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COMPLEXITY OF ZIGZAG SAMPLING ALGORITHM FOR STRONGLY
LOG-CONCAVE DISTRIBUTIONS

JIANFENG LU AND LIHAN WANG

AsTrACT. We study the computational complexity of zigzag sampling algorithm for strongly
log-concave distributions. The zigzag process has the advantage of not requiring time dis-
cretization for implementation, and that each proposed bouncing event requires only one
evaluation of partial derivative of the potential, while its convergence rate is dimension inde-

pendent. Using these properties, we prove that the zigzag sampling algorithm achieves € error
1 3
in chi-square divergence with a computational cost equivalent to O(nzdi (log é)i) gradient

evaluations in the regime K « ﬁ under a warm start assumption, where  is the condition

number and d is the dimension.

1. INTRODUCTION AND MAIN RESULTS

Monte Carlo sampling from a high-dimensional probability distribution is a fundamental
problem with applications in various areas including Bayesian statistics, machine learning, and
statistical physics. Many sampling algorithms, especially those for continuous state space like
R?, are based on continuous time Markov processes. Examples of these processes include the
overdamped Langevin dynamics, whose invariant measure is the target measure, the under-
damped Langevin dynamics and Hamiltonian Monte Carlo (HMC) [25], both augment the state
space with a velocity variable v, and have the xz-marginal distribution of the invariant mea-
sure as the target measure. For strongly log-concave distributions, all these processes converge
to the equilibrium exponentially fast with rates independent of the dimension, making them
suitable for sampling purposes. On the other hand, all of these processes require time dis-
cretizations for implementation, which not only induces further numerical errors but requires
the time step to be small as well, requiring higher computational complexity if a small bias is de-
sired. To remove such bias due to discretization, the conventional procedure is to introduce the
Metropolis-Hastings acceptance-rejection step, while rejections indicate waste of computational
resources.

A very different line of sampling algorithms have been recently developed in statistical physics
and statistics literature [45], which are based on piecewise deterministic Markov processes
(PDMPs) |20]. These processes are non-reversible, which may mix faster than reversible MCMC
methods [2147]. Examples of such samplers include the randomized Hamiltonian Monte Carlo
[11], the zigzag process [3], the bouncy particle sampler [I21[45], and some others [4,[421[48]. The
zigzag and bouncy particle samplers are appealing for big data applications, as they can be
unbiased even if stochastic gradient is used [3L12]. These algorithms, as they are still relatively
new, have not yet been thoroughly analyzed. In particular, no non-asymptotic computational
complexity bounds on these algorithms have been established yet, to the best of our knowledge.
Our previous work [38] gives explicit exponential convergence rates for the PDMPs with log-
concave potentials, which opens the possibility of deriving such complexity bounds for PDMPs,
and provides the foundation of this work.

Date: December 20, 2020.


http://arxiv.org/abs/2012.11094v1

2 JIANFENG LU AND LIHAN WANG

1.1. Algorithm and Assumptions. Let z denote the state variable in R? where d is the
dimension. The target distribution we want to sample from is denoted by

dp(z) = Z7" exp(~Ul(x)) dz,

where U (z) is the potential and Z = [, exp(—U(x)) dx is the normalizing constant. Although
the zigzag process can also be applied to sample non log-concave distributions, we will restrict
our analysis to strongly log-concave distributions, namely, we make the following assumption
throughout:

Assumption 1. The potential function U(z) satisfies
(1) mly < V2U(z) < LIy,

where Iq denotes d x d identity matriz. Moreover, U(x) has a unique minimizer at x = 0, and

U(0) = 0.

For any random variable X, we use p(X) to denote its law. In this paper, we use chi-square
divergence to measure the difference between two probability measures: for probability measures
p1, p2 that p1 « po, it is defined as

dpy 2
2 = — —1) dp2.
ol = [ (52 1) dpe

The zigzag sampling algorithm is based on a piecewise deterministic Markov process, called
zigzag process. Besides the variable z, we augment the state space by an auxiliary velocity
variable v € R?. A trajectory of the zigzag process, denoted by (Xy,V;), can be described as
follows. Given some initial (Xo, Vp), V; stays unchanged unless bouncing events or refreshing
events occur at some random time following Poisson clocks. At any bouncing event on the j-th
direction with rate (V;(J )aij(Xt))+, the velocity V; changes by flipping its j-th component.
At the refreshing event with rate A\ for some fixed A\ > 0, the velocity V; is completely redrawn
from standard normal A(0,1d). The position X; always evolves according to the velocity as
4X, =V

It has been established [IL[8l[38] that under Assumption[ p(X;, V;) converges to the invariant
measure of the zigzag process, which is a product measure of the target measure in  and the
standard Gaussian in v:

d v 2
dp(z,v) = du(x)dk(v) where dk(v) = (2m)”2 exp(—%) do.

Our analysis relies on the following more quantitative convergence result for zigzag process
proved in [38], which also specifies the optimal choice of refreshing rate \:

Proposition 1.1. [38, Theorem 1] Under Assumption [Il there exists a universal constant K
independent of all parameters, such that for any initial density fig, the zigzag process with friction
parameter A = \/L satisfies

2) P (p(Xr, Vi) | ) < K exp(= = =T)x* (o | )

The left-hand side of (@) controls desired divergence of p(X) with respect to the target
measure i, as we have

v o = [ (LEE) a0 -1

B /R (%ﬁﬂ)g ( /R (d“ggi(if”)? di(v) ) dp(x) — 1

_ /Rd(M)Q(lJFX2(P(VT | X7) | K)) du(z) — 1

dp
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dp(X7)\? 2
> —) d —1= X .
(B dute) =1 = ol )
Moreover, we would take initial condition in the form of
(3) (XQ, VO) ~ ﬂo(‘rv U) = /,Lo((E)K/(’U)7
which implies that x2(fio | ii) = x?(uo || ). Therefore, we get
m
(4) X (p(Xr) | ) < K exp(——=T)x"(uo || ),

K+VL
which suggests the total time T needed to achieve control of chi-square divergence.

Of course, in reality, we cannot simulate the zigzag process precisely in a direct way. To turn
the zigzag process into an actual sampling algorithm, we need an upper bound estimate of the
exact bouncing rate, and simulate the Poisson process for the bouncing events using Poisson
thinning (see e.g., discussions in [3, Section 3|). Under Assumption [I, we will use the following
upper bound estimate for the rate:

(5) (0:02,U(z + vt)) 4 < |0i00,U(z + vt)| < [v3]]00,U (z + vt)| < Llvi|(|z] + t]o]).

This upper bound has the advantage of not involving evaluations of U and its partial derivatives,
which greatly reduces the computational cost. The price to pay is the increased frequency of
potential bouncing events, which scales like O(\/E) since the pessimistic bound for the partial
derivative |0, U (z)| < |VU(z)| < L|z| typically sacrifices a factor of O(+/d) in the first inequality.

Following the above discussions, the zigzag sampling algorithm is described in Algorithm [I]
where Step uses the upper bound estimate in (Bl), while Steps correspond to the
Poisson thinning step. Note that for each potential bouncing event, the algorithm requires one
evaluation of 0,,U in Step In practice, typically accessing the partial derivatives of U is
the most time consuming step, therefore, in our complexity analysis, we focus on the number of
access to partial derivatives.

For the zigzag sampling algorithm to be efficient, the total runtime 7" in the algorithm has to
be chosen appropriately. It needs to be long enough so that we can reach e accuracy according to
the @)). However, T' cannot not be too long for several reasons: 1) If T is too large, we will have
too many velocity refreshing events, among one of those events, a very large V' might be drawn
from the Gaussian distribution, which will lead to a high number of bouncing events and hence
computational cost; and 2) since the zigzag trajectory is ergodic with respect to p, eventually
it will visit regions with large gradient, which also leads to extra bouncing events. In principle
these might be dealt with by revising the algorithm, for example restricting X; to a prescribed
region of the state space. However, this would introduce some bias. Therefore, we focus on in
this work analyzing the original zigzag sampler, and as a result, to limit the runtime 7', we need
to impose the following Assumption 2l on the initial distribution pg. We remark that due to the
same reason, we would also put a restriction on the accuracy level e that L = o(exp(d)) in our
complexity bound.

Assumption 2. The initial distribution uo(z) satisfies a warm-start condition:

d
M)’

where K is the same universal constant as in (). Furthermore, the initial distribution is
concentrated in the sense of

(6) X2 (1o | 1) < exp(

2d 1
7 =P (Jo] >4/ ) < 5.
( ) n Ho |£L'| m 4
Remark 1.2. The concentration condition ([{) can be easily satisfied. By Gaussian Annulus

Theorem, if we pick po = N (0, %Id), then P, (|x| >4/ fn—d) < 3e=° for some universal constant
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Algorithm 1 The zigzag sampling algorithm

Input: Terminal runtime 7', initial distribution .

1: Draw x ~ .

2: Set t <« 0.

3: Set refr < true.

4: whilet < T do

5: if refr then

6: Draw v ~ N(0, I).

7 Draw trerr ~ Exp (\/f)
8: trofr < min{trefr, T— t}.
9: refr < false.
10: end if
11: fori=1,---,d do
12: Draw 7; such that P(7; > s) = exp(—sLl|v;||z| — §|’UZ||’U|)
13: end for
14: Pick j = arg 1{1111 Ti.

i=1,

15 Ay < Ll l(lal + 7 [ol).
16: t — ¢+ min{7;, tren }-

17: x — x + vmin{7y, trep ).
18: if T < trefr then

19: /\j «— (’Ujaij(J]))_ﬁ_.
20: Draw a ~ Unif(0, 1);
21: if o < 2— then
22: Vj < —Uj.
23: end if
24: trefr < trefr — Tj-
25: else
26: refr « true.
27: end if

28: end while
29: return x.

c. The failure probability gets smaller if we take po = N(0, %Id). The warm start condition ()
is much more stringent though, which we will discuss further in Section Bl

1.2. Main Results.

Theorem 1. Under Assumptions 0 and Bl, for any prescribed accuracy € > 0, Algorithm [
outputs a random variable X such that

(8) X (p(X) | p) <,

for runtime T chosen as

9) T=K(%Z(log§+logx2(uo Hu)+10gK))7

where K is the universal constant in (2I).

with probability 1 — —&— — Clogfé d —n, Algorithm [

Moreover, if € > exp(— JiT

d
4Kk log d) ’
returns an output with a computational cost of

3 5 1 2
O(d?#?(log? — +log* x*(uo | 1))

evaluations of partial derivatives of U, where n is defined in [@) and C is a universal constant.
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1

Remark 1.3. By repeated trials, the theorem implies that for any ¢ € (0, 7

1— 90, Algorithm [ returns the desired output with a computational cost of

), with probability

: 1 3 1 1 3
O d%H2(10%—+1O§ 2 >10 —‘10 (——+log 2d+ D,
( g% — +1log= X" (o | 1) ) log 5 |log (\/IT g 0)
that is 6(d%/{2) evaluations of partial derivatives of U, where 5() hides logarithmic factors.
With the common computational model that d evaluations of partial derivatives of U is equiv-
alent to one evaluation of VU in complexity, the complezity of zigzag is equivalent to O(d%,%?)
evaluations of VU.

Theorem [ guarantees that the zigzag sampling algorithm (Algorithm [I) outputs a sample
from a distribution with y2?-divergence at most € away from the target density for a computa-
tional complexity equivalent to O(d? k2) partial derivative evaluations (i.e., amounts to O(dz 2)

gradient evaluations), in the regime max{x,log 1} « lo‘é 7

Our analysis is based on the quantitative convergence rate of the zigzag process established
in [38], which is O(%) for m-convex and L-smooth potentials. The rest of our proof is based
on estimating sup |X;| along a single trajectory of the zigzag process and subsequently turn
this into an estimate on the number of potential bouncing events, and hence number of partial
derivative evaluations. Our analysis utilizes the two important and desirable features of the

zigzag sampling process:

with a warm-start condition.

e The implementation of the zigzag process does not need time discretization, as the velocity
in deterministic portion of the trajectory remains constant, which makes it possible to simulate
the exact trajectories of the zigzag process while eliminating an important source of error. This
is the reason that the complexity of the zigzag process only has logarithmic dependence on %,
without Metropolis acceptance/rejection.

e Moreover, for each potential bouncing event of zigzag, only one evaluation of a partial
derivative of the potential is required, which is O(d) cheaper than a full gradient evaluation in

computational cost for usual model of computation.

We would also remark that we quantify the error of distribution in terms of x2-divergence,
which provides stronger guarantee than total variation, KL divergence or 2-Wasserstein dis-
tance. While y2-divergence is relatively convenient for obtaining convergence rates of continu-
ous processes [I4,[38] based on Poincaré inequality, it does not seem easy to use for analyzing
discretization error of SDEs. Previous works made assumptions of Poincaré inequality for the
discrete invariant measure [49] or some opaque uniform warmness assumption [30], both of which
are difficult to verify. We are fortunate to avoid such problem for zigzag sampler, thanks to the
fact that zigzag does not need time discretization.

1.3. Previous Works. Here we focus on results on non-asymptotic analysis of sampling al-
gorithms, which has been a focused research area in recent years. Many sampling algorithms
have been analyzed including algorithms based on overdamped Langevin dynamics [18]22]26]
27,37,49], underdamped Langevin dynamics [17,[19]23]39,[43][46], Hamiltonian Monte Carlo
[10,161[35,[40,[4T], or high order Langevin dynamics [44], among others. These methods involve
discretization of ODEs or SDEs, which yields an error that scales polynomially with step size.
Thus the complexity of these algorithms has polynomial dependence on ', where ¢ is the
desired accuracy threshold.

Metropolized variants of sampling algorithms, including Metropolized HMC and Metropolis
Adjusted Langevin Algorithm (MALA), have also been studied in [I5291[34], the complexities of
which have only logarithmic dependence on =1, similar to the zigzag sampling process analyzed
here. In [29] the complexity upper bound for MALA is established as 6(:‘$d+ r2d2) under warm
start condition, and 5(Iid2 + k2d?) with a feasible start. In [I5] the complexity upper bound
for MALA is improved to O(kd + r2d?) with feasible start (where uo = N0, 11d)). The work
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[15] also established bounds for Metropolized HMC, which is O(kd12) with warm start (which
is in fact more stringent than our Assumption B in the regime x = O(d3), and O(kid + kidz)
with feasible start if the target potential function has a bounded Hessian. The complexity upper
bound has been improved in [34] to O(xd) for both Metropolized HMC and MALA with a feasible
start, based on a refined analysis using concentration of gradient norm. In comparison, our result
for zigzag relies on a warm start, while the complexity upper bound has better dependence in
d. The issue of feasible start will be further discussed in Section [3]

Regarding asymptotic analysis for the convergence of zigzag process, the ergodicity was first
established in [8]. Exponential convergence of the zigzag process is established in [7,31] using a
Lyapunov function argument. A central limit theorem of the zigzag process is established in [2],
and a large deviation principle is established for the empirical measure in [6]. The spectrum of
the zigzag process has been studied in [532]. A dimension independent exponential convergence
rate for the zigzag process is established in [I], using the hypocoercivity framework developed
in [24]. Finally, a more quantitative convergence estimate was established in [38], for which our
analysis of the sampling algorithm is based on.

2. STRATEGY OF THE PROOF

Since Algorithm [l always simulates exact trajectories of the zigzag process, we see that (&) is
guaranteed with the correct choice of T'. Therefore we only need to estimate the computational
complexity. The strategy of the proof is to first give an estimate on supe[o 71 U(X¢) (Lemma
2.1), which directly controls supcpq 7 |X¢|. The upper bound on |X[ in turn provides us an
estimate of upper bound on the number of partial derivative evaluations of U. The complexity
upper bound we derive holds with high probability, while it does not always hold (for example,
the number of proposed bouncing events from the Poisson clock might be atypically high), such
events only occur with very small probability, which will be controlled in the proof.

Let N + 1 be the total number of velocity refreshments (including the initial refreshment),
therefore N is a Poisson random variable such that

Lrn
(10) P(N = n) = @e—ﬁ?

n!
Let 0 =Ty <Th1 <1y <--- <Tn <T < Tn41 be the refresh times, and Vz, be the velocity
variable after refreshment at time Ty. For k = 1,--- N, we use t; = T — Tx_1 to denote the

time duration between refreshments. For convenience, we will also denote ty11 =T — Ty

The first step of the proof is the following lemma which controls supcfo 7 U(X:) condition
on some high probability events. The proof will be deferred to the appendix.

Lemma 2.1. Under Assumptions [l and 2, suppose the following conditions hold:

(11a) %\/ET <N < g\/fT;
d \1/2
(11b) Vi, VUKl < (rn) IV (X)) Wk =1 N
(11c) V| <2Vd, VYk=1,--- N
(11d) U(Xo) < rd;
(11e) J\ith < AT

kS .
= VL

Then there exists a universal constant C such that

(12) sup U(X;) < CVLTd.
te[0,T7]
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The next element in the proof is to control the failure event that (IIl) does not hold. The
control of the first four events are relatively straightforward and will thus be directly carried
out in the proof of theorem below; we state the probability for the event (1) to hold as the
following lemma, which will also be proved in the appendix.

Lemma 2.2. With probability 1 — %, condition ([Le) holds.

The final component of the proof is to turn the estimate for supefg 1 U(X¢) to an upper
bound for the number of proposed bouncing events. We will use the following large deviation
result proved in [33] (see also [36, Theorem 1] for a generalization):

Lemma 2.3. Let {Y,,} be a sequence of real-valued i.i.d. random variables. Suppose EYy = pu >
0 and M(Xo) := E(exp(AoY1)) < 0 for some N\g > 0. Let N, = inf,{>};_, Vi > t} and P, be
the law of %Nt. Then (P;)i=o satisfies the large deviation principle with rate function

sup (0 —zlog M(0)) x>0,
J(;E) = { 0e®
0 r <0.
where © = {0 : M(0) < co}.

Proof of Theorem [Il Let p; be the probability that condition ¢ in (1) of Lemma B.T] fails. We
start with condition (ITal) of Lemma 2l Applying Lemma to the Poisson process with ¢;
as the arrival times, we may estimate the first failure probability (here and for the rest of the
proofs C' denotes a universal constant that may change from line to line)

C
VIT
We now check the conditions ([1D)) and (IId) of Lemma 21l By Gaussian Annulus Theorem,
for each refreshment, we have

(14) P(|V| = 2Vd) < 3¢,

(13) Da < exp(—%\/fT) <

where ¢ > 0 is some universal constant. We also require Vp, to satisty |Vr, -n(Xrg, )| < (ﬁ)l/2
_ VU(X1,)
IVUX )l

3

where n(Xr,) which has failure probability

d 2

1/2 1 o r
W> )= E /(ﬁ)m exp(—g)dr
< \/%/( ., )mexp(—g(%)lp) dr

VLT

¢
ST et

Since we have to draw V for N times, cumulatively this yields a failure probability

\/_ 1/2
%) exp(—w_%))EN.

Recall the assumption ¢ > exp(—ﬁ‘ﬁogd) as well as (@), which implies that VLT < TTogd for
our choice of T" as in ([@). Together with condition ([Ial), we derive (neglecting the obviously
smaller term e~¢?)

MVMM>(

(15) Db+ pe < C(e_Cd +(

Db+ Pe < C\FLT(gy/2 exp(—w_%) < Clog7% d.

The failure probability for condition ([I1d]) is straightforward to estimate. Using Assumption [
we have

L
Ul@) < 5ol
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which indicates

2d
pa <1 =P(|Xo| =14/—).
m

Finally, p. is already estimated in Lemma [2.2] which yields p, < %
In summary, the total failure probability of ([l can be bounded as

C 3
16 o+ Db+ Do+ P+ Pe < —— + Clog ™2 d + 1.
(16) Pa+ Pyt Petpatpe < —mp g n
We now assume that condition (II]) holds. Thus, Lemma [ZT] together with Assumption [l
implies that
2 1/2 3 1/2
(17) sup | X¢| < (— sup U(Xt)> < C(£Td> .
te[0,T] M ¢ef0,1] m

After each refreshment or bouncing event, Algorithm [ runs d independent Poisson clocks
{7i}i=1,....a defined in Step [[2] thus, noticing Y. |v;| < Vd|v| < 2d,

(18)  P(minz >t) > exp( tL|x|Z|UZ|——|U|Z|UZ) exp(—Cd3 (LEm™3T5¢ 1 12)).

This motivates us to consider the following counting process Ny: suppose {1, - - areii.d. random
variables with P(#; > s) = exp(—As — Bs?) where A = Cd2Lim 2T? and B = Cd?, and let
N, = inf, {3/, ¢; > t}. By construction, the probability of N > 2AT under condition (II)) is
controlled by P(N7 > 2AT). Therefore, it suffices to estimate P(Ny > 2AT), for which we use
Lemma 23 To estimate the rate functlon for § € (—oo, A), we calculate

o0
M(0) = / (A+ 2Bs)e_(‘4_e)s_BS2 ds
0

0 o0
_ A/ 7(A70)szsz ds 7/ ef(Afe)s destz
0

0
—A/ —(A—0)s—Bs? d8+1+/ estz def(Afe)s
0

=1+ 9/ (A-0)s= B g
0

" an0) A
<140 AR s = ——.
+ /0 e S 1-0
This implies
J(z) :==sup(d —xlogM () = sup (0—xlog )
OeR fe(—w0,A) A—0

—zlogz —xlogA+ A—xz:= J(z).

It is easy to check that J (x) is increasing for any = = A, and
J(24) = J(24) = A(21log2 —1).
This means for some universal constant ¢ > 0,
P(N7 = 2AT) < exp(—cAT) = exp(—cd%L%nf%T%)7

which is much smaller than the previously estimated failure probability ([I6). In other words,
we have established that with high probability the number of partial derivative evaluations is
bounded by

3_5 1_3 3 3 1 3
O(AT) = O(d? Lim~*T%) = O<d§n2 (1og* = +log* x*(uo | u))). O



COMPLEXITY OF ZIGZAG 9

3. DISCUSSIONS

We establish non-asymptotic complexity bounds for the zigzag sampling algorithm. While
we focus on zigzag sampler in this work, we expect that similar analysis for other PDMPs
[A12[42,[48] can be carried out. We leave these for future research.

We admit that our warm-start requirement (@) is much more stringent than existing results
(for example [341[39]). We observe that (6] implicitly requires the condition number & to be
much smaller than d, as otherwise, if x ~ d, (@) requires x?(uo | ) = O(1) which is unrealistic.
This restriction on condition number is not completely unexpected since the zigzag sampler does
perform poorly for highly anisotropic densities (see for example numerical results in [42]).

A major issue of the warm-start assumption comes from our choice of x? divergence, rather
than total variation, 2-Wasserstein distance, or KL divergence as in previous works for non-
asymptotic analysis of sampling algorithms. In particular, if we choose the initial condition

L Li|z|?
(19) dpo(w) = ()2 exp(—%)dx,
as in previous works, then for U(x) = %zlz, we have

o | 1) = Z(= )d/ exp(—Lla|* + U()) dz — 1
R4
L

2m
) /R exp(—(L— ) af?) o~ 1 = 5 (52—

L
27

which violates (). On the other hand, for the same choice of pg, as long as U satisfies Assump-

tion Il one can estimate

L a d L L L d
KL(uo || ) = (%)g /]Rd (5 log o T log Z — §|CC|2 + U(:v)) exp(—§|x|2) dz < 3 log .

vl
wla

—1,

This means log KL(u0 || ¢t), and consequently the logarithm of total variation or 2-Wasserstein
distances are much smaller than any algebraic power of d, making it suitable for initialization.
We hope the following conjecture is true:

Conjecture 1. Under Assumption [, there exists a universal constant K independent of all
parameters, such that for any initial density g, the zigzag process with friction parameter \ =

VL satisfies

KL(p(X7,Vr) | 1) < K exp(— T) KL(fio | f)-

m
K+VL

If this is indeed true, we can establish the convergence in KL divergence of the zigzag sampler
using a feasible start.

Another interesting open question is whether one can find a tighter upper bound than Step 12|
of Algorithm [1 in order to reduce the computational complexity, since it magnifies proposed
bouncing rate by O(\/&) The following lemma, which might be of independent interest, provides
a concentration bound for |d,,U| so that we might be able to give up a small probability to obtain
a much sharper bouncing rate control.

Lemma 3.1. Let U(x) satisfy Assumption [, then for any ¢ > 0,
(20) IP’M(|8MU| > 2V + 2ev/Llog d) <3d<.

The proof of this lemma, deferred to the appendix, is inspired by [34], which uses the following
Brascamp-Lieb inequality [13]:

Lemma 3.2. Let U(x) satisfy Assumption 0, then for any g € H'(u),

(21) Varugé/ Vg(V*U) 'Vgdp.
]Rd
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With Lemma Bl it might be possible to improve Algorithm [I] while surrendering a small
probability by replacing Step [2with P(7; = s) = exp(—csv/L|v;| log d) since (v;0,,U (x+vs)) 4 <
C\/Z|’Ui| log d with high probability. This motivates the following conjecture:

Conjecture 2. Under the Assumption [, for any k and log% that are both smaller than some
algebraic power of d, there exists an algorithm that gives a random variable X such that

(22) X(p(X) [ p) <e.

Moreover, with high probability, the algorithm requires O(dli log d(log% +log x2 (o | u))) eval-

uations of partial derivatives of U.

Unfortunately there are several difficulties for proving the conjecture. One is that although
0, U does not exceed O(log d) with high probability, we are unable to control the partial deriva-
tives for a trajectory of the zigzag process. Another issue is that since some trajectories of the
zigzag process may go to regions with partial derivatives exceeding O(logd), we do not always
simulate the exact trajectories, which introduces bias in the sampling.
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APPENDIX A. PROOF OF LEMMA 2]
Proof. Let A\(t) = V; - V,U(X;). If no bouncing happens, then

d
0 = V' V2U(X)Vi < LIV

In addition, A\(¢) decreases when bouncing happens, since there is some positive Vt(i)ﬁmiU (Xt)

being changed to th(i)(?miU(Xt) while X; and other Vt(j )’s remain unchanged. Therefore, since
|Vi| does not change between refreshments, we have for any ¢ € (0, Tys1 — Tk ), [l

(23) MTy, +t) < MTy) + tL|Vr >
Notice for a convex function U(x) that satisfy Assumption [Il we have by co-coercivity
VU @) < 20U a),

therefore for any ¢ € [0, T+1 — Tk), and any a > 0,
t
UX7,4+¢) =U(Xr,) +/ ATy + 1) dr
0

Lt? 9
< U(X7,) +tAN(Ty) + T|VTk|
() 19 d
b VLT
<U(Xr,) + t(%)wm + 2Lt%d
1
V2T

1/2 )
U(Xn,) +t(—=)  [VU(Xz,)| + 2Lt

< (1+ a)U(X7,) + dVLt3( ~+ 2VL).

In particular,

U(Xp,,) < (1+a)U(Xp) + dﬁ;tgﬂ(ﬁ oV,

Choosing o = ﬁ, we have

UXr,,,) < (14 a)U(Xr,) + CdLtE 4.

Now we apply the above formula iteratively and derive

N+1
U(Xr) < 1+ )" U (Xo) + CLd Y (1 + )N F 18
k=1
N+1
< (1+a)N*! (U(Xo) +CLd Y ti)
k=1
(1), @3
< CVLTd.
Here we used o = ﬁ =0(%) so (1+a)N*! = O(1), which is true due to ([Ta). O

IWe remark here that A(t) is not well-defined at the bouncing times. Nevertheless, ([23) still makes sense since
A(t) decreases at the bouncing events, and since we only use (23] in the time integral sense, this will not cause
any problem.
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APPENDIX B. PROOF OF LEMMA

Proof. Let E = iv:+11 t3. By properties of the Poisson process [28], if we condition on N, the

distribution of 77, T5, - - - , T’y has the same joint distribution as that of N i.i.d. random variables
uniformly distributed in (0,7"). This means
N o o 2
(25) EE|N) = 7y (Zti+(T—Ztk) )
tito iy <T “p—q k=1

To calculate E(Z | N), let us define

Il(N,T)z/ (itiqL(Titkf)

it Htn<T “p_q k=1

and compute I;(N,T) by induction in N. For N = 0, as the sum contains only one term,
I(0,T) = T?. An easy calculation shows that ;(1,7) = 27°. We will show in general

(26) L(N,T) = %TN”.

Indeed, suppose (26) holds for N — 1, we want to prove (20]) for N, the starting point of which
is the following observation:

T
Il(N,T)z/ t%dtN---dt1+/ L(N —1,T —t;)dt;.
t1 4+t <T 0

The first integral can be treated by integrating the variables one by one, from ¢y to ty_1 and
then ty_o, etc.

/ t%dtN---dt1=/ (T -ty — - —ty_1)dty_1--- dty
ti4-ttn<T t1+-+tn_1<T
1/ 2 2
= (T =ty — —ty_g)?dty_g--- dy
(27) 2 ti+-+tny_o<T !
_ /T (T —t)NLdt; = __2 N
(N-1! /[, ™ (N +2)! '
By the induction assumption (26]) for N — 1 we have
T T
2N 2N
(N —1,T —t;)dt; = (T —t)N T Aty = ———T1N+2,
| n Dt = [ T ) -

Combining above with (27) we finish the proof for N. Therefore
N!2(N + 1)TN+2 272

E(Z|N) = = .
E1N) T~ (N +2)! N +2
The full expectation E= follows as N is a Poisson random variable
[ee]
EE = E(Z| N =n)P(N =n)
n=0
L2 I
—nt2 n!

_ g2eVIT i ((x/fT)” ~ (\/fT)")

i+ (n+2)!
2e~VIT o

~

Sl
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To get the desired estimate, we apply Chebyshev’s inequality using the second moment. By
the same arguments leading towards (28], we have

NI
BE M) = 7 |
TN t4-Atn<T (k

J 2 J 2 2
IQ(N,T)=/tl+m+tN<T(Ztk—i-(T—];ltk) )

k=1

N 2
— Z tk)2) .
k=1

ip=
=t

Denote

Using the same induction argument as the proof of (26), we can prove

4(N +1)(N + 6)TN+4
(N +4)!

This can be easily verified for N = 0,1 and the induction follows form the calculation:

L(N,T) =

T T
IQ(N,T)z/ t;‘+/ IQ(Nfl,Tftl)dt1+2/ 2L(N —1,T —t,)dt
t1+-+tn<T 0 0

1 T B AN(N +5) [T
:m/o tHT — )N 1dt1+ﬁ/o (T — )N T3 dty

4N r
+m/0 (T —t)N+dty
_ AN+ 1)(N+6)TN+4
(N +4)! '

This shows E(Z? | N) = 2% I,(N,T) = %T{ and therefore

= Y EE?| N =n)P(N =n)
i 4T*(n + 6) (VLT)" o

n+2)(n+3)(n+4) nl

[}

R, Z( WET: _((VIT

(n+2)! (n+4)!
4T? 24 T2 3T 3
+8e VIT(— 4

T 12 T Tt
This means
8T 28 T2 2T 4 4 VET 8T
EE-E=)? = — — = 48 VIT(Z + = 4 — -y
S A - IS A I R R+ &

where the inequality above holds for /LT larger than some universal constant (which we would
assume as it is the interesting parameter regime).
Finally, to conclude the proof, we apply Chebyshev inequality to estimate the failure proba-

bility as
O

AprPENDIX C. PrROOF OF LEMMA [B.1]
Proof. The first step is to show that

(28) E,|0.,U| < VL.
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This is straightforward, since using integration by parts,
(29) B0 UF = [ @oUPdn= [ o.Udus<t.
Rd Rd

and (2]) then follows from Cauchy-Schwarz inequality.
The next step is to establish a concentration bound. Let G(z) = ¢(0,,U), where ¢(a) = ¢(|a|)
is a smooth nonnegative increasing function satisfying

$(0) = ¢'(0) = 0, ¢(a) = |a| for |a| > 1, and [¢'(a)| <2,
and g(x) = exp(%)\G(:zr)). By the construction of GG, we have
(30) E.G =E,(0,,U) < 2E,|0,,U| < 2VL.
Then Vg(z) = 3¢'(0,,U)V(05,U)g(x). By Lemma B2 for g(z), we have

B, exp(AG) — (B exp(2)? = Var, g(a)
2
< Az RdW(%U))2V(8MU)(V2U)—1V(%U)g2(x) dy

<N [ V(0 U)(NV2U) IV (0,,U)g* () du
Rd

=2 / Or,2:Ug?(2) du < N2LE,, exp(A\G).
Rd

Thus for \ < 2# we have

VL
1 AG 2
(31) B, exp(A6) €+ (B exp(55)
Now we use (BI]) recursively, and we obtain for H(X) := E, exp(AG),
0 1 ok . A ,
(32) HO) < [[(—g) Jm #(G)"
k=0 "
Notice
. Ao o AG N\ AGN*
) fm ) = i (B (T) = Jin (18T = ea(E,G)
Moreover, by [9l Proposition 4.1],
(34) ﬁ( 1 )2k<1+)\\/z
AN AL T AL
Substituting [B3) and (34 into B2), we obtain
1+ MWL
H(\) < ———=exp(AE,G).
() < T expELG)
Finally, combining the above exponential moment bound of G with Chebyshev inequality, we
get
1+ ML

]P)# (G(x) 2 E#G + T) < eXp(*AT’)m.

Now take A = 1/2v/L, and r = 2¢v/Llogd, and using [B0) (noticing G(z) = |0,,U| when
G(z) = r), we arrive at

IP’M(|8MU| > oV + 2cx/Zlogd) <3d<. O
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