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Abstract

As a growing number of agents are deployed in complex environments for scientific
research and human well-being, there are increasing demands for designing efficient
learning algorithms for these agents to improve their control polices. Such policies
must account for uncertainties, including those caused by environmental stochastic-
ity, sensor noise and communication restrictions. These challenges exist in missions
such as planetary navigation, forest firefighting, and underwater exploration. Ide-
ally, good control policies should allow the agents to deal with all the situations in
an environment and enable them to accomplish their mission within the budgeted
time and resources. However, a correct model of the environment is not typically
available in advance, requiring the policy to be learned from data. Model-free rein-
forcement learning (RL) is a promising candidate for agents to learn control policies
while engaged in complex tasks, because it allows the control policies to be learned
directly from a subset of experiences and with time efficiency. Moreover, to ensure
persistent performance improvement for RL, it is important that the control policies
be concisely represented based on existing knowledge, and have the flexibility to ac-
commodate new experience. Bayesian nonparametric methods (BNPMs) both allow
the complexity of models to be adaptive to data, and provide a principled way for
discovering and representing new knowledge.

In this thesis, we investigate approaches for RL in centralized and decentralized

sequential decision-making problems using BNPMs. We show how the control policies
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can be learned efficiently under model-free RL schemes with BNPMs. Specifically,
for centralized sequential decision-making, we study Q learning with Gaussian pro-
cesses to solve Markov decision processes, and we also employ hierarchical Dirichlet
processes as the prior for the control policy parameters to solve partially observable
Markov decision processes. For decentralized partially observable Markov decision
processes, we use stick-breaking processes as the prior for the controller of each agent.
We develop efficient inference algorithms for learning the corresponding control poli-
cies. We demonstrate that by combining model-free RL and BNPMs with efficient
algorithm design, we are able to scale up RL methods for complex problems that
cannot be solved due to the lack of model knowledge. We adaptively learn control
policies with concise structure and high value, from a relatively small amount of

data.
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Introduction

1.1 Overview

Developing efficient methods for learning and planning under uncertainty has been
a long-standing research focus in artificial intelligence and machine learning. Such
research aims to help a decision maker to better explore a domain and understand
both its dynamics and utilities, so that a good strategy can be planned for him or
her to accomplish a mission. In a strategic planning or sequential decision-making
problem, the decision maker is called an agent, which can be a human or machine.
Consider a recycling robot domain, for example. The agent is a robot who works in
an office building. The robot has to move back and forth from a charger station to
different rooms. The planning problem in this example is to prescribe an optimal
course of moving directions for the agent so that it can finish the trash-collecting
task within a given amount time and without depleting batteries.

Solving a planning problem would be easy if the world were simple and determin-
istic. However, real life is complex and stochastic, so an agent has to envision various
uncertain factors in order to come up with a high quality strategic plan. One type
of uncertainty an agent has to cope with is the stochasticity of world dynamics. In
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the recycling robot domain, a motor may fail or the floor may be slippery. Without
considering these uncertain factors, the robot might not be able to reach the intended
location within a given amount of time. Another source of uncertainty which can
confound an agent’s decision-making is the noisy observation of the state information,
including the agent’s battery level and location. For example, the battery level might
be incorrectly read because of the malfunction of a voltmeter, causing the agent to
fail at recharging the battery on time. Meanwhile, an agent’s physical location might
be inaccurately estimated because of imperfect sensors, limited computation power,
as well as the complexity of the environment (for example, occlusions can hide some
areas from sensing). Furthermore, when there are multiple agents working together
in a decentralized fashion, there is uncertainty about the choices of the other agents
and their local observations. Having to reason about each other’s plans and obser-
vations, this situation further complicates the process of obtaining an optimal plan
for each individual.

Besides robotic control, there are many other applications for single agent sequen-
tial decision-making under uncertainty, such as spoken dialogue management [157],
inventory management [50] and homecare [108]. In a spoken dialogue management
system, human users are allowed to interact with a machine using voice, and the task
of an agent (machine) is to infer the goal of the intended user from both the user’s
input and the record of the dialogue history. The dialogue cycles continuously until
either the user’s goal is satisfied or the dialogue fails. In inventory management, a
wholesale company needs to determine the ordering plan for every selling period, so
that the customers’ demand can be satisfied and the company’s profit can be maxi-
mized in the long run. To achieve the goal, the company has to consider the dynamic
demands of customers and contemporary inventory levels, and it also needs to track
the seasonal variation of customer demands. Many other applications are surveyed

by White [151] and Cassandra [29].



Besides handling the uncertainty inherited from single agent cases, decision mak-
ers in multiagent problems must cope with the uncertainty over the action choices
and resultant observations of others. In cooperative and decentralized settings, the
agents share the same objective function; however, the plan of each agent has to be
developed based only on local observations!. Due to bandwidth limits, budgets and
other physical constraints, many real-world applications require decentralized learn-
ing and planning. The potential applications include domains such as Marsrover [2]
and RoboCup rescue [94]. In the Marsrover domain, the distributed rovers conduct
scientific experiments at different locations on Mars. Due to high cost and slow
speed of communication with a central station located on Earth, these rovers must
operate autonomously based on their own locations and partial view of the Mars
surface, without constant online communication. This process has to be optimized
so that the greatest scientific value of a mission on Mars can be realized within the
given budget and time constraints. Similarly, in the decentralized rescue domain, the
agents, including teams of firefighters, police officers and ambulances, have to make
decisions based on local information. This information includes estimation of how
fast the fire will spread and the location of other agents, so that the casualties and
building damage can be minimized.

In order to obtain a high-quality plan which is capable of handling various un-
certain factors, probabilistic models are often employed for describing the dynamics
and utilities of a domain. If these models are available, a planner might be able to
simulate all possible events and find an optimal strategy before executing a mission.
However for many real-world problems, accurate models might not be available in

advance. In this case, the agents have to collect samples through their interaction

I Here we emphasize the difference between decentralized decision-making and distributed com-
putation. In distributed computation, the agents are allowed to communicate their information,
whereas in decentralized decision-making, each agent executes its own policy based only on local
data without explicit communicating to each other or a central authority.



with the domain, and learn the domain’s dynamics and utilities from trial and error,
so that gradually, the value of their strategy can be improved. Such a learning pro-
cess is data-driven and called reinforcement learning (RL), which is a stepping stone
towards the goal of the agents learning by themselves to discover new knowledge and

acquire higher levels of intelligence and autonomy.
1.2 Sequential Decision-making Models and Reinforcement Learning

In this thesis, we aim to design efficient RL algorithms for both centralized and
decentralized sequential decision-making in stochastic environments. We will focus
on three major models, namely Markov decision processes (MDPs) [112], partially
observable Markov decision processes (POMDPs) [62], and decentralized partially
observable Markov decision processes (DEC-POMDPs) [14]. We briefly introduce
these models here, providing their formal definitions in the next section.

For single agent decision-making, when state information is fully observable, an
MDP is a widely used framework. Essentially an MDP is a controlled Markov model,
in which the state transitions satisfy the Markov property, i.e., at each time step,
after the agent takes an action, the system transits to a new state and the transition
is only dependent on the system’s current state, and independent of previous states
and actions. The goal in an MDP is to maximize the cumulative reward or minimize
the cumulative cost for a given number of decision steps, also called the horizon of a
problem, which can be finite or infinite.

When the state information, such as the location of a robot, is partially ob-
servable, a POMDP serves as an expressive model for single agent decision-making.
Essentially a POMDP is a controlled hidden Markov model. At each step, after tak-
ing an action, the agent receives a noisy observation of the state of the process. The
observations no longer satisfy the Markov property, which makes POMDPs more
complicated and more challenging to solve than MDPs. However, an observation

4



provides some information about the underlying states and can be used to update
the belief state, which satisfies the Markov property. Therefore one can convert a
POMDP into a belief-state MDP and use the special structure of value function to
obtain a solution.

When multiple distributed agents are working collaboratively in partially ob-
servable stochastic domains with limited communication, a DEC-POMDP can be
employed as a control model. In a DEC-POMDP, each agent receives its own local
observation after executing its own action according to a local plan (decision rule). A
global reward signal is generated to measure the immediate effect of the joint actions.
Because of the decentralized nature, the global state cannot be calculated directly
from local observations during policy execution. The goal of a DEC-POMDP is that
the agents maximize the shared objective function while choosing actions based on
local information.

Given the accurate mathematical model of domain dynamics, observation func-
tions and utility functions, the process of searching an optimal strategy is called
solving a planning problem [132]. When any one of these functions is unknown, an
agent has to resort to RL techniques to learn an optimal decision rule. There are two
categories of RL methods. One of them is first to obtain an estimate of the model
from the agent’s experiences, and then compute an (approximate) optimal policy
for the estimated model, with this used as an approximation to the optimal policy
for the true model. An alternative is to learn the policy directly from experiences,
without the intermediate step of estimating the model. We refer to the former as
a model-based approach or indirect RL and the latter as a model-free approach or
direct RL. The interplay between experience, model and policy/value are depicted
in Figure 1.1, where arrows indicate the direct impact and expected improvement.

More details on RL will be reviewed in Chapter 2.



value/policy
planning

direct RL

experience

model learning

FIGURE 1.1: Relationships among learning, planning, and acting, adapted from [132].

Related disciplines The sequential decision-making models in this thesis are strongly

related to classic control theory, operations research and game theory.

e Control theory

MDPs and (DEC-)POMDPs are closed-loop control models. The typical so-
lution to these models is stochastic dynamic programming (value/policy it-
eration) which is essentially stochastic optimal control [120]. The main dis-
tinction between control theory and these sequential decision models is that
control theory concerns more about tracking the underlying state space with
controllability and stability analysis, whereas these sequential decision-making
frameworks care more about making plans that can achieve long term goals
by using tools, such as probabilistic inference and programming. In control
theory, the problem of estimating the models of dynamical system is called
system identification, whereas in (PO)MDPs, estimating the system dynamics

is a task in model-based RL.

Operations research

MDPs and (DEC-)POMDs are extensively studied in operational research [112,

124, 14]. Operations research focus more on studying the methods for searching



the optimal control policy, usually assuming the model of a domain is given,
whereas for RL, the agents have to solve the optimal policy based on the

experiences (samples) from the agent-environment interactions.

e Game theory

Sequential decision-making and RL are also studied in the context of game
theory [52]. A stochastic game can be viewed as a MDP when multiple agents
can fully observe the world state. These agents can be cooperative or non-
cooperative. Their joint actions determine the state transitions and rewards.
The objective for each agent is to maximize the cumulative reward received
during the game. When the underlying state is partially observable, the game
is called partially observable stochastic game (POSG). When there is only one
agent in the game, a POSG boils down to a POMDP. A DEC-POMDP is a
special case of POSGs where all the players share the same payoff function.
The relationship among the models of MDPs, POMDPs, DEC-POMDPs, and

POSGs are depicted by the Venn diagram shown in Figure 1.2.

DEC-POMDP

POMDP o

FiGURE 1.2: The relationship among different sequential decision-making models, adapted
from [14]).



1.3 Overview of Relevant Work and Issues

Exact and approximate solutions for MDPs can be obtained by dynamic program-
ming or linear programming, when the MDP models are known [132, 112]. If the
models are unknown or incomplete, we have to resort to RL techniques to obtain
optimal control policies. The classical RL methods have been mainly developed for
discrete space problems. However, many real problems have continuous state spaces
where the methods developed for discrete space problems are not directly applica-
ble. To address this issue, function approximation methods are often necessary in
practice, and recent research has focused on both developing efficient function ap-
proximation methods for RL in continuous domains [42, 133, 87, 69, 79, 61, 32| and
designing principled and efficient exploration strategies [130, 111, 77, 68, 48, 104].

Developing efficient algorithms for POMDPs is also a thriving research area where
significant progress has been made in the last three decades. Amato [2] provided a
survey of the exact and approximate solution methods before 2010. Because of the
difficulty of obtaining the exact solution of POMDPs, recent research has focused
on designing efficient approximate methods and scaling up existing solvers for prob-
lems with large spaces [39, 38, 76, 25, 81, 159, 118, 123, 127, 46, 83]. For instance,
controller-based algorithms [76] combine the EM algorithm and the Monte Carlo sim-
ulation to achieve policy iteration; tree-based methods [123, 127] use the Monte Carlo
tree search and heuristics to produce high-value solutions for large scale POMDP
problems; Bayesian methods impose priors over policy parameters [38, 154 and are
able to achieve efficient exploration [25]; moreover, methods based on Bayesian non-
parametric methods allow both model learning [39] and policy learning [81] with the
additional benefit of controlling the complexities of models and policies.

Compared to the maturity of the theoretical and technical developments of RL in

MDPs and POMDPs, the research into RL in DEC-POMDPs is preliminary. Even



though a DEC-POMDP can be viewed as a POMDP controlled by multiple dis-
tributed agents, each acting based on local observations, many POMDP algorithms
(especially value-iteration based) cannot be easily extended for DEC-POMDPs, be-
cause the decentralized nature of the problem prevents accurate calculation of the
shared belief state during policy execution for each individual. Even though many
open issues still remain, as surveyed by Amato [2], there were breakthroughs in the
past decade for developing exact and approximate algorithms for DEC-POMDPs.
The recent progress has mainly focused on developing efficient algorithms that can
adapt to variable temporal scales and scale up to more realistic domains with large
state space sizes and increased number of agents [71, 98, 10, 9, 156, 85, 6]. For
example, finite state controller (FSC) based methods [71, 98, 156] are able to re-
cast the planning problem as inference in a mixture of dynamic Bayesian networks,
and use the EM algorithm to solve large problems and improve solution quality.
In addition, macro-action based methods [6] retain both temporal extended actions
and the coordination ability with memory bounded policy tree, while allowing near-
optimal solutions to be generated for realistic problems [5]. Moreover, model-free
RL methods [10, 9, 156] have also debuted for use in finite and infinite horizon prob-
lems, achieving comparable results to planning methods that use the complete model
information.

Despite the significant progress for developing efficient RL algorithms for MDPs
and (DEC)-POMDPs, current solvers, especially model-free methods for (DEC)-
POMDPs, are still not sufficiently scalable to offer high-quality approximations to
the optimal solution for real problems. Because MDPs are applicable for real physi-
cal systems with state information that is fully observable, it is desirable to consider
safe exploration strategies, efficient feature selections and convergence guarantees
to develop high-quality MDP-RL algorithms. These algorithms are important for
increasing the agents’ robustness and efficiency, while engaged in more complex mis-

9



sion scenarios. POMDP models are capable of expressing many real-world planning
problems that involve partial observability, yet their solution methods are still far
from mature. Being able to scale up current RL algorithms will transform POMDPs
from theoretical models to practical tools for missions in complex and stochastic
environments. Because the DEC-POMDP model is newer and more complex, and it
is a challenge to solve the optimal policy for problems of desired size, a very limited
number of studies have been considered DEC-POMDP RL. Adding learning ingre-
dients to DEC-POMDPs will enable agents to acquire higher levels of autonomy for
learning and planning. However, many open issues still exist, including the dilemma
between exploration and exploitation, and the challenge of decentralized learning and
coordination. Given the decentralized nature of the problem, no universal strategies

can address these issues thoroughly.
1.4  Summary of Contributions

In order to address the existing issues in RL for sequential decision-making problems,
we consider the flexibility of policy representations as a foundation. A policy is
essentially a decision rule that maps the information state to actions. Depending on
the types of problems, policies may have different representations. For example, in a
discrete MDP, the policy is determined by a value function which is represented by a
table, with each entry corresponding to the value of a state-action pair; in a continuos
MDP, the value function is approximated by linear functions. In a discrete (DEC-
JPOMDP, the policy can be represented by a tree or graph. Under a particular form
of policy representation, one needs to decide an appropriate number of parameters
in such a representation, since the complexity of the represetation affects both the
policy value and the convergence rate. When the number of parameters is set too
small, the parameters may be unable to represent the optimal policy and, therefore,
will quickly converge to a sub-optimal policy. In contrast, when the number is set too

10



large, the policy representation is overly complex, often yielding slow convergence to
a sub-optimal policy that overfits the agent’s trajectories. Bayesian nonparametric
(BNP) models allow hierarchical modeling and data-driven inference, and provide
powerful frameworks for reasoning about objects and relations in settings where
these objects and relations are not predefined. This feature is particularly attractive
for RL, because it is often difficult to correctly specify the complexity of a policy
representation or the number of parameters a priori.

In this dissertation, we take a Bayesian nonparametric (BNP) point-of-view for
policy representation and learning. We improve the state-of-the-art of model-free RL
for MDPs, POMDPs and DEC-POMDPs in several ways. The contribution includes
increasing the scalability of RL algorithms for these three decision-making models,

as well as increasing their solution quality.

e Efficient off-policy RL for MDPs based on Gaussian processes We
propose an off-policy RL method for learning the control policy for MDPs with
Gaussian processes (GPs). We approximate the Q function with a GP regres-
sion and develop an efficient online learning algorithm, which allows sparse
representation of Q function (with an upper limit to the number of parame-
ters). Convergence is proved for both batch and online settings. This approach

was first discussed by Girish et al. [31, 32].

e Online learning for policy graph We develop an online nested EM algo-
rithm for model-free RL in a POMDP. The algorithm evaluates the policy only
in the current learning episode, discarding the episode after the evaluation and
memorizing the sufficient statistic, from which the policy is computed in closed
form. As a result, the online algorithm has a time complexity O(n) and a
memory complexity O(1), compared to O(n?) and O(n) for the corresponding

batch-mode algorithm, where n is the number of learning episodes. The online
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algorithm has a provable convergence to a local optimal policy. This approach

was first presented by Liu et al. [83]

e Learning infinite policy graph: iRPR We introduce the infinite regional-
ized policy representation (iIRPR), as a nonparametric policy for reinforcement
learning in POMDPs. The iRPR assumes an unbounded set of decision states
a priori, and infers the number of states to represent the policy given the ex-
periences. We propose algorithms for learning the number of decision states
while maintaining a proper balance between exploration and exploitation. The
analysis of the relation between the exploration rate and optimality is provided.

This approach was first introduced by Liu et al. [81]

e Policy learning for infinite horizon DEC-POMDPs Recent work has
shown that expectation maximization (EM) is an efficient algorithm for learn-
ing finite-state controllers (FSCs) in large decentralized domains. However,
the solution quality of current methods is limited by their inability to define an
appropriate controller size and the methods often converge to maxima that are
far from optimal. We address this problem by using a variable-sized FSC to
represent the local policy of each agent. The variable-sized FSC is constructed
using the stick-breaking prior, leading to a new framework termed a decentral-
ized stick-breaking policy representation (DEC-SBPR). This approach allows
one to study the RL setting, and develop a variational Bayesian algorithm to

infer the variable-size FSC.
1.5 Dissertation Organization

This dissertation is organized as follows. Chapter 2 reviews the basics of sequential
decision making, reinforcement learning, and Bayesian nonparametric methods. Col-

lectively, this information provides the background for developing our policy learning
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methods and makes the thesis self-contained. We begin discussing the contribution
of this dissertation in Chapter 3, which summarizes the convergence results of GP
Q learning and presents its online implementation. Chapter 4 introduces an on-
line learning algorithm for POMDPs. Chapter 5 presents a Bayesian nonparametric
policy representation and learning method in POMDPs. Chapter 6 describes a stick-
breaking policy learning approach for DEC-POMDPs. Chapter 7 concludes this
dissertation by summarizing the main contributions and discussing possible future

work.
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2

Background

If I have seen further it is by standing on the shoulders of giants.

—Isaac Newton

The work in this dissertation is a marriage between two fields: reinforcement learning
and Bayesian nonparametric statistics. In this chapter, we provide a brief overview
of these two fields, as well as the essentials for solving the problems in the next four

chapters.

2.1 Centralized and Decentralized Sequential Decision Making Mod-
els

2.1.1 Markov Decision Processes

An MDP is a sequential decision-making framework with states being fully perceiv-

able and state dynamics satisfying the Markov property. Figure 2.1 pictorializes

a simple navigation problem that can be modeled as an MDP. Mathematically, an
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FIGURE 2.1: A simple MDP model: Graphical representation (left) and Domain illustration (right).

MDP is a quadruple My pp = (S, A, T, R), with

e S, the state space of the process. It manifests all the current information of a

system, and is also called information state. S can be finite and continuous.
In the example of figure 2.1, the state space S = {s1, S, , S} represents the

set of discretized locations on the gridworld, where an agent navigates.

A, the action space. The action space can be finite, countably infinite or
continuous. For the example in figure 2.1, the agent can choose to move in any
of the four directions or stay, so A = {E, W, N, S, stay}. A sequence of actions

are prescribed by a control policy for an agent to interact with an environment.

T, the state transition function: T%, = Pr(s'|s,a) is the probability of tran-
sitioning to state s’ after taking action a in state s, and it captures the un-
certainty of the world dynamics under the influence of an agent’s action. In
our example, because of the slippery floor or the malfunction of actuator, the

agent might not be able to reach the intended state.

e R, the reward function: R(s,a,s’) is the immediate reward for taking action a
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in state s and transitioning to state s’. The reward is the feedback from the
environment, which provides an immediate evaluation of the performance of
agents at given states. The goal of an agent is to maximize the accumulated
(long term) reward. In our example, a positive reward +100 is assigned for
reaching the goal state (trash can), a large negative reward -100 for falling
into a puddle, a -2 for any movement (energy consumption) and a —1 for stay

(wasting time).

Given the MDP model, the objective is to find the control policy that maximizes the
long term reward. A deterministic policy 7 : § — A is a mapping from states to
the actions, i.e., a; = 7(s;). Depending on the planning horizon (finite vs infinite)
and performance criteria (averaged reward vs total reward), there are several ways
to construct the value functions [112]. Here we consider infinite horizon planning
problems, where the state-action value function or Q-function of each state-action

pair under policy 7 is defined as

oo
QW<S7 CL) :EW|:Z f}/tT(StJ St+1, at)‘s(] = S,a0 = a]

t=0

=R(s,a) + 72 Pr(s'|s,a) Z 7(s’,a)Q™(d', ")

(2.1)

a/

which is the expected sum of discounted reward obtained by starting with taking
action a in the initial state s and following policy 7 thereafter. In equation (2.1),
v € [0,1), is a discount factor, which determines the importance of future rewards.
The optimal value function Q* satisfies Q* = max, Q™(s,a) and is captured by the

Bellman equation:

Q751000 = Bap [ st 511) + 108 9Q° (501, | 22)
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The optimal policy for a given state s is 7*(s) = arg max, Q@*(s,a). When S and A
are discrete, T" and R are known, the optimal policy of an MDP can be solved by
dynamic programming (value/policy iteration with fixed ) or linear programming
(turn the nonlinear max into a collection of linear constraints) within polynomial
time [112]. When the state space is continuous, one has to use function approxima-

tions to value functions and apply approximate dynamic programming [24].
2.1.2 Partially Observable Markov Decision Processes

POMDPs are single-agent sequential decision-making frameworks with the state in-
formation partially perceivable [124]. Formally, a POMDP is a sextic-tuple: Mpoypp =
(8§, A,0,T,Q, R), where

e S, A T, R are the same as for MDPs

e O denote a finite set of observations. It provides partial information about the
underlying state. In our example (without using SLAM), the agent can observe
whether there is a wall in front of it based on the input images from sensors,
so O = {obverse wall, observe no wall}. In this case, the observation is aliased

which means two different states can result the same observation.

e () are a finite set observation functions with Q2 , = P(o|a, s’) denoting the
probability of observing o after taking action a and transiting to state s’.
characterize the sensor noise. That is, different observations can be perceived

in the same state.

Due to state aliasing and sensor noise, an observation only provides partial infor-
mation about the world state, hence it cannot be directly used as the information
state for planning. Instead, the observation provides some evidence of the current

state and allows the uncertainty of the world state to be updated. The uncertainty of
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the world state is characterized by the belief state, which is a probability distribution

of the state s given the history of actions, observations, and the initial belief by, i.e.,
def.
by =" P(s¢ | bo,ao, 01, ,04-1,a1-1,01). (2.3)

It has been shown that the belief state is the sufficient statistic of observation history
[124]. Assume at time ¢, the belief state b, = b and an action a is taken, resulting an
observation o at time ¢ + 1, then the agents can reason the belief state at time ¢ + 1

by Bayes rule

Qas ZSEST bt( ) (24)

benls) == )

where

plolb,a) = >0 by(s)T5,00 (2.5)

S'€S s€8

is the probability of transiting from b to & when taking action a. The belief up-
date (2.4) is similar to the forward algorithm in HMMs [114] and the Kalman filter
used in continuous state space models [64], which is computationally efficient.

Figure 2.2 illustrates the time series from a POMDP, from which we can see the
transitions of belief states satisfy the Markov property; that is, the belief state at
time step t + 1, only depends on its previous belief states b;, action a;, and current
observation o;. This property implies that the belief state and the history of actions
and observations provide the same information about the current world state.

Since the transition of belief states satisfies the Markov property, the POMDP
can be formulated as a continuous space “belief MDP” by tracking the belief states

without memorizing the whole action and observation history. Formally, the belief

MDP can defined as a tuple (B, A, 7, p) [62], with

e 3, the set of belief states

e A, the set of actions
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FIGURE 2.2: The graphical representation of time series generated from a POMDP.
e 7, the state-transition function: 7(b, a,b’) is the probability of transitioning to
state b’ after taking action a in state b, defined as

7(b,a,b’) = Pr(t'|b,a) = Z Pr(¥'|b,a,o0)Pr(ola,b) (2.6)
0eO

where

1 if b= f(ba,o)

Pr(b’|b, a,0) = { 0, otherwise

(2.7)

e p, the reward function on belief states given by

p(b,a) = > b(s)R(s,a) (2.8)

seS

The policy 7 in this case, is characterized by a value function, V'(b) : A — R, which is
defined as the expected future discounted reward that the agent can receive starting

at initial belief state b and with actions selected according to 7 thereafter.

Vr(b) = Ewlthr(bt,w(bt))lbo = b] (2.9)

t=0
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The value of an optimal policy 7* is defined by the optimal value function V*, that

satisfies the Bellman equation [124]

V(o) = x| Rb0) £ 3 o610,V ()|

L veB
] (2.10)
= max _R(b, a) + fy;)p(oﬂo, a)V (7(b, a, o))].
The optimal policy can be found by solving the following problem
7 (b) = argmax, 4 [R(b, a) + Z p(o|b, a)V (7(b,a, 0))]. (2.11)

0O

Depending the number of horizons, the value function and policy may have dif-
ferent representations. For finite-horizon problems, the value function (2.10) is a
piece-wise linear convex (PWLC) function [124], and 7 can be represented by policy
trees with each hyper-plane corresponding to one subtree[62]. For infinite horizon
problems, the value function (2.10) can be approximated by a PWLC function with
arbitrary accuracy [128], and the policy is often represented by finite state con-
trollers [62].

There are two categories of POMDP solvers, including value iteration (VI) and
policy iteration (PI). They can be further classified into optimal solution methods
and approximate methods. We summarize the basic algorithms in each category in

the following subsections.
Value Iteration

First we summarize an exact value iteration (VI) method for solving finite horizon
POMDPs. The main idea of this algorithm is that for a given optimal value function
V; and a belief point b, the optimal vector a? .1 representing V;; can be computed

by back-projecting all vectors a; in horizon ¢ one step from the future and returning
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the vector that maximizes the value of b, denoted as follows

ol | = argmaxa’b (2.12)
a€Gii1
which can be performed by taking a sequence of operations based on Gy, the set of
vectors representing V;. The main steps of these operations are summarized below.
First, calculate the initial value function:

Vi(b) = max Z R(s,a)b(s)

5es (2.13)

=maxa’lb
aEGl

which is a PWLC function represented by a set of vectors GG;. Then, use G; to
construct the second step value function V5, which represents the expected future
reward (since we have only two steps, the best value for the future is just what we

obtained from the first step); hence using (2.4), we have

Va(b) = max _R(b, a) +7 Y, P(ola,b)Vi(7(b,a, 0))}

B 0eO

:r?gi( R(b,a) +7§9p ola,b) maxZ ]

e [RO.0) 5 S mae Stk () 214)
- 0.0+ 2 3 2T |

— max :R(b, a) + 7; ggngZTfaQZ a (S')]

By induction, given that at the time step ¢, the value function is represented by a set

of vectors Gy = {a, -+, aqy;|}, the t + 1 horizon value function for the belief point b
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is computed as

Vir1(b) = max[ R(b,a +72max2 ZTS Qo Jb(s)a(s') |, (2.15)

eA
¢ s’'eS seS

and the corresponding set (G;41 can be determined through the following procedures

e Step 1: generate intermediate sets Gy}, and Gy, Va e A,0€ O,

i —a®T(s) = R(s,a) (2.16)
T et =y YT al(s), Ya € Gy (2.17)
s'eS

e Step 2: combine expected future reward and immediate reward by summing

the sets!

a,o a,o O
=Gl +GEOGETD @ Gt+‘1| (2.18)
e Step 3: take the union of G¢,

Gt+1 = UaeAG?+1 (219)

The above procedure is called backup operation at horizon ¢t + 1. The optimal

value function V%, is extracted from

Viz1(b) = max «-b. (2.20)

a€Gii1

In this procedure, step 1 generates | A||O||Gy| projections and step 2 produces |.A||G|!°!
cross-sums; hence without pruning dominated « vectors (the worst case), the t + 1

horizon value function requires

(Gl = O(A]G|') (2.21)

I the summation between two sets is denoted by cross sum @, which is element-wise summation
between two sets, e.g. let A = {a1,---,a,} and B = {b1,-- ,by}, then A® B = {a; + bj|a; €
A, bj € B}
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3 steps to go
2 steps to go

1 step to go

FIGURE 2.3: A 3-step policy tree for POMDP policy representation(|O| = 3). Each node is labeled
with the action that should be taken if it is reached.

memory and O(|S|?|A||G;|I°!) computation time.

To make value iteration more tractable, it is useful to remove the dominated «
vectors by solving a linear program with |S| variables and |G| constraints. This step
is the main bottleneck of the application of POMDPs for realistic problems.

Another way to understand the VI algorithm is based on the process of building
a policy tree. For a finite horizon problem (assume T steps), the policy can be
represented by policy trees with depth T [62]. In a policy tree, nodes represent
actions and subtrees correspond to different observations. This definition recurses
until leaf nodes. Each tree corresponds to a hyper-plane in the belief state space.
An example of a policy tree is shown in figure 2.3; there are |.A| action choices at

each node and |O] edges (observations) right below each action node. There are

in total | A0 1O = |A|% policy trees. Each branch of the tree represents
an action-observation history. The size of policy trees grows double exponentially
with the planning horizons. To bound the memory, we prune the policy trees by
evaluating the value of each branch and eliminating those dominated or impossible
police trees. It can be shown that the set of a-vectors G correspond to the policy
trees with depth 7. Pruning the dominated policy trees is equivalent to removing

the dominated a-vectors in the VI algroithm.
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Policy Iteration

For a POMDP, a value iteration method solves the optimal policy by searching in
value function space and extracting the policy (represented by « vectors) directly
from the value function, whereas a policy iteration method searches the policy from
the policy space by alternating between policy evaluation and policy improvement.
Policy iteration was first used by Sondik [128], and was improved by Hansen [51]
where the policy is represented by an FSC. We briefly review these basic PI algorithm
below.

It is shown by Sondik [128] that the optimal infinite horizon value function can
be approximated arbitrarily closely by successive finite horizon value functions V;,
as t — 0. When the optimal policy can be represented by a PWLC function?, the
gradients (a vectors) of value function form a Markov partition of the belief space,
i.e., B = UY B;. Under the optimal action and resultant observation, all belief states
in a region B; are completely mapped into another set or itself. The partition and
belief transitions constitutes a policy graph or finite state controller (FSC), where
the nodes correspond to belief state partition with the associated optimal action, and
transitions are guided by observations. Another way to understand the construction
of FSCs is by considering the case that the finite horizon value functions V; and V4
are equal, and at every step beyond t, the corresponding plans have the same value,
one can redraw the edge from level ¢ to itself, so the policy-tree branches can be
arranged to form a stationary cyclic graph [62].

A finite-state controller (policy graph) © is a sex-tuple (A, O, Z, W, u, ), where
e A and O are the same as for POMDPs;

e Z is a finite set of nodes/decision-states;

2 also called finitely transient deterministic policy
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e IV is a set of node-transition matrices, with W;*° denoting the probability of

transiting from z to z’ when taking action a in z results in observation o:

W2 = Pr(Zt* = |7 = 2, A = a, 0" = 0) (2.22)

zao

e /i is the initial node distribution, with p, the probability of initially being in z;

e 7 is a set of stochastic local policy, with ¢ the probability of taking action a
in z:

7t = Pr(A' =a|lZ' = 2) (2.23)

A policy iteration algorithm constitutes two steps: policy evaluation and policy

improvement, which are summarized below

e Policy evaluation involves computing the value of every state-node pair V (s, z)

under current policy parameterized by ©, i.e.,

Vo(s,z) = R(s,a) +~ Z Q% TS WiVe(s', ), ¥VseS,ze Z  (2.24)

s'ats,a’t 2
s’,0,2'

where a ~ 7%. The value of state-node pair (s, z) corresponds to a a-vector,

i.e., Vo(s,2) = a(s). The time complexity of policy iteration is O(|Z|*|S|?).

e Policy improvement involves performing dynamic programming backup, in
which the value function V7™ represented by a finite set of o vectors G7 is
transformed into an improved value function V' represented by another finite
set of a-vectors G’. In the policy evaluation step, G™ is calculated from the FSC
© using Vg (s, z) obtained in the policy evaluation step. Then the improved

a-vector set G’ is constructed from © based on the following rules

— For each vector o € G:
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x If o/ has the same action and successor links as that is already in G,

keep the same nodes in G'.
x if o point-wisely dominates some nodes in G, then replace the nodes
in G with a node corresponding to «’'.
x else, add a node to G’ that has the action and observation associated
with /.
— Prune any node in G that has no corresponding a-vector in G’ if that

cannot be reached from a node with an associated vector in G'.

Policy iteration usually converges more quickly than value iteration. However
the dynamic programming is still a bottleneck for scaling up the algorithm to solve
problems with large sizes. In the worst case, up to |.A||Z]°/ nodes may be added
after each DP backup, hence the size of the controller quickly grows making many
POMDPs intractable. Hansen’s policy is guaranteed to converge to the optimal
policy, if the infinite horizon value function does have a finite representation (though
it is still NP-hard to find the optimal FSC, even if the number of states is given [91]),

otherwise, an e-optimal FSC can be found in finite number of iterations.
Approximate methods

Searching the optimal plan for a POMDP is generally a very hard problem. It has
been shown that finding the optimal solution for a finite horizon POMDP is PSPACE-
hard [100], and verifying the existence of a policy whose value is greater than e for an
infinite horizon POMDP is undecidable [86]. The main reasons for the difficulty of
obtaining the optimal policy for POMDPs are from two independent curses, namely
the curse of dimension and the curse of history. To step down these curses, vari-
ous efficient approximate planning methods have been proposed in the last decade.

There are two categories of methods. One category of methods are point/region
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FIGURE 2.4: The DBN of a POMDP with a standard FSC.

based, including PBVI [106], HSVI [125], Persus [129], RBVI [75], and many others
as surveyed by Pineau et al. [107]. These methods sample the belief states and then
perform value iteration or policy iteration over the belief states/regions. They are
differentiated by both the ways of selecting belief points and updating values. Ap-
proximate policy iteration methods include PBPT (point-based policy iteration) [58],
BPI [109], gradient search [91] and EM-based methods [144]. PBPI (point-based pol-
icy iteration) [58] replaces the policy evaluation with PBVI and achieves monotonic
increase of policy value. BPI(bounded policy iteration) [109], in which the policy
improvement step comprises improving each node by solving linear programs with
local escape by adding new nodes. The gradient search method [91] reformulates the
task of finding optimal policy as a nonlinear optimization problem. The EM algo-
rithm [144] realize policy iteration with the E-step corresponds to policy evaluation
and the M-step corresponds to policy improvement.

Here, we describe the details of an EM algorithm introduced by Toussaint et
al. [144] for solving the planning problem in POMDPs. This algorithm can be con-
sidered as a counter-part of our model-free RL methods to be introduced in the

next section. The main idea of the method by Toussaint et al. [144] is to convert
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a POMDP model to a dynamic Bayesian network (DBN) and reformulate a policy
optimization problem as a maximum likelihood estimation problem.

Denote R a binary random variable, such that Pr( = 1A =a,5 = s,T =

t) _ 7(8,a) —Tmin

Tmaz —Tmin

, and T, a random variable representing the length of horizon, which
is set to be geometrically distributed Pr(T = t) = *(1 — 7). The dynamic network
in figure 2.4 can be considered as a mixture of finite time process with 0 — 1 reward
R earned at the end of the process. Given the policy (FSC) represented by O, the

value of the policy can be evaluated by computing the likelihood of R = 1, i.e.,

L(©) = - 10) = i p(T)p(R =1|T;0) = Z ~TE[R|T; O]
e e (2.25)
o El 2 Y rt‘@] V()

where V(0©) is given by equation (2.24).

Given a finite process with length T, the sequence of state-node pairs constitute a
Markov chain (Parr and Russell’s HAM theorem [102], given a POMDP and a finite
policy graph). Therefore, the state-node transition can be computed by marginalizing
the action and observation in the concatenation of state (node) transition and action

(observation) emission probabilities, i.e.,

(s',2]s, 2) ZQ gT;aWjao

(2.26)

In the E step, the distributions of hidden variables under the current estimation of

© are computed by the recursive forward and backward computation

ay(s',2") =Pr(s; = 8,2, = 2|T;0) = ZP(S/, 2|8, 2)u_1(s, 2) (2.27)

8,2

Bi(s,2) =Pr(R =1|sp_y = s, 27— = 2,T;0) = Z P(s',2|s,2)8,-1(8", ") (2.28)

28



with the initializations

ao(s, 2) = =P, Bols,z) = Y R(s,a)miQ2, (2:29)
The results of E-step are

ZP = t)ay(s, 2), B = Z P(T = 7)B:(s,2). (2.30)

We can understand &(s, z) as the joint probability of visiting state s and node z, and
& (s,z) as the joint value of state s and node z. The results of M-step are derived

from maximization of the expected log-likelihood, i.e.,

= argmax Z Zp —1,2,T;0)logp(R, z,T; Ox) (2.31)

T=0 =z

with the results listed below

T =7° Z ll — Y B W2, To + R(s, a) [Q%4(z, 5) (2.32)
Z B(s', TS 790% (s, 2) (2.33)
R zﬂZEB(s,z)P(SO = 3). (2.34)

2.1.83 Decentralized Partially Observable Markov Decision Processes

A decentralized POMDP [14] can be represented as M = (N, A, S,0,T,Q,R,~),

where
e N ={1,---, N} denote a finite set of agents;
e A=®,A, are a set of joint actions, with A,, available to agent n;

e 0 =®,0, are a set of joint observations, with O,, available to agent n;
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FIGURE 2.5: A simple DEC-POMDP model: Graphical representation(left) and Domain illustra-
tion (right).

-- >

e S is a set of finite world states;

T :S8 x A — S is the state transition function with 7(s'|s,@) denoting the

probability of transitioning to " after taking joint action @ in s;
y g g

e O:S8 x A— O is the observation function with Q(d]s’, @) the probability of

observing ¢ after taking joint action @ and arriving in state §';

R : S x A — R is the reward function with r(s,@) the immediate reward

received after taking joint action @ in s;

v €[0,1) is a discount factor.

A DEC-POMDP can be viewed as a POMDP controlled by multiple distributed
agents, each acting based on local observations. The joint actions of all agents con-
trol the state dynamics and expected global rewards (the global rewards are only
used during policy learning; they are not needed when executing the policy). In a
DEC-POMDP, each agent has access to only its own action/observation trajecto-
ries, but cannot access the trajectories of other agents. Since the state transitions
depend jointly on the actions of all agents, this implies that no agent (in general)
has enough information to compute the global belief state, a sufficient statistic for

decision making in POMDPs. Moreover the joint spaces of state and action grow
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exponentially with the number of agents. For these reasons, a DEC-POMDP is more
difficult to solve than a POMDP (as seen by the NEXP complexity [14]). Never-
theless, DEC-POMDPs provide a general and expressive framework for multiagent
sequential decision-making problems arising in diverse applications, including robotic
soccer [90], cooperative transportation [121], extra-planetary exploration [15], traffic
control [156]. Other applications are discussed by Olichoek et al. [95] and Amato et
al. [4].

In a DEC-POMDP, due to the lack of access to other agents’ observations, each
agent has a policy m,, which is a mapping from local observation histories to actions.
A joint policy consists of the local policies of all agents. For an infinite-horizon DEC-
POMDP with initial state sg, the objective is to find a joint policy 7 = ®,,m,, such
that the value function of m, V7(sg) = E[Zﬁo Y (sg, dy)|so, 7r], is maximized.

The methods for solving a DEC-POMDP can be categorized into optimal methods
and approximate methods [95]. Except in certain finite horizon cases for which
optimal algorithms exist [54, 135], recent research focuses on approximate methods,
for both finite and infinite horizon problems. Due to its expressiveness and scalability,
the finite state controller (FSC) is the most widely studied approximation method,
which achieves state-of-the-art performance. Formally, the stochastic FSC for agent
n is defined as ©,, = (A,, O, Z,, Wy, tin, T, where, A, and O, are the same as
defined in the DEC-POMDP; Z, is a finite set of nodes, W,, is a set of Markov
transition matrices with W)/ denoting the probability of agent n transiting from
z to z/ when taking action a in z results in observation o; u, is the initial node
distribution with p? the probability of agent n initially being in z; m, is a set of
stochastic policies with 77, the probability of agent n taking action a in z. The

value function starting the controllers in nodes 2’ = (z;,--- zy) at a state s is given
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For a planning problem, the goal is to find the parameters ©® = U, 0,, that maximize

the expected discounted reward for the initial belief by:

Vo) = >, [[rtbo(s)V(E s). (2.36)

8,21, 2N n=1

Note that (2.36) serves as a global objective function for generating decentralized
polices that are parameterized by ©. Based on FSCs, Amato et al. [3] formulate
the DEC-POMDP as a nonlinear programming (NLP) problem. Recently, several
researchers [71, 98, 96] use the expectation-maximization (EM) algorithm to generate
FSCs. These EM-based methods are similar to the method that is developed for
POMDPs [144], which is described in the last section, except that they generate

decentralized polices. The details are similar, hence they are omitted here.
2.2 Reinforcement Learning

In the previous section, we have reviewed three important sequential decision-making
models and the associated basic solution methods. These solution methods require
knowing the domain models in advance. In this section, we review the techniques
for reinforcement learning (RL), where an agent must learn a policy via using the
experiences collected through interacting with an environment, without assuming
the knowledge of underlying models. In this case, the policy can be obtained by
using either of the following approaches: (i) a model-based approach, in which the
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agent first learns the underlying model using its experience with the environment
and then solves the learned model to obtain an approximate policy; (ii) a model-free
approach, in which the agent learns the policy directly from the experience, skipping
the model-learning step.

The two approaches each have their advantages and disadvantages. Since the
underlying model is a complete description of an environment, a learned model can
be used not only to find the optimal policy, but also for other purposes; thus, a
model-based approach is versatile and sample efficient. However, the agent needs a
comprehensive set of experiences with the environment to make the learned model
complete, implying the model-learning step is not efficient in time. In addition, the
agent needs a second step to solve the learned model to determine the best action to
take after each update, which could be computationally costly.

A model-free approach, by contrast, does not learn the domain model directly.
Though one can find the optimal policy given the model, inverting the learned policy
into the model is generally not possible. The fact that the policy is not as rich in
information as the model implies: (i) learning a policy may need only a subset of
the experience required in learning a complete underlying model of an environment;
(ii) the policy can only be used for a subset of the purposes which the model can be
used for. For these reasons, a model-free approach is typically more efficient in time,
but less versatile and sample efficient, than its model-based counterpart; moreover,
the avoidance of a second step of model-to-policy conversion might enhance the time
efficiency.

An indispensable ingredient, for both of the aforementioned approaches, is a
mechanism for maintaining a proper balance between looking for new information
(exploration) and using current models (or policies learned from past experience) to
maximize reward (exploitation). Until the current policy is optimal, insofar the agent

should always explore the consequences of actions that are not encouraged by the
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current policy, to see whether the new actions will lead to higher expected long-term
rewards. Exploration is the only way to ensure continual improvement of the policy.
However, excessive exploration makes the policy converge unnecessarily slowly. To
keep a balance, the agent needs to switch appropriately between exploration and
exploitation.

We start this section by first introducing the RL techniques in MDPs, for which
the theoretical and technical developments are more advanced. We will give more
elaboration on Q-learning and a linear function approximation method, both of which
are the foundations for our work introduced in the next chapter. Then we review the
RL methods for POMDPs, which have witnessed increased development in the last
two decades. We will focus on regionalized policy representation (RPR), an efficient
framework for learning FSC-type of policy representations. Finally, we review RL

methods for DEC-POMDPs, which is still a nascent field.
2.2.1 Reinforcement Learning in MDPs

For RL in MDPs, model-based methods learn domain models by approximating
the reward function R(s,a) and state transition function P(s'|s,a) for each action
and state, and then use dynamic programming or linear programing to obtain the
optimal policy [132]. Model-free approaches only keep value functions (or parameters
in continuous case) which are directly estimated from samples, skipping the step of
learning the MDP models. According to Strehl et al. [130], a learning algorithm is
said to be model-free if its space complexity is o(|S|?|.A|), which means asymptotically
less than the space for storing an MDP.3

To balance exploration and exploitation (EE), a number of heuristics have been
have proposed for both model-based and model-free approaches. The most simple

exploration strategy is e—greedy [132], in which with probability 1 — ¢, the agent

3 This definition is only applicable for problems with finite state and action spaces.
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chooses action according to the greedy policy and with probability ¢ chooses ran-
dom actions. Other heuristics including the Boltzmann strategies [143], which select
actions according to the Boltzmann distribution parameterized by the current value
function. These methods are able to guarantee exploring the entire state-action space
eventually, however they may suffer from sample efficiency, that is, they may need a
huge or possibly unbounded number of samples for learning a policy which is near-
optimal. There are a class of more sample efficient algorithms called PAC-MDPs,

which enjoy bounded sample numbers with high probabilities [130, 77].

e Model-based methods

Classical model-based methods include Dyna, polarized-sweeping, and others
discussed by Sutton and Barto[132]. The PAC-MDP model-based methods in-
clude E? [65], R-max [21], KWIK [147], and they use the heuristic of “optimism
under uncertainty” bias to guide exploration. These PAC-MDP methods are
guaranteed to learn near optimal policies in polynomial time. Another class of
model-based algorithms use PAC-Bayes exploration, including BEB [68], BEE-
TLE [111], BOSS [7], and BAMCP [48] (as well as other references therein).
These PAC-Bayes methods maintain distributions over possible models and
simply act to maximize the expected future rewards; hence the EE dilemma

can be elegantly solved.

e Model-free methods

Classical model-free methods, including Q-learning [150], SARSA, and Actor-
critic [132], use e—greedy heuristic for exploration and do not have bounded
sample complexity. Later, Delayed Q-learning [130], is designed to wait for m
(s,a) samples before updating Q(s,a) and use “optimism under uncertainty”
bias for guiding exploration, and is shown to be a PAC-MDP method. However,

all these methods are only applicable for problems with discrete action-state
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spaces. Recent research have focused on designing PAC-MDP methods, such
as Metric E? [63], C-PACE [104], which are able to solve problems with large

or even continous state-action spaces.

Here we elaborate more on Q) learning which serves the foundation for the method
to be introduced in chapter 3. Specifically, Q learning [150] is a classical model-free
RL algorithm, which updates Q-value (table) on every time step according to the
following equation

Qui1(s; @) = Qu(se, ar) + g (2.37)

with

e A, temporal difference (TD) error: A; = r(s;,a;) + ymaxy Qy(si41,a") —

Q:(s¢, ar), where d’ is the action maximizes Q;(s;11,a’)

e «,, the learning rate, which need to satisfy >)° a; = o0,>7 a? < oo: the

necessary conditions for guaranteeing convergence of the iteration in (2.37).

The on-policy counter-part to Q-learing is SARSA, which uses a different TD error

based on the current policy

Ay = 1(st,a5) +7Qi(8e41, a') — Q4(8¢, ar). (2.38)

While on-policy algorithms are generally easy to use and has convergence guarantees,
off-policy algorithms are more preferable in situations where batch data is available
or safe exploration is desired. Although classical QQ learning has a number of nice
properties, its tabular representation does not generalize to continuous RL domains.
In this case, linear function approximation is often used to approximate Q function as
a weighted combination of basis function ¢(s,a), i.e., Q(s¢, a;) = wr d(sy, a). Then

the off-policy gradient descend is applied to the Q function for updating the weights
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w as follows

1

Wiy =Wy — §atth [Q* (51, ar) — Qi(5¢, ar)]? (2.39)
=wy + o[ Q" (8¢, ar) — Qu(St, ar) |V, Qi (s, ar) (2.40)
=w; + ;A (e, ar) (2.41)
with the following TD error
Ay =1(s,ar) + 7 max w) ¢(se41,a") — w] dy(se, ar). (2.42)

However, function approximations can cause divergence for off-policy RL methods,
including Q-learning and linear least square approach. Several recent approaches
ensure convergence (in the online case) by adding some form of regularization to TD
algorithms for policy evaluation, as done in TDC [133], GQ [87], LARS-TD [69], and
RO-TD [79]. These algorithms use different versions of the SARSA-style TD error,
but the regularization ensures their convergence even when the samples are obtained

off-policy.
2.2.2  Reinforcement Learning in POMDPs

Because the state information is noisy, RL in POMDPs is notoriously more difficult
than RL in MDPs. Depending on whether we learn the model of POMDPs, the
methods of RL in POMDPs can also be categorized into model-based and model-
free. For model-based methods, the policy is represented by the value function of
a particular action and belief state pair with the belief state computed with the
estimated POMDP model. In contrast, for the model-free methods, the policy is
usually a mapping from observation histories to actions. The mechanism for learning
to interact with a POMDP can be illustrated by figure 2.6, where the solid arrow

indicates model-free RL and the dashed arrow indicates model-based RL.
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FIGURE 2.6: The planning and learning framework for POMDPs

Typically, model-based approaches first learn the POMDP models using algo-
rithms such as EM, and then use the planning techniques discussed in the previ-
ous section to obtain control policies. Because the POMDP models are essentially
controlled hidden Markov models(HMMs) and an HMM learning with performance
guarantees is known to be intractable [140], model-based methods in general are
computationally expensive. However, such difficulty does not prevent developing
efficient approximate model-based RL methods, especially if some good prior knowl-
edge is available. Therefore, model-based approaches usually employ Bayesian RL for
an implicit exploration and exploitation trade-off, treating the uncertain POMDP
parameters as additional states, and attempting to solve an augmented POMDP
with the model uncertainty incorporated into the augmented belief states [110, 118].
Specifically, these methods impose Dirichlet priors on the transition function 7" and
observation function €2, and define the belief state as the distribution of current state
s¢ and the counts associated with 7" and 2, and finally solve an e—optimal policy
by using standard POMDP solvers. However, the augmented POMDP is intractable
and approximations are used. Moreover, the approximations are usually based on
policy-solving of model samples, ignoring the model uncertainty in future steps. To
handle the model uncertainty issue, Bayesian nonparametric priors have been ap-
plied for solving RL problems in POMDPs [39, 38]. These methods use Monte Carlo
Markov chain(MCMC) algorithms for inference. MCMC methods are powerful for
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capturing complex structures in data without requiring explicit model selection, yet
they suffer some practical shortcomings. Especially they are not ideal for use in con-
texts where performing inference quickly and reliably on large volumes of streaming
data is crucial for timely decision making, such as autonomous robotic systems.

Because of the difficulty of estimating the POMDP model, many RL methods
avoid to explicitly model the environment, but directly learn the policy based on the
experience of agent-environment interactions. For policy-based RL, there are three
main policy representations, including tabular presentation, policy tree and policy
graph. Early work for model-free RL include U-tree [88, 159] and Monte Carlo based
reactive policy(MCESP) [105]. U-tree uses internal states to memorize the history
and build a decision tree online. The issue with this algorithm is that the tree can
grow rapidly with the episode length. MCESP uses tabular policy representation and
learns the value function over action observation pairs, similar to that of Monte Carlo
Exploring-Starts [132]. In addition, MCESP is able to offer a PAC-style guarantee
for convergence to a local optimum. In addition, policy graphs have been learned
by gradient descent by Meuleau et al. [92]. More recently, Monte Carlo tree search
based methods [123, 127] use UCT algorithm to control exploration and exploitation,
and are able to solve problems with large state space.

The choice between a model-based approach and a model-free approach is, there-
fore, a tradeoff between versatility and time efficiency. When the policy is of the
primary interest, the right choice would be an approach that is just versatile enough
for finding the optimal policy, but not more. This idea has been pursued in model-
based methods. For example, the work in [152] approximates a POMDP as an utile
distinction hidden Markov model which creates memory to preserve perceptual and
utility distinction only when necessary. Whereas the work by Shani et al. [122] uses
U-tree [88] to learn a POMDP model and then use existing POMDP solver to obtain

the control policy. In addition, the recent work by Grady et al. [46] solves a less
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complex model, with reduced state and action spaces, to find approximate policies
for the original POMDP. All these methods solve a compressed model of the original
POMDP to find approximate policies, enhancing time efficiency while reducing the
model’s versatility. A model-free approach can be considered as an extreme case, in
which the POMDP is compressed into the policy itself, 7.e., the most compressed
“model” that preserves the policy.

Because of their conciseness and representation power, finite state controllers
(FSCs) are adopted by most model-free RL methods for representing the policies
of infinite horizon POMDPs. Early work learns FSCs using stochastic gradient de-
scent [92, 1]. Recently, it has been shown by Li et al. [76] that expectation maxi-
mization (EM), a popular algorithm in statistics [37], provides an effective tool for
learning a family of policies that include FSCs as a special case. The policies con-
sidered by Li et al. [76], collectively referred to as regionalized policy representation
(RPR), treat belief-state as a latent random variable and integrate it out to yield
a marginalized policy that is expressed as a probability distribution of the current
action conditional on the history of past actions and observations. The RPR is a
general form of FSC, where each internal memory unit (called a decision state in the
RPR and a machine node in the FSC) is associated with a distribution of actions,
instead of a single action; as a result, the transition from unit z to unit 2z’ depends
jointly on the action at z and the observation at z’, instead of on the observation
only. The action-dependency reflects the inherent uncertainty of the action choice in
each belief region, which, as discussed in depth by Sondik [128], cannot be resolved
unless the policy is finitely transient, in which case the RPR specializes to a FSC.

Here we briefly introduce the RPR that determines the control policy of POMDPs
and the auxiliary RPR that controls the balance between exploration and exploita-
tion. This introduction summarizes the necessary terminologies and formulae that

will be used in both chapter 4 and chapter 5.
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Regionalized Policy Representation

Definition 1. [76] A regionalized policy representation is a tuple (A, O, Z, W, u, ),
where A, O, and Z are respectively a finite set of actions, observations, and decision

states; W is a set of Markov transition matrices, with WZ _ denoting the probability

zZao
of transiting from z to 2z’ when taking action a in z results in observation o; j is the
witial distribution of decision states, with p, the probability of initially being in z; ™

s a set of stochastic policies, with ¢ the probability of taking action a in z.

For simplicity, Z is denoted as {1,2,---,|Z|}, where |Z] is the cardinality; A
and O are denoted in similar ways. The set of RPR parameters is denoted as © =

{m,u, W}. A consecutively indexed variable is abbreviated as the variable with its

. 1:|Z zZ
index range, Wi = (WL W2 ... WIZ), etc.

2a0? zao0’

Given hy = {ag.;_1, 014}, the history of actions and observations up to ¢, the RPR

chooses action a; according to

p(at‘ht, @) _ p(a():t‘ol:b @) _ p(a0zt|01:t7 @> ’ (243)

P(Clo:tfl |01:t7 @) p(GO:tq\Oufl, 9)

where the second equality arises because o, has no influence on the actions before ¢,

and p(ag.¢|o1.4, ©) results from
p(CLO:ta Z0zt|01:t7 6) = Mzoﬁggnfr:le_:ilaTiloTﬁg:7 (244>

by marginalizing out decision states zp;. It follows from (2.43) that p(ag.¢|o14, ©) =
[T plarl,.©).

The RPR parameters are learned from the agent experiences by using an empirical
value function defined below. Assuming the interaction between the POMDP and
the agent is episodic [132], the experiences are represented as a set of episodes. An

episode of length T}, is denoted by (afrfofafr - - of, af, ), where r is a nonnegative
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immediate reward, k indexes the episodes, and the subscripts index discrete time

steps.

Definition 2. [76] Let DY) = {(afrofakry---of ok vk VM| be a set of episodes
resulting from the interaction between the POMDP and an agent who chooses ac-
tions according to 11, an arbitrary stochastic policy with action-selecting distributions

p(alh) > 0, ¥ action a, ¥V history h. The empirical value function is defined as

7(DE). 0 :f Z::Z N k;l_[T oop; (L};hﬁ)) (2.45)

where h¥ = (ak, |,0%,), 0 <~ <1 is the discount as defined in the POMDP.

It has been shown in [76] that limg_., V(DU);0) is the expected sum of dis-
counted rewards by following the RPR parameterized by © for an infinite number
of steps. Therefore, the RPR resulting from maximization of the empirical value
function is an approximation of the optimal policy, assuming the number of decision
states, i.e., |Z|, is large enough to accommodate the optimal policy. The optimal
policy of a POMDP can be represented by a RPR because the RPR subsumes as
a special case the finite state controller (FSC) [76], which is known to approximate
the optimal policy of any POMDP to a arbitrary precision [128]. An appropriate | Z|
can be inferred by the method which will be discussed in chapter 5.

Given batch data D) a local optimal RPR parameter © can be learned by
nested expectation maximization [76], where the outer-loop EM evaluates the policy
in the E-step and improves the policy in the M-step, and the inner-loop EM realizes
the outer-loop M-step. The nested EM is better interpreted as a consequence of the
policy improvement theorem of a POMDP [17]. As detailed in [76] (pages 1140-1143),
the outer-loop E-step re-computes the immediate rewards such that a discounted sum

of the new rewards, averaged over the episodes, represents the value of the current
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policy; in addition, the inner-loop EM updates the policy by maximizing the weighted
log-likelihood function of a cost-sensitive hidden Markov model, with the weights
constituted by the recomputed new rewards. The weighted log-likelihood function
corresponds to the logarithm of the action-value function in [17], parameterized by
the RPR and averaged over all belief points, and the average value is maximized by

the inner-loop EM to yield an improved policy.
Exploration-Ezploitation Trade-off Based on the Auziliary RPR

The method in [25] employs an auxiliary policy to decide between exploration and
exploitation at any time during an episode, and the decision is conditional on the
history of past actions and observations. The auxiliary policy, which also is an RPR,
is affiliated with the primary RPR that controls the regular actions. The auxiliary
RPR has parameters (o, u, W), where (i, W) are shared with the primary RPR, and
o is distinct from 7, with o denoting the probability of choosing exploration (y = 1)
or exploitation (y = 0) in decision state z. The primary RPR can be learned by the
methods discussed in the previous section. The auxiliary RPR only updates o, using
(1, W) as they are learned for the primary RPR. The o is governed by a set of beta

distributions,
oy ~ Beta(ug, uy), with o] =1—0§, Vze Z, (2.46)
where u; > 0 is a given constant and {ug}i'l are updated using the rule,

u%) = Ziil ZZEO ﬁf j—=0¢fﬂ—<i>’ Vie Z? (247)

where 0f and ¢f (i) are as given in (6.5) and (6.9), respectively. At time ¢ during
an episode, the probability p(y;|h;) is computed using (2.43) and (2.44), replacing a;
with ¢, and 7 with o.

Intuitively, uZ represents the total amount of immediate and future rewards* (over

4 Recall that 0f approximates a rescaled reward received by following the RPR.
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all time steps in previous episodes) that the agent receives when executing T A the

local policy in decision state z. Since 7Ti| A is executed only when z is occupied,

the reward at ¢ is allocated to uZ in proportion to > _, o7, (2), where ¢f (z) is the
probability that z is occupied at 7 in episode k, given the actions and observations
that have led to the reward at ¢, as one recalls from (6.9).

When u§ » uq, one has of » of, which implies the agent almost never performs
exploration. Therefore, u; defines, up to a constant multiplier, the total reward
required in z for the agent to stop exploration in z.

As rewards accumulate in each decision state, the probability of exploration grad-
ually decreases. It is shown in [25] that, with a sufficiently large uy, the RPR is

guaranteed to converge to the optimal policy (assuming | Z| is appropriate).
2.2.8  Reinforcement Learning in DEC-(PO)MDPs

Despite a significant research progress in single agent RL, multiagent RL, especially
in decentralized settings, is still a nascent field. The distributed RL algorithms with
global performance guarantee only exist for some special class of problems, such
as network distributed MDPs (ND-MDPs) [47] and network distributed POMPDs
(ND-POMDPs) [93]. For example, a decentralized Bayesian RL in a cooperative
multiagent system is developed by Teacy et al. [138]. This method assumes the
value function and the global state are factorable, and the factorized state-transitions
are independent. In addition, the distributed RL method developed by Zhang and
Lesser [158], assumes that the state transition and observation are independent and
interaction among agents are local. Both two methods use a message passing (com-
munication between neighboring agents) and the max-sum algorithm to coordinate
distributed Learning.

Except for those special class of multiagent RL problems, there are a very limited

amount of research into RL for general DEC-POMDPs. Because of the decentralized
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nature of policy execution and the difficulty of solving DEC-POMDP planning with
a given model, coordinating RL for DEC-POMDPs are extremely difficult. Among a
limited amount of published work on RL for DEC-POMDPs, we discuss two recent

methods, which are model-free.

e Banerjee et al. [10] have developed a model-free RL framework called Monte
Carlo Q alternation (MCQ), in which agents take turns to learn the best re-
sponse(their own Q-function) to each other’s polices. When it is the turn
for one agent to learn its policy, this agent updates its Q function over the
action-history pairs and uses R-max [21] type of heuristic for exploration. This
algorithm is prove to be convergent; however, its sample complexity could grow
exponentially with the problem horizon. Later, they develop a pruning tech-
nique [10] to reduce the sample complexity. However, this method is still only
applicable for finite horizon problems, and it requires the agent to communicate

with each other after the learning process of one agent is finished.

e Wu et al. [156] have studied RL in infinite horizon DEC-POMDPs and designed
an method called MCEM. In this method, a Monte Carlo EM algorithm is
adopted to learn the policies represented by FSCs. Specifically, in the E-step,
trajectories are generated from the DEC-POMDP model and FSCs; and in
the M-step, the policies represented by FSCs are improved. Moreover, MCEM
applies UCB type of heuristic for exploration and is able to solve problems with
large state-action spaces and increased number of agents. Despite its generality
and scalability, the MCEM algorithm is sensible to initialization and prone to
local optima. Moreover, by fixing the number of nodes in controllers, the

learned policies from EM algorithms might be over/under represented.

The existing issues in the above methods motivate us to apply Bayesian nonpara-

metric methods to further improve the research of RL in DEC-POMDPs.
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2.3 Bayesian Nonparametric Methods: Models and Inference

In the previous section, we introduced RL methods for three important sequential
decision models. We are interested in learning control policies directly from ex-
periences of agent-environment interactions. This problem can be formulated as a
statistical modeling problem, the essence of which is to infer the model that best
explain data (experiences). When solving a statistical inference problem. One need
to consider several issues, including how to encode useful prior information and how
to select models. The simplest approach for inference is maximum likelihood (ML)
estimation which assumes data are drawn independently from p(z|f) and uncovers
the model that generates z by solving arg max, p(x|f) to provide a point estimate
of #. ML methods can provide consistent and unbiased estimations, however, they
are difficult to encode prior information. To address this issue, one can express the
prior knowledge of 6 by a prior distribution p(f), and applies Bayes rule to obtain

the posterior distribution

p(x|0)p(6)

p(0]x) = ()

(2.48)

, where p(z) = {p(x]0)p(0)df is called marginal likelihood or model evidence. One
can solve arg max p(6|x) to obtain a MAP solution. Here we are interested in Bayesian
inference which centers on computing both the posterior distribution (instead of a
point estimate) and the prediction distribution of the value y, at a new input z,
location, i.e., p(yu| s, 2,y) = § P(ys|as, 0)p(0]2, y)db.

Besides encoding useful prior information, another critical issue in statistics in-
ference is model selection, i.e., to determine the appropriate number of parameters
of a model, which has direct impact on the quality of a learned model. When the
number of parameters is set too small (the model is overly simple), the inferred model

can suffer from under-fitting, which means the model cannot capture the underlying
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trend of data. When the number of parameters is sett too large (the model is overly
complex), the inferred model can suffer from overfitting, which is also undesirable. To
address the model selection issue, parametric methods use cross-validation or statisti-
cal test to determine an approximate number of parameters, whereas nonparametric
methods provide a principled framework to simultaneously infer the model complex-
ity and parameter value. Specifically, by allowing the prior to be nonparametric, we
can use posterior inference to determine the appropriate number of model parame-
ters, avoiding the cross-validation which has to be performed by parametric methods
when this number is unknown.

This section summarizes two Bayesian nonparametric models, including Gaussian
processes(GPs) and Dirichlet processes(DPs), which underpin our value function

modeling and policy learning.
2.3.1 Bayesian Nonparametric Models

e Gaussian Processes

A Gaussian Process (GP) is a stochastic process defined over an input space
X < R"™, with the output f characterized by the mean function u and covari-

ance function K, which are defined as follows:
ELf(2)] = (2.49)

K(z,2') =02 exp { — ; M} + 0,0 (z,2") (2.50)

Qwi

where x, 2’ € X, 0, represents within-point variation caused by measurement
noise, and we consider radial basis function as the kernel function. The ratio
between o, and w; weights the relative effect of measurement noise and the

influences from nearby points.

A GP can be applied as a prior for representing smooth functions, and can be

used for solving nonparametric regression/classification problems. For a GP
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(over a trajectory) trained with N measurements {xy, f,, }+_,, by solving a least
square regression problem, given a new input z*, we can obtain the predictive
distribution over f,x as a Gaussian with predictive mean and variance given
by

s = K(@*, X ) K (Xer, Xop) 7' o (2.51)

o;, = K(@* 2*) — K(2*, X ) K (X, Xor) 'K (Xyy, %) (2.52)

¥

where X, is a p x N matrix with each column represents a input sample vector,

and f, is a p diminutional vector concatenating all the output samples.

Gaussian process is nonparametric model, because the parameters is a function

of data. More detailed treatment of GPs can be found in [116].

Here we are mainly interested in the application of GPs for RL. A series of pa-
pers [41, 42] have showed that GPs could be used to capture the value function
using on-policy updates, specifically SARSA and approximate policy iteration,
which may not be able to learn the value of a new policy from batch data. Oth-
ers have used GPs in model-based RL to learn the MDP parameters (P and R)
[115, 35], including a variant of the R.x algorithm that performs exploration
through an “optimism in the face of uncertainty” heuristic [61]. However,
model-based approaches require a planner to determine the best action to take
after each update, which could be computationally costly. The relationship of

GPs and other nonparametric methods for RL are discussed in [136].

Dirichlet Processes

A Dirichlet Process (DP) [44] is defined as a discrete probability measure over
a non-overlapping partition of a probability space Q. It is characterized by
a concentration parameter o and base measure G. DPs are often used as a

prior for mixture modeling, in which a single draw of DPs can be represented
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as {0, e}, ~ DP(a,G), where ) is a mixture component k and 7 is a

mixture weight.

Dirichlet process is widely used for mixture modeling. It can be used for
clustering and without knowing the number of clusters a priori. There are two
ways to realize DPs. One way is called Chinese restaurant process, where a
new data point (customer) is clustered into an existing cluster (table) with
the probability proportional to the number of data points (customers) that are
already assigned to that cluster (table), and assigned to be a new cluster (table)
with probability proportional to a. The other way to present a DP is by using
stick-breaking presentation, in which a stick with unit length is broken into
K parts (mixture components), with the length of k — th(k < K) component
Vi H;:ll(l —V}), and the length of remain component [, (1 — V4), where

{(Vi}i.| ~ Beta(1,a).

Stick Breaking Processes

Here we summarize the basics of stick-breaking prior and its connection to
a Dirichlet process. For more detailed mathematical treatment, readers are

referred to [57, 155].

Definition 3. The stick-breaking priors [57] are almost surely discrete ran-

dom probability measures P over the the measurable space (€2, B) which are

partitioned into d disjoint regions with 0 = OBy, for 1,--- ,d. It is expressed
as
d
Pay = Z Proe, (2.53)
k=1
and
m=V: and p;=01-V)A1-Vy)---(1=V;i_)V;;i>2 (2.54)
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are the weights with V; are independent Beta(a;, b;) random variables for a;, b; >

0.

SBP allows Beta-distributed RVs V;, Vi and the atoms ©;, Vi associated with
the resulting weights to be drawn simultaneously. Moreover, SBP boils down

to DP, when a; = 1, Vi.
2.3.2  Inference Methods

The aim of Bayesian Inference is to obtain the posterior approximation of the desired
models. There are two main categories of algorithms for Bayesian Inference, namely
Markov Chain Monte Carlo (MCMC) inference [117] and variational Bayes (VB) op-
timization [16]. MCMC inference utilizes the Markov chain Monte Carlo simulation
to obtain the samples that approximate the posterior distribution. MCMC methods
are guaranteed to approximate the posterior distribution accurately, as long as the
sampler runs long enough. Although MCMC methods can obtain accurate poste-
rior approximation, the samplers have to run long enough which can be very time
consuming. To accelerate convergence, VB is often adopted. VB inference uses a
proposal distribution ¢ to approximate the posterior distribution p by minimizing

the K-L divergence between p and q.
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3

() Learning with Gaussian Processes

3.1 Overview

As mentioned in the previous chapter, the core of obtaining the control policy of
an MDP lies in computing the value function. For an MDP with continuous state
space, the value function is represented by a parameterized functional form. Here we
consider linear function approximation. When computing the value function in RL
contexts, we have to consider several issues, including feature selection for concise
representation, regularization for avoiding overfitting and convergence guarantees.
Gaussian Processes (GPs) [116] are Bayesian Nonparametric (BNP) models that are
capable of automatically adjusting features based on the observed data. GPs have
been successfully employed in high-dimensional approximate RL domains, such as a
simulated octopus arm [42], but several aspects of their use, particularly convergence
guarantees and off-policy learning have not been fully addressed.

More specifically, unlike RL algorithms employing a tabular representation, and
even some function approximation techniques [43, 89], no convergence results for RL

algorithms with GPs exist. Also, existing RL methods with GPs have either required
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burdensome computation in the form of a planner [115, 35, 61] or require that the
policy being learned is the same as the one being executed (on-policy learning) [42].
The latter approach is less general than off-policy RL, which enables learning the
optimal value function using samples collected with a safe or exploratory policy.

To address these issues, we present a method for approximate RL using GPs
that has provable convergence guarantees in the off-policy setting. More specifically,
we present a model-free off-policy approximate RL technique, termed as GPQ, that
uses a GP model to approximate the value function and does not require a planner.
Because GPQ is off-policy, it can be used in both online or batch settings no matter
whether the data is obtained using a safe or exploratory policy. In addition, we
present an extension of GP(Q that uses a heuristic exploration strategy based on the
GP’s inherent measures on predictive confidence of the Q-function.

In addition to presenting the GP(Q framework, sufficient conditions for conver-
gence of GPQ to the best achievable optimal Q-function given the data (Q*) are
presented in the batch and online setting, and it is shown that these properties
hold even as new features are added or less-important features removed to maintain
computational feasibility. Our work also contributes to off-policy approximate RL in
general, because unlike other recent papers on off-policy RL with fixed-parameter lin-
ear function approximation [133, 87, 69, 79], our approach allows the basis functions
to be automatically identified from data. Furthermore, our condition for convergence
reveals why in the batch case GPQ or kernel base Fitted Q-Iteration [43] could lead
to divergence in the worst case, and how the divergence can be prevented by tuning
a regularization-like parameter of the GP. Finally, we designed a practical online
implementation of this framework that makes use of a recent budgeted online sparse
GP inference algorithm [34]. Our theoretical and empirical results show off-policy
RL using a GP provides provable convergence guarantees and competitive learning

speeds.
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3.2 Gaussian Processes

Gaussian Processes (GPs) [116] are Bayesian nonparametric (BNP) function approx-
imation models: they do not specify a model structure a priori and explicitly model
noise and uncertainty. A GP is defined as a collection of random variables, any finite
subset of which has a joint Gaussian distribution with mean (prediction) function
m(z) and covariance kernel, such as a Radial Basis Function (RBF), k(2/, 2), for
input points z and 2’. A common choice of covariance kernel, and the one used in

our empirical results, is the Gaussian radial RBF:

k(z,z") =exp (— Z %) (3.1)

where m is the dimensionality of the input domain. In the case of modeling the
Q-function, the input domain is the space of all state action pairs and the model
captures a distribution over possible Q-functions.

For ease of exposition, denote Z = [z1,...,2;] = [S0,a0, ", Sr,a-| be a set of
state action pairs observed at discrete sample times, where each state action pair is
concatenated as z. In our analysis, we assume a finite set of actions, but all analysis
extends to the continuous action space as well. Let 7 = [y1,...,y-]7 denote the
vector of observation values at the respective state action pairs. Given some set of
data points ¥ at corresponding locations in the input domain Z, we would like to
predict the expected value of the Q-function y,,; at some possibly new location z,, 1.

Define K(Z, Z) as the kernel matrix with entries K, ; = k(z;, 2;), k(Z, z;11) e R”
as the kernel vector corresponding to the 7 + 1" measurement, and w? as the variance
of the uncertainty in our measurement. Using Bayes theorem and properties of
Gaussian distributions, the conditional probability p(z,41]) can be calculated as a

normal variable [116] with mean

m(zr41) = " k(Z, 2741), (3.2)
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where « = [K(Z, Z) + w?I|7'¢ are the kernel weights, and covariance
Y(2r11) = k(2r41, 2r01) + w2 —KN(Z, 2, [K(Z,2) + 21 7'k(Z, 2,11). (3.3)

Due to the addition of the positive definite matrix w2/, the matrix inversions above
are well defined. An important insight obtained through the representer theorem
[116] is that even if the true function is described by an infinite number of bases, the
predictive mean function of a GP will be the best possible description of the function

using a finite number of bases given the data available.
3.2.1 Sequential GP Updates with Sparsification

Performing batch prediction using GPs requires an expensive inversion of a matrix
that scales as O(73) with the size of the data. Many sparsification schemes have been
proposed to reduce this computational complexity to O(7m?) [34, 74], where m is a
number of reduced parameters. Here we use the sparsification method of [34], which
allows for sequential updates and is suitable many applications with computational
resource constraints. This sparsification algorithm works by building a dictionary of
basis vector points that adequately describe the feature of an input domain without
including a basis point at the location of every observed data point. A full description
of this algorithm is available in Appendix 3.7.2.

In order to determine when a new point should be added to the dictionary, a

linear independence test ! is performed:

B'r-i-l = k<ZT+1a Z’r+1) - k(Zd7 ZT+1)TK(Zd> Zd)_lk(Zd7 ZT-H)- (34)

When ., is larger than a specified threshold S, then a new data point is added
to the dictionary. Otherwise, the weights «, are updated, but the dimensionality of

o, remains the same.

! The linear independence test measures the length of the basis vector ¢(z,1) that is perpendicular
to the linear subspace spanned by the current bases.
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3.3 Off-Policy RL with a GP

As a slight abuse of notation, we let Q* represent the best possible representation of
the true Q-function given the data available. In GPQ, we model Q* as a GP with
mean function m*(s,a) and positive semi-definite covariance kernel k([s, al,[s', d']).
To do so, we place a zero mean Gaussian prior on @, so Q(s,a) ~ N(O, k(- )) Our
goal is to perform posterior inference using available information so that the current
estimate of the mean m approaches the mean of ()*. Let the current estimate of the
mean of the Q-function be Q(s, a) = m(s,a). Since samples of Q* are not available,
posterior inference needs to be performed using the best estimate of Q* at the current

time as:

~

Q(st,a1) = (81, ar) + 7maE}X(Q(St+17 a')). (3.5)

Essentially equation (3.5) provides a measurement model for generating GP samples.
That is every time when Q(st,at) is computed, {Q(st,at),st,at} becomes a new
sample for updating the parameters of GPQ. It is worth mentioning that GPQ has
a close relation to Bayesian regression. In GPQ, the parameter w? is viewed as
the variance of Gaussian measurement noise, which act as an regularization term.
It accounts for the fact that current measurements are not necessarily drawn from
the true model and therefore prevents our model from converging too quickly to an
incorrect estimate of Q*. We will show that w? plays a pivotal role in preventing

divergence.

3.4 GPQ Algorithm and Convergence Analysis

The update rule in (3.5) with a GP model can be applied both in batch setting and
online setting. batch setting means all sample are stored and reused for updating
the parameter of QQ functions, whereas online setting refers to the case in which each

sample is used only once without storing. We briefly summarize the batch algorithm
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and its convergence property before presenting an practical online algorithm and its

convergence.

3.4.1 Batch GP-Fitted Q)-Iteration

Using GPs and the update rule in Equation (3.5) in the batch setting gives us Al-

gorithm 1, which we call GP-FQI because it is a member of the Fitted Q-Iteration

family of algorithms. At each iteration, the values of the stored points are updated

based on the stored rewards and transitions as well as the previous iteration’s ap-

proximation of the Q-values, which is the form of Fitted Q-iteration.

Algorithm 1: Batch GPQ (GP-FQI)

1: Input: Experience tuples {s,a,r, s n
2: Output: A GP representing Q)*
3: () < Initialized GP.

4: repeat

5. () < Initialized GP.

6:  for each experience tuple {s,a,r,s"); do
7 y; = 1 + ymax, Q(s',b)

8: end for

9:  Train Q on all ({s;, a;), y;)

10: =qQ’

11: until The convergence condition is satisfied

Algorithm 2: Online GPQ

1: for for each time step 7 do

2:  Choose a, from s, using e-greedy exploration
3:  Take action a,, observe r,, s,

4:  Let z; = {s,a)y and y, = r + ymax, Q(s',b)

5. if 8,11 > B, then

6: Add z, to the BY set.

7. end if

8:  Compute k. _,, and ;1 according to [34]

9: if |BY| > Budget then

10: Delete z; € BY with lowest score according to [34]
11:  end if

122 update Q(2741) = 272, aik(z;, )

13: end for

It has been shown that GP-FQI with no restrictions on its parameters may actu-

ally diverge (a result that has not been reported previously for GP RL), but we later
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Divergence Counter—example
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FIGURE 3.1: The maximum error |Q — Q*| is plotted for GP-FQI with insufficient regularization
w2 = 0.1 and sufficient regularization w2 = 1.

show how setting a single regularization parameter for the GP based on the other
input parameters will guarantee the convergence of GP-FQI.

Below, we prove that GP-FQI can diverge if the regularization parameter is not
properly set. However, we also prove that for any set of hyperparameters and desired
density of data, a proper regularization constant can be determined to ensure con-
vergence. We begin with a counter-example showing divergence in the batch setting
if w? is insufficient, but show convergence when w? is large enough.

Consider a system with three nodes located along the real line at locations
—1,0,and 1. At each time step, the agent can move deterministically to any node
or remain at its current node. The reward associated with all actions is zero. All
algorithms are initialized with Q(z) = 1Vz, v = 0.9999, and we use a RBF kernel

with bandwidth o = 1 in all cases. We consider two settings of the regularization

2

- is set too low, the

parameter, w2 = 0.1 and w2 = 1. Figure 3.1 shows that when w
Bellman operation can produce divergence in the batch setting. If the regularization
is set to the higher value, GP-FQI converges. In the following sections, we show that
determining the sufficient regularization parameter w? depends only on the density
of the data and the hyperparameters, not the initialization value of Q or 7.

Let T denote the approximate Bellman operator that updates the mean of the

current estimate of the Q-function using the measurement model of (3.5), that is
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M1 = T'my, we argue that T is a contraction, so a fixed point exists. For a GP
model, we define the approximate Bellman operator in the batch case as training a
new GP with the observations y; = r(s;,a;) + 7 max, Q(s;, b) at the input locations
zi = (8;,a4).

The properties of Algorithm 1 can be summarized by the following theorems, the

proofs are discussed in [31].

Theorem 4. Given a GP with data Z of finite size N, and Mercer kernel that is
bounded above by kmay, there exists a finite reqularization parameter w? such that the

T is a contraction in the batch setting. In particular, w? = 2(|K(Z, Z) |00 — kmax) <
2N

Theorem 4 shows that in the case of finite data, a finite regularization term always

exists which guarantees convergence.

Theorem 5. Given a GP with infinite data generated using a sparse approximation
with acceptance tolerance Py, and given a Mercer kernel function that decays expo-
nentially, there exists a finite reqularization parameter w? such that T is a contraction

in the batch setting.

Theorem 5 shows that for a GP with infinite data, a finite regularization term
also exists if the added data points (to the GP) exceed the linear independence test
Bot.-

Theorem 5 provides a powerful insight into the convergence properties of GPs. As
the density of basis vectors increases or as the bandwidth of the kernel function grows,
corresponding to decreasing [y, the basis vector weights «; becomes increasingly
correlated. As the weights become correlated, changing the weight at one basis
vector also changes the weights of nearby basis vectors. It is this sharing of weights

that can result in divergence, as seen in [8]. Theorem 5 shows that for a given
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Bior and kernel function, there exists a finite regularization parameter w? that will
prevent divergence, however. This regularization technique can also be applied to
provide convergence guarantees for FQI using a linear function approximator. In
related work, [84] provides convergence guarantees for linear FQI using a similar
regularization technique solved using an optimization-based framework. In practice,
w? does not have to be set very large to prevent divergence. Both Theorem 5 and
[84] consider worst case analysis, which generally is not encountered in practice. For

most applications, reasonable values of w? € [0.01, 1] will prevent divergence.

Theorem 6. If the sparse GP algorithm is used, the error |E[Q — Q*]| is uniformly,

ultimately bounded for the approzimate Bellman operator.

Theorem 6 indicates the approximation error from using a sparse representation
of a GP versus a full GP is bounded. But it does not compute the bound exactly as
this depends on the topology of the space and kernel function. The expectation in

Theorem 6 is with respect to the difference between two GPs: Q and Q*.
3.4.2  Online learning with GPQ

In theory, GP-FQI provides a method with provable convergence, however the com-
putational requirements can be intense. In our empirical results, we employ several
approximations to GP-FQI to reduce the computational burden. We call this mod-
ified algorithm Online GP(Q and display it in Algorithm 2. At each step of Online
GPQ, we take an action according to some policy 7 that ensures ergodicity of the
induced Markov chain, and observe the value y, = r + v max;, QT(S, ,b) at location z..
The sparse online GP algorithm of [34] is used to determine whether or not to add a
new basis vector to the active bases set BY and then update the kernel weights. We

provide a set of sufficient conditions for convergence in the online case.
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Theorem 7. For an ergodic sample obtaining policy w, and for each active ba-
sis set, a sufficient condition for convergence of m(z) — m*(z) ast — o on-
line GPQ s E, [C’tktktT + Kt_lktkf] > vE, [C’tktkf‘ + K{lktkf‘], where k{'oy, =

max, (kT (z441,a’)) .

Here, C, is a negative definite and K; ' is a positive definite matrix related to
the posterior and the prior covariance explained in [34]. These sufficient conditions
for convergence are less restrictive than [89] for Q-learning. The proof style follows
closely to that of [89]. The details are discussed in [32] and attached in Appen-
dex 3.7.3.

It should be noted that while the convergence results presented here are signifi-
cant because no such results have been available before, these results only guarantee
the asymptotic convergence of the Q function to the approximate Bellman oper-
ator’s fixed point, within the projection of the selected bases. Which means the
algorithm will eventually converge, yet no guarantees on the rate of convergence are
provided here. Such guarantees are expected to depend on the choice of the explo-
ration scheme, the algorithm’s eventual selection of bases, and the rate at which the

predictive variance decreases.
3.4.3  Optimastic Fxploration for GPQ

The Online GPQ algorithm above used an e-greedy exploration strategy, which may
not collect samples in an efficient manner. We now consider a more targeted explo-
ration heuristic facilitated by the GP representation. Others have considered similar
heuristics based on information theory [33]. Here we use a simpler strategy based on
the “optimism in the face of uncertainty” principle, which has been a cornerstone of
efficient exploration algorithms (e.g. [131]).

In the discrete-state case, optimistic value functions can be maintained by ini-
tializing Q-values to Rpya.x/(1 — ) and performing updates that maintain optimism
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until the values are nearly accurate. Pairing this over-estimate with greedy action
selection causes the agent to explore areas of the state space that may yield higher
long-term values, but not at the expense of “known” areas which have higher values
grounded in real data. We propose using the upper confidence tails from the GP as
an optimistic value function. Specifically, for any point (s, a), the GP will report an
upper confidence tail of m(s) + 23(s,,1) where m and 3 are defined in Section 3.2.
We modify GPQ to use these optimistic estimates in two ways: change value used in
GP update to Q(s;, a;) = 7(s;) + ymax,[Q(si+1,a) + 22(s, a)], always take actions
that are greedy with respect to the upper confidence tail.

The first change uses the upper tail of the next state’s Q-value in the Bellman
update to maintain optimism of the value function and is reminiscent of the backups
performed in Model-Based Interval Estimation [131]. The second change makes the
algorithm select greedy actions with respect to an optimistic Q-function.

A degree of caution needs to be used when employing this optimistic strategy
because of potentially slow convergence rates for GPQ when large amounts of data
has been collected. Once a large amount of data has been collected at a certain
point, the confidence interval at that location can converge before GPQ has centered
the mean around the true @-value. These temporarily incorrect ()-values will still
be optimistic and encourage exploration, but it may take a large amount of time
for these points to converge to their true values, meaning this technique is prone
to over-exploration. However, in many of our empirical tests, this variance-based

exploration significantly outperformed e-greedy exploration.
3.5 Experiments

Our experiments cover three domains, a discrete 5 x 5 Gridworld, a continuous
state Inverted Pendulum (see [73]), and continuous state Puddle-World [20]. Specific

details of the domains are listed in Appendix 3.7.1. These domains pose increas-
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ingly more difficult challenges to GPQ when choosing basis points. The algorithms
compared in each domain include the two variants of Online GPQ (e-greedy and
optimistic), both using a budgeting scheme [34]. We also implemented a tabular
Q-learner (QL-Tab) using discretization, Q-learning with fixed-basis linear function
approximation (QL-FB), and the GQ algorithm [87]. We chose these algorithms
because they are each off-policy and model-free online approaches for dealing with
continuous state spaces. We report results for the best case parameter settings (see
Appendix 3.7.1) of 1) the learning rate (QL-tab, FA-FB, GQ), 2) the exploration
rate (QL-tab, FA-FB, GQ, GPQ-e-greedy), 3) bandwidth of kernel (FA-FB, GQ,
GPQ), 4) the position of kernels (GQ, FA-FB, GPQ) and 5) the number of kernels
(quantization level for QL-tab). After cross-validation, the policy learned from all
these methods for the three domains are evaluated based on discounted cumulative
reward averaged over 20 independent runs and are shown in Figure 3.2.

The Gridworld consisted of 25 cells, noisy transitions, and a goal reward of 1 (step
reward of 0). While all of the algorithms find the optimal policy, the GPQ based
methods converge much faster by quickly identifying important areas for basis points.
We also see that optimistic exploration using the GP’s variance is advantageous, as

the algorithm very quickly uncovers the optimal policy.

Gridworld Inverted pendulum Puddleworld
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FIGURE 3.2: Average sum of discounted rewards for the experimental domains. The GQ and the
QL variants are given more information because their bases are specified a priori, yet GPQ is able
to reach comparable performance (often faster) while choosing its own basis functions.

The Inverted Pendulum is a continuous 2-dimensional environment with the re-
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ward defined as the difference between the absolute value of the angle for two con-
secutive states. Again, GPQ quickly finds adequate bases and converges to a near
optimal policy while GQ requires more samples. Q-learning with fixed bases and
a tabular representation achieve adequate policies as well but require thousands of
more samples. Optimistic exploration is not as helpful in this domain since the pen-
dulum usually starts near the goal so targeted exploration is not required to find the
goal region. Additional graphs in the appendix show that optimistic exploration is
beneficial for certain parameter settings. The graphs in the appendix also demon-
strate that GP(Q methods are more resilient against small quantizations (budgets)
because they are able to select their own bases, while GPQ and QL-FB are far more
sensitive to the number and placement of bases.

Finally, we performed experiments in the Puddle-World domain, a continuous
2-dimensional environment with Gaussian transition noise and a high-cost puddle
between the agent and the goal. Because of the large range of values around the
puddle, basis placement is more challenging here than in the other domains and
GPQ sometimes converges to a cautious (puddle adverse) policy. Multiple lines are
shown for QL-FB and GQ, depicting their best and worst case in terms of parameter
settings, as they were extremely sensitive to these settings in this domain. While
the best case versions of GQQ and QL-FB reached better policies than GPQ), in the
worst case, their Q-values appear to diverge. While this is not immediately evident
from the discounted-reward graph, an additional graph in the appendix shows the
average steps to the goal, which more clearly illustrates this divergence. While GQ
has convergence guarantees when data comes from a fixed policy, those conditions
are violated here, hence the potential for divergence. In summary, while very careful
selection of parameters for QL-FB and GQ leads to slightly better performance, GPQ
performs almost as well as their best case with less information (since it does not

need the bases a priori) and far outperforms their worst-case results.
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3.6 Discussion

We presented a nonparametric Bayesian framework (GPQ) for model-free off-policy
RL. GPQ uses GPs to approximate the value function and allows features to be au-
tomatically adjusted based on data. We presented algorithms using this framework
in the batch and online case and provided sufficient conditions for their convergence.
Recognizing that GP’s predictive variance provides a measure of uncertainty of the
predicted value, we designed an principled exploration strategy for the online case by
by using GP’s prediction confidence, which is a function of the predictive variance.
Moreover, A GP sparsification technique is implemented based on linearly indepen-
dence test, and is adapted into the online GPQ framework. Hence, our online GPQ
algorithm enjoys bounded memory and significant reduced computational complex-
ity, and is able to balance exploration and exploitation in a principled way. Our
empirical results show that GP’s representational power and our efficient algorithm

design allows GPQ to perform as well or better than other off-policy RL algorithms.

3.7 Appendix

3.7.1 Details of Empirical Results

Our experiments cover three domains, a discrete 5 x 5 Gridworld, a continuous
state Inverted Pendulum (similar to [73]), and continuous state Puddle-World [20].
The Gridworld consisted of 25 cells with the agent always starting in the lower-left
corner, a 0 step cost, and a goal state in the upper-right corner with reward 1 and
v = 0.9. Transitions were noisy with a .1 probability of the agent staying in its

current location.
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FIGURE 3.3: The performance of GPQ with e-greedy exploration on Baird’s counterexample (the
“Star” problem) which can cause divergence with fixed-basis linear function approximation.

We also performed experiments on the Inverted Pendulum, a continuous 2D en-
vironment with three actions: applying forces of —50, 0, or 50 Newtons. The goal is
to balance the pendulum upright within a threshold of (—7/2, 7/2) and the reward is
defined as the difference between the absolute value of the angle for two consecutive
states.

The Puddle-World domain is a continuous 2-dimensional environment with an
agent moving in the four compass directions and Gaussian noise added to its move-
ments. The initial state is at the bottom left of the domain and the goal region is
near the top-right corner. The goal region and puddle placement follows the descrip-
tion of [20]. The ”"puddle” (which is really two overlapping puddles) between the
agent and the goal causes negative reward proportional to the agent’s distance to
the center of each puddle. Steps outside of the puddle cause a reward of —1 except
at the goal where the reward is 0.

The results are influenced by several parameters, including 1) the learning rate
(QL-tab, FA-FB, GQ), 2) the exploration rate (QL-tab, FA-FB, GQ, GPQ-e-greedy),
3) bandwidth of kernel (FA-FB, GQ, GPQ), 4) the position of kernels (GQ, FA-FB,
GPQ) and 5) the number of kernels (quantization level for QL-tab). The learning

rate is set as 0.5/t* with a € {0.1,0.3,0.5}, the exploration rate is set according to
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1/t with 8 € {0.1,0.3,0.5}. For Gridworld the kernel budget is 25; for Inverted
Pendulum, the budget is chosen from {36, 100} and for Puddle World we use budgets
from {100,400}. The quantization level for tabular Q-Learning is set the same as the
budget for those function approximation methods. For each of the algorithms, the
best combination of parameter settings was used for the figures in the main paper.
The following experiments from the Inverted Pendulum domain show the ro-
bustness of GPQ against changes in the quantization (budgeting) level and also the
sensitivity of the fixed basis methods to the number of basis points. Figure 3.4
demonstrates that GPQ methods are more resilient against small budgets because
they are able to select their own bases, while GPQ and QL-FB are far more volatile.

These graphs also show that optimistic exploration is beneficial for certain parameter

settings.
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FIGURE 3.4: The performance for Inverted Pendulum under different budget (quantization levels),
36 (left) and 100 (right). GPQ is not sensitive to the quantization level because it selects its
own bases, while the quantization level impacts the other algorithms significantly. For example,
with higher a quantization level GQ converges slowly, and with a lower quantization level QL-tab
performances poorly.
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The graphs evaluating performance in Puddle World in Figure 3.2(c) include an
additional graph plotted in Figure 3.5 that shows the average steps to the goal, which
more clearly illustrates the divergence of GQ and QL-FB. The divergence in these
worst cases is caused by having many bases (> 100) with overlapping bandwidths
(> .05). In contrast, a smaller number of bases with the same small bandwidth
actually produces the best performances for these algorithms, because weights are
updated almost independently. Figure 3.6 elaborates on this sensitivity by showing
the performance of all the algorithm under different budget (quantization) constraints
with all other parameters fixed. We see GQ and QL-FB are very sensitive to the
budget, and QL-tab is sensitive to the quantization level, while GPQ is relatively
stable. In summary, while very careful selection of parameters for QL-FB and GQ
leads to slightly better performance, GPQ performs almost as well as their best case
with less information (since it does not need the bases a priori) and far outperforms

their worst-case results.
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F1GURE 3.5: The performance of the algorithms in Puddleworld. The bandwidth is set to be 0.1
for the basis function in all methods. The number of basis (budget) is set to be 400. FA-FB and
GQ diverge when the bases are placed uniformly over the state space.
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3.7.2  Sequential GP Updates

Performing batch prediction using GPs requires the inversion of a matrix that scales
with the size of the data. Inverting this matrix at every iteration is computationally
taxing, and many sparsification schemes have been proposed to reduce this burden
[34, 126, 74]. In this paper, we use the sparsification method used in [34], which
allows for sequential updates. The sparsification algorithm in [34] works by build-
ing a dictionary of basis points that adequately describe the input domain without
including a basis point at the location of every observed data points.

Given a dictionary of bases, Z;, the prediction and covariance equations are

computed as,

(i) = 0T k(Zu 2 11) (36)
E(Z-rﬂ) = k<ZT+17 Z‘r+1) + kT<Zd7 ZT+1>Ctk(Zd7 ZT+1) (3-7)
where C' = —(K + w?I)7!, i.e. C is the negative of the inverse of the regular-

ized covariance matrix which is computed recursively. A natural and simple way to
determine whether to add a new point to the subspace is to check how well it is
approximated by the elements in Z. This is known as the kernel linear independence
test [34], and has deep connections to reproducing kernel Hilbert spaces (RKHS)

[116]. The linear independence test measures the length of the basis vector ¢(z,41)
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that is perpendicular to the linear subspace spanned by the current bases. For GPs,

the linear independence test is computed as

ﬁTJrl = k(27'+17 ZT+1) - k(Zd7 ZT+1)TK(Zd7 Zd)ilk(Zdv ZT+1)' (38>

When ;.4 is larger than a specified threshold ¢, then a new data point should
be added to the dictionary. Otherwise, the associated weights «, are updated, but
the dimensionality of ., remains the same. When incorporating a new data point
into the GP model, the inverse kernel matrix and weights can be recomputed with a

rank-1 update. To compute the updates in an online fashion, first define the scalar

quantities
g = y = orks, (3.9)
w% + kT(Zda ZTJrl)Ctk(Zd? ZT+1) + k(zT7 ZT) ’
(r+1) _ 1
r (3.10)

_w% + kT(Zda ZT+1)Otk<Zda Z’T‘-‘rl) + k(ZT7 ZT) 7

Let e-41 be the (7+1) coordinate vector, and let T 11 (+) and U, 1 (-) denote operators
that extend a 7-dimensional vector and matrix to a (7+1) vector and (7+1) x (7+1)
matrix by appending zeros to them, respectively. The GP parameters can be solved

recursively by using the equations

Ory1 = TT+1<aT) + q(7—+1)

Sr+1,
Cri1 = U1 (Cr) + 70 s 6T (3.11)
Sr1 = Tr1(Crky, ) + €741

The inverse of the matrix K(Z, Z), denoted by P, needed to solve for 7,1 is updated

online through the equation

Pri1 = Ura(Pr) + 7;}1 (Tri1(érs1) — €r41) (Trga(ér41) — €T+1)T (3.12)

where é;,1 := P k(2:11, Z4)T. In order to maintain a dictionary of fixed size, many
point deletion criterion can be used [34]. Alternatively, [40] shows that if data is
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drawn from a Banach space and if ¢;,; > 0, then the number of points added to the
dictionary will always be finite. If points are not deleted from the dictionary, the
approximation error can be bounded analytically. In this paper, we consider a sparse
representation of GPs without deletion of dictionary elements in order to facilitate
analysis. Empirically, we have found that maintaining a fixed budget size does not

significantly decrease performance.
3.7.3  Proof of Theorem 7

In the following we present a sufficient condition for convergence of online GPQ (see
Section 4.1). The main idea is to show that the mean of the GP estimate of the
Q-function, M, converges to the mean m*. Note that m*(z) = k*(Z, z)a*, where a*
is the unique minimizer of the regularized least squares cost function ), [Q*(z;) —
kT(Z, z;)a*|?. For ease of exposition, we define the following notation: k(Z;, z;) = kq,
K = K(Z;, Z;), and k®a; = max, (kT (x4, a’))ay. Similar to proofs of other online
RL algorithms, including TD learning ([145] and Q-learning [89], an ODE approach
is used to establish stability [12]. The update in (3.11) is rewritten here for the case

when the active basis set is fixed, that is, when [; < [
Qry1 = O + CTq(T+1)(ST+1)7
Cri1 = (Cr) + CTT(TH)STHSZHa (3.13)
Sr41 = (C‘rkaJrl)-

where §;,1 = Cikyy 1 + K{lktﬂ and (; is a decreasing sequence with ), (, = o0.

Theorem 4. For an ergodic sample obtaining policy 7, and for each active basis set
BY, a sufficient condition for convergence with probability 1 of m(z) — m*(z) as
t — o0 when using the online sparse GP algorithm of (3.13) with the measurement
model Q in (3) of the main paper is

E. [Cikk] + K; 'kk] | = 1E [Cikk) + K, kK] . (3.14)
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Proof. Ensuring that assumptions required for Theorem 17 of [12] hold, the following

ODE representation of the a update equation of 3.13 exists:
a(t) = By [0:5)]. (3.15)

In the following it is shown that a — a* for each active basis set. Let @ = a — a*
and consider the continuously differentiable function V(&) = 1d,"a. V(@) > 0 for
all &; # 0, therefore, V is a Lyapunov like candidate function [49, 67]. The first
derivative of V' along the trajectories of a(t) is

(Cik, + K 'k,)

2
Oz

V(a) = &' E, [ (re + vkfoy — k;[ozt)] : (3.16)

where we have set 02 = w? + k' (Z,2)Cik(Z,2') + k(z, 2') for notational convenience.
Note that m*(z) = kT (Z, 2)a*, and add and subtract k! a* we have

(Cik, + K, 'ky)

2
0%

(Cik + K; k)

2
0%

V(a) = —a'E, [ ki a+a Eq( )(re + Yk oy — ktTaf)] :
(3.17)
Adding and subtracting vk o*, noting that k%" o* > k*a*, and m} = r, + k* o*

due to the Bellman equation, we have

(Cik, + K, 'ky)

2
0%

(Cik, + K, 'ky)

2
0%

k{ —~

V(a) = —a'E, l k?} a. (3.18)

Hence, if the condition in (3.14) is satisfied, V(&) < 0 and a — o* w.p. 1 for each

active basis set. O

The argument above can be extended to show that m(z) — m*(z) even as new
bases are added to the active basis set. To see this, let & be the time instant when
a new basis is added and let aj,; be the associated ideal weight vector. Note that
the nature of the sparse GP algorithm ensures that £k + 1 > k + AT with AT > 0.
If AT is sufficiently large such that E-(V (o, ;) — V(ej)) < 0 then the convergence

is uniform across all bases.

71



4

Online Expectation Maximization for
Reinforcement Learning in POMDPs

4.1 Overview

Because of its conciseness and approximation power, finite-state controllers (FSCs)
have been a dominant policy representation for infinite-horizon POMDPs. Under
reinforcement learning settings, early work learns FSCs using stochastic gradient
descent [92, 1]. Recently, it has been shown in [76] that expectation maximization
(EM), a popular algorithm in statistics [37], provides an effective tool for learning a
family of policies that include FSCs as a special case. The policies considered in [76],
collectively referred to as regionalized policy representation (RPR), treat belief-state
as a latent random variable and integrate it out to yield a marginalized policy that
is expressed as a probability distribution of the current action conditional on the
history of past actions and observations. The RPR is a general form of FSC, where
each internal memory unit (called a decision state in the RPR and a machine node
in the FSC) is associated with a distribution of actions, instead of a single action;

as a result, the transition from unit z to unit 2z’ depends jointly on the action at z
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and the observation at 2/, instead of on the observation only. The action-dependency
reflects the inherent uncertainty of the action choice in each belief region, which, as
discussed in depth in [128], cannot be resolved unless the policy is finite transient,
in which case the RPR specializes to a FSC.

Given batch data DX, alocal optimal RPR can be learned by nested expectation
maximization [76], where the outer-loop EM evaluates the policy in the E-step and
improves the policy in the M-step, and the inner-loop EM realizes the outer-loop
M-step. It is noteworthy that the nested EM maximizes a value function, which
cannot be interpreted as a probability of the observed variables as in the case of
a likelihood function. The nested EM is better interpreted as a consequence of the
policy improvement theorem of a POMDP [17]. As detailed in [76](pages 1140-1143),
the outer-loop E-step re-computes the immediate rewards such that a discounted
sum of the new rewards, averaged over the episodes, represents the value of the
current policy; in addition, the inner-loop EM updates the policy by maximizing the
weighted log-likelihood function of a cost-sensitive hidden Markov model, with the
weights constituted by the recomputed new rewards. The weighted log-likelihood
function corresponds to the logarithm of the action-value function in [Blackwell,
1965], parameterized by the RPR and averaged over all belief points, and the average
value is maximized by the inner-loop EM to yield an improved policy.

The RPR has been introduced in [76] as a tool for multi-task RL across multiple
POMDPs. Subsequent work has focused on using the RPR for reinforcement learn-
ing in a single POMDP [Cai et al., 2009; Liu et al., 2011]. All previous work assumes
batch-mode learning, updating the policy based on the entire set of experiences col-
lected so far. Consequently, as new experiences arrive sequentially, the computational
cost and memory demand increase fast. To reduce the time and memory complexity
of learning an RPR, in this chapter, we proposed an online nested expectation max-
imization for learning the FSCs which is the parameter of RPR. The major change
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from the batch-mode EM is that the policy is updated each time based on a partial
policy evaluation, with only the latest episode of agent-environment interaction used
in the outer-loop E-step and inner-loop Estep. Therefore each episodes contribution
to the sufficient statistics is computed only when the episode is new, instead of com-
puted repeatedly when each subsequent episode comes in; this makes the E-steps
computationally more efficient. Furthermore, as each episode is used only when it is
new, the algorithm need only memorize the latest episode, discarding all older ones,

leading to tremendous memory savings.
4.2 Batch-mode Expectation Maximization

Before presenting the online Expectation and Maximization algorithm, we first review
the batch-model EM algorithm in [76], The solution produced by the EM algorithm

in [76] is re-stated in Theorem 5.

Theorem 5. Let {O,},>0 be a sequence produced by the iterative update ©, 1 =

arg max gz LB(0|8,,), where O is an arbitrary initialization and E = {@ = (u,m,W):
Z|]2|11U“] =1 ZlAllﬂ- =1 Z|Z‘ Wzao =1l0=12-- 7|Z|7 a=12--- a|"4|7 0 =

1727"' 7|O‘}a

IZ]

K Ty
oo - L va{ S (i
—1t=0

t 2l |Z]
+Z[Z¢§T(i)ln ;ﬁZétT i) an”T e ]}

oli=1 1,j=1
o — rep(asons Oy (4.1)
[ Tr—o P (ak[E)V (DX); ©,)
ffr(za]) =p(F =1, Zf+1 = jlag., ok, On), (4.2)
o1, (1) = (2} = ilagy, o}y, O), (4.3)
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then {©,},=0 monotonically increases LB, until convergence to a maxima.

LB is derived from the lower bound of log value function(2.45). The quantity v/}
in (11) is the re-computed reward at time ¢ in episode k; it represents the expected
reward of following policy ©,,, and is computed in the outer-loop E-step. The quali-
ties in (12)-(13) are standard soft counts resulting from the Baum-Welch formula for

learning an HMM [114], and they are computed in the inner-loop E-step.
4.3 Online Nested Expectation Maximization

To prepare for the online EM algorithm, we rewrite the local objective in Theorem

5 equivalently as

. 12| 12| Al Al 0] 2] |2]
LB(O|©,) = —szln,ul + —ZZpalnﬁ’ + —Z ZZZW”OIHW”O, (4.4)
i=1a=1 a=1o=1i=1j=1
Wherea for any 27] € {17 o 7‘Z|}’ ae {17 T 7"’4’}7 and o € {17 o 7‘0’}7
1 K T
o= D1 Y vEoka0) (15)
Kk:ItZO

po= e DD 6k (i) ek a), (4.6

(4.7)
1, a=

and d(a,b) = { 0. 4 ; Z . Since v’s are normalized and ¢’s and {’s are proba-

bilities, the quantities {v, p,w} are all bounded.
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The constrained maximization max gz LB(6|0,) has a unique solution given by

a0

~ Ui ~ 1 pa Wzao w (4 8)
Hi= Sz Ta= G4 J z wo :
DT Y ) SRR
fori,j=1,2,---|Z],a=1,---,|A|,and 0 = 1,--- | |O|. Define

1(6:0,p,0) "= LBO1O,) + (1= X% ) B2 v+ DA (- X 7D B
A N NA0 - B W) B v (49)

One may verify that f (@, v, p,w) has a unique stationary point that is equal to O as
given in (4.8).

Let 6 = [p, m,w]" and s = [v, p,w]” , with the definitions p = [;]i=12, 7™ =
(T8 ]a=1:aimts2), W = [W;%]jo12)i=1:)2a=1:1 A4l 0=1:|0}, and similarly v = [vi]i—yz),
p = [phla=ta)i=112), @ = [W*]j=1:12]i=1:2].a=1:( A 0=1:|0|, Where the elements in a
vectorization are arranged by following a left-to-right order in sorting the indices.
For example, [7%],=1.j4p,i=1:2| = [T, ,7T‘1A‘, e ,71"12', . ﬁ"]

Define C' = diag(C,, Cr, Cy ), where C,, is a |Z]| x |Z| matrix of ones, C, =
diag{(CL);=1,z} with C% a |A| x |A| matrix of ones, and

Cw = diag{(C{{")i=1:/z),a=1:14]0= 10| }

with C};, a |Z] x |Z] matrix of ones. By construction, C is a block-diagonal ma-
trix with each block a matrix of all ones, and each block is associated with the
corresponding sub-vector in @ whose elements sum up to one.

Let In(@) denote a vector resulting from element-wise application of the natural

logarithm to 6. Define
P(0) =1In6 — CO. (4.10)
Then one can rewrite (4.9) as

f(6;5) = s"4(0), (4.11)



and the solution in (4.8) is obtained by solving the equation V, f(0;s) = 0 or
equivalently V@¢T(é)s = 0, where Vy denotes the gradient with respect to 6.
Using the vectorized notation, one can restate the EM algorithm in Theorem 5

as:

Outer- and/or inner-loop E-steps: Update s = (D) 0,_,) using (6.5) - (6.8)
and (4.5)-(4.7).

Inner-loop M-step: Solve the equation Vgng(O)s!e:o =0 for 6,

We have written s = s(D%),0,_,) to emphasize that the sufficient statistic s is
a function of the previous parameter vector 8,,_; and episodes D). Note that the
constraint © € Z in Theorem 5 has been accounted for in (4.9) and (4.11).

To see the possibility of an online version of the EM algorithm, we note from
(6.5) - (6.8), the sufficient statistic is a sum over the episodes, and therefore one can

write
(n) 1 A
S(D ,gnfl) = E k:18(€k7 On,l), (412)

where s(eg, 0,-1), a vector collecting only the terms with index k in (6.5) - (6.8),
represents the contribution from ¢;, and D™ = {e|,&y,--- ,¢,} are episodes coming
in sequentially.

The online EM algorithm employs a noisy (indicated by the hat above s) version

of true sufficient statistic in (4.12),

'§(D(n)= 071—1> = ZZ=15k3(5ka Ok—1)7 (413)

where By = i [ [z, 1 (1 — ;), and {0 < o < 1}}_, referred to as learning rates,
discount the contribution from each episode, with earlier giving greater discounts

because they are computed using earlier versions of @ and are thus less accurate.
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One can equivalently write (4.13) as
(D™ 0, 1) = &,, (4.14)
with the recursive definition
Sp = (1 —ap)Sp_1 + ags(eg, Op_1),k=1,2,--- 'n (4.15)

The online nested EM algorithm processes the episodes on the fly, and removes
an episode from the memory once its contribution to the sufficient statistic has
been recorded using (4.15). The contribution from the k-th episode, s(ex, Ox_1), is
computed using (6.5) - (6.8) and (4.5)-(4.7), considering only the terms with index k.
Recalling that (6.5) constitutes the outer-loop E-step and (6.9) - (6.8) the inner-loop
E-step, one need only compute (6.5) very dn iterations of the inner-loop EM, where
on may be determined by the convergence of the inner-loop EM. When n is small,
however, the sufficient statistics is very noisy, and in this case it is preferable to
run only a few iterations for both the outer-loop EM and inner-loop EM, to prevent
premature convergence. The RPR parameter vector is updated in the inner-loop
M-step, as the solution to

Vo' (0)3, = 0. (4.16)

The solution, given in closed-form in (4.8), is essentially a set of normalized sub-
vectors of the sufficient statistic.

The complete online algorithm is given in Algorithm 3. The algorithm performs
on-policy learning ([132]), where the agent learns the RPR while using it to choose
actions in collecting experiences. In order to achieve a balance between exploration
and exploitation, the behavior policy used in the algorithm, II,,, is a mixture of two

experts , i.e.,

p™ (alh) = p(y = Oh)p(alh, ©n) + p(y = 1|h)/|Al, Vh,
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where the first expert, p(a|h, ©,), is the RPR policy as given by (2.43), the second
is a random policy, and the gating network p(y|h) is learned, along with the EM
algorithm, using the dual-policy approach described in [25]. The behavior policy
used here generalizes the e— greedy policy [132] in such a sense that the probability
of choosing random action is not a constant €; rather, it depends on the history of

past actions and observations.

Algorithm 3: The online nested EM algorithm for RPR
Initialize n = 0, ap < 1, 8 = 0, IIy as random policy, ;
while P, = E[p(y = 1|h)] < e do
Step 1: collect the n-th episode D,, following II,,_1;
Step 2: (outer-loop E-step) recompute rewards with (4.1).;
while inner-loop EM not convergent do
Step 3-1 (inner-loop E-step) compute (4.2)-(4.3);
Step 3-2 update the sufficient statistic using (4.15).;
Step 3-3 (inner-loop M-step) update the RPR with (4.8).;
Step 3-4 (exploitation-exploration balance) update II,, (the gating
network) using the method in [25].
end

Step 4: adjust learning rate «,, Step 5: increase pointer n :=n + 1
end

Algorithm 4: The online EM algorithm for RPR with a fixed behavior policy
while V(D™: @, not converging do
Step 1: collect the n-th episode D,, following a fixed behavior policy II;
Step 2 (E-step): evaluate the value of D,, and update the sufficient statistics
as in (4.15);
Step 3 (M-step): update the primary RPR parameters by solving (4.16);

Step 4: n =n + 1, adjust learning rate a,;
end while

4.8.1 Time and Memory Complexity

The batch-mode EM algorithm has a time complexity of O (|A||O||Z|2 > _, S, T7)

when there is a nonzero reward at every step in an episode (dense reward), or
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O(JAIO||Z1> 30—y it Ti) when nonzero reward is received only at the terminal
step in each episode.

In comparison, the proposed online EM algorithm has a time complexity of
O(|A||O||Z|* X5, T?) in the densely-rewarded case, and O(|A[|O||Z[* X _, T}) in
the terminally-rewarded case.

When all episodes have the same number of steps, say 7', the complexity of batch-
mode EM becomes O (| A||O|| Z[*T?n?) in the case of dense rewards and O(|.A||O|| 2>
Tn?) in the case of terminal rewards, while the complexity of online EM is O (|.A[|O|| Z|?
T%n) and O(|A]|O]|Z[*Tn), in the two respective cases.

Therefore, the accumulative learning time, as a function of the number of episodes,
is approximately on the order of O(nQ) for batch-mode EM, while it is approximately
on the order of O(n) for online EM.

The batch algorithm stores all episodes, and thus it has an memory complexity

of O(n). The online algorithm stores only the latest episode; its memory complexity

is O(1).
4.83.2  Convergence Analysis

The convergence of the online algorithm depends on the asymptotic behavior of the
noisy sufficient statistic in (4.15). If §,, approaches to the accurate (noise-free) suffi-
cient statistic (D™, 8,,) as n is sufficiently large, the online algorithm converges to
the batch-mode solution after n iterations; thus, the online algorithm also converges
to the optimal RPR, considering that the batch-mode solution gives the optimal RPR
when the number of episodes is sufficiently large (see the discussion below Definition
2.44).

We have mentioned below Definition 13 that limg_,., V(DX); ©) is the true value
function, and its maximization gives the optimal RPR. Therefore s(D(*), 0) repre-

sents the accurate (noise-free) sufficient statistic computed by 6 using all available
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episodes. In other word, for any 6, s(D*), 0) is the best sufficient statistic one would
get in batch-mode learning.

The goal of our convergence analysis is to show that &, approaches s(D(*) 8,,)
as n is sufficiently large. With this holding true, the online EM iteration between
(4.15) and (4.16) converges to the batch-mode solution after n iterations.

We begin the analysis by rewriting the recursion in (4.15) as

1§n+1 = -§n + an+1(8(€n+1, Gn) - §n) = ‘§’I’L + Q{n+1(g(§n) + en+1), <417)
where
~ def. A A ~
9(8,) = s(D™),0(8,)) — 5., (4.18)

is the bias, and

eni1 "L s(eni1,0,) — 8(D™),0(3,)) (4.19)

is a noise sequence. Let

A (s:g(s) =0} (4.20)
With g(s) defined in (4.18), lim,, ., 8,= s(D*), 8, if and only if

lim dist(8,, A) = 0.

n—00

Definition 6. S = {s = s(D'%) 0) : 0 € Z, K > 1}, where Z is defined in Theorem
d.

Since vF < 1 and Ty < o0, |s| < oo holds for any s € S, by (4.5)-(4.7), and
therefore, |e,| < o, ¥n, by (4.19).

The main result of our analysis is stated in Theorem 9, the proof of which is
based on the following two lemmas. The lemmas are proven in the appendix of this

chapter.

Lemma 7. Define

e,

" —[(0(s))]"s(D™, 6(3,). (4.21)

o~

(s)
Then g™ (s)Vsl(s) < 0.
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Lemma 8. Assume {€;};>, are serially uncorrelated, with mean zero, if Zle Q, =

o . k
0 and 3, a2 < o0, then lim, o supys, | S5 aze;| = 0.

Lemma 8 provides a characterization of the noise term in (4.19). The conditions
> o, =0 and X, 7 a? < o are standard in stochastic approximation. Using

n

the above lemmas, we prove the main result.
Theorem 9. If >, «a, = o0 and >, a2 < o0, then lim,,_,q dist(8,, A) = 0.

Theorem 9 shows that the noise in 8, indeed vanishes as n — oo, under certain
conditions on the learning rate {«,}. Thus convergence of the online algorithm is
guaranteed. Theorem 4 can be proven using the techniques in [36] and [28]. The

details can be find in the appendix of this chapter.
4.4 Experiments

We investigate the empirical performance of the proposed online EM algorithm for
the RPR on five benchmark problems described in Table 4.1. The POMDP models for
these problems are available at http://www.cs.brown.edu/research/ai/pomdp/
examples. These models are assumed unknown to the agent; they are used as black
boxes to simulate the episodes of agent-environment interactions. For all problems,

an episode starts from a random position and ends when the goal is achieved.
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Table 4.1: Five benchmark POMDP problems

Name Shuttle  Cheesemaze 4 x 4 grid  Hallway  Tag
|A| 8 4 4 5 5

|O] 3 7 2 21 30
Number of States 3 11 16 60 870

Online RPR versus Batch RPR

We compare the performance of the proposed online EM-RPR against that of the
batch EM-RPR. The policy is evaluated based on discounted accumulative reward
(averaged over 5 independent runs, each using 251 (101) test episodes of at most
251 (101) steps for the first three (other) problems). The computation efficiency is
compared based on the accumulative CPU time in the learning phase. The number
of states is set to |Z| = 20 for the first three small problems, |Z| = 40 for Hallway
and Tag. The comparison results are plotted in Figure 4.1.

As can be seen from the leftmost three columns of Figure 4.1, the online EM
algorithm shows some advantages in performance, especially during the early stage
of learning when episodes are collected by exploration. A comparison of CPU time
shows that online EM is significantly more efficient than the batch method, and
the time agrees with the complexity analysis in Section 4.3.1. Moreover it is noted
that, in the Shuttle and Cheesemaze problems, batch EM is prone to a local optimal
solution, whereas online EM is a stochastic algorithm which seems capable of jumping
out of local optima and achieving a better solution.

The rightmost two columns in Figure 4.1 demonstrate that the online EM algo-
rithm makes the RPR scale to larger problems. As can be seen, online EM achieves
a better tradeoff between the number of episodes (n) and the policy quality. When n
is small, batch EM is better than online EM, which can be explained by the fact that

the batch method updates the sufficient statistics using all available data. However,
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given the same amount of learning time, the online RPR achieves better policy per-
formance; for example, by the time that online EM has processed 50,000 episodes
and achieved a test reward of 0.3 for Hallway and -8 for Tag, batch EM has pro-
cessed less than 1000 episodes, achieving only 0.1 and -14 for these two problems,
respectively. These comparisons show that the RPR can scale up to larger POMDP

problems with online learning.
The Performance as a Function of | Z|

We consider six settings of | Z| to investigate the influence of the number of decision
states on the RPR policy learned with online EM. Each policy is learned from 50000
episodes, with the intermediate policies evaluated every 500 episodes during the
learning. The performance of a policy is measured by three overlapping metrics: (7)
the discounted reward averaged over 251 test episodes, (i7) the percentage of test
episodes in which goal is reached, (4iz) the number of steps for reaching the goal (it
is 251 when the goal is not reach within 251 steps) averaged over the 251 episodes.
The results are reported in Figure 4.2. As shown in Figure 4.2, the RPR gives
comparable convergent performances over a wide range of choices for |Z| (from 30 to
60), indicating robustness of the online EM-RPR to the number of decision states.
However, when | Z| is too small, the RPR cannot accommodate a good policy, which
explains why the RPR quickly converges to sub-optimality when |Z| = 10. The
degraded performance at |Z| = 10 motivate us to infer |Z| online in our future
work by using statistic test or online nonparametric Bayesian technique such as the

hierarchical Dirichlet process [149].
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FIGURE 4.2: The results on Hallway (top two rows) and Tag (bottom two rows) produced
by the online EM-RPR with various settings of |Z|.
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Comparison with Other Methods

We compare the RPR policy learned with the proposed online EM algorithm to three
existing algorithms, which all assumes the POMDP models are unknown. The first
one is McCallum’s U-tree [88], including its modified version [159], which, like the
RPR, is a policy-based approach and does not attempt to learn the POMDP models.
The second is iPOMDP[39], including its variant Policy Prior (PP) [38], which learn
both POMDP models and control policies. The last competing algorithm is mixture
learning [146], referred to MDP-EM, which is an online EM algorithm treating the
observation in a POMDP as the state in an MDP. We do not repeat the experiments
for the three competing methods, but rather cite the results from the literature. Since
the cited results are based on different testing procedure, we report the comparison
to each method separately, using the same test procedure as in the literature for each
respective method.

We compare to the U-tree results as reported in [159]. To make the results
comparable, we strictly follow the same procedures to set up our experiment for
the RPR. Specifically, the experiment for each problem consists of 21 independent
trials. In each trial, we consider three settings of | Z| for the RPR policy; for each
setting, the RPR policy is learned using the proposed online EM algorithm, based on
episodes collected by following a behavior policy for 75000 steps, and then the learned
RPR policy is followed 25000 steps to evaluate the policy’s quality. The quality of a
policy in each trial is measured by the average reward earned over the 25000 steps
of evaluation. The results from the 21 trials are used to calculate the mean and
standard deviation for the RPR in each setting of |Z|, which are reported in Table
4.2 along with the results of U-trees cited from [159]. For RPR, we set |Z| to the
values {10, 20,30}, which are in the range around the number of the nodes inferred

by the modified U-tree algorithm (the number in the braces behind the results for
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Table 4.2: A comparison, in terms of averaged reward, to U-trees on small problems. The
parenthesized integers indicate the numbers of nodes used in U-trees, which correspond to
the numbers of decision states |Z| for the RPR.

METHODS SHUTTLE CHEESE MAZE 4 x 4 GRID

U-TREE 1.833 (62)  0.184 (53)  0.259 (47)
MopbiriEp U-TREE 1.820 (25) 0.184 (19) 0.259 (20)
RPR (|Z| =10) 1.76+ 0.136 0.161+ 0.018 0.259+0.033
RPR (|Z| =20) 1.824 + 0.046 0.151 + 0.021 0.207+ 0.049
RPR (|2] =30) 1.820+ 0.029 0.148 + 0.022 0.219+0.031

Table 4.3: A comparison of online EM-RPR to iPOMDP and Policy Prior (PP), in terms of cumu-
lative reward.

ProsLEM RPR (10) RPR (40) iIPOMDP PP-2 PP-3

Harzway 6.0£2.8 3.0+1.3 0.2 1.6 6.6
TAG -4908+95 -4987+13 -16000 -7400 -3500

U-tree algorithms are the inferred nodes).

The RPR with online EM performs comparably as U-trees on Shuttle and per-
forms better on 4 x 4 Grid. The RPR performs worse than U-trees on Cheese Maze
for the given budget of 75000 steps of learning. However, we notice that the RPR’s
performance can catch up after additional learning steps. Since the decision states in
the RPR correspond to the nodes in U-trees, it is interesting to compare |Z| used by
the RPR and the nodes generated by U-trees, which are shown as the parenthesized
numbers in Table 4.2. As can be seen, the RPR generally needs less decision states

to achieve superior performance, while U-trees generate more nodes than necessary.
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FIGURE 4.3: A comparison of online EM-RPR to EM-MDP on Hallway. |h| is the number
of observations. The performance of the EM-MDP is reported only for n = 200 x 103.

To compare to iPOMDP [39] and policy prior [38], we follow their experimental
setting and report the cumulative rewards as a function of the learning step (3500
steps for Hallway, 5000 steps for Tag). The results are summarized in Table 4.3,
which show that online EM-RPR achieves significantly larger accumulative rewards
than iPOMDP, and performs comparably to the policy prior methods which utilize
expert information.

The MDP-EM method learns a reactive policy (it does not memorize past obser-
vations). To make the comparison fair, we consider the RPR policy conditioning on
different numbers of observations (lengths of history). The policy evaluation proce-
dure is the same as described in Section 4.4, with the MDP-EM policy provided by the

authors of [146]. The results are plotted in Figure 4.3, where |h| indicates the length
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of history, e.g. |h| = 1 means only the current observation is used, which makes the
RPR a reactive policy as the MDP-EM. As can be seen from Figure 4.3, the RPR
policies perform generally better than the MDP-EM; the performance increases as
the number of observations increases from one to three, and then becomes saturated
when more observations are used. It is noted that the MDP-EM policy provided to
us by the authors of [146] is learned from n = 200,000 episodes, while the online
RPR policies are learned from only 50,000 episodes or less (200 < n < 50,000). The
performance improvement with |h| > 1 is expected, considering that the MDP-EM
policy uses only the current observation while the RPR also uses past observations.
The improvement with |h| = 1 can be explained by the fact that the RPR uses u
as an initial guess of what local policy should be used. The reduction of learning
episodes in the RPR may be attributed to the internal reward re-computation in
(6.5). Since an episode with re-computed rewards functions like a new episode [76]
for the improved policy, reward re-computation effectively multiples the information

for the update of sufficient statistics (for policy improvement in the next iteration).
4.5 Discussion

We then presented an online nested EM algorithm for learning the RPR, a paramet-
ric policy for RL in POMDPs. The online algorithm uses only the latest learning
episode to update the policys value in the outer-loop E-step and update the sufficient
statistic in the inner-loop E-step, and computes the improved policy in closed-form
given the sufficient statistic. The algorithm reduces both the time and memory com-
plexity an order of magnitude, in comparison with the corresponding batch-mode
algorithm. Under standard conditions on the learning rates, the online algorithm
provably converges to the optimal batch-mode policy when the number of learning
episodes becomes sufficiently large. Experimental results on five benchmark POMDP

problems show that: (i) the online RPR produces policies as good as the batch-mode
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RPR by using only a small fraction of the time; (ii) the stochastic nature of the online
algorithm can help it to jump out of local optima,; (iii) model-free methods have the
potential to learn better policies than model-based methods; (vi) the RPR can pro-
duce high-quality policies by using fewer internal memory units than the U-tree; (v)
the RPR has a performance increasing with the history length, and is a competitive
reactive policy when the length is one. Future work includes online inference of the

number of decision states and multi-agent online learning.

4.6 Appendix

Proof of Lemma 7. Recall 1(s)=—f(6(s), s(D®)6(s))). Application of the chain rule

of differentiation gives

Vil(s)=—V:07(5)Vetp" (6(s))s(D™,8(s)),
= V.07 (5)Vep" (8(s))[s + g(s)], (4.22)

Since O(s) minimizes — f(8; s), one has

0 = Vo f(6:5)lp_a) — Vou" (0(s))s. (4.23)
which reduces (4.22) to

Vil(s) = —Vs0"(s)[Verr" (6(s))g(s)]. (4.24)
Differentiating both sides of (4.23) w.r.t. s, we obtain

0=Vop"(0(s)) + V.07 (s)Vap(0(s))s
= V" (8(s)) + V.0 (5)Va f(6;5)|o_ss).

from which follows

V.0"(s) = =V (8(5){V5f(0:5)|g_p)} "
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which is plugged into (4.24) to give

g"(s)V,l(8) =g" () Ve ((5))[V3S(6: 8)lg_grs)]

< |Vou" (0(s))g(s)

N

0, (4.25)

where the inequality arises because V3 f(0; s) |9:é(s) is a negative definite matrix, and

the inequality reduces to an equality if and only if ng,bT(é(s))g(s) = 0. However,
VotbT (6(s)) is a full-rank diagonal matrix, and thus the inequality reduces to an

equality if and only if g(s) = 0. O

Proof of Lemma 8. Let M, = Zk

i=n

a;e;. One can show that E[e,] = 0 V n and

E(ele,,) =0V m # n [72]. Thus
E[M2,] < 2sup 5| X, of.

Using Chebyshev’s inequality we have

E[M?
P (supy [ M| = 1) < i,

<qzsups|? X2, of, (4.26)

Because lim,, o Y- a? = 0, it follows from (4.26) that

Y e

lim,, o, P <supk>n > 7]) =0, (4.27)

which implies, using the fact that n > 0 is arbitrarily chosen, that

S, e

=0. (4.28)

limy, 0 SUP>,,

The claim thus follows. O

Proof of Theorem 9. We first prove the sequence {I(8,,) }n>0 converges, and then show

that {$,},=0 converges to A. We begin with the definition
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8, = 8n Dl e (4.29)
Plugging §, given by (4.17) into (4.29), we have a recursive expression s, =

sl + a,g(8,-1). Since g is bounded on S, one has

|87 = 8hall < ansup[g(8n-1)], (4.30)

and {s:s=0s,+(1—p)s,_,,6€[0,1]} = S.

By the mean-value theorem, there exist ¢ € [0, 1], such that

[(s7,) =l(s,_1) + {Val(8)_1 +tang(8n)), s, — 81,1
=U(s}, 1) + an{Vsl(8)_| + tang(8,)), g(8,-1)) (4.31)
:l('s;z—l) + O‘n<vsl<5;—1)>g(3;—1>> + Gy

where,

Cn :<Vsl(s;—1)vg(‘§n—1) - g(sgz—l)>+

(4.32)
<Vsl(sln—1 + tang(én)) — Vsl(s3-1), g(§n71)>'
By the continuity of V4l and g, ¢, — 0 as n — o0; thus ¢, € o(1) and
[(s,) = U(s7,-1) + nlVI(s7,_1), 9(87,1) ) + o) (4.33)

Note that o(a,) goes to 0 faster than the second term a,{VI(s],_,),g(s,_1))
on the right hand side of (4.33). Since (VI(s],_,),9(s,,_;)) < 0 is bounded, (4.33)

implies that there exist M < oo such that for n large enough

11(s)) —U(sl,_1)| < May,. (4.34)

(4.30) implies {s},},~0 is a Cauchy sequence, thus {s/ },~0 has a limit. Since [ is
the lower bound of the log-value function which is finite, hence lim,, o, I(s],) exists.

Moreover, by Lemma 8, §,, — s/, thus we have lim,, 4 I(s],) = lim, o [(8,).
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Next we show{s,},~0 converges to A. Let N/ = S to be an arbitrary open set

containing A. If s/, _; € N, we have from (4.34) that

l(sh) <I(sl,_,) + May,. (4.35)

If s/ , ¢ N, by Lemma 7 there exist ey > 0, such that for n large enough,
(VI(sh_1),9(s,_1)) < —2ex < 0 and ¢, < ey, we have from (4.31) that

n—1

I(sh) <1(s, 1) — anen- (4.36)

Combining (4.35) and (4.36), we obtain

I(s),) <U(sh_y) — anen + an(M + en)I(s),_; € N). (4.37)

. / o 2
Since I(s),) converges and Y, ", o

< oo, for any A > 0, there exist an integer
Ny < oo such that |I(s;) —I(s,)| < A, N\ <n <p and agen < A, for any k = N,.

By adding and subtracting consecutive terms between [(s,) and I(s,), we have

n

A= [1(8)) — 1(8)] 2 Hs)) — I(s)) = 1(85) — U(8lys1) + -+ 1(8),1) — ()
= N Dpns1 Ok — (M 4 en) g xl(s),_ € N). (4.38)
where the last inequality is from (4.37). Since axen < Aand >, | a,, = o0, denote
by p* the first integer larger than n such that /ey < Ziinﬂ ar < 2M\/en. Compar-
ing with (4.38), we can deduce that there exist k* € [n, p*] such that s}, € N. Denote
K = sup|g(s),)|| which is a finite constant. According to (4.30), for all n > 1, ||s], —
s, 1|l < Kay, therefore we have ||sj. — 8| < sz i1 QO < KZm i1 QO <
2K \/ey Since s, € N and A can be arbitrarily small, thus lim,,_,, dist(s,,, ) = 0.
Moreover, since A is arbitrary, we have lim,_, dist(s],, A) = 0. Using definition

(4.29) and Lemma 8, we have {8, },~0 converges to A. O
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5

The Infinite Regionalized Policy Representation for
POMDPs

An indispensable ingredient for RL in POMDPs, for both of model-based and model-
free approaches, is a mechanism for maintaining a proper balance between exploration
and exploitation. Until the current policy is optimal, the agent should always explore
the consequences of actions that are not encouraged by the current policy, to see
whether the new actions will lead to higher expected long-term rewards. Exploration
is the only way to ensure continual improvement of the policy. However, excessive
exploration makes the policy converge unnecessarily slowly. To keep a balance, the
agent needs to switch appropriately between exploration and exploitation.
Model-based approaches usually employ Bayesian RL for an implicit exploration
and exploitation trade-off, treating the uncertain POMDP parameters as additional
states, and attempting to solve an augmented POMDP with the model uncertainty
incorporated into the augmented belief states [110]. However, the augmented POMDP
is intractable and approximations are used. The approximations are usually based
on policy-solving of model samples, ignoring the model uncertainty in future steps

[39, 38]; as a result, their ability to balance exploration and exploitation is limited.
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There has been little work on exploration and exploitation in POMDPs using
policy-based approaches. Omne recent study addressing this problem is reported
in [25], in which an explicit exploration and exploitation algorithm is given for
POMDPs, employing an idea motivated by E? [66] and R-MAX [21], two RL al-
gorithms in Markov decision processes (MDPs). The method employs a primary
policy for choosing the regular actions, and an auxiliary policy for switching between
exploration and exploitation. The primary policy is a regionalized policy represen-
tation (RPR) [76]. The auxiliary policy is affiliated with the primary one, using the
same RPR but with a different set of local policies (see Section 2.2.2).

The RL algorithm in [25] is guaranteed to converge to the optimal policy. How-
ever, the optimality is based on the assumption that the RPR has an appropriate
number of decision states. In practice, this number is never known and has to be
set manually. When this number is too small, the RPR cannot express the optimal
policy; when it is too large, the RPR requires an unnecessarily large amount of ex-
ploration to converge. Therefore, an appropriate choice of this number is crucial to
the success of the algorithm.

In this chapter, we introduce the infinite regionalized policy presentation(iRPR)
as a solution to this problem. An iRPR is an extension of the RPR where the
parameters are a priori drawn from the hierarchical Dirichlet process (HDP) [139],
which allows an infinite number of decision states and yet is biased towards a small
number of states. Given the agent experiences, we infer the number of decision
states while maintaining a proper balance between exploration and exploitation. We
provide theoretical analysis which guarantees the iRPR converges to the optimal
policy as the rate of exploration decreases to zero. Experiments on benchmark

problems demonstrate the performance of the iRPR.
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5.1 Bayesian Policy Learning

In addition to the expectation and maximization algorithm introduced in the previous
chapter, a Bayesian approach can also be used to learn the RPR. which employs
XA/(D(K); 0) as the likelihood function of © given the episodes D). This Bayesian
approach is nonstandard, as ‘A/(D(K ); ©) is not equal to the probability of D) given
©. But this does not prevent one from obtaining a legitimate posterior of ©, because,
during the posterior inference, one is only interested in ‘A/(D(K ):©) as a function of
©. Since the Bayesian approach forms the basis for the technical developments in
Section 2.2.2, we provide a review of it below.

With a prior distribution Gy(©), the posterior is defined as
p(6D") & V(D) 0)Gy(6) [V(D')] (5.1)

where V(D) = {V(DX); ©)Gy(0)dO is the marginal empirical value. The pos-

terior generally does not have an analytic form. However, by employing the vari-

ational Bayesian technique [11], one may obtain an approximation to the poste-

rior, along with the following byproducts: approximations to p(z%,|af,,of.,), Vt,k,
k

and an approximation to the nonnegative sequence v = {vf; }ie;, where v =

y'rip(ag,, ‘Oif;t)
T8 _ P (ak|hk)V (D))

is a rescaled discounted reward! averaged over the RPRs drawn

from G [76]. The rescaling leads to % LS STk vk =1, which normalizes V(D)
to a unit. Denote by ¢(0) the approximation to p(©|D¥)), by o = {0, }i—, the ap-
proximation to v, and by ¢F(z%,) the approximation to p(z%,|af,, o), Vt, k. Letting
KL(q||p) denote the Kullback-Leibler (KL) distance between probability measures ¢

and p, the approximations are found by point-wise maximization of the lower bound

! The v} results from the fact one is evaluating the RPR using episodes collected by a different
policy II.
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of log marginal empirical value function ‘A/(D(K ))

LB(g(6), 2. {¢}}) =¢ V(D")) - KL(%||3)

K Ty

_%I;;)ﬁfKL (Qf(zg:t)g(@) Hp(z(l)c:ta Olag,, Olf:t))7 (5.2)
subject to the non-negativity and normalization constraints on g(©), %, {¢F}. The
first term on the right side, log of the marginal empirical value, is a constant, thus the
maximization is equivalent to minimization of the KL distance between each approx-
imation and the associated true. The joint distribution p(zf,, ©lak,, of,) is factorized
into a product of two marginals, i.e., ¢*(z¥,)g(©), in the approximation, and their
KL distance is minimized in proportion to the weight 7F. Since the weight sequence
U is an approximation to the reward sequence v, this ensures the approximations
associated with higher rewards are more accurate.

Maximization of (5.2) leads to analytic solutions when Gy is a product of Dirichlet

distributions,

Go(©) = [Dir(u1;|3\}v1:|2|)] [HﬂDiY(ﬂ:|AMP§:\A\)]

A o . iao iao
x [ L,:ll HL:‘1 HLiDlr( 1;\2|‘w1;|2\)] ) (5.3)
with hyper-parameters (v, p,w), where v = vy, z|, p = {p§:|A|}f=‘1, and

w = {wif% bim12] =LAl o=110]
The solutions, which are given in [76], are re-stated in Theorem 10.

Theorem 10. Let g(©) initially be the form of (5.3) with hyper-parameters (0, p,w),

then iterative application of the following updates leads to monotonic increase of
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(5.2), until convergence to a mazima. The updates of U and {¢~} are given by

t. .k k |k (:)
ﬁfz ry,rtp<a0:t’0,1\:t7 ) Ytk (5.4)

[T—o P (ak k) V (DE)|O)

Qf(’zg: ) p(ZOt’(IOt’Olt?@) Vt k (55)
where © = {7, 1, W} is a set of under-normalized probability mass functions®, with
7= b)) = @S g Wiao = (V@) —EEG)  nd o)
is the digamma function. The hyper-parameters of g(©) are updated as

~ T, N .

v = U KZk 1Zk fto()

ﬁi = KZk IZt 0 t = oﬁth() (a a) (5.6)
@;ao = ]mo KZk IZt 0 t ::155771(1'7]')

<8(at_,, a)3(0k, o),

where

gf,‘r(l?j) = p(Zf = ia Zﬂlerl = j|a§:t7 Olf:t? (:j) (57)
0i-(i) = p(a7 = ilag,, ofy, ©) (5.8)

are marginals of qF(z%,).
5.2 The Infinite RPR

Based on the Bayesian policy learning framework introduced in the last section, we

are ready to present the Bayesian nonparametric policy model: iRPR.

Definition 11. The infinite regionalized policy representation (iRPR) is a tuple
(A,O,Z X\ a,p), where A and O are as in Definition 1; Z is an unbounded set of

2 Note that ¢F(zf,) = p(zg:t|a§:t,of:t,é) is always properly normalized by p(alg:t|o’f:t,é) =

zZ
Z‘ | cze=1 p(zg:t7a§:t|0]f:t7@)'
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decision states indexed by positive integers; (X, a, p) determine (W, u, ), the RPR
parameters in Definition 1, as follows (notations described under Definition 1 in

section 2.2.2),

n; ~ Beta(l,\), i=1,2,--- 00,
67l = 7711_[;;11(1_77])’ 1= 1a27"' , 0,

Wiao ~ DP(aaﬂl:OO)a L= 172a"' , 90,

1:00
Hi:0 ~ DP<Q761:OO)7
7Tll':|A| ~ Dlr( | 1011\./4\)7 1= 17 27 s, 0,

Vae A and Vo € O, where DP(a, B1.0) denotes a Dirichlet process [44] with con-

centration o and base probability measure [(31.o0.

In Definition 11, ~ denotes sampling from a distribution proportional to the right
side. The iRPR is defined based on the hierarchical Dirichlet process (HDP) [139],
which places a nonparametric prior on © = (W, u, 7). The stick-breaking weights (1.,
specify a probability measure on Z = {1,2,--- ,00}. The initial state distribution
(1) and the next-state distributions (I¥') are independently drawn from DP(«, 51.4).
The local policies m are drawn independently from a Dirichlet distribution with
parameters pr.|4)-

Assuming p, = 1/|A|, Va € A (i.e., the agent takes random actions a priori), we
are interested in learning the RPR parameters O, along with the hyper-parameters
(A, ) if inference of the latter is desirable. The learning is based on a hybrid Gibbs-
variational algorithm , which iteratively samples the decision-state occupancies {z¥},
the RPR parameters O, the latent parameters (1., and the hyper-parameters (A, «)
(if desirable), with the samples of one group of parameters conditional on all other
parameters.

During the inference, one may employ Theorem 10 as a basic ingredient. To see
why this is possible, we first note that the nonparametric prior can be expressed
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using the parametric prior in (5.3) by introducing a special state z* summarizing
all decision states currently unoccupied by the episodes. Given that the number of

(distinct) unoccupied decision states is n, one may write a parametric prior as

Gg(@) = |:DII' (,Ulszrl ‘Oéﬁl:n+1):| [H?:EDH‘ (Wi:|A| ’pl‘A‘)]

| T T2 T Die (W2, 0B | (5.9)

where z* is indicated by n + 1, {;}_, are the same as in definition 11 and 3,41 =
1 - Z?:l Bi-

Given G(©), one may employ Theorem 10 to obtain 7, {gF(z%,)}vi, and g(©),
which are the approximations to the rescaled rewards v, the decision-state pos-
terior {p(z¥,|ak,, of)}vix, and the RPR posterior p(©|DY)), respectively. Given
{af (2.4) }v ek, one can obtain decision-state occupancies {2 o, }e—o:1, k—1:x , Where 2., ~
qi(2F,) with ¢F(z%,) given in (5.5). Let I, be an indictor function that equals one if

s is true and zero otherwise. Define
K T,

zao
]I k k_— kE _
zt o1 =507 _1=0,07=0,z¢ =]

k=1t=1 T=1

which is the reward-weighted sum of transitions from ¢ to j given that action a results
in observing o.

If Zwo @20, = 0, there is currently no occupancy at z*, then /3 is updated as

ﬁl;n+1 ~ Dir(ﬁl:n+1|zi’ayom§ao7 e Zz a, ol MIO /\)

with {m*} a set of auxiliary variables sampled from

p(my*=mlz, B, a)cS ([} m)(ap;)™, m=1,-- n,

where S(-, ) is a Stirling number of the first kind [139]; [] is the smallest integer no

less than z.
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If pr @0, > 0, it indicates there is at least one occupancy at z*, then one
generates a new decision state to hold the occupancy, releasing z* as a special state.
Assuming n + 1 and n + 2 respectively indicates the new decision state and z*, one
first samples {m!%°_ |} and then samples (1.2, similarly as above.

Given the samples of {¢"}, {m®°}, and 3, one may sample the concentration
parameters («, \), assuming they have gamma priors. The details are similar to
those as described in the appendix of [139].

So far, one has completed a single iteration of Gibbs sampling. Given the update

of (a, 8), the prior in (5.9) is updated, and one begins a new iteration. The process

is repeated until the Gibbs sampler converges.
5.3 Exploration vs Exploitation in iRPR

We extend the exploration-exploitation method in Section 2.2.2 to account for the
unbounded set of decision states. Definition 13 requires p'(alh) > 0, V action a and
history h, so that the empirical value function converges to the true value function
as the episodes grow. We consider II as a mixture of the iRPR and the uniformly
random policy, i.e., V h, we let p'(alh) = p(y = 0|h)p(alh, ©) + p(y = 1]h)/|A|. The
mixing proportions, p(y|h) = > .- 0Zp(z|h), are computed using the auxiliary policy
in Section 2.2.2, with the special state z* included in Z to represent any potential
unseen experiences, and o) ~ Beta(ug, u1).

Before the (K +1)-th episode starts, the agent has learned © based on the previous
episodes DX and the prior in (5.9), where the special state z* = n + 1 is currently
unoccupied and reserved to hold possible occupancies in future episodes.

Moreover, the agent has used (2.47) to allocate each previous reward to u§ in
proportion to the probabilities that z is occupied at and before the time of receiving
the reward. A large uf, therefore, implies either or both of the following events: ()
the local policy LA has contributed to large immediate or future rewards; (ii) there
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has been a large amount of visits to z leading to small rewards. Note that ug* =0,
since z* is not occupied in D).

Since p(y = 0|h) » p(y = 1|h) implies that of » o} and hence u » u; for any
z € {z: p(z|h) » 0}3, which in turn implies that the decision states closely associated
with h have received a large amount (relative to u;) of rewards and/or visits so far.

As a result, when w; in (2.46) is sufficiently large, one can conclude

Def.

Hinown = {h:p(y =0|h) > p(y = 1|h)} (5.10)

represents the part of H in which the agent has acquired so much information, in
the form of either a few large rewards or a large number of small rewards, that the
iRPR policy has learned is nearly optimal there, where H is the set of all possible
histories. Let u™™ denote the minimum u; such that this is true.

Define Hynseen = {h : p(z = z*|h) » 0}, which is the part of H that can not be
represented by current decision states. Note that h € Hinown implies h ¢ Hunseen,
because h € Hynseen contradicts p(y = 0|k) » p(y = 1|h), using the fact that uZ* = 0.
Thus Hunseen © Hunknown = (H\ Hinown ). Letting Hgeen = Hunknown \ Hunseen, ON€ may
write H = Hinown U Hseen U Hunseen, With the subsets mutually exclusive.

During the (K + 1)-th episode, the agent follows the iRPR policy in Hypown tO
obtain high rewards (exploitation), takes random actions to increase knowledge in
Hseen Or start new knowledge in Hyngeen (both are exploration). Upon completion
of the episode, {ug’l}il are updated to reflect the increased knowledge, with a new
decision state introduced to hold the new knowledge if Huseen has been visited.

The iRPR always maintains an appropriate (possibly minimum) Z for any given
episodes DU which is a key difference from the RPR apart from inferring Z. Iden-

tification of Huuseen leads to incremental augmentation of Z, and all new decision

3 To validate this deduction, we can examine the PDFs of Beta distribution Beta(a,b) under
different parameter settings, which are plotted in Figure 5.3 in the appendix.
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states (including 2*) are initially activated for constant exploration, recalling from
Section 5.2 that p, = 1/|Z],Yz € Z.

In contrast, the RPR assumes the optimal policy is representable on a fixed Z.
When |Z| is under-specified, an apparently large p(y = 0|h) does not necessarily
imply A is known, because the RPR cannot identify Huuseen. Thus, if Z is not set
appropriately, even if uf » wug, Vz € Z, the RPR cannot claim Hypown as known;
instead, the RPR will converge to a suboptimal policy in this case. It is clear then,
the above definition for Hyown is correct for the RPR only when |Z] is appropriate,
while it is correct for the iRPR even if |Z| is initially under-specified.

It is important to note that the agent does not have to see every history in H,
nor try all actions, to obtain a good policy. Recall an RPR policy is a mapping
from H to A. Given that any h € H corresponds to a belief state in the underlying
POMDP, one may define the similarity between two histories based on the similarity
between the corresponding belief states. As similar belief states are likely to have
the same optimal action [128], so are similar histories. Therefore, the agent needs to
see typical histories only, instead of every single history in H.

When no new decision state emerges, it means Hypseen 1S null; when all existing
decision states have their uy’s significantly exceeding uq, it means Hgeep is null. When
both occur, one has H = Hiuown and the learning stops.

Thus, we have provided an approach to balancing exploration and exploitation
while at the same time inferring the number of decision states. A formal analysis of
the relation between the exploration rate from this approach and the optimality of

iRPR policy is given below.
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5.4 Theoretical Analysis of the Relation Between Exploration and
Optimality

The following theorem guarantees that an agent following the II specified above will
continue exploration until the iRPR has converged to the optimal policy. Moreover,
the theorem quantitatively relates the exploration rate to the difference between the
optimal value and the value of the current iRPR. The theorem extends the analysis
in [25] to account for the unbounded Z. The proof is given in the appendix.

Let M denote the true model of the POMDP. Then

o]
V(M;0) = Z Z Vtrtp(ao:t,Olzt,M@,M); (5.11)
t=0 ap:t,01:¢,7t
is the true value function of ©, where r, = 0, V¢ > T, for an episode of length T'.%.
Let Ry.x denote the maximum r. Since r > 0, as one recalls from Section 2.2.2, one

must have Rp,.x > 0 (otherwise r = 0).

Theorem 12. Let ©* be the optimal iRPR for the underlying POMDP. Let © be the

|Z]
z=1

iRPR learned from D) and o be governed by (2.46), with uy = uP™ and {uZ}
updated as in (2.47). For any € = 0, if V(M;0) < V(M;O%) — ¢, then

P. =1—p(yo.x = 0|0,0) > (1 — 7)€/ Rnax- (5.12)

where P, denotes the probability of exploration, and 3o, = 0 is a shorthand for
‘v =0,Y71el0,t]”

Theorem 16 shows that, when the value of the current iRPR is € away from the
optimal value, the agent will perform exploration with probability P. > (1—7)é/Rax-
Conversely, when P, < (1 — 7)€/Ruyax, the value of the current iRPR is guaranteed

to be € close to the optimal value.

4 After an episode terminates, the agent stays in an absorbing state with zero reward [132].
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Given a history h, the agent may explore in either of the two cases: (i) z* €
Z(h) = {z : p(z|h) » 0}, (i) Z(h) contains an occupied decision state z for which
u§ > uy is false. In case (i), h € Hunseen, the agent explores to start the learning in
h, while in case (i), h € Hseen, the agent resumes the learning in h. When nether ()
nor (ii) occurs, the iRPR is optimal with at least the minimum necessary number of

decision states.

5.5 Experiments
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FIGURE 5.1: The iRPR’s performance on the noisy 1D maze: (top right) relative reward (bottom
left) exploration rate (bottom right) |Z|.

We study the empirical performance of the iRPR based on three benchmark

POMDP models, i.e, Littman’s noisy 1D maze and Hallway, and Tag.®.

5 The models are available at http://www.cs.brown.edu/research/ai/pomdp/examples/
index.html and http://www.science.uva.nl/~mtjspaan/pomdp
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In all the experiments, we assume gamma priors for the HDP concentration pa-
rameters, ie., a ~ Ga(10,10) and A ~ Ga(3,10), where Ga(ay,b,) is a gamma
distribution with scale a, and shape b,. Upon completion of each episode, the iRPR
parameters are updated using the inference algorithm presented in Section 5.2, based
on all available episodes. All results shown result from an average over ten indepen-

dent Monte Carlo runs, with error bars showing the variances.
5.5.1 Effects of History Information and u;

We first examine the effects of u; and history information on the performance of
balancing exploitation and exploration. Figure 5.1 plots the following experimental
outputs as a function of log(k) : (7) the cumulative discounted reward averaged
over episodes 1 through k, with the optimal reward subtracted, (i) the average
exploration rate in the k-th episode, i.e., ﬁz‘gjop(yﬂhf), (#i) the number of
decision states | Z| learned from episodes 1 through k. For a curve labeled with u,
only, the exploration or exploitation is determined by yF ~ p(yF|h¥), using the u,

shown. For a curve labeled with u; and P., the agent draws yF from a Bernoulli

distribution with p(yf = 1) = P,, where P, = ﬁi}il S p(yF|RE) s the

average exploration rate for the curve that is labeled with the corresponding u; only.

It is seen from Figure 5.1 that, when u; = 2, the iRPR converges to optimality
after 1000 learning episodes, and the exploration rate drops to zero accordingly. This
indicates the amount of exploration allowed by u; is appropriate. When u; = 20,
the iRPR converges to optimality, but at a lower convergence rate. This indicates
that the amount of exploration as specified by u; = 20 is excessively large. With
uyp = 200, the convergence is too slow to be seen within the number of episodes shown
here. When u; = 0.2, the exploration rate quickly drops to zero, without giving the
agent enough time for exploration, and as a result, the iRPR only converges to a

suboptimal policy. The results show relations between exploration rates and values
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(accumulative discounted rewards) that are in agreement with Theorem 16.

The performances significantly degrade when using fixed exploration rate (not
considering history information), demonstrating that the use of history information
is crucial to balancing exploitation and exploration. The number of decision states
inferred by the iRPR generally increases with the number of episodes, and with the

increase of exploration rates.
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FIGURE 5.2: Performance comparison between iRPR, RPR, iPOMDP on Hallway
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5.5.2  Performance Comparisons

We compare the performance of the iPRP to those of the RPR and the iPOMDP
[39], the latter is a nonparametric model-based approach that infers the number of
world states of a POMDP.°

We report the results on Hallway and Tag, in the form of the un-discounted
reward summed over interactions. The results of iPOMDP and EM (which is the
finite counterpart of iPOMDP), which are cited from [38], are available only within
a small portion of the interactions shown here. It is seen from Figure 5.2 that the
iPRR performs much better than the iPOMDP and EM.

The RPR has its performance dependent on the number of decision states. The
iRPR always achieves superior performance by using appropriate numbers of decision
states. The advantage of iRPR is more prominent as the agent has accumulated more

experiences to make the inference of |Z| more accurate.
5.6 Discussion

We presented a Bayesian nonparametric framework (iRPR) for model-free reinforce-
ment learning in POMDPs. By using HDP-HMM type of prior over FSCs, iRPR
extends the RPR to represent the POMDP policy on an a priori unbounded set of
decision states. Such an extension is nontrivial and has multi-function. Since the
empirical value function 2.45 is a large mixture of probability distributions, we have
to resort to a hybrid Gibbs-variational algorithm to achieve efficient inference. Using

such a inference algorithm, we are able to infers the a posteriori number of decision

6 The iPOMDP was employed in [38] to implement an infinite FSC (iFSC), which can be regarded
as a special case of the iRPR (refer to the text under Definition 13 for the relations between an
iRPR and a FSC). However, the iFSC was learned by fitting to expert trajectories (using standard
likelihood functions), while learning of the iRPR uses the empirical value function in (2.45). As
shown in [76], learning with the empirical value function is closely related to policy iteration [128].
The iFSC and the iRPR are based on totally different learning frameworks, which should not be
confused.
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states, to match policy complexity dynamically to the experiences. Moreover we are
able to provide a principled way for exploration while inferring the decision states.
This approach is based on an auxiliary policy similar to that of R-max which is based
on "knowness” heuristic. Convergence analysis guarantees that the iRPR performs
exploration with a rate commensurate with the difference from the optimal value.
Experimental results agree with the theoretical analysis and demonstrate the iRPR’s
superior performance over those of the RPR and the iPOMDP. Future work involves
developing more efficient data driven learning algorithm as such those introduced in

chapter 4.

5.7 Appendix

Proof of Theorem 16: We note that V' (M; ©*) is upper bounded by

Vf<Ma g, @) :2 Z ’YtTtp(aom 01:t, T't, Yo:t 20‘0-7 67 M)

t=0 ag:t,01:¢,7¢

+Z”thmax Z Z p(ao:t, 01:4, 7, Yout|o, O, M), (5.13)
ao:t,01:t,7t Yo:t7#0
where yo; = 0 is an abbreviation for “y, = 0, V7 € [0,¢]” and yo, # 0 for “y, #
0,37 €[0,t]”.

To verify the upper bound, one notes that V; is constructed as an optimistic value
function, in which the agent receives Ry.x at any time ¢ unless yo.; = 0. However,
observing 3., = 0 implies {h, : 7 € [0, 1]} © Hinown, in which © is optimal (see (5.10)
and the discussions thereabout). Note that the probability of observing yo; = 0, i.e.,
(Yot = 0) can be small, which means the first term in V; may also be small.

The premise implies € < V¢(£;0) — V(&;0). Substituting (5.11), (5.13), the

equation p(ag., 01.4,7¢/0, M) = 3, p(aous, 014, 7, Yo|o, ©, M), and integrating out
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PDF

a’s and o0’s, one obtains

from which (5.12) follows.

€< Z;xio Zrﬂ/t(RmaX _Tt)zyo;ﬁao p(re, Yot|©, o),
< 2;20 Z’/’t ,thmaXZyO:t7&0 p(rt7 y01t|@’ 0)7

= Zio’thmany&t#o p(yO:t ’@a 0)7

:2£07tRmaX(1_p(fUO:t =0[0,0))
<Zto.;07tRmax(1_p(yO:oo = O’@a U))
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6

Policy Learning for Decentralized POMDPs with
Bayesian Nonparametric Priors

6.1 Overview

In the previous chapters, we have introduced model-free RL for centralized decision
making models. In this chapter, we are going to shift our focus to multi-agent RL in
DEC-POMDPs. Because of the lack of centralized belief states in DEC-POMDPs,
finite-horizon algorithms have represented the agent policies as mappings from ob-
servation histories to actions [95]. History-based policy representations are difficult
to generalize to the infinite-horizon case, due to their exponential complexity in the
horizon length. To overcome this issue, infinite-horizon DEC-POMDP algorithms
have based agent policies on finite-state controllers (FSC). While early algorithms
employed exhaustive backups [13] or non-linear programming [3] to obtain FSC poli-
cies, recent work indicates that expectation maximization (EM) [37], a popular al-
gorithm for maximum-likelihood (ML) estimation, can be used as a scalable method
for generating controllers for large DEC-POMDPs [71]. In addition, [156] recently

showed that EM is also an efficient algorithm for model-free reinforcement learning
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(RL) in DEC-POMDPs, where each agent learns a FSC based on locally observable
trajectories, without knowing the DEC-POMDP model.

An important and yet unanswered question for EM-based DEC-POMDP algo-
rithms is how to define an appropriate number of nodes in each FSC. This is es-
sentially a model-selection problem, and has not yet been addressed in the DEC-
POMDP literature. The number of nodes affects both the quality of the resulting
policies and the convergence rate. Previous work has assumed a fixed FSC size for
each agent. When the number of nodes is set too small, the FSC is unable to repre-
sent the optimal policy and therefore will quickly converge to a sub-optimal policy.
On the contrary, when the number is set too large, the FSC is overly complex, often
yielding slow convergence to a sub-optimal policy that overfits the agent trajectories.

In this chapter, we address the model-selection problem in DEC-POMDPs based
on a nonparametric Bayesian approach. In particular, we represent the local policy of
each agent by a variable-size FSC, which has an unspecified number of nodes. Such
a controller is constructed using the stick-breaking (SB) prior [57]. At each node of
the controller, the probability distribution of successor nodes, conditional on both
the observation and action, is a random draw from the SB prior. This gives rise to
a distribution over an infinite number of possible nodes, indexed {1,2,--- o0}, and
yet the probability mass concentrates on only a few nodes with small indices. The
SB prior therefore encourages a small number of successor nodes without specifying
how many a priori. Since the favored successors of every node all tend to have small
indices, this encourages a compact set of nodes to be actively used by the controller.
Those nodes that are actually used are determined by the posterior, combining the SB
prior and the information from trajectory data. In light of the role played by the SB
prior, we name the framework the decentralized stick-breaking policy representation
(DEC-SBPR).

Although the proposed DEC-SBPR may be used to find the policy for a given
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DEC-POMDP model, our focus in this chapter is on reinforcement learning in DEC-
POMDPs, assuming the model is not available. Toward this end, we derive a vari-
ational Bayesian (VB) algorithm for learning the DEC-SBPR based on the agents’
trajectories (or episodes) of actions, observations, and rewards. The VB algorithm
is linear in the number of agents and at most square in the problem size, and is
therefore scalable to large application domains. To the best of our knowledge, this is
the first time that nonparametric Bayesian methods have been applied to model-free

reinforcement learning in DEC-POMDPs.
6.2 Policy Representations for infinite horizon DEC-POMDPs

In a (centralized) POMDP, the agent has access to the belief state, and the policy
can be expressed as a mapping from belief states to actions. Sondik [128] showed
that in the infinite-horizon case, if the belief-state space can be quantized into a finite
set of disjoint regions which form a Markov partition, the action choice over each
region is constant and the POMDP policy is a deterministic finite-state controller.
When this condition is only approximately satisfied, a stochastic FSC is usually
preferred as it has a better tolerance to the resulting uncertainty. A framework
known as regionalized policy representation (RPR) has been developed in [76], in
which the node of a stochastic FSC is marginalized out (as a latent variable) to
yield a probabilistic mapping from histories to actions, and the FSC parameters are
optimized by applying a nested EM algorithm to the (empirical) value function.

In a DEC-POMDP, each agent operates locally and does not have access to the
full observation-action space; as a result, no agent has enough information to compute
the global belief state. However, it may be possible for each agent to compute a local
belief state, defined as a joint probability distribution over the world state and other
agents’ local actions and observations [53]. Assuming there exists an approximate
Markov partition for each agent’s local belief space, one can use a stochastic FSC to
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represent each agent’s local policy.

Formally, the stochastic FSC for agent n is defined as ©,, = (A,,, O,,, Z,,, Wi, fin, T0),
where, A,, and O,, are the same as defined in the DEC-POMDP; Z,, is a finite set of
nodes, W, is a set of Markov transition matrices with W2/*° denoting the probability
of agent n transiting from z to z’ when taking action a in z results in observation o;
[y, is the initial node distribution with p,, ., the probability of agent n initially being
in z; m, is a set of stochastic policies with 7, the probability of agent n taking
action a in z.

For simplicity, we use the following notational conventions. Z,, = {1,2,--- ,|Z,|},
where | Z,]| is the cardinality, and A,, and O,, follow similarly. © = {©y,--- , Oy} is
the joint FSC of all agents. A consecutively indexed variable is abbreviated as the

variable with its index range, which is indicated in the subscript of the variable; for

n,a,0 n,a,0 n,a,0 n,a,0
example, ap 0.7 = (Ano, Gn 1y, GnT), Wz,1:|Zn| = (WE" W5 .. 7Wz|Zn|)’ etc. A
variable with an arrow bar is a vector, so ZF = (2§, -+, 2% )

Given hy,t = {@n,0:t—1, 0n1:}, a local history of actions and observations up to time

t, the n-th agent chooses its action a,; according to the distribution p(a, ¢|hn.¢, On) =

p(an,O:t|0n,1:t:@n)
p(an,O:tfl |0n,1:t71,®n

7 s where p(an 0.t|01., ©,,) is a marginal distribution of  p(ay0.¢, 2004

2 t Nan,T 0 z . . .
On1ity On) = Lz o Triamo | Ly Wen ol ion s T -, Obtained by integrating out the la-

n,7—12n,7 ' N,0n 19

tent node variables 2, o..
6.2.1 Policy Learning by Direct Value Mazximization

We first discuss learning fixed-size FSCs, based on the following global empirical

value function, which is extended from the single-agent case [76].

Definition 13. (global empirical value function) Let DY) = {(@§rkokalrt - - o, b,
T%@)}k:h.. K& be a set of episodes resulting from N agents who choose actions according

to I = ®,11,, a set of arbitrary stochastic policies with p(alh) > 0, ¥V action
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a, ¥ history h. The global empirical value function is defined as V(D(K);@) il

K T 7’? 1_[7- Hn ( n‘r‘hn T n)
K ST vK L :)1‘[ 1PHn(akT‘h . where hq’j,t = (a ZOt 15 nlt) 0 <~y <1 isthe

discount.

The global empirical value function V(D(K ) @) is a function of the joint FSC,
given only the trajectories collected from the interactions between the agents and
the DEC-POMDP model, with the DEC-POMDP model parameters 7, 2 and R
assumed unknown. The empirical value function offers an objective for learning the
decentralized policies, and the objective can be directly maximized by the nested
EM algorithm [76], with the following modifications: (i) during the policy evaluation
in the outer E-step, the rewards are recomputed based on the information from all
agents; (ii) given recomputed rewards (the sum of which amounts to the improved
value), the outer M-step consists of NV independent applications of the inner EM, each
performed for a local agent. Step (ii) can be implemented by parallel or distributed
computation. Step (i) collects {p fjt, ©,):Vt, k} from each agent n to update
the recomputed rewards {l/tk :V t, k}; this requires minimal communication of only

Ty + -+ - + T numbers per agent, which can be implemented efficiently.
6.3 Bayesian Learning of Fixed-size FSCs

An alternative approach is Bayesian learning, which provides the convenience of
encoding expert knowledge and imposing priors for model selection. By measuring
the likelihood of © by its empirical value, we can treat V(D(K); @) as a likelihood
function, which is combined with the prior p(©) in Bayes’ rule to yield the posterior
(K)y del {7 (). (D]

p(O|D™)) =V (D";0)p(e) |V (D) (6.1)
where V(D(K)) = {V(D%);0)p(©)do is the marginal empirical value of the joint
FSCs.
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To get rid of the sum in V(D(K ); @), we consider a variational Bayesian (VB)
approximation [16]. Denote by ¢(©) the variational approximation to p(6©|DU)),
and by ¢F(Z%,) the approximation to p(zk,|o},), The variational lower bound to

In V(D(K )) (free energy) is given by

LB({¢f(Z5)} o, a(©)) = V(%)) — KL(#/K||v/K)

- (6.2)
-=> Z PFKL(qf (5,)a(0) (25, ©))
ot

where KL(g||p) denotes the Kullback-Leibler (KL) divergence between probability
measures ¢ and p. The goal is to minimize the KL divergence. Since the first term
on the right is a constant, this is equivalent to maximizing the lower bound. This

leads to the following constrained-optimization problem

max ({qt }k; 14 @))
{abo}, @)

subject to: ¢f ZOtv HQt 2 0:)4(On),

K T
Z Z Z qf(zrli, ) K 4 ( nO t) 07 v’ZZ,O:t? n, ta k7
- 1
Jp(@)d@ =1 and p(©) = 0,VO (6.3)

where the second line arises from the mean-field approximation and the consideration

for generating local policies, and the last two lines are normalization constraints.
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6.3.1 Policy Posterior under Dirichlet Priors

The problem in (6.3) has an analytic solution when p(©) is a product of Dirichlet

distributions,

p(©) = Hgﬂ p(©y)

=11, [Dir (132, ‘Uﬁznﬂ [HLZ:"JDH (”Z‘PZ)]
< [T TI T2 Dir(wizsg iz, ) | (6.4)

, Zn a 1On]a=1:An
with hyper-parameters v" = vy, ; |, p" = {p}2 and wn = {w™° oz [Onla=LilAn],

z,1:|Zn| ) 2=1:| Zy |

The solution to (6.3) under the Dirichlet priors is given in Theorem 14.

Theorem 14. Let p(©) initially be the form of (6.4) with hyper-parameters (0, p,w),
then iterative application of the following updates leads to monotonic increase of

(6.2), until convergence to a mazima. The updates of U and {q~} are given by

ok ytrf H?szzl p(aﬁ,ozth,uv On)
R i Ytk (6.5)
[Tnoi [ oo P (ak |05 )V (DEO|O)
Qt(nOt):p< n0t|0n1t7a20t7@ ) vntk (66)
where © = = {1, Ii, W} is a set of under-normalized probability (mass) functions', with

7"{-;7477; — e"f’(ﬁgyz)_d’(zlrfgll ﬁ:’fln,l) ,U — el/)(’u") QZJ(Z] 1 ] s and Wi’rj]{a’o — ew(wnao) (ZIZZ‘I :Lza 0)7
and v is the digamma function. The hyper-parameters of the posterior distribution

are updated as

~ T, ~
of = v} +K2k IZtkOtktO()

~ k-
pZa = pia KZk IZt 0 t 7=0 ?T (Z>H(a?ﬂ'7a)

! Note that gf(z) o) = p(z,’j,0:t|0ﬁ’1:t,(:)n) is always properly normalized by p(afiﬁo:t|o’f:t,(:)n) =

z, ~
Z‘zn,ol,m Zn,t=1 p( n,O:t7 ﬁ702t|0£,1:t’ e’ﬂ)
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~T,@,0 WO n,k
Wij = Wij szz 121: 0 t r=1St,7— 104, 5)(a fT’a)H(OﬁT-‘rl?O) (6.7)

where 1(+) is the indicator function, and

Z;k (27 ]) = p(Zﬁ,, - 27 Zﬁ ,T+1L T j|a’1]§i,0:t7 OI:L,I:H @n> (68)
Ko . ~
ZT (Z) = p(Z7kL,T =1 aZ,O:ﬁ OZ,lzt’ @n) (69)

are marginals of qF(z* 0:t)-

The update equations in Theorem 14 constitute the VB algorithm for learning
a fixed-size joint FSC under Dirichlet priors, and have a strong connection to the
policy iteration algorithm. In particular, (6.5) is a policy-evaluation step where the
rewards are recomputed to reflect the improved marginal value of the new policy
posterior updated in the previous iteration, and (6.7) is a policy-improvement step
where the recomputed rewards are used to further improve the policy posterior.

Both steps require (6.8)-(6.9), which are computed based on o2*(i) = p(zF =

~ k Eo_: k
ilaf .., 0% 1., 0,) and ﬁff(z) _ POl =50k 11100 , VYn,k,t,7. The (a, ) are

n,0:7) Yn, L7 H:/:T p(aﬁ,rmnﬂ.rv@n)

similar to the forward-backward variables in the Baum-Welch algorithm for hidden
Markov models [114]. These variables are computed recursively by each agent using

(6.10)-(6.36) (shown on the top of next page).
6.4 Bayesian Learning of Variable-sized FSCs

We generalize the Bayesian learning approach described above to the case of variable-
sized FSCs, using the stick-breaking prior to specify the policy’s structure. The
resulting DEC-SBPR generalizes the nonparametric Bayesian policy representation
of POMDP [81] to the decentralized domain, employing a non-hierarchical structure
for simplicity.
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/J‘(Zﬁ,o:i)ﬂ(tho :i,aﬁ’o)

ifr=0
ogn’k(i) = lzpl(aﬁ,%\h’fb,w@n) (6 10)
T Zj:q a:Ll(j)W(Z'ﬁT—lzjVa'l;i,Tfl3057,,7"ZTI?/,T:i)F(ZfL,T:i7a’VkL,T) lf > 0
p(ak LRk - .On)
1 .
S S ifr=0
n7k( ) N p(‘aZﬁ,(‘Mﬁ,g,@n)
t,T ‘7 - Zn:nl W(zfz,7=i7aﬁ,q—7170!/67,,7'72712,T+1:j)ﬂ-(z'ﬁ,'rH»l=j7a'lrcr,,7+1)/8:,t,7'+1(j) f
E 2 itr>0
p(an,'rlhn,rv@n)
(6.11)
[Zn] ko _ k k
Z]:l lu’(zn,() - Z)W(Zn,O L, Ay 0)
k itr=20
p(an,r‘hnm On) = |Zn] k ; k ok ko Lk ; k -k
Zi,j:l a(zn,T—l = Z)W(Z’VL,T—l =1, aTL,T—l’ On,ﬂ Zn,T = ])ﬂ-(znn' =D an,r)
ifr>0
(6.12)

Definition 15. The decentralized stick breaking policy representation (DEC-SBPR)
is a tuple (N, A, 0, Z. 3, A, p), where N'; A and O are as in the definition of DEC-
POMDP; Z is an unbounded set of nodes indexed by positive integers; (X, A, p)

determine (W, u, ), the FSC parameters defined in section 6.2, as follows

i 1o ~SB(a 7, 2)
[ ~SB(A™, A™)
T4, ~ Dir(pf4,)) (6.13)

25 ~ Gamma(c, d)

A ~ Gammale, f)

where SB represents the stick-breaking process with Wi = V,>"° [T (1 — vy
and V;';° ~ Beta(o ", X7"°), and pjf = U}’ [152,(1=U") and U ~ Beta(A}, A7),
n=1--- Nandi,j=1,---,00.

The stick-breaking process (SBP) is a general class of priors for discrete measures.

It has been used as the prior for state transition probabilities in HMMs [97] and also

120



for the graphical structures in topic modeling [30]. The basic properties of SBP are
summarized in the supplement. The update equations for the posteriors, derived in

the Supplementary Material, are partly listed below:

~n An AT
7Ti,a :exp{ (pz a) (Z|m ‘1pz m)} )
7if = exp {n 1) (6.14)

e — = exp {<ln Wn O Wle, Z)}

2y

=X Y S (i)
A?=A? VNS A WA A ) (6.15)
D YARD i zf_1<z'>ﬂ<a,’z,T = a)
&Z}M— nao"‘Zk IZt 0 K tT 1(@ i)l(a fLT’a)]I(OfL,T+1’0)

- a = ke N
EZJ'M:EZJ‘M +Z; §+1 Zk IZt 0 2 =1 fr (7, 9)(a fLT’a)H(OfL,T+17O>7

where 5” (,7) and gb” () are the same as (6.8) and (6.9) respectively.

The purpose of using SBPs is to encourage a small number of FSC nodes. Com-
pared to a Dirichlet process (DP) [44], which has only a single concentration param-
eter, the SBP can represent richer patterns of sparse transition between the nodes
of an FSC, because the parameters that determine the stick proportions are infinite
and independent. To see this mechanism, we calculate the posterior of a SBP pa-
rameter?®, ie., p(X77°|V;5"% ¢,d) = Gamma(c + 1,d — In(1 — V;4*?)), from which
we can see the posterior mean E[X]"°|V/;"° ¢, d] = Wéﬂjao) When ¢,d — 0
and a large portion of the remaining stick is broken, i.e., V;*% — 1, 3" will be
driven down to zero, with the opposite occurring when V;;*” — 0. Therefore, the

prior over Enao controls usage of a particular state 7. In a similar way, A,, encodes

the prior preference for initial node occupancy.

2 The derivation is based on the assumption that ;3" =1 and is shown in the appendix.
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To accommodate an unbounded number of nodes, we apply the retrospective
representation of SBPs [101] to DEC-SBPR. For agent n, the stick breaking-prior is
set with a truncation level |Z,|, taking into account the current occupancy as well
as additional nodes reserved for future new occupancies.

To determine the occupancy of the nodes in a FSC, we compute {|Z,[}2_, directly
by checking if there is a reward assigned to a node. For example, for action a and
node i, p}', — p}, s the reward being assigned. If this quantity is greater then zero,
then node 7 is visited. By summing over all actions, we can determine whether
there is a value in visiting node i. Hence we can directly compute |Z,| based on the
following formula

1Zal = SIS (51 — pha) > 0). (6.16)
It is shown in [57] that the random weights constructed by the stick-breaking prior are
equivalently governed by a generalized Dirichlet distribution (GDD) and is therefore
conjugate to the multinomial distribution; hence we can derive an efficient batch
variational Bayesian algorithm for learning the decentralized policies. The complete
algorithm is described in Algorithm 5. Upon the convergence of Algorithm 5, a point

estimate of the decentralized policies may be obtained by calculating the expectation:

: AM,a,0 i—1 $n,a,0
E[yimee) = SLe IS
& [Tizi (6774275

A\ TTi—1 An
E[/i"] = Al A

_ . L E ﬁ_n,i — Pa’ i
T A (7] e

6.4.1 Computational complexity

The time complexity of Algorithm 5 in each iteration is summarized in Table 6.1,
assuming the averaged episode length is 7" and averaged nodes number is | Z|, which
are the same for all agents. In Table 6.1, the worst case refers to the case when there
is a nonzero reward at every step in an episode (dense reward), while the best case
is that nonzero reward is received only at the terminal step in each episode. Hence

122



Algorithm 5: Batch VB Inference for DEC-SBPR

Input: Episodes DY) and the number of agents N,

while ALB < € do
for k=1to K,n=1to N do

Update the global rewards {#F} using (6.5).
Compute {a™*} and {Bt"f} with (6.10)-(6.36) ;
end for
Compute LB using (6.2)
for n =1to N do
Compute {é’zf(i,j)} and {(b?f(z)} using (6.8)-(6.9).
Update the hyper-parameters of ©,, using (6.15);
Compute | Z,| using (6.16)

end for
end while
Return: Parameters of the posterior distributions of {6,}Y_, and controller

sizes {| Z,|}0_,.

in general the algorithm scales linearly with the number of episodes and the number
of agents. The time dependency on T is between linear and quadratic.

Table 6.1: Computational Complexity of Algorithm 5.

VARIABLES BEST CASE WORST CASE
e! O(N|ZI2KT) O(N|Z|>?KT)
A3 O(N|Z|?KT?) O(N|Z|?KT?)
vf O(K) O(KT)

S} O(N|Z|?KT) O(N|Z|?KT?)

6.4.2 Tradeoff between Exploration and FExploitation

Algorithm 5 assumes off-policy batch learning where trajectories are collected using
a separate behavior policy. Off-policy learning is efficient if the behavior policy is
close to optimal, as in the case when expert information is available to guide the
agents. With a random behavior policy, it may take a long time for the policy to
converge to optimality; in this case, the agents may exploit the policies learned so

far to speed up the learning process.
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An important issue concerns keeping a proper balance between exploration and
exploitation, such that the action choices are sufficiently explored to prevent pre-
mature convergence to a suboptimal policy, and yet a proper level of exploitation
is maintained to prevent repeated exploration. To address this issue, we define an
auxiliary FSC, U,, = (Y, 0, Z,, Wy, tin, pn), to represent the policy of each agent
in balancing exploration and exploitation. To avoid confusion, we refer to ©,, as
a primary FSC. The only two components distinguishing ¥,, from ©, are ) and
¢©n, where ) = {0,1} encodes exploration (y = 1) or exploitation (y = 0), and
on = {¢} 7} with ¢}* denoting the probability of agent n choosing y in z. One can
express P(Yn.t|hnt, ¥pn) in the same way as one expresses p(an¢|hnt, ©r), the latter
described in the paragraph above Section 6.2.1.

The behavior policy II,, of agent n is constructed as

P (alh, O, W) = - plaly, h)p(ylh, ¥y), (6.17)
y=0,1
where p(aly = 0,h) = p(alh,©,,) is the primary FSC policy, and p(aly = 1,h) is
a policy agent n uses to explore action choices. For example, one may let p(aly =
1,h) = 1/]A,|, leading to uniformly random exploration. The e-greedy policy [132]
is a special of (6.17), corresponding to p(y = 1|h, ¥,,) =€, p(y = 0|h, ¥,) =1 —e.

The behavior policy in (6.17) has achieved significant success in the single-agent
case [26, 82]. Here we extend it to the multi-agent case and show that, under a
special construction of ¢,,, the optimality of the primary joint FSC {©,} is directly
related to the exploration rate..

We define ¢;”* as a random draw from a beta distribution, Beta(uy*, u1), and
©1" =1— ", where u; is kept as a sufficiently large constant, and u,”* is updated

as

n,z K Tk ~ n,k
Uy = D pe1 2o ’/f trzo t,r (2). (6.18)
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Recall that ¢]"* is the probability of agent n choosing exploration in z. Because u; is
a large constant, the agent will always favor exploration in z until u;’* has increased

to a point where its value exceeds u;. Rewriting (6.18) as

up® = X, Xl (ST, et () (6.19)

n,z

it becomes clear that v~ is the total amount of expected future reward received
by agent n in z over all time steps in all episodes. Therefore, u; defines, up to a
multiplicative constant, the total future reward required in z for an agent to stop
exploration in z.

On the other hand, because p(y|h, ¥,,, ©,) = >.. p(ylz, Vn)p(2|h, ©,) = 3. pp*
p(z|h, ©,), we deduce that p(y = 0|h,¥,,0,) » p(y = 1]h, ¥,,0,) implies p;* »

n,2

¥1

amount of expected future reward received by agent n in z, as indicated by (6.19).

and hence ug” » wuy, for any z € {z : p(z|h, ©,) » 0}. However, u;” is the total

As a result, when u; in (12) is sufficiently large, one can conclude
Hinown =1h : p(y=0|h, ¥,,,0,) » p(y=1|h, ¥,,0,)} (6.20)
represents the set of local histories at which, agent n has acquired large rewards or

a large number of small rewards, and thus the primary FSC ©,, has become optimal

or close so. Let u™™ denote the minimum wu; such that this is true.
6.4.3 Theoretical Analysis of Exploration and Optimality

Let M denote the true model of the DEC-POMDP. Then

V(M, @) = Z Z VtTtP(JO:t751:t7Tt|@;M)> (621)

t=0 ap:t,01:¢,7t

is the true value function of ©, where r, = 0, Yt > T, for an episode of length T3
Denote by Ryax the maximum immediate reward. The relation between exploration

rate and policy optimality in Theorem 16 is proven in the Appendix.

3 After an episode terminates, the agent stays in an absorbing state with zero reward [132].
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Theorem 16. Let ©* be the optimal joint FSC for the underlying DEC-POMDP. Let
O be the joint FSC learned from D) and ¢ be constructed as in Section 6.4.2, uy =
w™ - and {uy*} be updated as in (6.18). For anye =0, if V(M;0) < V(M; 0*) —¢,

then
P. =1—p(Jo.r = 0|0,0) > (1 — 7)€/ Rax- (6.22)

where P, denotes the probability of at least one agent choosing exploration, and ., =

0 is a shorthand for “y,. =0,V 7€ [0,t], Vne N

Theorem 16 shows that, when the value of the joint FSC is € away from the
optimal value, then, with probability of at least (1 — v)e/Rnax, at least one agent
will perform exploration. Conversely, when all agents perform exploitation with
probability of at least 1 — (1 — 7)€e/Rmax = (Rmax — € + V€)/Rmax, the value of the

joint FSC is guaranteed to be € close to the optimal value.
6.5 Prior parameter selection and initialization

To obtain high value policy more quickly, instead of initializing the FSCs randomly,
we use the episodes with highest value to initialize the FSCs, including both the
nodes transition probability, local policy as well as the size of nodes. Towards this
end, we follow the following procedure: 1) use random policy to generate a number
of trajectories; 2) construct a tree for each agent based on the episodes with high
values; 3) convert the tree into a graph by redirecting the absorbing nodes to the
initial node?; 4) merge the nodes if they transit to the same nodes after taking
the same action and receiving the same observation and reward. Based on this
initialization, we can decide the upper bound of number of the nodes and the initial

FSC value. The process for initializing FSCs is illustrated in figure 6.1.

4 The problem we are tested all have a goal state associated with. Once the the goal state is
reached, the problem is reset.
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FIGURE 6.1: An illustration of DSBPR and its initialization for two agents. Left: sample trajecto-
ries; Right: the initial policy graphs.

6.6 Experiments

We evaluate the performance of proposed algorithms on five benchmark problems®
and a large-scale problem (traffic control) [156]. For all results reported here, we
have followed the same experimental procedure as used [156]. For DEC-SBPR, the
hyper-parameters in (6.13) are set to ¢ = ¢ = 0.1 and d = f = 107% to promote

sparse usage of FSC nodes.

Demonstration of convergence and optimality The convergence and optimality of the

proposed algorithm is demonstrated on the Marsrover problem, based on using

5 Problems are available from http://rbr.cs.umass.edu/camato/decpomdp/download.html
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K = 500 episodes to learn the FSCs and evaluating the policy by the discounted
accumulative reward averaged over 100 test episodes of 1000 steps. The results
are reported in Figure 6.2, which shows the exact value, its lower bound, and the
numbers of FSC nodes for the two agents, as a function of iterations of the VB algo-
rithm. It is seen that, as the the iteration proceeds, the lower bound monotonically
increases, while the value itself exhibits an overall improvement and converges to
the optimal value. The FSCs initially use a large number of nodes and converges to

small numbers around 10.

25 0.8
< 20+ O.Gf 1
©
=
o
=15 8 0.4
=
D
(]
|_
10;& 0.2 {
5 : : : : : 0 : :
0 20 40 60 80 100 0 50 100
Number of iterations Number of iterations
25 : : 20
18t
16
-
N
14+
12+
% 50 100 1% 50 100
Number of iterations Number of iterations

FIGURE 6.2: A demonstration of convergence and optimality of Algorithm 5 on the Marsrover
problem.
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Comparison with Other Methods We compare the performance of DEC-SBPR to
that of several state-of-art methods, including: Monte Carlo EM (MCEM) [156],
PBVI-BB-DecPOMDP [85] and Periodic EM (PeriEM) [98]. Similar to DEC-SBPR,
MCEM is also a model-free reinforcement approach. We apply the exploration-
exploitation strategy described in section 6.4.2 and follow the same experimental
procedure as in [156] to report the results. The testing rewards after the algorithm
converges are summarized in Table 6.2. We can see DEC-SBPR achieves compara-
ble or better policy values than MCEM. These results can be explained by the fact
that EM algorithm is sensible to initialization and prone to local optima. More-
over, by fixing the size of controllers, the optimal policy from EM algorithms might
be over/under represented. While by using Bayesian nonparametric priors, DEC-
SBPR learns the policy with variable-sized controllers, hence allows more flexibility
for representing the optimal policy (though still prone to local optima).

Finally, we compare to PBVI-BB-DECPOMDP [85], the state-of-art model-based
method for generating controllers with the highest value. In this regard, the perfor-
mance of PBVI-BB-DECPOMDP serves as the upper-bound for those of model-free
methods. However PBVI-BB-DECPOMDP is not scalable to large problem sizes,
and therefore it is unable to produce results for Mars Rovers [85]. By using a model-
free reinforcement learning approach, DEC-SBPR solves this problem without being

restricted by the large state space size.

Scaling Up to Larger Domains To demonstrate the scalability to both large problem
sizes and large numbers of agents, we test our algorithm on a traffic problem [156],
which has 10?° states. In this domain, there are 100 agents controlling the traffic flow
at 10 x 10 intersections with one agent located at each intersection. Each agent has
2 actions (aligning horizontally and aligning vertically), and 100 observations which

indicate the number of traffic units waiting in the vertical and horizontal queues.
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The traffic in one direction can pass through if all the agents along that direction
are aligned. The agents receive one unit of reward if one traffic unit passes through,
and zero reward if the path is blocked. The goal for this problem is to coordinate the
agents to maximize the total reward. Except for MCEM, no previous DEC-POMDPs
algorithms are able to solve problems of such a large size. Since [156] uses, with a 10%
chance, a hand-coded policy (comparing the traffic flow between two directions) as
a heuristic for generating training trajectories, we also use such a heuristic for a fair
comparison. Moreover, to examine the effectiveness of the exploration-exploitation
strategy described in Section 6.4.2, we also consider the case without using the
heuristic for generating training episodes; in this case, the initial behavior policy for
each agent is to take random actions. From Figure 6.3, we can see that, with the help
of the heuristic, DEC-SBPR can achieve the best performance. While without using
the heuristic, by just using our exploration-exploitation strategy, in a few iterations,
DEC-SBPR is able to produce a higher quality policy than MCEM. In addition, the
inferred number of FSC nodes (averaged over all agents) is smaller than the number

preselected by MCEM.

Arrival Rate Vertical .
0.5 -@ Queues _@

Ilﬁlﬁ EEEEEEEDR
Clear
Horizontal
Queues
Blocked
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Ficure 1 6.3: Performance on the traffic control domain with 10?0 states and 100 agents. Top:
Domain illustration; Bottom left: test reward; Bottom right: Inferred decision state number.

6.7 Discussion

In this chapter, we introduced a scalable nonparametric Bayesian policy represen-
tation, an associated learning framework (DEC-SBPR) for generating decentralized
policies in DEC-POMDPs, and an exploration-exploitation method that continues
to explore while the solution is suboptimal. DEC-SBPR infers the parameters of
the policy graph (FSCs) a posteriori number of nodes, to match policy complexity
dynamically to the experiences. In addition to the use of variable-sized FSCs, the
proposed methods are further distinguished from previous EM-based algorithms in
that we manipulate the DEC-POMDP directly, without transforming it into a mix-
ture of dynamic Bayes nets (DBNs). As a result, the EM algorithm in our case
operates on the value function of a DEC-POMDP, instead of the likelihood function
of a DBN mixture. This approach was originally developed for POMDPs [76], and
has shown several advantages: (i) it leads to a nested EM which achieves exact pol-
icy iteration; in particular, the outer E-step recomputes the rewards such that the
updated rewards sum up to the new value of the policy improved in the previous
outer M-step (policy evaluation), and the outer M-step uses an inner EM to improve
the policy; (ii) the inner EM maximizes a weighted log-likelihood, where each time

step is weighted by the discounted sum of future rewards updated in the outer E-
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step (policy improvement). The EM algorithm in [71] does not update rewards and

therefore achieves only one step of policy iteration®.

6.8 Appendix

6.8.1 Proof of Theorem 16

Proof. Define

ee]
Vi(M;0,0) = > > rp(dos, 01, 1, fion =010, ¥, M)
tZOEO:taal:tyrt
(6.23)
o0
+27tRmax 2 Z p(aotta alzta Tty g\O:t|0-7 GaM)a
t=0 @0:t,01:t,7t Yo:t#0
where o, = 0 is an abbreviation for "y, , = 0, V7 € [0,t], Vn € N and o, # 0
for “y,. # 0,37 € [0,¢], 3In € N7. By construction, the agent receives Ry at t
when 3., # 0; thus the second term of V; is no smaller than the corresponding term
of V(M;0*). When ¢y, = 0 is true, one can deduce, for any n, that {h,, : 7 €
[0,t]} © H}own, 1 Which ©,, is optimal, using the arguments below (6.20). Thus,
the first term of V} is equal to the corresponding term of V' (M;©*). Combining
the two cases, we have V' (M;0*) < V;(M; 0O, V) which, alongside the premise of
the theorem, implies € < Vy(M;0,¥) — V(M;©). Substituting (6.21), (6.23), the
equation p(aﬂztu 61:1‘7 Tt‘@7 M) = Zg‘o:t p(60:t7 61:t7 T't, gO:t ’@7 \Ilv M)? and integrating out

a’s and 0’s, one obtains

€ < 2320 207 (Ruax —74) 2igor0 Pt Y0:t|©, V),
< Z:O:O ZrﬂtRmaXZgoﬂéo p(re, Got|©, ¥),
= Z?:thRmaxZg’O;ﬁeo p(¥o:4|©, V),
= /207 Runax (1= (i = 010, ¥))

6 [156] does not explicitly update rewards, but its importance sampling may play a similar role
(the exact relations are subject to future investigation).

133



<Z§O=0’thmaX(17p(y_)Ozoo = O|®7 \IJ))

Rmax N
from which (6.22) follows. O

6.8.2 (Mean-field) variational Bayesian Inference for DEC-SBPR

Under the standard variational theory [16], minimizing the KL divergence between
q(©,2) and p(O, z|D) is equivalent to maximizing the lower bound of log marginal
likelihood (empirical value function for our case). Using Jensen’s inequality, we can

obtain the following lower bound of the log marginal value function

In V(DR = In £ 3345, S0k S e §af(3,)a(©)g(3) ORI 910) g gy,

K T 7*p(©)p(S)p(ak., .2k ,10% .0
> e Sy Dty Y § 08 (F)a(©)a(£) In R 20) 16 053
= In V(D) — KL({Q?(E& }Hlnv D)L 0t>@a2|6§:t76¥f:t)) (6.25)

“1LB ({ {Qf(zs,ox) }k,t’ 4(On), q(Xn) }n:I,--- ,N)

We rewrite the lower bound in equation (6.25) as follows

B({{qf(zgozt)}k,t’Q(@n)a Q(En)}nzlmN) =—{¢(®)ln q(® d@ fq( %dz

K T N
_% Zkzl Zti() F7 J Hn 19\~ ( n O:t) In (Hn:l qf(%’i,o:t))

"t

K T N
+% Zkzl Ztio Zh . 2h Hn:1 Sqf(zfi,o;t)Q(@n)Q(zn)

xIn (7f TTozy (@l 0. 28 0| 0% 100 On) ) 4O dE, (6.26)

The VB Inference algorithm for DEC-SBPR is based on maximizing LB w.r.t. the
distribution of the joint DEC-SBPR parameters {{qf(z,’j’():t)}kvt,q(@),q(a)}nzlva,
which can be achieved by alternating the following steps:

Updating the distribution of hidden nodes (VB E-step) Keeping ¢(©) and
q(a) fixed, solve maxyge(.x }LB({{qt 28 04) bt 4(On), q(Zn)}n:Lm’N),Vn subject
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to the normalization constraint for ¢/ (z%,). In this step, we construct the La-

grangian
N
qu(sz,ox) = LB({{qf(zz,O:t)}ki? Q(@n)y q(zn)}n:17...71\[) - )\(K - Z 1_[ Qﬂzs,o:t))?
k,it,zn=1

then take derivative w.r.t ¢f(z) o) and set the result to zero

q n, :t) ~
oy = 7 3 P(On) InFp(ar o, 25 0.l0F, On)dOn

5 Dimt Lo Xisp, .o 3t [in § 6 (2L0)2(On) ()

x In (ff Hn 1 D¢ Fay Ay 0:t5 #n 0t|0n 1t @n))d@ndZn
_% Zle Z Zzo, 2 Hi;ﬁn qf(zzk,O:t) In (Hfj:l Qf(Zfi,o:t))
_% ZkK=1 ZtTio Zzg [z [Tisn Qf(zzk,o;t)

+A Zle Zﬁo Zh .. 2h Hz;ﬁn q;\z ( zko:t) =0, (6.27)
which is solved to give the distribution of latent nodes Zﬁ,O:t for the nth agent
(]t(nOt): &= exp{gq ) In p(ay, Oy, 0:t0 # n0t|0n1t’@n)d6n}
= & exp § (et Doy + ety
+ ZT (I W (2} =17 aﬁ 1,08, 2 T)>p(W|&,i)}
"0 kg0 2
= & Mzno ok HT 1W’ e i (6.28)
where
= e { gy b = exp { ) - o(Si, )

Wi =exp {<ln Wfia’o>p(vv&,2)} = €xp {<ln S O>p(v&,2)}v
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Wzn]a ? =exp {<ln Wn i O>p(W\&,z”:) } = eXp {<ln V;Z"a’%p(w&,i:)
PV Dy | or T2 2l L
Wnéo\ =exp {<ln Wﬁgﬁ (Wa,i)} = eXp { len (In(1 — znrr? 0)>p(v|a,2)}
with

n,a,o n,a,0 n,a,0 n,a,0 n,a,o0 Zn i
V)i = (o7 + W) = (ol + (1) + 5 wii™),
n,a,0 n,a,o Zn n,a,0 n,a,0 n,a,o Zn nao
(1= V5" pve,8) =S + N2 wii™) — (o0 + (S0 + 52 i),
<Enao>_Ana0/d7LJao

,a,0

where () is digamma function, w;’;* is the reward(soft-count) allocated to the

transition from state i to j, ¢;;"” and dn '° are the posterior parameters of ¥,
Updating the sufficient statistics (VB-M Step) In VB-M Step, the distribution
of hidden nodes {g;(Z}.,)} are fixed, the objective is to solve max,(g) 4y LB subject
to the normalization constraint that {¢(©)d© = 1. First we consider finding ¢(©).

To that end, we construct the Lagrangian

Fio = LB({df}.a(0).a() - A(1- [a@100) (6.29)

o KZktzSHn 1q ( nOt)lnrt Hn 1p( ) ( n0t7 nOt‘01t7@ )dzv

—1n 4©) _
1 lnp(@)—l—)\—()z

N
q(@) = Hn 1 pe(l x €Xp { Zk t,z Gy \z ( n O:t) 1np(afz,01t7 Zﬁ,O:t|OZ,1:t7 @n)}

=TI0., 22 exp{ s KVf [Gb?oklnm + 3 SR ) In
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P S ek ) }

— Hn . el ) HIZn [ ]kat bt,0(i HIZn [ 2]2,6’” vEek (i)
XHLZ;nl[ zaT IOT]ZktTVtEt-r 166,9)

(from the relation between stick-breaking weights p and independent beta random)

(variables in V' (2.54))

H|Zri| [71'” ar’ ]Zk,z; Vfd’?,f (%)
i

I Sy D)
- Hn 1 61 >\ Hz q lUf Hm=1(1 - U#L)]

ko
i| Zk:,t,‘r Vfg:Tfl(Z’j)

T [ T v
~ T, GO, AN T3 Dir(p7) TTE4 TTOh GDD (&m0, $m0e) - (6.30)

where

~ K T. ~ k
’\?:)‘JFU?:)‘?*%Zk:thko f@b?o()
Zn Zn T, A~ k
Pl = A L S ST ore (i)

o —PZ’i K Zk 12 tT 1 t tT 1(i)ﬂ(aﬁ,r—1 = a) (6.31)
P00 L g0 e
zn]ao X Zk 1 Z 3:1 Vtkég;-k—l(ivjﬂl(aﬁ,ffl = CL)]I(OITCL,T =0)
2@,.&,0 — a0 }Z;’_A’_l n,a,0

,a, Zn| Tp A
=37+ %ZL —j+1 Zk 120t ¥ fZT 1§ 1(2 7)(a fm—l = a)l(n, o}, 0),

To find ¢(X), we construct the Lagrange,

Fyy, = LB({gf}, 9(0),4(2)) — A(1 - §a(¥)dx)) (6.32)
a(i%)) =L {g(©)Inp(L)p(©)dO — £Ing(S) + A =0= (6.33)

(S)esp { §a(@) mp)p(elx)ao |
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= exp { §¢(©)Inp(0[X)dO + lnp(E)}

= p() exp {{(np(©))} (6.34)

Tl(lD
A o Z Z .a, D(of "0 +2"7) g % a,0\T0 ]
= T T T1Z T2 Galsy s o, d)mbmpreatey VI (1= V)

i,
An On Zn Z,| T'(o +Enao) n,a,0\ ¢—1 n,a,o0 n,a,0
~ T 19 12 T2 —zng”) S exp { = B(d — In(1 = V")) }

nao_l

iy in this case, the VB approximation of ¢(o) is a product

One can set o
of independent gamma distributions, however, ¢;7° has both practical meaning
and direct relation to the value of a particular state. Note that when o7 #
1, equation (6.34) is not a gamma distribution (the prior and likelihood are not
conjugate). To solve this issue, one might consider the VB inference method for
non-conjugate priors [148], by which we consider a point estimate of ¥, such at

¢(X) is maximized. Omne way to obtain the maximum estimate of ¥ is to solve

99(%)
ox

= 0, however this operation involves taking derivative w.r.t gamma functions,
which does not have a simple form of solutions. To circumvent this difficult, we use
grid search. To make the search more efficient, we use the bounds of ( )) to give

an initial estimate of the searching range. The bounds are from Wendel’s double

Inequality [113].

<z (6.35)

where x,a > 0.

I(z+a)

To illustrate the difference, we plot the ratio between two gamma functions —; &)

along with its lower and upper bounds (denoted by (b and ub respectively) on the left

of figure 6.4. We also plot the absolute differences diff —1b = F(Fx(;r)a ) _ G and

diff —1b = F(I(Jr)a) x® on the right of figure 6.4. We can see that when 0 < a < 1, the

lower bound is more tighter than the upper bound for approximating “a) When
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a < 107*, we use the following approximation

ta fr<=a< 10_4 <636)

Fx+a) (1 ifz>>a<10™
['(x) +

6.8.3 Some Basics of Stick-breaking Priors

Stick-breaking prior and generalized Dirichlet distribution We denote p ~ SB(v,w)
as constructing p as an infinite process (d — o0) as (2.54), and p ~ GDD(v, w)
when p is finite. Here GDD stands for generalized Dirichlet distribution. To see
the connection between SBP and GDD, set the truncation level (number of occupied

states) to d with pgr1 = 1— Z?:l p;, then we can write down the density function of

V=W, -,V as

FV) = H ]‘[ o ”l - wl a0 (6.37)

By changing variables from V' to p and using the relation between V and p in (2.54),

we can show the density of p as follows,

d
( ) ’ap ‘f( ) H (W ’Uz—l Z w vl+1+wz+1))pzji;1 (638)

i=1 j=1

which has a mean and variance for an element p;,

Uj Hl 1 Wi V[p] _ 'Ui(vi + 1) H;;} wl(wl - 1)

E[pi] = ;
[Ty (o +wy) [T (o +wi) (v + w + 1)

(6.39)

when w; = Z]K:Z 41 0 for i < d, and keeping wq = wy, the GDD is equivalent to the

standard Dirichlet distribution.

139



As a concrete example, consider the case d = 3, we have

plz‘/l %:pl
pe = (1=V1)V; V, = D2
1—p
ps = (1=V1)(1 = V2)V3 — s
V= — P8
pa=(1=V)(1 = V)1 - V3)V, 1—p1—pe
V— P4 —1
=(1-V)(1-V)(1-V) R

and plug these relations into (6.38),

f(p) = 12£15(V)

4 i1 T(v; +w; v o o o
:Hizl(l_ijlpj)% X pit 1(1—]91) 1ol (el P2 jwa—l

1-p1 1—-p1
— vz—1 wa—1 va—1 wa—1
= ()" -5 ) O =)™
=TTt vfz)?éf;f)pfz_l(l — Dy py) i ) (6.40)

Bayesian inference for GDD  Given a set of discrete observations { X, } St Discrete(p),

and the prior p ~ SB(v,w), the posterior of p is
(Xn,t vi+w; i wi— (Vi1 +wit1)\ wy—1
Pl (X} or [T T pi ™ TIL (rstaed™ (0= Eam) ™ )it
1—1 Zn Xny v;— wi—
T, (ViTTo (=)= VI = vyt
o Hle ‘/ivi+2n:1 H(Xn,i)—l(l . %)wi+zj>i 25:1 [(Xn,di)—1 (641)

«GDD(v',w')

where the posterior hyper parameters updated as v} = v; + Zivzl I[(X, = i) and
w; = wi + i, SN (X, = i), where I(-) is an indicator function with value equal

to one when the argument is true and zero otherwise.
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7

Conclusions

Reinforcement learning (RL) is an important and thriving research area, which aims
at enabling agents to teach themselves to make smart decisions and improve task
performance through interacting with stochastic environments. When designing a
RL algorithm, there are a number of practical and theoretical issues that need to
be considered. These issues include i) how to choose control policy representation
(graph vs tree, parametric vs nonparametric); ii) which RL approach should follow
(model-free or model-based); iii) which type of learning methods to use (online vs
batch, on-policy vs off-policy); and iv) how to balance exploration and exploitation
(direct vs indirect). To allow persistent RL in complex tasks when the domain models
are unavailable, we applied Bayesian nonparametric methods (BNPMs) in model-free
RL settings and demonstrated the advantages of BNPMs, including: i) allowing au-
tomatic adjustment of features based on observed data; ii) allowing inference for both
the policy representation parameters as well as representation complexity; iii) pro-
viding principled ways to balance exploration and exploitation; iv) allowing encoding
expert knowledge and prior information for efficient policy learning; v) applicabil-

ity for both batch and online learning settings; vi) applicability for centralized and
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decentralized decision making problems. In this chapter, we summarize the tech-
nologies developed in this thesis and discuss some of the open questions that are of

interest for future research.
7.1 Summary of Contributions

We started by presenting a nonparametric Bayesian framework, termed GPQ), for
approximate RL in MDPs. GPQ uses a Gaussian process model to approximate
the value function without using a planner. In addition to presenting the GPQ
framework, sufficient conditions for convergence of GP(Q to the best achievable op-
timal Q-function given the data (Q*) are presented in both the batch and online
setting, and it is shown that these properties hold even as new features are added
or less important features removed to maintain computational feasibility. Our work
also contributes to off-policy approximate RL in general, because unlike other re-
cent papers on off-policy RL with fixed-parameter linear function approximation,
our approach allows the basis functions to be automatically identified from data.
Furthermore, our condition for convergence reveals why in the batch case GPQ or
kernel base fitted Q-Iteration could lead to divergence in the worst case, and how
the divergence can be prevented by tuning a regularization-like parameter of the GP.
We designed a practical online implementation of this framework that makes use of a
recent budgeted online sparse GP inference algorithm. Our theoretical and empirical
results show off-policy RL using a GP provides provable convergence guarantees and
competitive learning speeds.

We then presented a novel online nested EM algorithm for learning the Region-
alized Policy Representation (RPR), a parametric policy for RL in POMDPs. The
online algorithm uses only the latest learning episode to update the policy value in
the outer-loop E-step and update the sufficient statistic in the inner-loop E-step, and
computes the improved policy in closed-form given the sufficient statistic. Our online
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RPR framework contributes to RL in POMDPs both theoretically and empirically.
In theory, i) the online RPR reduces both the time and memory complexity an or-
der of magnitude, in comparison with the corresponding batch-mode algorithm; ii)
under standard conditions on the learning rates, the online RPR provably converges
to a local optimal batch-mode policy when the number of learning episodes becomes
sufficiently large. Empirically, our study shows that: (i) the online RPR produces
policies as good as the batch-mode RPR, while using only a small fraction of the
time; (ii) the stochastic nature of the online learning algorithm can help it jump
out of local optima; (vi) the RPR can produce high-quality policies by using fewer
internal memory units than the U-tree; (v) the RPR has performance that improves
with the history length, and is a competitive reactive policy when the length is one.

We also discussed iRPR, a nonparametric generalization of the RPR to represent
the POMDP policy on an a priori unbounded set of decision states. This extension is
nontrivial, since we have to deal with particularly challenging issues, including policy
representation uncertainty, and exploration under variable sized policy representa-
tion. iRPR solves these issues and contributes to model-free RL in POMDPs from
three aspects: 1) a hybrid Gibbs-variational algorithm for inferring the parameters
of the policy graph and a posteriori number of decision states, to match policy com-
plexity dynamically to the experiences, while avoiding costly model comparisons; 2)
a principled way to balance exploration and exploitation while inferring the decision
states; 3) convergence analysis that guarantees that the iRPR performs exploration
with a rate commensurate with the difference from the optimal value.

We finally introduced a nonparametric Bayesian policy representation framework
based on a stick-breaking process, termed DEC-SBPR, which contributes to the
DEC-POMDP research from three aspects. This framework represents the first time
that BNPMs have been applied to RL in DEC-POMDPs. Secondly, it allows one to
solve infinite-horizon problems, and it is able to achieve comparable and better results
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to the state-of-the-art mode-free method, with the additional benefit of inferring the
number of nodes that are necessary for representing the optimal policy based on given
experiences. Thirdly, the problem of learning decentralized policies is formulated as
a Bayesian optimization problem, with a scalable inference algorithm developed.
Lastly, we address the issue of exploration under a decentralized setting, providing
a relation between the exploration rate and the difference from the optimal value.
In summary, we have developed efficient algorithms for model-free RL for cen-
tralized and decentralized decision making under uncertainty. This is accomplished
through BNPMs, online learning, and flexible policy representations. The results
demonstrate that our methods are able to solve large and realistic problems with
infinite horizons in a data-driven fashion, and yield high-quality policies. The in-
creased flexibility and scalability are instrumental for a broad range of applications.
Therefore, these contributions offer a set of new tools for intelligent systems to solve

problems that can be described by MDPs, POMDPs and DEC-POMDPs.

7.2 Future work

There are many intriguing open questions for applying BNPMs for RL and sequential
decision making under uncertainty, as well as many interesting applications involv-
ing BNPM-based planning and learning. We here discuss some of these issues and

applications.
7.2.1  Optimal exploration strategies for GPQ

For GPQ learning, we use the predictive variance of the GP @ value to control explo-
ration, and are able to achieve significantly better empirical results than e—greedy
exploration. We are able to demonstrate the convergence of the proposed algorithm.
However, there is an important question remaining to be answered, that is, whether

there exists a bound for the sample complexity for the proposed GPQ learning meth-
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ods. We omitted such a study in this thesis and argued that such a bound depends on
the topology of action-state space. Even though there are very few PAC-optimal RL
algorithms existing for continuous action-state space, recently Pazis and Parr [104]
proposed a model-free, PAC-optimal algorithm for exploration in continuous space,
called C-PAC. Under the assumptions that the QQ value is Lipschitz continuous and
the covering number for the action-state space is finite, the bound of sample com-
plexity of C-PAC is derived. It is foreseeable that the results of C-PAC might be
able to shed some light on studying the sample complexity of the GPQ learning

algorithm.
7.2.2  Temporal and spatial(state) abstraction and BNPMs

In this thesis, we only considered standard RL frameworks with one-step modeling of
the environment, that is the state trajectory is made up of discrete-time transitions
without modeling the actual time interval between any two adjacent decisions. There
is no notion of a course of actions persisting over a variable period of time. Moreover,
the algorithms are designed based on the pre-specified state/observation spaces, the
size of which can be too huge to handle in real problems. To accommodate large scale
and more realistic problems, besides developing scalable inference algorithms, it is
also necessary to abstract states and temporal actions by employing hierarchical state
space structures and macro actions. With the hierarchal models, planning, search,
and learning can be efficient, with less complex computation in higher(abstract)
levels and refined in lower level [103].

Temporal abstraction has been studied for MDPs [134] and POMDPs [141], and
has recently been extended to multi-agent settings [6]. However, there are very few
applications of BNPMs in these frameworks. In existing hierarchical modes, such as
hierarchies of abstract machines (HAM) [103] and hierarchical hidden Markov Model

(HHMM) [45], one has to set the number of abstract states and the level of hierarchy
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in advance; hence they are unable to handle model uncertainty in a principled way.

These existing issues provide further research opportunities, especially for the
application of BNPMs. Recently, there are Bayesian nonparametric extensions of
HHMM and Semi-HMM, such as iHHMM [55] and HDP-HSMM [60]. These models
are promising candidates to address the issue of state abstraction and temporal

abstraction, respectively; hence they are worth further research in the RL context.
7.2.8 Speed up BNPMs

Advanced BNPMs, such as iHHMM [55] and HDP-HSMM [60] generally rely on
MCMC methods for inference. While these methods are powerful in their capability
to capture complex structures in data without requiring explicit model selection, they
suffer practical shortcomings. In particularly, they are not ideal for use in contexts
where performing inference quickly and reliably on large volumes of streaming data
is crucial for timely decision making, such as autonomous robotic systems.

There are two main lines of research aiming to scale up the inference for BNPMs,
which are possible candidates for sequential decision-making problems. The first is
based on stochastic variational Bayesian (VB) inference [56], which combines the idea
of VB and stochastic gradient descent. That is, instead of putting all the data into
the memory and performing a batch update, stochastic VB processes one min-batch
at a time and updates the global parameters based on the linear combination of old
sufficient statistics and the sufficient statistics computed from the new data. Recent
research has mainly focused on streaming and distributed asynchronous settings [22]
and nonconjugate models [148].

The second thrust for accelerating BNPMs is based on the small variance asymp-
totic analysis. This method was first applied to the (Hierarchical) Dirichlet Processes
(HDPs) mixture model [70]. By using small variance asymptotic for Gibbs samplers,

it is able to derive an optimization algorithm similar to that of k-means like algorithm,
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which enjoys both fast speed and convergence guarantee. It was later generalized to
exponential family DP mixture models [59], Beta processes (BPs) [23], dependent
Dirichlet processes (DDPs) [27], as well as hidden Markov models (HMMs) [119].
Being able to adapt these inference algorithms for complex BNPMs, such as
iHHMM [55] and HDP-HSMM [60], will further scale up current reinforcement learn-
ing methods, for more realistic sequential decision models. Therefore, speeding up

BNPMs is considered an important direction for future research.
7.2.4  Unified view of Model-free RL for (DEC)-POMDZPs

We have focused on employing FSC-type of graphical models for representing the
policies of (DEC-)POMDPs and employing variational Bayesian (VB) methods for
inference. However, the VB algorithm is prone to local optima. Moreover, because
of the involvement of hidden variables, the theoretical properties such as sample
complexity and convergence rate are difficult to analyze. As it was shown by the
experimental results in Chapter 4, it is not necessary to memorize all the history
for good decision making; we only need to remember those core histories. This ob-
servation motivates us to look at an alternative representation of (DEC-)POMDPs:
predictive state representations (PSRs) [78]. PSRs represent the state of a dynamic
system by tracking occurrence probabilities of a set of future observable event (called
tests or characteristic events) conditioned on past observable events (core histories
or indicative events), and has been shown to have the same representation power
as (DEC-)POMDPs. It has been shown that PSRs can be used to represent po-
lices instead of environment dynamics by switching the roles of actions and obser-
vation [153, 19]. Moreover, efficient spectral methods [18] have been developed to
learn PSRs with statistical consistency and avoidance of local optima. It might be
interesting to combine these two ideas together and provide theoretically more sound

model-free RL for (DEC-)POMDPs in the future.
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7.2.5  Domains with continuous states, observations and actions

We have focused on solving the (DEC)-POMDP with finite states, observations and
observations. Because the underlying state space is not directly related to policy
representation, it is possible to extend FSC-type graphical models to accommodate
policy representations for domains that involve continuous states and actions. A
naive approach would be to quantize the action-observation space into a finite number
of bins and apply the method developed in this thesis. More advanced approaches
would allow the continuous actions to be represented by parametric or nonparametric
functions specified through the local policy, and allow continuous observations to be
clustered into finite groups. Therefore, it is foreseeable that BNPMs would play
an important role in more realistic problems, that involve uncountable actions and

observations.
7.2.6  Transfer Learning

We only considered single-task RL. However, in their lifetime, autonomous agents
may be required to perform a series of different tasks. In order to accelerate the speed
of learning the optimal policies for several different tasks, and to avoid learning from
scratch every time a different task is encountered, it is important that knowledge
gained from past experiences is transferred and exploited by the agents. A large
body of transfer learning (TL) methods have been developed in the machine learning
community in the last few decade; an excellent survey is available in [99]. However,
designing effective TL algorithm for RL tasks is still a growing research area [137].
Furthermore, in recent years, TL research is gaining significant interest, as it promises
to markedly reduce the samples and time required to obtain feasible RL solutions.
Particularly, under the advocacy of lifelong learning [142], TL not only accelerates
the learning speed for solving similar tasks, but also helps the agents to identify new

tasks automatically. BNPMs allow autonomous transfer by allowing the clustering
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of different tasks according to their shared features (in reward function, dynamics
or value function). Furthermore, BNPMs are flexible in that they are capable of
identifying and clustering previously unseen tasks. Therefore, several authors have
explored BNPs for solving TL problems in RL, especially for a class of TL problems
called multi-task reinforcement learning (MTRL). In the future, it is of interest to
further develop BNPM-based RL TL algorithms, such as those described by [80], that
facilitate autonomous transfer by updating and transferring features, identifying new

tasks, and removing old irrelevant tasks.
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