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Abstract

Large scale geometric data is ubiquitous. In this dissertation, we design algorithms and

data structures to process large scale geometric data efficiently. We design algorithms for

some fundamental geometric optimization problems that arise in motion planning, ma-

chine learning and computer vision.

For a stream S of n points in d-dimensional space, we develop (single-pass) streaming

algorithms for maintaining extent measures such as the minimum enclosing ball and diam-

eter. Our streaming algorithms have a work space that is polynomial in d and sub-linear in

n. For problems of computing diameter, width and minimum enclosing ball of S, we ob-

tain lower bounds on the worst-case approximation ratio of any streaming algorithm that

uses polynomial in d space. On the positive side, we design a summary called the blurred

ball cover and use it for answering approximate farthest-point queries and maintaining ap-

proximate minimum enclosing ball and diameter of S. We describe a streaming algorithm

for maintaining a blurred ball cover whose working space is linear in d and independent

of n.

For a set P of k pairwise-disjoint convex obstacles in 3-dimensions, we design algo-

rithms and data structures for computing Euclidean shortest path between source s and

destination t. The running time of our algorithm is linear in n and the size and query

time of our data structure is independent of n. We follow a summary based approach, i.e.,

quickly compute a small sketch ϕ of P whose size is independent of n and then compute

approximate shortest paths with respect to ϕ.
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For d-dimensional point sets A and B, |A| = |B| = n, and for a parameter ε > 0,

We give an algorithm to compute ε-approximate minimum weight perfect matching of A

and B under d(·, ·) in time O(n3/2Φ(n) log(1/ε)); here Φ(n) is the query/update time of a

dynamic weighted nearest neighbor under d(·, ·). When A,B ⊂ [∆]d are point sets from

a bounded integer grid, for L1 and L∞-norms, our algorithm computes minimum weight

perfect matching of A and B in time O(n3/2 log ∆) time. Our algorithm also extends to a

generalization of matching called the transportation problem.

We also present an O(npoly(log, 1/ε)) time algorithm that computes under any Lp-

norm, an ε-approximate minimum weight perfect matching of A and B with high prob-

ability; all previous algorithms take Ω(n3/2) time. We approximate the Lp norm using a

distance function, based on a randomly shifted quad-tree. The algorithm iteratively gen-

erates an approximate minimum-cost augmenting path under the new distance function in

time proportional to the length of the path. We show that the total length of the augmenting

paths generated by the algorithm is O(n log n) implying a near-linear running time.

All the problems mentioned above have a history of more than two decades and algo-

rithms presented here improve previous work by an order of magnitude. Many of these

improvements are obtained by new geometric techniques that might have broader applica-

tions and are of independent interest.
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1
Introduction

Many applications generate data sets whose size is beyond the ability of current day com-

puting systems to process within a tolerable elapsed time. Examples of applications that

produce large data sets include web logs, RFID, sensor networks, social networks, inter-

net text and documents, astronomy, photo and video archives and large-scale e-commerce,

GPS driven positions of vehicles, continuous 3D scans of entire cities, and so on. Many

of the applications listed above generate large scale geometric data. Large scale geo-

metric data also arise in several problems of classification, clustering, machine learning,

pattern recognition and visualization where the input is modelled as (possibly very high-

dimensional, i.e., dimension d = Ω(log n), here n is the total size of the input) vectors.

This motivates the design of algorithms and data structures that efficiently handle large

scale geometric data. Traditional notions of efficiency are linked to algorithms that run

in polynomial time with a work-space that is linear in the size of the input. But with

constantly growing data sets, traditional notions of efficiency are being redefined bringing

new challenges to algorithm design. We list some of these challenges below.

• Several geometric optimization problems are computationally hard , i.e., NP -Hard

and have super-linear (in n) time approximation algorithms; here n is the size of
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the input. While dealing with large data sets, even polynomial (super-linear) time

algorithms are not always practical. This motivates the design of linear (in n) time

approximation schemes.

• When data is too large, it is not feasible to store the entire data set. For example,

sensors generate large streams of data, but they do not possess enough resources to

store and process them. This motivates the design of algorithms in the data stream

model. An algorithm in this model has limited work-space (sub-linear in n) and is

allowed to make a single pass over the input. Often, it is impossible to design exact

solutions in this model and therefore the focus is on the design of approximation

algorithms. A comprehensive survey on data stream algorithms is available in [61].

• Several geometric optimization problems suffer from the “the curse of dimension-

ality”, i.e., the space or time requirements of all known exact algorithms grow ex-

ponentially (or super-polynomial) in the dimension d of the input. For problems

involving large high-dimensional data sets, exact algorithms are too slow. Large

high-dimensional data pose dual challenge of designing approximation algorithms

that grow only polynomial in d and simultaneously have a linear dependence on n.

In this dissertation, we design approximation algorithms and data structures that han-

dle large scale geometric data. In the first part of the thesis, we design algorithms for

geometric problems in motion planning and machine learning. Our algorithms use the

paradigm of summaries. In this paradigm, for a given optimization problem, in linear time

one computes an intermediate small-sized summary of the input which can then be used

to obtain an approximate solution to the problem. We design new summaries that enhance

the breadth and depth of the paradigm of geometric summaries. In the second part of the

thesis, we design exact and approximation algorithms for geometric bipartite matching and

transportation problem. For these problems, we develop tools to design efficient approxi-

mation schemes. These tools are general in nature and may be of independent interest. In
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Section 1.1, we present an overview of summaries in the context of geometric algorithms.

In Section 1.2, we review geometric matching and their applications.

1.1 Summaries

In the paradigm of summaries, given a problem P, an input I and an error parameter

ε > 0, one can quickly (in linear or sub-linear time) compute an input I′ such that the

optimal solution to P on I′ is within a multiplicative error of (1 + ε) from the optimal

solution to P on I′. Furthermore, the size of I′ is significantly smaller than (and sometimes

independent of) the size of I. Generating summary is a natural way to handle large data sets

– summaries are relatively smaller data sets that preserve approximate solutions. When I is

a set of points in Rd and I′ ⊆ I, the resulting sample of points is called a coreset. Coresets

have been extensively used to design approximation algorithms [6].

In this section, we will discuss known techniques for designing geometric summaries

and state their limitations.

1.1.1 Random sampling

Consider the following problem: Given a point set P ⊂ Rd, |P | = n and given a query

axis-parallel rectangle q and a parameter 0 < ε < 1, determine whether P ∩ q ≥ εn. An

ε-net N ⊆ P is a set with the property that any axis-parallel rectangle R that contains

more than εn points also intersects N . It is known that for axis-parallel rectangles, there

is an ε-net of size µ = (d/ε) log(1/ε) and an ε-net can be constructed by simply choosing

a sample of size µ chosen uniformly at random from P . In fact, random samples are ε-

nets for any range space that has a bounded VC-Dimension – d-dimensional axis parallel

rectangles are an example of a range space with V C-dimension d. ε-nets are used as

summaries in optimization problems such as geometric hitting set and set cover problems.
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1.1.2 Coreset

Consider the problem of computing the ball of the smallest radius that enclosing a given

point set P ⊂ Rd; we refer to this ball as MEB(P ) A simple way of computing a small

sized coreset of a point set is by taking a small sample P ′ of points chosen uniformly

at random from P . But such a random sample is not a good summary for the minimum

enclosing ball problem. This is because, suppose p ∈ P is an outlier such that MEB(P )�

MEB(P\{p}); here MEB(K) is the smallest enclosing ball of the point setK. Observe that

the probability that p is selected in a small-sized random sample P ′ is |P ′|/|P | and hence if

|P ′| is significantly smaller than the size of |P | then with a very small probability, p ∈ |P ′|

and hence P ′ is not a good summary. This highlights the limitations of random sampling.

However, Agarwal et al. [6] showed the existence of a coreset – small-sized deterministic

sample called the ε-kernel – that approximates various extent measures, including the

radius of MEB(P ), volume of the convex hull of P , the distance between farthest pair of

points in P and many other extent measures. A survey of applications of ε-kernel and

other coresets can be found in [6].

Coresets restrict the summary to be a subset of the input. For many problems, a design

of more sophisticated summary might outperform a summary that is constructed by just

choosing a subset of the input.

1.1.3 Linear sketches

Linear sketches are summaries used in the design of approximation algorithms for many

geometric problems. Typically, given a very high dimensional vector v ∈ Rd, a linear

sketch is a relatively low-dimensional vector that approximates for some p, the Lp-norm

of the vector v. As an application, consider a grid G on a point set P and consider a vector

v where every cell of G has corresponding to it, a coordinate in v. The entry of the cell

in v is 1 if the cell is non-empty and 0 otherwise. The L1-norm of v corresponds to the
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number of non-empty cells inG and can be estimated (in sub-linear space) by using linear-

sketch as a summary. For some geometric problems, such as the minimum spanning tree

of P , estimating the number of non-empty cells of a grid for O(log n) grids of different

resolution gives an approximate solution and therefore, linear sketches can be used as a

summary to design streaming algorithms for these problems.

By modelling point sets as high-dimensional vectors, we lose a lot of geometric infor-

mation related to the original input point set. Furthermore, linear sketches are useful only

in computing Lp-norm and other quantile estimates of the input high-dimensional vector.

This limits the use of sketches in design of better approximation algorithms.

1.2 Geometric Matching

In the second part of this dissertation, we design algorithms and data structures for geo-

metric matching problems. Geometric matching is often used to identify shape similarity.

Shape matching occurs in several applications. For example, in model based object recog-

nition, given an image, say of a classroom, and a database of shapes that commonly occur

in images, such as chairs, desks, blackboard etc, the objective is to identify shapes from

the database that occur in this image. We require shape-matching algorithms as a sub-

routine for comparing shapes in the image with those in the database. In stock markets,

as the stock prices fluctuate, one can identify patterns that have occurred in the past and

understanding these trends to predict the future price of the stock. In statistics, given two

multidimensional distributions one might be interested in knowing how similar the two

distributions are. One approach to solving this problem is to measure the similarity be-

tween the shapes of these distributions. In content-based image retrieval, images can be

modelled as multi-dimensional distribution and one can use shape matching to identify

similar images.

In most applications, shapes are represented as point clouds and matching two shapes
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corresponds to matching their corresponding point sets with an appropriate objective func-

tion. There are several popular objective functions that have been used. In the following,

we review some of the popular cost functions studied in computational geometry. For

A,B ∈ Rd, |A| = |B| = n and let the notation ||a − b|| represent the cost of the edge

between a and b.

• Minkowski’s distance (Lp-norm): Let M be a set of n vertex-disjoint edges such

that the
∑

(a,b)∈M(||a − b||p) is minimized. The Minkowski’s distance between A

and B is (
∑

(a,b)∈M(||a− b||p))1/p.

• Bottleneck distance: For a set M of n vertex disjoint edges, the bottleneck edge is

an edge with the maximum weight in M . The bottleneck distance between A and B

corresponds to the cost of the smallest bottleneck edge in all possible matchings.

• Fréchet distance: Let A and B be two curves. A curve A is a continuous map

from the unit interval into S, where S is the underlying metric space, i.e., A :

[0, 1]→ S. A reparameterization α of [0, 1] is a continuous, non-decreasing, surjec-

tion α : [0, 1] → [0, 1]. The Fréchet distance between curves A and B is given by

min
α,β

max
t∈[0,1]

||a(α(t))− b(α(t))||; here α and β are reparameterization of curves A and

B.

• Hausdorff distance: The directed Hausdorff distance betweenA andB is max
a∈A

min
b∈B
||a−

b||. The Hausdorff distance between A and B is maximum of the directed Hausdorff

distance between A,B and B,A.

1.3 Overview

In this dissertation, we design near-linear time approximation schemes and sub-linear

space approximate data structures for some fundamental geometric optimization prob-

lems. In the following sections, we introduce these problems and then provide an overview
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of our results. In particular, we discuss the Extent problem, 3D Euclidean shortest-path

problem and Geometric bipartite matching problem. All the algorithms presented in this

thesis improve previous algorithms for the problem by an order of magnitude and in most

cases, the algorithms are provably optimal (within log factors). In the next section, we also

provide a high-level overview of the ideas that result in the improvements.

1.3.1 Extent problems

In Chapter 2, we consider the problem of maintaining meaningful summaries that are use-

ful in design of streaming algorithms for extent measures, such as the minimum enclosing

ball (MEB(S)) or the diameter (D(S)), i.e., the farthest pair of points of input stream S of

d-dimensional points. We consider the problem in very high dimensional spaces, i.e., d is

Ω(log n).

For ε > 0, there are algorithms that make O(1/ε) passes over S and compute an ε-

approximate MEB(S) [19] using O(d/ε) workspace. It was an open question whether

there are algorithms that can compute ε-approximate MEB(S) by making a single pass of

S using only polynomial in d and sub-linear in n work space. In Chapter 2, we answer

this question in the negative by proving a lower bound of 1.206 the worst-case approxima-

tion ratio on any such algorithm. On the positive side, we present a geometric summary,

called the ε-blurred ball cover, using which we obtain near-optimal streaming algorithm

for MEB(S) and D(S).

Using ε-blurred ball cover, we also describe 1-pass algorithm to maintain a 1.41 ap-

proximate diameter and 1.36 approximate MEB1 whose work space is linear in d and

independent of n. Also, we present almost matching lower bound on the worst-case ap-

proximation ratio of any algorithm that computes in 1-pass an approximate MEB(S) and

D(S) using polynomial in d and sub-linear in n space. Our algorithm significantly im-

1 We prove a 1.36 approximation bound in [8]. Chan and Pathak [23] have improved the analysis to obtain
an approximation ratio of 1.22 bringing it closer to the lower bound of 1.20.
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proves the working space [49] and approximation ratio [77] of previous algorithms.

Remark. We also show that any coreset based streaming algorithm cannot maintain a bet-

ter than 1.41 approximate MEB(S). Our summary based approximation algorithm obtains

a 1.36 approximate MEB(S). Thus, our summary overcomes the limitation of the coreset

technique.

1.3.2 Euclidean shortest path problem

Given a set P of k pairwise-disjoint polyhedral obstacles with n faces in R3 and two

points s, t in the free space, 3DESP requires us to compute the shortest path between

s and t that avoids the interior of the obstacles. This is the simplest motion planning

problem in robotics. Let the shortest path between s and t by denoted by πP(s, t) and

its length be δP(s, t). The data structure version of the problem is as follows: Given s

and a set of k pairwise-disjoint polyhedral obstacles P with a total of n faces construct

a data structure that for any query point q in the free-space, efficiently outputs a value θ,

δP(s, t) ≤ d ≤ (1 + ε)δP(s, t). In Chapter 3, we design summaries to compactly represent

the obstacles while preserving the euclidean shortest path between pairs of points in 3d.

The Euclidean shortest path problem in 3d is NP- Hard even when P is a set of

pairwise-disjoint convex polyhedral obstacles. Papadimitriou [62],Choi et al. [28] and

Clarkson [30] present different polynomial time approximation algorithms for 3DESP.

The best known algorithm runs in roughly O(n2/ε4) [30] time; the running time is also

dependent on the geometry of the obstacles. The best-known data structure [44] is of size

O(n2) with preprocessing time of O(n4) and query time of O(polylog n). When P is a

single convex obstacle, the space complexity and preprocessing time can be improved to

O(n) [44]. A more detailed survey is presented in Chapter 3.

In Chapter 3, we consider the case where the input is a set of k pairwise-disjoint con-

vex obstacles. For ε > 0, we present an algorithm that computes the length of an ε-
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approximate shortest path in time O(n + k4/ε7) time. When k = o(
√
n), our algorithm

runs in sub-quadratic time improving the previous quadratic time algorithms [30, 28].

Also, unlike the previous approximation algorithms, the running time of our algorithm is

independent of the geometry of the obstacles.

When P is a set of k pairwise-disjoint convex obstacles, we design a data structure of

size O(k3 polylog k), preprocessing time O(n + k3) and a query time of O(polylog k).

Observe that when k = 1, we have a constant sized data structure and constant query

time and for k = o(n1/3) we have a sub-linear sized data structure improving the previous

linear-space data structure of Har-Peled [44].

Our algorithm and data structure follow a summary based approach, i.e., quickly com-

pute a small sketch Q of P and compute the shortest path with respect to Q. Q can be

viewed as a collection of k pairwise-disjoint convex obstacles with poly(k, 1/ε) number

of faces.

1.3.3 Bipartite matching and transportation problem

Let G(A ∪ B,A × B) be a complete bipartite graph with each edge (u, v) ∈ A × B in

the graph having a cost d(u, v). A perfect matching is a set of edges M ⊂ A × B such

that every vertex in A,B is incident on exactly one edge of M . An optimal matching M

is a perfect matching that minimizes the cost w(M) =
∑

(a,b)∈M d(a, b). For ε > 0, an

ε-approximate matching is a matching M ′ such that w(M ′) ≤ (1 + ε)w(M).

Computing minimum bipartite matching is expensive — all known algorithms that

work for arbitrary cost functions take Ω(n3) time [63]. In many applications though,

sets A,B are points and the cost function d(·, ·) is geometric. These point sets often

represent a shape, image, or a distribution. Even when A,B are point sets, all known

exact algorithms have Ω(n2) running time [2, 16, 74] and approximation algorithms have

Ω(n3/2) running time [76]. Understanding the complexity of minimum bipartite matching

in geometric settings has been a well-known open problem (See Problem 6 in the Open
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Problems Project).

While it is not known how to design summaries for ε-approximating bipartite match-

ings, in Chapter 4 and 5, we obtain a near-linear time ε-approximation scheme and faster

exact algorithm for the problem.

All known exact and approximation algorithms for geometric bipartite matching are

based on efficient implementation of the graph theoretic algorithms in geometric settings.

All exact and approximation algorithms for minimum bipartite matching for graphs with

arbitrary edge costs take Ω(m
√
n) time – m is the number of edges and n is the num-

ber of vertices in the bipartite graph – and all known efficient implementations in ge-

ometric settings have an Ω(n1.5) bound. In Chapter 4, we show how to overcome the

Ω(n1.5) bound and present an O(npoly(log n, 1/ε)) time algorithm that computes an ε-

approximate matching for the Lp-norm. There are three key ingredients to the algorithm.

First, we show how to ε-approximate the Lp-norm using a quad-tree based distance func-

tion. The algorithm computes an approximate matching with respect to this quad-tree

based distance function. Second, each iteration of the algorithm generates a certain short-

est “augmenting” path. Exploiting the quad-tree structure of the distance function, the

algorithm generates this path in time proportional to its length. Finally, implicit in the

algorithm is a charging scheme that bounds the total length of the augmenting paths by

O(n log n) and simultaneously ensures that the matching produced is an ε-approximate.

Put together, our algorithm is a near-linear time ε-approximate algorithm for bipartite

matching under Lp-norm.

In Chapter 5, we show that if the input points are from a bounded integer grid [∆]d,

and d(·, ·) is either the L1 or L∞ norm, we present an algorithm that computes an opti-

mal matching in O(n1.5 log ∆) time. For A,B ⊂ [∆]2 and the RMS distance, we obtain

optimal matching in time O(n1.5 log ∆) – sub-quadratic in the number of points. In com-

parison, all the previously known exact algorithms took Ω(n2) time. We use dynamic

nearest-neighbor data structure to obtain a faster implementation of Gabow-Tarjan’s al-

10
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gorithm [38]. For any ε > 0, we also show that O(n1.5 log(1/ε)) query and updates to

nearest-neighbor data structure are sufficient to compute an ε-approximate matching. Our

approximation algorithm, therefore, works for any cost function d(·, ·) that supports a dy-

namic nearest-neighbor data structure. Our algorithm also extends to a generalization of

bipartite matching called the transportation problem

11



2

Streaming Algorithms for Extent Problems

2.1 Introduction

In this chapter, we present algorithms for maintaining several extent measures of point sets

in high dimensions under the streaming model.

Problem statement. For a point x ∈ Rd and a value r > 0, let B(x, r) denote a ball of radius

r centered at x. For a ball B, let c(B), r(B) denote its center and radius respectively, and

let (1 + ε)B denote the ε-expansion of B, i.e., B(c(B), (1 + ε)r(B)).

Let S be a (finite) set of points in Rd. We use MEB(S) to denote the smallest ball that

contains S. For a parameter α > 1, a ball B is called an α-approximation of the minimum

enclosing ball of S, or α-MEB(S) for brevity, if S ⊂ B and r(B) ≤ α · r(MEB(S)). 1

A set C ⊆ S is called an α-coreset of S, or α-CS(S) for brevity, if S ⊂ α · MEB(C).

Let D(S) denote any farthest pair (diameteral pair) of points in S, and any pair of points

r, s ∈ S such that, for every pair p, q ∈ S, ||pq|| ≤ α · ||rs||, is referred to as α-D(S) (α-

diameteral pair). For any slab J , which is a region bounded by a pair (h1, h2) of parallel

1 Unlike here, in other chapters, an α-approximation refers to a solution which is within a multiplicative
error of (1 + α) from the optimal.
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(d − 1)-dimensional hyperplanes, let d(J) be the minimum distance between h1 and h2.

Let width of S, W(S), be any slab J such that S ⊂ J and d(J) is minimized. For α > 1,

α-W(S) is a slab J ′ such that S ⊂ J ′ and d(W(S)) ≤ d(J ′) ≤ α · d(W(S)). Finally, for

a point x ∈ Rd, an α-farthest-neighbor of x, α-FN(x) is a point q ∈ S such that, for every

p ∈ S, ||xp|| ≤ α · ||xq||.

In this chapter, we study the problems of maintaining α-MEB(S), α-CS(S), α-W(S),

and α-D(S), and of answering α-FN(x) queries, in the streaming model. We assume that

the input points arrive one by one, and the algorithm updates the information quickly using

little space. Our goal is to design streaming algorithms whose working space and update

time are polynomial in d and sub-linear in the size of S.

Related work. There is extensive literature on fast algorithms for computing various ex-

tent measures, such as diameter, width, and smallest enclosing ball of a point set in low

dimensions [7, 25, 29, 32, 56, 67]. Agarwal et al. [5] have developed approximation algo-

rithms for computing many extent measures of a set of n points in Rd using coresets whose

running time is O(n + 1/εO(d)); see also [6, 10, 21, 22]. Although these algorithms work

well in small dimensions, the exponential dependency on d makes them unsuitable for

higher dimensions. This has led to work on developing polynomial-time approximation

algorithms (in n, d and 1/ε) for different extent measures and other related problems. For

example, Bădoiu and Clarkson [19] develop an elegant coreset-based algorithm that given

a point set S ∈ Rd computes a (1+ε)-MEB(S) in timeO(nd/ε+1/ε5). See [17, 45, 53, 54]

for other similar results. Clarkson [31] presented a general framework that gives coreset-

based algorithms for a number of geometric problems in high dimensions; see also [40].

Goel et al. [41] describe fast approximation algorithms for several proximity problems.

For instance, they describe a data structure that answers
√

2-FN(x) queries in O(d) time

after spending O(nd) time in preprocessing.

There is also some work on streaming algorithms for extent problems in high dimen-
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sions. Chan and Zarrabi-Zadeh [77] gave a streaming algorithm, which maintains a (3/2)-

MEB(S), for a stream S ∈ Rd, using O(d) space. They also proved that any deterministic

algorithm that stores only a single ball in its working space cannot maintain a better than

α-MEB(S), for α ≤ 1+
√

2
2

. Indyk [49] proposed a streaming algorithm for maintaining α-

D(S) for α >
√

2, using O(dn1/(α2−1) log n) space. Recently Clarkson and Woodruff [33]

described streaming algorithms for several problems in numerical algebra.

Our results. We prove upper and lower bounds on the size of data structures for maintain-

ing various extent measures under the streaming model. First, we present in Section 2.2,

a data structure in the streaming model called the ε-blurred ball cover, for ε > 0, that

maintains a subset K ⊆ S of O((1/ε3) log(1/ε)) points. Roughly speaking K is the union

of a set of {K1, . . . , Ku}, u = O((1/ε2) log(1/ε)), of subsets of S each of size O(1/ε)

so that S lies in the union of (1 + ε)MEB(Ki). The data structure can be updated in

O((d/ε) + 1/ε2) amortized time. We then show in Section 2.3 that K can be used to:

(i) compute a α-FN(x), for any query x ∈ Rd and for α =
√

2 + ε;

(ii) maintain a α-D(S) for α =
√

2 + ε;

(iii) maintain a α-CS(S), for α =
√

2 + ε;

(iv) maintain a α-MEB(S) for α = 1+
√

3
2

+ ε.

Next, we show in Section 2.4 that any randomized streaming algorithm that main-

tains α-D(S), α-W(S), α-MEB(S), or α-CS(S) with probability at least 2/3, requires

Ω(min(|S|, exp(d1/3))) space for certain values of α. In particular,

(i) α <
√

2(1− 2/d1/3) for α-D(S),

(ii) α <
√

2(1− 2/d1/3) for α-CS(S),

(iii) α ≤ d1/3/8 for α-W(S),
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(iv) α < 1+
√

2
2

(1− 2/d1/3) for α-MEB(S).

All lower bounds are obtained using known lower bounds on the one-round communica-

tion complexity of the so-called INDEX problem [55] defined in Section 2.4. Communi-

cation complexity has been widely used to prove lower bounds on the size of various data

structures including in the streaming model [12, 13, 33].

Our algorithms for maintaining α-D(S) and α-CS(S) are close to optimal. Note the

contrast between the lower and upper bounds for MEB — a coreset based algorithm has

a lower bound of
√

2, but we are able to circumvent this bound by, roughly speaking,

maintaining a set of O((1/ε2) log(1/ε)) balls and returning a ball that contains these balls.

We can regard the centers of these balls as “weighted” points and thus we can get better

results by maintaining a “weighted weak coreset” — it is not a subset of input points.

Although it is known that weak ε-nets are more powerful than ε-nets [24], we are unaware

of similar results for coresets of MEB and other extent measures.

2.2 Blurred Ball Cover

This section defines the notion of blurred ball cover and describes an algorithm for main-

taining such a cover in the streaming model. For a parameter 0 < ε ≤ 1, an ε-blurred ball

cover of a set S of n points in Rd, denoted by K = K(S), is a sequence 〈K1, K2, . . . , Ku〉,

where each Ki ⊆ S is a subset of O(1/ε) points that satisfies the following three proper-

ties; let Bi = MEB(Ki) and K =
⋃
i≤uKi.

(P1) For all 1 ≤ i < u, r(Bi+1) ≥ (1 + ε2/8)r(Bi);

(P2) For all i < j, Ki ⊂ (1 + ε)Bj;

(P3) For every p ∈ S, ∃i ≤ u such that p ∈ (1 + ε)Bi.

Algorithm 1 describes a simple procedure called UPDATE(K, A), that given K :=

K(S) and a set of points A ⊂ Rd, computes K(S ∪ A). If we update K as each new
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FIGURE 2.1. Blurred ball cover
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FIGURE 2.2. Proof of Lemma 2. (a) ||cic′|| ≤ 2εri/3, (b)||cic′|| > 2εri/3.

point arrives, then A consists of a single point. However, as we will see below, it will be

more efficient for some of our applications to update A in a batched mode. That is, newly

arrived points are stored in a bufferA and when its size exceeds certain threshold, UPDATE

procedure is called to update K. UPDATE relies on a procedure APPROX-MEB(Z, ε) that

takes a set Z of points and a parameter 0 < ε ≤ 1 and returns a set G ⊆ Z of O(1/ε)

points and B = MEB(G) such that Z ⊂ (1 + ε)B. Bădoiu and Clarkson [19] have

described such a procedure with O(d|Z|/ε + 1/ε5) running time. For efficiency reasons,

we explicitly maintain Bi = MEB(Ki) for every Ki ∈ K.

Update procedure. If there is a point in A that does not lie in the union of the ε-expansions

of Bi’s, A \⋃u
i=1(1 + ε)Bi 6= ∅, then the UPDATE procedure invokes APPROX-MEB on

K ∪ A with approximation ratio ε/3. Let K∗ ⊆ K be the point set and B∗ = MEB(K∗)

be the ball returned by APPROX-MEB. The UPDATE procedure adds K∗ to K and then
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deletes all Ki’s for which r(Ki) ≤ εr(K∗)/4.

Algorithm 1 UPDATE(K, A)

1: if ∃p ∈ A, ∀i ≤ u, p 6∈ (1 + ε)Bi then
2: K∗, B∗ := APPROX-MEB ((K ∪ A), ε/3)
3: KD := {Ki | r(Bi) ≤ εr(B∗)/4}
4: K := (K \KD) ◦ 〈K∗〉
5: end if

Correctness. The proof of correctness relies on the following well-known observation;

see e.g. [17].

Lemma 1. [17] Let P be a set of points in Rd and let B = MEB(P ). Then any closed

halfspace that contains c(B) also contains at least one point of P that is on ∂B.

Lemma 2. For any i < u, r(Bi+1) ≥ (1 + ε2/8)r(Bi).

Proof. UPDATE procedure adds Ki+1 to K only if there is a point q ∈ A such that q 6∈

(1 + ε)Bi. Let B′ = MEB (K ∪ {q}); r(Bi+1) ≥ r(B′). Let r′ = r(B′), c′ = c(B′),

ci = c(Bi), and ri = r(Bi). We prove that r′ > (1 + ε2/8)ri. If ||cic′|| ≤ 2εri/3

(Figure 2.2(a)), then

r′ ≥ ||c′q||

≥ ||ciq|| − ||c′ci||

≥ (1 + ε)ri − 2εri/3

≥ (1 + ε2/8)ri.

On the other hand, if ||c′ci|| > 2εri/3 (Figure 2.2(b)), then let h be the hyperplane passing

through ci with the direction cic′ as its normal, and let h+ be the halfspace, bounded by h,

that does not contain c′. By Lemma 1, there is a point q′ ∈ Ki ∩ h+ that is at a distance ri

17



from ci. Therefore

r′ ≥ ||q′c′||

≥ (||cic′||2 + ||q′ci||2)1/2

≥ ((2εri/3)2 + r2
i )

1/2

≥ (1 + ε2/8)ri.

We now prove that (P1)–(P3) are maintained by UPDATE. If for every p ∈ A, there is

an i ≤ u such that p ∈ (1 + ε)Bi, then the set K does not change, and (P1)–(P3) continue

to hold. Hence, assume that there is a p ∈ A such that p 6∈ Bi for all i ≤ u. By Lemma 2,

property (P1) continues to hold after each update. Note that if p 6∈ (1 + ε)Bi for all

1 ≤ i ≤ u, then UPDATE computes a (1 + ε/3)-MEB(K ∪A). Since K∗ is the only subset

added to K, K ⊆ (1 + ε)B∗ and K∗ is added at the end of the sequence, Ki ⊆ (1 + ε)B∗.

Thus property (P2) holds after each UPDATE. Note that a prefix KD is deleted from K, so

(P3) may be violated. However, the next two lemmas prove that (P3) is also satisfied.

Lemma 3. For i < j, c(Bi) ∈ (1 + ε)Bj .

Proof. Suppose, on the contrary, that c(Bi) 6∈ (1+ε)Bj . Let γ be a halfspace that contains

c(Bi) but γ ∩ (1 + ε)Bj = ∅. By Lemma 1, γ contains a point p ∈ Ki, but p 6∈ (1 + ε)Bj ,

which contradicts the fact Ki ⊂ (1 + ε)Bj (by (P2)). Hence, c(Bi) ∈ (1 + ε)Bj .

Lemma 4. For all Ki ∈ KD, (1 + ε)Bi ⊆ (1 + ε)B∗.

Proof. Let c∗ = c(B∗), r∗ = r(B∗), ci = c(Bi), and ri = r(Bi). Let Ki ∈ KD, then

ri ≤ εr∗/4. Since Ki ⊂ (1+ε/3)B∗, the proof of Lemma 3 implies c(Bi) ∈ (1+ε/3)B∗.
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For any point x ∈ (1 + ε)Bi,

||xc∗|| ≤ ||c∗ci||+ ||cix||

≤ ||c∗ci||+ (1 + ε)ri

≤ (1 + ε/3)r∗ + ε(1 + ε)r∗/4

≤ (1 + ε)r∗.

Therefore q ∈ (1 + ε)B∗ and thus (1 + ε)Bi ⊆ (1 + ε)B∗.

Lemma 4 immediately implies that for any Ki ∈ KD, if there is a point q ∈ (1 + ε)Bi

then q ∈ (1+ε)B∗. Hence, for every q ∈ S, there is an i such that q ∈ (1+ε)Bi, implying

(P3).

Size and update time. Let ri = r(Bi). UPDATE ensures that ru/r1 ≤ 4/ε. By (P1),

ri+1 ≥ (1 + ε2/8)ri. Therefore u ≤ dlog1+ε2/8(4/ε)e = O((1/ε2) log(1/ε)). Hence

|K| ≤∑ |Ki| = O((1/ε3) log(1/ε)).

Note that UPDATE spendsO(u.|A|) = O((d|A|/ε2) log(1/ε)) time to test the condition

in line 1. The time spent in computing K∗ and B∗ in line 2 is O((|A|+ |K|)d/ε+ (1/ε5))

or

O((d|A|/ε) + (d/ε4) log(1/ε) + (1/ε5)).

If we update K after the arrival of each new point, then the update time is O(d/ε5). How-

ever, if we batch the updates and invoke UPDATE only afterO(1/ε3 log 1/ε) points have ar-

rived, the total time spent will beO((d/ε4) log(1/ε)+1/ε5) which is the time taken by line

1 of the update procedure. The amortized time for UPDATE will then be O((d/ε) + 1/ε2).

We thus conclude the following.

Theorem 5. For any 0 < ε ≤ 1, an ε-blurred ball cover of size O((d/ε3) log(1/ε)) of a

stream of points can be maintained in O((d/ε) + 1/ε2) amortized time.

19



2.3 Applications of Blurred Ball Cover

We now describe streaming algorithms for answering (
√

2 + ε)-FN(x) queries and for

maintaining (
√

2+ε)-D(S), (
√

2+ε)-MEB(S) and (1+
√

3
2

+ε)-MEB(S) using the blurred

ball cover. We use the following simple inequality repeatedly. For any x, y ∈ R,

(x+ y) ≤
√

2(x2 + y2)1/2. (2.1)

Farthest-neighbor queries. We maintain an ε-blurred ball cover K and update it in the

batched mode. Let A be the set of newly arrived points in S that have not been processed

yet. Set Q = K ∪ A; |Q| = O((1/ε3) log(1/ε)). For any query point x ∈ Rd, we return

the point of Q that is farthest from x.

Lemma 6. For any x ∈ Rd,

max
p∈S
||xp|| ≤ (

√
2 + ε) max

q∈Q
||qx||.

Proof. Let p′ = arg maxp∈S ||px|| and q′ = arg maxq∈Q ||qx||. If p′ ∈ A then p′ = q′ and

the claim is obviously true. If p′ ∈ S \A, i.e., p′ has been processed by UPDATE, then, by

(P3), there is an i ≤ u such that p′ ∈ (1 + ε)Bi. Assuming ci = c(Bi) and ri = r(Bi),

||xp′|| ≤ ||xci||+ ||cip′|| ≤ ||xci||+ (1 + ε)ri. (2.2)

Let h be the hyperplane passing through ci and normal to xci and let h+ be the halfs-

pace, bounded by h, that does not contain x. By Lemma 1, there is a point z ∈ Ki such

that ||zci|| = ri. Since ∠xciz is obtuse,

||xz|| ≥ (||xci||2 + ||ciz||2)1/2

≥ (||xci||2 + r2
i )

1/2. (2.3)
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By combining (2.2) and (2.3) and using (2.1),

||xp′|| ≤
√

2(||xci||2 + r2
i )

1/2 + εri

≤ (
√

2 + ε)||xz||

≤ (
√

2 + ε)||xq′||.

We conclude the following.

Theorem 7. For a stream S of points in Rd and a parameter 0 < ε ≤ 1, there is a data

structure of sizeO((d/ε3) log(1/ε)) that answers (
√

2+ε)-FN(x) in timeO((d/ε3) log(1/ε)).

The amortized update time is O((d/ε) + 1/ε2).

Diameter. For a point set S, we maintain a α-D(S), for α =
√

2 + ε, using the above

data structure for answering α-FN(x) queries. Let p, q be the current α-diameteral pair

maintained by the algorithm. When a new point z arrives, we compute the w = α-FN(z).

If ||wz|| > ||pq||, we replace (p, q) with (w, z). We conclude the following.

Theorem 8. For a stream S of n points in Rd, there is a data structure ofO((d/ε3) log(1/ε))

size that maintains a (
√

2+ε)-D(S). The update time of this structure isO((d/ε3) log(1/ε)).

Coreset for minimum enclosing ball. For a stream S of points, we maintain an ε-blurred ball

cover K and update it in the batched mode. Let A be the set of points not processed by

UPDATE and let Q = K ∪ A. Let B = MEB(Q), c = c(B) and r = r(B). We argue that

for every Ki ∈ K, (1 + ε)Bi ⊆ (
√

2 + ε)B.

Lemma 9. For all i ≤ u, (1 + ε)Bi ⊆ (
√

2 + ε)B.

Proof. For any ball Bi in the blurred ball cover, let ci = c(Bi) and ri = r(Bi). Observe

that Ki ⊆ B. Let t∗ = arg maxt∈(1+ε)Bi
||tc||. ||t∗c|| = ||cci|| + (1 + ε)ri. By Lemma 1,
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there is a point p ∈ Ki such that ||pc|| ≥
√
||cci||2 + r2

i . But ||pc|| ≤ r. Hence,

||t∗c||
||pc|| ≤

||cci||+ (1 + ε)ri√
||cci||2 + r2

i

≤
√

2 + ε,

or ||t∗c|| ≤ (
√

2 + ε)||pc|| ≤ (
√

2 + ε)r. Thus (1 + ε)Bi ⊆ (
√

2 + ε)B.

Lemma 9 in conjunction with property (P3) of blurred ball cover implies that S ⊂

(
√

2 + ε)B. Thus Q is a (
√

2 + ε)-CS(S). We conclude the following.

Theorem 10. For a stream S of points in Rd and a parameter 0 < ε ≤ 1, there is a

data structure of size O((d/ε3) log(1/ε)) that maintains a (
√

2 + ε)-CS(S) of minimum

enclosing ball. The amortized update time of this structure is O((d/ε) + 1/ε2).

Minimum enclosing ball. For a stream S of points, we maintain a (ε/9)-blurred ball cover

K of S. K is updated whenever a new point arrives. Let B = {B1, . . . , Bu}. Let B∗ =

MEB(B). We return (1 + ε/3)B∗ which can be computed in time O(1/ε5) [53]. Hence

the total update time is O(1/ε5). Let r̂ = r(MEB(S)).

Lemma 11. r(B∗) ≤
(

1 +
√

3

2
+ ε/3

)
r̂.

Proof. Let K′ = 〈Ki | Bi ∩ ∂B∗ 6= ∅〉 and B′ = {Bi | Ki ∈ K′}. Note that any subse-

quence of K, and hence K′, satisfies properties (P1) and (P2) of blurred ball cover. Let

Bt be the largest ball in B′. Let ct = c(Bt), rt = r(Bt), c
∗ = c(B∗), r∗ = r(B∗) and let

k = r∗/rt. Observe that ||ctc∗|| = r∗ − rt = (k − 1)rt. Let h be a hyperplane passing

through c∗ with a normal parallel to ctc∗. Let h+ be the halfspace bounded by h and that

does not contain ct. By Lemma 1, there is a point bi ∈ ∂B∗ ∩ Bi, for some i, such that

||bic∗|| = r∗ = krt. Since ∠ctc∗bi is obtuse, we have

||ctbi|| ≥
√

(k − 1)2r2
t + k2r2

t . (2.4)

22



Since the proof of Lemma 9 requires only (P2) of blurred ball cover, it holds for any

subsequence of K. In particular, it holds for K′. Hence, for all Bi ∈ B′, Bi ⊆ (
√

2 +

ε/9)Bt, implying that

||ctbi|| ≤ (
√

2 + ε/9)rt. (2.5)

Combining (2.4) and (2.5), we have

(k − 1)2r2
t + k2r2

t ≤ (
√

2 + ε/9)2r2
t ≤ 2(1 + ε/9)2r2

t .

Solving this quadratic equation, we can deduce that, k ≤ 1+
√

3
2

+ ε/3.

Thus

r∗ ≤ krt ≤ kr̂ ≤
(

1 +
√

3

2
+ ε/3

)
r̂.

By (P3),

S ⊂
⋃
i≤u

(1 + ε/9)Bi ⊆ (1 + ε/9)B∗.

By Lemma 11, we have

r∗ ≤
(

1 +
√

3

2
+ ε/3

)
r̂.

Thus

(1 + ε/3)r∗ ≤
(

1 +
√

3

2
+ ε/3

)
(1 + ε/3)r̂

≤
(

1 +
√

3

2
+ ε

)
r̂,

implying that (1 + ε/3)B∗ is indeed a
(

1+
√

3
2

+ ε
)

-MEB(S). We conclude the following.
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Theorem 12. Given a stream S of points in Rd, there is a data structure ofO((d/ε3) log(1/ε))

size that maintains a (
√

3+1
2

+ ε)-MEB(S). The (worst-case) update time of this structure

is O(d/ε5).

Remark. A slightly better bound on r∗, the radius of the ball returned by the above algo-

rithm can be obtained using a more involved argument, While, from the lower bounds on

α-MEB(S) in Section 2.4 it follows that r∗ > 1+
√

2
2

, the following example shows that one

cannot hope to prove r∗ = 1+
√

2
2

+ ε. Let the input be a stream S = 〈p1, p2, p3, p4, . . .〉,

where p1 = ( 1√
2
, 1

2
√

2
,
√

3
2
√

2
), p2 = ( 1√

2
, 1

2
√

2
,−

√
3

2
√

2
), p3 = ( 1√

2
,− 1√

2
, 0), p4 = (−1, 0, 0),

and p5, p6, . . . , are points on a unit sphere in R3. When the points in S arrive in this order,

after the arrival of p4, the blurred ball cover will consist of

K = {{p1, p2}, {p1, p2, p3}, {p1, p2, p3, p4}} .

The three balls {B1, B2, B3} of K are described by

B1 = B

((
1√
2
,

1

2
√

2
, 0

)
,

√
3

2
√

2

)
,

B2 = B
((

1√
2
, 0, 0

)
,

1√
2

)
,

B3 = B ((0, 0, 0), 1) .

Let B′ = MEB(B1 ∪ B2) with r(B′) = (1 +
√

2)/2 and c(B′) = ((1/
√

2)− (1/2), 0, 0).

Let q be the farthest point of B3 from c(B′). ||qc(B′)|| =
√

3/2 > 1+
√

2
2

. We evaluate B∗

to be θ-MEB(S) where θ ≥ 1+
√

2
2

+ 10−5.
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2.4 Lower Bounds

In this section we show that any randomized streaming algorithm that maintains α-D(S),

α-W(S), α-MEB(S), or α-CS(S) with probability at least 2/3, requires Ω(min(|S|, exp(d1/3)))

space for certain values of α. In particular, α <
√

2(1− 2/d1/3) for α-D(S) and α-CS(S),

α ≤ d1/3/8 for α-W(S), and α < 1+
√

2
2

(1 − 2/d1/3) for α-MEB(S). Let Sd−1 denote

(d − 1)-dimensional unit sphere centered at origin. We show how to sample points from

Sd−1 which will be crucial for proving our lower bounds.

Sampling in Sd−1. Let u ∈ Sd−1 and ε ∈ (0, 1). Let H be the hyperplane 〈x, u〉 = ε,

i.e., H is the hyperplane that is at distance ε from the origin and normal to the vector u.

H divides Sd−1 into two spherical regions. We refer to the smaller spherical region as a

spherical cap and denote it by C(u, ε). We define its measure to be

µ(u, ε) =
SA(C(u, ε))

SA(Sd−1)
,

where SA(X) is the surface area of X . It is well known [18] that

µ(u, ε) ≤ exp(−dε2/2). (2.6)

Lemma 13. There is a centrally symmetric point set K ⊆ Sd−1 of size Ω(exp(d1/3)) such

that for any pair of distinct points p, q ∈ K if p 6= −q, then

√
2(1− 2/d1/3) ≤ ||pq|| ≤

√
2(1 + 2/d1/3).

Proof. The set K is constructed incrementally. We maintain the invariant that if p, q ∈

K and q 6= p then q 6∈ C(p, 2/d1/3). We also maintain a centrally symmetric region

F = Sd−1 \ ⋃q∈K C(q, 2/d1/3). Initially K = ∅ and F = Sd−1. If F 6= ∅, we choose

an antipodal pair of points p,−p from F . By construction, p,−p ∈ C(q, 2/d1/3) for any

point q ∈ K. Moreover, by symmetry, no point in K lies in C(p, 2/d1/3)∪C(−p, 2/d1/3).

25



We add p and −p to K. We set F = F \
{
C(p, 2/d1/3) ∪ C(−p, 2/d1/3)

}
to ensure that

the invariant holds after adding p and p′. The algorithm terminates when F = ∅.

By (2.6), µ(p, 2/d1/3) + µ(−p, 2/d1/3) ≤ exp(−d1/3), therefore the above algorithm

performs Ω(exp(d1/3)) steps before it stops. Hence |K| = Ω(exp(d1/3)). Let s, t ∈ K be

such that s 6= t,−t. By construction, s 6∈ C(t, 2/d1/3) ∪ C(−t, 2/d1/3). Let t′ (resp. t′′)

be a point on the boundary of C(s, 2/d1/3) (resp. C(−s, 2/d1/3)). Then ||st′|| ≤ ||st|| ≤

||st′′||. A simple trigonometric calculation shows that (see Figure 2.3)

||st|| ≤ ||st′′||

≤
(
(1 + 2/d1/3)2 + (1− 4/d2/3)

)1/2

≤
√

2(1 + 2/d1/3)1/2

≤
√

2(1 + 2/d1/3).

Similarly one can show

||st|| ≥ ||st′|| ≥
√

2(1− 2/d1/3).

p

1 − ε2

t′′

t′

2εt

−s

s

FIGURE 2.3. Proof of Lemma 13; here ε = 2/d1/3
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Diameter. As mentioned in Introduction, we prove a lower bound on the size of data

structure for maintaining α-D(S) by using the communication complexity of the INDEX

problem. The problem INDEX is defined as follows. Let Alice and Bob be two players.

Suppose Alice has a binary string σ ∈ {0, 1}k and Bob has an index i ∈ [1 : k]. For any

j ∈ [1 : k], let σj be the bit that appears in the jth position of σ. Alice sends a message to

Bob after which Bob needs to determine σi with probability at least 2/3. It is well-known

that the length of any message sent by Alice that helps Bob determine σi with probability

at least 2/3 is Ω(k) [55].

We choose the smallest d so that k ≤ exp(d1/3). Hence k = Θ(exp(d1/3)). Let A be

a streaming algorithm that maintains α-D(S) for α ≤
√

2(1− 2/d1/3) with probability at

least 2/3. We choose 2 exp(d1/3) points on Sd−1 using Lemma 13. Let L be the subset of

at least k of these points that lie on the hemisphere x1 ≥ 0. We sort L in lexicographic

order, which induces a map ϕ : [1 : k] → L. The map ϕ is independent of the input

string σ and the index i. Hence we can assume that both Alice and Bob know ϕ without

communicating any bits.

For any σ ∈ {0, 1}k, let ϕ(σ) = {ϕ(x) | σx = 1}. Alice adds ϕ(σ) as input to A in

an arbitrary order. Then, Alice communicates the working space of A to Bob. In order

to determine the σi, Bob adds as input, −ϕ(i) to A. Let p, q ∈ S be the pair of points

returned by A at the end of the protocol. If p = −q, Bob determines σi = 1. Else, Bob

determines σi = 0. The following lemma shows the correctness of this protocol.

Lemma 14. For any σ ∈ {0, 1}k and i ∈ [1 : k]. Let S = ϕ(σ) ∪ {−ϕ(σi)} and α ≤
√

2(1− 2/d1/3). Every α-D(S) pair is an antipodal pair if and only if σi = 1.

Proof. Since all points in ϕ(σ) lie in one hemisphere, there is an antipodal pair of points

in S if and only if ϕ(i) ∈ ϕ(σ), i.e. σi = 1. If σi = 0, then ϕ(i) 6∈ ϕ(σ) and A does

not return an antipodal pair of points. On the other hand, suppose σi = 1 and suppose

there is an α-diameteral pair p, q ∈ S such that p 6= −q. Since {ϕ(σi),−ϕ(σi)} ⊆ S,
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D(S) ≥ 2. From Lemma 13, it follows that ||pq|| ≤
√

2(1+2/d1/3), i.e., D(S) > α · ||pq||

for α ≤
√

2(1− 2/d1/3). Thus p, q is not an α-diameteral pair implying that α-D(S) is an

antipodal pair of points.

Since A returns an α-D(S) with probability at least 2/3, Bob determines σi correctly

with the same probability. Since the communication complexity of any randomized algo-

rithm for the indexing problem is Ω(k) = Ω(exp(d1/3)), it follows that the work space of

A is Ω(exp(d1/3)). We thus conclude the following.

Theorem 15. Any streaming algorithm that maintains an α-D(S) of a set S of n points in

Rd, for α <
√

2(1−2/d1/3), with probability at least 2/3 requires Ω(min
{
n, exp(d1/3)

}
)

bits of storage.

Minimum enclosing ball. Let A be an algorithm that maintains an α-MEB(S), for α ≤
1+
√

2
2

(1 − 2/d1/3) with probability at least 2/3. The map ϕ is defined as above. Alice

passes points in ϕ(σ) as input to A in an arbitrary order and communicates the working

space of A to Bob. For index i, let qi be the point that is in the direction −ϕ(i) and at

distance
√

2(1+2/d1/3) (resp. 2+
√

2(1+2/d1/3)) from−ϕ(i)(resp. ϕ(i)); see Figure 2.4.

Bob adds qi as input to A. If A returns a ball of radius at least (1 + 1√
2
), then Bob declares

σi = 1. Otherwise, Bob declares σi = 0.

ϕ(i)

−ϕ(i)

√ 2(1
+ ǫ)

qi

2

FIGURE 2.4. Lower bound for α-MEB(S); here ε = 2/d1/3

Let S = {ϕ(σ) ∪ {qi}}. Note that ||ϕ(i)qi|| = 2 +
√

2(1 + 2/d1/3). Hence if σi = 1,
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then ϕ(i), qi ∈ S and hence the radius of any ball containing S must be at least

||ϕ(i)qi||/2 = (2 +
√

2(1 + 2/d1/3))/2 > 1 +
1√
2
.

On the other hand, if σi = 0, then ϕ(i) 6∈ S. By Lemma 13, all points in ϕ(σ) are within

distance
√

2(1 + 2/d1/3) from −ϕ(i). Since, ||qi(−ϕ(i))|| =
√

2(1 + 2/d1/3), the radius

of MEB(S) is at most
√

2(1 + 2/d1/3). In this case, the radius of any α-MEB(S) is at

most α · r(MEB(S) ≤ (1 + 1√
2
)), for α < 1+

√
2

2
(1 − 2/d1/3). Since A outputs a correct

α-MEB(S) with probability at least 2/3, Bob can determine σi with the same probability.

We can thus conclude that the workspace of A is Ω(exp(d1/3)) and obtain the following.

Theorem 16. Any streaming algorithm that maintains an α-MEB(S) of a set S of n points

in Rd, for α < 1+
√

2
2

(1 − 2/d1/3), with probability at least 2/3 requires a storage of

Ω(min
{
n, exp(d1/3)

}
) bits.

Coreset for minimum enclosing ball. The reduction to α-MEB(S) can be modified to obtain

lower bounds on α-CS. Let A be an algorithm that maintains a α-CS(S) for α ≤
√

2(1−

2/d1/3) with probability 2/3. Let ϕ be a map as defined previously. Alice passes points in

ϕ(σ) as input to A in an arbitrary order and communicates the working space of A to Bob.

For index i, qi is the point as defined above; see Figure 2.4. Let C be α-CS maintained by

A. For index i, Bob adds qi as input to A and checks whether ϕ(i) ∈ C. If ϕ(i) ∈ C, Bob

reports σi = 1. Otherwise, Bob reports σi = 0.

The correctness of this reduction follows from the following lemma.

Lemma 17. If C is an α-CS(ϕ(σ) ∪ {qi}), for α <
√

2(1− 2/d1/3) then,

(i) qi ∈ C, and

(ii) ϕ(i) ∈ C if and only if σi = 1.
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Proof. Let S = ϕ(σ) ∪ {qi}. First, we prove (i). Suppose, on the contrary, that qi 6∈ C

and hence C ⊆ ϕ(σ). Let Bd be the unit ball centered at origin. Let β be MEB(C).

Since C ⊂ Sd−1, r(β) ≤ 1 and c(β) ∈ Bd. Observe that, for any point t ∈ Bd, ||tqi|| ≥
√

2(1 + 2/d1/3). Hence,

||c(β)qi|| ≥
√

2(1 + 2/d1/3)

≥
√

2(1 + 2/d1/3)r(β)

> α · r(β),

leading to a contradiction that C is an α-CS(S).

Now, we prove (ii). If σi = 0, then ϕ(i) 6∈ S and C ⊆ S implies ϕ(i) 6∈ C. On the

other hand, suppose σi = 1 but ϕ(i) 6∈ C. Let β = MEB(C). Observe that all points in

C are within a distance
√

2(1 + 2/d1/3) from −ϕ(i). Hence r(β) ≤
√

2(1 + 2/d1/3). It

follows from (i) that the center c(β) ∈ β∗, where β∗ = B(qi,
√

2(1 + 2/d1/3)). For any

point p ∈ β∗, ||pϕ(i)|| ≥ 2, therefore

||c(β)ϕ(i)|| ≥ 2

≥
√

2(1− 2/d1/3)
√

2(1 + 2/d1/3)

≥ α · r(β),

for α <
√

2(1− 2/d1/3), leading to a contradiction that C is an α-CS(S).

Hence, we conclude the following.

Theorem 18. Any streaming algorithm that maintains an α-CS(S) of a set S of n points in

Rd, for α <
√

2(1−2/d1/3), with probability at least 2/3 requires Ω(min
{
n, exp(d1/3)

}
)

bits of storage.

Width. Let B be a ball centered at origin with r(B) = 1/2. For any vector u ∈ Sd−1,

let hu be a hyperplane passing through the origin and normal to u, i.e., 〈x, u〉 = 0. Let
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Nu ⊂ hu be a set of d points such that conv(Nu ∪ {−u, u}) contains B; see Figure 2.5.

For any σ ∈ {0, 1}k, let −ϕ(σ) = {−p | p ∈ ϕ(σ)}.

−u

u

hu

v2v3

v1

B

FIGURE 2.5. Nu = {v1, v2, v3}, B ⊂ conv(Nu ∪ {−u, u}).

The INDEX problem can be reduced to α-W(S) as follows. Let A be a streaming

algorithm that maintains α-W(S), for α < d1/3/8, with probability at least 2/3. Alice

passes points in {ϕ(σ) ∪ −ϕ(σ)} to A in an arbitrary order and then communicates the

working space of A to Bob. For index i, Bob adds Nϕ(i) to A. If A reports a slab J such

that d(J) is at least 1, then Bob reports σi = 1 and otherwise Bob reports σi = 0.

The correctness of the reduction follows from the following observation. Let S =

{ϕ(σ) ∪ −ϕ(σ) ∪Nϕ(i)}. If σi = 1, then {Nϕ(i) ∪ {−ϕ(i), ϕ(i)}} ⊆ S. By construction

of Nϕ(i), B ⊂ conv(Nϕ(i) ∪ {ϕ(i),−ϕ(i)}). Since r(B) = 1/2, d(J) ≥ d(W(S)) ≥ 1.

On the other hand, if σi = 0, then (−ϕ(i), ϕ(i)) 6∈ S. Let W be a slab bounded by the two

hyperplanes 〈x, ϕ(i)〉 = 2/d1/3 and 〈x, ϕ(i)〉 = −2/d1/3. By Lemma 13 and the fact that

Nϕ(i) ⊂ hϕ(i) ⊂ W , we have S ⊂ W and d(W(S)) ≤ 4/d1/3. For α < d1/3/8,

d(J) ≤ α · d(W(S)) ≤ α · 4/d1/3 ≤ 1/2.

Hence, we conclude the following.

Theorem 19. Any streaming algorithm that maintains an α-W(S) of a set of n points in

Rd, for α < d1/3/8, with probability at least 2/3, requires Ω(min
{
n, exp(d1/3)

}
) bits of

storage.
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2.5 Conclusion

In this chapter, we design streaming algorithms for maintaining several extent measures

on high-dimensional point sets. Our approach is based on the notion of blurred ball cover

that, for a stream S of points, maintains a subsetK ⊆ S. K can be interpreted as the union

of a set of {K1, . . . , Ku}, u = O((1/ε2) log(1/ε)), of subsets of S each of size O(1/ε)

so that S lies in the union of (1 + ε)MEB(Ki). We provide a simple streaming algorithm

for maintaing blurred ball cover. We then use blurred ball cover to provide streaming

algorithms for various extent measures. We conclude by stating related problems.

• Is there a fully dynamic data structure, whose size is linear in n and poly(d, 1/ε),

that maintains a (1 + ε)-MEB(S)?

• Can the concept of blurred ball cover be generalized for maintaining approximate

smallest enclosing convex shape of a high dimensional point set, e.g., minimum

enclosing ellipsoids, under the streaming model?
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3

Euclidean Shortest Paths amid Convex Obstacles

3.1 Introduction

Given a set of pairwise-disjoint polyhedral obstacles in R2 or R3 and two points s and

t in the free space, the Euclidean shortest-path problem asks for computing the shortest

path between s and t that avoids the interior of the obstacles. This problem has received

much attention in computational geometry and robotics; see, e.g., the survey paper [58]

for a comprehensive review. Let n denote the total complexity of the obstacles. After a

sequence of papers with near-quadratic running time, Hershberger and Suri [47] presented

an optimal O(n log n)-time algorithm for computing the exact Euclidean shortest path

between two points amid polygonal obstacles in R2. Canny and Reif [20] proved that the

problem is NP-Hard in R3, and Mitchell and Sharir [60] showed that the problem remains

NP-Hard even for pairwise-disjoint convex obstacles. The best known exact algorithm

runs in singly exponential time [68]; the running time can be improved to O(nO(k)) [71] if

the obstacles consist of k pairwise-disjoint convex polytopes with a total of n faces.

The known hardness results in R3 have motivated the design of fast approximation

algorithms and exact algorithms for special cases. Papadimitriou [62] gave an O(n4(L +
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log(n/ε))/ε2)-time algorithm for computing an ε-short path, i.e., a path whose length is at

most (1+ε) times the length of the shortest path. Here L is the number of bits of precision

in the model of computation. A rigorous analysis of Papadimitriou’s algorithm was later

given by Choi et al. [28]; see also [15]. Clarkson [30] proposed a different algorithm for

computing an ε-short path; the running time of his algorithm is roughlyO(n2 logO(1) n/ε4)

(the running time of these algorithms also depend on the geometry of obstacles).

The special case of computing a shortest path between two points along the surface

of a single convex polytope has been widely studied. After an initial O(n3 log n) algo-

rithm by Sharir and Schorr [72], the bound was improved to O(n2) by Chen and Han [27]

(see also [59]). A major open problem was whether the running time can be improved to

O(n log n). Such an algorithm is recently developed by Shreiber and Sharir [70]. Hersh-

berger and Suri [46] proposed a simple O(n) algorithm to compute a 1-short path. Later,

Agarwal et al. [4] developed an O(n log(1/ε) + 1/ε3) algorithm to compute an ε-short

path (see also [3]). Their algorithm computes a convex polytope of size O(1/ε3/2) that

contains and approximates the original polytope and runs a quadratic shortest-path algo-

rithm on the simplified polytope. For a fixed point s, the aforementioned exact shortest-

path algorithms [72, 27, 59] can also construct a data structure for a given polytope, so

that the shortest distance from a fixed source s to a query point can be answered quickly.

Har-Peled [44] described a data structure of size O((n/ε) log(1/ε)) that can compute an

ε-short distance from s to a query point in O(log(n/ε)) time. His technique applies to

the more general case of polyhedral obstacles, albeit with much worse preprocessing time

(roughly O(n4/ε6)) and space complexity (O(n2/ε4+δ) for any δ > 0). There is also ex-

tensive work on computing shortest paths on a non-convex surface: see [11, 58] and the

references therein.

In this chapter we study the problem of computing approximate shortest paths amid

convex obstacles. Let P = {P1, . . . , Pk} be a set of k pairwise-disjoint 1 convex obstacles

1 For our purpose it suffices to assume that the interiors of polytopes in P are pairwise disjoint. The bound-
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in Rd (d = 2, 3), where each Pi has ni facets. Set n =
∑k

i=1 ni, which denotes the

total complexity of P. The free space of P, denoted by F(P), is defined as the closure of

R3\⋃P. Given two points s, t ∈ F(P), let πP(s, t) denote the shortest path between s and

t in F(P), and let δP(s, t) denote the length of πP(s, t). Let ε > 0 be a fixed parameter. The

ε-approximate Euclidean shortest-path problem is to compute a path π ⊆ F(P) between

s and t whose length is at most (1 + ε)δP(s, t). Such a path π is called an ε-short path,

and its length is called an ε-short distance. For a fixed source s ∈ F(P), the approximate

Euclidean shortest-path query problem is to preprocess P into a data structure so that for

any query point t ∈ F(P), an ε-short distance between s and t can be reported quickly.

We propose algorithms for computing approximate shortest paths between two points

whose running time depends linearly in n, and data structures for answering approximate

Euclidean shortest-path queries to a fixed source whose size is independent of n. As far as

we know, our results are the first to achieve this kind of performance. More specifically,

we obtain the following:

• In R2, for any two points s, t ∈ F(P) and a parameter 0 < ε ≤ 1, an ε-short path

between s and t can be computed in O(n+ (k/
√
ε) log(k/ε)) time (Section 3.3).

• In R3, for any two points s, t ∈ F(P) and a parameter 0 < ε ≤ 1, an ε-short path

between s and t can be computed in O(n+ (k4/ε7) log3(k/ε)) time (Section 3.4).

• In R3, for a fixed source s ∈ F(P) and a parameter 0 < ε ≤ 1, a data structure of

size O(k3 poly(log k, 1/ε)) can be constructed in O(n log k + k7 poly(log k, 1/ε))

so that an ε-short distance between s and a query point t ∈ F(P) can be reported in

O(log2(k/ε) log(1/ε)) time (Section 3.5).

As can be seen, our algorithms and data structures perform much better in terms of space

and running time than previously known results when k � n. Our algorithms quickly

aries may touch each other, so nonconvex obstacles can be decomposed into convex obstacles. However, for
simplicity of presentation we assume that the boundaries also do not intersect.
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compute a small “sketch” Q of polytopes in P whose size is independent of n and then

compute an approximate shortest path in F(Q).

3.2 Preliminaries

In this section, we briefly review a few algorithms and data structures for convex approxi-

mation and shortest-paths amid convex obstacles that will be useful for our algorithms.

Dobkin-Kirkpatrick hierarchy Let P be a convex polytope in R3 with n vertices, which

we view as the convex hull of its vertices. The Dobkin-Kirkpatrick Hierarchy of P , or

DK-Hierarchy of P for brevity and denoted by DK(P ), is a sequence

P1 ⊆ P2 ⊆ . . . ⊆ Pk−1 ⊆ Pk = P

of convex polytopes for k = O(log n), where P1 is a tetrahedron. Pi−1 is constructed in

O(|Pi|) time from Pi by choosing an independent set of 1-skeleton of Pi (i.e., a subset of

pairwise non-adjacent vertices of Pi) of size Ω(|Pi|) in which the degree of each vertex is

O(1). P \ Pi−1 consists of a family of “caps”, each containing one vertex of Pi \ Pi−1.

We triangulate each cap into O(1) tetrahedra, resulting into a triangulation of Pi \ Pi−1.

When the process terminates, we obtain a hierarchical triangulation of P with several nice

properties. The following lemma summarizes some of the properties that we will need

later.

Lemma 20. Let P be a convex polytope with n vertices. Assuming DK(P ) has been

computed:

(i) one can determine, in O(log n) time whether a point lies in P ;

(ii) the nearest-neighbor of a point in P can be computed in O(log n) time;

(iii) the intersection points of a line with P can be computed in O(log n) time;
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(iv) a separating plane between P and another convex polytope Q with m vertices such

that DK(Q) is also given, can be computed in O(log n logm) time.

Dudley’s approximation. For a set U ⊆ R3, and a real value r > 0, let U = U ⊕ Br where

Br is a ball of radius r centered at the origin and⊕ is the Minkowski sum. For a parameter

r, an outer r-approximation of a convex polytope P is a convex polytope P+ such that

P ⊆ P+ ⊆ Pr. Similarly, an inner r-approximation of P is a convex polytope P− such

that P− ⊆ P ⊆ P−r . Using Dudley’s construction [36], Agarwal et al. [4] have shown that

both P− and P+ each of size O(1/δ), where δ = r/diam(P ), can be computed in time

O(n+ (1/δ) log(1/δ)).

Shortest paths. Let P = {P1, . . . , Pk} be a set of k pairwise-disjoint convex polytopes

in R3 with a total of n vertices. Hershberger and Suri [46] gave a very simple algorithm

to compute a 2k − 1-short path between two points s and t with respect to P. They first

compute the polytopes of P that intersect the segment st. For each such Pi, they replace

the sgement piqi = Pi ∩ st with a path on ∂Pi between pi, qi whose length is at most

2δPi
(pi, qi). If we are simpy interested in estimating the value of δP (s, t), we can do it

quickly by combining their approach with a data structure by Har-Peled [43]. He shows

that Pi can be preprocessed in O(|Pi| log |Pi|) time so that for two points p, q ∈ ∂Pi,

δPi
(p, q) can be estimated within factor 2 in O(log n) time.

By Lemma 20, Pi ∩ st for any i can be computed in O(log n) time, so combining

Hershberger-Suri algorithm with Har-Peled’s data structure we obtain the following:

Lemma 21. P can be preprocessed in O(n log n) time into a linear-sized data structure

so that for two points s, t ∈ F(P), δP(s, t) can be estimated within 2k-factor in O(k log n)

time.

Next, let ∆ ⊂ F(P) be a tetrahedron. Har-Peled’s describes a simple algorithm for
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sampling a set S∆ of O(1/ε2 log 1/ε) points so that for any point t ∈ ∆,

min
q∈S∆

(1 + ε)δP(s, q) + ||qt|| ≤ (1 + ε)δP(s, t).

Hence, by computing an ε-short distance from s to every weight of q and constructing

an approximate weighted nearest neighbor data structure for S∆, we can compute an ε-

short distance for any query point t ∈ ∆ inO(log 1/ε) time. We then obtain the following:

Lemma 22. Given P, a tetrahedron ∆ ⊆ F(P), a fixed point s ∈ F(P), and a parameter

ε > 0, a data structure of size O((1/ε)5) can be constructed in O((ϕ(n, ε)/ε2) log(1/ε) +

1/ε5) time, so that for any point t ∈ ∆, an ε-short distance from s to t can be computed

in O(log(1/ε)) time. Here ϕ(n, ε) is the time required to construct an ε-short distance

between two points with respect to P.

3.3 Approximate Shortest Paths in R2

For a parameter ε > 0, a set Q = {Q1, . . . Qk} of k pairwise-disjoint convex polygons is

called an ε-sketch of P if

(i) Pi ⊆ Qi, for i = 1, · · · , k;

(ii) for any s, t ∈ F(Q), δQ(s, t) ≤ (1 + ε)δP(s, t).

Since F(Q) ⊆ F(P), πQ(s, t) ⊆ F(P) for any s, t ∈ F(Q). Therefore (ii) implies that

πQ(s, t) is an ε-short path between s and t. Next we describe an algorithm to construct an

ε-sketch Q of small complexity.

Set r =
⌈√

2π/
√
ε
⌉
. Let uj = (cos 2jπ/r, sin 2jπ/r) for 0 ≤ j < r and set N = {uj |

0 ≤ j < r}. N is a uniform sample of directions in S1; without loss of generality, we

assume that r is divisible by 4 so that 0, π/2, π, 3π/2 ∈ N. For a convex polygon P and

a direction uj ∈ N, let `j(P ) denote the line passing through the extreme point of P in
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direction uj , and let hj(P ) denote the (closed) halfplane bounded by `j(P ) and containing

P . Set Hi = {hj(Pi) | 0 ≤ j < r}.

We call a pair {Pi, Pj} vertically visible if there is a vertical segment e connecting ∂Pi

to ∂Pj whose relative interior does not intersect any polygon of P (see Figure 3.1). Let

`ij(= `ji) be the line that separates Pi and Pj . Let Φ be the set of vertically visible pairs.

We note that |Φ| = O(k) and it can be computed in O(n + k log n) = O(n + k log k)

time by a sweep-line algorithm. Consider a vertical line that sweeps the plane from left

to right. At any time, the sweep-line maintains all obstacles that intersect the line in the

order in which they intersect. Two obstacles are adjacent to each other in the sweep-line

at any time if and only if they are vertically visible to each other. Furthermore, the critical

points where vertical visibility changes are either when a new polygon is added to the

sweep-line or a polygon stops intersecting the sweep-line. Since, there are k polygons and

each of which are added or removed from the sweep-line exactly once, the total number

of vertically visible pairs of polygons is O(m). A similar algorithm has been described

in [34].

For each Pi, set Pi = {Pj | {Pi, Pj} ∈ Φ}. For each Pj ∈ Pi, We translate the separat-

ing line `ij until it supports Pi. Let gij be the halfplane bounded by this line and containing

Pi. Set Gi = {gij | Pj ∈ Pi}. We define Qi to be the polytope formed by the intersection

of halfspaces in Gi ∪Hi. Set Q = {Q1, . . . , Qk}. We next prove that Q is an ε-sketch of

P. We call a vertex v ∈ ∂Qi new if v 6∈ ∂Pi. Each edge of Qi touches a vertex of Pi. For

each new vertex v of Qi, let lv (resp., rv) be the vertex of Pi lying on the edge adjacent to

v in counterclockwise (resp., clockwise) direction. We denote by ∆v the triangle formed

by lv, v, and rv. Using the fact that the internal angle of each new vertex in Qi is at least

π −
√

2ε, we can prove the following.

Lemma 23. For any pair of points p ∈ vlv and q ∈ vrv,

‖pv‖+ ‖vq‖ ≤ (1 + ε)‖pq‖ ≤ (1 + ε)δP(p, q).
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FIGURE 3.1. The pairs {P1, P2} and {P1, P3} are vertically visible, but {P2, P3} is not. A path
π ⊆ F(P) can be modified into π′ ⊆ F(Q) so that |π′| ≤ (1 + ε)|π|.

Proof. We note that

‖pv‖+ ‖qv‖ ≤ ‖pq‖/ sin(∠pvq/2)

≤ ‖pq‖/ sin
(
π/2−

√
ε/2
)

≤ ‖pq‖/(1− ε/2)

≤ (1 + ε)‖pq‖ ≤ (1 + ε)δP(p, q),

as claimed.

Lemma 24. Q is an ε-sketch of P.

Proof. By construction of Hi, the orthogonal bounding boxes of Pi and Qi are identical.

Therefore a pair of polygons {Qi, Qj} intersect if and only if there exists a vertically

visible pair of polygons (Pi, Pk) such that {Qi, Qk} intersect. Since gij and gji are disjoint,

Qi ⊆ gij and Qj ⊆ gji are disjoint. Furthermore, since each halfplane in Gi ∪Hi contains

Pi, Pi ⊆ Qi. It thus remains to prove that for any s, t ∈ F(Q), δQ(s, t) ≤ (1 + ε)δP(s, t).

Set Σ = {∆v | v is a new vertex of some Qi ∈ Q}. The set Σ consists of obtuse-

angled triangles whose interiors are pairwise-disjoint and which cover the region F(Q) \

F(P). For any pair of points s, t ∈ F(Q), let π = πP(s, t). If π does not intersect any

triangle in Σ, then π ⊆ F(Q) and δQ(s, t) = δP(s, t). Let Σst = 〈∆v1 , . . . ,∆vm〉 ⊆ Σ be

the sequence of triangles that π intersects and let 〈(p1, q1), . . . , (pm, qm)〉 be the sequence

of pairs of intersection points of π with the boundaries of triangles in Σst. Set s = q0 and
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t = pm+1. We obtain a path π′ from π by replacing each segment piqi with pivi ◦ viqi (see

Figure 3.1). Clearly, π′ ⊆ F(Q). In addition,

|π′| =
m∑
i=0

δQ(qi, pi+1) +
m∑
i=1

(
‖pivi‖+ ‖viqi‖

)

≤
m∑
i=0

δP(qi, pi+1) + (1 + ε)
m∑
i=1

δP(pi, qi)

≤ (1 + ε)|π|,

thereby implying that δQ(s, t) ≤ (1 + ε)δP(s, t).

Theorem 25. Given a set P of k pairwise-disjoint convex polygons of total complexity n

in R2, an ε-sketch of P with size O(k/
√
ε) can be computed in O(n+ k log k) time.

REMARK. If we assume that the vertices of the input polygons in P are given sorted in an

array, we can compute an ε-sketch Q of P in O((k/
√
ε) log n) time.

Using the above theorem, we show how to compute an ε-short path between two points

s, t ∈ F(P). We treat s and t as two additional (degenerate) obstacles and compute an ε-

sketch Q of P ∪ {s, t}. This ensures that s, t ∈ F(Q). We then apply the the algorithm of

Hershberger and Suri [47] to obtain πQ(s, t); the running time is O((k/
√
ε) log(k/

√
ε)).

Since Q is an ε-sketch, πQ(s, t) is an ε-short path of s, t in F(P). Moreover, the path

consists of O(k/
√
ε) edges.

Corollary 26. Given a set P of k pairwise-disjoint convex polygons of total complexity

n in R2 and two points s, t ∈ F(P), an ε-short path between s and t which consists of

O(k/
√
ε) edges can be computed in O(n+ (k/

√
ε) log(k/ε)) time.

We can preprocess an ε-sketch Q of P into an ε-spanner of size O(k/ε3/2) described

in [30] such that for any pair of query points s, t ∈ F(Q), πP(s, t) can be reported in

O(k3/2 log k) time.
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Corollary 27. Given a set P of k convex polygons, there is a spanner of size O(k/ε3/2),

which for any pair of points s, t ∈ FP′ outputs a path πP(s, t) in time O(k/ε3/2 log k)

time. Here P′ is the ε-sketch of P.

3.4 Approximate Shortest Paths in R3

In this section we present an efficient algorithm for computing approximate shortest paths

amid a set of convex polytopes in R3. The basic idea of our algorithm is the same as in the

preceding section, i.e., we first compute a sketch of small size for the convex obstacles and

then compute a path amid the sketch. However, a simple example described in Figure 3.2

shows that one cannot hope for a small-sized sketch that works for all pairs of points

s, t ∈ F(P) simultaneously. Nonetheless, we show that a small-sized sketch can indeed be

computed for any fixed pair of points s, t ∈ F(P), which suffices for our purpose.

A simple construction of 3 pairwise-disjoint convex obstacles in R3, P = {P1, P2, P3}

with a total complexity of n, shows that there is no k-sketch Q, for any k > 0, that preserve

k-short path for all source and destination pairs. In the construction, shown in Figure 3.2,

let P1 be a convex polygon in the xy-plane with n vertices V = {v1, . . . , vn}. There are

two other point obstacles, namely P2 and P3 which are placed above and below P and

are touching ∂P1. These point obstacles are placed such that the axis-parallel bounding-

box of any approximation of P1 in the ε-sketch Q remains unchanged, i.e., Q1 also lies

in the xy-plane. For the sake of contradiction, let for k > 0, Q be a k-sketch of P with

|Q| < n; let Q1, Q2 and Q3 be the respective obstacles that approximate P1, P2 and P3 in

Q. Since |Q| < n, |Q1| < |P1| and therefore there is some vertex vi : (xi, yi, 0) of P1 that

is contained in Q1. Let d be the distance from vi to the closest point on the boundary of

Q1. Now consider two points s : (xi, yi, d/(k + 2)) and t : (xi, yi,−d/(k + 2)). Clearly,

δP(s, t) = 2d/(k + 2). Also δQ(s, t) > 2d. This implies that δQ(s, t) > (k + 1)δP(s, t)

leading to a contradiction of our assumption that Q is a k-sketch.
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FIGURE 3.2. A lower bound construction for sketch in R3.

ε-sketches. For two points s, t ∈ F(P) and a value such that θ ≥ ‖st‖, we show how

to construct a set Q of at most k pairwise-disjoint convex obstacles of total complexity

O(k2/ε3/2) such that

(C1) s, t ∈ F(Q),

(C2) δQ(s, t) ≤ (1 + ε/2)δP(s, t) + εθ/8, and

(C3) If δQ(s, t) ≤ 2θ, then δP(s, t) ≤ δQ(s, t).

Let C4θ be a cube centered at s of side length 4θ. Note that t ∈ C4θ because θ ≥

‖st‖. We clip every polytope of P within C4θ and obtain a set P′ of at most k pairwise-

disjoint convex obstacles, each of diameter at most 4
√

3θ. We treat s, t as two additional

(degenerate) obstacles. Set r = ε3/2/ckθ. We first compute a set Gi of halfspaces, for

each i, analogous to Section 3.3. For a pair i, j, let hij be a plane separating Pi and Pj

and let gij (resp. gji) be the halfspace containing Pi (resp. Pj) bounded by a plane parallel

to hij and supporting Pi (resp. Pj); note that gij ∩ gji = ∅. Let Gi = {gji | Pj ∈ P}.

Next, for each Pi, we compute an outer r-approximation P+
i of Pi ∩ C4θ, as described in

Section 3.2. We then set

Qi = P+
i ∩

⋂
g∈Gij

g.

We will show that Q = {Qi | 1 ≤ i ≤ k} is an ε-sketch of P for given s, t and θ. Assum-

ing DK-hierarchy for each Pi is available, then Gi can be computed in O(k log2 n) time.
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Using DK-hierarchy P+
i can be computed in O(k/ε3/2 log n) time.as it involves comput-

ing nearest-neighbors of O(k/ε3/2) points in P+
i ∩ C4θ. Finally, Qi can be computed in

additional O(k/ε3/2 + k log k) time. Hence, given DK-hierarchy, Q can be computed in

O(k2/ε3/2 log n + log2 n) time. Note that the DK-hierarchy of Pi does not depend on

s, t, ε and θ and the set Gi is almost independent of s, t, except that we need to choose

the planes separating Pi from s and t, each of which can be computed in O(log2 n) time.

Hence we can preprocess P in O(n+ k2 log2 n) time so that for given s, t and θ, Q can be

computed in O(k2/ε3/2 log n+ k log2 n). If s and t are also fixed, then computing Q takes

O(k2/ε3/2 log n) time.

The following lemma will be useful for proving (C2) and (C3).

Lemma 28. Let P andQ be two convex polytopes such that P ⊆ Q ⊆ Pr. For a parameter

0 < ε ≤ 1 and for any pair of points p, q ∈ ∂Q,

δP (p, q) ≤ δQ(p, q) ≤ (1 + ε/2)δP (p, q) + (13 + 100/
√
ε)r. (3.1)

Proof. Let p′ and q′ be the closest points of p and q on ∂P respectively. Let p′′ (resp., q′′) be

the intersection of ∂Pr with the ray emanating from p′ (resp., q′) in direction p′p (resp. q′q).

See Figure 3.3. Observe that p′′p (resp., q′′q) is the normal of ∂P at p (resp., q). Therefore

‖p′p′′‖ = ‖q′q′′‖ = r. Furthermore, since P ⊆ Q ⊆ Pr, the segment p′p′′ contains p and

the segment q′q′′ contains q. It was shown in [4] that

δQ(p′′, q′′) ≤ (1 + ε/2)δP (p′, q′) + 2πr + 2r + 100r/
√
ε. (3.2)

Furthermore, observe that

δQ(p, q) ≤ ‖pp′′‖+ δQ(p′′, q′′) + ‖q′′q‖ (3.3)

and

δP (p′, q′) ≤ ‖p′p‖+ δP (p, q) + ‖qq′‖. (3.4)

Putting (3.4) and (3.2) into (3.3), we obtain (3.1) as claimed.
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FIGURE 3.3. Illustration for the proof of Lemma 28.

If the path πP(s, t) does not intersect any polytope in Q, then πQ(s, t) = πP(s, t) and

therefore (C2) holds. So assume that πP(s, t) intersects a polytope of Q. It is well known

that for any Qi ∈ Q, the intersection πP(s, t) ∩ Qi consists of at most one connected

component [65]. For each polytope Qi ∈ Q intersected by πP(s, t), let pi, qi ∈ ∂Qi be the

corresponding entry and exit points of πP(s, t). We obtain a new path π from πP(s, t) by

replacing its subpath πP(pi, qi) with πQ(pi, qi), for each pair {pi, qi}. Clearly, π ⊆ F(Q).

Furthermore, for each pair {pi, qi}, applying Lemma 28 on Pi, Qi with pi, qi ∈ ∂Qi and

r = ε3/2θ/ck, we obtain

δQ(pi, qi) ≤ (1 + ε/2)δP(pi, qi) + εθ/8k,

provided c is a sufficiently large constant. Hence

|π| ≤ (1 + ε/2)δP(pi, qi) + εd/8,

implying (C2) as desired.

To prove (C3), observe that if δQ(s, t) ≤ 2d, then πQ(s, t) is contained in the interior of

C4θ and hence, by construction, πQ(s, t) ⊆ F(P) implying δQ(s, t) ≥ δP(s, t) as desired.

Lemma 29. Let P be a set of k pairwise-disjoint convex polytopes with a total of n faces.

P can be preprocessed inO(n+k2 log2 n) time so that for given s, t ∈ F(P) and parameter

ε > 0, θ ≥ ||st||, an ε-sketch of P of size O(k2/ε3/2) can be computed in O(k/ε3/2 log n+

k log2 n) time. If s and t are also given in advance, computing Q takes O(k/ε3/2 log n)

time.
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Computing ε-short paths. Let θ∗ = δP(s, t). We start by computing a 2k-factor approxi-

mation θ̃ to θ∗ in O(n) time using the algorithm of Hershberger and Suri [46]. We have

θ∗ ≤ θ̃ ≤ 2kθ∗. Set m = log(4k), and let θ0 = θ̃/2k and θi = 2i · θ0, for i = 1, · · · ,m.

Note that θ0 ≤ θ∗ and θm ≥ 2θ∗.

For each i = 1, · · · ,m, we run the algorithm of Lemma 29 with θ = θi and error

parameter ε/4 to compute a set Qi. We then apply the “refinement step” of the Clarkson’s

algorithm2 on Qi, with parameter ε/12 and θi, which computes a path πi between s and t

in F(Qi) such that |πi| ≤ δQi
(s, t) + εθi/24. Combining this with Lemma 29, we have

|πi| ≤ (1 + ε/6)θ∗ + εθi/4. (3.5)

Our algorithm terminates when |πi| ≤ 2θi and reports πi as an ε-short path. Let j be

the index such that θ∗ ≤ θj ≤ 2θ∗. When i = j, since θ∗ ≤ θj , from (3.5), we obtain

|πj| ≤ (1 + ε)θj ≤ 2θj . This implies that the algorithm terminates on or before iteration j.

Let the algorithm terminate in some iteration k ≤ j. Since θk ≤ θj ≤ 2θ∗, from (3.5) and

Lemma 29, it follows that θ∗ ≤ |πk| ≤ (1 + ε)θ∗. Hence the reported path πk is indeed an

ε-short path.

By Lemma 29, after O(n+ k2 log2 n) preprocessing, computing Qi in iteration i takes

O(k2/ε3/2 log n) time, since s and t remain the same in each iteration. The “refinement

step” of Clarkson’s algorithm in the ith iteration takes O((k4/ε7) log2(k/ε)) time. Since

the total number of iterations is O(log k), the total running time is O(n + k2 log2 n +

kε−3/2 log n log(k/ε) + (k4/ε7) log3(k/ε)) = O(n + k4/ε7 log3(k/ε)) (the O(k2 log2 n)

term is absorbed). The output path has O(k2/ε3/2) edges, because each Qi is of total

complexity O(k2/ε3/2). Hence, we conclude the following.

Theorem 30. Let P be a set of k pairwise-disjoint convex polytopes in R3 of total complex-

ity n. For any two points s, t ∈ F(P) and a parameter 0 < ε ≤ 1, an ε-short path between

2 Clarkson’s algorithm is divided into two steps. The estimation step computes a 1-short distance θ and the
refinement step with parameters ε and θ computes a path π whose length exceeds the shortest-path distance
by at most εθ/2; as such, π is an ε-short path. See [30] for details.
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s and t consisting ofO(k2/ε3/2) edges can be computed inO(n+(k4/ε7) log3(k/ε)) time.

From Lemma 21, we can compute the value of θ̃ in O(k log n) time. We then obtain

the following result.

Corollary 31. Let P be a set of k pairwise-disjoint convex polytopes in R3 of total com-

plexity n. P can be preprocessed in O(n+ k2 log2 n) time so that, for any s, t ∈ F(P) and

for any 0 < ε ≤ 1, an ε-short path between s and t, which consists of O(k2/ε3/2) edges,

can be computed in O(k log n+ (k4/ε7) log3(k/ε)) time.

3.5 Approximate Shortest-Path Queries in R3

In this section we study the approximate Euclidean shortest-path query problem amid P

for a fixed source s ∈ F(P) and a fixed parameter 0 < ε ≤ 1. The main result is a data

structure whose size and query time are independent of n. In Sections 3.5.1 and 3.5.2, we

prove a few key geometric lemmas that our data structure relies on. In Section 3.5.3, we

present the details of the data structure.

3.5.1 Pseudo-convex subdivisions

For a convex polytope P , an ε-pseudo-face of P is a region F ⊆ ∂P such that for any

s, t ∈ F , there exist outward normals us and ut of P at s and t respectively such that

∠us, ut ≤
√
ε/2. Note that an ε-pseudo-face is not necessarily a connected region.

Lemma 32. The boundary of a convex polytope P in R3 (resp., R2) can be decomposed

into a collection S of O(1/ε) (resp., O(1/
√
ε)) ε-pseudo-faces, each of which is the union

of a subset of faces of P . The decomposition can be computed in O(|P |) time.

Proof. We only prove the lemma for R3; the case for R2 is simpler. We draw a uniform

grid G on S2 of longitudes and lattitudes so that the geodesic diameter of each grid cell is
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at most
√
ε/2. For a cell σ ∈ G, let S(σ) be the collection of faces of P whose outward

normals fall inside σ. (To avoid ambiguity, we choose G such that the outward normal of

each face of P is contained in the interior of a unique cell of G.) Let F (σ) =
⋃
f∈S(σ) f .

Clearly, F (σ) is an ε-pseudo-face of P . We conclude that S = {F (σ) | σ ∈ G} is

the desired collection of ε-pseudo-faces of P , and clearly it can be computed in O(|P |)

time.

For a set P of convex polytopes, we define an ε-pseudo-convex region in F(P) as a

region σ ⊆ F(P) such that for any s, t ∈ σ, δP(s, t) ≤ (1 + ε)‖st‖. Again, an ε-pseudo-

convex region is not necessarily connected. We define an ε-pseudo-convex decomposition

Ξ of F(P) as a decomposition of F(P) into ε-pseudo-convex regions.

A wedge W is the intersection of two halfspaces h+
1 ∩ h+

2 , and the angle of W is

∠u1, u2, where u1, u2 are the outward normals of h+
1 and h+

2 respectively. Let W be a

wedge of angle at most
√
ε/2. A standard calculation shows that δW (s, t) ≤ (1 + ε)‖st‖

for any s, t ∈ F(W ).

Lemma 33. Let P be a convex polytope in R3. An ε-pseudo-convex decomposition Ξ(P )

of F(P ) of size O(1/ε) can be computed in O(|P |) time.

Proof. Let Q be the vertical projection of P onto the xy-plane, and let C be the (infinite)

vertical prism Q × R. We produce an ε-pseudo-convex decomposition of F(P ) by first

constructing an ε-pseudo-convex decomposition Ξ′ of size O(1/ε) within F(P ) ∩ C =

C \ intP , and then constructing an ε-pseudo-convex decomposition Ξ′′ of F(P ) \ intC =

F(C) of size O(1/
√
ε).

The region C \ intP consists of two components: the upper component C+ extending

infinitely in (+z)-direction, and the lower component C− extending infinitely in (−z)-

direction. For a face f of P in C+, let σf be the vertical prism with base f and extending

infinitly in (+z)-direction. Let S be a set of O(1/ε) ε-pseudo-faces of P , by Lemma 32.

For an ε-pseudo-face F ∈ S, let σF =
⋃
f σf where the union is taken over all faces of
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P that lie in C+ ∩ F . We claim that σF is an ε-pseudo-convex region. To see this, for

any s, t ∈ σF , let s′, t′ be their projections onto P in (−z)-direction. Since s′, t′ lie in the

same ε-pseudo-face F , there are supporting planes hs′ and ht′ of P at s′ and t′ with outer

normals us′ and ut′ , respectively, such that∠us′ , ut′ ≤
√
ε/2. LetW be the wedge h+

s′∩h+
t′ ,

where h+
s′ (resp., h+

t′ ) denotes the halfspace bounded by hs′ (resp., ht′) and containing P .

Observe that P ⊆ W and s, t ∈ F(W ). Since the angle of W is at most
√
ε/2, we then

have δP (s, t) ≤ δW (s, t) ≤ (1 + ε)‖st‖ as desired. It follows that {σF | F ∈ S} is an

ε-pseudo-convex decomposition of C+. Symmetrically, we can construct an ε-pseudo-

convex decomposition of C−. They together form an ε-pseudo-convex decomposition Ξ′

of C \ intP of size O(1/ε).

In the xy-plane, using a similar method, we can construct an ε-pseudo-convex decom-

position Ξ(Q) of F(Q) of size O(1/
√
ε); in particular, for any σ ∈ Ξ(Q) and any s, t ∈ σ,

there exists a wedge Ws,t of angle at most
√
ε/2 in the xy-plane such that Q ⊆ Ws,t and

s, t ∈ F(Wst). For any s, t ∈ σ × R with σ ∈ Ξ(Q), let s′, t′ be the projection of s, t onto

σ. Then W = Ws′t′ × R is a wedge in R3 of angle at most
√
ε/2 such that P ⊆ W and

s, t ∈ F(W ), implying δP (s, t) ≤ δW (s, t) ≤ (1 + ε)‖st‖. As such, σ×R is an ε-pseudo-

convex region, and the set Ξ′′ = {σ×R | σ ∈ Ξ(Q)} is an ε-pseudo-convex decomposition

of F(C). We conclude that Ξ(P ) = Ξ′∪Ξ′′ is an ε-pseudo-convex decomposition of F(P )

of size O(1/ε).

Using Lemma 33, we construct an ε-pseudo-convex decomposition of F(P) as follows.

For i = 1, · · · , k, set P ′i =
⋂
j 6=i h

+
i,j , where hi,j is a plane separating Pi and Pj and h+

i,j is

the halfspace bounded by hi,j and containing Pi. Clearly, P ′i is a convex polytope of com-

plexity O(k) with Pi ⊆ P ′i , and P′ = {P ′1, P ′2, . . . , P ′k} is a set of pairwise-disjoint convex

polytopes. We decompose F(P′) into a set Ξ0 ofO(k3 log k) tetrahedra as described in [1];

each tetrahedron is clearly an ε-pseudo-convex region. Next, for each polytope Pi, we ob-

tain an ε-pseudo-convex decomposition Ξ(Pi) of F(Pi) from Lemma 33, and clip each
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region σ ∈ Ξ(Pi) with P ′i . Let Ξi = {σ ∩ P ′i | σ ∈ Ξ(Pi)} denote the resulting decom-

position of P ′i \ intPi. (We remark that, for our purpose, there is no need to represent

each cell σ ∩ P ′i explicitly.) Each region σ ∩ P ′i ∈ Ξi is an ε-pseudo-convex region.

This is because, for any pair of points s, t ∈ σ ∩ P ′i , πP(s, t) ⊆ P ′i \ intPi, implying

δP(s, t) = δP (s, t) ≤ (1 + ε)‖st‖. Setting Ξ(P) = Ξ0 ∪ Ξ1 ∪ · · · ∪ Ξk, we obtain the

following.

Lemma 34. Ξ(P) is an ε-pseudo-convex decomposition of F(P) of sizeO(k3 log k+k/ε).

3.5.2 Critical distance values

Let s be a fixed source in F(P). For a region U ⊆ F(P), we call a set of distance values

θ1 < · · · < θm critical if for any t ∈ U , one of the following holds:

(i) δP(s, t) ≤ (1 + ε)‖st‖; or

(ii) there exists an index i such that θi ≤ δP(s, t) ≤ θi+1 ≤ 2θi.

Intuitively, the critical distance values of U are what we need to focus on when answering

approximate Euclidean shortest-path queries for points in U ; Euclidean distances are good

approximations for other cases. We next describe an algorithm to compute a set D(Pi) of

O((1/ε) log(1/ε)) critical distance values for the region P ′i \ intPi, for each i = 1, · · · , k.

Let Ξi be an (ε/4)-pseudo-convex decomposition of P ′i \ intPi of size O(1/ε). We

will compute a set Dσ of critical distance values for each (ε/4)-pseudo-convex region

σ ∈ Ξi and then set D(Pi) =
⋃
σ∈Ξi

Dσ. The set Dσ is computed as follows. We first

find the Euclidean nearest neighbor ve of s in σ (i.e., ve = arg minp∈Ξi
‖sp‖) using a

method to be explained shortly. Using Corollary 31, we compute a value r̃ such that

δP(s, ve) ≤ r̃ ≤ 2δP(s, ve). We then set

Dσ =
{
r̃/8, 2r̃/8, 22r̃/8, . . . , 2m+3r̃/8

}
,
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where m = dlog2(4 + 4/ε)e.

To compute the Euclidean nearest neighbor ve of s in σ, recall that σ = σ′ ∩ P ′i for

some σ′ ∈ Ξ(Pi), where Ξ(Pi) is an (ε/4)-pseudo-convex decomposition of F(Pi) from

Lemma 33. Using the Dobkin-Kirkpatrick hierarchy of P ′i , one can compute the Euclidean

nearest neighbor of s in σ′ ∩ P ′i (i.e., ve) in O(|σ′| log |P ′i |) = O(|σ′| log k) time, where

|σ′| denotes the complexity of the cell σ′.

Once ve is identified, the value r̃ and thus Dσ can be computed inO(k log n+k4 log3 k+

|σ′| log k) time using Corollary 31 (after preprocessing). Since
∑

σ′∈Ξi
|σ′| = O(|Pi|) and

|Ξi| = O(1/ε), D(Pi) can then be computed in O((k/ε) log n+ (k4/ε) log3 k+ |Pi| log k)

time.

It remains to prove that Dσ is indeed a set of critical distance values for the region σ.

Let vg ∈ σ be the geodesic nearest neighbor of s in σ (i.e., vg = arg minp∈σ δP(s, p)), and

let r = δP(s, vg). We claim that r ≤ r̃ ≤ 8r. Indeed, since σ is an (ε/4)-pseudo-convex

region and ve, vg ∈ σ, we have

δP(ve, vg) ≤ (1 + ε/4)‖vevg‖

≤ (1 + ε/4)(‖sve‖+ ‖svg‖)

≤ 2(1 + ε/4)δP(s, vg).

It follows that

δP(s, ve) ≤ δP(s, vg) + δP(vg, ve) ≤ 4δP(s, vg),

implying r ≤ r̃ ≤ 8r.

Next, we partition the region σ into two subsets:

σ1 = {t ∈ σ | ‖vgt‖ ≥ r(1 + 4/ε)} ,

σ2 = {t ∈ σ | ‖vgt‖ ≤ r(1 + 4/ε)} .
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For any point t ∈ σ1, we have r ≤ ‖vgt‖/(1 + 4/ε). Hence,

‖st‖ ≥ ‖vgt‖ − ‖svg‖ ≥ ‖vgt‖ − r

≥ ‖vgt‖
(
1− 1/(1 + 4/ε)

)
= ‖vgt‖/(1 + ε/4).

Furthermore,

δP(s, t) ≤ δP(s, vg) + δP(vg, t)

≤ r + (1 + ε/4)‖vgt‖

≤ (1 + ε)‖vgt‖/(1 + ε/4).

Therefore, δP(s, t) ≤ (1 + ε)‖st‖. On the other hand, for any point t ∈ σ2,

r ≤ δP(s, t) ≤ r + (1 + ε/4)‖vgt‖

≤ (1 + (1 + ε/4)(1 + 4/ε))r ≤ (4 + 4/ε)r.

Together with r ≤ r̃ ≤ 8r, we obtain

r̃/8 ≤ δP(s, t) ≤ (4 + 4/ε)r̃.

Therefore, there exists an index 0 ≤ i < m+ 3 such that

2ir̃/8 ≤ δP(s, t) ≤ 2i+1r̃/8,

as desired.

Lemma 35. A set D(Pi) of O((1/ε) log(1/ε)) critical distance values for the region P ′i \

intPi can be computed in O((k/ε) log n+ (k4/ε) log3 k + |Pi| log k) time.

3.5.3 Shortest path queries

We are now ready to describe the data structure for answering approximate shortest-path

queries with respect to a fixed source s ∈ F(P).
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The structure. Using algorithms described in Sections 3.5.1 and 3.5.2, we can compute:

(i) in time O(n + k2 log2 n) a set P′ = {P ′1, . . . , P ′k} of k pairwise-disjoint convex

polytopes such that Pi ⊆ P ′i and |P ′i | = O(k),

(ii) in time O(n log k + k5/ε log3 k) a set D(Pi) of m = O((1/ε) log(1/ε)) critical

distances for the region P ′i \ Pi, and

(iii) in O(k3 log k) a decomposition Ξ0 of F(P′) into O(k3 log k) tetrahedra.

The overall structure consists of three components. First, for each tetrahedron ∆ ∈ Ξ0,

we construct a data structure D(∆) as described in Section 3.2 of size O(1/ε5) in O(1/ε5)

time so that for any point t ∈ ∆, an ε-short distance between s and t amid P can be

reported in O(log(1/ε)) time.

Next, for each Pi ∈ P and each θj ∈ D(P ), we construct a data structure Dij as

follows. Set rj = εθj/64. Let Cj be a cube of side-length 4θj centered at s. We compute

an inner rj-approximation Iij of P∩Cj and an outer rj-approximationOij of P∩Cj of size

O(1/ε) in O(1/ε log n) time, as described in Section 3.2 (For the preprocessing step, we

also compute the DK-hierarchy of each Pi but DK(Pi) is discarded after the preprocessing

step). We also compute DK(Iij) and DK(Oij) in O(1/ε) time. We decompose the region

(P ′i ∩Cj) \ intOij into O(|P ′i ∩Cj|+ |Oij|) = O(k + 1/ε) tetrahedra using an algorithm

in [26]. Let Ξi,j be this decomposition. Note that each ∆ ∈ Ξi,j lies in F(P). We

process Ξ(i, j) into a point-location structure of size O((k + 1/ε) log2(k/ε)) with query

time O(log2(k/ε)) [66]. For each ∆ ∈ Ξij , we can construct the aforementioned data

structure of Har-Peled described in Section 3.2 so that for any point t ∈ ∆, an (ε/4)-short

distance between s and t amid P can be reported in O(log(1/ε)) time.

Using Lemma 35, we can compute the critical distance values in D(P1) ∪ · · · ∪ D(Pk)

in O(n log k + (k5/ε) log3 k) time. The weight of each sprinkled point in Har-Peled’s

data structure can be computed in O(k log n+ (k4/ε7) log3(k/ε)) time using Corollary 31
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(after preprocessing). Therefore, the total time for constructing the entire data structure,

summed over all Pi ∈ P and θj ∈ D(Pi), is O(n log k + k7 poly(log k, 1/ε)) The size of

the entire data structure is O(k3 poly(log k, 1/ε)).

Finally, we preprocess Ξ0 and P′ into a point-location data structure D(Ξ0,P
′) of size

O(k3 log3 k) so that given a point t ∈ F(P), one of ∆ ∈ Ξ0 or P ′ ∈ P′ that contains t can

be located in O(log2 k) time [66].

Query algorithm. Let t ∈ F(P) be a query point. We compute a value ψ(t) such that

δP(s, t) ≤ ψ(t) ≤ (1 + ε)δP(s, t).

Using the point location data structure D(Ξ0,P
′), we compute the tetrahedron ∆ ∈ Ξ0 or

the polytope P ′ ∈ P′ that contains t. If t ∈ ∆ ∈ Ξ0, we compute the (weighted) nearest

neighbor q ∈ X∆ of t and return the value wq + ‖qt‖ as ψ(t).

Next suppose t ∈ P ′i . By a binary search on D(Pi), we find the smallest value θj such

that θj > ‖st‖. If no such θj exists, we simply return (1 + ε)‖st‖ as ψ(t). Otherwise,

We query the data structure Dij as follows. Using DK(Oij), we determine in O(log(1/ε))

time whether t ∈ intOij . Suppose t 6∈ intOij , i.e., t ∈ P′ \ intOij , we find in O(log2 k)

time the tetrahedron ∆ ∈ Ξij that contains t, and then query Har-Peled’s structure built on

∆. Let ψj(t) be the value returned by this procedure. We return ψ(t) = ψj(t).

Finally, if t ∈ Oij , we first compute the nearest neighbor t′ ∈ Iij of t using the Dobkin-

Kirkpatrick hierarchy, and then compute the intersection point t′′ of ∂Oij with the ray t′t,

using DK(Oij). This step takes O(log(1/ε)) time. Note that tt′′ ⊂ F(P). (If we simply

take t′′ as the nearest neighbor of t on ∂Oij , then the segment tt′′ may intersect intPi;

that is why we had to use Iij to find the appropriate t′′.) We compute ψj(t′′) as described

above. We set ψj(t) = ψj(t
′′) + ‖tt′′‖. If θj ≤ 4‖st‖ or ψj(t)− εθj/8 ≥ (1 + 2ε)‖st‖, we

return ψj(t) as the value of ψ(t), else return (1 + ε)‖st‖ as the value of ψ(t).

This completes the description of the query procedure. The query time isO(log2(k/ε)).
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Lemma 36. For any t ∈ F(P),

δP(s, t) ≤ ψ(t) ≤ (1 + ε)δP(s, t). (3.6)

Proof. If t ∈ Ξ0, then (3.6) follows from the correctness of Har-Peled’s structure, so

assume t ∈ P ′i . Let θj ∈ D(P ) be the smallest value such that θj ≥ ‖st‖. If no such θj

exists, then by the definition of critical distance values, ψ(t) = (1 + ε)‖st‖ satisfies (3.6).

So assume that θj exists. We have t ∈ Cj ∩ P ′i . If t ∈ P ′i \ intOij , then a tetrahedron

∆ ∈ Ξij contains t, and Har-Peled’s data structure on ∆ returns a value that satisfies (3.6).

Hence assume that t ∈ P ′i ∩O′.

Clearly, ψj(t) ≥ δP(s, t). Furthermore, Let t′′ be the point as defined in the above

query procedure. Then, by construction, ‖tt′′‖ ≤ 2εθj/64 = εθj/32. As such,

ψj(t) ≤ (1 + ε/4)δP(s, t′′) + εθj/32,

≤ (1 + ε/4)(δP(s, t) + εθj/32) + εθj/32,

≤ (1 + ε/4)δP(s, t) + εθj/8. (3.7)

Now, if θj ≤ 4‖st‖, then

ψ(t) = ψj(t) ≤ (1 + ε/4)δP(s, t) + ε‖st‖/2,

≤ (1 + ε)δP(s, t),

as desired. So assume that θj > 4‖st‖. There are two cases to consider:

(i) δP(s, t) ≤ (1 + ε)‖st‖. By (3.7),

ψj(t)− εθj/8 ≤ (1 + ε/4)δP(s, t),

< (1 + 2ε)‖st‖.

Hence, the query procedure sets ψ(t) = (1 + ε)‖st‖, which satisfies (3.6).
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(ii) δP(s, t) > (1 + ε)‖st‖. By the definition of critical distance values, there is some

value θl ∈ D(P ) such that

θl−1 ≤ δP(s, t) ≤ θl ≤ 2θl−1.

Since θj−1 ≤ ‖st‖ < 4‖st‖ < θj , we can deduce that 4‖st‖ < θj ≤ θl−1 ≤ δP(s, t).

Thus, we have

ψj(t)− εθj/8 > δP(s, t)− εθj/8,

≥ δP(s, t)(1− ε/8),

> 4‖st‖(1− ε/8),

≥ (1 + 2ε)‖st‖.

Hence the query procedure sets ψ(t) to ψj(t), and

ψ(t) = ψj(t) ≤ (1 + ε/4)δP(s, t) + εθj/8,

≤ (1 + ε)δP(s, t).

This completes the proof.

Theorem 37. Let P be a set of k convex polytopes of total complexity n in R3, and let s be

a fixed source in F(P), and let 0 < ε ≤ 1. A data structure of size O(k3 poly(log k, 1/ε))

can be constructed in O(n log k + k7 poly(log k, 1/ε)) time such that for any query point

t ∈ F(P), an ε-short distance between s and t can be reported in O(log2(k/ε)) time.

3.6 Conclusion

In this chapter, we obtain algorithms and data structures for the approximate Euclidean

shortest-path problem amid convex obstacles. Given a set P of pairwise disjoint convex

obstacles, we show how to quickly construct a sketch Q of P whose complexity is inde-

pendent of the complexity of P and then use Q to compute approximate shortest paths
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or answer approximate Euclidean shortest-path queries. We conclude by mentioning a

related problem. Is there a pseudo-convex decomposition of F(P) of size O(k2)? This

problem is closely related to whether there is a binary space partition of size O(k2) of a

set of k convex objects in R3.
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4

Geometric Bipartite Matching

4.1 Introduction

Let G(V,E), where V = A ∪ B and E ⊆ A × B, be a weighted bipartite graph with

|A| = |B| = n and |E| = m. Let d(a, b) be the cost of an edge (a, b) ∈ E. A matching

M in G is a set of vertex-disjoint edges. The cost of M is w(M) =
∑

(a,b)∈M d(a, b). M

is a perfect matching if |M | = n. A perfect matching in G is called optimal and denoted

by M∗, if its cost is minimum among all perfect matchings of G. A perfect matching M

in G is called an ε-approximate matching if w(M) ≤ (1 + ε)w(M∗). In this chapter, we

consider geometric settings, namely, A and B are point sets in Rd, E = A × B, and the

cost of an edge (a, b) is the distance between a and b under some Lp-norm. We consider

the problem of computing an ε-approximate matching in this setting.

Previous work. Optimal matching on weighted bipartite graphs with n vertices and m

edges can be computed using the Hungarian algorithm inO(mn) time [63].1 Hopcroft and

Karp show that if the weight of each edge is 1, then a maximum cardinality matching can

1 For arbitrary graphs, a perfect matching may not exist, so the goal is to compute a maximum cardinality
minimum-cost matching.
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be computed in O(m
√
n) time [48]; if G is regular, then Goel et al. present a randomized

O(n log n) algorithm for computing perfect matchings [42]. If edge costs are positive

integers bounded by nO(1), Gabow and Tarjan [38] show that an optimal matching can

be computed in O(m
√
n log n) time. There is also extensive work on computing optimal

matchings and maximum-cost matchings in non-bipartite graphs [35, 39, 57].

For the case where A,B ⊂ R2 and an Lp-norm, Vaidya [74] shows that an optimal

matching can be computed in O(n2.5) time. Agarwal et al. [2] improve the running time

to O(n2+δ) where δ > 0 is an arbitrarily small constant.2 For L1 and L∞ norms, the

running time can be improved to n2 logO(d) n [74]. For A,B ⊆ [0 : ∆]d, i.e., points lie

on a d-dimensional integer grid bounded by ∆ in each dimension, our result in Chapter 5

yeild an O(n3/2 logd+O(1) n log ∆) algorithm for computing an optimal matching. It is an

open question whether a subquadratic algorithm exists for computing an optimal Euclidean

bipartite matching in R2, or even for L1, L∞-norms. In contrast, Varadarajan [75] presents

an O(n3/2 polylog n) algorithm for the non-bipartite case — this is surprising because the

non-bipartite case seems harder for graphs with arbitrary edge costs. See also [51, 52, 64].

For bipartite graphs on point sets A,B ⊂ R2 and for any Lp norm, Varadarajan and

Agarwal [76] show that an ε-approximate matching can be computed inO((n/ε)3/2 log5 n)

time. See also Chapter 5 for a similar result. In [9], Agarwal and Varadarajan present

a Monte Carlo algorithm for computing an O(log(1/δ))-approximate matching in time

O(n1+δ). Building on the ideas of Agarwal and Varadarajan, Indyk [50] presents an al-

gorithm that estimates in O(n logO(1) n) time, with probability at least 1/2, the cost of

an optimal matching within a constant factor. It, however, does not return such a match-

ing. It is an open question whether an ε-approximate matching can be computed in near

linear-time. Again, the non-bipartite case seems easier and an ε-approximate Euclidean

matching of a set of points can be computed in near-linear time [14, 76].

2 The constant of proportionality depends on δ and tends to∞ as δ tends to 0
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Our results. The following theorem states the main result of this chapter.

Theorem 38. Let A,B ⊂ Rd be two point sets with |A| = |B| = n and let ε > 0 be a

parameter. For any Lp-norm, an ε-approximate matching of A and B can be computed in

O(npoly(log n, 1/ε)) time with probability at least 1− 1/nθ(1).

Suppose T > 0 is an estimate such that T ≤ w(M∗) ≤ λT , for λ = O(log log n); such

a T can be computed in O(npoly log n) time [9]. We scale the coordinates of points in

A ∪ B by multiplying old coordinates with (2n/ε)/T and rounding the resulting coorid-

inate to the nearest integer. Let the largest cooridnate of any point in A ∪ B after scaling

be N . Let G′ be a grid defined on a hypercube [0 : 2N ]d with each cell of the grid

having a side-length 4(n/ε) log log n. We choose integers i1, . . . , id ∈ [N ] uniformly at

random and set G = G′ − (i1, . . . , id). G decomposes A and B into several subsets

{(A′1, B′1), . . . , (A′k, B
′
k)}. Here

⋃k
i=1 A

′
i = A,

⋃k
i=1B

′
i = B. As shown in [50], the

problem of computing ε-approximate matching decomposes, with probability 1/2 into the

problem of computing ε-approximate matchings on the subsets {(A′1, B′1), . . . , (A′k, B
′
k)}.

Each pair of subsets A′i, B
′
i ⊆ [∆]d, |Ai| = |Bi| are point sets from an integer grid where

∆ ≤ O((n/ε) log log n).

We describe a Monte-Carlo algorithm for the case when A,B ⊆ [∆]d, leading to the

following result.

Theorem 39. Let A,B ⊆ [∆]d be two point sets with |A| = |B| = n and ∆ a positive

integer, and let ε > 0 be a parameter. For any Lp-norm, an ε-approximate matching of A

and B can be computed in O(npoly(log ∆, 1/ε)) time with probability at least 1/2.

There are three key ingredients of our algorithm.

• We use a quad-tree Q based distance function d(·, ·) that ε-approximates the Lp-

norm. It therefore suffices to compute an ε-approximate matching under d(·, ·) (Sec-

tion 4.2).
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• For a matching M , we partition the edges in M into certain classes. The endpoints

of all the edges in a class lie sufficiently close to each other and all of them have the

same d(·, ·) distance; see Figure 4.2. Based on these classes, we call certain edges

special and set the cost of a special edge (a, b) to d(a, b) + θ where θ = εw(M∗)/6n

and w(M∗) is the cost of an optimal matching under d(·, ·). Doing so allows us to

prove a bound ofO(n/ε log n) on the total length of the augmenting paths computed

by the algorithm while keeping the cost of the matching within (1+ε)w(M∗). Gabow

and Tarjan [38] used a similar idea where they add a cost of 1 to every non-matching

edge. Their scheme introduces an additive error of n while the total length of all

the augmenting paths produced by their algorithm is O(n log n) if w(M∗) = O(n).

(Sections 4.3, 4.4).

• Unlike most of previous minimum-weight matching algorithms – both exact and

approximate – our algorithm does not explicitly maintain dual variables. Instead

we design a data structure that maintains the current matching, produces “shortest”

augmenting paths in an output sensitive manner, and updates the current matching

quickly. (Section 4.5).

4.2 Approximating Lp-norm

Let ∆ > 0 be any integer. For simplicity, we assume ∆ to be of the form 2k for some

integer k > 0. In this section we describe a distance function d(·, ·) that approximates

the distance between every pair of points in [∆]d under any Lp-norm. We choose inte-

gers i1, . . . , id ∈ [∆] uniformly at random and set H = [0, 2∆]d − (i1, . . . , id). H is a

randomly-shifted hypercube that contains both A and B. We build a quad-tree Q of depth

δ = log2(2∆) = 1 + log2 ∆ on H — the root of Q is associated with H itself and the

squares (cells) associated with the children of a node are obtained by splitting the hyper-

cube associated with that node into 2d equal hypercubes. The nodes at depth i induce a
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(0, 0) (−i1,−i2)

FIGURE 4.1. Randomly shifted quad-tree.

grid Gi in which each cell has a side length 2δ−i. We view Q as the sequence of grids

G0, G1, . . . , Gδ; G0 is a single cell which is G itself and Gδ is the finest grid3 associated

with the leaves of Q. For any pair (a, b) ∈ [∆]d we define d(a, b) as follows: For a pa-

rameter ε > 0, we set ω = dlog2(8d2 log2 ∆/ε2)e and Ω = 2ω Let � be the least common

ancestor in Q of the leaves containing a and b. Suppose � ∈ Gδ−i. Let

G[�] = � ∩Gδ−i+ω

be a Ω×Ω grid that divides � into sub-cells — sidelength of each sub-cell of � is 2i−ω =

2i/Ω. Let a� (resp. b�) be the center of sub-cell of � that contains a (resp. b). We set

d(a, b) = ||a�b�||p + d2i/Ω. (4.1)

The following lemma proves that d(·, ·) approximates the Lp-norm in the expected sense.

Lemma 40. For any pair (a, b) ∈ [∆]d, d(a, b) ≥ ||ab||p. Furthermore,

E[d(a, b)] ≤ (1 + ε/2)||ab||p.

Proof. Let � be the least common ancestor of a and b. Suppose � ∈ Gδ−i. Let ξ1, ξ2 ∈

G[�] be the sub-cells that contain a and b, respectively. Since the side-length of both ξ1

and ξ2 is 2i/Ω, by triangle inequality,

||ab||p ≤ ||a�b�||p + d.2i/Ω.

3 Although Gδ is the finest grid associated with the lowest level of Q, we can define Gi for i > δ in a
straightforward manner
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b3
b4
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b6 a6

(i) (ii)

FIGURE 4.2. (i) Decomposition of a quad-tree cell and one of its children into sub-cells. a′, b′, d′, e′
are center points of sub-cells containing a, b, d, e respectively. d(a, b) = ||a′b′|| + 2`, d(d, e) =
||d′e′|| + `. (ii) M = {(a1, b1), (a2, b2), (a3, b3), (a4, b4), (a5, b5), (a6, b6)}, KM = {({a1}, {b1}),
({a2, a3, a4}, {b2, b3, b4}), ({a5}, {b5}), ({a6}, {b6})}.

Hence, d(a, b) ≥ ||ab||p. Moreover,

||a�b�||p ≤ ||ab||p + d2i/Ω,

therefore d(a, b) ≤ ||ab||p + d2i+1/Ω which implies,

E[d(a, b)] ≤
log ∆+1∑
i=1

Pr[� ∈ Gδ−i](||ab||p + d2i+1/Ω)

≤ ||ab||p +
d

Ω

log ∆+1∑
i=1

2i+1Pr[� ∈ Gδ−i].

Since � is the least common ancestor of a and b, they lie in two different children of �.

Recall that Gδ−i+1 is shifted uniformly at random, as argued by Arora [14],

Pr[� ∈ Gδ−i] ≤ ||ab||1/2i−1 ≤ d||ab||p/2i−1.

Therefore,

E[d(a, b)] ≤ ||ab||p +
4d2

Ω

δ∑
i=0

||ab||p

= (1 + 4d2δ/Ω)||ab||p

≤ (1 + ε/2)||ab||p.
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The last inequality follows from the fact that Ω ≥ 8d2δ/ε.

Corollary 41. Let A,B ⊆ [∆]d, let p > 0 be an integer, and let ε > 0 be a parameter.

Let M∗ be an optimal matching of A,B under d(·, ·) and let µ be the cost of the optimal

matching under the Lp-norm. Then µ ≤ w(M∗) ≤ (1 + ε/2)µ with probability at least

1/2.

4.3 Classifying Matching Edges

In this section, we describe how to cluster the edges ofM into classes and prove a few use-

ful properties of this classification. For a matching M = {(a1, b1), . . . , (ak, bk)} of A,B,

a vertex is called free if it is not incident upon any edge of M , and matched otherwise.

Let AF ⊆ A and BF ⊆ B be the set of free vertices. We partition the edges of M into

equivalence classes as follows: Two edges in the matching (al, bl), (am, bm) ∈ M belong

to the same class if and only if: both (al, bl) and (am, bm) have the same least common

ancestor� inQ, al, am are in the same sub-cell of G[�], and bl, bm are in the same sub-cell

of G[�]; see Figure 4.2. Let KM = {M1, . . . ,Mr} be the resulting partition of M into

equivalence classes. For each Mi, let Ai =
⋃

(aj ,bj)∈Mi
aj and Bi =

⋃
(aj ,bj)∈Mi

bj . A \AF
is partitioned into sets A1, . . . , Ar, the set B \ BF is partitioned into sets B1, . . . , Br and

Mi ⊆ Ai×Bi. For an edge (a, b) ∈ A×B, if there is an i ≤ r such that (a, b) ∈ Ai×Bi,

then we call (a, b) a local edge. All other edges, including the edges incident on points in

AF and BF , are non-local edges. Note that all edges of M are local edges. All pairs (local

edges) of Ai ×Bi are referred to as edges of class i.

We fix a parameter θ whose value will be chosen in Section 4.4. Given a matching M ,

we define a modified cost function ΦM : A × B → R≥0, called the adjusted cost of an

edge,

ΦM(a, b) =

{
d(a, b) if (a, b) is a local edge,

d(a, b) + θ otherwise.
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For a set of edges E ⊆ A×B, we define

ΦM(E) =
∑

(a,b)∈E
ΦM(a, b).

Therefore, ΦM(M) = w(M).

2 1

3

5

7

4
6

8

Ai Bi

FIGURE 4.3. An alternating path consisting of local edges. Let π1 = 〈1, 2, 3, 4, 5, 6, 7〉, π2 =
〈1, 2, 3, 4, 5〉, π3 = 〈1, 2, 3, 4〉, π4 = 〈2, 3, 4, 5〉, then φM (π1) = φM (π2) = 0, φM (π3) = −d(1, 2),
φM (π4) = d(1, 2).

Given a matching M , an alternating path (or cycle) Π is a simple path (resp. cycle)

whose edges are alternately in and not in M . We define the net cost of Π, φM(Π), as

φM(Π) = ΦM(Π \M)− ΦM(Π ∩M).

An augmenting path Π is an alternating path between two free vertices. We augment

M along Π, by updating M to M ⊕ Π, i.e., remove the edges in Π ∩ M and add the

edges in Π\M . The following properties of local edges are relatively straightforward (see

Figure 4.3):

(L1) For any 1 ≤ i ≤ r, all local edges of class i have the same adjusted cost, say, ϕi.

(L2) Let Π be a path composed only of local edges, then all edges in Π belong to the

same class.

(L3) Let Π = 〈e1, e2, . . . , ek〉 be an alternating path such that all edges in Π are local

edges of class i. Then,

φM(Π) =


ϕi e1, ek 6∈M,
−ϕi e1, ek ∈M,

0 otherwise.
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(L4) Let e = (a, b) be a local non-matching edge, say, of class i, then matching edges are

incident on both a and b, and they also belong to the class i.

(L1) and (L2) follow from the definition of local edges, and (L3) follows from (L1)

and the definition of net cost. Note that (L1)–(L4) strongly rely on the fact that the term θ

is not added to local non-matching edges.

An alternating path Π is called compact if the total number of non-local edges of Π is

at least |Π|/4, where |Π| is the length, i.e., the number of edges in the alternating path.

Lemma 42. For a matching M and a compact augmenting path Π, let M ′ = M ⊕ Π.

Then

w(M ′)− w(M) + θ|Π| ≥ φM(Π) ≥ w(M ′)− w(M) + θ|Π|/4.

Proof. Suppose Π has t non-local edges. Then,

φM(Π) = ΦM(Π \M)− ΦM(Π ∩M)

= w(Π \M)− w(Π ∩M) + tθ

= w(M ′)− w(M) + tθ. (4.2)

Since Π is a compact path, |Π| ≥ t ≥ |Π|/4, the lemma follows from (4.2).

The following lemma shows that there is always an augmenting path of minimum net

cost that is also a compact path.

1

3

5

2

4

6

Ai Bi

FIGURE 4.4. Shortcutting an alternating path — replace the path 〈(2, 3), (3, 4), (4, 5)〉 with (2, 5).
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Lemma 43. Given a matching M and an augmenting path Π, there is a compact aug-

menting path Π′ with φM(Π) = φM(Π′).

Proof. Among all augmenting paths of the minimum net cost, let Π be an augmenting path

with the fewest number of edges. Let π = 〈e1, . . . ek〉 be the longest sub-path consisting

only of local edges. Since π is maximal and all edges of M are local, e1, ek ∈ M . If

|π| ≤ 3, then Π is obviously compact, so assume that |π| > 3. By (L2), all edges of π

belong to the same class, say i. Let b1, a1, b2, a2, . . . , bk, ak be the sequence of vertices in

π, i.e., e1 = (b1, a1) and ek = (bk, ak). Set π̃ = e1◦(a1, bk)◦ek. By (L3), φM(π) = φM(π̃)

but |π| > |π̃|. If we replaces π with π̃ in Π (See Figure 4.3), we obtain another alternating

path of the same net cost but with fewer edges, a contradiction. Hence |π| ≤ 3 and Π is

compact.

4.4 Algorithm

Let A,B ⊆ [∆]d be two point sets of n points each, and let d(·, ·) be the distance function

defined in Section 4.2. We present an algorithm for computing an ε-approximate matching

ofA andB under d(·, ·). Let w∗ be the cost of the optimal matching betweenA andB under

d(·, ·). Let

εw∗/6n ≤ θ ≤ εw∗/3n. (4.3)

Given a θ that satisfies this inequality, our algorithm produces an ε-approximate matching

in O(npoly(log ∆, 1/ε)) time. There are various ways of obtaining θ. Since A,B ⊆ [∆]d,

by (4.1), 1 ≤ w∗ ≤ 2dn∆. For every integer i ∈ [1, . . . , dlog2 2dn∆e], we set θ = θi :=

ε2i/6n and execute cnpoly(log ∆, 1/ε) steps of our algorithm, where c is a sufficiently

large constant. Of all the perfect matchings produced by the O(log n∆) executions of our

algorithm, we return the one with the smallest cost. Since at least one of our guesses of θ

satisfies (4.3), we obtain an ε-approximate matching between A and B. In the rest of the

chapter, we assume that the parameter θ we work with satisfies (4.3).
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Our algorithm relies on a data structure, described in Section 4.5, that stores A,B and

a matching M and that supports the following two operations:

• FINDAP(): return a compact augmenting path Π of the smallest net cost (with re-

spect to current M ).

• AUGMENT(Π): augment M along Π, i.e., update the matching to M ⊕ Π.

Using this data structure we compute an ε-approximate matching as follows: The algo-

rithm maintains a matching M and iteratively repeats the following until M is perfect;

initially M = ∅. The algorithm first finds an augmenting path Π using FINDAP(). Next,

it augments M along Π using the AUGMENT(Π) procedure. The algorithm maintains the

following invariant, which we call the alternating cycle invariant.

(ACI) For any alternating cycle C, φM(C) ≥ 0.

Let M be the perfect matching computed by the algorithm. We first bound the cost of

M assuming ACI, then analyze the running time, and finally prove ACI.

C1
C2

FIGURE 4.5. Proof of Lemma 44: Solid edges belong to M and dashed edges belong to M∗.

Lemma 44. Let M∗ be an optimal matching of A,B under d(·, ·) (of cost w∗). Then,

w(M) ≤ (1 + ε/3)w∗.

Proof. M ∪M∗ is a set of vertex disjoint alternating cycles C1, . . . , Ck (see Figure 4.5).

For each i, Ci \M = Ci ∩M∗. Therefore,

w∗ − w(M) =
k∑
i=1

(w(Ci \M)− w(Ci ∩M)). (4.4)
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On the other hand, by ACI, φM(Ci) ≥ 0 for every 0 ≤ i ≤ k, implying that

k∑
i=1

φM(Ci) =
k∑
i=1

(ΦM(Ci \M)− ΦM(Ci ∩M)) ≥ 0.

For every edge (a, b) ∈ A×B, d(a, b) ≤ ΦM(a, b) ≤ d(a, b) + θ. Therefore,

k∑
i=1

(w(Ci \M)− w(Ci ∩M)) + nθ ≥ 0. (4.5)

Combining (4.4) and (4.5) and using the fact that θ ≤ εw∗/3n, we obtain

w(M) ≤ w∗ + nθ ≤ (1 + ε/3)w∗.

Next, we bound the running time of the algorithm. Let Mi be the matching after i

steps of the algorithm, and let Πi be the augmenting path computed in the ith step of

the algorithm. M0 = ∅, Mi = Mi−1 ⊕ Πi, and Mn = M. We show in Section 4.5

that FINDAP and AUGMENT in step i take O(|Πi|poly(log ∆, 1/ε)) time. We prove in

the next lemma that
∑

i≥1 |Πi| = O(n/ε log n), which implies that the algorithm takes

O(npoly(log ∆, 1/ε)) time.

Lemma 45.
n∑
i=1

|Πi| = O((n/ε) log n).

Proof. Fix a value of i ≤ n. M∗∪Mi−1 consists of a set of alternating cycles and n− i+1
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augmenting paths P1, . . . , Pn−i+1. By definition of φ and Φ and the value of θ,

n−i+1∑
j=1

φMi−1
(Pj) ≤

n−i+1∑
j=1

ΦMi−1
(Pj \Mi−1)

≤
n−i+1∑
j=1

w(Pj \Mi−1) + nθ

=
n−i+1∑
j=1

w(Pj ∩M∗) + nθ

≤ (1 + ε/3)w∗.

Since Πi is an augmenting path of minimum net cost, φMi−1
(Πi) ≤ φMi−1

(Pj) for each

j ≤ n− i+ 1. Therefore,

φMi−1
(Πi) ≤ (1 + ε/3)w∗/(n− i+ 1),

or
n∑
i=1

φMi−1
(Πi) ≤ (1 + ε/3)w∗ lnn. (4.6)

Since Πi is a compact path, by Lemma 42, φMi−1
(Πi) ≥ w(Mi) − w(Mi−1) + θ|Πi|/4,

which implies that

n∑
i=1

φMi−1
(Πi) ≥ w(M)− w(M0) + θ

n∑
i=1

|Πi|/4

≥ w∗ +
εw∗

24n
·

n∑
i=1

|Πi|. (4.7)

The lemma follows by combining (4.6) and (4.7).

Proof of ACI. We prove ACI by induction on i. Since M0 = ∅, ACI is true for i = 0.

Suppose ACI holds for all j < i. Let us consider the ith step. Let Πi = 〈p1, . . . , pu〉 where
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p1 ∈ B and pu ∈ A, be the augmenting path computed by the algorithm in step i. If there

is a negative alternating cycle with respect to Mi, then let C be a negative alternating cycle

with the fewest number of edges.

We call an edge affected by Πi if at least one of its endpoints is a vertex of Πi. Note that

for any unaffected edge (p, q), ΦMi
(p, q) = ΦMi−1

(p, q). Therefore, if C does not contain

any affected edge, then C is an alternating cycle after step i and φMi−1
(C) = φMi

(C). By

induction hypothesis, C is non-negative. Hence, C must contain an affected edge. Since

C is a cycle, i.e., C 6⊆ Πi, it contains an affected edge that does not lie in Πi. Let (p, q)

be such an affected edge, and suppose p ∈ Πi. Since one of the edges of Πi incident on

p. say, (p, q′) belongs to Mi, we can conclude (p, q) 6∈ Mi. C being an alternating cycle

and (p, q′) being the only matching edge incident on p imply that (p, q′) ∈ C. Hence, C

contains at least one edge of Πi ∩Mi.

Πi

FIGURE 4.6. Illustration of forward and backward components in an alternating cycle C; circular
arcs are components of C \ Πi. Black (resp. white) circles are points of B (resp. A). Components
oriented toward right (resp. left) are forward (resp. backward) components; double-line segments
are components of Πi ∩ C.

Let C0 be the set of connected components of Πi ∩ C, each of which is an alternating

path (e.g. double line segments in Πi of Figure 4.4); the above discussion implies that the

first edge and the last edge of each connected component are edges of Mi. Each connected

component π of C \ Πi (e.g. arcs in Figure 4.4) is an alternating path whose first and last

edges do not belong to Mi. Let pr ∈ B and ps ∈ A be the endpoints of π. We use π̃

to denote the sub-path of Πi between pr and ps. We call π a forward (resp. backward)

component if r < s (resp. r > s) (see Figure 4.4). Let C+ (resp. C−) denote the set of

forward (resp. backward) components of C \Πi. We call an affected edge (p, q) of C \Πi

reducing if ΦMi
(p, q) < ΦMi−1

(p, q). If (p, q) is a reducing edge, then it is a non-local
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edge with respect to Mi−1 and local edge with respect to Mi. Let κ+ (resp. κ−) be the

total number of reducing edges in forward (resp. backward) components and let κ be the

number of edges in Πi that were non-local edges with respect to Mi−1. We claim that

(C1)
∑
π∈C+

φMi
(π) + κ+θ ≥

∑
π∈C+

φMi−1
(π̃).

(C2)
∑
π∈C−

φMi
(π) + κ−θ ≥ −

∑
π∈C−

φMi−1
(π̃).

(C3)
∑
π∈C0

φMi
(π) ≥ −

∑
π∈C0

φMi−1
(π) + κθ.

(C4) κ ≥ κ− + κ+.

Before proving (C1)–(C4), we show that they imply φMi
(C) ≥ 0, which contradicts

the assumption that φMi
(C) ≤ 0. Indeed, C being a cycle implies if an edge of (a, b) ∈ Πi

appears in π̃’s of j different forward components, then (a, b) has to appear j times in paths

π̃ of backward components and C0 put together. Hence, adding equations (C1), (C2) and

(C3), we get∑
π∈C+

φMi
(π) +

∑
π∈C−

φMi
(π) +

∑
π∈C0

φMi
(π) + (κ− + κ+ − κ)θ ≥ 0.

Since

φMi
(C) =

∑
π∈C+

φMi
(π) +

∑
π∈C−

φMi
(π) +

∑
π∈C0

φMi
(π)

and κ ≥ κ− + κ+, we get φMi
(C) ≥ 0. We now prove (C1)–(C4).

Proof of (C1): Let π ∈ C+ be a forward component. We note that Π = (Πi \ π̃) ∪ π

is an augmenting path with respect to Mi−1; see Figure 4.7. Since Πi is the minimum

net-cost augmenting path (with respect to Mi−1) φMi−1
(Π) ≥ φMi−1

(Πi). This implies

φMi−1
(π) ≥ φMi−1

(π̃) or ∑
π∈C+

φMi−1
(π) ≥

∑
π∈C+

φMi−1
(π̃). (4.8)
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b1
a1 b2 a2 b3 a3 b4 a4 b5

a5
b1 a1 b2 a2 b3 a3 b4 a4 b5 a5

b6 b6a6 a6

a7 a7b7 b7 b8a8a8 b8

Mi Mi+1

FIGURE 4.7. Πi = 〈1, 2, 3, 4, 5, 6, 7, 8, 9, 10〉, C = 〈3, 13, 14, 15, 16, 8, 7, 12, 11, 4, 3〉 is an alternating
cycle with respect to Mi; C decomposes into π1 = 〈3, 13, 14, 15, 16, 8〉, π2 = 〈4, 11, 12, 7〉 and
Πi ∩C = 〈3, 4〉, 〈7, 8〉; the forward component consists of C+ = {π1} and the backward component
consists of B = {π2}; π̃1 = 〈3, 4, 5, 6, 7, 8〉, π̃2 = 〈4, 5, 6, 7〉.

Since the total number of reducing edges in forward components is κ+ and all other af-

fected edges does not decrease after the augmentation, we have∑
π∈C+

φMi
(π) + κ+θ ≥

∑
π∈C+

φMi−1
(π).

Combining this with (4.8), we obtain (C1).

Proof of (C2): For any backward component π ∈ C−, π̃ ∪ π is an alternating cy-

cle C with respect to Mi−1; see Figure 4.7. Since φMi−1
(C) ≥ 0, we have φMi−1

(π) +

φMi−1
(π̃) ≥ 0 or ∑

π∈C−
φMi−1

(π) +
∑
π∈C−

φMi−1
(π̃) ≥ 0. (4.9)

There are κ− reducing edges in B, therefore∑
π∈C−

φMi
(π) + κ−θ ≥

∑
π∈C−

φMi−1
(π).

Plugging this into (4.9), we obtain (C2).

Proof of (C3): Let κ be the total number of non-local edges in paths of C0,∑
π∈C0

φMi−1
(π) =

∑
π∈C0

ΦMi−1
(π \Mi−1)− ΦMi−1

(π ∩Mi−1)

=
∑
π∈C0

w(π \Mi−1)− w(π ∩Mi−1) + κθ.
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Therefore

−
∑
π∈P

φMi−1
(π) + κθ =

∑
π∈C0

w(π ∩Mi−1)− w(π \Mi−1)

=
∑
π∈C0

w(π \Mi)− w(π ∩Mi)

≤
∑
π∈P

φMi
(π).

Proof of (C4): SinceC is a negative cycle with fewest edges and since there are κ−+κ+

reducing edges of C+ and C− that are incident on C ∩ C0, Lemma 46 below implies that

there are at least κ− + κ+ non-local edges in C ∩ C0. Hence, κ ≥ κ+ + κ−.

Πi

Πi

b a

b′ a′

b

b′
a

a′

Bj Aj

Bj Aj

FIGURE 4.8. Shortcutting C: replacing 〈b′, a, b, a′〉 with 〈b′, a′〉.

Lemma 46. Each edge e ∈ Mi ∩ Πi ∩ C is adjacent to at most one reducing edge of

C. Furthermore if e is adjacent to a reducing edge, then e was non-local with respect to

Mi−1.

Proof. Suppose e = (a, b) is adjacent to two reducing edges (b′, a) and (b, a′); see Fig-

ure 4.8. The above discussion implies that both of them are local with respect to Mi and

neither of them is in Mi or Mi−1. By (L2) and (L4), all three of them belong to the same

class of KMi
, say, j, and the edge (a′, b′) also belongs to the class j. If (a′, b′) ∈ Mi, then

C = 〈a′, b′, a, b, a′〉 and φMi
= 0, contradicting the assumption that φMi

(C) < 0. Hence

(a′, b′) 6∈Mi. Let π = (b′, a) ◦ (a, b) ◦ (b, a′) and π̃ = (b′, a′). By (L3), φMi
(π) = φMi

(π̃).
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If we replace π with π̃ in C, we obtain another alternating cycle of the same net cost but

with fewer edges, a contradiction; see Figure 4.8. Hence, at most one of (b′, a) and (a′, b)

is reducing.

Next, suppose (b′, a) is reducing. If a was not matched in Mi−1, then (a, b) was obvi-

ously non-local with respect to Mi−1, so assume that Πi has another edge (a, b′′) ∈ Mi−1;

see Figure 4.9. Let (b′, a′′) be the other edge of C incident on b′, then (b′, a′′) ∈ (Mi−1 ∩

Mi) \ Πi. Since (b′, a) is reducing, it is local edge with respect to Mi. By (L4), see Fig-

ure 4.9, (b′, a′′) and (b, a) belong to the same class as (b′, a) (with respect to Mi). On the

other hand, (b′, a) being reducing also implies that it is non-local with respect to Mi−1.

By (L4), we can conclude that (b′, a′′), (a, b′′) ∈ Mi−1 do not belong to the same class of

KMi−1
; see Figure 4.9. Using the condition of two matching edges lying in the same class,

we can conclude that (a, b) and (a, b′′) also do not belong to the same class with respect to

Mi−1, implying that (a, b) is non-local with respect to Mi−1.

b′

b a

ab

b′

b′′

b′′
Mi−1

Mi−1

Mi

Bj Aj

Bj Aj

a′′

a′′

FIGURE 4.9. (b′, a) is non-local with respect to Mi−1; b, b′ lie in the same sub-cell and b′′ lies in a
different sub-cell.

4.5 Data Structure

In this section we describe a data structure based on the quad-tree Q constructed in Sec-

tion 4.2 that, given point sets A,B and a matching M for which ACI holds, supports

FINDAP and AUGMENT operations. We reduce the problem of finding a compact aug-

menting path of minimum net cost (using FINDAP) to finding an “optimal” path between
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free vertices in a weighted directed graph, GM(A,B), described below. Guided by the

partition of the matching edges into equivalence classes (Section 4.3), we describe a hier-

archical representation of GM that allows us to compute an optimal path in GM efficiently.

We describe the information stored at each node of Q and two auxiliary procedures that

compute optimal paths. Finally, we describe how FINDAP and AUGMENT are imple-

mented using these auxiliary procedures.

Directed graph and its properties. For A, B and a matching M , let GM(A,B) be the

weighted graph with the vertex set A ∪ B and the edge set A × B. The orientation and

weight of an edge (a, b) ∈ A × B is defined as follows If (a, b) is a non-local edge then

(a, b) is directed from b to a with a cost µM(a, b) = ΦM(a, b), otherwise, i.e., it is a local

edge, (a, b) is directed from a to b with µM(a, b) = −ΦM(a, b). If M is obvious from the

context we use G to denote GM and µ(·, ·) to denote µM(·, ·). For any directed path ~Π in

G(A,B), let the cost of ~Π, µ(~Π), be the sum of cost of all the edges of ~Π. Each free vertex

of A is a sink in G, each free vertex of B is a source in G, and these are the only source and

sink vertices in G. A path in G alternates between local and non-local edges, but a local

edge may not be a matching edge. The following lemma relates alternating paths Π with

directed paths ~Π in G.

Lemma 47. Let M be a matching that satisfies ACI, and let b ∈ B and a ∈ A be two free

vertices with respect to M .

(i) A (directed) path ~Π in GM(A,B) from b to a can be transformed into a compact

augmenting path Π between a and b such that µ(~Π) = φM(Π) and |Π| ≤ 2|~Π|+ 2.

(ii) An augmenting path Π can be transformed into a (directed) path ~Π of length at most

|Π| in G(A,B) such that µ(~Π) ≤ φM(Π).

Proof. (i) Let ~Π = 〈b = b1, a1, . . . , bk, ak = a〉, which alternates between non-local and

local edges — each (bi, ai) is a non-local edge and each (ai, bi+1) is a local edge. We
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FIGURE 4.10. Transforming a directed path in G to an alternating path.

transform ~Π into Π by processing each local edge (ai, bi+1) as follows (see Figure 4.10):

if (ai, bi+1) ∈ M , we keep it in Π (e.g. (a1, b2) in Figure 4.10). Otherwise, by (L4), there

are two matching edges (ai, b
′
i) and (a′i+1, bi+1) that belong to the same class as (ai, bi+1)

(e.g. (a2, b3) in Figure 4.10). Set πi = (ai, b
′
i) ◦ (b′i, a

′
i+1) ◦ (a′i+1, bi+1). We replace

the edge (ai, bi+1) with πi. By construction, the resulting path Π is an augmenting path

and |Π| ≤ 4k = 2|~Π| + 2. By (L3), φM(πi) = −ΦM(ai, bi+1) = µ(ai, bi+1). Hence,

φM(Π) = µ(~Π). Finally, since |Π| ≤ 4k and Π has k non-local edges, it is compact.

(ii) If the augmenting path Π = 〈b = b1, a1, . . . , bk, ak = a〉 between b and a does not

contain any non-matching local edge, then by the construction of G, Π is also a directed

path in GM(A,B) and µ(~Π) = φM(Π). So assume that Π has a non-matching local edge,

and let e = (bi, ai) be the first non-matching local edge. By definition of local edges bi

and ai are not free. Suppose it belongs to class j. Let π be the maximally connected

sub-path of Π composed of local edges that contains e. By (L2), all edges of π are in

class j. Let er = (ar, br+1) and el = (al, bl+1), r < l be the first and last edges of π.
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FIGURE 4.11. Transforming an alternating path to a directed path in G.

We replace π by a single edge (ai−1, bl+1) in Π. Since π is maximal and all the edges

of π are local, er, el ∈ M . (L3) implies that φM(π) = µ(ar, bl). Since (bi, ai) is the

first local non-matching edge, r = i − 1 and (bi−1, ai−1) is a non-local edge. Hence

〈b1, a1, . . . , bi−1, ai−1, bl+1〉 is a directed path in G. Repeating this for all the remaining

non-matching local edges of Π, we obtain a path ~Π of length at most |Π| which alternates

between non-local and local edges and whose cost µ(~Π) = φM(Π) as desired.

An immediate corollary of the argument in the proof of Lemma 47 is the following:

Corollary 48. Assuming M satisfies ACI, GM(A,B) does not contain any negative cycle.

Lemma 47 implies that the problem of computing a compact augmenting path of min-

imum net cost reduces to finding a minimum-cost directed path from a source to a sink in

G.

Hierarchical clustering of points. Next, we hierarchically cluster the vertices of G that al-

lows us to compute a minimum-cost directed path in G efficiently. For any cell � of Q,
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the quad-tree constructed in Section 4.2, we cluster (A∪B)∩� into O(poly(log ∆, 1/ε))

clusters. Roughly speaking, if two points p, q belong to the same cluster at �, then for

any point r ∈ (A ∪ B) \ �, µ(p, r) = µ(q, r) and (p, r) and (q, r) have identical direc-

tions with respect to r, i.e., both edges are either directed toward r or away from r. Let

M = {(a1, b1), . . . , (ak, bk)} be the matching, and let {A1, . . . , Au} (resp. {B1, . . .Bu})

be the partition of A \ AF (resp. B \BF ) induced by M as described in Section 4.3.

KM = {(A1, B1), . . . , (Au, Bu)}

For any matched point ai (resp. bi), we refer to bi (resp. ai) as its partner point. Let � be

a non-empty cell of Q, and let A� = A ∩ �, B� = B ∩ �. We partition A� and B� into

three types of clusters. For any ξ ∈ G[�], let Aξ = A ∩ ξ and Bξ = B ∩ ξ.

• Free clusters: All free points of Aξ and Bξ belong to a single cluster

AFξ = AF ∩ ξ, BF
ξ = BF ∩ ξ.

• Internal clusters: All points of Aξ (Bξ) whose partner point is also inside � belong

to the same cluster

AIξ = {ai ∈ Aξ | (ai, bi) ∈M, bi ∈ B�},

BI
ξ = {bi ∈ Bξ | (ai, bi) ∈M,ai ∈ A�}.

• Boundary clusters: All points of Aξ whose partner points lie outside � are par-

titioned into various clusters. Two such points belong to the same cluster if and

only if they belong to the same class Ai for some i ≤ u. More precisely, let

N∗(�) =
⋃

G[�′] where the union is taken over all siblings �′ of ancestors of

� (including �). |N∗(�)| = poly(log ∆, 1/ε), as there are O(log ∆) ancestors

of �, each has three siblings, and each sibling has poly(log ∆, 1/ε) sub-cells. For

every sub-cell η ∈ N∗(�), we have a cluster

Aηξ = {ai ∈ Aξ | (ai, bi) ∈M, bi ∈ Bη},
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Bη
ξ = {bi ∈ Bξ | (ai, bi) ∈M,ai ∈ Aη}.

The points in each cluster at � lie within a single sub-cell of G[�]. Let X� be the set of

clusters at �; |X�| = poly(log ∆, 1/ε). By definition, each free (resp. internal) cluster at

� is contained in a free (resp. internal) cluster at p(�), parent of �, and each boundary

cluster at � is contained in a boundary or an internal cluster at p(�).

The relationship between the clusters at � and those at the children �1,�2,�3,�4

of � can be summarized as follows. Each sub-cell ξ ∈ G[�] is contained in one of the

four children of �, say �i. Then ξ has four children ξ1, ξ2, ξ3, ξ4 in G[�i] and we get the

following relationship.

AFξ =
4⋃
i=1

AFξi , BF
ξ =

4⋃
i=1

BF
ξi
,

Aηξ =
4⋃
i=1

Aηξi , Bη
ξ =

4⋃
i=1

Bη
ξi
.

AIξ =
4⋃
i=1

(AIξi ∪ (
⋃

ζ∈N(ξ)

Aζξi)),

BI
ξ =

4⋃
i=1

(BI
ξi
∪ (

⋃
ζ∈N(ξ)

Bζ
ξi

)). (4.10)

For z ∈ �i, N(z) =
⋃
j 6=iG[�j] is the set of sub-cells that lie inside the siblings

of �i. For a cluster X of A� (resp. B�), we define D(X) as the set of clusters of

A�1 , A�2 , A�3 , A�4 (resp. B�1 , B�2 , B�3 , B�4) that are contained in X . The following

lemma whose proof is straightforward states the property of the above hierarchical clus-

tering scheme.

Lemma 49. For any cell� ∈ Q, let�1,�2 be two of its children. LetX ∈ X�1 , Y ∈ X�2 .

Then the cost of all edges in X×Y is the same in G and all edges are oriented in the same

direction — either all are oriented from B to A or all of them are oriented from A to B.
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FIGURE 4.12. Partitioning of Bξ into various clusters: {6} is a free cluster, {1, 3} is an internal
cluster, and {2}, {4}, {5} are boundary clusters of the sub-cell ξ of the highlighted cell.

Next, we partition the clusters in X� into two subsets called the entry and exit clusters

respectively,

X↓� = {BF
ξ , A

I
ξ , B

η
ξ | ξ ∈ G[�], η ∈ N∗(�)},

X↑� = {AFξ , BI
ξ , A

η
ξ | ξ ∈ G[�], η ∈ N∗(�)}.

Let ~Π be a directed path in G from a source to a sink vertex and let π be a maximal

connected sub-path of ~Π that lies inside �. Suppose π contains at least one edge. For the

two endpoints p, q of π, we refer to p as entry and q as exit point if π is directed from

p to q. Then we claim that the entry point lies in an entry cluster and exit point lies in

an exit cluster. Indeed, if π is an initial portion of ~Π, then the entry point is a source

vertex, belonging to some BF
ξ , an entry cluster. Otherwise, if the first edge of π is a local

edge, which lies inside � by assumption, then, by construction, the entry point belongs to

an internal cluster. Since all local edges are oriented from A to B, the entry point must

belong to AIξ , an entry cluster. Finally, if the first edge of π is a non-local edge then the

preceding edge in ~Π is a local edge. By construction, the entry point belongs to a boundary

cluster. Since all non-local edges are directed from B to A, the entry point must belong to

Bη
ξ , for some ξ ∈ G[�], η ∈ N∗(�) – an entry cluster. A similar argument holds for the
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exit point.

Information stored at each node. For a cell � ∈ Q, let G� = GM(A�, B�) be the subgraph

of G(A,B) induced by the point sets A�, B�; G� contains all directed paths of G that

lie completely within �. We define the mixed cost of a path Π in G�, denoted by ψ(Π),

as (µ(Π), |Π|); µ(Π) is the cost of Π and |Π| is the length of Π. We rank the mixed

costs in lexicographic order, i.e., for two paths, Π1 and Π2 with ψ(Π1) = (µ1, `1) and

ψ(Π2) = (µ2, `2), Π1 has smaller mixed cost than Π2, i.e., Π1 ≤ Π2, if µ1 < µ2 or

µ1 = µ2 and `1 < `2. If Π = Π1 ◦ Π2, then ψ(Π) = (µ1 + µ2, `1 + `2). For a pair of

points a, b ∈ A� ∪B�, let ψ�(a, b) be the smallest mixed cost path from a to b in G�, and

we refer to such a path as an optimal path from a to b in G�. The definition of mixed cost

ensures that an optimal path is always simple.

For any pair of subsets X ∈ A�, Y ∈ B�, let

ψ�(X, Y ) = min
a∈X,b∈Y

ψ�(a, b).

At each cell � in Q, for all X, Y ∈ X↓� × X↑�, we store

ψ�(X, Y ), (4.11)

i.e., the mixed cost of the optimal path between every entry cluster to every exit clusters.

Compressed graph. We show that if we have (4.11) at the four children of a cell � ∈ Q,

we can compute (4.11) for � in poly(log ∆, 1/ε) time, and that given (X, Y ) ∈ X↓� ×

X↑�, we can compute an optimal path from a vertex a ∈ X to b ∈ Y in G�, in time

O(kpoly(log ∆, 1/ε)) where k is the length of the optimal path, such that ψ�(a, b) =

ψ�(X, Y ). We call these procedures ASCEND(�) and EXTRACTPATH(X, Y,�).

Let �1,�2,�3,�4 be the four children of the cell � ∈ Q. We construct a weighted

directed graph H� = (V�, E�) where V� =
⋃4
i=1(X�i

). There are two sets of edges in

H�:
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(i) interior edges — between two clusters of the same �i;

(ii) bridge edges — between clusters of siblings.

For each pair of entry and exit clusters, (X, Y ) ∈ X↓�i
× X↑�i

, we add an interior edge

(X, Y ) with ψ�i
(X, Y ) as its mixed cost. Next, let (X, Y ) ∈ (X�i

× X�j
), for i 6= j.

If there are edges between points of X and Y in G, then from Lemma 49, the cost and

direction of every edge in X × Y is identical. Let this cost be β. We add an edge between

X and Y with the direction identical to edges in X ×Y and set its mixed cost to be (β, 1).

For a pair of vertices X, Y ∈ V�, let ψ�(X, Y ) be the smallest mixed cost of a path from

X to Y in H�.

Auxiliary procedures. Before describing the AUGMENT and EXTRACTPATH procedures,

we describe a few properties of the compressed graph H�.

Lemma 50. For any pair X, Y ∈ X↓� × X↑�,

min
X′∈D(X)

Y ′∈D(Y )

ψ�(X ′, Y ′) ≤ ψ�(X, Y ).

Proof. Let a ∈ X , b ∈ Y be the points such that ψ�(a, b) = ψ�(X, Y ), and let Π be an

optimal path in G� from a to b. Suppose a ∈ X ′ ∈ D(X) and b ∈ Y ′ ∈ D(Y ). We

express Π as a sequence π1 ◦ π2 ◦ · · · ◦ πu, where each πi is either an edge of Π whose

endpoints lie in different children of� or a maximal sub-path of Π that lies inside a single

child of �. If πi = (pi, pi+1) is an edge of Π, then by construction, there is an edge

(Xi, Xi+1) in H� such that pi ∈ Xi and pi+1 ∈ Xi+1 and the mixed cost of (Xi, Xi+1) is

(µ(pi, pi+1), 1). If πi is a maximal path lying in the child �j of � then its initial and final

endpoints lie in the entry and exit clusters, say, Xi and Xi+1, of X�j
. By construction,

H� has an edge from Xi to Xi+1 whose mixed cost is at most ψ(πi). In other words,

Γ = 〈X ′ = X1, X2, . . . , Xr+1 = Y ′〉 is a path in H� whose mixed cost is at most ψ(Π).

Hence, ψ�(X ′, Y ′) ≤ ψ�(X, Y ), which implies the lemma.
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Next, let Γ be an optimal path in H� from an entry cluster X ′ ∈ X↓� to an exit cluster

Y ′ ∈ X↑�. We show how to retrieve a path Π in G� from a vertex a ∈ X ′ to a vertex b ∈ Y ′

such that ψ�(Π) = ψ�(X ′, Y ′).

Suppose Γ = 〈X = X0, X1, . . . , Xu−1, Xu = Y 〉. By construction, if (Xi−1, Xi) is an

interior edge, then (Xi, Xi+1) has to be a bridge edge. If (Xi−1, Xi) is an interior edge, we

recursively construct a path from Xi−1 to Xi in the corresponding child of �. Suppose a

path πi with the endpoints ui−1 ∈ Xi−1 and ui ∈ Xi is returned. If (Xi+1, Xi+2) is also an

interior edge and the path πi+2 with the endpoints ui+1 ∈ Xi+1, ui+2 ∈ Xi+2 is returned,

we connect πi and πi+1 by the edge (ui, ui+1). If (Xi+1, Xi+2) is also a bridge edge, we

choose any point ui+1 ∈ Xi+1 and add the edge (ui, ui+1). Let ~Π be the path constructed by

this procedure. Clearly, ~Π is a directed path in G(A�, B�). Using an inductive argument on

the height of nodes, one can show that ψ(Π) = ψ�(X ′, Y ′). Lemma 50 and this procedure

imply the following:

Lemma 51. For every node � ∈ Q and for any (X, Y ) ∈ X↓� × X↑�,

ψ�(X, Y ) = min
X′∈D(X)

Y ′∈D(Y )

ψ�(X ′, Y ′).

The following is an immediate corollary of the above lemma

Corollary 52. H� has no negative cycles.

By Lemma 51 and Corollary 52, assuming we have computed ψ�i
at all children �i

of �, we can compute ψ�(X, Y ) for all X, Y ∈ X↓� × X↑� by constructing the graph H�

and computing optimal paths between every pair of vertices, say using Floyd-Warshall

algorithm.

The total time taken by ASCEND procedure is poly(log ∆, 1/ε).

EXTRACTPATH(X, Y,�), where X, Y ∈ X↓� × X↑�, is implemented by first con-

structing the graph H� and computing optimal paths for all pairs of vertices X ′, Y ′ ∈
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D(X) × D(Y ). Let Γ be the path with the smallest mixed cost among these paths.

We now retrieve a path Π in G� from a vertex a ∈ X ′ to a vertex b ∈ Y ′ such that

ψ(Π) = ψ(X ′, Y ′) = ψ�(X, Y ). The total time spent is O(kpoly(log ∆, 1/ε)) where k is

the number of edges in Π. Since H� has no negative cycles and since minimizing mixed

cost ensures that among minimum-cost paths we compute a path with fewest edges, Π is a

simple path.

Implementing FINDAP and AUGMENT. Using EXTRACTPATH and ASCEND procedure,

FINDAP and AUGMENT can be implemented in a straightforward manner. Let ∇ be the

root of Q and let S∇ ⊆ X↓∇ (resp. T∇ ⊆ X↑∇) be the subset of free clusters at ∇. By

definition, BF =
⋃
S∇ and AF =

⋃
T∇. Set

S, T = arg minX,Y ∈S∇×T∇ψ∇(X, Y ).

Then, ψ∇(S, T ) is the smallest mixed cost of a directed path in GM(A,B) from a source to

sink. We compute an optimal path ~Π from a vertex b ∈ S to a vertex a ∈ T in GM(A,B) =

G∇, s.t., ψ∇(b, a) = ψ∇(S, T ), using EXTRACTPATH(S, T,∇). As mentioned above, ~Π

is a simple path. ~Π can be converted into a compact augmenting path Π, as described in

Lemma 47, such that φM(Π) = µ(~Π). By Lemma 47, Π is a compact augmenting path of

the smallest net cost. Hence, FINDAP takes O(|Π|poly(log ∆, 1/ε)) time.

Finally, the AUGMENT(Π) updates M to M ′ = M ⊕ Π and the information stored at

Q, as follows. For a point p ∈ A ∪ B, let A(p) be the set of ancestors of the leaf of Q

that contains p. Set A(Π) =
⋃
p∈Π A(p). We observe that the only change in GM ′ from

GM is that the direction and cost of the edges in Π change and the cost of edges incident

on any vertex of Π may change. Hence, for a node � ∈ Q, G� does not change if �

does not contain any vertex of Π, i.e., � 6∈ A(Π). For each point p ∈ Π, we update the

information at nodes of A(p) in a bottom-up manner. More precisely, suppose we have

already updated ψ� values for some cell � ∈ A(Π). Next, we call ASCEND(p(�)) and
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update the information at p(�). Since |A(Π)| = O(|Π| log ∆), the total time spent by

AUGMENT(Π) is O(|Π|poly(log ∆, 1/ε)). We thus obtain the following:

Lemma 53. A,B and a matching M that satisfies ACI can be maintained in a data

structure so that FINDAP and AUGMENT take O(kpoly(log ∆, 1/ε)) time where k is the

length of the output and input path respectively.

4.6 Conclusion

In this chapter, we presented a near-linear time Monte-Carlo algorithm for computing ε-

approximate bipartite matching of point sets in Rd under any Lp-metric. For simplicity

of exposition, we did not minimize the exponent in poly(log n, 1/ε) factor. One way of

reducing the exponent is by using an exponential grid instead of a uniform grid for G[�].

This reduces the number of subcells to roughly log(n)/ε, instead of (log(n)/ε)2. We

conclude by stating two natural open questions:

• Is there a near-linear algorithm for computing an optimal bottleneck matching, i.e.,

a matching that minimizes the length of its largest edge?

• Is there a sub-quadratic algorithm for computing an optimal Euclidean bipartite

matching in R2?
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5

Geometric Transportation Problem

5.1 Introduction

In Chapter 4 we studied the matching problem between two point sets. In this chapter,

we consider the transportation problem, a generalization of matching problem. More

precisely, let G(V,E), where V = A ∪ B and E ⊆ A × B, be a weighted bipar-

tite graph. Let d(a, b) be the cost of any edge (a, b) ∈ E. Each vertex a ∈ A has

a positive integral demand da and each b ∈ B has a positive integral supply sb such

that
∑

a∈A da =
∑

b∈B sb = U ; We call a function σ : E → Z≥0 an assignment if∑
b∈B,(a,b)∈E σ(a, b) ≤ da and

∑
a∈A,(a,b)∈E σ(a, b) ≤ sb. We refer to the assignment as

perfect if
∑

b∈B,(a,b)∈E σ(a, b) = da and
∑

a∈A,(a,b)∈E σ(a, b) = sb. The cost of an assign-

ment σ is w(σ, d) =
∑

(a,b)∈E σ(a, b)d(a, b). If d(·, ·) is obvious from the context, we write

w(σ, d) as w(σ). The Hitchcock-Koopmans transportation problem, or simply the trans-

portation problem for brevity, is to compute a perfect assignment σOPT for G of minimum

possible cost. A perfect assignment σ is called ε-approximate if w(σ) ≤ (1 + ε)w(σOPT),

and ε-close if w(σ) ≤ w(σOPT)+ε. The bipartite matching problem is a special case of the

transportation problem in which da = sb = 1 for all a ∈ A, b ∈ B. As in Chapter 4, we
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study the transportation problem in geometric settings, namely, A and B are point sets in

Rd, E = A×B and the cost of an edge (a, b) is the distance between a and b in the given

distance function d(·, ·). Unlike Chapter 4, we do not restrict d(·, ·) to be the Lp-norm. We

will use G(A,B) to denote the complete bipartite graph (A ∪B,A×B).1

Previous work. The Hungarian Algorithm [63] mentioned in Chapter 4 computes an op-

timal assignment on weighted graphs with n vertices and m edges in O(mn) time, and

the Gabow-Tarjan scaling algorithm can do it in O((m
√
U + U logU) log n) time if the

cost of every edge is a positive integer bounded by nO(1). When A,B ⊂ R2 and for the

L2-norm, Atkinson and Vaidya [16] give an O(n2.5 logU) algorithm for computing op-

timal assignment. Agarwal et al. [2] improve the running time of the algorithms for the

transportation problem to O(n2+δ logU), where δ > 0 is an arbitrarily small constant. For

A,B ⊂ Rd and the L1 and L∞ norms, the running time for the transportation problems

can be improved to n2 logO(d) n logU , respectively [16].

Transportation problem has applications in Operations Research — find minimum-

cost plan to transport goods from location of supplies to locations of demand. Optimal

assignment can be used to measure similarity between shapes that are represented as point

clouds. Cost of optimal assignment, also called the earth movers distance, is used as a

measure of similarity of two discrete probability distributions. Earth movers distance has

been used in computer vision to compare images [69].

Our results. Suppose there is a data structure to store a weighted point set X ⊂ Rd that

allows insertion and deletions of points and answers weighted-nearest neighbor query for

a query point q ∈ Rd, i.e., returns a point arg minp∈X d(p, q)−wp, where wp is the weight

of p. Let ϕ(|X|) be the query/update time of this structure. The following theorem states

the main result of this chapter.

1 For notational simplicity, we assume that A ∩B = ∅. Our algorithm works even otherwise.
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Theorem 54. Let A,B ⊂ Rd be two point sets, with |A| + |B| = n, let U be their

total demand/supply, let d(·, ·) be a distance function, let ∆ be the diameter of A ∪ B

under d(·, ·) and let ε > 0 be a parameter. An ε-close assignment for A and B under

d(·, ·) can be computed in O((n
√
U log2 n+U logU)ϕ(n) log(U∆/ε)) where ϕ(n) is the

query/update time of a dynamic weighted nearest neighbor structure under d(·, ·).

This theorem has the following consequences.

• If A,B ⊂ Rd and d(·, ·) is a metric, then an ε-approximate assignment for A,B can

be computed in time O((n
√
U log2 n + U logU)ϕ(n) log(n/ε)). If d(·, ·) is L1, L2

or L∞ norms and U ≤ n2−δ for some constant δ > 0, then the running time of our

algorithm is o(n2). For the special case of matching, d = 2 and d(·, ·) being the Lp

norm, the running time of this algorithm is similar to that in [76] as a function of n,

but the latter has a factor 1/ε3/2 in its running time while ours has log(1/ε). Note

that the running time of the algorithm described in the previous chapter also had a

1/εc where c > 1 is a constant. So this algorithm is faster when ε < 1/n2c.

• If A,B ⊂ [∆]d are sets of grid points and d(·, ·) is L1 or L∞ norm, an optimal

assignment can be computed in time O((n
√
U +U logU) logd+O(1) n log ∆). As far

as we know forU < n2, this is the first sub-quadratic algorithm for the transportation

problem under L1, L∞ norms even when points lie on a bounded grid.

• If A,B ⊂ [∆]2 and d(·, ·) is the RMS2 distance, the above algorithm computes an

optimal assignment in time O((n
√
U log2 n + U logU)nδ log ∆) for an arbitrarily

small constant δ > 0.

The rest of the chapter is organized as follows. In Section 5.2, we introduce basic

definitions. Section 5.3 describes our algorithm. In Section 5.4, we analyze our algorithm.

In Section 5.5, we give applications of our algorithm.

2 Under the RMS distance, the distance between a and b is ||a − b||2 where ||a − b|| is the Euclidean
distance between a and b.
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5.2 Preliminaries

The transportation problem has an equivalent formulation as the following linear program:

Minimize
∑
a,b

σ(a, b)d(a, b) subject to

∑
a∈A

σ(a, b) ≤ sb, for all b ∈ B,

∑
b∈B

σ(a, b) ≤ da, for all a ∈ A.

The corresponding dual program is:

Maximize
∑
a∈A

y(a)da +
∑
b∈B

y(b)sb subject to

y(a) + y(b) ≤ d(a, b), for all (a, b) ∈ A×B.

The dual feasibility conditions necessary for optimality of the dual solution is:

y(a) + y(b) ≤ d(a, b), if σ(a, b) = 0, (5.1)

y(a) + y(b) = d(a, b), if σ(a, b) > 0. (5.2)

Next, we generalize some of the definitions of Chapter 4. Given an assignment σ on

A,B, a vertex b ∈ B is a surplus vertex if
∑

a∈A σ(a, b) < sb. Similarly, a vertex a ∈ A is

a deficit vertex if
∑

b∈B σ(a, b) < da. In the residual graph, R = R(A ∪ B,E), for every

edge (a, b) ∈ A×B, E has a forward edge directed from b to a. If σ(a, b) > 0 then E also

has a backward edge from a to b. We use u → v to denote an edge directed from u to v.

An alternating path is a simple directed path in the residual graph. An alternating tree is

a tree rooted at a surplus vertex where a path between the root and any node in the tree is

an alternating path. An augmenting path is an alternating path from a surplus vertex to a

deficit vertex. For an augmenting path P between a surplus vertex b and a deficit vertex a,

let

κ̃ = min {σ(a, b) | a ∈ A, b ∈ B, a→ b ∈ P}
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and let

κ = min

{
κ̃, a−

∑
b′∈B

σ(a, b′), b−
∑
a′∈A

σ(a′, b)

}
.

Augmenting along P involves updating σ as follows. For every edge (a, b) ∈ A×B,

σ(a, b) =


σ(a, b)− κ if a→ b ∈ P ,
σ(a, b) + κ if b→ a ∈ P ,
σ(a, b) otherwise.

For every vertex v ∈ A ∪ B, let y(v) be its dual weight. A 1-feasible assignment

consists of an assignment σ and set of dual weights y(v) such that for every edge between

a ∈ A and b ∈ B we have

y(a) + y(b) ≤ d(a, b) + 1, (5.3)

y(a) + y(b) ≥ d(a, b) if σ(a, b) > 0. (5.4)

(5.3) and (5.4) are closely related to the dual feasibility constraints (5.1) and (5.2).

An edge u→ v ∈ E of the residual graph is eligible if:

y(u) + y(v) = d(u, v), if u ∈ A, v ∈ B, (5.5)

y(u) + y(v) = d(u, v) + 1 if v ∈ A, u ∈ B. (5.6)

The subgraph of the residual graph induced by eligible edges is called the eligible graph.

Note that these conditions imply that both u → v and v → u cannot both be simultane-

ously eligible.

A perfect assignment that is 1-feasible is called a 1-optimal assignment. The following

lemma relates the cost of a 1-optimal assignment to that of the optimal assignment.

Lemma 55. [38] For a bipartite graph G(A,B) with integer edge costs, let σ be a 1-

optimal assignment and σ∗ be the optimal assignment. Then, w(σ) ≤ w(σ∗) + U.
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Next, we prove a relationship between an ε-close assignment and 1-optimal assign-

ment.

For a parameter δ > 0, we define

dδ(u, v) =

⌈
d(u, v)

δ

⌉
.

Lemma 56. Let σ be a 1-optimal assignment on G(A,B) under dδ(·, ·), where δ < ε/2U

and let σ∗ be the optimal assignment on G(A,B), then σ is ε-close to σ∗ in G(A,B).

Proof. Let σ′ be the optimal assignment for G(A,B) with dδ(·, ·) as the cost function.

From Lemma 55, w(σ, dδ) ≤ w(σ′, dδ) + U ≤ w(σ∗, dδ) + U .

w(σ, d) ≤
∑
a,b

σ(a, b)d(a, b) ≤ δ ·
∑
a,b

σ(a, b)

⌈
d(a, b)

δ

⌉
≤ δ · w(σ, dδ),

≤ δ · w(σ∗, dδ) + Uδ = δ
∑
a,b

σ∗(a, b)

(⌈
d(a, b)

δ

⌉)
+ Uδ,

≤ δ
∑
a,b

σ∗(a, b)

(
d(a, b)

δ
+ 1

)
+ Uδ ≤ w(σ∗, d) + 2Uδ ≤ w(σ∗, d) + ε.

5.3 The Transportation Algorithm

For A,B ⊂ Rd, consider an instance of transportation problem as defined in Section 5.1.

Under the assumption that the diameter ofA∪B is bounded by ∆, we present an algorithm

for computing an ε-close assignment. We assume ∆ is of the form 2i for some integer i.

In Figure 5.1, Algorithm SCALEASSIGN describes the scaling routine of our algo-

rithm. In each iteration of SCALEASSIGN a 1-optimal assignment of G(A,B) under cost

function dδ(·, ·) is computed using 1-OPTIMALASSIGN, which takes as input the points A

and B, scaling factor δ and associated dual weights satisfying the 1-feasibility conditions.

92



Algorithm SCALEASSIGN(A,B)
1: δ = ∆ ∀v ∈ A ∪B y(v)← 0
2: repeat
3: (σ, y)← 1-OPTIMALASSIGN(A,B, δ, y)
4: δ ← δ/2
5: ∀v ∈ A ∪B y(v)← 2(y(v)− 1)
6: until δ ≤ ε/3U
7: return σ

Algorithm 1-OPTIMALASSIGN(A,B, δ, y)
1: d∗ ← dδ, M = ∅
2: repeat
3: y ← ADJUSTDUAL(d∗, y)
4: σ′ ← AUGMENT(d∗, y)
5: σ ←ACYCLIFY(σ′)
6: until σ is perfect
7: return σ, y

FIGURE 5.1. The transportation algorithm.

Overview of the algorithm. We describe the algorithm for computing a 1-optimal assign-

ment. The 1-OPTIMALASSIGN maintains the following invariant at the end of each itera-

tion:

(I1) The set of edges F(σ) = {(u, v) | σ(u, v) ≥ 1} is a forest.

Similar to the Hungarian Algorithm, our algorithm starts with an empty assignment

and computes a perfect assignment by repeatedly finding an augmenting path and aug-

menting along the path. Line 3 adjusts the dual weights to compute an augmenting path

of eligible edges; the conditions for eligibility are identical to (5.5) and (5.6) with dδ(·, ·)

as the cost function. Line 4 augments the current assignment and constructs a new as-

signment σ′, but F(σ′) may violate (I1). In Line 5, we modify σ′ to another 1-feasible

assignment σ such that F(σ) is a forest. Such a forest representation is crucial for efficient

implementations of Lines 3 and 4. First, we describe how Lines 3, 4 and 5 are imple-

mented efficiently, then we prove the correctness of the algorithm. For clarity, we first

describe a straight-forward implementation of these steps and then describe an efficient

implementation in geometric settings.
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Dual adjustment step. The dual adjustment step involves searching for an augmenting path

in the eligible graph. We grow an alternating tree for each surplus vertex of B. Let S

(resp. T ) denote the points of B (resp. A) that lie in some alternating tree. In principle,

ADJUSTDUAL procedure is similar to Hungarian Search — both grow alternating trees by

adjusting dual weights and maintaining 1-feasibility to obtain an augmenting path. The

key difference is that Hungarian Search maintains the dual feasibility constraints, i.e.,

(5.1) – (5.2) and ADJUSTDUAL maintains the 1-feasibility constraints, i.e., (5.3) – (5.4).

During Hungarian Search, dual feasibility constraint ensures that every backward edge in

the residual graph is eligible because of (5.2) while in our case some of them may not be

eligible as they might satisfy (5.3) with equality. Let Γ be a set of backward edges a → b

such that a ∈ T and b 6∈ S, i.e.,

Γ = {a→ b | a ∈ A ∩ T, b ∈ B \ S, a→ b 6∈ E} .

Initially, S is a set of surplus vertices of B and T = ∅, Γ = ∅. Let

β = min
a∈A\T,b∈S

{dδ(a, b) + 1− y(a)− y(b)},

and

γ = min
a→b∈Γ

{y(a) + y(b)− dδ(a, b)}.

Let,

α = min {β, γ} .

At each step, the search takes one of the following actions, depending on whether

α = 0 or α > 0.

• Case 1: α > 0. The dual weight is updated as follows. For each vertex a ∈ T , set

y(a) to y(a)− α and for each b ∈ S, set y(b) to y(b) + α.

• Case 2: α = 0. If β = 0, then grow the alternating tree. Let b→ a, b ∈ S, a ∈ A\T

be the eligible edge. We add a to the alternating tree. If a is a deficit vertex, we have
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found an augmenting path and the search ends. Otherwise, let N ⊆ F(σ) be the set

of backward edges (a, b′) adjacent to a such that b′ 6∈ S, i.e., N = {(a, b′) ∈ F(σ) |

b′ ∈ B \ S}. We add the edges in N to Γ. If γ = 0, we add all the backward edges

a→ b that are eligible, i.e., satisfy (5.5) to the alternating tree.

The search repeats these steps until an augmenting path consisting of eligible edges is

found. We now describe how this step is performed efficiently in a geometric setting.

We initialize S to the set of surplus vertices of B and T = ∅, Γ = ∅.

Instead of explicitly updating dual weights at each step, we use the following approach

suggested by Vaidya [74]. We maintain a variable ω (initialized to 0). We implicitly

maintain the dual weights of vertices in S and T as follows. Namely we maintain the

adjusted dual variable ŷ(v) for all v ∈ A ∪ B. If v 6∈ S ∪ T , then ŷ(v) = y(v). If

v ∈ T , then ŷ(v) = y(v) + ω, and if v ∈ S then ŷ = y(v) − ω. β and γ can be redefined

with respect to ω as follows. β = mina∈A−T,b∈S{dδ(a, b) − ŷ(a) − ŷ(b)} − ω + 1, and

γ = mina→b∈Γ{ŷ(a) + ŷ(b)− dδ(a, b) + ω}.

• Case 1: α > 0. Set ω to ω + α (Note that we do not update any dual weights).

• Case 2: α = 0. Suppose β = 0, b → a is an eligible edge. So, we add a to T and

set its adjusted dual value to ŷ(a) = ŷ(a) +ω. If a is a deficit vertex, an augmenting

path is found and the search ends. Otherwise add edges in N to Γ. Suppose γ = 0

we add all the edges of Γ for which γ = 0 to the alternating tree.

The search repeats these steps until an augmenting path has been found.

Once the search for an augmenting path has ended, we update A, B and σ to reflect the

true dual weights. For each a ∈ T , b ∈ S, we set ŷ(a)← ŷ(a)− ω and ŷ(b)← ŷ(b) + ω.

The dual weights of vertices in B \ S and A \ T do not change.

This completes the description of our implementation of ADJUSTDUAL Step.
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During each step of the search, the value of β is computed by maintaining weighted

bi-chromatic closest pair between the setsA\T and S under dδ(·, ·). The following lemma

shows that to compute β it suffices to compute a weighted closest pair under d(·, ·).

Lemma 57. Let (a∗, b∗) = argmina∈A−T,b∈S {d(a, b)− δŷ(a)− δŷ(b)} . Then, β = {dδ(a∗, b∗)−

ŷ(a∗)− ŷ(b∗)} − ω + 1.

Proof. Since adding or multiplying a constant and taking a ceiling of a fraction does not

affect the minimum, we have

(a∗, b∗) = argmin
a∈A−T,b∈S

{d(a, b)− δ(ŷ(a) + ŷ(b) + ω − 1)} ,

= argmin
a∈A−T,b∈S

⌈
d(a, b)− δ(ŷ(a) + ŷ(b) + ω − 1)

δ

⌉
,

= argmin
a∈A−T,b∈S

{⌈
d(a, b)

δ

⌉
− ŷ(a)− ŷ(b)

}
− ω + 1.

The last equality follows from (I2) and the fact that ω is an integer and thus all ŷ(·)’s are

integers. But,

β = min
a∈A−T,b∈S

{⌈
d(a, b)

δ

⌉
− ŷ(a)− ŷ(b)

}
− ω + 1.

From the above two equations, it follows that,

β =

{⌈
d(a∗, b∗)

δ

⌉
− ŷ(a∗)− ŷ′(b∗)

}
− ω + 1.

Initializing S, T,Γ takes O(n) time. Growing the alternating tree (when α = 0) in-

volves adding each a ∈ A, b ∈ B, a → b ∈ F(σ) from Γ to the alternating tree at most

once. Thus Hungarian Search takes O(n+ |F(σ)|) steps, which is bounded by O(n) using

(I1). Executing each step requires us to compute a weighted bi-chromatic closest pair and
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minimum weight edge in Γ. As shown by Eppstein [37], dynamic weighted nearest neigh-

bor data structure can be used to maintain dynamic weighted bi-chromatic closest pair for

point sets in Rd. The update and query times is O(ϕ(n) log2 n). The minimum weight

edge in Γ is maintained using a min-heap with an update time of O(log n). Hence, the

total time taken by Hungarian search is O(nϕ(n) log2 n). Finally, the time taken to update

the dual values in A,B in order to reflect the correct dual value is O(|A| + |B|) = O(n)

time. The total time taken by the ADJUSTDUAL step is O(nϕ(n) log2 n).

Augment procedure. The AdjustDual procedure updates the dual weights so that eligible

edges in the residual graph contains an augmenting path, but it does not compute such a

path. The Augment procedure finds maximal set of augmenting paths and augments the

assignment along them.

We perform depth first search to repeatedly find an augmenting path P and augment

along it. We maintain sets A ⊆ A,B ⊆ B and F ⊂ F(σ); here A (resp. B) is the set of

vertices of A (resp. B) that are not marked as visited by the depth first search and F is the

set of eligible edges of F(σ′), where σ′ is the current assignment. An alternating path P is

initiated from a surplus node b ofB. The search marks every visited vertex r, i.e., removes

r fromA∪B. At each step, the last vertex on P is a vertex b ∈ B. We grow P by scanning

all edges of F that are adjacent to b and finding an edge b→ a such that a is not visited by

the search; the search marks a as visited and b → a is added to P . If a is a deficit vertex,

P is an augmenting path and we augment along P and update σ′ and F. Every vertex on

the path is marked as not-visited by the search, i.e., we add all vertices of P ∩ A to A and

P ∩ B to B. After augmentation, if b is still a surplus node, we initiate another path P

from b; otherwise, we initiate a new path from another surplus vertex of B. On the other

hand, suppose a is not a deficit vertex, if a is adjacent to some vertex b′ in F such that b′ is

not marked as visited by the search, we mark b′ as visited and add (a, b′) to P and continue

with the search from b′. If no such b′ exists, we remove b → a from P and continue our
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search from b. If no such a exists, then b and its predecessor in P are removed from P . The

search continues until there are no surplus vertices in B. This completes the description

of the depth first search. We now give an efficient implementation of this procedure using

dynamic weighted nearest-neighbor data structure.

At any point in the search, suppose currently P = 〈b1, a1, b2, . . . , ak, bk〉. To grow P ,

we compute

η(bk) = min
a∈A
{dδ(bk, a) + 1− y(a)− y(bk)}.

Observe that η(bk) is always positive. Furthermore, if the forward edge bk → a is eligible

then {dδ(bk, a) + 1− y(a)− y(bk)} = 0. Therefore, we can compute an eligible neighbor

of bk by simply computing η(bk).

At each step of the procedure, we use a dynamic nearest-neighbor data structure to

compute η(bk). As in Lemma 57, it can be shown that if

a∗ = argmin
a∈A

{d(bk, a)− δy(bk)− δy(a) + δ}

then

η(bk) = dδ(bk, a
∗) + 1− y(bk)− y(a∗).

We can thus construct a weighted nearest-neighbor query data structure on A under d(·, ·)

to compute η(bk). When a point is deleted fromA, it is also deleted from the data structure.

Hence, finding η(bk) and updating the data structure takes ϕ(n) time.

The following two lemmas are useful in the correctness of the algorithm. Let Ei be

the set of eligible residual edges after i augmenting paths have been found during the

execution of the AUGMENT procedure.

Lemma 58. For j > i, Ej ⊆ Ei.

Proof. For the sake of contradiction, let us assume that for some i, u→ v ∈ Ei+1 and u→

v 6∈ Ei. Since AUGMENT does not update dual weights, no new forward edge can become
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eligible after the ith augmentation, so u → v is a backward edge. u → v was not present

in the residual graph R before the ith augmentation i.e., σ(u, v) = 0 before augmentation.

The forward edge v → u is in the ith augmenting path. This implies that the edge v → u is

also eligible. Since both u→ v and v → u cannot be eligible simultaneously, we conclude

that u→ v is not eligible after the ith augmentation, a contradiction.

The following is an immediate corollary of the above lemma.

Lemma 59. At the end of the AUGMENT procedure, the resulting residual graph has no

augmenting path of eligible edges.

Initializing A,B and F takes O(|A| + |B| + |F(σ)|) = O(n) time. The running time

of this procedure can be bounded by the number of times the vertices of A∪B are visited

by the search and the total number of edge in F. From Lemma 58, the number of edges in

F is O(n). The bound on the number of vertices of A∪B visited by the search is given by

the number of times vertices are added and removed from A and B. Note that a vertex can

be added or removed from A and B multiple times. A point is added back to A or B only

when it lies on some augmenting path. Therefore, the total number of changes to A and

B during the search procedure can be bounded by O(n+ µ) where µ is the total length of

the augmenting paths generated by the procedure in its ith iteration. Since, the decision at

each step is made by computing the value η(b) and since η can be computed in O(ϕ(n))

time, the total time taken by the procedure is bounded by O((n+ µ)ϕ(n)).

Acyclify. After the augment step, the new assignment F(σ′) has O(n + µ) edges; here

µ is the total length of the augmenting paths produced by the Augment procedure. Next,

the ACYCLIFY procedure converts this 1-feasible assignment σ′ and to another 1-feasible

assignment σ′′ such that
∑

(a,b) σ
′(a, b) =

∑
(a,b) σ

′′(a, b) and F(σ′′) does not have any

cycles.
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Let γ1, . . . , γu be an arbitrary order of edges of F(σ′). For k ≤ u, let Γk = {γ1, . . . , γk}

and Gk = (A ∪B,Γk). We will maintain Σk ⊆ Γk that does not contain a cycle. For each

γ ∈ Σk, we maintain an assignment h(γ) ≥ 0 such that

∀ξ ∈ A,
∑

(ξ,η)∈Σk

h(ξ, η) =
∑

(ξ,η)∈Γk

σ′(ξ, η), (5.7)

∀η ∈ B,
∑

(ξ,η)∈Σk

h(ξ, η) =
∑

(ξ,η)∈Γk

σ′(ξ, η). (5.8)

In particular,
∑

γ∈Γk
σ′(γ) =

∑
γ∈Σk

h(γ). Then Σu and its assignment correspond to

the desired assignment σ′′. We now describe how to maintain Σk.

Initially, Σ0 = ∅. We compute Σk+1 from Σk as follows. We first set Σk+1 = Σk ∪

{γk+1} and h(γk+1) = σ′(γk+1). If the insertion of γk+1 does not create any cycle in Σk+1,

we are done. Otherwise, if Σk+1 contains an even length cycle χ and ek+1 is an edge of χ,

we compute the minimum weight edge of χ, e = argmine′∈χ h(e′). We label the edges of

χ so that χ = 〈e = e1, e2, . . . , e2s〉. For 1 ≤ j ≤ s, we set h(e2j−1) ← h(e2j−1) − h(e)

and h(e2j)← h(e2j) + h(e), i.e., h(e) becomes 0. We set Σk+1 = Σk ∪ {γk+1} \ {e}. By

construction Σk+1 is a forest. Since the weight of alternating edges in Σ is increased and

decreased by h(e), it can be verified that Σk+1 satisfies (5.7) and (5.8).

At each step, we perform three operations on Σk: (i) Check whether the end points

of γk+1 lie in the same connected component of Σk, (ii) given a path π in Σk and a non-

negative integer κ, increase the weight of every odd edge and decrease the weight of every

even edge by κ, and (iii) insert/delete an edge. Using the dynamic tree data structure by

Sleator and Tarjan [73], each of these operations can be performed in O(log n) amortized

time. Hence the total time spent by the ACYCLIFY procedure is O(µ log n).

Finally, y(u) + y(v) = dδ(u, v) for every edge (u, v) ∈ F(σ′). Since σ′′ ⊆ σ′, we

conclude that σ′′ is also a 1-feasible assignment.
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FIGURE 5.2. (i) |M ′| = 17 and M has a cycle; (ii)|M ′′| = 17 and M′′ is acyclic.

5.4 Performance analysis

Before proving the correctness of the algorithm and analyzing its running time, we intro-

duce a few notation. We refer to the ith iteration of the loop in SCALEASSIGN as the ith

scale. The value of δ in the ith scale is ∆/2i. Let di(a, b) denote the cost of an edge (a, b)

in the ith scale, i.e.,

di(a, b) =

⌈
d(a, b)

∆/2i

⌉
.

Note that

2di−1(a, b) ≤ di(a, b) ≤ 2di(a, b) + 1. (5.9)

Let σi be the assignment returned by 1-OPTIMALASSIGN in this scale. We use yi(v)

(resp. yi(v)) to denote the value of the dual weight of v in the beginning (resp. at the end)

of the ith scale. Then

yi+1(v) = 2(yi(v)− 1) (5.10)

We will denote y(v) to denote the current value of the dual weight of v.

While analyzing the performance of 1-OPTIMALASSIGN during the ith scale, it will

be convenient to work with the reduced cost of an edge and the reduced weight of a vertex

defined as follows:

d̃i(a, b) = di(a, b)− yi(a)− yi(b) (5.11)

ỹ(v) = ỹ(v)− ỹi(v) (5.12)
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The reduced cost of an assignment σ, w̃(σ) is its cost w(σ, d̃), i.e.,

w̃(σ) =
∑
a,b

d̃(a, b) · σ(a, b).

Since d̃i(a, b) − ỹ(a) − ỹ(b) = di(a, b) − y(a) − y(b), σ is 1-feasible under d̃i if it is

1-feasible under di. If i is obvious from the context, we write d̃i(a, b) as d̃(a, b).

Proof of correctness.

Lemma 60. 1-OPTIMALASSIGN returns a 1-optimal assignment.

Proof. We prove by induction on the index of scale. Suppose, it returns a 1-optimal as-

signment in the (i− 1)th scale. In the beginning of the ith scale, σ(a, b) = 0, so obviously

(5.4) holds. Moreover,

yi(a) + yi(b) = 2(yi−1(a) + yi−1(b)− 2)

≤ 2di−1(a, b)− 2

≤ di(a, b),

implying that (5.3) holds in the beginning of the ith scale. ADJUSTDUAL updates dual

weights so that the assignment always remains 1-feasible. AUGMENT augments an as-

signment only along eligible edges, implying that the assignment remains 1-feasible after

each augmentation. Finally ACYCLIFY updates the assignment in a way that it remains

feasible. Hence the procedure returns a 1-feasible assignment. Finally ADJUSTDUAL en-

sures that there is at least one augmenting path consisting of eligible edges and AUGMENT

performs the augmentation along such a path. Therefore, 1-OPTIMALASSIGN returns a

perfect 1-feasible assignment, i.e., a 1-optimal assignment.

Next, we prove a few properties of ADJUSTDUAL and AUGMENT procedures that will

help us analyzing the running time of 1-OPTIMALASSIGN.
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Lemma 61. (P1) The reduced dual weights of all surplus vertices is identical at any

given time (and this weight changes over time), and all deficit vertices have a re-

duced dual weight of 0 at all times.

(P2) The reduced cost of any 1-optimal assignment is O(U).

Proof. Recall that the dual weights are modified only during the ADJUSTDUAL proce-

dure. All surplus nodes become part of some alternating tree in the very beginning of

every execution of ADJUSTDUAL. Note that every vertex of B in any alternating tree un-

dergoes identical dual change in each step. Therefore all surplus vertices have identical

dual weights at any time during the execution of 1-OPTIMALASSIGN. Next, as soon as

a deficit node enters any alternating tree, ADJUSTDUAL terminates without any further

changes to dual weights. Therefore, the dual weight of all deficit nodes remains 0 at all

times.

Let σi be the 1-optimal assignment at the ith scale. By Lemma 55, its reduced cost

w(σi, d̃i) ≤ w(σ∗i , d̃i) + U,

where σ∗i is the optimal assignment at the ith scale. So, it suffices to bound the reduced

cost of σi. Since, σi−1, the assignment returned at the (i− 1)th scale is a valid assignment

at the ith scale as well

w̃(σi, d̃i) ≤ w̃(σi−1, d̃i) =
∑
a,b

d̃i(a, b)σi−1(a, b).

Let (a, b) be an edge for which σi−1(a, b) > 0. Then

d̃i(a, b) = di(a, b)− yi(a)− yi(b)

= di(a, b)− 2(yi−1(a) + yi−1(b)) + 4

≤ di(a, b)− 2di−1(a, b) + 4

≤ 5;
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the second last inequality follows from (5.3) and the last inequality follows from (5.9).

Hence, w̃(σ∗i , d̃i) ≤ 5U , which implies that w̃(σi, d̃i) ≤ 6U .

Lemma 62. Let P be an augmenting path of length `. Let σ′ and σ′′ be the assignment

before and after augmentation along P . Augmentation along P increases the supply by κ.

Let y∗ be the dual weight of surplus vertices at this time, then

κy∗ ≥ w(σ′′)− w(σ′) + κ`/2.

Proof. Suppose P is an augmenting path from surplus vertex b′ to deficit vertex a′. Since

augmentation changes the assignments only on the edges of P , we have

w̃(σ′′)− w̃(σ′) ≤ w̃(σ′′ ∩ P )− w̃(σ′ ∩ P ).

Since, for a ∈ A, b ∈ B if b → a ∈ P , then σ′′(a, b) = σ′(a, b) + κ. Otherwise, if

a→ b ∈ P , then σ′′(a, b) = σ′(a, b)− κ. Therefore,

w(σ′′ ∩ P )− w(σ′ ∩ P ) ≤
∑

a∈A,b∈B,b→a∈P
κd̃(a, b)−

∑
a∈A,b∈B,a→b∈P

κd̃(a, b)

≤
∑

a∈A,b∈B,b→a∈P
(ỹ(a) + ỹ(b)− 1)κ−

∑
a∈A,b∈B,a→b∈P

(ỹ(a) + ỹ(b))κ

≤ κỹ(b′)− κỹ(a′)− κ`/2

≤ κy∗ − κ`/2.

The second last inequality follows from (P1).

The following lemma is crucial to bound the number of iterations and the total length

of augmenting paths generated by 1-OPTIMALASSIGN.

Lemma 63. Let σ be any assignment during the execution of 1-OPTIMALASSIGNand let

y∗ be the dual weight of surplus vertices at that time. Let ρ = U−∑a,b σ(a, b) be the total

unsatisfied demand with respect to σ. Then

y∗ρ ≤ 7U.
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Proof. From (5.5), we have

w̃(σ) =
∑
a,b

σ(a, b)d̃(a, b)

≤
∑
a,b

σ(a, b)(ỹ(a) + ỹ(b)). (5.13)

Suppose σ∗ is the optimal reduced cost assignment. From (P2), we have the reduced

cost of σ∗, w̃(σ∗) ≤ 6U . But

w̃(σ∗) =
∑
a,b

σ∗(a, b)d̃(a, b) ≥
∑
a,b

σ∗(a, b)(ỹ(b) + ỹ(a)− 1)

≥
∑
b∈B

ỹ(b)
∑
a∈A

σ∗(a, b) +
∑
a∈A

ỹ(a)
∑
b∈B

σ∗(a, b)− U

≥
∑
b∈B

ỹ(b)sb +
∑
a∈A

ỹ(a)da − U.

From the above, (5.13), (P1) and (P2), we obtain

7U ≥
∑
b∈B

ỹ(b)sb +
∑
a∈A

ỹ(a)da ≥ w̃(σ) +
∑
b∈B

y∗(sb −
∑
a∈A

σ(a, b)).

Since w̃(σ) > 0, we have the following

y∗ ·
∑
b∈B

(sb −
∑
a∈A

σ(a, b)) = ρy∗ ≤ 7U.

Lemma 64. The total number of iterations of 1-OPTIMALASSIGN is O(
√
U).

Proof. During each iteration of 1-OPTIMALASSIGN, the ADJUSTDUALstep increases the

dual weight of all surplus vertices by at least 1. Therefore, after
√
U iterations, the reduced

dual weight of any surplus vertex y∗ ≥
√
U . From Lemma 63, we get ρ ≤ 7U/y∗ ≤ 7

√
U .

Therefore, the total unsatisfied demand after
√
U iterations is 7

√
U . During each iteration,
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the augment step satisfies at least one unit of demand. Therefore, within 8
√
U iteration,

all the demands are satisfied and we obtain a 1-optimal assignment.

Lemma 65. The total length of augmenting paths generated in an execution of 1-OPTIMALASSIGN

is O(U logU).

Proof. Let the total demands satisfied after i augmentations in 1-OPTIMALASSIGN be di

and since κi ≥ 1, ρ ≤ U − i. Let the new demand satisfied by the ith augmentation be

κi = di − di−1. Let the assignment after ith augmentation be σi and let the dual weight of

all surplus node after ith augmentation be y∗i . Let the length of the ith augmenting path be

`i and let σ be the final 1-optimal assignment produced by 1-OPTIMALASSIGN.

From Lemma 62, we have

y∗i κi ≥ w(σi)− w(σi−1) + κi`i/2.

Adding over all augmentations, we get

∑
i

y∗i κi ≥ w(σ) +
∑
i

κi`i/2 ≥ 6U +
∑
i

κi`i.

or, ∑
i

y∗i ≥ 6U +
∑
i

`i/2. (5.14)

From Lemma 63, we have

y∗i ≤ 7U/ρi ≤ 7U/(U − i).

Summation over all i gives us ∑
i

y∗i ≤ 7U logU. (5.15)

The lemma follows from (5.14) and (5.15).
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The ith iteration of Algorithm 1-OPTIMALASSIGN can be implemented inO((n log2 n+

|µi|)ϕ(n)+ |µi| log n) time, where µi is the length of augmenting paths found by the depth

first search procedure. As shown in Lemma 64 and 65, the number of iterations of 1-

OPTIMALASSIGN is O(
√
U) and

∑
i |µi| = O(U logU). After O(log(U∆/ε)) scales,

δ ≤ ε/2U and from Lemma 56, the 1-optimal assignment produced is an ε-close assign-

ment. Putting everything together we obtain Theorem 54.

5.5 Applications

If A,B ⊂ Rd and d(·, ·) is a metric cost function, using Theorem 54, we show how to

compute an ε-approximate assignment on A,B. Let T = 〈e1, e2, . . . en−1〉 be the min-

imum spanning tree of A ∪ B labelled in decreasing order of their costs, i.e., w(e1) ≥

w(e2) . . . ≥ w(en−1). Let Ci be the set of connected components obtained by removing

edges {e1, . . . ei} from T . For any C ∈ Ci, let AC and BC be the points of A and B that

are in C. Now, we describe our algorithm for computing ε-approximate assignment of

A,B.

First, we compute the smallest index j such that there is a component C ∈ Cj with∑
a∈AC

da ≥
∑

b∈BC
sb. Next, we compute Ck where k < j is the largest index with the

property w(ek) ≥ w(ej)nU . Note that since w(ej) < w(ek), each component C ∈ Ck has∑
a∈AC

da =
∑

b∈BC
sb. We compute, for each C ∈ Ck an (εw(ei)/n)-close assignment

σC of points AC , BC under d(·, ·). We claim that σ =
⋃
C∈Ck

σC is an ε-approximate

assignment on A,B.

Correctness. By construction, there exists a component C ∈ Cj such that
∑

a∈AC
da >∑

b∈BC
sb. Hence, at least one unit of demand in C is satisfied by points in other compo-

nents, the cost of which is at least w(ej), implying that

w(σOPT) ≥ w(ej).
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On the other hand, every component C ∈ Cj−1 has equal demands and supply. Also,

since d(·, ·) is a metric, the diameter of AC ∪ BC is at most w(ej)n. Hence, an arbitrary

assignment of demands and supply in each component of Cj−1 will cost at most nUw(ej)

implying that

w(σOPT) ≤ w(ej)nU.

Using the fact that d(·, ·) is a metric, it can be verified that for every component

C ∈ Ck, the diameter of AC ∪ BC is at most n2Uw(ej). The smallest distance be-

tween any pair of components C1, C2 ∈ Ck is at least nUw(ej) ≥ w(σOPT). Hence,

σOPT =
⋃
C∈Ck

σOPT(C) where σOPT(C) is the optimal assignment of AC , BC under

d(·, ·). By construction,

w(σ) =
∑
C∈Ck

w(σC)

=
∑
C∈Ck

w(σOPT(C)) + εw(ej)/n

≤ w(σOPT) + εw(ej)

≤ (1 + ε)σOPT.

Using dynamic bi-chromatic closest pair data structure, we can compute T , Cj and

Ck in O(nϕ(n) log3 n) time. From Theorem 54, the total time taken for computing σ is

O((n
√
U log2 n+ U logU)ϕ(n) log(U/ε)).

Theorem 66. Let A,B ⊂ Rd with |A| = |B| = n and U being their total demand/supply,

let d(·, ·) be a metric cost function, and let ε > 0 be a parameter. An ε-approximate

assignment can be computed in time O((n
√
U log2 n + U logU)ϕ(n) log(U/ε)), where

ϕ(n) is the query and update times of a dynamic weighted nearest neighbor data structure

on d(·, ·).
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For point sets A,B ⊂ [∆]d, and let d(·, ·) be the L1, L∞ and RMS distance functions.

Since the coordinates of every point in A and B are integers, it follows that the cost of

any assignment in the L1, L∞ or RMS is an integer. Hence any 1/2-close assignment

is optimal. There are dynamic weighted nearest neighbor data structures with O(logd n)

query and update time for the L1 and L∞ norms. From Theorem 54, it follows that a

1/2-close matching can be computed in time O(n3/2 logd+O(1) n log ∆). For d = 2 and

the RMS norm, there is a dynamic weighted nearest neighbor data structure with O(nδ)

query and update time. Hence an optimal matching can be computed in O(n3/2+δ log ∆)

time.

Corollary 67. Let A,B ⊂ [∆]d. An optimal matching of A and B under L1 or L∞

norm can be computed in time O(n3/2 logd+O(1) n log ∆). If d = 2, then a minimum-cost

matching of A and B under the RMS distance can be computed in time O(n3/2+δ log ∆)

for any arbitrarily small constant δ > 0.

Agarwal et al. [2] showed that there is a weighted nearest neighbor data structure under

any Lp-norm with O(nδ) update time, for arbitrarily small constant δ > 0.

Corollary 68. For any A,B ⊂ R2 and for any ε > 0, an ε-approximate assignment of

A,B under any Lp norm can be computed in time O((n
√
U + U logU)nδ logU/ε) for an

arbitrarily small constant δ > 0.

5.6 Conclusion

In this chapter, we presented an efficient algorithm to compute an ε-approximate assign-

ment. ε appears in the running time only in the log factors. For the special case where

points are from a bounded integer grid, and d(·, ·) is L1, L∞ metric or the RMS distance,

our algorithm is the first sub-quadratic algorithm for computing optimal assignment for

the case where U = o(n2). We conclude by stating the following problem.
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• Is there a sub-quadratic exact algorithm for computing optimal assignments in ge-

ometric settings that works for all values of U? In fact, there are no known sub-

quadratic approximation algorithms for this problem either.
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