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Abstract

As a growing number of agents are deployed in complex environments for scientific

research and human well-being, there are increasing demands for designing efficient

learning algorithms for these agents to improve their control polices. Such policies

must account for uncertainties, including those caused by environmental stochastic-

ity, sensor noise and communication restrictions. These challenges exist in missions

such as planetary navigation, forest firefighting, and underwater exploration. Ide-

ally, good control policies should allow the agents to deal with all the situations in

an environment and enable them to accomplish their mission within the budgeted

time and resources. However, a correct model of the environment is not typically

available in advance, requiring the policy to be learned from data. Model-free rein-

forcement learning (RL) is a promising candidate for agents to learn control policies

while engaged in complex tasks, because it allows the control policies to be learned

directly from a subset of experiences and with time efficiency. Moreover, to ensure

persistent performance improvement for RL, it is important that the control policies

be concisely represented based on existing knowledge, and have the flexibility to ac-

commodate new experience. Bayesian nonparametric methods (BNPMs) both allow

the complexity of models to be adaptive to data, and provide a principled way for

discovering and representing new knowledge.

In this thesis, we investigate approaches for RL in centralized and decentralized

sequential decision-making problems using BNPMs. We show how the control policies
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can be learned efficiently under model-free RL schemes with BNPMs. Specifically,

for centralized sequential decision-making, we study Q learning with Gaussian pro-

cesses to solve Markov decision processes, and we also employ hierarchical Dirichlet

processes as the prior for the control policy parameters to solve partially observable

Markov decision processes. For decentralized partially observable Markov decision

processes, we use stick-breaking processes as the prior for the controller of each agent.

We develop efficient inference algorithms for learning the corresponding control poli-

cies. We demonstrate that by combining model-free RL and BNPMs with efficient

algorithm design, we are able to scale up RL methods for complex problems that

cannot be solved due to the lack of model knowledge. We adaptively learn control

policies with concise structure and high value, from a relatively small amount of

data.
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1

Introduction

1.1 Overview

Developing efficient methods for learning and planning under uncertainty has been

a long-standing research focus in artificial intelligence and machine learning. Such

research aims to help a decision maker to better explore a domain and understand

both its dynamics and utilities, so that a good strategy can be planned for him or

her to accomplish a mission. In a strategic planning or sequential decision-making

problem, the decision maker is called an agent, which can be a human or machine.

Consider a recycling robot domain, for example. The agent is a robot who works in

an office building. The robot has to move back and forth from a charger station to

different rooms. The planning problem in this example is to prescribe an optimal

course of moving directions for the agent so that it can finish the trash-collecting

task within a given amount time and without depleting batteries.

Solving a planning problem would be easy if the world were simple and determin-

istic. However, real life is complex and stochastic, so an agent has to envision various

uncertain factors in order to come up with a high quality strategic plan. One type

of uncertainty an agent has to cope with is the stochasticity of world dynamics. In
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the recycling robot domain, a motor may fail or the floor may be slippery. Without

considering these uncertain factors, the robot might not be able to reach the intended

location within a given amount of time. Another source of uncertainty which can

confound an agent’s decision-making is the noisy observation of the state information,

including the agent’s battery level and location. For example, the battery level might

be incorrectly read because of the malfunction of a voltmeter, causing the agent to

fail at recharging the battery on time. Meanwhile, an agent’s physical location might

be inaccurately estimated because of imperfect sensors, limited computation power,

as well as the complexity of the environment (for example, occlusions can hide some

areas from sensing). Furthermore, when there are multiple agents working together

in a decentralized fashion, there is uncertainty about the choices of the other agents

and their local observations. Having to reason about each other’s plans and obser-

vations, this situation further complicates the process of obtaining an optimal plan

for each individual.

Besides robotic control, there are many other applications for single agent sequen-

tial decision-making under uncertainty, such as spoken dialogue management [157],

inventory management [50] and homecare [108]. In a spoken dialogue management

system, human users are allowed to interact with a machine using voice, and the task

of an agent (machine) is to infer the goal of the intended user from both the user’s

input and the record of the dialogue history. The dialogue cycles continuously until

either the user’s goal is satisfied or the dialogue fails. In inventory management, a

wholesale company needs to determine the ordering plan for every selling period, so

that the customers’ demand can be satisfied and the company’s profit can be maxi-

mized in the long run. To achieve the goal, the company has to consider the dynamic

demands of customers and contemporary inventory levels, and it also needs to track

the seasonal variation of customer demands. Many other applications are surveyed

by White [151] and Cassandra [29].
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Besides handling the uncertainty inherited from single agent cases, decision mak-

ers in multiagent problems must cope with the uncertainty over the action choices

and resultant observations of others. In cooperative and decentralized settings, the

agents share the same objective function; however, the plan of each agent has to be

developed based only on local observations1. Due to bandwidth limits, budgets and

other physical constraints, many real-world applications require decentralized learn-

ing and planning. The potential applications include domains such as Marsrover [2]

and RoboCup rescue [94]. In the Marsrover domain, the distributed rovers conduct

scientific experiments at different locations on Mars. Due to high cost and slow

speed of communication with a central station located on Earth, these rovers must

operate autonomously based on their own locations and partial view of the Mars

surface, without constant online communication. This process has to be optimized

so that the greatest scientific value of a mission on Mars can be realized within the

given budget and time constraints. Similarly, in the decentralized rescue domain, the

agents, including teams of firefighters, police officers and ambulances, have to make

decisions based on local information. This information includes estimation of how

fast the fire will spread and the location of other agents, so that the casualties and

building damage can be minimized.

In order to obtain a high-quality plan which is capable of handling various un-

certain factors, probabilistic models are often employed for describing the dynamics

and utilities of a domain. If these models are available, a planner might be able to

simulate all possible events and find an optimal strategy before executing a mission.

However for many real-world problems, accurate models might not be available in

advance. In this case, the agents have to collect samples through their interaction

1 Here we emphasize the difference between decentralized decision-making and distributed com-
putation. In distributed computation, the agents are allowed to communicate their information,
whereas in decentralized decision-making, each agent executes its own policy based only on local
data without explicit communicating to each other or a central authority.
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with the domain, and learn the domain’s dynamics and utilities from trial and error,

so that gradually, the value of their strategy can be improved. Such a learning pro-

cess is data-driven and called reinforcement learning (RL), which is a stepping stone

towards the goal of the agents learning by themselves to discover new knowledge and

acquire higher levels of intelligence and autonomy.

1.2 Sequential Decision-making Models and Reinforcement Learning

In this thesis, we aim to design efficient RL algorithms for both centralized and

decentralized sequential decision-making in stochastic environments. We will focus

on three major models, namely Markov decision processes (MDPs) [112], partially

observable Markov decision processes (POMDPs) [62], and decentralized partially

observable Markov decision processes (DEC-POMDPs) [14]. We briefly introduce

these models here, providing their formal definitions in the next section.

For single agent decision-making, when state information is fully observable, an

MDP is a widely used framework. Essentially an MDP is a controlled Markov model,

in which the state transitions satisfy the Markov property, i.e., at each time step,

after the agent takes an action, the system transits to a new state and the transition

is only dependent on the system’s current state, and independent of previous states

and actions. The goal in an MDP is to maximize the cumulative reward or minimize

the cumulative cost for a given number of decision steps, also called the horizon of a

problem, which can be finite or infinite.

When the state information, such as the location of a robot, is partially ob-

servable, a POMDP serves as an expressive model for single agent decision-making.

Essentially a POMDP is a controlled hidden Markov model. At each step, after tak-

ing an action, the agent receives a noisy observation of the state of the process. The

observations no longer satisfy the Markov property, which makes POMDPs more

complicated and more challenging to solve than MDPs. However, an observation
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provides some information about the underlying states and can be used to update

the belief state, which satisfies the Markov property. Therefore one can convert a

POMDP into a belief-state MDP and use the special structure of value function to

obtain a solution.

When multiple distributed agents are working collaboratively in partially ob-

servable stochastic domains with limited communication, a DEC-POMDP can be

employed as a control model. In a DEC-POMDP, each agent receives its own local

observation after executing its own action according to a local plan (decision rule). A

global reward signal is generated to measure the immediate effect of the joint actions.

Because of the decentralized nature, the global state cannot be calculated directly

from local observations during policy execution. The goal of a DEC-POMDP is that

the agents maximize the shared objective function while choosing actions based on

local information.

Given the accurate mathematical model of domain dynamics, observation func-

tions and utility functions, the process of searching an optimal strategy is called

solving a planning problem [132]. When any one of these functions is unknown, an

agent has to resort to RL techniques to learn an optimal decision rule. There are two

categories of RL methods. One of them is first to obtain an estimate of the model

from the agent’s experiences, and then compute an (approximate) optimal policy

for the estimated model, with this used as an approximation to the optimal policy

for the true model. An alternative is to learn the policy directly from experiences,

without the intermediate step of estimating the model. We refer to the former as

a model-based approach or indirect RL and the latter as a model-free approach or

direct RL. The interplay between experience, model and policy/value are depicted

in Figure 1.1, where arrows indicate the direct impact and expected improvement.

More details on RL will be reviewed in Chapter 2.
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value/policy

model experience

acting

model learning

direct RL

planning

Figure 1.1: Relationships among learning, planning, and acting, adapted from [132].

Related disciplines The sequential decision-making models in this thesis are strongly

related to classic control theory, operations research and game theory.

• Control theory

MDPs and (DEC-)POMDPs are closed-loop control models. The typical so-

lution to these models is stochastic dynamic programming (value/policy it-

eration) which is essentially stochastic optimal control [120]. The main dis-

tinction between control theory and these sequential decision models is that

control theory concerns more about tracking the underlying state space with

controllability and stability analysis, whereas these sequential decision-making

frameworks care more about making plans that can achieve long term goals

by using tools, such as probabilistic inference and programming. In control

theory, the problem of estimating the models of dynamical system is called

system identification, whereas in (PO)MDPs, estimating the system dynamics

is a task in model-based RL.

• Operations research

MDPs and (DEC-)POMDs are extensively studied in operational research [112,

124, 14]. Operations research focus more on studying the methods for searching

6



the optimal control policy, usually assuming the model of a domain is given,

whereas for RL, the agents have to solve the optimal policy based on the

experiences (samples) from the agent-environment interactions.

• Game theory

Sequential decision-making and RL are also studied in the context of game

theory [52]. A stochastic game can be viewed as a MDP when multiple agents

can fully observe the world state. These agents can be cooperative or non-

cooperative. Their joint actions determine the state transitions and rewards.

The objective for each agent is to maximize the cumulative reward received

during the game. When the underlying state is partially observable, the game

is called partially observable stochastic game (POSG). When there is only one

agent in the game, a POSG boils down to a POMDP. A DEC-POMDP is a

special case of POSGs where all the players share the same payoff function.

The relationship among the models of MDPs, POMDPs, DEC-POMDPs, and

POSGs are depicted by the Venn diagram shown in Figure 1.2.

Figure 1.2: The relationship among different sequential decision-making models, adapted
from [14]).
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1.3 Overview of Relevant Work and Issues

Exact and approximate solutions for MDPs can be obtained by dynamic program-

ming or linear programming, when the MDP models are known [132, 112]. If the

models are unknown or incomplete, we have to resort to RL techniques to obtain

optimal control policies. The classical RL methods have been mainly developed for

discrete space problems. However, many real problems have continuous state spaces

where the methods developed for discrete space problems are not directly applica-

ble. To address this issue, function approximation methods are often necessary in

practice, and recent research has focused on both developing efficient function ap-

proximation methods for RL in continuous domains [42, 133, 87, 69, 79, 61, 32] and

designing principled and efficient exploration strategies [130, 111, 77, 68, 48, 104].

Developing efficient algorithms for POMDPs is also a thriving research area where

significant progress has been made in the last three decades. Amato [2] provided a

survey of the exact and approximate solution methods before 2010. Because of the

difficulty of obtaining the exact solution of POMDPs, recent research has focused

on designing efficient approximate methods and scaling up existing solvers for prob-

lems with large spaces [39, 38, 76, 25, 81, 159, 118, 123, 127, 46, 83]. For instance,

controller-based algorithms [76] combine the EM algorithm and the Monte Carlo sim-

ulation to achieve policy iteration; tree-based methods [123, 127] use the Monte Carlo

tree search and heuristics to produce high-value solutions for large scale POMDP

problems; Bayesian methods impose priors over policy parameters [38, 154] and are

able to achieve efficient exploration [25]; moreover, methods based on Bayesian non-

parametric methods allow both model learning [39] and policy learning [81] with the

additional benefit of controlling the complexities of models and policies.

Compared to the maturity of the theoretical and technical developments of RL in

MDPs and POMDPs, the research into RL in DEC-POMDPs is preliminary. Even
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though a DEC-POMDP can be viewed as a POMDP controlled by multiple dis-

tributed agents, each acting based on local observations, many POMDP algorithms

(especially value-iteration based) cannot be easily extended for DEC-POMDPs, be-

cause the decentralized nature of the problem prevents accurate calculation of the

shared belief state during policy execution for each individual. Even though many

open issues still remain, as surveyed by Amato [2], there were breakthroughs in the

past decade for developing exact and approximate algorithms for DEC-POMDPs.

The recent progress has mainly focused on developing efficient algorithms that can

adapt to variable temporal scales and scale up to more realistic domains with large

state space sizes and increased number of agents [71, 98, 10, 9, 156, 85, 6]. For

example, finite state controller (FSC) based methods [71, 98, 156] are able to re-

cast the planning problem as inference in a mixture of dynamic Bayesian networks,

and use the EM algorithm to solve large problems and improve solution quality.

In addition, macro-action based methods [6] retain both temporal extended actions

and the coordination ability with memory bounded policy tree, while allowing near-

optimal solutions to be generated for realistic problems [5]. Moreover, model-free

RL methods [10, 9, 156] have also debuted for use in finite and infinite horizon prob-

lems, achieving comparable results to planning methods that use the complete model

information.

Despite the significant progress for developing efficient RL algorithms for MDPs

and (DEC)-POMDPs, current solvers, especially model-free methods for (DEC)-

POMDPs, are still not sufficiently scalable to offer high-quality approximations to

the optimal solution for real problems. Because MDPs are applicable for real physi-

cal systems with state information that is fully observable, it is desirable to consider

safe exploration strategies, efficient feature selections and convergence guarantees

to develop high-quality MDP-RL algorithms. These algorithms are important for

increasing the agents’ robustness and efficiency, while engaged in more complex mis-
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sion scenarios. POMDP models are capable of expressing many real-world planning

problems that involve partial observability, yet their solution methods are still far

from mature. Being able to scale up current RL algorithms will transform POMDPs

from theoretical models to practical tools for missions in complex and stochastic

environments. Because the DEC-POMDP model is newer and more complex, and it

is a challenge to solve the optimal policy for problems of desired size, a very limited

number of studies have been considered DEC-POMDP RL. Adding learning ingre-

dients to DEC-POMDPs will enable agents to acquire higher levels of autonomy for

learning and planning. However, many open issues still exist, including the dilemma

between exploration and exploitation, and the challenge of decentralized learning and

coordination. Given the decentralized nature of the problem, no universal strategies

can address these issues thoroughly.

1.4 Summary of Contributions

In order to address the existing issues in RL for sequential decision-making problems,

we consider the flexibility of policy representations as a foundation. A policy is

essentially a decision rule that maps the information state to actions. Depending on

the types of problems, policies may have different representations. For example, in a

discrete MDP, the policy is determined by a value function which is represented by a

table, with each entry corresponding to the value of a state-action pair; in a continuos

MDP, the value function is approximated by linear functions. In a discrete (DEC-

)POMDP, the policy can be represented by a tree or graph. Under a particular form

of policy representation, one needs to decide an appropriate number of parameters

in such a representation, since the complexity of the represetation affects both the

policy value and the convergence rate. When the number of parameters is set too

small, the parameters may be unable to represent the optimal policy and, therefore,

will quickly converge to a sub-optimal policy. In contrast, when the number is set too
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large, the policy representation is overly complex, often yielding slow convergence to

a sub-optimal policy that overfits the agent’s trajectories. Bayesian nonparametric

(BNP) models allow hierarchical modeling and data-driven inference, and provide

powerful frameworks for reasoning about objects and relations in settings where

these objects and relations are not predefined. This feature is particularly attractive

for RL, because it is often difficult to correctly specify the complexity of a policy

representation or the number of parameters a priori.

In this dissertation, we take a Bayesian nonparametric (BNP) point-of-view for

policy representation and learning. We improve the state-of-the-art of model-free RL

for MDPs, POMDPs and DEC-POMDPs in several ways. The contribution includes

increasing the scalability of RL algorithms for these three decision-making models,

as well as increasing their solution quality.

• Efficient off-policy RL for MDPs based on Gaussian processes We

propose an off-policy RL method for learning the control policy for MDPs with

Gaussian processes (GPs). We approximate the Q function with a GP regres-

sion and develop an efficient online learning algorithm, which allows sparse

representation of Q function (with an upper limit to the number of parame-

ters). Convergence is proved for both batch and online settings. This approach

was first discussed by Girish et al. [31, 32].

• Online learning for policy graph We develop an online nested EM algo-

rithm for model-free RL in a POMDP. The algorithm evaluates the policy only

in the current learning episode, discarding the episode after the evaluation and

memorizing the sufficient statistic, from which the policy is computed in closed

form. As a result, the online algorithm has a time complexity Opnq and a

memory complexity Op1q, compared to Opn2q and Opnq for the corresponding

batch-mode algorithm, where n is the number of learning episodes. The online
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algorithm has a provable convergence to a local optimal policy. This approach

was first presented by Liu et al. [83]

• Learning infinite policy graph: iRPR We introduce the infinite regional-

ized policy representation (iRPR), as a nonparametric policy for reinforcement

learning in POMDPs. The iRPR assumes an unbounded set of decision states

a priori, and infers the number of states to represent the policy given the ex-

periences. We propose algorithms for learning the number of decision states

while maintaining a proper balance between exploration and exploitation. The

analysis of the relation between the exploration rate and optimality is provided.

This approach was first introduced by Liu et al. [81]

• Policy learning for infinite horizon DEC-POMDPs Recent work has

shown that expectation maximization (EM) is an efficient algorithm for learn-

ing finite-state controllers (FSCs) in large decentralized domains. However,

the solution quality of current methods is limited by their inability to define an

appropriate controller size and the methods often converge to maxima that are

far from optimal. We address this problem by using a variable-sized FSC to

represent the local policy of each agent. The variable-sized FSC is constructed

using the stick-breaking prior, leading to a new framework termed a decentral-

ized stick-breaking policy representation (DEC-SBPR). This approach allows

one to study the RL setting, and develop a variational Bayesian algorithm to

infer the variable-size FSC.

1.5 Dissertation Organization

This dissertation is organized as follows. Chapter 2 reviews the basics of sequential

decision making, reinforcement learning, and Bayesian nonparametric methods. Col-

lectively, this information provides the background for developing our policy learning
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methods and makes the thesis self-contained. We begin discussing the contribution

of this dissertation in Chapter 3, which summarizes the convergence results of GP

Q learning and presents its online implementation. Chapter 4 introduces an on-

line learning algorithm for POMDPs. Chapter 5 presents a Bayesian nonparametric

policy representation and learning method in POMDPs. Chapter 6 describes a stick-

breaking policy learning approach for DEC-POMDPs. Chapter 7 concludes this

dissertation by summarizing the main contributions and discussing possible future

work.
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2

Background

If I have seen further it is by standing on the shoulders of giants.

—Isaac Newton

The work in this dissertation is a marriage between two fields: reinforcement learning

and Bayesian nonparametric statistics. In this chapter, we provide a brief overview

of these two fields, as well as the essentials for solving the problems in the next four

chapters.

2.1 Centralized and Decentralized Sequential Decision Making Mod-
els

2.1.1 Markov Decision Processes

An MDP is a sequential decision-making framework with states being fully perceiv-

able and state dynamics satisfying the Markov property. Figure 2.1 pictorializes

a simple navigation problem that can be modeled as an MDP. Mathematically, an
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Figure 2.1: A simple MDP model: Graphical representation (left) and Domain illustration (right).

MDP is a quadruple MMDP “ xS,A, T, Ry, with

• S, the state space of the process. It manifests all the current information of a

system, and is also called information state. S can be finite and continuous.

In the example of figure 2.1, the state space S “ ts1, s2, ¨ ¨ ¨ , s9u represents the

set of discretized locations on the gridworld, where an agent navigates.

• A, the action space. The action space can be finite, countably infinite or

continuous. For the example in figure 2.1, the agent can choose to move in any

of the four directions or stay, so A “ tE,W,N, S, stayu. A sequence of actions

are prescribed by a control policy for an agent to interact with an environment.

• T , the state transition function: T s
1

s,a “ Prps1|s, aq is the probability of tran-

sitioning to state s1 after taking action a in state s, and it captures the un-

certainty of the world dynamics under the influence of an agent’s action. In

our example, because of the slippery floor or the malfunction of actuator, the

agent might not be able to reach the intended state.

• R, the reward function: Rps, a, s1q is the immediate reward for taking action a
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in state s and transitioning to state s1. The reward is the feedback from the

environment, which provides an immediate evaluation of the performance of

agents at given states. The goal of an agent is to maximize the accumulated

(long term) reward. In our example, a positive reward +100 is assigned for

reaching the goal state (trash can), a large negative reward -100 for falling

into a puddle, a -2 for any movement (energy consumption) and a ´1 for stay

(wasting time).

Given the MDP model, the objective is to find the control policy that maximizes the

long term reward. A deterministic policy π : S Ñ A is a mapping from states to

the actions, i.e., at “ πpstq. Depending on the planning horizon (finite vs infinite)

and performance criteria (averaged reward vs total reward), there are several ways

to construct the value functions [112]. Here we consider infinite horizon planning

problems, where the state-action value function or Q-function of each state-action

pair under policy π is defined as

Qπ
ps, aq “Eπ

„ 8
ÿ

t“0

γtrpst, st`1, atq
ˇ

ˇs0 “ s, a0 “ a



“Rps, aq ` γ
ÿ

s1

Prps1|s, aq
ÿ

a1

πps1, a1qQπ
pa1, s1q

(2.1)

which is the expected sum of discounted reward obtained by starting with taking

action a in the initial state s and following policy π thereafter. In equation (2.1),

γ P r0, 1q, is a discount factor, which determines the importance of future rewards.

The optimal value function Q˚ satisfies Q˚ “ maxπQ
πps, aq and is captured by the

Bellman equation:

Q˚pst, atq “ Est`1

„

rpst, at, st`1q `max
a1

γQ˚pst`1, a
1
q



. (2.2)
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The optimal policy for a given state s is π˚psq “ arg maxaQ
˚ps, aq. When S and A

are discrete, T and R are known, the optimal policy of an MDP can be solved by

dynamic programming (value/policy iteration with fixed γ) or linear programming

(turn the nonlinear max into a collection of linear constraints) within polynomial

time [112]. When the state space is continuous, one has to use function approxima-

tions to value functions and apply approximate dynamic programming [24].

2.1.2 Partially Observable Markov Decision Processes

POMDPs are single-agent sequential decision-making frameworks with the state in-

formation partially perceivable [124]. Formally, a POMDP is a sextic-tuple: MPOMDP “

xS,A,O, T,Ω, Ry, where

• S,A, T, R are the same as for MDPs

• O denote a finite set of observations. It provides partial information about the

underlying state. In our example (without using SLAM), the agent can observe

whether there is a wall in front of it based on the input images from sensors,

so O “ tobverse wall, observe no wallu. In this case, the observation is aliased

which means two different states can result the same observation.

• Ω are a finite set observation functions with Ωo
s1,a “ P po|a, s1q denoting the

probability of observing o after taking action a and transiting to state s1. Ω

characterize the sensor noise. That is, different observations can be perceived

in the same state.

Due to state aliasing and sensor noise, an observation only provides partial infor-

mation about the world state, hence it cannot be directly used as the information

state for planning. Instead, the observation provides some evidence of the current

state and allows the uncertainty of the world state to be updated. The uncertainty of
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the world state is characterized by the belief state, which is a probability distribution

of the state s given the history of actions, observations, and the initial belief b0, i.e.,

bt
def.
“ P pst | b0, a0, o1, ¨ ¨ ¨ , ot´1, at´1, otq. (2.3)

It has been shown that the belief state is the sufficient statistic of observation history

[124]. Assume at time t, the belief state bt “ b and an action a is taken, resulting an

observation o at time t` 1, then the agents can reason the belief state at time t` 1

by Bayes rule

bt`1ps
1
q “

Ωo
a,s1

ř

sPS T
s1

s,abtpsq

ppo|b, aq
(2.4)

where

ppo|b, aq “
ÿ

s1PS

ÿ

sPS
btpsqT

s1

s,aΩ
o
a,s1 (2.5)

is the probability of transiting from b to b1 when taking action a. The belief up-

date (2.4) is similar to the forward algorithm in HMMs [114] and the Kalman filter

used in continuous state space models [64], which is computationally efficient.

Figure 2.2 illustrates the time series from a POMDP, from which we can see the

transitions of belief states satisfy the Markov property; that is, the belief state at

time step t ` 1, only depends on its previous belief states bt, action at, and current

observation ot. This property implies that the belief state and the history of actions

and observations provide the same information about the current world state.

Since the transition of belief states satisfies the Markov property, the POMDP

can be formulated as a continuous space“belief MDP” by tracking the belief states

without memorizing the whole action and observation history. Formally, the belief

MDP can defined as a tuple xB,A, τ, ρy [62], with

• B, the set of belief states

• A, the set of actions
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Figure 2.2: The graphical representation of time series generated from a POMDP.

• τ , the state-transition function: τpb, a, b1q is the probability of transitioning to

state b1 after taking action a in state b, defined as

τpb, a, b1q “ Prpb1|b, aq “
ÿ

oPO
Prpb1|b, a, oqPrpo|a, bq (2.6)

where

Prpb1|b, a, oq “

"

1 if b1 “ fpb, a, oq
0, otherwise

(2.7)

• ρ, the reward function on belief states given by

ρpb, aq “
ÿ

sPS
bpsqRps, aq (2.8)

The policy π in this case, is characterized by a value function, V pbq : ∆ Ñ R, which is

defined as the expected future discounted reward that the agent can receive starting

at initial belief state b and with actions selected according to π thereafter.

V π
pbq “ Eπ

„ 8
ÿ

t“0

γtrpbt, πpbtqq
ˇ

ˇb0 “ b



(2.9)
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The value of an optimal policy π˚ is defined by the optimal value function V ˚, that

satisfies the Bellman equation [124]

V ˚pbq “ max
aPA

„

Rpb, aq ` γ
ÿ

b1PB
ppb1|b, aqV pb1q



“ max
aPA

„

Rpb, aq ` γ
ÿ

oPO
ppo|b, aqV

`

τpb, a, oq
˘



.

(2.10)

The optimal policy can be found by solving the following problem

π˚pbq “ arg maxaPA

„

Rpb, aq ` γ
ÿ

oPO
ppo|b, aqV pτpb, a, oqq



. (2.11)

Depending the number of horizons, the value function and policy may have dif-

ferent representations. For finite-horizon problems, the value function (2.10) is a

piece-wise linear convex (PWLC) function [124], and π can be represented by policy

trees with each hyper-plane corresponding to one subtree[62]. For infinite horizon

problems, the value function (2.10) can be approximated by a PWLC function with

arbitrary accuracy [128], and the policy is often represented by finite state con-

trollers [62].

There are two categories of POMDP solvers, including value iteration (VI) and

policy iteration (PI). They can be further classified into optimal solution methods

and approximate methods. We summarize the basic algorithms in each category in

the following subsections.

Value Iteration

First we summarize an exact value iteration (VI) method for solving finite horizon

POMDPs. The main idea of this algorithm is that for a given optimal value function

Vt and a belief point b, the optimal vector αbt`1 representing Vt`1 can be computed

by back-projecting all vectors αt in horizon t one step from the future and returning
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the vector that maximizes the value of b, denoted as follows

αbt`1 “ arg max
αPGt`1

αT b (2.12)

which can be performed by taking a sequence of operations based on Gt, the set of

vectors representing Vt. The main steps of these operations are summarized below.

First, calculate the initial value function:

V1pbq “max
a

ÿ

sPS
Rps, aqbpsq

“max
αPG1

αT b

(2.13)

which is a PWLC function represented by a set of vectors G1. Then, use G1 to

construct the second step value function V2, which represents the expected future

reward (since we have only two steps, the best value for the future is just what we

obtained from the first step); hence using (2.4), we have

V2pbq “max
aPA

„

Rpb, aq ` γ
ÿ

oPO
P po|a, bqV1pτpb, a, oqq



“max
aPA

„

Rpb, aq ` γ
ÿ

oPO
ppo|a, bqmax

αPG1

ÿ

s1

αps1qbps1q



“max
aPA

„

Rpb, aq ` γ
ÿ

oPO
max
αPG1

ÿ

s1

ppo|a, bqαps1qbps1q



“max
aPA

„

Rpb, aq ` γ
ÿ

oPO
max
αPG1

ÿ

s1

ř

s T
s1

s,aΩ
o
s1,abpsq

bps1q
αps1qbps1q



“max
aPA

„

Rpb, aq ` γ
ÿ

oPO
max
αPG1

ÿ

s1

ÿ

s

T s
1

s,aΩ
o
s1,abpsqαps

1
q



(2.14)

By induction, given that at the time step t, the value function is represented by a set

of vectors Gt “ tα0, ¨ ¨ ¨ , α|Vt|u, the t` 1 horizon value function for the belief point b
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is computed as

Vt`1pbq “ max
aPA

„

Rpb, aq ` γ
ÿ

oPO
max
αPGt

ÿ

s1PS

ÿ

sPS
T s

1

s,aΩ
o
a,s1bpsqαps

1
q



, (2.15)

and the corresponding set Gt`1 can be determined through the following procedures

• Step 1: generate intermediate sets Ga,‹
t`1 and Ga,o

t`1, @a P A, o P O,

Ga,‹
t`1 Ðα

a,`
psq “ Rps, aq (2.16)

Ga,o
t`1 Ð αα,oi “ γ

ÿ

s1PS

T s
1

s,aΩ
o
s1,aα

t
ips

1
q, @αi P Gt (2.17)

• Step 2: combine expected future reward and immediate reward by summing

the sets1

Ga
t`1 “ G‹t`1 `G

a,o1

t`1 ‘G
a,o2

t`1 ‘ ¨ ¨ ¨ ‘G
a,|O|
t`1 (2.18)

• Step 3: take the union of Ga
t`1

Gt`1 “ YaPAG
a
t`1 (2.19)

The above procedure is called backup operation at horizon t ` 1. The optimal

value function V ˚t`1 is extracted from

Vt`1pbq “ max
αPGt`1

α ¨ b. (2.20)

In this procedure, step 1 generates |A||O||Gt| projections and step 2 produces |A||Gt|
|O|

cross-sums; hence without pruning dominated α vectors (the worst case), the t ` 1

horizon value function requires

|Gt`1| “ Op|A||Gt|
|O|
q (2.21)

1 the summation between two sets is denoted by cross sum ‘, which is element-wise summation
between two sets, e.g. let A “ ta1, ¨ ¨ ¨ , anu and B “ tb1, ¨ ¨ ¨ , bmu, then A ‘ B “ tai ` bj |ai P
A, bj P Bu.
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Figure 2.3: A 3-step policy tree for POMDP policy representation(|O| “ 3). Each node is labeled
with the action that should be taken if it is reached.

memory and Op|S|2|A||Gt|
|O|q computation time.

To make value iteration more tractable, it is useful to remove the dominated α

vectors by solving a linear program with |S| variables and |Gt| constraints. This step

is the main bottleneck of the application of POMDPs for realistic problems.

Another way to understand the VI algorithm is based on the process of building

a policy tree. For a finite horizon problem (assume T steps), the policy can be

represented by policy trees with depth T [62]. In a policy tree, nodes represent

actions and subtrees correspond to different observations. This definition recurses

until leaf nodes. Each tree corresponds to a hyper-plane in the belief state space.

An example of a policy tree is shown in figure 2.3; there are |A| action choices at

each node and |O| edges (observations) right below each action node. There are

in total |A|
řT´1
t“0 |O|t “ |A|

1´|O|T
1´|O| policy trees. Each branch of the tree represents

an action-observation history. The size of policy trees grows double exponentially

with the planning horizons. To bound the memory, we prune the policy trees by

evaluating the value of each branch and eliminating those dominated or impossible

police trees. It can be shown that the set of α-vectors GT correspond to the policy

trees with depth T . Pruning the dominated policy trees is equivalent to removing

the dominated α-vectors in the VI algroithm.
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Policy Iteration

For a POMDP, a value iteration method solves the optimal policy by searching in

value function space and extracting the policy (represented by α vectors) directly

from the value function, whereas a policy iteration method searches the policy from

the policy space by alternating between policy evaluation and policy improvement.

Policy iteration was first used by Sondik [128], and was improved by Hansen [51]

where the policy is represented by an FSC. We briefly review these basic PI algorithm

below.

It is shown by Sondik [128] that the optimal infinite horizon value function can

be approximated arbitrarily closely by successive finite horizon value functions Vt,

as t Ñ 8. When the optimal policy can be represented by a PWLC function2, the

gradients (α vectors) of value function form a Markov partition of the belief space,

i.e., B “ YNi“1Bi. Under the optimal action and resultant observation, all belief states

in a region Bi are completely mapped into another set or itself. The partition and

belief transitions constitutes a policy graph or finite state controller (FSC), where

the nodes correspond to belief state partition with the associated optimal action, and

transitions are guided by observations. Another way to understand the construction

of FSCs is by considering the case that the finite horizon value functions Vt and Vt`1

are equal, and at every step beyond t, the corresponding plans have the same value,

one can redraw the edge from level t to itself, so the policy-tree branches can be

arranged to form a stationary cyclic graph [62].

A finite-state controller (policy graph) Θ is a sex-tuple xA,O,Z,W, µ, πy, where

• A and O are the same as for POMDPs;

• Z is a finite set of nodes/decision-states;

2 also called finitely transient deterministic policy
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• W is a set of node-transition matrices, with W z,a,o
z1 denoting the probability of

transiting from z to z1 when taking action a in z results in observation o:

W z1

zao “ PrpZt`1
“ z1|Zt

“ z, At “ a,Ot`1
“ oq (2.22)

• µ is the initial node distribution, with µz the probability of initially being in z;

• π is a set of stochastic local policy, with πaz the probability of taking action a

in z:

πaz “ PrpAt “ a|Zt
“ zq (2.23)

A policy iteration algorithm constitutes two steps: policy evaluation and policy

improvement, which are summarized below

• Policy evaluation involves computing the value of every state-node pair V ps, zq

under current policy parameterized by Θ, i.e.,

VΘps, zq “ Rps, aq ` γ
ÿ

s1,o,z1

Ωo
s1,aT

s1

s,aW
z,a,o
z1 VΘps

1, z1q, @s P S, z P Z (2.24)

where a „ πz. The value of state-node pair ps, zq corresponds to a α-vector,

i.e., VΘps, zq “ αpsq. The time complexity of policy iteration is Op|Z|2|S|2q.

• Policy improvement involves performing dynamic programming backup, in

which the value function V π represented by a finite set of α vectors Gπ is

transformed into an improved value function V 1 represented by another finite

set of α-vectors G1. In the policy evaluation step, Gπ is calculated from the FSC

Θ using VΘps, zq obtained in the policy evaluation step. Then the improved

α-vector set G1 is constructed from Θ based on the following rules

– For each vector α1 P G1:
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∗ If α1 has the same action and successor links as that is already in G,

keep the same nodes in G1.

∗ if α1 point-wisely dominates some nodes in G, then replace the nodes

in G with a node corresponding to α1.

∗ else, add a node to G1 that has the action and observation associated

with α1.

– Prune any node in G that has no corresponding α-vector in G1 if that

cannot be reached from a node with an associated vector in G1.

Policy iteration usually converges more quickly than value iteration. However

the dynamic programming is still a bottleneck for scaling up the algorithm to solve

problems with large sizes. In the worst case, up to |A||Z||O| nodes may be added

after each DP backup, hence the size of the controller quickly grows making many

POMDPs intractable. Hansen’s policy is guaranteed to converge to the optimal

policy, if the infinite horizon value function does have a finite representation (though

it is still NP-hard to find the optimal FSC, even if the number of states is given [91]),

otherwise, an ε-optimal FSC can be found in finite number of iterations.

Approximate methods

Searching the optimal plan for a POMDP is generally a very hard problem. It has

been shown that finding the optimal solution for a finite horizon POMDP is PSPACE-

hard [100], and verifying the existence of a policy whose value is greater than ε for an

infinite horizon POMDP is undecidable [86]. The main reasons for the difficulty of

obtaining the optimal policy for POMDPs are from two independent curses, namely

the curse of dimension and the curse of history. To step down these curses, vari-

ous efficient approximate planning methods have been proposed in the last decade.

There are two categories of methods. One category of methods are point/region
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Figure 2.4: The DBN of a POMDP with a standard FSC.

based, including PBVI [106], HSVI [125], Persus [129], RBVI [75], and many others

as surveyed by Pineau et al. [107]. These methods sample the belief states and then

perform value iteration or policy iteration over the belief states/regions. They are

differentiated by both the ways of selecting belief points and updating values. Ap-

proximate policy iteration methods include PBPI (point-based policy iteration) [58],

BPI [109], gradient search [91] and EM-based methods [144]. PBPI (point-based pol-

icy iteration) [58] replaces the policy evaluation with PBVI and achieves monotonic

increase of policy value. BPI(bounded policy iteration) [109], in which the policy

improvement step comprises improving each node by solving linear programs with

local escape by adding new nodes. The gradient search method [91] reformulates the

task of finding optimal policy as a nonlinear optimization problem. The EM algo-

rithm [144] realize policy iteration with the E-step corresponds to policy evaluation

and the M-step corresponds to policy improvement.

Here, we describe the details of an EM algorithm introduced by Toussaint et

al. [144] for solving the planning problem in POMDPs. This algorithm can be con-

sidered as a counter-part of our model-free RL methods to be introduced in the

next section. The main idea of the method by Toussaint et al. [144] is to convert
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a POMDP model to a dynamic Bayesian network (DBN) and reformulate a policy

optimization problem as a maximum likelihood estimation problem.

Denote R̂, a binary random variable, such that PrpR̂ “ 1|At “ a, St “ s, T “

tq “ rps,aq´rmin
rmax´rmin

, and T , a random variable representing the length of horizon, which

is set to be geometrically distributed PrpT “ tq “ γtp1´ γq. The dynamic network

in figure 2.4 can be considered as a mixture of finite time process with 0´ 1 reward

R earned at the end of the process. Given the policy (FSC) represented by Θ, the

value of the policy can be evaluated by computing the likelihood of R̂ “ 1, i.e.,

LpΘq “ P pR̂ “ 1|Θq “
8
ÿ

T“0

ppT qppR̂ “ 1|T ; Θq “ p1´ γq
8
ÿ

T“0

γTErR̂|T ; Θs

9 E
„ 8
ÿ

T“0

γtrt
ˇ

ˇΘ



“ V pΘq

(2.25)

where V pΘq is given by equation (2.24).

Given a finite process with length T , the sequence of state-node pairs constitute a

Markov chain (Parr and Russell’s HAM theorem [102], given a POMDP and a finite

policy graph). Therefore, the state-node transition can be computed by marginalizing

the action and observation in the concatenation of state (node) transition and action

(observation) emission probabilities, i.e.,

P ps1, z1|s, zq “
ÿ

a,o

Ωo
a,s1π

a
zT

s1

saW
z1

z,a,o. (2.26)

In the E step, the distributions of hidden variables under the current estimation of

Θ are computed by the recursive forward and backward computation

αtps
1, z1q “Prpst “ s1, zt “ z|T ; Θq “

ÿ

s,z

P ps1, z1|s, zqαt´1ps, zq (2.27)

βtps, zq “PrpR̂ “ 1|sT´t “ s, zT´t “ z, T ; Θq “
ÿ

s1,z1

P ps1, z1|s, zqβτ´1ps
1, z1q (2.28)

28



with the initializations

α0ps, zq “ µzPs, β0ps, zq “
ÿ

a,o

R̂ps, aqπazΩ
o
s,a (2.29)

The results of E-step are

α̂ps, zq “
8
ÿ

t“0

P pT “ tqαtps, zq, β̂ “
8
ÿ

τ“0

P pT “ τqβτ ps, zq. (2.30)

We can understand α̂ps, zq as the joint probability of visiting state s and node z, and

β̂ps, zq as the joint value of state s and node z. The results of M-step are derived

from maximization of the expected log-likelihood, i.e.,

Θ˚
“ arg max

Θ

8
ÿ

T“0

ÿ

z

ppR̂ “ 1, z, T ; Θq log ppR̂, z, T ; Θ˚q (2.31)

with the results listed below

πaz “π̂
a
z

ÿ

s

„

γ

1´ γ

ÿ

z1s1

β̂pz1, s1qŴ z1

zaoT
s1

sz `Rps, aq



Ωo
sα̂pz, sq (2.32)

W z1

z,o “Ŵ
z
z,o

ÿ

s1,a,s

β̂ps1, z1qT s
1

szπ̂
a
zΩ

o
sα̂ps, zq (2.33)

µz “µ̂z
ÿ

s

β̂ps, zqP ps0 “ sq. (2.34)

2.1.3 Decentralized Partially Observable Markov Decision Processes

A decentralized POMDP [14] can be represented as M “ xN ,A,S,O, T ,Ω,R, γy,

where

• N “ t1, ¨ ¨ ¨ , Nu denote a finite set of agents;

• A “ bnAn are a set of joint actions, with An available to agent n;

• O “ bnOn are a set of joint observations, with On available to agent n;
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Figure 2.5: A simple DEC-POMDP model: Graphical representation(left) and Domain illustra-
tion (right).

• S is a set of finite world states;

• T : S ˆ A Ñ S is the state transition function with T ps1|s,~aq denoting the

probability of transitioning to s1 after taking joint action ~a in s;

• Ω : S ˆ A Ñ O is the observation function with Ωp~o|s1,~aq the probability of

observing ~o after taking joint action ~a and arriving in state s1;

• R : S ˆ A Ñ R is the reward function with rps,~aq the immediate reward

received after taking joint action ~a in s;

• γ P r0, 1q is a discount factor.

A DEC-POMDP can be viewed as a POMDP controlled by multiple distributed

agents, each acting based on local observations. The joint actions of all agents con-

trol the state dynamics and expected global rewards (the global rewards are only

used during policy learning; they are not needed when executing the policy). In a

DEC-POMDP, each agent has access to only its own action/observation trajecto-

ries, but cannot access the trajectories of other agents. Since the state transitions

depend jointly on the actions of all agents, this implies that no agent (in general)

has enough information to compute the global belief state, a sufficient statistic for

decision making in POMDPs. Moreover the joint spaces of state and action grow
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exponentially with the number of agents. For these reasons, a DEC-POMDP is more

difficult to solve than a POMDP (as seen by the NEXP complexity [14]). Never-

theless, DEC-POMDPs provide a general and expressive framework for multiagent

sequential decision-making problems arising in diverse applications, including robotic

soccer [90], cooperative transportation [121], extra-planetary exploration [15], traffic

control [156]. Other applications are discussed by Oliehoek et al. [95] and Amato et

al. [4].

In a DEC-POMDP, due to the lack of access to other agents’ observations, each

agent has a policy πn, which is a mapping from local observation histories to actions.

A joint policy consists of the local policies of all agents. For an infinite-horizon DEC-

POMDP with initial state s0, the objective is to find a joint policy π “ bnπn, such

that the value function of π, V πps0q “ E
“
ř8

t“0 γ
trpst,~atq|s0, π

‰

, is maximized.

The methods for solving a DEC-POMDP can be categorized into optimal methods

and approximate methods [95]. Except in certain finite horizon cases for which

optimal algorithms exist [54, 135], recent research focuses on approximate methods,

for both finite and infinite horizon problems. Due to its expressiveness and scalability,

the finite state controller (FSC) is the most widely studied approximation method,

which achieves state-of-the-art performance. Formally, the stochastic FSC for agent

n is defined as Θn “ xAn,On,Zn,Wn, µn, πny, where, An and On are the same as

defined in the DEC-POMDP; Zn is a finite set of nodes, Wn is a set of Markov

transition matrices with W n,a,o
zz1 denoting the probability of agent n transiting from

z to z1 when taking action a in z results in observation o; µn is the initial node

distribution with µnz the probability of agent n initially being in z; πn is a set of

stochastic policies with πnz,a the probability of agent n taking action a in z. The

value function starting the controllers in nodes ~z “ xz1, ¨ ¨ ¨ zNy at a state s is given
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by

V p~z, sq “
ÿ

a1,¨¨¨ ,aN

N
ź

i“1

πnzn,an

„

Rps,~aq`

γ
ÿ

s1

P ps1|s,~aq
ÿ

o1,¨¨¨ ,oN

P p~o|s1,~aq
ÿ

z11,¨¨¨z
1
N

N
ź

n“1

W n,an,on
zn,z1n

V p~z1, s1q



.

(2.35)

For a planning problem, the goal is to find the parameters Θ “ YnΘn that maximize

the expected discounted reward for the initial belief b0:

V pb0q “
ÿ

s,z1,¨¨¨zN

N
ź

n“1

µnznb0psqV p~z, sq. (2.36)

Note that (2.36) serves as a global objective function for generating decentralized

polices that are parameterized by Θ. Based on FSCs, Amato et al. [3] formulate

the DEC-POMDP as a nonlinear programming (NLP) problem. Recently, several

researchers [71, 98, 96] use the expectation-maximization (EM) algorithm to generate

FSCs. These EM-based methods are similar to the method that is developed for

POMDPs [144], which is described in the last section, except that they generate

decentralized polices. The details are similar, hence they are omitted here.

2.2 Reinforcement Learning

In the previous section, we have reviewed three important sequential decision-making

models and the associated basic solution methods. These solution methods require

knowing the domain models in advance. In this section, we review the techniques

for reinforcement learning (RL), where an agent must learn a policy via using the

experiences collected through interacting with an environment, without assuming

the knowledge of underlying models. In this case, the policy can be obtained by

using either of the following approaches: (i) a model-based approach, in which the
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agent first learns the underlying model using its experience with the environment

and then solves the learned model to obtain an approximate policy; (ii) a model-free

approach, in which the agent learns the policy directly from the experience, skipping

the model-learning step.

The two approaches each have their advantages and disadvantages. Since the

underlying model is a complete description of an environment, a learned model can

be used not only to find the optimal policy, but also for other purposes; thus, a

model-based approach is versatile and sample efficient. However, the agent needs a

comprehensive set of experiences with the environment to make the learned model

complete, implying the model-learning step is not efficient in time. In addition, the

agent needs a second step to solve the learned model to determine the best action to

take after each update, which could be computationally costly.

A model-free approach, by contrast, does not learn the domain model directly.

Though one can find the optimal policy given the model, inverting the learned policy

into the model is generally not possible. The fact that the policy is not as rich in

information as the model implies: (i) learning a policy may need only a subset of

the experience required in learning a complete underlying model of an environment;

(ii) the policy can only be used for a subset of the purposes which the model can be

used for. For these reasons, a model-free approach is typically more efficient in time,

but less versatile and sample efficient, than its model-based counterpart; moreover,

the avoidance of a second step of model-to-policy conversion might enhance the time

efficiency.

An indispensable ingredient, for both of the aforementioned approaches, is a

mechanism for maintaining a proper balance between looking for new information

(exploration) and using current models (or policies learned from past experience) to

maximize reward (exploitation). Until the current policy is optimal, insofar the agent

should always explore the consequences of actions that are not encouraged by the
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current policy, to see whether the new actions will lead to higher expected long-term

rewards. Exploration is the only way to ensure continual improvement of the policy.

However, excessive exploration makes the policy converge unnecessarily slowly. To

keep a balance, the agent needs to switch appropriately between exploration and

exploitation.

We start this section by first introducing the RL techniques in MDPs, for which

the theoretical and technical developments are more advanced. We will give more

elaboration on Q-learning and a linear function approximation method, both of which

are the foundations for our work introduced in the next chapter. Then we review the

RL methods for POMDPs, which have witnessed increased development in the last

two decades. We will focus on regionalized policy representation (RPR), an efficient

framework for learning FSC-type of policy representations. Finally, we review RL

methods for DEC-POMDPs, which is still a nascent field.

2.2.1 Reinforcement Learning in MDPs

For RL in MDPs, model-based methods learn domain models by approximating

the reward function Rps, aq and state transition function P ps1|s, aq for each action

and state, and then use dynamic programming or linear programing to obtain the

optimal policy [132]. Model-free approaches only keep value functions (or parameters

in continuous case) which are directly estimated from samples, skipping the step of

learning the MDP models. According to Strehl et al. [130], a learning algorithm is

said to be model-free if its space complexity is op|S|2|A|q, which means asymptotically

less than the space for storing an MDP.3

To balance exploration and exploitation (EE), a number of heuristics have been

have proposed for both model-based and model-free approaches. The most simple

exploration strategy is ε´greedy [132], in which with probability 1 ´ ε, the agent

3 This definition is only applicable for problems with finite state and action spaces.
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chooses action according to the greedy policy and with probability ε chooses ran-

dom actions. Other heuristics including the Boltzmann strategies [143], which select

actions according to the Boltzmann distribution parameterized by the current value

function. These methods are able to guarantee exploring the entire state-action space

eventually, however they may suffer from sample efficiency, that is, they may need a

huge or possibly unbounded number of samples for learning a policy which is near-

optimal. There are a class of more sample efficient algorithms called PAC-MDPs,

which enjoy bounded sample numbers with high probabilities [130, 77].

• Model-based methods

Classical model-based methods include Dyna, polarized-sweeping, and others

discussed by Sutton and Barto[132]. The PAC-MDP model-based methods in-

clude E3 [65], R-max [21], KWIK [147], and they use the heuristic of “optimism

under uncertainty” bias to guide exploration. These PAC-MDP methods are

guaranteed to learn near optimal policies in polynomial time. Another class of

model-based algorithms use PAC-Bayes exploration, including BEB [68], BEE-

TLE [111], BOSS [7], and BAMCP [48] (as well as other references therein).

These PAC-Bayes methods maintain distributions over possible models and

simply act to maximize the expected future rewards; hence the EE dilemma

can be elegantly solved.

• Model-free methods

Classical model-free methods, including Q-learning [150], SARSA, and Actor-

critic [132], use ε´greedy heuristic for exploration and do not have bounded

sample complexity. Later, Delayed Q-learning [130], is designed to wait for m

ps, aq samples before updating Qps, aq and use “optimism under uncertainty”

bias for guiding exploration, and is shown to be a PAC-MDP method. However,

all these methods are only applicable for problems with discrete action-state
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spaces. Recent research have focused on designing PAC-MDP methods, such

as Metric E3 [63], C-PACE [104], which are able to solve problems with large

or even continous state-action spaces.

Here we elaborate more on Q learning which serves the foundation for the method

to be introduced in chapter 3. Specifically, Q learning [150] is a classical model-free

RL algorithm, which updates Q-value (table) on every time step according to the

following equation

Qt`1pst, atq “ Qtpst, atq ` αt∆t (2.37)

with

• ∆t, temporal difference (TD) error: ∆t “ rpst, atq ` γmaxa1 Qtpst`1, a
1q ´

Qtpst, atq, where a1 is the action maximizes Qtpst`1, a
1q

• αt, the learning rate, which need to satisfy
ř8

t“1 αt “ 8,
ř8

t“1 α
2
t ă 8: the

necessary conditions for guaranteeing convergence of the iteration in (2.37).

The on-policy counter-part to Q-learing is SARSA, which uses a different TD error

based on the current policy

∆t “ rpst, atq ` γQtpst`1, a
1
q ´Qtpst, atq. (2.38)

While on-policy algorithms are generally easy to use and has convergence guarantees,

off-policy algorithms are more preferable in situations where batch data is available

or safe exploration is desired. Although classical Q learning has a number of nice

properties, its tabular representation does not generalize to continuous RL domains.

In this case, linear function approximation is often used to approximate Q function as

a weighted combination of basis function φps, aq, i.e., Qpst, atq “ wTφpst, atq. Then

the off-policy gradient descend is applied to the Q function for updating the weights
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w as follows

wt`1 “wt ´
1

2
αt∇wtrQ

˚
pst, atq ´Qtpst, atqs

2 (2.39)

“wt ` αtrQ
˚
pst, atq ´Qtpst, atqs∇wtQtpst, atq (2.40)

“wt ` αt∆tφpst, atq (2.41)

with the following TD error

∆t “ rpst, atq ` γmax
a1

wTt φpst`1, a
1
q ´ wTt φtpst, atq. (2.42)

However, function approximations can cause divergence for off-policy RL methods,

including Q-learning and linear least square approach. Several recent approaches

ensure convergence (in the online case) by adding some form of regularization to TD

algorithms for policy evaluation, as done in TDC [133], GQ [87], LARS-TD [69], and

RO-TD [79]. These algorithms use different versions of the SARSA-style TD error,

but the regularization ensures their convergence even when the samples are obtained

off-policy.

2.2.2 Reinforcement Learning in POMDPs

Because the state information is noisy, RL in POMDPs is notoriously more difficult

than RL in MDPs. Depending on whether we learn the model of POMDPs, the

methods of RL in POMDPs can also be categorized into model-based and model-

free. For model-based methods, the policy is represented by the value function of

a particular action and belief state pair with the belief state computed with the

estimated POMDP model. In contrast, for the model-free methods, the policy is

usually a mapping from observation histories to actions. The mechanism for learning

to interact with a POMDP can be illustrated by figure 2.6, where the solid arrow

indicates model-free RL and the dashed arrow indicates model-based RL.
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Figure 2.6: The planning and learning framework for POMDPs

Typically, model-based approaches first learn the POMDP models using algo-

rithms such as EM, and then use the planning techniques discussed in the previ-

ous section to obtain control policies. Because the POMDP models are essentially

controlled hidden Markov models(HMMs) and an HMM learning with performance

guarantees is known to be intractable [140], model-based methods in general are

computationally expensive. However, such difficulty does not prevent developing

efficient approximate model-based RL methods, especially if some good prior knowl-

edge is available. Therefore, model-based approaches usually employ Bayesian RL for

an implicit exploration and exploitation trade-off, treating the uncertain POMDP

parameters as additional states, and attempting to solve an augmented POMDP

with the model uncertainty incorporated into the augmented belief states [110, 118].

Specifically, these methods impose Dirichlet priors on the transition function T and

observation function Ω, and define the belief state as the distribution of current state

st and the counts associated with T and Ω, and finally solve an ε´optimal policy

by using standard POMDP solvers. However, the augmented POMDP is intractable

and approximations are used. Moreover, the approximations are usually based on

policy-solving of model samples, ignoring the model uncertainty in future steps. To

handle the model uncertainty issue, Bayesian nonparametric priors have been ap-

plied for solving RL problems in POMDPs [39, 38]. These methods use Monte Carlo

Markov chain(MCMC) algorithms for inference. MCMC methods are powerful for
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capturing complex structures in data without requiring explicit model selection, yet

they suffer some practical shortcomings. Especially they are not ideal for use in con-

texts where performing inference quickly and reliably on large volumes of streaming

data is crucial for timely decision making, such as autonomous robotic systems.

Because of the difficulty of estimating the POMDP model, many RL methods

avoid to explicitly model the environment, but directly learn the policy based on the

experience of agent-environment interactions. For policy-based RL, there are three

main policy representations, including tabular presentation, policy tree and policy

graph. Early work for model-free RL include U-tree [88, 159] and Monte Carlo based

reactive policy(MCESP) [105]. U-tree uses internal states to memorize the history

and build a decision tree online. The issue with this algorithm is that the tree can

grow rapidly with the episode length. MCESP uses tabular policy representation and

learns the value function over action observation pairs, similar to that of Monte Carlo

Exploring-Starts [132]. In addition, MCESP is able to offer a PAC-style guarantee

for convergence to a local optimum. In addition, policy graphs have been learned

by gradient descent by Meuleau et al. [92]. More recently, Monte Carlo tree search

based methods [123, 127] use UCT algorithm to control exploration and exploitation,

and are able to solve problems with large state space.

The choice between a model-based approach and a model-free approach is, there-

fore, a tradeoff between versatility and time efficiency. When the policy is of the

primary interest, the right choice would be an approach that is just versatile enough

for finding the optimal policy, but not more. This idea has been pursued in model-

based methods. For example, the work in [152] approximates a POMDP as an utile

distinction hidden Markov model which creates memory to preserve perceptual and

utility distinction only when necessary. Whereas the work by Shani et al. [122] uses

U-tree [88] to learn a POMDP model and then use existing POMDP solver to obtain

the control policy. In addition, the recent work by Grady et al. [46] solves a less
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complex model, with reduced state and action spaces, to find approximate policies

for the original POMDP. All these methods solve a compressed model of the original

POMDP to find approximate policies, enhancing time efficiency while reducing the

model’s versatility. A model-free approach can be considered as an extreme case, in

which the POMDP is compressed into the policy itself, i.e., the most compressed

“model” that preserves the policy.

Because of their conciseness and representation power, finite state controllers

(FSCs) are adopted by most model-free RL methods for representing the policies

of infinite horizon POMDPs. Early work learns FSCs using stochastic gradient de-

scent [92, 1]. Recently, it has been shown by Li et al. [76] that expectation maxi-

mization (EM), a popular algorithm in statistics [37], provides an effective tool for

learning a family of policies that include FSCs as a special case. The policies con-

sidered by Li et al. [76], collectively referred to as regionalized policy representation

(RPR), treat belief-state as a latent random variable and integrate it out to yield

a marginalized policy that is expressed as a probability distribution of the current

action conditional on the history of past actions and observations. The RPR is a

general form of FSC, where each internal memory unit (called a decision state in the

RPR and a machine node in the FSC) is associated with a distribution of actions,

instead of a single action; as a result, the transition from unit z to unit z1 depends

jointly on the action at z and the observation at z1, instead of on the observation

only. The action-dependency reflects the inherent uncertainty of the action choice in

each belief region, which, as discussed in depth by Sondik [128], cannot be resolved

unless the policy is finitely transient, in which case the RPR specializes to a FSC.

Here we briefly introduce the RPR that determines the control policy of POMDPs

and the auxiliary RPR that controls the balance between exploration and exploita-

tion. This introduction summarizes the necessary terminologies and formulae that

will be used in both chapter 4 and chapter 5.
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Regionalized Policy Representation

Definition 1. [76] A regionalized policy representation is a tuple (A,O,Z,W, µ, π),

where A, O, and Z are respectively a finite set of actions, observations, and decision

states; W is a set of Markov transition matrices, with W z1

zao denoting the probability

of transiting from z to z1 when taking action a in z results in observation o; µ is the

initial distribution of decision states, with µz the probability of initially being in z; π

is a set of stochastic policies, with πaz the probability of taking action a in z.

For simplicity, Z is denoted as t1, 2, ¨ ¨ ¨ , |Z|u, where |Z| is the cardinality; A

and O are denoted in similar ways. The set of RPR parameters is denoted as Θ “

tπ, µ,W u. A consecutively indexed variable is abbreviated as the variable with its

index range, W
1:|Z|
zao “ pW 1

zao,W
2
zao, ¨ ¨ ¨ ,W

|Z|
zaoq, etc.

Given ht “ ta0:t´1, o1:tu, the history of actions and observations up to t, the RPR

chooses action at according to

ppat|ht,Θq“
ppa0:t|o1:t,Θq

ppa0:t´1|o1:t,Θq
“

ppa0:t|o1:t,Θq

ppa0:t´1|o1:t´1,Θq
, (2.43)

where the second equality arises because ot has no influence on the actions before t,

and ppa0:t|o1:t,Θq results from

ppa0:t, z0:t|o1:t,Θq “ µz0π
a0
z0

śt
τ“1W

zτ
zτ´1aτ´1oτ

πaτzτ , (2.44)

by marginalizing out decision states z0:t. It follows from (2.43) that ppa0:t|o1:t,Θq “
śt

τ“0 ppaτ |hτ ,Θq.

The RPR parameters are learned from the agent experiences by using an empirical

value function defined below. Assuming the interaction between the POMDP and

the agent is episodic [132], the experiences are represented as a set of episodes. An

episode of length Tk is denoted by pak0r
k
0o

k
1a

k
1r
k
1 ¨ ¨ ¨ o

k
Tk
akTkr

k
Tk
q, where r is a nonnegative
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immediate reward, k indexes the episodes, and the subscripts index discrete time

steps.

Definition 2. [76] Let DpKq “ tpak0r
k
0o

k
1a

k
1r
k
1 ¨ ¨ ¨ o

k
Tk
akTkr

k
Tk
quKk“1 be a set of episodes

resulting from the interaction between the POMDP and an agent who chooses ac-

tions according to Π, an arbitrary stochastic policy with action-selecting distributions

pΠpa|hq ą 0, @ action a, @ history h. The empirical value function is defined as

V̂ pDpKq; Θq
def.
“

1

K

K
ÿ

k“1

Tk
ÿ

t“0

γtrkt

śt
τ“0 ppa

k
τ |h

k
τ ,Θq

śt
τ“0 p

Πpakτ |h
k
τ q

(2.45)

where hkt “ pa
k
0:t´1, o

k
1:tq, 0 ă γ ă 1 is the discount as defined in the POMDP.

It has been shown in [76] that limKÑ8 V̂ pDpKq; Θq is the expected sum of dis-

counted rewards by following the RPR parameterized by Θ for an infinite number

of steps. Therefore, the RPR resulting from maximization of the empirical value

function is an approximation of the optimal policy, assuming the number of decision

states, i.e., |Z|, is large enough to accommodate the optimal policy. The optimal

policy of a POMDP can be represented by a RPR because the RPR subsumes as

a special case the finite state controller (FSC) [76], which is known to approximate

the optimal policy of any POMDP to a arbitrary precision [128]. An appropriate |Z|

can be inferred by the method which will be discussed in chapter 5.

Given batch data DpKq, a local optimal RPR parameter Θ can be learned by

nested expectation maximization [76], where the outer-loop EM evaluates the policy

in the E-step and improves the policy in the M-step, and the inner-loop EM realizes

the outer-loop M-step. The nested EM is better interpreted as a consequence of the

policy improvement theorem of a POMDP [17]. As detailed in [76] (pages 1140-1143),

the outer-loop E-step re-computes the immediate rewards such that a discounted sum

of the new rewards, averaged over the episodes, represents the value of the current
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policy; in addition, the inner-loop EM updates the policy by maximizing the weighted

log-likelihood function of a cost-sensitive hidden Markov model, with the weights

constituted by the recomputed new rewards. The weighted log-likelihood function

corresponds to the logarithm of the action-value function in [17], parameterized by

the RPR and averaged over all belief points, and the average value is maximized by

the inner-loop EM to yield an improved policy.

Exploration-Exploitation Trade-off Based on the Auxiliary RPR

The method in [25] employs an auxiliary policy to decide between exploration and

exploitation at any time during an episode, and the decision is conditional on the

history of past actions and observations. The auxiliary policy, which also is an RPR,

is affiliated with the primary RPR that controls the regular actions. The auxiliary

RPR has parameters pσ, µ,W q, where pµ,W q are shared with the primary RPR, and

σ is distinct from π, with σzy denoting the probability of choosing exploration (y “ 1)

or exploitation (y “ 0) in decision state z. The primary RPR can be learned by the

methods discussed in the previous section. The auxiliary RPR only updates σ, using

pµ,W q as they are learned for the primary RPR. The σ is governed by a set of beta

distributions,

σz0 „ Betapuz0, u1q, with σz1 “ 1´ σz0, @ z P Z, (2.46)

where u1 ą 0 is a given constant and tuz0u
|Z|
z“1 are updated using the rule,

ui0 “
řK
k“1

řTk
t“0 ν̂

k
t

řt
τ“0φ

k
t,τ piq, @ i P Z, (2.47)

where ν̂kt and φkt,τ piq are as given in (6.5) and (6.9), respectively. At time t during

an episode, the probability ppyt|htq is computed using (2.43) and (2.44), replacing at

with yt and π with σ.

Intuitively, uz0 represents the total amount of immediate and future rewards4 (over

4 Recall that ν̂kt approximates a rescaled reward received by following the RPR.
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all time steps in previous episodes) that the agent receives when executing πz1:|A|, the

local policy in decision state z. Since πz1:|A| is executed only when z is occupied,

the reward at t is allocated to uz0 in proportion to
řt
τ“0 φ

k
t,τ pzq, where φkt,τ pzq is the

probability that z is occupied at τ in episode k, given the actions and observations

that have led to the reward at t, as one recalls from (6.9).

When uz0 " u1, one has σz0 " σz1, which implies the agent almost never performs

exploration. Therefore, u1 defines, up to a constant multiplier, the total reward

required in z for the agent to stop exploration in z.

As rewards accumulate in each decision state, the probability of exploration grad-

ually decreases. It is shown in [25] that, with a sufficiently large u1, the RPR is

guaranteed to converge to the optimal policy (assuming |Z| is appropriate).

2.2.3 Reinforcement Learning in DEC-(PO)MDPs

Despite a significant research progress in single agent RL, multiagent RL, especially

in decentralized settings, is still a nascent field. The distributed RL algorithms with

global performance guarantee only exist for some special class of problems, such

as network distributed MDPs (ND-MDPs) [47] and network distributed POMPDs

(ND-POMDPs) [93]. For example, a decentralized Bayesian RL in a cooperative

multiagent system is developed by Teacy et al. [138]. This method assumes the

value function and the global state are factorable, and the factorized state-transitions

are independent. In addition, the distributed RL method developed by Zhang and

Lesser [158], assumes that the state transition and observation are independent and

interaction among agents are local. Both two methods use a message passing (com-

munication between neighboring agents) and the max-sum algorithm to coordinate

distributed Learning.

Except for those special class of multiagent RL problems, there are a very limited

amount of research into RL for general DEC-POMDPs. Because of the decentralized
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nature of policy execution and the difficulty of solving DEC-POMDP planning with

a given model, coordinating RL for DEC-POMDPs are extremely difficult. Among a

limited amount of published work on RL for DEC-POMDPs, we discuss two recent

methods, which are model-free.

• Banerjee et al. [10] have developed a model-free RL framework called Monte

Carlo Q alternation (MCQ), in which agents take turns to learn the best re-

sponse(their own Q-function) to each other’s polices. When it is the turn

for one agent to learn its policy, this agent updates its Q function over the

action-history pairs and uses R-max [21] type of heuristic for exploration. This

algorithm is prove to be convergent; however, its sample complexity could grow

exponentially with the problem horizon. Later, they develop a pruning tech-

nique [10] to reduce the sample complexity. However, this method is still only

applicable for finite horizon problems, and it requires the agent to communicate

with each other after the learning process of one agent is finished.

• Wu et al. [156] have studied RL in infinite horizon DEC-POMDPs and designed

an method called MCEM. In this method, a Monte Carlo EM algorithm is

adopted to learn the policies represented by FSCs. Specifically, in the E-step,

trajectories are generated from the DEC-POMDP model and FSCs; and in

the M-step, the policies represented by FSCs are improved. Moreover, MCEM

applies UCB type of heuristic for exploration and is able to solve problems with

large state-action spaces and increased number of agents. Despite its generality

and scalability, the MCEM algorithm is sensible to initialization and prone to

local optima. Moreover, by fixing the number of nodes in controllers, the

learned policies from EM algorithms might be over/under represented.

The existing issues in the above methods motivate us to apply Bayesian nonpara-

metric methods to further improve the research of RL in DEC-POMDPs.
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2.3 Bayesian Nonparametric Methods: Models and Inference

In the previous section, we introduced RL methods for three important sequential

decision models. We are interested in learning control policies directly from ex-

periences of agent-environment interactions. This problem can be formulated as a

statistical modeling problem, the essence of which is to infer the model that best

explain data (experiences). When solving a statistical inference problem. One need

to consider several issues, including how to encode useful prior information and how

to select models. The simplest approach for inference is maximum likelihood (ML)

estimation which assumes data are drawn independently from ppx|θq and uncovers

the model that generates x by solving arg maxθ ppx|θq to provide a point estimate

of θ. ML methods can provide consistent and unbiased estimations, however, they

are difficult to encode prior information. To address this issue, one can express the

prior knowledge of θ by a prior distribution ppθq, and applies Bayes rule to obtain

the posterior distribution

ppθ|xq “
ppx|θqppθq

ppxq
(2.48)

, where ppxq “
ş

ppx|θqppθqdθ is called marginal likelihood or model evidence. One

can solve arg max ppθ|xq to obtain a MAP solution. Here we are interested in Bayesian

inference which centers on computing both the posterior distribution (instead of a

point estimate) and the prediction distribution of the value y‹ at a new input x‹

location, i.e., ppy‹|x‹, x, yq “
ş

P py‹|x‹, θqppθ|x, yqdθ.

Besides encoding useful prior information, another critical issue in statistics in-

ference is model selection, i.e., to determine the appropriate number of parameters

of a model, which has direct impact on the quality of a learned model. When the

number of parameters is set too small (the model is overly simple), the inferred model

can suffer from under-fitting, which means the model cannot capture the underlying
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trend of data. When the number of parameters is sett too large (the model is overly

complex), the inferred model can suffer from overfitting, which is also undesirable. To

address the model selection issue, parametric methods use cross-validation or statisti-

cal test to determine an approximate number of parameters, whereas nonparametric

methods provide a principled framework to simultaneously infer the model complex-

ity and parameter value. Specifically, by allowing the prior to be nonparametric, we

can use posterior inference to determine the appropriate number of model parame-

ters, avoiding the cross-validation which has to be performed by parametric methods

when this number is unknown.

This section summarizes two Bayesian nonparametric models, including Gaussian

processes(GPs) and Dirichlet processes(DPs), which underpin our value function

modeling and policy learning.

2.3.1 Bayesian Nonparametric Models

• Gaussian Processes

A Gaussian Process (GP) is a stochastic process defined over an input space

X Ă Rn, with the output f characterized by the mean function µ and covari-

ance function K, which are defined as follows:

Erfpxqs “µx (2.49)

Kpx, x1q “σ2
x exp

"

´

n
ÿ

i“1

pxris ´ x1risq2

2wi

*

` σnδpx, x
1
q (2.50)

where x, x1 P X, σn represents within-point variation caused by measurement

noise, and we consider radial basis function as the kernel function. The ratio

between σn and wi weights the relative effect of measurement noise and the

influences from nearby points.

A GP can be applied as a prior for representing smooth functions, and can be

used for solving nonparametric regression/classification problems. For a GP
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(over a trajectory) trained with N measurements txk, fxku
N
k“1, by solving a least

square regression problem, given a new input x˚, we can obtain the predictive

distribution over fx˚ as a Gaussian with predictive mean and variance given

by

µfx˚ “ Kpx˚, XtrqKpXtr, Xtrq
´1fx (2.51)

σ2
fx˚
“ Kpx˚, x˚q ´Kpx˚, XtrqKpXtr, Xtrq

´1KpXtr, x
˚
q (2.52)

where Xtr is a pˆN matrix with each column represents a input sample vector,

and fx is a p diminutional vector concatenating all the output samples.

Gaussian process is nonparametric model, because the parameters is a function

of data. More detailed treatment of GPs can be found in [116].

Here we are mainly interested in the application of GPs for RL. A series of pa-

pers [41, 42] have showed that GPs could be used to capture the value function

using on-policy updates, specifically SARSA and approximate policy iteration,

which may not be able to learn the value of a new policy from batch data. Oth-

ers have used GPs in model-based RL to learn the MDP parameters (P and R)

[115, 35], including a variant of the Rmax algorithm that performs exploration

through an “optimism in the face of uncertainty” heuristic [61]. However,

model-based approaches require a planner to determine the best action to take

after each update, which could be computationally costly. The relationship of

GPs and other nonparametric methods for RL are discussed in [136].

• Dirichlet Processes

A Dirichlet Process (DP) [44] is defined as a discrete probability measure over

a non-overlapping partition of a probability space Ω. It is characterized by

a concentration parameter α and base measure G. DPs are often used as a

prior for mixture modeling, in which a single draw of DPs can be represented

48



as tθk, πku
8
k“1 „ DPpα,Gq, where θk is a mixture component k and πk is a

mixture weight.

Dirichlet process is widely used for mixture modeling. It can be used for

clustering and without knowing the number of clusters a priori. There are two

ways to realize DPs. One way is called Chinese restaurant process, where a

new data point (customer) is clustered into an existing cluster (table) with

the probability proportional to the number of data points (customers) that are

already assigned to that cluster (table), and assigned to be a new cluster (table)

with probability proportional to α. The other way to present a DP is by using

stick-breaking presentation, in which a stick with unit length is broken into

K parts (mixture components), with the length of k ´ thpk ă Kq component

Vk
śk´1

j“1p1 ´ Vjq, and the length of remain component
śK

k“1p1 ´ Vkq, where

tVku
K
k“1 „ Betap1, αq.

• Stick Breaking Processes

Here we summarize the basics of stick-breaking prior and its connection to

a Dirichlet process. For more detailed mathematical treatment, readers are

referred to [57, 155].

Definition 3. The stick-breaking priors [57] are almost surely discrete ran-

dom probability measures P over the the measurable space pΩ,Bq which are

partitioned into d disjoint regions with Ω “ YBk for 1, ¨ ¨ ¨ , d. It is expressed

as

Pda,b “
d
ÿ

k“1

pkδΘk (2.53)

and

p1 “ V1 and pi “ p1´ V1qp1´ V2q ¨ ¨ ¨ p1´ Vi´1qVi, i ą 2 (2.54)
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are the weights with Vi are independent Betapai, biq random variables for ai, bi ą

0.

SBP allows Beta-distributed RVs Vi, @i and the atoms Θi, @i associated with

the resulting weights to be drawn simultaneously. Moreover, SBP boils down

to DP, when ai “ 1, @i.

2.3.2 Inference Methods

The aim of Bayesian Inference is to obtain the posterior approximation of the desired

models. There are two main categories of algorithms for Bayesian Inference, namely

Markov Chain Monte Carlo (MCMC) inference [117] and variational Bayes (VB) op-

timization [16]. MCMC inference utilizes the Markov chain Monte Carlo simulation

to obtain the samples that approximate the posterior distribution. MCMC methods

are guaranteed to approximate the posterior distribution accurately, as long as the

sampler runs long enough. Although MCMC methods can obtain accurate poste-

rior approximation, the samplers have to run long enough which can be very time

consuming. To accelerate convergence, VB is often adopted. VB inference uses a

proposal distribution q to approximate the posterior distribution p by minimizing

the K-L divergence between p and q.
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3

Q Learning with Gaussian Processes

3.1 Overview

As mentioned in the previous chapter, the core of obtaining the control policy of

an MDP lies in computing the value function. For an MDP with continuous state

space, the value function is represented by a parameterized functional form. Here we

consider linear function approximation. When computing the value function in RL

contexts, we have to consider several issues, including feature selection for concise

representation, regularization for avoiding overfitting and convergence guarantees.

Gaussian Processes (GPs) [116] are Bayesian Nonparametric (BNP) models that are

capable of automatically adjusting features based on the observed data. GPs have

been successfully employed in high-dimensional approximate RL domains, such as a

simulated octopus arm [42], but several aspects of their use, particularly convergence

guarantees and off-policy learning have not been fully addressed.

More specifically, unlike RL algorithms employing a tabular representation, and

even some function approximation techniques [43, 89], no convergence results for RL

algorithms with GPs exist. Also, existing RL methods with GPs have either required
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burdensome computation in the form of a planner [115, 35, 61] or require that the

policy being learned is the same as the one being executed (on-policy learning) [42].

The latter approach is less general than off-policy RL, which enables learning the

optimal value function using samples collected with a safe or exploratory policy.

To address these issues, we present a method for approximate RL using GPs

that has provable convergence guarantees in the off-policy setting. More specifically,

we present a model-free off-policy approximate RL technique, termed as GPQ, that

uses a GP model to approximate the value function and does not require a planner.

Because GPQ is off-policy, it can be used in both online or batch settings no matter

whether the data is obtained using a safe or exploratory policy. In addition, we

present an extension of GPQ that uses a heuristic exploration strategy based on the

GP’s inherent measures on predictive confidence of the Q-function.

In addition to presenting the GPQ framework, sufficient conditions for conver-

gence of GPQ to the best achievable optimal Q-function given the data (Q˚) are

presented in the batch and online setting, and it is shown that these properties

hold even as new features are added or less-important features removed to maintain

computational feasibility. Our work also contributes to off-policy approximate RL in

general, because unlike other recent papers on off-policy RL with fixed-parameter lin-

ear function approximation [133, 87, 69, 79], our approach allows the basis functions

to be automatically identified from data. Furthermore, our condition for convergence

reveals why in the batch case GPQ or kernel base Fitted Q-Iteration [43] could lead

to divergence in the worst case, and how the divergence can be prevented by tuning

a regularization-like parameter of the GP. Finally, we designed a practical online

implementation of this framework that makes use of a recent budgeted online sparse

GP inference algorithm [34]. Our theoretical and empirical results show off-policy

RL using a GP provides provable convergence guarantees and competitive learning

speeds.
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3.2 Gaussian Processes

Gaussian Processes (GPs) [116] are Bayesian nonparametric (BNP) function approx-

imation models: they do not specify a model structure a priori and explicitly model

noise and uncertainty. A GP is defined as a collection of random variables, any finite

subset of which has a joint Gaussian distribution with mean (prediction) function

mpzq and covariance kernel, such as a Radial Basis Function (RBF), kpz1, zq, for

input points z and z1. A common choice of covariance kernel, and the one used in

our empirical results, is the Gaussian radial RBF:

kpz, z1q “ exp

˜

´

m
ÿ

i“1

pzi ´ z
1
iq

2

2σ2
i

¸

(3.1)

where m is the dimensionality of the input domain. In the case of modeling the

Q-function, the input domain is the space of all state action pairs and the model

captures a distribution over possible Q-functions.

For ease of exposition, denote Z “ rz1, . . . , zτ s “ rs0, a0, ¨ ¨ ¨ , sτ , aτ s be a set of

state action pairs observed at discrete sample times, where each state action pair is

concatenated as z. In our analysis, we assume a finite set of actions, but all analysis

extends to the continuous action space as well. Let ~y “ ry1, . . . , yτ s
T denote the

vector of observation values at the respective state action pairs. Given some set of

data points ~y at corresponding locations in the input domain Z, we would like to

predict the expected value of the Q-function yτ`1 at some possibly new location zτ`1.

Define KpZ,Zq as the kernel matrix with entries Ki,j “ kpzi, zjq, kpZ, zτ`1q P Rτ

as the kernel vector corresponding to the τ ` 1th measurement, and ω2
n as the variance

of the uncertainty in our measurement. Using Bayes theorem and properties of

Gaussian distributions, the conditional probability ppzτ`1|q can be calculated as a

normal variable [116] with mean

mpzτ`1q “ αTkpZ, zτ`1q, (3.2)
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where α “ rKpZ,Zq ` ω2
nIs

´1~y are the kernel weights, and covariance

Σpzτ`1q “ kpzτ`1, zτ`1q ` ω
2
n ´ kT pZ, zτ`1qrKpZ,Zq ` ω

2
nIs

´1kpZ, zτ`1q. (3.3)

Due to the addition of the positive definite matrix ω2
nI, the matrix inversions above

are well defined. An important insight obtained through the representer theorem

[116] is that even if the true function is described by an infinite number of bases, the

predictive mean function of a GP will be the best possible description of the function

using a finite number of bases given the data available.

3.2.1 Sequential GP Updates with Sparsification

Performing batch prediction using GPs requires an expensive inversion of a matrix

that scales as Opτ 3q with the size of the data. Many sparsification schemes have been

proposed to reduce this computational complexity to Opτm2q [34, 74], where m is a

number of reduced parameters. Here we use the sparsification method of [34], which

allows for sequential updates and is suitable many applications with computational

resource constraints. This sparsification algorithm works by building a dictionary of

basis vector points that adequately describe the feature of an input domain without

including a basis point at the location of every observed data point. A full description

of this algorithm is available in Appendix 3.7.2.

In order to determine when a new point should be added to the dictionary, a

linear independence test 1 is performed:

βτ`1 “ kpzτ`1, zτ`1q ´ kpZd, zτ`1q
TKpZd, Zdq

´1kpZd, zτ`1q. (3.4)

When βτ`1 is larger than a specified threshold βtol, then a new data point is added

to the dictionary. Otherwise, the weights ατ are updated, but the dimensionality of

ατ remains the same.

1 The linear independence test measures the length of the basis vector φpzτ`1q that is perpendicular
to the linear subspace spanned by the current bases.
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3.3 Off-Policy RL with a GP

As a slight abuse of notation, we let Q˚ represent the best possible representation of

the true Q-function given the data available. In GPQ, we model Q˚ as a GP with

mean function m˚ps, aq and positive semi-definite covariance kernel kprs, as, rs1, a1sq.

To do so, we place a zero mean Gaussian prior on Q, so Qps, aq „ N
`

0, kp¨, ¨q
˘

. Our

goal is to perform posterior inference using available information so that the current

estimate of the mean m̂ approaches the mean of Q˚. Let the current estimate of the

mean of the Q-function be Q̂ps, aq “ m̂ps, aq. Since samples of Q˚ are not available,

posterior inference needs to be performed using the best estimate of Q˚ at the current

time as:

Q̂pst, atq “ rpst, atq ` γmax
a1
pQ̂pst`1, a

1
qq. (3.5)

Essentially equation (3.5) provides a measurement model for generating GP samples.

That is every time when Q̂pst, atq is computed, tQ̂pst, atq, st, atu becomes a new

sample for updating the parameters of GPQ. It is worth mentioning that GPQ has

a close relation to Bayesian regression. In GPQ, the parameter ω2
n is viewed as

the variance of Gaussian measurement noise, which act as an regularization term.

It accounts for the fact that current measurements are not necessarily drawn from

the true model and therefore prevents our model from converging too quickly to an

incorrect estimate of Q˚. We will show that ω2
n plays a pivotal role in preventing

divergence.

3.4 GPQ Algorithm and Convergence Analysis

The update rule in (3.5) with a GP model can be applied both in batch setting and

online setting. batch setting means all sample are stored and reused for updating

the parameter of Q functions, whereas online setting refers to the case in which each

sample is used only once without storing. We briefly summarize the batch algorithm
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and its convergence property before presenting an practical online algorithm and its

convergence.

3.4.1 Batch GP-Fitted Q-Iteration

Using GPs and the update rule in Equation (3.5) in the batch setting gives us Al-

gorithm 1, which we call GP-FQI because it is a member of the Fitted Q-Iteration

family of algorithms. At each iteration, the values of the stored points are updated

based on the stored rewards and transitions as well as the previous iteration’s ap-

proximation of the Q-values, which is the form of Fitted Q-iteration.

Algorithm 1: Batch GPQ (GP-FQI)

1: Input: Experience tuples xs, a, r, s1y1...N
2: Output: A GP representing Q̂˚

3: Q̂Ð Initialized GP.
4: repeat
5: Q̂1 Ð Initialized GP.
6: for each experience tuple xs, a, r, s1yi do

7: yi “ ri ` γmaxb Q̂ps
1, bq

8: end for
9: Train Q̂ on all pxsi, aiy, yiq

10: Q̂ “ Q̂1

11: until The convergence condition is satisfied

Algorithm 2: Online GPQ

1: for for each time step τ do
2: Choose aτ from sτ , using ε-greedy exploration
3: Take action aτ , observe rτ , sτ`1

4: Let zτ “ xs, ay and yτ “ r ` γmaxb Q̂ps
1, bq

5: if βτ`1 ą βtol then
6: Add zτ to the BV set.
7: end if
8: Compute kzτ`1 and ατ`1 according to [34]
9: if |BV | ą Budget then

10: Delete zi P BV with lowest score according to [34]
11: end if
12: update Q̂pzτ`1q “

ř8

i“1 αikpzi, ¨q
13: end for

It has been shown that GP-FQI with no restrictions on its parameters may actu-

ally diverge (a result that has not been reported previously for GP RL), but we later
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Figure 3.1: The maximum error }Q̂´Q˚} is plotted for GP-FQI with insufficient regularization
ω2
n “ 0.1 and sufficient regularization ω2

n “ 1.

show how setting a single regularization parameter for the GP based on the other

input parameters will guarantee the convergence of GP-FQI.

Below, we prove that GP-FQI can diverge if the regularization parameter is not

properly set. However, we also prove that for any set of hyperparameters and desired

density of data, a proper regularization constant can be determined to ensure con-

vergence. We begin with a counter-example showing divergence in the batch setting

if ω2
n is insufficient, but show convergence when ω2

n is large enough.

Consider a system with three nodes located along the real line at locations

´1, 0,and 1. At each time step, the agent can move deterministically to any node

or remain at its current node. The reward associated with all actions is zero. All

algorithms are initialized with Q̂pzq “ 1@z, γ “ 0.9999, and we use a RBF kernel

with bandwidth σ “ 1 in all cases. We consider two settings of the regularization

parameter, ω2
n “ 0.1 and ω2

n “ 1. Figure 3.1 shows that when ω2
n is set too low, the

Bellman operation can produce divergence in the batch setting. If the regularization

is set to the higher value, GP-FQI converges. In the following sections, we show that

determining the sufficient regularization parameter ω2
n depends only on the density

of the data and the hyperparameters, not the initialization value of Q̂ or γ.

Let T denote the approximate Bellman operator that updates the mean of the

current estimate of the Q-function using the measurement model of (3.5), that is
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m̂k`1 “ Tm̂k, we argue that T is a contraction, so a fixed point exists. For a GP

model, we define the approximate Bellman operator in the batch case as training a

new GP with the observations yi “ rpsi, aiq ` γmaxb Q̂ps
1
i, bq at the input locations

zi “ psi, aiq.

The properties of Algorithm 1 can be summarized by the following theorems, the

proofs are discussed in [31].

Theorem 4. Given a GP with data Z of finite size N , and Mercer kernel that is

bounded above by kmax, there exists a finite regularization parameter ω2
n such that the

T is a contraction in the batch setting. In particular, ω2
n “ 2p}KpZ,Zq}8 ´ kmaxq ď

2N

Theorem 4 shows that in the case of finite data, a finite regularization term always

exists which guarantees convergence.

Theorem 5. Given a GP with infinite data generated using a sparse approximation

with acceptance tolerance βtol, and given a Mercer kernel function that decays expo-

nentially, there exists a finite regularization parameter ω2
n such that T is a contraction

in the batch setting.

Theorem 5 shows that for a GP with infinite data, a finite regularization term

also exists if the added data points (to the GP) exceed the linear independence test

βtol.

Theorem 5 provides a powerful insight into the convergence properties of GPs. As

the density of basis vectors increases or as the bandwidth of the kernel function grows,

corresponding to decreasing βtol, the basis vector weights αi becomes increasingly

correlated. As the weights become correlated, changing the weight at one basis

vector also changes the weights of nearby basis vectors. It is this sharing of weights

that can result in divergence, as seen in [8]. Theorem 5 shows that for a given
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βtol and kernel function, there exists a finite regularization parameter ω2
n that will

prevent divergence, however. This regularization technique can also be applied to

provide convergence guarantees for FQI using a linear function approximator. In

related work, [84] provides convergence guarantees for linear FQI using a similar

regularization technique solved using an optimization-based framework. In practice,

ω2
n does not have to be set very large to prevent divergence. Both Theorem 5 and

[84] consider worst case analysis, which generally is not encountered in practice. For

most applications, reasonable values of ω2
n P r0.01, 1s will prevent divergence.

Theorem 6. If the sparse GP algorithm is used, the error }ErQ̂´Q˚s} is uniformly,

ultimately bounded for the approximate Bellman operator.

Theorem 6 indicates the approximation error from using a sparse representation

of a GP versus a full GP is bounded. But it does not compute the bound exactly as

this depends on the topology of the space and kernel function. The expectation in

Theorem 6 is with respect to the difference between two GPs: Q̂ and Q˚.

3.4.2 Online learning with GPQ

In theory, GP-FQI provides a method with provable convergence, however the com-

putational requirements can be intense. In our empirical results, we employ several

approximations to GP-FQI to reduce the computational burden. We call this mod-

ified algorithm Online GPQ and display it in Algorithm 2. At each step of Online

GPQ, we take an action according to some policy π that ensures ergodicity of the

induced Markov chain, and observe the value yτ “ r`γmaxb Q̂τ ps
1, bq at location zτ .

The sparse online GP algorithm of [34] is used to determine whether or not to add a

new basis vector to the active bases set BV and then update the kernel weights. We

provide a set of sufficient conditions for convergence in the online case.
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Theorem 7. For an ergodic sample obtaining policy π, and for each active ba-

sis set, a sufficient condition for convergence of m̂pztq Ñ m˚pztq as t Ñ 8 on-

line GPQ is Eπ
“

Ctktk
T
t `K

´1
t ktk

T
t

‰

ě γEπ
“

Ctktk
α
t `K

´1
t ktk

α
t

‰

, where kαt αt “

maxa1pk
T pxt`1, a

1qqαt.

Here, Ct is a negative definite and K´1
t is a positive definite matrix related to

the posterior and the prior covariance explained in [34]. These sufficient conditions

for convergence are less restrictive than [89] for Q-learning. The proof style follows

closely to that of [89]. The details are discussed in [32] and attached in Appen-

dex 3.7.3.

It should be noted that while the convergence results presented here are signifi-

cant because no such results have been available before, these results only guarantee

the asymptotic convergence of the Q function to the approximate Bellman oper-

ator’s fixed point, within the projection of the selected bases. Which means the

algorithm will eventually converge, yet no guarantees on the rate of convergence are

provided here. Such guarantees are expected to depend on the choice of the explo-

ration scheme, the algorithm’s eventual selection of bases, and the rate at which the

predictive variance decreases.

3.4.3 Optimistic Exploration for GPQ

The Online GPQ algorithm above used an ε-greedy exploration strategy, which may

not collect samples in an efficient manner. We now consider a more targeted explo-

ration heuristic facilitated by the GP representation. Others have considered similar

heuristics based on information theory [33]. Here we use a simpler strategy based on

the “optimism in the face of uncertainty” principle, which has been a cornerstone of

efficient exploration algorithms (e.g. [131]).

In the discrete-state case, optimistic value functions can be maintained by ini-

tializing Q-values to Rmax{p1 ´ γq and performing updates that maintain optimism
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until the values are nearly accurate. Pairing this over-estimate with greedy action

selection causes the agent to explore areas of the state space that may yield higher

long-term values, but not at the expense of “known” areas which have higher values

grounded in real data. We propose using the upper confidence tails from the GP as

an optimistic value function. Specifically, for any point xs, ay, the GP will report an

upper confidence tail of mpsq ` 2Σpsτ`1q where m and Σ are defined in Section 3.2.

We modify GPQ to use these optimistic estimates in two ways: change value used in

GP update to Q̂psi, aiq “ rpsiq ` γmaxarQ̂psi`1, aq ` 2Σps, aqs, always take actions

that are greedy with respect to the upper confidence tail.

The first change uses the upper tail of the next state’s Q-value in the Bellman

update to maintain optimism of the value function and is reminiscent of the backups

performed in Model-Based Interval Estimation [131]. The second change makes the

algorithm select greedy actions with respect to an optimistic Q-function.

A degree of caution needs to be used when employing this optimistic strategy

because of potentially slow convergence rates for GPQ when large amounts of data

has been collected. Once a large amount of data has been collected at a certain

point, the confidence interval at that location can converge before GPQ has centered

the mean around the true Q-value. These temporarily incorrect Q-values will still

be optimistic and encourage exploration, but it may take a large amount of time

for these points to converge to their true values, meaning this technique is prone

to over -exploration. However, in many of our empirical tests, this variance-based

exploration significantly outperformed ε-greedy exploration.

3.5 Experiments

Our experiments cover three domains, a discrete 5 ˆ 5 Gridworld, a continuous

state Inverted Pendulum (see [73]), and continuous state Puddle-World [20]. Specific

details of the domains are listed in Appendix 3.7.1. These domains pose increas-
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ingly more difficult challenges to GPQ when choosing basis points. The algorithms

compared in each domain include the two variants of Online GPQ (ε-greedy and

optimistic), both using a budgeting scheme [34]. We also implemented a tabular

Q-learner (QL-Tab) using discretization, Q-learning with fixed-basis linear function

approximation (QL-FB), and the GQ algorithm [87]. We chose these algorithms

because they are each off-policy and model-free online approaches for dealing with

continuous state spaces. We report results for the best case parameter settings (see

Appendix 3.7.1) of 1) the learning rate (QL-tab, FA-FB, GQ), 2) the exploration

rate (QL-tab, FA-FB, GQ, GPQ-ε-greedy), 3) bandwidth of kernel (FA-FB, GQ,

GPQ), 4) the position of kernels (GQ, FA-FB, GPQ) and 5) the number of kernels

(quantization level for QL-tab). After cross-validation, the policy learned from all

these methods for the three domains are evaluated based on discounted cumulative

reward averaged over 20 independent runs and are shown in Figure 3.2.

The Gridworld consisted of 25 cells, noisy transitions, and a goal reward of 1 (step

reward of 0). While all of the algorithms find the optimal policy, the GPQ based

methods converge much faster by quickly identifying important areas for basis points.

We also see that optimistic exploration using the GP’s variance is advantageous, as

the algorithm very quickly uncovers the optimal policy.

Figure 3.2: Average sum of discounted rewards for the experimental domains. The GQ and the
QL variants are given more information because their bases are specified a priori, yet GPQ is able
to reach comparable performance (often faster) while choosing its own basis functions.

The Inverted Pendulum is a continuous 2-dimensional environment with the re-
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ward defined as the difference between the absolute value of the angle for two con-

secutive states. Again, GPQ quickly finds adequate bases and converges to a near

optimal policy while GQ requires more samples. Q-learning with fixed bases and

a tabular representation achieve adequate policies as well but require thousands of

more samples. Optimistic exploration is not as helpful in this domain since the pen-

dulum usually starts near the goal so targeted exploration is not required to find the

goal region. Additional graphs in the appendix show that optimistic exploration is

beneficial for certain parameter settings. The graphs in the appendix also demon-

strate that GPQ methods are more resilient against small quantizations (budgets)

because they are able to select their own bases, while GPQ and QL-FB are far more

sensitive to the number and placement of bases.

Finally, we performed experiments in the Puddle-World domain, a continuous

2-dimensional environment with Gaussian transition noise and a high-cost puddle

between the agent and the goal. Because of the large range of values around the

puddle, basis placement is more challenging here than in the other domains and

GPQ sometimes converges to a cautious (puddle adverse) policy. Multiple lines are

shown for QL-FB and GQ, depicting their best and worst case in terms of parameter

settings, as they were extremely sensitive to these settings in this domain. While

the best case versions of GQ and QL-FB reached better policies than GPQ, in the

worst case, their Q-values appear to diverge. While this is not immediately evident

from the discounted-reward graph, an additional graph in the appendix shows the

average steps to the goal, which more clearly illustrates this divergence. While GQ

has convergence guarantees when data comes from a fixed policy, those conditions

are violated here, hence the potential for divergence. In summary, while very careful

selection of parameters for QL-FB and GQ leads to slightly better performance, GPQ

performs almost as well as their best case with less information (since it does not

need the bases a priori) and far outperforms their worst-case results.
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3.6 Discussion

We presented a nonparametric Bayesian framework (GPQ) for model-free off-policy

RL. GPQ uses GPs to approximate the value function and allows features to be au-

tomatically adjusted based on data. We presented algorithms using this framework

in the batch and online case and provided sufficient conditions for their convergence.

Recognizing that GP’s predictive variance provides a measure of uncertainty of the

predicted value, we designed an principled exploration strategy for the online case by

by using GP’s prediction confidence, which is a function of the predictive variance.

Moreover, A GP sparsification technique is implemented based on linearly indepen-

dence test, and is adapted into the online GPQ framework. Hence, our online GPQ

algorithm enjoys bounded memory and significant reduced computational complex-

ity, and is able to balance exploration and exploitation in a principled way. Our

empirical results show that GP’s representational power and our efficient algorithm

design allows GPQ to perform as well or better than other off-policy RL algorithms.

3.7 Appendix

3.7.1 Details of Empirical Results

Our experiments cover three domains, a discrete 5 ˆ 5 Gridworld, a continuous

state Inverted Pendulum (similar to [73]), and continuous state Puddle-World [20].

The Gridworld consisted of 25 cells with the agent always starting in the lower-left

corner, a 0 step cost, and a goal state in the upper-right corner with reward 1 and

γ “ 0.9. Transitions were noisy with a .1 probability of the agent staying in its

current location.
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Figure 3.3: The performance of GPQ with ε-greedy exploration on Baird’s counterexample (the
“Star” problem) which can cause divergence with fixed-basis linear function approximation.

We also performed experiments on the Inverted Pendulum, a continuous 2D en-

vironment with three actions: applying forces of ´50, 0, or 50 Newtons. The goal is

to balance the pendulum upright within a threshold of p´π{2, π{2q and the reward is

defined as the difference between the absolute value of the angle for two consecutive

states.

The Puddle-World domain is a continuous 2-dimensional environment with an

agent moving in the four compass directions and Gaussian noise added to its move-

ments. The initial state is at the bottom left of the domain and the goal region is

near the top-right corner. The goal region and puddle placement follows the descrip-

tion of [20]. The ”puddle” (which is really two overlapping puddles) between the

agent and the goal causes negative reward proportional to the agent’s distance to

the center of each puddle. Steps outside of the puddle cause a reward of ´1 except

at the goal where the reward is 0.

The results are influenced by several parameters, including 1) the learning rate

(QL-tab, FA-FB, GQ), 2) the exploration rate (QL-tab, FA-FB, GQ, GPQ-ε-greedy),

3) bandwidth of kernel (FA-FB, GQ, GPQ), 4) the position of kernels (GQ, FA-FB,

GPQ) and 5) the number of kernels (quantization level for QL-tab). The learning

rate is set as 0.5{tα with α P t0.1, 0.3, 0.5u, the exploration rate is set according to
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1{tβ with β P t0.1, 0.3, 0.5u. For Gridworld the kernel budget is 25; for Inverted

Pendulum, the budget is chosen from t36, 100u and for Puddle World we use budgets

from t100, 400u. The quantization level for tabular Q-Learning is set the same as the

budget for those function approximation methods. For each of the algorithms, the

best combination of parameter settings was used for the figures in the main paper.

The following experiments from the Inverted Pendulum domain show the ro-

bustness of GPQ against changes in the quantization (budgeting) level and also the

sensitivity of the fixed basis methods to the number of basis points. Figure 3.4

demonstrates that GPQ methods are more resilient against small budgets because

they are able to select their own bases, while GPQ and QL-FB are far more volatile.

These graphs also show that optimistic exploration is beneficial for certain parameter

settings.

Figure 3.4: The performance for Inverted Pendulum under different budget (quantization levels),
36 (left) and 100 (right). GPQ is not sensitive to the quantization level because it selects its
own bases, while the quantization level impacts the other algorithms significantly. For example,
with higher a quantization level GQ converges slowly, and with a lower quantization level QL-tab
performances poorly.
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The graphs evaluating performance in Puddle World in Figure 3.2(c) include an

additional graph plotted in Figure 3.5 that shows the average steps to the goal, which

more clearly illustrates the divergence of GQ and QL-FB. The divergence in these

worst cases is caused by having many bases (ą 100) with overlapping bandwidths

(ą .05). In contrast, a smaller number of bases with the same small bandwidth

actually produces the best performances for these algorithms, because weights are

updated almost independently. Figure 3.6 elaborates on this sensitivity by showing

the performance of all the algorithm under different budget (quantization) constraints

with all other parameters fixed. We see GQ and QL-FB are very sensitive to the

budget, and QL-tab is sensitive to the quantization level, while GPQ is relatively

stable. In summary, while very careful selection of parameters for QL-FB and GQ

leads to slightly better performance, GPQ performs almost as well as their best case

with less information (since it does not need the bases a priori) and far outperforms

their worst-case results.

Figure 3.5: The performance of the algorithms in Puddleworld. The bandwidth is set to be 0.1
for the basis function in all methods. The number of basis (budget) is set to be 400. FA-FB and
GQ diverge when the bases are placed uniformly over the state space.
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Figure 3.6: The performance for Puddleworld under different budget (quantization levels).

3.7.2 Sequential GP Updates

Performing batch prediction using GPs requires the inversion of a matrix that scales

with the size of the data. Inverting this matrix at every iteration is computationally

taxing, and many sparsification schemes have been proposed to reduce this burden

[34, 126, 74]. In this paper, we use the sparsification method used in [34], which

allows for sequential updates. The sparsification algorithm in [34] works by build-

ing a dictionary of basis points that adequately describe the input domain without

including a basis point at the location of every observed data points.

Given a dictionary of bases, Zd, the prediction and covariance equations are

computed as,

mpzτ`1q “ αTt kpZd, zτ`1q (3.6)

Σpzτ`1q “ kpzτ`1, zτ`1q ` k
T
pZd, zτ`1qCtkpZd, zτ`1q (3.7)

where C “ ´pK ` ω2Iq´1, i.e. C is the negative of the inverse of the regular-

ized covariance matrix which is computed recursively. A natural and simple way to

determine whether to add a new point to the subspace is to check how well it is

approximated by the elements in Z. This is known as the kernel linear independence

test [34], and has deep connections to reproducing kernel Hilbert spaces (RKHS)

[116]. The linear independence test measures the length of the basis vector φpzτ`1q
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that is perpendicular to the linear subspace spanned by the current bases. For GPs,

the linear independence test is computed as

βτ`1 “ kpzτ`1, zτ`1q ´ kpZd, zτ`1q
TKpZd, Zdq

´1kpZd, zτ`1q. (3.8)

When βτ`1 is larger than a specified threshold εtol, then a new data point should

be added to the dictionary. Otherwise, the associated weights ατ are updated, but

the dimensionality of ατ remains the same. When incorporating a new data point

into the GP model, the inverse kernel matrix and weights can be recomputed with a

rank-1 update. To compute the updates in an online fashion, first define the scalar

quantities

qpτ`1q
“

y ´ αTτ kxτ
ω2
n ` k

T pZd, zτ`1qCtkpZd, zτ`1q ` kpzτ , zτ q
, (3.9)

rpτ`1q
“ ´

1

ω2
n ` k

T pZd, zτ`1qCtkpZd, zτ`1q ` kpzτ , zτ q
, (3.10)

Let eτ`1 be the pτ`1q coordinate vector, and let Tτ`1p¨q and Uτ`1p¨q denote operators

that extend a τ -dimensional vector and matrix to a pτ`1q vector and pτ`1qˆpτ`1q

matrix by appending zeros to them, respectively. The GP parameters can be solved

recursively by using the equations

ατ`1 “ Tτ`1pατ q ` q
pτ`1qsτ`1,

Cτ`1 “ Uτ`1pCτ q ` r
pτ`1qsτ`1s

T
τ`1,

sτ`1 “ Tτ`1pCτkxτ`1q ` eτ`1.

(3.11)

The inverse of the matrix KpZ,Zq, denoted by P , needed to solve for γτ`1 is updated

online through the equation

Pτ`1 “ Uτ`1pPτ q ` γ
´1
τ`1 pTτ`1pêτ`1q ´ eτ`1q pTτ`1pêτ`1q ´ eτ`1q

T (3.12)

where êτ`1 :“ Pτkpzτ`1, Zdq
T . In order to maintain a dictionary of fixed size, many

point deletion criterion can be used [34]. Alternatively, [40] shows that if data is
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drawn from a Banach space and if εtol ą 0, then the number of points added to the

dictionary will always be finite. If points are not deleted from the dictionary, the

approximation error can be bounded analytically. In this paper, we consider a sparse

representation of GPs without deletion of dictionary elements in order to facilitate

analysis. Empirically, we have found that maintaining a fixed budget size does not

significantly decrease performance.

3.7.3 Proof of Theorem 7

In the following we present a sufficient condition for convergence of online GPQ (see

Section 4.1). The main idea is to show that the mean of the GP estimate of the

Q-function, m̂, converges to the mean m˚. Note that m˚pzq “ kT pZ, zqα˚, where α˚

is the unique minimizer of the regularized least squares cost function
ř

t }Q
˚pztq ´

kT pZ, ztqα
˚}2. For ease of exposition, we define the following notation: kpZt, ztq “ kt,

Kt “ KpZt, Ztq, and kαt αt “ maxa1pk
T pxt`1, a

1qqαt. Similar to proofs of other online

RL algorithms, including TD learning ([145] and Q-learning [89], an ODE approach

is used to establish stability [12]. The update in (3.11) is rewritten here for the case

when the active basis set is fixed, that is, when βt ď βtol

ατ`1 “ ατ ` ζτq
pτ`1q

psτ`1q,

Cτ`1 “ pCτ q ` ζτr
pτ`1qsτ`1s

T
τ`1,

sτ`1 “ pCτkxτ`1q.

(3.13)

where ŝt`1 “ Ctkt`1 `K
´1
t kt`1 and ζτ is a decreasing sequence with

ř

τ ζτ “ 8.

Theorem 4. For an ergodic sample obtaining policy π, and for each active basis set

BV, a sufficient condition for convergence with probability 1 of m̂pztq Ñ m˚pztq as

t Ñ 8 when using the online sparse GP algorithm of (3.13) with the measurement

model Q̂ in (3) of the main paper is

Eπ
“

Ctktk
T
t `K

´1
t ktk

T
t

‰

ě γE
“

Ctktk
α
t `K

´1
t ktk

α
t

‰

. (3.14)
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Proof. Ensuring that assumptions required for Theorem 17 of [12] hold, the following

ODE representation of the α update equation of 3.13 exists:

9αptq “ Eπ rqtSts . (3.15)

In the following it is shown that α Ñ α˚ for each active basis set. Let α̃ “ α ´ α˚

and consider the continuously differentiable function V pα̃q “ 1
2
α̃t
T α̃t. V pα̃tq ą 0 for

all α̃t ‰ 0, therefore, V is a Lyapunov like candidate function [49, 67]. The first

derivative of V along the trajectories of αptq is

9V pα̃q “ α̃Tt Eπ
„

pCtkt `K
´1
t ktq

σ2
x

prt ` γkαt αt ´ kTt αtq



, (3.16)

where we have set σ2
x “ ω2

n`kT pZ, zqCtkpZ, z
1q`kpz, z1q for notational convenience.

Note that m˚pzq “ kT pZ, zqα˚, and add and subtract kTt α
˚ we have

9V pα̃q “ ´α̃Tt Eπ
„

pCtkt `K
´1
t ktq

σ2
x

kTt α̃ ` α̃
TEπp

pCtkt `K
´1
t ktq

σ2
x

qprt ` γkαt αt ´ kTt α
˚
t q



.

(3.17)

Adding and subtracting γkal
˚

t α˚, noting that kal
˚

t α˚ ě kαα˚, and m˚
t “ rt ` kα

˚

α˚

due to the Bellman equation, we have

9V pα̃q “ ´α̃Tt Eπ
„

pCtkt `K
´1
t ktq

σ2
x

kTt ´ γ
pCtkt `K

´1
t ktq

σ2
x

kαt



α̃. (3.18)

Hence, if the condition in (3.14) is satisfied, 9V pα̃q ă 0 and α Ñ α˚ w.p. 1 for each

active basis set.

The argument above can be extended to show that mpzq Ñ m˚pzq even as new

bases are added to the active basis set. To see this, let k be the time instant when

a new basis is added and let α˚k`1 be the associated ideal weight vector. Note that

the nature of the sparse GP algorithm ensures that k ` 1 ě k `∆T with ∆T ą 0.

If ∆T is sufficiently large such that EπpV pα˚k`1q ´ V pα
˚
kqq ă 0 then the convergence

is uniform across all bases.

71



4

Online Expectation Maximization for
Reinforcement Learning in POMDPs

4.1 Overview

Because of its conciseness and approximation power, finite-state controllers (FSCs)

have been a dominant policy representation for infinite-horizon POMDPs. Under

reinforcement learning settings, early work learns FSCs using stochastic gradient

descent [92, 1]. Recently, it has been shown in [76] that expectation maximization

(EM), a popular algorithm in statistics [37], provides an effective tool for learning a

family of policies that include FSCs as a special case. The policies considered in [76],

collectively referred to as regionalized policy representation (RPR), treat belief-state

as a latent random variable and integrate it out to yield a marginalized policy that

is expressed as a probability distribution of the current action conditional on the

history of past actions and observations. The RPR is a general form of FSC, where

each internal memory unit (called a decision state in the RPR and a machine node

in the FSC) is associated with a distribution of actions, instead of a single action;

as a result, the transition from unit z to unit z1 depends jointly on the action at z
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and the observation at z1, instead of on the observation only. The action-dependency

reflects the inherent uncertainty of the action choice in each belief region, which, as

discussed in depth in [128], cannot be resolved unless the policy is finite transient,

in which case the RPR specializes to a FSC.

Given batch data DpKq, a local optimal RPR can be learned by nested expectation

maximization [76], where the outer-loop EM evaluates the policy in the E-step and

improves the policy in the M-step, and the inner-loop EM realizes the outer-loop

M-step. It is noteworthy that the nested EM maximizes a value function, which

cannot be interpreted as a probability of the observed variables as in the case of

a likelihood function. The nested EM is better interpreted as a consequence of the

policy improvement theorem of a POMDP [17]. As detailed in [76](pages 1140-1143),

the outer-loop E-step re-computes the immediate rewards such that a discounted

sum of the new rewards, averaged over the episodes, represents the value of the

current policy; in addition, the inner-loop EM updates the policy by maximizing the

weighted log-likelihood function of a cost-sensitive hidden Markov model, with the

weights constituted by the recomputed new rewards. The weighted log-likelihood

function corresponds to the logarithm of the action-value function in [Blackwell,

1965], parameterized by the RPR and averaged over all belief points, and the average

value is maximized by the inner-loop EM to yield an improved policy.

The RPR has been introduced in [76] as a tool for multi-task RL across multiple

POMDPs. Subsequent work has focused on using the RPR for reinforcement learn-

ing in a single POMDP [Cai et al., 2009; Liu et al., 2011]. All previous work assumes

batch-mode learning, updating the policy based on the entire set of experiences col-

lected so far. Consequently, as new experiences arrive sequentially, the computational

cost and memory demand increase fast. To reduce the time and memory complexity

of learning an RPR, in this chapter, we proposed an online nested expectation max-

imization for learning the FSCs which is the parameter of RPR. The major change
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from the batch-mode EM is that the policy is updated each time based on a partial

policy evaluation, with only the latest episode of agent-environment interaction used

in the outer-loop E-step and inner-loop Estep. Therefore each episodes contribution

to the sufficient statistics is computed only when the episode is new, instead of com-

puted repeatedly when each subsequent episode comes in; this makes the E-steps

computationally more efficient. Furthermore, as each episode is used only when it is

new, the algorithm need only memorize the latest episode, discarding all older ones,

leading to tremendous memory savings.

4.2 Batch-mode Expectation Maximization

Before presenting the online Expectation and Maximization algorithm, we first review

the batch-model EM algorithm in [76], The solution produced by the EM algorithm

in [76] is re-stated in Theorem 5.

Theorem 5. Let tΘnuně0 be a sequence produced by the iterative update Θn`1 “

arg max Θ̂PΞ LBpΘ̂|Θnq, where Θ0 is an arbitrary initialization and Ξ “
!

Θ “ pµ, π,W q :

ř|Z|
j“1 µj “ 1,

ř|A|
a“1 π

i
a “ 1,

ř|Z|
j“1W

iao
j “ 1, i “ 1, 2, ¨ ¨ ¨ , |Z|, a “ 1, 2, ¨ ¨ ¨ , |A|, o “

1, 2, ¨ ¨ ¨ , |O|
)

,

LBpΘ̂|Θnq “
1

K

K
ÿ

k“1

Tk
ÿ

t“0

νkt

#

|Z|
ÿ

i“1

φkt,0piq ln µ̂i

`

t
ÿ

τ“0

„ |Z|
ÿ

i“1

φkt,τ piq ln π̂iakτ`

|Z|
ÿ

i,j“1

ξkt,τ pi, jq ln Ŵ
j,akτ´1,o

k
τ

i



+

,

νkt “
γtrkt ppa

k
0:t|o

k
1:t,Θnq

śt
τ“0 p

Πpakτ |h
k
τ qV̂ pDpKq; Θnq

, @ t, k, (4.1)

ξkt,τ pi, jq “ ppzkτ “ i, zkτ`1 “ j|ak0:t, o
k
1:t,Θnq, (4.2)

φkt,τ piq “ ppzkτ “ i|ak0:t, o
k
1:t,Θnq, (4.3)
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then tΘnuně0 monotonically increases LB, until convergence to a maxima.

LB is derived from the lower bound of log value function(2.45). The quantity νkt

in (11) is the re-computed reward at time t in episode k; it represents the expected

reward of following policy Θn, and is computed in the outer-loop E-step. The quali-

ties in (12)-(13) are standard soft counts resulting from the Baum-Welch formula for

learning an HMM [114], and they are computed in the inner-loop E-step.

4.3 Online Nested Expectation Maximization

To prepare for the online EM algorithm, we rewrite the local objective in Theorem

5 equivalently as

LBpΘ̂|Θnq “
1

K

|Z|
ÿ

i“1

υi ln µ̂i `
1

K

|Z|
ÿ

i“1

|A|
ÿ

a“1

ρia ln π̂ia `
1

K

|A|
ÿ

a“1

|O|
ÿ

o“1

|Z|
ÿ

i“1

|Z|
ÿ

j“1

ωiaoj ln Ŵ iao
j , (4.4)

where, for any i, j P t1, ¨ ¨ ¨ , |Z|u, a P t1, ¨ ¨ ¨ , |A|u, and o P t1, ¨ ¨ ¨ , |O|u,

υi“
1

K

K
ÿ

k“1

Tk
ÿ

t“0

νkt φ
k
t,0piq, (4.5)

ρia“
1

K

K
ÿ

k“1

Tk
ÿ

t“0

νkt

t
ÿ

τ“0

φkt,τ piq δpa
k
τ , aq, (4.6)

ωiaoj “
1

K

K
ÿ

k“1

Tk
ÿ

t“0

νkt

t´1
ÿ

τ“1

ξkt,τ pi, jq δpa
k
τ , aq δpo

k
τ`1, oq,

(4.7)

and δpa, bq “

"

1, a “ b
0, a ‰ b

. Since ν’s are normalized and φ’s and ξ’s are proba-

bilities, the quantities tυ, ρ, ωu are all bounded.

75



The constrained maximization max Θ̂PΞ LBpΘ̂|Θnq has a unique solution given by

µ̂i“
υi

ř|Z|
i“1 υi

, π̂ia“
ρia

ř|A|
a“1 ρ

i
a

, Ŵ iao
j “

ωiaoj
ř|Z|
j“1 ω

iao
j

, (4.8)

for i, j “ 1, 2, ¨ ¨ ¨ , |Z|, a “ 1, ¨ ¨ ¨ , |A|, and o “ 1, ¨ ¨ ¨ , |O|. Define

fpΘ̂; υ, ρ, ωq
Def.
“ LBpΘ̂|Θnq ` p1´

ř|Z|
i“1 µiq

ř|Z|
i“1 υi `

ř|Z|
i“1p1´

ř|A|
a“1 π̂

i
aq
ř|A|
a“1 ρ

i
a

`
ř|A|
a“1

ř|O|
o“1

ř|Z|
i“1p1´

ř|Z|
j“1 Ŵ

iao
j q

ř|Z|
j“1 ω

iao
j . (4.9)

One may verify that fpΘ̂; υ, ρ, ωq has a unique stationary point that is equal to Θ̂ as

given in (4.8).

Let θ “ rµ,π,wsT and s “ rυ,ρ,ωsT , with the definitions µ “ rµisi“1:|Z|, π “

rπiasa“1:|A|,i“1:|Z|, w “ rW iao
j sj“1:|Z|,i“1:|Z|,a“1:|A|,o“1:|O|, and similarly υ “ rυisi“1:|Z|,

ρ “ rρiasa“1:|A|,i“1:|Z|, ω “ rωiaoj sj“1:|Z|,i“1:|Z|,a“1:|A|,o“1:|O|, where the elements in a

vectorization are arranged by following a left-to-right order in sorting the indices.

For example, rπiasa“1:|A|,i“1:|Z| “ rπ
1
1, ¨ ¨ ¨ , π

1
|A|, ¨ ¨ ¨ , π

|Z|
1 , ¨ ¨ ¨ , π

|Z|
|A|s.

Define C “ diagpCµ,Cπ,CW q, where Cµ is a |Z| ˆ |Z| matrix of ones, Cπ “

diagtpCi
πqi“1:|Z|u with Ci

π a |A| ˆ |A| matrix of ones, and

CW “ diagtpCiao
W qi“1:|Z|,a“1:|A|,o“1:|O|u

with Ci
W a |Z| ˆ |Z| matrix of ones. By construction, C is a block-diagonal ma-

trix with each block a matrix of all ones, and each block is associated with the

corresponding sub-vector in θ whose elements sum up to one.

Let lnpθq denote a vector resulting from element-wise application of the natural

logarithm to θ. Define

ψpθq “ lnθ ´Cθ. (4.10)

Then one can rewrite (4.9) as

fpθ̂; sq “ sTψpθ̂q, (4.11)
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and the solution in (4.8) is obtained by solving the equation ∇θ̂fpθ̂; sq “ 0 or

equivalently ∇θ̂ψT pθ̂qs “ 0, where ∇θ denotes the gradient with respect to θ.

Using the vectorized notation, one can restate the EM algorithm in Theorem 5

as:

Outer- and/or inner-loop E-steps: Update s “ spDpKq,θn´1q using (6.5) - (6.8)

and (4.5)-(4.7).

Inner-loop M-step: Solve the equation ∇θψT pθqs
ˇ

ˇ

θ“θn
“ 0 for θn.

We have written s “ spDpKq,θn´1q to emphasize that the sufficient statistic s is

a function of the previous parameter vector θn´1 and episodes DpKq. Note that the

constraint pΘ P Ξ in Theorem 5 has been accounted for in (4.9) and (4.11).

To see the possibility of an online version of the EM algorithm, we note from

(6.5) - (6.8), the sufficient statistic is a sum over the episodes, and therefore one can

write

spDpnq,θn´1q “
1

n

řn
k“1spεk,θn´1q, (4.12)

where spεk,θn´1q, a vector collecting only the terms with index k in (6.5) - (6.8),

represents the contribution from εk and Dpnq “ tε1, ε2, ¨ ¨ ¨ , εnu are episodes coming

in sequentially.

The online EM algorithm employs a noisy (indicated by the hat above s) version

of true sufficient statistic in (4.12),

ŝpDpnq,θn´1q “
řn
k“1βkspεk,θk´1q, (4.13)

where βk “ αk
śn

j“k`1p1 ´ αjq, and t0 ď αk ď 1unk“1 referred to as learning rates,

discount the contribution from each episode, with earlier giving greater discounts

because they are computed using earlier versions of θ and are thus less accurate.
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One can equivalently write (4.13) as

ŝpDpnq,θn´1q “ ŝn, (4.14)

with the recursive definition

ŝk “ p1´ αkqŝk´1 ` αkspεk,θk´1q, k “ 1, 2, ¨ ¨ ¨ , n (4.15)

The online nested EM algorithm processes the episodes on the fly, and removes

an episode from the memory once its contribution to the sufficient statistic has

been recorded using (4.15). The contribution from the k-th episode, spεk,θk´1q, is

computed using (6.5) - (6.8) and (4.5)-(4.7), considering only the terms with index k.

Recalling that (6.5) constitutes the outer-loop E-step and (6.9) - (6.8) the inner-loop

E-step, one need only compute (6.5) very δn iterations of the inner-loop EM, where

δn may be determined by the convergence of the inner-loop EM. When n is small,

however, the sufficient statistics is very noisy, and in this case it is preferable to

run only a few iterations for both the outer-loop EM and inner-loop EM, to prevent

premature convergence. The RPR parameter vector is updated in the inner-loop

M-step, as the solution to

∇θψT
pθqŝn “ 0. (4.16)

The solution, given in closed-form in (4.8), is essentially a set of normalized sub-

vectors of the sufficient statistic.

The complete online algorithm is given in Algorithm 3. The algorithm performs

on-policy learning ([132]), where the agent learns the RPR while using it to choose

actions in collecting experiences. In order to achieve a balance between exploration

and exploitation, the behavior policy used in the algorithm, Πn, is a mixture of two

experts , i.e.,

pπnpa|hq “ ppy “ 0|hqppa|h,Θnq ` ppy “ 1|hq{|A|, @h,
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where the first expert, ppa|h,Θnq, is the RPR policy as given by (2.43), the second

is a random policy, and the gating network ppy|hq is learned, along with the EM

algorithm, using the dual-policy approach described in [25]. The behavior policy

used here generalizes the ε´ greedy policy [132] in such a sense that the probability

of choosing random action is not a constant ε; rather, it depends on the history of

past actions and observations.

Algorithm 3: The online nested EM algorithm for RPR

Initialize n “ 0, α0 ! 1, ŝ “ 0, Π0 as random policy, ;

while Pe “ Erppy “ 1|hqs ă ε do
Step 1: collect the n-th episode Dn following Πn´1;

Step 2: (outer-loop E-step) recompute rewards with (4.1).;

while inner-loop EM not convergent do
Step 3-1 (inner-loop E-step) compute (4.2)-(4.3);

Step 3-2 update the sufficient statistic using (4.15).;

Step 3-3 (inner-loop M-step) update the RPR with (4.8).;
Step 3-4 (exploitation-exploration balance) update Πn (the gating
network) using the method in [25].

end
Step 4: adjust learning rate αn Step 5: increase pointer n :“ n` 1

end

Algorithm 4: The online EM algorithm for RPR with a fixed behavior policy

while V̂ pDpnq;θnq not converging do
Step 1: collect the n-th episode Dn following a fixed behavior policy Π;
Step 2 (E-step): evaluate the value of Dn and update the sufficient statistics
as in (4.15);

Step 3 (M-step): update the primary RPR parameters by solving (4.16);

Step 4: n “ n` 1, adjust learning rate αn;
end while

4.3.1 Time and Memory Complexity

The batch-mode EM algorithm has a time complexity ofO
`

|A||O||Z|2 řn
m“1

řm
k“1 T

2
k

˘

when there is a nonzero reward at every step in an episode (dense reward), or
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O
`

|A||O||Z|2 řn
m“1

řm
k“1 Tk

˘

when nonzero reward is received only at the terminal

step in each episode.

In comparison, the proposed online EM algorithm has a time complexity of

O
`

|A||O||Z|2 řn
k“1 T

2
k

˘

in the densely-rewarded case, and O
`

|A||O||Z|2 řn
k“1 Tk

˘

in

the terminally-rewarded case.

When all episodes have the same number of steps, say T , the complexity of batch-

mode EM becomes O
`

|A||O||Z|2T 2n2
˘

in the case of dense rewards and O
`

|A||O||Z|2

Tn2
˘

in the case of terminal rewards, while the complexity of online EM isO
`

|A||O||Z|2

T 2n
˘

and O
`

|A||O||Z|2Tn
˘

, in the two respective cases.

Therefore, the accumulative learning time, as a function of the number of episodes,

is approximately on the order of O
`

n2
˘

for batch-mode EM, while it is approximately

on the order of O
`

n
˘

for online EM.

The batch algorithm stores all episodes, and thus it has an memory complexity

of Opnq. The online algorithm stores only the latest episode; its memory complexity

is Op1q.

4.3.2 Convergence Analysis

The convergence of the online algorithm depends on the asymptotic behavior of the

noisy sufficient statistic in (4.15). If ŝn approaches to the accurate (noise-free) suffi-

cient statistic spD8,θnq as n is sufficiently large, the online algorithm converges to

the batch-mode solution after n iterations; thus, the online algorithm also converges

to the optimal RPR, considering that the batch-mode solution gives the optimal RPR

when the number of episodes is sufficiently large (see the discussion below Definition

2.44).

We have mentioned below Definition 13 that limKÑ8 V̂ pDpKq; Θq is the true value

function, and its maximization gives the optimal RPR. Therefore spDp8q,θq repre-

sents the accurate (noise-free) sufficient statistic computed by θ using all available
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episodes. In other word, for any θ, spDp8q,θq is the best sufficient statistic one would

get in batch-mode learning.

The goal of our convergence analysis is to show that ŝn approaches spDp8q,θnq

as n is sufficiently large. With this holding true, the online EM iteration between

(4.15) and (4.16) converges to the batch-mode solution after n iterations.

We begin the analysis by rewriting the recursion in (4.15) as

ŝn`1 “ ŝn ` αn`1pspεn`1,θnq ´ ŝnq “ ŝn ` αn`1pgpŝnq ` en`1q, (4.17)

where

gpŝnq
def.
“ spDp8q, θ̂pŝnqq ´ ŝn, (4.18)

is the bias, and

en`1
def.
“ spεn`1,θnq ´ spDp8q, θ̂pŝnqq (4.19)

is a noise sequence. Let

∆
def.
“ ts : gpsq “ 0u. (4.20)

With gpsq defined in (4.18), limnÑ8 ŝn“ spDp8q,θnq if and only if

lim
nÑ8

distpŝn,∆q “ 0.

Definition 6. S “ ts “ spDpKq,θq : θ P Ξ, K ě 1u, where Ξ is defined in Theorem

5.

Since νkt ď 1 and Tk ă 8, }s} ă 8 holds for any s P S, by (4.5)-(4.7), and

therefore, }en} ă 8, @n, by (4.19).

The main result of our analysis is stated in Theorem 9, the proof of which is

based on the following two lemmas. The lemmas are proven in the appendix of this

chapter.

Lemma 7. Define

lpsq
def.
“ ´rψpθ̂psqqsTspDp8q, θ̂pŝnqq. (4.21)

Then gT psq∇slpsq ď 0.
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Lemma 8. Assume teiuiěn are serially uncorrelated, with mean zero, if
ř8

n“1 αn “

8 and
ř8

n“1 α
2
n ă 8, then limnÑ8 supkěn

ˇ

ˇ

řk
i“n αiei

ˇ

ˇ “ 0.

Lemma 8 provides a characterization of the noise term in (4.19). The conditions
ř8

n“1 αn “ 8 and
ř8

n“1 α
2
n ă 8 are standard in stochastic approximation. Using

the above lemmas, we prove the main result.

Theorem 9. If
ř8

n“1 αn “ 8 and
ř8

n“1 α
2
n ă 8, then limnÑ8 distpŝn,∆q “ 0.

Theorem 9 shows that the noise in ŝn indeed vanishes as n Ñ 8, under certain

conditions on the learning rate tαnu. Thus convergence of the online algorithm is

guaranteed. Theorem 4 can be proven using the techniques in [36] and [28]. The

details can be find in the appendix of this chapter.

4.4 Experiments

We investigate the empirical performance of the proposed online EM algorithm for

the RPR on five benchmark problems described in Table 4.1. The POMDP models for

these problems are available at http://www.cs.brown.edu/research/ai/pomdp/

examples. These models are assumed unknown to the agent; they are used as black

boxes to simulate the episodes of agent-environment interactions. For all problems,

an episode starts from a random position and ends when the goal is achieved.
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Table 4.1: Five benchmark POMDP problems

Name Shuttle Cheesemaze 4ˆ 4 grid Hallway Tag

|A| 8 4 4 5 5
|O| 3 7 2 21 30
Number of States 3 11 16 60 870

Online RPR versus Batch RPR

We compare the performance of the proposed online EM-RPR against that of the

batch EM-RPR. The policy is evaluated based on discounted accumulative reward

(averaged over 5 independent runs, each using 251 (101) test episodes of at most

251 (101) steps for the first three (other) problems). The computation efficiency is

compared based on the accumulative CPU time in the learning phase. The number

of states is set to |Z| “ 20 for the first three small problems, |Z| “ 40 for Hallway

and Tag. The comparison results are plotted in Figure 4.1.

As can be seen from the leftmost three columns of Figure 4.1, the online EM

algorithm shows some advantages in performance, especially during the early stage

of learning when episodes are collected by exploration. A comparison of CPU time

shows that online EM is significantly more efficient than the batch method, and

the time agrees with the complexity analysis in Section 4.3.1. Moreover it is noted

that, in the Shuttle and Cheesemaze problems, batch EM is prone to a local optimal

solution, whereas online EM is a stochastic algorithm which seems capable of jumping

out of local optima and achieving a better solution.

The rightmost two columns in Figure 4.1 demonstrate that the online EM algo-

rithm makes the RPR scale to larger problems. As can be seen, online EM achieves

a better tradeoff between the number of episodes (n) and the policy quality. When n

is small, batch EM is better than online EM, which can be explained by the fact that

the batch method updates the sufficient statistics using all available data. However,
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given the same amount of learning time, the online RPR achieves better policy per-

formance; for example, by the time that online EM has processed 50, 000 episodes

and achieved a test reward of 0.3 for Hallway and -8 for Tag, batch EM has pro-

cessed less than 1000 episodes, achieving only 0.1 and -14 for these two problems,

respectively. These comparisons show that the RPR can scale up to larger POMDP

problems with online learning.

The Performance as a Function of |Z|

We consider six settings of |Z| to investigate the influence of the number of decision

states on the RPR policy learned with online EM. Each policy is learned from 50000

episodes, with the intermediate policies evaluated every 500 episodes during the

learning. The performance of a policy is measured by three overlapping metrics: (i)

the discounted reward averaged over 251 test episodes, (ii) the percentage of test

episodes in which goal is reached, (iii) the number of steps for reaching the goal (it

is 251 when the goal is not reach within 251 steps) averaged over the 251 episodes.

The results are reported in Figure 4.2. As shown in Figure 4.2, the RPR gives

comparable convergent performances over a wide range of choices for |Z| (from 30 to

60), indicating robustness of the online EM-RPR to the number of decision states.

However, when |Z| is too small, the RPR cannot accommodate a good policy, which

explains why the RPR quickly converges to sub-optimality when |Z| “ 10. The

degraded performance at |Z| “ 10 motivate us to infer |Z| online in our future

work by using statistic test or online nonparametric Bayesian technique such as the

hierarchical Dirichlet process [149].
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Figure 4.2: The results on Hallway (top two rows) and Tag (bottom two rows) produced
by the online EM-RPR with various settings of |Z|.
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Comparison with Other Methods

We compare the RPR policy learned with the proposed online EM algorithm to three

existing algorithms, which all assumes the POMDP models are unknown. The first

one is McCallum’s U-tree [88], including its modified version [159], which, like the

RPR, is a policy-based approach and does not attempt to learn the POMDP models.

The second is iPOMDP[39], including its variant Policy Prior (PP) [38], which learn

both POMDP models and control policies. The last competing algorithm is mixture

learning [146], referred to MDP-EM, which is an online EM algorithm treating the

observation in a POMDP as the state in an MDP. We do not repeat the experiments

for the three competing methods, but rather cite the results from the literature. Since

the cited results are based on different testing procedure, we report the comparison

to each method separately, using the same test procedure as in the literature for each

respective method.

We compare to the U-tree results as reported in [159]. To make the results

comparable, we strictly follow the same procedures to set up our experiment for

the RPR. Specifically, the experiment for each problem consists of 21 independent

trials. In each trial, we consider three settings of |Z| for the RPR policy; for each

setting, the RPR policy is learned using the proposed online EM algorithm, based on

episodes collected by following a behavior policy for 75000 steps, and then the learned

RPR policy is followed 25000 steps to evaluate the policy’s quality. The quality of a

policy in each trial is measured by the average reward earned over the 25000 steps

of evaluation. The results from the 21 trials are used to calculate the mean and

standard deviation for the RPR in each setting of |Z|, which are reported in Table

4.2 along with the results of U-trees cited from [159]. For RPR, we set |Z| to the

values t10, 20, 30u, which are in the range around the number of the nodes inferred

by the modified U-tree algorithm (the number in the braces behind the results for
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Table 4.2: A comparison, in terms of averaged reward, to U-trees on small problems. The
parenthesized integers indicate the numbers of nodes used in U-trees, which correspond to
the numbers of decision states |Z| for the RPR.

Methods Shuttle Cheese Maze 4ˆ 4 Grid

U-Tree 1.833 (62) 0.184 (53) 0.259 (47)
Modified U-Tree 1.820 (25) 0.184 (19) 0.259 (20)
RPR (|Z| “ 10) 1.76˘ 0.136 0.161˘ 0.018 0.259˘0.033
RPR (|Z| “ 20) 1.824 ˘ 0.046 0.151 ˘ 0.021 0.207˘ 0.049
RPR (|Z| “ 30) 1.820˘ 0.029 0.148 ˘ 0.022 0.219˘0.031

Table 4.3: A comparison of online EM-RPR to iPOMDP and Policy Prior (PP), in terms of cumu-
lative reward.

Problem RPR (10) RPR (40) iPOMDP PP-2 PP-3

Hallway 6.0˘2.8 3.0˘1.3 0.2 1.6 6.6
Tag -4908˘95 -4987˘13 -16000 -7400 -3500

U-tree algorithms are the inferred nodes).

The RPR with online EM performs comparably as U-trees on Shuttle and per-

forms better on 4ˆ 4 Grid. The RPR performs worse than U-trees on Cheese Maze

for the given budget of 75000 steps of learning. However, we notice that the RPR’s

performance can catch up after additional learning steps. Since the decision states in

the RPR correspond to the nodes in U-trees, it is interesting to compare |Z| used by

the RPR and the nodes generated by U-trees, which are shown as the parenthesized

numbers in Table 4.2. As can be seen, the RPR generally needs less decision states

to achieve superior performance, while U-trees generate more nodes than necessary.
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Figure 4.3: A comparison of online EM-RPR to EM-MDP on Hallway. |h| is the number
of observations. The performance of the EM-MDP is reported only for n “ 200ˆ 103.

To compare to iPOMDP [39] and policy prior [38], we follow their experimental

setting and report the cumulative rewards as a function of the learning step (3500

steps for Hallway, 5000 steps for Tag). The results are summarized in Table 4.3,

which show that online EM-RPR achieves significantly larger accumulative rewards

than iPOMDP, and performs comparably to the policy prior methods which utilize

expert information.

The MDP-EM method learns a reactive policy (it does not memorize past obser-

vations). To make the comparison fair, we consider the RPR policy conditioning on

different numbers of observations (lengths of history). The policy evaluation proce-

dure is the same as described in Section 4.4, with the MDP-EM policy provided by the

authors of [146]. The results are plotted in Figure 4.3, where |h| indicates the length
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of history, e.g. |h| “ 1 means only the current observation is used, which makes the

RPR a reactive policy as the MDP-EM. As can be seen from Figure 4.3, the RPR

policies perform generally better than the MDP-EM; the performance increases as

the number of observations increases from one to three, and then becomes saturated

when more observations are used. It is noted that the MDP-EM policy provided to

us by the authors of [146] is learned from n “ 200, 000 episodes, while the online

RPR policies are learned from only 50,000 episodes or less (200 ď n ď 50, 000). The

performance improvement with |h| ą 1 is expected, considering that the MDP-EM

policy uses only the current observation while the RPR also uses past observations.

The improvement with |h| “ 1 can be explained by the fact that the RPR uses µ

as an initial guess of what local policy should be used. The reduction of learning

episodes in the RPR may be attributed to the internal reward re-computation in

(6.5). Since an episode with re-computed rewards functions like a new episode [76]

for the improved policy, reward re-computation effectively multiples the information

for the update of sufficient statistics (for policy improvement in the next iteration).

4.5 Discussion

We then presented an online nested EM algorithm for learning the RPR, a paramet-

ric policy for RL in POMDPs. The online algorithm uses only the latest learning

episode to update the policys value in the outer-loop E-step and update the sufficient

statistic in the inner-loop E-step, and computes the improved policy in closed-form

given the sufficient statistic. The algorithm reduces both the time and memory com-

plexity an order of magnitude, in comparison with the corresponding batch-mode

algorithm. Under standard conditions on the learning rates, the online algorithm

provably converges to the optimal batch-mode policy when the number of learning

episodes becomes sufficiently large. Experimental results on five benchmark POMDP

problems show that: (i) the online RPR produces policies as good as the batch-mode
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RPR by using only a small fraction of the time; (ii) the stochastic nature of the online

algorithm can help it to jump out of local optima; (iii) model-free methods have the

potential to learn better policies than model-based methods; (vi) the RPR can pro-

duce high-quality policies by using fewer internal memory units than the U-tree; (v)

the RPR has a performance increasing with the history length, and is a competitive

reactive policy when the length is one. Future work includes online inference of the

number of decision states and multi-agent online learning.

4.6 Appendix

Proof of Lemma 7. Recall lpsq“´fpθ̂psq, spDp8q, θ̂psqqq. Application of the chain rule

of differentiation gives

∇slpsq“´∇sθ̂T psq∇θψT
pθ̂psqqs

`

Dp8q, θ̂psq
˘

,

“´∇sθ̂T psq∇θψT
pθ̂psqq

“

s` gpsq
‰

, (4.22)

Since θ̂psq minimizes ´fpθ; sq, one has

0 “ ∇θfpθ; sq|θ“θ̂psq “ ∇θψT
pθ̂psqqs, (4.23)

which reduces (4.22) to

∇slpsq “ ´∇sθ̂T psqr∇θψT
pθ̂psqqgpsqs. (4.24)

Differentiating both sides of (4.23) w.r.t. s, we obtain

0“∇θψT
pθ̂psqq `∇sθ̂T psq∇2

θψ
`

θ̂psq
˘

s

“∇θψT
pθ̂psqq `∇sθ̂T psq∇2

θfpθ; sq|θ“θ̂psq,

from which follows

∇sθ̂
T
psq “ ´∇θψT

pθ̂psqqt∇2
θfpθ; sq|θ“θ̂psqu

´1,
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which is plugged into (4.24) to give

gTpsq∇slpsq“gT psq∇θψT
pθ̂psqq

“

∇2
θfpθ; sq|θ“θ̂psq

‰´1

ˆ

”

∇θψT
pθ̂psqqgpsq

ı

ď 0, (4.25)

where the inequality arises because∇2
θfpθ; sq|θ“θ̂psq is a negative definite matrix, and

the inequality reduces to an equality if and only if ∇θψT pθ̂psqqgpsq “ 0. However,

∇θψT pθ̂psqq is a full-rank diagonal matrix, and thus the inequality reduces to an

equality if and only if gpsq “ 0.

Proof of Lemma 8. Let Mn,k “
řk
i“n αiei. One can show that Erens “ 0 @ n and

EpeTnemq “ 0 @ m ‰ n [72]. Thus

ErM2
n,ks ď 2 sup }s}2

řk
i“n α

2
i .

Using Chebyshev’s inequality we have

P psupkěn |Mn,k| ě ηqď
ErM2

n,ks

η2 ,

ď 2
η2 sup }s}2

ř8

i“n α
2
i , (4.26)

Because limnÑ8

ř8

i“n α
2
i “ 0, it follows from (4.26) that

limnÑ8 P
ˆ

supkěn

ˇ

ˇ

ˇ

ˇ

řk
i“n αiei

ˇ

ˇ

ˇ

ˇ

ě η

˙

“ 0, (4.27)

which implies, using the fact that η ą 0 is arbitrarily chosen, that

limnÑ8 supkěn

ˇ

ˇ

ˇ

řk
i“n αiei

ˇ

ˇ

ˇ
“ 0. (4.28)

The claim thus follows.

Proof of Theorem 9. We first prove the sequence tlpŝnquně0 converges, and then show

that tŝnuną0 converges to ∆. We begin with the definition
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s1n “ ŝn `
ř8

i“n`1 αiei. (4.29)

Plugging ŝn given by (4.17) into (4.29), we have a recursive expression s1n “

s1n´1 ` αngpŝn´1q. Since g is bounded on S, one has

||s1n ´ s
1
n´1|| ď αn sup }gpŝn´1q}, (4.30)

and ts : s “ βs1n ` p1´ βqs
1
n´1, β P r0, 1su Ă S.

By the mean-value theorem, there exist t P r0, 1s, such that

lps1nq “lps
1
n´1q `

@

∇slps1n´1 ` tαngpŝnqq, s
1
n ´ s

1
n´1

D

“lps1n´1q ` αn
@

∇sl
`

s1n´1 ` tαngpŝnq
˘

, gpŝn´1q
D

“lps1n´1q ` αn
@

∇slps1n´1q, gps
1
n´1q

D

` αnζn

(4.31)

where,

ζn “
@

∇slps1n´1q, gpŝn´1q ´ gps
1
n´1q

D

`

@

∇sl
`

s1n´1 ` tαngpŝnq
˘

´∇slps1n´1q, gpŝn´1q
D

.
(4.32)

By the continuity of ∇sl and g, ζn Ñ 0 as nÑ 8; thus ζn P op1q and

lps1nq “ lps1n´1q ` αn
@

∇lps1n´1q, gps
1
n´1q

D

` opαnq (4.33)

Note that opαnq goes to 0 faster than the second term αn
@

∇lps1n´1q, gps
1
n´1q

D

on the right hand side of (4.33). Since
@

∇lps1n´1q, gps
1
n´1q

D

ď 0 is bounded, (4.33)

implies that there exist M ă 8 such that for n large enough

|lps1nq ´ lps
1
n´1q| ďMαn. (4.34)

(4.30) implies ts1nuną0 is a Cauchy sequence, thus ts1nuną0 has a limit. Since l is

the lower bound of the log-value function which is finite, hence limnÑ8 lps
1
nq exists.

Moreover, by Lemma 8, ŝn Ñ s1n, thus we have limnÑ8 lps
1
nq “ limnÑ8 lpŝnq.
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Next we showtŝnuną0 converges to ∆. Let N Ă S to be an arbitrary open set

containing ∆. If s1n´1 P N , we have from (4.34) that

lps1nq ď lps1n´1q `Mαn. (4.35)

If s1n´1 R N , by Lemma 7 there exist εN ą 0, such that for n large enough,
@

∇lps1n´1q, gps
1
n´1q

D

ď ´2εN ă 0 and ζn ď εN , we have from (4.31) that

lps1nq ď lps1n´1q ´ αnεN . (4.36)

Combining (4.35) and (4.36), we obtain

lps1nq ď lps1n´1q ´ αnεN ` αnpM ` εN qIps1n´1 P N q. (4.37)

Since lps1nq converges and
ř8

n“1 α
2
n ă 8, for any λ ą 0, there exist an integer

Nλ ă 8 such that |lps1nq ´ lps1pq| ď λ, Nλ ď n ď p and αkεN ă λ, for any k ě Nλ.

By adding and subtracting consecutive terms between lps1nq and lps1pq, we have

λ ě |lps1nq ´ lps
1
pq| ě lps1nq ´ lps

1
pq “ lps1nq ´ lps

1
n`1q ` ¨ ¨ ¨ ` lps

1
p´1q ´ lps

1
pq

ě εN
řp
k“n`1 αk ´ pM ` εN q

řp
k“n`1 αkIps1k´1 P N q. (4.38)

where the last inequality is from (4.37). Since αkεN ă λ and
ř8

n“1 αn “ 8, denote

by p˚ the first integer larger than n such that λ{εN ă
řp˚

k“n`1 αk ă 2λ{εN . Compar-

ing with (4.38), we can deduce that there exist k˚ P rn, p˚s such that s1k˚ P N . Denote

K “ sup }gps1nq} which is a finite constant. According to (4.30), for all n ě 1, ||s1n ´

s1n´1|| ď Kαk, therefore we have ||s1k˚ ´ s
1
n|| ď K

řk˚

m“n`1 αm ď K
řp˚

m“n`1 αm ď

2Kλ{εN Since s1k˚ P N and λ can be arbitrarily small, thus limnÑ8 distps1n,N q “ 0.

Moreover, since N is arbitrary, we have limnÑ8 distps1n,∆q “ 0. Using definition

(4.29) and Lemma 8, we have tŝnuną0 converges to ∆.
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5

The Infinite Regionalized Policy Representation for
POMDPs

An indispensable ingredient for RL in POMDPs, for both of model-based and model-

free approaches, is a mechanism for maintaining a proper balance between exploration

and exploitation. Until the current policy is optimal, the agent should always explore

the consequences of actions that are not encouraged by the current policy, to see

whether the new actions will lead to higher expected long-term rewards. Exploration

is the only way to ensure continual improvement of the policy. However, excessive

exploration makes the policy converge unnecessarily slowly. To keep a balance, the

agent needs to switch appropriately between exploration and exploitation.

Model-based approaches usually employ Bayesian RL for an implicit exploration

and exploitation trade-off, treating the uncertain POMDP parameters as additional

states, and attempting to solve an augmented POMDP with the model uncertainty

incorporated into the augmented belief states [110]. However, the augmented POMDP

is intractable and approximations are used. The approximations are usually based

on policy-solving of model samples, ignoring the model uncertainty in future steps

[39, 38]; as a result, their ability to balance exploration and exploitation is limited.
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There has been little work on exploration and exploitation in POMDPs using

policy-based approaches. One recent study addressing this problem is reported

in [25], in which an explicit exploration and exploitation algorithm is given for

POMDPs, employing an idea motivated by E3 [66] and R-MAX [21], two RL al-

gorithms in Markov decision processes (MDPs). The method employs a primary

policy for choosing the regular actions, and an auxiliary policy for switching between

exploration and exploitation. The primary policy is a regionalized policy represen-

tation (RPR) [76]. The auxiliary policy is affiliated with the primary one, using the

same RPR but with a different set of local policies (see Section 2.2.2).

The RL algorithm in [25] is guaranteed to converge to the optimal policy. How-

ever, the optimality is based on the assumption that the RPR has an appropriate

number of decision states. In practice, this number is never known and has to be

set manually. When this number is too small, the RPR cannot express the optimal

policy; when it is too large, the RPR requires an unnecessarily large amount of ex-

ploration to converge. Therefore, an appropriate choice of this number is crucial to

the success of the algorithm.

In this chapter, we introduce the infinite regionalized policy presentation(iRPR)

as a solution to this problem. An iRPR is an extension of the RPR where the

parameters are a priori drawn from the hierarchical Dirichlet process (HDP) [139],

which allows an infinite number of decision states and yet is biased towards a small

number of states. Given the agent experiences, we infer the number of decision

states while maintaining a proper balance between exploration and exploitation. We

provide theoretical analysis which guarantees the iRPR converges to the optimal

policy as the rate of exploration decreases to zero. Experiments on benchmark

problems demonstrate the performance of the iRPR.
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5.1 Bayesian Policy Learning

In addition to the expectation and maximization algorithm introduced in the previous

chapter, a Bayesian approach can also be used to learn the RPR. which employs

pV pDpKq; Θq as the likelihood function of Θ given the episodes DpKq. This Bayesian

approach is nonstandard, as pV pDpKq; Θq is not equal to the probability of DpKq given

Θ. But this does not prevent one from obtaining a legitimate posterior of Θ, because,

during the posterior inference, one is only interested in pV pDpKq; Θq as a function of

Θ. Since the Bayesian approach forms the basis for the technical developments in

Section 2.2.2, we provide a review of it below.

With a prior distribution G0pΘq, the posterior is defined as

ppΘ|DpKqq def.“ pV pDpKq; ΘqG0pΘq rpV pDpKqqs´1 (5.1)

where pV pDpKqq “
ş

pV pDpKq; ΘqG0pΘqdΘ is the marginal empirical value. The pos-

terior generally does not have an analytic form. However, by employing the vari-

ational Bayesian technique [11], one may obtain an approximation to the poste-

rior, along with the following byproducts: approximations to ppzk0:t|a
k
0:t, o

k
1:tq, @ t, k,

and an approximation to the nonnegative sequence ν “ tνk0:Tk
uKk“1, where νkt “

γtrkt ppa
k
0:t|o

k
1:tq

śt
τ“0 p

Πpakτ |h
k
τ q

pV pDpKqq
is a rescaled discounted reward1 averaged over the RPRs drawn

from G0 [76]. The rescaling leads to 1
K

řK
k“1

řTk
t“0 ν

k
t “ 1, which normalizes pV pDpKqq

to a unit. Denote by gpΘq the approximation to ppΘ|DpKqq, by ν̂ “ tν̂k0:Tk
uKk“1 the ap-

proximation to ν, and by qkt pz
k
0:tq the approximation to ppzk0:t|a

k
0:t, o

k
1:tq, @ t, k. Letting

KLpq}pq denote the Kullback-Leibler (KL) distance between probability measures q

and p, the approximations are found by point-wise maximization of the lower bound

1 The νkt results from the fact one is evaluating the RPR using episodes collected by a different
policy Π.

97



of log marginal empirical value function pV pDpKqq

LBpgpΘq, ν̂, tqkt uq “P pV pDpKqq ´KLp ν̂
K
|| ν
K
q

´
1

K

K
ÿ

k“1

Tk
ÿ

t“0

ν̂kt KL
`

qkt pz
k
0:tqgpΘq

›

›ppzk0:t,Θ|a
k
0:t, o

k
1:tq

˘

, (5.2)

subject to the non-negativity and normalization constraints on gpΘq, ν̂
K
, tqkt u. The

first term on the right side, log of the marginal empirical value, is a constant, thus the

maximization is equivalent to minimization of the KL distance between each approx-

imation and the associated true. The joint distribution ppzk0:t,Θ|a
k
0:t, o

k
1:tq is factorized

into a product of two marginals, i.e., qkt pz
k
0:tqgpΘq, in the approximation, and their

KL distance is minimized in proportion to the weight ν̂kt . Since the weight sequence

ν̂ is an approximation to the reward sequence ν, this ensures the approximations

associated with higher rewards are more accurate.

Maximization of (5.2) leads to analytic solutions when G0 is a product of Dirichlet

distributions,

G0pΘq “
”

Dir
`

µ1:|Z|
ˇ

ˇυ1:|Z|
˘

ı ”

ś|Z|
i“1Dir

`

πi1:|A|
ˇ

ˇρi1:|A|
˘

ı

ˆ

”

ś|A|
a“1

ś|O|
o“1

ś|Z|
i“1Dir

`

W iao
1:|Z|

ˇ

ˇωiao1:|Z|
˘

ı

, (5.3)

with hyper-parameters pυ, ρ, ωq, where υ “ υ1:|Z|, ρ “ tρ
i
1:|A|u

Z|
i“1, and

ω “ tωiao1:|Z|ui“1:|Z|,a“1:|A|,o“1:|O|.

The solutions, which are given in [76], are re-stated in Theorem 10.

Theorem 10. Let gpΘq initially be the form of (5.3) with hyper-parameters pυ̂, ρ̂, ω̂q,

then iterative application of the following updates leads to monotonic increase of
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(5.2), until convergence to a maxima. The updates of ν̂ and tqkt u are given by

ν̂kt “
γtrkt ppa

k
0:t|o

k
1:t,

rΘq
śt

τ“0 p
Πpakτ |h

k
τ q
pV pDpKq|rΘq

, @ t, k, (5.4)

qkt pz
k
0:tq“ ppz

k
0:t|a

k
0:t, o

k
1:t,

rΘq, @ t, k, (5.5)

where rΘ “ trπ, rµ,ĂW u is a set of under-normalized probability mass functions2, with

rπim “ eψpρ̂
i
mq´ψp

ř|A|
a“1 ρ̂

i
aq, rµi “ eψpυ̂iq´ψp

ř|Z|
j“1 υ̂jq, and ĂW iao

j “ eψpω̂
iao
j q´ψp

ř|Z|
z“1 ω̂

iao
z q, and ψ

is the digamma function. The hyper-parameters of gpΘq are updated as

υ̂i “ υi `
1
K

řK
k“1

řTk
t“0ν̂

k
t φ

k
t,0piq

ρ̂ia “ ρia `
1
K

řK
k“1

řTk
t“0 ν̂

k
t

řt
τ“0φ

k
t,τ piqδpa

k
τ , aq (5.6)

ω̂iaoj “ ωiaoj ` 1
K

řK
k“1

řTk
t“0 ν̂

k
t

řt
τ“1ξ

k
t,τ´1pi, jq

ˆδpakτ´1, aqδpo
k
τ , oq,

where

ξkt,τ pi, jq “ ppzkτ “ i, zkτ`1 “ j|ak0:t, o
k
1:t,

rΘq (5.7)

φkt,τ piq “ ppzkτ “ i|ak0:t, o
k
1:t,

rΘq (5.8)

are marginals of qkt pz
k
0:tq.

5.2 The Infinite RPR

Based on the Bayesian policy learning framework introduced in the last section, we

are ready to present the Bayesian nonparametric policy model: iRPR.

Definition 11. The infinite regionalized policy representation (iRPR) is a tuple

(A,O,Z, λ, α, ρ), where A and O are as in Definition 1; Z is an unbounded set of

2 Note that qkt pz
k
0:tq “ ppzk0:t|a

k
0:t, o

k
1:t,

rΘq is always properly normalized by ppak0:t|o
k
1:t,

rΘq “
ř|Z|
z0,¨¨¨ ,zt“1 ppz

k
0:t, a

k
0:t|o

k
1:t,

rΘq.
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decision states indexed by positive integers; pλ, α, ρq determine pW,µ, πq, the RPR

parameters in Definition 1, as follows (notations described under Definition 1 in

section 2.2.2),

ηi „ Betap1, λq, i “ 1, 2, ¨ ¨ ¨ ,8,

βi “ ηi
śi´1

j“1p1´ ηjq, i “ 1, 2, ¨ ¨ ¨ ,8,

W iao
1:8 „ DPpα, β1:8q, i “ 1, 2, ¨ ¨ ¨ ,8,

µ1:8 „ DPpα, β1:8q,

πi1:|A| „ Dirp¨ | ρ1:|A|q, i “ 1, 2, ¨ ¨ ¨ ,8,

@ a P A and @ o P O, where DPpα, β1:8q denotes a Dirichlet process [44] with con-

centration α and base probability measure β1:8.

In Definition 11, „ denotes sampling from a distribution proportional to the right

side. The iRPR is defined based on the hierarchical Dirichlet process (HDP) [139],

which places a nonparametric prior on Θ “ pW,µ, πq. The stick-breaking weights β1:8

specify a probability measure on Z “ t1, 2, ¨ ¨ ¨ ,8u. The initial state distribution

(µ) and the next-state distributions (W ) are independently drawn from DPpα, β1:8q.

The local policies π are drawn independently from a Dirichlet distribution with

parameters ρ1:|A|.

Assuming ρa “ 1{|A|, @ a P A (i.e., the agent takes random actions a priori), we

are interested in learning the RPR parameters Θ, along with the hyper-parameters

pλ, αq if inference of the latter is desirable. The learning is based on a hybrid Gibbs-

variational algorithm , which iteratively samples the decision-state occupancies tzkt u,

the RPR parameters Θ, the latent parameters β1:8, and the hyper-parameters pλ, αq

(if desirable), with the samples of one group of parameters conditional on all other

parameters.

During the inference, one may employ Theorem 10 as a basic ingredient. To see

why this is possible, we first note that the nonparametric prior can be expressed
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using the parametric prior in (5.3) by introducing a special state z˚ summarizing

all decision states currently unoccupied by the episodes. Given that the number of

(distinct) unoccupied decision states is n, one may write a parametric prior as

Gn
0 pΘq“

”

Dir
`

µ1:n`1

ˇ

ˇαβ1:n`1

˘

ı

“
śn`1

i“1 Dir
`

πi1:|A|
ˇ

ˇρ1:|A|
˘‰

ˆ

”

ś|A|
a“1

ś|O|
o“1

śn`1
i“1 Dir

`

W iao
1:n`1

ˇ

ˇαβ1:n`1

˘

ı

, (5.9)

where z˚ is indicated by n ` 1, tβiu
n
i“1 are the same as in definition 11 and βn`1 “

1´
řn
i“1 βi.

Given Gn
0 pΘq, one may employ Theorem 10 to obtain ν̂, tqkt pz

k
0:tqu@ t,k, and gpΘq,

which are the approximations to the rescaled rewards ν, the decision-state pos-

terior tppzk0:t|a
k
0:t, o

k
1:tqu@ t,k, and the RPR posterior ppΘ|DpKqq, respectively. Given

tqkt pz
k
0:tqu@ t,k, one can obtain decision-state occupancies tzkt,0:tut“0:Tk,k“1:K , where zkt,0:t „

qkt pz
k
0:tq with qkt pz

k
0:tq given in (5.5). Let Is be an indictor function that equals one if

s is true and zero otherwise. Define

ϕiaoj “

K
ÿ

k“1

Tk
ÿ

t“1

ν̂kt

t
ÿ

τ“1

Izkt,τ´1“i,a
k
τ´1“a,o

k
τ“o,z

k
t,τ“j

which is the reward-weighted sum of transitions from i to j given that action a results

in observing o.

If
ř

i,a,o ϕ
iao
n`1 “ 0, there is currently no occupancy at z˚, then β is updated as

β1:n`1 „ Dirpβ1:n`1|
ř

i,a,om
iao
1 , ¨ ¨ ¨ ,

ř

i,a,om
iao
n , λq

with tmiao
j u a set of auxiliary variables sampled from

ppmiao
j “m|z, β, αq9Sprϕ

iao
j s,mqpαβjq

m, m“1,¨ ¨ ¨, n,

where Sp¨, ¨q is a Stirling number of the first kind [139]; rxs is the smallest integer no

less than x.
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If
ř

i,a,o ϕ
iao
n`1 ą 0, it indicates there is at least one occupancy at z˚, then one

generates a new decision state to hold the occupancy, releasing z˚ as a special state.

Assuming n` 1 and n` 2 respectively indicates the new decision state and z˚, one

first samples tmiao
1:n`1u and then samples β1:n`2, similarly as above.

Given the samples of tϕiaou, tmiaou, and β, one may sample the concentration

parameters pα, λq, assuming they have gamma priors. The details are similar to

those as described in the appendix of [139].

So far, one has completed a single iteration of Gibbs sampling. Given the update

of pα, βq, the prior in (5.9) is updated, and one begins a new iteration. The process

is repeated until the Gibbs sampler converges.

5.3 Exploration vs Exploitation in iRPR

We extend the exploration-exploitation method in Section 2.2.2 to account for the

unbounded set of decision states. Definition 13 requires pΠpa|hq ą 0, @ action a and

history h, so that the empirical value function converges to the true value function

as the episodes grow. We consider Π as a mixture of the iRPR and the uniformly

random policy, i.e., @h, we let pΠpa|hq “ ppy “ 0|hqppa|h,Θq ` ppy “ 1|hq{|A|. The

mixing proportions, ppy|hq “
ř

zPZ σ
z
yppz|hq, are computed using the auxiliary policy

in Section 2.2.2, with the special state z˚ included in Z to represent any potential

unseen experiences, and σzy „ Betapu0, u1q.

Before the pK`1q-th episode starts, the agent has learned Θ based on the previous

episodes DpKq and the prior in (5.9), where the special state z˚ “ n` 1 is currently

unoccupied and reserved to hold possible occupancies in future episodes.

Moreover, the agent has used (2.47) to allocate each previous reward to uz0 in

proportion to the probabilities that z is occupied at and before the time of receiving

the reward. A large uz0, therefore, implies either or both of the following events: (i)

the local policy πz1:|A| has contributed to large immediate or future rewards; (ii) there
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has been a large amount of visits to z leading to small rewards. Note that uz
˚

0 ” 0,

since z˚ is not occupied in DpKq.

Since ppy “ 0|hq " ppy “ 1|hq implies that σz0 " σz1 and hence uz0 " u1 for any

z P tz : ppz|hq " 0u3, which in turn implies that the decision states closely associated

with h have received a large amount (relative to u1) of rewards and/or visits so far.

As a result, when u1 in (2.46) is sufficiently large, one can conclude

Hknown
Def.
“ th : ppy “ 0|hq " ppy “ 1|hqu (5.10)

represents the part of H in which the agent has acquired so much information, in

the form of either a few large rewards or a large number of small rewards, that the

iRPR policy has learned is nearly optimal there, where H is the set of all possible

histories. Let umin
1 denote the minimum u1 such that this is true.

Define Hunseen “ th : ppz “ z˚|hq " 0u, which is the part of H that can not be

represented by current decision states. Note that h P Hknown implies h R Hunseen,

because h P Hunseen contradicts ppy “ 0|hq " ppy “ 1|hq, using the fact that uz
˚

0 ” 0.

Thus Hunseen Ă Hunknown “ pHzHknownq. Letting Hseen “ HunknownzHunseen, one may

write H “ Hknown YHseen YHunseen, with the subsets mutually exclusive.

During the pK ` 1q-th episode, the agent follows the iRPR policy in Hknown to

obtain high rewards (exploitation), takes random actions to increase knowledge in

Hseen or start new knowledge in Hunseen (both are exploration). Upon completion

of the episode, tuz0,1u
Z
z“1 are updated to reflect the increased knowledge, with a new

decision state introduced to hold the new knowledge if Hunseen has been visited.

The iRPR always maintains an appropriate (possibly minimum) Z for any given

episodes DpKq, which is a key difference from the RPR apart from inferring Z. Iden-

tification of Hunseen leads to incremental augmentation of Z, and all new decision

3 To validate this deduction, we can examine the PDFs of Beta distribution Betapa, bq under
different parameter settings, which are plotted in Figure 5.3 in the appendix.
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states (including z˚) are initially activated for constant exploration, recalling from

Section 5.2 that ρz “ 1{|Z|, @ z P Z.

In contrast, the RPR assumes the optimal policy is representable on a fixed Z.

When |Z| is under-specified, an apparently large ppy “ 0|hq does not necessarily

imply h is known, because the RPR cannot identify Hunseen. Thus, if Z is not set

appropriately, even if uz1 " u0, @ z P Z, the RPR cannot claim Hknown as known;

instead, the RPR will converge to a suboptimal policy in this case. It is clear then,

the above definition for Hknown is correct for the RPR only when |Z| is appropriate,

while it is correct for the iRPR even if |Z| is initially under-specified.

It is important to note that the agent does not have to see every history in H,

nor try all actions, to obtain a good policy. Recall an RPR policy is a mapping

from H to A. Given that any h P H corresponds to a belief state in the underlying

POMDP, one may define the similarity between two histories based on the similarity

between the corresponding belief states. As similar belief states are likely to have

the same optimal action [128], so are similar histories. Therefore, the agent needs to

see typical histories only, instead of every single history in H.

When no new decision state emerges, it means Hunseen is null; when all existing

decision states have their u0’s significantly exceeding u1, it meansHseen is null. When

both occur, one has H “ Hknown and the learning stops.

Thus, we have provided an approach to balancing exploration and exploitation

while at the same time inferring the number of decision states. A formal analysis of

the relation between the exploration rate from this approach and the optimality of

iRPR policy is given below.
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5.4 Theoretical Analysis of the Relation Between Exploration and
Optimality

The following theorem guarantees that an agent following the Π specified above will

continue exploration until the iRPR has converged to the optimal policy. Moreover,

the theorem quantitatively relates the exploration rate to the difference between the

optimal value and the value of the current iRPR. The theorem extends the analysis

in [25] to account for the unbounded Z. The proof is given in the appendix.

Let M denote the true model of the POMDP. Then

V pM; Θq “
8
ÿ

t“0

ÿ

a0:t,o1:t,rt

γtrt ppa0:t, o1:t, rt|Θ,Mq, (5.11)

is the true value function of Θ, where rt “ 0, @ t ą T , for an episode of length T .4.

Let Rmax denote the maximum r. Since r ě 0, as one recalls from Section 2.2.2, one

must have Rmax ą 0 (otherwise r ” 0).

Theorem 12. Let Θ˚ be the optimal iRPR for the underlying POMDP. Let Θ be the

iRPR learned from DpKq, and σ be governed by (2.46), with u1 ě umin
1 and tuz0u

|Z|
z“1

updated as in (2.47). For any ε ě 0, if V pM; Θq ă V pM; Θ˚q ´ ε, then

Pe “ 1´ ppy0:8 “ 0|σ,Θq ą p1´ γqε{Rmax. (5.12)

where Pe denotes the probability of exploration, and y0:t “ 0 is a shorthand for

“yτ “ 0, @ τ P r0, ts”.

Theorem 16 shows that, when the value of the current iRPR is ε away from the

optimal value, the agent will perform exploration with probability Pe ą p1´γqε{Rmax.

Conversely, when Pe ď p1 ´ γqε{Rmax, the value of the current iRPR is guaranteed

to be ε close to the optimal value.

4 After an episode terminates, the agent stays in an absorbing state with zero reward [132].
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Given a history h, the agent may explore in either of the two cases: (i) z˚ P

Zphq “ tz : ppz|hq " 0u, (ii) Zphq contains an occupied decision state z for which

uz0 " u1 is false. In case (i), h P Hunseen, the agent explores to start the learning in

h, while in case (ii), h P Hseen, the agent resumes the learning in h. When nether (i)

nor (ii) occurs, the iRPR is optimal with at least the minimum necessary number of

decision states.

5.5 Experiments
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Figure 5.1: The iRPR’s performance on the noisy 1D maze: (top right) relative reward (bottom
left) exploration rate (bottom right) |Z|.

We study the empirical performance of the iRPR based on three benchmark

POMDP models, i.e, Littman’s noisy 1D maze and Hallway, and Tag.5.

5 The models are available at http://www.cs.brown.edu/research/ai/pomdp/examples/

index.html and http://www.science.uva.nl/~mtjspaan/pomdp
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In all the experiments, we assume gamma priors for the HDP concentration pa-

rameters, i.e., α „ Gap10, 10q and λ „ Gap3, 10q, where Gapag, bgq is a gamma

distribution with scale ag and shape bg. Upon completion of each episode, the iRPR

parameters are updated using the inference algorithm presented in Section 5.2, based

on all available episodes. All results shown result from an average over ten indepen-

dent Monte Carlo runs, with error bars showing the variances.

5.5.1 Effects of History Information and u1

We first examine the effects of u1 and history information on the performance of

balancing exploitation and exploration. Figure 5.1 plots the following experimental

outputs as a function of logpkq : (i) the cumulative discounted reward averaged

over episodes 1 through k, with the optimal reward subtracted, (ii) the average

exploration rate in the k-th episode, i.e., 1
Tk`1

řTk
t“0 ppy

k
t |h

k
t q, (iii) the number of

decision states |Z| learned from episodes 1 through k. For a curve labeled with u1

only, the exploration or exploitation is determined by ykt „ ppykt |h
k
t q, using the u1

shown. For a curve labeled with u1 and Pe, the agent draws ykt from a Bernoulli

distribution with ppykt “ 1q “ Pe, where Pe “
1

řk
i“1 Ti`1

řk
i“1

řTi
t“0 ppy

k
t |h

k
t q is the

average exploration rate for the curve that is labeled with the corresponding u1 only.

It is seen from Figure 5.1 that, when u1 “ 2, the iRPR converges to optimality

after 1000 learning episodes, and the exploration rate drops to zero accordingly. This

indicates the amount of exploration allowed by u1 is appropriate. When u1 “ 20,

the iRPR converges to optimality, but at a lower convergence rate. This indicates

that the amount of exploration as specified by u1 “ 20 is excessively large. With

u1 “ 200, the convergence is too slow to be seen within the number of episodes shown

here. When u1 “ 0.2, the exploration rate quickly drops to zero, without giving the

agent enough time for exploration, and as a result, the iRPR only converges to a

suboptimal policy. The results show relations between exploration rates and values
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(accumulative discounted rewards) that are in agreement with Theorem 16.

The performances significantly degrade when using fixed exploration rate (not

considering history information), demonstrating that the use of history information

is crucial to balancing exploitation and exploration. The number of decision states

inferred by the iRPR generally increases with the number of episodes, and with the

increase of exploration rates.
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Figure 5.2: Performance comparison between iRPR, RPR, iPOMDP on Hallway
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5.5.2 Performance Comparisons

We compare the performance of the iPRP to those of the RPR and the iPOMDP

[39], the latter is a nonparametric model-based approach that infers the number of

world states of a POMDP.6

We report the results on Hallway and Tag, in the form of the un-discounted

reward summed over interactions. The results of iPOMDP and EM (which is the

finite counterpart of iPOMDP), which are cited from [38], are available only within

a small portion of the interactions shown here. It is seen from Figure 5.2 that the

iPRR performs much better than the iPOMDP and EM.

The RPR has its performance dependent on the number of decision states. The

iRPR always achieves superior performance by using appropriate numbers of decision

states. The advantage of iRPR is more prominent as the agent has accumulated more

experiences to make the inference of |Z| more accurate.

5.6 Discussion

We presented a Bayesian nonparametric framework (iRPR) for model-free reinforce-

ment learning in POMDPs. By using HDP-HMM type of prior over FSCs, iRPR

extends the RPR to represent the POMDP policy on an a priori unbounded set of

decision states. Such an extension is nontrivial and has multi-function. Since the

empirical value function 2.45 is a large mixture of probability distributions, we have

to resort to a hybrid Gibbs-variational algorithm to achieve efficient inference. Using

such a inference algorithm, we are able to infers the a posteriori number of decision

6 The iPOMDP was employed in [38] to implement an infinite FSC (iFSC), which can be regarded
as a special case of the iRPR (refer to the text under Definition 13 for the relations between an
iRPR and a FSC). However, the iFSC was learned by fitting to expert trajectories (using standard
likelihood functions), while learning of the iRPR uses the empirical value function in (2.45). As
shown in [76], learning with the empirical value function is closely related to policy iteration [128].
The iFSC and the iRPR are based on totally different learning frameworks, which should not be
confused.
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states, to match policy complexity dynamically to the experiences. Moreover we are

able to provide a principled way for exploration while inferring the decision states.

This approach is based on an auxiliary policy similar to that of R-max which is based

on ”knowness” heuristic. Convergence analysis guarantees that the iRPR performs

exploration with a rate commensurate with the difference from the optimal value.

Experimental results agree with the theoretical analysis and demonstrate the iRPR’s

superior performance over those of the RPR and the iPOMDP. Future work involves

developing more efficient data driven learning algorithm as such those introduced in

chapter 4.

5.7 Appendix

Proof of Theorem 16: We note that V pM; Θ˚q is upper bounded by

Vf pM;σ,Θq“
8
ÿ

t“0

ÿ

a0:t,o1:t,rt

γtrtppa0:t, o1:t, rt, y0:t“0|σ,Θ,Mq

`

8
ÿ

t“0

γtRmax

ÿ

a0:t,o1:t,rt

ÿ

y0:t‰0

ppa0:t, o1:t, rt, y0:t|σ,Θ,Mq, (5.13)

where y0:t “ 0 is an abbreviation for “yτ “ 0, @ τ P r0, ts” and y0:t ‰ 0 for “yτ ‰

0, D τ P r0, ts”.

To verify the upper bound, one notes that Vf is constructed as an optimistic value

function, in which the agent receives Rmax at any time t unless y0:t “ 0. However,

observing y0:t “ 0 implies thτ : τ P r0, 1su Ă Hknown, in which Θ is optimal (see (5.10)

and the discussions thereabout). Note that the probability of observing y0:t “ 0, i.e.,

ppy0:t “ 0q can be small, which means the first term in Vf may also be small.

The premise implies ε ă Vf pE ; Θq ´ V pE ; Θq. Substituting (5.11), (5.13), the

equation ppa0:t, o1:t, rt|Θ,Mq “
ř

y0:t
ppa0:t, o1:t, rt, y0:t|σ,Θ,Mq, and integrating out
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a’s and o’s, one obtains

ε ă
ř8

t“0

ř

rt
γtpRmax´rtq

ř

y0:t‰0 pprt, y0:t|Θ, σq,

ă
ř8

t“0

ř

rt
γtRmax

ř

y0:t‰0 pprt, y0:t|Θ, σq,

“
ř8

t“0γ
tRmax

ř

y0:t‰0 ppy0:t|Θ, σq,

“
ř8

t“0γ
tRmaxp1´ppy0:t “ 0|Θ, σqq

ă
ř8

t“0γ
tRmaxp1´ppy0:8 “ 0|Θ, σqq

“
Rmax

1´ γ
p1´ppy0:8 “ 0|Θ, σqq,

from which (5.12) follows. ˝
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Figure 5.3: The probability density function(PDF) and cumulative distribution function (CDF)
of Beta distribution with different setting of parameters.
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6

Policy Learning for Decentralized POMDPs with
Bayesian Nonparametric Priors

6.1 Overview

In the previous chapters, we have introduced model-free RL for centralized decision

making models. In this chapter, we are going to shift our focus to multi-agent RL in

DEC-POMDPs. Because of the lack of centralized belief states in DEC-POMDPs,

finite-horizon algorithms have represented the agent policies as mappings from ob-

servation histories to actions [95]. History-based policy representations are difficult

to generalize to the infinite-horizon case, due to their exponential complexity in the

horizon length. To overcome this issue, infinite-horizon DEC-POMDP algorithms

have based agent policies on finite-state controllers (FSC). While early algorithms

employed exhaustive backups [13] or non-linear programming [3] to obtain FSC poli-

cies, recent work indicates that expectation maximization (EM) [37], a popular al-

gorithm for maximum-likelihood (ML) estimation, can be used as a scalable method

for generating controllers for large DEC-POMDPs [71]. In addition, [156] recently

showed that EM is also an efficient algorithm for model-free reinforcement learning
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(RL) in DEC-POMDPs, where each agent learns a FSC based on locally observable

trajectories, without knowing the DEC-POMDP model.

An important and yet unanswered question for EM-based DEC-POMDP algo-

rithms is how to define an appropriate number of nodes in each FSC. This is es-

sentially a model-selection problem, and has not yet been addressed in the DEC-

POMDP literature. The number of nodes affects both the quality of the resulting

policies and the convergence rate. Previous work has assumed a fixed FSC size for

each agent. When the number of nodes is set too small, the FSC is unable to repre-

sent the optimal policy and therefore will quickly converge to a sub-optimal policy.

On the contrary, when the number is set too large, the FSC is overly complex, often

yielding slow convergence to a sub-optimal policy that overfits the agent trajectories.

In this chapter, we address the model-selection problem in DEC-POMDPs based

on a nonparametric Bayesian approach. In particular, we represent the local policy of

each agent by a variable-size FSC, which has an unspecified number of nodes. Such

a controller is constructed using the stick-breaking (SB) prior [57]. At each node of

the controller, the probability distribution of successor nodes, conditional on both

the observation and action, is a random draw from the SB prior. This gives rise to

a distribution over an infinite number of possible nodes, indexed t1, 2, ¨ ¨ ¨ ,8u, and

yet the probability mass concentrates on only a few nodes with small indices. The

SB prior therefore encourages a small number of successor nodes without specifying

how many a priori. Since the favored successors of every node all tend to have small

indices, this encourages a compact set of nodes to be actively used by the controller.

Those nodes that are actually used are determined by the posterior, combining the SB

prior and the information from trajectory data. In light of the role played by the SB

prior, we name the framework the decentralized stick-breaking policy representation

(DEC-SBPR).

Although the proposed DEC-SBPR may be used to find the policy for a given
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DEC-POMDP model, our focus in this chapter is on reinforcement learning in DEC-

POMDPs, assuming the model is not available. Toward this end, we derive a vari-

ational Bayesian (VB) algorithm for learning the DEC-SBPR based on the agents’

trajectories (or episodes) of actions, observations, and rewards. The VB algorithm

is linear in the number of agents and at most square in the problem size, and is

therefore scalable to large application domains. To the best of our knowledge, this is

the first time that nonparametric Bayesian methods have been applied to model-free

reinforcement learning in DEC-POMDPs.

6.2 Policy Representations for infinite horizon DEC-POMDPs

In a (centralized) POMDP, the agent has access to the belief state, and the policy

can be expressed as a mapping from belief states to actions. Sondik [128] showed

that in the infinite-horizon case, if the belief-state space can be quantized into a finite

set of disjoint regions which form a Markov partition, the action choice over each

region is constant and the POMDP policy is a deterministic finite-state controller.

When this condition is only approximately satisfied, a stochastic FSC is usually

preferred as it has a better tolerance to the resulting uncertainty. A framework

known as regionalized policy representation (RPR) has been developed in [76], in

which the node of a stochastic FSC is marginalized out (as a latent variable) to

yield a probabilistic mapping from histories to actions, and the FSC parameters are

optimized by applying a nested EM algorithm to the (empirical) value function.

In a DEC-POMDP, each agent operates locally and does not have access to the

full observation-action space; as a result, no agent has enough information to compute

the global belief state. However, it may be possible for each agent to compute a local

belief state, defined as a joint probability distribution over the world state and other

agents’ local actions and observations [53]. Assuming there exists an approximate

Markov partition for each agent’s local belief space, one can use a stochastic FSC to

114



represent each agent’s local policy.

Formally, the stochastic FSC for agent n is defined as Θn “ xAn,On,Zn,Wn, µn, πny,

where, An and On are the same as defined in the DEC-POMDP; Zn is a finite set of

nodes, Wn is a set of Markov transition matrices with W n,a,o
zz1 denoting the probability

of agent n transiting from z to z1 when taking action a in z results in observation o;

µn is the initial node distribution with µn,z the probability of agent n initially being

in z; πn is a set of stochastic policies with πnz,a the probability of agent n taking

action a in z.

For simplicity, we use the following notational conventions. Zn “ t1, 2, ¨ ¨ ¨ , |Zn|u,

where |Zn| is the cardinality, and An and On follow similarly. Θ “ tΘ1, ¨ ¨ ¨ ,ΘNu is

the joint FSC of all agents. A consecutively indexed variable is abbreviated as the

variable with its index range, which is indicated in the subscript of the variable; for

example, an,0:T “ pan,0, an,1, . . . , an,T q, W
n,a,o
z,1:|Zn| “ pW

n,a,o
z1 ,W n,a,o

z2 , ¨ ¨ ¨ ,W n,a,o
z|Zn|q, etc. A

variable with an arrow bar is a vector, so ~zkt “ pz
k
1,t, ¨ ¨ ¨ , z

k
N,tq

Given hn,t “ tan,0:t´1, on,1:tu, a local history of actions and observations up to time

t, the n-th agent chooses its action an,t according to the distribution ppan,t|hn,t,Θnq“

ppan,0:t|on,1:t,Θnq

ppan,0:t´1|on,1:t´1,Θnq
, where ppan,0:t|o1:t,Θnq is a marginal distribution of ppan,0:t, zn,0:t|

on,1:t,Θnq “ µn,zn,0π
zn,0
n,an,0

śt
τ“1W

nan,τon,τ
zn,τ´1zn,τπ

zn,τ
n,an,τ , obtained by integrating out the la-

tent node variables zn,0:t.

6.2.1 Policy Learning by Direct Value Maximization

We first discuss learning fixed-size FSCs, based on the following global empirical

value function, which is extended from the single-agent case [76].

Definition 13. (global empirical value function) Let DpKq “ tp~ak0rk0~ok1~ak1rk1 ¨ ¨ ¨~okTk~akTk
rkTkquk“1,¨¨¨ ,K be a set of episodes resulting from N agents who choose actions according

to Π “ bnΠn, a set of arbitrary stochastic policies with pΠnpa|hq ą 0, @ action
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a, @ history h. The global empirical value function is defined as V̂
`

DpKq; Θ
˘ def.
“

řK
k“1

řTk
t“0

γtrkt
K

śt
τ“0

śN
n“1 ppa

k
n,τ |h

k
n,τ ,Θnq

śt
τ“0

śN
n“1 p

Πn pakn,τ |h
k
n,τ q

where hkn,t “ pakn,0:t´1, o
k
n,1:tq, 0 ă γ ă 1 is the

discount.

The global empirical value function V̂
`

DpKq; Θ
˘

is a function of the joint FSC,

given only the trajectories collected from the interactions between the agents and

the DEC-POMDP model, with the DEC-POMDP model parameters T , Ω and R

assumed unknown. The empirical value function offers an objective for learning the

decentralized policies, and the objective can be directly maximized by the nested

EM algorithm [76], with the following modifications: (i) during the policy evaluation

in the outer E-step, the rewards are recomputed based on the information from all

agents; (ii) given recomputed rewards (the sum of which amounts to the improved

value), the outer M-step consists of N independent applications of the inner EM, each

performed for a local agent. Step (ii) can be implemented by parallel or distributed

computation. Step (i) collects
 

ppakn,t|h
k
n,t,Θnq : @ t, k

(

from each agent n to update

the recomputed rewards
 

νkt : @ t, k
(

; this requires minimal communication of only

T1 ` ¨ ¨ ¨ ` TK numbers per agent, which can be implemented efficiently.

6.3 Bayesian Learning of Fixed-size FSCs

An alternative approach is Bayesian learning, which provides the convenience of

encoding expert knowledge and imposing priors for model selection. By measuring

the likelihood of Θ by its empirical value, we can treat V̂
`

DpKq; Θ
˘

as a likelihood

function, which is combined with the prior ppΘq in Bayes’ rule to yield the posterior

ppΘ|DpKqq def.“ V̂
`

DpKq; Θ
˘

ppΘq
”

V̂
`

DpKq
˘

ı´1

(6.1)

where V̂
`

DpKq
˘

“
ş

V̂
`

DpKq; Θ
˘

ppΘqdΘ is the marginal empirical value of the joint

FSCs.
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To get rid of the sum in V̂
`

DpKq; Θ
˘

, we consider a variational Bayesian (VB)

approximation [16]. Denote by qpΘq the variational approximation to ppΘ|DpKqq,

and by qkt p~z
k
0:tq the approximation to pp~zk0:t|~o

k
1:tq, The variational lower bound to

ln V̂
`

DpKq
˘

(free energy) is given by

LB
` 

qkt p~z
k
0:tq

(K

k“1
, qpΘq

˘

“ ln pVppDpKqq ´KLpν̂{K||ν{Kq

´
1

K

K
ÿ

k“1

Tk
ÿ

t“0

ν̂kt KL
`

qkt p~z
k
0:tqqpΘq||pp~z

k
0:t,Θq

˘

(6.2)

where KLpq||pq denotes the Kullback-Leibler (KL) divergence between probability

measures q and p. The goal is to minimize the KL divergence. Since the first term

on the right is a constant, this is equivalent to maximizing the lower bound. This

leads to the following constrained-optimization problem

max
 

qkt p~z
k
0:tq

(K

k“1
qpΘq

LB
` 

qkt p~z
k
0:tq

(K

k“1
, qpΘq

˘

subject to: qkt p~z
k
0:t,Θq “

N
ź

n“1

qkt pz
k
n,0:tqqpΘnq,

K
ÿ

k“1

Tk
ÿ

t“0

|Zn|
ÿ

zkn,0,¨¨¨ ,z
k
n,t“1

qkt pz
k
n,0:tq “ K, qkt pz

k
n,0:tq ě 0, @zkn,0:t, n, t, k,

ż

ppΘqdΘ “ 1 and ppΘq ě 0, @Θ (6.3)

where the second line arises from the mean-field approximation and the consideration

for generating local policies, and the last two lines are normalization constraints.
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6.3.1 Policy Posterior under Dirichlet Priors

The problem in (6.3) has an analytic solution when ppΘq is a product of Dirichlet

distributions,

ppΘq “
śN

n“1 ppΘnq

“
śN

n“1

”

Dir
`

µn1:|Zn|
ˇ

ˇυn1:|Zn|
˘

ı ”

ś|Zn|
z“1Dir

`

πnz
ˇ

ˇρnz
˘

ı

ˆ

”

ś|An|
a“1

ś|On|
o“1

ś|Zn|
z“1Dir

`

W nzo
1:|Zn|

ˇ

ˇωnzo1:|Zn|
˘

ı

, (6.4)

with hyper-parameters υn “ υn1:|Zn|, ρ
n “ tρnz u

|Zn|
z“1 , and ωn “ tωn,a,oz,1:|Zn|u

o“1:|On|,a“1:|An|
z“1:|Zn| .

The solution to (6.3) under the Dirichlet priors is given in Theorem 14.

Theorem 14. Let ppΘq initially be the form of (6.4) with hyper-parameters pυ̂, ρ̂, ω̂q,

then iterative application of the following updates leads to monotonic increase of

(6.2), until convergence to a maxima. The updates of ν̂ and tqkt u are given by

ν̂kt “
γtrkt

śN
n“1 ppa

k
n,0:t|o

k
n,1:t,

rΘnq
śN

n“1

śt
τ“0 p

Πnpakn,τ |h
k
n,τ q

pV pDpKq|rΘq
, @ t, k, (6.5)

qkt pz
k
n,0:tq “ ppzkn,0:t|o

k
n,1:t, a

k
n,0:t,

rΘnq, @n, t, k, (6.6)

where rΘ “ trη, rµ,ĂW u is a set of under-normalized probability (mass) functions1, with

rπn,ia “ eψpρ̂
n,i
a q´ψp

ř|An|
m“1 ρ̂

n,i
m q, rµni “ eψpυ̂

n
i q´ψp

ř|Z|
j“1 υ̂

n
j q, and ĂW n,a,o

i,j “ eψpω̂
n,a,o
i,j q´ψp

ř|Z|
z“1 ω̂

n,a,o
iz q,

and ψ is the digamma function. The hyper-parameters of the posterior distribution

are updated as

υ̂ni “ υni `
1
K

řK
k“1

řTk
t“0ν̂

k
t φ

n,k
t,0 piq

ρ̂ni,a “ ρni,a `
1
K

řK
k“1

řTk
t“0 ν̂

k
t

řt
τ“0φ

n,k
t,τ piqIpaki,τ , aq

1 Note that qkt pz
k
n,0:tq “ ppzkn,0:t|o

k
n,1:t,

rΘnq is always properly normalized by ppakn,0:t|o
k
1:t,

rΘnq “
ř|Zn|

zn,0,¨¨¨ ,zn,t“1 ppz
k
n,0:t, a

k
n,0:t|o

k
n,1:t,

rΘnq.
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ω̂n,a,oi,j “ ωn,a,oi,j ` 1
K

řK
k“1

řTk
t“0 ν̂

k
t

řt
τ“1 ξ

n,k
t,τ´1pi, jqIpaki,τ , aqIpoki,τ`1, oq (6.7)

where Ip¨q is the indicator function, and

ξn,kt,τ pi, jq “ ppzkn,τ “ i, zkn,τ`1 “ j|akn,0:t, o
k
n,1:t,

rΘnq (6.8)

φn,kt,τ piq “ ppzkn,τ “ i|akn,0:t, o
k
n,1:t,

rΘnq (6.9)

are marginals of qkt pz
k
n,0:tq.

The update equations in Theorem 14 constitute the VB algorithm for learning

a fixed-size joint FSC under Dirichlet priors, and have a strong connection to the

policy iteration algorithm. In particular, (6.5) is a policy-evaluation step where the

rewards are recomputed to reflect the improved marginal value of the new policy

posterior updated in the previous iteration, and (6.7) is a policy-improvement step

where the recomputed rewards are used to further improve the policy posterior.

Both steps require (6.8)-(6.9), which are computed based on αn,kτ piq “ p
`

zkn,τ “

i|akn,0:τ , o
k
n,1:τ ,

rΘn

˘

and βn,kt,τ piq “
ppakn,τ`1:t|z

k
n,τ“i,o

k
n,τ`1:t,

rΘnq
śt
τ 1“τ

ppakn,τ |h
k
n,τ 1

,rΘnq
, @n, k, t, τ . The pα, βq are

similar to the forward-backward variables in the Baum-Welch algorithm for hidden

Markov models [114]. These variables are computed recursively by each agent using

(6.10)-(6.36) (shown on the top of next page).

6.4 Bayesian Learning of Variable-sized FSCs

We generalize the Bayesian learning approach described above to the case of variable-

sized FSCs, using the stick-breaking prior to specify the policy’s structure. The

resulting DEC-SBPR generalizes the nonparametric Bayesian policy representation

of POMDP [81] to the decentralized domain, employing a non-hierarchical structure

for simplicity.
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αn,kτ piq “

$

&

%

µpzkn,0“iqπpz
k
n,0“i,a

k
n,0q

ppakn,0|h
k
n,0,Θnq

if τ “ 0
ř|Zn|
j“1 αn,kτ´1pjqW pz

k
i,τ´1“j,a

k
n,τ´1,o

k
n,τ ,z

k
n,τ“iqπpz

k
n,τ“i,a

k
n,τ q

ppakn,τ |h
k
n,τ ,Θnq

if τ ą 0
(6.10)

βn,kt,τ pjq “

$

&

%

1
ppakn,0|h

k
n,0,Θnq

if τ “ 0
ř|Zn|
n“1 W pz

k
n,τ“i,a

k
n,τ´1,o

k
n,τ ,z

k
n,τ`1“jqπpz

k
n,τ`1“j,a

k
n,τ`1qβ

k
n,t,τ`1pjq

ppakn,τ |h
k
n,τ ,Θnq

if τ ą 0

(6.11)

ppakn,τ |hn,τ ,Θnq “

$

’

’

’

&

’

’

’

%

ř|Zn|
j“1 µpz

k
n,0 “ iqπpzkn,0 “ i, akn,0q

if τ “ 0
ř|Zn|
i,j“1 αpz

k
n,τ´1 “ iqW pzkn,τ´1 “ i, akn,τ´1, o

k
n,τ , z

k
n,τ “ jqπpzkn,τ “ j, akn,τ q

if τ ą 0

(6.12)

Definition 15. The decentralized stick breaking policy representation (DEC-SBPR)

is a tuple (N ,A,O,Z,Σ,Λ,ρ), where N ,A and O are as in the definition of DEC-

POMDP; Z is an unbounded set of nodes indexed by positive integers; pΣ,Λ,ρq

determine pW,µ, πq, the FSC parameters defined in section 6.2, as follows

W n,a,o
i,1:8„SBpσn,a,oi ,Σn,a,o

i q

µn1:8„SBpλn,Λn
q

πn1:|An| „ Dirpρn1:|An|q

Σn,a,o
i,j „ Gammapc, dq

Λn
i „ Gammape, fq

(6.13)

where SB represents the stick-breaking process with W n,a,o
i,j “ V n,a,o

i,j

śj´1
m“1p1´ V

n,a,o
i,m q

and V n,a,o
i,j „ Betapσn,a,oj ,Σn,a,o

j q, and µni “ Un
i

śi´1
m“1p1´U

n
mq and Un

i „ Betapλni ,Λ
n
i q,

n “ 1, ¨ ¨ ¨ , N and i, j “ 1, ¨ ¨ ¨ ,8.

The stick-breaking process (SBP) is a general class of priors for discrete measures.

It has been used as the prior for state transition probabilities in HMMs [97] and also
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for the graphical structures in topic modeling [30]. The basic properties of SBP are

summarized in the supplement. The update equations for the posteriors, derived in

the Supplementary Material, are partly listed below:

rπni,a“ exp
!

ψpρ̂ni,aq ´ ψp
ř|An|
m“1ρ̂

n
i,mq

)

,

rµni “ exp
 

xlnµni yppµ|λ,Λq
(

, (6.14)

ĂW n,a,o
i,j “ exp

 

xlnW n,a,o
i,j yppW |σ,Σq

(

,

λ̂ni “λ
n
i `

řK
k“1

řTk
t“0

ν̂kt
K
φn,kt,0 piq

Λ̂n
i “Λn

i `
ř|Zn|
j“i`1

řK
k“1

řTk
t“0

ν̂kt
K
φn,kt,0 piq (6.15)

ρ̂ni,a“ ρ
n
i,a `

řK
k“1

řTk
t“0

ν̂kt
K
φn,kt,τ´1piqIpakn,τ “ aq

σ̂n,a,oi,j “σn,a,oi,j `
řK
k“1

řTk
t“0

ν̂kt
K
ξn,kt,τ´1pi, jqIpakn,τ , aqIpokn,τ`1, oq

Σ̂n,a,o
i,j “Σn,a,o

i,j `
ř|Zn|
l“j`1

řK
k“1

řTk
t“0

ν̂kt
K

řt
τ“1ξ

n,k
t,τ´1pi, jqIpakn,τ , aqIpokn,τ`1, oq,

where ξn,kt,τ pi, jq and φn,kt,τ piq are the same as (6.8) and (6.9) respectively.

The purpose of using SBPs is to encourage a small number of FSC nodes. Com-

pared to a Dirichlet process (DP) [44], which has only a single concentration param-

eter, the SBP can represent richer patterns of sparse transition between the nodes

of an FSC, because the parameters that determine the stick proportions are infinite

and independent. To see this mechanism, we calculate the posterior of a SBP pa-

rameter2, i.e., ppΣn,a,o
i,j |V n,a,o

i,j , c, dq “ Gammapc ` 1, d ´ lnp1 ´ V n,a,o
i,j qq, from which

we can see the posterior mean ErΣn,a,o
i,j |V n,a,o

i,j , c, ds “ c`1
d´lnp1´V n,a,oi,j q

. When c, d Ñ 0

and a large portion of the remaining stick is broken, i.e., V n,a,o
i,j Ñ 1, Σn,a,o

i,j will be

driven down to zero, with the opposite occurring when V n,a,o
i,j Ñ 0. Therefore, the

prior over Σn,a,o
i,j controls usage of a particular state j. In a similar way, Λn encodes

the prior preference for initial node occupancy.

2 The derivation is based on the assumption that σn,a,oi,j “ 1 and is shown in the appendix.
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To accommodate an unbounded number of nodes, we apply the retrospective

representation of SBPs [101] to DEC-SBPR. For agent n, the stick breaking-prior is

set with a truncation level |Zn|, taking into account the current occupancy as well

as additional nodes reserved for future new occupancies.

To determine the occupancy of the nodes in a FSC, we compute t|Zn|uNn“1 directly

by checking if there is a reward assigned to a node. For example, for action a and

node i, ρ̂ni,a ´ ρni,a is the reward being assigned. If this quantity is greater then zero,

then node i is visited. By summing over all actions, we can determine whether

there is a value in visiting node i. Hence we can directly compute |Zn| based on the

following formula

|Zn| “
ř8

i“1 I
`
ř|An|
a“1 pρ̂

n
i,a ´ ρ

n
i,aq ą 0

˘

. (6.16)

It is shown in [57] that the random weights constructed by the stick-breaking prior are

equivalently governed by a generalized Dirichlet distribution (GDD) and is therefore

conjugate to the multinomial distribution; hence we can derive an efficient batch

variational Bayesian algorithm for learning the decentralized policies. The complete

algorithm is described in Algorithm 5. Upon the convergence of Algorithm 5, a point

estimate of the decentralized policies may be obtained by calculating the expectation:

Erµ̂ni s “
λ̂ni

śi´1
l“1 Λ̂n

l
śi
l“1pλ̂

n
l `Λn

l q
, Erπ̂n,ia s “

ρ̂n,ia
ř|An|
j“1 ρ̂n,ja

, ErŴ n,a,o
i,j s “

σ̂n,a,oi,j

śi´1
l“1 Σ̂n,a,oi,j

śi
l“1pσ̂

n,a,o
i,j `Σ̂n,a,oi,j q

.

6.4.1 Computational complexity

The time complexity of Algorithm 5 in each iteration is summarized in Table 6.1,

assuming the averaged episode length is T and averaged nodes number is |Z|, which

are the same for all agents. In Table 6.1, the worst case refers to the case when there

is a nonzero reward at every step in an episode (dense reward), while the best case

is that nonzero reward is received only at the terminal step in each episode. Hence
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Algorithm 5: Batch VB Inference for DEC-SBPR

Input: Episodes DpKq and the number of agents N ,
while ∆LB ă ε do

for k “ 1 to K, n “ 1 to N do
Update the global rewards tν̂kt u using (6.5).

Compute tαn,kτ u and tβn,kt,τ u with (6.10)-(6.36) ;
end for
Compute LB using (6.2)
for n “ 1 to N do

Compute tξn,kt,τ pi, jqu and tφn,kt,τ piqu using (6.8)-(6.9).

Update the hyper-parameters of Θn using (6.15);
Compute |Zn| using (6.16)

end for
end while
Return: Parameters of the posterior distributions of tΘnu

N
n“1, and controller

sizes t|Zn|uNn“1.

in general the algorithm scales linearly with the number of episodes and the number

of agents. The time dependency on T is between linear and quadratic.

Table 6.1: Computational Complexity of Algorithm 5.

variables best case worst case

α OpN |Z|2KT q OpN |Z|2KT q
β OpN |Z|2KT 2q OpN |Z|2KT 2q

νkt OpKq OpKT q
Θ OpN |Z|2KT q OpN |Z|2KT 2q

6.4.2 Tradeoff between Exploration and Exploitation

Algorithm 5 assumes off-policy batch learning where trajectories are collected using

a separate behavior policy. Off-policy learning is efficient if the behavior policy is

close to optimal, as in the case when expert information is available to guide the

agents. With a random behavior policy, it may take a long time for the policy to

converge to optimality; in this case, the agents may exploit the policies learned so

far to speed up the learning process.
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An important issue concerns keeping a proper balance between exploration and

exploitation, such that the action choices are sufficiently explored to prevent pre-

mature convergence to a suboptimal policy, and yet a proper level of exploitation

is maintained to prevent repeated exploration. To address this issue, we define an

auxiliary FSC, Ψn “ xY ,On,Zn,Wn, µn, ϕny, to represent the policy of each agent

in balancing exploration and exploitation. To avoid confusion, we refer to Θn as

a primary FSC. The only two components distinguishing Ψn from Θn are Y and

ϕn, where Y “ t0, 1u encodes exploration (y “ 1) or exploitation (y “ 0), and

ϕn “ tϕ
n,z
y u with ϕn,zy denoting the probability of agent n choosing y in z. One can

express ppyn,t|hn,t,Ψnq in the same way as one expresses ppan,t|hn,t,Θnq, the latter

described in the paragraph above Section 6.2.1.

The behavior policy Πn of agent n is constructed as

pΠnpa|h,Θn,Ψnq “
ÿ

y“0,1

ppa|y, hqppy|h,Ψnq, (6.17)

where ppa|y “ 0, hq ” ppa|h,Θnq is the primary FSC policy, and ppa|y “ 1, hq is

a policy agent n uses to explore action choices. For example, one may let ppa|y “

1, hq “ 1{|An|, leading to uniformly random exploration. The ε-greedy policy [132]

is a special of (6.17), corresponding to ppy “ 1|h,Ψnq ” ε, ppy “ 0|h,Ψnq ” 1´ ε.

The behavior policy in (6.17) has achieved significant success in the single-agent

case [26, 82]. Here we extend it to the multi-agent case and show that, under a

special construction of ϕn, the optimality of the primary joint FSC tΘnu is directly

related to the exploration rate..

We define ϕn,z0 as a random draw from a beta distribution, Betapun,z0 , u1q, and

ϕn,z1 “ 1´ ϕn,z0 , where u1 is kept as a sufficiently large constant, and un,z0 is updated

as

un,z0 “
řK
k“1

řTk
t“0 ν̂

k
t

řt
τ“0φ

n,k
t,τ pzq. (6.18)
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Recall that ϕn,z1 is the probability of agent n choosing exploration in z. Because u1 is

a large constant, the agent will always favor exploration in z until un,z0 has increased

to a point where its value exceeds u1. Rewriting (6.18) as

un,z0 “
řK
k“1

řTk
τ“0

´

řTk
t“τ ν̂

k
t φ

n,k
t,τ pzq

¯

, (6.19)

it becomes clear that un,z0 is the total amount of expected future reward received

by agent n in z over all time steps in all episodes. Therefore, u1 defines, up to a

multiplicative constant, the total future reward required in z for an agent to stop

exploration in z.

On the other hand, because ppy|h,Ψn,Θnq “
ř

z ppy|z,Ψnqppz|h,Θnq “
ř

z ϕ
n,z
y

ppz|h,Θnq, we deduce that ppy “ 0|h,Ψn,Θnq " ppy “ 1|h,Ψn,Θnq implies ϕn,z0 "

ϕn,z1 and hence un,z0 " u1, for any z P tz : ppz|h,Θnq " 0u. However, un,z0 is the total

amount of expected future reward received by agent n in z, as indicated by (6.19).

As a result, when u1 in (12) is sufficiently large, one can conclude

Hnknown“th : ppy“0|h,Ψn,Θnq " ppy“1|h,Ψn,Θnqu (6.20)

represents the set of local histories at which, agent n has acquired large rewards or

a large number of small rewards, and thus the primary FSC Θn has become optimal

or close so. Let umin
1 denote the minimum u1 such that this is true.

6.4.3 Theoretical Analysis of Exploration and Optimality

Let M denote the true model of the DEC-POMDP. Then

V pM; Θq “
8
ÿ

t“0

ÿ

a0:t,o1:t,rt

γtrt pp~a0:t, ~o1:t, rt|Θ,Mq, (6.21)

is the true value function of Θ, where rt “ 0, @ t ą T , for an episode of length T .3

Denote by Rmax the maximum immediate reward. The relation between exploration

rate and policy optimality in Theorem 16 is proven in the Appendix.

3 After an episode terminates, the agent stays in an absorbing state with zero reward [132].
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Theorem 16. Let Θ˚ be the optimal joint FSC for the underlying DEC-POMDP. Let

Θ be the joint FSC learned from DpKq, and ϕ be constructed as in Section 6.4.2, u1 ě

umin
1 , and tun,z0 u be updated as in (6.18). For any ε ě 0, if V pM; Θq ă V pM; Θ˚q´ε,

then

Pe “ 1´ pp~y0:8 “ 0|σ,Θq ą p1´ γqε{Rmax. (6.22)

where Pe denotes the probability of at least one agent choosing exploration, and ~y0:t “

0 is a shorthand for “ yn,τ “ 0, @ τ P r0, ts, @n P N”.

Theorem 16 shows that, when the value of the joint FSC is ε away from the

optimal value, then, with probability of at least p1 ´ γqε{Rmax, at least one agent

will perform exploration. Conversely, when all agents perform exploitation with

probability of at least 1 ´ p1 ´ γqε{Rmax “ pRmax ´ ε ` γεq{Rmax, the value of the

joint FSC is guaranteed to be ε close to the optimal value.

6.5 Prior parameter selection and initialization

To obtain high value policy more quickly, instead of initializing the FSCs randomly,

we use the episodes with highest value to initialize the FSCs, including both the

nodes transition probability, local policy as well as the size of nodes. Towards this

end, we follow the following procedure: 1) use random policy to generate a number

of trajectories; 2) construct a tree for each agent based on the episodes with high

values; 3) convert the tree into a graph by redirecting the absorbing nodes to the

initial node4; 4) merge the nodes if they transit to the same nodes after taking

the same action and receiving the same observation and reward. Based on this

initialization, we can decide the upper bound of number of the nodes and the initial

FSC value. The process for initializing FSCs is illustrated in figure 6.1.

4 The problem we are tested all have a goal state associated with. Once the the goal state is
reached, the problem is reset.
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Figure 6.1: An illustration of DSBPR and its initialization for two agents. Left: sample trajecto-
ries; Right: the initial policy graphs.

6.6 Experiments

We evaluate the performance of proposed algorithms on five benchmark problems5

and a large-scale problem (traffic control) [156]. For all results reported here, we

have followed the same experimental procedure as used [156]. For DEC-SBPR, the

hyper-parameters in (6.13) are set to c “ e “ 0.1 and d “ f “ 10´6 to promote

sparse usage of FSC nodes.

Demonstration of convergence and optimality The convergence and optimality of the

proposed algorithm is demonstrated on the Marsrover problem, based on using

5 Problems are available from http://rbr.cs.umass.edu/camato/decpomdp/download.html
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K “ 500 episodes to learn the FSCs and evaluating the policy by the discounted

accumulative reward averaged over 100 test episodes of 1000 steps. The results

are reported in Figure 6.2, which shows the exact value, its lower bound, and the

numbers of FSC nodes for the two agents, as a function of iterations of the VB algo-

rithm. It is seen that, as the the iteration proceeds, the lower bound monotonically

increases, while the value itself exhibits an overall improvement and converges to

the optimal value. The FSCs initially use a large number of nodes and converges to

small numbers around 10.
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Figure 6.2: A demonstration of convergence and optimality of Algorithm 5 on the Marsrover
problem.
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Comparison with Other Methods We compare the performance of DEC-SBPR to

that of several state-of-art methods, including: Monte Carlo EM (MCEM) [156],

PBVI-BB-DecPOMDP [85] and Periodic EM (PeriEM) [98]. Similar to DEC-SBPR,

MCEM is also a model-free reinforcement approach. We apply the exploration-

exploitation strategy described in section 6.4.2 and follow the same experimental

procedure as in [156] to report the results. The testing rewards after the algorithm

converges are summarized in Table 6.2. We can see DEC-SBPR achieves compara-

ble or better policy values than MCEM. These results can be explained by the fact

that EM algorithm is sensible to initialization and prone to local optima. More-

over, by fixing the size of controllers, the optimal policy from EM algorithms might

be over/under represented. While by using Bayesian nonparametric priors, DEC-

SBPR learns the policy with variable-sized controllers, hence allows more flexibility

for representing the optimal policy (though still prone to local optima).

Finally, we compare to PBVI-BB-DECPOMDP [85], the state-of-art model-based

method for generating controllers with the highest value. In this regard, the perfor-

mance of PBVI-BB-DECPOMDP serves as the upper-bound for those of model-free

methods. However PBVI-BB-DECPOMDP is not scalable to large problem sizes,

and therefore it is unable to produce results for Mars Rovers [85]. By using a model-

free reinforcement learning approach, DEC-SBPR solves this problem without being

restricted by the large state space size.

Scaling Up to Larger Domains To demonstrate the scalability to both large problem

sizes and large numbers of agents, we test our algorithm on a traffic problem [156],

which has 1020 states. In this domain, there are 100 agents controlling the traffic flow

at 10ˆ 10 intersections with one agent located at each intersection. Each agent has

2 actions (aligning horizontally and aligning vertically), and 100 observations which

indicate the number of traffic units waiting in the vertical and horizontal queues.
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The traffic in one direction can pass through if all the agents along that direction

are aligned. The agents receive one unit of reward if one traffic unit passes through,

and zero reward if the path is blocked. The goal for this problem is to coordinate the

agents to maximize the total reward. Except for MCEM, no previous DEC-POMDPs

algorithms are able to solve problems of such a large size. Since [156] uses, with a 10%

chance, a hand-coded policy (comparing the traffic flow between two directions) as

a heuristic for generating training trajectories, we also use such a heuristic for a fair

comparison. Moreover, to examine the effectiveness of the exploration-exploitation

strategy described in Section 6.4.2, we also consider the case without using the

heuristic for generating training episodes; in this case, the initial behavior policy for

each agent is to take random actions. From Figure 6.3, we can see that, with the help

of the heuristic, DEC-SBPR can achieve the best performance. While without using

the heuristic, by just using our exploration-exploitation strategy, in a few iterations,

DEC-SBPR is able to produce a higher quality policy than MCEM. In addition, the

inferred number of FSC nodes (averaged over all agents) is smaller than the number

preselected by MCEM.
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Figure 1 6.3: Performance on the traffic control domain with 1020 states and 100 agents. Top:
Domain illustration; Bottom left: test reward; Bottom right: Inferred decision state number.

6.7 Discussion

In this chapter, we introduced a scalable nonparametric Bayesian policy represen-

tation, an associated learning framework (DEC-SBPR) for generating decentralized

policies in DEC-POMDPs, and an exploration-exploitation method that continues

to explore while the solution is suboptimal. DEC-SBPR infers the parameters of

the policy graph (FSCs) a posteriori number of nodes, to match policy complexity

dynamically to the experiences. In addition to the use of variable-sized FSCs, the

proposed methods are further distinguished from previous EM-based algorithms in

that we manipulate the DEC-POMDP directly, without transforming it into a mix-

ture of dynamic Bayes nets (DBNs). As a result, the EM algorithm in our case

operates on the value function of a DEC-POMDP, instead of the likelihood function

of a DBN mixture. This approach was originally developed for POMDPs [76], and

has shown several advantages: (i) it leads to a nested EM which achieves exact pol-

icy iteration; in particular, the outer E-step recomputes the rewards such that the

updated rewards sum up to the new value of the policy improved in the previous

outer M-step (policy evaluation), and the outer M-step uses an inner EM to improve

the policy; (ii) the inner EM maximizes a weighted log-likelihood, where each time

step is weighted by the discounted sum of future rewards updated in the outer E-
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step (policy improvement). The EM algorithm in [71] does not update rewards and

therefore achieves only one step of policy iteration6.

6.8 Appendix

6.8.1 Proof of Theorem 16

Proof. Define

Vf pM; Θ,Ψq“
8
ÿ

t“0

ÿ

~a0:t,~o1:t,rt

γtrtpp~a0:t, ~o1:t, rt, ~y0:t“0|Θ,Ψ,Mq

`

8
ÿ

t“0

γtRmax

ÿ

~a0:t,~o1:t,rt

ÿ

~y0:t‰0

pp~a0:t, ~o1:t, rt, ~y0:t|σ,Θ,Mq,
(6.23)

where ~y0:t “ 0 is an abbreviation for ”yn,τ “ 0, @ τ P r0, ts, @n P N ” and ~y0:t ‰ 0

for “yn,τ ‰ 0, D τ P r0, ts, Dn P N ”. By construction, the agent receives Rmax at t

when ~y0:t ‰ 0; thus the second term of Vf is no smaller than the corresponding term

of V pM; Θ˚q. When ~y0:t “ 0 is true, one can deduce, for any n, that thn,τ : τ P

r0, tsu Ă Hn
known, in which Θn is optimal, using the arguments below (6.20). Thus,

the first term of Vf is equal to the corresponding term of V pM; Θ˚q. Combining

the two cases, we have V pM; Θ˚q ď Vf pM; Θ,Ψq which, alongside the premise of

the theorem, implies ε ă Vf pM; Θ,Ψq ´ V pM; Θq. Substituting (6.21), (6.23), the

equation pp~a0:t, ~o1:t, rt|Θ,Mq “
ř

~y0:t
pp~a0:t, ~o1:t, rt, ~y0:t|Θ,Ψ,Mq, and integrating out

~a’s and ~o’s, one obtains

ε ă
ř8

t“0

ř

rt
γtpRmax´rtq

ř

~y0:t‰0 pprt, ~y0:t|Θ,Ψq,

ă
ř8

t“0

ř

rt
γtRmax

ř

~y0:t‰0 pprt, ~y0:t|Θ,Ψq,

“
ř8

t“0γ
tRmax

ř

~y0:t‰0 pp~y0:t|Θ,Ψq,

“
ř8

t“0γ
tRmaxp1´pp~y0:t “ 0|Θ,Ψqq

6 [156] does not explicitly update rewards, but its importance sampling may play a similar role
(the exact relations are subject to future investigation).

133



ă
ř8

t“0γ
tRmaxp1´pp~y0:8 “ 0|Θ,Ψqq

“
Rmax

1´ γ
p1´pp~y0:8 “ 0|Θ,Ψqq, (6.24)

from which (6.22) follows.

6.8.2 (Mean-field) variational Bayesian Inference for DEC-SBPR

Under the standard variational theory [16], minimizing the KL divergence between

qpΘ, zq and ppΘ, z|Dq is equivalent to maximizing the lower bound of log marginal

likelihood (empirical value function for our case). Using Jensen’s inequality, we can

obtain the following lower bound of the log marginal value function

ln pV pDpKqq “ ln 1
K

řK
k“1

řTk
t“0

ř

~zk0 ,¨¨¨ ,~z
k
t

ş

qkt p~z
k
0:tqqpΘqqpΣq

r̃kt ppΘqppΣqpp~a
k
0:t,~z

k
0:t|~o

k
1:t,Θq

qkt p~z
k
0:tqqpΘqqΣ

dΘdΣ

ě 1
K

řK
k“1

řTk
t“0

ř

~zk0 ,¨¨¨ ,~z
k
t

ş

qkt p~z
k
0:tqqpΘqqpΣq ln

r̃kt ppΘqppΣqpp~a
k
0:t,~z

k
0:t|~o

k
1:t,Θq

qkt p~z
k
0:tqqpΘqqpαq

dΘdΣ

“ ln pV pDpKqq ´KL
` 

qkt p~z
k
0:tqqpΘqqpΣq

(
ˇ

ˇ

ˇ

ˇ

ξkt
ln pV pDpKqq

pp~zk0:t,Θ,Σ|~a
k
0:t, ~o

k
1:tq

˘

(6.25)

def
“ LB

`  

qkt pz
k
n,0:tq

(

k,t
, qpΘnq, qpΣnq

(

n“1,¨¨¨ ,N

˘

We rewrite the lower bound in equation (6.25) as follows

LB
`  

qkt pz
k
n,0:tq

(

k,t
, qpΘnq, qpΣnq

(

n“1¨¨¨N

˘

“ ´
ş

qpΘq ln qpΘq
ppΘq

dΘ´
ş

qpΣq ln qpΣq
ppΣq

dΣ

´ 1
K

řK
k“1

řTk
t“0

ř

~zk0 ,¨¨¨ ,~z
k
t

śN
n“1 q

k
t pz

k
n,0:tq ln

`
śN

n“1 q
k
t pz

k
n,0:tq

˘

` 1
K

řK
k“1

řTk
t“0

ř

~zk0 ,¨¨¨ ,~z
k
t

śN
n“1

ş

qkt pz
k
n,0:tqqpΘnqqpΣnq

ˆ ln
`

r̃kt
śN

n“1 p
k
t pa

k
n,0:t, z

k
n,0:t|o

k
n,1:t,Θnq

˘

dΘndΣn (6.26)

The VB Inference algorithm for DEC-SBPR is based on maximizing LB w.r.t. the

distribution of the joint DEC-SBPR parameters
 

tqkt pz
k
n,0:tquk,t, qpΘq, qpαq

(

n“1,¨¨¨ ,N
,

which can be achieved by alternating the following steps:

Updating the distribution of hidden nodes (VB E-step) Keeping qpΘq and

qpαq fixed, solve maxtqkt pzkn,0:tqu
LB

` 

tqkt pz
k
n,0:tquk,t, qpΘnq, qpΣnq

(

n“1,¨¨¨ ,N

˘

, @n subject
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to the normalization constraint for qkt pz
k
n,0:tq. In this step, we construct the La-

grangian

Fqkt pzkn,0:tq
“ LB

`  

qkt pz
k
n,0:tq

(

k,t
, qpΘnq, qpΣnq

(

n“1,¨¨¨ ,N

˘

´ λ
`

K ´
ÿ

k,t,z

N
ź

n“1

qkt pz
k
n,0:tq

˘

,

then take derivative w.r.t qkt pz
k
n,0:tq and set the result to zero

BFqkt pzkn,0:tq

B
`

qkt pz
k
n,0:tq

˘ “ 1
K

ş

ppΘnq ln r̃kt ppa
k
n,0:t, z

k
n,0:t|o

k
1:t,ΘnqdΘn

` 1
K

řK
k“1

řTk
t“0

ř

~zk0 ,¨¨¨ ,~z
k
t

ś

i‰n

ş

qkt pz
k
i,0:tqqpΘnqqpΣnq

ˆ ln
`

r̃kt
śN

n“1 p
k
t pa

k
n,0:t, z

k
n,0:t|o

k
n,1:t,Θnq

˘

dΘndΣn

´ 1
K

řK
k“1

řTk
t“0

ř

~zk0 ,¨¨¨ ,~z
k
t

ś

i‰n q
k
t pz

k
i,0:tq ln

`
śN

n“1 q
k
t pz

k
n,0:tq

˘

´ 1
K

řK
k“1

řTk
t“0

ř

~zk0 ,¨¨¨ ,~z
k
t

ś

i‰n q
k
t pz

k
i,0:tq

`λ
řK
k“1

řTk
t“0

ř

~zk0 ,¨¨¨ ,~z
k
t

ś

i‰n q
k
t pz

k
i,0:tq “ 0, (6.27)

which is solved to give the distribution of latent nodes zkn,0:t for the nth agent

qkt pz
k
n,0:tq “

r̃kt
Cz

exp

"

ş

qpΘnq ln ppakn,0:t, z
k
n,0:t|o

k
n,1:t,ΘnqdΘn

*

“
r̃kt
Cz

exp

"

řt
τ“0xlnπpz

k
n,τ , a

k
n,τ qyppπ|ρ̂q ` xlnµpz

k
n,0qyppµ|λ̂,Λ̂q

`
řt
τ“1xlnW pz

k
n,τ´1, a

k
n,τ´1, o

k
τ , z

k
n,τ qyppW |σ̂,Σ̂q

*

“
r̃kt
Cz
rµzkn,0rπ

zkn,0

akn,0

śt
τ“1

ĂW
zkτ´1,a

k
τ´1,o

k
τ

zkn,τ
rπ
zkn,τ
akn,τ

(6.28)

where

rπn,ia “ exp

"

xln πn,ia yppπ|ρ̂q

*

“ exp

"

xψpρ̂n,ia q ´ ψp
ř|A|
m“1 ρ̂

n,i
m qy

*

ĂW n,a,o
i,1 “exp

"

xlnW n,a,o
i,1 yppW |σ̂,Σ̂q

*

“ exp

"

xlnV n,a,o
n,1 yppV |σ̂,Σ̂q

*

,
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ĂW n,a,o
i,j “exp

"

xlnW n,a,o
i,j yppW |σ̂,Σ̂q

*

“ exp

"

xlnV n,a,o
i,j yppV |σ̂,Σ̂q

`
řj´1
m“1xlnp1´ V

n,a,o
i,m qyppV |σ̂,Σ̂q

*

for j “ 2, ¨ ¨ ¨ , |Zn| ´ 1

ĂW n,a,o
i,|Zn| “exp

"

xlnW n,a,o
i,|Zn|yppW |σ̂,Σ̂q

*

“ exp

"

ř|Zn|
m“1xlnp1´ V

n,a,o
i,m qyppV |σ̂,Σ̂q

*

with

xlnV n,a,o
i,j yppV |σ̂,Σ̂q “ ψpσn,a,oi,j ` ωn,a,oi,j q ´ ψ

`

σn,a,oi,j ` xΣn,a,o
i,j y `

ř|Zn|
l“j ω

n,a,o
i,l

˘

,

xlnp1´ V n,a,o
i,j qyppV |σ̂,Σ̂q “ψpxΣ

n,a,o
i,j y `

ř|Zn|
l“j`1 ω

n,a,o
i,l q ´ ψ

`

σn,a,oi,j ` xΣn,a,o
i,j y `

ř|Zn|
l“j ω

n,a,o
i,l

˘

,

xΣn,a,o
i,j y “ ĉn,a,oi,j {d̂n,a,oi,j

where ψp¨q is digamma function, ωn,a,oi,j is the reward(soft-count) allocated to the

transition from state i to j, ĉn,a,oi,j and d̂n,a,oi,j are the posterior parameters of Σn,a,o
i,j .

Updating the sufficient statistics (VB-M Step) In VB-M Step, the distribution

of hidden nodes tqkt p~z
k
0¨¨¨tqu are fixed, the objective is to solve maxqpΘq,qpΣq LB subject

to the normalization constraint that
ş

qpΘqdΘ “ 1. First we consider finding qpΘq.

To that end, we construct the Lagrangian

FqΘ “ LB
`

tqkt u, gpΘq, qpΣq
˘

´ λ

ˆ

1´

ż

qpΘqdΘq

˙

(6.29)

Then

BFqΘ
B
`

qpΘq
˘ “ 1

K

ř

k,t,z

ş
śN

n“1 qpΣnqq
k
t pz

k
n,0:tq ln r̃kt

śN
n“1 ppΣnqppa

k
n,0:t, z

k
n,0:t|o

k
1:t,ΘnqdΣ,

´1´ ln qpΘq
ppΘq

` λ “ 0 ñ

qpΘq “
śN

n“1
ppΘnq
e1´λ

exp

"

1
K

ř

k,t,z q
k
t pz

k
n,0:tq ln ppakn,0:t, z

k
n,0:t|o

k
n,1:t,Θnq

*

“
śN

n“1
ppΘnq
e1´λ

exp

"

1
K

ř

k,tKν
k
t

„

φn,kt,0 lnµni `
řt
τ“1

ř|Zn|
i“1 φ
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t,τ piq lnπ

n,akn,τ
i
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k
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i
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k
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k
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ˆ
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i,j“1rW
i,aτ´1,oτ
j s

ř

k,t,τ ν
k
t ξ
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pfrom the relation between stick-breaking weights p and independent beta randomq

pvariables in V (2.54)q

“
śN

n“1
ppΘq
e1´λ

ś|Zn|
i“1

„

Un
i

śi´1
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n
mq



ř

k,t ν
k
t φ

n,k
t,0 piq

ś|Zn|
i“1 rπ

n,an,kτ
i s

ř

k,t,τ ν
k
t φ

n,k
t,τ piq

ˆ
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i,j“1

„

V
n,an,τ´1,on,τ
i,j

śj´1
m“1p1´ V

n,an,τ´1,on,τ
i,m q



ř

k,t,τ ν
k
t ξ
n,k
t,τ´1pi,jq

“
śN

n“1GDDpλ̂
n, Λ̂nq

ś|Zn|
i“1 Dirpρ̂

n
i q
ś|An|

a“1

ś|O|n
o“1 GDDpσ̂

n,a,o, Σ̂n,a,oq (6.30)

where

λ̂ni “λ` v
n
i “ λ

n
i `

1
K

řK
k“1

řTk
t“0ν̂

k
t φ

n,k
t,0 piq

Λ̂n
i “Λn

i `
ř|Zn|
j“i`1 u

n
j “ Λn

i `
1
K

ř|Zn|
j“i`1

řK
k“1

řTk
t“0ν̂

k
t φ

n,k
t,0 piq

ρ̂n,ia “ρn,ia ` 1
K

řK
k“1

řTk
t“0

řt
τ“1ν

k
t φ

n,k
t,τ´1piqIpakn,τ´1 “ aq (6.31)

σ̂n,a,oi,j “σn,a,oi,j ` ωn,a,oi,j

“σn,a,oi,j ` 1
K

řK
k“1

řTk
t“0

řt
τ“1 ν

k
t ξ

n,k
t,τ´1pi, jqIpakn,τ´1 “ aqIpokn,τ “ oq

Σ̂n,a,o
i,j “Σn,a,o

i,j `
ř|Zn|
l“j`1 ω

n,a,o
i,l

“Σn,a,o
i,j ` 1

K

ř|Zn|
l“j`1

řK
k“1

řTk
t“0 ν̂

k
t

řt
τ“1ξ

n,k
t,τ´1pi, jqIpakn,τ´1 “ aqIpn, okτ , oq,

To find qpΣq, we construct the Lagrange,

FqΣ “ LB
`

tqkt u, gpΘq, qpΣq
˘

´ λ
`

1´
ş

qpΣqdΣq
˘

(6.32)

BFΣ

B

`

qpΣq
˘ “ 1

K

ş

qpΘq ln ppΣqppΘqdΘ´ 1
K

ln qpΣq ` λ “ 0 ñ (6.33)

qpΣq9exp

"

ş

qpΘq ln ppΣqppΘ|ΣqdΘ

*
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“ exp

"

ş

qpΘq ln ppΘ|ΣqdΘ` ln ppΣq

*

“ ppΣq exp
 

xln ppΘqy
(

(6.34)

“
ś|An|

a“1

ś|On|
j“1

ś|Zn|
i“1

ś|Zn|
j“1 GapΣn,a,o

i,j ; c, dq
Γpσn,a,oi,j `Σn,a,oi,j q

Γpσn,a,oi,j qΓpΣn,a,oi,j q
V n,a,o
i,j

σ
n,a,o
i,j

´1

p1´ V n,a,o
j q

Σn,a,oi,j ´1

«
ś|An|

a“1

ś|On|
j“1

ś|Zn|
i“1

ś|Zn|
j“1

Γpσn,a,oi,j `Σn,a,oi,j q

ΓpΣn,a,oi,j q

 

Σn,a,o
i,j

(c´1
exp

 

´ Σn,a,o
i,j pd´ lnp1´ V n,a,o

j qq
(

One can set σn,a,oi,j “ 1, in this case, the VB approximation of qpσq is a product

of independent gamma distributions, however, σn,a,oi,j has both practical meaning

and direct relation to the value of a particular state. Note that when σn,a,oi,j ‰

1, equation (6.34) is not a gamma distribution (the prior and likelihood are not

conjugate). To solve this issue, one might consider the VB inference method for

non-conjugate priors [148], by which we consider a point estimate of Σ, such at

qpΣq is maximized. One way to obtain the maximum estimate of Σ is to solve

BqpΣq
BΣ

“ 0, however this operation involves taking derivative w.r.t gamma functions,

which does not have a simple form of solutions. To circumvent this difficult, we use

grid search. To make the search more efficient, we use the bounds of Γpa`xq
Γpxq

to give

an initial estimate of the searching range. The bounds are from Wendel’s double

Inequality [113].

x

px` aq1´a
ď

Γpa` xq

Γpxq
ď xa (6.35)

where x, a ą 0.

To illustrate the difference, we plot the ratio between two gamma functions Γpx`aq
Γpxq

along with its lower and upper bounds (denoted by lb and ub respectively) on the left

of figure 6.4. We also plot the absolute differences diff ´ lb “ Γpx`aq
Γpxq

´ x
px`aq1´a

and

diff ´ lb “ Γpx`aq
Γpxq

´xa on the right of figure 6.4. We can see that when 0 ă a ă 1, the

lower bound is more tighter than the upper bound for approximating Γpx`aq
Γpxq

. When
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a ă 10´4, we use the following approximation

Γpx` aq

Γpxq
«

"

1 if x ąą a ă 10´4

x
x`a

if x ă“ a ă 10´4 (6.36)

6.8.3 Some Basics of Stick-breaking Priors

Stick-breaking prior and generalized Dirichlet distribution We denote p „ SBpv,wq

as constructing p as an infinite process (d Ñ 8) as (2.54), and p „ GDDpv,wq

when p is finite. Here GDD stands for generalized Dirichlet distribution. To see

the connection between SBP and GDD, set the truncation level (number of occupied

states) to d with pd`1 “ 1´
řd
i“1 pi, then we can write down the density function of

V “ pV1, ¨ ¨ ¨ , Vdq as

fpV q “
d
ź

i“1

fpViq “
d
ź

i“1

Γpvi ` wiq

ΓpviqΓpwiq
V vi´1
i p1´ Viq

wi´1 (6.37)

By changing variables from V to p and using the relation between V and p in (2.54),

we can show the density of p as follows,

fppq “ |
BV

Bp
|fpV q “

d
ź

i“1

ˆ

Γpvi ` wiq

ΓpviqΓpwiq
pvi´1
i

`

1´
i
ÿ

j“1

pj
˘wi´pvi`1`wi`1q

˙

pwd´1
d`1 (6.38)

which has a mean and variance for an element pi,

Erpis “
vi
śi´1

l“1 wl
śi

l“1pvl ` wlq
, Vrpis “

vipvi ` 1q
śi´1

l“1 wlpwl ´ 1q
śi

l“1pvl ` wlqpvl ` wl ` 1q
(6.39)

when wi “
řK
j“i`1 vi for i ă d, and keeping wd “ wd, the GDD is equivalent to the

standard Dirichlet distribution.
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As a concrete example, consider the case d “ 3, we have

p1 “ V1

p2 “ p1´ V1qV2

p3 “ p1´ V1qp1´ V2qV3

p4 “ p1´ V1qp1´ V2qp1´ V3qV4

“ p1´ V1qp1´ V2qp1´ V3q

ðñ

V1 “ p1

V2 “
p2

1´ p1

V3 “
p3

1´ p1 ´ p2

V4 “
p4

1´ p1 ´ p2 ´ p3

“ 1

and plug these relations into (6.38),

fppq “ |BV
Bp
|fpV q

“
ś4

i“1p1´
ři´1
j“1 pjq

Γpvi`wiq
ΓpviqΓpwiq

ˆ pv1´1
1 p1´ p1q

w1´1 ¨ p
p2

1´p1
qv2´1p1´ p2

1´p1
qw2´1

“ p
p3

1´p1´p2
qv3´1p1´ p2

1´p1´p2
qw3´1 ¨ p

p4

1´p1´p2´p3
qv4´1p1´ p4

1´p1´p2´p3
qw4´1

“
ś4

i“1
Γpvi`wiq

ΓpviqΓpwiq
pvi´1
i p1´

ři
j“1 pjq

wi´pvi`1`wi`1q (6.40)

Bayesian inference for GDD Given a set of discrete observations tXnu
i.i.d.
„ Discreteppq,

and the prior p „ SBpv, wq, the posterior of p is

ppp|tXnuq9
śN

n“1

śd
i“1 p

IpXn,iq
i

śd
i“1

`

Γpvi`wiq
ΓpviqΓpwiq

pvi´1
i

`

1´
ři
j“1 pj

˘wi´pvi`1`wi`1q
˘

pwd´1
d`1

9
śd

i“1

`

Vi
śi´1

j“1p1´ Vjq
˘

řN
n“1 IpXn,iq

V vi´1
i p1´ Viq

wi´1

9
śd

i“1 V
vi`

řN
n“1 IpXn,iq´1

i p1´ Viq
wi`

ř

jąi

řN
n“1 IpXn,iq´1 (6.41)

9GDDpv1,w1q

where the posterior hyper parameters updated as v1i “ vi `
řN
n“1 IpXn “ iq and

w1i “ wi `
ř

jąi

řN
n“1 IpXn “ iq, where Ip¨q is an indicator function with value equal

to one when the argument is true and zero otherwise.
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Figure 6.4: Left: The ratio between two gamma functions Γpx`aq
Γpxq and its lower and upper bounds.

Right: The absolute difference between Γpx`aq
Γpxq and its lower and upper bound.
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7

Conclusions

Reinforcement learning (RL) is an important and thriving research area, which aims

at enabling agents to teach themselves to make smart decisions and improve task

performance through interacting with stochastic environments. When designing a

RL algorithm, there are a number of practical and theoretical issues that need to

be considered. These issues include i) how to choose control policy representation

(graph vs tree, parametric vs nonparametric); ii) which RL approach should follow

(model-free or model-based); iii) which type of learning methods to use (online vs

batch, on-policy vs off-policy); and iv) how to balance exploration and exploitation

(direct vs indirect). To allow persistent RL in complex tasks when the domain models

are unavailable, we applied Bayesian nonparametric methods (BNPMs) in model-free

RL settings and demonstrated the advantages of BNPMs, including: i) allowing au-

tomatic adjustment of features based on observed data; ii) allowing inference for both

the policy representation parameters as well as representation complexity; iii) pro-

viding principled ways to balance exploration and exploitation; iv) allowing encoding

expert knowledge and prior information for efficient policy learning; v) applicabil-

ity for both batch and online learning settings; vi) applicability for centralized and
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decentralized decision making problems. In this chapter, we summarize the tech-

nologies developed in this thesis and discuss some of the open questions that are of

interest for future research.

7.1 Summary of Contributions

We started by presenting a nonparametric Bayesian framework, termed GPQ, for

approximate RL in MDPs. GPQ uses a Gaussian process model to approximate

the value function without using a planner. In addition to presenting the GPQ

framework, sufficient conditions for convergence of GPQ to the best achievable op-

timal Q-function given the data (Q˚) are presented in both the batch and online

setting, and it is shown that these properties hold even as new features are added

or less important features removed to maintain computational feasibility. Our work

also contributes to off-policy approximate RL in general, because unlike other re-

cent papers on off-policy RL with fixed-parameter linear function approximation,

our approach allows the basis functions to be automatically identified from data.

Furthermore, our condition for convergence reveals why in the batch case GPQ or

kernel base fitted Q-Iteration could lead to divergence in the worst case, and how

the divergence can be prevented by tuning a regularization-like parameter of the GP.

We designed a practical online implementation of this framework that makes use of a

recent budgeted online sparse GP inference algorithm. Our theoretical and empirical

results show off-policy RL using a GP provides provable convergence guarantees and

competitive learning speeds.

We then presented a novel online nested EM algorithm for learning the Region-

alized Policy Representation (RPR), a parametric policy for RL in POMDPs. The

online algorithm uses only the latest learning episode to update the policy value in

the outer-loop E-step and update the sufficient statistic in the inner-loop E-step, and

computes the improved policy in closed-form given the sufficient statistic. Our online
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RPR framework contributes to RL in POMDPs both theoretically and empirically.

In theory, i) the online RPR reduces both the time and memory complexity an or-

der of magnitude, in comparison with the corresponding batch-mode algorithm; ii)

under standard conditions on the learning rates, the online RPR provably converges

to a local optimal batch-mode policy when the number of learning episodes becomes

sufficiently large. Empirically, our study shows that: (i) the online RPR produces

policies as good as the batch-mode RPR, while using only a small fraction of the

time; (ii) the stochastic nature of the online learning algorithm can help it jump

out of local optima; (vi) the RPR can produce high-quality policies by using fewer

internal memory units than the U-tree; (v) the RPR has performance that improves

with the history length, and is a competitive reactive policy when the length is one.

We also discussed iRPR, a nonparametric generalization of the RPR to represent

the POMDP policy on an a priori unbounded set of decision states. This extension is

nontrivial, since we have to deal with particularly challenging issues, including policy

representation uncertainty, and exploration under variable sized policy representa-

tion. iRPR solves these issues and contributes to model-free RL in POMDPs from

three aspects: 1) a hybrid Gibbs-variational algorithm for inferring the parameters

of the policy graph and a posteriori number of decision states, to match policy com-

plexity dynamically to the experiences, while avoiding costly model comparisons; 2)

a principled way to balance exploration and exploitation while inferring the decision

states; 3) convergence analysis that guarantees that the iRPR performs exploration

with a rate commensurate with the difference from the optimal value.

We finally introduced a nonparametric Bayesian policy representation framework

based on a stick-breaking process, termed DEC-SBPR, which contributes to the

DEC-POMDP research from three aspects. This framework represents the first time

that BNPMs have been applied to RL in DEC-POMDPs. Secondly, it allows one to

solve infinite-horizon problems, and it is able to achieve comparable and better results
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to the state-of-the-art mode-free method, with the additional benefit of inferring the

number of nodes that are necessary for representing the optimal policy based on given

experiences. Thirdly, the problem of learning decentralized policies is formulated as

a Bayesian optimization problem, with a scalable inference algorithm developed.

Lastly, we address the issue of exploration under a decentralized setting, providing

a relation between the exploration rate and the difference from the optimal value.

In summary, we have developed efficient algorithms for model-free RL for cen-

tralized and decentralized decision making under uncertainty. This is accomplished

through BNPMs, online learning, and flexible policy representations. The results

demonstrate that our methods are able to solve large and realistic problems with

infinite horizons in a data-driven fashion, and yield high-quality policies. The in-

creased flexibility and scalability are instrumental for a broad range of applications.

Therefore, these contributions offer a set of new tools for intelligent systems to solve

problems that can be described by MDPs, POMDPs and DEC-POMDPs.

7.2 Future work

There are many intriguing open questions for applying BNPMs for RL and sequential

decision making under uncertainty, as well as many interesting applications involv-

ing BNPM-based planning and learning. We here discuss some of these issues and

applications.

7.2.1 Optimal exploration strategies for GPQ

For GPQ learning, we use the predictive variance of the GP Q value to control explo-

ration, and are able to achieve significantly better empirical results than ε´greedy

exploration. We are able to demonstrate the convergence of the proposed algorithm.

However, there is an important question remaining to be answered, that is, whether

there exists a bound for the sample complexity for the proposed GPQ learning meth-
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ods. We omitted such a study in this thesis and argued that such a bound depends on

the topology of action-state space. Even though there are very few PAC-optimal RL

algorithms existing for continuous action-state space, recently Pazis and Parr [104]

proposed a model-free, PAC-optimal algorithm for exploration in continuous space,

called C-PAC. Under the assumptions that the Q value is Lipschitz continuous and

the covering number for the action-state space is finite, the bound of sample com-

plexity of C-PAC is derived. It is foreseeable that the results of C-PAC might be

able to shed some light on studying the sample complexity of the GPQ learning

algorithm.

7.2.2 Temporal and spatial(state) abstraction and BNPMs

In this thesis, we only considered standard RL frameworks with one-step modeling of

the environment, that is the state trajectory is made up of discrete-time transitions

without modeling the actual time interval between any two adjacent decisions. There

is no notion of a course of actions persisting over a variable period of time. Moreover,

the algorithms are designed based on the pre-specified state/observation spaces, the

size of which can be too huge to handle in real problems. To accommodate large scale

and more realistic problems, besides developing scalable inference algorithms, it is

also necessary to abstract states and temporal actions by employing hierarchical state

space structures and macro actions. With the hierarchal models, planning, search,

and learning can be efficient, with less complex computation in higher(abstract)

levels and refined in lower level [103].

Temporal abstraction has been studied for MDPs [134] and POMDPs [141], and

has recently been extended to multi-agent settings [6]. However, there are very few

applications of BNPMs in these frameworks. In existing hierarchical modes, such as

hierarchies of abstract machines (HAM) [103] and hierarchical hidden Markov Model

(HHMM) [45], one has to set the number of abstract states and the level of hierarchy
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in advance; hence they are unable to handle model uncertainty in a principled way.

These existing issues provide further research opportunities, especially for the

application of BNPMs. Recently, there are Bayesian nonparametric extensions of

HHMM and Semi-HMM, such as iHHMM [55] and HDP-HSMM [60]. These models

are promising candidates to address the issue of state abstraction and temporal

abstraction, respectively; hence they are worth further research in the RL context.

7.2.3 Speed up BNPMs

Advanced BNPMs, such as iHHMM [55] and HDP-HSMM [60] generally rely on

MCMC methods for inference. While these methods are powerful in their capability

to capture complex structures in data without requiring explicit model selection, they

suffer practical shortcomings. In particularly, they are not ideal for use in contexts

where performing inference quickly and reliably on large volumes of streaming data

is crucial for timely decision making, such as autonomous robotic systems.

There are two main lines of research aiming to scale up the inference for BNPMs,

which are possible candidates for sequential decision-making problems. The first is

based on stochastic variational Bayesian (VB) inference [56], which combines the idea

of VB and stochastic gradient descent. That is, instead of putting all the data into

the memory and performing a batch update, stochastic VB processes one min-batch

at a time and updates the global parameters based on the linear combination of old

sufficient statistics and the sufficient statistics computed from the new data. Recent

research has mainly focused on streaming and distributed asynchronous settings [22]

and nonconjugate models [148].

The second thrust for accelerating BNPMs is based on the small variance asymp-

totic analysis. This method was first applied to the (Hierarchical) Dirichlet Processes

(HDPs) mixture model [70]. By using small variance asymptotic for Gibbs samplers,

it is able to derive an optimization algorithm similar to that of k-means like algorithm,
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which enjoys both fast speed and convergence guarantee. It was later generalized to

exponential family DP mixture models [59], Beta processes (BPs) [23], dependent

Dirichlet processes (DDPs) [27], as well as hidden Markov models (HMMs) [119].

Being able to adapt these inference algorithms for complex BNPMs, such as

iHHMM [55] and HDP-HSMM [60], will further scale up current reinforcement learn-

ing methods, for more realistic sequential decision models. Therefore, speeding up

BNPMs is considered an important direction for future research.

7.2.4 Unified view of Model-free RL for (DEC)-POMDPs

We have focused on employing FSC-type of graphical models for representing the

policies of (DEC-)POMDPs and employing variational Bayesian (VB) methods for

inference. However, the VB algorithm is prone to local optima. Moreover, because

of the involvement of hidden variables, the theoretical properties such as sample

complexity and convergence rate are difficult to analyze. As it was shown by the

experimental results in Chapter 4, it is not necessary to memorize all the history

for good decision making; we only need to remember those core histories. This ob-

servation motivates us to look at an alternative representation of (DEC-)POMDPs:

predictive state representations (PSRs) [78]. PSRs represent the state of a dynamic

system by tracking occurrence probabilities of a set of future observable event (called

tests or characteristic events) conditioned on past observable events (core histories

or indicative events), and has been shown to have the same representation power

as (DEC-)POMDPs. It has been shown that PSRs can be used to represent po-

lices instead of environment dynamics by switching the roles of actions and obser-

vation [153, 19]. Moreover, efficient spectral methods [18] have been developed to

learn PSRs with statistical consistency and avoidance of local optima. It might be

interesting to combine these two ideas together and provide theoretically more sound

model-free RL for (DEC-)POMDPs in the future.
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7.2.5 Domains with continuous states, observations and actions

We have focused on solving the (DEC)-POMDP with finite states, observations and

observations. Because the underlying state space is not directly related to policy

representation, it is possible to extend FSC-type graphical models to accommodate

policy representations for domains that involve continuous states and actions. A

naive approach would be to quantize the action-observation space into a finite number

of bins and apply the method developed in this thesis. More advanced approaches

would allow the continuous actions to be represented by parametric or nonparametric

functions specified through the local policy, and allow continuous observations to be

clustered into finite groups. Therefore, it is foreseeable that BNPMs would play

an important role in more realistic problems, that involve uncountable actions and

observations.

7.2.6 Transfer Learning

We only considered single-task RL. However, in their lifetime, autonomous agents

may be required to perform a series of different tasks. In order to accelerate the speed

of learning the optimal policies for several different tasks, and to avoid learning from

scratch every time a different task is encountered, it is important that knowledge

gained from past experiences is transferred and exploited by the agents. A large

body of transfer learning (TL) methods have been developed in the machine learning

community in the last few decade; an excellent survey is available in [99]. However,

designing effective TL algorithm for RL tasks is still a growing research area [137].

Furthermore, in recent years, TL research is gaining significant interest, as it promises

to markedly reduce the samples and time required to obtain feasible RL solutions.

Particularly, under the advocacy of lifelong learning [142], TL not only accelerates

the learning speed for solving similar tasks, but also helps the agents to identify new

tasks automatically. BNPMs allow autonomous transfer by allowing the clustering
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of different tasks according to their shared features (in reward function, dynamics

or value function). Furthermore, BNPMs are flexible in that they are capable of

identifying and clustering previously unseen tasks. Therefore, several authors have

explored BNPs for solving TL problems in RL, especially for a class of TL problems

called multi-task reinforcement learning (MTRL). In the future, it is of interest to

further develop BNPM-based RL TL algorithms, such as those described by [80], that

facilitate autonomous transfer by updating and transferring features, identifying new

tasks, and removing old irrelevant tasks.
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