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Abstract

Decompression Sickness (DCS) is a potentially serious medical condition which
can occur in humans when there is a decrease in ambient pressure. While it is generally
accepted that DCS is initiated by the formation and growth of inert gas bubbles in the
body, the mechanisms of its various forms are not completely understood. Complicating
matters, divers often face challenges in adhering to predetermined safe ascent paths due
to unpredictable environmental conditions. Therefore, the challenge of improving dive
safety is twofold: 1) enhancing the accuracy of models in predicting DCS risk for a given
dive profile; 2) developing algorithms, recommending safe ascent profiles, and capable
of adapting in real time to new unforeseen diving conditions. This dissertation addresses
both problems in the context of diving applications.

First, we examine how the DCS risk is partitioned in air decompression dives to
identify which portion of the dive is the most challenging. Our findings show that most
of the risk might be accrued at surface, or during the ascent phase, depending on the
specific mission parameters. Subsequently, we conducted a comprehensive investigation
into DCS models incorporating inter-tissue perfusion dynamics. We proposed a novel
algorithm to optimize these models efficiently. Our results determined that a model
neglecting the coupling of faster tissue to slower tissues outperformed all other models

on O2 surface decompression dive profiles. We further conducted experiments with

iv



various compartment tissue connections, involving diffusion phenomena and
introducing delayed dynamics, while also exploring different risk functions. By
adopting the Akaike Information Criterion, we found that the best performing model on
the training set was BQE22AXT4, a four-compartment model featuring a risk threshold
term only in the fourth compartment. Conversely, the classical Linear-Exponential
model demonstrated superior performance on the extrapolation set. Finally, we
introduce a groundbreaking real-time algorithm that delivers a secure and time
optimized ascent path capable of adapting to unanticipated conditions. Our approach
harnesses the power of advanced machine learning techniques and backward optimal
control. Through our comprehensive analysis, we demonstrate that this innovative
methodology attains a safety level on par with precomputed NAVY tables, while

offering the added advantage of dynamic adaptation in response to unexpected events.
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1. Introduction

Decompression sickness (DCS) is a potentially serious condition affecting
individuals exposed to a decrease in ambient pressure [1]. It is generally accepted that
DCS is due to the formation of bubbles in tissues and blood [2], in fact bubble growth
has been correlated to decompression risk [3]. Paul Bert is credited to be the first to
establish a causal relationship between nitrogen bubble formation in the body, due to
“sudden decompression”, and DCS [4]. Haldane performed extensive experimentation
on goats, observing nitrogen bubbles formation even inside their brain. Haldane
schematized the body into five tissue types, with different characteristic times of
nitrogen dynamics, because the solubility of nitrogen into the tissues varies greatly,
depending on the specific tissue. He also postulated that bubble formation occurs only if
any nitrogen tissue tension exceeds the ambient nitrogen tension by more than twice.
Consequently, the first staged decompression tables to minimize the risk of DCS were
published in 1908 [5]. Specifically, Haldane proved that it was safer to introduce
decompression stops rather than a slow ascent. Such strategy would dictate the diver to
ascend to specific depths at a maximum ascent rate, and then to stop for a prescribed
amount of time, until every tissue tension is less than half the ambient nitrogen tension,
rather than ascending at a slow uniform rate. Inspired by the observation of Berghage et
al. [6] that the occurrence of DCS was probabilistic in nature, Weathersby et al. [7, 8]

introduced a probabilistic approach to estimate decompression risk, fitting the model’s



parameters through the methodology of maximum likelihood [9]. Such probabilistic
approach produced a plethora of decompression tables [10-14], improving the safety of
diving missions, while minimizing the ascent times.

Papadopoulou et al. [15] and Ninokawa et al. [16] present a comprehensive
summary of the progress made in understanding DCS. Further advancements have been
made in the identification of several risk factors contributing to increase decompression
risk, such as: high grade Patent Foramen Ovale (PFO), age, dry exposure, and
dehydration [17]. Another branch of research investigated how some pre diving
practices may reduce decompression sickness risk. Among these beneficial practices, it is
worth mentioning: aerobic endurance training [18], exposure to hyperbaric oxygen [19],
pre-hydration [20, 21], whole-body vibration [22], heat exposure, and dark chocolate
consumption [23].

Despite major advancements in comprehending DCS and in identifying several
conditions leading to higher DCS risk [24, 25], and notwithstanding the development of
more sophisticated models including explicit bubble dynamics [26-28], DCS remains not
fully understood [29, 30] and divers continue to experience DCS [31-33]. Even though
bubble models capture more closely the underlying phenomenon considered at the root
cause of DCS, Doolette even showed that gas content models, derived from the initial
Haldane approach, still offer safer ascent strategies than bubble counterparts [34].

Therefore, there is a need to derive DCS models providing improved DCS risk estimate



capabilities. In this work, we focus on gas content models and propose new classes of
pharmacokinetic models, introducing interdiffusion components, delays, and
considering several risk functions; we also provide a novel general algorithm to
efficiently optimize pharmacokinetic models, including coupled tissue dynamics. Gas
content models are comprised of two main mathematical sections: a system of Ordinary
Differential Equations (ODEs), predicting the compartment tissue tensions as a function
of time and ambient conditions; and an instantaneous risk function, linking the possible
excess tissue tensions to the instantaneous risk of developing DCS [35]. The model’s free
parameters are then calibrated on a training set of data, adopting a maximum likelihood
approach, typically using the joint log-likelihood of the data as objective function, and
running some optimization algorithms [36]. The first four chapters of this dissertation
are devoted to investigating different modelling hypotheses, optimizing gas content
models with a large amount of data, and assessing their performance using a validation
data set. In contrast, the final chapter assumes a state-of-the-art gas content model [37]
and proposes a novel algorithm for safe and timely ascent to the surface. It leverages
advanced machine learning techniques, reducing computation costs, and enabling real-
time deployment on portable devices.

Specifically, in chapter two we examine the formulation proposed by Parker et
al.[38]. Such approach is a modification of the linear-exponential kinetics introduced by

Thalman et al. [35], following the approach first introduced by Tikuisis et al.[39],



introducing extra parameters to include oxygen among the possible gases contributing
to bubble formation for dives where a high fraction of O: is breathed during
decompression. We reoptimize Parker et al.’s [38] parameter set and perform a detailed
partition risk analysis of the dives, adopting an extensive data set to inspect which part
of the dive contributes most to the overall risk, varying the mission parameters.

In chapter three, we present a general solution for interconnected compartmental
models, to ascertain whether coupled tissue dynamics may better predict DCS risk. We
present a novel advantageous algorithm to optimize such class of coupled tissue models.
Our approach is founded on spectral decomposition and has the main advantage of
easily limiting the study to stable matrices, as required by plausible physiological
dynamics. Also, we derive a closed form solution both for tissue dynamics, as well as for
the integrated instantaneous risk function, needed to estimate DCS risk. Our findings
show that coupled dynamics characterized by an upper triangular matrix are
particularly promising in predicting Oz surface decompression dives.

Chapter four introduces a diverse assortment of models, encapsulating a broad
spectrum of variations. These include multiple configurations of perfusion-diffusion
architecture, distinct instantaneous risk functions, varying both threshold terms, as well
as partially suppressing the risk contribution of selected compartments. While the
training set is very notably extensive in its coverage, for this study we employ far-

reaching validation data, including dives with numerous periodic repetitions: to the best



of our knowledge, this is the first time that decompression models have been evaluated,
using such a rich set of diverse dives. Our results show that both our newly derived
models and the classical established models highly overestimate DCS risk for the case of
various multiple dives. The observed major inconsistency may be ascribed to the
inadequate release of accumulated risk during the interim periods between missions.
Such phenomenon may be because the models’ time parameters have been calibrated on
a set of dives, not presenting copious multiple repetitions.

Finally, chapter five addresses the challenge of deriving a real-time adapting
algorithm capable of proposing the quickest ascent trajectory, constrained on a
maximum risk bound to developing DCS. Such pursuit constitutes an optimal control
problem, where the cost function is represented by the ascent time and the state of the
system is represented by the different tissue dynamics and the accrued risk: so that our
solution is constrained not to violate the provided risk bound. We successfully express
the problem as a finite Markov Decision Process [40] and adopt backward optimal
control techniques [41], coupled with advanced machine learning universal function
approximators [42], to solve the Bellman’s optimality equation for a minimum risk
formulation; also, we propose a promising reward function for implementing a state-of-
the-art deep reinforcement learning algorithm [43]. The algorithm proposes ascent
trajectories whose DCS risk is comparable with the correspondent US Navy strategy, but

on average with an ascent time 21 minutes less than the Navy tables.



2. Partition Risk Analysis of Navy Air Decompression
Dives

This chapter is adapted from a technical report Partition Risk Analysis of NAVY Air
Decompression Dives.

Secondary authors are Drs. Laurens E. Howle and Richard D. Vann.

2.1 Introduction

Decompression Sickness (DCS) may affect divers [5], astronauts and aviators
[44]. Previous probabilistic models [45] have been successful in describing DCS
occurrence, but the results were less accurate for dives with 100% O: decompression. A
study by Parker et al [38] overcomes this limitation by accounting for the contribution of
Oz in bubble formation.

This report uses the Parker approach to oxygen and re-optimizes the free
parameters in the EL model [35]. The objectives were to: (a) estimate the cumulative
probabilities of developing DCS for each schedule in the 2008 USN Air Decompression
tables (NAVSEA 2008) and compare these with equivalent probabilities estimated by
NEDU [46]; and (b) to find the evolving cumulative probabilities for Surface O:
Decompression schedules at specific times including upon surfacing after completion of
in-water O: stops (if needed), after the surface interval immediately prior to chamber
recompression, upon surfacing after in-chamber O: recompression, and the total

cumulative probability at the end of the dive profile, once further risk accrual is



negligible. The results are presented as tables. For the interested reader the graphs are in

the appendices of the original report.

2.2 Methods

We adopt the Linear Exponential (LE) model formalized by Thalmann [35] with
the modification introduced by Parker [38] to take into account the contribution of O: to
bubble formation or growth. The model has three parallel perfusion-limited
compartments in which all dissolved gases (including oxygen) can participate in bubble
formation. Our implementation follows Gerth and Johnson [47].

As long as the tissue metabolic oxygen requirements are met predominantly by
hemoglobin-bound oxygen rather than by physically dissolved oxygen, the tissue
oxygen tension remains nearly constant. At high inspired oxygen partial pressures

(£, ),» however, the oxygen tissue tension can rise, and oxygen can contribute to

supersaturation and influence bubble formation just as does inert gas. To implement this

for decompression modeling, Parker introduced a free parameter (P, ) that represents

the inspired oxygen partial pressure above which tissue oxygen is considered to behave

as an inert gas [48]. The difference, P, vy, =10, — P, is treated as an

set

where £, >PF,

set /

inert gas and participates in determining whether a compartmental bubble will form
and gas washout kinetics will change from exponential to linear. The contributions of
oxygen and nitrogen to the total tissue tension are each constrained by their own

kinetics but are linked by Dalton’s law which makes numerical solution necessary.
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We adopt the usual binary outcome hypothesis for DCS and map pressure
history into a DCS probability density function (pdf) with scaling for adjustable
compartment gains. A trapezoidal approximation was used for numeric integration to
obtain the cumulative DCS probability from the pdf.

The free model parameters were chosen to maximize the sum of log likelihoods
for the n dives in the calibration set [7]. Free parameter optimization was by simulated
annealing [49] with Gerth’s solution as the initial parameter set [46]. Because the initial
annealing “temperature” may affect the capability to find a global maximum [50], we
restarted our optimization 118 times with different initial temperatures and perturbed
our initial guess with a pseudo-random generated Gaussian number having a zero mean
and random variance between zero (excluded) and one. The annealing schedule was
performed with an ad hoc number of steps at a constant temperature after which the

temperature was reduced by a constant factor of 0.85.

2.3 Results and Discussion

We calibrated the LE model using the same data as Parker et al. Specifically, our
dive data set was comprised of 4335 dives of which 3322 are N:0: dives and the
remaining 1013 were O: decompression dives. Marginal DCS cases were assigned a
fractional exponent of 5=0.1. However, Parker et al reported 223 full DCS and 127
marginal DCS cases, whereas we found 224 and 123, respectively. The difference was

localized to the O2 decompression dataset (NMR94EOD) in which we counted 23 full



DCS and 9 marginal DCS cases while Parker et al found 22 and 16, respectively. A
further check indicated 17.9 total cases (17 full, 9 marginal) whereas Parker et al reported
17.3 total cases with no further information available.

Although Gerth [51] had fewer dives in the calibration dataset, our optimal
parameters agreed with Gerth’s, and we predicted 223.83 DCS while there were 236.3 in
the calibration data.

Table 1 Gerth’s optimal parameter set

1s'Tissue 2ndTissue 3rTissue
Risk-Gain 0.003306 0.000113 0.00108
N2 Time [min] 1.455 65.923 504.604
O2 Time [min] 1 30.401 1
P set [atm] 99 0.8439 99
P XO [atm] 99 0.07891 99
P threshold [atm] 0 0 0.1021

The parameters reported in Table 1 coincide with the optimal parameters we
found. Our corresponding maximum log likelihood was -1194.42.

Using our optimal parameters, we estimated DCS risks for all air decompression
schedules in the 2008 Diving Manual [52]. Appendices A-E present these results as
tables; in the original report Appendices B-E report the same information as graphs. We
have not included the graphs in this work, because they exceed 800 pages; the interested
reader may refer to the original document. Appendix A compares our estimates with

those of NEDU [46]. The agreement was good with a mean percentage difference of
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0.255%, a standard deviation of 1.0256%, and a maximum difference of 3.48%.
Appendices B-E list the partitioned risks on arrival at the water surface, at the end of the
surface interval. The maximum risk before recompression on oxygen was 1.95%,
encountered for the 190fsw/120min dive.

Specifically, in Table B, we present the partition risk analysis for surface dives.
The profile type is expressed by two numbers representing the maximum depth in feet
and the bottom time in minutes. 1) P surface, 2) P chamber, 3) P dropout and 4) P total
refer to the probabilities of developing DCS when the diver 1) reaches the surface, 2)
enters the recompression chamber, 3) is about to exit the chamber, and 4) has accrued his
maximum probability. All probabilities were expressed as percentages. EOR (End of
Risk) is an estimate of the time during which cumulative DCS probability accrues.
Beyond EOR, the instantaneous risk is zero. F surface, F chamber, F dropout, and F EOR
refer to the percentage increase in probability as a fraction of the total probability at EOR
since the previous significant point. For example, taking the first reported dive (30/380),
F surface is computed as the difference between P surface and P at time 0 (clearly zero)
divided by the total probability at EOR. Therefore, Fsurface = psurface/ptoal 100 =
0.0402/4.7170*100 = 0.85%. Fcamber represents the fractional contribution to the total
probability developed between the surface time and the chamber time. Therefore, Fehamber
= (Ppchamber-Psurface)/Protal 100 = (0.3177-0.0402)/4.7170*100 = 5.88%. Similarly, Faropout= (Pdropout-

pchamber)/ptotal 100 = (03177'03177)/4:7170*100 = 0%, and Fror= (ptotal'pdropout)/ptotal 100 =

10



(4.717-0.3177)/4.717*100 = 93.26%. All fractions sum to 100%, and the last column in the
tables serves as a check. Subsequent appendices C-E present similar results relevant to
their specific types of dives.

The further graphs -contained in the original report in Appendices B-E
represent, in order: surface decompression dives with O, air-only dives, in-water
decompression dives with 95% O2, and in-water decompression dives with 99.5% O:..
Solid blue lines show the ambient pressure, solid green lines the O: partial pressure,
dotted red lines refer to the estimated instantaneous risk, and solid red lines to the
cumulative risk. The yellow points refer to significant times as described in the figure

legend.
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3. Are interconnected compartmental models more
effective at predicting decompression sickness risk?

This chapter is adapted from a publication in Informatics in Medicine Unlocked. [53]

Secondary authors are Drs. Gregory Murphy, Richard Vann and Laurens Howle.

3.1 Introduction

Decompression Sickness (DCS) is a condition which can occur in humans when
there is a decrease of ambient pressure and can involve a variety of symptoms ranging
from minor to fatal [54, 55]. Although it is generally accepted that DCS is initiated by the
formation and growth of inert gas bubbles in the body [56], the mechanisms of its
various forms are not completely understood. DCS can be encountered during diving,
hyperbaric medical treatments, high altitude flights, and manned spaceflight operations
[57]. Despite advances in methods for limiting the risk of DCS occurrence, it remains a
significant challenge to operating in and exploring extreme environments.

Haldane et al. [5] are commonly credited as the first to provide an effective
algorithm to significantly reduce DCS occurrences through a deterministic quasi-
physiological mathematical model. He described the body as a parallel network of
independent perfusion-limited tissue compartments in which the occurrence of DCS
depended on the state of supersaturation in each of the tissues. They computed
decompression schedules with this model which were more successful in comparison to

previous methods at limiting DCS in compressed gas workers. In fact, in an experiment
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involving goats, they found that the proportion of illnesses with previous
methodologies, based on uniform decompression schedules, was greater than with stage
decompression though the stage decompression exposures completed the
decompression in a third of the time. Yet, this approach was still not totally effective.
Noting the probabilistic nature of DCS in a rat model study by Berghage et al. [6],
Weathersby [8, 58] introduced a probabilistic approach that treated DCS as a
probabilistic binary variable where DCS =1 if DCS occurred and DCS = 0 if DCS did not
occur; although recent methods have been developed to simultaneously predict the
probability and severity of decompression sickness in humans [59]. This probabilistic
approach had three modules: (a) a deterministic compartmental model, described by
uncoupled Ordinary Differential Equations (ODEs) that computed the partial pressure
of nitrogen in parallel tissue compartments; (b) a nonlinear function that mapped the
instantaneous supersaturated nitrogen onto a probability that a diver would experience
DCS; and (c) a body of empirical diving data that included depth-time dive profiles for
many dives along with their binary DCS outcome. Modules (a) and (b) have
undetermined parameters whose optimal values were found from the data in module (c)
using the maximum likelihood approach which resulted in the best possible simulation
of the empirical data by that model [60]. The likelihood approach has produced a large
number of statistically-based decompression tables in which the DCS probability was

controlled to target values over a wide range of dive exposures [10-14, 45, 61-70].
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Notwithstanding the advances made during the last century in understanding
fundamental DCS mechanisms and methods for computing decompression schedules,
many uncertainties remain leading to a variety of alternative decompression procedures
[71, 72] that still occasionally result in DCS [73]. Indeed, Doolette reported that
Haldane’s tables remain desirable in some cases [34]. The probabilistic models of DCS
described above used parallel, perfusion-limited tissue compartments. The use of mono-
or multi-exponential tissue kinetics was investigated in a dog model by Weathersby et al.
[74, 75] using dilute '**Xe breathed for a specified time interval. In fitting the radio-gas
uptake and washout curves, the researchers found that at least two, frequently three,
and occasionally four exponentials were needed to accurately fit the data. Novotny et al.
[76] noted that a model based on parallel tissues failed to adequately describe
experimentally measured '**Xe washout from dog calf muscle. Doolette et al. [77-80]
found that models including gas transport between tissue compartments were superior
at simulating experimental measurements of inert gas exchange in sheep brain and
muscle when compared to models with uncoupled tissue compartments.

The first successful probabilistic decompression model for human divers was
based upon a collection of uncoupled compartments [58, 61]. Later, models
incorporating inter-tissue gas transport were derived from a deterministic model (the
Kidd-Stubbs model) incorporating inter-tissue gas transport [81]. The Kidd-Stubbs

model combined a series of four hypothetical tissues in series; with a single shared
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input/output to one of the distal compartments. Goldman [82] included inter-tissue gas
transport in probabilistic decompression modeling in which he considered two or three
inter-connected compartments with only the central compartment contributing to DCS
risk and assumed linear dynamics in order to be able to integrate the equations
analytically; yet, risk functions were estimated numerically. He suggested that this new
class of models might potentially extrapolate better to dives not included in his
truncated calibration data than the traditional parallel tissue models without inter-tissue
perfusion.

In our previous works [83, 84], we extensively explored inter-tissue gas transfer
models and other model structures based upon experimental work in sheep for use in
predicting the probability of DCS in humans. Models containing coupled, perfusion-
limited compartments — but with a single input and output — outperformed the
traditional parallel, three-compartment, perfusion-limited models only for single air
bounce dives. Models containing coupling with perfusion as well as diffusion — again
with a single input and output — outperformed the same traditional parallel, three-
compartment, perfusion-limited models for repetitive and multilevel air dives, dives
with oxygen decompression, as well as single air dives. These findings support our
conclusion that a combination of different uncoupled multi-compartment and single-

compartment structures are likely needed to best describe diverse data sets.
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The object of this paper is a detailed investigation of inter-tissue perfusion to
determine if there is merit to Goldman’s claims. We extend Goldman’s model beyond
two or three compartments, reduce the computational cost by replacing numerical with
analytical integration, evaluate several risk-bearing tissue compartments rather than
only one, and calibrate our new models to a larger set of dive profile data. Using linear
algebra [85], we provide a general solution applicable to interactions between any
number of compartmental tissues with linear combinations of exponential kinetics while
guaranteeing a tissue matrix that remains characterized by distinct negative eigenvalues.
We provide a general closed-form integral of the risk function that allows for fast
estimation of DCS risk for numerous profiles without large computational cost. Further,
we consider the case of multiple compartmental contributions to DCS risk; each having a
different gain and a different risk threshold to account for differences between tissues.
We explore the prediction capabilities, model failures, and model robustness when large
data sets are used. We provide an efficient numerical algorithm to iterate through tissue
matrices characterized by distinct real negative eigenvalues and propose a numeric
methodology to restrict analysis to symmetric tissue matrices that may suggest
physiological properties. Finally, we investigate the extrapolation of inter-tissue

perfusion models in comparison to the well-known parallel tissue model EE1 [86, 87].
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3.2 Materials and Methods
3.2.1 Derivation of Inter-Connected Tissue Kinetics

Let the tissue partial tension vector, p € R", be described by the following system
of linear ordinary differential equations

dp
2 Ap+f. t 1
dt p+ pa,n( ) ( )

where we define A € R"" the tissue matrix that is assumed to have distinct

. . . . . n .
negative real eigenvalues; n is the number of well-stirred tissues, f € R" is a vector,

constant with respect to time, and p,, (¢) is the time varying arterial nitrogen partial

pressure.

In agreement with Thalmann et al. [88] and Goldman [82], p,, is assumed to be

equal to the alveolar nitrogen partial pressure. Therefore, we can distinguish two cases,

depending on the breathing gas conditions:
Pun(0)=(1=FL,)- p* (1)~ Puo | 2)
for constant inspired fraction and
pa,n(t):pa(t)_pHZO_PIOZ (t) 3)
for constant inspired partial pressure, as reported in equations (A13) and (A14) in
appendix A of Goldman [82]; where p* (l‘ ) refers to the ambient hydrostatic pressure,

Pu,o to the water vapor partial pressure at body temperature (i.e, 37°C), and finally
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FI, and PI, are the fraction of oxygen in the inspired gas and its partial pressure,

respectively.

Throughout this derivation, we make the assumption of piecewise dive

segments; thus, we can write p° (Z ) as an explicit function of time, so that
pi(t)=po+rt 4)
where p; is the ambient hydrostatic pressure at time zero, and r" is its rate of

change with respect to time ¢. Similarly, we have an expression for the alveolar nitrogen

partial pressure. In particular, it follows that p, , (t ) may be expressed as

P (1)= Py (0) 47,8 (5)
where the expression of the constants p,, (0) and 7, may be easily obtained,
using Eq. (2) or Eq. (3). For example, in the case of constant inspired partial pressure, we
get p,, (0) = (1 —FI, )(pg —szo), and 7, , (t) =r' (1 —Fi, ) . We impose the associated
initial conditions, expressed asp, = p(0) € R" as the initial tissue nitrogen tension.

Let A =SDS™' be the spectral decomposition of the A matrix, so that S is the
matrix of eigenvectors of A, D is the diagonal matrix formed with the eigenvalues of ,

and let pose p =S¢.Substituting into Eq. (1) we have the following system of uncoupled

differential equations for @:

—=Do+k, +k, -t 6
” ¢k, rk, (6)
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where k, =S™ f Pan (O), and k, =S™' f 7, with the associated initial

conditions @, =S™'p,. After some manipulations, we can write the general solution for
p(?), as:
p()=Ep@)+E+7-1, )

where E =SC, with C = Zciei ®e,, having addressed with ® the tensor

i=1

product applied to vectors, s (¢)=e*,i=1,2,...,n, E=S8, T=S¢ with &, = —%—%,
&g = _ky , and with A, the i-th eigenvalue of A, assumed to be distinct and strictly

i

negative to ensure stability.

3.2.1.1 Analytical Integration of the Risk Function

As proposed in Goldman [82], adopting the formulation proposed by Thalmann

et al. [88], we can write the i-th component of the risk function, p, as

pl.(t)—[p” (t)+bi]

PO

(8)

where b, is constant with respect to time and represents the pressure threshold

of the i-th tissue compartment and p, (t ) is its tissue partial tension, provided by (7). Eq.

(8) simply states that in each kinetic compartment the risk is proportional to the relative

supersaturation above a certain threshold b,. We are aiming to evaluate the hazard
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Iy
vector §, defined as ¢ = Ip dt , since the probability of developing DCS is related to this

function through the following expression
Ppes =1-e* 9)
where 7, and 7, are the initial and the final times of the dive segment,

respectively, with @ € R" a vector of tissue compartment gains that is assumed to be
constant with respect to time. While Goldman [82] assumes that only the first
compartment contributes directly to DCS risk, we choose to keep a general notation in

our derivation. Specifically, Goldman's models are found by imposing a to be
[a 0 O]T and [a O]T for his three (3CG and 3CM) and two compartment models

(2CG and 2CM), respectively.
We integrate the function starting from a general initial time and break the
integral into parts where the risk function becomes negative. To evaluate the integral, it

is more convenient to rewrite the expression for p in terms of linear operators so that

they may be removed from the integration. After substituting Eq. (7) into Eq. (8) and

simplifying, we have the following expression for p

p(t)=Ev(1)+& y(t)+To(t)-u (10)
where the following definitions apply in Eq. (10)

At eﬂqt e/l,,t

@) ey ()]
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§=&-b (12)

u=[1 1 - 1], (13)
With these assumptions, we can estimate {, as
) t l
C=E[v(e)dt+&[y(t)dt+[a(t)di—(t,~1 )u. (14)
4 4 4
Every term on the right-hand-side of Eq. (14) must be evaluated. With the
assumption of piecewise dive segments, we can impose Eq. (4), the definition of the
ambient hydrostatic pressure. Then, we must distinguish two cases for each term: when

r“ #0 and when r“ = 0. After some manipulation, we get the following expressions:

Iy ) At

j v,(t)dt = j pgi —di = _riae—ﬂf [EI(Z +At, ) EI (4, +/1,.zi)}, for r* #0(15)
and
} p elil 1 Aty At a
vi(t)dt:jpa dt=— (e” =€), for r* =0 (16)
[ 4 0 0%

where we have introduced the modified eigenvalue 4., defined as: 1. = A, p—g,
r

for i=1,2,...,n. In Eq. (15), EI (t ) refers to the exponential integral function, as defined
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t x

in Abramowitz and Stegun [89], that is, £/ (t) = j € dx . Similarly, for the other scalar

X

terms, we have

and

Finally, for the integral of a)(t) to be evaluated in Eq. (14), we have

Ly ty _ a a a
[o r)a=| S P ! ln(po_'_rtiJ,forr“;éO

a a 2 a a
7 . Do+t r (,,a) po e,
and
1‘/ 1 t/ t2_ 2
J-a)[(t)dt= aJ.tdt=f—;,for r=0.
2 Py 2‘]70

(17)

(18)

(19)

(20)

Equations (15)-(20) are the relations needed to evaluate Eq. (14) and, therefore,

the DCS probability by using Eq. (9).

3.2.1.2 Integration of Positive Definite Portion of the Risk Function

When estimating the probability of DCS, we have to neglect any interval where

the risk function attains negative values. To achieve this, we must find the risk function

roots and check for sign changes. Since the risk function is continuous on its interval of

definition, Bolzano's theorem [90] applies.
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Recalling Eq. (8), we have to study the sign of the following function

sign[pk (t)] = sign{pk (t)—[p” (1)+b, }}, fork=1,2,...,n. (21)
Making use of the general solution for the compartment tissue pressure, the generic

component of the risk function vanishes at time 7, if and only if
7| Y Ee +& 47, T=(py+r, T+b). (22)
J=

The last expression is non-linear with respect to the scalar unknown ¢, but
decoupled, so without loss of generality, the generic scalar equation can be solved.

Rearranging similar time-dependent terms, we can rewrite Eq. (22), as
Oy Ee — gt =0 (23)
J=1

where we have defined the following quantities
2=(r.-7) (24)
and
n=(py+b-¢&). (25)
To find the roots of Eq. (23), if any, we proceed as follows. First, each integration
interval was subdivided into S sub-intervals of equal length. Then, with #/ and t}' as the
initial and final times of the j-th sub-interval, respectively, we evaluate
h, = p(tl.j ) . p(t} ), forj=1,2,...,S . For every sub-interval for which we found %, <0,

we applied the Dekker-Brent method [91], to find the internal root. We choose this
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algorithm for its robustness and fast convergence and check the sign of the risk between

successive roots, including the two most external intervals starting from ¢, and arriving
to t,. We labeled intervals where the risk function attained negative values and

excluded these from the integration.

3.2.2 Selection of Model Parameters

The analytical derivation presented so far is completely general and applicable to
all models governed by linear coupled ordinary differential equations. However, to
assess the goodness-of-fit for a specific model to calibration data, some assumptions

have to be made on the form of the matrix A, the vector f and their dimensions. How

many tissue compartments to consider, for example, which parameters to vary, and
which constraints to apply are not trivial choices. Choosing too few parameters might
result in a sub-optimal fit of the calibration data whereas choosing too many might over-
tit the data leading to poor extrapolation to dives not in the calibration data. In this
section, we review previous research and in the next section, derive a new class of
models. This will allow a contrast between previous and newer work.

Goldman [82] presents four new multi-exponential models: two couples of two
(2CG and 2CM) and three compartments (3CG and 3CM), respectively, in which only
one compartment is assumed to directly contribute to DCS risk. This risk-bearing
compartment is associated with the eigenvalue having the largest absolute value. The

Goldman models define the maximum number of free parameters within the tissue
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matrix A as the number of tissues, n, or the number of distinct eigenvalues. For 3CG,
3CM and 2CG, 2CMV, this requires only three and two parameters, respectively. We
argue, however, that all free parameters of the model (not just the number of tissues)
must be evaluated, and a given parameter rejected only if it fails a likelihood ratio test.
Inspecting Goldman's three tissue compartment models, the A matrix has the

form

=3/ Six Six Six
A=| f,,  —(1+PR,)f, 0 ; f=|PR, £, (26)

f31 0 _(1+PR3)f31 PR3 f31

where the following additional constraints were imposed to evaluate Eq. (26):

PR, =PR, =0.2 and PR, =PR; =0 for the 3CG and 3CM, respectively. They represent

the "perfusion ratio", defined as "diffusion rate constants" out of the generic

nen

compartment "i". They were set arbitrarily to 0.2, to illustrate the properties of the
models; whereas they vanish, in the case of a mammillary model, since the connections
of compartments 2 and 3 with the circulatory system are severed by assumption. This
construction guarantees negative and generally distinct eigenvalues if the free
parameters are strictly positive, but these constraints are arbitrary and only used for
testing. The connections between the second and the third compartments were also
severed. The two compartment tissue models are obtained from the previous models by

reducing the degrees of freedom to two and considering a two-by-two system similar to

the three-tissue case.
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3.2.3 Algorithm for Iteration through Stable Matrices and Choice of
Forcing Term

In this section, we remove all or most of the assumptions of Goldman [82] and
select models based on the form of the A matrix as before while only considering cases
associated with strictly negative distinct eigenvalues. We formulate our assumptions
starting from the matrix spectral decomposition to clarify how the forcing term may be
conveniently related to the tissue matrix.

Recall our matrix spectral decomposition:

A=SDS". (27)

By selecting models based on the properties of S and D, we can easily impose

any spectral property of A and use Eq. (27) to derive A a posteriori. To consider only

negative and distinct eigenvalues, we trivially impose D = diag (4, 4,.,..., 4, ), choosing
0>4,>A4,,>...> 4, without loss of generality and maintaining Goldman's

convention of choosing the first compartment as that associated with the smallest
eigenvalue. In so doing, we start from the tissue times, as is done with independent
tissue models in a more physiological manner.

Any invertible diagonalizable matrix, S, is appropriate but may have redundant
parameters since the eigenvector matrix is not unique. We restrict our choice of free
parameters by considering independent tissue compartments that may be obtained as a
limiting case from our general formulation by imposing, e.g., S =I, where I € R"" is the

identity matrix. This observation suggests that we can relate the difference between the
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eigenvector matrix S and the identity matrix to the degree of dependency among the
different compartments. Without loss of generality, we impose equality among the
elements of the main diagonal of S since they are arbitrary multipliers of the
eigenvalues in A and assume they are equal to one. It is trivial to prove a matrix A may
be spectrally decomposed by Eq. (27), through an eigenvector matrix S, whose main

diagonal elements are one under the assumption of distinct eigenvalues. With this

choice for S, we have n” free parameters, n (n - 1) for the generic choice of components

of S outside the main diagonal plus 1 eigenvalues that we would have by considering
A.

We constrain the forcing term multipliers addressed by the vector f through the
choice of the matrices S and D by inspecting a steady-state solution. Specifically, our
model produces a constant tissue pressure if we assume a dive profile characterized by
constant arterial nitrogen tension with the initial condition that all tissue tensions are
approximately equal to this constant value. For this special case, all derivatives of the
partial tissue tension with respect to time must vanish. Hence,

0=Ap+fp,,. (28)
With the hypothesis that p = p, ,u, where u s the constant unit vector defined

in Eq. (13), we have the following required expression for the forcing term

f=—Au. (29)
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Equation (29) is consistent with both independent and uncoupled tissues as in

the Goldman models.

3.2.4 Algorithm for Iterating through Symmetric Matrices

We begin by investigating a balanced nitrogen contribution between any two
tissue compartments, i.e., symmetric tissue matrices in which the contribution to the j-th
tissue provided by the i-th tissue is equal to that exerted by the j-th tissue to the i-th
tissue. This requires iteration through symmetric matrices starting from their spectral
decomposition for which we propose a simple algorithm.

Recalling Eq. (27), we constrain S so that A is a symmetric matrix where S is
orthogonal since a real matrix is symmetric if and only if it has an orthonormal basis of
eigenvectors [88]. Thus, we have

A=SDS'=SDS’. (30)

Let u,,i=12,...,n, be the generic column vectors of S which are eigenvectors of

A . First, we arbitrarily choose n—1 components, 7, = [wl,]wf v ] ,i=12,...,n, for

1

each column of S. Then, we rescale for a known scalar greater than their Euclidean

T,
1
K

,i=12,...,n, with K>1. If, for example, we suppose that
2

norm, so thatr, = ——
r

K =1.1, we compute the last components ||ui||2 =1,i=1,2,...,n. We apply the modified

Gram-Schmidt process [85] and derive the n-th column of the orthogonal S matrix

making A symmetric.
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3.2.5 Model Calibration: Maximum Likelihood Estimation

Maximum likelihood is a statistical method used for comparing the relative
goodness of fit of models to given calibration data [9, 58, 92]. We review this method
below to show how it relates to DCS probabilities estimated in the previous sections.

Equation (9) expresses the probability that a diver experiences DCS. The
probability of not experiencing DCS plus the probability of experiencing DCS must
equal one by the law of total probability implying that:

P =e"*. (31)

Suppose that our calibration data consist of D dives with known outcomes. The
likelihood function of the entire data set is the joint probability of observing the entire
trial,

L(trial) = P (obs 1) P(obs 2)--- P(obs D), (32)
as reported in [7]. The probability of observing the j-th event with j=1,...,D is
P(obs j)= Py (dive j)” P,(dive j) 7 j=1,2,...,D, (33)
where &, is the outcome variable and equal to one for full DCS and zero for no

DCS. A marginal DCS event was weighted as 0.1 full DCS event for comparison with
Goldman'’s results [82] although Howle et al. [93] argued that marginal events should
not be used for DCS parameter calibration; an assertion that was later investigated by
Murphy et al. [94] for generating iso-risk air diving schedules, where several optimal

ascent schedules have been obtained, for a given tolerated risk of developing DCS.
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The natural logarithm of the likelihood is used to avoid extremely low values as
this monotonic transformation preserves the order of the function [7]. Therefore, the
natural log likelihood (LL) of the calibration data is estimated with the following

expression:
D
LL (trial) = Zlog[P(obs ])] (34)
Jj=1

Although not explicitly expressed in Eq. (34), the LL value depends on the model
parameters through probability estimates and observed outcomes. To find the
parameter values that maximize Eq.(34), we have to solve an optimization problem. We
note that Eq. (34) generally constitutes a nonlinear non-convex optimization, making it
difficult to solve with local optimization methods, based on the gradient descent,
because they can be trapped in local minima [95, 96]; thus we adopted the Nelder-Mead
algorithm [97] chosen for its robustness and ability to handle ill-conditioned problems. It
is worth noting that, as an alternative to log likelihood maximization, Bayesian methods
have recently been shown to be beneficial in optimizing probabilistic decompression

sickness models [98].

3.3. Results and Discussion

Having derived general solutions to the interconnected tissue model, we now
apply these solutions with a large calibration data set known as "BIG292" [99]. Our

objective is to evaluate how the sub-set of the general model derived by Goldman [82]
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will extrapolate to this larger dataset and to compare these results with the performance
of the general model. First, we describe the data and then fit Goldman's most general
model (3CG) to this data set. Next, we describe four novel interconnected models and
fit these to BIG292. Last, we compare all models with the equivalent independent tissue
model (EE1 [86, 87]) to verify whether the extra parameters of the new models are
justifiable by the likelihood ratio test. Finally, we examine how well all models
extrapolate (predict the observed outcomes) of data not included in the BIG292
calibration data.

The conditions through which the dives are conducted may greatly impact,
among other factors, the rate of blood circulation, which -in turn- affect the amount of
excess nitrogen given off through the lungs [5], thus ultimately influencing the
likelihood of being affected by DCS. Therefore, it is pivotal to rely on high quality data,
reporting the circumstances under which dives occurred, to have a proper calibration of
DCS models. Moreover, it is crucial to have a consistent definition of DCS events,
throughout the study. For collecting the data constituting the BIG292, Weathersby et al
“developed a set of diagnostic criteria [...] to serve as a retrospective tool in determining
what symptoms and signs were to be regarded as DCS”. Furthermore, the conditions
under which the dives occurred are clearly identified; for example: dry dives, where

variation between subjects is minimal and the time-depth profile is finely controlled
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versus wet dive where a less controlled environment is present and exercise and thermal
factors influence represent nuisance variables.

The U.S. Navy has used BIG292 extensively for calibrating probabilistic
decompression models. It consists of 3,322 Air and Oxygen-Nitrogen exposures
resulting in 190 full DCS and 110 marginal DCS cases. The BIG292 dive data, together
with thousands of additional dive trials are publicly available in two U.S. Government
reports [99, 100]. Because these data are randomized, de-identified, and publicly
available, no IRB approval was required for this study. The data were collected by the
U.S,, UK. and Canadian military facilities from 1944 to 1997 and include detailed time-
depth histories, inspired gas(es), gas switches, and case reports for divers with full or
marginal DCS. To be consistent with Goldman’s approach, we weighted marginal DCS
as 0.1 but did not consider symptom onset times [8]. Conversely, the risk thresholds,
vector b in Eq. (8), was not set a priori and was included in the models to be optimized,
whereas Goldman fixed it to 0.021 [82].

When we evaluated the 3CG model on BIG292 using the published optimal
parameter set, it predicted zero DCS probability on 73 dive profiles where DCS does
occur. This is described as model failure. We attempted to re-optimize this model using
the aforementioned parameter set as the starting point for the optimization but were
unsuccessful again. Finally, we sampled the likelihood function and adopted more than

110,000 random starting points chosen from a pseudo random uniform distribution
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around the optimal set with a range of 1/4 to 4 times the optimal parameter values.
Again, this resulted in model failure leading us to conclude that the 3CG model will not
tit the BIG292 data set without model modification.

Next, we evaluated four novel interconnected models based on the spectral
decomposition described in the previous section. The models differed depending on
assumptions pertaining to the eigenvector matrix S. We examined three tissue models
that differed from Goldman in that all compartments were DCS-risk-active.

The following forms for the eigenvector matrix were considered: 1) Upper
Triangular (UT); 2) SKew-symmetric (SK); 3) SYmmetric (SY); 4) GeNeral (GN). UT also
produces an upper triangular tissue matrix: since, if S is upper triangular, then A will
necessarily also be so. This will make interpretation of the physical elements more
direct, because the eigenvalues of an upper triangular matrix can be promptly read on
the matrix main diagonal. Also, since the tissues are ordered according to increasing
eigenvalues, this model assumes that the contribution of faster tissues to slower tissues
may be neglected in estimating the DCS risk: because, for definition of an upper

triangular matrix, we have that ¢, =0 if i > j. SKand SY were adopted to investigate

whether algebraic constraints on the eigenvector matrix may be compatible with the
data or may have better extrapolation properties. The skew-symmetric matrix refers
exclusively to the components off the main diagonal since the main diagonal of a

complete skew-symmetric matrix would be all zeros resulting in a singular matrix.
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Finally, the GN model was the most general model and investigated whether all extra

parameters were justifiable or were useful for extrapolation to data not in the calibration

data set.

EE1 Goldman GN
» Heart and Lungs 3CG
i ] i I
= (D) —
O
« (D) )
< \:_!/1
. A-
g it i
Venous Arterial
Blood Blood

Figure 1: Schematization of the EE1, Goldman's 3CG and GN models. Circles
indicate tissue compartments; if filled they directly contribute to risk, otherwise they
are associated with no risk. For Goldman's 3CG model and our GN model, we have
only sketched the external connection from and to the circulatory system, not to make
the figure unnecessarily cumbersome; also, Goldman's models have fixed thresholds,
as opposed to all the other models, for which thresholds are optimized.

Figure 1 sketches the differences among the EE1, Goldman's 3CG and the most
general model introduced in this paper (GN). In the EE1 model and in the models
proposed here all tissue compartments contribute directly to DCS risk, whereas in
Goldman's models only the central compartment, characterized by the smallest
eigenvalue, has a nonzero risk gain. EE1 does not include any inter-perfusion

phenomenon, while Goldman's models assume only inter-perfusion between an external
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compartment and the central compartment; our model generalizes it and includes

connections between any two compartments.

Table 2: Fitted values of the model parameters. Eigenvalues, eigenvector
matrix components, tissue gains, thresholds, and log likelihood function and
predicted DCS cases for the five models investigated: Exponential-Exponential (EE1),
Upper Triangular (UT), SKew-symmetric (SK), SYmmetric (SY) and GeNeral (GN).
95% confidence intervals are reported in superscript and subscript as increments with
respect to the optimal value.

EE1 UT SK SY GN

A [ min™ ] -0.424700% -0.917"% -0.320705%5 -0.317"0s) -0.317% 5
2, -10[ min™*] -0.2147%2 -0.084704% -0.135700% -0.167°097 -0.167"000
2, -10?[min™ | -0.217790 -0.221°90! -0.221% % -0.229700% -0.229700!
Si 006655 -126601 03970 039740
Sis 0.572%5  —1.099%] 0.953%0, 0.953" s
S,, —0.397"00e
S 289975 050376 -0413%5 041370
> 09531
= 04135
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For example, consider a simple derivation of the UT model with the optimal set

reported in Table 2. For the eigenvector matrix, we have posed, s, =1, i=12,...,n

without loss of generality, and for the specific model we haves, =0, if

i>j,i=1,2,...,n. Once we have evaluated S, we can compute S™' and derive A,

through Eq. (27). Finally, we evaluate the vector £, through Eq. (29). Since

1 -0.066 0.572 -0.917 -0.060 0.348 0.629
S=|0 1 -2.899 |, weget: A= 0 -0.008 -0.018 |, and f =|0.026 |.
0 0 1 0 0 -0.002 0.002

The remaining free parameters are the optimal gains, which may be found

analytically [101], and the thresholds as reported in Table 2.

uTt SK Sy
lT(L« lT A3 f2 (T Ay f; (T 53 I(IM f; (‘f ‘ Qg

@ e’ O\ 4/

aanfq(r) 4, fl(r) 11" f(r)

Figure 2: Schematization of the three-interconnected-compartment Upper
Triangular (UT) model. Tissues are depicted with circles: the smaller the radius, the
smaller the corresponding eigenvalue. Radii of the tissue times are not in scale. Black
lines are of the order of unity, green lines are of the order of a tenth, blue lines are of
the order of a hundredth. Tissues are ordered from most negative to least negative
eigenvalues. For example, for the UT model, slower tissues are not directly affected
by faster tissues: in fact, the slowest tissue (3) influences the tissue tension of the
other tissues (1 and 2). Arrows directions are dictated by the sign of the term; so that
a, <0implies an arrow going from tissue i to tissue j
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Table 3 schematizes the connections among the three tissues of the UT model.
The radii of the circles reflect the value of the corresponding tissue eigenvalues. All
relative terms were scaled for the absolute value of the corresponding eigenvalue for
each tissue. Arrow thickness represents the strength of the interaction although the
figure is not to scale. The direction of the arrows indicates the direction of the

interaction for a positive increment of the relative variable. For example, the a,; term

indicates the effect a change in the third tissue tension has on the rate of change in the
second compartment. Since the arrow departs from the second tissue, we infer that a

positive increment in p, contributes to a decrement on p, . The double arrow (a,, )

indicates a value roughly double its corresponding eigenvalue. The other models follow
the same technique and are not discussed. We emphasize that any other coupled model
may be expressed through our formulation under the assumptions of unique, negative
eigenvalues, and a diagonalizable tissue matrix. We can compute S and D, for example,
knowing A for Goldman's 3CG optimal model. The computed S will not always satisfy
our assumption of the main diagonal occupied by ones, however, we can obtain an
equivalent matrix from any representation of S by dividing each column by its diagonal
term. Should we have a zero on the main diagonal, it suffices to change the numeration
of the column of our problem since we can exclude a whole row of zeros because S is

always non-singular.
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For all models, we tried at least 128 random restarts to search for the best
parameter set using parallel processing and did not consider onset times, as already
stated. At first, we optimized the EE1 model, taken as a benchmark, comprised of three
independent tissue compartments. EE1 has nine adjustable parameters: three tissue time
constants, three tissue gains, and three pressure thresholds. Once we found the optimal
parameter set for EE1, we used it as a starting point for all the interconnected models.
This is possible because all models, including EE1, are part of a nested set within the
general model so its solutions exist within the general solution space where the terms of
the main diagonal of the eigenvector matrix are all ones.

We adopted best optima from the UT, SK and SY models as starting optimization
points for the GN model. Optimal parameter sets with LL values are shown in Table 2.
Confidence intervals were computed by inverting the likelihood ratio test [102] using a
Monte Carlo method and are reported as variations from the optimal value in
superscript and subscript.

Table 3: Model comparison through the log-likelihood difference test. All four
multi-exponential models pass the likelihood difference test, when compared with
EE1. We can reject the EE1 model, in favor of any of the models including inter-tissue
perfusions for prediction of DCS on the training set (P<0.05). Conversely, the extra

degrees of freedom introduced by the GN model are not justifiable at the 5%
significance level, when the test is conducted against the SY model.

2LL Extra Degrees of 95% 95%
UT/E 16.98 3 7.81 TRUE
SK/E 9.33 3 7.81 TRUE
SY/E 27.41 3 7.81 TRUE
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GN/E 27.65
GN/ 10.67
GN/S 18.32
GN/S 0.24

12.59 TRUE

7.81 TRUE
7.81 TRUE
7.81 FALSE

Table 3 contrasts the various models using a likelihood ratio (LR) test and

indicates that the extra parameters for the coupled models are justified with a

confidence of at least 95%. Nevertheless, the SY has a decrement of only 0.12 LL units

compared with the GN model despite GN having three additional parameters, so GN

does not pass the LR test when compared with the SY and UT models. However, GN is

better than the SK and UT models. This suggests that SY is the preferred model when fit

to BIG292.

Table 4: Number of DCS cases predicted by the four multi-exponential and the
null models for the calibration data set "BIG 292". The predicted number of DCS cases
are provided for the groups of dives and analytically for each file present in the

calibration data. All models seem to adequately fit the calibration data set.

Dives Observed DCS EE1 UT SK SY GN
Single Air
EDUS885A 483 30 252 28.0 238 284 285
DC4W 244 8.4 77 58 77 80 83
SUBX87 58 2 19 18 25 17 19
NMRNSW 91 5.5 71 44 56 54 54
NSM6HR 57 3.2 46 24 40 34 34
Total 933 49.1 46.5 424 435 470 475
Single Air Decompression
PASA 72 5.2 21 34 26 22 22
Repetitive air
EDUSS5AR 182 11 119 111 106 115 115
DC4WR 12 3 06 08 08 07 07
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PARA 135 7.3 79 83 82 73 72

Total 329 21.3 204 201 196 195 194
Multi-Level Air

PAMLA 236 14.2 17.7 141 17.0 165 164
Single non-air

NMR8697 477 12.8 187 159 154 153 152
EDU885M 81 4 36 42 30 46 46

EDUS885S 94 4 32 40 37 39 39

EDU1180S 120 10 62 79 69 90 91

Total 772 308 317 321 29.0 328 328
Repetitive non-air

EDU184 239 11 104 104 134 109 10.8
Air Saturation

ASATEDU 120 15.7 134 123 106 12.0 120
ASATNSM 132 20.1 21.0 322 289 242 243
ASATNMR 50 1 50 22 37 41 41

Total 302 36.8 39.4 467 433 403 403
Non-air Saturation

ASATARE 165 21.3 203 20.1 184 175 174
Multi-Level SDV; PO2=0.7 Decompressions

PAMLAOD 134 6 80 71 86 103 102
Multi-Level SDV; PO2=0.7 Transits

PAMLAQOS 140 5.3 49 38 58 44 43

Table 4 provides a detailed description of the predicted DCS probabilities for all
four coupled models and compares them with the EE1 model. All models fit the data
with reasonable accuracy, based on risk prediction. The results suggest that the
optimized SY outperforms EE1for all dive types except for saturation and multi-level
dives.

Table 5: Evaluation of the extrapolation capabilities of the five models on a set
of data not included in the calibration data set and comparison with the EE1 model.
The Pearson’s x2 results show that the UT model outperforms the other
interconnected compartment models and the null model on the extrapolation data set.
The UT model performs especially well on O2 surface decompression dives. The
other multi-exponential models (SK, SY, and GN) generalize more poorly than the
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null model (EE1) to the extrapolation data. Additionally, the null model (EE1) is the
best performer in the single air category.

Dives Observed EE1 uT SK SY GN
Single Air
DC4D 797 19.4 19.1 16.1 229 22.6 23.5
EDUS849LT2 141 29.8 16.7 8.1 8.5 10.8 11.0
NMR97NOD 103 3.4 4.2 3.8 4.6 3.1 3.1
EDU545 94 18.7 7.5 7.2 6.6 7.6 7.7
EDU557 568 27 50.8 32.3 31.4 37.8 38.3
EDU1157 46 15.6 14.9 28.2 11.7 14.4 14.5
EDU1351NL 143 2.7 5.3 3.5 3.5 4.3 43
NMRNSW?2 91 5.5 7.1 4.4 5.6 5.4 5.4
Total 1983 122.1 125.6  103.8 95.0 106.2 107.8
Pearson’s x2 0.095 3240 7.724 2.3957 1.9012
Revetitive air
DC4DR 142 1 4.1 6.5 5.6 4.7 4.7
EDU657Corrected 142 4 11.3 9.2 8.9 9.5 9.5
Total 284 5 15.4 15.6 14.4 14.2 14.2
Pearson’s x2 7.010 7243 6.172 59404  5.9590
Revetitive/Multilevel
EDU1180R 128 2 13.4 12.5 13.6 17.5 17.5
Pearson’s x2 9.693 8.788 9.901 13.7167 13.7276
Air+ O2 Decomp.
DCS8AOW 46 3.1 0.1 0.7 0.7 0.5 0.5
DC8AOD 256 3.2 1.2 3.8 3.3 3.7 3.7
NMR94EOD 284 17.9 8.4 8.2 9.6 10.9 10.9
Total 586 24.2 9.7 12.7 13.6 15.1 15.1
Pearson’s x2 21.60 1040 8.327 5.4575 5.4637
02 Surface
DC8ASUR 358 10.1 14.7 7.3 7.7 11.4 11.6
DCSUREP 69 1 1.8 1.0 1.7 1.2 1.2
NMROSUR90 45 1 1.8 1.1 1.4 1.2 1.2
EDU1351SD 1035 43.3 70.2 47.3 50.5 52.0 52.5
Total 1507 55.4 88.5 56.7 61.3 65.9 66.6
Pearson’s x?2 12.37 0.029 0560 1.6639  1.8690
Surface Decomp.
DC8ASURW 46 5 3.7 1.9 2.0 2.9 3.0
DCSUREPW 69 1 0.4 0.2 0.4 0.3 0.3
EDU5455UR 197 28.2 15.1 15.8 14.4 15.4 15.5
NMRASUR90 64 0 5.0 49 4.2 4.2 4.2
Total 376 34.2 24.2 22.8 20.9 229 23.0
Pearson’s x2 4095 5.761 8477 5.6192 5.4830
Submarine Escave
UPS290 299 4 29.5 11.3 65.8 38.3 41.8
Partial LL 22.01 4.738 58.03 30.730 34.192

246.9 306.3 2354 284.6 280.0 285.9

Pearson’s x2 76.89 4020 99.20 65.523  68.595
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To assess the extrapolation properties of the models, we considered 5,163
exposures comprised of Air and Oxygen-Nitrogen dives and surface O decompression
dives that resulted in 214 full DCS and 329 marginal DCS events. We extracted this data
set, from the original data sets contained in [55-56] pulling all the data pertaining to the
same dive profile, together. Table 5 compares the risk prediction of the four
interconnected models with EE1. The UT model clearly out-performs all the other
models both for LL and the number of predicted DCS cases. Table 5 also reports partial
LL values grouped according to dive type in an effort to establish when coupled models
may be worse than EE1 or if a particular model would seem to better extrapolate for a
specific type of dive. The results indicate that SY (and GN, consequently) also
outperforms EE1 and the abrupt decrement in the total LL is mainly due to poor
performance for submarine escape dives. On the contrary, UT is confirmed as the best
coupled model considered in this work, and even if it also greatly overestimates the DCS
risk for this kind of dive, it is still considerably better than any other model. Conversely,
EE1 still remains the best model when evaluated on single air dives, both in terms of
predicting risk and in terms of LL measure. Overall, the best coupled model, UT,
presents a percentage error less than 5% when estimating the total number of DCS cases
on the whole extrapolation set, as opposed to more than 24% when adopting the

equivalent uncoupled model, EE1. Finally, we observe the superior predictions for the
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UT model on surface O: decompression and higher LL than other models of similar

degrees-of-freedom.

3.4 Conclusions

We investigated the fitting quality and extrapolation capabilities of coupled
compartmental models for predicting DCS probability in compressed gas diving. The
motivation for this work was to investigate certain tissue compartment couplings with
an a-priori specification of the coupling structure. Our coupled compartmental models
allowed, in the most general case, for inert gas exchange with the circulatory system and
between all individual compartments. We proposed a new formulation of the coupled
tissues model based on the spectral decomposition of the tissue interconnection matrix
and further derived piecewise exact gas exchange solutions for the new models. The
exact solutions represent a projection of the original problem onto a space spanned by
the eigenvectors of the tissue coupling matrix. In the space of the projected problem, the
"compartments" decouple from one another making the problem far simpler and faster
to optimize. Our interconnected models have, as a trivial subset, a well-tested parallel
tissue model (EE1) allowing for rigorous comparison between our new models and this
previous parallel model. Four distinct types of tissue interconnections were considered
and arose naturally from the form of the off-diagonal structure of the eigenvector
matrix. These four classes of interconnected models were the (1) skew-symmetric, (2)

general, (3) upper triangular, and (4) symmetric models. The symmetric interconnected
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model had the best predictive quality for the training data set. In comparison to all four
new interconnected models, the nested parallel model (EE1) was rejected with at least
95% confidence. Although the best of the inter-connected models to fit the calibration
data was the symmetric model, the upper triangular model extrapolated better to dive
profiles outside of the training data set. The upper triangular model also outperformed
all of the other models on O: surface decompression dive profiles. There are many
extensions of our new models yet to be explored, for example, the use of DCS symptom
onset times in optimizing the models and gas saturation/bubble phase change, as well as
the introduction of some penalization to ensure a minimum good fit to each subset of
DCS for each diving type but the preliminary results presented in this paper indicate
that our new models are promising for use in predicting DCS probability and for dive
planning.
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4. Pharmacokinetic Models of Decompression Sickness
in Humans: A Thorough Investigation

4.1 Introduction

Decompression Sickness (DCS) is a potentially serious disease [103] occurring
when individuals are subjected to a decrease in ambient pressure [2]. There is a general
agreement that the root cause of DCS is the formation of gas bubbles, invading blood
stream and tissues [3]. Paul Bert [4] is credited to be the first to hypothesize a causal
relationship between bubble growth and the increased risk of DCS. Subsequently,
mathematical models aimed at predicting DCS risk have primarily relied on the
hypotheses initially proposed by Haldane[5]. These hypotheses were later reformulated
in a probabilistic framework through the contributions of Weathersby [58]. A detailed
and comprehensive overview of the history of advancements in the investigation of DCS
is provided by Papadopoulou et al. [15] and Ninokawa et al. [16]. Significant progress
has been made in comprehending DCS, including the development of numerous models
that directly incorporate bubble formation [104]; however, despite these advancements,
the phenomenon of DCS remains incompletely understood. to be fully understood. In
fact, while the risk for recreational dive is typically limited to 0.4 to 1 case per 10,000
dives, it can significantly escalate for deeper and longer dives [3].

Doolette demonstrated that the original Haldane approach, which simplifies the
human body into a distinct tissue comportments with varying characteristic times for

the uptake and release of inert gases, outperformed the more intricate and realistic
46



bubble models in predicting overall DCS risk [34]. Building upon this research, we have
undertaken a comprehensive investigation [53, 83, 105] to explore whether interdiffusion
and perfusion limited models offer superior estimates of DCS risk. In this investigation
we incorporate a generalized connection for tissue comportments, allowing for the
inclusion of fixation of several model parameters. We explore a diverse range of
instantaneous risk functions and may inactivate different subsets of tissue compartment
to contribute to risk formation as a direct risk source, but rather limiting them to accrue
risk only through altering other tissues’ tensions. In addition, a major contribution of
our work is the thorough evaluation of extrapolation capabilities of these models. We
rigorously assess their performance using an extrapolation data set that encompasses
diverse DCS frequencies and types of dives, distinct from the training data set.

Lastly, we continue to employ the approach proposed in [105, 106] utilizing
robust information criteria, to evaluate the predictive quality of multiple models derived
from the Akaike Information Criterion weights methodology [107]. This methodology

allows for the comparison and selection of the most suitable models.

4.2 Materials and Methods

In this section we introduce the general formulation for defining the models
introduced in this chapter. We vary the compartment connections, number and

distribution of the compartments bearing risk, and the risk function, mapping from
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tissue dynamics to instantaneous risk. We explicitly define the generic model for both

tissue tensions and DCS risk.

4.2.1 Compartment Tissue Tension Dynamics

A generic pharmacokinetic model, including coupling dynamics and delayed,
may be written as follows:

P, av()=s,[2(1]ob &

In the last equation P (t) eR" and A e R"" represent the instantaneous tissue

tension vector and the tissue tension matrix, respectively; 8 I:x (t)] ‘R>R"isa
T
function introducing a delay, according to the ® =[7,,7,,...,7,,| € R" vector of delays.

So, for example, 9 [Pa (t)] -with the following definition for @: @ = [1'1,0, 7, T4]T -
corresponds to the following delayed dynamics:

[P.(t-7,).B,(1).P,(t—7,),P,(t -7, )]T . Finally, © represents the Hadamard product

[108], and b € R" is the forcing term coefficient. Now we present the derivation of two
models to provide specific examples of how the different parameters of equation (35) are
derived: one with coupled dynamics and another one with delayed dynamics.

Let us consider the tissue arrangement depicted by the next figure.
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1

Q— —>Q
2
PSC,
3

Q™ —>Q;
4

Q—> —>Q,

Figure 3: the BQE22A Model. Boxes refer to tissue comportments, red filling
denotes risk bearing. Connections designate coupling between the correspondent
tissue tensions.

Such tissue architecture corresponds to the following tissue dynamics:

dP,
h=—r=0(F-R)
P,
v, S pSC,(R-P)
dt (36)
dPp
Vi—r =0 (B~ R)+PSC, (P~ B)
dP,
v, 7; = Q4 (Pa - P4)
Consequently, we have the following definitions:
k, 0 0 0 k, 0
0 « k 0 0 0
A= 3 2 , b= , O= (37)
0 —ky ky+hky O ks, 0
0 0 0 ky, k,, 0
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Where, in the last equation, we have introduced the following definitions:

k. :g,for i={1,3,4}, ky =

24

PSC, . PSC,

, ky, = 7 As a model being affected by delayed

j 3 2

~

dynamics, let us consider the BQEDDE22G model.

1
Q—> —>Q
7 2
Q, ---mmmmmdemmmnees —Q,
3
Q—> —>Q

Figure 4: architecture of the BQEDDE22G model. Tissue dynamics are
uncoupled, and the second compartment forcing term is affected by a 7, delay.

Consistently with the above figure, we have the following tissue equations:

dF,
¥ SL=0,(B-R)

dP,

== 0.[P-B(-7)] (38)
dp, B

v,=+=0,(F~R)

Hence, we have the following positions:

k, 0 0 ki, 0
A=[0 Kk, 0|, b=|k,|, O=|z, (39)
0 ki, ks, 0
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having defined £, = g, for i ={1,2,3}. Appendix F reports the detailed

N

definitions of all the parameters needed to define the tissue dynamics for the novel
models introduced in this investigation. Results are also provided for classical
Exponential — Exponential and Linear — Exponential models; the interested reader may
find their analytical description with all the needed parameters in [35].

4.2.2 Risk Function

The generic risk function considered in this work is characterized by three
parameters: 1) an instantaneous risk function p: RY - RY, mapping the current tissue
tensions into an instantaneous DCS risk estimate; 2) a vector of thresholds 0 € RN; 3)a
set of integers v, labelling to the ordered corresponding tissues, which have been

considered directly risk bearing. We observe that we start numbering the tissue from

one. As an example, let us consider the model BQE22AXT4. BQE22AXT4 is characterized

P-0

by the following parameters: p = ,0=[0 0 0 94]T, and v =1{1,3,4}. In all the

amb

formulae referring to the risk function P=P+ By — Py where P is the vector of
tissue tensions, B, =0.197 bar takes into account the fixed venous gas pressure, and
finally P,,,; is the ambient pressure (at depth). First, let us observe that y does not

contain the second compartment, therefore it contributes to the risk only through the

pressure interaction with the remaining tissues; then, we have a scaled instantaneous
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risk function for all the other comportments, whose threshold is constrained to be
identically equal to zero, but for the last compartment which has a free adjustable

parameter, namely 6,, according to the definition of the reported @ vector.

4.2.3 Data Description
4.2.3.1 Training Data

We have adopted for training data set the P97 DCS data set, a subset of the data
published by Temple et al. [109, 110]. It contains 4,335 exposures of human dives
conducted between 1944 and 1997, with 224 cases of full DCS. For a detailed description

of the data set, please refer to [111], pages 130 and subsequent.

4.2.3.2 Extrapolation Data

The extrapolation data set is comprised of six volumes of data collected at the
Duke University Medical Center hyperbaric laboratory during the period 1977 — 2008.
We briefly introduce the different volumes also to emphasize how some dives are
significantly different from the training data set: as mentioned in the purpose of the
study, such condition has been chosen specifically to investigate the extrapolation
properties of all the proposed models and the classical models.

Vol. 1 contains dives where subjects adopted a MK 15 Underwater Breathing
Apparatus (UBA). We considered only N2-O: dives. This group specifically analyzes the
effect of exercise during bottom times for sixty minutes; it comprises exposures at 100

Feet of Sea Water (FSW) and 150 FSW, with a partial pressure of Oz of 0.7 bar. It
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comprises 829 exposures, with 11 cases of DCS [112]. Vol. 2 includes one or two air dives
performed in 1989 at 170 FSW, specifically designed by Dr. Fife for simulating
archeological missions in the Mediterranean Sea. For most of the dives, oxygen was
breathed during decompression stops at 20 FSW and 10 FSW. Out of 26 exposures, it
resulted in zero DCS cases [113]. Vol. 3 contains data relative to the surface interval
oxygen (SiOp trials. These dives took place from the late 1980s to early 1990s and they
were designed to study the effect of breathing pure oxygen in between repetitive dives.
The SiO: trials contain 235 exposures with three cases of proclaimed DCS. Every trial
comprises of two immersions at identical depths with oxygen breathed in between and
after the second dive [114]. Vol. 4 is relative to dives between 1990 and 1991. Typically,
these dives would involve three dives to the same depth with oxygen breathed at
surface in between dives, and N2-O: in water. They are relative to 94 exposures and there
was one case of DCS [115]. Vol. 5 is relative to ascent rate trials. These dives took place
between 1999 and 2000 and they were designed to ascertain the effect of different ascent
rates to the probability of DCS. The ascent rate trials comprise only dry dives with a
variable bottom time between 11 and 30 minutes at a constant maximum depth of 100
FSW. The ascent rate, in turn, varied between 10 FSW/min up to 60 FSW/min. They
comprise 238 exposures and three cases of DCS have been observed [116]. Finally, vol. 6
is the most diverse — in terms of repetitive dives- of all the volumes and provides much

of the data for the extrapolation: since it contains 16,949 exposures, during which 41
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cases of DCS have been reported. These immersions were conducted from 1995 to 2008.
It was a comprehensive study conducted by the Dives Alert Network on dive safety,
performed by 12,358 divers, breathing an oxygen fraction up to 50%. Some profiles
involve many periodi immersions, up to twenty dives in a nine-day period, or twelve
dives over a five-day period. Depths surpassed also 150 FSW. This characteristic of
many repetitive dives in a relatively short period of time makes these dives very
challenging for decompression models since our training data do not contain any similar
dive profiles [117].
4.2.4 Maximum Likelihood Calibration

For each model, we adopted the training data set, P97, to calibrate all the models
in this study and whose parameters for estimating tissue dynamics and instantaneous
risk functions are explicitly enumerated in Appendix F, with the addition of the classical
models EE1/EEINT and LE1/LEINT, described in [35], where the “NT” variety refers to
the version of the models imposing a threshold vectors identically equal to zero. Then,
each model has been optimized adopting the maximum likelihood approach, described
in detail in [58, 93]. In agreement with the latter reference, marginal DCS events have

been counted as non-events.

4.2.5 Pearson’s Residuals

Once we have optimized our models on the training set, we evaluate their

performance both on the training as well on the extrapolation set, to investigate how
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they generalize and to check in which groups of dives they excel or underperform. Once
we have estimated all the predicted DCS cases on both sets, we can calculate Pearsons’
residuals for all the dives groups, following the procedure derived from [118], described
in [119]. Specifically, we used equation 95 at page 35, reported here for the reader’s

convenience:

2
nmT.—n.o,.
PRJ.:ZJ?:—( i) = 7] (40)

nz, -(1-7,)
Equation (40) estimates the Pearson Residual of the j* group, PR;, which is the

“square of the Z statistic for group, which follows a chi-square distribution with one

e
degree of freedom under the null hypothesis that 7z,,= 7, ” [119]. Ibidem, 7, = —~, where

n;

e; and n; refer to the number of DCS cases and the number of exposures in the group j,
respectively. Also, 7, is the expected proportion of DCS hits for the group j, adopting a
given model. Once we consider G groups, we sum all the Pearson residual and apply

Hosmer-Lemeshow test [120], so that we consider that chi-square ( ;(2) statistic with G-2

degrees of freedom

4.2.6 AIC Criterion and Mixture Models

The computation of the AIC for both our proposed models and the classical ones
(specifically, EE1/EEINT, and LE1/LEINT) is performed following the method outlined

in section 3.1.1.4 in Hada [106]. Accordingly, the equation used for calculating the AIC is
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referenced from page 57, equation 4.1, of Sakamato et al.’s extensive study on AIC [121].
For the reader’s convenience, we report the equation here:
AIC=-2-LL+2-P (41)

In the previous equation, AIC obviously refers to the Akaike Information
Criterion, LL and P refer to the maximum likelihood of the specific models on data set
and the model’s number of free parameters, respectively. Once the AIC metrics is
straightforward to consequently compute the relative Akaike weights of the multi-
model, following the methodology described [107, 122] and applied to a similar case in

[106].

4.3 Results and Discussion

We have optimized all the models, adopting the maximum likelihood approach
described in section 4.2.4. Since the problem is inherently non-convex, we have used
random 128 restarts for the optimization of each model considered in this study. We
chose to adopt the Nelder Mead optimization algorithm [97], due to its proven
robustness and the convenience of being gradient-free. Table 6 shows the optimized
maximum likelihood for all the models considered in this study. To compute the AIC
also for estimating the correspondent relative weights, we applied equation (41). Based
on the AIC methodology, the training set provided stronger support for model
BQE22AXT4 as it demonstrated the lowest value of the AIC metrics with an

AIC = 2324.2. Consequently, we computed the AIC relative weights. We found that we
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need at least five models to reach a 90% bound of cumulative AIC weights: that implies
that the model selection is inconclusive. The top five models, in terms of AIC weights, to
reach 95% of totale weights, were: BQE22AXT4, BQE22ETB, BQE22ET4, BQE22AT4, and
EE1. We observe that all these models have in common the present of a threshold
parameter in the last compartment. This observation suggests that the inclusion of at
least one threshold term is needed to enhance the fitting of the P97 data set.

Table 6: Models’ Maximum Likelihood, number of parameters and consequent

AIC relative weights
Model Name Parameters max LL AIC Relative Weights
EEINT 6 -1166.01  2344.03 2.09E-05
EE1 7 -1157.05  2328.11 0.06
LEINT 7 -1165.08  2344.15 1.97E-05
LE1 8 -1157.66  2331.33 0.01
BQE22A 5 -1165.84  2341.69 6.74E-05
BQE22AT4 6 -1157.50  2326.99 0.10
BQE22AX 5 -1165.33  2340.67 1.12E-04
BQE22AXT4 5 -1157.08  2324.17 0.43
BQE22B 7 -1166.36  2346.71 5.46E-06
BQE22D 4 -1166.18  2340.36 1.31E-04
BQE22E 4 -1166.02  2340.04 1.54E-04
BQE22ET4 5 -1158.36  2326.71 0.12
BQE22ETA 5 -1164.69  2339.37 2.14E-04
BQE22ETB 5 -1157.70  2325.40 0.23
BQE22ETC 5 -1165.48  2340.97 9.66E-05
BQE22F 5 -1163.57  2337.13 6.56E-04
BQEDDE22G 4 -1168.22  2344.44 1.70E-05
BQEDDE22GT3 5 -1159.46  2328.91 0.04
BQEDDE22H 6 -1168.37  2348.75 1.97E-06
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Table 7: Models’ predictions versus actual DCS cases for the first four
categories of the P97 training data set

02 O2 Surface Repetitive  Repetitive Non-

Deco Deco Air Air

Exposures 586 427 565 607
DCS Cases 22.0 11.0 34.0 26.0
EEINT 21.0 11.6 40.3 35.5
EE1 18.3 9.1 38.7 33.3
LEINT 20.7 11.0 40.5 35.5
LE1 18.5 8.8 38.5 33.9
BQE22A 21.1 11.8 40.6 35.7
BQE22AT4 20.8 11.9 39.3 34.3
BQE22AX 20.8 115 40.4 35.7
BQE22AXT4 18.6 94 39.1 33.2
BQE22B 21.0 12.6 41.1 36.1
BQE22D 20.3 11.0 42.2 36.9
BQE22E 21.3 12.0 40.2 35.7
BQE22ET4 18.6 9.6 38.7 34.4
BQE22ETA 20.6 10.8 39.1 35.8
BQE22ETB 18.7 9.6 39.1 33.5
BQE22ETC 21.4 11.6 39.7 36.2
BQE22F 19.3 10.2 41.6 36.5
BQEDDE22G 22.3 13.0 40.1 37.0
BQEDDE22GT3 19.0 10.6 39.9 354
BQEDDE22 22.1 12.6 40.0 37.0
Multi-Model 18.8 9.8 39.1 33.6

Table 8: Models’ predictions versus actual observed DCS cases for the
remaining three categories of the P97 training data set and full data

Saturation Smféle Smgle‘Non- P97 (full

Air Air data)

Exposures 467 1005 678 2185
DCS Cases 52.0 53.0 25.0 223.0
EEINT 39.7 453 29.2 222.6
EE1 52.3 42.5 26.7 220.9
LEINT 40.2 46.1 29.9 223.8
LE1 52.2 42.5 26.5 221.0
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BQE22A 39.3 45.6 29.3 223.3

BQE22AT4 45.1 43.7 27.9 223.0
BQE22AX 40.7 45.2 29.0 223.3
BQE22AXT4 524 43.0 27.1 222.7
BQE22B 36.8 45.7 30.3 223.4
BQE22D 38.2 45.6 28.9 223.1
BQE22E 39.4 45.4 29.3 223.4
BQE22ET4 524 424 26.7 222.7
BQE22ETA 459 43.6 27.3 223.0
BQE22ETB 51.8 43.0 27.1 2229
BQE22ETC 41.2 45.0 28.7 223.8
BQE22F 42.1 45.0 28.5 223.1
BQEDDE22G 35.7 45.8 29.4 223.3
BQEDDE22GT3 54.3 43.3 27.3 229.8
BQEDDE22H 37.4 45.3 29.0 223.5
Multi-Model 51.5 43.0 27.1 2229

The last two tables present a detailed comparison between the DCS cases
predicted by the models and the ones observed in the P97 data set. We observe that
nearly all models can adequately fit the training set data, except some, mainly BQE22B
and BQE22D, struggling on saturation dives: since both BQE22B and BQE22D
considerably underestimate the number of DCS cases. We now compute the Pearson
residuals group statistics for all the groups and all the models, to evaluate the models’
performance on each dive type and on the entire data set.

Table 9: Pearson Residuals group statistics evaluated on the first group of
dives in the training set.

02 O2 Surface Repetitive ~ Repetitive Non-

Deco Deco Air Air

EEINT 0.05 0.03 1.05 2.69
EE1 0.76 0.42 0.60 1.69
LEINT 0.09 0.00 1.13 2.69
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LE1 0.67 0.56 0.57 1.96

BQE22A 0.04 0.05 1.16 2.78
BQE22AT4 0.07 0.07 0.77 212
BQE22AX 0.07 0.02 1.10 2.79
BQE22AXT4 0.66 0.26 0.71 1.63
BQE22B 0.05 0.20 1.32 2.99
BQE22D 0.14 0.00 1.72 341
BQE22E 0.02 0.09 1.04 2.81
BQE22ET4 0.65 0.20 0.60 2.17
BQE22ETA 0.10 0.00 0.70 2.83
BQE22ETB 0.59 0.21 0.72 1.79
BQE22ETC 0.02 0.03 0.89 3.05
BQE22F 0.39 0.07 1.50 3.19
BQEDDE22G 0.01 0.33 0.99 3.48
BQEDDE22GT3  0.48 0.02 0.94 2.64
BQEDDE22H 0.00 0.20 0.97 3.50
Multi-Model 0.55 0.16 0.71 1.83

Table 10: Pearson residuals evaluated on the second group of dives in the
training set, with estimate of the 7’ in the total column.

Saturation Single Single'Non— Total A_IC
Air Air weights
EEINT 4.20 1.36 0.62 10.00 2.1E-05
EE1 0.00 2.70 0.11 6.28 0.06
LEINT 3.83 1.07 0.85 9.65 2.0E-05
LE1 0.00 2.70 0.09 6.56 0.01
BQE22A 4.48 1.27 0.67 10.44 6.7E-05
BQE22AT4 1.15 2.08 0.31 6.57 0.10
BQE22AX 3.46 1.40 0.57 9.41 1.1E-04
BQE22AXT4 0.00 2.43 0.17 5.88 0.43
BQE22B 6.86 1.24 0.95 13.61 5.5E-06
BQE22D 5.42 1.26 0.56 12.51 1.3E-04
BQE22E 4.38 1.33 0.65 10.30 1.5E-04
BQE22ET4 0.00 2.78 0.11 6.52 0.12
BQE22ETA 0.90 2.14 0.21 6.88 2.1E-04
BQE22ETB 0.00 2.41 0.17 5.89 0.23
BQE22ETC 3.08 1.50 0.50 9.06 9.7E-05
BQE22F 2.56 1.50 0.45 9.66 6.6E-04
BQEDDE22G 8.07 1.17 0.68 14.73 2.0E-06
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BQEDDE22GT3 0.11 2.26 0.20 6.65 0.04
BQEDDE22H 6.21 1.37 0.58 12.83 2.0E-06
Multi-Model 0.0044 2.4405 0.1715 5.8554

Table 9 and Table 10 show the Pearsons residual group statistics, obtained
applying equation (40) to the seven group in the training data set, where the total
column in Table 10. For the models whose total is indicated in bold, we have high »°
values, rejecting the null hypothesis: therefore, the model estimate for the group is
unsatisfactory, adopting the traditional p-value of 0.05. We observe that for all those
unsatisfactory models the AIC criterion assigns neglectable weights, so that their
prediction is fundamentally suppressed from the multi model computation. It is also

worth noting that the multi model is the best performing model on the training P97 data
set, reporting the lowest ;(2 value.

Finally, we analyze the extrapolation properties of our models, both comparing
the models’ predictions on the extrapolation data set, as well as then deriving the
Pearson residual statistics and investigating if we can accept the null hypothesis.

Table 11: Models’ predictions versus actual observed DCS cases for volumes
one to three in the extrapolation data set

MK15 (N2-O2 Fife SI102

Only) Trials Trials

Exposures 829.00 26.00 235.00
DCS Cases 11.00 0.00 3.00
EEINT 24.60 0.76 8.56
EE1 21.62 0.63 7.06
LEINT 2417 0.71 8.27
LE1 21.62 0.58 6.87
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BQE22A 24.93 0.78 8.85

BQE22AT4 23.99 0.75 8.49
BQE22AX 24.66 0.75 8.32
BQE22AXT4 21.81 0.66 7.32
BQE22B 23.74 0.69 9.53
BQE22D 23.84 0.69 7.96
BQE22E 25.32 0.79 8.85
BQE22ET4 22.04 0.65 6.96
BQE22ETA 23.89 0.60 7.52
BQE22ETB 22.22 0.68 7.38
BQE22ETC 2491 0.70 8.31
BQE22F 23.63 0.67 7.67
BQEDDE22G 26.20 0.85 8.56
BQEDDE22GT3 23.06 0.73 7.46
BQEDDE22H 25.63 0.81 9.07
Multi-Model 22.20 0.67 7.40

Table 12: Models’ predictions versus actual observed DCS cases for volumes
one to three in the extrapolation data set

NOAA Ascent Rate Dive
. . . Total
Trials Trials Exploration
Exposures 94.00 238.00 16949.00 18371.00
DCS Cases 1.00 3.00 41.00 59.00

EEINT 3.00 3.75 1297.00 1337.67
EE1 2.53 3.53 1085.00 1120.37
LEINT 2.99 3.68 1277.00 1316.82
LE1 2.36 3.24 1053.00 1087.67
BQE22A 3.15 3.95 1326.86 1368.52
BQE22AT4 3.10 3.69 1240.06 1280.07
BQE22AX 3.11 3.92 1312.30 1353.06
BQE22AXT4 2.59 3.67 1127.30 1163.35
BQE22B 2.85 3.42 1233.98 1274.21
BQE22D 3.23 3.84 1267.81 1307.37
BQE22E 3.23 3.99 1330.31 1372.49
BQE22ET4 2.94 3.96 1183.58 1220.13
BQE22ETA 2.67 3.07 1069.37 1107.11
BQE22ETB 2.69 3.73 1135.20 1171.90
BQE22ETC 2.99 3.46 1202.80 1243.17
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BQE22F 3.24 4.11 1270.20 1309.52

BQEDDE22G 3.36 4.26 1365.50 1408.72
BQEDDE22GT3 3.38 4.56 1282.40 1321.59
BQEDDE22H 3.44 3.96 1345.70 1388.61
Multi-Model 2.73 3.74 1150.65 1187.40

We observe that the models exhibit reasonably good performance for the initial
five volumes within the extrapolation data set. However, when applied to volume six,
the exploration data set, they significantly overestimate the number of DCS cases. This
discrepancy can be attributed to the characteristics of the dives included in the last
volume. Specifically, this group consists of numerous repetitive dives with more than
ten repetitions. Since the models were trained on a diverse range of dives, the slowest
tissue compartment does not discharge the accumulated risk from a particular dive fast
enough in between dives. As a result, the cumulative effect leads to a substantial
accumulation of DCS risk over time, across multiple repetitions, leading to a notable
deviation when compared to the observed outcomes. We appreciate that the classical
LE1 model partially mitigates this phenomenon, when compared to the others, and -
among the novel proposed models, BQE22ETA is a close second; yet, both LE1 and

BQE22ETA still provide a substantial overestimation of the DCS cases.

Table 13: Pearson Residuals group statistics evaluated on the first group of
dives in the extrapolation set (vols. 1-3).

MK15 (N2-O2

Only) Fife Trials  SIO2 Trials
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EEINT
EE1
LEINT
LE1
BQE22A
BQE22AT4
BQE22AX
BQE22AXT4
BQE22B
BQE22D
BQE22E
BQE22ET4
BQE22ETA
BQE22ETB
BQE22ETC
BQE22F
BQEDDE22G

BQEDDE22GT3

BQEDDE22H
Multi-Model

Table 14: Pearson residuals evaluated on the second group of dives in the
extrapolation data set, vols. 4-6, with estimate of the y’ in the total column.

EEINT
EE1
LEINT
LE1
BQE22A
BQE22AT4
BQE22AX
BQE22AXT4
BQE22B
BQE22D
BQE22E
BQE22ET4
BQE22ETA

7.748634543
5.356361593
7.391716024
5.356361593
8.027439281
7.239680568
7.801223446
5.502682814
7.038442146
7.120264645
8.353985254
5.681056118
7.161252628
5.821582632
8.008116858
6.948675998
9.102665648
6.487645817
8.617453858
5.805830514

NOAA
Trials
1.375422916
0.950848914
1.367960961
0.80391214
1.51834089
1.471095497
1.480526795
1.003757098
1.238425191
1.594383245
1.594383245
1.321467045
1.071482851

0.783945481
0.643544064
0.727819073
0.593233674
0.800314071
0.770156819
0.770156819
0.680348897
0.706700379
0.711976923
0.817947396
0.663511222
0.611030193
0.698262243
0.723592663
0.690883247
0.881934227
0.748971193
0.837111438
0.691368593

Ascent Rate
Trials
0.152401281
0.080773092
0.127625544
0.018023135
0.232337026
0.131056314
0.220379205
0.124231751
0.05233093
0.186763324
0.24982738
0.236665061
0.001616948
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3.747921919
2.407103057
3.480764132
2.245694394
4.020150767
3.683133671
3.526586954
2.631475871
4.663506209
3.199011265
4.018275706
2.321870331
2.806620362
2.683794771
3.517414246
2.939337853
3.747921919
2.75385455
4.225363292
2.700011651

Dive
Exploration
1317.08421
1073.254301
1293.795693
1037.024172
1351.966174
1250.934941
1334.940598
1121.375301
1243.904225
1283.114771
1356.005094
1185.807389
1055.539529

Total

1330.893
1082.693
1306.892
1046.041
1366.565
1264.23

1348.739
1131.318
1257.604
1295.927
1371.04

1196.032
1067.192



BQE22ETB 1.093026371 0.145143358 1130.391482  1140.833
BQE22ETC 1.367028656 0.062058261 1207.918523  1221.597
BQE22F 1.603926242 0.305048883 1285.891289  1298.379
BQEDDE22G  1.714246608 0.379468219 1397.305264  1413.132
BQEDDE22GT3 1.735468444 0.544109159 1300.077665  1312.348
BQEDDE22H  1.798380084 0.236665061 1374.044169  1389.759
Multi-Model 1.133207801 0.149918949 1148.049364 1158.53

Table 15: Estimate of the y° statistic approximation for all the models on the
extrapolation data set, excluding vol. six from the computation.

AIC
No Vol. 6  weights
EEINT 13.81 2.09E-05
EE1 9.44 0.06
LEINT 13.10 1.97E-05
LE1 9.02 0.01
BQE22A 14.60 6.74E-05
BQE22AT4 13.30 0.10
BQE22AX 13.80 1.12E-04
BQE22AXT4 9.94 0.43
BQE22B 13.70 5.46E-06
BQE22D 12.81 1.31E-04
BQE22E 15.03 1.54E-04
BQE22ET4 10.22 0.12
BQE22ETA 11.65 2.14E-04
BQE22ETB 10.44 0.23
BQE22ETC 13.68 9.66E-05
BQE22F 12.49 6.56E-04
BQEDDE22G 15.83 1.97E-06
BQEDDE22GT3  12.27 0.04
BQEDDE22H 15.71 1.97E-06
Multi-Model 10.48

For completeness, Table 13 and Table 14 and reproduce Pearson residuals for the
extrapolation set. As expected, the total y’ statistics is dominated by the massive errors

introduced when evaluating the models on volume six; in order to assess the
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generalization capabilities of the models on more conservative data sets, we have
reported the same y° excluding the exploration dive set, in Table 15. We reconfirm that
the classical models, especially LE1, perform best on the extrapolation set, passing the
z° p-value = 0.05 for the considered group, which is equal to 9.488. We also notice that
the AIC criterion generally highly penalizes models associated with high Pearson
residuals and that the model associated with the highest AIC weight, BQE22 AXT4, fits

adequately the data, presenting a y* close to the 0.05 p-value limit.

4.4 Conclusion

The object of this work was a comprehensive investigation of a plethora of
pharmacokinetic models for predicting DCS in humans. Also, a significant purpose of
our investigation was to assess the extrapolation and generalization capabilities of gas
content models and to assess whether extra parameters including coupled tissue
dynamics across different compartments were beneficial to enhance the models’
performance. We adopted the AIC criterion to weight to assess the goodness of fits of all
the model, after having calibrated the free parameters using a maximum likelihood
approach. We have used two very different data sets, both in terms of the nature of
dives present in the data, as well as for the significant frequency of DCS cases. We
observe that all the present gas content models analyzed in this research tend to predict
significantly more DCS cases if presented by sets or repetitive immersions with short

periods of time in between the dives. This is due to the slowest tissue compartments
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incapable of completing being discharged on surface during the breaks. Such
observation is crucial in improving the calibration of gas content and bubble content
models to represent reality more realistically. Next research should conduct more
experiments with numerous repetitive dives, substantially varying the rest time at
surface in between dives to provide a more robust estimate of the characteristic times
especially of the slowest compartment, further hypotheses might also include time
adjustable thresholds in the hazard function, which slowly increase over time,

modulating the overall DCS risk in a more appropriate fashion.
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5. A Real-Time Optimal Strategy for Air Dives: A Machine
Learning Approach

5.1 Introduction

Scuba diving missions comprise two parts: the descent and the ascent phase. The
descent phase is generally specified by a maximum depth, reached by proceeding at a
prescribed constant rate (e.g. 75ft/min), and a bottom time, defined as the time from the
beginning of the descent until the moment when the diver leaves the maximum depth
[123]. The ascent phase is the period during which the diver follows a predefined
trajectory aiming to reach the surface in the minimum amount of time, without incurring
Decompression Sickness (DCS). DCS is a serious condition [103] “caused by in-situ
bubble formation from dissolved inert gas” [2]. Despite many efforts in precisely
identifying the root cause of DCS [5, 124], the physiological mechanism has not yet been
fully understood [125]; however, all studies agree that DCS is due to a decrease in
ambient pressure after being exposed to higher pressures. Such a decline is responsible
for promoting the formation of bubbles in blood and tissues [1, 126, 127]. DCS may
produce a variety of symptoms [3, 25], ranging from mild to very serious [31, 37], and
has even led to death [33, 128]. Hence, it is crucial to obtain an estimate of the DCS risk
for a given dive profile to keep the diver unharmed. An optimal ascent strategy
represents a compromise [129] between minimizing the period spent underwater and
providing enough time to safely off-gas the accumulated gases breathed in at higher

pressures during the mission.
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DCS mathematical models generally schematize the human body into a number
of discrete tissues, with different physical parameters influencing how rapidly the tissue
tensions adjust to the environment in the descent and in the ascent phase [35, 53, 58, 83,
105, 130]. Alternatively, another class of models try to predict the manifestation of
bubbles in the circulatory system, a condition referred as Venous Gas Emboli [26, 27].
For both approaches a function mapping tissue tensions or bubble volume into DCS risk
is needed [35, 83]. Consequently, the search for an optimal ascent strategy may be
formulated as an optimal control problem in which the duration of the dive is the cost to
be minimized, subject to the system dynamics and to a maximum allowable DCS risk
[129].

Since it is likely that the diver will depart from the prescribed ascent profile, it is
pivotal for candidate algorithms to be capable of being updated in real-time. Also, such
algorithms cannot be too computationally expensive, because of the requirement to be
run on the limited computational resources found on a wearable device to promptly
inform the diver while underwater [123]. Therefore, it may be challenging -if not
unfeasible- to progressively solve new optimization problems on portable devices.
Previous research [123, 131, 132] relies on simplifying the problem, accepting suboptimal
solutions, and mapping offline the solutions for the whole operational field, thus
completely avoiding the computation during the dive, and leveraging on precomputed

strategies for a known scenario. While such techniques greatly alleviate the
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computational cost to rederive an ascent strategy, they are not capable of adapting to
unplanned scenarios.

We propose a novel methodology based on Deep Reinforcement Learning (DRL)
[133], which can adapt online and can generalize from previously encountered missions.
We describe the Optimal Ascent Problem (OAP) as a Markov Decision Process (MDP)
[40, 134]. Specifically, the state of the diver is represented as a five-dimensional vector
formed by embedding the three tissue tensions, the partial nitrogen pressure at depth,
and the residual risk left to ascent to the surface. The adoption of the residual risk makes
the problem an MDP, since the system satisfies the Markov property, so that the current
state summarizes all the information needed to evolve into the next state. Also, by
adopting the risk formulation, we can easily predict the probability of the seriousness of
various DCS symptoms, through a hierarchical probability approach recently proposed
by Howle et al. [37]. We have experimented with several DRL algorithms, with several
actor-critic methods [135] and we found that the Twin Delayed Deep Deterministic
policy gradient algorithm (TD3) [43] performed best in learning the optimal strategy. We
propose an approximation consistent with the current diving practice [136], so that the
ascent path is decomposed into discrete decompression depths and the algorithm
estimates the optimal waiting time at the current depth, as a function of the current
state. Furthermore, we show that there exists a minimum ascent risk depending on the

initial condition when the ascent starts, this is mainly due to the fact that the minimum
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depth at which a decompression stop may occur is bounded by 20ft for the current
diving manual [136]. We develop an approach based on Dynamic Programming (DP)
[134] to have a real-time estimate of the minimal risk and the ascent time of minimum
risk strategy, from any initial condition, adopting Gaussian Processes (GP) [42].

With the suggested methodology, the diver may first obtain the minimum risk
estimate, through GP, compare with the risk of minimum time and then, if needed,
interrogate the DRL algorithm with an obtainable risk bound for a sensible compromise
between minimum risk and minimum time.

This paper is articulated in the following subsections: general problem
formulation, where the OAP is described as a reinforcement learning problem, results
and discussion, with an emphasis on minimum risk bounds and how to implement the

proposed approach in real-time, and finally conclusions.

5.2 Materials and Methods

A probabilistic decompression model includes two parts: a physical module,
dictating how tissue tensions evolve over time as a function of the current tissue
tensions and ambient conditions, and a risk module, estimating the DCS probability as a
function of the history of tissue tensions and ambient conditions encountered during the

mission. Therefore, the whole model may be summarized with a transition function, f ,

mapping the state of the diver at the current time index, x* , to the next state, x*! ,

depending on the external conditions encountered. Without loss of generality, we limit
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our formulation to a discrete time decision problem, since it seems impractical to take

decisions in a continuous fashion for a diver; also, if needed, the decision time step may

be as small as possible, approximating continuous time. Hence, the state vector x'is

defined as:
xt = [rf , RR",P]H (42)
where Z'A];,RRk and P]\’,{2 represent the j ™ tissue tension, the residual risk, and the

ambient nitrogen pressure at the k" time index, respectively. We include the nitrogen
pressure instead of the current depth for scale convenience: since depth and ambient
nitrogen pressure are related by a simple linear transformation [35], we use both
interchangeably. With these assumptions, we observe that this description of the state
satisfies the Markov Property [40], since it summarizes all previous information.

We specify a diving mission by three parameters: maximum depth, d

max /
reached through the dive descending at the maximum descent rate, bottom time, ¢, ,
time interval measured from the beginning of the mission until the maximum depth is

left [136], and maximum allowable DCS risk, RR__ . The first two parameters are in

agreement with the U.S. Navy approach [136], while RR __ is introduced to allow the

diver to calibrate the best compromise between safety and time in-water duration

minimization.
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For the action space, we follow the approach introduced in [123], expressing the
optimal trajectory as a sequence of unknown waiting times, with stops at multiples of
ten feet and having the shallowest stop at twenty feet. Once the waiting time is passed,

the diver ascends to the next stop depth, at the maximum ascent rate. For example, a

dive with d . =40 ft, with the following waiting times vector w = [0, 10, O] minutes,

prescribes a decompression stop of ten minutes at 30 ft and ascent at maximum ascent
rate to the surface. We observe that, while we keep the discrete depth actions
formulation introduced in [123], our waiting times are continuous.

Therefore, the optimal ascent problem has been translated into the following

problem: given an initial condition specified by X, (dmax s RR ), find the sequence of

waiting times S= {WO sWiseons wL_l} minimizing the time to surface, so that the final

residual risk is non-negative. With these approximations, we can identify a minimum

residual risk, RR_. , as the necessary minimum risk incurred, adopting the current

stopping depths discretization. Therefore, we solve the minimum risk problem defined
as the ascent of minimum risk, for a given state: this risk bound is present because we
have to enforce a minimum depth for decompression stops. The estimate of the
minimum risk has two benefits: it provides a risk bound for the general algorithm and
gives us directly the optimal strategy, when the desired risk is not greater than the
minimum risk. Since, to the best of our knowledge, the concept of minimum risk bound

is novel, we dedicate the next two sections to investigate this method. First, we propose
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a novel algorithm to compute the minimum risk problem solution at the given discrete
decision depths, adopting a DP approach [134]. Then, we provide an analytical estimate
of the minimum ascent risk bound, as a function of the initial ascent conditions and of
how deep the minimum decompression depth is set: since it can constitute a significant

fraction of the overall risk.

5.2.1 Minimum Risk Bound: A Dynamic Programming Approach

The RL approach can learn the optimal path for a given initial state, but it
requires a way of generating reasonable initial states. It is trivial to find meaningful
initial tissue tensions, simply sampling through the pair maximum depth-bottom time
and advancing the model until the start of the ascent phase; however, it may be
challenging to have a reasonable estimate of a sensible risk target. While maximum risk
can be easily computed, evaluating through the steepest strategy -imposing no
decompression stops until the surface-, the minimum risk estimate is less direct.
Intuitively, one might think that the minimum risk is simply zero. This would be the
case, if the diver could follow a smooth continuous path, with unlimited time and with
decompression stops up to the surface. Since this is evidently unrealistic and the tables
are designed imposing discrete decompression stops, as well as a minimum depth for
the last decompression stop, a more stringent bound can be found. Finding the ascent

trajectory of minimum risk constitutes a DP problem.
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Let us consider the state, deprived of the residual risk, vl = [TO P]\(,)2 }, where the

J?
0 superscript refers to the initial ascent state, when the diver has completed the mission
at the bottom time and begins the ascent phase. First, we formulate the Bellman

optimality equation [134] in terms of the minimum residual risk between two successive

k kel
states, v' and v'"':

RR, (V") =min{p(v*",a"")+ RR,, (v*)} (43)

ak+l

In equation (43), @' refers to the action chosen in state v*, leading to state v**',

k+1

and p refers to the risk accrued transitioning from state v* to state v**'. We observe

that, since our transition function is deterministic, we have omitted the use of the
expected value in equation (43); nevertheless, the same approach might be used when
the transition is formulated in terms of probabilities and is stochastic.

Adopting this recursive formulation, we can solve the minimum risk from
shallower to deeper missions, through a classical “backward dynamic programming”
[41] approach. We need a terminal state to start the algorithm: a terminal state is any
state accruing zero risk for an indefinite amount of time, at the surface level. A sketch of
the solution of the minimum risk approximation is as follows: 1) we start at the
minimum stop depth (i.e.: 20 ft) and solve equation (43) for a plethora of initial
conditions -at depth-, estimating both the action of minimum risk, as well as the

minimum risk and time of ascent for the minimum risk strategy; 2) we partition the
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collected data in a training set and a validation set, to reduce the chances of overfitting
[137]: by default we chose a 70% - 30% division, respectively; 3) at the current depth we
fit a function approximator on the training set to obtain the generalized solution, fine-
tuning the hyperparameters through our validation set; 4) finally, we solve the

successive deeper missions until we reach the maximum depth of interest, where

RR . (Vk) can be approximated by the trained function approximators. This approach

has several key advantages: 1) in this way we solve N, one-dimensional problems at
every stopping depth, where N, is the total number of points chosen, at the current

depth d; 2) GP are particularly quick to compute, so it takes less than 0.03 seconds to
compute the complete minimum risk trajectory, after training, on a laptop computer; 3)
the approach is completely model agnostic: so it could be applied to any class of
decompression models, as long as it offers some analytical estimate of the risk accrued in
between states; 4) equation (43) can be substituted with any meaningful Bellman
equation, for example one could solve for different risk levels or also minimizing the
time to surface, at a given risk level, adopting a multi-objective function [138]. For the
numerical results, we used Gaussian Processes (GP) [42], as function approximators to
have neglectable errors on the training data in expectation and to have an estimate of
our uncertainty of the function values outside of the training set. Through numerical

experimentation, we found that the Matérn Kernels [139] performed best, and we chose
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to fine-tune length scale and v as free hyperparameters through the validation set, for

both approximators.

5.2.2 Minimum Risk Bound: An Analytical Estimate

In this section, we show that imposing a minimum depth for the last waiting

stop, d

_, results in having a minimum DCS risk bound, for any ascent strategy; also,

Whn

we provide an analytical estimate of such bound, as a function of T;), dpy and d,
Recalling equation 21 in [140], we have:

R=G'r (44)
where R is the total risk up to surface, G is the vector of tissue gains and r is

the risk vector for each compartment.

Given the initial conditions at maximum depth, vl = [T;), PJ\?Z }, we want to

estimate:

R =min| R(v")] - m()[ZG (v )} s)

7 (1)
Where, in (45), we have indicated with an asterisk the minimum achievable risk

of ascent, from the given initial conditions v’, under the minimum risk trajectory 7 (t) .

We observe that:

o\ S5 ()2 Salor (]-Lompln (] o
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In (46) 72'; (t) refers to the minimum risk trajectory if only the j™ compartment

were active. This inequality allows us to derive a bound for R" in an uncoupled fashion;

hence, we continue our derivation only for one compartmental model, without loss of

generality, omitting the subscript j, referring to the j compartment.
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Figure 5: showing the risk partition, through an example strategy from a
known initial condition. R, ,R ,R ,R ,R, refer to risk during: descent, ascent from

d .. tothe final waiting depth, waiting stop at minimum waiting depth, ascent to

surface, and risk at surface, respectively.

For a given initial condition, the total decompression risk, R, following the
ascent strategy 7 (t) , may be decomposed as follows:

R=R +R +R +R +R, 2R, (47)

descent

With R =0, R_,R,,R, and R, being: the risk of the descent, the risk

descent

through the ascent phase from d,, to d, , the risk accrued through the final waiting
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stop at d, , therisk of ascent from d,, to the surface, and finally the Risk Accrued at

min ‘min

Surface (RAS), respectively; for our minimum risk estimate we are going to neglect all
terms, but RAS, in agreement with equation (47).

At the end of the waiting stop at d, , the trajectory is fixed: the diver ascends to

the surface, at the maximum ascending rate; so, we observe that, for a given trajectory
OR o Y 0 o . e
F >0, for any initial condition, v, at the beginning of the trajectory: this is intuitive
N

and may be easily proved, using equation (22) in [140]. Therefore, we have that:
R(VIO)ZR(V;)),ifVlOZVS (48)

If we address with 7" the tissue tension at d, , just before starting the final

in

ascent to surface, and with N. ; "=» the ambient nitrogen pressure at d,, , we realize that:

in

™ > min(de“’m‘" ,vo) =", V(1) (49)
From (48) and (49), we have shown that: R > R, > R " where R(fo refers to the

RAS, computed starting with an initial condition of 7.

Finally, we have to derive the actual expression for RAS, as a function of d,

and 7. Since we are going to neglect R,, we have just to integrate the tissue tension

equation from d,  to surface, and then to use such initial conditions to estimate the

‘min

RAS. Following the derivation in [140], let us introduce & and f functions, defined as:
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a:a(PTO,PA(/)Z’](,RNZ):PTO—P]\(/)Z—I—k‘lRN2 (50)

B=B(P. kR, )=P k'R, (51)
Therefore, as per equation (7) in [140], the tissue tension at the end of the final
ascent leg is:

P =ay,-exp " +R, T, + B, (52)
. ~ d, . max d, . max
Where in (52), «, = oz(vo,N2 imin ,k,RN2 ),,BU = ,B(N2 vmin e Ry ) are evaluated

with the parameters, at the beginning of the last ascent leg, and 7, =| R | -d‘;;n , being R

the rate of ascent. Once we have the initial condition when the diver first reaches the
surface, we have to integrate equation (22) in [140]. Specifically, the unweighted risk, for
the case when exponential kinetics are always adopted (the slow and the fast
compartments, in the model implemented for this study), is provided by the following
expression:

r, =0y (P +k)71 '(l_expiklr*)"'};;;lb (By =P —B) T (53)

Where 7" =—k " -logy, y=a," (P, +B=5,), &, =a(PTU,P]3?b,k,O.O), and

amb

By=p (PTU Jk, 0.0). Expression (53) provides a risk bound for each compartment, so the

final overall risk bound can be easily reconstructed, as the sum of the uncoupled risk

bounds, in agreement with the right hand side of equation (46).

80



5.2.3 Markov Decision Problem (MDP)

For our assumptions, in order to completely define our MDP we need to specity
three mappings: 1) an action-to-model parameters function, 2) a reward function
mapping initial state, target state and possibly action to a scalar, providing the reward
signal, and 3) a transition function describing the transition from the current state to the
next state, given the chosen action. Now, we describe these components in more detail.

5.2.3.1 Action-to-Model Function

k+l k+l

Let us take a :a" — {[a’ 2t 2 j ,(a’k”,tk+1 )} the function mapping the scalar

a" €[-1,1] into a sequence of depths and times, identifying our ascent trajectory. Given

the current state, at depth d ¥ and time ¢ , and a maximum waiting time at a given

depth ¢, for all depths, o produces two intermediate trajectory points: the first at the

2

k+
current given depth and time ¢/ ~ equals the last time plus the waiting time, and the

1
k+—
second at the next depth level and time equals ¢ ? plus the time needed to ascent to the

next level with the maximum ascent rate. The waiting time at the current depth is
simply a linear interpolation mapping the interval [—1,1] onto the interval [O, t, } For
example, if the current depth is 30 ft, the maximum waiting time is 90 minutes and the

chosen action is 0, « will impose a waiting period of 45 minutes at 30 ft and then an

ascent at 20 ft, with the maximum ascent rate.
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5.2.3.2 Reward Function

The general formulation of a reward function [40] is p(xk, a, xk”) - pMeR.

We have experimented with several reward functions and have opted for specifying two
different functions depending on whether the next state is a terminal state or not.
Therefore, we need to identify when a state is terminal. A state can be terminal if its
depth is 0 (hence the diver has reached the surface), or if the residual risk has become
negative (thus, the current policy failed to reach the surface within the imposed risk

bound). We introduce the in-between-states reward function, p,, for two successive non-

terminal states, so defined:

k+l Lk

pi(tk’tkﬂ):_t— (54)
T

where, in equation (54), = > 0 is the reward time scale and, in general, can be
varied during training: this is beneficial since at the beginning we want to find policies
withing the provided risk bound, but later we want to improve our ascent time,

penalizing more heavily the time spent in water: hence, typically 7 is decreased during

training. A good initial value for 7 is 15.0 [min_l] . Similarly, we define a terminal
reward function, p,, distinguishing between the success and the failure cases:

N (Xk’Xend) _ P, (xk,ak”,xe“d) if RR(xe"d) >0 (55)
o (xk,ak”,xe"d) if RR(xe"d) <0
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In equation (55) p, is the function adopted in case of success, when the divers

ascends to surface within the provided risk bound. Good results have been obtained

with the following functional form for the successful final reward function:
o (xk , xend) =0+p, (tk Lt ) (56)
In equation (56) o > 0 is a positive constant providing positive reward if the
mission is accomplished; nevertheless, we add the internal reward function to penalize

long waiting times during the last transition on the current trajectory. Analogously, we

have introduced the following failure final reward function:

k k+1 end |RRe“d |
p(xa" x ):_¢l'ﬂ( RR, . 4 )

In equation (57) we have introduced ¢, ¢, positive constants to penalize the
violation of the risk bound and the function A, which is set to be 4 (x) = \/; , at the
beginning of the training to avoid too high penalties, and is increased to A(x)=x, and

finally to A (x)=x?, once the agent starts learning some successful trajectories.

5.2.3.3 Transition Function and tissue dynamics

The final mapping required to fully describe our MDP is provided by the DCS
model, estimating tissue dynamics and DCS risk versus time. Recalling the state
definition (42), we have adopted the dynamics, provided in [140] (equations 2-22). Since

our state relies on residual risk, we start the mission with an initial maximum risk bound
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and progressively update, incrementally deducting the accrued risk during the mission.
Also, we can easily compute the different probability of DCS with the various
seriousness levels (i.e.: mild and serious), adopting the trinomial decomposition,
proposed in [37]. We have implemented the trinomial model described with the
parameters optimized on the Navy P97 with A/B discrimination, integrated numerically.

The complete dynamics can, therefore, be described by a mapping

f (xk, att “) — x'*', where the LE1 model computes the new tensions and residual

risk, given the next depth and time, so that all the rates can be easily computed. We refer

the readers to [140], for a thorough derivation and description of the trinomial model.

5.2.4 Reinforcement Learning Algorithm

Once we have formulated the optimal ascent problem as an MDP, we can apply a
reinforcement learning (RL) algorithm to learn the optimal ascent policy incrementally.
A policy is a function mapping states to actions and is optimal when maximizes the sum
of all rewards collected during a complete episode. An episode is an ordered list of
states, obtained following a given policy. Such list begins at the start of the ascent phase
and ends with the terminal state as defined in the previous section. In our case the
rewards sum is the negative total ascent time properly scaled by 7, in agreement with
(54), plus a final bonus (56) or penalty function (57), depending on whether the strategy
stays within the imposed risk bound or not, respectively. RL algorithms have been
successfully applied in a plethora of applications, spanning from healthcare [141, 142] to
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robotic applications [143], to cite just a few. Such methodologies are particularly
appealing for their potential ability to generalize from a finite number of cases, solving
the curse of dimensionality [41] and “learning by doing” [144] without a detailed
knowledge of the optimal policy. Last but not least, once trained they are very fast to
estimate and therefore to adapt to new conditions. All these properties make it very
suitable for scuba diving application, where the diver may need an updated ascent
strategy in real-time, should she depart from the planned route.

Reinforcement algorithms can be divided into three categories: value-based,
policy-based and actor-critic methods [145]. Value-based methods try to estimate the
value of being in a state, for a given action and following a certain policy. This approach
has the advantage that the algorithm may reuse previously collected samples and so it is
sample efficient; nevertheless, one has to solve a maximization problem at each time
step, having to choose the action corresponding to the maximum expected reward.
Policy-based methods try to directly learn the optimal policy, avoiding solving the
optimization problem; yet they are very sample inefficient, and they present higher
variance. Actor-critic methods [135, 145] attempt to combine the advantages of value-
based and policy-based methods, while lessening their cons. Through this algorithm two
functions are learned simultaneously: the critic trying to estimate the value of a state and
performing a certain action and the actor, whose purpose is to maximize the value

offered by the critic. These methods have been particularly popular in the control
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community; nonetheless, the critic may overestimate the value of choosing a certain
action, in the current state and then following the policy generated by the actor:
resulting in learning a sub-optimal policy.

For value-based algorithms, a parametric model learns the value of performing a
certain action, given a certain state and then following a given policy. Such values are
generally referred to as Q-values [146]. In the actor-critic architecture the critic is
responsible for estimating the Q-values.

TD3 alleviates the probable overestimation bias affecting the critic, using two
separate networks for estimating the Q-values and then adopting the smaller of the two
estimates; furthermore, the actor is updated less frequently, mitigating the variance of
the policy; lastly, noise is added to the target action to promote exploration and to avoid
exploiting optimistic biases [43]. Naeem et al [147] present an in-depth review of the

main reinforcement learning algorithms and approaches for the interested reader.

5.2.4.1 Training Data Description

We need to provide a collection of episodes to the algorithm to let it learn the
optimal strategy. So, we define a set of missions and a sampling method among such
sets. We have coded the air decompression tables reported in [136] in table 9-9, having
excluded the exceptional exposure dives: that limits the maximum ascent time to ninety
minutes and a deepest maximum depth of 190 ft. Therefore, our missions set is

comprised of 138 different maximum depth — bottom time pairs. We simply adopted a
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uniform distribution, for selecting the mission to be provided to the RL algorithm. Once
a mission is selected, we set as initial state the one defined with the tissue tensions and
nitrogen pressure conditions, estimated at the end of the bottom time, whereas the initial
residual risk is provided by total the risk computed following the table strategy: so that

the algorithm tries to match a similar risk.

5.3 Results and Discussion

5.3.1 Comparison between the RL algorithm with the U.S. Navy Diving
Manual Tables

We wrote the code implementing the transition function derived by the model
[37], as well as all the data needed in F# [148]. Then, we exported the DLL to Python,
using Python.NET [149] and have created a gym environment adhering to the gym API
[150] to use the TD3 implementation of stable baselines 3 [151]. Such library leverages on
the automatic differentiation provided by Pytorch [152]. We have experimented with
several RL algorithms, such as A2C [153], and PPO [154], but TD3 was clearly the most
promising, even with default settings. We have used the Adam [155] optimizer, with a
constant learning rate of 0.001 to learn the optimal strategies. We did not observe major
improvements on modifying the deep neural network architecture, whereas we have

found that the time scale 7 (54), as well the parameters characterizing p,and p, (55)

had major impacts on solution found on the convergence properties of the algorithm.
We performed several training sessions, incrementally diminishing z, so that the

algorithm learned safest ascents first and then progressively made them quicker. At
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every session we stopped the algorithm once no further improvement had been
observed for more than 1000 epochs. A typical training session would span from 10k to
50k epochs.

Figure 6 compares the ascent strategies reported in [136] with the one proposed
by the RL, after the training has finished, running the proposed algorithm through the
training data set. While the tables have not been optimized using the same model’s
parameters set adopted in this study, we provide a fair comparison, since we evaluate
all strategies, against the same decompression model. Ideally, the proposed ascent paths
should present a risk comparable to the tables one, having a less or equal total ascent
time. Figure 6 shows the absolute risk and time distributions, comparing the two ascent
strategies. We observe that for about two thirds of the profiles the RL is not riskier than
the tables. The mean risk increase is -0.0003 and the maximum risk increase is 0.003.
Comparing ascent times, we find that for 71% of the profiles, the diver would reach the
surface faster following the RL strategy. On average, the RL strategies save more than 21
minutes to reach the surface, with a maximum increase in time of less than 8 minutes
and a maximum gain of more than 80 minutes.

As an example of an actual ascent strategy proposed by the algorithm, we chose
a 100 ft maximum depth dive with a bottom time of 45 minutes. Figure 7 compares the
RL ascent with the one reported in [136]. The RL and the Navy table ascent strategies

have both an estimated risk of 0.027, but the RL is more than 28 minutes faster than the
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tabulated trajectory. We chose this specific dive profile, because it is interesting that the
RL algorithm imposes a stop of about 2.3 minutes at 30 ft, resulting in a much shorter
stop at 20 ft, for the same risk level. It is worth noting that the waiting time at each depth
level is continuous for the algorithm, whereas the tables use a discrete time approach in
increments of one minute: so, the search space for the RL algorithm is larger and that
also may help in finding better ascent paths. For a complete comparison, we have
reported the minimum time ascent strategy, where all decompression stops are
suppressed. Such ascent is eight minutes faster than the RL algorithm but results in a
risk of 0.031. Since the algorithm takes only 0.2 seconds to compute the whole trajectory
on a laptop computer, once trained, the diver could choose between different risk levels
and whether to opt for the steep ascent or not, depending on the specific situation and

risk bound.
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Figure 6:compares risk and time increments of the ascents proposed by the RL
algorithm with the ones reported in the U.S. Navy diving manual (air decompression

missions).
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Figure 7 compares the different ascent strategies, namely: minimum time,
Navy table, RL algorithm and GP minimum risk, for a dive with 100-ft maximum
depth, and a 45-minute bottom time.

5.3.2 On-line adaptability

To demonstrate the adaptability of the RL algorithm, should the diver depart
from the ideal ascent trajectory, we suppose that the diver skips one or more
decompression stops, during the ascent. Figure 8 shows the case of a 160 ft maximum
depth dive, with a bottom time of 15 minutes. The thin line with triangles shows the
table proposed ascent path, resulting in a risk of 0.012, with an ascent time of 17
minutes. Similarly, the line with stars shows the ascent strategy computed by the RL
algorithm, resulting in risk of 0.011 with an ascent time of 14 minutes. The table imposes

a decompression stop of two minutes at 30 ft of depth. Should the diver skip this stop
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and then follow the remaining ascent path prescribed by the table, this would result in a
revised risk of 0.013. On the other hand, the RL algorithm requires a stop at 40 ft of
about 2.5 minutes, in addition to a stop of a 2.7 minutes at 30 ft of depth. Suppose the
diver skips both stops, resulting in a straight ascent from 50 ft depth to the 20 ft level, we
observe that the algorithm extends the 20 ft decompression stop, increasing its time with
an additional 5.3 minutes, to decrease the overall risk. This limits the final risk to 0.0125.
While this risk increment might not be meaningful for the diver, we have to consider
that we have challenged the algorithm skipping two stops; furthermore, the ascent

strategy proposed by the algorithm has still an ascent time shorter than the time

reported in the table.
160 US Navy Diving
~®"  Manual Table
140 RL original
RL after skipping
120 - 30 and 40 ft stop
100 ~
80
60 -
40 -
20 —---A
L
| |
1
0 A

Figure 8 shows how RL adapts to the new trajectory, when the diver skips two
stops at 30 and 40 ft, respectively, for a dive with 160-ft maximum depth, and a
15-minute bottom time.
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5.3.3 Minimum Risk Strategy

We have solved the optimization problem described in (43), using the optuna
optimizer [156]. As optimization stopping criteria, we imposed | RR" — RR! | < &, and

i+1

|a." —ai|< &, where RR, refers to the minimum residual risk at iteration i, and with
a. the optimal action, with & =5-107 and &, =5-10". We recall that the action is

constrained between minus one and plus one: corresponding to a waiting stop of zero
and 90 minutes, respectively. This upper bound is justified for the specific application
since we are investigating only non-exceptional exposure dives, characterized by a
maximum ascent time of 90 minutes [136]. Once we have found the solution for the
current depth level, we store optimal action, residual risk, and relative ascent time into a
convenient data structure [157]; then, we fit two GPs -for optimal action and residual

risk- using the scikit library [158]. These functions are stored in a function dictionary,

whose keys are the correspondent depth level. Thus, now we can estimate RR . (v" ) on

the right hand side of (43) and so we can proceed to the previous depth level. We solved
the minimization problem with a ten feet depth step, starting from the surface and
skipping the ten feet level, because the minimum decompression stop, for the diving
manual has been set to 20 ft [136]. The use of the two GP approximators is twofold: it
directly provides the optimal strategy, for a desired risk less or equal than the minimum
risk, as well as it conveys an estimate of the minimum risk, for the given initial tissue

tensions and depth.
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Figure 9 shows a direct comparison between the risk level of the table vs the GP
strategies for dives having a maximum depth of 100 ft, with growing maximum risk,
obtained with increasing bottom times. As one might expect, we have found that for
riskier dives the tables present a risk very close to the minimum risk estimated through
our DP approach: suggesting that these strategies are constrained by the total risk. We
have found that this behavior is consistent throughout all depth levels and have
reported the 100-ft maximum depth case as representative example, without loss of
generality. Thus, we have proceeded by confronting the ascent times of the minimum
risk strategies with the tables” values, investigating whether they would be competitive,

when the risk constraint becomes binding.
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Figure 9 compares the Navy tables risk with the strategy proposed by the GP
minimum risk strategy for a 100-ft maximum depth mission, at varying bottom times.
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Figure 10 shows a strong correlation between total risk of the dive and ascent
time gain for the minimum risk strategy. We limit our investigation up to 0.06 of total
risk: since for higher risk levels surface decompression on oxygen becomes increasingly
preferred over in-water decompression [136]. We report that for risks exceeding 0.037
the minimum risk strategy entails a minimum ascent time, whose advantage seems to
show a linear growth with the total risk dive. This suggests that we could potentially
exploit this approach, solving for the minimum risk path, for different levels of
maximum stopping time at any depth. Hence, one could extract several mappings,

varying the risk levels and use those as target for a RL algorithm, through behavioral

cloning [159].
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Figure 10 compares the ascent time between the tables’ strategy and the
minimum risk strategy, at different risk levels, up to 0.06 total risk. We observe that
minimum risk strategy reaches the surface in less time for dives whose total risk
exceeds 0.036.
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5.3.4 Analytical Risk Bound

We present a numerical result for the analytical risk bound, derived in the
relevant section to show how the depth of the last decompression stop may have a
significant impact on the overall risk; also, and more importantly, to demonstrate how to
use the analytical risk bound in a representative example. Suppose we descend to 30 ft
maximum depth and have a 380-minute bottom time, we want to estimate a bound for
the maximum variation of risk we may experience, depending on the ascent strategy.
Figure 11 displays the minimum risk bound as computed through optimization, using
optuna [156] with a maximum of 500 trials, compared with the analytical estimates,
obtained neglecting the middle compartment risk. It is apparent that, for the specific
case, the analytical estimate of the minimum risk bound is very close to the true value
for minimum compression depths of up to 15 ft; and, even for the 20 ft level, it
approximates more than 91% of the entire value. Through the analytical risk bound we
tind that the ascent risk for the 20 ft minimum decompression depth is 0.058: this level
might already be unacceptable and one should either decrease the minimum
decompression depth, or try to find other ways to mitigate it, for example through
surface decompression; furthermore, one could also promptly estimate the risk of
minimum ascent time and find that the correspondent total risk is 0.065. This
information, together with the risk bound might be useful in communicating how

crucial the ascent strategy is versus the minimum depth for the last decompression stop.
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Figure 11 compares the optimized minimum risk vs the analytical estimate, for
a 30-ft maximum depth 380-minute bottom time dive. The solutions depicted with
circles have been obtained solving the whole optimization problem, while the dotted
line refers to the analytical risk bound, neglecting the linear-exponential contribution
(middle compartment).

5.4 Conclusion

We formulate the optimal ascent problem as a MDP introducing an appropriate
action-to-model function, mapping a scalar into a target depth for the model and
defining the diver’s state through the diver’s tissue tensions, external nitrogen pressure,
and residual risk up to the surface. This state definition makes the problem memoryless,
satisfying the Markov property. Then, we introduce two complementary machine
learning approaches to solve the optimal ascent problem in real-time and to provide
sensible reentry paths in a timely fashion, also when the diver departs from the ideal
initial plan. We define a sensible reward function to train a deep neural network,

adopting the TD3 algorithm. When compared to air decompression tables obtained
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through classical optimization approaches, not only is the novel methodology adaptable
in real-time, but generally provides faster ascents, while keeping the overall risk
comparable. The TD3 algorithm is trained targeting the table’s overall risk; yet one
might generalize the methodology to learn different ascent paths, depending on the
desired risk level. We propose a further novel algorithm based on backward dynamic
programming and relying on GP as a function approximator. The algorithm generates
an instantaneous estimate of the total minimum risk to emerge to the surface from a
given initial condition at depth and is capable of instantaneously generating the ascent
path resulting in the minimum ascent risk, since the computation time is less than 0.02
seconds on a laptop. This information may be used to create meaningful missions for
training a RL algorithm; also, it can be easily programmed into a portable device to
implement a ‘safe mode’, should the user want to ascend to the surface in the safest
possible way from any given initial condition. The algorithm scales well to denser grids,
since it always solves a one-dimensional optimization per grid point and it is easily
parallelizable, for a given depth. Initial results show that the newly produced minimum
risk trajectories are generally faster than the correspondent table when the table is
bound by the risk level. Future research might obtain different minimum risk ascent
paths, varying the maximum stopping time to be spent at any depth level. While not
implemented in this study, it is straightforward to also consider maximum duration

stops varying with the diver’s depth. This would result in different optimal trajectories
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at different risk levels and could be potentially used to train a RL algorithm through
behavioral cloning. GP have also the distinctive advantage of offering an estimate of the
variance level for the current input. This information might be useful in assessing how
reliable the estimate of the total risk may be. The current formulation may be easily
extended to any decompression model with different gases. Finally, we emphasize the
fact that the use of these algorithms as such is strongly discouraged without first a

rigorous validation by human dive trials.
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6. Conclusions

The primary objective of this study was to enhance dive safety in scuba diving
applications, with the aim of preventing the occurrence of DCS symptoms. Our
investigation was two-fold. Firstly, we proposed a generalized set of gas content models
and risk functions to improve the estimation of DCS risk. Secondly, we considered a
state-of-the-art gas content model, and we developed novel algorithms capable of
recomputing the optimal ascent trajectory from depth to surface in real-time, while
adhering to a maximum DCS risk limit.

After a brief introduction, presenting a detailed literature review of the
numerous efforts made through the years to ameliorate dive safety, chapter two
conducted a detail partition risk analysis of surface O: decompression dives,
reoptimizing the model proposed by Parker et al. Parker’s model includes Oz as a
potential contributing factor to DCS risk, when O: partial pressure exceeds a certain
threshold level. Our results were in excellent agreement with the previous study and
our findings show that descent parameters, namely bottom time, and maximum depth,
significantly influence the distribution of risk across the whole dive duration, as
intuitively expected. Generally, we find that for shorter and shallower dives most of the
risk is accrued at surface, whereas for longer and deeper dives the ascent strategy is

more crucial, since a significant proportion of the risk is developed in water.
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Chapter three and four derive novel models to predict inert gas tissue tensions as
a function of ambient condition and time. Specifically, in chapter three we develop a
convenient algorithm to optimize tissue dynamics possibly characterized by coupled
tissue tensions. Our innovative algorithm iterates through the models’ parameters in an
efficient way. Then, we applied this methodology to calibrate a generic coupled model
against the comprehensive BIG292 data set to perform a thorough investigation on
generalized coupled tissue dynamics. Our results suggest that a tissue architecture
characterized by an upper triangular matrix, when tissues are ordered by their
respective characteristic times, seems promising in predicting DCS risk especially for Oz
surface decompression dives. In chapter four, we extend the scope of our analysis also to
altering the instantaneous risk function, including inter-diffusion terms, suppressing (or
including) threshold terms, and partition tissues into two subsets: a first set where
supersaturation directly contributes to accrued risk, and another set which affects risk
only acting as a pressure forcing term on the first group. We calibrate all the models
using the P97 data set, adopting the maximum likelihood approach, as done with the
previous investigations, and compare the goodness of fit using the Akaike Information
Criterion (AIC). AIC has been chosen to mitigate overfitting phenomena, which might
occur when models with an excessive number of free parameters are adopted.
According to the AIC methodology, we observe that the model most supported by the

training set is the BQE22AXT40G, obtaining about 43% of total evidence ratio.
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BQE22AXT40G is a four-compartment model, defined by six free parameters, namely
five for the tissue matrix and a threshold for the last compartment. BQE22TB was the
next best model, as defined by the following highest AIC weight, with a relative weight
of 23%. BQE22TB is again a four-compartment model, with a different connection
architecture for tissue dynamics, with three out of four comportments directly
contributing to risk and with the instantaneous risk function threshold not scaled by the
ambient pressure, as done in the classical models. Like BQE22AXT40G, BQE22TB has
one free threshold term only on the fourth compartment. To assess the generalization
capabilities of these models, we evaluate them on a very diverse extrapolation set,
containing a rich set of repetitive dives. The extrapolation set comprised of more than
18,000 exposures with only 59 reported DCS cases. All the proposed novel models, as
well as the classical uncoupled exponential-exponential and linear-exponential (LE)
models, highly overpredicted the number of DCS hits for Divers Alert Network Project
Dive Exploration dives. The peculiarity of Exploration Dives is the presence of
numerous repetitive dives. We observe that all models, calibrated on dives with less
repetitions, are not capable of completely discharging the accrued risk in between dives.
Such phenomenon is deemed responsible for an unrealistic accumulation of DCS risk,
across the mission. Future research might propose models containing some further

adjusting parameters, aimed at including some DCS adaptation across dives.
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Finally, in chapter five, we undertake the optimal ascent problem: how to
propose an efficient real-time algorithm, capable of recommending the quickest ascent
trajectory, while keeping DCS risk under acceptable bounds. We consider a three-
compartment trinomial DCS risk model, with linear-exponential dynamics, for
simulating tissue and risk dynamics and define the state of the system in terms of the
three tissue tensions, the depth (or, equivalently, the external nitrogen ambient tension)
and the residual risk. Introducing the concept of residual risk is vital for transforming
the numerical challenge into a Markov Decision Process (MDP). This strategy enables
the problem to be tackled using reinforcement learning algorithms and backward
optimal control approaches. Specifically, we create an MDP environment and adopt TD3
to learn the optimal ascent strategy. We train the algorithm on the Navy Air
decompression tables. Our mission set comprises of 138 different bottom time maximum
depth pairs. We propose a reward function which encourages the minimization of the
time spent underwater, while heavily penalizing an excess risk. Our missions mirror the
same level of DCS risk obtained following the Navy ascent tables, while on average we
save about 21 minutes of ascent time. Then, we adopt a backward optimal control
approach to identify the ascent of minimum DCS risk, for a given initial condition,
solving Bellman’s optimality equation. This formulation may be extended to several risk
levels and can be further applied to a generalization of the reinforcement learning

approach to provide different ascent strategies, depending on the desired level of DCS
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risk. Also, we provide a DCS risk bound approximation, to provide an estimate of how
much the ascent strategy can alter the DCS risk. This estimate is especially meaningful
when most of the risk is accrued imposing a minimum limit for the depth of last
decompression stop, suggesting that the minimum time strategy might be adopted.
Finally, we show that the minimum risk strategy becomes progressively convenient also
in terms of ascent times, when compared to the Navy ascent path, considering missions
with increasingly higher risks: fact which might be exploited to train an intelligent
agent, through behavioral cloning.

The authors are of the opinion that this study has proposed useful

methodologies in reducing the risk of DCS in scuba diving applications.
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Appendix A

In Table 16, we compare our estimates of the probability of a diver developing
DCS with those generated by the NEDU, for the USN2008 dives. The profile type is
expressed by two numbers, representing the maximum depth in feet and the bottom
time in minutes; the probability of DCS is expressed as percentage for both the NEDU as
well for our results. In the last column, we report the difference in percentage between
our result and the NEDU-predicted results. We report a maximum percentage difference
in the predictions of 3.4769% (percentage difference in the predictions, not the difference
in DCS probability), a mean percentage difference of 0.2553%, a difference standard
deviation of 1.026%.

Table 16 Comparison with NEDU values for Surface Decompression with

Oxygen dives (SURDO?)
NEDU DUKE

P (DCS) NMRI98
Profile P (DCS) NMRI98 (%) Difference

(%)
30/371 4.9630
30/380 4.6700 4.7170 1.0074
30/420 5.3710 5.4501 1.4726
30/480 6.3710 6.5068 2.1313
30/540 6.2620 6.3929 2.0904
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74710
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7.2489

8.0352

8.7521

3.4549

4.1928

4.9487

4.6611

5.3528

5.8010

6.9957

7.0276
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-0.0904
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0.2616
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0.8690

1.0778

-0.6615

-0.3475

-0.0453

0.0447

0.0937

-0.2962

-0.1380

-0.4697

-0.0870

-0.2950

0.2477

0.7913

1.2393



130/100

130/120

130/180

140/10

140/15

140/20

140/25

140/30

140/35

140/40

140/45

140/50

140/55

140/60

140/70

140/80

140/90

150/5

150/10

150/15

4.7020

5.4120

5.9530

1.2510

2.2010

2.5560

2.5000

3.0010

2.6880

3.4180

3.0840

4.0250

3.7760

3.6080

4.4700

5.1520

4.7790

0.8780

1.6020

2.1740
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4.7504

5.4917

6.0611

2.1883

2.5467

2.4974

3.0000

2.6782

3.4014

3.0566

4.0179

3.7627

3.5990

4.4925

5.2095

4.8290

1.5826

2.1569

1.0294

1.4724

1.8152

-0.5780

-0.3631

-0.1045

-0.0337

-0.3628

-0.4844

-0.8890

-0.1756

-0.3527

-0.2494

0.5044

1.1164

1.0461

-1.2093

-0.7867



150/20

150/25

150/30

150/35

150/40

150/45

150/50

150/55

150/60

150/70

150/80

150/90

150/120

150/180

160/5

160/10

160/15

160/20

160/25

160/30

2.8410

2.7680

2.5330

3.2060

2.9400

3.9730

3.7960

3.7550

4.7740

4.7600

5.4670

5.3080

5.3630

6.2990

0.9420

1.7260

2.3810

3.1430

3.0990

2.7580
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2.8307

2.7633

2.5217

3.1849

2.9044

3.9562

3.7780

3.7442

4.7929

4.7975

5.5411

5.3813

5.4410

6.4261

1.7039

2.3608

3.1325

3.0878

2.7359

-0.3637

-0.1686

-0.4479

-0.6588

-1.2104

-0.4237

-0.4748

-0.2886

0.3963

0.7877

1.3551

1.3804

1.4543

2.0181

-1.2811

-0.8484

-0.3340

-0.3608

-0.7997



160/35

160/40

160/45

160/50

160/55

160/60

160/70

160/80

170/5

170/10

170/15

170/20

170/25

170/30

170/35

170/40

170/45

170/50

170/55

170/60

3.6710

3.7150

3.6800

3.7430

4.8420

4.9450

4.9650

5.0430

1.0100

2.1360

2.5980

2.6840

3.3420

3.0920

3.2360

3.3590

4.6930

4.7610

4.9620

5.1010
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3.6380

3.6841

3.6524

3.7251

4.8589

49771

5.0128

5.1017

2.1103

2.5754

2.6737

3.3275

3.0421

3.1933

3.3218

4.6846

4.7691

4.9897

5.1476

-0.8989

-0.8309

-0.7491

-0.4769

0.3500

0.6485

0.9636

1.1644

-1.2048

-0.8715

-0.3840

-0.4334

-1.6131

-1.3204

-1.1079

-0.1783

0.1710

0.5580

0.9144



170/70

170/80

170/90

170/120

170/180

180/5

180/10

180/15

180/20

180/25

180/30

180/35

180/40

180/45

180/50

180/55

180/60

180/70

190/5

190/10

5.2000

5.4350

5.5890

6.3870

6.7310

1.0840

1.9940

2.8280

2.9410

2.5420

3.6890

4.0010

4.2240

4.4720

4.7650

5.0470

5.1590

5.5500

1.1630

2.1380
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5.2612

5.5111

5.6761

6.5228

6.8836

1.9636

2.8027

2.9222

2.5098

3.6454

3.9670

4.1989

4.4634

4.7841

5.0877

5.2107

5.6305

2.1039

1.1775

1.3993

1.5592

2.1258

2.2674

-1.5242

-0.8945

-0.6402

-1.2655

-1.1823

-0.8506

-0.5948

-0.1930

0.4002

0.8060

1.0025

1.4511

-1.5945



190/15

190/20

190/25

190/30

190/35

190/40

190/45

190/50

190/55

190/60

190/90

190/120

200/5

200/10

200/15

200/20

200/25

200/30

200/35

200/40

3.0700

3.1080

2.8330

3.2560

3.5620

3.9790

4.4020

4.8090

5.0200

5.2890

5.8010

6.3640

1.4720

2.2880

3.3240

3.1980

3.3680

3.8970

4.3810

4.8880

122

3.0427

3.0802

2.7882

3.1999

3.5194

3.9513

4.4051

4.8366

5.0663

5.3519

5.8982

6.4918

1.4388

2.2505

3.2945

3.1630

3.3042

3.8530

4.3561

4.8863

-0.8899

-0.8948

-1.5816

-1.7240

-1.1969

-0.6965

0.0703

0.5732

0.9215

1.1892

1.6754

2.0080

-2.2542

-1.6390

-0.8879

-1.0930

-1.8929

-1.1279

-0.5690

-0.0339



200/45

200/50

210/5

210/10

210/15

210/20

210/25

210/30

210/35

210/40

210/45

210/50

220/5

220/10

220/15

220/20

220/25

220/30

220/35

220/40

5.3810

4.7280

1.5470

2.4470

2.7770

2.4350

3.9300

4.6380

4.0470

4.7030

5.3040

5.7040

1.6260

2.6150

2.8590

2.7160

3.4080

4.1250

4.8890

4.5840

123

5.4174

4.7595

1.5099

2.4058

2.7498

2.3976

3.8806

4.6206

4.0174

4.7150

5.3487

5.7740

1.5845

2.5692

2.8185

2.6647

3.3425

4.0816

4.8865

4.6044

0.6763

0.6670

-2.3999

-1.6821

-0.9779

-1.5339

-1.2560

-0.3760

-0.7322

0.2556

0.8436

1.2272

-2.5547

-1.7526

-1.4164

-1.8890

-1.9219

-1.0529

-0.0519

0.4459



250/5

250/10

250/15

250/20

250/25

250/30

250/35

300/5

300/10

300/15

300/20

300/25

1.8860

3.1670

3.2660

3.0070

4.1150

4.2000

5.2630

2.4180

2.8740

3.9710

4.6990

5.3340

124

1.8313

3.1104

3.2154

2.9357

4.0742

4.1954

5.3104

2.3390

2.7993

3.9094

4.6919

5.3762

-2.8982

-1.7878

-1.5508

-2.3708

-0.9920

-0.1098

0.9005

-3.2661

-2.5981

-1.5525

-0.1521

0.7909



Appendix B

In Table 17, we present the partition risk analysis for surface dives. The profile
type is expressed as in Table 11. 1) P surface, 2) P chamber, 3) P dropout and 4) P total
refers to the probabilities of developing DCS symptoms, in order: 1) when the diver
reaches the surface, 2) when entering the decompression chamber, 3) just before exiting
the chamber, and 4) the total accrued probability once DCS risk ceases to accumulate.
All probabilities are expressed as a percentage. EOR time provides an estimate of the
duration of time during which risk of suffering DCS is accrued. Beyond EOR, DCS
probability stays constant with time. F surface, chamber, dropout, and EOR refer to the
increase in the probability of DCS, expressed as a percentage of the total probability at
the EOR time, accumulated between the previous significant point. For example, “F
chamber” reports the percentage increase in probability from surfacing until entering
the recompression chamber.

Table 17 Partition risk analysis for surface dives.

P P P P EOR F F F

Profile surface chamber dropout total Time surface chamber dropout F (]::)/OO)R
(%) (%) (%) (%)  (min) (%) (%) (%)

30/380  0.0402 0.3177 0.3177 4.717 771 0.8519 5.8837 0 93.2644
30/420  0.0406 0.3288 0.3288 54501 8449  0.7458 5.2867 0 93.9675
30/480  0.0413 0.3439 0.3439  6.5068 947.5  0.6355 4.6494 0 94.7151
30/540 0.042 0.3574 0.3574  6.3929 1027.3 0.6577 4.9323 0 94.41

30/600  0.0427 0.3694 0.3694 7.2489 11174 0.5893 4.5069 0 94.9039
30/660  0.0434 0.3802 0.3802  8.0352 1202.7 0.5395 41917 0 95.2687
30/720 0.044 0.3898 0.3898  8.7521 1284.1 0.5022 3.9511 0 95.5467
35/240  0.0517 0.3333 0.3333 3.4549 591.1 1.4958 8.1511 0 90.3531
35/270  0.0521 0.3459 0.3459 41928 6239  1.2431 7.0068 0 91.7501
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35/300
35/330
35/360
35/420
35/480
35/540
35/600
35/660
35/720
40/170
40/180
40/190
40/200
40/210
40/220
40/230
40/240
40/270
40/300
40/330
40/360
40/420
40/480
40/540
40/600
40/660
40/720
45/130
45/140
45/150
45/160
45/170
45/180
45/190
45/200
45/210
45/220
45/230
45/240
45/270
45/300
45/330
45/360

0.0526
0.0531
0.0536
0.0546
0.0556
0.0566
0.0576
0.0585
0.0593
0.0638
0.064
0.0642
0.0644
0.0646
0.0648
0.065
0.0652
0.0658
0.0665
0.0671
0.0678
0.0692
0.0706
0.072
0.0732
0.0744
0.0755
0.0743
0.0745
0.0747
0.0749
0.0776
0.0779
0.0781
0.0784
0.0786
0.0789
0.0792
0.0795
0.0803
0.0812
0.0821
0.083

0.3578
0.3689
0.3795
0.3988
0.4162
0.4317
0.4455
0.4579
0.4689
0.3562
0.3619
0.3675
0.3729
0.3781
0.3833
0.3883
0.3932
0.4074
0.4207
0.4332
0.445
0.4668
0.4863
0.5038
0.5194
0.5333
0.5458
0.3842
0.3915
0.3986
0.4054
0.4121
0.4185
0.4248
0.431
0.4369
0.4428
0.4485
0.4541
0.4702
0.4853
0.4996
0.5131

0.3578
0.3689
0.3795
0.3988
0.4162
0.4317
0.4455
0.4579
0.4689
0.3562
0.3619
0.3675
0.3729
0.3781
0.3833
0.3883
0.3932
0.4074
0.4207
0.4332
0.445
0.4668
0.4863
0.5038
0.5194
0.5333
0.5458
0.3842
0.3915
0.3986
0.4054
0.4121
0.4185
0.4248
0.431
0.4369
0.4428
0.4485
0.4541
0.4702
0.4853
0.4996
0.5131

4.9487
4.6611
5.3528
5.801
6.9957
7.0276
7.9948
7.9477
7.6675
2.8351
3.1131
3.403
3.7024
4.0094
4.3223
3.6275
3.913
4.792
4.7858
5.6101
5.4161
6.0597
7.3663
7.5384
7.7345
7.6455
7.3917
2.5592
2.8647
3.1948
3.5441
2.9433
3.2623
3.5946
3.9376
4.289
3.7698
4.0972
4.4296
4.4721
5.4162
5.5334
5.4792

685.1
732.5
794.8
905.2
1009.3
1091.7
1182.6
1265.2
1334.3
545.2
558.7
571.8
584.5
596.7
608.7
575.8
587
665.4
732.9
799.7
846.5
958.7
1063.9
1147.8
1236
1309.6
1385.5
520.1
537.4
553.8
569.2
534.7
547.9
560.7
573.1
585.1
588.7
617.7
645.7
707.1
780.4
844.1
892.1
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1.0627
1.1387
1.0009
0.9412
0.7951
0.8058
0.7203
0.736
0.7739
2.2518
2.0565
1.8867
1.7392
1.6108
1.4988
1.7914
1.6658
1.3735
1.3889
1.1969
1.2525
1.1425
0.9586
0.9544
0.9467
0.9735
1.022
2.9019
2.6
2.3383
2.1141
2.6368
2.3867
2.1731
1.9904
1.8335
2.0931
1.9325
1.7937
1.7956
1.4988
1.4831
1.5143

6.1666
6.7764
6.0883
5.9343
5.1539
5.3367
4.8524
5.0254
5.3419
10.3134
9.5693
8.9115
8.3316
7.8203
7.3687
8.9131
8.3832
7.1273
7.4006
6.5247
6.9643
6.561
5.6432
5.728
5.7681
6.0019
6.3613
12.1109
11.0663
10.1369
9.3245
11.3626
10.4422
9.6449
8.954
8.354
9.6527
9.0144
8.4579
8.7184
7.4622
7.5461
7.8506

S O O O O O O O O O O O O O O O O O O O O O o o o o o o o o o o o

o

0.0001
0.0001

S O O O O O

92.7708
92.0849
92.9108
93.1245
94.051
93.8575
94.4273
94.2386
93.8842
87.4349
88.3742
89.2018
89.9292
90.5689
91.1325
89.2955
89.951
91.4992
91.2105
92.2784
91.7832
92.2965
93.3982
93.3176
93.2852
93.0246
92.6167
84.9872
86.3337
87.5249
88.5614
86.0005
87.171
88.1819
89.0555
89.8124
88.2542
89.0531
89.7484
89.4859
91.0391
90.9708
90.6351



45/420
45/480
45/540
50/95
50/100
50/110
50/120
50/130
50/140
50/150
50/160
50/170
50/180
50/190
50/200
50/210
50/220
50/230
50/240
50/270
50/300
50/330
50/360
50/420
55/75
55/80
55/90
55/100
55/110
55/120
55/130
55/140
55/150
55/160
55/170
55/180
55/190
55/200
55/210
55/220
55/230
55/240
55/270

0.0848
0.0866
0.0854
0.0892
0.0893
0.0896
0.0899
0.0903
0.0906
0.0909
0.0912
0.0915
0.0919
0.0922
0.0925
0.0929
0.0932
0.0936
0.0939
0.0922
0.0933
0.0973
0.0984
0.1007
0.1015
0.1017
0.1021
0.1025
0.1029
0.1033
0.1037
0.1041
0.1045
0.1049
0.1053
0.1057
0.1061
0.1066
0.107
0.1074
0.1079
0.1083
0.1097

0.538
0.5602
0.5801
0.4034
0.4081
0.4172

0.426
0.4345
0.4426
0.4505
0.4582
0.4657
0.4729

0.48
0.4869
0.4936
0.5002
0.5066
0.5129

0.531

0.548
0.5641
0.5792
0.6072
0.4257
0.4314
0.4424
0.4529

0.463
0.4727
0.4821
0.4911
0.4999
0.5084
0.5167
0.5248
0.5326
0.5403
0.5477

0.555
0.5622
0.5691
0.5892

0.538
0.5602
0.5801
0.4034
0.4081
0.4172

0.426
0.4345
0.4426
0.4506
0.4582
0.4657
0.4729

0.48
0.4869
0.4937
0.5004
0.5069
0.5133
0.5317
0.5489
0.5651
0.5804
0.6085
0.4257
0.4314
0.4424
0.4529

0.463
0.4727
0.4821
0.4914
0.5007
0.5099
0.5189
0.5276
0.5361
0.5443
0.5523
0.5601
0.5676

0.575
0.5959

6.282
6.731
6.9445
2.1787
2.309
2.6158
2971
3.3623
2.8053
3.1655
3.5482
3.9487
3.4554
3.832
4.2191
3.6835
4.0454
4.4141
4.788
5.0989
5.2394
5.4968
6.404
6.223
2.0934
2.2022
2.4959
2.8723
3.3081
2.7885
3.1958
3.6363
3.1758
3.5965
4.0355
3.541
3.9554
4.3815
4.0478
4.4512
4.8608
4.4055
4.8745

1005.9
1098.4
1189.7
480.4
492.6
515.5
536.6
556.1
521.1
536.7
551.6
565.7
531.9
551.7
584.4
596.7
627.5
657.1
685.6
761.3
818.8
883.6
947.8
1043.6
454
469.7
498.9
525.3
549.5
515
533.4
550.6
514.9
528.8
542.2
549.8
584.8
618.1
645.5
676.2
705.8
717.2
794.5
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1.3497
1.2862
1.2298
4.093
3.8686
3.4265
3.0273
2.6843
3.2285
2.8712
2.5706
2.3182
2.6587
2.4061
2.1934
2.5217
2.3047
2.1201
1.962
1.8081
1.78
1.7697
1.5369
1.6182
4.8488
4.6179
4.0899
3.5676
3.1096
3.7032
3.2438
2.862
3.2898
29164
2.6094
2.9856
2.6835
2.4323
2.6435
2.4137
2.2194
2.4588
2.2501

7.214
7.0367
7.1241

14.4249
13.8074
12.524
11.3115
10.2371
12.5497
11.3618
10.3432
9.4749
11.0279
10.1198
9.3465
10.8789
10.0595
9.3568
8.7499
8.6053

8.679
8.4917
7.5081
8.1392

15.4885
14.972
13.6339
12.1993
10.8855
13.2478
11.8403
10.6442
12.4512
11.2203
10.1943
11.8337
10.7815
9.8979
10.888
10.0554
9.3458
10.4602
9.8384

O O O O O o O

0.0004
0.0005
0.0006
0.0007

0.0003
0.0021
0.0043
0.0063
0.0081
0.0134
0.0173
0.0193
0.0182
0.0205

0

0
0.0008
0.0012
0.0082
0.0251
0.0407
0.0534
0.0798
0.0875
0.0923
0.1129
0.1132
0.1123
0.1322
0.1368

91.4363
91.6771
91.6461
81.4821
82.324
84.0496
85.6612
87.0786
84.2214
85.7664
87.0856
88.2062
86.3134
87.474
88.4599
86.5973
87.6316
88.5168
89.2799
89.5732
89.5237
89.7193
90.9369
90.2222
79.6628
80.4102
82.2762
84.233
86.0049
83.0482
84.9147
86.4856
84.2339
85.8226
87.1429
85.1009
86.4475
87.5775
86.3556
87.4176
88.3225
86.9488
87.7747



55/300
55/330
55/360
60/65
60/70
60/80
60/90
60/100
60/110
60/120
60/130
60/140
60/150
60/160
60/170
60/180
60/190
60/200
60/210
60/220
60/230
60/240
60/270
60/300
70/50
70/55
70/60
70/70
70/80
70/90
70/100
70/110
70/120
70/130
70/140
70/150
70/160
70/170
70/180
70/190
70/200
70/210
70/240

0.1111
0.1125
0.1139
0.1138
0.114
0.1145
0.1149
0.1154
0.1159
0.1164
0.114
0.1145
0.1149
0.1154
0.1189
0.1195
0.12
0.1205
0.121
0.1216
0.1221
0.1226
0.1243
0.126
0.1381
0.1384
0.1388
0.1394
0.1401
0.1408
0.1416
0.1423
0.143
0.1437
0.1444
0.1452
0.1459
0.1466
0.1474
0.1481
0.1488
0.1496
0.1519

0.6082
0.6261
0.643
0.4526
0.4591
0.4717
0.4838
0.4953
0.5064
0.5171
0.5274
0.5373
0.547
0.5564
0.5655
0.5744
0.583
0.5914
0.5996
0.6077
0.6156
0.6233
0.6454
0.6663
0.5051
0.5088
0.5169
0.5324
0.5473
0.5616
0.5752
0.5883
0.601
0.6132
0.625
0.6365
0.6476
0.6584
0.6689
0.6792
0.6892
0.699
0.727

0.6154
0.6336
0.6508
0.4526
0.4591
0.4717
0.4838
0.4953
0.5068
0.5187
0.5305
0.542
0.5532
0.5641
0.5745
0.5846
0.5943
0.6037
0.6129
0.6217
0.6304
0.6387
0.6624
0.6843
0.5051
0.5088
0.5169
0.5324
0.5481
0.5654
0.5828
0.5999
0.617
0.6337
0.6499
0.6656
0.6806
0.6954
0.7097
0.7235
0.7368
0.7494
0.7843

5.9619
6.1303
6.1677
2.1394
2.2699
2.5957
3.0318
2.5951
3.025
3.5082
3.0718
3.5423
3.122
3.5762
4.0514
3.767
4.222
4.688
4.2847
4.7245
4.496
49114
5.3123
5.5719
2.1656
2.3502
2.5359
3.0176
2.672
3.2064
2.8532
3.4282
3.0869
3.6554
3.4498
4.0098
3.7332
4.275
4.1552
4.678
4.4057
4.9039
4.6441

868.9
922.9
979.8
446.3
464.9
499.2
530.1
500.1
522.5
543.2
506.4
522.4
492
523.4
562.1
593.9
628.8
662.2
676.7
708
733.8
762.8
828.5
895.4
428.7
453.5
476.9
519.8
496.3
525.9
492.5
515.3
485
503.1
521.3
564.7
586.6
626
658.8
694.4
711.3
744.5
809.3
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1.8628
1.8344
1.846
5.317
5.0217
4.4097
3.7913
4.4482
3.8323
3.3186
3.7105
3.231
3.6813
3.2272
2.9358
3.1712
2.8417
2.5705
2.8248
2.5731
2.7158
2.4971
2.3396
2.2605
6.3775
5.8903
5.472
4.6209
5.2446
4.3925
4.9612
4.1499
4.6321
3.9315
4.1868
3.6202
3.908
3.4298
3.5464
3.1659
3.3784
3.0504
3.2698

8.3383
8.3781
8.5787
15.8379
15.2047
13.7632
12.1645
14.6378
12.9078
11.4203
13.458
11.9384
13.8399
12.3304
11.0218
12.0759
10.9666
10.0452
11.1704
10.2895
10.9755
10.1927
9.8097
9.6973
16.9452
15.7584
14.9102
13.0239
15.2391
13.1211
15.1992
13.0117
14.837
12.8439
13.9309
12.2527
13.4389
11.9712
12.5521
11.3529
12.2647
11.2029
12.3851

0.1213
0.1238
0.1269

0.0011
0.0139
0.0469
0.1007
0.1325
0.1995
0.2146
0.2222
0.271
0.2675
0.2623
0.3085
0.2974
0.3291
0.3147
0.3199
0.3234

0.0278
0.1183
0.2645
0.3384
0.5176
0.5615
0.7226
0.726
0.8851
0.8658
0.9824
0.948
1.0794
1.0285
1.2339

89.6777
89.6637
89.4485
78.845
79.7736
81.8271
84.0442
80.9129
83.2461
85.2142
82.7308
84.6982
82.2792
84.2278
85.8201
84.4819
85.9241
87.122
85.6963
86.84
85.9796
86.9955
87.5308
87.7187
76.6773
78.3513
79.6178
82.3552
79.4885
82.368
79.5752
82.5
80.0133
82.6632
81.1597
83.4011
81.768
83.7331
82.919
84.5331
83.2774
84.7182
83.1112



80/40
80/45
80/50
80/55
80/60
80/70
80/80
80/90
80/100
70/110
80/120
80/130
80/140
80/150
80/160
80/170
80/180
80/210
90/35
90/40
90/45
90/50
90/55
90/60
90/70
90/80
90/90
90/100
90/110
90/120
90/130
90/140
90/150
90/160
90/170
90/180
90/240
100/30
100/35
100/40
100/45
100/50
100/55

0.1616
0.162
0.1624
0.1629
0.1633
0.1642
0.1652
0.1662
0.1671
0.1681
0.1691
0.1701
0.1711
0.1721
0.173
0.174
0.175
0.178
0.1836
0.1841
0.1847
0.1852
0.1858
0.1864
0.1876
0.1889
0.1901
0.1914
0.1927
0.172
0.1388
0.1476
0.1589
0.1706
0.1798
0.186
0.2829
0.2041
0.2048
0.2054
0.2061
0.2068
0.2075

0.5513
0.5549
0.5623
0.5719
0.5812
0.5992
0.6164
0.6329
0.6487
0.6639
0.6786
0.6928
0.7065
0.7198
0.7327
0.7452
0.7574
0.7923
0.5924
0.5967
0.6063
0.6175
0.6283
0.6389
0.6594
0.679
0.6978
0.7158
0.7331
0.6508
0.5628
0.5818
0.6065
0.6287
0.6506
0.6691
0.8294
0.6275
0.6326
0.6429
0.6556
0.6681
0.6803

0.5513
0.5549
0.5623
0.5719
0.5813
0.6033
0.6269
0.6514
0.6764
0.7019
0.7284
0.7548
0.7812
0.8061
0.8293
0.8511
0.8715
0.9258
0.5924
0.5967
0.6063
0.6176
0.6307
0.6451
0.676
0.7097
0.7474
0.7888
0.8303
0.7682
0.6906
0.7199
0.7526
0.7836
0.8124
0.839
0.9641
0.6275
0.6326
0.6429
0.6567
0.6735
0.6916

2.1577
2.3989
2.6427
2.9079
2.4333
2.9629
2.7039
3.382
3.1293
3.8379
3.683
3.5163
3.5242
4.146
4.0006
4.6033
4.3523
5.1976
2.2564
2.5556
2.8623
2.4617
2.717
3.0611
2.8893
2.7745
3.5817
3.5457
3.4973
3.4923
4.1743
4.1397
4.03
4.7301
4.57
4.5054
4981
2.2643
2.6216
2.3508
2.6088
2.941
2.4734

412.8
444.1
473.5
501.1
467.5
507.7
482.1
513
485.1
509.7
501.3
531
573.4
617.8
641.2
681.4
709.9
796.5
414.7
451.5
486
458.6
483.9
508.8
489
470
503.6
483.2
494.6
546.6
605.5
639.7
679.4
724.3
748
778
953.9
407
449.9
434
465.2
495.1
460.5
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7.4882
6.7529
6.1459
5.6007
6.7116
5.5434
6.1094
4.9131
5.3411
4.3806
4.5915
4.8371
4.8542
4.1499
4.3253
3.7803
4.021
3.4243
8.1366
7.2044
6.4513
7.5237
6.838
6.0887
6.4928
6.807
5.3084
5.3983
5.5098
4.9242
3.3253
3.5659
3.9437
3.607
3.9354
4.1289
5.6793
9.0158
7.8111
8.7384
7.9002
7.0319
8.3907

18.0633
16.377
15.1316
14.0655
17.1738
14.6806
16.6877
13.8003
15.389
12.9188
13.8334
14.8643
15.1921
13.2104
13.9887
12.4081
13.3817
11.8197
18.1185
16.1447
14.7329
17.5593
16.2879
14.7841
16.3295
17.6665
14.1736
14.7896
15.4537
13.7117
10.158
10.4888
11.1052
9.6842
10.3019
10.7229
10.9713
18.6971
16.3211
18.6084
17.2316
15.6852
19.113

o O© O

0.0038
0.1381
0.3865
0.5475
0.8861
0.9905
1.3517
1.7654
2.1194
2.0824
2.4159
2.2997
2.6216
2.5681

0.0049
0.0883
0.2011
0.5755
1.1074
1.3858
2.0581
2.7793
3.3617
3.0598
3.3362
3.6262
3.2742
3.5391
3.7709
2.7043
0
0
0.001
0.0414
0.1833
0.458

74.4486
76.8701
78.7225
80.3338
76.1108
79.6379
76.8165
80.7391
78.3839
81.7101
80.2234
78.5332
77.8343
80.5574
79.2701
81.5119
79.9757
82.1879
73.7449
76.6508
78.8157
749121
76.7858
78.9261
76.6021
74.4191
79.1323
77.754
76.2571
78.0023
83.4569
82.6091
81.325
83.4346
82.2236
81.3773
80.6451
72.2871
75.8679
72.6522
74.8268
77.0996
72.0383



100/60
100/70
100/80
100/90
100/100
100/110
100/120
100/150
110/25
110/30
110/35
110/40
110/45
110/50
110/55
110/60
110/70
110/80
110/90
110/100
110/110
110/120
110/180
120/20
120/25
120/30
120/35
120/40
120/45
120/50
120/55
120/60
120/70
120/80
120/90

120/100
120/110
120/120
130/15
130/20
130/25
130/30
130/35

0.2083
0.2099
0.2114
0.1691
0.1679
0.1874
0.209
0.2177
0.2193
0.2201
0.2208
0.2251
0.226
0.2268
0.2277
0.2287
0.2306
0.1841
0.2149
0.2509
0.2305
0.2509
0.3919
0.2393
0.2402
0.2411
0.242
0.243
0.2441
0.2452
0.2464
0.2476
0.213
0.2643
0.2542
0.2859
0.3152
0.3081
0.2542
0.2552
0.2562
0.2573
0.2585

0.6922
0.7152
0.7372
0.5877
0.5637
0.601
0.6398
0.6953
0.6566
0.6626
0.6718
0.6863
0.7005
0.7144
0.7279
0.7412
0.7668
0.5631
0.6158
0.6724
0.672
0.7112
0.9441
0.6802
0.6875
0.6944
0.7108
0.7269
0.7427
0.758
0.7731
0.7878
0.5904
0.6673
0.6814
0.7356
0.7861
0.7991
0.6988
0.7074
0.7156
0.7288
0.747

0.7114
0.7559
0.8105
0.6933
0.6867
0.7427
0.7965
0.8913
0.6566
0.6626
0.6718
0.6881
0.708
0.7306
0.7558
0.7844
0.8558
0.68
0.7586
0.8361
0.856
0.9127
1.1514
0.6802
0.6875
0.6944
0.7132
0.7365
0.7651
0.7973
0.8403
0.8866
0.7257
0.8317
0.8751
0.9572
1.0324
1.0684
0.6988
0.7074
0.7156
0.7305
0.7569

2.865
2.8635
2.9641

3.79
3.8153
4.0349
4.1474
4.8752
2.1792
2.5906
2.3801
2.6868
3.0846
2.6407
3.1274
2.7433
2.9722
3.9208
3.3973
4.5012
4.6993
4.8037
5.1464

2.029
2.4938
2.9903
2.7186
3.1751
2.7564
3.3527
3.0312
3.7902
3.8936
4.2969
4.7684
5.1418
4.4675
4.7537
1.7821

2.28
2.8317
2.6562
3.1409

485.2
473.6
463.8
502.5
518.6
581.8
625.5
751.7
389
438.8
429.4
465.4
501
468.3
498.1
466.6
466.8
508.8
523
600.9
651
703
923.8
362.6
420.6
474.9
460.8
503.7
473.8
511
484.4
527.5
513.9
524.6
606.9
663.8
701.8
752.8
322
389.3
452.2
4474
496.4
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7.2702
7.3285
7.1335
4.463
4.3997
4.6437
5.0389
4.4656
10.0656
8.4948
9.2769
8.3783
7.3251
8.59
7.2824
8.3362
7.7592
4.6953
6.3266
5.5735
4.9057
5.2234
7.6142
11.7954
9.6314
8.0622
8.9027
7.6546
8.8564
7.3145
8.1282
6.5316
5.4698
6.1514
5.3317
5.5598
7.0545
6.4818
14.2661
11.1927
9.0486
9.6876
8.2299

16.8896
17.6481
17.7378
11.0438
10.3759
10.2525
10.3879
9.7974
20.0638
17.0843
18.9502
17.1668
15.3854
18.4632
15.9933
18.6805
18.0379
9.6664
11.7985
9.3654
9.3947
9.5819
10.7311
21.7271
17.9359
15.159
17.2413
15.2388
18.0868
15.2956
17.3755
14.2523
9.6943
9.3779
8.9583
8.7465
10.5408
10.329
24.9445
19.8343
16.2233
17.7511
15.554

0.6711
1.4202
2.472
2.7864
3.2228
3.5111
3.7779
4.0192

0.001
0.0666
0.2424

0.614
0.8901
1.5774
2.9967
2.9818
4.2038
3.6367
3.9153
4.1949
4.0267

0.0913
0.3041
0.8142
1.172

2.2174
2.6081
3.4732
3.8275
4.0613
4.3092
5.5145
5.6643

0

0

0
0.0631
0.3144

75.1691
73.6032
72.6567
81.7068
82.0015
81.5927
80.7953
81.7178
69.8707
74.4209
71.7719
74.3882
77.047
72.3329
75.8342
71.4059
71.2062
82.6564
77.6711
81.4244
81.7843
80.9998
77.628
66.4775
72.4327
76.7788
73.7647
76.8025
72.2426
76.2179
72.2789
76.608
81.3627
80.6432
81.6488
81.3845
76.8903
77.5248
60.7894
68.973
74.728
72.4982
75.9018



130/40
130/45
130/50
130/55
130/60
130/70
130/80
130/90
130/100
130/120
130/180
140/15
140/20
140/25
140/30
140/35
140/40
140/45
140/50
140/55
140/60
140/70
140/80
140/90
150/10
150/15
150/20
150/25
150/30
150/35
150/40
150/45
150/50
150/55
150/60
150/70
150/80
150/90
150/120
150/180
160/10
160/15
160/20

0.2598
0.2611
0.2625
0.2074
0.2295
0.2669
0.2913
0.3345
0.3388
0.4085
0.6753
0.2688
0.2695
0.267
0.2683
0.2696
0.275
0.2232
0.2263
0.2618
0.2534
0.3115
0.3321
0.3777
0.2789
0.2804
0.2818
0.2832
0.2848
0.2865
0.2307
0.2478
0.229
0.2743
0.3183
0.3517
0.4105
0.4375
0.665
0.9818
0.2899
0.2915
0.2931

0.7648
0.7822
0.7991
0.5742
0.5997
0.6665
0.7188
0.7902
0.8162
0.9298
1.2931
0.7259
0.7316
0.7407
0.7604
0.7803
0.7998
0.5874
0.5839
0.6351
0.6435
0.7335
0.7862
0.8597
0.73
0.7415
0.7521
0.7663
0.7885
0.8102
0.579
0.6026
0.6027
0.6666
0.7283
0.7957
0.8862
0.9424
1.2424
1.6529
0.7471
0.7596
0.7712

0.7903
0.8306
0.8878
0.691
0.7399
0.845
0.9341
1.0415
1.0971
1.2585
1.5126
0.7259
0.7316
0.7408
0.7683
0.8043
0.8514
0.6807
0.7115
0.7934
0.8252
0.9621
1.0581
1.1677
0.73
0.7415
0.7521
0.77
0.8068
0.8573
0.6707
0.7309
0.7728
0.8646
0.954
1.074
1.213
1.3162
1.6195
1.8226
0.7471
0.7596
0.7712

2.7688
3.4522
3.2616
3.8806
3.5395
4.1102
4.7946
5.3343
4.7504
5.4917
6.0611
2.1883
2.5467
2.4974
3
2.6782
3.4014
3.0566
4.0179
3.7627
3.599
4.4925
5.2095
4.829
1.5826
2.1569
2.8307
2.7633
2.5217
3.1849
2.9044
3.9562
3.778
3.7442
4.7929
4.7975
5.5411
5.3813
5.441
6.4261
1.7039
2.3608
3.1325

472.1
516.9
500.8
545.9
505.7
503.5
597.2
663.4
710.6
811.6
1061.2
373.2
416.1
424.3
477.9
461.8
513.6
502
555
517.9
492.1
567.8
648.3
706.5
282.2
365.4
443.2
449.3
442.7
498.1
493.8
552.2
523.2
500.1
534
617
706.1
762.3
916.7
1192.7
298.6
387.4
470.3
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9.3816
7.5628
8.047
5.3439
6.4831
6.4936
6.0763
6.2703
7.1321
7.4384
11.1419
12.2817
10.5804
10.6907
8.9419
10.0679
8.0837
7.3018
5.6318
6.958
7.0419
6.9343
6.3749
7.8212
17.6246
13.0015
9.954
10.2483
11.2932
8.9956
7.9443
6.264
6.0605
7.3266
6.6415
7.3304
7.4082
8.1293
12.2228
15.2789
17.0117
12.3493
9.3562

18.2417
15.095
16.4546
9.4531
10.4587
9.7211
8.9158
8.5426
10.0506
9.4926
10.1925
20.8886
18.1455
18.9677
16.4039
19.0673
15.4294
11.9158
8.8996
9.9211
10.8374
9.393
8.7163
9.9814
28.5
21.3784
16.6172
17.482
19.9753
16.4426
11.9898
8.9672
9.8915
10.4759
8.5548
9.2559
8.5851
9.3838
10.6105
10.4421
26.8325
19.8278
15.2641

0.9184
1.4009
2.7182
3.0085
3.9628
4.3434
4.4899
4.7114
5.9125
5.9851
3.6219

0.0063
0.2629
0.8962
1.5169
3.0508
3.1766
4.2074
5.0489
5.0872
5.2193
6.3789

0.1329
0.7266
1.4786
3.1577
3.2443
4.504
5.2899
4.709
5.801
5.8983
6.9449
6.9318
2.6414

71.4583
75.9413
72.7802
82.1946
79.0954
79.4419
80.518
80.4756
76.9048
77.0838
75.0437
66.8298
71.2741
70.3354
74.3913
69.9687
74.97
77.7316
82.292
78.9134
77.0718
78.5854
79.6895
75.8184
53.8754
65.62
73.4288
72.1367
68.0049
73.0832
76.9081
81.5245
79.544
76.9076
80.0947
77.6127
78.1084
75.542
70.2349
71.6376
56.1558
67.8229
75.3798



160/25
160/30
160/35
160/40
160/45
160/50
160/55
160/60
160/70
160/80
170/10
170/15
170/20
170/25
170/30
170/35
170/40
170/45
170/50
170/55
170/60
170/70
170/80
170/90
170/120
170/180
180/10
180/15
180/20
180/25
180/30
180/35
180/40
180/45
180/50
180/55
180/60
180/70
190/10
190/15
190/20
190/25
190/30

0.2948
0.2824
0.2406
0.2641
0.2364
0.2851
0.3034
0.3404
0.4234
0.4567
0.2966
0.2976
0.3031
0.2878
0.2441
0.2151
0.2449
0.287
0.3047
0.356
0.3792
0.4605
0.5366
0.6369
0.9574
1.2341
0.3075
0.3095
0.3115
0.2522
0.2132
0.2457
0.235
0.2969
0.3362
0.3872
0.4362
0.5078
0.3148
0.3171
0.3055
0.2113
0.23

0.7912
0.6952
0.5822
0.614
0.6072
0.6766
0.7145
0.7706
0.8896
0.9566
0.7677
0.7757
0.7883
0.6926
0.5712
0.557
0.6097
0.6743
0.7139
0.7861
0.8296
0.9491
1.0602
1.1917
1.5862
1.944
0.7745
0.7891
0.8062
0.5697
0.5437
0.6008
0.6148
0.7008
0.7631
0.8365
0.9094
1.0185
0.7862
0.8019
0.7009
0.5272
0.572

0.8009
0.7289
0.6548
0.7343
0.7814
0.8843
0.9538
1.0437
1.2206
1.3467
0.7677
0.7757
0.7905
0.7081
0.6235
0.6642
0.7702
0.8814
0.9605
1.0701
1.1467
1.3396
1.517
1.6551
1.962
2.0116
0.7745
0.7891
0.8132
0.5994
0.6185
0.7334
0.8161
0.9474
1.0524
1.1634
1.2814
1.473
0.7862
0.8019
0.7127
0.5715
0.6807

3.0878
2.7359
3.638
3.6841
3.6524
3.7251
4.8589
4.9771
5.0128
5.1017
2.1103
2.5754
2.6737
3.3275
3.0421
3.1933
3.3218
4.6846
4.7691
4.9897
5.1476
5.2612
5.5111
5.6761
6.5228
6.8836
1.9636
2.8027
2.9222
2.5098
3.6454
3.967
4.1989
4.4634
4.7841
5.0877
5.2107
5.6305
2.1039
3.0427
3.0802
2.7882
3.1999

478.1
471.6
543.1
537.7
520.3
501.8
540.7
581.3
670.9
740
353.5
409.4
433
509.1
504.3
513.2
503.9
561.7
540.4
575.6
624.9
710.7
780.7
850.9
1038.3
1325.7
331.8
431.7
456.1
461.8
544.7
552.7
546.3
532.4
558.9
616
671.3
757.4
348.7
454.1
481.8
487.8
511.8
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9.5456
10.3218
6.6136
7.1681
6.4711
7.6541
6.2451
6.8385
8.4459
8.952
14.0543
11.5555
11.3365
8.6486
8.0231
6.7357
7.3715
6.1273
6.3884
7.1339
7.3668
8.7534
9.7363
11.2208
14.6782
17.9282
15.6579
11.0439
10.6603
10.0501
5.8473
6.1949
5.5968
6.6518
7.0284
7.6099
8.3722
9.0181
14.963
10.4211
9.9167
7.5784
7.1884

16.0767
15.089
9.3891
9.4979

10.1533
10.508
8.4591
8.6446

9.301
9.7978

22.3268

18.5636

18.1457

12.1647

10.7529

10.7068
10.983
8.2661
8.5799
8.6214

8.749
9.2858
9.5021
9.7747
9.6397

10.3122

23.7833

17.1113

16.9276

12.6501
9.0686

8.951
9.0456
9.0496
8.9234
8.8309
9.0811
9.0704

22.4049

15.9326

12.8373

11.3312

10.6866

0.3143
1.2294
1.9953
3.265
4.7706
5.5776
4.9246
5.488
6.6018
7.6465

0.0842
0.4671
1.7181
3.3588
4.8318
44211
5.1721
5.6914
6.1613
7.4234
8.2878
8.1626
5.7621
0.9826

0.239
1.1827
2.0503
3.3422
4.7944
5.5241
6.0462
6.4254
71377
8.0732

0.3856
1.589
3.3976

74.0633
73.3597
82.002
80.069
78.605
76.2603
80.3712
79.0288
75.6513
73.6037
63.6189
69.881
70.4336
78.7197
79.5059
79.1987
76.8137
81.1854
79.8596
78.5533
77.7229
74.5374
724737
70.8419
69.9201
70.777
60.5588
71.8449
72.1731
76.1172
83.0338
81.5119
80.5632
78.7745
78.002
77.1338
75.409
73.8383
62.6321
73.6463
76.8604
79.5014
78.7274



190/35
190/40
190/45
190/50
190/55
190/60
190/90
190/120
200/5
200/10
200/15
200/20
200/25
200/30
200/35
200/40
200/45
200/50
210/5
210/10
210/15
210/20
210/25
210/30
210/35
210/40
210/45
210/50
220/5
220/10
220/15
220/20
220/25
220/30
220/35
220/40
250/5
250/10
250/15
250/20
250/25
250/30
250/35

0.2312
0.2734
0.3202
0.3848
0.4194
0.4712
0.8856
1.278
0.3104
0.3174
0.3237
0.2586
0.2204
0.2128
0.2334
0.2902
0.371
0.4173
0.3158
0.3263
0.329
0.2158
0.1944
0.206
0.2558
0.3147
0.3906
0.4709
0.3209
0.3311
0.3204
0.2229
0.2084
0.2254
0.2712
0.3441
0.3322
0.3414
0.2266
0.1762
0.2055
0.2763
0.36

0.6
0.6685
0.7407
0.8296
0.8904
0.9648

1.487
1.9501
0.7683
0.7966
0.8133
0.5619
0.5458
0.5668

0.616
0.7007

0.808
0.8801
0.7764

0.805
0.8228
0.5227
0.5298
0.5724
0.6525
0.7408
0.8447
0.9516
0.7844
0.8133
0.7086
0.5356
0.5542
0.6041
0.6822
0.7856

0.803

0.833
0.5255

0.516
0.5848
0.6939

0.814

0.773
0.9089
1.0245
1.1593
1.2689
1.3932
1.9962
2.2719
0.7683
0.7966
0.8133
0.5773

0.609
0.6981
0.8233
0.9712
1.1315
1.2556
0.7764

0.805
0.8266
0.5495
0.6111
0.7261
0.8956
1.0413
1.2074

1.377
0.7844
0.8133
0.7162
0.5741
0.6681
0.7998
0.9518
1.1207

0.803

0.833
0.5422
0.6131
0.7794
0.9745
1.1753

3.5194
3.9513
4.4051
4.8366
5.0663
5.3519
5.8982
6.4918
1.4388
2.2505
3.2945
3.163
3.3042
3.853
4.3561
4.8863
5.4174
4.7595
1.5099
2.4058
2.7498
2.3976
3.8806
4.6206
4.0174
4.715
5.3487
5.774
1.5845
2.5692
2.8185
2.6647
3.3425
4.0816
4.8865
4.6044
1.8313
3.1104
3.2154
2.9357
4.0742
4.1954
5.3104

513.6
516.7
532.4
596.7
660.4
706.2
943.4
1140.7
246.8
365.6
476.5
505.8
521.8
546.9
551.6
550.1
584.7
639.8
258.4
382.9
432.8
455.1
556
582.1
517.5
546.7
617.9
689.1
270
400.3
452.1
476.5
518.2
536.6
547.6
577.3
306.2
453.6
513.1
493
533.9
514.5
613.6
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6.5703
6.9199
7.2698
7.9552
8.2784
8.8038
15.0142
19.6864
21.5714
14.1039
9.8248
8.1759
6.6705
5.5242
5.3584
5.9397
6.8492
8.7669
20.9154
13.562
11.9635
9.0016
5.0086
4.4591
6.3671
6.674
7.3034
8.1553
20.2527
12.8861
11.3661
8.3644
6.2348
5.5219
5.5493
7.4723
18.14
10.9759
7.0474
6.001
5.045
6.5856
6.7801

10.4795
9.9977
9.5442
9.1984
9.2973
9.2228

10.1975

10.3532

31.8233
21.291

14.8611
9.5895
9.8485
9.1869
8.7822
8.4007

8.066
9.7237

30.5086
19.899

17.9572

12.8
8.643
7.9288
9.8752
9.0365
8.4885
8.3251

29.2529

18.7706

13.7752

11.7359

10.3444
9.2795
8.4111
9.5888

25.7062

15.8046
9.2946

11.5753
9.3095
9.9544
8.5486

4.9141
6.0861
6.4425
6.8155
7.4706
8.0061
8.6334
4.9563

0

0

0
0.4866
1.9126
3.4073
4.7588
5.5349
5.9711
7.8907

0.1376
1.1179
2.0952
3.327
6.0518
6.3744
6.782
7.3674

0.2676
1.4438
3.4099
4.7944
5.5182
7.2789

0.5219
3.3082
4.7749
6.6882
6.8034

78.036
76.9964
76.7435
76.0309
74.9537
73.9674
66.1549
65.0041
46.6054
64.6052
75.3141

81.748
81.5684
81.8816
81.1006
80.1248
79.1137
73.6188

48.576
66.5389
69.9417
77.0805
84.2531
84.2851

77.706
779151

77.426
76.1522
50.4944
68.3433
74.5911
78.4559
80.0109
80.4042
80.5214

75.66
56.1538
73.2196
83.1361
79.1155
80.8707
76.7718
77.8678



300/5
300/10
300/15
300/20
300/25

0.343
0.2323
0.1579
0.1877
0.3185

0.8243
0.5204
0.4962
0.5767
0.7559

0.8243
0.5311
0.5771
0.7958
1.0685

2.339
2.7993
3.9094
4.6919
5.3762
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370.5
471.3
553.4
559.3
581.7

14.6637
8.298
4.0396
4.0002
5.9234

20.5774
10.2926
8.654
8.2912
8.1377

0
0.3835
2.0678

4.671
5.8134

64.7589
81.0259
85.2386
83.0376
80.1256



Appendix C

In Table 18, we present the partition risk analysis for air only dives. The profile
type is expressed as in Table 11. P surface and P total refer to the probabilities of
developing DCS symptoms: when the diver reaches the surface and once the risk ceases
to accumulate, respectively. All probabilities are expressed as a percentage. The EOR
time provides an estimate of the duration of time during which risk of suffering DCS is
accrued. Beyond EOR, DCS probability stays constant with time. F surface, and F EOR
refer to the increase in the probability of DCS, expressed as a percentage of the total
probability at the EOR time, accumulated between the previous significant point. For
example, the “F EOR” reports the percentage increase in probability from the surface
point up to the EOR time.

Table 18 Partition risk analysis for Air-Only dives

Profile P surface (%) P total (%) EOR Time (min) F surface (%) F EOR (%)

30/371 0.0496 4.9875 765.9 0.9944 99.0056
30/380 0.0274 5.068 789.3 0.5397 99.4603
30/420 0.0278 5.7767 882 0.4811 99.5189
30/480 0.0286 6.7895 1003.3 0.4205 99.5795
30/540 0.0292 7.6606 1124.2 0.3814 99.6186
30/600 0.0299 8.4245 1229.4 0.3546 99.6454
30/660 0.0304 9.0386 1335.8 0.3365 99.6635
30/720 0.0308 9.4878 1446.7 0.3248 99.6752
35/232 0.0627 3.6065 578.3 1.7386 98.2614
35/240 0.0382 3.6944 584.1 1.0347 98.9653
35/270 0.0506 4.3556 666 1.1612 98.8388
35/300 0.0534 5.0656 764 1.0545 98.9455
35/330 0.0547 5.7841 845.4 0.9457 99.0543
35/360 0.0557 6.4685 920.1 0.8615 99.1385
35/420 0.0558 7.6761 1069.4 0.7273 99.2727
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35/480
35/540
35/600
35/660
35/720
40/163
40/170
40/180
40/190
40/200
40/210
40/220
40/230
40/240
40/270
40/300
40/330
40/360
40/420
40/480
40/540
40/600
40/660
40/720
45/125
45/130
45/140
45/150
45/160
45/170
45/180
45/190
45/200
45/210
45/220
45/230
45/240
45/270
45/300
45/330

0.0569
0.0591
0.0596
0.06
0.0604
0.0769
0.0549
0.0648
0.0734
0.0803
0.0902
0.0958
0.099
0.1009
0.1067
0.1099
0.1122
0.1139
0.116
0.1171
0.1178
0.1183
0.1172
0.1175
0.0916
0.0777
0.0864
0.1043
0.1187
0.13
0.1485
0.1594
0.1655
0.1699
0.1739
0.1774
0.1805
0.1877
0.1926
0.196

8.6632
9.3733
9.8901
10.2988
10.6366
2919
2.9704
3.2394
3.5247
3.8198
4.0771
4.3403
4.6234
49164
5.8002
6.6366
7.3975
8.081
9.1575
9.8575
10.3846
10.8007
11.143
11.4366
2.6335
2.6896
2.9339
3.2502
3.5919
3.951
4.2359
4.5457
4.8815
5.2274
5.5735
5.9162
6.2517
7.1903
8.0267
8.7386
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1198.6
1333.7
1456.3
1563.6
1659.8
537.6
543
550.7
558.6
566.8
592.6
637.2
678.4
716.6
814.9
905.7
995.1
1070.9
1226.5
1378.2
1502.5
1610.6
1707.6
1796.4
516.8
525.3
534.4
542.9
552.1
562
587.4
638.1
683.4
724.1
761.9
796
828.9
938.4
1029
1117.5

0.6568
0.6301
0.6026
0.5828
0.5676
2.6328
1.8498
2.0011
2.0812
2.1011
2.2123
2.2061
2.1418
2.0521
1.84
1.6564
1.5167
1.4091
1.2664
1.188
1.1345
1.0955
1.0519
1.0277
3.4792
2.8879
2.9455
3.2097
3.3034
3.2892
3.5051
3.507
3.3893
3.2506
3.12
2.9987
2.8874
2.6104
2.3999
2.2427

99.3432
99.3699
99.3974
99.4172
99.4324
97.3672
98.1502
97.9989
97.9188
97.8989
97.7877
97.7939
97.8582
97.9479
98.16
98.3436
98.4833
98.5909
98.7336
98.812
98.8655
98.9045
98.9481
98.9723
96.5208
97.1121
97.0545
96.7903
96.6966
96.7108
96.4949
96.493
96.6107
96.7494
96.88
97.0013
97.1126
97.3896
97.6001
97.7573



45/360
45/420
45/480
45/540
50/92
50/95
50/100
50/110
50/120
50/130
50/140
50/150
50/160
50/170
50/180
50/190
50/200
50/210
50/220
50/230
50/240
50/270
50/300
50/330
50/360
50/420
55/74
55/75
55/80
55/90
55/100
55/110
55/120
55/130
55/140
55/150
55/160
55/170
55/180
55/190

0.1982
0.2008
0.2022
0.2029
0.106
0.0963
0.0897
0.0958
0.1205
0.1475
0.1695
0.1903
0.2176
0.2341
0.2447
0.2531
0.2605
0.2671
0.2729
0.2779
0.2824
0.2927
0.298
0.3039
0.3069
0.3102
0.1206
0.1281
0.1074
0.1175
0.1356
0.1744
0.2078
0.236
0.2785
0.3062
0.3264
0.3414
0.3558
0.3674

9.3042
10.0999
10.6805
11.1353

2.1746

2.1424

2.2759
2.6449
2.9901

3.368

3.7741
4.1825
4.5096
4.8697
5.2569
5.6484

6.0404

6.4231

6.7854

7.1386

7.4785
8.4089
9.1612
9.7097
10.1503
10.8303

2.048

1.9967
2.0539
2.4225

2.87
3.282

3.7465
4.2399
4.6229
5.0227
5.4478
5.8859

6.322

6.7353
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1208.5
1374.5
1506.8
1619.6
477.3
484.4
496.8
519.7
532.6
543.5
554.4
563.9
596.8
651.3
698.8
742.7
781.1
818
862.3
902.8
939.8
1037.6
1138.7
1243.8
1333.2
1481
454
457
473.1
502.2
527.1
540.5
553.9
567.7
577.8
639.1
692.7
739.6
781.8
827.7

2.1307
1.9885
1.8928
1.8224
4.876
4.4962
3.9434
3.6217
4.0286
4.3791
4.4918
4.5506
4.8264
4.8078
4.6539
4.4805
4.3134
4.1589
4.0215
3.8934
3.7759
3.4804
3.2534
3.1301
3.0233
2.8641
5.8875
6.4147
5.2304
4.8516
4.7232
5.313
5.5466
5.5665
6.0249
6.0962
5.9911
5.8005
5.6287
5.4547

97.8693
98.0115
98.1072
98.1776
95.124
95.5038
96.0566
96.3783
95.9714
95.6209
95.5082
95.4494
95.1736
95.1922
95.3461
95.5195
95.6866
95.8411
95.9785
96.1066
96.2241
96.5196
96.7466
96.8699
96.9767
97.1359
94.1125
93.5853
94.7696
95.1484
95.2768
94.687
94.4534
94.4335
93.9751
93.9038
94.0089
94.1995
94.3713
94.5453



55/200
55/210
55/220
55/230
55/240
55/270
55/300
55/330
55/360
60/60

60/65

60/70

60/80

60/90

60/100
60/110
60/120
60/130
60/140
60/150
60/160
60/170
60/180
60/190
60/200
60/210
60/220
60/230
60/240
60/270
60/300
70/48

70/50

70/55

70/60

70/70

70/80

70/90

70/100
70/110

0.3775
0.3865
0.3943
0.4012
0.4071
0.4208
0.4297
0.4355
0.4393
0.135
0.135
0.1279
0.1455
0.1716
0.221
0.2638
0.3106
0.3633
0.4009
0.4292
0.4515
0.4708
0.4879
0.503
0.5163
0.5279
0.538
0.5468
0.5545
0.5719
0.5832
0.1632
0.1718
0.1657
0.1789
0.2126
0.2767
0.3467
0.4261
0.5129

7.1329
7.5194
7.8893
8.2407
8.5717
9.3971
9.9845
10.4514
10.8343
1.9459
1.9586
2.0424
2.4778
2.9955
3.4862
4.038
4.5668
5.0104
5.4678
5.9405
6.4248
6.8774
7.3121
7.7349
8.1411
8.5273
8.874
9.1926
9.486
10.1475
10.6645
2.0349
1.963
2.0368
2.2715
2.8975
3.5513
4.2611
4.9382
5.5161
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874.9
916.9
955.5
991.7
1026.9
1140
1252.9
1346.8
1428.1
427.2
449.1
467
501.8
530.6
547
563.7
575.1
601.4
664.2
719
766
816.1
867
913.5
955.1
993.3
1036
1077.4
1116.7
1241.5
1342.5
419.8
430.7
454.8
478.8
521.9
550.7
574.3
590.3
608.6

5.293
5.1398
4.9981
4.8682
4.7499
4.4778
4.3034
4.1666
4.0545
6.9385
6.8934
6.2642
5.8726
5.7297
6.3402
6.5328
6.8018
7.2511
7.3325
7.2256
7.0272
6.8461

6.673
6.5032
6.3416
6.1906
6.0627
5.9485
5.8454
5.6356
5.4686
8.0178
8.7532
8.1359
7.8762
7.3359
7.7906
8.1353
8.6289
9.2991

94.707
94.8602
95.0019
95.1318
95.2501
95.5222
95.6966
95.8334
95.9455
93.0615
93.1066
93.7358
94.1274
94.2703
93.6598
93.4672
93.1982
92.7489
92.6675
92.7744
92.9728
93.1539

93.327
93.4968
93.6584
93.8094
93.9373
94.0515
94.1546
94.3644
94.5314
91.9822
91.2468
91.8641
92.1238
92.6641
92.2094
91.8647
91.3711
90.7009



70/120
70/130
70/140
70/150
70/160
70/170
70/180
70/190
70/200
70/210
70/240
80/39
80/40
80/45
80/50
80/55
80/60
80/70
80/80
80/90
80/100
80/110
80/120
80/130
80/140
80/150
80/160
80/170
80/180
80/210
90/30
90/35
90/40
90/45
90/50
90/55
90/60
90/70
90/80
90/90

0.5789
0.6347
0.6828
0.7213
0.7188
0.7198
0.7265
0.7445
0.7473
0.7481
0.7383
0.1897
0.2135
0.1996
0.2188
0.2427
0.2681
0.3583
0.4559
0.5901
0.6707
0.7065
0.7788
0.8312
0.8789
0.924
0.9627
0.978
0.988
0.997
0.2139
0.2219
0.2388
0.2673
0.3005
0.339
0.4067
0.5379
0.6261
0.7586

6.1059
6.6716
7.2116
7.6946
8.1584
8.6138
9.0413
9.4311
9.777
10.0628
10.7556
2.0432
2.0067
2.0442
2.3034
2.6551
3.0798
3.9223
4.8345
5.5976
6.2961
6.9614
7.5537
8.1188
8.6993
9.233
9.6958
10.0953
10.4288
11.2137
1.8433
1.9514
2.1605
2.5063
2.976
3.5164
4.0116
5.1268
5.9512
6.8226
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678
738.6
795.1
856.9
911.1

959

1009.1
1058.8
1112.1
1167.3
1303.9
406.9

414
444.6
474.5
502.2
528.6
565.6
596.8
610.3
652.5
728.4

802
873.3
932.7
988.7

1047.7
1111.6
1173.9
1324.2
370.1
415.1
451.7
486.4
519.2
549.6
569.9
610.1
623.9
684.6

9.4807
9.514
9.4681
9.3748
8.8108
8.3566
8.0351
7.8936
7.6435
7.4343
6.8644
9.2831
10.641
9.7632
9.4996
9.1407
8.7058
9.1358
9.4304
10.5427
10.6523
10.1483
10.3099
10.2382
10.1036
10.008
9.9293
9.6876
9.4736
8.8912
11.6014
11.3708
11.0519
10.6661
10.0963
9.6397
10.1367
10.4914
10.5207
11.1187

90.5193
90.486
90.5319
90.6252
91.1892
91.6434
91.9649
92.1064
92.3565
92.5657
93.1356
90.7169
89.359
90.2368
90.5004
90.8593
91.2942
90.8642
90.5696
89.4573
89.3477
89.8517
89.6901
89.7618
89.8964
89.992
90.0707
90.3124
90.5264
91.1088
88.3986
88.6292
88.9481
89.3339
89.9037
90.3603
89.8633
89.5086
89.4793
88.8813



90/100
90/110
90/120
90/130
90/140
90/150
90/160
90/170
90/180
90/240
100/25
100/30
100/35
100/40
100/45
100/50
100/55
100/60
100/70
100/80
100/90
100/100
100/110
100/120
100/150
110/20
110/25
110/30
110/35
110/40
110/45
110/50
110/55
110/60
110/70
110/80
110/90
110/100
110/110
110/120

0.8724
0.9714
1.0174
1.0537
1.1078
1.1246
1.1414
1.1549
1.1657
1.1173
0.2359
0.2525
0.2676
0.3042
0.3485
0.4037
0.4865
0.5711
0.6852
0.86
0.9593
1.0631
1.1609
1.2437
1.3218
0.2559
0.2757
0.2878
0.3304
0.385
0.4481
0.5517
0.5546
0.6829
0.915
1.0373
1.1886
1.3141
1.3731
1.428

7.6539
8.2663
8.9023
9.4955
10.0303
10.4519
10.8187
11.1404
11.4194
12.585
1.7792
1.9786
2.207
2.6094
3.1711
3.8107
4.4307
5.0932
6.1108
7.1679
8.026
8.7379
9.4932
10.1274
11.4022
1.6132
1.8568
2.1691
2.5878
3.2199
3.9811
4.7028
5.3929
6.0097
7.2409
8.2291
9.0741
9.8885
10.5245
11.058
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765.5
852.1
923.4
991.7
1059.7
1139.4
1207.1
1265.2
1317
1561.8
353.2
407.4
450.2
490.4
528.2
562.3
587.5
611.9
630.4
690.2
788.2
884.8
962.3
1043
1272.6
322.3
386
438.4
485.1
528.9
570
599.2
625.3
634
674.8
792.6
897.1
988.5
1082.2
1178.7

11.3985
11.7511
11.429
11.0971
11.0441
10.7598
10.5499
10.3665
10.208
8.8784
13.2606
12.7631
12.1247
11.6592
10.9915
10.5932
10.9804
11.2131
11.2124
11.9987
11.9525
12.1663
12.2287
12.2804
11.5923
15.8656
14.8493
13.2686
12.7695
11.9559
11.257
11.7324
10.2832
11.3635
12.6359
12.6058
13.0982
13.2889
13.0471
12.9132

88.6015
88.2489
88.571
88.9029
88.9559
89.2402
89.4501
89.6335
89.792
91.1216
86.7394
87.2369
87.8753
88.3408
89.0085
89.4068
89.0196
88.7869
88.7876
88.0013
88.0475
87.8337
87.7713
87.7196
88.4077
84.1344
85.1507
86.7314
87.2305
88.0441
88.743
88.2676
89.7168
88.6365
87.3641
87.3942
86.9018
86.7111
86.9529
87.0868



110/180
120/15
120/20
120/25
120/30
120/35
120/40
120/45
120/50
120/55
120/60
120/70
120/80
120/90

120/100

120/110

120/120
130/10
130/15
130/20
130/25
130/30
130/35
130/40
130/45
130/50
130/55
130/60
130/70
130/80
130/90

130/100

130/120

130/180
140/10
140/15
140/20
140/25
140/30
140/35

1.4986
0.2738
0.3092
0.2973
0.3451
0.4091
0.4866
0.6046
0.6198
0.7849
0.9358
1.1089
1.3234
1.4326
1.5735
1.6477
1.6821
0.2888
0.3272
0.3104
0.3423
0.4127
0.501
0.5345
0.6605
0.8552
0.9616
1.1075
1.3689
1.5512
1.7374
1.8007
1.948
2.7976
0.3035
0.3456
0.3318
0.3964
0.4917
0.5127

12.9442
1.3891
1.7251
2.1439

2.544
3.2169
4.0732
4.9334
5.7292
6.4202
7.1263
8.3805
9.3181

10.1512

10.8742

11.4634

11.9277
1.0936
1.4957
1.8857
2.4302
3.0491

3.966

4.8744
5.8675
6.6836
7.4215
8.2161
9.3232

10.2843

11.0881

11.7119

12.7146

15.1332

1.22
1.9292

2.2307
2.7705
3.6611
4.6855
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1533.3
279.5
355.6
423.1
477.1
528.3
576.1
613.2
641.4
650.9
663.2
768.2
890.6
997.8

1104.7

1206.9

1288.9
216.8
307.2
386.5
456.9
515.8
571.5
616.4
649.9
665.2
678.2
718.4
864.1
985.1

1104.8

1219.3
1382

1707.2
237.7
371.8
421.7
490.6
554.5
610.7

11.5773
19.7108
17.9242
13.8688
13.5646
12.7187
11.9463
12.255
10.818
12.2253
13.131
13.2313
14.2027
14.1122
14.4699
14.3733
14.1025
26.4082
21.8764
16.4598
14.0867
13.5363
12.6313
10.9652
11.2563
12.7962
12.9568
13.4797
14.6822
15.0828
15.6693
15.3746
15.3211
18.4862
24.8776
17.9129
14.876
14.3084
13.4309
10.9416

88.4227
80.2892
82.0758
86.1312
86.4354
87.2813
88.0537
87.745
89.182
87.7747
86.869
86.7687
85.7973
85.8878
85.5301
85.6267
85.8975
73.5918
78.1236
83.5402
85.9133
86.4637
87.3687
89.0348
88.7437
87.2038
87.0432
86.5203
85.3178
84.9172
84.3307
84.6254
84.6789
81.5138
75.1224
82.0871
85.124
85.6916
86.5691
89.0584



140/40
140/45
140/50
140/55
140/60
140/70
140/80
140/90
150/5
150/10
150/15
150/20
150/25
150/30
150/35
150/40
150/45
150/50
150/55
150/60
150/70
150/80
150/90
150/120
150/180
160/5
160/10
160/15
160/20
160/25
160/30
160/35
160/40
160/45
160/50
160/55
160/60
160/70
160/80
170/5

0.6694
0.8148
1.0197
1.1934
1.3323
1.6183
1.8077
1.9427
0.3042
0.3558
0.3466
0.3674
0.4588
0.4847
0.6408
0.7871
1.0319
1.1906
1.4068
1.5938
1.8529
2.0555
2.1865
2.4726
4.3693
0.3153
0.3677
0.3538
0.4108
0.4325
0.5416
0.7029
0.996
1.1908
1.4373
1.6236
1.8105
2.1163
2.2777
0.3255

5.8051
6.6808
7.591
8.5106
9.1203
10.2691
11.1066
11.8607
0.8513
1.2543
1.8271
2.4827
3.2131
4.2764
5.4977
6.5962
7.5951
8.5676
9.3175
9.9956
11.0232
11.8599
12.5769
14.1169
17.3724
0.9098
1.3975
2.0274
2.7383
3.6497
4.952
6.3219
7.4062
8.488
9.3799
10.0988
10.717
11.698
12.5455
0.9718

142

652.6
670.8
687.3
721.3
806.9
946.4
1085.1
1214.6
145
259
362.1
451
524.5
592.4
643.3
675.9
692.6
715
808.5
888.3
1035.9
1188.4
1301.9
1545.4
1858.2
158.6
280.1
389.2
479.8
557.6
624.4
675.5
693.2
715
797.1
885.9
967.2
1134.3
1273.9
172.3

11.5315
12.1967
13.4327
14.0222
14.6079
15.7585
16.276
16.3796
35.7348
28.3698
18.969
14.7968
14.2801
11.3333
11.655
11.9332
13.5868
13.8962
15.0986
15.9454
16.8087
17.3316
17.3847
17.5153
25.1507
34.6616
26.3098
17.4504
15.004
11.8512
10.9369
11.1187
13.4485
14.0289
15.3227
16.0774
16.8941
18.0911
18.1558
33.4886

88.4685
87.8033
86.5673
85.9778
85.3921
84.2415
83.724
83.6204
64.2652
71.6302
81.031
85.2032
85.7199
88.6667
88.345
88.0668
86.4132
86.1038
84.9014
84.0546
83.1913
82.6684
82.6153
82.4847
74.8493
65.3384
73.6902
82.5496
84.996
88.1488
89.0631
88.8813
86.5515
85.9711
84.6773
83.9226
83.1059
81.9089
81.8442
66.5114



170/10
170/15
170/20
170/25
170/30
170/35
170/40
170/45
170/50
170/55
170/60
170/70
170/80
170/90
170/120
170/180
180/5
180/10
180/15
180/20
180/25
180/30
180/35
180/40
180/45
180/50
180/55
180/60
180/70
190/5
190/10
190/15
190/20
190/25
190/30
190/35
190/40
190/45
190/50
190/55

0.3822
0.3696
0.4205
0.4557
0.6161
0.8544
1.144
1.4181
1.6416
1.8685
2.0286
231
2.527
2.5767
3.6273
6.1423
0.3344
0.3762
0.3922
0.4105
0.4931
0.6841
1.04
1.2975
1.6128
1.8578
2.0725
2.2667
2.519
0.3419
0.379
0.4226
0.4198
0.5445
0.8657
1.1784
1.5245
1.8057
2.0785
2.2778

1.8272
2.2692
3.0146
4.2051
5.6392
6.955
8.1982
9.3195
10.1031
10.8313
11.3227
12.3344
13.1936
13.7908
15.9603
19.7205
1.0386
1.5763
2.5005
3.333
4.7867
6.3849
7.6952
9.035
9.9654
10.8285
11.38
11.9109
12.9453
1.1098
1.7178
2.7139
3.7568
5.3333
7.0117
8.4344
9.6789
10.6442
11.3398
11.8797
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349.4
416.3
508.3
589.9
650.8
687.1
711.4
768.3
872
959
1051.4
1223.5
1348.3
1454.2
1684.8
2001.2
186.3
321.2
442
535.9
618.6
678
702.6
732.1
843.7
937.8
1038
1139.9
1298.2
200.8
342.6
466.2
564.1
639.7
691.4
719.3
797.5
907.9
1012.3
1123.9

20.9166
16.2861
13.9484
10.8366
10.9251
12.2846
13.9548
15.2161
16.2481
17.2508
17.9158
18.7282
19.1529
18.6842
22.7271
31.1467
32.1995
23.8641
15.685
12.3167
10.3021
10.7146
13.5144
14.3605
16.1843
17.1567
18.2121
19.0307
19.4588
30.8099
22.0648
15.5702
11.1756
10.2091
12.347
13.9717
15.7513
16.9637
18.329
19.1743

79.0834
83.7139
86.0516
89.1634
89.0749
87.7154
86.0452
84.7839
83.7519
82.7492
82.0842
81.2718
80.8471
81.3158
77.2729
68.8533
67.8005
76.1359
84.315
87.6833
89.6979
89.2854
86.4856
85.6395
83.8157
82.8433
81.7879
80.9693
80.5412
69.1901
77.9352
84.4298
88.8244
89.7909
87.653
86.0283
84.2487
83.0363
81.671
80.8257



190/60
190/90
190/120
200/5
200/10
200/15
200/20
200/25
200/30
200/35
200/40
200/45
200/50
210/5
210/10
210/15
210/20
210/25
210/30
210/35
210/40
210/45
210/50

220/5

220/10
220/15
220/20
220/25
220/30
220/35
220/40
250/5

250/10
250/15
250/20
250/25
250/30
250/35
300/5

300/10

2.4446
3.3154
4.9023
0.3904
0.386
0.3844
0.4317
0.64
0.9963
1.3273
1.7029
2.0322
2.2718
0.3968
0.3944
0.39
0.4431
0.7249
1.1233
1.5239
1.8677
2.2037
2.4588
0.403
0.4046
0.3923
0.5259
0.8862
1.2734
1.6822
2.0535
0.402
0.3777
0.4016
0.7654
1.2513
1.7419
2.1669
0.4116
0.3436

12.4863
15.2058
17.7833
1.085
1.8815
2.8428
4.1983
6.0012
7.5908
9.1939
10.2748
11.191
11.7807
1.1654
2.064
3.0486
4.6718
6.604
8.2577
9.7177
10.8881
11.592
12.2885
1.1792
2.2445
3.3133
5.1658
7.1457
8.9557
10.257
11.2674
1.4118
2.7317
4.4052
6.7463
8.9357
10.4866
11.5497
1.9759
3.6238
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1220
1579.8
1808.7

2159

363.9

488.9

589.3

663.2

699.8

736.6

864.2

974.5
1092.6
230.5
385.5
511.2

613

681.1

713.9

802.3
923.8
1047.8
1169.9
245.8
406.7
533.7
631.5
690.9

728.5
864.5

991
290.7
467.8
599.3
679.4
7249
889.8
1043.4
370.9
556.8

19.5783
21.8037
27.5667
35.9809
20.5142
13.5203
10.2826
10.6649
13.1245
14.4369
16.5732
18.1591
19.2841
34.0509
19.1069
12.7927
9.4857
10.9775
13.6029
15.6821
17.1537
19.0105
20.0087
34.1747
18.0248
11.8396
10.181
12.4021
14.2193
16.4008
18.2249
28.4719
13.8282
9.1155
11.3458
14.0038
16.6111
18.7619
20.8293
9.4828

80.4217
78.1963
72.4333
64.0191
79.4858
86.4797
89.7174
89.3351
86.8755
85.5631
83.4268
81.8409
80.7159
65.9491
80.8931
87.2073
90.5143
89.0225
86.3971
84.3179
82.8463
80.9895
79.9913
65.8253
81.9752
88.1604
89.819
87.5979
85.7807
83.5992
81.7751
71.5281
86.1718
90.8845
88.6542
85.9962
83.3889
81.2381
79.1707
90.5172



300/15 0.7182 6.6097 675.5 10.8662 89.1338
300/20 1.3565 9.317 760.5 14.5591 85.4409
300/25 1.9364 11.0151 975.5 17.5797 82.4203
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Appendix D

In Table 19, we present the partition risk analysis for air-in water 95% O: dives.
The profile type is expressed as in Table 16. P surface and total refer to the probabilities
of developing DCS symptoms: when the diver reaches the surface and once the risk
ceases to accumulate, respectively. All probabilities are expressed as a percentage. The
EOR time provides an estimate of the duration of time during which risk of contracting
DCS is accrued. Beyond EOR, DCS probability stays constant with time. F surface, and F
EOR refer to the increase in the probability of DCS, expressed as a percentage of the total
probability at the EOR time, accumulated between the previous significant point. For
example, the “F EOR” reports the percentage increase in probability from the surface
point up to the EOR time.

Table 19 Partition risk analysis for Air-In Water 95% O: dives

Profile P surface (%) P total (%) EOR Time (min) F surface (%) F EOR (%)

30/371 0.0496 4.9875 765.9 0.9944 99.0056
30/380 0.0049 4.8267 779.8 0.1023 99.8977
30/420 0.0062 5.2265 846.4 0.1189 99.8811
30/480 0.0074 5.9322 942.6 0.1246 99.8754
30/540 0.008 6.4411 1030.5 0.1235 99.8765
30/600 0.0083 6.8538 1113.2 0.1206 99.8794
30/660 0.0087 7.3699 1194.5 0.1179 99.8821
30/720 0.0088 7.6093 1269.4 0.1161 99.8839
35/232 0.0627 3.6065 578.3 1.7386 98.2614
35/240 0.0099 3.3673 575 0.2927 99.7073
35/270 0.0149 3.7145 612.4 0.4004 99.5996
35/300 0.02 3.9458 671.8 0.5059 99.4941
35/330 0.0233 4.2385 729.1 0.5495 99.4505
35/360 0.0252 4.596 784.7 0.5492 99.4508
35/420 0.0268 5.3219 888.9 0.5034 99.4966
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35/480
35/540
35/600
35/660
35/720
40/163
40/170
40/180
40/190
40/200
40/210
40/220
40/230
40/240
40/270
40/300
40/330
40/360
40/420
40/480
40/540
40/600
40/660
40/720
45/125
45/130
45/140
45/150
45/160
45/170
45/180
45/190
45/200
45/210
45/220
45/230
45/240
45/270
45/300
45/330

0.0266
0.0269
0.0274
0.0273
0.0272
0.0769
0.0176
0.0222
0.0255
0.0289
0.0322
0.0342
0.0399
0.0437
0.0521
0.0579
0.06
0.0608
0.0616
0.0618
0.062
0.0619
0.062
0.062
0.0916
0.0254
0.033
0.0394
0.0461
0.0528
0.0595
0.0644
0.0723
0.0796
0.0849
0.0898
0.0981
0.1044
0.1071
0.1085

5.7491
6.2521
6.5601
6.602
6.7053
2919
2.6752
2.7453
2.8928
3.0384
3.1816
3.4087
3.3734
3.4209
3.7147
3.9793
4.3718
4.6797
5.2065
5.6034
5.853
5.8895
6.025
6.1168
2.6335
24122
2.4695
2.597
2.7207
2.8401
2.9551
3.1496
3.1715
3.1892
3.2865
3.38
3.3542
3.6954
4.173
4.3178

147

986
1073.5
1154
1227.3
1304.6
537.6
535.7
536.1
540.6
544.6
548.1
555.9
559.4
581.2
646.9
707.5
773.5
827.4
926.6
1022
1104.4
1179.6
1259.6
1331.9
516.8
519.2
519.8
523.8
526.6
528.5
529.5
534.5
529.5
541.2
565.9
589.8
617.8
684.2
748.8
801.8

0.4627
0.4309
0.4178
0.4131
0.4054
2.6328
0.6578
0.8083
0.882
0.9503
1.0126
1.0036
1.1821
1.2774
1.4015
1.4546
1.3735
1.2991
1.1831
1.1035
1.0591
1.0514
1.0282
1.0135
3.4792
1.0537
1.3383
1.5188
1.6942
1.8602
2.0143
2.0451
2.2799
2.4955
2.5846
2.6567
2.9256
2.8246
2.5676
2.5134

99.5373
99.5691
99.5822
99.5869
99.5946
97.3672
99.3422
99.1917
99.118
99.0497
98.9874
98.9964
98.8179
98.7226
98.5985
98.5454
98.6265
98.7009
98.8169
98.8965
98.9409
98.9486
98.9718
98.9865
96.5208
98.9463
98.6617
98.4812
98.3058
98.1398
97.9857
97.9549
97.7201
97.5045
97.4154
97.3433
97.0744
97.1754
97.4324
97.4866



45/360
45/420
45/480
45/540
50/92
50/95
50/100
50/110
50/120
50/130
50/140
50/150
50/160
50/170
50/180
50/190
50/200
50/210
50/220
50/230
50/240
50/270
50/300
50/330
50/360
50/420
55/74
55/75
55/80
55/90
55/100
55/110
55/120
55/130
55/140
55/150
55/160
55/170
55/180
55/190

0.1094
0.1106
0.1109
0.111
0.106
0.0352
0.0373
0.0421
0.0495
0.0621
0.0731
0.0823
0.0934
0.1022
0.1125
0.1238
0.1384
0.1451
0.1508
0.155
0.1583
0.1643
0.1673
0.1696
0.171
0.1721
0.1206
0.046
0.0481
0.0554
0.0643
0.0768
0.0926
0.109
0.1232
0.1372
0.1508
0.1761
0.1885
0.1995

4.5939
5.0819
5.2549
5.3046
2.1746
1.8799
1.996
2.2449
2.4342
2.4704
2.5731
2.7482
2.8379
3.0029
3.0797
3.0681
3.0986
3.1623
3.2222
3.3578
3.4912
3.8803
4.0388
4.3754
4.663
4.8755
2.048
1.6809
1.7991
2.014
2.2515
2.4266
2.5212
2.6042
2.7554
2.899
3.0348
2.9589
3.0006
3.0368

148

860.4
958
1048.1
1126.6
477.3
478.3
487.7
504.7
514.7
513.3
514.9
519.8
518.7
521.2
518.1
517.9
551
575.5
599.1
623.9
647.8
715.1
777 .4
834.1
886.9
983.4
454
450.1
464
484.2
501.1
510.3
512.3
512.1
514.7
515.8
515.5
499.9
523.5
549.3

2.3815
2.176
2.1103
2.0926
4.876
1.872
1.8675
1.8756
2.0353
2.5136
2.8394
2.9952
3.2904
3.4033
3.6544
4.0355
4.4666
4.59
4.6808
4.6151
4.5354
4.235
4.1429
3.8755
3.6676
3.5294
5.8875
2.7343
2.674
2.7516
2.8572
3.1636
3.6738
4.1872
4.4717
4.7327
4.9677
5.9506
6.2828
6.5684

97.6185
97.824
97.8897
97.9074
95.124
98.128
98.1325
98.1244
97.9647
97.4864
97.1606
97.0048
96.7096
96.5967
96.3456
95.9645
95.5334
95.41
95.3192
95.3849
95.4646
95.765
95.8571
96.1245
96.3324
96.4706
94.1125
97.2657
97.326
97.2484
97.1428
96.8364
96.3262
95.8128
95.5283
95.2673
95.0323
94.0494
93.7172
93.4316



55/200
55/210
55/220
55/230
55/240
55/270
55/300
55/330
55/360
60/60
60/65
60/70
60/80
60/90
60/100
60/110
60/120
60/130
60/140
60/150
60/160
60/170
60/180
60/190
60/200
60/210
60/220
60/230
60/240
60/270
60/300
70/48
70/50
70/55
70/60
70/70
70/80
70/90
70/100
70/110

0.2077
0.2148
0.2206
0.2247
0.2278
0.2347
0.2392
0.2419
0.2438
0.135
0.0578
0.0636
0.0727
0.0836
0.1013
0.1232
0.1433
0.1636
0.181
0.2137
0.2348
0.2504
0.2656
0.2774
0.2884
0.2948
0.3
0.3044
0.3081
0.3167
0.3224
0.1632
0.0816
0.0896
0.0982
0.1173
0.1376
0.1695
0.2036
0.2532

3.1469
3.2525
3.3544
3.4444
3.6236
3.7928
4.133
4.366
4.515
1.9459
1.7056
1.7416
1.9929
2.2867
2.4559
2.5401
2.6852
2.8181
3.0209
3.0045
2.9442
3.0358
3.0415
3.1204
3.245
3.3248
3.4761
3.5554
3.5676
3.8716
4.1622
2.0349
1.6955
1.7494
1.8348
2.0869
2.4444
2.6026
2.7383
2.7972

149

576.1
601.8
626.5
657.1
681.8
741.9
802.1
861.4
910.7
427.2
4429
451.1
4779
500.3
509.6
511.1
514.5
515.5
519.2
507.1
493.4
519.8
546
573.1
608.1
632.6
658.1
680.7
700.6
769.7
828
419.8
424.5
435.9
450.2
478.5
505.6
513.6
517.4
512.7

6.5997
6.6058
6.5776
6.5243
6.2872
6.1886
5.7872
5.5415
5.3988
6.9385
3.3859
3.6524
3.6455
3.6576
4.126
4.8514
5.3371
5.8046
5.9922
7.1121
7.9739
8.2496
8.7325
8.8896
8.888
8.868
8.6308
8.5619
8.637
8.1807
7.7466
8.0178
4.8105
5.1244
5.3504
5.6219
5.6274
6.5107
7.4369
9.0519

93.4003
93.3942
93.4224
93.4757
93.7128
93.8114
94.2128
94.4585
94.6012
93.0615
96.6141
96.3476
96.3545
96.3424
95.874
95.1486
94.6629
94.1954
94.0078
92.8879
92.0261
91.7504
91.2675
91.1104
91.112
91.132
91.3692
91.4381
91.363
91.8193
92.2534
91.9822
95.1895
94.8756
94.6496
94.3781
94.3726
93.4893
92.5631
90.9481



70/120
70/130
70/140
70/150
70/160
70/170
70/180
70/190
70/200
70/210
70/240
80/39
80/40
80/45
80/50
80/55
80/60
80/70
80/80
80/90
80/100
70/110
80/120
80/130
80/140
80/150
80/160
80/170
80/180
80/210
90/30
90/35
90/40
90/45
90/50
90/55
90/60
90/70
90/80
90/90

0.285
0.3185
0.3523

0.389
0.3661
0.3854
0.4003
0.4119

0.419
0.4249
0.4361
0.1897
0.1051
0.1135
0.1252
0.1399
0.1543
0.1877
0.2325
0.3009
0.2979
0.3416
0.3931
0.4515
0.4882
0.5218
0.5519
0.5696
0.5832
0.6104
0.2139
0.1295
0.1416
0.1587
0.1801

0.202
0.2231
0.2771
0.3055
0.3704

2.9703
3.0423
3.0154
3.016
3.0067
3.1076
3.2008
3.2935
3.3227
3.3618
3.6392
2.0432
1.6494
1.7765
1.8862
1.983
2.1431
2.5043
2.7356
2.8025
2.9278
3.1492
3.094
2.9738
3.0401
3.0916
3.1779
3.2919
3.2736
3.5074
1.8433
1.7029
1.8516
1.9795
2.0898
2.2614
2.5108
2.9043
2.93
3.0998

150

514.2
508.2
495.2
509.3
538.2
568.1
596.5
623.5
654.2
676.7
744.1
406.9
407.1
426.6
443.8
458.7
476.2
505.7
519.2
517.5
520.6
523.8
509.4
487
511.9
543.5
582.8
612.6
636.8
716.1
370.1
406
427.8
446.7
463
481.4
502.3
528.2
528.3
531

9.5963
10.4704
11.6841
12.8989
12.1749

12.403
12.5073
12.5063
12.6096
12.6403
11.9835

9.2831

6.3708

6.3865

6.6398

7.0561

7.2019

7.495

8.5008
10.7356

10.176
10.8487
12.7042
15.1818
16.0576

16.877

17.366
17.3043
17.8158
17.4033
11.6014

7.6067

7.6483

8.0184

8.6177

8.9336

8.884

9.5428
10.4277
11.9506

90.4037
89.5296
88.3159
87.1011
87.8251
87.597
87.4927
87.4937
87.3904
87.3597
88.0165
90.7169
93.6292
93.6135
93.3602
92.9439
92.7981
92.505
91.4992
89.2644
89.824
89.1513
87.2958
84.8182
83.9424
83.123
82.634
82.6957
82.1842
82.5967
88.3986
92.3933
92.3517
91.9816
91.3823
91.0664
91.116
90.4572
89.5723
88.0494



90/100
90/110
90/120
90/130
90/140
90/150
90/160
90/170
90/180
90/240
100/25
100/30
100/35
100/40
100/45
100/50
100/55
100/60
100/70
100/80
100/90
100/100
100/110
100/120
100/150
110/20
110/25
110/30
110/35
110/40
110/45
110/50
110/55
110/60
110/70
110/80
110/90
110/100
110/110
110/120

0.4376
0.5212
0.5788
0.6122
0.6594
0.6882
0.7078
0.7264
0.7429
0.7238
0.2359
0.1503
0.1651
0.1871
0.2122
0.2417
0.2713
0.3033
0.3441
0.4263
0.5166
0.6044
0.6782
0.7513
0.8316
0.2559
0.169
0.1816
0.2068
0.2375
0.2745
0.313
0.3068
0.3547
0.4582
0.5705
0.686
0.7842
0.8296
0.8879

3.2188
3.1602
3.1165
3.268
3.3857
3.3847
3.3984
3.5629
3.6422
3.8241
1.7792
1.6896
1.8645
2.0163
2.1938
2.3815
2.6467
2.9273
2.9803
3.2469
3.3577
3.2981
3.4627
3.6367
3.7308
1.6132
1.5657
1.856
2.0394
2.2446
2.4458
2.7252
2.8863
3.0364
3.3508
3.4989
3.528
3.7552
3.7992
3.7497

151

528.1
511.2
493
525.2
574.3
608.5
638.6
677.4
703.5
870.1
353.2
397.5
4224
443.9
466.9
486.9
508.9
528.3
532.2
541.7
535.9
510.7
506
563.6
676.7
322.3
376.1
414.5
439.5
465.4
487.8
511.7
528.1
536.7
550.9
540.6
519.5
521.5
579.8
620.4

13.5961
16.4922
18.5738
18.7335
19.4771
20.3341
20.8259
20.3877
20.3961
18.9285
13.2606
8.8984
8.8557
9.2783
9.6734
10.15
10.2499
10.3614
11.5467
13.13
15.3862
18.3273
19.5844
20.658
22.2898
15.8656
10.7961
9.7868
10.1383
10.5793
11.2231
11.4858
10.628
11.6831
13.6739
16.3063
19.4454
20.8838
21.8354
23.6792

86.4039
83.5078
81.4262
81.2665
80.5229
79.6659
79.1741
79.6123
79.6039
81.0715
86.7394
91.1016
91.1443
90.7217
90.3266
89.85
89.7501
89.6386
88.4533
86.87
84.6138
81.6727
80.4156
79.342
77.7102
84.1344
89.2039
90.2132
89.8617
89.4207
88.7769
88.5142
89.372
88.3169
86.3261
83.6937
80.5546
79.1162
78.1646
76.3208



110/180
120/15
120/20
120/25
120/30
120/35
120/40
120/45
120/50
120/55
120/60
120/70
120/80
120/90

120/100

120/110

120/120
130/10
130/15
130/20
130/25
130/30
130/35
130/40
130/45
130/50
130/55
130/60
130/70
130/80
130/90

130/100

130/120

130/180
140/10
140/15
140/20
140/25
140/30
140/35

0.9794
0.2738
0.1849
0.1927
0.2222
0.2587
0.3042
0.3532
0.3502
0.4056
0.4718
0.5899
0.7659
0.8368
0.9559
1.0348
1.0643
0.2888
0.1992
0.2032
0.2247
0.2662
0.3181
0.3054
0.3824
0.4467
0.5098
0.5891
0.773
0.9028
1.0574
1.1254
1.2641
1.3133
0.3035
0.2142
0.2234
0.2619
0.3162
0.3128

4.0564
1.3891
1.4143
1.8706
2.0568
2.3076
2.5355
2.8356
3.0853
3.3376
3.4879
3.8821
3.8379
4.0418
4.0265
4.0234
4.1299
1.0936
1.1083
1.6865
2.0582
2.3157
2.5909
2.8553
3.1878
3.5503
3.7322
4.0298
4.0762
4.2456
4.3101
4.2384
4.3367
4.3276
1.22
1.3255
1.9354
2.2523
2.5879
2.8311

152

839.8
279.5
349.5
408
433.6
464
490.2
517.2
540.9
556.2
563.7
568.3
539.5
526.7
586.4
631.4
680.2
216.8
300.3
380
426.1
457.5
488.5
520
546.8
569.7
577.4
584.1
561.9
540.2
586.4
644.6
732
956.1
237.7
328.3
405.8
4441
481.3
513.4

24.145
19.7108
13.0719
10.3034
10.8013
11.2093
11.9984
12.4567

11.352
12.1535
13.5265

15.196
19.9556
20.7045
23.7405
25.7204
25.7718
26.4082

17.97
12.0485
10.9191
11.4975
12.2793
10.6946
11.9965
12.5822
13.6598
14.6179
18.9638
21.2646

24.532
26.5517
29.1479
30.3462
24.8776
16.1637
11.5432
11.6262
12.2194
11.0476

75.855
80.2892
86.9281
89.6966
89.1987
88.7907
88.0016
87.5433

88.648
87.8465
86.4735

84.804
80.0444
79.2955
76.2595
74.2796
74.2282
73.5918

82.03
87.9515
89.0809
88.5025
87.7207
89.3054
88.0035
87.4178
86.3402
85.3821
81.0362
78.7354

75.468
73.4483
70.8521
69.6538
75.1224
83.8363
88.4568
88.3738
87.7806
88.9524



140/40
140/45
140/50
140/55
140/60
140/70
140/80
140/90
150/5
150/10
150/15
150/20
150/25
150/30
150/35
150/40
150/45
150/50
150/55
150/60
150/70
150/80
150/90
150/120
150/180
160/5
160/10
160/15
160/20
160/25
160/30
160/35
160/40
160/45
160/50
160/55
160/60
160/70
160/80
170/5

0.4007
0.4559
0.5503
0.6407
0.7323
0.9278
1.0817
1.2185
0.3042
0.2246
0.229
0.2496
0.3038
0.2978
0.3976
0.455
0.5651
0.6205
0.7773
0.899
1.0889
1.2716
1.3861
1.56
1.7851
0.3153
0.2355
0.2429
0.2785
0.2717
0.3581
0.449
0.5549
0.6234
0.7895
0.9029
1.0274
1.2793
1.4338
0.3255

3.1803
3.6582
3.8991
4.3107
4.238
4.3831
4.5282
4.4081
0.8513
0.8666
1.5262
2.1064
2.4553
2.8133
3.1239
3.7641
4.0245
4.3648
4.3543
4.4943
4.7936
4.6431
4.6359
4.5547
5.0492
0.9098
1.0042
1.7419
2.2846
2.6574
3.0909
3.5886
4.1048
4.4478
4.5595
4.5891
4.7368
4.8529
4.7892
0.9718

153

544.8
575.7
586.5
598.8
583.7
559.6
576.1
640.4
145
252
352.2
4224
462.3
505.6
538
581.5
593.1
605.2
590.2
581.4
559.6
620
682.5
833
1088.9
158.6
273.1
376.3
439.2
485.6
528
569.9
597.3
611.8
602.8
589.3
578.1
596.4
667.6
172.3

12.6003
12.4631
14.1123
14.8619
17.2787
21.1666
23.8877
27.6429
35.7348
25.9201
15.0013
11.8503
12.3724
10.5869
12.7274
12.0882
14.0426
14.2162
17.8523
20.003
22.7155
27.3859
29.8994
34.2505
35.3544
34.6616
23.4547
13.942
12.1903
10.2231
11.5842
12.5114
13.5184
14.0157
17.3147
19.6742
21.6893
26.3618
29.9373
33.4886

87.3997
87.5369
85.8877
85.1381
82.7213
78.8334
76.1123
72.3571
64.2652
74.0799
84.9987
88.1497
87.6276
89.4131
87.2726
87.9118
85.9574
85.7838
82.1477
79.997
77.2845
72.6141
70.1006
65.7495
64.6456
65.3384
76.5453
86.058
87.8097
89.7769
88.4158
87.4886
86.4816
85.9843
82.6853
80.3258
78.3107
73.6382
70.0627
66.5114



170/10
170/15
170/20
170/25
170/30
170/35
170/40
170/45
170/50
170/55
170/60
170/70
170/80
170/90
170/120
170/180
180/5
180/10
180/15
180/20
180/25
180/30
180/35
180/40
180/45
180/50
180/55
180/60
180/70
190/5
190/10
190/15
190/20
190/25
190/30
190/35
190/40
190/45
190/50
190/55

0.2458
0.2568
0.2374
0.3197
0.3879
0.475
0.607
0.7794
0.9068
1.0529
1.1823
1.4363
1.6166
1.6922
1.8839
2.2057
0.3344
0.2556
0.2731
0.2701
0.3454
0.4223
0.5642
0.6672
0.8799
1.0313
1.2024
1.3577
1.5862
0.3419
0.2635
0.293
0.3068
0.3394
0.4886
0.6112
0.8249
0.9904
1.1908
1.3442

1.1525
1.9712
2.4051
2.9094
3.4858
3.9439
4.3557
4.6479
4.6223
4.8856
5.0112
4.8565
4.7879
4.8078
4.9075
5.99
1.0386
1.2792
2.1689
2.5978
3.1416
3.7637
4.218
4.7516
4.7236
4.9051
5.0879
5.0205
5.0022
1.1098
1.4534
2.328
2.8297
3.3545
4.0371
4.499
4.7004
4.9084
5.1419
5.0873

154

294.3
400.4
456.3
506.9
559.2
591.6
608.1
611.6
594.2
587.7
571.5
640.1
699.9
769.5
933.2
1224
186.3
311.3
420.2
473.3
529.7
580.9
603
624.3
604.9
595.1
578.8
593.5
676.2
200.8
333.5
435.5
493.5
550.5
594.9
614.3
612
602.1
588.4
585.5

21.3269
13.0264
9.8723
10.9898
11.1286
12.0444
13.9347
16.7678
19.6183
21.5518
23.5925
29.5747
33.7641
35.1974
38.3876
36.8236
32.1995
19.9768
12.5928
10.3967
10.9946
11.2195
13.3765
14.0407
18.6281
21.026
23.632
27.044
31.7103
30.8099
18.1332
12.5855
10.8418
10.1185
12.102
13.5858
17.5485
20.1775
23.1587
26.4224

78.6731
86.9736
90.1277
89.0102
88.8714
87.9556
86.0653
83.2322
80.3817
78.4482
76.4075
70.4253
66.2359
64.8026
61.6124
63.1764
67.8005
80.0232
87.4072
89.6033
89.0054
88.7805
86.6235
85.9593
81.3719
78.974
76.368
72.956
68.2897
69.1901
81.8668
87.4145
89.1582
89.8815
87.898
86.4142
82.4515
79.8225
76.8413
73.5776



190/60
190/90
190/120
200/5
200/10
200/15
200/20
200/25
200/30
200/35
200/40
200/45
200/50
210/5
210/10
210/15
210/20
210/25
210/30
210/35
210/40
210/45
210/50
220/5
220/10
220/15
220/20
220/25
220/30
220/35
220/40
250/5
250/10
250/15
250/20
250/25
250/30
250/35
300/5
300/10

1.5047
1.9814
2.3061
0.2564
0.2724
0.2403
0.3185
0.3755
0.5268
0.6802
0.9214
1.1312
1.3247
0.2624
0.2793
0.2633
0.3047
0.4172
0.5705
0.8175
1.0243
1.2641
1.4754
0.2672
0.2874
0.2948
0.3374
0.486
0.6489
0.9067
1.154
0.2795
0.2446
0.2917
0.4173
0.6278
0.9406
1.2317
0.2958
0.2585

5.0595
4.9764
5.4922
0.6971
1.5989
24271
3.0001
3.7518
4.1955
4.8139
4.7824
5.1312
5.1471
0.7741
1.7966
2.547
3.1327
3.8985
4.4841
4.6746
4.8821
5.1834
5.1827
0.8576
1.9642
2.7012
3.3218
4.0174
4.7207
4.6826
5.0322
1.1162
2.3549
3.0755
3.9055
4.7081
4.785
5.1395
1.7107
2.8476
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635.7
855.1
1037.9
208.9
351
451
513.1
576.7
601.8
624.9
604.7
598.9
571.5
223.6
373.5
461.8
530.1
587.5
613.5
608.4
596
583.9
602.4
238.6
391.7
475.9
545.7
591.9
619.3
597.5
588.3
280.5
4379
522.8
585.5
616.6
594.5
578.4
358.9
496

29.7408
39.8153
41.9888
36.7771
17.0362
9.8989
10.617
10.009
12.5567
14.1297
19.2668
22.0462
25.7378
33.8932
15.5473
10.3385
9.7279
10.7006
12.7217
17.4879
20.9811
24.3866
28.4673
31.1613
14.6291
10.9148
10.1566
12.0981
13.7452
19.3628
22.9335
25.0412
10.3857
9.4855
10.6849
13.3345
19.6584
23.9647
17.2919
9.0777

70.2592
60.1847
58.0112
63.2229
82.9638
90.1011
89.383
89.991
87.4433
85.8703
80.7332
77.9538
74.2622
66.1068
84.4527
89.6615
90.2721
89.2994
87.2783
82.5121
79.0189
75.6134
71.5327
68.8387
85.3709
89.0852
89.8434
87.9019
86.2548
80.6372
77.0665
74.9588
89.6143
90.5145
89.3151
86.6655
80.3416
76.0353
82.7081
90.9223



300/15 0.39 3.8245 580.2 10.1985 89.8015
300/20 0.701 4.5743 604.5 15.3249 84.6751
300/25 1.0698 4.953 579.6 21.5987 78.4013
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Appendix E

In Table 20 we present the partition risk analysis for air-in water 99.5% O: dives.

The profile type is expressed as in Table 16. P surface and total refer to the probabilities

of developing DCS symptoms: when the diver reaches the surface and once the risk

ceases to accumulate, respectively. All probabilities are expressed as a percentage. The

EOR time provides an estimate of the duration of time during which risk of contracting

DCS is accrued. F surface, and F EOR refer to the increase in the probability of DCS,

expressed as a percentage of the probability at the EOR time, accumulated since the

previous significant point. Beyond EOR, DCS probability stays constant with time. For

example, the “F EOR” reports the percentage increase in probability from the surface

point up to the EOR time.

Profile
30/371
30/380
30/420
30/480
30/540
30/600
30/660
30/720
35/232
35/240
35/270
35/300
35/330
35/360
35/420

Table 20 Partition risk analysis for Air-In Water 99.5%

P surface (%)
0.0496
0.0049
0.0063
0.0077
0.0086
0.0089
0.0093
0.0094
0.0627
0.0098
0.015
0.0206
0.0244
0.0269
0.0293

P total (%)
4.9875
4.8213
5.206
5.8942
6.3803
6.7687

7.269
7.4839
3.6065
3.3603
3.6923
3.9035

4.177
45154
5.2057

EOR Time (min) F surface (%)
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765.9
779.5
845.4
941
1028.2
1110.3
1191.2
1265.5
578.3
575
610.9
669.2
725.6
780.7
884

0.9944
0.1025
0.1214
0.1307
0.1344
0.1312
0.1279
0.1258
1.7386
0.2924
0.4072
0.5273
0.5853
0.5956
0.5633

F EOR (%)
99.0056
99.8975
99.8786
99.8693
99.8656
99.8688
99.8721
99.8742
98.2614
99.7076
99.5928
99.4727
99.4147
99.4044
99.4367



35/480
35/540
35/600
35/660
35/720
40/163
40/170
40/180
40/190
40/200
40/210
40/220
40/230
40/240
40/270
40/300
40/330
40/360
40/420
40/480
40/540
40/600
40/660
40/720
45/125
45/130
45/140
45/150
45/160
45/170
45/180
45/190
45/200
45/210
45/220
45/230
45/240
45/270
45/300
45/330

0.0291
0.0294
0.0299
0.0297
0.0295
0.0769
0.0175
0.0222
0.0256
0.0291
0.0326
0.0347
0.0407
0.0449
0.0543
0.0614
0.0647
0.0655
0.0663
0.0664
0.0666
0.0664
0.0664
0.0664
0.0916
0.0252
0.0329
0.0395
0.0464
0.0534
0.0604
0.0655
0.074
0.0819
0.0878
0.0932
0.1031
0.1109
0.1144
0.1158

5.5877
6.057
6.3285
6.3282
6.3986
2919
2.6698
2.7332
2.8754
3.0152
3.1522
3.3751
3.3281
3.3661
3.6341
3.8707
4.2326
4.5113
4.9819
5.3256
5.5254
5.5116
5.61
5.667
2.6335
2.4094
2.4601
2.5812
2.6974
2.8085
2.9145
3.1014
3.1114
3.1167
3.2031
3.2854
3.245
3.5484
3.993
4.0937
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980
1066.7
1146.3
1218.2
1294.7

537.6
535.6
536.1
540.6
544.6
548.1
555.8
555.8
577.1
641.6
701.2
766.6
819.8
917.6
1011.6
1092.5
1166
1245
1316.2
516.8
519.2
519.8
523.7
526.6
528.4
529.4
534.4
529.4
535.2
559.4
582.8
610.2
675.6
739.6
791.1

0.5213
0.4861
0.472
0.469
0.4616
2.6328
0.655
0.8113
0.8904
0.9648
1.0338
1.0271
1.2241
1.3347
1.4946
1.5852
1.5292
1.4518
1.3304
1.2477
1.2046
1.2054
1.1839
1.1722
3.4792
1.045
1.3384
1.5297
1.7187
1.9007
2.0727
2.1134
2.3787
2.629
2.7417
2.838
3.1762
3.1241
2.8652
2.8294

99.4787
99.5139
99.528
99.531
99.5384
97.3672
99.345
99.1887
99.1096
99.0352
98.9662
98.9729
98.7759
98.6653
98.5054
98.4148
98.4708
98.5482
98.6696
98.7523
98.7954
98.7946
98.8161
98.8278
96.5208
98.955
98.6616
98.4703
98.2813
98.0993
97.9273
97.8866
97.6213
97.371
97.2583
97.162
96.8238
96.8759
97.1348
97.1706



45/360
45/420
45/480
45/540
50/92
50/95
50/100
50/110
50/120
50/130
50/140
50/150
50/160
50/170
50/180
50/190
50/200
50/210
50/220
50/230
50/240
50/270
50/300
50/330
50/360
50/420
55/74
55/75
55/80
55/90
55/100
55/110
55/120
55/130
55/140
55/150
55/160
55/170
55/180
55/190

0.1167
0.1179
0.1181
0.1182
0.106
0.0348
0.0369
0.0418
0.0494
0.0623
0.0737
0.0834
0.095
0.1043
0.1154
0.1276
0.1437
0.1513
0.1579
0.1627
0.1668
0.1744
0.1774
0.1797
0.1812
0.1822
0.1206
0.0455
0.0476
0.0551
0.0641
0.0769
0.0933
0.1104
0.1252
0.1399
0.1543
0.1816
0.1951
0.2072

4.3329
4.7566
4.8664
4.8588
2.1746
1.8785
1.9937
2.2395
2.4235
2.4505
2.5436
2.7093
2.7874
2.9417
3.0056
2.9788
2.9938
3.0433
3.0887
3.2113
3.33
3.6723
3.7777
4.0741
4.3227
4.459
2.048
1.6806
1.7984
2.0106
2.243
2.4104
2.4946
2.5654
2.7042
2.8345
2.9563
2.8613
2.8864
2.9057
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849
944.8
1032.9
1109.2
477.3
478.2
487.7
504.7
514.7
513.3
514.9
519.8
518.7
521.2
518.1
510
542.6
566.4
589.4
613.8
637.4
703.7
764.5
820.2
872
965.9
454
450
463.9
484.2
501
510.2
512.2
512
514.7
515.7
515.4
499.8
513.5
538.5

2.6932
2.4779
2.4272
2.4324
4.876
1.8543
1.8526
1.8675
2.0388
2.544
2.8984
3.0765
3.4078
3.5454
3.8379
4.2837
4.8003
4.9715
5.111
5.0665
5.0085
4.7491
4.6969
4.4117
4.1918
4.087
5.8875
2.7062
2.6494
2.7384
2.8594
3.19
3.7397
4.3032
4.6301
4.9362
5.2183
6.3455
6.7596
7.1324

97.3068
97.5221
97.5728
97.5676
95.124
98.1457
98.1474
98.1325
97.9612
97.456
97.1016
96.9235
96.5922
96.4546
96.1621
95.7163
95.1997
95.0285
94.889
94.9335
94.9915
95.2509
95.3031
95.5883
95.8082
95.913
94.1125
97.2938
97.3506
97.2616
97.1406
96.81
96.2603
95.6968
95.3699
95.0638
94.7817
93.6545
93.2404
92.8676



55/200
55/210
55/220
55/230
55/240
55/270
55/300
55/330
55/360
60/60
60/65
60/70
60/80
60/90
60/100
60/110
60/120
60/130
60/140
60/150
60/160
60/170
60/180
60/190
60/200
60/210
60/220
60/230
60/240
60/270
60/300
70/48
70/50
70/55
70/60
70/70
70/80
70/90
70/100
70/110

0.2165
0.2247
0.2315
0.2372
0.2405
0.2476
0.2522
0.2551
0.2569
0.135
0.0572
0.0631
0.0723
0.0835
0.1017
0.1243
0.1452
0.1664
0.1847
0.2194
0.2421
0.259
0.2758
0.289
0.3022
0.3099
0.3156
0.3202
0.3241
0.333
0.3389
0.1632
0.0807
0.089
0.0976
0.1172
0.1379
0.1708
0.2063
0.2581

3.0894
3.1746
3.2391
3.4019
3.5132
3.8052
3.9924
4.0973
1.9459
1.7058
1.7426
1.9903
2.278
2.438
2.5099
2.6414
2.7593
2.9471
2.9108
2.8307
2.9041
2.8902
2.9502
3.0532
3.1099
3.2407
3.2977
3.2867
3.5327
3.7719
2.0349
1.6954
1.7525
1.8391
2.0846
24312
2.5757
2.6946
2.7319
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564.8
590
614.2
644.5
668.9
727.1
786
844.1
891.8
427.2
4429
451.1
477.8
500.3
509.6
511
514.4
515.5
519.2
507
493.3
508.1
533.3
559.7
594.5
618.3
643.4
665.4
684.4
752
808.8
419.8
424.5
435.9
450.1
478.4
505.6
513.6
517.3
512.6

7.2158
7.2724
7.2937
7.3233
7.0683
7.0483
6.6289
6.3891
6.2708
6.9385
3.3506
3.6204
3.6315
3.6645
4.1695
4.9535
5.4974
6.0304
6.2658
7.5358
8.5512
8.9183
9.5418
9.7953
9.8974
9.964
9.7392
9.71
9.8604
9.4258
8.9849
8.0178
4.7628
5.0761
5.3096
5.6233
5.6725
6.632
7.6558
9.4477

92.7842
92.7276
92.7063
92.6767
92.9317
92.9517
93.3711
93.6109
93.7292
93.0615
96.6494
96.3796
96.3685
96.3355
95.8305
95.0465
94.5026
93.9696
93.7342
92.4642
91.4488
91.0817
90.4582
90.2047
90.1026
90.036
90.2608
90.29
90.1396
90.5742
91.0151
91.9822
95.2372
94.9239
94.6904
94.3767
94.3275
93.368
92.3442
90.5523



70/120
70/130
70/140
70/150
70/160
70/170
70/180
70/190
70/200
70/210
70/240
80/39
80/40
80/45
80/50
80/55
80/60
80/70
80/80
80/90
80/100
70/110
80/120
80/130
80/140
80/150
80/160
80/170
80/180
80/210
90/30
90/35
90/40
90/45
90/50
90/55
90/60
90/70
90/80
90/90

0.2913
0.3266
0.3626
0.4026
0.3822
0.4035
0.4204
0.4339
0.4421
0.4486
0.461
0.1897
0.1041
0.1126
0.1246
0.1396
0.1544
0.1886
0.2348
0.3059
0.3055
0.3512
0.4058
0.4687
0.5082
0.5447
0.5789
0.5992
0.6144
0.6438
0.2139
0.1284
0.1407
0.1582
0.1801
0.2026
0.2241
0.2797
0.3121
0.3799

2.8851
2.9354
2.8854
2.8603
2.828
2.9058
2.9754
3.0398
3.0341
3.0464
3.2517
2.0432
1.6492
1.7794
1.8922
1.9895
2.1445
2.4916
2.7056
2.7487
2.8511
3.0472
2.9647
2.8137
2.852
2.8755
2.9316
3.0124
2.9586
3.1028
1.8433
1.7033
1.8559
1.9878
2.0993
2.264
2.5038
2.8767
2.8759
3.0177
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514.1
508.2
495.1
494.8
522.6
551.7
579.3
605.6
635.5
656.9
721.9
406.9
407
426.6
443.7
458.6
476.2
505.7
519.1
517.4
520.5
523.8
509.3
486.9
493.5
524.1
562.8
591.7
614.4
690.8
370.1
405.9
427.8
446.7
463
481.4
502.2
528.2
528.2
530.9

10.0972
11.1257
12.5668
14.074
13.5167
13.8847
14.1286
14.2748
14.571
14.7248
14.178
9.2831
6.3112
6.3268
6.585
7.0186
7.1995
7.5682
8.6796
11.1276
10.7137
11.5263
13.6879
16.6585
17.8206
18.9442
19.7453
19.8897
20.7667
20.7486
11.6014
7.5382
7.5805
7.9579
8.5796
8.9481
8.9504
9.7229
10.852
12.5896

89.9028
88.8743
87.4332
85.926
86.4833
86.1153
85.8714
85.7252
85.429
85.2752
85.822
90.7169
93.6888
93.6732
93.415
92.9814
92.8005
92.4318
91.3204
88.8724
89.2863
88.4737
86.3121
83.3415
82.1794
81.0558
80.2547
80.1103
79.2333
79.2514
88.3986
92.4618
92.4195
92.0421
91.4204
91.0519
91.0496
90.2771
89.148
87.4104



90/100
90/110
90/120
90/130
90/140
90/150
90/160
90/170
90/180
90/240
100/25
100/30
100/35
100/40
100/45
100/50
100/55
100/60
100/70
100/80
100/90
100/100
100/110
100/120
100/150
110/20
110/25
110/30
110/35
110/40
110/45
110/50
110/55
110/60
110/70
110/80
110/90
110/100
110/110
110/120

0.4504
0.539
0.6011
0.6376
0.6892
0.7216
0.7434
0.7627
0.78
0.7574
0.2359
0.1491
0.1641
0.1866
0.2124
0.2426
0.2729
0.3058
0.3513
0.4368
0.533
0.6252
0.7026
0.7806
0.8706
0.2559
0.1677
0.1805
0.2062
0.2377
0.2757
0.3151
0.3115
0.3613
0.4688
0.5873
0.7077
0.8101
0.8614
0.9253

3.1066
3.0135
2.9377
3.0528
3.1336
3.0947
3.0654
3.1907
3.238
3.2606
1.7792
1.6899
1.8695
2.026
2.206
2.3861
2.64
2.9081
2.9326
3.1676
3.2383
3.1366
3.2601
3.3915
3.3525
1.6132
1.5658
1.86
2.049
2.2591
2.4546
2.7215
2.8648
3.001
3.2821
3.3771
3.3594
3.5392
3.535
3.439
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528.1
511.1
4929
504.7
553.4
586.2
614.7
653
677.9
837.3
353.2
397.4
4224
443.9
466.9
486.9
508.9
528.3
532.2
541.6
535.9
510.6
497.6
543
651.9
322.3
376
414.5
439.5
465.4
487.8
511.6
528
536.6
550.9
540.5
519.4
505.6
558.5
597

14.4972
17.8863
20.4628
20.8864
21.9937
23.3186
24.2522
23.9033
24.0879
23.2292
13.2606
8.8225
8.7795
9.2113
9.6273
10.1694
10.3381
10.5139
11.9775
13.7909
16.4579
19.9312
21.553
23.0176
25.9694
15.8656
10.7081
9.7034
10.0632
10.5198
11.2303
11.5797
10.8746
12.0409
14.2827
17.3907
21.0659
22.8887
24.3692
26.9062

85.5028
82.1137
79.5372
79.1136
78.0063
76.6814
75.7478
76.0967
75.9121
76.7708
86.7394
91.1775
91.2205
90.7887
90.3727
89.8306
89.6619
89.4861
88.0225
86.2091
83.5421
80.0688
78.447
76.9824
74.0306
84.1344
89.2919
90.2966
89.9368
89.4802
88.7697
88.4203
89.1254
87.9591
85.7173
82.6093
78.9341
77.1113
75.6308
73.0938



110/180
120/15
120/20
120/25
120/30
120/35
120/40
120/45
120/50
120/55
120/60
120/70
120/80
120/90

120/100

120/110

120/120
130/10
130/15
130/20
130/25
130/30
130/35
130/40
130/45
130/50
130/55
130/60
130/70
130/80
130/90

130/100

130/120

130/180
140/10
140/15
140/20
140/25
140/30
140/35

1.019
0.2738
0.1834
0.1913
0.2214
0.2588
0.3055
0.3557
0.3555
0.4129
0.4815
0.6045
0.7873
0.8634
0.9898
1.0751

1.109
0.2888
0.1976
0.2017
0.2236

0.266
0.3192
0.3085

0.388
0.4543
0.5208

0.602
0.7932
0.9292
1.0917
1.1686
1.3133
1.3398
0.3035
0.2127
0.2219
0.2611
0.3167
0.3157

3.5006
1.3891
1.4136
1.8723
2.0656
2.3223
2.5517
2.8388
3.0676
3.3037
3.4372
3.7741
3.6719
3.8213
3.7528
3.6988
3.7425
1.0936
1.1075
1.6865
2.0639
2.3288
2.6111
2.8677
3.1773
3.5215
3.6787
3.9423
3.9238
4.0313
4.0369
3.905
3.8813
3.6459
1.22
1.3246
1.9371
2.2621
2.6056
2.8547
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806.9
279.5
349.5
408
433.5
463.9
490.1
517.1
540.8
556.1
563.6
568.3
539.4
523.5
564.5
607.3
654.8
216.8
300.2
380
426.1
457.4
488.5
519.9
546.8
569.7
577.3
584
561.9
540.1
564.6
620.8
703.7
915.9
237.7
328.2
405.8
4441
481.3
513.3

29.109
19.7108
12.9747

10.22
10.7187
11.1434

11.972

12.5306
11.59
12.4975
14.0083
16.0171
21.4421
22.5941
26.3756
29.0673
29.6334
26.4082
17.8453
11.9585
10.8322
11.4228
12.2245
10.7579
12.2105
12.8998
14.1576

15.271
20.2147
23.0497
27.0433
29.9271
33.8365
36.7473
24.8776

16.054
11.4555
11.5415
12.1542
11.0576

70.891
80.2892
87.0253

89.78
89.2813
88.8566

88.028

87.4694
88.41
87.5025
85.9917
83.9829
78.5579
77.4059
73.6244
70.9327
70.3666
73.5918
82.1547
88.0415
89.1678
88.5772
87.7755
89.2421
87.7895
87.1002
85.8424

84.729
79.7853
76.9503
72.9567
70.0729
66.1635
63.2527
75.1224

83.946
88.5445
88.4585
87.8458
88.9424



140/40
140/45
140/50
140/55
140/60
140/70
140/80
140/90
150/5
150/10
150/15
150/20
150/25
150/30
150/35
150/40
150/45
150/50
150/55
150/60
150/70
150/80
150/90
150/120
150/180
160/5
160/10
160/15
160/20
160/25
160/30
160/35
160/40
160/45
160/50
160/55
160/60
160/70
160/80
170/5

0.4062
0.4642
0.5613
0.6537
0.7502
0.9528
1.1152
1.2623
0.3042
0.223
0.2273
0.2483
0.3036
0.2999
0.4026
0.4625
0.5756
0.6336
0.7957
0.921
1.1198
1.3123
1.4373
1.6123
1.7763
0.3153
0.2339
0.2412
0.2775
0.2728
0.362
0.4559
0.5641
0.6358
0.8072
0.9249
1.0539
1.3167
1.4833
0.3255

3.1806
3.6321
3.8471
4.2213
4.1107
4.1876
4.2653
4.0787
0.8513
0.8656
1.5261
2.1113
2.4695
2.837
3.1359
3.7443
3.9756
4.279
4.2268
4.3294
4.5523
4.3302
4.2505
3.9874
4.2442
0.9098
1.0032
1.7426
2.2929
2.6766
3.1188
3.5824
4.0624
4.3711
4.4368
4.4261
4.5329
4.5673
4.4257
0.9718
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544.7
575.6
586.5
598.8
583.6
559.5
554.8
616.6
145
2519
352.1
4224
462.3
505.6
537.9
581.5
593
605.1
590.1
581.3
559.5
596.4
656.6
798
1045.7
158.6
273.1
376.3
439.2
485.6
527.9
569.8
597.3
611.8
602.7
589.2
578
574.1
642.3
172.3

12.7727
12.7797
14.5899
15.4855
18.2492
22.752
26.1448
30.9473
35.7348
25.7605
14.8966
11.7592
12.2937
10.5701
12.8385
12.3514
14.4772
14.8074
18.8241
21.2735
24.5994
30.3054
33.8134
40.4349
41.8527
34.6616
23.312
13.8436
12.1007
10.1904
11.6064
12.7249
13.8853
14.5465
18.1927
20.8972
23.2512
28.828
33.5157
33.4886

87.2273
87.2203
85.4101
84.5145
81.7508
77.248
73.8552
69.0527
64.2652
74.2395
85.1034
88.2408
87.7063
89.4299
87.1615
87.6486
85.5228
85.1926
81.1759
78.7265
75.4006
69.6946
66.1866
59.5651
58.1473
65.3384
76.688
86.1564
87.8993
89.8096
88.3936
87.2751
86.1147
85.4535
81.8073
79.1028
76.7488
71.172
66.4843
66.5114



170/10
170/15
170/20
170/25
170/30
170/35
170/40
170/45
170/50
170/55
170/60
170/70
170/80
170/90
170/120
170/180
180/5
180/10
180/15
180/20
180/25
180/30
180/35
180/40
180/45
180/50
180/55
180/60
180/70
190/5
190/10
190/15
190/20
190/25
190/30
190/35
190/40
190/45
190/50
190/55

0.2441
0.2552
0.2375
0.3224
0.3927
0.483
0.6183
0.7961
0.9286
1.0792
1.2148
1.4826
1.6741
1.7492
1.9219
2.1483
0.3344
0.2539
0.2716
0.2706
0.3489
0.4286
0.574
0.6807
0.9003
1.0569
1.2345
1.3965
1.6394
0.3419
0.2618
0.2916
0.3087
0.3437
0.4963
0.623
0.8434
1.0143
1.2219
1.3822

1.1515
1.9727
24178
2.9337
3.495
3.9155
4.29
4.5366
4.4662
4.685
4.7641
4.5236
4.369
4.3
4.2366
5.0406
1.0386
1.279
21722
2.6144
3.1674
3.7516
4.1689
4.6613
4.5811
4.7147
4.8466
4.7336
4.6245
1.1098
1.4532
2.3339
2.8504
3.3665
4.0086
4.4275
4.5793
4.7336
4.9125
4.8076

165

294.3
400.4
456.3
506.9
559.1
591.5
608.1
611.5
594.1
587.6
571.3
615.9
671.8
738.1
893.1
1179.9
186.3
311.2
420.1
473.3
529.7
580.9
602.9
624.2
604.8
595.1
578.7
570.7
650.1
200.8
333.5
435.4
493.4
550.5
594.9
614.3
611.9
602.1
588.3
562.9

21.1982
12.9342
9.8209
10.9885
11.2348
12.3357
14.4134
17.5482
20.7923
23.0353
25.4982
32.7744
38.319
40.678
45.3649
42.6204
32.1995
19.8484
12.5027
10.3523
11.0167
11.4258
13.768
14.6032
19.6521
22.4162
25.4716
29.5014
35.449
30.8099
18.0182
12.4952
10.829
10.2081
12.3799
14.0704
18.4185
21.4283
24.8734
28.7494

78.8018
87.0658
90.1791
89.0115
88.7652
87.6643
85.5866
82.4518
79.2077
76.9647
74.5018
67.2256
61.681
59.322
54.6351
57.3796
67.8005
80.1516
87.4973
89.6477
88.9833
88.5742
86.232
85.3968
80.3479
77.5838
74.5284
70.4986
64.551
69.1901
81.9818
87.5048
89.171
89.7919
87.6201
85.9296
81.5815
78.5717
75.1266
71.2506



190/60
190/90
190/120
200/5
200/10
200/15
200/20
200/25
200/30
200/35
200/40
200/45
200/50
210/5
210/10
210/15
210/20
210/25
210/30
210/35
210/40
210/45
210/50
220/5
220/10
220/15
220/20
220/25
220/30
220/35
220/40
250/5
250/10
250/15
250/20
250/25
250/30
250/35
300/5
300/10

1.5516
2.0415
2.3151
0.2547
0.2707
0.2398
0.3211
0.3803
0.5362
0.6941
0.9434
1.159
1.361
0.2606
0.2776
0.2633
0.3079
0.4238
0.5815
0.8364
1.0499
1.2978
1.5174
0.2655
0.2857
0.2961
0.3411
0.4942
0.662
0.929
1.1848
0.2778
0.2438
0.2943
0.4244
0.6409
0.9642
1.2654
0.2941
0.2602

4.7288
4.3881
4.718
0.696
1.5994
2.4366
3.0233
3.7487
4.1487
4.7191
4.6304
4.9238
4.8817
0.773
1.7973
2.5603
3.1544
3.8773
4.4163
4.5506
4.6976
4.9387
4.8808
0.8565
1.9657
2.7184
3.3331
3.9834
4.6317
4.5295
4.8132
1.1157
2.3618
3.0976
3.8773
4.6174
4.6177
4.8947
1.7113
2.8664
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611.4
818.4
994.8
208.9
350.9
451
513.1
576.7
601.8
624.9
604.6
598.8
571.4
223.5
373.4
461.8
530.1
587.5
613.5
608.3
595.9
583.8
578.7
238.6
391.6
475.8
545.6
591.8
619.3
597.4
588.2
280.4
437.8
522.7
585.4
616.6
594.4
578.3
358.8
495.9

32.8127
46.5244
49.0697
36.5874
16.9239
9.8408
10.6201
10.1439
12.9255
14.7074
20.374
23.5391
27.8792
33.7161
15.4466
10.2842
9.7602
10.9302
13.1675
18.3801
22.3506
26.2784
31.0889
30.9968
14.5324
10.8916
10.2351
12.4073
14.2931
20.511
24.6166
24.8948
10.3226
9.5007
10.9455
13.8811
20.8796
25.8525
17.1841
9.0782

67.1873
53.4756
50.9303
63.4126
83.0761
90.1592
89.3799
89.8561
87.0745
85.2926
79.626
76.4609
72.1208
66.2839
84.5534
89.7158
90.2398
89.0698
86.8325
81.6199
77.6494
73.7216
68.9111
69.0032
85.4676
89.1084
89.7649
87.5927
85.7069
79.489
75.3834
75.1052
89.6774
90.4993
89.0545
86.1189
79.1204
74.1475
82.8159
90.9218



300/15 0.3968 3.7983 580.2 10.4477 89.5523
300/20 0.7182 4.464 604.4 16.0881 83.9119
300/25 1.0979 4.7415 579.6 23.1546 76.8454
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Appendix F

In this appendix, we enumerate the tissue dynamics for all the models

formulated. The prefix BQE, common to all models, is omitted for convenience.

Model(s) A b Q)
22A, k, 0 0 0 k,, 0]
22AT4, 22AX 0k k0 0 0
’ 0 —ky kythky 0 ks 0
22AXT4, 22F 0 0 0 Ky Ky | 0]
k, 0 0 0 k,, 0]
0 k —k 0 0 0
22B 232 322

0 _k233 k33 + k323 0 k33 0
0 O 0 k44 k44 _0_
k, 0 0 ki, 0]

22D 0 £y, k ky,
0 0 ki, kyy | 0]
22E, k, 0 0 0 k,, 0]
20ET4, 22ETA 0 kb 00 b 0
’ 0 —ky ky O 0 0
20ETB, 22ETC 0 0 0 &k, ki | 0]
DDE22G, k, 0 0 ki, 0
0 k, O k,, 7,
DDE22GT3 0 0 kg kyy | 0
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DDE22H

kll

0 0
k, 0
0 ki

169



Appendix G

In this appendix, we specify all the risk parameters for all the models
examined in chapter 4. As in the previous appendix, the prefix BQE, common to

all models, is omitted for convenience.

Model(s) P 0 v
0
E22A, 22B ;
7 7 _ 0
P-9 . {1,2,4)
22E Pamb
0
0
E22AT4 .
: _ 0
P-9 . (1,2,4)
E22F oo
0,
0
P-0 0
22AX {1,3,4}
Pz’imb 0
0
e
22 AXTA. -
_ 0
P-% . (1,3,4)
22ET4 L
_94 _
o
pP- 0
22ETA 0 {1,3,4}
Pamb 04
_94 _
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e
P 0
22ETB —-0 {1,3,4}
f;mb 0
_04 J
X
P 0
22ETC —-0 {1,3,4}
amb 94
_64 _
22D .
7 P _
0 1,2,3)
DDE22G, DDE22H Fomy
5 0
DDE22GT3 > 0 0 {1,2,3}
amb 0
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