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Abstract

We prove maximum norm regularity properties of L-stable finite difference methods
for linear-second order parabolic equations with coefficients independent of time,
valid for large time steps. These results are almost sharp; the regularity property
for first differences of the numerical solution is of the same form as that of the
continuous problem, and the regularity property for second differences is the same
as the continuous problem except for logarithmic factors. This generalizes results
proved by Beale valid for the constant-coefficient diffusion equation, and is in the
spirit of work by Aronson, Widlund and Thomeé.

To prove maximum norm regularity properties for the homogeneous problem,
we introduce a semi-discrete problem (discrete in space, continuous in time). We
estimate the semi-discrete evolution operator and its spatial differences on a sec-
tor of the complex plan by constructing a fundamental solution. The semidiscrete
fundamental solution is obtained from the fundamental solution to the frozen coeffi-
cient problem by adding a correction term found through an iterative process. From
the bounds obtained on the evolution operator and its spatial differences, we find
bounds on the resolvent of the discrete elliptic operator and its differences through
the Laplace transform representation of the resolvent. Using the resolvent estimates
and the assumed stability properties of the time-stepping method in the Cauchy in-
tegral representation of the fully discrete solution operator yields the homogeneous

regularity result.
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Maximum norm regularity results for the inhomogeneous problem follow from the
homogeneous results using Duhamel’s principle. The results for the inhomogeneous
problem imply that when the time step is taken proportional to the grid spacing, the
rate of convergence of the numerical solution and its differences is controlled by the
maximum norm of the local truncation error.

As an application of the theory, we prove almost sharp maximum norm resolvent
estimates for divergence form elliptic operators on spatially periodic grid functions.
Such operators are invertible, with inverses and their first differences bounded in
maximum norm, uniformly in the grid spacing. Second differences of the inverse

operator are bounded except for logarithmic factors.
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Introduction

Parabolic partial differential equations possess the characteristic property that solu-
tions to the Cauchy problem exhibit greater spatial regularity than the initial data

in LP or Sobolev norms. For instance, solutions to the linear parabolic problem
u = Au (1.1)

u(z,0) = ug(x) (1.2)

on R? x [0, T) satisfy regularity estimates such as

1D u(, o ey < Crt™ V2 ol | g ey, 1 <2 (1.3)

when A is a second-order uniformly elliptic operator with smooth bounded coeffi-

cients and continuous ug. Likewise, for the inhomogeneous problem
u = Au+ f (1.4)

u(z,0) =0 (1.5)

with Holder continuous f, we have

1Dl sy < Cr sup || Dl ey 1] <2 (1.6



It is desirable that numerical methods for solving parabolic problems reflect such
qualitative behavior, particularly in strong norms such as the maximum norm, which
give control over the exact solution by truncation errors. Unfortunately, explicit finite
difference methods require that the time step k and spatial grid spacing h satisfy
k = ch? for some fixed constant c, a significant constraint for practical computation.
With implicit methods, it is often possible to allow large time steps, such as k = ch,
and it is profitable to know if any regularity properties are retained. Farly work
on maximum norm estimates was done by Aronson (1963) and Widlund (1966),
who proved stability and regularity properties under the small time step restriction
k = ch®.

In this dissertation, we show that certain implicit L-stable methods possess al-
most sharp maximum norm discrete regularity properties similar to (1.3) and (1.6),
valid for large time steps. We derive discrete regularity estimates analogous to the
continuous case for first spatial differences, and for second spatial differences with
the exception of a logh factor. Our results extend those that Beale (2009) proved
for the constant-coefficient diffusion equation to a more general class of parabolic
equations with time-independent coefficients.

From the inhomogeneous regularity theorem, we derive a convergence result for
the inhomogeneous problem. For a sufficiently smooth solution to the exact problem,
the rate of convergence of the solution and its first differences is controlled by the
maximum norm of the local truncation error. The rate of convergence of second
differences is also controlled by the maximum norm of the local truncation error, but
contains logarithmic factors in the rate of convergence. As a consequence, if the local
truncation error of the scheme is O(h?+k?), and k = ch, then the rate of convergence
of the numerical solution and its first difference to the true solution and its derivative
is O(h?), and the rate of convergence of second differences is O(h?|log h|?).

Beale (2009) showed that the class of time-stepping methods that satisfy the
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hypotheses of our regularity theorems include second-order methods such as the
modified form of Crank-Nicolson due to Twizell et al. (1996), known as TGA, a
second-order singly diagonally implicit Runge-Kutta method (SDIRK?2), as well as
the well-known first-order implicit Euler method. Our results also apply to multi-step
methods, including the second-order backward difference formula (BDF2).

We examine the problem of obtaining maximum norm discrete regularity proper-
ties from the perspective of analytic semigroup theory, influenced by the approach to
semi-discrete finite element problems taken by Thomée (2006). Our argument pro-
ceeds in three stages. We begin by introducing the semi-discrete problem (discrete

in space, continuous in time)

uy = Apu (1.7)

by replacing the elliptic spatial operator by an elliptic difference operator that de-
pends upon the grid spacing h as a parameter. We construct a solution to the
semi-discrete problem to obtain maximum norm bounds on D] e valid for com-
plex t in a wedge about the real axis. In the second stage of our argument, we use
analytic semigroup theory to transform our maximum norm bounds on the evolution
operator into maximum norm bounds on spatial differences of the resolvent operator
(z — Ap)~L. In the final stage, we use the resolvent estimates in conjunction with
the L-stability assumption on the time-stepping method to obtain maximum norm
regularity bounds on the fully discrete solution.

To find maximum norm bounds on D] e for complex ¢ in a sector about the real
axis, we solve the semi-discrete problem by constructing a semi-discrete fundamental
solution. The fundamental solution is obtained through a parametrix construction.
Aronson (1963) and Widlund (1966) used a fully discrete parametrix construction
for proving stability of difference methods for parabolic systems with small time

steps. Friedman (1964) provides a valuable introduction to the technique for the



exact problem. Our semi-discrete version of the parametrix requires some additional
subtlety due to its incorporation of complex time.

In the parametrix construction, the fundamental solution I'j, of the semi-discrete
problem is expressed as the sum of the fundamental solution G}, of the frozen coef-
ficient problem and a correction term ®;,. Because GG}, solves a constant-coefficient
problem, we can estimate G), by examining its Fourier transform. Deforming the
contour of integration for the inverse transform into the complex plane allows us to
find pointwise bounds on G} and its spatial differences. This technique can be used
to show that G), exhibits exponential decay like exp(—|z|/\/]t]). (We might expect
exponential decay like e 1#*/t in analogy with the heat kernel, but in Appendix B
we explain why this cannot be obtained.)

The correction term ®; must satisfy an integral equation involving Gj,. The inte-
gral equation for @, can be solved by an infinite series expansion. Each term of the
series has a bound less singular for small time than its predecessor. The first finitely
many terms of the series may have bounds that are singular in time, although each is
less singular than the bound for GG;,. The remainder of the terms in the series exhibit
increasing temporal regularity, and possess rapidly decaying coefficients. Every term
in the expansion exhibits a uniform rate of decay in exp(—|z|/+/]t]). These facts en-
able us to show that the series for ®;, converges, and has better temporal regularity
than G},

The pointwise bounds on G}, and @, lead directly to pointwise bounds on D]T',.
These are easily leveraged to find maximum norm bounds on D} e’

Adapting Beale’s approach in Beale (2009) for the second part of our argument, a
technique from analytic semigroup theory now allows us to obtain maximum resolvent

estimates through the Laplace transform representation of the resolvent:

Di(z— Ayt = / e DYe M dt.
0
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For this step, it is critical that our estimates on D} e“#! be valid on a wedge containing
the positive real axis so that we can extend our resolvent estimates to a large enough
portion of the complex plane.

With maximum norm estimates on D} (z — A;)~! in hand, we are finally able to
examine the regularity of fully discrete schemes. The simplest time-stepping method
for which our regularity result holds for the homogeneous equation is the familiar
L-stable implicit Euler method. For the implicit Euler method with time step k, we

approximate the solution of the ODE

Y= Ay

at time nk by
yn — (1 . k)\)flynfl

= s(k)\)ynfl,

where s(kX) = (1 — kX)7! is the time-stepping function. In a similar fashion, we
approximate the solution to the exact problem (1.3) by
u" = s(kAp)"u’.

More generally, for a multi-step method, we have operators s,(kAy) for which

u" = s, (kAp)u’.

For L-stable methods we can write the operator s, (kAy) or its spatial differences

as a contour integral:

DYs(kA) = / 5u(2)D] (= — kAp) ' d

T

for I' a contour originating at e~®oo and ending at e®oo, for 6y € (7/2, ), en-
closing the spectrum of Aj,. Using our maximum norm resolvent estimates in this
representation of the fully discrete solution gives regularity results for the fully dis-

crete problem.



The maximum norm fully discrete regularity results for the inhomogeneous prob-
lem and the resolvent estimates on the elliptic operator can then be used to obtain
regularity results for the inhomogeneous problem.

As an application, we derive improved maximum norm resolvent estimates for
discrete divergence form elliptic operators on the space of periodic grid functions of
mean value zero. The results in this section apply to the popular second-order ac-
curate discretization for mixed derivatives found in Samarskii (2001). By restricting
our attention to periodic grid functions of mean value zero, we ensure that the elliptic
operators are invertible. For such an elliptic operator Ay, we show that (A;)~! and
Dy (Ap)~! have maximum norm uniformly bounded in h, and second differences of
(Ap)~! are uniformly bounded except for logarithmic factors.

The key to discovering these maximum norm estimates is to write

DI (A" = /0 Dyednt

1 e’}
= / Dyert dt + / D) ent dt
0 1

and estimate each term separately. The first integral can be handled by our previous
semi-discrete results. The second integral requires more care. We show that the

maximum norm of D)eA# is controlled by the H™ norm of AZZ/ ZeAnt

, which decays
exponentially. This requires adapting the semigroup theory of Renardy and Rogers
(2004) and the elliptic regularity of Evans (1998). More sophisticated discrete elliptic
regularity results have been shown by Thomée and Westergren (1968), Shreve (1973)
and Bondesson (1973) for operators with smooth coefficients on bounded domains.
Our assumption of periodic data with mean value zero simplifies the regularity theory
here significantly, allowing us to reduce the regularity of the coefficients.

To obtain the elliptic resolvent estimates, we make use of the discrete Poincaré

inequality and discrete Sobolev inequality. The discrete Poincaré inequality (also
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known in the literature as Wirtinger’s inequality) first appeared in Schoenberg (1950).
The discrete Sobolev inequality was proved originally by Sobolev (1940), and is stated
in Shreve (1973).

In Chapter 2, we state preliminaries and present our main results. In Chapter 3
we discuss the semi-discrete problem. It is here that we construct the fundamental
solution and prove the maximum norm regularity of the semi-discrete evolution op-
erator. In the first section of Chapter 4, we use the results of Chapter 3 to obtain
maximum norm resolvent estimates on discrete elliptic operator. In the second sec-
tion of Chapter 4, we apply our resolvent estimates to obtain fully discrete maximum
norm regularity results. In Chapter 5 we apply the theory to obtain almost sharp
maximum norm resolvent estimates for divergence form discrete elliptic operators on
periodic grids. In Chapter 6 we present experimental numerical results confirming
the main results of Chapter 2, and compare the superior regularity properties of
certain L-stable methods with the weaker regularity of the Crank-Nicolson method.
Appendix A is the proof of the convergence result. In Appendix B, we explain the

decay property of the semi-discrete fundamental solution.



2

Preliminaries and Parabolic Regularity Results

We state maximum norm regularity properties of L-stable implicit finite difference
schemes valid for large time steps for second-order parabolic equations with time-
independent coefficients posed on R? x [0,00). We are interested finite difference

methods for the Cauchy problem

=Au—+f

A= Zaﬂ aal+Zb )0; + co() (2.1)

u(z,0) = up(x).
Here the operator A satisfies the uniform ellipticity condition

3 an(@)éié > colél (2.2)

gl

for all ¢ € R?, with ¢y independent of . Furthermore, the coefficients a;;, b; and ¢

must be uniformly bounded and uniformly Hélder continuous.



2.1 Preliminaries

The discretized problem will be posed on the spatial grids
R = hZ' = {x =jh:j € 2}, (2.3)

where 0 < h < 1 is the grid spacing. We define the Banach space L>(R{):

L>®(RY) = {u(x) :sup |u(z)| < oo} (2.4)

d
z€RYG

where u(x) is a complex-valued function defined on R{. The norm for L>(R¢) is
given by

[lull oo gy = sup ()], (2:5)
h

d
z€RY

We will suppress the subscript when there is no ambiguity. For an operator L with

domain and range RY, we define the norm

L
L) = sup LE2l (26)
20 el
x#0

We need a discrete Fourier transform in order to express the ellipticity require-
ment for discrete operators. The discrete Fourier transform f of the grid function f

is defined as

FO) =" fla)e=ne/t, (2.7)

d
z€RY

The inverse transform is then given by

flz) = (2r)™? / f(&)ei<me/ de. (2.8)

[—m,7]d
The symbol of a difference operator is obtained by replacing the shift operator u(x) —
u(x + Bh) by €<F¢>. For instance, the symbol of D;-“, the forward difference in the
z; direction, is (e’ — 1)/h. For a multi-index v, we define the difference operator
D] = (Df)™---(DJ)". We denote the symbol of D} by l/)z

9



2.2 Parabolic Regularity Results

We select a consistent discretization A, of A given by
Ay =Y ajo(x,h)S;DIDF +Y by, (2, h)STD] + ch, (2,h)ST (2.9)
jlo jo
where h € (0, 1] is the grid spacing, = € R¢ are grid points, ¢ lies in a finite subset of
7%, and @i, bj - and ¢, are real-valued functions defined for all x and 0 < h < 1. The
coefficients a;; », b, and ¢, must be uniformly bounded and must satisfy a uniform
Holder continuity condition such as

|ajl,a(xu h) - ajl,cf(y7 h>| S Cll‘ - y|a7 (210)

with C independent of h. We define the shift operators S7 = (S]7)7* - - - (S )¢, where
Sfu = u(x + he;) is the forward shift operator in the x; coordinate direction, and
(S))"u(z) = Sju(x) = u(x — he;) is the backward shift operator in the z; direction.
We note that the coefficients a;; ,(x, h) appearing in the discretization (2.9) do not
have to be the same as the coefficients a;;(z) appearing in (2.1).

For each fixed y, we define the principal symbol p,(y, &) to be the symbol associ-

ated with the difference operator

Z ajl,a(ya h)SliDj_Dl—i_

jlo
We require that pp(y, &) satisfy the uniform ellipticity condition

Re {h°pi(y,€)} < —cl¢f? (2.11)

with constant ¢ independent of y and h. For completeness, we also define the full
symbol Py (y,&) to be the symbol associated with A, (y). Hereafter, A; operates on
the x variable alone of a function of x and y, regarding the y variable as fixed.

The discretizations permitted by (2.9) range from the simple discretization

Zaﬂ )D; Dy +Zb )DY + c(x)

10



to the divergence form discretization appearing in (5.6), provided the a;; are at least
Ctte,

We note that the ellipticity condition here is stronger than the uniform ellipticity
condition for the exact problem, as not all consistent discretizations satisfy it. For
instance, if we were to replace each derivative in the exact problem by a centered
difference, the resulting scheme would fail to satisfy (2.11) as the principal symbol
would be zero for the non-zero vector me;. However, as we will show in Chapter 5, if
we replace 0; by Dj and 0, by D, , the resulting scheme does satisfy (2.11).

The time discretization with time step k and u™ = (-, nk) is implemented by

u" = s, (kAp)u’ (2.12)

where s, (kM) is the time-stepping function for solving numerically the ordinary dif-
ferential equation y; = Ay. For some constant kg, when 0 < k < kj, we have that
sn(kAp) is well-defined as a bounded operator on L>(R¢). For single step methods,
we can write s, (kAp) = s(kAp)".

We restrict our attention to the class of A-stable and L-stable time-stepping
methods, i.e.

lsn(2)] <1, Sp(00) =0 (2.13)

on the left half-plane. We require that there exist a disk By about the origin on
which

I50(2)] < Col(1 + col )™ (2.14)

Furthermore, for each ¢’ > 0, we must have an estimate of the form

lsn(2)] < CL(1+cqlz])™" (2.15)

for some positive constants p, C7 and ¢;, with constants depending on ¢’, for all
z € X, where

Yo ={z=21+1i2:2 <0,2 < ||}, (2.16)

11



Theorem 1. Under the assumptions (2.13)-(2.15) on s, there exist a constant ko
and constants Cy, C1, Cy and Cs, independent of 0 < h < 1 and 0 < k < ky, for
which

[0 (kAR)|| < Cre™™ (2.17)
1D} 50 (kA)||, < Ca(nk)™2eComk |y =1 (2.18)

1Dhsn (kAW < Cs(nk)™ (1 + [log A + [lognk)e™™,  |y|=2.  (2.19)

A large portion of this dissertation is the proof of Theorem 1.
From Theorem 1, we can deduce the following result, the proof of which is a

simple modification of the proof of Theorem 1.2 in Beale (2009):

Theorem 2. For the choice of single-step method time-stepping function s satisfying

the constraints in (2.13)-(2.15), if the problem
up = Apu+ f (2.20)

u(z,0) =0 (2.21)
18 approximated by

u = s(kAU" + kY qi(kAp) (L — ik Ay) 7 f (- nk + Tik) (2.22)

i=1
where k = ch for some ¢ > 0, n; > 0 and 7; are fixed numbers and q; s an analytic
function on s for which q;(kAy) is bounded in norm on L>®(RY) independently of

h and k for k sufficiently small, then for 0 < nk < T we have

|[u"]| o < Cosup||f(-, 1)l (2.23)
t<T
[[Dyu”| < Crsup||f(- 1) v =1 (2.24)
t<T
|D)u"|| . < Co(1+ |log h|2)§g:13||f(-,t)lloo7 Iyl = 2. (2.25)

for constants Cy, Cy and Cy depending on ¢ and T but not on h or n.

12



This result may also be extended to multi-step methods. See Beale (2009) for

the extension to BDF2.
2.3 Parabolic Convergence Result

As an application of Theorem 2, we derive a convergence result for the inhomogeneous
problem.

We suppose that U is a classical solution to

w = Au+ f

A= "au(x)0;0+ Y _bi(x)d; + (=) (2.26)

u(z,0) = up(x)

for continuous ug.

We examine discrete schemes consistent with (2.26) given by the discretization

u"tt = s(kAp)u" +k Z ¢i(kAR)(1 — mkAh)_lf(w nk + k) (2.27)

i=1

UOZUO

for a rational time-stepping function s(z) = ¢(z)/r(z) and rational ¢;. We require
that ¢;(kAp) be bounded independently of h and k for k sufficiently small. We also
require that s be L-stable, so that s(oco) = 0 implies that the degree of r must be
strictly greater than that of ¢. The consistency of the scheme enables us to take the
polynomials ¢(z),7(z) =1+ O(2) as z — 0.

To state our convergence result, we must define the local truncation error of the
scheme. To do this, we re-express the scheme in a form that directly approximates
the exact equation.

Multiplying the scheme by r(kAy), we may rewrite it as

r(kA U = q(kAp)u™ + k Z ¢ (kAL f(-, nk + Tik)
i=1

13



for rational functions functions ¢}(z) = r(2)g(2)(1 — n;2)~'. Using the fact that
q(z),7(z) =1+ O(z) as z — 0, we may rewrite the scheme as

u" T — " = (1 —r(kA)) " + (q(kA) — Du™ + k Zm: ¢ (KAL) (-, nk + k)

=1

for polynomials 1 — r(z) and ¢(z) — 1 having no constant term. Dividing by & yields

a scheme in the classical formulation

m

= A"+ gl(kAR) f (- nk + Tik), (2.28)

=1

n+1 n

u —Uu

k
where A, (u"™ u™) = k71 (1 — r(kAp))u™™ + k71 (q(kAy) — 1)u™ discretizes A, and
Yo qi(kAp) f(-,nk + 7;k) discretizes f. For conditions on the functions g; that
guarantee consistency and a procedure for generating ¢; for practical computation,
see Chapter 8 of Thomée (2006).

Having re-expressed the scheme in (2.28), the local truncation error 7T is defined

in the standard way as the quantity satisfying

Un+1 —_yn m
—= AU UM 4 qi(k A F(onk + k) + T (2.29)
=1

The total error &£ is defined by
EN=U"—u". (2.30)

Starting from (2.29) and reversing the steps used to obtain (2.28) from (2.27) enables

us to write

U = (kAU + k> (kAR (1 = ik An) " f (-, ks + 7:k) (2:31)

i=1

+ kQ(kAR) (1 — nk Ayt T

for Q(z) = (1 —nz)/r(z) with n a positive constant. Q(kAp) is uniformly bounded
in A and k for k sufficiently small as the degree of r is at least one and r has no roots
in the left half-plane.

14



We can now state our convergence result, the proof of which appears in
Appendix A. Although this result requires the more restrictive hypothesis that s be

a rational function, the theorem still applies to implicit Euler, TGA, and SDIRK2.

Theorem 3. Suppose U is a classical solution to (2.26) and u" is the numerical
solution at time step n given by the L-stable scheme in (2.27) for rational s with
k = ch. If € is the total error and T 1is the local truncation error, then, on any finite

interval [0,T], we have:

1€]1, < Co sup T8l (2.32)
t<T
D3N, < Cusup[TC Dl hl=1 (2:33)
t<T
IDREIL < Co (1 + | oght) swp T, 0l hl=2 (239

with constants depending on ¢ and T, but not on h or n for k sufficiently small.

15



3

The Semi-Discrete Problem

3.1 The Semi-Discrete Problem and its Fundamental Solution

To bound D) e as an operator on L>(R¢), we introduce the semi-discrete problem.

The semi-discrete initial value problem for a grid function u is given by
L A 0 0 (3.1)
u = —_ — u = .
h hT oy
u(z,0) = ug(x)

for Aj, in (2.9).

For simplicity of exposition, in this chapter we suppose that

Ap =) aj() ]l+Zb () D} + (), (3.2)

where D7 is a consistent discretization of 0;0; and Dj is a consistent discretization

of 9;. We may express Djz.l and Djl- as finite sums of shift operators:

Du=h" Z wou(x + oh) (3.3)
Dju = ht Z weu(x + oh) (3.4)

16



for o in a finite subset of Z%. The proofs for general A, as defined in (2.9) are
straightforward modifications of those presented in this chapter.

For each h, Aj, is a bounded operator on L>®(R¢) (whose bound depends on h),
so that e?r? is well-defined as a bounded operator for t € C. We find that e?»? is
more well-behaved and, along with its spatial differences, can be bounded uniformly

in h.

Theorem 4. There exists a constant M > 0 and constants C' and p, depending on

M but not on h, for which

DR ey < ClITMI2e, ] < 2 (3.5)
h
for all t in the wedge

Furthermore, if the principal symbol of the difference scheme is real whenever & is

real, M may be taken to be any positive real number.

To prove Theorem 4, we construct a fundamental solution I',(z,¢;y) for (3.1)
satisfying

9,
LhFh - (Ah - a) Fh - O (t € TM)

where z,y € RY are grid points, and

5xy:{1 =y (3.8)
0 z#y

For such a fundamental solution, the solution of (3.1) may be written

u(z,t) = th(x,t;x*)uo(x*). (3.9)
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The construction of I';(x, t;y) is in the spirit of Levi’s parametrix. In the parametrix
construction, the fundamental solution is realized as a correction applied to the
fundamental solution of the constant-coefficient problem obtained by freezing the
coefficients of Lj at the grid point y. The frozen coefficient problem with coefficients

held constant at y is
w = An(y)u (3.10)

u(z,0) = ug(x).

Associated with the frozen coefficient problem is its fundamental solution Gy (z,t;y)

satisfying
Gh(z,0;y) = 020 (3.11)
0

for which the solution u(z,t) to (3.10) can be expressed by

u(z,t) = Z Gr(r — o, 6 y)up (). (3.13)
We now build I'y(x,t;y) as a perturbation of Gy, writing

t
0

Cu(x, t;y) = Gp(z — y, t;y) ‘1”/

Z Gh(x — xy,t — s;2,)Pp(xs, s39) | ds, (3.14)
which expresses I as the sum of the solution of the frozen coefficient problem and

a corrective term depending on a function ®p(x,t;y), to be determined. From the

requirement that L', = 0in (3.7) we can derive an integral equation for ®,(x,¢;y).
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We have that
0=L,I',

= LpGr(z —y, tiy) + (Ah - —) / ZGh — @yt = 8;2,)Pp (24, 577) ds

= L,Gr(z —y, t;y) / ZAhGh = Tyt = 5;2,)Pp(w, 55 y) ds

/ Z atGh — Ty, t — 5;2,)Pp (24, 57 y) ds
= LpGr(z —y, t;y) — Opn(z, t5y)

t
+/ > LnGh(w — a,t — 5:2,) @y (s, 55 y) ds.
0 Tk

In the final step of the computation we have used the fact that G, (z — z,,0;x,) =

0z,z,. This yields the integral equation for ®:

Pp(2,t;y) = LuGr(z — vy, t;y) / ZLhGh — T, t = 5;2,)Pu(ws, 559) | ds.

(3.15)
We can solve (3.15) by seeking @ (z,t;y) in the form
w(z,t;y) Z @ (x,t;y), (3.16)
where
o (x,t;y) = LyGulz — y,t;y) (3.17)
and
<I>§l )(.7} t;y) / ZCD — 55 x*)<I)( )(x*,s;y) ds. (3.18)

To establish the existence of @, we require pointwise bounds on <I>(m)
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3.2 The Frozen Coefficient Fundamental Solution

As the construction and estimation of ®; depends heavily on the frozen coefficient
fundamental solution, we turn our attention to G5, next. It is profitable to examine
G}, through the Fourier transform, where we can exploit the analyticity properties
of the symbol to find spatial decay.

We begin with a bound on the symbol of Ay (y).

Theorem 5. Let 0 < B < 1. There exists a positive constant M and constants ¢, k
and w depending on M and B, but not on h or vy, for which

It
h2

1tl

+ K181

Re {Pu(y,€ +iB)t} < —cl¢/? +wlt] (3.19)

for all (€ +1iB) € S, allt € Ty and all grid points y, where
Sp={(+1i8) e C*: || < 7,|8;| < B} . (3.20)

Furthermore, if pp(y,&) is real whenever £ is real, M > 0 may be taken arbitrarily

large.

Proof. We first consider the principal symbol py(y,& + i) of Ax(y). Multiplying
by h?, the function h’py(y,& + i) is analytic on Sp and bounded in magnitude

independent of 0 < i < 1. The real part of h?p,(y, £ + i8)t is given by
Re {thh(y,ﬁ + l@)t} =

= (Re {P’pu(y, £ +iB)}) t1 — (Im {P°py(y, & +iB)}) to. (3.21)

2

We denote the symbol of D} by D?. As h*>D? is a polynomial in e ¢

+i
517 we

can extend it to an entire function of §; + i8; and & + ;. We write the Taylor

expansion for h?D%:

B2DA(E + B &+ iB) = S cul& +iB) (& +iB)". (3.22)
w,veN
Htv>2
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As l/)?z is consistent with 0;0;, the first coefficient, ¢; 1, in the Taylor expansion must
be —1. If we expand the products, we may separate the resulting terms into three
categories: terms containing only powers of §; and &, terms containing only powers
of B; and f3;, and the remaining cross terms. As we are restricting our attention to
the compact set Sp and each cross term contains at least one component of ¢ and one
component of 3, the cross terms have sum of magnitude at most O(|£||3|). Likewise,
as the terms containing only powers of # have at minimum two factors of 3, their

sum has magnitude at most O(|3]?) on Sp. Thus, we may write

BEDA(E + B & +if) = | Y ewl&) (&) | + OB + 018

v EN
ptv>2

= n2D%(&, &) + O(]18]) + O(82).

Substituting this into the formula for p,(y, £ + i), we have

Wpi(y,€ +iB) = h? (Z aji(y fméz)) +0([¢l18]) + O(I8P) (3.23)

= h*pu(y, €) + O(I¢]18]) + O(IBI*)-

This bound may be taken independent of y as the aj are uniformly bounded.

Using the uniform ellipticity hypothesis on the first term, we have
Re {I*pu(y, € +iB)} < —clé* + O(€]1]) + O(|8[).

For each ¢ > (0 we may bound the O(|¢]|3|) term by €[£|* + Cc|3]>. By choosing

e sufficiently small we find

Re {h’py(y.§ +1iB)} < —c'¢|* + x|B|”

for some positive constants ¢’ and k.
For the imaginary part of p,(y, & + i), we use the elementary bound
[t {A°pn(y, € +iB)}| < C (I€]* + 18]) -
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Therefore, for t € Ty, we have that
Re {P?pu(y, & +iB)t} = (Re {h*pu(y, € +iB)}) tr — (Im {A*pu(y, € +if)}) |ta

(=CI€P + IB1) tr + C (I€17 + 181%) |t

< —C|EPPt + K|B)Pt + CM [Pt + CM|B)*t. (3.24)

IN

If we take M so that CM < ¢, then we have, for some constants ¢ and «':

Re {h*pu(y, & +iB)t} < —"|E]t + K| Bt

Dividing through by h? and using the fact that (1 4+ M?)~1/2|t| < t; < |t| on Ty, we
discover

,,|€!2 ,I5\2

Re {pn(y,§ +ip)t} < 7 [t + A =5 [t (3.25)

We now turn to the full symbol. From the elementary bound

& 18
<o(B8 B,

we have for each € > 0:

2 2
B,

S by(y) D!+ cy)| <

J

Consequently,
NTI !£|2 |ﬁ\2
e E bj(y)D; + c(y) =5 |t + e[t + Celt]. (3.26)

Adding the bounds in (3.25) and (3.26) gives the result.
In the case where pp(y,€) is real whenever ¢ is real, (3.23) yields the improved
bound

i {12py(y. € +iB)}| < el¢|* + C|BP,
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as

Im {h?pn(y,€)} = 0.

This allows us to take M to be as large as we wish in (3.24) provided we first choose
e sufficiently small.

]

Theorem 6. For the box S in Theorem 5, there exists a constant C' independent

of h for which

o . el 18P
|Pr(z, & +18) — Pp(y, §{ +18)| < Clz — 9 + +1 (3.27)

B2 12
for all x,y € R} and all (£ + i) € S..

Proof. We estimate:

|Pr(z,§ +1iB) — Pu(y, § +iB)| =

D la(@) — ag()] D + 3 by(x) = b)) D] + le(x) — e(y)]

gl

2 2
< Clz —y|* (%+%>+C|x—y|“ (%’jL%)—i—C’]x—y]a

2 2
<ot (K 1)

using the uniform Holder continuity of the coefficients and elementary bounds on D]?l

and l/)\]l

O

In order to prove several pointwise bounds on the fundamental solution to the

frozen coefficient problem, we will need a short lemma.
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Lemma 7. Suppose

B; = sign{z; — y;} min {%, B} (3.28)

for some positive constants B and k. Then for some constants ¢ and C' depending

on B and k, we have

o~ <T=Y,8>/ht| B < Cede—ul/h It| < 2h? (3.29)
e~ <TuB> /RIS < Crpele=yl/ /il It| > K. (3.30)

Proof. Without loss of generality, suppose that the first £ components of 3 satisfy

|z —yilh .
N e B L I
ﬁj 2/€|t| ?.7 Y Y
and the last are given by
Bi=B,j=k+1,---,d
Then we have
k d
—<zr—yp> |'Ij_y] _B|xj_y]
= + (3.31)
7 2o 2

and

d
k| B |t] lz; — ;2P\ |t] xB?|t]
nz Z k AR2t]2 "2 + Z 12

j=1 j=k+1
k d
|z — y;l” KB|t|
= —_ —_— 3.32
2 il 2 i (3:32)
j=1 =k+1
b
However, in the second sum of the last line, we have that B < % so that
K
B h
B? < Blw; = yjlh and thus
25|

kB |t] < Blz; —yjl
hz — 2h .

(3.33)
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Using (3.33) in (3.32) gives us

| 2

d
sIBPIH _ §~ m— g Blz; — y;|
T S Z T 2 T
7j=1 Jj=k+1
Combining (3.31) with (3.32) yields the estimate
2

k d
—<z—y, B> kAP |25 — v Blz; — yjl
< N~ i T YE 2 — Yil
h P ST 4r]1] 2.~

j=1 j=k+1

Exponentiating, we find

t d
o~ <T—y.B>/htrlB < e~ X lwi—yil?/Anlt o= X5y Bla—yil/2h,

Applying the fact that e~ < C'e™" for r > 0 to the first factor on the right, we have

e~ <T B> MRIBP s < o= Shoa e —uil/VAV/IHD) o= i Blaiusl/2h,

and the result follows immediately.

]

We now examine the frozen coefficient fundamental solution Gp(z,t;y). Our
primary strategy will be to consider GGy, in the Fourier Transform. Analyticity of the
transform of (G}, enables us to employ contour deformation techniques from complex

analysis to exhibit exponential spatial decay in GY,.

Theorem 8. With M as in Theorem 5, for any multi-index vy, there exist constants

Ch, Cy and w for which

|D) Gz — y, t;y)| < O h~ e Cale=ul/hewlt] t| < 2h? (3.34)

|DYGh(z —y,t;y)| < CLR* |t|_d/2_‘7‘/26_02|z_y|/\/mew|t‘ : t| > h? (3.35)

forallz,y e R, 0 <h<1andt e Ty.

25



Proof. Writing G}, in the transform, we have

DYGala .t = |20 [ DR@en v e (330)

[_ﬂ-vﬂ]d

Using Cauchy’s integral formula and the periodicity of Py(y,& + i), in each
integral we may deform the contour of integration from the real axis to the segment

joining —m + i and 7 + i where || < B as in (5). This allows us to express

ID}Ga(a =t = |20 [ D€ + gl s e g,

[—7,m]d

We first assume that [t| < 2h%. We bound the difference operator by C'/hl and

use (3.19) to obtain

|D)Gp(x —y,t;y)| < O]~ erlBI2 [ /h? = <z—y,B>/h+wlt] / e—cle’ltl/n? de.
[—7r’7r]d
The integral is bounded by a constant, so that we have

1D} Gz — y, t;y)| < ChMesIBFI/ = <o=y,5>/hult]

The result follows by choosing 3; as in Lemma 7.

We proceed to the case [t| > h%. From the bound

|§|Iv| |5|I7I
Rl T hl7|>

D) (e +ip)| < C ( (3.37)

on the symbol of the difference operator and (3.19) applied in (3.36) we find that

vl vl
Y (o, RIBI2/h2 — <a—y,8> /h-tuwlt] 1B ejegeiayme
|‘DhC-}’h(‘r y? t) y)’ S Ce / ( hh‘ + h|,y| € dé

[_7T77r]d

(3.38)
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on the sector Ty guaranteed by (3.19). Making the change of variables & = £;+/[t|/h

and extending the integral over all of R? we have

|DZGh<I — oyt y)| < C€H|5|2|t\/h2*<$*y;5>/h+w|t\hdm*d/?X

g BN e
X/(mw/fr A

Rd

o]
< Chd|t|_d/2 ( + ’B| K ) en\6|2|t|/h2—<$—y,ﬂ>/h+w\t|.

|t|\v\/2 21kl

With the choice of 3; in Lemma 7, we find

1 o]
DG =y, y)] < ChYe| 2 (|t|7/2 + _|§||7| ) ecle=ul/ I+l

|z —ylh

As our choice of # has each component bounded by 2—’75|
K

, we are guaranteed that

L
Rl — |t|\7\

Using this fact, factoring and absorbing constants leads us to find

]
D) Gz —y, ;)| < CRA =2 [e| P12 [ 1+ (m—ﬁ> e—clo—ul/V/lt+elt],

Employing the fact that

rFeer < C’e,ke_(c_e)r, r>0 (3.39)

for real-valued functions and exploiting the scaling in |x —y|/+/|t| in the exponential

enables us to conclude

IDIG(x — y, t;y)| < Chije|~ /2~ 12=¢la=vl//ltl 1]
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Theorem 9. Let v be any multi-index for which |y| < 2. With M as in Theorem 5,
there exist constants Cy, Cy and w for which

DGz — y,t;91) — DIGh(x — y, t;y2)| < Crh™ My — yo|*x

% 6*02|5L“*2,l\/hew|1‘/|7 It < 2h2
(3.40)

1D} Gz —y,t;91) — DYGh( — y, 5 ya)| < CrheJt| =427 012|y) — ol x

w e~ Cale=yl/\/ltl gwlt] [t > h?
(3.41)

for all z,y,y1,y2 €ERE, 0 < h <1 and t € Ty;.
Proof. We again turn to the transform to obtain the estimate. We have that

|DLGr(x =y, ty1) — DGz — y, )| =

= (QW)—d / f)Z(é +1if) (eph(yhf"riﬁ)t _ ePh(y27£+i6)t) et <T=Y,E>/h—<z—y,5>/h d¢

[77r»77}d

=[(2m)? / DZ(f +1iB) (ePn(y1,£+i/3)t—Ph(y2,5+w)t _ 1) %

[—7,m]d

w ePn(y2,€+iB) pi<e—y,£>/h—<az—y,>/h dél.

We use (3.19), (3.37) and the fact that

le* — 1] < |z]e (3.42)

to find

|D)Gr(x —y,t;y1) — D) Grl(x — y, t;y2)| <

< Clom<e—uB>htwlB|2]t]/h ol / (|§||”| n |5|M> o

- hll hll

[77777T]d

X |Py(y1, € +iB) — Pylys, € + iB)] [t]elPrrE+iB)=Paly2 i)t o —elePIt/R* e
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We use the bound in Theorem 6 to obtain

|D)Gh(z —y,t;y1) — D) Grl(x — y, t;y9)| <

< Qe <T=y:B>/htr|B|t/h>+wli / <W + ALl Y1 — y2|* X

[—7T,7T]d

195 i Clyr—yal® (J612161/W2+{B121¢1 /h>+1t]) , ~cle[2 1t /h? g
X ?|t|—l—ﬁlt|—l—|t| e e £.

For small enough 6, with |y; — ya| < 4, we then find

Dy Gr(r —y,ty1) — DyGr(z — y, ty0)| <

< Cly; — y2|ae*<r*y,ﬁ>/h+n'\5|2|t‘/hz+w|t‘ y

2 2
% / (|€||7|+ + ’B||7‘+ + 1) |t|e—cl|5‘2‘t|/h2 df

hlvl+2 Rlvl+2

[—7r,7r}d

The remainder of the proof is similar to the proof of Theorem 8, continuing from
(3.38). The factor of |¢| is absorbed into the exponential, causing an increase in w.

For |y; — ya| > 4, the result is a straightforward consequence of Theorem 8.

O

Theorem 10. Let v be any multi-index for which |y| < 2. With M as in Theorem

5, there exist constants Cy, Cy and w for which
| DpGn(x1 =y, ty) = DyGr(ra —y, y)] <
< Cyh~ D gy — gy|eColea—vl/heelt] |t| < 2h? (3.43)
1D, Gr(21 =y, tiy) — D) Grlz2 —y, tiy)| <

< (thd|t|—d/2—|”/|/2—1/2|x1 _ x2|e—02|w2—yl/ It gt |t| > h? (3.44)

for all x1,x9,y € RY with |z — x| < /||, 0 < h <1 and t € Tyy.
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Proof. We write the difference in the transform, deform the contour of integration,

and factor the integrand to obtain

- '(%)d / DJ(¢+ip)x

[_va}d

% (ePh(y,§+i,3)t+’i<a:1—y,§+iﬁ>/h . ePh(y,f+iﬁ)t+i<ac2—y,§+iﬁ>/h) dg‘
~|en- [ Dyerin
[_va}d

% ePn(WE+iB)t+i<wa—y,&>/h—<wr—y,B>/h (ez‘<x1—x2,£+iﬂ>/h — 1) d{‘.

Using (3.42), we bound the factor

{€i<m1—m2,§+zﬂ>/h o 1| < |J;1 _ xﬂwexl_ml%

< |21 — ) (E}J N %) el —aa 21€21 2+l —aaf?162) W41

< C’xl - ZU2| (@ + @> eelml_m|2|§2|/h2+6\$1—r2|2|52|/h2.
h h
As |11 — 29| < \/[t] by hypothesis,

<RI < Oy — ] (E N @) SCIE /2 I8P /1
= hh

Combining this with (3.19) gives us
|D)Gr(z1 —y, t;y) — DyGr(az —y, i y)| <
< Clay — :CQ|67<x2*yyﬂ>/h+n’|f3\2|t|/h2+w|t\ %

EPHE BTN ez e
x / (hwl T ) © dé.

[_Wvﬂ—]d
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The remainder of the proof is similar to the proof of Theorem 8, continuing from
(3.38).
[

Theorem 11. With M as in Theorem b5, there exist constants Cy, Cy and w for

which
|LhGh(z — 5, t;y)| < O h~ 2= Coleyl/howlt] t| < 2h? (3.45)
|LiGr(x — y, t;y)| < CLhd|t| 42 1e/2e=Cole—yl/\/It gelt], t] > h?, (3.46)

forallz,y e RY, 0 < h<1andt e Ty.

Proof. Writing L,G(x — y,t;y) in the transform, we have

|LhGr(z —y, t;y)| = '(QW)d / (Pu(r,§ +iB) — Pu(y,§ +1i8)) %

[_7r77r}d

% ePh(y,£+z‘6)t+i<a:—y7§>/h—<I—y,/3>/h df’

By (3.19) and Theorem 6, we find

|LiGr(z —y, 4 y)| <

ca I 2 2 elel2
< Ol — yloe<rvB>/wlpl i / (E_L+ |i_2| +1) kP e

[_Wvﬁ]d

The remainder of the proof is similar to the proof of Theorem 8, continuing from
(3.38).
O

Theorem 12. With M as in Theorem 5, there exist constants Cy, Cy and w for
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which
[(LrGr)(x1 =y, 5y) — (LnGr)(22 — y, )| <
< CLh™ 2102 |3y — |/ (e’chxl’yVh + e’cﬂzz’yl/h) el t] < 2h* (3.47)
[(LnGn) (@1 =y, ty) — (LaGa) (22 — y, ty)| <
< Clhd‘t’_d/2_1+a/4‘$1 _ x2’a/2 <€—Czlx1—y|/\/m 4 e—Czlxz—yl/\/M> et It| > h?

(3.48)

for all z1, 29,y €RY, 0 < h <1 andt € Ty.
Proof. We treat the case |t| > h? explicitly. The case |t| < 2h? is handled similarly.
We begin by supposing |r; — 2| < \/|t|. We write out

LyGu(z1 —y,t;y) — LiGu(xe — y,ty) = Bo+ B + By

where

By = Z (&jl(fﬁ) - aﬂ(?/)) Djz'lGh(xl -y, ty)

gl

- Z (a(w2) — aju(y)) D3Gn(r2 — v, y)

e Z (@jl<x1) — CLﬂ(iE’Q)) D]zlGh(xl - Y, t; y)

gl

+Y (D3Gu(x1 — . tsy) — DAGh(z2 — y. ty)) (a(x2) — an(y))
il
—F +F

and B; and By are defined similarly for the lower-order discretizations. Here we
have re-arranged the terms so that our previous estimates are directly applicable.

We bound F; using the uniform Holder continuity of the aj and (3.35), giving us

|Fy| < Clay — ao|*hd|t| =2 Lo Calor—ul/V It gelt]

32



As |z1 — 23] < +/|t| by hypothesis, we have that |z; — 25|* < |21 — 25|*/2[t|*/4, which
gives us

|F1| < C|ZE1 . xg|°‘/2hd|t|_d/2_1+°‘/4e_c2|”“_y|/ |t|€w|t\'

We may bound F, using the uniform Hélder continuity of the aj; and (3.44),
yielding

|Fy| < Clay — y|*|wy — mo| W t|~Y?3/2e=Calea—vl/ VIt golt]

We can rewrite the above as

R <C <|x2 - 3/’) |t|o¢/2|x1 _ xz|hd|t|—d/2—3/2€—02|a:2—y|/ It] peolt]

VIt

The scaling in the exponent now gives us

|Fy| < Clay — xQ|hd|t|—d/2—3/2+a/2€—03\r2—y\/\/Hew\tl‘

We split up |z —25| = |21 —22|%?|z; —25|'~*/? and use the hypothesis |11 —z5| < 1/]¢]
on the second factor to find
‘FQ‘ < C‘Z‘l _ x2’a/2|t|1/27a/4hd|t|7d/273/2+a/26703|562*y|/ |t\ew|t|

S C|l’1 . x2|a/2hd|t|—d/2—1+a/4€—03|$2—y|/ |t\6w|t|‘

Summing the bounds for F; and F, (along with similar bounds for By and Bjy) yields
the result in the case |z — 2| < \/|[t].

The result for |z; — 9| > /|t] is an immediate consequence of Theorem 11.

]

Theorem 13. Let M be as in Theorem 5. Suppose v is a multi-index with |y| = 2.

Then there exists a constant C' depending on M but not on h or x for which:

> D)Gu(x — z, )| < Ch2eel ) < 2n (3.49)

X

Y DIGy(x -z tw)| S Ol T2 M > k% =R (3.50)

Tx
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fort € Ty,.

Proof. We prove the case where |t| > h? explicitly. The case where [t| < 2h? is
similar.

Let x : R — R be a C§° function with x(r) = 1 for |r| < 1 and x(r) = 0 for
|r| > 2. For an arbitrary grid point ¢, we express

Z [D}Gh(z — x4, by 2,)] =

T

= > DGz =z, t;3.) — D)Gh(z — 2., t1)) x(|2 — 2.])]

lx—xs|<2

+ Z (D} Gp(x — zs, t; @) x (|2 — .])]

|z—x4]|<2
+ Y IDiGh(r =zt 2) (1= X7 — 2.]))]

=Ji+ T+ Jy

To handle J;, we use Theorem 9 and the fact that x is bounded to find that
PAEYe; Z hd‘t’—d/%l’x* _ q‘aefCQ\mfx*V It] gwlt]

|z—z.|<2

For the particular choice ¢ = z, we have

|J1Hq S Z hd|t|_d/2_1|$* _q|a6—C’2\x—z*\/ |t|6w‘t|

|e—x+|<2

<C Z hd|t|_d/2_1|l‘* o x|ae—02|x—m*|/\/mew|t\

|x—z4|<2

<C Z hd|t|—d/2—1+o¢/26—03|x—:0*\/ \t|€w’|t\’
|e—x+|<2
where in the last step we have exploited the scaling in the exponential to trade Holder

regularity for temporal regularity. The final inequality can be rewritten as

’JlHq:z < C|t‘*1+a/26w\t| Z hd|t|*d/2e*03|w*x*l/\/ﬂ

|z—z.|<2
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The sum on the right can be regarded as a Riemann sum. If we select 6z = h/+/|t],

then 0z < 1, and the sum is bounded by

E e~ Calidzlgd.

jEZA

This is a Riemann sum for the exponentially decaying function e~“?l and is uni-
formly bounded in 0 < 6z < 1 by a constant. Therefore,

|‘]1Hq:x < C«’t|—1+a/2€w|t|‘
To handle J5, we interpret the difference as acting on x, and difference by parts,

so that
Bh=— % DG — .t ) D x|z — 2]

|z—z.|<2

where |y1| = |72| = 1 are multi-indices. As x is C5°, D2x(|x — z.|) < C for C
independent of h and x. We use this fact and Theorem 8 for |y| =1 to find
’J2| <C Z hdm—d/2—1/2e—02|x—z*\/\/mewm
le—xs|<2
The sum on the right is C|t|~'/2e“ll multiplied by the discretization of an integral,

so that
| Jo| < CJt|7/2eM,

For J3, we use the fact that x is bounded and apply the estimate in Theorem 8

with |y| = 2 to find
|J3| <C Z hd|t|fd/2716702|zfx*|/ |t|€w|t|.

|z—z.|>2

As |z — x| > 2, we can multiply the sum on the right by |z — z,|, and exploit the

scaling in the exponential to find

|J3| S C Z hd|l’ o x*||t|—d/2—16—02|z—a:*I/\/mewm

|lx—x+|>2

hd‘t|7d/271/26704|x7x*|/ |t\ew|t|'
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The final step can be expressed as the rescaling of an integral, enabling us to conclude

that

| J5| < CJt|72eMH.

Adding the bounds on J;, J, and J; (for the choice ¢ = x) gives the result.

O
3.3 Two Lemmas
Two lemmas simplify the proof that the series for ®; converges. We define
T (z,7,9) = exp <—(02 — me)@) (3.51)

where C} is given in Theorem 11.

Lemma 14. Suppose € is a positive constant and m is a positive integer for which
(m+1)e < Cy. Let x and y be generic grid points, and 0 < s < t.

There exists a constant d(€) (independent of z, y, Cy and m) for which:

(i) With no other restriction on t or s:

x*GRfL

(i) Ift > 2h%:

> O (2, by a) T (2,5, y) < d(e) T (2, VE ). (3.53)

(iii) If ¢ > 2h%:

Z Ozt =5, 2,)0™ (2, h,y) < d(e) ™V (2, V1, y) (3.54)

m*GRZ
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(iv) ]ft > 2h? and (t — s) > h?:
)7 Y WO, V=5, )V (e, hy) < ()W (2, Vi y).

T GRd

(3.55)

(v) ]ft > 2h% and (t — s) > h*:
D Vi —s,2)0" (2, V/5,y) < d(e)¥") (z,V1,y).

T ER

(3.56)
(vi) Ift > 2h* and s > h*:
hdsd/2 Z O (2t —5,2,)0™ (2,,v/5,y) < d(e) W™D (2, vt y). (3.57)
z ERY
Furthermore, a similar result holds when m s replaced by O on the left hand side

and m is replaced by 1 on the right hand side of (i),(ii), (iv) and (v), and (iii) and
(vi) hold for m = 0 without modification.

Proof. (i) Applying the triangle inequality to the grid points z, y and x, and
multiplying by the negative constant —(Cy —me)/h results in the relationship:
—(Cy —me)|x — z.|/h — (Cy — me) |z, — y|/h < —(Cy — me)|z — y|/h.

From this we subtract me|z — z.|/h from both sides to obtain that

—Chlx — x4 /h — (Cy — me) |z, — y|/h < —(Cy — me)|x — y|/h — me|x — x.|/h.

This inequality and the monotonicity of the exponential allow us to reason

Z o (z,h,z, )V )(:c*, h,y) = Ze*C2|x*$*|/he*(027m€)|xwy\/h

CE*ER T

< Z 6—(02—m6)|$—y\/h6—me|x—x*|/h < 6—(Cz—me)|ac—y|/h Z e—me|x—x*\/h

Tx Tx

< d(e)e @I/ — (U (2, b, ).

The sum is independent of h, and as m is a positive integer, we may take the
constant d(e) to be the sum when m = 1, so that d(e) is independent of m.
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(ii) Starting with an easy consequence of the triangle inequality,

—(Cy — me)|x — .| [Vt — (Cy — me)|m, — y|/VE < —(Ca — me) |z — y|/ VY,

we replace v/t in the denominator by positive real numbers of smaller magni-

tude, leading to:

—(Cy —me)|x — z.|/h — (Cy — me) |z, — y|//s < —(Cy — me)|z — y|/ VL.

By subtracting me|z — x,|/h from each side, we have that

—Colw — .| /h — (Cy = me)|w. —y|/V/s < —(C —me)|z —y| /vt —me|zr —x.|/h.
The remainder of the proof is similar in spirit to the proof of (i).

(iii) We apply the triangle inequality to the grid points x, z,. and y and multiply
by —(Cy — (m + 1)€) to obtain
— (Co = (m+1)e)|z — 2| /VE = (Cy — (m + 1)e) |z — y|/VE <

< —(Cy — (m+ 1)e)|z — y|/ V.

We replace v/t on the left hand side by smaller constants, so that
—(Cy— (m+1)e)|z — x| /Vt — s — (Co — (m+ 1)e)|z. —y|/h <
< (G — (m+ o)l — yl/VE.

Subtracting €|z, —y|/h from each side and subtracting (m + 1)e|lx — x|/t — s

from the left gives
— Cylz — x| /vt — s — (Cy — me) |z, —y|/h <

< —(Cy = (m+1)e)|z — y|/Vt = elz. — y|/h.
The remainder of the proof is similar in spirit to the proof of (i).

(iv) The proof is very similar to the proof of (v), presented below.
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(v) We begin by applying the triangle inequality to the grid points z, z, and y,
and multiply by the negative constant —(Cy — me) to find
—(Cy —me)|r — 2| [Vt = (Co = me)|w, —y|/VE < —(Co —me)|z —y|/ V.

We replace both occurrences of V/t in the denominators on the left hand side

by smaller constants, so that

—(Cy — me)|x — .| /VE— 5 — (Co — me)|a. — y|/V/s < —(Co — me)|x — y|/ VL.

Subtracting me|x — x|/t — s from both sides gives

= Colr — | [Vt = 5 = (Co = me)|a. —y|/V/s <
< —(Cy —me)|x — y|/Vt — me|z — x,|/VE — s.

We can now bound the sum on the left in (3.56) by

B — 5)~2 3 0O (@ VT 5,2 ) 00 (2., /5, y) =

:c*eR‘fl

— h(t — 5) U2 S e Calor VIR (Comme V5

&%

< hd(t _ S)_d/2 Z 6—(Cz—me)\x—y\/ﬁe—me\x—x*\/\/t—s.

T x

We define n = h/v/t —s. Then n < 1, and
hd<t . 8)7d/2 Z 6702|mfx*|/\/§67(Cfme)\x*fy|/\/§ <

x*ERZ
< e—(CQ—m6)|x—y\/\/f E 6—mej777,’d
JEZ

< d(e)e—(cz—me)lw—y\/x/%
= d(e) U™ (z,V/t,y).

In the second to last step, we have recognized that the expression involving n

is the discretization of an integral and is uniformly bounded for 0 < n < 1.
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(vi) The proof is similar in spirit to the proofs of (iii) and (v).
We note that the only bounds among (i)-(vi) that require giving up some expo-
nential decay are (iii) and (vi). When m = 0, each bound requires giving up some

exponential decay, and the proofs begin similarly to that of (iii).

O
Lemma 15. Let 0 <y <1 <~ andt > 0. Then
t
/ (t = sy 1m g4 gy = LOUL0R) iy, (3.58)
0 (71 +72)

where I' with one argument is the standard ' function.
Proof. We make the change of variables s’ = s/t, so that the integral becomes

1 1
/ (t —ts) " (ts) T2 (1) ds’ = ¢~ / (1—s) (s )12 ds’. (3.59)
0 0

We recognize the integral on the right as a standard form of the Beta function, and,

by a well-known property of the Beta function, we have

1
/0 (1= )7 (s) 72 ds" = By, 72) = %
from which the result follows immediately.
O
3.4  Constructing &,
To show that ®; converges, we seek pointwise bounds on each term (ID,(lm). The

estimate on the first term, @EIO) (x,t;y) = LpGrp(z — y,t;y), was handled specially

by way of a contour deformation in Theorem 11. The subsequent terms <I>§1m) for
1 < m < m for m defined below contain singularities of diminishing order in ¢, and

for these m terms, the bound on each successive term in @, requires abandoning some
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decay in |z —y|/+/t| (or |[z—y|/h). However, the terms beyond the (ri2+1)-th contain
positive powers of ¢, have uniform decay in |z —y|/ \/m and possess coefficients that
decay like T'(1 + ma;/2)~!, which are essential to the proof of the convergence of the
series for ®y,.

We begin by defining

(d+2)—«

. (3.60)

=

Theorem 16. With M as in Theorem 5 and Cs as in Theorem 11, there exist
constants Cy and w (independent of x, y and 0 < h < 1) such that for every 0 < € <

Cy/ (1 + 2), there is a constant d(e) so that

(i) for 0 < m < m we have:

0" (2, t5y)| < Crd(e)"h 2R g et <2 (361)
0, t5y)| < Cud(e)™h i 2D T et = 02
(3.62)

(ii) for all m >0, we have:

4mCmtd(e)m T (o /2)™

‘(I)(rh+m)
h —F (=d/2+ (m+m+1)a/2)
> hd ‘t|7d/271+(m+m+1)a/2\p(m+1)(I’ h, y)ewm 7 ‘t| < 22
(3.63)
‘(I)(m+m) 4m0m+1d( )ermF(a/z)m
h

- F (—d/24+ (m+m+1)a/2)
% hd ‘t| d/2—14(m+m+1) a/Q\Ij m+1 \/_ y W|t\7 ‘t| > h2.
(3.64)
We remark that W™ is best thought of as keeping track of the |z — y|/+/|t| (or
|z — y|/h) scaling in the decay of @™
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Proof. We have already addressed @ELO) in Theorem 11.
To prove (3.61), we restrict our attention to [t| < 2h% Substituting the small |¢|

estimate in (3.61) into (3.18) inductively, we find

t
1D (2, 1 )| < Cd(e)™h—++m+Da el / > WOz, h,2,) W (@, b, y) ds.
0 .

Here we have multiplied out all the the factors that do not depend on the index of
summation and placed them in front of the sum. We note that e?lt=sle®lsl = e“ltl a9
t, s and t — s all lie on the same ray from the origin. The sum is in a form amenable

to Lemma 14 part (i). We apply the lemma to find that

[¢]
1B (2, ;)| < Cd(e)™h—+Hm+Da el / d(e) U (2, h,y) ds.
0

Here we have given up some spatial decay by replacing W™ in the conclusion of
the lemma by U™t as U™ is an increasing function of m. The integrand is

independent of s, and [t| < 22, so that the right hand side is bounded by

B (2, 1 )| < Cd(e)™ 2 mEag D (g gyl

proving (3.61).

We move on to proving (3.62). We note that (3.61) immediately implies (3.62) for
h* < |t| < 2h*. To prove (3.62) for |[¢t| > 2h?, we split the path of integration defining
<I>§Lm) into four parts. We take the path of integration in the definition of @;Lm)(x, t;y)
to be the segment joining the origin and ¢t. We define I; to be the integral over
the segment from 0 to h?t/|t|, I over the segment joining h%t/|t| to t/2, I3 over the
segment joining ¢/2 to (1 — h?/|t|)t and I, over the segment joining (1 — h?/|t|)t to
t, so that <I>§Lm)(1', ty)=1I + I+ I3+ I4.

We begin by examining [, using the bounds in (3.61) and (3.62) inductively and
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collecting factors, to obtain

h2t/[t|
|| = / Z@ — 55 a:*)CD( )(:E*,s;y) ds

< Od<€>mhd—2+(m+1)aew|t\ %

e e

As |t — s| > |t|/2 on the segment defining I}, we use the fact that |t — s|7%/271+e/2 <
(|t]/2)~4/2~1+2/2 to find

L] < Cd(e)™|| -4/ 1+er2pd-2+m+Dagelil

h2
/ Z\IJ(O VIt = s, )0 (2, hy) ds

h2
< Od(e)m—H|t|—d/2—1+a/2hd—2+(m+1)a€wt|/ \Ij(m‘H) ([E, \/Ha y)dS
0
< Od(e)m+1|t|_d/2_1+a/2hd+(m+1)a6w‘t|\I/(m+1)({L‘, \/H: y)’

where we have made use of Lemma 14 part (iii) to handle the sum. Keeping in mind

that h < +/|t|, we have

1] < Ca(e)™ ]|~/ 1+ maDa/2gma1) (4 /T ) el

Next, we turn our attention to Is. We begin in a similar fashion to the estimate

of I, applying the bounds in (3.62) inductively, enabling us to conclude that

t/2
|IZ| = / Z@go)(x,t—S;I*)@ém)(xhs;y) ds
h2t/|t| .
[t]/2
S Od(e)mhdewltl/ |t _ S|—d/2—1+a/2hd8—d/2_1+(m+1)a/2X
h2

XZ\I/(O |t—s Ty) \I/() \/_y
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As |t — s| > |t|/2, we bound |t — s|7¥/271Fe/2 < |t/2|74/271+2/2 and absorb the
resulting factors of 2, obtaining

[t]/2
|]2| < Cvd(e)mhd|t|—d/2—1+a/26w|t|/ {S,—l—f—(m+1)a/2><
h2

<hd| |~ d/QZ\I/(O VIt = s],2) 0 (2, \/]s y)

Applying Lemma 14 part (vi), we find that

[t]/2
|]2| < Cd(e)m+1hd|t|—d/2—1+a/26w\t|\p(m+1)(J;’ /|t|, y) /2 |S|—1+(m+1)a/2 ds.
h

The integral in s can be extended over the interval [0, |t|/2] and evaluated explicitly,

(m+1) a/2

giving a multiple of |¢[( After absorbing the resulting constant from the

integration, we have

|]2| < Cd( )mhd|t| d/2—1+(m+2) a/2\11(m+1 \/_ y w\t|

The integrals I3 and I, are handled similarly to I and I, respectively, with the
roles of s and ¢t — s interchanged. Summing the estimates of each integral produces
the desired bound, establishing (3.62).

We will now prove (3.63) and (3.64) for m = 1 as the base case for an inductive
argument. This term is the first for which the power of |¢| in our desired estimate is
positive, and so some care must be taken to account for the signs of the exponents.

We begin by focusing on @Sﬁﬂ) for |¢t| < 2h%, multiplying out the estimates in

(3.61) to discover that

‘q) m+1

(x,t;y)| = — s :c*)q);lm)(x*,s;y) ds

) ) It A
SCd(e)mh4+(m+2)aewt|/ Z\P(O)(x,h,x*)\lf(m)(a:*,h,y) ds.
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By Lemma 14 part (i), we have

R R R [t
|(1)§Lm+1) (l’, t, y)| < Cd(e)m+1h—4+(m+2)oc6w\t| / \I](m—&—l) (ZL‘, h, y) ds.
0

Rewriting the integrand slightly and recognizing the integrand is independent of s

gives us

[ (0, ;)| < C(e)™ DR O (g )l

From the definition of 77 in (3.60) we can verify that —d —4 + (m + 2)a < 0, and as

|t| < 2h2, we can bound h~4=4+("+2) by a4 multiple of |¢t|~%/272+(m+2)a/2 t0 find

|(I>§Lfn+l)(x’ t: y)| < Cd(e)mﬂhdm—d/2—1+(m+2)a/2\1,(m+1)(L h7y)€w|t|.

Multiplication by a suitable constant reveals this to be (3.63) for m = 1 in disguise.

As in the proof of (3.61), we note that (3.64) for m = 1 follows from (3.63) for
h% < |t| < 2h?, so we concentrate only on the case where |t| > 2h?. To prove (3.64) for
m = 1, we again divide the path of integration into the same four segments as in the
proof of (3.62); we take .J; to be the integral over the segment from 0 to h?t/|t|, J, over
the segment joining h%t/|t| to t/2, J3 over the segment joining ¢/2 to (1—h?/|t|)t and
J4 over the segment joining (1— h2/|t])t to ¢, so that ®\™ (z, t:y) = Jy + o+ Js+ Ja.

We examine J3 and Jy in detail. The integrals J, and J; are handled similarly,

with the roles of s and ¢t — s interchanged. For J;, we have

(1-k2 /et 0, .
sl = DOt = s )0 ) ds
t/2
[t|—h?
S Cd(e)mhdew|t|/ ’t o S’fd/271+oz/2hd|8‘fd/271+(m+1)a/2X
[t]/2

XZ\IJ(O |t_3 I'* m) I*,\/_y

As |s| > |t]/2 and —d/2 — 1+ (i + 1)a/2 < 0, we can bound |s|~#/2-1+(m+1)a/2 1y
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—d/2—1+(m+1)a/2

a multiple of |¢| and absorb the resulting power of 2, obtaining

. . [t|—h?
|J3| < Od<6>mhd|t|—d/2—1+(m+1)a/2€wt|/ |t B S|—1+a/2x
[t]/2

x (hdu—srd/?ZW(x, \/|t—s|,x*>w<m><x*,\/\s|,y>) ds.

A direct application of Lemma 14 part (v) yields

‘J3| < Cd<€)m+1hdw7d/271+(m+1)a/2ew\t|\Ij(m+1)(x, \/m’ y)X

|t|—h?
X / It — s|71F/2 ds.
|

t]/2

The integral in s can be extended over the interval [|t|/2,|t|] and evaluated explic-

|a/2

itly, yielding a multiple of [¢t|*/?. After absorbing the constant resulting from the

integration, we have

|J3| < Cd(e)m+1hd|t‘fd/271+(m+2)oz/2\1‘,(fn+1)<x7 /|t|7y)6w|t\'
For J4, we write

| 4| =

t
/ Z 0\ (x,t — 5;2,)0™ (z,, 5;9) ds
(-2 /eyt

T

It
< Cd(E)m€w|t/ h72+ahd|syfd/ZflJr(erl)a/ZX
|t|—h?

X Y VO, b2 ) ¥ (@, /5], y) ds.

Tx

As |s| > [t|/2 on the interval over which J, is defined and —d/2—14(m+1)a/2 <0,
we bound |s|~#/271+0n+1)a/2 < Of|~d/2= 1+ R+ Da/2 g6 that
‘J4’ < Cd(ﬁ)mhd‘tyfd/271+(m+1)a/26w\t| «

[¢] 7
x / RN 0O (@ b2 ) (/5] y) ds.
|

2
t|—h T,
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We use Lemma 14 part (ii) to bound the sum, so that
. . 14 .
|J4| < Cd(e)m—Hhd|t|—d/2—1+(m+1)a/26w|t|/ h—2+a\:[](m+1)(x’ \/H7 y) ds

|t|—h?

The integrand is independent of s, which gives us

’J4| < Cd(&)ﬁﬁ_lhdlﬂ_d/2_1+(m+1)a/26w‘t|ha\If(ﬁH_l)(:E, \/H’ y>'

Bounding h® < [t|*/2, we conclude

| Ja| < Cd(e)™+ pd|t|~4/2- 1+ +2)a/2 eIty ( (+1) \/— 9.

Summing the estimates for J3 and J; with similar estimates for J; and Jy gives
(3.64) for m + 1 (in disguise).

We now establish (3.63) by induction. For this portion of the proof, we keep
careful track of constants. For m > 1, in the case |t| < 2h? we have that

m+m-+1
DD (2 8 )| =

Z (I>(0) —s; x*)(I),(fner) (T4, 8;y) ds

- 4mcr+2d(€)m+mr(g/2)m

wlt| 3, d
—I'(—d/2+ (m+m+1)a/2)€ i

¢l
% / h—2+a|8‘—d/2—1+(m+m+l)a/2 Z \IJ(O) (.CE, h, $*)\Ij(m+l) (x*7 h, y) ds.
0

The sum is again handled by Lemma 14 part (i), so that

4mcm+2d( )m+m+lr(a/2)m

(m+m+1)
[ (z.6:9)] < D(—d/2 + (m+m+ 1)a/2)

€w|t\hdqj(m+1) (ZZ', h, y) %

I¢]
x/ h—2+a|S|—d/2—1+(m+m+1)a/2dS.
0
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As [t| < 2h%, we have that h=2F® < 2170/2|¢ — g|71+/2 < 9|t — 5|71+/2 50 that

BT (4 4] < 24mc{n+2d(e)m+m+1r(a/z)m
h 9

w|t\hd\1j(m+l) h
NS ST Ty htmt Daj2)© (, k)

It]
% / ‘t o 5’714*(1/2|$|7d/2*1+(m+m+1)a/2 ds.
0

Lemma 15 handles the integral explicitly, so that

R 4m m-+2 m+m+11" 2\)m
@D 1y < 2 O AT T
I'(=d/24+ (m+m+1)a/2)

I'(a/2)l(=d/2+ (m +m+ 1)a/2) | /2202
T(=d/2+ (i +m+ 2)a/2) '

eI (1 R ) x

Multiplying everything out gives us

42 (e)mHmH (o /2)m
D(=d/2+ (m+m+2)a/2)

DY (2 8 )| < 2

% hd|t|—d/2—1+(ﬁ’b+m+2)a/2€w|t|\Ij(ﬁz—l—l)(:L,’ ]’L, y)

The desired result now follows immediately.
For h? < |t| < 2h?, (3.64) follows directly from (3.63).

Finally, we establish (3.64) with [¢| > 2h? for general m > 1. We split the path of

integration defining ® x,t;y) into three integrals: L; over the segment from 0

;lm—l—m)(
to h%t/|t|, Ly over the segment from h?t/|t| to (1 — h?/|t|)t and L3 over the segment
(1 —h2/[t|)t to t.

We begin by examining L;. Using (3.63) we have that

h2t/|t| .
Li= [ E et - 5w sy ds
0 z

m m+m m 2
< AmCT2d(e)™ T (o) 2) Bl /h [t — |2 1ral2y
~I(—=d/24+ (m+m+1)a/2) 0

hd|8|—d/2—1+(ﬁz+m+1)a/2 Z \I/(O)(ZL‘, /|t — S|, x*)\ll(m“)(x*, h, y> ds.
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We re-arrange the factors into a form amenable to Lemma 14 part (iv):

4mCmr2d(e) T (o /2)™
(=d/2+ (m+m+1)a/2

x hlt — 5|72 WO (@, /[t — s, 2.) T (@, b, y) ds.

h2
|Li| < T )hdew“'/ It — | LTo/2| 5|42+t mt a2
0

Applying the lemma we deduce

4mc{n+2d<€>m+m+1r<a/2)m
I'(=d/24+ (m+m+1)a/2)

< T (2, /T ) /

|
0

hewltl

|Ly| <

h2
t— S|71+a/2‘8|7d/271+(m+m+1)a/2 ds.

We bound the integral by applying Lemma 15, and multiplying everything out gives
us a suitable bound on Lj:

4mOmt2d(e)mHmH (o /2)m
I'(=d/24+ (m+m+2)a/2)

L] < | 4/2 1 20 2l D [ )

We focus next on the integral L,. We have

(1=h?/t))t .
|Ly| = / Z O\ (x,t — 5;2,)0" ™ (2, 57y) ds
h

2t/

T

m m-+m m —h?

4mCy +2d<€) T (a/2) d_wlt| o= _—d/2—1+a/2

< - hfe |t — s| X
I'(=d/2+ (m+m+1)a/2) h

2

x hd’SI—d/2—1+(m+m+1)oz/2 Z p(0) ($’ /|t _ S‘, ZL‘*)\P(m+1)(ZL‘*, /‘8|, y) ds.

T x

With some re-arrangement, we have

4mCmr2d(e) ™t (o/2)™
(—=d/2+ (m+m+1)a/2

x it — |72 WO (@, /]t = s, 2) T (2, /5], y) ds.

Tx

[t|—h? A
|Ly| < T )hdewlt/ |t — s| 71T |g| A2 I (it mt a2
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The sum is addressed by Lemma 14 part (v), so that we have

4m0m+2d< >m+m+lr(a/2>
L hd w|t\\Ij m+1
| 2|—F( d/2 + (1 +m+ 1)a/2) v, VIt )%

t|—h?
> / | ‘t _ S’—1+oz/2|s|—d/2—1+(m+m+1)a/2 ds.
B2

We may bound the integral by Lemma 15, and multiplying out the resulting factors

yields, after some cancellation,

4mcm+2d( )m+m+lr(a/2>m+

1ol = T(—d/2 + (i +m + 2)a/2)

dl | d/2—14(Mm+m+2) a/2( m+1) \/_ y w|t\

We now bound Ls;. We have

|Ls| = — 5;2,)0" ™ (1, 51 y) ds

L=h2/|t])t

mYm+2 m+m m ]
< 4mCY d(f) T (/2) ew|t/ p 2 | g| ~d/2- L4 Gt Da/2
—I'(=d/24+ (m+m+1)a/2) |

XZ\I/ (x,h,x,) P () x*,\/—y

t|—h2

As |t — 5| < h?, we have that |t — s|717*/2 < h=2% 50

ILy] < 4mC2d(e)™ T (of2)™ el /t| 2o | /21 a2
~I(—=d/24+ (m+m+1)a/2) (t]—h2

X Z GO (2, b, 2,) T (2, V/|s],y) ds

We bound the sum using Lemma 14 part (ii), finding that

4mCy2d(e)™ T (of2)™ WO (/T y)et

ILsl < ['(—d/2+ (m+m+ 1)@/2)

[t]
X / [t — 5’—1+0¢/2ysy—d/2—1+(m+m+1)a/2 ds.
[t|—h2
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Using Lemma 15 to handle the integral and cancelling out the resulting factors yields

the bound

’L3| 4m0m+2d( )m+m+1r(a/2)m dl | d/2=1+(rh+m+2)a /2 ( m+1 \/_ y w|t\
= DI(—=d/2+ (m+m+2)a/2)

Summing the bounds for Ly, Ly and L3 proves (3.64).
O

Adding the pointwise bounds on the terms ®™ yields the existence of @}, satis-

fying similar estimates.

Theorem 17. There exist constants Cy, Cy and w for which

|®p,(z, ;)| < CLA 2w (1 b gy)elt] t| < 2h? (3.65)

(B, £ )| < Coh [H 2020 D 0 L)t = B2 (3.66)
on the sector t € Ty; appearing in Theorem 5.

Proof. We give the proof for the case |t| > h?. For the case |t| < 2h?, the proof is
similar.

We split the series for @y (z,t;y) into two pieces:

w(x, ty) = Z@mxty—i-sz (z,t;y)
m=0 m=m-+1
:Sl+82.

The first sum contains the terms which we have estimated by negative powers of |¢|,
and the second sum contains those which are bounded by positive powers of |¢| and
have rapidly decaying coefficients.

We first examine S;. From the estimates in (3.62), as (™ is an increasing

function of m, replacing W™ (z, \/|t|,y) by W+ (x \/|t|,y) yields the bound
CID(m)(a: ty) < hd]t\ d/2=1+(mt1)a /2y ( m+1 \/_y wlt|
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Using this in the summation S; gives us

m+1

15,] < hd\l,(mﬂ)(x’ /|t|,y)e“‘t| Z |t|—d/2—1+(m+1)o¢/2'

As —d/2 —14 (m+1)a/2 <0 for 0 < m < 1, we may bound the sum on the right
by C (|¢|~#/2-1*+(m+Da/2 4 1) (Each term in the sum is bounded by [t|~¢/271+</2 if
|t| <1, and each term is bounded by 1 if || > 1.) We may then bound

(je| /2142 1 1) < Ot ~4/2 o De/2,C"1)

so that we conclude

‘Sl| < Chd|t‘7d/271+a/2ew’\t|.

We now turn our attention to Sy. From (3.64), we can derive the bounds

(Cltlymer

Ca e @ ty)e

B ()| < |

for m > m + 1 by rewriting the constants. Therefore,

o . > O|t|)ma/2
< hd ¢ d/2 1+a/2\IJ(m+1) /|t wlt| ( ) )

m=m-+1

We first suppose C|t| > 1. We have that

S Ch? Ly (1) «/ [¢] E CM e
< t — m+ UJ .

m=m-+1

(3.68)

For each integer n > 1, the sum on the right possesses at most [2/a] + 1 terms for
which n < (=d/2 + (m + 1)a/2) < n+ 1. The numerator of each of these terms

is bounded above by (C|¢|)"*!, and the denominator is bounded below by T'(n).

Therefore
50: (C’]t‘) d/2+(m+1)a/2 < L2/ i C|t’ n+1
o D(=d/2 4 (m+ 1)a/2) = —
< e,
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Using this in (3.68), for C'|t| > 1 we have that
S| < ORIt~ w ™D (z, /]t y)e
< Chd|t|fd/2—1+a/2\1,(m+1)(x’ \/mj y>€w"|t\.
If instead C|t| < 1, then the sum on the right in (3.67) is bounded independent
of |t| by a constant, so that we have |Sy| < C'h?|t|=4/2= 142G+ (1 /|t], y)e!

for Ct| < 1.

The result follows from adding the bounds on S; and Ss.

We also require a notion of Holder continuity in ®j.

Theorem 18. For M as in Theorem b, there exist constants C, Cy and w for which

D4 (21, t1y) — Pp(2, t1y)| < Ch2T 2|y — 3|/ x

x (e~ Caler=vl/h 4 o=Calaa=al/hy it It| < 2h*
(3.69)

D4 (21, t;y) — Pp(wa, tyy)| < CREfE V21T 2y — 29| */2 ¢

« <6702\331*y|/\/m + 6702\x2*y\/\/m) €w|t\’ ’t| > h2
(3.70)

fort € Ty,.

Proof. We restrict our attention to the case where |z — x| < +/|t| and [t| > 2h%.
The result is an easy consequence of Theorem 17 for the case [t| < 2h? and the case

|21 — 22| > \/|t| for [t] > h2.
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Recalling (3.15), the integral equation that ®,, satisfies, we have
(1, t5y) — Pp(x2, t5y) =

= LpGp(r1 — y,t;y) — LnGr(ze — y, 1 y)+
¢
+ / Z (LpGr(xy — 2yt — s;24) — LpGr(zg — x4, t — s52,)) (24, 85 y) ds
0o
=51+ 5

By Theorem 12 we have already seen that

151 < Clzy — wo|*/2hd|t| /2~ 1+a/4 (e—czwxl—y\/\/m X e—Cz\xz—y\/\/m) el

To estimate S5, we split the integral into four parts. As with previous estimates,
we define I; to be the integral over the segment from 0 to h%t/|t], I over the segment
joining h?t/|t| to t/2, I3 over the segment joining ¢/2 to (1 — h?/|t|)t and I, over the
segment joining (1 — h?/|t])t to t.

We show the estimate for I; explicitly. The general procedure for each of the
other integrals is similar: we first use the bounds in Theorem 12 and Theorem 17,
and then re-organize the resulting sum to estimate it in a way similar to the proof
of Lemma 14. The remaining powers of |s| and |t — s| are integrable. We perform
the integration, and any remaining powers of h may be bounded by powers of |¢|.

We estimate:

11| =

R2t/|t|
/ Z (LpGp(zy — T4yt — 85y) — LpGr(we — 24, t — 5524)) P4, 53 y) ds
0

Tx

h2
< O|JZ1 i I2|a/2hdh_2+a/ |t i S|—d/2—1+oz/4><
0

« [Z (€—c|m1—x*\/\/\t—s\ n e—cm—m/\/u—s\) e—cm—y/h] ds.

Tx
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sit—s| > |t we bound |t — s|”%“™ < C|t|~%=~ , gIving us
A| |>||/2 b d| |d/2 1+a/4<0||d/2 1+a/4 g‘-g

L] < Clay — x2’a/2hd’t‘7d/2*1+a/4h*2+aX

h2
X / [Z (€*C|$1*w*|/\/|t*8| 4 efc\xzfz*|/\/|tfs|> ecmm/h] ds.
0

T

The sum can be bounded in a way analogous to the proof of Lemma 14 part (iv), so

that we have

[Z (e—cm—z*\/\/\t—ﬂ i 6—c|x2—x*|/\/|t—s\> €—c|z*—y/h] <

&

<C (e—csm—yv\/m i e—cs|xz—y|/\/m> '

This yields

| < Oy — o] ®/2R% |~/ 1He/dp=24ay
h2
<[ (eI i VI g
0
< Clay — @o| 2Rt~ U/2 -1/ Ape <€—Cs\x1—y\/\/\1t_| I 6_03\“_1,‘/\/“7)
< Oz — wo|®/2hd|t]~4/2-1Ha/4 (e—c3|z1—y|/\/m + 6—03|x2_y|/\/m> '

Summing similar bounds from each of the remaining three integrals with the

bound on I; gives the estimate for Ss:

S| < Clar — | */2hd|t| /2~ 1+a/4 (e—cgwml—y\/\/m i e—cgwmz—y\/\/m) .

Summing the bounds on S; and S; yields the result.

3.5 Bounding the Fundamental Solution

With our pointwise estimates for ®,, Gj and differences of G}, in hand, we can

establish the needed pointwise bounds on D}T',.
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Theorem 19. For M as in Theorem 5 and for each multi-index v with |y| < 2 there

exist constants Cy, Cy and w depending on M but not on h, x ory for which:

|D)Ty(x, t;y)| < CLhDle=Cale=ul/hesltl t] < 2h? (3.71)
DT (2, t;y)| < CrhdJt|~ 42 2e=Cala=vl/N M gwltl g > 12 (3.72)
fort e Ty

Proof. We give the proof for |t| > 2h? explicitly. The proof for |t| < 2h? is similar.
For any multi-index v with |y| < 2, we difference the constructed form of I';, in
(3.14), noting that because the difference acts on the x variable, it falls only on Gj,.

We find that

DZFh<xv t; y) =

Z (D}Gh(x — zs, t — s324)) P (s, 537y) | ds.

I

t
= D, Gp(x -y, t;y) +/
0

The estimates in Theorem 8 take care of the first term, so we focus our attention
on the integral. As in the estimates of similar integrals prior, we split the path of
integration into four segments. We define I; to be the integral over the segment
from 0 to h2t/|t|, I, over the segment joining h%t/|t| to t/2, I3 over the segment
joining t/2 to (1 — h?/|t|)t and I, over the segment joining (1 — h%/|t|)t to t, so that
CIDELm) (x,t;y) = I + Is + I3 + I;. We begin by examining [;, the integral taken over
the segment joining the origin with h%t/|t|. Using the bounds in Theorem 8 and

Theorem 17, we have

|I| < Celtlpdp =2+ / It — 5|72~ Ivl/?Zw V]t = s|, 2 )0 (2, b y) ds
0
h2
< Ceewt|hd‘t’d/2|'y|/2h2+a/ m+2) \/_ y
0
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where we have again used Lemma 14 to handle the sum. As the integrand is inde-

pendent of s and h® < [¢|*/2, we discover
|Il| < Chd|t| d/2— \7\/2hoc m+2) \/_ y w|t\

< Chd|t| d/2—71/2+2/2 4 ( m+2 \/_ y w\t|‘

The integrals I and I, are similar, as is the integral I3 for || < 1. In each of these
cases, the general procedure is the same: we write out the estimates for D) G}, and
®y,, collecting powers of h, (t—s) and s within the integral so that we may bound the
summation in the same manner as in the proof of Lemma 14. We then perform the
integration in s; any remaining powers of h are non-negative, and so are bounded by
powers of |t|, and collecting all powers of |t| yields the result. The only obstruction
to this general procedure occurs when estimating I3 for |y = 2|, where attempting to
apply the estimates for D] G}, and @), directly results in the appearance of an integral
whose integrand contains a singularity like (t — s)~'.
For I3 when || = 2, we write
(1=h2/t)t
|I3| = / [Z (Dth(x—m*,t—s;x*))cbh(x*,s;y)] ds.
t/2 -

We rewrite and split the integral in a form that will allow us to apply the known
continuity properties of ®,:

(1=h2/[¢])
|]3| :/ ZDZGh(l’—I‘*,t—S,CL’*) ((I)h(x*vsay) _q)h(xu‘S)y)) ds
t/2 T

(1=h2/|t))
+/ > DIG(x =zt — s;.) | Bulx, s;y) ds
t/2 T

=Ji+Jo.
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We first examine J;. By Theorem 8 and Theorem 18 we have

[t]—h2
|J1| S Ohdewtl/ |t o S|—1|S|—d/2—1+a/4hd|t o S|_d/2><
[t]/2

x Y |- 2,/ 26~ Cale=eul/y/lt=s] (e—cm—yv\/m i e—czwx*—m/\/E) ds.

We use the fact that |s| > |t|/2 and trade Holder continuity for regularity in (¢ — s)

by exploiting the scaling in the exponential to find

[t|—h?
|J1| < Ohd|t|—d/2—l+a/4ew|t|/ |t . S|—1+a/4hd|t . S|—d/2><
[t]/2

x 3 ool (e—czwa:—yv\/m 4 e—@\u—y\/ﬁ) ds.

The sum can be bounded in a way similar to the sums in Lemma 14. We obtain

|t|—h?

|| < Chd|t|—d/2—1+a/4ewt|/ It — S|—1+a/4e—C4|r—y|/\/mdS.

[t]/2
This leads to the estimate

|J1] < Chdw—d/2—1+a/26—c4\x—y|/ [t] gt

To address Js, we use Theorem 13 and Theorem 17, finding

|t|—h?
FARS Cewt|/ It — S|—1+0¢/2hd|8|—d/2—1+a/26—c|x—y|/\/|_s|dS‘
[tl/2

We use the bounds |t|/2 < |s| < |t] to find

t|—h?

|
(| < Ch|t|~ 2102 —cla—ul//H] ol / 1 5|l g
Itl/2
< ChA|t|~ /2 tagcla=yl/ VIt gwlt]
The desired result now follows from the bounds on J; and J5. O

The estimates on I', in Theorem 19 enable us to prove Theorem 4.
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Proof of Theorem 4. The bounds in Theorem 4 follow almost immediately from using

Theorem 19 in (3.9). We suppose |t| > h?; the case |t| < h? is similar. We estimate:

|[Dre || = || DiTh(x, t; 2. uo ()

T x

< (supZ|DZFh(x,t;x*)| [luol| o
< O|t|~h/2eet <supZeCH*/\/7lhd\tyd/2) uoll. . (3.73)

In the last step the sum

Z 6—C|x—x*|/\/mhd|t|—d/2

is actually independent of z, as it is taken over all grid points. We may thus set

x = 0, so that the sum becomes

Z 670|x*\/\/mhd‘t|fd/2.

We define n = h/+/|t|. As |t| > h?, we have that 0 < < 1. With this substitution,

the sum becomes

Z e—Cljnlnd‘

jEeZ4

This is the discretization of an integral with exponentially decaying integrand, and
is bounded independent of 0 < n < 1. Noting that the sum is bounded in (3.73)

allows us to conclude that

|| Dy uol| , < CleI™ 2 |

and Theorem 4 follows, with u in the statement of the theorem equal to w. m
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4

Resolvent Estimates and Fully Discrete Parabolic
Regularity

4.1 Resolvent Estimates for A,

The bounds on the evolution operator e and its spatial differences in Theorem 4
enable us to obtain resolvent estimates for A, and its spatial differences by means of

the Laplace transform representation the resolvent.

Theorem 20. Let 6 =2/M for M in Theorem 4. There exist constants Cy, Cy, Cy

and w, depending on & but not on h, for which

H((Ah—w)—z)leoo <Ozt (4.1)
1D} (An = w) = 2) |, S CLITY2 hl=1 (4.2)
1D} (An —w) =2) '], < C(L+ [loglz|| + [loghl),  |y|=2 (4.3)
for all z on the sector
Ss =C—({z=21+120:21 <0,|z| <d|z1|} U{0}). (4.4)

Proof. Let w > (14 M?)"/2y for ju in Theorem 4, and consider the operator A —wl.
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We have
Dgethn| = || Djetste=|

— He—thzeAhtH

as A, and wl commute and e ' is a multiplication operator. Then, using
|| D) e ‘OO < Oy |t|=M172emtl on Ty, with constants independent of A (but depending
on M) and the fact that |e=«| < e=~M+M) ™2 o0 T, we find

| ‘DZ@(Ah—w])t| ‘ < Ol|t|—|7|/26“|t‘e_w(1+M2)_1/2|t|
S Cllt|_|7|/2. (45)

For z € C with Rez > 0, we can write

Di(z— (A, —w)) ' = / e # D) A=t gt (4.6)
0

On the sector S; = {z € C: 2z, > 0,|2] < 62}, we bound |e | = e~ < el
for t > 0 and constant depending on 6. Combining this fact with (4.5) for |y| = 0
yields (4.1) for z € S;. Using (4.5) with |y| = 1 instead gives

e—c\z|t

dt < C|z|7Y2, (4.7)

1Dz — (An — )| < 0/000

establishing (4.2) for z € Sj.

To verify (4.3) for z € S7, we split the interval of integration. On the interval
0, 2], we bound the second difference by Ch™2, and apply (4.5) directly on [h?, oo].
This gives us

h2

o0

e’ZtDze(A”’w)t dt—i—/ et D) eAn=)t gy
h2

P3Gz — (4 )| =

00 e—c|z\t

dt

< Ch’h~% + C/

ot
C(1 + |log |z|h?)). (4.8)
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We now extend the estimates from S to the sectors So = {z : 20 > 0, |z1| < 25/0}
and the sector S3 = {z : 29 <0, |21] < |22]/0} conjugate to Sy. We write z = 21 + 29
and t =t +1t9, so that Retz = t121 —ta2o. If 21 > 0, 20 > 0, ¢t; > 0 and t5 < 0, then
Retz > t12; and |e #| = e~ ", This permits us to deform the path of integration
in (4.6) to the ray R = {t =t —iMty,t; > 0}. For z € Sy and t € R we have
Retz = t1(z1 + Mzg) > t1(—1/029 + 2/d23) > 29t1/6 > C|z||t] for some constant
C depending on M. We therefore have that |e™*| < e~*lIl and we can estimate
in a fashion similar to (4.7) and (4.8). The sector S3 is handled similarly, and as

Ss = 51U Sy U S3, the theorem is established.

4.2  Fully Discrete Regularity

We restate and prove Theorem 1, beginning with the assumptions on the time-
stepping method s,,.

We assume that s, is A-stable and L-stable, i.e. that s, is analytic and

[sn(2) <1, sn(00) =0 (4.9)

on the left half-plane. We require that there exist a disk By about the origin on
which

|sn(2)] < Co(1 4 col2])". (4.10)

Furthermore, for each ¢’ > 0, we must have an estimate of the form

lsn(2)] < Cy(1+ cq2])~", (4.11)

for all z € ¥y, where

Sy ={z=z+1izm:2 <0,2 <8z} (4.12)
and p, C7 and ¢; are positive constants depending on ¢'.
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Theorem 21. Under the assumptions (4.9)-(4.11) on s, there exists a constant ko

and constants Cy, C1, Cy and C5 independent of 0 < h <1, 0 < k < ko for which

|80 (kAR oo < Coe™*™* (4.13)
1D su(kA)ll, < Cr(nk)™ 2,y =1 (4.14)
D} sn(kAR)|| . < Co(nk)™" (1 + |log h| + |log nk|)e“*"*, lv| = 2. (4.15)

Proof. For 0 in Theorem 20, we rewrite the resolvent estimates in Theorem 20 for

kA; on Ss + wk, the horizontal translation of S5 by wk:

Ss+wk={z:2=2+wk, 2/ € Ss}. (4.16)

For z outside X5 + wk we have

H(z—kAh)leoo < Olz — wk|™! (4.17)
1D} (2 — kAw) |, < Ck™V2 )z — wk| 712, Iy =1 (4.18)
D) (= — kAw) || L < CE'(1+ [log (|2 — wkl|/k)| + |log h]), v =2. (4.19)

For any positively oriented piecewise smooth simple closed curve I' (depending

on h) in C enclosing the spectrum of kA; we can write

su(lAy) = /F su(2)(= — kAy)~d=.

211

We first restrict our attention to the case n > ng for some fixed nog > 2/p. For
§' > 0, using (4.11) and (4.17), we can deform the contour of integration to the

contour I'y, ;, that includes the arc

Ry={z= (e/n)e” + wk, |0] < 0y} (4.20)

and the rays

Ry ={z=re"™ +wk,r>¢/n}, (4.21)
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where 6, is the angle between 2o = —¢’z; and the real axis. We must take ¢ and
ko sufficiently small so that Ry lies within the disk By guaranteed by (4.10) for
0 <k <kyand Ry each lie in By U X .

A short segment of each ray may extend past the region X5 where (4.11) is valid
(depending on the relative size of €/n and wk), so we further divide each of the
rays Ry into two parts. We label the segment (Ry N Ss) C By by Ry 4 and label
the portion (Ry N Xy) by Rey. Elementary algebra can be used to show that the
segment R; 1 has length bounded above by Ck for some constant C'.

We first work to establish (4.13). On Ry, we bound |s,,(2)| < C(14ce/n+cwk)™ <
Ce®™ using (4.10). By (4.17), we bound

|(z = KAL) Y| < [((e/n)e” + wk) — wk| ™" < n/e. (4.22)

The arc has length less than 27e/n. This gives us the bound

We next consider the portion of the integral over R; ;. This segment has length

< Ce™(nje)(2me/n) < Cem*,

/R O sn(2)(2 — kA)'dz

of order k, so that |z| < C(k+¢€/n) for z € Ry 4. As Ry 4 is contained within the disk
By on which (4.10) is applicable, we have that |s,(2)| < Ce“™ on R, 1. Furthermore,

on Ry 4 we have |z — wk| > €/n, so that ||(z — kA,)"!|| < n/e. Therefore

Finally, we bound the contribution from the ray R, +. By (4.11), for z € Ry 4,

< Ce™ (nfe)k < CemF.

/Rl,i sn(2)(z — kAR tdz

we have

lsn(2)] = |sn(rew° + wk)|
< C(1+ Clre' + wk|)=".

As |re? + wk| > Cr we have that
lsn(2)] < C(1+Cr)=P"
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on the ray Ry .

Therefore, as r > ¢/n on Ry 1, we have

< C(1+Cr) = r~tdr
e/n

/R s ke

< C(n/e) /000(1 +Cr)~"dr < C(n/e)(pn — 1)1 < C.

The argument for |y| = 1 is a straightforward modification of the above, using
(4.18) in place of (4.17). On Ry and Ry 4, this results in the factor n/e being replaced
by (n/(ek))'/?, changing the bound by a factor of (nk)~/2. On R, 4, the factor r~!

is replaced by r~'/2, producing a similar change in the bound.

We proceed to verifying (4.15). On Ry, we bound |s,(z)| < Ce™ and, for
=2
|| D (z — kAR~ < CE (1 + [log |(z — wk) /K| + |log h|)
< Ck™'(1 + |log(e/(nk))| + | log k)

< Ck™'(1+ |lognk| + |log hl).

The arc has length less than 27e/n, so

i

< Ce" k711 + | lognk| + |log h|)(27e/n)

/ sn(2)D) (2 — kAy) 'dz
Ry

< C(nk)™Y (1 + |lognk| 4 |log h|)eC™™.

We move on to the portion of the integral over the segment R; . We bound the

length of the segment by a multiple of k, use the estimate that |s,(z)] < Ce®™ on
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the segment and apply the resolvent estimate (4.19) to find

<

/ sn(2) D) (2 — kAy)'dz
Ry +

< (CR)(CE™) (Ch(1+|log (|2 — wh|/k)] + | log k)
< C(1+ [loge/(nk)| + |log (¢/(nk) + C) + | log h|)e“™*
< C(1 4 |lognk| + |log h|)eC™.
In the second step in the above calculation, we have used the fact that e/(nk) <

|z — wk|/k <¢€/(nk)+ C.

We examine the contribution from Ry 1. Applying (4.11) and (4.19), we have

< C(1+Cr)"k (1 + |log (r/k)| + | log h|) dr.

e/n

/ sn(2)D) (2 — Ap) ' dz
Ry +

We rewrite r/k = (rn)/(nk) and expand.

<

/ s0(2)D] (2 — Ap) "' dz
Ra +

ng—l/ (14 Cr)~" (1 + | log nk| + |log | + | log nr|) dr-

n

The integral can be split, estimating the terms with (1 + |logh| + |lognk|) and

those with log nr separately. As

<C/n,

/ (14 Cr)y=""dr

n

we have

C’k:_l/ (14 Cr)~"" (1 + |lognk| + |log h|) dr < C(nk)™ (1 + |lognk| + |logh|) .

n

The term containing |lognr| requires more subtlety. As we have restricted our

attention to the case pn > 2, we have (1+ Cr)"™? > 1+ Cpnr/2. Using elementary
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calculus, we find that for r > ¢/n, the ratio |lognr|/(1 4+ Cpnr/2) is bounded by a

constant depending on €, so that

k:_l/ (14 Cr)="" |lognr| dr < C’k;_l/ (1+Cr)y™2dr < C(nk)™.  (4.23)

n €/m

Summing the bounds on each of the integrals yields (4.15).

We now return to consider the case 1 < n < ng. For such n, the decay in
(4.11) is insufficient for convergence of the integrals in the preceding argument. To
compensate for this, we modify the function s,(z) and estimate the modified function.
As s,(00) = 0, we can express s,(z) = c,z27' + O(|z|7?). We define 5, (z) = s,(z) +

cn(1 — 2)71 so that §,(2) = O(]z|2) as z — oo on Xg. Therefore, we can bound

15,(2)] < C(1+c|z]) 72, 2 €Yy (4.24)

for some constants C' and c¢ independent of 1 < n < ng. We can then bound
5,(kAp) using the Cauchy integral representation as before, so that (4.13)-(4.15)
hold for §,(kAy) replacing s,(kAp). We also recognize that (1 — kA,)™! satisfies
the bounds (4.13)-(4.15) by using z = 1 in (4.17)-(4.19) and the fact that k! <
no(nk)™' < C(nk)~'. Theorem 21 follows from these bounds and the expression

Sn(k’Ah) = gn(k’Ah) — Cn(l — ]{/‘Ah)fl.
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5

Divergence Form Elliptic Operators on Spatially
Periodic Grid Functions

We now restrict our attention to divergence form operators on the space of spatially
periodic grid functions of mean value zero. This class of discrete operators is invert-
ible. In Theorem 27, the final theorem of this section, we prove sharp maximum
norm estimates for the inverse and its first spatial differences, uniform in the grid
spacing, and almost sharp maximum norm estimates for second spatial differences.

For convenience we assume that the interval of interest is [—m, 7]¢, that the grid
spacing is h = 2w /N and that our grid functions are 2w-periodic.

We discretize [—m, 7]¢ by I where I}, = {z € R} : =7 < < w}. On I, we can

define the space X}, of periodic grid functions of mean value zero by

Xy =< u(z): Y uzg) =0 (5.1)

{L‘OGIg

and regard X, as a subset of R{ by extending each u € X, periodically.

For each non-negative integer m, we define the Sobolev space H™(I) with the
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norm

2 2
alry = S 11DRul R - (5.2)

0<|y|<k

The L?*(I) norm is induced by the inner product

(o) = 3 ulzo)ulaolh, (53)

:EQGIS

so that L?(I¢) can be regarded as a complex Hilbert space.

For simplicity, we introduce the problem

u = Apu
Apu = Z D} (aj(x)D; u) (5.4)
il

u(z,0) = up(x) € Xy

where the aj; = a;; are required to be 2m-periodic C1%/2+3(R?) functions for which

we have the ellipticity condition

> an(@)eg; > cle?, (5.5)
jl

with ¢ independent of z for all vectors & € R%. The choice of A, in (5.4) is only
first-order accurate. However, all of the results in this chapter also hold with the
commonly used second-order accurate operator
A, = Z BDJ+ (aj(z)D; u) + %Dj_ (auD;fu) (5.6)
jl
replacing Aj,. The proofs require only minor modification.

We find that the principal symbol of the difference scheme is real and satisfies an

appropriate uniform ellipticity condition.
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Theorem 22. The principal symbol p(y,&) of Ay satisfies the uniform ellipticity

condition

Wp(y.€) < —clel?, €€ [-m ], (5.7)
for some constant c independent of h and y.

The principal part of A, is

> au(y)Di Dy,

jl
with principal symbol

p(y,&) =h? Zaﬂ(y) (€% —1) (1 —e*).

We can factor to obtain

S) — Zajl(y)eifj/2€—i§l/2 (61'6]'/2 _ e—’ifj/z) (6i€l/2 _ e—ifz/?) .

Using the symmetry of the aj;;, we have

—_

Z aji(y)= (€172 716/2 1 ¢mi6/26160/2) ((i69/2 _ o=i3/2) (of61/2 _ gmitu/2)

l\D

With the definitions of sine and cosine, we can rewrite this as
_—4Zaﬂ cos( —%) sin%sin%.

The identity for the cosine of a difference allows this to be rewritten as

R’p(y, &) = —4 [Z aji(y) cos % sin %7 cOS 62[ sin %] —4 [Z a;(y) sin® 52 ain? fz]

3l -
- [Z aji(y) sin&; sin fl] —4 [Z a;i(y) sin? 22 5” n2 5’]
Jl 7
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By the uniform positivity of the matrix of a;(y), we have

R2p(y, &) < —c|sin&]? — 4c| sin? §|2

for some ¢ independent of y. The function on the right of the preceding inequality is
non-positive and non-zero for £ € [—m, w]¢, € # 0. Furthermore, on the neighborhood
[—7/2,7/2]¢ of the origin, c|¢|*> < |siné|? < C|€[%, so that we may conclude

h2p(y, €) < —c|¢]?

for some constant ¢’ independent of .

For any grid function v € X}, it is readily verified that A,v € X}, using summation
by parts. (The first difference of any periodic grid function is in X3, and A,v is the
sum of first differences of periodic grid functions.)

This ensures that the solution u(z,t) to (5.4) satisfies u(x,-) € X}, as

% <Z u(;po,t)) = Zut(:po,t) = ZAhu(xo,t) = 0.

o

For u the solution to (5.4), we calculate for ¢ > 0:

(Apu,u) = h? Z Z D (aji(z0) Dy u(xo)) uxo)

o gl

= —p¢ Z Zajl<1'0)(Dl_u(x0))(Dj_u(xo))’

after summing by parts. By the uniform ellipticity condition on the matrix aj(z),

we find
(Apu,u) < —ChdZZw;u(xo))?

for some constant C' independent of h. We recognize the right hand side is a sum of

norms, so that

(Apu,u) < —CZ HD;uHiQ .

J
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By the translation invariance of the L? norm, we have

(Apu,u)y < —C' Z D ul |§ (5.8)

The discrete Poincaré inequality then gives us that

(Apu,u) < =C'|lulf;. (5.9)
However,

<Ahu7u> = <ut7u> = 5% <U,U> = 52 HUHL2 .

Using this in (5.9), we find that there exists a positive constant ¢, independent of h,

for which

[[ullfo < ™.

Thus, the solution operator e»* satisfies

(BT

for ¢ > 0 independent of h.

As Ay, is a bounded operator (with bound depending on k), for each t € C, e/rt
is a bounded operator (with bound also depending on h). Then for any M > 0, and
for all ¢ in the wedge T, defined in (3.6), we have

| ‘eAht’ |L2 — ’ |€Aht1+2Aht2 elAth eAhtl

2 22

However, as A is self-adjoint, e*** is a unitary group for s real, so ||e2|| =L
This leads us to conclude that
le )], < [le™]], < e < e, teTy (5.10)

for some ¢ depending on M but not on h.
We now modify a theorem from analytic semigroup theory found in Renardy and
Rogers (2004).
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Theorem 23. For n a positive integer or half-integer, there exist positive constants

w and C,,, independent of h, for which

|[Ape||,, < Cut ™™, >0, (5.11)

Proof. By (5.10), we have

el <, et

for some ¢ > 0 independent of h.
If ¢, = ¢ — ¢, then the modified operator A, + ¢, obeys

‘ ’e(Ah—f—c*)t

| <e i teTy.

We define 6 = 2/M. Then for z € S| = {z =2 +i20: 21 > 0,|22| <z}, we

have

L2

H((Ah + C*) - 2)71HL2 = H/OO G_Zte(Ah+c*)t dt
0

< / efc’\z|t676t dt
0

for some ¢ depending on §. Thus,

C

ICn + ) =27 < 7

(5.12)

for all z € S7.

We next suppose that z € S, = {z =21 +i20: 20 >0,z < 25/6}. We de-
form the contour of integration to the ray Ry = t; — iMt;. On Ry, we have that
Rezt = t1(z1 + Mz) = t1(21 + 2/025) > t125/6. This implies |e | < e~"I=IM
for z € S} and t € Ry, with ¢’ depending on 6. We therefore obtain an esti-
mate of the same form as (5.12), and a similar argument extends the estimate to

St ={z=12 412120 <0,|21] <|22]/0} and hence S5 = S] U S, U SS.
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We now consider 2’ + ¢, € S5. (i.e. 2/ € S5 —c,), so that we can write 2’ = z — ¢,

for z € S§. Then we have:
104 = )72 = [1(An = 2 = )] 2
= [[(An+ e =) 7| o

We use the resolvent estimate for z € S5 in (5.12), so that

_Z/)_lH < C < C
2= 14 2] =~ 142 + e’

[|(An

from which we conclude

C

H(Ah—zl)ilHLz < m;

2 e S5 — c..

This improved resolvent estimate on S§ — ¢, now allows us to write, for ¢t > 0,

Anefnt — / ez — Ay) Tt dz
r

for the contour I' = Ry U R_ C S§ — ¢, where

Ry ={-w+ (-1+£1id)s,s >0}

for 0 < w < c¢.. We note that for negative definite A,, (—Ay)"/? is well-defined,
and we take A)/? = i(—A4,)Y2. As —A, is positive, it has a well-defined unique

self-adjoint square root. Bounding the contour integral, we have that

n > n —wil—r 1
HAheAtHngC/O (14 et dr

< Cnt—ne—w’t

for t > 0.

]

We require some elliptic regularity results. The theory here is adapted from Evans
(1998).
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Theorem 24. Suppose aj; € C™. If u € X, solves Ayu = f, then there exists a

constant C,,, independent of h, for which

[lull gmsr < Con | f1] s - (5.13)

Proof. As Apu = f, for an arbitrary grid function v € X, we have

(Apu,v) = (f,v). (5.14)

Let v = (=1)""' D" D}u for v a multi-index with |y| = m, where D]~ =
(Dy)™---(D;)". Then we have

> (Df(ap(Drw)), (—1)™ ' D)~ Dju) = (f, (=1)™"' D) Dju). (5.15)

We denote the left side of (5.15) by B and the right side by E.

We first examine B. Summing by parts m + 1 times, we have

B = Z (Dj(a(D;u)), Dy Dyu) .

gl

This can be expressed as
B= Z<Z( ) (SP D} "a;) D} Dy u, D) D7 u>
Jo\B<y
=> ((Sja) Dy Dju, Dy Dju)

gl

+Z<Z< ) () D} %az) D) D u, D Dju >

Jl B<y

== B] —I—BQ

By the ellipticity hypothesis and translation invariance of the L? norm,

B2 0|05 Djulfl, = 0 3|05 Dl (5.16)
] J
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Turning our attention to By, by the Cauchy-Schwarz inequality we have

5 < 5 (3) 202 a3 | 107 2211

Jjl By

As the a;; € C™, the differences Dg_ﬁ a;; are uniformly bounded, and so

Bal < Cu > 3|7 1105 D3

Jjl B<y

Using the Cauchy-Schwarz inequality with e then gives us

Bo| <Cn YD (06

Jjl By

8- |7 NIk
Dy, D, UHL2 +€HDj DhuHL2

< Collulfiym + ¢ ||DF DYul[7, - (5.17)

J

Combining (5.16) and (5.17), we find

~Culfullin +Co 3 ||DF DYl < B,

J

with constants depending on m but not on A.
We now bound E. Summing by parts m — 1 times and using the Cauchy-Schwarz
inequality with € gives us

|BI < Cellfllfmr + €llul [ -

As B = E, we have

—Ci [Jull3m + Co Y || DF Dyul[}, < Col[ 1] sms + € [Jull s -
j

Summing over all |y| = m, we find that

[l 2msr < Co (|| 3gmer + [l 3 ) - (5.18)

Applying this estimate repeatedly, we see that
2 2 2
[l [ < Co (1 Tigm—s + lull71)) - (5.19)
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To remove the ||u||,: term on the right, we take v = —u in (5.14), so that

(Apu, —u) = (f, —u) .

We again label the left side B and the right side E.
We have that

B = <Z D7 (a; Dy u), —u>
jl
= <Z a; D] u, Dj_u>

gl

>C > |[D5ully,
J

By the discrete Poincaré inequality, this gives us that

B> flull}.
For E., we find
2 2
|E| < ellullz. + CellF1]L
2
< ellullz + CellfIIz2

As B = E, we have

¢ Nl < ellullzn + Cell fllz,

and thus

2 2 2
[lullgn < C I f12 < C I f [ -

Substituting (5.20) into (5.19) and taking square roots yields the result.

(5.20)

O

By a simple inductive argument, as a consequence of Theorem 24, we can bound

differences by powers of A;. For m odd, we use that ||u||,, < C ‘ ‘A

is an immediate consequence of (5.8).

7

‘ ‘ , which
L2



Corollary 25. Suppose a;; € C™. Then there exists a constant Cy,, independent of

h, for which

lall s < Con || 4574 (5.21)

L2
for all uw € Xj,.

With the aid of Sobolev space theory, we can obtain L estimates for large time

exhibiting exponential decay.

Theorem 26. There exist constants C' and c, independent of h, for which

|[Dle?|| . <Ce,  t>1 (5.22)

Proof. Suppose v is an arbitrary vector in Xj,. For m = |d/2] + 1, the discrete
Sobolev lemma gives us

|1 D5e™ 0] oo < Crm [[ D™ 0],

Apt
< O™ ]| e

As the aj € C™*? using Corollary 25 we find that

|| Dyethal|,. < C HAhm/2+1€Ahtv

L2
For t > 1, Theorem 23 gives us

DR, < Ce e ol

Because we are on a bounded domain, for all u € X} we have ||u||,;. < C|]u||;
for some C' independent of h. Therefore, we conclude

DR, < Ce fol]

for ¢ > 1, which establishes the theorem.

We can now improve the L resolvent estimates for Ay,.
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Theorem 27. For the operator Ay, in (5.4) (or for the opemtor;l\; in (5.6) replacing
Ay ) with coefficients a;; € CL21+3(RY) on the space X, of periodic grid functions of
mean value zero, for multi-indices v with |y| < 2, there exist constants Cy and Coy

for which

[ D2 A | oy £ Cr - I =0,1 (5.23)

107 (40) M|y < Cal1 + [loghl), o] =2 (5.24)

Proof. For each multi-index v with |y| < 2, we can write

Dg(Ah)lz/O Dje dt,

provided the integral converges.

We estimate in L°°:

1P, < [ 197 at

We split the interval of integration, so that

1
1P| < [ llDge
0

| dt+/oo || D], .. dt. (5.25)
1

We first examine the integral on the left. For |y| =0, 1, we use the bound in (4)

to find that

1 1
/ || Dre ||, o dt < c/ |t~ dt < C. (5.26)
0 0

For |y| = 2, we further divide the interval of integration:
1 h? 1
J1D2e e de= [ 192 et [ 1D
0 0 h?

We again use (4) for the interval [h?,1]. However, on the interval [0, h?], we bound

the second difference by C'/h?, so that

1 h? 1
/ || Dre|| o dtg/ Oh—QdH/ Ct~dt
0 0

h2

< C (14 |loghl|). (5.27)
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For the integral on the right in (5.25), by Theorem 26 we have

/Oo || Dle ||, dt < O/ooectdt <.
1 1

Combining this with (5.26) for |y| = 0,1 or (5.27) for |y| = 2 yields the result.
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6

Numerical Results

In this chapter we present numerical results for three implicit difference methods ap-
plied to a test problem. We compare and contrast the observed superior regularity of
the L-stable and A-stable implicit Euler and TGA methods with the lesser regular-
ity of the A-stable (though not L-stable) Crank-Nicolson method when taking large
time steps. For the homogeneous problem, we find experimental confirmation of
Theorem 1 for implicit Euler and TGA. For these L-stable methods, the first and
second differences of the numerical solution exhibit the predicted regularity. In con-
trast, we find that the conclusion of Theorem 1 does not hold for Crank-Nicolson
for first and second differences, as differences of the Crank-Nicolson solution exhibit
blow up as the grid spacing tends to zero. For the inhomogeneous problem, we
confirm Theorem 2 for implicit Euler and TGA, showing that differences of the in-
homogeneous solution are controlled in maximum norm by the maximum norm of
the inhomogeneous term. We also observe that Crank-Nicolson possesses the same
regularity property for first differences, but may not for second differences.

We discuss and provide graphical representations for each of the regularity proper-

ties of first and second differences for all three methods. Although all three methods
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satisfy the stability properties (2.17) and (2.23) for the solution without differences,
we do not discuss these in detail as the regularity properties for first and second
differences are more interesting both theoretically and graphically.

We solve numerically the test problem

u = Au+ f
d2

a(x) = 1+ sin® (272)

for  on the interval [0,1] with periodic boundary conditions. We discretize the
operator a(z)d?/dx?® by

Ay, =a(x)DTD".

We compare implicit Euler, TGA and Crank-Nicolson for the time-stepping method.

Formulas for these methods appear in the appendix to Beale (2009).
6.1 Homogeneous Results

We first examine the homogeneous problem. We take large time steps of length
equal to the grid spacing, i.e. k = h. Because the problem is posed on a periodic
interval, D)s"(kAs;) may be regarded as a matrix operator, and its L norm may
be computed as the largest sum of the absolute values in each row. We examine the
regularity properties for first and second differences of each method.

We plot the quantities (nk)"V/2 || D) s"(kAp)||, - for |y| = 1,2 and h = k = 27V at
the end of this chapter (note that the computed data is indicated by point markers
and the lines are interpolated for ease of viewing). In Figure 6.1 and Figure 6.2
we see the regularity property of first differences of the implicit Euler and TGA
solutions, respectively. As the maximum of (nk)/2||Djs"(kAp)||;~ seems to occur
after the first time step for implicit Euler and TGA (as is expected in analogy with the
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exact problem), we plot the (k)2 ||Dys(kAp)|| .~ (the temporally scaled maximum
norm after one time step) in Figure 6.7 and Figure 6.8. The maximum value of
(k)Y2 || Dps(kAp)|| levels off quickly as the number of grid points increases, and
seems to support the bound ||Dys"(kAp)||;- < 3(nk)~1/2 for nk < 1. In contrast
with the L-stable methods, in Figure 6.3 we see that first differences of the Crank-
Nicolson solution blow up as the grid spacing tends to zero.

The regularity property for second differences of the implicit Euler and TGA
solutions is depicted in Figure 6.4 and Figure 6.5. It is difficult to determine if
the logarithmic factors of |log h| or |log nk| are actually required in Theorem 1. In
Figure 6.9 and Figure 6.10 we plot the value of k||D7s(kAp)||;w, the maximum
norm of the second difference after one time step. While the maximum norms of
second differences after one time step do not level off dramatically as they do for first
differences, we are still uncertain as to whether the logarithmic factors are required.
As in the case of first differences, we see that Crank-Nicolson does not possess the
same regularity property as the L-stable methods for large time steps because second
differences of its solution blow up as the grid spacing tends to zero.

As Crank-Nicolson fails to have the regularity properties for large time steps of
implicit Euler and TGA, we suspect that the assumption of L-stability is critical to

obtaining large time step regularity results.
6.2 Inhomogeneous Results

For the inhomogeneous problem, we again take the length of time step to be the
same as the spatial grid spacing, i.e. K = h. We examine ||D)u||_ where |y| = 1,2
for uw evolved by noisy functions f. The values of various f at (z,t) are taken
randomly from (0,1) and renormalized so that ||f(-,%)||,, = 1. We calculate the
numerical solution u for many such f, and at each time step we take the largest

value of ||[Dyu||  among all the choices of f (with those depicted being the result of

83



2000 choices of f). We can then compare to see if ||D]u|| remains bounded as the
grid spacing tends to zero. (Considering particular choices for f, such as having f
alternate between —1 and 1 at consecutive grid points, does not seem to affect the
results qualitatively.)

The regularity result in (2.24) holds for all three methods, as seen in Figure
6.11, Figure 6.2 and Figure 6.13. In fact, the maximum norm of first differences
seem to be decreasing as the grid spacing tends to zero. For Crank-Nicolson, this
regularity should not be surprising in light of Corollary 7.2 of Beale (2009), which
shows that first differences of the Crank-Nicolson solution for the constant-coefficient
heat equation are bounded by the maximum norm of the inhomogeneous term.

For second differences, we observe at least the expected regularity for implicit
Euler and TGA. Figure 6.14 and Figure 6.15 indicate that the maximum norm of
second differences may be bounded independent of h, so that the logarithmic factor
in (2.25) might not be required. In fact, for TGA the maximum norm of the second
difference appears to diminish as the grid spacing tends to zero. For Crank-Nicolson,
we see in Figure 6.16 that the maximum norm of the second difference increases far
more rapidly than it does for implicit Euler as the grid spacing tends to zero, and

appears to be unbounded.
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Implicit Euler: vnk HDhs”(kAh)H for 2% gridpoints

—e— N=2
—+— N=3
0.9+ N=4
—+— N=5
—— N=6f
0.8 N=7
0.7 1
E
o
=
E
S
£
®
1+
=
0 0.1 0.2 ) 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FI1GURE 6.1: Temporal control of first difference of implicit Euler solution to homo-
geneous problem
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TGA: \/EHDhs"(kAh)H for 2% sridpoints
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FIGURE 6.2: Temporal control of first difference of TGA solution to homogeneous
problem
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Crank-Nicolson: vnk HDhs”(kAh)H for 2% gridpoints

120
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~N e bL WON

100

Maximum Norm

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FiGURE 6.3: Lack of temporal control of first difference of Crank-Nicolson solution
to homogeneous problem
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Implicit Euler: nk ||Dis”(kAh)H for 2% gridpoints
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FiGURE 6.4: Temporal control of second difference of implicit Euler solution to
homogeneous problem

88



TGA: nk HDis”(kAh)H for 2 gridpoints
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FIGURE 6.5: Temporal control of second difference of TGA solution to homogeneous
problem
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Lo 10° Crank-Nicolson: nk HD;%S” (kA3) H for 2V gridpoints
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FI1GURE 6.6: Lack of temporal control of second difference of Crank-Nicolson solution
to homogeneous problem
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Implicit Euler: \/EHDhs(kAh)H for 2% gridpoints
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FIGURE 6.7: Temporally rescaled maximum norm of first difference after one time
step of implicit Euler
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TGA: \/EHDhs(kAh)H for 2% gridpoints
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FIGURE 6.8: Temporally rescaled maximum norm of first difference after one time

step of TGA
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FI1GURE 6.9: Temporally rescaled maximum norm of second difference after one time

step of implicit Euler
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TGA: k& ||Dis(kAh)H for 2% gridpoints
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FIGURE 6.10: Temporally rescaled maximum norm of second difference after one
time step of TGA
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Implicit Euler: HDhuH for 2% gridpoints
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FIGURE 6.11: First difference of implicit Euler solution to inhomogeneous problem
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TGA: HDhuH for 2 gridpoints
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FIGURE 6.12: First difference of TGA solution to inhomogeneous problem
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Crank-Nicolson: HDhuH for 2V gridpoints
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FI1GURE 6.13: First difference of Crank-Nicolson solution to inhomogeneous problem
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Implicit Euler: HD%UH for 2% gridpoints
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FIGURE 6.14: Second difference of implicit Euler solution to inhomogeneous problem
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TGA: HDiuH for 2 gridpoints
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FIGURE 6.15: Second difference of TGA solution to inhomogeneous problem
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Crank-Nicolson: HD%UH for 2V gridpoints
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FIGURE 6.16: Second difference of Crank-Nicolson solution to inhomogeneous prob-
lem
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Appendix A

Proof of Theorem 3

Theorem 3. Suppose U is a classical solution to (2.26) and u™ is the numerical
solution at time step n given by the L-stable scheme in (2.27) for rational s with
k = ch. If € is the total error and T is the local truncation error, then, on any finite

interval [0,T], we have:

€]l < Co sup|ITC. 0l (A1)
t<T
IDRENL < CrswplITC Ol bl =1 (A2
t<T
IDIEIL < Ca (14 [loghP) swp|[TC Ol hl=2  (A3)

with constants depending on ¢ and T, but not on h or n for k sufficiently small.

Proof. We begin by recalling the definition

5n+1 — Un+1 o un+1

In the definition for £"*1, we replace U™ by the expression in (2.31) relating it to
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U™ and 7", and we replace u™™! by its definition in terms of u", so that

gn—i—l —

= s(kADU" + k> qi(kAp) (1 — ik Ap) 7 F (- nk + 7k) + Q(kAy) (1 — nkAy) ' T™
=1
— | s(kAn U™ + £ qi(kA) (1 — mikAy) (- nk + Th) |
=1

The terms involving f cancel, and the linearity of s(kA;) allows us to write
EM = s(kAR) (U™ —u") 4+ Q(kAL) (1 — nkAy) ' T"

= s(kAR)E™ + QA (1 — nkAy)~"T™. (A.4)

Because £0 = U® — u® = ug — up = 0, we can apply Theorem 2 directly to (A.4),

establishing the result. O]
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Appendix B

Decay in the Semidiscrete Fundamental Solution

Our estimates for the decay of the frozen coefficient fundamental solution contain
the decay factor e~ Cla=sl/ VI for |t| > h?. In analogy with the continuous problem,
one might expect that we actually have the decay factor of e~ Cl==vl*/Itl . However,

this is not the case, even in the simplest possible example.

Consider the one-dimensional constant coefficient semi-discrete problem
u = Ayu=D"D u

u(z,0) = ug

with fundamental solution Gy, (x,t) satisfying

Gh(x, 0) = 5w0

0

The solution can be expressed in the transform as

1 (" . A
Gulat) = 5 [ et g

—Tr
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we can rewrite Gj,(x,t) as

1 a '
Gh(l‘,t) — %e—Qt/hQ\/ e—?t/h2 cosfele/h d€

—Tr

Remembering that xz/h is an integer and using the fact that sine is odd and cosine

even, we have

]_ 2 i 2
Gh(z,t) = —e 2" / e /M8 cog(x€ /D) dE.

n 0
However, this can be rewritten as

1
G, 1) = —e /ML (2t/h7)

by the integral representation of I,(z), the modified Bessel function of the first kind.
We take ¢t = 1 and for simplicity h = 1 and * = v € N. Then we are concerned
with the behavior in v of 1,,(2) as v — 0.
However, the bounds given by Nasell (1978) imply that for fixed ¢, I,,11(c)/1,(c) >
C'/(n + 1), so that the decay in v cannot be as strong as e~ = e~cl*’/t for this
choice of t. The same argument works for any other fixed values of h with ¢t =1 (or

—Clzf?/t

any fixed value of ¢), and so we cannot hope to obtain decay like e uniform in

h and t.
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