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Abstract

In this thesis, we propose a model-free reinforcement learning method to synthesize

control policies for mobile robots modeled by Markov Decision Process (MDP) with

unknown transition probabilities that satisfy Linear Temporal Logic (LTL) specifi-

cations. The key idea is to employ Deep Q-Learning techniques that rely on Neural

Networks (NN) to approximate the state-action values of the MDP and design a

reward function that depends on the accepting condition of the Deterministic Rabin

Automaton (DRA) that captures the LTL specification. Unlike relevant works, our

method does not require learning the transition probabilities in the MDP, construct-

ing a product MDP, or computing Accepting Maximal End Components (AMECs).

This significantly reduces the computational cost and also renders our method ap-

plicable to planning problems where AMECs do not exist. In this case, the resulting

control policies minimize the frequency with which the system enters bad states in

the DRA that violate the task specifications. To the best of our knowledge, this is

the first model-free deep reinforcement learning algorithm that can synthesize poli-

cies that maximize the probability of satisfying an LTL specification even if AMECs

do not exist. We validate our method through numerical experiments.
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1

Introduction

Traditionally, the robot motion planning problem consists of generating robot tra-

jectories that reach a desired goal region starting from an initial configuration while

avoiding obstacles Karaman and Frazzoli (2011). More recently, a new class of plan-

ning approaches have been developed that can handle a richer class of tasks than the

classical point-to-point navigation, and can capture temporal and boolean specifica-

tions. Such approaches typically rely on formal languages, such as Linear Temporal

logic (LTL), to represent complex tasks and on discrete models, such as transition

systems Guo and Dimarogonas (2015); Kantaros and Zavlanos (2017) or Markov De-

cision Processes (MDPs)Ding et al. (2014a, 2011a); Guo and Zavlanos (2008); Ulusoy

et al. (2014), to capture the robot dynamics and the uncertainty in the workspace.

Control of MDPs under LTL specifications has been extensively studied recently

Ding et al. (2014a, 2011a); Guo and Zavlanos (2008); Ulusoy et al. (2014). Often,

the common assumption is that the transition probabilities in the MDPs are known.

In this case, tools from probabilistic model checking Baier et al. (2008) can be used

to design policies that maximize the probability of satisfying the assigned LTL task.

For example, in Ding et al. (2014a, 2011a); Guo and Zavlanos (2008); Ulusoy et al.
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(2014), first a product MDP is constructed by combining the MDP that captures

robot mobility and the Deterministic Rabin Automaton (DRA) that represents the

LTL specification and then, by computing the Accepting Maximum End Components

(AMECs) of the product MDP, control policies that maximize the probability of

satisfying the LTL formula are synthesized. However, construction of the product

MDP and computation of AMECs is computationally expensive.

In this thesis, we consider robots modeled as MDPs with unknown transition

probabilities that are responsible for accomplishing complex tasks captured by LTL

formulas. Our goal is to design policies that maximize the probability of satisfying

the LTL specification. For this, we employ the Double Deep Q-Network approach

that is a model-free deep reinforcement learning method that employs Neural Net-

works (NN) to approximate the state-action values of the MDP. Unlike relevant

approaches Fu and Topcu (2014); Sadigh et al. (2014); Wang et al. (2015), our pro-

posed algorithm completely avoids the construction of a product MDP and AMECs.

This signficantly decreases the computational cost and also renders the proposed

method applicable to planning problems where AMECs do not exist. To achieve

that, we first assign rewards to the transitions of the product MDP so that high

rewards correspond to transitions that lead to accepting states that need to be vis-

ited infinitely often, as in Sadigh et al. (2014). Transitions in the product MDP are

essentially determined by transitions in the MDP given the current action and the

next MDP state. Since the DRA is a deterministic automaton, given the current

DRA states and the next MDP states, DRA transitions can be uniquely determined

and combined with MDP transitions to form the transitions in the product MDP.

This allows us to design a policy for the product MDP that maximizes the collection

of the rewards. By construction of the rewards and by the acceptance condition

of the DRA, maximizing the collection of the rewards implies that the probability

of satisfying the LTL formula is maximized. Exploration in the proposed off-policy
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learning algorithm can be achieved by adding noise to the current policy to obtain

an exploration policy. We note that training efficiency can be further improved using

recently developed asynchronous training methods Mnih et al. (2016); Wang et al.

(2016); Wu et al. (2017).

To the best of our knowledge, the most relevant works are Ding et al. (2014b,

2011b); Fu and Topcu (2014); Li et al. (2017a,b); Sadigh et al. (2014); Wang et al.

(2015). Specifically, Sadigh et al. (2014) converts the LTL specification into a DRA

and takes the product between the MDP and the DRA to form a Product MDP.

Then it employs a model-based learning method to learn the transition probabilities

and optimize the current policy using Temporal Difference (TD) learning Sutton and

Barto (2011). However, since this method stores all transition probabilities and state

values, it can typically be used to solve problems with small and low dimensional

state spaces. Furthermore, in this model-based approach, if the model of the envi-

ronment and robot dynamics are not learned accurately, then the learned policy is

not optimal. In our work, the state-action values of each state in the product MDP

are approximated by Neural Networks which require much fewer resources to store

and are also more expressive. To avoid the dependence of model-based methods on

learning an accurate enough model of the environment, model-free learning algo-

rithms can be used instead. Specifically, Fu and Topcu (2014); Wang et al. (2015)

find AMECs in the learned product MDP to determine the accepting states and

then learn the policy through value iteration Fu and Topcu (2014) or actor-critic

type learning Wang et al. (2015). Nevertheless, the quadratic complexity of finding

AMECs prohibits these algorithms from handling MDPs with large state spaces and

complex LTL specifications, i.e., DRAs with large numbers of states. This is not

the case with our method that does not construct a product MDP nor does it re-

quire the computation of AMECs. Moreover, note that Fu and Topcu (2014); Wang

et al. (2015) return no policies if there do not exist AMECs in the product MDP. To
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the contrary, in such cases, our proposed control synthesis algorithm can compute a

policy that maximizes the probability of satisfying the acceptance condition of the

DRA. In practice, this means that the policy returned by our method minimizes

the frequency with which the system enters bad states in the DRA that violate the

task specifications. This is relevant to applications where the LTL specifications can

be thought of as soft constraints whose violation is not destructive for the system,

as in our recent work Guo and Zavlanos (2008). In Ding et al. (2014b, 2011b); Li

et al. (2017a,b), control of MDPs with unknown transition probabilities under Signal

Temporal Logic (STL) and Truncated Linear Temporal Logic (TLTL) specifications

is considered. However, STL and TLTL specifications are satisfied by finite paths.

To the contrary, here we consider LTL tasks that are satisfied by infinite paths.
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2

Priliminaries

In this chapter, we briefly review preliminaries on LTL, MDPs, and Deep Q-Learning.

2.1 LTL Specifications

The basic ingredients of Linear Temporal Logic are a set of atomic propositions

AP , the boolean operators, i.e., conjunction ^, and negation  , and two temporal

operators, next © and until U . LTL formulas over a set AP can be constructed

based on the following grammar: φ ::“ true | ξ | φ1 ^ φ2 |  φ | © φ | φ1 U φ2,

where ξ P AP . For the sake of brevity we abstain from presenting the derivations of

other Boolean and temporal operators, e.g., always ˝, eventually ♦, implication ñ,

which can be found in Baier et al. (2008). Any LTL formula can be translated into

a Deterministic Rabin Automaton (DRA) defined as follows Baier et al. (2008).

Definition 2.1.1 (DRA). A DRA over 2AP is a tuple Rφ “ pQ, q0,Σ, δ, F q where

Q is a finite set of states; q0 Ď Q is the set of initial states; Σ “ 2AP is the input

alphabet; δ : QˆΣ Ñ Q is the transition function and F “ tpG1, B1q, . . . , pGn, Bnqu

is a set of accepting pairs where Gi, Bi Ď Q, i P t1, . . . , nu.
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A run of Rφ over a infinite word wΣ “ wΣp1qwΣp2qwΣp3q ¨ ¨ ¨ P Σω is a infi-

nite sequence wQ “ wQp1qwQp2qwQp3q ¨ ¨ ¨ , where wQp1q P q0 and wQpk ` 1q P

δpwQpkq, wΣpkqq for all k ě 1. Let InfpwQq denote the set of states that appear

infinitely often in wQ. Then, a run wQ is accepted by Rφ if Inf(wQ) X Gi ‰ H and

Inf(wQ) X Bi “ H for at least one pair i P t1, . . . , nu of accepting states i “ 1, . . . , n

Belta et al. (2017).

2.2 MDP Robot Models

Robot mobility in the workspace can be represented by a Markov Decision Process

(MDP) defined as follows.

Definition 2.2.1 (MDP). A Markov Decision Process (MDP) is a tuple M “

pS, s0, A, P,R, γq, where S is a finite set of states; s0 is the initial state; A is a finite

set of actions; P is the transition probability function defined as P : SˆAˆS Ñ r0, 1s;

R : S ˆ Aˆ S Ñ R is the reward function; γ P r0, 1s is the discount factor.

Particularly, for any Markov state at time step t, which is denoted by st P S,

the future state st`1 should be independent of the past states s1, . . . , st´1 given the

present state st, where:

Prst`1|sts “ Prst`1|s1, . . . , sts.

In order to model uncertainty in both the robot motion and the workspace prop-

erties, we extend Definition 2.2.1 to include probabilistic labels giving rise to labeled

MDP defined as follows Sadigh et al. (2014).

Definition 2.2.2 (Labeled MDP). A labeled MDP is a tupleM “ pS, s0, A, P,R, γ,AP , Lq,

where S is a finite set of states; s0 is the initial state; A is a finite set of actions; P is

the transition probability function defined as P : SˆAˆS Ñ r0, 1s; R : SˆAˆS Ñ R
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Figure 2.1: Part of an MDP

is the reward function; γ P r0, 1s is the discount factor; AP is the set of atomic propo-

sitions; L : S Ñ 2AP is the labeling function that returns the atomic propositions that

are satisfied at a state s P S.

Definition 2.2.3 (Deterministic Policy of MDP). A deterministic policy π of a

labeled MDP M is a function, π : S Ñ A, that maps each state s P S to an action

a P A.

Observe that given an initial state s0 and a policy π, an infinite path rπ of

the MDP is generated under the policy π, defined as an infinite sequence rπ “

s0, s1, . . . , st, . . . , where st P S is the state of the MDP at the stage t. Note that,

given an action at due to the policy π, a transition from st P S to st`1 P S in

the labeled MDP occurs with probability P pst, at, st`1q, and a scalar reward rt is

generated.

Moreover, given a policy π we can define the accumulated reward over a finite

horizon starting from stage t as follows.

Definition 2.2.4 (Accumulated Return). Given a labeled MDPM “ pS, s0, A, P,R, γ,AP , Lq
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and a policy π, the accumulated return over an finite horizon starting from the stage

t and ending at stage t ` T , T ą 0, is defined as Gt “
T
ř

k“0

γkrt`k, where rt`k is the

return at the stage t` k.

2.3 Reinforcement Learning

Reinforcement learning is a machine learning technique focusing on how agents ought

to take actions in an environment so as to maximize some notion of cumulative

reward. It’s learning process emphasis on the agent’s own experience obtained by

directly interacting with the environment, without depending on supervision or com-

plete environment model.

Figure 2.2: Reinforcement learning agent interacts with environment

To find the optimal policy π˚ that can maximize the accumulated reward, several

dynamic programming techniques can be applied which are value iteration and policy

iteration. In this thesis, since we only consider the cases where the policy π is

deterministic, the approaches introduced below have been slightly modified for better

fitting deterministic policy. We recommend readers refering to Sutton and Barto

(2011) for a complete review of these techniques.
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2.3.1 Value Iteration

Value iteration is a method to find a optimal policy for a given MDP. To do value

iteration, we start with defining state value functions and action-state value func-

tions:

Definition 2.3.1 (State Value Function). Given a labeled MDPM “ pS, s0, A, P,R,

γ,AP , Lq and a deterministic policy π, the value function of state s P S under

deterministic policy π is denoted as V πpsq and defined as the expected return starting

from state s, where:

V π
psq “ EπrGt | s

t
“ ss (2.1)

Definition 2.3.2 (State-Action Value Function). Given and MDPM “ pS, s0, A, P,

R, γ,AP , Lq and deterministic policy π, the state-action value function Qπps, aq is

defined as the expected return for taking action a when at state s following a deter-

ministic policy π, i.e., Qπps, aq “ ErGt|s
t “ s, at “ as.

Definition 2.3.3 (Optimal State-Action Value Function). The optimal state-action

value function Q˚ps, aq “ max
π

Qπps, aq is the maximum state-action value for state

s and action a for some deterministic policy π.

The goal of value iteration is to find the optimal value function V ˚psq that can

maximize the V πpsq for all s P S:

V ˚psq “ max
π

V π
psq (2.2)

And then the optimal deterministic policy π˚ can be determined by:

π˚ “ argmaxπ V
π
psq (2.3)
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To find the optimal value function, we first derive the Bellman Equation:

Vπpsq “ EπrGt | s
t
“ ss (2.4)

“ Eπr
T

ÿ

k“0

γkRt`k`1 | s
t
“ ss (2.5)

“ EπrRt`1 `

T
ÿ

k“1

γkRt`k`1 | s
t
“ ss (2.6)

“ EπrRt`1 ` γGt`1 | s
t
“ ss (2.7)

“ EπrRt`1 ` γEπrGt`1 | s
t`1
“ s1s | st “ ss (2.8)

“ EπrRt`1 ` γV
π
pst`1

q| st “ ss (2.9)

“
ÿ

s1,r

pps1, r|s, πpsqqpr ` γV π
ps1qq. (2.10)

Equation (2.10) is the bellman equation for V π. It connects the value of a state and

the values of its successor states. And since Qπps, aq reflects the benefit of taking

action a while at state s following a deterministic policy π, (2.9) can be rewritten in

terms of Qπps, aq:

Qπ
ps, aq “ EπrRt`1 ` γQ

π
pst`1, at`1

q| st “ s, at “ as (2.11)

“
ÿ

r,s1

ppr, s1|s, aqpr ` γQπ
ps1, πps1qqq. (2.12)
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And the optimal value functions can be written as:

V ˚psq “ max
aPA

Qπ˚
ps, aq (2.13)

“ max
a

Eπ˚rGt|s
t
“ s, at “ as (2.14)

“ max
a

Eπ˚r
T

ÿ

k“0

γkRt`k`1 | s
t
“ s, at “ as (2.15)

“ max
a

Eπ˚rRt`1 `

T
ÿ

k“1

γkRt`k`1 | s
t
“ s, at “ as (2.16)

“ max
a

Eπ˚rRt`1 ` γGt`1 | s
t
“ s, at “ as (2.17)

“ max
a

Eπ˚rRt`1 ` γEπ˚rGt`1 | s
t`1
“ s1, at`1

“ a1s | st “ s, at “ as (2.18)

“ max
a

Eπ˚rRt`1 ` γV
˚
pst`1

q| st “ s, at “ as (2.19)

“ max
a

ÿ

s1,r

pps1, r|s, πpsqqpr ` γV ˚ps1qq. (2.20)

Equation (2.20) is the Bellman optimality equation for V ˚. And similarly, the

Bellman optimality equation for Q˚ is:

Q˚ps, aq “ Eπ˚rRt`1 ` γmax
a1PA

Q˚pst`1, a1q| st “ s, at “ as (2.21)

“
ÿ

r,s1

ppr, s1|s, aqpr ` γmax
a1PA

Q˚ps1, a1qq. (2.22)

Given the Bellman equations and Bellman optimality equations introduced above,

we can use dynamic programming to apply the Bellman optimality equation 2.20

iteratively to find the optimal deterministic policy π˚. In each iteration, we update

the value functions for all states s P S by using the following update equation:

Vk`1psq Ð max
aPA

ÿ

s1,r

pps1, r|s, aqpr ` γVkps
1
qq, (2.23)

where Vk and Vk`1 denotes the value functions at the kth and the k ` 1th itera-

tion, respectively. Basically, value iteration formally requires an infinite number of
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iterations to converge exactly to V ˚, however, we can terminate the process after

the value function changes by only a small amount. And the optimal deterministic

policy π˚ can be obtained after the termination requirement is satisfied:

π˚psq “ argmaxaPA
ÿ

s1,r

pps1, r|s, aqpr ` γV ps1qq. (2.24)

Note that in value iteration, unlike the policy iteration method that is introduced

later, there is no explicit policy that can be shown during the entire learning process.

The optimal policy can be only determined by using (2.24) after the termination

requirement is satisfied and the intermediate value functions may not correspond to

any policy.

2.3.2 Policy Evaluation

If the MDP is known and a deterministic policy π is given, we are able to evaluate

V πpsq for all s P S. This process can be achieved through policy evaluation.

According to the Bellman equation (2.10), when π is given, we can compute V πpsq

for all s P S by using the following update equation:

Vk`1psq “
ÿ

s1,r

pps1, r|s, πpsqqpr ` γVkps
1
qq, (2.25)

where Vk and Vk`1 denotes the value functions at the kth and the k ` 1th iteration,

respectively. Similar to value iteration, Vkpsq can converge to V πpsq when k Ñ `8

and we can terminate this process after max
sPS

|Vk`1psq ´ Vkpsq| is small.

2.3.3 Policy Iteration

After evaluating the value functions given a policy π, we can improve that policy

based on following steps:

1. Evaluate the policy Vπpsq “ r
T
ř

k“0

γkRt`k`1 | s
t “ ss for all s P S.

12



2. Improve the policy by acting greedily with respect to V π.

To ensure the new policy is always better than or at least as good as the old one,

we first introduce policy improvement theorem:

Theorem 2.3.4 (Policy Improvement Theorem). If π and π1 are any pair of deter-

ministic policies such that for all s P S:

Qπ
ps, π1psqq ě V π

psq.

Then the policy π1 is as good as or better than π, that is for all s P S:

V π1
psq ě V π

psq.

So in the policy improvement step (step 2), the new greedy policy π1 is constructed

as:

π1psq “ argmaxaQ
π
ps, aq (2.26)

“ argmaxaEπrRt`1 ` γV
π
pst`1

q|st “ s, at “ as (2.27)

“ argmaxa
ÿ

s1,r

pps1, r|s, aqpr ` γV π
ps1qq. (2.28)

In words, in each policy improvement step, the new greedy policy takes the action

that looks best in the short term (after one-step overlook) according to V π. And

notice that ties will be broken arbitrarily while doing argmaxa. Now based on the

new greedy policy π1, we can evaluate the new value functions V π1 for all s P S

following from (2.27):

V π1
psq “ max

aPA
Eπ1rRt`1 ` γV

π1
pst`1

q|st “ s, at “ as (2.29)

“ argmaxa
ÿ

s1,r

pps1, r|s, aqpr ` γV π1
ps1qq. (2.30)

Notice that this equation is the same as the bellman optimality equation (2.20),

and thus V π1 should be optimal value functions and both π and π1 are optimal
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policies. As a result, the policy improvement step can give us a strictly better policy

unless the current policy is already optimal.

Different from value iteration, policy iteration improves the current policy directly

in the policy domain instead of in the value domain. As a result, there is always an

explicit policy that corresponds to each learning epoch and it requires far more less

iterations for the learned policy converging to the optimal policy. But the drawback is

that in the policy evaluation step, the iterative evaluation of value functions requires

multiple sweeps in the state domain and we cannot proceed to the policy improvement

step until the evaluation result converges to the optima.

2.3.4 Deep Q-Learning with Experience Replay

To be able to learn a optimal policy, both value iteration and policy iteration require

the knowledge of transition probabilities in the MDP, pps1, r|s, aq, as shown in (2.24)

and (2.28). However, it is not always the case that transition probabilities are remain

known, especially in an environment with uncertain dynamics. Here we introduce Q-

Learning algorithm that is model-free and can learn a greedy policy that maximizes

the state-action value functions.

Consider the labeled MDP defined in Definition 2.2.2 with unknown transition

probabilities P . Our goal in this section is to compute a policy π˚ that maximizes

the expected accumulated return from the initial stage, i.e.,

π˚ “ argmaxπ Estě1„S,rtě1„R,atě1„πrG1s, (2.31)

where stě1 „ S means that the states s1, s2, . . . , sT are selected from the finite state

set S, rtě1 „ R means that the rewards are determined by the reward function R of

the MDP M, and atě1 „ π means that the actions are determined by the policy π.

To solve the optimization problem (2.31) we can use Q-Learning, which relies on

the state-action value function defined previously.

14



Q-Learning learns a greedy deterministic policy πpstq “ argmaxaQ
πpst, atq. In

what follows, we present a Deep Q-Learning approach that relies on Neural Networks

(NNs) to represent the state-action value function that depends on an unknown

parameter θ. The parameter θ and the respective state-action value function, denoted

by Qps, a; θq, can be learned iteratively by minimizing the following loss function:

Jpθq “ Es„ρβ ,r„M,a„βrpQps
t, at; θq ´ ytq

2
s, (2.32)

where yt is the training target defined as

yt “ Rpst, at, st`1
q ` γQpst`1, µpst`1

q; θq. (2.33)

In (2.32), β is an exploration policy, such as ε-greedy, ρβ is the state visitation

distribution over policy β, and θ are the weights of the NN. Note that the training

target yt depends on the current network weights θ, that change with every iteration

causing overestimation problems Van Hasselt et al. (2016). In supervised learning,

the training target should be independent of the training weight. In Mnih et al.

(2015), this issue is addressed using a separate network, with weights θ1, to generate

the Q values needed to form the new target yDoubleQt :

yDoubleQt “ Rpst, at, st`1
q ` γQpst`1, µpst`1

q; θ1q

The authors in Mnih et al. (2015) also use an experience replay buffer to reduce

the correlation between state-action pairs that appear in the same trajectory. This

replay buffer is defined as follows:

Definition 2.3.5 (Replay Buffer). Let et “ pst, at, st`1, rtq, denote an agent’s expe-

rience at time step t. Then, the replay buffer is defined as the set Bt “ te1, . . . , etu

that collects all prior experiences up to time t.

Using the replay buffer, minibatches of experiences tpst, at, st`1, rtquB „ B, drawn

uniformly from the buffer can be used for learning. In this case, the loss function
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becomes:

JERpθq “ Etpst,at,st`1,rtquB„BrpQps
t, at; θq ´ ytq

2
s, (2.34)

where the superscript ER stands for ‘Experience Replay’.
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3

Problem Formulation

Consider a robot operating in a workspace W Ď Rd, d “ 2, 3 that is responsible for

accomplishing a high level complex task captured by an LTL formula φ. Robot mo-

bility in W is captured by a labeled MDPM “ pS, s0, A, P,R, γ,AP , Lq, as defined

in Definition 2.2.2. Our goal is to design a policy that maximizes the probability of

satisfying the assigned LTL specification φ. To achieve that, first we compose the

MDP M and the DRA defined in Definition 2.1.1 to obtain a product MDP.

Definition 3.0.1. A product MDP between the MDP M “ pS, s0, A, P, γ,AP , Lq

and the DRA Rφ “ pQ, q0,Σ, δ, F q is a tuple P “ pSP , s
0
P , AP , PP , FP , RP , γPq, where

SP “ S ˆ Q is the set of states; s0P “ ps0, q0q is the initial state; AP is the set of

actions inherited from MDP, so that APpps, qqq “ Apsq; PP is the set of transition

probabilities, so that for sP P SP , aP P AP and s1P P SP , if q1 “ δpq, Lpsqq, then

PPpsP , aP , s
1
Pq “ P ps, a, s1q; FP “ tpG1,B1q, . . . , pGn,Bnqu is the set of accepting

states, where Gi “ S ˆ Gi and Bi “ S ˆ Bi; RP : SP ˆ AP ˆ SP Ñ R is the reward

function; and γP is the discounting rate inherited from the MDP.

The probability PP
π pφq that a policy π of the product MDP P satisfies an LTL
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formula φ is defined as

PP
π pφq “ PptrPπ P Pπ | LpΠ|MrPπ q |ù φuq, (3.1)

where Pπ is a set that collects all infinite paths rPπ of the product MDP P (see also

Definition 2.2.3) that are induced under the policy π. Also in (3.1), Π|MrPπ stands

for the projection of the infinite run rPπ onto the state-space ofM, i.e., Π|MrPπ is an

infinite sequence of states in M, and LpΠ|MrPπ q denotes the word that corresponds

to Π|MrPπ .

Then the problem that we address in this paper can be summarized as follows.

Problem 1. Given a labeled MDPM “ pS, s0, A, P, γ,AP , Lq with unknown transi-

tion probabilities and an LTL specification φ, find a policy π such that the probability

PP
π pφq, defined in (3.1), of satisfying the φ is maximized.
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4

Proposed Algorithm

In this chapter, we propose a model-free reinforcement learning algorithm to solve

Problem 1. Specifically, we employ Double Deep Q-Network learning to design opti-

mal control policies that maximize the probability of satisfying an LTL specification

φ without constructing the product MDP and AMECs. Also, our proposed method

does not require to learn the transition probabilities in the MDP due to its model-free

nature.

We first construct the reward function RP : SP ˆ AP ˆ SP Ñ R in Definition

3.0.1 as follows

RPpsP , aP , s
1
Pq “

$

’

’

&

’

’

%

´1 if s1P P Gi,
´10 if s1P P Bi,
´100 if q1 is deadlock state,
´1 otherwise

(4.1)

for all i P t1, . . . , nu. In words, we assign high rewards to transitions that lead to

states in the sets Gi and assign low rewards to transitions that end in states in the

sets Bi. This selection of rewards can guide the robot to maximize the probability of

satisfying a given LTL formula φ with minimum number of movements. A negative

reward with large absolute value is assigned to transitions that lead to deadlock
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states in DRA. This prevents violation of the safety constraints in the LTL formula

(e.g., ˝ ξ). A negative reward with small absolute value is assigned to all other

transitions so that the robot reaches the final states with the minimum number of

movements. Then, to solve Problem 1, we design a policy π˚ for the product MDP

P that maximizes the accumulated rewards determined in (4.1), i.e.,

π˚ “ argmaxπEstě1,rtě1„RP ,atě1„πrG1s, (4.2)

where st P S P P , rtě1 „ RP means that the reward rt at time step t is determined

by the product MDP reward function RP , and atě1 „ π means that the action at

taken at time step t is determined by the policy π.

To obtain the reward RP of the product MDP P directly, we introduce a reward

RR : Qˆ AˆQÑ R on the DRA Rφ as

RRpq, a, q
1
q “

$

’

’

&

’

’

%

´1 if q1 P Gi,
´10 if q1 P Bi,
´100 if q1 is deadlock state,
´1 otherwise,

(4.3)

for all i P t1, . . . , nu. Then, (4.2) becomes:

π˚ “ argmaxπEstě1„P,rtě1„Rφ,atě1„πrG1s. (4.4)

The only difference between (4.2) and (4.4) is that in (4.4) the reward rt, is deter-

mined by the DRA reward function (4.3) while in (4.2), rt is determined by the DRA

reward function (4.1).

Remark 4.0.1. Note that different from the reward function defined in Sadigh et al.

(2014), which only depends on the current state sP , the reward function we employ

here is based on the transition psP , aP , s
1
Pq which is more suitable for Q-Learning.

To solve the optimization problem (4.4), we propose a Double Deep Q-Network

approach that is summarized in Algorithm 1. Specifically, two neural networks, the

main network θ and the target network θ1, are used to approximate the current and
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target Q-values and they both have the same structure. The input to the input layer

is pps, qq, aq, where s, q, a represent the current MDP state, the current rabin state,

and the current action that was taken, respectively. Both networks have 2 hidden

layers with 400 and 300 nodes, respectively, and a biased layer is associated with each

hidden layer. All the weights of the hidden layers are initilized uniformly between 0

and 0.1 and the weights of the output layer are initialized uniformly between 0 and

0.01. All the weights of the bias layer are initialized at 0. The activation functions of

the hidden layers are selected to be rectified linear functions. A batch normalization

layer Ioffe and Szegedy (2015) is applied after each of the two hidden layers to adjust

and scale the activation output.

In Algorithm 1, at the beginning of each episode, the current MDP state s is set

to the initial MDP state s0 and the current rabin state q is set to the initial rabin

state q0 [line 2, Algorithm 1]. Then, x “ ps, qq represents the current product state

in the product MDP. The current action a is determined by the exploration policy

β [lines 4-8, Algorithm 1]:

βpxq “

"

argmaxaQpx, a; θq with probability 1´ ε
random action with probability ε

Then, action a is performed and the next MDP state s1 is observed [line 9, Algorithm

1]. The next rabin state q1 and the reward r, given the current Rabin state q, are

determined by the function CheckRabin() in Algorithm 2, which is discussed in detail

later in the text [line 10, Algorithm 1]. Then, the next product state x1 “ ps1, q1q

is constructed and the tuple px, a, r, x1q is stored in the experience replay buffer B

[lines 11-12, Algorithm 1]. If the current number of elements in B is greater than

the training minibatch size m, then the neural network is updated as follows [lines

13-25, Algorithm 1]. First, m tuples tpx0, a0, r0, x
1
0q, . . . , pxm´1, am´1, rm´1, x

1
m´1quB,

are sampled uniformly from B [line 14, Algorithm 1], and the training target yi of
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Algorithm 1 Policy Generation through Deep Q-Learning

Input: θ, θ1,B, α, ε, τ, γ,max epi,max step,m, s0, q0,M
Begin:
1: for epi “ 0 to max epi´ 1 do
2: sÐ s0, q Ð q0, xÐ ps, qq
3: for step “ 0 to max step´ 1 do
4: if explore then
5: aÐ take random action
6: else
7: aÐ argmaxaQpx, a; θq Ź Qp¨, ¨; θq is the output from main

network with input p¨, ¨q
8: end if
9: Get s1 following the dynamics in M after taking action a
10: q1, r Ð CheckRabin(s, q, s1)
11: x1 Ð ps1, q1q
12: Append tuple px, a, r, x1q to B
13: if size(Bq ą“ m then
14: Sample minibatch tpxi, ai, ri, x

1
iquB from B

15: for pxi, ai, ri, x
1
iq in tpxi, ai, ri, x

1
iquB do

16: if CheckTeminal(x1i) then
17: yi Ð ri
18: else
19: yi Ð ri ` γmaxa1 Qpx

1
i, a

1; θ1q Ź Qp¨, ¨; θ1q is the output
from target network with input p¨, ¨q

20: end if
21: end for

22: JERpθq Ð 1
2m

m´1
ř

k“0

pyk ´Qpxk, ak; θqq
2 ` C||θ||22

23: θ Ð θ ´ α∇θJ
ERpθq

24: θ1 Ð p1´ τqθ1 ` τθ
25: end if
26: sÐ s1, q Ð q1, xÐ x1

27: if CheckTerminal(x) then
28: break
29: end if
30: end for
31: πp¨q Ð argmaxa1Qp¨, a

1; θq
32: return π
33: end for

the i-th tuple for i “ 1, . . . ,m is determined as [lines 15-19, Algorithm 1]:

yi “

"

ri if x1i is terminal state
ri ` γmaxa1 Qps

1
i, a

1; θ1q otherwise,

where a product state x “ ps, qq is a terminal state if q P Gi, for some i P t1, . . . , nu.

Note that we terminate every training episode when q P Gi, since the goal of the

robot is to learn a policy so that the states q P Gi are visited infinitely often, as this
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satisfies the acceptance condition of the DRA.

Then, the weights of main network θ are updated by minimizing the loss function

JERpθq using a gradient descent method, θ Ð θ´α∇θJ
ERpθq, where α is the learning

rate [line 23, Algorithm 1]. To stabilize the main neural network parameters θ and

to prevent over-fitting, `2 regularization is employed. Specifically, we introduce the

regularization term C||θ||22 to the cost function (2.34) [line 22, Algorithm 1]:

JERpθq “
1

2m

m´1
ÿ

k“0

pyk ´Qpxk, ak; θqq
2
` C||θ||22,

where m is the size of minibatch and C is the regularization parameter. Different

from the target network updating approach in Mnih et al. (2015); Van Hasselt et al.

(2016), to enable the algorithm to fit in environments with different sizes, here we

update the target network θ1 in each step as per (4.5), using an update parameter

τ selected to be always equal to 0.001 without the need of being tuned [line 24,

Algorithm 1]:

θ1 Ð p1´ τqθ1 ` τθ. (4.5)

After this training process, s, q, x are set to s1, q1, x1, respectively [line 26, Al.g 1].

Then, if x is a terminal state, the current training episode is completed [lines 27-

28, Algorithm 1]. When all training episodes are completed, the learned policy is

constructed as [line 31, Algorithm 1]:

πpxq “ argmaxa1Qpx, a
1; θq,

where x “ ps, qq, s P S, q P Q.

The function CheckRabinps, q, s1q used in [line 10, Alg. 1] to obtain the next state

q1 and the reward r given an action a is described in Algorithm 2. This algorithm

requires as an input the current MDP state s, the current rabin state q, the next

MDP state s1 after taking action a, the labeling function L from the MDP, and the
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DRA reward function Rφ. First, the next rabin state q1 is determined based on the

DRA transition rule δ (see Definition 2.1.1) given the atomic propositions that are

true at the next state s1 [line 2, Alg. 1]. If q1 is a deadlock state, then this means that

the LTL specification is violated. In this case, following the same logic as in Sadigh

et al. (2014), we reset the Rabin state to the Rabin state q of the previous step. In

[line 10, Alg. 2], the reward is determined by the reward function RR embedded in

DRA Rφ.

Algorithm 2 CheckRabin()

Input:
1: Current MDP state s; Current Rabin state q; Next MDP state s1; MDP M;

DRA Rφ;
Begin:
2: q1 Ð δpq, Lps1qq
3: if q1 is a deadlock state then
4: q1 Ð q
5: end if
6: r Ð RRpq, q

1q Ź RR is the reward function in DRA Rφ

7: return q1, r
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5

Numerical Experiments

In this chapter, we illustrate the proposed algorithm on a planning task for a single

robot. Algorithm 1 was implemented in Python 2.7, and the neural networks were

defined using Tensorflow Abadi et al. (2015) and trained on the Amazon Web Ser-

vices server using an Nvidia Tesla K80 graphics card and a quad-core Intel Xeon CPU

E5-2686 2.30GHz. In what follows, we examine the performance of Algorithm 1 in a

static and a dynamic environment. In both cases, the environment is represented as

a 10ˆ 10 discrete grid world, where each discrete point is associated with a state of

a labeled MDP that models the robot; see Figure 5.1. The set AP of atomic propo-

sitions is defined as AP “ tA,B,C, T,∅u, where the atomic propositions A,B, T

are observed in the respective regions shown in Figure 5.1, while ∅ denotes that

nothing is observed. In the static environment the atomic propositions A,B,C and

T are observed with probability 1 in the corresponding states, while in the dynamic

environment the atomic propositions A,B, and T are observed with probability 0.8

and C is observed with probability of 0.05.

The robot can take 5 actions: UP, RIGHT, DOWN, LEFT, NONE, where action

NONE means the robot chooses to remain idle. We assume the robot has a noisy
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Figure 5.1: Simulation Environment.

Figure 5.2: Case Study I: Graphical depiction of the policy designed for the static
environment by Algorithm 1.

controller, which can only execute the desired action with probability of 0.6, and a

random action among the other available ones is taken with probability of 0.4. The

initial location of the robot is at p4, 1q. In what follows, we consider two case studies.

The first one pertains to an LTL specification corresponding to a DRA with 6 states

and the second one pertains to a DRA with 16 states. Note that in both case studies,

there do not exist AMECs and, therefore, AMEC-based methods, such as Fu and

Topcu (2014), cannot be applied to design policies that maximize the probability of

satisfying the considered LTL formulas.
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Figure 5.3: Case Study I: Graphical depiction of the policy designed for the dy-
namic environment by Algorithm 1.

5.1 Case Study I

In this case study, we assume that the robot must learn a policy to satisfy the

following LTL task:

φ1 “ ♦pA^♦Bq ^ ˝ C ^♦ ˝ T. (5.1)

In words, the LTL task φ1 requires the robot to visit A first, then visit B, and

eventually visit T and remain there forever while always avoiding C. The DRA Rφ1

of LTL φ1 has 6 states, i.e., Q “ tq0, q1, q2, q3, q4, q5, q6u and 81 edges, where state q0

is the deadlock state and state q5 is the terminal/accepting state that needs to be

visited infinitely often. The robot needs to satisfy A ^  C, B ^  C, T ^  C and

T ^ C, to transition from q1 to q2, q2 to q3, q3 to q4 and q4 to q5, respectively.

The policy computed for the static environment was computed in 3 hours and is

illustrated in Figure 5.2. Specifically, in Figure 5.2, we visualize the policy seperately

for each rabin state q, since the robot is operating in the product MDP state-space

that collects states of the form x “ ps, qq; see Definition 3.0.1. Observe in Figure 5.2,

that the policy learned by the robot in the rabin states q1, q2, q3 and q4 eventually

leads to the accepting state q5 with the minimum number of movements due to the
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design of the reward function (4.3). Observe also that in the rabin state q2, according

to the optimal learned policy, the robot learns to keep some distance from region

C to reduce the chance of violating the LTL specification. The policy designed

by Algorithm 1 for the dynamic environment was computed in 0.5 hours and is

illustrated in Figure 5.3. Note that the designed policy guides the robot through C,

as C can be observed with probability of 0.05.

5.2 Case Study II

In this case study, we consider the following LTL specification.

φ2 “ ♦pA^♦pB ^♦T qq ^ ˝♦A^ ˝♦B ^ ˝ C (5.2)

In words, the LTL formula in (5.2) requires the robot to first visit A, B, and T in

this order and visit infinitely often A and B while always avoiding C. The DRA that

corresponds to φ2 has 16 states and 241 edges.

Figure 5.4: Case Study II: Graphical depiction of the reward-episode curve.

The policy for the static and dynamic environment was computed in 14 and 17

hours, respectively. Figure 5.4 compares the accumulated reward with respect to

episodes for the dynamic and the static environment. In both environments, the
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learned policy starts converging to the optimal policy after 3000 episodes approx-

imately. Also, observe that the robot operating in the dynamic environment has

higher accumulated reward than in the static environment after convergence. This is

because C can be observed with low probability and, as a result, the optimal policy

often drives the robot from A to B through a path that goes through C.

5.3 Runtime Comparison

In this section, we conducted runtime comparison between our proposed algorithm

and the AMECs-based learning algorithm proposed by Fu and Topcu (2014). Since

AMECs are not exist with the environment and LTL specifications we experimented

above, new testing environments and LTL specifications are developed for this section

to ensure the existence of AMECs.

We tested both algorithm on a 5 ˆ 5 and a 10 ˆ 10 environment as shown in

Figure 5.5 and 5.6. Both of these environments are static and the robot can take

5 actions: UP, RIGHT, DOWN, LEFT, NONE. And we considering the following

LTL specifications:

φ3 “ ♦pA^♦pB ^♦T qq (5.3)

φ4 “ ♦pA^♦pB ^♦T qq ^ ˝♦A^ ˝♦B. (5.4)

In words, the LTL formula in (5.3) requires the robot to first visit A, B, and T

in this order. And (5.4) requires the robot to first visit A, B, and T in this order

and visit infinitely often A and B. Table 5.1 compares our proposed algorithm to Fu

and Topcu (2014) in terms of runtime and Table 5.2 specifies how large is the state

space with each combination of environments and LTL specifications. In particular,

observe in Table 5.1 that our proposed algorithm can generally find the optimal

policy faster than Fu and Topcu (2014) except for the case which operates in 5 ˆ 5

environment with LTL specification φ3. Considering only 100 states appeared in
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the product MDP in this case, as shown in Table 5.2, it makes sense that directly

decomposing AMECs can be slightly efficient than training a neural network when

the underlying product MDP has a relatively small state space.

Figure 5.5: Runtime Comparison 5ˆ 5 Environment.

Figure 5.6: Runtime Comparison 10ˆ 10 Environment.

Taking advantage of the expressiveness of deep neural networks, the policy learned

through our approach can handle the uncertainty well. In addition, the support of

GPU acceleration helps making the training process of neural networks more efficient.

As shown in Table 5.1, our algorithm requires much less time to find the optimal

policy than Fu and Topcu (2014). Both algorithms have been implemented in Python

and trained on Amazon Web Services server with quad-core Intel Xeon CPU E5-2697

2.60GHz and a Nvidia Tesla K80 graphics card. Neural networks is defined using

Tensorflow Abadi et al. (2015).
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Table 5.1: Runtime Comparison

Algorithm 5 ˆ 5 Env w/ φ3 10 ˆ 10 Env w/ φ3

Deep Q-Network 0.33 hrs 3.5 hrs
AMEC-based Fu and Topcu (2014) 0.22 hrs ą25 hrs

Algorithm 5 ˆ 5 Env w/ φ4 10 ˆ 10 Env w/ φ4

Deep Q-Network 3 hrs 9 hrs
AMEC-based Fu and Topcu (2014) 8 hrs ą25 hrs

Table 5.2: Number of states in the product MDP

Env 5 ˆ 5 Env w/ φ3 10 ˆ 10 Env w/ φ3

# of states 100 400

Env 5 ˆ 5 Env w/ φ4 10 ˆ 10 Env w/ φ4

# of states 375 1500
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6

Conclusion

In this thesis, we proposed a model-free reinforcement learning method to synthesize

control policies for mobile robots modeled by Markov Decision Process (MDP) with

unknown transition probabilities that satisfy Linear Temporal Logic (LTL) specifi-

cations. Unlike relevant works, our method does not require learning the transition

probabilities in the MDP, constructing a product MDP, or computing Accepting

Maximal End Components (AMECs). This significantly reduces the computational

cost and also renders our method applicable to planning problems where AMECs do

not exist. Simulation studies verified the efficiency of the proposed algorithm.
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