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Abstract

We present a microscopic derivation of the time-dependent Gross-Pitaevskii equation
starting from an interacting N-particle system of Bosons. We prove convergence of the
reduced density matrix corresponding to the exact time evolution to the projector onto the
solution of the respective Gross-Pitaevskii equation. Our work extends a previous result
by one of us (P.P. [44]) to interaction potentials which need not to be nonnegative, but
may have a sufficiently small negative part. One key estimate in our proof is an operator
inequality which was first proven by Jun Yin, see [49].
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1 Introduction

The main concern of this work is a generalization of a previous result presented by one of us
(P.P. [44]). Specifically, we will analyze the dynamics of a Bose-Einstein condensate in the
Gross-Pitaevskii regime for interactions V' which need not to be nonnegative, but may have
an attractive part.

Let us first define the N-body quantum problem we want to study. The evolution of N
interacting bosons is described by a time-dependent wave-function ¥; € L2(R3V,C), || W] = 1
(throughout this paper norms without index ||-|| always denote the L2-norm on the appropriate
Hilbert space.). The bosonic N-particle Hilbert space L2(R3",C) denotes the set of all ¥ €
L2(R3N , C) which are symmetric under pairwise permutations of the variables z1, ..., ry € R3.
Assuming in addition ¥g € H2(R3Y  C), the evolution of W, is then described by the N-particle
Schrédinger equation

0,0, = HU, . (1)

The time-dependent Hamiltonian H we will study is defined by

N N
H=->"NAj+N? > V(N(j—am)+ > Alaj). (2)
j=1 j=1

1<j<k<N

In the following, we assume A; € L°(R3,R) and V € L°(R3,R), V spherically symmetric.
We will also use the common notation Vi(z) = N2V (Nz). More generally, one can study
the properties of Bose gases for a larger class of scaling parameters 0 < g < 1, setting
Va(x) = N~1H38Y(NPz). For 0 < # < 1 and large particle number N, the potential gets J-
like, which indicates that the mathematical description may become more involved the bigger
0 is chosen. The so-called Gross-Pitaevskii regime § = 1 is special, since then the two-particle
correlations play a crucial role for the dynamics, see Section B.11

We will derive an approximate solution of (Il) in the trace class topology of reduced density

matrices. Define the one particle reduced density matrix ’y\(I,lO) given by the integral kernel

’y\(I,lO)(a:,a;’) = /SN . Uy (x,x9,...,o8)Vo(2, 20, .., aN) P2y ... oy . (3)
RIN—

To account for the physical situation of a Bose-Einstein condensate, we assume complete
condensation in the limit of large particle number N. This amounts to assume that, for
N — oo, 7\(1,13 — |¢0){o| in trace norm for some g € L?*(R3,C), |l¢o|| = 1. Our main goal
is to show the persistence of condensation over time. Let a denote the scattering length of
the potential %V (see Section 311 for the precise definition of a) and let ¢; solve the nonlinear

Gross-Pitaevskii equation
10ppr = (—A + Ap) 1 + 8malie|*or = P (4)

with initial datum ¢q (we assume ¢; € H?(R3,C), see below). We then prove that the time
evolved reduced density matrix 7\(1,12 converges to |p){p¢| in trace norm as N — oo with
convergence rate of order N~" for some n > 0.

The rigorous derivation of effective evolution equations has a long history, see e.g. [2, [3] [6]

(7, 10, 02} 13, 04, 15l 18, 19, 20, 22| 24} 26, [35] 136} 38, 42, 39, 40, 44} 45, 47] and references



therein. The derivation of the three dimensional time-dependent Gross-Pitaevskii equation for
nonnegative potentials was first conducted in [I5]. Afterward, this result has been improved
by [2, B, B5, 44]. In the two dimensional case, the correspondent time-dependent Gross-
Pitaevskii equation was treated in [I§]. Note that in two dimensions, the scaling considered
is given by 2NV (eNx). The ground state properties of dilute Bose gases were treated in
[4, 51 28], 29] 30, BT B3], 411, [46], [49], see also the monograph [32] and references therein.

As mentioned previously, we will generalize the result presented by one of us (P.P. [44]) to a
specific class of interactions V' which are not assumed to be nonnegative everywhere. Let us
stress that persistence of condensation is not expected for arbitrary V. For strongly attractive
potentials, even a small fraction of particles which leave the condensate over time may cluster,
subsequently causing the condensate to collapse in finite time. The dynamical collapse of a
Bose gas under such circumstances is well known within the physical community and was
mathematically treated in [36]. The breakdown of condensation has also been observed in
experiments [16]. Consequently, the result we are going to prove can only be valid under
certain restrictions on V. The class of potentials we consider is chosen such that V' has a
repulsive core, i.e. there exists a 7 > 0, such that V(z) > A", for some AT > 0 and for all
|z| < ry. This condition prevents clustering of particles. If furthermore the negative part of V'
fulfills some restrictions (see assumption 2.2]), a result by Jun Yin [49] then implies that the
Hamiltonian we consider in this note is stable of second kind. The author proves in particular
that for such potentials the ground state energy per particle of a dilute, homogeneous Bose
gas is at first order given by the well-known formula 4wrap/N. Among the steps of the proof
in [49], it is shown that the Hamiltonian (2] -without external potential A;- restricted to
configurations where at least three particles are close to each other is a nonnegative operator.
We will adapt this non-trivial operator inequality in our proof to control the kinetic energy
of those particles which leave the condensate, see Lemma [3.231 We like to remark that the
assumptions on V stated below imply that the scattering length a of the potential %V
is nonnegative. Consequently, the effective Gross-Pitaevskii dynamics (@) is repulsive, which
reflects the fact that the condensate is stable.

The result presented in [49] implies further that there exists an € > 0, such that

N
_EZAkS_ZAk+ZV1 —a:] (5)
k=1

1<J
Z‘Vl —x] S_ZAk—’_ZVl —a:] (6)
i<j 1<j

The first operator inequality bounds ||V ¥;|| uniformly in N, if initially the energy per particle
is of order 1. If this were not the case, one cannot expect condensation, see e.g. [36] for a nice
discussion. Under the same assumption, the second inequality (6l implies ||V (x1 — z2) ¥y <
N1/2 see Lemma B2ZIl These two inequalities are crucial in our proof to control the rate of
particles which leave the condensate over time and thus to extend the result presented in [44].

2 Main Result

We will bound expressions which are uniformly bounded in N by some (possible time-dependent)
constant C' > 0. We will not distinguish constants appearing in a sequence of estimates,



ie. in X < CY < CZ the constants usually differ. We denote by (-,-) the scalar prod-
uct on L2(R3*V,C) and by (-,-) the scalar product on L?(R3 C). We will use the notation
B.(z) = {z e R¥||z — 2| < r}.

Define the energy functional &€ : H2(R*N,C) — R

E(¥) = N~H(w, H)), (7)
as well as the Gross-Pitaevskii energy functional £¢F : H?(R3,C) — R
ET () :=(Vp, Vo) + (p, (Ar + 4mal o)) = (i, (BT — dmalo]?)p). (8)

Next, we will define the class of interaction potentials V we will consider. This class is
essentially the one considered in [49], Theorem 2; see also Corollary 1 and Corollary 2 in [49]
for a different characterization of the class of potentials V. In this note, we require in addition
that the potential changes its sign only once. This facilitates the discussion of the scattering
state, see Section Bl In principle, one could ease this additional assumption by generalizing
the proofs given in Section B.1]

Definition 2.1 Divide R? into cubes C,,, n € Z of side length by /\/3; that is R? = U C

Furthermore, assume that CoNCry =10 for m #n. . Define
n(by,by) = max #{n : Cy, N By, (x) # 0}.
Thus, n(by,by) gives the mazimal number of of cubes with side length bi/\/3 one needs to

ar 3
cover a sphere with radius by. We remark that 4\/37?(2—? —1)2 < n(by,bo) < 3{)%{)31%?22)
4V/3m(1 4 2)°.

Assumption 2.2 Let V € L®(R3,R) spherically symmetric and let V(x) = V¥ (z) -V~ (z),
where VT, V= € LE(R3 R) are spherically symmetric, such that V*(x),V=(x) > 0 and the
supports of V' and V'~ are disjoint. Assume that

(a) For R > ry >0, we have supp(V") = B,,(0) and supp(V~) = Br(0) \ By, (0).
(b) There exists \T > 0 and r1 > 0, such that V' (x) > At for all x € B,,(0).

(c) Define A\~ = ||V ||oo as well as ny = n(ri, R) and na = n(r1,3R). Define, for0 < e <1,

enle) = [ » (|vmso<:c>|2 b rm V() - 4V—(<E))|90(w)|2> Fr. ()

We then assume that for some 0 < e <1

inf £ >0 10
¢601(Rg7%)7¢(R):1( r(p)) >0, (10)
AT > 8ng . (11)

Remark 2.3 We will use the constants 1,79, R, X, X7, as well as ni,no throughout this
paper as defined above.



Remark 2.4 Condition (I0) implies a > 0, see Theorem C.1.,(C.8.) in [32]. Assumption
22 implies that there exists € > 0, > 0 such that

_ZAk“‘ Z (Vi (zi — 25) = (L + Vi (25 — 25)) 2 0, (12)
1<j=1
1<j=1

see Lemma[313 and Corollary[319. The operator inequality (I2) can only hold for a > 0, see
48] and is thus in accordance with Condition ([I0). Thus, although the potential V' may have
an attractive part V=, the effective Gross-Pitaevskii equation () is repulsive.

It also follows from assumption[2.2 (c)

1
—A+ 35V =0 (14)

We now state the main Theorem:

Theorem 2.5 Let Uy € L2(R3N C) N H2(R3N,C) with ||[Vo| = 1. Let g9 € H?(R? C)
with ||eol| = 1. Let A}im Trh\(l,lo) — lpo){(pol] = 0, as well as ]\}im E(Wy) = E9P(pg). Let
—00 —00
W, the unique solution to i0;Vy; = HWV; with initial datum Vo and assume that V  fulfills
assumption [Z4  Let o, the unique solution to i0yp; = hCF ¢ with initial datum @y and
assume p; € H*(R3,C). Let the external potential Ay fulfill Ay, Ay € L°(R3,R) for all t € R.

Then,
(a) for anyt >0
lim " = [r) (1] (15)
N—00

in operator norm.

(0) if [57(leslloo + IV@sll6oc + [|Aslloc)ds < 00 where || - |lgi0c @ L*H(R3,C) — RY s the
“local LS-norm” given by

ll¢ll6,t0c == sup [[1._z<1ll6
z€R3

then the convergence (13) is uniform in t > 0.

Remark 2.6 (a) Note that convergence of uy to |p)(p| in operator norm is equivalent to
convergence in trace norm, since |p)(p| is a rank one projection [{7]. Other equivalent
definitions of asymptotic 100% condensation can be found in [5).

(b) For potentials V which satisfy assumption 22, convergence of E(W9%) — EGF (p9%) — 0
was shown in [{9] for homogeneous gases.

(¢) By Sobolev’s inequality, it follows that |[Vs|leioe < [|[Veslle < ||A¢ll. Thus ||Ves6,ioe

can be bounded controlling {(ps, (hG ) s) sufficiently well.

On the other hand, [|[Vs|l6ioc < |[V@slloo- Since we are in the defocussing regime
one expects, after the potential is turned off, that ||p|ee and |V|le decay like t=3/2.
Whenever this is the case [ 05 lloo | Vs 6,100+ As | ods < 00 and we get convergence
uniformly in t.



(d)

(¢)

(f)

Ezxistence of solutions of the Gross-Pitaevskii equation is well understood. The condition
o1 € H2(R3,C) can be proven for a large class of external potentials, assuming sufficient
reqularity of the initial datum g, see e.qg. [9)].

The proof of Theorem [Z implies that the rate of convergence is of order N~° for some

0 > 0, assuming that |7$3 — o) wol| < CN~29, as well as assuming that the convergence
rate of A}im E(Vg) = ECP (o) to be least of order N~20.
—00

The Theorem can straightforwardly be adapted to the two-dimensional case. There, one
considers the scaling Vi (z) = e*NV (elNz), for V € L¥(R?,R) spherically symmetric, see
[18]. Note that due to the different scaling behavior of the potential, most of the respective
bounds given below read differently in two dimensions. In this note, we are mainly
concerned with the three-dimensional case. However, we will also give the respective
proofs of certain Lemmata for the two-dimensional system in cases where some nontrivial
modifications are needed.

3 Proof of Theorem

The method our proof relies on is explained in details in [45]. Heuristically speaking it is
based on the idea of counting for each time t the relative number of those particles which are
not in the state ¢; and estimating the time derivative of that value. In this note we will only
focus on the modifications one needs to perform in order to generalize the result of [44] to
more general interactions V. We will therefore often omit large parts of existing proofs and
refer the reader to [44] for the detailed steps and motivations.

First, we will recall some important definitions we will need during the proof.

Definition 3.1 Let ¢ € L?(R3,C).

(¢)

(b)

For any 1 < j < N the projectors p? : L*(R*N,C) — L*(R*",C) and ¢ : L*(R*N,C) —
L?(R3N C) are defined by

piv = cp(g;j)/gp*(:zj)m(xl,...,:zj, coan)dE; Ve LAR3N C)

and qf = —p}p.

We also use the bra-ket notation p}o = |p(xj))(p(xj)]. For better readability, we will
sometimes use the notation pj,q;.

For any 0 < k < N we define the set

N
S = (51,80, 5n) € 00,11V 5 355 = k)

J=1

and the orthogonal projector P{ acting on L*(R3N,C) as

pe= 3 TI 6D @)”

For negative k and k > N we set P,f = 0.



(¢) For any function m : Ng — R we define the operator m¥¢ : L2(R3 ,C) — L*(R*",C)

as v
me = m(j)Pf . (16)
§=0
We furthermore define n¥ with n(k) = %
Definition 3.2 For any 1 <j# k< N, let
ajr = {(x1,22,...,2n) ERN 1 |z; —ap| < N™26/27y, (17)
.71]' = U aj,k .Aj = R3N\Zj Bj = U CLkJ Bj = RgN\Ej . (18)
k#j k,l#j

(In two dimensions, the sets A; and B; are defined differently, see [18].) Furthermore, define
for any set A C R3N the operator 14 : L>(R3N,C) — L?(R3*N,C) as the projection onto the
set A.

Many Lemmata which were proven in [44] are valid for generic interaction potentials V' and
need not to be modified. In the following , we will state a general criteria under which
assumptions on ¥; Theorem is valid (see (b),(c) and (d) below). Subsequently, we prove
that these assumptions are valid if the potential V fulfills assumption

Lemma 3.3 Let U € L2(R3N C) N H2(R3N,C) with || = 1. Let ¢o € H*(R3,C) with

llpol| = 1. Let lim 7\(1,1) = |po)(po| in trace norm as well as lim £(Vg) = E9F(pg). Let
N—o00 0 N—o00

U, the unique solution to i0;¥; = HWY; with initial datum Vo and assume V € L°(R3,R)
spherically symmetric. Let ¢y the unique solution to i0ypr = hCP @ with initial datum .
Assume Ay, Ay € L®(R3,R). If,

(a)
¢, € H*(R3,C). (19)

(b)
IVi(a1 — 29)Wy|| < ON'2. (20)

(c)
(IV1¥| < C. (21)

(d) for some n > 0, the following inequality holds:

1T, Vagl W |? + g, Va0 < C (B, 27 0y) + N71) + (W) — 9P ()] (22)

(e)
V is chosen such that Lemma B9 is fulfilled. (23)



Then, for any t > 0

: (1 _
Jim A8 = o) (24)

i trace norm.

Remark 3.4 It has been shown in [18, [[4)] that the conditions [20)), 21I)),[22) and 23) are
fulfilled for nonnegative potentials V € LP(RLR), with d = 2,31,  Conditions @0)-22)
are essentially those conditions which are mon-trivial to prove and also lead to the class of
potentials 2.9 we consider in this note.

We furthermore like to remark that our proof of Lemma uses the assumption that V'
changes its sign only once and that V is positive around the origin. As mentioned, we expect
Lemma[3.9 to be valid for a larger class of potentials than those defined in assumption [2.2.

Proof: We like to recall the scheme of the proof of the equivalent of Theorem for non-
negative potentials. The proof presented in [44] can be seen as a two-step argument. First,
it is shown in Section 6.2.2. in [44] that the convergence ([24]) generally follows, if certain
functionals v, (¥, ¢¢), with = € {a,b,c,d,e, f}, can be bounded sufficiently well, that is
Y2 (Tg,00) < CN79, 6 > 0 B. The exact definition of these functionals can be found in
Definition 6.2. and Definition 6.3. in [44].

It is then proven in Lemma A.1. in [44] that the bound |y, (¥, ¢;)| < CN70, = € {a,b,c,d, e}
is valid for nonnegative potentials V € L°(R3,C).

In the following, we will show that the estimates |v,(¥y,p¢)| < CN79 given in [44] remain
valid under the conditions (I9)-(23]). Note that we will not restate the estimates given in [44],
but only focus on the modifications one needs to perform.

The bound of |y, (¥, ¢;)| < CN? directly follows from A; € L>°(R?,R), see Lemma A.1. in
[44]. The required bound of |y,(Uy, )| is derived in Lemma A.4., pp.31-37 in [44]. Following
the estimates given in [44], it can be verified line-by-line that the given bounds are valid,
if conditions ([[@)-@3) and A; € L*°(R3,R) hold. Furthermore, it can be verified that the
functionals . and ~.can be controlled using conditions (I9)-(23]), see Lemma A.1. and pp.38-
42 in [44]. The estimate for ¢ is valid under conditions (I9) and (23] and can be found in p.
34 in [35] and p. 53 in [I§].

In two dimensions, 74 can be bounded, using conditions (I9))-(23)), see pp.50-52 [18] (we like
to recall that the N-dependent bounds given in Lemma read slightly different in two
dimensions).

In three dimensions, the functional v4 can be bounded, using in addition the following estimate:
Let m®(k) = m(k) — m(k + 1), where, for some £ > 0,

> 1-2¢
m(k;):{‘/k/N’ for k > N1-2,

1/2(N~1HE + N7%),  else.

! Condition @) reads |[e*NV (eN (x1 — 22))¥|| < CeY N2 in two dimensions, see Lemma 7.8 in [I8].
Furthermore, for the two-dimensional system, we need higher regularity of ¢:. There, condition () reads
o1 € H*(R?,C).

2The functional called v; (U, ;) is actually missing in [@4]. The definition of this functional can be found
in in equation (6.10) [35] and in p. 32 [I8]. In these papers, it is furthermore shown that the respective bound
[v5 (e, 00)] < CN7?, 8 > 0 holds, assuming V € L (R R) to be nonnegative.



We control
N? (4, 15, 95,1 (21 — 23)Vi (21 — 22)m®” ' pf 1, W) | (25)

where gg, 1 is defined in Lemma This term, which appears in (A.49) in [44] is the only
term in v, (U, o1), x € {a,b,c,d, e, f} where the estimate given in [44] needs to be modified,

using only the assumptions given in the Lemma above. By a general inequality (see Lemma
4.3. in [44] and (A.50)-(A.52) in [44]), it can be verified that

@3) <N g, Vier — @)W ? (26)
+ N gg, 1 (w1 — m3) Ly (21 — 22)m®” pf 1, Wy | (27)

+ CONTF (U, Uy plm®™ g, 1 (w1 — w3)
Ty, (1 — 22)gp, 1 (21 — 24)m®” p{ L, Uy )| (28)

for all e € R. For nonegative V and e = 0, it was possible to control (26]) using a specific energy
estimate, see Lemma 5.2.(3) in [44]. We do not expect this estimate to hold for potentials V'
which are not nonnegative. For an interaction potential V, fulfilling condition (20), we can
however bound

@@) < ON~.

The estimate @7) < CN~!12+¢ given in (A.51) [44] is valid under conditions (I9)-(23). Note
that condition ([23)) implies | gs, 1(z1 — 22)Q| < C|| V19| for © € L*(R3Y,C), see Lemma 3.9
This is one key estimate in order to bound (27]). Under the some conditions, it has been shown

(c.f. (A.52) in [44]) that
@) SCN—%+3§+6 '
Therefore, it follows for some n > 0 that
@3 <CNT" (29)

holds by choosing ¢ > 0 and € > 0 small enoughﬁ.

Proof of Theorem In the following, we will prove the inequalities ([20), [2I) and (22]) for
interaction potentials which fulfill assumption Theorem [Z0] part (a) then follows from
Lemma B3] together with the estimates given in Section Bl Part (b) of Theorem follows
from part (a) and the estimates given in [44].

O

% Note that the factors N?¢ and N*¢ are due to the definition of m (k). A factor of the form N*¢, s € {1,2,3}
also appears in the other functionals v, (¥, :), € {b,c,e, f}. It therefore follows that the the respective
bounds |7z (V¢, pr)] < CN~",1n > 0 given in [44] are valid choosing £ > 0 small enough. We like to remark that
one cannot choose £ = 0, since the convergence of the reduced density matrices stated in Lemma [33] does only
follow for 0 < £ < 1/2, see [44] for the precise argument.

10



3.1 The scattering state

In this section we analyze the microscopic structure which is induced by V;. While the principle
estimates are the same as in [I8] [44], we need to modify the proofs given there which relied
on the nonnegativity of V.

Definition 3.5 Let V € LP(R3 R) fulfill assumption [Z2. Define the zero energy scattering
state j by

(—Az + %V(az)) j(x) =0,

lim j(z) =1.

|z|—o00
Furthermore define the scattering length a by

a = scat <%V> = i / %V(az)j(az)dga:. (31)

We want to recall some important properties of the scattering state j, see also Appendix C of

32].

Lemma 3.6 For the scattering state defined previously the following relations hold:

(30)

(a) j is a nonnegative, monotone nondecreasing function which is spherically symmetric in
|z|. For |x| > R, j is given by

(b) The scattering length a fulfills a > 0.

Proof:

(a)+(b) Since we assume —A + %V > 0, one can define the scattering state j by a variational
principle. Theorem C.1 in [32] then implies that j is a nonnegative, spherically symmetric
function in |z| such that j(z) =1 — ‘%‘ holds for x| > R with a € R defined as above.
By condition (I0) it follows a > 0, see Theorem C.1., (C.8.) in [32]. It is only left to
show that j is monotone nondecreasing in |z|. Let t(|z|) = j(z) and define

T

! 1V(r’ew)15(7“’)(7‘/)261%”,

“Tam ), 2

where e,» denotes the radial unit vector. Note that a = lim, ., a, = ag. By Gauf}-
theorem and the scattering equation (B0), it then follows for r > 0

d ar

Since t(r) > 0 holds for all » > 0, it follows a, > 0 for all r €]0,r[. If it were now
that j is not monotone nondecreasing, there must exist a ¥ > r9, such that az < 0.
V(z) < 0 and t(r) > 0 for all |z| €|re, R[ then imply a, < a; for all » > 7. This,
however, contradicts a = ap > 0. Thus, it follows that j is monotone nondecreasing.

O

11



Using a general idea, we will define a potential W3, with 0 < 31 < 1, such that %(Vl — Ws,)
has scattering length zero. This allows us to “replace” Vi by Wpg,, which has better scaling
behavior and is easier to control.

Definition 3.7 Let V € L®(R3R) satisfy assumption 22 Let ay denote the scattering
length of %Vl(x) = %NQV(Nx). For any 0 < 31 < 1 and any Rg, > N8 we define the
potential Wg, via

anyN38 if N~ < |z| < Rg,,
Wi, (z) = { o (32)

0 else.

Furthermore, we define the zero energy scattering state fg, 1 of the potential %(Vl —Wpg,), that
18

(33)

{(—Ax + 1 (Vife) — W, (2))) fa,1(x) =0,
foua(@) = 1 for |2] = Rg,.

Remark 3.8 Note, by scaling, that ay = N~ 'a. Furthermore jy(z) := j(Nz) solves

(—Am + %Vl(x)) Jn(x) =0,
lim jy(z) =1.

|x|—00

In the following Lemma we show that there exists a minimal value Rg, such that the scattering
length of the potential %(Vl — Wpg,) is zero. In the two dimensional case, the analog of Lemma
is, except part (i), also valid in two dimensions (one has to replace the bounds below by
the respective bounds given in [I8]. Furthermore, Wp, is defined differently.). Part (i) needs
not to be proven in two dimensions, see Remark

Lemma 3.9 For the scattering state fg, 1, defined by [B3), the following relations hold :
(a) There exists a minimal value Rg, € R such that [(Vi(x) — W, (2))fs,1(x)d3z = 0.
For the rest of the paper we assume that Rg, is chosen such that (a) holds.
(b) There exists Kg, € R, Kp, >0 such that K, fs, 1(x) = j(Nz) V|z| < N=AL.
(¢) fa,.1 is a nonnegative, monotone nondecreasing function in |x|. Furthermore,
for1(x) =1 for x| = Rg, . (34)
(d)
a
(6) Rgl < CN_Bl.

For any fized 0 < 81, N sufficiently large such that Vi and Wpg, do not overlap, we obtain

12



(f)
INIIVifp 1]l — 8mal = [N[Wg, f5,.1]l1 — 8ma < ONTITF

(9) Define
gﬁhl(x) =1- fﬁhl(x) .
Then,

lgsialli < ONT20 lggallae < ONTEPYlgg || S CNTEAY2 D gg, 4]lee <1

(h)
|N|Wg, |1 — 8ma| < CN~HF

(i) For any Q € H' (R3N,C), we have

lgs,1(x1 — 22)Q < CN7H| V0.

Proof:

(a) In the following, we will sometimes denote, with a slight abuse of notation, fg, 1(x) =
f8,,1(r) and j(z) = j(r) for r = |z| (for this, recall that fg, 1 and j are radially sym-
metric). We further denote by féhl(r) the derivative of fg, 1 with respect to the radial

coordinate r. We first show by contradiction that fg, (N —P1) #£ 0. For this, assume
that fs, 1(x) = 0 for all [x| < N=F1. Since fs, 1 is continuous, there exists a maximal
value 79 > NP1 such that the scattering equation [B3)) is equivalent to

(s - %Wﬁl () fa,1(x) =0,
fﬁ1,1(x) =1 fOI' ’{B‘ = Rﬁ“ (36)
fpr1(z) = 0for |z] < .

Using ([B3]) and Gauss’-theorem, we further obtain

1
Poal) = gz [ VR ) ~ Wi s a). (37)
B6) and B7) then imply for r > rg
1 3 aN 11381 r )
a0 = g | [ oW @sa@)| = S | [ g0
aN—1+351 r )
ST /TO d’f'/T‘/ ('r'/ — 7"0) TOS;}:;T |fé171(8)| .

Taking the supreme over the interval [rg,r|, the inequality above then implies that
there exists a constant C(r,r9) # 0, li_>m C(r,ro) = 0 such that sup [fg ,(s)] <
r—70 ’

ro<s<

13



C(r,rg)N~13%1 sup | f5,1(8)|. Thus, for r close enough to 7o, the inequality above
ro<s<r

can only hold if fj ,(s) =0 for s € [ro, 7], yielding a contradiction to the choice of ro.
Consequently, there exists a zg € R3, |zg| < N~ such that fa1.1(x0) # 0. We can thus
define )

J(No)

Far1(w0)

on the compact set By, (0). One easily sees that h(x) = j(Nz) on 0By, (0) and satisfies
the zero energy scattering equation ([B0) for x € By -5, (0). Note that the scattering

equations ([B0) and ([B3]) have a unique solution on any compact set. It then follows that
h(z) = j(Nz) Yz € By, (0). Since j(NNF1) = 0, we then obtain fg, 1(N A1) # 0.

Thus, fa,1(2) = j(Nz) 2 holds for all [z] < N=% and for all @y €]0, N~51].
Lemma [3.6] further implies that either fg, ; or —fs, 1 is a nonnegative, spherically sym-

metric and monotone nondecreasing function in |x| for all |z| < N1,
Recall that Wp, and hence fs, 1(x) depend on R, € [N~P1, 00[. For conceptual clarity,

we denote Wﬁ(?ﬁl)(x) = Wp, (x) and féﬁ?l)(x) = f3,,1(z) for the rest of the proof of part
(a). For f3; fixed, consider the function

h(w) = fei1(x)

5: [N oo[= R (38)
@) 5 (@), (39)

Rs, dPa(Vi(z) - Wi

BRﬁl (0)

We show by contradiction that the function s has at least one zero. Assume s # 0
were to hold. We can assume w.l.o.g. s > 0. It then follows from Gauss’-theorem that

(R
14 81, o
equatlon B3), for R, < Rp, there exists a constant K Rs, Ry # 0, such that for all

1

(Rg,) > 0 for all Rz > NP1, By uniqueness of the solution of the scattering

lz| < Rg, we have f( o) (x) = Ki, R, f(?’il)(a;). If KRB Rs, < 0 were to hold, we
1’ 1 ) )
could conclude from

R51

~ /(R ) ~
0 <3(R51) = 87T(R61) fﬁ (Rﬁl) = 87T(R51)2KR6 Rg, fﬁl,ﬁl (Rg,)

(Rgy)

that fg (Rgl) < 0. By continuity of fg and fg (Rg,) > 0, there exists

r €|Rg,, Rg, [, such that 0 = ngﬂl

s> 0.

We can therefore conclude K R Ry, 0. From Lemmal[3.6] the assumption s(N~71) > 0
1’ 1

and K5 > 0, we obtain, for all » € [0, N~%] and for all Rg, € [N~71, 00, that
Rﬁ 7R/3 51
f(RB1 (r) > 0 holds. From s # 0, it then follows that, for all » € [N7F1 co[ and

(r) = Kgy, mfgl 1( r) , yielding to a contradiction to

for all Rg, € [N7P1 o00f , fﬁRﬁl (r ) # 0. Thus, for all r € [N=51, 00 and for all
Rg, € [N7P1, 0c], the function f( o) (r) doesn’t change sign. This, however, implies
Rlim s(Rgl) = —oo yielding to a contradiction. By continuity of s, there exists thus a
51—>OO

minimal value Rg, > NP such that s(Rg,) = 0.

14



Remark 3.10 As mentioned, we will from now on fit Rs, € [N~P1 00[ as the min-
imal value such that s(Rg,) = 0. Furthermore, we may assume a > 0 and Rg, >
NP in the following. For a = 0, we can choose Rg, = NP such that fa1(z) =
§(Nz)/j(NN=P). It is then easy to verify that the Lemma stated is valid.

From j(Nz) = fﬁhl(:n)%, for all |#| < N=81, we can conclude that

_ J(INNT
fﬁhl(N_Bl) '
Next, we show that the constant Kpg, is positive. Since j(NN _51) is positive, it follows

from Eq. @) that K, and fg, 1(N~P1) have equal sign. By (a), the sign of fg, 1 is
constant for |x| < Rg,. Furthermore, from Gauss’-theorem and the scattering equation

[B3) we have

Kg, (40)

1

’ _
fﬁl’l(r) N 8rr2Kpg,

/ Vi (2)j(Na)da (41)
B.(0)

for all 0 < r < N~71. Since fBr(o) Vi(z)j(Nz)d3z is nonnegative for all 0 < r» < N—51
(see the proof of Lemma [3.6]), we then conclude

sen (5,1 (N™)) = sen(KG, ). (42)

Recall that fél,l(Rﬁ) = 0. If it were now that Kp, is negative, we could conclude from
(@0) and (42]) that féhl(N_Bl) < 0and fg, 1(N~"1) < 0. Since Rp, is by definition the
smallest value where fél’l vanishes, we were able to conclude from the continuity of the
derivative that fz ,(r) < 0 for all 7 < Rg, and hence f(Rg,) < 0. However, this were
in contradiction to the boundary condition of the zero energy scattering state (see (B3]))
and thus Kg, > 0 follows.

From the proof of property (b), we see that fg, 1 and its derivative is positive at N b,
From [@7), we obtain fj ,(r) = 0 for all r > Rg,. Thus fg, 1(z) = 1 for all [z] > Rg,.
Due to continuity féhl(r) > 0 for all » < Rg,. Since fg, 1 is continuous, positive at

N1 and its derivative is a nonnegative function, it follows that f3.,1 is a nonnegative,
monotone nondecreasing function in |z|.

Since fg, 1 is a positive monotone nondecreasing function in |z|, we obtain
- ‘ _ a
L2 fiua (V) = NN K, = (1- ) /K.
We obtain the lower bound

a
Ko 21 = war

For the upper bound, we first prove that fg(xz) > j(Nx)/j(NRg,) holds for all |z| <
NP1, Define m(x) = j(Nz)/j(NRg,) — fs, 1(x). Using the scatting equations ([B0) and
([B3]), we obtain

{Am(sc) = 3Vale)m(@) + §Ws, () for,1(2), (43)

m(Rﬁl) =0.

15



Since W, (z) f3,.1(z) > 0, we obtain that Aym(z) > 0 for N"1R < |z| < Rg,. That is,
m(z) is subharmonic for N™'R < |z| < Rg,. Using the maximum principle, we obtain,
using that m(x) is spherically symmetric

= . 44
N A (m(z)) |m|€{]gzq>}§ﬂﬁl}(m(w)) (44)
If it were now that max‘x‘e{NﬂR,RBl}(m(x)) = m(N7'R) > m(Rg) = 0, we could
assume m(x) > 0 for all N"'R < |z| < N=9 (otherwise we would have m(N A1) = 0,
which implies Kg, = j(NRg,) =1 — ﬁ < 1). Note that m(x) then solves
1

—Aym(z) + 1Vi(z)m(z) =0 for [z] < N=A1,
m(N"'R) > 0.

By Theorem C.1 in [32] (note that we can assume a > 0), m is strictly increasing for

N~!R < |z| £ N=P1. This, however, contradicts max|x|e{N71R7Rﬂ1}(m(a;)) =m(N~IR).

Therefore, we can conclude in ([#4]) that max|x|e{N71R7Rﬂ1}(m(a;)) = m(Rg,) = 0 holds.

Then, it follows that fz(z) — jn,r,(z) > 0 for all N"'R < |z| < N~F1. Using the zero
energy scattering equation

—A(fpr1(z) = j(Nx)/j(NRg,)) + %Vl(fp)(fﬁl,l(fp) —Jj(Nx)/j(NRg,)) =0

for |z| < N~ we can, together with fs, 1 (N~%1) — j(NN=F1)/j(NRg,) > 0, conclude
that fg, 1(x) — j(Nz)/j(NRg,) > 0 for all |z| < Rpg,.
JINN—P1)

As a consequence, we obtain the desired bound Kz = o (NP1
1

<J(NRg) < 1.
Since fs, 1 is a nonnegative, monotone nondecreasing function in |z|, it follows that
N~ fa(N7) / V(@)d'z =fo, 1 (N~7) / Vi(z)d’e = / V() f, 1 (x)d’
= [ Wa @) fna@e = foa 8 [ W@t
Therefore, [ Wp, (z)d3z < CN~! holds, which implies that Rg, < CN—P,

Remark 3.11 We will now prove the the two-dimensional analog of (e) which requires
a more refined estimate. This is due to the fact that [go e*NV (eNz)d?x = O(1) does not
decay like N~. We refer to [18] for the precise definition and notation we use in the
following.

Proof of part (e) for the two-dimensional system:
Since fg is a nonnegative, monotone nondecreasing function in |z| with fg(x) =1 V|z| >
Rpg, it follows that

fav ) [

- d*xV (z) =fz(N~P) /R2 dPxVy(z) > /VN(a:)fg(a;)de

= [ s fsta) = 15V [ aWola).
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Therefore, fRZ d?zWg(z) < C holds, which implies that Rg < CN 1/2=8 From

1 47

B 9 . _ 2
BN T () R J ) = [ F1

Rg
= [ dads(o)faw) =8N [ dregyto)
R2 N

—B1

we conclude that

Rg N1-28
LBWWW:%«MNHN%»'

Since fz is a nonegative, monotone nondecreasing function in |z,

Rg

: -
dor, (NTF) 1 drr fa(r)
B8

— (R3NP fy(NP) < /

2 —28
- N
(B ) K 2

1
2 _
which implies

N

(e () )

R%N% <

Using Rg < CNY2-8_ it then follows

Ny, (N 7Py =1+

1 NP C
= In 7
N +In <Tﬁ> B8
which implies Rg < CN—B,

(f) Using
— . _ a
IWs, fayall =lIVifa il = K5 IVig(N)|h = K51187TN :

we obtain

INIVL S50l = 8mal =|N[|Wp, f5,1]l1 — 8ma| = 87 ‘K/il = 1‘ < CN~HA

(g) Using for |z| < Rg, the inequality 1 > fg, 1(x) > j(Nx)/j(N Rg, ), it follows for |z| < Rg,
0 Sgﬁl,l(x) =1- fﬁl,l(x) <1- ](Nx)/](NRﬁl) :

Let j solve

{ (20 + 3V (@) pi<,) (@) =0,
J J



It then follows that a = scat (%V(az)]l‘x‘grz) > 0. Furthermore, it follows from Theorem
C.1 and Lemma C.2 in [32] that

N 1- 4 i\ 1l— %
i) > —FljoR) = (1—1) ol
1 - 3%

holds for all z € R3. Consider n(x) = j(z) — j(x). n then solves

n(2R) = 0.

As before (see [@3))), we can conclude n(z) < 0 for all |z| < 2R, which implies j(z) > j(z),
for |z| < 2R. Therefore,

L) IoNE gy Nl|z| < R,

This implies, using part (d),

- 1—_@a_
(1 - ﬁ) T for N|z| < R,

- 21312)(1_ NEg, )

gy 1(w) <1 — 1—_a_
— else
(I_Wﬂl) ’
a -1
R + CN~ for N|z| < R, (45)
Nt CN~1H81 else.
Since g, 1(x) = 0 for |z| > Rg, we conclude with Rg, < CN~A! that
lgpyalle SN T2,
as well as
lggllsfe < CNTZ0 lgg, 1] < CNTIEH/2,
Furthermore, |gg,.1llcc = |1 — f5,.1lloc < 1, since f3, 1 is a nonnegative, monotone

nondecreasing function with fz, 1(x) < 1.
Using (f) and (g), we obtain with [|[Ws,[; < CN~!
INJIW, |l — 8mal < [N Wp, foy.1ll1 — 87al + NI|Ws, g, 111
<OV 4 Loy -mgaall) -
Since gg,.1() is a nonnegative, monotone nonincreasing function, it follows with Kg, <1

JINN)

< aN~1h
Kﬁl

1) > -1 981 1llee = g8 A (N7T) =1 = fg, 1 (NTH) =1 —
and (h) follows.
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(i) Using the pointwise estimate (@S], we obtain for any € H(R3*" C)
lgpy1 (21 — 22)Q S CIN"H g (o) (21 — 22)Q + N7z — 22| 7).

Since |||z1 — x2| 71| < 2| V19| as well as ||]lBCN751 ) (T1 —22)Q < CN—301/2|| v,
holds, we obtain part (i).

Remark 3.12 Part (i) is not valid in two dimensions. However, this specific inequality
is only used in the three dimensional case to control (25). It can be verified (see euqations
(92)-(97) in [18]) that it is not necessary to control [28) in two dimensions.

3.2 Nonnegativity of the Hamiltonian Hy

Next, we prove two important operator inequalities related to the Hamiltonian H, see Corollary
3191 These inequalities will be used in order to show the inequalities (20)), (21I]) and ([22)).

Lemma 3.13 Let U € LP(R3,R) fulfill assumption 22 and define

N N
Hy = —ZAk—F Z U(x; — ;).
k=1 i<j=1
Then
Hy > 0.
In order to prove this Lemma, we first define

Definition 3.14 For R > 2R, where R is defined as in assumption [23, let for any j, k =
1,...,N with j # k

bik:={(z1,22,...,2N) € R3V . |z — x| < R} (46)

zl = U ijg, C[ = R?’N\@l .

Jk#l
Proof: Let
N 1
HU = Z _Ak]lfk + Z ]l@j §U(l‘2 — l‘j),
k=1 it
al 1
He=> —Aple, + ) Le,5U (zi — ;).
k=1 i#j
Note that

N
1 1
He = E —Aple, + 1 E (]lcj + ]lci)§U(x,' — a:j)
=1 it
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is a symmetric operator w.r.t. to exchange of coordinates x1,...,xy. Therefore, it suffices to
prove (¥, HeW) >0 for ¥ € L2(R3N C), since

\IJGLQ(RSIJ?,C),H\IIH:I« , HC >> \IJGLE(RSII\I},C),H\I/H:I« s 11C >>

In order to prove He > 0, we show K; = —A1¢, +% 2;\7:2 ]161%[](551 — ;) > 0on LAR3N C).
Since

N
verza oY \PeLz(RIBI,a@Jmfn:l;« A
=N inf (UK P)

PELZ(R3,C),[|¥[=1

holds, it then follows He > 0.

The next Lemmata prove that K1 > 0 and Hz > 0. Since Hy = ZZJ\LI K;+ H=, it then follows
Hy > 0.

O

Remark 3.15 The reason to split the Hamiltonian as done above is the following: The in-
teraction ﬂ@j%U($i — x;) is only nonzero, if, for fized configurations (x1,...,xN), x; is closer
than R to xj, but no other particles are closer than R to neither x; nor x;. Therefore, the setC
excludes those configurations, where three-particle interactions occur. The strategy to separate

the configurations of possible three-particle interactions is well known within the literature, see
e.g. [32,[49] and references therein.

Let us restate an important Lemma.

Lemma 3.16

(a) Let Rg, and Wpg, be defined as in Lemma[37] Let V fulfill assumption [ZZ2. Then, for
any ¥ € HY(R3N,C)

1
o, —zal<rs, VIR + (T, (Vi = W, ) (@1 = 22) W) >0

(b) Let W, be defined as in Lemma[37 Let V' fulfill assumption[Z3 and let ¥ € L2(R3N,C)N
HY(R3N C). Then, for sufficiently large N

1
15,17, V102 + 540, s, (Vi = W) (21— ;)W) 0.
J#1

For nonnegative V, the proof has been given in [44] for the three-dimensional case (see Lemma
5.1. (3)) and in [18] for the two-dimensional analog (see Lemma 7.10). The proof given in
these works is not using the nonnegativity of V' directly, but is based on the fact that fg, 1 is

a nonnegative function. Therefore, the proof is also applicable in our setting, using Lemma
5.9
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Lemma 3.17 Let Ky and Hg be defined as above. Under the assumptions of Lemma [3.13,
we have

(¢)

(b)

K1 >0 on LAR3N C).

H; >0 on L*(R*,C).

Proof:

(a)

The proof of Lemma B.16] part (b) can be straightforwardly applied to prove part (a),
see Lemma 5.1. (3) in [44] and Lemma 7.10 in [I§]. Note for the proof to be valid, it is
important that 1¢, (z1,...,2n) excludes those configurations where the distance of two
distinct particles z; and xj, i,5 # k to x, is smaller than R, which is the radius of the
support of U. We refer the reader to [I8 [44] for the details of the proof.

Remark 3.18 The proof of part (b) originates from Lemma 10. in [{9]. The author,
however, does not introduce the set Cy, but uses a slightly different technique to exclude
three particle interactions. For conceptual clarity, we adapt the proof of Lemma 10. in
[49] to our definition of Hg. Since the proof given by Jun Yin is very elegant in our
opinion, parts of the following are taken verbatim from [49].

Recall that

HC_Z Akﬂck+zﬂ — ;).

i#]

Assume first that N is even, i.e., N = 2N with N7 € N. Let P = (71, m2) be a partition
of 1,..., N into two disjoint sets with V| integers in m; and w9, respectively. Let

Uig=Up=U">0, Upp=2U,—4U", (47)

with U, = —4U~, Ufo = 2U ™. It then follows

1
Z(Ul’l’ + Uz + Usz) =U.

For each P, we define (for shorter notation, we will implicitly assume i # j in the
following)

1
Hp=Hpmy= Y —281c + ) Le, 5 Uz — z;)
jeﬂ-l '7j€7r1
+ ' Z ]lc 2U12 X — Z 1J2U22 —:Ej)
1ET2,JEML 1,JET2
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Consequently, U, g denotes the interaction potential between particles in 7, and mg.
Note that

= > Al = ZAnJZZ

P jem
Yo L Uialwi—a) =) Y L Usa(i —aj)
P igem P i,5€ms

I
()=
=
Ay

d

+

&

8

<
= =

P

Z ]lEle,2(xi —xj)

m,jET2

.
I
<.
Il
—

1

-Mz ”JM

Q

>

P

=] =

(U™ (z; — x;) — AU~ (x; — ;)

J

.

I
<
Il

—

Therefore,

Hy =Y Hp/) 1. (48)
P P

Hence, for N even, to obtain Hz > 0, it is sufficient to prove that for VP, Hp > 0.
If N is odd, we divide P = (mg,m2), with Ny = (N — 1)/2 integers in 71 and (N + 1)/2

integers in mo.

Let A; be a one-particle operator and define, for any partition P = (7, m2), djer, such
that djer, = 1if j € my, otherwise 0. Then > p> . A = Z;Vzl A; > pdjen . Note
that

W=

N—
 Sebiemn ) 1-4
EP:(SJEM S, Z (ﬂ)z 7 EP:

P =) P

Furthermore, for any two-particle operator A; ;, we obtain, for a,b € {1,2},

Z Z AJ o Z AZ] Zéleﬂ-a jETY

P i€mg,jEmiF£] i#j=1
Let i # j. With

N-2 N—-2
1 () 3> (v=s) 1( 1)
— 5i7r5'7r: 2 =—(1-== y 1ET T — 2 =—|1+= 5
zp; emYjem (%) 4( N ;€1J€2 (%) 4 N
LZJ 5. _(]xT_g)_1<1+i> Z _(]xT_lz)_l<1+i>
Zp ~ emoVyemy — (Nfl) - 4 N ) — 1ETY j€7r2 - (%) - 4 N ’
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it follows that

1-L
—ZZAjn—j = — 2N ZAJ»IL@Z,

P jem j=1 P
N

1 3
S i tubi-n) =1 (1-5) ¥ 15Ut w0 Y
P ijem i£j=1 P

1 1) &
>3 g i) =1 (145) X 10U w-a) X
P ijems i#j=1 P

N
1 1

Z' Z ﬂajU172($i —a;j) = 1 <1 + N) Z ]léjU172(xi _xj)Z'
P iem,jems i#j=1 2

For N odd and N large enough, the bound of Hp > 0, VP then implies, together with
the assumption on U, that Hz > 0.

We will now prove Hp > 0, VP. The advantage to consider Hp instead of Hz is that we
can analyze Hp > 0 for fixed configurations of x;’s with ¢ € mo. This pointwise estimate
is sufficient, since there is no kinetic energy of the mo-particles. Since permutation of
the labels in 7y and 7y is irrelevant, we can further assume that m = {1,---, Ny},
m={Ny+1,--- ,N}.

Following the idea of [49], for any fixed configuration (zn,41,...,2xN), we consider two
cases:

e If there are more than mq my-particles in a sphere of radius R with mq > 2n4 , the
positive interaction Us o, together with U; ; cancels the negative part of U; 2. Recall
that ny is the number of cubes of side length 7/ /3 which are needed to cover a
sphere of radius R. Therefore, if mo mo-particles are located in such a sphere, it
is possible to derive that at least O(m3/n1) mo-particles are closer than r; to each
other. Therefore, if mq mi-particles and mo mo-particles are close to each other, the
potential energy is of order O(m?) + O(m3) — O(mimsz). This energy is positive,
if the negative part of U is small enough.

e If there are less than 2n; mo-particles in a sphere of radius R, it is possible to use
assumption 221 (@), that is

—1)j<pAe + 112U (z) — 44U~ (z)) > 0.

As in Definition B we divide R? into cubes C,, (n € N) of side length %7’1, such
that the distance between to points x;,z; € C), is not greater than r;. Therefore, for
z;,xj € C,, we have by assumption U(z; — z;) > A\T. Next, for fixed z;, i € 7o, for any
r € R3, we define G(x) as the set of i’s which satisfy i € mp and |z; — 2| < R, i.e.,
G(x)={i €my:|z; — x| < R} (49)

We denote |G(z)| as the number of the elements of G(z). Note that for i,j € G(z), it
follows that |z; — z;| < 2R.
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We denote d(z,Cy,) as the distance between the cube C,, C R? and z € R3. Since |G(y)|
is uniformly bounded (|G(y)| < Njp), there must exist a point X (C,) € R? satisfying
d(X(Ch),Cp) < 2R and

[G(X(Cn))| = max{|G(y)] : d(y,Cn) < 2R}. (50)

We define G(C,,) = G(X(Cy)). Let 1¢,(x;) denote the projection onto C, in the
coordinate ;. Furthermore, let © denote the usual Heaviside step function. We prove

Hi = Z ]léjUgg(xi — a:j) + Z ]léle,l(xi — xj)

‘7]‘67"'2 i,jeﬂ'l

_ Z O(|G(Cp)| — 2n1) Z ]lcn(a;j)]léjUiQ(xi —x;) >0
neN ‘]67'(1,1'67'('2

Hoj = — 20,1 +Zn Uyy (i — ;)
1ETY
1.

=0 — |GG Y e (), gUip(ai —27) > 0.

neN 1ET2

Note that this implies H,, > 0, since H, = %7—[1 + D jem Mo

Proof of Hy > 0:

First, we derive the lower bound on the total energy of Us>. With the definition of
G(Cy,) = G(X(C),)), we know that the set {zx : kK € G(C),)} can be covered by a sphere
of radius R. So the number of the cubes which one need to cover this set is less than nq.
We denote these cubes as Cy,, - -+ Cy,, (m < n;) and assume the number of i’s satisfying
i € G(Cy) and z; € Cy, is ay,. Because the side length of (), is equal to rl/\/g, the
distance between the two particles in the same cube is no more than ry. Hence, we
obtain, for i # j,

m m m
Z O, (x5 — xj) > Z Z = Z an, ) — (any,)] and Zank = |G(Cy)|.
i,j€G(Cy) k=1ij€Cn, k=1 k=1
Using Jensen’s inequality, together with m < nj,
1 2
Z O, (zi — x5) 2 Z—‘G(Cn)’ .
o ni
1,jEG(Ch)

Note that for fixed i € mo, the number of cubes C,, which satisfy ¢ € G(C),) is less than
ngy. Since Uy o is nonnegative, we then obtain

Z ]lEjU2,2(l‘i — l‘j) = Z Z ﬂCn($i)]lEj U272(LUZ' - l‘j)

1,JET2 neNi,jem

>—Z Z ]].EjUQ’Q(IEi —xj)

nEN 1,j€Em2,1€G(Cp)

>— Z @ |G | — 2711) Z ]].sz2’2($7; — l‘j) .

nEN ,jeG(Cn)
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Since r1 < R, it also follows that nq > 2. We then obtain ]lgj Uso(xi—x;) = Usa(xi—xj),
whenever i,j € G(C,,) with |G(C,,)| > 2n;. Using Uz 2(z) > ATO,, (z; — x;), we have
with the estimates above

A+
> I, Uzo(2i — ;) >y e n)| = 2n1)3 G(Ca)

L 2nin
1,JET2 neN 12

Next, we derive the lower bound on the interaction potential between particles in 7.
Let I1I;(C,) be defined as the set of i’s such that i € m and z; € C),. Let [II1(C),)]
denote the number of the elements of II;(C),). If z; € C), and |G(C,,)| > 1, there must
be a k € my satisfying |z; — x| < 2R. Thus, for any C,, we have that

Z ]lEleyl(‘Ti — xj) = Z Z ]lcn(a:i)]l@ULl(xi - a:j)

1,JET1 neNi,jem
> Z@ |G | —2711) Z Ul,l(l‘i—l‘j).
neN i,j€111(Ch)

For i,j € I1;(C,,), i # j, the distance between z; and x; is not more than ;. Hence,
> Ui —a;) = A" <\H1(Cn)\2 - \Hl(Cn)!>- (51)
i,5€I11 (Cr)

At last, we derive the lower bound on U1_7 9

By the definitions of |G(C),)| and Uj 2, we have that Yz € Cy,

= Upalz —@i) 2 —4X7|G(Cn)-

1ET2

This yields to

— Y g Uy (i — ay) = —ANT [ (C)[|G(Ch)]. (52)

jEHl(Cn), 1ETY

‘We now consider

> Ua(wi — ) - > I, Upy(xi — ) (53)

1, €111 (Ch) JEI1(Ch), i€ma
At (\m(cn)r? - rnl<cn>\) A GC)]

Using A\~ 8i)\+, we then obtain for |G(C,,)| > ny

B = 3 (Im(G - 1M (C)] - 5o ImEIE(E)).
ny
If |II;(Cy)| = 1, we obtain for |G(Cy,)| > 2ny
(o

477,177,2 '

& > —x+ G0
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For [II;(Cy)| > 2, we have |II;(C,)|? — [II1(Cy)| > 1|I1;(Cy)* and therefore, for
G(Cn)| = 2m

.
D > 4 (1M - AmCl- 6] ) = -5 G

Since ng > nq holds, we then obtain for |G(C,,)| > 2n; and for all |II;(C),)| € N

G(Cn)P?
G3) > +1GCI :
- 477,177,2
Therefore, we obtain
AT 2 AT 2
> _ _ > 0.
1= Y 0(6(C)] - 2m) (0 —IGIGF - 12— |G(CP) 20

neN
Proof of Ha ; > 0:

Since there is no kinetic energy for the my particles, we prove Hp; > 0 for fixed z;,
1 € my. Define

Hoj = —20; + Z %Ufk(:vi — ) = Y 0201 —|G(Cy)]) Z Tlcn(fﬂj)%Uf,z(wz' — ;)
i€ms neN i€ms
Note that
Hoj = 1g, Ha,
and ﬂgj commutes with —A;. Hence, it suffices to prove 7:[27j > 0. Let
7h = {i € ma : ACy, D(;,Cp) < R, |G(Cy)| < 2n1}.

For fixed z; an d x;, if

1
O(2n1 — |G(Cn))Lc, (25) SUr (2 — 25) # 0,
it then follows i € wf. Therefore,
1
Z ©(2n1 — [G(Cy)]) Z 510 (25)Uy 5(x Z SULa (2 — ).
neN 1€ ien),
Since 7, C ma, it follows that
B4 > —24; + Z <U12 — ;) = Upg(wi — mj)) :
Z€7T2

By the definition of 7, it follows that for any x € R3

Z ﬂ|mi—m|§R < 2nj.

5 !
1ETy

Under the assumptions on U, we obtain

(IBZD > — Z <_ﬂ|$i—xj|SRAj + %ULQ(J}Z' — x])> > 0.

Z€7T2
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Corollary 3.19 Let V fulfill assumption[Z22. Then, there exists 0 < € < 1 such that

—ZAH Z (Vi (i — ) = (L + V) (2 — x5)) > 0, (55)
1<j=1
(1—e¢) Z AkanJan z; — ;) > 0. (56)
i#j

Remark 3.20 These operator inequalities are crucial in order to prove conditions (20)), (2I)
and 22)), see below. We do not except the persistence of condensation if ([B3l) and (B6l) were
not true. In that case, one would rather expect the condensate to collapse in the limit N — oo
in finite time.

Proof: By rescaling Nx — x, the first inequality (53]) is equivalent to — Eszl Ay, —I—Ef\i jzl(VJr(xi—
z;) — (1 +€e)V~(x; —xj)) > 0. Setting U(x) = V*(x) — (14 ¢€)V~(z), U then fulfills the con-
ditions of Lemma [3.13] which implies the inequality above.

Setting D; := Uhl#{(xl,xg, cooxy) € RN sz — 2| < NN726/27} ) the second inequality
is equivalent to

1—62 —Al5 +Z]1®§V ;) > 0.
i#]
Note that the set D; defined above fulfills R = NY27 > 2R. Hence, Lemma [B17] part (b)
implies the second inequality (B6), setting U = ﬁV.

0

3.3 Proof of condition (20) and (21])

Lemma 3.21 Let V fulfill assumption 23 and let Ay € L*®(R*,R). Then, for all ¥ €
LR, C) 0 2RV C)

(a)
[Vi(zy — 23)¥|* <C(¥, H¥) + CN. (57)
)
[V <, ) £ 1), (58)
Proof:
(a) Let, for 0 < e < 1,
H© = ZAHZ Vit (a ~(1+Vy (z i—xj))+§At(xk).
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Since V fulfills assumption 2.2, Corollary B.I9then implies together with A; € L (R3, R),
H© > _CN. We then obtain

N
€ Z Vi (z; —x;) < H+CN.
i<j=1
Furthermore
1
Z Vit (s —x;) < H + Z Vi (2 — ;) + N[ Aglloo < <1+—>H+CN.
1<j=1 1<j=1 €
Thus,

IVi(z1 — 23)U[I* <[Villoo ({0, ViT (21 — 23)T) + (0, Vl_(fﬂl —x3)¥))

N
U, > V(i — ) Z Vi (2 — 2;) W)

1<j=1 1<j=1
<C(T, HU) + CN.

(b) We use
—~CN <HY < (1+¢) ZAHZW )
1<J
Let p=1— t= > 0. Using Ay € L°(R3,R), we then obtain
N
—MZ A, < H+CN.
k=1

Using Lemma [3.21] together with w < C, we then obtain condition (20) and (21]).

3.4 Proof of condition (22)

We will first restate a Lemma which we will need in the following.

Proposition 3.22 Let Q € H'(R3N,C). Then, for all j #k
5,0l < NPV, .

Proof: The proof of this Lemma, which is a direct consequene of Sobolev’s inequality, can be
found in [44], Proposition A.1. for the three dimensional case and in [I8], Lemma 7.4. for
the two dimensional analog (note that the set Ej and the respective N-dependent bound are
different in two dimensions.).

O
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Lemma 3.23 Assume V fulfills assumption[Z2. Then, for any ¥ € L2(R3N , C)NnH%(R3N,C)
and any ¢ € H*(R3,C) there exists a n > 0 such that

(a)
14, Vigf O < C ({0, 79 + N7") + [E(¥) — £97(p)].

(b)
15, V1¥|* < C ((U,a%T) + N77) +|E(W) — 57 ()] .

Remark 3.24 For nonnegative potentials, the proof of Lemmal323 was given in Lemma 5.2.
in [44] for the three dimensional case and in Lemma 7.9 in [18] for the two dimensional case.
For potentials which fulfill assumption 2.9 we use Corollary in order to obtain the same
bound.

Proof: Let us first split up the energy difference. Since ¥ € L2(R3V,C) is symmetric,

E(0) = ET() = V1P [? + (N = 1){T, Vi (21 — 22)T))
— IVoll* = 2all¢?|* + (¥, AP) — (o, Arp).

Let W3, be defined as in Lemma [3.7] for some ;. Then,

E(W) — £ () =14, V10 + 15, T, V10| + 15, 1, V1 0
+ (N = 1){(¥, 15 Vi(z1 — 22)¥)
+ <<\I/= Z 15, (Vl - Wﬁl) (wl - x])\Il»
J#1
+ (0, 1, W, (21 — ;) T) — [[Vel|* — 2a|¢?|
J#1
+ (P AT) — (pArp)
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Using that ¢ = 1 — py, we obtain for 0 < e < 1,

£(w) - €57 (p) (59)
= (14, V10122 + 15,1, V19 (60)
+2R ((V1q1 ¥, 14, Vip1 ) (61)

N
s g, VU (0D s, (V= W) (1 — ;) ) (62
j=2
FE A papa W, (1 — 2 )papol s ¥) — 2] (63)
+(N = DREY, 13, (1 — p1p2)Wp, (x1 — 22)p1p21s, V) (64)
1, (1= o) W (21— 22)(1— papo) 1, ) (65)
L Vipr B — V|2 (66)
(W, A W) — (o, Arp) (67)
+(1—) <H]IA1V1q1\I/H2+ H]lgl]lzlvl\IlW) (68)
+%«\p, 5, Vi1 — 22) ) . (69)

It has been shown in [44] that for some suitable chosen 0 < 1 < 1 there exists an n > 0 such
that

|G| + @D + |@3)] + @) + |@D)] < C ((¥,77T) + N77) +[E(T) - 7 ()]
Since ([62)) > 0, ([64]) > 0, we are left to control (G8]) and (6I) in order to show
€ <H1A1V1q1\11||2 + ||ngl]17hv1\m|2> <O ((U,n90) + N77) + |E(0) — €97 ()] -

For nonnegative potentials, the trivial bound (68]) + (69) > 0 is sufficient in order to prove
Lemma [3.23] For potentials fulfilling assumption 2.2 we use

N -1
@) + @) (1 — ) (114,15, V1P + 15,14, V19 |2) + == (¥, 15 V(w1 — 72)¥)
~(1= 2R (V10,14 15, Vip: V) )
+(1 =€) (1415, V11 ¥)2 + 14,15, Vipr ¥

We will estimate each line separately. The third line is positive. Using Proposition B.22] we
obtain

114,15, Vip1 ¥|| < [, Vip1 || < CN P4 Aypy 0.
This implies for the second line

|2§R (<<V1\I’,1311A1V1p1\1j>>> | < CN_7/54 ‘
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Focusing on the first term, we obtain with Corollary [3.19)

N —1
(1—¢) (“ﬂAl]lElVl\I/”2 + Hllglllzlvl‘I/IF) +—— (v, 15 Vi(z1 — 22)¥)
1 N 1
:N«\I” (1 — 6) Z —Ak]lgk + Z ]lgjavl(a:,- - I'j)\I/» > 0.
k=1 i#j

We have therefore shown
114, Vi + |15, 14, V1P| < C ((¥,27F) + N7+ [E(¥) — £ (9)]) .
Note that
115, Vi |1 =14 15 Vigr¥|* + 14,15, Vig1 V|

<, 1g, Vi(l = p) ¥ + |14, Vig ¥ |?
<214, 15, V1 |? + 214, 15, Vipr ¥|* + |14, Vi1 V.

Using |15, 13z Vip1V| < |15, Vip V|| < CN~"/54||A1p1¥||, we then obtain the Lemma.
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