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Abstract

The solution to the Navier Stokes equations on the 2D torus with stochastic forcing

that is white noise in time, coloured in space has a Fourier series representation whose

coordinates satisfy a countable system of Stochastic Differential Equations. Inspired

by the structure of these equations, we construct a finite system of stochastic differ-

ential equations with a similar structure and explore the conditions under which the

system has an invariant distribution.

Our main tool to prove existence of invariant distributions are Lyapunov func-

tions, or more generally Lyapunov pairs. In particular, we construct the Lyapunov

pairs piecewise over different regions and then use mollifiers to unify these disparate

characterisations. We also apply some results from Algebraic Geometry and Matrix

Perturbation Theory to study and exploit the geometry of the problem in high di-

mensions.

The combination of these methods allowed us to prove that a large class of the

equations we constructed have invariant distributions. Furthermore we have explicit

tail estimates for these invariant distributions.
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1

Introduction

Consider the 2D Navier-Stokes equation

ut ` pu ¨∇qu`∇p´ ν∆u “ f,

div u “ 0,
(1.1)

where p is pressure and ν is viscosity. If w “ curl u we can recover u from w by

the divergence condition. On T2 “ r´π, πs2 with f “ 0 w has the Fourier series

representation

wpt, xq “
ÿ

kPZ2

akptqe
ik¨x

with reality condition a´k “ ak. We can then reduce the PDE to the system of ODEs

dak
dt

“ ´ν|k|2ak ´
ÿ

pj,lq:j`l“k

xjK, ly

ˆ

1

|j|2
´

1

|l|2

˙

ajal (1.2)
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where jK corresponds to a 90˝ anti-clockwise rotation in Z2. Let

ckjl “ ´xj
K, ly

ˆ

1

|j|2
´

1

|l|2

˙

.

Then

d

dt
‖ up¨, tq ‖2

L2“
ÿ

kPZ2

d

dt
|ak|

2

“
ÿ

kPZ2

d

dt
aka´k

“´
ÿ

kPZ2

`

akν| ´ k|
2a´k ` ν|k|

2aka´k
˘

`
ÿ

kPZ2

˜

ÿ

j`l“k

ckjlajala´k `
ÿ

j`l“´k

c´kjl ajalak

¸

:“´
ÿ

kPZ2

2ν|k|2|ak|
2
`

ÿ

j,k,lPZ3

djklajakal

for some constants djkl where to avoid ambiguity we sum over unordered triples

pj, k, lq. See first that djkl “ 0 if j ` k ` l ‰ 0. If this is the case, then

djkl “ c´kjl ` c
´l
jk ` c

´j
kl

“ ´xjK, ly

ˆ

1

|j|2
´

1

|l|2

˙

´ xjK, ky

ˆ

1

|j|2
´

1

|k|2

˙

´ xkK, ly

ˆ

1

|k|2
´

1

|l|2

˙

“
xjK, jy

|j|2
´
xkK, ky

|k|2
´
xlK, ly

|l|2

“ 0.

(1.3)

Therefore

d

dt
‖ up¨, tq ‖L2“ ´

ÿ

k

2ν|k|2|akptq|
2
ď ´2ν ‖ up¨, tq ‖L2

2



and so

‖ up¨, tq ‖L2ď e´2νt ‖ up¨, 0q ‖L2 .

If, instead of full viscosity, we replace ∆ in (1.1) with the operator D given by

Dakptq “ ´|k|
2akptq1kPK

for some symmetric K Ă Z2, and let f be white noise in time, coloured in space, i.e.

dfpt, xq “
ÿ

kPZ2

σke
ik¨xdWkptq

for complex Brownian motions Wk satisfying W k “ W´k, σk “ σ´k, then control

of the energy of the system is no longer a trivial question. We need to study how

the effects of dissipation transfer through the coordinates to keep the system from

blowing up. Motivated by this question we consider a finite-dimensional analogue to

this system.

For simplicity we will consider the case of a real, rather than complex, finite-

dimensional analogue of (1.2). Let Xptq be the solution to the SDE

dXi “

˜

ÿ

jďk

cijkXjXk ´ biXi

¸

dt` σidWiptq (1.4)

where the constants cijk satisfy

cijk ` c
j
ik ` c

k
ij “ 0. (1.5)

This is the real analogue to the condition discovered in (1.3). To reproduce the op-

erator D we can define bi “ 0 for i ď M and bi ą 0 for i ą M . Let b, σ be the

3



vector representations of these constants. In Section 3 we will prove, under certain

assumptions on tcijkui,j,k, b and σ, that (1.4) has an invariant distribution.

We will sometimes consider the solution Y ptq of the system

dYi
dt
“

ÿ

jďk

cijkYjYk (1.6)

which we will refer to as the conserved system as with no dissipation or forcing we

have d
dt
|Y ptq| “ 0 for all t. The condition p1.5q indicates that the conserved system

can be described as a collection of triples connecting certain triples of coefficients

of Y . This motivates some parts of our study. In particular, in Section 2 we will

consider the case of Y ptq P R3 with only one triple of constants non-zero. In Section 4

we consider a finite list of triples, each of which in turn solely describes the conserved

system for a random amount of time. The main results of each endeavour are given

at the beginning of their relevant section.

4



2

A Three Dimensional System

2.1 Summary of Main Results

Here we consider the dynamics induced by a single triple on Xptq P R3. Consider the

system

dX1 “ c1X2X3dt` σ1dW1,

dX2 “ pc2X1X3 ´ b2X2q dt` σ2dW2,

dX3 “ pc3X1X2 ´ b3X3q dt` σ3dW3,

(2.1)

where c1` c2` c3 “ 0, b2, b3 ą 0 and the Wi are real independent Brownian motions.

Let L be the generator of the system and let H “ c1x2x3B1 ` c2x1x3B2 ` c3x1x2B3 be

the operator for the conserved component. We will make the following assumption.

Assumption 2.1. In the system given by (2.1), c2c3 ą 0 and σ2
2 ` σ

2
3 ą 0.

The main result of this section is the following. Here, as in other chapters, we use

5



l.o.t. to refer to terms that are lower order as |x| Ñ 8.

Theorem 2.2. Given Assumption 2.1, the system given by (2.1) has an invariant

distribution µ that satisfies
ż

R3

ea|x|µpdxq ă 8

for

a ă
mintb2, b3u p|c2|σ

2
2 ` |c3|σ

2
3q

|σ|2 p|c2|b2
2 ` |c3|b2

3q

c2c3

2
?
c2c3 ` 64|c2 ` c3|

. (2.2)

Furthermore there exists some non-negative function V pxq “ ea|x| ` l.o.t. such that if

w “ 1` βV for some β ą 0 and we define the metric

dw pν1, ν2q “ sup
|ϕpxq|ďwpxq

ˆ
ż

RN
ϕpzq pν1pdzq ´ ν2pdzqq

˙

on the space of probability measures on RN , then there exist constants C, η ą 0 such

that

dw pν1Pt, ν2Ptq ď Ce´νtdw pν1, ν2q

where Pt is the Markov semigroup associated with Xt.

We will prove Theorem 2.2 by constructing a Lyapunov function on R3 [9]. Defi-

nitions and results related to Lyapunov functions are given in Appendix A.

2.2 Construction of the Lyapunov Function

In the case of dissipation in all three coordinates, it can be shown (see Example 5.1)

that the process has an invariant distribution with Gaussian tails. Naively we could

6



take a similar approach here and choose a Lyapunov function that is an increasing

function of |x|. To this effect let V1 “ ea|x|. Then

LV1 ď ´a
b2x

2
2 ` b3x

2
3

|x|
ea|x| ` a2 |σ|

2

2
ea|x| ` l.o.t.

One can see that for b2x
2
2`b3x

2
3 ă a |σ|

2|x|
2

LV1 ą 0, and so we need a different function

near the x1-axis. This is the nature of our approach in this section; we will construct

different functions, namely V2 and V3 in two different regions of R3 near the x1-axis

where different dynamics are dominant, use twice continuously differentiable mono-

tone functions with range r0, 1s (instead of mollifiers, for reasons that will become

clear later), henceforth referred to as pseudo-mollifiers, to make V2 and V3 vanish

outside of the regions where they cease to be useful, then find constants C, D such

that

L pV1 ` CV2 `DV3q ď ´εe
a|x|
` l.o.t. (2.3)

globally for some ε ą 0.

These functions V2, V3 will take the form of scaled approximate expectations of

exit times from the given regions, as under nice conditions if τ is the exit time of a

process from a region D with infinitesimal generator L and upxq “ Exτ , the expec-

tation of τ starting at position x, then Lu “ ´1 in D. To motivate these functions

and regions further we must study the behaviour of the system near the x1-axis.

Assume without loss of generality that c2, c3 ą 0. If Xptq is on or sufficiently close

to the x1-axis then the noise terms are the dominant dynamics. We will consider

7



this region later. Once Xptq has left this region, the dominant dynamics are the

conserved dynamics, p0, c2X1X3, c3X1X2qdt. One can show under these dynamics

that X2 ˘

b

c2
c3
X3 grows exponentially with exponent ˘X1

?
c2c3.

Remark 2.3. This should motivate the stipulation that c2c3 ą 0 in Assumption 2.1,

as if c2c3 ă 0 we have elliptic rather than hyperbolic motion in pX2, X3q. The second

condition, that σ2
2 ` σ

2
3 ą 0, simply guarantees that Xptq can move off the x1-axis.

Therefore if we let v be parallel to
`

0,
?
c3, sgnpx1q

?
c2

˘

and of norm 1 then

H|v ¨ x| “ |x1|
?
c2c3|v ¨ x|.

Therefore although it is hard to exactly see the growth of X2, X3, a linear combination

of them grows exponentially fast. So if we consider the deterministic exit time τ2 from

the region tx : |v ¨ x| ď Eu under the conserved dynamics we have

τ2 “
1

|x1|
?
c2c3

ln

ˆ

E

|v ¨ x|

˙

. (2.4)

With this expression in mind consider the function

V2 “
1

|x|
ea|x| ln

˜

B|x|
1
2

a

ln |x|

|v ¨ x|

¸

f

˜

|v ¨ x|

A|x|´
1
2

a

ln |x|

¸

g

˜

a

x2
2 ` x

2
3

B|x|
1
2

a

ln |x|

¸

:“W2g

˜

a

x2
2 ` x

2
3

B|x|
1
2

a

ln |x|

¸

where f, g are pseudo-mollifiers satisfying f pzq “ 0, gpzq “ 1 for z ď 1
2
, fpzq “ 1,

gpzq “ 0 for z ě 1 and A, B are constants to be chosen later. As we want our

Lyapunov function to be large, we scaled the expression in (2.4) by ea|x| and for

8



simplicity replaced |x1|
?
c2c3 with |x|, as when we are near the x1-axis |x1| „ |x|.

As may be expected we cannot rely on this function when |v ¨ x| is too small so we

introduce f so that V2 then vanishes. The function g serves a similar purpose. When

f “ 0 we should expect the noise terms to grow |v ¨Xptq|, and the expectation of the

exit time τ3 from the region tx : |v ¨ x| ď Eu under only the noise dynamics is given

by

Exτ3 “
E ´ |v ¨ x|2

v2
2σ

2
2 ` v

2
3σ

2
3

.

To this effect let

V3 “e
a|x|

`

4A2
|x|´1 ln |x| ´ |v ¨ x|2

˘

h

˜

|v ¨ x|

A|x|´
1
2

a

ln |x|

¸

g

˜

a

x2
2 ` x

2
3

B|x|
1
2

a

ln |x|

¸

:“W3g

˜

a

x2
2 ` x

2
3

B|x|
1
2

a

ln |x|

¸

where h is a pseudo-mollifier satisfying h pzq “ 1 for z ď 1, hpzq “ 0 for z ě 2.

The idea is thus. For all x P R3, |x| sufficiently large we want (2.3) to hold.

We do this by having LVi ď ´εie
a|x| for i “ 1, 2, 3 and some εi in their respective

regions. When either V2, V3 ceases to be useful they will vanish, but in the regions

where their pseudo-mollifiers are non-constant they may give a positive contribution

to the expression in (2.3). In this case the negative contribution from one of the other

functions must dominate this positive contribution. This is why the functions f and

h are non-constant on non-overlapping intervals, and why we added an ea|x| term to

our construction of V2, V3.

9



2.3 Calculations

For now we will assume g ą 0 and study L pCW2 `DW3q, as

L pCV2 `DV3q “ rL pCW2 `DW3qs g ` pCW2 `DW3qLg

`

3
ÿ

i“1

σ2
i

„

d

dxi
pCW2 `DW3q

 „

d

dxi
g



.

Consider W2. When f ą 0,

LW2 ďe
a|x|

«

´
?
c2c3f `

|v2|b2|x2| ` |v3|b3|x3|

|x||v ¨ x|
f `

v2
2σ

2
2 ` v

2
3σ

2
3

2|x||v ¨ x|2
f

` ln

˜

B|x|
1
2

a

ln |x|

|v ¨ x|

¸

|f 1|

˜

?
c2c3 `

|v2|b2|x2| ` |v3|b3|x3|

A|x|
1
2

a

ln |x|

¸

`
v2

2σ
2
2 ` v

2
3σ

2
3

|x||v ¨ x|
|f 1|

1

A|x|´
1
2

a

ln |x|

`
v2

2σ
2
2 ` v

2
3σ

2
3

2|x|
ln

˜

B|x|
1
2

a

ln |x|

|v ¨ x|

¸

|f2|
|x|

A2 ln |x|

ff

` l.o.t.

ďea|x|

«˜

´
?
c2c3 `

2B
a

v2
2b

2
2 ` v

2
3b

2
3

A

¸

f

`

˜

?
c2c3 `

B
a

v2
2b

2
2 ` v

2
3b

2
3

A

¸

ln |x||f 1|

ff

` l.o.t.

10



Now consider W3. When h ą 0,

LW3 ďe
a|x|

«

´
?
c3c3|x||v ¨ x|

2h` 2 p|v2|b2|x2| ` |v3|b3|x3|q |v ¨ x|h´
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

h

`
`

4A2
|x|´1 ln |x| ´ |v ¨ x|2

˘

|h1|

˜

´
?
c2c3|x| `

|v2|b2|x2| ` |v3|b3|x3|

A|x|´
1
2

a

ln |x|

¸

`
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

ˆ

3

2
|h2| ` 2|h1|

˙

ff

` l.o.t.

ďea|x|

«

ˆ

´
?
c2c3|x||v ¨ x|

2
` 2

b

v2
2b

2
2 ` v

2
2b

2
3

b

x2
2 ` x

2
3|v ¨ x| ´

`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

˙

h

`
`

4A2
|x|´1 ln |x| ´ |v ¨ x|2

˘

|h1|

˜

´
?
c2c3 `

B
a

v2
2b

2
2 ` v

2
3b

2
3

A

¸

`
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

ˆ

3

2
|h2| ` 2|h1|

˙

ff

.

The terms that result from applying H and the dissipative terms to h follow from the

fact that h1pzq ď 0 for all z. Choose

B ă
A
?
c2c3

4
a

v2
2b

2
2 ` v

2
3b

2
3

(2.5)

so that this term is negative. Then consider the sum of the first and second terms.

Treating them as a quadratic ´pz2 ` qz in z “ |v ¨ x|, we know this quadratic has

11



maximum q2

4p
, so that

LW3 ďe
a|x|

«

ˆ

pv2
2b

2
2 ` v

2
3b

2
3q px

2
2 ` x

2
3q

|x|
?
c2c3

´
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

˙

h

`
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

ˆ

3

2
|h2| ` 2|h1|

˙

ff

.

Note also that this supremum occurs when

|v ¨ x| “

a

v2
2b

2
2 ` v

2
3b

2
3

a

x2
2 ` x

2
3

|x|
?
c2c3

ď

a

v2
2b

2
2 ` v

2
3b

2
3

?
c2c3

B
a

ln |x|

|x|
1
2

ď
A

4

a

ln |x|

|x|
1
2

so that the quadratic is decreasing when |v ¨ x| ě
A
?

ln |x|

2|x|
1
2

.

Now assume f is not constant. Then we know that |v ¨ x| ě A
2
|x|´

1
2

a

ln |x| and

h “ 1 is constant so that

LW3 ď ln |x|ea|x|
ˆ

´

?
c2c3A

2

4
` AB

b

v2
2b

2
2 ` v

2
3b

2
3

˙

` l.o.t.

Now assume h is not constant. Then we know that |v ¨ x| ě A|x|´
1
2

a

ln |x|, so that

LW3 ďe
a|x|

„

ln |x|

ˆ

´
?
c2c3A

2
` 2AB

b

v2
2b

2
2 ` v

2
3b

2
3

˙

h

`
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

ˆ

3

2
|h2| ` 2|h1|

˙

.

12



As h has bounded derivatives, for large |x| the above expression is negative until h is

close to 0. As h need only be twice continuously differentiable, we can assume that

hpzq “ p2´ zq3 near z “ 2. Then, ignoring the ea|x| term for now, applying (2.5) and

multiplying the h1 term by A
a

ln |x|, close to h “ 0 we have

ln |x|

ˆ

´
?
c2c3A

2
` 2AB

b

v2
2b

2
2 ` v

2
3b

2
3

˙

h`
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

ˆ

3

2
|h2| ` 2|h1|

˙

ď´ A2

?
c2c3

2
ln |x|p2´ zq3 `

`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

´

9p2´ zq `
a

A ln |x|6p2´ zq2
¯

ď
1

A
a

ln |x|

„?
c2c3

2

´

A
a

ln |x|p2´ zq
¯3

` 6
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

´

A
a

ln |x|p2´ zq
¯2

`9
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

´

A
a

ln |x|p2´ zq
¯ı

.

The resulting cubic has a supremum independent of A, |x| occurring at z “ 2´ z0

A
?

ln |x|

for some z0 ą 0, and so

LW3 “ O

˜

ea|x|
a

ln |x|

¸

.

Now consider

CW2 `DW3.

We will deal with the following four situations, where ˚ denotes that the pseudo-

mollifier is non-constant.

pf, hq “p1, 0q,

p0, 1q,

p˚, 1q,

p1, ˚q.

13



In each of the these situations, applying (2.5) and ignoring lower order terms we have

L pCV2 `DV3q ď ea|x|
„

´C

?
c2c3

2



L pCV2 `DV3q ď ea|x|
”

´D
`

v2
2σ

2
2 ` v

2
3σ

2
3

˘

ı

` ea|x|D
pv2

2b
2
2 ` v

2
3b

2
3q px

2
2 ` x

2
3q

|x|
?
c2c3

,

L pCV2 `DV3q ď ln |x|ea|x|
„

C
5
?
c2c3

4
sup
z
|f 1pzq|

`D

ˆ

´

?
c2c3A

2

4
` AB

b

v2
2b

2
2 ` v

2
3b

2
3

˙

L pCV2 `DV3q ď ea|x|
”

´ C
?
c2c3

ı

.

Our approach is as follows. Fix some small ε ą 0, and let

C “
a2|σ|2p1` εq
?
c2c3

,

D “
a2|σ|2p1` εq

2 pv2
2σ

2
2 ` v

2
3σ

2
3q
.

Furthermore, we can choose f such that

sup
z
|f 1pzq| ď 2` ε.

Then, given B, choose A large enough so that

C
5

4
p2` εq `D

ˆ

´

?
c2c3A

2

4
` AB

b

v2
2b

2
2 ` v

2
3b

2
3

˙

ď ´1. (2.6)

Then we have

LpCV2 `DV3q ďe
a|x|

„

´a2
|σ|2

ˆ

1

2
`
ε

2

˙

`
a2|σ|2p1` εq

2 pv2
2σ

2
2 ` v

2
3σ

2
3q

pv2
2b

2
2 ` v

2
3b

2
3q px

2
2 ` x

2
3q

|x|
?
c2c3



14



in all cases. Now consider

V “ V1 ` CV2 `DV3.

When g “ 1 is constant

LV ďea|x|
„

´
a2|σ|2

2
ε`

a2|σ|2p1` εq

2 pv2
2σ

2
2 ` v

2
3σ

2
3q

pv2
2b

2
2 ` v

2
3b

2
3q px

2
2 ` x

2
3q

|x|
?
c2c3

´amintb2, b3u
x2

2 ` x
2
3

|x|



.

Choose a so that

a ă
2 mintb2, b3u

?
c2c3 pv

2
2σ

2
2 ` v

2
3σ

2
3q

p1` εq|σ|2 pv2
2b

2
2 ` v

2
3b

2
3q

(2.7)

and so

LV ď ´ea|x|
a2|σ|2

2
ε.

When g “ 0,

LV ď ´ ln |x|ea|x|amintb2, b3uB
2
` l.o.t.

Similar to before, we can choose g so that

sup
z
|g1pzq| ď 2` ε.

15



Then when g is non-constant,

LV “LV1 ` gL pCW2 `DW3q ` |Hg| pCW1 `DW2q ` l.o.t.

ďea|x|

«

a2|σ|2

2
p1´ 2gq `

x2
2 ` x

2
3

|x|

ˆ

´amintb2, b3u ` ga
2 p1` εq|σ|

2 pv2
2b

2
2 ` v

2
3b

2
3q

2 pv2
2σ

2
2 ` v

2
3σ

2
3q
?
c2c3

˙

`
pc2 ` c3q |x1x2x3|

B|x|
1
2

a

ln |x|
|g1|

ˆ

2a2|σ|2
?
c2c3

ln |x| ` A2 a2|σ|2

v2
2σ

2 ` v2
3|σ|

2
ln |x|

˙

ff

ď ln |x|ea|x|

«

B2

4

ˆ

´amintb2, b3u ` a
2 p1` εq|σ|

2 pv2
2b

2
2 ` v

2
3b

2
3q

2 pv2
2σ

2
2 ` v

2
3σ

2
3q
?
c2c3

˙

`
c2 ` c3

2
p2` εq

ˆ

2a2|σ|2
?
c2c3

` A2 a2|σ|2

v2
2σ

2 ` v2
3|σ|

2

˙

ff

“´ δ ln |x|ea|x|

for some δ ą 0 if we choose

a ă
B2 mintb2,b3u

4

B2p1`εq|σ|2pv22b
2
2`v

2
3b

2
3q

2pv22σ
2
2`v

2
3σ

2
3q
?
c2c3

` c2`c3
2
p2` εq

´

2|σ|2
?
c2c3

` A2 |σ|2

v22σ
2
2`v

2
3 |σ|

2

¯

. (2.8)

This completes our construction of a Lyapunov function and, together with Proposi-

tion A.2 completes our proof of the existence of an invariant measure µ satisfying

ż

R3

ea|x|µpdxq ă 8

for any a ą 0 satisfying p2.7q, p2.8q. We will now prove the bound (2.2).

See that the bound in (2.8) is an increasing function of both B and A. Furthermore

16



if we satisfy (2.5) by letting

B “ F
A
?
c2c3

4
a

c2b2
2 ` c3b2

3

for some F ă 1, then let ε Ó 0, AÑ 8 and then let F Ò 1, (2.8) becomes

a ă

mintb2,b3uc2c3

64pv22b
2
2`v

2
3b

2
3q

?
c2c3|σ|2

32pv22σ
2
2`v

2
3σ

2
3q
` pc2 ` c3q

|σ|2

v22σ
2
2`v

2
3σ

2
3

“
mintb2, b3u pv

2
2σ

2
2 ` v

2
3σ

2
3q

|σ|2 pv2
2b

2
2 ` v

2
3b

2
3q

c2c3

2
?
c2c3 ` 64pc2 ` c3q

“
mintb2, b3u pc3σ

2
2 ` c2σ

2
3q

|σ|2 pc3b2
2 ` c2b2

3q

c2c3

2
?
c2c3 ` 64pc2 ` c3q

.

Replacing c2 ` c3 with its lower bound of 2
?
c2c3 shows that (2.8) is always a more

restrictive bound than (2.7), completing the proof of Theorem 2.2.
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3

The General Finite Dimensional System

3.1 Summary of Main Results

Here we will tackle the general N dimensional problem introduced in Section 1. For

notational convenience, we will replace (1.4), (1.5) and (1.6) with the following. Let

Y ptq be a solution of the ODE

dYi
dt
“ Y TCiY 1 ď i ď N,

where the Ci are N ˆN symmetric matrices whose entries pCiqjk :“ cijk satisfy

cijk ` c
j
ik ` c

k
ij “ 0,

and let Hpyq “
řN
i“1 y

TCiyBi be the generator for Y . Let Xptq be a solution of the

SDE

dXi “ pX
TCiX ´ biXiqdt` σidWi 1 ď i ď N

18



where the Wi are independent Brownian motions in R, σi P R and there exists an

M ă N such that bi ą 0 ô i ą M . Let Lpxq “ Hpxq ´
řN
i“M`1 bixiBi `

1
2

řN
i“1 σ

2
i B

2
i

be the generator for Xptq.

We will place the following assumptions on the cijk, whose usefulness will be mo-

tivated in later sections, but first we have the following definition.

Definition 3.1. Define

N “ ty P RN : Y p0q “ y ñ Yiptq “ 0 for all t P R, i ąMu.

Assumption 3.2.

N “

"

y P RM
ˆ t0uN´M :

dYi
dt

ˇ

ˇ

ˇ

ˇ

t“0

“ 0 for all i ď N

*

.

Assumption 3.3. There exist values λmin, Pσ2
min ą 0 such that for all x P N zt0u

the matrix
`

xTCi
˘

iďN
is diagonalisable and has an eigenvalue λ pxq and projection

matrix P pxq onto the left-eigenspace such that

(a) Repλ pxqq ě λmin|x|,

(b)
řN
i“1 |P pxq ei|

2σ2
i ě Pσ2

min.

Assumption 3.4. For any x P N , with Ax “ pxTCiqiąM , Bx “ pxTCiqiďN , there

exists an n˚ ě 1 such that

tz : max
iąM

|zi| “ 0u
č

n˚´1
č

n“0

KerpAxB
n
x q

is equal to the tangent space of N at x.

19



Theorem 3.5. Under Assumptions 3.2, 3.3 & 3.4, there exists an invariant distri-

bution µ for the system Xptq such that

ż

RN
exp

˜

a
|x|

1
2

pln |x|q2
n˚`dimpN q`1

¸

µpdxq ă 8

for sufficiently small a ą 0.

Remark 3.6. This result is significantly weaker than that of Section 2. The main

reason for this will be given after Lemma 3.12.

3.2 Overview of the Construction of the Lyapunov Function

Although in principle our construction of the Lyapunov function is similar to that in

Section 2, there are important differences. First, in Section 2.1 we constructed two

functions in different regions near the x1-axis. One could say that we did this because

there was no dissipation on the x1-axis, but as we will see in the general case the more

correct analysis is that there was no movement on the x1-axis, i.e., if the conserved

system Y was given an initial condition on the x1-axis, it would stay on the x1-axis

for all time. In Section 3.3 we characterise the correct generalisation of this region

which we refer to as N , given in Definition 3.1.

One may have noticed that in Section 2.1 the pair v “ p0,
a

|c3|, sgnpx1q
a

|c2|q,

|x1|
?
c2c3 was an eigenpair of the linearisation of the conserved system on the x1-

axis. Here we follow this approach; given a point x near N , we linearise the con-

served system at an appropriate point on N near x, and find an eigenvalue λ pxq with

Repλ pxqq ą 0. If the linearised dynamics are dominant the projection of Xptq onto the
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eigenspace of λ pxq will then grow exponentially fast. In Section 3.3 we will formalise

this concept of an eigenpair and in Section 3.4 we will study their properties. Then

in Section 3.5 we will then use these eigenpairs to construct functions similar to those

in Section 2 near different sections of N . In Section 3.6 we then use pseudo-mollifiers

and the functions constructed in Section 3.5 to create a single function defined nearN .

Once we have left a certain sized neighbourhood of N we will find that the func-

tions we constructed in Section 3.5, and by extension the function we defined in

Section 3.6 are no longer useful. However, unlike in Section 2.1, once we have left N

we have no guarantee of sizeable dissipation, only of sizeable movement. In particular,

we have that one moment of motion (velocity, acceleration or some higher moment)

of one Xi, i ą M , is large. In Section 3.7 we exploit the fact that if one moment of

motion is large, the next lowest moment should soon be large, and so on to create a

series of functions to cover all regions where a single moment of motion of each Xi,

i ąM is large, but Xi is not. Much like in previous sections, these functions will be

based on appropriate approximate exit times from certain regions.

3.3 Fixed Points of the Conserved System

Consider the following subset of RN , which will be our main object of study in this

section.

Definition 3.1. Define

N “ ty P RN : Y p0q “ y ñ Yiptq “ 0 for all t P R, i ąMu.

The following result gives a more useful characterisation of N .
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Lemma 3.7.

N “ ty P RN : Hnyi “ 0 for all n ě 0, i ąMu.

Proof. By definition of the generator of an SDE or ODE, if |Y ptq| “ |Y p0q| “ R,
ˇ

ˇ

ˇ

ˇ

dn

dtn
Yiptq

ˇ

ˇ

ˇ

ˇ

“ |Hn
pY ptqqYiptq|

ď |R|n`1

ˆ

max
i,j,k

|cijk|

˙n n
ź

k“1

`

kN2
˘

ď n!|R|n`1

ˆ

N2 max
i,j,k

|cijk|

˙n

,

where in the case of n “ 0 the product term is equal to 1. This is proved by induction.

As yTCiy “
ř

j,k c
i
jkyjyk, for any n ě 0 Hnyi consists of polynomials of order n ` 1

with coefficients which are the product of n cijk terms. When H is applied to these

terms the product rule separates each term into up to n` 1 polynomials (if we apply

the product rule and not the chain rule to xki , k ą 1) of order n which are then

multiplied by the sum of up to N2 quadratics with coefficients cijk, giving us up to

pn ` 1qN2 times as many terms as before with coefficients which are the product of

n`1 cijk terms. By induction we get the required inequality. Therefore Yiptq : RÑ R

is a real-analytic function for any initial condition Y p0q, and so

ty : Y p0q “ y ñ Yiptq “ Yip0q for all t P R, i ąMu

“

"

y :
dn

dtn

ˇ

ˇ

ˇ

ˇ

t“0

Yiptq “ 0 for all n ě 0, i ąM

*

“ty : Hnyi “ 0 for all n ě 0, i ąMu .
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See that, given an initial condition on N , it is not necessarily true that Yiptq is

constant for i ď M ; the only guarantee is that Y ptq will not leave N . As having

such degenerate movement will prove to be a problem later, we make the following

simplifying assumption.

Assumption 3.2.

N “

"

y P RM
ˆ t0uN´M :

dYi
dt

ˇ

ˇ

ˇ

ˇ

t“0

“ 0 for all i ď N

*

.

Similar to Lemma 3.7, we have the following result.

Lemma 3.8.

N “
 

y P RM
ˆ t0uN´M : Hyi “ 0 for all i ď N

(

.

Although a seemingly weak condition, there are counter-examples; see Example

5.2.

We want to see what happens when Y ptq is near N . In this case by letting

Y “ Y ´ Y ` Y where Y is a point on N close to Y ,

dYi
dt
“
`

Y ´ Y ` Y
˘T
Ci

`

Y ´ Y ` Y
˘

“ 2Y
T
Ci

`

Y ´ Y
˘

`
`

Y ´ Y
˘T
Ci

`

Y ´ Y
˘

“ 2Y
T
CiY `

`

Y ´ Y
˘T
Ci

`

Y ´ Y
˘

ñ
dY

dt
“ 2

´

Y
T
Ci

¯

iďN
Y `

´

`

Y ´ Y
˘T
Ci

`

Y ´ Y
˘

¯

iďN
.

(3.1)

The first term is the linearisation of the system at Y .
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In the linear deterministic case 9y “ Ay, to show exit from a neighbourhood of the

nullspace of A one shows the existence of an eigenvalue λ with real positive part and

left-eigenvector v of A to show that |v ¨y| “ |v ¨ py´ProjNpAqpyqq| grows exponentially

with rate Repλq. This motivates our second assumption.

Assumption 3.3. There exist values λmin, Pσ2
min ą 0 such that for all x P N zt0u

the matrix
`

xTCi
˘

iďN
is diagonalisable and has an eigenvalue λ pxq and projection

matrix P pxq onto the left-eigenspace such that

(a) Repλ pxqq ě λmin|x|,

(b)
řN
i“1 |P pxq ei|

2σ2
i ě Pσ2

min.

Remark 3.9. This assumption can be seen as the generalisation of Assumption 2.1.

That
`

xTCi
˘

iďN
needs to be diagonalisable is due to a subtlety in existing work in

matrix perturbation theory and is justified in Remark B.4.

It is likely clear that there are a number of issues to be overcome here. First,

as described this Y would be best formalised as a projection of Y onto N , however

N is the solution set to multi-variable polynomials and in general doesn’t have a

well-defined projection globally. Once this problem has been overcome, we then have

a matrix that is a function of a vector x in RN , so that the eigenpairs will also be

functions of x. Solving these problems require a detour into the fields of algebraic

geometry and matrix perturbation theory. We leave this work to Appendix B, the

main result of which is stated here.

Theorem B.14. Given any matrix Apxq P Rnˆn whose entries are Nash functions

defined on some semi-algebraic S Ă RN , there exists a stratification of S into Nash
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manifolds tSjuj, on which each eigenvalue is of constant multiplicity with eigenspace

of constant dimension, and each λi and the projection matrix Pi onto its eigenspace

are Nash.

Moreover, for any semi-algebraic set A Ă R2`2n2
, if it holds for all x P S that

some pair pλipxq, Pipxqq P A, then the above stratification can be refined so that on

each Sj, there is some i such that pλipxq, Pipxqq P A for all x P Sj.

The applications of this theorem to our case are thus. First, N is the intersection

of the zeroes of a countable number of polynomials. As the space of polynomials

in N variables over the reals is a Noetherian Ring by the Hilbert Basis Theorem,

N is the intersection of the zeroes of a finite number of polynomials and so is an

algebraic set. The matrix
`

xTCi
˘

iďN
is then linear in x. Finally if we let Aα,β “

!

pλ, P q P R2`N2
: λ1 ě α and

řN
i“1 |Pei|

2 σ2
i ě β

)

for α, β ą 0 then Aα,β is a semi-

algebraic set. We now apply the work of Appendix B to our particular case, with

some additional work.

Theorem 3.10. Given Assumption 3.3, there exists a stratification of N zt0u into

a finite number of Nash manifolds tSjuj such that x P Sj ñ ax P Sj for all a ą 0.

Moreover for each Sj there is an open neighbourhood Uj, also satisfying x P Uj ñ

ax P Uj for all a ą 0 on which ρjpxq “ argminyPSj |x´ y|, the projection of x onto

Sj, is well defined and Nash, and defined on Uj there exist a collection of eigenvalues

λi1pxq, . . . , λikpxq for the matrix
`

ρjpxq
TCi

˘

iďN
and a projection matrix P pxq onto the
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Minkowski sum of the λi1 , . . . , λik-left eigenspaces that is Nash on Uj and such that

min
mďk

Repλimq ě
λmin

2
|x|,

N
ÿ

i“1

|P pxqei|
2σ2

i ě
Pσ2

min

2
,

∥∥∥∥ dk

dxki
P pxq

∥∥∥∥ ď Dk|x|
´k, k ě 0

on Uj for some sequence of constants Dk with respect to any matrix norm ‖ ¨ ‖.

Proof. Apply Theorem B.14 to the matrix
`

xTCi
˘

ďN
defined on RN with the semi-

algebraic set Aλmin,Pσ2
min

, and refine the stratification so that N X tx : |x| “ 1u is

a union of strata to get a stratification tS2j u. First for each S2j of lowest dimension,

there exists an eigenvalue of multiplicity k, i.e. there exist i1, . . . , ik such that λ1i1pxq “

λ1i2pxq “ . . . “ λ1ikpxq ‰ λ1lpxq for l R ti1, . . . , iku for x P S2j , with projection matrices

P 1i1pxq “ . . . “ P 1ikpxq for x P S2j , such that

Repλ1i1pxqq ě λmin,

N
ÿ

i“1

|P 1i1pxqei|
2σ2

i ě Pσ2
min

on S2j . Furthermore as S2j is of lowest dimension

inf
xPS2j

min
lRti1,...,iku

|λ1lpxq ´ λ
1
i1
pxq| “ α
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for some α ą 0. Then let Tj consist of all x P N X tx : |x| “ 1u such that

min
mďk

Repλ1impxqq ě
λmin

2
,

min
mďk

N
ÿ

i“1

|P 1impxqei|
2σ2

i ě
Pσ2

min

2
,

min
lRti1,...,iku,mďk

|λ1lpxq ´ λ
1
impxq| ě

α

2

and note that Tj is a semi-algebraic set that includes an open neighbourhood of S2j

in N X tx : |x| “ 1u. Let tVpup consist of all non-empty intersections Tj X S2n for

some j, n. Now for each S2j of next lowest dimension, consider instead S2j z
Ť

p Vp with

eigenvalues λ1i1pxq “ . . . “ λ1ikpxq ‰ λ1lpxq for l R ti1, . . . , iku on S2j and projection

matrices P 1i1pxq “ . . . “ P 1ikpxq on S2j z
Ť

p Vp such that

Repλ1i1pxqq ě λmin,

N
ÿ

i“1

|P 1i1pxqei|
2σ2

i ě Pσ2
min

on S2j z
Ť

p Vp. Then similarly

inf
xPS2j z

Ť

p Vp
min

lRti1,...,iku
|λ1lpxq ´ λ

1
i1
pxq| “ α

for some α ą 0 as S2j z
Ť

p Vp is separated from the strata of lower dimension, and let
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Tj again consist of all x P N X tx : |x| “ 1u such that

min
mďk

Repλ1impxqq ě
λmin

2
,

min
mďk

N
ÿ

i“1

|P 1impxqei|
2σ2

i ě
Pσ2

min

2
,

min
lRti1,...,ik,mďk

|λ1lpxq ´ λ
1
impxq| ě

α

2
.

Again Tj is a semi-algebraic set that includes an open neighbourhood of S2j z
Ť

p Vp in

N X tx : |x| “ 1u. Add to the collection tVpu all non-empty intersections Tj X S
2
n for

some j, n. Continue this process through S2j of all but highest dimension, and then

add to the collection tVpu all sets of the form S2nz
Ť

j Vp. Then each semi-algebraic Vp

is a subset of some S2n, and on each Vp either there exists either a single eigenvalue

λi1 with projection matrix P 1 “ Pi1 , or a collection of eigenvalues λi1 , . . . , λik with

total projection matrix P 1pxq that satisfy

min
mďk

Repλimpxqq ě
λmin

2
,

N
ÿ

i“1

|P 1pxqei|
2σ2

i ě
Pσ2

min

2

on Vp as |P 1pxqei| ě |Pimpxqei| for any i, m, and such that on the boundary of Vp the

eigenvalues do not collide with any eigenvalues from outside this collection. Therefore

P 1pxq is Nash on an open neighbourhood of the closure of Vp in RN by Lemma B.3.

As Vp is compact this implies that the derivatives of P 1pxq are bounded on Vp.

Now consider a stratification of N X tx : |x| “ 1u so that each Vp is a union
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of strata to get the stratification tS 1juj. For a fixed S 1j of dimension d and x P S 1j,

by Proposition B.9 (b) there are open semi-algebraic V 1 Q x in RN , U 1 Ă Rd and

a Nash function f : U 1 Ñ V 1 that is a homemorphism onto S 1j X V 1 and such that

Df “
´

dfi
dxk

¯

iďN,kďd
is injective. Then let U “ U 1 ˆ p0,8q, let V “ tax : a ą 0, x P

V 1u, let Sj “ tax : a ą 0, x P S 1ju and let gpx, aq “ afpxq, which is Nash and

a homeomorphism onto Sj X V with continuous inverse g´1pzq “
´

f´1
´

z
|z|

¯

, |z|
¯

.

Furthermore

Dg “
`

aDf f
˘

which is injective as for any py, bq P Rd`1, pDfq y, fb are respectively tangent and

normal to the unit sphere. Therefore each Sj is a Nash manifold of dimension d ` 1

and the collection tSjuj is a stratification as

Sj X clos pSkq ‰ H

ñS 1j X clos pS 1kq ‰ H

ñS 1j Ă clos pS 1kq

ñSj Ă clos pSkq .

Let Uj be the neighbourhood of Sj on which the projection ρj onto Sj is well-defined

and Nash. For any x P Uj, a ą 0 we can define ρjpaxq “ aρjpxq so that Uj can be

chosen so that x P Uj ñ ax P Uj for any a ą 0.

Finally, let λimpxq “ λ1impρjpxqq, P pxq “ P 1pρjpxqq be the eigenvalues and total

projection matrix for
`

ρjpxq
TCi

˘

iďN
on Sj. Then λipaxq “ aλipxq and P paxq “ P pxq
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for a ą 0, and as all derivatives of all orders of projections onto submanifolds of

bounded curvature are bounded all derivatives of P are bounded and this, together

with P paxq “ P pxq gives ∥∥∥∥ dk

dxki
P pxq

∥∥∥∥ ď Dk|x|
´k

for some sequence of constants Dk.

3.4 Further Analysis of the Projection and Eigenpair

Given Sj, further analyses of the projection onto Sj and the eigenpair is necessary

to understand their behaviour under the action of the operators H and L. For ease

of notation consider some fixed Nash submanifold S with neighbourhood U and col-

lection of eigenvalues λ1, . . . , λk for
`

ρpxqTCi
˘

iďN
with total projection matrix P as

described in Theorem 3.10.

We need show that P pxq has the property we desire. First consider the following

result in a more simple setting.

Lemma 3.11. If xptq satisfies the system of ODEs 9x “ Ax and P is a projection onto

the Minkowski sum of the λi1 , . . . , λik-left eigenspaces of A with 0 ă a ď Repλmq ď b

for all m, then

d

dt
|Px| “

RepPxqRepPAxq ` ImpPxqImpPAxq

|Px|
“ cpxq|Px|

for some function c satisfying a ď cpxq ď b for all x.
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Proof. The first equality is immediate. Let v1, . . . , vl be an orthogonal basis for the

range of P . Then

d

dt
|Px| “

řl
j“1

“

RepvTj xqRepvTj Axq ` ImpvTj xqImpv
T
j Axq

‰

|Px|
.

For notational convenience consider a fixed vj “ v “ w1`. . .`wl for some eigenvectors

w1, . . . , wl with corresponding eigenvalues λi1 , . . . , λil . Then

RepvTxqRepvTAxq ` ImpvTxqImpvTAxq

“

˜

ÿ

j

RepwTj xq

¸˜

ÿ

j

RepwTj Axq

¸

`

˜

ÿ

j

ImpwTj xq

¸˜

ÿ

j

ImpwTj Axq

¸

“

˜

ÿ

j

RepwTj xq

¸˜

ÿ

j

Repλjw
T
j xq

¸

`

˜

ÿ

j

ImpwTj xq

¸˜

ÿ

j

Impλjw
T
j xq

¸

“

˜

ÿ

j

RepwTj xq

¸˜

ÿ

j

RepλijqRepwTj xq ´ ImpλijqImpw
T
j xq

¸

`

˜

ÿ

j

RepwTj xq

¸˜

ÿ

j

RepλijqImpw
T
j xq ` ImpλijqRepwTj xq

¸

“

˜

ÿ

j

RepwTj xq

¸˜

ÿ

j

RepλijqRepwTj xq

¸

`

˜

ÿ

j

RepwTj xq

¸˜

ÿ

j

RepλijqRepwTj xq

¸

“p

˜

ÿ

j

RepwTj xq

¸2

` q

˜

ÿ

j

ImpwTj xq

¸2

“r|vTx|2
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for some constants p, q, r P ra, bs. Therefore

d

dt
|Px| “

řl
j“1 rj|v

T
j x|

2

|Px|
“ c|Px|

for some c P ra, bs dependent on x.

Lemma 3.12. There exists a constant E, dependent only on tCiuiďN and N , such

that

H|P pxqx| “ cpxq|P pxqx| ` gpxq

for some gpxq satisfying |gpxq| ď E|x´ ρpxq|2 and for some cpxq satisfying λmin|x| ď

cpxq ď 2λmax|x|, where

λmax “ sup
xPN ,|x|“1

max
i

Repλipxqq.

.

Proof. Similar to (3.1) we have

HpP pxqxq “P pxqHx` pHP pxqqx

“P pxq
”

2
`

ρpxqTCi
˘

iďN
x`

`

px´ ρpxqTCi
px´ ρpxqq

˘

iďN

ı

` pHP pxqqx

:“2P pxq
`

ρpxqTCi
˘

iďN
x` hpxq.

Then

HRepP pxqxq “2RepP pxq
`

ρpxqTCi
˘

iďN
xq ` Rephpxqq,

HImpP pxqxq “2ImpP pxq
`

ρpxqTCi
˘

iďN
xq ` Imphpxqq,
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so that

H|P pxqx|

“
RepP pxqxqHRepP pxqxq ` ImpP pxqxqHImpP pxqxq

|P pxqx|

“2
RepP pxqxqRe

´

P pxq
`

ρpxqTCi
˘

iďN
x
¯

` ImpP pxqxqIm
´

P pxq
`

ρpxqTCi
˘

iďN
x
¯

|P pxqx|

`
RepP pxqxqRephpxqq ` ImpP pxqxqImphpxqq

|P pxqx|

“cpxq|P pxqx| ` gpxq

by Lemma 3.11 where

|gpxq| “

ˇ

ˇ

ˇ

ˇ

RepP pxqxqRephpxqq ` ImpP pxqxqImphpxqq

|P pxqx|

ˇ

ˇ

ˇ

ˇ

ď |hpxq|

by the Cauchy-Schwarz inequality. To show that |hpxq| ď E|x ´ ρpxq|2 for some E

it suffices to show that |pHP pxqqx| ď E 1|x ´ ρpxq|2. As ρpxq P S, Hρpxq is in the

tangent plane of S at ρpxq, and as P pxqw “ 0 for any w in the tangent plane of S

including ρpxq itself,

P pxqρpxq “ 0

ñ HpP pxqρpxqq “ 0

ñ pHP pxqq ρpxq ` P pxqHρpxq “ 0

ñ pHP pxqq ρpxq “ 0

so that

|pHP pxqqx| “ |pHP pxqqpx´ ρpxqq| ď E 1|x´ ρpxq|2

due to the bounds on the derivatives of P pxq.
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Remark 3.13. It is the O p|x´ ρpxq|2q term, absent in the analogous result in Section

2, which significantly alters our calculations in Section 3.5. This is the main reason

that Theorem 3.5 is significantly weaker than Theorem 2.2.

To move easily between derivatives of |P pxqx| and P pxqx, we will prove the

following.

Lemma 3.14. For any C2 function f : Rn Ñ C,

ˇ

ˇ

ˇ

ˇ

d

dxi
|fpxq|

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

d

dxi
fpxq

ˇ

ˇ

ˇ

ˇ

,

ˇ

ˇ

ˇ

ˇ

d2

dx2
i

|fpxq|

ˇ

ˇ

ˇ

ˇ

ď 2

ˇ

ˇ

ˇ

d
dxi
fpxq

ˇ

ˇ

ˇ

2

|fpxq|
`

ˇ

ˇ

ˇ

ˇ

d2

dx2
i

fpxq

ˇ

ˇ

ˇ

ˇ

,

ˇ

ˇ

ˇ

ˇ

d

dxi
|fpxq|2

ˇ

ˇ

ˇ

ˇ

ď 2|fpxq|

ˇ

ˇ

ˇ

ˇ

d

dxi
fpxq

ˇ

ˇ

ˇ

ˇ

,

d2

dx2
i

|fpxq|2 “ 2

ˇ

ˇ

ˇ

ˇ

d

dxi
fpxq

ˇ

ˇ

ˇ

ˇ

2

` gpxq

where |gpxq| ď 2|fpxq|
ˇ

ˇ

ˇ

d2

dx2i
fpxq

ˇ

ˇ

ˇ
.

Proof.

ˇ

ˇ

ˇ

ˇ

d

dxi
|fpxq|

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

Repfpxqq d
dxi

Repfpxqq ` Impfpxqq d
dxi

Impfpxqq

|fpxq|

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

d

dxi
fpxq

ˇ

ˇ

ˇ

ˇ
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by the Cauchy-Schwarz inequality.
ˇ

ˇ

ˇ

ˇ

d2

dx2
i

|fpxq|

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

d

dxi

Repfpxqq d
dxi

Repfpxqq ` Impfpxqq d
dxi

Impfpxqq

|fpxq|

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

d
dxi
fpxq

ˇ

ˇ

ˇ

2

|fpxq|
`

Repfpxqq d
2

dx2i
Repfpxqq ` Impfpxqq d

2

dx2i
Impfpxqq

|fpxq|

´

“

Repfpxqq d
dx

Repfpxqq ` Impfpxqq d
dx

Impfpxqq
‰2

|fpxq|3

ˇ

ˇ

ˇ

ˇ

ˇ

ď2

ˇ

ˇ

ˇ

d
dxi
fpxq

ˇ

ˇ

ˇ

2

|fpxq|
`

ˇ

ˇ

ˇ

ˇ

d2

dx2
i

fpxq

ˇ

ˇ

ˇ

ˇ

by the triangle inequality and Cauchy-Schwarz. The third inequality is immediate

from the first.

d2

dx2
i

|fpxq|2 “
d2

dx2
i

“

Repfpxqq2 ` Impfpxqq2
‰

“2

ˆ

d

dxi
Repfpxqq

˙2

` 2

ˆ

d

dxi
Impfpxqq

˙2

` 2Repfpxqq
d2

dx2
i

Repfpxqq ` 2Impfpxqq
d2

dx2
i

Impfpxqq

“2

ˇ

ˇ

ˇ

ˇ

d

dxi
fpxq

ˇ

ˇ

ˇ

ˇ

2

` gpxq

where

gpxq “ 2Repfpxqq
d2

dx2
i

Repfpxqq ` 2Impfpxqq
d2

dx2
i

Impfpxqq

ñ |gpxq| ď 2|fpxq|

ˇ

ˇ

ˇ

ˇ

d2

dx2
i

fpxq

ˇ

ˇ

ˇ

ˇ

.
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Similar to our work in Section 2, we are only interested in P pxqx when |P pxqx| “

op|x|q in |x|. For this reason we prove the following corollary.

Corollary 3.15. If |x´ ρpxq| “ op|x|q in |x|,

ˇ

ˇ

ˇ

ˇ

d

dxi
|P pxqx|

ˇ

ˇ

ˇ

ˇ

ď |P pxq ei| ` op1q,

ˇ

ˇ

ˇ

ˇ

d2

dx2
i

|P pxqx|

ˇ

ˇ

ˇ

ˇ

ď 2
|P pxq ei|

2
` op1q

|P pxqx|
` op1q,

ˇ

ˇ

ˇ

ˇ

d

dxi
|P pxqx|2

ˇ

ˇ

ˇ

ˇ

ď 2|P pxqx|
´

|P pxq ei| ` op1q
¯

,

d2

dx2
i

|P pxqx|2 “ 2 |P pxq ei|
2
` op1q.

Proof. In this proof let Pjpxq be the j-th column of P pxq. Then

ˇ

ˇ

ˇ

ˇ

d

dxi
|P pxqx|

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

j

ˆ

d

dxi
Pjpxq

˙

¨ px´ ρpxqq ` P pxq ei

ˇ

ˇ

ˇ

ˇ

ˇ

ď |P pxq ei| ` op1q.

Then

ˇ

ˇ

ˇ

ˇ

d2

dx2
i

|P pxqx|

ˇ

ˇ

ˇ

ˇ

ď 2

ˇ

ˇ

ˇ

d
dxi
P pxqx

ˇ

ˇ

ˇ

2

|P pxqx|
`

ˇ

ˇ

ˇ

ˇ

d2

dx2
i

P pxqx

ˇ

ˇ

ˇ

ˇ

ď 2
|P pxq ei|

2
` op1q

|P pxqx|
` op1q.

The third inequality is immediate, as is the fourth.
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As our construction and analysis of our function in Section 3.5 will inevitably be

more complex than in Section 2, we will complete most of the calculations now. Here

we use the spectral matrix norm

‖ Ci ‖“ sup
v:|v|“1

|Civ| “ sup
v,w:|v|,|w|“1

|wTCiv|.

Corollary 3.16. If |x´ ρpxq| “ op|x|q in |x|,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

H

d

ÿ

iąM

x2
i

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2|x||x´ ρpxq|

¨

˝

d

ÿ

iąM

‖ Ci ‖2 ` op1q

˛

‚,

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iąM

bixi
d

dxi
|P pxqx|

ˇ

ˇ

ˇ

ˇ

ˇ

ď

d

ÿ

iąM

x2
i

¨

˝

d

ÿ

iąM

|P pxq ei|2b2
i ` op1q

˛

‚,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iąM

bixi
d

dxi

d

ÿ

jąM

x2
j

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď max
iąM

bi

d

ÿ

iąM

x2
i ,

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

σ2
i

2

d2

dx2
i

ln |P pxqx|

ˇ

ˇ

ˇ

ˇ

ˇ

ď
2
ř

i σ
2
i |P pxq ei|

2 ` op1q

|P pxqx|2
`

op1q

|P pxqx|

ÿ

i

σ2
i

2

d2

dx2
i

|P pxqx|2 “
ÿ

i

σ2
i |P pxq ei|

2
` op1q.
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Proof.
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

H

d

ÿ

iąM

x2
i

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ř

iąM xix
TCix

a

ř

iąM x2
i

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ř

iąM xi
“

2ρpxqTCipx´ ρpxqq ` px´ ρpxqqTCipx´ ρpxqq
‰

a

ř

iąM x2
i

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

2|x||x´ ρpxq|
ř

iąM xi r‖ Ci ‖ `op1qs
a

ř

iąM x2
i

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2|x||x´ ρpxq|

¨

˝

d

ÿ

iąM

‖ Ci ‖2 ` op1q

˛

‚.

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iąM

bixi
d

dxi
|P pxqx|

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iąM

bi|xi| p|P pxq ei| ` op1qq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

d

ÿ

iąM

x2
i

¨

˝

d

ÿ

iąM

b2
i |P pxq ei|

2 ` op1q

˛

‚.

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

iąM

bixi
d

dxi

d

ÿ

jąM

x2
j

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ř

iąM bix
2
i

b

ř

jąM x2
j

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď max
iąM

bi

d

ÿ

iąM

x2
i .

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i

σ2
i

2

d2

dx2
i

ln |P pxqx|

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

i

σ2
i

2

»

—

–

´

d
dxi
|P pxqx|

¯2

|P pxqx|2
`

ˇ

ˇ

ˇ

d2

dx2i
|P pxqx|

ˇ

ˇ

ˇ

|P pxqx|

fi

ffi

fl

ď
2
ř

i σ
2
i |P pxq ei|

2 ` op1q

|P pxqx|2
`

op1q

|P pxqx|
.
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ÿ

i

σ2
i

2

d2

dx2
i

|P pxqx|2 “
ÿ

i

σ2
i |P pxq ei|

2
` op1q

is immediate.

Many of the results of this section break down when Assumption 3.2 does not

hold. To see a detailed discussion of this, see Example 5.3.

3.5 Constructing Functions Near N

We first need to construct a function near each Sj. This work will be similar to that

in Section 2, with the term |v ¨ x| replaced with |P pxqx|, and as such we will not

re-motivate its construction. However for now we will ignore scaling factors and some

pseudo-mollifiers, instead adding them in Section 3.6.

Our main result in this section is as follows.

Lemma 3.17. On each region Uj X tx : |x´ ρjpxq| ď B|x|
1
4 u for some B ą 0, there

exists a function Wj and a constant K, dependent only on Pσ2
min, λmin, λmax such

that

LWj ď ´1` l.o.t.,

|Wj| ď K
ln |x|

|x|
` l.o.t.,

ˇ

ˇ

ˇ

ˇ

d

dxi
Wj

ˇ

ˇ

ˇ

ˇ

ď K

a

ln |x|

|x|
1
2

` l.o.t.

Again for notational convenience consider some fixed Nash submanifold S with

neighbourhood U and collection of eigenvalues λ1, . . . , λk for
`

ρpxqTCi
˘

iďN
with total
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projection matrix P as described in Theorem 3.10. We assume throughout that

|x´ ρpxq| ď B|x|
1
4 and note that

|P pxqx| “ |P pxq px´ ρpxq| ď |x´ ρpxq|,

d

ÿ

iąM

x2
i ď |x´ ρpxq|.

Let

V2 “
1

|x|
ln

˜

B|x|
1
4

|P pxqx|

¸

f

˜

|P pxqx|

A|x|´
1
2

a

ln |x|

¸

where f is a pseudo-mollifier satisfying f pzq “ 0 for z ď 1
2
, fpzq “ 1 for z ě 1. When

f ą 0,

LV2 ď´ λminf `
E|x´ ρpxq|2

|x||P pxqx|
`
|x´ ρpxq|

a

ř

iąM |P pxq ei|
2b2
i

|x||P pxqx|
f

`
2
ř

iąM σ2
i |P pxq ei|

2

|x||P pxqx|2
f `

˜

2λmax `
E|x´ ρpxq|2

A|x|
1
2

a

ln |x|

¸

ln

˜

B|x|
1
4

|P pxqx|

¸

|f 1|

`
|x´ ρpxq|

a

ř

iąM |P pxq ei|
2b2
i

A|x|
1
2

a

ln |x|
ln

˜

B|x|
1
4

|P pxqx|

¸

|f 1|

`

ř

i σ
2
i |P pxq ei|

2

2|x||P pxqx|
|f 1|

1

A|x|´
1
2

a

ln |x|

`

ř

i σ
2
i |P pxq ei|

2

2|x|
ln

˜

B|x|
1
4

|P pxqx|

¸

|f2|
|x|

A2 ln |x|
` l.o.t.

ď´ λminf `
3λmax

2
ln |x||f 1| ` l.o.t.
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Let

V3 “
`

4A2
|x|´1 ln |x| ´ |P pxqx|2

˘

h

˜

|P pxqx|

A|x|´
1
2

a

ln |x|

¸

where h is a pseudo-mollifier satisfying h pzq “ 1 for z ď 1, hpzq “ 0 for z ě 2 with

hpzq “ p2´ zq3 for z sufficiently close to 2. Then

LV3 ď´ 2λmin|x||P pxqx|
2h` 2

`

E|x´ ρpxq|2

`|x´ ρpxq|

d

ÿ

iąM

|P pxqei|2b2
i

˛

‚|P pxqx|h´ Pσ2
minh

`
`

4A2
|x|´1 ln |x| ´ |P pxqx|2

˘

|h1pzq|

ˆ

´
λmin

2
|x|

`
E|x´ ρpxq|2 ` |x´ ρpxq|

a

ř

iąM |P pxqei|
2b2
i

A|x|´
1
2

a

ln |x|

¸

`
ÿ

i

σ2
i |P pxq ei|

2

ˆ

3

2
|h2| ` 2|h1|

˙

` l.o.t.

ď

´

´2λmin|x||P pxqx|
2
` 2EB2

|x|
1
2 |P pxqx| ´ Pσ2

min

¯

h

`
ÿ

i

σ2
i |P pxq ei|

2

ˆ

3

2
|h2| ` 2|h1|

˙

` l.o.t.

Maximising over the quadratic in |P pxqx| then gives us

LV3 ď

ˆ

E2B4

2λmin
´ Pσ2

min

˙

h`
ÿ

i

σ2
i |P pxq ei|

2

ˆ

3

2
|h2| ` 2|h1|

˙

` l.o.t.,

so assume

B ă

ˆ

λminPσ
2
min

E2

˙4

(3.2)
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so that

LV3 ď´
Pσ2

min

2
h`

ÿ

i

σ2
i |P pxq ei|

2

ˆ

3

2
|h2| ` 2|h1|

˙

` l.o.t..

Note also that this supremum occurs when

|P pxqx| “
EB2|x|

1
2

2|x|λmin

“O
´

|x|´
1
2

¯

so that the quadratic is decreasing when |P pxqx| ě
A
?

ln |x|

2|x|
1
2

.

Now assume f is not constant. Then we know that |P pxqx| ě A
2
|x|´

1
2

a

ln |x| and

h “ 1 is constant so that

LV3 ď ´
λmin

2
A2 ln |x| ` l.o.t.

Now assume h is not constant. Then we know that |P pxqx| ě A|x|´
1
2

a

ln |x|, so that

LV3 ď´ λminA
2 ln |x|h`

ÿ

i

σ2
i |P pxq ei|

2

ˆ

3

2
|h2| ` 2|h1|

˙

` l.o.t..

For large |x| this term is negative until h is very small, and as hpzq “ p2 ´ zq3 near
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z “ 2, multiplying the h1 term by A
a

ln |x| gives

´ λminA
2 ln |x|h`

ÿ

i

σ2
i |P pxq ei|

2

ˆ

3

2
|h2| ` 2|h1|

˙

ď
1

A
a

ln |x|

«

´λmin

´

A
a

ln |x|p2´ zq
¯3

` 6
ÿ

i

σ2
i |P pxq ei|

2
´

A
a

ln |x|p2´ zq
¯2

`9
ÿ

i

σ2
i |P pxq ei|

2
´

A
a

ln |x|p2´ zq
¯

ff

“O

˜

1
a

ln |x|

¸

.

Now consider

CV2 `DV3.

We will deal with the following four situations, where ˚ denotes that the pseudomol-

lifier is non-constant.

pf, hq “p1, 0q,

p0, 1q,

p˚, 1q,

p1, ˚q.
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In each of the these situations we have, ignoring lower order terms,

L pCV2 `DV3q ď ´Cλmin,

L pCV2 `DV3q ď ´
DPσ2

min

2
,

L pCV2 `DV3q ď ln |x|

„

3λmax
2

C ´DA2λmin



,

L pCV2 `DV3q ď ´Cλmin.

Therefore choosing C “ 1
λmin

, D “ 2
Pσ2

min
, and

A ą

c

3λmaxC

2λminD
,

and letting Wj “ CV2`DV3 on each Uj, LWj ď ´1 on UjX
!

x : |x´ ρpxq| ď B|x|
1
4

)

.

The other properties of Wj are easily checked and so we have proved Lemma 3.17.

3.6 Constructing a Single Function Near N

Our idea from here is as follows. If we construct a function Wj near some Sj, it ceases

to be useful when |x´ρjpxq| is large, as we proved in Section 3.5. However |x´ρjpxq|

being large does not guarantee that dpx,N q is large; we could just be near another Sk

for some k. Therefore we will use the functions constructed in Section 3.5 to create a

single function defined globally and useful near N . Our main result here is as follows.

Lemma 3.18. There exists a function ĂW , defined on all of RN , and a collection of
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constants Bj, K such that

LĂW ď

$

’

&

’

%

´1 if |x´ ρjpxq| ď
Bj |x|

1
4

2pln |x|qdimpSjq
for some j

K ln |x| if |x´ ρjpxq| P

„

Bj |x|
1
4

2pln |x|qdimpSjq
,

Bj |x|
1
4

pln |x|qdimpSjq



for some j

ĂW “ 0 if |x´ ρjpxq| ą
Bj|x|

1
4

pln |x|qdimpSjq
for all j,

|ĂW | ď K
ln |x|

|x|
,

ˇ

ˇ

ˇ

ˇ

d

dxi
ĂW

ˇ

ˇ

ˇ

ˇ

ď K

a

ln |x|

|x|
1
2

.

The reason why we choose the bounds

|x´ ρjpxq| „
|x|

1
4

pln |x|qdimpSjq

rather than the bound

|x´ ρjpxq| „ |x|
1
4

that we assumed in Section 3.5 will be explained in Remark 3.20.

For each j, let Ej “ ti : Si Ă clospSjqu be the indices of the lower-dimensional

neighbours of Sj, let

U 1j “ Uj X

#

x : |x´ ρjpxq ď
Bj|x|

1
4

pln |x|qdimpSjq

+

,
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and let

W jpxq “

$

’

’

&

’

’

%

Wjpxqg

¨

˝

|x´ρjpxq|

Bj
|x|

1
4

pln |x|q
dimpSjq

˛

‚

ś

iPEj
f

¨

˝

|x´ρipxq|

Bi
|x|

1
4

pln |x|qdimpSiq

˛

‚ x P U 1j

0 otherwise

where f and g are pseudo-mollifiers satisfying f
`

1
4

˘

“ 0, f
`

1
2

˘

“ 1, g
`

1
2

˘

“ 1,

g p1q “ 0. For notational convenience let

fi “ f

¨

˚

˝

|x´ ρipxq|

Bi
|x|

1
4

pln |x|qdimpSiq

˛

‹

‚

,

and on the region where ρipxq is ill-defined or not Nash we let fi “ 1.

Some explanation is required. Given some Sj with function Wj, when |x´ρjpxq| is

large Wj ceases to be useful and so we add the pseudo-mollifier g so that the function

then vanishes. Similarly, Wjpxq is not well-defined on BUj, the boundary of Uj, in

particular when the projection onto Sj is no longer well-defined. If we are close to

this region, which can be informally characterised by ρjpxq being close to BSj, then

by the nature of the stratification ρjpxq is close to some other submanifold Sk of lower

dimension. Therefore by making Wj vanish near the lower-dimensional neighbours

of Sj the resulting function W j can be made twice continuously differentiable globally.

We first need show that W j is C2 for large enough |x|. By the nature of fi, g

we need only check that W j is C2 where fi or g cease to be well-defined. If txnun

is a sequence in U 1j converging to x P BU 1j with ρjpxq not well-defined, then it must
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hold that ρjpxnq converges to some y P BSj. It follows from the nature of the Nash

stratification that y P Si for some i P Ej and so for large enough |x| we are close

enough to Si that ρipxq is well-defined and Nash. If g “ 0 then W j is C2 trivially,

however if g ą 0, then for |x| large enough fi “ 0, so that W j “ 0 is C2 at x. We

now adopt a similar strategy to prove smoothness on BUi for i in i P Ej. If txnun

is a sequence in U 1i converging to x P BU 1i with ρipxq not well-defined, then it must

hold that ρipxnq converges to some y P Sk for some k P Ei and so for large enough |x|

ρkpxq is well-defined and Nash. If fi “ 0 then W j is C2 trivially, however if fi ą 0,

then for |x| large enough fk “ 0, so that W j “ 0 is C2 at x.

Remark 3.19. Although notationally heavy the concepts here are relatively straight-

forward. Consider the case of S2 the open square in three dimensional space, with S11,

S12 its two one-dimensional open edges near a corner S0. Imagine a small thickening

around each submanifold that is significantly larger for those of lower dimension and

such that the projection onto these submanifolds is well-defined; call these sets U 12,

U 111, U 112, U 10. Let W 2 be the pseudo-mollified version of the function W2 defined on

U2. As x approaches the boundary of any U2, U1
1 , U2

1 , U0 W 2 vanishes. U 111, U 112, U 10

cover BS2 and the boundary of U 12 near the boundary of S2, so that W 2 is C2 globally.

Similar arguments can be made in this setting for the functions W 11, W 12, W 0.
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First note that, for any ρi with i P Ej and ρjpxq well-defined,

|H|x´ ρipxq|| “

ˇ

ˇ

ˇ

ˇ

ˇ

řN
i“1 x

TCixpxi ´ ρipxqq
d
dxi
pxi ´ ρipxqq

|x´ ρipxq|

ˇ

ˇ

ˇ

ˇ

ˇ

ď

g

f

f

e

N
ÿ

i“1

pxTCixq2

“

g

f

f

e

N
ÿ

i“1

p2ρjpxqTCipx´ ρjpxqq ` px´ ρjpxqqTCipx´ ρjpxqqq
2

ď 2|x||x´ ρjpxq|

g

f

f

e

N
ÿ

i“1

‖ Ci ‖2 ` l.o.t.

Henceforth we define

‖ C ‖“

g

f

f

e

N
ÿ

i“1

‖ Ci ‖2.

One can see that in the region U 1j, where K is the constant given in Lemma 3.17,

LW j ďpLWjqg
ź

iPEj

fi `K
ln |x|

|x|
pLgq

ź

iPEj

fi `K
ln |x|

|x|

ÿ

kPEj

pLfkqg
ź

iPEj , i‰k

fi

ď´ g
ź

iPEj

fi ` 2K ‖ C ‖ |g1pzq| ln |x|

`
ÿ

kPEj

2K
Bj

Bk

pln |x|q1`dimpSkq´dimpSjq ‖ C ‖ |f 1k|g
ź

iPEj , i‰k

fi ` l.o.t.

Furthermore, if x P U 1l for some l with dimpSlq ą dimpSjq, then

LW j ď ´g
ź

iPEj

fi `
Bj

Bl

2 ‖ C ‖ |g1pzq|
ź

iPEj

fi ` l.o.t.
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Remark 3.20. At this point it should be more clear why we chose the pseudo-

mollifiers to change around the region

|x´ ρipxq| „
|x|

1
4

pln |x|qdimpSiq
,

rather than around |x ´ ρipxq| „ |x|
1
4 . The functions Wj constructed in Section 3.5

satsify LWj ď ´1 but Wj „
ln |x|
|x|

, not 1
|x|

.

Now define Jd “ tj : dimpSjq “ du, ĂWd “
ř

jPJd
W j, Td “

Ť

jPJd
Sj, and commonly

define Bj “ Gd if dimpSjq “ d for some constants Gd to be defined later with the

assumption that Gd is a decreasing function of d. Then let

Qdpxq “
|dpx, Tdq|

Gd|x|
1
4

pln |x|qd

.

Note that

ď

jPJd

U 1j “ tx : Qdpxq ď 1u
č ď

jPJd

Uj.
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Then

LĂWd ď

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

ř

d1ăd

|Jd1 |Gd
Gd1

2K ‖ C ‖ supz |f
1pzq| Qd ď

1
2
, Qd1 P

`

1
4
, 1

2

˘

for some d1 ă d,

´1 Qd ď
1
2
, Qd1 ą

1
2

for all d1 ă d,
2K ‖ C ‖ ln |x| supz |g

1pzq| Qd P
`

1
2
, 1
˘

, Qd1 ą
1
2

for all d1 ą d,
Gd`1

Gd
2K ‖ C ‖ supz |g

1pzq| Qd P
`

1
2
, 1
˘

, Qd1 ď
1
2

for some d1 ą d,

0 otherwise.

ď

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

|J | Gd
Gd´1

10K ‖ C ‖ Qd ď
1
2
, Qd1 P

`

1
4
, 1

2

˘

for some d1 ă d,

´1 Qd ď
1
2
, Qd1 ą

1
2

for all d1 ă d,
10K ‖ C ‖ ln |x| Qd P

`

1
2
, 1
˘

, Qd1 ą
1
2

for all d1 ą d,
Gd`1

Gd
10K ‖ C ‖ Qd P

`

1
2
, 1
˘

, Qd1 ď
1
2

for some d1 ą d,

0 otherwise.

where J “
Ť

d Jd so that |J | is the number of submanifolds in the stratification of

N , and we assume that supz |f
1pzq|, supz |g

1pzq| ď 5. Of course sharper bounds are

possible in both cases, however as we have complete freedom overGd it is unimportant.

In the case of d “ 1 we take the second line to be true rather than the first. If we

then let Gd “ αd for some α such that

10|J |K ‖ C ‖ α ă 1

2
,

then we have that

L
ÿ

d

ĂWd ď

"

´1
2

Qd ď
1
2

for some d,
10K ‖ C ‖ ln |x| otherwise.

Letting

ĂW “ 2
ÿ

d

ĂWd

completes the proof of Lemma 3.18, as the remaining properties of ĂW follow trivially

from Lemma 3.17.
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3.7 Guaranteeing Motion in Xi, i ąM

3.7.1 Motivation of the Approach and Main Result

The main result of this section is as follows, where the integer n˚ is that given in

Assumption 3.4.

Lemma 3.21. Given any ε, B, there exists some function W and some α0 such that,

in the region where

d

ÿ

iąM

x2
i ď α0

B|x|
1
4

pln |x|q2
n˚`dimpN q ,

dpx,N q ě B|x|
1
4

pln |x|qdimpN q
,

we have

LW ď ´1,

ˇ

ˇW
ˇ

ˇ ď
ε

|x| ln |x|
,

ˇ

ˇ

ˇ

ˇ

d

dxi
W

ˇ

ˇ

ˇ

ˇ

“ o

ˆ

1

|x|

˙

.

Lemma 3.18 gives a function useful in an O

ˆ

|x|
1
4

pln |x|qdimpN q

˙

neighbourhood of N .

Once we have left these regions we would like to be able to rely on quick movement of

Xi for i ą M to guarantee that we quickly enter regions where one such Xi is large.

Recalling the definition of N , if we let Y p0q “ x R N then we can only guarantee

that one moment of dn

dtn

ˇ

ˇ

t“0
Yiptq “ Hnxi is non-zero. The idea in this section is that

a large Hnxi will cause fast growth of Hn´1xi, which will in turn cause fast growth
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of Hn´2xi, cascading all the way down to fast growth of H0xi “ xi. Howevewr we

need to formalise what we mean by large. To do this it will help to get some idea

of what Hnxi looks like, beyond the rough bounds we had from the proof of Lemma

3.7. We know that Hnxi is an n ` 1-degree polynomial, and if we replace x with

x´ y` y where y satisfies dpx,N q “ dpx, yq which exists even if it is not unique, that

Hnxi ď E|x|n|x ´ y| “ E|x|ndpx,N q for some constant E dependent only on cijk, N

and n.

3.7.2 Consequences of Assumption 3.4

For reasons that will become clear later, for every x R N yet still in the subspace

tx : maxiąM |xi| “ 0u we want at least one of the Hnxi to be O p|x|ndpx,N qq. More

formally we want there to exist an α ą 0 such that

inf
xRN

sup
ně0

max
iąM

|Hnxi|

|x|ndpx,N q
ě α.

Assumption 3.4 gives a necessary and sufficient condition for this to be the case.

Assumption 3.4. For any x P N , with Ax “ pxTCiqiąM , Bx “ pxTCiqiďN , there

exists an n˚ ě 1 such that

tz : max
iąM

|zi| “ 0u
č

n˚´1
č

n“0

KerpAxB
n
x q

is equal to the tangent space of N at x.

Lemma 3.22. Assumption 3.4 holds if and only if

inf
xRN

sup
nďn˚

max
iąM

|Hnxi|

|x|ndpx,N q
ě α

for some α ą 0.

52



To see why Assumption 3.4 is useful, note that we are saying for all initial con-

ditions Y p0q “ x away from N where |x| is large, at least one of dn

dtn

ˇ

ˇ

t“0
Yiptq has as

large an order as we could expect it to have. To see a counter-example to Assumption

3.4, see Example 5.4.

Proof of Lemma 3.22. We first prove that for all n ě 2, i ąM ,

Hnxi “2n´1
N
ÿ

j1“1

. . .
N
ÿ

jn´1“1

pCixqj1pC
j1xqj2 . . . pC

jn´2xqjn´1x
TCjn´1x`Rnpxq.

where Rnpxq is a sum of terms of the form fpxqpxTCjxqpxTCkxq where fpxq “

O p|x|n´2q and pCixqj is the j-th term of the vector Cix. See that for n “ 2,

HpxTCixq “
N
ÿ

j“1

pxTCi
` Cixqjx

TCjx “ 2
N
ÿ

j“1

pCixqjx
TCjx.

Now assume that the first formula holds for some n and apply H to the given formula

for HnxTCix. Applying H to any element of Rnpxq will give more elements of the form

fpxqpxTCjxqpxTCkxq where now fpxq “ Op|x|n´1q and so they can be considered part

of Rn`1pxq. Applying H to the other term involves the product rule, and as one can

see that HpCjmxqjm`1 “
řn
k“1 c

jm
jm`1k

xTCkx the only term that arises from applying

the product rule that can’t be considered a term in Rn`1 is

2n´1
N
ÿ

j1“1

. . .
N
ÿ

jn´1“1

pCixqj1pC
j1xqj2 . . . pC

jn´2xqjn´1Hx
TCjn´1x

“2n
N
ÿ

j1“1

. . .
N
ÿ

jn´1“1

pCixqj1pC
j1xqj2 . . . pC

jn´2xqjn´1

N
ÿ

jn“1

pCjn´1xqjnx
TCjnx.
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Then for all n ě 2 we can now see that d
dxj
Hnxi, evaluated at a point x P N is equal

to

2n´1
N
ÿ

j1“1

. . .
N
ÿ

jn´1“1

pCixqj1pC
j1xqj2 . . . pC

jn´2xqjn´12
`

Cjn´1x
˘

j

“2n
N
ÿ

j1“1

. . .
N
ÿ

jn´1“1

pAxqi´M,j1
pBxqj1,j2 . . . pBxqjn´1,j

“2n
`

AxB
n´1
x

˘

j
.

For n “ 1,

d

dxj
xTCix “ 2

`

xTCi
˘

j
“ pAxqj .

Therefore a linear approximation to the vector pHnxi`Mqi at x ` y for x P N and y

small is given by AxB
n´1
x y, completing the proof.

3.7.3 Construction of a Function Away From N

We will now construct a function in the region where

max
iąM

|xi| ď α0
B|x|

1
4

pln |x|q2
n˚`dimpN q ,

dpx,N q ě B|x|
1
4

pln |x|qdimpN q

for some constant B. Let

gn “ αn
|x|ndpxq

pln |x|q2
n˚´n
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for some αn ď α to be decided later where dpxq is a C2 approximation to the distance

function defined as follows. First note that djpxq “
a

1` dpx, Sjq2 is a C2 function

on each Uj. Then let

rdj “ djpxq
ź

iPEj

f px´ ρipxqq

for a pseudomollifier f satisfying fp1q “ 1, fp0q “ 0, where fi “ 1 if ρipxq is not

well-defined or Nash and Ej are the lower-dimensional neighbours of Sj. Similar to

the construction of W j in Section 3.6, each rdj is C2 on the set tx : dpx, Sjq ď ε|x|u

for some ε ą 0 and moreover has bounded derivatives. Therefore the function

rdpxq “ ´ ln

˜

ÿ

j

e´
rdjpxq

¸

is C2 with bounded derivatives on the set tx : dpx,N q ď ε|x|u for some ε ą 0, and

satisfies

min
j

rdjpxq ´ ln |J | ď rdpxq ď min
j

rdjpxq

where |J | is the number of submanifolds in the stratification of N . Finally, as

dpx,N q “ min
j

rdjpxq

when dpx,N q ě 1, |rdpxq ´ dpx,N q| is bounded on the set tx : dpx,N q ď ε|x|u. Then

applying the Stone-Weierstrass Theorem to dpx,N q on tx : |x| ď 1, dpx,N q ě ε1u

for some ε1 ă ε to get a function d differing from dpx,N q by no more than δ, let

d̂pxq “ |x|d
´

x
|x|

¯

, and let

dpxq “ d̂pxqf

˜

rdpxq ´ ε1|x|

ε|x| ´ ε1|x|

¸

` rdpxq

˜

1´ f

˜

rdpxq ´ ε1|x|

ε|x| ´ ε1|x|

¸¸

.
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Then |dpxq´dpx,N q| ď A` δdpx,N q for some A ą 0 where δ can be chosen as small

as possible, which implies that 1´δ ď dpxq
dpx,N q ď 1`δ in the region where dpx,N q ąą 1

which is sufficient for our purposes.

The function gn is supposed to represent the value at which we consider Hnxi

to be large enough to cause Hn´1xi to change rapidly without changing too quickly

itself due to more dominant dynamics. Remember that |Hnxi| ď E|x|ndpx,N q for

all x where E is some constant dependent on cijk, N and n. However as we will only

consider Hnxi for n ď n˚ we can actually choose E independent of n. In the case

of n “ 0 g0 is when xi is itself large enough that we can expect sizeable dissipation.

An approximate exit time from the region tx : |Hnxi| ď gnu under the H dynamics

would be given by

τi,n “
gn ´ sgnpHn`1xiqH

nxi
|Hn`1xi|

.

However rather than trying to deal with mini τi,n or some approximation thereof we

will use the function

Wn “
´
ř

iąM
Hn`1xi
gn`1pxq

Hnxi
b

ř

iąM pH
n`1xiq

2
.

In short, the Hn`1xi
gn`1

term replaces a more intuitive sgn function and greatly simplifies

calculations, and as gn is unimportant is is ignored. We will only consider Wn in the

region where
b

ř

iąM pH
n`1xiq

2
ą

gn`1pxq
4

yet
b

ř

iąM pH
mxiq

2
ď gmpxq for all m ď n.
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See that

Hgn “ αn|x|
n
N
ÿ

i“1

xTCix
d

dxi
dpxq

ď 2αn|x|
n`1dpxq

n
ÿ

i“1

‖ Ci ‖2

“ 2|x|gn ‖ C ‖2 .

Then by numerous applications of Cauchy-Schwarz,

HWn “´

ř

iąM
Hn`1xi
gn`1pxq

Hn`1xi
b

ř

iąM pH
n`1xiq

2

`

ř

iąM

|Hn`2xi|
gn`1pxq

|Hnxi| `
|Hn`1|
g2n`1

|Hnxi| 2 ‖ C ‖ |x|gn`1

b

ř

iąM pH
n`1xiq

2

`

ř

iąM

|Hn`1xi|
gn`1pxq

|Hnxi|
`
ř

iąM pH
n`1xiq

2
˘

3
2

ÿ

iąM

ˇ

ˇHn`1xi
ˇ

ˇ

ˇ

ˇHn`2xi
ˇ

ˇ

ď ´
1

4
`

4E
?
N ´M |x|n`2dpxqgn

g2
n`1

` 2
?
N ´M ‖ C ‖2 |x|gn

gn`1

`
4
?
N ´MEgn|x|

n`2dpxq

g2
n`1

ď´
1

4
`

8αnE
?
N ´M

α2
n`1

.

As d
dxj
Hkxi ď E|x|k for all j, k, the dissipation and noise terms provide lower order

contributions to LWn.
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Finally, we need to add to pseudo-mollifiers to Wn so that it vanishes when Hn

grows large enough and when Hn`1 becomes too small. Therefore let

W n “ f

¨

˝

b

ř

iąM pH
n`1xiq

2

gn`1

˛

‚

n
ź

k“1

h

¨

˝

b

ř

iąM pH
kxiq

2

gk

˛

‚Wn

for pseudo-mollifiers f satisfying f
`

1
4

˘

“ 0, f
`

1
2

˘

“ 1, h
`

1
2

˘

“ 1, h p1q “ 0, and

where in the case of n “ 0 the empty product is equal to 1. Then

LW n ď

ˆ

´
1

4
`

8αnE
?
N ´M

α2
n`1

˙

f
n
ź

k“1

hk `
gn
gn`1

|f 1|
n
ź

k“1

hk

ř

iąM |H
n`1xi| |H

n`2xi|

gn`1

b

ř

iąM pH
n`1xiq

2

`
ÿ

k

gn
gn`1

f |h1|
ź

l‰k

hl

ř

iąM

ˇ

ˇHkxi
ˇ

ˇ

ˇ

ˇHk`1xi
ˇ

ˇ

gk

b

ř

iąM pH
kxiq

2

ď

ˆ

´
1

4
`

8αnE
?
N ´M

α2
n`1

˙

f
ź

k

hk `
αn
αn`1

|f 1|
ź

k

hk ` f |h
1
n|

n´1
ź

k“1

h.

Then let

W “

n˚´1
ÿ

n“0

βnW n.
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If h1k ‰ 0, then fk “ 1 is constant and vice versa. Then

LW ď

n˚´1
ÿ

n“1

1h1n‰0

n´1
ź

k“1

hk

ˆ

βnfn`1 sup
z
|h1pzq| ` βn´1

ˆ

´
1

4
`

8E
?
N ´Mαn´1

α2
n

˙˙

`

n˚´1
ÿ

n“1

1f 1n‰0

n´1
ź

k“1

hk

ˆ

βn´1αn´1

αn
sup
z
|f 1pzq|

`

n˚´1
ÿ

k“n

fk`1

k
ź

m“n`1

hmβk

ˆ

´
1

4
`

8E
?
N ´Mαk
α2
k`1

˙

¸

`

n˚
ÿ

n“1

1All pseudo-mollifiers constant, fn“1,hl“1 for all lăn

ˆ

´
βn
4

˙

.

Given any βn˚´1, αn˚ ď α, we first note that for any ε ą 0 we can fix αn˚´1 ď α so

that
βn˚´1αn˚´1

αn˚
ď ε. (3.3)

This stipulation is unique to αn˚´1 and gives guarantees that W ď ε
|x| ln |x|

` l.o.t.

Then we can choose αn˚´1 small enough so that

8αn˚´1E
?
N ´M

α2
n˚

ď
1

8
.

Then we can choose βn˚´2 ě 4 so that

βn˚´1 sup
z
|h1pzq|E ´

βn˚´2

8
ď ´1.

Then we can choose αn˚´2 ď α small enough so that

βn˚´2
αn˚´2 supz |f

1pzq|

α2
n˚´1

´
βn˚´1

8
ď ´1,

8αn˚´2E
?
N ´M

α2
n˚´1

ď
1

8
.
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Continuing by induction, given αn ď α small enough so that

8αnE
?
N ´M

α2
n`1

ď
1

8
.

Then we can choose βn´1 ě 4 so that

βn sup
z
|h1pzq|E ´

βn´1

8
ď ´1.

Then we can choose αn´1 ď α small enough so that

βn´1
αn´1 supz |f

1pzq|

α2
n

´min
kěn

βk
8
ď ´1,

down to β0, α0. Then

LW ď´

n˚´1
ÿ

n“1

1h1n‰0

n´1
ź

k“1

hk

´

n˚´1
ÿ

n“1

1f 1n‰0

n´1
ź

k“1

hk

˜

βn´1αn´1

αn
sup
z
|f 1pzq| ´

minkěn βk
8

n˚´1
ÿ

k“n

fk`1

k
ź

m“n`1

hm

¸

´

n˚
ÿ

n“1

1All pseudo-mollifiers constant, fn“1,hl“1 for all lăn.

We claim that the sum

n˚´1
ÿ

k“n

fk`1

k
ź

m“n`1

hm ě 1

if hk ą 0 for all k ď n ´ 1. Assuming hk ą 0 for all k ď n ´ 1, either fn`1 “ 1, in

which case we are done, or hn`1 “ 1. Then if fn`2 “ 1 we are again done, so assume

hn`2 “ 1 instead. Continuing like this, the only way this sum can be less than 1 is if
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hk “ 1 for all k ď n˚ ´ 1. But then fn˚ “ 1 by Lemma 3.22 as each αn ď α and so

the sum is still greater than or equal to 1. So we have that

LW ď ´1,

completing the proof of Lemma 3.21.

3.8 Constructing the Lyapunov Function

First let ĂW be the function obtained from Lemma 3.18 with associated constants Bj,

K, and let B “ minj Bj. Then for some ε ą 0, and B, obtain the function W from

Lemma 3.21 with associated constant α0. Then consider the function

V2 “ PĂWf

¨

˚

˝

dpxq

B|x|
1
4

pln |x|qdimpN q

˛

‹

‚

`Q ln |x|Wg

¨

˚

˝

dpxq

B|x|
1
4

pln |x|qdimpN q

˛

‹

‚

where f , g are pseudo-mollifiers satisfying f
`

1
2

˘

“ 1, fp1q “ 0, g
`

1
4

˘

“ 0, g
`

1
2

˘

“ 1

and P,Q are constants. Then

LV2 ď1f 1“g1“0 p´Pf ´Q ln |x|gq ` ln |x|1f 1‰0

ˆ

P sup
z
|f 1pzq|2 ‖ C ‖ K ´Q

˙

` 1g1‰0

ˆ

´P `
ε

Q
2 ‖ C ‖ sup

z
|g1pzq|

˙

.

Given P “ 2, choose Q so that

P sup
z
|f 1pzq|2 ‖ C ‖ K ´Q “ ´1.

Then choose ε so that

´2`
ε

Q
2 ‖ C ‖ sup

z
|g1pzq| “ ´1.
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Therefore

LV2 ď ´1

in the region where

d

ÿ

iąM

x2
i ď

α0B|x|
1
4

pln |x|q2
n˚`dimpN q .

Finally let

ppzq “
z

1
2

pln zq2
n˚`dimpN q`1

and let

V “eapp|x|q ` |σ|2 pap1p|x|qq
2
eapp|x|qV2h

¨

˚

˝

a

ř

iąM x2
i

α0B|x|
1
4

pln |x|q2
n˚`dimpN q

˛

‹

‚

where h is some pseudo-mollifier satisfying h
`

1
2

˘

“ 1, hp1q “ 0. Then when h “ 0

LV ď

»

–

|σ|2

2

˜

a

2|x|
1
2 pln |x|q2

n˚`dimpN q`1

¸2

´
a
ř

iąM bix
2
i

2|x|
3
2 pln |x|q2

n˚`dimpN q`1

fi

fl eapp|x|q

ď

«

a2σ|2

8|x| pln |x|q2
n˚`1`2dimpN q`2

´
aα0BminiąM bi

2|x| pln |x|q2
n˚`1`2dimpN q`1

ff

eapp|x|q

“´
aα0BminiąM bi

2|x| pln |x|q2
n˚`1`2dimpN q`1

eapp|x|q.
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When h “ 1 is constant

LV ď

»

–

|σ|2

2

˜

a

2|x|
1
2 pln |x|q2

n˚`dimpN q`1

¸2

´|σ|2

˜

a

2|x|
1
2 pln |x|q2

n˚`dimpN q`1

¸2
fi

fl eapp|x|q

“´
|σ|2

2

˜

a

2|x|
1
2 pln |x|q2

n˚`dimpN q`1

¸2

eapp|x|q.

When h1 ‰ 0

LV ď

»

–2KP ‖ C ‖ sup
z
|h1pzq| ln |x||σ|2

˜

a

2|x|
1
2 pln |x|q2

n˚`dimpN q`1

¸2

´
a
ř

iąM bix
2
i

2|x|
3
2 pln |x|q2

n˚`dimpN q`1

ff

eapp|x|q

ď

«

2KP ‖ C ‖ sup
z
|h1pzq|σ|2

a2

4|x| pln |x|q2
n˚`1`2dimpN q`1

´
aminiąM biα0B

4|x| pln |x|q2
n˚`1`2dimpN q`1

ff

eapp|x|q.

So choose

a ă
miniąM biα0B

8
KP ‖ C ‖ sup

z
|h1pzq|σ|2,

giving the Lyapunov pair pV,W q with

W “
1

|x| pln |x|q2
n˚`1`2dimpN q`1

e
a |x|

1
2

pln |x|q2
n˚`dimpN q`1 .

This completes the proof of Theorem 3.5.
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4

Operator Splitting

4.1 Introduction

In this section we consider some sort of compromise between the simplicity of a single

triple in Section 2, and the relative chaos of the general finite dimensional system

given in Section 3. We consider a finite dimensional system with multiple triples of

interactions. Then, instead of the drift term of the SDE being made up of the linear

combination of the triples, we choose each triple to be the entirety of the drift term

for a random amount of time before replacing it with the next triple in the list. Once

we have cycled through all triples we apply a dissipative term to a strict subset of the

coordinates for a random amount of time, before repeating the entire process. Each

dXiptq also has a σidWiptq term, active for all time. Without loss of generality we

only consider triples have exactly one of the cijk “ 0, as a drift term associated with

a general triple can be seen as the sum of two terms associated with triples of this
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type.

4.2 The System, and Summary of Main Results

First fix the sequences

Sn “ pin, jn, knq P t1, . . . , Nu
3, an P R

for n ě 1 satisfying, for some n˚ P N, Sn`n˚ “ Sn, an`n˚ “ an and an “ 0 ô n “

0 (mod n˚) for some k P N, and in ‰ jn ‰ kn ‰ in. Then define the sequence of

vector fields

Bn : RN
Ñ RN : x ÞÑ ´anxinxknejn ` anxinxjnekn .

Let I Ă t1, . . . , Nu and define the vector field

DI : RN
Ñ N : x ÞÑ ´

N
ÿ

i“1

1iPIxi.

Let tτnu
8
n“0 be a sequence of random variables satisfying τ0 “ 0, τn ´ τn´1 i.i.d. on

r0,8q such that Prτn ´ τn´1 ą 0s ą 0, Epτn ´ τn´1q ă 8, and let

τ´1 : RÑ N : t ÞÑ argminntn : t ă τnu

be the index of the first τn after time t. Let Wt “ pW
1
t , . . . ,W

N
t q be an N -dimensional

Brownian motion independent of the sequence tτnu
8
n“1 and then let xptq be the

stochastic process in RN satisfying

dxptq “
`

Bτ´1ptqpxtq ´ 1τ´1ptq“0 mod n˚DIpxptqq
˘

dt` dWt.
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Remark 4.1. The process can be thought of as follows. For all t ě 0 xptq is affected

by the Brownian motion terms. Between random times τn and τn`1 the coordinates

pxin , xjn , xknq also have drift terms p0,´anxinxkn , anxinxjnq, and after n˚ ´ 1 such

triples there is dissipation in xi for i P I for a random amount of time, after which

the process repeats. Some examples of such processes are given in Section 5.

The Bτ´1ptq term serves to move energy between coordinates. In order to have

control on the energy of the system over large time it must be possible for energy in

any coordinate to be moved to coordinates with dissipation. To this end we have the

following assumption.

Assumption 4.2. Let G “ pt1, . . . , Nu, Eq be the undirected graph with pj, kq P E ô

for some n ‰ 0 (mod n˚), and some i P t1, . . . , Nu, pi, j, kq “ Sn or pi, k, jq “ Sn.

Assume every connected component of the graph G contains an element of I.

The assumption is somewhat intuitive: For fixed triple Sn and ignoring noise,

x2
jnptq ` x2

kn
ptq is constant, and pxjnptq, xknptqq in R2 has angular speed |anxinptq|.

Then energy can be transferred quickly between xjn and xkn . In fact we can prove

that Assumption 4.2 is necessary.

Lemma 4.3. If Assumption 4.2 is false then limtÑ8 E r|xptq|2s “ 8.

Proof. Let there be no path from j to any i P I, and let J be the connected component

of G containing j. Then for all n ě 0 jn, kn P J or jn, kn P J
c and so BSn transfers
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energy entirely between elements of J or elements of J c. Therefore for all t ě 0

d

˜

ÿ

jPJ

x2
j

¸

“ 2
ÿ

jPJ

xjdW
i
t ` |J |dt

ñ E
“

|xptq|2
‰

ě E

«

ÿ

jPJ

x2
jptq

ff

“
ÿ

jPJ

x2
jp0q ` |J |t

Ñ 8 as tÑ 8.

Our main result is as follows.

Theorem 4.4. Given Assumption 4.2, the system txptqutě0 satisfies

lim sup
tÑ8

E|xptq|2 ă 8

and for all n ě 0 the discrete-time process txpτn`kn˚qukě0 has a unique invariant

distribution on R.

As preparation for the proof of Theorem 4.4 we consider the behaviour of a single

triple.

4.3 A Single Triple

Let xptq P R3 satisfy

dx1 “ dW 1
t ,

dx2 “ ´ax1x3dt` dW
2
t ,

dx3 “ ax1x2dt` dW
3
t .
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Without loss of generality assume a ą 0. Let R “
a

x2
2p0q ` x

2
3p0q and let

px1, X
pRq
2 , X

pRq
3 q “

´

x1,
x2

R
,
x3

R

¯

so that

dx1 “ dW 1
t ,

dX
pRq
2 “ ´ax1X

pRq
3 dt`

1

R
dW 2

t ,

dX
pRq
3 “ ax1X

pRq
2 dt`

1

R
dW 3

t .

As RÑ 8 we get the natural limit process

dx1 “ dW 1
t ,

dX2 “ ´ax1X3dt,

dX3 “ ax1X2dt.

The main result is this section is as follows.

Lemma 4.5. There exists a constant κ and a function gpRq, dependent only on the

distribution of τ , satisfying κ P p0, 1q, g ą 0, g decreasing, limRÑ8
gpRq
R2 “ 0 such that

lim inf
RÑ8

EX2
2 pτq, lim inf

RÑ8
EX2

3 pτq ě κR2
´ gpRq.

Remark 4.6. The idea behind this result is intuitive. When R is large px2, x3q moves

on a circle of radius R with angular speed a|x1|. Even if |x1| is small, its Brownian

motion will make it large enough so that px2, x3q will move at least a small percentage

of the way around the circle, and so both |x2pτq|, |x3pτq| ě εR for some ε ą 0 with

high probability and in expectation.
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See that X2
2 ptq `X

2
3 ptq “ 1 for all t, so that if tan θ “ X3p0q

X2p0q
we have

X2ptq “ cos

ˆ

θ `

ż t

0

ax1psqds

˙

,

X3ptq “ sin

ˆ

θ `

ż t

0

ax1psqds

˙

.

See that

θ `

ż t

0

ax1psqds “ θ ` x1p0qt` a

ż t

0

W 1
s ds

„ N
ˆ

θ ` ax1p0qt,
a2t2

2

˙

.

Therefore for any fixed t ą 0, x1p0q P R,

θ `

ż t

0

ax1psqds

has a continuous density that is positive everywhere, and therefore so do X2ptq, X3ptq.

If we let Zptq „ N
´

θ ` axt, a
2t2

2

¯

and let

pθ,x,ε,t “ P rsinZptq R r´ε, εss ,

then for any ε ą 0, t ą 0, θ, x P R we have pθ,x,ε,t ą 0 and furthermore, as

pθ,x,ε,t “ pθ`2π,x,ε,t “ pθ,x` 2π
at
,ε,t,

for fixed ε, t we have that

pε,t :“ inf
θ,x
pθ,x,ε,t ą 0.

This gives us the following result.
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Lemma 4.7. There exists a pε,t P p0, 1q over all ε ą 0, t ą 0 such that

P r|X3ptq| ą εs ě pε,t

for all initial conditions px1p0q, X2p0q, X3p0qq.

We next show that X and XpRq are close with high probability and in expectation

on any finite time interval.

Lemma 4.8. For any T ą 0, R ě 1, given Xp0q “ XpRqp0q we have for any α, β ą 0

that

sup
tPr0,T s

"

´

X
pRq
2 ptq ´X2ptq

¯2

`

´

X
pRq
3 ptq ´X3ptq

¯2
*

ď 2

ˆ

T

R2
` β

˙

exp

ˆ

2αT

R2

˙

.

with probability ě 1´ 2e´αβ.

Proof. Fix T ą 0, R ě 1. It is easy to see that XpRq, X have unique strong solutions

on the interval r0, T s. Using Itô’s formula we have that

´

X
pRq
2 ptq ´X2ptq

¯2

`

´

X
pRq
3 ptq ´X3ptq

¯2

“

ż t

0

2

R

´

X
pRq
2 psq ´X2psq

¯

dW 2
s

`

ż t

0

2

R

´

X
pRq
3 psq ´X3psq

¯

dW 3
s

`

ż t

0

2

R2
ds.

We now apply the exponential martingale inequality to the martingales

M2ptq “

ż t

0

2

R

´

X
pRq
2 psq ´X2psq

¯

dW 2
s ,

M3ptq “

ż t

0

2

R

´

X
pRq
3 psq ´X3psq

¯

dW 3
s ,
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with quadratic variations

xM2yt “

ż t

0

4

R

´

X
pRq
2 psq ´X2psq

¯2

ds,

xM3yt “

ż t

0

4

R

´

X
pRq
3 psq ´X3psq

¯2

ds.

As pX2, X3q stays in the unit ball in R2, one can easily check that the Novikov

condition is satisfies for each Miptq for all times t ě 0. This assures us that

Zi,δ “ exp

ˆ

δMiptq ´
δ2

2
xMiyt

˙

is a martingale for any δ ą 0 with Zi,δp0q “ 1. So for i “ 2, 3 define the events

Ei
α,β “

#

sup
tPr0,T s

´

Miptq ´
α

2
xMiyt

¯

ď β

+

for i “ 2, 3. On the event E2
α,β X E

3
α,β we have that

sup
tPr0,T s

"

´

X
pRq
2 ptq ´X2ptq

¯2

`

´

X
pRq
3 ptq ´X3ptq

¯2
*

ď
2a

R2

ż T

0

´

X
pRq
2 psq ´X2psq

¯2

`

´

X
pRq
3 psq ´X3psq

¯2

ds` 2

ˆ

T

R2
` β

˙

.

Applying Gronwall’s inequality on

Y pT q “ sup
tPr0,T s

"

´

X
pRq
2 ptq ´X2ptq

¯2

`

´

X
pRq
3 ptq ´X3ptq

¯2
*

then gives

sup
tPr0,T s

"

´

X
pRq
2 ptq ´X2ptq

¯2

`

´

X
pRq
3 ptq ´X3ptq

¯2
*

ď 2

ˆ

T

R2
` β

˙

exp

ˆ

2αT

R2

˙

.

71



As PrEi
α,βs ě 1´ e´αβ we have that PrE2

α,β X E3
α,βs ě 1´ 2e´αβ, giving the required

result.

From Lemmas 4.7 and 4.8 we can get bounds on Ex2
2pτq,Ex2

3pτq. Fix some ε ą 0,

0 ă λ ă 1, and given τ , fix some ατ , βτ ą 0, and assume that

|X3pτq| ě
?
ε`

1

Rλ
,

„

´

X
pRq
2 pτq ´Xpτq

¯2

`

´

X
pRq
3 pτq ´X3pτq

¯2


ď 2
´ τ

R2
` βτ

¯

exp

ˆ

2αrtτ

R2

˙

.

This happens with probability

ě 1´mint2e´ατβτ , 1u ´ p1´ p?ε` 1

Rλ
,τ q “ p?ε` 1

Rλ
,τ ´mint2e´ατβτ , 1u,

and it implies

|x3pτq| “ R
ˇ

ˇ

ˇ
X
pRq
3 pτq

ˇ

ˇ

ˇ

ě R |X3pτq| ´R
ˇ

ˇ

ˇ
X
pRq
3 pτq ´X3pτq

ˇ

ˇ

ˇ

ě R

„

?
ε`

1

Rλ
´ 2

´ τ

R2
` βτ

¯

exp

ˆ

2αττ

R2

˙

and similarly for x2pτq. We want this term to be independent of τ . Therefore let

βτ “
τ
Rγ

for some 2λ ă γ ă 2, ατ “
R2

2τ
ln
´

Rγ´λ

4τ

¯

so that for R ě 1

2
´ τ

R2
` β

¯

exp

ˆ

2ατ

R2

˙

ď
1

Rλ

and so this implies

|x3pτq| ě R
?
ε.

72



See then by Fubini’s Theorem that

Ex2
3pτq “E

ż 8

0

P
“

|x3pτq| ě
?
x
ˇ

ˇ τ
‰

dx

ěR2E
ż 1

0

P
“

|x3pτq| ě R
?
ε
ˇ

ˇ τ
‰

dε

ěR2E
ż 1

0

p?ε`R´γ ,τdε´ Emin
 

2e´ατβrt , 1
(

“R2E
ż 1

0

p?ε`R´γ ,τdε´ Emin

$

&

%

2

ˆ

4τ

Rγ´λ

˙
R2´γ

2

, 1

,

.

-

.

See that

Emin
 

2e´ατβτ , 1
(

“ Emin

$

&

%

2

ˆ

4τ

Rγ´λ

˙
R2´γ

2

, 1

,

.

-

.

Fix some monotonic fpRq Ñ 8 as RÑ 8, and see that

Emin

$

&

%

2

ˆ

4τ

Rγ´λ

˙
R2´γ

2

, 1

,

.

-

ď Prτ ą fpRqs ` 2

ˆ

4fpRq

Rγ´λ

˙
R2´γ

2

.

It’s hard to see an optimal fpRq over all R and all distributions, yet choosing

fpRq “
Rγ´2λ

4

gives

Emin

$

&

%

2

ˆ

4τ

Rγ´λ

˙
R2´γ

2

, 1

,

.

-

ď P
„

τ ą
Rγ´2λ

4



` 2R´
λR2´γ

2 Ñ 0
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as RÑ 8.

Therefore

lim inf
RÑ8

Ex2
3pτq

R2
ě E

ż 1

0

p?ε,τdε ą 0.

Identical limits hold for x2, proving Lemma 4.5.

Remark 4.9. Note that this constant κ, like pε,t, is dependent on a. However as

there are only a finite number of values an can take, we can consider κ to be the

minimum over all possible values of an.

4.4 The Entire Process

We now consider the entire process. Our approach is as follows. For each coordinate

xj with j R I we consider a particular path xj “ x0 Ñ xj1 Ñ . . . Ñ xjm “ xi with

i P I, and for some k P N we get a lower bound on E rx2
i pτkn˚´1qs in terms of x2

jp0q.

In this way, given a large amount of energy initially in xj we can prove in expectation

that a certain proportion of this energy is eventually moved to some xi, i P I, and so

is removed from the system.

For any xj0 with j0 R I we define the optimal path for xj0 in the following way.

Every edge pp, qq in the graph G as described in Assumption 4.2 can be associated

with the subset of N, here denoted Ep,q, containing elements n such that pk, p, qq “ Sn

or pk, q, pq “ Sn for some k and n ‰ 0 mod n˚, i.e. representing the time intervals on

which xp and xq are interacting. If pj0, j1q, pj1, j2q . . . pjm, iq represents a path from j0
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to i, define a0 “ 0 and ak “ argmintn P Ejk´1,jk : n ą ak´1u for 1 ď k ď m´ 1, then

we define the time length of this path as am. Note that am represents the number

of random time intervals rτn´1, τns needed to transfer energy from xj to xi along this

path. The optimal path between xj0 and xi for i P I is then the path with the smallest

time length, where if there is no path between xj0 and xi we define the time length as

`8. The optimal path for xj0 is then the path with the smallest time length over all xi

with i P I, and we define this time length as Tj0 . By Assumption 4.2 Tj0 ă 8 for all j0.

If L “ |xp0q| it must hold that |Xj0p0q| ě
L?
N

for some j0. Assume for now that

j0 R I. Let Tj0 be the time length of the optimal path pj0, j1q, pj1, j2q, . . . , pjm, iq with

associated ak for 0 ď k ď m. First see that ak`1 ă ak ` n
˚, and let

Mk “

ˇ

ˇ

ˇ

ˇ

ˇ

ď

l

Ek,l
č

tak ` 1, ak ` 2, . . . , ak`1 ´ 1u

ˇ

ˇ

ˇ

ˇ

ˇ

be the number of interactions that xjk is involved in between when it receives the

energy from xjk´1
(or in the case of k “ 0, from time 0), and when it transfers this

energy to xjk`1
. If xj is not involved in the interaction between times τn and τn`1,

then

E
“

x2
jpτn`1q

ˇ

ˇx2
jpτnq

‰

“ x2
jpτnq ` E rτn`1 ´ τns .

If it is, then with no knowledge of the coordinate it is interacting with all we can say

is

E
“

x2
jpτn`1q

ˇ

ˇx2
jpτnq

‰

ě κx2
jpτnq ` gpx

2
jpτnqq.

One can then see that if we want a guaranteed lower bound on Ex2
j1
pτa1q, we must
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assume that xj0 is involved in every interaction Sn for n ď a1 ´ 1, so that

Ex2
j0
pτa0q ě κa0´1 L

2

?
N
´

a0´1
ÿ

i“0

gpLqiκa0´i.

Then we have

Ex2
j1
pτa1q ě κa1

L2

?
N
´

a1
ÿ

k“0

gpLqkκa1´k.

Similarly, if l is the smallest integer such that am ă ln˚ we can show that

Ex2
i pτln˚´1q ě κln

˚´1 L
2

?
N
´

ln˚´1
ÿ

k“1

gpLqkκln
˚´1´k.

Between times τln˚´1 and τln˚ xi behaves like an Ornstein Uhlenbeck process and so

E|xpτln˚q|2 ď L2
`NEτln˚ ´

ż τln˚

τln˚´1

Ex2
i ptqdt

“L2
`NEτln˚ ´

ˆ

Ex2
i pτln˚´1q ´

1

2

˙

1´ Ee´2pτln˚´τln˚´1q

2

`
E rτln˚ ´ τln˚´1s

2

ďL2

ˆ

1´
κln

˚´1

?
N

1´ Ee´2τ1

2

˙

` hpLq

for some monotonic function hpLq ą 0 that satifies limLÑ8
hpLq
L2 “ 0. As

κln
˚´1

?
N

1´ Ee´2τ1

2
ą 0

we have that there exists an α P p0, 1q such that

E|xpτln˚q|2 ď α|xp0q|2
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for large enough |xp0q|. This proves that the sequence tE|xpτmln˚q|2u8m“1 is bounded.

Now fix some t ą 0, and sequence tτnu. There exists some m such that mln˚ ď t ă

pm` 1qln˚, and so

E
“

|xptq|2
ˇ

ˇ tτnu
‰

“ E
“

|xpτmln˚q|
2
ˇ

ˇ tτnu
‰

`Npt´ τmln˚q

ď E
“

|xpτmln˚q|
2
ˇ

ˇ tτnu
‰

`Npτpm`1qln˚ ´ τmln˚q

ñ E|xptq|2 ď E|xpτmln˚q|2 `Nln˚Eτ1.

This proves that

lim sup
tÑ8

E|xptq|2 ă 8,

proving Theorem 4.4.

Remark 4.10. One may ask why we did not try to get tail estimates for the invariant

distribution of the discrete time process txpτn`kn˚quk. In short, tail estimates are

limited by the distribution of the random times τn`1 ´ τn and not the structure of

the process itself, making the endeavour less interesting.
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5

Examples

5.1 Examples for Chapter 2

Example 5.1 (Dissipation in all coordinates). Consider the system

dX1 “ pc1X2X3 ´ b1X2q dt` σ1dW1ptq,

dX2 “ pc2X1X3 ´ b2X2q dt` σ2dW2ptq,

dX3 “ pc3X1X2 ´ b3X3q dt` σ3dW3ptq,

(5.1)

with infinitesimal generator L, where bi ą 0 for all i, and let V “ ea|x|
2

for some

a ą 0. Then

LV “ea|x|
2

«

´2a
ÿ

i

bix
2
i `

ÿ

i

σ2
i

`

a` 2a2x2
i

˘

ff

ďea|x|
2
”

|x|2
´

´2amin
i
bi ` 2a2 max

i
σ2
i

¯

` a|σ|2
ı

.
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If we choose a ă mini bi
maxi σ2

i
and let ε “ ´2amini bi ` 2a2 maxi σ

2
i ą 0 then

LV ď
`

´ε|x|2 ` a|σ|2
˘

ea|x|
2

ď´ ε1V

for any ε1 ă ε and sufficiently large |x|. Then we have that Xptq has an invariant

distribution µ satisfying

ż

R3

ea|x|
2

µpdxq ă 8.

Similar, albeit weaker results can be obtained by showing that many increasing func-

tions of |x| with compact level sets, such as |x|q or ea|x| for q ą 0 are Lyapunov

functions for the process Xptq.

5.2 Examples for Chapter 3

Example 5.2 (Counter-example to Assumption 3.2). The most trivial counter-example

to Assumption 3.2 is that where cijk “ 0 if i ą M and j, k ď M as then N is the

y1 . . . yM plane and by setting cijk ‰ 0 for some i, j, k ďM Assumption 3.2 can fail.

To see a non-trivial case, consider the system with N “ 5, M “ 3. Let c4
12 “ c5

12 “

c4
13 “ c5

13 “ 1, and for all other j, k ď 3 let c4
jk “ c5

jk “ 0. As N depends only on

these terms we get that y4, y5, Hy4, Hy5 “ 0 if y4, y5 “ 0 and if y1 “ 0 or y2 “ ´y3.

To see if higher moments Hnyi “ 0 for i “ 4, 5 we need to know the motion of the

other coordinates. If c2
13 “ c3

12 “ 1, c1
23 “ ´2 and cijk “ 0 for all other i, j, k ď 3, then

d
dt
pY2ptq`Y3ptqq “ Y1ptqpY2ptq`Y3ptqq so that if Y2p0q`Y3p0q “ 0 then Y2ptq`Y3ptq “ 0
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for all t. However Y1p0q “ 0 œ Y1ptq “ 0 for all t. Therefore if Y2p0q ` Y3p0q “ 0,

d
dt
Yiptq “ 0 for all t, i “ 4, 5 so that N “ ty : y4 “ y5 “ 0 and y2 “ ´y3u and on

N X ty : yi ‰ 0 for at least two i P t1, 2, 3uu d
dt
Y ptq ‰ 0 for any t.

Example 5.3 (Counter-example to Lemma 3.12 and subsequent results). Consider

the case where for some 1 ď d ď M , cijk “ 0 if i ą M and j, k ď d, or if i ď M ,

j, k ą M , so that N is the y1 . . . yd plane. Now let cijk ‰ 0 for at least one i, j, k ď d

so that Assumption 3.2 is false. Then the matrix

`

ρpxqCi
˘

iďN
“

¨

˚

˝

A
... 0

¨ ¨ ¨ ¨ ¨ ¨

0
... D

˛

‹

‚

for some matrices A,D with A a d ˆ d matrix, and assume for simplicity that

all eigenspaces are of dimension 1. Then λ pxq , pvpxq, wpxqq is a left-eigenpair for

pρpxqCiqiďN iff λ pxq , vpxq is an eigenpair for A or λ pxq , wpxq is an eigenpair for D.

In the former case vpxqT px ´ ρpxqq “ 0 uniformly, whereas previously we never had

to worry that vpxq ¨ x “ vpxq ¨ px´ ρpxqq could be 0 uniformly. Furthermore even in

the latter case

Hvpxq ¨ px´ ρpxqq “ pHvpxqq ¨ px´ ρpxqq ` vpxq ¨ pHpx´ ρpxqq,

and even if we still have

Hpx´ ρpxqq “
`

ρTCi
˘

iďN
px´ ρpxqq `Op|x´ ρpxq|2q,

we have that each term of Hvpxq is potentially Op|x|q so that

Hvpxq ¨ px´ ρpxqq “ O p|x||x´ ρpxq|q ` λ pxq vpxq ¨ px´ ρpxqq `O
`

|x´ ρpxq|2
˘

.

80



As λ pxq vpxq ¨ px´ ρpxqq is only potentially O p|x||x´ ρpxq|q, we have no clear dom-

inance of the desired term. In short this behaviour can be characterised as such:

the reason that the norm of the projection of Xptq onto the eigenspace is growing

exponentially fast is changing at the same rate of the growth itself.

To show that this can indeed be the case, let N “ 4, M “ 2, and let c4
jk “ 0 for

all j, k ď 2. Then N is the y1y2 plane. Let c1
12, c

2
11 ‰ 0 so that Assumption 3.2 does

not hold. Then

D “ y1

ˆ

c3
13 c3

14

c4
13 c4

14

˙

` y2

ˆ

c3
23 c3

24

c4
23 c4

24

˙

.

Note that by appropriately altering cijk for i ď 2, j, k ě 3 we have full freedom in the

coefficients defining D. Let

D “ y1

ˆ

1 1
1 1

˙

` y2

ˆ

2 ´1
´1 2

˙

with non-constant eigenvectors

wpyq “

ˆ

2y1 ´ 2y2

´2y2 ¯
a

y2
1 ´ 20y1y2 ´ 8y2

2

˙

.

Let vpyq “ wpyq
|wpyq|

. As H at py1, y2, 0, 0q is defined by c2
11, c

1
12, one could not expect

Hvpyq “ 0 in general, and as a result Hvpyq “ Op|y|q. Therefore for general y P R4

we have Hvpyqpy ´ ρpyqq “ Op|x||y ´ ρpyq|q.

Example 5.4 (Counter-example to Assumption 3.4). Consider the case of cijk ‰ 0

only for i, j, k ąM . Then N is the y1 . . . yM axis, and Hnyi “ O pdpx,N q2nq as each

Hnyi is a polynomial only in yj, j ąM .
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5.3 Examples for Chapter 4

Example 5.5 (The chain). Consider the following system on x P RN . Let the

sequence of random times tτnuně0 satisfy τn`1´τn „ Expp1q independent and τ0 “ 0.

For t P rτn´1, τnq with n ‰ 0 (mod N), the system satisfies

dxn “ ´xn´1xn`1dt` dW
n
t ,

dxn`1 “ xn´1xndt` dW
n`1
t ,

dxj “ dW j
t for j ‰ n, n` 1,

where in the case of n “ 1 x0 is replaced with xN , and for t P rτn´1, τnq with n “

0 (mod N), the system satisfies

dxN “ ´xNdt` dW
n
t ,

dxj “ dW j
t for j ‰ N.

In short, for n “ 1, . . . , N ´ 1, between times τn´1 and τn, pxn, xn`1q moves anti-

clockwise on a circle in the xnxn`1 plane with angular velocity xn´1 (if we ignore

the Brownian terms in xn, xn`1), while all other coordinates behave as Brownian

motions. Then between times τN´1 and τN xN behaves as an Ornstein-Uhlenbeck

process, while again all other terms behave as Brownian motions. In order for |xptq|2

to remain controlled over time, one needs energy in all coordinates to eventually

transfer to xN over time.

Example 5.6 (The reversed chain). Here we consider an identical example to Exam-

ple 5.5, except that in this case, between times τn´1 and τn for n “ 0 (mod N) we have

dissipation in x1. Also assume that xp0q “ p0, 0, . . . , 0, Lq for some large L. We should
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expect the system to behave in the following way. Between times 0 and τN´2 the en-

ergy in xN is affected only by Brownian motion, and so xNpτN´2q “ L ` Op1q. The

other coordinates transfer energy between themselves, but this energy must have come

from their Brownian motion terms, and so we expect xjpτN´2q “ Op1q for j ‰ N . By

time τN´1 not much has changed except now we should expect xN´1pτN´1q “ OpLq.

As x1 is small by comparison, no sizeable energy is removed between times τN´1 and

τN , and one could even prove E|xpτNq|2 ą L2. However by repeating this argument,

we would expect xN´2pτ2N´1q “ OpLq, then xN´3pτ3N´1q “ OpLq, until we have

x1pτpN´1qN´1q “ OpLq, which would imply that E|xpτpN´1qNq|
2 ď κL for some κ ă 1.

Therefore, we should expect to lose a sizeable amount of energy by time τkN for some

k, but not necessarily by time τN .

Example 5.7 (Counter-example to Assumption 4.2). In Examples 5.5 and 5.6, be-

tween times 0 and τ1 we can say that we paired x2 and x3, powered by x1, then we

paired x3 and x4, powered by x2, and so on. Here, to avoid complex notation we will

use this language. First we pair x1 and x3, powered by xN´1, then we pair x2 and x4,

powered by xN , then we pair x3 and x5, powered by x1, and so on up until we pair

xN´2 and xN , powered by xN´4. We then have dissipation in x1, and the cycle starts

again. Therefore energy in xj can be transferred to xj´2 (if j ě 3) and to xj`2 (if

j ď N ´ 2), and from there to xj˘4, etc. But energy cannot be transferred between

xj with j even and xk with k odd, and so in particular energy cannot be transferred

from xj with j even to x1. We can instead show that

E

»

–

tN2 u
ÿ

j“1

x2
2jptq

fi

flÑ 8
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as tÑ 8.
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6

Conclusions

Our original aim when undertaking this project was to prove the existence of an

invariant distribution for the solution to the stochastic Navier-Stokes equation as

described in Section 1. By considering the Fourier series of the solution we reduced

this to the problem of finding an invariant distribution of a stochastic differential

equation on infinite dimensional Euclidean space. With this in mind we decided to

first prove a similar statement for a general stochastic differential equations of the

same form first on three and then on general finite dimensional Euclidean space,

believing that with every step the method of proof would become more involved

but would be ultimately similar in structure. Although this was the case as we

advanced from three dimensions to general finite dimensions, to recreate this proof in

infinite dimensions would require significant generalisations of not only our results in

Appendix B but the results stated from other works, many of which may break down
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in infinite dimensions.

Despite this, however, we believe the finite dimensional result alone is significant.

Furthermore it serves as a successful example of the use of mollifiers to construct

a Lyapunov function for a process that behaves qualitatively differently on different

regions of space, and as an application of matrix perturbation theory in multiple

dimensions.
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Appendix A

Lyapunov Functions

Here we list the results related to Lyapunov functions that we use throughout this

work. These are not the most general results or definitions, but they suffice for our

purposes. We will not provide proofs for any of these results; they can be found in

[9].

Definition A.1. Let V, W : RN Ñ r0,8q be twice continuously differentiable and

continuous functions respectively. We call pV, W q a Lyapunov pair corresponding to

the Markov process tXtutě0 with infinitesimal generator L if V, W have compact level

sets and there exist constants a, b such that

LV ď ´aW ` b

for all x P RN . If V “ W we call V a Lyapunov function.

Note that Lyapunov pairs need only be defined outside of a compact set, and the
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condition

LV ď ´aW ` b

for all x P RN holds if

LV ď ´cW ` U

for some function Upxq ! W pxq as |x| Ñ 8.

Proposition A.2. If Xt has a Lyapunov pair V,W then

(a) Xt is non-explosive; that it if τn “ inf tt : |Xt| ą nu and τ8 “ limnÑ8 τn,

Px0 rτ8 “ 8s “ 1

for all initial conditions x0 P RN . In particular, for all initial conditions x0, Xt

is well-defined for all t ě 0 almost surely.

(b) Xt has an invariant probability measure µ satisfying

ż

RN
W pxqµpdxq ă 8.

Furthermore if Xt has a uniformly elliptic diffusion matrix this invariant measure

is unique, ergodic and has a smooth and everywhere positive density with respect

to Lebesgue measure on RN .

(c) If V “ W , w “ 1` βW for some β ą 0 and we define the distance function

dw pν1, ν2q “ sup
g:|g|ďw

ż

RN
gpxq pν1 ´ ν2q pdxq
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on the space of probability measures ν on RN such that
ş

RN wpxqνpdxq ă 8, then

there exist constants C, η ą 0 such that

dw pPtν1, Ptν2q ď Ce´ηtdw pν1, ν2q

where Pt is the Markov semigroup associated with Xt.
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Appendix B

Real Algebraic Geometry and Matrix Perturbation
Theory

Given a matrix Apεq, or more generally a linear operator as a function of ε P R or

C, properties such as its eigenvalues and eigenvectors have long been of interest in

mathematics [1,3,5], mechanics [6,7] and computer science [2]. In particular, it is

known that if Apεq is an analytic function of ε P C the eigenvalues and eigenvectors

of Apεq change analytically in regions where they are of constant multiplicity and

have potential algebraic singularities at points where multiplicity changes [1,5]. Non-

analytic perturbations are known to result in discontinuous eigenvectors.

Example B.1. [1] Consider the matrix

Apεq “ e´
1
ε2

ˆ

cos
`

2
ε

˘

sin
`

2
ε

˘

sin
`

2
ε

˘

´ cos
`

2
ε

˘

˙

, Ap0q “ 0

with ε P R. This matrix has smooth coefficients with smooth eigenvalues λpεq “
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˘e´
1
ε2 , λp0q “ 0, yet its normalised eigenvectors

vpεq “

¨

˚

˝

sinp 2ε q
b

2p1¯cosp 2ε q

˘

b

1¯cosp 2ε q
2

˛

‹

‚

,

smooth for all ε ‰ 0, have no limit as εÑ 0.

A considerable obstacle to extending known results about analytic perturbation

of eigenvalues to the multi-parameter case is knowledge of the structure of the sets

where the eigenvalues change multiplicity, as they are no longer isolated points in C.

Example B.2. The matrix

Apx, yq “

ˆ

0 x
y 0

˙

has eigenvalues λpx, yq “ ˘
?
xy and eigenvectors vpx, yq “ p˘

?
x,
?
yqT . Multiplicity

of the eigenvalues changes on the x and y axes, on which again the eigenvalues are

analytic (as a function of one variable) away from px, yq “ p0, 0q.

In the general case, as eigenvectors are not uniquely defined we often instead

consider the projection matrix onto the eigenspace or generalised eigenspace. Fur-

thermore, given any total ordering ă on C indices can be chosen so that λipxq ă

λjpxq ô i ă j, so that this non-uniqueness problem is also solved. Henceforth we

follow both of these conventions.

If we were to consider only local behaviour near a change in multiplicity of the

eigenvalues we have the following result.
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Lemma B.3. Let Apxq be an N ˆ N analytic matrix function of x P Rn with

continuous eigenvalues with multiplicity tλipxqu
N
i“1 such that for some 1 ď k ď N

λ1p0q “ λ2p0q “ . . . “ λkp0q ‰ λlp0q for l ą k. Then if P pxq is the projection matrix

onto the Minkowski sum of the generalised eigenspaces of λ1pxq, . . . , λkpxq, P pxq is

analytic in an open neighbourhood of 0.

Proof. We first prove this in the case of Apxq a function of x P R. We define the

resolvent of Apxq as

Rpx, γq “ pApxq ´ γINq
´1.

For fixed x the singularities of Rpx, ¨q are exactly the eigenvalues of Apxq. Consider

the Laurent series of Rpx, ¨q centred at such an eigenvalue λipxq, and let Qipxq denote

the negative of the coefficient of the pγ ´ λipxqq
´1 term. Qipxq is a projection onto

the generalised λipxq-eigenspace, which is in turn contained in the nullspace of Qj

for j ‰ i [1][Chapter 1, Section 5.3]. Then although each matrix Qipxq, i ď k may

have singularities at x “ 0,
řk
i“1Qipxq is analytic in a neighbourhood of x “ 0

[1][Chapter 2, Section 1.4]. Therefore if v1p0q, . . . , vlp0q is a basis for the generalised

λ1p0q-eigenspace,

#

k
ÿ

i“1

Qipxqvjp0q

+l

j“1

is an analytic basis for the Minkowski sum of the generalised eigenspaces of

λ1pxq,. . . ,λkpxq for sufficiently small x. Then as dot products and the Gram-Schmidt

algorithm are analytic functions of their inputs, we can use this analytic basis to

construct an analytic projection matrix P pxq.
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To extend this to the multivariate case, it is known by Boman’s Theorem [10] that

as P pxptqq is smooth at t “ 0 for all smooth paths xptq satisfying xp0q “ 0, that P pxq

is smooth and therefore has a multivariate power series. As P ptx0q is also analytic for

all x0 in the unit sphere in Rn this power series converges for |t| ă Rx0 and is equal

to Ppxq whenever it converges. This implies that the power series converges for all

|x| ă R “ inf |x0|“1Rx0 ą 0 and R ą 0 by compactness.

Remark B.4. Note first that these matrices Qi are not orthogonal projection ma-

trices, so that they differ from the projection matrices Pi that we will construct in

Theorem 3.10. Secondly, to our knowledge there is no analogous result allowing us to

construct an analytic basis for the Minkowski sum of the eigenspaces near a change

in multiplicity rather than the Minkowski sum of the generalised eigenspaces. This

is why we stipulate in Assumption 3.3 that the matrix
`

xTCi
˘

iďN
is diagonalisable.

Of course if we allow Apxq to be a function of x P U a subset of RN or CN , there

exists a partition of U into sets Si such that for x P Si each eigenvalue is of constant

multiplicity. However, as many of these sets will not be open, even defining analyt-

icity on these sets is a non-trivial task. In order to make any meaningful statements

about the behaviour of the eigenvalues on these sets we need to understand the struc-

ture of these sets. To answer these questions we will use tools and results from real

algebraic geometry, as when the given matrix Apxq is polynomial rather than analytic

in x P RN the appropriate partition of RN necessary happens to be constructed from

semi-algebraic sets.
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The following definitions and results from real algebraic geometry are not the most

general but are consistent with the literature in the case of Euclidean space.

Definition B.5. (a) S Ă RN is said to be semi-algebraic if it can be represented as

the finite union of sets of the form

tx P RN : f1pxq “ 0, . . . flpxq “ 0, g1pxq ą 0, . . . , gmpxq ą 0u

where f1pxq, . . . , flpxq, g1pxq, . . . gmpxq are polynomials in x with real coefficients.

If S is the finite union of sets of the form

tx P RN : f1pxq “ 0, . . . flpxq “ 0u

we say that S is an algebraic set.

(b) A function f : S Ñ T from a semi-algebraic set S Ă RM to a semi-algebraic set

T Ă RN is semi-algebraic if its graph in RM`N is a semi-algebraic set.

Semi-algebraic sets are closed under finite union, intersection and complementa-

tion. We will also use the following basic results about semi-algebraic sets throughout

this section.

Proposition B.6. (a) If S Ă RN`1 is semi-algebraic and

Π : RN`1
Ñ RN : px1, . . . , xN , xN`1q ÞÑ px1, . . . , xNq

is a projection then ΠpSq Ă RN is semi-algebraic.

(b) A set of the form

tx P RN : f1pxq “ 0, . . . flpxq “ 0, g1pxq ą 0, . . . , gmpxq ą 0u

for semi-algebraic fj, gj : RN Ñ R is semi-algebraic.
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(c) If f : S Ñ T is semi-algebraic and A Ă S, B Ă T are semi-algebraic then fpAq

and f´1pBq are semi-algebraic.

(d) For any semi-algebraic A, the set of semi-algebraic functions defined on A form

a ring.

(e) Every semi-algebraic B Ă Rn is the disjoint union of a finite number of connected

semi-algebraic sets B1, . . . , Bm.

Proof. (a) [4][Theorem 2.2.1].

(b) If fj, gj : RN Ñ R are semi-algebraic, the set

tx : fjpxq “ 0u, (resp. tx : gjpxq ą 0u)

is equal to the projection from Rn ˆ R to Rn of the intersection of the graph of

fj (resp. gj) with the semi-algebraic set

 

y P RN`1 : yN`1 “ 0
(

(resp.
 

y P RN`1 : yN`1 ą 0
(

)

and so is semi-algebraic.

(c) [4][Proposition 2.2.7].

(d) [4][Proposition 2.2.6].

(e) [4][Theorem 2.4.5].

Real algebraic geometry also has its own version of the Implicit Function Theorem.
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Proposition B.7 (Implicit Function Theorem). Let px0, y0q P Rm`n and let f1, . . . , fn

be k ě 1 times continuously differentiable semi-algebraic functions defined on an open

neighbourhood of px0, y0q such that f1px0, y0q “ . . . “ fnpx0, y0q “ 0 and the matrix

ˆ

dfi
dyj
px0, y0q

˙

ij

is invertible. Then there exists an open semi-algebraic neighbourhood U (resp. V ) of

x0 (resp. y0) in Rm (resp. Rn) and a function ϕ : U Ñ V with all partial derivatives

up to order k existing and continuous such that ϕpx0q “ y0 and

f1px, yq “ . . . “ fnpx, yq “ 0 ô y “ ϕpxq

for every px, yq P U ˆ V .

Proof. [4][Corollary 2.9.8].

A fundamental object in real algebraic geometry is a Nash manifold.

Definition B.8. (a) A semi-algebraic function f : U Ñ R for open semi-algebraic

U Ă RN is a Nash function if it is an analytic function that can be represented

as the solution of pnpxqfpxq
n ` pn´1pxqfpxq

n´1 ` . . .` p0pxq “ 0 for some n ą 0

where each pkpxq are polynomials in x with real coefficients. f : U Ñ RM is Nash

if each of its components fi : U Ñ R is Nash.

(b) A semi-algebraic set M Ă RN is said to be a Nash submanifold of RN of dimension

d if for every x P M there exists a neighbourhood U Ă RN of x, a neighbourhood

U 1 Ă RN of 0 and a Nash diffeomorphism f : U Ñ U 1 such that fpxq “ 0 and

fpM X Uq “ pRd ˆ t0uq X U 1.
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A necessary and sufficient condition for a function defined on an open semi-

algebraic subset of RN to be Nash is for it to be smooth and semi-algebraic [4][Propo-

sition 8.1.8]. Therefore the Implicit Function Theorem also applies to the case of Nash

functions; if each fi is Nash, the corresponding implicit function ϕ is Nash. Note also

that this definition of Nash submanifold coincides with the classical definitions [8] of

Ck, smooth or analytic submanifolds of Euclidean space.

The following is a useful alternative characterisation of Nash manifolds, analogous

to similar results about smooth or analytic submanifolds of RN .

Lemma B.9. The following are equivalent for S Ă RN .

(a) S is a Nash manifold of dimension d.

(b) For every x P S there exists open semi-algebraic V Q x in RN , U Ă Rd and a Nash

function f : U Ñ V that is a homeomorphism onto SXV and Df “
´

dfi
dyj

¯

iďM,jďd

is injective for all y P U .

(c) For every x P S there exists open semi-algebraic B Q x in RN , A Ă Rd, permuta-

tion σ on t1, . . . , Nu and Nash function g : AÑ RN´d such that

S XB “ tz P RN : pzσpd`1q, . . . , zσpNqq “ gpzσp1q, . . . , zσpdqqu

Proof. That paq ñ pbq is immediate. To see that pbq ñ pcq, fix x P S with given

f : U Ñ V and let σ be such that columns σp1q, . . . , σpdq of Df form an injective

matrix at y “ f´1pxq. If π : RN Ñ Rd : pz1, . . . , zNq ÞÑ pzσp1q, . . . , zσpdqq then Dpπ ˝ fq

is an isomorphism, so by the inverse function theorem for semi-algebraic functions
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[4][Proposition 2.9.7] there are open semi-algebraic B1 Ă U , A Ă πpV q such that

pπ ˝ f |B1q
´1 : A Ñ B1 exists and is Nash. By letting g be the σpd ` 1q, . . . , σpNq

components of f ˝ pπ ˝ f |B1q
´1 with B an open neighbourhood of fpB1q such that

S XB “ fpB1q pcq is proved.

To show that pcq ñ paq, fix x P S with g : AÑ RN´d. Then

fpx1, . . . , xNq

“pxσp1q, . . . , xσpdq, xσpd`1q ´ g1pxσp1q, . . . , xσpdqq, . . . , xσpMq ´ gN´dpxσp1q, . . . , xσpdqqq,

with

f´1
py1, . . . , yNq

“π´1
py1, . . . , yd, yd`1 ` g1py1, . . . , ydq, . . . , yN ` gN´dpy1, . . . , ydqq

is a Nash diffeomorphism defined on an open neighbourhood of x P RN with fd`1pxq “

. . . “ fNpxq “ 0 if and only if x P S XB.

The centrality of Nash manifolds to real algebraic geometry is elucidated in the

following result.

Proposition B.10. Every semi-algebraic G Ă RN with a finite collection tFαuα of

semi-algebraic subsets of G can be stratified into a finite number of disjoint connected

Nash manifolds Gi such that Gi X clospGjq ‰ H ñ Gi Ă clospGjq and dimpGiq ă

dimpGjq, and such that each Fα is a union of some strata of this stratification.

Proof. [4][Proposition 9.1.8].
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Finally we have the following result relating a Nash manifold to its ambient space.

Proposition B.11. If S Ă RN is a Nash manifold, there exists an open semi-

algebraic neighbourhood U of S such that the projection ρpxq “ argminyPSdpx, yq is

well-defined and Nash.

Proof. [4][Corollary 8.9.5].

We previously stated the problem in even defining analyticity of eigenvalues and

eigenvectors on non-open regions. We first address this.

Definition B.12. Let S Ă RN be a non-open Nash manifold. We say that f : S Ñ R

is a Nash function on S if there exists an open semi-algebraic neighbourhood U of S

and a Nash function rf : U Ñ R such that rf
ˇ

ˇ

ˇ

S
“ f .

As we are exploiting results in real algebraic geometry, we will identify complex

numbers as elements of R2 rather than C, so that we say that a function f : RN Ñ Ck

is Nash if the corresponding function from RN to R2k is Nash.

Our main results are given below.

Theorem B.13. Given a polynomial

p0pxq ` p1pxqλ` . . .` pnpxqλ
n,

where each pi are Nash functions defined on a semi-algebraic S Ă RN , there exists a

stratification of S, tSju, on which each λi : Sj Ñ R2 is a Nash function of x on each

Sj.
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Theorem B.14. Given any matrix Apxq P Rnˆn whose entries are Nash functions

defined on some semi-algebraic S Ă RN , there exists a stratification of S into Nash

manifolds tSjuj, on which each eigenvalue is of constant multiplicity with eigenspace

of constant dimension, and each λi and the projection matrix Pi onto its eigenspace

are Nash.

Moreover, for any semi-algebraic set A Ă R2`2n2
, if it holds for all x P S that

some pair pλipxq, Pipxqq P A, then the above stratification can be refined so that on

each Sj, there is some i such that pλipxq, Pipxqq P A for all x P Sj.

Our motivation to prove the final statement is related to Assumption 3.3; how-

ever here we will not discuss our ultimate motivations and instead restrict ourselves

to proving results related to real algebraic geometry and matrix perturbation theory.

We will first characterise the regions where the roots of such a polynomial are of

constant multiplicity.

Lemma B.15. Given a polynomial fpp, λq “ p0 ` p1λ` . . .` pnλ
n, the set

Ak “ tp P Rn`1 : fpp, λq has k distinct rootsu

is a semi-algebraic subset of Rn`1 for each k P t1, . . . , n,8u.

Proof. First see that A8 “ t0u. For some 1 ď d ď n, assume throughout that

pd`1 “ pd`2 “ . . . ` pn “ 0, pd ‰ 0, so that fpp, xq is of degree d. Let g “

degree of GCD
`

fpp, λq, df
dλ
pp, λq

˘

, the number of repeated roots of fpp, λq. Then

fpp, λq had d´g distinct roots and the degree of LCM
`

fpp, λq, df
dλ
pp, λq

˘

“ 2d´g´1.
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Let qpp, λq, rpp, λq, spp, λq be polynomials of degree g, d´ g and d´ g´ 1 respectively

such that

GCD

ˆ

fpp, λq,
df

dλ
pp, λq

˙

“ qpp, λq,

fpp, λq “ rpp, λqqpp, λq,

df

dλ
pp, λq “ spp, λqqpp, λq.

Then

fpp, λqspp, λq ´
df

dλ
pp, λqrpp, λq “ 0.

The condition that fpp, λq has at most k distinct roots is equivalent to the condition

d´ g ď k, which is equivalent to the condition that there are polynomials s˚px, λq “

x0 ` x1λ` . . .` xk´1λ
k´1, r˚px, λq “ xk ` xk`1λ` . . .` x2k´1λ

k such that

fpp, λqs˚px, λq ´
df

dλ
pp, λqr˚px, λq “ 0.

As we can write

fpp, λqs˚px, λq ´
df

dλ
pp, λqr˚px, λq :“ y0px, pq ` y1px, pqλ` . . .` yd`k´1px, pqλ

d`k´1,

this condition is equivalent to the condition that the system

y1pp, xq “ 0, . . . , yd`k´1pp, xq “ 0 (B.1)

has non-zero solutions in x. As each yipp, xq is linear in x this is equivalent to the

the vanishing of all p2k ` 1q-minors of the matrix associated with the linear map

x ÞÑ py1pp, xq, . . . yd`k´1pp, xqq. As each of these minors is a polynomial in p, the set

Md,k “ tp P Rn`1 : f is of degree d and there at most k distinct rootsu
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is a semi-algebraic set. As

Ak “
ď

děk

Md,kzMd,k´1,

each Ak is a semi-algebraic set for each k ě 1.

Corollary B.16. Given a polynomial fpppxq, λq “ p0pxq ` p1pxqλ ` . . . ` pnpxqλ
n,

where each pi is a semi-algebraic function of x defined on some common semi-algebraic

set S Ă Rm, the set Ak “ tx P S : fpppxq, λq has k distinct rootsu is a semi-algebraic

subset of Rm for each k P t1, . . . , nu.

Proof. Let Bk “ tp P Rn`1 : fpp, λq has k distinct rootsu. Then Ak “ p´1pBkq is

semi-algebraic.

We are now ready to prove Theorem B.13.

Proof of Theorem B.13. Let G be the multi-graph of the roots, which is a semi-

algebraic subset of Rn`3 as it is the set of solutions px, a, bq to

p0pxq ` p1pxqpa` ibq ` . . .` pnpxqpa` ibq
n
“ qpx, a, bq ` irpx, a, bq “ 0

for some Nash q, r : Rn`3 Ñ R. Let Gi be the graph of λi, and let

fpp, λq “ p0 ` p1λ` . . .` pnλ
n.

Let Ak “ tp P Rn`1 : fpp, λq has k distinct rootsu, and let tAklul be the connected

components of Ak. For each l, let tBklmum be the semi-algebraic connected compo-

nents of Bkl “ pAkl ˆ R2q X G, the multi-graph restricted to Akl. Bkl can also be

decomposed into tCkliui, the graphs of the distinct λippq restricted to Akl. These

Ckli are also connected as each λi is distinct and continuous on the connected set

102



Akl. Therefore it must follow that each Ckli “ Bklm for some m, so that Ckli is

semi-algebraic and so each λippq is a semi-algebraic function on each Akl. Defining

Ekl “ p´1pAklq “ tx P S : ppxq P Aklu, each λipxq is a semi-algebraic function on each

Ekl.

Now let tEklmuk,l,m be a Nash stratification of S such that YmEklm “ Ekl for

each k, l. Fix some Eklm and some x P Eklm, and let g : U Ñ U 1 be the Nash

diffeomorphism described in Definition B.8 (b). Then the polynomial

p0

´

g´1
ˇ

ˇ

Rdˆt0u pyq
¯

` p1

´

g´1
ˇ

ˇ

Rdˆt0u pyq
¯

λ` . . .` pn

´

g´1
ˇ

ˇ

Rdˆt0u pyq
¯

λn

has smooth roots λi ˝ g
´1pyq by applying the Smooth Implicit Function Theorem to

the correct derivative of the above polynomial with respect to λ.

Then let ρ be the Nash projection onto Eklm defined on U . Then the function

rλipxq “ λ ˝ g´1 ˝ g ˝ ρpxq, defined on U , is Nash and agrees with λi on Eklm.

Remark B.17. One could recreate much of the spirit of the above work in the case

of each plpzq being complex-valued functions defined on some subset of CN such that

plpzq “ plpx, yq “ ulpx, yq ` ivpx, yq where u, v are Nash functions defined on some

open semi-algebraic S Ă R2N . However the concluding result, that λkpx, yq is a Nash

function of x, y, is not enough to prove that λkpzq is an analytic function of z as one

cannot recover any information about the Cauchy-Riemann equations for λk. It is for

this reason that we restrict our result to the case of polynomials with real coefficients.

103



Remark B.18. It may also be possible to recreate much of this work in the case of

the pi being real analytic functions and relying on analytic submanifolds. However

this would result in a stratification into a countable number of submanifolds which is

not useful for our purposes.

We will now prove the following.

Lemma B.19. For any matrix Apxq P Rnˆn whose entries are Nash functions defined

on some semi-algebraic S Ă RN , such that dimpNpApxqqq ě 1 is constant on S, one

can locally define an orthonormal basis for NpApxqq. Furthermore the projection

matrix P pxq onto NpApxqq is Nash.

Proof. Let k “ dimpNpApxqqq ě 1, and given some x0 P S let v1px0q, . . . , vkpx0q be

any basis for NpAq. There exist n ´ k linearly independent rows of Apx0q, which

are also linearly independent in a neighbourhood U of x0. On U define Bpxq as the

matrix with these rows. Now consider the linear transformation

w ÞÑ

¨

˚

˚

˚

˚

˚

˝

Bpxq
v1px0q

v2px0q
...

vkpx0q

˛

‹

‹

‹

‹

‹

‚

w.

Note that this matrix is invertible. Then by Proposition B.7 there exists a Nash

continuation of each v1, . . . , vk in some open V Ă U such that the norm of each vi

is bounded away from 0. As the function gpxq “ 1?
x
, defined on x ą 0, is smooth

and has graph given by y2x´ 1 “ 0, y ą 0 it is Nash. Thus normalising each vector

preserves their Nash property and as Gram-Schmidt is then a polynomial operation
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we have an orthonormal Nash basis v1pxq, . . . , vkpxq defined on V . This implies that

the projection matrix P pxq “
ř

i vipxqvipxq
T (viewing the vi as column vectors) is

Nash on V , and as P is unique it can be extended as a Nash function to all of S.

We are now ready to prove Theorem B.14.

Proof of Theorem B.14. From Theorem B.13, we can immediately stratify S into

Nash tTau such that each eigenvalue is Nash and of constant multiplicity on each

Ta. Fix Ta, and note that the set

Biak “ tx P Ta : dim pN pApxq ´ λipxqInqq “ ku

is a semi-algebraic set as it is equivalent to the vanishing of all pn ´ k ` 1q-minors

of the Nash Apxq ´ λipxqIn and the non-vanishing of at least one pn ´ kq-minor. As

each collection tBiakuk is a partition of Ta, we can construct a partition

tB1ak1 XB2ak2 X . . .XBnaknuaPt1,...,nu,pkiqPt1,...,nun

of S. If we stratify S into tSju such that each element of this partition is a union

of some tSju, then on each tSju each eigenvalue is of constant multiplicity and is

Nash, and each eigenspace is of constant dimension. Applying Lemma B.19 imme-

diately gives the Nash projection matrix Pipxq onto the eigenspace of λi defined on Sj.

Now let A Ă R2`2n2
be a semi-algebraic set with the given assumptions. Then

let Di “ tx : pλipxq, Pipxqq P Au, and refine the stratification so that each Di is the

union of some strata Sj. As the Di cover S this completes the proof.
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Remark B.20. The fact that we cannot make more impressive statements about the

eigenvectors stems from similar problems encountered by others, namely that they

are not uniquely defined and are difficult to separate from generalised eigenvectors

[1]. Moreover exploiting the projection may result in vectors that vanish. This was

dealt with in [5] by exploiting the Smith-Normal form of matrices, which is difficult

to do in the multivariate case, and in [1] by assuming that the domain in which the

eigenvalues are of constant multiplicity is simply-connected and constructing an ana-

lytic invertible matrix Upxq that gave a bijection between the generalised eigenspace

at ε and the generalised eigenspace at some anchor point x0. Upxq was given as the

solution of a matrix-valued ODE whose existence, uniqueness and analyticity was

justified using Picard iterates.
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