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The multilevel item response theory (MLIRT) models have been increasingly used in longitudinal
clinical studies that collect multiple outcomes. The MLIRT models account for all the information from
multiple longitudinal outcomes of mixed types (e.g., continuous, binary, and ordinal) and can provide
valid inference for the overall treatment effects. However, the continuous outcomes and the random
effects in the MLIRT models are often assumed to be normally distributed. The normality assumption
can sometimes be unrealistic and thus may produce misleading results. The normal/independent (NI)
distributions have been increasingly used to handle the outlier and heavy tail problems in order to
produce robust inference. In this article, we developed a Bayesian approach that implemented the NI
distributions on both continuous outcomes and random effects in the MLIRT models and discussed
different strategies of implementing the NI distributions. Extensive simulation studies were conducted
to demonstrate the advantage of our proposed models, which provided parameter estimates with smaller
bias and more reasonable coverage probabilities. Our proposed models were applied to a motivating
Parkinson’s disease study, the DATATOP study, to investigate the effect of deprenyl in slowing down
the disease progression.

Keywords: Clinical trial; Item-response theory; Latent variable; MCMC; Outliers.

1 Introduction

Parkinson’s disease (PD) is a chronic progressive disease with multidimensional impairments. Symp-
toms such as tremors, stiffness, slowness of movements, and loss of cognitive function are often
observed from PD patients (Cummings, 1992; Fahn et al., 2004). Due to the multidimensional nature
of the disease, it is difficult to identify a single outcome to summarize or represent the overall disease
severity (Huang et al., 2005). Therefore, clinical trials that search for a neuroprotective treatment for
PD patients usually measure multiple outcomes at different visits. Examples of such PD studies include
the Deprenyl And Tocopherol Antioxidative Therapy Of Parkinsonism (DATATOP) study (Parkinson
Study Group, 1989), Earlier versus Later Levodopa Therapy in Parkinson Disease (ELLDOPA) study
(Fahn et al., 2004), and Neuroprotection Exploratory Trials in Parkinson’s Disease (NET-PD) study
(Elm and The NINDS NET-PD Investigators, 2012). The PD symptoms can be measured by the
outcomes of mixed types, for example binary, ordinal, and continuous. Moreover, this type of multi-
variate longitudinal data structure has three sources of correlation within and between outcomes of
the same patient, that is intersource (different measures at the same visit), longitudinal (same measure
at different visits), and cross correlation (different measures at different visits). For valid analysis of
PD progression, the model needs to account for these three sources of correlation.
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To address the challenges of analyzing this type of multivariate longitudinal data, many approaches
have been developed, such as a linear combination of all outcomes, choosing one outcome as primary
and other outcomes as secondary, and global statistical tests (GST). Among these methods, the imple-
mentation of the linear combination of all outcomes is relatively easy. However, it substantially reduces
the information and the interpretation may be difficult (Bandyopadhyay et al., 2011). The method of
choosing one outcome as primary and other outcomes as secondary may encounter problems when the
conclusions from the primary analysis and secondary analysis are quite different. The GST method
has some attractive properties such as maintaining high power while controlling the overall type I
error (Huang et al., 2005, 2009). However, unless certain assumptions regarding the variances and
covariance structure are met, the GST can neither adjust for covariates of interest nor utilize the full
longitudinal data information.

An alternative approach is the latent variable model approach that assumes all the outcomes are
measurements of some unobservable latent variable (Mungas and Reed, 2000; Wang et al., 2002;
Reise and Waller, 2009). To this end, multilevel item response theory (MLIRT) models, which are
based on latent variables, have been increasingly used (Douglas, 1999; Glas et al., 2009; Luo et al.,
2013; He and Luo, 2013). The MLIRT models consists of two levels. The first level of the MLIRT
models describes the outcome measurements as functions of a univariate subject-specific latent variable
(denoting disease severity) and measurement-specific parameters, while in the second level, the latent
variable is regressed on the covariates of interest and the subject-specific random effects. Advantages
of the MLIRT model include: (1) it uses the full longitudinal information and accounts for the three
sources of correlations within subjects via the subject-specific random effects; (2) it has a better
reflection of the multilevel data structure; and (3) it simultaneously estimates the measurement-specific
parameters, the covariate effects, as well as the subject-specific disease progression characteristics
(Maier, 2001; Kamata, 2001; He and Luo, 2013). The MLIRT model has been increasingly used in
studying many diseases such as PD disability (Weisscher et al., 2010; Luo et al., 2012), Alzheimer’s
disease (Snitz et al., 2012), Huntington’s disease (Vaccarino et al., 2011), and dementia (Miller et al.,
2012).

In MLIRT models, normal distributions are usually assumed for continuous outcomes and random
effects. However, the parameter estimation may be biased in the presence of outliers and heavy tails in
the continuous outcomes and/or random effects. One way to handle the outlier problem is to identify
the outliers and exclude them from the analysis. However, the primary efficacy assessments in clinical
trial studies are often required to follow the intent-to-treat (ITT) principle (the analysis has to include
all randomized individuals). By following ITT, the analysis preserves the benefits of randomization,
and it is recommended as the most unbiased approach (Little and Yau, 1996; Lachin, 2000). Thus, the
exclusion of outliers is inappropriate under the ITT principle. Data transformation methods (e.g., log,
square-root, Box-Cox) might generate distributions close to normality. But the disadvantages include:
(1) reduced information on an underlying data generation scheme; (2) reduced interpretability on a
transformed scale; and (3) transformations may not be universal and vary with datasets. The outlier
issue is further complicated when both continuous outcomes and random effects in the model are
subject to “departure from normality” (Lachos et al., 2011). While the transformation for outcomes
might be feasible, the transformation for random effects may not be straightforward. To illustrate this,
Fig. 1 displays the density histograms and the Q—Q plots of the residuals of a continuous outcome
Unified Parkinson’s Disease Rating Scale (UPDRS) (left panels, column a), subject-specific random
intercepts (center panels, column b), and subject-specific random slopes (right panels, column c) by
fitting the MLIRT model (5) with normal assumptions to the motivating DATATOP study. The plots
suggest the presence of outliers in the continuous outcome UPDRS, the random intercepts, and the
random slopes, as manifested by the large departure from the diagonal line in the tail areas. While
McCulloch and Neuhaus (2011) concluded that the misspecification of the random effects distribution
does not severely affect the parameter estimation in the generalized linear-mixed models (GLMM), its
influence in the MLIRT modeling framework is unclear and how it interacts with the outlying outcome
measurements requires further investigation.
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Figure 1 Histogram and normal Q-Q plot of residuals of UPDRS (column a), subject-specific random
intercepts (column b), and subject-specific random slopes (column c) obtained by fitting the MLIRT
model (5) with normal assumptions.

To address the issue of nonnormality due to outliers and heavy-tails, one solution is to replace the
normality assumption by the more robust normal/independent (NI) distributions. The NI distributions
are an attractive class of symmetric heavy-tailed densities that include normal, Student’s ¢, slash,
and contaminated normal distributions as special cases. The NI distributions have been applied to
multivariate linear regression (Liu, 1996), linear mixed effect (LME) model (Rosa et al., 2003; Lin and
Lee, 2007), nonlinear mixed effect model (Lachos et al., 2013), linear-mixed effect model with censored
data (LMEC), and nonlinear-mixed effect model with censored data (NLMEC) (Lachos et al., 2011).
Specifically, Lachos et al. (2011, 2013) used a NI distribution with a shared weight variable @ on both
the continuous outcome and random effects that were nonnormal due to outliers and heavy tails. In
their methods, when conditional on the shared weight, the distributions of the continuous outcome
and random effects are independent (Lachos et al., 2011). However, the continuous outcome and
random effects may have different scales of nonnormality so that the strong assumption of sharing
the same weight variable may be unreasonable in practice. Alternatively, a more flexible approach to
be developed in this article is to assume different NI distributions for the continuous outcome and
random effects. To the best of our knowledge, this is no studies on Bayesian MLIRT models using
the NI distributions for both the continuous outcome and random effects. In this article, we propose
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robust Bayesian parametric MLIRT models using the NI distributions. We then apply our methods to
a motivating DATATOP study on PD.

The rest of the article proceeds as follow. In Sections 2, we discuss the MLIRT models, the NI
distributions, likelihood formulation, Bayesian inference, and model selection criterion. Section 3
presents an extensive simulation study comparing the performance of various models. In Section 4, we
apply the proposed models to the DATATOP study dataset. Section 5 summarizes the main findings
and discusses the possible directions in our future research.

2 Model and estimation

2.1 The multilevel item response theory (MLIRT) model

We first introduce the MLIRT model. Let y, ;. be the observed outcome k (k =1, ..., K) for patient i
(i=1,....,N)atvisit j(j=1,...,J), where j = 1 is baseline. Let y;; = (v;;1, -+ Vijper - ..,yl-j,()' be
the vector of observation for patient i at visit j and let y, = (»;;, ..., y;x) be the outcome vector across
visits. Let 6,, be the continuous latent variable denoting the unobserved disease severity for patient
i at visit j with higher value representing more severe disease status. In the first level measurement
model, the observed measurements are viewed as imperfect clinical manifestations of the interaction
between a univariate subject-specific latent disease severity and the measurement-specific parameters
(e.g., the measurements’ ability to distinguish PD patients in disease severity). Specifically, we model
the binary outcomes using a two-parameter submodel (Fox, 2010), the cumulative probabilities of
ordinal outcomes using a graded response submodel (Samejima, 1997), and the continues outcomes
using a common factor submodel (Lord et al., 1968).

loglt{p(yljk = 1|9U)} = Clk + bkeij’ (l)
logit{p(y; < 110,)} = a; — b 0;;, withl =1,2,....m — 1, @
Vijk = + b6y + €1 v

where random error €, ~ N(0,07) with o7 being variance of continuous outcome k, a; is the
outcome-specific “difficulty” parameter and b, is the outcome-specific “discriminating” parameter that
is always positive and describes the ability that outcome k discriminates between patients with latent
disease severity 6,;. Suppose the ordinal outcome k in model (2) has n; categories and ;. — 1 thresholds
Apps oo s Ggps oo s Gy that satisfy the order constrainta;; < -+ <ay < ... < gy l.The probability
of patient / being in category / on outcome k at visit j is p(y; = 116,;)) =pW;j < 110;;)) — p; <
[ —116;)). ’
J . . . .

In the second level structural model, the latent disease severity 6,; is regressed on predictors of

interest (e.g. treatment, disease duration, and time) and subject-specific random effects.

0 = XioBo + i + (X By + w1y, (4)

where X, and X, are the covariate vectors that may share all or part of the covariates, u, is the
random intercept that determines the subject-specific disease severity and u;, is the random slope
that determines the subject-specific disease progression rate. We now give an example to further
illustrate model (4). If no covariate is in X,, and only the treatment assignment variable is included
in X,, 0,; = wg+[Byg+ By L(trt) +u,]r,;, where I(-) is an indicator function (1 if treatment and
0 otherwise). In this model, 8,, and B,, + B, denote the disease progression rates for placebo and
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treatment patients, respectively, with 8,, being the change in disease progression rate introduced by the
treatment. The significant negative coefficient 8, indicates that the treatment slows down the disease
progression. In this context, the null hypothesis of no overall treatment effect is H, : 8;; = 0. We let the
random effects vector u, = (u;y, u;;) and assume u;, ~ N(0, 1), u;; ~ N(0, o2), and corr(u,, u;;) = p.
It is well-known that the item-response models are overparameterized (Samejlma 1997) and some
constraints need to be imposed to make the models identifiable. To this end, we set Var(u,) =1 to
ensure model identifiability. Under the local independence assumption (i.e., conditional on the random
effects vector u,, all outcome measures for each patient are independent) (Fox, 2010), the full likelihood
of patient i across all visits is

Ji K
L) =|[]]]pilu) | p@). ()

j=1k=1
For notational ease, we let the difficulty parameter vector be a = (a/l, e, a}c, e, a’K)/, with a}c =
(@ Oy 1) for ordinal outcomes. Let the discrimination vector be b= (b, ..., b;), and g =

By ,~ﬁ, ). Because we assume normal distributions for the random errors ¢, for the continuous
outcome in model (3) and the random effects vector u,, in addition to their 1ndependence we refer to

this model as model Indep-N with the parameter vector ® = (@, b, 8, p,0,,0,) .

2.2 The normal/independent (NI) distribution family

The normal/independent (NI) distribution is a family of symmetric distributions with heavier tails. Ex-
tensive discussion about the NI distributions can be found in the literature (e.g. Lange and Sinsheimer,
1993; Liu, 1996; Rosa et al., 2003; Lachos et al., 2011; Luo et al., 2013; Baghfalaki et al., 2013). An
element of the univariate NI family is defined as the distribution of random variable y = u + ¢/ /o,
where p is a location vector, random error e is normally distributed with mean zero and variance
o2, w is a positive weight variable that has density function p(w|v) with tuning parameter v and
is independent of random error e. The NI distribution controls the impact of outliers on the over-
all inference by stochastically assigning lower weights @ for potential outliers or influencing points
(Lange and Sinsheimer, 1993). In practice, the weight variable @ can be estimated and be used for
outlier detection. Specifically, if the posterior distribution of w has high density close to 0 (or if the
estimate of w is close to 0), it indicates that the corresponding observation can be a potential outlier
(Rosa et al., 2003). Given w, y follows a normal distribution N(u, w~'o?) with the marginal pdf of
y given by NI(y|u, 0%, v) = [p(yIu, 02, @)p(w|v)dw. When = 1 (or equivalently when v — o),
NI(y|u, o, v) becomes a normal distribution (Lange and Sinsheimer, 1993; Rosa et al., 2003).

The NI distributions provide a family of symmetric heavy-tailed distributions with various specifi-
cations of the density function p(w|v). We consider the continuous outcome y,, in model (3) as an
example. When a univariate NI distribution is applied to model (3), we have y,; = a;, + b,6;; + ellk
where e, k= €ijr/ @ With €, ~ N(0, o). The weight variable w, has density function p(w;|v) with

positive tuning parameter v. When w; ~ Gamma(v/2, v/2), €., follows a Student’s ¢ distribution with

ijk
parameter v being the degree of freedom and when w; ~ Beta(v, 1), e,', ik follows a slash distribution with
tuning parameter v. In addition, e, ;i follows a contaminated normal (CN) distribution when o, takes
one of the two discrete values with pdf p(w;|v) = vI, =yt (1 =v){,_,), where v (0 <v < 1) is the

proportion of contamination (or the percentage of outliers deviating from the normal distribution) and
y (0 < y < 1)is the scale of contamination (how severe the outliers deviate from the normal distribu-
tion with smaller y denoting more deviation). When w; = 1, then p(w;|v) = 1 — v and e, T N(0, Okz)

with probability 1 — v; when @, = y, then p(w;|v) = v and el’, i is contaminated with probability v and
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e; "~ N(O, akz /y) (Lange and Sinsheimer, 1993; Rosa et al., 2003). Therefore, the CN distribution el'. i
follows a two-component mixture distribution with pdf p(e;.jk) = vIN(O0, o,f /v) + (1 —v)N(O, a,f).

2.3 The NI distributions in the MLIRT model

In this section, we apply the NI distributions to the random error €, in model (3) and the

random effects vector u; = (uy, ;) in model (4). We first discuss the method in Lachos et al.
(2011, 2013) used in linear and nonlinear-mixed models. Lachos et al. (2011, 2013) assume that
(w;, €;) ~ NI(0, {(X,,0), (0, o)}, w;), where ¢; is the random error of a continuous outcome for pa-
tient i, where i = 1, ..., N. The fact that both u; and ¢; are scaled by the same weight variable w, allows
conditional independence between u; and ¢;, given w,, but not marginal independence. To use their
methods in the MLIRT model, we specify u;, €; ;. and o, hierarchically as

u[|w' ~N (0’ wi_] 2:u) ’

1

fi_/k|wi ~N (0’ wFIUkZ) ,

w; ~ p(w;|v).

Then the continuous outcome y, ;. follows y, ;lu;, o; ~ N(a;, + b, 0;

e ous ou ;i a)i—lokz). The full likelihood of
patient i across all visits is

J. K
L(y;, w;, u;) = 1_[ 1_[ p(y[jk|u[v w;) | plw)p;). (6)
j=1k=1
We refer to this model as model Dep-NI because #; and €, ;. are marginally dependent. The correspond-

ing parameter vector is ® = (a/, b,, ﬁ’, P, 0, O, v)/. We also refer to model Dep-NI with the Student’s
t, slash, and contaminated normal distributions as models Dep-T, Dep-SL, and Dep-CN, respectively.
Model Dep-NI assumes that the continuous variable and random effects vector share the same
scale of outliers and heavy tails, which may not be true and may negatively affect the model inference.
Alternatively, we assume that #; and ¢, are scaled by different weight variables: u; ~ NI(0, £, »y,),
where w); is a subject-level weight variable for u;, and €, ~ NI(0, of, wy;j)> Where w,,, is a weight
variable (specific to outcome k from patient / at visit j) for continuous outcome y, ., and w;; and w,, ;.
are independent. Applying to the MLIRT model, we specify u;, €, »;;, and w,, ;. hierarchically as

ujlw; ~ N (0’ wl_il Eu) ’

~ -1 2
€ il i N (0’ w2[jkak) >
wy; ~ ployg;lvy),
Wik ~ P(@y; V).
: - -1 2 _
Then the continuous outcome y;; follows y; |u;, @ ~ N(ay + b6,;, @), ;,07). Let @ =(w,;, @),

where w,; = {w,;; } for j=1,...,J;and k = 1,..., K. The full likelihood of patient i is

ST K
L(y;, o;,u;) = 1_[ |:1_[ POl wZi,/'k)p(wZi_/‘k)j| p(@,)pu,). (7

Jj=1 Lk=1

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com



Biometrical Journal 58 (2016) 4 837

We refer to this model as model Indep-NI because u; and ¢, are marginally independent. The

corresponding parameter vector is ® = (@, b, 8, p, 0,, 0, v}, v,) . We also refer to model Indep-NI
with the Student’s 7, slash, and contaminated normal distributions as models Indep-T, Indep-SL,
and Indep-CN, respectively. Note that models Dep-CN and Indep-CN are Bayesian mixture models
because the CN distribution is a two-component mixture distribution. As discussed in Gelman et al.
(2013) and Fox (2010), there may be an identifiability issue named label switching in the Bayesian
mixture models, i.e., the resulting posterior distribution is invariant to permutations in the labeling of
mixture components. Jasra et al. (2005) gave an excellent review of the label switching problem and
some solutions. However, models Dep-CN and Indep-CN do not have the identifiability issue because
of the increasing order of the variances of the two component distributions, that is Ukz /y = akz as
0 < y < 1. The simulation results from models Dep-NI and Indep-NI with all three NI distributions
(Student’s ¢, slash, and CN) are displayed in Web Tables 1 and 2. The fact that all parameters can be
successfully recovered in all these models suggest that our proposed models are identifiable.

2.4 Bayesian inference and model selection criteria

We develop a Bayesian approach based on MCMC posterior simulations to analyze the multivariate
longitudinal data by applying the NI distributions to the MLIRT models. The fully Bayesian inference
has many advantages. First, MCMC algorithms can be used to estimate exact posterior distributions
of the parameters, while likelihood-based estimation only produces a point estimate of the parameters,
with asymptotic standard errors (Dunson, 2007). Second, Bayesian inference provides better perfor-
mance in small samples compared to likelihood-based estimation (Lee and Song, 2004). In addition, it
is more straightforward to deal with more complicated models using Bayesian inference via MCMC.
The model fitting is conducted using the BUGS language implemented in OpenBUGS (OpenBUGS version
3.2.3).

We assume vague prior distributions on all elements in the parameter vectors ®. Specifically, the
prior distribution of all parameters in 8 is N(0, 100). We use the prior distribution Gamma(0.001,
0.001) for o, and for all components in b to ensure positivity, and use Uniform[—1, 1] for p. The prior
distribution for the difficulty parameter g, of the continuous outcomes is @, ~ N(0, 100). For the ordi-
nal outcomes, we let ¢;; ~ N(0, 100), and a;; = @, ;_; + 8, for [ = 2, n; — 1 with §; ~ N(0, 100)7(0, )
(normal distribution left truncated at 0). For the parameters related to the NI distributions, we use
Gamma(0.001, 0.001) for parameter v in the Student’s ¢ and slash distributions and use Beta(1, 1)
for parameters y and v in the contaminated normal distribution. We have explored other prior dis-
tributions in the simulation study and data analysis and have obtained very similar results. Multiple
chains with dispersed initial values are run. To assess convergence, we use the history plots to ensure
there are no appearance of trend for all parameters. In addition, we use Gelman-Rubin diagnostic
statistics to ensure the scale reduction R of all parameters are smaller than 1.1 (Gelman et al., 2013).
To facilitate easy reading and implementation of the proposed models, a sample BUGS code for fitting
model Indep-CN has been posted in the Web supplement.

Among many model selection criteria for Bayesian inference, we have selected the log pseudo-
marginal likelihood (LPML) and Bayes factor (BF) to assess model performance. Conditional pre-
dictive ordinate (CPO) (Geisser, 1993; Carlin and Louis, 2011) is a cross-validated predictive method
that assesses the predictive distribution conditional on the data but with single data point deleted. Let
y be the full observed data and y ,, be the data with patient i deleted. Then the CPO for patient i is

defined as CPO; = p(y;|y;)) = fp(yl-|<I>)p(<I>|y(i>)d<I>. Large CPO indicates that the data for patient
i can be well predicted by the model using posterior density of @ based on y,. For our proposed

models, there is no close form for CPO;,, thus a Monte Carlo estimation method is used to obtain (%,-
(Chen et al., 2000). A summary statistics of CPO; is log pseudo-marginal likelihood (LPML), defined

as LPML = Zf\i 1 log((ﬁ’?)i). A larger value of LPML indicates a better model fitting.
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840 G. Chen and S. Luo: Robust Bayesian hierarchical model

Furthermore, Bayes factor (BF) is a Bayesian alternative to p-value for hypothesis testing among
competing models. The BF quantifies the the degree to which whether the observed data support a
hypothesis (Kass and Raftery, 1995; Lewis and Raftery, 1997). Let two competing models be M, and M,

and observed data be y, then BF in favor of model M, over M, is defined as BF(M; M,) =

folM) "~
FoIM,) —
JI0I® M) f (@ |M))d®,
[ fp1@,.M,)f(®,IM,)d®,’

where ®; is the parameter vectors for model M, for i =1, 2; f(y|®,, M,) is the

likelihood of model M; and f(®;|M,) is the posterior density of ®; for model M;. The Laplace-
Metropolis estimator based on normal distribution is used to approximate the marginal likelihood
f(|M;). In particular, the f(y|M,) ~ 2r)%/*|Z,|V2 f(y|®,, M,) f(®;|M,), where d, is the number of
parameters in ®;, X, is the posterior covariance matrix of @;, ®, is the posterior mean of ®,, 1 (®,|M,)
is the prior probability of parameters evaluated at ®,, and f (y|®;, M) is the likelihood evaluated at
the posterior mean ®,. When BF is greater than 100, decisive evidence is shown in favor of model M,
over M, (Kass and Raftery, 1995).

3 Simulation studies

In this section, we conducted an extensive simulation study under three settings to compare the
performance of the models Indep-N, Dep-NI, and Indep-NI in different scenarios. For all settings,
we generated 350 datasets with a sample size of 400 patients (200 in both treatment and placebo
groups). The data structure was similar to the motivating DATATOP study, and it had two continuous
outcomes and two ordinal outcomes (both with seven categories) at five visits (months 0, 1, 3, 9, 15).

We generated data from model (4) with X, = 0 and X;; = x;, where the covariate x; took value 0 or
1 each with probability 1/2 to mimic treatment assignment. We set the coefficients to be 8 = (8,9, £1;)
= (0.4, —0.5) . The parameters for the continuous outcomes were set to be a, =25,b; =10,0, = Sand
a, = 80, b, = 18, 0, = 20. The parameters for the ordinal outcomes were set to be a; = (—2.7, —0.6, 2,
2.8,5,6),b;=2,a,=(-0.1,1,1.8,2.6,3.3,4), b, = 0.4. We assumed that the subject-specific random
effects vector u; = (uyy, u;) ~ N, (0, X,), where £, = {(1, po,), (po,, 02)} with p = 0.4and o, = 1.3.
We applied the Bayesian framework in Section 2.3 and we ran two MCMC chains with dispersed initial
values. Each MCMC chain was run for 30,000 iterations with the first 15,000 iterations discarded as
burn-in. We computed the average of the posterior mean minus the true values (Bias), the standard
deviation of the posterior means (SD), the square root of the average of the posterior variance (SE),
and the coverage probabilities (CP) of the 95% equal-tail credible intervals.

To ensure that the all parameters including NI-distribution components can be correctly estimated,
we first simulated data from each of the models Dep-NI and Indep-NI with all three NI distributions
(Student’s ¢z, slash, and CN) and estimated parameters using the corresponding true models. The
simulation results are displayed in Web Tables 1 and 2. The fact that the bias was negligible, SE was
close to SD, and the coverage probability was close to the nominal value suggests that all parameters can
be successfully recovered in the proposed models Dep-NI and Indep-NI with all three NI distributions
and that our models were identifiable.

In setting I, both the continuous outcomes and the random effects followed normal distributions
without outliers and model Indep-N was the true model. The results were summarized in Table 1. Due
to space constraints, we only presented the MLIRT models using the CN distribution (i.e., models
Dep-CN, and Indep-CN). The results suggested that all three models (Indep-N, Dep-CN, and Indep-
CN) generated comparable and reasonable results, that is negligible bias, SE being close to SD, and
CP’s being close to nominal level of 95%.

In setting 11, we evaluated the model performance in the presence of outliers and heavy tails. The
simulation setting was similar to setting I, but with the first continuous outcome and the random
effects being generated from normal distributions with 5% outliers, while the second continuous
outcome still followed a normal distribution. To generate outliers, we randomly selected 5% data
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Table 3 Simulation results of parameter estimation on 8 from models Indep-SL, Indep-T, Indep-CN
in setting I1I in which there were 5% outliers in both the continuous outcome and random effects. The
best fitting models are highlighted in bold.

Models Parameters True Bias SD SE CP
Dep-T Bio 0.400 0.041 0.123 0.106 0.876
B —0.500 —0.039 0.152 0.135 0.897
Dep-SL Bio 0.400 0.180 0.156 0.139 0.707
Bii —0.500 —0.205 0.200 0.177 0.751
Dep-CN Bio 0.400 —0.018 0.111 0.098 0.898
Bi —0.500 0.022 0.136 0.127 0.945
Indep-T Bio 0.400 0.076 0.119 0.108 0.848
B —0.500 —0.075 0.151 0.143 0.917
Indep-SL Bio 0.400 0.167 0.142 0.132 0.756
B —0.500 —0.202 0.176 0.175 0.799
Indep-CN Bio 0.400 0.010 0.096 0.092 0.930
B —0.500 —0.008 0.121 0.126 0.950

from the first continuous outcome and added the noise generated from either Uniform[3c,, 60,] or
Uniform[—60,, —30,] with equal probability. Similarly, we randomly selected 5% of the generated
random effects u; and replaced by data generated from either Uniform[5, 15] or Uniform[—15, —5]
with equal probability.

Table 2 displays the results of setting II. The results from models Dep-CN and Indep-CN were
reasonably good with negligible bias, SE being close to SD, and the CP’s all close to the nominal
value, suggesting that accounting for the outliers and heavy tails leads to valid inference. In contrast,
model Indep-N provided severely biased estimates and low coverage probabilities for all parameters.
This was because that the misspecification of the random effects distribution affected the estimation
of u; and thus of the parameters in model (4) and of 6;;. As shown in models (2) and (3), the imprecise
estimation on 6,; affected the estimation of the outcome-specific parameter vectors a and b for all
outcomes. Additionally, we also evaluated the situation where the outliers on the random effects
were ignored and only the outliers on the first continuous outcome were accounted for using CN
distribution. Due to space constraints, the results were summarized in Table Al of the Appendix.
Large bias and poor CPs were observed on most of the outcome-specific parameter vectors (a and b)
as well as the treatment effect parameter (B;,). In sum, setting II suggested that the misspecification
of the distributions of the continuous outcome and random effects severely impacted the inference in
the MLIRT modeling framework, while the models accounting for the outliers and heavy tails using
the NI distributions provided valid inference.

As pointed out by Gelman et al. (2006), the posterior distributions resulting from the vague gamma
and inverse gamma prior distributions are sensitive to the choice of hyper-parameters and hence half-
normal distributions are recommended. Per the suggestion from one reviewer, we have reanalyzed all
simulated datasets in setting II using models Indep-N, Dep-CN, and Indep-CN while replacing the
gamma prior distributions by half-normal prior distribution N (0, 100) with support being larger than
zero. The simulation results are displayed in Web Table 3. The results from all three models were very
similar to their counterparts using gamma prior distributions in Table 2, suggesting that both gamma
and half-normal prior distributions work sufficiently well in our models.

In setting 111, we compared the performance of models Dep-NI and Indep-NI with all three NI
distributions (Student’s ¢, slash, and CN) when the datasets had 5% outliers as in setting II. Due to
space constraints, only the estimations on the treatment effect parameter vector § were summarized in
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Table 3. The results suggested that both models Dep-CN and Indep-CN performed better than their
counterparts with Student’s # and slash distributions, as indicated by smaller bias, smaller SD and SE,
and the CP’s closer to the nominal levels. It is of note that model Indep-CN had slightly more accurate
parameter estimation than model Dep-NI1 in this setting because the scales of outliers were different in
the first continuous outcome and in the random effects (i.e., the noises were generated from different
uniform distributions).

From the simulation study, we concluded that models Indep-N, Dep-NI, and Indep-NI all provided
comparable and satisfactory results when both the continuous outcomes and the random effects
followed normal distributions. However, when outliers existed in both the continuous outcome and
the random effects, both models Dep-NI and Indep-NI provided more reasonable results than model
Indep-N, which provides severely biased estimates to all parameters.

4 Application to the DATATOP study

In this section, we applied the proposed models Dep-CN and Indep-CN to the motivating Deprenyl
And Tocopherol Antioxidative Therapy of Parkinsonism (DATATOP) study, which is a double-blind,
placebo-conrolled, multicenter clinical trial. A factorial design in this study was used to test the
hypothesis that patients with early Parkinson’s disease with deprenyl 10 mg/d and/or tocopherol
(vitamin E) 2000 IU/d will delay the time until the initiation of levodopa therapy. There were 800
eligible patients enrolled in DATATOP and randomized to one of the four treatment arms: active
deprenyl alone, active tocopherol alone, both active deprenyl and tocopherol, and double placebo.
Only deprenyl was found to be effective in delaying the time until the initiation of levodopa therapy
(Parkinson Study Group, 1989, 1993). In our analysis, we define the treatment group as the patients
who received deprenyl (active deprenyl alone and both active deprenyl and tocopherol), and define
the placebo group as the patients who did not receive deprenyl (active tocopherol alone and double
placebo). We considered three longitudinal outcomes, that is the Unified Parkinson’s Disease Rating
Scale (UPDRS) total score, Hoehn and Yahr scale (HY), and Schwab and England activities of daily
living (SEADL), which were collected at baseline, month 1, every three months from month 3 to month
24. The UPDRS total score evaluates patients’ mentation, behavior, and activities of daily life and it is
approximated by a continuous variable with integer value from 0 (not affected) to 176 (most severely
affected) (Bushnell and Martin, 1999). Outcome HY measures the disability level in daily activities
and it is an ordinal variable ranging from 1 to 5 with higher values indicating worse conditions (Miiller
et al., 2000). Outcome SEADL assesses patients’ daily activities and it is an ordinal variable with
integer values from 0 to 100 incrementing by 5 with larger values indicating better clinical conditions
(McRae et al., 2000). We combined some categories with zero or small counts so that the ordinal
variables HY and SEADL have 5 and 6 categories, respectively. We also recoded the SEADL variable
so that higher values in all three outcomes are worse clinical condition. We removed one patient who
has no UPDRS measurements in any visit so that there were 398 and 401 patients in the treatment and
placebo groups, respectively.

Figure 2 displays the longitudinal profile of the observed outcome UPDRS. PD is a slow progression
disease, so slow progression in UPDRS score such as patient 621 (solid line in left panel) is often
observed. It is unexpected to observe sudden value change in UPDRS measurements. However, patients
105, 108, and 749 (dashed lines) had some potential outlying measurements indicated by their dramatic
value changes in their UPDRS profiles.

To fit our proposed models to the DATATOP dataset, we let X ;, = 0 and considered the treatment
assignment as the only covariate in X ;. So model (4) became 0;; = u;, + (B + By x; +u;)t;;. We
used two parallel MCMC chains with overdispersed initial values, and ran each chain for 30,000
iterations. The first 15,000 iterations were discarded as burn-in and the inference was based on the
remaining 15,000 iterations. Table 4 compares models Indep-N, Dep-CN, and Indep-CN using the
model comparison criteria discussed in Section 2.4. The proposed models Dep-CN and Indep-CN
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Figure 2 Longitudinal profile of the outcome UPDRS. Numbers 105, 108, 621, and 749 denote four
patients.

Table 4 Model comparison statistics for the DATATOP dataset from models Indep-N, Dep-CN, and
Indep-CN. The best fitting model is highlighted in bold.

LPML BF
Indep-N —27312.50 >100
Dep-CN —26930.44 >100
Indep-CN —26873.84 Ref

performed significantly better than model Indep-N with larger LPML value, suggesting the advantage
of accounting for outliers and heavy tails in the outcome UPDRS and random effects. The BFs in
favor of model Indep-CN over models Dep-CN and Indep-N were much larger than 100, suggesting
decisive evidence in favor of model Indep-CN. The Indep-CN model had the best fit in terms of LPML
and BF values and hence it was selected as the final model.

Table 5 displays the posterior means, standard deviation (SD), and 95% equal-tail credible intervals
(CI) from various models. The results from all models suggested that placebo patients experienced sig-
nificant deterioration in PD symptoms overtime (8,,) and deprenyl effectively delayed the progression
of PD symptoms (8, ), which was consistent with the findings in the original DATATOP study analysis
(Parkinson Study Group, 1993). Specifically, the disease progression rates for the placebo patients (8,)
were 1.285 (95% CI: [1.163, 1.414]), 1.334 (95% CI: [1.200, 1.471]), and 1.226 (95% CI: [1.107, 1.351])
units per year from models Indep-N, Dep-CN, and Indep-CN, respectively. The changes in disease
progression rate introduced by deprenyl (8,,) were —0.606 (95% Cl: [-0.751, —0.457]), —0.609 (95%
Cl: [-0.762, —0.461]), and —0.572 (95% CI: [-0.707, —0.443]) units per year from models Indep-N,
Dep-CN, and Indep-CN, respectively. Another interesting observation from Table 5 is that the results
from model Indep-CN suggested markedly different proportions (parameters v, vs. v,) and scales
(parameters y; vs. y,) of contamination in the random effects vector and outcome UPDRS. This is
also the reason why model Indep-CN was preferred based on the model selection criteria.

To obtain further insight into how the NI distributions control the influence of the outliers, in Fig. 3
we plotted the standardized residuals (SRs) of UPDRS measurements for all patients at each visit
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Figure 3 Standardized residuals of the UPDRS measurements for all patients at each visit when
fitting model Indep-N. The dashed lines are horizontal lines at —2 and 2 and the solid lines are
horizontal lines at —3 and 3. Numbers 105, 108, 621, and 749 denote four patients.
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Figure 4 Estimates of the weight variable W, jk for patients 105, 108, 621, and 749 at certain visits

from model Indep-CN.
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Figure S Bayesian posterior estimates of the subject-specific disease severity 6, at each visit and the
lowess smooth curves for treatment and placebo groups from model Indep-CN.

after fitting model Indep-N. A few data points had SRs with absolute value larger than 3 (e.g., 5.12 for
patient 105 at 6-month visit, 4.18 for patient 108 at 3-month visit, and 4.00 for patient 749 at 12-month
visit), indicating potential outliers. In contrast, the SRs for patient 621 at 12-month visit was —0.40,
indicating a nonoutlier. Without proper adjustment for the outliers, they may affect the accuracy of
the model estimation due to the violation of the normality assumption. As pointed out by Rosa et al.
(2003), the weight variable o, ;. in the NI distributions can be estimated and used for outlier detections.
Figure 4 displays the posterior distributions of the weight variable w,; for patients 105, 108, 749,
and 621 at certain visits after fitting the final model Indep-CN. As indicated in Figs. 2 and 3, patient
105 at 6-month visit, patient 108 at 3-month visit, and patient 749 at 12-month visit were potential
outliers, their posterior distributions of the weight variable w, ; in Fig. 4 were sharp with majority of
the density close to zero and their posterior means of the weight variable w,, were 0.18, 0.17, and
0.18, respectively. In comparison, for patient 621 at 12-month visit, the posterior distribution of the
weight had majority of the density at large value with posterior mean of 0.91, which indicated that this
observation was not an outlier.

Figure 5 displays the visualization of disease progression for all patients. Each black dot (for
treatment group) or circle (for placebo group) was a Bayesian posterior estimate of the subject-specific
latent disease severity 0,; for patient i at visit j. The solid line and dashed line were the the lowess smooth
curves for treatment and placebo groups, respectively. Figure 5 suggests that the placebo patients had a
faster disease progression rate than the treatment patients as manifested by the large gaps between two
lowess smooth curves. In Table 5, the standard error (o,) of the random slope (i;;) from model Indep-
CN was 0.739 (95% CI: [0.666, 0.819]), while the estimate of the correlation coefficient p between u,,
and u,; was 0.354 (95% CI: [0.263, 0.447]). The statistically significant positive correlation coefficient
indicates that individuals with worse disease severity tends to have faster disease progression rate and
vice versa. To gain further insight into u;), u;;, and p, we plotted in Fig. 6 the rankings of individuals’
subject-specific disease severity u,, (upper panel) and disease progression rate u;, (lower panel). We
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Figure 6 The ranking of subject-specific disease severity u,, (upper panel) and disease progression
rate u;; (lower panel) with 95% CI from model Indep-CN. The numbers in the figures are patient
numbers.

ranked the patients so that patients with mild disease severity and slow disease progression rate had
low ranks; while patients with severe disease and disease progression rate had high ranks. To assist
with the interpretation of the positive correlation p, we selected two patients in Fig. 6. Patient 213 who
had the worst disease severity (ranked 799, upper panel) had the 9th fastest disease progression rate
(ranked 791, lower panel) and patient 733 who ranked 16 in the disease severity (upper panel) had the
10th disease progression rate (lower panel).

5 Conclusions and Discussions

In this article, we provided a robust statistical analysis framework for the multivariate longitudinal
data while accounting for the outliers and heavy tails in the continuous outcomes and random effects
by using the symmetric heave-tailed normal/independent (NI) distributions. Our extensive simulation
results demonstrated that when both the continuous outcomes and random effects followed normal
distributions, our proposed models Dep-NI and Indep-NI provided satisfactory results comparable to
those from the regular model Indep-N. However, when outliers existed in both the continuous outcome
and random effects, the proposed models Dep-NI and Indep-NI provided more accurate results than
model Indep-N. We applied our models to the motivating DATATOP study and discovered outliers
and heavy tails in the continuous outcome UPDRS and the random effects. We have demonstrated
that model Indep-NI was the best-fitting model based on the model selection criteria. We displayed the
longitudinal profile of outcome UPDRS and provided visual illustration of how the NI distribution
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controls the influence of the outliers. We provided visualization of the subject-specific disease severity
for each visit to gain insight into the different disease progression rates for the treatment and placebo
groups. The figure on the subject-specific disease severity and disease progression rate provides visu-
alization of their correlations. The hierarchical implementation of the NI distributions to the MLIRT
model under Bayesian framework is relatively straightforward. The easy access of publicly available
software, such as WinBUGS and OpenBUGS, provides a practical and feasible platform for practitioner
and researchers to perform analysis using our proposed method.

There are some limitations in our proposed model that we will address in our future study. The
violation of nonnormality may be due to heavy tails or skewness or both. In this article, we only
considered the influence of the violation of the normal assumptions due to outliers and heavy tails.
For future work, we will investigate the influence of skewness under the MLIRT framework using
skewed normal (SN) distribution (Azzalini and Capitanio, 1999) and skewed normal/independent
(SNI) distribution (Lachos et al., 2010). Alternatively, we can relax the parametric assumption on the
continuous variable and random effects by considering Bayesian nonparametric (BNP) framework
based on Dirichlet process mixture (Escobar, 1994). Moreover, the informative dropout (i.e., sicker
patients are more likely to drop out earlier) is another common issue in longitudinal studies. Ignoring
the “missing values” due to informative dropout leads to biased parameter estimations (Henderson
et al., 2000). Thus, a joint model approach that considers both the longitudinal outcome and survival
outcome in the presence of outcome outliers and skewness is also part of our future research.

Inference from the proposed Bayesian MLIRT modeling framework is valid when the model fits the
data and the model assumptions are met. In this article, we have assumed item parameter invariance
(or measurement invariance as in Fox (2010), that is the difficulty and discriminating parameters are
assumed to be equal across populations and over time). When the invariance assumption does not hold,
outcomes behave differently across populations and time and they show differential item functioning
(DIF, i.e. people with the same latent disease severity have different outcome measurements). To address
this issue, De Jong et al. (2007) and De Jong et al. (2008) introduced a random item modeling approach
which models the item or outcome characteristics as random item effects parameters, where the random
part captures random error due to DIF. How to detect and account for DIF in the proposed hierarchical
modelis an interesting future research direction. Furthermore, the assumption of a single latent variable
6;; (unidimensional assumption) may be unrealistic in the study of a chronic and progressive disease
such as PD, because PD is a heterogeneous disorder characterized by multiple impaired domains (e.g.
motor, cognitive, and behavioral) with variable clinical symptoms and disease progression (Thenganatt
and Jankovic, 2014). We would like to investigate ways to relax the unidimensional assumption to allow
multidimensional latent variables in the future research. As illustrated in Fox (2010), it is very difficult
to accurately compute the Bayes factor for complex nonlinear models such as the proposed MLIRT
models because the computation involves high-dimensional and intractable integrals. Moreover, the
Bayes factor for model selection depends on choices of prior distributions and detailed sensitivity
analysis should be investigated in the future research.
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Appendix

Table A1 Simulation results from a MLIRT model (which ignored the outliers in the random effects
but accounted for the outliers on the first continuous outcome using CN distribution) in setting II in
which there were 5% outliers in both the continuous outcome and random effects.

Model ignoring outliers on REs

True Bias SD SE CP
a, 25.000 2.190 0.617 0.812 0.157
b, 10.000 7.167 0.284 0.607 0.000
a, 80.000 3.746 1.139 1.512 0.267
b, 18.000 12.863 0.554 1.105 0.000
as, —2.700 —0.433 0.155 0.190 0.340
as —0.600 —0.411 0.138 0.175 0.288
a3 2.000 —0.391 0.146 0.179 0.393
A3y 2.800 —0.388 0.155 0.185 0.424
ass 5.000 —0.398 0.186 0.220 0.607
Q36 6.000 —0.398 0.208 0.243 0.670
by 2.000 1.410 0.122 0.158 0.000
ay —0.100 —0.080 0.056 0.058 0.728
Ay 1.000 —0.079 0.058 0.062 0.728
Qg3 1.800 —0.079 0.066 0.072 0.832
Ayy 2.600 —-0.072 0.087 0.089 0.874
ays 3.300 —0.058 0.105 0.113 0.958
Ay 4.000 —0.042 0.139 0.145 0.958
by 0.400 0.282 0.035 0.042 0.000
Bio 0.400 0.004 0.060 0.069 0.974
B —0.500 0.139 0.077 0.080 0.613
Jo 0.400 0.359 0.017 0.023 0.000
o, 1.300 —0.130 0.026 0.041 0.052
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