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Abstract: Gramicidin A is a small and well characterized peptide that forms an ion channel in lipid mem-
branes. An important feature of gramicidin A (gA) pore is that its conductance is affected by the electric
charges near the its entrance. This property has led to the application of gramicidin A as a biochemical sen-
sor for monitoring and quantifying a number of chemical and enzymatic reactions. Here, a mathematical
model of conductance changes of gramicidin A pores in response to the presence of electrical charges near
its entrance, either on membrane surface or attached to gramicidin A itself, is presented. In this numerical
simulation, a two dimensional computational domain is set to mimic the structure of a gramicidin A chan-
nel in the bilayer surrounded by electrolyte. The transport of ions through the channel is modeled by the
Poisson-Nernst-Planck (PNP) equations that are solved by Finite Element Method (FEM). Preliminary numer-
ical simulations of this mathematical model are in qualitative agreement with the experimental results in the
literature. In addition to the model and simulations, we also present the analysis of the stability of the solu-
tion to the boundary conditions and the convergence of FEM method for the two dimensional PNP equations
in our model.
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1 Introduction and background

Gramicidin A (gA) is a well characterized short polypeptide of about hundreds of atoms with a helix structure.
This peptide is relatively easy to be synthesized and manipulated, compared with a typical sodium channel
which has thousands of atoms. GA is also relatively stable, and, therefore, have been widely applied in bio-
chemical and biophysical studies. Upon head to head dimerization, gramicidin A forms an elongated channel
in lipid bilayers that is permeable to small monovalent cations [47](see (a) in Fig. 1). In experiments, with the
application of a voltage difference across the lipid bilayer, ions pass through the gramicidin A channel, and
amplitudes of current and conductance of the channel can be measured electrically [2]. One of the most im-
portant features of gramicidin A channel is that the current and the conductance of the channel are greatly
affected by the environment near the entrance of the gramicidin A pores [3], such as the charge densities of
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the solvent, the surface charge of membrane surrounding the channel, and charged functional groups at-
tached to gramicidin A. This unique feature has led to the application of gramicidin A pores as biosensors
for changes of local environments. For instance, in a recent study, gramicidin A pores were applied to detect
and quantify the activities of membrane active enzymes phospholipase D (PLD) and phospholipase C (PLC)
on planar lipid bilayers rapidly by measuring the conductance changes of gramicidin A pores [28]. These
enzymes catalyze the hydrolysis of certain ester bonds in phospholipids and, in many lipid substrates, lead
to a change in the net electrical charge of the lipid. In the case of PLD, which hydrolyzes electrically neutral
phosphatidylcholine (PC) and produces negatively charged phosphatidic acid (PA), the change in membrane
surface charge leads to an accumulation of cations close to the membrane surface and hence, a significant
increase in magnitude of current and conductance of the channel. Given the fact that the gramicidin A con-
ductance is affected by the electric charges present near its entrance and not by those charges near its exit,
these authors were able to show that if PLD is exposed only to one side of bilayer, gramicidin A conductance
will change asymmetrically [28]. More specifically, when the polarity of the applied voltage was such that the
entrance of pore was placed with the negatively charged leaflet, due to the activity of PLD, the conductance
of gramicidin A increased over time dramatically, while the conductance almost stayed unchanged when the
polarity was such that the entrance of the pore was placed with the leaflet that carried no charge, since it was
not in contact with PLD. Others have explored application of chemically-modified gramicidin As, by attach-
ment of different functional charged groups such as sulfonate, amine, and phosphate, for sensing chemical
and enzymatic reactions around gramicidin A channels [6, 25]. In another intriguing study, engineered gram-
icidin As that carried charged groups was used to control the conductance of pore [25, 27] and create an ionic
diode [26]. The authors showed that dimerization of two different charged trimethylgramicidine monomers
(positively charged gA-NMej and negative charged gA-T™) results in the formation of channels with asymmet-
ric conductance. In this paper, we will model the asymmetrical changes in gramicidin A conductance that
have been reported in these studies.

The transport of ionic particles through ion channels is by nature a multiscale-multiphysics system. It
couples the structure of the protein channels with the electrostatics, as well as diffusion and convection.
Over the past decades, in addition to the enormous experimental efforts, many theoretical models and com-
putational methods at different scales have been developed to understand the transport of ionic fluids and
the mechanism of ion channels. At atomic scales, molecular dynamics (MD) and stochastic models are the
most widely used tools to simulate the channel systems. Molecular dynamics simulations treat the interac-
tions between all atoms explicitly by using atomistic interaction potential, and evolve the configurations of
whole system under the Newton’s second law. Due to the computational complexity and cost, it is difficult to
reach the time scale of determining the ion fluxes through the channel using molecular dynamics simulation.
Among the stochastic models, Brownian dynamics (BD) is a common way that extends the simulation scale
by incorporating the solvent implicitly through inducing the friction tensor and stochastic forces. The Brow-
nian dynamics simulations have been successfully used to simulate a number of biological and physiological
systems [40], such as the ion permeation in biological pores such as porin channels [41], potassium channel
[1] and channel VDAC [21].

At continuum scale, the coupled Poisson-Nernst-Planck (PNP) system theory is a well-established model
for studying the ion distribution and transport under the gradients of concentration and the electrical field
[13]. Many computational methods have been employed for solving the Poisson-Nernst-Planck equations of
ion channel systems, such as finite differences method [20, 51, 53, 54], finite element method [23, 45], spectral
element method [16], and finite volume method [30]. It has been demonstrated that the PNP simulations and
BD simulations produce comparable results for OmpF and a-Hemolysin channel [19, 32]. While the size of
gramicidin A pore is on the scale of A, the continuous description of PNP and PNP like theory can still capture
many realistic physical and biological properties. One justification of this may lie in the fact that while the
size of pore is comparable to the ion size, the time scale of an ion particle moving through the channel is far
shorter than the usual time scale of relevant biological time scale of 107> seconds. In fact, it can be shown
that the PNP system can be rigorous derived as long time limit of kinetic descriptions or particle descriptions
[48].
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The objective of this paper is to qualitatively model and simulate the conductance of gramicidin A pores
in the presence of electrical charges near the channel. With a two-dimensional computational domain set
for a single gramicidin A channel in a bilayer lipid membrane, Poisson-Nernst-Planck equations are used to
model the ion-transport in the gramicidin A channel. This work considers the effects of electronic charges
present on the membrane surface (eg. charged lipids) as well as those charges attached to the gramicidin
A (e.g. chemically modified gramicidin As with charged group attachments). The experimental results from
the literatures are reproduced by solving Poisson-Nernst-Planck equations numerically using Finite Element
Methods (FEM).

This paper is organized as follows. In the second section, we present the mathematical model of ion-
transport in gramicidin A pore, including the Poisson-Nernst-Planck equations, parameters and geometry
setting. The analysis of the stability of the solutions to the jump conditions is also presented in this section.
In the third section, Finite element method for solving Poisson-Nernst-Planck equations and corresponding
analysis of convergence are discussed. The computational results and comparisons with experimental results
are shown in the Results section. The final section gives some concluding remarks.

2 Modeling and theoretical settings

2.1 The computational domain

In our mathematical model, a two dimensional 120 A x 40 A simulation box Q is set as the computational
domain (see Fig. 1). Here, the origin of coordinates is placed at the center of box. The box has a macromolecule
part Qn, and a solvent region Qs. The macromolecule part Q,, consists of the membrane represented by two
slabs and the gramicidin A that is represented by two ellipses:

v-y)?, (c-x)’

b? a?

where (x1, y1) = (0,2 A) and (x2, y2) = (0, -2 A) are the centers of the ellipses, a = 20 Aand b = 1/2 A are
the major and minor radiuses, respectively. are used to simulate the geometry property of real protein in
the channel which is wider at the entrance and exit of the channel, and thinner in the middle part. Q; is
the channel region in the solvent region Qs. The geometries of the computational domain, especially the
thickness of the membrane, the width and length of the channel are critical for reproducing the conductance
changes of channel measured experimentally. It should be noted that due to our 2-D setting in this paper, the
geometry of gramicidin A is only through the width and length. In our simulations, the sizes of the channel
and membrane are set to be comparable with the real sizes of gramicidin A and lipid layer. The thickness of the
bilayer is 40 A [52]. In solvent region Qs, the channel region Q; is from x = -40/3 Atox=40/3A along the x
direction, corresponding to a length of 2.6 nm, and the width of the pore at x = 0is 3 A [47]. As shown in Fig. 2,
the boundary of simulation box is denoted by 0Q and the interface between the solvent and macromolecule
is I'=I'1 |JI',, where I'1 is the boundary of membrane and I'; is the boundary of gramicidin A exposed to the
solvent.

:1’i=1’2’ (1)

2.2 Continuum descriptions of ion transport

We use the Poisson-Nernst-Planck equations to model the ion transport in the ion channel. The Poisson-
Nernst-Planck equations can be derived using the Energetic Variational Approach [12, 14, 38]. This approach
is based on the concepts: Newton’s force balance law, Least Action Principle [43], Maximum Dissipation Prin-
ciple [33, 34], and energy dissipation law dE;;m = —A. Here E° = K + F, K is kinetic energy, F := U - T8
is the Helmholtz free energy with internal energy U, temperature T and entropy 8. As in the standard statis-
tical physics, the particles interactions contribute to the internal energy U. These interactions can be local,

such as hard core interactions or nonlocal, such as Coulomb electro static interactions. A is the dissipation
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Fig. 1. (@) A schematic picture of a single gramicidin A pore embedded in lipid bilayers. (b) The profile of corresponding 2D com-
putation domain set in our model for a single gramicidin A pore with lipid bilayers. The whole box Q consists of the macro-
molecule part Q;; and the solvent region Qs. In the macromolecule part Qp, the bilayers and gramicidin A are represented by
two slabs and two ellipses, respectively. In the solvent region Qs, Q; represents the channel part.

functional. First, we observe the following kinematic conservation of charge densities

ne+ V- (nuy) =0, 2

pe+ V- (pup) =0, 3)
and the Gauss’s law:

-eAg =ze(p - n). (4)

Where n (p) is the density of negative (positive) ions; u, (up) is the velocity of the negative (positive) ions; ¢
is electrical potential; € is the dielectric coefficient; e = 1.6 x 107° C is the charge for one electron; z is the
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valence number of the negative or positive ion. The total energy includes all the equilibrium physics in the
system:

E”“”:/[I(BT(nln% +plnlr%)+glv¢l2 dx, ©)

where X(t) = (X, t) (with X(X, 0) = X) is the flow map and X = (x, y) for the two dimensional case; Nes (Peo)
is the characteristic value of initial density of negative (positive) ions; Kp is the Boltzmann constant and T is
the absolute temperature, KgT = 4.14 x 10721 ] is the Boltzmann energy. The first and second terms are the
thermal fluctuations (Gibbs entropy) of the ion species. The last term is the electro energy. The Gauss’s law
(4) is equivalent to

#) - ze; [ 6 Hin-p)Ods, ©
Q

where G(X, 5 ) is Green’s kernel. By substituting (6) into (5), the energy can be written in the following nonlocal
form [50]
ze

protal _ / KyT (nln " ipin p£> ax+ 2 / (- n® / G(%, E)(n - p)(&)dEdx.
Q Q Q

Above formula shows that the third term of total energy in fact is the Coulomb electro static interactions

which is the particles interactions contributing to the internal energy U. The dissipation functional is defined
as follows, reflecting the linear response assumptions of the system,

~ 1 2. 1 2] -
A= /KBT [Dnn|un\ + Dpp|up| } dx. 7
bo}
In this case there are two flow maps corresponding to velocities fields, u, and u, : negative charge map
Xn and positive charge map X, respectively. Taking map X, as example, by the Least Action Principle, we get
the conservation force,

6 total _
8xn E7 =

Fn—con =

NV n, (8)

where pn := KgT(1 +Inn) - KT In ne — ze¢ is the chemical potential for the negative charge.
Using the Maximum Dissipation Principle, we get the dissipation force,

8 1, KgT
Fn—dis = m(zﬂ) = D—nnun. (9)
The total force balance equation yields:
nup = —Igg"TnVyn. (10)

Combining equation (10) and the mass conservation of negative charge (2), we obtain,

ze

ne=V-(Dp(Vn- KBTnV¢).
Similarly, for positive equation, we also have,
D
bup = —ﬁpvﬂp’ (11)

where pp := KgT(1+1Inp)-KgT In ne. + zeg is the chemical potential of positive charge. Combining equation
(11) and the mass conservation for the positive charge (3), we obtain,

ze
pt=V- (Dp (Vp + mpvd))) .
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In summary, we obtain the coupled Poisson-Nernst-Planck system,

nt =-V-Jn in Qs, (12)
pt =-V-Jp inQs, (13)
-V-(evVeg) =(p-n)ze inQ. (14)

In the Nernst-Planck equations, (12) and (13), J, = -(DnVn - D“”V(j)n) and J, = —-(DpVp + ?{Z; V¢p)
are ion fluxes and in this paper we are working on two dimensional PNP equations on the x-y plane, which
is a simplified model of the three dimensional. Outside the channel region, the diffusion constants are D), =
1.96 x 1072m? /s, Dy = 2.03 x 10°m?/s and they are D, /18 and D,/18 inside the channel [18, 45]; Qs is the
solvent region, Q is the simulation box. In the Poisson equation (14),

£() = { EmEo X € Onm ’ (15)

&g X € Qs

where g5 = 8.85 x 1072C?/(N - m?) is the dielectric constant of vacuum, &, = 2 is the relative dielectric
constant of macromolecule, and &5 = 80 is the relative dielectric constant of solvent. The valence number of
the negative and positive ion z is equal to one in our model.

The boundary and initial conditions of the Poisson-Nernst-Planck equations are as follows,

Jn-v=Jp-v=0, onlyI;
N =Noo, P = Poo, onI3;
n('a 0)= n°°’ p(-; O)=p°°’

[€V¢] £ (SSvd) - ng(l)) *V=pPpm, ON Fl; (16)
(V@] = pm,, on Iy;
o(x, t) = -6Vx/L, on 00,

where pn, and pm, are the charge densities on the surface of membranes and protein, respectively. In partic-
ular, pm, is one part of the molecular structure (together with the geometric setting in the previous sections)
of the gramicidin A protein. In these simulations, pm, and pm, have different values when the bilaryers and
gramicidin A are charged due to enzymatic activity of PLD and due to the presence of charged group attach-
ments, respectively. v is unit normal vector with direction from solvent region to macromolecule part on the
boundary. 6V is the voltage difference between the left and right edges of the box along x direction. Since
the gramicidin A pore is permeable to cations, the entrance of gramicidin A pore is located at the positively
polarized side of membrane, more specifically, the entrance of gramicidin A is located at left (right) side of
membrane when 8V is positive (negative). L is the length of the box. The boundaries are shown in Fig. 2. The
current in gramicidin A pore is defined as

_ on . 0p Dpeodd
I—e/[Dna Dan+K T35 (n+p)| dy, (17)

Ly
where Ly is the slice of the channel along the y direction. It can be used in any x-position along the pore
axis, and that shows only minor differences. Throughout this paper, we use the chord conductance of the
gramicidin A pore. It is obtained by dividing the current by the corresponding voltage difference §V(300mV)
added upon the boundaries of the computational domain.
Let Vo = {v|[v € H(Q), |50 =0} and Vo r, = {v € H'(Qs), V|or, = 0}. The weak forms of Poisson-Nernst-
Planck equations are as follows: find ¢ € L*(0, T; V), p, n € L*(0, T; Vr,) N L>(Q7), such that

/£V¢Vud)?= /e(p—n)ud)?+ / [eVpluds, forVu e Vy, (18)
o} r,ur,
/—vdx+/ (DnVn Dn nV¢>) -vvdX=0, forvveVyr,, (19)
op e -
—vdx + DpVp+Dp——=pVe | -Vvdx =0, forvveVyr, (20)
ot KgT oI5

Qs Qs



40 =—— Shixin Xu, Minxin Chen, Sheereen Majd, Xingye Yue, and Chun Liu DE GRUYTER OPEN

Fig. 2. The meshes of the simulation box and boundaries of Qs. The red lines, I'1, are the boundaries of membranes. The black
lines, I',, are the boundaries of protein exposed to solvent. The blue lines, I's, are the outside boundaries of Qs.

where V = {v|v € H'(Q), v|3q = -6Vx/L}, Vr, = {v € H'(Qs), V|or, = N}, and Q7 = (0, T) x Q.
For the stability of solution with respect to the jump condition, we have the following lemma.

Lemma 2. 1. Considering p1, n1, ¢1 and p,, na, ¢, are the solutions of Problem (12)-(14) with different jump
condition pm, = 01 and pm, = 02, respectively. Here 0, and g, are two constants. If p1(¢,) € HY(Q)NnWbH>(Qs)
and p1(p,) € H*(Qs) N L>=(Qs), then there exists a constant such that

IP1 - P2l + N1 = n2|l2q + 191 = P2llag) < Clo1 —02], forO<t<T.

Proof. Iflete, = p1 — p2, en = n; — ny and ey = ¢1 — ¢2, then ep, ey and ey satisfy following problem

-V -(eVey) = (ep—en)e inQ. (1)
0 .
3¢~V (DnVen) ==V - Dn gz (Vs - V) in 0, (22)
0 .
% _yg. (DpVep)=V- (DpL(IhV(lh -p2V¢y))  inQs, (23)
ot KgT

with initial and boundary values

(Ven—ﬁ(T’hV(l)l —nzv¢z))'v=0 0nF1 Urz;

(Vep + gr(01VP1 - p2V1)) - v=0, onl1JI2;

en=ep=0, onl3s;

en(.,0) = ep(.,0) =0, (24)
[eVey| = (01 - 02), onTly;

[eVeg] =0, on I'y;

es =0, on oQ,

Multiplying (21) by e, and integrating by parts, we can obtain

/eVe¢Ve¢dx =e /(ep - en)egdx + (01 - 02) / egds. (25)
Q Qs I

By Holder inequality, Poincaré inequality and trace theory, the above formula yields

IVeglio = Cllep —enllrzyllesllz,) + 101 - 02lllellqr,)) (26)
< Cllep - enllizylIVesllz) + 101 = 02[IVeyl2) (27)

1
< Cllep - enllf2q, + 101 - 02]°) + EIIV%HfZ(g) (28)

which means

IVegllizy < Cllep = enlli2oy + 01 = 02). (29)
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Multiplying (23) by e, and integrating by parts, we get

1d 2 2
jﬁ”epnm(gs) + AHvePHLZ(QS)

_/DPKL(IHV(M -p2Va)Vepdx

IN

gT
[OR
e
< —/me(epvd)l +p2Vey)Vep
Qs

IN

e e
AmHeP”LZ(.Qs)HvePHLZ(.OS) +AmHve(ﬁHLZ(O)HvePHLZ(.QS)
4
2

IN

Clleplli2a,) + IVegllE ) + 5 11Vepllia.) (30)

where A = minyecq Dp(x) and A = maxyeo, Dp(x). Here we have used the assumption Vg1 € L=(Qs) and
P2 € L=(Qs). Combining with (29), the above formula yields

IN

d 2 2 2 2 2
EHePHLZ(QS) +[|Vepll12(a, C(HeP”LZ(QS) +|lep = enllr2(q,) + 101 = 02| )

< Clleplizay + llenlltq, + 101 = 02]?). (31
Similarly, we obtain
d 2 2 2 2 2
EHenHLZ(QS) +[[Venl12q,) = Clleplliza + llenllzz,) + 101 = 0217). (32)
Adding (32) to (31), it gives
d 2 2 2 2 2
75 (leslay + lenliFa, ) = CUleplFqay + llenlia, + 101 - 021") (33)
Using the Gronwall’s inequality, we get
lepll 7, + llenll iz, < C(o1 - 02*),  foro<t<T. (34)
Combining with (29)and above formula, the lemma is proved. O

3 Numerical Simulation Schemes and Convergence Analysis

In this section, we present the numerical method applied for solving the Poisson-Nernst-Planck equations
((12), (13), (14)) and corresponding convergence theorem for the two dimensional case.

The finite element method is used to do the space discretization. For the charge distribution p and n,
the piecewise linear element is used with the triangulation of domain Qs, 7}, = {‘r}’- }j‘ﬁ But for the potential,
since the V¢ is the term we concerned in the charge distribution equations and the boundary I'; is curved,
the second order isoparametric finite element is used [9]. The triangulation of domain Q, T, = {T,-};V:"Zi is
generated by a quadratic map based on the triangulation J}. For a reference straight edge element 7 with
node @; , 1 < i < 3 and middle point of edge @;;, 1 <i <j < 3, and an element 7 in T, withnode a; ,1 <i <3
and middle point of edge a;;, 1 <i < j < 3, there exists a quadratic map F: € P,(%), such that F:(&;) = a; and
Fr(ay) = ai; [9]. In fact by the definition of Fr, elements in T} are straight edge triangles except the elements
near the boundary I'> where the quadratic curved edge triangles (Fig. 3) are used. If we let P = P,(%) denote
the second order polynomial in reference element %, then we can define P; = {p : p = p o F;1,Vp € f’} and
isoparametric quadratic element space S? = {v}, : v;|r € Pr, VT € Ty}

The finite element approximations to the weak forms of Poisson-Nernst-Planck equations (18) — (20) are
that: find ny,(-, £), pp(, t) € (Neo @ S4 1, (Qs)) N Vr,, and (-, £) € (-6Vx @ S5 4(2)) N V for each ¢ > 0, such
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a]<—'

Fig. 3. The construction of the curved boundary triangle a;a,asa,s. Curved line S is the original boundary curve and dash line
Sy is the approximated boundary curve. @,3 = (az + as)/2, a3 is on S and @,3 a3 Lasas. The curved edge Sy, is a second order
curve construed by the points a,, as and a,s.

that
6ph Dpe
<W’ Vh>QS +(DpVpn + ml’hvd’h, VVh>QS =0, (35)
D
<%, Vh>Qs + <DnVnh - K;;nhV(i)h, vvh>_(25 =0, (36)
(eVPn, Vun), — ([eVal, uh>rlur2 = ((pn - nnle, uh>ﬂs =0, (37

for Vv, € S 1 (Qs) and ¥ uy, € Sh ,(Q), where Sh . (Qs) = {ip € C(Qs); Yle € P13 lor, = 0} and Sho(Q) =
{Y € S lsg = 0} () pand () 1 denote the L, inner product over the domain Q and interface I', respec-
tively.

If we define space X = H(Q) N H3(Qs) N H>(Qm) equipped with the norm

IVllx = IVIla @) + V@) + VI @) (38)

we can get the following convergence theorem.

Theorem 3. 2. Let ¢, p, n are the solutions of problem (18)-(20) and ¢y, pn, ny, are the solutions of semi-discrete
problem (35)-(37). If ¢(-, t) € X N WH=(Qs) N WH=(Qnm), p(-, 1), n(-, t) € H*(Qs) N L=(Qs), Ty, and T}, are
quasiuniform, then

I® — bl + 1P = Pallizay + In = Malliz,y < CRPP?, foro<tsT
IV@ - pw)ll2oy + IV (= |l 20, < CHY?, foro<ts<T.

Before the proof of the theorem, we first present a prior regularity estimate of potential ¢. The Poisson equa-
tion (14) is an elliptic equation with discontinuous coefficient. In Ref. [5], Babuska proved the regularity when
the flux jump on the interface is zero. In Ref. [8], Chen and Zou presented a method to get the regularity when
the flux jump is not zero by constructing an auxiliary function to cancel the jump. Here we use the similar
method to get a higher estimate.

Lemma 3.3. Assume that p, n € H'(Qs). Then the Poisson equation (14) solution ¢ € X satisfies a prior
estimate

9llx < C(lp = nllm o, + lPmi| + [pm, ). (39)
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Proof: We first let v, € H'(Qs) solve

-Avi+vy =0, inQ;g,

gs% =Pm, only,
8567‘:} =Pm, OnFZ’
v1 =0, onoQ N oQs.

We know that v; € H>(Qs) and IVillm3(a,) € C(pm, | + |pm, ). Then we solve the following problem

A2V2=0, in Qp,
Va=vi, en92 =0 onlyUD,
V2=0, €n%2 =0 0noQNoQmn.

Then we have
IVallmscam < Clvillgserury) < Clvillasq,) < CUPm. | + [pm, ). (40)
If we define V = v, in Qs and ¥ = v,, in Qn, then ¥ € X. We can set (2) = ¢ -V, then

-v- (SV(,?)) =(p-n)ze+V-(eV¥y) inQ.
[‘i] =0, |:£v$i| =0, onl'yul, (41)
¢ =-6Vx/L, on 00.

By the Theorem 1.1 in Babuska, [5] it yields
19llx < CUlp = nlliay + 1711x)- (42)
Then we have the estimate of ¢
Ipllx < (lpllx + [7]1x) < CUp = nllcay + [om, | + o). O (43)

By a similar argument used in Ref. [8], we have the following lemma for the error estimate of the interpo-
lation.

Lemma3. 4. ([8])Ifv € X, T}, is quasiuniform and IT, : C(Q) — SQ”O is the interpolation operator, then we
have

v = Vil 20y + RIVUTRY = V)|l 2y < CR**(n b)YV x. (44)
Furthermore, if v.e W->(Qs) N WE°(Qm), we have
T4 = Vi) + hIV U = V)2 < CR* |1V x. (45)

In the following proof of the theorem, we take the the homogeneous Dirichlet boundary condition, i.e. N =
P = 6V = 0. For the general case, we obtain a similar proof by setting p = p—peo, 1 = N—Neo, and ¢p = p+6Vx.

Proof of Theorem 2. A traditional trick in nonlinear partial different equation analysis will be used. At first,
we define a continuous cut off function g,

v, if [v| <= 2M;
gW) =< 2M, ifv>2M; (46)
-2M, ifv<-2M.
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Since p, n € L=(Qs), if let M = sup{|p(x)| + |n(x)|}, then p = g(p) and n = g(n). This means that (18)-(20)
xX€Qg

can be rewritten in the following forms,

/£V¢>Vud)?=/e(p—n)ud)’c'+ / [eVpluds, 47)
o) Q Irur,
a—nvdx+ DpVn - Dp—S— (MVe ) -vVvdX=0 (48)
ot n "KsT® =
op e -
gvdx+/ <Dpr +meg(p)v¢> - Vvdx = 0. (49)

s s

The corresponding finite element solutions are to find: 7y, y € Sh . (Qs) N Vr,, and ¢y, € Sho(Q) NV,
such that

op ~ D _
< ph Vh>95 +(DpVpy + %g(ph)v(ph, VVh>QS =0, (50)

on ~ D ~ T
< ny Vh>ﬂs + (D - %g(nh)vd)h, Vvh>ﬂs =0, (51)
<€V¢h, Vl,lh>0 - < [SVZl;h], uh>rlur2 - <(5h - ﬁh)e, uh>gs =0. (52)

Step 1: estimate || V(¢ — a)h) l|12(q)- Combining with the Lemma 4 and the fact that the isoparametric element
makes the approximation error of the curved boundary I, up to h?, following the method presented in Ref.
[8], we get

IV(Pn - D2y < C" + B - Pllizcay + 17 - nl2a,)- (53)
Step 2: estimate p;, - pand n, - n

Set py —p = 0+ p, where 6 = py - Ryp, p = Ryp — p, Rpp is the Ritz projection and (D, VRyp, Vvy)q, =
(DpVp, vi)q,, forvy, € S(’}’ 1, (Qs). By the Ritz projection operator estimate lemma in Ref. [44], it yields

Ioll2y < CH?[IPllr2ays IPeli2cay < CR Pty (54)
In order to estimate 6, we note that by our definitions, for v;, € SS, L (Qs),
00 op ~ ORp .
<§, Vh)!)s +(DpVO,Vvy)o, = <67th’ Vh) o + (DpVDhs VVh)Os - < ath , Vh) N +(DpVRPy, Vi),
= -|D Lg(ﬁh)va)h Vvp ) - ORPy v ) +DpVp, Vvp)o
PKT ’ o ot "), Py .
_ (or
= (3m), * ior (DoE@IVO -8BV ), 65
By setting v, = 8 and A = minD), the above formula implies
1d
575 100F0) + Anveum )

IN

Ipellizio) 10l12(0, + ﬁ (Do(e®)V9 - 5ERVHH). VO)
< oellzan0ll2 oy + K T ((Dp(g(p) gV, VO)q, + (Dppp V(e - ¢h) VG)Q)

< pellraoll@llira,) + CUP = Prllra,) + 1IV(@ = @l 120,) IV Ol 12q,)-

Here we use the fact [|g(u) - (V)| 120, < [|U - V|12, for u, v € L?(Qs) and g(py) is bounded by the definition
of function g. Using the estimate (53), Poincaré inequality and the Holder inequality, we have the estimate

116120, + A1 V6|20, w2

IN

el 2o ll€llr2ey) + CCR'S + [|p = Prllizoy + In - ﬁh”QS)HVGHLZ(Q )

Zdt

IN

3,
Clpellza(a, + 1+ 1lp = Pallza, + lIn - nh”LZ(Q))+ HVQHLZ(.QS

IN

4 2 3 =~ 2 ~ 2
C(h pr”LZ(QS) +h” +|p _thLZ(QS) +|n- nh”Lz(.()S)) + EHVGHLZ(QS)'
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Here we use the inequality ||p¢||;2(q,) < Ch*||P¢ll12(o,)- Considering HVGHfz(Qs) > 0, above formula gives

1d ~ .
5 dtHGHLZ(O )< C(0 +|p = Prllf2gay + M = Ml E2g,)- (56)

Combining with the estimate of p and p;, we derive

1d
3 dt”ph P”LZ(Q) <C(n’ + llp - thLZ(.Qs) +|n- nh”LZ(QS)) (57)

Similarly for ny, — n, we have

1d ~ ~
> 3¢~ oy < €O +1Ip = Brlliza, + In - Anla)- (58)

Adding (58) with (57), we have
1d /.~ 2 = 2 3 = 12 = 12
5 dq (”ph - PllL2ay + 1Nk - n”LZ(QS)) < C(h” +[Ip = Pnllz2y + 1N = 1nll12q,) (59)
Then by using the Gronwall’s inequality, we obtain
1P - Plif2a,) + IMn = nllf2q, < CH°, for0 <t < T. (60)
By using the inverse inequality, above formula deduces
P = Plli=,) + |[h = Nl p=(q,) < Ch*/?, foro < t < T. (61)

Estimate (61) means that sup |py| < 2M, sup || < 2M for sufficiently small h > 0, i.e. gpn) = pr and
g(n,) = ny. Comparing the formula (50)-(522 with (35)-(37), we get ¢y, = ¢y, py = pp and n, = ny. Then,
combining with (53) and (60) and replacing ¢y, Py, Ny by ¢n, pn, Ny, respectively, we can obtain,

1§ = Prllane + 1P = Prllizcay + I = nulli2ay < CR2. (62)
Using the inverse inequality, we have
IV® - pwllraoy + IV = np)l| 20, < ChY?, forO < ts<T. (63)

O

The implicit Euler scheme is used to do the time discretization with time step At. To solve the coupled system
((35), (36) and (37)) at each time step, the convex iteration [15, 16, 31] is employed as follows.
- stepl:Letm=1, andp’;l'” =p’fl, n’,fl’" = n’,j, b, = ¢’fl.

— step 2: solve the following equations for n’,j'"*l, p’{l'"*l, with given n',‘l'", p',‘l'" and (],’)’;’" using Edge Average
Finite Element method (EAFEM) [49].

ki1 km
p " —P D
(F—7 " Vh)a, +(DpVp + K» Tph'"”V¢h Vi) = 0,
kmfl km
nT N Dne
h h K+ n Kims m B
(F a5 Vnlg, + (DnVr, KT V" V), = 0.

- step 3: Let pk"1+1 = cp""'*1 +(1- c)ph'" nk’"*‘ = Cn’}‘l'"+1 +(1- c)n’,‘l'", 0 < ¢ < 1 and solve Poisson equation
<£v¢l}§m+l’ vuh>g - < [‘gvd)km]’ uh>F1UF2 B <(pﬁm+1 - nﬁ"“l)e, uh>g =0

and then update ¢*mt = cp*m1 + (1 - c)gpkm.

—  step4:if nkmﬂ, pl}:mq ¢1}<lm+1 are closed to nh , ph ,¢1;m, then update nk+1 _ nﬁmq’ pl;l+1 km+1 ¢k+1 ¢k,m
and stop. Otherwise let m = m + 1 and go to step 2.
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In the practical simulations of this ion channel system with the high jump conditions, if we start the convex
iteration directly from a trivial charge density, such as p = p. and n = n.., this will cost a very long itera-
tion process to get the convergent steady state. With the Lemma 1, we know that the steady state solution is
continuous with respect to the jump conditions. This provides us an iteration strategy for accelerating this
convergent process to steady state. That is we do the continuation of the steady state solution with respect to
the jump conditions, i.e. the steady state solutions of the PNP with low jump conditions are used as the initial
densities for PNP system with a little higher jump condition. Lemma 1 ensures that as long as the change in
the jump condition is small, the change of the steady solution is also small. Thus it is easy to get the steady
solution with the initial density is the steady solution with a closed jump condition. So, in practical simula-
tion, we start the time evolving from the low jump conditions, then increase the jump conditions a little bit
whenever the system reaches equilibrium until we have the steady solution with the high jump conditions.
This strategy can also be adopt in solving the steady state PNP directly.

In these simulations, we use a widely used meshing tool, Distmesh [35], to generate the triangular meshes
conforming the interface I of the box Q. The mesh used here is refined near the boundary to seize the behavior
of boundary layer and save the computational cost. The programme is under the frame work of iFEM toolbox
(https://bitbucket.org/ifem/ifem).

4 Results of Numerical Simulations

To demonstrate the conductance changes of gramicidin A pore in the presence of electrical charges on the
surface of membrane, the I-V curves with different positive applied voltages (6V) are plotted in Fig. 5, and
the conductances with negative charge densities on each side of the bilayer are shown in Fig. 6 (the posi-
tions of negative charges are illustrated in Fig. 4). Here the applied voltages (6 V) are positive, as stated in
Section 2.2, the entrance of pore is on the left side of the membrane In these simulations, the negative charge
density on the surface of channel, pm, is -10 x 0.0013e/A2. We got this value through fitting the numeri-
cal result of this model to the experimental result of the conductance. As shown in Fig. 5 and 6, the current
and the conductance of gramicidin A increase dramatically only when the magnitude of the negative charge
densities increase on the left leaflet of the membrane where the entrance of the channel is located. Both cur-
rent and conductance almost remains constant as the magnitude of the negative charge densities increase on
right leaflet of the membrane where the exit of the channel is located. Moreover, gramicidin A conductance
increases almost linearly when the magnitude of the negative charge densities on the left side of the lipid
bilayer is smaller than 4 x 0.0013e/A?, and reaches saturation when the magnitude of the negative charge
density on the bilayer becomes larger than 10x0.0013e/A?. These simulation results are in good qualitatively
agreement with the experimental results reported by Majd et al. [28].

The steady-state ion concentrations and electric potentials for these cases along the central line of the
solvent box (y = 0) with the same applied voltage are shown in Fig. 7 and Fig. 8. Fig. 7 shows that the con-
centration of positive charge is much higher than that of negative charge in the pore (-20 A < x < 20 A).
This is in agreement with the fact that gramicidin A pores are permeable to cations. It is also shown in Fig. 7
that in the channel region (-20 A < x < 20 A) the positive and negative charge densities are almost the same
when the different sides of bilayer are negatively charged. Fig. 8 demonstrates that the slop of electrical po-
tential increases as more negative charges are added to the left side of the bilayer, while the potential almost
remains the same as more negative charges are added to the right side of bilayer. Together with the definition
of current in the channel in (17), we can see that the current passing through the pore is more affected by the
electrical potential than by the charge densities within the pore.

Itis also illustrated in Fig. 9 that the positive charges are attracted by the negatively charged lipid surface
and accumulate to high densities near the negatively charged side of the bilayer, and the negative charges
are repelled by the negatively charged lipid surface, as expected.

The above results suggest that the negative charges near the entrance of the gramicidin A pore (the pos-
itively polarized compartment of the bilayer) have much more effect on the conductance of the channel than
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Fig. 4. Negative charges are placed on the left side of bilayer (red) and the right side of bilayer (green), respectively.
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Fig. 5. The IV curves with different amounts of negative charge present on (a) the left side of bilayer (the pore entrance located
side) and (b) the right side (the pore exit located side) of bilayer.

those far from the entrance of the gramicidin A pore. To examine this, we performed the numerical sim-
ulations with the following two different negative charges distributions on the left side (positively polar-
ized) of bilayer. One places the negative charges on left side of membrane far from the entrance of pore,
F}m =T1n{x=-204,y| > 10 A}, while the other places negative charges on side of the membrane near the
entrance of pore, ey = I'1 N {x =204, |y| < 104}, i.e.

pox0.0013e/A%, onT},
- 64
prm { 0, otherwise (64)
and
po x0.0013e/A%,  onTIleq
= 65
pm { 0, otherwise ©65)

where po = -2k, k = 0,1,---, 11 in the simulation. Fig. 10 illustrates the locations of I'¢,, and I‘}a,. Here,
the applied voltages are set to be positive, thus the entrance and exit of the pore are located at left and right of
the membrane, respectively. Similarly, the places on the right side of membrane near and far from the exit of
the pore are defined as e, = I N {x = 20 A, |y| < 10 A} and Ity =T1n{x=20 A, ly| > 10 A}, respectively.
The conductances of gramicidin A pore with different amounts of negative charge placed on Iy, and Iyeqr
are also simulated. The results are shown in Fig. 11.
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Fig. 6. The changes in the conductance of gramicidin A channel as a function of amount of negative charges present on right
(dashed lines, the pore exit located side) and left (solid lines, the pore entrance located side) side of the bilayer.
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of lipid bilayers are charged, respectively.

Interestingly, Fig. 11 demonstrates that the amplitudes of the conductances are smaller and the asym-
metrical effect becomes a little insignificant when the negative charges are placed far away from the channel.
Here, the asymmetrical effect is the difference between the curves of conductances corresponding to two dif-
ferent cases, one is changing the surface charges near the entrance of the pore the other is the surface charges
near the exit of the pore. The difference between slopes of curves is one of the quantifications of the asym-
metrical effect. This result highlights the importance of the location of charged species with respect to the
gramicidin A entrance.

Furthermore, to study the relationship between the conductance and the width of the pore, the changes of
conductance as a function of pore width are simulated. Fig. 12 displays the results of these simulations. It can
be seen that the asymmetrical effect is less pronounced when the pore opens wider. This result emphasizes
the importance of the size of the channel opening for sensing purposes. Extremely small width of gramicidin
A channel makes this peptide an attractive choice for biochemical sensing applications.

Moreover, to extend this model to predict gramicidin A conductance in the presence of charges associated
on the protein surface inside the pore, we simulated the conductance changes with different negative charge
densities pm, on I';. Fig. 13 shows that smaller magnitude of negative charge density on the gramicidin A
surface exposed to solvent causes the conductance to reach a lower saturation. This result also demonstrates
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Fig. 11. The changes of conductances of the gramicidin A pore as the bilayer surface near (I',,,, and I';,,,, circles) or far away
(I"m and F]im, rectangles) from the pore is negatively charged. Solid and dashed curves correspond to the negatively charged
left (pore entrance located) and right (pore exit located) sides of the bilayer, respectively.

that the sensitivity of gramicidin A conductance to the local environments strongly depends on the magnitude
of the surface charge densities inside the pore.

We also simulated the cases of that the current and conductance changes led by the different modified
charged attachments at the tails of gramicidin As (C-terminers of gramicidin A). In these simulations, the
current and conductance of native gramicidin A channel are compared with those of the following three cases.
The first is the modified negatively charged tails (gA-T"), in this case,

-20x0.0013e/A%, on{40/3 A< |x|<20A}nT;
my; = (66)

-10x0.0013e/A%, on{|x|<40/3A}NT; ’

The second is trimethylgramicidine A channel with positive charged tails (gA-NMe3). In this situation, we set

| 5x0.0013e/A2, on {40/3A< |x| < 20A} N T,
Pm =9 _10x0.0013e/A2, on {|x| <40/3A} AT,
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Fig. 12. The changes of conductances of the gramicidin A pores having two different widths as the negative charges accumu-
lating at the different sides of bilayer. The circles and rectangles show the cases that widths at the centers of the pores are
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52

o 20 x0.0013e/A
02

0: 10x0.0013¢/A

2.5

conductance of gA pore (x 107°Q7Y)

-0 -® - @=-0--0--0=-0-0=--0--0--0

5 10 15 20 o2 25
negative charge density on the bilayerx0.0013e/(A )

Fig. 13. The changes of conductances of the gramicidin A pore with different negative charge densities on gramicidin A surface
exposed to solvent, I';. The circles and rectangles show the cases in which pp, = -10 x 0.0013e/,&2 (circles) and pm, = 20 x
0.0013e/A2 (rectangles) on I'>. The solid and dashed curves correspond to the negatively charged side of membrane (i.e. the
pore entrance and pore exit located sides), respectively.

In the third case, the channel is formed by two different modified gramicidin A monomers, gA-T~ and gA-
NMe$, and the charge density on I'; is set as

-20x0.0013e/A?, on{-20A<x<-40/3A}nT;,
pm, =4 -10x0.0013e/A%, on{|x| <40/3A}NT;
5x0.0013e/A?, on{40/3A<x<20A}nT;,

Fig. 14 illustrates the locations of different charges added to the surface near the tails of Gramicidin As.
According to the experimental results reported in references [25-27], it is expected in the numerical re-
sults that the current and conductance change symmetrically with respect to the polarity of the applied volt-
ages in the first and second cases, while they change asymmetrically in the third case. As shown in Fig. 15,
the gramicidin A conductance is significantly influenced by the charges attached to the tails of gramicidin
A monomers. when the gramicidin A tails are both negatively charged (gA-T~), the current and conductance
increase compared with the case of native gramicidin A. The gramicidin A current and conductance decrease
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Fig. 14. The locations (red lines) of surface charges added by the modified groups at the tails of gramicidin As.

when positively charged chemical groups (NMe3}) are attached to the tails of gramicidin A monomers. As
shown in Fig. 16, when the tails are modified by different charged groups (left and right tails are charged neg-
atively and positively respectively), the asymmetrical current and conductance changes are also reproduced
by our simulations. These findings are in excellent agreement with the experimental results reported by Yang
and colleagues [25-27].

current (x pA)

-15
—600 -400 —200 0 200 400 600

3V(mV)

Fig. 15. The IV curves of the native gramicidin A and the cases of that different modified charged groups attach the both tails of
gramicidin As.

5 Conclusions

In this study, we present a simplified mathematical/physical model for the asymmetrical conductance of the
gramicidin A pore when there are electrical charges present around the channel, either on the membrane
or attached to gramicidin A. This model is based on the Poisson-Nernst-Planck equations that are well es-
tablished for describing the ion transport under the gradients of concentration and the electric field. Using
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Fig. 16. The IV curves in the case of that different modified charged groups attach the tails of gramicidin As (left and right tails
are charged negatively and positively, respectively).

finite element method to numerically solve the Poisson-Nernst-Planck equations on a simple two dimensional
solvent domain, previously reported experimental results of asymmetrical changes in gramicidin A conduc-
tance are qualitatively reproduced. The simulation results also revealed that the gradient of electric field plays
a critical role in gramicidin A asymmetrical behavior, and the conductance of the gramicidin A pore is more
influenced by the presence of negative charges near the entrance of the pore than those far from the entrance.

As with gramicidin A channel, there are relatively few theoretical studies for conductance changes. In a
previous work [7], Cardenas et al. simulated the effects on membrane gramicidin A electrostatics to the con-
ductance based on the Poisson-Nernst-Planck model. The present work differs from work of Cardenas et al.
in the following three aspects. Firstly, we address the specific issues of asymmetrical conductance changes
and their relations to different parameters in the Poisson-Nernst-Planck model, such as the negative charge
densities, and width of the pore, while the work by Cardenas mainly considered the effects of surface charges
and dipoles in membrane on ion permeation through the gramicidin A pore. Secondly, compared with the
uniformly lattice methodology used in Cardenas’s work, EAFEM with unstructured meshes is adopted in our
model for solving the Poisson-Nernst-Planck system. The EAFEM is more suitable for capturing the behav-
ior of boundary layers on the interface between solvent and macromolecule in reaction-diffusion processes.
Thirdly, the 3D structure of gramicidin A and bilayer are represented by lattices in Cardenas’ paper, while in
our simulations, we only modeled the structures of the channel system using 2D geometries of rectangles and
ellipses and our corresponding 3D codes are under development. Although the 2D model used in our model
is less realistic than 3D models, the essential asymmetrical effects are qualitatively reproduced by our model.
This also suggests that the asymmetrical conductance change is a robust mechanism, insensitive to the exact
three dimensional geometry structure of the channel. Additionally, the 2D model makes the computations
less complicated and easier to be implemented. In the future, we will further implement the 3D computa-
tional model in which the structures of ion channel system are approximated more accurately by tetrahedral
meshes conforming the interface between solvent and macromolecule. The conforming meshes are aligned
with the “real” ion channel surface, whereas in the lattices method, the mesh is nonconforming because it is
allowed to “cut through" the ion channel surface. This will provide advantages of accurately treating proper
specification of boundary conditions on the surface and leads to simulation results that are more comparable
to experimental results.

In current Poisson-Nernst-Planck model, the finite-size effects are disregarded by treating the solvent and
ions as infinitesimal points. There are a number of excellent works that have explored the effects of finite ion
size on transport (including PNP) [4, 10, 11, 22, 24, 29, 36, 37, 39, 42, 46]. The steric Poisson-Nernst-Planck [17]
is one of typical models accounting for the finite-size effects of ions formulated by the energetic variational
approach [12]. It has been observed that the 1D computational results of steric Poisson-Nernst-Planck greatly
enhances the selectivity of the ion channel. In the near future, another improvement of the Poisson-Nernst-
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Planck model is to implement the 3D computations of steric Poisson-Nernst-Planck [17] taking into account
the critical finite-size effects of mobile ions moving through the narrow channel.
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