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Abstract

To a Legendrian knot, one can associate an A, category, the augmentation category.
An exact Lagrangian cobordism between two Legendrian knots gives a functor of
the augmentation categories of the two knots. We study the functor and establish a
long exact sequence relating the corresponding cohomology of morphisms of the two
ends. As applications, we prove that the functor between augmentation categories is
injective on the level of equivalence classes of objects and find new obstructions to
the existence of exact Lagrangian cobordisms in terms of linearized contact homology
and ruling polynomials.

As a related project, we study exact Lagrangian fillings of Legendrian (2,n)
links. For a Legendrian (2,7n) torus knot or link with maximal Thurston-Bennequin
number, Ekholm, Honda, and Kalman [EHK16] constructed C,, exact Lagrangian
fillings, where C), is the n—th Catalan number. We show that these exact Lagrangian
fillings are pairwise non—isotopic through exact Lagrangian isotopy. To do that, we
compute the augmentations induced by the exact Lagrangian fillings L to Zy[H;(L)]

and distinguish the resulting augmentations.
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Introduction

Low—dimensional topology studies global properties of three— and four—dimensional
geometric spaces. As powerful tools from algebra, analysis, geometry and physics
were poured into the field, low—dimensional topology was rapidly developed in the
last century. Currently, one of the standard approaches to low—dimensional topology
is to apply tools from symplectic geometry. Originating from physics, symplectic
geometry uses geometric and analytic methods to study symplectic manifolds, which
are even—dimensional manifolds endowed with a closed non—degenerate 2—form. The
analogous odd—dimensional manifolds are called contact manifolds. What I am in-
terested in is called symplectic and contact topology, which studies global behaviors
of symplectic and contact manifolds. Thanks to Gromov’s introduction of the tech-
niques of holomorphic curves in symplectic and algebraic geometry in the 1980’s,
symplectic and contact topology has undergone a revolution over the past three
decades. One of the main effects is the development of Symplectic Field Theory
[EGHO00], which uses the Floer theory of holomorphic curves to find invariants of
contact and symplectic manifolds as well as special knots in contact manifolds, the

Legendrian knots.



In 2009, Nadler and Zaslow [NZ09] found a remarkable correspondence between
the category of sheaves on a manifold and the derived Fukaya category of Lagrangians
in the cotangent bundle of the manifold. This Nadler—Zaslow correspondence relates
symplectic geometry to algebraic geometry (especially homological mirror symmetry)
through sheaf theory. In 2014, Legendrian knots was introduced into the picture
through the construction of a category of constructible sheaves for Legendrian knots
[STZ]. Analogous to the Nadler—Zaslow correspondence, a correspondence between
the STZ sheaves category and the augmentation category, a category built on the
holomorphic curves theory, was proven by Ng, Rutherford, Shende, Sivek and Zaslow
[INRS*15]. This surprising connection between sheaf theory and contact topology
allows one to solve questions in one field through techniques from the other field,
which is a fresh perspective. Both sheaf theory and contact topology are relatively
well developed but the techniques in the two fields are quite different from each
other. I am interested in understanding how the topological techniques on the contact
topology side and the algebraic techniques on the sheaf theory side correspond to
each other as well as how they may interact with each other. Along this direction, I

did two related projects as in Section 1.1 and Section 1.2.
1.1 Exact Lagrangian cobordism and the augmentation category

Specifically, a contact structure on R? is a completely non-integrable 2-plane field.
The contact structure we use is called the standard contact structure £ on R3,
which is the the kernel of the 1-form o = dz — ydr as shown in Figure 1.1. A
Legendrian submanifold in (R3,§) is a 1-dimensional submanifold in R3 that is
tangent to the 2—plane field £ everywhere.

In geometric topology, given two knots in R3, an interesting object to study is
a surface in R3 x [0, 1] connecting the two knots, called a cobordism. There is an
analogous object in contact topology. Let A, and A_ be Legendrian submanifolds

2
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FIGURE 1.1: The standard contact structure in R3.

in the standard contact manifold (R?, ¢ = ker ). An exact Lagrangian cobordism
Y from A_ to A, is a 2-dimensional surface in the symplectization of R? that has
cylindrical ends over A, and A_ with some properties. See Figure 1.2 for a schematic

picture and Definition 2.3.1 for a detailed description.

Fi1cURE 1.2: A Lagrangian cobordism > from A_
to A, lies in the symplectization of R3, which is
(R¢ x R%,d(e'@)). The vertical direction is the ¢
direction and each horizontal plane is R3. Two
Legendrian submanifolds A, and A_ sit inside dif-
ferent R® with ¢ coordinates N and —N, respec-

tively.

A natural question to ask is given two Legendrian knots A, and A_ in (R?, ker a),
is there an exact Lagrangian cobordism X in (R x R3, d(eta)) from A_ to A7 If we
forget about the exact Lagrangian condition and consider topological cobordisms,
this question is easy. Any pair of knots can be connected by a cobordism. Because
of the additional geometric structure exact Lagrangian cobordism has, the ques-
tion above is hard to answer in general. Instead of answering it directly, we try to
find relations between Legendrian knots that are connected by an exact Lagrangian

cobordism. If two given Legendrian knots do not satisfy such relations, there does
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not exist an exact Lagrangian cobordism between them. In this way, we can give
obstructions to the existence of exact Lagrangian cobordisms.

Several obstructions have been made. Chantraine [Chal0] first gave an obstruc-
tion in terms of the Thurston-Bennequin number (see Section 2.1 for definition).
Thurston-Bennequin number is a canonical invariant of Legendrian knots, denoted

by tb(A). Chantraine gave a relationship as following:
tb(Ay) —tb(A-) = —x(%), (1.1)

where x(X) is the Euler characteristic of the surface ¥. If A, and A_ are single
component knots, note that —y(X) is non—negative. Therefore, if two Legendrian
knots Ay and A_ satisfies th(A, ) < tb(A_), there does not exist an exact Lagrangian
cobordism from A_ to A,.

Another obstruction is given by Cornwell, Ng and Sivek [CNS16] based on a key
property of exact Lagrangian cobordisms from the work of [EHK16]. Chekanov—
Eliashberg differential graded algebra (DGA) is one of the most useful structural
invariants of Legendrian knots. First introduced by Chekanov [Che02b] and Eliash-
berg [Eli98] in the spirit of Symplectic Field Theory [EGHO00], the DGA associated to
a Legendrian knot is a graded algebra over a field F equipped with a differential (See
Section 2.2 for a detailed definition). Ekholm, Honda and Kélmén [EHK16] showed
that an exact Lagrangian > from A_ to A, induces a DGA map from the DGA of A,
to the DGA of A_. This gives a category functor from the category whose objects
are Legendrian knots and morphisms are exact Lagrangian cobordisms to a category

whose objects are DGAs and morphisms are DGA maps.
C(Legendrian knots, Exact Lagrangian cobordisms) — C(DGAs, DGA maps)

When A_ is empty, X is an exact Lagrangian filling of A, . It gives a DGA map from
the DGA of A, to the trivial DGA (F,0), which is an augmentation of DGA(A.)

4



(see Section 2.2.3 for a detailed definition). Moreover, suppose that ¥ is an exact
Lagrangian cobordism from A_ to A, and A_ has an augmentation e_. We can
compose the DGA map DGA(A;) - DGA(A_) induced by ¥ and e_ : DGA(A_) —
(F,0) to get an augmentation e, of A,. This gives an obstruction of the existence
of exact Lagrangian cobordisms as follows. If A_ has an augmentation but A, does
not have an augmentation, then there is no exact Lagrangian cobordism from A_ to
A,

Further obstructions were explored in a lot of work including [BST15], [ST13],
[BS] and [CDRGG15] using generating families and Floer theory.

We will give new obstructions using the augmentation category (See Chapter 3).
Inspired by the derived Fukaya category [NZ09] for symplectic 4-manifolds whose ob-
jects are exact Lagrangian submanifolds, Ng, Rutherford, Shende, Sivek and Zaslow
[INRS*15] constructed an A, category, the augmentation category Aug, (A), for a
Legendrian knot A based on the work of Bourgeois and Chantraine [BC14]. Objects
of Aug,(A) are augmentations of the DGA of A. An exact Lagrangian cobordism
Y} from a Legendrian knot A_ to a Legendrian knot A, induces an augmentation

category map from Aug, (A_) to Aug,(A,). This gives a category functor:
C(Legendrian knots, Exact Lagrangian cobordisms) — C(Aug, (A), Aug, maps).

One of my main results shows that this augmentation category map has a surprisingly

nice algebraic property.

Theorem 1.1.1 ([Panl6al). The augmentation category map induced by an exact
Lagrangian cobordism is injective on objects level. Moreover, its induced map on
cohomology categories is faithful and is fully faithful when the Euler characteristic of

the surface is 0. (see Chapter 3 for definitions of cohomology category, faithful and
fully faithful.)



Not all of possible algebraic augmentation category maps have this injective prop-
erty. Theorem 1.1.1 is true for the augmentation category map fx induced by an
exact Lagrangian cobordism ¥ because of the geometric information it carries. We
approach this theorem by understanding the augmentation category map fs, through
symplectic geometry. Focusing on the augmentation category map restricted on mor-
phisms, denoted by fsx; as well, we find a geometric interpretation of fx, by studying
the wrapped Floer homology of the 2—copy of . The wrapped Floer homology for
Lagrangian cobordisms was recently introduced by Chantraine, Dimitroglou Rizell,
Ghiggini and Golovko [CDRGG15] in the spirit of Symplectic Field Theory. They
associated to a pair of exact Lagrangian cobordisms a chain complex, called the
Cthulhu chain complex, whose differential counts holomorphic disks with boundary
on the union of cobordisms (see Chapter 4). We construct a special pair of exact
Lagrangian cobordisms, which is the 2—copy of X, and investigate the differential of
its Cthulhu chain complex. Inspired by [EES09], through studying the degeneration
of holomorphic disks with boundary on the 2—copy of ¥ into generalized disks on 3,
which are given by holomorphic disks and gradient flows on I, we prove that a part
of the differential of the Cthulhu chain complex (a geometric map) is the same as fx
(an algebraic map). Applying the work of [CDRGG15] to the 2—copy of 3, we obtain
a long exact sequence involving morphisms in Aug, (A, ), morphisms in Aug, (A_)
and the relative cohomologies H*(X,A_). Due to the special pair of cobordisms
constructed, we attain more information about the morphisms of the corresponding
augmentation categories than a long exact sequence. Combining with the algebraic
information of the augmentation category, we prove Theorem 1.1.1.

If ¥ is an exact Lagrangian cobordism from A_ to A, Theorem 1.1.1 shows that
A, can not have less augmentations than A_. This obstruction is a generalization
of the obstruction given in [CNS16]. However, the amount of augmentations is

relatively hard to compute. Alternately, we combine Theorem 1.1.1 with the notation

6



of homotopy cardinality [NRSS] and give the following inequality in terms of ruling

polynomial (Section 5.5.3).

Theorem 1.1.2 ([Panl6al). If there is an exact Lagrangian cobordism from A_ to

Ay, their ruling polynomials Ry (x) and Ra, () satisfy that

RA (q1/2 o q71/2) < qfx(E)/QRA+ (q1/2 o qfl/Q)’

for any q that is a power of a prime number.

In addition, we obtain a strict relation between A, and A_, which is a gener-
alization of Seidel’s Isomorphism [Sei08, DR16]. This gives a strong obstruction to
the existence of exact Lagrangian cobordisms that recovers Chantraine’s obstruction

(the relation (1.1)).

Theorem 1.1.3 ([Panl6al). If there is an exact Lagrangian cobordism ¥ from A_ to
A, their linearized contact homologies (see Section 2.2.3) LCH,  (A_) and LCH,* (Ay)

over a field F satisfy that
LCH " (A}) = LCH, (A_) @ F*®]o],
where F~X)[0] denotes a vector space over F in degree 0.

Both the ruling polynomial and the linearized contact homology are very easy to
compute. Calculations of these invariants for small crossing Legendrian knots have
been done in the atlas of [CN13]. Examples below show that Theorem 1.1.2 and
Theorem 1.1.3 give new effective obstructions to the existence of exact Lagrangian
cobordisms.

As an example for Theorem 1.1.2, Figure 1.3 gives two Legendrian knots A and Ag
of the knot type 946 and unknot, respectively. They both have Thurston—Bennequin

number —1 and there is an exact Lagrangian cobordism from Ag to A. By Theorem

7
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FIGURE 1.3: Legendrian knots of knot type 94 and unknot.

1.1.2, there does not exist an exact Lagrangian cobordism from A to Ag because
the ruling polynomials for them are 2 and 1, respectively. It leads to the fact that
Lagrangian concordance is not a symmetric relation. This fact was first proven by
Chantraine [Chal5] using the A, structure built in [BC14]. Cornwell, Ng and Sivek
[CNS16] gave another proof using the existence of normal rulings. Here we give a
new and simpler proof to Chantraine’s result.

As an example for Theorem 1.1.3, Figure 1.4 shows two Legendrian knots A; and
Ay of smooth knot type 4; and 6, respectively. There is a topological cobordism
between 4; and 6; with genus 1. The Thurston—Bennequin numbers of A; and A, are
—3 and —5, respectively, and thus the Thurston—-Bennequin number relation given
in (1.1) does not give an obstruction. Therefore, there is a possibility to exist an
exact Lagrangian cobordism from Ay to A; with genus 1. However, the Poincaré
polynomials of linearized contact homology for A; and A, are t=! + 2t and 2t~ 4 3t,
respectively. According to Theorem 1.1.3, the Poincaré polynomials of linearized
contact homology of A, and A_ agree on all degrees except 0. Thus, we have the

following proposition.

Proposition 1.1.4 ([Panl6al). There does not exist an exact Lagrangian cobordism

with Maslov number 0 from Ay to Ay, where Ay and Ay are shown in Figure 1.4.
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A1 AQ
FIGURE 1.4: Legendrian knots A; and As of knot type 4; and 64, respectively.

1.2 Exact Lagrangian fillings of Legendrian (2,n) torus links

When the negative end A_ of an exact Lagrangian cobordism ¥ is empty, we get an
exact Lagrangian filling of A, as shown in Figure 1.5. By the functoriality of the
Chekanov-Eliashberg DGA with respect to exact Lagrangian cobordisms [EHK16] as
stated before, an exact Lagrangian filling of A induces an augmentation of the DGA
of A. Moreover, isotopic exact Lagrangian fillings give homotopic augmentations.
This illustrates an exciting connection between exact Lagrangian fillings (geometric
objects) and augmentations (algebraic objects). Indeed, there is a map from the
Fukaya category to the augmentation category that maps objects (exact Lagrangian

fillings) to objects (augmentations) and morphisms to morphisms.

FIGURE 1.5: A picture of an exact Lagrangian filling.

In general, it is hard to construct exact Lagrangian fillings for Legendrian knots.
However, Ekholm, Honda and Kalman [EHK16] exhibited a way to construct ex-

act Lagrangian fillings for Legendrian positive braid closures. They introduced a

9



sequence of moves to resolve the diagram of a Legendrian positive braid closure,
and showed that each move corresponds to an exact Lagrangian cobordism. Con-
catenating the cobordisms corresponding to each move, they constructed an exact

Lagrangian filling for the Legendrian knot.

F1cURE 1.6: The Lagrangian projection of the Legendrian trefoil.

We will illustrate this construction in an example of the Legendrian trefoil, which
is the (2, 3) torus knot. First project it to the xy—plane and get a Lagrangian projec-
tion as shown in Figure 1.6. There are two types of moves in [EHK16]: the pinch move
(corresponding to a saddle cobordism) and the minimum cobordism (corresponding
to a disk). These two moves are shown in Figure 1.7 in terms of Lagrangian pro-

jections. Starting with the diagram in Figure 1.6, we first do three pinch moves at
> O
/

%)

1
\_/
VRN

The pinch move  The minimum cobordism
FicUureE 1.7: The pinch move and the minimum cobordism between Lagrangian
projections of links.

b1, bs and b3 getting two unknots and then do two minimum cobordisms to close it

10



up (as shown on the left side of Figure 1.8). Concatenating the corresponding exact
Lagrangian surfaces, we obtain an exact Lagrangian filling of the Legendrian trefoil

(as shown on the right side of Figure 1.8).

o33
S

'

0

|

%)

F1GURE 1.8: The EHK construction of exact Lagrangian fillings of the Legendrian
trefoil.

Different orders of pinch moves may give different exact Lagrangian fillings.
Ekholm, Honda and Kalméan gave 5 exact Lagrangian fillings in this construction,
and distinguished them by showing the corresponding augmentations to Z, were not
homotopic.

A natural question is whether we can extend this result to general Legendrian
knots. However, the induced augmentations to Zy are not effective enough to distin-
guish all the exact Lagrangian fillings even for Legendrian (2,n) torus knots where
n > 3. Instead we study augmentations of the DGA of a Legendrian (2,n) knot to
Zs|H1(L)], which is the group ring over Zs of the first homology of a Lagrangian fill-
ing L. We give a combinatorial formula of the augmentations to Zy[H;(L)] induced
by exact Lagrangian fillings from the EHK construction and find a combinatorial

invariant to distinguish these augmentations. In this way, we generalize the result in

11



[EHK16] to Legendrian (2,n) torus links.

Theorem 1.2.1 ([Panl6b]). The Legendrian (2,n) torus link has at least C,, exact

Lagrangian fillings up to exact Lagrangian isotopy, where C,, is the n—th Catalan

c - 1 (Qn)
n+1\n

number

1.3  Outline

In Chapter 2 we review the background in contact topology including the Chekanov—
Eliashberg DGA of a Legendrian submanifold and the DGA map induced by an
exact Lagrangian cobordism. Then we talk about two projects separately. Chapter
3, 4 and 5 are about the project in Section 1.1. In Chapter 3, we introduce the
augmentation category for a Legendrian submanifold and describe the A, category
map induced by an exact Lagrangian cobordism. In Chapter 4, we review the Floer
theory of Lagrangian cobordisms. Finally, using the techniques in Chapter 4, we
prove Theorem 1.1.1 in Chapter 5 and discuss its applications. Chapter 6 is about
the project in Section 1.2. We first talk about the construction of [EHK16] in Section

6.1 and then distinguish the fillings in Sections 6.2 and 6.3.
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2

Background

2.1 Legendrian submanifolds

We start with reviewing the background of Legendrian submanifolds. Let A be a
Legendrian submanifold in R? with the standard contact structure & = ker o, where
a = dz—ydx. We can visualize A through two projection diagrams: the Lagrangian
projection II,, : R®* — R? (z,y,2) — (z,y) and the front projection II,, :
R3 — R?, (z,y,2) — (x,2) respectively. As an example, a front projection and a

Lagrangian projection of the Legendrian trefoil are shown in Figure 3.2.
/\/ @

FIGURE 2.1: A front projection (left) and a Lagrangian projection (right) of the
Legendrian trefoil.

Moreover, starting from a front projection of A, Ng [Ng03a] gave an algorithm to
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obtain a Lagrangian projection of A by smoothing the cusps of the front projection

in a way shown in Figure 2.2.

< -C e

FIGURE 2.2: Ng’s algorithm to transfer a front projection to a Lagrangian projection
by smoothing the left cusp directly and smoothing the right cusp with an additional

crossing.

There are two canonical invariants of oriented Legendrian submanifolds: the
Thurston-Bennequin number and the rotation number. Both of them are easy to
compute. We start with a front projection II,,(A) of an oriented Legendrian sub-

manifold A. The Thurston-Bennequin number ¢b(A) is given by
) 1
tb(A) = writhe — 5#{cusps},

where the writhe is a count of crossings with signs as given in Figure 2.3.

/. N\

FIGURE 2.3: Sign of crossings.

The orientation of A divides the cusps into two sets, one with up orientation and

one with down orientation. The rotation number rot(A) is given by

1
rot(A) = 5(#{d0wn cusps} — #{up cusps}).
As an example, for the Legendrian trefoil A as shown in Figure 2.4, we have that
tb(A) = 1 and rot(A) = 0.
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/\/

FIGURE 2.4: The front projection of the Legendrian trefoil.

As an important object in contact topology, a Reeb vector field of a contact

manifold (M, €& = ker &) is a unique vector field R4 such that

e a(Rs) =1; and

A Reeb chord of a Legendrian knot A in (M, &) is a trajectory of the flow of the

Reeb vector field with both ends on A. For example in R? with the standard contact

0
structure ker o, the Reeb vector field is e Thus Reeb chords of A are (Rg, ker a)
z

are vertical line segments. After a perturbation of the II,,(A) if necessary, we can
assume that these Reeb chords are in 1—1 correspondence to double points of I1,,,(A),

which by Ng’s algorithm correspond to the crossings and right cusps of IT,,(A).
2.2 The Legendrian contact homology DGA

In this section, we review the Legendrian contact homology DGA from the geo-
metric perspective of [EHK16] in Section 2.2.1 and the combinatorial perspective of
INRS*15, Section 2.2.1] in Section 2.2.2. We refer readers to [Che02b, ENS02, Ng03b]
for a more detailed introduction. In addition, we will have a brief introduction on
augmentation in Section 2.2.3.

Let A = Ay UAy U --- U Ay be an oriented Legendrian link with M connected
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components. For simplicity when defining the degree, we assume throughout this

dissertation that each component of A has rotation number 0.
2.2.1 Geometric perspective

Let (A(A;F[H (A)]),0) denote the Legendrian contact homology differential
graded algebra (DGA) of A, which is also called Chekanov—Eliashberg DGA.
In order to describe it, we will talk about the underlying algebra, gradings and the
differential of the DGA.

The underlying algebra A(A;F[H;(A)]) is a non—commutative unital graded

algebra over a field F generated by

{c1, s emti, Tt ta) )

with relations titi_l =1fori=1,...,M. Here ¢,...,c, are Reeb chords of A and
{t1,...,ta} is a basis of the singular homology H;(A).

The grading of a Reeb chord c is defined as
‘C| = CZ(’VC) - 17

where 7, is a capping path for ¢ and C'Z is the Conley—Zehnder index as described
in [EESO5al. See [DR16, Section 4.1] for a way to choose a capping path ~,. for a
Reeb chord of a Legendrian link. The grading of a Reeb chord depends on the choice
of capping paths. But under our assumption that each component of A has rotation
number 0, the grading is well defined.

We will introduce a combinatorial way to compute the grading of Reeb chords.
Starting with the front projection IL,,(A), we write C'(IL,.(A)) for the set of cusps of
II,..(A), which divides II,,(A)\C(I1,.(A)) into strands (ignoring double points). The
Maslov potential is a function p that assigns an integer to each strand such that

around each cusp, the Maslov potential of the lower strand is one less than that of
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the upper strand. This is well defined up to a global shift on each component of A.
Once the Maslov potential is fixed, the grading of a Reeb chord ¢ that corresponds

to a crossing of I1,,(A) can be computed by

lc| = p(u) — p(l),

where u is the upper strand of the crossing and [ is the lower strand of the crossing.
The grading of Reeb chords that correspond to right cusps of IT,,(A) are 1.
Furthermore, set the grading of t; to be zero for ¢ = 1,..., M, and extend the
definition of degree to A(A;F[H;(A)]) through the relation |ab| = |a| + [b].
Now we move to the most important component of DGA, the differential 0. To
define it, we need to a cylindrical almost complex structure on (R x R3, d(eta)),

which is defined as an almost complex structure J satisfying the following conditions:

e J is compatible with the symplectic form d(e‘a), i.e. d(efa)(-,J-) is a metric

on &;
e J is invariant under the action of Ry;
o J(0:) = R, and J(&) = ¢.

For a generic choice of cylindrical almost complex structure J, the differential ¢
is defined by counting rigid J-holomorphic disks in (Rt x R3, d(eta)) with boundary
on R x A. See Figure 2.2.1 for an example. For Reeb chords a,bq,...,b,, of A, let

M(a; by, ..., by) denote the moduli space of J—holomorphic disks:

U - (Dm+laaDm+1) - (R X R37R X A)

such that
e D, is a 2-dimensional unit disk with m + 1 boundary points p,qi,...,qn
removed and the points p, qq, ..., ¢, are labeled in a counterclockwise order;

17



e u is asymptotic to [0,00) x a at p;

e u is asymptotic to (—o0,0] x b; at g;.

A FIGURE 2.5: An example of a J—

holomorphic disk with boundary on R x A.
The arrows on the Reeb chords indicate
R x A the orientation of the Reeb chords, while
the arrows on the disk boundary indicate

............ the orientation inherited from the unit disk
i L boundary with counterclockwise orienta-
TN . A .
i tion through wu.
101 b
] [P

An implicit condition for J—holomorphic disks is the positive energy constraint.

For a Reeb chord a, define the action of ¢ by

which is the length of the Reeb chord ¢. The energy F(u) of a J-holomorphic disks
ue Ma;by, ..., by,) satisfies

E(u) = a(a) —a(by) — -+ — a(by,).
Therefore, to make each J—holomorphic disk endow positive energy, we have
a(b) + - + a(by) < a(a).

Let /\7(61; bi,...,by) denote the quotient of M(a;by,...,b,) by vertical transla-
tion of R;. When dimﬂ(a; bi,...,by) = 0, the disk u € M(a;by,...,b,) is called

rigid. The gradings of corresponding Reeb chords satisfy

jal = [br] = - = [bm| = 1.
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In this case, there are finitely many rigid holomorphic disks and hence we can count
the number of rigid holomorphic disks.

For ¢ = 0,1,--- ,m, denote [3; by the image of the boundary segment from ¢; to
¢i+1 under u, where ¢y = @1 = p- In order to count the rigid holomorphic disks
with F[H;(A)] coefficients, we want to take the homology class of 8; in Hy(R x A).
However, these curves are not closed. Therefore, we introduce capping paths first
to close ;. Equip each connected component A; with a reference point p;, for
i=1,...,M. For each i # 1, pick a path d;; in R*\A that goes from p; to p;. For
each Reeb chord c of A from ¢~ € A;- to ¢™ € A+, the capping paths 7+ are defined

by concatenating
e the chosen path dy;+ connecting p; to p;+ and
e a path on A;+ from p;+ to ¢,

respectively.

Ay
D2

Ay

FiGURE 2.6: Consider the Legendrian Hopf link A; U A,. For a Reeb chord ¢ from

¢~ € Ay to ¢ € Ay, the red curve is a capping path v and the blue curve is a

capping path v, .

We can concatenate the curve [§; with appropriate capping paths (as listed below



in formula (2.1)) to get a closed curve in R x (A U 615 U -+ U 813), denoted by f;.

YU B v =, ifi=0;
E: ’Yiiuﬁiu_f)/;—ri-lu 1fz=1,,m—1, (21)

YV U BiU =i, ifi=m.
Notice that H;(Rx (Audipu---udin)) = Hi(A). Thus we can take the homology

class of §; in Hy(A), denoted by w(3;).

Moreover, if A is spin, all the relevant moduli spaces of J-holomorphic disks
admit a coherent orientation. Hence, one can associate a sign s(u) to each rigid
J—holomorphic disk u. In this way, we can associate the rigid J—holomorphic disk u

with a monomial
w(u) = s(u)w(Bo)byw(Br) - - bw(Br)-

We call the homology classes w(f;), for i = 0,...,m, the coefficients of w(u).
The differential ¢ in the DGA on Reeb chords is defined by counting rigid
J-holomorphic disks with coefficient in F[H;(A)]:

oa = Z Z w(u).

dim M(a;b1,...,bm ) =0 UEM(asb1,....bm)

Let ot; = 0t;' = 0 for i = 1,..., M and extend the differential to A(A; F[H,(A)])

through the Leibniz rule

o(zy) = (0z)y + (—1)lz(0y).

It seems that the definition of differential is depend on the choice of capping

paths. However, we have the following well-known proposition.

Proposition 2.2.1. Let A be a Legendrian link and =y, v be two families of capping
paths of Reeb chords of A. The corresponding DGAs (A'Y(A), 8) and (.AVI(A), 5/) are
1somorphic.
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Proof. First we write down the differential explicitly. For a Reeb chord a of A, we

have that

D) )

dim MA (a;by,...,bm ) =0 ue MA (a;by,....bm,)
s(uyw(yg U Bou =) b w(vy U LU =5 ) ba by w(V, U B U =g )-

One can write down the differential ¢’ in a similar form. It is not hard to check that

the map
fi(AY(A),0) — (AT(A) )
c — wyfu—T) cwl, u—y,), if cis an Reeb chord of A;
t — t ,te Hi(A)

is a chain map and is an isomorphism, where w(y* U —'7) indicates the homology

class in Hy(A) of 4F concatenating 47 with the reverse orientation. O

Therefore, our DGA is independent of the choice of capping paths and thus is well
defined. According to [Che02b], the map ¢ is a differential in degree —1. Moreover,
up to stable tame isomorphism, the Chekanov-Eliashberg DGA (A(A; Zo|H1(N)]), &)

is an invariant of A under Legendrian isotopy.

Remark 2.2.2. In general, for any commutative ring R and a ring homomorphism
F[H1(A)] — R, we define the Chekanov-Eliashberg DGA (A(A; R),?) as a tensor
product of the DGA A(A;F[H,(A)]) with the ring R:

A(A; R) = AN FIH(AN)]) Qe ay R,
where the ring homomorphism gives R the structure of a module over F[H;(A)].
2.2.2  Algebraic perpective

There is an equivalent definition from the combinatorial perspective. We work on
the Lagrangian projection m,,(A) of A, where A is an M-component Legendrian
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link. After possibly perturbing A, we can assume that there is a 1-1 correspondence
between the double points of m,,(A) and the Reeb chords of A.

First, by [ENS02], instead of counting J-holomorphic disks in (R x R3 R x A),
one can count holomorphic disks in (R2,, II,,A) in the following way.

For any Reeb chords a, by, ..., b, of A, define A*(a;by,...,b,) to be the moduli

space of holomorphic disks:
U (Dys1, 0Dmi1) — (R?, I,y (A))
with the following properties:

e D,,.1is a 2-dimensional unit disk with m+ 1 points p, ¢1, . . ., ¢,, removed from

the boundary and the points p, q1, . .., ¢, are labeled in counterclockwise order.

e limu(r) = a and the image of an neighborhood of p under u covers exactly one
r—p
positive quadrant of the crossing a (see Figure 2.7).

e lim u(r) = b;, for i = 1,...,m, and the image of an neighborhood of ¢; under

=4

u covers exactly one negative quadrant of the crossing b; (see Figure 2.7).

FIGURE 2.7: At each crossing, the quadrants labeled with + sign are positive

quadrants and the ones labeled with — sign are negative quadrants.

Moreover, we can express elements in H;(R x A) in a combinatorial way. By
Poincaré duality, we have H'(R x A) =~ H;(R x A,0(R x A)). In particular, for
each oriented curve o in R x A with ends on d(R x A), which is an element in
Hi(R x A, 0(R x A)), there exists an element 6, € H'(R x A) such that for any
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oriented loop 8 in R x A, the intersection number of o and f is 6,(8). Thus, in
order to know the homology class of a loop 5 in Hi(R x A), we only need to count
the intersection number of each generator curve of Hy(R x A, (R x A)) with . We
choose the generators of Hi(R x A, 0(R x A)) as {R; x {#1}, -+ Ry x {#)/}} with a

—R; orientation, where {#1,..., %y} is a set of minimal base points of II, A, i.e.,

e there is exactly one point in {#1,...,#)/} on each component of A and

e the set {x1,...,%)} does not include any end points of Reeb chords of A and

the reference points.

In particular, for a holomorphic disk u in (R2,,II,,(A)), the homology of corre-
sponding 3; are in Hy(AUdjpU---Udia) = Hi(A). The homology of 3 can described
specifically as follows. Assign the link A an orientation and let ¢; be the element in
H;(R x A) that corresponds to R x {;}, for j = 1,..., M. The homology class of
B counts the intersections of 3 and #;, where j = 1,..., M, with signs. The sign is
positive the orientation of the curve agrees with the orientation of A around #; and
is negative if the orientations are opposite to each other.

Moreover, by Preposition 2.2.1, the differential does not depend on the choice of
capping paths. Benefitting from the minimal amount of base points, we can choose
a particular family of capping paths {%i} such that vl;i for any Reeb chord b do not
pass any base points. Therefore, in order to know the homology class of 3, we only
need to count the intersection of 5 and the base points, denoted by w(/5).

Now we conclude the definition of DGA of A from the combinatorial view-
point. Project A onto the zy-plane to get the Lagrangian projection m,,(A) of
A. Decorate the Lagrangian diagram with an orientation and a set of minimal base
points {#1,...,*p}. The graded algebra A(A, *1,...,*p/) is a non-commutative uni-
tal graded algebra over a field F generated by {ci,...,cm,t1, 1 ..., tar, ty; + With
relations {t;t;' = 1| i =1,..., M}, where cy,...,c,, are double points of m,,(A) and
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t1,...,ty correspond to the base points #1,..., ). The grading is defined the same

as above.

The differential is defined by

oa = Z Z w(u);

Jal—[b1|——bm|=1 u€A(abi,w..bm)

ot; =ot;' =0, j=1,...,M

In the formula, w(u) = s(u)w(Bo)brw(P1)bs - - - byw(Brm), where s(u) is the sign asso-
ciated to the disk u induced from moduli space coherent orientation.

This can be extended to the whole DGA through the Leibniz rule.

FIGURE 2.8: The Lagrangian projection of the Legendrian (2, 3) torus knot with a
single base point.

Example 2.2.3. For the Legendrian (2,3) torus knot A with a single base point ¢
as shown in Figure 2.8. The underlying algebra A(A,t) is generated by Reeb chords
ai,as, by, bo, by over Zy[t,t71]. Reeb chords a; and ay are in degree 1 and the rest of
Reeb chords are in degree 0. Since we are working on Z,, we can forget about the

sign s(u) of u. The differential is given by:

= t71+ by + b + bibobs,

-0, i=12,3,

)
CLQ) = 1+ b1 + bg + bgbgbl,
)
) = oY) =o.
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The differential 0 has degree —1 and satisfies 0> = 0 ([Che02b][ENS02]). Up to
stable tame isomorphism, the Legendrian contact homology DGA is an invariant of
A under Legendrian isotopy. In this sense of equivalence, the combinatorial definition
does not depend on the choice of base points [NR13].

The definition of DGA of Legendrian link can be generalized to the case where
there are more than one base point on some components of the link. Let A be an
oriented Legendrian link and {¢i,...,%;} be a set of points on A such that each com-

ponent of A has at least one point in the set and the set does not include any end of

!
any Reeb chord of A. For a path 3, associate it with a monomial w(/) = H s?j ™ in
j=1

F[ti', ..., "], where n; is defined similar as above. The DGA (.A(A, {t1,...,t}), 8)
is a unital graded algebra generated by Reeb chords of A and ¢!, ... ,t;—rl over I with
relations #;#;1 = 1,i = 1,...,l endowed with a differential given by

a(a) = 2 Z w(“)a

dim MA (a;by,...,bm ) =0 ue M4 (a;b1,...,bm)

8(81) ZO, izl,...,l.

where w(u) = s(uw)w(Bo)byw(H1)bs - - - bpyw(Fy) and s(u) is the orientation of the
disk in the moduli space. Note that this DGA may not be equivalent to the DGA
A(A;F[H1(A)]) any more. But according to [NR13], there is a DGA homomorphism

from the DGA with minimal base points to this DGA.
2.2.83  Augmentations and Linearized Contact Homology

As one can see from the example 2.2.3, the homology of the DGA is hard to com-
pute in general. Let us introduce augmentations of a DGA and use that to deduce
linearized contact homology, which is much easier to compute. Let (A, 0) be a DGA

over a field F of a Legendrian link A with base points. A graded augmentation of
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A is a DGA map
€: (A0 — (F,0),

where (F,0) is a chain complex that is F in degree 0 and is 0 in other degrees. In
other words, a graded augmentation is an algebra map € : A — FF such that (1) = 1,
eod=0and e(a) =0 if |a|] # 0.

Given a graded augmentation €, define A := A® F/(t; = €(t;)). Notice that
the differential ¢ descends to A€ since d(t;) = 0. Elements in A are summands of
words of Reeb chords. Let C' be a free F-module generated by Reeb chords. We

can decompose A€ in terms of word length as A = @ C®". Let AS be the part of

n=0

A containing the words with length at least 1, i.e. A% = @ C®". Consider a new

n>1
differential 0¢ : A° — A<

0= 0000,
where ¢, : A° — A° is an automorphism defined by ¢.(a) = a + €(a). Observe
that 0¢ preserves A and does not decrease the minimal length of a word. Thus,
it descends to a differential on A5 /(AS)? = C. The homology of (C,0°) is called
linearized contact homology of A with respect to €, denoted by LCH(A). The

chain complex (C, 0°) is called linearized contact homology chain complex.
2.3 Exact Lagrangian cobordisms

Definition 2.3.1. Suppose Ay are Legendrian submanifolds in (R?, ker o), where
a = dz — ydr. An exact Lagrangian cobordism Y from A_ to A, is a 2—
dimensional surface in (R x R?®,w = d(e’)) (see Figure 1.2) such that for some big

number N > 0,
e X ((N,0) x R¥) = (N,0) x A,

e ¥ ((—,—N) x R3) = (=00, —N) x A_ and
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e ¥ n ([-N,N] x R®) is compact.
Moreover, there exists a smooth function g : 3 — R such that
t _
e'a|rs=dg

and ¢ is constant when ¢ < —NN and ¢ > N. The function ¢ is called a primitive of

Y.

When A_ is empty, the surface L satisfying the conditions above is called an
exact Lagrangian filling of A, .
Ekholm, Honda and Kélmén [EHK16] showed that an exact Lagrangian cobor-

dism X from A_ to A, gives a DGA map
¢ (AN FH(X)]), 0) — (A(AS FLHA(2)]), 0),

which is defined by a count of rigid holomorphic disks in R x R? as well, but with
boundary on X. In the special case where A_ is empty, an exact Lagrangian filling >
of A, gives a DGA map (A(A,;F[H(X2)]),?) — (F,0), which is an augmentation of
A(A;F[H (X)]). Here F can be any field if the cobordism ¥ is spin. If the condition

is not satisfied, the field FF is assumed to be Zs.

Remark 2.3.2. When ¥ is spin, the boundary Legendrian knots A, and A_ get
induced spin structure from the spin structure of . This condition makes the moduli
spaces of the holomorphic disks used in the DGA differentials and the DGA map
equipped with a coherent orientation (following [EES05b]). In particular, when the
dimension of a moduli space is 0, one can associate each rigid holomorphic disk in
the moduli space with a sign. Therefore, we can count the disks with sign and get
coefficients in any field F. Otherwise, it is only reasonable to count the disks mod 2,
which means ignoring the orientation. For the rest of the dissertation, we focus on
the case where X is spin. If one is working on a non—spin cobordism, one can omit
our description of orientation and get the corresponding statements for F = Z,.
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Moreover, Ekholm, Honda and Kélman also shown that isotopic exact Lagrangian
cobordisms give chain homotopic DGA maps. In particular, isotopic exact La-
grangian fillings give homotopic augmentations. This gives a way to distinguish
exact Lagrangian fillings.

In Section 2.3.1, we review the DGA map induced by an exact Lagrangian cobor-
dism given in [EHK16]. In Section 2.3.2 and Section 2.3.3 we introduce two DGA

maps with modified coefficient rings that will be used in the two projects.
2.3.1 DGA map induced by an exact Lagrangian cobordism

For a spin exact Lagrangian cobordism ¥ from A_ to A, the Legendrian subman-
ifolds A+ inherit induced spin structures. Hence Ay have F[H;(AL)] coefficients
DGAs (A(AL;F[H1(A+)]),0), respectively, as described in Section 2.2. Ekholm,
Honda and Kélmén in [EHK16] showed that an exact Lagrangian cobordism ¥ in-
duces a DGA map from A(A;) to A(A_) with F[H;(X)] coefficients. In order to
see that, first, we need to view the DGAs of Ay as DGAs with F[H,(X)] coeffi-
cients. Notice that the inclusion H;(A+) — H;(X) induces a canonical inclusion
map F[H(A+)] — F[H1(X)] of the group ring coefficients, which makes it natural
to consider the DGAs of Ay with F[H;(X)] coefficients in a way described in Remark
2.2.2. Specifically, the new DGA A(A; F[H;(X)]) is generated by Reeb chords of A
and elements in H;(X) over F. The differential is defined by the original differential
in A(Ay;F[H;(Ay)]) composed with the inclusion map Hy(Ay) — Hi(X).

Second, construct a DGA map with F[H;(X)] coefficients. Consider an almost
complex structure J that is compatible with the symplectic form w and is cylindrical
on both ends. In other words, J matches the cylindrical almost complex structures

on both cylindrical ends. Fix a generic choice of such an almost complex structure

J. For Reeb chords a of A, and by,...,b,, of A_, define M(a;by,...,b,) to be the
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moduli space of the J-holomorphic disks:

w: (D1, 0Dmy1) = (R x R?, %)

such that
® D1 is a 2-dimensional unit disk with m + 1 boundary points p,qi,...,q¢mnm
removed and the points p, qi, ..., ¢, are arranged in a counterclockwise order;

e u is asymptotic to [N, o0) x a at p;

e u is asymptotic to (—oo, —N| x b; at ¢;.

When dim M(a;by,...,b,) = 0, the disk u € M(a;by,...,b,) is called rigid.

The gradings of corresponding Reeb chords satisfy
|al = [b1] =+ = |bm| = 0.

For the image of the boundary segment from ¢; to ¢;,1, denoted by ;, one can close
up in a similar way as the one in the definition of the DGA differential (see formula
(2.1)) to get B. Denote its homology in H;(X) by w(f). If ¥ is spin, all the relevant
moduli spaces of J-holomorphic disks admit a coherent orientation. In particular,
each rigid J—holomorphic disk obtains a sign, denoted by s(u). Associate a monomial

w(u) to the J-holomorphic disk u as

w(u) = s(u)w(Bo)byw(Br) - - - bpw(Bm).

The homology classes w(3;) for i = 0,...,m, are called the coefficients of w(u).
The DGA map is defined by counting rigid J-holomorphic disks with boundary on
>

sy = Y M wlw).

dim M(a;b1,...,bm)=0 ueM/(a;bi,....bm)
We can extend the morphism to A(A4;F[H(X)]) by setting ¢(t) = ¢ for any gener-
ator ¢ in H;(X) and applying the Leibniz rule.
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2.3.2  DGA maps with F[V] coefficients

For the purpose of constructing an augmentation category map induced by La-
grangian cobordisms as in Section 3.2, we restrict to the case where A, and A_
are Legendrian knots with a single base point, denoted by =, and =_, respectively.
We modify the DGA map such that the coefficients only depend on the base points

but not depend on the cobordism, i.e., we get a DGA map
bet AN 5y) — AA v ).

In order to modify the coefficients of the DGA map ¢, let us consider H;(X)
more precisely. To simplify the description, we restrict ¥ to [N, N] x R?, denote
by ¥ as well. Similar as Section 2.3.1, according to Poincaré duality, H'(X) =
Hy(3,A; v A_). In particular, for any loop « in ¥ with ends on A, U A_, which
is an element in H;(3,A, U A_), there is an element 6, in H*(X) such that for
any oriented loop v on ¥, the intersecting number of « and v is 6,(y). Thus, in
order to know the homology class of a curve 7 in H;(X), we only need to count the

intersection number of each generator curve of Hq (X, A, U A_) with ~.

FIGURE 2.9: Curve « on a cobordism.

Consider a connected exact Lagrangian cobordism ¥ from a Legendrian knot A_

to a Legendrian knot A, (see Remark 5.2.4 for the reason that we assume that X
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is connected). Choose base points #, and =_ for A, and A_, respectively. There
exists a curve o on X from *, to =_ with exactly one intersection with A, and A_,
respectively. An example is shown in Figure 2.9. Let V* denote the subgroup of
H'(X) that is generated by the Poincaré dual of curve a. The dual space V in
H,(Y) is isomorphic to Z.

Now we can modify the DGA map ¢ described above to be a map from A(A4; F[V])
to A(A_;F[V]). First, restrict the generators of A(A+) to Reeb chords of AL and a
basis of V. Second, project the coefficients w(;) of the monomial w(u) from H;(X)
to V. Therefore, the DGA map works in F[V] coefficients. Indeed, the definitions
of A(A4;F[V]) match the definition of A(A4, =4 ), respectively. Hence a connected
exact Lagrangian cobordism ¥ induces a DGA map with F[V] coefficients from the

DGA of A, with a single base point to the DGA of A_ with a single base point:
¢ : (A(A+7 *+)7 (3) - (.A(A,, **)7 a)

Note that this DGA map does depend on the choice of the curve « that connecting

the two base points.
2.3.8 DGA maps with F[H,(X_)] coefficients

For the purpose of computing augmentations of the Legendrian (2,7n) torus knots in
Chapter 6, we revise the coefficient ring of the DGA map induced by exact Lagrangian
cobordisms from [EHK16]. Instead of using F[H;(X)] coefficients, we will show the

following proposition:

Proposition 2.3.3. Let A, and A_ be Legendrian submanifolds in (R3 ker o) and
Y be a connected exact Lagrangian cobordism from A_ to A.. Assume that X is a
connected exact Lagrangian cobordism from A, to some other Legendrian link and

Y_ is the concatenation of X, and ¥ as shown in Figure 2.10. The exact Lagrangian
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cobordism X induces a DGA map
¢ (A(A+;F[H1(i+)]),8+) - (A(A_;F[Hl(i_)]),a_)

with F[H,(X_)] coefficients.

FIGURE 2.10: The relation among cobordisms X, , ¥_, and X.

Note that when ¥, is an exact Lagrangian cylinder over A, this map agrees
with the DGA map introduced by [EHK16]. This revision of the coefficient ring is
based on a different choice of capping paths of A, and A_. The capping paths are
chosen on ¥ in [EHK16] while we choose capping paths of A, on ¥, and capping
paths of A_ on ¥_. For the rest of the section, we will describe this DGA map.

Similar as what we did in Section 2.3.1, the inclusion map A, < X, makes it
natural to define the DGA (A(A;;F[H;(X4)]),04) in the sense of Remark 2.2.2.

Specifically, the underlying algebra
AN FH(E4)]) = A(A G FLH(AL)]) QF[H1(A1)] F[H\(3,)]

is generated by Reeb chords of A, and a basis of H;(X,) over F. Given that ¥, is
connected, we can choose a family of capping paths for A, on X, . Therefore, for any
closed curves /3 that are used in defining 0., it is natural to take the homology class of

Bin Hy(X,). Hence the differential coefficients of 0, are in F[H,(X,)]. In addition,
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the DGA (A(A4;F[H:(Z.)]),0+) does not depend on the choice of capping paths

on Y, for a similar reason as Proposition 2.2.1. The DGA (A(A_;F[H1(Z_)]), 0-)
is defined similarly.

The DGA map ¢ induced by ¥ is a composition of two maps. The first map
1 (A(A+;IF[H1(§+)]),&+) - (A(AJF;IF[Hl(f,)]),@)

is induced by the inclusion map i : ¥, < % _. As we stated in Section 2.3.1, the dif-

ferential in A(A; F[H;(3_)]) is a composition of the differential in A(A,; F[H; (X, )])

and the inclusion map ¢. Thus ¢; is a DGA map. The second map
02+ (A(AFH(32)]),04) — (AN FLHL(B-)]), 0-)

is defined by counting rigid holomorphic disks in R x R? with boundary on ¥, which
is almost the same as the DGA map defined in Section 2.3.1 except that we take the

homology class of the corresponding curves in H;(X_) instead of H;(X).
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3

The Augmentation Category

3.1 A, categories

In this section, we give a lightning review of A, algebras and A, categories following

INRS*15]. See [Kel01, GJ90] for a more detailed introduction.

Definition 3.1.1 ([KelO1, Section 3.1]). An A, algebra over a field F is a Z-graded

vector space A endowed with degree 2 — n maps m,, : A®" — A such that

2 (=)™ 'm0 (1% @ m, ® 1%7) = 0.

r+s+t=n
The most important things we need among these complicated relations are
e m, is a differential on A (i.e., m? = 0) and
e My is associative after passing to the homology with respect to m;.

An A, algebra can be achieved nicely through the following construction. Let

T(C) = C—B C®" be a graded vector space over F equipped with a co-differential b,

n=1

ie.,
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e b has degree 1, b* = 0 and

e b= ®b,, where b, is a map C®" — C, satisfies the co-Leibniz rule

Ab=(1@b+bR1)A,

n

where A(a1 @+ @) = Y (01 @+ ®a;) ® (441 @ -+ @ ay).

=1

Let CV := C[—1] and s : C'— C" be the canonical degree 1 identification map
a — a. Define maps m,, : (CV)®" — CV such that the following diagram commutes

for all n.

con . ¢
S@ﬂj ls
(Cv)®n T C\/

Then CV is an A, algebra with m,, as Ay operations [Sta63]. One can check that

the degree of m,, is 2 — n.

Example 3.1.2. If a Legendrian contact homology DGA (A(A), 0) has an augmen-
tation €, the conjugated differential 0¢ is a differential of A, = @ C®" =T(C),

n=1

where C' is the vector space over a field F generated by Reeb chords of A. We define
6 to be the adjoint of 0° on T(C*) = @P(C*)®", where C* is the dual of C. More

n=1

specifically,
0°(bs, ® - - @ b}) = > Coefficienty, p,...,,, (3(a)).

It is not hard to check that 0¢ is a co-differential of T(C*). Hence one can use the

construction above to construct an A, algebra (C*)V.
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Definition 3.1.3. [Kel0l] An A, category over a field F is a category where,
for any two objects €; and €, the morphism is a graded vector space Hom(ey, €s).

Moreover, for any objects €1, €, ..., €,41, there exists a degree 2 — n map
my, : Hom(e,, €,401) ® -+ @ Hom(ey, €2) — Hom(€q, €,41)

satisfying
Z (_1)r+3tmr+1+t(1®r ®ms & 1®t) = 0.

r+s+t=n

As noticed before, the first Ay, operation m, is a differential for Hom(ey, €5) with
degree 1. Denote its cohomology by H*Hom(e,€es). Moreover, we have that my

descends to an associative map on the cohomology level:
mo : H*Hom(eq, €3) ® H* Hom(eq,€2) — H* Hom(eq, €3)

for any objects €1, €, €3.
An A, morphism between two A, categories f : A — B maps the object € of

A to f(e) of B and for any objects €1, €, ..., €,41 of A, there exists a map

fn: Hom(en, €n41) ® -+ - ® Hom(ey, €2) — Hom(f(€e1), f(€ns1))

satisfying the A, relations [KelO1]. In particular, the first map fi, called the cate-
gory map on the level of morphisms, maps the morphism Hom(ep, €3) of A to

the morphism Hom(f(e1), f(e2)) of B. From the A, relations, we know that

e the functor f;, the category map on the level of morphisms, commutes with

my and thus f; descends to a map on cohomology:

f*: H*Hom(ey,e2) > H*Hom(f(e1), f(€2));

e for any a € Hom(ey, €3) and b € Hom(ey, €5), we have

f*(mala], [0])) = ma(f*[al, F*[b]),
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i.e, the composition map ms commutes with f* when passing to the cohomology

level.

An A, morphism between two A, categories f : A — B induces a functor on the
cohomology categories, f : H*A — H*B. It behaves the same as f on the object
level. On the level of morphisms f = f*. The functor f is faithful if f* is injective

and is fully faithful if f* is an isomorphism for any morphism in H*A.
3.2 The augmentation category

In this section, we briefly review the augmentation category Aug.(A) following
INRS*15].

Let A be an oriented Legendrian knot in (R3, ker a) endowed with a single base
point . Denote its Legendrian contact homology DGA by (A, d). Given a field F,

the objects of the augmentation category Aug, (A) are augmentations of (A, d) to F,
e: A—-F.

In order to describe the morphism Hom (€1, e3) for any two objects €; and e, we
need to study the DGA of a 2-copy of A, denoted by A,

By the Weinstein tubular neighborhood theorem, we can identify a neighborhood
of A with a neighborhood of the zero section in the 1-jet space J'(A) = T*(A) x R
through a contactomorphism. The contact form in J*(A) is a = dz — pdq, where ¢
is the coordinate on A and p is the coordinate in the cotangent direction. For any
C! small function f: A — R, the 1-jet j'f = {(q, f'(q), f(¢))| ¢ € A} is a Legendrian
knot in J*(A) and thus is a Legendrian knot in R3. Now choose a particular Morse

function f: A — (0,6) such that

e ¢ is smaller than the minimum length of Reeb chords of A,
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e the Morse function f has exactly 1 local maximum point at x and 1 local

minimum point at y, and

e around the base point *, three points =, x,y show up in order when traveling

along the link (see Figure 3.1).

Y
i
*

FiGURE 3.1: A neighborhood of the base point * on A. The arrow indicates the
orientation of A.

Decorate j! f with a base point in the same location and with the same orientation
as A. Now A u j'f is a 2-copy of A, denoted by A®. Label A® from top (higher z
coordinate) to bottom (lower z coordinate) by A! and A?. An example of the 2-copy

of the trefoil with a single base point is shown in Figure 3.2.

FIGURE 3.2: The Lagrangian projection of a 2-copy of the trefoil with a single base
point.

The Legendrian contact homology DGA (A(A®)),0®) of A® can be recovered
from the data carried by the DGA (A(A), ) of A. Recall that A(A) is generated
the set R of Reeb chords {ay,...,a,} and the set T = {¢,t"'} that corresponds to

the base point as stated in Section 2.2.2. Similarly, divide the set of generators of
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A(A@) into two parts R? u T3, It is obvious that A® has two base points and
thus write 73 as {(t')*!, (t2)*'}. As for the set of Reeb chords R®, we divide it

into four parts R = U RY, where R¥ is the set of Reeb chords to A; from A;.
ij=1,2

Observe that Reeb chords of A® come from two sources.

e Each critical point = or y of the Morse function f gives one Reeb chord in R'?,
denoted by z'2 and y'? respectively. We call this type of Reeb chords Morse
Reeb chords.

e Each Reeb chord a; of A gives four Reeb chords of A, denoted by afj e RY,
where 7,7 = 1,2 and [ = 1,...,m. We call these Reeb chords non-Morse

Reeb chords.

It is obvious that a” and #, for i = 1,2, inherit the grading from @ and ¢ in
A(A) respectively. We can choose a family of capping paths such that |a”| = |a] for
any Reeb chord a of A. Under this choice of capping paths 7, one can show that
CZ(yp2) = Inds(x) for any Morse Reeb chord 2'? through a similar computation
as in [EES09]. Hence we have |2'?| = 0 and |y'?| = —1.

In order to describe the differential 0®), we encode the generators in matrices.

Let Aj, X, Yi, Ag, for 1 <1 < m, be 2 x 2 matrices:

112 12 12 1
(o q (1 =z (0 vy ([t 0
Al_(alzl alm)’ X_(O 1>’ Y_(O 0)’ A_<0 )"
The differential 0 is defined on generators as follows by applying entry-by-entry to

these matrices:
04, = ®0q) + YA - (-1)ulAYy
0DX = AT'WAX - XY
0y = y?
0PN = 0,
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where ® : A — Mat(2, A(A®)) is a ring homomorphism given by ®(a;) = A4; and
d(t) = AX.

Given two augmentations €' and €* of (A,0), we get an augmentation ¢ of
(A®@ 0@ by sending ai' — €(a;), t* — € (t) and everything else to 0. Thus
o = ¢.00@ o ¢! is a differential of A® = AA®)/(t# = €(t7)). Both the
morphism Hom, (1, €5) and the first A, operation m; are defined from (A®), 6&2))
through the construction stated in Section 3.1. For 7,j = 1,2, let C denote the free
graded T algebra generated by R¥, which is a sub algebra of A®. Notice that C''2
and C2! are closed under 0¥ since ¢ vanishes on the components in C** and C22 of
the image of 0. Hence C2 and C2! are sub chain complexes of (A®, 89)). Define
the morphism Hom, (€1, €2) between objects €; and €, to be (C'?)Y. To simplify the
notation, we write (a}?)" as a, (x'?)" as ¥ and (y'?)" as y¥. Therefore, their
gradings satisfy || = |a;| + 1, |[¥]| = 1 and |y¥| = 0. The first A, operation m; is
defined by the adjoint of &6(2), i.e., for any Reeb chord ce R,

my(c’) = Z Coefficient, (0@ a)a" .
aeR
As we noted before, m; is a differential for Hom (e, €3). The corresponding coho-
mology is denoted by H*Hom  (¢1, €). Similarly, define (C*')" to be Hom_(eg, €1).

Take the cohomology of Hom_(es, €) with respect to my, denoted by H* Hom _(ez, €1).

Remark 3.2.1. One may find the convention of Hom_(eq, €1) not natural. However,
the notations are consistent in the sense that both Hom, (¢,€¢') and Hom_(e,€')
are generated by Reeb chords from the component with the augmentation €' to the

component with the augmentation e.

The Hom (€1, €2) space and the Hom_ (€1, €2) space are closely related. Recall
that the generators of Hom (1, €2) naturally correspond to the Reeb chords in R'?,

which consist of non-Morse Reeb chords and Morse Reeb chords. Note that the
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lengths of Morse Reeb chords are smaller than the lengths of non-Morse Reeb chords.
Due to the positive energy constraint, there does not exist any holomorphic disk that
has a positive puncture at a Morse Reeb chord and a negative puncture at a non-
Morse Reeb chord. Therefore, the graded sub-vector space of Hom (€1, €3) generated
by non-Morse Reeb chords is closed under m;, and thus is a sub-chain complex.
Indeed, this sub-chain complex agrees with (Hom_(€;,€3),mq). From [Lev], for a
Legendrian knot A with a single base point, any two augmentations €, and €5 agree
on the generator ¢ that corresponds to the base point. As a result, by [NRS*T15,
Proposition 5.2], the quotient chain complex that is generated by {zV,y"} is the
Morse co-chain complex induced by the Morse function f. Therefore following long

exact sequence holds:
<+ —=H"YA)—H'Hom_(€1,€6) — H' Hom, (€1, 63) — H'(A) —---.  (3.1)

Furthermore, given that both Hom. (€1, €2) and Hom_ (€1, €2) are vector spaces over
the field F, combining the Universal Coefficient Theorem with Sabloff Duality in
[INRS*15, Section 5.1.2], we have

H"Hom_(e1,e) = H " (Hom_(e1,e2)") = H* *Hom (€3, €1). (3.2)

For a chain complex C, the chain complex CT is obtained by dualizing the underlying
vector space and differential of C' and then negating the gradings.

For the other A, operators m,,, one needs to consider an n-copy of A, denoted
by A™. Construct a DGA (A", 6™) of A™ that is analogous to (A2, 0. Define
my, to be the adjoint of 07 as in Example 3.1.2. See [NRS*15] for more details.

By [NRS*15], the augmentation category described above does not depend on
the choice of the Morse function f. Moreover, up to A, category equivalence, the
augmentation category is invariant of Legendrian knot under Legendrian isotopy.

A key property of Aug, (A) is that Aug, (A) is a strictly unital A, category,
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with the units given by

ec = —y"’ € Hom, (€, €),
ie.,
e my(e.) =0;
e for any €, €, and any c € Hom, (€1, €2), ma(c,e.,) = ma(ee,,c) = ¢;
e any higher composition involving e, is 0.

As a result, the corresponding cohomology category H*Aug, (A) is a unital cat-

egory, which makes it natural to talk about the equivalence relation of objects in

Aug.. (A).

Definition 3.2.2. Two objects ¢; and €5 are equivalent in Aug, (A) if they are iso-
morphic in H* Aug, (A), i.e. there exist [a] € H'Hom, (1, €5) and [3] € HHom, (€2, €;)
such that mao([a], [B]) = [ec,] € H'Hom (€2, €2) and ma([S], [a]) = [e,] € HHom (€1, €1).

-
€eq Cél 623662

By [NRS*15], for a Legendrian knot with a single base point, two augmentations
are equivalent if and only if they are isomorphic as DGA maps.

Suppose ¥ is a connected exact Lagrangian cobordism from a Legendrian knot
A_ to a Legendrian knot A,. It induces a DGA map ¢ from the DGA (A(A,),0)
with a single base point to a DGA (A(A_), 0) with a single base point as we described
in Section 2.3.2. By [NRS*15, Proposition 3.29], this DGA map ¢ induces a unital
Ay, category morphism f from Aug, (A_) to Aug, (A, ). The category map sends an

augmentation e_ of A_ to e, = e_ o ¢, which is an augmentation of A,. The family
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of maps {f,} is constructed through a family of DG A morphisms of n-copies:

F s (AM(AL), M) (AM(A_), 0m)
A
Y
X Lo f(t)

_o f(a), ae A(AL).

1111l

Sl P VS

P, (a)

J(A})),0™) that sends a’ — € (a;), 1" — € (¢)

~~

Let e_ be the augmentation of (A™

and everything else to 0. Define the map f,,_; to be the adjoint of fe(f), where

f = o fMop .

In particular, f; can be written as

fi: Homy(el,e2) — Hom, (el e)
yr o= yy
¢’ - 2 Coeff,(f;”(a))a”, ce A(AD) (3.3)
aEAA+)
zY > xy+ Y Coeffy(fP(a))a”.
acA(Ay)

When computing Coeffy( fe(f)(a)), where b is either a Reeb chord ce A(A_) orte T,
one consider all the terms of f(a) including b. If a term of f(a) including b can
be written as pbq, where p and q are words of pure Reeb chords of A_, this term
contributes Coeffpq(f(a))el (p)e2(q) to Coeffy( fg)(a)). Therefore we have

Coeffy(fP(a)) = ) Coeffpug(f(a))e (p)e (q).

P q
Remark 3.2.3. According to [NRS*15, Proposition 3.29], the condition for a DGA
map to induce a unital A, category morphism is that the DGA map is compatible
with the weak link gradings in the sense of [NRS*15, Definition 3.19]. In our case
where both A, and A_ are single component Legendrian knots with a single base

point, this condition is trivially satisfied.
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4

Floer theory for Lagrangian Cobordisms

In this chapter, we give a brief introduction to the Floer theory of a pair of exact La-
grangian cobordisms following [CDRGG15]. Let X%, for 7 = 1,2, be exact Lagrangian
cobordisms from A” to A% in (R x R3 d(e'e)), where o = dz — ydx. A schematic
picture is shown in Figure 4.1. The union of the cobordisms 3! U X2 is cylindrical
over AL U A% (resp. AL U A?%) on the positive end (resp. negative end). If we view
¥! U ¥? as a Lagrangian cobordism from the Legendrian link A U A2 to the Legen-
drian link A} U A%, we obtain a chain complex generated by Reeb chords of A1 U A2
and AL U A2. On the other hand, if we lift the exact Lagrangian cobordism X' u 2
to be a Legendrian manifold in R x R? x R, we have its Legendrian contact homology
DGA, which is generated by double points of U X2 One can construct the Cthulhu
chain complex Cth(X!,¥?) as a mix of the two chain complexes above. It is gener-
ated by some Reeb chords on the cylindrical ends and intersection points of X! and
Y32, Moreover, this chain complex has trivial cohomology, i.e. H*Cth(X!,¥?) = 0.
For the simplicity in defining grading, we assume that X, for 7 = 1,2, has trivial

Maslov number throughout this dissertation.
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FICURE 4.1: Pair of Lagrangian cobordisms in (R x R?, d(e')).

4.1 The graded vector space

Assume that both 3! and ¥? are cylindrical outside of [-N, N] x R?, where N is a

positive number. The underlying vector space is a direct sum of three parts:
Cth(2',¥%) = C(ALA) @ CF(S', 2 @ C(AL A2).

The top level C'(AL,A%) (resp. bottom level C(AL,A?)) is an F-module generated
by Reeb chords to AL (resp. Al) from A% (resp. A%) that are lying on the slice of
t = N (resp. t = —N). The middle level CF(X!,¥?) is an F-module generated by
intersection points of X! and 2, which are all contained in (=N, N) x R3.

Grading. To define the degree, first fix a capping path . for each generator c.
For a Reeb chord a in C(AL,A2) or C(AL, A?), define the degree

‘al = CZ('.)/a) - 17

which matches the definition of degree when viewing a as a generator in the Leg-

endrian contact homology DGA of A} U A% or AL U A?2. For an intersection point
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r e CF(X!,%?%), define the degree
2] = CZ(7a),

following [Sei08]. One can also see [CDRGG15, Section 4.2] for details. Note that for
a Reeb chord in C'(AL, A?), its degree in C'th(X!, 3?) will not be necessarily coincide
with its degree in C'(AL, A2). Tt is shifted as we will see later.

Action. Fori = 1,2, suppose g; is a primitive of the exact Lagrangian cobordism
»%, and hence g; is constant when ¢ < —N or ¢t > N. Note that primitive functions
are well defined up to a overall shift by a constant number. Thus we may assume
that the primitives g; are both zero on £' U ((—o0, —N) x R?) for i = 1,2. The action
of generators is defined under this choice of primitives.

For Reeb chords at € C(AL,A%) and a= € C(AL, A%), define the action a by

and

The last part is due to the special choice of primitives. For double points = of X' U X2,

the action a(z) is defined by a(z) = g2(z) — g1 ().
4.2 The differential

Remark 4.2.1. Throughout this dissertation, we restrict ourselves to the case where
all intersection generators have positive actions since that is the case for the special
pair of cobordisms constructed in Section 5.1. In general, the differential could
include one more map from CF (X!, %%) to C(AL,A?), which is called the Nessie
map. However, by [CDRGG15, Proposition 9.1|, the positive energy condition of the

holomorphic disks counted by the Nessie map requires the corresponding intersections
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in CF (X!, ¥?) to have negative actions. Therefore, in our special case, we can exclude

the Nessie map and get the differential as a upper triangle as below.

With the assumption in Remark 4.2.1, we define the differential under the de-

composition
Cth(3h,¥?) = C(AL,A2) @ CF (S, 22) @ C(AL, A?)

by a degree 1 map of the form

diy dyo di-
d= 0  dy do-
0 0 d__

To describe the differential explicitly, we need to study the holomorphic disks with
boundary on X' U ¥2. Fix a generic domain dependent almost complex structure
J that is compatible with the symplectic form on R x R? and the cylindrical ends
in the sense of [CDRGG15, Section 3.1.5]. Suppose that the induced cylindrical
almost complex structure on the positive end (X' U ¥?) N ([N7 w0) X ]RS) (resp. the
negative end (X' U ¥2) n ((—o0, =N x R%)) is J, (resp. J_). The differential d;
of C'(AL,A?%) counts rigid Jy-holomorphic disks with boundary on R x (A} U A%),
respectively, as described in Section 2.2. The corresponding moduli space is denoted
by M, (a*;p*,b%, qF), where a* and b* are Reeb chords to AL from A% while p*
and q* are words of pure Reeb chords of AL and A%, respectively. We also write
M/Ji (a*;p*,b*, q") as the moduli space M, (a™; p*, b*, q*) module the action of
R in the ¢ direction.

For the remaining maps in the differential, we need to describe J-holomorphic
disks with boundary on X' U 32, where J is the chosen domain dependent al-
most complex structure. The punctures of these J-holomorphic disks can be either

Reeb chords or intersection points. For generators ¢y, cy, ..., ¢, in Cth(X,3?); let
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¥ Yo
P a”  q Iy P 4 G
ue M(a*;p~,a7,q") ue M(a*;p~,z,q7)
il x
¥ PN ¥ DI
)
P a1 qa P a” a1 qo
ue M(z;p,x2,q7) ue M(z;p~,a7,q7)

FIGURE 4.2: A sketch of the J-holomorphic disks in the differential d. Here a* are
Reeb chords to A} from A?%, respectively, and z, z1, x5 are double points of X! U X2,
In these examples, p~ is a word of one pure Reeb chord p; of A! while q~ is a word
of two pure Reeb chords ¢; ¢, of A%2. The arrows denote the orientation inherited

from the boundary of the unit disk.

M (co; e, ..., ) denote the moduli space of the J-holomorphic disks:
U (Derla al)erl) - (R x R:S?Zl Y 22)
with the following properties:

e D, is a 2-dimensional unit disk with m + 1 boundary points qg,q1, ..., qn

removed and the points qq, q1, - - . , ¢ are arranged in a counterclockwise order.
e If ¢q is a Reeb chord, the image of u is asymptotic to [V, o0) x ¢ near qo. If ¢
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is an intersection point, then lim u(z) = ¢y and u maps the incoming segment
240

(resp. outgoing segment) of the boundary to 2 (resp. 21').

o If for i > 0, ¢; is a Reeb chord, the image of u is asymptotic to (—oo, —N] x ¢;

near ¢;. If ¢; is an intersection point, then lim u(z) = ¢; and uw maps the

Z—=4q;

incoming segment (resp. outgoing segment) of the boundary to X! (resp. ¥2).

The four types of Moduli spaces used in the differential d of the Cthulhu chain
complex are shown in Figure 4.2. For any one of these four moduli spaces M, we
say a disk u € M is rigid if dim M = 0. All the moduli spaces of holomorphic
disks introduced above admit a coherent orientation since both X! and X2 are spin.
Therefore, one can associate each rigid holomorphic disk u € M with a sign and thus
can count the number of rigid holomorphic disks in M with sign.

Let a;’s be Reeb chords to A} from A2 and ;’s be double points of ¥ U X2
The bold letters p*, g* are words of pure Reeb chords of AL and A%, respectively.
Here we assume that, for i = 1,2, € is an augmentation of A(A") and €’ is the

augmentation of A(A%) induced by X;. The differential is defined as follows:
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dii(af) = 2 My, (alip* 0 qb)lel (p*)e (a* )al

dim Ay, (atsp*af a)=0

d__(a7) = > My (a;;p7 a7, a7)|e(p)e (a)a;

dim M,_(a; ;p~,a; ,q7)=0

doo(wi) = > (My(zj;p 7z a0) e (pT)E (a7 )ay;

dim My (z;;p~ 24,97 )=0

do_(a7) = D Mi(z5;p7, a7 ,a7)|el(pT)e2 (a7 )ay;

dim M s (z5;p~ ,a; ,47)=0

d+0($i) = Z ’MJ(G;_;p_7xi7q_)’6£(p_)€z(q_)aj;

dimMJ(a;r;Piﬂﬁiﬁqf):O

dy—(a;) = >, (My(a;sp7, a7 a7)leL(pT)el (a7)a],
dim M (a);p~,a; ,q7)=0

where | M| denotes the number of rigid holomorphic disks in the moduli space M
counted with sign. Note that the definition of differential depends on the choice of
augmentations €; and €, , whose existence are essential to the Floer theory.

A holomorphic disk counted by the differential must satisfy the rigidity condition
and the positive energy condition. We will describe these conditions in details.

The Rigidity Condition. Let us interpret the condition dim M ;(ci;p, c2,q) =
0 in terms of |¢;| for i = 1,2, where ¢; can be either a Reeb chord or an intersection
point while p and q are words of pure Reeb chords in degree 0. Instead of deriving
a formula for the dimension of a moduli space, we use the idea of the wrapped
Floer homology to find the relation between |c;| and |cp]|. Recall that both %! and
¥? are cylindrical outside of [—~N, N] x R3. Consider a non-decreasing function
o(t) : Ryg — R such that ¢/(t) = 0 when t < N and o'(t) = 1 when t > N/,
where N’ is a number bigger than N. Note that Xy = —o(|t|)0, is a Hamiltonian

vector field with its time-s flow denoted by ®%. Flow X! through Xy and get a
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new cobordism ®%,(3'), which is another exact Lagrangian cobordism according to
Section 5.1. Observe that ®3;(3') wraps X! on both ends in the negative Reed chord
direction. Hence for a large enough number s, each Reeb chord ¢ to AL (resp. Al)
from A% (resp. A?) corresponds to a transversally double point ¢ of ®%,(X') U 32 in
N <t < N’ (resp. =N’ <t < —N). Moreover, if ¢ is a Reeb chord in C(AL,A?%),
we have

6| = CZ(ve) = CZ(ve) + 1 = |c] + 2.

If ¢ is Reeb chord in C'(A!, A?),
¢] = CZ(ve) = CZ(7e) = [ + 1.

Each double point z of 3! U¥:? naturally corresponds to a double point & of ®$,(31)u
¥?in —N <t < N with gradings satisfying |%| = |z|.

Remark 4.2.2. The difference in grading correspondence between Reeb chords in
C(AL,A2) and Reeb chords in C'(AL, A%) can be understood better in a special case
where X! is a push off of ¥? through a positive Morse function F : 32 — R.,. In
other words, in a Weinstein neighborhood of 32, the cobordism ! is the graph of dF
for some positive Morse function F : 32 — R-g. In this case, the cobordism @3 (3')
is a push off of £2 through another Morse function F as well. By the canonical Floer
theory [F1o88], we can choose a family of capping paths so that CZ(v,) = Indz(z)
for any intersection point z of ®§(3') and X2, Similarly, for any Morse Reeb chord

¢ in AL U A%, we can further require that Indy, (c) = CZ(7.), where f, = F|,,.
+

Notice that Indz(¢) = Indy, (¢) + 1. Therefore
¢| = CZ(v:) = Indz(¢) = Indg, (c) + 1 = CZ(vy,) + 1 = |c] + 2.

For a Morse Reeb chord ¢ in AL U A%, the indices satisfy Indz(¢) = Ind; (c), where
f- = F|,.. Hence |¢| = CZ(y:) = Indp(¢) = Inds (¢) = CZ(ye) = || + 1. A
schematic figure is shown in Figure 4.3.
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t t

FI1GURE 4.3: The top two are front projections while the bottom two are Lagrangian

projections. The indices satisfy |a*| = |a*| +2 and |6~ | = |a~| + 1.

So far, we have shown that generators of Cth(3',¥?) can be identified with
intersection points of ®%(X!) and X2, which are generators of Cth(®% (X)), ¥2).
Moreover, by [CDRGG15, Proposition 8.2], the Cthulhu chain complexes Cth(3!, 32)
and Cth(®5,(X1),3?) are identified on the level of complexes as well. Note that the
generators of Cth(®%(X!),3?) do not contain any Reeb chords and hence we have
Cth(®3,(31),22) = (CF(93(5Y),52%),dy). Lift ®3(X') U X2 to be a Legendrian
submanifold L in R x R* x R. Note that (CF(®3(X"),¥?),dgo) is the dual of the
linearized contact homology chain complex of L as introduced in Section 2.2.3. Hence
if dim M(cy;p,ce,q) = 0, there are rigid holomorphic disks that have a positive
puncture at ¢, and a negative puncture at ¢y, which implies |¢;]| — || = 1. We can
get the corresponding grading relation between ¢; and c,. In particular, let a* be
Reeb chords in C(AL, A7) and 21,22 be intersection points of X! and ¥? while p and
q are words of pure Reeb chords in degree 0 of A and A?, respectively. We have

that

o if dim M j(21;p,72,q) = 0, then |c1] — |ca] = 1;
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o if dim M ,(x1;p,a™,q) =0, then |¢1| — |a™| = 2;

e if dim M (a™;p,x1,q) =0, then |a™| — |z{| = —1;

e if dim M (a™;p,a”,q) =0, then |a*| —|a~| = 0.

As a result, the Cthulhu chain complex can be written as
Cth*(2',%2) = C*2(AL A2) @ OFF (S, 2% @ CF (AL A2).

Under this decomposition, the differential

div dyo di-
d= 0 do do-
0 0 d__

has degree 1 as we expected.
The Positive Energy Condition. We interpret the positive energy condition
of a holomorphic disk u € M(cp;cq,...,¢n) in terms of the action of ¢;, where

i =0,...,m. Following [EkhO8], we define the energy E(u) of a holomorphic disk
u: (D? 0D?*) — (R x R* ¥ U ¥?),

by E(u) = E,(u) + E4(u), where the w-energy

E,(u) = J u*(w) + J u* (e Nda) + f u*(eNda).
u=1([~N,N]xR3) u=1((—00,— N) xR3) u=1((N,00) xR3)

Note that Write u = (t,v), where t : D> — R and v : D* — R3. Define the a-energy
by

E,(u) = sup (J ¢_(t) dt A (v*a)) + sup <J ¢y (t) dt A (U*a)),
- u=1((—00,—N) xR3) b+ u=1((N,00) xR3)

where ¢, and ¢_ range over all compact supported smooth functions such that

_N o)
f ¢_(t) dt = e and J b (t) dt = e,
o N
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respectively. By Stokes’ Theorem, for any holomorphic disk u € M(co; ¢y, ..., cm),

we have

E,(u) = a(c) — Za(cl).

=

—_

A holomorphic disk has positive w-energy, i.e. E,(u) > 0, which implies that a(cy) >

m

Za(cl).

=1

Under the assumption in Remark 4.2.1, the differential of the Cthulhu chain
complex d is of the form of an upper triangle. By [CDRGG15, Section 6], we have
d?> = 0 and thus d is a differential map. Moreover, from [CDRGG15, Section §],
the induced cohomology H*C'th(X!,¥?) is an invariant under compactly supported
Hamiltonian isotopies. Push X! along the negative z direction until 3! is far below
¥:2 and then, there is no Reeb chord to X! from Y2 nor intersection point between

! and X2, It is obvious that the cohomology is trivial, i.e. H*Cth(X!,X?) = 0.
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5

The augmentation category map induced by exact
Lagrangian cobordisms

In Section 5.1, we perturb an exact Lagrangian cobordism using a Morse function and
obtain a pair of Lagrangian cobordisms. In Section 5.2, we apply the Floer theory
to this pair of cobordisms and get a long exact sequence. In Section 5.3, we describe
the rigid holomorphic disks counted by d, _, which is a part of the differential map of
the Cthulhu chain complex, in terms of holomorphic disks with boundary on > and
Morse flow lines. This is useful when identifying f;, i.e. the category map on the
level of morphisms, with d, . In Section 5.4, we extend the method in Section 5.3 to
describe the differential d of the Cthulhu chain complex and recover the long exact
sequences in [CDRGG15]. Finally, we use the identification in Section 5.3 between

f1 and d, _ to prove Theorem 1.1.1 in Section 5.5.
5.1 Construction of the pair of cobordisms

First let us describe the neighborhood of a Lagrangian cobordism. Let Y be an

exact Lagrangian cobordism from A_ to Ay in (R x R3, d(e'e)), where A_ and A,
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are Legendrian links. By the Weinstein Lagrangian neighborhood theorem, there is

a symplectomorphism
¢ :nbhd(2) < ((R x R?),d(e'a)) — (T*%, db),

where 6 is the negative Liouville form 6 = —Z pidq; of T*Y with coordinates
((q1,2), (p1,p2)). Specifically, on the (+oo—)boundary R x A, the symplectomor-
phism 1) is given by a composition of two symplectomorphisms 1; 01)y. As mentioned
before, there is a contactomorphism from a tubular neighborhood of A in R3 to a
neighborhood of the zero section of J'(A;). Composing with the identity map on
R,, we get a symplectomorphism 1)y from the neighborhood of R x A4 in R x R3 to
R x J*(AL). The second part 1, is given by

¢y :nbhd(X) © (R x JY(Ay)),d(e'a)) — (T*(Reo x Ay),db)
t

+
(t, (¢,p,2)) = ((¢",q), (2 ¢p))

For a Morse function F' : ¥ — Ry, such that the determinant of the Hessian
matrix is small enough, the graph of dF' is a Lagrangian submanifold in 7%*3. Pull
it back to R x R? and denote ¢~ (graph(dF)) by %'

Now we show that Y’ is an exact Lagrangian submanifold as well. Notice that
Vigp) = dF|q is a Hamiltonian vector field in T*% since vy df = —dF, where F =
F o and 7 is the natural projection m : T*(X) — X. In order to extend ¢, (V)
to be a Hamiltonian vector field in R x R3, we choose a smoothly cut off function
v : T*(X) — R such that v(q,p) = 1 in a tubular neighborhood of the zero section
containing the graph of dF and v(q,p) = 0 outside of a slightly bigger tubular
neighborhood of the zero section. Pull the Hamiltonian vector field of ~ - F back
through ¢ and extend to a Hamiltonian vector field Xz in R x R3. For a suitable
neighborhood of ¥ in R x R3, we have

Lxyd(e'a) = ¥ (1ydf) = p*(—dE) = d(—F o)) :
nbhd() nbhd()
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Hence its Hamiltonian H = —F o 1 around Y. Denote the time s flow of Xy by ¢3;

and thus ¥’ = ¢};(3). We can compute the 1-form on X':

1
# d
¢y ela = ela +J — ¢%"(e'a) ds
o ds
1
=ela + f 5 (Lxyd(efa) + d(ix, e'a)) ds
0
(5.1)
—eoz+f¢ (dH + d(e'a(Xp))) ds

=e a—l—d(fo (H + e'a(Xg)) o ¢5 ds).

Thus Y’ is exact. Moreover, if 3 has a primitive g, then Y’ has a primitive

1
g+ J (H + e'a(Xg)) o ¢ ds.
0

We are going to construct a particular Morse function for ¥ such that the image
of the Morse function has cylindrical ends as well and thus is an exact Lagrangian
cobordism. Suppose X is cylindrical outside of [-N +d, N —§| x R3, where 0 < § < 1.
Choose Morse functions gy : Ay — (0,1/2) and G : £ n ([N, N] x R?) — (0,1)
such that
t

‘Em{te[—N,—N—i—é]u[N—(S,N]} =€

Define a smooth non-decreasing function p : R.g — [0, 1] such that p(s) = 0 for
s<1and p(s) =1 for s > .

For 0 < n < e2, define a Morse function F7 : ¥ — R.g to be

(112N g_(q)s, if t < —N;

(p(eNs) N —*Ng_(q)) +1*Ng-(q))s, if =N <t<—N+9;
F''(t,q) =< nNG, if —~-N+di<t<N-—9;

(N + ple” " s)nNg.(q))s, if N—d<t<N;

L™+ g1(q))s, if t > N,
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where s = e'. One can check that F" has the following properties:

e The Morse function F" is increasing with respect to t when t < —N + 9§ or
t > N — . This implies that the critical points of F" and the critical points of

G are in 1 — 1 correspondence and are all contained in ¥ n ([-N, N] x R?).
e The Morse function F" is bounded by 27Ve™ on ¥ n ([—N, N] x R?).

e Write F"}{N}XM as fleM and as fle " | respectively. The graph

Fn‘{—N}xA,
of dF" on (—o0,—N) x A_ is the same as (—o0, —N) x graph(df”’) and the

graph of dF" on (N, 00) x Ay is the same as (N, o0) x graph(df?).

Push (X, A, A_) off through F" and obtain a copy of (X,A,,A_), labeled by
(X1, AL, AL). Label the original (X, A, A_) by (X% A2,A?). Thus X! is a push off
of ¥? through F" and A} (resp. Al)is a push off of A2 (resp. A?) through f (resp.
.

5.2 The long exact sequence

Now we apply the Floer theory to the pair of cobordisms X! U X2 constructed in
Section 5.1 and get a long exact sequence. Combining the long exact sequence with
the augmentation category map induced by the exact Lagrangian cobordism, we
obtain an obstruction to the existence of the exact Lagrangian cobordisms.

Recall that the grading for generators in the Cthulhu chain complex depends on
the choice of capping paths. According to the canonical Floer theory [Flo88], we can
choose a family of capping paths such that the Conley-Zehnder index of any double
point z of X' U X2 satisfies CZ(T',) = Indpa(). Now we apply the Floer theory to

the pair of Lagrangian cobordisms ¥! U ¥2 and have the following theorem.

Theorem 5.2.1. Let X', fori = 1,2, be the cobordisms from A" to A% as constructed
in Section 5.1. Suppose €- is an augmentation of A(A") and €. is the augmentation
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of A(A%) induced by X*. Fiz a suitable domain dependent almost complex structure
on R x R? that is compatible with the symplectic form and cylindrical ends. For n

small enough, the Cthulhu chain complex is
Cth*($1 %%) = C* (AL, A2) @ OFF (2!, 22) @ CF 1 (AL, A?).

Under this decomposition, the differential s

dey dio dy-
d= 0 doo do-
0 0 d__

Moreover,

1. the map dyy is the Morse co—differential induced by F", i.e., the chain complex
(CF*(3,%%),dy) is the Morse co—chain complex (C%;, .. F" dpx) induced by
£,

)

2. the chain complex (C*~2(AL,A%),d, ) = (Hom" (e, €2), my) while the chain

complex (C* (AL, A%),d__) = (Hom% (eL,€2),my).

Proof. First, we need to show that all the intersection points z € CF*(X!, ¥2) have
positive action, which is the condition for the differential to have the form above by
Remark 4.2.1.

Let g; be a primitive of ¥ for 7 = 1,2. According to the computation (5.1), we

have

1
0= g+ f (H + eta(Xp)) o 3 ds,
0

where H = —F" o). It is not hard to check that ¢, = go on ¥ N ((—oo, —N) x R3).
Therefore we can assume g; = go = 0 on X N ((—oo, —N) x R3) and use ¢g; and g» as
primitives to define action. The action of each intersection point x is

a(z) = go(z) — g1 () = L (H + e'a(Xg)) o ¢% ds.
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Notice that the vector field Xy vanishes at the intersection point x. Hence
1
a(z) = —J Ho¢y ds=—H=F"ovy(z)> 0.
0

Next, we are going to show that for n small enough, the rigid holomorphic disks
that contribute to dyg do not include any pure Reeb chords as negative punctures.
Let z and y be two double points of X! U 2. For any rigid holomorphic disk
u e M(z;p,y,q), where p and q are words of pure Reeb chords of A! UA?, we have

the energy estimate:

E,(u) < a(r) —a(y) — a(p) — a(q).

Since u has positive energy, we have

a(p) +a(q) < F7(¢(x)) = F'(¥(y)) < F(¢(x)).

Therefore, for n small enough such that the maximum of the Morse function F" is
smaller than the minimum action of pure Reeb chords of AL and A%, the moduli
space that contributes to dy is of the form M(x;y). By [EES09, Lemma 6.11], the
boundary of a rigid holomorphic disk with two punctures at intersection points con-
verge to a rigid Morse flow line, which implies dyg = dp». Furthermore, the gradings
satisy |x| = CZ(v,) = Indpn(y). Therefore (CFF(S,52),dug) = (Chrorse F", din).
Recall that there is a natural identity map with degree 1 from C**(AL A2) to

Homk (€}, €1), respectively. Moreover, the definitions of d., and m; match as well.

Hence we have (C*1 (AL, A?),d__) = (Homk (eL, €2), my) while (C*72(AL,A%),d, ) =

(Hom" (!, €2),my). O

For the rest of the paper, we fix a small enough 7 and write F", f!, f7 as
F, f., f_, respectively. According to the Floer theory in Section 4, we have
HY(Cth(XY,%2),d) = 0, where

Cth*(2',22) = Hom" ' (e!,€2) ® O s F ® Hom" (¢' %),

+
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and

mq d+0 d+_
d=1 0 dr do
0 0 ma

Consider the chain map ¥ = d,_ + dy_:

W (Homf (el €2),m) — <Homi<ei,ei)®c’f+1 F, d = (”“ d+0)>.

Morse 0 dF
Notice that the mapping cone of ¥ has trivial homology. Therefore,
H*(Hom, (', €%)) = H*Cone(d,o).

Hence we have the following long exact sequence:

o> H¥(Chrorse Fydp) = H*Homy (€L, €2 ) = H* Hom (€L, €2) = H" ' (Chropse Fy dp) = -+

Moreover, notice that in the construction in Section 5.1, the gradient flows of F

flow in from the bottom and out of the top. Hence we have
Hk(CMorsepa dF) = Hk<27 A,)

Corollary 5.2.2. Let ¥ be an exact Lagrangian cobordism with Maslov number 0
from A_ to Ai. Fori = 1,2, if € is an augmentation of A(A_) and €. is the

augmentation of A(A,) induced by 32, then we have the following long exact sequence:

- —HNS,A)—~H*Hom, (€L, é2) — H*Hom  (eL, %) — H*" (3, A_) — - -

(5.2)

Remark 5.2.3. When the Maslov number of ¥ is d, which is not 0, the method above
works as well. The only difference is that the grading of generators in the Cthulhu
chain complex is defined mod d. Thus, the long exact sequence (5.2) holds with

gradings mod d.
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If ¢ =¢® =¢_, by [NRST15, Section 5.2], we have the identification
H"Hom (e,¢) = LCH_, (M),

where LCHE(A) is the linearized contact homology of A. The long exact sequence

(5.2) can be rewritten in terms of linearized contact homology:

e B2, AL) —= LOH ((Ay) —= LOH S (A_) —= H* (S, A_) — -+

Furthermore, if A_ is empty, then ¥ is an exact Lagrangian filling of A, and
€+ is an augmentation of A(A,) induced by the Lagrangian filling. The long exact

sequence (5.2) gives
H*(Y) = H*Hom, (e;,e;) = LCH*,(A}),

which is the Seidel isomorphism (following [NRS*15]). This theorem was conjectured
by Seidel [Sei08] and was proved by Dimitroglou Rizell [DR16].
If A, instead, is empty and A(A_) has an augmentation e_, the long exact

sequence (5.2) tells us that

F if k=1,
H*Homy(e_,e )= H*" (S, A_) = { F'"x®) if k=0,
0 otherwise.

However, by Sabloff duality (3.2),
dim HHom  (e_,e_) = dim H*Hom_(e_,e_) = dim H*Hom_ (e_,e_) = 0.

This is a contradiction since the unit e, = —y" is always in H'Hom (e_,€_) and is
not 0. Thus if A, is empty, then A_ does not admit any augmentation. This result

was previously known by [CDRGG15, DR15].
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Remark 5.2.4. For the rest of the paper, we will focus on the case where A, and
A_ are single component knots. Given the fact that there does not exist a compact
Lagrangian manifold in R x R3® and A_ does not admit a cap (since A_ has an

augmentation), we know that any cobordism ¥ from A_ to A, must be connected.

Combining the long exact sequence (5.2) with the augmentation category map

induced by the exact Lagrangian cobordism X, we have the following theorem.

Theorem 5.2.5. Let > be an exact Lagrangian cobordism with Maslov number 0
from a Legendrian knot A_ to a Legendrian knot A,. Fori = 1,2, assume € is an

augmentation of the A(A_) with a single base point and €' is the augmentation of

A(A;) induced by X. Then the map
i : H'Hom, (e}, €%) — H'Hom (", €*)
in the long exact sequence (5.2) is an isomorphism. Moreover, we have that
H*Hom, (', %) = H*Hom, (e, %) @ FX>)[1], (5.3)

where FX®)[1] denotes the vector space F~X*) in degree 1 and x(X) is the Euler

characteristic of the surface 3.

Proof. By Remark 5.2.4, we have

FX® if =1
0 if else.

H*(2,A) = {
The long exact sequence (5.2) shows that for £ > 1 or k < 0, the map
i H Hom (€', €2) — H"Hom (', €*)

in the long exact sequence induces an isomorphism

H"Hom, (é\,€%) =~ H"Hom, (", €*).
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When £ = 0 or 1, we have
0> H°Hom. (€., e2) % HOHom. (é',€2) = F X =~ H' Hom, (¢\ 2 ) = H' Hom. (¢"
For the rest of the proof, we need to show

dim (H°Hom (€, €%)) = dim (H'Hom, (e, %)) .

Once this inequality holds, the fact that i° : HHom_ (e, €%) — H'Hom (!, €2) is
injective implies that it is an isomorphism. Note that the long exact sequence (5.2)

is over the field F. It follows that
H'Hom (', é*) =~ H' Hom, (', %) @ F x>,

To prove the inequality, we exchange the positions of €' and € in the long exact

sequence (5.2) and get

2>_>0

o ——= H¥, A )——= H*Hom(®,e ) ——= H*Hom (? ,e! ) —= H*"1(S,A_) ——

+ €
which implies

H?Hom, (¢2,€') =~ H*Hom, (¢*,€").

By Sabloff duality (3.2), we have

dim (H°Hom_(e}, €%)) = dim (H*Hom, (€1, €})) .

Thus dim (H°Hom_ (e}, €2)) = dim (H'Hom_(e" , €%)).
Since A, and A_ are both Legendrian knots with a single base point, we have

the long exact sequence (3.1) for A, and A_:

0— HHom_(e},e3) —= H°Hom (e}, e5) — H°(Ay) 2 H'Hom._ (eh,e)—=---

From this long exact sequence, we have
dim (H°Hom. (e}, €) = dim (H°Hom_ (e}, €7)) + dim(ker d, ).

Thus, to prove dim (H'Hom, (el ,€2)) > dim (H'Hom, (e, €2)), we only need to

show dim(ker d, ) = dim(kerd_).
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Recall that the cobordism ¥ from A_ and A, induces an A,, category map
[ Aug (A-) — Aug, (Ay)

in the way described in Section 3.2. In particular, we get the functor f; of augmen-

tation categories on the level of morphisms:
fi:Hom, (e, é%) — Hom, (el €2).

This map descends to the cohomology level as f* : H*Hom. (¢!, e2) — H*Hom. (€}, €2).
Notice that f; sends Hom_(el,€*) to Hom_(e!,€e2). Hence f; induces a map be-
tween the cohomology of the quotient chain complexes, denoted by f* as well.

We have the following diagram commutes:

0—H°Hom_(e}, %) — H " Hom. (e} ,e2) — H(A;) iHlHom_(eﬁr,ei) —

I | e I

0— HHom_ (€' ,¢*) — H°Hom (' ,e*) — H°(A_) iHlHom_(ei,ez) —

Thus f*(kerd_) < kerd,. Furthermore, notice that f; sends the generator

(7)Y € CY,ree(A_) to the corresponding (y™)¥ € CY,,.(Ay) and CyL (A,) = 0.

Morse

Hence f* is injective on H°(A_), which implies
dim(ker ;) = dim(kerd_).
[

If ¢ =€ =¢€_ and e_ comes from a Lagrangian filling L_, then €, also comes
from the filling L, which is a concatenation of > and L_. By Seidel’s isomorphism

(following [NRS™15]), we have Hom* (e4,e.) =~ H*(L.), which implies that
H"Hom, (e, e.) = H*Hom (e_,e_) for k # 1
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and when k =1,
H1H0m+(6+, E+) = H1H0m+<€,,€,) @FiX(E).

Theorem 5.2.5 is a generalization of Seidel’s isomorphism. Equation (5.3) holds

1

even if e_ does not come from a Lagrangian filling or ¢! and €2 are not the same.
If the two augmentations are the same, we can identify the cohomology of Hom

space with the linearize contact homology by [NRS*15]:
H*Hom  (e,¢) = LCH{_,(A).
Now we restate Theorem 5.2.5 in terms of linearized contact homology.

Corollary 5.2.6. Let ¥ be an exact Lagrangian cobordism with Maslov number 0

from a Legendrian knot A_ to a Legendrian knot A, . Assume e_ is an augmentation

of A(A_) and €, is the augmentation of A(Ay) induced by X. Then
LCHS (ML) = LOCHS (A_) @ F®)]0],
where F~X®)[0] denotes the vector space F~X*) in degree 0.

Therefore, if there exists an exact Lagrangian cobordism ¥ from A_ to A, the
Poincaré polynomial of linearized contact homology of A, agrees with that of A_
in all degrees except 0. In degree 0 their coefficients differ by —y(3). This gives a
strong and computable obstruction to the existence of exact Lagrangian cobordisms.
One can check the Poincaré polynomials of linearize contact homology for any two
Legendrian knots with small crossings through the atlas in [CN13]. If they do not
satisfy the relation given in Corollary 5.2.6, there does not exist an exact Lagrangian
cobordism between them.

For example, let A; and A, be the Legendrian knots with maximum Thurston—

Bennequin number of smooth knot type 4; and 61, respectively (as shown in Figure

66



f
Q- (O

FiGURE 5.1: The topological cobordism between 6; and 4; can be achieved by two

saddle moves along the red lines followed by an isotopy.

1.4). There is a topological cobordism between 4; and 6; with genus 1 as shown in
Figure 5.1. Moreover, the Thurston—-Bennequin numbers of A; and Ay are —3 and
—b5, respectively, which satisfy the Thurston—Bennequin number relation (1.1). Thus
there is a possibility to exist an exact Lagrangian cobordism from A; to A; with

genus 1. However, we have the following proposition:

Proposition 5.2.7. There does not exist an exact Lagrangian cobordism from Ay to

Ay with Maslov number 0.

Proof. The Poincaré polynomials of linearized contact homology for A; and A, are
t71 + 2t and 2t7! + 3¢, respectively. As a result of Corollary 5.2.6, there does not

exist an exact Lagrangian cobordism from A, to A; with Maslov number 0. O
5.3 Geometric description of the differential map.

Let > be an exact Lagrangian cobordism from a Legendrian knot A_ to a Legen-
drian knot A,. For ¢ = 1,2, assume €' is an augmentation of A(A_) and ¢, is
the augmentation induced by Y. So far we have two maps from Hom, (e}, €%) to
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Hom. (€}, €2). One is the geometric map d, _ in the differential of the Cthulhu chain

complex Cth(3!, ¥?) defined by counting rigid holomorphic disks with boundary on
YU Y2, The other map is the augmentation category map induced by ¥ on the level
of morphisms fi, defined algebraically in Section 3.2. In this section, we will show
that, with a choice of Morse function F' on the cobordism ¥, the maps d,_ and f;
are the same. To do that, we describe the two maps separately and then compare
their images on each generator of Hom, (e, €?).

In order to describe d, _, we want to interpret rigid holomorphic disks with bound-
ary on ' U X2 in terms of rigid holomorphic disks with boundary on X together with
negative gradient flows of a Morse function. This is analogous to a result in [EES09],
which gives a correspondence between rigid holomorphic disks with boundary on a
2—copy of a Legendrian submanifold L and rigid holomorphic disks with boundary
on L together with negative gradient flows of a Morse function. Now let us describe
the result in [EES09] with details.

Let L be a Legendrian submanifold in the contact manifold (P x R, ker(dz — #)),
where (P, df) is an exact symplectic 2n—dimensional manifold. Instead of considering
holomorphic disks in the symplectization of P xR with boundary on R x L, according
to [DR16], we can consider holomorphic disks in P with boundary on 7 (L), where
is the projection P x R — P. See [EES09, Section 2.2.3] for the detailed definition of
holomorphic disks with boundary on m(L). As the points on 7(L) and points on L
are naturally corresponded except that the double points of (L) correspond to the
Reeb chords of L, we refer the holomorphic disks as J—holomorphic disks with
boundary on L as in [EES09], where J is a generic almost complex structure on
P. Choose a Morse-Smale pair (f,g), where f is a Morse function L — R and g
is a Riemannian metric on L, such that (f,g,.J) is adjusted to L in the sense of
[EES09, Section 6.3]. Push L off through the Morse function f and get a 2—copy of

L, denoted by 2L. In order to describe rigid holomorphic disks with boundary on 2L,
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we need to introduce the generalized disks determined by (f,g,J). A generalized

disk is a pair (u, "), where
e u e M is a J-holomorphic disk with boundary on L;

e 7 is a negative gradient flow of f with one end on the boundary of v and the

other end at a critical point p of the Morse function f;
e the boundary of u and v intersect transversely.

The point p is called a negative Morse puncture if the flow line v flows toward
p, and is called a positive Morse puncture if v flows away from p. The formal

dimension dim(u, ) is defined by

dimM + 1+ Indg(p) —n, if pis a positive Morse puncture,

dim(u,~y) = {

dim M + 1 — Inds(p), if p is a negative Morse puncture.

The generalized disk (u, ) is called rigid if dim(u,~) = 0.
The rigid holomorphic disks with boundary on a 2—copy of L can be described
as below in terms of whether their punctures are Morse Reeb chords or non—-Morse

Reeb chords (as defined in Section 3.2).

Lemma 5.3.1 ([EES09, Theorem 3.6)). Let (f,g,J) be a pair described above that
is adjusted to the Legendrian submanifold L. Push L off through the Morse function

f and get a 2—copy 2L. There are bijective correspondences below:

e Rigid holomorphic disks with boundary on 2L that have one positive puncture
and one negative puncture at non—Morse mixed Reeb chords and the other punc-
tures at pure Reeb chords are in 1 — 1 correspondence with rigid holomorphic

disks with boundary on L as shown in Figure 5.2 (a).
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o Rigid holomorphic disks with boundary on 2L that have exactly one puncture
at a Morse Reeb chord are in 1 — 1 correspondence with rigid generalized disks

(u,v) determined by (f,q,J) as shown in Figure 5.2 (b).

e Rigid holomorphic disks with boundary on 2L that have two punctures at Morse

Reeb chords are in 1 — 1 correspondence with rigid negative gradient flows of

the Morse function f.

(b)

FIGURE 5.2: Schematic picture of the correspondences in Lemma 5.3.1. The arrows

indicate the orientation of holomorphic disks and the negative gradient flow line.

In order to get an analogous description for a 2—copy of ¥, we need a result in
[EHK16] to relate rigid holomorphic disks with boundary on a cobordism X to rigid

holomorphic disks with boundary on some Legendrian submanifold Ly.
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Let us first construct the Legendrian submanifold Ly,. Suppose ¥ is an exact
Lagrangian submanifold in (R x R?, d(e'a)) from A_ to A,. Assume it is cylindrical
outside of [N + 6, N — §] x R3, where § is a small positive number. Under the

symplectomorphism

¢ (R xR d(e'a)) — (T*(Rso x R), d0)

(t,y,2) — (('2), (2 e'y)),

the cobordism Y can be viewed as a cobordism in (T* (Rog x R),d@), where 0 is
the negative Liouville form of the cotangent bundle. Let a_ = e " and a;, = eV.
There exists a small number € > 0 such that ¥ is cylindrical outside of T*([a_ +
€,ay — €| x R). Chopping off the ends of X3, we get a cobordism in 7™ ([a_, a;] x ]R)
with the canonical symplectic form. Lift it to be a Legendrian submanifold ¥ in the

1-jet space J*([a_,a;] x R) = T*([a_,a4] x R) x R. Near the positive boundary

Jt ((a+ —€,ay] x ]R), the Legendrian X can be parametrized as

(s, 2+(q), 2+(q), sy+(q), sz4(q) + By) = j'(szi(q) + By)

for some constant number B, , where s = e’ and (¢,¢q) € ¥ n ((log(aJr —¢€),loga,] x
R?) = (log(as —€),loga.] x A,. Here sz, (g) + B; may not be a function of (s, z).
However, consider {(x(q),z+(q))|q € A, }, which is the front projection of A to xz—
plane. The cusps divide the front diagram of A, into pieces. Note that on each
piece z, (p) is a perfect function of z, (p) and at each cusp, the two functions from
different pieces match at the cusp. Therefore, we can write the parametrization as
j'(sz4(q) + By). Similarly, near the negative boundary Jl([a_,a_ + €) % R), the

Legendrian ¥ can be parametrized as

(s, 2-(q). 2-(), sy-(q), s2—(q) + B-) = j'(sz-(q) + B-),

where (s,q) € [a_,a_ 4+ €) x A_ and B_ is a constant number.
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However, notice that ¥ does not have any Reeb chords. Therefore, we consider
the Morse Legendrian Y¥¢, which is a Legendrian submanifold in J*! ([a,, a]x ]R)

that agrees with ¥ on J'((a— + €,a; — €) x R). But near the (+)-boundary, the

Morse Legendrian can be parametrized as j'((As F (s — a4)?)z1(q)), ie.

(5, 2+(9), F2(s —ax)z:(q), (Ar F (s —ax))ye(q), (As F (s —as)")2:(q)), (5.4)

where A, are positive numbers. The key property of the Morse Legendrian is that
the Reeb chords of M° on the (£)-boundary are in bijective correspondence with
Reeb chords of Ay, respectively.

There are isotopies from sz4 (q) + By to (A4 F (s—a+)?)24(q), respectively, which
induce a diffeomorphism from % to the Morse Legendrian M. Extend ZMe to be a

Legendrian submanifold Ly in J*(R-g x R) by adding

j1(<A+ —(s— a+)2)2+(Q>)

with (s,q) € (ay,00) x A, to the positive boundary and adding

jl((A, + (s — a,)z)z,(q))

with (s,q) € (0,a_) x A_ to the negative boundary. In other words, when s < a_ +¢

or s > ay — €, we can parametrize Ly as (5.4). Note that
Ly 0 J'((a- + €,a; —€) x R) = XMe,

Moreover, according to [EKO08], there is a natural bijective correspondence between
rigid holomorphic disks with boundary on Ly, and rigid holomorphic disks with
boundary on ¥, Combining with a result in [EHK16], we know that rigid holomor-
phic disks with boundary on an exact Lagrangian cobordism X are in 1—1 correspon-
dence with rigid holomorphic disks with boundary on Ly, that have positive (resp.

negative) punctures at Reeb chords lying the slice s = a,. (resp. s = a_). The proof
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of this result can be applied directly to the case of immersed exact Lagrangian sub-
manifolds with cylindrical ends, where we only consider the rigid holomorphic disks
with punctures on Reeb chords but no double points. Hence we have the following

result for a 2—copy of ¥, denoted by ¥ u 3.

Lemma 5.3.2. Let X and X' be exact Lagrangian cobordisms from A_ to A, and from
A" to N, respectively. The Morse Legendrian Ly, sy constructed above is a union of
Ly, and Lys:,. Moreover, rigid holomorphic disks with boundary on X U X' that have
positive (resp. negative) punctures at Reeb chords of Ay U N, (resp. A_ U A ) are
in 1-1 correspondence with rigid holomorphic disks with boundary on Ly, U Lyy that
have positive (resp. negative) punctures at the Reeb chords lying in the slice s = a,
(resp. s =a_).

Note that the rigid holomorphic disks with boundary on ¥ u ¥’ considered in
Lemma 5.3.2 are not all the rigid holomorphic disks since we did not talk about
holomorphic disks with punctures at double points. The disks we considered are the
ones counted by d, _.

In order to apply Lemma 5.3.1 to Ly sy and get the analog correspondences for
exact Lagrangian cobordisms, we need to view Lss as the 1-jet of a function

F:Ly—>R
in the neighborhood of Ly, and show that £ is Morse. To describe the function easily,
pull it back to be a function ¥ — R, denoted by F as well. Note that ' = F on
S nT*(la- +€,ap — €] X R).

Now let us focus on the part s € (ay —€,90). Denote Ly 0 J*((ay —€,0) x R) by
04+ (Ly) and denote ¥ N T™*((ay —€,0) x R) by 0, (X). One can check that the Reeb
chords from 0, (Lx) to 0, (Lysy) are in bijective correspondence with the Reeb chords
from A, to A’. by a property of Morse Legendrian. As a result, the only critical
points of F' on @, (%) are (s,q), where s = a, and fi(q) =0.
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Let m; and 79 be the natural projections as follows:

Jl (R>0 X Rx)

RN

J'(R=o) JHR,)
First project 0, (Lx) and 0, (Ls/) to J'(R,). We have

(04 (Lg)) = (4(a), (As = (5 — a4)*)y:(0), (Ar — (s — a1)*)z4(q))

and
T (04 (L)) = (2, (), (A = (5 — as))/ (q), (Ay — (s — ay)*) 2, (q))

Thus for fixed s € (ay — €, 0), we have F(s,q) = (A4 — (s — ay)?) f.(q), where
fr= F\{a+}x/\+' Second, project 0, (Ly) and 0, (Ly) to J'(Rsq). We have

m1(0+(Lx)) = (5, —2(s — ay)z4(q), (A4 — (s — a+)2)z+(q)),

and
T (04 (L)) = (s, =2(s — a4)2,.(q), (Ay — (s — a4)*) 2 (q))-

For a fixed ¢ € A, the only non-degenerate singularity of (s, ) is a,. In particular,
it is a local maximum since 2/, (¢) > z4(q), which comes from the fact that f. > 0

as constructed in Section 5.1. Therefore, we have
Indp(as,q) = Indy, (q) + 1.

Similarly, on the negative side, denote F ’{a,}x 1 as f-. The critical points of F on

Y N T*((—0,a- + €) x R) agree with the critical points of f_ that lie in the slice

s = a_. Moreover, the indices satisfy Indz(a_,q) = Ind;_(q). Hence F is a Morse

function.
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Choose a Riemannian metric g on ¥ and a generic almost complex structure J
on R x R? that is adjusted to cylindrical ends such that the pair (F, g,.J) is adjusted
to Ly. Now we can apply Lemma 5.3.1 to the 2-copy Ls U Lyy.

Define a generalized disk to be a pair (u, ) consisting of a J-holomorphic disk
u with boundary on ¥ as defined in Section 2.3 and a negative gradient flow line ~
of F with one end on the boundary of u and one end at a critical point p of F such
that the boundary of u intersect transversely with the negative gradient flow v. The
point p is called a negative Morse puncture if the flow line v flows toward p, and
is called a positive Morse puncture if v flows away from p. The formal dimension

dim(u, ) is defined by

dim M + 1 + Inds(p) — 2, if pis a positive Morse puncture,

dim(u,y) = {

dim M + 1 — Ind¢(p), if p is a negative Morse puncture.
(5.5)
The generalized disk (u, ) is called rigid if dim(u,~) = 0. We have the following

result that is analogous to Lemma 5.3.1.

Theorem 5.3.3. Let X be an exact Lagrangian cobordism in (R x R3, d(eta)) from
A_ to Ay and is cylindrical outside of [-N + 8, N — ] x R3. Let F: 3 — R-g be a
positive Morse function. Push X off through F' and get a new cobordism Y.

Denote F\{N}xm by fy and F‘{_N}XL by f_. Define a new Morse function

F : ¥ — R satisfying the following properties:
e The Morse function F = F on ¥ ([-N +4,N — 6] x R?).

o OnYn ((N—0,)xR?), all the critical points of F' lie in ¥ n ({N} x R?) =
{N} x Ay and agree with the critical points of fy. Moreover, at each critical

point ¢, we have Indgc = Indy c+1;
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e OnXn((—o0, —N+68)xR?), all the critical points of F' lie in B ({—N}xR3) =
{=N} x A_ and agree with the critical points of f_. Moreover, at each critical

point ¢, we have Indzc = Indy c.

The Riemannian metric g and almost complex structure J are chosen as above.
Then we can describe the rigid holomorphic disks with boundary on X u ¥ that
have punctures on Reeb chords of Ay U Ay and A_ o A" in terms of whether the

Reeb chords are Morse or non-Morse as defined in Section 3.2.

1. Rigid holomorphic disks with boundary on ¥ U Y that have two punctures at
non—-Morse mized Reeb chords are in 1 — 1 correspondence with rigid holomor-

phic disks with boundary on %. See Figure 5.3 (a).

2. Rigid holomorphic disks with boundary on X UX' that have exactly one puncture
at a Morse Reeb chord are in 1 — 1 correspondence with rigid generalized disks

(u,v) determined by (F,g,J). See Figure 5.3 (b).

3. Rigid holomorphic disks with boundary on 3 U X' with two punctures at Morse
Reeb chords are in 1 — 1 correspondence with rigid negative gradient flows of

the Morse function F from a critical point on As to a critical point on A_.

Proof. According to Lemma 5.3.2, rigid holomorphic disks with boundary on ¥ u ¥
that have two punctures at mixed Reeb chords correspond to rigid holomorphic disks
with boundary on Ly U Ly that have positive (resp. negative) boundary at mixed
Reeb chords lying in the slice s = a; (resp. s = a_). By Lemma 5.3.1, these disks
with boundary on Ly U Ly are in 1-1 correspondence with holomorphic disks with
boundary on Ly that have positive (resp. negative) boundary at the Reeb chords
lying in the slice s = a; (resp. s = a_) together with Morse flow lines of F. If

it is a rigid Morse flow line of F on Ly, it flows from a critical point on A, to a
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FIGURE 5.3:  Schematic picture of the correspondences in Theorem 5.3.3. The

arrows denote the orientation of holomorphic disks and the negative gradient flow
line.

critical point on A_. Pull it back to be a flow line ¥ and get the correspondence
(3). If it is a rigid holomorphic disk with boundary on Ly that has positive (resp.
negative) boundary at the Reeb chords lying in the slice s = a; (resp. s = a_), by
[EHK16], it corresponds to a rigid holomorphic disk with boundary on X, which is
the respondence (1). Otherwise, it it is a rigid generalized disk (u,~y) determined by
(F ,g,J). From the construction of F', one can note that all the critical points of F on
YA ({N}xR?) are of index 1 or 2 while all the critical points of F on ¥ ({=N} xR?)

are of index 0 or 1. By the dimension formula (5.5), the generalized disk (u,7) is
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rigid if and only if u is a rigid holomorphic disk. Each rigid holomorphic disk u with
boundary on Ly that has positive (resp. negative) boundary at the Reeb chords
lying in the slice s = a4 (resp. s = a_) in turn corresponds to a rigid holomorphic
disk with boundary on Y. Pulling v back to ¥ and get a rigid generalized disk on X

determined by (F, g, J ). Hence we get the correspondence (2). ]

Recall that f; is defined algebraically as follows. The exact Lagrangian cobordism
> from a Legendrian knot A_ to a Legendrian knot A, induces a DGA map ¢
between the DGA’s with a single base point by counting rigid holomorphic disks
with boundary on X:

¢ (A(Ay), 0) = (A(A-), 0),

as described in Section 2.3. This DGA map ¢ induces an A,, category map
[ Aug(A-) — Aug, (Ay)

in the way described in Section 3.2. Restrict the category map on the level of

morphisms, we have
fi:Homy (e, %) — Hom, (el €2).
See calculation (3.3) for the explicit formula.
Theorem 5.3.4. With a choice of Morse function F : ¥ — R, we have d,_ = f;.

Proof. We show d,_ = f; by checking their images on generators of Hom, (e!,€?).
Recall that Hom , (¢!, €*) are generated by the elements in Hom_ (!, €% ) that corre-
spond to non-Morse Reeb chords and the elements in T' = {z",y"} that correspond
to Morse Reeb chords, respectively.

First consider the element b in Hom_(e!,¢®). Notice that Morse Reeb chords
are much shorter than non-Morse Reeb chords. The energy restriction ensures
that d;_(b¥) does not include any element in 7. Therefore d,_ sends b¥ to a¥ €
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Hom_(el,€%) by counting rigid holomorphic disks u € M(a'?;p't, b'? g22) with

11 and 22 are words of pure Reeb chords of Al and

boundary on X! U X2, where p
A? | respectively. According to the correspondence (1) in Theorem 5.3.3, these disks
correspond to rigid holomorphic disks u € M(a;p,b,q) with boundary on 3 (as

shown in Figure 5.4), which are the disks counted in f;. Notice that both d,_ and f;
sends b¥ to |[M(a;p,b,q)|e- (p)e® (q)a”, where | M(a; p, b, q)| is the number of rigid
disks in M counted with sign. Hence the definition of d, _ matches the definition of

fion Hom_ (€', €%).

M MN_N
p11 b12 q22 P b q

FiGURE 5.4: The disk on the left is counted in d,_ while the disk on the right is
counted in ¢.

In order to simplify the map d,_, we can choose a Morse function F' such that the
negative gradient flow of F' flows from =, directly to =_ without going through any
critical points. We can further require that the negative gradient flow of F' behave
the same in a collar neighborhood of the flow line from *, to *_ as shown in Figure
5.5. As x4 and yy sit right besides +4, the negative gradient flow lines of F' flow
from x, and y, directly to x_ and y_, respectively.

For the element ¢ € T, the map d, _ counts the rigid holomorphic disks in ¥; U,
that have a negative puncture at the Morse Reeb chord c. For the rigid disk that has
a positive puncture at a Morse Reeb chord as well, according to the correspondence

(3) in Theorem 5.3.3, it corresponds to a rigid Morse flow line of F. The indices of
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FIGURE 5.5: An example of Morse flows of F.

Fony_,z_,y, and 2, are 0, 1, 1 and 2 respectively. Therefore dy_(xY) has zY as
a term and d,_(yY) has yY as a term. If the rigid disk that has a positive puncture
at a non—Morse mixed Reeb chord a'?, we denote it by u € M(a'?;p't, c'? q2?).
By the correspondence (2) in Theorem 5.3.3, it corresponds to a rigid generalized
disk (u,7), where u € M(a;p,q) is a holomorphic disk with boundary on 3 and ~y
is a Morse flow of F' that flows towards ¢ (see Figure 5.6). Due to the dimension
formula (5.5) of generalized disks, no rigid disk has a negative puncture at y_ since
Indzy— = 0 but dim M > 0. Hence d,_(yY) = yY, which matches the definition of
Jiony.

For the element zY, we know that f;(zY) counts the element @ if ¢ shows up in
the image of the DGA map ¢(a). In other words, there exists a rigid holomorphic disk
u € M(a;p,q) with boundary on ¥, where p and q are words of pure Reeb chords
of A_, such that u has a nontrivial intersection number with «, where « is the curve
from the base point =, to =_. Each rigid holomorphic disk u contributes to fi(zY)
a term of a with coefficient s(u,a)e! (p)e® (q)aY, where s(u, @) is the intersection

number of the boundary of v and . We can make the Morse function F satisfy the
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FIGURE 5.6: The disk on the left is counted in d,_ while the disk on the right is
counted by ¢.

property that the negative gradient flow line v of F' from x, to x_ is parallel to «
and of the same orientation. For each intersection point p; of the boundary of v and
7, denote the part of v from p; to ¢ by ~;. By the correspondence (3) in Theorem
5.3.3, the rigid generalized disk (u,7;) corresponds to a rigid holomorphic disk in
M(a'?; ptt, 2, q%2) with boundary on X! U X2, and hence contributes to d,_(zY)
with a term s(u,7;)el (p*)e? (q??)aY, where s(u,;) is the sign of the intersection.
Sum over all the intersections of the boundary of v and ~, the rigid holomorphic
disk u contributes s(u,)el (p)e? (q)a¥ to d,_(zY), where s(u,7) is the intersection

number of the boundary of v and ~. Therefore, we have d,_ = f; on x. O
5.4 Aside.

In this section, we describe the differential map of the Cthulhu chain complex in
terms of holomorphic disks with boundary on ¥ and Morse flow lines. This allows
us to recover the long exact sequences in [CDRGG15]. The theorem in this section
is stated without rigorous proof. But it will not be used in the other part of the
dissertation.

In Section 5.3, we only need to describe the rigid disks with boundary on X! U X2

that have punctures at Reeb chords. Hence we only have correspondences for those
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types of disks. However, the method should work for all the rigid holomorphic disks
with boundary on X! U ¥? including the disks counted by d_¢ and dy_. We state the

following theorem without proof.

Theorem 5.4.1. Let X be an exact Lagrangian cobordism from A_ to A, and Xt U2
be a 2-copy of ¥ as constructed in Section 5.1. For i = 1,2, assume € is an
augmentation of A(A_) and €' is the augmentation of A(A.) induced by 3. For n

small enough, the Cthulhu chain complex can be decomposed into five parts:

Cthk(zla 22) = Homﬁil(eiu Ei) @ Ckil f+ @ C]l&orseF @ Hom’i (61—7 63) @ C]l&orsef*'

Morse

Under this decomposition, the differential can be written as

ma d_Hc+ d+F d+_ d_,.fi

de, dyr 0 dp oy
0 dp 0 dpy_
0 0 my d_j_
0 0 0 ds

o O O O

Moreover,

1. The holomorphic disks counted by d,r and dyy_ are in 1 — 1 correspondence

with rigid generalized disks on Y determined by (F, g, J).

2. The holomorphic disks counted by dy_ are in 1 — 1 correspondence with rigid

holomorphic disks with boundary on 3.

3. The holomorphic disks counted by dys, p, dy, f and dpy_ are in 1 —1 correspon-

dence with rigid Morse flow lines of F.

This theorem is similar to the conjectural analytic Lemma in [Ekh12, Lemma
4.11], which describes the correspondence in the case of exact Lagrangian fillings.
We next discuss how to recover the three long exact sequences in [CDRGG15]

from this chain complex.
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1. Decompose the Cthulhu chain complex as

Hom" ™ (e,,2) @ (Ol oS+ ® ClporacF) ® Hom (1, é2),

Morse

Notice that the chain complex

_ de. d
<C]’f/lo:1lﬂsef+ (‘D O]]f/[orseF; ( (J;+ CJ;;F)>

can be identified with the Morse co-chain complex (C%, .

F,dp) induced by a
Morse function F, where F' agrees with F near A, and agrees with F for the

rest part. Hence
H*(Clporse o dp) = HY (2, A0 U A).
Therefore, we have the following long exact sequence:
= HNE, Ay A )= H"Hom_(é\,é2) = H"Hom, (e, €2 ) = HF Y (S AL OAL) =+,

which is Theorem 1.5 of [CDRGG15].

2. View the Cthulhu chain complex as a direct sum of Hom* (el | ¢2), C¥ L f. @
Ck

K @ Hom” (¢!, €2) and the Morse co—chain complex C%,

f—. We have

orse

the following long exact sequence:
= HFYAL) = HNS, Ay WA )@ H"Hom_(eL,€2) = H*Hom_ (el ;€2 ) — HF(A_) = - -
which is Theorem 1.6 in [CDRGG15].

3. Rewrite the Cthulhu chain complex as

Cthk(zla EQ) = Homliil(E}H 63—) D Hom’j (61—7 62—) @ Ckil f+ > C]lfiorseF ® C]]f/[m“sef*

Morse
_ k=11 2 k(1 .2 k [
- Hom, (€+76+) (‘BHO??”L_(E_,E_) @CMorseF

with the differential

ml * *
d= 0 mq *
0 0 dg
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We have the long exact sequence:

—HHom_(e' ) — H*Hom_(e\, %) — H"(Z,Ay) = H*"'Hom_ (e, %) — - -

which is Theorem 1.4 in [CDRGG15].

One may get other long exact sequences from the Cthulhu chain complex above.
One example is :
+—HHom_(e',e2) —~ H*Hom (., %) — H*(X) — H*"'Hom_(e.,e*) —- -+,
which is obtained by decomposing the Cthulhu chain complex as a direct sum of

HOm]j-_l(E}i-v 6%,-)7 Homli (61—7 62—) and C]lf/[orseF ® Oflf/forsef_'
5.5 Injectivity

Theorem 5.3.4 implies that d,_ is a chain map and hence it gives the Cthulhu
chain complex a stronger algebraic structure. In this section, we use these algebraic
information to deduce that the augmentation category map induced by the exact
Lagrangian cobordism ¥ is injective on the level of equivalence classes of objects.
And its induced map on the cohomology category H* Aug, is faithful.

Notice that d,_ = f; implies that d,_ is a chain map and thus induces maps
d¥_: H*"Hom (€' ,e) — H"Hom, (! ,€2) for k € Z. Then we have the following
theorem deduced from the double cone structure of the Cthulhu chain complex. We

would like to thank the referee for pointing out this theorem.

Theorem 5.5.1. Let ¥ be an exact Lagrangian cobordism from a Legendrian knot
A_ to a Legendrian knot A, with Maslov number 0. For i = 1,2, assume €. is an
augmentation of A(A_) and €', is the augmentation of A(Ay) induced by X. With the
same choice of Morse function as in Theorem 5.3.4, we have the following statement.

For fized k € Z, the map

i H"Hom (€', €2) — H"Hom (", €*)
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in the long exact sequence (5.2) is injective (resp. surjective) if and only if the map

dk

Y H"Hom,(e',€®) - H"Hom (., €%)

is surjective (resp. injective).

Proof. We will first prove that ¥ is surjective if and only if d* _ is injective for fixed

k.

Consider the Cthulhu chain complex as a mapping cone of ® : Hom (¢!, e?) —

Cone(dyo), where & = dy_ + dyp_. The trivial cohomology of the Cthulhu chain

complex implies that ® induces isomorphisms
O . H*Hom (¢!, %) — H*Cone(d,,) for k € Z.

We have the following diagram commutes.

- ——= H*Hom, (¢}, %) —— H*Cone(d,,) e H* Y Oyjorge F) — - - -

ok | =
[\ %

HY*Hom (¢!, €?)

Comparing to the long exact sequence (5.2), we know that i* = (@)1 o i.
Notice that d,_ is a chain map and thus d,¢ o dy_ = 0. It is not hard to show that
% = d8 _ + df_. Thus

H*Cone(dio) = d}_(H*Homy(e', %)) @dy_(H*Hom, (" ,€)).
Since we are working over the field F, we have the following relation on dimensions:

dim (H*Hom. (€L, €2))

dim (H*Cone(d.o))
= dim (d* _(H"Hom, (€', €%))) + dim (df_(H*Hom (' ,€2))).

Thus dim (d% _(H*Hom, (1, €2))) < dim (H*Hom, (e, %)) and the equality holds

if and only if d&_ = 0, which is equivalent to the condition that i* is surjective. Hence
d* _ is injective if and only if * is surjective.
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The proof of the statement that ¢* is injective if and only if d* _ is surjective is

basically the same if we consider the Cthulhu chain complex as a mapping cone of

U : Cone(dy—) — Hom (€}, €2), where ¥ = d. o+ dy_. O

Thanks to Theorem 5.3.4, we know that d, _ agrees with f;. Theorem 5.2.5 shows

that % is both injective and surjective. Therefore we have the following corollary.

Corollary 5.5.2. Let f* denote the induced map of fi on cohomology. Then f*

restricted on 0 degree cohomology
f*:H'Hom (e ,€) - H Hom, (e, ¢)
s an isomorphism.

Theorem 5.5.3. Let ¥ be an exact Lagrangian cobordism from a Legendrian knot
A_ to a Legendrian knot A, with Maslov number 0. The A, category map f :
Aug, (A_) — Augy(Ay) induced by the exact Lagrangian cobordism X is injective
on the level of equivalence classes of objects.

In other words, fori = 1,2, assume €' is an augmentation of A(A_) with a single
base point and €', is the augmentation of A(AL) with a single base point induced by 3.
If el and €2 are equivalent in Augy(Ay), then €& and €2 are equivalent in Aug (A-).
Proof. Since €} and €2 are equivalent in Aug, (A ), there exist [ay] € H'Hom (€}, €2)

and [81] € H'Hom, (€2, €}) such that

[ma(as, B1)] = [eei] € H'Hom (%, €})
and
[ma(B+, o4)] = [ea ] € H°Hom, (e, €l).
Corollary 5.5.2 shows that f* : H'Hom,(e!,e2) — H'Hom (€}, €}) is an iso-
morphism. Hence there exists [a_] € H'Hom (¢!, €?) such that
f*([a_]) = [ay] € HHom (€}, €2).
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Similarly, there exists [_] € H*Hom (2, €") such that
FH([B-]) = [B+] € H'Hom. (€}, €} ).
Moreover, we have
frlma(az, B-)] = ma(f*([a-]), F¥([B-])) = ma([e], [B+]) = [e2] € H Hom (€1, €2).

Notice that f sendsy” € Homb (é2,€%) toyy € Hom" (€2, €2) and hence f*[e2 | =
[ecz]. By Corollart 5.5.2, the map f* : HHom (€%,€2) — H°Hom, (€% ,€%) is an
isomorphism. Hence [mg(a_,5_)] = [e2] € H'Hom(e2,€%). Similarly, we have
[ma(B-,a-)] = [ea] € H'Hom, (el el). Therefore €1 and €2 are equivalent in

Aug, (A). O

In addition, the exact Lagrangian cobordism > described above also induces a

category functor on the cohomology category as described in Section 3.1
JE t H* Augy (A-) — H* Aug, (Ay).
We have the following statement.

Theorem 5.5.4. Let X be an exact Lagrangian cobordism from a Legendrian knot
A_ to a Legendrian knot A, with Maslov number 0. The corresponding cohomology
category map f : H* Aug, (A_) — H* Aug, (A, induced by 3 is faithful. Moreover,
if x(X) =0, this functor is fully faithful.

Proof. Notice that the category map f restricted on the level of morphisms is
f*:H*Hom, (e', %) — H*Hom, (e, €%).

The long exact sequence (5.2) tells us that i* are surjective for all the k € Z. By

Theorem 5.5.1, we know that f* is injective. Therefore f is faithful.
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In particular, if x(X) = 0, Theorem 5.2.5 implies that i* are isomorphisms for
all the k € Z. Therefore, by Theorem 5.5.1, the map f* is an isomorphism, which
implies that f is fully faithful. ]

As aresult of Theorem 5.5.3, there is an induced map from the equivalence classes
of augmentations of A_ to the equivalence classes of augmentations of Aug, (A, ).
Thus the number of equivalence classes of augmentations of A(A_) is less than or
equal to the number of equivalence classes of augmentations of A(A,). However, the
equivalence classes of augmentations is difficult to count in general. Ng, Rutherford,
Shende and Sivek [NRSS] introduced another way to count objects: the homotopy
cardinality of m>oAug; (A;F,)*, where F, is a finite field. This can be computed
using ruling polynomials.

The homotopy cardinality is defined by

Z 1 |H*Hom (¢, €)| - |H 2>Hom, (e, ¢)| - -

> AF)* = . ’
T0Aug (A; Fy) |Aut(e)| |H-2Hom, (¢,€)|- |H*Hom. (e, €)|---

[eleAugy (AFq)/~

where [e] is the equivalence class of € in the augmentation category Aug,(A) and

| Aut(€)| is the number of invertible elements in H'Hom (e, €).

Corollary 5.5.5. Let ¥ be a spin exact Lagrangian cobordism from a Legendrian
knot A_ to a Legendrian knot A, with Maslov number 0. Then for any finite field
F,, we have

77-20»'4“9+ <A7§ IF‘q)* < 71-20-/4ug+ (A+; Fq)*

Proof. Assume [e_] is an equivalence class in Aug, (A_;F,) and [e;] is the induced

equivalence class in Augy (A+;F,). Theorem 5.2.5 implies
H"Hom, (e_,e_) = H*Hom, (e, e, ) for k < 1.

In particular, we have H* Hom (e_,e_) =~ HHom, (e, , €, ), which implies |Aut(e_)| =
|Aut(e)|. Notice that Aug, (A;F,) may have more equivalence classes than Aug, (A_; F,).
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Therefore, we have
msoAugy (A_;F)* < moAugy (A F,)*.
O

From [NRSS, Corollary 2], this cardinality can be related to the ruling polynomial

in the following way:
msoAugs (A Fy)* = qtb(A)/2RA(q1/2 - q—1/2).

Recall that a normal ruling R is a decomposition of the front projection of
A into embedded disks connected by switches that satisfy some requirements (see

details in [Che02a]). The ruling polynomial is defined by

RA(Z) _ Z Z#(switches)—#(diskes).
R

Corollary 5.5.6. Suppose there is a spin exact Lagrangian cobordism from a Leg-
endrian knot A_ to a Legendrian knot A, with Maslov number 0. Then the ruling

polynomials satisfy:
Ry (q"% —q7'?) < g PRy (¢ — g7,
for any q that is a power of a prime number.

When ¥ is decomposable, i.e. consists of pinch moves and minimum cobordisms
[EHK16], there is a map from the rulings of A_ to rulings of A,. For each pinch
move or minimal cobordism, any normal ruling of the bottom knot gives a normal
ruling of the top knot, as shown in Figure 5.7. Moreover, different rulings of the
bottom knot give different rulings of the top knot. Therefore the ruling polynomials
of A, and A_ satisfy the relation in Corollary 5.5.6. This corollary shows that the

result is true even if the cobordism is not decomposable.
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> <

the pinch move the minimum cobordism

FIGURE 5.7: The relation between rulings of Legendrian submanifolds that are
related by a pinch move or a minimum cobordism.

One can check the atlas in [CN13] for the ruling polynomials of small crossing
Legendrian knots. This corollary gives a new and easily computable obstruction to
the existence of exact Lagrangian cobordisms. We can use Corollary 5.5.6 to give a
new proof of the follow theorem which is a result in [Chal5] and was reproved by

[CNS16].
Theorem 5.5.7 ([Chalb]). Lagrangian concordance is not a symmetric relation.

Proof. Consider the Legendrian knot A of smooth knot type m(94¢) with maximum
Thurston—-Bennequin number and the Legendrian unknot Ay as shown in Figure 5.8.
There is an exact Lagrangian concordance from the Ay to A by doing a pinch move
at the red line in Figure 5.8 and Legendrian isotopy. However, there does not exist
an exact Lagrangian concordance from A to Ag since the ruling polynomial of A is 2

while the ruling polynomial of Ag is 1. O]
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Ao

FIGURE 5.8: Front projections of Legendrian knot A of knot type m(94) and the

Legendrian unknot Ag.
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6

Exact Lagrangian fillings of Legendrian 2, n torus
links

6.1 Introduction and results

In this section, we move to the second project, which studies oriented exact La-
grangian fillings of the Legendrian (2,n) torus links A with maximal Thurston—
Bennequin number (n > 0) (see Figure 6.1). When n is even, we also require the link
to have the right Maslov potential such that Reeb chords by, ..., b, in Figure 6.1 are

in degree 0 (see Section 2.2.1 for detailed definitions).

OO0 -+ XX

by bs by,
a2

FIGURE 6.1: The Lagrangian projection of the Legendrian (2,7n) torus knot.

Ekholm, Honda, and Kélmén [EHK16] gave an algorithm to construct exact

Lagrangian fillings of the Legendrian (2,n) torus link A as follows. Starting with
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a Lagrangian projection of A as shown in Figure 6.1, we can successively resolve
crossings b; in any order through pinch moves (see Figure 6.2), which correspond
to saddle cobordisms. As a result, we get two Legendrian unknots, which admit
minimum cobordisms as shown in Figure 6.2. Concatenating the n saddle cobordisms

with these two minimum cobordisms, we get an exact Lagrangian filling of A.

N o

7~ N

The pinch move  The minimum cobordism

FIGURE 6.2: The pinch move and the minimum cobordism between Lagrangian
projections of links.

Different orders of resolving crossings by,...,b, may give different exact La-
grangian fillings of A up to exact Lagrangian isotopy. Given a permutation o =
(0(1),0(2),...,0(n)) of {1,...,n}, write L, for the exact Lagrangian filling achieved
by doing n successive pinch moves at by(1), bs(2), - .., bo(n), Tespectively, and then
concatenating with the two minimum cobordisms. Observe that two permutations
may give isotopic exact Lagrangian fillings. For instance, let A be the Legendrian
(2,3) torus knot and consider the exact Lagrangian fillings of A that correspond to
permutations (1, 3,2) and (3,1, 2), respectively. Since the saddles corresponding to
the pinch moves at b; and b3 are disjoint when projected to R3, one can use a Hamil-
tonian vector field in the ¢ direction to exchange the heights of these two saddles.
Therefore, the two fillings L 32) and L3 2) are Hamiltonian isotopic and thus are
exact Lagrangian isotopic. In general, for the Legendrian (2,n) torus link A, given

any numbers i, j, k such that i < k < j, two permutations (...,%,7,...,k,...) and
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(...,4,%,...,k,...), where only 7 and j are interchanged, give the same exact La-
grangian fillings of A up to exact Lagrangian isotopy. Taking all the permutations

of {1,...,n} modded out by this relation, we obtain C,, exact Lagrangian fillings of

c - 1 (Qn)
n+1l\n

is the n—th Catalan number. In this section, we prove the following theorem.

A, where

Theorem 6.1.1 (see Theorem 6.3.7 and Corollary 6.3.8). The C,, exact Lagrangian
fillings that come from the algorithm in [EHK16] are all of different exact Lagrangian
isotopy classes. In other words, the Legendrian (2,n) torus link has at least C,, exact

Lagrangian fillings up to exact Lagrangian isotopy.

Shende, Treumann, Williams and Zaslow [STWZ15] have also constructed C,,
exact Lagrangian fillings of the Legendrian (2,7n) torus knot using cluster varieties
and shown that they are distinct up to Hamiltonian isotopy. They remarked that
these are presumably the same as fillings obtained by [EHK16]. But we do not resolve

this issue here.

Remark 6.1.2. We will see from Corollary 6.3.8 that the conclusion of Theorem 6.1.1
for the case n even can be derived from the result for the case when n is odd.
Therefore, for most of the dissertation, we focus on the case when n is odd, which

means A is a knot.

Inspired by [EHKI16], we use augmentations to distinguish the C), exact La-
grangian fillings of the Legendrian (2,n) torus knot A. As we mentioned in Section
2.3, exact Lagrangian isotopic fillings give homotopic augmentations. Therefore, in
order to distinguish two fillings, we only need to show their induced augmentations

are not chain homotopic.
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In [EHK16], the authors distinguished all the exact Lagrangian fillings from the
algorithm when n = 3 by computing all the augmentations of the Legendrian (2, 3)
torus knot to Z, and finding that they are pairwise non—chain homotopic. However,
when n > 5, a computation shows that the number of augmentations of the DGA to
Zs is much less than the Catalan number C,,.

In this section, for an exact Lagrangian filling L of the Legendrian (2,n) torus
knot A, we consider its induced augmentation of A(A) to Zs[Hy(L)], where Hy(L)
is the singular homology of L. Note that Hy(L) =~ Hy(R x R? L) and thus it is
natural to count the rigid holomorphic disks in R x R3 with boundary on L with
Zs|Hy(L)] coefficients. However, the computation of augmentations is not as easy as
the case with Zs coefficients. For each exact Lagrangian filling L from the [EHK16]
algorithm, we give a combinatorial formula of the induced augmentation of A(A)
to Zo[Hi(L)]. Observing from the formula, we find a combinatorial invariant to
show that the augmentations are pairwise non—chain homotopic. In this way, we
distinguish all the C), exact Lagrangian fillings of the Legendrian (2, n) torus knot A

up to exact Lagrangian isotopy.
6.2 Computation of augmentations

In this section, we combine results in [EHK16] and Proposition 2.3.3 to write down
combinatorial formulas for the DGA maps induced by a pinch move and a minimum
cobordism. Composing all the DGA maps induced by n ordered pinch moves and
the two minimum cobordisms, we obtain a combinatorial formula for augmentations
of A(A) to Zs[H,(L)] induced by exact Lagrangian fillings L.

First, we describe the EHK construction of exact Lagrangian fillings with more
details. Consider the Lagrangian projection of the Legendrian (2,n) torus knot A
with a base point Sy and label the n crossings in degree 0 from left to right by
b1, ..., b, as shown in Figure 6.3.
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a1

OO0 -+ \%

by by b
a2

FIGURE 6.3: The Lagrangian projection of the Legendrian (2,n) torus knot with a
single base point.

V2R
o

For each permutation o of {1,...,n}, the corresponding exact Lagrangian filling

L, of the Legendrian (2,n) torus knot A is achieved in the following way:
e Start with an exact Lagrangian cylinder over A, denoted by . Label A as A,.

e For i = 1,...,n, concatenate £;_; from the bottom with a saddle cobordism
>.; corresponding to the pinch move at crossing b,(;) and get a new exact La-
grangian cobordism ¥;. Label the new Legendrian submanifold after pinch

move as A;.

e Finally, use two minimal cobordisms, denoted by ¥,.1, to close up %, from
the bottom and get the exact Lagrangian filling L,. To be consistent, let A,

be the empty set.

Remark 6.2.1. For the purpose of computing augmentations, we slightly change the
definition of DGA in Section 2.2, where the underlying algebra is completely non—
commutative. In our definition, we allow elements in the coefficient ring to commute
with the elements corresponding to Reeb chords. This is a generalization of the
definition of Chekanov—Eliashberg DGA from [ENS02]. See [EENS13, Section 2.3.2]

for further discussions.

By Proposition 2.3.3, for « = 1,...,n + 1, each exact Lagrangian cobordism ¥;
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induces a DGA map:
D, : (-A(Aifl;Z2[H1(iifl)]>a6i71) - (A(Ai;Z2[Hl(§i)])aai)-
Under the revision made in Remark 6.2.1, this map can be easily described by

®;(a) = > > w(@by by,
dim M (31,016 ) =0 u€M(a;biy..,bm)
where @ = B, U - -- U B, by the notations in Section 2.3.1.

The map ®,,,; that is induced by minimum cobordisms is well understood while
the maps ®; for i = 1,...,n that correspond to pinch moves are not. We will first
study H,(X,) and give a geometric description of the DGA map that corresponds to a
pinch move. Combining with [EHK16], we will write down an explicit combinatorial
formula for each ®;, fori =1,...,n+ 1.

Similar as in Section 2.3.2, to describe H;(3,) easily, we chop off the cylindrical
ends of ¥, and view it as a surface with boundary A U A,,, denoted by %, as well.
By Poincaré duality, we have H'(X,)) =~ H,(3,, A UA,). Thus, in order to know the
homology class of a loop 8 in H;(%,), we only need to count the intersection number
of each generator curve of Hy(X,, A U A,) with §.

We choose the set of generator curves of H; (fm AU A,) as follows. Use t coor-
dinate to slice ¥, into a movie of diagrams (some of them may not be Legendrian
diagrams). We study the trace of points on the diagram when ¢ is decreasing. For
1 =1,...,n, the saddle cobordism ¥; flows all the points directly downward except
ends of the Reeb chord b,(;y. According to [Linl6], the ends of the Reeb chord by
merge to a point r,(;), and then split into two points, labeled as 5,(;) and 5;(11.) re-
spectively. Now for ¢ = 1,...,n, consider the trace of § in %,,, which is a flow line

from 7; to the bottom of ¥,. Concatenating it with the inverse trace of §;* in X,,,

we get a curve o; in 3, as shown in Figure 6.4. In addition, denote the trace of the
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FIGURE 6.4: As an example, assume A is the Legendrian (2,3) torus knot and the
first pinch move is taken at bs. The blue curve and the red curve are as and ag

restricted on %1, respectively.

base point 3y in X, by ap. In this way, we have that o = {ag, ay,...,a,} is a set of
generator curves of Hy(X,, A U A,) = Z"+1,

For each curve «;, where ¢ = 0,...,n, the Poincaré duality gives an element
0., € H'(X,). Denote its dual in H;(X,) by §;. Therefore, for any union of paths j3

in 3,,, the monomial w(f3) associated to 3 in Zy[H,(%,)] is

w() =[5,
i=0

where n;(f) is intersection number of «; and 8 counted with signs.

For i < n, the map H,(%;) — H;(%,) induced by the inclusion map is injective.
A similar argument shows that for a closed curve 8 in ¥;, the monomial associated
to B in Zo[H.(%;)] counts intersections of 0, Ag(1), - - -, Qs With 3. Notice that
the curves ag(it1), - - -, Qo (n) do not intersect Y;. Hence the monomial in Zy[H; ()]
agrees with w(3) in Zy[H,(X,)].

Choose a family of capping paths for A; on X; for i = 0,...,n. By Proposition

98



2.3.3,fori=1,...,n+1, each exact Lagrangian cobordism ¥; gives a DGA map ®;:
By (AANi=1; Zo[H(3i21)]), 0im1) — (AN Zo[Hi()]), 05),

which maps any Reeb chord a of A;_; to

> > w(@) by by,

dim MZ¥i (a;by,....bm ) =0 ue M>i (a;b1,...,bm)

= > SN w@) - w(Bn) by b

dim MZi (a;by,...,bm ) =0 ue M>i (a;b1,...,bm)

Note that the s(u) is omitted in the formula because we are working on Zs.
Similar to Proposition 2.2.1, we have that the DGA map induced by an exact

Lagrangian cobordisms is independent of the choice of capping paths.

Theorem 6.2.2. Let v and ¥ be two families of capping paths of A; on ¥; for
i = 0,...,n. Denote the corresponding DGAs by (.A”(AZ-; Zg[Hl(Z-)]),&Z) and
(A7 (Ay; Zo[H1(5))]), (327/). Assume ] and ®) are the corresponding the DGA maps

induced by ;. Then the maps

/

fir (A (NG Zo[HV(30)]),0]) — (A (Ai; Zo[Hi(50)]), 07)
¢ = wlyh v wl v ) e

are DGA isomorphisms fori = 0,...,n. Moreover, the following diagram commutes:

(A (i1 Zo[Hi (1)), 074 R (A (Aio1; Zo[Hi (55-1)]). 614)

q>yL L@}'

(A7 (As; Zo[Hy (50)]), 0]) — L (A (A Zo[HL (5)]), ).

Observe that, if we cut 3; along the curves oy, Qg(1), - - - Qo(i), the resulting surface

is connected. Therefore, we can choose a family v of capping paths for A; on ¥; such
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that none of them intersect the curves ag, ay(1), - - . , @ (;). Choose families of capping
paths for Ag,..., A, in a similar way. As a result, for any rigid holomorphic disk u
used in differentials of DGAs and DGA maps, we only need to count the intersections
of curves in o with the disk boundary.

With this choice of capping paths, we can write down the DGA (A(Ai; Zo[H1 (X)), 61-)
combinatorially, for 7 = 1,...,n. There are 2i + 1 points on A; given by the in-
tersection of oy and A;, labeled by 5, along with the two intersections of oy
and A;, labeled by 5,(; (positive intersection) and s ) (negative intersection),

for j = 1,...,7. One then takes the DGA of A; with these 2¢ + 1 base points,

which has coefficients Z,[55", 53(11),5:—8), . ,E;—”(li), 5:;—21,1)], and quotients by the rela-
tions 5] ;) = 5;(1}) for j =1,...,1, to get the DGA (A(As; Zo[H1(%5)]), 0;), which a
DGA is over Z,[53", 53(11), . ,Ef(li)] and {50, 5,1y, - - -, 80(;)} 1s a basis of H; (X;) that
correspond to the curves ag, Qg(1), . - ., Qo (i)

Now we are ready to describe the DGA map ®; induced by the exact Lagrangian
cobordism ¥;, for 7 = 1,...,n, which corresponds to a pinch move at crossing by;).

Combining [EHK16, Section 6.5] with Proposition 2.3.3, we find that the DGA map
®; : (A<Ai71§ZQ[Hl(ii71>])aaifl) - (A(Ai;Z2[Hl(ii)])7ai)

maps the Reeb chord bs(;) to 5,(;) and any other Reeb chord c to

c+ Z Z w(ﬂ)é;(li) C1 " Cmy

dim M(¢,bg (351 5-+,Cm) =1 UEM(C,bg (5)3€15-++,Cm )

where M(c, by()ic1, ..., Cn) is the moduli space of holomorphic disks in Rfcy with
boundary on II,,(A;_1) that covers a positive quadrant around ¢ and bo(iy and a
negative quadrant around ¢y, . .., ¢,. Please see [EHK16, Section 6.5] for a detailed
definition.

Here we are going to talk about why do the formulas make sense. The pinch

move at b,(;) pinches the Reeb chord b,(;y down, which gives a holomorphic disk (as
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FIGURE 6.5: In a cobordism that corresponding to a pinch move, the purple disk
represents a holomorphic disk with a positive puncture at b, ;.

shown in Figure 6.5) with a positive puncture at b,(;) and intersect 5,(; exactly once.
For a holomorphic disk u € M(c, by(); ¢1, - .., m), one can close the puncture of u at
bo(s) using the disk in Figure 6.5, which gives a holomorphic disk that contributes to
®;(c). Note that the boundary of this disk consists of the boundary of v and 1.
Thus the homology class of the boundary is w(ﬂ)§;(1i), which matches the formula
above.

In our case, in order to describe ®; combinatorially, we introduce two notations

first.

Definition 6.2.3. Let o be a permutation of {1,...,n}. Forie {1,...,n}, we define
T := {je{l,...,n} o7 (j)>071(i) andifi<k<jorj<k<i,
then o7 1(k) < o71(4)},

Sii= {je{l,....,n}|ieTi}
= {je{l,....;n} o7 (j) <o (i) andifi<k<jorj<k<i,
then o=(k) < o7 1(j)}.

Here T! captures all the Reeb chords b; with the property that, before doing a

pinch move at b;, one can find a holomorphic disk with exactly two positive punctures
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at b; and b;. In other words, it gathers all the Reeb chords on which the DGA map
induced by the pinch move at b; acts non—trivially. The other set S¢, on the other
hand, detects all the Reeb chords b; where a pinch move at b; gives a DGA map that
act non—trivially on b;.
If je 12" (an example is shown in Figure 6.6), the map ®; sends b; to
®i(b) =bi+ 5,0 [ 5>

j<k<o(i) or
o(i)<k<j

For a;, a; and the rest of b;’s, the map ®; is identity.

+ . + /
/bj g;l

FIGURE 6.6: A part of the Lagrangian projection of A;_;.

bo (i)

Composing all the maps ®; for i = 1,...,n together, we get a DGA map

that is identity on the Reeb chords ay, a. Fori = 1,...,n, in order to know ®,,(b;),
we consider pinch moves at b; such that j € S! together with the pinch move at
b;. These pinch moves correspond to all the DGA maps that contribute to ®,,.

Composing all these maps together, we have that

EH(bZ) =®o,0---0 q)afl(i)(bz‘) =35; + Z (5]_1 1_[ §E2> .

jes
Now we describe the last DGA map

Py (A(AnSZZ[Hl(in)])aan) - (Z2[H1(La)]ao)-
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As shown in Figure 6.7, the underlying algebra of A,, is generated by a; and a, and

the differential is given by

(3n(a1) = §1§2 §n+§al,

8n(a2) = gngn—l §1+1

FIGURE 6.7: The Lagrangian projection of A,,.

Consider the map v : H,(X,) — H,(L,) induced by the inclusion map %,, < L.
Since the DGA map

(I)n-l-l . (A(AnaZQ[Hl(in)D’aN) - (Z2[H1(L0)]70)

satisfies that ®,,, 100, = 00®,, .1 = 0, we have ¥(59) = 1 and ¥(51)1(82) - - - ¥(3,) = 1.
Given that the map v is surjective, we assume a basis of Hy(L,) is {s1,...,8n-1},

where s; = §;, fori =1,...,n— 1. The DGA map ®,,,, is given by

ap = 9

Qg — 9

=§O — )

gi = Sy, izl,...,n—l,
S, — (8182 s Snfl)_l.

Composing ®,,,; with ®,,, we get the augmentation ¢, induced by L, as follows.
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Theorem 6.2.4. Given a permutation o of {1,...,n}, let L, be the exact Lagrangian

filling of the Legendrian (2,n) torus knot A constructed from the [EHK16] algorithm.

If we write

ZolHi(N)] = Zy[50,5,"],
ZolHi(Lo)] = Zo[st',..., s3],

and set s, = (8182 5,_1)"%, then the augmentation
€o » A(N; Zs|Hi(AN)]) — Zo[Hy(Ly)]
induced by L, 15 given by

Ea(a‘j) = 07 j = 1727

€ (b;) ISZ'—I-Z(S]-_I 1_[ s,f), 1=1,...,n;

jeS(if j<k<i or
i<k<j

Example 6.2.5. As an example, we compute the augmentation €33 1) of the Leg-
endrian (2, 3) torus knot induced by the exact Lagrangian filling L3 1).
Similarly, one can compute the augmentation for each permutation of {1,2,3}

and get the following result.

€ e(br) €(be) €(bs)
-1 —-1_-1 -1
€(1,2,3) S1 SS9 + 84 S17S9 " + Sy
-1 -1_-1
€(1,3,2) = €(3,1,2) 51 So + 81 + 5182 51 89
-1 —-1_.-1 -1 —-1_.-2
€(2,1,3) 51+ Sy So S§1 Sy + Sy + 51 8y
€(2,3,1) S1 + 52_1 + 3152_1 89 81_182_1 + 52_1
4+ g0t -1.-1
€(3,2,1) 51+ Sy So + S1S592 818y
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FIGURE 6.8: A computation of the augmentation induced by an exact Lagrangian
filling of the Legendrian (2,3) torus knot.We keep track of the image of b, bs, bs
underthe composition of &1, Py, &3 and ®4. The last line is the image of by, by, b3

under the augmentation €3 1).

6.3 Proof of the main theorem

In this section, we use Theorem 6.2.4 to find an combinatorial invariant of aug-
mentations induced from the exact Lagrangian fillings obtained from the [EHK16]
algorithm. As a result, we distinguish all the augmentations in Theorem 6.2.4 and

thus prove Theorem 6.1.1.

Lemma 6.3.1. Let Ly and Ly be two exact Lagrangian fillings of the Legendrian
(2,n) torus knot A constructed from the [EHK16] algorithm. If Ly and Ly are exact

Lagrangian isotopic, then there exists an invertible map g : Hy(Ly) — Hy(Lo) such

105



that the following diagram commutes:

(A(A), ) —= (A(A), 9) (6.1)

Zg|Hy (L)) —5= Zo[ H1(L2)],

where €1, and €, are augmentations induced by Ly and Lo respectively.

Proof. The isotopy between L; and Ly induces an invertible map ¢ : Hy(L;) —
Hy(Ls). If we identify both Hy(L;) and H;(Ls) with Z"™!, then g € GL(n — 1,7Z).
This map induces a natural map on the corresponding group rings Zs[H(L1)] —
Zs|H1(Ls)], denoted by g as well. Thus, we have two augmentations of A(A) to
Zso|Hi(Lo)]|: €1 = goer, and €3 = €r,. Since the two fillings L; and L, are isotopic
through a family of exact Lagrangian fillings, according to [EHK16, Theorem 1.3],
we know that €; and €5 are chain homotopic. In other words, there exists a degree 1
map H : A(A) — Zy[H,(Ls)] such that H o0 = €; — €5 as one can see from following

diagram, where C; denotes degree i part of A(A).

Hl LQ <—0<—

Note that A has a Lagrangian projection (as shown in Figure 6.3) such that no Reeb
chords are in negative degree. Hence C'_1 = 0 and ¢; — e = H o 0 = 0. Therefore

€1 = €3, 1.e. the diagram (6.1) commutes. O

Remark 6.3.2. For any DGA A that vanishes on degree —1 part, by the same argu-
ment, we have that two augmentations ¢; and €, of A are chain homotopic if and only
if they are identically the same. For a more general criteria of two augmentations to

be chain homotopic, one can check [NRS*15, Proposition 5.16].
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Therefore, in order to distinguish exact Lagrangian fillings, we only need to dis-
tinguish their induced augmentations up to a GL(n — 1,Z) action. Observing the
formula of the augmentation €, in Theorem 6.2.4, we get a combinatorial way to

define the number of terms in €,(b;) for ¢ = 1,...,n as follows.

Definition 6.3.3. For each permutation o of {1,...,n} and any numberi € {1,...,n},

we define C,, := (CL,C2,...,C"), where C! = |S!| + 1.

Example 6.3.4. We compute the vector C, for all the permutations o of {1, 2,3}

as follows.

o (1,2,3) (1,3,2) ~ (3,1,2) (2,1,3) (2,3,1) (3,2,1)

C, (1,2,2) (1,3,1) (2,1,3) (3,1,2) (2,2,1)

Proposition 6.3.5. If two exact Lagrangian fillings L, and L,, are exact La-
grangian isotopic, then Cy, = C,,. In other words, the vector C, is an invariant

of the exact Lagrangian filling L, up to exact Lagrangian isotopy.

Proof. Using the formula in Theorem 6.2.4, we first show that C? is the number
of terms in €,(b;). In order to do that, we need to prove that €,(b;) as a sum of
monomials can not be shorter, i.e, no terms in €,(b;) can be canceled by another
term. First, replace s,, with (sy---s,_1)"%. If i # n, then each term of €,(b;) is one
of the following forms:
1. Sis
2. 5;11_[5;2 for some k # i€ {1,...,n—1} and a subset S < {1,...,n— 1} that
jes
does not contain i, k (can be a empty set);
3. Hsj_l H sy for some subset T < {1,...,n — 1} that does not contain i (can
jeT  kgT

be a empty set).
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If i = n, each term of ¢,(b,) can be either s7'-- 5.1,

or the form (2) above. Com-
paring degrees of sq,...,s,_1 of each term, we know that no terms can be canceled.

If L,, and L,, are exact Lagrangian isotopic, by Lemma 6.3.1, there is a map ¢ :
Zs|H1(L1)] — Zs[H1(Lo)] such that goer, = €r,. Note that the map g on the group
rings Zo|H1(Ly1)] — Zo[H:1(L2)] is induced from an invertible map H;(L1) — Hy(Lo)

and thus ¢ maps a monomial to a monomial. Therefore €, (b;) and €,,(b;) have the

same number of terms, i.e., Cy, = C,.

O
We say that two permutations o; and oy of {1,...,n} are isotopy equivalent

if they are equivalent via a sequence of relations of the form
(coyty gk, ) ~(oygyiy o k. ..) wherei < k < j. (6.2)

By [EHK16], if o1 and o9 are isotopy equivalent, the corresponding exact Lagrangian
fillings L., and L., are exact Lagrangian isotopic and hence C,, = C,,. Conversely,

we have the following Lemma.

Lemma 6.3.6. If C,, = C,,, then o1 and oy are isotopy equivalent.

Proof. If o1(1) = k, then C% = 1. So C¥ =1, ie., we have that S = &J. If
02(1) # k, assume the element in o right before k is [, i.e. o5(05"' (k) —1) = I. Note
that [ ¢ S¥ | i.e. there exists i such that [ <i <k or k <i <l and o;'(i) > 05" (0).
Note that i # k and hence o, '(i) > 05, (k) = 05*(l) + 1. Thus we can use the
relation (6.2) to switch [ and k. In this way we can switch k to the first position in
o9, 1.e. 02(1) = k = o1(1).

By induction, assume o5(i) = 0y(¢) for ¢ < and o1(l) = k. We have Sk < Sk .
The assumption C% = C¥ implies that |S¥ | = |S¥ | and hence St = Sk . If
oo(l) # k, for a similar reason as above, one can switch k& to the [-th position and

get 09(l) = 01(l). Therefore, we have that o; and o9 are isotopy equivalent. O
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Theorem 6.3.7. Ifn is odd, the C,, exact Lagrangian fillings of the Legendrian (2, n)
torus knot A from the algorithm in [EHK16] are all of different exact Lagrangian

1sotopy classes.

Proof. 1f two augmentations o; and oy are not isotopy equivalent, by Lemma 6.3.6, we
have C,, # C,,. According to Proposition 6.3.5, the corresponding exact Lagrangian
fillings L,, and L,, are not exact Lagrangian isotopic. Therefore, the Legendrian
(2,n) torus knot has at least C,, exact Lagrangian fillings up to exact Lagrangian

isotopy. O

Corollary 6.3.8. When n is even, the Legendrian (2,n) torus link A has at least C,,

exact Lagrangian fillings.

Proof. Start with the Legendrian (2, n+1)-knot Ay and label its degree 0 Reeb chords
from left to right by by, ...,b,,1 as usual. Let ¥ be the exact Lagrangian cobordism
from A to Ag that corresponds to a pinch move of Ay at b,,,1. For any permutation
o of {1,...,n}, the exact Lagrangian filling L, of A gives an exact Lagrangian filling
of Ay by concatenating with ¥ on the top. This new exact Lagrangian filling of A,
corresponds to the permutation 6 = (n 4+ 1,0(1),...,0(n)) of {1,2,...,n+ 1}, ie.,
it is the filling Ls of Ag. Note that C2*! = 1. Moreover, we have that Ci = C?
fori =1,...,n—1and C} = C7 + 1. Thus Cs is determined by C,. Therefore,
by Proposition 6.3.5 and Lemma 6.3.6, if two permutations o7 and oy of {1,...,n}
are not isotopy equivalent, their induced permutations ¢; and &5 of {1,...,n + 1}
are not isotopy equivalent. According to Theorem 6.3.7, the corresponding exact
Lagrangian fillings Ls, and L5, of Ay are not exact Lagrangian isotopic. Hence L,

and L,, are not exact Lagrangian isotopic. O
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