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Abstract

Point process data are commonly observed in fields like healthcare and social science.

Designing predictive models for such event streams is an under-explored problem,

due to often scarce training data. In this thesis, a multitask point process model via a

hierarchical Gaussian Process (GP) is proposed, to leverage statistical strength across

multiple point processes. Nonparametric learning functions implemented by a GP,

which map from past events to future rates, allow analysis of flexible arrival patterns.

To facilitate efficient inference, a sparse construction for this hierarchical model is

proposed, and a variational Bayes method is derived for learning and inference.

Experimental results are shown on both synthetic data and as well as real electronic

health-records data.
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1

Introduction

Point process data have seen increased attention in fields like neuroscience (Rad

and Paninski, 2011), electronic commerce (Xu et al., 2014), and healthcare analysis

(Lasko, 2014). One thread of work has focused on learning arrival rates by imposing

smoothness on a latent rate function (Adams et al., 2009; Rao and Teh, 2011; Lloyd

et al., 2014). Another interesting problem consists of predicting future arrivals as a

direct function of past observations (Pillow et al., 2008; Gunawardana et al., 2011).

Taking healthcare analysis as a motivating example, we focus on the latter: given a

patient’s hospital visit history up to time t, (i) when will the next visit happen? and

(ii) how many visits will the patient have in rt, t`Ls? Answering such questions pro-

vides a quantitative evaluation of the patient’s risk, which helps in making treatment

plans and allocating hospital resources more efficiently (Amarasingham et al., 2010).

Similar problems also arise in other fields, such as predicting purchasing behavior for

individual customers, or predicting failures in distributed computer systems.

A few works have explored the prediction problem in point processes by learning

a functional mapping from history features to the current intensity rate (Pillow et al.,

2008; Rajaram et al., 2005; Gunawardana et al., 2011). In Gunawardana et al. (2011),
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the intensity function is constrained to be piecewise-constant, learned using decision

trees and used for prediction. In our proposed multitask point process model, we

build upon this piecewise-constant intensity model. To allow for flexibility of the

function mapping from history features to future rate, and to capture the uncertainty

of estimation, we use a nonparametric method, by imposing a Gaussian process (GP)

prior on the intensity rate. However, when building such predictive models for event

arrival processes, one difficulty is that the available training data are scarce for each

subject/task. Therefore, we treat each individual arrival process as a task and follow

a multitask learning approach to share information from all tasks in a hierarchical

manner.

Methods for learning GPs from multiple tasks have been proposed (Yu et al.,

2005), but involve a shared global mean function, inferred at all observed inputs (his-

tory features) across all the tasks. The posterior of this function cannot be directly

updated due to non-conjugacy of the point process likelihood to GP priors. One

approximation method, variational Bayes, is often applied, leading to the number of

unknown parameters scaling as OpN2q, where N is the number of unique features

from all tasks. Borrowing from the framework of pseudo inputs in the GP literature

(Snelson and Ghahramani, 2006; Titsias, 2009), we constrain the rate functions to

an M -dimensional latent space, where M ! N , reducing the parameter space to

OpM2 `MP q, where P is the GP input dimension. By adjusting the locations of

the pseudo inputs, we can effectively share data across tasks and efficiently represent

these functions.

Learning the history-to-rate mapping functions allows one to predict future events

by analytical integration or forward sampling. We consider both, evaluating our

model and inference methodology on both synthetic and a real Electronic Health

Records (EHR) dataset. The latter involves different categories of health problems,

and we demonstrate that future hospital visits for some types of diseases are pre-
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dictable even with simple history features. Our work has two main contributions: (i)

providing an efficient approach to share data/parameters in hierarchical/multitask

GP models; and (ii) building a predictive model for arrival data from multiple event

streams, using point processes in a multitask scheme.

The rest of the thesis is outlined as follows. In Chapter 2, we review a few existing

works on point process intensity models and predictive models. In Chapter 3, we

highlight the piecewise-constant conditional intensity model and detail the building

blocks of our proposed methods in both Chapter 4 and 5. A single task predictive

model is proposed and evaluated on synthetic data in Chapter 4, which provides

insights into how to design predictive models leveraging the conditional intensity

model assumption. In Chapter 5, a multitask point process model is proposed,

which is the key contribution of this thesis. Model properties, inference method, and

experimental results on both synthetic and real-world healthcare data are presented

in details. Last in Chapter 6, we summarize the thesis and list a few interesting

future directions. The work on multitask point process predictive modeling has been

published by the author in Lian et al. (2015).
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2

Background

GP-modulated point processes are a popular approach for modeling event streams

(Adams et al., 2009; Rao and Teh, 2011; Lloyd et al., 2014; Lasko, 2014). Assuming

a smoothly varying intensity function, the intensity rate, as well as its uncertainty,

can be estimated from observed streams. Extrapolation can be used for short-term

prediction. There are two main limitations of these models. First, the smoothness

assumption does not hold in many scenarios. Sudden rate changes often happen upon

event arrivals, e.g., the risk of a patient’s hospital visit might change significantly

after a single visit. Second, these models involve a common modulating GP, so that

multiple streams have to be aligned, something not always appropriate or possible.

For example, similar arrival patterns might appear at different periods of time for

different streams, which cannot be captured by such models.

Another relevant line of work on point process predictive modeling comes from

the neural decoding literature (Kulkarni and Paninski, 2007; Rad and Paninski, 2011;

Pillow et al., 2008), where multiple subjects/neurons are affected by common stimuli

(features), generating event streams. A generalized linear model can be trained on

the stimuli or spiking history to learn the rate function, and further predict future
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spiking events. Meanwhile, the network structure across neurons can be inferred,

which in turn, helps with prediction. However, temporal alignment is also assumed

in these models, which is valid in the setting of neural decoding, but not in the cases

we consider.

Also related is the work of Weiss and Page (2013), which integrates the multi-

plicative forest Continuous Time Bayesian Network (mfCTBN) with the piecewise-

constant intensity model of Gunawardana et al. (2011). More precisely, they learn

forests mapping from demographic and event history features to intensity rates, but

under the assumption that all subjects have the same function, i.e., each event

stream is a realization trajectory of some underlying model. In our work, we con-

sider a different setting, where the variability across subjects cannot be ignored. This

difference is crucial in scenarios such as healthcare analysis and electronic commerce,

where variability among members of a population affects arrival pattern discovery

and predictive performance.
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3

Piecewise-constant Conditional Intensity Model

Multi-task point process observations can be summarized as sequences of arrival time

stamps tyunu, with n “ 1, ¨ ¨ ¨ , Du and u “ 1, ¨ ¨ ¨ , U , where yun represents the time

stamp of the n-th arrival of subject/task u. Our goal is to model the sequences and

make predictions for future event arrivals.

The event streams can be naturally modeled using an intensity model, with a

hazard rate function γptq. In an infinitesimal time interval ∆, the probability of an

event occuring in this interval is given by ∆γptq. To build the temporal dependency

between past observations and future events, we choose the hazard rate as a function

of past observations hptq, denoted as γpt|hptqq, in which hptq summarizes the history

of past observations (Gunawardana et al., 2011); details on the potential form of hptq

are discussed subsequently. Denoting Yu “ tyu1 , ¨ ¨ ¨ , y
u
Duu as the set of arrival time

stamps in task u, the likelihood is

ppYu
q “

Du
ź

n“1

γupyun|h
u
pyunqq expp´

yun`1
ż

yun

γupτ |hu
pτqqdτq .

Assuming γupt|huptqq as piecewise constant with Nu change points (pieces) at ttui u
Nu

i“1,
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and piece length ∆u
i “ tui`1 ´ t

u
i , we have

ppYu
q “

Nu
ź

i“1

γuptui |h
u
ptui qq

Iptui PYuq

ˆ expt´∆u
i γ

u
ptui |h

u
ptui qqu .

(3.1)

Many approaches exist to extract features hptq from past event arrivals. One possible

feature-construction approach uses empirical rates at recent time points (Rajaram

et al., 2005), i.e., huptui q P RP
` with huppt

u
i q “ γ̄ptui ´Lpq for L1, L2, ¨ ¨ ¨ , LP predefined

lengths of memory. Here γ̄ptui ´ Lpq refers to the empirically computed rate at time

tui ´ Lp. Keeping the algorithm simple, we adopt a construction similar in spirit to

Gunawardana et al. (2011): huptui q is P dimensional, where its p-th element denotes

the count of arrivals in rtui ´Lp, t
u
i s. Therefore, huptq is a piecewise constant function.

Revisiting the likelihood in (3.1), we observe that Nu is the number of change points

(pieces) of the feature function huptq going through the whole event stream tyunu
Du

n“1,

and that Nu scales linearly with Du (the number of events). Side information in the

form of covariates can also be considered as a natural extension, by augmenting the

feature space. Constructing richer features from history observations is left as an

interesting direction for future work.

To complete the intensity model, the functional mapping from feature space to

intensity rate must be specified. Define the space of the history features huptui q as

H, where each point huptui q fi hu
i P H is a possible feature vector. Here we impose a

GP prior on a set of functions fup¨q : HÑ R, followed by a transformation to ensure

the non-negativity of intensity rates.

Multiple choices exist for this transformation, including the square transforma-

tion (γup¨q “ tfup¨qu2) and the exponential transformation (γup¨q “ exptfup¨qu).

Other transformations such as the normal cumulative density function and logistic

functions also worth mentioning but they require a pre-defined maximum intensity
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value, which is not plausible. Therefore in this thesis, we focus on exploring the

square and exponential transformations. We remark that no “right” choice exists

for a given model; instead, the transformation is chosen to fascilitate the inference.

In Chapter 4, the commonly used exponential transformation is adopted because

of the simplicity of log-likelihood evaluation during the Markov Chain Monte Carlo

(MCMC) inference. In Chapter 5, we use a square transformation rather than the

exponential transformation (γup¨q “ exptfup¨qu), because using the variational infer-

ence algorithm proposed for that model, the uncertainty of fup¨q cannot be properly

estimated in the latter construction, as discussed by Lloyd et al. (2014); this issue is

addressed thoroughly in Section 5.2. To resolve the ambiguity in the square trans-

formation caused by tfup¨qu2 “ t´fup¨qu2, a prior specification favoring the positive

half-space is imposed and works well in practice.
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4

A Single Task Point Process Predictive Model

4.1 Model

In this chapter, we propose a predictive model for single task point process observa-

tions, i.e., the number of event streams U “ 1. For brevity, we drop the index u in

this chapter. Inspired by the GP modulated renewal process (Lasko, 2014), we use

a kernel to impose contraints on the rate function γptq, more precisely, on the trans-

formed rate function fptq at different time points. Use K as an infinite dimensional

square matrix, defined as follows,

kphpt1q,hpt2qq “ τ expt´phpt1q ´ hpt2qq
TDphpt1q ´ hpt2qqu

p1` τt expt´
pt1 ´ t2q

2

l
uq, (4.1)

where D “ Diagpλ´11 , ¨ ¨ ¨ , λ´1P q.

Inspecting (4.1), kpspt1q, spt2qq, a “spatial-temporal” kernel, encourages instances

with similar history features (“spatial locations”) and time to have similar intensity

values. τ and λ are the hyper-parameters for the spatial kernel, controlling the

amplitude and correlation length in the history feature space. The spatial kernel
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discovers similar history features across the whole event stream, while the temporal

kernel imposes smoothness in nearby time points on the rate function via varying the

correlation length in time l. τt controls the strength of the smoothness influencing

the rate function.

Since our goal is prediction on future events, we need to note that the predictive

power is mainly endowed by the spatial kernel, while the temporal kernel smoothes

the prediction, preventing abrupt changes in the intensity function. In the model

proposed in Chapter 5, we only keep the spatial kernel while discard the temporal

kernel component. In that case, how the intensity function varies is governed by the

changes in the feature function hptq.

The generative process is described as follows in a discrete formulation (discretiza-

tion with right continuity) as ti´ti´1 “ ∆, ∆ Ñ 0, and it naturally generalizes to the

continuous scenario. Because of being a conditional intensity model, the generative

model proceeds in a forward manner: at time ti, with hptjq and γptjq, tj ă ti known,

γptiq and the events falling in rti´1, tiq are generated as follows,

Npti`1q ´Nptiq „ Poispγptiq∆q, (4.2)

log γptiq „ N pµi, σ
2
i q, (4.3)

µi “ kp¨,hptiqq
TK´1

i´1pfi´1 ´ f0q, (4.4)

σ2
i “ kphptiq,hptiqq ´ kp¨,hptiqq

TK´1
i´1kp¨,hptiqq. (4.5)

In above, kp¨,hptiqq “ rkphpt1q,hptiqq, ¨ ¨ ¨ ,kphpti´1q,hptiqqs
T , Ki´1 P Rpi´1qˆpi´1q` ,

with tj, ku-th element as kphptjq,hptkqq, fi´1 “ rlog γpt1q, ¨ ¨ ¨ , log γpti´1qs
T , and

f0 is the mean log intensity (fixed at a prior value like 0 or based on the empirical

mean intensity). As can be seen, the forward generative process for transformed rates

fptiq are consecutive conditional Gaussian distributins. Therefore, the marginal prior

distribution of the rate vector rfpt1q, ¨ ¨ ¨ , fptNqs
T is also Gaussian, which makes the

inference feasible by borrowing techniques for GP latent variable models.
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4.2 Experiments

In this section, we evaluate the proposed model on synthetic data. Given an event

stream, the variables to infer include kernel parameters tτ, tλpu
P
p“1, τt, lu and the rate

function γptq. Slice sampling is used to sample the kernel parameters and λptq can

be updated with an auxilary sampler (Murray and Adams, 2010; Lasko, 2014).

The event stream is generated according to an intensity function γ̃ptq “ βThptq,

where hpptq is the number of events in the window rt ´ tp, ts. p “ 1, 2 and t1 “

1, t2 “ 5. Note that this is not exactly the same generative process as defined by the

model proposed in Section 4.1; instead, it is a piecewise constant conditional intensity

point process where the conditional intensity is constructed via linear dependence

on event history features. To bound the intensity function (otherwise, too frequenty

event arrivals cause computational issues and zero event stream trivially leads to a

constant-zero intensity function), we constrain the intensity λ̃ptq by upper and lower

bounds λ̃max and λ̃min. In the experiments, λ̃max “ 1.0 and λ̃min “ 0.2. Following

λ̃ptq defined above, we can, in a forward manner, generate the event streams over

r0, T s. Synthetic event streams are generated 10 times to obtain the mean and

standard deviation of the quantitative metrics of the model performance. For each

observed stream, the segment of r0, T {2s is used as training and the other segment

(with the same length) over rT {2, T s is used as testing. In the experiments, T “ 200.

Three methods are compared in this set of experiments: (i) the proposed method

with hptq constructed from empirical rates, i.e., hpptq “ γ̄pt´Lpq; the empirical rate

is estimated using the kernel estimation method for point process data in Diggle

(1985), shorted as kernel-ST; (ii) the proposed method using the raw counts in

previous windows as hptq, shorted as count-ST; and (iii) the GP modulated renewal

process in Lasko (2014), shorted as GP-renewal.

We first evaluate the intensity function inferred on the training segment. To

11



compare with the exising GP modulated renewal process model, we compute the

log-likelihood of the training segments using intensity functions learned. As demon-

strated in Table 4.1, all three methods achieve similar data log-likelihood on the

training segments. The difference is insignificant considering the variation of the

performance. As the GP modulated renewal process model is a state-of-the-art in-

tensity estimation method for point processes, it is safe to conclude that the proposed

model is competitive/useful in intensity estimation (when data satisfy the conditional

intensity model assumptions) even they are designed for forward prediction tasks.

To keep the algorithms simple, in Chapter 5, the raw counts in previous windows are

used as history features. We leave history feature construction as an open problem

for future work since it is found crucial in many real-world applications.

Table 4.1: Comparison of data log-likelihood obtained using the proposed method
with spatial-temporal kernel using two different history features: empirical rate using
kernel estimation methods and raw counts, and the GP modulated renewal process.

log-likelihood, training log-likelihood, testing

kernel-ST -73.284˘13.416 -74.021˘21.175
count-ST -68.735˘11.167 -71.856˘ 21.337

GP-renewal -72.501˘11.119 -210.068˘354.220

We then evaluate the predictive power of the methods proposed, where the data

log-likelihood of the testing segments is computed. Specifically, using the models

trained, we extrapolate the intensity functions over the testing segments, and eval-

uating the likelihood on those segments. As can be seen, the proposed methods,

including kernel-ST and count-ST, achieve similar data log-likelihood on the test-

ing set as on the training set. However, using the GP modulated renewal process,

the model does not have predictive power; especially for testing time points farther

away from the observation intervals, the predictive intensity degrades to the prior

mean since the correlation between testing points t P rT {2, T s and training points

t P r0, T {2s decreases to 0 in the GP covariance matrix. In contrast, in the proposed

12



methods, for a testing point t, the model finds among training points t1 with features

hpt1q similar with hptq, and outputs a weighted sum of the corresponding intensity

rates γpt1q as the predicted rate γptq.

To summarize, the proposed method achieves reasonable goodness-of-fit and pre-

dictive power with sufficient training data. However, in practice, point process data

is often scarce from a single event stream, for instance, the purchasing behaviour of

a customer is sparse and the hospital visit history of a patient is short. In the next

chapter, we will discuss an approach to utilize multiple correlated event streams for

predictive model learning.

13



5

A Multitask Point Process Predictive Model

5.1 Model

As mentioned in Chapter 1 and 4, sharing information across tasks is necessary when

learning the rate functions from sparse data. Accordingly, in this chapter, we consider

a hierarchical GP construction (not built upon the model designed in Chapter 4).

Denote the rate at feature vector hu
i (time ti and event stream u) as γui , with the

corresponding transformed rate denoted as fu
N,i. The generative process from history

features to rates may be described as follows

µ0
N „ GP

ˆ

g,
1

ξ
KNN

˙

, (5.1)

fu
N „ N

`

µ0
N ,KNN

˘

, (5.2)

γui “ tfu
N,iu

2 . (5.3)

In (5.1), g is a prior mean, which may be set according to prior knowledge or the

empirical average intensity rate over all tasks. Parameter ξ controls the complexity

of the hyper-prior. The covariance matrix KNN can be obtained from a squared-

exponential or Matérn function with automatic relevance determination (ARD) co-
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variance kernel, for example,

KNN,ij “ τ 2 exp

˜

´

P
ÿ

p“1

phpi ´ hpjq
2

2λ2p

¸

` σ2Ipi “ jq , (5.4)

where hi P H may be any possible history feature. In (5.1), µ0
N determines the

global mean function of transformed rate functions, fu
N , from all U tasks. For each

individual task, the task-specific transformed rate function, fu
N , is a “noisy version”

of the global mean function µ0
N . Our construction is inspired by Yu et al. (2005),

which can be shown analogous to a hierarchical construction of the multitask linear

regression model

w0
„ N

ˆ

v,
1

ξ
I

˙

, (5.5)

wu
„ N

`

w0, I
˘

, (5.6)

fu
N,i „ N

`

wuJhi, σ
2
˘

, (5.7)

where w0 and wu are the global and task-specific regression parameters, respec-

tively, and v is the hyper-mean for w0. Choosing a linear kernel for (5.1) and (5.2)

(KNN,ij “ hT
i hj), and letting v “ g “ 0, the construction through (5.1)-(5.2) is

equivalent to the multitask linear regression model in (5.5)-(5.7) on a finite observed

dataset.

If there exists enough training data, i.e., thu
i u

Nu

i“1 densely covers the feature space

H, fu
N is mainly determined by the data in task u. Otherwise, fu

N is significantly

affected by the prior µ0
N , which pools together information from rate functions tfu

Nu

from all tasks.

However, a problem with the hierarchal GP construction using (5.1) and (5.2) is

that the dimension of µ0
N and fu

N is typically massive, in fact it is not smaller than

the number of unique history features from all tasks, i.e., | Yu th
u
i u

Nu

i“1|, where |S|

refers to the cardinality of a set S. Thus, the number of unknown parameters in the
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model scales with OpU
řU

u“1N
uq, or OpUp

řU
u“1N

uq2q if variance estimation is also

considered. In point process models in particular, this is impractical because the

influence of the likelihood is weak and noise levels are high. Therefore, we propose

an alternative approach inspired by the pseudo input framework for GPs (Snelson

and Ghahramani, 2006; Titsias, 2009). Specifically, we propose a two-step process

by introducing an M -dimension vector fu
M for each task, where M ! | Yu th

u
i u

Nu

i“1|.

Then, using a so-called conditional Gaussian Processes, we define the generative

process as

µ0
M „ N

ˆ

g,
1

ξ
KMM

˙

, (5.8)

fu
M „ N

`

µ0
M ,KMM

˘

, (5.9)

fu
N |f

u
M „ GP

`

g `Ku
NMK

´1
MMpf

u
M ´ gq, (5.10)

p1`
1

ξ
qpKu

NN ´K
u
NMK

´1
MMK

u
NM

J
q

˙

,

where fu
N contains the transformed rates at all possible feature vectors thu

i u
Nu

i“1 in

task u, while fu
M is a M -dimensional vector, consisting of the transformed rates at

M feature-vector locations tsiu
M
i“1.

In (5.10), for each task u, only the function values at feature vectors appearing

in task u are required, while in (5.2), for each task, the function values at all feature

vectors appearing in all tasks need to be specified.

Following the GP literature Titsias (2009), we refer to tsiu as pseudo inputs.

These need not appear in any of the tasks (or even H); we only require that a

distance can be properly defined between si and hu
j . And similar to (5.4), KMM and

Ku
NM can be obtained through the squared-exponential or the Matérn function with
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ARD kernel, with hu
j and si as covariates. Specifically,

KMM,ij “ τ 2 exp

˜

´

P
ÿ

p“1

pspi ´ spjq
2

2λ2p

¸

` σ2Ipi “ jq ,

Ku
NM,ij “ τ 2 exp

˜

´

P
ÿ

p“1

phupi ´ spjq
2

2λ2p

¸

.

It can be shown that the construction through (5.8)-(5.10) results in the same

marginal prior distribution for fu
N as (5.1)-(5.2) (see Appendix A) while having a

significantly reduced computational cost. Overfitting problems can also be alleviated

because model complexity is reduced. This is especially beneficial when sophisticated

features are constructed, resulting in very large history feature spaces, however, with

the rate function likely living in a low-dimensional manifold. As a result, assuming

tsi, f
u
M,iu

M
i“1 captures the characteristics of the function thu

i , f
u
N,iu

Nu

i“1, while achiev-

ing computational savings, and improved estimation accuracy. The proposed full

generative model is summarized by equations (5.8)-(5.10), (5.3) and (3.1).
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5.2 Inference

Model parameters Θ include the pseudo-input locations, the global mean of trans-

formed rates, and the GP hyperparamters: Θ “ ttsmu
M
m“1,µ

0
M , σ

2, τ 2, tλpu
P
p“1u. Ob-

taining a full posterior distribution for µ0
M is straightforward due to local conjugacy.

However we observed no significant difference in performance against just a point

estimate, and for simplicity we focus here on the latter.

Maintaining ppfu
M ,f

u
N |Y ,Θq, the full posterior distribution over the intensity

functions of each task is important for transfer learning across tasks with different

numbers of observations, where Y refer to the complete collection of event streams

Y1, ¨ ¨ ¨ ,YU . However, this is not straightforward due to the non-conjugate point

process likelihood, and borrowing ideas from variational learning for sparse GPs

(Lloyd et al., 2014; Titsias, 2009), we propose a variational form to approximate the

posterior ppfu
M ,f

u
N |Y ,Θq. Specifically, we use

qpfu
N ,f

u
Mq “ ppfu

N |f
u
Mqqpf

u
Mq .

“ ppfu
N |f

u
MqN pfu

M ;µu,Σu
q . (5.11)

Note that we allow a free-form Gaussian distribution for fu
M , the task-specific trans-

formed rates at the pseudo inputs. However the transformed rates evaluated at

all features in each task, fu
N , are constrained by the low-dimensional function fu

M

via (5.10). In the following, we use a simplified notation qu to denote qpfu
Mq “

N pfu
M ;µu,Σuq. Because of the special factorized form in (5.11), tµu,Σuu are the

only variational parameters in the algorithm.

The inference objective is to maximize the variational lower bound (Beal, 2003)
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(called ELBO for evidence lower bound optimization):

log ppY ,Θq ěE U
ś

u“1
qpfu

N ,fu
M q

rlog ppY ,Θq ´ logp
U
ź

u“1

qpfu
N ,f

u
Mqqs

“ log ppΘq `
U
ÿ

u“1

"

Eqpfu
N ,fu

M q
rlog

ppYu,fu
N ,f

u
Mq

qpfu
N ,f

u
Mq

s

*

. (5.12)

Note that in (5.12), qpfu
N ,f

u
Mq and ppYu,fu

N ,f
u
Mq implicitly depend on Θ. Since we

only impose a Gaussian prior on µ0
M in (5.8), log ppΘq is simplified to log ppµ0

Mq.

Priors on other model parameters may also be imposed, e.g., truncated prior on GP

hyper-parameters, but here we learn their Maximum Likelihood Estimator (MLE)

instead. To show explicit dependence, we denote the ELBO as Fpq1, ¨ ¨ ¨ , qU ,Θq. We

maximize Fpq1, ¨ ¨ ¨ , qU ,Θq in (5.12), giving a variational Expectation Maximization

(EM) algorithm guaranteed to converge to a local optimum (Beal, 2003). In practice,

we alternate between a variational E-step, where Θ is fixed and Fpq1, ¨ ¨ ¨ , qU ,Θq is

maximized w.r.t. tquuUu“1, and a variational M-step, where tquuUu“1 is fixed and

Fpq1, ¨ ¨ ¨ , qU ,Θq is maximized w.r.t. Θ. Derivation details are standard; we list the

key steps below:

Fpq1, ¨ ¨ ¨ , qU ,Θq “
U
ÿ

u“1

Equ
“

Eppfu
N |f

u
M q
rlog ppYu

|fu
Nqs

‰

`

U
ÿ

u“1

Equ

„

log
ppfu

M |µ
0
Mq

qpfu
M |µ

u,Σuq



` log ppµ0
Mq

fi F1 ` F2 ` F3 . (5.13)

The first term F1 (5.14) measures how the functions specified by qu (determining

the distribution of function values at pseudo inputs) fit the observations. Because

of the sparsity assumption of the conditional Gaussian process, we can integrate out

fu
N and leave F1 as a function of only tµu,Σuu and Θ:
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F1 “

U
ÿ

u“1

ż

qpfu
N |µ

u,Σu
q log ppYu

|fu
Nqdf

u
N (5.14)

“

U
ÿ

u“1

Nu
ÿ

i“1

 

Iptui P Yu
qErlogpfu

N,iq
2
s ´∆u

i Erpfu
N,iq

2
s
(

,

The expectation is w.r.t. qpfu
N |µ

u,Σuq “ N pbu,Buq, with parameters in (5.15)

and (5.16):

bu “ g `Ku
NMK

´1
MMpµ

u
´ gq , (5.15)

Bu
“

ˆ

1`
1

ξ

˙

`

Ku
NN ´K

u
NMK

´1
MMK

u
NM

J
˘

` Ku
NMK

´1
MMΣu

pKu
NMK

´1
MMq

J . (5.16)

Erlogpfu
N,iq

2s in (5.14) can be calculated using confluent hypergeometric functions

(Lloyd et al., 2014). Further details can be found in Appendix B, where we also pro-

vide a robust approximation to tackle the the well known numerical instability issue

in confluent hypergeometric function evaluations (Ancarani and Gasaneo, 2008).

As a side note on why we prefer a squared transformation over the exponential,

when using the latter, F1 is modified as (5.17), denoted as F̃1:

F̃1 “

U
ÿ

u“1

Nu
ÿ

i“1

tIptui P Yu
qErfu

N,is ´∆u
i Erexppfu

N,iqsu , (5.17)

Now the variance of fu
N,i does not affect Erfu

N,is at event times tui P Yu (Lloyd

et al., 2014), but only contributes to the second term through Erexppfu
N,iqs. This

leads to instability issues during inference. We also implemented the algorithm using

this transformation, but the estimated function fu diverged even with strong prior

constraints.

F2, as specified in (5.18), penalizes the task-specific function’s deviation from the

global mean function µ0
M . This is especially important for tasks with few training
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data, e.g., short event streams or few event arrivals.

F2 “ ´
U
2

log |KMM | `
1
2

U
ř

u“1

log |Σu| (5.18)

´
řU

u“1
1
2
tr
”

K´1
MM

´

µuµuJ`Σu`µ0
Mµ

0
M
J
´ 2µuµ0

M
J
¯ı

.

F3 involves the hyper-prior on the global function µ0
M , with ξ controlling the

belief strength:

F3 “
1

2
tlog |ξK´1

MM | ´ trpξK
´1
MMpµ

0
M ´ gqpµ

0
M ´ gq

J
qu .

Having defined the variational objective, we can maximize the objective alter-

nately w.r.t. to tµu,Σuu and Θ. In the variational E-step, we update the variational

parameters µu and Σu using gradient descent methods. As a practical considera-

tion, to preserve the positive definiteness of Σu, we optimize it instead over its lower

Cholesky decomposition, Lu, where Σu “ LuLuJ, with positiveness constraints on

the diagonal elements. In the variational M-step, updates for µ0
M are obtained in

closed form due to local conjugacy. Gradient methods are needed for updating other

parameters, including locations of pseudo inputs and GP hyperparameters (see Ap-

pendix C for inference details).

When the number of tasks is large, the algorithm can be readily distributed over a

cluster, with the E-step optimization procedures for tasks distributed over individual

cores/machines.
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5.3 Experiments

We evaluate our model on both synthetic data as well as an EHR dataset. At any time

t, the basic challenge is to predict the event arrival patterns in the interval rt, t`Ls.

One baseline is a simplified model where each task is learned independently (fixing

µ0
M in (5.9) to g) to demonstrate the benefit of sharing across tasks. We refer to our

proposed model as MTPP (for multitask point process model), and the simplified

model as IPP (for independent point process model). Another baseline is Poisson

regression (PoiR), specialized for the prediction problem considered. Here, at each

time stamp t, using observations in a window of length LP (the maximum memory

length), we calculate the history features hptq, and treat them as predictors for the

number of arrivals in the succeeding window rt, t`Ls. While this is not a generative

processs, the Poisson regression model can be trained using observations and tested

on prediction tasks.

5.3.1 Synthetic Experiments

For the first experiment, we synthesize a rate function for each of U “ 10 tasks using

a two step process. First the rates at M “ 10 feature locations (pseudo inputs) are

generated from a common Gaussian distribution. The rate function is then drawn

conditioned on these, as specified by (5.10). The features constructed at time t are

the event counts in intervals rt ´ 5, ts and rt ´ 1, ts. The GP hyperparameters are

set as, λ1 “ λ2 “ 4, τ “ 1.2, and σ “ 0.01, to produce moderate rate functions, e.g.,

the empirical average rate over each event stream is between 0.05 and 1.5. Using

the conditional intensity model introduced in Chapter 3, we generate event streams

for each of the U tasks. We train the models using observations up to time T , and

perform forward prediction.

For inference, the pseudo points were initialized using K-means clustering over
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Figure 5.1: Left: Predictive log-likelihood per unit time; Right: mean normalized
estimation error of intensity rates.

the history features appearing in the training set. The GP hyperparameters are

initialized setting the length-scale parameters, tλpu, as the standard deviation of

observed feature vectors, the magnitude, τ , as the standard deviation of square roots

of empirical rates (computed via binning methods), and the noise term, σ2, as a

small value, 0.01τ 2. The algorithm converges within 20 iterations, after which the

relative successive increase of the variational objective is negligible.

Model fit: We first evaluate the model and inference by comparing MTPP and

IPP with the ground truth model. We vary the observation length of the training set

T ; the experiments for each setting are repeated for 15 runs, with mean and standard

deviation reported.

The left panel of Figure 5.1 compares the predictive log-likelihood per unit time

(data log-likelihood discounted by event stream length) on unseen streams. We see

that with an increasing length of training observations, the predictive log-likelihood

of both MTPP and IPP gradually approaches the log-likelihood obtained with the

true model. When T is small, which is true in many practical scenarios, IPP cannot

fit the data well while MTPP learns the model accurately. This is again illustrated

in the right panel of Figure 5.1, where for both MTPP and IPP, we compute the
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rate estimation error (`2-norm), normalized w.r.t. the true rates, and averaged over

all history features occurred in the data. We observe that MTPP outperforms IPP,

especially in scarce-data scenarios, demonstrating the benefit of sharing across tasks.

Forward prediction: We evaluate the prediction performance using two metrics

(mirroring the two questions posed in Chapter 1). The first is a binary classification

problem on whether at least one event occurs in rt, t`Ls, and the second, estimating

the distribution of event arrival counts in rt, t ` Ls. For the former, at time t,

the probability of no event occurring until t ` L can be analytically computed as

expp´
şt`L

t
γpτ |hpτqqdτq. This is easily solvable because hpτq is piecewise-constant.

For the latter, because the intensity model is trained given observations, i.e., the

history-to-rate functions are learned, at time t, we can generate sample paths in a

forward manner. Using Monte Carlo sampling, we estimate the quantities of interest,

e.g., the distribution of event arrival counts in rt, t` Ls.

To better illustrate how the model performs forward prediction, the left panel of

Figure 5.2, shows for one testing instance, the empirical distribution of event arrival

counts obtained from 100 Monte Carlo sample paths. Qualitatively, the distribution

predicted by MTPP matches the one predicted by the true model best. The actual

observed count can be considered as a draw from the distribution produced by the

true model. To quantitively measure the performance, we compute the Kullback-

Leibler (KL) divergence between predicted distributions using the learned models

and the true model, varying with observation length T . As indicated in the right

panel of Figure 5.2, the KL divergence between predicted distributions using IPP

and the true model is large for short streams, decreasing only with longer streams.

For MTPP, there is a much smaller divergence (which decreases to a value around

0.75).

We next compare prediction results from MTPP, IPP, and PoiR, where for PoiR

all tasks are trained independently. The testing instances are constructed by taking
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Figure 5.2: Left: Predicted empirical distributions of event counts in rt, t ` 5s;
Right: KL divergence between predicted distributions of event counts in rt, t ` 5s
using the learned and the true model.

a sequence of snapshots on the unseen streams. In particular, we start at T with a

length L sliding window, extract history features, record the event count, and move

forward with stepsize L
2

until the end of the stream. Figure 5.3 demonstrates the

prediction performance as a function of prediction window L. Shown in the left panel

is the Area Under the Curve (AUC) for the binary problem of whether at least one

event occurs in rt, t` Ls. MTPP performs best, and is closest to the AUC achieved

using the true model. The independent models perform poorly due to insufficient

training data. One interesting phenomenon is that the prediction accuracy increases

first and starts decreasing after a change point. This phenomenon results from a

trade-off between two effects. First, for small L, the probability of no event occurring

decreases from a moderate value (around 0.5) to 0, leading to an easier prediction

problem. Second, as L increases further, the accumulating Poisson noise makes it

harder. When L is small, the first effect dominates leading to a higher AUC. However,

after a change point, the accumulated Poisson noise dominates, driving prediction

accuracy down. The right panel of Figure 5.3 shows the Mean Absolute Error (MAE)

of event arrival counts in rt, t`Ls. Unlike the AUC for binary prediction, the MAE for
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Figure 5.3: Left: AUC of binary prediction on whether at least one event occurs
in rt, t` Ls; Right: MAE of event arrival counts in rt, t` Ls.

all methods increases monotonically as prediction window length increases. MTPP

outperforms other baselines, achieving the MAE closest to the one obtained by the

true model. The increment is linear because of the linearly accumulating Poisson

noise.
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5.3.2 Applications on Electrical Health Records

We now consider a real-world application involving an EHR dataset. We use the

New Zealand national minimum dataset 1, covering the years 2007 through 2011

(inclusive). The data contains approximately 3.3 million inpatient visits from 1.5

million unique individuals with ages from 18 to 65. Available variables include ICD-

10-AM (Australian Modification) diagnosis and procedure codes which are grouped

into 22 broad categories (World Health Organization, 2010).

We focus on hospital visits for each disease category, associated with a block of

ICD-10-AM billing codes (e.g. billing codes in the range C00 to D48 all refer to

neoplasms). Treating clinical data as point process observations is a relatively novel

approach to the best of our knowledge, and has only been adopted in Lasko (2014).

In our experiments, for each disease category, we record all patients’ visits associated

with billing codes belonging to it, filter out patients with infrequent visits (fewer than

50), and split visit sequences for each patient into training and testing (split at the

time stamp when half of the number of visits are observed).

After preprocessing, we have visit streams of multiple patients for each disease

category, with the number of patients varying from 36 to 118, and the number

of visits per patient varying from 51 to 98. In total, we analyze 6 disease types,

listed in Table 5.1, mostly related with chronic diseases. For example, neoplasms

include malignant and benign ones, and metabolic problems include type-I and type-

II diabetes. Note we are not exploring the correlation across visits for different disease

types, which is also interesting, and left as future work. The aim of this application

to EHR data is to show that using the multitask point process model proposed, with

a simple feature construction approach, the visit patterns for some disease types are

reasonably predictable. For each patient’s visit stream of a disease category, the

1 http://www.health.govt.nz/nz-health-statistics
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features constructed include the number of his/her hospital visits for this disease

in the previous week, month, and six months. For inference, we set the number

of pseudo inputs M “ 15, and the initialization procedure is the same as in the

synthetic experiments. The algorithm generally converges in tens of iterations.

Similar with the above synthetic experiments, we evaluate the algorithm from two

perspectives: model fit and predictive ability. For model fit, we evaluate the data

log-likelihood, comparing with two state-of-the-art approaches using GP modulated

renewal processes: a direct inference method in Lasko (2014) and a thinning approach

in Rao and Teh (2011). For the prediction tasks, unlike the synthetic experiments,

we do not have access to the ground truth model, i.e., knowledge about heterogeneity

across population/tasks. Thus, we compare MTPP with PoiR using the same model

for all patients. IPP and PoiR with individual models for each patient were also

tested, but because the patients’ visits are sparse, the individual model learned with

this scarce training data performs poorly, hence only results of pooled MTPP and

PoiR are reported.

Model Fit: GP modulated renewal processes are trained using both direct in-

ference as in Lasko (2014) and thinning approach as in Rao and Teh (2011), for each

patient’s visit sequence in the neoplasm category. We then compare these two meth-

ods with MTPP on the data log-likelihood per time unit (day) over all sequences. As

shown in the top-left panel of Figure 5.4, MTPP is comparable with the other two

methods, with a smaller variation due to the sharing across patients. Shown in the

top-right and bottom panels are the mean intensity functions inferred of anonymous

patients (error bars are omitted for clarity), each associated with the raster plot of

the hospital visits in the bottom. Relative dates, instead of calendar dates are used

for confidentiality. As can be seen, the two temporal GP methods infer a smooth

function modeling the rate, which fails to capture sudden changes. For example, see

the small-to-large change rate around the 33rd month in the top-right panel. Also
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Figure 5.4: Model fit results. Top-left: Comparison of data log-likelihood per
day of MTPP, direct inference, and thinning approach; Top-right and bottom row:
Intensity functions inferred of anonymous patients’ arrival sequences.

note in the bottom-left panel, MTPP performs well at the beginning and ending of

the sequence, with no boundary effects of GPs. Such differences are consistent over

the dataset. Note that the intensity function inferred via our method is piecewise-

constant, with change points located where recent history changes. The goodness of

fit suggests this current rate’s dependence on history enables forward prediction.

Forward Prediction: Figure 5.5 (left panel) shows the learned history-to-rate

mapping function globally shared by all patients in the neoplasm category. In par-

ticular, we plot the value of the function in terms of two features, namely, number

of arrivals in windows rt ´ 7, ts and rt ´ 30, ts (the previous week and month). As

indicated, a patient with many visits in a month and few visits in a week has a larger
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Figure 5.5: Neoplasms results. Left: Global rate function inferred by MTPP as a
function of the number of arrivals in windows rt ´ 7, ts and rt ´ 30, ts; Right: MAE
as a function of the prediction window length, L, in days.

rate of a revisit.

The right panel in Figure 5.5 shows that for neoplasms, the MAE increases mono-

tonically as the prediction window length increases up to 90 days. This is consistent

with the results from synthetic data shown in Figure 5.3. Interestingly, because PoiR

requires a separate model for each prediction interval, no noise variance accumulates

in the model, and the increase in MAE results from the data itself. On the other

hand, we just train MTPP once and generate sample paths for different window

lengths, resulting in a Poisson noise that increases linearly with prediction interval.

As a result, for MTPP the MAE diverges faster than for PoiR as L increases.

Results in Table 5.1 show AUC values for the 6 disease categories considered.

Two settings for the length of the prediction windows, namely, 1 week and 1 month

are evaluated. We see that consistent with the results for artificial data in Figure 5.3,

AUCs tend to increase for moderate sizes of L. We also verified (results not shown)

that further increasing the prediction window size has an accordingly negative impact

on the AUCs. In fact, predictions become no better than random as L approaches 6

months for some disease types. When comparing MTPP to PoiR, we observe that the

former outperforms the latter in 4 of 6 disease types. This supports the hypothesis
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Table 5.1: AUC of binary predictions of events occurring in weekly and monthly
windows for 6 disease types.

1 week 1 month
Disease Type MTPP PoiR MTPP PoiR
Neoplasms 0.7379 0.7249 0.8136 0.8058
Metabolic 0.6807 0.6170 0.6778 0.6195
Nervous 0.6926 0.7241 0.7978 0.7167
Circulatory 0.6807 0.6778 0.6170 0.6195
Respiratory 0.5733 0.6302 0.6308 0.6322
Digestive 0.6050 0.5562 0.6555 0.6170

that the changes of hospital visit patterns among the population are disease specific.

However, correlations across diseases and clustering of patient subpopulations could

be exploited, and are left as future work.
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6

Conclusions

In this thesis, we formulate and tackle the problem of point process prediction. First

in the single event stream scenario, we explore the feasibility of predictive models

built upon conditional intensity models via a GP construction. Then we mainly

focus on the problem of analyzing multiple streaming point processes in a multi-

task setting, and propose a simple predictive strategy. The proposed model, using

hierarchical GPs, leverages information across the tasks in a nonparametric manner,

which is demonstrated in experimental results on synthetic and real-world datasets.

Exploring multi-task marked point processes, designing richer feature construc-

tion approaches for predictive models, and clustering tasks/event streams based on

their arrival patterns, are left as interesting open problems.
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Appendix

A. Hierarchical Gaussian process construction

Using the construction in (5.1) and (5.2), we can integrate over µ0
N to obtain the

marginal prior distribution for fu
N as

fu
N „ N

ˆ

g,

ˆ

1`
1

ξ

˙

KNN

˙

. (1)

Using the construction in (5.8)-(5.10), we can integrate out fu
M using (5.9) and (5.10),

obtaining,

fu
N |µ

u
M „ N

ˆ

g `Ku
NMK

´1
MMpµ

0
M ´ gq,

Ku
NN `

1

ξ

`

Ku
NN ´K

u
NMK

´1
MMK

u
NM

J
˘

˙

.

Then, integrating out µ0
M using (5.8), we can get the same marginal prior as in (1),

fu
N „ N

ˆ

g,

ˆ

1`
1

ξ

˙

Ku
NN

˙

. (2)

The only difference between (1) and (2) is that we need a realization of the function

at possible features from all tasks in (1), while only the features from task u need to

be specified in (2).
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B. Confluent hypergeometric functions

When |x| is small, for example |x| ď 30, we use the power series to compute the

confluent hypergeometric function:

1F1pa, b, xq “
8
ÿ

k“0

paqkx
k

pbqkk!
,

where paq0 “ 1, paqk “
śk´1

j“0pa` jq. In practice, the summation can be terminated

at a sufficiently large number to achieve a given error tolerance level.

When |x| is large, for example |x| ą 30, we use the following computation

(Thompson, 1997):

1F1pa, b, xq “
Γpbqp´xq´a

Γpb´ 1q

8
ÿ

k“0

paqkpa` a´ bqk
k!p´xqk

.

Having 1F1pa, b, xq, the gradient G̃pxq “ Gp0, 1
2
, zq can be numerically computed,

where Gpa, b, xq “ B1F1pa,b,xq
Ba

(Ancarani and Gasaneo, 2008).

Finally, the expectation needed in (5.14) during variational E-step can be esti-

mated as (Lloyd et al., 2014):

Erlogpfu
N,iq

2
s “ ´G̃p´

bui
2

2Bu
ii

q ` logp
Bu

ii

2
q ´ const .
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C. Key quantities in variational inference

Variational E-step:

dF1

dµu
“

U
ÿ

u“1

Nu
ÿ

i“1

 

´∆u
i

“

2buiK
´1
MMK

u
NM,i¨

J
‰

` Iptui P T u
q

„

G̃1
ˆ

´
pbui q

2

2Bu
ii

˙

bui
Bu

ii

K´1
MMK

u
NM,i¨

J

*

,

dF1

dΣu
“

U
ÿ

u“1

Nu
ÿ

i“1

 

´∆u
i rK

´1
MMK

u
NM,i¨

JKu
NM,i¨K

´1
MM s

`Iptui P T u
q

„ˆ

´G̃1
ˆ

´
pbui q

2

2Bu
ii

˙

pbui q
2

2pBu
iiq

2
`

1

Bu
ii

˙

K´1
MMK

u
NM,i¨

JKu
NM,i¨K

´1
MM

*

,

dF2

dµu
“ ´K´1

MMpµ
u
´ µ0

Mq ,

dF2

dΣu
“ ´

1

2
K´1

MM `
1

2
Σu´1 ,

dF3

dµu
“ 0 ,

dF3

dΣu
“ 0 .

Variational M-step:

Updates for µ0
M can be derived in closed form as follows,

µ̂0
M “

1

ξ ` U

˜

ξg `
U
ÿ

u“1

µu

¸

.

Gradient methods are needed for updating other parameters (denoted as θk), includ-

ing pseudo input positions and GP hyper-parameters, with key quantities summa-

rized below:
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dF1

dθk
“

U
ÿ

u“1

Nu
ÿ

i“1

"

Iptui P T u
q

„

´G̃1
ˆ

´
pbui q

2

2Bu
ii

˙ˆ

´
1

2pBu
iiq

2

˙

ˆ

#

2Bu
iib

u
i pµ

u
´ gqT

dK´1
MMK

u
NM,i¨

J

dθk
´ pbui q

2dB
u
ii

dθk

+

`
1

Bu
ii

dBu
ii

dθk

ff

´∆u
i

«

2bui pµ
u
´ gqT

dK´1
MMK

u
NM,i¨

J

dθk
`
dBu

ii

dθk

ff+

,

dBu
ii

dθk
“
dKNN,ii

dθk
´
dKu

NM,i¨K
´1
MMK

u
NM,i¨

J

dθk

` 2pΣuK´1
MMK

u
NM,i¨

J
q
J
dK´1

MMK
u
NM,i¨

J

dθk
,

dF2

dθk
“ ´

U

2
tr

ˆ

K´1
MM

dKMM

dθk

˙

`
1

2
tr

ˆ

K´1
MM

ˆ

U
ÿ

u“1

ˆ

µuµuJ
`Σu

` µ0
Mµ

0
M
J
´ 2µuµ0

M
J

˙

K´1
MM

dKMM

dθk

˙

,

dF3

dθk
“ ´

1

2
tr

ˆ

K´1
MM

dKMM

dθk

˙

`
1

2
tr

ˆ

ξK´1
MMpµ

0
M ´ gqpµ

0
M ´ gq

JK´1
MM

dKMM

dθk

˙

.
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