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Abstract

We study what happens when preference information is compressed twice in metric so-
cial choice: first from full information of preference intensities to full ordinal rankings, and
then from full rankings to only pairwise comparisons. The first compression already lim-
its what a rule can know; the second makes elicitation scalable, but it discards additional
relational structure and weakens deterministic distortion guarantees. We ask whether
pairwise data can be enriched just enough to recover the well-known distortion-3 guar-
antee available from full rankings, while keeping the tournament-style format that makes
pairwise methods attractive.

We introduce Deliberation via Matching, a protocol that, for each pair of candidates,
matches voters who disagree on that pair, lets each matched dyad choose the candidate
with lower total cost to the two voters, and combines these dyadic outcomes with the
original votes into a weighted tournament. Applying a weighted uncovered-set rule to
this enriched tournament achieves distortion 3 for an appropriate choice of parameters.
In this sense, minimal dyadic deliberation lets tournament aggregation recover the deter-
ministic full-ranking guarantee, while breaking past the lower-bound barrier known for
deterministic tournament rules without deliberation.

Our analysis rewrites the worst-case distortion problem as a bilinear optimization
and then uses structural reductions to collapse extremal instances to a finite-dimensional
program. We also give a sampling-based implementation that achieves distortion 3 +
e with high probability while keeping per-voter participation very low in large elec-
torates. Finally, we prove complementary lower bounds showing both the optimality of

the distortion-3 guarantee for our protocol and broader limitations of dyadic deliberation.
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Introduction

When evaluating collective decisions, it is often necessary to understand not just what
people prefer, but how strongly they prefer it. If a decision helps one person slightly but
harms another deeply, a good decision rule would account for that asymmetry. Capturing
this requires cardinal information, the exact magnitude of individual preferences. But
extracting this data directly is rarely practical.! Because of this, systems compromise.
They ask for ordinal information instead, trading exact magnitudes for simple ranked
lists of the presented options.

In practice, however, even full ordinal rankings are often too much to ask. As the
number of options grows, ranking them all becomes a heavy cognitive burden: if one
pairwise comparison costs one unit of effort, a full ranking costs many such units. Large-
scale systems therefore often reduce elicitation to a series of simple binary questions, such
as “X or Y?” These pairwise comparisons are easy for participants to answer and for
systems to process, which makes them especially attractive at scale.

But this ultimate simplicity comes with a mathematical cost. When we reduce an indi-
vidual’s full ranking into isolated binary tallies, we throw away crucial relational structure
between the alternatives. In the models we study, that information loss weakens worst-
case welfare guarantees: mechanisms that rely only on aggregated pairwise comparisons
are provably less powerful than mechanisms that observe full rankings.

We are therefore left with a strict trade-off: binary queries are cheap, but richer infor-

mation supports better welfare guarantees. This tension motivates the central conceptual

11t is unrealistic to ask the general public directly to report cardinal signals by quantifying their preference

intensities, for instance, asking a participant, “do you prefer option X at least /2 times as much as option
Y?II



question of this thesis:

Can we upgrade pairwise comparisons in a way that preserves their low elicitation

cost while recovering some welfare benefits of richer preference data?

The rest of this introduction formally grounds this question and explains why we be-

lieve dyadic deliberation offers a compelling answer.

1.1 Motivation

Consider a hiring committee of 99 people deciding between two candidates, X and Y.
Suppose 50 committee members slightly prefer X to Y, while the remaining 49 members
strongly prefer Y to X, perhaps because candidate Y aligns perfectly with their depart-
mental vision, whereas candidate X represents an extreme ideological distance that would
likely lead to severe consequences. A standard majority vote would elect candidate X. Ac-
counting for the underlying intensities reverses the conclusion: candidate Y becomes the
superior choice for the overall welfare of the group. The example illustrates a general
mechanism-design tension. Ordinal inputs preserve relative direction while discarding
magnitude, and magnitude often carries the welfare signal.

To study this rigorously, we need a way to measure how much welfare can be lost
when the mechanism observes only ordinal information. A standard approach is via dis-
tortion [PR06], which measures the worst-case inefficiency of a social choice rule relative
to the true welfare-optimal outcome under the same underlying instance. It asks how
far a rule can deviate from the optimum when the mechanism observes only preferences
rather than the underlying welfare values. Many classical approaches work in a utilitar-
ian framework, where each voter has a utility for each outcome [CP11; FM14; BCH+15;
CNPS17]. In recent years, an alternate framework called metric distortion, in which vot-
ers and candidates coexist in a shared latent metric space (so the costs are regularized by
triangle inequalities), has given rise to a plethora of work [AP17; ABE+18; GHS20; KK22;
CRWW?24]. In this thesis, we study the latter.

2



The metric model gives a concrete interpretation of intensity while keeping the mech-
anism’s observations ordinal. Each voter’s cost for a candidate is the distance between
them in the metric, and each voter’s observable ranking is induced by these distances,
since voters prefer candidates who are closer to them. An omniscient decision-maker
would pick the candidate minimizing total cost to the electorate. Under metric distortion
constraints, the distances themselves remain hidden, and a “good” social choice rule thus
attempts to approximate this omniscient ideal as much as possible.

A vibrant line of work has mapped out the limits of metric distortion when the mech-
anism receives the complete ordinal profile, meaning each voter reports a complete rank-
ing of all candidates. In this information model, any deterministic social choice rule must
have distortion at least 3 [ABE+18], and over time a series of research papers [MW19;
Kem?20a; GHS20; KK22] collectively closed the gap by designing deterministic rules with
amatching upper bound, i.e., ones that attain distortion 3. Randomized rules improve fur-
ther, pushing below the deterministic barrier [CRWW24]. These results pin down what
can be guaranteed when the mechanism has access to all ranking information.?

But this is also where practice begins to diverge from theory. Full rankings can be
expensive to elicit and unreliable at scale. People can compare a few options quickly and
reliably, but not as easily when the number of options grows. This motivates tournament
rules, which determine the winner using only the outcomes of pairwise contests between
candidates (such as using majority votes, known as the Copeland rule), as they keep the
elicitation mechanism simple and compress the election into a compact pairwise sum-
mary. Mathematically, tournament rules also admit a natural sampling story: because the
mechanism only uses pairwise tallies, these quantities can be estimated from a limited
number of queries, so each voter answers only a small number of binary questions.

Unfortunately, that restriction to pairwise comparisons comes with a welfare trade-off.

2 The lower bound of 3 easily arises from a variant of the opening example. Embed an instance in R such
that X = 0 and Y = 1. Suppose there are n voters. Suppose half of them prefer X over Y and the other
half prefers Y over X. Without loss of generality assume the winner is X. Embed voters such that those who
prefer X are located at 1/2 — € and those who prefer Y are at 1. Then as € — 0 the social cost of X (which
tends to 3711/2) over that of Y (which tends to 11/2) approaches 3.

3



Even with complete ordinal profiles, it is known that any deterministic tournament-based
voting rule faces a provably worse lower bound of 3.11 on metric distortion, and the tight-
est known upper bound remains much looser at 3.93 [CRTW25]. This creates a concrete
gap to explain and, potentially, to close: full-profile mechanisms can achieve distortion 3,
while the subclass of tournament rules cannot. So what went wrong? Intuitively speak-
ing, full rankings contain relational structure that disappears once we compress the profile
to just pairwise comparisons, and the lost structure matters in the worst case.

If we want to close this gap without giving up the tournament framework, then we
need additional signal that can still live inside the same basic object a tournament rule
consumes: a collection of binary outcomes for candidate pairs. That requirement rules
out many natural ways to recover intensity. Asking voters for cardinal scores changes the
elicitation model entirely. Allowing open-ended deliberation among large groups changes
the computational object as well, because the mechanism would no longer be aggregating
pairwise contests. We therefore look for the smallest intervention that can plausibly reveal
“how much” without changing the external format of the data.

Dyadic (pairwise) deliberation is a particularly clean candidate for this role. A dyad,
i.e., a pair of voters, is the smallest group in which disagreement can be resolved through
the exchange of reasons, and it still produces the same kind of output as an ordinary pair-
wise vote: a single joint comparison between X and Y. Operationally, dyads also preserve
the scalability story that motivates pairwise comparison methods in the first place. Many
dyads can deliberate in parallel, and the mechanism still receives a tournament-like sum-
mary over candidate pairs rather than a richer object that would require new machinery.

More broadly, the idea of deliberation fits naturally within collective decision making.
A group’s consensus rarely emerges from isolated votes. When voters engage in conversa-
tions, they exchange reasons, clarify stakes, and communicate which outcomes they view
as especially costly. A rich body of research in deliberative democracy, including delib-
erative polling [Fis91] and citizens” assemblies [WP08; ABFP25], studies how structured

opportunities for discussion can efficiently shape collective judgments. To capture this

4



intuition in a model that remains compatible with tournament aggregation, we focus on
structured two-person interactions that still produce a single binary outcome on a given
candidate pair.

For a voter pair (u,v) and a candidate pair (X, Y), we collect a single joint comparison
between X and Y. We instantiate this through a welfare-oriented model aligned with the
metric setting: given a metric d, a voter pair (1, v) favors X whenever d(u, X) +d(v, X) <
d(u,Y) +d(v,Y)3. Each dyad still outputs one bit about the same pairwise contest. The
key change is what that bit can represent when the paired voters disagree: the dyad’s out-
come tracks combined harm (and thus utility), so a large stake on one side can outweigh
a mild preference on the other.

Let us revisit the committee example and make the intuition concrete. Put a voter who
mildly prefers X in conversation with a voter who strongly prefers Y. Any reasonable
discussion surfaces the asymmetry: electing X imposes a large cost on one participant
and yields a small gain to the other. Under the dyadic model, the pair can jointly support
the candidate that minimizes their combined harm, even when that candidate would lose
under raw majority comparison. Repeated across many pairs, these localized exchanges
can reshape the picture in a way that strongly suggests that Y might be a better choice
despite X having the slight majority vote advantage.*From the perspective of the mecha-
nism, which oversees many such discussions, all new information, nevertheless, remains
local within the pairwise tallies between the candidate pair (X,Y), and this is consistent
with tournament aggregation.

This leads to the central question of the thesis:

Can the addition of dyadic deliberation bridge the informational gap between full rank-
ings and pairwise comparisons, enabling tournament rules to achieve the optimal met-

ric distortion bound of 3?

3 We handle ties, i.e,, when d(u, X) +d(v, X) = d(u,Y) + d(v,Y), in an arbitrary consistent way. See Chap-
ter 4.

* We purposefully keep this explanation informal. While pairwise deliberations suggest that a simple ma-
jority vote may be insufficient, we defer the formal specification of how these deliberations are incorporated.
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1.2 Contributions

In short, we give an affirmative answer to the question raised above.

As noted previously, dyadic deliberation shines when queried on voters with oppos-
ing views on two given candidates, because any such deliberation acts as a binary indica-
tor that helps find the voter with stronger sentiments between the two.

Building on this observation, we propose and analyze a novel and natural protocol for
deliberation based on pairwise discussions with opposing views, which we call the De-
liberation via Matching protocol. On a high level, we aim to form a tournament graph
on the set of candidates whose edge weights carry enriched information. Our protocol
refines each candidate pair (X,Y) by forming an arbitrary maximum-cardinality match-
ing among voters who disagree on their relative rankings of X and Y, pairing them into
disjoint dyads. Each matched dyad undergoes a brief deliberation to output a single joint
comparison of X and Y. These deliberative outcomes, together with the raw preferences
of every voter, are then appropriately weighted and aggregated to define the pairwise
weight between X and Y in the tournament graph. Finally, the collective decision is deter-
mined by applying the A-weighted uncovered set tournament rule [Mil80; MW19] to the
weighted tournament graph. We formally define this protocol in Chapter 4.

Our main contributions are as follows.

¢ Optimal distortion bound. We prove, in The Main Theorem, that the deliberation-

via-matching protocol achieves a metric distortion of 3 for an appropriate choice of
parameters (A, w). This breaks the previous 3.11 lower bound for deterministic tour-
nament rules without deliberation [CRTW25] and exactly matches the deterministic
optimum of 3 for general social choice rules [ABE+18; GHS20; KK22]. Conceptually,
this demonstrates that tournament rules are just as powerful as general social choice rules
when given the minimal added power of pairwise deliberations.

* Tractable analysis via bilinear forms. The key difficulty in analyzing deliberative

protocols is that worst-case distortion is typically expressed as the solution to a non-



linear, nonconvex optimization over feasible metric instances [GGM25]. We give an
analytic proof approach that reduces this objective to a form amenable to structural
simplification, allowing worst-case instances to be collapsed to a finite parametriza-
tion and certified via explicit extremal analysis.

Full-information analysis and sampling-based approximation. We first analyze
the protocol in its full-information form, where the weighted tournament is con-
structed from the complete set of pairwise comparisons and dyadic deliberations,
and establish its exact guarantees. We then show that the same tournament can
be accurately approximated from samples. In particular, it suffices to sample T =
O (ei2 In ) voters per candidate pair (for m candidates), yielding O(m?T) total sam-
pled comparisons. This limits the expected participation to O(m?T/n) per voter
(for n voters). In particular, when n = w(m?T), then any given voter participates in the
process for at most one pair (A, B) with high probability, and hence in at most one delibera-
tion. For constant €, this becomes n = w(m?log m). This preserves the low cognitive
burden that makes tournament rules practically appealing while bridging the gap
between ordinal simplicity and cardinal efficiency.

Tightness and lower bounds. We complement our positive results with uncondi-
tional lower bounds. We prove that any deterministic social choice rule that relies
solely on individual votes and pairwise deliberations must suffer a metric distortion
of at least 2 (Section 7.3). Finally, we show that the bound of 3 is strictly optimal for
the deliberation-via-matching protocol; for any parameter choice (A, w), there exists
an instance with distortion at least 3 (Section 7.2). We leave open the gap between
distortions 2 and 3 for rules whose input consists of ordinal rankings arising from
dyadic deliberations (i.e., complete information on whether any (u, v) jointly ranks
any candidate A over any other candidate B); we record one such attempt to reduce

this gap in Section 7.4.



Roadmap

The thesis is organized as follows. In Chapter 2 we review the relevant literature on
distortion, metric social choice, tournament rules, and deliberative social choice. In Chap-
ter 3 we introduce the formal framework used throughout the thesis, including the metric
distortion model, weighted tournaments, the A-weighted uncovered set, and the dyadic
deliberation primitive. In Chapter 4 we formally define our deliberation-via-matching
protocol in its full-information form.

The technical core of the thesis is in Chapter 5, where we prove the main distortion
guarantee (The Main Theorem). We begin in Section 5.1 with a warm-up analysis for
a special parameter choice that admits a straightforward analysis. We show that under
this setting, the deliberation-via-matching protocol achieves a distortion bound of 2 for
two candidates, and a tight distortion bound of 4 for an arbitrary number of candidates.
We then turn to the general analysis. In Section 5.2 we reduce the problem into a three-
candidate instance via the A-weighted uncovered set. In Section 5.3, we reformulate the
worst-case distortion as a bilinear optimization problem. In Sections 5.4 and 5.5, we estab-
lish the structural reductions that drastically simplify this problem, including canonical
ways to couple the relevant variables and to characterize the matching structure. Finally,
in Section 5.6, we combine these ingredients to complete the proof of The Main Theo-
rem, showing that for an appropriate choice of parameters, the deliberation-via-matching
protocol achieves distortion 3 for an arbitrary number of candidates.

In Chapter 6 we study how to approximate the protocol from samples. In Section 6.1
we introduce the fractional matching score, which makes the protocol compatible with
sampling. In Section 6.2 we prove that the weighted tournament used by the full-information
protocol can be estimated accurately from a small random sample of voters. Then, in
Section 6.3 we connect the perturbed tournament back to distortion, and show that the
distortion analysis is stable under these perturbations. Together, these results yield a

sampling-based implementation of the deliberation-via-matching protocol whose distor-



tion is arbitrarily close to 3 with high probability.

In Chapter 7 we collect some additional results. In Section 7.1 we record the explicit
dual certificates for the linear programs that arise in the proofs in Section 5.6. In Sec-
tion 7.2 we show that the distortion bound of 3 stated in The Main Theorem is tight for
the deliberation-via-matching protocol itself, across all parameter choices, and hence that
the parameter choice used in Section 5.6 is optimal for this protocol. In Section 7.3 we take
a step back from our specific protocol, and prove more general lower bounds for dyadic
deliberation, showing that even substantially richer dyadic information cannot drive de-
terministic distortion below 2 or randomized distortion below 3/2 in expectation. We also
complement this lower bound with a near-optimal randomized rule for the two-candidate
case. Finally, in Section 7.4, we record an attempt to close the gap of 2 (from Section 7.3)

and 3 (from our protocol), using the framework based on [GHS20].



2

Related Work

We first place our problem in the broader distortion literature, then review recent ad-
vances in metric distortion and the specific limitations of tournament rules, and finally
discuss deliberative social choice and dyadic interaction. We defer the formal definitions

of distortion, tournament rules, and dyadic deliberation to Chapter 3.

(Utilitarian) Distortion and Welfare Under Limited Information

The notion of distortion was introduced to quantify the welfare loss caused by making
collective decisions from ordinal information rather than from underlying cardinal pref-
erences [PRO6]. In the classical utilitarian single-winner setting, a line of work showed
that simple deterministic rules can have large worst-case loss, with PLURALITY achieving
O(m?) distortion (where m is the number of candidates), and this guarantee is essentially
tight for deterministic single-winner rules [BCH+15; CP11]. Randomization substantially
improves this bound: the randomized constructions of [BCH+15] achieve O(y/m) distor-
tion, matching lower bounds up to logarithmic factors. The resulting literature grew into
a general theory of information-constrained welfare maximization, surveyed in detail by
Anshelevich et al. [AFSV21], and also extended to adjacent settings such as subset se-
lection [CNPS17]. More recent work studies what happens when the mechanism receives
slightly richer information than a pure ranking. For instance, a long line of work [ABFV21;
ABFV22; ABFV24; ES25] studies distortion assuming the input additionally contains a
small number of cardinal queries or partial value information. Another direction is to
study distortion with predictions, where the ordinal input is combined with (potentially

unreliable) cardinal advice. In the model studied by [FKV25], the standard objective of

10



a single worst-case guarantee is replaced by a consistency-robustness tradeoff: the for-
mer measures the distortion when the oracle is truthful, and the latter when the oracle is

unreliable.

Metric Distortion in Single-winner Social Choice

Our work lies most directly in the metric distortion framework, where voters and candi-
dates are embedded in a common latent metric space and rankings are induced by dis-
tance. This framework was first introduced by Anshelevich et al. in [ABE+18], building
on earlier work by Procaccia and Rosenschein [PR06] and drawing connection to the clas-
sical spatial theory of voting [EH84; MG09]. In their seminal work, Anshelevich et al.
established the now-standard benchmark for deterministic social choice rules: when only
ordinal information is available, any deterministic rule must incur distortion at least 3,
and the well-known Copeland rule has distortion at most 5. Subsequent work clarified
that many classical rules remain quantitatively far from optimal in the metric model, in-
cluding positional scoring rules and STV [SE17]. The main deterministic line then focused
on closing the gap between 3 and 5. Munagala and Wang [MW19] were the first to reduce
the gap, using the notion of the uncovered set and proposing a tournament rule with dis-
tortion at most 2 + /5 ~ 4.236. They additionally formulated a strong graph-theoretic
condition that would imply distortion 3. These results were independently derived by
Kempe [Kem20a] using a linear programming framework in an attempt to unify some
of the previous results. Eventually, Gkatzelis, Halpern, and Shah [GHS20] resolved the
optimal deterministic metric distortion conjecture by proving the existence of a candidate
satisfying the relevant condition, yielding distortion 3 via PLURALITYMATCHING. Subse-
quently, Kizilkaya and Kempe gave simpler and more practical rules known as PLURALI-
TYVETO [KK22] and the generalized (p, q)-veto core [KK23]. To date, this family remains
the only known class of optimal deterministic rules.

On the randomized side, RANDOMDICTATORSHIP, arguably the most “natural” ran-

domized rule that simply selects the top choice of a random voter, and related rules gave
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a general upper bound of distortion 3, while the canonical lower bound remained 2 for
many years [FFG16; AP17]. This lower bound was later improved to 2.1126 by Charikar
and Ramakrishnan [CR22], and independently to 2.063 by Pulyassary and Swamy [PS21].
The very recent work by Charikar et al. [CRWW24] broke the long-standing upper-bound
barrier by giving a rule with distortion below 2.753.

Taken together, these papers paint a near complete picture of metric distortion for
rules that observe ordinal rankings only: a well-studied deterministic benchmark at dis-
tortion 3, a still-open gap for randomized rules, and a recurring theme that the structure
of the available information governs what guarantees are possible. As the literature in
ordinal-rankings-only metric distortion becomes increasingly saturated, researchers have
also begun studying how additional enrichment of the ordinal profile can improve dis-
tortion guarantees, for instance, whether access to a small amount of cardinal preference

strengths lead to better guarantees [AAZ19; AALS26].

Tournament Rules and Low-information Aggregation

A second body of work, closer to the present thesis, studies social choice rules that ag-
gregate only pairwise comparisons between candidates. Such tournament-style rules are
classical in social choice. Two canonical examples include the Copeland rule [Cop51] and
the uncovered set [Mil80]. Their appeal in metric distortion is twofold. First, they use a
compressed representation of the profile, namely pairwise comparison frequencies rather
than full rankings. Second, they align naturally with low-communication and sampling-
based implementations, where only a small number of comparisons need to be elicited
or estimated [Kem20b; GAX17; FGMP19; MSW20]. This perspective has also become
practically salient in pairwise-preference pipelines such as learning from human feedback
[CLB+17].

Unfortunately, as mentioned earlier, in terms of worst case metric distortion, tourna-

ment rules are suboptimal. Deterministic rules with access to full ordinal rankings can
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attain the optimal distortion of 3 [GHS20; KK22; KK23], but Charikar et al. showed that
any deterministic tournament rule must incur distortion of at least 3.1128 [CRTW25]. The
same paper also provided a tournament rule whose distortion is at most 3.9312, and this
is the best bound for tournament rules currently known. Earlier work also showed that
no randomized tournament rule can beat distortion 3 [GKM17].

Still, there are plenty of meaningful positive results within this restricted model. On
the deterministic side, Munagala and Wang [MW19] gave the first deterministic weighted
tournament rule improving over the Copeland bound of 5, obtaining distortion 2 + /5 via
the weighted uncovered set, and Kempe [Kem20a] later recovered this guarantee within
a broader LP-duality framework. On the randomized side, MAXIMALLOTTERIES, a clas-
sical weighted-tournament rule with roots in [Kre65; Fis84; LLL93], and later revisited
from a game-theoretic perspective [RS10], attains distortion 3, the best possible among all
randomized tournament rules.

It then follows that the recent sub-3 breakthrough for randomized metric voting [CRWW24]
must have used information beyond the aggregated pairwise results. This conceptual gap
directly motivates our setting: can one minimally enrich tournament aggregation so as to
recover some of the structures lost when full rankings are collapsed into pairwise com-

parisons?

Deliberative Social Choice and Small-group Aggregation

The final set of related work comes from deliberative democracy and its algorithmic for-
malizations. In political theory and empirical work, deliberation is often justified as a
way to transform isolated preferences into better collective judgments, with deliberative
polling, mini-publics, and related institutions providing the standard reference points
[Fis91; IL18]. A classical empirical conclusion is that large, unstructured forums are vul-
nerable to normative and informational pressures that can distort participation and opin-

ion formation [PNCO06]. Related normative work has argued that dyadic and other small-
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group formats deserve separate analysis rather than being treated merely as impoverished
versions of large-scale discursive democracy [Sch02].

In computational social choice, Fain et al. gave an early formal model of sequential de-
liberation on median graphs and showed that repeated local bargaining can lead to strong
welfare guarantees in restricted metric domains [FGMS17]. More recently, Caragiannis,
Micha, and Peters studied sortition through metric distortion, highlighting a distinct but
related route by which a small subset of agents may stand in for the whole electorate
[CMP24]. The closest prior work to ours is the recent framework of Goel, Goyal, and
Munagala, where every group of size k deliberates over every pair of candidates and the
resulting pairwise outcomes are aggregated by a tournament rule [GGM25]. Their results
show that three-person deliberation (k = 3) can beat the classical deterministic and tour-
nament barriers, but their dyadic protocol (k = 2) still leaves a substantial gap. This makes
two-person deliberation the critical unresolved case. Finally, a more applied literature on
Al-assisted and online discussion systems suggests that structured small-group interac-
tion is increasingly plausible at scale, including chat-based interventions and moderation
tools that aim to improve the quality and balance of discussion [ABB+23; KEO+20]. Our
thesis sits at the intersection of these lines: it asks whether the smallest nontrivial deliber-
ative unit, a matched pair of disagreeing voters, is already sufficient to restore the power

lost when aggregation is restricted to tournament information.
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3

Preliminaries

We now introduce the formal framework used throughout the thesis. We work in the
metric distortion model, in which welfare is determined by latent distances but the mech-
anism observes only the ordinal preferences induced by those distances. We also recall
the tournament representation and the A-weighted uncovered set rule used later, and we
formalize the dyadic deliberation primitive that enriches pairwise comparisons while pre-

serving their binary form.

Metric Distortion Framework

We first define the metric distortion model. Let V denote a finite set of n voters, and let
C denote a finite set of m candidates’. Throughout the thesis, we use lowercase letters
to denote individual voters and uppercase letters to denote individual candidates. We
assume V U C is embedded in a common latent metric space (M, d). For a voter u € V
and a candidate X € C, the quantity d(u, X) is interpreted as the cost incurred by voter u
if candidate X is selected.

Ordinal ties may in principle occur when two candidates are at equal distance from a
voter. Whenever this happens, we break ties according to an arbitrary but fixed rule; none
of our results depend on the particular choice. Thus each voter induces a strict ranking
>~y over C,and X >, Y implies d(u, X) < d(u,Y).

The mechanism does not observe the metric d. It only observes the induced ordinal
profile o = (>u)uev. We say that a metric 4 is consistent with ¢ if it induces exactly this

ordinal profile.

1 We use the script letter C so that the upper case letter C remains available in other contexts.
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For any two candidates X,Y € C, let XY = {u € V : X >, Y} denote the set of voters
who prefer X to Y, and let | XY| be its cardinality. For a candidate X € C, define its social

cost under metric d to be

SC(X) =SC(X;d) = ) _ d(u,X)

ueV
where we omit d when the metric is clear from context. A socially optimal candidate
is any candidate X* that minimizes the above quantity. A deterministic social choice
rule isamap F : 0 — F(0) € C that selects a winner from the observed ordinal profile.
Its distortion is the worst-case ratio between the social cost of a selected candidate and
that of a socially optimal candidate, taken over all ordinal profiles and all latent metrics

consistent with those profiles. Formally,

SC(F(0);d)
minycc SC(X;d)’

Distortion(F) = sup sup

0 d consistent with o

This quantity measures the informational price of relying only on ordinal data. A
smaller distortion means that the rule remains closer, even in the worst case, to the choice

that an omniscient planner would make if the underlying metric were fully known.

Weighted Tournaments and the A-Weighted Uncovered Set

Because the protocols we study aggregate pairwise comparisons, it is convenient to en-
code the available information as a weighted tournament on the candidate set.

A weighted tournament on C assigns to every ordered pair of distinct candidates
(X,Y) a number f(XY) € [0,1] such that f(XY) + f(YX) = 1. Note that f(XY) can
be viewed as the weight of the directed edge X — Y in the tournament graph, and it
should be interpreted as the strength of the pairwise evidence in favor of X over Y. In the
purely ordinal setting, the natural choice is f(XY) = |XY|/n, the fraction of voters who
prefer X over Y. In Chapter 4, we will use the same notation for pairwise weights that also
incorporate deliberative outcomes, so it is convenient to state the tournament framework

at this level of generality from the outset.
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A tournament rule is a social choice rule whose input is such a weighted tournament
rather than the full ranking profile. This class of rules is especially natural when the mech-
anism is designed around pairwise comparisons, since the entire election is summarized
by directed, weighted contests between candidates.

One classical example is the Copeland rule. In an ordinary majority tournament, the
Copeland score of a candidate X is the number of candidates Y # X that X defeats by
simple majority,

Copeland(X) = |[Y € C\{X} : f(XY) > 1/2]],

and a Copeland winner is a candidate with the maximum Copeland score. We mention
Copeland mainly as a benchmark, since it is a standard and widely studied tournament
rule and also appears in prior work in metric distortion [ABE+18].

The tournament rule used in this thesis is the A-weighted uncovered set (A-WUS),
following [MW19]. Fix a parameter A € [1/2,1]. A candidate X € C is said to belong to
the A-WUS if for every other candidate Y € C, at least one of the following two conditions
holds:

e f(XY)>1—A,or

e there exists a third candidate Z € C\{X, Y} such that f(XZ) > 1—Aand f(ZY) >

A

In words, X is in the A-WUS if every rival Y is either defeated directly by sufficiently
strong pairwise support (= 1 — A), or defeated indirectly through an intermediate candi-
date Z. Itis known that the Copeland winner always belongs to the (1/2)-WUS [ABE+18].
Consequently, one may view the A-WUS as a natural extension of a familiar tournament
solution.

Our rule simply selects a candidate that belongs to the A-WUS. For every A € [1/2,1],
the A-WUS is nonempty [MW19], so the rule is always well defined. Whenever A-WUS
contains more than one candidate, we assume that the final winner is chosen using an

arbitrary but fixed tie-breaking rule within it.
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When this rule is applied to the purely ordinal tournament with edge weights f(XY) =
|XY|/n, selecting any candidate from the A-WUS with A = (1/5 — 1) /2 ~ 0.618 achieves
metric distortion at most 2 + /5 ~ 4.236 [MW19; Kem20a]. We will later apply the same
tournament rule to a different weighted tournament, whose edge weights incorporate
deliberative outcomes. In that setting, the enriched pairwise information allows a sub-

stantially stronger guarantee.

Dyadic Deliberation

We will use the two-person deliberation model with averaging. A deliberation instance

consists of two voters u, v and two candidates X, Y. The pair (1, v) supports X over Y if
du,X)+d(v,X) <d(u,Y)+d(v,Y),

i.e., the pair selects the candidate with smaller total cost to its two members. Ties are again
broken in a fixed and consistent manner.

It is worth clarifying that our model should be understood as an aggregation primitive,
not as a model of persuasion or opinion change. Voters enter the protocol with fixed latent
preferences determined by their locations in the metric space, and those locations remain
unchanged throughout. Accordingly, dyadic deliberation does not alter the underlying
preference profile. Instead, it takes the two voters” preexisting preferences and produces
a single pairwise signal that can be incorporated into the final tournament.

This choice is also consistent with the protocols studied later, especially the sampling-
based approximation variant Chapter 6, in which each voter is typically queried only a
small number of times. In that regime, there is little scope to meaningfully represent
changing views across repeated interactions. For our purposes, what matters is therefore
not how preferences evolve during discussion, but rather how a dyad aggregates two

voters’ original preferences into a single binary comparison between X and Y.
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Notation for Later Sections

Our main theoretical result is The Main Theorem and its proof spans Chapter 5. Our
analysis specializes to three candidates from Section 5.2 onward. At that point, we write
A, B, C for those candidates, and free the use X, Y for auxiliary quantities defined in Defi-
nition 5.3.1. When that happens, we will say so explicitly. Below, we provide an overview

of core notation that we use in the main parts of the thesis.

Table 3.1: Core notation used in the main development of the thesis

Symbol Meaning First introduced /
scope
V, n=|V| voter set and number of voters Throughout
C, m=|C| candidate set and number of candidates Throughout
u,v generic voters Throughout the
analysis
XY generic candidates Chapters 3 and 4;
this role ends at
Definition 5.3.1
(M,d) latent metric space and distance function Throughout
d(u, X) cost incurred by voter u if candidate X is Throughout
selected
=u voter u’s strict ranking Throughout
XY, |XY] set of voters preferring X to Y, and its Throughout
size/mass
SC(X) social cost of candidate X Throughout
f(XY) (generic) tournament edge weight from X to Y Throughout, mostly
before the end of
Chapter 5
A, A-WUS uncovered-set threshold and the Throughout
corresponding weighted tournament rule
Mxy (an arbitrary) maximum-cardinality matching  Chapter 4 onward
between XY and YX
Wxy, Wyx number of matched pairs in Mxy that jointly Chapter 4 onward
favor X (resp. Y)
score(XY; w) weighted pairwise score combining raw Chapter 4 onward
support and dyadic wins
f(XY;w) normalized protocol edge weight; abbreviated Chapter 4 onward

as f(XY) when context is clear
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Symbol Meaning First introduced /
scope
A,B,C fixed three-candidate reduction, with A the From Section 5.2

A > C pairs, etc.

| X || oo, etc.

Zmin(0)
Dr(X,Y)
OPT(R), R*
Mac, Mcp

Wac, Wea

pi» Xi, Yi, Zi

selected winner, B the socially optimal
candidate, and C the witness candidate from
the A-WUS reduction

named dyadic outcomes in the reduced (A, C)
and (C, B) matchings

reparameterization of a voter v

normalized voter-mass distribution on
realized voter locations, and the
one-dimensional distributions induced by X
and Y

sup (max) norms entering the
metric-feasibility constraints and the formula
for Zmin

minimum metric-feasible value of Z(v) given
Xand Y

bilinear objective used to certify distortion at
most R +1

optimum value of the bilinear program at
parameter R

A-optimal (A, C) and C-optimal (C, B)
matchings

A (resp. C)’s win-masses in M 4¢ (resp. Mcg)

interval masses and interval-wise constant
values in the compact interval decomposition
used in the final bilinear relaxation

optimal parameter choice used to obtain
distortion 3 for the protocol

generic candidate pair used again after
Chapter 5, to avoid conflict with
Definition 5.3.1

indicator that dyad (u,v) favors A over B in
the sampling analysis

Chapter 6’s generalized notion of expected
A-win mass under a uniformly random
maximum matching between AB and BA

onward; this
replaces the
previous generic
meaning of X, Y

Section 5.2

Definition 5.3.1; this
role ends at the end
of Chapter 5

Definition 5.3.1; this
role ends at the end
of Chapter 5

Lemma 5.3.2

Lemma 5.3.2

Section 5.3
(Program (5.11))

Section 5.3
(Program (5.11))

Section 5.5

Sections 5.5 and 5.6;
this role is
generalized in
Chapter 6 (see
below)

Section 5.6; this role
ends at the end of
the same section

Section 5.6

From Chapter 6 to
the end of the thesis

Section 6.1

Section 6.1; valid
within Chapter 6
only
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Symbol Meaning First introduced /
scope
Tap, Tga, M1 sampled preference groups and the random Section 6.2
maximum matching formed inside the sample
W, ]?(AB ), T empirical matched-win count, empirical Section 6.2

tournament edge estimate, and sample size

per candidate pair
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4

The Deliberation-via-Matching Protocol

We now describe our main protocol, Deliberation-via-Matching, which implements two-
person deliberation between voters who disagree on a pair of candidates. The protocol
defines a weighted tournament over the candidate set and depends on two parameters,
w and A, whose roles are specified below. In this chapter we study the full-information
version of the protocol, meaning that for every candidate pair the relevant pairwise tallies
and dyadic outcomes are available exactly. Later, in Chapter 6, we will show that this

construction admits a low-complexity approximation based on sampled voters.

The Matching Step

Fix two distinct candidates X,Y € C. Let XY denote the set of voters who prefer X to Y,
and let YX denote the complement. Form an arbitrary! maximum-cardinality matching
MxY between XY and YX; that is, select |Mxy| = min{|XY/|, |YX|} disjoint pairs (u;, v;)
of voters from XY x YX. Each pair represents a two-person deliberation between voters
with opposing preferences on (X,Y). Any remaining voters are unmatched. Since the
matching is maximum, all unmatched voters must have the same preference: they all
prefer X if | XY| > |YX] and Y otherwise.

Note that this matching is defined independently for each candidate pair (X,Y), so
disjointness is only a statement within each candidate pair, i.e., the pairs in Mxy are dis-
joint for the fixed contest (X,Y). As the full-information protocol is applied to every can-
didate pair, the same pair (u#,v) of voters may be matched again for a different contest.

Under the averaging model of deliberation, given candidates X, Y, a matched pair

1 We will subsequently prove that our protocol is robust to the choice of matching, so it is benign to choose
an arbitrary maximum matching to begin with. For more details, refer to the closing remark of Section 7.2.
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(1, v) supports the candidate with smaller total distance to the two voters. Let Wxy denote
the number of matched pairs that favor X, and let Wyx = |Mxy| — Wxy denote the num-
ber that favor Y. Recall that throughout, we break ordinal ties (when d(u, X) = d(u,Y))
and deliberation ties (when d(u, X) +d(v, X) = d(u,Y) +d(v,Y)) in an arbitrary but fixed
consistent rule, i.e., each individual voter and each matched pair favors exactly one can-

didate between X and Y.
The Aggregation Step

We define the weighted pairwise score of X against Y by

XY - W YX - W
score(XY;w) = | XY +;U XY score(YX;w) = YX] +:) X

Thus each individual vote carries unit weight, while each matched pair contributes
weight w to its joint favorite candidate. We divide by 1 to normalize the score so that it
is independent of the number of voters. The total score for the pair (X,Y) is therefore

score(XY;w) + score(YX;w) =1+ w/n - |Mxy|. We then define the normalized score

score(XY;w)

XY, w) =
f(XY;w) score(XY;w) + score(YX; w)

(4.1)

and f(YX;w) symmetrically, so that f(XY;w) + f(YX;w) = 1. We work with the tour-
nament graph on C with edge weights induced by f. When the context is clear, we will
simply write f(XY) and score(XY) and suppress the notation of w.

The final collective decision is obtained by applying the A-weighted uncovered set

(A-WUS) rule to this tournament.

The Parameters

The protocol is governed by two parameters, w and A. The deliberation weight w > 0
controls the relative influence of two-person deliberation outcomes and individual pref-

erences. The uncovering parameter A € [1/2,1] determines the strength of the dominance
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condition used in the A-WUS rule. When w = 0, the protocol reduces to a standard tourna-
ment rule without deliberation; conversely, as w increases, the outcomes of the matched
deliberation receive greater emphasis, interpolating smoothly between non-deliberative
aggregation and fully deliberative pairwise refinement. We find and prove the optimal

parameters in Sections 5.6 and 7.2.
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5

Main Analysis of Deliberation-via-Matching

We now turn to the central technical part: the analysis of the deliberation-via-matching

protocol. The purpose of this chapter is to establish the following result.

The Main Theorem. The deliberation-via-matching protocol with pairwise deliberation

achieves a metric distortion of 3 for an appropriate choice of (A, w).

We start with a warm-up in Section 5.1 that isolates the basic mechanism in the two-
candidate case. We then move to the multi-candidate setting, where the analysis becomes
substantially more delicate. The key steps are to rewrite the distortion problem in a bilin-
ear form: Section 5.3 identifies the structural properties of worst-case instances introduced
by the matching rule (Sections 5.4 and 5.5) and uses these reductions to complete the proof

of the main theorem in Section 5.6.

5.1 Warm-up: Simple Bounds for the Copeland Rule (A =1/2,w = 1)

We now fix A = 1/2 and w = 1. Under this specialization, deliberative outcomes receive
the same weight as individual votes, and the winner is selected from the (1/2)-WUS of
the weighted tournament induced by the f-scores. Observe that this rule slightly gen-
eralizes Copeland (though with slight abuse of notation we still call it Copeland in the
section title): if there are only two candidates, then this coincides with Copeland, and re-
call that in general instances, Copeland winners belong to the (1/2)-WUS [ABE+18]. We
tirst prove that the deliberation-via-matching protocol achieves a tight distortion of 2 for

two candidates. We then pass to the multi-candidate setting to obtain an upper bound
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of 4, and then show that this bound is tight for the protocol at this parameter choice.!
This parameter choice isolates the geometric effect of pairwise deliberation in its simplest
form, before we return in the remainder of the chapter to the parameter choice that yields

the optimal bound of 3.

5.1.1 Distortion 2 for Two Candidates

We begin with the case m = 2. Here the protocol reduces to a single contest between the
two candidates, so the analysis is entirely about how matching disagreeing voters changes
the effective support for each candidate. The key point is that once matched dyads are
incorporated into the score, any winner is “effectively” backed by at least two-thirds of
the electorate, and this is exactly what yields the distortion bound of 2.

Let the candidates be A and B, separated by distance d(A, B) in the latent metric.
Let AB (respectively BA) denote the set of voters who prefer A (respectively B), so that
|AB| + |BA| = n is the total number of voters. Let M denote the arbitrary matching
formed between voters in AB and those in BA according to the deliberation-via-matching
protocol. Each matched pair (u,v) € M C AB x BA deliberates between A and B and

supports the alternative with the smaller total distance to the pair. Define
My ={(u,v) e M: Awins} = {(u,v) € M :d(u, A) +d(v,A) <d(u,B) +d(v,B)},

Mp ={(u,v) € M: Bwins} = {(u,v) € M:d(u,A)+d(v,A) > d(u,B) +d(v,B)}.

Observe My, Mp partition M, and recall that the number of A-wins pairs (resp. B-win
pairs) are Wy = |My| (resp. Wp = |Mg|) by definition. The electorate now splits into
three types of voters: (i) Those that contribute to A-wins, grouped as pairs from AB x BA;
(ii) Those that contribute to B-wins, also grouped as pairs; and (iii) Unmatched voters, all
of whom belong to AB if |AB| > |BA| and BA otherwise. Ties can be apportioned in any
way as long as every tie pair is counted once.

Asweset A = 1/2 and w = 1, by definition score(AB) = (|AB| + W4)/n. We then

! n contrast, the purely ordinal setting corresponds to (A = 1/2,w = 0), and [ABE+18] showed that under
this setting, the distortion is 3 for two candidates, and 5 for general number of candidates.
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apply the protocol with f(AB) = score(AB)/(score(AB) + score(BA)), so that A is the
winner if score(AB) > score(BA), and B is the winner otherwise.

We note that the classic Copeland rule declares A as the winner if and only if |[AB| >
|BA|; it is well known that this rule, as well as any other deterministic rule relying solely
on ordinal information, has distortion > 3 even on two candidates [ABE+18]. With de-
liberation, we instead declare A as the winner if and only if [AB| + W4 > |BA| + Wp,
and we show this simple change leads to an improved distortion of 2. In Section 7.3, we
show that this two-candidate distortion 2 bound is also information-theoretically optimal

for deterministic rules, even under a stronger dyadic input signal.

Theorem 5.1.1. The metric distortion of the deliberation-via-matching protocol with

A =1/2,w =1 for any 2-candidate instance is bounded by 2.

To prove this claim, we first establish the following Lemma, then argue that if |AB| +
Wa > |BA|+ Wj, ie., A is the winner, then one must have score(AB) > 2n/3. If this

holds, then applying the lemma immediately yields SC(A)/SC(B) <2/(2/3) —1=2.
Lemma 5.1.2. Under A =1/2,w =1, we have SC(A)/SC(B) < 2/score(AB) — 1.

Proof. We upper bound SC(A) and lower bound SC(B) separately. To upper bound
SC(A), we note that every voter v, by triangle inequality

d(v, B) ifv e AB

d(v,B)+d(B,A) ifv € BA. G1)

d(v, A) < d(v,B) +1[v € BA] - d(A,B) = {

Based on the outcomes of the matching, we split SC(A) into three sums:

SC(A)= ), [du,A)+d(v,A))+ Y, [du,A)+dv,A)l+ Y d(vA).

(u,0)EMy (u,v)EMp v unmatched

e For (u,v) € Mu: as A wins the deliberation, we have d(u, A) +d(v, A) < d(u,B) +
d(v, B).

e For (u,v) € Mp: assume u € ABand v € BA, so that the corresponding applications
of Equation (5.1) give d(u, A) + d(v, A) < d(u,B) +d(v, B) + d(A, B).
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¢ Equation (5.1) is also directly applicable on the sum over unmatched voters.
It then follows that the total additional copies of d(A, B) that appear in SC(A) equals

W5 plus number of unmatched BA voters; this is equivalent to |[BA| — W4. Hence,
SC(A) < SC(B) + (|BA| —W,) -d(A, B). (5.2)

We now lower bound SC(B). For any pair (1,v) € My, the deliberation constraint

and triangle inequality imply

d(u,B)+d(v,B) > d(u,A) +d(v, A)
d(u,A)+d(u,B) > d(A,B) = d(u,B)+d(v,B) > d(A,B).
d(v,A)+d(v,B) > d(A,B)

We now examine each voter’s contribution to SC(B). In fact, for our purpose, checking
the following two types suffice.
* Each (u,v) € My contributes d(A, B) to SC(B), and there are W, such pairs.
* The remaining |AB| — W4 voters in AB each contribute at least d(A, B) /2 to SC(B),
since d(v, A) < d(v,B) and d(v, A) +d(v, B) > d(A, B), which imply d(v,B) >
d(A,B)/2.

Therefore,
SC(B) > Wy -d(A,B)+ (|AB| —W,) -d(A,B)/2 = (|AB| + Wy4)/2-d(A,B). (5.3)

Combining Equation (5.2) and Equation (5.3), we see that

SC(A) _ 5C(B)+ (IBA| — W) - d(A, B) (IBA| — W) - d(A, B)

< <1
5C(B) SC(B) T AB[ £ Wa)/2-d(A, B)
2(|BA| — Wy) 2n 2
+ |AB| + Wy |AB| + Wy score(AB;w = 1) G4
This establishes Lemma 5.1.2. O

We now prove the Theorem.
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Proof of Theorem 5.1.1. As mentioned before, by Equation (5.4), it suffices to show that if
A wins, then score(AB) > 2/3. We first assume |AB| < |BA]|, so that |AB| = W, + Wp.

Since A is the winner,
|AB|+ Wy > |BA| + Wg = |BA| + (JAB| = Wa) =n— W4 =  2W, >n— |AB.
But we also have W4 < |AB|, so |AB| > n/3. Hence

n—|AB| n+ |AB| >n—|—(n/3) 2n

. pr— > .
n-score(AB) = |AB| + W4 > |AB| + > 5 > 5 3

If instead |AB| > |BA| so that |[BA| = W4 + Wp and |AB| > n/2, then since A is the
winner,

|AB| + Wy > |BA| + Wp = |BA| + (|BA| — W,) = 2|BA| — W,

so again, 2W, > 2|BA| — |AB|.
If |AB| > 2n/3 there is nothing to show, so we assume 1n/2 < |AB| < 2n/3. In this

case, the above inequality becomes 2W, > 2(n — |AB|) — |AB| = 2n — 3| AB|. Then,

2n — 3|AB 2n — |AB 2n —2 2
n-score(AB) = |AB| + W4 > |AB| + " 23’ |: " 2| ‘2 " 2n/3:3n' O

5.1.2 Tight Distortion 4 for General Number of Candidates

We now keep A = 1/2 and w = 1 but allow an arbitrary number of candidates. The pro-
tocol now selects an arbitrary candidate from the (1/2)-WUS. Hence, if A is the winner,
then for any other candidate B, either f(AB) > 1/2 or there exists a third candidate C
such that f(AC) > 1/2 and f(CB) > 1/2. Applying Theorem 5.1.1 in the first case and
twice in the second yields that SC(A)/SC(B) < 22 = 4.

Unfortunately, for (A, w) = (1/2,1), this somewhat trivial bound is already tight, as

witnessed by the following instance.

Theorem 5.1.3. The deliberation-via-matching protocol with A = 1/2, w = 1 has distor-

tion 4.
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Proof. The argument above showed that the protocol has distortion at most 4, so to com-
plete the argument it remains to show a matching lower bound.

To this end, we construct an instance with 3 candidates A, B, and C, and 3 voters, in
which A belongs to the (1/2)-WUS and SC(A)/SC(B) = 4. The metric is a line and we
place Aat0, Bat1,and C at2. We place two voters at B = 1 who prefer A over C (recall we
can break ties arbitrarily) and one voter at C = 2. We also set the deliberations between
a voter at B = 1 and a voter at C = 2 to prefer C. When w = 1, we see that f(AC) =
f(CB) = 1/2. Thus, candidate A is in the (1/2)-WUS. Since SC(A) = 4,SC(B) =1, and
our protocol may well choose A as winner, SC(A)/SC(B) = 4 implies that the distortion

of our protocol is at least 4. O

5.2 The A-WUS and a Reduction to Three Candidates

We now return to the protocol in full generality. The warm-up in Section 5.1 already shows
that the choice (A, w) = (1/2,1) reaches a barrier at distortion 4, so obtaining anything
better requires a different parameter choice and analysis. Fix (A, w) symbolically for now,
and suppress this dependence from the notation whenever the context is clear. For any

ordered pair of candidates (X, Y), recall that

| XY|+w- Wxy score(XY; w)
XY;w) = , XY; = 5.5
score(XY;w) n fXY;w) score(XY; w) + score(YX; w) (5:5)

as in Equation (4.1).

Following the standard uncovered-set reduction in [ABE+18; MW19], we suppose A
is the winner chosen by the protocol and B is the socially optimal candidate. Then, either
f(AB) > 1 — A directly, or there exists another candidate C such that f(AC) > 1— A
and f(CB) > A. To analyze general instances, it therefore suffices to consider three such

candidates A, B, C and the worst-case instance over these as:

30



SC(A)

Distortion = sup SC(B)

(5.6)
Subject to either (f(AB) >1—A),

or (f(AC)>1—Aand f(CB) = A).

Additionally, the first case can be reduced to the second by introducing a third candi-
date C that clones B. More precisely, suppose an instance satisfies f(AB) > 1 — A. Then
we can construct a new instance by placing C at the same location as B, so SC(C) = SC(B).
We break all ordinal ties between C and B in favor of C, and we break ordinal and delib-
eration ties between A and C (if any) the same way as between A and B. It then follows
that f(AC) = f(AB) > 1— A, while f(CB) =1 > A, since every voter belongs to CB, and
the corresponding matching is empty. Hence every instance in the first case can be trans-
formed into an equivalent three-candidate instance satisfying the second-case constraints.
Therefore, it suffices to upper bound the distortion considering the second case only, and

our objective now reduces to the following.

Find su SC(4) subjectto f(AC) >1—Aand f(CB) > A. (5.7)
P 5¢(B) )

Finally, as two maximum matchings ((A,C) on AC x CA and (C,B) on CB x BC)
will occur, we introduce the following notation to avoid ambiguity by highlighting both
alternatives involved. We say a voter pair (u,v) is an A > C pair if the pair deliberates
in the (A, C) matching and favors A. Similarly, a C > A pair is one that deliberates in the
(A, C) matching and favors C. The C > B and B > C pairs are defined analogously.

We now rewrite this reduced problem in a form amenable to analysis. As the can-
didates are now fixed as A, B, C, we free the uppercase letters X,Y from their previous
default meaning (to refer to generic candidates) and reuse them for a different purpose in

Definition 5.3.1 below.
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5.3 A Mathematical Program for Distortion

We now show a change of variables under which the above program can be written with a
bilinear objective, and separate constraints capturing the metric and the voter distribution

on this metric.

Definition 5.3.1. Given an instance, define three variables X, Y, Z on the electorate V by
X(v) =d(v,C) —d(v, A), Y(v) =d(v,B) —d(v,C), Z(v) =d(v,C). (5.8)

Then X(v) quantifies voter v’s relative preference between A and C, and Y (v) between C

and B.

We will show below that for the instances that achieve worst case distortion, it suf-
fices to specify the values of (X, Y, Z) for each voter. This definition also directly implies
that X encodes all information needed to determine outcomes of the (A, C) deliberation:
|AC|,|CA|, as well as the distribution of voters in V. Consequently, we may compute
f(AC) given X. Likewise, Y encodes f(CB). To see this, take the (A, C) matching for
instance, in which the protocol is concerned with two properties: (i) whether a voter v
prefers A over C,i.e., d(v, A) < d(v,C), and (ii) whether a pair of voters (1,v) € AC x CA
collectively prefers A over C, i.e., d(u, A) +d(v,A) < d(u,C) +d(v,C). Our X encodes
both: v € AC if and only if X(v) > 0, and the deliberation of (u,v) outputs (A > C) if
and only if X(u) + X(v) > 0. Therefore, the values of X,Y on V completely encode all

quantities of interest.

Finitely Supported Voters, and a Transformed Bilinear Objective

In the discussion below, we may take the worst case over a more general weighted setting
where the electorate is viewed as a distribution over voter locations. This causes no loss
for upper bounds, since the original discrete model is a special case of this setting. At
the same time, for any fixed instance only the candidates A, B, C and the realized voter

locations matter, as the social costs, the ordinal comparisons, and the outcomes of the

32



(A,C) and (C, B) deliberation matchings depend only on the restirction of the metric to
these points. Hence, without loss of generality, we may replace the ambient metric space by this
induced metric, which is finite. After aggregating co-located voters, we therefore treat the
electorate as a distribution p over the finite set V of realized voter locations, normalized
sothat) v p(v) = 1.

The variables X,Y : V — R are fixed by the instances and determine f(AC), f(CB)
through their one-dimensional distributions, denoted Dx, Dy. From Definition 5.3.1, we
have SC(A)/SC(B) = [EZ — EX]/[EZ + EY], where the expectation is over the distri-
bution of voters over the underlying metric space. We now transform the objective into a
linear form, observing for R > 0 thatif SC(A)/SC(B) = [EZ — EX]/[EZ+EY] > R+1,
then

EX+ (R+1)-EY+R-EZ < 0. (5.9)

We will choose R appropriately and show that the global minimum of the LHS of Equa-
tion (5.9) is at least zero, and this will imply a distortion of at most R + 1.

Note that this objective is bilinear, since both the values (X, Y, Z) and the voter dis-
tribution over these values are variables, and the support of (X, Y, Z) can be unbounded.
Our main contribution below is to relax the problem so that this support becomes con-
stant, and the constraints capturing A-WUS become linear.

A remark for later. At several points (Lemmas 5.4.1 and 5.6.3), we will use an exchange
argument over pairs of voters. In the weighted setting, these arguments extend by shift-
ing the corresponding voter mass appropriately, and we omit the simple details. Further,
since we have reduced to a finite metric space supported on the candidates and realized
voter locations, the optimization problem above also has finite size, with variables corre-
sponding to metric distances and voter masses. We will transform this program in several

steps below, noting that these steps preserve the finite nature of the program.
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Optimizing Z(v) as a Function of X(v), Y (v)

We first show that the worst-case instances will use a specific setting of Z as a function of
(X,Y). We subsequently analyze properties of this function. Note from Equation (5.9) that
given fixed X and Y, we should point-wise minimize Z such that {(X(v), Y(v), Z(v)) }vev
is still metric feasible in the sense that Equation (5.8) can be realized in some latent metric
space. This leads to the following key lemma. By || X||«, we mean max, | X(v)| (recall we

assumed the metric is finite, so the max operator is well defined).

Lemma 5.3.2. Fix real-valued functions X, Y on the electorate V. For any real-valued
function Z on V, in order for (X,Y,Z) to be realized by some metric d under Equa-

tion (5.8), it is necessary and sufficient that Z(v) > Zin(v), where

[Xl[eo + X(0) [[Y]lo = Y(v) [[X+ Yoo + X(v) = Y(0) } for all o.

Zmin(v) = max { 2 7 2 4 2

(5.10)

Proof. We first prove necessity. Because d is nonnegative, we must have d(v,C) = Z(v) >
0,d(v,A) = Z(v) — X(v) 2 0,and d(v,B) = Z(v) + Y(v) > 0 from Equation (5.8). Trian-

gle inequalities for (v, A, C) imply
|d(v,A) —d(v,C)| = |X(v)| <d(A,C) <d(v,A)+d(v,C) =2Z(v) — X(v).

Taking supremum over the first < gives d(A,C) > || X||«; combining with the second <
gives

, X+ X(0)

22(0) = X() > |X|w  so  Z(0)

The remaining two terms can be obtained analogously by enforcing triangle inequalities
on (v,B,C) and (v, A, B), respectively.

For sufficiency, assume Equation (5.10) and define d(A,C) = || X||e, d(B,C) = ||Y/|co,

and d(A,B) = | X+ Yw. Letd(v,C) = Z(v), d(v,A) = Z(v) — X(v), and d(v, B) =
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Z(v) 4+ Y(v). Then (A, B, C) satisfy triangle inequalities, and for each voter, the inequali-
ties established in the necessity part show triangle inequality: For instance, for (v, A, C),

we have
d(v, A) —d(v,C)| = [X(v)| < [[X[[eo =d(A,C) <2Z(v) — X(v) = d(v,A) +d(v,C),

and likewise for (v,B,C) and (v, A, B), so triangle inequalities also hold among these
pairs. Finally, to complete the metric, it remains to specify voter-to-voter distances. Note
that the current metric defines a graph on V U {A, B, C} with edges between every pair
of candidates, and between each voter and candidate. Thus for two voters u # v, we can

define d(u, v) to be the distance between u and v in this graph. O

Unless otherwise indicated, given a pair (X,Y) defined on V, we will from now on

default to defining Z by Znin (X, Y) as stated in Equation (5.10).

The Bilinear Objective, Rewritten

From Definition 5.3.1, the distribution Dx alone determines the (A, C) matching and thus
f(AC); similarly Dy determines f(CB). From Equation (5.9), given R > 0, the distortion

is at most R + 1 if the following functional is non-negative:
DR(X,Y) =EX+ (R+1)-EY + R - E[Zmn(X, Y)].

Combining these observations, we obtain the following mathematical program with bi-

linear objective:

Minimize Pr(X,Y) =EX+(R+1)-EY+R-EZ
over X, YonV, Z=Zunin(X,Y) from Equation (5.10)
Subject to (i) f(AC) is induced by some matching determined by X; (5.11)

(ii) f(CB) is induced by some matching determined by Y;
(iti) f(AC) > 1 A, f(CB) > A.

Note that the above optimization is both over (X, Y) and the choice of the matchings

given (X,Y). We will subsequently show that there exists an optimal matching with a
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specific form that enables writing the final constraints as a set of linear constraints where
the variables capture the distribution of the voters. This will make the entire program
bilinear, with separate linear constraints for (X, Y) and for the distribution. In summary,
we seek to find the smallest R* under which the infimum of feasible ®’s remains non-

negative. Define
OPT(R) = inf{®r(X,Y) : (X,Y) feasible under Equation (5.11)}

and

R* = inf{R > 0: OPT(R) > 0}.

Then any R with OPT(R) > 0 certifies distortion at most R 4 1. In particular, once we

show OPT(R*) > 0, the desired upper bound follows.

5.4 Super-modularity and Counter-monotone Coupling

In this section, we show a key structural property of Zyi, from Equation (5.10): it is super-
modular as a function of X, Y. The objective (Equation (5.9)) is minimized when Z = Zy,
and by supermodularity, this happens when X is paired counter-monotonically with Y,
as defined below.

We define a coupling of X and Y to be any joint assignment {(X(v),Y(v)) : v € V}
that preserves the distributions Dx, Dy under p. By Definition 5.3.1, the f(+)-constraints
are oblivious to the choice of coupling. Because EX and EY are coupling-invariant, in
the function ®r(X,Y), only the term Z = Znin(X,Y) may change as we vary the cou-
pling. In this section, we prove that whenever two voters vy, v, satisfy X(v1) < X(v2)
and Y(v1) < Y(v2), swapping their Y-values weakly decreases IEZ and hence the objec-
tive. Consequently, the optimal coupling is counter-monotone: descending X values are
paired with ascending Y values. This shows that it suffices to examine instances whose
induced variables X and Y from Definition 5.3.1 are coupled in this manner, and we will

do so once the following lemma is proven.
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Lemma 5.4.1 (Counter-monotone Coupling of X, Y). Fix the one-dimensional distribu-
tions Dx, Dy on V and R > 0. Then, over X ~ Dx and Y ~ Dy, the objective (X, Y) is
minimized by one where X and Y are coupled counter-monotonically: if X(v;) < X(v2)

then Y(v1) > Y(v2).

Given X ~ Dx and Y ~ Dy, their expectations are fixed. Then, as discussed earlier,
for any R, to minimize ®g(X,Y) in Equation (5.11), it suffices to minimize EZ. We prove
this claim via an exchange argument: as long as the coupling involves pairs (x1,y1) =
(X(u1),Y(v1)) and (x2,y2) = (X(u2),Y(v2)) with x; < xp and y; < y», swapping them
(pairing xq with y» and x, with y1) does not increase EZ.

This exchange argument, and consequently the entirety of Lemma 5.4.1, follows di-
rectly from showing submodularity of the associated functions, which we establish now.

We define the relevant notions first.

Definition 5.4.2 (Submodular and Supermodular Functions). A function f : R? — R is

submodular if for all x; < x2,y1 < y2,

flxr,y1) + f(x2,92) < f(x1,y2) + f(x2, 1)

Equivalently, f has decreasing differences in (x,y): for every x; < xp, the increment
Af(y) = f(x2,y) — f(x1,y) is nonincreasing in y. Analogously, f is supermodular if

the inequality holds with >.

Lemma 5.4.3. Fix A,B,C € R. The function H(x,y) = max{A+x,B+y,C+x+y}is

submodular.

Proof. The graph of H is the upper envelope of three planes, z = A+ x,z = B+ y, and
z = C+ y + x. Partition the (x, y)-plane into regions where one of these planes is on top.
Then, the boundaries are defined by a horizontal line A + x = C + x +y, a vertical line
B+y = C+ x4y, and a diagonal line A + x = B +y. Observe that along any vertical

line with fixed x, H(x, -) as a function of y has the following shape:
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* Below the boundary yo(x) = min{A — C,x + (A — B)}, the top planeis z = A + x,
which has slope 0 in the y-direction; and
* Above yo(x), the top plane is either z = B + y or z = C + x + y, both having slope 1
iny.
Consequently, on each vertical line, H is flat in y up to a threshold yo(x); from there, it
increases in y with slope 1. Crucially, the threshold yo(x) = min{A —C,x+ (A —B)} is

also nondecreasing in x. Now we fix y; < y. From the geometric observation above, for

X,
0 Y2 < Yo(x)
AyH(x) = H(x,y2) — H(x,y1) = S y2 — 11 Y1 = yo(x)
y2—yo(x) y1 <yolx) <ya.

Because yo(x) is nondecreasing in x, the function x +— A,H(x) is nonincreasing: when
we slide the vertical line to the right, the threshold y(x) can only move up, shrinking the

portion of [y1, 2] above it. Now take x; < x,. The preceding monotonicity gives
H(x2,y2) — H(x2,y1) = AyH(x2) < AyH(x1) = H(x1,y2) — H(x1,y1)-
This completes the proof of Lemma 5.4.3. O
We now return to the proof of Lemma 5.4.1.

Proof of Lemma 5.4.1. The proof consists of two steps. First, given a frozen baseline ¢ =
| X + Y|, along with || X||e and ||Y||« which are fixed by Dx and Dy, a local counter-

monotone swap never increases EZ. Indeed, by applying Lemma 5.4.3, the mapping
(x, =) = he(x, —y) = max{[[ X[l +x, [|Y][ew + (=), c +x + (=y)},

as a function of x and —y is submodular. Flipping the sign of the second argument, we see
that (x,y) — hc(x, —y) as a mapping of x and y is supermodular. Therefore, when x; < x;

and y; < y» (and hence (—y1) > (—y2)), we have

he(x1,y1) + he(x2,y2) = he(x1,y2) + he(x2, 1), (5.12)
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so a local counter-monotone swap weakly decreases E[h.(X,Y)], conditioned on || X +
Y|/« being fixed.
Second, we claim that local counter-monotone swaps do not worsen (increase) || X +

Y|/ To see this, suppose x1 < xp and y; < y». Then we have
x1+y1 <min(xy +y2, %2 +y1) < max(x1 +y2,x2 +y1) < 22+ 12

The maximum absolute value of these four terms will therefore be attained at one of the

extremes, which implies

max{|x1 +y1l, [x2 +ya2|} = max{|x1 +y2|, [x2 +y1]}.

In particular, this means the swap does not increase || X + Y||w. As he(x, —y) is nonde-
creasing in c, this proves that local swaps indeed always help. We therefore iteratively
perform local swaps until no swap is available, which happens precisely when the result-
ing coupling is counter-monotone. Since the objective did not increase in this process, the

proof is complete. O

Remark 5.4.4 (Mapping V onto [0,1]). A useful alternate perspective, which we will fre-

quently use later, is to view X, Y as real-valued functions on [0, 1].

AC CA
BC§ CB

ry
4
/'y
Y

r\
SUSER 4
A
M

FIGURE 5.1: Counter-monotonic coupling of X (in blue) and Y (in red). Note the graphs
partition [0, 1] into AC/CA (by X) and BC/CB (by Y).

Recall V is normalized into unit mass so it naturally maps to [0, 1]. Using Lemma 5.4.1,

we consider a mapping V +— [0,1] such that X (resp. Y) can be viewed as a decreasing
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(resp. increasing) function on [0, 1]: for instance, we map voters with largest X(v) (and
most negative Y (v)) to near 0 and map voters with most negative X(v) (and largest Y (v))
to near 1. Figure 5.1 shows one hypothetical example of X and Y. Since by Section 5.3 we
work with a distribution over a finite set V of realized voter locations, X and Y are piece-

wise constant step functions. Monotonicity therefore gives the form illustrated above.

5.5 Two Further Structural Reductions

A fixed instance I may admit various matchings for the candidate pair (A, C) and thus
potentially different values for Wuc, the mass/number of matched pairs where the out-
comeis A > C. Consequently, the values of f(AC) need not be unique; neither for f(CB).
However, we note that for fixed (X, Y) and distribution p over voters, the constraints for
f(AC), f(CB) in Program (5.11) are made most slack by choosing the matchings with the
greatest mass of A >~ C wins for X (resp. C > B wins for Y). Call them the A-optimal
(A, C) matching and the C-optimal (C, B) matching, respectively.

In this section, we show two nice properties of the optimal solution that are without
loss of generality. We first prove that a specific type of optimal matching pairs “prefixes”
(most polar voters) of one side with the “suffixes” (most indifferent, i.e., least polar) of
the other. Then, we prove a continuity result: that it suffices to tighten the inequalities
f(AC) > 1— A and f(CB) > A into equalities. These results pave the way to a clean

structural reduction (Program (5.13)) that leads us to Section 5.6.

5.5.1 Reduction 1: Prefix Property of Matchings

Fix the instance I as well as some matching for candidates (A, C). Consider two A >
C pairs (u1,v1) and (up,v2). Suppose X(u1) = X(uz) > 0 > X(v1) = X(v2). Then
we have X(u1) + X(v1) > 0 and X(up) + X(v2) > 0. It is easy to check that X(u;) +
X(v2) > 0and X (u2) + X(v1) > 0. This means we can replace the matchings with (1, vy)
and (up,v1). This means the matchings can be made counter-monotone. Further, suppose

X(u1) = X(uz) > 0 and u; does not participate in an A >~ C pair, while u, is matched to
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vy inan A > C pair. Then we can replace (12, v2) with (11, v2).

Analogously, if 0 > X(v1) > X(v2) and v; does not participate in an A > C pair while
v, is matched to up in an A > C pair, we can replace (uy, v2) with (up, v1). This is feasible
for the f constraint since Wc4 cannot increase in this process, and W is preserved.

Iterating this process, we obtain a new (A, C) matching that also has Wy pairs satis-
fying A > C. Additionally, in this new (A, C) matching, these pairs come from pairing
the Wc mass of highest X(u) > 0 (the prefix of AC) with the Wsc mass with high-
est X(v) < 0 (the suffix of CA) counter-monotonically, meaning that between these two
blocks of mass W, the highest positive X (u) is matched to the lowest X(v) < 0, and so

on. This is shown in Figure 5.2.

cA most pro-C (most negative X(v))

most pro-A (largest X (v)) AC irrelevant

prefix of AC
used to enforce A > C pairs

suffix of CA
used to enforce A > C pairs

SRS
~
N/ N
~/ N
NS
VAR
NN
AVARN
DA
VRN
AN

irrelevant

most indifferent (X(v) close to zero)

FIGURE 5.2: The prefix-suffix structure of A = C pairs.

An identical result can be shown for (C, B), so that any C > B matchings of mass Wcp
can be assumed to satisfy the prefix property. In particular, by starting with an optimal

matching and repeating the procedure above, we arrive at the following conclusion.

Lemma 5.5.1 (Prefix Property of Optimal Matchings). Fix an instance I and an A-optimal
matching for candidates (A, C). Suppose this matching admits a mass Wc of A > C
pairs. Then, there exists another A-optimal (A, C) matching (hence also with mass W4c
of A > C pairs) such that:
(i) It takes place between the W, masses of highest X(u) > 0 and highest X(v) < 0;
and

(ii) It couples the two blocks counter-monotonically: highest X (1) with lowest X(v),
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and so on.
An equivalent version holds for the (C, B) matching, where if Wcj is the largest admis-
sible mass of C > B pairs, then they can be assumed to be coupled counter-monotonically

between the W3 mass with highest Y (1) > 0 and the W5 mass with highest Y (v) < 0.

Recall from Remark 5.4.4 that we may view X, Y as monotonic functions on [0, 1]. The
previous observations yield a four-interval decomposition: two blocks of size W,c, one
for each of AC,CA, and two complementary blocks. A similar decomposition follows
for (C,B). We focus only on the cases where |AC| < |CA| and |BC| < |CB], but the
other cases also admit a similar partition, the major difference being the location of the

unmatched voters.

Lemma 5.5.2 (Four-interval partition of [0,1] by X and Y). When |AC| < |CA|, the range
[0,1] can be partitioned into four consecutive, possibly empty intervals that describe
the (AC, CA) matching, as shown in Table 5.1. By the structure of the A-optimal match-
ing, the A-win blocks always lie on the leftmost of the [0, | AC|] (AC block) and [|AC|, 1]
(CA block). Similarly, when |BC| < |CB|, we can perform the same partition based on
Y which describes the (BC,CB) matching. Since we analyze the C-optimal matching
and Y is increasing, the C-win blocks lie on the rightmost of the [0, |BC|] and [|BC|, 1]
blocks.

Table 5.1: Two different partitions of [0, 1] induced by X and Y (Lemma 5.5.2).

Interval [0, WAC] [WAc, |ACH [|AC|, ’AC| + WAC] [|AC| + Wy, 1]
X|| Role |AC A-win| AC A-loss CA A-win CA A-loss / unmatched
Length Wac Wea Wac Wea + (1 - 2‘ACD

Interval [0, WBC] [WBC, |BCH HBC‘, 1- |BC| + Wgc] [1 — ‘BC| + WBC/ 1]
Y|l Role |BC C-loss| BC C-win |CB unmatched / C-loss CB C-win
Length Wpe Wep (1 - 2|BC|) + Wpe Wep
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5.5.2 Reduction 2: Tightness of f(AC) >1—Aand f(CB) > A

Since the constraints for f(AC) and f(CB) in our mathematical program are made most
slack by choosing the A-optimal (A, C) matching and C-optimal (C, B) matchings, we
will now restrict our f values to correspond to the optimal matchings. Furthermore, we
define M4c and Mcp to be the optimal (A,C) and (C, B) matchings which satisfy the
prefix property in Lemma 5.5.1. Similarly W4c and W¢p correspond to the mass/number
of wins in the optimal matching.

We now show a key result, that without loss of generality, we can assume that both

the f(AC) > 1— A and f(CB) > A constraints are tight.

Lemma 5.5.3 (Tightness of f constraints). Let I be an instance under which f(AC) > 1 —
A and f(CB) > A. Then there exists an instance [ such that f(AC) =1 — A, f(CB) = A,
and Or(X’,Y’") < Pr(X,Y). Consequently, we may assume without loss of generality

that f(AC) =1— A and f(CB) = A in Program (5.11).

Proof. The proof consists of two separate transformations: tightening f(AC) to1— A, and
tightening f(CB) to A.

We first show the first: that the constraint f(AC) > 1 — A can be made tight while
preserving the other constraint and the objective. For t > 0, we define a parameterized
instance I; with variables X;(v) = X(v) —t and keep Y; = Y unchanged for all ¢. Since
f(CB) is determined by Y, f(CB) also remains unchanged. Define AC(t), CA(t), Mac(t),
and Wy (t) parametrically to be the values of AC, CA, Mac, and Wyc induced by X;(v).

As X(v) decreases by ¢, || X||e and || X + Y||« increase by no more than t, so overall,
1Xelleo + Xi(v) < [[Xloo + £+ X (0) =t = [[X][eo + X(0),

and similarly || X; + Y|l + X:(v) — Yi(v) < || X 4 Y]|o + X(v) — Y(v). It then follows
that Zmin (Xt, V) < Zmin(X,Y). Consequently, ®r(X;, Y;) = EX;+ (R+1)-EY; + R -
EZmin (Xt, Y:) < Pr(X,Y) forall t.

It remains now to find a t* that attains the equality f(AC(+*)) = 1 — A. Observe that

43



att = 0, we have f(AC(0)) > 1 — A by assumption; on the other hand, if t > ||X||« then
X; < 0 everywhere, making every voter prefer C over A, at which point f(AC(t)) = 0. We
argue that if ties are distributed appropriately as t increases, then f(AC(t)) is a continuous
function. Since f(AC(0)) > 1— A and f(AC(t)) = 0 for t > || X||o, this would imply that
there is some value of +* where f(AC(t*)) =1— A.

Note by Equation (4.1), that a discontinuity of f(AC(t)) is either caused by a dis-
continuity in |AC(t)| or Wac(t). A discontinuity in |AC(t)| happens precisely when
St = {v | Xi(v) = 0} has nonzero mass. A discontinuity in Wc(#) can occur when
either S; has nonzero mass, or P} = {(u,v) € Mac(t) | Xi(u) + X¢(v) = 0} has nonzero
mass. Fix an arbitrary t. Since X is a piecewise step function, let t' > t be the earliest time
step after t at which either Sy or Py has nonzero mass. We first handle the case where Py
has nonzero mass. Since t' > t, the deliberation for every pair in Py initially prefers A.
Now arbitrarily select a subset of pairs P’ C Py with mass €1 > 0. We set the deliberation
for every pair in P’ to prefer C. Clearly Wuc(t') decreases by at most €1, implying that

Wac(t'), and hence f(AC(t')), changes continuously.

€1

— — .
€1
(a) Original: green (b) Handling Py.. Carve (c) Handling Sy. Carve out
segments (Py) are A = C out P’ (red) of mass &; S" of mass ¢, (purple) and
pairs; blue segment (Sy) is (greens) and attribute set it to CA. Note Wy (t')
in AC. them to C - A pairs. may change.

FIGURE 5.3: A visualization of continuous tie-handling on X. Left (a): At time step t/,
both Py and Sy have positive mass. Middle (b): We handle Py by continuously allocating
increasing subsets P’ C Py to C > A pairs. Right (c): We then handle S by continuously
allocating increasing subsets S’ C Sy to CA and argue that the change in Wac(#') is also

continuous.

We now handle the case where S has nonzero mass. Since t' > t, every voter in Sy
is initially in AC. We arbitrarily choose a subset S’ C Sy with mass ¢, > 0 and set the
ties so that every voter in S’ is in CA. Clearly |AC| decreases by exactly €;. To bound the

change in W4 (t'), first note that because Sy is initially the unique set on which X; = 0, no
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(A > C) pairs can take place on it. Consequently, our operation cannot decrease Wac(t').
On the other hand, if Wsc(t') increased by more than ¢,, then we could remove the set
S" and achieve a matching for the original instance with a higher value of W4 (t'), which
contradicts the original optimality of Wac(t').

Thus |AC(#')| and Wac(t') are both continuous in the change, so by Equation (4.1),
f(AC(t')) changes continuously for this step as well. This implies there is some value of
t* where f(AC(t*)) = 1 — A, completing the first step.

The argument for tightening f(CB) is highly analogous. For t > 0, we keep X; = X
unchanged for all t and let Y;(v) = Y(v) —t. Then ||Y||e and || X + Y||« increase by no

more than t as Y (v) decreases by ¢, so
Yelloo = Yi(0) < [Yl[eo +£ = (Y(v) = 1) = [Y][eo = Y(0) + 2,

and similarly || X; + Yi||eo + X¢(v) — Yi(v) < [|X + Y|l + X(v) — Y(v) + 2¢t. By Equa-
tion (5.10) these imply Zmin (Xt, Vi) < Zmin (X, Y) + t. Then (X}, Vi) < Pr(X,Y), as the
coefficient of EY is R + 1, greater than that of EZ. The rest of the proof mirrors that of the
first step on f(AC) by noting that when t > ||Y||«, we have f(CB(t)) = 0 because Y; < 0

everywhere. We omit the tie-handling details. O

With the two properties of optimal matchings in place, we now restate Program (5.11)

below.
Minimize Dr(X, Y) =EX+ (R +1)-EY+R-EZ
over X,YonV, Z=Znn(X,Y) from Equation (5.10)
Subject to f(AC) is induced by an A-optimal (AC, CA) matching; (5.13)

f(CB) is induced by a C-optimal (CB, BC) matching;
f(AC)=1—-A, f(CB) =A.
We will next show that this program can be made to have a constant number of vari-
ables, and that it is a bilinear program with two disjoint sets of variables and linear con-
straints over them.
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5.6 Closing the Loop: Bilinear program and the Distortion of 3

For the remainder of the section, we fix A* = (3 —/3)/2 ~ 0.634 and w* = /3 -1 ~
0.732, and show that the deliberation-via-matching protocol under these parameters has
distortion at most 3. Later, in Section 7.2 we show that for all choices of (A, w), one may
construct instances with distortion at least 3. Therefore, our choice of (A*, w*) remains
optimal for the deliberation-via-matching protocol. Further, assuming these parameters
reduces the number and complexity of cases (2 total) we need to consider below.

We first show that this setting of parameters, combined with the tightness of the f
constraints implies the sizes of |AC| and |CB| satisfy some nice properties. This leads to
a collection of instances that we then simplify using the convexity of the variable Z and
the max norms into bilinear programs with a constant number of variables, which we can

easily solve via vertex enumeration.

Bounding the Sizes of | AC| and |CB|

We begin by characterizing the range of possible sizes of |AC| and |CB| when f(AC) =
1—A*and f(CB) = A*. The following two results essentially follow from chasing the

algebra.

Lemma 5.6.1. When f(AC) = 1 — A*, we have 0.25 < |AC| < 0.50. Similarly, when
f(CB) = A*, we have 0.50 < |CB| < 0.75. In particular, for instances where f(AC) =
1—A*and f(CB) = A*, we always have |AC| < |CA| and |BC| < |CB|.

Proof. Recall that since Wyc + Wea = min(|AC|,1 — |AC|), and |AC| + |CA| = 1, we

have

‘AC’ +w* - Wac

1 *.min(|AC|,1—|A
score(AC) = " , score(AC) —l—score(CA) — +w mln(‘n C’/ ‘ C’)

Since Wyc < min(|AC|,1 — |AC|), this means

score(AC) < |AC| 4+ w* - min(|AC|,1 — |AC|)

1-A* = f(AC) = <
flac) score(AC) + score(CA) 1+ w* - min(|AC|,1 —|AC])
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The RHS is strictly increasing as a function of |[AC| when 0 < |AC| < 1. When setting
|AC| = 0.25, we can verify that the RHS is 1 — A*, implying that 0.25 is the smallest
possible value of |AC| to achieve f(AC) =1 — A*.

Similarly, we have Wxc > 0, so that

. |AC]
1-A"=f(AC) > .
f(AC) 1+ w* - min(|AC|,1— |AC|)

Again, the RHS is strictly increasing as a function of |AC| when 0 < |AC| < 1. Setting
|AC| = 0.5, we have the RHS is 1 — A*, implying that 0.5 is the largest possible value of
|AC].

An identical argument for |CB| shows that 0.5 < |CB| < 0.75. O

Lemma 5.6.2. When f(AC) = 1 — A*, we have |AC| + Wyc = 0.5. Similarly, when
f(CB) = A*, we have |BC| + Wpc = 0.5.

Proof. By Lemma 5.6.1, we have |AC| < |[CA], so

|AC| + w* - WAC

L=A" = fA0) = s Tac]

Solving for |AC| in terms of Wy, we have |AC| + Wuc = 0.5 as desired. For f(CB), we
have by Lemma 5.6.1 that |CB| > |BC|, so

" |CB’ + w* - Wep
A" = f(CB) = .
f(CB) 1+w*-(1—|CB|)
Solving for Wcp in terms of |CB|, we have Wep = 1.5 — 2|CB|. Substituting |CB| =
1-— ’BC| and WCB = |BC| — WBC giVES |BC| + WBC =0.5. ]

We now consider the partitions induced on the number line as given in Table 5.1. Our
goal will be to write a bilinear programming relaxation of Program (5.13), where we have
variables for each interval in the partition. Thanks to the parameter choice of (A*, w*),

there are only two cases based on the sizes of |AC| and |BC|.
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,,,,,,,,,,,,,,,,, |AC| , CA|

[ AC side of ' [ CA side of '
(A > C) pairs ! [ (A > C) pairs !
1 ! R 1 ! 1
0! 05 L 0.5 1
p2 p3 pa Pe p7 ps P9
P2 __ P3P Ps Pz __ Ps  Po
-1 v v T T
0. ] ! 1
1 1 T 1 _— 1
, , BC side of , — } : CB side of
, ,<~—— (C > B) pairs———__ — = (C > B) pairs—»
1 1 :
SR BC| | (CB| ]

FIGURE 5.4: The lines go from 0 to 1, capturing cumulative voter mass. The top line
represents X values in decreasing order and the bottom line represents Y values in
increasing order. A voter appears at the same position in both lines. The pink masses p;
and ps represent a set of A >~ C matching pairs. This means p; = ps. The same holds for
the purple masses p, and p4. The masses py, p2, p3 correspond to non-negative X values,
hence together capture |AC|. The masses p1, . .., ps have non-positive Y values and
together capture |BC|. The C > B pairs are captured by the pairs of masses (p2, p9),

(ps, ps) and (pa, p7).
Case 1: |AC| < |BC]|

We first consider the case where |AC| < |BC|. We know from Lemma 5.6.1 that |[AC| <
|CA| and |BC| < |CB], so the partitions induced by X and Y are shown in Table 5.1.
As shown in Figure 5.4, we partition the range into 9 intervals labeled 1 through 9. The
top row of the figure depicts how the 9 intervals relate to the partition induced by X,
while the bottom row depicts how the same 9 intervals relate to the partition induced
by Y. For the X partition, intervals 1 and 2 correspond to [0, Wac]|, interval 3 corre-
sponds to [Wuc, |AC|], intervals 4 and 5 correspond to [|AC|, |AC| + Wyc], and intervals
6 through 9 correspond to [|AC| + Wxc, 1]. For the Y partition, interval 1 corresponds to
[0, Wg(], intervals 2 through 4 correspond to [Wpc, |BC|], intervals 5 and 6 correspond to
[IBC|,1 — |BC| + Wpc], and intervals 7 through 9 correspond to [1 — |BC| 4+ Wpc, 1]. The

interpretations of each segment of the X and Y partitions are given in Table 5.1.
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We now show that it suffices to consider instances where for each interval, the values
of X and Y are constant across it. In particular, we can replace the voters in an interval
with a weighted voter whose X (resp. Y) value is equal to the average of the X (resp.
Y) values of the voters in that interval, and the weight being the mass of voters in that

interval. This follows from the lemma below.

Lemma 5.6.3. For any two voters 1, v with values (X(u),Y (1)) and (X(v),Y(v)), let u =
(X(u) + X(v))/2and v = (Y(u) + Y(v))/2. Then if we replace u and v with two voters

with identical values (3, v), the objective in Equation (5.9) does not increase.

Proof. First, note that

X(u)+Y(u)+X(v)+Y(v)

max (X(u) +Y(u), X(v) +Y(v)) > 5

= u+v>min (X(u) + Y(u), X(v) + Y(v)),

which means || X + Y|l cannot increase. A similar argument shows that || X||«, ||Y]|c
cannot increase. Next, fixing the values of these norms, Zni, in Equation (5.10) is the
maximum of three linear functions, and is therefore a convex function of X, Y. By Jensen’s
inequality, this means [EZ cannot increase when we replace values by their means. Finally,

EX,EY are preserved by this transformation. O

Using this lemma in each interval, we can replace the voters in each interval with a
weighted voter with X, Y values equal to the means of X, Y values of voters in the in-
terval. This does not increase the objective in Equation (5.9). We now show that the f
constraints are preserved. Consider for example the intervals (1,5) that define a set of
A > C matchings, each with non-negative sum of X values. Simple averaging over the
pairs of matched voters shows that the sum of the mean values of X in the two intervals
is non-negative, so that the new weighted voters also define an A > C matching. Further,
voters who initially preferred A to C map to a weighted voter with the same preference.

This shows the f constraints are preserved in this process.
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For each interval i € [1,9] let X; and Y; denote the uniform value of X and Y respec-
tively on that interval. Also let p; denote the length of interval i. We first show that
p2 = pa. By Lemma 5.6.2, we have W4¢ + |AC| = 0.5, so the midpoint of interval 3 must
be at 0.25. Similarly, we have Wpc + |BC| = 0.5 so the midpoint of intervals 2, 3, and 4
collectively must also be at 0.25. Together, this implies p, = p4. Since intervals 2 through
4 collectively are centered around 0.25, and interval 5 ends at Wuc + |AC| = 0.5, we also
have p; = ps. Finally, we define intervals 7 through 9 to be the intervals that match with
intervals 2 through 4 in the (B, C) matching. Thus we have p, = py, p3 = ps, and ps = py.
In total we have the constraints p; = ps, p2 = ps = p7 = p9, and p3 = ps.

We now describe the constraints on X and Y induced by the matching constraints. Re-
call that intervals 1 and 2 correspond to the section of AC where A wins the deliberation,
and intervals 4 and 5 correspond to the section of CA where A wins the deliberation. The
A-optimal matching pairs interval 1 with interval 5 and interval 2 with interval 4. Thus
we have the constraints X; + X5 > 0 and X, + Xy > 0. Similarly for Y, we have the
constraints Yo + Y9 > 0, Y3+ Yg > 0, and Yy + Y7 > 0. We note that our relaxation will
not need to enforce the constraints that X(u) + X(v) < 0 for a deliberation where C wins
against A (or the corresponding constraint for Y).

By the counter-monotonic coupling of X and Y, we have X; > X;; and Y; < Y;;4 for
all i € [8]. Finally, since the section AC corresponds to positive X values and the section
CB corresponds to positive Y values, we have X3 > 0 and Y5 > 0. We have the following

relaxation of Program (5.13):
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min  EX+ (R+1)-EY +R-EZ, (5.14)

st.  EX=)p-X;, EY=)p-Y, and EZ=) p;-Z
i=1 i=1 i=1
Zi 2 Zoin(Xi, Y5) Vi € [9] (Set of linear constraints)
X > X and Y; < Yin Vie [8] (Counter-monotonicity)

X3=>0 and Y5 >0

Xi+X520 and X4+X4 20 (A > C matchings in X)

Yo +Yy >0, Y5+ Y5 >0 and Yy, +Y; >0 (C > BmatchingsinY)
9 5

Y pi=1 and ) pi=05 (JAC| + Wyc = 0.5)
i=1 i=1

p1 = ps, p2=ps=p7=p9 and  p3=ps (Coupling of masses)

Zi/Pi >0, Vie [9]

We note that the constraint Z; > Zmin(X;, Y;) corresponds to a set of linear inequalities
by Equation (5.10), which we write out explicitly in Section 7.1. Since || X||« + X(v) = 0,
we must have Z; > 0. We include this constraint explicitly in the relaxation to aid in our
analysis.

Since the above program contains a multiplicative term when computing the expecta-
tion of each variable, it is a bilinear program, where the objective multiplies the p; vari-
ables with the (X, Y;, Z;) variables, and there are separate linear constraints for the p; and
the (X;, Y;, Z;). In order to solve this program efficiently, we separate the constraints into
two parts, where the first one has variables for each p; and the second one has the remain-
ing variables. If we absorb the EX, EY,EZ constraints into the objective, the two sets of
constraints are disjoint. Since for any fixed (Xj, Y;, Z;) variables, the bilinear program is
linear in the p; variables, its optimum is achieved at a vertex of the polytope of the p;.
This means the overall optimum is also achieved at such a point, and it therefore suffices

to enumerate all extreme points of the first set of constraints (the ones capturing p;) and
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solve the bilinear program at every such extreme point.

Isolating the p; variables, we have a polytope defined by the following constraints:

2p1 +4p2+2p3+ps =1, 2p1 +2p2+p3 = 0.5, p1, P2, P3,P6 = 0

Eliminating ps, pe, the above reduces to the interior of a triangle on (p1, p2) with vertices
given by the point set {(0,0), (0,0.25),(0.25,0)}. Therefore, the 3 extreme points of the

polytope are given by
(p1, p2,p3,p6) = {(0,0,0.5,0), (0,0.25,0,0), (0.25,0,0,0.5) }.

For each of the 3 extreme points, we substitute the p; variables into Program (5.14) and
solve the resulting LP. For R = 2, the optimal objective value at each such extreme point
is exactly 0, implying that the maximum distortion is at most 3. We present the verifiable

dual certificates in Section 7.1.
Case 2: |AC| > |BC|

This case uses the same ideas as the previous one. We again have |AC| < |CA| and
|BC| < |CBJ, so the partitions induced by X and Y are the same as before. We show
the (A, C) and (C, B) matchings and the corresponding set of intervals in Figure 5.5. For
the X partition, interval 1 corresponds to [0, W,¢], intervals 2 through 4 correspond to
[Wac, |AC|], interval 5 corresponds to [|AC|,|AC| + Wac], and intervals 6 and 7 corre-
spond to [|AC| + Wyc,1]. For the Y partition, intervals 1 and 2 correspond to the seg-
ment [0, Wp¢], interval 3 corresponds to [Wpc, |BC|], intervals 4 through 6 correspond to
[IBC|,1 — |BC| + Wp¢], and interval 7 corresponds to [1 — |BC| + Wpc, 1]. The interpreta-
tions of each segment are given in Table 5.1.

Define X;, Y;, and p; as in the previous case. We first show that p, = p4. By Lemma 5.6.2,
we have Wpe + |BC| = 0.5, so the midpoint of interval 3 must be at 0.25. Similarly, we
have Wyc + |AC| = 0.5 so the midpoint of intervals 2, 3, and 4 collectively must also be
at 0.25. This implies p, = p4. Since intervals 2 through 4 collectively are centered around

0.25, and interval 5 ends at |AC| + Wxc = 0.5, we also have p; = ps. Finally, we define
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interval 7 to be the interval that matches with interval 3 in the (B, C) matching. Thus
ps = pP7-

For the matching constraints, interval 1 is mapped with interval 5 in the (A, C) match-
ing and interval 3 is mapped with interval 7 in the (B, C) matching, so we have the con-
straints X; + X5 > 0 and Y3 + Y7 > 0. By the counter-monotonic coupling of X and Y, we
have X; > X;;1 and Y; < Y;41 for all i € [6]. Finally, since the section AC corresponds to
positive X values, and the section CB corresponds to positive Y values, we have X; > 0

and Y; > 0. We have the following bilinear relaxation:

I | I
P— |AC| . ICA| .
| 1 |
1 1 1
1 1 1
1 ! L ! 1
1 AC side of | o I CA side of | 1
1 (A>C)pairs — 1 (A= C) pairs |
| A [N | 1
1 1 1 1
0, 025 ! 05 B
P1 p2 p3 P4 ps Pe p7
p1 P2 P3 P4 p5 Pe p7
T T T T T
0 1 1 1 1
I I I
: : BC side of \ CB side of
| ' | ! |
1 1 1
SR BC| . CBf .
I

FIGURE 5.5: Interval split for Case 2. The interpretation of this figure is similar to
Figure 5.4. Note that analogous to that case, we have p, = ps.
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min EX+(R+1)-EY+R-EZ, (5.15)
s.t. First three constraints in Program (5.14)

X4>0 and Y4>0

X1+X52>20 and Y34+Y;, >0 (AC, CB matchings)
7 5

Zp,‘ =1 and Zpl =05 (‘AC‘ +WAC :05)

i=1 i=1

p1 = ps, p2 = pa and p3 = p7 (Coupling of masses)

As before, the polytope over p is given by:

2p1+2p2+2p3+pe =1, 2p1 +2p2 +p3 =05, p1, P2, P3,Pe = 0.

Eliminating p3, ps, the above again reduces to the interior of a triangle on (p1, p2) with

vertices {(0,0), (0,0.25), (0.25,0) }. The polytope therefore has vertices given by
(p1, p2, p3,v6) = {(0,0,0.5,0), (0,0.25,0,0.5), (0.25,0,0,0.5) }.

Solving the resulting linear programs again shows that for R = 2, the objective is at least
zero at each extreme point, hence showing the distortion is at most 3. Again, we present

the dual certificates in Section 7.1. This completes the proof of The Main Theorem.
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6

Sampling-Based Approximation of the

Deliberation-via-Matching Protocol

In Chapter 5, we analyzed the full-information version of the deliberation-via-matching
protocol. For every pair of candidates, the protocol formed a maximum matching between
the voters who disagreed on that pair, and computed the f-value exactly. This gave a clean
theoretical model that led to the distortion guarantee of 3 as stated in The Main Theorem.

From a practical point of view, however, the full-information model is still too de-
manding. When m candidates are present, there are m(m — 1) /2 = O(m?) distinct pairs
of candidates. Consequently, each voter may need to participate in up to O(mz) delibera-
tions.

Fortunately, our protocol is based on tournament rules, and as mentioned before, one
of the main benefits is that the mechanism only needs pairwise strengths between can-
didates, not the full ranking profile in an explicitly processed form. Consequently, our
deliberation-via-matching protocol is naturally compatible with sampling.

Below, we show that the weighted tournament used by the full-information protocol
can be approximated accurately from a small random sample of voters. More precisely, in
order for sampling-based deliberation-via-matching protocol to have distortion < 3 + €
with probability > 1 — 4, it is enough to sample T = O(el2 log %) voters for each candidate
pair, which yields a total sample complexity of O(m?T) for fixed €,6. Importantly, this
does not scale with 1, the number of voters! Hence, if the number of voters is moderately
large (compared to the number of candidates), the expected burden on each voter remains
very small.

Throughout this chapter, we use A, B to denote a generic pair of candidates rather than
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reusing X, Y (as they will reappear in Section 7.1). Our goal is to estimate f(AB). Once
we know how to estimate one edge accurately, the same argument applies to every pair,

so we obtain an approximation of the entire weighted tournament.

6.1 Fractional Matching Score

Before any approximation, one technical issue awaits being addressed. In Chapter 4, the
value of f(AB) depends on the particular maximum matching chosen between AB and
BA. For the full-information distortion proof, this is harmless. For sampling, it is in-
convenient, because we need a single population quantity that the sampled procedure is
trying to estimate. We therefore begin by replacing the matching-dependent score with a
canonical version obtained by averaging over all maximum matchings. This is what we
call the fractional matching score, where W45 now estimates the expected mass/number
of A-wins under a uniformly randomly chosen maximum matching between AB and BA.

We now formalize this notion. Fix two distinct candidates A, B. For any pair of voters

u € ABand v € BA, define
Do =1[d(u,A) +d(v,A) <d(u,B) +d(v,B)],

so Dy, = 1 when the dyad (u,v) favors A over B under the deliberation rule. We now

define

1

‘AB| ’ |BA| ueAB,veBA

Wag Do, (6.1)

the fraction of disagreeing voter pairs in AB x BA whose deliberation favors A.! The next

Lemma explains why this is the right quantity.

Lemma 6.1.1. Let M be a uniformly random maximum matching between AB and BA.
Then the expected number of matched pairs in M whose deliberation favors A is equal

to min{|AB|, |BA|} - Was.

! The notation is growing unwieldy as we have used more and more letters over time. If it helps, D is script
D, where D is for deliberation. And W is script W, where W originally measures the deliberation win mass.
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Proof. Let M be a uniformly random maximum matching. For each pair (1,v) € AB x BA,
let Q, , be the indicator that (u,v) are matched together in M. Then the number of A-
winning matched pairs is Y, 4p vepa Pu,oQu,o, SO it is enough to estimate E[Q,,].

Fix u € AB and v € BA. By symmetry, every pair in AB x BA is matched with the
same probability, so it must follow that Y, c 4p yepa [E[Qu,0] = min{|AB|, |BA|}. There are

|AB| - |BA| possible pairs, so

_ min{|AB|, |BA|}

E —
Quel = =45 |Ba|
Therefore,
min{|AB|,|BA|}
E Z Du,qu,v - Z Du,v]E[Qu,v] = AB BA Z Du,v/
uc AB,veBA ucAB,veBA | - | uc AB,veBA
from which the claim follows. O

With this convention, we keep everything else analogous to Equation (4.1), except we
replace Wap with Wjp. To ease notation, we now redefine W,p to denote the expected
mass/number of A-wins under a uniformly random maximum matching, so Wap =

min{|AB|, |BA|} - Wag. Then, we define

|AB| +w - Wyp score(AB;w)
AB; = , AB; =
score(AB;w) n f(AB;w) score(AB; w) + score(BA; w)

so the notation does not change. The only change is that Wg, W4 no longer represents
the win mass of any particular matching, but the average of them all.
This definition gives us a canonical target for sampling. Under this new definition,
f(AB) now becomes a fixed quantity entirely by the population and the deliberation rule.
Finally, replacing the integral matching count by its fractional version does not change
the distortion guarantee proved earlier. The reason is that W,p is additive over matched

edges, and any fractional matching can be written as a convex combination of integer
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matchings. Therefore, if the fractional version satisfies the constraints used in the full-
information analysis, then some integer matching satisfies those same constraints as well.
Hence the Chapter 5 distortion bound continues to hold under this fractional interpreta-

tion.

6.2 The Sampling Algorithm

This part in its current form, especially the martingale argument, is due to Professor Kamesh
Munagala. I (Qilin) originally gave a highly similar concentration arqument which turned out to
be slightly faulty. We both set out to resolve it, but Kamesh arrived at the correct fix before I did!

Fix an ordered pair of candidates (A, B). We now describe how to estimate f(AB).
Once this is done for an ordered pair, we apply the same procedure to every candidate
pair to obtain an estimate of the entire weighted tournament.

(1) Uniformly sample a set 7 of T voters from V without replacement.

(2) Partition 7 into 74p and Tp4 based on their ordinal preferences.

(3) Form a matching My by choosing a uniformly random maximum matching be-
tween T4p and Tg4.

(4) Compute the empirical scores f(AB) and f(BA) using the outcomes of these delib-
erations, and use these scores in the weighted uncovered set rule with parameters
(A*, w*) in Chapter 4. Concretely, we let WAB be the number /mass of matched pairs
in M7 whose deliberation favors A, set score(AB;w) = (|Tag| + w - Wagp)/T, and
compute f(AB;w) = score(AB;w)/ [score(AB; w) + score(BA; w)].

We show the following theorem. Note that unlike randomized metric distortion bounds
[AP17; CRWW24], our bound holds with arbitrarily high probability, and not just in ex-
pectation. In other words, the following theorem can be treated as the practical imple-
mentation of a deterministic protocol. Then, in the next section, we connect the idea of
approximating tournament weights with distortion itself.

1

Theorem 6.2.1. For any ¢,6 > 0,let T = O (;2 In %), where m is the number of candi-
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dates. Then, with probability at least 1 — J, we have |f(AB) — f(AB)| < e for all pairs
of candidates (A, B).

Importantly, the overall sample complexity is O(m>T) = O(m?log m) for constant €, 5,
and is independent of the number of voters n. Further, if n = w(m?T), then any given
voter participates in the process (ranking and/or deliberation) for at most one pair (A, B)
with high probability. In particular, for constant €, 6, it suffices that n = w(m? log m). This
supports our assertion that the protocol has low cognitive complexity. We now prove the

Theorem.

Proof of Theorem 6.2.1. In the proof below, we will approximate the fractional matching
score by sampling. Let k = |T4p| and ¢ = |Tpa| be the realized sizes of the preference
groups in the sample. Conditioned on k and ¢, the number of deliberative wins in the
sample is W = ¥, Ag,jeBa DijQij, where we recall that D ; is the indicator that the pair
(i,]) jointly prefers A, and Q;; is the indicator that the pair (i, j) is matched against each
other in the sample matching M. The empirical score is then given by score(AB; w) =
(k+w - W)/T. By symmetry of uniform random matching, for any i € AB,j € BA, we

have

- _ kK ¢ min(k,¢)  min(k,¢)
B0y 1= 25 AT kT TABI-[BA]

where | AB|, | BA| are population sizes. Using Equation (6.1), we see E[W | k, £] = min(k, ) -
Wap. (Recall Wy is the fraction of disagreeing voter pairs in AB x BA whose delibera-
tion favor A.)

Conditioned on group sizes k and ¢, and without loss of generality assuming that
k < ¢, the quantity W is the sum of the D, j values of a random matching of size k. This
can be obtained by sorting the voters in AB and BA in random order, and pairing the
tirst k voters. We apply Azuma’s inequality [Azu67] to the resulting Doob martingale. At
step t < k, consider two executions that are identical till step t — 1, but the first execution

matches voters (u,v) and the second execution matches voters (#/,7v') at step t. We can
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couple the future executions by considering a random permutation of the unmatched
voters in the first execution, and replacing the occurrence of u’ (resp. v') with u (resp.
v) to obtain a coupled run of the second execution. In this coupling, the quantity W is
conditioned on the execution until step ¢ — 1 differs in the D; ; values of at most 3 matched
edges, so that the martingale has per-step bound difference of < 3. By Azuma’s inequality,

for any € > 0, we have:

W E[W |k/] (eT)2 €T
R SR AN I Iy < — < -
]P(‘T T ’/e‘kJ) \2exp< 18k < 2exp 5

where the final inequality follows from the assumption that k < T/2.

Next, the group size k = |Tsp| follows a hypergeometric distribution with mean
E[k] = T/n - |AB|. By Hoeffding’s inequality [Hoe63] for sampling without replacement,

forany e > 0,

k ‘AB’ 2
—_ | > < — .
]P<’T ’/e> \Zexp( 2¢ T)

Similarly, ¢/ T concentrates around |BA|/n. Let ¢ = min{|AB|, |BA|}/n. Since

£ [BA|
T n !

it follows that the expected contribution in the sample, E[W/T | k,¢] = min(k,£)/T -

min(k, £) k |AB]
il AN < RS bt §
T gb‘ \max(‘T "

7

Wap, concentrates around its population counterpart i - WW4p with the same exponential

rate:

P<’Hun.1(-.k’£)'WAB_1/7'WAB

> e) < dexp(—2€°T).

Combined with the concentration of W around its conditional mean, this ensures that
the empirical score score(AB) is within O(e) of the population score with high probability.
The same holds for score(BA). Because the denominator of f(AB) (resp. f(BA)) is at

least 1, it follows that the empirical f(AB) is within O(e) of the population f(AB), and
the same for f(BA).
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Finally, for a set of m candidates, there are () candidate pairs. To ensure that every

pairwise score fis within € = O(e) of its expectation, we apply a union bound over
all edges in the tournament graph. To achieve this with probability at least 1 —J, the
required sample size is T = O(elf2 log %) = O(%log"). This completes the proof of

Theorem 6.2.1. 0

6.3 From Approximating Tournament Weights to Approximating Dis-

tortion

We now connect the sampling result from the previous section to the actual distortion
guarantee. The point is simple: if every sampled edge weight f(AB ) is close to its pop-
ulation counterpart f(AB), then the sampled weighted tournament differs from the full-
information tournament only by a small perturbation on each edge. Intuitively, then, the
distortion guarantee should not change by too much. In this section, we show that the
Chapter 5 distortion analysis is stable (locally Lipschitz) under such perturbations. The
formal statements can be found in Theorem 6.3.1 and Corollary 6.3.2.

Recall from Section 5.2 that we specialize to three candidates A, B, C, where A is the
winner and B is socially optimal. By the definition of the A-WUS, if A is selected from
the sampled tournament with parameters (A*, w*), then for every candidate B, either

~ ~

f(AB) > 1 — A* or there exists a third candidate C such that f(AC) > 1— A* and
f(CB) > A*. Exactly as before, the direct case reduces to the three-candidate case by
cloning B, so it suffices to analyze the latter.

Throughout this section, we assume the sampling event

-~

F(XY)—f(XY)| <7y for all candidate pairs (X, Y)

holds. From the previous section, for fixed 7, it suffices to sample O(m?logm) deliber-
ations in total to satisfy this condition with high probability. When this happens, any

winner A of the sampled tournament must satisfy, with respect to the full-information
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tournament edge weights,
fIAC)>1-A*—n,  f(CB)>A"—1. 62)

Thus, to bound the distortion of the sampled protocol, it suffices to analyze the distor-
tion program under these perturbed constraints. The key result of this section is to argue

that the dependence of distortion on # is Lipschitz for sufficiently small #.

Theorem 6.3.1. There exists a constant K > 0 such that for all sufficiently small 7 > 0,
the following holds. If a candidate A satisfies Equation (6.2), then SC(A)/SC(B) <

3+ Ky.

Proof. The proof follows the same overall roadmap as Chapter 5. The arguments up un-
til the end of Section 5.5 carry over verbatim: the bilinear objective in terms of ®, the
counter-monotone coupling of X, Y, the tight f-constraints, and the optimal matchings.
The parts that no longer hold are Lemmas 5.6.1 and 5.6.2, so we no longer have the clean
7— or 9—interval bilinear programs described in Section 5.6. Nevertheless, this still only
affects bookkeeping, not the logic of the reduction. After applying the same coupling (Sec-
tion 5.4) and matching (Section 5.5) reductions, the functions X and Y still partition [0, 1]
into finitely many intervals determined by the relevant block endpoints. We simply keep
all such endpoints instead of using the further midpoint simplification (which essentially
says some of the endpoints overlap). Since there are constantly many endpoints involved,
there are still only finitely many possible ways in which they can interleave.

Formally, fix one such interleaving and call it a combinatorial type t. For this fixed type,
the feasible instances can again be written as a finite-dimensional bilinear program. As
in Section 5.6, we separate the variables into two blocks: one block p, which records the
masses of the intervals, and one block g, which records the metric quantities such as the

compacted X;, Y;, Z; values. The objective then has the form

OPTR:(17) = inf{(p, 8:(q)) : p € P(17),9 € Qt}
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where Q; is a fixed polyhedron depending only on the type, and P(7) is the polytope
of feasible mass vectors. Crucially, the dependence on 7 enters only through the relaxed
f-constraints, hence only through the linear constraints defining P;(7). In particular, for
each type t, we may write Pi(7) = {p : Ap < by + yd;} for some fixed matrix A; and
vectors by, d; that do not depend on #. This is exactly the perturbative structure we need.

Now fix R = 2, which is the value used throughout Chapter 5 to certify distortion 3.
For a fixed g € Q;, minimizing (p,g:(q)) over p € Pi(#) is just a linear program whose
right-hand side is perturbed affinely by #. Since the coefficient matrix is fixed, the optimal
value of this linear program is piecewise linear in 7 for sufficiently small 7. Moreover, as
in Section 5.6, the bilinear optimum is attained at the extreme points: for fixed g, the
optimum over p is attained at a vertex of P;(77), and only finitely many extreme points of
Q¢ need to be considered. Therefore, OPT;(7) is the minimum of finitely many piecewise
linear functions of 7, and is itself piecewise linear near 0. In particular, there exists a

constant K; > 0 such that
OPT,+(77) = OPT,4(0) — K; - 7.

But Chapter 5 shows that at # = 0, the value is nonnegative, since R = 2 certifies distor-
tion 3. Hence OPT,,(1) > —Ky for all sufficiently small #. Finally, because there are only

finitely many combinatorial types, taking K = max; K; gives the uniform bound

inf{®,(X,Y) : (X,Y) feasible under the 5-relaxed constraints} > —K.

It remains to translate this bound on ®, into a bound on the distortion itself. From the

objective in Program (5.11), we have
Dy A (X, Y) =Do(X,Y) +A(EY + EZ).

By Definition 5.3.1, Y(v) + Z(v) = d(v,B), so EY + EZ = SC(B). Under scale invariance,
we may normalize SC(B) = 1. Then under this normalization ®A(X,Y) = $»(X,Y) +

A. Therefore, choosing A = K gives @, (X,Y) > 0 for every feasible instance under
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the 77-relaxed constraints. This certifies distortion at most (2 + Ky) +1 = 3 + Ky, so the

proof is complete. O

This Theorem shows that the Chapter 5 distortion program is stable (Lipschitz) under
small perturbations of the two f-constraints. Combining this with the sampling theorem
(Theorem 6.2.1) immediately yields the main distortion guarantee for the sampled proto-

col.

Corollary 6.3.2. There exists a constant C > 0 such that for every sufficiently small
€0>0,ifT > C- 61—2 log ¢, then with probability at least 1 — J, the sampling-based
deliberation-via-matching protocol with parameters (A*, w*) yields distortion at most

3+e.

64



7

Additional Results

7.1 Constructing Dual Certificates for Section 5.6

These dual constructions are due to Ian Zhang.
In this section we complement the results established in Section 5.6 by providing the
dual certificate of optimality of the corresponding LP. We first note that by Equation (5.10),

the term Z; > Zin(X;, Y;) can be captured by the following set of linear constraints:

Mx >X;, Mx>-X;, My>=Y;, My>-Y, Vie[9],
Mxiy 2 Xi +Y;, Mxyy > —(Xi+Y)) Viel[9],
Zi 2 Mx+X), Ziz3(My-Y), Z>=3(Mxyy+X—Y) Vi e [9],

The variables My, My, and Mxy represent || X||e, ||Y]|co, and || X + Y| respectively.

Dual Certificates for Case 1

Vertex (p1, p2, 3, ps) = (0,0,0.5,0)

We consider the LP obtained by substituting p3 = ps = 0.5 into Program (5.14). The

primal objective (for R = 2) is
b, = %(X3 +Xg) + %(Y3 +Y8) + (Zg—FZg).

A valid dual certificate is given by the following nonnegative multipliers on the dis-

played constraints:

on Mx,y+Xg+Ys =0,

on Zz— tMxiy+3Ys—3X3 20,
on Zg=>0,

on Yz3+Yg=>0,

on Xj3>0.

e 1
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Adding the weighted inequalities (left-hand sides minus right-hand sides) with these

multipliers gives

0.5(Mxyy + Xs + Ys) +1(Z3 — AMxy +1Y3 — 1X3)

+1~Z8+1(Y3+Y8)+1'X3 > 0.

Collecting terms on the left-hand side, all M-terms cancel and the sum simplifies exactly
to

X3+ 3Xs+3Ys+ 3V + Z3+ Zg = Do

Hence &, > 0 for every primal feasible point.

Vertex (p1, p2, 3, ps) = (0,0.25,0,0)

For V, the mass pattern places p = 0.25 on indices 2,4,7,9. The objective (for R = 2)

becomes
b, = 0.25(X2 + X4+ Xy + Xg) + 0.75(Y2 + Y+ Y+ Yg) + 0.5(Z2 +Z4+ Z7+ Zg).
A valid choice of multipliers (all nonnegative) on the primal constraints is:

025 on My-+Yy >0,

025 on Mx,y+X7+Yy 20,

025 on Mxiy+ X9+ Yy >0,
05 on Zp—iMxiy+1Y,—
05 on Zy— sMxiy+3Ys—
05 on Zy—3My+3Y; >0,
05 on Z9g >0,
05 on X+ X4 >0,
05 on Y,4+Yy >0,

025 on Yi;+Y;>0.

X
Xy

0,

1
2
1
2 0,

>
>

Summing these weighted inequalities yields on the left hand side

0.25X5 +0.25Xy + 0.25X7 4 0.25X9 + 0.75Y> + 0.75Y4

+ 0.75Y7 + 0.75Y9 4+ 0.5Z, + 0.5Z4 4 0.5Z7 + 0.5Zy,

which is precisely ®,. Thus ®, > 0.
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Vertex (p1, p2, 3, ps) = (0.25,0,0,0.5)

For V3 we use the mass assignment p; = 0.25, ps = 0.25, ps = 0.5. The objective (for
R =2)is

®; = 0.25(X; + X5) +0.5Xg + 0.75(Y1 4+ Ys5) +1.5Ys + 0.5(Z1 + Zs5) + 1.0 Z.
A valid set of nonnegative multipliers is

05 on My—+Y; >0,

05 on Mx.y+Xe+Ys >0,

05 on Zj— iMxiy+3Y1— 53X =

05 on Zs— 3Mxiy +3Ys — X5 >
1 on Zg—iMy+3Ys >0,

0.5 on Y6 — Y5 = 0,

05 on X;1+X520,
1 on Ys5=>0.

7

0
0,

Summing these weighted inequalities yields on the left hand side
0.25X7 +0.25X5 + 0.5X¢ + 0.75Y1 + 0.75Y5 + 1.5Y¢ + 0.5Z1 + 0.5Zs5 + 1.0Zg,

which equals ®;, and therefore ®, > 0.

Dual certificates for Case 2

Vertex (p1, p2, 3, ps) = (0,0,0.5,0)

We use the mass assignment p3 = p7 = 0.5. The objective is
D, = %X3 + %X7 + %Yg + %Y7 + Z3 + Z7.

A valid dual certificate is given by the following nonnegative multipliers on the dis-
played constraints:

05 on Mx+ Xy >0,
on Zz—iMx—3X3>0,
1 on X3—X4 >0,
15 on Y3+Y;, >0,
on Xy >0,
1 on Zy;>0.
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Multiply and sum these inequalities with the listed multipliers. On the left-hand side

the M-terms cancel:

0.5(Mx + X7) + 1(Zs — 3Mx — 3X3) + 1(X3 — Xy)

+15(Y3+Y7) +1-X4 +1-2Z7 > 0.
Grouping and simplifying the left hand side yields exactly
X3+ 11X+ 33+ 3Yo + 23+ Z; = @,
Thus &, > 0.

Vertex (p1, p2, 3, ps) = (0,0.25,0,0.5)

We use the mass assignment p, = ps = 0.25, ps = 0.5. A valid dual certificate is given by

the following nonnegative multipliers on the displayed constraints:

05 on My+Y, > 0,

05 on Mx.y+Xe+Ys = 0,

05 on Zy— jMxiy+3Yo— 31X >
05 on Zs— sMxiy+3Ya—3Xs 2
1 on Zg—iMy+3Ys > 0,

05 on X, —X3 > 0,

0.5 on X3 — X4 = 0,
0.5 on Y5 — Y4 > 0,
05 on Ys—Y5 > 0,

1 on Xy >
1 on Yy >

Summing these weighted inequalities yields on the left hand side
0.25(X> + Xy) + 0.5X6 + 0.75(Y2 + Yy) + 1.5Y6 + 0.5(Z> + Z4) + 1.0Zg.

This is exactly

®; = EX +3EY + 2EZ

under the mass assignment po = ps = 0.25, pg = 0.5. Therefore @, > 0 for this vertex.
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Vertex (p1, p2, 3, ps) = (0.25,0,0,0.5)

We use the mass assignment p; = ps = 0.25, pg = 0.5. A valid dual certificate is given by

the following nonnegative multipliers on the displayed constraints:

05 on My+Y; > 0,

05 on Mxivy+Xe+Ys = 0,

05 on Zj— fMxiy+3Y1—3X1 >

05 on Zs— sMxiy+3Ys —3Xs5 >
1 on Zg—iMy+3Ys > 0,

05 on Yg—Ys5 > 0,

05 on X1+X5 = 0,
1 on Ys > 0.

Summing these weighted inequalities yields on the left hand side
0.25(X1 + X5) + 0.5X¢ + 0.75(Y1 + Y5) + 1.5Ys + 0.5(Z1 + Z5) +1.0Z,,

which equals the objective

®; = EX +3EY +2EZ

for the mass assignment p; = ps = 0.25, pg = 0.5. Thus ®, > 0 for this vertex.
Therefore, for each of the six extreme points of the p-polytope in Case 1 and 2, the

nonnegative dual multipliers above satisfy

3 Aj(LHS; — RHS;) = @,
]

hence each yields an analytic dual certificate proving ®, > 0 and therefore a distortion

bound of at most 3.

7.2 Lower Bound Instances for Deliberation-via-Matching

In this section, we show that the analysis of deliberation-via-matching in Chapter 5 is
tight by presenting a construction that yields a lower bound on distortion for any (A, w).

The resulting lower-bound function attains a minimum value of 3, which coincides with
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the upper bound established in The Main Theorem. Therefore, our specific parameter
choices A* = (3 —+/3)/2 ~ 0.634 and w* = /3 — 1 ~ 0.732 in Section 5.6 are optimal.

We begin by generalizing Lemma 5.6.1 for general (A, w). In this section, it is convenient

2A -1

toset T(A) = T

Definition 7.2.1 (Permissible Ranges for |AC|, |CB|). For A € (1/2,1) and w > 0, with
f(AC) =1 — A, one must have ACpin < |AC| < ACpax, and with f(CB) = A, CBmin <

|CB| < CBmax, where

ifw < T(A)
- 1-(1—-A
Acmin (A/ ZU) == 1 A CBmin ()\, '(/U) = ( )w
1+ Aw A 0> T(A)
TTa-ne fw>T
1-A
—_— ifw < 1(A
A1+ w) -1 ANw Y (M)
CBmax (/\/ w) i Ee— ACmaX (/\,ZU) =
L Aw A-MHA+w) if w> (M)
1+(1-Aw '

These are the quantities that allow the f(+) constraints to be satisfied by winning all
deliberations (lower bounding the set sizes) or winning zero deliberations (upper bound-
ing the set sizes). Observe that ACmin + CBmax = ACmax + CBmin = 1, regardless of A, w.
The four quantities are found by solving equations. For example, ACmin and ACpax are

found by respectively solving:

find |AC| = ACmin

s.t. mac = min{|AC|,|CA|},

0<|AC| <1, Wac = mac,

’AC|—|—ZU'WAC = (1—A)(1+w-mAc)
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and

find |AC| = ACmax

st. mac =min{|AC|,|CA|},

0<|AC| <1, Wac =0,

|AC| +w- - Wyc = (1—)\)(1+w-mAc).

The quantities CBmax, CBmin can be computed similarly. We now describe three types

of instances. For all three examples, we assume V has unit mass.

Example 7.2.2 (Collinear Points A — B — C). Embed VU{A,B,C} onR.PutA=0,B =1,
and C = 2. Place voter vp of mass ACnax at B and v¢ with the remaining mass CBpyin =
1 — ACpax at C. Then:
e Avs. C. Arbitrate vp in favor of A. Then f(AC) = 1 — A is satisfied by |AC| =
ACmax, with A winning zero deliberations.
e Cvs. B. All (C,B) deliberations are ties, and we arbitrate all of them into C >
B pairs. Then f(CB) = A with |CB| = CBmin and C winning every deliberation
matching.
This family generalizes the construction used in our warm-up Theorem 5.1.3. Para-
metrically, these instances have distortion SC(A)/SC(B) = (ACmax + 2CBmin )/ (CBmin),
which expands to

I-(1-MNw  1+A-2(1-MNw
A-1-NDw  A—-(1-MNw

1+ ifw < (M)
I+1-MNw A+1+(1-MNw

1
* ) A

ifw > t(A).

Example 7.2.3 (Co-located B and C). Embed VU {A,B,C} onR. Put A=0and B=C =
1. Place voter v4 of mass ACmin at A, and vpc of remaining mass CBmax = 1 — ACnin at

B (equivalently C). Then:
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e Avs. C. All (A, C) deliberations are ties and we arbitrate as A > C. Then f(AC) =
1 — Ais satisfied by |AC| = ACpin along with A winning all deliberations.

e Cvs. B. All (C, B) deliberations are also ties; we arbitrate in favor of B = C. Then
f(CB) = A by |CB| = CBmax, with C winning zero deliberation.

A1+ w)

These instances have distortion d; (A, w) = CBmax/ ACmin = T 1

Example 7.2.4 (Triangular Instance). Embed A, B, C on an equilateral triangle with side
length 2, and partition voters into three point masses of ordinal preferences ACB, CBA,
and BAC, respectively. Define their voter-candidate distances by the following table,

where 7 =1 — CBmin — ACmin = ACmax — ACmin = CBmax — CBmin.

Cluster ‘ Mass H d(v, A) ‘ d(v, B) ‘ d(v,C) ‘

ACB ” 1 1 1
CBA | CBmin 3 1 1
BAC | ACumin 2 0 2

We note that this instance can be embedded in (IR?,¢;) by placing A = (0,0), B =
(1,1), C = (2,0), ACB = (1,0), CBA = (2,1), and BAC = (1,1).

¢ In this instance, |AC| = ACmax and |CB| = CBmax-

e Avs. C.Inthe (A, C) deliberation, A is unable to win any: in the (A, C) deliberation,
A cannot win any matched pair, for pairing either the ACB or the BAC cluster with
CBA both yields C >~ A. However, because |AC| = ACnax, this is exactly enough to
ensure f(AC) =1— A.

e Cvs. B. By the same token, BAC beats both ACB, CBA in the (C, B) deliberation, so
every pair outputs (B > C). Still, as |CB| = CBmax we nevertheless reach f(CB) =
A.

These instances have distortion

SC(A)  (ACmax — ACmin) + 3 CBmin + 2 - ACmin

SC(B> (Acmax - Acmin) + CBmin

72



To “simplify,” we first rewrite the symbolic distortion by eliminating CBmin:

0.5- (ACmaX — ACmm) + 1.5 CBpin + ACmin
05 - (ACmax — ACmin) + 05 - CBoum

d3 =

_ 3 - ZACmaX + ACmin _ 3 - ZACmax + ACmin
1 — ACmin CBmax '

where we multiplied both sides of the first fraction by 2 and then used ACmax + CBmin =

1. Then,
24+ A+ (A2 464 —4)w —3A(1 — A)w? .
ds(M, w) Al+w)(1—(1-MN)w) ifw< (M)
3(A,w) =
2+)\+(3)\2 2/\+2)w+(A_A2) '
Al+w)(1+(1—-A)w) ifw > t(A).

The Distortion Lower Bound Over (A, w)

Aggregating Examples 7.2.2 to 7.2.4, we obtain a (piecewise) lower bound of the distortion
of our rule with parameters (A, w). For each (A, w), we compute the distortions d; (A, w)
from Example 7.2.2, d>(A, w) from Example 7.2.3, and d3(A, w) from Example 7.2.4. We
then plot the pointwise maximum max; d;(A, w) in Figure 7.1. This creates a 2D plane
of lower bounds of the (A, w) deliberation-via-matching protocol, with global minimizer
(A*, w*) attaining value 3. By The Main Theorem, we conclude that our parameter choice
(A*, w*) is tight and uniquely optimal.

Finally, observe that across all three examples, the lower bounds hold for every max-
imum cardinality matching, so long as we apportion preference and deliberation ties as
described. Therefore, the tightness of The Main Theorem is robust to the choice of match-

ings, which additionally justifies using an arbitrary maximum matching in our protocol.

7.3 General Lower Bounds on Dyadic Deliberation

In this section, we complement the upper bound established in The Main Theorem with
two simple information-theoretic results regarding dyadic deliberations. As we no longer

fix a certain rule to analyze, it is convenient to work with an input model that is more
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Distortion Heatmap with Maximizer Partition of D (A, w)
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0.2 04 0.6 0.8 1 1.2
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FIGURE 7.1: Distortion heatmap and the maximizer (arg max) partition of the

(A, w)-plane induced by d1, d», d3. Each color shows the decision region arg max; d;(A, w);
dashed curves represent the decision boundaries d; = d;. As d; quickly blows up, we
only plot (A, w) over [0.5,0.7] x [0,1.25]. The unique global minimum of max; d;(A, w) is
3, attained by (A*, w*) (and this is also the unique intersection of all three decision
boundaries).
general (stronger) than those used by the deliberation-via-matching protocol in Chapter 4.
For each unordered pair {u, v}, allowing u = v, let >-,,, denote the complete ranking over
all candidates induced by the pairwise costs d(u,-) + d(v,-). We call the collection (>,
){u,0} the complete dyadic preference profile. Since the diagonal pairs {u, u} recover the
ordinary individual rankings, any rule that reads individual ordinal preferences together
with any chosen collection of dyadic outcomes is a special case of the rule that reads the
complete dyadic profile. Consequently, to study a universal lower bound for the class of

rules encompassing the deliberation-via-matching protocol, it is natural to work in this

stronger model. We establish the following results.

Theorem 7.3.1. Any deterministic social choice rule whose input is the complete dyadic
preference profile has distortion at least 2, even with two candidates.
Similarly, any randomized social choice rule whose input is the complete dyadic

preference profile has expected distortion at least 3/2, even with two candidates.
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By applying this Theorem to Theorem 5.1.1, we immediately see that our deliberation-
via-matching protocol with (A, w) = (1/2,1) as discussed in Section 5.1 is optimal among
deterministic rules in the two-candidate setting.

In order to prove the deterministic (resp. randomized) claim in Theorem 7.3.1, we
construct two instances Ij, I such that (i) they each involve two candidaates A, B, (ii)
their complete dyadic preference profiles appear identical, and (iii) SC(B)/SC(A) = 2
(resp. 3/2) in I, but SC(A)/SC(B) = 2 (resp. 3/2) in L.

Proof of the deterministic case. Consider two instances Iy, I, on the real line with candidates
A = —1and B = 1. To simplify the description, we work with three unit-mass voters. In
both instances, the voters are labeled vy, v, v3. In I;, we place v1,v; at —1 and vz at 1. In
I, we place v1,v; at 0 and v3 at 1. Break ties so that in I, both self-pairs {vq,v1}, {v2, v2}
and the pair {v1, v} rank A over B.

We now compare the complete dyadic profiles. In both instances, {v1,v1}, {v2, 02},
{v1,v2} rank A over B, while {vy,v3}, {v2, v3}, {vs, v3} rank B over A. Thus the two in-
stances are indistinguishable to any deterministic rule that only observes the complete
dyadic preference profile. Their social costs, however, are reversed. It’s easy to check that
inl;, SC(A) =2,SC(B) =4,s0SC(B)/SC(A) = 2. On the other hand, in I, SC(A) = 4
and SC(B) =2s0SC(A)/SC(B) = 2.

Any deterministic rule must output the same winner on both instances, as the identical
dyadic profile makes them indiscernible. If it outputs A, then it incurs distortion 2 on I,.

But if it outputs B, then it incurs distortion 2 on I. O

Proof of the randomized case. We use Yao’s minimax principle [Yao77]. Let I, I be the two
instances described in the previous proof. Consider the distribution that assigns proba-
bility 1/2 on each of the two instances. Fix any deterministic rule R that only uses the
complete dyadic preference profile. Since I and I, are indiscernible, the rule R must out-
put the same candidate on both instances. If R always outputs A, then its distortion is 1

on I; and 2 on I, giving an expected distortion of 3/2. If R always outputs B, the roles
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of I, I, are reversed, and the same calculation also gives distortion 3/2. Therefore, every
deterministic rule has expected distortion at least 3/2 under this distribution. By Yao’s
minimax principle, every randomized rule has some input instance on which its expected

distortion is at least 3/2. O

7.3.1 A Near-Optimal Randomized Rule on Two Candidates

We now record a randomized variant for the two-candidate setting, which achieves expected
distortion ~ 1.523 for two candidates, almost matching the 3/2 universal lower bound.

The deterministic rule makes a sharp decision once the two weighted scores cross.
The lower-bound construction above shows that this threshold is precisely where an ad-
versary can hide two metrically different instances behind the same observable data. A
natural modification is to keep the same score and randomize the final choice.

Fix k > 1. We optimize its value numerically later. For two candidates A, B, we
apply the deliberation-via-matching protocol with w = 1 to obtain score(AB;w = 1)
and score(BA;w = 1). Recall from Equation (4.1) that f(AB) and f(BA) differ from
score(AB), score(BA) only by a common normalization factor. Here, we define the power-
of-k rule to elect a candidate proportional to its score raised to the k' power, i.e., it elects
A with probability P(A) = score(AB)*/[score(AB)* + score(BA)*] and elects B other-
wise. The case k = 1 samples proportionally to the two score(-) values, while as k — oo,
the rule concentrates on the candidate with the largest score and approximates the score-
maximizing two-candidate deliberation-via-matching rule.

We inherit the notations used in Section 5.1. The two candidates are A, B. The set AB
denotes the set of voters who prefer A over B, and BA denotes its complement. Then we
form a maximum matching on AB x BA, and let W, (resp. Wg) denote the number of
voter pairs whose deliberation favors A (resp. B).

To estimate the worst-case distortion of this family, we reuse the two-candidate cal-

culation from Lemma 5.1.2. Specifically, Equation (5.4) states that whenever B is optimal
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and A is selected, we have

|BA| — Wa
|AB[+ W,

<1+2-

Therefore, on a fixed instance, the expected distortion is at most

[BA| =Wy (JAB| +Wy)*
|AB| + W, (|AB| +Wy)k+ (|BA| + Wg)k'

1+2-

Since W4 + W = min{|AB|, |BA|}, this becomes a simple optimization problem over
the masses |AB| and Wy. For convenience, we normalize the electorate into unit mass
and write 4 = |AB|, x = W4. Then 0 < x < min{a,1 —a} and the upper bound above

becomes

1—a)—x (a+ x)

(
1+2. . .
+ a+x (a+x)*+(1—a+min{a,1—a} —x)*

The feasible region splits into two cases. If 2 < 1/2, then for fixed a 4 x the expression

is maximized at x = a. Writing ¢ = a, we obtain

— k
¥1(g;k) —14 1 qzq-@q)qu()l_q)k, g€ (0,1/2].

If a > 1/2, then for a fixed a + x the expression is maximized at x = 0. Writing p =1 —q,

we obtain

_ )k
Ya(psk) =1+ 12_;9p : (1_(;>k —f)(Zp)k' p€[0,1/2).

Hence the worst-case expected distortion of the power-of-k rule is bounded by

Y(k) =maxq sup Yi(q;k), sup Ya(p;k)
0<g<1/2 0<p<1/2

which numerically gives a minimum near k ~ 2.84 with ¥ (k) ~ 1.523, fairly close to the

universal lower bound of 3/2 in Theorem 7.3.1. See the figure below.
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Worst-case distortion as a function of k
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FIGURE 7.2: Numerical evaluation of the two boundary-reduced bounds ¥; and ¥ as
functions of k. The worst-case bound ¥ (k) is the upper envelope of these two curves,
and is minimized near their intersection at k ~ 2.84, yielding ¥ (k) ~ 1.523.

7.4 An Attempt: Dyadic Refinements of the Domination-Graph Certifi-

cate

We close the chapter with an exploratory direction that, despite looking quite natural,
does not lead to an improvement over [GHS20] (referred henceforth in this section as
“the paper”), even when the rule is supplied with complete dyadic preference profiles
defined in Section 7.3. One of the central ideas behind the cited paper is that optimal
deterministic distortion can be certified through a perfect matching in a suitable domi-
nation graph. Since dyadic deliberation supplies additional pairwise cardinal informa-
tion, a natural question is whether this information can be injected directly into the same
matching-based framework, and perhaps strengthen the certificate beyond distortion 3.
The following result only implies that our specific attempt to “upgrade” the techniques used in
[GHS20] does not synergize well with dyadic deliberation. It should not be interpreted as an im-
possibility result that using the framework proposed by this paper as a backbone is a dead-end.

To streamline the presentation, we state all Theorems first and defer their proofs to the

end of the section.
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We first recall the definitions from the paper. Fix a candidate A € C. The domination
graph G, is a bipartite graph on two copies V;, V; of the voter set, with an edge i — j
whenever voter i ranks A at least as highly as top(j), the top choice of voter j. The main
result they proved was the following conditions:

(i) There exists a candidate whose domination graph admits a perfect matching, and
(i) When a candidate’s domination graph admits a perfect matching, that candidate
has distortion < 3.

How could we “refine” the rule using dyadic deliberation? What is the canonical
choice to incorporate deliberation into domination graphs? A natural choice is to adopt
a stricter notion, where we keep only edges that are additionally certified by a dyadic
deliberation. Accordingly, we define a subgraph H4 C G4 by retaining the edge i — j if,

additionally, the dyad (i, j) weakly prefers A over top(j). That is,

d(i, A) +d(j, A) < d(i,top(j)) + d(j, top(j))-

The hope is that a perfect matching in H4 should be strictly more informative than a
perfect matching in G4, because every matched edge now carries both the original ordinal

comparison and an additional two-voter inequality. This hope is locally correct.

Theorem 7.4.1. If for some candidate A, H4 has a perfect matching, then A has distor-

tion at most 2.

So, at the level of an individual certificate, dyadic refinement really does buy some-
thing. If a candidate survives this stronger test, then the standard matching argument can
be sharpened from distortion 3 down to 2. But the problem is existential. In the original
ordinal setting, one proves that condition (i) always holds for some candidate. For the

refined graphs Hy, this fails completely.

Theorem 7.4.2. There exists a family of instances in which H4 has no perfect matching

for any candidate A.
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We construct the counterexamples using a family of weighted star metrics. Informally,
once an edge must pass both the ordinal test and the dyadic test, the graph becomes much
sparser, and Hall-type obstructions arise.

There is a second sense in which this refinement does not interact well with [GHS20]’s
viewpoint. Even on instances where the original domination-graph argument isolates a
candidate through perfect matchability of G4, the dyadic refinement may simply erase all

such certificates.

Theorem 7.4.3. For all € > (, there exists an instance with two candidates A, B satisfy-
ing the following:
* G4 admits a perfect matching, while H,, Gp, and Hg do not, and

e 3> S5C(A)/SC(B) >3 —e.

In other words, the refined graphs can fail on instances where the original domination-
graph mechanism still points to a unique, nearly worst-case candidate. This shows that fil-
tering the certificate through dyadic deliberation is not aligned with the existential mech-
anism that makes the paper’s original proof work.

A more forgiving idea is to measure how far H, is from being perfectly matchable,
rather than insisting on exact perfect matchability. For a fixed candidate A, consider the
complete bipartite graph V; x V, with the following edge weights:

e (already good) w(i,j) = 0if (i,j) € Ha,

* (need to fix deliberation) w, (i, j) = 1if (i,j) € Ga\Ha, and

* (need to fix ordinal and deliberation) w4 (i,j) = 2if (i,j) ¢ Ga.

Then we define p(A), candidate A’s distance to the “nearest” perfectly matchable

graph, as
p(A) = min{total weight of a perfect matching (V;, V;) under w4 }.

Equivalently, p(A) is the cost of the cheapest “repair” that turns the refined graph H,
into one that admits a perfect matching. At first sight this relaxation behaves much better

on the motivating counterexamples:
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Theorem 7.4.4. On the counterexamples from Theorems 7.4.2 and 7.4.3, the rule select-

ing a minimizer of p(A) yields distortion at most 2.

The next question is whether this relaxation can produce a genuinely better rule in

general. In the two-candidate setting, we establish the following partially positive result.

Theorem 7.4.5. The instance family used in Theorem 7.4.3 can be parameterized so that

the rule selecting arg minsc¢ p(A) has distortion arbitrarily close to 7/3.

Theorem 7.4.6. When there are only two candidates, the rule selecting arg mincc p(A)

has distortion at most 7/3 (and this is tight by the previous Theorem).

Thus the relaxation does capture a real two-candidate improvement. Even so, the
general picture remains negative. Once the number of candidates is unrestricted, the p-

based rule again returns to the distortion-3 barrier.

Theorem 7.4.7. For all € > 0, there exists an instance in which the p-minimizer has

distortion > 3 — e.

The lower bound again comes from a more carefully constructed star-like construc-
tion. Informally, the p-objective prefers a far candidate because its graph is combinatori-
ally slightly cheaper to repair, even though its social cost is almost a factor 3 worse than
optimal. So while p(A) is a natural proxy for “how close” a candidate is to having a
dyadically certified matching proof, that proxy is still not aligned with the true welfare
objective in the multi-candidate setting.

To sum up, these results suggest a fairly clear negative lesson. Dyadic deliberation can
strengthen individual domination-graph edges, and when the resulting certificate exists
it is indeed stronger than the one used in [GHS20]. But the existence of such certificates
is too fragile, and our repair-based relaxation remains structurally tied to the distortion-3

barrier. At least for this line of attack, dyadic information helps locally but not globally.
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Omitted Proofs of Section 7.4

We now provide the proofs of the Theorems claimed earlier in Section 7.4.

Proof of Theorem 7.4.1. Let the perfect matching M on H, be a bijection 7 : V. — V, so
edges are (i, 71(i)) € M. By assumption we know d(i, A) + d(7(i), A) < d(i,top(7rc(i))) +
d(7t(i), top(7(i))). Summing over i € V, the LHS becomes

Zd(i,A) + Zd(n(i),A) =2SC(A)

since 77 is a permutation. For the RHS, manipulating triangle inequalities gives

RHS = Zd(i,top(n(i))) + Zd(n(i),top(n(i)))
< )_[d(i, OPT) + d(OPT, top(7(i)))] + }_d(j, top(j))
]

i

< SC(OPT) + Y_d(OPT, top(7(i))) + Y _d(j, OPT)
i j

= SC(OPT) + }__d(OPT, top(j)) + SC(OPT)
j

= SC(OPT) + ) [d(OPT, j) +d(j, top(j))] + SC(OPT)
j

< SC(OPT) + ) _[d(OPT, j) + d(j, OPT)] + SC(OPT)
j

— SC(OPT) + 2SC(OPT) + SC(OPT) = 4SC(OPT).
Consequently 25C(A) < 4SC(OPT), and this finishes the proof. O

Proof of Theorem 7.4.2. First consider the star metric with a center and n leaves labeled
1,...,n, such that center-leaf distances are 1, and leaf-leaf distances are 2 (for distinct
leaves). For each k € [n], place one voter v; and one candidate ¢, right at leaf k. Then

top(vx) = ¢ and d (v, top(vg)) = 0.

82



Fix any candidate A = ¢;. We show Hj4 has no perfect matching. Enumerate the
left vertices by vy(1),...,v,(n) and the right ones by v,, respectively. An edge (i,j) =
(v¢(i),v,(j)) exists in Hy if and only if the voter pair (v;,v;) favors c; over top(v;) = c;.

With d (v}, top(v;)) = 0, this reduces to
(i,j) € Ha if and only if d(vi,ct) +d(vj,cr) < d(vj, c)). (7.1)

Now pick any right vertex v,(j) with j # t. We claim its neighborhood satisfies
N(o,() © {ou(t)}:
e Ifi = t, then d(v;,¢;) = d(vi,¢1) = 0,d(vj,ct) = 2, and d(vy,¢j) = 2. Then Equa-
tion (7.1) holds and (v(t),v,(j)) is an edge.
e Ifi # t, thenbothi # tand j # t, so d(v;,c;) = d(vj,c;) = 2. On the other hand,
d(v;, cj) is other 0 (if i = j) or 2 (if i # j). In either case, Equation (7.1) cannot hold,
so no i # t can be adjacent to v, (j).
Therefore, for every j # t, the only possible in-neighbor of v,(j) in Ha is v(t). Let
R = {v:(j) : j # t}. Then the only possible in-neighbors of R is v(t), which renders a

perfect matching impossible for n > 3. O

Proof of Theorem 7.4.3. Let k be large and 6 > 0 be small. Consider an instance on IR where
candidate A is located at 0 and B at 1. Place (k + 1) voters at 1/2 — § (call them L), and
k voters at B = 1 (call them R). Clearly, as ¢ | 0 and k 1 oo, the distortion SC(A)/SC(B)
converges to 3.

We first show that G4 has a perfect matching. Observe top(£) = A and top(R) = B.
Vacuously, everyone ranks A no lower than top(L) = A, so every vertex in the left copy
of £L U R has an edge to any vertex in the right copy of £. On the other hand, a voter
ranks A no lower than B if and only if the voter belongs to £, so edges also flow from £
to R. Because |£| > |R| and the right copies of R can be matched by any left vertex, G4
is perfectly matchable.

To show that H4 does not admit perfect matchings, we show that the right copies

of R are isolated. As shown previously, the in-neighbors of them are the left copies of L.

83



However, after deliberation, the pair cannot favor Aasd(L, A) +d(R,A) =1/2—56+1 >
1/24+64+0=d(L,B)+d(R,B) for small é.
Similarly, in Gg, the in-neighbors of the right copies of L are the left copies of R, but

|L] > |R|. Therefore, neither Gp nor its subgraph Hp admits perfect matchings. O

Proof of Theorem 7.4.4. We make the following claims on the examples considered in The-
orems 7.4.2 and 7.4.3. For an n-leaf star instance used in Theorem 7.4.2, p(A) = n —
2 for candidates on short leaves and p(A) > 2(n — 2) for the far candidate. For the
two-candidate instance considered in Theorem 7.4.3, the “bad”, chosen candidate A has
p(A) =k ~ n/2 while the “good” candidate has p(B) = 2.

We first consider the examples used in the proof of Theorem 7.4.2, starting with the
unweighted one. Recall for A = ¢;, we showed that for every right vertex v, (j) with j # ¢,
its in-neighborhood in H, is contained in the singleton {v,(t)}. Consequently, without
modification, the size of H4’s maximum matching is at most 2 (at best, match one non-t
right vertex using left , and match right ¢ using some other left). Hence the matching
deficiency is n — 2, meaning p(A) > n — 2. We claim this bound is attainable. First, recall
H, consists exactly of edges of form (t,j) for every j, and (i, ) for every i, i.e., every
edge is incident to left or right t. Pick any ordering of the n — 1 indices other than t, say

P1, P2, .-, Pn—1 € [n]\{t}. Define a matching M by the directed n-cycle
f—>p1—>]92—>...—>pn,1—>t

or in left-to-right edge notation, M = {(t,p1), (p1,p2),---, (Pn—2,Pn-1), (Pn-1,1)}. We
now check costs:
* (t,p1), (pu—1,t) clearly cost 0 as they are in Hy.
* Anintermediate edge (p;, py+1) belongs to G4 because d(v,,, A) = 2and d(vp,,cp,,,) =
2 (distinct leaves), so p, ranks A at least as high as c,,,, = top(v,,.,), hence the ordi-
nal edge exists. Yet, it is not in H4 because neither endpoint is t. Therefore this edge

costs 1.
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Summing up, M has exactly (n —2) cost-1 edges and 2 cost-0 edges, and this shows
p(A) =n—2.

For the weighted variant, for a non-far candidate A = ¢; with t # n, the analysis is the
same as in the unweighted case. In the directed n-cyclet — p1 — p2» = ... = pu_1 — t,
the two edges incident to t have cost 0 as before, and each intermediate edge (p;, pr+1) is
not in Hy4. If neither endpoint is n then the edge is in G4 as before; if p, = 1, then voter n
ties ¢; with any non-far ¢, ,, and the edge lies in G4 again. Therefore every intermediate
edge costs 1 and p(A) = n — 2 for all t # n. For the far candidate c¢,, however, every non-
far voter strictly prefers any non-far candidate to ¢,. Consequently, for j # n and i # n,
the ordinal edge i — j, interpreted as “i ranks ¢, at least as high as c;,” is not present in
Ge,. In this weighted star, one has H., = G,. Recall the matching deficiency of n — 2: this
means every edge added incurs cost 2, so p(c,) > 2(n — 2). This bound is attained by an
arbitrary n-cyclen — p; — ... = p,—1 — n where p1, ..., p,_1 is any ordering of [n — 1]

(two cost-0 endpoint edges and (1 — 2) intermediate cost-2 edges).

For Theorem 7.4.3, let n = 2k + 1. We first analyze candidate A. Recall that in Hy,
everything on the left connects to right-£, but every vertex in right-R is isolated, so
p(A) = |R| = k. On the other hand, because G4 admitted a perfect matching, we can
simply add back the k cost-1 edges used to match to right-R in G4, so p(A) = k.

We now claim p(B) = 2. First observe Hg = Gg, as the deliberation inequality for the
edges from R to L favors B, so no edges get deleted relative to Gg. The only obstruction
is that right-£ has size k + 1, yet its in-neighborhood in Gg is left-R, whose size is k, so
we are short by 1. As there are no cost-1 edges available (since Hg = Gg), p(B) > 2.
Conversely, adding one edge from some left-L to some right-L (an edge not in Gp) suffices:
match that chosen right-£L to the chosen left-£, match the other k right-£ vertices using
the left-R vertices (these edges already exist), and match all right-R vertices using the

remaining k left-£ vertices (recall they already connect to all of right-R). So p(B) =2. O

Proof of Theorem 7.4.5. Consider a metric instance on the real line with two candidates A
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at 0 and B at 1. Voters are partitioned into £ at some x € (0,1/2] and R located at 1, so
top(R) = B. Assume |L| > |R|. This generalizes the construction used in Theorem 7.4.3.

As in the proof of Theorem 7.4.3, p(A) = |R|. (Every right-R is isolated in Hy, yet
they are matched in G4. They can be repaired by adding |R| cost-1 edges.) On the other
hand, deliberation comparing (b, A) always favors B in this geometry, so Hg = Gg as
in Theorem 7.4.3. In Gg, the only in-neighbors of right-£L are left-R, so to match all ||
vertices of right-£ with only |R| vertices in left-R, we must add (|£| — |R|) edges not in
Gp, each costing 2. Thus p(B) = 2(|£| — |R|), generalizing the p(B) = 2 computation in
Theorem 7.4.3.

The rule picks A if and only if p(A) < p(B), ie., |R|/|L]| < 2/3, and social costs can

be expressed by
SC(A) = |L]-x+|R], SC(B) = |L] - (1 —x).
If the rule picks A, then from |R|/|£]| < 2/3 and x < 1/2 we have

SC(A) _ x+|RI/IL] _1/2+2/3 _

SC(B) 1—x S 1p 3

and if the rule picks B, then using |R|/|L| > 2/3 and x > 0, we have

sc(B) __1-x _ 1
SC(A) _ x+|RI/IL] S2/3

<7/3. O

Proof of Theorem 7.4.6. Assume the rule outputs A while B is socially optimal. Scaled(A, B) =
1. For each voter, define §, = d(v, A) — d(v, B) € [—1,1]. For ease of notation, let A =
SC(A) —SC(B) = Ypey dp and S = SC(A) + SC(B). Finally, because d(v, A) +d(v,B) >
d(A, B) we have S > n. We may rewrite social costs and distortion as

_S+A S—A SC(A) _ S+A _n+A
===,

SC(A)

so it suffices to show A < 2n/5.
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We first reduce A to a “matching deficiency.” Partition voters into AB = {v : §, < 0}
and BA = {v : 6, > 0}. Consider the bipartite graph with left vertices AB and right
vertices BA, containing an edge (i, j) iff the deliberation between (i, j) comparing (A, B)
weakly prefers A, ie., d(i,A) +d(j,A) < d(i,B) +d(j,B), ie., 6; +6; < 0. Let ua be
the maximum matching size in this graph and fix a maximum matching M. Summing

6i +6j < Oover (i,j) € Mgives ¥,y 0 < 0. Therefore,

A=) 6,< ) b

veV v¢ V(M)

All unmatched voters in AB have J, < 0, so only unmatched voters in BA can increase
the sum, and each satisfies 6, < 1. Hence
A< Y 5<|BAV(M)| = [BA|~pa.
JEBA\V(M)
Therefore, it suffices to show |BA| — ua < 2n/5.

We define up analogously to be the maximum matching size in the bipartite graph
with left BA, right AB, that contains edge (i, ) iff deliberation between (i, j) comparing
(B, A) weakly prefers B, i.e., §; + 5; = 0.

Let m = min{|AB|, |BA|}. Trivially, pa, up < m. We first claim that p4 + up > m. To
see this, recall the maximum matching M in the graph 6; +6; < 0 from AB to BA. Let
Uap C AB and Ups C BA be the unmatched vertices. By definition, for i € Uyg,j € Upa,
we must have &; +6; > 0, so (j,7) is an edge of the reverse graph J; +; > 0 from BA
to AB. Therefore, the reverse graph contains all edges between Up4 and Uap, so it has a
matching of size (at least) min{|Upa|, |Uap|} = m — pa. Therefore pa + pp > m.

In the two candidate setting, p(-) admits closed forms
p(A) =2(|BA| - [AB|)" +m —pa,  p(B) =2(]AB| = [BA|)" +m — us,

because only right vertices that ever incur positive cost for A are those in BA (and sym-

metrically for B), and within those, j14 (resp. yp) is exactly the maximum number that can
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be matched using cost-0 edges. Any remaining deficit is paid using cost-1 edges when
possible and otherwise forced to cost-2 due to the imbalance of |AB| versus |BA].

Since the rule outputs A, p(A) < p(B). As pa + up > m, the closed forms reduce to
2(|BA| — |AB|)" +m — pa < 2(|AB| — [BA|)" + pa. (7.3)

We now bound |BA| — p4 depending on whether |AB| > |BA|.
e If |AB| > |BA]|, then Equation (7.3) becomes 2j14 > 5|BA| —2n. If |BA| < 2n/5 then

|BA| — pa < 2n/5. Otherwise,
5[BA| —2n  2n —3|BA| o 2n—3-2n/5 2n

_ < — —.
BA| — ua < |BA| - 225 A 3 .

e If |AB| < |BA|, then Equation (7.3) becomes 24 > 2|BA| — |AB| = 3|BA| — n.

Therefore

3\BA|—n_n—|BA]_|AB\<E<2£
2 - 2 2 4 5°

|BA| — s < [BA| -

In both cases |[BA| — s < 2n/5, so by Equation (7.2) this implies SC(A)/SC(B) < 7/3.

Tightness follows from Theorem 7.4.5. O

Proof of Theorem 7.4.7. Letcy, ..., cs be the candidates on the short leaves sy, . .., s3;. Let F
be the candidate on the far leaf f. Let vy, ..., v3; be the corresponding short voters, and
let uy, ..., ux4q be the far voters. Take L > 1 and write n = 4k 4 1. We first compute the
p-values of the short candidates, as well as F.

Fix a short candidate A = c;. We claim that H, consists exactly of the edges incident
to left vy or right v;. Indeed, let j # t. For the right short vertex v;, the edge (vt, vj) lies in
H 4 because

d(vi, A) +d(vj, A) = 0+2 =2 =d(vs,¢j) +d(vj,c)).
Ifi #t,], then
d(l)i,A) + d(U],A) =242=4>2= d(Ui,C]') +d(Uj,Cj),
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so (v;,vj) & Hy. If the left vertex is far, say u,, then
d(u;, A) +d(vj, A) = (L+1)+2 > L+1=d(u,cj) +d(vjc;),

so (ur,vj) & Ha. Finally, (v;,v;) & G4 already since v; strictly prefers c; to A.

Likewise, for a right far vertex,
d(vy, A)+d(u,,A) =0+ (L+1)=L+1=d(v, F)+d(u, F),
so (v, uy) € Hy, whereas for any other short voter v;,
d(vi, A)+d(u,,A) =2+ (L+1) >L+1=d(v;, F) +d(u,F),

and far voters have no ordinal edge to a right far vertex. Also every left vertex connects
to right v;, since there the comparison is A versus A itself. Therefore, every edge of Hy
is incident to left v; or right v;. Consequently, any matching in H, has size at most 2, so
any perfect matching must be using at least n — 2 = 4k — 1 edges of positive costs, i.e.,
p(A) >4k —1.

We claim this bound is attained. Let pj, ..., psx—1 be any ordering of the short voters

other than v;. Consider the directed n-cycle
U = Uy — p1— U = P2 oo > U1 > Pr4l 7 P2 7 --- 77 P3k-1 T UL

and let M be the corresponding left-to-right matching. The first and last edges, (v, u1)
and (psx_1,7¢) lie in Hy and hence have cost 0. Every other edge lies in G4\ Hx. Indeed,
a far-to-short edge u, — p, is ordinal because u, ties all short candidates, but it fails
deliberation. A short-to-far edge p, — u,41 is ordinal because 2 < L + 1, but it fails
deliberation. Finally, a short-to-short edge p, — p,41 is ordinal because the two short
candidates are tied at distance 2, but it also fails deliberation. Thus M has exactly n — 2 =
4k — 1 edges of cost 1 and two edges of cost 0, meaning p(A) = 4k — 1 for every short
candidate A.

Now consider the far candidate F. Here Hr = Gr. Indeed, every right far vertex has

top choice F, so every left vertex is adjacent to it in Hr. For a right short vertex v;, no short
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left voter has an ordinal edge to v; because every short voter strictly prefers ¢; to F when
L > 1. On the other hand, every far left voter u, is adjacent to v;, and the deliberation

inequality holds with equality:
d(u;, F) +d(vj, F) =0+ (L+1) = L+ 1 =d(u,c;) +d(vj,c;).

Hence, the only in-neighbors of the 3k right short vertices are the k 4 1 far left vertices.
Therefore, at most k + 1 right short vertices can be matched using cost 0 edges, so at least
3k — (k+1) = 2k — 1 of them must be matched using added edges. Since Hr = Gr, every
added edge costs 2, so p(F) > 2(2k — 1) = 4k — 2.

Conversely, match the k 4 1 far left vertices to any k + 1 right short vertices, and match
the k + 1 right far vertices to any k + 1 short left vertices. All these edges lie in Hr and
cost 0. There remain exactly 2k — 1 short left vertices and 2k — 1 short right vertices. Pair
them arbitrarily. Every such short-to-short edge is absent from Gr and costs 2. This yields
a perfect matching of total cost 2(2k — 1) = 4k — 2, so p(F) = 4k — 2.

Therefore, the p-minimizer is F. It remains to compute the distortion. It’s easy to verify

that for any short candidate A, the social cost is
SC(A)=0+Bk—1)-2+(k+1)(L+1)=(k+1)L+7k—1

whereas SC(F) = 3k(L+1). As L — oo, the distortion SC(F)/SC(A) approaches 3 —

3/(k+1). Now letting k — oo completes the claim. O
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8

Conclusion

In this thesis, we studied what happens when preference information is compressed twice
in metric social choice: first from hidden cardinal costs to ordinal rankings, and then from
full rankings to pairwise comparisons. The second compression is attractive because it
makes elicitation and aggregation much simpler, but it also discards information that
matters for welfare in the worst case. Our starting question was whether one can re-
store the deterministic distortion guarantee of full-ranking rules while still working in a
tournament-style framework built from binary comparisons.

We answered this question positively by introducing Deliberation via Matching. For
each candidate pair, we match voters who disagree on that pair, let each dyad choose
the candidate with lower total cost to the two participants, and aggregate these dyadic
outcomes together with the original pairwise votes into a weighted tournament. Apply-
ing a weighted uncovered-set rule to this enriched tournament gives distortion 3 for an
appropriate choice of parameters. In particular, this matches the optimal deterministic
guarantee available from full ordinal rankings, while improving on the universal 3.11
lower bound for deterministic tournament rules that do not use deliberation. At a con-
ceptual level, this shows that the weakness of ordinary tournament aggregation is not the
pairwise format itself, but the loss of a specific kind of relational information, and that a
very limited form of dyadic interaction is already sufficient to recover it.

A second contribution of the thesis is analytic. We showed that the distortion anal-
ysis of this deliberative protocol can be reduced to a bilinear optimization problem and
then simplified through structural reductions to a finite-dimensional extremal program.

This gives a rigorous way to study deliberation in the same worst-case framework used
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throughout the metric distortion literature, rather than treating deliberation only as an
informal or heuristic improvement. In that sense, our results are methodological as well
as conceptual: they show that deliberative primitives can be analyzed sharply and sys-
tematically.

We also showed that the protocol remains compatible with the practical advantages
that make tournament rules appealing in the first place. The weighted tournament in-
duced by the full-information protocol can be approximated from a small random sam-
ple of voters for each candidate pair, and the resulting sampled implementation achieves
distortion arbitrarily close to 3 with high probability. The total number of sampled com-
parisons depends on the number of candidates and the accuracy parameters, rather than
on the number of voters, and in large electorates each voter participates only rarely. Thus,
the welfare improvement obtained from dyadic deliberation does not require abandoning
the low-burden, scalable nature of pairwise aggregation.

Finally, we clarified the limits of this approach. We proved that the distortion bound
of 3 is tight for the deliberation-via-matching protocol itself across all parameter choices.
More broadly, we showed that even substantially richer dyadic information cannot push
deterministic distortion below 2, nor randomized distortion below 3/2 in expectation.
These bounds place our positive result in context. Dyadic deliberation is powerful enough
to close the deterministic gap between tournament rules and full-ranking rules, but it does
not remove the informational constraints of ordinal social choice altogether.

Taken together, our results identify dyadic deliberation as a surprisingly (or is it?)
strong informational primitive. When inserted at the right place, in our case the points
of disagreement, and aggregated through the right tournament structure, it is enough
to recover the optimal deterministic metric distortion guarantee. The broader lesson is
that very small, carefully structured forms of deliberation can have provable algorithmic
value. In the setting studied here, the power of two is literal: two-person deliberation

suffices to recover what plain pairwise aggregation alone cannot.
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