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Here, we report the numerical study of time dependent storage of energy by melting a phase

change material. The heating is provided along invading lines, which change from single-line inva-

sion to tree-shaped invasion. The numerical simulations show that the history of the amount of

melted material is S-shaped. We also found that the fastest melting (i.e., the steepest S curve) is dis-

covered by allowing the tree architecture to morph freely, toward greater access over time. The

stem length and branching angle of invading trees can be selected such that the complete melting

process is shorter. The melting process can also be made faster by increasing the complexity of the

tree structure. VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4921442]

I. INTRODUCTION

The phenomenon of design generation and evolution in

the nature and engineering is described by the constructal

law,1 which accounts for the universal tendency of freely

morphing flow systems to generate configurations that

evolve toward greater access for their currents.2,3 The evolu-

tionary designs that emerge naturally are tree-shaped when

the tendency of the flow is to flow more easily between areas

(or volumes) and discrete points.4–18 An important contem-

porary application of the tree-shaped design is in the energy

storage systems.19–22

The fundamentals of heat transfer in phase change mate-

rial (PCM) have attracted considerable attention because of

the potential use of phase change processes in energy storage

applications.23–35 In Ref. 31, we studied theoretically the

melting process that occurs inside the phase change material

cavity heated by lines of higher temperature (see Fig. 1). We

showed that the amount of melted material increases in time

as a function that resembles an S. Unlike in Ref. 31, where

the invading line was prescribed and held fixed (one straight

line, or a rigid tree), in the present article, the invading pat-

tern is free to change. We use this freedom in order to dis-

cover numerically the tree design features that underpin the

steepest S-curve, i.e., the fastest spreading of heat from tree

designs. The tree architecture discovered in this manner is

more efficient, in the sense that it accelerates the melting of

the material throughout the volume.

II. MODEL

The square domain of side L¼ 0.001 m is filled with a

phase change material, which is isothermal and solid at its

melting temperature T0¼ 303 K. The outer surface of the en-

closure is adiabatic. The source of heat is one invading line

of higher temperature T1¼ 353 K, which can be continued

by branches. The tips advance with the constant speed

V¼ 0.001 m/s (Fig. 1).

Heat is initially transferred by diffusion perpendicularly

to the invading lines. Later, after the invading line reaches

the boundary of the domain, heat continues to be diffused

perpendicularly to the line, and the melting process contin-

ues. Heat conduction in the liquid PCM is governed by the

energy equation

qcP
@T

@t
¼ kr2T; (1)

where q, cP, and k are the density, specific heat, and thermal

conductivity of the PCM. These properties are assumed to be

the same in liquid and solid states, and are listed in Table I.

The first law of thermodynamics for the control volume

of zero thickness that encloses the melting front (liquid-solid

interface) requires

qLf
@d
@t
¼ k

@T

@y
(2)

in which Lf is the PCM latent heat of fusion and d is the melt

layer thickness. The right-hand side of this equation

expresses the difference between the heat flux delivered by

the liquid boundary layer and the heat flux absorbed by that

layer. This difference is balanced by the enthalpy absorbed

during melting at the liquid-solid interface. When the melt

layer is thin enough, the temperature variation across it is lin-

ear, and Eq. (2) becomes

qLf
@d
@t
¼ k

T1 � T0

d
: (3)

Equation (3) yields the scale of the melt layer thickness

d � k T1 � T0ð Þt
qLf

" #1=2

: (4)

This relation suggests that the layers of liquid formed on

both sides of the advancing lines cover the territory at a par-

ticular time. The objective is to determine the best configura-

tion of the paths of the invading lines such that the complete

melting of the PCM can be made faster.
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In this study, the phase change problem is solved using the

effective heat capacity method.36,37 Assuming that the PCM

melts between T0 and T0þ s, we write that the specific heat is

c�P ¼ cP þ
Lf

s
: (5)

Below T0 and above T0þ s, the specific heat has the value

given in Table I. Computations were performed by using a fi-

nite element package.38 The mesh of the domain was refined

by increasing the number of mesh elements by a factor of 5

until the melting fraction (area of the melted PCM divided

by the domain area) as the function of time change by less

than 0.5%, i.e., until the solution is mesh independent.

III. T-SHAPED TREES

The first set of simulations concerns the case when the

two branches are collinear, i.e., the tree is dichotomous with

T-shaped bifurcations, which are fixed (Fig. 1). The tree lines

have almost zero thicknesses, and n represents the levels of

bifurcation, such that n¼ 0 corresponds to the tree with one

stem and no branches. This configuration is considered as a

reference in the search for faster melting designs.

In the theoretical study of this phenomenon,31 the PCM

in the domain of Fig. 1 was melted by the thermal diffusion

during two distinct processes, invasion followed by consoli-

dation. The two processes, together, account for the S shape

of the history curve, cf. Fig. 2. According to Eq. (4), the melt

layer thickness during invasion has a parabolic shape in

time, and therefore, the instantaneous enclosed area is

Ai ¼
2

3
2dVt (6)

and after combining with Eq. 4, we concluded that

Ai � Ai;end
t

tin

� �3=2

; (7)

where

TABLE I. Thermophysical properties of the PCM.

Density, q
(kg/m3)

Thermal conductivity,

k (W/m K)

Specific heat

at constant pressure, cP (kJ/kg K)

Latent heat of

fusion, Lf (J/kg)

Melting temperature,

T0 (K)

Melting temperature

range, s (K)

800 0.2 1.25 125,000 303 0.5

FIG. 1. Tree-shaped line invasion of a domain filled with PCM, with

assumed T-shaped bifurcations.

FIG. 2. Comparison between the theoretical and numerical results of the

melting history when n¼ 0.
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tin ¼
L

V
Ai;end �

4

3

a

V

� �1=2

L3=2a ¼ 2k T1 � T0ð Þ
qLf

: (8)

Repeating the same procedure, we discovered that the swept

area by consolidation increases in proportion with time

raised to the power 1/2

Ac � L2 t� tin
tc

� �1=2

; (9)

where L2 is the total area, and

tc �
L2

4a
: (10)

The growth of melted material during the consolidation

is slower than the growth during the invasion process, and

this explains the inflexion of the S-curve. In Ref. 31, we

found that faster melting occurs as the number of bifurcation

level increases. For instance, adding two levels of pairing

speeded up the melting duration by 75% compared with the

configuration of a single tree, thus confirming our expecta-

tion of a steeper S-curve. In the present study, numerical

simulations were performed in order to demonstrate the va-

lidity of the theoretical results summarized here. Plotted in

Fig. 2 is the evolution of melting process predicted by the

theory, Eqs. (7) and (9), and obtained from the simulation

when n¼ 0. The agreement between the predicted and the

observed proves the S-shaped history of the time-dependent

storage system.

Further support for the theory is provided by the graph

of Fig. 3, which depicts the melting fraction as functions of

time when n¼ 0, 1, and 2 are all invading the material at the

same speed. The abscissa parameter is the melting time of

each tree configuration relative to the complete melting time

of n¼ 0 configuration (tc;n¼0). The steeper parts of S-curves

account for invasion phases that are proportional to t3/2. In

accord with the theory, the tree-shaped invading lines make

the approach to the complete melting more rapid, along a

steeper S-curve. This effect is understandable, because the

evolutionary design is accompanied by increase in the inva-

sion lengths.

Figure 4 illustrates the evolution of hav(tc) toward equilib-

rium between the solid PCM and the invading lines of higher

temperature (hav¼ 1). For each configuration, Fig. 4 displays

only the portion of the curve that represents the time interval

over which the material melts completely. The dimensionless

temperature averaged over the domain is defined as

hav ¼
Tav � T0

T1 � T0

: (11)

It is shown that the hav(tc) curves are also S-shaped and trees

with greater levels of complexity accelerate the arrival of

equilibrium.

In the assumed design of Fig. 1(b), the invading line

bifurcates once at half of the side of the domain. We now

assess the effect of stem length on the performance of melting

process by simulating the melting process in several T-shaped

configurations with different stem length ratios Ls/L while

other conditions remain unchanged. The design conclusion is

that the optimal stem length is in the vicinity of 0.6 L (see Fig.

5). It is worth mentioning that all the numbers with reported

dimensions (e.g., units of time and angle), for the sake of com-

parison, are obtained based on the properties listed in Table I

and cannot be applied to other materials.

The question addressed in Secs. IV and V is whether the

melting process can be accelerated further even when the

number of bifurcation levels (n) is fixed.

FIG. 3. The effect of the number of bifurcation levels on the shape of the S-

curve.

FIG. 4. The effect of complexity (n) on the evolution of the average

temperature.

FIG. 5. The effect of the stem length ratio on the rate of melting process for

the T-shaped tree with one level of branching.
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IV. Y-SHAPED TREES

According to the constructal law, the better flow configu-

rations are those that facilitate flow access. This can be

achieved by endowing the configurations with more degrees of

freedom. In the case of one level of branching, we allow the

tree geometry to morph freely. Therefore, we varied not only

the stem length but also the bifurcation angle of the Y-shaped

configuration in the presence of one bifurcation level.

The objectives of the simulations in this section were to

illustrate the existence of an optimal invading line configura-

tion for the shortest duration of melting process. These

results are plotted in Fig. 6 that compares on the same basis

the complete melting duration of tree architectures with

freely varying angles. On the same basis means that all the

configurations have the same invasion length, meaning hold-

ing the total length of stem and branch fixed and equal to L.

By doing so, some configurations could not be tested for all

the angles in the range of 90� to 180�. As shown in this fig-

ure, the minimum of 0.1 L curve is the lowest, and its corre-

sponding angle is 150�.
Figure 7 is a summary of the optima determined in Fig.

6, which shows the optimal bifurcation angles of smaller

stem length ratios. More precisely, the stem length ratio of

0.01 with the bifurcation angle of 155� yields the most effi-

cient melting process when n¼ 1. This numerically opti-

mized architecture reduced the complete melting duration by

40% relative to the assumed T-shaped structure. The conclu-

sion is that the freely varying bifurcation is a beneficial fea-

ture for the purpose of accelerating the melting process.

The rate of melting process also depends on the Peclet

number, which is the ratio of the time of thermal diffusion

perpendicular to the invading line (L2/a) divided by the time

of line invasion (L/V), where a is the thermal diffusivity of

the PCM. This dimensionless number has the initial value of

50 in our study. Figure 8 illustrates the effect of Pe on the

evolution of the temperature of the PCM. The dark blue rep-

resents the solid, and the rest shows the melted material at

different temperatures when Pe¼ 50 and 5000. It can be

seen that the faster tree-shaped design offers a larger melted

territory at this specific moment (~t ¼ 0:2 ¼ at/L2).

The high Peclet number and the optimal branching of

the invading lines have the effect of accelerating the melting

process. Figure 9 shows a comparison between two cases

that offer the same overall melting time: one-line invasion at

high Pe, versus optimized Y-shaped invasion at much lower

Pe. This comparison underlines the effect of morphing the

design (one-line vs Y-shape) in accelerating the melting pro-

cess when the PCM and the invasion speed are fixed.

V. CONCLUSIONS

In this paper, we studied numerically the process of

phase-change energy storage in a domain in which the invad-

ing lines of higher temperature are free to morph. We started

with the assumed arrangements of Fig. 1 that serve as a base

of more complicated design configurations. The numerical

results showed that the amount of melted material and the

average temperature have the S-shaped histories, in accord-

ance with the theoretical predictions.

The objective was to determine the layout of the invad-

ing lines over the territory, such that the time needed to melt

FIG. 6. The effect of the bifurcation angle b on the complete melting time

for different stem length ratios.

FIG. 7. The Optimal bifurcation angle bopt and the shortest melting time as

function of stem length ratio.

FIG. 8. The effect of the line invasion

speed (Pe) on the melting fraction at

the time ~t ¼ 0:03.
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the material entirely is the shortest. We showed that a steeper

S curve is achieved by increasing the freedom to morph for

the flow architecture. Therefore, we explored the impact of

parameters such as the number of bifurcation levels, size of

the stem length, bifurcation angle, and the Peclet number on

the melting fraction curve. We found that increasing the

number of branching levels and the Peclet number yields a

more rapid melting process. The optimized flow architecture

was discovered by varying simultaneously the branching

angle and the stem length in the tree structure with one

branch. The chief conclusion is that adding more freedom

for a design to morph leads to better performance.
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