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Abstract

Problems in stochastic homogenization theory typically deal with approximating
differential operators with rapidly oscillatory random coefficients by operators with
homogenized deterministic coefficients. Even though the convergence of these oper-
ators in multiple scales is well-studied in the existing literature in the form of a Law
of Large Numbers, very little is known about their rate of convergence or their large

deviations.

In the first part of this thesis, we establish analytic results for the Gaussian cor-
rection in homogenization of an elliptic differential equation with random diffusion
in randomly layered media, which can be thought of as second-order approximations
for the random solution. We also derive a Central Limit Theorem for a diffusion in

a weakly random media.

In the second part of this thesis we devise a technique for obtaining large deviation
results for homogenization problems in random media. We consider the special cases
of an elliptic equation with random potential, the random diffusion problem and a

reaction-diffusion equation with highly oscillatory reaction term.
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Introduction

1.1 Homogenization and Averaging Background

Many models in physics and engineering consist of stochastic processes and partial
differential equations with parameters that oscillate on a scale smaller than the scale
of the domain on which the equation is solved. In material science, for example,
we may consider a conductor occupying some bounded region U C R" in space
which is composed of a mixture of several materials with different conductivities.
At a macroscopic level, the conductivity changes rapidly as the position varies over
lengths comparable to the size of U. To incorporate this feature into the model, we
introduce a variable ¢ > 0 which corresponds to the ratio of the microscopic scale
associated with the variations in the conductivity to the the typical length scale of
U. In this setting, we may take the thermal conductivity to be a function of the

form a(2),z € R™. Thus, the temperature u* € H;(U) satisfies the PDE
T
-V a(E)Vua(x) = f(x). (1.1)

Here, we assume that the matrix a is strictly positive definite and bounded, OU

is smooth and that this problem is well-posed by imposing appropriate boundary

1



conditions (Dirichlet, Neumann, etc.). A downside of this formulation is that classical
numerical schemes are not efficient as the discrepancy of scales leads to a mesh size
of order %

In order to make the numerical analysis of this equation more tractable, it is desired
to replace u® by a homogenized or effective temperature u’, which can be done
provided the coefficient a(f) oscillates rapidly enough. For instance, it can be shown
(Pavliotis and Stuart, 2000, Chapter 12) that if a is periodic, say with period 1, and
u has Dirichlet boundary conditions, ||u® — u°||;2y) — 0 where u” € Hg(U) solves
the boundary value problem

—V - a"Vu'(z) = f(2). (1.2)

9 is called the homogenized conductivity and can be computed in terms of a.

Here, a
Specifically, a° = [, a((VX)" + I) dy, where x € L*(T";R") is the unique solution
to the cell problem

=V (a(VX)" +1)) =0 (1.3)

with periodic boundary conditions satisfying x(0) = 0. In fact, we have the stronger
result [|uf —u® — x* - V|| g1y — 0.

In practice, however, the properties of the highly oscillatory coefficient are usually
only known at the statistical level. Hence, it is often convenient to model the dif-
fusion coefficient a as a random field. In the articles Kozlov (1980); Papanicolaou
and Varadhan (1981), the notion of stochastic homogenization is made rigorous by
showing that E||u® — u"|| 2y — 0 under the assumption that the random field is
stationary and ergodic, in which case a® and u° are deterministic. In this case, how-
ever, the homogenized conductivity is given by the formula a® = Ea((Vy)? + I),
and x is the unique solution y € L*(R™;R") for (1.3) satisfying V is stationary and
x(0) = 0. In fact, in analogy to the periodic case, it is also shown the stronger result
Ellu® —u® — x° - Vu||gryy — 0. In this setting, we can think of homogenization

2



as a functional law of large numbers where the solution converges to a deterministic
quantity as € — 0.
While problem (1.1) presents some of the most interesting features of the theory of

homogenization we will also introduce the diffusion equation with random potential

A (2) 4 (b~ g(D)u(@) = J (@) in U, (14)

where b > 0, f € L?(U) and ¢ is a mean-zero ergodic stationary random field on
R™. In order to make the problem well posed, we assume an appropriate boundary
condition (Dirichlet, Neumann) and that ¢ < b uniformly as to avoid the spectrum
of —A. If ¢ is bounded from below or does not grow too fast (cf. Section 5.4.1 and
Bal (2008)) it can be shown that E||u® — u°|| g1y — 0 as e — 0, where u® solves the

averaged problem

—Au’(x) + bu’(x) = f(z) in U (1.5)

with the same boundary conditions as (1.4). We remark that due to the singular
perturbation of the diffusion term in (1.1), the effective equation does not arise from
merely averaging a(2) and its analysis presents further challenges than in the aver-
aging case (1.4).

Many research papers on stochastic homogenization have arisen over the last two
decades. One such work is the article Caffarelli et al. (2005), where a homoge-
nization result is proved for some fully nonlinear differential equations with ergodic
coefficients, using the theory of viscosity solutions.

Another interesting feature is that the limiting process may not necessarily be a de-
terministic one. For instance, Bal (2010) shows that a family of parabolic equations
with large-amplitude potentials converges to the solution of a stochastic partial dif-
ferential equation.

Among the nonlinear problems in averaging theory, we shall consider the case of the



reaction-diffusion Boundary-Value Problem

%u = Au® + b(u®, q( ) in U (1.6)
u® =0 on U x [0,T]
ut =g e Wy,P nCcHU) on U x {t =0}

For simplicity, let us assume that b is a bounded function that is Lipschitz on its first
argument, i.e.

|b(vl730> - b(Ug,QD)l S K|U1 - U2|7 (17)

The Banach fixed point theorem can be applied to u; satisfying the BVP

a &€ S xz .

5l = Aug + b(v, Q(E)) in U (1.8)
u;, =0 on oU x [0, 1]
ué =g € Wy N CHU) on U x {t =0}

to show existence and uniqueness of u® (Evans, 2010, Section 7.1). Using the tech-
niques of Freidlin and Wentzell (1998), it can be shown (see Lemma 5.4.4) that u®

converges to u” in the mean-square sense provided that

0 BT o, P00~ B ) by =0 (1.9

rT—00

for all f € L*(U). Here, u° solves the BVP

%uo = Au’ + b(u°) in U (1.10)
u’ =0 on OU x [0, 7]
u =g on U x {t =0}.

1.1.1 Fluctuations

Even though most of the current research has focused on understanding the con-
vergence of u® to the homogenized solution 1%, not much has been done in trying

4



0. During

to understand the asymptotic behavior of the random error w® = u® — u
the last decade, there have been numerous attempts to study convergence rates in
homogenization of differential equations whose coefficients are highly oscillatory or
present a fine-scale structure. In most problems, it is expected that the fluctuations
(or rate of convergence) of w® are of order ", and that alnw6 can be approximated
by a Gaussian random field as € > 0, shrinks to zero. This amounts to deriving a
Central Limit Theorem on a suitable function space.

In the works Bal (2008); Bal and Jing (2011), for example, the fluctuations for (1.4)
with Dirichlet boundary conditions are characterized as Gaussian random fields and
their statistical properties are given. This is done as follows. By subtracting (1.5)

0

from (1.4), we see that the random corrector w® = u® — u’” may be expressed as

1 1
_ﬁwa = g |:—nq€(ﬂ}E + UO):| s
€2 £2

where ¢°(z) = q(%) and G = (—A +b)"" is the Green’s operator of —A + b with
Dirichlet boundary conditions. By repeated iteration of this equation we get the

following equation

n n
g2 g2

w® =g {inqsuo] +e2G [ 1L Y [ L unEH ) (1.11)

For n < 3, it can be shown that the last term converges to zero in probability.
Hence, disregarding the last term, it can be shown that the mapping from einqs to u®
is weakly continuous from L2 (U) to L*(U), whence a Limit Theorem can be found.

Indeed, the random fluctuations can be approximated by the random oscillatory
integral G Li%qauo} = [, G(, y)f%qa(y)uo(y) dy which is easily shown to converge
to a Gaussian process. For larger n, more iterations can be performed until the last

term is shown to vanish in probability as ¢ — 0.

Using similar techniques, Bal and Jing (2010); Bal (2010) obtained a fluctuation



result for parabolic and transport equations, and Bourgeat and Piatnitski (1999);

Bal et al. (2008) works out the problem (1.1) in the one-dimensional case.
1.1.2  Large Deviations

While Central Limit approximations only give us information about moderate de-
viations (of order £2), there are some instances, however, in which one is inter-
ested in finding the asymptotics of probabilities of large deviations of w® from zero.
Some applications include hypothesis testing, risk theory and uncertainty quantifi-
cation, where one is interested in quantifying probabilities of rare events of the form
P(||lw® —v|| < ¢) and P(||w®|| > ¢) for £ ~ O(1). Here, v represents an unlikely real-
ization of the corrector and || || is an suitably chosen norm. While the theory of large
deviations has grown considerably in the cases of an SDE with a small diffusion term
and multiple scales with periodic coefficients, or multiple scales in a one-dimensional
random media, not much has been done in the context of stochastic multiple scales
in higher dimensions.

Under certain assumptions on the logarithmic moment generating function of the
random field, the Large Deviation Theory asserts that these probabilities are upper
or lower bounded by C;e ) for small € > 0, with A(¢) — 0 as € — 0. In fact, the
theory characterizes the rate function A(¢) and the optimal Cy, which can be written
as the infimum of the action functional over the desired set. It turns out that the
large deviation probabilities (of order 1) that one obtains from the LDP for w® are
actually different from the ones we obtain from the Gaussian probabilites coming
from the oscillatory terms (of order £2). As a consequence, we cannot neglect terms
in the Neumann series (1.11) when considering large deviations.

Let us now review some of the known results of large deviations in the context of
equations in multiple scales. One first attempt to study large deviations for equa-

tions in multiple scales appears in the work of (Freidlin and Wentzell, 1998, Chapter



7), where the authors study the LDP on the so called “averaging principle” for the

ODE
d

S (1) = b{ult), a(t/2)), v (0) = . (112
Here, b is assumed to be a uniformly bounded function with a bounded gradient and

q is a stochastic process such that b(zx, ¢s) is ergodic for all z, i.e.

B T

b(x) = lim 1 b(x,q(s))ds a.s.

The averaging principle for (1.12) states that, for small € > 0, u® is uniformly ap-
proximated on the time interval [0, T] by trajectories of the averaged system

d _
—ul(t) =b(u’(t), u(0) ==

dt

Under conditions reminiscent of (A1)-(A3) in Section 3, the authors prove the LDP
for (1.12) on the space of continuous functions on the time interval [0, T']. For fixed

1<p<o0,0<z<TandveC(0,T)),
Ay ={p € C([0,T) [l = vllLro.r) > 0},
A5 ={p € C([0,T]) | [¢(x) — a| > 0} and

A3 ={p € C([0,T])| the modulus of continuity of ¢ > 4}

are all important Borel subsets of C'([0,T7]), so the Large Deviations give upper and
lower bounds for P(u® € A;).

A second article worth mentioning is Bal et al. (2011), where the “pointwise” LDP
for u®, the solution to the one-dimensional Boundary Value Problem

d x. d

o) (o) = f), e 0) = u(1) =0, (113)

is derived. By “pointwise” we mean that the LDP for u®(z) is derived for fixed z,

that is, the bounds for the probabilities P(u® € A;) are only proved when j = 2.
7



It is also worth mentioning the article Freidlin (1985), where the asymptotics of
a reaction-diffusion equation with a highly oscillatory reaction term are obtained
from its stochastic representation via the Feynman-Kac Formula. The LDP for this

stochastic functional yields the asymptotics for the original equation.
1.2 Overview of the Results

The objective of this thesis is to present techniques which are useful to obtain Large
Deviation and Central Limit Theorems for differential equations with multiple scales
in random media. In particular, these techniques are used to derive some results for
the examples presented in Section 1.1.

Chapter 2 presents the mathematical machinery necessary to be able to state and
prove the CLTs and LDPs.
In Chapter 3, we state the main results rigorously and discuss their proofs. The

main results which are proved are:

1. CLT for (1.1) in a weakly random media
2. CLT for (1.1) in layered media.

3. LDP for (1.4)

4. LDP for (1.1)

5. LDP for (1.6)

Chapters 4 and 5 present the proofs for the CLT and the LDP, respectively. The
assumptions required to prove these results mainly rely on the statistical properties
of the random field, such as ergodicity, strong mixing and the existence of exponential
moments.

Finally, Chapter 6 presents some concluding remarks and gives an outline of future

research.
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Preliminaries

2.1 Notation

Let v : R™ — R™ The gradient of v is the m x m matrix such that (Vv),; = %vi
J

m

and the divergence of v is the scalar V- v = } "7, ;. For an m x m matrix a,
J

the divergence is the vector such that (V-a); = >, %am.
J

Fix constants 0 < @, < Gmae- Define A to be the set of functions with values on

the positive n x n definite matrices a such that as - s > aum|s|? and |as| < @maz|s|.
2.2 Sobolev Spaces

Denote by W*P(R") the Sobolev space of functions u € LP(R") such that for every
multi-index o with |a| < k, the weak partial derivative D%u belongs to LP(R™) with
norm

1/p
e = | (S IPuley) 7 1< p < o
2 joj<i 1D ul[ Lo (em), p = +o0.



Define the Fourier Transform of g € L'(R") by

1

g(f) = (271_)% /n G*iw-gg(x) dx. (2.1)

For g,h € L*(R™), Plancherel’s Identity states that
/ gyhy dy :/ géhé dg. (2.2)

In order to obtain sharp results, we will need to work with fractional Sobolev

spaces. We define W**P(R") to be the space of functions whose norm

Du(x) — D*u(y)[”
p " |
||U||Wk+r,p(Rn) = HUHWk,p(Rn) + E /n /n o — g dx dy,

|a|=k

is finite, where 1 < p < 00, k is a positive integer and 0 < r < 1. The corresponding
spaces for negative k can be obtained by duality. If p = 2, we define H*(R") =

W*2(R") and the norm is equivalent to

o) = [|§H(QL+ ] [2)*724)

I . (2.3)

for all s € R. Here, § ! denotes the inverse Fourier transform. We denote the
closure of C§°(R™) in W#*P(R™) by WyP(R™). The notation W2P?(R") represents
the topological space W*P(R") with its weak topology. A number of continuous
embeddings can be found among these spaces. The proofs of these depend on the

Littlewood-Paley decomposition and can be found on Runst and Sickel (1996).

(a) WP (R™) C We2P2(R™) if 51 — pﬁl > 59 — p%, p1 < py and sy < Sq.
(b) WesvP(R™) C C*2(R") if s; — o =s52>0,1<p<ooand sy not an integer.
(c) WePH(U) Cc W*P2(U) for py < p1.

(d) Wst0r(U) cc W#P(U) and C**(U) cC C*(U) are compact for all § > 0.

The first two embeddings above are also valid for domains other than R™ in an
obvious way. For the last two embeddings, U must be an open, bounded set with

smooth boundary. All other embeddings can be obtained by combining these results.

10



2.3 Partial Differential Equations

In this section we cite the main regularity results we shall use throughout the thesis.
Even though the results are stated in terms of Dirichlet boundary conditions, they
are true for any boundary condition such which admits a unique weak solution. We
will always assume U is an open, bounded set with smooth boundary. The next

result is a consequence of (Gilbarg and Trudinger, 1998, Theorem 9.11).

Lemma 2.3.1. Suppose that b(x) >0 for allz € U. If f € LP(U) there is a unique

solution u € WP N H}(U) to the equation —Au + bu = f which satisfies

lullw2e@) < Cllf @), (2.4)
where C only depends on ||b]| @) and diameter(U).

Lemma 2.3.2. Consider the parabolic BVP

0

Zu=A '

pri u+ f in U
u=0 on OU x [0,T]
u=gecW,"nCcY(U) on U x {t =0}

If f € LP(U), there is a unique solution u € WP which satisfies the estimates

0
t

[wll oo, w2 @) + ||8—UEHLP(0,T;LP(U)) <
C(diameter(U), n)[|| f | e o,rse0wy + Hg||W01,p(U)]. (2.5)
Furthermore, if f € L>®(U) and g is Holder continuous, the solution is Hdolder con-
tinuous and for every 0 < s < 2 there is 0 < a < 1 such that
[ullcaorsm2s ) < Cdiameter(U), n)[|| fl| Lo (o,r50w) + l9llca@)]- (2.6)

Proof. This result follows from (Lieberman, 2005, Theorem 12.14) and the interpo-

lation inequalities in Runst and Sickel (1996). O

11



For a € A, consider the self-adjoint elliptic operator £L = —V - aV + b, with
b > 0. By the Lax-Milgram Theorem, there is a unique u € HJ(U) solving Lu = f,
and ||ul[gawy < Cllfllz2w), where C' does not depend on w or f. Let G = (L)1
be the Green’s operator of £ with Dirichlet boundary conditions, so that u = Gf.
It is well-known that G is a self-adjoint, strictly positive definite compact operator,
whence there is a sequence of eigenvalues 0 < A\ < Ay < A3 < -+ of £ such that
M — oo as k — oo, with corresponding eigenvectors e, € L*(U) which form an
orthonormal basis in L*(U).
For s € R, define the Sobolev Space

HE( {v— kaekH]v]HS Z)\Sh}kl <oo}

7,k=1

Ifv =77 _, vrex, define the power (L£)*20 =332 | Ajex. By the functional calculus
of elliptic operators (cf. Reed and Simon (1980)), (£)*/? is a positive definite self-

adjoint operator with compact resolvent mapping H*™(R) into H!(R). Furthermore,

He(R) = ZMWIQ

0]

2
vge dx

=> "X
k=1

8

2

oL % ey, dx
U

= HES/ZUH%%R)

Since the inner product of the basis vectors e; and e, on H? is
s s 2 2
(Gj, ek)Hs = (,CQGj, ,CQGk)L2(U) = )\j/ )\Z/ (5]‘7,19,
{\,*?ex}22, forms an orthonormal basis for £ on H*.

On the Fourier side, after extending v to be 0 outside U, this norm has the equivalent

12



form

0]

Ho(R) = /R (a& - € +D)*/*|0]* d€.

In particular, if °(R) denotes the space with norm (2.3) then ||v||sr) < C||v||ms(r)-

By Poincaré Inequality,

JoliZ e, < C / Lovde = o]l ),

so H'(U) and H}(U) are equivalent. By duality, the same is true for H~!(U) and
L3(U).

The asymptotic behavior of the eigenvalues of L is given by Weyl’s Formula (cf.
Safarov and Vassiliev (1991))

lim —- = C, (2.7)

where C' depends on the coefficients of £ and the domain U.
We say that the distribution G € D'(U x U) is the Green’s function of L if, for fixed
y € U, it satisfies the homogeneous Boundary Value Problem

L,G(x,y) =66z —y)inU

G(z,y) =0 for x € OU,y € U.

The Green’s function is unique and continuously differentiable away from the diag-
onal x = y. In fact, it is the integral kernel of the Green’s operator G, that is, the

solution to the problem Lu = f can be written as u(z) = Gf(z) = [, G(x,y)f(y) dy.
2.4  Ergodicity

In this section we introduce the main tools in ergodic theory we shall need through-
out our study. The setup is mostly standard and can be found, for instance, in
(Papanicolaou and Varadhan, 1981, Section 2) or (Durrett, 2010, Chapter 7). Let
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(Q, F, P) be a probability space. Suppose that for every x € R" there exists an

operator 7, : {2 — €2 such that
(a) The map (z,w) — 7. (w) is (R™ x 2, B(R™) x F)-measurable.
(b) P(1,A) = P(A) for all A € F,x € R™
(C) Topy = T © Ty, ToW = w.

The set {7, }.ern is said to be a measure-preserving transformation group acting on
Q. For any qo € LP(Q),1 < p < oo, the random field ¢(x,w) = qo(7,w) is said to
be stationary and has the property that the vector (q(z1),q(x2),...,q(x,)) has the
same law as the shifted vector (q¢(z1 — ), q(z2 — ), ..., q(z, —y)).

A set A C F is 7-invariant if 7,A = A for all + € R”. The measure-preserving
transformations 7, (or a stationary random field ¢) are said to be ergodic if all the
T-invariant sets have probability 0 or 1. The importance of ergodicity relies on the
Birkhoff Ergodic Theorem (cf. (Durrett, 2010, Theorem 7.2.1), which provides a law
of large numbers for stationary random fields. In this work, ergodicity is the essential
tool in understanding the asymptotics of oscillatory integrals.

If U ¢ R™ is an open bounded set and g € LP(T") is a periodic function then
g°(x) = g(£) converges to [, g(y)dy weakly in LP(U) if 1 < p < oo and in the
weak-* topology in L*(U) if p = oo (Pavliotis and Stuart, 2000, Theorem 2.29).
A more general result can be proved if ¢ is replaced with an ergodic random field

q: Q2 x U — R™. Throughout, we adopt the notation ¢°(z) = ¢(%) for € > 0.

Theorem 2.4.1. Let q be a uniformly bounded stationary ergodic random field and
f € LY(U). Then, the sequence of integrals [, fy-qy/e dy converges to [, fy-Elqo] dy

a.s. as e — 0.

Proof. Let T, : @ — € denote the shift operator T,q(w) = ¢(r,w). The sequence
{T,}zern forms a strongly continuous unitary group on L*(2), i.e. Tpyy = Ty o
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T,, Ty = I and the transpose of T, on L?(Q) is T_,. Hence, by Stone’s Theorem
(Reed and Simon, 1980, Section 8.4) there is a spectral projection-valued measure 7

on R™ such that 7, = [p, ¢?*n(d€). From Fubini’s Theorem we have that

| taear=[ 5, [ evonaawiay= [ [ erpap mtag)ao)

The Riemann-Lebesgue Lemma yields that fU et/¢ f, dy vanishes for £ # 0 ase — 0.
Hence, this integral converges to [, f, - (0)¢q(w) dy by the Dominated Convergence
Theorem. But 7(0) is the projection operator into the 7-invariant functions, which
are constants by the ergodicity assumption. Thus, 7(0)¢(w) = FE[q], and we are

done. O

If ¢ is not uniformly bounded, but ¢ € LP(U) a.s., then a similar result holds
provided f € L (U), where p’ denotes the Hélder conjugate of p. In practice, this
result arises in the following way. Suppose that the random field ¢ is an ergodic

mean-zero random field in L (U) and f : L2(U) — X is continuous in the weak

loc
topology for some topological vector space X. Then, the sequence f o ¢° converges
to f(0) a.s. by Theorem 2.4.1. For example, if ¢ is as in (1.4), with ¢ a bounded
random field, it can be shown that the function mapping ¢(%) to u® is continuous

from L(U) to H}(U), whence u® converges a.s. to u’ in (1.5) by Theorem 2.4.1.

We will generalize this example and we will study (1.1) in Chapter 5.
2.5 Central Limits in Random Media

We now wish to study the rate of convergence in homogenization, which may be de-
scribed in terms of a Gaussian random process. The corresponding fluctuation theory
often requires additional assumptions on the correlation function of the random field

in addition to ergodicity, namely, a strong mixing condition.
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2.5.1 Central Limits on Hilbert Spaces

In this subsection we give a brief overview of the techniques we use to prove central
limit theorems on Hilbert Spaces. For a deeper treatment of the results presented

herein, the reader is encouraged to consult Billingsley (1999).

Definition 2.5.1. Let ¢°,q : 2 — X be random fields. We say that the law of ¢°
converges to ¢ in X if and only if lin(l] Eg(q¢°) = Eg(v) for all g € Cy(X). Similarly,
the laws of the measures p. on X induced by ¢° converge to p in X if and only if

they converge in the weak-* topology on the set of Borel measures of X. It is well

known that Cy(X) can be replaced by BUC(X) in this definition.

By defining p.(B) = P(¢° € B) for any Borel B C X we will sometimes inter-
change the notions of convergence in distribution between random fields and measures

when appropriate.

Definition 2.5.2. A set M of measures on X is precompact if and only if every
sequence of measures in M has a convergent subsequence whose law coverges in X.
A set M of measures on X is said to be tight if and only if for every 6 > 0 there is
a compact set K C X such that pu(X \ K) < 0 for all p € M.

Theorem 2.5.3 (Prokhorov). If a set M of measures on X 1is tight then it is pre-

compact in distribution. The converse is true if X is a Polish space.

Corollary 2.5.4. If u. is a sequence of measures such that every subsequence has a
subsequence which converges in distribution to p then the whole sequence ji. converges

to p in distribution.

In what follows X will denote a separable Hilbert Space with the strong norm
topology, and X, will mean X with the weak topology. It is well-known that the

Borel o-algebras of both topologies are the same, so the concept of measure is not

16



different in these two topologies. Throughout, we will let B = {ej,es,...} be an

orthonormal basis for X.

Lemma 2.5.5. The law of a sequence of X-valued random variables ¢¢ : Q@ — X

converges to q on X (respectively on X,,) if and only if

1. the law of the sequence of scalar-valued random variables (¢°,w)x converges to

(q,w)x for allw € X, and

2. the sequence of measures induced by the ¢° is precompact in X (respectively in

X.).

Recall that a sequence vy, converges (weakly) in X, if and only if (v, e;) converges
as k — oo for all £ € N and ||vg||x is uniformly bounded. Thus, a subset A of X,
is (weakly) compact if and only if sup,c4 ||v|| < co. It is also easy to verify that a

subset A of X is compact if and only if

sup |[v]| < oo and hm supZ] v, er) x|t =

vEA K—o0 vGA

The following two results are consequences of Lemma 2.5.5 and the characterization

of compact spaces on X and X,,.

Corollary 2.5.6. The law of a sequence of X -valued random variables ¢° : Q@ — X

converges on X, to q if and only if

1. the law of the sequence of scalar-valued random variables (¢°,w)x converges to

(q,w)x for allw € X, and

2. there is 0 < g1 < g¢ such that lim sup P(||¢°||x > N)=0.

N—oo O0<e<er

In particular, from Chebyshev Inequality, the convergence in law on X, holds if

condition 1 is true and there is 0 < g, < €y such that sup FE|¢||3% < oo.
O<e<er
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Corollary 2.5.7. The law of a sequence of X -valued random variables ¢° : Q@ — X

converges on X to q if and only if

1. the law of the sequence of scalar-valued random variables (¢°,w)x converges to

(¢, w)x for allw € X, and

2. there is 0 < g1 < gy such that A}im sup P(||¢°l|x > N) =0, and

—X0 0<e<ey

3. there is 0 < g1 < gy such that

K—0 O<e<er

lim sup P (Z I(¢°, ex) x| > 5) =0 for all § > 0.
k=K

In particular, by Chebyshev Inequality, the convergence in law on X holds if condition

1 s true and there is 0 < &1 < g9 such that

sup E|¢||5% = sup ZE!(qE,ek)XIQ < oo and (2.8)
0<e<er 0<e<er 1

lim sup Y E|(¢", ex)x|* =0.
K—000<e<e; =K
For more refined results of the CLT in Hilbert spaces we refer to Merkle (1989).
We shall use the following two results to prove Central Limit results. The first one
is similar to the Contraction Principle and allows us to extend the CLT between

topological spaces.

Lemma 2.5.8. Suppose f: X — Y s a continuous function and there is a sequence
of X -valued random processes ¢° converging in law to ¢ on X. Then, the composition

f oq° converges in law to foq onY.

Lemma 2.5.9 (Slutsky). Suppose that the law of X¢ converges to a measure X and
Y€ converges in probability to a constant a. Then, X°+Y*® converges in law to X +a

and X°Y*® converges to aX*®.
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This theorem will be used in the following way. Suppose that u® and v® are
solutions to the equations Lu® = f and Lv® = f + R, where L is a linear operator.
If u® converges in law to a random field ¢ and R® converges to 0 in probability, then

v also converges in law to q.
2.5.2  Mixing Conditions

Here we discuss the convergence in law of an oscillatory random field ¢°(z) = ¢(%).
For a ergodic random field ¢ : €2 x R® — R, define the correlation function as
R(z) = Elq(y + z)n(y)] for all z,y € R". Intuitively, in order to obtain a CLT, it is
required that the laws of ¢, g, are asymptotically independent whenever |z — y| is
large. The mixing condition formalizes this notion of rapid decorrelation.

For any Borel A C R"™, denote the sub-o-algebra generated by ¢ restricted on A (i.e.
{¢: |z € A}) by Fa. The random field ¢ satisfies the strong mizing condition if there

exists a bounded decreasing function f : R™ — R* such that

|E10¢€] — EIJEL]]
Ef601P1ETIEN?)

< f(distance(A, B)) (2.9)

for all @ € L2(Q, Fa, P) and € € LX(Q, Fg, P). We will further assume that 7"~z ()
is integrable. Omne important consequence of this assumption is that the random
field ¢ has short-range correlations, that is, the correlation function R belongs to
L' N L>*(R™). A second consequence is the following result for stationary random

fields on the lattice Z" whose proof is due to Bolthausen (1982).

Theorem 2.5.10. Let Xy, k € Z" be a real valued stationary random field with
mean X = E|Xy|> < oo and correlation function R(k) = E[XXo] — E[X3]E[Xo].
Let Q). C Z™ be a sequence which increases to Z" such that

r—00 |Q7‘|

=0,
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where 0Q = {k € Q| |k — k| = 1 for some k € Z"\ Q}. If the mizing coefficients
of Xy satisfy (2.9), then the correlation function is absolutely summable and o =
> wezn R(k) > 0. Moreover, if 0> > 0 then

1
—7 > (X~ BLX)
12

converges in law to a standard normal random variable as r — oo.

This result allows us to prove the CLT for an oscillatory integral due to (Bal,
2008, Theorem 2.10). The idea of the proof consists in approximating the oscillatory

integral with a discrete sum on the lattice and invoking Theorem 2.5.10.

Lemma 2.5.11. Let f € L*(U). Suppose that the random field q satisfies the strong
mizing condition (2.9) and has short-range correlations (i.e. R € L=(R")NL'(R")).

Then, the random variable 1° = fU Lﬂqy/5 fydx converges in law to a Gaussian
g2
random variable with mean zero and variance ||R\|L1(Rn)\|f|\%2w), as e — 0. We will

write I = ||R||p@ny [i; fy AWy, where W represents a standard Brownian motion.

Since EanH%Q(U) = |U|R(0) < oo, Corollary 2.5.6 guarantees that the law of L%q‘€

converges to a Gaussian process on L2 (U). As we remarked earlier, since the Borel
o-algebras of L2 (U) and L*(U) are equal, this Gaussian process can be thought of
as living on L?(U). By Lemma 2.5.8, we will extend this result to some problems in
homogenization. We finish this section by proving the following useful lemma. This

result first appeared in (Bal, 2008, Lemma 2.1) for the case when m = 4.

Lemma 2.5.12. Let Sy = {s;}37 C R" and let ¢; : R* x Q@ — R be mean-zero

stationary random fields satisfying the mizing condition (2.9) and with moments of

order 2(2m —1). If M = HQ{E%X E|q;(0)]*®™Y < oo, there is a permutation {t;}3m of
j:
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So such that

E

K

H qj(Sj)]

m—~
m 1 t - t
< Mzm—1 | | fm <—| 2k+1 2k|) 7 (2.10)
k=1

where £ = 2| %] and k = 3. Moreover, this choice of { is optimal when the random

fields do not have joint third moment equal to zero:

lim OE[le (Sjl)(bé (8j2)Qj3 (8j3)] = E[le (0)%2 (O)Qja (0)] 7é 0, (2'11)

(851 +845843)—

for 1 < 71 < ja < j3 < 2m. Finally, we may take ¢ = 0 if the joint distribution of

{q;(s;) Y32 is symmetric about the origin.

Proof. For each s € Sy, let v(s) € Sy be a nearest neighbor of s, i.e. distance(s, Sy \
{s}) = |s —v(s)|. By relabeling the elements of Sy, if necessary, find the largest pos-
sible number of disjoint subsets S, Sy, ...,S, of Sy such that Sy = {s,v(sg)}. Let
T, = {s € So \ Uj_, Sj [ v(s) € Sk} be the set of points whose closest neighbor is in
Sy and is not in any of the S;. By the maximality of r, {S1,S2,...,5,, 11, Ts,..., T}
forms a partition of Sy, where some of the 7; may be empty. For each k£ =
1,2,...,2m, take ¢ = gr,n = [[;., ¢,5 = {sx} and T = Sy \ {s} in (2.9) to
obtain that

E

< VE[CPIEPIf sk = v(sk))-

H qj(Sj)]

But (E[|¢P])*" " < Ellgi**"~V] < M and (E[ln]*])*"~" < 1., EllgPemV] <
M?m=! by Holder’s Inequality, whence

2m
H%’(Sj)]
=1

E < M#=Tf(|sg — v(si)])- (2.12)

Next, we create a new set S, 1 dynamically. This set initially is set to contain exactly
one of the points of S,k = 1,2,...,r. If t|,t, is a pair of points in T} we select
which point will be in S,;; according to the following rules. There are two possible

cases:
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1. The closest neighbor (in Si) to both t] and ¢} is the same, and v(t]) = v(t}) €
Sk. Let t§ € {t],t,} be a point such that max{|t] — v(t))], |ty — v(t5)|} <
|65 — v(t3)]. Then, [t} — o < |t — v(t))] + [ty — v(i5)] < 2|t — v(3)]. Since f

is nonincreasing,
/ / ’tll — t/2|
fts —vt)) <f{ = ) (2.13)
Add t} to S,41 and delete ¢} and t}, from 7.

2. The closest neighbor to ¢} and ¢, is different. Suppose that v(t}) = s, and
v(th) = v(sk). Let t§ € {t],t, si} be a point such that max{|t| — v(#})|, |t; —
v(ty)], sk = v(se)|} < |t3 —v(t3)|- Then, | — 5] <[ty —v(ty)] + [k — vse)| +

[V (t3) — 15| < [ty — v(t3)], whence

i~ vieph < (11521)). 214

Add # to S,41, allowing for repetitions in case t5 is already in S,41. Delete #]

and t,, from T.

This algorithm is to be repeated until |Tx| = 0 or 1 for all 1 < k < r. Let 2¢ be
the number of sets T}, such that |T}| = 1. Observe that ¢ + |S, 1| = m. Consider
inequalities (2.12) with s, € S,4+1 and multiply them. From (2.13) and (2.14) and
the fact that f is nonincreasing, we obtain (2.10) with x = 3. We must now find the
minimum value of ¢ that works for all possible configurations Sy. Clearly, the worst
case scenario arises when |T;| = 1 for as many k as possible. But since |Si| = 2, ¢

cannot be larger than Q?m Basically, we have three cases:

e m = 0 mod 3. The worst case configuration is realized when r = 2?’” and
T,=1forallk=1,2,...,r, sothatézr:%”.
e m =1 mod3. In this case, r = 222 T, = 1 for k = 1,2,...,r — 1, and

3 Y

T, = 0. Thus, { = % = %
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e m = 2 mod 3. There are two possible scenarios: either r = 2"%_1, T, =1 for

k=1,2,...,r—1,and Ty, = 2. so that £ = r = Z* or r = 222 in which case

Ty,=1for k=1,2,...,r—2, and T5._1; = T5, = 0. In both cases, { = 2’”3_4.

Now, let us prove that our choice of ¢ is sharp when 2m = 6. The general case follows
easily by induction. Assume that (2.10) and (2.11) hold with ¢ = 0. We will arrive
to a contradiction. Let S| = {s1, 2,3}, S5 = {s4, $5, 56} and consider the class of

configurations

S, = {{51, 52, 53, 54, 55, 56} C R" | diameter(S]) <
. , 1 . L
diameter(Ss) < —, distance(S], S5) > p}.
p

This class is an open set in R%". From (2.10) with ¢ = 0 we have

|Elq1(51)q2(52)q3(53)q4(54)q5(55)q6 (56)]| < Cf% (g) —0asp— o

On the other hand, take 7 = q1(s1)q2(52)q3(53), ¢ = qa(54)45(55)q6(56), S = S1 and
T =S5 in (2.9) to see that

qu(sj)

E > |Eq1(51)q2(52)5(55) Elaa(51)a5(s5)6(s6)]| — M7=1§(p), (2.15)

which converges to E[q1(0)g2(0)g3(0)] E[q4(0)g5(0)gs(0)]| > 0 as p — oo, a contradic-
tion.

Finally, we have E|q;,(s},)q;,(5),)q;5(s5)] = 0 if the joint distribution of the g¢; is
symmetric so we can reverse inequality (2.15) obtaining

| Elq1(51)q2(52)q3(53)q4(54)q5(55)q6(56)]| < M%f@)-

Combining this with (2.12) we arrive at (2.10). O

Remark 2.5.13. To simplify notation, we have defined ¢ to be a scalar-valued random
process. However, the arguments presented here can be extended to a stationary

R™-valued field with trivial modifications by considering the correlation functions
Rhijn(x) = Elani(y + 2)gj ().
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2.5.83 Gaussian Processes

Definition 2.5.14. Let X be a Hilbert Space. An X-valued Gaussian Process ¢ is
a random process on X such that (g/m) is a normal random variable for all m € X*.

The Gaussian Process ¢ on X has a unique Borel Gaussian measure g such that

u(A) = P(X € A) for all Borel sets A C X.

Theorem 2.5.15 (Kuo (2006)). If q is an X -valued Gaussian process its character-
istic function ¢, : X* — C s given by

1

(V) = Ey[e""] = exp{i(m|v) — 5

(Qu,v)x-1. (2.16)

for some m € X (the mean of w) and a bounded nonnegative-definite self-adjoint
operator @ : X* — X* (the covariance operator) of trace class. Moreover, the Riesz
Representation Theorem implies that the parameters i and Q) are the unique solutions

to the equations (m|v) = E,(w|v), and (Qu,v)x« = E,[(w — m|u)(w — m|v)].

In particular, @ is also a Hilbert-Schmidt operator, so if we let X = H*(U) we
can find a kernel R € H*(U) ® H*(U) such that

(Qu,v)psy = (R, u®v) for all u,v € H*(U).

The function R is often referred to as the covariance function since, when s = 0, it

is pointwise meaningful in the sense that

(Qu)(z) = /[]R(.r,y)gb(y) dy for all u € L*(U),z € U,

and R(z,y) = E,[w(x)w(y)] if w has continuous sample paths.
2.5.4  Malliavin Calculus

The goal of this section is to explain how we can define the integral of f € H*®L*(U)

with respect to White Noise using Malliavin Calculus techniques. The interested
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reader may find Nualart (2010); Di Nunno et al. (2009) a useful reference for this
material.

The white noise map is an isometry W : L2(U) — H C L*(Q), where H represents
the subspace of Gaussian random variables. Denote by

j:{7€N0N|Z’yk<oo}

the collection of multiindices of finite length. Let &, = (ek) and, for any multiindex

v € J define

_ - h’Yk(ék)
é’Y - ]:!_‘[1 \/’W )

where h; is the jth Hermite polynomial

2 d 2
hj(z) = (—1)e ﬂﬁe 2,

The importance of these random variables is that they form an orthonormal basis
of L?(Q). For F : R¥ — R, the Malliavin derivative of F(&,&...,&) € L3(Q) is
defined as

k
Flén6o. . &) = Za—F (61,62 G)e; € LA L2(U)

We define the Skorokhod integral 6f = [, f(-,y)W(y)dy € L*(Q; H5(U)) of f €
H=* ® L*(U) as the dual of the Malliavin derivative, i.e., the unique element of

L*(Q2 — H~*(U)) with the property that

E[6f(x) /f z,y)D,ody € H*(U) for all ¢ € L*(Q). (2.17)

Since the Malliavin derivative is a linear operator, it suffices to check (2.17) for

¢ = &,. Let ¢ be the multiindex with 1 in the kth slot and zero otherwise. It is easy
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to show (cf. (Nualart, 2010, Section 1.2)) that

Dy, = Z Vk€y—ecer{ve = 1}
k=1

Hence, for any h € H*(U) we have

h, for v =¢

B[ hoeDt de—h / JAElE . &) = ,
/U e D&y dx ;\/7_ | exesdo [€1—e.60] {0 for ~ % &0

whence it follows that d(h ® ex) = h&, by (2.17). In particular, if f(z,y) =
Y ey Je(x)er(y), the linearity of the Skorokhod operator allows us to get the Wiener
chaos decomposition of the Skorokhod integral of f as 6f = > ;| filx € L*(Q ®
H™(U)).

2.6 Large Deviation Principle

Throughout this section, X denotes a Hausdorff topological vector space and X*
its topological dual. Here, we state all the basic results we will use in Chapter
5. The reader can consult Dembo and Zeitouni (1998); Hollander (2000); Freidlin
and Wentzell (1998) for a more detailed discussion of the results on large devia-
tions presented here. The large deviation principle (LDP for short) characterizes the
asymptotic behaviour, as ¢ — 0 of a family of probability measures P¢ via upper
and lower exponential bounds. We start off this review by recalling some useful

definitions.
Definition 2.6.1. The domain of a function f : X — [—o00, o] is the set
Dy={reX| —o00< f(r) <oo}.
Definition 2.6.2. The level set of f: X — [—00,00] at ¢ € R is denoted by
Op(t) = {z € X| f(x) <t}
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Definition 2.6.3. A function f : X — [—00, 0] is said to be lower semicontinuous

if it satisfies one of the following equivalent definitions:

1. For every zy € X and every € > 0 there exists a neighborhood U of z( such

that f(z) > f(xo) — € for all x € U. Equivalently, this can be expressed as
liminf f(x) > f(xo).

T—xo

2. The level sets of f at t, ®¢(t), are closed for all ¢ € R.

Definition 2.6.4. A function f : X — [0, 00| is called an action functional if f # oo

and the sets ®;(t) are compact for all 0 <t < oo.

Lower semicontinuous functions are important since they attain their minimum
on every nonempty compact subset of X. In particular, an action functional is
lower semicontinuous. Similarly, an action functional attains its minimum on every

nonempty closed subset of X.

Definition 2.6.5. A(¢) > 0 is called a rate function if lim A(¢) = oo.

e—0
Definition 2.6.6. A sequence of Borel probability measures P° on X satisfies the
Large Deviation Principle (LDP) with rate A(¢) and action functional S if S is an
action functional in the sense of Definition 2.6.4 and

1 1
— zienjo S(z) < lirgn_jglf B In Pf(A) < hr?j(l)lp el In PE(A) < — ;relg S(x) (2.18)

for all Borel sets A C X, where A° and A denote the interior and the closure of A,

respectively.

When proving the LDP it is often easier to break (2.18) up into the following two

conditions:
1
For any closed set F' C X, limsup —— In P°(F) < — inf I(x). (2.19)
=0 Ale) zeF
1
For any open set G C X, lirErLiglf el In P¢(G) > —;gff;l(x) (2.20)
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From a practical point of view, the LDP gives us optimal exponential upper and
lower bounds for the probability that the random variable of interest is close to a
given realization and, moreover, the bound can be written in terms of the action
functional.

We say that a set A C X is regular if inf S(z) = inf S(z). It can be shown that

z€A TEA°
(2.18) is equivalent to the condition
li ! In P*(A) = — inf S(x) (2.21)
20 (4) = = inf, S(a ‘

for all Borel regular sets A C X. The usefulness of regular sets lies on the following

Lemma 2.6.7. Suppose that A is a reqular set and V' is an open set. If arg min S(z)
TEA

belongs to V' then

lim P*(V'| A) = lim ZAOV)

0 Pe(A)

When proving (2.20), it is convenient to replace the right-hand side of (2.20)
simply by I(z), where z € G. In order to prove (2.19), one usually first proves
this inequality for compact sets and then shows that most of the probability is

concentrated on a compact set on an exponential scale.

Definition 2.6.8. A sequence of Borel probability measures P° on X is expo-
nentially tight if for every ¢ > 0 there exists a compact set K; C X such that
limsup A(e) In PE(X \ K3) < —t.

e—0

Corollary 2.6.9. Suppose P¢ is a family of exponentially tight measures on X.
1. If (2.19) holds for all compact sets, then it also holds for all closed sets.

2. If (2.20) holds for all open sets, then S is an action functional.
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Most of the basic results in large deviation theory have a convex action func-
tional, which plays a major role in the theory. Below we introduce some of the main
definitions. The reader should consult Rockafellar (1997) for a deeper exposition of

convex analysis.

Definition 2.6.10. A function f : X — (—o00, 0] is said to be convez if f(ax +
(1—-a)y) <af(x)+ (1 —a)f(y) foral 0 < o < 1 and all z,y € X. Equivalently,
[ is convex if for all zp € Dj there exists a subdifferential yo € X* such that
f(z) > (yo,x — xo) + f(xp). We will denote the set of subdifferentials of =, by

Of(wo) = {yo € X" [(yo,20) = f(x0) = supex[(yo, ) = f(#)]}. The function f is

strictly convex if the strict inequality holds in the definition of convexity.

Thus, f is convex if for every point of its domain there is a supporting hyperplane
passing through that point such that the graph of f lies above this hyperplane. In
the case when X = R™, Dy is a convex set, and f is continuous on D} and Lipchitz
continuous on compact subsets of D. The set of subdifferentials of z, df(z), is

always a nonempty convex compact set if z € D}. Moreover, if f is differentiable at

x then Of(x) = {Vf(x)}.

Definition 2.6.11. The Legendre transform of the convex function f : X — (o0, 00]

is the function f*: X* — (o0, oo] defined by

f*(y) = sup[{y, ¥) — f()].

zeX

If we denote our convex function by H, then its Legendre transform will be
denoted by Lj; this notation comes from the Hamilton-Lagrange duality in mechanics.
Informally speaking, the Legendre Transform f* maps the slope of a supporting
hyperplane of f to the negative of the f(x)-intercept. One of the main properties
of the Legendre transform that we will make use of is its biduality: the Legendre

transform of L is H.
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Theorem 2.6.12 (Duality on R™ ). (Rockafellar, 1997, Section 26) Let H : R™ —
(—00, 00| be a lower semicontinuous, convez function such that H # oo, and let L

be its Legendre transform. Then, we have the following properties:

1. L : R" — (—o00,00] is a lower semicontinuous, convex function such that

L # .

2. Dy = UgermOH (x). Thus, y ¢ 0H(x) for some x € R™ if and only if L(y) =

Q.

3. If y € OH(xg) then the supremum in the definition of L is attained at xo, i.e.,

L(y) = xo -y — H(xy). If L is strictly convez, then xq is unique.

4. If Dy = R™, L s strict convex on Dj if and only if H s differentiable, in
which case y = V H(x).

5. 0L(x) = (OH) Y(z) = {y € R™ |z € dH(y)}. Hence, xy € OL(y) and the

Laplace Transform of L is H itself.

On infinite dimensional spaces, the supremum in the definition of L may not
necessarily be attained, however, the duality H = L* still holds (Dembo and Zeitouni,
1998, Lemma 4.5.8). The next result gives some insight of the Lagrange Transform

of functions which grow like powers of |¢|, and will become useful in the next section.

Lemma 2.6.13. Let C > 0. For each 1 < p < oo, let p = 1% denote the Holder

congugate of p. Define the function fc,: R™ — [0, 00] by

CP
fep(t) = —t|, for 1 <p<oo, and
p

fon ) = {o, if<c

oo, if |t| > C.

Let H : R™ — (—o00,00] be a lower semicontinuous, convexr function such that H #

oo. Then,
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(a) f&,(8) = Sewlsl = fiyep(s) f L <p < oo, foq = feeo and fé o = fou.

H 4 L 1
(b) If lim sup —~ ®) < o then lim inf () > — where 1 < p < 00 and 0 <

tl—oo [P Y lsl—o0 |sP T pC
C < 0.
(c) If I fH(t >C’p’ Jon 1 L(8)< 1 hore 1 < 1 < 10 -
C imin — en 111m su ——, where o0 an
tooo |t7 T p ST = pew p
C < 0.
Ht) c¥ L(s) 1
(d) |0 |t|p — 7 Zf and Only Zf 1|141’>Iloo ’8‘]9 = ]ﬁ’ where 1 < p < 00 and

0<C < oo.

H(t
(e) lim sup t( ) < C if and only if L(s) = oo for all |s| > C, where 0 < C' < c0.

t—oo  |t]

Proof. (a) Let us consider first the case 1 < p < co. Observe that fc,, is a strictly
convex differentiable function with Dy = R™. Hence, its Legendre transform
. . % o cP . . .
is given by f¢ (s) = s t(s) — =-[t(s)[, where t(s) is the unique solution to

the equation s = V fc,(t(s)) = CP|t(s)[P~2¢(s). It is not hard to check that

t()— Mp/_li thtf* ()_‘3|p/

5) = | cw o7 so that fe,(s) = 757
Next, we compute f& ;. The inequality s - < |s|[¢| shows that if |s| < C then
fal(s) = maxerm|s - t — C|t|] = 0, where the maximum is attained at ¢ = 0.

If |s| > C, let k& > 0 and take t = £ toseethathI()>5.%S|_C%:

sl =
k(|s| = C) — oo as k — oo. The identity f¢ . = fc. follows from the Duality

Theorem.

(b) For given 6 > 0, there is Ny > 0 such that H(t) < go(t) for all t € R™, where

” {oor |N P, i |t < Ny (2.2
goltl) = .
C” CH” ' if |t > Ny,
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This is because if H was greater than gy on |t| < Ny, H would have a maximum

in this set, a contradiction of convexity. Observe that

Li(s) = sup |s-t— MNP < |s|Ng — MN;,), nd
[t|<Ng L
_ o /
L2<3) = sup st — Mﬁ‘p :St(s)_wu(s)‘p
|t‘>Ng L p | p

= ferop(8) = ficre)—1p(5)

p—1 ’ ,
provided that [t(s)| = (%) > Ny, or |s| > NY ~'C¥. Thus, for large |s| we

have

L(s) > g°(s) = max{La(s), Lo(s)} = La(s) = fica»

|s”

p(s) = m

The result follows by taking 8 — 0.

(c) For given 6 > 0, there is Ny > 0 such that H(t) > gy(t) for all ¢t € R™, where

(t) —K < N@
90 C iyl it o] > N,

The existence of k is due to the lower semicontinuity of H. The proof follows

along the same lines of the proof of (b).
(d) is a trivial consequence from (b) and (c).

(e) Assume that H < gy with gy as in (2.22) and p’ = 1. Let k& > Ny and take

t = |k5| to see that L(s) > ¢g*(s) > s- &= — (C' + 9)|—| = k(|s]| = C —6). The

conclusion on L follows by taking § — 0 and k£ — oco. Finally suppose that
L(s) = oo for |s| > C and H(s) > —k for all s € R™. Then,

= e A <o

i 1 12 iz

The result follows by taking [¢t| — oo.
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We are now ready to state a version of the LDP for weakly dependent sequences,
which is in fact a generalization of Cramér’s result on sequences of independent and

identically distributed random variables.

Theorem 2.6.14 (Ellis-Gértner). (Dembo and Zeitouni, 1998, Theorem 2.3.6) Let

P? be a sequence of Borel probability measures on R™ such that

H(z) = lim ﬁ In / ep{A(E)r -y} P(dy)

1s differentiable for all x € R™. Then H is convex and P*¢ satisfies a LDP with rate

A(€) and convez action functional L, the Legendre Transform of H.

The differentiability condition is required in order for L to be strictly convex and
the upper bound (2.19) to hold. We shall need a generalization of the Ellis-Gértner
Theorem to more general topological spaces. Note that once we leave the finite

dimensional realm, it is required to check exponential tightness in order for the LDP

to hold.

Definition 2.6.15. A function f : X — R is Gateaux differentiable if, for every
x,y € X, the function f(z + ty) is differentiable at ¢ = 0. The Gateaux derivative of

f at z in the direction y will be denoted by D, f(z).

Theorem 2.6.16. (Dembo and Zeitouni, 1998, Theorem 4.6.14) Suppose P* is an
exponentially tight sequence of Borel probability measures on a locally convexr Haus-

dorff real topological vector space X . Suppose

1 .
7f =ty [ (ML) P

s finite for all f € X* and is Gateaux differentiable. Then P¢ satisfies a LDP with

rate A(e) and action functional T*.
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While this abstract Gartner-Ellis Theorem will be used to obtain the LDP for
the oscillatory random field, we shall need results which extend the LDP to more
other random fields. Below we present two such propositions, which we will make

use of in the subsequent sections.

Lemma 2.6.17. (Dembo and Zeitouni, 1998, Lemma 4.1.5) Let A be a measurable
subset of X such that P(A) =1 for all € > 0. Suppose that A is equipped with the

topology induced by X .

(a) If A is a closed subset of X and {P*®}.~q satisfies the LDP in A with action
functional S, then {P®}.s¢ satisfies the LDP in X with rate function S’ such
that 8" =S on A and S" = o0 on X \ E.

(b) If {P°}.~0 satisfies the LDP in X with rate function S and Dg C A, then the
same LDP holds in A.

Theorem 2.6.18 (Contraction Principle, 4.2.1 in Dembo and Zeitouni (1998)). Let
X and Y be Hausdorff topological spaces and f : X — Y a continuous function.
Suppose that P is a family of probability measures satisfying the LDP on X with
rate A(e) and action functional Sx : X — [0,00]. Let Sy :' Y — [0, 00] be defined by

Sy (y) = mf{Sx(z) |z € X,y = f(2)},

where inf () = co. Then, the probability measures P o f~* on'Y satisfy the LDP with

rate A(e) and action functional Sy .

We finish the theoretical discussion with some remarks. The Contraction Princi-
ple holds even if f is continuous only on = € Dg, . More generally, we may only have
a continuous function f: A — Y with A satisfying the conditions of Lemma 2.6.17;
the Contraction Principle holds in this case as well.

The Contraction Principle is equivalent to the following more intuitive formulation.
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Suppose {¢°}.~0 is a collection of random variables on a Hausdorff topological space
X satisfying the LDP with action functional Sx and f : X — Y is continuous. Then,
{f(¢°)}e>0 also satisfies the LDP on Y with action functional Sy.

In practice, verifying continuity of a function f directly may be challenging, however,
this is implied by sequential continuity provided X is first countable. Examples of
first countable spaces are separable metric spaces, topological vector spaces and their
weak topologies. Thus, in order to prove continuity it suffices to show that for any

sequence z,, converging to x € X, f(z,) — f(x) as n — co.
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3

Main Results

In this chapter we describe and state the main results that will be proved in the next

two chapters.

3.1 Central Limit Theorem

3.1.1 CLT for a diffusion in a weakly random media

The first problem we deal with is a linearization of the general case (1.1). Let ag € A
be a uniformly positive-definite matrix and 8 > 0. Suppose 7°(x) = n(%) € A is

a real-valued stationary random field satisfying the strong mixing condition (2.9).

Consider the problem
Lu® ==V - ((ag+ e )Vu')+ pu* = f, inU (3.1)

u®=0, on JU.

For ae > 0 and ¢ > 0 small, «° can be approximated by «°, where u° solves
Lo = =V - (agVu®) +pu’ = f, inU (3.2)

w’=0, ondU.
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Theorem 3.1.1 (CLT for a diffusion in a weakly random media). Let a > §. The

law of the random error e=°%3 (uf — u®) converges on H=*(U) to a Gaussian field

w: QxR — R with characteristic function

o0) = Bule ] = exp { =T [Vu0- TGulEa | (3.3

if s > § —1. The limiting Gaussian process can be expressed in terms of a Skorokhod

integral as w(x) = HRH%Q(R) [, [V,G(z,y) - Vu (y)]W, dy, where W is a White Noise

Process.

If n = 1, the result can be proved on C'(U) and the integral be interpreted as
an Ito integral. For n > 2, EHwHQLQ(U) = oo due to the singularity of the Green’s

function, so the convergence result can only be shown on a negative Sobolev space.
3.1.2 CLT for a diffusion in randomly layered media

Let R = I x U, where I denotes the interval (0,1) and U is a open bounded set
with smooth boundary. Given any = € R, we will write x = (x, z5), where x; € I,
z9 €U.

Let us consider the solutions u®, u® € H}(R) to equations (1.1) and (1.2), respectively,
with f € H'(R). Here a(z) is assumed to be a scalar-valued random field that only
depends on ;.

To simplify the given result, it is convenient to perform the change of variables z; =
J& %y = 22, where a* = (E[ﬁ])_1 and @ = E[a(0)]. Let A%(z1) = z2-x5 = % — 1

and B® = % — 1 be mean-zero stationary ergodic random fields satisfying the strong

mixing conditions (2.9), with respective correlation functions R4 and Rp.

Theorem 3.1.2 (CLT for a diffusion in randomly layered media). Under the as-

sumptions stated above, the law of —=w® converges on L*(R) to the Gaussian random
NG
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field

HRAHL1 ou°
—d dWw?!
//ayl zY) oy Yo By
) 1
IRl /0 /U G, 4) Ayt (y) dys W2 (3.4)

ase — 0, where W' and W? are correlated Brownian motions such that dW*'dW? =
pdt. Here,
 LEAOB() + BOAM)dr
(J EIAO)A(r)) dr f,, E[B(0)B(r)] dr)*

l\)\»—‘

and G is the Green’s function of —/A with Dirichlet boundary conditions.

The proof of this theorem is obtained by analyzing an asymptotic expansion for
the terms of a PDE for 2° = u® — u® — x°- Vu". The terms of order /¢ can be shown
to characterize the limiting law and the limiting Gaussian process is expressed in

terms of an Ito integral.
3.2 Large Deviation Principle

Before stating the main theorems, let us introduce the following terminology on the
random fields.

Let 1 < p < oo be fixed and let p’ be its Holder conjugate. Fix an open bounded
set U C R™ with smooth boundary. Given a random field ¢° : R® x 2 — R™ and
f € LY(U;R™), define the functional

1
Tf= limOa”lnEeXp{—/ Ty Qe dy} (3.5)
e— e Ju
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whenever the limit exists. For every x > 0 and every measurable function G : R™ —

R, define the associated functions

Tpo(—kK) = —lim iglf e"In E exp {—;anEH%p(U)} : (3.6a)
Tpo(+k) =limsupe™In Eexp {gﬁnnqs”%pw)} , and
. 1
T = limsupe™In E exp {5_71/ G(qy/e) dy} . (3.6b)
e— 0 U

In particular, when G(t) = C|t|P we have Teopp = T),(+C) for 1 < p < co. We will

assume the following conditions:
(A1) There exists a function H : R™ — R U {oc} such that

rf = [ H(f)dy 3.7
U
for all f:U — R™ in a dense subset of L¥ (U).

(A2) (a) If p = 1 there exists a nonnegative increasing convex function G : R™ — R
such that
G(t)

lim —= =00 and Tg < 0.
lt|—oo [t

(b) If 1 < p < o0, there exist @ > 1 and x4 > 0 such that T}, ,(+k4) < 0.
(C) pr = 00, ||q||L°°(U><Q) < 0

(A3) (a) Ifp=1, kg =— inf H(t) < 0.

teR™

(b) If 1 < p < o0, there exist & > 1 and x_ > 0 such that 7}, ,(—x_) < 0.

(A4) The function H is differentiable.

As usual, L denotes the Legendre Transform of H. These conditions are not too
restrictive; section 5.2 provides several examples of widely used random fields satis-
fying these assumptions. The following results give a LDP in the sense of Definition

2.6.6 on suitable topological spaces.
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3.2.1 LDP for a diffusion in random potential

Let 2 < p < oo. Suppose that u® and u” solve (1.4) and (1.5), respectively, with
Dirichlet boundary conditions. In order to avoid the spectrum of —A, we assume
that sup,cgn .0 ¢°(z,w) < b. Recall that W2?(U) is the Sobolev space of functions

with p-integrable derivatives up to order 2 with the weak topology.

Theorem 3.2.1 (LDP for a diffusion in random potential). If ¢ : R* x Q@ — R
satisfies conditions (A1)-(A4) then the random field w® = u® — u° satisfies the LDP
on W2P(U) with rate = and action functional

en

Sy = / I (M) dy if we W AW, (3.9)
U

0
Uy + Wy

and Sz3w = oo otherwise. Here, we take L(%) = 0. In particular, the Sobolev embed-

ding yields that the LDP also holds on the strong spaces W?(U), s < 2 and C*(U)

with0§a<2—%.

It will also be shown that S3 vanishes only if w = 0, which means that P(w® € A)

will decay exponentially in z—:i" for any closed set A not containing 0, as expected.
3.2.2 LDP for diffusion in randomly layered media

Let us consider the LDP for the random diffusion case(1.1) in layered media as
described in Section 3.1.2. As before, define a* = (E[ﬁ])’1 and a = E[a(0)]. We

remark we will not make use of the change of variables we used in Section 3.1.2.

Theorem 3.2.2 (LDP for random diffusion in layered media). Suppose that the pair
¢ = <%;) —1,a(y) — d) satisfies (A1)-(A4) for p = oo and Lagrangian L : R* — R.
These conditions hold, for example, if the random field a is as in Section 5.2.1 with

bounded 3. If u®,u’ € H}(R) satisfy (1.1) and (1.2), respectively, then the random
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corrector w® = u® —u® satisfies the LDP on L*(R) with rate % and action functional

Syw = inf/U I (% “1aly) - a) dy. (3.9)

)

Given w € Hy(R), the infimum of Sy is over all positive-definite matrices a € A

such that
0 0 B _ o 0 a* J
o0 (aa—xlw> al,w = (a—a)A,u o (a( - 1>@x1u ) . (3.10)

*

Here, x1(21) = [, 5 — lds.

In the one-dimensional case, the LDP is proved in Bal et al. (2011) by making
use of the explicit solution and it is shown that it suffices to show (A1)-(A4) for the

random field = — 1.
3.2.3 Reaction-diffusion with random reaction

Here, we state a LDP for the solution u® of (1.6). For simplicity, we will assume
b(v,¢°) is a bounded random field satisfying the Lipschitz conditions (1.7) and the

following conditions:

(B1) There exists H : R™ x R™ — R such that

. n 1
T/f:lli%e lnEexp{g—n/Ufyb(vy,qy/g)dy} :/UH(vy,fy)dy

(B4) The function H is continuous in its first argument and differentiable in its

second argument.

Conditions (B2) and (B3) are omitted since b is bounded. They are satisfied, for
example, if the random field ¢ is as in Section 5.2.1. Define L(v, s) to be the Legendre
Transform of H(v,t) in the second variable for v fixed. The next result can be
thought of as a nonlinear generalization of Theorem 3.2.1 and the LDP for averaging
of ODEs due to (Freidlin and Wentzell, 1998, Chapter 7). For a related work see
Freidlin (1985).
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Theorem 3.2.3. Let 0 < s < 2. If u® solves (1.6) and ¢° satisfies conditions
(B1),(B4) for all step functions v then u® satisfies the LDP on C(0,T;C*(U)) with
rate Ein and action functional
0
Seu = [ L(uy, Erihe Auy) dy
U
for all uw € C(0,7;C*(U)) satisfying the boundary conditions of u®, and Sgu = o0

otherwise.

By Definition 2.6.6, exponential lower and upper bounds for large deviations are
given in terms of an optimization problem. In Section 5.4 simple exponential bounds
are derived for the problems shown above for suitable Borel sets.

The basic steps we follow to prove these results are the following:

1. Prove that the sequence of random coefficients ¢° satisfies a LDP on the space

LP (U) of p-integrable functions with the weak topology for some 1 < p < co.

2. Show that the map F': LP (U) — X, taking the coefficient ¢ to the solution u
(which lives on a suitable Sobolev Space X)) is continuous. This estimate can
often be obtained by proving an apriori estimate on the solution u in terms of
ll¢||r vy and using a weak convergence argument. Observe that the continuity

is completely independent of the probability distribution of g.

3. The Contraction Principle now can be used to extend the LDP from the space
of coefficients L2 (U) to the solution space, which can often be described as a

suitable Sobolev Space.
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4

Central Limit Theorem in Stochastic
Homogenization

4.1 Diffusion in a Weakly Random Media Case

In this section we derive a CLT for (3.1) when a > %. Let u” be as in (3.2), and
define w® = u® — ug, the error committed by approximating ug with u®. It is easy to
check that w® = e*GV -°Vu?, where G = (—V - (agV +3)) ™" is the Green’s operator
of u® with Dirichlet boundary conditions. Also, let G¢ = (—=V - ((ag +&°n°)V + 3)) !
denote the Green’s operator of u°. By uniform ellipticity, both G and G° are uniformly

bounded in € and w. Note that for every u,v € H}(U) we have
(V- Vale) = [ V- Vode < e gl
U

S AV VUl -y < 7 llzee e el a0
clw gy < € NGNIV -7Vl [ -1y < CeIn"lLoe@m [ f | -1y, (4.1)
which shows that the error goes to zero strongly in Hj(U), as expected. Split w® into

wi + w5, where wi = e*GV - n°Vuy and w5 = e*GV - n°*Vu® = G,V - n°Vuwy. Let’s

analyze now the contribution of wi and w3 to the limit as ¢ — 0. After replacing u®
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by u in (4.1) we obtain the strong estimate

Elwilipw) < Ce*nlle@ 1 f i w)- (4.2)

Using integration by parts and Holder’s Inequality we see that

B|(¢lug)| = B | / 1FVG6 - Vur da
< 5a(E||7fvg¢||%2(U))§(EHV?UEH%%U)P (4.3)
< C| fllur il (4.4

By Theorem 2.5.11, the law of I° = [(e™ " 2Dw|¢) = 72 [, n°Vuo - VG dx con-
verges to [ = o fU Vug - VG dW, (i.e., a Gaussian random variable with mean zero
and variance o?||Vuy - VQSH%Q(U)) for all p € H1(U) as e — 0.

By Theorem 2.5.9, the fluctuations for w® are completely characterized by those
coming from w$ provided that e~(®**2)w5 converges to zero in probability. Since

~@F E{p|ws)| < Ce* 2, this occurs precisely when a > 5.
4.1.1  Convergence in law

Let w5 = e~ (@*2)w? be the normalized error. Our goal is to find s such that @5
converges in distribution to a Gaussian Process in H°(U). We have already verified
condition 1 of Theorem 2.5.7, so it suffices to check (2.8).

Let ex be an orthonormal sequence of eigenvectors of £ with positive eigenvalues Ay

in increasing order. Since {)\;S/ 2ek},‘§":1 forms an orthonormal basis of eigenvectors
for G on H*(U),

s/2
B2y = 3 @A e
k=1

2

EVUO VG(A,Pep)dz|  (4.5)
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Extend u° and e to be 0 outside U. Use Plancherel Equality (4.1.1) to see that

BB ) = ZA / ()| F (T - VO )} de

< IR po@ey AT /|Vu0 A e da
k=1

Since )\,;1/ ®¢; forms an orthonormal basis for H}(U), we have

~c - —(s+1
El[@5]3- ) < ClIR| L@ | Vol ow) Y A .

By Weyl’s Formula (2.7), the series of )\,;(SH) converges if and only if s > § —
Thus, (2.8) guarantees that the law of w] converges on H~*(U) for all s > § — 1.
Next, we will describe the limiting random field w. Since the finite-dimensional
distributions, (w§|v), are Gaussian with mean 0 and variance o?||Vug - VGol|2, v
the random field w has characteristic function (3.3). The covariance operator )

given by

(Qu,v) sy = /(Vuo, VGu)(Vug, VGv) dz for all u,v € H*(U)

satisfies Tr(Q) = E|lw||g-+@w) < co. Hence by Theorem 2.5.15, w is a well-defined
Gaussian process on H‘S(U).
Let’s compute the null space of (). Note that u € Ker () if and only if ¢ = Gu
satisfies the Boundary Value Problem

Vuy- Vo =0 in U

o=0 on OU.

By uniqueness of first order partial differential operators, it follows that ¢ = 0, so
that @ is a nondegenerate positive-definite operator with supp Q@ = H*(U).

The covariance function is given by

R(x,y) = 02/[](Vu0(z),VG(x,z))(Vuo(z),VG(y, 2)) dz,
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where G is the Green’s function corresponding to G. Evidently, we can only make
sense of R in the distributional sense when we apply R to sufficiently smooth func-
tions. Recall that the Dirac delta function 6 € H~*(R") if and only if s > . Since
two (distributional) derivatives of the Green’s function gives rise to the delta function,
it follows that STGj(x,y) € H*(U) for all s > 2—1. Therefore, R € H*(U)®H *(U)
and the range of s in Theorem 3.1.1 is sharp: there is no measure on H*(U) with
characteristic function (3.3) if s <5 — 1.

To finish the proof of Theorem 3.1.1, we need to obtain representation formulas for
w. In one-dimension, we have convergence on H'/2(U) and we can in fact extend
the convergence to the space of continuous functions. This can be done using the
Kolmogorov’s Continuity Theorem (see Billingsley (1999)) since, in this case, the
Green’s function is uniformly Lipschitz continuous . In this case we can even write

the limiting Gaussian process as the Ito integral

w = || B[ /U VG(z,y) - Vg dW,, (4.6)

where W is a standard Brownian motion.
In higher dimensions, we can describe w is by understanding the way it acts on test

functions

(wlo) = [ o VG W) ~ R (0. [ (Vw0 Vuas). (@1

However, we cannot interpret w in the Ito sense (4.6) since filtrations in the higher
dimensional setting are not linear. Instead, we use Malliavin Calculus to define w as
a Skorokhod integral.

By Mercer’s Theorem we can expand the Green’s function as a Fourier series

— 1
Z )\— ) for all z,y € U. (4.8)
k=1
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Convergence of this series holds on H~* ® L*(U), and

||G||H*S®L2(U) = Z ||)‘I;1€k||%I—S(U) <0

k=1

if and only if s > & —2 by Weyl’s formula (2.7), as expected. Therefore, the function

flz,y) =V,G(z,y) - Vuo(y Z )\k [Vuo(y) - Ver(y)lex(x) for all z,y € U (4.9)

converges on H*® L?(U),s > 2 —

5 — 2, and its Skorokhod integral is given by

5/(2) = | RI g, / VG, y) - Vuoly) W(y) dy
= Z/U[VUO-V%](@/)W( )dy%kek( ) € L2 (Q @ H(U)).

It is easy to check that (0 f|¢) has the same distribution as (4.7), so that w = ¢ f in
law.
To finish the proof of Theorem 3.1.1, we must show tightness (2.8) of w§. Arguing

as in (4.5), we have

—s/2
Ellwsl3 oy = D [(wi |\ 2ex)?

2

By Holder Inequality, the above reads

£ le% —(s+1 —1/2 £ 1o} —(s+1
Elw§ |3y < ™Y A I Perlin o Elwr B oy < €Y N < o0
k=1

k=1

By assumption, a > %, so wj converges to 0 in probability on H=*(U).
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4.1.2  Asymptotic Estimates

This section is devoted to the computation of some asymptotic expansions which
may be useful to understand how some pointwise statistics of the random process w,
diverge as ¢ — 0, as expected. Firstly, we will need a generalization of Plancherel’s

Equality when the integrands are not square-integrable.

Lemma 4.1.1. Ifu,v € LP(R"), where 1 < p < 2 then

/u@dm:/ v dx.

Furthermore, if u € LP(R™) then

/uvdx:/ uv dx.

Proof. The result is true if u € LP(R™) C §'(R") and v € S(R™), where S(R") is the
Schwartz space of rapidly decreasing functions on R". Note that Young’s Inequality
gives that 4 € L' (R"), 110 + ﬁ = 1. The proof follows from the density of S(R") in

LP(R™). 0

We will use this result as follows. Let N(z,y) = N(y — z) = if n > 3,

cn|y—x\"’2 )

and N(z,y) = iln(|az —yl|), if n = 2, be the Newtonian potential, where ¢, is

the hypervolume of the unit sphere in R™. We will take u(y) = 8%}% (y_z), and

)

v(y) = N(y). We will assume here that R € S, so that Plancherel’s Equality can be
applied. Recall that

Bl (2)? = /U/UiR (y - Z) V,G(2,y) - Vue(y) V.G, 2) - Vug(z) dy dz

— dug 1 ly=zf or

Assume n > 3. Let x;(z,y) = T (W) [k(z,y) — —5 I (x,y)], where

k(z,y)
|z — y["2

G(r,y) =

48



and k is a continuously differentiable function. Clearly, x; € C(U x U) is Holder

continuous on each variable, and ‘95 gz(? = Kj gN Then,
J J

Z / /Ugn (—) Kz, y)g]yv(x y)kk(z, z)g]\li(a: z)dydz.

J

7,k=1
(4.10)
It will be shown that this last expression is asymptotic to
Eaf(@) ~ (20)F 3 wy(oo)alon) [ REOIS P (@D
k=1 R" Yi
B (z)P ~ e (2m)E ) /ij(x,x)/ik(fl?,:l?)/ R(¢ )‘514 de,

7,k=1

where the latter equality follows from N(€) = |£|~2. All we have to do is to argue that
we can replace the y dependent function x;(z,y) with the constant x(z,z), extend
the domain of integration from U x U to R™ x R", and use Parseval’s Equality. Since

r; is Holder continuous, say with exponent r, a computation gives

[ n( o
vJue”

) 5 (00) = o) 5

J

C//iR y—z dy dz
vJu&" € ly —z|* |z — ar !

dy dz
<C . (4.12
// Diegtapirfepr 412

which is finite since the Green’s function is square-integrable at infinity and integrable

(2, (s ) 2 (2, 2) dy dz| <
azk

near 0. Hence, after applying Parseval’s Equality as usual we get that the last

expression is

c / R(e) FH {Jy| " F g de

which provides a lower order term to (4.11) since the order of one of the singularities

is smaller than n — 1. This proves the first part of our assertion. The second part
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follows easily from an estimate similar to (4.12) and the Dominated Convergence

Theorem.

Note that the proof we just gave does not work for the case when n = 2, mainly
because the terms of the form g—g are not square integrable neither near 0 nor at
infinity. Thus, we must proceed in a different way to obtain the asymptotic result.
In this case, we will prove that expression (4.10) is of order In(e). Arguing as before,
we get that the main contribution to the integral (4.10) as € — 0 comes from taking
y and z close to x:

~e 2 y—=z ON ON
E|wi(x) Z Kj(x, x) ki (T, @ /m)/n = ( . ) 8yj(x y)aZk(x,z)dydz.

7,k=1

Here, B(z,r) represents the ball in R" centered at x with radius r for sufficiently
small . Note that we can integrate over all y € R" by the Dominated Conver-
gence Theorem since R € L'(R"™) and g—;\; decreases to zero for large y. Next, use

Plancherel’s Equality to obtain

~E ]‘ - Z£] —z zaN
Bl (x)* ~ ijzl"ﬂy(x , ) kg(T, @ /w . R(5€)|§|2 & o0 ~——(2) d€ d»

N

- 1 z§ B ON
B0 (x = Kj(x,x)kE(x, / / ) —ifz/e d€ dz
‘ 1( )‘ 5(2 ) JCZ: J k Or) N |£|2 ayk( ) 6

1 ON
B (@)]? ~ (2)gzwmm/ / e T () dedz

7,k=1

Now we want to replace R(¢) with R(0). To this end we assume R is Holder contin-
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uous with exponent s. This contribution again provides a lower order term. Thus,

Blai@) ~ T S e oymte) [ 9008 ) e

™ —(Z)—\Z
(2m)2 4= Bo,2) 9y Ok
B (z)]* ~ —“RHLl(fn) z": lij(I,lﬁ)lik(%l’)/ Zkyj4 dz.
(2m)z 4= B(0.2) CnlYl

Note that yxy; is radially symmetric, so that the integral is exactly zero when k # j.
Hence,
Blaf(@) ~ OB S e [ ds
' (2m)2 &= B0,2) Calyl?

‘ ln 8‘ ||R||L1(R”)
~ n E |/€j(l’,$)|2.
Co (27T)2

If a < 3, then w3 is not negligible anymore and w® would have to be expanded
further in order to obtain the CLT. For example if § < a < 7, consider the following

Neumann series

w® =GV - n°Vuy + e2*GV - °VGV - n°Vugy + e2*GV - n°VGV - 1 Vur.

If ws, w5, w§ are the three terms in the right-hand side, e+ 2)w§ can be shown to
converge to zero weakly in probability, so that w{ and w§ both contribute to the
limit in law. In fact, the oscillatory integral w] converges to the Gaussian random

field while w§ becomes a second-order corrector.
4.2 Diffusion in Randomly Layered Media

In this section a Central Limit result will be derived for the random error z* =
u® —u® — x° - Vu of the random diffusion problem (1.1) in the case of layered media
with Dirichlet boundary conditions. This limit will then be used to analyze the

fluctuations of w® = u® — u°. As described in Subsection ??, this corresponds to the
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case where a is an scalar-valued random field depending only on z;, which satisfies
the strong mixing condition (2.9). We will also assume that f € H'(R).

Let R = I x U, where [ is the interval (0,1) and U is a open bounded set with
smooth boundary. Assume f € C'(R). Given any x € R, we will write z =
(1, 22) = (2}, 2%, ..., 2)), where zy =2} € I, 29 = (2},...,2],) € U.

Recall that x is the unique random solution to the cell problem (??) such that
x(0) = 0 and Vy is stationary. In this case, only the first coordinate of y is nonzero
and x1(y) = [ [% — 1] ds. Here, a* = (E[ﬁ])*l. The matrix a((Vx)” + I) turns
out to be diagonal with the entry (1, 1) being a* and the rest of the diagonal entries
equal a. As usual we define a(z;) = a(%) and x°(z1) = ex(*). An algebraic

computation shows that z° satisfies the PDE

—V - (a°V2°) = Tr([a* (V)T + 1) — a®]D*u®) + V - (¢ D*u"x"),

which reduces in the layered media case to

B (aa 0 2) N

B 8_% (9.%1

€ = 0 9 €€ 62 0 €, 9 0
(a° —a)Au +7 aXip ol +a Xla_xlA”“ , (4.13)
1

where a = Ea(0)]. Let use a similarity reduction by means of the change of variables

= j;—*,.l"g = 3—% Under these transformations, (4.13) reads
0 £ 0 €
- a__ZE _GTA:EQ/ZE:
8371 a* 8%1 a

m

aé 0 (a1 0? at 1 0
C 1) Al N S I S A )

Let A%(z1) = %Xi = % — 1 and B° = £ — 1 be mean-zero stationary ergodic
random fields. Integrate the terms of this equation from 0 to x;, multiply by Z—Z,
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differentiate with respect of x; and rearrange terms to obtain the equation

—Az® =1I°+ J° + R°, where (4.14)

0 1 0? 1 0
[E_ 15 0 £ ﬁa: 0 Bgﬁx 0
(9.%'1 (\/a_*Xlﬁx%u ) * \/ﬁxl(?xl 2t + 2%

1 £
J® 0 (AE/ GTA$225 dr) + B®2°, and
0 a/

~ 9,

5, o1 1 5, 1 0
— 9 | g B+ 1) — " —A,u’d B e NA,,uld
axl ( A ( + ) /_a* X1 axl QU T) + /_a* X1 axl 2 U r+

i <A€/ BA,,u’ dr) — KeiAe.
0

81’1 X1

RE

Here, K¢(z5) = Z—i%zﬂxlzo is an integration constant. Since A® and B¢ are functions
of a®, they also satisfy the strong mixing conditions. Let R4, Rg € L'NL>(R) denote
the correlation functions of A and B, respectively. In Section 5.4.2 we will see that
the map taking (A®, B¥) to w® is continuous, whence these random fields determine

the limit in law of %za.

Let G = (—A)~! be the Green’s operator of —A on R with Dirichlet Boundary
Conditions. We will show that GI¢ is of order £7 and GJ¢,GR® are lower order
terms, so that the fluctuations are determined exclusively by GI¢.

Let us now make a small digression before continuing with the analysis of (4.14).
4.2.1 Analysis of the Laplacian

Here we analyze the spectral decomposition of —A = —8‘9—;2 — A,, with Dirichlet
1

Boundary Conditions. Due to the cylindrical form of R = I x U, the operators —3%1
and —A,, have Dirichlet Boundary Conditions on {0, 1} and OU, respectively.
Since —A,, has compact resolvent, there exists an orthonormal basis of eigenfunc-

tions ¢, € L*(U) with corresponding positive eigenvalues )\, which we can order in
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an increasing fashion, satisfying klim Ar = 0o and the boundary value problem

More generally, —A,, is also self-adjoint with compact resolvent on H}(U), and

(05, d%) B30y = / Vo; - Vo dr = (¢, =Aa,0r) 2v) = AjOjik-
U

Thus, {)\,lc/ 2+, forms a sequence of orthonormal eigenfunctions for —A,, on

H}(U) with corresponding eigenvalues )\,1/ 2.

An analogous result holds for _8%1 on I: there is a sequence of eigenvalues/vectors

{(/L], w])};}il of the problem
d2
— i = Yy with v € Ny (4.16)
1

with Dirichlet Boundary Conditions such that {ul»/ 2

;352 forms an orthonormal

basis for Hg(I). In fact, in this case we have ¢; = sin(27j) and p; = (275)%.

It will also be assumed that the eigenvalues are ordered increasingly and diverge to
infinity. These results can easily be combined to yield the spectral result for —A on R:
the sequences {j1;+ M. }55.—; and {11 }35—, comprise all of the eigenvalues/functions

for the problem

— Ao = (1 + Ae)or with ¥ € Vi, ¢ € Vs, (4.17)

and {(p; + Ak)?¥;¢1 )35, forms an orthonormal basis for H}(R). Thus, if v €

Hj(R), there is a sequence {v;}%,_, of scalars such that

v(z) = Z VY (x1)P(22) = ka($1)¢($2) (4.18)

J,k=1
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converges in Hy(R). Here, vg(x1) = 222, vjn = [ vopdr and v, = [ vib;éy da.

Moreover, we have the following type of Bessel’s Equality

HUH%%(R):/ |Vl doe = — /U—’de—/;%vAmvdx

= >y + M)l (4.19)

7,k=1

The interpretation of this equality is that the H}(U)-norm of v requires one derivative

in the p; direction or one derivative in the ) direction. In particular,

e D ollZeqy < ol

k=1

By Duality, (4.19) gives the following representation for H*(R).

= 1
2 _ 12
0] F-1(r) —]Ek_l " +/\1<;|U]’k| : (4.20)

4.2.2  Convergence in Law

Lemma 4.2.1. Let g1,92 € L>(R). Then

2

1
01 (51, 12) A () / BE(r)ga(r, ) dr dys dy,
U 0

1 3 1 3
/ (/ ’91(3/1,92”2 dyl) dy2/ </ \92(y17y2)\2dy1> dys
U 0 U 0

Proof. The proof follows the ideas of Bal (2008). Expanding the integrals

L

A (y1) A°(§1) B (r) B*(7)]91(y)91(9) 92(7, y2) 92(T, J2) dr dF* dyy dijy dys dga

2

< Cg?

Y1
91 Y1, Y2) A% (y1) / Be(r)ge(r, y2) dr dys dy;

%)



By Lemma 2.5.12, the expression above is bounded by a sum of terms of the form

SC/U/U/OI /01 fé(|t1?;t2|)Hl(tl)Hg(tg)dtldtg

Pt (lts—t y
/ / f2 (| 33 4‘) Hs(t3)Hy(ty) dts dty dys dgs,
o Jo €

where (t1,ts,t3,1t4) is a permutation of (yi,91,r,7) and the H's are a permutation
of the functions g. Extend the functions H; to be zero outside R. Use Plancherel’s
Inequality (4.1.1) as in the proof of Lemma 2.5.11 and Hélder’s Inequality to see that

the variance is bounded by a sum of terms of the form

Ce /U/U /sz(ef)Hl(g)HQ(g)df/RfQ(gf)Hl(f)HQ(ﬁ)dfdygdngg

oz [ (

This concludes the proof. O

N

4

11 / 75 (=6)] |ff§(£>|2> dyy djjy.

j=1

Observe that if z; € x5 then 52- 2 satisfies the equation (4.13) with u® replaced
J

by 2;_ u” and boundary condition -2 2° = —%Q(u6 —u®) — x5 V(%uo) on OR. Since

0 ox’;
u® € H3(U) by the elliptic regularity theory, 52-2° € H'(R), and the proof of the

homogenization result (see also Lemma (5.4.2)) shows that 52-2° — 0 in H'(R).

Lemma 4.2.2. \/LEQRE converges to 0 in probability in L*(R) as e — 0.

Proof. Denote the terms of R® by R;,j = 1,2,3,4. We start off by verifying Condi-
tion 1 of Corollary 2.5.7 for GR]. Using Integration by Parts and Fubini Theorem
we get

/ Af /QE1 (B + 1)in£u0 dr Amig%aﬁk dx 2
R 0 Va " or Ory

o6

2
E =F

/mﬁmmm
R




Since (p; + )Gl (1) Pk (2)] = (1) (w2) and 754p;(w1) = M;/zlﬁ}(xl) the ex-

pression above simplifies to

K )‘2 ?

0
Bg—i—lx udrw¢ dx
:u]""/\k 1 a

AE

Now use Fubini Theorem and Holder’s Inequality to obtain the upper bound

1 1 r
B* +1 2'LLO Aew'dﬂfl A° d.’i’l dr
k J
0 or r 0

o 2 1 1 r
0 / FE / A%ﬂj del / A° d.%l
L2(1) Y0 T 0

By Lemma 4.2.1, the expected value on the expression above is bounded by Ce2,

\2 2
Hej Ay <

E
Var(p + )2

2
dr (4.21)

C

)2
. ‘ 87’uk

Var (i + M)

which proves Condition 1. To prove the tightness condition (2.8), it suffices to show
that the sum over j, k of (4.21) is < Ce, where C' is independent of €. Let % <5< 2.
Then, (4.21) is less than

2 2

S 1 Ak
— (kg Ak)® (1 + Ae)*

9 o
8x1uk

Ce?

MDY
j=1 k=1

L2(I) |

L2(I)

Since p; = 2mj?, the sum over j is finite. By definition of the fractional powers

6A7"/2 O)

of —A,,, the sum over k equals ‘ < Ol tzm) < ClIfIZ2(g)- This

(1)
proves tightness for GR]. The proofs for R5 and Rj are quite similar and are omitted.
For GRj, the same steps show that

2

1
_ Mj €12 5

(15

2
E /R GRS

where K7}, f U ?(x9)or(x2) drg. Theorem 2.5.11 shows that the expected value is of
order €, and K vanishes in the limit as ¢ — 0 by the Homogenization Theorem. This

proves Condition 1 of (2.5.7). To prove tightness (2.8), observe that for 2 < s < 2,

57



the sum over j, k of (4.22) is bounded by

€

K:
CSZN Z 7 < Cell K| gm0 @)

k

This proves tightness and completes the proof of the lemma. O

Next, we analyze J7, the first term of J°. The key steps are similar as before.

Using Bessel’s Equality, Integration by Parts and Fubini Theorem we see that

[@/)J (ﬂﬁl)ﬁbk(%)]

a "2 01,

Tl aé‘ r
E||ng||i2(R>=E‘ [ / ") ey dr A, 2

1 5 2

EM]+)\2 a

(luj + )‘k)

~ / A% (xq 1/1 (1) dxq dr

a

An application of Holder’s Inequality and Theorem 2.5.11 implies that the last ex-

pression is bounded by

[e'e) 1
A / E
; ,u]"')\ k: L°° ®L2(I) 0

2
dr <

/ A% () ¥ ) i

r

CellRallzz) Y 1~ D Aillzilli e @eraim < 1AL N Ew o2

j=1 k=1

where 2 < s < 2, and (2.8) holds. We may recast GI° as

- [T AW 0*u® ! of
Gl —/0 e {G(x,y) o2 (y)+/r G(:E,r,yQ)a—yl(r,yQ)dr +

B€<y1)G<x7 y)Ayzu()(y) dy

By Theorem 2.5.11, for fixed =, %Q’] ¢ converges in law to a mean zero normal

random variable with variance o*(y) = E [, H(y,r)H (y,0) dr, where

A 82 0 1 a
H(y,r) = fﬂ Gle.s) G ) + / Glavr ) 51, | +

B(yl)G<x7 y)AyQu()(y) dy
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It is easy to show tightness in L?(U) as we did above, so Theorem 2.5.11 guaran-
tees that ﬁglé converges in law on L%(U) to fo Jo o(y) dy2 dW,,, where W, is a
standard Brownian motion. An alternative simpler representation is given by the

following

Lemma 4.2.3. The law of \%Q’IE converges on L*(R) to

HRAH .
L / / [ / G(z,r, y2 (7" Y2) dr} dyo dW;l—i-

. 1
IRl / /U Gz, y) Ay (y) dys W2 (4.23)

ase — 0, where W' and W? are correlated Brownian motions such that dW*'dW? =
pdt. Here,
 LBAWOBG) + BOAG)dr
(Jo E[AO)A(T)] dr [ E[B(0)B(7)] dT)

l\)\»—‘

Given our results so far, Theorem 2.5.9 implies that the limiting law of \/ngs is
the same as the limiting law of \/ngf, where 2§ = G[B®25] + G[I¢]. lterating this
equation once produces

= G[B°G|B=l] + G[BG[I*]] + G[I7].

We will show that the first two terms are order < /e, meaning that the law of z§
converges to (4.23). We will work out the first term J3; the second one is easier and

is left to the reader. Integration by parts and Fubini Theorem gives
BIGH e = B| [ 50 [ Gloa B0 dy 5.8 6y ()00 d
R R

4
— LE
(15 + Ap)?

/R B (1) () /R B (20) G, )5 (1) () d dy
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By Mercer’s Theorem we can write G(z,y) = Y oo, Gi(z1, y1)or(x2)dr(y2) where
Gr(x1,y1) is the Green’s function of the operator —%—l—)\k with homogeneous Dirich-
1

let boundary conditions. Thus,

)\4 ! 13 13 ! £ ’
E||gJ§||2L2(R) - mE /0 B (yl)zk(y)/o B (21)Gr (1, y1);(21) dzy dy

Now use Holder’s Inequality to see that

C)\4
E||QJ§||i2(R) ( |Zk||L2 I)E/ / “(21)Gi( xl,yl)%(xl)dxﬂ dy.

Since Gg(x1,y1) < % exp{—+vAk|r1 —y1|} and ¢ is bounded, Theorem 2.5.11 gives

i

E HQJSHE(R) < 05m
J

£ 1 S 15
sz”%Q(I) < CSE)\}C+ ”Zk:H%?(I)

For 1 < s < 2, the sum over i, j of the expression above is finite and bounded by
C’€||A(1+S /2 LA ) < &, which shows (2.8). Thus, the law of —z2° converges on

L*(R) to (4.23). To obtain the limit of w® = u® — u°, observe that

e e\ __ 1 sa 0
A(2f —uf) = A(ﬁ)ﬁaxlu )
2
Lo O w2 0o @ oy L0 e 9 )

= Va0 Jar 0x1 1 ox? N L

Comparing this expression with the oscillatory integral /¢ in (4.14) we see that

wt = fawl (A5 8 u®) + BeA,,u’ + o(1/€), from where theorem 3.1.2 immediately

follows.
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5

Large Deviation Principle in Homogenization

5.1 LDP for Oscillatory Integrals

Here will investigate conditions under which large deviations for the sequence of
oscillatory random fields ¢° exist. This will follow from the finiteness of some ex-
ponential moments together with other mild technical conditions. Fix 1 < p < oo.
Denote by L2 (U) the topological space of p-integrable functions with values in R™
with the weak topology if 1 < p < oo, or the weak-* topology if p = oco. Recall that

a sequence of functions f*: U — R™ converges to f in L2 (U) as k — oo if

lim [ (fy = fy)-g,dy =0

k—o0

for all ¢ € LP(U), where p/ is the Holder conjugate of p (1% + ]% =1, é = O).
Throughout the remainder of this chapter, unless noted otherwise, it will be assumed
that the random field ¢° satisfies assumptions (A1)-(A4) stated in Chapter 3. We
will see that (A1)-(A4) imply the LDP for ¢° in the sense of (2.18) on X = LP (U).

Before moving on to the proof of the LDP, let us pause to state some remarks

and results whose proofs are found below.
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Condition (A2) is an absolutely necessary ingredient in the proof of the LDP since
it guarantees the sequence ¢° is exponentially tight.

Moreover, if ¢° satisfies the LDP and (A2) holds, then (A1) must hold as well by
Varadhan’s Lemma (Dembo and Zeitouni, 1998, Section 4.3). In view of Theorem
2.6.16, (A1) is a very natural condition to impose for the LDP to hold. In particular,
this condition provides a representation formula for H; indeed, after taking f(t) =t

in (3.5) we obtain

1
H(t) = lim —lnEeXp{/ t-qydy}, (5.1)
Ule

where U/e = {Z |z € U}. Also, observe that H(0) = 0.

Other important consequences of (A2) are that Dy = R™, and that it yields the
upper bound (2.19).

Conditions (A3) and (A4) are technical conditions necessary to ensure the lower
bound (2.20). Observe that (A2)-(A3) are stronger assumptions for larger p, so
we may think of p as a measure of regularity of ¢ in terms of the finiteness of its
exponential moments.

Let us just remark that the last condition (A4) is inherited from the Gértner-Ellis
Theorem. Indeed, by the Duality Theorem (A4) implies that the Legendre transform
L of H is strictly convex, which guarantees that the convex function a - s — L(s) has
a uniqgue minimum. (Dembo and Zeitouni, 1998, Section 2.3) provides nontrivial
examples on how the Gartner-Ellis Theorem fails to provide an optimal lower bound
should (A4) is not satisfied and additional work must be done in order to prove the
LDP.

Since Tp oy, < Tpa, for 1 < a; < ao, it suffices to take @ = 1 in (A2)-(A3). In
practice, however, it is much easier to verify them by taking @ = p. Important
examples of random fields satisfying (A1)-(A4) will be studied in the next section.
The next theorem is an important consequence of (A2)-(A3) and it provides a rate
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of growth of T}, ;.

Lemma 5.1.1. Suppose 1 < p < oo. There exists a constant kg > 0 such that

0 < Tpa(r) < kp(|r” 4+ |U|) for all r € R.

Proof. Clearly, we can take kg = ||q|/z=xrr) if p = 00, so suppose 1 < p < oo.

Observe that 0 <T),;(£r) <T,1(E£ky) < oo forall 0 <r < ky. If r > ki we have

rP r\PP K \P
p — P
el = (35) ot [ o ()"

p'p p'/n
() e ()
R4 (’{Ti)nU R4 £

=& "RL /(Ki)p'U |qy/2|” dy,

n
r

where & = ("%)p//ns and cU = {cx |z € U} for ¢ > 0. Thus, both

/

T, (+r) = i "\ omE s/ (Y 71
r)=limsup [ — | é"lnFEexp{ — , — s
pl . Op P p gn 1 Lp((”%)p /"U) =\ +hq

T,1(—r) = — liminf [ — " g " <(=\'r
pi(—T) = 1§r_1>151 Py e"ln Eexp = q Lp<(%)p//nU) S\ —k_

. T T4 -
are finite and we can take Ky = max { ——, —t, = T L O
= O O

Apply Holder’s Inequality to the representation formula (5.1) and use Lemma

5.1.1 to obtain the following upper and lower bounds for H when 1 < p < oo:

1 1 /
H(t) < mTp,l(!U!p’ ) < ku(ftf +1) (5.2a)
1 1 ’
H(t) > —mTpJ(—WW ) = —su ([t +1) (5.2b)

When p = 1, bounds for H can also be obtained from the fact that G(t) > |[t| as
[t| — oo. Indeed, for every [t| > 0 there is K};j > 0 such that |t||g,| < G(qy) + K.
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A straightforward estimation produces

1
H(t) < limsu

In £ exp {/ [G(qy) + K] dy} <Tg+ Kj < 0.
Ule

In particular, Dy = R™ for all 1 < p < oco. These estimates together with the

Dominated Convergence Theorem yield the following

Lemma 5.1.2. If T is defined as in (3.5), then T'f is well-defined and finite for all
fel’(U),1<p<oo.

One last important property is the convexity of H and 7, , which follows from
elementary properties of the exponential and logarithmic functions and Hoélder In-

equality. Indeed, for any s,t € R™ and 0 < a < 1 we have

H(as+ (1 —a)t) = lemO |U1/€\ In £ exp {/U/E(as +(1—a)t)-q dy}

e [(oo [ s nan}) (e ([ cnan))”]
< | (oo { [ +-n}) (seo{ [ ram))”]

= lim —— lnEexp{/ 5-q dy}—l—hm lnEexp{/ t-q dy}
=0 [U/e] /| ve |U/el ve

SH(as+ (1 —a)t) <aH(s)+ (1 —a)H(t).

A similar computation shows that 7}, , is convex on the real line.
Now, let L be the Legendre Transform of H. It follows from the Duality Theorem
and (A4) that L is strictly convex, lower semicontinuous, and L # oco. L is also

nonnegative since H(0) = 0.
Lemma 5.1.3 (Bounds on L).

(a) If p = o0, then Dy, is compact, that is, L is finite only inside a compact set.
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(b) If 1 < p < oo, there exist a constant ky, > 0 such that L(s) > kr(|s|? — 1) for

all s € R™,

(c) If p=1, for every N > 0 we can find ky > 0 such that L(s) > N|s| — ky for

all s € R™.

Proof. The cases 1 < p < oo are easy consequences of (5.2a) and Lemma 2.6.13. So
suppose p = 1. Fix [so| = 1. Let to € OL(sp) and N > 2|tg|. Since H(t) is finite

and convex for all ¢ € R™, the function a — L(as) is also finite and convex and

L
lemma 2.6.13 yields limsup (aso)

a—0o0 a

= 00. Since L is convex, we can find ag > 0

such that L(asg) > 2aN for a > ay. Observe that if |s| = 1 then |s — so| < 2 and

lto - (s — s0)| < N, whence the the convexity of L yields

L(as) > aty - (s — so) + L(asg) > alty - (s — so) +2N]| > aN

for all |s| = 1 and a > ag. Therefore, Ky = sup,cpm[N|s| — L(s)] < oo, and the proof

is complete. O

Before we prove the important result of this section, we state the following clas-

sical compactness results. We refer to Diestel and Uhl (1977) for a proof.

Theorem 5.1.4 (Banach-Alaoglu). Let 1 < p < oo. A C LP(U) is compact in

Lr(U) if and only if A is bounded in LP(U), i.e., sup || f|| o) < 0.
feA

Theorem 5.1.5 (Dunford-Pettis). A C LY(U) is compact in LL(U) if and only if A

is bounded in L'(U) and uniformly integrable. Boundedness means sup || f||r1wy <
feA

0o. Uniform integrability means that

lim sup/ |f(z)|dx = 0.
|f(z)|=N

N—oo fea
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Theorem 5.1.6 (de la Vallée-Poussin). A C L'(U) is uniformly integrable if and

only if there is a nonnegative increasing convex function G satsifying

lim —= =00 and sup/ G(|f(z)]) dx < .

jtl—oo || reaJu

Theorem 5.1.7. Let the R™-valued random field q satisfy assumptions (A1)-(A4).

Then, ¢¢ satisfies the LDP on LP (U) with rate gl and action functional

n

R (5.3

Proof. We must verify the conditions of Theorem 2.6.16. Exponential tightness fol-
lows directly from the (A2), the compactness results stated above and the exponential
Chebyshev Inequality. The case p = oo is obvious. When 1 < p < 0o, the Banach-
Alaoglu Theorem the set Ko = {¢ € LP(U) | ||¢||Lr@) < C} is compact in L (U) for
each C' > 0, so that

hmsupa In P([l¢° || pry > C) < —Chkiy + limsupe™ lnEexp{—Hq | 2o (o) }

e—0

= —Chky+Tpi(+K4).

When p = 1, the same argument works for Ko = {p € L'(U) | [, G(|py|) dy < C}.
Next, let T™ is the Legendre Transform of 7. In general, the computation of T
involves solving an infinite dimensional convex optimization problem, however, the
integral form of the limit in (3.7) allows us to reduce the problem to m dimensions.
More specifically, we will check that T*¢ = [, L(y,) dy for all p € LP(U). The argu-
ment is standard and is adapted from (Baldi, 1988, Lemma 2.7) Note that H(0) = 0,
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T*p > 0 for all ¢ € LP(U), so that

T*p= sup /[fy'@py_H(fy)]dy
ferr' () JU

< /U sup [, - 0y — H(f,)] dy

ferr’ (v)

S/U sup [fy -y — H(fy)| dy

f:U—-R™

::/QL(Wy)dy-

For each s € R™, let I, = {t € R™|s-t— H(t) > 0}. Since t — s-t— H(t) is
a concave function which vanishes at t = 0, I, is a closed convex set containing 0.

Hence, for every ¢, € N we can find measurable functions ¢;,¢; ; such that

max{L(s) — 1,0}, if L(s) < o0
i, if L(s)

?

0

s-ti(s) — H(ti(s)) > {

h(s) ti(s), if [ti(s)] <
7;,' S - - 1i(s . - )
’ s it [ti(s)] >
and t;;(s) € I for all s € R™. For ¢ € LP(U), f* = t;;0¢ € L>®(U) and
fo? oy — H(f3?) > 0 for all y € U, so that

T"p = sup /U[fy oy — H(fy)]dy > lim inf/U[f;’j “Py H(f;])] dy.

ferr' (U) 600
Letting 7 — oo, by Fatou’s Lemma

1—00

T > / lim inf{ti(,) - @y — H(ti(py))) dy. (5.4)

Now, let A, = {y € U|L(p,) = oo} and let |A,| denote the Lebesgue measure
of A,. If [Ap| =0, then (5.4) gives

. U
Twz/M%Mwl#
U 1
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otherwise, "¢ > i|A,|. Since i is arbitrary, this proves the representation formula
for T.

Finally, we check Gateaux differentiability of 1. Consider first the case 1 < p < oo.
Let f,g € LP(U) and y € U. Since Dy = R™, by the Duality of the Legendre

Transform the function ¢/ = VH o f is the unique solution to the equation

H(f,) = supls- f, — L(s)] = ¢} - f, = L(¢}), (5.5)

SER™

and f, € 8L(<,05). Integrate (5.5) over U and use Young’s Inequality together with

the bounds (5.2) and Lemma 5.1.3 to see that

o [ 0dy < g (150 iy = [ ol =1 a

holds for all 8 > 0. By taking 6 sufficiently small we can find constants xy, ko > 0,
depending only on p, Ky, £z and |U|, such that [/ ||o@w) < kil fllp @) + K2 An

application of the Dominated Convergence Theorem shows that

D,T(f) = /U g, VH(f,) dy (5.6)

and [D,T(f)] < |lgll o @y (1l fll o 7y + #2). This concludes the proof that 7' is
differentiable when 1 < p < cc.

If p =00, H grows at most linearly, and VH is uniformly bounded. Hence, (5.6) is
well-defined and |D,T'(f)| < ||gll L1 |V H]| £oo @

Lastly, suppose that p = 1 and take f,g € L>®(U). Integrate (5.5) over U, use the

lower bound on H and Lemma 5.1.3 to see that

—ku|U] < (| fl=@) = N’ 1wy + mn|U].

In particular, if we pick N > || f||z(v), we obtain that ||¢f| 1) is bounded. The
Dominated Convergence Theorem can be applied again to show that the Gateaux

derivative (5.6) is well-defined, and

(kv + &m)llglle @)
(N = I fllzoe@))
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This completes the proof. O

Lemma 5.1.8. The action functional S in (5.3) vanishes only on the constant tra-

jectory v = E|qo].

Proof. 1t suffices to show that L(s) = 0 only when s = F[g]. Use Jensen’s Inequality
E[X] < InE[e*] with X = [, t- g, dy to get that

) 1 .
H() 2l /e\E{ / Lt dy} — ¢ Blgo). (5.7)

Consequently, 0 < L(s) = sup [s-t—H(t)] < sup [(s—F[q)])-t], so that L(E][qg)]) = 0.
teR™ teRm

It follows from the strict convexity of L that s = E[qo| is the only point at which

L(s) =0, and the lemma follows. O

In practice, we are interested in the large deviations of probabilities of sets of the

form

1.0) = {0 e )] ' [ g ter = Blal) s

< 5} (5.8)

for a fixed f € LP(U). By (2.19) and Theorem 5.1.7, if ¢ # 0, 0 < 0 < inf c 4.5 S¢
and 0 > 0 we can find g¢(c,6,0) > 0 such that P(¢° € A.(0)) < e~# for all
0 < & < g. Similarly, if 0 < § < inf,ca,5)c S¢ and 6 > 0 by (2.20) we can find
0(9,0) > 0 such that P(¢° € Ap(d)°) < e== for all 0 < £ < &o.

In general, the exact computation of deviation probabilities may be a hard task,
however, in some situations we may be able to get closed formulas. As an example,
suppose that 1 < p < oo and L(s) ~ C|s|P as s — oo (equivalently, H(t) ~ C|t|”

as t — o0o) for some constants C,C' > 0. Note that if f € L”(U) and r > 1 the
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Dominated Convergence Theorem guarantees the existence of §(r) > 0 such that

inf /UL(goy) dy > inf / L(p,)dy

(,DGAD((;)C (per(T(S)

= inf / L(rey,) dy

w€AL(0)C J iy

> inf / L(p,)dy—0
U

pE€AQ(9)°

with § — 0 as r — 1. Thus, Ag(0)¢ is a regular Borel set. In particular, if
L(s) = Cs|? we can compute the limit (2.21) exactly. Indeed, if ¢ € Ay(d)¢ then
Holder’s Inequality implies

Cs <O\foy-soy dy|”

< < [ L(py)dy.
[ [ /U Y

Since equality in Holder’s Inequality holds if and only if there is @ € R such that

@, = alf, [P 2f, for a.e. y € U, (2.21) becomes
cor

i <" I P(A0)) = int [ L) dy = — o —.
= g 7y 0

pEAQ(d)°

where the infimum is attained at ¢ = +—=*— f Thus,

Hf||2

tim P/, q—wme<nrwmwﬂ+wke|q%Amn=1

for all 4 > 0.
It is often desired to know whether one can lift the topological space under which
the LDP was formulated. The corollary to the following result gives criteria under

which no such improvement can be done.

Lemma 5.1.9. Take 1 < p < co. Let H # oo be a lower semicontinuous, convex
function, let L be its Legendre Transform, and consider the functional S given by

(5.3). If any one of the equivalent conditions (see Lemma 2.6.13)
L(s) H(t)

lim =0 or lim—F =00 (5.9)
1 o T

70



holds, then ®g(t) is not compact in LE (U) for any t > 0.

Proof. In order to prove the first statement, by the Banach-Alaoglu Theorem it suf-

fices to construct a sequence p* € LP(U) such that ¥ € ®4(t) but klim 16" | ooy =

oo. Without loss of generality, we may assume that L(0) = 0. Let o, = 2”%) denote

the hypervolume of the unit ball in R". Fix ¢y, € U. For every positive integer k we

can find Ny > 0 large enough such that

Kt \"
T = (N,’ja”) < distance(yo, OU)

and L(s) < £|s[? for |s| > Ny. Then, the functions ¢f = Ni1(Jy — yo| < 1) satisfy
/ L((p’;) dy = a,ry L(Ny) < t, and
U
/ |<pl;|p dy = anry NE = kt.
U
This concludes the proof. O

Corollary 5.1.10. Let ¢° be a sequence of random fields satisfying the LDP on
LP(U),1 < p < oo, with action functional S as in (5.3). If there exists p < p < 00

such that (5.9) holds, then ¢¢ does not satisfy the LDP on L (U).

Proof. We argue by contradiction. So suppose that ¢° also satisfies the LDP on
LP (U) with action functional Sp. An application of the Contraction Principle and

Lemma 2.6.17 to the identity operator from LP (U) to LP (U), shows that

Sp = . _ .
oo, ifp e Ly(U)\ LP(U)

However, S does not have compact level sets in L? (U) by Lemma 5.1.9, a contradic-

tion. L]
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5.2 Examples

In this section we describe some important random fields which arise in applications

and satisfy the LDP on L? (U) for some 1 < p < oc.
5.2.1 Independent and identically distributed random variables

Let {3;}jez» be independent and identically distributed random variables with values
in R™. Denote by ; the unit cube in R" centered at j € Z" and let the random

field be defined by

Qy = Z 3J1Qj(y)'

jezZn

This example corresponds to the classical problem of Cramér in Large Deviation
Theory and is considered in the literature as the prototype of a stationary random
field. In Bal et al. (2011), this choice of ¢ was used to obtain a pointwise LDP for
the homogenization of (1.1) for n = 1. Here we aim to extend that work to LP(U).

Let H(t) =In Eexp{t-3;}, and assume that
1. He =InEexp{G(|3;])} if p = 1, where G satisfies the conditions in (A2),
2. Hy(k) =InEexp{kl3;|")} < o0 if 1 <p < oo, and
3. [3jllLee(e) < o0 if p = 0.

It will be shown that ¢° satisfies (A1)-(A4). Let U C R™ be an open, bounded set.

Define the sets of subindices
IF={jez"|Q;CcUlctand J-={j € Z"|Q; N (U/e) # 0 but j ¢ I°}.
For each j € J°UZ", let Q5 = Q; N (U/e). Clearly, Q5 = Q; if j € Z°. Observe that

1 < 1y € B | distance(y, 9(U/2)) < it} < 2vlo(w/e)] = 2001 (5.10)
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and |U| — 2y/n|0Ule < e™(|0(U/e)| — |U¢]) = ™| Z¢| < |U]|, so that 111%5”|IE| = |U|.

Given f € L>®(U), define the step function
1

hy=| faqdj=— fpdy fory € Q5,5 € J°UT".
Qs Q5

Using the independence of the sequence {3;};ezn we get

Tf:limgnlnEexp{ fay-qydy}
e—0 U/E
= lime" > H(kE) + lim " > H(hg). (5.11)
jeTs jege
Let Hf = max |H(t)| < oo. The last term of (5.11) vanishes since

[EI<If Nl oo 1y

" Y [H(hgy)| < e"He|T°| < 2v/nH;|0U]e,

JET*®

where the last inequality follows from (5.10). A similar computation yields

> [H(h) Q5| < e Hyp |T°| < 2/nHy [0U]e.

JjET®

By the Lebesgue Differentiation Theorem, h; converges to f, for almost every y € U
as € — 0, and ||H o h®||pe(u) < H;. Thus, the Dominated Convergence Theorem

applies and (5.11) yields

Tf =lim > H(h ;)@ = lim H dy—/ny

]EIEUJE
This establishes (A1). Next, observe that if 1 < p < oo,

Tpp(k) = hm5 mEeXP{’{HQHLp (U/e) } = lii%en Z (’{|Q ) = Tigrey,

jETEUTE

where Tjg» represents the functional (3.5) corresponding to the random field |¢[?,

and g = k. Thus, from (A1) it follows that T,,(k) = |U|H,(k), establishing (A2).
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The other cases of p and (A3) are established in a similar way. Lastly, to prove
(A4) note that by our assumption of finite pth exponential moments, the Dominated

Convergence Theorem implies the differentiability of H and

o Elfexp{t 3)]
Blexp{t-3,}] |

where 32‘? is the kth coordinate of 3;; in fact, H is infinitely differentiable.

One case of interest is when 3; ~ N(a,X), in which case H(t) = a -t + 3(3t,1),
L(s) = 3(X7'(s — a), s — a), and the LDP holds on L2(U). Another case is when
3; ~ Poisson()), where H(t) = A(e' — 1), L(s) = sIn(5) — s+ A, G(s) = [s|In(]s])

and p = 1.
5.2.2  Moving Average Process

Denote by @); the unit cube in R" centered at j € Z". A very useful way to generate

long-range dependencies is to consider an infinite moving average (MA) random field

@= > gr-izjlo.(v)

JkeL™

Here, {g;}jezn is an absolutely summable real-valued sequence and {3;};czn is a
sequence of independent and identically distributed random variables. This model
was also considered in Bal et al. (2011) to introduce correlations to the random media.
Let H(t) = In E'exp{||gl/¢(znt-3;}, and assume the same regularity conditions of the
moment generating function of 3; from Section 5.2.1. It will be shown that ¢ satisfies
(A1)-(A4) on L2 (U). Let us prove (Al). Fix f € L>(U). Using the independence

of the sequence {3;};ez» we obtain

1
Tf = limsnlnEexp{—/ fy.qy/gdy}
e—0 cn U

Sl i <€n2 o 10 (2) fydy>'

JEL™ ke
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By deﬁnjng the kernel n(x) y) = Zj,kEZ" HgﬁZﬁle (ZL‘)le (y), the line above can be

Tf =lime" /H(/Ugin< )fydy) dr
—ti [ ([ Sn(22) s e

rewritten as

Since 7 satisfies

/ n(z,y)dy =1 and ||n||pe@n) <1, (5.12)

we expect that nn (£ %) is an approximation to the identity. Indeed, if |z — y| >
7,2 € Qjand £ € Qp we have that [£ —j| < /n, |£ —k| < y/nand [k—j| > £ —-2/n.

Therefore, for any 8 > 0 we can find € > 0 small enough such that

1 Ty
[ G s < X wl<o e
y—x|>r

|s|>Z—2/n

Using (5.12), (5.13) repeatedly and the Lebesgue Differentiation Theorem gives

e’ e en € €
1 Ty
< — (—, —) (fy — fo) dy| + 26
ly—z|<r € € ¢
1
g—n |fy—fm|dy+29<39
€ ly—z|<r

for almost every x € R™ and sufficiently small ¢ > 0. A simple application of the
Dominated Convergence Theorem proves (Al).
Next, we prove (A2) when 1 < p < co. The other cases can be shown in a similar

way. If 7¢, J° and ()5 are as in Section 5.2.1, then

Hqs”ip( _5anHzl zn) Z ’QS

kETeUTE

gk]
ZH

o llalle @
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Since the power function |z|P is convex and ) = 1, Jensen’s Inequality

9i
Jjer ||9||51(Zn)
gives

112y < "llglnzny D> QD —r—— laj\p

v =

Use the independence of {3;},ez» and the definition of n to compute

|9k ’
T,p(k) <limsupe" > H, <fngHp @ D \QIJH :

£Teo jezn keZeuge gHEl zr)

: L (Y
:hmsup/ H, </@Hg||§1(zn)/U €—nn< > dy> dx

|U|H (“Hg“el zn) ) < 0.

(A3) and (A4) can be proved similarly, and this completes the proof.
5.2.3 Stationary Gaussian Processes

In order to avoid cumbersome notation we will consider a stationary Gaussian process
q with real-valued sample paths; the general case can be obtained in a similar way.
By taking X = L*(U) and V CC R™ in (2.16) the random field ¢ has logarithmic

moment generating function

lnEeXp{/nyqydy}:a/vfydy—i-%/v/vR(x—y)fxfydxdy (5.14)

for all f € L*(V). Here, a € R is the constant mean and R(y) = E[g,q] — a? is the

covariance kernel.
Short-Range Correlations

First, let us consider the case where ¢ has short-range correlations, i.e. R € L' N
L>(R™). Tt will be shown that ¢° satisfies the LDP on L2 (U). Pick f € L*(U) and

extend it to be 0 outside U. Using (5.14), the functional 7" can be written in terms
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of a and R as follows

Tf:lir%snlnEexp{ fquydy}

Ule

=qlime" feydy + = hms / / (¥ —y) feafeydax dy
e—0 Ule 2 -0 Ule JU/e

=a fdy—I——hm// (
/U Y 25—’ Ugn

By Bochner Theorem the Fourier Transform of R (defined in (2.1)), R, is nonnegative

) fafydz dy

and belongs to L' N L>(R"). Since %R ( i y) is an approximation to the identity,

en

we may apply Plancherel’s Equality (4.1.1) to obtain the limit of T'f. Indeed, extend
f to be 0 outside U so that

R R Y I CAT A

. / Fydy + 1Rl 120

by the Dominated Convergence Theorem. Hence, (A1) holds with H(t) = at +
IRl igeny[t]? and L(s) = || Rl i gy ls — al*.

(A4) is obviously true, so now we focus on verifying (A2)-(A3). By considering the
mean zero process § = ¢ — a, we may assume without loss of generality that a = 0.
Define the covariance operator of ¢ on L*(U/e) by (Q°f)(z) = [, R(z —y)f(y)dy.
In order for g to have locally square integrable sample paths, it is necessary and
sufficient that )° be a symmetric, nonnegative definite operator of trace class on
L*(V) (see Kuo (2006)). Let {(\, ff)}2, be the sequence of pairs of eigenval-

ues/eigenvectors of (¢, ordered so that \j > A5 > --- and lim A\; = 0. These

k—oo

eigenvectors can be chosen to form an orthonormal basis of L?(U/e).
The main ingredient to proving exponential tightness of ¢° is to show that A\ =

sup \] < co. Indeed, by Plancherel’s Identity, for any f € L?(U/¢) we extend it to

0<e<1
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be 0 outside U and

/ / Rz — y)f () f(y) dzdy = / / e VER(E) fof, de dy
Ule JU/e Ule n

- [ eotRoli©OPE  (613)
< (27()%||R||L°°(R")||f|%2(U/s)'

In particular, by taking f = f; above, it follows from Rayleigh’s Variational Theorem

that A < (2#)%||R||Loo(Rn) < 00. Moreover, since

E [ [ @ [ 5w dy] _ / . / R ) drdy

= A} TeW) f5 (y) dy = Xy,

Ule

the eigenvectors f; provide the spectral decomposition for

fj { dy} fi= Z VAZS;

k=1 U/s

on L?(U). Here, Z; = \/;A_i fU/e fi(y)q(y) dy is a sequence of independent standard
normal random variables. For any x < (2A)~!, with A = sup A < occ. the spectral
0<e<1

decomposition of ¢ gives

K
Eexp _anE”%?(U) ZEGXP{“HQH%?(U/E)}
£




We proceed to estimate this quantity. The stationarity of the Gaussian process allows

us to conclude that the trace is of order £™", as the following computations show:

e" Tr(Q°) = &" ZA;_g Zxa/ FAMIR

==ﬁ§;1#“LkR@F4&ﬁwﬂﬂwdx@

0o 2
zanEz

k=1

” fi(W)a(y) dx

=w§L}MW@=WW@.

Given a real number b, and any x between 0 and b, the concavity of the logarithmic
function guarantees the inequality (b+1)x < In(1 + z) < x holds. Thus, by taking
b= +2k)5, k < (20) 71, we get

T o= hmsup—Zln (14+2rA;) < hmsup/{a Z)\E = k|U|R(0), and

e—0 1

Ty = —lim mf — Z In(1 — 2kA%)

e—0

L e"In(1 = 26)5) o= ..
< —111811_}Onf e ;)\
In(1 — 26A5
= —|U[R(0) lim in (zmﬁ )
In(1 —
< _wU|R(O) inf 2=2)
0<x<2KA X

|U|R(0) In(1 — 2K))
- 22 '

This finishes the proof of (A2)-(A4) and completes the case with short-range corre-

lations.
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Long-Range Correlations

Here, we assume that the spectral density R is continuous and positive everywhere

R(E) ~ €L (%) b (%) as € — 0 (5.16)

Here, 0 < o < m, L is a slowly varying function and b is positive and continuous on

except at 0, where

the unit sphere in R”. A slowly varying function is a positive monotonic function
such that L(nz) ~ L(z) as n — oo for all z > 0. A random field satisfying condition
(5.16) is said to have long-range correlations. By inverting the Fourier Tranform in n
dimensions using the Riesz Tranform, Wainger (1965) proved that having long-range

correlations is equivalent to the correlations decreasing like

) ~ 1L () () €0

Observe that R is not integrable near infinity, so Theorem 5.1.7 does not apply.
Instead, Theorem 2.6.16 will be used directly to show that ¢ also satisfies the LDP
but with rate -. Given f € L*(U), extend it to be 0 outside U and compute T'f

uding Plancherel’s Identity (4.1.1) as we did in the previous case (5.15) using (5.14):

1
Tf:limao‘lnEeXp{—/ fyqy/gdy}
e—0 o U

sza/Ufydy+§ll§l//U€“ (

2m 3 : n—o ¢
B0ty [ e R(eg)| il de
e=0 Jgrn

) fafydz dy

Tf:a/Ufydy—i—

Since R is bounded away from the origin and f € L2(R"), the integral over {|¢| > 1}
of e" *R(c€)|fe|? vanishes as ¢ — 0. Hence, the contribution to the integral comes

asymptotically from {|¢] < 1} and (5.16). Indeed, R is integrable near 0, so we may
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integrate 6”*aﬁ(sf)|f§|2 over {|¢| < 1} to obtain

sza/Ufydy+(2§)2 s "L(|§|> (|§|>|fa!2dé

As noted in the earlier case, exponential tightness will follow if we can show A < oo.

Given f € L*(U/¢e) and 0 < 0 < || f||z2(v/e) We can find r > 0 sufficiently small such

that
1FEI < IFO)+6 =l + 6 < 2l fllz2wye if €] < r and

Rl < ol () o () it <

Split (5.15) into the integrals over {|¢{| < r} and {|¢| > r} and apply the estimates

/ / oot d dy'
Ule JU/e
4re

()% | 0 Bl ooy + s (6

above to see that

11122 we

where w, is the surphace area of the unit sphere in R™. The finiteness of A follows
from Rayleigh’s Variational Theorem.

It is easy to check that T is Gateaux differentiable and, for any f,g € L*(U), we

D1 =a [ gty ot [ en () o (&) R do e

Therefore, ¢° satisfies the LDP on L2 (U) with rate €* and action functional T*.

have

Finally we proceed to compute 7. By the definition of 7" and Plancherel’s Identity,

we have

T%Zfil%)éﬂ [<¢£_a(il\1)£>fﬁ G >%|§|a "L (%) (Ifl) |f£|2}

81




Since T™ is a real valued functional, we can rewrite it as

o= s [ Rl amof - Cl i () o () 1] a

Here, we assumed both f and ¢ are extended to zero outside of U. The integrand is

a quadratic function in f and it attains its maximum at fg 2

ZerEll
Arguing as in (5.4) in the proof of Theorem 5.1.7, we see that the supremum (which

could be 00) is attained at this function and

o (6 —alv)e® | ua ‘
I W L) "

As a final remark, Corollary 5.1.10 implies that the stationary Gaussian random

w3

fields do not satisfy the LDP on L? (U) for p > 2.
5.2.4 Poisson Point Process

Below we introduce the basic concepts we shall need in our work, we refer to the
reader to (Bal and Jing, 2010, Section 3.2) and Cox and Isham (1980) for an account
of the main properties of these fields. A point process is a countable random subset
3 ={3;}32, C R". For any Borel A C R", let N4 denote the cardinality of AN3. A
stationary Poisson Point Process (PPP) with intensity v, denoted by 3, = {3;}32,,

is a point process satisfying the following two conditions:

(a) Ny is a Poisson random variable with mean v|A|, i.e.,

_a (IAD*
P(Ny=k)=e "%.

Here, |A| denotes the Lebesgue measure of A.

(b) If Ay, Ay, ..., A, are disjoint Borel sets then Nga,, Na,,..., N4, are indepen-
dent.
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Let 9 be a uniformly bounded function with compact support. If
j=1

we will see that the sequence of oscillatory fields ¢° satisfies (A1)-(A4) for p =
1. Let us start by verifying that H(t) = viexp{|[1)|r1@®nr)t} — 1] so that L(s) =

T, i, In (V||¢|IL1(Rn)) ~ Tl + v. Let ¥ denote the support of 1. Recall that

for f € L>*(U), the moment generating function of ¢° is given by

m.g.f. = Eexp{ /fyZ@b(——aj)dy}

Since y € U in the integral above, the only values of 3; which are taken into account
are in the set U/e —W. Thus, we can use the Law of Total Probability by conditioning

on the set N(U/e — V) to see that the moment generating function of ¢° equals

o0

DB

k=0

exp{ / féjzﬁ(%—@) dy} [ N(U/z ) =k

P(N(U/e — V) =k)

It is well known (Bal and Jing, 2010, page 11) that if A is an open bounded subset
of R™ then, conditioned on N, = k, the k points of 3, N A = {X], X),..., X|} are
independent and distributed according to the uniform distribution on A. Thus, the

last expression simplifies to

0 k
2 [|U/el— T Jyyoy P {i/ (2 =2) dy} dx}

k=0

o—VIU/e—¥] (v|U/e — ‘I’|)k

k!
_ ue—w N L = vy _
e % o [ /U/E_\P exp{gn/U fyt (5 x) dy} dm} )
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Observe that this is the power series of the exponential function. Perform the change

of variable z — f to obtain

B v 1 y—x B .
m.g.f.—exp{s—n/Uglp [exp{/{}fyg—nqﬁ( 5 )dy} 1}d }

Since Wzﬁ (y;—x) is an approximation to the identity, the Dominated Conver-
L1(R"

gence Theorem and (3.5) give the functional

Tf=v | [exp{l[¢lm@nfe} —1] dz,
U

showing (A1l). We will show (A2) with G(t) = [t|In(]t]),0 < a < 1, where

”¢'HL1 (R™)
we assume 0 -In(0) = 0. By conditioning with respect to N(U/e — V) and using the
uniform boundedness of ¢ we estimate the moment generating function of G(¢°) as

we did with T'f:

Fex —/ - In =) d }
o s/, Dl

- a[lnk + In [|1)]] ooy - y o
ZE { e 10 1 e /{J;Hﬂ(g 5j> d?/}UV(U/s U) =k

P(N(UJe — W) = k) + P(N(U/e — ¥) = 0)

—v|U/e—¥| (V|U/€ — quk

— Zexp{ak[lnk + In [[9)|| oo mmy] Fe Il

k=0

v 17w k
— _ETIU_a‘IIl _ | — — oo (R™
¢ k§:0: = |10 = el expfalin b+ In [l 1e )]}

We must show that the series above grows no faster than e=7. Since k! grows like k*

times lower order terms by the Stirling approximation, (A2) is equivalent to showing

that the series > oo exp{kIn(£) — (1 — a)kInk} grows exponentially fast in =

en?

where C' is a constant. We take » = ln(agn) and estimate the series by analyzing
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the corresponding integral [ exp{zt — (1 — a)tInt}dt as 2 — oo using Laplace’s
Lemma.

Let y = exp{{% —1} = e‘l(g%)ﬁ and perform the change of variables t = ys to see
that this last integral equals I(y) = yfljoy exp{(1 — a)ys(1 —In(s))} ds. The max-

imum in s of the integrand is attained at s = 1, whence Laplace’s Lemma (Bender
and Orszag, 1978, page 267) yields that I(y) ~ ,/2%‘1’6@. By writing y in terms of

€, we see that I grows at most exponentially in aln, which shows that Ty < oo.
(A3) and (A4) are trivial, so we conclude that ¢° satisfies the LDP on L! (U). More-

over, Corollary 5.1.10 guarantees that the LDP does not hold for p > 1.

5.2.5 Bounded Stationary Process

In some applications related to homogenization theory, it may be required that ¢
be uniformly bounded. Let ¢° be a random field satisfying (A1)-(A4) for some
1 < p< ooandlet V C R™ be an open bounded set. Suppose that b : R™ — V
is a O'-diffeomorphism with a uniformly bounded gradient. We will show that the
transformation F : L2 (U) — L (U) defined by Fy = bo ¢ is continuous so the
Contraction Principle guarantees b(¢) satisfies the LDP on L (U) with rate - and

action functional

Sp = / (Lob ) (p,)dy if Rangep C V
U

and S¢ = oo otherwise. We emphasize that S (or L o b~!) may not necessarily be
convex functions.

Now we move on to the proof of continuity. Let {¢*}22, be a sequence of functions
converging to ¢ in L (U), and pick f € L*(U). Fix 6 > 0. Recall that ®;(t) = {y €

U||fy| <t} denotes the level sets of f. Pick ¢ large enough so that fU\q)f(t) \fyl dy <
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m. Use the Mean Value Theorem to compute

+

/Q_f;~[b<¢z>——b<wy>de'f; / RRUCIR R

[ 1l ol dy
U\@; (1)

1
0
< / / fy - [VO(rel + (1= 1)) (0 — o,)] dr dy| + 3
be(t) 0
i 0
= Byfy(QDy_SOy)dy +§<07
(1)

since B, = fol [Vb(reh 4+ (1 — r)g,)]* dr is a matrix-valued function whose entries
are uniformly bounded. Thus, Bflg,s) € L>(U) C LP(U) and F(¢"*) converges to
F(p) in L (U).

Remark 5.2.1. If V. C R™ is only an open set and b is as in the last example, then
the same proof shows that the LDP holds on L? (U) with the same rate and action
functional. Furthermore, since |b(s)| < ||Vb||zec@m)|s|, the family of random fields

bo ¢° satisfies (A2) and (A3), and L o b™! is lower bounded by KLl VOl L2 gmy | SIP-

In the rest of this article it will be assumed that ¢° satisfies (A1)-(A4).
5.3 LDP for oscillatory integrals
In this section we find a LDP for ”oscillatory integrals” of the form

fm:LG@wm%

where G is a kernel on U x U satisfying certain smoothness properties. It is usually
the case that the smoother G is, the larger the space on which we can prove the

LDP.
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Theorem 5.3.1. Let G : U x U — R™ be a measurable kernel such that

1. For each x € U, the partial derivative 0SG(x,y) exists for almost every y € U
and all |a] <.

1
7

2 6 L W), i (Gl = 3 s ( [ 10266l dy)” <
U

la|<r zeU

3. For every xy € U and each |a| <,

lim [ |0°G(x,y) — 0%G(zo,y)|” dy = 0.
U

T—X0

Then, the random fields v*(x) = [, G(z,y)q; dy satisfy a LDP on C"(U) with rate

L and action functional
1>

Siv = inf / L dy. 5.17
T et U) |o(@)=f,y Glaw)ey dy} () dy (5.17)

Observe that if condition 2 holds and the limit lim 05G(z,y) = 05G(xo,y)

Tr—T0

exists and is finite for a.e. y € U, then condition 3 is satisfied by the Dominated

Convergence Theorem.

Proof. Consider G : LE(U) — C"(U) defined by (Gp). = [, G(z,y)¢, dy. Firstly,
we check that the range of G is actually C"(U). Conditions 1 and 2, together with
the Dominated Convergence Theorem, imply that derivatives of all orders |o| < r
exist and 0%(Gy), = fU 09G(x,y)py dy. Condition 3 guarantees the continuity of
the derivatives 0°Gy for all |a| < r when ¢ € L2 (U).

By the Contraction Principle, we just have to show that G is a (sequentially) con-

tinuous operator. Fix § > 0 and |a| < r. Let {¢*}22, be a sequence of functions

converging to ¢ in L2 (U), and let M = sup ||¢*|r@) < oo. For each z € U,
k=1
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set Ay, = {z € U] [, |02G(z,y) — 09G(zo,y)|" dy < (;%)7'}. This can be done
by Conditions 2 and 3. Select a finite subcover {A%}jes C {Aj},cp, and let

j(r) ={j € J|x € A5}. Let K >0 be large enough so that

0
<_

[ o6t - e iy < §
U

for all j € J and all £ > K. Then,

[ o6t (- 20 dy\ < \ | 6t (wZ—wy)dy‘

1
I

vt ([ 106G - 056l )l )
<40

uniformly in z € U, for all K > K, and we are done. O
The following theorem is a slight generalization of Theorem 5.3.1.

Theorem 5.3.2. Let G : U x U — R™ be a kernel such that

1. For each x € U, the partial derivative 0SG(z,y) ezists for almost every y € U

and all |a] <.

2. There is 0 < s < 1 such that G € C™+(U; L* (U)), i.e.,

HG”CTJrs(U;Lp’(U)) = HGHCT(U;LPI(U))_'_

Sup( 109G (21, y) — 09G(x2,y)|P dy) .

1A |fU1 — x|

Y e

|al=r

Then, the random fields v*(x) = [, G(z,y)q dy satisfy the LDP on C™*(U) with

rate Ein and action functional (5.17) for any 0 <t < s.
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Proof. By Theorem 5.3.1 the LDP holds on C"(U), so we may assume without loss
of generality that r = 0. Consider the operator G : LE(U) — C'(U) defined by

fU (z,y)p, dy. Let {©*}52, be a sequence of functions converging to ¢ in
L{;(U ) The conditions of the theorem, together with the Dominated Convergence
Theorem, imply that Range(G) = C*(U) and G(o* — ) is uniformly bounded in
C3(U). Since CY(U) is compactly embedded in C*(U), the sequence Go* converges

strongly to Gy in C*(U). The result follows from the Contraction Principle. O

Theorem 5.3.3. Let G : U x U — R™ be a jointly measurable kernel such that
G e L'(U; LY (U)), i.e.,

r

HGHU UL (U)) / ( G(x y)|p dy) dxr < oo.

Then, the random fields v° fU (x,y) q, dy satisfy a LDP on L™(U) with rate

= and action functional (5.17).

Proof. The proof follows along the lines of Theorem 5.3.1. Let G, ©*, ¢ and M
be as in Theorem 5.3.1. That Gy € L"(U) for ¢ € LP(U) follows easily from the
Dominated Convergence Theorem. Moreover, (Go*), converges to (Gy), for all =
and Gy is dominated by M||G(x,-)|| @y € L'(U), so that (Gp*), converges to
(Gp), in L"(U). The proof follows from the Contraction Principle. O

5.4 Applications to Homogenization and Averaging

Here we give several examples of PDEs for which the LDP can be found when the
coefficients are random and rapidly oscillating. Given the results of the previous
chapters, the reader should note that the only hard work here is to prove apriori
estimates of appropriate norms of u, the solution to a PDE, with respect to the LP(U)

norm of the random coefficients. For the sake of clarity we will assume throughout
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that the PDEs have homogeneous Dirichlet boundary conditions, however, the proofs

carry over to more general boundary conditions.
5.4.1 Diffusion in a random potential

Here we assume that § < p < co. Suppose that ¢ € LP(U) satisfies ||| ) < M

and sup p(x) < b, so as to avoid the spectrum of £L = —A + b.
zeU

Lemma 5.4.1. For any f € LP(U) there is a unique solution u € WP 0 Wy (U)

to the equation

Lu=qpu+ f (5.18)

which satisfies the estimate

[ullwze@y < Cull fllze @y, (5.19)
where Cyy depends only on n, p,diameter(U) and M.

Proof. Suppose first that ¢ € L*(U). By Lemma 2.3.1, there is a unique solution
uw e W N\ WP (U) cc C*(U) to the equation (5.18). Here, we can take o < 2 — s
by the Sobolev Embedding. Moreover, by (2.4) and Holder inequality, u satisfies the

estimate

lellwomwir @y < C(M |Jull Loy + 1 Fllowy),

for C' independent of ¢, u and f.
To prove (5.19), we argue by contradiction. Suppose that there exist sequences u”* €
W2POW,P(U), f* € L (U) and F € L®(U) satisfying |u* ey =1, | f*)| ey — 0

and ||¢*||o@y < M. Find subsequences, which we relabel as u*, f*, ¢*, such that
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uf — uin W2P N CO(U), and ¢* — ¢ in LP (U). Therefore,

/Eukgdxﬂ/ﬁugd:v

U U
/apkukgdxﬁ/ pug dz, and
U U

/ ffgdx —0
U

for all g € LP(U), so that u satisfies [, Lugdz = [,, pugdz. Since g € L¥'(U)
is arbitrary we have that Lu = pu a.e. Hence, u = 0 by the uniqueness assertion,
which contradicts ||ullc@) = 1.

Next, we prove the result for arbitrary ¢ € LP(U). To do this, choose a sequence
{©F}22, € L®(U) which converges to ¢ in LP(U). Let u* € WP N W, *(U) be the

¥ is uniformly bounded in

solution to Lu* = o*u* + f. By (5.19), the sequence u
W2PNW,?(U) so it has a convergent subsequence in Wi’;( NC(U). The argument of
the last paragraph shows that the limit u solves (5.18) and satisfies (5.19). Finally,

if u; and uy are two distinct solutions of (5.18), u; — ug solves (5.18) with f = 0 and

(5.19) implies that u; = us. O

Let ¢ be a mean zero stationary random field with sample paths in LP(U) with

sup ¢(z) < ba.s. Then, there is a unique solution u¢ € W2PNW,*(U) to Luf —q°us =
zeU

fin U. If ¢q is ergodic, it was shown by Bal (2008) that u° converges to u° in
L2(Q; Wy P(U)), where u® € WP N W, (U) is the solution to the problem Lu® = f.
Thus, we expect w® = u° — u° to satisfy the LDP if ¢° satisfies (A1)-(A4). Observe
that w® € Hj(U) satisfies the homogeneous BVP

Lw® = ¢ (u’ + wf) (5.20)

Proof of Theorem 3.2.1. Pick a sequence p* — ¢ in LP (U) satisfying sup p(x) < b
zelU

a.s. and let vF € W2P N W, P (U) solve Lv* = ¥ (u® + v*). We claim that v* — v in
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W2P so that the mapping ¢ — w is (sequentially) continuous. Since the sequence

w )

©* is uniformly bounded in LP(U) by some M > 0, (5.19) gives

Hvk HWQaPﬂWOl”’(U) < MCu HUOHLP(U)‘

Hence, there is a subsequence v* which converges in W2? N VVO1 P(U) to some v. By
integrating the equation for v* against any ¢ € LPI(U ) and taking k — oo as we did
earlier we conclude that v is the unique solution to Lv = p(u® + v). Therefore, the

k

original sequence v"” converges to v, proving the claim.

By the Contraction Principle, u° satisfies the LDP on W2*(U) with action functional

Sov = inf / L d
2T elr(U) | Lu=pOtw)} (V) dy
= inf L d
/U {(WeLP(U) | Lw=t(ud+w)} (V) dy

Lov
— L= d+/ inf  L(1,) dy,
/U\A (fy) YT ) vebw) W) dy

where A = {y € U|u) + v, = 0}. The argument used in the proof of Theorem 5.1.7
allowed us to interchange the infimum and the integral. If y € A and Lv, # 0 then
Lv, = oco. On the other hand, if y € A and Lv, = 0 then L(v,) is clearly minimized
when v, = E[q(0)], in which case L(1,) = 0. This proves (3.8) and completes the

proof of the theorem. n

Since L(s) = 0 and L is nonnegative, Ssw = 0 if and only if w = 0. Hence, it
follows from (2.20) that for every § > 0, v > 0 and w € WP N W,* there is 5 > 0

such that

P <Hu€ —u’ — U)HWOLP(U) < 5) > ¢z lS3w ]

for all 0 < € < gp. While the right-hand side can be computed relatively easily,

for the upper bounds (2.19), inf,,c 5 S3w must be estimated in general using optimal

92



control techniques.
In the case when p = 2 and A = {w € Hy(U)||lw|| g1 > 0}, however, a simple

upper bound is available. By Lemma (5.1.3), there is ko > 0 such that

L(s) > k|s|? (5.21)

for large |s|. Since, ¢ is a mean zero random field, L(0) = 0 and L(0) = 0. By
strict convexity of L, we can find k > 0 such that (5.21) holds for small |s|; whence
inequality (5.21) is true for all s € R.

Multiply (5.20) by w®, integrate and use the fact that b — ¢ > 0 to see that
lw gy wy < Cllu’llz=@lla® 2wy, where C is independent of e. Using this apri-

ori estimate and (5.21), we compute

inf  Ssw = inf / L(p,) dy
Hw“Hé(U)Zé ’ ||w||H5(U>Z5 U ( y)
Lw=p(u’+w)

inf K 2
Z 2 s Il 72

Lw=p(u’+w)

K‘HwH%—]&(U)

1n o1 _nno
™ ollggy 28 C2 a0 |3 e o)

K2

= OQHUOHQOO(U) .

From (2.19) we conclude that for every d,v > 0 there is 9 > 0 such that

1 K62
P MNegry >0 — == - 5.22
(Hw HHO(U) el ) < exp{ on <C2HuOH2°°(U) 7)} ( )

for all 0 < € < &.
Finally, we remark that our LDP works as long as the random field is upper bounded
so as to avoid the spectrum of £, however, it does not have to be lower bounded as

long as its exponential p moments are uniformly bounded.
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5.4.2  Random diffusion

In this subsection we study the large deviations for u® € Hg(U) solving the problem
(1.1)in the randomly layered media case, where as usual, we set a°(z) = a(%) and
feL*U).

Define a* = (E[ﬁ])_1 and @ = Fla(0)] and consider the random fields A®(z;) =

Z—: — 1 and B® = a® — a. The next lemma is a homogenization result expressed in
terms of weak convergence whose proof is essentially the same as in the periodic case
with minor modifications. For consistency, we sketch the ideas of the proof whose
details can be found the literature such as (Bensoussan et al., 2011, Sections 1.3,1.5)

or (Pavliotis and Stuart, 2000, Chapter 19).

Lemma 5.4.2. Let b* € A be a sequence of bounded random fields amin < b* < amag-

Suppose that the sequence {(% — 1,b" —a)}2, C R? converges to (A, B) in L2(R)

weakly. Let v*,u’ € H&(R) solve =V - bFVo* = f and —a*ajgo

o alg,u’ = f,

respectively. Define 2* = o% —u® — (¢f — 1) - g—gf, where Vf (1) = [} b,?—(s) —1ds

and 1 (x1) = [ A(s)ds. Then, z2F —2° — (f —4y) - g—;? vanishes in H'(R), where

2% € H}(R) solves

—a*——2" — aA,,z" = BA,,u° (5.23)

Proof. Define the sequences A*(z,) = #;1) —1— A, and B*(x,) = b*(2,) —a — B.
Then, A* and B* converge to 0 weakly in L2 (R) and ¥ —1); converges to 0 strongly
in L*(R). By rearranging terms of equation (4.13), a simple computation shows that

the error z* satisfies the PDE

— V- (0"V2F) = BA,,u’+
2

%) 0 0
BFAu’ + —— (b’“(@b’f — @/})wuo) + OF (o — ¢1)a—xlAz2u°. (5.24)

81‘1 1
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Multiply each term of (5.24) by vz*, where v € HZ(R) is a test function, integrate
over R and integrate by parts. By the definition of the sequences, A* and B*, the
second line of (5.24) vanishes weakly in the limit as k — oo, so we may disregard
it. Observe that ¢ —¢? vanishes in L?(OR) as k — co. By selecting a suitable test
function v (cf. Evans (2010); Bensoussan et al. (2011)), we can show that for large

k, 2% — 2% can be approximated in H'(R) by the solution z* € H}(R) to the PDE

—V - (0*VEF) = BA,,u° (5.25)

But the homogenization theory shows that 2% — 20 — (yF — ;) - g—;? converges to 0

in H'(U), and we are done. O

Since ¥ — ¥ converges to 0 in L2(R), the proposition above shows that v* — u°

converges to z° in L?(R), whence we have proved the following

Corollary 5.4.3. The map F : L2 (R) — L*(R) which takes the coefficients (A°, B?)

0

to the homogenization error u® — u’ is continuous.

A simple computation shows that w® = ¢ — u® € H}(U) solves equation (3.10),
whence the Contraction Principle yields now Theorem 3.2.2. Here, the reader should
interpret 0¥, ¥* and v* as rare realizations of a®,x° and v°. Fix a function a, <
b(z1) < @mar and € > 0 small, and assume that the random pair {(A®(w), B*(w)))}
is close to the unlikely outcome (A4, B) = (% —1,b—a) in L?*(R). Then, the random
error w® = u® — u’ is close to 2" in L?(R), which solves (5.23). In fact, (2.20) yields

that for every 9, > 0 we have

*

Pl = Pl <0z e { 5 | [ £ (305~ 100~ a) ay -1}

provided € > 0 is small enough.
Now, we discuss some of the main issues of our main result. In order to compute the
upper bound (2.19), a convex optimization must be performed in order to compute
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the action functional. However, for certain special sets such as A = {||w®||L2y >
0}, an upper bound can be computed. Indeed, from the equation (4.13) we have
|w || 2y < C||D*u®|| 217y, where C only depends on ||A®|| 2y and || B?|| 2. The
same computations used to derive (5.22) show that for every 4, > 0,

1 K>
P SIS >0 I a
(wllz2w) = )<<exp{ zﬂ'<CQHD%NH2 ) 7>}

L2(U

for sufficiently small €. In Section 4.2 a Central Limit Result is obtained for this
layered media case. Observe that while the CLT was obtained by truncating an
asymptotic expansion of u® — v and analyzing the fluctuations of the leading order

terms, the large deviations for u* — u" depend on all the terms in (4.14).
5.4.8 Reaction-diffusion Equation in Random Media

Here we prove the LDP for the solution u® to the nonlinear BVP (1.6). For the
sake of simplicity, we consider the case where b is bounded and uniformly Lipschitz
continuous, but this assumption can be relaxed. Let 0 < s < 2 and denote by
Y the space of functions C(0,7; C*(U)) satisfying the same boundary conditions

£

as u®. By the compactness results, we can find 1 < p < oo such that the space

C(0,T; WstoP(U)) with the weak topology compactly contains Y (with the strong
topology). By taking f = b(u, ) in (2.5) and (2.6) we have

0

1w o 0.7 w2p () + ||§u€||Lp(o,T;LP(U)) + ||u® || ca(o,ryws» (o)

< C(diameter(U), n)[[| fll L= w) + llgllcaw)]-
The standard limiting argument used in Section 5.4.1 easily shows

Lemma 5.4.4. Consider the solution v* of the quasilinear problem

%vk = A+ b(vF, k) inU
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with the same boundary conditions as u®. Suppose that

lim [b(’uy, 905) - E('Uy)]fy dy =0

k—oo [y
for all step functions v. Then, v* converges to v° in' Y as k — oo, where v° solves
0 _
avo = Av® +b(v°, @) in U.

In particular, if b(v, g(x)) is ergodic for all step functions v, then Lemma 5.4.4

proves the convergence of u¢ to the solution u° of the problem (1.10).

The strategy is to prove first the LDP for the approximate problem (1.8) and use
this result to obtain the desired probability bounds on u®. Suppose that ¢° satisfies
conditions (B1) and (B4) stated earlier in Chapter 3. Here, (B2) and (B3) are trivial
by our assumption that b is uniformly bounded. Clearly, these conditions imply the
LDP for b(v,qy/.) on L?(U) for fixed v. The following lemma follows immediately
from Lemma 5.4.4 and the Contraction Principle. Here, L(v,s) is the Legendre

Transform of H in the second component for fixed v.

Lemma 5.4.5. For every v € L*(0,T;C(U)), u satisfies the LDP on'Y with rate

L and action functional
&€

0
Ss(u;v) = / L(v,, auy — Auy,) dy
U

forallueY.
Now we proceed to the proof of the main result of this section.

Proof of Theorem 3.2.3. The proof is a standard approximation result and uses ideas

of the proof of (Freidlin and Wentzell, 1998, Theorem 7.2). Observe that w: = u®—ug

(2

satisfies the PDE
0

e __ € € E _ { 1
awv - va + b(u 7q(€)) b(U,Q(g)) in U
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with homogeneous boundary conditions. The Lipschitz constant on b gives
[uy = vlly < fJwglly + [[u® —vlly
< Ob(u®, ¢°) = b(v, @) Lo 0.1y + [[u” = vlly

< (CK +1)ju” = vlly

On the other hand, in (Lieberman, 2005, Section 8.2) it is shown using the Banach
fixed point Theorem that ||u® —v|ly < C(K, ||b| e (wy)|u5 — v|ly. This is intuitively
true since if u is close to v then the fixed point «* must also be close to v.
Now we proceed to prove (2.20). Given an open set A C Y, pick a small ball
B(v,d) C Y and v > 0. Then, by the estimates above,

P(u® € A) > P(||lu° —v|ly <)

> P(Ju — vlly < )
> exp{—(S5(0:0) = 1)}

for small e > 0. Taking the infimum over all v € A yields (2.20). Since Y CC
C0,T;W?"(U)) and ||u®||ca(orw2r @)y < ||bll oo (0,100 1)) the sequence uf is expo-
nentially tight. By Corollary 2.6.9, it suffices to prove (2.19), for a compact A C Y.

Let {B(v;, CKLH) ., be a finite subcover of A. Then,

J

P € A) <
(wed) = CK + 1

P(llu® — v lly <

)

10

-

<
I
-

P([lug, — velly <0)

< exp{—l( inf  S5(u;v;) — )}

E™ |u—vj;|<é

] =

<.
I
-

Use the inequality ), e* < exp{maxy a; + In N} to see that

1 .
Puse A) < exp{—g—n( EUNmeB( 5 Ss(u;v;) =)}
u =1 Vi
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for € > 0 small. Taking § — 0 yields (2.19) and we are done. O

A trivial modification of Lemma 5.1.8 shows that L(v,v) vanishes only when
v = u". This allows to compute large deviations of u° about u°.
Now we discuss some generalizations. First, the condition of Lipschitz continuous
can be replaced by locally Lipschitz continuous at the expense of global solvability
in Y only for small 7" > 0; the same proof holds in this case as well. For large T the
(viscosity) solution may cease to be continuous, so we should only expect estimates
on LP(0,T; WP (U)) weakly.
Secondly, for simplicity we have assumed that ¢ is only rapidly oscillatory in z.
Should the random field depend also on £, the same proof goes through with minor
changes, except that we must replace n with n 4+ 1 and the action functionals will
also contain an integral with respect to ¢.
Thirdly, we have assumed that the Lipschitz condition is independent of ¢°. If
b(v1, @) — b(v2, )] < Klg[lvg — 2] and § < p < oo and we drop the uniform
boundedness of b, the large deviation principle also holds on LP(0,T; W??(U)) with
its weak topology. Strong convergence may not be possible since the solutions are in
general not Holder continuous.
In the special case where b(v, p) = pb(v) we have, by definition, H (v, f) = H(b(v)f),
so that L(v, ) = L(%) A particular example is given in Section 5.4.1, where an

upper bound probability is explicitly computed.
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6

Conclusion and Future Directions

This work obtained limit theorems for problems arising in stochastic homogenization.
The first part of this thesis studied the fluctuations for a particular case of (1.4),
however, the techniques used here are not directly applicable for the general case.
We have also not analyzed the effect of long-range correlations in the Central Limit
Theorem where we expect the CLT to hold with a rate depending on the decay of
the correlation functions. We remark that the same result holds for other boundary
conditions on which the BVP is well-defined (with obvious modifications), and also
in the case of the BVP for the whole domain, where an additional analysis of the
rate of decay of the Green’s function must be performed.

For the second half of the thesis, as far as the author is concerned, we provide the
first large deviation results in stochastic homogenization and averaging in more than
one dimension. From the examples presented here it is apparent that the method
works equally well for nonsingular problems such as (1.4) as well as nonlinear prob-
lems such as (1.6). Moreover, the derivation of the large deviation results does not
depend on the particular choice of the random field itself but rather on its regularity

(as measured by p). The LDP was also shown to hold in more general settings such
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as Gaussian fields with long-range correlations.

The homogenization results can also be extended to the whole domain in the case
when the random field is uniformly bounded. Since the random fields satisfying con-
ditions (A1)-(A4) only have locally L? sample paths, an extension to the unbounded
case would depend on the rate of decay of the Green’s function.

This thesis is essentially the obligatory first step required to analyze other more
interesting open problems which would complement this work. A first example is
the computation of the LDP in homogenization or averaging for a SDE or SPDE in
random media, in which case there are essentially two sources of randomness. Ques-
tions on stability and behavior of a system on a large time interval are intimately
connected with the analysis of the large deviations of the system (cf. Freidlin and
Wentzell (1998)).

Another important application of this problems arise in uncertainty quantification,
where one is interested in studying rare events of the stochastic system. In particular,
it is desired to obtain good Monte Carlo estimators to calculate transition probabil-
ities for dynamical systems with multiple scales. Some work in the case of periodic
media has been done recently by Dupuis et al. (2012), but the case of random me-
dia remains open. Other further directions worth exploring, also in connection with
uncertainty quantification, include hypothesis testing, calibration of parameters and

stochastic control.
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