can expand
∥∥pI ´ ηHtrainqpw

1
t´1,η ´ wtrainq ´ ηn

1
t´1,η

∥∥2
as follows,∥∥pI ´ ηHtrainqpw

1
t´1,η ´ wtrainq ´ ηn

1
t´1,η

∥∥2

“
∥∥pI ´ ηHtrainqpw

1
t´1,η ´ wtrainq

∥∥2
´ 2η

@

n1t´1,η

D

pI ´ ηHtrainqpw
1
t´1,η ´ wtrainq

` η2
∥∥n1t´1,η

∥∥2

We can bound the norm of the noise as follows,

›

›n1t´1,η

›

› “
›

›xipt´1qx
J
ipt´1qpw

1
t´1,η ´ wtrainq ´Htrainpw

1
t´1,η ´ wtrainq

›

›

ď
›

›xipt´1qx
J
ipt´1qpw

1
t´1,η ´ wtrainq

›

›`
›

›Htrainpw
1
t´1,η ´ wtrainq

›

›

ďpLd` Lq
›

›w1t´1,η ´ wtrain

›

› ď 2Ld
›

›w1t´1,η ´ wtrain

›

› ,

where the second inequality uses
›

›xipt´1q

›

› ď
?
Ld. Therefore, we have

ˇ

ˇ2η
@

n1t´1,η

D

pI ´ ηHtrainqpw
1
t´1,η ´ wtrainq

ˇ

ˇ ď 4Lηd
∥∥w1t´1,η ´ wtrain

∥∥2
,

η2
∥∥n1t´1,η

∥∥2
ď 4L2η2d2

∥∥w1t´1,η ´ wtrain

∥∥2
.
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This further implies,

|Gt ´ ESGDrGt|w
1
t´1,ηs|

ď log

˜∥∥pI ´ ηHtrainqpw
1
t´1,η ´ wtrainq

∥∥2
` p4Lηd` 4L2η2d2q

∥∥w1t´1,η ´ wtrain

∥∥2∥∥pI ´ ηHtrainqpw1t´1,η ´ wtrainq
∥∥2
´ 4Lηd

∥∥w1t´1,η ´ wtrain

∥∥2

¸

ď log

ˆ

1`
8Lηd` 4L2η2d2

p1´ 2Lη ´ 4Lηdq

˙

ď 16Lηd` 8L2η2d2,

where the second inequality uses the fact that
∥∥pI ´ ηHtrainqpw

1
t´1,η ´ wtrainq

∥∥2
ě

p1 ´ 2Lηq
∥∥w1t´1,η ´ wtrain

∥∥2
. The last inequality assumes η ď 1

12Ld
and uses nu-

merical inequality logp1` xq ď x. Assuming η ď 1{pLdq, we further have |Gt ´

ESGDrGt|w
1
t´1,ηs| ď L2ηd.

By Azuma’s inequality, we know with probability at least 1´ δ{t,

Gt ď G0 ` L
2
?

2tηd logpt{δq.

Plugging in Gt “ log
∥∥w1t,η ´ wtrain

∥∥2
´ t log

`

1´ η
2L

˘

and G0 “ log ‖w0 ´ wtrain‖2
“

log ‖wtrain‖2, we have

log
∥∥w1t,η ´ wtrain

∥∥2
ď log ‖wtrain‖2

` t log
´

1´
η

2L

¯

` L2
?

2tηd logpt{δq

ď log ‖wtrain‖2
´

η

2L
t` L2

?
2tηd logpt{δq.

This implies,

∥∥w1t,η ´ wtrain

∥∥2
ď‖wtrain‖2 exp

ˆ

η

ˆ

´
1

2L
t` L2

?
2 logpt{δqd

?
t

˙˙

“‖wtrain‖2 exp
`

Opd2 log2
pd{δqqη

˘

ď‖wtrain‖2 exp p2{3q ,

where the second inequality assumes η ď 1
c5d2log2pd{δq

for some constant c5. Further-
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more, since }wtrain} ď p1`
?
Lqσ, we have

›

›w1t,η
›

› ď p1` e1{3q }wtrain} ă 4
?
Lσ.

Overall, we know as long as η ď 1
c5d2log2pd{δq

, with probability at least 1 ´ δ{t,

›

›w1t,η
›

› ď 4
?
Lσ. Since this analysis also applies to any τ ď t, we know for any τ, with

probability at least 1 ´ δ{t,
›

›w1τ,η
›

› ă 4
?
Lσ. Taking a union bound over τ ď t, we

have with probability at least 1´ δ,
›

›w1τ,η
›

› ă 4
?
Lσ for all τ ď t. l

Proof of Lemma D.4.9. Let E be the event that
›

›w1τ,η
›

› ă 4
?
Lσ for all τ ď t. We

first show that ESGD‖wt,η ´ w˚‖2 is close to ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEu. It’s not hard to

verify that

ESGD‖wt,η ´ w˚‖2
“ ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEu ` ‖u´ w˚‖2 Pr

“

Ē
‰

,

where u is a fixed vector with norm 4
?
Lσ. By Lemma D.4.14, we know Pr

“

Ē
‰

ď

ε{p25Lσ2q as long as η ď 1
c5d2 log2pd{εq

for some constant c5. Therefore, we have

ˇ

ˇ

ˇ
ESGD‖wt,η ´ w˚‖2

´ ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEu

ˇ

ˇ

ˇ
ď ε.

Next, we show that ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEu is close to ESGD

∥∥w1t,η ´ w˚∥∥2
. For

any 1 ď τ ď t, let Eτ be the event that
›

›w1τ,η
›

› ě 4
?
Lσ and

›

›w1τ 1,η
›

› ă 4
?
Lσ for all

τ 1 ă τ. Basically Eτ means the weight norm exceeds the threshold at step τ for the

first time. It’s easy to see that Ytτ“1Eτ “ Ē . Therefore, we have

ESGD

∥∥w1t,η ´ w˚∥∥2
“ ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEu `

t
ÿ

τ“1

ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEτu .

Conditioning on Eτ , we know
›

›w1τ´1,η

›

› ă 4
?
Lσ. Since we assume

?
d?
L
ď σipXtrainq ď

?
L
?
d for all i P rns and ξtrain ď

?
dσ, we know }wtrain} ď 2

?
Lσ. Therefore, we have
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›

›w1τ´1,η ´ wtrain

›

› ď 6
?
Lσ. Recall the SGD updates,

w1τ,η ´ wtrain “ pI ´ ηHtrainqpw
1
τ´1,η ´ wtrainq ´ ηn

1
τ´1,η.

For the noise term, we have η
›

›n1τ´1,η

›

› ď 2ηLd
›

›w1τ´1,η ´ wtrain

›

› that is at most
›

›w1τ´1,η ´ wtrain

›

› assuming η ď 1
2Ld

. Therefore,
›

›w1τ,η ´ wtrain

›

› ď 2
›

›w1τ´1,η ´ wtrain

›

› ď

12
?
Lσ. Note that event Eτ is independent with the SGD noises after step τ . There-

fore, according to the previous analysis, we know as long as η ď 1
2L3d

,

ESGD

”∥∥w1t,η ´ wtrain

∥∥2
|Eτ

ı

ď
∥∥w1τ,η ´ wtrain

∥∥2
ď 2L2σ2.

Then, we can bound ESGD

”∥∥w1t,η ´ w˚∥∥2
|Eτ

ı

as follows,

ESGD

”∥∥w1t,η ´ w˚∥∥2
|Eτ

ı

“ESGD

”∥∥w1t,η ´ wtrain ` wtrain ´ w
˚
∥∥2
|Eτ

ı

ďESGD

”∥∥w1t,η ´ wtrain

∥∥2
|Eτ

ı

` 2ESGD

“
›

›w1t,η ´ wtrain

›

› |Eτ
‰

}wtrain ´ w
˚
}

` ‖wtrain ´ w
˚‖2

ď2L2σ2
` 2 ¨ 2Lσ ¨ 3

?
Lσ ` 9Lσ2

ď 3L2σ2.

Therefore, we have

t
ÿ

τ“1

ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEτu “

t
ÿ

τ“1

ESGD

”∥∥w1t,η ´ w˚∥∥2
|Eτ

ı

PrrEτ s

ď3L2σ2
t
ÿ

τ“1

PrrEτ s “ 3L2σ2 Pr
“

Ē
‰

ď 3L2σ2ε.

This then implies that
ˇ

ˇ

ˇ
ESGD

∥∥w1t,η ´ w˚∥∥2
´ ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEu

ˇ

ˇ

ˇ
ď 3L2σ2ε.
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Finally, we have

ˇ

ˇ

ˇ
ESGD‖wt,η ´ w˚‖2

´ ESGD

∥∥w1t,η ´ w˚∥∥2
ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
ESGD‖wt,η ´ w˚‖2

´ ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEu

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ
ESGD

∥∥w1t,η ´ w˚∥∥2
´ ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEu

ˇ

ˇ

ˇ

ď
`

3L2σ2
` 1

˘

ε

as long as η ď 1
c5d2 log2pd{εq

. Therefore, |Qpηq ´Q1pηq| ď p3L2σ2 ` 1q ε{2. Choosing

ε1 “ 2ε
p3L2σ2`1q

finishes the proof. l

Proof of Lemma D.4.10. Recall that

pFTbV pηq :“
1

m

m
ÿ

k“1

∆TbV pη, P q “
1

m

m
ÿ

k“1

ESGD
1

2

∥∥∥wpkqt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

.

Similar as in Lemma D.2.12, we can show 1
2

∥∥∥wpkqt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

isOp1q-subexponential,

which implies

ESGD
1
2

∥∥∥wpkqt,η ´ wpkqvalid

∥∥∥2

H
pkq
valid

is Op1q-subexponential. Therefore, pFTbV pηq is the aver-

age of m i.i.d. Op1q-subexponential random variables. By standard concentration

inequality, we know for any 1 ą ε ą 0, with probability at least 1´ expp´Ωpε2mqq,

ˇ

ˇ

ˇ

pFTbV pηq ´ FTbV pηq
ˇ

ˇ

ˇ
ď ε.

l

Proof of Lemma D.4.11. Recall that

FTbV pηq “EP„T ESGD
1

2
‖wt,η ´ w˚‖2

` σ2
{2

We only need to construct an ε-net for EP„T ESGD
1
2
‖wt,η ´ w˚‖2. Let E be the event
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that
?
d{
?
L ď σipXtrainq ď

?
Ld and 1{L ď λipHtrainq ď L for all i P rns and

?
dσ{4 ď }ξtrain} ď

?
dσ We have

EP„T ESGD
1

2
‖wt,η ´ w˚‖2

“EP„T
„

1

2
ESGD‖wt,η ´ w˚‖2

|E


PrrEs ` EP„T
„

1

2
ESGD‖wt,η ´ w˚‖2

|Ē


Pr
“

Ē
‰

According to Lemma D.4.9, we know conditioning on E ,

ˇ

ˇ

ˇ

ˇ

1

2
ESGD‖wt,η ´ w˚‖2

´
1

2
ESGD

∥∥w1t,η ´ w˚∥∥2

ˇ

ˇ

ˇ

ˇ

ď ε,

as long as η ď 1
c5d2 log2pd{εq

. Note tw1τ,ηu is the SGD sequence without truncation.

For the second term, we have

EP„T
„

1

2
ESGD‖wt,η ´ w˚‖2

|Ē


Pr
“

Ē
‰

ď 13Lσ2 Pr
“

Ē
‰

ď ε,

where the last inequality assumes Pr
“

Ē
‰

ď ε
13Lσ2 . According to Lemma D.2.3 and

Lemma D.5.1, we know Pr
“

Ē
‰

ď expp´Ωpdqq. Therefore, given any ε ą 0, we have

Pr
“

Ē
‰

ď ε
13Lσ2 as long as d ě c4 logp1{εq for some constant c4.

Then, we only need to construct an ε-net for EP„T
”

1
2
ESGD

∥∥w1t,η ´ w˚∥∥2
|E
ı

PrrEs.

By the analysis in Lemma D.4.3, it’s not hard to prove

ˇ

ˇ

ˇ

ˇ

B

Bη
EP„T

„

1

2
ESGD

∥∥w1t,η ´ w˚∥∥2
|E


PrrEs
ˇ

ˇ

ˇ

ˇ

“ Op1qtp1´
η

2L
q
t´1,

for all η P r0, 1
c5d2 log2pd{εq

s. Similar as in Lemma D.2.15, for any ε ą 0, we know there

exists an ε-net Nε with size Op1{εq such that for any η P r0, 1
c5d2 log2pd{εq

s,

ˇ

ˇ

ˇ

ˇ

EP„T
„

1

2
ESGD

∥∥w1t,η ´ w˚∥∥2
|E


PrrEs ´ EP„T
„

1

2
ESGD

∥∥w1t,η1 ´ w˚∥∥2
|E


PrrEs
ˇ

ˇ

ˇ

ˇ

ď ε

361



for η1 P arg minηPNε |η ´ η
1|.

Combing with the bounds on
ˇ

ˇ

ˇ

1
2
ESGD‖wt,η ´ w˚‖2

1 tEu ´ 1
2
ESGD

∥∥w1t,η ´ w˚∥∥2
1 tEu

ˇ

ˇ

ˇ

and

EP„T
“

1
2
ESGD‖wt,η ´ w˚‖2

|Ē
‰

Pr
“

Ē
‰

, we have for any η P r0, 1
c5d2 log2pd{εq

s,

FTbV pηq ´ FTbV pη
1
q ď 4ε

for η1 P arg minηPNε |η ´ η
1|. We finish the proof by replacing 4ε by ε1. l

Proof of Lemma D.4.12. The proof is very similar as the proof of Lemma D.2.19.

The only difference is that we need to first relate the SGD sequence with truncation

to the SGD sequence without truncation and then bound the Lipschitzness on the

SGD sequence without truncation (as we did in Lemma D.4.11). We omit the details

here. l

D.5 Tools

D.5.1 Norm of Random Vectors

We use the following lemma to bound the noise in least squares model.

Lemma D.5.1 (Theorem 3.1.1 in Vershynin (2018b)). Let X “ pX1, X2, ¨ ¨ ¨ , Xnq P

Rn be a random vector with each entry independently sampled from N p0, 1q. Then

Pr
“
ˇ

ˇ}x} ´
?
n
ˇ

ˇ ě t
‰

ď 2 exp
`

´t2{C2
˘

,

where C is an absolute constant.

D.5.2 Singular Values of Gaussian Matrices

Given a random Gaussian matrix, in expectation its smallest and largest singular

value can be bounded as follows.
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Lemma D.5.2 (Theorem 5.32 in Vershynin (2010)). Let A be an Nˆn matrix whose

entries are independent standard normal random variables. Then

?
N ´

?
n ď EsminpAq ď EsmaxpAq ď

?
N `

?
n

Lemma D.5.3 shows a lipchitz function over i.i.d. Gaussian variables concentrate

well on its mean. We use this lemma to argue for any fixed step size, the empirical

meta objective concentrates on the population meta objective.

Lemma D.5.3 (Proposition 5.34 in Vershynin (2010)). Let f be a real valued Lip-

schitz function on Rn with Lipschitz constant K. Let X be the standard normal

random vector in Rn. Then for every t ě 0 one has

PrrfpXq ´ EfpXq ě ts ď exp

ˆ

´
t2

2K2

˙

.

The following lemma shows a tall random Gaussian matrix is well-conditioned

with high probability. The proof follows from Lemma D.5.2 and Lemma D.5.3. We

use Lemma D.5.4 to show the covariance matrix is well conditioned in the least

squares model.

Lemma D.5.4 (Corollary 5.35 in Vershynin (2010)). Let A be an N ˆ n matrix

whose entries are independent standard normal random variables. Then for every

t ě 0 with probability at least 1´ 2 expp´t2{2q one has

?
N ´

?
n´ t ď sminpAq ď smaxpAq ď

?
N `

?
n` t

D.5.3 Johnson-Lindenstrauss Lemma

We also use Johnson-Lindenstrauss (JL) Lemma in some of the lemmas. JL Lemma

tells us the projection of a fixed vector on a random subspace concentrates well as
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long as the subspace is reasonably large.

Lemma D.5.5 (Johnson and Lindenstrauss (1984)). Let P be a projection in Rd

onto a random n-dimensional subspace uniformly distributed in Gd,n. Let z P Rd be

a fixed point and ε ą 0, then with probability at least 1´ 2 expp´cε2nq,

p1´ εq

c

n

d
}z} ď }Pz} ď p1` εq

c

n

d
}z} .

D.6 Experiment Details

We describe the detailed settings of our experiments in Section D.6.1 and give more

experimental results in Section D.6.2.

D.6.1 Experiment Settings

Optimizing step size for quadratic objective In this experiment, we meta-train a learn-

ing rate for gradient descent on a fixed quadratic objective. Our goal is to show that

the autograd module in popular deep learning softwares, such as Tensorflow, can

have numerical issues when using the log-transformed meta objective. Therefore, we

first implement the meta-training process with Tensorflow to see the results. We then

re-implement the meta-training using the hand-derived meta-gradient (see Eqn D.1)

to compare the result.

A general setting for both implementations is as follows. The inner problem is

fixed as a 20-dimensional quadratic objective as described in Section 5.3, and we use

the log-transformed meta objective for training. The positive semi-definite matrix

H is generated by first sampling a 20ˆ 20 matrix X with all entries drawn from the

standard normal distribution and then setting H “ XTX. The initial point w0 is

drawn from standard normal as well. Note that we use the same quadratic problem
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(i.e., the same H and w0) throughout the meta-training. We do 1000 meta-training

iterations, and collect results for different settings of the initial learning rate η0 and

the unroll length t.

We first implement the meta-training code with Tensorflow. Our code is adapted

from Wichrowska et al. (2017) 1. We use their global learning rate optimizer and

specify the problem set to have only one quadratic objective instance. We imple-

mented the quadratic objective class ourselves (the ”MyQuadratic” class). We also

turned off multiple advanced features in the original code, such as attention and

second derivatives, by assigning their flags as false. This ensures that the experi-

ments have exactly the same settings as we described. The meta-training learning

rate is set to be 0.001, which is of similar scale as our next experiment. We also try

RMSProp as the meta optimizer, which alleviates some of the numerical issues as

it renormalizes the gradient, but our experiments show that even RMSProp is still

much worse than our implementation.

We then implement the meta-training by hand to show the accurate training

results that avoid numerical issues. Specifically, we compute the meta-gradient us-

ing Eq (D.1), where we also scaled the numerator and denominator as described in

Claim D.1.2 to avoid numerical issues. We use the algorithm suggested in Theo-

rem 5.3.2, except we choose the meta-step size to be 1{p100
?
kq as the constants in

Theorem 5.3.2 were not optimized.

Train-by-train vs. train-by-validation, synthetic data In this experiment, we find the

optimal learning rate η˚ for least-squares problems trained in train-by-train and

train-by-validation settings and then see how the learning rate works on new tasks.

1 Their open source code is available at https://github.com/tensorflow/models/tree/

master/research/learned_optimizer
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Specifically, we generate 300 different 1000-dimensional least-squares tasks with

noise as defined in Section 5.4 for inner-training and then use the meta-objectives

defined in Eq (5.3) and (5.4) to find the optimal learning rate. The inner-training

number of steps t is set as 40. We try different sample sizes and different noise levels

for comparison. Subsequently, in order to test how the two η˚ (for train-by-train

and train-by-validation respectively) work, we use them on 10 test tasks (the same

setting as the inner-training problem) and compute training and testing root mean

squared error (RMSE).

Note that since we only need the final optimal η˚ found under the two meta-

objective settings (regardless of how we find it), we do not need to actually do

the meta-training. Instead, we do a grid search on the interval r10´6, 1s, which is

divided log-linearly to 25 candidate points. For both the train-by-train and train-

by-validation settings, we average the meta-objectives over the 300 inner problems

and see which η minimizes this averaged meta-objective. The results are shown in

Appendix D.6.2.

Train-by-train vs. train-by-validation, MLP optimizer on MNIST To observe the trade-

off between train-by-train and train-by-validation in a broader and more realistic

case, we also do experiments to meta-train an MLP optimizer as in Metz et al.

(2019) to solve the MNIST classification problem. We use part of their code 2 to

integrate with our code in the first experiment, and we use exactly the same default

setting as theirs, which is summarized below.

The MLP optimizer is a trainable optimizer that works on each parameter sepa-

rately. When doing inner-training, for each parameter, we first compute some statis-

2 Their code is available at https://github.com/google-research/google-research/tree/

master/task_specific_learned_opt
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tics of that parameter (explained below), which are combined into a feature vector,

and then feed that feature vector to a Muti-Layer Perceptron (MLP) with ReLU

activations, which outputs two scalars, the update direction and magnitude. The

update is computed as the direction times the exponential of the magnitude. The

feature vector is 31-dimensional, which includes gradient, parameter value, first-order

moving averages (5-dim), second-order moving averages (5-dim), normalized gradi-

ent (5-dim), reciprocal of square root second-order moving averages (5-dim) and a

step embedding (9-dim). All moving averages are computed using 5 different decay

rates (0.5, 0.9, 0.99, 0.999, 0.9999), and the step embedding is tanh distortion of the

current number of steps divided by 9 different scales (3, 10, 30, 100, 300, 1000, 3000,

10000, 300000). After expanding the 31-dimensional feature vector for each parame-

ter, we also normalize the set of vectors dimension-wise across all the parameters to

have mean 0 and standard deviation 1 (except for the step embedding part). More

details can be found in their original paper and original implementation.

The inner-training problem is defined as using a two-layer fully connected network

(i.e., another “MLP”) with ReLU activations to solve the classic MNIST 10-class

classification problem. We use a very small network for computational efficiency,

and the two layers have 100 and 20 neurons. We fix the cross-entropy loss as the

inner-objective and use mini-batches of 32 samples when inner-training.

When we meta-train the MLP optimizer, we use exactly the same process as

fixed in experiments by Wichrowska et al. (2017). We use 100 different inner prob-

lems by shuffling the 10 classes and also sampling a new subset of data if we do

not use the complete MNIST data set. We run each of the problems with three

inner-training trajectories starting with different initialization. Each inner-training

trajectory is divided into a certain number of unrolled segments, where we compute
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the meta-objective and update the meta-optimizer after each segment. The number

of unrolled segments in each trajectory is sampled from 10`Expp30q, and the length

of each segment is sampled from 50`Expp100q, where Expp¨q denotes the exponential

distribution. Note that the meta-objective computed after each segment is defined

as the average of all the inner-objectives (evaluated on the train/validation set for

train-by-train/train-by-val) within that segment for a better convergence. We also

do not need to log-transform the inner-objective this time because the cross entropy

loss has a log operator itself. The meta-training, i.e. training the parameters of the

MLP in the MLP optimzier, is completed using a classic RMSProp optimizer with

meta learning rate 0.01.

For each settings of sample sizes and noise levels, we train two MLP optimizer:

one for train-by-train, and one for train-by-validation. When we test the learned

MLP optimizer, we use similar settings as the inner-training problem, and we run

the trajectories longer for full convergence (4000 steps for small data sets; 40000

steps for the complete data set). We run 5 independent tests and collect training

accuracy and test accuracy for evaluation. The plots show the mean of the 5 tests.

We have also tuned a SGD optimizer (with the same mini-batch size) by doing a

grid-search of the learning rate as baseline.

D.6.2 Additional Results

Optimizing step size for quadratic objective We try experiments for the same settings

of the initial η0 and inner training length t for all of three implementations (our hand-

derived GD version, Tensorflow GD version and the Tensorflow RMSProp version).

We do 1000 meta-training steps for all the experiments.

For both Tensorflow versions, we always see infinite meta-objectives if η0 is large
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or t is large, whose meta-gradient is usually treated as zero, so the training get stuck

and never converge. Even for the case that both η0 and t is small, it still has very large

meta-objectives (the scale of a few hundreds), and that is why we also try RMSProp,

which should be more robust against the gradient scales. Our hand-derived version,

however, does not have the numerical issues and can always converge to the optimal

η˚. The detailed convergence is summarized in Tab D.1 and Tab D.2. Note that the

optimal η˚ is usually around 0.03 under our settings.

Table D.1: Whether the implementation converges for different t (fixed η0 “ 0.1)

t 10 20 40 80
Ours X X X X

Tensorflow GD ˆ ˆ ˆ ˆ

Tensorflow RMSProp X X ˆ ˆ

Table D.2: Whether the implementation converges for different η0 (fixed t “ 40)

η0 0.001 0.01 0.1 1
Ours X X X X

Tensorflow GD ˆ ˆ ˆ ˆ

Tensorflow RMSProp X X ˆ ˆ

Train-by-train vs. train-by-validation, MLP optimizer on MNIST We also do additional

experiments on training an MLP optimizer on the MNIST classification problem. We

first try using all samples under the 20% noised setting. The results are shown in

Fig D.1. The train-by-train setting can perform well if we have a large data set,

but since there is also noise in the data, the train-by-train model still overfits and is

slightly worse than the train-by-validation model.

We then try an intermediate sample size 12000. The results are shown in Fig D.2

(no noise) and Fig D.3 (20% noise). We can see that as the theory predicts, as the

amount of data increases (from 1000 samples to 12000 samples and then to 60000
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Figure D.1: Training and testing accuracy for different models (all samples, 20%
noise)

samples) the gap between train-by-train and train-by-validation decreases. Also,

when we condition on the same number of samples, having additional label noise

always makes train-by-train model much worse compared to train-by-validation.
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Figure D.2: Training and testing accuracy for different models (12000 samples, no
noise)
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Figure D.3: Training and testing accuracy for different models (12000 samples,
20% noise)
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