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Abstract

In this work, three contributions are made to state-of-the-art robot planning. The contribu-

tions expand robot planning to be more e�cient and robust by �rst expanding the mapping

between task space and joint space via improved inverse kinematics. This improved map-

ping allows planning to be more robust by increasing the size of the goal set. Second,

an algorithm for the optimization of provably stable controllers is provided. This allows

the controlled system to be stable and performant. This is accomplished by extending the

LQR-Trees algorithm with inspiration from Reinforcement Learning and Motion planning.

Finally, a new method for constructing symbolic representations with controllers that are

parameterized expands the applicability of symbolic planning to a wider set of controllers.
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Chapter 1

Introduction

Imagine that you have just been invited to dinner with a friend across town. It usually

takes you 35 minutes to arrive there, and you have 45 minutes. You may open your phone

and check the tra�c or you may just hop in your car and begin the drive, con�dent that

whatever tra�c appears you will �nd the best way around it. On the drive, you hardly pay

attention to the mechanics of driving but are instead consumed with the possible future

delights of the meal. A car suddenly changes lanes into your lane, and you, being a seasoned

driver, respond accordingly, only momentarily distracted from your dinner dreams. As you

come to your preferred exit of choice you notice that it looks rather backed up, since while

being the shortest route to your destination, it also has a nasty habit of fender-benders.

You quickly mentally re-route your path and arrive at your destination with 5 minutes to

spare. You parallel park your car on the street opposite the restaurant. A short walk later,

you are in the restaurant beginning a wonderful evening of food and conversation.

This series of events illustrates a striking disparity between how humans and robots

plan and operate. As physical agents, humans are almost completely unaware ofhow we

accomplish physical tasks. Even more amazing is that we plan at a level that appears to

assume that we can perform the task, and a great percentage of the time it works! Robot

planning, on the other hand, is extremely detailed| every joint must have a known position

for every loop of the controller. In the case of walking this typically requires footstep path

planning, or when driving a car this requires planning the synchronized operation of the

gas, brake, and steering wheel. This level of detail generates a computational complexity

that makes it infeasible to plan for all but the shortest of horizons. In order for robots to

achieve their promise they must plan a higher level of abstraction, instead of planning at

the joint level for every single time step, robots must be able to plan at a higher level of

abstraction. In the dinner scenario, many humans would plan with very abstract actions,
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for example, driving, and walking. A robot that can construct plans at such a high level

can reason further into the future than one that can only begin to move once it has planned

every single step.

Planning is di�cult for robots because of the variety of tasks that they can perform.

In order for robot planning to tackle this complexity, it needs many di�erent layers of

abstraction. First, the robot needs a way to transform from planning in one space to

planning in another. For example, planning how to draw anh would be easy when de�ned

with respect to a plane, whereas the plan would be brittle if de�ned with respect to the joint

positions of the robot. Second, when the robot plans how to draw anh it must consider its

capabilities, the constraints of the task, and the environment in which it is accomplished.

Once it has created this plan it can then be validated by successfully drawing anh. This

validation provides conditions on the start and end states for a plan that enables the next

layer of abstraction. Another way to view this is that if the valid start states and end

states of a plan are known, the intermediate states can be ignored. In order to achieve this

compositional quality, the planner must identify the key features that impact execution, and

expose those to the next layer. Lastly, it is important to know how to improve the available

controllers and their abstractions. The work presented here expands and strengthens the

state of the art in robot planning by providing three new tools at three di�erent levels of

abstraction.

The �rst contribution is an improvement to Inverse Kinematics for robots with seven

or more joints. Inverse Kinematics is a fundamental operation in robotics that provides the

mapping between task space and the joint space of the robot. Many tasks, like drawing

an h, are easier to de�ne in convenient task space. However, the robot must be controlled

at the level of joints because it is only at the joint level that the full con�guration of

the robot is de�ned, and ultimately it is at this level that commands are issued. Inverse

Kinematics is particularly di�cult in systems with 7 joints or more because there can be an

in�nite number of solutions. Previous approaches were not capable of quickly providing an

accurate representation of the solution space. This limitation makes path planning more
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di�cult than necessary because it unnecessarily restricts the solution space. The extension

presented in the �rst chapter, IKFlow, quickly provides a large number of solutions. This

improved mapping between task space and joint space enables more robust motion planning

because it provides a large sampling of possible goals that can be reached, which inherently

makes the motion planning task easier by increasing the size of the goal set.

The second contribution is at a higher level of abstraction, an improvement to the

construction of sequentially composable feedback controllers. A feedback controller is com-

posable with other feedback controllers if it has a well-de�ned region of attraction. A

controller's region of attraction is the set of start states from which a controller is guar-

anteed to converge. This well-de�ned region of attraction provides a useful interface for

planning at an abstract level. Previous work [63] accomplished the sequencing of controllers

by overlapping end states of one controller with the region of attraction of another. This

approach enabled a controller to be constructed by concatenating many smaller controllers

together. Chapter 3 provides a new algorithm that optimizes these composable feedback

controllers. This optimization enables controllers to improve performance as more con-

trollers are created.

The �nal contribution is an improvement to an even higher level of abstraction for

robot planning, the construction of symbols. At this level, planning takes place in an

abstract space. This abstract space reduces much of the complexity that occurs in the

continuous low level representation of the environment. Instead, it allows the robot to make

long-term task-level decisions without considering unnecessary details for the sequencing

of tasks. In order for these abstract plans to map to actions that the robot can execute,

there must be a strong correspondence between the symbols used at the planning level and

the capabilities of the robot. Previous work has established the necessary and su�cient

conditions for this mapping, but it assumed black box controllers which are insu�cient for

planning with robots that have parameterized controllers. Chapter 4 provides an extension

to the creation of symbols that includes parameterized controllers, while still maintaining

an abstract domain description. This parameterized controller extension is demonstrated

3



in both virtual and physical environments. All together these contributions push the state

of the art in robot planning to a more robust and e�cient place.
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Chapter 2

Improved Inverse Kinematics for 7+-DOF

Systems

Figure 2.1 : One hundred solutions generated by IKFlow, for a Panda arm reaching
to a given end e�ector pose.

Inverse Kinematics (IK) maps a task-space Cartesian pose to a joint space con�guration,

which is a critically important operation for several reasons. For example, it is typically

easier to de�ne tasks in a specialized Cartesian coordinate frame that is easily interpretable

by the robot's operator|for example, specifying a curve to draw on a whiteboard is more

easily done in the frame of the whiteboard than in the joint space of the robot. Similarly,
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it is bene�cial to express a grasp pose in Cartesian space because it leaves the robot free to

choose among a multitude of valid joint space poses. Of course, each Cartesian-space goal

must be translated to a joint pose for the robot to control to; therefore, these scenarios are

only possible with a fast IK solver.

Although there are several open source IK packages [9, 67, 17], their functionality is still

incomplete. Analytical solvers like IKFast [20] and IKBT [67] are fast and return all the

solutions for an arm, but cannot be applied to arms with more than 6 degrees of freedom

(DOF). Numerical solvers can be applied to arms with any number of joints, but only return

a single solution, if one is found at all. A solver that can provide many solutions for an arm

with 7-DOF or greater, and do so quickly, would add signi�cant functionality that would

support more robust robot planning and control. More speci�cally, it allows for multiple

joint solutions to be evaluated for any particular end e�ector pose. This is important

for grasping in cluttered environments because there may be a large number of solutions

that are in collision with an object. A large number of solutions is also important for

the pathwise-Inverse Kinematics problem [48]. A complete mapping between joint space

and task space enables planning to take place in the task space. IK can then be used

to validate the task space plan with high con�dence. Planning in the task space has a

smaller dimension than in the joint space. This smaller dimension is useful for learning and

sampling-based approaches because fewer samples are required to cover the space with the

same density.

An ideal 7+ DOF IK solver should return a set of solutions that covers the entire

solution set. These samples should be near-exact solutions. Additionally, it should do so

quickly. This allows the solver to serve as a primitive in the inner loop of higher-level

decision-making algorithms. Of these three requirements, accuracy is the least important

because verifying a sample using forward kinematics is very fast, and numerical IK solvers

can be seeded with an approximate solution to rapidly re�ne to any desired accuracy.

We propose IKFlow, a new IK method that satis�es these requirements by training a

neural network to output a diverse set of poses that approximately satisfy a given Cartesian

6



Figure 2.2 : The basic architecture of a conditional normalizing 
ow network. The
base distribution sample is fed into a coupling layer. The coupling layer contains a
coe�cient network that transforms a subset of the sample. The permutation changes
the order of the samples so that the coe�cient network of the next coupling layer
a�ects a di�erent subset of the sample. Conditional information is passed into every
coupling layer.

goal pose. By viewing the problem as a generative modeling problem over the solution space,

we are able to exploit recent advances in Normalizing Flows [51]. Normalizing Flows are a

generative modeling approach capable of modeling multi-modal distributions with nonlinear

interactions between variables. We show, using several di�erent kinematic models, that

IKFlow can be trained|once o�, per robot |to rapidly generate hundreds to thousands

of diverse approximate solutions; we also provide a practical open-source implementation

of our approach.1

2.1 Background

2.1.1 Inverse Kinematics (IK)

Inverse Kinematics de�nes the mapping from a robot's operational space to its joint space:

f : P ! Tn ;

wheren is the number of joints. The topology of the joint space is the n-dimensional torus,

Tn = S1 � S1::: � S1. The topology of P is determined by the workspace of the robot, but

we focus on the case where the end e�ector pose is inP := SE(3). If the robot has joint

1https://sites.google.com/view/ikflow
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limits then the topology of the mapping changes:

f : P ! Rn ;

where Rn is the n-dimensional Euclidean space. This topological di�erence is important

because it allows for many robots to be modeled by generic density estimators, instead of

special purpose estimators built for tori [52].

IK for 7+ DOF

When the degrees of freedom of the robot exceed the degrees of freedom of the operational

space (i.e. the robot is kinematically redundant) there are in�nitely many solutions. This

occurs because the extra degree of freedom allows for a continuum of con�gurations that

satisfy the desired Cartesian goal. Thus for a speci�c posep 2 SE(3) an IK solver should

return a subset of joint space:

f : p ! Rn
g � Rn :

There are two current approaches for describing the solution space of 7+ DoF arms. The

�rst category uses only a single point to describe the solution space, but returns quickly,

on the order of 1 millisecond. The second approach returns a more thorough set of solution

points, by running the �rst approach with randomly sampled start states. In order to

obtain a representative set of the solution space this approach requires extensive random

sampling, and thus is signi�cantly slower, on the order of seconds for thousands of solutions.

The approach we detail in Section 2.3 uses generative modeling to generate upwards of a

thousand solutions in under 10 milliseconds.

2.1.2 Deep Generative Modeling

Generative modeling represents arbitrary distributions in such a way that they can be sam-

pled. This is achieved by transforming known base distributions into target distributions.

For example:

g : N (0̂; I ) ! Q;
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where Q is an arbitrary distribution and g is a neural network. We additionally de�ne the

latent spaceas the space in which the base distribution lies - in our caseRD , where D is

the dimension of the network. We draw samples from the arbitrary distribution by drawing

samples from the base distribution and passing them throughg. There are several di�erent

generative modeling methods. In order to select an approach, we used the following criteria.

First, the diversity of samples returned is important to ensure that the full breadth of the

solution space is returned. Second, the approach must be able to handle multi-modal data

and nonlinear dependencies between variables in order to cover the solution space. Third,

the method must be capable of handling conditional information, because the solution space

is conditioned on the Cartesian goal. Fourth, the method must sample solutions quickly

because IK is often used as a primitive by other procedures. Finally, the sampling procedure

must produce samples with su�cient accuracy. Given these desired properties we propose

to use a normalizing 
ow approach.

Normalizing Flows

Normalizing Flows are a generative modeling approach that provides quick sampling, stable

training, and arbitrary data distribution �tting [42]. Normalizing 
ows are based on two

components. The �rst component is a series of functions that are easy to invert. These easily

invertible functions enable the same network to quickly estimate densities and produce

samples. In the literature, this series of functions is commonly referred to as thecoupling

layers. Sampling is performed by passing a sample from the base distribution through each

of the coupling layers:

x̂ = f 1 � f 2::: � f n (ẑ); ẑ � N (0̂; I ); (2.1)

where x̂ is the sample in the data space and ^z is a sample from the base distribution. The

second important component is the e�cient calculation of the determinant of the Jacobian.

This enables density estimation of a data point to be computed with the change of variables

formula:

pX (x̂) = pZ (ẑ)

�
�
�
�det

�
@g(ẑ)
@̂zT

� �
�
�
�

� 1

:
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The change of variables formula allows a distribution over one set of variables to be described

by another set of variables given the determinant of the Jacobian between the two variables.

A normalizing 
ow uses this along with a simple prior distribution, p(z)|here a Normal

distribution|to enable density estimation of the data distribution p(x). To make the

determinant of the Jacobian tractable, special coupling layers are used. The coupling layer

used in IKFlow was developed by Kingma and Dhariwal [33]:

y1:d = x1:d (2.2)

s; t = h(x1:d) (2.3)

yd+1: D = xd+1: D � exp (s) + t; (2.4)

where x is the input data to a layer, and y is the output. s a�ects the scaling of the layer,

t shifts the input of the layer, and d = bD=2c. This layer is then inverted by:

x1:d = y1:d

s; t = h(x1:d)

xd+1: D = ( yd+1: D � t) � exp (� s) :

An important property of the layers is that they can be inverted without inverting the

function h that produces s and t. h, also known as the coe�cient network, can therefore

be arbitrarily complex. Further, by holding x̂1:d constant through the transformation, the

Jacobian will have zeros in the upper diagonal, and thus the determinant will only be the

product of the diagonals of the Jacobian.

Conditional Normalizing Flows

Conditional Normalizing Flows change the scaling and shifting of a coupling layer based on

conditional information. The conditional information, � , is passed as part of the input to the

network which estimatess and t. Now h is a function of both x1:d and � . The invertibility

of the coupling layer remains una�ected because the conditioning information is passed into

h which need not be inverted to invert the layer. Figure 2.2 provides a simple diagram of
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the architecture. While other methods have been proposed for conditioning normalizing


ows (i.e. Ardizzone et al. [6]) this formulation reduces the number of hyperparameters

that must be tuned, and has a simple Maximum Likelihood of training loss:

L = � log(pZ (z)) � log

�
�
�
�det

�
@g(zj� )

@zT

� �
�
�
�

� 1

: (2.5)

For a more thorough review of Normalizing Flows see Papamakarios et al. [42].

Maximum Mean Discrepancy (MMD)

Finally, a method for comparing distributions is necessary to evaluate the performance of

a generative model. We use Maximum Mean Discrepancy (MMD) because of its strong

theoretical properties and ease of implementation. Given two distributions, P(X ) and

Q(Y), MMD computes the distance between the two distributions as the squared distance

between the mean of the embeddings of the distributions.

MMD( P; Q) = jjEX � P [� (X )] � EY � :Q [� (Y )]jj :

Notably, the embeddings must be in a Reproducing Kernel Hilbert Space (RKHS). The

capability of MMD to capture the distance between two distributions is dependent on the

selection of a good embedding function� . We selected the inverse multi-quadric kernel

because of its long tails and previous use Ardizzone et al. [6]. A more detailed analysis of

Maximum Mean Discrepancy is provided by Gretton et al. [25].

2.2 Related Work

There have been a number of attempts to use neural networks for inverse kinematics [1, 16,

19, 50]. Most of these approaches do not solely implement the inverse kinematics function.

For example, Csiszar et al. [16] incorporate the problem of calibrating the physical robot

with its internal model. Almusawi et al. [1] learn the kinematics model in addition to

performing Cartesian control. Demby'S et al. [19] create a neural network approach that

11



(a) Panda sampled solutions (b) Panda IKFlow solutions

(c) ATLAS sampled solutions (d) ATLAS IKFlow solutions

Figure 2.3 : A comparison of samples created by providing random seeds to TRAC-
IK and samples from IKFlow for two robots, the Panda arm and ATLAS - Arm and
Waist. Qualitatively, the solutions returned by the IKFlow models look to cover the
same space of solutions found through rejection sampling. The MMD scores for the
Panda and ATLAS solutions are respectively 0.0122 and 0.0081. A lower MMD score
implies distributions that are more similar.
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focuses exclusively on the IK problem but concludes that it is not a fruitful path because

of large error.

The architectures used in the previous approaches are all fundamentally limited as they

can only return a single solution for a particular input. However, IK is a one-to-many

mapping, and access to additional solutions may prove useful for the control layer above

IK. Ren and Ben-Tzvi [50] take a generative approach by using several di�erent types of

GANs, but the error of samples is worse than a fully connected network, with the best

performing approach achieving 8cm of error. Ardizzone et al. [6] apply a similar deep

generative approach to IKFlow but only to a small planar IK problem. We extend and

re�ne their work in three key ways. First, we decrease the amount of error present in the

solutions by adopting a conditional Invertible Neural Network. Second, we improve training

stability by addressing a corner case related to the dimensionality of solution spaces. Third,

we expand the coverage to include the entire physical workspace of the arm.

Kim and Perez [32] are the most similar point of comparison because they also use

normalizing 
ows to solve inverse kinematics. IKFlow has several di�erences, the use of

Conditional Normalizing Flows, the addition of training noise, and a sub-sampling proce-

dure for the base distribution. These di�erences result in better performance for theoretical

and practical reasons that are explained in the following section. Additionally, IKFlow lacks

a network that can calculate the forward kinematics, because the forward kinematics of a

system are easy to calculate analytically. IKFlow's single network can perform both inverse

kinematics and density estimation, which are di�cult to perform analytically but with re-

duced overall complexity. As a result of these di�erences, the accuracy achieved by IKFlow

is � 5x better in position, and � 3x better in orientation, as measured with the Panda

Arm and compared with Figure 3 in Kim and Perez [32].
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Figure 2.4 : Learning curves for networks with increasing coe�cient network widths
(left) and the number of coupling layers (right) for the Panda Arm robot. For the
coe�cient network width comparison, the network has 12 coupling layers, where
each coe�cient network has 3 fully connected layers. A width of 1024 has the highest
performance. For the coupling layer comparison, the coe�cient function is a 3x1024-
wide fully connected neural network with Leaky-Relu activation.

2.3 IKFlow: Learned Inverse Kinematics

The �rst step to learning inverse kinematics is to treat the solution space as a distribution

that has a uniform probability, which may have multiple intervals, and is conditioned on

the desired pose. We model the solution distribution with Conditional Normalizing Flows

because they are quicker than alternatives to sample, are stable when training, and are

capable of representing the full solution space [35]. Additionally, they don't face problems

such as vanishing gradients or mode collapse which are common when training Generative

Adversarial Networks (GANs), a di�erent neural generative modeling approach [35].

There are three steps to applying Conditional Normalizing Flows to the inverse kinemat-

ics problem. First, a data set must be constructed. Second, we must select an architecture

and parameters of the architecture. Third, we must design a loss function for minimizing

the di�erence between samples from the generative model and the data distribution.

14



2.3.1 Data Generation

One advantage of the inverse kinematics problem is the relative ease with which data can

be generated. All serial kinematic chains have known forward kinematics that can be

used to generate training data. Data is generated by uniformly sampling from the interval

de�ned by the joint limits. The joint samples are then fed through a forward kinematics

function to obtain the corresponding Cartesian pose. The Cartesian pose becomes the

conditional input to the network and the joint data is used as the target distribution. More

sophisticated sampling methods could be used to account for e�ects at joint limits and for

self-collisions, but we were able to obtain satisfactory performance without them and thus

leave this investigation for future work.

2.3.2 Normalizing Flow Architecture

The fundamental architecture of the network is de�ned by the use of normalizing 
ows and

was detailed in equations 2.1-2.4. The remaining design choices include the selection of a

base distribution, selecting the number of coupling layers, the width of each coupling layer,

and the speci�cation of the coe�cient network.

The base distribution a�ects the complexity of the density estimation and the sam-

pling speed. We chose the Normal distribution because it simpli�es the calculation of the

Maximum Likelihood Loss function and is quick to sample. The remaining choices for the

architecture a�ect the capability of the network to �t a target distribution. The width of

each coupling layer must be at least as large as the degrees of freedom; if it is larger than

the DOF it allows for multi-modal distributions to be more easily modeled. The number

of coupling layers required depends on the interactions of joints with each other. The more

complex the inter-joint relationship, the more coupling layers are required, as more layers

allow for more interaction between joints because of the permutation layers. The number of

coupling layers and the width of each can be found automatically by performing a hyperpa-

rameter sweep over a reasonable range (i.e. [1, 30] and [n, n + 10]). Finally, the coe�cient

network must be expressive enough to capture dependencies between the conditional infor-
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mation (i.e. the goal pose) and a subset of the layer values. Table 2.1 details the variable

parameters (selected by hyperparameter search) for each kinematic chain that we test. An

analysis was performed to demonstrate the impact of the number of coupling layers and

the width of the coe�cient function networks on the average Positional error of a network

Figure 2.4. This demonstrates that the error of a network decreases with increased size up

to a point, at which point increasing the network size does not improve performance.

2.3.3 Loss Functions

The Maximum Likelihood loss detailed in equation 2.5 is theoretically the only loss function

necessary for achieving high performance. However, for several of the kinematic chains

tested, training diverged when trained with the Maximum Likelihood loss. The cause of

this divergence was a mismatch between the dimension of the solution manifolds and the

base distribution.

Solution Sub-manifolds

In Figure 2.3(a) the last joint of the arm appears in only one position. This implies that

the solution space of that particular pose is not the same dimension as the joint space,

because only 6 of the 7 joints in the arm can vary. This is not a unique situation but

occurs throughout the con�guration space as some Cartesian poses can only be reached by

�xing one of the joints at a speci�c con�guration, for example at one of its limits. This is

problematic because the normalizing 
ow approach does not perform well on distributions

that have a lower dimension than the base distribution. Speci�cally, the change of variables

equation (2.1.2) does not hold if the base distribution and the target distribution are not

the same dimension. One way to ensure the target distribution and the base distribution

are the same dimension is to add noise that is the full dimension [31]. If the magnitude of

the added noise is passed in as a conditional variable, its e�ect can be removed at test time

16



by setting that piece of the conditional to 0:

c � U(0; 1)

v � N (0; c)

x̂ = x + v;

where c and v are drawn every training iteration, and added to the training data. The

resulting loss function is:

L = � log(pZ (z)) � log

�
�
�
�det

�
@g(zjp; c)

@zT

� �
�
�
�

� 1

; (2.6)

where p is the desired Cartesian pose.

2.3.4 Base Distribution Sub-sampling

One downside of using the Normal distribution for the base distribution is the tails of the

distribution. At evaluation time a point sampled from the tail of the Normal distribution

is likely to produce a solution that has a high error because the loss function encourages

known solutions to be closer to the mean of the distribution. In order to reduce the impact

of the tails the base distribution is sub-sampled at test time. This reduces the likelihood of

a point from the tail of a distribution, however, this encourages less diverse solutions. This

trade-o� is demonstrated by Figure 2.7. Thus the scaling of the base distribution should

be treated as a tuning parameter for the particular application of IKFlow.

2.4 Experiments

The models were built with the FrEIA framework [6] and trained with PyTorch [43]. Addi-

tional details about the network architectures and training parameters can be found in the

appendix. Once trained the model was evaluated on the three desired quantities: speed,

accuracy, and solution space coverage.

While evaluating a model, we use a scaling factor of 0:25, which provides an adequate

trade-o� between accuracy and diversity. We found that in general, this scaling factor

17



lowers the average positional error by� 30%, at the expense of an� 150% increase in

MMD Score.

Speed was measured by the time required to sample 100 solutions for a given Cartesian

pose, averaged over 50 randomly-sampled Cartesian poses. In addition, to understand how

the model scales, the runtime was measured as the number of requested solutions increased.

Model accuracy was measured by sampling 1000 test Cartesian poses and obtaining 250

joint solutions for each Cartesian pose. The joint solutions were then passed into a forward

kinematics routine to compute the realized Cartesian poses. The averaged di�erence be-

tween the 250000 desired and realized poses was recorded and reported in terms of position

and geodesic distance.

Sample diversity and solution space coverage was measured by calculating the MMD

score for ground truth samples and IKFlow samples. The MMD Score is found by taking the

average of 2500 Maximum Mean Discrepancy values, each calculated between ground truth

samples and the samples returned IKFlow. For each calculation, 50 joint space solutions

are generated by each method for a randomly drawn pose. The minimum possible MMD

value is 0. Values close to zero imply that the distributions are more similar; thus when

the IKFlow achieves a low MMD score, it provides good coverage of the solution space.

The ground truth samples were calculated by providing di�erent seeds to TRAC-IK for the

same Cartesian pose.

In addition, we compare IKFlow to an Invertible Neural Network (INN) [6] and to a

Mixture Density Network (MDN) [10] on two benchmarks|railY chain3 and Panda Arm.

The railY chain3 robot (�rst used by Ardizzone et al.), is a planar robot with 4 joints|the

�rst is a prismatic actuator along the y axis with limits [-1, 1]. The �nal three are revolute

joints with limits [ � � , � ] and associated arm segments of length 1. For a fair comparison,

the IKFlow and INN models have the same number of coupling layers and size of coe�cient

networks. The coe�cient networks are 3x1024-wide fully connected networks with Leaky-

Relu activation. A soft
ow noise scale of 1� 10� 3 was used across all of the models. The

learning rate was set to 5� 10� 4 and decayed exponentially by a factor of 0:979 after
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Figure 2.5 : Learning curves for IKFlow, INN, and MDN for the railY chain3 and
Panda Arm robots.

every 39000 batches. Models were trained until convergence on 2.5 million points using

the Ranger optimizer with batch size 128 using a NVIDIA GeForce RTX 2080 Ti graphics

card. These experiments were carried out on 10 di�erent kinematic chains across 6 di�erent

robots, to evaluate the generality of the approach across di�erent kinematic structures.

2.4.1 Benchmarking Implementation

For the railY chain3 test, the IKFlow and INN models both have 6 coupling layers with

3x1024-wide fully connected networks and a latent space dimension of 5. For Panda Arm,

both models have 12 coupling layers with 3x1024-wide fully connected coe�cient networks

and a latent space dimension of 10. The Mixture Density Network (MDN) has 70 and 125

mixture components for the railY chain3 and Panda arm respectively. MDN models were

implemented using thetonyduan/mdn repository [21].
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Figure 2.6 : The runtime of IKFlow, TRAC-IK, and TRAC-IK when seeded with
solutions returned by IKFlow as a function of the number of requested solutions for
the ATLAS Arm. The relationship for the IKFlow model is roughly linear. The steps
in the IKFlow graph correspond to the size of the batch that can be �t on the GPU.
Seeding TRAC-IK with IKFlow provides the 1e-6 accuracy of TRAC-IK with one
�fth the runtime of TRAC-IK.
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2.5 Results

Our results demonstrate that IKFlow provides a representative set of solutions, quickly,

with acceptable error. The results of all the experiments can be found in Table 2.2.

2.5.1 Comparative Evaluation

Benchmarking results are shown in Figure 2.5. On both test beds, the IKFlow model

performs considerably better than the other two models. These results are consistent with

previous �ndings [37], in which it is shown that Conditional INNs (cINNs) outperform INNs

on the railY chain3 testbed. The Panda Arm test bed demonstrates that IKFlow handles

higher dimensional problems better than the INN and MDN. The higher the dimension of

the problem, the more likely there is to be a lower dimension solution space that would

introduce instabilities in training.

2.5.2 Accuracy

The accuracy of the system output ranges from 7.72mm to 0.36mm and from 2.81 degrees to

0.15 degrees. For a point of reference, the mechanical repeatability of many industrial arms

is 0.1mm. This level of accuracy is su�cient for many tasks; additionally, these solutions can

also be quickly re�ned with numerical optimization approaches to reach arbitrary levels of

precision. For ATLAS Arm, re�nement takes on average 0.20 ms, as presented in Figure 2.6.

2.5.3 Runtime

The runtime of the approach is fast enough to enable its use as a sub-routine in other

algorithms. Nonlinear optimization approaches �nd a single solution in about 0.3 millisec-

ond [9], whereas IKFlow can return 500 solutions in 5ms. Figure 2.6 also demonstrates that

the approach scales linearly with the number of requested solution samples. The gradient

of the increase is low with 4; 000 samples found in 20 milliseconds. This means that even

complex solution sets can be approximated quickly. For a point of comparison, if TRAC-IK,
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Figure 2.7 : Positional Error and MMD Score of IKFlow as a function of the scaling
factor of the latent noise used to sample from the model. Reducing the scaling value
increases the model's accuracy at the cost of lowering the diversity of the returned
solutions.

a common nonlinear optimization-based IK solver [9], is fed random seeds in hopes that

the local minima it �nds are di�erent, it takes more than a second to return 1 ; 000 samples.

Notably, however, TRAC-IK takes approximately 5x less time to run when seeded with

an approximate solution returned by IKFlow. Empirically, it is faster to �rst run IKFlow

to generate seeds before running TRAC-IK when requesting 7 or more solutions.

2.5.4 Solution Space Coverage

Figure 2.3 provides a qualitative comparison of ground truth samples with samples from

IKFlow. The solution spaces look quite similar and provide reference points for the MMD

score for other chains. All of the kinematic chains included have a MMD score under 0:05.

This implies that the IKFlow solution spaces are very similar to the ground truth samples,

with only a few erroneous solutions, or small gaps in coverage.
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2.5.5 Limitations

While the proposed method is shown to accurately model kinematic chains with L2 Position

error as low as 0.36 mm, it has been found that the training time required for models to

reach a given position error grows with the complexity of the kinematic chain that is being

modeled. While there exist geometrically derived formulations of kinematic complexity, we

choose a simple formulation|the sum of the di�erences between the upper and lower limits

for every joint in the robot:
nX

i =1

ui � l i ; (2.7)

whereui and l i are the upper and lower limits, respectively, for joint i . Here this is referred

to as the sum of joint limit ranges. An experiment was performed by arti�cially expanding

the joint limits for three robots and measuring the resulting number of training batches

required for the respective IKFlow models to reach 1cm of error. The results indicate

that the number of training batches required for IKFlow to reach a given L2 error grows

exponentially with an increase in equation 2.7 of the kinematic system it is modeling. The

results of this experiment are shown in Figure 2.8.

IKFlow is a novel IK solver capable of providing quick, accurate, and diverse solutions

for kinematically redundant robots operating in SE(3), based on modeling IK solutions as

a distribution over joint poses and using deep generative modeling to model these distribu-

tions. Our experiments demonstrated that IKFlow can generate hundreds to thousands of

solutions covering the solution space in milliseconds. The average pose error of the results

showed that our approach is capable of �nding solutions with millimeters of translation

error, and less than 1.5 degrees of rotational error. These results demonstrate that IKFlow

can serve as the basis for the expanded functionality of 7+ DOF kinematic chains. In

the next chapter we step up a layer in the planning hierarchy to construct and optimize

controllers.
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Figure 2.8 : The number of training batches before the IKFlow model reaches an
average of 1cm L2 position error as a function of the sum of the joint limit ranges
of the kinematic chain. The actual robot is plotted as a star - the other kinematic
chains have arti�cially expanded joint limits. The results indicate that the number
of training batches to reach 1cm of error grows exponentially with the sum of the
joint limit ranges.
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Chapter 3

Improved Feedback Motion Planning

Figure 3.1 : An illustration of controller overlap. The cyan region highlights the
overlap between funnels, which can be used for estimating the consistency of their
value estimates.

In the previous part, symbols were de�ned to have a precondition and an e�ect. The

precondition and e�ect ensure that the symbol can be sequenced with other symbols. In

the prior chapter, these were constructed by gathering data, clustering the data, and then

constructing a classi�er around the clusters. This may not always be a feasible, or desirable,

approach because it requires a number of demonstrations, and gathering demonstrations

on a robot is expensive. In the control community, there has been a considerable amount

of work applied to understanding the region of attraction for a controller. The region of

attraction for a controller is the subset of state space from which the controller can be
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