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Abstract

The solution to the Navier Stokes equations on the 2D torus with stochastic forcing
that is white noise in time, coloured in space has a Fourier series representation whose
coordinates satisfy a countable system of Stochastic Differential Equations. Inspired
by the structure of these equations, we construct a finite system of stochastic differ-
ential equations with a similar structure and explore the conditions under which the

system has an invariant distribution.

Our main tool to prove existence of invariant distributions are Lyapunov func-
tions, or more generally Lyapunov pairs. In particular, we construct the Lyapunov
pairs piecewise over different regions and then use mollifiers to unify these disparate
characterisations. We also apply some results from Algebraic Geometry and Matrix
Perturbation Theory to study and exploit the geometry of the problem in high di-

mensions.

The combination of these methods allowed us to prove that a large class of the
equations we constructed have invariant distributions. Furthermore we have explicit

tail estimates for these invariant distributions.
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1

Introduction

Consider the 2D Navier-Stokes equation

u + (u-V)u+ Vp — vAu = f,
(1.1)

divu =0,
where p is pressure and v is viscosity. If w = curl v we can recover u from w by
the divergence condition. On T? = [—m,7|*> with f = 0 w has the Fourier series

representation

with reality condition a_j = @,. We can then reduce the PDE to the system of ODEs

day, 9 ) 1 1
= = —v|k|*a) — Z G (W - W) a;a (1.2)

(G):3+1=k



where j* corresponds to a 90° anti-clockwise rotation in Z2. Let

-0 (G- ).

Then
d 2 d 2
) 3= Y] Sl
keZ?
=Y Loa
= g ek
keZ?
S Z (arv| — k[Pa_y, + v|k|*ara_y)
keZ?
+ Z (Z lajala rt Z Cﬂ a]alak)
keZ? \j+l=k jtHl=—k

== Z 21/]1{:\2\%]2 + Z djklajakal

keZ? 7,k l€Z3

for some constants dj;; where to avoid ambiguity we sum over unordered triples
(7, k,1). See first that dj; = 0if j + k + [ # 0. If this is the case, then

ok —l —J

=640 (5= 7m) -9 (55~ 7m) -0 (5~ )

(1.3)
L GhDRRRahD
Vs |k U
= 0.
Therefore

d
= I t) flze= = 2 2|k lar()P < =20 || ul-1) | 12
k



and so

Fu(t) la< e L u(-, 0) |z -

If, instead of full viscosity, we replace A in (1.1]) with the operator D given by

Dak(t) = —|k’2ak(t)]lk€[(

for some symmetric K < Z?, and let f be white noise in time, coloured in space, i.e.

df(t,x) = > oxe™ dWi(1)
keZ?
for complex Brownian motions W, satisfying W, = W_j, @ = o_, then control
of the energy of the system is no longer a trivial question. We need to study how
the effects of dissipation transfer through the coordinates to keep the system from
blowing up. Motivated by this question we consider a finite-dimensional analogue to

this system.

For simplicity we will consider the case of a real, rather than complex, finite-

dimensional analogue of ([1.2]). Let X (¢) be the solution to the SDE

dX; = (Z XX — biXi) dt + o;dWi(t) (1.4)

<k
where the constants ¢}, satisfy

This is the real analogue to the condition discovered in (1.3). To reproduce the op-

erator D we can define b; = 0 for ¢+ < M and b; > 0 for © > M. Let b,o be the

3



vector representations of these constants. In Section [3| we will prove, under certain

assumptions on {Cé‘k}i,j,ka b and o, that 1) has an invariant distribution.

We will sometimes consider the solution Y (¢) of the system

dy; ;
dt 2 Y3V (16)

i<k

which we will refer to as the conserved system as with no dissipation or forcing we
have £|Y(t)| = 0 for all t. The condition (1.5) indicates that the conserved system
can be described as a collection of triples connecting certain triples of coefficients
of Y. This motivates some parts of our study. In particular, in Section [2] we will
consider the case of Y (t) € R with only one triple of constants non-zero. In Section
we consider a finite list of triples, each of which in turn solely describes the conserved
system for a random amount of time. The main results of each endeavour are given

at the beginning of their relevant section.



2

A Three Dimensional System

2.1  Summary of Main Results

Here we consider the dynamics induced by a single triple on X (¢) € R3. Consider the
system

dX, = 1 Xo X3dt + o1dWh,

dXs = (o X1 X3 — by Xo) dt + 02dWs, (2.1)

dX3 = (C3X1X2 — ngg) dt + 0'3de,

where ¢; 4+ ¢o + ¢c3 = 0, by, b3 > 0 and the W; are real independent Brownian motions.
Let L be the generator of the system and let H = cyxox301 + cox12302 + c37120203 be

the operator for the conserved component. We will make the following assumption.
Assumption 2.1. In the system given by , cac3 >0 and 03 + 02 > 0.

The main result of this section is the following. Here, as in other chapters, we use

5



l.o.t. to refer to terms that are lower order as || — 0.

Theorem 2.2. Given Assumption the system given by has an invariant

distribution p that satisfies

f el (dr) < oo
R3

for

min{bg, bg} (‘CQ’U% + ’63|0'32)> CoC3
|o|2 (|ca|b3 + |c3|b3) 2,/Cac3 + 64|co + 3|

(2.2)

Furthermore there exists some non-negative function V(z) = e®*! +1.o.t. such that if

w =1+ BV for some g >0 and we define the metric

o) = s ([ o) () = e

(@) | <w(a

on the space of probability measures on RY, then there exist constants C,n > 0 such
that

dw (N P10 Py) < Ce™'d,, (11, 1s)
where P, is the Markov semigroup associated with X;.

We will prove Theorem by constructing a Lyapunov function on R? [9]. Defi-

nitions and results related to Lyapunov functions are given in Appendix [A]
2.2 Construction of the Lyapunov Function

In the case of dissipation in all three coordinates, it can be shown (see Example [5.1))

that the process has an invariant distribution with Gaussian tails. Naively we could

6



take a similar approach here and choose a Lyapunov function that is an increasing
function of |z|. To this effect let Vi = e®*l. Then

bgl‘z + b31‘2 o 2
2 36a|z\ + a2’ ’

L‘/l < —a Tea‘zl + lL.o.t.

|z]

One can see that for byx3 + bzr3 < aw% LVi > 0, and so we need a different function
near the x;-axis. This is the nature of our approach in this section; we will construct
different functions, namely V5 and V; in two different regions of R? near the x;-axis
where different dynamics are dominant, use twice continuously differentiable mono-
tone functions with range [0, 1] (instead of mollifiers, for reasons that will become
clear later), henceforth referred to as pseudo-mollifiers, to make V5 and V3 vanish
outside of the regions where they cease to be useful, then find constants C, D such
that

L(Vi + CVy + DVs) < —ee 4 Lot (2.3)

globally for some € > 0.

These functions V5, V3 will take the form of scaled approximate expectations of
exit times from the given regions, as under nice conditions if 7 is the exit time of a
process from a region D with infinitesimal generator L and u(z) = E,7, the expec-
tation of 7 starting at position x, then Lu = —1 in D. To motivate these functions

and regions further we must study the behaviour of the system near the x;-axis.

Assume without loss of generality that ¢y, c3 > 0. If X(¢) is on or sufficiently close
to the xj-axis then the noise terms are the dominant dynamics. We will consider

7



this region later. Once X (t) has left this region, the dominant dynamics are the

conserved dynamics, (0,c2X1X3,c3X1X3)dt. One can show under these dynamics

that X, + \/%Xg grows exponentially with exponent +X7./coc3.

Remark 2.3. This should motivate the stipulation that coc3 > 0 in Assumption [2.1],
as if cocg < 0 we have elliptic rather than hyperbolic motion in (X5, X3). The second

condition, that o3 + o2 > 0, simply guarantees that X (¢) can move off the z;-axis.

Therefore if we let v be parallel to (0, NEY Sgn(xl)\@) and of norm 1 then

Hlv-z| = |z1|y/cacs|v - z|.

Therefore although it is hard to exactly see the growth of X5, X3, a linear combination
of them grows exponentially fast. So if we consider the deterministic exit time 7 from

the region {x : |v - z| < E} under the conserved dynamics we have

(2.4)

T2

= In )
|21 ]4/CaC3 vz
With this expression in mind consider the function

vzi||1<w>f< v-al )g(ﬁ)

E vl Alz|~2/Ina] ) 7 \ Bla|z/In]a]

NCET:
=W 2 3
*d (B\xﬁ«/lnm)

where f, g are pseudo-mollifiers satisfying f(z) = 0, g(z) = 1 for z < %, flz) =1,

g(z) = 0 for z = 1 and A, B are constants to be chosen later. As we want our

Lyapunov function to be large, we scaled the expression in by e and for
8



simplicity replaced |z1]y/cocs with |z|, as when we are near the xq-axis || ~ [z].
As may be expected we cannot rely on this function when |v - | is too small so we
introduce f so that V5 then vanishes. The function g serves a similar purpose. When
f = 0 we should expect the noise terms to grow |v- X (¢)|, and the expectation of the
exit time 73 from the region {z : |v - z| < E} under only the noise dynamics is given

by

To this effect let

: 2 2
Vi = (%] ] — o) b (I g (VAT
Alz|724/In |z| B|z|z4/In |x|

JET T
=Wsg | ——2—2—
’ (B]x\u/ln]x])

where h is a pseudo-mollifier satisfying h (z) =1 for z < 1, h(z) = 0 for z > 2.

The idea is thus. For all z € R3, |z| sufficiently large we want to hold.
We do this by having LV; < —ee®®l for i = 1,2,3 and some ¢; in their respective
regions. When either V5, V5 ceases to be useful they will vanish, but in the regions
where their pseudo-mollifiers are non-constant they may give a positive contribution
to the expression in . In this case the negative contribution from one of the other
functions must dominate this positive contribution. This is why the functions f and
h are non-constant on non-overlapping intervals, and why we added an e*l term to

our construction of V5, Va.



2.3 Calculations

For now we will assume g > 0 and study L (CWy + DW3), as

L(CVy+ DV3) =[L(CWy+ DW3)] g + (CWy + DW3) Lg

oot e oma)| [ ]

F— dZEZ dl’l

Consider W5. When f > 0,

[ |ba|zo| + |vs|bs|xs| , w303 + viog

jz][v - 2]

Blz|34/1 bo|xs| + |vs|b
n |z]24/In |z !f’\ g |vs 2\$2\l |v3]b3| 23]
vzl Alz|2+/In [z]

f+ f

2|z||v - z|?

LW2 ée“'z‘ [ — «\/CQCgf +

2.2 2 2
V305 + V303 1

f! T
TN
1
+ 'U%O'% + ,Ugo-g) h,l <B|J7|2\/m> |f//| |x| ] + lot

2|z| vz A?In |z|

jzlv - 2|

202 & 252
<l [(_m_i_ 2B U222+U3b3> f

B 2b2 2b2
+ («/0203 + ke jl—'_ e 3) In ]x|\f’|] + Lo.t.
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Now consider W3. When h > 0,

LW;5 <el* [ — Veses|z||v - xPh + 2 (Jva|ba|za| + vs|bs|as|) [v - x|k — (vios + vio3) h

b b
+ (422%™ o] — [o-2f?) 1] (—mm + Ralalzal ¥ o 3'”“"")

Alz|~24/In [z]

3
+ (ko2 + vlo?) (§|h”| i 2|m) ] Lot

<l [ (—\/@unv o+ 24/0383 + 033 [0 + 0o 2] — (uBod + v§<f§)) h

B BA/v2b2 + 0212
- (4420 ol = fo-aP) Y| (—m+ i+ )

3
+ (v303 + vio3) (§|h”| + 2|h’|) ]

The terms that result from applying H and the dissipative terms to h follow from the

fact that h'(z) < 0 for all z. Choose

A,/
B < 2% (2.5)
4r/v3b3 + v3b3

so that this term is negative. Then consider the sum of the first and second terms.

Treating them as a quadratic —pz? + gz in 2 = |v - z|, we know this quadratic has

11



. 7
maximum 7, so that

272 272 (.2 2
LW, <elel [ ((Usz + v3b3) (23 + 23) . (USUS 4 Uggg)) h

|z|\/cacs
2 2 2 2 3 " /
+ (v303 + v3o3) (§|h | +2|h |> ]

Note also that this supremum occurs when

_V/v303 + v3bi/a3 + 3

|z|\/cacs

<\/v§b§ + v3b3 Bo/In |z]
= 4/ C2C3 |1‘|%

<é«/ln|az\

4 |z|2

jv- 2|

Ax/In |z|

so that the quadratic is decreasing when |v - z| > b
x| 2

Now assume f is not constant. Then we know that |v - x| > é\x|_%«/ln |z| and

h = 1 is constant so that

\/Cacz A?
LWs < In |z|el® <—% + ABy/v3b3 + U§b§> + Lo.t.
Now assume £ is not constant. Then we know that |v - z| > A|z|"24/In[z], so that

LW; <etlel [ln || (—1/0203A2 + 2ABA/v3b3 + v%b%) h

3
+ (vio3 + viod) (§|h”| + 2|h’|)] :

12



As h has bounded derivatives, for large |z| the above expression is negative until A is
close to 0. As h need only be twice continuously differentiable, we can assume that
h(z) = (2 — 2)® near z = 2. Then, ignoring the e**! term for now, applying and
multiplying the A’ term by A\/m , close to h = 0 we have

3
In |z| <—\/0203A2 + 2ABA/v3b3 + v%bg) h+ (vyo3 + vio3) <§|h”| + 2|h’|)

< - AZ—‘C;CB In |z](2 — 2)* + (vio3 + vio}) (9(2 —z) ++/Aln|z|6(2 — z)2>

+9 (v303 + v303) <A\/M(2 — z))} :

. . . . 6z
The resulting cubic has a supremum independent of A, || occurring at z = 2 A/l

for some zy > 0, and so

6a\x|
LW5 =0 )
V/In |z]
Now consider

CWy + DWs.

We will deal with the following four situations, where = denotes that the pseudo-

mollifier is non-constant.
(fv h) :(17 O)’

(07 1)’



In each of the these situations, applying (2.5) and ignoring lower order terms we have
L(CVs + DV3) < el [—C—VC;C?’]

v3bj + vshs) (43 + x3)

|z]\/Cacs ’

L(CVy+ DV3) < e“m[ — D (v303 + v303) ] + e“‘xlD(
D4/
L(CVy + DV3) < In|z|e?l® [C% sup |f'(2)]
4/0203A2
+D (—T + ABy/v2b2 + v%b%)]
L(CVy+ DV3) < e“m[ - CQ/CQCE}].

Our approach is as follows. Fix some small € > 0, and let

O a?lo|*(1 + €)
4/ C2C3
Do a?lo?(1 + ¢)

2 (v3o3 + vio3)

Furthermore, we can choose f such that

sup|f'(2)] <2 +e.

Then, given B, choose A large enough so that

5 0203A2
CL(2+e+D <——V4 + AByJv302 + U§b§> < -1 (2.6)

Then we have

1 f) a?lof*(1 + ¢) (v§b§+v§b§)(:v§+$§)]
2

alx 2 2
LCVe+ DVa) ge'[‘a ] <5+2 Wi+ 30d)  lalvac

14



in all cases. Now consider

V=V, +CVy,+ DVj.

When g =1 is constant

aal | @Ol a®lo*(1 +¢) (v3b3 + vib3) (w3 + a3)
LV <e — + 5 (0202 55
(v3o3 + v303) |[\/C2c3
x% —|—x§

—a min{bg, bg}

]

Choose a so that

2min{b2, bg}«/CQCg (U%U% + "U32’0'?2))

2.
(L + )0 (1303 + v250) (27

and so

_ea\x| a2|0|2

LV <
2

€.

When g =0,

LV < —1In|z|e®la min{by, b3} B + Lo.t.

Similar to before, we can choose g so that

sup|g'(z)| <2 +e.

15



Then when ¢ is non-constant,

LV =LVy + gL (CWy + DW3) + |Hg| (CW; + DW3) + Lo.t.

2 2
T5 + 3

|z

2 2
<w“[1gLu—am+

(_amin{b2 by + gar LT ol (133 + vg,bg))

2 (V303 + v303) \Jeacs

(co + ¢3) |T12023] 7| (2a2|a|2

In |z] + A2 lof* ]0
——Inlzx —— Inlx
B|:1:|%«/ln|x| \/C2C3 vio? + v3|o|?

B2
< In |z]el®! [Z (—a min{by, b3} + a2(

¢y +c3 2a?|o|? ,  a?lo]?
+ 222 + A
2 (2+¢) ( \/CaC3 v30? + v3|o|?

alz|

L+ €)|o* (v3b3 + v3b3)
2 (v302 + vio2) \/cacs

=—dln|x|e

for some 6 > 0 if we choose

B? min{bs,b3}

4
) | (2.8)
B2(1+e)‘0|2(vgb%+1}§b§) + co+c3 (2 + 6) 2|0'|2 + A2 ‘U|2
2(v§o§+v§t7§) 1) 2 c2c3 v3o3+uv3lof?

This completes our construction of a Lyapunov function and, together with Proposi-

tion completes our proof of the existence of an invariant measure p satisfying

J el u(dr) < oo
R3

for any a > 0 satisfying (2.7)), (2.8). We will now prove the bound ([2.2)).

See that the bound in ({2.8]) is an increasing function of both B and A. Furthermore

16



if we satisfy (2.5 by letting
B—F A«\/CQCS
4\/ Cgb% + Cgb%

for some F' < 1, then let € | 0, A — oo and then let F' 1 1, (2.8]) becomes

min{bo,b3}cacs

64(v2b24+0v2b2
a < ; (”2 2 tv3 3) .
32(1}%0%-{-1}%0%) 2 3 v305+v303
:min{bg, b3} (vios + vio3) CaC3

0|2 (v3b2 + v3b3) 2,/Cac3 + 64(co + c3)

_ min{by, bs} (c303 + c203) C2C3
B |O'|2 (C3b% + Cgbg) 2«/6203 + 64(02 + 63) ’

Replacing c¢; + c3 with its lower bound of 2,/coc3 shows that (2.8) is always a more
restrictive bound than (2.7), completing the proof of Theorem [2.2]

17



3

The General Finite Dimensional System

3.1 Summary of Main Results

Here we will tackle the general N dimensional problem introduced in Section [I} For
notational convenience, we will replace ((1.4)), (1.5) and (1.6 with the following. Let
Y (t) be a solution of the ODE

dY;

=YTClY 1<i<N,
dt

where the C* are N x N symmetric matrices whose entries (C?);;, := cék satisfy

and let H(y) = 3V, y7C'yé; be the generator for Y. Let X (t) be a solution of the
SDE

dX; = (XTC'X — b; X;)dt + 0;dW; 1<i<N

18



where the W; are independent Brownian motions in R, o; € R and there exists an
M < N such that b; > 0 < i > M. Let L(z) = H(z) — 30 1, biwids + 2 37 0202

i=1"1"1

be the generator for X (t).

We will place the following assumptions on the c§ > Whose usefulness will be mo-

tivated in later sections, but first we have the following definition.

Definition 3.1. Define
N={yeRY:Y(0)=y=Yt)=0 forallt e R,i > M}.

Assumption 3.2.

dY;
dt |-

Nz{ye]RMx{O}N_M: =Of0ralli<N}.

Assumption 3.3. There exist values \pin, P02,

> 0 such that for all x € N\{0}
the matrix (xTC”')KN is diagonalisable and has an eigenvalue X (x) and projection

matriz P (x) onto the left-eigenspace such that
(a) Re(A(x)) = Aminll,

() SN |P () e;]?0? = Po?

min*

Assumption 3.4. For any x € N, with A, = (27C=pr, B, = (27C%<n, there

exists an n* = 1 such that
n*—1
{z: max |zi| = 0} ﬂ ﬂ Ker(A,BY)

is equal to the tangent space of N at .

19



Theorem 3.5. Under Assumptions & there exists an invariant distri-
bution p for the system X (t) such that

|2
dxr) < o
JRN P (CL (In |x|)2”*+dim(./\/')+1 w(dz)

for sufficiently small a > 0.

Remark 3.6. This result is significantly weaker than that of Section [2, The main

reason for this will be given after Lemma [3.12]
3.2 Overview of the Construction of the Lyapunov Function

Although in principle our construction of the Lyapunov function is similar to that in
Section [2] there are important differences. First, in Section [2.1] we constructed two
functions in different regions near the x;-axis. One could say that we did this because
there was no dissipation on the z-axis, but as we will see in the general case the more
correct analysis is that there was no movement on the xq-axis, i.e., if the conserved
system Y was given an initial condition on the x;-axis, it would stay on the x;-axis
for all time. In Section |3.3] we characterise the correct generalisation of this region

which we refer to as N, given in Definition [3.1]

One may have noticed that in Section the pair v = (0,+/]cs|, sgn(x1)~/]eal),
|z1]|4/cacs3 was an eigenpair of the linearisation of the conserved system on the z;-
axis. Here we follow this approach; given a point z near A/, we linearise the con-
served system at an appropriate point on N near x, and find an eigenvalue X (x) with
Re(A (z)) > 0. If the linearised dynamics are dominant the projection of X (¢) onto the

20



eigenspace of A (x) will then grow exponentially fast. In Section we will formalise
this concept of an eigenpair and in Section [3.4 we will study their properties. Then
in Section [3.5| we will then use these eigenpairs to construct functions similar to those
in Section [2 near different sections of N'. In Section [3.6] we then use pseudo-mollifiers

and the functions constructed in Section [3.5]to create a single function defined near N.

Once we have left a certain sized neighbourhood of NV we will find that the func-
tions we constructed in Section [3.5] and by extension the function we defined in
Section [3.6] are no longer useful. However, unlike in Section 2.1 once we have left N
we have no guarantee of sizeable dissipation, only of sizeable movement. In particular,
we have that one moment of motion (velocity, acceleration or some higher moment)
of one X;, ¢« > M, is large. In Section we exploit the fact that if one moment of
motion is large, the next lowest moment should soon be large, and so on to create a
series of functions to cover all regions where a single moment of motion of each X,
1 > M is large, but X; is not. Much like in previous sections, these functions will be

based on appropriate approximate exit times from certain regions.
3.3 Fixed Points of the Conserved System

Consider the following subset of RY, which will be our main object of study in this

section.
Definition 3.1. Define

N={yeRN:Y(0)=y=Yit)=0 forallteR,i > M}.

The following result gives a more useful characterisation of N .
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Lemma 3.7.

={yeRY : H"y; =0 for alln > 0,i > M}.

Proof. By definition of the generator of an SDE or ODE, if |Y'(t)| = |Y(0)| = R,
dar n
0| = i)

) n n
< |R|™! (maxc;ko H kN?)
i7j7k
) n
< nl| R <N2 max\c}k\) :
i7j7k

where in the case of n = 0 the product term is equal to 1. This is proved by induction.
As yTCly Z] i Jky]yk, for any n > 0 H"y; consists of polynomials of order n + 1
with coefficients which are the product of n cé-k terms. When H is applied to these
terms the product rule separates each term into up to n + 1 polynomials (if we apply
the product rule and not the chain rule to z¥, k& > 1) of order n which are then
multiplied by the sum of up to N? quadratics with coefficients cjk, giving us up to
(n + 1)N? times as many terms as before with coefficients which are the product of
n+1 c;k terms. By induction we get the required inequality. Therefore Y;(¢) : R — R
is a real-analytic function for any initial condition Y (0), and so

{y :Y(0)=y=Y(t)=Y;(0) forall t e R, i > M}

P
- y.dtnt=o

={y:H"y; =0foralln>0,i> M}.

Y;-(t)=0foralln20,i>M}
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See that, given an initial condition on N/, it is not necessarily true that Y;(t) is
constant for i < M; the only guarantee is that Y (¢) will not leave N. As having
such degenerate movement will prove to be a problem later, we make the following
simplifying assumption.

Assumption 3.2.

dY;
dt |,_,

Nz{ye]RMx{O}N_M: =Oforalli<N}.

Similar to Lemma |[3.7], we have the following result.

Lemma 3.8.

,/\/z{ye]RMx{O}N’M:Hyi=0f0ralli<]\7}.

Although a seemingly weak condition, there are counter-examples; see Example

0.2

We want to see what happens when Y'(¢) is near N. In this case by letting

Y =Y —Y +Y where Y is a point on N close to Y,
dY;
dt

—(Y-Y+Y) C (Y -V +Y)

— W (Y -Y)+ (Y -Y) ¢ (Y -Y)
(3.1)
— V' CY +(Y-Y) ¢ (Y -Y)

=D (Ye) v (v-v)o(y-v)

1<

i<N

The first term is the linearisation of the system at Y.
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In the linear deterministic case y = Ay, to show exit from a neighbourhood of the
nullspace of A one shows the existence of an eigenvalue A with real positive part and
left-eigenvector v of A to show that [v-y| = |v- (y —Projy4)(y))| grows exponentially

with rate Re(\). This motivates our second assumption.

Assumption 3.3. There exist values \pin, Po2,, > 0 such that for all x € N\{0}

min

the matrix (xTC’i)KN is diagonalisable and has an eigenvalue X (x) and projection

matriz P (x) onto the left-eigenspace such that
(a) Re(X(x)) = Amin],

(b) sz\il |P (z)e;]*0? = Po?

Remark 3.9. This assumption can be seen as the generalisation of Assumption 2.1}
That (:cTC’i)Z. v heeds to be diagonalisable is due to a subtlety in existing work in

matrix perturbation theory and is justified in Remark [B.4]

It is likely clear that there are a number of issues to be overcome here. First,
as described this Y would be best formalised as a projection of Y onto A/, however
N is the solution set to multi-variable polynomials and in general doesn’t have a
well-defined projection globally. Once this problem has been overcome, we then have
a matrix that is a function of a vector z in R", so that the eigenpairs will also be
functions of z. Solving these problems require a detour into the fields of algebraic
geometry and matrix perturbation theory. We leave this work to Appendix [B] the

main result of which is stated here.

Theorem B.14. Given any matriz A(x) € R™*™ whose entries are Nash functions
defined on some semi-algebraic S < RY, there exists a stratification of S into Nash
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manifolds {S;};, on which each eigenvalue is of constant multiplicity with eigenspace
of constant dimension, and each X\; and the projection matrix P; onto its eigenspace

are Nash.

Moreover, for any semi-algebraic set A < R2Y2"* if it holds for all x € S that
some pair (A\;(z), Pi(x)) € A, then the above stratification can be refined so that on

each S;, there is some i such that (\;(z), Py(z)) € A for all x € S;.

The applications of this theorem to our case are thus. First, A is the intersection
of the zeroes of a countable number of polynomials. As the space of polynomials
in N variables over the reals is a Noetherian Ring by the Hilbert Basis Theorem,
N is the intersection of the zeroes of a finite number of polynomials and so is an

algebraic set. The matrix (7C?) _  is then linear in z. Finally if we let A, =

{()\,P) eR>* N\, = aand 3N |Pe|0? = ﬁ} for a, 3 > 0 then A, is a semi-
algebraic set. We now apply the work of Appendix [B] to our particular case, with

some additional work.

Theorem 3.10. Given Assumption there exists a stratification of N\{0} into
a finite number of Nash manifolds {S;}; such that v € S; = ax € S; for all a > 0.
Moreover for each S; there is an open neighbourhood Uj, also satisfying x € U; =
ar € U; for all a > 0 on which pj(x) = argmin g [v —y|, the projection of x onto
S;, is well defined and Nash, and defined on U; there exist a collection of eigenvalues

iy (2), ..., N, () for the matrix (pj(x)TC'i)igN and a projection matriz P(x) onto the
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Minkowski sum of the \;,, ..., N\, -left eigenspaces that is Nash on U; and such that

)\min
min Re(\;,) > ||,

im

m<k 2

N
Po?,
>, |P@)ef’o? > =z,

i=1

dk
|| < Daal ™ k0
dz;

on U; for some sequence of constants Dy, with respect to any matriz norm || - ||.

Proof. Apply Theorem to the matrix (z7C?)_, defined on RY with the semi-
algebraic set A, . po2 , and refine the stratification so that N n {z : |z| = 1} is

a union of strata to get a stratification {Sj}. First for each S} of lowest dimension,

there exists an eigenvalue of multiplicity k, i.e. there exist i, ..., such that A} (z) =
Ny(x) = ... = Al (x) # N(z) for [ ¢ {iy,... i} for z € S;-’, with projection matrices
P (z) =...= P (z) for v € S}, such that

Re(/\gl ({L‘)) = /\min7

N
Z P/ (z)ei|*0? = Po?
=1

on Sj" . Furthermore as S;-’ is of lowest dimension

inf  min |\ (z) — N (2)] =
J&Wfﬁfﬂk}’ (@) = X, (2)] = o
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for some o > 0. Then let Tj consist of all x € N n {z : |z| = 1} such that

)\min
min Re(X; (z)) = :

m<k 2
N
. Po? .
min > [P, (v)ei*of = ==,
=1
min  |[N(z) - N, (2)] = =
l¢{i1,...,ik},m<k ! bm - 2

and note that T} is a semi-algebraic set that includes an open neighbourhood of S7
in N n{z : |z| = 1}. Let {V,}, consist of all non-empty intersections 7; n S; for
some j, n. Now for each S7 of next lowest dimension, consider instead S7\ Up V, with
eigenvalues \j (z) = ... = A () # N(x) for | ¢ {i1,...,ix} on S} and projection

matrices P; (z) = ... = P/ (z) on S7\|J,V, such that

Re(X; (2)) = Amin,

man

N
2 1P, (@)ei*o? = Po
i=1
on S7\J, Vp- Then similarly

inf min  IN(x2) = N (2)] = o
xes;!\upvpl¢{ilp-.,ik}| l< ) 7/1( )|

for some o > 0 as S}\ Up V), is separated from the strata of lower dimension, and let
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T; again consist of all z € N'n {z : |z| = 1} such that

>\min
minRe(\, (z)) =

m<k tm 2’
Po?.
min Z ’P ‘2 2 Umzn’
m<k 2
min  |[\(z) =\, (2)] = 2
1¢{iy,....ip, m<k tm 2

Again Tj is a semi-algebraic set that includes an open neighbourhood of S7\ Up V, in
N n{z:|z| = 1}. Add to the collection {V},} all non-empty intersections T; n S! for
some j, n. Continue this process through S7 of all but highest dimension, and then
add to the collection {V,} all sets of the form S7\J; V}. Then each semi-algebraic V,

is a subset of some S”

. and on each V), either there exists either a single eigenvalue

Ai, with projection matrix P’ = P, , or a collection of eigenvalues \;,,...,\; with

total projection matrix P’(x) that satisfy

/\min
f,?i%Re(A (z)) = 5

N
Z ’Pl ‘2 2 Parznzn

on 'V, as |P'(x)e;| = | P, (x)e;| for any 4, m, and such that on the boundary of V, the
eigenvalues do not collide with any eigenvalues from outside this collection. Therefore
P'(x) is Nash on an open neighbourhood of the closure of V, in RY by Lemma .

As V, is compact this implies that the derivatives of P’'(z) are bounded on V.

Now consider a stratification of N’ n {z : |z| = 1} so that each V, is a union

28



of strata to get the stratification {S7};. For a fixed S of dimension d and z € Sj,
by Proposition @ there are open semi-algebraic V/ 3 z in RV, U’ < R? and

a Nash function f : U" — V' that is a homemorphism onto S7 n V' and such that
Df = (% is injective. Then let U = U’ x (0,0), let V ={azx:a >0, z €

V', et S; = {ax 1 a > 0, x € Si} and let g(x,a) = af(z), which is Nash and

>i<N,k<d

a homeomorphism onto S; N V' with continuous inverse g~'(z) = (ffl (é) , \z|>
Furthermore

Dgz(an f)

which is injective as for any (y,b) € R¥™ (Df)y, fb are respectively tangent and
normal to the unit sphere. Therefore each S; is a Nash manifold of dimension d + 1

and the collection {S;}; is a stratification as
S; nclos (Sy) # &
=S} nclos (S) # &
=S} < clos (S},

=5, < clos (Sk) -

Let U; be the neighbourhood of S; on which the projection p; onto \S; is well-defined
and Nash. For any x € U;, a > 0 we can define p;(azx) = ap;(x) so that U; can be

chosen so that x € U; = ax € U; for any a > 0.

Finally, let X;, (z) = A} (p;(z)), P(x) = P'(p;(x)) be the eigenvalues and total
projection matrix for (pj(x)TC’i)KN on S;. Then \;(ax) = a);i(x) and P(ax) = P(x)
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for a > 0, and as all derivatives of all orders of projections onto submanifolds of
bounded curvature are bounded all derivatives of P are bounded and this, together

with P(ax) = P(z) gives

for some sequence of constants Dy,. ]
3.4 Further Analysis of the Projection and Eigenpair

Given S}, further analyses of the projection onto S; and the eigenpair is necessary
to understand their behaviour under the action of the operators H and L. For ease
of notation consider some fixed Nash submanifold S with neighbourhood U and col-
lection of eigenvalues Aq, ..., A\, for (p(x)TC’i)igN with total projection matrix P as

described in Theorem B.10

We need show that P(x) has the property we desire. First consider the following

result in a more simple setting.

Lemma 3.11. If z(t) satisfies the system of ODEs & = Ax and P is a projection onto
the Minkowski sum of the A, ..., N\, -left eigenspaces of A with 0 < a < Re(\,,) <b
for all m, then

Re(Pz)Re(PAz) + Im(Pz)Im(PAx)
| Px|

d
E|P$| = = c(z)|Pz|

for some function ¢ satisfying a < c(x) < b for all z.
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Proof. The first equality is immediate. Let vq,...,v; be an orthogonal basis for the
range of P. Then

23:1 [Re(vlz)Re(v] Az) + Im(v] 2)Im(v] Az)]
| Pzl '

d
—|Px| =
- Pzl

For notational convenience consider a fixed v; = v = w; +. . .+w; for some eigenvectors

wy, ..., w; with corresponding eigenvalues A;,, ..., A;,. Then
Re(vz)Re(v" Az) + Im(v” z)Im (v Az)

ZRe TA:z: > + (Z Im(wfx))

J

[
ZRewa) (Zlmwfx)<;1mwa)

J

Im(wax))

(= Re<wfx>>

J

J

Re(\;,)Im(w] z) + Im()\ij)Re(w;‘-Fx)>

- (Z Re(w! m>) (Z Re(; Re(w!') — Tm(X, Jlm(w! w))

Re(/\ij)Re(w;‘»Fx)> + (Z Re(ijx)) <Z Re()\ij)Re(ijx))

J
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for some constants p, ¢, r € [a,b]. Therefore

! T,.|2
d 21 75lv; 2]
—_|pP _ J J =clP
7 1Pzl — Pa ¢| Pzl
for some c € [a,b] dependent on x. O

Lemma 3.12. There exists a constant E, dependent only on {C'};<n and N, such

that

HIP (z) x| = c(x)| P () 2] + g(x)

2 and for some c(x) satisfying Apmin|T| <

for some g(x) satisfying |g(z)| < Elx — p(x)]
c(x) < 2\ nazlx|, where

Amaz = sup maxRe(\;(x)).
zeN,|z|=1 *

Proof. Similar to (3.1)) we have

H(P(xz)x) =P (x)Hz + (HP (z))x

=P (x) [2 (p(m)TCi)KNx + ((z — p(z)"C¥(z — p(x)))KN} + (HP (2))x

:=2P(z) (p(z)"C") N Tt @)

Then
HRe(P (z) ) =2Re(P(z) (p(z)" C"),_y 7) + Re(h(x)),
HIm(P (z) x) =2Im(P(x) (p(m)TC'i) <n ©) + Im(h(z)),
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so that
HI|P (z)z|

Re(P (z) z)HRe(P (z) ) + Im(P (z) ) HIm(P (z) x)
|P () 2]

Re(P (x) z)Re (P(x) (p(x)TCi)igN x) + Im(P (x) )Im (P(a:) (p(x)TC”')igN x)

- P@)a

N Re(P (z) z)Re(h(x)) + Im(P (z) z)Im(h(x))
|P () x|

—c(a)|P (x) 2| + g(x)

by Lemma |3.11| where
lg(2)] = Re(P (z) z)Re(h(z)) + Im(P (x) x)Im(h(zx))
P (z) x|

< |h(z)]

by the Cauchy-Schwarz inequality. To show that |h(z)| < E|z — p(x)[? for some E
it suffices to show that [(HP(z))z| < E'lx — p(x)|*>. As p(z) € S, Hp(x) is in the
tangent plane of S at p(z), and as P(z)w = 0 for any w in the tangent plane of S

including p(z) itself,

P(x)p(z) =0
= H(P(z)p(x)) =0
= (HP(x)) p(x) + P(x)Hp(z) = 0
= (HP(z)) p(z) = 0
so that
(HP(2))z| = [(HP(x))(x — p(x))] < E'lz — p()]®
due to the bounds on the derivatives of P(). 0
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Remark 3.13. Tt is the O (|x — p(x)|?) term, absent in the analogous result in Section
2, which significantly alters our calculations in Section [3.5] This is the main reason

that Theorem [3.5] is significantly weaker than Theorem [2.2]

To move easily between derivatives of |P (x)x| and P (z)x, we will prove the

following.

Lemma 3.14. For any C? function f : R* — C,
d

@I < |-f)
dd;%!f(m)\ < 2%+ 'dcf%f(x) :
P < 2@l |11,
dd; [f ()] =2 ‘dif(:c) . g(x)
where [g(2)| < 217 ()| [ 57 (@)
Proof.
450 - Re(f(ﬂf))d%Re(f(x)‘?f . ;m(f(i’?))dilm(f(x)) Lo
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by the Cauchy-Schwarz inequality.

4 Re(f()) 2= Re(f(x)) + Im(f(2)) 7 Im(f ()
dx, @)

d2
;@wm}

d

AT Re(f()) ERe(f(2) + I (x) EIm(f(@))

@ ()]
 [Re(f(2)) £Re(f(2)) + Im(f(2)) L Im(f (2))]”
F@)P
ﬁf(x)‘z he
T I P

by the triangle inequality and Cauchy-Schwarz. The third inequality is immediate

from the first.

d> s 2 2
d_x?‘f(g;ﬂ :d—mg[Re(f(a:)) + Im(f(z))?]

=2 (diRe(f(:c)))2 +2 (O;iilm(f(fc‘)))2

+ Re( () SRl (2)) + 2 (2)) 15 Tm( ()

~

where
2 2

o) = 2Re( (1) -y Re( £(2) + 20m(F(x)) -y Tm( ()

d2
(@)

7

= lg(2)| < 2| ()]
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]

Similar to our work in Section 2| we are only interested in P (z) z when |P (z) z| =

o(]z|) in |z|. For this reason we prove the following corollary.

Corollary 3.15. If |z — p(x)| = o(|z|) in |z],

1P (@)al| < P (@) el +ol1),

& P (z) eil” + o(1)
dx?lp(xm S oy o(1),
di |P (x) z|?| < 2|P () x| ( |P (x)e;| + 0(1)),
d? ) )

1P @) ol = 2|P () e + o).

1

Proof. In this proof let P;(z) be the j-th column of P (z). Then

‘di [P (z)z] < Zj: (diﬂ-(x)) (z—p(x)) + P(r)e;
< |P(z)e] + o(1).
Then
d’ dip (z) 95‘2 d2
i 04| <2+ [ e
P(z)el’ +o(1
s 2| (Tlle(lc);O( ) +o(1).

The third inequality is immediate, as is the fourth. 0

36



As our construction and analysis of our function in Section will inevitably be
more complex than in Section [2, we will complete most of the calculations now. Here
we use the spectral matrix norm

| C*|l= sup |[C'v| = sup  |wCl.

vijv|=1 v,w:|vl],|w|=1

Corollary 3.16. If |z — p(x)| = o(|z|) in |z],

H [ a2 <2llz—p)] |, ]2 1C2+0(1) ],
i>M i>M

> biwi%]P(a:)a:\ SN \/Z P () e;]20? + o(1) |,

i>M ¢ i>M i>M

d 2
2 birig~ 2 @5 < maxby, [ > at,
i>M >M i>M
o? d? 2> 02|P (z)ei* + o(1) o(1)
———In|P < =
Ly gzhIP@s P@a P

2
Zi]%dd— ) zf? = 202|P +o(1).
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Proof.

me—|P

<

< 2fzl|z = p(a)| ( 2o +0(1)),

( |P<>x|)2
<Z { 0Pl

T i
Zi>M Tir C'z

Zz‘>M CL’ZQ

Dz @i [20(2) C(x — p(@)) + (z — p(x))" C'(x — p(=))]

2Jz|le — p(@)| s

Zi>M sz

i (| € || +o(1)]

Zi>M $Z2

Zb!w (1P (x

ei| +o(1))

Z z} ( Z bi|P (x) e;]” + o(1)>.

dm2|P ZL‘|‘

2NaIP@eP +o(1) | o)

P (2) x|
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o} & 2 2 2
N EIP @) af = Y0P (@) eif + of1)

i
is immediate. [l

Many of the results of this section break down when Assumption does not

hold. To see a detailed discussion of this, see Example [5.3]
3.5 Constructing Functions Near N/

We first need to construct a function near each \S;. This work will be similar to that
in Section [2, with the term |v - z| replaced with |P (z)z|, and as such we will not
re-motivate its construction. However for now we will ignore scaling factors and some

pseudo-mollifiers, instead adding them in Section [3.6

Our main result in this section is as follows.

Lemma 3.17. On each region U; n {z : |z — p;(x)| < Blx|3} for some B > 0, there

2

exists a function W; and a constant K, dependent only on Poy,;., Amins Amaz Such

that
LW; < —-1+1lot.,

d

de; ? <K

Again for notational convenience consider some fixed Nash submanifold S with
neighbourhood U and collection of eigenvalues Ay, ..., A for (p(:v)TC")iSN with total
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projection matrix P as described in Theorem [3.10] We assume throughout that

|z — p(z)] < Blz|i and note that

1P () x| = [P (2) (x = p(x)] < & — p(x)],

(2w < o= pla)l.

) Bl P (x)al
Ve gyl <|P<x>a:|) d (mxuﬁnm)

where f is a pseudo-mollifier satisfying f (z) = 0 for 2 < %, f(z) = 1 for z > 1. When

Let

f>0,

E|x - p(x)|2 |$ - p(m)|\/2i>M |P (x) ei|2b12
EEGER 2]|P () 2 d

221>M z|P( ) i|2

Elo—p@)P?\ . (_Blal*
IRCE: f*(”m“”A|x| Fn;x>l ( |>‘f'
o o= p@) e [P eil®? | ( Bl |> 7

LV < = Apinf +

Alz|2+/In 7] P (z)x
AellP@al Y A Tl
S otP (el Blalt \ .. el
t 1 l.o.t.
2o g |V e

< — Ainf + maml lz|| f'] + L.o.t.
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Let

V3=(4A2|x|11n|x|—|P(:c)x|2)h< |P£fﬂ)a:| >

where h is a pseudo-mollifier satisfying h(z) = 1 for z < 1, h(z) = 0 for z > 2 with
h(z) = (2 — 2)3 for z sufficiently close to 2. Then
LV3 < — 2\ pin|2||P (2) z|*h + 2 (E\x — p(z)?

= p()l, | Y |P(x)eiV? ||P (@) x|h — Poy,h

min
i>M

_ / )\min
+ (4% nfa| — |P (z) ) |h(2)|(— 517l

L Bl = p@) + |z — pla) /S |P<x>ei|2b%>
Alz|"24/In [z]

3
+203|P($) eil? <§|h”| + 2|h'|> + L.o.t.
< (—%min!xI\P (z) z|? + 2EB?|z|2|P (2) 2| — pagm) h
+2‘7'2|P($)6z’|2 §|h”|+2|h'| +l.o.t.
ol 2

Maximising over the quadratic in |P (z) x| then gives us

i< (BB po2, Y ht So?ip @y (2] + 2w ) + 1o
3 )\mln min i 7 7 9 sl
SO assume
)\mznpo-zmn !
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so that

2

Po: . 3
LVy < — %h +Zi:ai2|P(x) eil? (§|h”| + 2|h’) + Lo.t..

Note also that this supremum occurs when

EB?al?

) (Ix\*%)

so that the quadratic is decreasing when |P (x) z| >

|P () z]

Ax/In |z|

1
2|z|2

Now assume f is not constant. Then we know that |P (z) z| > é]a:|_%«/ln |z| and

h = 1 is constant so that

/\min

Now assume £ is not constant. Then we know that |P (z) z| = Alz|~2+/In[z], so that

LV < — ApinA?In |z|h + ZaﬂP (z) e;|? <g|h”] + 2]h’|> + Lo.t..

For large |z| this term is negative until A is very small, and as h(z) = (2 — 2)3 near
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z = 2, multiplying the A’ term by A+/In |z| gives

3
— AminA?1 h 2 p A2 (=R + 2K
nlelh s Sot1P )i (G + 200

SWimr: [—Amm (avinTdz =)+ 63oP @) e (avinlel2 - )

+0 ) 0%P (x) e (Av/Ine](2 - @)]

1
=0 —|.
£/ In ||
Now consider

CVy + DV,

We will deal with the following four situations, where = denotes that the pseudomol-

lifier is non-constant.

(f,h) =(1,0),
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In each of the these situations we have, ignoring lower order terms,

L(CVy + DV3) < —CApin,

L(CVy+ DV3) < —%,
LY+ DV < ]| 25220 = DA |
L(CVy+ DV3) < —CApin.
Therefore choosing C' = /\:”_", D = #Tgnm, and
3 mazC
A=\ oD

and letting W; = CV,+ DV5 on each U;, LW; < —1 on Ujm{m D= p(a)] < B|x|i}.

The other properties of W; are easily checked and so we have proved Lemma .
3.6 Constructing a Single Function Near N

Our idea from here is as follows. If we construct a function W; near some 5}, it ceases
to be useful when |z — p;(x)] is large, as we proved in Section [3.5] However |z — p;(z)]
being large does not guarantee that d(z, ') is large; we could just be near another Sy,
for some k. Therefore we will use the functions constructed in Section [3.5] to create a

single function defined globally and useful near A/. Our main result here is as follows.

Lemma 3.18. There exists a function W, defined on all of RY, and a collection of
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constants B;, K such that

1
N -1 if |z — pj(x)] < Q(m‘;l‘)%sj)for some j
W<y = : Bjla|t Bjla|t
Rinfel ifle o)l € | bl o 2ok | for some
Bjlx|i
W =0 if |z — pj(x)| ] ]|)dz'm(sj) for all j,
—1
7 < w2l
|z
| <« gvinll
dz; z|2

The reason why we choose the bounds

|5

T—pPi\Z)| ~ 7
| J( )’ (ln’delm(Sj)

rather than the bound
1
[z — pj(z)| ~ [=|1

that we assumed in Section (3.5 will be explained in Remark

For each j, let E; = {i : S; < clos(5;)} be the indices of the lower-dimensional

neighbours of S;, let

B;|z|i
U;=Um{x:|m—pj<x><¢},

(ln ’x|>dim(5j)
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and let

”fj(x)g Iw—pj(ﬂlf)\ HieE- f |$*Pi(f)‘ re UJI'
W;(z) = B el i\ g et
J (ln‘z‘)dln](Sj) Z<1n‘z‘)dlm(5i)
0 otherwise

where f and g are pseudo-mollifiers satisfying f (1) = 0, f(3) = 1, ¢(3) = 1,

g (1) = 0. For notational convenience let

r — pPi\x
fi= g | Aol

___l=|*

7 (In |x‘)dim(5i)

and on the region where p;(z) is ill-defined or not Nash we let f; = 1.

Some explanation is required. Given some S; with function W;, when |z —p;(z)| is
large W ceases to be useful and so we add the pseudo-mollifier g so that the function
then vanishes. Similarly, W;(x) is not well-defined on dU;, the boundary of U;, in
particular when the projection onto S; is no longer well-defined. If we are close to
this region, which can be informally characterised by p;(z) being close to 0S;, then
by the nature of the stratification p;(z) is close to some other submanifold S}, of lower
dimension. Therefore by making W; vanish near the lower-dimensional neighbours

of S; the resulting function Wj can be made twice continuously differentiable globally.

We first need show that Wj is C? for large enough |z|. By the nature of f;, g
we need only check that W, is C? where f; or g cease to be well-defined. If {z,},
is a sequence in U} converging to x € oU; with p;(z) not well-defined, then it must
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hold that p;(z,) converges to some y € d5;. It follows from the nature of the Nash
stratification that y € S; for some i € E; and so for large enough |z| we are close
enough to S; that p;(z) is well-defined and Nash. If g = 0 then Wj is C? trivially,
however if g > 0, then for |z| large enough f; = 0, so that W; = 0 is C? at z. We
now adopt a similar strategy to prove smoothness on oU; for i in i € E;. If {x,},
is a sequence in U] converging to x € U] with p;(z) not well-defined, then it must
hold that p;(z,) converges to some y € Sy for some k € E; and so for large enough |z|
pr(z) is well-defined and Nash. If f; = 0 then Wj is O? trivially, however if f; > 0,

then for |x| large enough fi = 0, so that W; = 0 is C? at x.

Remark 3.19. Although notationally heavy the concepts here are relatively straight-
forward. Consider the case of S5 the open square in three dimensional space, with Sy,
Sy its two one-dimensional open edges near a corner Sy. Imagine a small thickening
around each submanifold that is significantly larger for those of lower dimension and
such that the projection onto these submanifolds is well-defined; call these sets Uj,
Uiy, Uly, Uj. Let Wy be the pseudo-mollified version of the function W, defined on
Us. As x approaches the boundary of any U,, UL, UZ, Uy Wy vanishes. U}, Ul,, U}
cover 05 and the boundary of U} near the boundary of Sy, so that Wy is C? globally.

Similar arguments can be made in this setting for the functions Wiy, Wia, Wo.
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First note that, for any p; with i € E; and p;(x) well-defined,

Sisy 2" Cl(x; — pil)) i — pi())

|Hl|z — pi()]| =

|z = pil)|

Henceforth we define

1=

N
3 Kl
i=1

One can see that in the region U, where K is the constant given in Lemma (3.17]

LW, <(LW, gl_[meKlnm HmeKlnm MNhg [] #

i€k el keE; i€E;, i#k

—g[[fi+2K ) C| g (=) Inl

ZGEJ'

Z2K ~(In ) yrrmSO=dmE) | C | fglg ] fi+ Lo

keL; i€k, i#k

Furthermore, if x € U/ for some [ with dlm(Sl) > dim(S;), then

<—g][fi+ 2ch19 I T fi + Lo

el el
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Remark 3.20. At this point it should be more clear why we chose the pseudo-

mollifiers to change around the region

|5

)dim(Si) ’

|z = pil@)] ~ e

rather than around |z — p;(z)| ~ |z|7. The functions W; constructed in Section

satsify LW; < —1 but W; ~ el ot L

|| ||

Now define J; = {j : dim(S;) = d}, Wy = Yjedy W;, Ty = Ujes, Sj» and commonly

define B; = Gq if dim(S;) = d for some constants G4 to be defined later with the

assumption that G4 is a decreasing function of d. Then let

_ Jd(, T)|

1
Galz|*
(In [z])4

Qa(z)

Note that

UUj{z{x:Qd(x)gl}ﬂUUj.

jEJd jEJd
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Then

( Didied %2[( | C || sup, |f'(2)] Q4 < %,Qd/ € (}L,%) for some d' < d,
S -1 Qi< Qu>1iforalld <d
L < 25 2 )
Wa<\ a9k ¢ || n|e|sup, |¢/(2)] Que (11), Q> ! forall d' > d,
2K || C || sup, |g/(2)] Qae (3,1), Qu < g for some &' > d,
L 0 otherwise.
( |J|G(jf110K | C |l Qu<3,Quce(35,3) for some d <d,
< —1 QdS%,Qd/>%f0raﬂd’<d,
S ) 0K | C | Injz] Que(3,1), Qu > 3 foralld > d,
Gg—?mK I C |l Qa€ (3,1), Qu < 3 for some d' > d,
0 otherwise.

L
where J = |, J4 so that |J| is the number of submanifolds in the stratification of
N, and we assume that sup, | f'(z)|,sup, |¢'(z)| < 5. Of course sharper bounds are
possible in both cases, however as we have complete freedom over G4 it is unimportant.
In the case of d = 1 we take the second line to be true rather than the first. If we
then let Gy = o for some « such that

1
WOYIE ] Clla<s,

then we have that

1 1

~ ~1 Qa < 3 for some d

W, < 2 2 >
L; 4= { 10K || C || In|z| otherwise.

Letting
W=2>W,
d

completes the proof of Lemma , as the remaining properties of W follow trivially
from Lemma
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3.7 Guaranteeing Motion in X;, i > M

3.7.1 Motivation of the Approach and Main Result

The main result of this section is as follows, where the integer n* is that given in

Assumption [3.4]

Lemma 3.21. Given any €, B, there exists some function W and some a such that,

in the region where

) Blz|i
Z Ty S Qo (ln‘x’)Q"*+dim(N)’

i>M
d(z,N) = Blal:
.%, = T AN
(ln |x|)dzm(N)
we have
LW < —1,
W] ;
=zl In ]’

d — 1
—W|=0=].
dr; O(m)

1
Lemma [3.18] gives a function useful in an O (M%) neighbourhood of .

Once we have left these regions we would like to be able to rely on quick movement of
X, for i > M to guarantee that we quickly enter regions where one such Xj; is large.
Recalling the definition of A, if we let Y(0) = x ¢ N then we can only guarantee

that one moment of 24-| _Y;(t) = H"x; is non-zero. The idea in this section is that

dtn ‘t:(]

a large H"x; will cause fast growth of H" 'z;, which will in turn cause fast growth
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of H"2g;, cascading all the way down to fast growth of Hz; = ;. Howevewr we
need to formalise what we mean by large. To do this it will help to get some idea
of what H™x; looks like, beyond the rough bounds we had from the proof of Lemma
B.7 We know that H"x; is an n + 1-degree polynomial, and if we replace x with
x —y +y where y satisfies d(z, N') = d(z,y) which exists even if it is not unique, that
H"z; < Elx|"|x —y| = El|z["d(x,N') for some constant E dependent only on ¢, N

and n.
3.7.2  Consequences of Assumption

For reasons that will become clear later, for every x ¢ N yet still in the subspace
{x : max;> s |z;] = 0} we want at least one of the H"z; to be O (|z["d(x,N)). More

formally we want there to exist an o > 0 such that

inf |l¥”xﬂ
mI supmax ~————— = Q.
2N nz%) >M |z|"d(z,N)

Assumption [3.4] gives a necessary and sufficient condition for this to be the case.

Assumption 3.4. For any x € N, with A, = (27C")=p1, By = (27C%)<p, there

exists an n* = 1 such that

n¥—1

{z: max |zi| = 0} ﬂ (]0 Ker(A,BY)

is equal to the tangent space of N at x.

Lemma 3.22. Assumption [3.4 holds if and only if

inf a |Hn$l| >
Inr su max —m—m———
BN e 201 |2 ]d (2, N)

for some o > 0.
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To see why Assumption is useful, note that we are saying for all initial con-

Yi(t) has as

ditions Y'(0) = 2 away from N where |z| is large, at least one of 4| o Yi

large an order as we could expect it to have. To see a counter-example to Assumption

3.4} see Example |5.4]

Proof of Lemma . We first prove that for all n > 2, i > M,

N N
H'w; =277 Y0 >0 (Cl);, (C )y, - (CFn2a), 2" Ol + Ry ().

Jji=1 Jn—1=1

where R,(z) is a sum of terms of the form f(z)(z7C’x)(27C*x) where f(z) =

O (Jz|"?) and (C"z); is the j-th term of the vector C"z. See that for n = 2,

N
(T C'x) (z7'C" + C'x) ;2T O = 2 Z e

HMZ

Now assume that the first formula holds for some n and apply H to the given formula
for H*2TCz. Applying H to any element of R, (x) will give more elements of the form
(@) (2T CIz) (2T C*x) where now f(z) = O(|z|*!) and so they can be considered part
of R,41(x). Applying H to the other term involves the product rule, and as one can
see that H(Cimz); .. = >, _, c}::ﬂkxTC’kx the only term that arises from applying
the product rule that can’t be considered a term in R, is

N N
on—1 Z o Z (C"'ac)jl(C’jlyc)j2 o (C’j"‘Q:U)jn_lHa:TCj”‘lx

Jji=1 Jn—1=1

N N N
20y 2 (OO (CF 0y ) (070, O
J1=1 —1=1 Jn=1
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Then for all n > 2 we can now see that %H "x;, evaluated at a point z € N is equal
J

to
N N ' ‘ . |
20t Y ) (O (G, (O, (2 (O )
j1:1 jn,1:1
N N
=2 30 D5 (Aaiary, (Bl - (Ba)iuas
Ji=1 Jn—1=1
(B,
For n =1,
ia:TCigc =2(27C") . = (A,);.
dﬂ?j J z/j

Therefore a linear approximation to the vector (H"z;1), at  +y for v € N and y

small is given by A,B" 'y, completing the proof. O
3.7.8  Construction of a Function Away From N

We will now construct a function in the region where

I
e ol < 00y
Bla|t

d(z,N) > ————=
02 el ™

for some constant B. Let

|z]"d(z)
Gn = On~——— 5=

(Inf])
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for some «,, < a to be decided later where d(z) is a C* approximation to the distance

function defined as follows. First note that d;(z) = 4/1 + d(z,S;)? is a C? function

on each U;. Then let

dj = d;(x) [ | f (z — pi(z))

iEE]'
for a pseudomollifier f satisfying f(1) = 1, f(0) = 0, where f; = 1 if p;(z) is not
well-defined or Nash and E; are the lower-dimensional neighbours of S;. Similar to

the construction of W; in Section , each cjj is C? on the set {z : d(z,S;) < €|z|}
for some € > 0 and moreover has bounded derivatives. Therefore the function
d(z) = —In <Z e_‘zf(”)>
J
is C? with bounded derivatives on the set {z : d(z,N) < €|x|} for some ¢ > 0, and

satisfies

mind;(z) — In |J| < d(z) < mind;(z)
J J

where |J| is the number of submanifolds in the stratification of /. Finally, as

d(z,N) = mind,(z)
J

~

when d(z,N) = 1, |d(z) — d(z,N)| is bounded on the set {z : d(x, N') < €|z|}. Then
applying the Stone-Weierstrass Theorem to d(x, N') on {x : |z| < 1, d(z,N') = €'}

for some € < € to get a function d differing from d(z, N') by no more than §, let

d(z) = |z|d <ﬁ>, and let

d(z) = d(x)f (%) +d(z) (1 _f (%)) .
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Then |d(z) — d(x,N)| < A+ dd(xz, N) for some A > 0 where § can be chosen as small

as possible, which implies that 1—9 < défaj\)[) < 146 in the region where d(z, N') >> 1

which is sufficient for our purposes.

The function g, is supposed to represent the value at which we consider H"z;
to be large enough to cause H" 'z, to change rapidly without changing too quickly
itself due to more dominant dynamics. Remember that |H"z;| < E|z|"d(z,N) for
all x where F is some constant dependent on cz'-k, N and n. However as we will only
consider H"x; for n < n* we can actually choose F independent of n. In the case
of n = 0 gy is when z; is itself large enough that we can expect sizeable dissipation.
An approximate exit time from the region {z : |H"x;| < g,} under the H dynamics

would be given by

Gn — sen(H™" o) H

Tim = |H7 |

However rather than trying to deal with min; 7;,, or some approximation thereof we

will use the function

Hn+lxi n
Zi>M gn+1(z) H i

) \/Zi>M (Hnﬂxi)Q |

W

In short, the HQL:” term replaces a more intuitive sgn function and greatly simplifies

calculations, and as g,, is unimportant is is ignored. We will only consider W, in the

region where \/ZDM (Hr1;)? > g”Tl(x) yet \/ZDM (H™2;)? < gm(x) for all m < n.
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See that

d
d$i

N
Hg, = an\x|”ZxT0ix d(z)
i=1

< 2a,fz"d(2) ) || O P
=1

= 2lzlgn || C'|I*-

Then by numerous applications of Cauchy-Schwarz,

H g ryn+1
Zi>M gn+1(x) H i

- \/Zi>M (Hn+lxi>2

’H"+21‘i

Zi>M gn+1(m)

Hw,

n |Hn+1| "
o) + 5 a2 ) € ) g

2
Int1

\/Z¢>M (HnH%')Q

n .

S sl
M gnenG) TS e ey
(Zi>M (Hn+1xi)2)2 =M

| 4EVN = Mla|"*2d(x)g, \
7+ 92|x| @ oyN 31| C | —Zc‘g
n+1 n+1

X —

N 4y/N — M Eg,|z|""d(x)
P
gn+1

1 8a,Ev/N-—-—M
4 + a? '

<_

n+1

As %H Fr; < El|x|* for all j, k, the dissipation and noise terms provide lower order
J

contributions to LW,,.
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Finally, we need to add to pseudo-mollifiers to W, so that it vanishes when H,

grows large enough and when H,, 1 becomes too small. Therefore let

3

_ S (H™ ;) S (HFz)?
Wn _ f \/ >M H h i > M Wn
Gn+1 9k

for pseudo-mollifiers f satisfying f (1) =0, f(3) =1, h(3) = 1, h(1) = 0, and

where in the case of n = 0 the empty product is equal to 1. Then

. 8 nE /N n Hn-‘rl i Hn+2
Oén+1 In+1 iy g +1\/21>M Hn+1$)

k k+1

+Z Gn f|h/|Hh

gy Sy (HE)’

1 8a,Ev/N—M a, nl
<<_z_l+ 5 >f1_[hk+a 1|f/’Hhk+f|h;‘Hh-
k n+ k k=1

an+1

Then let
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If hj, # 0, then f, = 1 is constant and vice versa. Then

n¥—1 n—1

N 8EVN — May._

LW < Z L 20 H D, (5nfn+1 sup |h/(2’)| + Bn <_Z a2 1))
n=1 z

n¥—1

% ﬂmﬂhk (5” Lt g (o)

+"*21fk+1 I hm6k< 1 8E\/7ak>>

O‘k:+1

m=n+1

n*
Bn
+ ILAll pseudo-mollifiers constant, fr,=1,h;=1 for all I<n _I .

n=1

Given any [,x_1, ap* < «, we first note that for any € > 0 we can fix a,*_1 < « so

that
Prraomer (3.3)
(073
This stipulation is unique to a,x_; and gives guarantees that W < el “ Ei l.o.t.

Then we can choose «a,,%_; small enough so that

S8apx_1EVN — M - 1

2

oo |

Then we can choose (3,%_o = 4 so that
Bnx_1sup |0 (2)|E — G

< —L
8

Then we can choose a,,%_s < o small enough so that

anr—gsup, |[f'(2)|  Baxa

n*— — - < _]-a
B2 o2, g
Sy _oFEA/N — M 1
2 S g
sy 8
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Continuing by induction, given «,, < a small enough so that

San VN — M - 1

Qg 8
Then we can choose [3,_1 = 4 so that
/ 571,71
Brsup |W(2)|E — 3 < -1

Then we can choose «,,_1 < a small enough so that

down to [y, ag. Then

n¥—1

Z ﬂh’;ﬁonhk
- ﬁn 1Qn—1 mlnk>n5k
_Zﬂf,;éonhk splf()l kaﬂ H fim

m=n+1

n¥*

- Z I]-All pseudo-mollifiers constant, fr,=1,h;=1 for all I<n-
n=1

We claim that the sum

n¥*—1

Z Jrr1 H R

m=n+1

if hy > 0 for all k < n — 1. Assuming hy > 0 for all £k < n — 1, either f,,; =1, in
which case we are done, or h, 1 = 1. Then if f,,» = 1 we are again done, so assume
h,.io = 1 instead. Continuing like this, the only way this sum can be less than 1 is if
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hry = 1 for all £ < n* — 1. But then f,+ = 1 by Lemma [3.22] as each «a,, < a and so
the sum is still greater than or equal to 1. So we have that

LW < —1,
completing the proof of Lemma [3.21

3.8 Constructing the Lyapunov Function

First let W be the function obtained from Lemma with associated constants B;,
K, and let B = min; B;. Then for some € > 0, and B, obtain the function W from

Lemma [3.21| with associated constant «p. Then consider the function

- d _ d
Vo= P S | —2@) |y el (z)
Bla|1 Blal}
(In |2 ) (In [y )

where f, g are pseudo-mollifiers satisfying f (%) =1, f(1)=0,9 (}L) =0, g( ) =1

and P, () are constants. Then
LVs <Lyregoo (~Pf — QI fzlg) + In o]0 <Psup FERICIE - @)

€

+ ﬂg/;e() (—P+ 0

21| C |l sup |g'<z>|) .

Given P = 2, choose () so that

Psup|f'(2))2 ]| C| K- Q= -1

Then choose € so that
€

2+5

2| C | suplg'(2)] = —1.
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Therefore

LV, < -1

in the region where

1
) apBlz|4
Z T S (ln ’$|)2"*+dim(/\/) ’

i>M

Finally let

22
p(z) = (In 2)2"*+dim(./\/)+1
and let
2
vV =eop(zl) 4 |o|? (ap’(]x|))2 e®(ZD Y, Duimn T

1
aopB|z|1
(ln ‘xl)Z"*+dim(N)

where h is some pseudo-mollifier satisfying h (1) = 1, (1) = 0. Then when h = 0

2
< | lof a B @3y Ui caplal)
~ n¥ . n¥ .
2 2’.%’5 (ln ’x|)2 +d1m(/\/)+1 2’1,‘% (ln ‘.TD2 +d1m(N)+1
_ [ CLQO"Q acgB min;s s b; eP(lz))
_8’.’E| (ln ’x|)2”*+1+2dim(/\/‘)+2 2’x| (ln ’x|)2"*+1+2dim(/\/')+1

e acgB min;. 3 b; can(lz)

2|$| (ln |$|)2"*+1+2dim(/\/')+1
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When A = 1 is constant

2
|o|? a
LV < :
2 2|x|% (ln |x‘)2 *+d1m(N)+1

2
g a ap(|z))
|U| <2|CC|§ (1n|x|)2”*+dim(N)+l> €

2
__lef a gan(lz))
n¥ : :
2 2|x‘% (ln ‘x’)Q +d1m(./\/)+1

When &' # 0

2
LV < |2KP || C || sup | (2)|1n |z]|o|? ( - )

2|x|% (ln |x|)2n* +dim(N)+1

_ DI, bix} RUIED!
n¥ i
2|$|% (hl |:U|)2 +dim(N)+1

CL2

4|x‘ (ln |x‘)2"*+1+2dim(/\f)+l

< |2KP || C | sup |B'(2)|o|?

a ITlil’lZ‘>M bz‘OZ()B

27T 2dim (V) +1 eorlel
n +2dim +
Al (I f])

So choose
mini>M biOé()BF

a < 3

P | C | sup|W(2)lof?,

giving the Lyapunov pair (V, W) with

1 a(l | |)2”’Lxl+%dim</v)+1
W || (ln\x|)2n*+l+2dimw)+le . '

This completes the proof of Theorem [3.5]
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4

Operator Splitting

4.1 Introduction

In this section we consider some sort of compromise between the simplicity of a single
triple in Section [2| and the relative chaos of the general finite dimensional system
given in Section [3, We consider a finite dimensional system with multiple triples of
interactions. Then, instead of the drift term of the SDE being made up of the linear
combination of the triples, we choose each triple to be the entirety of the drift term
for a random amount of time before replacing it with the next triple in the list. Once
we have cycled through all triples we apply a dissipative term to a strict subset of the
coordinates for a random amount of time, before repeating the entire process. Each
dX;(t) also has a o;dW;(t) term, active for all time. Without loss of generality we
only consider triples have exactly one of the cjk = 0, as a drift term associated with

a general triple can be seen as the sum of two terms associated with triples of this
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type.
4.2 The System, and Summary of Main Results

First fix the sequences

Sp = (in, jn, kn) €{1,...,N}* a,eR

for n > 1 satisfying, for some n* € N, S, 1, = Sy, tpinx = a, and a, = 0 < n =
0 (mod n*) for some k € N, and 4, # j, # kn # i,. Then define the sequence of

vector fields

B, RN RV .z —UpT;, T, €5, + ApX;, Xj, €. .
Let I < {1,..., N} and define the vector field

N
D[iRNHNII"—)—ZliEﬂL‘i.

i=1
Let {r,,}*_, be a sequence of random variables satisfying 7o = 0, 7, — 7,1 i.i.d. on
[0,00) such that P[7, — 7,—1 > 0] > 0, E(7, — 7,,—1) < 0, and let

771 :R - N:t s argmin, {n:t < 7,}

be the index of the first 7, after time ¢. Let W, = (W}, ..., W}") be an N-dimensional
Brownian motion independent of the sequence {7,}’°_; and then let z(t) be the

stochastic process in RY satisfying

dl’(t) = (B,rfl(t) (xt) — 17*1(15):0 mod n* D[(QT(t))) dt + dI/Vt
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Remark 4.1. The process can be thought of as follows. For all t > 0 x(t) is affected
by the Brownian motion terms. Between random times 7, and 7,1 the coordinates
(xi,,%j,, %k, ) also have drift terms (0, —a,z;, vk, , anx;,xj,), and after n* — 1 such
triples there is dissipation in x; for ¢ € I for a random amount of time, after which

the process repeats. Some examples of such processes are given in Section [5]

The B;-1;) term serves to move energy between coordinates. In order to have
control on the energy of the system over large time it must be possible for energy in
any coordinate to be moved to coordinates with dissipation. To this end we have the

following assumption.

Assumption 4.2. Let G = ({1,..., N}, E) be the undirected graph with (j, k) € E <
for some n # 0 (mod n*), and some i € {1,...,N}, (i,7,k) = S, or (i,k,j) = S,.

Assume every connected component of the graph G contains an element of I.

The assumption is somewhat intuitive: For fixed triple S,, and ignoring noise,

x5 (t) + a3 () is constant, and (z;,(t), 2k, (t)) in R* has angular speed |anz;,(t)]-
Then energy can be transferred quickly between z;, and zj,. In fact we can prove

that Assumption [4.2]is necessary.
Lemma 4.3. If Assumption is false then limy ., E[|z(t)[*] = 0.

Proof. Let there be no path from j to any ¢ € I, and let J be the connected component

of G containing j. Then for all n > 0 j,,k, € J or j,, k, € J¢ and so Bg, transfers
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energy entirely between elements of J or elements of J¢. Therefore for all t > 0

d (2 23 | =2 adW + | J|dt

jeJ jed

=E[zt)’] > E [Z 23(t)| =D 22(0) + ||t

jedJ ] jedJ

— o0 as t — 0.

Our main result is as follows.

Theorem 4.4. Given Assumption[].d the system {x(t)}i=0 satisfies

lim sup E|x(t)]* < oo

t—o0

and for all n = 0 the discrete-time process {x(Tniin*)} k=0 has a unique invariant

distribution on R.

As preparation for the proof of Theorem [4.4 we consider the behaviour of a single

triple.

4.3 A Single Triple

Let z(t) € R? satisfy
dxy = dW},
dry = —axir3dt + dVVf,

dxs = axizedt + th?’.
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Without loss of generality assume a > 0. Let R = +/23(0) + 22(0) and let

B xR :( L2 ﬁ)
(xla 2 3 ) T, Ra R
so that
dr; = thl,
1
AX3" = —an XgPdt + AWy,

1
dX$ = az x$Pdt + HAW

As R — o we get the natural limit process
dxy = dW},
dX2 = —CLl'ngdt,

dX3 = CLZL'lXth.
The main result is this section is as follows.

Lemma 4.5. There exists a constant k and a function g(R), dependent only on the

distribution of T, satisfying k € (0,1), g > 0, g decreasing, limg_, g}(g) = 0 such that

liminf EX2(7), lim inf EX3 (1) = kR* — g(R).
—0

R—0

Remark 4.6. The idea behind this result is intuitive. When R is large (29, x3) moves
on a circle of radius R with angular speed a|z;|. Even if |z,] is small, its Brownian
motion will make it large enough so that (x5, x3) will move at least a small percentage
of the way around the circle, and so both |zo(7)|, |x3(T)| = €R for some ¢ > 0 with
high probability and in expectation.
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See that X2(t) + X2(t) = 1 for all ¢, so that if tan§ = ﬁzggg we have

0

Xo(t) = cos (9 + f axl(s)ds) ,

X3(t) = sin (9 + f axl(s)ds> :

0
See that

t t
0 + f azy(s)ds =0 + x1(0)t + af Wlds
0 0

242
~ N (9 + an (O)t, %) .

Therefore for any fixed ¢t > 0, 21(0) € R,

¢
0 + J azi(s)ds

0

has a continuous density that is positive everywhere, and therefore so do X5(t), X5(t).

If we let Z(t) ~ N (0 + axt, ‘lZ—tQ> and let
Power =P[sinZ(t) ¢ [—¢,€]],

then for any € > 0, ¢t > 0, 0,2 € R we have py, ., > 0 and furthermore, as
Powet = Po+2maet = Poot2m et

for fixed €, t we have that

Peit - = infp@,:u,e,t > 0.
6,z

This gives us the following result.
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Lemma 4.7. There exists a pes € (0,1) over all e > 0, t > 0 such that

PIIX3()] > €] = pey
for all initial conditions (x1(0), X2(0), X3(0)).

We next show that X and X® are close with high probability and in expectation

on any finite time interval.

Lemma 4.8. For any T > 0, R > 1, given X (0) = X®(0) we have for any o, 3 > 0

that

sup {(ng'”(t) - Xg(t))2 + (X0 - Xg(t)>2} <2 (% + 5) exp (223) |

te[0,T7]

with probability > 1 — 2P,

Proof. Fix T > 0, R > 1. It is easy to see that X), X have unique strong solutions

on the interval [0,7"]. Using It6’s formula we have that

(x50 - X))+ (3470 - xs0)” = [ 5 (X47(6) - Xalo)) aw

+ L t}% (X§R>(s) - Xg(s)) dws

t
2
‘|‘f0 ﬁds

We now apply the exponential martingale inequality to the martingales

M) = [ 2 (376 = (o)) an?,

(1) = [ 2 (376 = (o)
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with quadratic variations

(Myyy = f% (X2<R>(5) _ X2(3>)2ds,

0

(M), — J t % (X4(s) ~ Xa(s)) " ds.

0

As (X3, X3) stays in the unit ball in R?, one can easily check that the Novikov

condition is satisfies for each M;(t) for all times ¢t > 0. This assures us that
52
Zi,5 = exp <5Ml(t) — E<Mz>t)
is a martingale for any ¢ > 0 with Z, 5(0) = 1. So for i = 2,3 define the events
; a
Eip = sup <Mz<t) - §<M2>t) <p
for i = 2,3. On the event E’ ; n E3 ; we have that

s { (6470 = X00) "+ (3470 - %,00)}

2a (T
<

= (X47(5) — %(s))

+(x0s) - X3(5>)2 ds +2 (% i ﬁ) |

Applying Gronwall’s inequality on

Y(T) = sup {(XQ(R)(t) - )@(zﬁ))2 + (XéR)(t) - X:a(t))Q}

te[0,T]

then gives

s {(Xé’”(t) - X2(t)>2 + <X§R) (t) - Xg(t))Q} <2 (3 + 5) exp (QO‘T) .



As P[E! 5] = 1 — e % we have that P[EZ ; n E3 ;] > 1 — 2e~°F, giving the required

result. O

From Lemmas [4.7| and 4.8 we can get bounds on Ez2(7), Ex3(7). Fix some € > 0,

0 < A <1, and given 7, fix some «,, 5, > 0, and assume that

1
Xs(r)| > Ve + =,

[(kaﬂ-nxu»2+(xy”@)—xg@»%]<2(é§+¢z)@@(?i57>.

This happens with probability

=1 min{zeiaﬂg‘ra 1} - (1 - p\ﬁJr% ‘r) = p\ﬁJr% T min{2eiam87—7 1}7
RA? RA?

and it implies

25(r)] = R|X§P(7)|

>waw—ﬂﬁmm—xwﬂ

= R[ﬁ—l— % -2 <% +,3T> exp (2227)}

and similarly for zo(7). We want this term to be independent of 7. Therefore let

B, = = for some 2\ < v < 2, o, = & 1n (222 50 that for R > 1
RY g 27 4T

T 2at 1
2(@%*@6W(?§><1§

and so this implies

|z3(7)] = Ry/e.
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See then by Fubini’s Theorem that

Ez3(7) =E JOO]P’ [|s(7)] = V| 7] da

0

1
>R2EJ P |zs(r)| = Ry/e| 7] de
0

1
>R2EJ Dyerr—,rd€ — Emin {26_(1"’8”, 1}
0

! At =
2 .
=R EL Dyerr—,rd€ — Emin 2(R7—A) 1
See that
4 RZY
3 —QrPr — o T :
]Emln{Qe A ,1}—Em1n 2(RV—A) , 1
Fix some monotonic f(R) — o0 as R — oo, and see that
R2—Y R2—Y
. 4r \ 7 Af(R)\ 2=
E min 2<R7)‘) ,1 gP[T>f(R)]+2<R7>‘) .

It’s hard to see an optimal f(R) over all R and all distributions, yet choosing

R’y—?)\
R) =
F(R) = =
gives
R2Y
2 7_2)‘ 2—y
E min Q(Riik) 1 <IP’[T>R4 ]+2R*R2 — 0



as R — oo.

Therefore

E 2 1
lim inf 257) > ]EJ perde > 0.
0

R—0

Identical limits hold for 5, proving Lemma

Remark 4.9. Note that this constant &, like p.+, is dependent on a. However as
there are only a finite number of values a,, can take, we can consider x to be the

minimum over all possible values of a,,.
4.4 The Entire Process

We now consider the entire process. Our approach is as follows. For each coordinate
x; with j ¢ I we consider a particular path z; = 29 — z;, — ... = x;, = x; with
i € I, and for some k € N we get a lower bound on E [27 (Tkn#—1)] in terms of 27(0).
In this way, given a large amount of energy initially in z; we can prove in expectation
that a certain proportion of this energy is eventually moved to some z;, 7 € I, and so

is removed from the system.

For any xzj, with jo ¢ I we define the optimal path for z;, in the following way.
Every edge (p,q) in the graph G as described in Assumption can be associated
with the subset of N, here denoted E,, ,, containing elements n such that (k, p,q) = S,
or (k,q,p) = S, for some k and n # 0 mod n*, i.e. representing the time intervals on
which =, and z, are interacting. If (jo, j1), (J1,J2) - - - (Jm, ©) represents a path from jo
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to i, define ay = 0 and a), = argmin{n € E;,_, j, :n > a1} for 1 <k <m — 1, then
we define the time length of this path as a,,. Note that a,, represents the number
of random time intervals [7,,_1, 7,,] needed to transfer energy from z; to z; along this
path. The optimal path between z;, and x; for 7 € I is then the path with the smallest
time length, where if there is no path between z;, and x; we define the time length as
+00. The optimal path for zj, is then the path with the smallest time length over all z;

with i € I, and we define this time length as T},. By Assumption[d.2]T}, < oo for all jo.

If L = |2(0)| it must hold that | X, (0)| > \/LN for some jo. Assume for now that
Jo ¢ 1. Let T}, be the time length of the optimal path (jo, j1), (1, J2), - - - s (Jm, ?) With

associated a; for 0 < k < m. First see that axy; < ap +n*, and let

M, = UEk,lﬂ{ak+1>ak+2a---aakz+1_1}
i

be the number of interactions that x; is involved in between when it receives the
energy from z;, , (or in the case of £k = 0, from time 0), and when it transfers this
energy to xj,,,. If x; is not involved in the interaction between times 7, and 7,41,

then
E 23 (Ths1)| 25 (70)] = 25(70) + E [Tas1 — 7] -
If it is, then with no knowledge of the coordinate it is interacting with all we can say
is
E [25(Tus1)| 25 (70)] = k() + g(aF (7).

One can then see that if we want a guaranteed lower bound on E[E?l(Tal), we must
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assume that z, is involved in every interaction S, for n < a; — 1, so that

ap—1

Ex?O(Tao) > K Z )ikt

Then we have

L? o
Ex? (15,) = k" —= — 2 g(L)F k™=,
a\'ar N
1 N =
Similarly, if [ is the smallest integer such that a,, < In* we can show that

In*—1

2
ln*lL Z kln*lk

E2?(Tjp_1) = K

Between times 7;,«_1 and 75, x; behaves like an Ornstein Uhlenbeck process and so

Tin*
mxmﬁﬂ2<L?+NEmﬁ—J‘ Ex(t)dt
Tin*—1
1 1 _ EG_Q(Tln* _Tln*fl)
1%+ NEm,» — <E£L’?(Tln*1) — 5) 5

E [Tln* - Tln*—l]
2

In*—1 1— Ee—Qn
<2(1-F >+hL
(- )

+

for some monotonic function h(L) > 0 that satifies limy,_, % =0. As

*_ _
K/ln 1 1 _ Ee 271

JN 2

>0

we have that there exists an o € (0,1) such that

Ela(7in+)[* < alz(0)]”
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for large enough |x(0)|. This proves that the sequence {E|z(Tm+)[*}%_; is bounded.
Now fix some ¢t > 0, and sequence {7,}. There exists some m such that min* <t <

(m 4+ 1)In*, and so
E [|x(t)|2| {Tn}] =K [‘x(TmZn*)m {Tn}] + N(t - Tmln*)
< E [‘x(7‘mln*)’2‘ {Tn}] + N<T(m+1)ln* — Tmln*)

= Elz(t)? < Ela(rpuns)|? + NIn*En.

This proves that

lim sup E|x(t)|* < oo,
t—00

proving Theorem [4.4]

Remark 4.10. One may ask why we did not try to get tail estimates for the invariant
distribution of the discrete time process {z(7, xn*)}r. In short, tail estimates are
limited by the distribution of the random times 7,41 — 7, and not the structure of

the process itself, making the endeavour less interesting.
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5

Examples

5.1 Examples for Chapter

Example 5.1 (Dissipation in all coordinates). Consider the system
Xm = (CngXg — lez) dt + Uldwl(t),
dXy = (CQXng — b2X2) dt + UQdWQ(t), (51)

ng = (C3X1X2 — b3X3) dt + UgdW3(t>,

with infinitesimal generator L, where b; > 0 for all i, and let V = e**” for some

a > 0. Then
LV = [—Qaz bixi + Z o7 (a+ 2a2:17?)]

<edll® [\x|2 (—2@ min b; + 2a® max U?) + a]a]Q] .
1 3
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min; b;

max; o2 and let € = —2a mini bz + 20> max; 01-2 > ( then

If we choose a <

LV < (e + alo]) e

<—€V

for any ¢ < e and sufficiently large |x|. Then we have that X (¢) has an invariant

distribution pu satisfying

J P (dx) < oo
R3

Similar, albeit weaker results can be obtained by showing that many increasing func-
tions of || with compact level sets, such as |z|? or e®?! for ¢ > 0 are Lyapunov

functions for the process X (t).
5.2  Examples for Chapter

Example 5.2 (Counter-example to Assumption. The most trivial counter-example
to Assumption is that where cé-k =0if¢ > M and j,k < M as then N is the

Y1 -..yym plane and by setting cé-,c # 0 for some i, j, k < M Assumption can fail.

To see a non-trivial case, consider the system with N = 5, M = 3. Let ¢}, = ¢}, =
cly = i3 = 1, and for all other j,k < 3 let ¢}, = ¢}, = 0. As N depends only on
these terms we get that vy, ys, Hys, Hys = 0 if y4,y5 = 0 and if y; = 0 or y, = —ys.
To see if higher moments H"y; = 0 for ¢ = 4,5 we need to know the motion of the

other coordinates. If ¢f3 = ¢}, = 1, cj3 = —2 and ¢}, = 0 for all other 4, j, k < 3, then

9 (Y (t)+Ya(t)) = V() (Ya(t)+Ya(t)) so that if Y3 (0)+Y3(0) = O then Ya(t) +Ya(t) = 0
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for all t. However Y;(0) = 0 = Yi(t) = 0 for all . Therefore if ¥5(0) + Y3(0) = 0,
LY;(t) = 0 for all ¢, i = 4,5 so that N = {y : y4 = y5 = 0 and y» = —y3} and on

N n{y:y; # 0 for at least two i € {1,2,3}} %Y(t) # 0 for any t.

Example 5.3 (Counter-example to Lemma and subsequent results). Consider
the case where for some 1 < d < M, ¢, = 0if i > M and j,k < d, or if i < M,
j,k > M, so that N is the y; ...y plane. Now let cé-k # 0 for at least one i, j,k < d

so that Assumption [3.2]is false. Then the matrix

for some matrices A, D with A a d x d matrix, and assume for simplicity that
all eigenspaces are of dimension 1. Then A (z),(v(z),w(x)) is a left-eigenpair for
(p(2)C"),<n iff A(x),v(x) is an eigenpair for A or A (x),w(x) is an eigenpair for D.
In the former case v(z)?(z — p(x)) = 0 uniformly, whereas previously we never had
to worry that v(x) -z = v(x) - (x — p(z)) could be 0 uniformly. Furthermore even in

the latter case
Hu(z) - (x = p(x)) = (Ho(z)) - (x = p(x)) + v(2) - (H(z = p(2)),
and even if we still have
H(z — p(x)) = (p7C"),_y (@ = p(2)) + O(Jx = p(x)[*),
we have that each term of Huv(z) is potentially O(]z|) so that

Ho(z) - (z = p()) = O (|z]lz = p(@)]) + A (2) v(2) - (2 = p(x)) + O (lz — p(x)[*) .

30



As A (z)v(x) - (x — p(z)) is only potentially O (|z||z — p(x)|), we have no clear dom-
inance of the desired term. In short this behaviour can be characterised as such:
the reason that the norm of the projection of X (¢) onto the eigenspace is growing

exponentially fast is changing at the same rate of the growth itself.

To show that this can indeed be the case, let N =4, M = 2, and let c?k = ( for

all j,k < 2. Then N is the y;9» plane. Let cl,,c?, # 0 so that Assumption does

3 3 3 3
D — Ci3 Ci4 + Coz Coy
= U1 4 4 Y2 4 4 .
Ci3 Ci4 Coz Co4

Note that by appropriately altering c§k for i < 2, j,k = 3 we have full freedom in the

not hold. Then

coefficients defining D. Let

1 1 2 -1
D:%(l 1)+y2<_1 2)

with non-constant eigenvectors

w) = (v o )

—2ys F /Y2 — 20y1y> — 8y?

Let v(y) = ‘iﬂ As H at (y1,2,0,0) is defined by ¢}, cl,, one could not expect

Hu(y) = 0 in general, and as a result Hv(y) = O(|y|). Therefore for general y € R*

we have Hv(y)(y — p(y)) = O(|z|ly — p(y)])-

Example 5.4 (Counter-example to Assumption . Consider the case of c?k # 0
only for 4,7,k > M. Then N is the y; ...yy axis, and H"y; = O (d(x, N')**) as each
H"y; is a polynomial only in y;, j > M.
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5.3 Examples for Chapter [4]

Example 5.5 (The chain). Consider the following system on z € RY. Let the
sequence of random times {7, },>0 satisfy 7,11 — 7, ~ Exp(1) independent and 7y = 0.
For t € [1,-1,T,) with n # 0 (mod N), the system satisfies

dx, = —Tp_1Tpdt + dW,",

dr, 1 = Ty 1x,dl + th"H,

dr; = dW] for j #n, n+1,

where in the case of n = 1 zq is replaced with zy, and for ¢t € [7,_1,7,) with n =

0 (mod N), the system satisfies
d[EN = —{L‘th + thn’

dr; = dW] for j # N.

In short, for n = 1,..., N — 1, between times 7,1 and 7,, (Z,, Z,4+1) moves anti-
clockwise on a circle in the x,z,; plane with angular velocity z,_; (if we ignore
the Brownian terms in z,,x,.1), while all other coordinates behave as Brownian
motions. Then between times 7n_; and 7n zx behaves as an Ornstein-Uhlenbeck
process, while again all other terms behave as Brownian motions. In order for |z(t)|?

to remain controlled over time, one needs energy in all coordinates to eventually

transfer to x over time.

Example 5.6 (The reversed chain). Here we consider an identical example to Exam-
ple , except that in this case, between times 7,,_; and 7, for n = 0 (mod N) we have
dissipation in 7. Also assume that z(0) = (0,0,...,0, L) for some large L. We should
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expect the system to behave in the following way. Between times 0 and 7n_o the en-
ergy in zy is affected only by Brownian motion, and so xn(7y_2) = L + O(1). The
other coordinates transfer energy between themselves, but this energy must have come
from their Brownian motion terms, and so we expect z;(7y_2) = O(1) for j # N. By
time 7y_; not much has changed except now we should expect xy_1(7ny_1) = O(L).
As x; is small by comparison, no sizeable energy is removed between times 7_; and
7n, and one could even prove E|z(7x)|> > L?. However by repeating this argument,
we would expect xy_o(Ton—1) = O(L), then zy_3(m3y—1) = O(L), until we have
z1(T(v—1)n—1) = O(L), which would imply that E|z(rny_1)5)|* < kL for some r < 1.
Therefore, we should expect to lose a sizeable amount of energy by time 7, for some

k, but not necessarily by time 7.

Example 5.7 (Counter-example to Assumption . In Examples and , be-
tween times 0 and 71 we can say that we paired xo and x3, powered by x1, then we
paired x3 and x4, powered by x5, and so on. Here, to avoid complex notation we will
use this language. First we pair 1 and x3, powered by xx_1, then we pair x5 and x4,
powered by zy, then we pair x3 and x5, powered by x1, and so on up until we pair
rny_o and xy, powered by xny_4. We then have dissipation in xq, and the cycle starts
again. Therefore energy in x; can be transferred to x;_o (if j > 3) and to x5 (if
Jj < N —2), and from there to z,.4, etc. But energy cannot be transferred between
x; with j even and z;, with £ odd, and so in particular energy cannot be transferred

from x; with j even to x;. We can instead show that

| 3]
E Exgj(t) — 0

j=1
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as t — 0.
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6

Conclusions

Our original aim when undertaking this project was to prove the existence of an
invariant distribution for the solution to the stochastic Navier-Stokes equation as
described in Section [I} By considering the Fourier series of the solution we reduced
this to the problem of finding an invariant distribution of a stochastic differential
equation on infinite dimensional Euclidean space. With this in mind we decided to
first prove a similar statement for a general stochastic differential equations of the
same form first on three and then on general finite dimensional Euclidean space,
believing that with every step the method of proof would become more involved
but would be ultimately similar in structure. Although this was the case as we
advanced from three dimensions to general finite dimensions, to recreate this proof in
infinite dimensions would require significant generalisations of not only our results in

Appendix [B| but the results stated from other works, many of which may break down
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in infinite dimensions.

Despite this, however, we believe the finite dimensional result alone is significant.
Furthermore it serves as a successful example of the use of mollifiers to construct
a Lyapunov function for a process that behaves qualitatively differently on different
regions of space, and as an application of matrix perturbation theory in multiple

dimensions.
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Appendix A

Lyapunov Functions

Here we list the results related to Lyapunov functions that we use throughout this
work. These are not the most general results or definitions, but they suffice for our

purposes. We will not provide proofs for any of these results; they can be found in

[9]-

Definition A.1. Let V, W : RY — [0,00) be twice continuously differentiable and
continuous functions respectively. We call (V, W) a Lyapunov pair corresponding to
the Markov process { X;}i=0 with infinitesimal generator L if V, W have compact level

sets and there exist constants a, b such that

LV < —aW +0b
forallz e RN, If V. =W we call V a Lyapunov function.

Note that Lyapunov pairs need only be defined outside of a compact set, and the
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condition

LV < —aW +0

for all € RY holds if

LV < —-cW +U
for some function U(x) « W(z) as |z| — .
Proposition A.2. If X; has a Lyapunov pair V,W then

(a) X; is non-explosive; that it if 7, = inf {t : | X;| > n} and 7o = lim,, o 7y,

Py [0 = 0] =1

for all initial conditions xo € RY. In particular, for all initial conditions xy, X,

is well-defined for all t = 0 almost surely.

(b) X has an invariant probability measure p satisfying

W(z)u(dr) < .

RN

Furthermore if X; has a uniformly elliptic diffusion matrix this invariant measure
15 unique, ergodic and has a smooth and everywhere positive density with respect

to Lebesque measure on RY.
(c) If V=W, w=1+ W for some >0 and we define the distance function

dy (v1,15) = sup JRN g(x) (11 — 1) (dx)

g:lgl<sw
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on the space of probability measures v on RN such that §u w(zx)v(dz) < o, then

there exist constants C,n > 0 such that

dw (PtV17 PtV2) < Ceintdw (V17 V2>

where P, is the Markov semigroup associated with X;.
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Appendix B

Real Algebraic Geometry and Matrix Perturbation
Theory

Given a matrix A(e), or more generally a linear operator as a function of € € R or
C, properties such as its eigenvalues and eigenvectors have long been of interest in
mathematics [1,3,5], mechanics [6,7] and computer science [2]. In particular, it is
known that if A(e) is an analytic function of € € C the eigenvalues and eigenvectors
of A(e) change analytically in regions where they are of constant multiplicity and
have potential algebraic singularities at points where multiplicity changes [1,5]. Non-

analytic perturbations are known to result in discontinuous eigenvectors.

Example B.1. [1] Consider the matrix

) = - [ COS (%) sin (%
Ale) ( sin(Q) —cos(

€

h). ao=o

with € € R. This matrix has smooth coefficients with smooth eigenvalues A(e) =
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ie_e%, A(0) = 0, yet its normalised eigenvectors

nlt)
v(e) = 2(1Fcos %
( ) 1$cos(%)

- 2

Y

smooth for all € # 0, have no limit as € — 0.

A considerable obstacle to extending known results about analytic perturbation
of eigenvalues to the multi-parameter case is knowledge of the structure of the sets

where the eigenvalues change multiplicity, as they are no longer isolated points in C.

Example B.2. The matrix

A(%@/)Z(S g)

has eigenvalues A(xz, y) = +,/zy and eigenvectors v(z,y) = (£+/z, /y)". Multiplicity
of the eigenvalues changes on the x and y axes, on which again the eigenvalues are

analytic (as a function of one variable) away from (z,y) = (0,0).

In the general case, as eigenvectors are not uniquely defined we often instead
consider the projection matrix onto the eigenspace or generalised eigenspace. Fur-
thermore, given any total ordering < on C indices can be chosen so that \;(x) <
A\j(z) < i < j, so that this non-uniqueness problem is also solved. Henceforth we

follow both of these conventions.

If we were to consider only local behaviour near a change in multiplicity of the
eigenvalues we have the following result.

91



Lemma B.3. Let A(x) be an N x N analytic matriz function of x € R™ with
continuous eigenvalues with multiplicity {\;(z)}X., such that for some 1 < k < N
A1(0) = A (0) = ... = Xg(0) # N(0) for 1 > k. Then if P(x) is the projection matriz
onto the Minkowski sum of the generalised eigenspaces of A\i(x),..., \e(z), P(z) is

analytic in an open neighbourhood of 0.

Proof. We first prove this in the case of A(z) a function of z € R. We define the
resolvent of A(z) as
R(z,v) = (A(z) = ~vIn)"".

For fixed = the singularities of R(x,-) are exactly the eigenvalues of A(x). Consider
the Laurent series of R(x,-) centred at such an eigenvalue \;(z), and let Q;(x) denote
the negative of the coefficient of the (v — \;(z))™! term. Q;(z) is a projection onto
the generalised \;(z)-eigenspace, which is in turn contained in the nullspace of Q);
for j # i [1][Chapter 1, Section 5.3]. Then although each matrix @Q;(x), i < k may
have singularities at * = 0, Zle Q:(x) is analytic in a neighbourhood of x = 0
[1][Chapter 2, Section 1.4]. Therefore if v1(0),...,v,(0) is a basis for the generalised

A1(0)-eigenspace,

is an analytic basis for the Minkowski sum of the generalised eigenspaces of
A1 (2),. .., \g(z) for sufficiently small z. Then as dot products and the Gram-Schmidt
algorithm are analytic functions of their inputs, we can use this analytic basis to

construct an analytic projection matrix P(z).
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To extend this to the multivariate case, it is known by Boman’s Theorem [10] that
as P(xz(t)) is smooth at ¢ = 0 for all smooth paths z(t) satisfying x(0) = 0, that P(z)
is smooth and therefore has a multivariate power series. As P(txg) is also analytic for
all o in the unit sphere in R™ this power series converges for |t| < R,, and is equal
to P(x) whenever it converges. This implies that the power series converges for all

2| < R = inf|, -1 Ry, > 0 and R > 0 by compactness. O

Remark B.4. Note first that these matrices (); are not orthogonal projection ma-
trices, so that they differ from the projection matrices P; that we will construct in
Theorem [3.10] Secondly, to our knowledge there is no analogous result allowing us to
construct an analytic basis for the Minkowski sum of the eigenspaces near a change
in multiplicity rather than the Minkowski sum of the generalised eigenspaces. This

is why we stipulate in Assumption that the matrix (:CTCi)Z. v 1s diagonalisable.

Of course if we allow A(z) to be a function of z € U a subset of RY or CV, there
exists a partition of U into sets .S; such that for z € S; each eigenvalue is of constant
multiplicity. However, as many of these sets will not be open, even defining analyt-
icity on these sets is a non-trivial task. In order to make any meaningful statements
about the behaviour of the eigenvalues on these sets we need to understand the struc-
ture of these sets. To answer these questions we will use tools and results from real
algebraic geometry, as when the given matrix A(x) is polynomial rather than analytic
in z € RY the appropriate partition of RY necessary happens to be constructed from

semi-algebraic sets.
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The following definitions and results from real algebraic geometry are not the most

general but are consistent with the literature in the case of Euclidean space.

Definition B.5. (a) S = RY is said to be semi-algebraic if it can be represented as

the finite union of sets of the form

{zeRY: fi(x) =0,... fi(x) = 0,g1(x) > 0,..., gm(z) > 0}

where fi(x), ..., fi(z), g1(z), ... gm(x) are polynomials in x with real coefficients.
If S is the finite union of sets of the form
{zeRY: fi(z) = 0,... filx) = 0}

we say that S is an algebraic set.

(b) A function f : S — T from a semi-algebraic set S < RM to a semi-algebraic set

T < RV is semi-algebraic if its graph in RM*N s a semi-algebraic set.

Semi-algebraic sets are closed under finite union, intersection and complementa-

tion. We will also use the following basic results about semi-algebraic sets throughout

this section.

Proposition B.6. (a) If S < RNt is semi-algebraic and

IRV S RY (24, .., o8, 2n41) = (21,...,2N)
is a projection then I1(S) = RY is semi-algebraic.

(b) A set of the form
{zeRY: fi(x) =0,... filz) =0,g1(x) > 0,..., gm(x) > 0}

for semi-algebraic f;,g; : RN — R is semi-algebraic.
VRN
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(c) If f: S — T is semi-algebraic and A < S, B < T are semi-algebraic then f(A)

and f~Y(B) are semi-algebraic.

(d) For any semi-algebraic A, the set of semi-algebraic functions defined on A form

a ring.

(e) Every semi-algebraic B < R" is the disjoint union of a finite number of connected

semi-algebraic sets By, ..., By,.

Proof. (a) [4][Theorem 2.2.1].

(b) If f;,9; : RN — R are semi-algebraic, the set

{z: f;(z) =0}, (vesp. {z : g;(z) > 0})

is equal to the projection from R™ x R to R™ of the intersection of the graph of

f; (resp. g;) with the semi-algebraic set

{y e RV i yny =0} (resp. {ye RV :yny >0})
and so is semi-algebraic.
(c) [4][Proposition 2.2.7].
(d) [4][Proposition 2.2.6].

(e) [4][Theorem 2.4.5].
[

Real algebraic geometry also has its own version of the Implicit Function Theorem.
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Proposition B.7 (Implicit Function Theorem). Let (zo,yo) € R™*™ and let f1, ..., fa
be k = 1 times continuously differentiable semi-algebraic functions defined on an open

neighbourhood of (xg,yo) such that fi(xo,y0) = ... = fu(xo,y0) = 0 and the matrix

(s 00m),

is invertible. Then there exists an open semi-algebraic neighbourhood U (resp. V') of

xo (resp. yo) in R™ (resp. R™) and a function ¢ : U — V with all partial derivatives

up to order k existing and continuous such that p(xo) = yo and

file,y) = = falz,y) =0 =y = o(x)
for every (x,y) e U x V.
Proof. [4][Corollary 2.9.8]. O
A fundamental object in real algebraic geometry is a Nash manifold.

Definition B.8. (a) A semi-algebraic function f : U — R for open semi-algebraic
U < RY is a Nash function if it is an analytic function that can be represented
as the solution of pp(x) f(z)™ + pu_1(x) f(x)" 1 + ... + po(z) = 0 for somen >0
where each py(x) are polynomials in x with real coefficients. f: U — RM is Nash

if each of its components f; : U — R is Nash.

(b) A semi-algebraic set M = RY is said to be a Nash submanifold of RN of dimension
d if for every x € M there exists a neighbourhood U < RY of z, a neighbourhood
U' < RY of 0 and a Nash diffeomorphism f : U — U’ such that f(z) = 0 and
f(IMAU)=(R?x {0})nU".
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A necessary and sufficient condition for a function defined on an open semi-
algebraic subset of RY to be Nash is for it to be smooth and semi-algebraic [4][Propo-
sition 8.1.8]. Therefore the Implicit Function Theorem also applies to the case of Nash
functions; if each f; is Nash, the corresponding implicit function ¢ is Nash. Note also
that this definition of Nash submanifold coincides with the classical definitions [8] of

C*, smooth or analytic submanifolds of Euclidean space.

The following is a useful alternative characterisation of Nash manifolds, analogous

to similar results about smooth or analytic submanifolds of RY.
Lemma B.9. The following are equivalent for S < RY.

(a) S is a Nash manifold of dimension d.

(b) For every x € S there exists open semi-algebraic V 3 x in RN, U < R? and a Nash

function f: U — V that is a homeomorphism onto SNV and Df = (%)
Yi ) i<M,j<d

15 injective for all y e U.

(c) For every x € S there exists open semi-algebraic B 3 x in RY, A = R?, permuta-

tion o on {1,..., N} and Nash function g : A — RN~ such that

SnB= {Z eRY: (Za(d+1)7 e 7ZU(N)) = g(za(l), e ,Za(d))}

Proof. That @ = @ is immediate. To see that @ = , fix r € S with given
f U — V and let ¢ be such that columns o(1),...,0(d) of Df form an injective
matrix at y = f7H(z). 7 :RY > R%: (21,...,25) = (26(1)s - - -+ Z0(a)) then D(mo f)
is an isomorphism, so by the inverse function theorem for semi-algebraic functions
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[4][Proposition 2.9.7] there are open semi-algebraic B < U, A < m(V) such that
(moflg)™t: A— B exists and is Nash. By letting g be the o(d + 1),...,0(N)
components of f o (wo f|z)~! with B an open neighbourhood of f(B’) such that
SnB= f(B) (J is proved.

To show that (d) = (d)), fix z € S with g : A — R¥~% Then

fz,. ..., xN)
:(130—(1), s 7x0'(d)7$0'(d+1) - gl(‘ro’(l)7 s 7x0'(d))7 s 7$0—(M) - gN—d(xo'(l)7 s 7'I0'(d)>)7
with
S s o)

:W_l(yla e Ydy Ydy1 T gl(y17 s 7yd)7 <o YN T gN—d(y17 s 7yd))

is a Nash diffeomorphism defined on an open neighbourhood of # € RY with f;,,(z) =

...=fn(z)=0if and only if x € S n B. O

The centrality of Nash manifolds to real algebraic geometry is elucidated in the

following result.

Proposition B.10. Every semi-algebraic G = RY with a finite collection {F,}s of
semi-algebraic subsets of G can be stratified into a finite number of disjoint connected
Nash manifolds G; such that G; n clos(G;) # & = G; < clos(G;) and dim(G;) <

dim(G;), and such that each F,, is a union of some strata of this stratification.

Proof. [4][Proposition 9.1.8]. O
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Finally we have the following result relating a Nash manifold to its ambient space.

Proposition B.11. If S < RY is a Nash manifold, there exists an open semi-
algebraic neighbourhood U of S such that the projection p(x) = argmin,gsd(z,y) is
well-defined and Nash.

Proof. [4][Corollary 8.9.5]. O

We previously stated the problem in even defining analyticity of eigenvalues and

eigenvectors on non-open regions. We first address this.

Definition B.12. Let S < RY be a non-open Nash manifold. We say that f : S — R

1s a Nash function on S if there exists an open semi-algebraic neighbourhood U of S

and a Nash function ]?: U — R such that ﬂs = f.

As we are exploiting results in real algebraic geometry, we will identify complex
numbers as elements of R? rather than C, so that we say that a function f : RN — CF

is Nash if the corresponding function from R”" to R?* is Nash.

Our main results are given below.

Theorem B.13. Given a polynomial

po(z) + pr(z)N+ ...+ pu(z)\",

where each p; are Nash functions defined on a semi-algebraic S < RY, there exists a
stratification of S, {S;}, on which each \; : S; — R? is a Nash function of x on each
Sj.
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Theorem B.14. Given any matriz A(x) € R™"™ whose entries are Nash functions
defined on some semi-algebraic S = RY, there exists a stratification of S into Nash
manifolds {S;};, on which each eigenvalue is of constant multiplicity with eigenspace
of constant dimension, and each \; and the projection matrix P; onto its eigenspace

are Nash.

Moreover, for any semi-algebraic set A < R2Y2* if it holds for all x € S that
some pair (A\;(z), Pi(x)) € A, then the above stratification can be refined so that on

each S;, there is some i such that (\;(z), P;(z)) € A for all x € S;.

Our motivation to prove the final statement is related to Assumption [3.3} how-
ever here we will not discuss our ultimate motivations and instead restrict ourselves

to proving results related to real algebraic geometry and matrix perturbation theory.

We will first characterise the regions where the roots of such a polynomial are of

constant multiplicity.

Lemma B.15. Given a polynomial f(p,\) = po + p1A + ... + p, A", the set

A ={peR"™: f(p,\) has k distinct roots}
is a semi-algebraic subset of R"* for each k€ {1,...,n,w}.

Proof. First see that A, = {0}. For some 1 < d < n, assume throughout that

Par1 = Par2 = ---+ Dy = 0, pg # 0, so that f(p,x) is of degree d. Let g =
degree of GC'D (f(p, A), %(p, )\)), the number of repeated roots of f(p,\). Then

f(p, A) had d— g distinct roots and the degree of LC'M (f(p, A), %(p, )\)) =2d—g—1.
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Let q(p, A),r(p, A), s(p, A) be polynomials of degree g, d — g and d — g — 1 respectively

such that
df
6O (1), 0.0 = alp. ).
f(p,A) =71(p, Na(p, \),
%(p, A) = s(p, Na(p, ).
Then

f(p:AN)s(p, A) — 3—];\(]9, Ar(p, A) = 0.

The condition that f(p, A) has at most k distinct roots is equivalent to the condition
d — g < k, which is equivalent to the condition that there are polynomials s*(z, \) =

To+ oA+ .+ ap AT (2, N) = o+ 2N+ .+ 291 AF such that

d
Flp () = A ) =0
As we can write
d
F(p, A)s* (2, \) — d—J;\(Z% Nr*(z, A) == yo(2,p) + v (2, P)A + - + Yark_1 (2, p) AT,

this condition is equivalent to the condition that the system

yl(pa Jf) = 07 cee Jderk*l(p? .73) =0 (Bl)

has non-zero solutions in x. As each y;(p,x) is linear in z this is equivalent to the
the vanishing of all (2k + 1)-minors of the matrix associated with the linear map
x— (1(p,x), .. Yark—1(p,x)). As each of these minors is a polynomial in p, the set

My, = {pe R"™! . f is of degree d and there at most k distinct roots}
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is a semi-algebraic set. As

Ay = U Mg \Mg -1,
d>k

each A is a semi-algebraic set for each k£ > 1. m

Corollary B.16. Given a polynomial f(p(x),\) = po(z) + pr(x)\ + ... + pu(2) A",
where each p; is a semi-algebraic function of x defined on some common semi-algebraic
set S < R™, the set A, = {x € S: f(p(x),\) has k distinct roots} is a semi-algebraic
subset of R™ for each k € {1,...,n}.

Proof. Let By = {p € R""' : f(p,\) has k distinct roots}. Then A, = p~'(By) is

semi-algebraic. O
We are now ready to prove Theorem

Proof of Theorem[B.13. Let G be the multi-graph of the roots, which is a semi-

algebraic subset of R"" as it is the set of solutions (z,a,b) to

po(z) + p1(z)(a+ib) + ...+ pp(x)(a +ib)" = q(z,a,b) + ir(z,a,b) =0

for some Nash ¢,r : R"™® — R. Let G, be the graph of \;, and let

F(0, ) = po+piX+ ... + P

Let Ay = {p € R"" : f(p, ) has k distinct roots}, and let {Ay}; be the connected
components of Ag. For each I, let { By }m be the semi-algebraic connected compo-
nents of By = (Ar x R?) n G, the multi-graph restricted to Ay. By can also be
decomposed into {Cjy;},, the graphs of the distinct A;(p) restricted to Ay These
Ch; are also connected as each \; is distinct and continuous on the connected set
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Ay Therefore it must follow that each Ci; = By, for some m, so that Cy; is
semi-algebraic and so each \;(p) is a semi-algebraic function on each Ay;. Defining
En=p YAn) = {z e S :p(x) e Ay}, each \;(x) is a semi-algebraic function on each

Ey.

Now let {Eyin}rim be a Nash stratification of S such that U, Ey, = Eg for
each k,l. Fix some FEy, and some x € Ej,,, and let ¢ : U — U’ be the Nash
diffeomorphism described in Definition (b). Then the polynomial

20 (97 raniey @) 21 (9 oy ) A 20 (97 gy ()

has smooth roots \; o g~!(y) by applying the Smooth Implicit Function Theorem to

the correct derivative of the above polynomial with respect to .

Then let p be the Nash projection onto Ej;, defined on U. Then the function

Xz(x) =\ oglogop(x), defined on U, is Nash and agrees with \; on Ej,,. H

Remark B.17. One could recreate much of the spirit of the above work in the case
of each p;(z) being complex-valued functions defined on some subset of CV such that
m(z) = pi(z,y) = w(z,y) + w(x,y) where u,v are Nash functions defined on some
open semi-algebraic S < R?". However the concluding result, that \x(z,y) is a Nash
function of x,y, is not enough to prove that Ax(z) is an analytic function of z as one
cannot recover any information about the Cauchy-Riemann equations for A\g. It is for

this reason that we restrict our result to the case of polynomials with real coefficients.
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Remark B.18. It may also be possible to recreate much of this work in the case of
the p; being real analytic functions and relying on analytic submanifolds. However
this would result in a stratification into a countable number of submanifolds which is

not useful for our purposes.
We will now prove the following.

Lemma B.19. For any matriz A(x) € R™*"™ whose entries are Nash functions defined
on some semi-algebraic S = RN, such that dim(N(A(x))) = 1 is constant on S, one
can locally define an orthonormal basis for N(A(x)). Furthermore the projection

matriz P(z) onto N(A(z)) is Nash.

Proof. Let k = dim(N(A(x))) = 1, and given some xg € S let vy(zg),. .., vr(xo) be
any basis for N(A). There exist n — k linearly independent rows of A(zg), which
are also linearly independent in a neighbourhood U of zy. On U define B(x) as the

matrix with these rows. Now consider the linear transformation

)
Ul(l'o)
w | v2(20) |w.

oy
S

V(o)

Note that this matrix is invertible. Then by Proposition there exists a Nash
continuation of each wvq,...,v; in some open V < U such that the norm of each v;
is bounded away from 0. As the function g(z) = \/LE, defined on x > 0, is smooth
and has graph given by y?z —1 = 0, y > 0 it is Nash. Thus normalising each vector
preserves their Nash property and as Gram-Schmidt is then a polynomial operation
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we have an orthonormal Nash basis vy (z), ..., vg(x) defined on V. This implies that
the projection matrix P(z) = Y, vi(x)v;(2)" (viewing the v; as column vectors) is

Nash on V, and as P is unique it can be extended as a Nash function to all of S.

We are now ready to prove Theorem

Proof of Theorem [B.14. From Theorem [B.13| we can immediately stratify S into
Nash {T,} such that each eigenvalue is Nash and of constant multiplicity on each
T,. Fix T,, and note that the set

Biar = {x € T, : dim (N (A(z) — Ni(2)1,,)) = k}

is a semi-algebraic set as it is equivalent to the vanishing of all (n — k + 1)-minors
of the Nash A(z) — \;(x)I,, and the non-vanishing of at least one (n — k)-minor. As

each collection { B} is a partition of T,, we can construct a partition

{Blakl M BQakQ n...N Bnakn}ae{l,“.,n},(ki)e{l,...,n}”

of S. If we stratify S into {S;} such that each element of this partition is a union
of some {S;}, then on each {S;} each eigenvalue is of constant multiplicity and is
Nash, and each eigenspace is of constant dimension. Applying Lemma imme-

diately gives the Nash projection matrix P;(x) onto the eigenspace of \; defined on 5.

Now let A = R2*2"* he a semi-algebraic set with the given assumptions. Then
let D; = {z: (\i(x), Pi(x)) € A}, and refine the stratification so that each D; is the
union of some strata S;. As the D; cover S this completes the proof. O
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Remark B.20. The fact that we cannot make more impressive statements about the
eigenvectors stems from similar problems encountered by others, namely that they
are not uniquely defined and are difficult to separate from generalised eigenvectors
[1]. Moreover exploiting the projection may result in vectors that vanish. This was
dealt with in [5] by exploiting the Smith-Normal form of matrices, which is difficult
to do in the multivariate case, and in [1] by assuming that the domain in which the
eigenvalues are of constant multiplicity is simply-connected and constructing an ana-
lytic invertible matrix U(z) that gave a bijection between the generalised eigenspace
at € and the generalised eigenspace at some anchor point zo. U(x) was given as the
solution of a matrix-valued ODE whose existence, uniqueness and analyticity was

justified using Picard iterates.
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