Advances in Sequential Monte Carlo Methods and Site-Dependent DNA Evolution
Models

by
Joseph R. Mathews

Department of Statistical Science
Duke University

Defense Date: June 26, 2025

Approved:

Scott C. Schmidler, Supervisor

Filippo Ascolani

Alexander A. Fisher

Kevin Wiehe

Dissertation submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Statistical Science
in the Graduate School of Duke University
2025



ABSTRACT

Advances in Sequential Monte Carlo Methods and Site-Dependent DNA Evolution
Models

by
Joseph R. Mathews

Department of Statistical Science
Duke University

Defense Date: June 26, 2025

Approved:

Scott C. Schmidler, Supervisor

Filippo Ascolani

Alexander A. Fisher

Kevin Wiehe

An abstract of a dissertation submitted in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in the Department of Statistical Science
in the Graduate School of Duke University
2025



Copyright (©) 2025 by
Joseph R. Mathews
All rights reserved except the rights granted by the Creative Commons
Attribution-Noncommercial Licence


http://creativecommons.org/licenses/by-nc/3.0/us/
http://creativecommons.org/licenses/by-nc/3.0/us/

Abstract

This thesis collects results regarding finite sample error bounds for sequential Monte
Carlo (SMC) methods and models of DNA evolution under site dependence. We first
provide novel finite sample error bounds for SMC estimators in settings where the tar-
get probability distribution is multimodal. Next, we turn to the problem of computing
marginal sequence likelihoods under models of DNA evolution that incorporate site depen-
dence. In particular, we propose a randomized approximation scheme for approximating
marginal sequence likelihoods using importance sampling ideas and derive explicit upper
and lower bounds on the sample size required to obtain an accurate estimate. In addition,
we extend the importance sampling approach to an SMC setting, provide finite sample er-
ror bounds for the corresponding estimator, and establish explicit conditions under which
SMC approximates marginal sequence likelihoods efficiently in non-trivial settings. Finally,
we develop a stochastic model of B cell affinity maturation to explore how site dependence
in DNA evolution may be leveraged to aid in the induction of HIV broadly neutralizing

antibodies using sequential vaccine design strategies.
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1. Introduction

Monte Carlo methods [96] are a large class of randomized algorithms used to solve diffi-
cult numerical integration and sampling problems. They appear in many disciplines, such
as Bayesian statistical inference, machine learning, statistical physics, theoretical computer
science, and computational biology, to name a few. Popular algorithms include rejection
sampling [105], Markov chain Monte Carlo (MCMC) (e.g. Metropolis-Hastings algorithm
[97]), and importance sampling [73], many of which were introduced in the statistical
physics community at least as early as the 1950s. This thesis concerns the design and
theoretical analysis of Monte Carlo algorithms, with a particular emphasis on problems in
computational biology. In particular, the theoretical focus of this work concerns sequential
Monte Carlo (SMC) algorithms, while the applied focus is on DNA evolutionary models
that incorporate site dependence. The topics covered in this thesis are broad: Chapters 2
and 3 concern the theoretical properties of SMC, while in Chapter 5 we develop a stochastic
model of B cell evolution to explore how site dependence may be used to inform the design
of HIV vaccines. Nonetheless, in Chapter 4 we bridge the theory and application by explor-
ing how importance sampling and SMC can be used to efficiently approximate marginal
sequence likelihoods under site-dependent evolutionary models. Indeed, the theoretical re-
sults in Chapter 4, part of which follow from the SMC complexity bounds discussed in
Chapter 2, will be seen to have close connections to the vaccine design problem considered
in Chapter 5. A broad overview of the problems considered in this thesis are given in

Sections 1.1 and 1.2 below. An outline of the results is given in Section 1.3.
1.1 Sequential Monte Carlo

In Chapter 3, we study the sequential Monte Carlo (SMC) algorithm, which has his-
torically been used to solve filtering problems that arise in complicated state-space models
(e.g. [53, 27]). However, SMC methods comprise a large class of stochastic approxima-
tion algorithms that may be used more generally to solve difficult numerical integration,

sampling, and optimization problems by combining Markov chain Monte Carlo (MCMC)



methods and resampling ideas to sequentially sample from a series of probability distri-
butions. An SMC sampler is generally constructed as follows. Suppose 7T is a probability
distribution that we want to sample from. We embed 7 in a sequence of probability distri-
butions puo, ..., uy—1, py = 7 chosen such that p is easy to sample from and p,_1 is ‘close’
to pp for v =1,...,V. Random variables (called particles) are initially sampled from pg
and are propagated through the sequence of distributions sequentially via a combination
of time-inhomogeneous MCMC and resampling moves until step V, where the resulting
particles can be used to approximate expectations under 7t. For a comparison of various
resampling strategies, see [33]. For a discussion of different Markov kernels used for the
MCMC (mutation) step, see [27].

SMC samplers possess many desirable properties, making them particularly attractive
to practitioners. First, they can be parallelized easily, improving their scalability to high-
dimensional problems [38]. Second, SMC samplers are believed to perform well when 7
has multiple, well-separated modes. In these situations, standard MCMC methods such as
random walk Metropolis [98], Hamiltonian Monte Carlo [104] and Gibbs samplers, often
exhibit metastable behavior, leading to slow mixing and poor approximation performance
(see e.g. [91]). SMC samplers are frequently applied to such multimodal targets across
different disciplines, see e.g. for applications to Bayesian statistics [38, 125, 145] and for
applications to spin models in statistical physics [108, 148, 149]. The performance of SMC
on multimodal problems has also been tested via simulation studies on various model prob-
lems in [67, 123, 136]. See also [147] for simulation studies comparing the performance of
SMC methods to parallel tempering (PT) and simulated tempering (ST) algorithms on the
Potts model. Finally, SMC samplers provide a natural estimator of the normalizing con-
stant of a probability distribution (often referred to as the marginal likelihood in statistical
contexts and partition function in statistical physics contexts) [28, 146, 36]. In this work,
we explore the extent to which SMC can be used to sample from multimodal probability
distributions and efficiently approximate marginal likelihoods for realistic, complex prob-

lems that have important applications in Bayesian statistical inference, statistical physics,

2



and computational biology.
1.2 Context-Dependent DNA Evolutionary Models

Chapters 4 and 5 concern context-dependent DNA evolutionary models, where DNA
sites have site-dependent mutation rates. Specifically, let x = (x1,x2,...,x,) denote a
DNA sequence and x; = (x1(f),...,x,(t)) the state of the sequence at time t. Standard
evolutionary models assume each site x;(t) evolves according to a continuous-time Markov
chain (CTMC) with rate matrix Q [45]. Some well-known choices for Q include the Jukes-
Cantor (JC69) [72] and generalized time reversible (GTR) [137] models. The independence
assumption is critical to the tractability of computations for reconstructing phylogenetic
trees and parameter estimation more generally (e.g. Felenstein’s pruning algorithm [45]).
While these models are appealing in their simplicity and computational convenience, they
are known to fail in capturing important features of biological evolution that create de-
pendence among sites; examples include CpG di-nucleotide mutability [2], structural con-
straints in RNA and proteins [116], and enzyme-driven somatic hypermutation in B-cell
affinity maturation [151]. A variety of dependent site models (DSMs) have been proposed
to relax this assumption [116, 1, 69, 78, 29, 54, 22, 4, 88], with varying amounts of depen-
dence. For example, Jensen and Pedersen [69, 109] describe a Markov random field model
where substitution rates at a given site can depend on neighboring codons, and Robinson
et al. [116] give a model of protein evolution that incorporates dependencies among codons
based on their spatial proximity in relation to the protein tertiary structure.

Chapter 4 explores the problem of computing marginal sequence likelihoods for context-
dependent DNA evolutionary models. Suppose y = (y1,¥2,...,Yn) is a DNA sequence
observed at a fixed time T. The marginal sequence likelihood corresponds to the proba-
bility that the initial sequence x transitions to y at time T (i.e. Pr(xy =y | xo = X))
under a given CTMC model of DNA evolution. Calculation of such probabilities is re-
quired for evaluating likelihoods in a wide variety of evolutionary inference problems: the

reconstruction of phylogenetic tree topologies [46, 42, 45]; the estimation of divergence



times (branch lengths) [126, 139, 75], mutation model parameters [120, 160], and selection
coefficients [55, 163]; and the reconstruction of ancestral sequences [106, 162], to name
just a few. Under the independent-site model (ISM) assumption, marginal sequence likeli-
hoods are straightforward to compute since the sequence likelihood factors into a product

of transition probabilities along each site:

n n

Pr(xr =y |x0=x) =] [p(yi | x:) = [ [(e"®),y, (1.1)

i=1 i=1

Unfortunately, computing marginal sequence likelihoods exactly under dependent-site mod-
els is difficult or intractable since the corresponding likelihood no longer factors as in (1.1).
The goal of Chapter 4 is to provide a fast approximation scheme for the marginal sequence
likelihood with quantifiable accuracy.

Chapter 5 explores a similar problem. Suppose y is an HIV broadly neutralizing anti-
body (bnAb) — an antibody that can neutralize a large range of HIV strains. Suppose that
a set of observed, but improbable, mutations (relative to a naive antibody x) have been
determined critical to the neutralization breadth of a bnAb. A key problem in sequential
vaccine design is to guide the evolution of a naive antibody x to acquire this set of critical
mutations via a vaccination regimen. However, B cell maturation is an interaction between
two forces: diversification through a process called somatic hypermutation, together with
selection, where B cells with high affinity are proliferated. The somatic hypermutation
process may be modeled as a CTMC as described earlier (e.g. [62]). However, there is
strong evidence that the independence assumption is grossly violated in B cell evolution
[151, 159] due to an enzyme called activation-induced cytidine deaminase (AID), which
preferentially targets a set of nucleotide motifs for mutation and creates strong depen-
dence among neighboring DNA sites. Chapter 5 explores the following question: How
can site dependence be leveraged to increase the probability that x acquires a given set of
critical, but improbable, mutations over multiple rounds (defined formally in Chapter 5)

of diversification and selection?



1.3 Outline

In Chapter 2, we briefly review SMC samplers and previous finite sample error bounds
for SMC estimators obtained in Marion, Mathews, and Schmidler [93, 94]. In Chapter 3
we derive explicit finite sample upper bounds on the number of interpolating distributions,
particles, and mutation steps needed to guarantee that the SMC estimator provides an
accurate approximation of Ex[f] for | f| < 1 when 7t has potentially multiple, well-separated
modes. In addition, we use our bounds to show that SMC samplers provide efficient
sampling schemes for non-trivial problems such as sampling from mixtures of log-concave
distributions and sampling from the mean-field Ising model. Finally, we use our bounds
to provide a rigorous comparison of SMC, PT, and ST using bounds for the PT and ST
algorithms obtained in Woodard, Schmidler, and Huber [156].

In Chapter 4, we turn to the problem of computing marginal sequence likelihoods for
DNA evolutionary models under site dependence. In particular, we propose an importance
sampling scheme for approximating marginal sequence likelihoods under a large class of
dependent-site models, and provide finite sample upper and lower bounds on the sample
size needed to obtain an accurate approximation. In addition, we provide an example of
how practical estimates on the required sample size can be obtained using our techniques.
The importance sampling approach is attractive in that many applications of DSMs (e.g.
phylogenetic tree reconstruction) require iterative sampling or optimization of the marginal
likelihood, and we require a highly computationally efficient estimator, ideally with quan-
tifiable accuracy, for use within the iterative loop. However, we will see that the sample
size required for the importance sampler to yield an accurate approximation grows, in
the worst case, exponentially in the number of observed mutations dy(x,y). To address
problems where dg(x,y) is large, we extend the importance sampling approach to an SMC
setting. We obtain error bounds on the resulting SMC estimator of the marginal likelihood
by appealing to the finite sample complexity results for SMC samplers discussed in Chap-

ter 2, and show that SMC provides a dramatic improvement over the importance sampler



in terms of computational complexity. In establishing our error bound, we also prove a
mixing time bound for a componentwise Metropolis-Hastings (MH) algorithm for sampling
endpoint-conditioned paths under dependent-site models when initialized according to a
warm start. Importantly, the results in Chapter 4 provide a novel example of how SMC
may be used to approximate marginal likelihoods with quantifiable accuracy in a realistic,
non-trivial setting.

Finally, in Chapter 5 we explore the vaccine design problem introduced in Section 1.2.
As discussed earlier, a key problem in lineage-based vaccine design is designing immuno-
gens that encourage the elicitation of broadly neutralizing antibodies (bnAbs), and the
neutralization potency of HIV antibodies often depends on the acquisition of improbable,
yet critical, mutations [151]. We develop a stochastic model of the somatic hypermutation
process, which incorporates site dependence to account for AID, with a B cell population
model to capture clonal selection dynamics. We show that when key mutations are neigh-
boring along the DNA sequence, the probability of their co-occurrence is strongly affected
by the site dependence captured by our model, resulting in a preferred order in which they
should be targeted. Consequently, the results in Chapter 5 offer valuable insights into how
key mutations can be strategically targeted by immunologists to facilitate the induction of

HIV bnAbs.



2. SMC Background and Previous Work

In this Chapter, we provide a brief overview of the sequential Monte Carlo algorithm and
recent finite sample complexity bound results for SMC samplers due to Marion, Mathews,
and Schmidler [93, 94]. These results serve as motivation for the complexity bounds for
SMC applied to multimodal target distributions derived in Chapter 3. In addition, the
results given in this chapter will be used in Chapter 5 when we apply SMC to the problem

of approximating marginal sequence likelihoods.
2.1 Sequential Monte Carlo

Let 77 be a target probability distribution defined on a state space X with corresponding
o-field B. In a slight abuse of notation, we use the same letter to denote both the distri-
bution and its corresponding density (e.g. the density of 7t is 7t(x)). Let po,..., pv be a
sequence of distributions defined on & such that yy = 77 with common dominating measure
p. Write py(x) = go(x) /2y with g,(x) denoting the unnormalized density and z, the (of-
ten unknown) normalizing constant. Define the importance weight wy(x) 1= qu(x)/qp—1(x)
and let K, be a p,-invariant ergodic Markov kernel (e.g. Metropolis-Hastings kernel). A
standard SMC algorithm proceeds as follows:

1. For v =0, draw XN e Ho

2. Forv=1,...,V,

(a) Set X! = XX | with probability w, (X~ ;)/ SN wy (X! ;) independently for
i=1,...,N.
(b) Draw X! ~ KL (Xi,-) fori=1,...,N and t > 1.
Steps (2a) and (2b) are often referred to as the resampling and mutation step, respec-
tively. The resampling procedure above is called multinomial sampling; other resampling
strategies are possible [33].

Each iteration of the above algorithm generates a set of resampled particles X},:N =

(X1,..., X)) and mutated particles XJ'N := (X1,..., XN). The full algorithm then pro-

duces a total of N(2V + 1) particles defined on X2N(V+1) that evolve according to the



following joint probability laws,

N

Po(X§N € By x ... x By) = [ [ uo(B:) 2.1)
i=1

N wU(Xlzj—l)]lBi(Xg—l)

N
Py(XEN € By x ... x By | XEN) =]

: (2.2)
i=1k=1 Zjlil wo(X], ;)
~ N ~
P, (X;N € By x ... x By | XgN) = [ [ K§(XL, By), (2.3)
i=1

where B; ¢ X for i =1,...,N. Denote the corresponding marginal laws of by

flo := E(X;) flo := E(X;)
A key feature of the resampling step identified by Marion, Mathews, and Schmidler [93]
is that one can find a set C < X, whose probability can be made arbitrarily large for

appropriate choices of N and ¢, such that
iiy(B | C
sup M < w (2.4)
Bcx Mo (B )
Such a distribution is said to be w-warm with respect to p, [143]. Let .#,(}») denote the

set of all w-warm distributions with respect to y, and define the warm mizing time of K,

by

(e, w) == inf{t :osup |7 KL() = po()]| 4y < e} , (2.5)
neMy (o)

where 7 KL (+) := {, 7(dx)Ki(x,-). Assuming that the initial distribution is w-warm is
common among MCMC mixing time results (see e.g. [39, 85, 158]); however, choosing
such an initial distribution can be difficult in practice. Let f : X — R be a measurable

function and define the SMC estimator of E[f] as
N A
Fom SR,
i=1

[93] provide explicit finite sample error bounds on f assuming the following uniform bound

holds:

max  sup py(x)/py—1(x) < ZW. (2.6)
ve{0,...,V} xeX



Theorem 1. (Marion, Mathews, and Schmidler [93]) Assume (E.26) holds. Fix € > 0 and sample
XN independently from pg. Let
1. N > ;log (128V) - max {9W?Z2, &

2. t > maxy, TU(BNLV' 2).

Then for any measurable function f with |f| < 1:

f —Ealfl <e
with probability at least 3 /4.

(Note that 3/4 can be replaced with 1—§ for 6 € (0,1) by running the SMC algorithm
O(log(1/6)) times and taking the median of the estimates (see e.g. [70]). We make use
of this fact throughout this thesis.) The statement in Theorem 1 is with respect to the
probability measure of the full set of particles produced by the SMC algorithm; see [93] for
details.

The conditions in Theorem 1 may appear quite stringent. For example, Theorem 1
requires that t be chosen according to the warm mixing time of K,. However, we will see
in Chapter 3 that a warm starting measure is not sufficient to guarantee fast mixing when,
for example, 7t has multiple well-separated modes. Nonetheless, as discussed in Chapter 1,
SMC has been observed to perform well even when 7t is multimodal, suggesting that this
assumption may be relaxed. In Chapter 3, we will show that this is indeed the case by
proving that t corresponding to the largest ‘local’ mixing time (formalized in Chapter 3) of
K5 is sufficient to obtain error bounds similar to those in Theorem 1 for multimodal target
distributions.

A second concern regarding Theorem 1 is the assumption (E.26), which may be difficult
to verify in practice. Indeed, in Chapter 4 we will consider a problem where such a uniform
bound does not hold. Fortunately, Marion, Mathews, and Schmidler [94] showed that (E.26)

may be relaxed to instead a uniform bound on the L? ‘distance’ from Mo and py_1:

L2 (o, pro—1) = L (Pgigggl) ) 2 po—1(x)p(dx).

9



The fact that only a uniform bound on maxy L?(py, py—1) is needed will be crucial in Chap-
ter 4 when we use SMC to approximate marginal sequence likelihoods. In particular, in
Chapter 4 we will bound the approximation error of the SMC estimator of the normalizing

constant defined recursively by

where zg denotes the (assumed known) normalizing constant of pp, and so
v /1N
2 1:N & . j
2v(Xiy) = 2v =29 H (N 2 Wo( é—l)) .
v=1 i=1

The following result bounds the relative error of this estimator with high probability, and

follows directly by the bounds given in [94].

Theorem 2. (Marion, Mathews, and Schmidler [94]) Let € € (0,1) and § € (0,1) be fixed and
assume X(l), .. .,X(I)\] X Mo. Let

1. N = max, L(jto, fto—1) max {181log (561V), 2056 e2V3}

2. t > max, Ty(%, 2).

Then with probability 1 — ¢

|2V — Zv| < €ezy.

Theorem 9 is a powerful result in that it provides finite sample error bounds for the
SMC estimator of the normalizing constant Zy. Indeed, the fact that (E.26) may be relaxed
to a uniform bound on max, L2 (4, #y_1) and fi, still provides a warm start (4.59) will prove
to be very useful in Chapter 4 where we apply Theorem 9 to obtain finite sample error

bounds for an SMC estimator of the marginal sequence likelihood.
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3. Finite Sample Complexity of Sequential Monte Carlo
Estimators on Multimodal Target Distributions

In this chapter, derive finite sample complexity bounds for SMC samplers targeting
multimodal probability distributions. These results are obtained by establishing upper
bounds on the number of particles and MCMC steps needed to closely approximate expec-
tations under the target distribution with high probability. Our approach builds on that
of [93], but here we emphasize settings where global mixing may be slow, as in multimodal
situations, but where the kernel can be assumed to mix locally. In particular, our approach
assumes particles are only mutated through restricted Markov kernels, corresponding to an
arbitrary partition of the state space. This ‘local mixing’ approach is similar to [130, 108],
but here we use this approach to obtain finite sample bounds rather than asymptotic ones.
We show that when SMC accurately approximates ‘local’ expectations (i.e. expectations
restricted to each partition element), global expectations can also be approximated accu-
rately. This approach also calls to mind the previous mixing time analyses of the PT and
ST algorithms in [156] (see also [79]), who used the state space decomposition approach
of [89]. We apply our bounds to mixtures of log-concave distributions and the mean field
Ising model. In addition, we use our bounds to provide a rigorous comparison of the SMC,

PT, and ST algorithms.

3.1 Problem Setup

As in Chapter 2, let 7t be a target distribution defined on a state space X with cor-
responding o-field B and dominating measure p. In a slight abuse of notation we again
use the same letter to denote both the distribution and its corresponding density (e.g. the
density of 7t is 71(x)). Let A = {A; :j =1,...,p} be a partition of X. Typically A
will represent a partition of X into local modes of 7r, although our results apply for any
partition. While A is usually not specified in practice, the algorithm given in Section 3.1
serves as a useful theoretical model for understanding the behavior of SMC algorithms

when 7t is multimodal.
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Sequential Monte Carlo (SMC)

We again let o, ..., uyv be a sequence of distributions defined on X with dominating
measure p and py = 7t and write y,(x) = gy (x) /2, with g,(x) denoting the unnormalized
density and z; the (often unknown) normalizing constant. Denote the importance weight
Wy (x) 1= qp(x)/gv—1(x) as in Chapter 2. We assume make the same assumption as [93]

and assume that the density ratios are uniformly bounded.

Assumption 1.

o(x)  zo go(®)  zo _
= Tt = 21 () < ZW,
Bz gea® -z W

Zy—1
zp oD T RRARve,...,

where Z = maxyeyo,... v}

Denote the minimum probability of all partition elements across all steps as y* :=
ming—p, v minj—,_, yv(Aj). The algorithm we analyze is defined by the following proce-
dure:

1. For v = 0, draw XN o Ho

2. Forv=1,...,V,

(a) Set X! = XX | with probability w, (XX )/ SN wy(X! ;) independently for
i=1,...,N.

(b) Draw X;~K2Ai(f(§,,') fori=1,...,Nand t > 1,

‘ 6
where & = ]7-):1 j1 Aj(f(;) is the (random) partition element index containing X!, and

Kyja(x, B) = Ko(x, B) + Ko(x, A) Lycp for x € A, B C A, (3.1)

where Ky is a po-invariant Markov kernel and Ky 4 is the restriction of K to A < X. Note
that Ky 4 is pyja-invariant by construction and is assumed to be ergodic for any A < X,

where

ty(A N B)

oa(B) = , for Bc X

The use of Ky A instead of K; implies that the mutation kernel cannot cross between
modes/partition elements. Consequently, we have that Xé € A; if and only if f(; € Aj. Each

12



iteration of the algorithm above generates a set of resampled particles XJ'N := (X1,..., XN)
and mutated particles XJN := (XI,...,XN). The full algorithm then produces a total
of N(2V + 1) particles defined on XN (V+1) that evolve according to the following joint

probability laws,

N
Po(XgN € By x ... x By) = [ [ uo(By) (3.2)
i=1
N N k k
. . wv(X 1)ﬂB-(X 1)
P, (XiNeByx...xBy [ XJN) =]]>. —= = (3.3)
’ ’ i=1k=1 NY @
~ N ~
P,(XXN e By x ... x By | X}N) = HK;MGI_ (Xi,By), (3.4)
i=1 ¢
where @, = N IS N w, (X . 1)11A(X' ;)and Bjc X fori=1,...,N.

Mixing Times

Recall that a distribution # is said to be w-warm with respect to a distribution p if
supg_y (B)/u(B) < w. Let 4, () denote the set of all such distributions. Define the

w-warm mixing time for j =1,...,p by:

Tj(€,w) :=min{t: sup
We///w Vle

J, 1 @K ) = on (O <ep 63)

TV

Note that (3.5) depends on the partition element A;.

Locally Warm Distributions

In later sections we will require a stronger notion of warmness than the standard defi-

nition above. We call this stronger version local warmness:

Definition 1. A distribution 1 is locally w-warm with respect to a distribution y and partition

={A;:j=1,...,p}if

sup mAj(B) S w

13



Note that this is a stronger notion of warmness since it requires that ji, assign suffi-
ciently large probability to each partition element. Local warmness is useful when con-
sidering potentially multimodal target distributions, because warmness of an initial dis-
tribution by the standard definition is insufficient to guarantee rapid mixing on multi-
modal distributions, as mentioned in Chapter 2. For example, consider the Gaussian
mixture p(x) = SN (x; =14, 1;) + 3N (x;14,021;) studied by [157]. The initial distribution
n(x) = N(x;—14,1;) provides a 2-warm start but, as the authors show, a random-walk
Metropolis-Hastings algorithm still produces a torpidly mixing chain. A key step in our
analysis will be to show that the resampling step (2a) of the SMC algorithm produces a

distribution i that is locally warm for arbitrary partitions.
Coupling Constructions

The proof of Lemma 5 involves the construction of coupled random variables. We
briefly introduce some notation for this here but defer the detailed construction to Ap-
pendix A. Our analysis constructs coupled pairs of random variables (X!, X!). The pairs
are conditionally independent given X; and satisfy fori =1,...,Nand j=1,...,p,

(a) P(X} € B| X € Aj) = floa;(B)

(b) P(Xj € B| X} € Aj) = pyja,(B)

(c) P(X, # X} | Xi, € Aj) = [|fioja, (-) = proja, () llv
While the X!’s represent the particles produced by the SMC algorithm as described above,
the coupled random variables XN := (X1,..., X)) are simply a theoretical tool for our
analysis and are not constructed in practice. Note that the construction preserves £(X!)

and so the behavior of the algorithm given in Section 3.1 is unchanged (see Section A).
Probability Space and Marginal Distributions

Going forward, it should be understood that expectations are taken with respect to
the joint probability measure defined by (3.2)-(3.4) and the coupling constructions up to

time V. We simply write a generic P (and similarly for E) to denote this joint probabil-
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ity measure. The corresponding state space is XNGV+Y) with product o-field BNGV+D),

Our analysis will focus on the marginal distribution of individual resampled, mutated, or

coupled particles. We denote these marginal distributions as
fio(B) :=P (X} € B)
fio(B) :=P(X} € B)
fio(B) := P(X; € B),
which are identical for i = 1,..., N by symmetry. Similarly, conditional distributions are

denoted by fi(B | H) = P(X, € B | H) for B < X and H € BN®V+1_ In addition,
we will use the convenient shorthand i, Ap» flo| Aps and iy A; to denote the corresponding
restricted distributions, e.g. fiya,(B) = flo(B | X! € A;), and the mixed notation floja; (B |
H) = P(X, € B | X € Aj,H) for restrictions of conditional distributions. We note

that fi, # py in general (see Appendix A for details). Finally, we define the filtration

Fo = o({XN, XNV _ ) with Fy = o(XJN) and denote the probability of resampling

into Aj as
P} := ﬂv(Aj | Fo-1) = pivwl
r=1 Wy

where Z/f)é is defined in Section 3.1. That is, {ISZJ,} is a stochastic processes adapted to the

filtration {F}.
3.2 Approach

Given some [P-measurable function |f| < 1, our goal is to show that the SMC estimator
fsme = % Zf\i L f(X%,) approximates Ex[f] to high accuracy with high probability. The

challenge is to do so without requiring Xi, ~ 71. Observe that

p

p
Exlf] =] Er, [fl7(Aj)  while Elfsme] = )| Epya )] v (Af)
j=1 j=1

where f] =4 SNLF (Xi)1 A; (Xi,). Consequently, we must control two sources of error: the

deviation of fSMC from its expectation | fSMC —E| fSMc] |, and the error in the expectation
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itself (bias) | E[fsmc] — Ex[f]]. Controlling the latter source of error is the more delicate of
the two. To do so, we will define a sequence of events conditional upon which fi,, A; N Hoa
and fly(A;) ~ py(A;), and then show that this sequence of events occurs with sufficiently
high probability. This requires choosing N sufficiently large to sequentially control the
bias introduced by resampling. Previously, Marion, Mathews, and Schmidler [93] control
this by constructing a coupling to i.i.d. particles and invoking concentration properties
thereof. The main difficulty here is that, in the absence of assumptions of global mixing, the
coupling construction provides particles which are neither independent nor have the correct
distribution (L£(X%) # u,). As a result, establishing concentration properties involving
XN (and consequently X}*N) is non-trivial.

Forj=1,...,pand v =1,...,V, define the following events on the probability space
(XN(3V+1), BN(3V+1)’]P):

C)(i) = {‘wi - %#1(14]) <A 2#1(14]‘)} (3.6)
Ch(i) = {|@h — El@) | Foua| < A E[@] | Foal} forv>2 (37)
Colii) = {X};N = XLN } (3.8)

where @, = N~ SN wv(Xéfl)]lAj(X;l% and A = 55 where € € (0,%) is the error
tolerance chosen by the user in the application of Theorem 3. The event Cé(i) represents
the successful approximation by ZTJ;( of its conditional mean to within desired relative error
bound A. Note that ]E[ZD{)’FU_Q] is a random variable; the event C{;(i) corresponds to @,
being ‘sandwiched’ between two other random variables. Cy(ii) is the simultaneous coupling
event for all particles at step k. Our approach is to show that all of the events Cé(i),
Cz,(ii), j=1,...,p, k=1,...,V, occur simultaneously with high probability, and that
conditional on their simultaneous occurrence we have flyja, ~ poja, and flo(4;j) ~ po(A;)

forallv=1,...,V.

In Section 3.3, we show that simultaneous occurrence of these events ensures fi,| AR
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Hola; and fly(A;j) ~ po(A;)), and hence that Zf:l E[@] closely approximates zy41/2y. In
Section 3.3 we show that all of the events C{;(i), Cz,(ii), j=1,...,p,k=1,...,V, occur
simultaneously with high probability. We will do so by induction on k. In particular, let
C;:p(i) = n!_,Ci(i). For each v and for a chosen A we will show that the probability of

the following event is large:

Eo = AL {CP (i) A Crid) ).

&y is the joint event that all (3.6), (3.7), and (3.8) occur for steps 1,...,v. It will also be
convenient to define the events G, := E,_1 N Cz%:p(i) for v > 2 and G; = C}:p(i) so that

Ev = Gy N Cylii).
3.3 Results

Our main result for the algorithm in Section 3.1 is stated in the following Theorem.

Supporting lemmas used in the proof of Theorem 3 are given in Section 3.3 and Section 3.3.

Theorem 3. Suppose |f| < 1and (1) holds. Let € € (0, 1) and 6 € (0, ;] and choose

1. N> % - max {3456- (v42)" 10g (1 pop*) , 72p% 1og (85”2>}

ou*
2. t> max max T,i(1o7,7
j=1,p 0=,V oj(axv, 7).

Then with probability at least 1 — 6,

fsmc — En[f]‘ <e. (3.9)

Corollary 1. Under the same conditions as Theorem 3,

E [\fSMc — Ex[f] |q} < 4qmax{e, 6},

forq e {1,2}.

Note that Theorem 3 provides bounds on the total number of Markov transition steps

NVt required to approximate Ex[f] for an arbitrary bounded function f(x). For specific
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choices of f, improved bounds may be available. We see that for the SMC algorithm to
provide a polynomial-time randomized approximation scheme, we require that the distri-

bution sequence can be chosen such that V, ZW, and }% grow at most polynomially in

d. The latter requirement, that u* decrease no faster than polynomially, was identified by
Woodard, Schmidler, and Huber [156] for tempered MCMC algorithms; this connection is

explored further in Section 3.5. (However when this condition is violated, E[f1 A].] decays
exponentially in d and hence fSMC may still approximate E[f] well even without ensuring
samples in A;.)

Results Over Restricted Space

We establish three key lemmas. The first shows that 151], closely approximates yU(Aj)
over G, < &,. The second shows that Zle W], closely approximates z,41/2z, conditional
on Gy. The third shows that the distribution fi, (- | Gy) is locally 7-warm (see Definition 1)
with respect to A. Note that all of these results describe what happens conditional on G,
holding. In Section 3.3, we use the results developed here to show also that G, occurs with
high probability. The results in these two sections are then combined to obtain the proof

of Theorem 3.
Lemma 1. Let (1) = ¢p = % Forv=1,...,V,

P (‘Piv.”v(Aj) < Az]; < ‘Pvﬂv(Aj) | gv) =1

In particular, since fi(A;j | Go) = P(X, € Aj | G,) = E {157]] | gv} we have:
¢ uo(A)) < fln(Aj | Go) < P Ho(A)).

Proof. (Lemma 1) First notice that given G, we have

N (1+A) E[@, | Fo_o]
== = S p —
r=1 wg r=1 erJ (1 - )\) rzllE[wz | ‘FU—Z]
E[@, | F,_
= $=p (@0 | Fos] (3.10)
er]E[wz | ]:71—2]
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where the second equality follows by recalling that

Co_1(ii) = {XFN = XN} and C,_1(ii) < Gy,

and the first inequality by recalling that Cy” (i) © G, and Cy 7 (i) = {(1 — A) E[@)| Fy_o] <
W), < (1+A) ]E[ZD{,\}"U_Z] }. Lemma 18 in Appendix A shows that

Zy ] ,uv(Aj) ‘pj

Zo—1 Mo-1(A;) 7!

E[@)| Fo2] = (3.11)

Intuitively, this means that ]E[w{,|}"v_2] is the ratio of the normalizing constants of the

restricted distributions p, 4. and p,_14. but weighted by the probability that a particle is
Ho|A; Ho—1]A; & y the p y p

resampled into A;. We can think of the filtration as being summarized solely through 2
due to the conditional independence properties of the constructed particles (see Lemma 17

in Appendix A). Combining (3.10) and (3.11) and canceling, we have

N Vv(f(‘lj)) bi . Vv(f(“j)) A~
wv Ho—1 U— Ho—1
<o —¢ (3.12)
p A) A A -
=100 L L ))w -1

Barring the constant terms, the right hand side of (3.12) is the same as the left hand side ex-

cept the index has been decremented by one. Recall that G, ensures that the events cy? (i)
and C,_1(ii) which we appealed to for step v also hold for all previous steps 0,...,v — 1.

Thus given G, the argument above can be repeated recursively to give

N ,“v(Aj) ~J .“v(Aj) A~
ZUU < ¢ Ho—1 (Aj) v—1 ¢2 vaz(A]) v—2
Zp_ o p po(Ar) o p po(Ar) o

r=1"v r=1 1y_1(A;) Yo-1 r=1 1y (A,) Y02
ﬂv(Aj) ~J
_ Ay W
< (PU 1 H1l4;

P Hv(Ar)wr
r=1 (A V1

Recall that Cé P (i) = G, is the event that ZT)JI closely approximates the normalizing constant

of the restricted distribution yy| 4 ; plugging this in gives

Py =




Repeating the argument in the other direction (with ¢! in place of ¢) yields the result. [
Remark 1. Note that the same argument implies

P (‘Pivﬂv(Aj) < Az]; < P'up(A4) | gvl> =1
for any v' = v. To see this, notice that G, < G, and the above argument holds for any set
containing Go.

To establish local warmness of fi,, we will use the following lemma which shows that

Z]‘ z?)é closely approximates z,/z,_1 over G,. This establishes that, within the set G,, the
algorithm given in Section 3.1 can be used to approximate z, for any v = 1,...,V when

the initial zg is known.

Lemma?2. Forv=1,...,V we have

1 z P R z
v <4’vzvi1 < Zw;<¢vv'gv> =1

Proof. Note that C,_1(ii) < G, and so wv = wv forj=1,...,pgiven G,. We then have

~J Y v
@ (1- 713 > (A))
]-Zl ’ Zy— 1]:1 ﬂv 1<A) ol 47071 Zv—ljzlyv J
1
- 470 Zv—l.

The first inequality follows since C;:p (i) € G, and by Lemma 18 (see Appendix A). The

second inequality follows by Lemma 1. An identical argument can be repeated in the

other direction showing Zle W, < o= O
We now show that fi,(- | Gy) is a locally 7-warm distribution with respect to p, and

A. To do this, we first state an inequality regarding ¢°.

Proposition 1. Let ¢(A) = ¢ = 124 and recall A < & . Then ¢° < ¢*° < =< forv =

1,...,V,
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Proof.

- ~
_€ _€ 1—¢’

2 € 2
4)22,_(1+6ﬁ/>0< es _145+5 1+e
1 3 3

1-5v
where we used the elementary inequalities 1 + x < e*, (1 +x)” > 1+ xp for x > —1 and

p>1l,ande* <1+ x+xforxe (0,1). O

Proposition 1 shows that taking A to be O(V~!) suffices to ensure the bound in Lemma 1

is uniform overv =1,...,V.

Lemma 3. Suppose P(G§) < ﬂ—* and recall A = 55 < 2. Then fi(- | Gy) is locally 7-warm

with respect to y, for partition A; that is,

fivja, (B | Go)

<7 fori=1,...,p.

Proof. Expand

,av|A]- (B | gv)
‘u”U|Aj (B)

(B Aj|Go)po(4))
(Aj | Go)po(B N A]’)

‘i:lz}
= 3.13
7o (3.13)

and consider first the term fi, (B n A; | Go) = P(X}, € Bn A; | G,). We have

% 2111\[:1 wU(ngl)]lAj“B(ngO ’ G ]

p

P(X,eBnAj|G,)=E .
r:lwz

VU(X;—l)

< 4)‘0 ]E —_——
Ho-1(X;_)

]lAij(X;_l) ‘ gv]

_ ¢ IE- P‘U(X;fl)
IP(Go) _P‘vfl()_(;;—l)

1Ajm3<>'<;1>ngv<x%;yl,x%syl>]

_P‘v(X;—l)]lAij (Xé
IP(Go) i Vv—l(Xé—l)

flo—1 (Aj)

_ ¥ A;n L)il(Aj)
‘uv( ] B);lefl(A])

The first inequality follows by Lemma 2. The second inequality follows since the inte-

grand is non-negative and from the law of total probability. The latter is required because
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flo-1 # po1 but P(X) ) € B | X | € Aj) = y_1)4,(B') for B’ = X (see Appendix A).
This fact is also used in the final line, along with the fact that fi,(A;) = fi,(A;) holds for

all 7, j, v by construction (see Appendix A). As a result, from (3.13) we have:

ﬁv|A]-<B | Go) - ¢° IP(X 1 EA; ) VU(A]')
.”v\Aj(B) h P(Gy) po-1(A ]) .ﬁv(Aj | Go)

Now by Lemma 1, i, (A;j | Gv) = ¢~ "1y (A;) and therefore - (f(x |£ < ¢Y provides a lower

bound on the relative marginal probability of undersampling partition elements. From

Lemma 1 we also have

P(Xy1 € A)) = flo-1(A)) < ¢ pto-1(A) P(Go) +P(Gy).

Our assumptions on A and P(Gj) then yield

Foa(B1G) _ g
Vv\Aj(B) \]P(gv)lf‘vfl(Aj)

]P(X;A € Aj)

BCA]‘

¢* | ¢ Ho-1(A)) P(Go) +P(G5)
P(G,) Ho-1(4))

The third inequality follows since p* < py—1(A;). The final inequality is obtained by

c\\&

6

repeating the argument of Proposition 1 for the choice of A to get ¢/* < and using

-’
P(G,) > 3/4. 0

Induction Argument

The remainder of the analysis is to show that G, holds with high probability. We will

do so inductively by first establishing that P(&, | £,—1) is sufficiently large for all v.

Lemma 4. Let § € (0,1). Suppose (1) holds and N > szzz(f;(y )IOg(Tp) Then
DTN pp—_—
P(&-1)
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Proof. Note that G,_; < &,_1. By combining Lemma 18 (Appendix A) and Lemma 1, we

have over G,_1,

, A) z
E[@) | Fya] = —2. Foldi) i o Zo g o(4;
[ U| 2] Zo_1 ]flz;—](A]') v—1 Zo_1 (P ‘u( ])
Then
P((C(i))° | E0m1) = wv|}"z,2‘>/\]va|}"U2]]&,1)

02‘>)L

¢ (v_l)]/iv(Aj) | gv_l)

[

~] ~J Zy —(v-1) )
- 0
h pP(Ey-1)

272 020 4p
2wz (f\z(y )log( s . By the union bound,

where the last line in Appendix A with N >

p AN
]P(szl(cv(l)) ‘ 871—1) < ]P(gv—l)
DeMorgan’s law gives the result. O

To complete the inductive step, it remains to show that P(C,(ii) | cy? ,Ev—1) is also

large. To do so, we use the local warmness result established in Lemma 3.

Lemma 5. Suppose P(G5) < VT and recall A < ;. Let
t> max max T, 0 ,7
v=1,..,Vj=1, Z N
Then P(Cy(ii) | Gy) = 1—0.

Proof. Since fi,(A;) = fiy(A;) for all v, ] (see Appendix A), we have for j = 1,...,p and
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Bc X,

1
- AT L_ fo(dx | Go)KL 1 (x, B)
— f floja, (dx | QU)K;|A]_(x,B)
P

By Lemma 3, iy 4, (- | Go) € M7 (1, A/-)- Hence, by our choice of ¢,

|

It follows that we can construct (X, X!) conditional on X! independently fori =1,...,N

N 4 ,
VU‘A]'(' ’ gv) _]’[ZJ|A]'(')HTV < N fOI'] = 1/---/P

such that

. . o 5
P(X;, # X, | X, € Aj,Go) < v forj=1,...,p

(see Appendix A for details). It follows that P(X! # X! | G,) < < by the law of total
PP v v N by

probability. Finally, taking a union bound gives us the stated result:

IP(Col(it) | Go) = ]P(X%:N # X;:N | Go) <6
O

Lemma 4 and Lemma 5 are enough to establish that IP(&, | £,-1) can be made suffi-

ciently large, which gives us the following result.

Lemma 6. Let 5 € (0, }] and € € (0, 3). Suppose (1) holds and choose

1. N > 3456 (‘gﬂz)zdog (57%)

2. t> max max T,;(sk

=1, po=1,.,v V2NV’ 7)

Then

]P(gv) =>1- 5‘14*
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Proof. First, suppose that P(G;) < % fork =1,...,vso that we can directly apply Lemma

3 and Lemma 5 for steps k = 1,...,v. Let ¢’ = %. Then by the definition of &, and our

choice of N and ¢,
P(E) = P(Co¥ (i) n Colii) N Epr)
= P(Co(ii) | Co (i) A Ey1) P(CaT (i) | Evr) P(Epr)

>(1-¢) (1 - 11’(5(’5;1)) P(E-1)

>P(&E_1) — 28

The first inequality follows by Lemmas 4 and Lemma 5. (Note that the choice of N here

satisfies the bound required to apply Lemma 4 since ¢V < 3 for € < % by Proposition

1). Since we have assumed P(G;) < Pﬁl—* for k = 1,...,0v, we can apply this argument

recursively to obtain
P(&) =P(&) —2(v—1)8 =P(Ce1(ii) | G1)P(G1) —2(v—1)&

> (1-08)(1-6)—2(v—1)J

>1-20¢
v
=1-ou"— 3.14
1—owy; (3.14)
The first inequality follows by Lemma 5 and because our choice of N guarantees
. ou*
P(G) = P(CI7(i) > 1— £ (3.15)

2V

It is straightforward to check this using Hoeffding’s inequality since X§N = uj.
However, as noted above the application of Lemma 5 is invalid unless P(G5) < ”4—*.

We now show this holds forv = 1, ..., V by way of induction. Indeed, the base case holds
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by (3.15). Now suppose IP(G) < VI* fork=1,...,v—1. Then we have

P(Gy) = P(Co” (i)[Eo1) P(Ep_1)

5 *
> ]P(g?]—l) - 2]/‘1/
ou*v
>1-—
! %4
]/l*
> -
! 4

The first inequality follows by Lemma 4 and choice of N. The second inequality follows

since the inductive hypothesis guarantees P(£,_1) > 1— ép*%-t by (3.14). It follows
that IP(G5) < PET* forv = 1,...,V. Hence (3.14) also holds for all v = 1,...,V and so
P(Eyv) = 1— ép* as required. O
Proof of Theorem 3

The proof of Theorem 3 uses the following additional lemma regarding the target ran-

dom variables X%}N .

Lemma 7. Let € € (0, 3) and recall A = 5&. For any f such that |f| < 1,

2

P €
SE[F(f)1a (X)) | Froa] - S g ) < 3
p (1-1%) 4

Proof. Write f(x) = f*(x) — f~(x), where

£+ (x) = max{f(x),0} and £~ (x) = max{~£(x),0}.
To be consistent with Proposition 1, write A as % where € = €/4. Forj=1,...,pwehave

E [f(Xi)1a (X)) | Fva] = Eny, 1118 — Br, [F71B)

< (étg Ex[f"14,(Xy)] - 8;‘3 Er[f~1a,(X})]
=2 ] ~
< ((1 t;; Er[f1a,(Xy)] + a ieéz) mt(A;),



The first line follows by Lemma 18, the second by application of Lemma 1 followed by

Proposition 1 with our choice of A, and the last since |f| < 1. Summing over j gives

1+9)
(1-£)

S 3
; [ f(Xy) Ly (Xy) | Fv- 1] < ]En[f]+1€'

The argument for the lower bound is identical. O
We are now ready to give the complete proof of Theorem 3.

Proof. (Theorem 3) Define the concentration event,

{7 - Bl R 1 7] < S,

where fi = L SV, f(X{,)14,(X},). Note that over €y we have

1

N p
fowe = 20 = B AR (K) = 7

||Mz

Let DIP = mlepj. By Lemma 7, it follows that over &y N Dlr,

(+5%) BEEU I a+5%) _ u
<(1_§2) 1>]En[f] 12€\N;f(x") En[f]<<(1_i) 1>1En[f]+12e

Since [f| <lande€ (0,1),

(1+£) 11 1 11
1) E —e< —) <
((1—62) Al peselgmatn) <€

16

An identical argument holds for the lower bound as well. Consequently, over £y N D7,

1 N
5 2 F(X) — Exlf
i=1

<€

It remains to show P(Ey n DYP) > 1 — 4. First, by Lemma 19,
P(u Z]P |7~ ELFF 1]]>— <2
2/
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for N > 7@—52 log(%”). Note that P(€y) > $ by our choice of N and t after applying
Lemma 6. By the union bound,

]P((Dl)cu...u(Dp)cug‘C/)<g—|—g:5.

The proof of Corollary 1 is very similar.

Proof. (Corollary 1) As in the proof of Theorem 3, we have by our choice of N and ¢ that

over &y n DIP
E ||fsvic — Exl[fll] < E [[fsvc — Exlfllle, npm (XY, XED)| + 2P((Ev 0 D))

< €426 < 4max{e, o}

where the first inequality follows by the law of total probability and | fomc — Ex[f]] < 2

since |f| < 1. By an identical argument, ( fomc — Ex[f])? < 4 and

E [(fSMC - lEn[f])Z] < €%+ 46 < 8max{e, 5.

3.4 Applications

In this section, we apply the results in the previous section to obtain bounds on the
complexity of using sequential Monte Carlo to approximate expectations for two specific
classes of multimodal distributions: mixtures of log-concave distributions and the mean-
field Ising model. Each problem defines a nested sequence of distributions indexed by a
dimension parameter d, and we consider the computational complexity, i.e. the growth
of the computational cost with increasing d. We characterize the computational cost of
applying the SMC algorithm given in Section 3.1 by the total number of Markov transition
steps NVt required to apply Theorem 3, since the Markov transition steps are typically
the most computationally expensive step of the algorithm. Throughout we will assume the

corresponding partition sequence A(d) satisfies 77" = minje(y, 3 71(A;) decays at most

28



polynomially in d. (Otherwise, the contribution of Ex[f1,,] to Ex[f] for the correspond-

ing j* is negligible for d large since |f| < 1).
Mixtures of Log-Concave Distributions

Consider the mixture distribution

7t(x)ocwrmy (x) 1 (x) 4+ (1 — w) 7o (x) L (x) for x € RY, (3.16)

where w € (0,1), nj(x)oce*f/(x), fi(x) > 0 is a convex function for j € {1,2}, and H is
a half-space. Throughout, we assume without loss of generality that H and H® contain
Er, [X] and E.,[X], respectively. Note that 7t is a sum of log-concave functions, since H
and H¢ being half-spaces means 1y and 1y are log-concave functions and log-concavity
is closed under multiplication.

Suppose we are interested in sampling from 77(x) using SMC, and we set py (x)oc7tPe (x)
for B, € (0,1] and By, ..., By a strictly increasing sequence with By = 1. Since fj(x) > 0,

it follows that w,(x) < 1 uniformly in v. We will assume that the following equality holds:

fﬁd e P gy = J]Rd e Pl dyx for B, € (0,1] (3.17)

For example, if f;(x) = (2(7]2)*1 [|x — p 2. as below in Section 3.4, then (3.17) requires that

01 = 0. More generally, (3.17) holds when 711 and 71, are log-concave product distributions
that belong to the same location-scale family and have equal scales. Similar assumptions
have been made in previous analyses of these types of problems (see [156] and [79]), and it
is unclear whether the assumption (3.17) can be dropped. For example, if 07 > 07 in the
problem considered in Section 3.4, then u* decays exponentially in d [157].

Note that u,(x) can also be written as a sum of log-concave functions and assumption
(3.17) gives

wSH nf”(x)dx
W St 770 (1) L (x)dxc + (1 — w) §a 7007 () Lpre (x)dx

wo(H) =

wnl,v(H)
w7T1,U(H) + (1 — w)ﬂ'z,v(Hc)
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where 71,;(x) = e Pefix) / § e Pl dx is an (untruncated) log-concave density function.
By [87], if h(x) is a log-concave density and H is a half-space containing the centroid
of h(x), then §, h(x)dx > e~'. Hence, p* > max{w,1—w}/e = O(1). Since H and
HC are convex sets and 71, ;(x) is a log-concave density function, pyp(x) and pyjpe(x)
are log-concave density functions. Upper bounds on the mixing time of various Markov
kernels have been obtained in the literature for log-concave target distributions, assuming
a warm start. For example, [87] proved that both the ball walk and hit-and-run walk are
rapidly mixing when the target distribution is a C-isotropic log-concave density function,
and show that any d-dimensional log-concave density function can be brought into a C-
isotropic position in O*(d°) time (see [143] for a survey of these results). Recall that both
= 0(1) and W = O(1). It follows that by plugging into the bound on N in Theorem 3

we obtain

. log(V)> , (3.18)

Therefore, by choosing Ky, A; to be either the ball walk or hit-and-run walk and applying

the results of [87], we conclude

. L — -1
jgllﬁ?fp max, Ty,j <16NV’7> O(poly(d,V,1log(V),Z,e™ ")) (3.19)

Combining (3.18) and (3.19) gives that the computational cost of applying SMC to this
problem is O(poly(d, V,log(V),Z,e1)).
Gaussian mixtures

We can provide more explicit bounds when fj(x) is known. Consider the Gaussian
mixture distribution f;(x) = (20%)7! ||x — (—1)j+11dH§ for je {1,2} and H = {x: x"1; >
0} studied by Woodard, Schmidler, and Huber [156]. Here we assume w = %; similar results

apply if w # % Since the components share a common scale ¢ > 0, it is straightforward

to check that (3.17) holds and clearly both 1; € H and —1; € H°. Define the sequence of

30



inverse-temperatures

1

v
ﬁv=d(1+§) for 0 =0,...., [dlog(d)] ~ 1 and py = 1.

Note Bo = d~!, which ensures rapid mixing for initialization (see [156] for details). To

bound the normalizing constants, notice

Zo-1 _ SR e P11y (x)dx + S e P12 7 e (x)dx
zo Spee PhOIg(x)dx + §pe e ol Ly (x)dx

We see that Z < 2e = O(1). Next, we have
(e e P01 (x)dx 12 1

H) = >
AMU( ) SRde_ﬁUf](x)]lH(x)dx+SRde—ﬁva(X)]ch(x)dx 2 4

It follows that p* > 1 = O(1). Since V = O(dlog(d)), by choosing Ky4, to be the

hit-and-run walk the results of [87] imply
Iu* . d3V12 . d15
| —=—=,7] =0 =0"—),
A B, T <16NV > < e 8

provided e P+/i*)1 H(x) is in a C-isotropic position (recall that this can be achieved by a

preprocessing step in O*(d°) time, see [87]). (Here O* indicates that the dependence on
logarithmic terms is suppressed.) Since N = O* (V2€*2) = O*(d?*¢7?), incorporating the

preprocessing we obtain a computational complexity of

18
wvi=o (%),

10

Evidently, the complexity is dominated by the mixing time and preprocessing steps. How-
ever, we note that our bounds can be applied to any warm mixing time result for log-
concave distributions, and other mixing time bounds may become available and yield
tighter complexity bounds. For example, the mixing time result of [158] would reduce
the complexity here to O* (d3'5/ 62), however this result is not immediately applicable as it

assumes a smoothness condition that is not satisfied by (3.16).
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Mean Field Ising Model

Let X = {—1,1}% for d € N. The mean field Ising model is defined by the distribution
1 w [ & ’
t(x) = ZeXP Y o <1Z; xi) ,

with normalizing constant Z = Y.y exp{%(z:fl:1 x;)?} and interaction parameter « € R.
We will assume d is odd as in [156]. Let K, be a Metropolis-Hastings chain with limiting
distribution py (x)oc7tPe (x). We assume K, uses a single site proposal distribution in which a
coordinate i € {1,...,d} is chosen uniformly and the sign of x; is flipped. Letting V = d and
Bo = v/d, it follows that both the parallel tempering and simulated tempering algorithms
are rapidly mixing [90, 156]. We will show that SMC also provides a polynomial time
approximation of E;[f] for |f| < 1 using the same sequence of distributions, in that the
bounds on N, t required to apply Theorem 3 grow at most polynomially in d.

Our result is essentially a direct consequence of those from Madras and Zheng [90]
and Woodard, Schmidler, and Huber [156]. Let A; = {x : Zle x; = 0} and Ap = {x:
2?:1 x; < 0}. First, note that sampling from po(x)ocl is trivial. Now, notice that 7r(x)
is symmetric with respect to this partition for po,...,puy if d is odd. It follows that
Uo(A1) = up(Az) = 1/2for v =0,...,V and so p* = 1/2. Woodard, Schmidler, and

Huber [156] show that

o(X) @ @
o © ool er )]
therefore ZW < exp{5}. Since V. =d, p =2, up* = O(1), and ZW = O(1), we have that

Theorem 3 requires

2
N > elz-maX{cl- (VZYZ> log (ciﬁo) p?-log (Capz)} = O*(d%),

where c1, ¢p, and c3 are positive constants. To obtain the required bound for f, note also
that NV /u* = O(d®log(d)). A mixing time bound can be obtained [89, 156] by defining

the restricted kernel as in (3.1) with corresponding invariant distributions pi, A Madras
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and Zheng [90] show that min,, ; SpecGap(Ky, A].) decays at most polynomially in d. Since

for j € {1,2} we have (see [93])

1 -1
Tpj(€,w) < SpecGap(Kyjn ) [log(Ze )+ log(w — 1)} (3.20)
< — ! log(2¢7") +log(w 1), (3.21)
miny_q, v SpecGap(Ky|a, )

i'=1,...p

we obtain T, ;(€, w) = O(poly(d,log(d))). Hence, NVt = O*(poly(d)). That is, the values

of N and t required to apply Theorem 3 grow at most polynomially in d.
3.5 Comparing SMC and Tempered MCMC

Throughout this section, we assume that the sequence of interpolating distributions is
a tempered sequence, i.e.,

to(x)octPe(x)  for 0<Bo<...< By =1, (3.22)

.....

of the form (3.1).

Although population MC algorithms [67] such as SMC have been argued to perform
better on multimodal target distributions than existing MCMC algorithms, it is reasonable
to wonder whether the sequential, parallel nature of SMC plays a role, or whether any such
benefits are simply attributable to the use of the distribution sequence (3.22). If the latter,
then an MCMC algorithm that also takes advantage of the same distribution sequence may
be expected to succeed (or fail) on the same problems where SMC succeeds (or fails). The
following results support this conjecture under fairly relaxed assumptions.

Ideally, we would like to show that the bounds on N and t in Theorem 3 grow at most
polynomially in the problem size if and only if the parallel and simulated tempering algo-
rithms are rapidly mixing on the same problem. The results below allow us to partially
resolve the ‘if” direction by relating the lower bounds of [156] on the spectral gap of swap-
ping chains to our results. To formalize this, we first relate certain quantities defined in

[156] to those appearing in Theorem 3. Two key quantities appearing in the mixing time
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bounds of Woodard, Schmidler, and Huber [156] are the persistence and the overlap. The
following two propositions relate these quantities to the u* and ZW quantities appearing

in Theorem 3.

Proposition 2. Let g, ..., uy be a distribution sequence and define the persistence [157] of

partition A by

14
. . Ho— (A)

Then y* > y(A) -

Proof. Foranyv =0,...,Vandj=1,...,p, we have that

L (A pen(4)) pvaa(4))
FolAi) = L0 TA) oAy v (Ay)

n(Aj) = y(A) -7

Since this holds for any v and j, it must hold for y* as well. O

Controlling y(\A) is critical to the success of the PT and ST algorithms (see [157]). The
quantity y(A) describes how the measure of the partition elements of A ‘persists’ under
tempering of the target distribution 7r. There is a close relationship between u* and y(.A).
Recall that 7t* decays at most polynomially in d by assumption. It follows that polynomial

decay in y(A) is enough to guarantee polynomial decay in y* by Proposition 2.

Proposition 3. Define the overlap [156] for distribution sequence iy, . .., uy and partition A by

§, min{ o (x), o1 (x)

min
v7g,i..,vp—1 max{yv(A]-),thH(Aj)}

A(A) = (3.24)

Then,

A(A) = min {1, Zi/\/} ~y(A) -

Proof. Since py(x)/pp+1(x) = 1/ZW, it follows that for any v = 0,...,V —1and j =

1,...,p,

L]_ min {jto(x), o1 (%)} dx > min {1, le} tos1(A;) > min {1, le} -
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The result follows by Proposition 2. O

The overlap A(.A) controls the rate at which temperature jumps occur in the simu-
lated tempering algorithm and lower bounds the probability of swapping states at adjacent
temperatures in the parallel tempering algorithm (see [156]). By Proposition 3, if both
v(A) and (ZW)~! decay at most polynomially in d, then the overlap decays at most
polynomially.

Both A(A) and ZW can often be controlled in practice by decreasing the inverse tem-
perature spacings. Conversely, 7(.A) and u* are highly dependent on the chosen form of
the interpolating densities and are potentially problematic. For example, Woodard, Schmi-
dler, and Huber [157] showed that (.A) decays exponentially for the truncated Gaussian
mixture model of Section 3.4 and for the mean field Pott’s model, leading to torpid mixing
of PT and ST in both cases. Applying Proposition 2 and (3.20) allows us to restate Theo-

rem 3 with ¢(A) - 7* in place of y* and the mixing times bounded by SpecGap(KvM],)_]:

Corollary 2. Suppose |f| < 1and (1) holds. Let € € (0, 3) and & € (0, ;] and choose

2 16V 8p?
1. N> max {3456- (ﬂ‘{g{ﬁ)) log(sreriy), 720 .1og(§)}

-1

,,,,,

2. t>log (57‘%?5(‘34)) : [minv_% ,,,,, pV SpecGap(Ky4,)

Then with probability at least 1 — 9,

|[fsmc — Ex[f]l <e

Comparing the complexity results for swapping chain algorithms (see Theorem 3.1 of
[156]) to the bounds in Corollary 2, we make the following observations. The dependence of
N on y(A) is quadratic (up to logarithmic terms) in Corollary 2 rather than exponential in
| A] asin [156]. (This is similar to the results stated in [79], who proved a lower bound on the
spectral gap of a simulated tempering chain with quadratic dependence on the minimum

measure of a given partition (similar to p*)). In addition, the dependence in Corollary 2
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on the number of temperatures V is quadratic rather than quartic, and dependence on
| A| quadratic rather than cubic, compared to [156] (omitting logarithmic terms). (It may
also be possible to reduce the V dependence in [156] by use of a non-reversible chain in
the temperature space [134]). Note that SpecGap(Kp) appears in the bound of Woodard,
Schmidler, and Huber [156] but not in ours, but our assumption in Section 3.1 that yg can
be sampled efficiently is equivalent to assuming SpecGap(Kp) decays at most polynomially.

Unfortunately, we are currently unable to replace A(A) in Corollary 2 with ZW. Propo-
sition 3 suggests that (at most) polynomial growth of ZW may be a stronger requirement
than polynomial decay of A(A). This prevents us from concluding the ‘if” direction of our
conjecture precisely. Nevertheless, we suspect that polynomial decay in (ZW)~! and A(A)
can be guaranteed on many problems of interest by decreasing the temperature spacings.

We can summarize this discussion with the following corollary.

Corollary 3. Suppose |f| < 1, (1) holds, and SpecGap(Kv|A].), SpecGap(Kp), v(A), 7*,
(ZW)~! decay at most polynomially in d forv = 1,...,V = O(poly(d)) and j = 1,...,p.
Then
1. The parallel and simulated tempering algorithms provide a (€, 6)-randomized approximation
in polynomial time for E [ f].
2. The SMC algorithm given in Section 3.1 provides a polynomial time (€, §)-randomized ap-

proximation for E[f].

Proof. This is a direct consequence of Corollary 2 and the results from [156], along with

the remarks regarding SpecGap(Kj) above. O

Corollary 3 says that if the parallel and simulated tempering algorithms provide an
efficient Monte Carlo approximation, then the SMC algorithm in Section 3.1 will as well,
up to the approximate equivalence of (ZW)~! and A(A) discussed above. (It is unclear
at this time if the latter distinction represents a meaningful difference in the algorithms,
or simply an artifact of different proof approaches.) Concluding the ‘only if’ direction of

our conjecture necessitates development of lower bounds on SMC which are comparable to
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those in Woodard, Schmidler, and Huber [157]. This is of interest but beyond the scope of

this work.
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4. Marginal Sequence Likelihood Approximation Under
Site Dependence

In this chapter, we first propose an importance sampling algorithm for estimating
marginal sequence likelihoods under a large class of dependent site models (DSMs), and de-
rive both upper and lower bounds on the sample size needed to obtain an accurate estimate.
As mentioned in Chapter 1, the marginal sequence likelihood under an independent site
model (ISM) is straightforward to obtain. In addition, sampling from endpoint-conditioned
continuous time Markov chains (CTMCs) under the independent site assumption is feasible
(see e.g. [60]). Therefore, we readily obtain an importance sampling estimator using an
ISM as an instrumental distribution. Next, we extend the importance sampling approach
to an SMC setting and derive finite sample upper bounds on the approximation error of
the resulting estimator.

Although the importance sampler considered here is relatively simple, there are several
reasons why rigorously establishing finite-sample complexity bounds for this algorithm is
valuable. First, as mentioned in Chapter 1, in many applications of DSMs we require
iterative sampling or optimization, where we require a highly efficient estimator of the
marginal likelihood to produce accurate approximations within the iterative loop. Current
approaches in the literature employ MCMC methods to solve this problem (e.g. [69] and
[116]). However, MCMC algorithms suffer from several undesirable properties in practice,
including the need to assess convergence empirically [48, 23] and challenges in doing so
in high-dimensional spaces [13, 141], lack of simple parallelization [142], and the extreme
difficulty of obtaining theoretical guarantees on the accuracy of the resulting estimators,
requiring rarely-obtained quantitative mixing bounds [121, 71]. In addition, estimation of
marginal likelihoods from MCMC output is notoriously difficult [155, 47, 19].

Conversely, the importance sampling algorithm yields a fast (parallelizable) approxi-
mation of the marginal sequence likelihood. Consequently, there is a strong interest in
establishing conditions under which this estimator is accurate as well. We first prove an

upper bound on the sample size required for this to be the case by providing a bound on
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the x*-divergence between the corresponding independent and dependent site models. We
show that the y*-divergence between the ISM and DSM grows no faster than exponential
in the number of observed mutations r := dg(x,y). In addition, we provide a matching
order lower bound on the KL-divergence of the independent and dependent site models,
providing a set of conditions under which our upper bound is near-optimal. We will also
demonstrate how our techniques may be used to obtain practical estimates on the required
sample size for the popular CpG model [60].

To address problems where dy(x,y) is large, we extend the importance sampling ap-
proach to a sequential Monte Carlo (SMC) setting and provide explicit conditions under
which SMC provably provides a fast approximation scheme for estimating marginal se-
quence likelihoods for non-trivial problems under realistic context-dependent models of
DNA evolution. In particular, the second main result of this chapter is a finite sample
error bound on the approximation error of the SMC estimator of the marginal sequence
likelihood, which we use Theorem 9 from Chapter 2 to establish. To apply Theorem 9,
we also prove a mixing time bound for a componentwise Metropolis-Hastings (MH) algo-
rithm introduced previously in the literature for sampling endpoint-conditioned evolution-
ary paths (e.g. [102]) initialized according to a warm start; to the best of our knowledge,
our result is the first quantitative mixing time bound for an MCMC algorithm for such
problems. Our results for the SMC sampler hold under models where the mutation rate
at a site depends on its neighboring sites, making our results for SMC broadly applicable
to a large class of DSMs such as the CpG model [59] and the S5F model [159] of B cell
evolution. Technical supporting details of the results given in this chapter are deferred to

Appendices C, D, and E.

4.1 Background and Notation

We first introduce notation and provide examples of some well known dependent-site
models from the literature. Next, we introduce the importance sampling estimator. The

definition of the SMC sampler will be given later in Section 4.4.1.
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4.1.1 Models of DNA Evolution

Let x = (x1,...,%,) denote a sequence where x; € & for some alphabet & (e.g.

o ={A,G,C,T}) of size a := | &/ |. Let

X; = (xil,...,xik/z,xi,xik/m,...,xik)

denote the context of site x;. The case k = 0 corresponds to an independent site model.

We assume that sites evolve according to a time-inhomogeneous CTMC, where

’71‘([7; fl') = ’)/i(b,' Xl‘)cp(b; fi) for be M\Xl' (41)

is the (context-dependent) rate at which x; € & mutates to b, with the context-dependency
given by the multiplier ¢ : &/**1 — (0,00) and the context-independent rate by -; : &% —
(0,00). The subscript on the rates indicates a possible dependence on the site at which
the mutation occurs. Let 4;(-;%;) = X, ¥i(b; %) denote the rate at which site i exits
state x;, and ¥(-;x) = YL, Ji(; ;) the total rate at which sequence x mutates. All of our
results are stated under the standard assumption that multiple substitutions cannot occur

simultaneously, a natural one for most sequence evolution models.

Example 1: Models of DNA evolution CpG models are DSMs that have been used to
account for low observed CG frequencies across codon boundaries in lentiviral genes [69]

and mammalian genomes [29] with rates

,71.([9; fi) — ,),l.(b,. xz.)/\ICG(XFLXJ"'ICG(xi,xi+1), (4.2)

where A € (0,00) is a constant reflecting the relative bias against formation of CG pairs

across codon boundaries [88, 4, 22].

Example 2: Models of antibody maturation DSMs have been used to account for sequence-
context-dependent somatic hypermutation (SHM) patterns in affinity maturation of anti-
body sequences [151], with ; = 1 and ¢ corresponding to a set of 4° context-dependent

rates (i.e. k = 4) estimated from data [159].
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Example 3: Structure-dependent evolution of proteins DSMs have been used to model
dependence between codons arising from sequence-structure compatibility in protein evo-

lution [116] using a codon model with context-dependent parameter
¢(y; i) = dsa(y; Zi)psc(y; %),

where 1 is a codon and ¢sa and ¢sc are measures of energetic compatibility of the encoded
amino acid with the conserved 3D protein structure, specified in terms of solvent accessi-
bility and specific intra-sequence sidechain interactions. Note that X; are not necessarily
contiguous in the DNA sequence, allowing for long-range dependence in sequence positions
arising from 3D structure.

Let x¢ = (x1(t), ..., x4(t)) denote the state of the sequence at time t. We are interested
in the calculation of probabilities of the form
eTQ)

Pr(xr =y |[xo=x) = (¢ )xy = p(r,0)(y [ X),

where T is a fixed observation time, Q the a" x a" rate matrix defined by the context-

dependent rates (4.1) of the Markov process operating on the space of all sequences:

¥i(b; %)  for du(x,x’) =1 and x] = b # x;
—4(;x)  for du(x,x') =0 4.3)
0 for dp(x,x") > 1,

Qx,x’ =

and (eTQ)x,y denotes the element of the matrix e7Q corresponding to the sequences x and

y. However, direct computation of eTQ is intractable as rank(Q) grows exponentially in 7.
Alternatively, we can write p(r g)(y | X) as a marginalization over latent paths that start

in x and end in y at time T. Specifically, let

P = (m,tl,...,tm,sl,...,sm,bl,...,bm)

denote a path of length m, where m € {0,1, ...} is the number of mutations occurring along
the path, t1,...,#" € R are the times of the mutation events satisfying tp =0 < t! < ... <
t" < T,s',...,s" e {1,...,n} the sites at which the mutations occur, and b, ..., b" € o/

are the values of the base changes. At times, we will make the length of the path explicit
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by writing P! and letting 2! denote the set of all length I paths. Let

x| = x(tf) = x(j;sl,...,sm,bl,...,bm,m) 7= fz-(tj) = ii(j;sl,...,sm,bl,...,bm,m)

denote the sequence and context at site i, respectively, following the jth jump along a given
path, i.e. in the interval t € [tj, tj4q), and let Af(j) := ¥ — ¢/ with Af(m) := T — "
be the inter-arrival times between jumps. Let & = U, 2! denote the set of all such
paths. Let v/ := Ut ®1/ ®va where 1/ denotes the Lebesgue measure on [0, T] , and Vé

and vl’7 the counting measures on {1, .. .,n}l and &/ l, respectively, and define the measure

v(dP) := 3, 1;(dm)v! (dt', ds!,db'). Then we can write

0
P10 =% | Pro@ P 0V@P) = [ PrelyPxvdP), @
=0

where the conditional joint density of a path from x ending in y is given by
m(P) _
P 1.0)(¥, P | X) H g (b; % ~J 1) —A (=177 e—At(m)“i(-;y)]lxm:y(p), (4.5)
j=1
if the times satisfy the ordering constraint 0 < t! < ... < #" < T, and zero otherwise. We
let ¥ = dy(x,y) denote the Hamming distance between x and y, and S = {i : y; # x;}
denote the set of observed mutated sites. Note that (4.5) is zero unless P 3 S, so each
endpoint conditioned path P contains r required jumps and m(P) —r extra jumps.
It follows from (4.4) that p 1 ) (y | x) can be approximated by Monte Carlo integration

by sampling from the distribution

(P |xy) =

Pro)(y, P [x)
P (T,Q) (y [ x)

where we have suppressed the dependence of 7w on T for brevity; hereafter T will be
assumed fixed. However, generating samples from the joint distribution 77(P | x,y) is not
straightforward: we must sample the evolution of all # sites jointly such that the endpoint

constraint xr = y is satisfied at time T but, as noted above, constructing the rate matrix of
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the joint process on the space of all sequences (of size a") is intractable for even moderate
n. However, under an independent site model (ISM), paths can be sampled efficiently on
a site-by-site basis by specialized algorithms [60], a fact which we will take advantage of

below.

4.1.2 Importance Sampling

We define the endpoint-conditioned distribution under the ISM as follows. Let Q; =
(7i(y;x)) for x,y € o/ be an a x a rate matrix corresponding to the CTMC at site i (see

(4.1), with ¢ = 1). Consider the endpoint-conditioned distribution

(P xy) =u(P)cPro(y, Plx), (4.6)

with rate matrix Q) = I, ® Q" Y 4+ Q, ® I,-1 where Q) = Qq and I, is the a-
dimensional identity matrix. The density P(r g, (y, P | x) is given by (4.5) but with ¢ = 1.
In this case the joint density (4.5) can be factored by site. Let

Py= (it B0 )

denote the path at site i defined by P. That is, (t},...,tT",b},...,bT") = {(t,b) eP:
s/ =i} and m; = Z]m:1 1(s/ = i) is the number of jumps at site i. We let 2! denote the
set of all length [ paths, and &2; = U” 95 be the set of all paths, at the ith site. Define
AL(j) == ]H t{ with Al(m;) := T —t!". The joint density of a path at site i that begins

at x; and ends at y; is given by

EGi_ 1)y (1 Ay (s
P(T,Qi)(yi,Pi | xl — H,Yl b] b] 1 _Ai(] 1)'71(,171]‘ ) e A,(mz)%(ryz)]l{bm,v:yi}(Pi). (47)

i

Computing the transition probability (4.4) under the ISM is straightforward:

pro)(y | x) = fg Pir,o)(y, P [ x)v(dP) = HJ/ Pir,o) (Wi, Pi | xi)vi(dPi)  (4.8)
i=1 i
- H(eTQi)x’-,yi. (4.9)
i=1
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where v;(d P;) := %0 L, (v} (dt, dbl) for vl = vl @]

Similarly, letting p;(P; | xi,¥i)oc P(r.0,) (i, Pi | xi) denote the endpoint-conditioned
measure for site i, we have y = 711 x ... x p, under the ISM. As noted previously, sampling
paths from the endpoint-conditioned measure p under the ISM is also straightforward [60].
We will use samples from p to define an importance sampling estimator of p 1) (y | x)

under the DSM (4.4). Define the importance weight of a path P by

w(P) :=Pr,q)(y, P [ x)/ Pir,0)(y, P | x) (4.10)
and suppose P, .., pN) i . Then an unbiased estimator of P(T,Q)(Y | x) is given by

piro ¥ %) & PrePY %)
L (PN pro(y %) (@&11)
i=1

fj T,0 (y | X) = i
(o N ZPuro P x)
for

(4.12)

Mﬂszlimmmy@ﬂ
N i=1 P(T,Q)(YIP(Z) | x)

Our goal is to quantify the number of samples N required to guarantee that the estimator
(4.11) has relative error at most € € (0,1). To do so, we bound the x2-divergence of y from

7, denoted x*(7t || ) = Vary,(7r/p) = L?(7t, ) — 1, where

2 - H(P‘XIY) ? %
B = [, (fpTag) #0719

is the squared L?(p) norm of 7t/ u. The variance of the estimator (4.11) is given by p%T,Q) (y |
x)Var(@) = Nflp(T,Q)(y | x)2x2(7 || 1) by Chebychev’s inequality

2
A 7T
P ([Pira)(y 19— piray (¥ 1 9] > epray(y 1%) < 2T g

Therefore, N = N(e) = O(e2L?(7t, )) samples from u suffice. Let
N*(e) = inf{N : Py, (Ip(1,0) (¥ | X) = P1,0)(¥ | )| > € p(1,0) (¥ | X)) = 3/4}.

be the smallest sample size required to obtain an e-relative error estimate of P(1,0) (y |
x) with probability at least 3/4. Note that the L? distance is related to the (squared)

44



coefficient of variation of the importance weights under pu:

§p @ (P)u(P | x,y)v(dP)

L (r, ) = = E,[w?(P)]/ (E,Jw(P)])*. (4.14)
(Spw(P)u(P [ xy)w(dP)” " (Exl(P])
In addition, by Jensen’s inequality we have
D (7 || 1) = Ex[log(7/p)] < log (Ex[m/p]) = log(L* (7, u)). (4.15)

Chatterjee and Diaconis [17] proved upper and lower bounds on the mean absolute error
for general importance sampling estimators in terms of Dxp, (7t || ), showing that N*
necessarily grows exponentially in Dky, (7t || ¢#). We apply this result by providing a lower
bound on Dk, (7t || #) to obtain a lower bound on N* of matching order to our upper

bound on the right-hand side of (4.15), showing that this bound is tight.

4.2 Main Results

We now state the main results of the paper; supporting results are established in the
following sections. The first main result concerns the sample complexity of the importance
sample. It is obtained by establishing a bound on the y?-divergence between the endpoint-
conditioned distribution over paths under a DSM (7r) and the same distribution under the
corresponding ISM (y), which will grow as a function of the problem size (sequence length)
n. As we will see, the number of observed mutations r = dy(x,y) and the time interval T
play important roles; thus we must also consider the relative growth of (n) and T(n) as n
increases. We will adopt the following assumption, the justification for which is provided

below:

Assumption 2. The time interval T(n) = O(@) and the observed mutation count r(n) =

We can now state our first theorem:

Theorem 4. Let ¢ = Pmax/ Pmin denote the ratio of the largest and smallest context-dependent

multipliers. For endpoint-conditioned independent-site process y and dependent-site process 7
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defined in Section 4.1, there exists a constant ¢ € (0, 00) such that

X || 1) < 2 exp (c(k, ) - (P T+ (n—1)T?)) — 1,

for c(k, ¢.) = (’)(qbf(kﬂ)) and consequently under Assumption 2, the importance sampling esti-

mator (4.11) with
N* ((—:) _ O( Erec’(k,qb*)e—Z)
for € € (0,1) and constant ¢’ (k, ¢,) = (’)(cpf(kﬂ)) provides a randomized approximation scheme

for pir.g)(y [ %).

The proof of Theorem 4 is given in Section 4.3.2. Theorem 4 says that, for T = O(r/n),
the required sample size (and hence runtime) of the importance sampler to approximate the
marginal sequence likelihood is at most exponential in the number of observed mutations
r when 1> < n. Theorem 4 thus establishes that the importance sampler is substantially
more efficient than, for example, rejection sampling or matrix exponentiation when v « n
and T = O(r/n).

The assumption r(n) = (’)(n%) is reasonable in situations where x and y are close in
evolutionary distance (share a recent common ancestor, or correspond to highly conserved
regions of the genome). This assumption ensures that the mutational process is far from
equilibrium so that T can be reliably estimated [16, 99, 100] (for example, under the JC69
model [72], the MLE of T does not exist if r(n) > 3n/4). In many applications (e.g.
genomic sequences) 1 is very large, but the fraction of sites with observed mutations is
low.

The efficiency of the importance sampler depends critically on the assumption that
T = O(r/n), i.e. that T not be too far from r/n. Because T and mutation rates are not
simultaneously identifiable, rate matrices are commonly scaled to one expected substitution
per site per unit time, making r/n — a well known measure of genetic distance often called
the p-distance — a natural estimate of T. However under DSMs, estimators of T such as the

maximum likelihood estimate (MLE) or posterior mean are not available in closed form and
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require iterative optimization or MCMC sampling, with the marginal likelihood evaluated
at each iteration. The following result shows that values of T far from r/n — by a factor
of log(n) or greater — can be safely omitted from consideration in such algorithms without
compromising their accuracy, under any “reasonable” prior distribution. Specifically, let
70(T) be a prior distribution on T, and denote the corresponding posterior distribution of

T under the DSM by

o Pea) (Y [x¥)n0(t)
1t1y) = SPea (y | X)mo(t)dt

We abuse notation slightly to let 17 denote both the probability measure and its density.

The following result is proven in Appendix B.

Theorem 5. Let | := ((1—¢€)%,(1+¢€)%) for € € (0,1) and assume rog(n) — 4(1). There

n

exists a constant ¢(e) € (0, 00) and corresponding interval

I:= (0, C(e)”‘)g(”)) (4.16)

n

such that for n sufficiently large

T](Ic ’ X, Y) < e—c’(e)rlog(n),
with c'(€) € (0,00) a constant, provided 1 oes not decay exponentially in r.
ith ¢’ 0 provided 1o(J) d decay exp ally i

See Appendix B for details. Theorem 5 says that the posterior probability that T lies
outside the interval I is exponentially small, so long as the prior is not pathological (i.e.
concentrates mass on I¢ in a way that increases with data size overwhelm the signal in the
data). As a result, procedures for posterior sampling or iterative optimization of T during
phylogenetic inference need not consider values of T larger than O(rlog(n)/n). Note that
this does not quite match the T = O(r/n) requirement of Theorem 4, due to the log(n)
term appearing in (4.16); we suspect that this term is unnecessary, but have not yet been
able to remove it. However, Appendix B shows that the log(n) factor can be removed

for ISM models with constant mutation rates (e.g. JC69 model). We suspect this can
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be extended to DSMs, but this appears to be non-trivial. As such, Theorem 5 should be
considered as an incomplete justification for Assumption 2.
Our next result, established in Section 4.3.3, shows that the upper bound in Theorem 4

is tight by establishing a matching lower bound:

Theorem 6. There exist T* = O(r/n) and sequences x* and y*, such that under the CpG model
with rates (4.2):
Die (7t || ) = ©(r).

The proof of Theorem 6 is given in Section 4.3.3, with supporting details in Appendix D.
Chatterjee and Diaconis [17] provide conditions under which N*(€) must grow exponen-
tially in Dgr (7t || p). Hence, their result together with Theorem 6 indicates that ex-
ponential growth in r is also necessary whenever log(7(P)/u(P)) concentrates around
Dkr(7 || #) under 7. However, despite the exponential growth of the lower bound pro-
vided by Theorem 6, we show in Section 4.3.4 that practical values of N*(€) may still be
obtained even in this worst case.

Finally, we show that extending the importance sampling approach to a sequential
Monte Carlo (SMC) sampler can significantly reduce the computational complexity to be
exponential in the size of the largest contiguous block of observed mutations, denoted 7.,
which in practice is often significantly smaller that r. More precisely, let .% = {Z3,...,Zp}
be a partition of the sites {1,...,n} into B blocks with non-overlapping contexts; we refer
to such a partition as a block-partition. Let rg denote the number of sites in Z; with an
observed mutation and let 7, (%) := max; r;. For the SMC algorithm given in Section 4.4,
we obtain the following result for nearest neighbor models such as the CpG model and the

S5F model [159] of somatic hypermutation:

Theorem 7. Suppose each site i depends on its immediate k /2 neighbors to the left and right, and
Assumption 2 holds. Then the marginal sequence likelihood pr o) (y | x) can be approximated

with e-relative error in time

O(exp(c- rr;in (), (4.17)
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with c € (0,00) a constant.

Theorem 7 says that SMC provides a significant improvement in computational com-
plexity compared to the importance sampler. Indeed, we show that SMC provides a fully
polynomial randomized approximation scheme (FPRAS) for the worst-case CpG model
problem used to establish the exponential lower bound for the importance sampler in The-

orem 4, thus providing an ezxponential speed-up in runtime.
4.3 Importance Sampling Results

In this section we provide bounds for the importance sampler which give rise to The-
orems 4 and 6. We begin by providing an overview of the proof strategy in Section 4.3.1.
The proofs of the upper and lower bounds are given in Sections 4.3.2 and 4.3.3, respectively.

Finally, in Section 4.3.4 we show how practical estimates can be obtained for a CpG model.

4.3.1 Approach

Theorems 4 and Theorem 6 are proved by establishing a connection between & and
Sym(S§), the symmetric group on S the set of observed mutation sites. Specifically, let
s(P) = (s',...,5™P)) be the set of sites mutated on the path P and b(P) = (b?,..., 6" "))

the corresponding base changes, and for P € & define

m(P)
i1
O(s(P),b(P)):= [ ] 952, ). (4.18)
=1
Recall that at least r = |S| = dp(x,y) jumps must occur among any path satisfying

the endpoint constraint x(T) = y. Hence, for any path P’ of length exactly r, we have
s(P") € Sym(S) and

@(s(P"),b(P")) = &(s(P")) = ﬁ% (v &), (4.19)
=1

In other words, paths of length 7 correspond to permutations of the order of the observed
mutations, and @ can be viewed as a function defined over Sym(S) instead of 2. At
times we will simply write ®(s") for 8" € Sym(S). Normalizing (4.19) yields a probability
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measure on Sym(S):

P(s") _ (s

é Sr = = - s
( ) Zé’eSym(S)q)(sr) ZZD

(4.20)

where Zg = 3 greqym(s) P(87) is the normalizing constant of ®. Under the ISM (¢ = 1)
(4.20) is the uniform measure on Sym(S), which we denote as Us. We will show that

L2(m, u) < exp (rTe+ (n—r)T?") L*(®, Us) (4.21)

for constants ¢, ¢’ € (0,00). Theorem 4 will follow as a special case of this result. The expo-
nential term on the right-hand side of (4.21) can be interpreted as the increase in variability
of the importance weights due to the m(P) — r extra jumps. Indeed, establishing (4.21) is
non-trivial precisely because the number of extra jumps is unbounded. We address this by
establishing a key bound on the MGF of m(P) under u in Appendix C. To complement
(4.21), we also give a specific choice of sequences (x*,y*) which, evolving under the CpG

model, serves to establish a corresponding lower bound:

Dxr (7 || 1) = Q(DxL(® || Us)).

Applying Jensen’s inequality and combining these upper and lower bounds then yields
log(L?(r, 1)) = ©(log(L*(®, Us)))-

The connection between L?(7t, ) and L?(®, Us) is made by observing that &2 can be
partitioned into equivalence classes defined by an equivalence relation ~ on &, such that
P ~ P’ if the two paths agree on the order in which the final jumps among sites in S occur.
Let & denote the ith equivalence class and s} € Sym(S) the permutation associated with

P i]- For example, in the case of length r paths we obtain

PPy ={P:m(P)=r, (s',...,s") =sl,(b',....0") = (yg,...,ys)},

with paths in & n Z|;) differing only by jump times, with jump order given by s;. We

i
can write I, [w?] in terms of the resulting r! equivalence classes as follows:
!
Yimsr 2ic1 Sﬂﬁ w*(P)p(dP)

r, . . (4.22)
i1 Syh w*(P")u(dP")

w?(P d7>:rI w* (P )u(dP) |1+
[, wemar =3 [ wieuar
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The term Y-, ngﬂ[] w?(P")u(d P") can be viewed as the variance of ®(s(P"), b(P")) across

the r! possible orderings in which the required jumps occur. Indeed, in Appendix C.1 we

show that under Assumption 2 there exist constants 0 < ¢ < ¢’ such that

Py (c-®(s(P"),b(P") <w(P") <’ @(s(P"),b(P"))) = 1.

The bracketed term in (4.22) can be viewed as an “inflation” in this variance due to the
presence of extra jumps. Controlling this inflation is critical and, as mentioned above,
we do so by bounding the MGF of m(P) under y; the exponential term in (4.21) is the

resulting bound. A similar lower bound on the weights is obtained by noting

(L@ w(P)V(dP)>2 > (; f fi}w(?))y(alp))Z (4.23)

As we will show, combining (4.22) and (4.23) will lead to the upper bound (4.21) involving

L2(®,Us).
4.3.2 Proof of Theorem 4

We prove a general upper bound on x?(7 || #), from which Theorem 4 follows as a
special case. Some supporting details are deferred to Appendix C. Denote the largest and

smallest context-dependent rate multipliers by

= max max 0 X n = min min X
Pmax = X, yew\{x}ﬂy’ ) fmin Feo 1 yesd \{x) v:%),

where the outer max and min are over possible size k contexts ¥ = (x1,...,X,...,Xg).
Similarly, let

= max max max °;(y;x n = min min min y;(y;x
Ymax ie(1,..,n} xed yed \{x} 7iY;X) - Ymin ic{l,...n} xed yed \{x} 7i(y; %)
be the largest and smallest ISM rates across all sites, and
¥max := max max max ;(b;Xx) Fmin := min min min ;(b; %)

i€{l,...n} ze/*+1 yes/ \{x} ie{l,..n} zea/* 1 yeos \{x}

be bounds on the largest and smallest rates under the DSM. Let
NT(j) = AT P) = 7(x) = F(5x )
NY(j) = 87 (j5P) = A(x0) = (%)
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denote the change in sequence mutation rate following the jth jump along path P. Observe
that we can express exponential term in the path density (4.5) as

o ST A GRS AT T (y) (4.24)

Therefore, for P drawn from p, the importance weight (4.10) can be written

w(P) = ®(s(P), b(P))e~THM-1m)XT H(AT()=47() (4.25)

and since e~ T(70¥)=7(3¥)) is constant we have

where
@(P) = ®(s(P),b(P))e?s(P)L(P)—y(s(P)b(P)),
and
) m®P) m(P)
P(s(P),b(P)):= Y H#AT(j)  $(s(P),b(P)) = ), #AY(j)
j=1 j=1

We first bound @(P) from above and below by a function that depends only on m(P),
s(P), and b(P). To do so we use the following result, proven in Appendix C, which bounds

the change in the sequence mutation rates uniformly.

Lemma 8. Let g = a — 1 and define
6= q(Ymax = Ymin)  and 5 :=q(k+1)(Ymax — Ymin)-
Then the following statements hold for the random variables A7 (j) and A" (j):
L. P, (|§(s(P),b(P))| < m(P)T3) =1
2. Pu(lp(s(P),b(P))| < m(P)Ts) =1
3. Pu(|§(s(P),b(P)) = p(s(P), b(P))| < m(P)T( +9)) = 1.

Using Lemma 8 we obtain the following bound on @(P), again for P drawn from pu.

Lemma 9.

P, <<I>(s(73),b(P))e*m(p)T(‘;*‘s) <a(P) < q>(s(7>),b(7>>)em<P>T<5+5>) =1  (427)
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The proof follows immediately by Lemma 8 and is given in Appendix C. We now apply
Lemmas 8 and 9 to obtain the following lower bound on E,[@(P)] in the denominator of

(4.26). Note that the bound involves
pr =Pu(m(P)=r|xy), (4.28)

the probability of exactly » mutations occurring in the transition from x to y under the

ISM; we provide an explicit lower bound on this quantity in Lemma 13 below.

Lemma 10. The following lower bound holds:

IEV [ZT)('P)] > e—rT(5+3(5) PV%

To prove Lemma 10, recall that & is the set of all paths from x to y, and recall that
the expectation of a measurable function f : & — R can be expressed as a summation

over the equivalence classes &), ..., &y defined in Section 4.3.1:
B AP =) | fP@P)
i=1 (i

In particular, since ®(P) = ®(s(P),b(P)) depends only on the site and base changes for
®(s(P),b(P)) defined in (4.18), @ is constant over P N P" (since for any P’ € P n 2"
we have b(P") = (ysr(1),- -, Ysi(r) = ¥s: and s(P") = s}) and therefore since @ > 0:
Eu[@(P)] = Ey[@(P)1(m(P) =1)] = ), fy , (s(P),b(P))pu(dP)
i=172n 07
— 2 (s, ys) J r u(dP) (4.29)
i=1 Py
7!

= pr ) (L, ys )1 (P, (4.30)

i=1

where p,(B) denotes the restriction of the ISM to paths of length , defined as y,(B) :=

U(Bn ")/ u(2") for Bc . Lemma 10 will follow by combining Lemmas 8 and 9.
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Proof. As in (4.30), we write E,[@(P)] = Y, P w(P)u(dP) and apply Lemma 9 to
obtain

Eu[@(P)] = e T E,[@(P)] = e T, Z D(si, ys )1 (P)- (4.31)
i=1

26T+log T)

By Lemma 8 the restricted density |, (P") > e~ since

up (P1) = [Ty 7 (b1 2] 1 yeim 7 0)
lr S‘@r H;:1 ’)/s]'(bj; xﬁj_l)eZ;:1 tjA7(j)V(d P)

o= VA7 () o—2rT5 o—2rT8

a §ore

py t/mg)v(d P) > Sopv@dpP) . IT

r!

The second equality follows since 1_[;:1 v (b/; x/~1) is invariant under permutations due to

site independence, and the last equality uses {;_, dtl...dt" = T"/r!. Tt follows

<.<t'<T
that
—2rTo
we(2) :J i (P)dv(P) = Trezr”f att . dr = ¢ —. (432
PynP’ O<tl<..t'<T T

The stated bound follows by combining (4.31) and (4.32) since ®(s], ys;) = P(s):

1
r
2

E[@(P)] > ¢ "¢+%)p,~2.

O]

Lemma 10 provides a lower bound on E,[@(P)] in the denominator of (4.26). We will

now obtain an upper bound on E,[@*(P)] in the numerator of (4.26).

Lemma 11. Let 0 = 43¢2 Vg2 02T(6+29) The following bound holds:
. 52 - P*(s")
]EH[ZUZ('PH < p2rT(0+29) ]Ey[Qm(P) r] Z P
s'eSym(S)
Note that the bound involves an expectation of the form E,[c"(P)] for some constant

c € (0,0) that does not depend on P, effectively the MGF of m(P); Lemma 13 below

provides an explicit upper bound on this expectation.
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Proof. The proof of Lemma 11 is similar to that of Lemma 10 in that we will decompose
E,[@*(P)] into a sum over the equivalence classes [y, ..., 2}, and find constants ¢, ¢’ €

(0,00) that depend on Q, and Q such that

BdeP) =Y [ @Par) 439
i=1 (i

r!

=3 @(s(P), b(P))FEPILPN—p(s(PIOPN) (4 P)

=172
7! 2
) ®2(s(P),b(P)) arumip1s
< Zcbz(si)IE}l‘yi { (Sc(pz()st)( ))eZT (73)((5+5):|‘ (434)
i=1 i

with the inequality coming from Lemma 8. Now for P € P;; we have

P, <q>(s(7>),b(7>)) Ly, (P) < (g (Pmax)m(P)—rl@[i](p)) —1. (@435

To see this, note that each m(P) — r additional mutation along a path P has rate no larger
than ¢max, and can change the context of at most k + 1 sites under the DSM. Applying this
to (4.34) gives
515 51 5 120m(P)=7)
E, [a2(P)] < &0+ Z ®2(s]) J [ o ET((S—HS)} m(P)—r aP). 436
i=1 2l

To complete the proof, we will need to bound the integral on the right-hand side of (4.36);
this is provided by the following additional Lemma. Note that the integral in (4.36) cor-
responds to a bound on the increase in variance of ®(s(P), b(P)) due to extra jumps as
discussed in Section 4.3.1 (see the expansion (4.22) of E, [w?]). The following lemma is key

to bounding this inflation factor.

Lemma 12. Let ¢ € (0, 00) be a constant and 7y, := Ymax/ Ymin the ratio of the largest to smallest

ISM rates. Then

J cm(P)‘u(dP) < f CM(P),Yf(m(P)_r)eZm(P)T5y(dP)fori # J.
2
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Proof. Recall y(P)ocPir,q)(y, P | x) and

Pir,q)(y, P [ %) {H 74 (b ]eTv(-;y)eZ,"’(P IaT(j)

for m(P) = r and zero otherwise, where e~ T705¥) is a constant. Therefore, it suffices to

show

| e PrPigPvap) < [ P20 @I f(pyg(Pyu(a ) fori 4,
2 2

where

m(P)
=[] v 2(P) = e P ATG) _ p(s(P)b(P)).
i=1

Let I := f(P") denote the value of f for any length r path (which is invariant under
orderings). Since each of the m(P) — r additional mutations along a path P contributes a
multiple of at least ymin but at most ymax, and can change the context of at most one site

(its own) under the ISM, we get

1 mp)r _ f(P n(P)—r
Py <(%1’Ymin) 7 <f(r)<(mmax> 7 )=1. (4.37)

Combining this with Lemma 8 gives

]PH <(,y*—1,ymin)m(73)—re—Tm(7’)5 < f(’P)rg(’P) < (,),*,),max)m(P)—reTm(Pw) -1 (4.38)

Applying (4.38) twice yields

L c"PIF(P)G(P)(dP) <T D ™ (YeYmax)™ €™ f Lo, (P™)v(dP™)
[i]

gpm
m=r

S L ¢ (Pl PI 2P £(P) g (P)v(d P),
eO L]

where the middle equality §,n 15, (P")v(dP") = §,m 1z, (P")v(dP") follows by
symmetry. ]
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With Lemma 12 in hand, we are now ready to complete the proof of Lemma 11.

Proof. (Lemma 11, cont’d) Note that for any constant ¢ € (0, 0) we have by Lemma 12

m(P) u(dP) f u(dP) J m(P)=r) 2m(P)TS (4P
)¢ V.Z 7,2 . H@P)

1 m —T) 2m
_ EIE c (P)VE(W(P) ) 2 (P)Té]'

Setting (cpik“) PrmaxeT 0 ))2 and combining with (4.36) gives the stated bound:

< "o P2(s
]EV[ZTJZ(P)] < 21 T(0+20) IEy[gm(P)fr] Z (51>

i=1

4

7!

where we recall that 6 = 43¢2 2 2T(6+20), O

The following lemma, which is proved in Appendix C.1, will be used to obtain explicit
lower and upper bounds on the quantities p, and E[0"(P)~"], respectively, that appear in

Lemmas 10 and 11.
Lemma 13. Let 6 € R and ¢ = 92,/ Yming2e T (Ymax—Tmin)  Then

E,[0"P)] < 6" exp (rTOcexp(Tq0) + (n — 1) T*6*cymin exp(Tq0)) .

In addition, the following lower bound on p, given in (4.28) holds
pr = exp (—rTeexp(Tqymax) — (1 — r)T%c exp(TqYmax) Ymin) -
We now plug the bounds from Lemma 13 into the bounds obtained in Lemmas 10 and

11 to prove the following result relating L?(7, #) and L?(®, Us). Theorem 4 follows as a

special case.
Theorem 8. Let 6 = 7*47* 2(k+1) ¢max T(0+20) gnd
2
c— Ymax q2 oT(Ymax—Ymin) [geT 96 4 zeTWmax] +2(25 +50)
Ymin

C/ — r)/rznaxqzeTq('Ymax_'Ymin) [QZETWG + 2eTq'}’max]_
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Then the follow upper bound holds:

L*(m, u) < exp (rTc+ (n—r)T2) L*(®, Us).

In particular, under Assumption 2, the importance sampling estimator with

N(e) = O(e*L*(®, Us))
for € € (0,1) provides a randomized approximation scheme for p 1 g)(y | X).

Proof. Applying Lemmas 10 and 11 together with (4.26) gives us

. m(P)—r
12(m, ) < 2725459 B [9,,2 '@, ug).
r

Applying Lemma 13 gives us the stated bound:

m(P)—r N
] L*(®,Us) < exp (rTc+ (n—r)T?c) L*(®, Us). (4.39)

eer(25+55) E, [0
p?

O]

Theorem 4 follows immediately from Theorem 8 by taking a uniform bound over the

context-dependent rates:

Proof. (Theorem 4) Apply Theorem 8 and note

D lsreSym(S) i

-3 s’ m r! ¥

LX(®, Us) = > o))y S S
(Z§’€Sym($) 7! )

4.3.3 Proof of Theorem 6

We now prove Theorem 6. Supporting details are given in Appendix D. Consider
the sequences x* = T-(TCAT)"'-T and y* = T-(TTGT)"'-T composed of repeating subse-
quences. As seen in Figure 4.1, the observed mutations make up a set of r;(n) := r(n)/2

repeating islands, each of size 2.
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x =T [T[C[A]T[T[C|A|T|~[T[C|A|T]--[T]

1 2 rr

y'=[1]-[T[T[G]T[T[T[G]T|~[T[T[G]T]-[T]
1 2 1
FIGURE 4.1: Endpoint sequences used to establish lower bounds on KL(7t| ). Note the |
islands corresponding to each (C, A) pair mutating to a (T, G) pair.

Definition 2 (Island problem). For the sequences given in Figure 4.1, consider x* evolving to

y* under the CpG model (4.2) with context-dependent rates given by

,7([7; fi) — ,),(b’- xi)}Ulcc(xi—llxi)+]1cc(xi,xi+1) (4.40)

with y(b;b') =1 for b,b" € {A,G,C, T} and A € (1, 0). Approximate p 1,5y (y* | X*).

For the island problem p is the JC69 model [72] with unit substitution rate, and CpG
pairs exhibit an increased mutation rate. In each island, the pair of observed mutations
can occur in one of two orders in paths of length r: one order produces a CpG-type mu-
tation event, while the other does not (see Figure 4.2). Theorem 4 (under Assumption 2)
gives

X2 || u) = O(AZ ), (4.41)

Consequently, N* = O(e~2A¥ (")) samples are sufficient to obtain an e-relative error esti-

mate of the marginal likelihood. We now establish a corresponding lower bound for this
problem when T(n) = ©(r(n)/n) and r(n) < ns, by showing

Diw (7 [| ) = Q(r(n)). (442)

(Recall that this implies log(x2(7t || 1)) = ©(r(n)) by (4.41) and Jensen’s inequality.) We
will obtain (4.42) using the following lemma, which establishes a key connection between

D (7 || 1) and Dgr (@ || Us)-

Lemma 14. If T(n) = @(@) and r(n) < n3, then for the island problem
Dic(7t || ) = Q (D (@ || Us)) -
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Time Cl| A Time Cl| A

T|G T|G

(a): An example of an island path with the left (b): An example of an island path with the right
site mutating before the right site. site mutating before the left site.

FIGURE 4.2: Possible orderings for a length 2 path within an island, with mutation events
labeled by their corresponding rates. The sites immediately to the left and right of an
island are both T’s (see Figure 4.1).

The proof of Lemma 14 is given in Appendix D.3. We now compute Dxp (® || Us)
exactly and establish (4.42). First observe that since there are only two orderings at a
given island (see Figure 4.2), each occurring with equal probability under Us, we have

that ®(s") € {0,A,A%,..., A"} and

Y 1 rr
Similarly, by the definition of
o)== (M) () ()
Py (O(s") = ) (j ) (75) - (4.44)

That is, the number of islands which are ordered as in Figure 4.2(b) is binomially dis-

tributed under both the DSM and ISM models, with success probabilities A /(1 + A) and
1/2, respectively. For A € (1,), these two binomial distributions diverge as r; grows.

This is formalized in Lemma 15, which requires the following identity:

Proposition 4. Forany N € {0,1,2,...} and A > 0:

i“i <N> _ AN+ )N

1 2
i=0

The proof is given in Appendix D.
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Lemma 15. For the island problem, there exists a constant c(A) such that

D (® || Us) > r(n)e(A).
Proof. By (4.43) and the binomial theorem
1 d rr 1 + /\ "
ol =72 ()0 = (5)
Next, we have again by (4.43)

Dice (& | Us) = Eug [5 (<s 3) o <u5(<;)>”

= Ey, [log <]Euig()sr)]) Euj)[g()s’)]]
- Zo (7)1 (((1 J)/Z)”) o ”

_ log(A) <hoifT
- 30 () — rilog((1+1)/2).

Finally, by Proposition 4
log i 1+AY\ A log (12)
1+AUZA< >—r110g< > >—r110g()t) [2— log(\) > rc(A)

for some c(A) > Osince the function A /2 —log (352) / log(A) is continuous and monotone

increasing in A € (1, ). O

Theorem 6 now follows by combining the upper bound on x?(7t || 1) given in Theo-

rem 4 with the lower bound on Dy (7 || ) given in Lemma 14.

Proof. (Theorem 6) First note that by Jensen’s inequality

Dic (1|1 = [ log(x(P)/u(P))x(@P) < tog [ (e(P)/uP))dP))

= log(xX*(7 || ) +1).
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By assumption (Lemma 14), T(n) = O(r(n)/n) and r(n) < ns, satisfying Assumption 2.
Consequently, by Theorem 4 there exists a constant ¢ > 0 such that

D (7 || ) < log(x* (7t || p) +1) = log(L*(, 1)) < r(n)c = O(r(n))

Conversely, Lemmas 14 and 15 imply that

Dxi(7 || ) = Q (Dx(@ || Us)) = Q(r(n)).
Consequently, Dxy (7t || #) = ©(r(n)). O
4.3.4 Model-Specific Improvements: the JC69+CpG Model

The bound on x?(7t || 1) given in Theorem 4 holds for any pair of sequences under
arbitrary context-dependence. However, in some cases the resulting bounds on N*(e)
can be impractically loose; here we show how the argument may be tightened by taking
advantage of the context-dependency structure specific to a given DSM, yielding sharper
bounds on x?(7t || #). We compare the bounds obtained with numerical results from

simulation experiments. Consider the JC69+CpG model studied in [59], where y is given

by the JC69 model:
Fi(b; %) = %ABCG(xiflrxi)JrﬂCG(xi/xi+1)_ (4.45)
s0 (Qj)pp = —1foralliand all b € /. We now revisit the arguments in Section 4.3 to

demonstrate how a tighter bound on L2(7, ) may be obtained for this model. We first

show that constants appearing in the bounds in Lemmas 10 and 11 can be improved:

Proposition 5. Consider the JC69+CpG model (4.45) and let

QCG — max(A_z, /\2)84Tmax(1—)\,)\—1)

Then
2 sermax - Bul0EC ] o g
L (7‘(,}[) < e max{1-A,A— }TL (‘1>,Us)~
r
The upper bound in Proposition 5 can be significantly tighter than the bound in The-

orem 8 (see (4.39)). For example, Occ is much smaller than the quantity 6 defined in
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Lemma 11 since for the model (4.45) if A > 1

2(k+1 5 _
0 — 734’ (k+ )(PrznaxezT(Mzé) — A6p12T(A-1)

*

In Proposition 6 below we show how the upper bound in Proposition 5 can be computed

exactly for this model and compare the bound to numerical estimates of L?(7t, ).

Proof. Recall that 6 = q(Ymax — Ymin) and & = g(k + 1)(¥max — Ymin) in Lemma 8 are uni-
form bounds on the change in overall sequence mutation rate after a single substitution,
under the ISM (JC69) and DSM (JC69+CpG) models, respectively. Under (4.45), 6 = 0
since the JC69 rates are constant. A sharper § can be obtained by noting that, in place of

Lemma 8

P, (|¢(s(P),b(P))| < 2m(P)Tmax{l—A,A—1}) = 1. (4.46)

since the change in the number of CG pairs from x(#/) to x(#/*1) is at most one (a single
mutation can result in the net creation or removal of at most one CG pair). Thus the exit

rate of at most two sites can change, leading to the uniform bound:

[7Cix(#) = F(5x(#F)] < 2max{l — A, A — 1},

Since this holds for “extra” mutations as well, we also have

P @(s(P),b(P))1z,(P)
" d(s!)

1

< maxm<m<P>r>,Am<P>r}1y[i]<7>>> _1 e

which provides an improvement on (4.35). Plugging (4.46) and (4.47) into the proofs of
Lemma 10 and 11 in place of (4.34) and (4.35) yields the stated bound. O

The terms in the bound of Proposition 5 can be computed exactly. By site independence

we have
P)— 1~ Pi
Ed0C 1= 5 [[EwlocS”) o= Pu(m(Pi) = ) [Py (m(Pi) = 0).
CG j=1 ieS i¢S
(4.48)
and under y;, the distribution of m(P;) is available in closed form:
e_TT.—,jRgc. ”
Py (m(Pi) = j) = - —> =" (4.49)

p(r.) Wi | xi)’
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where R is the jump chain corresponding to y; given by Ry, = 0 and Ry = 1/3 for
b # b'. Hence, both quantities in (4.48) can be computed exactly using (4.49). Below, we
consider the island problem from Section 4.3.3 and show how L?(®, Us) in Proposition 5

can be computed exactly in this case.

Proposition 6. For the island problem in Section 4.3.3:

21’1 (1 + AZ)T’I

2(& —
L (CID,US) - W

Proof. Let C; denote the set of sites lying in the context of site i. Partition the set of observed
mutations S into r; islands 7, . ..,Z,, defined as maximal subsets of observed mutation

sites having overlapping contexts, so:

{vie,Ci} N {vier, Ci} = D forj # '

and let r; := |Z;|. For any path of length exactly r, the product of rates corresponding to

j j yPpP & y P P g
the 7; jumps in the jth island can take on at most r;! values @y j, ..., @, ;. That is, we can
write

2 2 2
12(é, Ug) — 7 Dgresym(s) P27 1t Tt iy, Piaa P P
' (5 Zsresym(s) P(s7)? iy iy, Pir1 P2+ Pip )

(4.50)

To see the second equality, note that there are r¢!...7,,! orderings of the mutations within

eachisland and ®(s") is invariant over the r!/ri!... 7! = (, " ) permutations that agree
..... -

with the given suborders of the island mutations. For the sequences x* and y* we have

ri=2,®;=1and ®;; = Aforallj=1,...,r; so the right-hand side simplifies:

! IS P2 P2 2 r 2 2
Al i PiaPha e Pin 27T (R +@5)  20(14 A%

i g, Pirt P2+ Py )2 [T (Pri+ D)2 (1+A)2
0

Figure 4.3 gives bounds (dashed lines) on N* at a range of values of T obtained by
applying Chebychev’s inequality for ¢ = 0.01 using the upper bound on L?(7, u) given

by combining Propositions 5 and 6, applied to the Island Problem (Definition 2) with
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n = 1600 and A = 0.5. Empirical estimates (solid lines) computed from the estimated
relative variance of p 1 o) (y | x) under importance sampling are shown for comparison.
Since €2 = 10000, Chebychev’s inequality requires N > 10000 even when L?(7t, i) = 1.
We see that for T small, our bound nearly matches the empirically observed values across
the range of r values shown, while as T approaches r/n our bound becomes quite loose.
Observe that the empirical variances of the estimators grow exponentially beyond the
¥ = nz = 40 vertical line where Assumption 2 is violated, but remain quite small for

r < nz despite our estimators being computed using N = 10000 instead of N*; this is an

example of Chebychev’s inequality being overly conservative.
4.4 Sequential Monte Carlo for Endpoint-Conditioned CTMCs

The bound given in Theorem 4 is tight (as demonstrated by Theorem 6) and suffices
for many problems, but requires a sample size - and hence runtime of the importance
sampling algorithm - that grows exponentially in the number of observed mutations . In
many applied problems, r will be sufficiently large to make this prohibitively expensive.
Here we introduce a sequential Monte Carlo (SMC) algorithm and show that it provides
a dramatic improvement in computational complexity under conditions satisfied in most

practical problems.
4.4.1 An SMC Algorithm for DSMs

The importance sampling scheme of Section 4.1.2 can be extended to a multi-stage pro-
cedure which more finely controls the variance, via a sequential Monte Carlo algorithm,
to form a telescoping product estimator of pr o) (y | x) which reduces the L? distance re-
quired by any individual IS estimation step. Here we denote the sequence of distributions
by u = mo, 1, m2,..., my = 7 all defined on &?. As in Chapter 3, we let g, denote the

corresponding unnormalized densities for v € {0,...,V}, so

7o(P) = qu(P)/ 20, (4.51)
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—— Estimate
Bound

Sample Size to Obtain € = 0.01 Relative Error

T=0.01xr/n

T=0.05xr/n

le+06
9e+05 A
8e+05
7e+05 A
6e+05 -
5e+05 A
4e+05 1
3e+05
2e+05 A
le+05 A

Oe+00 T T

30 40 50 60

T=0.2xr/n

le+06
9e+05 A
8e+05 A
7e+05 -
6e+05
5e+05 A
4e+05 A
3e+05 7
2e+05 A
le+05 4

/

Oe+00 — T
0 10 20

N = 10000 samples each). The vertical line marks r = n?, where Assumption 2 breaks
down.

defined in Chapter 2:

30 40 50 60

2. Forv=1,...,V:

1. (Initialization) Sample 75(()1), s, 75(()N

iid
) iid o
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FIGURE 4.3: Model-specific bounds (dashed lines) on N* with e = 0.01 Chebychev’s
inequality using the L?(7, u) bound of Proposition 5, for the JC69+CpG model with n =
1600 and A = 0.5 and for various values of r and T. Solid lines and 95% confidence
intervals show sample sizes, estimates obtained from the estimated squared coefficient
of variation of p(1q)(y | x) under importance sampling estimates (30 replicates using

with z, = {_, qo(P)dv(P) the normalizing constant of 7r,. The algorithm proceeds as




(a) (Resampling) Sample PV, ..., P where

w, (P

755}1‘) _ 757(}121 with probability N a0
Zizl wv(Pv—l)

for wy(P) = qo(P)/qo-1(P).
(b) (Mutation) Sample 755,1), . .,751() ) where 73 \ 73 ~ KfJ(TDZ(f), -) and K, is an
ergodic 71,-invariant Markov kernel.
As in Chapter 3, we define the run time of the SMC sampler as NVs, which is the to-
tal number of Markov transition steps required in a single run of the algorithm. Here,
we choose 7y, ..., Ty to be a sequence of ‘tempered” DSMs with decreasing interaction

strength as follows. Let 0 = Bp < f1 < ... < By = 1 denote a set of inverse temperatures

and define

’?i,v(b/’ fi) = ')’i(b; xz-)qbﬁ” (b, fi) for be eKM\XI'. (452)

The (unnormalized) conditional joint density (4.5) of a path P from x to y under the tem-
pered model becomes

m(P)
- —"—”-'x;l CAH ) (-
P 1o, (¥, P | %) H (V% J De A (=DTe( ™) | g =A% )%(,Y)]lx(m(P))*y(P)/

(4.53)

where Q, is the a" x 4" rate matrix obtained from (4.52). This defines a sequence of

endpoint-conditioned path distributions y = 7o, 11, ..., Ty = 7 with

Pr.g,)(y, P | x) Piro)(y,Plx)
(Ql — (T’QU) 4‘54
v (9, P [ Ov(dP) z0 @54

(P) := 11,(P | x,y) = S

Note that z, = p(TQv)(y | x) denotes the transition probability under the DSM corre-

sponding to 77,. Recall from Chapter 2 the product estimator of z, by the recursion
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and so an estimate of p 7 (y | x) is obtained by
v N
o (LN R 1 A (i
a(P)) =2y =2 ] ] (N ' wv(P§)1)> : (4.55)

We define a 7rp-invariant mutation kernel K that randomly selects a block of mutated sites
and proposes a joint update to the paths at all sites in the block. Let . = {Z;,...,7p}
denote a partition of all site indices {1,...,n} into B blocks and let sz ={P;:ic€ Ij}
denote the projection of the path P onto the index set Z;. Let K(;) be a Metropolis-Hastings

kernel defined on &7, that updates Pz, jointly by proposing from the ISM :

K(j)(Pz,dPy) i= iz, (d Py )aj(Pz, Py) + op, (dP) [1 - L iz, (4P )a(Pz, Pr)
Zj

where yi7,(P1,)c P(1,g)(yz, Pz, | X7;) denotes the restriction of the ISM to the sites Z;, and

accepting or rejecting according to

P
wj(Pz, Pr) = mm{l ZEPEJ;} (4.56)

]

thus leaving the conditional distribution N(PI]. | PIH],x,y) invariant. The mutation
kernel K chooses a partition element Z; uniformly at random and updates Pz, via K;),

yielding joint kernel

B
K(P,dP") Z )(Pz,d Py, )op,  (d Pr_,)- (4.57)

Uu\»—\

Note that K is implicitly a function of the partition .# but we do not make this dependence
explicit in the notation; the choice of partition is discussed below. Denote by Kj, ..., Ky

the mutation kernels (4.57) targeting 7y, . . ., 7ty, respectively.
4.4.2 Island Partitions

We will establish bounds for the SMC algorithm described above in the case of DSMs
with the context of a site is given by its k/2-nearest neighbors to the left and to the right.

We refer to this set of sites as a k-neighborhood. For example, the 2-neighborhood of a
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site refers to its immediate left and right neighbors; the CpG model is an example of a

2-neighborhood DSM.

Assumption 3. The context at each site is contained in its k-neighborhood:

Xi = (xi_gl e Xi1, X4, Xig 1, - - "xi+%)

Under Assumption 3, each %; forms a set of contiguous sites. It will be natural to
choose a partition .# of {1,...,n} in which the sites of each block are also contiguous.
When no observed mutations lie among the sites at the beginning and ending of each
contiguous block, we refer to such a partition as an island partition. More formally, let
Ci < {1,...,n}\{i} denote the set of sites lying in the context of site i and define an edge
site of a partition element Z; to be a site in Z; whose context overlaps a neighboring block.

Let D; be the set of edge sites for block j:

D]: {ZGI] (CZGI]_1)U<ClﬂZ']+1) #@} fOI']:1,,B, (458)

and let 2 = {D;, ..., Dg}. We formalize this choice of partition in the following assump-

tion which will be used in stating our main results:

Assumption 4. .¥ is an island partition, i.e., the sites in each of the blocks Z,,...,Zp are

contiguous and x; = y; forall i € 9.

Establishing our result involves bounding the number of jumps that occur at sites in
§¢, and in particular the number of jumps m(Pp,) among the division sites 2. Bounding
m(’Pp].) will also require bounding the number of jumps at the boundaries of the division
sites. Let 0D; = uiep].Ci\Dj denote the division boundary for block j, and 07 = u leaDj

the set of all such boundary sites. An example is shown in Figure 4.4.
4.4.3 Bounds for SMC

We state our main result for SMC as a consequence of the results given in Appendix E.
Before stating the main result, we develop notation and briefly review the SMC complex-

ity results from Chapter 2. Recall that a distribution 7 is said to be w-warm with respect to
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x=|A[A[G[G[A[A|A[AJA[A[A|G[G|A[A[A[A[A|A[A[G]G[A[A]

Dy D, D, Ds
5D1 aDZ 82)2 aDS
T I I3
y = A[A[T[T[A[AJA[AJA]A[A[T]T[A[A[A[A[AJA[A[T]T][A]A]
Dl Dz D2 DS
61)1 5D2 8272 aD?;

FIGURE 4.4: Example of an island partition with B = 3 blocks showing 2 and 0% for
k=4.

7Ty if
(B |C)
su < w. (4.59)
b 7o(B)
and the warm mixing time of K, by
(€, w) = inf{s cosup InKS() — ()|l < e} , (4.60)
NEMy(TTy)

where 7 K5(-) := §,7(dP)K,(P,-) and .#,(m,) denotes the set of all w-warm distri-
butions with respect to 71,. We restate the SMC finite sample complexity bound from

Chapter 2 for convenience, which will be used to establish the main result in this section:

Theorem 9. (Marion, Mathews, and Schmidler [94]) Let € € (0,1) and § € (0,1) be fixed and

A (N A (1) i
assume 73(() ),...,Pé ) 0. Let

1. N > maxy L?(71y, 715_1) max {181og (56 71V),2061e2V3}
2. s = maxy Tv(%, 2).

Then with probability 1 — ¢

N ~1:N
2v(Piv) — zV’ < ezy.
Main Result for SMC

The following result provides a bound on the runtime N'V's of the SMC algorithm nec-

essary to approximate p ) (y | x) with e-relative error. This result, which is established

70



in Appendix E, follows by bounding L?(7t,, 77,1 ) and the warm mixing time 7, (€, 2) and

applying Theorem 9.

Theorem 10. Suppose that (i) Assumption 2 holds, (ii) the context at each site is a k-neighborhood
(Assumption 3 holds), and (iii) . is an island partition (Assumption 4 holds). Then
1. There exists a sequence of inverse temperatures 0 = By < B1 < ... < By = 1 such that
V = O(n) and max, L?(7,, my_1) = O(1).
2. The 2-warm mixing time of the blocked Markov chain (4.57) satisfies

o -1
max T, <5NV’2> = poly(6™, N, V,B)exp((’)(m]axrzj)).

Consequently, SMC provides a randomized approximation scheme for p 1 o) (y | x) with e-relative

error in time

O (poly (e_l,r, B) exp(c(k, ¢s, ¥+) max rIj)> , (4.61)
j

for model-dependent constant ¢ € (0, ) such that c(k, ., 7+) = O(klog(¢.) max{log(y.),k})
assuming max{¥max, ¢} < min{¢., k} and Assumption 2 holds, where ¢. = Pmax/Pmin, Y+« =

’)’max/’)’min and Y = Qb*’)’*-

Critically, the bound (4.61) does not grow exponentially in the observed mutation
count r but rather in the max island size max; rg. As a result, the SMC algorithm pro-
vides a substantial improvement in computational complexity over the base importance
sampler studied in Sections 4.2 and 4.3. Indeed, recalling the problem from Section 4.3.3
used to establish the lower bound (Theorem 6) for the base importance sampler, we now
see that the SMC algorithm provides a fully polynomial time randomized approximation

scheme (FPRAS) for this problem under an appropriately chosen .#:

Corollary 4. Consider the island problem in Section 4.3.3 (Definition 2) Under the same settings
as Theorem 6, the SMC algorithm using r; = B blocks corresponding to each of the ry islands

provides a FPRAS for estimating p r g)(y | x).
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Proof. Since max;rz; = 2, SMC provides a FPRAS for approximating the marginal likeli-
hood by Theorem 10. O
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5. Computing the Inducibility of Broadly Neutralizing
Antibodies Under a Context-Dependent Model of Affinity
Maturation

Recall that in Section 4.3 in Chapter 4 we established a fundamental connection be-
tween the performance of the importance sampler and the orderings in which the r =
d(x, y) required mutations occur. In this chapter, we demonstrate that studying such or-
derings is of scientific interest as well. In particular, a key challenge in lineage-based vac-
cine design is understanding the inducibility of target neutralizing antibodies - the ability
of these antibodies to be elicited by presentation of an immunogen. Induction relies on
a combination of stochastic diversification and immunogen-based selection, and as a re-
sult is heavily dependent on the probabilistic accessibility of induction pathways. In this
chapter, we explore inducibility using a detailed stochastic model of the somatic hyper-
mutation process - which captures the critical context-dependence of sequence mutation
rates considered in Chapter 4 - coupled to a stochastic population model for B cell clonal
maturation. The model is used to calculate inducibilities for a set of critical mutations
required by the HIV broadly-neutralizing antibody CH235.12. The results provide insight
into barriers to the elicitation of HIV bnAbs and explain experimental results observed in
mouse models. Our models enable detailed analysis of maturation pathway probabilities,
allowing us to identify opportunities for the design of boosting immunogens aimed at

elicitation of CH235.12 via a sequential vaccination regimen.
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5.1 Problem Statement

Vaccination aims to induce antibodies — the secreted versions of B cell receptors — that
can neutralize pathogens and thus provide protection against infection. B cells evolve
their antigen receptors to specifically recognize pathogens through progressive rounds of
mutation and selection based on affinity to antigen. However, rapidly mutating viruses
such as HIV, influenza and SARS-CoV-2 can escape the B cell response through viral di-
versification. In such cases, it is of great interest to develop vaccination strategies to elicit
broadly neutralizing antibodies (bnAbs). However, bnAbs are rarely elicited in infection
due to a variety of factors [144]. For example, HIV bnAbs typically originate from B cells
with low precursor frequencies in the human B cell receptor repertoire [58, 65]. They also
typically have high numbers of mutations, some of which may be essential for broad neu-
tralization but are made infrequently by activation-induced cytidine deaminase (AID), the
enzyme responsible for mutating the B cell receptor [151]. Acquisition of these improbable
mutations is a key bottleneck for bnAb induction [151, 127]. In these situations, traditional
vaccine design strategies have proven ineffective at eliciting bnAbs. This has motivated
the development of advanced vaccine design strategies which aim to use known bnAbs as
templates to design immunogens that can direct B cell evolution towards their induction
[57, 66, 58,132, 77].

One promising HIV vaccine design approach, called sequential prime-boosting, aims to
tirst induce low-frequency bnAb B cell precursors with a priming immunogen, and then
mature those clonal lineages with one or more additional, distinct boosting immunogens.
A key step of this approach is the inference of a reconstructed B cell receptor (BCR) se-
quence of the bnAb precursor, referred to as the unmutated common ancestor (UCA),
from observed, clonally-related sequences using statistical algorithms [74, 57]. Recent
progress has been made on the first component of this sequential prime-boost approach
through the design of priming immunogens that can initiate precursors of bnAb B cell

clonal lineages [128, 81]. However, the design of boosting immunogens that can select for
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sets of required, improbable mutations in the initiated bnAb B cell clonal lineages remains
a central challenge [58].

Current experimental approaches to develop sequential prime-boost vaccine regimens
are highly labor- and time-intensive, relying on cycles of immunogen design, immuniza-
tion of animal models, and B cell receptor repertoire sequencing to assess whether desired
mutations were elicited [127, 132, 14]. In this chapter, we propose the use of computa-
tional models to accelerate the vaccine design process. Specifically, we consider the use of
stochastic models of the somatic hypermutation process to calculate the “inducibility” -
the probability of induction - of various key BCR mutations along bnAb maturation path-
ways. We show that this approach can significantly inform the design of immunogens
for development of vaccine regimens aimed at efficiently guiding the affinity maturation
process towards a desired bnAb response.

Critical to our approach is the recognition that fixation of mutations is the product
of two separate forces: somatic hypermutation and antigenic selection. While vaccina-
tion with carefully chosen immunogens can introduce targeted selection, it is hypothe-
sized that one of the primary difficulties in eliciting bnAbs (in HIV, say) is the inherently
low frequency with which essential mutations occur [151]. If this frequency is too low,
there are unlikely to be any instances of the mutation in the B cell population on which
immunogen-induced selection can act. The use of stochastic modeling of the somatic
hypermutation process to understand this frequency is therefore critical. A key step in
formalizing this problem is answering the following question, which is very similar to the
one studied in Chapter 4. Given an ancestral B cell receptor sequence x within a B cell
clonal lineage, what is the probability Pr(y | x) of obtaining a target sequence y contain-
ing the required mutations along the lineage, under a realistic model of affinity matura-
tion. However, because mutation of B cell receptors is sequence context-dependent due to
biases in mutational targeting and substitution by AID, mutations do not arise indepen-
dently during B cell evolution. Our approach allows the vaccine designer to identify mu-

tations which have such low probability of occurrence that they are not readily inducible
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in realistic clonal population sizes in a germinal center by somatic hypermutation. We
term these “uninducible mutations” here. In addition, our modeling allows vaccine de-
signers to utilize the context-dependence of somatic hypermutation to their advantage,
overcoming the challenges of eliciting uninducible target mutations by selecting alterna-
tive mutations that ultimately increase the probability of acquiring the target mutation.
Finally, we show accounting for the impact of mutation ordering on inducibility can al-
low designers to optimize their vaccine regimens to maximize the probability of eliciting
sets of multiple required mutations, a critical step for the success of lineage-based vaccine

design strategies.

5.2 Computational Modeling of SHM+Selection Germinal Center
Cycles

In previous work, somatic hypermutation in B cell receptors was modeled through
forward simulation, using both targeting and substitution rates for the AID enzyme as
determined from Next-Generation Sequencing (NGS) data [151, 159]. The time-scale of
these simulations was chosen to reflect the mutation level observed in sequence data, in
order to assess the likelihood of specific amino acid changes for a defined number of mu-
tation events. Here we expand this approach to incorporate a model of the evolution
of a clonal B cell population under antigenic selection, with parameters of the forward
simulation process chosen to match experimentally observed properties of germinal cen-
ter biology. Specifically, we define our forward simulation duration by rounds, where (a)
one round of mutation represents time spent in the dark zone where B cell proliferation
and somatic hypermutation occur according to a Poisson distribution with rates informed
by experimental findings [95] (see below) and (b) one round of selection represents time
spent in the light zone, resulting in preferential passage of B cells back to the dark zone de-
pending on the presence of specific amino acids selected for by antigen. Together a round
of mutation and a round of selection results in a germinal center cycle. The probability

of mutation acquisition is then estimated by simulating the evolution of a population of
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Ng B cells for multiple mutation/selection cycles and computing the fraction of cells that
have acquired the target amino acid mutation. Each simulation is repeated multiple times
to assess the variance of the estimated acquisition probabilities and obtain corresponding
95% confidence intervals.

In each mutation (dark zone) round, the B cells evolve according to a continuous-time
Markov chain (CTMC) with context-dependent rates [159], as in the evolutionary mod-
eled described in Chapter 4. During each selection (light zone) round, cells that have ac-
quired the targeted amino acid mutations are assigned a fitness weight ¢ € (0, ), while
the remaining cells are assigned a weight of one. The population of N B cells is then
resampled with replacement, with probabilities proportional to their respective weights.
The parameter ¢ controls the selection strength: cells assigned weight i are more likely
to be copied when ¢ > 1 and more likely to be removed when ¢ < 1. Setting 1 = 1 corre-
sponds to neutral drift. The duration of each mutation round was chosen based on the ex-
pected number of mutations and divisions for a single B cell during one passage through
the dark zone. Specifically, we assume that the number of mutations is distributed ac-
cording to a Poisson distribution with a mean of A = 0.35 for an average heavy-chain
sequence of 350 nucleotides, with the value of A obtained by assuming a mutation rate
of 1 nucleotide mutation per 10° bases per division [95]. Experiments indicate that the
number of divisions undergone by a B cell in the germinal center per dark zone cycle is
variable, ranging from 1 to 6 [51]; we model this variability by assuming the number of
cell divisions is 1 + Poisson(1), independently of the number of mutations per division.
Consequently, the expected number of mutations in one passage through the dark zone is
2 x 0.35 = 0.70, and we determine the duration of a dark zone mutation round by finding
the time T that yields an expected number of mutations of approximately 0.70. Additional

details of the simulation methodology are provided in Appendix F.
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Mouse Model Immunizations and Sequencing

Experimental validation of the GC simulations was performed using BCR heavy chain
repertoire sequencing data (SRA:BioProject:PRJNA955686) generated in a previous study
[152]. Briefly, six mice in which the CH235 UCA heavy and light chains were knocked
into the mouse immunoglobulin loci [127] were immunized with a priming immunogen
(CH505.M5.G458Y.GNTI- HIV-1 Env SOSIP trimer) designed to activate the CH235 clonal
lineage. Heavy chain IgG libraries were prepared from RNA from homogenized unsorted
spleen samples and sequenced. Thus the sequenced B cells include both memory B cells
and germinal center B cells, with mutation frequency quantified at the BCR transcript-
level, allowing for qualitative comparison with simulation results regarding the presence
or absence of specific mutations. We previously observed that mice sequenced one week
after receiving a single immunization of the priming immunogen resulted in very low
recovery of class-switched CH235-knockin-derived sequences, likely due to inefficient ac-
tivation of the CH235 clonal lineage after only one immunization [152]. Therefore, we
compared the mutation frequencies obtained from simulations to frequencies observed
in mice immunized twice with the priming immunogen at an interval of 2 weeks where
BCR repertoire sequencing was performed on B cell splenocytes one week after the second

immunization.

5.3 Results

The goal of mutation-guided prime-boost vaccine design is to initiate clonal expansion
of target bnAb B cell lineages from a class of unmutated common ancestors (UCAs) with
a priming immunogen, and then select for descendant B cells where specific desired mu-
tations have occurred using boosting immunogens [152]. Since proliferation of germinal
center B cells is based on the affinity of a B cell’s receptor to antigen, B cells containing
mutations that confer strong binding to an immunogen have higher fitness and thus a
selective advantage over B cells lacking these beneficial mutations. However, antigenic

selection in the light zone cannot operate on mutations unless they are produced in dark
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FIGURE 5.1: Dots indicate that the nucleotide or amino acid is identical to the UCA se-
quence. The 5-mer associated with each nucleotide mutation is shown above the UCA
sequence with the central nucleotide in bold. In cases where a nucleotide mutation over-
laps with the 5-mer of a nucleotide mutation in a different codon, the 5-mer outline and
the nucleotides where mutations occur are shown in red. Codon numbers for amino acids
with multiple nucleotide changes are shown in blue.

zone SHM rounds and the empirical difficulty of eliciting bnAbs has been hypothesized
to be attributable to the fact that they contain improbable but functional mutations that
are critical for breadth of neutralization [58, 151, 127, 131, 68]. The stochastic modeling
approach described in the previous section is well suited to evaluate this hypothesis.

In addition, in sequential prime-boost vaccine strategies, multiple different immuno-
gens can be deployed each with their own unique affinity profiles for target mutations.
This possibility raises important questions about how to optimally design such regimens,
which immunogens to deploy, and the potential impact of immunogen ordering. These
questions can also be addressed using the approach described in the previous section.

Below, we apply this approach to evaluate a set of critical mutations in the CDRH2
region of the heavy chain of the CD4 binding site class HIV bnAb CH235.12[9] shown in
Figure 5.1, to ask the question: what is the probability for each mutation to occur in a
single round of somatic hypermutation? For critical mutations that are highly unlikely to
occur in a dark zone round, we may expect to encounter significant difficulties in inducing
these mutations. In subsequent sections, we consider the problem of designing sequential

vaccination regimens to overcome the challenge of uninducible mutations.
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Identifying “Uninducible" Mutations

As noted above, acquisition of improbable mutations is hypothesized to be a key bot-
tleneck for bnAb induction. Immunogen-induced selection cannot act upon mutations
until they arise via the stochastic SHM process. If key bnAb mutations are highly improb-
able, more probable mutations leading to strain-specific antibody recognition will very
likely come to dominate the germinal center B cell population.

The approach described in Section 5.2 can be used to estimate the probability of occur-
rence, within a single round of dark zone SHM, for any given mutation of a specified BCR
sequence. Figure 5.1 shows a fifteen amino acid long region of the HIV bnAb CH235.12
that includes the CDRH2 in which there are nine amino acid mutations [9]. Table 5.1
shows the results of applying our approach to each of these nine mutations. We see a
sharp division, with four of the mutations (I50Y, G55N, S54A, and S59D) estimated to be
at least two orders of magnitude less probable than the other five (W47L, T58P, N52D,
M48L, and S57R).

For comparison, Figure 5.2 shows results obtained experimentally for six mice with
the unmutated common ancestor (UCA) of the CH235 clone knocked-in that were immu-
nized with a priming immunogen designed to bind strongly to the UCA BCR and activate
CH235 lineages. Figure 5.2 shows the frequency of occurrence of these nine mutations in
the total population of BCR transcripts as obtained by bulk high-throughput sequencing
of the heavy chain BCR repertoires of the immunized mice. Five of the mutations - W47L,
T58P, N52D, M48L, and S57R — have non-zero medians. The agreement with Table 5.1 is
striking. (Since the simulations are at the B cell level, and the quantitative information
of the sequencing data is at the transcript level, simulation results and experimental data
can only be compared qualitatively.)

The probabilities in Table 5.1 are for a single BCR sequence undergoing a single round
of dark-zone SHM. However, each mouse spleen contains over a hundred germinal cen-

ters each containing a large population of B cells, thus dramatically increasing the chances
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of observing a given mutation. (If the mutation occurs in any sequence of any germinal
center, it has an opportunity to be amplified by selection.) Table 5.1 shows the expected
number of mutations observed for each mutation under estimates from the literature on
the number of germinal centers (150, [154]) and GC population size (Ng = 1000, [64]).
When this expected count is less than one, the mutation cannot (on average) be amplified
by selection, and we refer to such mutations as uninducible. We see that the clear division
between “inducible” and “uninducible” mutations still holds, and the agreement with
the mouse data remains remarkably high. This serves as an important validation of our
model’s ability to reproduce qualitative experimentally-observed behavior.

Figure 5.3 shows the probability of mutation occurrence for the nine mutations as a
function of various germinal center population sizes N¢, with an observation probability
threshold of 99%. We see that for a range of plausible germinal center B cell population
sizes around Ng = 1000, the model calculations remain in strong agreement with the
mouse data. A germinal center B cell population size of 1000 is consistent with measure-

ments taken from germinal centers in mice [64].
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FIGURE 5.2: Immunized mouse model experiments validate computational modeling pre-
dictions. Shown are experimental results for six mice ordered by their probability esti-
mates in Table 1. The five mutations on the right side of the plot are have a non-zero
median frequency.

81



Table 5.1: Single-round dark zone somatic hypermutation probability estimates for the 9
amino acid mutations in CDRH2 region of CH235.12. The first column denotes the amino
acid in the CDRH2 region of the CH235.12 sequence. The second column corresponds
to the minimum number of base substitutions required to obtain the amino acid starting
from the UCA codon. The third column gives the expected number of B cells with the
amino acid mutation in a population of 150 germinal centers, each of population size
Ng = 1000 (i.e. a total population of 1.5 x 10° B-cells). The fourth column gives the
estimated probability of observing the amino acid at the end of the first round of mutation.
Estimates are based on 200 simulation experiments, each consisting of 107 simulations
of a single B cell. The fifth column provides 95% confidence intervals for the estimated
probability.

| Amino Acid | Bases | Expected Obs. [ Prob. | 95% C.L ‘

150Y 3 0 0.00 (0.00, 0.00)

G55N 2 0.180 1.20 x 10°¢ | (5.17 x 107, 1.96 x 10~°)
S54A 2 0.186 1.24 x107° | (6.20 x 10~7,1.86 x 10~°)
S59D 2 0.695 4.63x107° | (341 x 107%,5.89 x 1079)
W47L 1 37.5 250 x 107% | (240 x 107%,2.59 x 107 %)
T58P 1 55.4 3.69 x 10~* | (3.58 x 107%,3.80 x 107 %)
N52D 1 100.5 6.70 x 10~% | (6.53 x 10~%, 6.85 x 10~%)
M48L 1 208.5 1.39 x 1073 | (1.36 x 1073, 1.40 x 1077)
S57R 1 1260 8.40 x 1073 | (8.35 x 1073, 8.46 x 1079)

Targeting Intermediate Amino Acids with Sequential Vaccine Design
Can Improve Inducibility

Each of the CH235 amino acid substitutions that were identified as uninducible in
Table 5.1 require two or more base changes in the same codon (Figure 5.1). Table 5.1
shows that these are exceedingly unlikely to occur in a single dark zone round; B cells
that acquire these mutations will typically have undergone multiple cycles of mutation
and selection. During the light zone portion of those cycles, the intermediate amino acids
encoded by single base changes in the codon will be subject to selection. Because direct
(single dark zone round) mutation to the desired amino acid is extremely improbable,
these single base change intermediate amino acids represent critical evolutionary step-
ping stones along the B cell maturation pathway. If all of these intermediate amino acids
result in a loss of BCR affinity for the antigen, the maturation pathway to the target amino
acid may be blocked. It is therefore critically important for vaccine design to ensure that

the immunogens employed do not select against these intermediate amino acids.
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FIGURE 5.3: Presence of target mutations in GC simulations over a range of B cell pop-
ulation sizes. Mutations (rows) vs population size (columns), where cells filled in black
indicate that in a population of size N, there is > 99% chance of observing the given amino
acid across all N x 150 B cells in the first mutation round, based on single B cell probabil-
ities in Table 1.

Fortunately, these multiple-mutation transitions also present an opportunity for vac-
cine designers. It may be possible to accelerate elicitation of target amino acids by employ-
ing a strategy of designing immunogens to select for BCRs containing these intermediate
amino acids. Figure 5.4 provides an illustrative example. Differences in the probabili-
ties of distinct mutational pathways (through different intermediate amino acids) for the
uninducible mutation G55N in CH235 are clearly seen in Figure 5.4. Acquisition of the
G55N mutation requires two G — A base changes, in the first and second positions of
the codon. A single G — A mutation at the first base results in a serine (G55S), while a
single G — A mutation at the second base results in an aspartic acid (G55D). The pathway
through the GAT codon that yields the G55D intermediate amino acid mutation nearly
doubles the conditional probability of reaching the target G55N mutation relative to the
pathway through the AGT codon that yields the G55S intermediate amino acid mutation
(Figure 5.4B). Therefore, designing an immunogen that preferentially selects for aspartic
acid over serine at this position will significantly increase the probability of inducing the
target G55N mutation (Figure 5.4C). CH235 belongs to a subclass of CD4-mimicking HIV
bnAbs that all use the VH1-46 gene to recognize the CD4 binding site [58]. The VH1-46
germline-encoded V gene segment is expected to be present in most humans with very

limited allelic variation [119], thus a vaccine strategy that includes an immunogen that
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selects for the G55N mutation could be applicable to a diverse population of vaccines and
part of a generalizable approach to accelerating bnAb elicitation. Figures 5.5, 5.6 and 5.7
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FIGURE 5.4: Pathways Through an Intermediate Amino Acid at Position 55. A. Two nu-
cleotide changes are required to obtain the targeted asparagine (N) at position 55. Single
base changes result in codons encoding intermediate amino acids serine (S) or aspartic
acid (D). B. Paths through the S and D codons are shown at selection strength of ¢ = 1.
Arrows from the UCA to intermediate codons are labeled with their transition probabil-
ities under a single cycle of mutation and selection. Arrows from intermediate codons
to G55N are labeled by the conditional probabilities under an additional round of muta-
tion. For acquisition of G55N, selection of D in the first round is preferred because the
conditional probability of transitioning to N from D is nearly double that from S. Arrow
widths are proportional to probability. Paths through codons AGC and GAC (red arrows)
are below the inducibility cutoff established in Section 5.3. C. Informed by our stochastic
GC modeling, a sequential vaccine strategy that deploys an immunogen to select for the
intermediate G55D mutation first is predicted to accelerate induction of the targeted 55N
mutation.

demonstrate the mechanism by which preferential selection of a specific intermediate
amino acid can accelerate the induction of target mutations. Figure 5.5 shows the prob-
ability flux along the possible maturation pathways for a single B cell, in the absence
of antigenic selection. We see that the G55N mutation occurs at a very low frequency

(< 107°) over all mutation and selection rounds. Only codons obtainable from the UCA
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FIGURE 5.5: Probability flux through codon mutation/selection pathways for a single B
cell for the G55N mutation under neutral drift (p = 1). The target mutation N is unin-
ducible in a single dark zone round and therefore has negligible probability of occurrence
throughout.

codon via a single base substitution occur with non-negligible probability.

Figures 5.6 and 5.7 show how this flux is modified under two different selection strate-
gies targeting the G55N mutation. In Figure 5.6, the target N amino acid is selected for
during both cycles, corresponding to the use of an immunogen which preferentially binds
the target amino acid mutation. In Figure 5.7, the intermediate D mutation is selected for
in the first cycle, while N is selected for in the second cycle. Figure 5.7 thus corresponds to
a sequential vaccination strategy using immunogens that preferentially bind D and then
N, in that order. In each case, a selection strength of p = 25 was used.

As seen in Figure 5.6, selecting for N in both cycles does increase the marginal prob-
ability of observing the desired N mutation in a single B cell, since the small probability
of mutation to N is boosted by the selection round. However, this calculation does not
adequately convey the combined effects of low mutation probability and finite B cell pop-

ulation size in the germinal center, whereby if the mutation is too improbable it will with
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FIGURE 5.6: Probability flux through codon mutation/selection pathways for a single B
cell, for the G55N mutation under a standard vaccination strategy with positive selection
for N (¢ = 25). The target mutation N increases in marginal probability due to selection,
but the low inducibility means that it still will not appear in a finite GC population (Fig-
ure 5.9).

high probability never appear in the population to undergo selection. Figure 5.9 shows
the probability of observing at least one B cell with the N mutation in a population of
N¢ = 1000 cells after each mutation and selection round. Here we see that the probability
of acquiring N after two cycles is less then 1072. This means that the expected number of
B cells that have acquired the N mutation among 150 germinal centers is less than one.
As a result, the strength of selection has no impact - see Figure 5.8(a) - nor does increas-
ing the number of GC cycles, because the small mutation probability ensures that in the
finite B cell population there are zero N-containing B cells for selection to act upon. Thus
the induction pathway is blocked regardless of the total duration of the germinal center
reaction. Only a dramatic increase in the number of B cell populations, corresponding to
engaging many more germinal centers, may improve the chances of obtaining the unin-
ducible mutation.

With this in mind, recall that Figure 5.4 suggests the potential for significantly in-

86



Dark Zone I Light Zone

(mutation) (selection)

Dark Zone | Light Zone
(mutation) (selection)

Probabilities

FIGURE 5.7: Probability flux through codon mutation/selection pathways for a single B
cell, the G55N mutation under a sequential vaccination strategy with positive selection
for D (¢ = 25) in cycle 1 and N (¢ = 25) in cycle 2. The target mutation N reaches an
inducible level of probability at the GC population level (Figure 5.9), due to the creation
of a sufficiently high probability pathway flowing through the GAT codon for D.

creasing the probability of observing N after two cycles by selecting for D with the first
immunogen. Figure 5.7 shows the effect of this strategy on the relative maturation path-
way probabilities. We see that selecting for D in the first round creates a pathway to N by
boosting the marginal probability of the GAT (D) codon after the first light zone round,
which in turn creates a significant flux to the AAT (N) codon during the second dark zone
round. This in turn increases the flux from every (populated) codon to AAT in the second
selection round. By selecting for D first, a high frequency of B cells with the GAT codon
across all subsequent steps is created. The net result is that the marginal probability of a
given B cell acquiring N after two cycles is increased by almost an order of magnitude.
The effects of this increase have a dramatic effect at the population level, as shown in Fig-
ure 5.10, where we see that the probability of observing at least one B cell in a germinal
center with the N mutation is at least 1072. As a consequence, the expected frequency

of observing a B cell with the N mutation among a population of 150 germinal centers is
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greater than one. Figure 5.8(b) shows this effect in greater detail, where we see that selec-
tion can significantly increase the probability of obtaining N after 2 cycles, with an effect

that is increasingly magnified by engaging multiple GCs.
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FIGURE 5.8: Effects of Inmunogenic Selection and Germinal Center Engagement on Prob-
ability of Rare Mutation Induction. Probability of the target mutation occurring in least
one B cell after two GC cycles, shown as a function of immunogenic selection strength
and number of germinal centers, for standard vaccination strategy versus a sequential
strategy targeting intermediate amino acid D. Dashed vertical lines show the selection
strength (i = 25) used in Figures 5.6, 5.7, 5.9, and 5.10.

Choice of intermediate targets

The above results suggest that selection for an intermediate mutation can improve the
induction probability of a target mutation. However, as with G55N, there may be multiple
possible choices for which intermediate amino acid mutation to select. For example, in the
case of G55N, both S and D can be obtained from the UCA codon via a single base sub-
stitution and lie on a path to the desired target amino acid N. To explore the importance
of this choice, we compared transition probabilities from various possible on-pathway in-
termediate amino acids for the uninducible mutations G55N, S54A, and S59D identified
in the CH235 CDRH2 region in Section 5.3, each of which requires two base changes. For
each mutation, we calculated the probabilities of transitioning through each intermediate

amino acid to the mature target amino acid and compared these to the probability of se-
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lecting the target amino acid outright (Tables F.2, E3, F.4 in Appendix F), similar to the
comparison in the probability flow diagrams above. For each pathway, we simulated two
rounds of mutation with an intervening round of selection, under a range of selection
strengths ¢ (Figure F.1 in Appendix F). For all three uninducible mutations, pathways
through selected intermediates had substantially higher probabilities than those under
which the target amino acid was selected for throughout, with differences being great-
est when selection strength was high. These results suggest that if vaccine designers can
design immunogens that provide a large fitness advantage for B cells with intermediate
amino acids, it may be possible to overcome the inducibility barrier for many or most
uninducible mutations.

We observe a large difference in the probability of successfully inducing the target
amino acid N depending on the intermediate amino acid chosen, with mutational paths
through G55D having substantially higher probabilities than paths through G55S. In con-
trast, neither the S54A nor the S59D uninducible mutations demonstrated a strong path
preference through a specific intermediate amino acid (Figure F.1B and C in Appendix F),
although a slight preference for S59G over S59N was observed for S59D. These results
indicate that while preferential selection of specific intermediate amino acids can greatly
increase the probability of eliciting uninducible mutations in some cases, both the mag-
nitude of the benefit and the importance of intermediate choice depends on the sequence
context of the target mutations. Computational modeling to identify target mutations
which is amenable to this approach is therefore a critical tool for lineage-based vaccine

design.
The Importance of Ordering in Mutation Acquisition

In the same spirit as our findings in Chapter 4, when a target bnAb requires multi-
ple critical mutations and those mutations lie in neighboring sequence positions, it raises
the possibility that the order in which mutations are acquired may significantly affect the

inducibility of the bnAb. This is because a mutation at one site changes the sequence con-
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FIGURE 5.9: Probability of observing at least one B cell with a given codon at position 55
of CH235.12 in a GC population of Ng = 1000 cells, under a standard vaccination strategy
that selects for N throughout. N fails to appear in the B cell population with sufficiently
high probability after the second cycle.

text, and hence mutation rate, of its neighboring sites. The CDRH2 in bnAb CH235.12 con-
tains multiple examples (see Figure 5.1), including the pairs (W47L, M48L), (S54A, G55N),
and (S57R, T58P). Indeed, clusters of mutations in CDR regions are commonly observed
in mature antibodies. As a result, we might be concerned that a standard immuniza-
tion strategy may lead to “dead ends”, by inducing early, more probable mutations which
then decrease the probability of other critical mutations below the point of inducibility. Ta-
ble 5.2 and Figure 5.11 show an example of this, demonstrating that it’s possible for the op-
timal immunization regimen to differ dramatically in the presence of context-dependence.
The (hypothetical) example consists of two neighboring non-synonymous mutations (see
Figure 5.11). Table 5.2 compares selection regimens, under both a model with context-
independent rates and a model with context-dependent rates. For each model, we used
the approach described in Section 5.2 to compute the probability of acquiring both target

amino acid mutations at the end of the second round of mutation, under three different
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FIGURE 5.10: Probability of observing at least one B cell with a given codon at position
55 of CH235.12 in a GC population of Ng = 1000 cells, under a sequential vaccination
strategy that selects for D in the first cycle and for N in the second. N appears in the B cell
population with high probability after the second cycle.

selection strategies: (i) selection for D in round 1, (ii) selection for K in round one, and
selection for both D and K in round 1. (In all three regimens, round two selects for both D
and K.) Under the context-independence model, selecting for both D and K is the optimal
strategy. However, when accounting for context-dependence, selection for D only in the
first round is optimal, as selecting for both leads to a K mutation with high probability, and
therefore to a dead end (Figure 5.11), while acquiring D first does not significantly affect
the probability of subsequently obtaining K. In such a situation, employing an immuno-
gen (including the native antigen) that forms a favorable interaction with both mutations
may be counterproductive, while using an immunogen that preferentially binds D may

be more effective.

Effect of mutation order for CH235.12

To investigate the impact of acquisition order on inducibility for CH235.12, we calcu-

lated induction probabilities for the two neighboring single mutation changes (W47L,M48L)

91



A. B. (erzcnd)
NG

y@%
(eacae) (erre)

GATAAG

FIGURE 5.11: Effects of mutation ordering on the probability of acquiring two critical mu-
tations, under a traditional independent site model (A) and under the context-dependent
SHM model (B). When accounting for dependence, acquisition of the C — A mutation
first is an order of magnitude more probable, but leads to a dead end in the maturation
path.

Table 5.2: Probability of observing both D and K mutations after the second mutation
round under three possible immunization strategies. The first column denotes the amino
acid selected for at the end of the first round of mutation. The remaining columns gives
the selection strength.

Independent Context-Dependent
Selection || =1 | =5 |p=10|| ¢ =1 | ¢p=5| ¢p =10
D 0.0035 | 0.0089 | 0.014 | 0.0028 | 0.0073 | 0.012
K 0.0034 | 0.0089 | 0.014 || 0.0027 | 0.0038 | 0.0041
Both 0.0034 | 0.011 | 0.017 || 0.0027 | 0.0048 | 0.0053

and (S57R,T58P). This was performed by simulating two germinal center dark/light cy-
cles (SHM + selection) followed by a final round of dark zone mutation, under three dif-
ferent selection scenarios. The selection scenarios were chosen to correspond to three dis-
tinct possible immunization strategies for acquiring a pair of mutations (A,B): in the first
scenario, round 1 uses an immunogen designed to target mutation A; in the second sce-
nario, an immmunogen is designed to target mutation B; and in the third, the immunogen

targets both desired mutations (A and B). In all scenarios, round 2 uses an immunogen
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targeting both mutations A and B. The goal is to understand what impact selection order
may have on inducibility. In particular, it is of interest to know whether selecting for all
desired mutations up front may lead to “dead ends” in the maturation process.

Figure 5.12 shows the results of these simulations for the critical mutation pairs W47L
and M48L, and S57R and T58P. In both cases, we observe a preferred ordering in the
case of sequential design (M48L before W47L, and S57R before T58P). At lower selection
strengths, one order is inducible while the other is not. However, we also see for both pairs
that it is preferable to select for both mutations in both rounds to maximize the probability
of success. (That this need not be the case; see the (hypothetical) example in Figure 5.11
and Table 5.2.) Thus in each of these cases, an immunogen should be designed to bind
tavorably to both mutations simultaneously, if possible. However since the two mutations
are neighboring, interference may occur and it may prove easier to design an immunogen
targeting only one of the mutations, in which case our results indicate a clearly preferred

ordering.
5.4 Discussion

Our results demonstrate that computational modeling can provide important insights
into bottlenecks in the affinity maturation of target antibodies. In particular, the stochastic
modeling approach developed here shows that mutations can be uninducible because the
probability of their occurrence - as determined by their sequence context - is so low as to be
effectively zero in a finite clonal population. This result has important consequences both
for the development of bnAbs during infection and for vaccine design strategies aimed
at eliciting them. Our modeling identifies multiple uninducible mutations in the HIV
bnAb CH235.12 CDRH2 region that makes important contacts with conserved portions
of the HIV Env, and these results are well-supported by experimental verification in UCA
knock-in mice. The rarity of potent and very broad (> 90% breadth) bnAbs like CH235.12
in people with HIV even after years of chronic HIV infection may be attributable to the

presence of these and other similarly critical uninducible mutations. As the goal of a
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FIGURE 5.12: Probability of observing a neighboring pair of target amino acids at the end
of the third round of mutation (following 2 cycles of mutation and selection) for different
strategies. In the first cycle, either one of the amino acids or both target amino acids are
selected for (e.g. either 47L (blue), 48L (green), or both 47L and 48L (red) in Figure 5.12(a)).
At the end of the second cycle, both target amino acids are selected for (e.g. both 47L and
48L). Note that the red curves correspond to the case where both target amino acids (e.g.
the 47L and 48L mutations) are selected for at the end of both the first and second cycle.
The largest value of 1 was chosen so that in no case did the population of N¢ B cells result
in a replacement rate of more than 15% after resampling.

protective HIV vaccine is to elicit precisely this type of bnAb, vaccine strategies that can
overcome the presence of uninducible mutations are urgently needed.

As we have shown, the uninducibility of many amino acid mutations appears to be
a consequence of the requirement for multiple nucleotide changes within a single codon.
(However, single base changes can also lead to uninducible mutations, see Table F.1). As
a result, intermediate amino acids encoded by single base changes will be visited first in
a germinal center cycle. These intermediate amino acids represent important transition
states during affinity maturation which, because they are not under antigenic selection,
may appear at insufficiently low rates and/or be quickly lost, making transition to the
desired multiple-change target amino acid exceedingly rare. Design of immunogens that
preferentially select for a carefully chosen one of these intermediate amino acids may be
an effective vaccine design strategy for accelerating bnAb elicitation. In all cases, careful

attention by the vaccine designer to ensure that an immunogen does not select against
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these intermediate amino acids is needed to avoid blocking the induction pathway of the
target mutation.

Our modeling also demonstrates that when critical amino acids mutations lie in neigh-
boring positions, sequence context-dependence of SHM may make some orderings of mu-
tation acquisition more probable, while others can even lead to uninducible “dead ends”.
In such situations, the use of computational modeling to identify accessible orderings and
inform sequential immunogen design may dramatically increase the probability of suc-
cessfully inducing the full set of mutations. Often, employing a single immunogen that
selects for both neighboring mutations will be the optimal strategy, as we observed with
the two pairs of mutations investigated in the CH235.12 CDRH2 region. However, it can
be very challenging to design immunogens that select for neighboring amino acids due
to the strong possibility of interference based on their 3D proximity. That is, the steric,
electrostatic, or hydrophobic characteristics of the immunogen that enable strong binding
to the first mutation may disrupt interactions between the second mutation and the im-
munogen. In this situation, two distinct immunogens delivered by sequential boosting
may be required, with the order of deployment informed by our approach.

An important point highlighted by our work is the effect of clonal population size
on inducibility. As indicated by Figure 5.8, increasing the size of the clonal population
should decrease the number of uninducible mutations for a given clone. Thus, strate-
gies to increase the number of germinal centers harboring clones of interest, or increase
the population size of the clone of interest within germinal centers, may provide an al-
ternative approach for eliciting uninducible mutations. This suggests that immunogens
that can traffic to multiple lymph nodes - engaging numerous germinal centers - may
have an inherent advantage in eliciting bnAbs with uninducible mutations. For example,
mRNA-LNP vaccines provide systemic delivery of immunogen to lymph nodes all over
the body, rather than just the draining lymph nodes near the injection site [107]. In our re-
cent study, a sequential prime-boost vaccine regimen delivered as mRNA outperformed

protein-based immunizations using the same regimen, for selecting critical multi-base
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change amino acid mutations [152]. Interestingly, an increase in clonal population may
also be an advantage of clonal maturation in infection versus conventional vaccination,
since acute infection typically activates multiple widespread lymph nodes, compared to
a bolus injection of protein which may primarily engage lymph nodes near the injection

site.
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6. Conclusion

In Chapter 2, we introduced SMC algorithms and reviewed recent finite sample com-
plexity bound results for SMC samplers to motivate the results in Chapters 3 and 4. In
Chapter 3, we provided conditions under which SMC algorithms can approximate global
expectations using a polynomial number of Markov transition steps without assuming
globally mixing mutation kernels. We then applied these results to two well known exam-
ple multimodal problems: sampling from mixtures of log-concave distributions and the
mean field Ising model. We found that the total number of mutation steps NVt required
to apply Theorem 3 is comparable to bounds on the spectral gap given in the literature for
seemingly similar algorithms.

In Chapter 4, we considered the problem of approximating marginal sequence likeli-
hoods under context-dependent models of DNA evolution. We first proposed an impor-
tance sampling scheme and showed that the number of samples needed for the impor-
tance sampler to approximate the marginal sequence likelihood grows exponentially in
the number of observed mutations, rather than the sequence length n. We then extended
the importance sampler to an SMC setting and showed that SMC provides a significant
improvement in computational complexity for approximating marginal sequence likeli-
hoods. In particular, the results in Chapter 4 suggest that the SMC algorithm performs
well when the observed mutated sites can be grouped into blocks consisting of neigh-
boring sites with observed mutations. To establish our error bounds, we also provided a
novel warm mixing time bound on a componentwise Metropolis-Hastings algorithm pre-
viously introduced in the literature for sampling endpoint-conditioned, site-dependent
DNA evolution paths. Future work in this area includes improving this warm mixing
time bound and exploring different MCMC algorithms for the mutation step of the SMC
algorithm. In addition, our results in Chapter 4 rely critically on the assumption that
T =0O(r/n)and r < n (Assumption 2 in Chapter 4); relaxing these assumptions is of

strong interest as well.
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Finally, in Chapter 5 we investigated the connection between mutation orderings and
vaccine design. In particular, we defined a stochastic model of the somatic hypermu-
tation process that incorporates sequence context-dependence along with a population
model for B cell clonal maturation. This model can be used to infer high-probability mu-
tation pathways leading to the elicitation of HIV broadly neutralizing antibodies. We
found that the context-dependent sequence rates impose a strong ordering preference
when critical mutations requiring multiple base substitutions (e.g. within a single codon)
occur within a neighborhood (pentamer) of each other. For example, we demonstrated
that the probability of acquiring uninducible mutations requiring multiple base changes
can be increased by instead sequentially targeting the corresponding single base changes
over multiple rounds of mutation and selection. Hence, context dependency allows us
to establish preferred orderings for targeting these single base changes with a series of

immunogens, thereby increasing the probability of acquiring the desired mutations.
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Appendix A. Supporting Results for Chapter 3

In this section, we provide the construction of the coupled random variables X}*N. Let
je{l,...,p}and define
dK;, Aj_(x, 3)
dpx

dpy

= f; = g{c,

where p, is some dominating measure. The subscript denotes the implicit dependence on

x € X, and the superscript denotes the partition element A;. Now, let W, = min{ g{c, f]c}

and set

o= [ Mapn, vh= [ (A -nip, o= [ (g
X X X

Each X! is constructed independently according to the following ‘coupling map’ C : X —

X x X. Let Z;‘ i U;| i and sz' j denote random variables whose distributions have densities

hﬁ/ai, (f,]c — h@) /by, and (ng — hﬂc) /CZC, respectively, for j € 1,..., p. The map C transitions
Xi to (Xi, X)) as follows

1. Independently draw 71 u:

0lgy” Tolgy

and Vé@.

2. Set (X, Xi) = (Z sz'g,. ).

v|gy’

ij| a ) with probability a%} . Else, set (X!, X{) = (U!

0|gy’

Then for x € Ajwe have

eX)(1-d,)+P(Z eB n X)d,

P(C(x)eBx X) =P(U! o

i
UUGBva

li

=P(U!

olj

e B)P(V};e X)(1—d) +P(Z e B)al

vlj
and similarly, for x € A; we have that P(C(x) € X' x B) = juy(4,(B).
We see then have that the new state (X!, X?) satisfies

P(X, B K€ 4) = | fuyn (dx)Kiys (3,B) = fra (B)

and fio(B | X, € A;) = P(X} € B | X, € Aj) = iy)a,(B). By the law of total proba-
bility, it follows that £(X}) = fi,. That is, even though the constructions are performed
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conditionally on {X/, € A;}, the marginal law of X}, is preserved. However, note that this
does not apply to coupled variable X; that is, marginally £(X!) # u, since in general

IP(Xi € Aj) # pio(Aj). Instead we have

p
Zﬂvm P(X, € Aj) # ZVU\A Ho(Aj) = po. (A1)
st P

Note also that by construction, P(X!, = X} | X{ € A;) = |\I:‘v\Aj(') - .uv|A]-<')HTV-
The next lemma shows that the random variables produced by C satisfy certain useful

conditional independencies.

Lemma 16. Let [—i] ={1,...,i—1,i+1,...,N}. Fori =1,..., N we have:
@) Xi1x,7 %1
(b) X ]lX ] X
(&) X LGN, XV | X

Proof. Let Wi = (zL ., U ., Vi ). All three statements follow immediately from the fact
o = \Lojgir Soigis Volgs y
that

wizwi | xi

fori=1,...,N. Thatis, Z olgi 7 U ey and V ojci are, by construction, drawn independently

of (WEN, XNy~ 1, w7 %l l]) conditional on X! foreachi=1,...,N. O

Since the constructions are performed conditional on the event X!, € Aj, the XN
random variables are conditionally independent but not marginally independent; this
is because the X!*N random variables are dependent. Nonetheless, we can still refine

Lemma 16(c) slightly as follows:

Lemma 17. For Bc &,

P(X, e B|F, 1,Xie A)) =P(X,eB| X, e A))
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Proof.
P(X,eB|Fy_1,X, e A) =E[P(X,eB| X)) | Four1, X} € Aj]

= Elpoja, (B) | Foo1,Xh € Af]

= ;uU|A]' (B)
=P(X,eB| X} € Aj)
The first equality follows by iterated expectations and Lemma 16(c), the second by the

definition of C, and the third since the expectation is constant upon conditioning on X/ €

Aj. The final equality follows since (Xie Aj} = (Xi e Aj} by the definition of C. O
The next result is a consequence of Lemma 17

Lemma 18. Let f : X — R be a IP-measurable function. Then

N

E[f(X0)14/(X0) | Fot] = By, [f]- Py (A2)

In particular,

Zy+1 ) Ho+1 (A])
Zy .”v(Aj)

E[@] | Fo1] = el (A.3)

where ZI}Z)H = N1V, wyp1(X5) 1a,(X3) as before.

Note that if we had X! _; distributed exactly according to yi,_1 then we would have

E,, ,[wo(X! ;) g, (Xi )] = = o(Aj). However, L(X |) # po1 as noted by (A.1)
above. Lemma 18 says however that if the sample history {(X!*N, XI:N, X1:N) 2;12 satisfies
conditions (3.6-3.8) for steps 1, ..., v — 2, the sample estimator ZDZJ of this quantity is unbi-

ased up to a multiplicative error 151];_1 / to—1(A;) introduced by the fact that the marginal

probability of resampling into A; at step v — 1 is Pi_l rather than exactly p,-1(A4;).

Proof. We show (A.2) for the case of f(-) = wy41(+); the argument for the general case is

identical. The result (A.3) follows by linearity of expectation.
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Assume that 15{; # 0, otherwise the result holds trivially since this implies
E[@),4|Foa] =0 =P,
(recall the events X/, e Ajand Xie Aj are equivalent). Then we compute that
E[wo11(X5) Ixiea, | Fo1]
=E[wyi1(X}) | For, X, € A P(X € Aj|Fypr)

=E[wy1(X}) | X, € Aj|P(X] € Aj|Fon)

_Zo1 Vv+1(Aj)
Zy P‘U(Aj)

N .

Diin1 w'U<X;)—1)]1X;_1eA]-

i ‘
it Wo(X_q)

:Zv+1 ) ,”erl(Aj) _15]'
Zy P‘U(Aj) ’

The second equality follows by Lemma 17. The third equality follows since IP(X} € B |
X, 1€ Aj) =o(B| X, | € Aj) = pyja,(B) by the definition of C. O
We conclude with the following concentration bound, which is a consequence of the

results derived so far.

Lemma 19. Let f : X — (a,b) be a P-measurable bounded function and f = N=1 SN | f(Xi).
Then for A > 0,

NA2

P (|f —E[f | Foil| > A) < 4e 20-7

Proof. Note that E[f | F,_1] = E[E[f | X}'N] | F»_1] by Lemma 16. Applying the triangle
inequality and the union bound gives

P (|f —E[f | Fou]| > A)
<P (|F- B 1 %5 > 5 ) + P ([BU 1 0 - BB | 5| Al > 5 ).
Notice that

E[f| XN =E

1 it o
= 5 LES(X) [ X (A4)
i=1



where the second equality follows by Lemma 16. Since X}1...1X} | X}N by Lemma 16,

the first term can be controlled by the conditional form of Hoeffding’s inequality:

p (|7 -l 1 %2> 5 ) =B [p (|7 - B 1 23] > 5 | 23)

| ul Vel el T1:N NA T1:N
= E P(E(ﬂxw—m[ﬂxmxv )= 5 | % )
L i=1
sze_zg—fﬂ

Next, note that the random variable E[f(X?) | X}] is also a bounded function of X’. But
we always have that X11...1XY | F, 1, so we can reapply an identical argument using

the conditional version of Hoeffding’s inequality:

d

It follows that

N

> (BI(R0) | Xi] ~ E[Ef (%) | il | Foi])

i=1

NA2

P (|f —E[f|Fo-1]| > A) <de 2007
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Appendix B. Supporting Results for Theorem 5 in Chap-
ter 4

Recall that 7o(t) denotes a prior distribution on T and the corresponding posterior

distribution of T under the DSM is

P(TQ)(Y| x)10(t)
§o P P(t,0)( y | X)o(t)dt’

n(tly):=

Our goal is to show that 77 concentrates within an interval around r/n, the observed frac-

tion of sites mutated. To do so, we will use the following key lemma:

Lemma 20. Let T* € ] for ] := ((1—c)f,(1+c)%)and c € (0,1). Assumerlog(n)/n = o(1).
Then there exists a constant ¢’ € (0, 00) such that for any T € I° with I := (0, %/ log(n)) and n
sufficiently large:
P(T,Q)(Y | x) -
——=———— < exp(—0O(rlog(n))). (B.1)
T < PO log(n)

We now use Lemma 20 to establish Theorem 5.

Proof. (Theorem 5) Applying Lemma 20 we obtain

Sie Per.a) (v [ X)10(T)dT _ Sie Pty (Y [ )10(T)dT
So P(1,0) Y|X)’70( )dT\infT*EIP(T*,” (y Ix) S]’?O(T)dT

n(I°y) =

< exp(—O(rlog(n)))
O

The condition on /1 in Lemma 20 holds for # sufficiently large provided r = o(n) (e.g.
r < 4/n), which is the setting we consider in our main results in Chapter 4 (Assumption 2).
This condition requires that y not be too highly mutated with respect to x. This is neces-
sary because when r = Q)(n), the mutational process is approaching equilibrium and the
likelihood of T approaches a constant. For example, under the JC69 model (4 = 3 and
constant mutation rates) an MLE of T does not exist when r/n > 3/4. The above condi-

tion on r/n guarantees that an MLE of T exists and lies in the interval [0, Zc(1 4+ log(n))).
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For the JC69 model this condition requires that r/n is strictly less than g/ (g + 1) = 3/4.
To establish (B.1) it will be convenient to work with the uniformized version of {x(t)},
which rescales a finite state CTMC rate matrix Q by its fastest exit rate, resulting in a dis-
crete time Markov chain (the ‘jump chain’) R with state transitions governed by a Poisson
process (see e.g. [122] Ch. 5). More precisely, recall that ng denotes the number of non-
zero off diagonal elements in a given row of Q. Let A > §max be any upper bound on the
largest transition rate and define the probability transition matrix R := I + Q/(ngA).

Then the marginal likelihood of y given x under Q can be written as

oo D R (nTgA)™
Py x) =e Tt Y XV

m=r

. (B.2)

To prove Lemma 20, we first establish a lower bound on the denominator of (B.1) by
obtaining a lower bound on (B.2). We can do so by considering only the first (m = r) term
in the summation in (B.2) and lower bounding the probability of any length r path from x

to y under R.

Lemma 21.
Pr,a)(y | x) = exp (—nTgA + rlog(T¥min)) - (B.3)
Proof. Considering only length r paths, we have
—nTgA TR:‘/Y
Pro)(y [ x) =e " (nTgA) o
Recall that r = dy(x,y), so there are r! paths of length r from x to y. Every non-zero

off-diagonal element of R’ is lower bounded by 4. /(ngA)". Hence,
—nTgA 7 R’r‘ry ~
e "1 (nTqA) = exp (—nTgA + r10g(T¥min)) -
O

An upper bound on the numerator of (B.1) is more difficult to obtain. Again, we will do
so via an upper bound on (B.2). In particular, we will find a time t* > r/n such that

Pro)(y [ x) < e O forall T > #*, (B.4)
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provided r/n is sufficiently small. Lemma 20 then follows by combining the lower bound
(B.3) evaluated at T* = @(%) with the upper bound (B.4) for * = O(Z log(n)).

To bound the sum (B.2) we will partition the terms into three different ‘mixing regimes’
of R, corresponding to the number of jumps (mutations). Let p(n) = poly(n) be some
polynomial in 7 (to be chosen later) and partition the set of possible mutation counts into

the three sets

My(t) =A{r,..., |ntgA/2|} (B.5)
M (t) = {|ntgA/2]+1,...,p(n)} (B.6)
My = {p(n)+1,p(n)+2,...}, (B.7)

for -2 Sy <t< 20(1) and write (B.2) as

nq ngA ’
_ Ry (nTgA)"™ Ry, (nTqA)"
ProW 0 =" ), Lt ) = 69
meMy(t) meM; (t)
@ (ii)
an)t)
e~ "o 2 . (B.9)
mEMz

(iii)

Let {X,,} be a Markov chain with transition matrix R and initial state Xo = x. Regime
(i) contains values of m (numbers of “extra” mutations) that are improbable under the
Poisson process governing the number of jumps of {X,,}. In particular, for all m € My we
have m < Ag, where A = nTgA is the mean of this Poisson process. As a result, an upper
bound on (i) is straightforward to obtain from Poisson tail bounds (Lemma 22 below).

The approaches taken to bound (ii) and (iii) use similar but slightly different tech-
niques. In particular, we will bound (ii) and (iii) by obtaining upper bounds on the m step
transition probabilities f{ny. We do so by analyzing the marginal process {X,,} of {X,}
defined by the Hamming distance from x

Xy = du (X, x) (B.10)
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rather than {X,,} itself. Since X; = x we have Xy = 0, and X,,, € {0,1,...,n} for all m.

Recall that dy(x,y) = r and so
R}, < > RI, = P(Xy, =1). (B.11)
{x":dp (xx")=r}
Therefore we will be interested in bounding transition probabilities of the marginal pro-
cess { Xy }. Our first step is to define a (discrete time) birth-death process {Y;,} on {0, ..., 1}

with transition matrix B and limiting distribution v, such that

Xo=Yy=0 and X, >Y,form=0,1,2,...

where > denotes stochastic dominance, i.e. P(X,, > t) > P(Y,, > t) for all t € R. This
connection to the birth-death chain will be used to bound both (ii) and (iii), in each case
by bounding P(Y;, = r) and then using P(X,, = r) < P(Y,, = r) to bound (B.11). This
approach greatly simplifies the analysis as the {Y;,} process is much simpler to analyze.
We will bound (ii) by bounding IP(Y,, = r) using hitting time arguments; the choice of
t in (B.5) will play an important role in this step. For (iii), we will bound P(Y,, = r) by
bounding the spectral gap of B; p(n) in (B.5) will correspond to the resulting relaxation

time bound.

B.1 Poisson tail bound for (i)

As mentioned above, a bound for (i) is straightforward to obtain. The jumps of {X,,}
are generated according to a Poisson process with mean Az = nTgA. Then we can apply

tail probability bounds for Poisson random variables and ignore terms smaller than Ay.

Lemma 22. Let T € (t,00) for t € (0,0). Then

Rm /\l’fl ntgA
ef)‘f( Z M < ei 8,

m!
mEMo(t)

Proof. Let Z ~ Poisson(ntgA). Note that the lower tail probability of a Poisson random

variable, viewed as a function of its mean, is decreasing monotonically. Since t < T, this

107



implies

R}’l’l )\I’fl /\1’[1 nt /\ ntgA
oy SR oo 3 SRep(z< M) <o
M, : AL

meMy m<

The last inequality follows by the concentration bound P(Z < p(1—¢)) < e ?"€) for
h(e) = (1 —¢€)log(l —€)+ € with e € (0,1) for any Poisson random variable Z ~
Poisson(p) with € = 1/2 by noting h(}) > 3. O

B.2 Coupling Construction for Bounding (ii) and (iii)

We first describe the time evolution of (B.10). X,, decreases by one if X,, transitions to

a sequence in the (random) set:

Sn(Xm) =S, = {x' : du(x¥',x) = Xy — 1 and dy (¥, X;n) = 1}.

which is of size [S;,| = X, since there are X,, = du(X,, x) possible sites at which to
increase the agreement with x. X, remains unchanged if X, transitions to a sequence in

the set

S0 (R) = S0 == {x' : dyg(¥,x) = Xy and dy(x, X,) < 1}

which is of size |S9,| = (g — 1)X,, + 1 accounting for (g — 1) = (a — 2) possible mutations
at each of the X, differing sites, plus the possibility of holding via a virtual jump. Let
Sm(Xm) == {x' : du(x/, Xim) < 1} denote the set of sequences corresponding to the positive
elements of R along the row corresponding to X,;. X, increases by one if X, transitions

to a sequence in the set

S$(Xm) = SZ = Sm(Xm)\(SrZ(XM) Y S?n(Xm))

Note |S;;| = nq + 1. Therefore

1S U SY| =X +1 and S| = q(n—Xn). (B.12)

Although {X,,} is not a Markov process, we will relate it to a birth-death process. Call a

transition a ‘birth’ if X, 11 = X, + 1 and a ‘death’ if X,,;1 = X,, — 1. The corresponding
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birth and death probabilities are given by:

Vi) (X (x5 Firn(x)) _ Fmin X .
b(Xp) = > il m;/\) LS 7/\ <1—n> = (Xn) (B.13)
XES;,
o Vin ) Xin () Fin(x)) _ YmaxXm 1o
d(X) = ZS_ na < A d'(Xm), (B.14)
XEOy

where i(x, X;) = i,(x) denotes the site where x and X,,, differ, and ¥/, d’ represent uniform
bounds. Conditional on the sequence X,,_1, the one step transition probability for the

distance X, is

d(Xm-1) ifj=Xpu1-1
_ 1—d(Xp 1) —b(Xpq) ifi=X,_
P(Ko = 1| Xpq) o= 4 Hmet) =00 7= X (B.15)
b(Xm—l) lf] = Xm—l +1
0 otherwise

At times, we let A(X,,_1, -) denote the transition probability matrix (B.15).

Example: Consider the JC69 ISM model, so q = 3 and rates are constant 7;(b;X) = v €
(0,00), and let A > . Then {X,,} is a Markov chain and forms a true birth-death process, since
the off-diagonal elements of R are identical, and so

5 ifj=i—-1

P(Xp=j| X1 =i)=1-2+ 20 jfj=i (B.16)

T(1-1) ifj=i+1.
We will bound the transition probabilities P(X,, = r | Xo = 0) for the marginal process
{X} in terms of a corresponding birth-death process of the form (B.16) constructed by

‘minorizing’ {X,,}. In particular, we will define a birth-death process {Y,,} such that

P(Xu=r|Xo=0)<P(X,, <r|Xo=0) <P(Ymu<r|Yy=0). (B.17)

holds for all m = 0,1,2,.... Notice that this will hold for any birth-death process {Y;,}
having both a smaller birth probability and a higher death probability than the {X,,} pro-
cess. Such a minorizing birth-death chain can therefore be obtained by assigning birth
and death probabilities given by the uniform lower and upper bounds V' (X, ) and d'(X,,)
on b(Xy,) and d(X,,) given in (B.13), which depend only on X, as in (B.16).
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We will proceed to bound the transition probabilities of the marginal process {X,,} in
terms of those of {Y;,} as in (B.17). Before stating the result, we note that if X > Y for
X ~ pand Y ~ v, then there exists a coupling (X*,Y*) of y and v such that X* ~ p,
Y* ~v,and Y* < X* with probability one (see e.g. [122] Ch. 9).

Lemma 23. Let {X,,} be a Markov chain with transition matrix R with Xo = x and {X,}
its marginal process (B.15). Let A = max(Ymax, '7maxq_1 + Ymin) and consider the birth-death

process {Yy, } with transition matrix B given by

S Tewd dfj=inl
B :=P(Yy=j|Yu1=i)= 1_% Tan (1 1) ifj=i (B.18)
e (1 ) =i+ 1.

Then P(Xy < 1| Xo = x) < P(Yy, < 1| Yo = 0) and as a consequence

]P(X 1’|X0_X)<]P(Ym<1’|l70:0).

Proof. Letl'(Y,,) and d'(Y;,) be the birth and death probabilities defined in (B.13) and used
in (B.18). To bound the margin {X,,} of {X,} in terms of {Y,,}, we will define a coupling
(XE, ..., X5, YE, ..., X)) satisfying

XF|X*y~R and Y|V, ~B (B.19)

with Y¥ = Yy = X% = Xy = 0 and such that P(nLo{XF = Y[}) = 1. Note that (B.19) also
implies £(Xy, ..., Xw) = L(X{,..., X},) for X} == dn (X}, x).
The coupling construction will proceed inductively by setting (X&, Y¥) = (x,0) (so

X% = 0) and constructing (X]*,Y]*) | X* i Y; <] for each subsequent time stepj =1,...,m.

At each step we first construct a conditional coupling (X}",Y]?“) | X jr Yi<; between Y;

and the marginal X; of Xj, and then construct X7 \ X]’.“ conditionally to complete the
construction of the coupling {X, .. .,X]’-k,l_/g‘, e, Y]*} Specifically, the coupled random

processes can be simulated as follows:

(@) Draw X7 | X¥; ~ A(X},-) and Y} | Y}, ~ B such that P(X} > Y}) = 1 (see

below).
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(b) Draw X7 | X]’-k, X:_; from distribution

RX* 1x’ —
=1 ; —

— = ifd / =
Pr(X]* — x/ | X*, ;'k_l) — Zx” RX]?k_],x”]lf(;k (dH(X”,X)) H(X ,X)

¥
]

0 otherwise

Marginalizing out )_(]’-“ we see that X]* | X]’-“_1 ~ IN{X_* . since by definition
Sy

P(XF = | X7y) = Y P(X} = k| Xiy) P(XF =X | X}, Xy)
k=0
n RX?'il,x’ ﬂk(dH(X/, X))
- Z A(X} 4, k) ~ -
k=0 D RX]?‘:l,x”]lk(dH(x ,X))

n
- Z I~{X;k—l,x/Ilk(dH(x,’ X)) = RX;k—lfxl'
k=0

To show that step (a) is possible, we give an explicit construction for generation. To do

so, we will show stochastic dominance holds for the conditional distributions

X] ‘ X]'_1 > j ‘ Y]‘_l

whenever }_(j,l > Y]’,l. That is, we require to show that for ¢t € {0,...,n}

P(Xi>t|Xj1,Xj1=x)-P(Yi>t|Y1=y)=0 if x>y (B.20)

We consider the cases x > y and x = y separately.

Case x > y: Fix t € {0,...,n}. Fory € {0,...,t =1}, P(Y;>t|Yj; =y) = 0 and so
(B.20) holds. Similarly, ify € {t+1,...,n}, thenx e {t+2,...,n},so

P (X] >t ‘ X]'_l,X]'_l = x) =1

in which case (B.20) holds. Thus the only nontrivial situation occurs wheny = x —1 = t.
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Then we have

]P(X] >t | X]'_l,X]'_1 = t+1) —IP(Y] >t | Y]’_l = t) = 1—d(X]'_1)—b/(t)

o imax(t + 1) 'T’m'm ( t>
=1- — 1——
ngi A

> 0.

where the first inequality follows from (B.14) and the final inequality follows by our choice
of A. It follows that for x > y:

]P(X>t| ]1, 1ZX)—]P(Y]‘>1"Y]‘_1::V)>O.

Case x = y: First consider x = y =t + 1. Then we have

P(Xj>t|Xj,Xjoa=t+1)-P(Y;>t|Yj 1 =t+1) =1-d(X;_1) - (1—-d'(t+1))

> 0.

The only other non-trivial case to consider is x = y = t, which we from (B.13) by

P(Xj>t]|Xjq,Xj1=1t)—P(Y;>t|Yj1=t) =b(Xj_1) - b'() = 0.

Consequently, conditional on x =y

]P(X>t| ]1/ 1:x)_]P(Y]>t|Y],1:y)>O

This establishes the second case. Since (B.20) holds in both cases, it follows that there

exists a coupling (X*,Y*) of A(X}

¥ 1) and B}‘/;k_l,. such that P(X* > Y]* | X;‘_l,Yj*_l) =1.

Hence, l[’(m;”:())_(]’»" > Y¥*) =1 for any m and, in particular,

P(Xy <7|Xo=x) =P(X;, <7 [ Xg =x) <P(Y; <r| ¥ =0) =P(Yy <r[Y¥=0).
O

Note that Lemma 23 is tight in the case ¥max = ¥min and g = 3 in (B.16). By Lemma 23,
it suffices to analyze the transition matrix B instead of R in order to bound (ii) and (iii) in
(B.8).
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B.3 Bounding (ii) Using Hitting Times of Y,

Recall that (B.11) implies that a bound on (ii) can be obtained by bounding P(X,, =
r | Xo = 0). However, by Lemma 23 there is a birth-death process {Y,,} with Y; = 0 and
transition probabilities (B.18) such that

P(Xpy=r|Xo=0)<P(X;, <r|Xo=0)<PYyu<r|Yy=0)

Consequently, it suffices to bound IP (Y,

N

r| Yo = 0) for all m € My in order to bound (ii).
For brevity we will write P(Y,, <7 | Yo = 0) = Py(Y,, < r), with the subscript denoting
the initial state.

Let r* > r be some reserved state (to be chosen later), and T, := inf{m’ : Y, = r*} its
associated hitting time. We will bound Py(Y;, < r) by considering the cases m < T+ and
m > T, Via

Po(Yim <7) < Po(tx > m) +Po(Yi <7, T < m). (B.21)

The state r* will be chosen later to be a “point of no return’ for state r, in the sense that
conditional on the event {7« < m}, the probability that Y,, is less than r decays exponen-
tially in the sequence length 1, allowing us to obtain an upper bound on the second term
Po(Yim < 7,7+ < m) in (B.21). We will bound the first term Py(7,+ > m) by ‘minorizing’
{Y;} by a pure random walk process {W,,}, following a similar argument to that used to
bound {X,,} by {Y;;} in Lemma 23, and then bounding the hitting time for the random
walk {W,,} on r*.

Lemma 24. Let r* = |[nd| with § < Wﬂ% = 01(t) = 01, and let m* € My (t). Then

Po(T > m*) < exp(—%).

Proof. Consider a biased random walk {W,,} on Z with Wy = 0 with transition probabili-

ties
T ifj=i—1
Wij = P(Wy = j [ Wyq = i) =1 -T2 —dge (1-9) ifj=i (B.22)
Tmin (1 — ) ifj=i+1.
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given by uniform bounds on the Y rates over the range of values 0, ..., 7*. Define 77,+ :=

inf{m’ : W,, = r*} and the stopped processes

YmATr* = * *

_ Y, form < T - Wy form < T
MAx =

r form = T, r form > 1,

Let T% and 7% denote the respective hitting times of the state r* for the stopped processes.
Note that the hitting times for the stopped processes have the same distribution as those

for the non-stopped processes:

]P()(Tr* > m*) = IP()(T,?;' > m*) 1[)0(177* > m*) = 1130(17% > m*) (B23)

In addition, note that since r* = |né|, the birth and death probabilities of {Y;,} and {W,,}

satisfy
- 1 -
Bi 1= ’Y?n <1 _4 . )> > ,Yin(l —0)=W;_y; (B.24)
B, = ol o Timaxd _ Wiy  forallie{l,...,r*} (B.25)

ngA —  gA

By (B.24) and recalling that Yy .-, = Yo = 0and Wy, ., = Wy = 0, a stochastic dominance
argument near identical to the one in the proof of Lemma 23 implies that we can define a

coupling {(Y, .., Wiry .. )} on {0, ..., 7"} x Z such that Y, > W,

AT may,s» Which implies

Po(tih > m*) < Po(nSk > m*). (B.26)

r

By (B.23) and (B.26) we see that Po(7,+ > m*) < Po(15: > m*), and so it suffices to bound

1Pg(17jf,; > m*). To bound this term, let Ay,..., A, be the sequence of i.i.d. increments

Ai = Wi — Wi—l with

L;j\x5 ifi =—1
P(Aj=i)={1—T22¢ _Jmn (1-5) ifi=0
Tmin (1 — §) ifi =1.

Observe that if Y7, A; > r* then 55t < m* (since 5k = 77,+), and s0 Pg(31" A; > 1*) <

Po(175k < m*). Letp := m~ ' 31" E[A;] = %Xm - (5(% + %) Then since r* = |né|, and
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m* > nAtq/2 (since m* € M;), we have:

1 né
Po(s = ") < P (WEAi—p< m*_p>

i=1

N

12 26

i=1

By our choice of § we have that 2> — p < —% The stated bound follows by Hoeffding’s

/\tq

inequality. O

We now turn to bounding the term Py(Y,, < 7,7« < m) in (B.21). Denote by v the
stationary distribution of the birth-death process {Y,,} with transition probability matrix
B. We now bound Py(Y,, < 7,7+ < m) using the following bound for discrete time

Markov processes on finite spaces (see e.g. [3] Ch.2, Lemma 7 and Corollary 8):

P(Yy=rYy1#1,... .Yy |Yyw=1r")< v(r) for m’ < m. (B.27)

v(r*)

Lemma 24 bounds the ‘escape time’ for the chain to hit the state r*. We will use (B.27)
to show that the chain does not return to r for an amount of time exponential in n for

appropriately chosen 6. We will use the following lemma to show this.

Lemma 25. Let § < q+€7 = 0y, where ¥+ := Ymax/ Ymin- Then (( )) <e 7 +1for r < |nd|/2.

Proof. Note that for a birth-death chain we have v(x)oc [ [7_; Bi_1;/B;;_1 (see e.g. [82] Ch.
2) and recall r* = |nd|. By the definition of B (Lemma 23)

i_]. mei
Bi 1= ’yim <1—( " )> Bii1= ’ana/\

Observe that forany i € {r +1,...,7*} we have since r* = |né| < nd,
Biic1 _ ¥« i 'Y* r (0
Bi1; g \n—i+1 g \n—r~) g \1-6)"

Note that (%) ~! by our choice of § and r* — r = |nd| —r > |né| — l o = lnz—‘sj. Thus

we obtain
* *_
v _ 77 Bum o <7* ( ° ))r )
1/(1"*) i1 Bi—l,i q 1-6
where the final inequality follows since |x| > x — 1. O
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We will now use the inequality (B.27) along with Lemma 25 to bound the term Py (Y, <

r, T« < m)in (B.21).

Lemma 26. Assume that 6, n, and r satisfy the same assumptions as in Lemma 25. Then the

following bound holds:
Po(Yu <7, ¢ <m) < m2e~ 5 +1,
Proof. First write by the law of total probability
Py (Y < Z m < T, T = J) = Z]P(Ym <r | s =j)Po(t+ =J).
=0 =0
(B.28)

Note that {7+ = j} = {Yo < *,...,Yj_1 <r*Y; = r*} and by the Markov property

P(Yy <t |t =j)=P(Yu<r|Y;=r")=P(Y,_j<r|Yo=r%). (B.29)

Fix j € {0,...,m} and denote the number of times that the chain {Y,,} returns to r* among

the times {1,...,m — j} by
m—j
Z] = 2 51’* (Yl)
i=1

Let 77 be the time of the zth return to r*. The joint event {Z]- =2z,Ty =1 } means that
there are in total z returns to r* in the first m — j steps of the {Y,,} chain and this final return
to r* occurs at time I. Write by the law of total probability

m
Z <rZi=z,7% =1|Yy=r") (B.30)
=1 =1

z=1 1

P(Yy_j<r|Yo=r")

N

M\

IP(Ym_]- <1Zi=z1% =1 Y =1%). (B.31)

1

Next, note {Z; = z, 75 = I} < {ml l+1{Y #r*}, Y, =r*}forle{l,...,m—j—1},and so
P(Yu_j<rZi=z7u=1|Yo=1" )<IP(Ym_]-<r,m?1:_lil{Yi7ér*},Yl:r*|Y0:r*)

Y —i vy = 5
SPYpj=ro (i #r*} | Vi=r") <e T,
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where the equality follows by the Markov property and the final inequality follows by
(B.27). This implies by (B.30)

m—j—1m—j— )
P(Y,_j<r|Yy=r*)= Z Z P(Yy_j<rZi=zT:=1|Yy=r")<m e 7L

Finally, recalling (B.28) and (B.29) we obtain the stated bound:

m m

Po(Y, e < M) = Z]P(Ym_] <r|Yy=r")Po(t+ =j) <m?e 2 Z]Po(rr* =7)
j=0 j=0
<mle 7t

With Lemmas 24 and 26 in hand, we now use (B.21) to bound (ii). Recall that M (¢) :=

{[Mtqj +1,...,p(n)}, where p(n) is a polynomial in # that we will choose later.

Lemma 27. Assume r < |nd*(t)|/2, where 6*(t) = min (é1(t), 62) with 61(t) and &, defined in
Lemmas 24 and 25. Then the following bound holds for T € (t, 0):

R M m Ymin *
o~ TnaA Z w < e—th(l—EJB )+p2(n)e_n§T(t>+1, (B.32)
nm.

meM1 (t)

In particular, if t € (0, to) with

tO::mm(~ LI ‘7~>, (B.33)
Ymax T4 G+ eYx

then 6*(t) > tmin(‘ﬁT‘“‘“, 1) and (B.32) implies that there exists constants c,c’ € (0,0) such that

e~ Tnar 2 anA) < e—tnc+c’ log(n)

m€M1 )
Proof. Recall that by Rny < Po(Yyn < r) by Lemma 23. Since r < |6*(t)]/2 and 6*(t) =

min(d(t),d2), both Lemmas 24 and 26 apply and we obtain using (B.21)

”’"Ymm né*
+mPe~ T T

Po(Yu <71) < Po(tpx >m) +Po(Yy <7,Tx <m) <e”
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It follows that

D —¥min
Tt Y R,’ﬁy(an)\)’”<e_anA D (e s nTgA)™

| |
meM (t) . meM; (t) "
+ p2(n)e—%+le—anA Z (nTnL/]l'/\)m
meMl(t) )

Tmin

- né*
<e—tnq/\(1—e 8 )—|-p2(n)e_7+1.

where we used that m? < p?(n) since m < p(n) for all m € M; (t). Finally, if t < t; then

~ ~ 1 ~
5*(t) = min < _ £ Ymin , q - > > tmin <5]')’mm, 9t _ ) > tmin (Wmm,l) ,
Zt(')’max‘FQ) +4 q+6')/* 6 q+6')/* 6

where the first inequality follows since t < t* < (¥max + q) ' and the second since ¢t~ >
(#)7" > (g/(q+e7.)) " O
B.4 Bounding (iii) Using Stationarity of Y

We now bound (iii). Again recall that it suffices to bound Py(Y,, < r) since by (B.11)

and Lemma 23

RYy <Po(Xin = 1) < Po(Xin <7) < Po(Yi <7). (B.34)

We will show that by our choice of p(1), we have L(Y,,) ~ v for m € M,. Hence, a bound
on IP(Y;; < r) can be obtained by bounding }:_ v(j) instead in this case. We will use the
following result (see [82] pg. 164). Since B is v-reversible

o—SpecGap (B)m

Boj <v(k)+ min, v(x) ’

where SpecGap(B) = 1 — Ay, and A, is the second largest eigenvalue of B. This implies

r re—SpecGap(B)m

Po(Y <7) = > By < > v(k) +
k=0 k=0

min, v(x) (B.35)

We now show that the stationary distribution v is a binomial distribution, which will be

used later in our analysis.
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Lemma 28. The stationary distribution of B is a binomial distribution

v(x) = Binomial (x; n, 1 - ) .
g+ Y«

In addition, the following bounds hold:

min(;,4")

1. min,v(x) = G

2. Yy ov(k) < e 3 n ) provided L < 2(‘117%)

Proof. Let 0 := g¥min/ Ymax for brevity. Recall the definition of B (Lemma 23)

Yo Yo i—1
Bi_1,= vnn[;j Bii1= vin (1 - > (B.36)

Recall v(x)oc [ ;L Bi—1,/B;;_1 and notice

X X .
Bi_1;i _» n—i+1\ . (n
EB =0 H<l, >_9 L)

ii—1 Pl

Hence, v(x) = %. The minimum probability is obtained at one of the extrema:

6*(y) _ min(1,0")
(1+6) = (1+06)

= min 7t(x).

Finally, let X ~ Binomial(x; 1, 1¥5). By Hoeffding’s inequality and our assumption on r,

4 né 0 r _n( 02
];)ﬂ(k):IP(Xgr):IP<X—1+9<—7’I<1_'_9—n>>ge 2(1+9).

O

Lemma 28 will allow us to bound the }};_,v(k) and min, v(x) terms in (B.35). We
now turn to bounding the ¢~ SPecGap(B)m torm in (B.35). To do this, we will obtain a lower

bound on SpecGap(B) using the canonical path method.

Theorem 11. (Diaconis and Stroock [32]) Let B be a Markov chain defined on a finite state space
X with stationary distribution v. Let vy, denote a directed path between each element x,y € X

with x # y. Then

-1
SpecGap(B) = ( max L Z v(x)v(y)'yx,y) . (B.37)

a#b:B, ;70 V(Q)B”'h x#y:(ab)ey
(ab)evry
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We will use Theorem 11 to prove the following result.

Lemma 29. The following bound holds:

min('?maxq_lx '7rnin)
An?(n+1)?

SpecGap(B) >

Proof. Let x,y € {0,...,n} and 7y, denote a length |v, | directed path from x and y. Let
7Yx,y be the path of shortest distance between x and y, in which case |y,,| < n+1. A
uniform lower bound on the transition probability corresponds to the transitions at the

{0, n} states (see (B.36)):

1 . Nm X ~ . .
B> 7 min (’yqa ,’ymin> forall i # j. (B.38)

Leta,b € {0,...,n} and consider any path 7, such that the edge (a,b) € 7y,. Since 7y, is
the path of shortest distance from x and y, any vertex visited along 'y, must lie between
x and y and so

x<a<y ifx<y, y<a<x ify<nx.

Without loss of generality, suppose x < y and so x < a < y. Recall that v is a binomial

distribution with mode [(n +1) = ;). Hence,

v(a) > v(x) ifaé[(n-l—l)%qﬂlj v(a) = v(y) ifa>[(n+1),?*liqj, (B.39)

which implies that for any vertex a that lies inside 7., we have v(x)v(y) /v(a) < 1. Finally,
note that there are in total n(n + 1) paths since there are |{0,...,n}| = n + 1 states, with a
directed path to each of the other n states. Hence,
> v(x)vly) < ) (M)<nmr+1) (B.40)
x#y:(a,b)evry v x#y:(a,b)eyyy
Since a and b were arbitrary, we finally have by (B.38), (B.40), and using |vx,,| < n + 1 that
An?(n +1)2

min(%/ '7’min) .

1
max v(x)v <
#0820 V(@) By xsﬁy:(%;)E’ny )
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With the lower bound on SpecGap(B) in hand, we now use (B.35) to establish an upper
bound on (iii) in the following lemma. Recall that the function p(n) introduced in (B.5)
defines the lower bound m > p(n) for all m € My. Our choice of p(n) will correspond to

the upper bound on the relaxation time of B obtained in Lemma 29.

r _ 9
Lemma 30. Assume 0 < 3T5) and set

) = 4An® (2 + log (m;*(iqq)»

n AN 1
y min (Ymaxq L, Ymin)
Then
e 3 KU o ity
m!

mGMz

an)t

Proof. Applying (B.34) and (B.35)
B Tg\)™ r —SpecGap(B)p(n)
o,k(” qA) < X re—>Pecap

—nA
" Z m! h ZV + min, v(x)

mEMz mEMz k=0

r
efn)\Tq Z Zk:o

where the final inequality follows since m > p(n) for m € M,. By Lemma 29 and our

choice of p(n).
—SpecGap(B)p(n) ~ n (A -1 5
re . <7 M exp [ —p(n) min (')’maxq ’ 'Ymm) <e ™
min, v(x) min(¥.,q) An?(n+1)2

where we used n?(n + 1)? < 4n*, n + log(r) < 2n, and so

CFetaq ) 2 5 _Ttq
(n + log(r) +nlog <min('7*,q)>> n“(n+1)°A < 4An (2 +log (min(%,q) >> :

Now applying Lemma 28 to bound }};_, v(k) we obtain:
l’qu)\) ! re*SPeCGaP(B)P(”) _

2
—n)LTq Z < Z V(k) + . <e (%ﬂ) + e—n < 267%(’7*74“7 .
S = min, v(x)

VB
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B.5 Proof of Lemma 20

The following lemma is the final piece to prove (B.4) and provides an upper bound on

the numerator in (B.1) required to prove Lemma 20.

Lemma 31. Let t € (0,00) and suppose T € (t,00). Choose A = maX(¥max, Ymin + q_lixmax) in

(B.2). Recall

* . tqYmin q >
5 t = 7 ~
(t) = min <2t('7max+‘1)+4 g+ ey«

defined in Lemma 27. Let My, My, My be defined as in (B.5) with p(n) = p*(n) defined in
Lemma 30. Assume r < |né*(t)|/2. Then

_ntgh — Tgin 5 _mt()

p(T,Q)(y |x) <e 8 + e~ tngr(1—e ) 4+ (p*(n))%e 2 +1 +2€_%(%+q)2

In particular, defining

L . @ . 77min . q’?mln 1
Co := min ( 5 JA(L—e 78 ),mm( 15 ,2>,

1 :=2log (4A <2 los (mlz*(;qq)» ) +1log(5) +1

min (ﬁmaxqil/ '7min)

. _ . 1 q . .
we have that if t < to, where t) = min ( o W) was defined in (B.33), then

p(T Q)(y | X) < e—ntcoJrlOlog(n)Jrcl‘

Proof. Recall the expansion in (B.8):
Ry, (nTgA)" R (nTgA)™ R (nTgA)™

P AR R e D Wl

TVZGMO ’ meM1 ’ meMz

piro)(y | x)=e T

(B.41)

To apply Lemmas 27 and Lemma 30, we require that r < [nd*(t)|/2 and r < %,

respectively. The former is true by assumption and it is straightforward to check that

r < |ndé*(t)|/2 also implies r < % as well. Now applying Lemma 22, Lemma 27, and

Lemma 30 gives us

ntgA Tmin né* (t)

Piroy(y | X) < e % eI (g ()22 e )
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Recall from Lemma 27 that 6*(¢) > t min( ‘WT“““, 1) for t < ty. In this case, we have

__ntgA — W%in

) (" ()t min(TBR Ay e

Consequently, p(r,q)(y | x) < e~ Meot10log(n)+e1 by gur choice of ¢y and c1. O
We are now in a position to complete the proof of Lemma 20.

Proof. (Lemma 20) Let co, c; be defined as in Lemma 31. Suppose T* € (Lcz, Fc3) with
c2 € (0,1) and c3 € [1,0). For the moment, assume r < |[n6*(t)|/2 so that Lemma 31

applies with t chosen to be

. . 1 q
t= to, h = R , —, h
min(tp, h(n)) = min <7max+q P (n))

where hi(n) is function that we will choose momentarily. Lemma 21 provides us with the
lower bound
P(T*,Q)(Y | x) = exp (—nT*gA + r1og(T* ¥min))

> exp (—rqAcs + rlog(c2rYmin) — ¥ 10g(c21¥min) ) -

By Lemma 31, the following upper bound holds for any T € (t, 0):

Pr.a) (¥ | x) < exp(—tnco+10log(n) + c1) = exp(—min(ty, h(n))nco + 101log(n) + c1).
Choosing h(n) = %ﬁoﬂmm) we have that min(ty, h(n)) = h(n) for n sufficiently large
since rlog(n)/n = o(1) by assumption. In this case, we have

P(t,Q) (y [x)

— < -0(rl B.42
ey T < (-0 Iog(n) (B.42)

Moreover, the above choice of (1) implies r < [n6*(t)|/2 = O(rlog(n)) for n sufficiently

rlog(n)
n

large as well. Indeed, since t = min(to, h(n)) = h(n) = O( ) for n sufficiently large,

we see that

[n67(1)]/2 = [n6"(h(n))]/2 = O(rlog(n)).
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To obtain the bounded stated in Lemma 20, setc; =1 —cand ¢z =1+ cforce (0,1). In

this case, (B.42) holds provided

T>min (¢t 2r IOg(Tl(l — C)'?’min) — min 1 q 2r log(n(l - C)'?’min)
v nco Ymax + q’ q+ 3'7*, nco )

B.6 Removing the log(n) Term

We can improve the bound on T given in Lemma 20 from O(rlog(n)/n) to O(r/n)

under further model assumptions. Recall

RY, =P(Xu=y) =PXu=y|Xn=1)P(Xp=7), (B.43)

which implies the inequality Rﬁfy < P(X;; = r) as in (B.11). Thus our analysis in the
preceding section ignored the term P(X,, = y | X, = r), which leads to an additional
log(n) term. Indeed, consider the JC69 model where each site has equal rates (y;(b; x;) =
v € (0,0) and ¢(b; %;) = 1). Define the Hamming ball of radius r centered at x by H =
{z : du(x,z) = r}. Then

RYyy 1 1

P(Xuy=y|Xu=r)

where we used that R,’ny = R}, for z € H by symmetry. Now suppose ¢y, c; are the
constants defined as in Lemma 31. Let ¢; € (0,1) and c3 € [1,00) with T* € (Lc2, -c3).

Lemma 21 shows

royc res

Pr+0) (¥ | X) = exp (—rq)\qg + rlog(%)) = exp (—rcg + rlog(nZ)) (B.44)
The argument for the improved upper bound on p 1. o) (y | x) is the same, except now
we include the P(X,, = y | X, = r) term that we originally unaccounted for in the
previous analysis (i.e. we use (B.43) instead of only IP(X,, = r) to bound RY,). Note that
(M)g" = (%1)". Let h(n) be a function of n (to be chosen) and let

r

t1 = min (¢y, h(n))

124



Consequently, 6*(t1) > t; min(1222, 1). using |x] > x — 1 we obtain

[16*)/2> n6* /2-1/2 > "2 min (Wgﬁu) .

Hence, we seek h(n) such that

r_ min(to, h(n)) min <q’7min’1> 1

no 2 6 2n

Letting h(n) = cr/n for c sufficiently large satisfies this inequality. Therefore, we obtain
the updated bound for T > t;

—ntyco—rlog(L)+10log(n)+cq

n
rq

P (yIx) <e

Consequently,

P(1,Q) (y [x)

r rch
) L exp{—ntico — rlog(—) + 101log(n) + ¢4 + rch — rlog(—2
Py %) p{—ntico g(nq) g(n) +c1 +rch g( ” )}

= exp{—ntico — rlog(qcy) + 10log(n) + c1 + rcy}

Then choosing

2cr

() =~ (108 qe}) + )

. . P(r,0) (Y1%) —0(r) _
implies that Prre sy O] <e “Uiorall T > t; = O(r/n).

125



Appendix C. Supporting Results for Theorem 4 in Chap-
ter 4

Lemma 8. Let g = a — 1 and define

0:= q(’)’max ~ Ymin) and 5= q<k + 1) (Pmax — Vmin)-

Then the following statements hold for the random variables A7 (j) and A" (j):
L Py([¢(s(P), b(P))| < m(P)Té) =1
2. Pu(lp(s(P),b(P))| < m(P)Ts) =1
3. Pu(|(s(P),b(P)) — ¢(s(P),b(P))| < m(P)T(3+4)) = 1.

Proof. For the first claim, consider a path of length m, P", and let j € {1,...,m}. Recall
that exactly one mutation occurs at each tep, occurring at site s/, so all exit rates outside
the context %,; are constant over t € [/~1, ). Since the exit rates of at most k + 1 sites are
affected, with each rate changing by at most §(¥max — ¥min) in absolute value, we obtain

m(P)

>, PAT()

j=1

P, ([§(s(P), b(P))| < m(P)T5) = P, ( < m(P)TS) ~1,
where we used #/ < T. This establishes the first stated bound. The second claim follows
from the first by setting k = 0 and ¢ = 1. The third claim follows from the first two by the

triangle inequality. O

Lemma 9.

P, (CD(s(P),b(P))e*m(p)T(‘g*‘s) <a(P) < q)(s(P),b(P))em(P)T(5+5)> =1  (427)

Proof. Recall

- m(P) i1y P (A () —A(>)) SP) (A () —A())
@(P) = 1_! PV x5 ) = ®(s(P),b(P))e~i" .
]:

By Lemma 8 and the triangle inequality

m(P) L
3 H(A() —A(j))\

=1

<m(P)T(5+ 5)) =1, (C.1)
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where we used that #/ < T. Hence,

P, (©(s(P), b(P))e " PITE) < 4(P) < @(s(P), b(P))e"PITE+)) — 1,

C.1 Proof of Lemma 13

The goal of this section is to derive an upper bound on expectations of the form
IEV[G”Z(P)], where 6 € R is a constant, p is the joint distribution over paths under the
ISM (4.6), and m(P) is the number of mutations in path P, and to derive a lower bound
on p, = Py(m(P) = r). We first restate relevant notation from Section 4.1 and pro-
vide an overview of our approach. We then state the main result of this section in Lem-
mas 35 and 36; Lemma 13 follows as an immediate consequence.

Recall that the path at the ith site is denoted by

Pi= (mj,t;,... t", b}, ..M.

We let 2! 5 P; denote the set of all length I paths at site i and &, = U®,2! all such

paths. Under the independence assumption, the joint density of a path P factors as

#(PIxy)=pu1(P1|xi,y1) x ... X n(Pn | Xu, Yn),

where 1;(P; | xi,yi) = Pro) (i, Pi | xi)/p (1,0, (Wi | xi) with

i) =i (6)) =Ty (s
P (i, Pi | xi) = {H% b] b] 1 ] S H(ri () =i(-3Y] ) e=Ti(y:) (C2)

if x;(T) = y; and zero otherwise, and

per.o) Wi | xi) = (e"9)xy, = Lj P10 (Wi, Pi | xi)dvi(P;) (C3)

is the transition probability from x; to y; at time T obtained by marginalizing over all
paths. For brevity, let bf = (b},...,bf ) and tf = (t},...,tf) denote arbitrary length !
vectors of base changes and jump times, respectively. Let

T={t:0<t<...<t<T}
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be the set of all / jump time vectors that satisfy the ordering constraint, and

B = (bl bl =y;and b £ b " forj=1,...,1}

be the set of valid base change vectors satisfying the endpoint constraints, where we let
b9 = x;. Below it will at times be useful to expand the integration over &; using & =

U, 2! into the following equivalent forms:

a0
, gm(Pi) p P, Wi, Pi | xi)dvi(P Z f (1,00 Vi, Pi | xi)dvi(P;) (C.4)
0
Z J P (1,0 (vi, Pi = (1, b, t}) | x;)dt;
=0 plez! 7’
(C.5)
a0
= > 0'pl, (C.6)
1=0
where
pf = Jj@! P(T,Q,-)(yi/ 7)1' | xi)dvi(”Pi) (C.7)

denotes the probability that x;(T) = y; for a length I path. Note that choosing 6 = 1

implies

a0
pro) Wil xi) = 2 Z f (1,0) Wi, Pi = (1, bl,t) | x;)dtl = Z p. (C.8)

=0bles!
We will first derive an upper bound on

. 0p
E,,[o"P)] = 2=00 7 (C.9)
! S0P

and lower bounds on

p
P, (m(P;) =1) ! for x; # y; (C.10)
g pyiey
0
P, (m(P;) =0) = % for x; =y, (C.11)



where the equalities follow by the representations (C.6) and (C.8). By appealing to site
independence under p, we will then establish Lemma 13. Our first result establishes a
lower bound on p} and p? appearing in (C.10) and (C.11), respectively. Note that this also
provides a lower bound on p(r,g,)(yi | x;) since for any j € {0,1,2,...} we have by (C.8)

pra) (i | xi) = Z pi = Pf- (C.12)
=0

In particular, if m(P;) concentrates around dy(x;, y;) under y, then choosing j = du(x;, ;)

in the inequality above will yield a sharp lower bound on Y} p'.

Lemma 32. If x; = y;, then p? = e~ T70%i) > e~ Tamax [ x; £ y;, then

(i) (e~ 7T —e=7(p)T .
g [Pl e ) ) # (o) } o T e T
Ty (yi; x;)e~ Tr(w) if y(5xi) = (5 yi)

Proof. The first statement follows directly from (C.2) and (C.7) by setting m = 0, the sec-

ond by direct integration. O

As mentioned, the sharpness of these bounds depends on how concentrated m(P;)
is around dy(x;, y;). The following result bounds the probability that m(P;) exceeds I €
{1,2,...} under pu.

Lemma 33. Let [ € {1,2,...} and 6 € R be a constant. Then

Proof. Again using (C.2) and (C.7) note that ]_[;-:1 'yi(b{-' ; b{_l) < 9l and

- - L et .
e—’Yi('?yi)(T—tf)e_Z}:1(t§—t£ )i (b )< e_q'Ymin(Zj:l(ti_ti )+(T_t1)> — o~ 1T Ymin_

providing the uniform upper bound P (7 g, (vi, P;i | xi) < e~ TTTminnl  forall P;e 2. A

simple counting argument gives |,%’ll| < ¢', and using the representation (C.5) along with
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(C.7), we obtain

1 —qTYmin A1 —q4TYmin A1 1
pise i Iymm’)’max Jp)l dvi(Pi) =e1 ’ymm’)/maXE J\?[ dti
! X

where the second equality follows by the identity {,_, dth ..t = ?—,’

T<.<t<T
The following result summarizes Lemma 32 and Lemma 33.
Lemma 34. Let 0 € R. Then

Z % < Tz,yrznaxezqzeTq((0+1)'Ymax_’)’m1r\) for xi = yl

00]
Z 1 T’)/max 92q eTq((e'Fl)r)’max*’)’min) for X; # Yi
1=2 l

Proof. Applying Lemma 32 and Lemma 33 we obtain for the x; = y; case

P g2 q2 2 Ta((0+1) Ymax—Vmin)

Z Olpl 'Ymax 'Ymm i r)/maxqu
= =2

Similarly,

0061
,_Zzpzl

GqT

,)/2
<T max GZqZETq((9+1)’}’max_'Ymin) .

Ymin

a0
T /)/m}n Tq “Ymax — '}’mm 2 ,ymax
1=2

The next result will be used to prove the first statement of Lemma 13.
Lemma 35. For 0 € R,

[Qm( )] <o <1_’_T7maxeqzeTq((0+1)'ymax 'ymm)>

r)/mm

n—r
(1 —|—T2 ZaXGZq eTI/]((G-i-l)'Ymax*'Ymin)) .
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Proof. First, consider a site without an observed mutation (where x; = y;). Then p} =0

and we have by (C.9) and Lemma 34

E,, [0"(Pi)] < M <1+ TZI)/IZnaXGZquTq((6+1)'Ymax*’7min). (C.13)
Py

Similarly, for a site with an observed mutation (where x; # y;), p? = 0 and again by (C.9)

and Lemma 34

0 pl 2
Eyl[gm(Pi)] bp; + Zl 20'p <0 (1 + T’)M(GEIZETq((9+1)7max'Ymin)) i (C.14)
' Pl Ymin

Now by site independence:

HIE% [0"P0] = [E,,[0"7] | [E,,10m" (C.15)

i¢S ieS

Recall that x and y are sequences of length n with dy(x,y) = r. Applying (C.13) and
(C.14) to (C.15) yields the stated bound. O

The next result follows similarly and will be used to prove the second statement of Lemma 13.

Lemma 36. The probability p, of exactly r mutations under y satisfies:

r

n—r

o (ot ()
1+T%quT"7(27max7"/min) 1+T2 q eTg(Z’)/maX 'Ymm)

Proof. Note that the event {P : m(P) = r} occurs when exactly one mutation occurs in
each of the observed mutation sites S, and no others. Consider a site i ¢ S, so x; = y;.
Then p! = 0 and we again have by (C.11) and application of Lemma 34 with 6 = 1
1 > 1

P, (m(P;)=0)= :
,H;( ( l) ) 1 i ZOO P, 1 + TZz),%nanZeTq(z’)’maxf'Ymin)

(C.16)

Similarly, consider a site i € S with observed mutation (so x; # ;). Then p? = 0 and we

have by (C.10) and application of Lemma 34 with 6 =1

1 1
Py, (m(P;) =1) = > 2 ' (C.17)
1+ ZOO Pl 1+ T%qzem(%rmax—%nin)
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By site independence

pr =Py (m(P) =r) = [ [Py, (m(P;) = 0) [ [Py, (m(P;) = 1). (C.18)
i2S ieS
Applying (C.16) and (C.17) to (C.18) gives the stated bound. O

The proof of Lemma 13 now follows directly by Lemma 35 and Lemma 36.

Proof. (Lemma 13) Let ¢; = (72,,x/ Ymin )¢ 7(7max—Tmin) We obtain by Lemma 35 and the

inequality 1+ x < e*
E,[0"P)] < 6" (14 0Tcy exp{Tq0})" (1 + 0°Tc1Ymin exp{Tq0})" "

< 0" exp {rTOcy exp{Tq0} + (n — r)T260%c1Ymin exp{Tq0}} .

Similarly, letting

2
Cr = ,)/max qzeTq(z"/max*’)’min) 3 = ryIZnanzeTq(z'Ymax*')/min)’
’)/mm

we have by Lemma 36

pr = < ! )r < ! >nr > exp {—(rTea + (n —1)T?c3) }

1+ Tco 1+ T2C3
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Appendix D. Supporting Results for Theorem 6 in Chap-
ter 4

D.1 Proof of Supporting Lemma

Proposition 4. Forany N € {0,1,2,...} and A > 0:

ii” (N) _ AN+ )N

i=0 ! 2
Proof.
N N
(N ( N
i _ ; .
E lA(i)_,§A<i—1>(N i+1)
i=0 i=1
N N
, N : N
_ i—1 _ i—1/:
—ANE A (i—1> )\E/\ (i 1)(1__1)
i=1 i=1
N N
— 1 N N+1 i—17: 1
AN(1+4A) NA /\i;)& (i )<i—1)
N (N
_ N _ Ny
=AN(1+A) E z)\<i>,
i=0
which implies the result. O

D.2 Lower Bound On t(m(P) =r | x,y)

We will first prove a lower bound on the probability of exactly di(x,y) = r jumps
occurring under the dependent site model for sequences x, y of length 1, denoted

pri=n(m(P)=r]x,y). (D.1)

Specifically, we will show that there exists a constant ¢ > 0, independent of n and r, such
that

pr=exp (—c- (rT— (n—71)T?)).
D.2.1 Overview and Notation

Our approach will be analogous to that used to obtain a lower bound on f, in Ap-

pendix C.1, but whereas those results were under the ISM y, here we do so with respect
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to the distribution of P; under the DSM conditional on x, y, and 73[_1-] , Where

Py =(P1,---,Pic1,Pis1,---, Pu).

Inequalities similar to those in Appendix C.1 will apply, but now hold almost surely as
the resulting bounds will be functions of P|_j.

Let C; denote the set of sites lying in the context of site i (including site i) and let
C; = C;\{i}. Write the number of jumps occurring among the paths {P; : i € C;} at the sites

in C; as m; := m(P¢,) = m(P;) + m;, where

n_/l: = Z m(P]-).

jeC!

1

is the total number of jumps occurring among the paths at sites in C;. Denote the ordered
times of the 17; jumps at sites in C; by

R=0<Ff<..<E'<T,

and let E{ = xl(f{) denote the value of the [th site at time ¥, and Al(j) := f{“ — f{ the time
interval between successive jumps, with Al (17;) := T — flm ‘. The joint density of y and P;

conditional on x and P|_j is given by

Pr.g)(y, Pi | Pi_ip, x) (D.2)
m; . . 1 BJZ?&BJZ71 e i o i
=1111 [{%(bﬁ; fj[l)} ( ) B3 e MmTC) (), (D.3)
zeC; j=1

where 7, = {y; : i € C;} is the context of site z in the terminal sequence y. The full

conditional distribution of P; under 7t is

P(T,Q)(y, P; ‘ P[—i]rx)
Se% P(T,Q) (y, Pi| P x)v(dP)

7'[(731‘ ‘ X, y,'P[_i}) = (D.4)

As in Appendix C.1, we define the marginal probability of / jumps occurring at site i

resulting in x;(T) = y;, conditional on x; and P|_;, by

=l _ I 11 1
plo= b% f Py Pi = (8 bl) | Py x)at forl =1, (D.5)
i€%;
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and p? equal to (D.4) with 7i; = r’. Note that p!, viewed as a function of P i, isarandom
variable. Consequently, inequalities involving 7! hold almost surely under 7t; we will not

make this distinction explicit for brevity.
D.2.2 Proof of /5, Bound
We first derive uniform bounds on the joint density function P o(y, Pi | P, X).

Lemma 37.

- S+ e, ¥i(50j i Smi— e AU\ _
P (,),Ifzfm T(omi+Yjec, V(7)) < P(T,Q)(Y/ P | P[—i}z X) < ')’;gax T(omi—Yjec, ¥j( %))) —1.
Proof. For any z € C;, note that

1(BLB
o) < [[{ma@a ) < qulo.

In addition, the change in overall sequence mutation rate
I N B | - -
")’Z(';sz) _')’Z('r'x]z )| < q(')/max_')’min)

and so
exp{—mc;yz)}exp{Z’jf?(%(- D) = %2 ~H))}

=1

< exp {Tqmi(r?max - ’7min) - T'?Z(';gz)} :

LS R (1 (]
Consequently, for any z € C; we have by rewriting the exponential term ¢~ <=1 % UGy

as a difference between sequence rates:

zr xZ

emt

T N )
[{'Yz ] Sj— 1 } 1(bzb: )e*Af(])%('?X{z 1) e_Af("ﬂiWZ('i?Z) ,71":12752)eTqui(’?max—’?min)—T’7z(';ﬂz)_

Taking a product over all z € C; and recalling that |C;| = k + 1 yields

Pir.g) (¥ Pi | Pl x) < e 2eet T e Talt DG =Tin) — gt T (M= 2oee, 12(92)),

The lower bound is proved similarly. O
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The next result is the analog of Lemma 32, lower bounding the probability of zero
or one jumps at site i, under the full conditional distribution of P; under 7r. Recall that

m; = Yjec: m(P}) denotes the number of jumps along the paths at sites in C; = C;\{i}, and

see (D.5) for the definitions of 7V and p.

Lemma 38. If x; # y;,

P T~Wz/+1 —T(S(Wz,’-—&-l)—i-zzecl. ’72(7?2)).

Ifxi =y

}70 > ,7‘/?1]’ e_T(5m1{+ZzeCi ¥z (572))
i min :

Proof. Consider a mutated site, so x; # y;. Then |,%11| = 1in (D.5), and recalling m; =

m(P;) + 1!, we have by Lemma 37,

_ I ~ [ o~ T 7! NEU 5 (7
pl > 3T+ Zacg, 7(452) JO 1! = Ty TEOH D+ e 2ol

Similarly, if x; = y; we obtain by Lemma 37

7> 47 i =T+ Y ec; = (72))
1 > mln .

O]

The next result, which also follows by Lemma 37, bounds the probability that the num-
ber of jumps at site i exceeds dy(x;, ;) under the full conditional distribution of P;. To

simplify notation, we define the random variable
@) = T (Fmas / Yonin) "

The proof of the following result is again very similar to Lemma 33 but holds for the full

conditional distribution of P; under 7.

Lemma 39. Let | > dy(x;, ;). If xi # v;,

P _ eUm)e™ (Tqymane™)

5l T min T

1 ~

<

i
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Ifxi =y

~l‘ T ~maxeT5 !
i .

Proof. If P; € 2!, then m; = I + 1i\. Applying Lemma 37 then gives

3 5. ! )
pl < T ) ~Tcq, 72(:92)) 5 0T +) 5 f 14t <
bles!

= Yec, = (552) 57 (Tq¥maxe™)!
f)’max l! .

2Tom i (Ymax/ Fmin )™, for an mutated site (x; # y;), by Lemma 38,

Recalling that ¢ (1)) =
P _ eUm)e” (Tqimane™)!

' THmin I!

Similarly, for an unmutated site (x; = y;) by Lemma 38
_ T ,7 eT5 !
gl TTTmxe )

=
N

O]

The next result is the penultimate step to completing the proof of the lower bound on
pr, providing the analogs of equations (C.16) and (C.17) in the proof of the lower bound

for p, under the ISM u in Appendix C, for the conditional of P; under the DSM 7.

Lemma 40. Let
¢ = P maxe” T2 max(1, gk b

Then for x; # y;
Pr(m(Pi) = 1] P_y) = exp (=To(m;)c).

Similarly, for x; = y;,
P (m(P;) = 0| P_y) = exp (~T(mj)c) .

Proof. Suppose x; # y; and write

Pr(m(P) =11 Pioy) = g0 = 7
= l=2r~711



Let c1 := (F2.x/ Ymin) qzeT(WmaX"ﬁ“g ). We first have

T(S - (T maxe DL - 5 s
< q’)/ I ) TQD(TI_’I:) (ryrznax/’ymin) qZET(q'ymaXeT +29) = TQD(TI_’IZ)Cl

N

o P elm)e
= 5
i min =2

Pr(m(P;) =1|P_y) = 1+T(;() > exp (—To(1;)c1) .

Now suppose x; = y;. Then

S

2 o0 Tq’?maxeTg)l—z > _ 2.2 T( ~ €T5+25)
Tq’ymaxe Z Al <T qo(ml)q “Ymax® Ymax
1=2 ’

Fé\FL

= Tz(l)(m;),?mincl-
By the same argument, P (m(P;) = 0 | P_y) = exp (—T?¢@(11})Fminc1). Setting ¢ =

c1 - max{1l, ¥min} yields the stated claim. d

Finally, we now prove the desired lower bound on p,, by repeatedly applying the
tower rule (law of iterated expectation) and applying Lemma 40. Observe that for any
length r path, m; < k with probability one under 7r and so the following bound holds

with probability one as well:

_/') - ZT(S_ (’)’max/')’mm) < 2T§k(')’max/')/mm) - go(k) fOI' 7) S gzr . (D6)

We will use this observation to establish the following result:

Lemma 41. We have the following lower bound:
pr = exp (—co(k) - (rT — (n—1)T?)).

Proof. Recall that x and y are sequences of length n with di(x,y) = r and S denotes the

set of observed mutated sites. Write,

Pr(m(P) =71) = Bx [ [ Limpy=1} (P [ [ Limp)=

ieS i¢S
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Recall the constant defined in Lemma 40

T(ﬂ’7max5’ﬁ+2‘§)

= PThaxe max{1, ¥,1 }.

For brevity, write 1y,,p,)—0y(Pi) = 1o(P;) and 1y,p,)=13(Pi) = 11(P;). Let {; € S for

i =1,...,r denote the ith mutated site. Using the tower rule and Lemma 40 we have

:]ETF ( (lpﬁ)_l‘tp 0y H Pé H]IO

ieS i2S = i2S

7T |:1L[ ]ll(Pi) ﬁ ]10(7)1

> Ey |e 770 H (Pe) H]lo

i¢S

2 e_T(p( )

TP [ T1a(P
i=2

¢S

where the last inequality comes from (D.6). Repeatedly iterating the expectation and ap-

plying Lemma 40 yields

> exp (—cg(k) - (4T + (n—1)T2)

P (m(P) =r) = e 1ok {H 1o(P

i¢S

D.3 Proof of Lemma 14

This section provides a proof of Lemma 14, which we restate here for convenience.

Recall that we define for s” € Sym(S) (the symmetric group on S)

Ne=]lealvwi) B =
=1

and Ug denotes the uniform measure over Sym(S).

Lemma 14. If T(n) = @(@) and r(n) < n3, then for the island problem

n

Dir (7 || ) = Q (D (D || Us)) -
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The proof of Lemma 14 proceeds in two steps. The first step is to show that under the

settings of Lemma 14

Do (7t || 1) = Q(Dxw (7t || ), (D.7)

where the restrictions of 7t and y to the set of length r paths are defined by
m(P)ly(P) _ Pire) ¥, P 1 X) Limip)=n (P)

P TR T L Pag 0 P V@ P)
iy (P) = k(P L (P) _ P10 (¥, P | X)L pu(p)=n (P)
w") §$2r Pir,0)(y, P [ x)v(d P)
The next step is to show
Dxw (7, [ pyr) = Q(Dx(® || Us)), (D.8)

which will complete the proof of Lemma 14 as (D.7) and (D.8) imply Dxp (7w || ) =
QDo (@ || Us))-
As previously mentioned, the first step is to establish (D.7). To do so, we write

Di (el = [ tog (G5 ) (P + [ (55 =@ m9)

<

~~ <N -

(i) (if)
We first show that (ii) is lower bounded by a constant (independent of #) in Lemma 43.
We then show in Lemma 44 that (i) is at least f,Dxr (7t || p) + prlog(@,) for p, given
in (D.1). Finally, the lower bound on p, obtained in Lemma 41 will allow us to establish
(D.7), which we state formally in Lemma 45. To show Lemma 43, we use the following

result.

Lemma 42. Under the setting of Lemma 14, there exists a constant c, independent of n and r,

such that

n(P) - 2

——=>A"exp (-T(Bn(A—1)+rc)— (n—r)Tc).

TR = AT e (T 1)+ 7o) (w1 T)

Proof. First note that since ¢min = 1 and v = 1, §(;%) = 3n = 7(;x/) for any j €
{1,...,m(P)} (recall g = 3 here since & = {A,G,C, T}). Therefore for any length m path

o~ D (V=Y ™) )= (T=")7(y) < p=3Tn _ p= B (F=t1)y (071 = (T—t")7(5y) (D.10)

~
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Recalling that under the ISM y(b; x;) = 1 for all b € &7\{x;} and x; € <7, we then obtain by

combining with (D.10)

m(P) ‘ o .

Piroy(y P 1) = [ [l & e =100 ] ==ty (D.11)
=1

< A"P)Pirg)(y, P | ). (D.12)

In addition, observe that the whole-sequence rate increase between the DSM and ISM is
bounded by §(; %) — v(;x/) < 3n(A —1). Arguing as in (D.10) and using ¢min = 1, we

see that the following lower bound holds as well:

Py (¥, P | X) = Pr,q)(y, P | x)eTA=1, (D.13)

Using the upper bound on P 7 g, (y,P | x) obtained in (D.11) and applying Lemma 35, we

see that since Ymax = Ymin = 1and A > 1 we have for ¢ = (Ag)2eT7

Pro(yIx) _ §Pir,o)(y, P | x)v(dP) - §Pir,o)(y, P | x)v(dP)
Pra)Y %) Py, PIx)v(dP) = §AmPIP o) (y, P | x)v(dP)
1

= g 2 Ve (e (T (n=n)T?).

The stated bound follows by (D.13):

n(P) _ m(PIxy) _ PaaoPI1%) proy[x)
‘M(P) ' ‘M(p | X, Y) P(T,Q) (YIP ‘ X) p(T,Q) (y ’ X)

> A"exp (~T(3n(A—1) +rc) — (n—r)T%).
O

The next lemma shows that the second term in (D.9) can be lower bounded by a con-

stant that does not depend on n.

Lemma 43. Under the setting of Lemma 14, there exist a constant x < 0 such that

f(gﬂ)g log <:E77j))> n(dP) > a.
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Proof. Applying Lemma 42 yields that for some ¢ > 0

H(P) = |rlo n(A — T n—r Dy —
J(gﬂ)c log (;u(P)) n(dP) = [rlog(A) + T(Bn(A —1) +rc) + ( )T2c] (pr —1).

(D.14)

By Lemma 41, there exists a constant ¢’ > 0 (see Lemma 41 for the explicit value) such that

preexp (= - (trT—(n—1)T?)) =1-c - (T — (n—r)T?).
Since T = O(r/n) and r < n’ under the assumptions of Lemma 14, note that
O(’T) = O(rnT?) = O(*T?) = O(rnT?) = O(*T?) = O(*T*) = O(1).

Hence, the following quantity is O(1) and there exists a constant « < 0 sufficiently small
such that

[rlog(A) + T(3n(A —1) +rc) + (n —r)T%c] (pr — 1) > a. (D.15)
The stated bound follows by combining (D.14) and (D.15). O

Having established a lower bound on (ii) in (D.9), we now turn to (i) in (D.9) and

connect this term to Dkr (71, || pr)-
Lemma 44. We have the following bound

[ 108 (%557 ) @) = pibra iy 1 e) + o)

Proof. Recall that

$9r Pr,)(y, P | x)v(dP) _ $ Piro) (y, P [ X)v(d P)
§2 P (y, P [x)v(dP) Pt (y | x)

pr=u(m(P)=r|xy) =

and similarly r = (§,r P1.g)(y, P | X)v(dP))/p1,g)(y | x). Write

apy = Lo PIX)  p _ PPagPIY)
pr P(T,Q)(Y | x) S,@f P(T,Q)(YIP | x)v(dP)

In addition, we have for any P € &

P (y, P | X) < P10 (y, P | x)

V(P):S Piro)(y, P [ x)v( S Pro)(y, P I x)v(dP)
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Consequently,

LW log (7;((77;))) n(dP) = L/" log (W) 7(dP)

= f),f rlog (W) 7, (dP)

= prDxe (7, || pyr) + prlog(pr).
]

The next lemma combines Lemmas 41, 43, and 44 to summarize the results we have

obtained so far and states (D.7) formally.

Lemma 45. Under the setting of Lemma 14,

Drw(7 || 1) = O (Dxe (e || pyr) -
Proof. By (D.9), Lemma 43, and 44, there exists a constant « € R such that

Drw (7 || ) = L log <Z((77§))> (dP) +a = pDxu (7 || wyr) + prlog(pr) + a.

Next, by Lemma 41 there exists a constant c¢ (k) and hence ¢” such that
o = exp(—c'- (1T + (1 — 1)T%) = exp(—")
since rT = O(1) and (n — r)T?> = O(1) by assumption, and so
D (7t || 1) = Q (Dxe (71, || prpy)) -
O

We now obtain a lower bound on Dk (7, || #;). We do so by finding uniform lower
and upper bounds on the restricted densities 77/,(P") and p,(P"), respectively. We first
establish uniform bounds the joint likelihoods P (1, g(y, P" | x) and P(r,q)(y, P" | x) for

any length r path P’.
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Lemma 46.

e—rTge—T'y( ) ( (Pr)) (TQ (y,P |X) < rTge—T’?(JY)q)(S(Pr))

e T~ Tr(uy) <P(T,Q)(y, Prlx) < e Toe=Tr(5y),

Proof. We prove the bound for the DSM; taking ¢ = 1 provides the proof for the ISM. By
Lemma 8

eT8 < X HH(X) (X)) TS (D.16)

S

Recalling ®(s(P")) := [ /1 ¢s, (Vs xl 1), we have
Piro)(y, P x) = H<P Yy & )= H =N | o =TT ()
— pXim P (T(x )Jr(-;xf’l))e—T?(-;y)@(S(pr))

and applying (D.16) yields the stated bound. O

We now apply Lemma 46 to obtain uniform bounds on the restricted densities 7, and
Hir-
Lemma 47. The following bounds hold:

T_re_ZrTSCD(S('Pr))

. (P") =
| ) Zs'eSym(S) CI)(SV)

V|r(73r) < T—rleT(S.

Proof. Applying Lemma 46 yields

Pira)(y, P’ | x) - e~ TP (s(P7))
§$or Pir,g) (v, PT I x)v(dP") = § 0 ©(s(P"))v(dP")

B e—ZrTSq)(s(pr))
Dsresym(s) P(s7) § 5 1at’

n\r(,P) =

B T—re—Zrqu)(s(Pr))
% Zs’eSym(S) CD(Sr)

An identical argument applies for upper bounding j, by letting ¢ = 1. ]
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We can relate the lower bound on 7,(P") in Lemma 47 to the uniform measure on

Sym(S), denoted Us by writing

LY () = By o)

" s7eSym(S)

and noting that

Dia(@s 11 Us) = Eus 108 (i, 17T ) Tl (s

This connection to Ug is established in the next lemma.

Lemma 48.

D (7t || ) = € 2D (P || Us) — 2rT(8 + 6).

Proof. Noting Dy (7, || ptr) = § 4 log (:J:E ))> m,(d P) and applying Lemma 47 twice

gives

[ ()

(s(P")) , 5
>Lrlog (]Eus[q)( r)]> ), (dP") —2rT(6 +9)

TS Q(s(P")) \ P(s(P)) N o0 T(5
R erg (EUS[Q)(Sr)O E o AP 2T+ o) (D.18)

Next, using STf 1dt’ = T" /r! we see that

(s(P") \ @(s(P")) r
Jy rlog (Eus[ d(s” )]) Ey [@(s7)] v(dP") (D.19)
= o (&) (s') :
_S*E‘Sgnw)l g<1EUs[q’( )]) By [P (s’ )]f Lt
_Tr q)(sr) (D(Sr)
=T"Eyq [108 (IEUS [cp(sr)]) ]Eus[q)(sr)]] . (D.20)

Finally, combining (D.18) and (D.20) we obtain

—2T§ D(s") d(s") -
Do ) > 7 B o8 (5007 ) ey 270+
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The proof of Lemma 45 now follows immediately by Lemma 48.

Proof. (Lemma 14) Since T = O(r/n) and r < ns we have O(rT) = 1. Hence, by Lem-
mas 45 and 48

Do (7 || 1) = Q (Dxe (71, || 1)) = Q (Dxo (P || Us)) -
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Appendix E. Supporting Results for Chapter 5
E.1 MGF Bound on m(P) Under it

Lemma 13 provided a bound on the moment-generating function of the number of
mutation events m(P) under the ISM u. Here we derive a bound on the MGF of m(P)
under the DSM 7, which will be used repeatedly in our analysis of the SMC algorithm.
Recall that for a subset A < {1,...,n} we let x4 and y 4 denote the corresponding subse-

quences and
na=Al ra=dalxaya)  far=ratraT+ (na—ra)T (E.1)

We state the bound for m(P 4) for any contiguous subset of sites .A; choosing n4 = n

yields the bound for m(P).

Lemma 49. Let A < {1,...,n} be a set of contiguous site indices and 0 € (0, ). Define
M (8) := 7™ + 0Fmaxe e T 1 gk(Fimax — Fonin)
A2(0) := 10g(06*™ Fmax/ Fmin)
A3(6) = el + 92712;1ax€2T5423Tq9%“eT5

Set A(0) := max{A1(0),A2(0),A3(0)}. If 7t is a k-neighborhood DSM (Assumption 3) then

E[0"(Pa)] < eMO)a,

Remark 2. Under Assumption 2, A(6) = O(max{log(7.),k}) when ymax « min{y.,k} and
0 « min{¥., k}, where Ymax/ Ymin := ¥« 1S the ratio of the maximum and minimum DSM rates.
Indeed, recall that Assumption 2 implies T = O(r/n) and r < nt, in which case T = o(1).
Hence, A(0) is dominated by the O(log(¥.)) term in Ay(0) and the O(k) term in A1(0) upon
ignoring o(1) terms involving T.

The proof of the MGF bound proceeds by relating the DSM 7 to a modified DSM

where the subset of sites in A evolve according to a standard symmetric evolution model,

while the remaining sites in A° continue to evolve under the original DSM rates. The
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standard symmetric evolution model Q%™ is defined by

stm lifdy(x,x') =1 stm 0ifdy(x,x) > 1, (E.2)

For example, the standard symmetric evolution model for DNA (&7 = {A,G,C,T}) is the
JC69 model [72] with unit rate (y = 1). Observe that any standard symmetric evolution

model is an ISM and the number of non-zero elements along a given row of Q%™ is equal

tong = n(|«/| —1).

Proof. We first define the modified DSM model; from there we can then apply Lemma 13.
Let 77’ be a DSM with rate matrix Q’ such that Q;,x, = 0if dy(x,x’') > 1, and define Q’

x,x’

for dy(x,x’) = 1 by

-/ - ﬁi(b;fi) fOI' 1 ¢ A
(b; %) = _ E.3
7i(b: %) {1 forie A. (E3)

so P 4 is distributed according to a standard symmetric evolution model with endpoint
constraints x4 and y 4. We will bound the likelihoods ratio Py g)(y, P [ x)/ P(1,1(y, P |
x), considering the terms in (4.5) in turn. We first consider the product of rates, where we

have

P m
) o o o
H (537 = T 7037 [ 7 @h2) <l ] %eh2h, €9

I= I:sle A I:slg A

3

N
Il
—_

with the last inequality holding since [ ;.4 4 7% (b;#71) = 1. Similarly,

m(P) » m(P)

[T 700551 = 7l ]_[ b (E.5)

1=1 =1
Next we consider the exponential terms in (4.5). Firstlet A. = {ie A: C;in A° # I}
denote the edge sites of A, and Ay = A\ A the interior sites, so A = Aint U Ae is a
partition of A. Note that | 4| < k since the sites in A are assumed to be contiguous, and

the context of each site is limited to its k-neighborhood (Assumption 3). Under 77/, the rate

that site i € A mutates is v}(-; xi(t)) = g = |&/| — 1 since vi(b; x;(t)) = 1 fori € A and
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b # x(t) by (E.3). Therefore, the rate at which x 4 () mutates under the modified DSM 7/
is

DimrGa() = g =qlAl

icA icA

Now returning to the exponential terms in (4.5), write

Z ) =76+ Y nGE T —qlA

ieA

<TVEA) g el Fmax + Y. Ti(5 2 ) —qlAlL (E6)
Z‘e‘Amt
Applying the upper bound (E.6) we obtain

m(P) m(P)
DA MG < YT A GX ) + T(| Ael Fmax — 1A]) (E.7)

I=1 I=1

m(P)
+ A D wGERTY. (E.8)

=1 i€ Aint

We can upper bound the right hand side of (E.7) using Lemma 8 (recall § := g(k +

1) ('Ymax - '7min))3

m(P) m(P)

PO W ACE: Z 2 FGE) = HGET) =T 3 W)

=1 iEAlnt 1=1 lE.Amt iEAjnt
m(P)

= > Y (WGER) = ET)) =T Y %)
{l:SIG.A} ieAint ZeAmt
<STom(Pa)—T Y %(55). (E.9)
i€ Ajnt

The second equality follows since > 4 (7i(+; ) —3i(; 3?1171)) =0ifs' ¢ A= Ac U At
as the mutation rates of sites in .4 are unchanged in this case. The final inequality follows

by Lemma 8 since

N (FiE) = iE) < 406 = (5K <4
i€ Ajnt
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For brevity, denote the constant ¢ = T(q |A| + Xc 4, ¥i(+; i)). Using the bound (E.9), we

obtain by (E.7)
m(P) m(P) i
DUADAGRTY < Y MDY (53 + Tq | Al Fmax + Tom(P 4) —c,
1=1 I=1

yielding a lower bound for the exponential terms in (4.5):

o= ST A DAY 5 o= ST A (%' 71) p= Tl Ael Tmax—Tm(P a) +c (E.10)

A similar argument yields the upper bound
o= ST A DFERTY) o o= ST A1)y (X Y) p=Tg) Ael Fimin+ TOm(P 4) 4 (E.11)
Combining (E.4,E.5) and (E.10, E.11) and applying to (4.5) yields the uniform bounds

FPA) g=TIm(P 2) o= Tql Al Tmax ¢ < Py, P 1) < 47(P) G TOM(P 4) o= Tql AclFonin e
min P(T,Q/)(YI,P ’ X) max

It follows that

P ) 5 5\m
_Sp 0" Pa0) 0 P IXVEP) g ) B [(0Fmaxe™)" P4
2P0y, PIx)v(dP) Eo [ (Frmine—10) (P 4)]

En[gm(ﬂt)]

Now recalling that P 4 has marginal distribution under the modified DSM 7t given by a
standard symmetric evolution model, we can apply Lemma 13 to the denominator. In par-
ticular, letting Y™ (- | x,y) denote an endpoint-constrained ISM with rate matrix QY™
defined in (E.2) we have

sym [ (Fmine ™ T0)"PA)] = 574 ATV oy (m (P a) = 1.4 | X, 5.4)-

min

IEH’[('T’mineiTg)m(PA)] =E,

By Lemma 13

Pysym(m(Pa) =14 | xa,y4) = exp (=14’ exp(Tqymax)T — (4 —1.4)c’ exp(Tq'ymax)'yminTz)
= exp(—raq° exp(Tq)T — (n4 —r4)4* exp(Tq)T?),

where ¢ = 'yrznax / 'yminqzeT‘?(7maX_7min) = qz since Ymax = Ymin = 1 under Q™. Applying

Lemma 13 again to the numerator, we obtain

En,[(e,?maxeTg)m(PA)] _ Eysym[(e'?maxeTg)m(PA)] < erAc1+rATcz+(nA—rA)TZC3’
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where

T§ q2 T0Fmaxe™®

~ Té
e c3 = 09maxe °Co.

1 = log(erymaxeTg) C2 = 9’7maxe

Finally, recall that |A.| < k. By the definition of A(6)

5 To\m(P
EH[QM(PA)] < eTq‘Ae‘('?max*'?min) IEH/[(Q'}’maXE ~)WZ( Q)] < e/\(e)éA.

E [(Tminefw)m(?/‘)] N
The stated bound follows. O

Lemma 49 provides a bound on the MGF of m(P) (taking 6 = e). Applying the Cher-
noff bound Pr[m(P4) > M] < E[e"P4)]e~M with M € {0,1,...,} gives that the number
m(P 4) of jumps in A is bounded above by A(e){ 4 = O({4) with high probability, de-
caying as e~ (M=A()e4) while applying Jensen’s inequality E[e"(P4)] > eExl"(P4)] gives a

bound on the expected number of jumps in A:

Er[m(P4)] < O(Ca) (E.12)

Therefore, the expected number of jumps in A is bounded by O(r 4 + 14T + (n4 —r4)T?),
which under Assumption 2 is O(1) when r4 = 0. This fact will play an important role
in bounding the number of extra jumps among the edge sites & of a partition defined
in Section 4.4, recalling that r4 = 0 for island partitions (Assumption 4). We will use
Lemma 49 in the proof of Theorem 12 and again in Lemma 53 to find a high probability
subset of paths &7y < & on which m(P) is uniformly bounded. The set &7 will play an

important role in bounding the warm mixing time of K to establish Theorem 13.

E.2 Bounds on max, L*(7t,, 71,_1)

We will now prove the following result, which establishes the first statement of Theo-

rem 10.

Theorem 12. Let 0 = By < B1 < ... < By = 1 be a sequence of inverse temperatures. For any
k-neighbor DSM (Assumption 3), there exists a constant ¢1 € (0,1), independent of x and y, such

that if

Aﬁ::ﬂv—ﬁv,lgﬁ for v=1,...,V
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then max, L? (7, 7Ty_1) = O(1). Consequently, V = O(n) temperatures and N = O(V3) =

O(n®) particles suffice to satisfy the first condition of Theorem 9.

We will do so by obtaining a bound on L?(7t,, 71,_1) as a function of AB. Let

m(P)
$o(P) = $o(s(P),b(P)) i= Y. HA%,(1)
1=1
and note
wy(P) := Py PI1x) _ o~ T(o(5y)=To-1(y)) mﬁ) b0 (b 511 ) e (P)—poa (P)
[ . — ; l .
P(T/Qvfl)(y’,]) ‘ X) =1 S
Then we can write
LZ(TL'U, 7‘(071) = IE;-[U_] [w%(P)]/ (IET[v—l [wU(P)])z = IEm,_l [wzzz(P)]/ (IET[v—l [wv(P)])z 7
(E.13)
where
m(P)
Bo(P) = [ | ¢ (b))t (P)—yoa(P),
S
1=1

Lemma 50. Let

5y = 2g(k + 1) Ymax max(1, Pmax) [max(l,cpﬁéﬁ() —min(1, 4)3’13;)]

Then

P, (e TP < 0,(P) < gD PeeTmPI) 1,

Proof. First notice

Next, write



Note that there are at most 2q(k + 1) non-zero summands since dg(x'~!,x!) = 1. In
addition, forany l € {1,...,m(P)}:
Bor/ . TN N Bor ABo
YmaxPmax (min(1, ‘Pmm) 1) < ¥o(@x3) = Yo-1(4;%;) < Ymax@Pmax (max(1, Pmax) — 1).
By the triangle inequality

[AYo(1) — Ayp—1(1)] < 2q(k + 1) Ymax max(1, Pmax) [max(1, ‘PmaX) min(1, (Pmm)] = 0y,

using qbg{’axl < max(1, Pmax) since B,—1 € (0,1). The stated bound follows by the definition
of @, (P). O

The next lemma upper bounds the quantity &, introduced in Lemma 50 by cAp for
constant ¢ € (0,00) that depends on the DSM rates. This upper bound will be used to

prove Theorem 12.

Lemma 51. Suppose APy < 1/10g(1 + ¢max). Then

1’ l'zrlax Y
[max(1, ¢maX) min(1, ‘Pmm)] < log <m> APy == PAPy,

and therefore 5, < 2q(k 4+ 1)Ymax max(1, Pmax ) PABo.
Proof. Write

max(1, dib) — min(1,¢p57) = (max(1, Phe) — 1) + (1 — min(1, ¢550)).

Focusing on the right-hand term, when 4)3?12 < 1,using 1+ x < ¢* we obtain

1-— ﬁfrﬁ < log(1/ min(1, Pmin))ABo.

Next since ¥ < 1+ x + x> <1+ 2xforx < 1and AB, < Tog L we have

1+(Pmax)
ﬁ{f{; —1 < 2log(max(1, Pmax))ABo-

It is straightforward to check that this implies the result. O

With these lemmas in hand, we are now ready to complete the proof of Theorem 12.
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Proof. (Theorem 12) Let

1 2
91) = 4A,Bv2T’)’max max(l, (Pmax)Q(k + 1) log (m)

+ 4AB, max {log (qb;liln) , log((pmax)} .

We have 6, > 0 (unless ¢ = 1). Let ] = 2A,_q(e){, where A,_1(+) is the function A(:)
defined in Lemma 49 for the DSM with rates 4,1, and recall { = r + rT + (n — r)T%. By
Lemmas 50 and 51,

Er, ,[@5(P)] < Er,_,[e

]lm(P)sl]+IEﬂv—1[e : ﬂm(P)>l]
<e¥ +EL  [*"P)PL  (m(P) > )

where the second inequality follows by the Cauchy-Schwarz inequality. By Markov’s
inequality,

Ovl

1 1 o
l]5:72'(17—1 [EGUWZ(P)] ]P72r'u—1 (m(,P) > l) < e% + lEnvfl [esvm(lp)]e_T
=% (1+E._, [0 (P)]e=0ely,

and applying Lemma 49 we obtain

_— l[eevm )] =205, _1(e)¢ < eev/\v 1(e )C =20, 1(e)¢ < 3_011 o-1(€)C <.
Hence, B, ,[@3(P)] < 2¢%*-1(¢)%, By Lemmas 50 and 51 we have
vl
(Ex, [@o(P)])” > ™% (1= Pr,_, (m(P) > 1))*.

By Markov’s inequality and Lemma 49
1_1137rv_](m(7))>l)21—e vl()§>1_e 1'

Consequently,

~2 2
Lz(ﬂ'v, 7-(11_1) _ IET[U*l [wv<7))] 5 <2 ( e > 62902\17,1(8)5 < 263,
(lEnv—l [wU(P)]) € 1

where the final inequality follows by the definition of 6, and choosing

1 1,42 !
Ao < <8Avl(e) log (rm) (1 + Tymax max(L, ¢max)q(k + 1))) ,

and we use max(log (4);11111) ,10g(Pmax)) < log (max(1, ¢2Z.y)/ min(1, Pmin)). O
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E.3 Proof of Theorem 10

To establish the second condition of Theorem 10 and complete the proof, we prove a
warm mixing time bound for the componentwise Metropolis algorithm defined in Sec-

tion 4.4.1 targeting an arbitrary DSM 7t:

Theorem 13. Forany ¢ € (0,1) and any k-neighbor DSM (Assumption 3), there exist constants

c1,¢2,¢3 € (0,00), independent of x and y, such that

) 32000N2V2 6000N2V2B\ ©
max T m,Z < Blog

v 52 52

X exp <cl [m]axgzj + 9]+ T[ly + ga@]> )

In particular, if .7 is an island partition (Assumption 4) and under Assumption 2

max (513‘/,2) = poly (6™, N, V,B) exp <(’)(m}ax rI],)) .

Applying this mixing time bound to the kernels Kj, . .., Ky and taking the max yields
the second statement in Theorem 10; the proof is given at the end of this section. We first

review notation and background material needed to prove Theorem 13.
E.3.1 Background and Notation

Recall from Section 4.4.3 that # is w-warm with respect to 7t if for some w > 1

sup (1(A)/(A)) < w
AcP

and the warm mixing time of a Markov kernel K with state space & is defined by

T(e,w) = inf{s :osup |InKE(H) — (L) ]y < e} ,
NEM (TT)

where .#,, () denotes the set of all w-warm distributions with respect to 7 and ||-||,,
denotes total variation distance. Define the inner product (f,¢)» = { f(x)g(x)7m(dx).

Our approach to bounding 7(e, w) will frequently involve the spectral gap of a Markov
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kernel K:

. &(f.f)
SpecGap(K) := f , E.14
peC ap( ) felerl(T[) Wn— ] ( )
Vr[f]#0

where Ek(f, f) = {f, (I = K) f)x is the Dirichlet form and V[f]| = {f, f)r — {f,1). The
spectral gap characterizes the rate at which K converges to 7. For example, a standard
argument (see e.g. [93]) gives

log(2¢1) + log(w — 1)

SpecGap(K) (E.15)

T(e,w) <

Moreover, [5] showed that under a warm start it suffices to bound SpecGap (K| »,) for any
Py < P satisfying m(Pp) = 9/10, where K| 5, denotes the restriction of K to the subset
Py

K|, (P, A) :=K(P,A) +54(P)K(P, ) for A = P (E.16)

(Note that K| 5, is reversible with respect to 75, = 71~ 15,/ 7 (2y) when K is reversible
with respect to 71.) For technical reasons, we will assume that K is lazy and remains in
its current state with probability 1/2 so that K(P,P) > 1/2; if necessary this can be
ensured by taking K' = (K + I). Note that bound on SpecGap(K) implies a bound on

SpecGap(K') as the two quantities differ only by a factor of 1/2.

Theorem 14. (Atchadé [5]) Let € € (0,1) be fixed. Assume K is reversible and lazy. If w(27j) <
€2/ (20w?), then

log(2¢72) + log(w?)
SpecGap(K|»,)

T(e,w) <

We call the componentwise chain K given in in (4.57) (see Section 4.4.1) a product chain
in the special case that 77 = 711 x ... x 7p is a product distribution, with 77; a distribution

defined on &7,. Later we will use the following result regarding product chains:
Theorem 15. (Diaconis and Saloff-Coste [31]) Let K be a product chain. Then
1
SpecGap(K) = B min SpecGap (K(j)).
]
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E.3.2 Proof Overview

In light of Theorem 14, in order to upper bound the mixing time of K it suffices to
obtain a lower bound on SpecGap(K|4,) for some high probability set 9 < . We
choose #j to be a subset of paths where the number of jumps at each site is uniformly
bounded. We can then apply the following lemma, which is straightforward to verify.

Recall that .# = {7, ...,Zp} denotes a partition of {1,...,n} into B blocks.

Lemma 52. Let &y = mle Po,j where P ; < L@Zj. Then

K9, (P,dP")

Od\r—\

B
Z ()| 20, Pz,d”f’z)&pz _(d”P’IH]).

We will lower bound the spectral gap of K|z, (P,d P’) by the spectral gap of a carefully-
chosen product chain which admits more direct analysis. This product chain is obtained
by omitting all context-dependence between partition blocks, by setting ¢ = 1 for rates

defined at all edge sites Z = {D, ..., Dp} (see (4.58) and Figure 4.4). In particular, let

Ji(b; %;) = Ti(b; in) for ' 7 (E.17)
5i(b; %)) forie{l,...,n}\2
Let Q be the a" x a" rate matrix with rates (E.17) and define 7t for the corresponding DSM
by
(P) :=A(P | x,y) P q)(y, P | x).

Note that sites in Z;\D; evolve under the same rates in both 7w and 7, but Pz, ..., Pz, are

independent under 7t since 4; = «; for i € . Therefore 7 is a product measure

#(P) = 1 (Pz,) x ... x fg(Pz,), (E.18)

where 7;(Pz) = 7;(Pz; | xz,yz;)¢ P(T,Q)(YIj,ij | xz;) is an endpoint conditioned
model with rates (E.17). Consider the blockwise Metropolis-Hastings chain defined in

Section 4.4.1 with invariant distribution 7t. Let K be the #-invariant modified chain which
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uses the same (blockwise) independent-site proposal distribution, but utilizes 7 in place

of 7t in the acceptance (4.56):

B
K(P,dP') Z )(Pz,dP5)op, (dPF_). (E.19)

UU \

Then for any &) = mle P with P < P, K‘go is a product chain by (E.18) and

Lemma 52, and hence Theorem 15 gives

1 N
= mjln SpecGap (Kyj), Py, ).

SpecGap(f(‘,%) =3

We will choose # such that all of 7(P), 72(P), and u(P) are uniformly bounded, en-

abling us to define a function §(x, y, 0,0, T) such that, by a comparison argument,

- o . .
SpecGap(K|»,) = 6 SpecGap(K|,) = 3 mjm SpecGap(Kj) #,,)- (E.20)

Finally, since each K( j)| 2y, is @ Metropolized independence sampler with uniformly bounded

proposal and target densities, a bound on min; SpecGap(IA((m(%/j) follows easily. In what
follows we adopt the following notation for brevity

K\L@o = Ko K(f)|3”0,j = KOJ T2y = 700 T\ 2o; = T,

and use analogous notation for K, K(]’)\f’/"o,;/ 7t 2,, and 7; j| 2, S well (e.g. 75, = 7o)
E.3.3 Main Results

We first define the state-space restriction &?). We restrict to a high-probability set
which limits the number of “extra” mutations in each island, thus bounding the density

(importance) ratio.
Lemma 53. Let € € (0,1) and for A < {1,...,n} define the event

2(e, A) = {P:m(P4) < Mc(A)}, (E.21)

where Me(A) = M({4,B,€) := {aA(e) +1og(3B/€), and A(-) and { 4 are defined in Lemma 49
(section E.1). Let
@0,]-(6) = Q(e,I]) N Q(e,D]) N Q(€, 61)]) (E.ZZ)
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and Py(e) = Py = ij:1 Py,j(€). Then m(Py) = 1 —e.

Proof. The result follows immediately by application of the Chernoff bound (using the

MGF bound of Lemma 49) to obtain tail inequalities for each set:

Px(m(Pp,) > Ae)ip, +log(3Be™")) < Exle" "™ Je () < =

and taking a union bound over all 3B events. O

We will now establish the spectral gap bound for the restricted kernel given in (E.20). To
do so, We will use the following bound on the density ratio with respect to the invariant

distribution of the product chain K defined above:

Lemma 54. Define the importance weight

Let ¢ be a probability measure defined on the set of paths &2. Then the following bounds hold with
probability one under ¢ under Assumptions 3 and 4
P ( m(Pg) ,—T(m(Pg)+m(Pag))(d+0)+c D(P) < m(p-@)eT(m(P@)er(Pa_@))(5+5)+C) =1,

min max
(E.24)

for constant ¢ = —T(¥(-;y) —§(-;y)). In particular, letting
05 = exp (log(pu)Me(2) +2T(Me(2) + Me(0 2)) (6 +9)), (E.25)

where Me(A) = aM(e) +1og(3B/€) and g =14+ 14T+ (ng—ra)T? for Ac {1,...,n}
as in (E.1), gives the following uniform bound for & given in Lemma 53

) P
P, <9@1 < ZOEP; < 9@) —1. (E.26)

Proof. Recall that the substitution rates under 7 given in (E.17) are identical to those under
7t except at sites in &, which follow the rates of the ISM y. From the path density (4.5), we
see that

®(P) =
{L:s'le P}

[T by fill)] e¥2(s(PIb(P))+e, (E.27)
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where the term in the exponent corresponding to the difference between the exit rates

under 7 and 7 for sites i € Z is denoted by ¥ (s(P), b(P)) := Z;n:(f) t'T',(P) where

= 3} (3G ) — B il ).
€2
For the bracketed term in (E.27), note that for any path P we have |{I : s € 2}| =
Yiieg M(Pi) = m(Pg) and so

]P§ mm H ¢b’~ll < :111(;()@) =1
{l slez}

Turning to the exponential term in (E.27), observe that I',(P) is non-zero only when s’ €

200 92. When s € 2 U0 9, the context of at most k + 1 sites change (the k sites lying in

the context of site s', and s itself). An argument identical to the one given in the proof of

Lemma 8 yields:

Pz (|2 (s(P),b(P))| < T(m(Pz) +m(Paz)) (6 +06)) =

The first stated bound (E.24) follows. The second statement (E.26) follows from the first
and the uniform bounds on m(P ) and m(P;») used in proving Lemma 53, which hold

for P € &,. O

With the bounds on 71y / 7tp from Lemma 54 in place, we are now in a position to lower
bound the spectral gap of Ky by the spectral gap of Ko. This is done in the following

lemma. Later we will obtain an explicit lower bound on the spectral gap of Ky itself.

Lemma 55. Recall that the spectral gap of a rt-invariant Markov kernel K is defined by

= BUD e S0 S
Speccop() = It S = B T
Vi (f)#0 v,r[f];éo

Let K be a 7t-invariant Markov kernel, with #(x) and t(x) densities deﬁ'ned on a common state
space X and with respect to a common dominating measure p, i.e., A(A) = {, 7 ) and

= {, m(x)p(dx) for A = X. Suppose further that
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1. The ratio of each density with respect to p is bounded: ag < 7(x)/7(x) < ay forallx € X
for some ag, a1 € RY with 0 < ag < a;.

2. There exists ay > 0 such that for all f € L?(7t)

| Ko = )2 = o | Kedn)(£(x) = f) forallxe Xand A< X.
Then SpecGap(K) > %% SpecGap (K).

Proof. Note that V,[f] # 0 <= Vjz[f] # 0and f € [?(nr) <= f e L*(#) since

ag < 7t(x)/7t(x) < aj uniformly for all x € X'. By assumption V[f] < a1 V4[f] and

Ek(f, f) = aom& (f, f)-

Taking the infimum over all non-constant f € L2(7r) yields the stated bound. O

We now lower bound SpecGap(Kg) by min;SpecGap(K;); later we will obtain a
lower bound on min; SpecGap(KO,j) as well. The constants in the following result involve
the ratio ¢ = Pmax/ Pmin of the maximum and minimum context-dependent rates as well
as Ae) with A(-) defined in Lemma 49. Recall from Lemma 49 that A(e) is a constant

which satisfies the following bound on the MGF of the number of jumps m(P) under 7:

IEn[em(PA)] < M)A with a=ra+7rAT+ TZ(nA —ryq)and Ac {1,...,n}.

Recall also that by definition, the number of total jumps m(P) for any P € & is no
more than A(e)(0z, + 0o + o) +3 log(3Be™!), where Z;, 2, and @ 2 denote the jth block
of sites, set of division sites, and boundary of the division sites, respectively, defined in
Section 4.4.2. This property of &2 will enable us to obtain uniform bounds on the density
ratio 7t(P)/7(P), thus satisfying the conditions of Lemma 55. We can then appeal to

Theorem 15 to establish the following result.

Lemma 56. Recall 04 defined in (E.25):
05 = exp (log(px)Me(2) + 2T (Me(2) + Me(0 2))(6+6)) .

The following lower bound holds:

min; SpecGap (Ko,

SpecGap(Kp) =
pecGap (Ko) L
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We will use the following lemma to establish Lemma 56. For brevity we define the

following shorthand notation for all f € L2(7)

(VF(P,P))? = (f(P)~ f(P)

Lemma 57. The following bound holds for any P € &¢and A < Py:

LKO(P,dP')(Vf(P,P’))Zn,%(P) > 912 f Ro(P,dP)(VE(P, P))2Lsy(P). (E29)
9

for 04 defined in (E.25):
05 = exp (log(¢pu)Me(2) +2T(Me(2) + Me(02)) (6 +96)) . (E.30)
Proof. Let’ P € Zpand A  &y. We have

| Ko(PLdP) (P, P))PL,(P)

_ LK(p,dp/)(Vf(P,P’»Zn%(P)

Vf(P,P 2]1 &
:L( f( 2,(P Z (dPy)a;(Pg, Pp)op, (AP )

4 R(PAPYVFP.P) ooy
A

05

:f KO(P/dPI>(Vf<P/PI))2ﬂy (’P)
A

2

The first and final equalities follows since K and K share the same proposal distribution.

To see why the inequality holds, recall that the acceptance ratio for the IA(O,j chain is given

by

Pr,0) (7, Pr | X2, P7_) Pirg)(yz, Pr, | "Iﬂ} (E.31)

&j(Pz,Pz,) == min{1,
v "Pi1.0) ¥z, Pz | X2, Pz ) Pirg) (yz, Pr; | x1)

and by Lemma 54 we have

3(P7, P 1, (P) L, (P)

DC]'(PI/’PII]')JLWO(P)]IWO(P/) = 92@

Vie{l,...,B}.
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We are now ready to prove Lemma 56.

Proof. (Lemma 56) We claim that by Lemma 55, we have for Ky = K| 5, (with K defined

in Section 4.4.1):

SpecGap(Kp) > 919 SpecGap(Kp). (E.32)

with 64 as defined in (E.25). Indeed, the first condition of Lemma 55 is satisfied by the
bound (E.26) from Lemma 54 with g = 9; and a; = 604, and the second condition of
Lemma 55 with a, = 9;2 holds by Lemma 57. Hence Lemma 55 with a9 = 9;, a1 =
0y, and a; = 9; implies (E.32). Finally, recalling Ky is a product chain and applying

Theorem 15 gives the result. O

It remains to bound min; SpecGap(KO,j). We will again do so by obtaining uniform
bounds on the density ratio appearing in the acceptance probability, which apply on the
subspace & ; having a bounded number of extra mutations. That is, we will obtain con-
stants ag, a; > 0 satisfying

7o,;(P1;)
a0 Lo(z,e)(Pz;) < W (Pr) Loez)(Pz) < a1 1g,e) (Pz)- (E.33)

for 2(¢,Z;) := {P : m(Pz;) < Me(Z;)} the event (E.21) that the number of extra mutations
in Z; is bounded by Mc(Z;) = Cz;A(e) +1log(3B/€). Once (E.33) is established, recalling
that ji7; is the proposal distribution used by IA<0,]-, a lower bound on SpecGap(IA(Olj) follows

immediately.

Lemma 58. Define the quantity

07, := exp (log(¢.) Me(Z;) +2TMe(Z;) (6 +9)) - (E.34)
Foranyje{l,...,B}:

SpecGap(Ko ;) > %.
o
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Proof. Letc = —T(¥(yz;) — 7(yz;)) and By an identical argument to that used to show

Lemma 9, we obtain the following uniform bound on the density ratio:

ngr Zi(lfzj)e_Tm(ij)(5+5)+c < P(T’Q)(yIjr PI] | XI]) < Z:gjlj) Tm(PIj)(5+(5)+c —1,
f Pr.o)(yz, Pz | xz))
(E.35)
where {7, is any probability measure supported on #7,. Consequently
loez)(Pz)  #o,i(Pz 07 - Loez)(Pz)
ey (o7 < TP gy Py < T2 1 mae)
i\ 0z - ur,(Zoj) ~ yz,(Pz) nz,(20,)
Recall that by definition
5 ko (f/ f)
SpecGap(Ky,;) = inf —2 " (E.37)
P P ! feL* (%) Wﬁo,j [f]
VﬁO,ij];éO

Recalling from (E.22) that 2 ; = 2(e, I;), we have by (E.36) that
Wﬁo,j [f] < GIJ'VI]-(‘@()J) Vﬂzj|90,j [f]

Next, by the definition (E.31) of &;(Pz, P’I]) we see again using (E.36) that

N 1
‘Xj(PI,-/ P{Z]) . 132(@’5) (PIJ-, P/I]) 2 @ . ]132(1/-,6) (PI]/ P/I])/

i
and so

&gy (f1 f) = #0j(d Pz,)Koj(Pz,d P1)(Vf(Pz, P1))>
! P0j ) Poj ] ]

= [ | Py PPy, Py (VF(P5, P
y[),] WOJ

. VI,-(QO,]‘)

> [ ki (@ Pg )i, (4 PE) (VS (P, )P
Ij <70, V<70,

245 (P0)) Vig o, 1]
_ 3 |
63
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It follows that for any non-constant f € L?(7,j) we have

Exy; (f/ f)
Kol 2 (E.38)
Wﬁo/]‘ If] sz
Taking the infimum on both sides gives the stated bound by (E.37) O

Combining Lemmas 56 and 58 provides us with a lower bound on SpecGap (K|, ).
Consequently, we immediately obtain a bound on the spectral gap of the lazy chain K’ :=

%(K +1) restricted to #y.

Lemma 59. Let 64 and GIj be defined as in (E.30) and (E.34), respectively. Then

4
1 1
!/
> (= ).
SpecGap(Kj) B (9@ max; 9@)

Proof. It suffices to lower bound SpecGap(Ky) since SpecGap (Kj) = M. Recalling

(E.20) and applying Lemmas 56 and 58
1 . 2
min SpecGap (Ko ;) >
/ ]

1 N
— SpecGap(Ko) > — > .
0%, B6?, B6?, max; 9%]_

SpecGap(Ko) >
The stated bound follows. O

Lemma 60. Define the constants

c1 =4A(e)log(¢s) 2 =8A(e)(0+6) c3=—~(c1+2)

Then for any € € (0,1)

80w* > <6OBw2

w(e,w) < Blog (204~ ) (L55) exp (almaxgs + o]+ xTies +os]).

Proof. We will apply Theorem 14 to the lazy (reversible) chain K. From Lemma 53 we
have 71(2(e?/20w?)) = 1 — €2 /20w? satisfying the conditions of Theorem 14. Lemma 59
gives
1 e \°
SpecGap(Kj) = B <60sz> exp (—cl [m]ax ¢z, + Gl —c2T[fg + Cag]) .
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for the chosen ¢y, c3,¢c3 > 0. Applying Theorem 14 yields the result. To obtain the lower

bound on SpecGap(Kj), recall that for A = {1,...,n}

Me(A) = Car(e) +10g(3B/€')  Car=ra+raT+ (na—rs)T%

where we set € = €2/20w? so that (2y(e?/20w?)) > 1 — €?/20w? by Lemma 53 to
satisfy the condition of Theorem 14. It follows by Lemma 59 that for 6 and 07; defined in
(E.30) and (E.34), the lower bound on SpecGap(Kj) in Lemma 59 is equal to

B~ 1ot max 67"
=B lexp (-4 10g(4>*)(m]ax Me(Z) + Mo (2)) — 8T (6 + 6)(Mer(2) + Mer (0 %))
=B lexp <—4A(e) [log(qb*) (rn]ax {14+ C2) —2T(0+6)(lo + ga_@)] —c3 log(3B/e’)>
=B 'exp <—C1 [m],ax {1, + 09 —T[lo + Cog] —c3 10g(3B/€'))
oo (~aimpxts + 61 -1t ) ()

where the final equality follows using log(3B/¢’) = log(60Bw?/€?). O

We now prove Theorem 13, which states a bound on max, T, (ﬁ, 2) , where T,(€, w)
is the w-warm mixing time for K, defined in (4.60). Hence, the proof of Theorem 13

follows almost directly by Lemma 60.

Proof. (Theorem 13) Lemma 60 holds for K targeting an arbitrary DSM 7. Consider K, tar-
geting 71, (4.51) and let ¢,1, ¢y 2, and ¢, 3 be the corresponding constants from Lemma 60.
Applying the bound of Lemma 60 with ¢j = max ¢, 1 and ¢}, = max, ¢,2, and c§ = maxc,3
and choosing the warmness parameter w = 2 and N = §/5Ve for ¢ € (0,1), yields the

stated result. O

The following result follows immediately by combining Theorem 9, Theorem 12, and

Theorem 13; Theorem 10 is a direct consequence.
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Theorem 16. For a k-neighbor DSM (Assumption 3), the SMC algorithm given in Section 4.4.1

provides a randomized approximation scheme for pr g (y | x) in time
O <poly (e_l,g, B) exp(c(m}ax 0z, + {a(1+T)+ @a@T))> ,

where { 4 was defined in (E.1) for a subset A < {1,...,n} and ¢ € (0,00) is a model-dependent
constant. In particular, if .7 is an island partition (Assumption 4) and Assumption 2 holds,

P1,0)(y | x) can be approximated with e-relative error in time
O (poly (e_l,r, B) exp(c’ max rIj)> , (E.39)
j

for model-dependent constant ¢’ € (0, 0).

Note that ¢’ in Theorem 16 is O(max{log(¥.)log(¢.), klog(¢.)}) under certain con-
ditions. Specifically, assuming max{ymax, €} « min{¢., k}, then we have under Assump-

tion 2 that for ¢/, ¢ and ¢} defined in the proof of Theorem 13

max{c}, ¢, c3} = O(klog(¢.) max{log(7.), k}),

where we used Remark 2, which implies A(e) = O(max{log(%.),k}) and so (note § =
O(k))

c1 = O(max{log(7+), k} log(¢.)) ¢z = O(max{log(7+), k}k)

where we used Lemma 60.
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Appendix F. Supporting Details for Chapter 5
F.1 Intermediate Mutation Probabilities

Table F.1: Example of an uninducible mutation resulting from a single base change in a
kappa light chain sequence.

| Amino Acid | Bases | Expected Obs. | Prob. | 95% C.IL ‘
| R4L | 1 | 0939 | 6.26e-6 | (6.05e-6, 6.48e-6) |

Tables F.2, E3, and F.4 give first- and second-step probability transition estimates with
¢ = 1 for the S59D, S54A, and G55N acquisition scenarios described in Section 5.3. In each
table, the first column denotes the intermediate codon and corresponding amino acid and
the second column denotes the distance from the initial codons (AGC, AGT, GGT for the
S59D, S54A, and G55N cases, respectively). The first-step probability (third column) is
the probability of obtaining a given amino acid at a specific codon after the first cycle
(i.e. after the first round of mutation and selection). The second-step probability (fifth
column) gives the probability of obtaining the target amino acid after the second round of
mutation, following the first cycle, conditional on acquiring the intermediate amino acid
for a specific codon value. Intermediate mutations with a ‘*” indicate that the mutation is

uninducible and thus the second step is not considered.

Table F.2: Probability transition estimates for S59D.
] AA. \ Bases \ First Step H First Step 95% C.I. \ Second Step \ Second Step 95% C.I. ‘
AAC (N) 1 2.98e-3 (2.93e-3, 3.03e-3) 1.35e-3 (8.00e-4 ,1.95e-3)
GGC (G) 1 1.06e-3 (1.04e-3, 1.10e-3) 4.15e-3 (3.12e-3, 6.14e-3)
AAT* (N) 2 6.53e-6 (3.54e-6, 9.28e-6) - -
GGT* (G) 2 2.37e-6 (9.77e-7, 4.64e-6) - -

Tables F.6 and F.7 give the first and second step transition probability estimates for the
pair of amino acid acquisition problems considered in Section 5.3. In particular, column 2
gives the marginal probability that a given AA (designated by the first column) was ob-
served at the end of the first cycle. Note that this value depends on the selection strength

Y with ip = 1 being ‘neutral selection” and ¢ > 1 ‘strong selection’. The fifth column gives
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Table F.3: Probability transition estimates for S54A.
] AA. \ Bases \ First Step H First Step 95% C.1. \ Second Step \ Second Step 95% C.I. ‘

GGT(G) | 1 1.50e-3 || (1.46e-3, 1.53e-3) 8.45e-4 (3.42¢-4, 1.61e-3)
ACT (T) 1 5.69e-4 | (5.46e-5,5.93¢-4) 2.13e-3 (8.49¢-4, 3.86e-3)
ACA* (T) | 2 1.53e-7 (0.00, 6.10e-6) - -
ACC*(T) | 2 2.67e-7 (0.00, 1.10e-6) - -
ACG* (T) | 2 1.08e-7 (0.00, 6.10e-7) - -
GGA* (G) | 2 4.58e-7 (0.00, 1.22e-6) - -
GGC* (G) | 2 131e-6 || (3.66e-7,2.69%-6) - -
GGG* (G) | 2 7.28¢7 || (1.22e-7, 1.59¢-6) - -

Table F.4: Probability transition estimates for G55N.
’ AA. \ Bases \ First Step H First Step 95% C.I. \ Second Step \ Second Step 95% C.I. ‘

GAT (D) | 1 120e-3 || (1.17e-3, 1.24e-3) 1.38¢-3 (5.18e-4, 2.35¢-3)
AGT (S) 1 8.17e-4 || (7.86e-4, 8.45¢-4) 7 64e-4 (1.49¢-4, 1.76e-3)
AGC* (S) | 2 3.63e-7 (0.00, 9.77e-7) - -
GAC* (D) | 2 1.08e6 || (1.22e-7,2.44e-6) - -

Table E5: Joint probability of obtaining the S54A, G55N, or S59D mutation at the end
of the second round of mutation and its corresponding intermediate amino acid/codon
mutation at the end of the first cycle. For example, the probability of both observing the
S54A mutation at the end of the second round of mutation and the GGT (G) mutation
at the end of the first cycle in a population of Ng = 1000 B-cells is 1.28 x 107°. The
ratio (third column) is the larger of the two joint probabilities divided by the smaller for
each amino acid (e.g. 1.28/1.23 ~ 1.04). Results are given for ¢y = 1. Note that only
intermediate codons distance one from the initial codon are considered as the other cases
are uninducible (see Tables F.2, E3, and F.4).

| AA. | Joint Probability |  95% CI [ Ratio |
S54A - - 1.04
GGT (G) 1.23e-6 (4.25¢-7,2.15e-6) | -
ACT (T) 1.28e-6 (5.31e-7,2.00e-6) | -
G55N - - 2.65
GAT (D) 1.75¢-6 (629¢-7,2.92¢-6) | -
AGT (9) 6.60e-7 (1.87e-7,1.55e-6) | -
S59D - - 1.02
AAC (N) 4.26e-6 (2.18e-6, 6.11e-6) | -
GGC (G) 4.36e-6 (3.10e-6,7.37e-6) | -

the probability of obtaining both targeted amino acid mutations (W47L and M48L in Ta-
ble E.6 and S57R and T58P in Table E7) at the end of the second round of mutation (i.e.
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before the second round of selection) conditional on obtaining the amino acid mutation
targeted during the first cycle. Note that these probabilities do not depend on 1. Values

in the third and sixth columns correspond to 95% confidence bands.

Table F.6: Probability transition estimates for W47L and M48L.
] AA. \ First Step \ First Step 95% C.I. \ P \H Second Step H Second Step 95% C.1I. ‘

WA7L | 25le-d | (2.32e-4,2.72e-d) | 1 1.17e-3 (4.20e-4, 2.44¢-3)
W47L | 3.16e-2 | (3.00e-2,3.30e-2) | 150 - -
MA4SL | 142e-3 | (1.38e-3,1.46e3) | 1 3.75¢-4 (1.76e-4, 6.86e-4)
M4SL | 15%-1 | (1.56e-1, 1.62e-1) | 150 - -

Table F.7: Probability transition estimates for S57R and T58P.
] AA. \ First Step \ First Step 95% C.I. \ P \H Second Step H Second Step 95% C.I. ‘

S57R | 8323 | (8.23e-3,842e3) | 1 8.40e-4 (6.31e-4, 1.05e-3)
S57R | 2.88e-1 | (2.86e-1,2.8%-1) | 50 - -
T58P | 3.69e-4 | (3.50e-4,3.93e-4) | 1 1.24e-2 (8.47¢-3, 1.84e-2)
T58P | 1.73e-2 | (1.66e-2,1.83e-2) | 50 - -

F.2 Simulation Methods

Letx = (x1,...,x,) and y = (y1,...,Yn) be two length n nucleotide sequences (i.e. x; €
{A,C,G,T}) that differ only at the ith position, i.e. x; # y; and x; = y; for i # j. Let Q be
the 4" x 4" rate matrix with Qx,y = 7(b; %;), where ¥ is the context-dependent substitution
rate from [159] for the corresponding pentamer X; = (x;_», X;_1, Xj, Xi+1, Xj1+2). We assume
Qxy = 0 if x and y differ at more than one site. Let T; denote the time of the end of
mutation round i for i = 1,..., R rounds. We evolve a germinal center population of Ng
B-cells over the R mutation and selection rounds according to the following procedure:

1. Initialization:

e Sample x(V)(Ty),...,xNo)(Ty) via forward simulation of N independent CTMCs
each with rate matrix Q and initialized at common UCA x.

2. Fori=2,...,R:
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e Apply selection (see below) to the population {x!)(T;_1),...,xNe)(T;_1)} to
obtain a new population {i(l) (Ti_1),...,xNo) (Ti—1)}-
e Sample x(1) (Ty), ..., x(Ne) (T;) via forward simulation of N independent CTMCs,
each with rate matrix Q, but initialized at i(l)( Tii1),.. .,)N((NG)(Ti,l), respec-
tively.
The selection step is performed by multinomial resampling, with B cells that have ac-
quired a desired amino acid mutation assigned weight proportional to fitness parameter
P € (0,0) and the population resampled with replacement. Specifically, if A is the tar-
geted amino acid at codon number ¢, we define the weight function

o(x(Ty)) = {;v ioftﬁa;vcv_iggl(n),x3<c_1>+z<n>,x3<c_1>+3<n>> € Ca
where C4 denotes the set of codons encoding amino acid A. Resampling then selects B

cells for the updated population by choosing

o(x0)(T}))
S0, o(x/(Ty)’

x®)(T;) = xU)(T;) with probability p;(j) =

for k = 1,...,Ng. The probability that a B cell has acquired A after R rounds is then
obtained by computing the fraction of the population that has acquired A at codon c at

the end of round R.
F.3 Estimators for Figures 5.5, 5.6, 5.7, 5.9, 5.10

Denote the set of nucleotide sequences whose 55th codon (nucleotide positions 165,
166, and 167) is equal to codon Cy for k € {1, ...,64} (e.g. AAT, AAC, etc.) by

X (Ck) := {x : (x165, X166, X167) = Ck}

Let X(T;) = (xV(T;),...,xN6)(T;)) denote a population of N B cells at the end of the
mutation round of cycle i, and X (T;) = (XV(T;),...,xN)(T;)) the population after the
selection round of cycle i, for i € {1,2}. Marginal probabilities are estimated by forward

Monte Carlo sampling, i.e. by simulating S = 32000 independent populations, each of
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size Ng = 1000. Denote by X'*)(T;) and X'(*)(T;) the sth population after the ith mutation

and selection round, respectively, and write the set of B cells in the sth population as

XON(T) = (xX5(Ty), ..., xtN(Ty)) (T = (x(Ty),. .., xENe)(Ty)).
F.3.1 Marginal B cell codon probabilities
Figures 5.5, 5.6, and 5.7 show the marginal probability of observing codon Cy at posi-
tion 55 in a B cell randomly chosen from the population immediately after the first mu-
tation round. This probability is estimated by the fraction of the population’s N B cells

exhibiting this mutation, averaged across all S simulated populations. In particular define

the event

C}. = {The ith B cell contains mutation Cy after mutation round 1}

= (x(T1) e 2°(Cy))

and the estimator

R 1 S 1 Ng '
Pr(Cjy) = 3 > (Nc > ]1,9;(ck)(x(5’])(T1))) : (E1)
s=1 j=1

Similarly, define the event

éil,k = {The ith B cell contains mutation Cy after selection round 1}

= (x(Ty) e 2°(Co)}.

The marginal probability of observing codon Cj at position 55 after the first selection
round is estimated by the frequency of B cells with Cy after resampling, averaged across

all S simulated populations:

o 1 S 1 Ng ‘
Pr(Cly) = S > (Nc > ﬂ%(ck)(i(s’])(ﬂ))) : (F2)
s=1 j=1
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To estimate the marginal probability that a B cell transitions from C; to Cy (at codon posi-

tion 55) in a single mutation round (the second)

PI‘(X(Tz) S %(Ck) ‘ )N((Tl) € %(Ckr)) =

> Pr(x(T2) = w | X(Ty) = W) Pr(x(Ty) = w' | %(T1) € 2 (C)) (E3)
we 2 (C),w'eZ (Cy)
by sampling, we perform the following:
1. Simulate sequences Z() (T}), . ..,Z(%) (T;) each obtained after the first selection round
by simulating a single cycle.
2. Group the sequences by the codon appearing at position 55. Let Dy denote the set
of sequences for codon Cy, so z()(Ty) € Dy iff 2 (Ty) € 27 (Cy).
3. Estimate the probability that a sequence transitions from 2" (Cy) to 2" (Cy) in the
second mutation round by:
(a) Simulate y(*)(T») via forward simulation for a single mutation round, initial-
ized at sequence y®) (Ty) in |Dy/| fors = 1,...,|Dy|.
(b) Define the event

Ciz,k = {The ith B cell contains mutation Cy after mutation round 2}
= {x)(T2) e 2°(Cy)}-
Then the conditional probability that a B cell transitions from 2" (Cy) to 27 (Cy)

in the second mutation round is estimated by

[Dy|

( |Clk’ = ’D ‘ Z ﬂf Ck )) (F4)

We then obtain the marginal probability estimate for the second mutation round by (F.2)

and (F.4):

( Z PI‘ 1k | Clk')Pr(Clk’)
k/
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Finally, the marginal probability of codon Ci at the end of the second selection round
is nearly identical to (F.2), except we use the resampled cells at the end of the second

selection step:

F.3.2 Figures 5.9, 5.10

Define the event that there is at least one B cell, in a population of N¢ B cells, that has

acquired codon Cj at position 55 at the end of the ith mutation round by
A= U5 X(Ty) € 27(Cy)}

and the event that there is at least one B cell in the population that has acquired codon Cy

at position 55 at the end of the ith selection round by

A= 05 {xU(T)) € 2°(Co)}-

We simply estimate the probabilities of these events by the fraction of the S simulated

populations in which these events occur:

~ 13 _
Pr(Aix) = 5 Da, (X)) Pr(Ay) =
s=1
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FIGURE F.1: Probability of observing a target terminal amino acid requiring two base
changes at the end of the third mutation round (following 2 cycles of mutation and selec-
tion) for different strategies. In the first cycle, either one of the intermediate amino acids
or the target amino acid is selected for (e.g. either intermediate D (blue), intermediate S
(green), or target N (red) in Figure F1(b)). At the end of the second cycle, the target ter-
minal amino acid is selected for. Note that the red curves correspond to the case where
the target amino acid (e.g. the N mutation) is selected for at the end of both the first and
second cycle. The largest value of i was chosen so that in no case did the population of
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Ng B cells result in a replacement rate of more than 15% after resampling.

175




Bibliography

[1]

(2]

Siepel A. and Haussler D. “Phylogenetic Estimation of Context-Dependent Sub-
stitution Rates by Maximum Likelihood”. In: Molecular Biology and Evolution 21.3
(2004), pp. 468-488.

Pedersen A K., Wiuf C., and Christiansen EB. “A codon-based model designed
to describe lentiviral evolution”. In: Molecular Biology and Evolution 15 (8 1998),
pp- 1069-1081.

David Aldous and James Allen Fill. Reversible Markov Chains and Random Walks on
Graphs. Unfinished monograph, recompiled 2014, available at http://www.stat.
berkeley.edu/$\sim$aldous/RWG/book.html. 2002.

PF. Arndt and T. Hwa. “Identification and Measurement of Neighbour-Dependent
Nucleotide Substitution Processes”. In: Bioinformatics 21 (2005), pp. 2322-2328.

Y. F. Atchadé. “Approximate Spectral Gaps for Markov Chain Mixing Times in
High Dimensions”. In: SIAM Journal on Mathematics of Data Science 3.3 (2021),
pp- 854-872.

L.Y. Barash et al. “GPU accelerated population annealing algorithm”. In: Computer
Physics Communications 220 (2017), pp. 341-350.

A. Beskos et al. “On the Convergence of Adaptive Sequential Monte Carlo Meth-
ods”. In: Annals of Applied Probability 26.2 (2013).

M. Bladt and M. Serensen. “Statistical Inference for Discretely Observed Markov
Jump Processes”. In: Journal of the Royal Statistical Society: Series B: Statistical Method-
ology 67 (3 2005), pp. 395—410.

M. Bonsignori et al. “Maturation Pathway from Germline to Broad HIV-1 Neutral-
izer of a CD4-Mimic Antibody”. In: Cell 165.2 (2016), pp. 449-63.

M. Bonsignori et al. “Staged Induction of HIV-1 Glycan-Dependent Broadly Neu-
tralizing Antibodies”. In: Sci Transl Med 9.381 (2017).

B. Briney et al. “Commonality Despite Exceptional Diversity in the Baseline Hu-
man Antibody Repertoire”. In: Nature 566.7744 (2019), pp. 393-397.

B. Briney et al. “Tailored Immunogens Direct Affinity Maturation Toward HIV
Neutralizing Antibodies”. In: Cell 166.6 (2016), 1459-1470 el1.

176


http://www.stat.berkeley.edu/$\sim $aldous/RWG/book.html
http://www.stat.berkeley.edu/$\sim $aldous/RWG/book.html

[13]

[20]

[21]

[22]

(23]

[25]

S. P. Brooks and A. Gelman. “General Methods for Monitoring Convergence of
Iterative Simulations”. In: Journal of Computational and Graphical Statistics 7.4 (1998),
pp- 434-455. DOL: 10.2307/1390803.

T. G. Caniels et al. “Germline-Targeting HIV-1 Env Vaccination Induces VRCO01-
Class Antibodies with Rare Insertions”. In: Cell Rep Med 4.4 (2023), p. 101003.

O. Cappé et al. “Population Monte Carlo”. In: Journal of Computational and Graphical
Statistics 13.2 (2012), pp. 907-929.

C. J. Challis and S.C. Schmidler. “A Stochastic Evolutionary Model for Protein
Structure Alignment and Phylogeny”. In: Molecular Biology and Evolution 29.11
(2012), pp. 3575-3587.

S. Chatterjee and P. Diaconis. “The sample size required in importance sampling”.
In: Annals of Applied Probability 28 (2018), pp. 1099-1135.

M.H. Chen, L. Kuo, and P. Lewis, eds. Bayesian Phylogenetics: Methods Algorithms,
and Applications. Chapman and Hall, 2014.

S. Chib. “Marginal Likelihood from the Gibbs Output”. In: Journal of the American
Statistical Association 90.432 (1995), pp. 1313-1321.

N. Chopin. “A sequential particle filter method for static models”. In: Biometrika 89
(2002), pp. 539-551.

N. Chopin. “Central limit theorem for sequential Monte Carlo methods and its
application to Bayesian inference”. In: Annals of Statistics 32 (2004), pp. 2385-2411.

O.F. Christensen, A. Hobolth, and J.L. Jensen. “Pseudo-Likelihood Analysis of
Context-Dependent Codon Substitution Models”. In: Journal of Computational Bi-
ology 12 (2005), pp. 1166-1182.

M. K. Cowles and B. P. Carlin. “Markov Chain Monte Carlo Convergence Diag-
nostics: A Review”. In: Journal of the American Statistical Association 91.434 (1996),
pp- 883-904.

Lim D. and Blanchette M. “EvoLSTM: Context-Dependent Models of Sequence
Evolution using a Sequence-to-Sequence LSTM”. In: Bioinformatics 36 (2020),
pp- 353-361.

A. C. deCamp, M. M. Corcoran, W. J. Fulp, et al. “Human immunoglobulin gene

allelic variation impacts germline-targeting vaccine priming”. In: npj Vaccines 9
(2024), p. 58.

177


https://doi.org/10.2307/1390803

[26]

[27]

[32]

[33]

[34]

[35]

[36]

P. Del Moral, A. Doucet, and A. Jasra. “On adaptive resampling strategies for se-
quential Monte Carlo methods”. In: Bernoulli 18.1 (2012), pp. 252-278.

P. Del Moral, A. Doucet, and A. Jasra. “Sequential Monte Carlo samplers”. In: . R.
Stat. Soc 68 (2006), pp. 411-436.

P. Del Moral et al. “Multilevel Sequential Monte Carlo Samplers for Normalizing
Constants”. In: ACM Trans. Model. Comput. Simul. 27.3 (2017).

Hwang DG and Green P. “Bayesian Markov chain Monte Carlo sequence analysis
reveals varying neutral substitution patterns in mammalian evolution”. In: Pro-
ceedings of the National Academy of Science 101 (39 2004), pp. 13994-14001.

A. Dhar et al. “A Bayesian Phylogenetic Hidden Markov Model for B Cell Receptor
Sequence Analysis”. In: PLoS Comput Biol 16.8 (2020), e1008030.

P. Diaconis and L. Saloff-Coste. “Logarithmic Sobolev inequalities for finite
Markov chains”. In: Annals of Applied Probability 6.3 (1996), pp. 695-750.

P. Diaconis and D. Stroock. “Geometric Bounds for Eigenvalues of Markov
Chains”. In: Annals of Applied Probability 1.1 (1991), pp. 36-61.

R. Douc and O. Cappé. “Comparison of resampling schemes for particle filtering”.
In: ISPA 2005. Proceedings of the 4th International Symposium on Image and Signal Pro-
cessing and Analysis, 2005 (2005), pp. 64-69.

R. Douc and E. Moulines. “Limit Theorems for Weighted Samples with Appli-
cations to Sequential Monte Carlo Methods”. In: Annals of Statistics 36.5 (2008),
pp- 2344-2376.

A. Doucet, N. de Freitas, and N. Gordon. “Sequential Monte Carlo Methods in
Practice”. In: Statistics for Engineering and Information Science (2001).

C. C. Drovandi, J]. M. McGree, and A. N. Pettitt. “A Sequential Monte Carlo Algo-
rithm to Incorporate Model Uncertainty in Bayesian Sequential Design”. In: Journal
of Computational and Graphical Statistics 23.1 (2014), pp. 3-24.

A. J. Drummond et al. “Relaxed Phylogenetics and Dating with Confidence”. In:
PLoS Biology 4.5 (2006), e88.

G. Durham and J. Geweke. “Adaptive Sequential Posterior Simulators for Mas-
sively Parallel Computing Environments”. In: Bayesian Model Comparison (Advances
in Econometrics Vol. 34) (2014), pp. 1-44.

178



[39]

[40]

[42]

[44]

[45]

[51]

R. Dwivedi et al. “Log-concave sampling: Metropolis-Hastings algorithms are
fast!” In: Proceedings of the 31st Conference On Learning Theory 75 (2018).

A. Eberle and C. Marinelli. “L” estimates for Feynman-Kac propagators with time-
dependent reference measures”. In: Journal of Mathematical Analysis and Applications
365 (2010), pp. 120-134.

A. Eberle and C. Marinelli. “Quantitative approximations of evolving probability
measures and sequential Markov chain Monte Carlo methods”. In: Probability The-
ory and Related Fields 155 (2013), pp. 665-701.

Ronquist F. et al. “MrBayes 3.2: Efficient Bayesian Phylogenetic Inference and
Model Choice Across a Large Model Space”. In: Systematic Biology 61.3 (2012),
pp- 539-542.

P. Fearnhead and B. Taylor. “An Adaptive Sequential Monte Carlo Sampler”. In:
Bayesian Analysis 8 (2010), pp. 411-438.

J. Felenstein. “Evolutionary Trees from DNA Sequences: A Maximum Likelihood
Approach”. In: Journal of Molecular Evolution 17 (1981), pp. 368-376.

J. Felsenstein. “Maximum Likelihood and Minimum-Steps Methods for Estimating
Evolutionary Trees from Data on Discrete Characters”. In: Systematic Zoology 22.3
(1973), pp. 240-249. (Visited on 08/06/2024).

J. Felsenstein. “Phylogenies and the Comparative Method”. In: The American Nat-
uralist 125.1 (1985), pp. 1-15. (Visited on 08/05/2024).

M. Fourment et al. “19 Dubious Ways to Compute the Marginal Likelihood of a
Phylogenetic Tree Topology”. In: Systematic Biology 69.2 (2020), pp. 209-220.

A. Gelman and D.B. Rubin. “Inference from Iterative Simulation Using Multi-
ple Sequences”. In: Statistical Science 7.4 (1992), pp. 457-472. DOIL: 10 .1214/ss/
1177011136.

A. Gelman et al. “Bayesian Data Analysis, 3rd edition”. In: Chapman & Hall/CRC
(2013).

C. J. Geyer. “Markov chain Monte Carlo maximum likelihood”. In: Computing
Science and Statistics: Proceedings of the 23rd Symposium on the Interface 23 (1991),
pp- 156-163.

A. Gitlin, Z. Shulman, and M. Nussenzweig. “Clonal selection in the germinal cen-
tre by regulated proliferation and hypermutation”. In: Nature 509 (2014), pp. 637-
640.

179


https://doi.org/10.1214/ss/1177011136
https://doi.org/10.1214/ss/1177011136

[52]

[53]

[56]

[61]

[62]

[63]

G. V. Glazko and M. Nei. “Estimation of divergence times for major lineages of
primate species”. In: Mol Biol Evol 20.3 (2003), pp. 424-434.

N. J. Gordon, D. J. Salmond, and A. F M. Smith. “Novel approach to
nonlinear/non-Gaussian Bayesian state estimation”. In: IEE Proceedings F (Radar
and Signal Processing) 140.2 (1993), pp. 107-113.

von Haeseler A and Schoniger M. “Evolution of DNA or amino acid sequences
with dependent sites”. In: Journal of Computational Biology 5 (1 1998), pp. 149-163.

A.L. Halpern and W.J. Bruno. “Evolutionary distances for protein-coding se-
quences: modeling site-specific residue frequencies”. In: Molecular Biology and Evo-
lution 15.7 (1998), pp. 910-917.

M. Hasegawa, H. Kishino, and T. Yano. “Dating of the human-ape splitting by
a molecular clock of mitochondrial DNA”. In: Journal of Molecular Evolution 22.2
(1985), pp. 160-174.

B. F. Haynes et al. “B-Cell-Lineage Immunogen Design in Vaccine Development
with HIV-1 as a Case Study”. In: Nat Biotechnol 30.5 (2012), pp. 423-33.

B. F. Haynes et al. “Strategies for HIV-1 Vaccines that Induce Broadly Neutralizing
Antibodies”. In: Nat Rev Immunol (2022).

A. Hobolth. “A Markov Chain Monte Carlo Expectation Maximization Algorithm
for Statistical Analysis of DNA Sequence Evolution With Neighbor-Dependent
Substitution Rates”. In: Journal of Computational and Graphical Statistics 17.1 (2008),
pp. 138-162.

A. Hobolth and E. Stone. “Simulation from endpoint-conditioned, continuous-
time Markov chains on a finite state space, with applications to molecular evo-
lution”. In: Annals of Applied Statistics 3.3 (2009), pp. 1204-1231.

A. Hobolth and ]. Thorne. “Sampling and summary statistics of endpoint-
conditioned paths in DNA sequence evolution”. In: Bayesian Phylogenetics: Meth-
ods Algorithms, and Applications. Ed. by M.H. Chen, L. Kuo, and P. Lewis. Chapman
and Hall, 2014, pp. 247-273.

K.B. Hoehn, G. Lunter, and O.G. Pybus. “A Phylogenetic Codon Substitution
Model for Antibody Lineages”. In: Genetics 206.1 (2017), pp. 417-427.

K. Hukushima and Y. Iba. “Population Annealing and Its Application to a Spin
Glass”. In: AIP Conference Proceedings 690.1 (2003).

180



[64]

[66]

[70]

[71]

[72]

[73]

J. Jacob, R. Kassir, and G. Kelsoe. “In situ studies of the primary immune response
to (4-hydroxy-3-nitrophenyl)acetyl. I. The architecture and dynamics of respond-
ing cell populations”. In: | Exp Med 173.5 (1991), pp. 1165-75.

J. G. Jardine et al. “HIV-1 Broadly Neutralizing Antibody Precursor B Cells Re-
vealed by Germline-Targeting Immunogen”. In: Science 351.6280 (2016), pp. 1458—
63.

J. G. Jardine et al. “HIV-1 VACCINES. Priming a Broadly Neutralizing Antibody
Response to HIV-1 Using a Germline-Targeting Immunogen”. In: Science 349.6244
(2015), pp. 156-61.

A. Jasra, D. Stephens, and C. Holmes. “On population-based simulation for static
inference”. In: Statistics and Computing 17 (2007), pp. 263-279.

J.A. Jenks et al. “A single, improbable B cell receptor mutation confers potent neu-
tralization against cytomegalovirus”. In: PLoS Pathog 19.1 (2023), e1011107.

J. Jensen and A-MK Pedersen. “Probabilistic Models of DNA Sequence Evolution
with Context Dependent Rates of Substitution”. In: Advances in Applied Probability
32.2 (2000), pp. 499-517.

M. R. Jerrum, L. G. Valiant, and V. V. Vazirani. “Random Generation of Combina-
torial Structures from a Uniform Distribution”. In: Theoretical Computer Science 43
(1986), pp- 169-188.

G.L. Jones and J.P. Hobert. “Honest Exploration of Intractable Probability Distri-
butions via Markov Chain Monte Carlo”. In: Statistical Science 16.4 (2001), pp. 312—
334.

T. H. Jukes and C. R. Cantor. “Evolution of protein molecules”. In: Mammalian
Protein Metabolism. Ed. by H. N. Munro. New York: Academic Press, 1969, pp. 121-
132.

H. Kahn and A. W. Marshall. “Methods of Reducing Sample Size in Monte Carlo
Computations”. In: Journal of the Operations Research Society of America 1.5 (1953),
pp. 263-278. URL: http://www. jstor.org/stable/166789.

T. B. Kepler. “Reconstructing a B-Cell Clonal Lineage. I. Statistical Inference of
Unobserved Ancestors”. In: FI000Res 2 (2013), p. 103.

H. Kishino, J. L. Thorne, and W. J. Bruno. “Performance of a Divergence Time Es-
timation Method under a Probabilistic Model of Rate Evolution”. In: Molecular Bi-
ology and Evolution 18.3 (2001), pp. 352-361.

181


http://www.jstor.org/stable/166789

[76]

[77]

[79]

(83]

[84]

[86]

S. Kumar and S. B. Hedges. “A molecular timescale for vertebrate evolution”. In:
Nature 392 (1998), pp. 917-920.

P. D. Kwong and J. R. Mascola. “HIV-1 Vaccines Based on Antibody Identification,
B Cell Ontogeny, and Epitope Structure”. In: Immunity 48.5 (2018), pp. 855-871.

G. Larson, JL. Thorne, and Schmidler S.C. “Incorporating Nearest-Neighbor Site
Dependence into Protein Evolution Models”. In: Journal of Computational Biology 27
(3 2020), pp- 361-375.

H. Lee, A. Risteski, and R. Ge. “Beyond Log-concavity: Provable Guarantees for
Sampling Multi-modal Distributions using Simulated Tempering Langevin Monte
Carlo”. In: Adv. in NeurIPS 31 31 (2018).

J. H. Lee et al. “Vaccine Genetics of IGHV1-2 VRCO01-class Broadly Neutralizing
Antibody Precursor Naive Human B Cells”. In: NPJ Vaccines 6.1 (2021), p. 113.

D.J. Leggat et al. “Vaccination Induces HIV Broadly Neutralizing Antibody Pre-
cursors in Humans”. In: Science 378.6623 (2022), eadd6502.

D. A. Levin, Y. Peres, and E. L. Wilmer. Markov Chains and Mixing Times. American
Mathematical Society, 2009.

Y. Li, J. Mathews, and Schmidler S.C. “On the EM-MCMC Algorithm”. In: Journal
of Graphical and Computational Statistics (2024).

H. Lopes and R. Tsay. “Particle Filters and Bayesian Inference in Financial Econo-
metrics”. In: J. Forecast 30 (2011), pp. 168-209.

L. Lovasz and S. Vempala. “Fast algorithms for logconcave functions: Sampling
rounding, integration, and optimization”. In: Proceedings of 47th Annual IEEE Symp.
on Foundations of Computer Science (2006), pp. 57-68.

L. Lovasz and S. Vempala. “Simulated annealing in convex bodies and an O* (n*)
volume algorithm”. In: Journal of Computer and System Sciences 72.2 (2006), pp. 392—
417.

L. Lovéasz and S. Vempala. “The geometry of logconcave functions and sampling
algorithms”. In: Random Structures & Algorithms 30.3 (2007), pp. 307-358.

G. Lunter and ]. Hein. “A nucleotide substitution model with nearest-neighbour
interactions”. In: Bioinformatics 20 Suppl 1 (2004), pp. i216-i223.

N. Madras and D. Randall. “Markov Chain Decomposition for Convergence Rate
Analysis”. In: Annals of Applied Probability 12.2 (2002), pp. 581-606.

182



[90]

[91]

[97]

[98]

[100]

[101]

[102]

[103]

N. Madras and Z. Zheng. “On the swapping algorithm”. In: Random Structures &
Algorithms 22 (2003), pp. 67-97.

O. Mangoubi, N. Pillai, and A. Smith. “Simple conditions for metastability of con-
tinuous Markov chains”. In: Journal of Applied Probability 58.1 (2021), pp. 83-105.

E. Marinari and G. Parisi. “Simulated tempering: A new Monte Carlo scheme”. In:
Europhys. Lett. EPL 19 (1992), pp. 451-458.

J. Marion, J. Mathews, and S. C. Schmidler. “Finite-Sample Complexity of Sequen-
tial Monte Carlo Estimators”. In: Annals of Statistics 51.3 (2023), pp. 1357-1375.

J. Marion, J. Mathews, and S.C. Schmidler. “Finite sample bounds for sequen-
tial Monte Carlo and adaptive path selection using the L, norm.” In: Unpublished
Manuscript (2024).

D. McKean et al. “Generation of antibody diversity in the immune response of
BALB/c mice to influenza virus hemagglutinin”. In: Proc Natl Acad Sci U S A 81.10
(1984), pp. 3180—4.

N Metropolis and S. Ulam. “The Monte Carlo Method”. In: Journal of the American
Statistical Association 44.247 (1949), pp. 335-341.

N. Metropolis et al. “Equation of State Calculations by Fast Computing Machines”.
In: J. Chem. Phys. 21 (1953).

N. Metropolis et al. “Equations of state calculations by fast computing machines”.
In: J. Chem. Phys. 21.6 (1953), pp. 1087-1092.

E. Mossel. “On the impossibility of reconstructing ancestral data and phylogenies”.
In: Journal of Computational Biology 10.5 (2003), pp. 669-676.

E. Mossel. “Phase transitions in phylogeny”. In: Transactions of the American Math-
ematical Society 356.6 (2004), pp. 2379-2404.

Goldman N. and Yang Z. “A codon-based model of nucleotide substitution for
protein-coding DNA sequences”. In: Molecular Biology and Evolution 11.5 (1994),
pp- 725-736.

Rodrigue N., Philippe H., and Lartillot N. “Uniformization for sampling realiza-
tions of Markov processes: applications to Bayesian implementations of codon

substitution models”. In: Bioinformatics 24 (1 2008), pp. 56—62.

R. Neal. “Annealed importance sampling”. In: Statistics and Computing 11.2 (2001),
pp- 125-139.

183



[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

R. Neal. “MCMC Using Hamiltonian Dynamics”. In: Handbook of Markov Chain
Monte Carlo, Ch. 5 (2011).

J. von Neumann. “Various Techniques Used in Connection with Random Digits”.
In: National Bureau of Standards Applied Math Series 12 (1951), pp. 36-38.

M. Pagel, A. Meade, and D. Barker. “Bayesian Estimation of Ancestral Character
States on Phylogenies”. In: Systematic Biology 53.5 (2004), pp. 673-684.

N. Pardi et al. “Expression kinetics of nucleoside-modified mRNA delivered in
lipid nanoparticles to mice by various routes”. In: Journal of Controlled Release 217
(2015), pp. 345-351.

D. Paulin, A. Jasra, and A. Thiery. “Error bounds for sequential Monte Carlo sam-
plers for multimodal distributions”. In: Bernoulli 25.1 (2019), pp. 310-340.

A-MK Pederson and ]. Jensen. “A dependent rates model and MCMC based
methodology for the maximum likelihood analysis of sequences with overlapping
reading frames”. In: Molecular Biology and Evolution 18 (2001), pp. 763-776.

D. K. Ralph and F. A. Matsen. “Consistency of VD] Rearrangement and Substitu-
tion Parameters Enables Accurate B Cell Receptor Sequence Annotation”. In: PLoS
Comput Biol 12.1 (2016), €10044009.

D. K. Ralph and F. A. Matsen. “Likelihood-Based Inference of B Cell Clonal Fami-
lies”. In: PLoS Comput Biol 12.10 (2016), €1005086.

B. Rannala and Z. Yang. “Inferring Speciation Times under an Episodic Molecular
Clock”. In: Systematic Biology 56.3 (2007), pp. 453—466.

M. dos Reis and Z. Yang. “Approximate Likelihood Calculation on a Phylogeny
for Bayesian Estimation of Divergence Times”. In: Molecular Biology and Evolution

28.7 (2011), pp. 2161-2172.

B. Ristic, S. Arulampalam, and N. Gordon. “Beyond the Kalman Filter: Particle
Filters for Tracking Applications”. In: (2004).

G. Roberts and J. Rosenthal. “General state space Markov chains and MCMC algo-
rithms”. In: Probability Surveys 1 (2004), pp. 20-71.

D. Robinson et al. “Protein Evolution with Dependence Among Codons Due to
Tertiary Structure”. In: Molecular Biology and Evolution 20 (10 2003), pp. 1692-1704.

184



[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

N. Rodrigue, H. Philippe, and N. Lartillot. “Assessing site-interdependent phy-
logenetic models of sequence evolution”. In: Molecular Biology and Evolution 23
(2006), pp. 1762-1775.

N. Rodrigue et al. “Site interdependence attributed to tertiary structure in amino
acid sequence evolution”. In: Gene 347 (2005), pp. 207-217.

O. L. Rodriguez et al. “Genetic variation in the immunoglobulin heavy chain lo-
cus shapes the human antibody repertoire”. In: Nature Communications 14.1 (2023),
p- 44109.

F. Rodriguez et al. “The general stochastic model of nucleotide substitution”. In:
Journal of Theoretical Biology 142.4 (1990), pp. 485-501.

J.S. Rosenthal. “Minorization Conditions and Convergence Rates for Markov
Chain Monte Carlo”. In: Journal of the American Statistical Association 90.430 (1995),
pp- 558-566.

S. M. Ross. Stochastic Processes. 2nd. John Wiley & Sons, 1995.

D. Rudoy and P.J. Wolfe. “Monte Carlo Methods for Multi-Modal Distributions”.
In: 2006 Fortieth Asilomar Conference on Signals, Systems and Computers (2016),
pp- 2019-2023.

C. A.Russo, N. Takezaki, and M. Nei. “Molecular phylogeny and divergence times
of drosophilid species”. In: Molecular Biology and Evolution 12.3 (1995), pp. 391-404.

R. Salomone et al. “Unbiased and Consistent Nested Sampling via Sequential
Monte Carlo”. In: arXiv: 1805.03924 (2018).

M]J. Sanderson. “A Nonparametric Approach to Estimating Divergence Times in
the Absence of Rate Constancy”. In: Molecular Biology and Evolution 14.12 (1997),
p- 1218.

K. O. Saunders et al. “Targeted Selection of HIV-Specific Antibody Mutations by
Engineering B Cell Maturation”. In: Science 366.6470 (2019).

K.O. Saunders et al. “Vaccine induction of CD4-mimicking HIV-1 broadly neutral-
izing antibody precursors in macaques”. In: Cell 187.1 (2024), pp. 79-94.

N. Schweizer. “Non-asymptotic error bounds for sequential MCMC methods”. In:
PhD thesis, University of Bonn (2011).

N. Schweizer. “Non-asymptotic error bounds for sequential MCMC methods in
multimodal settings”. In: arXiv:1205.6733 (2012).

185



[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

C.H. Shen et al. “VRC34-Antibody Lineage Development Reveals How a Required
Rare Mutation Shapes the Maturation of a Broad HIV-Neutralizing Lineage”. In:
Cell Host Microbe 27.4 (2020), pp. 531-543.

J. M. Steichen et al. “A Generalized HIV Vaccine Design Strategy for Priming of
Broadly Neutralizing Antibody Responses”. In: Science 366.6470 (2019).

O. Swanson et al. “Rapid Selection of HIV Envelopes that Bind to Neutralizing
Antibody B Cell Lineage Members with Functional Improbable Mutations”. In:
Cell Rep 36.7 (2021), p. 109561.

S. Syed et al. “Non-Reversible Parallel Tempering: A Scalable Highly Parallel
MCMC Scheme”. In: Journal of the Royal Statistical Society Series B: Statistical Method-
ology 84 (2 2022), pp. 321-350.

N. Takahata, Y. Satta, and ]. Klein. “Divergence time and population size in the
lineage leading to modern humans”. In: Theoretical Population Biology 48.2 (1995),
pp- 198-221.

Z. Tan. “Resampling Markov Chain Monte Carlo Algorithms: Basic Analysis and
Empirical Comparisons”. In: Journal of Computational and Graphical Statistics 24.2
(2015), pp. 328-356.

Simon Tavaré. “Some Probabilistic and Statistical Problems in the Analysis of DNA
Sequences”. In: Lectures on Mathematics in the Life Sciences 17 (1986), pp. 57-86.

N.G. Tawn, G.O. Roberts, and ].S. Rosenthal. “Weight-preserving simulated tem-
pering”. In: Statistics and Computing 30 (2020), pp. 27-41.

J. L. Thorne, H. Kishino, and I. S. Painter. “Estimating the rate of evolution of the
rate of molecular evolution”. In: Molecular Biology and Evolution 15 (1998), pp. 1647-
1657.

M. Tian et al. “Induction of HIV Neutralizing Antibody Lineages in Mice with
Diverse Precursor Repertoires”. In: Cell 166.6 (2016), 1471-1484 e18.

D. VanDerwerken and S.C. Schmidler. “Monitoring Joint Convergence of MCMC
Samplers”. In: Journal of Computational and Graphical Statistics 26.3 (2017), pp. 558—
568.

D. VanDerwerken and S.C. Schmidler. “Parallel Markov Chain Monte Carlo”. In:
arXiv preprint (2013). eprint: arXiv:1312.7479.

S. Vempala. “Geometric Random Walks: A Survey”. In: Combinatorial and Compu-
tational Geometry 52.2 (2005), pp. 573-612.

186


arXiv:1312.7479

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

L. M. Walker and D. R. Burton. “Passive Immunotherapy of Viral Infections:
"Super-Antibodies” Enter the Fray”. In: Nat Rev Immunol 18.5 (2018), pp. 297-308.

J. Wan and N. Zabaras. “A Bayesian approach to multiscale inverse problems using
the sequential Monte Carlo method”. In: Inverse Problems 27.10 (2011).

L. Wang, S. Wang, and A. Bouchard-Coété. “An Annealed Sequential Monte Carlo
Method for Bayesian Phylogenetics”. In: Systematic Biology 69.1 (2020), pp. 155-183.

W. Wang, J. Machta, and H. Katzgraber. “Comparing Monte Carlo methods for
finding ground states of Ising spin glasses: Population annealing, simulated an-
nealing, and parallel tempering”. In: Phys. Rev. E 92.1 (2015).

M. Weigel et al. “Population annealing: Massively parallel simulations in statistical
physics”. In: Journal of Physics: Conference Series 921 (2017).

M. Weigel et al. “Understanding population annealing Monte Carlo simulations”.
In: Phys. Rev. E. 103.5 (2021).

N. Whiteley. “Sequential Monte Carlo samplers: error bounds and insensitivity to
initial conditions”. In: Stochastic Analysis and Applications 30.5 (2012), pp. 774-798.

K. Wiehe et al. “Functional Relevance of Improbable Antibody Mutations for HIV
Broadly Neutralizing Antibody Development”. In: Cell Host Microbe 23.6 (2018),
pp- 759-765.

K. Wiehe et al. “Mutation-guided vaccine design: A process for developing boost-
ing immunogens for HIV broadly neutralizing antibody induction”. In: Cell Host
Microbe 32.5 (2024), 693-709 e7.

N. Wittenbrink et al. “Broad volume distributions indicate nonsynchronized
growth and suggest sudden collapses of germinal center B cell populations”. In:
J Immunol 184.3 (2010), pp. 1339-47.

N. Wittenbrink et al. “Is there a typical germinal center? A large-scale immunohis-
tological study on the cellular composition of germinal centers during the hapten-
carrier-driven primary immune response in mice”. In: J. Immunol. 187.12 (2011),
pp- 6185-6196.

R. L. Wolpert and S.C. Schmidler. “a-Stable Limit Laws for Harmonic Mean Esti-
mators of Marginal Likelihoods”. In: Statistica Sinica 22.3 (2012), pp. 1233-1251.

D. Woodard, S.C. Schmidler, and M. Huber. “Conditions for rapid mixing of par-

allel and simulated tempering on multimodal distributions”. In: Annals of Applied
Probability 19.2 (2009), pp. 617-640.

187



[157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]

D. Woodard, S.C. Schmidler, and M. Huber. “Sufficient Conditions for Torpid Mix-
ing of Parallel and Simulated Tempering”. In: Electronic Journal of Probability 14
(2009), pp. 780-804.

K. Wu, S.C. Schmidler, and Y. Chen. “Minimax Mixing Time of the Metropolis-
Adjusted Langevin Algorithm for Log-Concave Sampling”. In: Journal of Machine
Learning Research 23 (2022), pp. 1-63.

G. Yaari et al. “Models of Somatic Hypermutation Targeting and Substitution
Based on Synonymous Mutations from High-Throughput Immunoglobulin Se-
quencing Data”. In: Frontiers in Immunology 4 (2013), p. 358.

Z. Yang. “Maximum likelihood phylogenetic estimation from DNA sequences
with variable rates over sites: Approximate methods”. In: Journal of Molecular Evo-
lution 39 (1994), pp. 306-314.

Z. Yang, N. Goldman, and A. Friday. “Maximum Likelihood Trees from DNA
Sequences: A Peculiar Statistical Estimation Problem”. In: Systematic Biology 44.3
(1995), pp. 384-399.

Z.Yang, S. Kumar, and M. Nei. “A new method of inference of ancestral nucleotide
and amino acid sequences”. In: Genetics 141 (1995), pp. 1641-1650.

Z. Yang and R. Nielsen. “Mutation-selection models of codon substitution and
their use to estimate selective strengths on codon usage”. In: Molecular Biology and
Evolution 25.3 (2008), pp. 568-579.

A. D. Yoder and Z. Yang. “Estimation of Primate Speciation Dates Using Local
Molecular Clocks”. In: Molecular Biology and Evolution 17.7 (2000), pp. 1081-1090.

Y. Zhou, A. Johansen, and J. Aston. “Toward Automatic Model Comparison: An
Adaptive Sequential Monte Carlo Approach”. In: J. Comp. & Graph. Statistics 25.3
(2016), pp. 701-726.

E. Zuckerkandl and L. Pauling. “Evolutionary Divergence and Convergence in
Proteins”. In: Evolving Genes and Proteins. Academic Press, 1965, pp. 97-166.

188



	Abstract
	List of Tables
	List of Figures
	Acknowledgements
	1 Introduction
	1.1 Sequential Monte Carlo
	1.2 Context-Dependent DNA Evolutionary Models
	1.3 Outline

	2 SMC Background and Previous Work
	2.1 Sequential Monte Carlo

	3 Finite Sample Complexity of Sequential Monte Carlo Estimators on Multimodal Target Distributions
	3.1 Problem Setup
	3.2 Approach
	3.3 Results
	3.4 Applications
	3.5 Comparing SMC and Tempered MCMC

	4 Marginal Sequence Likelihood Approximation Under Site Dependence
	4.1 Background and Notation
	4.1.1 Models of DNA Evolution
	4.1.2 Importance Sampling

	4.2 Main Results
	4.3 Importance Sampling Results
	4.3.1 Approach
	4.3.2 Proof of Theorem 4
	4.3.3 Proof of Theorem 6
	4.3.4 Model-Specific Improvements: the JC69+CpG Model

	4.4 Sequential Monte Carlo for Endpoint-Conditioned CTMCs
	4.4.1 An SMC Algorithm for DSMs
	4.4.2 Island Partitions
	4.4.3 Bounds for SMC


	5 Computing the Inducibility of Broadly Neutralizing Antibodies Under a Context-Dependent Model of Affinity Maturation
	5.1 Problem Statement
	5.2 Computational Modeling of SHM+Selection Germinal Center Cycles
	5.3 Results
	5.4 Discussion

	6 Conclusion
	Appendix A Supporting Results for Chapter 3
	Appendix B Supporting Results for Theorem 5 in Chapter 4
	B.1 Poisson tail bound for (i)
	B.2 Coupling Construction for Bounding (ii) and (iii)
	B.3 Bounding (ii) Using Hitting Times of siunitxunit-deprecatedࡡ爠barbarYm
	B.4 Bounding (iii) Using Stationarity of siunitxunit-deprecatedࡡ爠barbarY
	B.5 Proof of Lemma 20
	B.6 Removing the (n) Term

	Appendix C Supporting Results for Theorem 4 in Chapter 4
	C.1 Proof of Lemma 13

	Appendix D Supporting Results for Theorem 6 in Chapter 4 
	D.1 Proof of Supporting Lemma
	D.2 Lower Bound On (m(Pa) = r x, y)
	D.2.1 Overview and Notation
	D.2.2 Proof of r Bound

	D.3 Proof of Lemma 14

	Appendix E Supporting Results for Chapter 5
	E.1 MGF Bound on m(Pa) Under 
	E.2 Bounds on vL2(v,v-1)
	E.3 Proof of Theorem 10
	E.3.1 Background and Notation
	E.3.2 Proof Overview
	E.3.3 Main Results


	Appendix F Supporting Details for Chapter 5
	F.1 Intermediate Mutation Probabilities
	F.2 Simulation Methods
	F.3 Estimators for Figures 5.5, 5.6, 5.7, 5.9, 5.10
	F.3.1 Marginal B cell codon probabilities
	F.3.2 Figures 5.9, 5.10


	Bibliography

