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Abstract
This dissertation consists of three essays in microeconometrics.

The first essay establishes the first set of inference results for using marginal treatment

effects (MTEs) to extrapolate local average treatment effects (LATEs) that are robust to

limited instrument variation. These results apply not only to inference on the MTE itself

but also to other causal parameters, such as policy-relevant treatment effects, which are of

particular interest to policymakers.

The second essay, co-authored with Federico Bugni and Jackson Bunting, studies hy-

pothesis testing for the marginal homogeneity assumption, an assumption where time-

specific marginal distributions of the panel data remain homogeneous or time-invariant.

We develop three inference methods to test this hypothesis based on asymptotic approxi-

mation, bootstrap, and permutations.

The third essay, co-authored with Matthew Masten and Alexandre Poirier, introduces a

general class of relaxations of the unconfoundedness assumption, encompassing several ex-

isting approaches as special cases. We use this class to derive a variety of new identification

results which can be used to assess sensitivity to unconfoundedness.
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1. Introduction
This dissertation consists of three essays in microeconometrics. The first essay provides

a set of valid inference results for using MTEs to extrapolate LATEs that are robust to

limited instrument variation. These results lead to asymptotically valid confidence sets

for various linear functionals of MTEs, including the LATE, the average treatment effect

(ATE), the average treatment effect on the treated (ATT), and policy-relevant treatment

effects, regardless of identification strength. This is the first paper to provide weak instru-

ment robust inference results for this class of parameters. Finally, I illustrate my results

using data from Agan et al. (2023) to analyze counterfactual policies of changing prosecu-

tors’ leniency and their effects on reducing recidivism.

The second essay, coauthored with Federico Bugni and Jackson Bunting, studies hy-

pothesis testing for marginal homogeneity, an assumption that requires the time-specific

marginal distributions of the panel data to be homogeneous or time-invariant. Marginal

homogeneity is relevant in economic settings such as dynamic discrete games. In this pa-

per, we propose several tests for the hypothesis of marginal homogeneity and investigate

their properties. We consider an asymptotic framework in which the number of individuals

n in the panel diverges, and the number of periods T is fixed. We implement our tests

by comparing a studentized or non-studentized T -sample version of the Cramér-von Mises

statistic with a suitable critical value. We propose three methods to construct the critical

value: asymptotic approximations, the bootstrap, and time permutations. We show that

the first two methods result in asymptotically exact hypothesis tests. The permutation test

based on a non-studentized statistic is asymptotically exact when T “ 2, but is asymp-

totically invalid when T ą 2. In contrast, the permutation test based on a studentized

statistic is always asymptotically exact. Finally, under a time-exchangeability assumption,

the permutation test is exact in finite samples, both with and without studentization.

The third essay, coauthored with Matthew Masten and Alexandre Poirier, defines a

general class of relaxations of the unconfoundedness assumption. This class includes several

previous approaches as special cases, including the marginal sensitivity model of Tan (2006).

1



This class therefore allows us to precisely compare and contrast these previously disparate

relaxations. We use this class to derive a variety of new identification results which can be

used to assess sensitivity to unconfoundedness. In particular, the prior literature focuses

on average parameters, like the ATE. We move beyond averages by providing sharp bounds

for a large class of parameters, including both the quantile treatment effect (QTE) and the

distribution of treatment effects (DTE), results which were previously unknown even for

the marginal sensitivity model.

2



2. Extrapolating LATE with Weak IVs
In this essay, I provide uniformly valid inference results for studying policy-relevant

treatment effects extrapolated by the MTE model if instruments have limited variation.

2.1 Introduction

This paper provides the first formal treatment of weak identification analysis in the

marginal treatment effect model. Originally developed in the seminal works of Björklund

and Moffitt (1987) and J. J. Heckman and Vytlacil (2001, 2005) and J. J. Heckman and

Vytlacil (1999), the MTE model has been widely adopted in various studies for extrapolating

treatment effects, such as returns to schooling (Carneiro et al., 2011; Moffitt, 2008), analysis

of recidivism effects (Agan et al., 2023; Bhuller et al., 2020), and evaluation of social

insurance programs (Aizawa et al., 2023; Maestas et al., 2013) (see Table 6 of Mogstad and

Torgovitsky, 2024 for a broad survey of MTE applications). Despite its widespread use

in applied economic research, traditional confidence sets for the extrapolated causal effects

within this model are often too short when the probability of receiving treatment (i.e., the

propensity score) exhibits limited variation across the instruments support. Moreover, this

variation can be very weak even if the usual F -test statistic is very large.

To achieve valid coverage of causal effects, this paper establishes the first set of inference

results that are robust against weak IV variation in MTE models. For linear MTE mod-

els, I develop an asymptotically similar conditional Wald test that delivers uniformly valid

confidence sets with exact coverage. For a more general class of polynomial MTE models, I

propose a modified linear combination (MLC) test that produces uniformly valid confidence

sets while achieving approximate asymptotic efficiency under strong identification. Addi-

tionally, I highlight limitations of the additive separability assumption, a functional form

often used to address weak variation of propensity scores, by deriving explicit formulas for

the bias of estimands when this specification is incorrectly specified.

3



Intuition for weak IVs in MTE models

To demonstrate the consequences of weak IVs in MTE models and to illustrate why the

F -statistic fails, I plot regression estimates of the outcome variable on propensity scores for

treated samples in Figure 2.1. These estimators are computed from independent simulations

based on a cubic MTE model with a discrete IV that takes four values. As will be shown

in section 2.2, the MTE can be directly recovered from the conditional regression, allowing

us to study the weak IV problem by examining the finite-sample behavior of the estimates

in Figure 2.1.

Figures 2.1a through 2.1c demonstrate that as propensity score variation diminishes,

the regression estimates (shown in gray) become increasingly volatile and diverge from the

true population quantity (shown in blue). This behavior implies that the MTE estimator

loses consistency when propensity scores exhibit limited variation—a common occurrence

with instruments that weakly influence treatment selection. As a result, the traditional

Wald confidence interval, which build on these compromised estimates, may fail to achieve

its desired coverage probability. These estimation and inference problems arise not only

when propensity scores cluster around one value but also when they approximate binary

variation (Figure 2.1d) under the cubic MTE design. In such cases, classical confidence

intervals become unreliable, but the F -statistic can be misleadingly large because it detects

the deviation from the null where all propensity scores are equal.

Organization of this paper

In section 2.2, I describe the setup in Brinch et al. (2017) and Kline and Walters (2019)

and present the MTE model with a discrete instrument. By imposing a parametric structure

on the marginal treatment response (MTR) functions, the MTE is fully characterized by a

finite-dimensional parameter, which can be point identified using discrete variation from the

instrument. In finite samples, the MTE can be estimated by running separate regressions

for both treated and control groups. However, these separate regression estimators, along

with the corresponding Wald confidence sets, are highly vulnerable to limited variation

4



(a) Strong Variation (b) Intermediate Variation

(c) Limited Variation (d) Binary Variation

Note: The figure shows the estimated expected outcomes for treated units conditional on propensity
scores under different designs of propensity score variation, based on 20 independent simulations. All
designs and simulations use a cubic specification for the MTE curve with a discrete IV that takes four
values in its support. The sample size is 2,000.

Figure 2.1: Estimators under Different Types of IV Strengths

in propensity scores. In light of this potential identification failure, this paper constructs

uniformly valid confidence sets for causal parameters that are linear functionals of the MTE

function, which cover a broad range of causal effects of interest including the MTE function

itself, the average treatment effect (ATE), the average treatment effect on the treated

5



(ATT), the local average treatment effect (LATE), and the policy-relevant treatment effect

(PRTE).

In section 2.3, I develop a simple inference method for treatment effects in the lin-

ear MTE model, where the MTR functions vary linearly with the selection unobservable

(Brinch et al., 2017). This special structure offers a novel moment condition for construct-

ing estimators of treatment effects of interest, bypassing the necessity for estimating the full

model. Building on this new moment condition, I construct a simple conditional Wald test

and demonstrate its uniform validity under weak identification. This approach circumvents

challenges posed by weakly identified nuisance parameters in the MTE, thus leading to con-

fidence sets that achieve asymptotic similarity, a key advantage over existing approaches to

subvector inference with weak identification (see Appendix A.7.1).

For a generic MTE model with a discrete instrument, it is infeasible to directly estimate

causal effects of interest without relying on other primitive parameters in the MTE function.

In such cases, these weakly identified primitive parameters hamper the ability to perform

valid inference on linear functions of them. In section 2.4, I build on the improved projection

approach developed in I. Andrews (2018) and propose a MLC test that achieves uniform

validity regardless of identification strength (see page 7 for a detailed comparison of my

work with the literature). The inverted confidence set from this test has correct coverage

under weak identification, is straightforward to compute, and is shown to be approximately

as efficient as the Wald confidence set under strong identification.

In section 2.5, I incorporate covariates into the MTE model. First, I demonstrate that

the commonly used additive separability condition can substantially bias causal effect es-

timands when it fails. Such bias does not vanish unless (1) unobserved treatment effect

heterogeneity does not vary across covariates, or (2) individuals’ treatment decisions do not

depend on those covariates. If neither of these two assumptions hold, I show that causal

effect estimands under additive separability differ from the true effects and potentially

have the opposite sign. To deal with the bias induced by imposing additive separability,

researchers may use the proposed methods in this paper to conduct inference by condition-

6



ing on covariates, while also achieving robustness against limited variation of propensity

scores from conditioning. Additionally, I propose a Bonferroni-type size correction for valid

inference on aggregated effects in the absence of additive separability. For researchers in-

terested in performing inference under additive separability, I also present an extension of

the proposed inference methods to accommodate this framework at the end of the section.

In section 2.6, I examine the performance of MLC tests via a sequence of Monte-Carlo

simulations in a quadratic MTE model with varying degrees of identification strength.

The simulation results show that the MLC test is asymptotically size-correct whenever

the model is strongly identified, weakly identified, or partially identified. In contrast, the

classical Wald test reports over-rejections of the null value at 15% frequency versus the

5% significance level under partial identification and exhibits trivial power under weak

identification. When the instrument strength is sufficiently strong, the proposed MLC

test has power close to the asymptotically efficient Wald test. Theoretical justification is

provided in Appendix A.2.

In section 2.7, I illustrate the proposed methods by using data from Agan et al. (2023),

who show that not prosecuting defendants with misdemeanor offenses reduces recidivism.

While their analysis uses LATE estimates and ATE/ATT estimates under additive sepa-

rability, I complement their findings by examining recidivism effects under different coun-

terfactual prosecution policies. Specifically, I construct confidence sets for the reduction

in recidivism under two scenarios: (1) a homogeneous marginal increase in nonprosecution

rates across prosecutors, (2) implementation of a minimum nonprosecution rate threshold.

The results highlight that weak identification is a significant concern in higher-order poly-

nomial models, and empirical conclusions differ substantially between robust and classical

inference methods. Section 2.8 concludes with a discussion of potential future extensions.

Related literature

This paper contributes to three strands of the literature: marginal treatment effects,

subvector inference in weakly identified models, and judge/examiner designs. For the rest
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of the introduction, I review the related literature.

Although the MTE model has been used to extrapolate treatment effects in a variety

of fields, there are relatively few studies on the theory of estimation and inference in MTE

models. In a semiparametric MTE model with continuous propensity scores, J. Heckman

et al. (2006) use bootstrap methods to construct confidence bands for MTE functions. This

approach is now common practice1, but its theoretical validity has not yet been established.

Carneiro and Lee (2009) analyze the pointwise limit distributions of MTE estimators using

a separate regression approach. Building on this work, Sasaki and Ura (2023) further

derive asymptotic theory for the PRTE using an orthogonalized score for double debiased

estimation. Both papers assume a semiparametric MTE model with additive separability

and strong IV/covariate variation to achieve
?
n-consistent estimation. Mogstad et al.

(2017, 2018) propose a bootstrap procedure for conducting inference on the PRTE when

the MTE is partially identified. None of these papers study weak identification problems.

Thus, compared to this existing literature, the inference approach I propose is the first to

achieve robustness against weak instruments in MTE models.

To estimate the MTE over a large support of propensity scores, empirical researchers

usually assume that the MTR functions—and their difference, the MTE—are additively

separable in covariates and unobserved costs of treatment selection Brinch et al. (2017,

Assumption 2). This assumption allows the MTE to be estimated on the unconditional

support of propensity scores, by pooling variation in the propensity scores across different

covariate values. Despite its increasing popularity in empirical work, there is little theoret-

ical justification for additive separability. In fact, this assumption can be strong enough to

point identify the MTE without exogenous variation from instruments (Pan et al., 2024).

In addition, if the MTE is misspecified as linearly additively separable, Devereux (2022)

provides numerical evidence indicating that omitting higher-order covariate terms can in-

troduce significant bias in the estimated MTE slopes. I contribute to this knowledge by

1 The Stata implementation of MTE estimation by Brave and Walstrum (2014) and Andresen (2018) uses
bootstrap methods to produce confidence sets.

8



providing the first analytical bias formula for the causal parameters (e.g., ATE, conditional

ATE, and MTE slope) when additive separability is misspecified in a widely used class of

latent threshold crossing models (Kline & Walters, 2019). To avoid this bias, researchers

should extrapolate treatment effects conditional on covariates instead of relying on additive

separability. Moreover, the robust inference procedures proposed in this paper can help

address potential weak IV variation that may arise after conditioning on covariates.

The inference problem in this paper is also related to the literature on subvector inference

in weakly identified models, where a subvector is a subset of the structural parameters.

For inference on subvectors, Dufour and Taamouti (2005) suggest projecting the robust

confidence sets of the full vector onto the subvector of interest. However, this procedure

can be very conservative especially when the dimension of the full vector is much larger

than that of the target subvector. To this end, there is a sequence of studies trying to

reduce the conservativeness of projection inference. Chaudhuri and Zivot (2011) consider

modifying the (Robust) Lagrangian Multiplier statistic (Kleibergen, 2005) such that it is

locally equivalent to asymptotic efficient subvector tests under strong identification and

propose a Bonferroni method to improve the power of their tests at distant alternatives.

Building on this idea, D. W. Andrews (2017) improves the Bonferroni method such that

the refined tests are asymptotically non-conservative and uniformly valid. However, D. W.

Andrews (2017, p.2) acknowledges six key limitations, including computational challenges

and the need for additional tuning parameters to categorize the identification strength,

neither of which are required for my proposed MLC test. Moreover, his method does not

directly address inference on a linear function of parameters, which is the primary focus of

this paper. While his method could conceptually extend to inference on a linear function

through model reparametrization, finding a universal reparametrization rule that works for

all linear hypotheses of interest while maintaining tractable asymptotic analysis remains

challenging.

For inference on a function of parameters in a weakly identified model, I. Andrews (2018)

generalizes the results in Chaudhuri and Zivot (2011) and proposes a two-step confidence
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set that achieves sequential validity with controlled coverage distortions under a set of high-

level conditions imposed on a sequence of data generating processes (DGPs). The MLC test

considered in this paper builds on the idea from I. Andrews (2018) but differs in a few ways:

(1) Most importantly, Andrews paper only provided sequential validity results, concluding

that “conditions for uniform asymptotic validity are an interesting open question in Section

V (page 347). I demonstrate that, with a minor modification to the test statistics, the robust

test achieves uniform validity for inference on a scalar function. (2) While Andrews derived

results for a general class of models using high-level conditions, my focus on the MTE model

allows for more specific, primitive conditions for validity. (3) Instead of employing Andrews’

two-step approach that alternates between non-robust Wald and robust confidence sets

based on identification strength, I focus exclusively on his robust confidence sets. (4) I

adapt his robust confidence sets, originally developed for GMM models, to the minimum

distance framework arising from separate regressions in the MTE setting. (5) By using the

robust confidence set, this approach does not involve pretesting distortion in the two-step

approach and maintains the desired asymptotic coverage level 1 ´ α. (6) I prove that the

local power difference from the asymptotically efficient Wald test can be arbitrarily small

under strong identification. Applied to MTE models, this approach allows for valid and

powerful inference on treatment effects even under limited variation of propensity scores. In

Appendix A.7.1, I also discuss other approaches to inference on functions (or subvectors) of

parameters in weakly identified models and explain their inapplicability to the MTE model

studied here.

Finally, the empirical analysis of this paper also connects to the judge/examiner design

problems (see the survey by Chyn et al. (2024)). By using the quasi-random assignment of

examiners, researchers can identify the causal effects of judicial decisions for defendants at

the margin of being treated, and then extrapolate these effects to the broader population

under the assumption of pairwise monotonicity (Frandsen et al., 2023). While the MTE

model is commonly employed for such extrapolation, researchers often report LATE, ATE,

ATUT, and ATT to inform potential policy decisions (Agan et al., 2023; Baron & Gross,
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2023; Bhuller et al., 2020). My paper provides methods for robust inference on all of these

parameters, as well as the MTE function itself, and the policy counterfactual parameters

studied in J. J. Heckman and Vytlacil (2001, 2005), and Carneiro et al. (2010).

2.2 MTE Model with Discrete IVs

In this section, I describe the MTE model and the related identification result following

Brinch et al. (2017). Based on this result, the weakness of IVs can be characterized by

limited variation of propensity scores. Then I introduce the relevant parameter space on

which we achieve uniform validity of the proposed inference procedures.

2.2.1 Setup

Let Y1 be the potential outcome of an individual who receive a binary treatment (D “ 1)

and Y0 denote her potential outcome in the untreated state (D “ 0). The observed outcome

Y is realized through

Y “ p1 ´ DqY0 ` DY1. (2.1)

We further specify

Yd “ µd ` Vd, d “ 0, 1,

where µd ” ErYds is the mean of potential outcome. For simplicity, I leave out additional

covariates and discuss them in section 2.5. The treatment is determined by a weakly

separable selection equation

D “ 1rU ď νpZqs, (2.2)

where νp¨q is an unknown function, U is a continuous random variable representing the

unobserved cost of selection into treatment, and Z P supppZq “ tz0, z1, . . . , zKu is the

excluded discrete instrument. Researchers observe the outcome Y , the binary treatment

D, and the excluded instrument Z from data, while the unobservables are the potential

outcomes pY0, Y1q and the variable U in the selection equation. The MTE model allows

individuals to be selected into treatment based on their information on potential outcomes,

which leads to potential dependence between pV1, V0q and U .
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The key identifying assumption from Brinch et al. (2017, proposition 1.ii) is as follows:

Assumption 1 (MTE model with discrete IVs).
1. Z KK U .

2. ErYd | Z,U s “ ErYd | U s and E|Yd| ă 8 for d P t0, 1u.

3. U is continuously distributed.

4. 0 ă PpD “ 1 | Z “ zq ă 1 for all z P supppZq.

5. Let thmp¨quMm“1 be a set of known continuous functions defined on p0, 1q. For d P

t0, 1u, the MTR function is given by

ErYd | FU pUq “ us “ µd `

M
ÿ

m“1

ρdmhmpuq for u P p0, 1q,

where FU p¨q denotes the distribution function of U .

6. Let λ00p¨q “ λ10p¨q ” 1, and

λ1mppq ”
1

p

ż p

0
hmpuqdu and λ0mppq ”

1

1 ´ p

ż 1

p
hmpuqdu for m “ 1, . . . ,M.

Then tλ1mp¨quMm“0 and tλ0mp¨quMm“0 are unisolvent2 on p0, 1q.

7. K ” |tPpD “ 1 | Z “ zq : z “ z0, z1, . . . , zKu| ě M ` 1.

Assumptions 1.1 and 1.2 require the excluded instrument Z to be exogenous to both

the selection and outcome processes. Assumption 1.3 allows us to normalize the marginal

distribution of U to be uniformly distributed over r0, 1s. That is, we can transform U to a

uniformly distributed variable rU “ FU pUq. Under the exogeneity of Z in Assumption 1.1,

the function FU pνpZqq can then be interpreted as propensity score:

ppzq ” PpD “ 1 | Z “ zq

“ PpU ď νpZq | Z “ zq

“ PpU ď νpzqq

“ FU pνpzqq

2 A set of n functions f1, f2, . . . , fn is unisolvent on domain Ω if the matrix F P Rnˆn with entries fipxjq

has nonzero determinant for any choice of n distinct points x1, x2, . . . , xn in Ω.
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where the third line uses the Assumption 1.1. Define rνpzq ” FU pνpZqq, and then we

can work with prU, rνpzqq in place of pU, νpzqq without affecting the empirical content of the

selection model. For simplicity, we drop out the tilde and assume U is uniformly distributed

throughout our analysis, and therefore νpzq “ ppzq. Assumption 1.4 validates the overlap

condition, so that we observe both treated and untreated individuals for each group defined

by the value of the instrument. Assumption 1.5 imposes a parametric restriction on the

MTR function ErYd | FU pUq “ us so that the MTE can be extrapolated outside the discrete

support of the instrument. Assumption 1.6 is a weak condition that rules out redundant

specifications in thmp¨quMm“0 that cause multicollinearity in tλdmp¨quMm“0. In particular, the

usual polynomial specification hmpuq “ um ´ 1
m`1 satisfies this condition. Assumption

1.7 requires sufficient variation of the exogenous instrument to point identify the structural

parameters. While K ď K`1, with strict inequality when multiple instrument values yield

identical propensity scores, point identification requires the number of distinct propensity

scores—not instrument values—to exceed the order of the MTE model.

Define θd ” pµd, ρd1, . . . , ρdM q1 for d “ 0, 1, and let θ ” pθ1
1, θ

1
0q1. Then we have the

following identification result:

Theorem 2.2.1 (Identification). Suppose Assumption 1 holds. Then θ is point identified.

Proof. Based on the model (2.1)–(2.2) and Assumption 1, we have

ErY | D “ 1, Z “ zs “ ErY1 | U ď ppzq, Z “ zs

“ ErY1 | U ď ppzqs

“
1

ppzq

ż ppzq

0
ErY1 | U “ usdu

“ µ1 `

M
ÿ

m“1

ρ1m
ppzq

ż ppzq

0
hmpuqdu.

“ pλ10pppzqq, λ11pppzqq, . . . , λ1M pppzqqqθ1. (2.3)

The first line holds by equations (2.1), (2.2), and the normalization that νpzq “ ppzq,

which is jointly implied by Assumption 1.1 and 1.3. The second line holds by the exogeneity
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condition in Assumption 1.2. The third line follows by the overlap condition in Assumption

1.4 and the normalization that U is uniformly distributed over r0, 1s. The fourth line holds

by parametric restriction in Assumption 1.5. Likewise, we have

ErY | D “ 0, Z “ zs “ µ0 `

M
ÿ

m“1

ρ0m
1 ´ ppzq

ż 1

ppzq

hmpuqdu “ pλ00pppzqq, λ01pppzqq, . . . , λ0M pppzqqqθ0.

(2.4)

Taking z “ z0, z1, . . . , zK in equations (2.3) and (2.4) then yields two matrix equalities:

Adθd “ βd for d “ 0, 1, (2.5)

where

Ad “

»

—

—

—

–

λd0pppz0qq λd1pppz0qq . . . λdM pppz0qq

λd0pppz1qq λd1pppz1qq . . . λdM pppz1qq
...

... . . . ...
λd0pppzKqq λd1pppzKqq . . . λdM pppzKqq

fi

ffi

ffi

ffi

fl

and

βd “ pErY | D “ d, Z “ z0s, . . . ,ErY | D “ d, Z “ zKsq1.

Note that Assumption 1.6 and 1.7 guarantees that there exists a full-rank submatrix of Ad

with K rows and M ` 1 columns for each d “ 0, 1. Therefore, both A1 and A0 have full

column rank. Then θ1 and θ0 are point identified by equation (2.5).

Remark 2.2.1. This identification result closely aligns with the proof of Brinch et al.

(2017, Proposition 1.ii), who shows that Assumption 1.7 is a necessary condition for iden-

tifying θ in a MTE model satisfying Assumption 1.1–1.5. Building on their result, I add

Assumption 1.6 to establish sufficient conditions for point identification.

Based on the parametric restriction in Assumption 1.5, treatment effects can often be

written as linear functions of the primitive parameter θ. For example, ATE “ µ1 ´ µ0 and

MTEpuq “ ErY1 ´ Y0 | U “ us

“ cpuq1θ1 ´ cpuq1θ0,
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where cpuq “ p1, h1puq, . . . , hM puqq. Moreover, suppose we are interested in the parameters

that inform potential policy decisions such as average treatment effects on the (un)treated

groups or policy-relevant treatment effects. In that case, the weight c is often unknown and

depends on the underlying DGP (see Table 1 and 2 in Mogstad and Torgovitsky, 2018). If

we write c “ pc1
1, c

1
0q1 with cd “ pcd,0, . . . , cd,M q1 for d “ 0, 1 and denote h0puq ” 1, Table

2.1 summarizes the weights of various treatment effects under Assumption 1. In this paper,

I consider inference on treatment effects of the form c1θ where c1 “ ´c0 since many causal

effects of interest including those in Table 2.1 have symmetric weights: c0,m “ ´c1,m for all

m “ 1, . . . ,M .

Table 2.1: Weights for Treatment Effects

Target parameter Expression Weights

ATE ErY1 ´ Y0s c1,m “ 1rm “ 0s

MTE ErY1 ´ Y0 | U “ us c1,m “ hmpuq

ATT ErY1 ´ Y0 | D “ 1s c1,m “
Ep

şppZq
0 hmpuqduq

PpD“1q

ATU ErY1 ´ Y0 | D “ 0s c1,m “
Ep

ş1
ppZq

hmpuqduq

PpD“0q

LATE ErY1 ´ Y0 | ppz0q ă U ă ppzkqs c1,m “

şppzkq

ppz0q
hmpuqdu

ppzkq´ppz0q

Additive PRTE PRTE with pϵpzq “ ppzq ` ϵ

c1,m “
Er
şpϵpZq

ppZq
hmpuqdus

ErpϵpZq´ppZqs
Proportional PRTE PRTE with pϵpzq “ p1 ` ϵqppzq

Quota PRTE with pϵpzq “ mintppzq, ϵu

Define qpzℓq “ PpZ “ zℓq, i.e., the probability mass function of the discrete IV. For

the widely-used polynomial MTE model in empirical studies where hm “ um ´ 1
m`1 , the
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weights of ATT, LATE, additive PRTE, and proportional PRTE become

cATT
1,m “

1

m ` 1

˜

řK
ℓ“0 ppzℓq

m`1qpzℓq
řK

ℓ“0 ppzℓqqpzℓq
´ 1

¸

cLATE
1,m “

1

m ` 1

˜

m
ÿ

j“0

ppzkqjppz0qm´j ´ 1

¸

cA-PRTE
1,m “

1

m ` 1

˜

K
ÿ

ℓ“0

qpzℓq
m
ÿ

j“0

“

ppzℓq
jpppzℓq ` ϵqm´j

‰

´ 1

¸

cP-PRTE
1,m “

1

m ` 1

«

p1 ` ϵqm`1 ´ 1

ϵ
¨

řK
ℓ“0 ppzℓq

m`1qpzℓq
řK

ℓ“0 ppzℓqqpzℓq
´ 1

ff

for m “ 1, . . . ,M , and the first element c1,0 “ 1 for all the above causal effects.

2.2.2 Weak identification

The identification strategy relies on the conditions in Assumption 1, particularly the

existence of sufficiently many distinct propensity scores to point identify the structural pa-

rameter θ through Assumption 1.7. However, variation in propensity scores is often limited.

This limited variation may not be enough to guarantee correct asymptotic approximation

in the construction of classical confidence sets. In section 2.3 and 2.4, I develop robust

inference procedures for treatment effects of the form c1θ without requiring the potentially

restrictive Assumptions 1.7. My results have two implications. Along a sequence of DGPs:

(1) When Assumption 1.7 holds but is close to fail, the parameters are point identified,

and the robust confidence set achieves correct coverage for the causal parameter of interest;

(2) When Assumption 1.7 fails, the parameters are partially identified, and the proposed

robust confidence set mantains correct coverage of the causal parameter c1θ, where θ lies in

the set defined by the linear system (2.5). Additionally, this uniform validity result does

not rely on Assumption 1.6, though this assumption is typically satisfied under researchers’

common specifications of the MTR functions.
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2.2.3 Parameter space restriction

This section introduces the parameter space for the joint distribution of pY,D,Zq for

establishing uniform validity of the robust inference procedures without covariates. First,

consider the usual i.i.d. sampling distribution of the observables.

Assumption 2. The random vectors pYi, Di, Ziq for i “ 1, . . . , n are i.i.d. with distribution

F .

Next, I introduce a set of regularity conditions to be imposed on the joint distribution

F .

Definition 2.2.1 (Parameter Space). For some δ, ζ ą 0 and ϵ P p0, 1{2q, define the pa-

rameter space P as the set of pairs pθ, F q satisfying the following properties:

1. Equation (2.5) is satisfied with K ě M , where θ “ pθ1
1, θ

1
0q1 P intpΘq Ď R2pM`1q for

some interior of a compact set Θ;

2. supd“0,1 supzPsupppZq EF r|Y |2`δ | D “ d, Z “ zs ď ζ;

3. ϵ ď infzPsupppZq PF pD “ 1 | Z “ zq ď supzPsupppZq PF pD “ 1 | Z “ zq ď 1 ´ ϵ;

4. ϵ ď infzPsupppZq PF pZ “ zq ď supzPsupppZq PF pZ “ zq ď 1 ´ ϵ;

5. ϵ ď infd“0,1 infzPsupppZq varF pY | D “ d, Z “ zq.

The first condition assumes the correct model specification derived from Assumptions

1.1-1.5, and the order of the MTE model does not exceed the support of the instrument.3

The second condition is a mild restriction on the existence of moments of Y conditional

on D and Z, which is essential for establishing the uniform version of the law of large

numbers and central limit theorems. The third and fourth conditions, also known as the

strong overlap conditions, require observing units for each value of the treatment and the

instrument. Together with the final condition regarding sufficient variation in outcomes,

these conditions rule out the singularity or near-singularity of the asymptotic variance

of the moment equation (2.5). Since our parameter of interest has the form of c1θ, let

3 The condition K ě M is necessary but not sufficient for point identification, particularly when Assump-
tion 1.7 does not hold.
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P0 “ tpλ, F q : λ “ c1θ, pθ, F q P Pu denote the null parameter space for this linear function,

in which the weight c could possibly depend on underlying DGP F . It is important to

emphasize that our parameter space does not require the relevance Assumptions 1.6 and

1.7, the latter of which is likely to fail. For a given λ P R, our goal is to develop uniformly

valid tests for assessing the hypothesis H0 : c1θ “ λ that is robust to the limited variation

of propensity scores.

2.2.4 Notation and preliminaries

The asymptotic behavior of test statistics to be proposed will be unified by the asymp-

totic distribution of estimators on marginal distribution of instrument qpzℓq ” PpZ “ zℓq,

propensity score ppzℓq “ PpD “ 1 | Z “ zℓq, and the expected outcome conditional on the

treatment and instrument βdℓ “ ErY | D “ d, Z “ zℓs for d “ 0, 1 and ℓ “ 0, 1, . . . ,K. Un-

der the parameter space restriction outlined in section 2.2.3, we have the following sample-

analog estimators for these quantities:

q̂pzℓq “
1

n

n
ÿ

i“1

1rZi “ zℓs

p̂pzℓq “
1

n

n
ÿ

i“1

1rDi “ 1, Zi “ zℓs

q̂pzℓq

β̂dℓ “
1

n

n
ÿ

i“1

Yi1rDi “ d, Zi “ zℓs

q̂pd, zℓq
,

where q̂p1, zℓq “ p̂pzℓqq̂pzℓq and q̂p0, zℓq “ p1 ´ p̂pzℓqqq̂pzℓq.

Collecting these estimators into vectors, we have

p̂ “ pp̂pzℓq, . . . , p̂pzKqq1

q̂ “ pq̂pz0q, . . . , q̂pzKqq1

β̂d “ pβ̂d0, . . . , β̂dKq1 for d = 0,1,

and β̂ “ pβ̂1
1, β̂

1
0q1. Lemma A.1.1(a) provides the asymptotic distribution of the estimators

p̂, q̂, and β̂ under a drifting sequence in the parameter space P. Moreover, Lemma A.1.1(b)
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also shows that their asymptotic variances can be consistently estimated by

Σ̂p “ diag

"

p̂pzℓqp1 ´ p̂pzℓqq

q̂pzℓq
: ℓ “ 0, 1, . . . ,K

*

Σ̂q “ tΣ̂qri, jsui,j“0,1,...,K

Σ̂βd
“ diag

"

σ̂2
dℓ

q̂pd, zℓq
: ℓ “ 0, 1, . . . ,K

*

Σ̂β “ diagtΣ̂β1 , Σ̂β0u,

where

σ̂2
dℓ ”

1

n

n
ÿ

i“1

pYi ´ β̂dℓq
2
1rDi “ d, Zi “ zℓs

q̂pd, zℓq

Σ̂qri, js ”

#

p̂pziqp1 ´ p̂pziqq if i “ j

´p̂pziqp̂pzjq if i ‰ j.

Throughout the paper, I use Bxf P Rk to denote the gradient of a scalar function f

with respect to its argument x P Rk. If f maps to a vector in Rl, then Bxf P Rlˆk denotes

the Jacobian of f with respect to x P Rk. Let PA “ ApA1Aq´1A1 denote the projection

matrix onto the column spaces of matrix A and define MA “ I ´ PA as the corresponding

annihilator matrix.

2.3 Robust Inference in Linear MTE Models

In this section, I start with the simplest functional specification and impose linearity

on the MTR function.

Assumption 3 (Linear MTE model). Assumption 1.5 holds with

hmpuq “ u ´
1

2

and M “ 1.

This assumption was first introduced by Olsen (1980) to characterize sample selection

bias and later generalized by Brinch et al. (2017) to model MTE functions. This linear
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MTE specification was recently adopted by Kowalski (2023) to extrapolate treatment effects

between two experimental studies. The parameters θ “ pµ1, ρ11, µ0, ρ01q can be identified

using any pair of propensity scores pppz0q, ppzkqq for k “ 1, . . . ,K that differ from each

other. Point identification fails if and only if all propensity scores ppz0q, . . . , ppzKq are

identical, i.e., when there is no variation in propensity scores.

The linear MTE specification allows us to derive closed-form estimands for θ, in which

case equation (2.5) reduces to
ˆ

µ1

ρ11

˙

“
1

ppzkq ´ ppz0q

ˆ

ppzkq ´ 1 ´pppz0q ´ 1q

´2 2

˙ˆ

ErY | D “ 1, Z “ z0s

ErY | D “ 1, Z “ zks

˙

and
ˆ

µ0

ρ01

˙

“
1

ppzkq ´ ppz0q

ˆ

ppzkq ´ppz0q

´2 2

˙ˆ

ErY | D “ 0, Z “ z0s

ErY | D “ 0, Z “ zks

˙

.

Recall βdk “ ErY | D “ d, Z “ zks. Then the ATE and the slope of MTE can be written

as

ˆ

µ1 ´ µ0

ρ11 ´ ρ01

˙

“
1

ppzkq ´ ppz0q

ˆ

ppzkq rβ10 ´ β00s ´ ppz0q rβ1k ´ β0ks ` β1k ´ β10
2 pβ00 ´ β10 ` β1k ´ β0kq

˙

.

Define the numerator of the right-hand-side equation as

∆µpz0, zkq ” ppzkq rβ10 ´ β00s ´ ppz0q rβ1k ´ β0ks ` β1k ´ β10

and

∆ρpz0, zkq ” 2 pβ00 ´ β10 ` β1k ´ β0kq .

Since these quantities can be directly identified from data, we can express the treatment

effects parameters λ “ c1θ with c “ pcµ, cρ,´cµ,´cρq1 as the solution of the following

moment function:

gkpλq “ rppzkq ´ ppz0qsλ ´ cµ∆µpz0, zkq ´ cρ∆ρpz0, zkq “ 0. (2.6)

If the instrument Z is binary, then c1θ is just identified by this linear moment restriction,

otherwise, we can construct a vector of moment functions:

gpλq “ pg1pλq, ¨ ¨ ¨ , gKpλqq1 “ 0Kˆ1 (2.7)
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to improve the efficiency for inference on c1θ. It is worth noting that other components of

primitive parameter θ do not enter into (2.7). As a result, their nonstandard asymptotic

behavior (under weak identification) is irrelevant in this context. To this end, this linear

moment function gpλq will be used to construct asymptotically exact tests for treatment

effects in linear MTE models.

2.3.1 Inference with known weights

In this section, I consider robust inference with a known weight c, which applies to

inference on the ATE and the MTE. I have shown that gkpλq suffices to estimate λ, the

causal effects of interest. Let ĝkpλq be the sample analog of this moment function after

plugging in the estimators tp̂pzℓq, β̂0ℓ, β̂1ℓu
K
ℓ“0, i.e.,

ĝkpλq “ rp̂pzkq ´ p̂pz0qsλ ´ cµ∆̂µpz0, zkq ´ cρ∆̂ρpz0, zkq

where

∆̂µpz0, zkq “ p̂pzkqrβ̂10 ´ β̂00s ´ p̂pz0qrβ̂1k ´ β̂0ks ` β̂1k ´ β̂10

∆̂ρpz0, zkq “ 2pβ̂00 ´ β̂10 ` β̂1k ´ β̂0kq.

Based on this moment condition, one might consider an Anderson-Rubin (AR) test statistic

to assess the null hypothesis H0 : c
1θ “ λ as follows

ARn,kpλq “

ˇ

ˇ

ˇ

ˇ

?
nĝkpλq

ŝkpλq

ˇ

ˇ

ˇ

ˇ

2

(2.8)

where ŝ2kpλq consistently estimates the asymptotic variance of the sample moment ĝkpλq. To

construct this variance estimator, note that an asymptotic linear expansion of ĝkpλq´gkpλq

gives

ĝkpλq ´ gkpλq “

¨

˚

˝

Bp1gkpλqrp̂ ´ ps

` Bβ1
1
gkpλqrβ̂1 ´ β1s

` Bβ1
0
gkpλqrβ̂0 ´ β0s

˛

‹

‚

` oppn´1{2q.

with coefficients Bpgkpλq, Bβ1gkpλq, and Bβ0gkpλq defined as the gradient of gkpλq with

respect to p, β1, and β0, respectively. To estimate these coefficients, we have the sample
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analog estimators below:

Bpĝkpλq “ p´λ ` pβ̂1k ´ β̂0kqcµ, 0, . . . , 0, λ ´ pβ̂10 ´ β̂00qcµ, 0, . . . , 0q1

Bβ1 ĝkpλq “ pp1 ´ p̂pzkqqcµ ` 2cρ, 0, . . . , 0,´p1 ´ p̂pz0qqcµ ´ 2cρ, 0, . . . , 0q1

Bβ0 ĝkpλq “ pp̂pzkqcµ ´ 2cρ, 0, . . . , 0,´p̂pz0qcµ ` 2cρ, 0, . . . , 0q1,

(2.9)

where nonzero elements appear on the first and the pk ` 1q’th elements of vectors.

This leads to a consistent variance estimator

ŝ2kpλq “ Bp1 ĝkpλqΣ̂pBpĝkpλq ` Bβ1
1
ĝkpλqΣ̂β1Bβ1 ĝkpλq ` Bβ1

0
ĝkpλqΣ̂β0Bβ0 ĝkpλq.

Let α P p0, 1q be the significant level. The next result establishes the uniform validity and

asymptotic similarity of the AR test for H0 : c
1θ “ λ with λ P R.

Proposition 2.3.1. Let Assumption 2 and 3 hold, and suppose that the weight c “

pcµ, cρ,´cµ,´cρq1 is a nonzero fixed vector, then

lim inf
nÑ8

inf
pλ,F qPP0

PF

´

ARn,kpλq ą qχ2
1
p1 ´ αq

¯

“ lim sup
nÑ8

sup
pλ,F qPP0

PF

´

ARn,kpλq ą qχ2
1
p1 ´ αq

¯

“ α,

where qχ2
1
p1 ´ αq denotes the p1 ´ αq-quantile of the χ2

1 distribution.

Remark 2.3.1. The above result shows that the proposed AR test is valid and (uniformly)

asymptotically similar in the sense of D. W. Andrews et al. (2020, eq.(2.6)). Constructing

an asymptotically valid subvector test is already challenging in models with weakly identified

nuisance parameters4, because the asymptotic distributions of many test statistics depend

on those unknown nuisance parameters that cannot be consistently estimated (I. Andrews

& Mikusheva, 2016b, p. 1595). However, I introduce a novel moment function that iso-

lates the causal effects of interest while being free from θ, thereby making the simple AR

4 Since c1θ is the parameter of interest rather than θ itself, the vector of primitive parameters θ “

pµ1, ρ11, µ0, ρ01q P R4 becomes the weakly identified nuisance parameter under limited variation of propen-
sity scores. Although we can show some functions of θ are strongly identified using the reparametrization
technique proposed by Han and McCloskey (2019), two parameters pρ11, ρ01q P R2 remain weakly identified
even after this transformation (see Appendix A.8).
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test feasible in this context. Unlike existing approaches to subvector inference with weak

identification (see Appendix A.7.1), this method achieves asymptotic similarity, ensuring

the inverted confidence set maintains 1 ´ α coverage asymptotically under both strong and

weak identification.

With a binary instrument Z P tz0, z1u, there exists a unique AR test statistic ARn,1pλq

for robust inference on the causal parameter c1θ. When the instrument is discrete with mul-

tiple values Z P tz0, . . . , zKu where K ą 1, we obtain multiple AR statistics tARn,kpλquKk“1.

The informativeness of each statistic depends on the variation in propensity scores ppz0q ´

ppzkq. In this case, combining tests based on different propensity score pairs yields greater

statistical power. Let

π̂ “ pp̂pz1q ´ p̂pz0q, . . . , p̂pzKq ´ p̂pz0qq1

and

γ̂ “ pcµ∆̂µpz0, z1q ` cρ∆̂ρpz0, z1q, . . . , cµ∆̂µpz0, zKq ` cρ∆̂ρpz0, zKqq1

Then consider valid inference based on a vector of linear moment functions:

ĝpλq “ π̂λ ´ γ̂ “ pĝ1pλq, . . . , ĝKpλqq1 P RK .

Under strong identification where π̂ converges to a nonzero limit, an asymptotically efficient

Wald statistic (which becomes the Lagrangian Multiplier statistic in this linear case) for

testing H0 : c
1θ “ λ can be constructed below:

Wnpλq “
nĝpλq1Ŝpλq´1π̂π̂1Ŝpλq´1ĝpλq

π̂1Ŝpλq´1π̂
,

where Ŝpλq consistently estimates the asymptotic covariance matrix of π̂λ ´ γ̂ under null

hypothesis:

Ŝpλq “ BpĝpλqΣ̂pBp1 ĝpλq ` Bβ1 ĝpλqΣ̂β1Bβ1
1
ĝpλq ` Bβ0 ĝpλqΣ̂β0Bβ1

0
ĝpλq.

Under weak identification, the propensity score differences π̂ may converge in probability

to a zero vector, resulting in a nonstandard asymptotic distribution for Wnpλq. To illusrate
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this problem, consider a sequence of DGPs where
?
nπ converges to a constant vector π0.

In this case,
?
nπ̂ converges in distribution to a multivariate normal distribution with mean

π0, which cannot be consistently estimated from the data. Consequently, the asymptotic

distribution of Wnpλq contains the inestimable nuisance parameter π0, making it infeasible

to consistently estimate the unconditional quantiles of Wnpλq’s limiting distribution. How-

ever, similar to the arguments of Moreira (2003) for linear IV models and I. Andrews and

Mikusheva (2016b) for quasi-likelihood ratio tests in GMM models, the asymptotic distri-

bution of Wnpλq becomes independent of π0 when conditioned on its sufficient statistic,

making it feasible to approximate the conditional distribution of Wnpλq. Define

ĥpλq “
?
nπ̂ ´ rBpπsΣ̂prBp1 ĝpλqsŜpλq´1?

nĝpλq.

The statistic ĥpλq is asymptotically independent of
?
nĝpλq and contains sufficient informa-

tion about π0 such that the (asymptotic) distribution of Wnpλq conditional on ĥpλq is free

of π0. To simulate this conditional distribution, I construct a counterpart of
?
nπ̂, denoted

as πs:

πs “ ĥpλq ` rBpπsΣ̂prBp1 ĝpλqsŜpλq´1{2η˚

where η˚ „ N p0Kˆ1, IKˆKq are simulated draws independent of data. A simulation coun-

terpart of Wnpλq can be obtained by replacing
?
nπ̂ with πs and

?
nĝpλq with Ŝpλq1{2η˚:

W ˚
n pλq “

pη˚q1Ŝpλq´1{2πsπ
1
sŜpλq´1{2pη˚q

π1
sŜpλq´1πs

.

It follows that W ˚
n pλq has the same asymptotic distribution as Wnpλq conditional on the

realization of ĥpλq. Let q̂W˚p1´αq denote the p1´αq-quantile of the distribution of W ˚
n pλq

conditional on the data. This critical value can be used to construct valid conditional Wald

test:

Theorem 2.3.1. Let Assumption 2 and 3 hold, and suppose the weight c “ pcµ, cρ,´cµ,´cρq1

is a nonzero fixed vector, then

lim inf
nÑ8

inf
pλ,F qPP0

PF pWnpλq ą q̂W˚p1 ´ αqq “ lim sup
nÑ8

sup
pλ,F qPP0

PF pWnpλq ą q̂W˚p1 ´ αqq “ α.
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Remark 2.3.2. The statistic Wnpλq can be interpreted as a linear combination of AR

statistics in equation (2.8), with weight Ŝ´1π̂. Under strong identification, this weighting

vector can be shown to be optimal among all linear combinations of AR statistics, yielding

the highest local asymptotic power.

Remark 2.3.3. In Lemma A.1.2, I show that the asymptotic variance of the moment

function is uniformly positive definite as long as the weight c “ pcµ, cρ,´cµ,´cρq is nonzero.

If we incorporate additional moment conditions induced by the difference of propensity

scores of the form ppzkq ´ ppzjq for k, j ‰ 0, then the asymptotic variance may become

singular for some nonzero weight c. For example, if we set cµ “ 0 and cρ “ 1, it follows

that

rp̂pzkq ´ p̂pzjqsλ ´ cρ∆̂ρpzj , zkq “ ĝkpλq ´ ĝjpλq,

implying that the moment condition constructed with the variation between zk and zj (on

the left-hand side) is the difference of the moments constructed by using pzk, z0q and pzj , z0q

(on the right-hand side).

Remark 2.3.4. An alternative statistic one could consider is the quasi-likelihood ratio

statistic

QLRnpλq “ n

„

ĝpλq1Ŝpλq´1ĝpλq ´ inf
λPR

ĝpλq1Ŝpλq´1ĝpλq

ȷ

and its corresponding conditional approach discussed in I. Andrews and Mikusheva (2016b).

Here I focus on the conditional Wald approach because it is simpler to implement in practice

and is first-order asymptotic equivalent to QLR test under strong identification. Further-

more, there is evidence that, in finite samples, it can yield shorter confidence intervals than

the conditional likelihood ratio test and AR test (D. S. Lee et al., 2023; Van de Sijpe &

Windmeijer, 2023).

2.3.2 Inference with estimated weights

Sometimes the weight c needs to be estimated if researchers’ interests focus on causal

parameters such as ATT and LATE. In this case, the weight usually depends on the joint
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distribution of pD,Zq as in Table 2.1, therefore I make the following assumption:

Assumption 4. The weight c “ cpp, qq is a function of propensity scores p “ tppzℓquKℓ“0

and marginal distribution of instrument q “ tqpzℓquKℓ“0, and this function is continuously

differentiable.

I plug a consistent and asymptotic normal estimator cpp̂, q̂q into the construction of the

moment function. This gives a modified sample moment function:

ĝ:
kpλq “ rp̂pzkq ´ p̂pz0qsλ ´ cµpp̂, q̂q∆̂µpz0, zkq ´ cρpp̂, q̂q∆̂ρpz0, zkq

and

ĝ:pλq “ pĝ:
1pλq, . . . , ĝ:

Kpλqq1 P RK .

Since the weight c is estimated, it introduces sampling uncertainty into the asymptotic

distribution of the moment function. Let

∆µ “ p∆µpz0, z1q, . . . ,∆µpz0, zKqq1 and ∆ρ “ p∆ρpz0, z1q, . . . ,∆ρpz0, zKqq1.

Define ∆̂µ and ∆̂ρ as their corresponding estimators, where each entry is obtained by re-

placing ∆µpz0, zkq and ∆ρpz0, zkq with their respective estimators ∆̂µpz0, zkq and ∆̂ρpz0, zkq.

Applying the Delta method, we have the following first-order asymptotic expansion:

ĝ:pλq ´ gpλq “

¨

˚

˚

˚

˚

˝

Bpgpλqrp̂ ´ ps

` Bβ1gpλqrβ̂1 ´ β1s

` Bβ0gpλqrβ̂0 ´ β0s

´ ∆µpBp1cµrp̂ ´ ps ` Bq1cµrq̂ ´ qsq

´ ∆ρpBp1cρrp̂ ´ ps ` Bq1cρrq̂ ´ qsq

˛

‹

‹

‹

‹

‚

` oppn´1{2q,

where Bpc and Bqc denote the partial derivative vectors of c with respect to vectors p and

q, respectively, for c P tcµpp, qq, cρpp, qqu.

The asymptotic variance can be consistently estimated by

Ŝ:pλq “

´

Bpĝ
:pλq ´ ∆̂µrBp1 ĉµs ´ ∆̂ρrBp1 ĉρs

¯

Σ̂p

´

Bpĝ
:pλq ´ ∆̂µrBp1 ĉµs ´ ∆̂ρrBp1 ĉρs

¯1

`

´

∆̂µrBq1 ĉµs ` ∆̂ρrBq1 ĉρs

¯

Σ̂q

´

∆̂µrBq1 ĉµs ` ∆̂ρrBq1 ĉρs

¯1

` Bβ0 ĝ
:pλqΣ̂β0Bβ1

0
ĝ:pλq ` Bβ1 ĝ

:pλqΣ̂β1Bβ1
1
ĝ:pλq,
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where Bxĝ
:pλq is obtained from Bxgpλq by replacing c with ĉ for x P tp, β0, β1u, and Bxĉµ

(or Bxĉρ) denotes the sample analog of Bxcµ (or Bxcρ) evaluated at pp̂, q̂q for x P tp, qu.

To achieve asymptotic independence from
?
nĝ:pλq, I modify the sufficient statistic ĥpλq

to

ĥ:pλq “
?
nπ̂ ´ rBpπsΣ̂p

´

Bp1 ĝ:pλq ´ ∆̂µrBp1 ĉµs ´ ∆̂ρrBp1 ĉρs

¯

Ŝ:pλq´1?
nĝ:pλq.

The simulation counterpart of π̂s can then be constructed as

π:
s “ ĥ:pλq ` rBpπsΣ̂p

´

Bp1 ĝ:pλq ´ ∆̂µrBp1 ĉµs ´ ∆̂ρrBp1 ĉρs

¯

Ŝ:pλq´1{2η˚,

where η˚ „ N p0Kˆ1, IKˆKq are simulated draws independent of data. Under these modi-

fications, the asymptotic distribution of the plug-in Wald statistic

W :
npλq “

nĝ:pλqŜ:pλq´1π̂π̂1Ŝ:pλq´1ĝ:pλq

π̂1Ŝ:pλq´1π̂

has the same conditional distribution as

rη˚s1Ŝ:pλq´1{2rπ:
ssrπ:

ss1Ŝ:pλq´1{2rη˚s

rπ:
ss1Ŝ:pλq´1rπ:

ss

when conditioning on ĥ:pλq as sample size diverges. This leads to the following corollary

regarding the uniform validity of the modified testing procedure:

Corollary 2.3.1. Consider the weight c that depends on the data distribution F . Let

Assumptions 2, 3 and 4 hold, and suppose that infpθ,F qPP }cppF , qF q} ą 0. Replacing

pĝpλq, Ŝpλq, πsq with their counterparts pĝ:pλq, Ŝ:pλq, π:
sq in Theorem 2.3.1 yields the same

conclusion.

Remark 2.3.5. We can also modify the AR test described in Proposition 2.3.1 by replacing

ĝkpλq with ĝ:
kpλq and replacing ŝkpλq with the pk, kq-th diagonal element of Ŝ:pλq to make

it asymptotically valid with the estimated weight.
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2.4 Robust Inference in Polynomial MTE Models

In this section, I relax the linearity Assumption 3 and extend the analysis to allow for

any functional forms specified in Assumption 1.5. This includes the linear MTE model

and the polynomial specification hmp¨q “ um ´ 1
m`1 that is commonly used in empirical

applications.

For this broader class of models, constructing moment conditions that only involve the

target causal parameter is less obvious. Therefore, I develop an alternative improved projec-

tion approach that builds on I. Andrews (2018) to achieve valid inference. When compared

to the conditional Wald test in section 2.3, this new approach applies to a wider range of

MTE models but is more computationally intensive and is potentially more conservative.

On the theoretical front, I argue that the high-level conditions imposed by I. Andrews

(2018) cannot be directly verified in the MTE setting. Therefore, I extend his sequential

validity result (that based on high-level conditions) by establishing the uniform validity

under primitive conditions on the parameter space outlined in Definition 2.2.1.

2.4.1 Improved projection inference

First, I describe how to adapt the improved projection test developed by I. Andrews

(2018) for conducting inference on c1θ using the following linear system of equations:

Aθ “ β (2.10)

where

A “

ˆ

A1 0pK`1qˆpM`1q

0pK`1qˆpM`1q A0

˙

θ “

ˆ

θ1
θ0

˙

β “

ˆ

β1
β0

˙

,

as defined below equation (2.5). Note that A is a matrix of transformed propensity scores

and β is a vector of conditional expectations, both of which can be consistently estimated by

their sample analogs Â and β̂ under appropriate assumptions. Since the matrix A captures

the variation in propensity scores, it determines the strength of identification.

The conventional Wald test for conducting inference on c1θ uses the first-order efficient
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estimator obtained by minimizing the following minimum-distance objective function:

θ̂eff P argmin
θPΘ

npÂθ ´ β̂q1Ω̂pθq´1pÂθ ´ β̂q

where Ω̂pθq is a consistent estimator for the asymptotic variance of
?
npÂθ ´ β̂q, formally

defined in equation (2.18). Then the classical Wald statistic for assessing H0 : c
1θ “ λ is

Waldnpλq “ npc1θ̂eff ´ λq1pc1pÂ1Ω̂pθ̂effq´1Âq´1cq´1pc1θ̂eff ´ λq. (2.11)

When Assumption 1.7 is nearly violated, Â may converge in probability to a matrix

with deficient rank. For example, consider the following simple example on the linear MTE

model with a binary IV.

Example 2.4.1 (Linear MTE model with a binary IV). Suppose K “ M “ 1 and set

h1puq “ u ´ 1
2 . Along a sequence of DGPs tFnu, let pFnpz0q “ p P p0, 1q and pFnpz1q “

p ` υn P p0, 1q with υn Ñ 0. In such case, the probability limit of p̂pz0q and p̂pz1q are equal

to p, and we have

Â “

¨

˚

˚

˝

1 1
2pp̂pz0q ´ 1q

1 1
2pp̂pz1q ´ 1q

02ˆ2

02ˆ2
1 1

2 p̂pz0q

1 1
2 p̂pz1q

˛

‹

‹

‚

p
ÝÑ

¨

˚

˚

˝

1 1
2pp ´ 1q

1 1
2pp ´ 1q

02ˆ2

02ˆ2
1 1

2p
1 1

2p

˛

‹

‹

‚

Note that the probability limit of Â becomes a singular matrix.

This singularity results in multiple minimizers of the limiting objective function when

defining θ̂eff, suggesting that the efficient estimator θ̂eff may not exhibit the usual properties

of consistency and asymptotic normality. To address this issue, one can derive inference

results based on the moment condition:

mpθq ” Aθ ´ β “ 02pK`1qˆ1

instead of using the estimator θ̂eff. Let m̂pθq ” Âθ´ β̂ denote the sample moment function.

By substituting the true (or hypothesized) value θ for θ̂eff in Ω̂pθ̂effq and plugging the
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following first-order asymptotic expansion:

?
npθ̂eff ´ θq “ ´pÂ1Ω̂pθq´1Âq´1Â1Ω̂pθq´1?

npÂθ ´ β̂q ` opp1q

into equation (2.11), this gives a locally equivalent Lagrangian Multiplier (LM) test statistic:

LMnpθq ” npÂθ ´ β̂q1Ω̂pθq´1{2PΩ̂pθq´1{2ÂpÂ1Ω̂pθq´1Âq´1cΩ̂pθq´1{2pÂθ ´ β̂q

which does not require θ̂eff to be consistent.

However, the singularity of Â1Ω̂pθq´1Â persists under the projection operator in the

LM statistic. Following the insights of Kleibergen (2005), one can orthogonalize columns

of Â “ pâ1, . . . , â2pM`1qq with respect to the variation in the moment condition m̂pθq to

obtain a new gradient estimator

D̂pθq “ pd̂1pθq, d̂2pθq, . . . , d̂2pM`1qpθqq

where

d̂jpθq ” âj ´ Γ̂jpθqΩ̂pθq´1pÂθ ´ β̂q for j “ 1, 2, . . . , 2pM ` 1q.

Here Γ̂jpθq is a consistent estimator of the asymptotic covariance between
?
nm̂pθq and the

j-th column in
?
npÂ ´ Aq, formally defined in equation (2.19).

By this orthogonalization,
?
npD̂pθq ´Aq is asymptotically independent of the moment

condition
?
nm̂pθq in large samples. Replacing Â with D̂pθq in the LM statistic then leads

to the “subvector” Robust LM (RLM) statistics for inference on c1θ:

RLMnpθq “ npÂθ ´ β̂q1Ω̂pθq´1{2PΩ̂pθq´1{2D̂pθqpD̂pθq1Ω̂pθq´1D̂pθqq´1cΩ̂pθq´1{2pÂθ ´ β̂q. (2.12)

If
?
nA converges to a fixed matrix A as in Kleibergen (2005, p. 1108) (implying A has

a zero limit),
?
nD̂pθq converges to a Gaussian matrix with mean A that is asymptoti-

cally independent of the moment vector. Consequently, the projection matrix in the RLM

statistic becomes asymptotically independent of the moments on both sides, implying that

RLMnpθq follows the standard χ2
1 limiting distribution for a sequence of DGPs that induces

a zero limit of Â at a rate n´1{2.
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Compared to the classical RLM statistic for full vector inference in Kleibergen (2005),

this subvector RLM statistic (2.12) only attains power for deviations in the linear function

c1θ rather than the full vector θ. This feature has two important implications. On the

one hand, when identification is sufficiently strong, the subvector RLM statistic is locally

equivalent to the efficient subvector Wald statistic (2.11) when θ approaches its true value;

On the other hand, this equivalence may fail since the subvector RLM statistic cannot

distinguish alternative values of θ from the true value when they yield the same value of

c1θ. To overcome this limitation, I. Andrews (2018) introduces a linear combination (LC)

statistic that combines the RLM and AR statistics:

LCnpθq “ RLMnpθq ` a ¨ ARnpθq (2.13)

where

ARnpθq “ npÂθ ´ β̂q1Ω̂pθq´1pÂθ ´ β̂q

and a ą 0 is a tuning parameter on the weights attached to the AR statistic. By incorpo-

rating the AR term, the LC statistic diverges to infinity outside the n´1{2 neighborhood of

the true parameter θ under strong identification. This property guarantees power against

any deviations from the true value. Moreover, when a is sufficiently small and the model

is strongly identified, the projection test based on the LC statistic becomes approximately

equivalent to the subvector Wald test.

2.4.2 Contributions and modifications

In a GMM model, I. Andrews (2018) shows that LCnpθq converges to a mixture of two

independent chi-squared distributions p1 ` aqχ2
1 ` aχ2

2K`1 in a sequence of DGPs tFnuně1

satisfying certain high-level conditions. As Andrews notes in his conclusion, the uniform

validity of his result under more primitive conditions remains an open question. In this

section, I make two key contributions: I show that his high-level conditions are not trivially

satisfied in the MTE framework, and I establish the uniform validity of the LC test through

a simple modification.

31



First, consider Assumption 4 of I. Andrews (2018). This assumption requires two conver-

gence conditions by the existence of normalizing sequences: a sequence of full-rank matrices

tΛ1,nu Ď R2pM`1qˆ2pM`1q and a sequence of nonzero constants tΛ2,nu Ď R. Under these

sequences, the normalized matrix D̂pθqΛ1,n must converge in distribution to a Gaussian

matrix of full rank almost surely, and the normalized weight Λ1
1,ncΛ2,n must converge to a

nonzero vector.

The convergence part of this assumption can be verified straightforwardly in the context

of Kleibergen (2005) as discussed above, who considers the sequence

?
nAFn Ñ A P R2pK`1qˆ2pM`1q (2.14)

in which case Λ1,n “
?
nI and Λ2,n “ 1?

n
. More generally, Stock and Wright (2000) and

Chaudhuri and Zivot (2011) consider a sequence

AFn “ p02pK`1qˆq, Afullq ` Asing,Fn and
?
nAsing,Fn Ñ A (2.15)

in which case Afull has full column rank, representing those parameters that are strongly

identified. We can set Λ1,n “ diagt
?
nIq, I2pM`1q´qu and Λ2,n “ 1?

n
such that Assumption

4 still holds.

However, the sequences (2.14) and (2.15) are inappropriate for the MTE setup. To see

this, consider again the example on a linear MTE model with a binary IV as discussed

above:

Example 2.4.2 (Linear MTE model with a binary IV). Suppose K “ M “ 1 and set

h1puq “ u ´ 1
2 . Along a sequence of DGPs tFnu, let pFnpz0q “ pFnpz1q “ p P p0, 1q for

each n ě 1. Since K “ |tpFnpz0q, pFnpz1qu| “ 1 ă M ` 1 “ 2, Assumption 1.7 fails in this

example. Note that the matrix AFn becomes

AFn “

¨

˚

˚

˝

1 1
2pp ´ 1q

1 1
2pp ´ 1q

02ˆ2

02ˆ2
1 1

2p
1 1

2p

˛

‹

‹

‚

In this case, neither (2.14) nor (2.15) holds here.
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More generally, a singular but nonzero limit of AFn would not satisfy conditions (2.14)

or (2.15). Similar examples of weakly identified models that fail to meet these conditions are

discussed in D. W. Andrews and Guggenberger (2017), where a singular value decomposition

(SVD) technique is introduced to establish uniform validity of the classical RLM test for the

full vector. To achieve the same goal of uniform validity, I generalize their SVD approach to

address inference on parameter functionals in the MTE framework. My approach proceeds

with a SVD of AFn :

AFn “ CFn

»

—

—

—

—

—

–

¨

˚

˚

˚

˝

τ1,Fn 0 . . . 0
0 τ2,Fn . . . 0
...

...
. . .

...
0 0 . . . τ2pM`1q,Fn

˛

‹

‹

‹

‚

02pK´Mqˆ2pM`1q

fi

ffi

ffi

ffi

ffi

ffi

fl

looooooooooooooooooooooomooooooooooooooooooooooon

ΠFn

B1
Fn

,

where CFn P R2pK`1qˆ2pK`1q and BFn P R2pM`1qˆ2pM`1q are orthogonal matrices, and

8 ě τ1,Fn ě τ2,Fn ě, . . . ,ě τ2pM`1q,Fn
ě 0 are singular values of AFn in a descending

order. I show that the following normalizing matrices establish convergence of D̂pθqΛ1,n

and Λ1
1,ncΛ2,n:

Λ1,n “ BFn diagtpτ1,Fnq´1, . . . , pτq,Fnq´1,
?
n, . . . ,

?
nu

Λ2,n “ }Λ1
1,nc}

´1,

where q is the number of scaled singular values t
?
nτj,Fnu

2pM`1q

j“1 that diverge to infinity.

Despite the convergence of D̂Λ1,n under the constructed normalizing matrices, its asymp-

totic limit may be rank deficient. This issue prevents the use of the efficiently weighted

projection matrix in the subvector RLM statistic. (A similar issue was also noticed by

D. W. Andrews and Guggenberger (2017), who impose additional parameter space restric-

tions to avoid this problem). To address this problem, I modify the matrix D̂ by adding a

small noise of size n´1{2:

rDpθq “ D̂pθq ` κn´1{2ξ, (2.16)
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where κ ą 0 is a tuning parameter and ξ P R2pK`1qˆ2pM`1q is a matrix of i.i.d. standard

normal random variables independent of data. This perturbation ensures that rDpθqΛ1,n

achieves full rank almost surely while having asymptotically negligible effects on the test

statistic under strong identification. This perturbation technique draws inspiration from the

AR/LM test5(D. W. Andrews, 2017). While AR/LM test focuses specifically on inference

for a subset of parameters, my paper addresses a different problem of inference on a linear

functional of parameters.

Define the new matrix under projection as follows:

Q̂pθq “ Ω̂pθq´1{2
rDpθqp rDpθq1Ω̂pθq´1

rDpθqq´1c,

and the corresponding modified RLM (MRLM) statistic becomes

MRLMnpθq “ npÂθ ´ β̂q1Ω̂pθq´1{2PQ̂pθq
Ω̂pθq´1{2pÂθ ´ β̂q.

Then the modified LC (MLC) statistic is given by

MLCnpθq “ MRLMnpθq ` a ¨ ARnpθq. (2.17)

In section 2.4.4, I establish the uniform validity of using (2.17) for conducting inference on

the linear function c1θ even if Assumption 1.7 might fail or be close to failing.

2.4.3 Implementation of the MLC test

In this section, I describe the implementation of the projection test based on the MLC

statistic as below:

1. Construct the key quantities for the test statistics

(a) Construct the estimators of p̂ and β̂, as well as their asymptotic variances es-

timators Σ̂p and Σ̂β , as in section 2.2.4. Plugging in the estimator p̂ into the

matrix A then obtains the estimator Â.

5 In addition to the modification in (2.16), D. W. Andrews (2017, eq. (7.11)) introduces two tuning
parameters, pK˚

L ,K
˚
U q, to categorize identification strength. However, this categorization is not required

for our inference procedure, and there is no clear guidance for choosing these parameters.
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(b) Define the asymptotic variance estimator of the moment function

Ω̂pθq “ Hpp̂, θqΣ̂pHpp̂, θq1 ` Σ̂β (2.18)

where

Hpp, θq “

»

–

diag
!

řM
m“0 θ1mλ1

1mpppzℓqq : ℓ “ 0, 1, . . . ,K
)

diag
!

řM
m“0 θ0mλ1

0mpppzℓqq : ℓ “ 0, 1, . . . ,K
)

fi

fl .

(c) For each m “ 0, 1, . . . ,M , let

Lmpp̂q “ diagtλ1
1mpp̂pz0qq, . . . , λ1

1mpp̂pzKqqu

and

Rmpp̂q “ diagtλ1
0mpp̂pz0qq, . . . , λ1

0mpp̂pzKqqu.

For each j “ 1, . . . , 2pM ` 1q, define a column vector d̂jpθq and the covariance

estimator Γ̂jpθq as below

d̂jpθq ” âj ´ Γ̂jpθqΩ̂pθq´1pÂθ ´ β̂q

Γ̂jpθq “ Mjpp̂qΣ̂pHpp̂, θq1 (2.19)

where

Mjpp̂q “

$

’

’

’

’

&

’

’

’

’

%

«

Lj´1pp̂q

0pK`1qˆpK`1q

ff

if j ď M ` 1

«

0pK`1qˆpK`1q

Rj´M´2pp̂q

ff

if j ą M ` 1

. (2.20)

Let D̂pθq “ pd̂1pθq, . . . , d̂2pM`1qpθqq and rDpθq “ D̂pθq ` κn´1{2ξ, where ξ P

R2pK`1qˆ2pM`1q is a matrix of standard normal random variables independent of

data. κ is a positive tuning parameter chosen as 10´6 following D. W. Andrews

(2017).

2. Given the estimators Â, β̂, Ω̂pθq, and rDpθq constructed from step 1, compute the

modified LC statistics as in equation (2.17) for θ P Θ. For the empirical application

and simulation studies, I set the AR weight coefficient as 0.05, which is close to the
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suggested weight apγq introduced by I. Andrews (2018, p. 343) by setting α “ 5%,

γ “ 10%, and K “ 15 as in section 2.7.

3. Let α P p0, 1q be the significance level. The modified LC test rejects the null hypothesis

H0 : c
1θ “ λ if the profiled test statistic over the linear manifold c1θ “ λ is larger than

their respective critical values, i.e.,

ϕ̂MLCpλq “ 1

„

inf
c1θ“λ

MLCnpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

ȷ

where qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq denotes the p1 ´ αq-quantile of the mixture chi-square

distribution p1 ` aqχ2
1 ` aχ2

2K`1 with χ2
1 KK χ2

2K`1. Additionally, define ϕ̂MLCpλq “ 1

for λ R tc1θ : θ P Θu.

A robust confidence set can be obtained by inverting the test, that is,

CMLC “ tλ P R : ϕ̂MLCpλq “ 0u.

2.4.4 Uniform validity

The following theorem establishes the uniform validity of the MLC test based on the

profiling the MLC statistic.

Theorem 2.4.1. Let Assumption 2 hold, and suppose that the weight c is a nonzero fixed

vector. Then we have

lim sup
nÑ8

sup
pλ,F qPP0

EF rϕ̂MLCpλqs ď α.

By this theorem, the MLC test has an asymptotic size less than or equal to the nominal

level α P p0, 1q for the parameter space P0. In other words, the MLC test is uniformly valid

regardless of the model’s identification status. In Appendix A.2, I further demonstrate that

the MLC test is consistent for distant (or fixed) alternatives and has comparable power

to the efficient Wald test under strong identification when the AR weight a is sufficiently

small. These findings highlight the usefulness of the MLC test for researchers seeking robust

inference against weak identification.
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2.5 Incorporating Covariates

In this section, I assume a set of covariates W is included in the MTE model as follows:

Yd “ µdpW q ` Vd

D “ 1rU ď νpW,Zqs,

where µdpW q ” ErYd | W s denotes the conditional expectation of potential outcomes.

Similar to Theorem 2.2.1, we can identify the MTE function ErY1 ´ Y0 | FU |W pU |W q “

u,W “ ws under the following assumptions.

Assumption 5 (MTE model with covariates).
1. Z KK U | W .

2. ErYd | Z,W,U s “ ErYd | W,U s and E|Yd| ă 8 for d P t0, 1u.

3. U | W “ w is continuously distributed for all w P supppW q.

4. 0 ă PpD “ 1 | W “ w,Z “ zq ă 1 for all pw, zq P supppW,Zq.

5. ErYd | FU |W pU |W q “ u,W “ ws “ µdpwq `
řM

m“1 ρdmpwqhmpuq for some known

continuous functions thmp¨quMm“1 for each d “ 0, 1 and u P p0, 1q, where FU |W p¨|wq

denotes the distribution function of U conditional on W “ w.

6. tλ1mp¨quMm“0 and tλ0mp¨quMm“0 are unisolvent on p0, 1q, where λ00p¨q “ λ10p¨q ” 1,

and

λ1mppq ”
1

p

ż p

0
hmpuqdu and λ0mppq ”

1

1 ´ p

ż 1

p
hmpuqdu for m “ 1, . . . ,M.

7. |tPpD “ 1 | Z “ z,W “ wq : z P supppZ | W “ wqu| ě M ` 1 for all w P supppW q.

Under the above assumption, we can normalize the distribution of U conditional on the

random covariate W to be uniformly distributed over the unit interval (i.e., FU |W pu|W q “

u) and thus νpw, zq “ ppw, zq ” PpD “ 1 | W “ w,Z “ zq. The structural quantities

θpwq “ pµ1pwq, tρ1mpwquMm“1, µ0pwq, tρ0mpwquMm“1q
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can be identified for all w P supppW q by the following separate regressions:

ErY | D “ 1, Z “ z,W “ ws “ µ1pwq `

M
ÿ

m“1

ρ1mpwq

ż ppw,zq

0

hmpuq

ppw, zq
du

“ µ1pwq `

M
ÿ

m“1

ρ1mpwqλ1mpppw, zqq

ErY | D “ 0, Z “ z,W “ ws “ µ0pwq `

M
ÿ

m“1

ρ0mpwq

ż 1

ppw,zq

hmpuq

1 ´ ppw, zq
du

“ µ0pwq `

M
ÿ

m“1

ρ0mpwqλ0mpppw, zqq.

(2.21)

For some w P supppW q, the variation of tppw, zq : z P supppZ | W “ wqu can be weak

in practice, especially when conditioning on certain groups of units who have very high (or

low) probability of being treated. To address this problem, researchers commonly impose

the additive separability condition as follows.

Assumption 6 (Additive separability). The MTR function is linear and additively sepa-

rable in covariates and selection unobservable. That is, for d “ 0, 1,

ErYd | W,U s “ µd ` W 1τd ` ErVd | U s.

This assumption eliminates heterogeneous effects of covariates W interacted with selec-

tion unobservable U on potential outcomes, i.e., ρdmpwq does not vary with w. Up to a

linear term W 1τd, the covariate W is mean independent of Yd conditional on U . This enables

point identification of MTEs on the unconditional support of propensity scores ppW,Zq by

using variation from covariates in addition to exogenous variation from discrete instruments

(Carneiro et al., 2011, Section I.B). Next, I show that the failure of Assumption 6 can lead

to a biased estimator of treatment effects unless W is uncorrelated with the treatment and

propensity score. Given this result, I consider Assumption 6 to be a strong assumption

and implement inference in the empirical analysis by conditioning on covariates rather than

relying on additive separability.
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2.5.1 Bias from additive separability

I show the bias of treatment effect estimators for a specific class of DGP as follows:

ErYd | W “ w,U “ us “ µd ` w1τd ` ρdpwqhpuq, (2.22)

where W P RL is a vector of covariates, ρdpwq “ ρd ` w1ηd for d “ 0, 1, and hp¨q is strictly

increasing and integrates to zero over r0, 1s. This model can be regarded as the MTE

model satisfying Assumption 5 with M “ 1 and µdpwq being linear in w.6 Note that the

effects of W can vary across different values of selection unobservable U , which violates the

additive separability Assumption 6. To obtain correct estimates on the model parameters,

one should implement separate regressions as follows:

ErY | D “ 1,W “ w,P “ ps “ µ1 ` w1τ1 ` ρ1λ1ppq ` rwλ1ppqs1η1

ErY | D “ 0,W “ w,P “ ps “ µ0 ` w1τ0 ` ρ0λ0ppq ` rwλ0ppqs1η0

(2.23)

where P “ PpD “ 1 | Z,W q is the propensity score, and

λ1ppq “
1

p

ż p

0
hpuqdu and λ0ppq “

1

1 ´ p

ż 1

p
hpuqdu.

However, suppose a researcher mistakenly imposes additive separability. This implies

ρdpwq is considered as a constant in the model with η0 “ η1 “ 0Lˆ1. As a result, short

regressions with omitted interaction terms WλdpP q will be implemented:

Y “ µ̃1 ` W 1τ̃1 ` ρ̃1λ1pP q ` Y KW,λ1pP q|D“1 conditional on D “ 1

Y “ µ̃0 ` W 1τ̃0 ` ρ̃0λ0pP q ` Y KW,λ0pP q|D“0 conditional on D “ 0

(2.24)

where Y KX|D“d denotes the OLS residual of Y from regressing Y on p1, Xq conditional on

subsamples D “ d:

Y KX|D“d ” Y ´ X̃ 1ErX̃X̃ 1 | D “ ds´1ErX̃Y | D “ ds.

6 Specification of this form under additive separability also appears in Kline and Walters (2019). The
difference exists on the unobserved heterogeneity part ρdpwqhpuq
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where X̃ “ p1, X 1q1.

The next lemma compares the estimands from the correct specification (2.23) with the

ones from the misspecified model (2.24). Note that the bias derived under the specific

model class (2.22) indicates that the worst-case bias would worsen when extending to a

broader model class where additive separability does not hold.

Lemma 2.5.1. Under the DGP (2.22), the bias ρ̃d ´ ρd equals

covppW 1λdpP qqKW |D“d, λdpP qKW |D“d | D “ dq

varpλdpP qKW |D“d | D “ dq
ηd (2.25)

and the bias τ̃d ´ τd equals

ErpWKλdpP q|D“dqpWKλ1pP q|D“dq1 | D “ ds´1ErpWKλdpP q|D“dqpW 1λdpP qq | D “ ds ηd

(2.26)

The bias formulas are direct consequences of Frisch–Waugh–Lovell (FWL) theorem. It

shows that the degree of treatment effects heterogeneity of the covariate W , measured by

ηd, has a nontrivial impact on the bias of estimates.

The bias formulas (2.25) and (2.26) simplify further under the following additional

assumptions:

Assumption 7. Under the DGP (2.22), the following conditions hold:

1. W is uncorrelated with the control functions of propensity score conditional on treat-

ment status: For d “ 0, 1,

covpW,λdpP q | D “ dq “ 0Lˆ1

covpWW 1, λdpP q | D “ dq “ 0LˆL

covpW,λdpP q2 | D “ dq “ 0Lˆ1.

2. W is uncorrelated with treatment: ErW | D “ 1s “ ErW | D “ 0s.

Assumptions 7.1 posits that the covariate W and the control function λdpP q are uncor-

related up to their second moment, given the treatment or control groups. This assumption
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is notably strong, suggesting that the covariate W cannot cause significant variation on the

propensity scores within both groups. However, the bias of treatment effect estimands

persists even under such stringent assumptions.

Only if researchers are willing to assume that W is completely “irrelavant” under an

additional Assumption 7.2, the misspecified model (2.24) would yield correct estimates of

average treatment effects and the slope of MTEs as the ones obtained from the true model

(2.23).

I focus on the bias for ATE, conditional ATE, and slope of MTE curve7, which are

defined as

ATE “ ErY1 ´ Y0s “ µ1 ´ µ0 ` ErW 1pτ1 ´ τ0qs

CATE “ ErY1 ´ Y0 | W “ ws “ µ1 ´ µ0 ` w1pτ1 ´ τ0q

Slope “ Erρ1pW q ´ ρ0pW qs “ ρ1 ´ ρ0 ` ErW 1pη1 ´ η0qs.

Under misspecified additive separability, the researcher may estimate these effects by

ĆATE “ µ̃1 ´ µ̃0 ` ErW 1pτ̃1 ´ τ̃0qs

ČCATE “ µ̃1 ´ µ̃0 ` w1pτ̃1 ´ τ̃0q

ČSlope “ ρ̃1 ´ ρ̃0.

The next theorem shows the difference between the causal parameters and their correspond-

ing estimands under Assumption 7.

7 The ATE and the slope of the MTE are of interest because the shape of the unconditional MTE,
ErY1 ´ Y0 | U “ us, is uniquely determined by these quantities. This is also the commonly reported MTE
curve evaluated at the mean value of covariates.
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Theorem 2.5.1. Under the model (2.22),

1. Suppose Assumption 7.1 holds, then
ĆATE ´ ATE “ pErW s ´ ErW | D “ 1sq1η1 ˆ Erλ1pP q | D “ 1s

´ pErW s ´ ErW | D “ 0sq1η0 ˆ Erλ0pP q | D “ 0s

ČCATE ´ CATE “ pw ´ ErW | D “ 1sq1η1 ˆ Erλ1pP q | D “ 1s

´ pw ´ ErW | D “ 0sq1η0 ˆ Erλ0pP q | D “ 0s

ĆSlope ´ Slope “ pErW | D “ 1s ´ ErW | D “ 0sq
1
pPpD “ 0q η1 ` PpD “ 1q η0q.

2. Suppose Assumption 7.1 and 7.2 hold, then ĆATE “ ATE and ĆSlope “ Slope.

Remark 2.5.1. While the estimation of the ATE may remain unbiased under both con-

ditions outlined in Assumption 7, it is important to note that the bias on CATE does not

necessarily disappear under such assumption. Consequently, researchers should be cautious

about interpreting CATE estimates in short regressions (2.24) even if they have justified

the validity of Assumption 7.

From this theorem, it becomes evident that the bias on ATE and the slope of MTE

are driven by two main factors: the magnitude of ηd, which represents the heterogeneity

effects of W , and the extent to which the covariate W is unbalanced between the treatment

and control groups. Therefore, the bias on those estimands can be quite significant if we

omit heterogeneous effects of covariates that vary with unobserved heterogeneity U . In

Appendix A.6, I provide a numerical example illustrating that such bias can even alter the

sign of the ATE estimand when additive separability is mistakenly imposed.

2.5.2 Šidák-Bonferroni’s correction

In this section, I implement the proposed identification-robust inference procedure con-

ditional on a set of discrete covariates W . Assumption 2 is extended to incorporate addi-

tional covariates:

Assumption 8. The random vectors pYi, Di, Zi,Wiq for i “ 1, . . . , n are i.i.d. with distri-

bution F , where Wi has finite support.
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Next I introduce a set of regularity conditions to be imposed on the distribution F . Let

θ “ tθpwq : w P supppW qu. For some δ, ζ ą 0 and ϵ P p0, 1{2q, define the parameter space

P as the set of pairs pθ, F q satisfying the following properties:

1. Equation (2.21) is satisfied with K ě M , where θpwq P intpΘq Ď R2pM`1q for some

compact set Θ, for all w P supppW q,

2. supd“0,1 suppz,wqPsupppZ,W q EF r|Y |2`δ | D “ d, Z “ z,W “ ws ď ζ,

3. ϵ ď infpz,wqPsupppZ,W q PF pD “ 1 | W “ w,Z “ zq ď suppz,wqPsupppZ,W q PF pD “ 1 |

W “ w,Z “ zq ď 1 ´ ϵ,

4. ϵ ď infpz,wqPsupppZ,W q PF pZ “ z | W “ wq ď suppz,wqPsupppZ,W q PF pZ “ z | W “ wq ď

1 ´ ϵ,

5. ϵ ď infwPsupppW q PF pW “ wq ď supwPsupppW q PF pW “ wq ď 1 ´ ϵ,

6. ϵ ď infd“0,1 infpz,wqPsupppZ,W q varF pY | D “ d, Z “ z,W “ wq.

In particular, conditions 3, 4, and 5 together imply that

supppD,Z,W q “ t0, 1u ˆ supppZq ˆ supppW q

and strong overlap holds.

For a fixed w P supppW q, let Ppwq be the projection set of P onto
`

θpwq, FY,D,Z|W“w

˘

.

That is,
`

θpwq, FY,D,Z|W“w

˘

belongs to Ppwq if there exists a DGP pθ, F q P P that generates
`

θpwq, FY,D,Z|W“w

˘

. Note that elements in Ppwq still satisfy conditions 1-6 but with a

fixed w P supppW q. Define P0pwq as the space of the conditional causal effects λpwq “

cpwq1θpwq8:

P0pwq “
␣

pλpwq, FY,D,Z|W“wq : λpwq “ cpwq1θpwq, pθpwq, FY,D,Z|W“wq P Ppwq
(

.

Note that the weight cpwq can depend on the underlying distribution FY,D,Z|W“w, but I

omit this dependence for the simplicity of notations.

8 The weight cpwq depends on covariates w if it contains unknown propensity scores, e.g., ATT, LATE,
and PRTE.
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The space for the aggregated effects λ “
ř

wPsupppW q qpwqλpwq is denoted by

P0 “

$

&

%

pλ, F q : λ “
ÿ

wPsupppW q

qF pwqcpwq1θpwq, pθ, F q P P

,

.

-

where qF pwq represents the marginal or conditional distribution of covariates, for example:

1. The marginal probability of covariates PpW “ wq, for ATE.

2. The weighted marginal probability: PpW “ w | D “ dq, for ATT and ATU.

3. The weighted marginal probability: PpW “ w | ppW, z0q ă U ă ppW, zkqq, for LATE.

The methods described in sections 2.3 and 2.4 have led to a confidence set Cpwq for the

conditional effect λpwq with uniformly valid coverage requirement as below:

Definition 2.5.1. For ω P supppW q, a confidence set Cpwq for the conditional causal

effects λpwq “ cpwq1θpwq is said to be uniformly valid with asymptotic level 1 ´ α if it

depends on the samples tpYi, Di, Ziq : Wi “ wu and satisfies

lim inf
nÑ8

inf
pλpwq,FY,D,Z|W“wqPP0pwq

PF pλpwq P Cpwqq ě 1 ´ α.

The following lemma then shows that a valid confidence set for the unconditional effect

λ can be obtained by combining the confidence sets Cpwq across the support of covariate

W using an adjusted critical value.

Lemma 2.5.2. Let Assumption 8 hold. Suppose for each w P supppW q, there exists

a uniformly valid confidence set Cpwq for λpwq with asymptotic level p1 ´ αq1{| supppW q|.

Define a confidence set C by taking a weighted average:

C “

$

&

%

λ “
ÿ

wPsupppW q

qF pwqλpwq : λpwq P Cpwq

,

.

-

.

Then we have

lim inf
nÑ8

inf
pλ,F qPP0

PF pλ P Cq ě 1 ´ α.
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Proof. For any fixed pλ, F q P P0, we have

PF pλ P Cq ě PF

¨

˝

č

wPsupppW q

tλpwq P Cpwqu

˛

‚

“
ź

wPsupppW q

PF pλpwq P Cpwqq

The second line uses the fact that tλpwq P Cpwqu is independent of tλpw1q P Cpw1qu if w ‰ w1

since confidence sets are estimated from independent samples following Definition 2.5.1.

Taking infimum on both sides obtains

inf
pλ,F qPP0

PF pλ P Cq “ inf
pλ,F qPP0

ź

wPsupppW q

PF pλpwq P Cpwqq

ě
ź

wPsupppW q

inf
pλpwq,FY,D,Z|W“wqPP0pwq

PF pλpwq P Cpwqq

The second line holds since every element pλ, F q P P0 corresponds to a valid element of

pλpwq, FY,D,Z|W“wq contained in P0pwq for each w P supppW q. Let sample size n go to

infinity and then it follows that

lim inf
nÑ8

inf
pλ,F qPP0

PF pλ P Cq ě
ź

wPsupppW q

lim inf
nÑ8

inf
pλpwq,FY,D,Z|W“wqPP0pwq

PF pλpwq P Cpwqq ě 1´α.

So the desired result is proved.

Consider a unknown qF pwq that needs to be estimated. Denote Cq the valid confidence

set of qF “ tqF pwq : w P supppW qu with asymptotic level 1 ´ α1 (0 ă α1 ă α), which

satisfies

lim inf
nÑ8

inf
pλ,F qPP0

PF pqF P Cqq ě 1 ´ α1.

One can construct such confidence set by inverting the Wald test based on the sample

analog estimator of qF .

Let Cpwq be a uniformly valid confidence set with asymptotic level p1 ´ α2q1{| supppW q|

for λpwq as defined in Definition 2.5.1. Then we can construct the confidence set C for the
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unconditional causal effects as below:

C “

$

&

%

λ “
ÿ

wPsupppW q

qpwqλpwq : λpwq P Cpwq, q P Cq

,

.

-

.

Lemma 2.5.3. Let Assumption 8 hold. Suppose for each w P supppW q, there exists a

uniformly valid confidence set Cpwq for λpwq with asymptotic level p1 ´ α2q1{| supppW q|, and

there exists a uniformly valid confidence set for qF with asymptotic level 1 ´ α1, where

α1 “ α ´ α2. Then we have

lim inf
nÑ8

inf
pλ,F qPP0

PF pλ P Cq ě 1 ´ α.

Proof. For a fixed pair pλ, F q P P0, we have

PF pλ P Cq “ PF

¨

˝

ÿ

wPsupppW q

qpwqλpwq P C

˛

‚

ě PF

´

q P Ĉq, λpwq P Cpwq for each w P supppW q

¯

ě PF

´

q P Ĉq
¯

`
ź

wPsupppW q

PF pλpwq P Cpwqq ´ 1

Following the same arguments in Lemma 2.5.2, we have

lim inf
nÑ8

inf
pλ,F qPP0

PF pλ P Cq ě lim inf
nÑ8

inf
pλ,F qPP0

PF pq P Cqq

`
ź

wPsupppW q

lim inf
nÑ8

inf
pλpwq,FY,D,Z|W“wqPP0pwq

PF pλpwq P Cpwqq ´ 1

“ 1 ´ α1 ´ α2

“ 1 ´ α.

So the desired conclusion is proved.

In practice, we usually can achieve precise estimation of qpzq if the sample size condi-

tional on covariates is considerably large. In this case, the standard errors from estimating

qpzq are often small, and therefore the corresponding impact can usually be ignored.
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2.5.3 Discussion of inference under additive separability

In this section, I briefly describe how to implement the proposed robust inference pro-

cedures if researchers still want to maintain additive separability. Following the existing

literature discussed in Appendix A.7.2, additional functional restrictions should be im-

posed on both stages, such as the additive separability (Assumption 6) and a distributional

assumption on selection unobservable U . To fix ideas, consider a model with covariates

W P RL and a discrete instrument Z below:

Yd “ µd ` W 1τd ` Vd

D “ 1rU ď W 1π ` δpZqs

U KK pW,Zq and U „ FU p¨q

where FU denotes the CDF for a known distribution (e.g., logit or normal specifications).

Additionally, assume the additive separable structure holds:

ErVd | W “ w,FU pUq “ us “ ErVd | FU pUq “ us

for which I maintain the parametric specification of control functions:

ErVd | FU pUq “ us “

M
ÿ

m“1

ρdmhmpuq.

The separate regression approach gives the following observable implications for identifica-

tion of the structural parameters:

ErY | D “ 1,W “ w,Z “ zs “ µ1 ` w1τ1 `

M
ÿ

m“1

ρ1mλ1mpw1π ` δpzqq

” µ1 ` w1τ1 ` λ1pw1π ` δpzqq1ρ1

ErY | D “ 0,W “ w,Z “ zs “ µ0 ` w1τ0 `

M
ÿ

m“1

ρ0mλ0mpw1π ` δpzqq

” µ0 ` w1τ0 ` λ0pw1π ` δpzqq1ρ0

(2.27)
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where ρd “ pρd1, . . . , ρdM q1 and λdptq “ pλd1ptq, . . . , λdM ptqq1 for t P R, in which we let

λ1mptq ”
1

FU ptq

ż FU ptq

0
hmpuqdu

λ0mptq ”
1

1 ´ FU ptq

ż 1

FU ptq
hmpuqdu.

With this additively separable structure, the instrument Z is not necessarily required

for point identification of the structural parameters µ, τ , and ρ (Pan et al., 2024). Consider

the following example:

Example 2.5.1. In a Normal MTE model where pU, Vdq „ N p0,Σdq, and

Σd “

ˆ

1 ρd
ρd σ2

d

˙

,

we have

ErVd | FU pUq “ us “ ρdΦ
´1puq,

where Φ´1 denotes the inverse of standard normal CDF. So this implies M “ 1 with

h1puq “ Φ´1puq in the equation (2.27), where λdp¨q denotes the inverse Mills’ ratio:

λ1ptq “ ´
ϕpuq

Φpuq
and λ0ptq “

ϕpuq

1 ´ Φpuq
.

In this model, the structural parameters are not identified when both π “ 0 and δpzq ” δ. If

we only have δpzq ” δ for all z P supppZq (i.e., there is no exogenous variation from IV at

all), we can still point identify all parameters given that rankp1,W, λdpW 1π ` δqq “ 2 ` L

almost surely. This point identification is a joint consequence of the additively separable

structure and nonlinearity of the transformation λdp¨q. It also illustrates how the variation

in covariates W can help identify the endogenous coefficients pρ1, ρ0q without instruments,

even if W does not satisfy the exclusion restriction.

From this example, weak identification under additive separability depends jointly on

the coefficients of covariates and instruments in the first stage. Even if instruments are weak
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and cannot generate much variation, the structural coefficients might still be strongly iden-

tified if covariates strongly influence individuals’ treatment decisions (that π is sufficiently

distant from zero).

Recall that the parameters of interest are linear functionals of the MTE function:

MTEpw, uq “ µ1 ´ µ0 ` w1pτ1 ´ τ0q `

M
ÿ

m“1

pρ1m ´ ρ0mqhmpuq.

For example, consider the PRTE:

ErY ϵ ´ Y s

ErDϵ ´ Ds
“ EZ,W

«

ż pϵpW,Zq

ppW,Zq

MTEpW,uqdu

ffO

ErDϵ ´ Ds

“ µ1 ´ µ0 ` ErW s1pτ1 ´ τ0q `

M
ÿ

m“1

ρ1m ´ ρ0m
ErDϵ ´ Ds

ˆ E

«

ż pϵpW,Zq

ppW,Zq

hmpuqdu

ff

where

ErDϵ ´ Ds “ ϵ for additive PRTE

ErDϵ ´ Ds “ ϵ ¨ PpD “ 1q for proportional PRTE

ppw, zq “ FU pw1π ` δpzqq.

To proceed with inference on the target parameter, I suggest the following step:

1. Estimate the first stage and obtain the estimated coefficients π̂, δ̂p¨q.

2. Fix the parameters of ρd “ tρdmuMm“1 and estimate τd in separate regressions (2.27)

by regressing Yi ´ λdpW 1
i π̂ ` δ̂pZiqq1ρd on p1,W 1

i q. Under the assumption that W has

full rank (or λminpvarpW qq ą ϵ uniformly over the class of valid DGPs), we can obtain

consistent estimators of µd and τd under a fixed value of ρd. Denote the estimators

as µ̂dpρdq and τ̂dpρdq, respectively.

3. Following the previous step, we can construct the moment condition of pρ0, ρ1q as

below:

m̂1pρ1q “

n
ÿ

i“1

f1pWi, ZiqDi

´

Yi ´ µ̂1pρ1q ´ W 1
i τ̂1pρ1q ´ λ1pW 1

i π̂ ` δ̂pZiqq1ρ1

¯

m̂0pρ0q “

n
ÿ

i“1

f0pWi, Ziqp1 ´ Diq

´

Yi ´ µ̂0pρ0q ´ W 1
i τ̂0pρ0q ´ λ0pW 1

i π̂ ` δ̂pZiqq1ρ0

¯

,
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where fdpw, zq P Rp is a measurable function of pw, zq with p ě M for d “ 0, 1. The

functions tfdpw, zqud“0,1 are chosen to avoid the issue discussed in Appendix A.8,

such that the asymptotic variance of the moment functions is non-singular for all

ρd P RM for d “ 0, 1.

4. With these moment conditions, we can conduct inference on the target parameter9

by applying the improved projection method from section 2.4.

2.6 Monte Carlo Simulation

In this section, I compare the finite-sample performance of the proposed MLC test with

the classical Wald test using simulated data from a simple quadratic MTE model with a

three-valued instrument.10 Consider a DGP specified as follows: For each d “ 0, 1,

Yd “ µd ` Vd

D “ 1rU ď ppZqs

Vd “ ρd1

ˆ

U ´
1

2

˙

` ρd2

ˆ

U2 ´
1

3

˙

` ed,

where Z is uniformly distributed over three points tz0, z1, z2u and is independent of pU, e1, e0q.

The error terms pe1, e0q follow a joint normal distribution with zero mean and covariance

matrix Σe “ 0.5 ¨ I2ˆ2. For simplicity, I set µ1 “ µ0 “ 0 and impose strong endogeneity by

specifying

ρ11 “ ρ12 “ ´5 and ρ01 “ ρ02 “ 5.

Regarding the specification of the propensity score ppzq for z P tz0, z1, z2u, I fix ppz0q “ 0.5

and let pppz1q, ppz2qq vary across p0.05, 0.95q2 to generate a variety of degrees/directions

of weak identification. By drawing 2,000 i.i.d. simulation samples, I implement the Wald

test and the MLC test with AR weight a “ 0.05 to assess the null hypothesis on testing

ATE H0 : µ1 ´ µ0 “ 0. The average null rejection rates based on 5% significance level are

9 In the target parameter, µd and τd are replaced with their corresponding estimator µ̂dpρdq and τ̂dpρdq,
respectively. Other consistently estimable quantities are replaced with their corresponding estimators.
10 The power comparison between conditional Wald tests, MLC tests, and Wald tests in a linear MTE
model can be found in Appendix A.4.
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displayed in Figure 2.2.

Note: The plots show empirical rejection rates for testing the null hypothesis H0 : ATE “ 0 at the 5%
significance level. The upper panel presents three-dimensional surfaces of rejection rates, while the lower
panel shows the corresponding contour plots. Each plot varies ppz1q and ppz2q across p0.05, 0.95q with
ppz0q fixed at 0.5. The contour lines correspond to rejection rates of 2.5%, 5%, 7.5%, 10%, and 12.5%,
with regions between these lines representing intermediate rejection rates. Darker regions indicate lower
rejection rates.

Figure 2.2: 3D Plot of Empirical Size for MLC and Wald Tests

The null rejection rates reveal distinct patterns in tests performance across propensity

score combinations. The conventional Wald test exhibits under-rejection when the three

propensity scores are similar, indicating trivial power in this weakly identified scenario to

be shown below. When the propensity scores cluster at two points (i.e., when either ppz1q

or ppz2q equals ppz0q “ 0.5), the ATE parameter becomes partially identified, and the Wald

test’s rejection rates reach to 14%, substantially exceeding the nominal 5% significance level.

This demonstrates the Wald test’s invalidity under identification failure. In contrast, the

proposed MLC test maintains proper size control across all propensity score configurations,

demonstrating its robustness to weak identification.

Figure 2.3 compares the power of the MLC and Wald tests across different identification
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(a) ppzq “ r0.2, 0.5, 0.8s
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(b) ppzq “ r0.2, 0.5, 0.5s
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(c) ppzq “ r0.4, 0.5, 0.6s
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Note: Testing ATE at values on r´5, 5s with the true effects fixed at zero. The significance level is set at
5%. The sample size equals 2,000 and the average rejection rates are computed with 2,000 independent
Monte-Carlo simulations.

Figure 2.3: Power Curves of the MLC and Wald Test

52



scenarios. In Panel (a), where propensity scores are well-separated (strong identification),

the Wald test achieves asymptotic efficiency, and the MLC test delivers comparable re-

jection power. In Panel (b), where the instrument takes only two distinct values (partial

identification), the Wald test exhibits both size distortion at the null and power loss at al-

ternatives, while the MLC test maintains correct size and achieves full power against distant

alternatives outside the identified set. In Panel (c), where propensity scores are clustered

together (weak identification), the Wald test’s rejection rates fall consistently below the

nominal level, indicating negligible power, while the MLC test retains nontrivial power at

distant alternatives.

2.7 Empirical Application to Misdemeanor Prosecution

In this section, I revisit the empirical analysis by Agan et al. (2023), who examined

the causal effects of misdemeanor prosecution on defendants’ subsequent criminal activity.

Based on the quasi-randomized assignment of nonviolent misdemeanor cases to assistant

district attorneys (ADAs), their LATE and MTE estimates demonstrate that nonprosecu-

tion leads to a large reduction in the likelihood of defendants’ future criminal involvement

over the next two years. To study the policy effects of increasing nonprosecution, they

analyzed the impact of imposing a presumption of misdemeanor nonprosecution by relying

on an existing policy change issued by a new district attorney. In this section, I use their

data to answer some policy-relevant questions concerning the exogenous change on ADA

nonprosecution rates. My approach does not require the additional data or information

related to an actual policy that is already implemented, but instead extrapolates causal

effects to address this issue.

Similar on their analysis, I use the MTE framework to extrapolate treatment effects

outside compliers. However, my goal is to analyze causal effects of implementing several

counterfactual policies on ADA leniency, which were not explored in their empirical studies.

To adapt their data into the framework considered in this paper, I implement the proposed

inference procedure conditional on each court and use ADAs’ identity as the discrete in-
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strument since ADAs are randomly assigned conditional on courts and time. To avoid bias

introduced by many instruments (see the references in Mikusheva and Sun, 2022 for further

discussions), I combine ADAs into a total of 15 groups for each court, excluding the smaller

courts (BRI, CHE, and CHA) due to insufficient ADA counts.

Let the treatment D be the nonprosecution status of defendants (that takes value 1 if

the defendant is not prosecuted) and the outcome Y be the indicator of subsequent criminal

complaints within two years postarraignment. To validate the strong overlap condition on

propensity scores, I focus on ADAs that handle more than 50 cases and have nonprosecution

rate at least 0.025 within each court. The summary statistics of ADAs’ nonprosecution rates

conditional on each court are provided in Table 2.2 below. From this table we can see that

the range of propensity scores varies from 0.21 to 0.50. When employing a high-order

polynomial model on the control functions such as the cubic specification in Figure IV of

Agan et al. (2023) in this setup, the finite-sample performance of confidence sets may be too

poor to guarantee valid coverage. Specifically, in Appendix A.5, I show the evidence of weak

instruments in cubic and quartic MTE models, while the classical F test (with threshold

10) does not deliver the same conclusion. The reason is that F statistic aims to detect

deviations from the null where all propensity scores are equal to each other. However, this

is not sufficient to strongly identify MTE models with flexible structure that require three

or more propensity score to be well separated from each other (see Figure 2.1).

For all the counterfactual experiments, I consider an exogenous change to the ADA

nonprosecution rates. Let pϵpzq be the counterfactual propensity score of not prosecuting

defendants, where ϵ is a nonnegative scalar (or vector) denoting the deviation from status

quo. I compare the induced outcome Y ϵ, defined as

Y ϵ “ Y11rU ď pϵpZqs ` Y01rU ą pϵpZqs

with the observed outcome Y in the data.

Similar to the policy invariance assumption imposed by J. J. Heckman and Vytlacil

(2005), suppose that this counterfactual change on propensity score does not shift the dis-
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Table 2.2: Summary Statistics of Nonprosecution Rates across Courts

Court Number of ADA
Nonprosecution Rate

Sample SizeMin Mean Max

SBO 16 0.04 0.24 0.54 3,921
EBOS 22 0.08 0.32 0.53 7,566
WROX 43 0.05 0.37 0.55 8,905
BMC 65 0.04 0.17 0.4 9,593
ROX 66 0.06 0.16 0.33 13,333
DOR 73 0.04 0.13 0.43 13,523
CHA 4 0.09 0.24 0.42 362
CHE 12 0.07 0.16 0.3 872
BRI 5 0.14 0.29 0.48 885

Total 262 0.04 0.22 0.55 58,960

tribution of potential outcomes and unobserved cost U of being selected into treatment,

therefore omitting any “general equilibrium” effects that may arise after the change of pros-

ecution rates. I consider three different comparisons between the counterfactual outcome

Y ϵ and the observed outcome Y :

1. Non-normalized policy effects:

αpϵq ” ErY ϵ ´ Y s. (2.28)

This criterion follows Heckman and Vytlacil (2001). The term "non-normalized"

distinguishes these effects from the policy-relevant treatment effects discussed below.

2. Policy-relevant treatment effects (PRTE)

ᾱpϵq ”
ErY ϵ ´ Y s

ErpϵpZq ´ ppZqs
. (2.29)

This criterion follows J. J. Heckman and Vytlacil (2005). This quantity can be in-

terpreted as the treatment effect for units shifted into treatment via the counter-

factual policy. Note that the additive/proportional PRTEs suggested by Carneiro

et al. (2010, 2011) and Mogstad and Torgovitsky (2018) are special cases of ᾱpϵq for

particular choices of pϵ, as described in equations (2.31) and (2.32).
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3. Marginal policy-relevant treatment effects (MPRTE)

α`p0q ” lim
ϵŒ0

ErY ϵ ´ Y s

ErpϵpZq ´ ppZqs
. (2.30)

This criterion follows Carneiro et al. (2010). When pϵpzq ě ppzq, this parameter can

be interpreted as the average treatment effects for marginal defendants at the edge

of being prosecuted. The equivalence between average MTE and MPRTE α`p0q has

been established by Carneiro et al. (2010).

Next, I discuss the counterfactual propensity scores of interests and present the confi-

dence sets for these policy effects.

2.7.1 Marginal policy relevant treatment effects

First, suppose policymakers increase the ADAs’ nonprosecution rates up to a positive

constant ϵ or to a proportion ϵ, where ϵ ą 0. Consider the additive or proportional marginal

PRTE α`p0q under the new policy:

Additive change: pϵpzq “ ppzq ` ϵ, (2.31)

Proportional change: pϵpzq “ p1 ` ϵqppzq (2.32)

respectively.

Table 2.3 collects the 95% and 90% confidence sets on marginal policy effects α`p0q for

the additive leniency increase in equation (2.31) by letting ϵ approach zero. The “uncon-

ditional” confidence sets are obtained without controlling for court identities, whereas the

“average” confidence sets are weighted average of court-specific confidence sets weighted by

the size of courts. The differences between these two sets of results highlight the impor-

tance of adjusting for court identity as a confounding variable. Incorporating court identity

generally increases the uncertainty of causal effect predictions.

Comparing average Wald confidence sets with average MLC confidence sets, the results

show that weak identification is a potential concern for models with polynomial orders

higher than cubic. In such cases, robust confidence sets may not be informative about the

sign of causal effects due to the inability to estimate a highly flexible model by using limited
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variation of propensity scores. Although the ranges of both confidence sets are similar under

the quadratic specification, Wald confidence sets remain negatively significant, whereas

MLC confidence sets lose such significance due to weak identification. In Appendix A.5

(Table A.2), I evaluate the strength of identification for the marginal PRTEs based on the

additive change in (2.31). The findings further confirm the presence of weak identification

for MTE models with cubic or quartic orders.

Table 2.3: 95% (top) and 90% (bottom) Confidence Sets for Additive MPRTE α`p0q

MTE polynomial Wald MLC

Uncond. Linear [-0.19, -0.11] [-0.17, -0.13]
Uncond. Quadratic [-0.19, -0.11] [-0.18, -0.13]
Uncond. Cubic [-0.17, -0.06] [-0.15, -0.08]
Uncond. Quartic [-0.18, -0.05] [-0.17, -0.06]

Average Linear [-0.24, -0.03] [-0.23, -0.03]
Average Quadratic [-0.29, -0.01] [-0.33, 0.09]
Average Cubic [-0.32, 0.03] [-0.79, 0.59]
Average Quartic [-0.39, 0.01] [-0.76, 0.61]

Uncond. Linear [-0.18, -0.12] [-0.16, -0.14]
Uncond. Quadratic [-0.19, -0.12] [-0.17, -0.14]
Uncond. Cubic [-0.17, -0.07] [-0.14, -0.09]
Uncond. Quartic [-0.17, -0.06] [-0.13, -0.08]

Average Linear [-0.22, -0.04] [-0.21, -0.06]
Average Quadratic [-0.27, -0.04] [-0.28, 0.01]
Average Cubic [-0.29, -0.00] [-0.60, 0.34]
Average Quartic [-0.35, -0.02] [-0.63, 0.38]

2.7.2 Quota

Instead of mandating all ADAs to increase their nonprosecution rates simultaneously,

it might be more convenient for policymakers to set up a lower and upper bound for ADA

nonprosecution rates. For example, let ϵ “ pϵ, ϵ̄q P r0, 1s2 with ϵ ď ϵ̄ denoting the lower

and upper bounds of ADAs’ nonprosecution rate, respectively. Then the counterfactual

propensity score becomes

pϵpzq “ minpmaxtϵ, ppzqu, ϵ̄q

57



Since this counterfactual propensity score is non-smooth in ppzq which may invalidate the

inferential results, I employ a smooth approximation as follows:

pϵpz;ϕq “ ´
1

ϕ
log

ˆ

1

eϕppzq ` eϕϵ
`

1

eϕϵ̄

˙

.

One can show that pϵpz;ϕq Ñ pϵpzq as ϕ Ñ 8. In practice, I set ϕ “ 30 to approximate the

counterfactual propensity score pϵpzq. I analyze the (non-)normalized policy effects when

policymakers implement a lower bound ϵ P r0.05, 0.3s while maintaining ϵ̄ “ 1 for each

court. For notational consistency, I use ϵ to denote the value of this lower bound instead

of ϵ.
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Figure 2.4: 95% (top) and 90% (bottom) Average Confidence Sets for Non-normalized
Policy Effects αpϵq when Setting a Lower Bound ϵ for Nonprosecution Rate

Figure 2.4 displays the average confidence sets for the non-normalized policy effects αpϵq

of implementing a lower bound on nonprosecution rates. Under linear extrapolation, the
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Figure 2.5: 95% Court-specific Confidence Sets for Non-normalized Policy Effects αpϵq
when Setting a Lower Bound ϵ for Nonprosecution Rate
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results suggest that imposing a lower quota on nonprosecution is beneficial. However, this

evidence becomes less conclusive with quadratic and cubic specifications as the lower bound

ϵ increases, reflecting limitations of available exogenous variation at higher extrapolation

levels. The Wald confidence sets appear "spuriously precise" by failing to account for this

limited IV variation. Consequently, policy recommendations derived from the robust MLC

approach may differ from those based on the classical Wald approach. For instance, based

on the 90% confidence sets from the quadratic MTE model, policymakers concerned with

robustness to weak IVs may prefer setting the minimum nonprosecution rate below 20%,

since the reductions in recidivism become insignificant above this threshold under robust

confidence sets.

Figure 2.5 shows the court-specific 95% confidence sets for the four largest courts in

the sample. Unlike other courts, court ROX exhibits increases in recidivism from imposing

the quota on nonprosecution rates. For courts WROX and BMC, the implied thresholds

of ϵ for a significant crime reduction suggested by the MLC confidence sets are similar to

those under the Wald confidence sets, indicating that these thresholds are robust to weak

identification. These thresholds also inform heterogeneous policy recommendations. For

instance, a significant reduction in recidivism is observed in court WROX if policymakers

set the quota at ϵ ą 0.23, whereas for court BMC, such significant effects are only observed

if ϵ ă 0.15.

2.8 Conclusion

In this paper, I propose two robust inference procedures for a class of causal effects

identified by MTEs with discrete instruments. In a linear MTE model, I introduce a

conditional Wald test, which is simple and asymptotically similar regardless of identification

strength. In a more generic polynomial MTE model, I propose a modified linear combination

test that achieves uniform validity against weak identification and has satisfactory power

properties under strong identification. Finally, I use the proposed methods to investigate

the counterfactual effects of policy changes on ADAs’ leniency in the study of misdemeanor
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prosecution by Agan et al. (2023).

There are several avenues for future research. First, while this paper focuses on discrete

variation from instruments, extending the weak IV analysis to a semiparametric MTE

model with continuous propensity scores would be empirically relevant. In addition, the

MLC test requires the choice of tuning parameter on the weight of AR statistics, which

trades off the power of test under different identification strengths (see the discussion in

Appendix A.2). It would be interesting to investigate the optimal choice of this tunning

parameter following the regret analysis of I. Andrews (2016). Finally, extending robust

inference techniques to accommodate many weak instruments would be valuable, especially

considering the typically large number of judges involved in empirical studies (Jochmans,

2023).
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3. Marginal Homogeneity Tests with Panel Data
In this essay, we study the problem of testing marginal homogeneity with the panel

data. This essay is a joint work with Federico Bugni and Jackson Bunting.

3.1 Introduction

This paper considers a hypothesis testing problem for panel data, ttXi,tu
T
t“1uni“1. We

assume that the data are independent and identically distributed (i.i.d.) across units i “

1, . . . , n, but allow for arbitrary dependence across time. For each period t “ 1, . . . , T , let Ft

denote the common marginal cumulative distribution function (CDF) of Xi,t. We say that

the data generating process satisfies marginal homogeneity if these marginal distributions

are homogeneous or time-invariant, i.e.,

F1 “ F2 “ . . . “ FT . (3.1)

In this paper, we propose several tests for the hypothesis of marginal homogeneity and

investigate their properties.

Marginal homogeneity is relevant in economic models such as dynamic discrete games.

In this case, researchers often observe Xi,t “ pAi,t, Si,tq, representing action and state vari-

ables for units i “ 1, . . . , n (individuals, firms, etc.) over t “ 1, . . . , T periods, respectively.

In this context, a standard approach is to assume that the conditional choice probabilities

(i.e., P pAi,t “ a | Si,t “ sq) and state transition probabilities (i.e., P pSi,t`1 “ s1 | Ai,t “

a, Si,t “ sq) are homogeneous, and posit a structural model for them. Under standard

assumptions, these objects yield a homogeneous structural model for P pXi,t`1 “ x1 | Xi,t “

xq “ fθpx1, xq with parameter θ. This posited structure forms the basis of inference on θ in

dynamic discrete choice games. Notably, this inference does not invoke the marginal homo-

geneity hypothesis in (3.1). However, if this condition holds, it provides valuable efficiency

gains in the estimation of θ. To see this, note that marginal homogeneity in this context

implies that Xi,t is in a steady state with a marginal CDF F , which yields the following
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structural equation:

dF px1q “

ż

xPX
fθpx1, xq ˆ dF pxq for all x1 P X (3.2)

Imposing (3.2) in the estimation of θ can deliver substantial efficiency gains relative to

the standard method that does not impose it. In this sense, the marginal homogeneity

hypothesis in (3.1) is a source of efficiency gains in the structural estimation of dynamic

discrete choice games.

Beyond dynamic discrete games, marginal homogeneity tests have been applied to fi-

nancial data. For example, Ditzhaus and Gaigall (2022) (see also references therein) tests

for possible dependence between two stock market indices. In terms of our notation, we can

express their data as ttXi,tu
2
t“1uni“1, where tXi,1uni“1 represents the monthly returns of the

first stock market (e.g., Nikkei 225 Stock Average) and tXi,2uni“1 represents the monthly

returns of the second market (e.g., Dow Jones Industrial Average). Invoking classical mod-

els for stock prices, Ditzhaus and Gaigall, 2022 posit monthly returns to be i.i.d. across

i “ 1, . . . , n (i.e., months), while the interconnectedness of global financial markets im-

plies that there may be dependence across t “ 1, 2 (i.e., stock markets). In this context,

the marginal homogeneity hypothesis in (3.1) implies that the various stock markets have

equally distributed returns. Finally, we note that their paper focuses on pairs of stock

markets (i.e., T “ 2), whereas we consider applications with T ą 2.

An inherent feature of the preceding examples is that the data are likely to exhibit

dependence across time periods. In dynamic discrete games, actions and states depend on

their past values. In fact, this is precisely what gives the discrete game its dynamic nature.

In the application presented in Ditzhaus and Gaigall (2022), stock returns across the globe

are likely to be interrelated. Beyond these two examples, dependence over time is common

when dealing with panel data. For this reason, the classical goodness-of-fit testing literature

focused on independent samples (e.g., Lehmann & Romano, 2022, Section 17.2.1), and its

generalization to T -sample problems, does not apply.

This paper studies the T -sample testing problem with possibly dependent data. Namely,
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we implement our tests by comparing a studentized or non-studentized T -sample version

of the Cramér-von Mises statistic with a suitable critical value. We consider three possible

methods to construct the critical value: asymptotic approximations, the bootstrap, and

time permutations. We show that the first two methods lead to asymptotically exact

hypothesis tests, with or without studentization. Results for the permutation test are more

nuanced: the permutation test based on a non-studentized statistic is asymptotically exact

when T “ 2, but is asymptotically invalid when T ą 2. Once studentized, the permutation

test is always asymptotically exact. Finally, under a time-exchangeability assumption, the

permutation test is exact in finite samples, both with or without studentization. On the

other hand, relative to the non-studentized case, the asymptotic analysis of the studentized

statistics requires an additional assumption: the variance-covariate matrix used in the

studentization must be non-singular, an assumption that can fail in practice. See the

related discussion in Section 3.2.2 and our empirical application in Section 3.6.

For independent cross-sectional data, the marginal homogeneity hypothesis in (3.1) be-

comes the standard equality-of-distribution hypothesis for T -sample data, which has been

thoroughly studied in the literature. In such case, Lehmann and Romano (2022, Theorem

17.2.1) shows that permutation tests of homogeneity are finite-sample exact. Chung and

Romano (2013) explores the behavior of permutation tests with studentized test statis-

tics. Relatedly, Bugni and Horowitz (2021) studies the application of permutation tests

to functional cross-sectional data. Relatively speaking, the test for marginal homogeneity

hypothesis in (3.1) with panel data (i.e., allowing for time dependence) has received less

attention. Gaigall (2020) is among the first papers to test for marginal homogeneity in

panel data with T “ 2. In subsequent work, Ditzhaus and Gaigall (2022) broadened the

analysis with T “ 2 to paired functional data. These papers show that permutation tests

are asymptotically valid with two periods of panel data. Neither of these papers considers

the case with T ą 2, which is common in economic applications. To our knowledge, our

paper is the first one to consider testing for marginal homogeneity in panel data models,

allowing for T ą 2. In this respect, one remarkable finding of our paper reveals that the
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asymptotic validity of the non-studentized permutation test breaks down when we consider

T ą 2.

A related testing problem in dynamic discrete choice games is concerned with evaluating

the homogeneity of the state transition probabilities, i.e., P pXi,t`1 “ x1 | Xi,t “ xq “

P pXi,t1`1 “ x1 | Xi,t1 “ xq for all t, t1 ă T ´1. See Otsu et al. (2016) and Bugni et al. (2024)

for recent contributions on this topic. The homogeneity of state transition probabilities and

the marginal homogeneity in (3.1) are non-nested hypotheses, and so our contribution is

complementary to but distinct from these references.

In other related work, Pauly et al. (2015) and Friedrich et al. (2017) investigate the

validity of permutation tests to evaluate the presence of treatment effects in experiments

under factorial designs. There are important differences between these papers and ours.

The first key difference is in the class of data permutations used to implement the tests.

Pauly et al. (2015) and Friedrich et al. (2017) generate their test by permuting observa-

tions in both units and time indices. In contrast, we generate our test by permuting the

time index of our observations. We show that the classes of distributions under which the

two types of permutation tests are finite-sample valid are non-nested; see Lemma B.1.2.

Another difference is that Pauly et al. (2015) and Friedrich et al. (2017) focus on studen-

tized statistics, while we consider both studentized and non-studentized statistics. In this

respect, it is relevant to point out that analyzing studentized statistics requires additional

assumptions compared to non-studentized ones; see discussion in Section 3.2.2. Finally, our

Monte Carlo simulations suggest that our permutation test appears more powerful than

theirs in finite samples. This is related to the fact that our permutation test only considers

time index permutations, which provide a better contrast to detect departures from the

marginal homogeneity hypothesis in (3.1).

The remainder of the paper is organized as follows. Section 3.2 introduces the hypothesis

test problem in greater detail. Section 3.3 contains our main theoretical results. Section

3.4 discusses the power of the proposed inference methods. In Section 3.5, we evaluate the

finite-sample performance of these tests via Monte Carlo simulations. Section 3.6 considers
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an empirical application based on Igami and Yang (2016). Section 3.7 concludes. The

paper’s appendix collects all of the proofs and several auxiliary results.

3.2 The Hypothesis Testing Problem

As the introduction explains, this paper considers a hypothesis-testing problem for panel

data with n units and T time periods. Inspired by the typical application in economics,

we consider an asymptotic framework in which n grows and T remains fixed. We denote

the data by Xn “ ttXi,tu
T
t“1uni“1. As explained earlier, we allow the data to be arbitrarily

dependent across time t “ 1, . . . , T , and assume i.i.d. across units i “ 1, . . . , n. We formalize

this assumption next.

Assumption 9. For all t “ 1, . . . , T , tXi,tu
n
i“1 are i.i.d. with marginal CDF Ft.

Our goal is to test whether the marginal homogeneity hypothesis in (3.1) holds in the data,

i.e.,

H0 : (3.1) holds vs. H1 : (3.1) does not hold. (3.3)

We propose implementing this hypothesis test by rejecting H0 in (3.3) whenever a test

statistic exceeds a suitable critical value. That is, for any significant level of α P p0, 1q, we

propose

ϕn pαq “ 1 tSn ą cnp1 ´ αqu , (3.4)

where ϕn pαq indicates the test function, Sn denotes the test statistic, and cnp1´αq indicates

the critical value. In the remainder of this section, we describe the test statistic (Section

3.2.1) and establish its asymptotic distribution under the null hypothesis of marginal ho-

mogeneity (Section 3.2.2). With these results in place, Section 3.3 provides three inference

methods, each based on a different type of critical values.

3.2.1 Test statistics

We propose implementing our test using the Cramér-von Mises (CvM) statistic, given by

the sample-weighted sum of squared differences of the empirical CDFs for all consecutive

periods. For simplicity, we evaluate these differences on a finite number of user-defined
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points on the real line UK “ tu1, u2, . . . , uKu with u0 :“ ´8 ă u1 ă u2 ă ¨ ¨ ¨ ă uK . For

reasons that will be explained soon, we refer to this as the non-studentized CvM statistic,

given by

Sn “ n
K
ÿ

k“1

T´1
ÿ

t“1

rF̂tpukq ´ F̂t`1pukqs2P̂ pukq, (3.5)

where F̂t is the empirical CDF in period t “ 1, . . . , T , and P̂ pukq is the empirical analog of

the aggregate probability in the interval puk´1, uks, i.e., k “ 1, . . .K,

P̂ pukq “
1

nT

T
ÿ

t“1

n
ÿ

i“1

1puk´1 ă Xi,t ď ukq. (3.6)

It is easy to see that (3.5) can be reexpressed as follows

Sn “ Ẑ 1Ẑ,

where Ẑ P RpT´1qK and, for all pt, kq P t1, . . . , T ´ 1u ˆ t1, . . . ,Ku,

Ẑpt´1qK`k “

b

nP̂ pukqrF̂tpukq ´ F̂t`1pukqs. (3.7)

Under H0 in (3.3), our formal arguments (see the proof of Theorem 3.2.1) reveal that Ẑ is

asymptotically distributed according to Np0,ΣZq, where for each pt, kq, pt̃, k̃q P t1, . . . , T ´

1u ˆ t1, . . . ,Ku,

ΣZrpt ´ 1qK ` k, pt̃ ´ 1qK ` k̃s “

b

P pukqP puk̃q ˆ covr1pXi,t ď ukq ´ 1pXi,t`1 ď ukq, 1pXi,t̃ ď uk̃q ´ 1pXi,t̃`1 ď uk̃qs,

(3.8)

and P pukq is the aggregate probability in the interval puk´1, uks,

P pukq “
1

T

T
ÿ

t“1

rFtpukq ´ Ftpuk´1qs. (3.9)

As a corollary, Sn has a generalized chi-squared asymptotic distribution under H0 in (3.3),

with weights determined by the eigenvalues of ΣZ . The dependence of the limiting distri-

bution on ΣZ explains why we refer to Sn as the non-studentized CvM statistic.
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If ΣZ is a non-singular matrix, it is natural to also consider a studentized version of the

CvM statistic. To this end, we consider the studentized CvM statistic, given by

S̄n “ Ẑ 1Σ̂´
Z Ẑ, (3.10)

where Σ̂´
Z is the generalized inverse of the empirical analog of ΣZ , denoted by Σ̂Z . For each

pt, kq, pt̃, k̃q P t1, . . . , T ´ 1u ˆ t1, . . . ,Ku, we define Σ̂Z as follows:

Σ̂Zrpt ´ 1qK ` k, pt̃ ´ 1qK ` k̃s ”

b

P̂ pukqP̂ puk̃q ˆ
1

n

n
ÿ

i“1

»

–

´

1pXi,t ď ukq ´ F̂tpukq ´ 1pXi,t`1 ď ukq ` F̂t`1pukq

¯

ˆ
´

1pXi,t̃ ď uk̃q ´ F̂t̃puk̃q ´ 1pXi,t̃`1 ď uk̃q ` F̂t̃`1puk̃q

¯

fi

fl

(3.11)

for each pt, kq, pt̃, k̃q P t1, . . . , T ´ 1u ˆ t1, . . . ,Ku. If H0 in (3.3) holds and ΣZ is a non-

singular, S̄n has a chi-squared asymptotic distribution with pT ´ 1qK degrees of freedom.

The lack of dependence of this limiting distribution on ΣZ justifies referring to S̄n as the

studentized CvM statistic.

Remark 3.2.1 (On the choice of test-statistics). The test statistics in (3.5) and (3.10)

are CvM-type statistics evaluated over a finite set of points UK . In principle, our analysis

extends to other types of test statistics evaluated over these points, such as the Kolmogorov-

Smirnov statistic. It is also worth reiterating that UK can be arbitrarily chosen by the

researcher. In this respect, the most important simplifying aspect in (3.5) and (3.10) is

that we use a finite number of points rather than an infinite number of points, such as a

continuum.

There are several reasons to prefer a finite set UK over a continuum. First and fore-

most, it leads to simpler asymptotic analysis regarding the studentization of test statistics.

Second, for applications in which the data are discrete and with finite support SX , one can

set UK “ SXztmaxSXu without any loss of information (note that equality of marginal

distributions for all points in SXztmaxSXu is equivalent to H0). Many empirical appli-

cations, including the one in Section 3.6, feature discrete data with finite support. Third,
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the extension to the continuum case could be implemented along the lines of the Khmaladze

(2016) transformation. See also the related work by Chung and Olivares (2021). Having

said this, this extension requires new and considerably more complicated arguments, which

we consider out of the scope of our paper.

3.2.2 Asymptotic distribution under the null hypothesis

In this section, we derive the asymptotic distribution of the non-studentized CvM statis-

tic Sn in (3.5) and the studentized version S̄n in (3.10). Our characterization of the asymp-

totic distribution of the studentized CvM statistic relies on the following assumption.

Assumption 10. ΣZ is positive definite.

We note that Assumption 10 is required for our asymptotic analysis of the studentized

CvM statistic and is not necessary in the case of the non-studentized version. For a suitable

choice of UK , Assumption 10 is widely applicable to many data-generating processes. We

now describe scenarios in which this assumption does not hold. First, note that Assumption

10 would fail if UK includes any point that is “irrelevant” with respect to the support of Xn,

i.e., P̂ pukq “ 0 for some k “ 1, . . .K. An example of this occurs for any uk P UK that lies

below the support of Xn. In this case, one can always restore the validity of Assumption 10

by removing all of these irrelevant points. Second, one should never include uk P UK that

equals or exceeds the support of Xn. Doing this would result in 1pXi,t ď ukq “ 1pXi,t`1 ď

ukq “ 1, leading to 1pXi,t ď ukq ´ 1pXi,t`1 ď ukq “ 0, rendering ΣZ singular. Finally,

ΣZ would be singular if there is no full communication between some states. For example,

consider a Markov chain for Xi,t P t1, 2, 3, 4u with P pXi,t`1 “ x1|Xi,t “ xq “ Πrx, x1s for

all x, x1 P t1, 2, 3, 4u, where for any ρ1, ρ2, ρ3, ρ4 P p0, 1q,

Π “

»

—

—

–

ρ1 1 ´ ρ1 0 0
1 ´ ρ2 ρ2 0 0

0 0 ρ3 1 ´ ρ3
0 0 1 ´ ρ4 ρ4

fi

ffi

ffi

fl

This transition matrix implies no communication between the first and last two states.

Then, 1pXi,t ď ukq ´ 1pXi,t`1 ď ukq “ 0 for any uk P r2, 3q, producing a singular ΣZ .
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The next result establishes the asymptotic distribution of the non-studentized and stu-

dentized CvM statistics under the marginal homogeneity hypothesis in (3.3).

Theorem 3.2.1. Let Assumption 9 hold.

(a) Under H0 in (3.3),

Sn
d

Ñ S ”

pT´1qK
ÿ

j“1

λjζ
2
j , (3.12)

where tλju
pT´1qK
j“1 are the eigenvalues of ΣZ in (3.8) and tζju

pT´1qK
j“1 are i.i.d. Np0, 1q.

(b) Under Assumption 10 and H0 in (3.3),

S̄n
d

Ñ χ2
pT´1qK , (3.13)

where χ2
pT´1qK denotes the chi-squared distribution with pT ´1qK degrees of freedom.

Theorem 3.2.1 shows that under the marginal homogeneity hypothesis, the non-studentized

CvM statistic in (3.5) converges to a generalized chi-square distribution with the weights

determined by the eigenvalues of ΣZ . Since ΣZ is not necessarily positive definite, some

eigenvalues may be zero, leading to reduced degrees of freedom. When ΣZ is positive def-

inite, then the limiting distribution of studentized CvM statistic in (3.10) is chi-square

distributed. These results are the basis of the critical values proposed in the following

section.

3.3 Critical Values and Validity of Inference

This section describes three critical values for the CvM test statistics proposed in Section

3.2.1. Each critical value gives rise to a different hypothesis test according to equation (3.4).

We formally study the validity of each one of these methods.

3.3.1 Asymptotic approximation

In this section, we propose a hypothesis test for (3.3) by approximating the quantiles

of the asymptotic distribution in Theorem 3.2.1. To this end, we now introduce some

notations. For any ℓ P RpT´1qK , let Spℓq ě 0 denote a random variable with the generalized
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chi-square distribution of weights equal to ℓ, unit vector of degrees of freedom, zero vector

of non-centrality parameters, and no constant or normal terms. Also, for any px, ℓq P

R ˆ RpT´1qK , let Gpx, ℓq denote the CDF of Spℓq evaluated at x P R. This function can be

numerically computed with arbitrary accuracy by simulating its empirical distribution.

For the non-studentized CvM statistic, we propose

cAn p1 ´ αq “ inf
␣

x P R : Gpx, λ̂nq ě 1 ´ α
(

, (3.14)

where λ̂n denotes the eigenvalues of Σ̂Z , and the following hypothesis test:

ϕA
n pαq “ 1

␣

Sn ą cAn p1 ´ αq
(

. (3.15)

For the studentized CvM statistic, we propose the following hypothesis test:

ϕ̄A
n pαq “ 1

␣

S̄n ą c̄An p1 ´ αq
(

, (3.16)

where c̄An p1 ´ αq equals the p1´αq-quantile of the (standard) chi-squared distribution with

pT ´ 1qK degrees of freedom.

The next result shows that the hypothesis tests in (3.15) and (3.16) are asymptotically

valid.

Theorem 3.3.1. Let Assumption 9 and H0 in (3.3) hold, and let α P p0, 1q.

(a) limnÑ8 EP rϕA
n pαqs ď α. Furthermore, the inequality becomes an equality if ΣZ ‰

0pT´1qKˆpT´1qK .

(b) Under Assumption 10, limnÑ8 EP rϕ̄A
n pαqs “ α.

3.3.2 Bootstrap

This section proposes a hypothesis test for (3.3) via the bootstrap. To this end, we

repeatedly resample the data with replacement across units i “ 1, . . . , n to construct a

bootstrap sample, denoted by tX˚
i uni“1. For each bootstrap sample, the bootstrap analog

of the non-studentized and studentized CvM statistics are given by

S˚
n “ pẐ˚q1pẐ˚q and S̄˚

n “ pẐ˚q1Σ̂´
Z pẐ˚q. (3.17)
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where, for all pt, kq P t1, . . . , T ´ 1u ˆ t1, . . . ,Ku,

Ẑ˚
pt´1qK`k ”

b

P̂ pukq
1

?
n

n
ÿ

i“1

`“

1pX˚
i,t ď ukq ´ F̂tpukq

‰

´
“

1pX˚
i,t`1 ď ukq ´ F̂t`1pukq

‰˘

.

(3.18)

Remark 3.3.1. One could also define S̄˚
n in (3.17) with Σ̂Z replaced by its bootstrap ana-

log. Our main text omits this option for brevity, but we include it in our Monte Carlo

simulations.

By repeating the bootstrap sampling sufficiently many times, we can approximate the

conditional distributions P pS˚
n ď x|Xnq and P

`

S̄˚
n ď x|Xn

˘

with arbitrary accuracy.

For the non-studentized CvM statistic, we propose

cBn p1 ´ αq “ inf tx : P pS˚
n ď x|Xnq ě 1 ´ αu , (3.19)

and the following hypothesis test:

ϕB
n pαq “ 1

␣

Sn ą cBn p1 ´ αq
(

. (3.20)

For the studentized CvM statistic, we propose

cBn p1 ´ αq “ inf
␣

x : P
`

S̄˚
n ď x|Xn

˘

ě 1 ´ α
(

, (3.21)

and the following hypothesis test:

ϕ̄B
n pαq “ 1

␣

S̄n ą c̄Bn p1 ´ αq
(

. (3.22)

The next result shows that the hypothesis tests in (3.19) and (3.21) are asymptotically

valid.

Theorem 3.3.2. Let Assumption 9 and H0 in (3.3) hold, and let α P p0, 1q.

(a) limnÑ8 EP rϕB
n pαqs ď α. Furthermore, the inequality becomes an equality if ΣZ ‰

0pT´1qKˆpT´1qK .

(b) Under Assumption 10, limnÑ8 EP rϕ̄B
n pαqs “ α.
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3.3.3 Permutations

In this section, we propose a hypothesis test for (3.3) by random permutations of the

data. Our permutations are motivated by the marginal homogeneity hypothesis in (3.1), and

they consist of randomly permuting the time index t “ 1, . . . , T for each unit i “ 1, . . . , n.

These tests require the following notation. Let M denote the set of all permuta-

tions of the indices t1, . . . , T u, and Mn is defined as the set of all possible permuta-

tions of the time indices over n observations. A typical element of Mn is given by

πn ” ttπip1q, . . . , πipT quuni“1, where πiptq denotes the permuted time index of the observa-

tion Xi,t, and tπip1q, . . . , πipT qu is an arbitrary time permutation that belongs to the set

M. In other words, the permuted version of the data Xn “ ttXi,tu
T
t“1uni“1 can be written

as Xπ
n ” ttXi,πiptqu

T
t“1uni“1.

For each permutation πn P Mn, the permutation analog of the non-studentized and

studentized CvM statistics are given by

Sπ
n “ pẐπq1pẐπq and S̄π

n “ pẐπq1Σ̂´
ZπpẐπq, (3.23)

where, for all pt, kq P t1, . . . , T ´ 1u ˆ t1, . . . ,Ku,

Ẑπ
pt´1qK`k ”

b

nP̂ πpxq
`

F̂ π
t pukq ´ F̂ π

t`1pukq
˘

: pt, kq P t1, . . . , T ´ 1u ˆ t1, . . . ,Ku, (3.24)

and, for all pt, kq, pt̃, k̃q P t1, . . . , T ´ 1u ˆ t1, . . . ,Ku,

Σ̂Zπ rpt ´ 1qK ` k, pt̃ ´ 1qK ` k̃s ”

b

P̂ πpukqP̂ πpuk̃q

ˆ
1

n

n
ÿ

i“1

»

–

´

1pXi,πiptq ď ukq ´ F̂ π
t pukq ´ 1pXi,πipt`1q ď ukq ` F̂ π

t`1pukq

¯

ˆ
´

1pXi,πipt̃q
ď uk̃q ´ F̂ π

t̃
puk̃q ´ 1pXi,πipt̃`1q ď uk̃q ` F̂ π

t̃`1
puk̃q

¯

fi

fl

(3.25)

where P̂ π pukq ” 1
nT

řT
t“1

řn
i“1 1

`

uk´1 ă Xi,πiptq ď uk
˘

and F̂ π
t pukq ” 1

n

řn
i“1 1pXi,πiptq ď

ukq.

These permutation test statistics can be used to construct permutation-based tests

along the lines of Lehmann and Romano (2022, Section 17.2.1). For the non-studentized
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CvM statistic, we propose a critical value cπnp1 ´ αq, which is the p1 ´ αq-quantile over all

possible permutations of the non-studentized CvM statistics (denoted by tSπ
n : πn P Mnu).

The corresponding hypothesis test is defined as:

ϕπ
n pαq “ 1 tSn ą cπn p1 ´ αqu . (3.26)

For the studentized CvM statistic, we propose the analogous object but for the studentized

CvM statistic. That is, c̄πnp1´αq equals to the p1´αq-quantile over all the possible permu-

tations for the studentized CvM statistics (given by
␣

S̄π
n : πn P Mn

(

). The corresponding

hypothesis test is given by:

ϕ̄π
n pαq “ 1

␣

S̄n ą c̄πn p1 ´ αq
(

. (3.27)

Remark 3.3.2. The tests in (3.26) and (3.27) are the non-random versions of the standard

permutation tests described in Lehmann and Romano (2022, Section 17.2.1). The key

difference between the non-random and the random versions lies in the handling of ties

between the test statistic and the critical value: the non-random version does not reject,

while the random version rejects with a specific probability. While being more conservative,

the non-random version is preferred because it involves a simpler decision rule similar to

the one used in previous tests.

The next result studies the asymptotic validity of the hypothesis tests in (3.26) and

(3.27).

Theorem 3.3.3. Let Assumption 9 and H0 in (3.3) hold, and let α P p0, 1q.

(a) For T “ 2, limnÑ8 EP rϕπ
npαqs ď α. Furthermore, the inequality becomes an equality

if ΣZ ‰ 0pT´1qKˆpT´1qK .

(b) When T ą 2, the non-studentized permutation test in (3.26) is invalid. That is, it is

possible to have lim infnÑ8 EP rϕπ
npαqs ą α for some distribution P .

(c) Under Assumption 10, limnÑ8 EP rϕ̄π
npαqs “ α.

We first describe the result for the non-studentized test in (3.26). Part (a) shows that the

non-studentized test is asymptotically valid for T “ 2. This result aligns with the analysis
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in Gaigall (2020) and Ditzhaus and Gaigall (2022). Part (b) reveals that the previous result

fails for T ą 2. This finding is apparently new in the literature and empirically relevant,

as many economic applications involve panel data with more than two periods. To gain

intuition about (a) and (b), it is useful to compare the variance-covariance of the ith ob-

servation, i.e., tXi,tu
T
t“1, before and after permutations. If the variance-covariance remains

the same, then the permutation test can be shown to be asymptotically valid. See the proof

of Theorem 3.3.3 for a formal justification. When T “ 2, the ith observation is pXi,1, Xi,2q

before the permutation and a mixture of pXi,1, Xi,2q and pXi,2, Xi,1q after the permuta-

tion. Under H0 in (3.3), these two random vectors share the same variance-covariance

matrix. When T ą 2, this equivalence breaks down. For example, when T “ 3, the ith

observation is pXi,1, Xi,2, Xi,3q before the permutation and a mixture of pXi,1, Xi,2, Xi,3q,

pXi,1, Xi,3, Xi,2q, pXi,2, Xi,1, Xi,3q, pXi,2, Xi,3, Xi,1q, pXi,3, Xi,1, Xi,2q, and pXi,3, Xi,2, Xi,1q

after the permutation. The variance-covariance matrix of the former and the latter differ

even under H0 in (3.3).

Finally, part (c) of Theorem 3.3.3 shows that the studentized test in (3.27) is asymp-

totically valid for any T ě 2. This result is in line with several studies in the literature

that prove the asymptotic validity of permutation tests for suitably normalized test statis-

tics, e.g., Chung and Romano (2013), Chung and Olivares (2021), DiCiccio and Romano

(2017), and Janssen (1997). This result is also related to the earlier discussion regarding

variance-covariance matrices of the ith observation before and after permutations. Once

the data is studentized, the variance-covariance matrix of the ith observation is asymptot-

ically invariant to permutations. By the previous paragraph’s logic, the permutation test

is asymptotically valid for the studentized test statistic.

An important advantage of the permutation tests over the ones described in previous

subsections lies in their finite-sample validity under an important class of distributions that

satisfy H0 in (3.3). To explain this clearly, let ΩTE denote the set of distributions that

satisfy time exchangeability, i.e., for any i “ 1, . . . , n, tXi,tu
T
t“1 has the same distribution

as tXi,πptqu
T
t“1 for each π P M. The next result describes the finite-sample validity of our
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test under suitable conditions.

Theorem 3.3.4. Let Assumption 9 hold. Then,

(a) P P ΩTE implies that P satisfies H0 in (3.3). However, the converse does not hold.

(b) For each P P ΩTE, our permutation tests are finite-sample valid, i.e.,

EP rϕπ
npαqs ď α and EP rϕ̄π

npαqs ď α. (3.28)

Theorem 3.3.4 implies that our permutation tests are finite-sample valid under suitable

conditions. Part (a) says that a time-exchangeable distribution satisfies the null hypothesis

H0 in (3.3) under our maintained Assumption 9. Under such distribution, the permutation

tests provide finite-sample size control. We stress that size control is not exact (i.e., the

inequalities in (3.28) might be strict) only because we are using a non-randomized permu-

tation test; see Remark 3.3.2. That is, if we replaced our permutation test with its random

version, these would enjoy exact size control (i.e., both inequalities in (3.28) would hold

with equality).

The combination of Theorems 3.3.3 and 3.3.4 justifies the use of studentized permutation

test in (3.27) (and also the non-studentized one in (3.26) when T “ 2). Theorem 3.3.3

indicates that this test is asymptotically exact, and Theorem 3.3.4 shows that it is finite-

sample valid for an important class of distributions in ΩTE. As already mentioned, the finite-

sample validity makes the permutation test an exceptionally attractive inference method

compared to those discussed in previous subsections.

Remark 3.3.3. It is worth noting that our class of time permutations differs from the

class of “all permutations” that uniformly permute both time periods and units. The latter

has been used in the previous literature, such as Friedrich et al. (2017). Naturally, our

time permutations form a strict subset of the class of “all permutations”. On the flip side,

under our maintained Assumption 9, the class of distributions that satisfy exchangeability

over “all permutations” is more restrictive than the set of distributions that satisfy time

exchangeability only; see Lemma B.1.2. In other words, if we used a permutation test based
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on “all permutations”, we could only demonstrate Theorem 3.3.4 for a substantially smaller

class of distributions than ΩTE.

3.4 Power Analysis

This section briefly describes the power properties of the various hypothesis-testing

procedures considered in this paper. Given the results in Section 3.3, we restrict attention

to the hypothesis tests that are asymptotically valid under Assumptions 910:

• The asymptotic approximation-based test, both non-studentized and studentized.

• The bootstrap-based test, both non-studentized and studentized.

• The studentized permutation-based test.

• The non-studentized permutation-based test for T “ 2.

As explained in Section 3.2.1, our CvM test statistic is defined to detect differences in

marginal CDFs at any point in UK . We thus focus our power analysis on the following

subset of H1:

H̄1 : Ftpuq ‰ Frpuq for some t, r “ 1, . . . , T and u P UK . (3.29)

For all fixed hypotheses in H̄1, it is not hard to see that the CvM test statistic in (3.5)

and (3.10) diverges. At the same time, one can establish that the critical values described

throughout this paper remain bounded in probability. For this reason, all asymptotically

valid tests are consistent against any fixed hypothesis in H̄1.

We now compare the local power properties of these tests. We consider local alternative

hypotheses under H̄1, which are sequences of DGPs whose marginal CDFs tFn,t : t “

1, . . . , T u satisfy t
?
npFn,tpukq ´ Fn,rpukqq : t, r “ 1, . . . , T, u P UKu Ñ c P RT 2K with

c1c ą 0. Under these sequences of distributions, we can repeat the arguments used to

prove Theorem 3.2.1 to establish the asymptotic distribution of the CvM test statistic

in (3.5) and (3.10). It is not hard to see that these become the non-central versions of

the asymptotic distributions in (3.12) and (3.13) under H0. Moreover, under these local

alternatives, the critical values considered throughout this paper can be shown not to change

their asymptotic behavior. As a corollary, the asymptotically valid tests based on the non-
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studentized statistics share the same local power properties, and the same holds for the

asymptotically valid tests based on the studentized statistics.

3.5 Monte Carlo Simulations

This section investigates the finite-sample performance of the various tests for marginal

homogeneity tests proposed in this paper. To this end, we repeatedly simulate independent

panel datasets Xn “ ttXi,tu
T
t“1uni“1 where, for each i “ 1, . . . , n and t “ 1, . . . , T ,

Xi,t “ pεi,t ` ξiqαt

with
ˆ

tεi,tu
T
t“1

ξi

˙

„ N

ˆ

0pT`1qˆ1,

„

Ξ 0Tˆ1

01ˆT 1

ȷ˙

,

where tαtu
T
t“1 is a sequence of constants and Ξ is a constant positive-definite matrix. By

definition, ξi is a random effect and tεi,tu
T
t“1 are transient shocks with variance-covariate

matrix Ξ. We consider two specifications for Ξ:

• WN: Ξ “ ITˆT , i.e., tεi,tu
T
t“1 is a white noise process with zero mean and unit

variance. The distribution of Xn is time-exchangeable under this specification.

• AR(1): for all t1, t2 “ 1, . . . , T with t1 ‰ t2, Ξrt1, t1s “ 1 and Ξrt1, t2s “ p´0.9q|t1´t2|,

i.e., tεi,tu
T
t“1 is an AR(1) process zero mean, variance one, and correlation coefficient

´0.9. In this case, the distribution of Xn is not time-exchangeable.

We consider two options for tαtu
T
t“1, which determines whether the data satisfies marginal

homogeneity or not. For simulations under H0 in (3.3), we use αt “ 1 for t “ 1, . . . , T . For

simulations under H1 in (3.3), we set αt “
a

1 ` pt ´ 1q{2 for t “ 1, . . . , T .

To compute the CvM statistics we set UK equal to the 1/6, 2/6, 3/6, 4/6, and 5/6

empirical quantiles of ttXi,tu
T
t“1uni“1 (thus, K “ 5). For each dataset, we implemented the

following tests with a significance level of α “ 5%:

• AA: Asymptotic approximation tests in Section 3.3.1, non-studentized as in (3.15)

and studentized as in (3.16).
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• BS: Bootstrap tests in Section 3.3.2, non-studentized as in (3.20) and studentized as

in (3.22).

• BS2: Studentized bootstrap tests based on a bootstrapped covariance estimator, as

described in Remark 3.3.1.

• PT: Permutation tests in Section 3.3.3, non-studentized as in (3.26) and studentized

as in (3.27).

• PT2: Permutation tests based on the class of “all permutations” (i.e., time periods and

units), as described in Remark 3.3.3. These can be non-studentized and studentized.

We consider simulations with n P t30, 60, 120, 240, 480u units and T P t2, 3u periods.

The results shown in the tables are obtained from S “ 5, 000 independent panel data draws

based on the design described.

Table 3.1 describes the rejection rates of the various tests under marginal homogeneity,

i.e., H0 in (3.3). When T “ 2, all our proposed hypothesis tests (AA, BS, PT, studentized

or not) provide exact size control when n is sufficiently large. These results are consistent

with our asymptotic analysis. This conclusion also seems to apply to the BS2 and the

studentized PT2 tests. On the other hand, the non-studentized PT2 test does not control

size. This is consistent with our discussion in Lemma B.1.2, where we argue that the

permutation class used to implement our PT tests is qualitatively different from the one

used for the PT2 tests. Our simulations also allow us to examine how our asymptotically

valid methods perform when n is relatively small. In this respect, one interesting finding is

that the non-studentized versions of the AA and BS tests outperform their corresponding

studentized ones when n is small. On the other hand, the PT test performs equally well

with and without studentization for small n. The results for T “ 3 are qualitatively similar

to those for T “ 2, except for the PT test. For T ą 2, our formal results show that the

studentized PT test is asymptotically valid, but the non-studentized PT test is not. This

is clearly evidenced in our simulations with AR(1) shocks, where the non-studentized PT

test exhibits rejection rates close to 13%. However, if data is time-exchangeable as with the

WN shocks, then we observe that PT test is finite-sample valid regardless of studentization
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even if T “ 3.

Table 3.1: Empirical rejection rates (in %) under H0 in (3.3) for α “ 5% based on S “ 5, 000
i.i.d. panel datasets

T Ξ Test type Critical value n “ 30 n “ 60 n “ 120 n “ 240 n “ 480

T “ 2

WN

Non-stud.

AA 5.48 5.54 5.08 4.76 5.16
BS 5.60 5.36 5.14 4.78 5.06
PT 4.54 4.94 4.82 4.62 5.08
PT2 1.02 0.80 0.76 0.96 1.00

Studentized

AA 14.34 8.54 6.94 6.08 4.96
BS 14.24 8.56 6.98 6.00 4.86
BS2 2.56 4.66 5.02 5.30 4.54
PT 5.06 5.08 5.20 5.20 4.44
PT2 4.50 5.02 5.16 5.28 4.44

AR(1)

Non-stud.

AA 5.12 6.02 5.12 5.24 5.22
BS 5.36 5.90 5.12 5.22 5.10
PT 4.16 5.32 4.88 5.00 5.06
PT2 3.46 4.58 4.32 4.62 4.54

Studentized

AA 14.00 8.78 6.88 6.30 5.58
BS 14.18 8.96 6.98 6.40 5.52
BS2 3.58 4.86 5.16 5.38 5.08
PT 5.12 5.36 5.16 5.34 5.00
PT2 5.10 5.32 5.40 5.42 5.16

T “ 3

WN

Non-stud.

AA 5.68 4.80 5.46 5.16 5.56
BS 5.84 4.74 5.38 5.22 5.52
PT 5.30 4.66 5.38 5.00 5.38
PT2 0.88 0.72 0.60 0.94 1.10

Studentized

AA 35.82 16.74 9.88 7.04 5.80
BS 36.00 16.78 9.90 6.98 5.84
BS2 0.70 3.28 4.66 4.82 4.92
PT 5.02 5.08 4.98 4.84 4.88
PT2 3.78 4.52 4.82 4.66 4.86

AR(1)

Non-stud.

AA 6.22 6.18 5.76 5.20 5.64
BS 6.08 6.24 5.74 5.42 5.38
PT 12.70 13.80 13.88 13.68 12.96
PT2 6.14 7.30 6.94 6.44 6.84

Studentized

AA 33.44 17.06 10.38 7.26 5.96
BS 33.94 16.92 10.12 7.22 5.80
BS2 1.78 3.14 4.26 4.80 4.98
PT 4.62 5.26 5.08 5.14 5.12
PT2 3.36 4.54 4.84 4.86 5.02

Table 3.2 explores the performance of the same test for data configurations that do not

satisfy marginal homogeneity. To make the comparison fair, we focus on asymptotically

valid inference methods. For T “ 2, this includes studentized and non-studentized versions

of the AA, BS, and PT tests, and studentized BS2. Our results indicate that studentized
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tests are considerably more powerful than their corresponding non-studentized versions.

The main difference in the case of T “ 3, is that we now have to eliminate the non-

studentized PT test. With this exception, the results with T “ 3 are qualitatively similar

to those for T “ 2.

Table 3.2: Empirical rejection rates (in %) under H1 in (3.3) based on αt “
a

1 ` pt ´ 1q{2
for t “ 1, . . . , T , with α “ 5% based on S “ 5, 000 i.i.d. panel datasets

T Ξ Test type Critical value n “ 30 n “ 60 n “ 120 n “ 240 n “ 480

T “ 2

WN

Non-stud.

AA 8.04 11.06 16.22 32.12 65.34
BS 8.06 11.00 16.34 32.12 65.08
PT 6.66 10.20 15.78 31.68 64.98
PT2 1.30 2.14 3.44 7.64 28.86

Studentized

AA 19.88 18.74 27.12 46.40 78.66
BS 20.04 18.70 27.14 46.50 78.86
BS2 4.92 10.96 22.38 43.90 77.68
PT 8.32 11.96 22.60 43.94 77.72
PT2 7.66 11.74 22.42 43.82 77.84

AR(1)

Non-stud.

AA 6.50 7.64 9.54 18.14 39.56
BS 6.58 7.76 9.22 18.14 39.70
PT 5.36 7.08 8.90 17.80 39.40
PT2 4.48 6.10 7.90 15.68 36.88

Studentized

AA 18.82 17.60 22.52 40.96 72.34
BS 18.96 17.76 22.50 40.90 72.24
BS2 5.16 10.96 18.26 38.30 71.30
PT 7.48 11.48 18.48 38.36 71.06
PT2 7.46 11.52 18.52 38.44 71.22

T “ 3

WN

Non-stud.

AA 6.98 8.50 12.70 27.70 72.42
BS 7.16 8.54 12.64 27.78 72.56
PT 6.32 8.14 12.18 27.26 72.44
PT2 1.00 1.34 1.58 3.78 18.86

Studentized

AA 51.14 46.10 62.68 89.28 99.66
BS 51.22 45.94 62.56 89.20 99.68
BS2 1.86 16.14 47.42 85.40 99.60
PT 11.30 21.28 48.82 85.74 99.60
PT2 9.20 19.60 47.88 85.52 99.54

AR(1)

Non-stud.

AA 6.38 7.16 7.56 10.44 21.30
BS 6.34 7.10 7.64 10.58 21.28
PT 14.26 16.64 19.74 28.10 65.38
PT2 6.42 8.42 9.38 12.98 28.18

Studentized

AA 62.84 72.54 94.60 99.94 100.00
BS 63.34 72.50 94.60 99.94 100.00
BS2 6.24 33.40 86.92 99.88 100.00
PT 16.30 45.90 89.34 99.88 100.00
PT2 13.00 43.08 88.52 99.88 100.00

Tables 3.1 and 3.2 offer interesting conclusions regarding the finite sample properties of
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the asymptotically valid tests. When the sample size is relatively small, the non-studentized

tests appear to provide better size control than their studentized counterparts, though at

the expense of lower power. As the sample size increases, the studentized tests improve

their size control. As a result, the studentized tests seem to be a better option for larger

sample sizes: they offer adequate size control and relatively higher power compared to their

non-studentized versions.

3.6 Empirical Application

This section applies our marginal homogeneity tests to the state variable in the dynamic

discrete choice game in Igami and Yang (2016). In this paper, the authors develop and

estimate a dynamic entry model oligopoly game among Canada’s five main hamburger

chains: A&W, Burger King, Harvey’s, McDonald’s, and Wendy’s. They use yearly data

from 400 geographical markets1 located in seven major Canadian cities between 1970 and

2004, i.e., n “ 400 and T “ 35. For each market-year pair pi, tq, they observe the number

of stores for each chain, population, and income.

The state variable used in Igami and Yang (2016) is a discrete categorical variable

whose value represents the number of stores of each chain, population, and income of a

given market-year pair. We now briefly explain its construction, and defer to their Igami

and Yang (2016, Section 4.1) for details. The paper restricts the number of stores per chain

to three, and divides population and income into quartiles.

For each period t “ 1, . . . , T “ 35 and market i “ 1, . . . , n “ 400, Xi,t is uniquely

determined by the number of stores (up to three) for each chain j “ 1, 2, 3, 4, 5, Ni,t,j P

t0, 1, 2, 3u, the population quartile Pi,t P t1, 2, 3, 4u, and the income quartile Ii,t P t1, 2, 3, 4u.

So, Xi,t “ 1 indicates that Ni,t,j “ 0 for all j “ 1, 2, 3, 4, 5, Pi,t “ 1, and Ii,t “ 1, Xi,t “ 2

indicates that Ni,t,j “ 0 for all j “ 1, 2, 3, 4, 5, Pi,t “ 1, and Ii,t “ 2, and so on, until

Xi,t “ 16, 384 indicates that Ni,t,j “ 3 for all j “ 1, 2, 3, 4, 5, Pi,t “ 4, and Ii,t “ 4. While

Xi,t could take up to 47 “ 16, 384 possible values, it only takes 467 distinct values in the

1 The paper defines a market as a cluster of stores located within a 0.5-mile radius at any point of their
sample period. Markets in downtown areas are omitted as these experience a different nature of competition.
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entire dataset.

The data spans an extensive period in which the Canadian fast-food industry grew

considerably. As Igami and Yang (2016, Section 3.2) reports, the average number of shops

per market was less than 0.5 during 1970’s to approximately 1.8 in the early 2000’s. We

now provide further evidence about the evolution of this industry. Figure 3.1 shows the

average number of stores per market over time desegregated by chain. This figure shows

that the average number of stores per market has increased across all chains, with the

most significant increase observed for McDonald’s compared to the other chains. Figure

3.2 shows the average number of competitors per market over time. This figure reveals

that the frequency of empty markets decreased steadily between 1970 and 2000, while the

frequencies of monopoly, duopoly, and triopoly or more steadily increased over the same

period. In contrast, during 2000-2004, the frequency of each market type has remained

relatively stable. This evidence suggests that the Canadian fast-food industry has been

evolving between 1970 and the early 2000’s, and may have reached a steady state during

the last years of the sample. The hypothesis tests developed in this paper can be used

to evaluate whether the state distribution is homogeneous over any of the periods in the

sample.

As explained in Section 3.1, the marginal homogeneity of the state variable can be a

source for efficiency gains in the estimation of dynamic discrete games. With this motivation

in mind, we now apply our marginal homogeneity tests to our panel data of the state

variable. Given the large number of values that the variable takes, Assumption 10 does

not hold over the sample period. For this reason, we only consider non-studentized tests.

We implement our tests for two subsets of periods. Since we consider panel data with

T ą 2, the non-studentized asymptotic approximation and bootstrap tests are valid, but

the permutation test is not. Table 3.3 presents the results of our hypothesis tests for two

subsets of sample periods. First, we consider a subset of our data every five years, i.e.,

1970, 1975, 1980, 1985, 1990, 1995, and 2000. In this case, our tests strongly reject the

hypothesis of marginal homogeneity. This result is expected, as it is consistent with the
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Figure 3.1: Average Number of Stores per Market over Time for Each Chain

Figure 3.2: Average Type of Market over Time
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informal discussion in the previous paragraph regarding the growth of the Canadian fast-

food industry between 1970 and 2000. Second, we repeat the analysis for the last four years

in the sample period, i.e., 2001, 2002, 2003, and 2004. In this case, our tests do not reject

the hypothesis of marginal homogeneity. These results suggest that the Canadian fast-food

industry may be in a steady state in the latter part of the sample period.

Table 3.3: Marginal Homogeneity Tests for Igami and Yang (2016)

Note: Marginal homogeneity tests are applied to Igami and Yang (2016) with α “ 5%. The Pre-2000
sample refers to the subsample with t P t1970, 75, 80, 90, 95, 00u. The Post-2000 sample refers to the
subsample with t P t2001, 02, 03, 04u.

Sample Test type Test statistic Critical Value with α “ 5%
Asy. approx. Bootstrap Permutation

Pre-2000 Non-stud. 10.76 0.88 0.82 2.35
Post-2000 Non-stud. 0.08 0.13 0.13 0.23

3.7 Conclusions

This paper proposes hypothesis tests to evaluate whether panel data satisfies the hy-

pothesis of marginal homogeneity. As we argue in the paper, marginal homogeneity is a

relevant property in economic settings such as dynamic discrete games.

Our asymptotic framework for panel data considers a diverging number of units n and

a fixed number of periods T . We implement our tests by comparing a studentized or non-

studentized T -sample version of the Cramér-von Mises statistic with a suitable critical value.

Relative to the non-studentized case, the asymptotic analysis of the studentized statistics

requires an additional assumption: the variance-covariate matrix used in the studentization

must be non-singular. It is relevant to note that this condition can fail in practice. In fact,

it failed in our empirical application.

We investigate three methods to construct the critical value: asymptotic approxima-

tions, the bootstrap, and time permutations. We prove that the asymptotic approximation

and bootstrap tests are asymptotically valid, regardless of whether we use studentized or

non-studentized test statistics. The permutation test based on a non-studentized statistic

85



is asymptotically exact when T “ 2, but is asymptotically invalid when T ą 2. In con-

trast, the permutation test based on a studentized statistic is always asymptotically exact.

Finally, under a time-exchangeability assumption, the permutation test is valid in finite

samples, both with and without studentization.

We also study the power of the various methods. The asymptotically valid tests we con-

sider are consistent and have non-trivial asymptotic power under suitable local alternatives.

Moreover, the asymptotically valid tests based on the non-studentized statistics share the

same local power properties, and the same holds for the asymptotically valid tests based

on the studentized statistics.

Our Monte Carlo simulations investigate the finite sample behavior of our tests. The

non-studentized tests exhibit better finite-sample size control than their studentized coun-

terparts, though this comes at the cost of lower power. Finally, we apply our test to the

state variable of the dynamic oligopoly model of the Canadian fast-food industry in Igami

and Yang (2016). Our findings suggest that the industry evolved between 1970 and 2000,

and appears to have reached a steady state since then.
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4. A General Approach to Relaxing Unconfoundedness
This essay proposes a general approach to relax unconfoundedness that incorporates

several previous relaxations as special cases, and we move beyond averages by providing

sharp bounds for a large class of parameters, which were previously unknown even under

special cases. This is a joint work with Matthew Masten and Alexandre Poirier.

4.1 Introduction

A large literature studies the identification and estimation of treatment effects when

a binary treatment is randomly assigned conditional on covariates. This assumption is

called unconfoundedness, conditionally independent treatment assignment, or ignorability,

among other terms. With observational data it is often considered very strong, however,

so a corresponding literature has developed to relax this assumption. These papers use a

variety of different classes of relaxations of unconfoundedness. That is, there are different

ways of formalizing the idea that treatment is “almost” randomly assigned, given the co-

variates. This variation raises a question: How do these different relaxations compare to

each other? This question is important because empirical researchers are often concerned

that the number of robustness checks they must consider is constantly growing; if some of

these checks are related, however, then that relationship can potentially be used to simplify

the overall analysis. Moreover, mathematically related analyses do not necessarily provide

“independent” evidence of robustness, a second motivation for better understanding the

relationships between different relaxations of an assumption.

With that aim, this paper makes two main contributions. First, we define a general

class of relaxations, which includes several previous approaches as special cases. Second, we

derive closed form, analytical identification results for treatment effects under this general

class of relaxations. This paper therefore unifies several disparate identification results in

the literature. In doing so, we also provide a variety of new identification results, because

we study an extensive list of parameters, including quantile treatment effects (QTEs) and

the distribution of treatment effects (DTEs), whereas most existing papers focus solely on
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average-type treatment effects. These new results were previously unknown even for the

specific types of relaxations that have been considered before. We give a precise discussion

of how our results compare to the previous literature in the next subsection.

In section 4.2 we set up the baseline treatment effects model and define the target

parameters we study. We define our general class of relaxations at the start of section

4.3. We show how this class relates to previous relaxations in sections 4.3.1 and 4.3.2. In

section 4.4 we derive general analytical identification results for marginal cdfs of potential

outcomes and monotonic functionals of those cdfs. We apply those results in section 4.5 to

obtain analytical bounds on various treatment effect parameters. We conclude in section

4.6.

Related literature

A vast literature studies unconfoundedness; we do not attempt a comprehensive review

here. Instead we discuss the most closely related prior work. Nonparametric relaxations of

unconfoundedness were pioneered by Paul Rosenbaum’s work (see his 2002 or 2017 books for

a survey, for example). His work focuses on sensitivity analysis within the context of finite

sample randomization inference (c.f., chapter 5 of Imbens and Rubin 2015). Much of the

subsequent literature has instead focused on large population level identification analysis. In

particular, inspired by Rosenbaum’s approach, Tan (2006) proposed the marginal sensitivity

model (MSM), a specific nonparametric relaxation of unconfoundedness (which we review in

section 4.3). Given this relaxation, Tan showed that bounds on parameters of interest can

be characterized as the solutions to optimization problems with infinitely many constraints,

but did not provide any formal results, proofs, or closed form expressions for these bounds.

Zhao et al. (2019) derived non-sharp bounds on the average potential outcome EpYxq and

the average treatment effect (ATE) under the MSM, but also did not derive closed form

expressions for these bounds. Dorn and Guo (2023) strengthened that result by deriving

sharp bounds on EpYxq, ATE, and the average effect of treatment on the treated (ATT)

under the MSM, but again without closed form expressions. Dorn et al. (2024) subsequently

88



refined that result by obtaining closed form expressions for sharp bounds on EpYxq and

ATE under the MSM, in addition to developing the concept of double-validity and double

sharpness. Tan (2024) gives alternative sharp bound expressions for the ATE under the

MSM. Kallus and Zhou (2018) studied policy learning under the MSM, which is related to

identification of the average weighted welfare (what they call the “policy value”), but they

do not derive population bounds on this parameter.

This existing literature on the MSM largely focuses on average potential outcomes

EpYxq or the ATE. Our paper provides the first sharp bounds on a wide variety of target

parameters under the MSM, including the quantile treatment effect (QTE), the quantile

treatment effect on the treated (QTT), the distribution of treatment effects (DTE), and

the average weighted welfare (AWW). Moreover, for many of the parameters we study, our

bounds are closed form. The existence of closed form expressions simplifies the construction

of estimation and inference procedures, and also allows us to analytically examine how the

bounds depend on the distribution of the observed data, and thus which features of the

data lead results to be robust.

Masten and Poirier (2016, 2018a) proposed an alternative relaxation of unconfounded-

ness called conditional c-dependence, and derived closed form sharp bounds on a variety of

treatment effect parameters under this relaxation, including EpYxq, ATE, ATT, the QTE,

and the DTE (in Masten and Poirier 2020). In the current paper we extend these iden-

tification results to a class of parameters that also includes the average weighted welfare

(AWW), weighted average treatment effects, and to quantiles of the distribution of condi-

tional average treatment effects (QCATE). Those earlier papers also restricted attention to

continuous or binary outcomes whereas our new results apply for any distribution of the out-

come, including mixed continous-discrete distributions. We also show how the conditional

c-dependence relaxation is related to the marginal sensitivity model.

While our general class of relaxations includes several previously proposed relaxations of

unconfoundedness, there are alternative relaxations where it is not yet clear if they can be

accommodated by our class. This includes Bonvini and Kennedy (2022), who derive closed-
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form sharp bounds on ATE under a mixture-style relaxation, and Huang and Pimentel

(2025), who derive closed-form non-sharp bounds on ATT under an assumption about

how much unobserved variables can affect the variance of odds ratios similar to those

that arise in the MSM; in appendix A.6 they derive sharp but non-closed form bounds on

the ATT under the same relaxation. It also includes Ding and VanderWeele (2016) and

VanderWeele and Ding (2017), who derive closed-form non-sharp bounds on the causal

relative risk under assumptions about relative risks involving latent confounders; Sjölander

(2024) derives closed-form sharp bounds under the same relaxation.

There are several related papers that provide general methods for deriving bounds. Dorn

and Yap (2024) show how to derive analytical expressions for sharp bounds on parameters

that can be written as certain weighted averages of outcomes under a restriction on a

generalized likelihood ratio. Like us, they show that their class of relaxations includes

several previous relaxations (such as the MSM of Tan 2006 and conditional c-dependence of

Masten and Poirier 2018a). Whereas we only study relaxations of unconfoundedness, they

also show how to use their results to do sensitivity analysis for instrumental variables and

regression discontinuity designs. Their analysis of unconfoundedness, however, focuses on

average potential outcomes and ATE, whereas we also study parameters like the QTE and

DTE. A large literature in econometrics has studied how to derive identified sets for a variety

of parameters under a variety of assumptions when all observed variables are discretely

distributed; see, for example, Torgovitsky (2019) and Gu et al. (2024), and the references

therein. Duarte (2024) uses similar ideas to numerically compute identified sets for a variety

of sensitivity analyses when all variables are discretely distributed. Rambachan et al. (2023)

provide a variety of general sensitivity analyses for binary outcomes. In contrast to this

literature, we obtain analytical sharp bounds without any restriction on the distribution

of the outcome variable, which allows the outcome to be continuously distributed or even

mixed continuous-discretely distributed.

Several prior papers also discuss the relationship between various relaxations of uncon-

foundedness. Masten and Poirier (2023) discuss mean independence, quantile independence
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assumptions, and a weaker version of quantile independence that they call U -independence.

Their focus is on interpreting relaxations in terms of treatment selection models, rather

than providing identification results for a broad class of relaxations. Zhao et al. (2019,

section 7.2) discuss the relationship between the MSM and Rosenbaum’s sensitivity model.

For binary outcomes, Rambachan et al. (2023, appendix D) relate their relaxation to the

MSM, Rosenbaum’s sensitivity model, conditional c-dependence, and an approach called

Tukey’s factorization.

Notation

For random a variable A and a random vector B, we let FA|Bpa | bq :“ PpA ď a | B “ bq

denote the conditional cdf. For τ P p0, 1q, we let QA|Bpτ | bq :“ infta P R : FA|Bpa | bq ě τu

denote the left-inverse of this cdf, that is, its conditional quantile function.

4.2 Setup and Target Parameters

We are interested in the causal impact of a binary treatment variable X P t0, 1u on an

outcome variable Y . Let pY1, Y0q be potential outcomes under treatment and no treatment

respectively. Denote the realized outcome by

Y “ XY1 ` p1 ´ XqY0.

Let W be a vector of covariates with support supppW q Ď RdW . We use px|w to denote

PpX “ x | W “ wq. p1|w thus denotes the propensity score. We assume realizations

of pY,X,W q are observed by the researcher. Our identification analysis abstracts from

sampling uncertainty and assumes the joint distribution of pY,X,W q is known.

Throughout the paper we maintain the following assumption, which is a strict overlap

assumption. It is also sometimes called strict positivity.

Assumption 11. There exists ϵ ą 0 such that p1|w P rϵ, 1 ´ ϵs for all w P supppW q.

With observational data, a commonly imposed assumption is unconfoundedness. It is

also called selection on observables, ignorability, or conditional independence. This assump-

tion states that potential outcomes are independent of treatment given covariates W . This
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conditional independence is either imposed jointly on both potential outcomes, or on each

potential outcome separately:

Yx KK X | W for x P t0, 1u or pY1, Y0q KK X | W. (4.1)

Under Assumption 11 and either version of unconfoundedness given in equation (4.1), it is

well known that the pair of distribution functions pFY1|W , FY0|W q is point-identified via

FYx|W py | wq “ PpY ď y | X “ x,W “ wq

for x P t0, 1u. This point-identification implies that many parameters that summarize as-

pects of the distribution of pY1, Y0, X,W q are point-identified. Specifically, parameters that

can be expressed as functionals of FY1|W , FY0|W , and the known distribution of observables

pY,X,W q, are point-identified. For example, we can point-identify the Conditional Average

Treatment Effect (CATE) as defined by CATEpwq :“ ErY1 ´ Y0 | W “ ws because it can

be written as

ErY1 ´ Y0 | W “ ws “

ż

y1 dFY1|W py1 | wq ´

ż

y0 dFY0|W py0 | wq.

However, parameters that depend on other aspects of the distribution of potential outcomes

may only be partially identified. For example, consider the distribution function of Y1 ´Y0,

the unit-level treatment effect:

FY1´Y0pzq “

ż

1py1 ´ y0 ď zq dFY1,Y0py1, y0q.

This parameter depends on the structure of the dependence between the two potential

outcomes, which is unknown from either version of the unconfoundedness assumption. As

discussed in Fan and Park (2010), FY1´Y0pzq is partially identified and sharp bounds can

be recovered in terms of the distribution of pY,X,W q.

To help classify treatment effect parameters, consider the decomposition

FY1,Y0|X,W py1, y0 | x,wq “ C1,0|X,W

´

FY1|X,W py1 | x,wq, FY0|X,W py0 | x,wq
ˇ

ˇ x,w
¯

,

where C1,0|X,W p¨, ¨ | x,wq is a copula that characterizes the dependence between Y1 and Y0

conditional on pX,W q “ px,wq. By Sklar’s Theorem (Sklar 1959), such a copula exists.
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Given that FY,X,W is known, we consider treatment effect parameters that can be written

as a function of pFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W q. We denote these parameters through

the functional

θpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W q, (4.2)

and we give several examples below. The dependence of θ on some of its arguments is sup-

pressed if the functional is constant with respect to them. We will sometimes denote these

parameters as functionals of pFY1|W , FY0|W , FY,X,W q rather than pFY1|X,W , FY0|X,W , FY,X,W q.

These two formulations are equivalent due to the relationship

FYx|W py | wq “ FY |X,W py | x,wqpx|w ` FYx|X,W py | 1 ´ x,wqp1´x|w (4.3)

which holds for all py, x, wq P R ˆ t0, 1u ˆ supppW q.

Next we consider eleven example target parameters. Our results give sharp bounds

for all eleven parameters under our general class of assumptions, including the marginal

sensitivity model as a special case. For many of these parameters we also obtain analytical,

closed form expressions for the bound functions.

Example 4.2.1 (Conditional Quantile Treatment Effect). For quantile index τ P p0, 1q

and covariate value w P supppW q, the conditional quantile treatment effect (CQTE) can be

written as

CQTEpτ | wq :“ QY1|W pτ | wq ´ QY0|W pτ | wq “ θCQTEpFY1|W , FY0|W ; τ, wq

where θCQTEpFY1|W , FY0|W ; τ, wq :“ F´1
Y1|W pτ | wq ´ F´1

Y0|W pτ | wq where F´1
Yx|W pτ | wq “

infty P R : FYx|W py | wq ě τu is the left-inverse of FYx|W p¨ | wq, or its conditional quantile

function.

Example 4.2.2 (Conditional Average Treatment Effect). For covariate value w P supppW q,

the conditional average treatment effect (CATE) can be written as

CATEpwq :“ ErY1 ´ Y0 | W “ ws “ θCATEpFY1|W , FY0|W ;wq

where θCATEpFY1|W , FY0|W ;wq :“
ş

y1 dFY1|W py1 | wq ´
ş

y0 dFY0|W py0 | wq.
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Example 4.2.3 (Average Treatment Effect). Denote the average treatment effect (ATE)

as

ATE :“ ErY1 ´ Y0s “ θATEpFY1|W , FY0|W , FW q

where θATEpFY1|W , FY0|W , FW q :“
ş `ş

y1 dFY1|W py1 | wq ´
ş

y0 dFY0|W py0 | wq
˘

dFW pwq. We

can also consider weighted average treatment effects of the kind

WATEpωq :“ ErωpW qpY1 ´ Y0qs

for an identified function ω : supppW q Ñ Rě0. The ATE is a special case where ωpwq “ 1.

Example 4.2.4 (Average Treatment Effect on the Treated). Denote the average treatment

effect on the treated (ATT) as

ATT :“ ErY1 ´ Y0 | X “ 1s “ θATTpFY0|X,W , FY,X,W q

where θATTpFY0|X,W , FY,X,W q :“ ErY | X “ 1s ´
ş ş

y0 dFY0|X,W py0 | 1, wq dFW |Xpw | 1q.

Example 4.2.5 (Quantile Treatment Effect). For τ P p0, 1q, denote the quantile treatment

effect (QTE) as

QTEpτq :“ QY1pτq ´ QY0pτq “ θQTEpFY1|W , FY0|W , FW ; τq

where θQTEpFY1|W , FY0|W , FW ; τq :“ F´1
Y1

pτq ´ F´1
Y0

pτq and FYxp¨q “
ş

FYx|W p¨ | wq dFW pwq

for x P t0, 1u.

Example 4.2.6 (Quantile Treatment Effect on the Treated). For τ P p0, 1q, denote the

quantile treatment effect on the treated (QTT) as

QTTpτq :“ QY1|Xpτ | 1q ´ QY0|Xpτ | 1q “ θQTTpFY0|X,W , FY,X,W ; τq

where θQTTpFY0|X,W , FY,X,W ; τq :“ QY |Xpτ | 1q ´ F´1
Y0|Xpτ | 1q with

FY0|Xp¨ | 1q “

ż

FY0|X,W p¨ | 1, wq dFW |Xpw | 1q.

Example 4.2.7 (CATE Distribution). For τ P p0, 1q, denote the quantile of the CATE

(QCATE) as

QCATEpτq :“ F´1
CATEpW q

pτq “ θQCATEpFY1|W , FY0|W , FW ; τq
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where θQCATEpFY1|W , FY0|W , FW ; τq :“ F´1
CATEpW q

pτq with

FCATEpW qpzq “

ż

1pθCATEpFY1|W , FY0|W ;wq ď zq dFW pwq.

This parameter is motivated by the sorted effects studied in Chernozhukov et al. (2018).

Example 4.2.8 (Average Weighted Welfare). For a weight (or assignment) function ω :

supppW q Ñ r0, 1s, denote the average weighted welfare (AWW) as

AWWpωq :“ ErωpW qY1 ` p1 ´ ωpW qqY0s “ θAWWpFY1|W , FY0|W , FW ;ωq

where

θAWWpFY1|W , FY0|W , FW ;ωq :“

ż
ˆ

ωpwq

ż

y1 dFY1|W py1 | wq ` p1 ´ ωpwqq

ż

y0 dFY0|W py0 | wq

˙

dFW pwq.

Kallus and Zhou (2018) called the AWW the policy value.

Example 4.2.9 (Joint Distribution Function). For py1, y0q P R2, the joint cumulative

distribution function (cdf) of pY1, Y0q is

FY1,Y0py1, y0q :“ PpY1 ď y1, Y0 ď y0q “ θCDFpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W ; y1, y0q

where

θCDFpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W ; y1, y0q :“

ÿ

xPt0,1u

ż

C1,0|X,W pFY1|X,W py1 | x,wq, FY0|X,W py0 | x,wq | x,wqpx|w dFW pwq.

Example 4.2.10 (Distribution of Treatment Effects). For z P R, the cumulative distribu-

tion function for the unit level treatment effect Y1 ´ Y0 (called the DTE) is

DTEpzq :“ FY1´Y0pzq “ PpY1 ´ Y0 ď zq “ θDTEpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W ; zq

where
θDTEpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W ; zq :“

ÿ

xPt0,1u

ż

˜

ż

ty1´y0ďzu

dC1,0|X,W pFY1|X,W py1 | x,wq, FY0|X,W py0 | x,wq | x,wq

¸

px|w dFW pwq.
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Example 4.2.11 (Quantiles of Treatment Effects). For τ P p0, 1q, the quantiles of the

distribution function of treatment effect (QDTE) Y1 ´ Y0 is

QY1´Y0pτq :“ inftz P R : FY1´Y0pzq ě τu “ θQDTEpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W ; τq

where

θQDTEpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W ; τq

:“ inftz P R : θDTEpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W ; zq ě τu.

The parameters in examples 4.2.1–4.2.8 only depend on the distribution of potential

outcomes through their marginal distributions given pX,W q, while the parameters in ex-

amples 4.2.9–4.2.11 also depend on their copulas. Under overlap and unconfoundedness, the

parameters in 4.2.1–4.2.8 are all point-identified. The parameters 4.2.9–4.2.11 are partially

identified under overlap and unconfoundedness since the conditional copulas C1,0|X,W are

not identified from the joint distribution of pY,X,W q. In other words, these parameters

depend on the type of dependence between Y1 and Y0, and unconfoundedness does not

reveal any information about this dependence. For example, Fan and Park (2010) show

the identified set for FY1´Y0pzq, the DTE, is an interval and they provide a closed-form

expression for its lower and upper bounds.

However, if unconfoundedness fails, all these parameters will be partially identified. The

identified set for parameters that are partially identified under unconfoundedness becomes

larger under failures of unconfoundedness.

4.3 Relaxing Unconfoundedness

We now consider relaxations of the unconfoundedness assumption. We will consider

two related, general relaxations of unconfoundedness that encompass several disparate re-

laxations that were studied in the literature. We begin by considering a class of assumptions

on the probabilities of treatment when conditioning on covariates W and one of the potential

outcomes.
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Assumption 12 (Marginal c-dependence). Let pcpw, ηq, cpw, ηqq satisfy 0 ă cpw, ηq ď

p1|w ď cpw, ηq ă 1 for all w P supppW q. The potential outcomes satisfy marginal c-

dependence if, for x P t0, 1u,

pxpYx, wq :“ PpX “ 1 | Yx,W “ wq P rcpw, ηq, cpw, ηqs

almost surely conditional on W “ w for all w P supppW q.

This assumption restricts the manner in which potential outcomes affect the treatment

probability pxpy, wq, which we call a latent propensity score. We will use c-dependence

assumptions to conduct sensitivity analyses for unconfoundedness. Here the sensitivity

parameters are cpw, ηq and cpw, ηq, which we refer to as bound functions. Like the notation

in Rambachan et al. (2023), we let η be a possibly infinite-dimensional nuisance parameter

that is point-identified from the distribution FY,X,W . The bound functions are also allowed

to depend on the covariate value w. In principle, we can also allow the bounds to differ

across x P t0, 1u, but we do not include an x subscript for simplicity. The specification of

cpw, ηq and cpw, ηq is left implicit, which allows them to be functions of low-dimensional or

scalar sensitivity parameters. For example, the marginal sensitivity model of Tan (2006),

which depends on a single sensitivity parameter, can be viewed as a special case of marginal

c-dependence. We show this in section 4.3.1.

We can also see that setting cpw, ηq “ cpw, ηq “ p1|w yields unconfoundedness as a

special case of marginal c-dependence, while letting pcpw, ηq, cpw, ηqq approach p0, 1q im-

plies that no restrictions on the dependence between X and Yx (given covariates) are im-

posed. Note that we restrict the propensity score p1|w to lie within our specified bounds for

pxpYx, wq. If the propensity score were outside these bounds, then the assumption would

be misspecified because, by the law of iterated expectations, p1|w “ ErPpX “ 1 | Yx,W “

wq | W “ ws P rcpw, ηq, cpw, ηqs.

We also consider a closely related class of assumptions that restricts the probability of

treatment given both potential outcomes.

97



Assumption 13 (Joint c-dependence). Let pcpw, ηq, cpw, ηqq satisfy 0 ă cpw, ηq ď p1|w ď

cpw, ηq ă 1 for all w P supppW q. The potential outcomes satisfy joint c-dependence if

ppY1, Y0, wq :“ PpX “ 1 | Y1, Y0,W “ wq P rcpw, ηq, cpw, ηqs

almost surely conditional on W “ w for all w P supppW q.

Joint c-dependence with bound functions cpw, ηq and cpw, ηq implies marginal c depen-

dence with the same bound functions. This is due to the law of iterated expectations.

Lemma 4.3.1. Let Assumption 13 hold for pcpw, ηq, cpw, ηqq. Then, Assumption 12 holds

for pcpw, ηq, cpw, ηqq.

We next show that several unconfoundedness relaxations from recent related literature

can be viewed as special cases of either marginal or joint c-dependence.

4.3.1 The marginal sensitivity Model

Tan (2006) proposed the Marginal Sensitivity Model (MSM), which restricts the odds

ratio between propensity scores and treatment probabilities that also condition on the

potential outcome Yx, for x “ 0, 1. For x P t0, 1u, let

RxpYx,W q :“
PpX “ 1 | Yx,W q

PpX “ 0 | Yx,W q

N

PpX “ 1 | W q

PpX “ 0 | W q

denote this odds ratio. When Yx is continuously distributed with respect to the Lebesgue

measure, this ratio can also be expressed as ratios of conditional densities of Yx | X “ 1,W

and Yx | X “ 0,W .

Tan (2006)’s MSM posits known bounds for these odds ratios.

Definition 4.3.1 (Marginal Sensitivity Model (MSM)). Let Λ P r1,`8q be known. The

potential outcomes satisfy the Marginal Sensitivity Model if

RxpYx, wq P
“

Λ´1,Λ
‰

for x P t0, 1u

almost surely conditional on W “ w for all w P supppW q.
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Λ is a scalar sensitivity parameter. Setting Λ “ 1 is equivalent to assuming uncon-

foundedness, and increasing Λ allows for more dependence of latent propensity scores on

potential outcomes. Variants of Tan (2006)’s MSM whose odds ratios condition on both

potential outcomes have also been considered. Similarly, these odds ratios may instead

condition on an abstract confounder U rather than potential outcomes. See, for example,

Dorn and Guo (2023) and Dorn et al. (2024) for recent examples of these two variants. To

distinguish it from the case where one conditions on the potential outcomes one at a time,

we call the version that conditions on both potential outcomes the Joint Sensitivity Model

(JSM).

Definition 4.3.2 (Joint Sensitivity Model (JSM)). Let Λ P r1,`8q be known. The poten-

tial outcomes satisfy the Joint Sensitivity Model if

RpY1, Y0, wq P
“

Λ´1,Λ
‰

for x P t0, 1u

almost surely conditional on W “ w for all w P supppW q, where

RpY1, Y0,W q :“
PpX “ 1 | Y1, Y0,W q

PpX “ 0 | Y1, Y0,W q

N

PpX “ 1 | W q

PpX “ 0 | W q
.

We now state generalizations of the MSM and JSM that allow their odds ratios to have

arbitrary bounds, as opposed to bounds that have product equal to 1. We also allow their

bounds to depend on covariates or nuisance parameters. We will continue distinguishing

between marginal sensitivity models, which condition on one potential outcome at a time,

and joint sensitivity models, which condition on both potential outcomes.

Definition 4.3.3 (Generalized Sensitivity Models). Let Λpw, ηq P p0, 1s and Λpw, ηq P

r1,`8q for all w P supppW q where Λpw, ηq and Λpw, ηq are known. The potential outcomes

satisfy the Generalized Marginal Sensitivity Model (GMSM) if

RxpYx, wq P
“

Λpw, ηq,Λpw, ηq
‰

for x P t0, 1u

almost surely conditional on W “ w for all w P supppW q. They satisfy the Generalized

Joint Sensitivity Model (GJSM) if

RpY1, Y0, wq P
“

Λpw, ηq,Λpw, ηq
‰
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almost surely conditional on W “ w for all w P supppW q.

We can see that the MSM is a special case of the GMSM by setting rΛpw, ηq,Λpw, ηqs “

rΛ´1,Λs. Similarly, the JSM is a special case of the GJSM.

The GMSM is equivalent to marginal c-dependence because, for each bound function

pair rcpw, ηq, cpw, ηqs under marginal c-dependence, there exists exactly one corresponding

bound function pair rΛpw, ηq,Λpw, ηqs under the GMSM. The same link exists between joint

c-dependence and the GJSM. We show this in the following proposition.

Proposition 4.3.1 (Equivalence of Sensitivity Models).

1. Let marginal (joint) c-dependence hold with bound functions rcpw, ηq, cpw, ηqs. Then

the GMSM (GJSM) holds with bound functions
“

Λpw, ηq,Λpw, ηq
‰

“

„

cpw, ηq

1 ´ cpw, ηq

p0|w

p1|w
,

cpw, ηq

1 ´ cpw, ηq

p0|w

p1|w

ȷ

. (4.4)

2. Let the GMSM (GJSM) hold with bound functions rΛpw, ηq,Λpw, ηqs. Then marginal

(joint) c-dependence holds with bound functions

rcpw, ηq, cpw, ηqs “

«

p1|wΛpw, ηq

p0|w ` p1|wΛpw, ηq
,

p1|wΛpw, ηq

p0|w ` p1|wΛpw, ηq

ff

. (4.5)

This proposition shows that the marginal c-dependence is equivalent to the generalized

marginal sensitivity model. Similarly, joint c-dependence is equivalent to the generalized

marginal sensitivity model.

4.3.2 Conditional c-dependence

Masten and Poirier (2018a) studied a relaxation of unconfoundedness they called con-

ditional c-dependence, which assumed symmetric bounds on the latent propensity score.

Definition 4.3.4 (Conditional c-dependence). Let c P r0, 1s be a known scalar sensitivity

parameter. The potential outcomes satisfy conditional c-dependence if

pxpYx, wq :“ PpX “ 1 | Yx,W “ wq P rp1|w ´ c, p1|w ` cs

almost surely conditional on W “ w for all w P supppW q.
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This is a special case of marginal c-dependence where the bounds equal

cpw, ηq “ p1|w ´ c and cpw, ηq “ p1|w ` c.

Here the nuisance parameter is p1|p¨q, the propensity score function. Unconfoundedness is

obtained by setting c “ 0, while the no-assumption bounds are obtained for c’s equal to or

larger than supwPsupppW q maxtp1|w, p0|wu. Masten and Poirier (2018a) provided closed-form

expressions for sharp bounds on the CQTE, CATE, ATE, QTE, and ATT when potential

outcomes are continuously distributed or binary. Masten et al. (2024) describe flexible

parametric estimators of these bounds and provide nonstandard inference methods.

4.4 General Identification Results

Next we derive sharp bounds on a large class of target parameters under the relaxations

described in section 4.3. We will study a class of parameters that includes all eleven

examples in section 4.2 as special cases. Specifically, we will compute these parameters’

sharp bounds, or their identified set, under marginal and joint c-dependence, which are

equivalent to the GMSM and GJSM, respectively.

4.4.1 Bounds on marginal distributions

Before studying our general class of treatment effect parameters, we first consider bounds

on the distribution functions of each potential outcome, given covariates. These cdfs are

building blocks for these parameters and, as we will see, analytical bounds on these cdfs

will directly map into analytical bounds on these parameters.

Specifically, we begin by analyzing the conditional cdf of the potential outcome Yx given

the covariate value w, FYx|W py | wq :“ PpYx ď y | W “ wq. Under either marginal or joint

c-dependence, we can show that this cdf is bounded above and below by two cdfs which

form an envelope for FYx|W py | wq for all values of py, wq P R ˆ supppW q.

Define the following functions:
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F Y1|W py | wq “ max

"

FY |X,W py | 1, wq
p1|w

cpw, ηq
,
cpw, ηq ´ p1|w

cpw, ηq
` FY |X,W py | 1, wq

p1|w

cpw, ηq

*

F Y1|W py | wq “ min

"

FY |X,W py | 1, wq
p1|w

cpw, ηq
,
cpw, ηq ´ p1|w

cpw, ηq
` FY |X,W py | 1, wq

p1|w

cpw, ηq

*

F Y0|W py | wq “ max

"

FY |X,W py | 0, wq
p0|w

1 ´ cpw, ηq
,
p1|w ´ cpw, ηq

1 ´ cpw, ηq
` FY |X,W py | 0, wq

p0|w

1 ´ cpw, ηq

*

F Y0|W py | wq “ min

"

FY |X,W py | 0, wq
p0|w

1 ´ cpw, ηq
,
p1|w ´ cpw, ηq

1 ´ cpw, ηq
` FY |X,W py | 0, wq

p0|w

1 ´ cpw, ηq

*

.

Viewed as functions of y, these four functions are cdfs since they are nondecreasing, right-

continuous, and their limits as y Ñ ´8,`8 equal 0 and 1, respectively. We show these

four cdfs form bounds for FYx|W under marginal or joint c-dependence.

Lemma 4.4.1. Let Assumption 11 hold. Let either Assumption 12 or 13 hold. Then, for

all py, wq P R ˆ supppW q,

PpY1 ď y | W “ wq P

”

F Y1|W py | wq, F Y1|W py | wq

ı

and

PpY0 ď y | W “ wq P

”

F Y0|W py | wq, F Y0|W py | wq

ı

.

We note a few properties of these bounds. The bounds for FYx|W py | wq collapse to a

point if either cpw, ηq “ p1|w or cpw, ηq “ p1|w. Also note that FY |X,W py | x,wq always

lies within the bounds for FYx|W py | wq. This is because c-dependence never rules out

unconfoundedness, and unconfoundedness implies that the distribution of Y given pX,W q “

px,wq equals that of Yx given W “ w.

These cdf bounds also yield cdf bounds under the GMSM or GJSM since they are

equivalent to c-dependence as shown in Proposition 4.3.1. These bounds are also valid for

the standard MSM or JSM, as they are special cases of marginal or joint c-dependence.

We now show these cdf bounds are sharp, or that they cannot be improved upon. This

is the case under marginal or joint c-dependence. The cdf of Yx | W “ w can also lie in the

interior of these bounds, as we show that any convex linear combination of the upper and

lower cdf bounds can be attained.
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Before establishing this, let C denote the set of all bivariate copulas and let

C1,0|X,W “

!

tC1,0|x,wuxPt0,1u,wPsupppW q such that C1,0|x,w P C
)

denote the collection of all bivariate copulas across all treatment and covariate values

px,wq P t0, 1u ˆ supppW q. We also say that a distribution function for pY1, Y0q | X,W

is compatible with the observed distribution FY,X,W if

FY1|X,W p¨ | 1, wq “ FY |X,W p¨ | 1, wq and FY0|X,W p¨ | 0, wq “ FY |X,W p¨ | 0, wq

(4.6)

for all w P supppW q.

We now define the identified set for the distribution of pY1, Y0q | X,W from the observ-

able distribution FY,X,W under c-dependence. This set consists of all conditional cdfs and

copulas that imply a distribution for pY1, Y0q | X,W that is both compatible with the data

distribution FY,X,W and with a c-dependence condition.

Definition 4.4.1 (Identified Set). For a given distribution of the observables FY,X,W and

bound functions c :“ pcpw, ηq, cpw, ηqq, the identified set for pFY1|X,W , FY0|X,W , C1,0|X,W q

under marginal c-dependence is given by

ImargpFY,X,W ; cq :“

tpFY1|X,W , FY0|X,W , C1,0|X,W q : FY1,Y0|X,W “ C1,0|X,W pFY1|X,W , FY0|X,W q

and p1|p¨q satisfy equation (4.6) and Assumption 12u.

The identified set under joint c-dependence is given by

I jointpFY,X,W ; cq :“

tpFY1|X,W , FY0|X,W , C1,0|X,W q : FY1,Y0|X,W “ C1,0|X,W pFY1|X,W , FY0|X,W q

and p1|p¨q satisfy equation (4.6) and Assumption 13u.

In our later derivations, we may refer to the identified set for pFY1|W , FY0|W , C1,0|X,W q

instead, which we denote by Ii
0pFY,X,W ; cq for i P tmarg, jointu. Via equation (4.3), this set

can be viewed as an affine transformation of the identified set for pFY1|X,W , FY0|X,W , C1,0|X,W q.
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We now show some key properties of the cdfs and copulas in these identified sets. We

begin with marginal c-dependence.

Theorem 4.4.1. Let Assumptions 11 and 12 hold. For all pε, γq P r0, 1s2 and for any

C1,0|X,W P C1,0|X,W ,
´

εF Y1|W ` p1 ´ εqF Y1|W , γF Y0|W ` p1 ´ γqF Y0|W , C1,0|X,W

¯

P Imarg
0 pFY,X,W ; cq.

This theorem shows that the four pairs of cdfs, i.e., pF Y1|W , F Y0|W q, pF Y1|W , F Y0|W q,

pF Y1|W , F Y0|W q, and pF Y1|W , F Y0|W q, are part of the identified set. This is obtained by

varying pε, γq over tp1, 1q, p0, 1q, p1, 0q, p0, 0qu. We show this by explicitly constructing latent

propensity scores p1pY1, wq and p0pY0, wq that lie in rcpw, ηq, cpw, ηqs almost surely under

the implied distribution of pY1, Y0q | W “ w. These propensity scores have a switching

structure where they equal the lower/upper bound for low values of Yx and the upper/lower

bound for large values of Yx. For example, the propensity score p1pY1, wq associated with

cdf upper bound F Y1|W equals

p1pY1, wq :“

$

’

&

’

%

cpw, ηq if Y1 ă Q1

A1 if Y1 “ Q1

cpw, ηq if Y1 ą Q1

where

Q1 :“ QY |X,W

ˆ

pcpw, ηq ´ p1|wqcpw, ηq

pcpw, ηq ´ cpw, ηqqp1|w
| X “ 1,W “ w

˙

and

A1 :“
PpY “ Q1, X “ 1 | W “ wq

F Y1|W pQ1 | wq ´ F Y1|W pQ1´ | wq
.

Note that A1 P rcpw, ηq, cpw, ηqs. We denote limqÕQ1
F Y1|W pq | wq by F Y1|W pQ1´ | wq.

The propensity scores associated with the cdf bounds F Y1|W , F Y0|W , and F Y0|W can all be

found in Appendix C.1.

This switching structure of the latent propensity score was observed for conditional

c-dependence by Masten and Poirier (2018a, pages 335–339), and for the MSM in Proposi-

tion 2 of Dorn and Guo (2023). Our sharpness proof implies that latent propensity score
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p1pY1, wq satisfies an integral constraint, namely that Erp1pY1,W q | W “ ws “ PpX “ 1 |

W “ wq, in order to ensure it is compatible with the observed propensity score.

Theorem 4.4.1 also shows that any convex linear combinations of these four cdf pairs

lies in the identified set. As a result, the identified set for FYx|W py | wq is the entire

closed interval rF Yx|W py | wq, F Yx|W py | wqs. Moreover, the identified set for the pair

pFY1|W py | wq, FY0|W py | wqq is the Cartesian product of their individual identified sets,

meaning that fixing or knowing the conditional distribution of one potential outcome does

not affect the identified set of the distribution of the other potential outcome.

Finally, Theorem 4.4.1 proves that no conditional copulas are ruled out by marginal

c-dependence. For example, marginal c-dependence allows Y1 and Y0 to be independent,

comonotonic1, or countermonotonic given X and W .

A similar result is obtained under joint c-dependence.

Theorem 4.4.2. Let Assumptions 11 and 13 hold. For all pε, γq P r0, 1s2 there exists

C1,0|X,W P C1,0|X,W such that

pεF Y1|W ` p1 ´ εqF Y1|W , γF Y0|W ` p1 ´ γqF Y0|W , C1,0|X,W q P I joint
0 pFY,X,W ; cq.

The only difference between the two theorems concerns the dependence structures be-

tween Y1 and Y0. Theorem 4.4.1 shows that all copulas are compatible with marginal

c-dependence, while our proof of Theorem 4.4.2 only exhibits one copula for each pair of

conditional distributions pεF Y1|W ` p1 ´ εqF Y1|W , γF Y0|W ` p1 ´ γqF Y0|W q.

4.4.2 Bounds on monotonic parameters

The sharp bounds provided in theorems 4.4.1 and 4.4.2 can be used to deliver analytical

expressions for sharp bounds on a large class of treatment effect parameters. We first define

the identified set for a parameter θ defined in (4.2).

Definition 4.4.2 (Parameter Identified Sets). Let θpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W q be

a parameter. Its identified set under marginal c-dependence with bounds c :“ pcpw, ηq, cpw, ηqq

1 This is also referred to as rank invariance. For example, see the discussion in J. J. Heckman et al. (1997).

105



is given by

Imarg
θ pFY,X,W ; cq :“ tθpF1, F0, C, FY,X,W q : pF1, F0, Cq P ImargpFY,X,W ; cqu .

For a parameter θpFY1|X,W , FY0|X,W , FY,X,W q that does not depend on the copula C1,0|X,W ,

its identified set under joint c-dependence is given by

Ij
θpFY,X,W ; cq :“

␣

θpF1, F0, FY,X,W q : pF1, F0, Cq P I jointpFY,X,W ; cq for some C P C1,0|X,W

(

.

These sets are the parameter values consistent with the known distribution of observ-

ables FY,X,W and with a c-dependence condition. Without restrictions on how θ depends

on the distribution of potential outcomes, these sets may take various shapes.

We focus on a class of scalar estimands that can be ordered with respect to first order

stochastic dominance.

Definition 4.4.3 (First-Order Stochastic Dominance). Let F be the set of all univariate

cdfs and let F,G P F . Say that F first-order stochastically dominates G, denoted by F ľ G,

if F puq ď Gpuq for all u P R.

Next we define our target class of parameters.

Definition 4.4.4 (Monotonic Parameters). Let θ : F Ñ R be a parameter. Say that θ is

increasing if F ľ G implies θpF q ě θpGq. Say that θ is decreasing if ´θ is increasing, and

say θ is monotonic if it is either increasing or decreasing.

Following Manski (1997), monotonic parameters are also called D-parameters, or D1-

parameters. Also see Manski (2003) or Stoye (2010) who consider parameters that are

increasing with respect to second-order stochastic dominance.

As an example, consider a parameter θpFY1|W q that is increasing in FY1|W and suppose

c-dependence holds. Then

θpFY1|W q P

”

θpF Y1|W q, θpF Y1|W q

ı

since F Y1|W ĺ FY1|W ĺ F Y1|W , which holds by Lemma 4.4.1. This interval cannot be

made narrower since the cdf bounds rF Y1|W , F Y1|W s are sharp by theorems 4.4.1 and 4.4.2.
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Therefore, the identified set for θpFY1|W q is a subset of this closed interval that always

contains its two endpoints. The interior of this interval is also part of the identified set if

the functional θ is continuous in the sense that ε ÞÑ θpεF Y1|W `p1´εqF Y1|W q is continuous.

This type of continuity is implied by the continuity of the mapping F ÞÑ θpF q under the

sup-distance metric.

Assuming monotonicity of the parameter will help derive properties of its identified set.

Monotonicity is a substantive restriction, but all eleven parameters from Section 4.2 satisfy

it. This is formally established in Lemma 4.4.2 below. We begin by considering monotonic

parameters that do not depend on copulas.

Theorem 4.4.3. Let θpFY1|W , FY0|W , FY,X,W q be increasing in FY1|W p¨ | wq and decreasing

in FY0|W p¨ | wq for each w P supppW q. Let Assumption 11 hold, and either Assump-

tion 12 or 13 hold. Then, for i P tmarg, jointu the convex hull of the identified set for

θpFY1|W , FY0|W , FY,X,W q is the closed interval

Ii
θpFY,X,W ; cq

“

«

inf
pF1,F0,CqPIi

0pFY,X,W ;cq
θpF1, F0, FY,X,W q, sup

pF1,F0,CqPIi
0pFY,X,W ;cq

θpF1, F0, FY,X,W q

ff

“

”

θpF Y1|W , F Y0|W , FY,X,W q, θpF Y1|W , F Y0|W , FY,X,W q

ı

.

If pε, γq ÞÑ θpεF Y1|W ` p1 ´ εqF Y1|W , γF Y0|W ` p1 ´ γqF Y0|W , FY,X,W q is continuous over

pε, γq P r0, 1s2, this interval equals the identified set.

This theorem shows that substituting the upper/lower cdf bounds delivers sharp bounds

for any parameter that is monotonic in the first-order stochastic dominance sense. The re-

sult is derived under an assumption that the parameter is increasing in FY1|W and decreasing

in FY0|W , but it immediately generalizes to parameters that are increasing or decreasing

in either or both conditional cdfs. For example, the cdf pair pF Y1|W , F Y0|W q will maxi-

mize a parameter that is decreasing in FY1|W and increasing in FY0|W , and the cdf pair

pF Y1|W , F Y0|W q will maximize (minimize) a parameter that is decreasing (increasing) in
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both FY1|W and FY0|W . The identified set for these parameters always contains endpoints

θpF Y1|W , F Y0|W , FY,X,W q and θpF Y1|W , F Y0|W , FY,X,W q. It also contains all the values be-

tween these endpoints whenever the mapping θ is continuous in the appropriate sense.

We document the monotonicity of various building blocks for parameters of interest in

the following technical lemma. We omit covariates W for simplicity here, except in part 4

on QCATE because that parameter requires covariates to be nontrivial.

Lemma 4.4.2. Let Assumption 11 hold. Then, for x P t0, 1u and τ P p0, 1q,

1. θEpFYxq :“
ş

y dFYxpyq is increasing and continuous in the sense that ε ÞÑ θEpεFYx `

p1 ´ εqF 1
Yx

q is continuous for any pFYx , F
1
Yx

q over ε P r0, 1s.

2. θQpFYx ; τq :“ F´1
Yx

pτq is increasing.

3. θCQpFYx ; τq :“ F´1
Yx|Xpτ | 1 ´ xq is increasing.

4. θQCATEpFY1|W , FY0|W , FW ; τq (see Example 4.2.7) is decreasing in FY1|W and increas-

ing in FY0|W .

5. θCDFpFY1 , FY0 , C; y1, y0q :“ CpFY1py0q, FY0py0qq is decreasing in FY1 and FY0 for all

py1, y0q P R2 and copulas C.

6. θDTEpFY1 , FY0 , C; zq :“
ş

ty1´y0ďzu
dCpFY1py1q, FY0py0qq is decreasing in FY1 and in-

creasing in FY0 for all z P R and copulas C.

Using this lemma, all eight parameters that are invariant to copulas are bounded by

substituting the upper or lower cdf bounds from Theorem 4.4.1. This allows us to compute

analytical bounds for these parameters.

4.5 Analytical Bounds on Treatment Effect Parameters

We explore these analytical bounds by focusing on five of our examples to illustrate

these expressions. The first three parameters are independent from the copula, while the

last two are copula-dependent.
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4.5.1 Average treatment effects (Example 4.2.3)

From Lemma 4.4.2.1, we have that the ATE satisfies

ErY1 ´ Y0s “

θATEpFY1|W , FY0|W , FW q P rθATEpF Y1|W , F Y0|W , FW q, θATEpF Y1|W , F Y0|W , FW qs.

This interval equals the identified set by the monotonicity and continuity of the expectation

functional which was established in Lemma 4.4.2.1. The lower and upper bounds can be

obtained by calculating
ş

y dF Yx|W py | wq and
ş

y dF Yx|W py | wq for x P t0, 1u. Via the

quantile transformation, these bounds can also be written as integrals of Q
Yx|W

pu | wq and

QYx|W pu | wq over u P p0, 1q. Thus the ATE bounds can be written as integrals of quantiles.

Via Lemma C.5.2 in Appendix C.5, we show that these quantile integrals can be converted

into conditional expectations of outcomes given that they exceed or fall short of a fixed

conditional quantile. These are equivalent to Conditional Value at Risk (CVaR) measures

that appear in Dorn et al. (2024). These bounds are stated explicitly in equations (C.45)–

(C.48) in Appendix C.5 in the general case. When Y | X,W is continuously distributed,

we obtain simpler expressions for these bounds that we give here:

θATEpF Y1|W , F Y0|W , FW q “

E
„

´

ErY | Y ď Q1, X “ 1,W s ´ ErY | Y ď Q
0
, X “ 0,W s

¯ c ´ p1|W

c ´ c

ȷ

` E
„

´

ErY | Y ą Q1, X “ 1,W s ´ ErY | Y ą Q
0
, X “ 0,W s

¯ p1|W ´ c

c ´ c

ȷ

and

θATEpF Y1|W , F Y0|W , FW q “

E
„

´

ErY | Y ď Q
1
, X “ 1,W s ´ ErY | Y ď Q0, X “ 0,W s

¯ p1|W ´ c

c ´ c

ȷ

` E
„

´

ErY | Y ą Q
1
, X “ 1,W s ´ ErY | Y ą Q0, X “ 0,W s

¯ c ´ p1|W

c ´ c

ȷ

.

Note that the dependence of pc, cq on pW,ηq was suppressed for convenience.
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4.5.2 Quantile treatment effects (Example 4.2.5)

We now consider bounds on the quantile treatment effect for a fixed quantile τ P p0, 1q.

By Lemma 4.4.2.2, the functional θQTE is increasing in FY1|W and decreasing in FY0|W .

Therefore, by Theorem 4.4.3, QTEpτq has the following sharp bounds:

QTEpτq P

”

Q
Y1

pτq ´ QY0
pτq, QY1

pτq ´ Q
Y0

pτq

ı

where QYx
is the left-inverse of cdf F Yx

p¨q :“ ErF Yx|W p¨ | W qs for x P t0, 1u. Analogously,

Q
Yx

is the left-inverse of cdf F Yxp¨q :“ ErF Yx|W p¨ | W qs. Analytical expressions for the

unconditional cdf bounds for the treated potential outcome are given by

F Y1pyq “ E
„

min

"

FY |X,W py | 1,W q
p1|W

c
,
c ´ p1|W

c
` FY |X,W py | 1,W q

p1|W

c

*ȷ

F Y1
pyq “ E

„

max

"

FY |X,W py | 1,W q
p1|W

c
,
c ´ p1|W

c
` FY |X,W py | 1,W q

p1|W

c

*ȷ

and similar expressions can be obtained for Y0. The left-inverses of the previous expressions

yield bounds on quantiles of Y1 and Y0, and which can be used to compute the QTE bounds.

4.5.3 Average weighted welfare (Example 4.2.8)

Consider a policy ω : supppW q Ñ r0, 1s that treats units with covariate value w with

probability ωpwq. The average welfare in a population under such policy is given by

AWWpωq “ θAWWpFY1|W , FY0|W , FW , ωq “ ErωpW qErY1 | W s ` p1 ´ ωpW qqErY0 | W ss.

By adapting Lemma 4.4.2.1, this functional is increasing in FY1|W , increasing in FY0|W , and

continuous in the sense defined in the lemma. Therefore, by Theorem 4.4.3, its identified

set is the closed interval given by
”

θAWWpF Y1|W , F Y0|W , FW , ωq, θAWWpF Y1|W , F Y0|W , FW , ωq

ı

.

An analytical expression for these bounds can be obtained by substituting in the expressions

for the cdf bounds in the previous functionals. When Y | X,W is continuously distributed,
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the bounds are given by

θAWWpFY1|W , FY0|W , FW , ωq

“ E
„

ωpW q

ˆ

ErY | Y ď Q1, X “ 1,W s
c ´ p1|W

c ´ c
` ErY | Y ą Q1, X “ 1,W s

p1|W ´ c

c ´ c

˙ȷ

` E
„

p1 ´ ωpW qq

ˆ

ErY | Y ď Q0, X “ 0,W s
p1|W ´ c

c ´ c
` ErY | Y ą Q0, X “ 0,W s

c ´ p1|W

c ´ c

˙ȷ

and

θAWWpFY1|W , FY0|W , FW , ωq

“ E
„

ωpW q

ˆ

ErY | Y ď Q
1
, X “ 1,W s

p1|W ´ c

c ´ c
` ErY | Y ą Q

1
, X “ 1,W s

c ´ p1|W

c ´ c

˙ȷ

` E
„

p1 ´ ωpW qq

ˆ

ErY | Y ď Q
0
, X “ 0,W s

c ´ p1|W

c ´ c
` ErY | Y ą Q

0
, X “ 0,W s

p1|W ´ c

c ´ c

˙ȷ

.

4.5.4 Copula-dependent parameters

We now consider identification of the parameters in examples 4.2.9–4.2.11 which all

depend on the copulas C1,0|X,W . Even under unconfoundedness these parameters are not

point-identified. Relaxing unconfoundedness will yield larger identified sets for these pa-

rameters when compared to the unconfoundedness baseline. We will focus on marginal

c-dependence since it does not restrict the dependence structure between the potential

outcomes.

The joint distribution function

Consider identification of the joint cdf FY1,Y0py1, y0q under marginal c-dependence. Con-

sider the functional

θCDFpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W ; y1, y0q

:“

ż

`

C1,0|X,W pFY |X,W py1 | 1, wq, FY0|X,W py0 | 1, wq | 1, wqp1|w

` C1,0|X,W pFY1|X,W py1 | 0, wq, FY |X,W py0|0, wq|0, wqp0|w

˘

dFW pwq.

Fix the conditional copula function C1,0|X,W p¨, ¨ | ¨, ¨q. Then by Lemma 4.4.2.4, this func-

tional is decreasing in FY0|X,W py0 | 1, wq and FY1|X,W py1 | 0, wq. Thus it is bounded below
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by

θCDFpF Y1|X,W , F Y0|X,W , C1,0|X,W , FY,X,W ; y1, y0q

and above by

θCDFpF Y1|X,W , F Y0|X,W , C1,0|X,W , FY,X,W ; y1, y0q.

Moreover, by Theorem 4.4.3, these bounds are sharp.

Since C1,0|X,W is unknown, we then compute the maximum and minimum of these

bounds over the set of copulas that are consistent with marginal c-dependence; this is

simply the set of all copulas. The Fréchet-Hoeffding bounds show that all copulas C satisfy

Cpu, vq P rmaxtu ` v ´ 1, 0u,mintu, vus “: rCpu, vq, Cpu, vqs

for all pu, vq P r0, 1s2. The copula bounds C and C are themselves copulas. Combining

these facts, we obtain the following analytical bounds on the joint cdf of potential outcomes.

Proposition 4.5.1 (Identified set for joint cdf). Let assumptions 11 and 12 hold. Then,

for any py1, y0q P R2, the identified set for FY1,Y0py1, y0q is given by the closed interval

Imarg
θCDF

pFY,X,W ; cq “

”

E
´

maxtF Y1|X,W py1 | X,W q ` F Y0|X,W py0 | X,W q ´ 1, 0u

¯

,

E
`

mintF Y1|X,W py1 | X,W q, F Y0|X,W py0 | X,W qu
˘‰

.

(4.7)

The bounds in (4.7) are themselves cdfs, so these bounds can be attained simultaneously

for all py1, y0q P R2. The bounds for FY1,Y0 under unconfoundedness are obtained as a special

case when c “ p1|W “ c, which implies that F Yx|X,W “ F Yx|X,W “ FY |X,W p¨ | x, ¨q. Making

this substitution in equation (4.7) yields these bounds under unconfoundedness.

The distribution of treatment effects

Identification of this parameter under unconfoundedness was studied in Fan and Park

(2010), by applying results first shown in Makarov (1982) and later studied in Williamson

and Downs (1990). Masten and Poirier (2020) also studied this parameter under conditional
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c-dependence and under a range of assumptions on copulas for pY1, Y0q. By Lemma 2.1 in

Fan and Park (2010), the cdf of Y1 ´ Y0 given pX,W q “ px,wq satisfies

FY1´Y0|X,W pz | x,wq P

«

max

#

sup
yPR

`

FY1|X,W py | x,wq ´ FY0|X,W py ´ z | x,wq
˘

, 0

+

,

1 ` min

"

inf
yPR

`

FY1|X,W py | x,wq ´ FY0|X,W py ´ z | x,wq
˘

, 0

*ȷ

and these bounds are sharp for any pair of cdfs pFY1|X,W , FY0|X,W q. These bounds are

decreasing in FY1|X,W and increasing in FY0|X,W , therefore substituting the upper/lower cdf

bounds for FYx|X,W results in sharp bounds for FY1´Y0|X,W under c-dependence. This was

established in Lemma 4.4.2.6. Integrating these bounds over the marginal distribution of

pX,W q yields sharp bounds for the unconditional cdf of Y1 ´Y0. This result is summarized

in the following proposition.

Proposition 4.5.2 (Identified set for DTE). Let assumptions 11 and 12 hold. For any

z P R, the convex hull of the identified set for FY1´Y0pzq is given by

Imarg
θDTE

pFY,X,W ; cq “

«

E

˜

max

#

sup
yPR

´

F Y1|X,W py | X,W q ´ F Y0|X,W py ´ z | X,W q

¯

, 0

+¸

,

1 ` E
ˆ

min

"

inf
yPR

´

F Y1|X,W py | X,W q ´ F Y0|X,W py ´ z | X,W q

¯

, 0

*˙ȷ

.

This expression involves two one-dimensional optimization problems, but the objective

functions are known, closed-form functionals of the distribution of the observables. Bounds

on the QDTE can be obtained as a corollary by taking the left-inverse of the cdf bounds.

4.6 Conclusion

In this paper we proposed a general class of relaxations of unconfoundedness, and showed

how it includes several previous approaches as special cases. We then derived closed form

identification results for many different target parameters under this general class of re-

laxations. There are at least three natural next steps. First, in this paper we focused
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on population level identification results. Corresponding estimation and inference results

can likely be derived by using standard sample analog estimators and arguments, but we

leave the details to future work. Second, it would be interesting to explore whether our

bounds have either the double-sharpness or double-validity properties defined in Dorn et al.

(2024), and if not, whether alternative bounds that had these properties could be derived.

Third, it would be interesting to extend our results to independence assumptions beyond

unconfoundedness, such as IV exogeneity (e.g., section 4 of Masten and Poirier 2018b).
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5. Conclusions
This dissertation consists of three essays in microeconometrics. The first essay addresses

the weak instrument problem in MTE models by introducing uniformly valid inference

procedures for causal parameters extrapolated by MTEs, achieving the robustness of policy

effect inference when instrumental variables exhibit limited variation. The second essay

develops three testing procedures, based on asymptotic approximation, bootstrap, and

permutations, to assess the marginal homogeneity assumption in panel data. The third

essay presents a general framework for relaxing the unconfoundedness assumption, which

can include several existing approaches as special cases. This framework enables a broader

sensitivity analysis for various treatment effect parameters.
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Appendix A. Additional Results for Chapter 2
A.1 Proofs
A.1.1 Notation

Throughout the appendix, we employ the notation in Table A.1, which was not neces-

sarily introduced in the text.

Table A.1: Important Notation in Appendix A.1

qF pzℓq PF pZ “ zℓq
qF pd, zℓq PF pD “ d, Z “ zℓq
pF pzℓq PF pD “ 1 | Z “ zℓq
pF ppF pz0q, pF pz1q, . . . , pF pzKqq1

AF The matrix of propensity scores, defined in equations (2.5) and
(2.10)

βF,dℓ EF rY | D “ d, Z “ zℓs
βF,d pβF,d0, . . . , βF,dKq1

βF pβ1
F,1, β

1
F,0q1

σ2
F,dℓ varF pY | D “ d, Z “ zℓq

tτj,F u
2pM`1q

j“1 The singular values of AF (in a descending order)

In addition, let Sk`` denote the space of positive definite matrices with k rows (columns).

A.1.2 Proof of uniform validity in Section 2.3

The proof of asymptotic similarity of the AR and conditional tests in Proposition 2.3.1

and Theorem 2.3.1 uses the sub-sequencing techniques from D. W. Andrews et al., 2020.

Specifically, we verify their Assumption B* in the following Proposition A.1.1.

Proposition A.1.1. For any subsequence tpnu of tnu and any sequence tpλpn , Fpnq P P0u

for which

1. θFpn
Ñ θ8 P Θ, where θFpn

is a sequence of parameters such that pθFpn
, Fpnq P P and

λpn “ c1θFpn
;

2. βFpn ,dℓ Ñ β8,dℓ for d “ 0, 1 and ℓ “ 0, 1, . . . ,K;

3. σ2
Fpn ,dℓ

Ñ σ2
8,dℓ for d “ 0, 1 and ℓ “ 0, 1, . . . ,K;

4. pFpn
pzℓq Ñ p8pzℓq for all ℓ “ 0, 1, . . . ,K;
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5. qFpn
pzℓq Ñ q8pzℓq for all ℓ “ 0, 1, . . . ,K.

The following result holds:

(a) the convergence of the type-I error rate of AR test:

lim
nÑ8

PFpn

´

ARpn,kpλpnq ą qχ2
1
p1 ´ αq

¯

“ α, for k “ 1, . . . ,K,

(b) Suppose further that

?
pn}πFpn

} Ñ s8 P r0,8s, and πFpn
{}πFpn

} Ñ ι8,

where ι8 is a unit vector, then we have the convergence of the type-I error rate of the

conditional test

lim
nÑ8

PFpn
pWpnpλpnq ą qW˚p1 ´ αqq “ α.

Based on the above result along subsequences, the asymptotic similarity of the AR and

conditional test can be established similarly as D. W. Andrews et al. (2020, Theorem 2.1).

Proof of Proposition 2.3.1. Let tanu be a subsequence of tnu such that

lim
nÑ8

PFan

´

ARan,kpλanq ą qχ2
1
p1 ´ αq

¯

“ lim sup
nÑ8

sup
pλ,F qPP0

PF

´

ARn,kpλq ą qχ2
1
p1 ´ αq

¯

.

Such a sequence always exists. Along the sequence tanu, we can choose a subsequence

tpnu Ă tanu such that the conditions 1-5 in Proposition A.1.1 hold for some

ϑ8 ”
`

θ8, β8, tσ2
8,dℓud,ℓ, p8, q8

˘

.

That is,

ϑpn ”

´

θFpn
, βFpn

, tσ2
Fpn ,dℓ

ud,ℓ, pFpn
, qFpn

¯

Ñ ϑ8.

Such converging subsequence tϑpnu always exists since each element of ϑan is contained in

a compact set as restricted by the parameter space P. By Proposition A.1.1(a), we have

lim
nÑ8

PFpn

´

ARpn,kpλpnq ą qχ2
1
p1 ´ αq

¯

“ α.
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Since tpnu is a subsequence of tanu, and the rejection probability converges along the

sequence tanu, we have

lim sup
nÑ8

sup
pλ,F qPP0

PF

´

ARn,kpλpnq ą qχ2
1
p1 ´ αq

¯

“ lim
nÑ8

PFpn

´

ARpn,kpλpnq ą qχ2
1
p1 ´ αq

¯

“ α.

By redefining the subsequence under inf operator, similar arguments also imply that

lim inf
nÑ8

inf
pλ,F qPP0

PF

´

ARn,kpλpnq ą qχ2
1
p1 ´ αq

¯

“ α

Then the proof is complete.

Proof of Theorem 2.3.1. The proof follows the same arguments in the proof of Proposition

2.3.1 by replacing AR statistic with the Wald statistic Wnpλq, replacing the critical value

qχ2
1
p1 ´ αq with the conditional critical value qW˚p1 ´ αq, and redefining ϑ8 as:

ϑ8 ”
`

θ8, β8, tσ2
8,dℓud,ℓ, p8, q8, s8, ι8

˘

.

The compactness of the space of s8 follows from the compactness of r0,8s. Instead of

using Proposition A.1.1(a), we use Proposition A.1.1(b) to show the size of the conditional

test along a subsequence tpnu.

Proof of Corollary 2.3.1. Note that Delta method gives a different asymptotic expansion

for the moment along a converging sequence:
?
nĝpλnq

d
ÝÑ

`

Bpgpλ8q ´ ∆µrBp1cµs ´ ∆ρrBp1cρs
˘

Zp

´
`

∆µrBq1cµs ` ∆ρrBq1cρs
˘

Zq

` Bβ1gpλ8qZβ1 ` Bβ0gpλ8qZβ0

„ N p0, S:pλ8qq.
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The asymptotic covariance matrix S:pλ8q is uniformly positive definite by noting that

Lemma A.1.2 has already established that Bβ1gpλ8qZβ1 ` Bβ0gpλ8qZβ0 is non-degenerate

uniformly as long as c is nonzero. Since Zp, Zq, and Zβ are jointly independent, Ŝ:pλq

consistently estimates the asymptotic variance S:pλ8q. The rest of the proof follows by

the same arguments in Proposition A.1.1 and Theorem 2.3.1.

Proof of Proposition A.1.1. For simplicity of notations, the proof is shown for the full

sequence tnu. Then, we note that the same proof goes through with pn in place of n.

Part (a): Note that gkpλq is a continuously differentiable function of λ, p, β1, and β0.

Applying Delta method and the convergence in Lemma A.1.1(a) to the sample moment

ĝkpλq yields
?
nĝkpλnq “ rBp1gkpλnqsẐp ` rBβ1

1
gkpλnqsẐβ1 ` rBβ1

0
gkpλnqsẐβ0 ` opp1q

d
ÝÑ N p0, s2kq

where

s2k “ rBp1gkpλ8qsΣp,8rBpgkpλ8qs ` rBβ1
1
gkpλ8qsΣβ1,8rBpgkpλ8qs ` rBβ1

0
gkpλqsΣβ0,8rBβ0gkpλ8qs,

where λ8 is the limit of λn “ c1θn as n goes to infinity, and gkpλ8q equals gkpλq by sending

λ, p, β1, and β0 to their limiting values.

Again by Lemma A.1.1(b), Σp,8, Σβ1,8, and Σβ0,8 can be consistenly estimated by their

sample analogs Σ̂p, Σ̂β1 , and Σ̂β0 along the drifting sequence, respectively. The continuous

mapping theorem then implies that

ŝ2kpλnq “ Bp1 ĝkpλnqΣ̂pBpĝkpλnq ` Bβ1
1
ĝkpλnqΣ̂β1Bβ1 ĝkpλnq ` Bβ1

0
ĝkpλnqΣ̂β0Bβ0 ĝkpλnq

p
ÝÑ s2k.

Note that Lemma A.1.2 implies s2k P p0,8q. By Slutsky’s theorem, we have

?
nĝkpλnq

ŝkpλnq

d
ÝÑ N p0, 1q,

which implies the desired result.
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Part (b): Following similar arguments in part (a), Lemma A.1.1 implies that

?
nĝpλnq

d
ÝÑ Zg ” Bpgpλ8qZp ` Bβ1gpλ8qZβ1 ` Bβ0gpλ8qZβ0 „ N p0Kˆ1, S8q

Bxĝpλnq
p
ÝÑ Bxgpλ8q for x P tp, β1, β0u

Σ̂x
p
ÝÑ Σx,8 for x P tp, β1, β0u

Ŝpλnq
p
ÝÑ S8

(A.1)

where

S8 ” Bpgpλ8qΣp,8Bp1gpλ8q ` Bβ1gpλ8qΣβ1,8Bβ1
1
gpλ8q ` Bβ0gpλ8qΣβ0,8Bβ1

0
gpλ8q.

and S8 is bounded and positive definite by Lemma A.1.2.

Case 1: s8 ă 8.

In this case, we have
?
nπ̂ “

?
nπFn ` rBpπsẐp

d
ÝÑ s8ι8 ` rBpπsZp

” Zπ

(A.2)

and

ĥpλnq “
?
nπ̂ ´ rBpπsΣ̂prBp1 ĝpλnqsŜpλnq´1?

nĝpλnq

d
ÝÑ s8ι8 ` rBpπsZp ´ rBpπsΣp,8rBp1gpλ8qsS´1

8 Zg

” Zh

From the independence pZβ1 ,Zβ0q KK Zp, it follows that Zh KK Zg since they are jointly

normal and uncorrelated.

By continuous mapping theorem, we obtain the asymptotic distribution of the Wald

statistic under the null:

Wnpλnq “
nĝpλnq1Ŝpλnq´1π̂π̂1Ŝpλnq´1ĝpλnq

π̂1Ŝpλnq´1π̂

d
ÝÑ

Z 1
gS

´1
8 ZπZ 1

πS
´1
8 Zg

ZπS
´1
8 Zπ

.

120



On the other hand, we note that the simulated statistic W ˚
n pλnq can be written as a function

of standard normal draw η˚ and a conditioning statistic

Υ̂ ” pĥpλnq, Ŝ, Σ̂p, Bpĝpλnqq.

Specifically, we write

W ˚
n pλnq “ W pη˚, Υ̂q ”

pη˚q1Ŝpλnq´1{2πspη˚, Υ̂qπspη˚, Υ̂q1Ŝpλnq´1{2η˚

πspη˚, Υ̂q1Ŝpλnq´1πspη˚, Υ̂q
(A.3)

where

πspη˚, Υ̂q ” ĥpλnq ` rBpπsΣ̂prBp1 ĝpλnqsŜpλnq´1{2η˚.

Therefore, Υ̂ is the source of sampling uncertainty on the simulated statistic W ˚
n pλnq.

Let Gp¨ | Υ̂q denote the CDF of the simulated Wald statistic W ˚
n pλnq conditional on

data, i.e.,

Gpx | Υ̂q ” PpW ˚
n pλnq ď x | tYi, Di, Ziu

n
i“1q

“ PpW pη˚, Υ̂q ď x | Υ̂q.

Next, we show that qp1 ´ α, Υ̂q, the p1 ´ αq-quantile of Gp¨ | Υ̂q, is a continuous function

of Υ̂ on the set U , where

U “ tpu1, u2, u3, u4q : u1 ` rBpπsu3u
1
4u

´1{2
2 η˚ ‰ 0Kˆ1 a.s.,

u1 P RK , u2 P SK``, u3 P SK`1
`` , u4 P RKˆpK`1qu.

(A.4)

Let tΥnu be a sequence in U such that Υn Ñ Υ P U as n Ñ 8. Given zero probability of

discontinuity in the limit by the definition of U , tW pη˚,Υnquně1 converges almost surely

to W pη˚,Υq. This implies the convergence in distribution for any continuity point x of

Gp¨ | Υq:

Gpx | Υnq “ Pη˚pW pη˚,Υnq ď xq Ñ Pη˚pW pη˚,Υq ď xq “ Gpx | Υq.

The distribution function Gp¨ | Υq is increasing at its p1 ´ αq-quantile qp1 ´ α,Υq be-

cause the random variable W pη˚,Υq is continuously distributed. By D. W. Andrews and
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Guggenberger (2010, Lemma 5), it follows that qp1´α,Υnq Ñ qp1´α,Υq. This establishes

continuity of quantile function on the set U .

The convergence results in (A.1) and (A.2) give

Υ̂
d
ÝÑ Υ8 ” pZh, S8, Σp,8, Bpgpλ8qq,

and by Lemma A.1.3, we have PpΥ8 P Uq “ 1. From the continuity of qp1 ´ α,Υq, it

follows by continuous mapping theorem that

Wnpλnq ´ qp1 ´ α, Υ̂q
d
ÝÑ

Z 1
gS

´1
8 ZπZ 1

πS
´1
8 Zg

ZπS
´1
8 Zπ

´ qp1 ´ α,Υ8q,

which implies

PFn

´

Wnpλnq ą qp1 ´ α, Υ̂q

¯

Ñ P

˜

Z 1
gS

´1
8 ZπZ 1

πS
´1
8 Zg

ZπS
´1
8 Zπ

ą qp1 ´ α,Υ8q

¸

.

Next, we show that the limit probability on the right-hand side equals α. We first examine

the conditional probability as follows.

P

˜

Z 1
gS

´1
8 ZπZ 1

πS
´1
8 Zg

ZπS
´1
8 Zπ

ą qp1 ´ α,Υ8q | Υ8

¸

“ P

˜

pη˚q1S
´1{2
8 πspη˚,Υ8qπspη˚,Υ8q1S

´1{2
8 η˚

πspη˚,Υ8qS´1
8 πspη˚,Υ8q

ą qp1 ´ α,Υ8q | Υ8

¸

“ P pW pη˚,Υ8q ą qp1 ´ α,Υ8q | Υ8q

“ α a.s.

The second line holds by the observation that η˚ and S
´1{2
8 Zg are both independent of

Υ8, and that Zπ “ πspS
´1{2
8 Zg, Υ8q, which has the same distribution as πspη˚,Υ8q. The

third line holds by the definition of W pη˚,Υ8q. The last line holds by the definition of

qp1 ´ α,Υq, and the fact that W pη˚,Υq is continuously distributed for any Υ P U . By

taking the law of total probability, it follows that the unconditional rejection probability

equals α as well. This completes the proof for the case s8 ă 8.
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Case 2: s8 “ 8.

In this case, by the assumption
?
n}πFn} Ñ 8, we have

π̂

}πFn}
“

πFn

}πFn}
` Oppn´1{2}πFn}´1q

“ ι8 ` opp1q.

(A.5)

and

ĥpλnq
?
n}πFn}

“
π̂

}πFn}
´ rBpπsΣ̂prBp1 ĝpλnqsŜ´1?

nĝpλnq}
?
nπFn}´1

“ ι8 ` opp1q.

(A.6)

From the condition ι8 ‰ 0Kˆ1, (A.1), and (A.5), it follows that

Wnpλnq “
nĝpλnq1Ŝpλnq´1pπ̂{}πFn}qpπ̂1{}πFn}qŜpλnq´1ĝpλnq

pπ̂1{}πFn}qŜpλnq´1pπ̂{}πFn}q

d
ÝÑ χ2

1. (A.7)

Now we examine the stochastic behavior of critical value qW˚p1 ´ αq, defined as p1 ´ αq-

quantile of W ˚
n pλnq conditional on data. First, we define the normalized conditioning

statistic in the construction of W ˚
n pλnq:

Ῡ ”

˜

ĥpλnq
?
n}πFn}

, Ŝ, Σ̂p,
Bpĝpλnq

?
n}πFn}

¸

.

By convergence result (A.1), (A.6), and the condition that
?
n}πFn} Ñ 8, it can be seen

that

Ῡ
p
ÝÑ Ῡ8 ” pι8, S8,Σp,8, 0KˆpK`1qq.

This and the continuity of the quantile function qp1´α, ¨q give qp1´α, Ῡq
p
ÝÑ qp1´α, Ῡ8q.

This shows that the p1´αq-quantile of W pη˚, Ῡq converges in probability to qp1´α, Ῡ8q,

which equals the p1´αq-quantile of χ2
1 distribution by replacing Υ̂ with Ῡ8 in (A.3). Note

that W ˚
n pλnq “ W pη˚, Ῡq. From this, we conclude that

qW˚p1 ´ αq “ qp1 ´ α, Ῡq
p
ÝÑ qχ2

1
p1 ´ αq. (A.8)
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By (A.7) and (A.8), we have Wnpλnq ´ qW˚p1 ´ αq
d
ÝÑ χ2

1 ´ qχ2
1
p1 ´ αq. Then the desired

conclusion follows by the definition of convergence in distribution.

A.1.3 Proof of uniform validity in Section 2.4

The proof of uniform size control in Theorem 2.4.1 uses the sub-sequencing techniques

from D. W. Andrews et al., 2020. Specifically, we verify part of their Assumption B in the

following Proposition A.1.2.

Proposition A.1.2. For any subsequence tpnu of tnu and any sequence tpλpn , Fpnq P P0u

for which

1. θFpn
Ñ θ8 P Θ, where θFpn

is a sequence of parameters such that pθFpn
, Fpnq P P and

λpn “ c1θFpn
;

2. βFpn ,dℓ Ñ β8,dℓ for d “ 0, 1 and ℓ “ 0, 1, . . . ,K;

3. σ2
Fpn ,dℓ

Ñ σ2
8,dℓ for d “ 0, 1 and ℓ “ 0, 1, . . . ,K;

4. pFpn
pzℓq Ñ p8pzℓq for all ℓ “ 0, 1, . . . ,K;

5. qFpn
pzℓq Ñ q8pzℓq for all ℓ “ 0, 1, . . . ,K;

6. BFpn
Ñ B8 and CFpn

Ñ C8;

7. ?
pnτj,Fpn

Ñ tj P r0,8s for all j “ 1, . . . , 2pM ` 1q;

8. ιn ”
SFpn

B1
Fpn

c

}SFpn
B1

Fpn
c}

Ñ ι8 P R2pM`1q, where SFpn
is defined in equation (A.22)1.

we have

lim sup
nÑ8

PFpn

ˆ

inf
c1θ“λpn

MLCpnpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

˙

ď α.

Based on the above proposition, we show the uniform size control in the following proof

using the similar arguments as in D. W. Andrews et al. (2020, Theorem 2.1).

Proof of Theorem 2.4.1. The proof is similar to Proposition 2.3.1 but the asymptotic ex-

1 Note that the denominator }SFnB
1
Fn

c} ‰ 0 since both SFn and BFn are full-rank matrices and the weight
c is nonzero. Hence ιn is properly defined for each n ě 1 and satisfies }ιn} “ 1.
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actness and similarity are not preserved. Let tanu be a subsequence of tnu such that

lim
nÑ8

PFan

ˆ

inf
c1θ“λan

MLCanpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

˙

“ lim sup
nÑ8

sup
pλ,F qPP0

PF

ˆ

inf
c1θ“λ

MLCnpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

˙

.

Such sequence always exists. Along the sequence tanu, we can choose a subsequence tpnu Ă

tanu such that the conditions 1-8 in Proposition A.1.2 hold for some

ϑ8 ”

´

θ8, β8, tσ2
8,dℓud,ℓ, p8, q8, B8, C8, ttju

2pM`1q

j“1 , ι8

¯

.

That is,

ϑpn ”

´

θFpn
, βFpn

, tσ2
Fpn ,dℓ

ud,ℓ, pFpn
, qFpn

, BFpn
, CFpn

, t
?
pnτj,Fpn

u
2pM`1q

j“1 , ιpn

¯

Ñ ϑ8.

Such converging subsequence tϑpnu always exists since each element of ϑan is contained in

a compact set as restricted by the parameter space P.2 By Proposition A.1.2, it follows

that

lim sup
nÑ8

PFpn

ˆ

inf
c1θ“λpn

MLCpnpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

˙

ď α.

Since tpnu is a subsequence of tanu, and the rejection probability converges along the

sequence tanu, we have

lim sup
nÑ8

sup
pλ,F qPP0

PF

ˆ

inf
c1θ“λ

MLCnpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

˙

“ lim sup
nÑ8

PFpn

ˆ

inf
c1θ“λpn

MLCpnpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

˙

ď α.

Then the proof is complete.

2 Note that ttju belongs to a compact set r0,8s2pM`1q, and the space of orthogonal matrices is also
compact.
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Proof of Proposition A.1.2. For simplicity of notations, the proof is shown for the full

sequence tnu. Then, we note that the same proof goes through with pn in place of n.

By Lemma A.1.1(a), we have

?
n

ˆ

p̂ ´ pFn

β̂ ´ βFn

˙

“

„

Ẑp

Ẑβ

ȷ

d
ÝÑ N

ˆ

03pK`1qˆ1,

„

Σp,8 0pK`1qˆ2pK`1q

02pK`1qˆpK`1q Σβ,8

ȷ˙

This implies

?
npÂ´AFnq “

„
`

L0ppFnqẐp, . . . LM ppFnqẐp

˘

0pK`1qˆpM`1q

0pK`1qˆpM`1q

`

R0ppFnqẐp, . . . RM ppFnqẐp

˘

ȷ

`opp1q

(A.9)

where

Lmppq “ diagtλ1
1mpppz0qq, . . . , λ1

1mpppzKqqu

Rmppq “ diagtλ1
0mpppz0qq, . . . , λ1

0mpppzKqqu.

By continuous mapping theorem, we have
?
npÂθFn

´ β̂q “
?
npÂ ´ AFn

qθFn
´

?
npβ̂ ´ βFn

q

“

„
`

L0ppFn
qẐp, . . . LM ppFn

qẐp

˘

0pK`1qˆpM`1q

0pK`1qˆpM`1q

`

R0ppFn
qẐp, . . . RM ppFn

qẐp

˘

ȷ „

θ1,Fn

θ0,Fn

ȷ

´ Ẑβ ` opp1q

d
ÝÑ

»

–

diag
!

řM
m“0 θ1m,8λ1

1mpp8pzℓqq : ℓ “ 0, 1, . . . ,K
)

diag
!

řM
m“0 θ0m,8λ1

0mpp8pzℓqq : ℓ “ 0, 1, . . . ,K
)

fi

flZp ´ Zβ

“ Hpp8, θ8qZp ´ Zβ .

The fourth line holds by definition:

Hpp, θq ”

»

–

diag
!

řM
m“0 θ1mλ1

1mpppzℓqq : ℓ “ 0, 1, . . . ,K
)

diag
!

řM
m“0 θ0mλ1

0mpppzℓqq : ℓ “ 0, 1, . . . ,K
)

fi

fl .

Let

Zm ” Hpp8, θ8qZp ´ Zβ .
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Following Lemma A.1.1, the condition θFn Ñ θ8, and note that tλ1
dmp¨qu are continuouly

differentiable by the continuity of hmp¨q, continuous mapping theorem implies

Ω̂pθFnq “ Hpp̂, θFnqΣ̂pHpp̂, θFnq1 ` Σ̂β

p
ÝÑ Hpp8, θ8qΣp,8Hpp8, θ8q1 ` Σβ,8

“ varpZmq (A.10)

and

Γ̂jpθFnq “ Mjpp̂qΣ̂pHpp̂, θFnq1

p
ÝÑ Mjpp8qΣp,8Hpp8, θ8q1

“ covpMjpp8qZp,Zmq. (A.11)

In particular, varpZmq is positive definite by the positive definiteness of Σβ,8, which is in

turn implied by the parameter space restriction on P. For each j “ 1, . . . , 2pM ` 1q, then

we have
?
npd̂jpθFnq ´ aj,Fnq “

?
npâj ´ aj,Fnq ´ Γ̂jpθFnqΩ̂pθFnq´1?

npÂθFn ´ β̂q

d
ÝÑ Mjpp8qZp ´ covpMjpp8qZp,Zmq varpZmq´1Zm

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

”Zdj

,

where the second line holds by combining results from (A.9), (A.10), and (A.11). Then we

observe that

covpZdj ,Zmq “ 02pK`1qˆ2pK`1q.

This shows

?
n

ˆ

ÂθFn ´ β̂

vecpD̂pθFnqq ´ vecpAFnq

˙

d
ÝÑ

ˆ

Zm

vecpZDq

˙

, (A.12)

where ZD “ pZd1 , . . . ,Zd2pM`1q
q is independent of Zm.

Based on (A.12), applying Lemma A.1.5 yields

n1{2
rDpθFnqBFnSFn

d
ÝÑ Dξ
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where Dξ is of full column rank with probability one and is also independent of Zm, and

SFn is a diagonal matrix with positive diagonal elements

SFn “

»

—

—

—

–

¨

˚

˝

p
?
nτ1,Fnq´1

. . .
p
?
nτq,Fnq´1

˛

‹

‚

0qˆp2pM`1q´qq

0p2pM`1q´qqˆq I2pM`1q´q

fi

ffi

ffi

ffi

fl

.

Define a normalizing constant γn ” }
?
nSFnB

1
Fn

c}´1. By continuous mapping theorem

and given that Dξ is of full rank with probability one, we have

Q̂pθFnqγn “ Ω̂pθFnq´1{2
´?

n rDpθFnqBFnSFn

¯

„

´?
n rDpθFnqBFnSFn

¯1

Ω̂pθFnq´1
´?

n rDpθFnqBFnSFn

¯

ȷ´1 ?
nSFnB

1
Fn

c

}
?
nSFnB

1
Fn

c}
loooooooomoooooooon

ιn

d
ÝÑ Q ” varpZmq´1{2DξrD1

ξ varpZmq´1Dξs´1ι8. (A.13)

Since ι8 ‰ 02pM`1qˆ1, we note Q is nonzero almost surely and independent of Zm by the

independence between Dξ and Zm.

Then it follows that

MRLMnpθFnq “
?
npÂθFn ´ β̂q1Ω̂pθFnq´1{2PQ̂pθFn q

Ω̂pθFnq´1{2?
npÂθFn ´ β̂q

“
?
npÂθFn ´ β̂q1Ω̂pθFnq´1{2PQ̂pθFn qγn

Ω̂pθFnq´1{2?
npÂθFn ´ β̂q

d
ÝÑ Z 1

m varpZmq´1{2PQ varpZmq´1{2Zm

„ χ2
1

The third line holds by continuous mapping theorem based on (A.10), (A.12), and (A.13).

The last line follows by that Q is nonzero almost surely and Q KK Zm, thus

Z 1
m varpZmq´1{2PQ varpZmq´1{2Zm „ χ2

1 conditional on Q

implies the unconditional distribution

Z 1
m varpZmq´1{2PQ varpZmq´1{2Zm „ χ2

1.
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We apply similar arguments to the difference between AR and MRLM statistics, yield-

ing

„

ARnpθFnq ´ MRLMnpθFnq

MRLMnpθFnq

ȷ

d
ÝÑ

„

Z 1
m varpZmq´1{2MQ varpZmq´1{2Zm

Z 1
m varpZmq´1{2PQ varpZmq´1{2Zm

ȷ

„

„

χ2
2K`1

χ2
1

ȷ

,

where MQ ” I ´ PQ denotes the annihilator operator. Note that χ2
2K`1 is independent of

χ2
1 because pPQ varpZmq´1{2Zm,MQ varpZmq´1{2Zmq are uncorrelated:

covpPQ varpZmq´1{2Zm,MQ varpZmq´1{2Zmq

“ E
´

covpPQ varpZmq´1{2Zm,MQ varpZmq´1{2Zm | Qq

¯

“ EpPQMQq

“ 02pK`1qˆ2pK`1q.

The first line holds by the law of total covariance and the fact that ErZm | Qs “ ErZms “ 0.

The second line holds by the independence between Q and Zm. The third line holds by

the definition MQ “ I ´ PQ. So we have

MLCnpθFnq “ MRLMnpθFnq ` a ¨ ARnpθFnq
d
ÝÑ p1 ` aqχ2

1 ` aχ2
2K`1

by continuous mapping theorem.

As a result, we show that

lim sup
nÑ8

PFn

ˆ

inf
c1θ“λn

MLCnpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

˙

ď lim
nÑ8

PFn

´

MLCnpθFnq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

¯

“ α.

Then the proof is complete.
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A.1.4 Proof of bias formula in section 2.5.1

Proof of Lemma 2.5.1. Applying FWL theorem to partial out the linear effects of W in

the misspecified regression (2.24), we have

Y KW |D“1 “ ρ̃1λ1pP qKW |D“1 ` Y KW,λ1pP q|D“1 conditional on D “ 1

Y KW |D“0 “ ρ̃0λ0pP qKW |D“0 ` Y KW,λ0pP q|D“0 conditional on D “ 0

Conditional on D “ d, simple OLS regression gives

ρ̃d “
covpY KW |D“d, λ1pP qKW |D“d | D “ dq

varpλdpP qKW |D“d | D “ dq

“
covppρdλdpP q ` W 1ηdλdpP qqKW |D“d, λdpP qKW |D“d | D “ dq

varpλdpP qKW |D“d | D “ dq

“ ρd `
covppW 1λdpP qqKW |D“d, λdpP qKW |D“d | D “ dq

varpλdpP qKW |D“d | D “ dq
ηd.

The second line holds by noting that correct regression equation (2.23) gives

Y “ µd ` W 1τd ` ρdλdpP q ` W 1ηdλdpP q ` ϵd conditional on D “ d.

where ϵd ” Y ´ ErY | D “ d,W,P s. This implies

Y KW |D“d “
`

ρdλdpP q ` W 1ηdλdpP q
˘KW |D“d

since ϵd is uncorrelated with W conditional on D “ d. So we establish the bias formula for

ρ̃d ´ ρd.

Alternatively, we can also apply the FWL theorem to partial out the linear effects of

λdpW q in the misspecified regression, giving

Y Kλ1pP q|D“1 “ τ̃ 1
1W

Kλ1pP q|D“1 ` Y KW,λ1pP q|D“1 conditional on D “ 1

Y Kλ0pP q|D“0 “ τ̃ 1
0W

Kλ0pP q|D“0 ` Y KW,λ0pP q|D“0 conditional on D “ 0

In this way, τ̃d is the OLS coefficient on W in a regression of Y KλdpP q|D“d on WKλdpP q|D“d:

τ̃d “ ErpWKλdpP q|D“dqpWKλdpP q|D“dq1 | D “ ds´1ErpWKλdpP q|D“dqpY KλdpP q|D“dq | D “ ds.
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The correct regression (2.23) implies that Y KλdpP q|D“d “ pW 1τd ` W 1ηdλdpP qqKλdpP q|D“d.

Plugging it into the OLS estimand τ̃d then gives

τ̃d ´ τd “ ErpWKλdpP q|D“dqpWKλdpP q|D“dq1 | D “ ds´1

ˆ ErpWKλ1pP q|D“dqpW 1λdpP qqKλdpP q|D“d | D “ ds ηd

“ ErpWKλdpP q|D“dqpWKλdpP q|D“dq1 | D “ ds´1

ˆ ErpWKλ1pP q|D“dqpW 1λdpP qq | D “ ds ηd

which establishes the bias formula for τ̃d ´ τd.

Proof of Theorem 2.5.1. We begin by noting that covpW,λdpP q | D “ dq “ 0Lˆ1 implies

WKλdpP q|D“d “ W ´ ErW | D “ ds and λdpP qKW |D“d “ λdpP q ´ ErλdpP q | D “ ds.

(A.14)

From covpWW 1, λdpP q | D “ dq “ 0LˆL, it follows that

rWλdpP qsKW |D“d

“ WλdpP q ´ ErWλdpP q | D “ ds

´ ErλdpP qW pW ´ ErW | D “ dsq1 | D “ ds varpW | D “ dq´1pW ´ ErW | D “ dsq

“ WλdpP q ´ ErW | D “ dsErλdpP q | D “ ds

´
`

ErλdpP qWW 1 | D “ ds ´ ErλdpP qW | D “ dsErW | D “ ds1
˘

ˆ varpW | D “ dq´1pW ´ ErW | D “ dsq

“ WλdpP q ´ ErW | D “ dsErλdpP q | D “ ds

´
`

ErλdpP q | D “ dspErWW 1 | D “ ds ´ ErW | D “ dsErW | D “ ds1q
˘

ˆ varpW | D “ dq´1pW ´ ErW | D “ dsq

“ WλdpP q ´ ErW | D “ dsErλdpP q | D “ ds ´ ErλdpP q | D “ dspW ´ ErW | D “ dsq

“ W pλdpP q ´ ErλdpP q | D “ dsq. (A.15)

The first equality follows by definition of regression residuals. The second equality follows

by the assumption covpW,λdpP q | D “ dq “ 0Lˆ1. The third equality follows by the

assumption covpW,λdpP q | D “ dq “ 0Lˆ1 and covpWW 1, λdpP q | D “ dq “ 0LˆL.
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First, we simplify the bias formula in Lemma 2.5.1, which would lead us to compute

the bias on causal parameter of interests. The general bias formula on τd can be simplified

by the following derivations:

τ̃d “ τd ` ErpWKλdpP q|D“dqpWKλdpP q|D“dq1 | D “ ds´1ErpWKλ1pP q|D“dqpW 1λdpP qq | D “ ds ηd

“ τd ` varpW | D “ dq´1ErpW ´ ErW | D “ dsqW 1λdpP q | D “ ds ηd

“ τd ` varpW | D “ dq´1
`

ErWW 1λdpP q | D “ ds ´ ErW | D “ dsErW 1λ1pP q | D “ ds
˘

ηd

“ τd ` varpW | D “ dq´1 varpW | D “ dqErλdpP q | D “ ds ηd

“ τd ` ErλdpP q | D “ dsηd. (A.16)

The first equality is given by the Lemma 2.5.1. The second equality holds by (A.14) and

(A.15). The fourth equality holds by assumption covpWW 1, λdpP q | D “ dq “ 0LˆL and

covpW,λdpP q | D “ dq “ 0Lˆ1.

On the other hand, the general bias formula on ρd can be simplified by the following

derivations:

ρ̃d “ ρd `
covppW 1λdpP qqKW |D“d, λdpP qKW |D“d | D “ dq

varpλdpP qKW |D“d | D “ dq
ηd

“ ρd `
covpW 1pλdpP q ´ ErλdpP q | D “ dsq, λdpP q ´ ErλdpP q | D “ ds | D “ dq

varpλdpP q | D “ dq
ηd

“ ρd `
ErW 1λ1pP q2 | D “ ds ´ ErW 1 | D “ dsErλdpP q | D “ ds2

varpλdpP q | D “ dq
ηd

“ ρd ` ErW 1ηd | D “ ds. (A.17)

The first equality is given by the Lemma 2.5.1. The second equality holds by (A.14) and

(A.15). The third equality holds by assumption that covpW,λdpP q | D “ dq “ 0Lˆ1. The

final equality holds by the assumption that covpW,λdpP q2q “ 0Lˆ1.

Having simplified the bias formulae in Lemma 2.5.1, now we can derive the bias formula
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for µd as follows:

µ̃d “ ErY ´ W 1τ̃d ´ ρ̃dλdpP q | D “ ds

“ Erµd ` W 1τd ` ρdλdpP q ` rWλdpP qs1ηd ´ W 1τ̃d ´ ρ̃dλdpP q | D “ ds

“ Erµd ` rWλdpP qs1ηd ´ W 1ηdErλdpP q | D “ ds ´ ErW 1ηd | D “ dsλdpP q | D “ ds

“ µd ´ ErW 1ηd | D “ dsErλdpP q | D “ ds (A.18)

The first equality follows by misspecified regression (2.24). The second equality follows by

the correctly specified regression (2.23). The third equality follows from the bias formula

in (A.16) and (A.17). The last equality holds by the assumption covpW,λdpP q | D “ dq “

0Lˆ1.

Given the bias formula in (A.16), (A.17), and (A.18), now we compute the bias on

estimating the slope of MTE curve:

ČSlope ´ Slope “ rρ̃1 ´ ρ̃0s ´ Erρ1pW q ´ ρ0pW qs

“ ErW | D “ 1s1η1 ´ ErW | D “ 0s1η0 ´ ErW s1pη1 ´ η0q

“ pErW | D “ 1s ´ ErW | D “ 0sq
1
pPpD “ 0q η1 ` PpD “ 1q η0q.

The second line holds by (A.17). This establishes the bias formula for the slope of MTE

curve.

Next note that (A.16) and (A.18) imply

ČCATE ´ CATE “ rµ̃1 ´ µ̃0s ` w1pτ̃1 ´ τ̃0q ´ rµ1 ´ µ0s ´ w1pτ1 ´ τ0q

“ pw ´ ErW | D “ 1sq1η1 ˆ Erλ1pP q | D “ 1s

´ pw ´ ErW | D “ 0sq1η0 ˆ Erλ0pP q | D “ 0s.

and

ĆATE ´ ATE “ rµ̃1 ´ µ̃0s ` ErW s1pτ̃1 ´ τ̃0q ´ rµ1 ´ µ0s ´ ErW s1pτ1 ´ τ0q

“ pErW s ´ ErW | D “ 1sq1η1 ˆ Erλ1pP q | D “ 1s

´ pErW s ´ ErW | D “ 0sq1η0 ˆ Erλ0pP q | D “ 0s.
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So we have established the bias formula for ATE, CATE, and slope of MTE curve

under Assumption 7.1. From this, note that the bias on ATE and slope would vanish if we

additionally impose Assumption 7.2, i.e., ErW s “ ErW | D “ 1s “ ErW | D “ 0s.

A.1.5 Lemmas for main results

Lemma A.1.1. For a sequence of distributions tpθFn , Fnqu8
n“1 Ă P, suppose

1. qFnpzℓq Ñ q8pzℓq for each ℓ “ 0, 1, . . . ,K,

2. pFn Ñ p8,

3. βFn “ pβ1
Fn,1

, β1
Fn,0

q1 Ñ β8,

4. σ2
Fn,dℓ

Ñ σ2
8,dℓ for d “ 0, 1 and ℓ “ 0, 1, . . . ,K.

Then we have

(a) The following convergence holds

¨

˚

˚

˚

˝

Ẑp

Ẑβ1

Ẑβ0

Ẑq

˛

‹

‹

‹

‚

”
?
n

¨

˚

˚

˝

p̂ ´ pFn

β̂1 ´ βFn,1

β̂0 ´ βFn,0

q̂ ´ qFn

˛

‹

‹

‚

d
ÝÑ

»

—

—

–

Zp

Zβ1

Zβ0

Zq

fi

ffi

ffi

fl

, (A.19)

where

pZ 1
p,Z 1

β1
,Z 1

β0
,Z 1

qq1 „ N
`

03pK`1qˆ1, diagtΣp,8,Σβ1,8,Σβ0,8,Σq,8u
˘

,

Σp,8 ” diag

"

p8pzℓqp1 ´ p8pzℓqq

q8pzℓq
: ℓ “ 0, 1, . . . ,K

*

Σβ1,8 ” diag

#

σ2
8,1ℓ

q8pzℓqp8pzℓq
: ℓ “ 0, 1, . . . ,K

+

Σβ0,8 ” diag

#

σ2
8,0ℓ

q8pzℓqp1 ´ p8pzℓqq
: ℓ “ 0, 1, . . . ,K

+

Σq,8 ” tΣq,8ri, jsui,j“0,1,...,K ,

with

Σq,8ri, js “

#

p8pziqp1 ´ p8pziqq

´p8pziqp8pzjq.
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(b) We have consistent estimators for the asymptotic variance:

Σ̂p
p
ÝÑ Σp,8

Σ̂β
p
ÝÑ Σβ,8 ” diagtΣβ1,8,Σβ0,8u

Σ̂q
p
ÝÑ Σq,8.

(c) The convergence results in part (a) and (b) also hold for any subsequence tpnu pro-

vided that the conditions given in the lemma hold along tpnu.

Lemma A.1.2. Suppose cµ ‰ 0 or cρ ‰ 0 are fixed weights and let λ “ c1θ. For any

pθ, F q P P, the asymptotic variance matrix

S ” rBpgpλqsΣprBp1gpλqs ` rBβ1gpλqsΣβ1rBβ1
1
gpλqs ` rBβ0gpλqsΣβ0rBβ1

0
gpλqs

is uniformly bounded and positive definite. That is,

inf
pθ,F qPP

λminpSq ą 0, (A.20)

and

sup
pθ,F qPP

λmaxpSq ă 8, (A.21)

where λminpSq and λmaxpSq denote the smallest and largest eigenvalues of S, respectively.

Remark A.1.1. This lemma shows that any choice of nonzero linear weights cµ and cρ

would not entail an asymptotic singular covariance matrix for AR test, which is essential

for establishing uniform validity.

Remark A.1.2. Indeed, we can relax the restriction that λ “ c1θ and show this result for

all λ that belongs to a compact subset on the real line. The above statement is sufficient to

prove the uniform validity of the conditional Wald test so I do not pursue this extension.

Lemma A.1.3. Suppose the conditions in Proposition A.1.1 hold for a sequence pλn, Fnq

for which
?
n}πFn} Ñ s8 ă 8. Then Υ8 “ pZh, S8,Σp,8, Bpgpλ8qq belongs to U defined

in (A.4) almost surely. That is,

Pη˚

´

Zh ` rBpπsΣp,8Bp1gpλ8qS
´1{2
8 η˚ ‰ 0Kˆ1 | Zh

¯

“ 1 a.s.
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Lemma A.1.4. [D. W. Andrews and Guggenberger (2017, Lemma 10.3)] Assume the

following conditions hold under a sequence of DGPs tpθFn , Fnquně1:

1. The scaled singular values converge

?
nτj,Fn Ñ

#

8 if j ď q

tj P r0,8q if j ą q

2. CFn and BFn converge to their limits C8 and B8, respectively.

3. The moment condition and the normalized D̂pθFnq converge jointly:

?
n

ˆ

ÂθFn ´ β̂

vecpD̂pθFnqq ´ vecpAFnq

˙

d
ÝÑ

ˆ

Zm

vecpZDq

˙

where ZD “ pZd1 , . . . ,Zd2pM`1q
q is independent of Zm.

Then we have

n1{2D̂pθFnqBFnSFn

d
ÝÑ D “ Opp1q

where

SFn ” diagtp
?
nτ1,Fnq´1, . . . , p

?
nτq,Fnq´1, 1, . . . , 1u P R2pM`1qˆ2pM`1q. (A.22)

Moreover, D is independent of Zm.

Lemma A.1.5. Suppose the assumptions in Lemma A.1.4 hold. Let ξ P Rkˆdθ be a matrix

of i.i.d. standard normal random variables and κ ą 0. Then

n1{2pD̂pθFnq ` κn´1{2ξqBFnSFn

d
ÝÑ Dξ

where Dξ has full rank with probability one and is independent of Zm.

Proof of Lemma A.1.1. Part (a): We first show the influence function representation of
?
npβ̂ ´ βFnq. Recall that

qF pd, zℓq “ PF pD “ d, Z “ zℓq

“

#

qF pzℓqpF pzℓq if d “ 1

qF pzℓqp1 ´ pF pzℓqq if d “ 0.
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Denote q8pd, zℓq ” limnÑ8 qFnpd, zℓq P rϵ2, p1´ ϵq2s under the parameter space restriction.

Note that for each d “ 0, 1 and ℓ “ 0, 1, . . . ,K.

?
npβ̂dℓ ´ βFn,dℓq “

?
n

ˆřn
i“1 Yi1rDi “ d, Zi “ zℓs
řn

i“1 1rDi “ d, Zi “ zℓs
´ βFn,dℓ

˙

“
?
n

˜

qFnpd, zℓq

q̂pd, zℓq
¨
1

n

n
ÿ

i“1

Yi1rDi “ d, Zi “ zℓs

qFnpzℓq
´ βFn,dℓ

¸

“
1

?
n

n
ÿ

i“1

ˆ

Yi1rDi “ d, Zi “ zℓs

qFnpd, zℓq
´ βFn,dℓ

˙

`
1

n

n
ÿ

i“1

Yi1rDi “ d, Zi “ zℓs

qFnpd, zℓq
¨
?
n

ˆ

qFnpd, zℓq

q̂pd, zℓq
´ 1

˙

“
1

?
n

n
ÿ

i“1

ˆ

Yi1rDi “ d, Zi “ zℓs

qFnpd, zℓq
´ βFn,dℓ

˙

´
1

?
n

n
ÿ

i“1

p1rDi “ d, Zi “ zℓs ´ qFnpd, zℓqq ¨

ˆ

βFn,dℓ

qFnpd, zℓq
` opp1q

˙

“
1

?
n

n
ÿ

i“1

Yi1rDi “ d, Zi “ zℓs ´ 1rDi “ d, Zi “ zℓsβFn,dℓ

qFnpd, zℓq
` opp1q

“
1

?
n

n
ÿ

i“1

pYi ´ EFnpY | D “ d, Z “ zℓqq
1rDi “ d, Zi “ zℓs

PFnpDi “ d, Zi “ zℓq
` opp1q.

The fourth equality holds by applying the WLLN (Lemma A.1.7) to tYi1rDi “ d, Zi “

zℓs{qFnpd, zℓquni“1 and to t1rDi “ d, Zi “ zℓsu
n
i“1, which yields

1

n

n
ÿ

i“1

Yi1rDi “ d, Zi “ zℓs

qFnpd, zℓq
“ βFn,dℓ ` opp1q

q̂pd, zℓq “ qFnpd, zℓq ` opp1q.

Note that L1`δ-integrability (A.29) required by WLLN holds here since t1rDi “ d, Zi “
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zℓsu
n
i“1 are uniformly bounded and for tYi1rDi “ d, Zi “ zℓs{qFnpd, zℓquni“1, we have

EFn

ˇ

ˇ

ˇ

ˇ

Yi1rDi “ d, Zi “ zℓs

qFnpd, zℓq

ˇ

ˇ

ˇ

ˇ

1`δ

“
EFnp|Yi|

1`δ | Di “ d, Zi “ zℓq

qFnpd, zℓqδ

ď
EFnp|Yi|

2`δ | Di “ d, Zi “ zℓq
1`δ
2`δ

qFnpd, zℓqδ
by Hölder’s inequality

ă
ζ

1`δ
2`δ

ϵ2δ
ă 8.

The fifth equality holds by applying Lyapunov CLT to tn´1{2p1rDi “ d, Zi “ zℓs ´

EFnpDi “ d, Zi “ zℓqquni“1:

1
?
n

n
ÿ

i“1

p1rDi “ d, Zi “ zℓs ´ qFnpd, zℓqq “ Opp1q

and by noting that Opp1qopp1q “ opp1q. Here Lyapunov condition (A.31) holds by noting

that the sequence is uniformly bounded, and condition (A.30) holds since

var
Fn

p1rDi “ d, Zi “ zℓsq “ qFnpd, zℓqp1 ´ qFnpd, zℓqq Ñ q8pd, zℓqp1 ´ q8pd, zℓqq ą 0,

where q8pd, zℓq ą 0 by the parameter space restriction.

Likewise, we can derive the influence function represetntation for
?
npp̂ ´ pFnq. For

each ℓ “ 0, 1, . . . ,K, we have

?
npp̂pzℓq ´ pFnpzℓqq “

1
?
n

n
ÿ

i“1

pDi ´ PFnpD “ 1 | Z “ zℓqq
1rZi “ zℓs

PFnpZ “ zℓq
` opp1q.

Therefore,

?
n

¨

˚

˚

˝

tp̂pzℓq ´ pFn
pzℓquℓ

tβ̂1ℓ ´ βFn,1ℓuℓ

tβ̂0ℓ ´ βFn,0ℓuℓ
tq̂pzℓq ´ qFnpzℓquℓ

˛

‹

‹

‚

“
1

?
n

n
ÿ

i“1

¨

˚

˚

˚

˚

˚

˝

!

pDi ´ PFnpD “ 1 | Z “ zℓqq
1rZi“zℓs

PFn pZ“zℓq

)

ℓ!

pYi ´ EFnpY | D “ 1, Z “ zℓqq
1rDi“1,Zi“zℓs

PFn pDi“1,Zi“zℓq

)

ℓ!

pYi ´ EFn
pY | D “ 0, Z “ zℓqq

1rDi“0,Zi“zℓs

PFn pDi“0,Zi“zℓq

)

ℓ
tp1rZi “ zℓs ´ PFn

pZ “ zℓquℓ

˛

‹

‹

‹

‹

‹

‚

` opp1q

”
1

?
n

n
ÿ

i“1

ϕnpYi, Di, Ziq ` opp1q.
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As n goes to infinity,

varFnpϕnpYi, Di, Ziqq “ diagtΣp,Fn ,Σβ1,Fn ,Σβ0,Fn ,Σq,Fnu Ñ diagtΣp,8,Σβ1,8,Σβ0,8,Σq,8u ě 0

where

Σp,Fn “ diag

"

pFnpzℓqp1 ´ pFnpzℓqq

qFnpzℓq
: ℓ “ 0, 1, . . . ,K

*

Σβ1,Fn “ diag

#

σ2
Fn,1ℓ

qFnpzℓqpFnpzℓq
: ℓ “ 0, 1, . . . ,K

+

Σβ0,Fn “ diag

#

σ2
Fn,0ℓ

qFnpzℓqp1 ´ pFnpzℓqq
: ℓ “ 0, 1, . . . ,K

+

Σq,Fn “ tΣq,Fnri, jsui,j“0,1,...,K

with

Σq,Fnri, js “

#

pFnpziqp1 ´ pFnpziqq if i “ j

´pFnpziqpFnpzjq if i ‰ j.

Here the positive semi-definiteness of diagtΣp,8,Σβ1,8,Σβ0,8,Σq,8u is implied by the pos-

itive semi-definiteness of each covariance matrix in the diagonal position.

To apply the Lyapunov CLT to ϕnpYi, Di, Ziq, it suffices to verify the Lyapunov con-

dition (A.31). We note that
!

pDi ´ pFnpzℓqq
1rZi“zℓs

qFn pzℓq

)

ℓ
and t1rZi “ zℓs ´ qFnpzℓquℓ are

uniformly bounded, and

EFn

ˇ

ˇ

ˇ

ˇ

pYi ´ EFnpY | D “ d, Z “ zℓqq
1rDi “ d, Zi “ zℓs

PFnpD “ d, Z “ zℓq

ˇ

ˇ

ˇ

ˇ

2`δ

“
EFnr|Yi ´ EFnpYi | D “ d, Z “ zℓq|2`δ | D “ d, Z “ zℓs

PFnpD “ d, Z “ zℓq1`δ

ă
22`δζ

ϵ2p1`δq
ă 8,
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where the last line holds by the L2`δ-integrability of the centralized moment:

Er|Y ´ ErY | D “ d, Z “ zs|2`δ | D “ d, Z “ zs

ď 21`δ
´

Er|Y |2`δ | D “ d, Z “ zs ` |ErY | D “ d, Z “ zs|2`δ
¯

ď 22`δEr|Y |2`δ | D “ d, Z “ zs

ď 22`δζ.

(A.23)

Note that the second line of (A.23) follows by cr inequality given in Lemma A.1.6, and the

last line holds by the parameter space restriction on the existence of p2 ` δq’th moment of

outcomes.

Hence the desired convergence (A.19) follows by Lyapunov CLT.

Part (b): Next, we establish the consistency of the variance estimators. First note

that

Σ̂p ´ Σp,Fn “ diag

"

p̂pzℓqp1 ´ p̂pzℓqq

q̂pd, zℓq
´

pFnpzℓqp1 ´ pFnpzℓqq

qFnpd, zℓq

*

“ opp1q

since p̂ ´ pFn “ opp1q by the convergence (A.19) and for d “ 0, 1 and ℓ “ 0, 1, . . . ,K,

q̂pd, zℓq ´ qFnpd, zℓq “ opp1q, (A.24)

which is implied by WLLN for bounded arrays. Therefore, Σ̂p is consistent to Σp,8 since

Σp,Fn Ñ Σp,8 as n Ñ 8. Applying the similar arguments to Σ̂q also yields the consistency

of Σ̂q to Σq,8.
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Now we examine the variance estimators σ̂2
dℓ:

σ̂2
dℓ “

1

n

n
ÿ

i“1

pYi ´ β̂dℓq21rDi “ d, Zi “ zℓs

q̂pd, zℓq

“
1

q̂pd, zℓq

«

1

n

n
ÿ

i“1

´

pYi ´ βFn,dℓq
2

` 2pYi ´ βFn,dℓqpβ̂dℓ ´ βFn,dℓq ` pβ̂dℓ ´ βFn,dℓq
2
¯

1rDi “ d, Zi “ zℓs

ff

“
qFnpd, zℓq

q̂pd, zℓq

«

1

n

n
ÿ

i“1

pYi ´ βFn,dℓq
2 1rDi “ d, Zi “ zℓs

qFnpd, zℓq

ff

` 2pβ̂dℓ ´ βFn,dℓq
qFnpd, zℓq

q̂pd, zℓq

«

1

n

n
ÿ

i“1

pYi ´ βFn,dℓq
1rDi “ d, Z “ zℓs

qFnpd, zℓq

ff

` pβ̂dℓ ´ βFn,dℓq
2

Note that equation (A.23) implies that L1`δ-integrability (A.29) holds for

Xni P

"

pYi ´ βFn,dℓq
21rDi “ d, Zi “ zℓs

qFnpd, zℓq
, pYi ´ βFn,dℓq

1rDi “ d, Zi “ zℓs

qFnpd, zℓq

*

for appropriately chosen δ.

By WLLN, we have

1

n

n
ÿ

i“1

pYi ´ βFn,dℓq
21rDi “ d, Zi “ zℓs

qFnpd, zℓq
´ σ2

Fn,dℓ “ opp1q

1

n

n
ÿ

i“1

pYi ´ βFn,dℓq
1rDi “ d, Z “ zℓs

qFnpd, zℓq
“ opp1q

(A.25)

As implied by the convergence (A.19), we have β̂dℓ ´ βFn,dℓ “ opp1q. This combined with

equations (A.24) and (A.25) then yield

σ̂2
dℓ ´ σ2

Fn,dℓ
p
ÝÑ 0.

Hence we have

Σ̂β ´ Σβ,Fn “ diag

#

σ̂2
dℓ

q̂pd, zℓq
´

σ2
Fn,dℓ

qFnpd, zℓq
: d “ 1, 0; ℓ “ 0, 1, . . . ,K

+

“ opp1q.

This establish the consistency of Σ̂β since Σβ,Fn Ñ Σβ,8 as n Ñ 8. Finally, note that part

(c) can be proved by replacing n with the subsequence pn throughout the arguments given

above. Then the proof is complete.
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Proof of Lemma A.1.2. First, we show the inequality (A.20). Note that S is a sum of three

positive semi-definite matrices. It suffices to show that the minimal eigenvalue of the sum

S̄ ” rBβ1gpλqsΣβ1rBβ1
1
gpλqs ` rBβ0gpλqsΣβ0rBβ1

0
gpλqs

is bounded away from zero because

λminpA ` Bq ě λminpAq ` λminpBq ě maxtλminpAq, λminpBqu

given that A and B are both positive semi-definite.3

Next, note that Σβ1 and Σβ0 are diagonal matrices with positive elements Σβd
rℓ, ℓs “

σ2
dℓ

qpd,zℓq
for ℓ “ 0, 1, . . . ,K on the diagonal. Let νd denote the first column of rBβd

gpλqs,

whose k-th row (1 ď k ď K) is defined in equation (2.9), then it follows that

rBβ1gpλqsΣβ1rBβ1
1
gpλqs “ Σβ1r0, 0s ¨ ν 1

1ν1 ` diag

¨

˚

˝

Σβ1r1, 1spr1 ´ ppz0qscµ ` 2cρq2

...
Σβ1rK,Kspr1 ´ ppz0qscµ ` 2cρq2

˛

‹

‚

and

rBβ0gpλqsΣβ0rBβ1
0
gpλqs “ Σβ0r0, 0s ¨ ν 1

0ν0 ` diag

¨

˚

˝

Σβ0r1, 1sp´ppz0qcµ ` 2cρq2

...
Σβ0rK,Ksp´ppz0qcµ ` 2cρq2

˛

‹

‚

Hence we have

S̄ “
`

Σβ1r0, 0s ¨ ν 1
1ν1 ` Σβ0r0, 0s ¨ ν 1

0ν0
˘

` diag

¨

˚

˝

Σβ1r1, 1spr1 ´ ppz0qscµ ` 2cρq2 ` Σβ0r1, 1sp´ppz0qcµ ` 2cρq2

...
Σβ1rK,Kspr1 ´ ppz0qscµ ` 2cρq2 ` Σβ0rK,Ksp´ppz0qcµ ` 2cρq2

˛

‹

‚

We now show that each diagonal element in the second term has a positive lower bound

that does not depend on the distribution of data. For each ℓ “ 0, 1, . . . ,K, we have

3 This inequality holds by noting that λminpA ` Bq “ min}x}“1 x
1pA ` Bqx ě min}x}“1 x

1Ax `

min}x}“1 x
1Bx “ λminpAq ` λminpBq.
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Σβd
rℓ, ℓs ě ϵ{p1 ´ ϵq2 ” δpϵq ą 0. This implies the k-th diagonal element is bounded below

by

Σβ1rk, kspr1 ´ ppz0qscµ ` 2cρq2 ` Σβ0rk, ksp´ppz0qcµ ` 2cρq2

ą δpϵq
`

pr1 ´ ppz0qscµ ` 2cρq2 ` p´ppz0qcµ ` 2cρq2
˘

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon

LB

On the one hand,

LB ě
1

2
c2µ (A.26)

by Cauchy-Schwarz inequality: a2 ` b2 ě 1
2pa ´ bq2. On the other hand,

LB “ 8c2ρ `
“

ppz0q2 ` p1 ´ ppz0qq2
‰

c2µ ` 4cρcµr1 ´ 2ppz0qs

ě 8c2ρ `
1

2
c2µ ` 4cρcµr1 ´ 2ppz0qs

“

ˆ

2
?
2p1 ´ 2ppz0qqcρ `

1
?
2
cµ

˙2

` 8
“

1 ´ p1 ´ 2ppz0qq2
‰

c2ρ

ě 32ppz0q p1 ´ ppz0qq c2ρ

ě 32ϵp1 ´ ϵqc2ρ

(A.27)

Combining inequalities (A.26) and (A.27) then yields

LB ě max

"

1

2
c2µ, 32ϵp1 ´ ϵqc2ρ

*

ą 0

since cµ ‰ 0 or cρ ‰ 0. This implies that

λminpS̄q ě min

¨

˚

˝

Σβ1r1, 1spr1 ´ ppz0qscµ ` 2cρq2 ` Σβ0r1, 1sp´ppz0qcµ ` 2cρq2

...
Σβ1rK,Kspr1 ´ ppz0qscµ ` 2cρq2 ` Σβ0rK,Ksp´ppz0qcµ ` 2cρq2

˛

‹

‚

ą δpϵqmax

"

1

2
c2µ, 32ϵp1 ´ ϵqc2ρ

*

This establishes the inequality (A.20), as desired.

Next, we show the inequality (A.21). Following the inequality

λmaxpA ` Bq ď λmaxpAq ` λmaxpBq
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given that A and B are both positive semi-definite, it suffices to show that

λmax prBpgpλqsΣprBp1gpλqsq , λmax prBβ1
gpλqsΣβ1

rBβ1
gpλqsq , and λmax prBβ0

gpλqsΣβ0
rBβ0

gpλqsq

are bounded above by some positive constant that does not depend on the distribution

of data. For simplicity, we establish this statement for λmax

`

rBpgpλqsΣprBp1gpλqs
˘

. Let

νp denote the first column of rBpgpλqs. For each ℓ “ 0, 1, . . . ,K, we have Σprℓ, ℓs “

ppzℓqp1´ppzℓqq

qpzℓq
ď 1

4ϵ ” δ̄pϵq ă 8. Then it follows that

λmaxprBpgpλqsΣprB1
pgpλqsq ď Σpr0, 0sν 1

pνp `

ˆ

max
1ďkďK

Σprk, ks

˙

|λ ´ pβ10 ´ β00qcµ|2

ă δ̄pϵq
K
ÿ

ℓ“0

| ´ λ ` pβ1ℓ ´ β0ℓqcµ|2.

The parameter space P requires λ and β to be constrained by a compact space that depends

only through Θ and ζ ą 0 in Definition 2.2.1, respectively. Thus the right-hand side can

be bounded above by a positive constant that is independent of data distribution, which

completes the proof.

Proof of Lemma A.1.3. Let H “ rBpπsΣp,8Bp1gpλ8q P RKˆK . We divide the proof into

two cases:

Case 1: rankpHq ą 0.

We show a stronger conclusion: h ` HS
´1{2
8 η˚ ‰ 0Kˆ1 a.s. for all h P RK and prove it

by contradiction. Suppose there exists h0 P RK such that Pph0 ` HS
´1{2
8 η˚ “ 0Kˆ1q ą 0.

By the condition that rankpHq ą 0, there exists a vector a P RK such that H1a ‰ 0Kˆ1.

Therefore, the variance of the normal random variable a1ph0 ` HS
´1{2
8 η˚q is nonzero:

a1HS´1
8 H1a ‰ 0.

This shows a1ph0 ` HS
´1{2
8 η˚q is a nondegenerate normal random variable, which implies

Ppa1ph0 ` HS
´1{2
8 η˚q “ 0q “ 0.
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However, this contradicts with the claim that Pph0 ` HS
´1{2
8 η˚ “ 0Kˆ1q ą 0 since

Pph0 ` HS
´1{2
8 η˚ “ 0Kˆ1q ď Ppa1ph0 ` HS

´1{2
8 η˚q “ 0q “ 0.

So the desired conclusion is established.

Case 2: rankpHq “ 0.

Note that rankpHq “ 0 gives H “ 0KˆK , which implies

Zh ` HS
´1{2
8 η˚ “ Zh

“ s8ι8 ` rBpπsZp ´ HS´1
8 Zg

“ s8ι8 ` rBpπsZp.

Note that the variance of the random vector s8ι8 ` rBpπsZp equals a full-rank matrix

rBpπsΣp,8rBp1πs since Bpπ and Σp,8 have full rank. This implies a1ps8ι8 ` rBpπsZpq is a

non-degenerate normal random variable for all a ‰ 0Kˆ1. Following similar arguments

in Case 1, we conclude that s8ι8 ` rBpπsZp ‰ 0Kˆ1 almost surely. Thus the desired

conclusion has been established.

Proof of Lemma A.1.4. This proof closely follows the arguments in D. W. Andrews and

Guggenberger (2017, lemma 10.3(d)). For notational simplicity, denote dθ ” 2pM ` 1q

and dm “ 2pK ` 1q, which represent the numbers of columns and rows of matrix D̂pθq,

respectively. Let Sq denote the upper q-block of SFn defined in equation (A.22). Then

Sq “ diagtp
?
nτ1,Fnq´1, . . . , p

?
nτq,Fnq´1u and SFn “

„

Sq 0qˆpdθ´qq

0pdθ´qqˆq Idθ´q

ȷ

. (A.28)

Let BFn ” pBq
... Bdθ´qq and CFn ” pCq

... Cdm´qq. Then

?
nD̂pθFnqBFnSFn “ p

?
nD̂pθFnqBqSq,

?
nD̂pθFnqBdθ´qq.
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Now we analyze each part. Note that
?
nD̂pθFnqBqSq “

?
npD̂pθFnq ´ AFnqBqSq ` AFnBqp

?
nSqq

“ opp1q ` CFnΠFnpBq, Bdθ´qq1Bqp
?
nSqq

“ opp1q ` CFnΠFnpIq, 0qˆpdθ´qqq
1p

?
nSqq

“ opp1q ` CFnpIq, 0qˆpk´qqq
1

p
ÝÑ Cq,8

where Cq,8 denotes the first q-columns of matrix C8. The second line holds by
?
npD̂pθFnq´

AFnq “ Opp1q, Sq “ op1q, and recalling that AFn “ CFnΠFnB
1
Fn

via singular value decom-

position. The third line holds by the construction that BFn is an orthogonal matrix.

For the second part, note that
?
nAFnBdθ´q “

?
nCFnΠFnpBq, Bdθ´qq1Bdθ´q

“ CFnp
?
nΠFnqp0pdθ´qqˆq, Idθ´qq1

Ñ C8

»

–

0qˆpdθ´qq

diagttq`1, . . . , tdθu

0pdm´dθqˆpdθ´qq

fi

fl .

On the other hand, by continuous mapping theorem,

?
npD̂pθFnq ´ AFnqBdθ´q

d
ÝÑ ZDBdθ´q,8

where Bdθ´q,8 denotes the last pdθ ´ qq-columns of B8. Therefore, we have

?
nD̂pθFnqBdθ´q

d
ÝÑ C8

»

–

0qˆpdθ´qq

diagttq`1, . . . , tdθu

0pdm´dθqˆpdθ´qq

fi

fl ` ZDBdθ´q,8

Combine the above results, we have

?
nD̂pθFnqBFnSFn

d
ÝÑ D ”

¨

˝Cq,8, C8

»

–

0qˆpdθ´qq

diagttq`1, . . . , tdθu

0pdm´dθqˆpdθ´qq

fi

fl ` ZDBdθ´q,8

˛

‚

whose stochastic behavior only depends on ZD, thus is independent of Zm.
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Proof of Lemma A.1.5. For notational simplicity, we still denote dθ “ 2pM ` 1q and dm “

2pK ` 1q. The proof of Lemma A.1.4 shows that

n1{2D̂pθFnqBFnSFn

d
ÝÑ D

where D is independent of Zm.

When q “ dθ, we have

n1{2κn´1{2ξBFnSFn “ κξBFnSFn

p
ÝÑ κξB80dθˆdθ

“ 0dmˆdθ .

Then

n1{2pD̂pθFnq ` κn´1{2ξqBFnSFn

p
ÝÑ C8

which is the same limit as the n1{2D̂pθFnqBFnSFn . Thus the introduction of this exogeneous

shock would not harm the asymptotic behavior of the test under strong identification.

When q ă dθ, we have

n1{2κn1{2ξBFnSFn “ κξBFnSFn

p
ÝÑ κξB8 diagp0qˆq, Idθ´qq

“ p0qˆq, κξBdθ´q,8q.

Combining with the results from Lemma A.1.4, we have

n1{2pD̂pθFnq ` κn´1{2ξqBFnSFn

d
ÝÑ

¨

˝Cq,8, C8

»

–

0qˆpdθ´qq

diagttq`1, . . . , tdθu

0pdm´dθqˆpdθ´qq

fi

fl ` pZD ` κξqBdθ´q,8

˛

‚

” Dξ.

Now we show that Dξ has full rank of probability one. Define

Cdθ´q,ξ ” C8

»

–

0qˆpdθ´qq

diagttq`1, . . . , tdθu

0pdm´dθqˆpdθ´qq

fi

fl ` pZD ` κξqBdθ´q,8.
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Since Dξ has full rank is equivalent to C 1
8Dξ has full rank, which equals

C 1
8Dξ “

„

C 1
q,8

C 1
dm´q,8

ȷ

pCq,8, Cdθ´q,ξq

“

„

C 1
q,8Cq,8 C 1

q,8Cdθ´q,ξ

C 1
dm´q,8Cq,8 C 1

dm´q,8Cdθ´q,ξ

ȷ

“

„

Iq C 1
q,8Cdθ´q,ξ

0pdm´qqˆq C 1
dm´q,8Cdθ´q,ξ

ȷ

.

Hence, Dξ has full rank is equivalent to C 1
dm´q,8Cdθ´q,ξ having full rank. By Lemma 16.1

from D. W. Andrews and Guggenberger, 2017, it suffices to show that the variance of

vecpC 1
dm´q,8Cdθ´q,ξq is positive definite.

Note that

varpvecpC 1
dm´q,8Cdθ´q,ξqq “ varpvecpC 1

dm´q,8pZD ` κξqBdθ´q,8qq

“ var
`

pB1
dθ´q,8 b C 1

dm´q,8q vecpZD ` κξq
˘

“ pB1
dθ´q,8 b C 1

dm´q,8q var pvecpZD ` κξqq pB1
dθ´q,8 b C 1

dm´q,8q1.

By the property that rankpA b Bq “ rankpAq rankpBq, we have

rankpBdθ´q,8 b Cdm´q,8q “ rankpBdθ´q,8q rankpCdm´q,8q

“ pdθ ´ qqpdm ´ qq,

implying that Bdθ´q,8 b Cdm´q,8 is a full-rank matrix. On the other hand,

var pvecpZD ` κξqq “ var pvecpZDqq ` κ2 var pvecpξqq

with the equality holding by the independence between ξ and data. Note that varpvecpξqq “

Idgdθ by the assumption that ξ is a matrix of i.i.d. standard normal variables. Therefore,

var pvecpZD ` κξqq is the sum of two PSD matrices, with one of them being positive definite,

so we conclude that it is positive definite.

For every x ‰ 0pdm´qqpdθ´qqˆ1, we have pBdθ´q,8 bCdm´q,8qx ‰ 0kdθˆ1 by the full rank

of Bdθ´q,8 b Cdm´q,8, and thus

x1pB1
dθ´q,8 b C 1

dm´q,8q varpvecpZD ` κξqqpB1
dθ´q,8 b C 1

dm´q,8q1x ‰ 0
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by the positive definiteness of varpvecpZD ` κξqq. So we conclude that the variance of

vecpC 1
dm´q,8Cdθ´q,ξq is positive definite. The desired conclusion has been established.

A.1.6 WLLN and CLT for triangular array

The following cr inequality can be found in various reference, for example White, 1999,

Proposition 3.8

Lemma A.1.6 (The cr inequality). Let X and Y be random variables with E|X|r ă 8

and E|Y |r ă 8 for some r ą 0. Then

E|X ` Y |r ď cr pE|X|r ` E|Y |rq

where cr “ 1 if r ď 1 and cr “ 2r´1 if r ą 1.

Lemma A.1.7 (WLLN for L1`δ triangular array). Let tXniu be a row-wise i.i.d. triangular

array of random variables. Suppose

sup
n,i

E|Xni|
1`δ ă 8 (A.29)

for some δ ą 0. Then

1

n

n
ÿ

i“1

Xni ´ ErXnis
p
ÝÑ 0.

Proof of Lemma A.1.7. For each ϵ ą 0, note that

P

˜ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n
ÿ

i“1

Xni ´ ErXnis

ˇ

ˇ

ˇ

ˇ

ˇ

ą ϵ

¸

ď
E|n´1

řn
i“1pXni ´ EXniq|1`δ

ϵ1`δ

ď

řn
i“1 E|Xni ´ EXni|

1`δ

n1`δϵ1`δ

ď
2δ

`

E|Xni|
1`δ ` |EXni|

1`δ
˘

nδϵ1`δ

ď
21`δ supn,i E|Xn,i|

1`δ

nδϵ1`δ

Ñ 0
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as n Ñ 8. The first line holds by Markov’s inequality. The second line holds by trian-

gular inequality. The third line holds by cr inequality. The fourth line holds by absolute

inequality. Hence the desired conclusion holds.

The following central limit theorem for a triangular array of random vectors is borrowed

from Hansen (2022, Theorem 9.4).

Lemma A.1.8 (Multivariate Lyapunov CLT). Let tXniu be a row-wise i.i.d. triangular

array of random vectors in Rk with expectations ErXnis “ 0 and covariance matrices

Σni “ ErXniX
1
nis. Set Σn “ n´1

řn
i“1Σni. Suppose

Σn Ñ Σ ě 0 (A.30)

and for some δ ą 0

sup
n,i

E}Xni}
2`δ ă 8. (A.31)

Then as n Ñ 8,

1
?
n

n
ÿ

i“1

Xi
d
ÝÑ N p0,Σq.

A.2 Power Analysis of MLC Tests
A.2.1 Main results

In this section, I analyze the power of MLC test under strong identification. To define the

sequences of DGPs that are strongly identified, I impose the following additional restrictions

on the space P.

Definition A.2.1 (Parameter space under strong identification). For some δ,M ą 0 and

ϵ P p0, 1{2q, define the set Ps of pairs pθ, F q that satisfy the following conditions:

1. pθ, F q P P. That is, pθ, F q satisfies the conditions imposed in Definition 2.2.1 with

the given δ, ζ ą 0, and ϵ P p0, 1{2q.

2. Equation (2.5) holds with functions thmp¨quMm“1 satisfying Assumption 1.6.
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3. There exists a set of index S Ď t0, 1, . . . ,Ku with |S| “ M ` 1 such that

min
j,kPS,j‰k

|ppzjq ´ ppzkq| ě ϵ.

Specifically, the second condition brings back the unisolvent property on the specified

functions, and the third condition assumes that there is a set of isolated propensity scores

sufficient to point identify the primitive parameters in the MTE model.

Lemma A.2.1. With Ps defined in Definition A.2.1, We have

inf
pθ,F qPPs

λminpAF q ą 0.

where AF is defined below equation (2.10) for some distribution F .

The parameter space Ps guarantees that the smallest singular value of AF , denoted as

τ2pM`1q,F , is uniformly bounded away from zero. Since AF has full rank for each pθ, F q P Ps,

θ “ pA1
FAF q´1A1

FβF is uniquely determined by F , so does λ “ c1θ. Therefore, Ps can

be regarded as a collection of distribution F , and we denote θF ” pA1
FAF q´1A1

FβF and

λF ” c1θF for each F P Ps. The next result establishes the consistency and local power

property of the MLC test under strong identification:

Proposition A.2.1. Suppose tFn : n ě 1u Ď Ps, where for some F0 P Ps, assume

1. pFnpzℓq Ñ pF0pzℓq for all ℓ “ 0, 1, . . . ,K,

2. βFn Ñ βF0,

3. σ2
Fn,dℓ

Ñ σ2
F0,dℓ

for all d “ 0, 1 and ℓ “ 0, 1, . . . ,K,

4. qFnpzℓq Ñ qF0pzℓq for all ℓ “ 0, 1, . . . ,K.

Consider a sequence of null values λ˚
n “ λFn `bn´r with b P R and b ‰ 0, then the following

conclusion holds

(a) If r P r0, 1{2q, then we have

lim
nÑ8

PFnpϕ̂MLCpλ˚
nq “ 1q “ 1. (A.32)
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(b) If r “ 1{2, then we have

lim
aŒ0

lim sup
nÑ8

EFn

”

ϕ̂Waldpλ˚
nq ´ ϕ̂MLCpλ˚

nq

ı

“ 0.

It is worth noting that the proposed MLC test is approximately as powerful as the

asymptotic efficient Wald test under strong identification if we set the weight assigned to

AR statistic sufficiently small. I. Andrews (2018, Theorem 3) establishes a related result by

showing that a p1´α´ γq LC confidence set is contained by a p1´αq Wald confidence set

with probability approaching one for all γ ą 0 based on a specific choice of weight function

apγq such that the critical values of the two tests are equal: qp1`apγqqχ2
1`apγqχ2

2K`1
p1´α´γq “

qχ2
1
p1´αq. Nevertheless, it is less clear from his result that the MLC test would have similar

local power as the Wald test at the same significance level, regardless of how we choose the

AR weight. This result is now formally established in Proposition A.2.1(b).

It is not recommended to set a “ 0 for the MLC test. On the one hand, the AR statistic

helps direct the optimizer of the profiled MLC statistic to converge within a small neigh-

borhood of the true parameter θ under strong identification. Within this neighborhood,

the MRLM statistic is first-order equivalent to the Wald statistic. However, the MRLM

statistic alone cannot detect deviations from the true parameter except in the direction of

the target parameter c1θ. On the other hand, assigning a higher weight to the AR statistic

increases power under weak identification, as the MRLM statistic might be small for distant

alternatives due to the near-singularity of Â (Kleibergen, 2005). While I. Andrews, 2016

discusses the optimal choice of a for full vector inference problems, the optimal choice of a

for subvector inference remains an open question for future research.

A.2.2 Additional lemmas

Lemma A.2.2. Under the same assumptions in Proposition A.2.1, the local power of Wald

statistic equals:

lim
nÑ8

EFnrϕ̂Waldpλ˚
nqs “ PppZ ` νq1PνpZ ` νq ą qχ2

1
p1 ´ αqq.

where Z „ N p02pK`1qˆ1, I2pK`1qq and ν is defined in equation (A.42).
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For each population distribution F , let

ΩF pθq ” HppF , θqΣp,FHppF , θq

Γj,F pθq ” MjppF qΣp,FHppF , θq1,

where Hpp, θq and Mjppq are defined in section 2.4.3.

Lemma A.2.3. Suppose tFnuně1 Ď Ps is a sequence of distributions satisfying the condi-

tions in Proposition A.2.1. The following results hold:

0 ă inf
θPΘ

λminpΩF0pθqq ď sup
θPΘ

λmaxpΩF0pθqq ă 8 (A.33)

sup
θPΘ

}Ω̂pθq ´ ΩF0pθq} “ opp1q (A.34)

sup
θPΘ

}Γ̂jpθq ´ Γj,F0pθq} “ opp1q. (A.35)

A.2.3 Proofs

Proof of Lemma A.2.1. Since the matrix AF is the block diagonal of A1F and A0F defined

in (2.5), it suffices to show that the minimum singular value of AdF is bounded away from

zero uniformly over Ps for both d “ 0, 1. Fix an arbitrary d “ 0, 1, the proof is divided

into three steps.

Part (a): Establish the positive lower bound of the determinant of an alternant matrix

over a compact subset.

Suppose thmp¨quMm“1 satisfies the Assumption 1.6. Define the function

fpp0, . . . , pM q ” λminpApp0, . . . , pM qq for pp0, . . . , pM q P p0, 1qM`1,

where λmin denotes the smallest singular value of App0, . . . , pM q P RpM`1qˆpM`1q whose

pℓ,mq’th element is given by

Aℓmpp0, . . . , pM q ” λdmppℓq.

By Assumption 1.6, tλdmp¨quMm“0 are continuous functions on p0, 1q. This implies that

fpp0, . . . , pM q is also continuous on p0, 1qM`1. Consider a compact subset

E ”

"

pp0, . . . , pM q : pℓ P rϵ, 1 ´ ϵs for all ℓ “ 0, . . . ,M, min
j‰k

|pj ´ pk| ě ϵ

*

. (A.36)
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Then f is strictly positive and continuous on E by the unisolvent property4 imposed in

Assumption 1.6. Therefore, there is a natural positive lower bound, denoted by ϵd, such

that

inf
pp0,...,pM qPE

fpp0, . . . , pM q ą ϵd ą 0.

Part (b): Show that the smallest singular value of a submatrix of AdF is uniformly

positive.

By the third condition imposed in Definition A.2.1 and the third condition imposed

in Definition 2.2.1, for each pθ, F q P P, there exists a subset of propensity scores pS ”

tpF pzℓq : ℓ P Su such that pS P E defined in (A.36). Then it follows from part (a) that

fppSq “ λminpAppSqq ą ϵd ą 0.

Part (c): Conclude the proof.

Note that AppSq is a submatrix of AdF for row index belonging to the set S. Therefore,

λminpAdF q “ min
}x}“1

}pAdF qx}

ě min
}x}“1

}AppSqx}

“ λminpAppSqq

ą ϵd ą 0

for all pθ, F q P Ps. The first and third line holds by the min-max principle for singular

values, and the second line follows by the fact that AppSq is a submatrix of AdF . Hence

the desired conclusion has been established.

Proof of Proposition A.2.1. Part (a). First, we show that

inf
c1θ“λ˚

n

}
?
npÂθ ´ β̂q} Ñ 8 almost surely. (A.37)

4 The unisolvent property implies that App0, . . . , pM q has nonzero determinant, whose absolute value
equals the product of all singular values of App0, . . . , pM q. From this, it implies that the smallest singular
value should be positive.
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To prove this, fix an arbitrary θ˚
n that satisfies c1θ˚

n “ λ˚
n

5 Consider the following derivation

}
?
npÂθ˚

n ´ β̂q} “ }
?
npÂθFn ´ β̂q `

?
nÂpθ˚

n ´ θFnq}

ě
?
n}Âpθ˚

n ´ θFnq} ´ }
?
npÂθFn ´ β̂q}

ě λminpÂq
?
n}θ˚

n ´ θFn} ´ }
?
npÂθFn ´ β̂q} (A.38)

ě λminpÂq
|c1θFn ´ λ˚

n|
?
c1c

´ }
?
npÂθFn ´ β̂q}

“ λminpAF0q
|b|n´r`1{2

?
c1c

` Opp1q.

The second line follows by triangle inequality. The third line holds by taking x “ θ˚
n ´ θFn

in the following equality:

}Ax} ě }x} inf
}x}‰0

}Ax}

}x}
“ }x}λminpAq. (A.39)

The fourth line holds by the fact that the distance between θFn and θ˚
n is bounded below

by the distance between θFn and the hyperplane tθ : c1θ “ λ˚
nu, where the latter equals

|c1θFn ´ λ˚
n|{

?
c1c. The last line holds by the specification of null values and that Â

p
ÝÑ

AF0 and
?
npÂθFn ´ β̂q as implied by Lemma A.1.1. Finally, note that r P r0, 1{2q and

λminpAF0q ą 0 (by Lemma A.2.1) implies the desired result.

Second, let θ˚
n denote the minimizer in the profiled MLC test statistic:

θ˚
n P argmin

c1θ“λ˚
n

MLCnpθq

“ argmin
c1θ“λ˚

n

npÂθ ´ β̂q1Ω̂pθq´1{2PQ̂pθq
Ω̂pθq´1{2pÂθ ´ β̂q ` a ¨ npÂθ ´ β̂q1Ω̂pθq´1pÂθ ´ β̂q.

(A.40)

The first term of the objective function is always non-negative, we show that the second

5 If such θ˚
n does not exist, then the rejection probability becomes 1 by the definition of testing procedures

in section 2.4.3. So the desired conclusion trivially holds.
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term diverges to infinity. Note that

npÂθ˚
n ´ β̂q1Ω̂pθ˚

nq´1pÂθ˚
n ´ β̂q “ }

?
nΩ̂pθ˚

nq´1{2pÂθ˚
n ´ β̂q}2

ě λmaxpΩ̂pθ˚
nqq´1}

?
npÂθ˚

n ´ β̂q}2

ě
“

λmaxpΩF0pθ˚
nqq´1 ` opp1q

‰

}
?
npÂθ˚

n ´ β̂q}2 (A.41)

The second inequality holds by (A.39), and the third line holds by equation (A.34) from

Lemma A.2.3. Again following this Lemma, inequality (A.33) implies λmaxpΩF0pθ˚
nqq´1 ą 0.

Combining (A.37) and (A.41) implies that

inf
c1θ“λ˚

n

MLCnpθq “ MLCnpθ˚
nq Ñ 8 almost surely.

As a result, the desired conclusion (A.32) holds.

Part (b). We divide the proof into several steps:

Step 1: There exists a θ̄n that satisfies c1θ̄n “ λ˚
n such that MLCnpθ̄nq converges to a

mixture of noncentral χ2 distributions.

Consider

θ̄n “ θFn `
pA1

F0
ΩF0pθF0q´1AF0q´1c

c1pA1
F0
ΩF0pθF0q´1AF0q´1c

¨
b

?
n
,

Note that θ̄n P Θ for sufficiently large n since θ P intpΘq, and

}AF0ΩF0pθF0q´1{2pθ̄n ´ θFnq} “
|b|n´1{2

b

c1pA1
F0
ΩF0pθF0q´1AF0q´1c

“ Opn´1{2q.

So we have }θ̄n ´ θF0} “ op1q as }θFn ´ θF0} “ op1q holds by the given conditions. Then

the j’th column of rDpθ̄nq, denoted by rDjpθ̄nq, equals

rDjpθ̄nq “ âj ´ Γ̂jpθ̄nqΩ̂pθ̄nq´1pÂθ̄n ´ β̂q ` n´1{2κξj

“ âj ´ Γj,F0pθF0qΩF0pθF0q´1pÂθFn ´ β̂q ` opp1q

“ âj ` opp1q

for each j “ 1, . . . , 2pM ` 1q, where the second line follows by (A.35) from Lemma A.2.3

and the fact that }θFn ´ θF0} “ op1q. This implies } rDpθ̄nq ´ Â} “ opp1q. Since Ω̂pθ̄nq´1 “
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ΩF0pθF0q´1 ` opp1q “ Opp1q, we have

Q̂pθ̄nq ” Ω̂pθ̄nq´1{2
rDpθ̄nqp rDpθ̄nq1Ω̂pθ̄nq´1

rDpθ̄nqq´1c

“ Ω̂pθ̄nq´1{2ÂpÂ1Ω̂pθ̄nq´1Âq´1c ` opp1q.

Plugging this into MRLMnpθ̄nq yields

MRLMnpθ̄nq “

„

?
npÂθ̄n ´ β̂q1Ω̂pθ̄nq´1

rDpθ̄nq

´

rDpθ̄nq1Ω̂pθ̄nq´1
rDpθ̄nq

¯´1
c

ȷ2

c1

´

rDpθ̄nq1Ω̂pθ̄nq´1
rDpθ̄nq

¯´1
c

“

„

?
npÂθFn ´ β̂q1Ω̂pθ̄nq´1Â

´

Â1Ω̂pθ̄nq´1Â
¯´1

c `
?
npθ̄n ´ θFnq1c ` opp1q

ȷ2

c1

´

Â1Ω̂pθ̄nq´1Â
¯´1

c ` opp1q

d
ÝÑ

ˆ

Z 1ν

}ν}
` }ν}

˙2

“ pZ ` νq1PνpZ ` νq.

where

ν ” ΩF0pθF0q´1{2AF0

?
npθ̄n ´ θFnq “

ΩF0pθF0q´1{2AF0pA1
F0
ΩF0pθF0q´1AF0q´1c

c1pA1
F0
ΩF0pθF0q´1AF0q´1c

¨ b (A.42)

and Z is defined as the limit law of
?
nΩFnpθFnq´1{2pÂθFn ´ β̂q, following a normal distri-

bution N p02pK`1qˆ1, I2pK`1qq.

For the ARnpθ̄nq, observe that

ARnpθ̄nq “ }
?
npÂθ̄n ´ β̂q1Ω̂pθ̄nq´1{2}2

“ }
?
npÂθFn ´ β̂q1Ω̂pθFnq´1{2 `

?
npθ̄n ´ θFnq1Â1Ω̂pθFnq´1{2 ` opp1q}2

d
ÝÑ }Z ` ν}2.

Combining the results for MRLM and AR statistics, it follows that

MLCnpθ̄nq
d
ÝÑ p1 ` aq ¨ pZ ` νq1PνpZ ` νq ` a ¨ pZ ` νq1MνpZ ` νq.

Step 2: Show that the minimizer of the profiled MLC statistic is consistent to θF0 .
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Let θ˚
n denote the minimizer of the problem (A.40). Then we have

a ¨ ARnpθ˚
nq ď MLCnpθ˚

nq ď MLCnpθ̄nq “ Opp1q,

where the first inequality follows by the fact that MRLM statistic is always non-negative,

the second inequality follows by the definition of θ˚
n and that θ̄n from step 1 is feasible

under the constraint, and the last equality follows by the conclusion of step 1.

Note that this implies }
?
npÂθ˚

n´β̂q} “ Opp1q. Following inequality (A.38), we conclude

that }θ˚
n ´ θFn} “ Oppn´1{2q. Applying the same arguments in step 1 to θ˚

n instead of θ̄n,

we find that

MRLMnpθ˚
nq

d
ÝÑ pZ ` νq1PνpZ ` νq.

Step 3: Conclude the proof

To save notations, let qpaq denote the p1´αq-quantile of the mixture chi-square distri-

butions p1 ` aqχ2
1 ` aχ2

2K`1. Note that the following inequality

MRLMnpθ˚
nq ď MLCnpθ˚

nq ď MLCnpθ̄nq

implies the inequality on rejection probabilities:

PFnpMRLMnpθ˚
nq ą qpaqq ď EFnrϕ̂MLCpλ˚

nqs ď PFnpMLCnpθ̄nq ą qpaqq

Taking the limit on both sides gives

Lpaq ď lim inf
nÑ8

EFnrϕ̂MLCpλ˚
nqs ď lim sup

nÑ8
EFnrϕ̂MLCpλ˚

nqs ď Upaq

where

Lpaq “ PppZ ` νq1PνpZ ` νq ą qpaqq

and

Upaq “ Ppp1 ` aq ¨ pZ ` νq1PνpZ ` νq ` a ¨ pZ ` νq1MνpZ ` νq ą qpaqq.

Note that both Lpaq and Upaq are continuous function of a, taking a to zero from above

then yields:

Lp0q ď lim inf
aŒ0

lim inf
nÑ8

EFnrϕ̂MLCpλ˚
nqs ď lim sup

aŒ0
lim inf
nÑ8

EFnrϕ̂MLCpλ˚
nqs ď Up0q.
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Since Lp0q “ Up0q “ limnÑ8 EFnrϕ̂Waldpλ˚
nqs by Lemma A.2.2, the desired conclusion has

been established.

Proof of Lemma A.2.2. It suffices to show that

Waldnpλ˚
nq

d
ÝÑ pZ ` νq1PνpZ ` νq

under tFnuně1 Ď Ps. Under strong identification such as the parameter space restriction

imposed in Ps, the efficient estimator θ̂eff (the continuously updated GMM or two-step

GMM) is consistent and asymptotic normal with the asymptotic variance (Newey & Mc-

Fadden, 1994, Theorem 5.2)
“

A1
F0
ΩF0pθF0q´1AF0

‰´1
.

Then it follows that

Waldnpλ˚
nq “ npc1θ̂eff ´ λ˚

nq1
”

c1pÂ1Ω̂pθ̂effq´1Âq´1c
ı´1

pc1θ̂eff ´ λ˚
nq

“

”?
npc1θ̂eff ´ λFnq ´ b

ı1 ”

c1pÂ1Ω̂pθ̂effq´1Âq´1c
ı´1 ”?

npc1θ̂eff ´ λFnq ´ b
ı

“

¨

˝

?
npc1θ̂eff ´ λFnq

b

c1pA1
F0
ΩF0pθF0q´1AF0q´1c ` opp1q

´ }ν} signpbq ` opp1q

˛

‚

2

For an efficient estimator, we have the following asymptotic representation:

?
npθ̂eff ´ θFnq “ ´pA1

Fn
ΩFnpθFnq´1AFnq´1A1

Fn
ΩFnpθFnq´1?

npÂθFn ´ β̂q ` opp1q.

which implies
?
npc1θ̂eff ´ λFnq

b

c1pA1
F0
ΩF0pθF0q´1AF0q´1c

d
ÝÑ ´

Z 1ν

}ν}
¨ signpbq.

Plugging this into the Wald test statistic yields the desired result.

Waldnpλ˚
nq

d
ÝÑ

ˆ

´
Z 1ν

}ν}
´ }ν}

˙2

“ pZ ` νqPνpZ ` νq.

Therefore the proof is complete.
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Proof of Lemma A.2.3. For simplicity of notation, I leave out the subscript of F0 in this

proof. First, we show that the smallest and largest singular values of Ωpθq are finite and

bounded away from zero uniformly across θ P Θ under distribution F0. The first inequality

can be established by noting that

λminpΩpθqq “ λminpHpp, θq1ΣpHpp, θq ` Σβq

ě λminpΣβq

“ min
d,ℓ

σ2
dℓ

qpd, zℓq

ą 0,

where the first inequality holds since Hpp, θq1ΣpHpp, θq is positive semi-definite, and the

second inequality follows by the parameter space restriction on P. Therefore, the lower

bound inequality is established. Regarding the upper bound. Note that

λmaxpΩpθqq “ λmaxpHpp, θq1ΣpHpp, θq ` Σβq

ď λmaxpHpp, θq1ΣpHpp, θqq ` λmaxpΣβq

“ λmaxpΣ1{2
p Hpp, θqq2 ` λmaxpΣβq

ď λmaxpΣpqλmaxpHpp, θqq2 ` λmaxpΣβq,

where the first inequality holds by triangle inquality for spectral norm λmaxp¨q, and the

second inequality holds by the Cauchy-Schwarz inequality. Since each element of Hpp, θq

is continuous in θ P Θ, and Θ is a compact set, λmaxpHpp, θqq is bounded uniformly over

θ P Θ. Note that

λmaxpΣpq “ max
ℓ

ppzℓqp1 ´ ppzℓqq

qpzℓq
ă 8 and λmaxpΣβq “ max

d,ℓ

σ2
dℓ

qpd, zℓq
ă 8

as implied by the conditions imposed on P. So the inequality (A.33) is established.

Next we establish the uniform consistent estimation on Ω̂pθq in (A.34). First note that
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the difference in spectral norm can be expressed as

}Ω̂pθq ´ Ωpθq} “ }Hpp̂, θq1Σ̂pHpp̂, θq ´ Hpp, θq1ΣpHpp, θq ` Σ̂β ´ Σβ}

ď }Hpp̂, θq1Σ̂pHpp̂, θq ´ Hpp̂, θq1ΣpHpp̂, θq}

` }Hpp̂, θq1ΣpHpp̂, θq ´ Hpp, θq1ΣpHpp, θq}

` }Σ̂β ´ Σβ}

ď

´

}Σ̂1{2
p Hpp̂, θq} ` }Σ1{2

p Hpp̂, θq}

¯

}Hpp̂, θq} ¨ }Σ̂1{2
p ´ Σ1{2

p }

`

´

}Σ1{2
p Hpp̂, θq} ` }Σ1{2

p Hpp, θq}

¯

}Σ1{2
p } ¨ }p̂ ´ p}

` }Σ̂β ´ Σβ}.

The first inequality follows by triangle inequality. The second inequality holds by noting

that

}X 1X ´ Y 1Y } “ }X 1X ´ X 1Y ` X 1Y ´ Y 1Y }

ď }X 1pX ´ Y q} ` }pX ´ Y q1Y }

ď p}X} ` }Y }qp}X} ´ }Y }q,

for any matrices X and Y that have the same number of columns.

Note that supθPΘ }Hpp, θq} ă 8 since Hpp, θq is uniformly bounded due to its continuity

in θ P Θ, where Θ is a compact set. Following the conclusions in Lemma A.1.1, we have

}Σ̂p} “ Opp1q. Also note that supθPΘHpp̂, θq “ Opp1q. This follows by the boundedness of

Hpp, θq on any compact set of pp, θq and the inequality

PFn pHpp̂, θq ď suptHpp, θq : ϵ{2 ď ppzℓq ď 1 ´ ϵ{2, @ℓ “ 0, 1, . . . ,K; θ P Θuq

ě PFn p}p̂ ´ pFn} ă ϵ{2q

Ñ 1,

where the second line holds since ϵ ď pFnpzℓq ď 1 ´ ϵ, and the last line holds by Lemma

A.1.1.

Combining the arguments above then implies

sup
θPΘ

}Ω̂pθq ´ Ωpθq} “ Opp1q ¨ }Σ̂1{2
p ´ Σ1{2

p } ` Opp1q ¨ }p̂ ´ p} ` Opp1q ¨ }Σ̂β ´ Σβ}.
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Then the desired result follows by the conclusions of Lemma A.1.1.

The proof of (A.35) follows similar arguments as the proof of (A.34) and thus omitted.

A.3 Inference with Estimated Weights for MLC Tests

When the linear weights on the parameters are unknown but estimated, I maintain

Assumption 4 and consider modified linear combination test for the treatment effects pa-

rameters λ “ cpp, qq1θ. Naively plugging in the estimator ĉ “ cpp̂, q̂q into the test statistic

can introduce estimation errors in the constraint ĉ1θ “ λ, potentially leading to asymptotic

bias in the limiting distribution of the test statistic. To address this, I modify the test

statistic to account for the effects of these estimation errors.

One possible solution involves reparameterizing the model so that the target param-

eter ĉ1θ becomes an element of the reparameterized model parameter (D. W. Andrews,

2017). However, given the broad class of causal parameters of interest, finding a univer-

sal reparameterization rule that works for all these parameters is challenging, and such

reparameterization would greatly complicates the asymptotic analysis.

As an alternative, I impose a normalization on the weights of the treatment effect

parameters. This assumption is broadly applicable to various causal effects, including ATE,

ATT, LATE, and the normalized counterfactual policy effects ᾱpϵq considered in this paper.

Assumption 14. The first and pK `1q-th element of the weight function cpp, qq are 1 and

´1, respectively, and weight is symmetric: c “ pc1
1, c

1
0q1 with c1 “ ´c0.

Under Assumption 14, I consider a sequence of vectors θ̃n “ θFn ` δn such that ĉ1θ̃n “

λn “ cppFn , qFnq1θFn . Hence θ̃n falls into the estimated constraint set. There are two choices

of δn that satisfies this requirement:

δn,1 “ p´rĉ ´ cppFn , qFnqs1θFn , 01ˆp2K`1qq
1

δn,0 “ p01ˆpK`1q, rĉ ´ cppFn , qFnqs1θFn , 01ˆKq1.
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For any r P r0, 1s, define a sequence

θn,r ” rpθFn ` δn,1q ` p1 ´ rqpθFn ` δn,0q. (A.43)

This construction generates a continuum of sequences tθn,runě1 that satisfy the estimated

constraint. By examining the asymptotic behavior of the test statistic under the sequence

tθn,runě1, we can establish an asymptotically valid test.

Proposition A.3.1. Let Assumption 2, 4, and 14 hold, and suppose that the weight is

non-degenerate: infpθ,F qPP }cppF , qF q} ą 0. Define ξr ” p´r11ˆpK`1q, p1 ´ rq11ˆpK`1qq
1

with r P r0, 1s, where 11ˆpK`1q denotes a 1 ˆ pK ` 1q vector of ones. In the MLC testing

procedures outlined in section 2.4.3, consider replacing Ω̂pθq by

Ω̂pθ; rq ”
`

Hpp̂, θq ` ξrθ
1rBpĉs

˘

Σ̂p

`

Hpp̂, θq ` ξrθ
1rBpĉs

˘1
` pξrθ

1rBq ĉsqΣ̂qpξrθ
1rBq ĉsq

1 ` Σ̂β ,

replacing Γ̂jpθq by

Γ̂jpθ; rq ” M̂jpp̂qΣ̂p

`

Hpp̂, θq ` ξ1
rθrBpĉs

˘1
,

and replacing c with ĉ in the constraint set. With these modifications, the uniform validity

of the MLC test is still maintained.

Proof of Proposition A.3.1. Under the drifting sequence satisfying the conditions outlined

in Proposition A.1.2, we show that

lim sup
nÑ8

P
ˆ

inf
ĉ1θ“λn

MLCnpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq

˙

ď α,

where the two chi-square distributions are independent. Then the rest of the proof follows

the same arguments in the proof of Theorem 2.4.1.

Consider θn,r for r P r0, 1s defined in (A.43). Then we note that limnÑ8 Ppθ̃n P Θq “ 1

since θFn P intpΘq and the difference between θn,r and θFn converges in probability to a

zero vector. Next, it can be seen that
?
npÂθn,r ´ β̂q “

?
npÂθFn ´ β̂q ` r ¨

?
nÂδn,1 ` p1 ´ rq ¨

?
nÂδn,0

d
ÝÑ

`

Hpp8, θ8q ` ξrθ
1
Fn

rBpcs
˘

Zp ` pξrθ
1
Fn

rBqcsqZq ´ Zβ ,
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where Bpc and Bqc denote the gradients of c with respect to p and q, respectively, by setting

p “ p8 and q “ q8. Note that Ω̂pθn,r; rq consistently estimate the asymptotic variance of

the above moment condition. Moreover,

Γ̂jpθn,r; rq
p
ÝÑ Mjpp8qΣp,8

`

Hpp8, θ8q ` ξ1
rθ8rBpcs

1
˘

,

which equals the asymptotic covariance between
?
npÂθn,r ´ β̂q and

?
npâj ´ aj,Fnq, where

âj,Fn and aj,Fn denotes the j-th row of Â and AFn , respectively.

Following the same arguments in Proposition A.1.2 but replacing θFn with θn,r in the

argument of test statistics, the consistency of the (co)variance estimators implies

MLCnpθn,rq
d
ÝÑ p1 ` aqχ2

1 ` aχ2
2K`1. (A.44)

Let B denote the event that inf ĉ1θ“λn MLCnpθq ą qp1`aqχ2
1`aχ2

2K`1
p1 ´ αq. Then we have

PFnpBq “ PFnpB, θn,r P Θq ` PFnpB, θn,r R Θq

ď PFnpMLCpθn,rq ą qp1`aqχ2
1`aχ2

2K`1
, θn,r P Θq ` PFnpθn,r R Θq

ď PFnpMLCpθn,rq ą qp1`aqχ2
1`aχ2

2K`1
q ` PFnpθn,r R Θq,

where the second line holds by the fact that θn,r P Θ and satisfies the constraint set under

the first term of probability. Taking the limit as n Ñ 8 and noting PFnpθn,r R Θq Ñ 0

along with (A.44), the desired result holds.

A.4 Power Comparison in Linear MTE Models

In this appendix, I compare the power of the proposed two approaches, namely, the

conditional Wald test and modified linear combination test in a linear MTE model. The

linear MTE model is generated by the DGP below: For each d “ 0, 1,

Yd “ µd ` Vd

D “ 1rU ď ppZqs

Vd “ ρd

ˆ

U ´
1

2

˙

` ed,
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where U is uniformly distributed over a unit interval r0, 1s, Z has the same distribution as

the one used in section 2.6, i.e., uniformly distributed over tz0, z1, z2u and independent of

pU, e1, e0q, and pe1, e0q follows the joint normal distribution with zero mean and covariance

matrix Σe “ 0.5 ¨ I2ˆ2. Since instrument has ternary support and there are two unknown

parameters to be identified for treated and control samples. The linear MTE model is

over-identified and is weakly identified if all propensity scores converge to a single point. I

consider the following specification of the parameters in the Monte-Carlo simulation:

• Mean potential outcomes: µ1 “ µ0 “ 0,

• Slope of MTR functions: ρ0 “ ρ1 “ 5

• Propensity scores:

(i) Strong identification: pspzq “ r0.2, 0.5, 0.8s

(ii) Weak identification: pwpzq “ r0.4, 0.5, 0.6s

The data is generated with n “ 500 units to evaluate the power of the conditional Wald

test, modified linear combination test, and the classical Wald test. I repeat the Monte-

Carlo experiments 2,000 times to compute the average rejection rates for testing ATE

H0 : µ1 ´ µ0 “ δµ for δµ P r´5, 5s.

The power curves are plotted in Figure A.1 below under two different levels of identi-

fication strength. If the variation on the propensity score is strong enough, all considered

approaches are valid under the true value of ATE and exhibit similar power when testing

against fixed alternatives in finite samples. This result reveals that the proposed MLC test

does not sacrifice too much power under strong identification when the weight assigned

to AR statistic is small pa “ 0.05q, which coincides with our local power analysis. Under

weak identification, both MLC test and conditional Wald test control the size under the

true ATE at zero, whereas Wald test over-rejects the true null under the same context.

Regarding the power of tests, the MLC test may have deficient power at distant alterna-

tives as it exhibits a non-monotonic power curve similar to the RLM test Kleibergen (2005)

for full vector inference. On the other hand, the conditional Wald test has power against

both positive and negative alternative values of ATE, which is therefore recommended for
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practical implementation in linear MTE models.

A.5 Testing IV Strength

Several studies have developed tests for IV strength (Lewis & Mertens, 2022; Montiel

Olea & Pflueger, 2013; Stock & Yogo, 2005). These tests typically focus on the bias of IV

estimators relative to OLS estimators and the size distortion of conventional Wald and t-

tests under their null hypotheses. This problem is well-studied in linear IV regressions with

homoskedastic error structure (I. Andrews et al., 2019, Section 4). However, little is known

about nonlinear models with a focus on subvector inference. In this section, I evaluate the

strength of the identification in the empirical application along multiple dimensions.

A.5.1 Pre-testing weak identification by size distortion

Following I. Andrews, 2018, we can regard the target parameter as being weakly iden-

tified if the Wald confidence set fails to include a locally equivalent robust confidence set

with a smaller coverage level.

Let γ P r0, 1´αq. We choose the weight a “ apγq in the MLC test such that apγq solves

qp1`apγqqχ2
1`apγqχ2

2K`1
p1 ´ α ´ γq “ qχ2

1
p1 ´ αq.

If one uses the weight apγq together with the critical value qχ2
1
p1 ´ αq, the following set CP

achieves asymptotic coverage 1 ´ α ´ γ under weak identification:

CP pγq “

"

λ P R : inf
c1θ“λ

MRLMnpθq ` apγq ¨ ARnpθq ă qχ2
1
p1 ´ αq

*

.

As shown by I. Andrews (2018, Theorem 3), this set is contained by a p1 ´ αq Wald

confidence set CW with probability approaching one under strong identification. In other

words, the failure of this containment relationship suggests evidence of weak identification.

This leads to the following test of weak identification:

ϕICSpγq “ 1rCP pγq Ę CW s.

The tuning parameter γ measures the maximum amount of size distortion on Wald confi-

dence set that researchers can tolerate. If ϕICSpγq “ 1, then researchers are willing to use
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(a) Strong identification: ppzq “ r0.2, 0.5, 0.8s
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(b) Weak identification: ppzq “ r0.4, 0.5, 0.6s
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0.6
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Note: Testing ATE at values on r´5, 5s with the true effects fixed at zero. The significance level is 5%.
The sample size equals 2,000. The average rejection rates are computed with 2,000 independent
Monte-Carlo simulations.

Figure A.1: Power Curves of the Conditional Wald, MLC, and Wald Tests
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the robust confidence set with a smaller coverage level (1 ´ α ´ γ) since it is always valid

while the classical p1 ´ αq Wald confidence set is unreliable if the test rejects. However,

this type of test may not have sufficient power to detect weak identification, which implies

the model might still be weakly identified even if we did not reject the test.

For the example of additive MPRTE, I report the Andrews’ pretesting result in Table

A.2 by specifying γ “ 10% and α “ 5% (i.e., the researchers can tolerate at most 10%

size distortion). The result indicates that cubic and quartic MTE models lead to potential

concerns of weak identification conditional on most courts, while linear MTE models are

strongly identified. Quadratic MTE models are strongly identified for several courts, but not

all of them. This result reveals the fact that the identification strength depends on both the

variation of instruments and the flexibility of the model specified by researchers, while this

information is not reflected by the conventional rule-of-thumb applied to F -statistics, since

the latter rule only works under homoskedastic linear IV models with a scalar endogenous

coefficient (I. Andrews et al., 2019).

A.5.2 Testing exact under-identification

Alternatively, researchers may want to test the full-rank property of the matrix A in

the moment condition, i.e., Hrank
0 : rankpAq ď 2M ` 1. Rejections of such tests suggest

that the propensity scores are sufficiently separate from each other so that the relevance

condition holds under a pointwise asymptotic framework. Under a sequence of DGPs that

may induce weak identification, we do not necessarily reject Hrank
0 since Assumption 1.7

holds but is close to failure along such sequence. This implies a larger critical value is needed

to detect weak identification. As choice of valid critical values for testing weak identification

is beyond the scope of this paper, I do not pursue this goal but instead comparing the test

statistics and the critical value for testing Hrank
0 . The model may be weakly identified if

the test statistics are close to the corresponding critical values.

The test for Hrank
0 considered here is based on the analytical bootstrap test from Chen

and Fang, 2019. Their test focuses exactly on the null hypothesis Hrank
0 rather than testing
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Table A.2: Testing Weak Identification of Additive MPRTE at γ “ 10% and α “ 5%

Note: Valid Test is based on I. Andrews (2018) first-stage pretesting procedure under 10% size distortion.
F -statistics are computed by regressing treatment on a set of saturated instruments, and the Rule of
Thumb (RoT) suggests strong identification if the F -statistics exceed 10.

Court MTE Poly. Valid Test Wald (95%) MLC (85%) F-stat RoT

SBO Linear MTE Possibly Strong [-0.17, -0.02] [-0.14, -0.06]

77.90 Strong
SBO Quadratic MTE Weak [-0.17, 0.18] [-0.18, 0.20]
SBO Cubic MTE Weak [-0.40, 0.45] [-0.67, 0.55]
SBO Quartic MTE Weak [-0.64, 0.46] [-0.76, 0.75]

EBOS Linear MTE Possibly Strong [-0.24, -0.10] [-0.23, -0.12]

50.01 StrongEBOS Quadratic MTE Possibly Strong [-0.22, -0.06] [-0.20, -0.08]
EBOS Cubic MTE Weak [-0.34, -0.04] [-0.45, 0.03]
EBOS Quartic MTE Weak [-0.36, 0.04] [-0.63, 0.37]

WROX Linear MTE Possibly Strong [-0.32, -0.14] [-0.30, -0.16]

28.15 StrongWROX Quadratic MTE Possibly Strong [-0.33, -0.12] [-0.31, -0.13]
WROX Cubic MTE Weak [-0.33, -0.13] [-0.40, 0.05]
WROX Quartic MTE Weak [-0.33, -0.12] [-0.89, 0.44]

BMC Linear MTE Possibly Strong [-0.24, 0.00] [-0.16, -0.07]

31.47 StrongBMC Quadratic MTE Weak [-0.28, -0.02] [-0.21, 0.04]
BMC Cubic MTE Weak [-0.28, 0.00] [-0.35, 0.12]
BMC Quartic MTE Weak [-0.37, -0.07] [-0.30, 0.18]

ROX Linear MTE Possibly Strong [-0.03, 0.23] [0.06, 0.17]

34.68 StrongROX Quadratic MTE Possibly Strong [-0.02, 0.28] [0.08, 0.23]
ROX Cubic MTE Weak [-0.02, 0.34] [0.05, 0.38]
ROX Quartic MTE Possibly Strong [-0.10, 0.31] [0.13, 0.24]

DOR Linear MTE Possibly Strong [-0.42, -0.18] [-0.37, -0.25]

43.60 Strong
DOR Quadratic MTE Possibly Strong [-0.60, -0.26] [-0.56, -0.36]
DOR Cubic MTE Weak [-0.60, -0.26] [-0.56, -0.16]
DOR Quartic MTE Weak [-0.67, -0.29] [-0.79, -0.08]

the equality rankpAq “ 2M ` 1 as considered by previous work (Kleibergen & Paap, 2006).

They show this difference reveals large size distortion when using KP’s approach to test for

Hrank
0 . Since testing IV relevance at population level is directly related to testing Hrank

0 in

our setting, I employ their approach to study this problem.

The test results are collected in Table A.3. From this table we see that the population IV

relevance condition holds for all courts and models we consider except for the SBO court

based on quartic MTE models. As argued above, this result does not necessarily show

evidence of strong identification. When looking at the ratios of test statistics and critical
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values, we observe that these quantities are close to one under cubic and quartic settings,

indicating potential weak identification in such scenarios.

Table A.3: Analytical Bootstrap Test for Hrank
0 : rankpAq ď 2M ` 1

Court Linear Quadratic Cubic Quartic

Ratio: Test Statistics/Critical Values
SBO 20.27 1.44 1.83 0.57
EBOS 17.47 3.01 2.19 1.11
WROX 23.29 11.41 3.68 2.46
BMC 16.47 7.54 3.66 1.20
ROX 16.73 6.08 2.70 1.01
DOR 27.58 7.72 2.90 1.32

Test Statistics
SBO 469.57 1.02 9.02ˆ10´3 3.18ˆ10´5

EBOS 506.15 1.74 8.49ˆ10´3 4.80ˆ10´5

WROX 454.48 3.05 16.68ˆ10´3 12.18ˆ10´5

BMC 243.39 1.05 3.56ˆ10´3 0.86ˆ10´5

ROX 205.75 0.39 0.82ˆ10´3 0.12ˆ10´5

DOR 418.09 1.71 6.08ˆ10´3 1.50ˆ10´5

Critical Values
SBO 23.17 0.71 4.92ˆ10´3 5.60ˆ10´5

EBOS 28.97 0.58 3.88ˆ10´3 4.34ˆ10´5

WROX 19.52 0.27 4.54ˆ10´3 4.94ˆ10´5

BMC 14.78 0.14 0.97ˆ10´3 0.72ˆ10´5

ROX 12.30 0.06 0.31ˆ10´3 0.12ˆ10´5

DOR 15.16 0.22 2.09ˆ10´3 1.14ˆ10´5

A.6 Numerical Example of Additive Separability Bias

As alluded in section 2.5.1, the bias of ATE would depend both on the heterogeneity

of the coefficient ρ1pW q ´ ρ0pW q as well as how W varies the selection into treatment.

Consider a linear MTE model as follows:

P “
exppbW ` Zq

1 ` exppbW ` Zq

Yd “ µdpW q ` ρdpW q

ˆ

U ´
1

2

˙

` ed

D “ 1rP ď U s
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where PpW “ 1q “ PpW “ 0q “ 0.5 and FZpzq “ p1` e´zq´1. Let U KK pZ,W q and Z KKW .

For the parameter specification, I assume

• µ1pwq “ 0.5 and µ0pwq “ 0 for w “ 0, 1.

• ρ1p0q “ 1, ρ1p1q “ 1 ` ∆ρ.

• ρ0p0q “ ´1, ρ0p1q “ ´1 ` ∆ρ.

• pe1, e0q „ N p02ˆ1, I2q.

• pb,∆ρq P r´5, 5s2.

When b “ 0, the covariate W does not shift the probability of being treated. When ∆ρ “ 0,

there is no heterogeneous treatment effects of covariates varying with selection unobserv-

able (i.e., the additive separability condition holds). Following the intuition provided by

Theorem 2.5.1, we would expect bias of ATE estimand when b ‰ 0 and ∆ρ ‰ 0.

The ATE estimand under additive separability and its bias (defined in section 2.5.1)

are shown in the Figure A.2. This figure demonstrates that bias of ATE estimand is

pronounced when both b and ∆ρ are large, and there is no bias on ATE estimand if either b

or ∆ρ equals zero, which coincides the prediction by Theorem 2.5.1. Importantly, this bias

has the potential to change the sign of estimand, thereby potentially resulting in misguided

policy recommendations.

A.7 Additional Literature Discussion
A.7.1 Other approaches to inference on subvectors or functions of pa-
rameters

D. W. Andrews and Guggenberger (2019, Section 12 in supplementary appendix) and

D. W. Andrews (2017, Section 2) give thorough literature reviews on inference for weakly

identified models. Next I briefly discuss several other main approaches for inference on

subvectors or functions of parameters and explain why they cannot be applied to MTE

models considered in this paper.

1. Concentrating out strongly identified nuisance parameters

Sometimes researchers assume certain parameters are strongly identified under the

null hypothesis. When this holds, identification-robust tests can be constructed by
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Top: Contour plot of ATE bias for pb,∆ρq P r´5, 5s2. Bottom: 3D plot of ATE estimand (under addi-
tive separability) over the same range, with scatter points showing where the estimand equals true ATE.

Figure A.2: Bias of ATE Estimand under Additive Separability
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either concentrating out these strongly identified parameters or substituting them

with consistent, asymptotically normal estimators. This approach has been adopted

in many papers, including several influential work by Stock and Wright, 2000, Kleiber-

gen, 2005, I. Andrews and Mikusheva, 2016b, and D. W. Andrews and Guggenberger,

2019. The resulting confidence sets achieve asymptotic similarity. However, a key

limitation is that this method cannot accommodate weakly identified nuisance pa-

rameters. This limitation is particularly relevant for the MTE model considered here,

where elements of the parameter vector θ may be weakly identified when propensity

scores exhibit limited variation (see footnote 4).

2. Least-favorable critical values and identification-category-selection method

D. W. Andrews and Cheng (2012, 2013, 2014) and Han and McCloskey (2019) pro-

pose uniformly valid inference results for inference on functions of weakly identified

parameters based on conventional test statistics such as quasi-likelihood ratio and

Wald statistics. These methods are developed for models for which the identifica-

tion status is determined by whether a vector of strongly identified parameters is

zero. When this vector equals zero, the sample objective function does not involve

the weakly identified parameters (D. W. Andrews & Cheng, 2012, Assumption A)

or the Jacobian matrix of the objective function is approximately a singular matrix

(Han & McCloskey, 2019, Assumption ID). For MTE models studied in this pa-

per, the identification status is determined by the vector of propensity scores, with

under-identification occurring if this propensity score vector approaches a set where

Assumption 1.7 fails, rather than a single point. While some studies have attempted

to generalize the framework of D. W. Andrews and Cheng, 2012, they do not yet cover

MTE models studied in this paper. For example, Cheng, 2015 considers nonlinear

regression models with mixed identification strength where each structural parameter

has a one-to-one correspondence with its identification strength parameter. Cox, 2022

develops identification-robust inference for a class of minimum-distance models with

restricted parameter spaces, with a primary focus on low-dimensional factor models
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under non-negativity restrictions of variances.

3. Profiling-based Anderson-Rubin test

Guggenberger et al., 2012 and Guggenberger et al., 2019 propose using profiled

Anderson-Rubin test to study inference on a subvector of endogenous coefficients

in linear IV models. Their tests rely on the assumption that structural errors are

homoskedastic, which is proved to be a key assumption for maintaining asymptotic

validity by J. Lee, 2015. In another subsequent work, Guggenberger et al., 2023 relax

the homoskedasticity and develop an adaptive procedure by switching into the general

subvector test in D. W. Andrews, 2017 if the structural residuals do not follow the ap-

proximate homoskedastic structure. Despite the simplicity and convenience of their

tests, the assumption of homoskedasticity and linear IV structure do not apply to

MTE models. In another related work by I. Andrews and Mikusheva, 2016a, the sub-

vector test is constructed by profiling Anderson-Rubin-type statistics in a minimum

distance model. However, as they note (p. 1260), their method reduces to conser-

vative projection inference in linear IV models. A similar limitation likely applies to

MTE models, given the linear parametric structure of the moment function.

Asymptotic similarity of the subvector inference

Asymptotic similarity guarantees that, in large samples, the confidence set coverage

equals 1 ´ α, or equivalently, the size of the test equals α, regardless of identification

strength (for a formal definition of similarity, see D. W. Andrews et al., 2020). This property

means that confidence sets are not conservative, i.e., unnecessarily wide with coverage

exceeding the nominal level, in large samples. While D. W. Andrews and Guggenberger,

2017 has established this property for many identification-robust inference methods on the

full parameter vector, it rarely holds for subvector inference with weakly identified nuisance

parameters. This failure occurs because weakly identified nuisance parameters usually

cannot be consistently estimated under weak identification. Below, I review the main

approaches in this literature and present evidence of their inability to achieve asymptotic
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similarity.

Methods following D. W. Andrews and Cheng, 2012, 2013, 2014 determine critical values

by considering the least-favorable case across all sequences of DGPs. By construction, this

robust approach can yield critical values that exceed the true quantile of the test statistic’s

limiting distribution. Consequently, these tests are not asymptotically similar, as evidenced

by the over-coverage probabilities in D. W. Andrews and Cheng (2012, Figure 7).

For linear IV models with homoskedastic errors, the methods of Guggenberger et al.,

2012 and Guggenberger et al., 2019 also lack asymptotic similarity. As shown in Guggen-

berger et al. (2019, Figure 4), null rejection probabilities fall below the significance level

when the endogenous coefficient not under testing is weakly identified.

The methods of Chaudhuri and Zivot, 2011, D. W. Andrews, 2017, and I. Andrews,

2018 also fail to achieve asymptotic similarity. These approaches minimize an identification-

robust test statistic over a set of weakly identified nuisance parameters (either a confidence

set or the full parameter domain), but derive critical values using the true parameter values.

Under weak identification, the minimizing nuisance parameters may not converge to their

true values, causing the profiled test statistics’ distribution to be stochastically dominated

by the test statistics evaluated at the true value. This leads to null rejection probabilities

falling below the significance level, as demonstrated by the under-rejection of the null

hypothesis in both Chaudhuri and Zivot (2011, Table 2) and D. W. Andrews (2017, Table

I) for AR/QLR1 tests.

A.7.2 Covariates in weakly identified models

The covariates are often ignored in the literature of weakly identified models, partly

because the majority of studies has been focused on the weak identification issues in linear

IV models. That is,

Y “ Xβ ` WηY ` U

X “ Zπ ` WηX ` V.
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where W denotes a set of covariates that possibly include a constant term, X denotes

a vector of endogenous variables, and Z denotes a vector of instrument variables. In

such case we can project out the linear effects of covariates pWηY ,WηXq by the standard

FrischWaughLovell theorem so it reduces to the standard IV model without covariates:

Y KW “ XKWβ ` UKW

XKW “ ZKWπ ` V KW ,

where Y KW denotes the residual of Y from regressing on W . This enable us to discuss the

weak identification-robust inference on β by making assumptions on the joint distribution

of pY KW , XKW , ZKW q instead of the distribution of pY,X,Z,W q. This argument has been

used in a sequence of literature.6 With a set of high-dimensional covariates, Ma, 2023

considers identification-robust inference on the doubly-robust estimand of LATE.

In nonlinear models subject to weak identification, partialing out the effects of covari-

ates becomes significantly more challenging. Specifically, inference on weakly identified

target parameters becomes more complex due to the nonstandard asymptotic behavior of

estimators for covariate coefficients. To address identification-robust inference in models

with covariates, the existing literature often assumes that the estimation of covariate effects

is consistent and asymptotically normal (CAN) when the values of weakly identified coeffi-

cients are fixed under the null hypothesis. In other words, this means that covariate effects

are assumed to be "strongly identified," while target parameters may be weakly identified.

This property usually aligns with the assumption that covariates are "exogenous", in the

sense that covariates are independent of structural unobservables but are not necessarily

excluded from the outcome equation.

Building on this framework, several studies have imposed the exogeneity of covariates

to facilitate identification-robust inference in weakly identified models. For instance, in the

consumption capital asset pricing model with constant relative risk aversion preferences,

6 For full vector inference, see Kleibergen (2002), Moreira (2003), and Staiger and Stock (1997), albeit
Moreira (2003) only considers the projection of the instrument Z on exogenous covariates W . For subvector
inference, see Guggenberger et al. (2012, 2019).
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Stock and Wright, 2000 treat the discount factor as strongly identified, while the utility

parameter is potentially weakly identified. In the case of IV quantile regressions (Cher-

nozhukov & Hansen, 2005), I. Andrews and Mikusheva, 2016b assume that the estimation

of covariate effects is CAN once the endogenous coefficients are known, allowing for a null-

imposed estimator of covariate coefficients to be used. Similarly, in the endogenous Probit

model,7 D. W. Andrews and Guggenberger, 2019 explore robust inference for the scalar

endogenous coefficient, assuming that other covariates are exogenous and their effects can

be consistently estimated under the null hypothesis. In the context of MTE models, this

assumption leads to an additive separable structure on the outcome equation ErYd | U,W s

and a parametric specification for the first-stage regression. Relatedly, Han and McCloskey,

2019 analyze models with nearly singular Jacobians, which include the Normal MTE model

(Björklund & Moffitt, 1987) as a special case.8 While the Normal MTE model is not their

primary focus, they also impose exogeneity and parametric assumptions to facilitate their

analysis.

A.8 Two-stage Regression Approach

In this appendix, I show that the moment function derived from the commonly used

two-stage regression approach leads to singular variance under the failure of identifica-

tion. Non-singularity of moment covariance matrix is crucial for conducting uniformly

valid identification-robust inference on structural parameters. This assumption has been

commonly imposed by various important strands of literature, for example, the conditional

inference procedure (I. Andrews & Mikusheva, 2016b, Assumption 2), the least-favorable

critical value approach (D. W. Andrews & Cheng, 2014, Assumption GMM 4*), and the

well-known Robust LM and CLR tests (D. W. Andrews & Guggenberger, 2017, Eq. (3.3)).

7 In the same context, D. W. Andrews and Cheng, 2014 develop an identification-robust inference method
by adjusting critical values for conventional tests (such as Wald and QLR). This approach also assumes
that covariate effects can be consistently estimated under the null values of weakly identified parameters.

8 However, the moment conditions formed by two-stage regressions (Han & McCloskey, 2019) are not
recommended, as they lead to a singular asymptotic variance matrix shown in Appendix A.8.
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Consider a parametric MTE model proposed by Kline and Walters, 2019:

ErYd | U “ us “ µd ` ρdhpuq

D “ 1rU ď ppZqs,

where U is normalized to be uniformly distributed on the unit interval r0, 1s, Z is a discrete

exogenous instrument independent of both U and Yd, and hpuq is a strictly increasing

continuous function with ErhpUqs “ 0. This specification incorporates linear MTE model

(Brinch et al., 2017), Heckman normal MTE model (Björklund & Moffitt, 1987), and Logit

selection model (Dubin & McFadden, 1984) as special examples.

Under the MTE assumptions, we have

ErY | Z,D “ ds “ µd ` ρdλdpppZqq (A.45)

where λ0 : p0, 1q Ñ R and λ1 : p0, 1q Ñ R are the control functions giving the means of

unobserved heterogeneous components of potential outcomes for the units whose U (the

unobserved cost of getting treatment) is below or above at p P p0, 1q:

λ1ppq “ ErhpUq | U ď ps, λ0ppq “ ErhpUq | U ą ps.

By regression (A.45), it is obvious to see that µd and ρd are point identified once ppZq

has nontrivial variation for both treated and control groups. Therefore, weak identification

occurs when propensity scores tppzq : z “ z0, . . . , zKu collapse to a single point under a

sequence of DGPs.

Typically people estimate propensity score on the first stage and run the second-stage

regression (A.45) to obtain estimators of µd and ρd. Inference on those parameters can be

achieved based on the following moment conditions:

Eθ˚rgTSpW, θqs “ 0pK`5qˆ1 if θ “ θ˚,

where θ “ pµ0, µ1, ρ0, ρ1, tppzq : z “ z0, . . . , zKuq is an arbitrary vector of parameters, θ˚
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denotes the true value of parameters, and

gTSpW, θq ”

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

rY ´ µ0 ´ ρ0λ0pppZqqs ˆ 1rD “ 0s

rY ´ µ0 ´ ρ0λ0pppZqqs ˆ 1rD “ 0s ˆ λ0pppZqq

rY ´ µ1 ´ ρ1λ1pppZqqs ˆ 1rD “ 1s

rY ´ µ1 ´ ρ1λ1pppZqqs ˆ 1rD “ 1s ˆ λ1pppZqq

1rZ “ z0spppz0q ´ 1rD “ 1sq
...

1rZ “ zKspppzKq ´ 1rD “ 1sq

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (A.46)

Proposition A.8.1. Suppose the parameter θ satisfies ppz0q “ ppz1q “ . . . “ ppzKq, then

var
θ˚

pgTSpW, θqq ” Eθ˚

„

!

gTSpW, θq ´ Eθ˚pgTSpW, θqq

)!

gTSpW, θq ´ Eθ˚pgTSpW, θqq

)1
ȷ

is singular for all θ˚ in the parameter space.

Proof. Since propensity scores do not vary, this implies the first moment condition equals

gTS
1 pW, θq ” 1rD “ 1s ˆ rY ´ µ0 ´ ρ0λ0pppZqqs “ 1rD “ 1s ˆ rY ´ µ0 ´ ρ0λ0pppz0qqs

while the second moment condition equals

gTS
2 pW, θq ” 1rD “ 1s ˆ rY ´ µ0 ´ ρ0pppZqqs ˆ λ0pppZqq “ g1pW, θqλ0pppz0qq.

Note that g1pW, θqλ0pppz0qq “ g2pW, θq. The moment function gTSpW, θq is multicollinear

for each θ˚ in the parameter space. Therefore, its variance is singular.

The singularity of moment variance for two-stage regressions also appears after reparametriz-

ing the model along the lines of Han and McCloskey, 20199. Applying their reparametriza-

9 This paper derives the a useful reparametrization technique for models with nearly singular Jacobian,
which includes the Heckman selection models and the parametric MTE models studied here (see their
Example 2.1 and 2.2). The reparametrized model follows the structure posited by D. W. Andrews and
Cheng, 2012, 2013, 2014 and therefore allowing powerful inference on functions of model parameters.
However, as argued in Appendix A.7.1, their analysis cannot be extended to polynomial MTE models with
higer-order polynomials (or multiple selection coefficients).
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tion technique to the moment condition gTS above gives the reparametrized moment:

gRPpW, θ̃q “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

rY ´ α0 ´ ρ0 tλ0pppZqq ´ λ0pppz0qqus ˆ 1rD “ 0s

rY ´ α0 ´ ρ0 tλ0pppZqq ´ λ0pppz0qqus ˆ 1rD “ 0s ˆ λ0pppZqq

rY ´ α1 ´ ρ1 tλ1pppZqq ´ λ1pppz0qqus ˆ 1rD “ 1s

rY ´ α1 ´ ρ1 tλ1pppZqq ´ λ1pppz0qqus ˆ 1rD “ 1s ˆ λ1pppZqq

1rZ “ z0spppz0q ´ 1rD “ 1sq
...

1rZ “ zKspppzKq ´ 1rD “ 1sq

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(A.47)

with the reparametrized parameter θ̃ “ pα0, α1, ρ0, ρ1, tppzq : z “ z0, . . . , zKuq and αd “

µd ´ ρdλdpppz0qq for d “ 0, 1. It is clear that θ ÞÑ θ̃ is a one-to-one mapping, and the

reparametrized version of mean potential outcome αd is strongly identified from this model

for all possible values of propensity scores tppzq : z “ z0, z1, . . . , zKu, whereas pρ0, ρ1q

become weakly identified under limited variation of propensity scores. We can partial out

the strongly-identified parameters (see Appendix A.7.1 for the discussion on this approach)

to conduct inference on pρ0, ρ1q based on the reparameterized moment (A.47). However, the

validity of such procedure requires the variance of moment condition gRP to be nonsingular,

which does not hold as this moment condition is constructed by two-stage regressions:

Corollary A.8.1. Suppose the parameter θ̃ satisfies ppz0q “ ppz1q “ . . . “ ppzKq, then

var
θ̃˚

pgRPpW, θ̃qq ” Eθ̃˚

„

!

gRPpW, θ̃q ´ Eθ̃˚pgRPpW, θ̃qq

)!

gRPpW, θ̃q ´ Eθ̃˚pgRPpW, θ̃qq

)1
ȷ

is singular for all values of θ̃˚ in the parameter space.

Proof. Similar to the proof of Proposition A.8.1, we note that the second moment condition

is a factor λ0pppz0qq of the first moment condition. Therefore, the singularity follows by

the multicollineairty.

Although the current setup focuses on discrete instrument without covariates, it is

noteworthy that such singularity continues to exist even if instrument is continuous and

we estimate this model under additive separability. The source of singularity arises from
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the zero variation of control function variables λdpppZqq under the failure of identification,

regardless of how ppzq is estimated from the data. In order to achieve robustness against

weak instruments, we need to base on other valid moment conditions derived from the

model rather than using the ones derived by two-step regression approach. Recently, D. W.

Andrews and Guggenberger, 2019 extend the robustness towards the singularity by select-

ing and rotating moment conditions that correspond to positive eigenvalues of covariance

matrix. However, a simpler solution to address singularity in this setting is to replace the

factor λdpppZqq multiplied by the residual of the second stage regressions in (A.46) and

(A.47) with some other functions of instrument Z that has positive variation under identi-

fication failure. This is employed in the moment conditions (2.10) constructed in this paper

so that singularity problem does not occur.
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Appendix B. Additional Results for Chapter 3
B.1 Proofs

Throughout this appendix, we use RHS, LLN, CMT, CLT, PSD, PD, and to abbreviate

“right-hand side”, “law of large numbers”, “continuous mapping theorem”, “central limit

theorem”, “positive semi-definite”, and “positive definite”, respectively. We also define the

sequence of random vectors tZiu
n
i“1 with

Zi ”

!

a

P pukqr1pXi,t ď ukq ´ 1pXi,t`1 ď ukqs : t “ 1, . . . , T ´ 1, k “ 1, . . . ,K
)

P RpT´1qK ,

(B.1)

where P pukq is the aggregated probability given in (3.9).

Let Ω P RpT´1qKˆpT´1qK denote a PSD matrix with a vector of eigenvalues ℓ P RpT´1qK .

By the Principal-Axis Theorem Scheffe, 1959, pp. 397, 418, ϵ1Ωϵ with ϵ „ Np0pT´1qKˆ1,Ωq,

has the same distribution as Spℓq defined in Section 3.3.1. That is, ϵ1Ωϵ has a generalized

chi-square distribution of weights equal to ℓ, unit vector of degrees of freedom, zero vector

of non-centrality parameters, and no constant or normal terms. Throughout this appendix,

we use cχp1 ´ α; Ωq to denote the p1 ´ αq-quantile of ϵ1Ωϵ.

Proof of Theorem 3.2.1. Part (a). Under Assumption 9 and H0, tZiu
n
i“1 are i.i.d. with

ErZis “ 01ˆpT´1qK and V rZis “ ΣZ as defined in (3.8). By the CLT,

Z̃ ”
1

?
n

n
ÿ

i“1

Z 1
i

d
Ñ ξ „ Np0pT´1qKˆ1,ΣZq. (B.2)

For any t “ 1, . . . , T ´ 1 and k “ 1, . . . ,K, the ppt´ 1qK ` kq-component of δ̂ ” Ẑ ´ Z̃

satisfies
b

nP̂ pukqrF̂tpukq ´ F̂t`1pukqs ´
a

nP pukqrF̂tpukq ´ F̂t`1pukqs

p1q
“

?
nrpF̂tpukq ´ Ftpukqq ´ pF̂t`1pukq ´ Ft`1pukqqs p

b

P̂ pukq ´
a

P pukqq

p2q
“ Opp1qopp1q “ opp1q, (B.3)

182



where (1) holds by Ftpukq “ Ft`1pukq, which is implied by H0, and (2) by
?
nrpF̂tpukq ´

Ftpukqq ´ pF̂t`1pukq ´ Ft`1pukqqs “ Opp1q and P̂ pukq ´ P pukq “ opp1q, which are implied

by the CLT and LLN, respectively.

Then, consider the following derivation.

Sn
p1q
“ Z̃ 1Z̃ ` 2δ̂1Z̃ ` δ̂1δ̂

p2q

d
Ñ ξ1ξ. (B.4)

where (1) holds by δ̂ “ Ẑ ´ Z̃, and (2) by (B.2) and (B.3).

To complete the proof, it then suffices to show that RHS of (B.4) can be expressed

as (3.12). To this end, consider an orthogonal decomposition of ΣZ “ H 1ΛH, where

H P RpT´1qKˆpT´1qK is an orthogonal matrix (i.e., HH 1 “ IpT´1qKˆpT´1qK) and Λ “

diagttλju
pT´1qK
j“1 u is the diagonal matrix of eigenvalues of ΣZ . The desired result then

holds by the following derivation:

ξ1ξ
p1q
“ ϵ1ϵ

p2q
“

pT´1qK
ÿ

j“1

λjζ
2
j , (B.5)

where (1) holds for ϵ ” Hξ which implies ϵ1ϵ “ ξ1H 1Hξ “ ξ1ξ, and (2) by ϵ „ Np0pT´1qKˆ1,Λq,

and so ϵ “ tλ
1{2
j ζju

pT´1qK
j“1 for ζ „ Np0pT´1qK , IpT´1qKˆpT´1qKq.

Part (b). Under Assumption 9 and the LLN, Σ̂Z “ ΣZ ` opp1q. Then, Assumption 10

and the CMT imply that Σ̂´
Z “ Σ´1

Z ` opp1q. We can then repeat the arguments in part

(a) to get

δ̂ “ opp1q and Z̃ 1Σ̂´
Z Z̃

d
Ñ ξ1Σ´1

Z ξ „ χ2
pT´1qK . (B.6)

From here, the desired result follows from the next derivation:

S̄n
p1q
“ Z̃ 1Σ̂´

Z Z̃ ` 2δ̂1Σ̂´
Z Z̃ ` δ̂1Σ̂´

Z δ̂
d
ÝÑ ξ1Σ´1

Z ξ
p3q
„ χ2

pT´1qK ,

where (1) holds by δ̂ “ Ẑ ´ Z̃, (2) by (B.6), and (3) by ξ „ Np0pT´1qK ,ΣZq.

Proof of Theorem 3.3.1. Part (a). We divide the argument into two cases.
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Case 1: ΣZ ‰ 0pT´1qKˆpT´1qK . Let λ P RpT´1qK denote the vector of eigenvalues

of ΣZ . Since λ is a continuous function of ΣZ and Σ̂Z
p

Ñ ΣZ holds, the CMT implies

that λ̂n
p

Ñ λ. Since ΣZ is positive semi-definite, ΣZ ‰ 0pT´1qKˆpT´1qK implies that

λ ‰ 0pT´1qKˆ1.

Note that Gpx, ℓq is continuous in ℓ for any x P R and ℓ P RpT´1qKz0pT´1qKˆ1. To

see why, consider an arbitrary x P R and sequence ℓpnq Ñ ℓ P RpT´1qKz0pT´1qKˆ1. The

characteristic function of Spℓq is

φpt, ℓq “

pT´1qK
ź

j“1

p1 ´ itℓjq
´1{2

and satisfies φpt, ℓpnqq Ñ φpt, ℓq for all t P R. From this and Levy’s Continuity Theorem

(e.g., see Davidson (1994, Theorem 22.17)) we deduce that Spℓpnqq
d

Ñ Spℓq. This is equiv-

alent to Gpx, ℓpnqq Ñ Gpx, ℓq since Spℓq is continuously distributed (as ℓ ‰ 0pT´1qKˆ1).

Since the choices of x P R and ℓ P RpT´1qKz0pT´1qKˆ1 were arbitrary, the desired result

follows.

Given the continuity of Gpx, ¨q for all x P R, the CMT gives Gpx, λ̂nq
p

Ñ Gpx, λq “

P pS ď xq. In turn, since Gpx, λ̂nq and P pS ď xq are weakly increasing and bounded, and

P pS ď xq is continuous (as λ ‰ 0pT´1qKˆ1), an argument along the lines of A. van der

Vaart (1998, Lemma 2.11) implies that

sup
xPR

|Gpx, λ̂nq ´ P pS ď xq|
p

Ñ 0. (B.7)

We now show that

cAn p1 ´ αq
p

Ñ cχp1 ´ α; ΣZq. (B.8)

Fix ε ą 0 arbitrarily. Since the CDF of S is continuous and strictly increasing at cχp1 ´

α; ΣZq ą 0, Dδ “ δpεq ą 0 such that

cχp1 ´ α; ΣZq ´ cχp1 ´ α ´ δ; ΣZq ď ε and cχp1 ´ α ` δ; ΣZq ` δ ´ cχp1 ´ α; ΣZq ď ε.
(B.9)
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Then, let En be defined by

En “

"

sup
xPR

|Gpx, λ̂nq ´ P pS ď xq| ă δ

*

.

Under En, we have

δ
p1q

ě GpcAn p1 ´ αq, λ̂nq ´ P pS ď cAn p1 ´ αqq
p2q

ě p1 ´ αq ´ P pS ď cAn p1 ´ αqq,

where (1) holds by En, and (2) by (3.14), as it implies GpcAn p1 ´ αq, λ̂nq ě 1 ´ α. This

yields

P pS ď cAn p1 ´ αqq ě p1 ´ αq ´ δ. (B.10)

From here, we can get

cAn p1 ´ αq
p1q

ě cχp1 ´ α ´ δ; ΣZq
p2q

ě cχp1 ´ α; ΣZq ´ ε, (B.11)

where (1) holds by (B.10) and (2) by the first condition in (B.9). Also under En, we have

´δ
p1q

ď GpcAn p1 ´ αq ´ δ, λ̂nq ´ P pS ď cAn p1 ´ αq ´ δq
p2q
ă p1 ´ αq ´ P pS ď cAn p1 ´ αq ´ δq,

where (1) holds by En, and (2) by GpcAn p1 ´ αq ´ δ, λ̂nq ă 1 ´ α. This implies that

P pS ď cAn p1 ´ αq ´ δq ă p1 ´ αq ` δ. (B.12)

From here, we can get

cAn p1 ´ αq
p1q

ď cχpp1 ´ αq ` δ; ΣZq ` δ
p2q

ď cχp1 ´ α; ΣZq ` ε, (B.13)

where (1) holds by (B.12) and (2) by the second condition in (B.9). By combining (B.11)

and (B.13), we conclude that |cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ď ε. From this argument, we

deduce that

P pEnq ď P p|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ď εq. (B.14)

Since P pEnq Ñ 1 by (B.7), we conclude from (B.14) that P p|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ď

εq Ñ 1. Since the choice of ε ą 0 was arbitrary, (B.8) follows.
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For any ε P p0, cχp1 ´ α; ΣZqq, consider the following argument.

P ptSn ă cχp1 ´ α; ΣZq ´ εuq ` P pt|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ď εuq ´ 1

ď P ptSn ă cχp1 ´ α; ΣZq ´ εu X t|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ď εuq

ď

"

P ptSn ă cχp1 ´ α; ΣZq ´ εu X t|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ď εuq

`P ptSn ă cAn p1 ´ αqu X t|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ą εuq

*

ď

"

P ptSn ă cAn p1 ´ αqu X t|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ď εuq`

P ptSn ă cAn p1 ´ αqu X t|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ą εuq

*

“ P pSn ă cAn p1 ´ αqq

p1q

ď 1 ´ ErϕA
n pαqs

p2q

ď P pSn ď cAn p1 ´ αqq

“

"

P ptSn ď cAn p1 ´ αqu X t|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ď εuq`

P ptSn ď cAn p1 ´ αqu X t|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ą εuq

*

ď P pSn ď cχp1 ´ α; ΣZq ` εq ` P p|cAn p1 ´ αq ´ cχp1 ´ α; ΣZq| ą εq, (B.15)

where (1) and (2) hold by tSn ă cAn p1´αqu Ď tϕA
n pαq “ 0u Ď tSn ď cAn p1´αqu. By taking

sequential limits on (B.15) as n Ñ 8 and ε Ñ 0, and combined with (B.8), Theorem

3.2.1(a), and the fact that S is continuously distributed, we conclude that ErϕA
n pαqs Ñ

P pS ą cχp1 ´ α; ΣZqq “ α, as desired.

Case 2: ΣZ “ 0pT´1qKˆpT´1qK . Under H0 in (3.3), we also have ErZis “ 0pT´1qKˆ1,

and so Zi “ 0pT´1qKˆ1 a.s. By (B.1), this implies that 1pXi,t ď ukq “ 1pXi,t`1 ď ukq

a.s. for all t “ 1, . . . , T ´ 1 and k “ 1, . . .K. In turn, this gives that Ẑ “ 0pT´1qKˆ1 a.s.,

with Ẑ defined as in (3.7). Then, Sn “ 0 holds a.s. By this and cAn p1 ´ αq ě 0, we get

ErϕA
n pαqs “ P pSn ą cAn p1 ´ αqq “ 0 ă α. From here, the desired result holds by taking

limits as n Ñ 8.

Part (b) The conclusion follows directly from combining (3.16), Theorem 3.2.1(b), and

that the CDF of χ2
pT´1qK is continuous at cχp1 ´ α; IpT´1qKˆpT´1qKq ą 0.

Proof of Theorem 3.3.2. Part (a). We divide the argument into two cases.
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Case 1: ΣZ ‰ 0pT´1qKˆpT´1qK . For each i “ 1, . . . , n, t “ 1, . . . , T ´ 1, and k “ 1, . . . ,K,

let

Z˚
i,pt´1qK`k ”

a

P pukqr1pX˚
i,t ď ukq ´ F̂tpukq ´ p1pX˚

i,t`1 ď ukq ´ F̂t`1pukqqs,

and let Z˚
i “ tZ˚

i,pt´1qK`k : k “ 1, . . . ,K, t “ 1, . . . , T ´ 1u P RpT´1qK and Z̃˚ ”

1?
n

řn
i“1 Z

˚
i

1. By A. van der Vaart and Wellner (1996, Theorem 3.6.2),

tZ̃˚|Xnu
d

Ñ ξ „ Np0pT´1qKˆ1,ΣZq a.s. (B.16)

Let δ̂˚ ” Ẑ˚ ´ Z̃˚ with Ẑ˚ as in (3.18). For any t “ 1, . . . , T ´ 1 and k “ 1, . . . ,K,

then conditional on Xn, the ppt ´ 1qK ` kq-component of δ̂˚ satisfies
b

nP̂ pukqrF̂ ˚
t pukqF̂tpukq ´ pF̂ ˚

t`1pukq ´ F̂t`1pukqqs

´
a

nP pukqrF̂ ˚
t pukq ´ F̂tpukq ´ pF̂ ˚

t`1pukq ´ F̂t`1pukqqs

“
?
nrF̂ ˚

t pukq ´ F̂tpukq ´ pF̂ ˚
t`1pukq ´ F̂t`1pukqqsp

b

P̂ pukq ´
a

P pukqq

p1q
“ Opp1qop1q “ opp1q, w.p.a.1, (B.17)

where (1) holds by A. van der Vaart and Wellner (1996, Theorem 3.6.2) (which implies that

t
?
nrF̂ ˚

t pukq´F̂tpukq´pF̂ ˚
t`1pukq´F̂t`1pukqqs|Xnu “ Opp1q a.s.) and that P̂ pukq´P pukq “

opp1q by LLN.

Then, consider the following derivation. Conditional on Xn,

S˚
n

p1q
“ pZ̃˚q1pZ̃˚q ` 2pδ̂˚q1pZ̃˚q ` pδ̂˚q1pδ̂˚q

p2q

d
Ñ S, w.p.a.1, (B.18)

where (1) holds by δ̂˚ “ Ẑ˚ ´ Z̃˚ and (2) by (B.16) and (B.17). As a corollary of (B.18)

and also by the condition that ΣZ is a nonzero matrix, we deduce that P pS˚
n ď x|Xnq

p
Ñ

P pS ď xq for all points x P R. From this point onward, the rest of the proof is identical to

that of part (a) in Theorem 3.3.1.

Case 2: ΣZ “ 0pT´1qKˆpT´1qK . This result holds by the same argument as in Theorem

3.3.1, except that ϕA
n pαq and cAn p1 ´ αq are replaced by ϕB

n pαq and cBn p1 ´ αq, respectively.
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Part (b). By the proof of part (b) in Theorem 3.3.1, Σ̂´
Z “ Σ´1

Z `opp1q. Then, conditional

on Xn,

Σ̂´
Z Ñ Σ´1

Z w.p.a.1. (B.19)

We can then repeat the arguments in part (a) to get that, conditional on Xn,

δ̂˚ “ opp1q and pZ̃˚q
1
Σ̂´
Z pZ̃˚q

d
Ñ ξ1Σ´1

Z ξ „ χ2
pT´1qK w.p.a.1. (B.20)

From here, the desired result follows from the next derivation. Conditional on Xn,

S̄˚
n

p1q
“ pZ̃˚q1Σ̂´

Z pZ̃˚q ` 2pδ̂˚q1Σ̂´
Z pZ̃˚q ` pδ̂˚q1Σ̂´

Z pδ̂˚q

p2q

d
Ñ χ2

pT´1qK , w.p.a.1, (B.21)

where (1) holds by δ̂˚ “ Ẑ˚ ´ Z̃˚, and (2) by (B.19) and (B.20). As a corollary of (B.21),

we have that P pS̄˚
n ď x|Xnq

p
Ñ P pχ2

pT´1qK ď xq for all x P R. From this point onward, the

rest of the proof follows from arguments in part (a) in Theorem 3.3.1.

Theorem B.1.1. Let Assumption 9 hold, and let Ẑπ be as in (3.24), where π is a uniformly

chosen random permutation in Mn. Then,

P pẐπ ď x|Xnq
p

Ñ P pξ ď xq (B.22)

for all x such that P pξ ď xq is continuous, where ξ „ Np0pT´1qKˆ1,Ω
π
Zq with

Ωπ
Z ”

1

T !

ÿ

πPM
BpπqΩZBpπq1, (B.23)

ΩZ “ ErZiZ
1
is with Zi as in (B.1), and tBpπq P t´1, 0, 1upT´1qKˆpT´1qK : π P Mu are

known matrices defined within in the proof.

Proof. We divide the proof into several steps.

Step 1. Introduce suitable notation.

For each i “ 1, . . . , n and k “ 1, . . . ,K, let

Vi,k ”

»

—

–

1pXi,1 ď ukq ´ 1pXi,2 ď ukq
...

1pXi,T´1 ď ukq ´ 1pXi,T ď ukq

fi

ffi

fl

and Vi ”

»

—

–

Vi,1
...

Vi,K

fi

ffi

fl

P t´1, 0, 1upT´1qKˆ1.

(B.24)

188



Also, let

M ” diagt
a

P pu1q, . . . ,
a

P puKqu b IT´1 P r0, 1spT´1qKˆpT´1qK

M̂ ” diagt

b

P̂ pu1q, . . . ,

b

P̂ puKqu b IT´1 P r0, 1spT´1qKˆpT´1qK , (B.25)

where b denotes the Kronecker product. Note that Zi “ M ˆ Vi for all i “ 1, . . . , n.

Let πn “ tπi : i “ 1, . . . , nu P Mn denote a fixed permutation. For any i “ 1, . . . , n

and k “ 1, . . . ,K, the π-permutation analogs of Vi,k and Vi

V π
i,k ”

»

—

–

1pXi,πip1q ď ukq ´ 1pXi,πip2q ď ukq
...

1pXi,πipT´1q ď ukq ´ 1pXi,πipT q ď ukq

fi

ffi

fl

and V π
i ”

»

—

–

V π
i,1
...

V π
i,K

fi

ffi

fl

P t´1, 0, 1uKpT´1qˆ1.

(B.26)

We note that M̂ is invariant to πn. To see why, note that for each k “ 1, . . . ,K, and

t “ 1, . . . , T ,

P̂ πpukq “
1

nT

n
ÿ

i“1

T
ÿ

t“1

1puk´1 ă Xi,πiptq ď ukq
p1q
“

1

nT

n
ÿ

i“1

T
ÿ

t“1

1puk´1 ă Xi,t ď ukq “ P̂ pukq,

(B.27)

where (1) holds because the sum over t “ 1, . . . , T is invariant across the permutation.

Step 2. For any i “ 1, . . . , n and πi P M, we define the matrix Bpπiq described in the

statement and establish the following representation:

V π
i “ Bpπiq ˆ Vi. (B.28)

This result follows from expressing V π
i,k as a particular linear combination of Vi,k. To

see why, fix t “ 1, . . . , T arbitrarily. If πiptq ă πipt ` 1q, then we have

1pXi,πiptq ď ukq ´ 1pXi,πipt`1q ď ukq “

„

1pXi,πiptq ď ukq ´ 1pXi,πptq`1 ď ukq ` . . .

`1pXi,πipt`1q´1 ď ukq ´ 1pXi,πpt`1q ď ukq

ȷ

“ p0, . . . , 0, 1, . . . , 1, 0, . . . , 0q ˆ Vi,k,

where the ones are located at time periods corresponding to πiptq, . . . , πipt ` 1q ´ 1. Con-
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versely, if πiptq ą πipt ` 1q, then we have

1pXi,πiptq ď ukq ´ 1pXi,πipt`1q ď ukq “

„

´p1pXi,πiptq ď ukq ´ 1pXi,πptq`1 ď ukqq ´ . . .

´p1pXi,πipt`1q´1 ď ukq ´ 1pXi,πpt`1q ď ukqq

ȷ

“ p0, . . . , 0,´1, . . . ,´1, 0, . . . , 0q ˆ Vi,k,

where the minus ones are located at time periods corresponding to πiptq, . . . , πipt ` 1q ´

1. Since πiptq and πipt ` 1q were arbitrarily chosen, we can define a matrix B̃pπiq P

t´1, 0, 1upT´1qˆpT´1q such that V π
i,k “ B̃pπiq ˆ Vi,k. By collecting results for k “ 1, . . .K,

and setting

Bpπiq ” diagtB̃pπiq, . . . , B̃pπiqu, (B.29)

(B.28) follows. Finally, by repeating this operation for all π “ πi P M, we define the

collection of matrices tBpπq P t´1, 0, 1upT´1qKˆpT´1qK : π P Mu.

Step 3. Establish the Hoeffding’s condition for 1?
n

řn
i“1BpπiqZi, where πn “ tπi :

i “ 1, . . . , nu denotes a randomly chosen permutation in Mn. That is,

˜

1
?
n

n
ÿ

i“1

BpπiqZi,
1

?
n

n
ÿ

i“1

Bpπ̃iqZi

¸

d
Ñ pξ, ξ̃q, (B.30)

where πn “ tπi : i “ 1, . . . , nu and π̃n “ tπ̃i : i “ 1, . . . , nu denote two mutually

independent random permutations chosen uniformly from Mn and independent of the

data, and ξ and ξ̃ are i.i.d. Np0pT´1qKˆ1,Ω
π
Zq.

We establish (B.30) using the Cramér-Wold device. That is, for arbitrary λ, ν P

RpT´1qKˆ1, (B.30) follows from showing that

1
?
n

n
ÿ

i“1

pλ1Bpπiq ` ν 1Bpπ̃iqqZi
d

Ñ Np0pT´1qKˆ1, λ
1Ωπ

Zλ ` ν 1Ωπ
Zνq. (B.31)

We begin the argument by showing that tpλ1Bpπiq`ν 1Bpπ̃iqqZiu
n
i“1 is an i.i.d. sequence.

To see why, note that tZiu
n
i“1 is i.i.d. by Assumption 9. Also, since πn “ tπi : i “ 1, . . . , nu

and π̃n “ tπ̃i : i “ 1, . . . , nu are defined as i.i.d. sequences, we conclude that tBpπiquni“1 and
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tBpπ̃iquni“1 are also i.i.d. By combining these facts, we get that tpλ1Bpπiq`ν 1Bpπ̃iqqZiu
n
i“1

is an i.i.d. sequence.

As a next step, we now show that

ÿ

πPM
Bpπq “ 0pT´1qKˆpT´1qK . (B.32)

Since Bpπq ” diagtB̃pπq, . . . , B̃pπqu, it suffices to show that
ř

πPM B̃pπq “ 0pT´1qˆpT´1q.

For each t “ 1, . . . , T ´ 1, denote the t’th row of B̃pπq, denoted B̃tpπq, can be expressed as

follows:

B̃tpπq “ p0, . . . , 0, 1, . . . , 1, 0, . . . , 0q ˆ p1rπptq ă πpt ` 1qs ´ 1rπptq ą πpt ` 1qsq,

where the sequence of ones appears in the positions mintπptq, πpt`1qu through maxtπptq, πpt`

1qu ´ 1. From here, we get that
ř

πPM B̃tpπq “ 01ˆpT´1q, as the occurrence of the vec-

tor p0, . . . , 0, 1, . . . , 1, 0, . . . , 0q in the sum over M cancels with the corresponding vector

p0, . . . , 0,´1, . . . ,´1, 0, . . . , 0q when πptq and πpt ` 1q are reversed.

Next, we show that ErBpπiqs “ ErBpπ̃iqs “ 0pT´1qKˆpT´1qK for all i “ 1, . . . , n. To

see why, fix i “ 1, . . . , n arbitrarily and note that

ErBpπiqs
p1q
“ ErBpπ̃iqs

p2q
“

1

T !

ÿ

πPM
Bpπq

p3q
“ 0pT´1qKˆpT´1qK , (B.33)

where (1) holds because Bpπiq and Bpπ̃iq are equally distributed, (2) because there are

|M| “ pT !q possible permutations of t1, 2, . . . , T u, all equally likely, and (3) by (B.32).

Then, for all i “ 1, . . . , n,

Erpλ1Bpπiq ` ν 1Bpπ̃iqqZis
p1q
“ Erpλ1ErBpπiqs ` ν 1ErBpπ̃iqsqZis

p2q
“ 0, (B.34)

where (1) holds by Zi K pBpπiq, Bpπ̃iqq and (2) by (B.33).
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From here, note that for all i “ 1, . . . , n,

V rpλ1Bpπiq ` ν 1Bpπ̃iqqZis “ Erpλ1Bpπiq ` ν 1Bpπ̃iqqZiZ
1
ipBpπiq

1λ ` Bpπ̃iq
1νqs

p1q
“ Erpλ1Bpπiq ` ν 1Bpπ̃iqqΩZpBpπiq

1λ ` Bpπ̃iq
1νqs

p2q
“ λ1ErBpπiqΩZBpπiq

1sλ ` ν 1ErBpπ̃iqΩZBpπ̃iq
1sν,

p3q
“ λ1Ωπ

Zλ ` ν 1Ωπ
Zν, (B.35)

where (1) holds by Zi K pBpπiq, Bpπ̃iqq and ErZiZ
1
is “ ΩZ , (2) by (B.33) and that

Bpπiq K Bpπ̃iq, and (3) by (B.23) and that there are |M| “ pT !q possible permutations of

t1, 2, . . . , T u, and all are equally likely.

To conclude the step, note that (B.31) follows from the CLT, as tpλ1Bpπiq`ν 1Bpπ̃iqqZiu
n
i“1

was shown to be an i.i.d. sequence that satisfies (B.34) and (B.35).

Step 4. Use the previous steps to conclude the proof.

By Chung and Romano (2016, Lemma A.1), (B.22) is equivalent to showing that Ẑπ

satisfies the following Hoeffding condition:

pẐπ, Ẑπ̃q
d

Ñ pξ, ξ̃q, (B.36)

where Ẑπ and Ẑπ̃ are permuted according to πn “ tπi : i “ 1, . . . , nu and π̃n “ tπ̃i :

i “ 1, . . . , nu, respectively, which are two mutually independent random permutations

chosen uniformly from Mn and independent of the data, and ξ and ξ̃ are i.i.d. according

to Np0pT´1qKˆ1,Ω
π
Zq.

Before proving the desired result, we establish three preliminary results. First, by

repeating the arguments in step 3 but with M replaced by I P RKpT´1qˆKpT´1q, we have

that

1
?
n

n
ÿ

i“1

BpπiqVi “ Opp1q and 1
?
n

n
ÿ

i“1

Bpπ̃iqVi “ Opp1q. (B.37)

Second, note that Assumption 9, the LLN, and the CMT imply that

δ̂ ” M̂ ´ M “ opp1q. (B.38)

192



Third, note that for any permutation π P M, we have

M ˆ Bpπq “ diagt
a

P pu1qB̃pπq, . . . ,
a

P puKqB̃pπqu

“ tdiagtB̃pπq, . . . , B̃pπquu ˆ pdiagt
a

P pu1q, . . .
a

P puKqu b IT´1q

“ Bpπq ˆ M. (B.39)

The desired result follows from the next derivation.

pẐπ, Ẑπ̃q
p1q
“

˜

M̂
?
n

n
ÿ

i“1

V π
i ,

M̂
?
n

n
ÿ

i“1

V π̃
i

¸

p2q
“

˜

M̂
?
n

n
ÿ

i“1

BpπiqVi,
M̂
?
n

n
ÿ

i“1

Bpπ̃iqVi

¸

p3q
“

˜

1?
n

řn
i“1BpπiqZi ` δ̂ 1?

n

řn
i“1BpπiqVi,

1?
n

řn
i“1Bpπ̃iqZi ` δ̂ 1?

n

řn
i“1Bpπ̃iqVi

¸

p4q
“

˜

1
?
n

n
ÿ

i“1

BpπiqZi,
1

?
n

n
ÿ

i“1

Bpπ̃iqZi

¸

` opp1q

p5q

d
Ñ pξ, ξ̃q,

as desired, where (1) holds by (3.24), (B.26), and (B.27); (2) holds by (B.28); (3) by (B.39)

and Zi “ MVi for all i “ 1, . . . , n; (4) by (B.37) and (B.38); and (5) by (B.30).

Proof of Theorem 3.3.3. Throughout the proof, we continuously invoke the results and

notations from Theorem B.1.1. Recall that this result derives the asymptotic distribution

of Ẑπ as in (3.24), where π is a uniformly chosen random permutation in Mn. Recall

from this theorem that ΩZ ” ErZiZ
1
is, which equals ΣZ ” varpZiq under H0 in (3.3); Ωπ

Z ,

defined in (B.23), represents the asymptotic variance of randomization distribution; Bpπq,

defined below (B.29) for π P M, denotes a known matrix taking values in t´1, 0, 1u. With

these notations in mind, we present the proof below.

Part (a). We divide the argument into two cases.

Case 1: ΣZ ‰ 0T pK´1qˆT pK´1q. By T “ 2, there are T ! “ 2 permutations of p1, 2q, hence

M “ tp1, 2q, p2, 1qu. Following the construction in step 2 of Theorem B.1.1, Bpp1, 2qq “
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IKˆK and Bpp2, 1qq “ ´IKˆK . Therefore,

Ωπ
Z

p1q
“ 1

2Bp1, 2qΩZBp1, 2q1 ` 1
2Bpp2, 1qqΩZBpp2, 1qq1 p2q

“ ΩZ
p3q
“ ΣZ ,

where (1) holds by the definition of Ωπ
Z , (2) holds by the definition of Bpπq, and (3) follows

by ΣZ ” varpZiq “ ErZiZ
1
is ” ΩZ under H0 in (3.3).

Theorem B.1.1 then implies that P pẐπ ď x|Xnq
p

Ñ P pξ ď xq for all x such that

P pξ ď xq is continuous, where ξ „ Np0pT´1qKˆ1,ΣZq. Then, the continuous mapping

theorem from Chung and Romano (2016, Lemma A.6) implies that for non-studentized

statistic:

P pSπ
n ď x|Xnq

p
Ñ P pS ď xq, (B.40)

for all x P R, where S is as in (3.12). This convergence relies on the fact that ΣZ ‰

0T pK´1qˆT pK´1q, which implies P pS ď xq is continuous for all x P R. From this point

onward, the rest of the proof follows from arguments in part (a) of Theorem 3.3.1.

Case 2: ΣZ “ 0T pK´1qˆT pK´1q. By the same arguments as in Theorem 3.3.1, we have that

1pXi,t ď ukq “ 1pXi,t`1 ď ukq a.s. for all t “ 1, . . . , T ´ 1 and k “ 1, . . .K, and so Sn “ 0

a.s. Furthermore, for all π P M, we have that 1pXi,πptq ď ukq “ 1pXi,πpt`1q ď ukq a.s. for

all t “ 1, . . . , T ´ 1, k “ 1, . . .K. This implies that Sπ
n “ 0 a.s., and so Sn “ cπnp1´αq “ 0.

The desired result follows from this and the construction of the test in (3.26).

Part (b). We construct an example with T “ 3. For τ1, τ2 P p0, 1q, we focus on a Markov

chain with two states, s1 “ 0 and s2 “ 1, and a transition matrix given by

ˆ

P pXi,t`1 “ 0|Xi,t “ 0q P pXi,t`1 “ 1|Xi,t “ 0q

P pXi,t`1 “ 0|Xi,t “ 1q P pXi,t`1 “ 1|Xi,t “ 1q

˙

“

ˆ

τ1 1 ´ τ1
1 ´ τ2 τ2

˙

.

In the steady state, the marginal distribution is such that for all t “ 1, 2, 3,

P pXi,t “ 0q “
1 ´ τ2

2 ´ τ1 ´ τ2
and P pXi,t “ 1q “

1 ´ τ1
2 ´ τ1 ´ τ2

. (B.41)

To assess the marginal homogeneity of this Markov chain on only two support points, it

suffices to test the hypothesis at one of the two points (as the other is just its complement).

194



For this reason, we construct our test statistic with K “ 1 and u1 “ 0. It follows then

ΩZ “
p1 ´ τ1qp1 ´ τ2q2

p2 ´ τ1 ´ τ2q2

„

2 ´p2 ´ pτ1 ` τ2qq

´p2 ´ pτ1 ` τ2qq 2

ȷ

.

By T “ 3, the T ! “ 6 permutations of p1, 2, 3q are

M “ tp1, 2, 3q, p1, 3, 2q, p2, 1, 3q, p2, 3, 1q, p3, 1, 2q, p3, 2, 1qu.

Following the construction in step 2 of Theorem B.1.1, we have

Bpp1, 2, 3qq “

„

1 0
0 1

ȷ

, Bpp1, 3, 2qq “

„

0 ´1
´1 0

ȷ

, Bpp2, 1, 3qq “

„

´1 0
0 1

ȷ

Bpp2, 3, 1qq “

„

0 1
´1 ´1

ȷ

, Bpp3, 1, 2qq “

„

´1 ´1
1 0

ȷ

, Bpp3, 2, 1qq “

„

0 ´1
´1 0

ȷ

,

and

Ωπ
Z “ 1

6

ÿ

πPM
BpπqΩZBpπq1.

It is not hard to verify that Ωπ
Z is PD and Ωπ

Z ‰ ΩZ . By the same arguments as in part

(a), we conclude that

P pSπ
n ď x|Xnq

p
Ñ P pSπ ď xq, (B.42)

for all x P R, where Sπ “
ř2

j“1 λ
π
j ζ

2
j withtζju

2
j“1 being i.i.d. Np0, 1q, and tλπ

j u2j“1 are

the eigenvalues of Ωπ
Z . From this point onward, we can repeat arguments in part (a) of

Theorem 3.3.1 to show that

cπnp1 ´ αq
p

Ñ cχp1 ´ α; Ωπ
Zq and EP rϕπ

npαqs Ñ P rS ď cχp1 ´ α; Ωπ
Zqs, (B.43)

where S “
ř2

j“1 λjζ
2
j with tλju

2
j“1 equal to the eigenvalues of ΣZ “ ΩZ . Since Ωπ

Z ‰ ΩZ ,

we have that cχp1 ´ α; Ωπ
Zq ‰ cχp1 ´ α; ΩZq and therefore P rS ď cχp1 ´ α; Ωπ

Zqs ‰ α.

To show the asymptotic overrejection, it suffices to find examples of parameters in which

P rS ď cχp1 ´ α; Ωπ
Zqs ą α. For instance, by choosing τ1 “ τ2 “ 0.1, we obtain

cχp0.9;Ωπ
Zq “ 1.56 ă cχp0.9;ΣZq “ 2.36,

cχp0.95;Ωπ
Zq “ 2.12 ă cχp0.95;ΣZq “ 3.33,

cχp0.99;Ωπ
Zq “ 3.49 ă cχp0.99;ΣZq “ 5.72,
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with the following asymptotic overrejection:

EP rϕπ
np0.1qs Ñ 0.1828 ą 0.1, EP rϕπ

np0.05qs Ñ 0.1194 ą 0.05, EP rϕπ
np0.01qs Ñ 0.0446 ą 0.01.

Part (c). Under H0, we have ΩZ “ ΣZ . Then, Assumption 10 implies ΩZ is PD. Thus,

BpπqΩZBpπq1 is PSD for all π P M, where Bpπq is defined in the proof of Theorem

B.1.1. Furthermore, by choosing π “ p1, . . . , T q, step 2 of Theorem B.1.1 implies that

Bpp1, . . . , T qq “ IpT´1qKˆpT´1qK , and so Bpp1, . . . , T qqΩZBpp1, . . . , T qq1 “ ΩZ . Then, Ωπ
Z “

1
T !

ř

πPMBpπqΩZBpπq1 is PD, as it is the sum of PSD matrices with at least one PD matrix.

By Theorem B.1.1, Lemma B.1.1, and the fact that Ωπ
Z is PD, the Slutsky’s theorem

from Chung and Romano (2016, Lemma A.5) implies that P pS̄π
n ď x|Xnq

p
Ñ P pχ2

pT´1qK ď

xq for all x P R. From this point onward, the rest of the proof follows from arguments in

part (a) in Theorem 3.3.1.

Proof of Theorem 3.3.4. Part (a). Fix pi, t, sq P t1, . . . , nu ˆ t1, . . . , T u ˆ t1, . . . , T u arbi-

trarily, and let π P M be any permutation that interchanges t and s. For any x P R,

Ftpxq “ P pXi,t ď xq

“ lim
tujuj ­“tÑ8

P ptXi,1, . . . , Xi,t, . . . , Xi,s, . . . , Xi,T u ď pu1, . . . , x, . . . , us, . . . , uT qq

p1q
“ lim

tujuj ­“tÑ8
P ptXi,πp1q, . . . , Xi,πptq, . . . , Xi,πpsq, . . . , Xi,πpT qu ď pu1, . . . , x, . . . , us, . . . , uT qq

p2q
“ lim

tujuj ­“tÑ8
P ptXi,πp1q, . . . , Xi,s, . . . , Xi,t, . . . , Xi,πpT qu ď pu1, . . . , x, . . . , us, . . . , uT qq

“ P pXi,s ď xq “ Fspxq,

where (1) holds by P P ΩTE and (2) by the specification of π. Since x P R and pt, sq P

t1, . . . , T u ˆ t1, . . . , T u were arbitrary, H0 in (3.3) holds.

To see that the reverse implication fails, consider the following example:

Xn “ tpXi,1, Xi,2, Xi,3quni“1 i.i.d. with Xi,1 “ Xi,2 K Xi,3

and Xi,t „ Np0, 1q. It is not hard to verify that this distribution satisfies Assumption 9

but does not belong to ΩTE.
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Part (b). Let Xπ
n ” ttXi,πiptqu

T
t“1uni“1 denote the sample permuted according to an arbi-

trary permutation πn “ tπiu
n
i“1 P Mn. Then,

FXn

p1q
“

n
ź

i“1

FXi,1,...,Xi,T

p2q
“

n
ź

i“1

FXi,πip1q,...,Xi,πipT q

p3q
“ FXπ

n
, (B.44)

where (1) and (3) hold by Assumption 9, and (2) by P P ΩTE. We note that (B.44)

implies that the randomization hypothesis (i.e., Lehmann and Romano (2022, Definition

17.2.1)) holds. From here, Lehmann and Romano (2022, Theorem 17.2.1) implies that the

permutation test described in Lehmann and Romano (2022, Section 17.2.1) satisfies (3.28)

with equality. In turn, this implies that our permutation test (i.e., the non-random version

of the test in Lehmann and Romano (2022, Section 17.2.1)) satisfies (3.28).

Lemma B.1.1. Under Assumption 9,

Σ̂Zπ
p

Ñ Ωπ
Z .

Proof. This proof relies on notation and arguments in the proof of Theorem B.1.1. First,

we show that

1

n

n
ÿ

i“1

BpπiqZiZ
1
iBpπiq

1 p
Ñ Ωπ

Z . (B.45)

By similar arguments as in step 3 of Theorem B.1.1, we note that tBpπiqZiZ
1
iBpπiq

1uni“1

is i.i.d. with

ErBpπiqZiZ
1
iBpπiq

1s
p1q
“ ErBpπiqΩZBpπiq

1s
p2q
“ Ωπ

Z .

where (1) holds by tBpπiquni“1 K tZiu
n
i“1 and ErZiZ

1
is “ ΩZ , and (2) by (B.23) and the

fact that πi is uniformly distributed in M. From these observations and the LLN, (B.45)

follows.
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Second, we note that

1

n

n
ÿ

i“1

BpπiqZiV
1
iBpπiq

1 “ Opp1q

1

n

n
ÿ

i“1

BpπiqViZ
1
iBpπiq

1 “ Opp1q

1

n

n
ÿ

i“1

BpπiqViV
1
iBpπiq

1 “ Opp1q.

(B.46)

These can be shown by the arguments that yield (B.45), except that ZiZ
1
i is replaced by

ZiV
1
i , ViZ

1
i, and ViV

1
i , respectively.

To conclude the proof, consider the following derivation.

Σ̂Zπ
p1q
“

1

n

n
ÿ

i“1

M̂V π
i pM̂V π

i q1 ´

˜

1

n

n
ÿ

i“1

M̂V π
i

¸˜

1

n

n
ÿ

i“1

M̂V π
i

¸1

p2q
“ M̂

˜

1

n

n
ÿ

i“1

BpπiqViV
1
iBpπiq

1

¸

M̂ 1 ´ M̂

˜

1

n

n
ÿ

i“1

BpπiqVi

¸˜

1

n

n
ÿ

i“1

BpπiqVi

¸1

M̂ 1

p3q
“ pM ` opp1qq

˜

1

n

n
ÿ

i“1

BpπiqViV
1
iBpπiq

1

¸

pM ` opp1qq1 ` opp1q

p4q
“

„

1
n

řn
i“1BpπiqZiZ

1
iBpπiq

1 ` p 1
n

řn
i“1BpπiqZiV

1
iBpπiq

1qopp1q`

opp1qp 1
n

řn
i“1BpπiqViV

1
iBpπiq

1q ` opp1qp 1
n

řn
i“1BpπiqViZ

1
iBpπiq

1qopp1q

ȷ

` opp1q

p5q
“ Ωπ

Z ` opp1q,

as desired, where (1) holds by (B.25), (B.26), and (B.27), (2) by (B.28), (3) by (B.38)

and 1
n

řn
i“1BpπiqVi “ opp1q (implied by (B.37)), (4) by Zi “ MVi for all i “ 1, . . . , n and

(B.39), and (5) by (B.45) and (B.46).

Lemma B.1.2. Let ΩFE denote the class of distributions that are “fully” exchangeable over

units and time periods, i.e., Xn “ ttXi,tu
n
i“1uTt“1 has the same distribution as ttXλpi,tqu

n
i“1uTt“1

where λ denotes an arbitrary permutation of units and time periods. Under Assumption 9,

the following statements hold:
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(a) If n “ 1, ΩFE “ ΩTE.

(b) If n ą 1, ΩFE Ĺ ΩTE.

Proof. Part (a) is straightforward, so we prove part (b). We begin by showing a useful

intermediate result: Xn „ P P ΩFE implies that its CDF can be written as

P pXn ď yq “

n
ź

i“1

T
ź

t“1

F pyi,tq for all y P RnT , (B.47)

where F is the CDF of X1,1. Since Assumption 9 already implies independence across

units:

P pXn ď yq “

n
ź

i“1

F̃ ptyi,tu
T
t“1q, (B.48)

where F̃ is the CDF of the vector tX1,tu
T
t“1. Then the desired result (B.47) follows im-

mediately from (B.48) provided that tX1,tu
T
t“1 are i.i.d. with marginal CDF F . We now

establish this result in two steps.

First, we show tX1,tu
T
t“1 is an independent sequence. To this end, fix txtu

T
t“1 P RT

arbitrarily. For any s “ 1, . . . , T ´ 1, consider the following permutation: λp1, tq “ p1, tq

for t ď s and λp1, tq “ p2, tq for t ą s, λp2, tq “ p2, tq for t ď s and λp2, tq “ p1, tq for t ą s,

and λpj, tq “ pj, tq for all j ą 2 and t “ 1, . . . , T . Then,

P pX1,1 ď x1, . . . , X1,s ď xs, X1,s`1 ď xs`1, . . . , X1,T ď xT q

“ lim
uÑ8

P

ˆ

X1,1 ď x1, . . . , X1,s ď xs, X1,s`1 ď xs`1, . . . , X1,T ď xT
Xj,t ď u for all j ě 2 and t “ 1, . . . , T

˙

p1q
“ lim

uÑ8
P

ˆ

Xλp1,1q ď x1, . . . , Xλp1,sq ď xs, Xλp1,s`1q ď xs`1, . . . , Xλp1,T q ď xT
Xλpj,tq ď u for all j ě 2 and t “ 1, . . . , T

˙

p2q
“ lim

uÑ8
P

ˆ

X1,1 ď x1, . . . , X1,s ď xs, X2,s`1 ď xs`1, . . . , X2,T ď xT
Xλpj,tq ď u for all j ě 2 and t “ 1, . . . , T

˙

“ P pX1,1 ď x1, . . . , X1,s ď xs, X2,s`1 ď xs`1, . . . , X2,T ď xT q

p3q
“ P pX1,1 ď x1, . . . , X1,s ď xsqP pX2,s`1 ď xs`1, . . . , X2,T ď xT q, (B.49)
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where (1) holds by P P ΩFE, (2) by the specification of λ, and (3) by Assumption 9. By

taking limits of (B.49) as x1, . . . , xs Ñ 8, we get

P pX1,s`1 ď xs`1, . . . , X1,T ď xT q “ P pX2,s`1 ď xs`1, . . . , X2,T ď xT q. (B.50)

Since (B.50) holds for all txtu
T
t“1 P RT , we can combine it with (B.49) to get

pX1,1, . . . , X1,sq K pX1,s`1, . . . , X1,T q for any s “ 1, . . . , T ´ 1. (B.51)

The desired result follows by considering (B.51) sequentially for s “ 1, s “ 2, and so on.

Second, we show that tX1,tu
T
t“1 is an identically distributed sequence. To this end, fix

x P R arbitrarily. For any s ‰ 1, consider the following permutation: λp1, 1q “ p1, sq,

λp1, sq “ λp1, 1q, and λpi, tq “ pi, tq otherwise. Then,

P pX1,1 ď xq “ lim
uÑ8

P pX1,1 ď x,Xi,t ď u for all pi, tq ­“ p1, 1qq

p1q
“ lim

uÑ8
P pXλp1,1q ď x,Xλpi,tq ď u for all pi, tq ­“ p1, 1qq

p2q
“ lim

uÑ8
P pX1,s ď x,Xλpi,tq ď u for all pi, tq ­“ p1, 1qq

“ P pX1,s ď xq, (B.52)

where (1) holds by P P ΩFE and (2) by the specification of λ. Since (B.52) holds for all

x P R, X1,1 and X1,s have the same distribution. Since the choice of s “ 2, . . . , T was

arbitrary, the desired result follows.

Finally, we conclude the proof by finding a distribution P P ΩTE but P R ΩFE so the

inclusion is strict. Consider the following example: Xn “ ttXi,tu
n
i“1uTt“1 with n “ 2, T “ 2,

where X1,1 “ X1,2 “ Z1, X2,1 “ X2,2 “ Z2, and tZ1, Z2u are i.i.d. Np0, 1q. It is trivial to

see that this distribution satisfies Assumption 9 and P P ΩTE, however P R ΩFE.
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Appendix C. Additional Results for Chapter 4
C.1 Bound Expressions

In this section we summarize all the bounds that will be used in the proofs of lemmas and

main results. These expressions are given for an arbitrary values of py, wq P R ˆ supppW q.

Denote c :“ cpw, ηq and c :“ cpw, ηq, where the dependence on w and η is implicitly

understood.

C.1.1 Lower bound on Y1

Let

τ1 “
pp1|w ´ cqc

p1|wpc ´ cq
and Q

1
“ QY |X,W pτ1 | 1, wq

and
FY1|W py | wq

“ max

"

FY |X,W py | 1, wq
p1|w

c
,
c ´ p1|w

c
` FY |X,W py | 1, wq

p1|w

c

*

“ FY |X,W py | 1, wq
p1|w

c
1

´

y ă Q
1

¯

`

ˆ

c ´ p1|w

c
` FY |X,W py | 1, wq

p1|w

c

˙

1

´

y ě Q
1

¯

FY1|X,W py | 0, wq

“ max

"

FY |X,W py | 1, wq
p1|wp1 ´ cq

p0|wc
,
c ´ p1|w

cp0|w
` FY |X,W py | 1, wq

p1|wp1 ´ cq

p0|wc

*

“ FY |X,W py | 1, wq
p1|wp1 ´ cq

p0|wc
1

´

y ă Q
1

¯

`

ˆ

c ´ p1|w

cp0|w
` FY |X,W py | 1, wq

p1|wp1 ´ cq

p0|wc

˙

1

´

y ě Q
1

¯

FY1|X,W py | 1, wq “ FY |X,W py | 1, wq.

Define

p
1
py, wq “ c1py ă Q

1
q ` A11py “ Q

1
q ` c1py ą Q

1
q

where

A1 “
PpY “ Q

1
, X “ 1 | W “ wq

´

c´p1|w

c ` FY |X,W pQ
1

| 1, wq
p1|w

c

¯

´
p1|w

c PpY ă Q
1

| X “ 1,W “ wq
.
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If the denominator is 0, set A1 “ p1|w. We can also derive the associated quantiles function

bounds for τ P p0, 1q:

QY1|W pτ | wq :“ F´1
Y1|W pτ | wq “ QY |X,W

ˆ

min

"

c

p1|w
τ,

p1|w ´ c

p1|w
`

c

p1|w
τ

*

| 1, w

˙

QY1|X,W pτ | 0, wq :“ F´1
Y1|Xpτ | 0, wq “ QY |X,W

ˆ

min

"

cp0|w

p1|wp1 ´ cq
τ,

p1|w ´ c

p1|wp1 ´ cq
`

cp0|w

p1|wp1 ´ cq
τ

*

| 1, w

˙

.

C.1.2 Upper bound on Y1

Let

τ1 “ 1 ´ τ1 and Q1 “ QY |X,W pτ1 | 1, wq

and
FY1|W py | wq

“ min

"

FY |X,W py | 1, wq
p1|w

c
,
c ´ p1|w

c
` FY |X,W py | 1, wq

p1|w

c

*

“ FY |X,W py | 1, wq
p1|w

c
1
`

y ă Q1

˘

`

ˆ

c ´ p1|w

c
` FY |X,W py | 1, wq

p1|w

c

˙

1
`

y ě Q1

˘

FY1|X,W py | 0, wq

“ min

"

FY |X,W py | 1, wq
p1|wp1 ´ cq

p0|wc
,
c ´ p1|w

cp0|w
` FY |X,W py | 1, wq

p1|wp1 ´ cq

p0|wc

*

“ FY |X,W py | 1, wq
p1|wp1 ´ cq

p1 ´ p1|wqc
1
`

y ă Q1

˘

`

ˆ

c ´ p1|w

cp0|w
` FY |Xpy | 1q

p1|wp1 ´ cq

p0|wc

˙

1
`

y ě Q1

˘

FY1|X,W py | 1, wq “ FY |X,W py | 1, wq.

Define

p1py, wq “ c1py ă Q1q ` A11py “ Q1q ` c1py ą Q1q

where

A1 “
PpY “ Q1, X “ 1 | W “ wq

´

c´p1|w

c ` FY |X,W pQ1 | 1, wq
p1|w

c

¯

´
p1|w

c PpY ă Q1 | X “ 1,W “ wq
.
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If the denominator is 0, set A1 “ p1|w. We can also derive the associated quantiles function

bounds for τ P p0, 1q:

Q
Y1|W

pτ | wq :“ F
´1
Y1|W pτ | wq “ QY |X,W

ˆ

max

"

c

p1|w
τ,

p1|w ´ c

p1|w
`

c

p1|w
τ

*

| 1, w

˙

Q
Y1|X,W

pτ | 0, wq :“ F
´1
Y1|X,W pτ | 0, wq “ QY |X,W

ˆ

max

"

cp0|w

p1|wp1 ´ cq
τ,

p1|w ´ c

p1|wp1 ´ cq
`

cp0|w

p1|wp1 ´ cq
τ

*

| 1, w

˙

.

C.1.3 Lower bound on Y0

Under c-dependence, we have that PpX “ 0 | Y0,W “ wq “ 1 ´ PpX “ 1 | Y0,W “

wq P r1 ´ cpw, ηq, 1 ´ cpw, ηqs. So we can take the bound expressions for FY1|W , swap p1|w

and p0|w, and swap pc, cq and p1 ´ c, 1 ´ cq and get the correct expressions for the bounds

for FY0|W . Here are all the expressions.

Let

τ0 “
pc ´ p1|wqp1 ´ cq

p0|wpc ´ cq
and Q

0
“ QY |X,W pτ0|0, wq

and
FY0|W py | wq

“ max

"

FY |X,W py | 0, wq
p0|w

1 ´ c
,
p1|w ´ c

1 ´ c
` FY |X,W py | 0, wq

p0|w

1 ´ c

*

“ FY |X,W py | 0, wq
p0|w

1 ´ c
1

´

y ă Q
0

¯

`

ˆ

p1|w ´ c

1 ´ c
` FY |X,W py | 0, wq

p0|w

1 ´ c

˙

1

´

y ě Q
0

¯

FY0|X,W py | 1, wq

“ max

"

FY |X,W py | 0, wq
p0|wc

p1|wp1 ´ cq
,

p1|w ´ c

p1 ´ cqp1|w
` FY |X,W py | 0, wq

p0|wc

p1|wp1 ´ cq

*

“ FY |X,W py | 0, wq
p0|wc

p1|wp1 ´ cq
1

´

y ă Q
0

¯

`

ˆ

p1|w ´ c

p1 ´ cqp1|w
` FY |X,W py | 0, wq

p0|wc

p1|wp1 ´ cq

˙

1

´

y ě Q
0

¯

FY0|X,W py | 0, wq “ FY |Xpy | 0, wq.

Define

p
0
py, wq “ c1py ă Q

0
q ` p1 ´ A0q1py “ Q

0
q ` c1py ą Q

0
q
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where

A0 “
p0|wpFY |X,W pQ

0
|0, wq ´ FY |X,W pQ

0
´ |0, wqq

F Y0|W pQ
0
|wq ´ F Y0|W pQ

0
´ |wq

.

If the denominator is 0, set A0 “ p0|w. We can also derive the associated quantiles function

bounds for τ P p0, 1q:

QY0|W pτ | wq :“ F´1
Y0|W pτq “ QY |X,W

ˆ

min

"

1 ´ c

p0|w
τ,

p0|w ´ p1 ´ cq

p0|w
`

1 ´ c

p0|w
τ

*

| 0, w

˙

QY0|X,W pτ | 1, wq :“ F´1
Y0|Xpτ | 1q “ QY |X,W

ˆ

min

"

p1 ´ cqp1|w

p0|wc
τ,

p0|w ´ p1 ´ cq

p0|wc
`

p1|wp1 ´ cq

p0|wc
τ

*

| 0, w

˙

.

C.1.4 Upper bound for Y0

Let

τ0 “ 1 ´ τ0 and Q0 “ QY |X,W pτ0|0, wq

and
FY0|W py | wq

“ min

"

FY |X,W py | 0, wq
p0|w

1 ´ c
,
p1|w ´ c

1 ´ c
` FY |X,W py | 0, wq

p0|w

1 ´ c

*

“ FY |X,W py | 0, wq
p0|w

1 ´ c
1
`

y ă Q0

˘

`

ˆ

p1|w ´ c

1 ´ c
` FY |X,W py | 0, wq

p0|w

1 ´ c

˙

1
`

y ě Q0

˘

FY0|X,W py | 1, wq

“ min

"

FY |X,W py | 0, wq
p0|wc

p1|wp1 ´ cq
,

p1|w ´ c

p1 ´ cqp1|w
` FY |X,W py | 0, wq

p0|wc

p1|wp1 ´ cq

*

“ FY |X,W py | 0, wq
p0|wc

p1|wp1 ´ cq
1
`

y ă Q0

˘

`

ˆ

p1|w ´ c

p1 ´ cqp1|w
` FY |X,W py | 0, wq

p0|wc

p1|wp1 ´ cq

˙

1
`

y ě Q0

˘

.

Define

p0py, wq “ c1py ă Q0q ` p1 ´ A0q1py “ Q0q ` c1py ą Q0q

where

A0 “
PpY “ Q0, X “ 0 | W “ wq

´

p1|w´c

1´c ` FY |X,W pQ0|0, wq
p0|w

1´c

¯

´
p0|w

1´cPpY ă Q0 | X “ 0,W “ wq
.
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If the denominator is 0, set A0 “ p0|w. We can also derive the associated quantiles function

bounds for τ P p0, 1q:

Q
Y0|W

pτ | wq :“ F
´1
Y0|W pτ | wq

“ QY |X,W

ˆ

max

"

1 ´ c

p0|w
τ,

p0|w ´ p1 ´ cq

p0|w
`

1 ´ c

p0|w
τ

*

| 0, w

˙

Q
Y0|X,W

pτ | 1, wq :“ F
´1
Y0|X,W pτ | 1, wq

“ QY |X,W

ˆ

max

"

p1 ´ cqp1|w

p0|wc
τ,

p0|w ´ p1 ´ cq

p0|wc
`

p1 ´ cqp1|w

p0|wc
τ

*

| 0, w

˙

.

C.2 Proofs for Section 4.3

Proof of Lemma 4.3.1. Let x P t0, 1u and fix w P supppW q. By the law of iterated expecta-

tions, ErX | Yx,W “ ws “ ErErX | Y1, Y0,W “ ws | Yx,W “ ws. Since ErX | Y1, Y0,W “

ws P rcpw, ηq, cpw, ηqs almost surely, we then have that ErX | Yx,W “ ws P rcpw, ηq, cpw, ηqs

almost surely as well.

Proof of Proposition 4.3.1. Part 1: Suppose marginal c-dependence holds with bound

functions rcpw, ηq, cpw, ηqs. Fix px,wq P t0, 1u ˆ supppW q. We have that

RxpYx, wq “
pxpYx, wq

1 ´ pxpYx, wq

M p1|w

1 ´ p1|w
P

„

cpw, ηq

1 ´ cpw, ηq

M p1|w

1 ´ p1|w
,

cpw, ηq

1 ´ cpw, ηq

M p1|w

1 ´ p1|w

ȷ

,

(C.1)

where the inclusion holds from the mapping a ÞÑ a{p1 ´ aq being strictly increasing over

a P p0, 1q and from pxpYx, wq P rcpw, ηq, cpw, ηqs Ă p0, 1q almost surely. We note that

cpw, ηq

1 ´ cpw, ηq

M p1|w

1 ´ p1|w
P

„

p1|w

1 ´ p1|w

M p1|w

1 ´ p1|w
,`8

˙

“ r1,`8q

where the inclusion holds from cpw, ηq P rp1|w, 1q. Similarly,

cpw, ηq

1 ´ cpw, ηq

M p1|w

1 ´ p1|w
P

ˆ

0

1 ´ 0

M p1|w

1 ´ p1|w
,

p1|w

1 ´ p1|w

M p1|w

1 ´ p1|w

ȷ

“ p0, 1s
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from cpw, ηq P p0, p1|ws. We conclude that the GMSM holds with the bound functions

from equation (4.4). Replacing marginal c-dependence with joint c-dependence delivers

the same bounds for the GJSM.

Part 2: Suppose the GMSM holds with bound functions
“

Λpw, ηq,Λpw, ηq
‰

. Fix

px,wq P t0, 1u ˆ supppW q. We have that

pxpYx, wq “
p1|wRxpYx, wq

p0|w ` p1|wRxpYx, wq
P

«

p1|wΛpw, ηq

p0|w ` p1|wΛpw, ηq
,

p1|wΛpw, ηq

p0|w ` p1|wΛpw, ηq

ff

. (C.2)

The equality holds from inverting the equation RxpYx, wq “
pxpYx,wq

1´pxpYx,wq

M

p1|w

1´p1|w
in pxpYx, wq.

The inclusion holds from the mapping a ÞÑ a{p1`aq being strictly increasing for a P r0,`8q

and from RxpYx, wq P
“

Λpw, ηq,Λpw, ηq
‰

Ă p0,`8q almost surely. We note that

p1|wΛpw, ηq

p0|w ` p1|wΛpw, ηq
P

ˆ

p1|w ¨ 0

p0|w ` p1|w ¨ 0
,

p1|w ¨ 1

p0|w ` p1|w ¨ 1

ȷ

“ p0, p1|ws

by Λpw, ηq P p0, 1s. Similarly,

p1|wΛpw, ηq

p0|w ` p1|wΛpw, ηq
P

„

p1|w ¨ 1

p0|w ` p1|w ¨ 1
, 1

˙

“ rp1|w, 1q

by Λpw, ηq P r1,`8s. We conclude that marginal c-dependence holds with the bound

functions from equation (1). Replacing the GMSM with the GJSM delivers the same

bounds for joint c-dependence.

C.3 Proofs for Section 4.4

Proof of Lemma 4.4.1. By Lemma 4.3.1, it suffices to show the desired results under As-

sumption 12. Let y P R and w P supppW q be fixed. Note that

E
„

1pY ď yq

p1pY,wq
| X “ 1,W “ w

ȷ

p1|w “ E
„

1pY1 ď yqX

p1pY1, wq
|W “ w

ȷ

“ E
„

1pY1 ď yqErX | Y1,W “ ws

p1pY1, wq
|W “ w

ȷ

“ E r1pY1 ď yq|W “ ws

“ FY1|W py | wq,
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where the second equality follows from the law of iterated expectations and the third from

p1pY1, wq ě cpw, ηq ą 0 almost surely by Assumption 12. Likewise, we have

E
„

1pY ą yq

p1pY,wq
| X “ 1,W “ w

ȷ

p1|w “ 1 ´ FY1|W py | wq.

Therefore,

FY1|W py | wq “ E
„

1pY ď yq

p1pY,wq
| X “ 1,W “ w

ȷ

p1|w

ď E
„

1pY ď yq

cpw, ηq
| X “ 1,W “ w

ȷ

p1|w

“ FY |X,W py | 1, wq
p1|w

cpw, ηq

and

FY1|W py | wq “ 1 ´ PpY1 ą y | W “ wq

“ 1 ´ E
„

1pY ą yq

p1pY,wq
| X “ 1,W “ w

ȷ

p1|w

ď 1 ´ E
„

1pY ą yq

cpw, ηq
| X “ 1,W “ w

ȷ

p1|w

“
cpw, ηq ´ p1|w

cpw, ηq
` FY |X,W py | 1, wq

p1|w

cpw, ηq
.

The inequalities follow from p1pY1, wq´1 P rcpw, ηq´1, cpw, ηq´1s almost surely. By these

two inequalities,

FY1|W py | wq ď min

"

FY |X,W py | 1, wq
p1|w

cpw, ηq
,
cpw, ηq ´ p1|w

cpw, ηq
` FY |X,W py | 1, wq

p1|w

cpw, ηq

*

“ F Y1|W py | wq.

Similarly,

FY1|W py | wq “ E
„

1pY ď yq

p1pY,wq
| X “ 1,W “ w

ȷ

p1|w

ě E
„

1pY ď yq

cpw, ηq
| X “ 1,W “ w

ȷ

p1|w

“ FY |X,W py | 1, wq
p1|w

cpw, ηq
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and

FY1|W py | wq “ 1 ´ PpY1 ą y | W “ wq

“ 1 ´ E
„

1pY ą yq

p1pY,wq
| X “ 1,W

ȷ

p1|w

ě 1 ´ E
„

1pY ą yq

cpw, ηq
| X “ 1,W “ w

ȷ

p1|w

“
cpw, ηq ´ p1|w

cpw, ηq
` FY |X,W py | 1, wq

p1|w

cpw, ηq
.

By these two inequalities,

FY1|W py | wq ě max

"

FY |X,W py | 1, wq
p1|W

cpw, ηq
,
cpw, ηq ´ p1|w

cpw, ηq
` FY |X,W py | 1, wq

p1|w

cpw, ηq

*

“ F Y1|W py | wq.

Therefore we have established FY1|W py | wq P rF Y1|W py | wq, F Y1|W py | wqs, as desired.

Next we establish the bounds for FY0|W py | wq. We also have that

E
„

1pY ď yq

1 ´ p0pY,wq
| X “ 0,W “ w

ȷ

p0|w “ FY0|W py | wq.

Furthermore, note that Erp1´Xq | Y0,W “ ws “ PpX “ 0 | Y0,W “ wq P r1´ cpw, ηq, 1´

cpw, ηqs. Changing X “ 1 to X “ 0, and pcpw, ηq, cpw, ηqq to p1´cpw, ηq, 1´cpw, ηqq yields

FY0|W py | wq ď FY |X,W py | 0, wq
p0|w

1 ´ cpw, ηq

FY0|W py | wq ď
p1|w ´ cpw, ηq

1 ´ cpw, ηq
` FY |X,W py | 0, wq

p0|w

1 ´ cpw, ηq

FY0|W py | wq ě FY |X,W py | 0, wq
p0|w

1 ´ cpw, ηq

FY0|W py | wq ě
p1|w ´ cpw, ηq

1 ´ cpw, ηq
` FY |Xpy | 0q

p0|w

1 ´ cpw, ηq
.

almost surely. Therefore, FY0|W py | wq P rF Y0|W py | wq, F Y0|W py | wqs.
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C.3.1 Proof of Theorem 4.4.1

We provide and show a number of preliminary lemmas that are used to prove Theorem

4.4.1. This first lemma establishes some properties of cdf bounds for Yx given pX,W q.

Lemma C.3.1 (Bounds of CDFs). Let assumptions 11 and 12 hold. Then, for x P t0, 1u

and w P supppW q,

1. The functions F Yx|X,wp¨ | 1 ´ x,wq and F Yx|X,W p¨ | 1 ´ x,wq, which are defined in

Appendix C.1, are cdfs;

2. For all y P R,

F Yx|X,W py | 1 ´ x,wqp1´x|w ` FY |X,W pY | X,wqpx|w “ F Yx|W py | wq

F Yx|X,W py | 1 ´ x,wqp1´x|w ` FY |X,W pY | X,wqpx|w “ F Yx|W py | wq.

Proof of Lemma C.3.1. Proof of Part 1: We show that F Y1|X,W py | 0, wq is a cdf by

showing it is nondecreasing, has limits p0, 1q when y approaches p´8,`8q, and is right-

continuous. The same arguments can be used to deduce that F Y1|X,W py | 0, wq, F Y0|X,W py |

1, wq, and F Y0|X,W py | 1, wq are also cdfs.

The function

FY1|X,W py | 0, wq “ max

"

FY |X,W py | 1, wq
p1|wp1 ´ cq

p0|wc
,
c ´ p1|w

cp0|w
` FY |X,W py | 1, wq

p1|wp1 ´ cq

cp0|w

*

is nondecreasing in y since each of its two arguments is nondecreasing in y, due to

FY |X,W p¨ | 1, wq being a cdf. Then note that

lim
yÑ8

F Y1|X,W py | 0, wq “ max

"

p1|wp1 ´ cq

p0|wc
, 1

*

“ max

"

p1|w ´ p1|wc

c ´ p1|wc
, 1

*

“ 1,

where the last equality follows by p1|w ď c. Also note that

lim
yÑ´8

F Y1|X,W py | 0, wq “ max

"

0,
c ´ p1|w

cp0|w

*

“ 0,

where the last equality follows by c ď p1|w. Finally, we can see that F Y1|X,W py | 0, wq

is right-continuous with respect to y since FY |Xpy | 1, wq is right-continuous and by the
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continuity of affine transformations and of the maximum function. Therefore, F Y1|X,W py |

0, wq is a cdf.

Proof of Part 2: We show the first equality with x “ 1, and the same arguments can be

used to establish the equality for other cases. For y P R, the desired result follows by the

following derivations:

F Y1|X,W py | 0, wqp0|w ` FY |X,W py | 1, wqp1|w

“ max

"

FY |X,W py | 1, wq
p1|wp1 ´ cq

p0|wc
,
c ´ p1|w

cp0|w
` FY |X,W py | 1, wq

p1|wp1 ´ cq

p0|wc

*

p0|w

` FY |X,W py | 1, wqp1|w

“ max

"

FY |X,W py | 1, wqp1|w

ˆ

1 ´ c

c
` 1

˙

,
c ´ p1|w

c
` FY |X,W py | 1, wqp1|w

ˆ

1 ´ c

c
` 1

˙*

“ max

"

FY |X,W py | 1, wqp1|w

c
,
c ´ p1|w

c
`

FY |X,W py | 1, wqp1|w

c

*

“ F Y1|W py | wq.

Thus the proof is complete.

Lemma C.3.2. Let x P t0, 1u and w P supppW q. Suppose mp¨q is a Borel measurable

function and PpmpYxq ě δ|W “ wq “ 1 for some δ ą 0. The following statements are

equivalent:

1. Conditional on W “ w, the following statement holds almost surely:

mpYxq “ PpX “ x | Yx,W “ wq. (C.3)

2. For all y P R, the following equality holds:

E
„

1pYx ď yq1pX “ xq

mpYxq
|W “ w

ȷ

“ PpYx ď y | W “ wq. (C.4)

Proof of Lemma C.3.2. We first prove that (C.3) implies (C.4). This follows from the law
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of iterated expectations:

E
„

1pYx ď yq1pX “ xq

mpYxq
| W “ w

ȷ

“ E
„

1pYx ď yqEr1pX “ xq | Yx,W “ ws

mpYxq
| W “ w

ȷ

“ E
„

1pYx ď yqPpX “ x | Yx,W “ wq

mpYxq
| W “ w

ȷ

“ Er1pYx ď yq | W “ ws

“ PpYx ď y | W “ wq,

where we use (C.3) and the assumption mpYxq ě δ ą 0 for the third equality.

Next, we prove that (C.4) implies (C.3). To show this result, we first establish a few

key facts:

1. By the law of iterated expectations, (C.4) implies

E
„

1pYx ď yq
PpX “ x | Yx,W “ wq ´ mpYxq

mpYxq
|W “ w

ȷ

“ 0

for all y P R2.

2. For y P R, define the preimage from a half-space on R2 as

Iy “ tω P Ω : Yxpωq ď yu,

where Ω denotes Yx’s sample space. Let A “ tIy : y P Ru. We then note that A is

closed under intersection since

Iy X Iy1 “ Iminty,y1u P A for any y, y1 P R.

This, combined with the non-emptyness of A, implies that A is a π-system.

3. The sample space can be written as a countable union of sets in A since

Ω “ tω P Ω : Yxpωq ă 8u “

8
ď

n“1

In.

4. The random variable rPpX “ x | Yx,W “ wq ´ mpYxqs{mpYxq is measurable with

respect to the σ-algebra generated by Yx due to the Borel measurability of mp¨q, and
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it is integrable since

ˇ

ˇ

ˇ

ˇ

PpX “ x | Yx,W “ wq ´ mpYxq

mpYxq

ˇ

ˇ

ˇ

ˇ

ď
PpX “ x | Yx,W “ wq

mpYxq
` 1 ď

1

δ
` 1 ă `8,

where the first inequality follows by trangle inequality, and the second inequality

follows by the assumption that mpYxq ě δ ą 0 almost surely.

Given the above facts, it follows by Billingsley (1995, Theorem 34.1) that

PpX “ x|Yx,W “ wq ´ mpYxq

mpYxq
“ 0 with probability one conditional on W “ w.

From this equality we conclude that PpX “ x | Yx,W “ wq “ mpYxq with probability one

conditional on W “ w since mpYxq ě δ ą 0 almost surely. So the desired result has been

established.

The following lemma is a subset of Lemma 21.1 in A. W. van der Vaart, 2000, so we

omit its proof.

Lemma C.3.3 (Properties of CDFs and Quantiles). Let p P p0, 1q and x P R. Let F be a

cdf and Qppq “ inftz P R : F pzq ě pu be its quantile function. Then,

1. Qppq ď x if and only if p ď F pxq;

2. F pQppqq ě p where equality can fail only if F is discontinuous at Qppq;

3. F pQppq´q ď p.

This next lemma is a compendium of properties of the cdf bounds. Its results are used

throughout our proofs for the main theorems.

Lemma C.3.4 (Preliminary Results). Let w P supppW q and suppose assumptions 11 and

12 hold with cpw, ηq ă p1|w ă cpw, ηq. Then, for x P t0, 1u,

1. τx, τx P p0, 1q;

2. F Yx|W py | wq is continuous at y “ Qx if and only if PpY “ Qx | X “ x,W “ wq “ 0,

and F Yx|W py | wq is continuous at y “ Q
x

if and only if PpY “ Q
x

| X “ x,W “

wq “ 0;
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3. A1, A1, 1 ´ A0, 1 ´ A0 P rc, cs;

4. pxpYx, wq, p
x
pYx, wq P rc, cs almost surely;

5. For all y P R,

E

«

1pY ď yqX

p
1
pY,wq

|W “ w

ff

“ F Y1|W py | wq

E
„

1pY ď yqX

p1pY,wq
|W “ w

ȷ

“ F Y1|W py | wq,

E

«

1pY ď yqp1 ´ Xq

1 ´ p
0
pY,wq

|W “ w

ff

“ F Y0|W py | wq

E
„

1pY ď yqp1 ´ Xq

1 ´ p0pY,wq
|W “ w

ȷ

“ F Y0|W py | wq.

6. For all py1, y0q P R2, the following inequalities are equivalent:

(a) F Yx|W pyx|wq ď F Y1´x|W py1´x|wq;

(b) FY |X,W pyx|x,wq ď F Y1´x|X,W py1´x|x,wq;

(c) F Yx|X,W pyx | 1 ´ x,wq ď FY |X,W py1´x | 1 ´ x,wq.

Also, the following inequalities are equivalent:

(d) F Yx|W pyx|wq ě F Y1´x|W py1´x|wq;

(e) FY |X,W pyx|x,wq ě F Y1´x|X,W py1´x|x,wq;

(f) F Yx|X,W pyx | 1 ´ x,wq ě FY |X,W py1´x | 1 ´ x,wq.

7. The following inequalities are equivalent:

(a) FY |X,W pQ1´ | 1, wq ď F Y0|X,W pQ
0
´ | 1, wq;

(b) F Y1|X,W pQ1 ´ |0, wq ď FY |X,W pQ
0

´ |0, wq;

(c) F Y1|W pQ1´ | wq ď F Y0|W pQ
0

´ |wq.

Also, the following inequalities are equivalent:

(d) FY |X,W pQ
1
´ | 1, wq ď F Y0|X,W pQ0´ | 1, wq;

(e) F Y1|X,W pQ
1

´ |0, wq ď FY |X,W pQ0 ´ |0, wq;

(f) F Y1|W pQ
1
´ | wq ď F Y0|W pQ0 ´ |wq.

213



8. The following inequalities hold:

max
!

F Y1|W pQ1´ | wq, F Y0|W pQ
0

´ |wq

)

ď
c ´ p1|w

c ´ c
ď min

!

F Y1|W pQ1 | wq, F Y0|W pQ
0
|wq

)

and

max
!

F Y0|W pQ0 ´ |wq, F Y1|W pQ
1
´ | wq

)

ď
p1|w ´ c

c ´ c
ď min

!

F Y0|W pQ0|wq, F Y1|W pQ
1

| wq

)

.

9. The following inequalities hold:

max
!

FY |X,W pQ1´ | 1, wq, F Y0|X,W pQ
0
´ | 1, wq

)

ď τ1 ď min
!

FY |X,W pQ1 | 1, wq, F Y0|X,W pQ
0

| 1, wq

)

and

max
!

F Y0|X,W pQ0´ | 1, wq, FY |X,W pQ
1
´ | 1, wq

)

ď τ1 ď min
!

F Y0|X,W pQ0 | 1, wq, FY |X,W pQ
1

| 1, wq

)

.

10. For all py1, y0q P R2, the following inequalities are equivalent:

(a) F Yx|W pyx|wq ` F Y1´x|W py1´x|wq ě 1;

(b) FY |X,W pyx|x,wq ` F Y1´x|X,W py1´x|x,wq ě 1;

(c) F Yx|X,W pyx | 1 ´ x,wq ` FY |X,W py1´x | 1 ´ x,wq ě 1.

Also, the following inequalities are equivalent:

(d) F Yx|W pyx|wq ` F Y1´x|W py1´x|wq ě 1;

(e) FY |X,W pyx|x,wq ` F Y1´x|X,W py1´x|x,wq ě 1;

(f) F Yx|X,W pyx | 1 ´ x,wq ` FY |X,W py1´x | 1 ´ x,wq ě 1.

11. The following inequalities are equivalent:

(a) F Y1|W pQ1 | wq ` F Y0|W pQ0 ´ |wq ě 1;

(b) FY |X,W pQ1 | 1, wq ` F Y0|X,W pQ0´ | 1, wq ě 1;
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(c) F Y1|X,W pQ1|0, wq ` FY |X,W pQ0 ´ |0, wq ě 1.

Also, the following inequalities are equivalent:

(d) F Y1|W pQ1´ | wq ` F Y0|W pQ0|wq ě 1;

(e) FY |X,W pQ1´ | 1, wq ` F Y0|X,W pQ0 | 1, wq ě 1;

(f) F Y1|X,W pQ1 ´ |0, wq ` FY |X,W pQ0|0, wq ě 1.

Proof of Lemma C.3.4. For brevity, we omit covariates w P supppW q and drop notation

referring on conditional probability ¨ | w and ¨ | W “ w from this proof. However, note

that our arguments hold when conditioning on W “ w throughout.

Proof of Part 1: First consider τ1:

τ1 “
p1 ´ c

c ´ c

c

p1
“

p1c ´ cc

p1c ´ cp1
ă

p1c ´ cc

p1c ´ cc
“ 1,

where the inequality is strict because p1 ă c and c ą 0. Similarly,

τ1 “
p1 ´ c

c ´ c

c

p1
ą

c ´ c

c ´ c

c

p1
“ 0

where the inequality is strict because p1 ą c and c ą 0. Thus, τ1 P p0, 1q. Since τ1 “ 1´τ1,

τ1 P p0, 1q as well. The proofs for τ0 and τ0 are similar.

Proof of Part 2: First consider the statement involving Qx with x “ 1. We show the

following inequality

p1
c
PpY “ Q1 | X “ 1q ď F Y1pQ1q ´ F Y1pQ1´q ď

p1
c
PpY “ Q1 | X “ 1q. (C.5)

From this inequality and Assumption 12 that 0 ă c ď p1 ď c, we will conclude that F Y1pyq

is continuous at y “ Q1 if and only if PpY “ Q1 | X “ 1q “ 0.
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To show the lower bound inequality in (C.5), note that

F Y1pQ1q ´ F Y1pQ1´q “
c ´ p1

c
` FY |XpQ1 | 1q

p1
c

´
p1
c
FY |XpQ1´ | 1q

“
c ´ p1

c
´ p1FY |XpQY |Xpτ1 | 1q´ | 1q

c ´ c

cc
`

p1
c
PpY “ Q1 | X “ 1q

ě
c ´ p1

c
´ p1τ1

c ´ c

cc
`

p1
c
PpY “ Q1 | X “ 1q

“
p1
c
PpY “ Q1 | X “ 1q,

The first line holds by the definition of F Y1 . The third line holds by Lemma C.3.3.3. The

last line holds by the definition of τ1.

Likewise, we also have the following derivation:

F Y1pQ1q ´ F Y1pQ1´q “
c ´ p1

c
` FY |XpQ1 | 1q

p1
c

´
p1
c
FY |XpQ1´ | 1q

“
c ´ p1

c
´ p1FY |XpQY |Xpτ1 | 1q | 1q

c ´ c

cc
`

p1
c
PpY “ Q1 | X “ 1q

ď
c ´ p1

c
´ p1τ1

c ´ c

cc
`

p1
c
PpY “ Q1 | X “ 1q

“
p1
c
PpY “ Q1 | X “ 1q,

where we use Lemma C.3.3.2 in the third line. This establishes the upper bound inequality

in (C.5). So the desired result follows. The proofs for the statements involving Q
1
, Q0,

and Q
0

are similar by establishing the following bounds:

F Y1
pQ

1
q ´ F Y1

pQ
1
´q P

„

p1
c
PpY “ Q

1
| X “ 1q,

p1
c
PpY “ Q

1
| X “ 1q

ȷ

F Y0pQ0q ´ F Y0pQ0´q P

„

p0
1 ´ c

PpY “ Q0 | X “ 0q,
p0

1 ´ c
PpY “ Q0 | X “ 0q

ȷ

F Y0
pQ

0
q ´ F Y0

pQ
0
´q P

„

p0
1 ´ c

PpY “ Q
0

| X “ 0q,
p0

1 ´ c
PpY “ Q

0
| X “ 0q

ȷ

,

(C.6)

which can be derived by similar steps to those above.
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Proof of Part 3: First consider A1 if the denominator is positive, as A1 “ p1 is trivially

bounded in rc, cs by Assumption 12 if the denominator becomes zero. By its definition, we

have

A1 “
p1PpY “ Q1 | X “ 1q

´

c´p1
c ` FY |XpQ1 | 1q

p1
c

¯

´
p1
c PpY ă Q1 | X “ 1q

“
p1PpY “ Q1 | X “ 1q

F Y1pQ1q ´ F Y1pQ1´q
.

From the inequality in equation (C.5), we deduce that PpY “ Q1 | X “ 1q ą 0, and

p1PpY “ Q1 | X “ 1q

F Y1pQ1q ´ F Y1pQ1´q
P rc, cs.

So this concludes that A1 P rc, cs. Similarly, the results for A1, 1 ´ A0, and 1 ´ A0 can be

deduced by inequalities (C.6).

Proof of Part 4: These propensity scores can only take the values c, c, A1, A1, 1 ´ A0,

and 1 ´ A0. By Part 3, these values all lie in rc, cs.

Proof of Part 5: First we show that E
”

1pY ď yqX{p
1
pY q

ı

“ F Y1
pyq for all y P R. The

proof for F Y1 is similar by interchanging c with c and thus omitted.

To prove the desired identity, we split the analysis in three cases depending on the value

of y P R. For y ă Q
1
, we have 1pY ď yq{p

1
pY q “ 1pY ď yq{c and thus

E

«

1pY ď yqX

p
1
pY q

ff

“ E
„

1pY ď yqX

c

ȷ

“
FY |Xpy | 1qp1

c
“ F Y1

pyq.

When y “ Q
1
, we can write

E

«

1pY ď Q
1
qX

p
1
pY q

ff

“ E

«

1pY ă Q
1
qX

c

ff

` E

«

1pY “ Q
1
qX

A1

ff

“
PpY ă Q

1
| X “ 1qp1

c
` PpY “ Q

1
| X “ 1qp1

˜

PpY “ Q
1

| X “ 1qp1

FY1
pQ

1
q ´ FY1

pQ
1
´q

¸´1

“
PpY ă Q

1
| X “ 1qp1

c
` FY1

pQ
1
q ´ FY1

pQ
1
´q

“ FY1
pQ

1
´q ` FY1

pQ
1
q ´ FY1

pQ
1
´q

“ FY1
pQ

1
q.
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Finally, when y ą Q
1
, we can write

E

«

1pY ď yqX

p
1
pY q

ff

“ E

«

1pY ď Q
1
qX

p
1
pY q

ff

` E
„

1pQ
1

ă Y ď yqX

c

ȷ

“ F Y1
pQ

1
q `

´

FY |Xpy | 1q ´ FY |XpQ
1

| 1q

¯

p1

c

“
c ´ p1

c
` FY |XpQ

1
| 1q

p1
c

`

´

FY |Xpy | 1q ´ FY |XpQ
1

| 1q

¯

p1

c

“
c ´ p1

c
` FY |Xpy | 1q

p1
c

“ F Y1
pyq.

Thus the desired identity holds for all y P R.

Next we show the identity E
”

1pY ď yqp1 ´ Xq{p1 ´ p
0
pY qq

ı

“ F Y0
pyq for all y P R.

The proof for F Y0 is similar by interchanging c with c and thus omitted. Similar to above,

we split the analysis in three cases depending on the value of y P R. For y ă Q
0
, we have

1pY ď yq{p1 ´ p
0
pY qq “ 1pY ď yq{p1 ´ cq and thus

E

«

1pY ď yqp1 ´ Xq

1 ´ p
0
pY q

ff

“ E
„

1pY ď yqp1 ´ Xq

1 ´ c

ȷ

“
FY |Xpy | 0qp0

1 ´ c
“ F Y0

pyq.

When y “ Q
0
, we can write

E

«

1pY ď yqp1 ´ Xq

1 ´ p
0
pY q

ff

“ E

«

1pY ă Q
0
qp1 ´ Xq

1 ´ c

ff

` E

«

1pY “ Q
0
qp1 ´ Xq

A0

ff

“
PpY ă Q

0
| X “ 0qp0

1 ´ c
` PpY “ Q

0
| X “ 0qp0

˜

PpY “ Q
0

| X “ 0qp0

FY0
pQ

0
q ´ FY0

pQ
0
´q

¸´1

“
PpY ă Q

0
| X “ 0qp0

1 ´ c
` FY0

pQ
0
q ´ FY0

pQ
0
´q

“ FY0
pQ

0
´q ` FY0

pQ
0
q ´ FY0

pQ
0
´q

“ FY0
pQ

0
q.
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When y ą Q
0
, we can write

E
„

1pY ď yqp1 ´ Xq

1 ´ p0pY q

ȷ

“ E

«

1pY ď Q
0
qp1 ´ Xq

1 ´ p
0
pY q

ff

` E
„

1pQ
0

ă Y ď yqp1 ´ Xq

1 ´ c

ȷ

“ F Y0
pQ

0
q `

´

FY |Xpy | 0q ´ FY |XpQ
0
|0q

¯

p0

1 ´ c

“
p1 ´ c

1 ´ c
` FY |XpQ

0
|0q

p0
1 ´ c

`

´

FY |Xpy | 0q ´ FY |XpQ
0
|0q

¯

p0

1 ´ c

“
p1 ´ c

1 ´ c
` FY |Xpy | 0q

p0
1 ´ c

“ F Y0
pyq.

Thus the desired identity has been established for all y P R.

Proof of Part 6: We begin by considering the first sequence of equivalences between (a),

(b), and (c) for x “ 1. By Lemma C.3.3.1.

F Y1py1q ď F Y0
py0q ðñ R1py1q :“ QY0

pF Y1py1qq ď y0

FY |Xpy1 | 1q ď F Y0|Xpy0 | 1q ðñ R2py1q :“ QY0|XpFY |Xpy1 | 1q | 1q ď y0

F Y1|Xpy1 | 0q ď FY0|Xpy0|0q ðñ R3py1q :“ QY |XpF Y1|Xpy1 | 0q|0q ď y0.

The equivalence relationship for the statements on the left hand side holds if R1py1q “

R2py1q “ R3py1q for all y1 P R. By direct calculation, we can see that

R2py1q “ R3py1q

“ QY |X

ˆ

min

"

p1 ´ cqp1
p0c

FY |Xpy1 | 1q,
p0 ´ p1 ´ cq

p0c
`

p1p1 ´ cq

p0c
FY |Xpy1 | 1q

*

| 0

˙

and thus it remains to show that R1py1q “ R2py1q. Recall that

R1py1q “ QY0
pF Y1py1qq

“ QY |X

ˆ

min

"

1 ´ c

p0
F Y1py1q,

p0 ´ p1 ´ cq

p0
`

1 ´ c

p0
F Y1py1q

*

| 0

˙

.
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We split the proof into two cases. First consider y1 ă Q1 “ QY |Xpτ1 | 1q. In such case we

have

FY |Xpy1 | 1q ă τ1 “
pc ´ p1qc

pc ´ cqp1
(C.7)

by Lemma C.3.3.1, and

F Y1py1q “ FY |Xpy | 1q
p1
c
. (C.8)

Using equations (C.7) and (C.8), it can be verified that

1 ´ c

p0
F Y1py1q ă

p0 ´ p1 ´ cq

p0
`

1 ´ c

p0
F Y1py1q.

This implies

R1py1q “ QY |X

ˆ

1 ´ c

p0
F Y1py1q|0

˙

“ QY |X

ˆ

p1 ´ cqp1
p0c

FY |Xpy1 | 1q|0

˙

if y1 ă Q1.

(C.9)

Next consider y ě Q1. Then we have FY |Xpy1 | 1q ě τ1 by Lemma C.3.3.1, and

F Y1py1q “
c ´ p1

c
` FY |Xpy | 1q

p1
c
.

These two implications lead to the following inequality

1 ´ c

p0
F Y1py1q ě

p0 ´ p1 ´ cq

p0
`

1 ´ c

p0
F Y1py1q,

which further implies

R1py1q “ QY |X

ˆ

p0 ´ p1 ´ cq

p0
`

1 ´ c

p0
F Y1py1q|0

˙

“ QY |X

ˆ

p0 ´ p1 ´ cq

p0c
`

p1p1 ´ cq

p0c
FY |Xpy1 | 1q|0

˙

if y1 ě Q1.

(C.10)

By Lemma C.3.3.1, y1 ă Q1 is equivalent to FY |Xpy1 | 1q ă τ1, and it is further equivalent

to
p1 ´ cqp1

p0c
FY |Xpy1 | 1q ă

p0 ´ p1 ´ cq

p0c
`

p1p1 ´ cq

p0c
FY |Xpy1 | 1q.
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From this, (C.9), and (C.10), we deduce that

R2py1q “ QY |X

ˆ

min

"

p1 ´ cqp1
p0c

FY |Xpy1 | 1q,
p0 ´ p1 ´ cq

p0c
`

p1p1 ´ cq

p0c
FY |Xpy1 | 1q

*

| 0

˙

“ QY |X

ˆ

p1 ´ cqp1
p0c

FY |Xpy1 | 1q|0

˙

1py ă Q1q

` QY |X

ˆ

c ´ p1
p0c

`
p1p1 ´ cq

p0c
FY |Xpy1 | 1q|0

˙

1py ě Q1q

“ R1py1q.

Therefore, the desired conclusion for x “ 1 has been established. Similar arguments can

be used to show that the same conclusion also holds for x “ 0, and to show the second set

of equivalences between (d), (e), and (f).

Proof of Part 7: We first consider the equivalence of the statement (a), (b), and (c). We

can write

∆1 :“ FY |XpQ1´ | 1q ´ F Y0|XpQ
0
´ | 1q “ FY |XpQ1´ | 1q ´

p0cFY |XpQ
0

´ |0q

p1p1 ´ cq

From this, we note that

∆2 :“ F Y1pQ1´q ´ F Y0
pQ

0
´q “

p1FY |XpQ1´ | 1q

c
´

p0FY |XpQ
0

´ |0q

1 ´ c
“

p1
c
∆1,

and

∆3 :“ F Y1|XpQ1 ´ |0q ´ FY |XpQ
0

´ |0q

“
p1p1 ´ cq

p0c
FY |XpQ1´ | 1q ´ FY |XpQ

0
´ |0q

“
p1p1 ´ cq

p0c
∆1.

The desired result follows by noting that ∆1, ∆2, and ∆3 all have the same sign. The proof

of the equivalence of statements (d), (e), and (f) is similar and thus omitted.

Proof of Part 8: We have that

F Y1pQ1´q “
FY |XpQY |Xpτ1 | 1q´ | 1qp1

c
ď τ1

p1
c

“
c ´ p1
c ´ c
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by Lemma C.3.3.3. Similarly,

F Y1pQ1q “
c ´ p1

c
`

FY |XpQY |Xpτ1 | 1q | 1qp1

c
ě

c ´ p1
c

` τ1
p1
c

“
c ´ p1
c ´ c

.

by Lemma C.3.3.2. The other inequalities can be shown in a similar manner. Their

derivations are thus omitted.

Proof of Part 9: We have that

FY |XpQ1´ | 1q “ FY |X

`

QY |Xpτ1 | 1q´ | 1
˘

ď τ1

by Lemma C.3.3.3. Similarly,

FY |XpQ1 | 1q “ FY |X

`

QY |Xpτ1 | 1q | 1
˘

ě τ1

by Lemma C.3.3.2. The same arguments can be applied to F Y0|XpQ
0
´|1q and F Y0|XpQ

0
|1q.

So we have

F Y0|XpQ
0

´ |1q “ FY |XpQY |Xpτ0|0q ´ |0q
p0c

p1p1 ´ cq
ď

τ0p0c

p1p1 ´ cq
“

cpc ´ p1q

p1pc ´ cq
“ τ1.

via Lemma C.3.3.3, and

F Y0|XpQ
0
|1q “

p1 ´ c

p1 ´ cqp1
` FY |XpQY |Xpτ0|0q|0q

p0c

p1p1 ´ cq
ě

p1 ´ c

p1 ´ cqp1
`

τ0p0c

p1p1 ´ cq
“ τ1.

via Lemma C.3.3.2. The proofs for the other inequalities are similar and thus omitted.

Proof of Part 10: We begin by considering the first set of equivalences between (a), (b),

and (c) when x “ 1, and the equivalences for x “ 0 are identical. By Lemma C.3.3.1, we

have the following equivalence relationships:

F Y1py1q ` F Y0py0q ě 1 ðñ y1 ě R1py0q :“ Q
Y1

p1 ´ F Y0py0qq

FY |Xpy1 | 1q ` F Y0|Xpy0 | 1q ě 1 ðñ y1 ě R2py0q :“ QY |Xp1 ´ F Y0|Xpy0 | 1q | 1q

F Y1|Xpy1 | 0q ` FY |Xpy0|0q ě 1 ðñ y1 ě R3py0q :“ Q
Y1|X

p1 ´ FY |Xpy0|0q | 1q.
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To prove the equivalence of statements on the left, it suffices to show that R1py0q “

R2py0q “ R3py0q for all y0 P R. First, we directly compute R2py0q and R3py0q:

R2py0q “ QY |Xp1 ´ F Y0|Xpy0 | 1q | 1q

“ QY |X

ˆ

1 ´ min

"

p0cFY |Xpy0|0q

p1p1 ´ cq
,
p1 ´ c ` p0cFY |Xpy0|0q

p1p1 ´ cq

*

| 1

˙

“ QY |X

ˆ

max

"

1 ´
p0cFY |Xpy0|0q

p1p1 ´ cq
, 1 ´

p1 ´ c ` p0cFY |Xpy0|0q

p1p1 ´ cq

*

| 1

˙

“ QY |X

ˆ

max

"

1 ´
p0cFY |Xpy0|0q

p1p1 ´ cq
,
p1p1 ´ cq ´ p1 ` c ´ p0cFY |Xpy0|0q

p1p1 ´ cq

*

| 1

˙

“ QY |X

ˆ

max

"

1 ´
p0cFY |Xpy0|0q

p1p1 ´ cq
,
cp0p1 ´ FY |Xpy0|0qq

p1p1 ´ cq

*

| 1

˙

,

and

R3py0q “ Q
Y1|X

p1 ´ FY |Xpy0|0q | 1q

“ QY |X

ˆ

max

"

cp0p1 ´ FY |Xpy0|0qq

p1p1 ´ cq
,
p1 ´ c ` cp0p1 ´ FY |Xpy0|0qq

p1p1 ´ cq

*

| 1

˙

“ QY |X

ˆ

max

"

cp0p1 ´ FY |Xpy0|0qq

p1p1 ´ cq
, 1 ´

cp0FY |Xpy0|0qq

p1p1 ´ cq

*

| 1

˙

.

Since y0 was arbitrary, we conclude that R2py0q “ R3py0q for all y0 P R.

We next establish that R1py0q “ R2py0q for all y0 P R. Note that

R1py0q “ Q
Y1

p1 ´ F Y0py0qq

“ QY |X

ˆ

max

"

c

p1
p1 ´ F Y0py0qq,

p1 ´ c

p1
`

c

p1
p1 ´ F Y0py0qq

*

| 1

˙

“ QY |X

ˆ

max

"

c

p1
p1 ´ F Y0py0qq, 1 ´

c

p1
F Y0py0q

*

| 1

˙

.

If y0 ă Q0, Lemma C.3.3.1 implies

F Y0py0q “
p0

1 ´ c
FY |Xpy | 0q and FY |Xpy0|0q ă τ0 “

pp1 ´ cqp1 ´ cq

pc ´ cqp0
.

These two (in)equalities imply that

c

p1
p1 ´ F Y0py0qq ă 1 ´

c

p1
F Y0py0q.
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Then it follows that

R1py0q “ QY |X

ˆ

1 ´
c

p1
F Y0py0q | 1

˙

“ QY |X

ˆ

1 ´
cp0FY |Xpy0|0q

p1p1 ´ cq
|1

˙

if y0 ă Q0.

(C.11)

Similarly, it can be verified that

R1py0q “ QY |X

ˆ

c

p1
p1 ´ F Y0py0qq | 1

˙

“ QY |X

ˆ

cp0p1 ´ FY |Xpy0|0qq

p1p1 ´ cq
| 1

˙

if y0 ě Q0.

(C.12)

By Lemma C.3.3.1, y0 ă Q0 is equivalent to FY |Xpy0|0q ă τ0, and it is further equivalent

to

1 ´
cp0FY |Xpy0|0q

p1p1 ´ cq
ą

cp0p1 ´ FY |Xpy0|0qq

p1p1 ´ cq
.

Therefore, we can write

R2py0q “ QY |X

ˆ

1 ´
cp0FY |Xpy0|0q

p1p1 ´ cq
| 1

˙

1py0 ă Q0q

` QY |X

ˆ

cp0p1 ´ FY |Xpy0|0qq

p1p1 ´ cq
| 1

˙

1py0 ě Q0q.

(C.13)

By combining (C.11), (C.12), and (C.13), we note that R2py0q “ R1py0q for all y0 P R, as

desired. The proof for the second set of equivalences between (d), (e), and (f) is similar

and thus omitted.

Proof of Part 11: We show the first set of equivalences between (a), (b), and (c),

and the proof for the second set of equivalences between (d), (e), and (f) follows similar

arguments and thus omitted. First, we expand

∆1
1 :“ FY |XpQ1 | 1q ` F Y0|XpQ0´ | 1q ´ 1 “ FY |XpQ1 | 1q ` FY |XpQ0 ´ |0q

p0c

p1p1 ´ cq
´ 1.

224



Next, note that

∆1
2 :“ F Y1pQ1q ` F Y0pQ0´q ´ 1

“
c ´ p1

c
` FY |XpQ1 | 1q

p1
c

` FY |XpQ0 ´ |0q
p0

1 ´ c
´ 1

“
p1
c

„

FY |XpQ1 | 1q ` FY |XpQ0 ´ |0q
p0c

p1p1 ´ cq
´ 1

ȷ

“
p1
c
∆1

1,

and

∆1
3 :“ F Y1|XpQ1|0q ` FY |XpQ0 ´ |0q ´ 1

“
c ´ p1
cp0

` FY |XpQ1 | 1q
p1p1 ´ cq

p0c
` FY |XpQ0 ´ |0q ´ 1

“
p1p1 ´ cq

p0c

„

FY |XpQ1 | 1q ` FY |XpQ0 ´ |0q
p0c

p1p1 ´ cq
`

c ´ p1
p1p1 ´ cq

´
p1 ´ p1qc

p1p1 ´ cq

ȷ

“
p1p1 ´ cq

p0c

„

FY |XpQ1 | 1q ` FY |XpQ0 ´ |0q
p0c

p1p1 ´ cq
´ 1

ȷ

“
p1p1 ´ cq

p0c
∆1

1.

Therefore, the desired result follows by noting that ∆1
1, ∆1

2, ∆1
3 all have the same sign.

Proof of Theorem 4.4.1. Fix a w P supppW q and pε, γ, C1,0|1,w, C1,0|0,wq P r0, 1s2 ˆ C2. We

prove this theorem by constructing a probability distribution rP for pY1, Y0, Xq conditional

on W “ w such that for all y P R, x P t0, 1u, and py1, y0q P R2, the following conditions

hold:

1. rPpY1 ď y | W “ wq “ εF Y1|W py | wq ` p1 ´ εqF Y1|W py | wq and

rPpY0 ď y | W “ wq “ γF Y0|W py | wq ` p1 ´ γqF Y0|W py | wq ;

2. rPpX “ x | W “ wq “ px|w;

3. rPpYx ď y | X “ x,W “ wq “ FY |X,W pY | X,wq;
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4. rPpY1 ď y1, Y0 ď y0 | X “ x,W “ wq “ C1,0|x,wprPpY1 ď y1 | X “ x,W “ wq, rPpY1 ď

y0 | X “ x,W “ wqq;

5. rPpX “ 1 | Yx,W “ wq P rcpw, ηq, cpw, ηqs rP-almost surely.

Condition 1 requires that an arbitrary convex combination of marginal cdf bounds

stated in Theorem 4.4.1 can be achieved by the constructed measure. Condition 4 then

states that any bivariate copula C1,0|x,w is also achievable. Conditions 2 and 3 require the

constructed measure generate the same distribution of pY,Xq as the observed data condi-

tional on W “ w. Finally, Condition 5 requires the marginal c-dependence Assumption

12 to be satisfied for the constructed measure when conditioning on W “ w. As a result,

the constructed measure rP generates the marginal cdfs and copulas in Theorem 4.4.1 and

satisfies all the requirements in the definition of identified set Imarg
0 pFY,X,W q.

For the conciseness of the proof, we write C1,0|x,w as Cx,w for x P t0, 1u so that subscripts

of copulas denote the conditioning variables.

Let

rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq “ xC1,wpFY |X,W py1 | 1, wq, F0py0 | 1, w; γqqp1|w

` p1 ´ xqC0,wpF1py1 | 0, w; εq, FY |X,W py0|0, wqqp0|w.

(C.14)

where

F0py0 | 1, w; γq “ γF Y0|X,W py0 | 1, wq ` p1 ´ γqF Y0|X,W py0 | 1, wq

F1py1 | 0, w; εq “ εF Y1|X,W py1 | 0, wq ` p1 ´ εqF Y1|X,W py1 | 0, wq.

Since convex combinations of cdfs are cdfs, and by Lemma C.3.1.1, both F0p¨ | 1, w; γq and

F1p¨ | 0, w; εq are cdfs. By Sklar’s Theorem (Nelsen, 2006, Theorem 2.3.3), the expression

in (C.14) is a joint distribution function for pY1, Y0, Xq conditional on W “ w.

For the rest of the proof, we very conditions 1-5 for the constructed measure rP.
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Verifying Condition 1: For y P R, we can see that

rPpY1 ď y | W “ wq “
ÿ

xPt0,1u

lim
y0Ñ`8

rPpY1 ď y, Y0 ď y0, X “ x | W “ wq

“ lim
y0Ñ`8

C1,wpFY |X,W py1 | 1, wq, F0py0 | 1, w; γqqp1|w

` lim
y0Ñ`8

C0,wpF1py1 | 0, w; εq, FY |X,W py0|0, wqqp0|w

“ C1,wpFY |X,W py1 | 1, wq, 1qp1|w ` C0,wpF1py1 | 0, w; εq, 1qp0|w

“ FY |X,W py1 | 1, wqp1|w ` F1py1 | 0, w; εqp0|w

“ εpFY |X,W py1 | 1, wqp1|w ` F Y1|X,W py1 | 0, wqp0|wq

` p1 ´ εqpFY |X,W py1 | 1, wqp1|w ` F Y1|X,W py1 | 0, wqp0|wq

“ εF Y1|W py | wq ` p1 ´ εqF Y1|W py | wq.

The third line holds since Cx,wp1, uq “ Cx,wpu, 1q “ u for x P t0, 1u and u P r0, 1s. The last

line holds by Lemma C.3.1.2.

Likewise,

rPpY0 ď y | W “ wq “
ÿ

xPt0,1u

lim
y1Ñ`8

rPpY1 ď y1, Y0 ď y,X “ x | W “ wq

“ γF Y0|W py | wq ` p1 ´ γqF Y0|W py | wq.

Verifying Condition 2: For x P t0, 1u, we have that

rPpX “ x | W “ wq “ lim
y1,y0Ñ8

rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq

“ xC1,wp1, 1qp1|w ` p1 ´ xqC0,wp1, 1qp0|w

“ xp1|w ` p1 ´ xqp0|w

“ px|w.

The third equality uses the fact that Cx,wp1, 1q “ 1 for x P t0, 1u.
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Verifying Condition 3: For x P t0, 1u and y P R, we have that

rPpYx ď y | X “ x,W “ wq

“ lim
y1Ñ`8

rPpYx ď y, Y1´x ď y1, X “ x | W “ wq

rPpX “ x | W “ wq

“
xC1,wpFY |X,W py | 1, wq, 1qp1|w ` p1 ´ xqC0,wp1, FY |X,W py | 0, wqqp0|w

px|w

“
xFY |X,W py | 1, wqp1|w ` p1 ´ xqFY |X,W py | 0qp0|w

px|w

“
FY |X,W pY | X,wqpx|w

px|w

“ FY |X,W pY | X,wq.

The third line holds again by Cxp1, uq “ Cxpu, 1q “ u for x P t0, 1u and u P r0, 1s. The last

line follows by Assumption 11 that px|w ą 0 for x P t0, 1u.

Verifying Condition 4: First, following similar steps for verifying condition 3, we have

rPpYx ď y | X “ 1 ´ x,W “ wq

“
limy1Ñ`8

rPpYx ď y, Y1´x ď y1, X “ 1 ´ x | W “ wq

rPpX “ 1 ´ x | W “ wq

“
p1 ´ xqC1,wp1, F0py0 | 1, w; γqqp1|w ` xC0,wpF1py1 | 0, w; ϵq, 1qp0|w

p1´x|w

“
p1 ´ xqp1|wF0py0 | 1, w; γq ` xp0|wF1py1 | 0, w; ϵq

p1´x|w

“ p1 ´ xqF0py0 | 1, w; γq ` xF1py1 | 0, w; ϵq.

(C.15)
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Then for py1, y0q P R2, it follows that

rPpY1 ď y1, Y0 ď y0|X “ xq

“ xC1,wpFY |X,W py1 | 1, wq, F0py0 | 1, w; γqq ` p1 ´ xqC0,wpF1py1 | 0, w; ϵq, FY |X,W py0|0, wqq

“ xC1,wprPpY1 ď y1 | X “ 1,W “ wq, rPpY0 ď y0 | X “ 1,W “ wqq

` p1 ´ xqC0,wprPpY1 ď y1 | X “ 0,W “ wq, rPpY0 ď y0 | X “ 0,W “ wqq

“ Cx,wprPpY1 ď y1 | X “ x,W “ wq, rPpY0 ď y0 | X “ x,W “ wqq.

The second line holds by Condition 3 and equation (C.15).

Verifying Condition 5: In this part, we establish an explicit formula of the propensity

score function under rP and show that it is contained in rcpw, ηq, cpw, ηqs almost surely. To

achieve this goal, we divide the analysis into two cases.

Case 1: Consider the case where p1|w “ cpw, ηq. By direct calculation,

F Y1|W py | wq “ F Y1|W py | wq “ FY |X,W py | 1, wq

and

F Y0|W py | wq “ F Y0|W py | wq “ FY |X,W py | 0, wq.

Based on condition 1 we verified above, we have

rPpY1 ď y1 | W “ wq “ FY |X,W py1 | 1, wq and rPpY0 ď y0 | W “ wq “ FY |X,W py1 | 0, wq.

Since p1|w “ cpw, ηq, by Assumption 12, it is straightforwardly to see that PpX “ 1 |

Y1,W “ wq “ PpX “ 1 | Y0,W “ wq “ cpw, ηq almost surely, which further implies

rE
„

1rY ď y1sX

cpw, ηq
|W “ w

ȷ

“ E
„

1rY ď y1sX

cpw, ηq
|W “ w

ȷ

“ FY |X,W py1 | 1, wq

“ rPpY1 ď y1 | W “ wq
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and

rE
„

1rY ď y0sp1 ´ Xq

1 ´ cpw, ηq
|W “ w

ȷ

“ E
„

1rY ď y0sp1 ´ Xq

1 ´ cpw, ηq
|W “ w

ȷ

“ FY |X,W py0|0, wq

“ rPpY0 ď y0 | W “ wq.

Following Lemma C.3.2, this implies rEpX | Y1,W “ wq “ rEpX | Y0,W “ wq “ cpw, ηq

almost surely under rP, which is naturally bounded within rcpw, ηq, cpw, ηqs, as desired. The

proof for the case where p1|w “ cpw, ηq follows the same argument by interchanging cpw, ηq

with cpw, ηq and thus omitted.

Case 2: Consider the case where cpw, ηq ă p1|w ă cpw, ηq. Define

p1py, w; εq “
1

εp
1
py, wq´1 ` p1 ´ εqp1py, wq´1

,

where p1py, wq and p
1
py, wq are defined in Appendix C.1.

By Lemma C.3.4.4, p
1
pY1, wq, p1pY1, wq P rcpw, ηq, cpw, ηqs almost surely. Therefore,

p1pY1, w; εq “
1

εp
1
pY1, wq´1 ` p1 ´ εqp1pY1, wq´1

ď
1

εcpw, ηq´1 ` p1 ´ εqcpw, ηq´1
“ cpw, ηq

and

p1pY1, w; εq “
1

εp
1
pY1, wq´1 ` p1 ´ εqp1pY1, wq´1

ě
1

εcpw, ηq´1 ` p1 ´ εqcpw, ηq´1
“ cpw, ηq.

Therefore p1pY1, w; εq P rcpw, ηq, cpw, ηqs almost surely.

Next we will show that rErX | Y1,W “ ws “ p1pY1, w; εq via Lemma C.3.2 by verifying

that for all y P R:

rE
„

1pY1 ď yqX

p1pY1, w; εq
|W “ w

ȷ

“ rPpY1 ď y | W “ wq “ εF Y1|W py | wq ` p1 ´ εqF Y1|W py | wq.
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To show this, we have the following derivations:

rE
„

1pY1 ď yqX

p1pY1, w; εq
|W “ w

ȷ

“ E
„

1pY ď yqX

p1pY,w; εq
|W “ w

ȷ

“ E

«

1pY ď yqX

˜

ε

p
1
pY,wq

`
1 ´ ε

p1pY,wq

¸

| W “ w

ff

“ εE

«

1pY ď yqX

p
1
pY,wq

|W “ w

ff

` p1 ´ εqE
„

1pY ď yqX

p1pY,wq
|W “ w

ȷ

“ εF Y1|W py | wq ` p1 ´ εqF Y1|W py | wq.

The first equality holds by noting that the distribution of Y1 conditional X “ 1 and W “ w

under rP is the same as the one under the population P as verified by condition 2. The last

equality follows by applying Lemma C.3.4.5.

For the cdf of Y0, define

p0pY0, w; γq “ 1 ´
1

γp1 ´ p
0
pY0, wqq´1 ` p1 ´ γqp1 ´ p0pY0, wqq´1

.

Since 1 ´ p
0
pY0, wq, 1 ´ p0pY0, wq P r1 ´ cpw, ηq, 1 ´ cpw, ηqs almost surely, we have that

p0pY0, w; γq “ 1 ´
1

γp1 ´ p
0
pY0, wqq´1 ` p1 ´ γqp1 ´ p0pY0, wqq´1

ď 1 ´
1

γp1 ´ cpw, ηqq´1 ` p1 ´ γqp1 ´ cpw, ηqq´1

“ cpw, ηq,

and

p0pY0, w; γq “ 1 ´
1

γp1 ´ p
0
pY0, wqq´1 ` p1 ´ γqp1 ´ p0pY0, wqq´1

ě 1 ´
1

γp1 ´ cpw, ηqq´1 ` p1 ´ γqp1 ´ cpw, ηqq´1

“ cpw, ηq.
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Therefore, p0pY0, w; ηq P rcpw, ηq, cpw, ηqs almost surely. We can also see that

rE
„

1pY0 ď yqp1 ´ Xq

1 ´ p0pY0, w; γq
|W “ w

ȷ

“ E
„

1pY ď yqp1 ´ Xq

1 ´ p0pY,w; ηq
|W “ w

ȷ

“ E

«

1pY ď yqp1 ´ Xq

˜

γ

1 ´ p
0
pY0, wq

`
1 ´ γ

1 ´ p0pY0, wq

¸

| W “ w

ff

“ γE

«

1pY ď yqp1 ´ Xq

1 ´ p
0
pY0, wq

|W “ w

ff

` p1 ´ γqE
„

1pY ď yqp1 ´ Xq

1 ´ p0pY0, wq
|W “ w

ȷ

“ γF Y0|W py | wq ` p1 ´ γqF Y0|W py | wq,

where the last equality follows by Lemma C.3.4.5. Therefore, by Lemma C.3.2, rPpX “ 1 |

Y0,W “ wq “ p0pY0, w; ηq P rcpw, ηq, cpw, ηqs almost surely, which concludes the proof.

C.3.2 Proof of Theorem 4.4.2

This appendix provides a proof of Theorem 4.4.2 and all of its auxiliary lemmas. First,

we define four latent propensity score functions. For w P supppW q, let

pulpy1, y0, w;Bq “

$

’

’

’

’

&

’

’

’

’

%

c if y1 ď Q1, y0 ď Q
0
, py1, y0q ‰ pQ1, Q0

q

B if py1, y0q “ pQ1, Q0
q

c if y1 ě Q1, y0 ě Q
0
, py1, y0q ‰ pQ1, Q0

q

p1|w otherwise,

(C.16)

puupy1, y0, w;Bq “

$

’

’

’

’

&

’

’

’

’

%

c if y1 ď Q1, y0 ě Q0, py1, y0q ‰ pQ1, Q0q

B if py1, y0q “ pQ1, Q0q

c if y1 ě Q1, y0 ď Q0, py1, y0q ‰ pQ1, Q0q

p1|w otherwise,

(C.17)

plupy1, y0, w;Bq “

$

’

’

’

’

&

’

’

’

’

%

c if y1 ď Q1, y0 ď, Q
0
, py1, y0q ‰ pQ1, Q0

q

B if py1, y0q “ pQ1, Q0
q

c if y1 ě Q1, y0 ě Q
0
, py1, y0q ‰ pQ1, Q0

q

p1|w otherwise,

(C.18)
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pllpy1, y0, w;Bq “

$

’

’

’

’

&

’

’

’

’

%

c if y1 ď Q1, y0 ě Q0, py1, y0q ‰ pQ1, Q0q

B if py1, y0q “ pQ1, Q0q

c if y1 ě Q1, y0 ď Q0, py1, y0q ‰ pQ1, Q0q

p1|w otherwise.

(C.19)

By appropriately specifying the constant B in these propensity scores, we can show

that they correspond to the propensity scores PpX “ 1 | Y1, Y0,W “ wq under joint c-

dependence for all four pairs of cdf bounds. Before showing this, we state and prove three

auxiliary lemmas.

Lemma C.3.5. Let w P supppW q. Suppose mp¨q is a Borel measurable function and

PpmpY1, Y0q ą δ|W “ wq “ 1 for some δ ą 0. The following statements are equivalent:

1. Conditional on W “ w, the following statement holds almost surely:

mpY1, Y0q “ ErX | Y1, Y0,W “ ws. (C.20)

2. For all py1, y0q P R2, the following equality holds:

E r1pY1 ď y1, Y0 ď y0qmpY1, Y0q | W “ ws “ PpY1 ď y1, Y0 ď y0, X “ 1 | W “ wq.

(C.21)

Proof of Lemma C.3.5. We first show (C.20) implies (C.21), note that

P pY1 ď y1, Y0 ď y0, X “ 1 | W “ wq “ E r1rY1 ď y1, Y0 ď y0sX | W “ ws

“ E pE r1rY1 ď y1, Y0 ď y0sX|Y1, Y0,W “ ws |W “ wq

“ E p1rY1 ď y1, Y0 ď y0sErX|Y1, Y0,W “ ws|W “ wq

“ E p1rY1 ď y1, Y0 ď y0smpY1, Y0q | W “ wq .

(C.22)

where we use the law of iterated expectation in the second line and use (C.20) in the last

line of derivation.

Next, we show that (C.21) implies (C.20). To establish this result, we first note a few

key facts:
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1. Following from the last two lines of (C.22), the law of iterated expectations implies

Er1rY1 ď y1, Y0 ď y0sEpX | Y1, Y0,W “ wq | W “ ws

“ Er1rY1 ď y1, Y0 ď y0smpY1, Y0q | W “ ws

for each py1, y0q P R2.

2. For py1, y0q P R2, define the preimage from a half-space on R2:

Iy1,y0 “ tω P Ω : Y1pωq ď y1, Y0pωq ď y0u

and let A2 :“
␣

Iy1,y0 : py1, y0q P R2
(

. Similar to the proof of lemma C.3.2, the class

of sets A2 is a π-system.

3. The sample space can be written as a countable union of sets in A2:

Ω “ tω P Ω : Y1pωq ă 8, Y0pωq ă 8u “

8
ď

n“1

In,n.

4. The random variable mpY1, Y0q is measurable with respect to the σ-algebra gener-

ated by pY1, Y0q due to the Borel measurability of mp¨q, and it is integrable since

EpmpY1, Y0q | W “ wq “ PpX “ 1 | W “ wq ă 8 by sending y1 and y0 to infinity in

(C.22).

5. The σ-algebra generated by A2 equals the σ-algebra generated by pY1, Y0q, i.e.,

σpA2q “ σpY1, Y0q.

To show this, define the mapping f : Ω Ñ R2 as fpωq ÞÑ pY1pωq, Y0pωqq and F “

tp´8, y1s ˆ p´8, y0s : py1, y0q P R2u. Note that

σpA2q “ σpf´1pFqq “ f´1pσpFqq.

Since the Borel σ-algebra on R2 can be generated by elements in F , we have σpFq “

BpR2q. This implies

f´1pσpFqq “ f´1pBpR2qq :“ σpY1, Y0q.

Therefore the desired conclusion holds.
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Given the above results, it follows by Billingsley (1995, Theorem 34.1) that

ErX | Y1, Y0,W “ ws “ mpY1, Y0q,

almost surely conditional on W “ w, as desired.

Lemma C.3.6. Let w P supppW q. Consider a probability distribution defined by

rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq

“ mintFY |X,W py1 | 1, wq, F Y0|X,W py0 | 1, wqup1|wx

` mintF Y1|X,W py1 | 0, wq, FY |X,W py0|0, wqup0|wp1 ´ xq,

then

rPpY1 ď y1, Y0 ď y0 | W “ wq “ mintF Y1|W py1 | wq, F Y0|W py0 | wqu.

Also for the following distribution,

rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq

“ mintFY |X,W py1 | 1, wq, F Y0|X,W py0 | 1, wqup1|wx

` mintF Y1|X,W py1 | 0, wq, FY |X,W py0|0, wqup0|wp1 ´ xq

implies

rPpY1 ď y1, Y0 ď y0 | W “ wq “ mintF Y1
py1 | wq, F Y0py0 | wqu.

Proof of Lemma C.3.6. Consider the first statement with p1|w “ c. Then it follows that

F Y1|X,W py1 | 0, wq “ F Y1|W py1 | wq “ FY |X,W py1 | 1, wq and F Y0|X,W py0 | 1, wq “

F Y0|W py0 | wq “ FY |X,W py0|0, wq. Therefore,

rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq “ min
␣

FY |X,W py1 | 1, wq, FY |X,W py0|0, wq
(

px|w.

This implies

rPpY1 ď y1, Y0 ď y0 | W “ wq “ min
␣

FY |X,W py1 | 1, wq, FY |X,W py0|0, wq
(

“ min
!

F Y1|W py1 | wq, F Y0|W py0 | wq

)
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as desired. The proof for the case where p1|w “ c follows the same arguments and thus

omitted.

Next consider c ă p1|w ă c. We have that

rPpY1 ď y1, Y0 ď y0 | W “ wq

“ mintFY |X,W py1 | 1, wq, F Y0|X,W py0 | 1, wqup1|w

` mintF Y1|X,W py1 | 0, wq, FY |X,W py0|0, wqup0|w

“ FY |X,W py1 | 1, wqp1|w1pF Y0|X,W py0 | 1, wq ě FY |X,W py1 | 1, wqq

` F Y0|X,W py0 | 1, wqp1|w1pF Y0|X,W py0 | 1, wq ă FY |X,W py1 | 1, wqq

` F Y1|X,W py1 | 0, wqp0|w1pFY |X,W py0|0, wq ě F Y1|X,W py1 | 0, wqq

` FY |X,W py0|0, wqp0|w1pFY |X,W py0|0, wq ă F Y1|X,W py1 | 0, wqq

“
`

FY |X,W py1 | 1, wqp1|w ` F Y1|X,W py1 | 0, wqp0|w

˘

1rF Y0|W py0 | wq ě F Y1|W py1 | wqs

`

´

F Y0|X,W py0 | 1, wqp1|w ` FY |X,W py0|0, wqp0|w

¯

1rF Y0|W py0 | wq ă F Y1|W py1 | wqs

“ mintF Y1|W py1 | wq, F Y0|W py0 | wqu.

The third equality follows by the first set of equivalences in Lemma C.3.4.6 after setting

x “ 1. The last equality follows by Lemma C.3.1.2. The second statement follows similar

arguments but instead uses Lemma C.3.4.6 by setting x “ 0. Therefore, the proof is

complete.

Lemma C.3.7. Let w P supppW q. Consider a probability distribution defined by

rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq

“ maxtFY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0up1|wx

` maxtF Y1|X,W py1 | 0, wq ` FY |X,W py0|0, wq ´ 1, 0up0|wp1 ´ xq

then

rPpY1 ď y1, Y0 ď y0 | W “ wq “ maxtF Y1|W py1 | wq ` F Y0|W py0 | wq ´ 1, 0u.
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Also for the following distribution,

rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq

“ maxtFY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0up1|wx

` maxtF Y1|X,W py1 | 0, wq ` FY |X,W py0|0, wq ´ 1, 0up0|wp1 ´ xq

implies

rPpY1 ď y1, Y0 ď y0 | W “ wq “ maxtF Y1|W py1 | wq ` F Y0|W py0 | wq ´ 1, 0u.

Proof of Lemma C.3.7. Consider the first statement. Similar arguments from the proof of

Lemma C.3.6 can be used to establish the desired result for p1|w “ c or p1|w “ c. Thus we

consider the case where c ă p1|w ă c. Then we have that

rPpY1 ď y1, Y0 ď y0 | W “ wq

“ maxtFY |X,W py1 | 1, wq ` FY0|X,W py0 | 1, wq ´ 1, 0up1|w

` maxtFY1|X,W py1 | 0, wq ` FY |X,W py0|0, wq ´ 1, 0up0|w

“ maxtp1|wpFY |X,W py1 | 1, wq ` FY0|X,W py0 | 1, wq ´ 1q, 0u

` max
␣

p0|wpFY1|X,W py1 | 0, wq ` FY |X,W py0|0, wq ´ 1q, 0
(

“ max

#

ÿ

x“0,1

px|wFY |X,W pyx|x,wq ` p0|wFY1|X,W py1 | 0, wq ` p1|wFY0|X,W py0 | 1, wq ´ pp1|w ` p0|wq, 0

+

“ maxtFY1|W py1 | wq, FY0|W py0 | wq ´ 1, 0u.

The second equality follows by the first set of equivalences in Lemma C.3.4.10 by setting

x “ 1. The last equality holds by Lemma C.3.1.2. The second statement follows similar

arguments but instead uses Lemma C.3.4.10 on the second set of equivalences regarding

lower bounds of cdfs. Therefore, the proof is complete.

Lemma C.3.8. Let assumptions 11 and 13 hold. Let C1,0|X,W and C1,0|X,W denote classes

of comonotonic (and counter-monotonic) copulas where C1,0|x,wpu, vq “ mintu, vu and

C1,0|x,wpu, vq “ maxtu ` v ´ 1, 0u for all px,wq P t0, 1u ˆ supppW q. Then each of the

following terms is contained in the identified set Ij
0pFY,X,W q:

1. pF Y1|W , F Y0|W , C1,0|X,W q;
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2. pF Y1|W , F Y0|W , C1,0|X,W q;

3. pF Y1|W , F Y0|W , C1,0|X,W q;

4. pF Y1|W , F Y0|W , C1,0|X,W q.

Proof of Lemma C.3.8. Proof of Part 1: Fix a w P supppW q. We prove the first state-

ment by constructing a probability distribution rP for pY1, Y0, Xq conditional on W “ w

such that for all y P R and x P t0, 1u, we have

1. rPpY1 ď y | W “ wq “ F Y1|W py | wq and rPpY0 ď y | W “ wq “ F Y0|W py | wq;

2. rPpX “ x | W “ wq “ px|w;

3. rPpYx ď y | X “ x,W “ wq “ FY |X,W pY | X,wq;

4. The following equality holds:

rPpY1 ď y1, Y0 ď y0 | X “ x,W “ wq

“ min
!

rPpY1 ď y1 | X “ x,W “ wq, rPpY0 ď y0 | X “ x,W “ wq

)

;

5. rPpX “ 1 | Y1, Y0,W “ wq P rc, cs for rP-almost surely.

Similar to the arguments in the proof of Theorem 4.4.1, Conditions 1–5 ensures that

the constructed distribution rP generates the desired marginal cdfs and copulas in Lemma

C.3.8.1 and staisfies all the requirements in the definition of identified set Ij
0pFY,X,W q.

Let
rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq

“ xmintFY |X,W py1 | 1, wq, F Y0|X,W py0 | 1, wqup1|w

` p1 ´ xqmintF Y1|X,W py1 | 0, wq, FY |X,W py0|0, wqup0|w.

(C.23)

By Lemma C.3.1.1, F Y0|X,W py0 | 1, wq and F Y1|X,W py1 | 0, wq are cdfs. Also note that

pu, vq ÞÑ mintu, vu is the comonotonic copula. By Sklar’s Theorem, rP is a joint distribution

function for pY1, Y0, Xq conditional on W “ w.

Following the same steps as in the proof of Theorem 4.4.1, it can be shown show that

conditions 1–4 are satisfied because the distribution in (C.23) is the same as in (C.14) but

238



for a specific rather than an arbitrary choice of copulas. By Lemma C.3.6, rP implies the

following co-monotonic joint distribution of pY1, Y0q:

rPpY1 ď y1, Y0 ď y0 | W “ wq “ min
!

F Y1|W py1 | wq, F Y0|W py0 | wq

)

. (C.24)

To show condition 5 holds, and thus complete the proof, we construct a function pul

such that pulpY1, Y0q “ rErX | Y1, Y0,W “ ws and pulpY1, Y0, wq P rc, cs almost surely under

rP.

First consider p1|w “ c, then we have

F Y0|W py0 | wq “ F Y0|X,W py0 | 1, wq “ FY |X,W py0|0, wq

and

F Y1|W py1 | wq “ F Y1|X,W py1 | 0, wq “ FY |X,W py1 | 1, wq.

This implies the following derivation

rE r1pY1 ď y1, Y0 ď y0qc|W “ ws “ p1|w
rPpY1 ď y1, Y0 ď y0 | W “ wq

“ p1|w min
␣

FY |X,W py1 | 1, wq, FY |X,W py0|0, wq
(

“ rPpY1 ď y1, Y0 ď y0, X “ 1 | W “ wq.

The first line holds by c “ p1|w, the second line holds by (C.24), and the last line holds by

(C.23). Following Lemma C.3.5, we conclude that rPpX “ 1 | Y1, Y0,W “ wq “ c almost

surely, which is naturally bounded between c and c. The proof of the case where p1|w “ c

is similar and thus omitted.

Next consider c ă p1|w ă c. Let pulpY1, Y0, wq “ pulpY1, Y0, w;B
ulq defined in (C.16),

where

Bul “
rPpY1 “ Q1, Y0 “ Q

0
, X “ 1 | W “ wq

rPpY1 “ Q1, Y0 “ Q
0

| W “ wq

whenever rPpY1 “ Q1, Y0 “ Q
0

| W “ wq ą 0. Let Bul “ p1|w otherwise.

We verify that Bul P rc, cs if the denominator is nonzero.

239



First, note that the denominator of Bul can be expanded below

rPpY1 “ Q1, Y0 “ Q
0

| W “ wq

“ rPpY1 ď Q1, Y0 ď Q
0

| W “ wq ´ rPpY1 ď Q1, Y0 ă Q
0

| W “ wq

´ rPpY1 ă Q1, Y0 ď Q
0

| W “ wq ` rPpY1 ă Q1, Y0 ă Q
0

| W “ wq

“ mintF Y1|W pQ1 | wq, F Y0|W pQ
0
|wqu ´ mintF Y1|W pQ1 | wq, F Y0|W pQ

0
´ |wqu

´ mintF Y1|W pQ1´ | wq, F Y0|W pQ
0
|wqu ` mintF Y1|W pQ1´ | wq, F Y0|W pQ

0
´ |wqu,

where the second equality holds via (C.24). By Lemma C.3.4.8, this expression simplifies

to

rPpY1 “ Q1, Y0 “ Q
0

| W “ wq

“ mintF Y1|W pQ1 | wq, F Y0|W pQ
0
|wqu ´ F Y0|W pQ

0
´ |wq

´ F Y1|W pQ1´ | wq ` mintF Y1|W pQ1´ | wq, F Y0|W pQ
0

´ |wqu

“ mintF Y1|W pQ1 | wq, F Y0|W pQ
0
|wqu ´ maxtF Y1|W pQ1´ | wq, F Y0|W pQ

0
´ |wqu.

Second, we expand the numerator of Bul. We have that

rPpY1 “ Q1, Y0 “ Q
0
, X “ 1 | W “ wq “ rPpY1 “ Q1, Y0 “ Q

0
| X “ 1,W “ wqp1|w

and that
rPpY1 “ Q1, Y0 “ Q

0
| X “ 1,W “ wq

“ mintFY |X,W pQ1 | 1, wq, FY0|X,W pQ
0

| 1, wqu ´ mintFY |X,W pQ1 | 1, wq, FY0|X,W pQ
0
´ | 1, wqu

´ mintFY |X,W pQ1´ | 1, wq, FY0|X,W pQ
0

| 1, wqu ` mintFY |X,W pQ1´ | 1, wq, FY0|X,W pQ
0
´ | 1, wqu

“ mintFY |X,W pQ1 | 1, wq, FY0|X,W pQ
0

| 1, wqu ´ FY0|X,W pQ
0
´ | 1, wq

´ FY |X,W pQ1´ | 1, wq ` mintFY |X,W pQ1´ | 1, wq, FY0|X,W pQ
0
´ | 1, wqu

“ mintFY |X,W pQ1 | 1, wq, FY0|X,W pQ
0

| 1, wqu ´ maxtFY |X,W pQ1´ | 1, wq, FY0|X,W pQ
0
´ | 1, wqu,

where the second to last equality follows from Lemma C.3.4.9.

From Part 6 and 7 of Lemma C.3.4, we observe that Bul can take four possible values
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as follows:

Bul
“

rPpY1 “ Q1, Y0 “ Q
0

| X “ 1,W “ wqp1|w

rPpY1 “ Q1, Y0 “ Q
0

| W “ wq

“
pFY |X,W pQ1 | 1, wq ´ FY |X,W pQ1´ | 1, wqqp1|w

FY1|W pQ1 | wq ´ FY1|W pQ1´ | wq
1

˜

FY1|W pQ1 | wq ď FY0|W pQ
0
|wq,

FY1|W pQ1´ | wq ą FY0|W pQ
0

´ |wq

¸

(C.25)

`
pFY |X,W pQ1 | 1, wq ´ FY0|X,W pQ

0
´ | 1, wqqp1|w

FY1|W pQ1 | wq ´ FY0|W pQ
0

´ |wq
1

˜

FY1|W pQ1 | wq ď FY0|W pQ
0
|wq,

FY1|W pQ1´ | wq ď FY0|W pQ
0

´ |wq

¸

(C.26)

`
pFY0|X,W pQ

0
| 1, wq ´ FY |X,W pQ1´ | 1, wqqp1|w

FY0|W pQ
0
|wq ´ FY1|W pQ1´ | wq

1

˜

FY1|W pQ1 | wq ą FY0|W pQ
0
|wq,

FY1|W pQ1´ | wq ą FY0|W pQ
0

´ |wq

¸

(C.27)

`
pFY0|X,W pQ

0
| 1, wq ´ FY0|X,W pQ

0
´ | 1, wqqp1|w

FY0|W pQ
0
|wq ´ FY0|W pQ

0
´ |wq

1

˜

FY1|W pQ1 | wq ą FY0|W pQ
0
|wq,

FY1|W pQ1´ | wq ď FY0|W pQ
0

´ |wq

¸

.

(C.28)

All the terms have positive denominators since we focus on the case where rPpY1 “ Q1, Y0 “

Q
0

| W “ wq ą 0. As shown in Lemma C.3.4.4, terms (C.25) and (C.28) lie in rc, cs.

Next we examine the term (C.26), which can be written as follows

pFY |X,W pQ1 | 1, wq ´ F Y0|X,W pQ
0
´ | 1, wqqp1|w

F Y1|W pQ1 | wq ´ F Y0|W pQ
0

´ |wq

“
FY |X,W pQ1 | 1, wqp1|w ´ FY |X,W pQ

0
´ |0, wq

p0|wc

1´c

c´p1|w

c ` FY |X,W pQ1 | 1, wq
p1|w

c ´ FY |X,W pQ
0

´ |0, wq
p0|w

1´c

“ c `
pc ´ cqp1|w

c

FY |X,W pQ1 | 1, wq ´ τ1
c´p1|w

c ` FY |X,W pQ1 | 1, wq
p1|w

c ´ FY |X,W pQ
0

´ |0, wq
p0|w

1´c

“ c `
pc ´ cqp1|w

c

FY |X,W pQ1 | 1, wq ´ τ1

F Y1|W pQ1 | wq ´ F Y0|W pQ
0

´ |wq

ě c

where the last line follows by c ě c and FY |X,W pQ1 | 1, wq ě τ1 via Lemma C.3.3.2. Also

241



note that
pFY |X,W pQ1 | 1, wq ´ F Y0|X,W pQ

0
´ | 1, wqqp1|w

F Y1|W pQ1 | wq ´ F Y0|W pQ
0

´ |wq

“ c `
p0|wpc ´ cq

1 ´ c

FY |X,W pQ
0

´ |0, wq ´ τ0

F Y1|W pQ1 | wq ´ F Y0|W pQ
0

´ |wq

ď c,

where the inequality follows by c ě c and FY |X,W pQ
0

´ |0, wq ď τ0 via Lemma C.3.3.3.

Thus we have shown the term (C.26) is bounded within rc, cs.

Then consider the term (C.27). Following the same arguments, we have

pF Y0|X,W pQ
0

| 1, wq ´ FY |X,W pQ1´ | 1, wqqp1|w

F Y0|W pQ
0
|wq ´ F Y1|W pQ1´ | wq

“ c `
p0|wpc ´ cq

1 ´ c

FY |X,W pQ
0
|0, wq ´ τ0

F Y0|W pQ
0
|wq ´ F Y1|W pQ1´ | wq

ě c,

and
pF Y0|X,W pQ

0
| 1, wq ´ FY |X,W pQ1´ | 1, wqqp1|w

F Y0|W pQ
0
|wq ´ F Y1|W pQ1´ | wq

“ c `
p1|wpc ´ cq

c

FY |X,W pQ1´ | 1.wq ´ τ1

F Y0|W pQ
0
|wq ´ F Y1|W pQ1´ | wq

ď c.

So we have shown that all the four terms (C.25)–(C.28) are bounded within rc, cs, thus

concluding Bul P rc, cs, which then establishes pulpY1, Y0, wq P rc, cs almost surely.

To finish this proof, we demonstrate that rErX | Y1, Y0,W “ ws “ pulpY1, Y0, wq almost

surely. To do so, we use Lemma C.3.5 and show that

rE
”

1pY1 ď y1, Y0 ď y0qpulpY1, Y0, wq | W “ w
ı

“ rPpY1 ď y1, Y0 ď y0, X “ 1 | W “ wq

“ p1|w mintFY |X,W py1 | 1, wq, F Y0|X,W py0 | 1, wqu

(C.29)
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for all py1, y0q P R2. To complete the proof, we break this up into different cases.

(Part 1) Case 1: y1 ă Q1 and y0 ă Q
0
.

In this case, pulpY1, Y0, wq1rY1 ď y1, Y0 ď y0s “ c1rY1 ď y1, Y0 ď y0s. Thus we have

rE
”

1pY1 ď y1, Y0 ď y0qpulpY1, Y0, wq | W “ w
ı

“ cmin
!

F Y1|W py1 | wq, F Y0|W py0 | wq

)

“ cmin

"

FY |X,W py1 | 1, wq
p1|w

c
, FY |X,W py0|0, wq

p0|w

1 ´ c

*

“ min

"

FY |X,W py1 | 1, wqp1|w, FY |X,W py0|0, wq
p0|wc

1 ´ c

*

“ p1|w min
!

FY |X,W py1 | 1, wq, F Y0|X,W py0 | 1, wq

)

.

The second line holds by the assumption that y1 ă Q1 and y0 ă Q
0
. Therefore, we have

shown that (C.29) holds.

(Part 1) Case 2: y1 ě Q1 and y0 ă Q
0
.

First, note that the joint cdf from (C.24) implies

rPpY1 ą Q1, Y0 ă Q
0

| W “ wq “ rPpY1 ă Q1, Y0 ą Q
0

| W “ wq “ 0. (C.30)

These equalities follow by

rPpY1 ą Q1, Y0 ă Q
0

| W “ wq “ rPpY0 ă Q
0

| W “ wq ´ rPpY0 ă Q
0
, Y1 ď Q1 | W “ wq

“ F Y0|W pQ
0

´ |wq ´ min
!

F Y1|W pQ1 | wq, F Y0|W pQ
0

´ |wq

)

“ F Y0|W pQ
0

´ |wq ´ F Y0|W pQ
0

´ |wq

“ 0,
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where the third line holds by Lemma C.3.4.8. Similarly,

rPpY1 ă Q1, Y0 ą Q
0

| W “ wq “ rPpY1 ă Q1 | W “ wq ´ rPpY1 ă Q1, Y0 ď Q
0

| W “ wq

“ F Y1|W pQ1´ | wq ´ min
!

F Y1|W pQ1´ | wq, F Y0|W pQ
0
|wq

)

“ F Y1|W pQ1´ | wq ´ F Y1|W pQ1´ | wq

“ 0.

Based on (C.30), we can decompose the left-hand-side term of (C.29) as below

rEp1pY1 ď y1, Y0 ď y0qpulpY1, Y0, wq | W “ wq

“ crPpY1 ď Q1, Y0 ď y0 | W “ wq ` p1|w ¨ rPpQ1 ă Y1 ď y1, Y0 ď y0 | W “ wq

“ crPpY1 ď Q1, Y0 ď y0 | W “ wq

“ cmin
!

F Y1|W pQ1 | wq, F Y0|W py0 | wq

)

.

Note that F Y1|W pQ1 | wq ě F Y0|W pQ
0

´ |wq ě F Y0|W py0 | wq by Lemma C.3.4.8 and the

condition that y0 ă Q
0
. We have

cmin
!

F Y1|W pQ1 | wq, F Y0|W py0 | wq

)

“ cF Y0|W py0 | wq “ p1|wF Y0|X,W py0 | 1, wq.

By Lemma C.3.4.6 (the second set of equivalent results), F Y1|W pQ1 | wq ě F Y0|W py0 | wq

also implies

F Y0|X,W py0 | 1, wq ď FY |X,W pQ1 | 1, wq ď FY |X,W py1 | 1, wq,

hence we have

p1|wF Y0|X,W py0 | 1, wq “ p1|w min
!

FY |X,W py1 | 1, wq, F Y0|X,W py0 | 1, wq

)

.

Combining those results then yields (C.29), as desired.

(Part 1) Case 3: y1 ă Q1 and y0 ě Q
0
.
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Following similar arguments in Case 2, we have the following equality

rE
´

1pY1 ď y1, Y0 ď y0qpulpY1, Y0, wq | W “ w
¯

“ crPpY1 ď y1, Y0 ď Q
0

| W “ wq ` p1|w ¨ rPpY1 ď y1, Q0
ă Y0 ď y0 | W “ wq

“ cmin
!

F Y1|W py1 | wq, F Y0|W pQ
0
|wq

)

“ cF Y1|W py1 | wq

“ p1|wFY |X,W py1 | 1, wq

“ p1|w min
!

FY |X,W py1 | 1, wq, F Y0|X,W py0 | 1, wq

)

where we use (C.30) in the second equality, the third equality follows by Lemma C.3.4.8,

and the condition that y1 ă Q1, and the last line holds by Lemma C.3.4.9, where we deduce

that

FY |X,W py1 | 1, wq ď FY |X,W pQ1´ | 1, wq ď F Y0|X,W pQ
0

| 1, wq ď F Y0|X,W py0 | 1, wq.

Therefore, we established (C.29).

(Part 1) Case 4: y1 “ Q1 and y0 “ Q
0
.
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We can decompose the LHS probability of (C.29) as follows:
rEp1pY1 ď y1, Y0 ď y0qpulpY1, Y0, wq | W “ wq

“ rEp1pY1 “ y1, Y0 “ y0qpulpY1, Y0q | W “ wq ` rEp1pY1 ď y1, Y0 ă y0qpulpY1, Y0, wq | W “ wq

` rEp1pY1 ă y1, Y0 ď y0qpulpY1, Y0, wq | W “ wq ´ rEp1pY1 ă y1, Y0 ă y0qpulpY1, Y0, wq | W “ wq

“ Bul
rPpY1 “ Q1, Y0 “ Q

0
| W “ wq

` lim
uÕQ

0

rEp1pY1 ď Q1, Y0 ď u | w “ wqpulpY1, Y0, wq | W “ wq

` lim
vÕQ1

rEp1pY1 ď v, Y0 ď Q
0
qpulpY1, Y0, wq | W “ wq

´ lim
vÕQ1,uÕQ

0

rEp1pY1 ď v, Y0 ď uqpulpY1, Y0, wq | W “ wq

“ rPpY1 “ Q1, Y0 “ Q
0
, X “ 1 | W “ wq ` lim

uÕQ
0

rPpY1 ď Q1, Y0 ď u,X “ 1 | W “ wq

` lim
vÕQ1

rPpY1 ď v, Y0 ď Q
0
, X “ 1 | W “ wq ´ lim

vÕQ1,uÕQ
0

rPpY1 ď v, Y0 ď u,X “ 1 | W “ wq

“ rPpY1 ď Q1, Y0 ď Q0, X “ 1 | W “ wq.

The second equality holds by the monotone convergence theorem. The third equality

holds by the conclusion proved in Case 1–3. The last equality holds by the continuity of

probability measure. Thus (C.29) has been verified.

(Part 1) Case 5: py1, y0q ě pQ1, Q0
q.
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Given the above results, we have the following derivation:

rE
´

1pY1 ď y1, Y0 ď y0qpulpY1, Y0, wq | W “ w
¯

“ rE
´

1pY1 ď Q1, Y0 ď Q
0
qpulpY1, Y0, wq | W “ w

¯

` rE
´

c
”

1pY1 ď y1, Y0 ď y0 | W “ wq ´ 1pY1 ď Q1, Y0 ď Q
0
q

ı

|W “ w
¯

“ rPpY1 ď Q1, Y0 ď Q
0
, X “ 1 | W “ wq

` c
´

rPpY1 ď y1, Y0 ď y0 | W “ wq ´ rPpY1 ď Q1, Y0 ď Q
0
q | W “ w

¯

“ cmin
!

F Y1|W py1 | wq, F Y0|W py0 | wq

)

` p1|w min
!

FY |X,W pQ1 | 1, wq, F Y0|X,W pQ
0

| 1, wq

)

´ cmin
!

F Y1|W pQ1 | wq, F Y0|W pQ
0
|wq

)

“ cmin
!

F Y1|W py1 | wq, F Y0|W py0 | wq

)

`
“

FY |X,W pQ1 | 1, wqp1|w ´ F Y1|W pQ1 | wqc
‰

1pF Y1|W pQ1 | wq ď F Y0|W pQ
0
|wqq

`

”

F Y0|X,W pQ
0

| 1, wqp1|w ´ F Y0|W pQ
0
|wqc

ı

1pF Y1|W pQ1 | wq ą F Y0|W pQ
0
|wqq

“ cmin
!

F Y1|W py1 | wq, F Y0|W py0 | wq

)

´ pc ´ p1|wq

“ min

"

FY |X,W py1 | 1, wqp1|w,
p1|w ´ c

1 ´ c
` FY |X,W py0|0, wq

p0|wc

1 ´ c

*

“ p1|w min
!

FY |X,W py1 | 1, wq, F Y0|X,W py0|0, wq

)

,

where the first equality follows by (C.30) that pY1, Y0q has no mass on the off-diagonal

area, the second equality follows by the result established in Case 4 above, and the fourth

equality follows by Lemma C.3.4.6. Thus we have verified (C.29).

Since R2 is partitioned by these 5 cases, we have established that rErX | Y1, Y0,W “

ws “ pulpY1, Y0, wq almost surely, which concludes the proof of Part 1.

Proof of Part 2: We prove this by constructing a probability distribution rP for pY1, Y0, Xq

conditional on W “ w such that for all y P R and x P t0, 1u, we have

1. rPpY1 ď y | W “ wq “ F Y1|W py | wq and rPpY0 ď y | W “ wq “ F Y0|W py | wq;
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2. rPpX “ x | W “ wq “ px|w;

3. rPpYx ď y | X “ x,W “ wq “ FY |X,W pY | X,wq;

4. The following equality holds:
rPpY1 ď y1, Y0 ď y0 | X “ x,W “ wq

“ max
!

rPpY1 ď y1 | X “ x,W “ wq ` rPpY0 ď y0 | X “ x,W “ wq ´ 1, 0
)

;

5. rPpX “ 1 | Y1, Y0,W “ wq P rc, cs for rP-almost surely.

Let

rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq

“ xmaxtFY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0up1|w

` p1 ´ xqmaxtF Y1|X,W py1 | 0, wq ` FY |X,W py0|0, wq ´ 1, 0up0|w.

(C.31)

By Lemma C.3.1.1, F Y0|X,W py0 | 1, wq and F Y1|X,W py1 | 0, wq are cdfs. Also note that

pu, vq ÞÑ maxtu` v ´ 1, 0u is the counter-monotonic copula. Following Sklar’s Theorem, rP

is a joint distribution function for pY1, Y0, Xq conditional on W “ w.

Following the same steps as in the proof of Theorem 4.4.1, we can show that conditions

1–4 are satisfied because the distribution in (C.31) is the same as in (C.14) but for a specific

rather than an arbitrary choice of copulas. By Lemma C.3.7, rP leads to the following

counter-monotonic joint distribution of pY1, Y0q:

rPpY1 ď y1, Y0 ď y0 | W “ wq “ max
␣

F Y1|W py1 | wq ` F Y0|W py0 | wq ´ 1, 0
(

. (C.32)

To show condition 5 holds, and thus complete the proof, we must find a function puu

such that puupY1, Y0, wq “ rErX | Y1, Y0,W “ ws and puupY1, Y0, wq P rc, cs almost surely

under rP.

First consider p1|w “ c, then we have

F Y1|X,W py1 | 0, wq “ F Y1|W py1 | wq “ FY |X,W py1 | 1, wq

and

F Y0|X,W py0 | 1, wq “ F Y0|W py0 | wq “ FY |X,W py0|0, wq.
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This implies the following derivations:

rE r1pY1 ď y1, Y0 ď y0qc|W “ ws “ p1|w
rPpY1 ď y1, Y0 ď y0 | W “ wq

“ p1|w max
␣

FY |X,W py1 | 1, wq ` FY |X,W py0|0, wq ´ 1, 0
(

“ rPpY1 ď y1, Y0 ď y0, X “ 1 | W “ wq.

The first line holds by c “ p1|w, the second line holds by (C.32), and the last line holds by

(C.31). Following Lemma C.3.5, we conclude that rPpX “ 1 | Y1, Y0,W “ wq “ c P rc, cs

almost surely. The proof of the case where p1|w “ c is similar and thus omitted.

Next consider c ă p1|w ă c. Let puupY1, Y0, wq “ puupY1, Y0, w;B
uuq defined in (C.17),

where

Buu “
rPpY1 “ Q1, Y0 “ Q0, X “ 1 | W “ wq

rPpY1 “ Q1, Y0 “ Q0 | W “ wq

whenever rPpY1 “ Q1, Y0 “ Q0 | W “ wq ą 0. Set Buu “ p1|w otherwise.

We verify that Buu P rc, cs if the denominator is nonzero.

First, note that the denominator of Buu can be expanded below
rPpY1 “ Q1, Y0 “ Q0 | W “ wq

“ rPpY1 ď Q1, Y0 ď Q0 | W “ wq ´ rPpY1 ď Q1, Y0 ă Q0 | W “ wq

´ rPpY1 ă Q1, Y0 ď Q0 | W “ wq ` rPpY1 ă Q1, Y0 ă Q0 | W “ wq

“ maxtFY1|W pQ1 | wq ` FY0|W pQ0|wq ´ 1, 0u ´ maxtFY1|W pQ1 | wq ` FY0|W pQ0 ´ |wq ´ 1, 0u

´ maxtFY1|W pQ1´ | wq ` FY0|W pQ0|wq ´ 1, 0u ` maxtFY1|W pQ1´ | wq ` FY0|W pQ0 ´ |wq ´ 1, 0u.

where the second equality holds via (C.32). By Lemma C.3.4.8, we observe that

F Y1|W pQ1 | wq ` F Y0|W pQ0|wq ´ 1 ě
c ´ p1|w

c ´ c
`

p1|w ´ c

c ´ c
´ 1 “ 0

F Y1|W pQ1´ | wq ` F Y0|W pQ0 ´ |wq ´ 1 ď
c ´ p1|w

c ´ c
`

p1|w ´ c

c ´ c
´ 1 “ 0,
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hence this expression simplifies to
rPpY1 “ Q1, Y0 “ Q

0
| W “ wq

“ FY1|W pQ1 | wq ` FY0|W pQ0|wq ´ 1

´ maxtFY1|W pQ1 | wq ` FY0|W pQ0 ´ |wq ´ 1, 0u ´ maxtFY1|W pQ1´ | wq ` FY0|W pQ0|wq ´ 1, 0u

“ min
␣

1 ´ FY0|W pQ0 ´ |wq, FY1|W pQ1 | wq
(

` min
␣

1 ´ FY1|W pQ1´ | wq, FY0|W pQ0|wq
(

´ 1.

Second, we expand the numerator of Buu. We have that

rPpY1 “ Q1, Y0 “ Q0, X “ 1 | W “ wq “ rPpY1 “ Q1, Y0 “ Q0 | X “ 1,W “ wqp1|w

and that

rPpY1 “ Q1, Y0 “ Q0 | X “ 1,W “ wq

“ maxtFY |X,W pQ1 | 1, wq ` F Y0|X,W pQ0 | 1, wq ´ 1, 0u

´ maxtFY |X,W pQ1 | 1, wq ` F Y0|X,W pQ0´ | 1, wq ´ 1, 0u

´ maxtFY |X,W pQ1´ | 1, wq ` F Y0|X,W pQ0 | 1, wq ´ 1, 0u

` maxtFY |X,W pQ1´ | 1, wq ` F Y0|X,W pQ0´ | 1, wq ´ 1, 0u

“ FY |X,W pQ1 | 1, wq ` F Y0|X,W pQ0 | 1, wq ´ 1

´ maxtFY |X,W pQ1 | 1, wq ` F Y0|X,W pQ0´ | 1, wq ´ 1, 0u

´ maxtFY |X,W pQ1´ | 1, wq ` F Y0|X,W pQ0 | 1, wq ´ 1, 0u ` 0

“ min
␣

1 ´ F Y0|X,W pQ0´ | 1, wq, FY |X,W pQ1 | 1, wq
(

` min
␣

1 ´ FY |X,W pQ1´ | 1, wq, F Y0|X,W pQ0 | 1, wq
(

´ 1,

where the second to last equality follows from Lemma C.3.4.9, where we note that

τ1 ` τ1 “ 1.
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From Lemma C.3.4.11, Buu can take four possible values as follows:

Buu “
rPpY1 “ Q1, Y0 “ Q0 | X “ 1,W “ wqp1|w

rPpY1 “ Q1, Y0 “ Q0 | W “ wq

“

`

1 ´ F Y0|X,W pQ0´ | 1, wq ´ FY |X,W pQ1´ | 1, wq
˘

p1|w

1 ´ F Y0|W pQ0 ´ |wq ´ F Y1|W pQ1´ | wq

ˆ 1

ˆ

F Y1|W pQ1 | wq ` F Y0|W pQ0 ´ |wq ě 1,

F Y1|W pQ1´ | wq ` F Y0|W pQ0|wq ě 1

˙

(C.33)

`

`

FY |X,W pQ1 | 1, wq ´ FY |X,W pQ1´ | 1, wq
˘

p1|w

F Y1|W pQ1 | wq ´ F Y1|W pQ1´ | wq

ˆ 1

ˆ

F Y1|W pQ1 | wq ` F Y0|W pQ0 ´ |wq ă 1,

F Y1|W pQ1´ | wq ` F Y0|W pQ0|wq ě 1

˙

(C.34)

`

`

F Y0|X,W pQ0 | 1, wq ´ F Y0|X,W pQ0´ | 1, wq
˘

p1|w

F Y0|W pQ0|wq ´ F Y0|W pQ0 ´ |wq

ˆ 1

ˆ

F Y1|W pQ1 | wq ` F Y0|W pQ0 ´ |wq ě 1,

F Y1|W pQ1´ | wq ` F Y0|W pQ0|wq ă 1

˙

(C.35)

`

`

F Y0|X,W pQ0 | 1, wq ` FY |X,W pQ1 | 1, wq ´ 1
˘

p1|w

F Y0|W pQ0|wq ` F Y1|W pQ1 | wq ´ 1

ˆ 1

ˆ

F Y1|W pQ1 | wq ` F Y0|W pQ0 ´ |wq ă 1,

F Y1|W pQ1´ | wq ` F Y0|W pQ0|wq ă 1

˙

(C.36)

As shown in Lemma C.3.4.3, terms (C.34) and (C.35) lie in rc, cs.
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Next we examine the term (C.33), which can be written as below
`

1 ´ F Y0|X,W pQ0´ | 1, wq ´ FY |X,W pQ1´ | 1, wq
˘

p1|w

1 ´ F Y0|W pQ0 ´ |wq ´ F Y1|W pQ1´ | wq

“
p1|w

´

1 ´ FY |X,W pQ0 ´ |0, wq
p0|wc

p1|wp1´cq
´ FY |X,W pQ1´ | 1, wq

¯

1 ´ FY |X,W pQ0 ´ |0, wq
p0|w

1´c ´ FY |X,W pQ1´ | 1, wq
p1|w

c

“ c `
p1|w ´ c ´ FY |X,W pQ0 ´ |0, wq

p0|wpc´cq

1´c

rPpY1 “ Q1, Y0 “ Q0 | W “ wq

ě c `
p1|w ´ c ´ τ0

p0|wpc´cq

1´c

rPpY1 “ Q1, Y0 “ Q0 | W “ wq

“ c,

where the inequality follows by Lemma C.3.3.3 that

FY |X,W pQ0 ´ |0, wq “ FY |X,W pQY |X,W pτ0|0, wq ´ |0, wq ď τ0.

Also note that
`

1 ´ F Y0|X,W pQ0´ | 1, wq ´ FY |X,W pQ1´ | 1, wq
˘

p1|w

1 ´ F Y0|W pQ0 ´ |wq ´ F Y1|W pQ1´ | wq

“ c `
pp1|w ´ cq ` FY |X,W pQ1´ | 1, wq

p1|wpc´cq

c

rPpY1 “ Q1, Y0 “ Q0 | W “ wq

ď c `
pp1|w ´ cq ` τ1

p1|wpc´cq

c

rPpY1 “ Q1, Y0 “ Q0 | W “ wq

“ c,

where the inequality follows by Lemma C.3.3.3 that

FY |X,W pQ1´ | 1, wq “ FY |X,W pQY |X,W pτ1 | 1, wq´ | 1, wq ď τ1.

Then we have shown that the term (C.33) is bounded between c and c.
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Then consider the term (C.36). Following the same arguments, we have
`

F Y0|X,W pQ0 | 1, wq ` FY |X,W pQ1 | 1, wq ´ 1
˘

p1|w

F Y0|W pQ0|wq ` F Y1|W pQ1 | wq ´ 1

“ c `

p1|wpc´cq

c FY |X,W pQ1 | 1, wq ´
pc´p1|wqc

c

rPpY1 “ Q1, Y0 “ Q0 | W “ wq

ě c

and
`

F Y0|X,W pQ0 | 1, wq ` FY |X,W pQ1 | 1, wq ´ 1
˘

p1|w

F Y0|W pQ0|wq ` F Y1|W pQ1 | wq ´ 1

“ c `

pp1|w´cqp1´cq

1´c ´ FY |X,W pQ0|0, wq
p0|wpc´cq

1´c

rPpY1 “ Q1, Y0 “ Q0 | W “ wq

ď c,

where inequalities follow by Lemma C.3.3.2 that FY |X,W pQx|x,wq ě τx for x “ 0, 1. So we

have shown that all four terms (C.33)–(C.36) are bounded within rc, cs, thus concluding

Buu P rc, cs, which then establishes puupY1, Y0, wq P rc, cs almost surely.

To finish this proof, we demonstrate that rErX | Y1, Y0,W “ ws “ puupY1, Y0, wq almost

surely. To do so, we use Lemma C.3.5 and show that

rE r1pY1 ď y1, Y0 ď y0q puupY1, Y0, wq | W “ ws

“ rPpY1 ď y1, Y0 ď y0, X “ 1 | W “ wq

“ p1|w maxtFY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0u

(C.37)

for all py1, y0q P R2. To complete the proof, we break this up into different cases.

(Part 2) Case 1: y1 ă Q1 and y0 ă Q0.

First, note that the joint cdf from (C.32) implies

rPpY1 ă Q1, Y0 ă Q0 | W “ wq “ rPpQ1 ă Y1, Q0 ă Y0 | W “ wq “ 0. (C.38)
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These equalities can be verified by the arguments below:
rPpY1 ă Q1, Y0 ă Q0 | W “ wq “ max

␣

F Y1|W pQ1´ | wq ` F Y0|W pQ0 ´ |wq ´ 1, 0
(

ď max

"

c ´ p1|w

c ´ c
`

p1|w ´ c

c ´ c
´ 1, 0

*

“ 0,

where the inequality follows by Lemma C.3.4.8, and similarly,
rPpQ1 ă Y1, Q0 ă Y0 | W “ wq “ 1 ´ rPpY1 ď Q1 | W “ wq ´ rPpY0 ď Q0 | W “ wq

` rPpY1 ď Q1, Y0 ď Q0 | W “ wq

“ 1 ´ F Y1|W pQ1 | wq ´ F Y0|W pQ0|wq

` max
␣

F Y1|W pQ1 | wq ` F Y0|W pQ0|wq ´ 1, 0
(

“ 1 ´ min
␣

1, F Y1|W pQ1 | wq ` F Y0|W pQ0|wq
(

ď 1 ´ min

"

1,
c ´ p1|w

c ´ c
`

p1|w ´ c

c ´ c

*

“ 0,

where the inequality follows by Lemma C.3.4.8.

On the one hand, (C.38) implies
rEp1pY1 ď y1, Y0 ď y0qpuupY1, Y0, wq | W “ wq “ p1|w

rPpY1 ď y1, Y0 ď y0 | W “ wq

ď p1|w
rPpY1 ă Q1, Y0 ă Q0 | W “ wq

“ 0.

This shows rEp1pY1 ď y1, Y0 ď y0qpuupY1, Y0, wq | W “ wq “ 0 due to the construction that

puupY1, Y0, wq is non-negative. On the other hand,
rPpY1 ď y1, Y0 ď y0, X “ 1 | W “ wq

“ p1|w max
␣

FY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0
(

ď p1|w max
␣

FY |X,W pQ1´ | 1, wq ` F Y0|X,W pQ0´ | 1, wq ´ 1, 0
(

ď p1|w max tτ1 ` τ1 ´ 1, 0u

“ 0,
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where the second inequality follows by Lemma C.3.4.9. This implies rPpY1 ď y1, Y0 ď

y0, X “ 1 | W “ wq “ 0, thus establishing (C.37), as desired.

(Part 2) Case 2: y1 ě Q1, y0 ă Q0.

First, note that (C.38) implies that

rEp1pY1 ď y1, Y0 ď y0qpuupY1, Y0, wq | W “ wq

“ rEp1pQ1 ď Y1 ď y1, Y0 ď y0qc|W “ wq ` rEp1pY1 ă Q1, Y0 ď y0qp1|w|W “ wq

“ rEp1pQ1 ď Y1 ď y1, Y0 ď y0qc|W “ wq ` rEp1pY1 ă Q1, Y0 ď y0qc|W “ wq

“ rEp1pY1 ď y1, Y0 ď y0qc|W “ wq,

where the second equality follows by the fact that rP takes no mass on tY1 ă Q1, Y0 ď y0u Ď

tY1 ă Q1, Y0 ă Q0u by (C.38). Next we expand the last expression

rEp1pY1 ď y1, Y0 ď y0qc|W “ wq

“ crPpY1 ď y1, Y0 ď y0 | W “ wq

“ cmax
␣

F Y1|W py1 | wq ` F Y0|W py0 | wq ´ 1, 0
(

“ cmax

"

c ´ p1|w

c
` FY |X,W py1 | 1, wq

p1|w

c
` FY |X,W py0|0, wq

p0|w

1 ´ c
´ 1, 0

*

“ p1|w max

"

FY |X,W py1 | 1, wq `
c ´ p1|w

p1|w
` FY |X,W py0|0, wq

p0|wc

p1|wp1 ´ cq
´

c

p1|w
, 0

*

“ p1|w max

"

FY |X,W py1 | 1, wq ` FY |X,W py0|0, wq
p0|wc

p1|wp1 ´ cq
´ 1, 0

*

“ p1|w max
␣

FY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0
(

,

thus establishing (C.37), as desired.

(Part 2) Case 3: y1 ă Q1, y0 ě Q0.

Similar to the proof of case 2 above, we have

rEp1pY1 ď y1, Y0 ď y0qpuupY1, Y0, wq | W “ wq “ rEp1pY1 ď y1, Y0 ď y0qc|W “ wq
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due to (C.38). Next we expand the expression on the right hand side.

rEp1pY1 ď y1, Y0 ď y0qc|W “ wq

“ cmax
␣

F Y1|W py1 | wq ` F Y0|W py0 | wq ´ 1, 0
(

“ cmax

"

FY |X,W py1 | 1, wq
p1|w

c
`

p1|w ´ c

1 ´ c
` FY |X,W py0|0, wq

p0|w

1 ´ c
´ 1, 0

*

“ p1|w max

"

FY |X,W py1 | 1, wq `
pp1|w ´ cqc

p1|wp1 ´ cq
` FY |X,W py0|0, wq

p0|wc

p1|wp1 ´ cq
´

c

p1|w
, 0

*

“ p1|w max

"

FY |X,W py1 | 1, wq `
p1|w ´ c

p1|wp1 ´ cq
` FY |X,W py0|0, wq

p0|wc

p1|wp1 ´ cq
´ 1, 0

*

“ p1|w max
␣

FY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0
(

,

thus establishing (C.37), as desired.

(Part 2) Case 4: y1 “ Q1, y0 “ Q0.

Note that the equality (C.37) can be established following the same arguments from the

proof of Part 1, case 4. Once the results are established for cases 1–3, the equality (C.37)

holds for y1 “ Q1, y0 “ Q0 by applying monotone convergence theorem and continuity of

measure. To this end, the proof is omitted.

(Part 2) Case 5: py1, y0q ě pQ1, Q0q.

We start by noting that
rEp1pY1 ď y1, Y0 ď y0qpuupY1, Y0, wq | W “ wq

“ p1|w
rPpY1 P pQ1, y1s, Y0 P pQ0, y0s|W “ wq ` crPpY1 ď Q1, Y0 P pQ0, y0s|W “ wq

` crPpY1 P pQ1, y1s, Y0 ď Q0q | W “ wq ` rEp1pY1 ď Q1, Y0 ď Q0qpuupY1, Y0, wq | W “ wq

“ c
´

rPpY1 ď Q1, Y0 P pQ0, y0s|W “ wq ` rPpY1 ą Q1, Y0 P pQ0, y0sq | W “ w
¯

` c
´

rPpY1 P pQ1, y1s, Y0 ď Q0q | W “ wq ` rPpY1 P pQ1, y1s, Y0 ą Q0qq | W “ w
¯

` rEp1pY1 ď Q1, Y0 ď Q0qpuupY1, Y0, wq | W “ wq

“ crPpY0 ď pQ0, y0s|W “ wq ` crPpY1 P pQ1, y1s|W “ wq ` rEp1pY1 ď Q1, Y0 ď Q0qpuupY1, Y0, wq | W “ wq,
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where the second equality follows by (C.38) that rP takes no mass on diagonal area. Next

we expand the last line.
crPpY0 ď pQ0, y0s|W “ wq ` crPpY1 P pQ1, y1s|W “ wq ` rEp1pY1 ď Q1, Y0 ď Q0qpuupY1, Y0q | W “ wq

“ c
“

FY0|W py0 | wq ´ FY0|W pQ0|wq
‰

` c
“

FY1|W py1 | wq ´ FY1|W pQ0|wq
‰

` rPpY1 ď Q1, Y0 ď Q0, X “ 1 | W “ wq

“
p0|wc

1 ´ c

`

FY |X,W py0|0, wq ´ FY |X,W pQ0|0, wq
˘

` p1|w

`

FY |X,W py1 | 1, wq ´ FY |X,W pQ1 | 1, wq
˘

` p1|w max
␣

FY |X,W pQ1 | 1, wq ` FY0|X,W pQ0 | 1, wq ´ 1, 0
(

“
p0|wc

1 ´ c

`

FY |X,W py0|0, wq ´ FY |X,W pQ0|0, wq
˘

` p1|w

`

FY |X,W py1 | 1, wq ´ FY |X,W pQ1 | 1, wq
˘

` p1|w

`

FY |X,W pQ1 | 1, wq ` FY0|X,W pQ0 | 1, wq ´ 1
˘

“ p1|w

„

FY |X,W py1 | 1, wq `
p1|w ´ c

p1|wp1 ´ cq
`

p0|wc

p1|wp1 ´ cq
FY |X,W py0|0, wq ´ 1

ȷ

“ p1|w

“

FY |X,W py1 | 1, wq ` FY0|X,W py0 | 1, wq ´ 1
‰

“ p1|w max
␣

FY |X,W py1 | 1, wq ` FY0|X,W py0 | 1, wq ´ 1, 0
(

.

The third and the last equality hold by the following derivation

FY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1 ě FY |X,W pQ1 | 1, wq ` F Y0|X,W pQ0 | 1, wq ´ 1

ě τ1 ` τ1 ´ 1

“ 0,

where the second inequality follows by Lemma C.3.4.9. Hence we have established (C.37),

as desired.

Since R2 is partitioned by these 5 cases, we haven shown that rErX | Y1, Y0,W “ ws “

puupY1, Y0, wq almost surely, which concludes the proof of Part 2.

Proof of Part 3: One can show that pF Y1|W , F Y0|W , C1,0|X,W q can be achieved by the

joint distribution of pY1, Y0, Xq conditional on W “ w constructed as below:
rPpY1 ď y1, Y0 ď y0, X “ 1 | W “ wq

“ xmin
␣

FY |X,W py1 | 1, wq, F Y0|X,W py0 | 1, wq
(

p1|w

` p1 ´ xqmin
!

F Y1|X,W py1 | 0, wq, FY |X,W py0|0, wq

)

p0|w.
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It can be verified that this joint distribution satisfies the following 5 conditions: for all

y P R and x P t0, 1u,

1. rPpY1 ď y | W “ wq “ F Y1|W py | wq and rPpY0 ď y | W “ wq “ F Y0py | wq;

2. rPpX “ x | W “ wq “ px|w;

3. rPpYx ď y | X “ x,W “ wq “ FY |X,W pY | X,wq;

4. The following equality holds:
rPpY1 ď y1, Y0 ď y0 | X “ x,W “ wq

“ min
!

rPpY1 ď y1 | X “ x,W “ wq, rPpY0 ď y0 | X “ x,W “ wq

)

;

5. rEpX | Y1, Y0,W “ wq “ plupY1, Y0, w;B
luq P rc, cs, for rP-almost surely with

Blu “
rPpY1 “ y1, Y0 “ y0, X “ 1 | W “ wq

rPpY1 “ y1, Y0 “ y0 | W “ wq
.

The arguments are similar to the proof of Part 1 and thus omitted.

Proof of Part 4: One can show that pF Y1|W , F Y0|W , C1,0|X,W q can be achieved by the

joint distribution of pY1, Y0, Xq conditional on W “ w constructed as below:
rPpY1 ď y1, Y0 ď y0, X “ 1 | W “ wq

“ xmax
!

FY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0
)

p1|w

` p1 ´ xqmax
!

F Y1|X,W py1 | 0, wq ` FY |X,W py0|0, wq ´ 1, 0
)

p0|w.

It can be verified that this joint distribution satisfies the following four conditions: for all

y P R and x P t0, 1u,

1. rPpY1 ď y | W “ wq “ F Y1|W py | wq and rPpY0 ď y | W “ wq “ F Y0|W py | wq;

2. rPpX “ x | W “ wq “ px|w;

3. rPpYx ď y | X “ x,W “ wq “ FY |X,W pY | X,wq;

4. The following equality holds:
rPpY1 ď y1, Y0 ď y0 | X “ x,W “ wq

“ max
!

rPpY1 ď y1 | X “ x,W “ wq ` rPpY0 ď y0 | X “ x,W “ wq ´ 1, 0
)

;
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5. rEpX | Y1, Y0,W “ wq “ pllpY1, Y0, w;B
llq P rc, cs, for rP-almost surely with

Bll “
rPpY1 “ y1, Y0 “ y0, X “ 1 | W “ wq

rPpY1 “ y1, Y0 “ y0 | W “ wq
.

The arguments are similar to the proof of Part 2 and thus omitted.

Suppose tF k
Y1,Y0,X

uKk“1 is a set of valid cdfs of pY1, Y0, Xq whose support of X is t0, 1u.

Consider a mixture of cdfs defined as

Fmix
Y1,Y0,Xpy1, y0, xq “

K
ÿ

k“1

akF
k
Y1,Y0,Xpy1, y0, xq (C.39)

where ak P r0, 1s for all k P t1, . . . ,Ku,
řK

k“1 ak “ 1, and py1, y0, xq P R2 ˆ t0, 1u.

Let pkpY1, Y0q :“ EkrX | Y1, Y0s, where Ek denotes the expectation under cdf F k
Y1,Y0,X

for k P t1, . . . ,K,mixu. The next lemma will be used to show that mixtures of distributions

satisfying joint c-dependence also satisfy joint c-dependence.

Lemma C.3.9. There exists a sequence of Borel measurable function tfkp¨, ¨quKk“1 : R2 Ñ R

such that

1. fkpY1, Y0q P r0, 1s for each k P t1, . . . ,Ku, and
řK

k“1 fkpY1, Y0q “ 1,

2. pmixpY1, Y0q “
řK

k“1 fkpY1, Y0qpkpY1, Y0q,

almost surely under the distribution Fmix
Y1,Y0,X

.

Proof of Lemma C.3.9. Let Pk denote the probability taken under cdf F k
Y1,Y0,X

for k P

t1, . . . ,K,mixu. Then it follows by the definition of conditional probability that

PmixpY1 ď y1, Y0 ď y0, X “ 1q “ Emix “
1rY1 ď y1, Y0 ď y0spmixpY1, Y0q

‰

“

ż

uďy1,vďy0

pmixpu, vq dFmix
Y1,Y0

,

where the last line denotes the Lebesgue-Stieltjes integral with respect to the cdf Fmix
Y1,Y0

.

Likewise, for each k P t1, . . . ,Ku, we have

PkpY1 ď y1, Y0 ď y0, X “ 1q “

ż

uďy1,vďy0

pkpu, vq dF k
Y1,Y0

.
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Since (C.39) implies that

PmixpY1 ď y1, Y0 ď y0, X “ 1q “

K
ÿ

k“1

akPkpY1 ď y1, Y0 ď y0, X “ 1q,

we have
ż

wďy1,vďy0

pmixpw, vq dFmix
Y1,Y0

“

K
ÿ

k“1

ak

ż

uďy1,vďy0

pkpu, vq dF k
Y1,Y0

. (C.40)

Following the Carathéodory extension theorem (e.g., Ash and Doléans-Dade (2000,

Theorem 1.4.9)), there exists unique Lebesgue-Stieltjes measures νmix and tνkuKk“1 defined

on pR2,BpR2qq that are consistent with cdfs Fmix
Y1,Y0

and tF k
Y1,Y0

uKk“1, respectively. Combined

with (C.39), this implies

νmixpAq “

K
ÿ

k“1

akν
kpAq, for all A P A :“ tp´8, y0s ˆ p´8, y1s : py0, y1q P R2u. (C.41)

It can be seen that A is a π-system, σpAq “ BpR2q, and the class of sets satisfying (C.41)

constitutes a λ-system. Following from π ´ λ Theorem,

νmixpAq “

K
ÿ

k“1

akν
kpAq, for all A P BpR2q. (C.42)

From the above identity (C.42), we note that akνk ! νmix for all k P t1, . . . ,Ku. By Radon-

Nikodym Theorem (e.g., Royden and Fitzpatrick (2010, p.386, Problem 54.1)), there exist

nonnegative Borel measurable functions dpakν
kq{dνmix such that the following equalities

hold for all Borel sets A P BpR2q and for each k P t1, . . . ,Ku:
ż

A
pkpu, vq

dpakν
kq

dνmix dνmix “

ż

A
pkpu, vq dpakν

kq “

ż

A
akp

kpu, vq dνk.

Taking A “ p´8, y1s ˆ p´8, y0s and combining these equalities across k P t1, . . . ,Ku

then gives
ż

uďy1,vďy0

K
ÿ

k“1

pkpu, vq
dpakν

kq

dνmix dνmix “

K
ÿ

k“1

ak

ż

uďy1,vďy0

pkpu, vq dνk

“

ż

uďy1,vďy0

pmixpu, vq dνmix
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The second equality holds by (C.40). Since A constitutes a π-system, and R2 can be

written as a countable union of elements in the class A, applying Billingsley (1995, Theorem

16.10.(iii)) then leads to the following equality:

pmixpu, vq “

K
ÿ

k“1

pkpu, vq
dpakν

kq

dνmix pu, vq

almost surely with respect to the measure νmix on pR2,BpR2qq. Replacing pu, vq with

random variables pY1, Y0q, the above equality is equivalent to

pmixpY1, Y0q “

K
ÿ

k“1

pkpY1, Y0q
dpakν

kq

dνmix pY1, Y0q

almost surely under the distribution Fmix
Y1,Y0

. Next we show that the weights add up to one

and they are non-negative.

Following from (C.42), the conclusion in Royden and Fitzpatrick (2010, p.386, Problem

54.2) implies

K
ÿ

k“1

dpakν
kq

dνmix “
dνmix

dνmix “ 1, almost surely-νmix.

By definition, Radon-Nikodym derivatives are nonnegative. So we have

dpakν
kq

dνmix “ 1 ´
ÿ

j‰k

dpajν
jq

dνm
P r0, 1s, almost surely-νmix.

Therefore, we have shown that pmixpY1, Y0q is a convex combination of tpkpY1, Y0quKk“1

almost surely, with weights dpakν
kq{dνmix being a non-negative measurable function of

pY1, Y0q, as desired.

Proof of Theorem 4.4.2. Fix a w P supppW q and pε, γq P r0, 1s2, we prove this by con-

structing a probability distribution rP for pY1, Y0, Xq conditional on W “ w such that for

all y P R and x P t0, 1u, the following conditions hold

1. rPpY1 ď y | W “ wq “ εF Y1|W py | wq ` p1 ´ εqF Y1|W py | wq and

rPpY0 ď y | W “ wq “ γF Y0|W py | wq ` p1 ´ γqF Y0|W py | wq;
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2. rPpX “ x | W “ wq “ px|w;

3. rPpYx ď y | X “ x,W “ wq “ FY |X,W pY | X,wq;

4. rPpX “ 1 | Y1, Y0,W “ wq P rc, cs for rP-almost surely.

Compared to the proof of Theorem 4.4.1, we remove the requirement that the copulas

between Y1 and Y0 conditional on pX,W q can be arbitrary.

As in Lemma C.3.8, we have constructed the following four joint (conditional) cdfs of

pY1, Y0, Xq | W “ w:

F ulpy1, y0, x|wq “ xmin
!

FY |X,W py1 | 1, wq, F Y0|Xpy0 | 1q

)

p1|w

` p1 ´ xqmin
␣

F Y1|X,W py1 | 0, wq, FY |X,W py0|0, wq
(

p0|w

F lupy1, y0, x|wq “ xmin
␣

FY |X,W py1 | 1q, F Y0|X,W py0 | 1, wq
(

p1|w

` p1 ´ xqmin
!

F Y1|X,W py1 | 0, wq, FY |X,W py0|0, wq

)

p0|w

and

F uupy1, y0, x|wq “ xmax
␣

FY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0
(

p1|w

` p1 ´ xqmin
␣

F Y1|X,W py1 | 0, wq ` FY |X,W py0|0, wq ´ 1, 0
(

p0|w

F llpy1, y0, x|wq “ xmax
!

FY |X,W py1 | 1, wq ` F Y0|X,W py0 | 1, wq ´ 1, 0
)

p1|w

` p1 ´ xqmin
!

F Y1|X,W py1 | 0, wq ` FY |X,W py0|0, wq ´ 1, 0
)

p0|w.

Let the joint distribution of pY1, Y0, Xq | W “ w be defined as below:

rPpY1 ď y1, Y0 ď y0, X “ x | W “ wq

“ γ
”

εF llpy1, y0, x|wq ` p1 ´ εqF ulpy1, y0, x|wq

ı

` p1 ´ γq

”

εF lupy1, y0, x|wq ` p1 ´ εqF uupy1, y0, x|wq

ı

.

(C.43)

As shown in Lemma C.3.8, the functions F ll, F ul, F lu, and F uu are valid cdfs, hence

their convex combination (C.43) also yields a valid cdf. Next we verify that this cdf satisfies
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conditions 1-4 listed above, thus concluding that pεF Y1|W ` p1 ´ εqF Y1|W , γF Y0|W ` p1 ´

γqF Y0|W q is in the identified set.

Verifying Condition 1: For y P R, we have

rPpY1 ď y | W “ wq

“ lim
y0Ñ`8

rPpY1 ď y, Y0 ď y0, X “ 1 | W “ wq ` lim
y0Ñ`8

rPpY1 ď y, Y0 ď y0, X “ 0 | W “ wq

“
ÿ

x“0,1

γ

„

ε lim
y0Ñ`8

F llpy, y0, x|wq ` p1 ´ εq lim
y0Ñ`8

F ulpy, y0, x|wq

ȷ

`
ÿ

x“0,1

p1 ´ γq

„

ε lim
y0Ñ`8

F lupy, y0, x|wq ` p1 ´ εq lim
y0Ñ`8

F uupy, y0, x|wq

ȷ

“ γ
”

εF Y1|W py | wq ` p1 ´ εqF Y1|W py | wq

ı

` p1 ´ γq

”

εF Y1|W py | wq ` p1 ´ εqF Y1|W py | wq

ı

“ εF Y1|W py | wq ` p1 ´ εqF Y1|W py | wq,

where the third equality uses the conclusion from condition 1 in the proof of Lemma C.3.8.

Likewise,

rPpY0 ď y | W “ wq

“ lim
y1Ñ`8

rPpY1 ď y1, Y0 ď y,X “ 1 | W “ wq ` lim
y1Ñ`8

rPpY1 ď y1, Y0 ď y0, X “ 0 | W “ wq

“
ÿ

x“0,1

γ

„

ε lim
y1Ñ`8

F llpy1, y, x|wq ` p1 ´ εq lim
y1Ñ`8

F ulpy1, y, x|wq

ȷ

`
ÿ

x“0,1

p1 ´ γq

„

ε lim
y1Ñ`8

F lupy1, y, x|wq ` p1 ´ εq lim
y1Ñ`8

F uupy1, y, x|wq

ȷ

“ γ
”

εF Y0|W py | wq ` p1 ´ εqF Y0|W py | wq

ı

` p1 ´ γq
“

εF Y0|W py | wq ` p1 ´ εqF Y0|W py | wq
‰

“ γF Y0|W py | wq ` p1 ´ γqF Y0|W py | wq.
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Verifying Condition 2: For x P t0, 1u, we have that

rPpX “ x | W “ wq

“ lim
y0,y1Ñ`8

rPpY1 ď y1, Y0 ď y0, x | W “ wq

“ γ

„

ε lim
y0,y1Ñ`8

F llpy1, y0, x|wq ` p1 ´ εq lim
y0,y1Ñ`8

F ulpy1, y0, x|wq

ȷ

` p1 ´ γq

„

ε lim
y0,y1Ñ`8

F lupy1, y0, x|wq ` p1 ´ εq lim
y0,y1Ñ`8

F uupy1, y0, x|wq

ȷ

“ γ
“

εpx|w ` p1 ´ εqpx|w

‰

` p1 ´ γq
“

εpx|w ` p1 ´ εqpx|w

‰

“ px|w,

where the third equality follows by the condition 2 in the proof of Lemma C.3.8.

Verifying Condition 3: Similar to the proof of condition 2, condition 3 follows by the

fact that all the cdfs F ul, F lu, F uu, and F ll satisfy condition 3 as argued in Lemma C.3.8.

Hence it follows that their convex combination rP also satisfies this condition.

Verifying Condition 4: As in the proof of Lemma C.3.8, we established propensity score

functions pul, plu, puu, and pll under the cdfs F ul, F lu, F uu, and F ll, respectively. Applying

Lemma C.3.9 to the conditional mixture distribution rP gives the propensity score as below

rEpX | Y1, Y0,W “ wq “ ωulpY1, Y0qpulpY1, Y0, wq ` ωlupY1, Y0qplupY1, Y0, wq

` ωuupY1, Y0qpuupY1, Y0, wq ` ωllpY1, Y0qpllpY1, Y0, wq

almost surely under rP, where ωkpY1, Y0q P r0, 1s, and
ř

k ω
kpY1, Y0q “ 1 almost surely

under rP for k P tul, lu, uu, llu. Since we have argued that pkpu, v, wq P rc, cs for pu, vq P

R2, therefore, rEpX | Y1, Y0,W “ wq P rc, cs almost surely under rP, which concludes the

proof.

C.3.3 Proofs for Section 4.4.2

Proof of Theorem 4.4.3. First, we prove this proposition when Assumption 12 holds. Fix

an arbitrary pF1, F0, Cq P Imarg
0 pFY,X,W ; cq. By the definition of Imarg

0 pFY,X,W ; cq, there
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exists a joint cdf FY1,Y0|X,W that generates pF1, F0, Cq and satisfies Assumption 12. By

Lemma 4.4.1 and the monotonicity assumption, we have

θpF Y1|W , F Y0|W , FY,X,W q ď θpF1, F0, FY,X,W q ď θpF Y1|W , F Y0|W , FY,X,W q.

Since pF1, F0, Cq is arbitrary, we have

θpF Y1|W , F Y0|W , FY,X,W q ď inf
pF1,F0,CqPImarg

0 pFY,X,W ;cq
θpF1, F0, FY,X,W q

and

sup
pF1,F0,CqPImarg

0 pFY,X,W ;cq

θpF1, F0, FY,X,W q ď θpF Y1|W , F Y0|W , FY,X,W q.

Furthermore, as demonstrated by Theorem 4.4.1, pF Y1|W , F Y0|W , Cq and pF Y1|W , F Y0|W , Cq

are contained in the identified set for any copula C P C1,0|X,W . This implies

inf
pF1,F0,CqPImarg

0 pFY,X,W ;cq
θpF1, F0, FY,X,W q ď θpF Y1|W , F Y0|W , FY,X,W q

and

sup
pF1,F0,CqPImarg

0 pFY,X,W ;cq

θpF1, F0, FY,X,W q ě θpF Y1|W , F Y0|W , FY,X,W q.

Thus we conclude that

inf
pF1,F0,CqPImarg

0 pFY,X,W ;cq
θpF1, F0, FY,X,W q “ θpF Y1|W , F Y0|W , FY,X,W q

sup
pF1,F0,CqPImarg

0 pFY,X,W ;cq

θpF1, F0, FY,X,W q “ θpF Y1|W , F Y0|W , FY,X,W q.

Note that Theorem 4.4.1 also implies that pεF Y1|W ` p1 ´ εqF Y1|W , γF Y0|W ` p1 ´

γqF Y0|W , C1,0|X,W q belongs to the identified set Imarg
0 pFY,X,W ; cq for each pε, γq P r0, 1s2.

By the continuity of the mapping pϵ, γq ÞÑ θpεF Y1|W `p1´ϵqF Y1|W , γF Y0|W `p1´γqF Y0|W q

and the definition of Imarg
θ pFY,X,W ; cq, the sharpness of the interior then follows by the inter-

mediate value theorem. The proof follows the same arguments when imposing Assumption

13, where we use Theorem 4.4.2 instead of Theorem 4.4.1.
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Proof of Lemma 4.4.2. Part 1: Because QYxpUq „ Yx when U „ Unifp0, 1q, we can write

ErYxs “ ErQYxpUqs “

ż 1

0
QYxpτq dτ “

ż 1

0
θQpFYx ; τq dτ.

By the proof of Part 2 below, θQpFYx ; τq is increasing in FYx for all τ P p0, 1q. This implies

θEpFYxq “
ş1
0 θQpFYx ; τq dτ is also increasing. Continuity follows from

θEpεF Yx
` p1 ´ εqF Yxq “

ż

y d
`

εF Yx
pyq ` p1 ´ εqF Yxpyq

˘

“

ż

y d
`

εF Yx
pyq

˘

`

ż

y d
`

p1 ´ εqF Yxpyq
˘

“ εθEpF Yx
q ` p1 ´ εqθEpF Yxq

being continuous in ε over ε P r0, 1s.

Part 2: Suppose FYxpyq ď F 1
Yx

pyq for all y P R. Therefore, for any τ P p0, 1q, ty P R :

FYxpyq ě τu Ď ty P R : F 1
Yx

pyq ě τu. Hence,

θQpFYx ; τq “ infty P R : F1pyq ě τu ě infty P R : F 1
Yx

pyq ě τu “ θQpF 1
Yx
; τq.

Since FYx ľ F 1
Yx

, we have that θQpFYx ; τq is increasing in FYx .

Part 3: Suppose FYxpyq ď F 1
Yx

pyq for all y P R. Denote by

FYx|Xpy | 1 ´ xq “
FYxpyq ´ FY |XpY | Xqpx

p1´x
,

F 1
Yx|Xpy | 1 ´ xq “

F 1
Yx

pyq ´ FY |XpY | Xqpx

p1´x
.

Then FYx|Xp¨ | 1 ´ xq ľ F 1
Yx|Xp¨ | 1 ´ xq and, by Part 2,

θCQpFYx ; τq “ θQpFYx|Xp¨ | 1 ´ xq; τq ě θQpF 1
Yx|Xp¨ | 1 ´ xq; τq “ θCQpF 1

Yx
; τq

for any τ P p0, 1q. Therefore, θCQ is increasing in FYx .

Part 4: Suppose FY1|W ľ FY 1
1 |W . This implies

ż

y dFY1|W py | wq ě

ż

y dFY 1
1 |W py | wq for all w P supppW q
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which in turn implies

1

ˆ
ż

y dFY1|W py | wq ´ ErY0 | W “ wsz

˙

ď 1

ˆ
ż

y dFY 1
1 |W py | wq ´ ErY0 | W “ ws ď z

˙

for all w P supppW q and hence

P
ˆ
ż

y dFY1|W py | W q ´ ErY0 | W s ď z

˙

ď P
ˆ
ż

y dFY 1
1 |W py | W q ´ ErY0 | W s ď z

˙

.

The first statement holds by by Part 1 of this lemma, the second holds directly, and the

third by integrating over the distribution of W . Therefore, this last cdf is decreasing in

FY1|W . By Part 2 of this lemma, its corresponding quantile will be decreasing in FY1|W .

This parameter is decreasing in FY0|W because of the minus sign inside the CATE.

Part 5: Suppose FYx ľ F 1
Yx

for x P t0, 1u. Then, FYxpyq ď F 1
Yx

pyq for all y P R.

Therefore, for any py1, y0q P R2 and copula C

θpFY1 , FY0 , C; y1, y0q “ CpFY1py0q, FY0py0qq ď CpF 1
Y1

py0q, F 1
Y0

py0qq “ θpF 1
Y1
, F 1

Y0
, C; y1, y0q

because C, as a copula, is nondecreasing in its arguments. We conclude that this parameter

is decreasing in both FY1 and FY0 .

Part 6: We begin by showing that pY1, Y0q „ pQY1pU1q, QY0pU0qq where pU1, U0q have

joint cdf C. To see this, note that FY1,Y0py1, y0q “ CpFY1py1q, FY0py0qq by Sklar’s Theorem.

Also,

FY1,Y0py1, y0q “ CpFY1py1q, FY0py0qq

“ PpU1 ď FY1py1q, U0 ď FY0py0qq

“ PpQY1pU1q ď y1, QY0pU0q ď y0q,

where the third equality follows from Lemma C.3.3.1.
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Based on this, we can write the functional as

θDTEpFY1 , FY0 , C; zq “ Er1pY1 ´ Y0 ď zqs

“ Er1pQY1pU1q ´ QY0pU0q ď zqs

“

ż

1pQY1pu1q ´ QY0pu0q ď zq dCpu1, u0q.

Now suppose that FY1 ľ F 1
Y1

. By Part 2 above, this implies that QY1pu1q ě Q1
Y1

pu1q for

all u1 P p0, 1q and thus

θDTEpFY1 , FY0 , C; zq “

ż

1pQY1pu1q ´ QY0pu0q ď zq dCpu1, u0q

ď

ż

1pQ1
Y1

pu1q ´ QY0pu0q ď zq dCpu1, u0q

“ θDTEpF 1
Y1
, FY0 , C; zq.

Therefore, θDTEpFY1 , FY0 , C; zq is decreasing in FY1 . An analogous argument shows that it

is increasing in FY0 .

C.4 Proofs for Section 4.5

Proof of Proposition 4.5.1. By Lemma 4.4.1 and the monotonicity of copulas in their ar-

guments, we have that

sup
pF1,F0,CqPImarg

0 pFY,X,W ;cq

θCDFpF1, F0, C, FY,X,W ; y1, y0q

ď sup
CPC1,0|X,W

θCDFpF Y1|X,W , F Y0|X,W , C, FY,X,W ; y1, y0q

“ θCDFpF Y1|X,W , F Y0|X,W , C, FY,X,W ; y1, y0q.

The equality follows from the Fréchet-Hoeffding bounds. Similarly,

inf
pF1,F0,CqPImarg

0 pFY,X,W ;cq
θCDFpF1, F0, C, FY,X,W ; y1, y0q

ě inf
CPC1,0|X,W

θCDFpF Y1|X,W , F Y0|X,W , C, FY,X,W ; y1, y0q

“ θCDFpF Y1|X,W , F Y0|X,W , C, FY,X,W ; y1, y0q.
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To show sharpness of the interval (4.7), consider the following choices for conditional cdfs

and copulas:

pε1F Y1|X,W ` p1 ´ ε1qF Y1|X,W , ε2F Y0|X,W ` p1 ´ ε2qF Y0|X,W , ε3C ` p1 ´ ε3qCq

for ε :“ pε1, ε2, ε3q P r0, 1s3. For any ε P r0, 1s3, this triple belongs to Imarg
0 pFY,X,W ; cq.

Setting ε “ p0, 0, 0q and ε “ p1, 1, 1q yields the upper and lower bounds of the interval, so

the bounds are sharp. To show the interior is sharp, consider the function

ε ÞÑ θCDF

¨

˚

˚

˝

ε1F Y1|X,W ` p1 ´ ε1qF Y1|X,W ,

ε2F Y0|X,W ` p1 ´ ε2qF Y0|X,W ,

ε3C ` p1 ´ ε3qC,
FY,X,W

; y1, y0

˛

‹

‹

‚

“ ε3E
„

max

"

ε1F Y1|X,W py1 | X,W q ` p1 ´ ε1qF Y1|X,W py1 | X,W q

`ε2F Y0|X,W py0 | X,W q ` p1 ´ ε2qF Y0|X,W py0 | X,W q ´ 1
, 0

*ȷ

` p1 ´ ε3qE
„

min

"

ε1F Y1|X,W py1 | X,W q ` p1 ´ ε1qF Y1|X,W py1 | X,W q,

ε2F Y0|X,W py0 | X,W q ` p1 ´ ε2qF Y0|X,W py0 | X,W q

*ȷ

.

This mapping is continuous in ε3. It is also continuous in ε1 and ε2 since the functions

pu, vq ÞÑ Cpu, vq and pu, vq ÞÑ Cpu, vq are both continuous, and by the dominated conver-

gence theorem. Therefore, by the intermediate value theorem, all values in the interval

(4.7) are attained and thus the identified set is this interval.

Proof of Proposition 4.5.2. By lemmas 4.4.1 and 4.4.2.5

sup
pF1,F0,CqPImarg

0 pFY,X,W ;cq

θDTEpFY1|X,W , FY0|X,W , C1,0|X,W , FY,X,W ; zq

ď sup
CPC1,0|X,W

θDTEpF Y1|X,W , F Y0|X,W , C, FY,X,W ; zq.

By Lemma 2.1 in Fan and Park, 2010,

sup
CPC1,0|X,W

θDTEpF Y1|X,W , F Y0|X,W , C, FY,X,W ; zq

ď 1 ` E
„

min

"

inf
yPR

´

F Y1|X,W py | X,W q ´ F Y0|X,W py ´ z | X,W q

¯

, 0

*ȷ

.

(C.44)
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This bound can be attained because the cdf pair pF Y1|X,W , F Y0|X,W q is attainable by

Theorem 4.4.1, and the bound in (C.44) is attained by Lemma 2.1 in Fan and Park, 2010

since the set of conditional copulas under marginal c-dependence is unrestricted.

Similar proof can be used to show that the lower bound

E

«

max

#

sup
yPR

´

F Y1|X,W py | X,W q ´ F Y0|X,W py ´ z | X,W q

¯

, 0

+ff

is sharp as well.

C.5 Appendix: Explicit bounds on expected potential outcomes

Lemma C.5.1. Let Y be random variable with cdf F and quantile function Q. Suppose

Ep|Y |q ă 8. Then, for a P p0, 1q:
ż a

0
Qpuq du “ ErY | Y ď QpaqsF pQpaqq ´ QpaqpF pQpaqq ´ aq

ż 1

a
Qpuq du “ ErY | Y ą Qpaqsp1 ´ F pQpaqqq ` QpaqpF pQpaqq ´ aq.

If PpY “ Qpaqq “ 0, then
ż a

0
Qpuq du “ ErY | Y ď Qpaqsa

ż 1

a
Qpuq du “ ErY | Y ą Qpaqsp1 ´ aq.

Lemma C.5.2. Let Assumption 11 hold. Then,
ż

y dFY1|W py | wq

“
p1|w

c

“

ErY | Y ď Q1, X “ 1,W “ wsFY |X,W pQ1 | 1, wq ´ Q1pFY |X,W pQ1 | 1, wq ´ τ1q
‰

`
p1|w

c

“

ErY | Y ą Q1, X “ 1,W “ wsp1 ´ FY |X,W pQ1 | 1, wqq ` Q1pFY |X,W pQ1 | 1, wq ´ τ1q
‰

,

(C.45)

ż

y dFY1|W py | wq

“
p1|w

c

”

ErY | Y ď Q
1
, X “ 1,W “ wsFY |X,W pQ

1
| 1, wq ´ Q

1
pFY |X,W pQ

1
| 1, wq ´ τ1q

ı

`
p1|w

c

”

ErY | Y ą Q
1
, X “ 1,W “ wsp1 ´ FY |X,W pQ

1
| 1, wqq ` Q

1
pFY |X,W pQ

1
| 1, wq ´ τ1q

ı

(C.46)
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and
ż

y dFY0|W py | wq

“
p0|w

1 ´ c

“

ErY | Y ď Q0, X “ 0,W “ wsFY |X,W pQ0|0, wq ´ Q0pFY |X,W pQ0|0, wq ´ τ0q
‰

`
p0|w

1 ´ c

“

ErY | Y ą Q0, X “ 0,W “ wsp1 ´ FY |X,W pQ0|0, wqq ` Q0pFY |X,W pQ0|0, wq ´ τ0q
‰

,

(C.47)

ż

y dFY0|W py | wq

“
p0|w

1 ´ c

”

ErY | Y ď Q
0
, X “ 0,W “ wsFY |X,W pQ

0
|0, wq ´ Q

0
pFY |X,W pQ

0
|0, wq ´ τ0q

ı

`
p0|w

1 ´ c

”

ErY | Y ą Q
0
, X “ 0,W “ wsp1 ´ FY |X,W pQ

0
|0, wqq ` Q

0
pFY |X,W pQ

0
|0, wq ´ τ0q

ı

.

(C.48)

If Y is continuously distributed conditionally on pX,W q, then these expressions simplify

to
ż

y dF Y1|W py | wq “ ErY | Y ď Q1, X “ 1,W “ ws
c ´ p1|w

c ´ c

` ErY | Y ą Q1, X “ 1,W “ ws
p1|w ´ c

c ´ c

ż

y dF Y1|W py | wq “ ErY | Y ď Q
1
, X “ 1,W “ ws

p1|w ´ c

c ´ c

` ErY | Y ą Q
1
, X “ 1,W “ ws

c ´ p1|w

c ´ c

and
ż

y dF Y0|W py | wq “ ErY | Y ď Q0, X “ 0,W “ ws
p1|w ´ c

c ´ c

` ErY | Y ą Q0, X “ 0,W “ ws
c ´ p1|w

c ´ c

ż

y dF Y0|W py | wq “ ErY | Y ď Q
0
, X “ 0,W “ ws

c ´ p1|w

c ´ c

` ErY | Y ą Q
0
, X “ 0,W “ ws

p1|w ´ c

c ´ c

where Qx, Q
x
, τx, and τx for x “ 0, 1 are defined in Appendix C.1.
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C.5.1 Proofs of analytical bounds on expectations

Proof of Lemma C.5.1. First we consider the equality involving
şa
0 Qpuqdu. Note that

ż a

0
Qpuq du “

ż 1

0
Qpuq1ru ď as du

“

ż 1

0
Qpuq1rQpuq ď Qpaq, u ď as du

“

ż 1

0
Qpuq1rQpuq ď Qpaqsdu ´

ż 1

0
Qpuq1rQpuq ď Qpaq, u ą as du

“

ż 1

0
Qpuq1rQpuq ď Qpaqsdu ´

ż 1

0
Qpuq1rQpuq “ Qpaq, u ą as du

“

ż 1

0
Qpuq1rQpuq ď Qpaqsdu ´ Qpaq

ż 1

0
1rQpuq ď Qpaq, u ą as du,

where the second, the fourth, and the last line follow by the monotonicity of quantile

function Qp¨q.

The first term in the last line can be written as below:
ż 1

0
Qpuq1rQpuq ď Qpaqs du “ EpY 1rY ď Qpaqsq “ EpY | Y ď QpaqqF pQpaqq,

where the first equality follows by that QpUq has the same distribution as Y if U is uniformly

distributed over r0, 1s. To expand the second term, note that tu : Qpuq ď Qpaq, u ą au is

a half-open interval with the left endpoint a excluded, and right endpoint suptu : Qpuq ď

Qpaqu included in the interval due to the left-continuity of quantile function Qp¨q. So we

have

Qpaq

ż 1

0
1rQpuq ď Qpaq, u ą as du “ Qpaqpsuptu : Qpuq ď Qpaqu ´ aq

“ Qpaqpsuptu : u ď F pQpaqqu ´ aq

“ QpaqpF pQpaqq ´ aq,

where the second line holds by Lemma C.3.3.1. Given the above derivations, we conclude

that
ż a

0
Qpuq du “ ErY | Y ď QpaqsF pQpaqq ´ QpaqpF pQpaqq ´ aq,
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as desired.

Regarding the second equality involving
ş1
aQpuqdu, note that

ş1
0 Qpuq du “ ErQpUqs “

ErY s. This implies
ż 1

a
Qpuq du “

ż 1

0
Qpuqdu ´

ż a

0
Qpuq du

“ ErY s ´ ErY | Y ď QpaqsF pQpaqq ` QpaqpF pQpaqq ´ aq

“ ErY | Y ą Qpaqsp1 ´ F pQpaqqq ` QpaqpF pQpaqq ´ aq,

where the last line follows by the law of iterated expectation. So the second equality is

established.

When PpY “ Qpaqq “ 0, the the CDF F is continuous at Qpaq, which implies that

F pQpaqq “ a by Lemma C.3.3.2. Therefore,
ż a

0
Qpuq du “ ErY | Y ď QpaqsF pQpaqq ´ QpaqpF pQpaqq ´ aq “ ErY | Y ď Qpaqsa,

and similar arguments can be applied to
ş1
aQpuq du as well. Therefore we have established

the desired result.

Proof of Lemma C.5.2. We prove the claim for
ş1
0 y dF Y1|W py | wq, and note that the claims

for the other terms can be derived analogously.

Let U „ Unifp0, 1q, then Q
Y1|W

pU | 1, wq has the distribution F Y1|W p¨ | 1, wq, which

implies
ż

y dF Y1|W py | wq “

ż 1

0
Q

Y1|W
pτ | wq dτ

“

ż 1

0
QY |X,W

ˆ

cτ

p1|w
| 1, w

˙

1

„

τ ď
c ´ p1|w

c ´ c

ȷ

dτ (C.49)

`

ż 1

0
QY |X,W

ˆ

p1|w ´ c ` cτ

p1|w
| 1, w

˙

1

„

τ ą
c ´ p1|w

c ´ c

ȷ

dτ (C.50)
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We expand the term (C.49) below:
ż 1

0
QY |X,W

ˆ

cτ

p1|w
| 1, w

˙

1

„

τ ď
c ´ p1|w

c ´ c

ȷ

dτ

“
p1|w

c

ż τ1

0
QY |X,W pu | 1, wq du

“
p1|w

c

“

ErY | Y ď QY |X,W pτ1 | 1, wq, X “ 1,W “ wsFY |X,W pQY |X,W pτ1 | 1, wq | 1, wq
‰

´
p1|w

c
QY |X,W pτ1 | 1, wq

“

FY |X,W pQY |X,W pτ1 | 1, wq | 1, wq ´ τ1
‰

“
p1|w

c

“

ErY | Y ď Q1, X “ 1,W “ wsFY |X,W pQ1 | 1, wq ´ Q1pFY |X,W pQ1 | 1, wq ´ τ1q
‰

.

(C.51)

The first equality uses the changes of variable u “ cτ{p1|w and recall that

τ1 “
c

p1|w

c ´ p1|w

c ´ c
.

The second equality follows by Lemma C.5.1, and the last line holds by recalling that

Q1 “ QY |X,W pτ1 | 1, wq.

Similarly, we can expand the term (C.50) below:
ż 1

0

QY |X,W

ˆ

p1|w ´ c ` cτ

p1|w
| 1, w

˙

1

„

τ ą
c ´ p1|w

c ´ c

ȷ

dτ

“

ż 1

τ1

QY |X,W pu | 1, wq du

“
p1|w

c

“

ErY | Y ą Q1, X “ 1,W “ wsp1 ´ FY |X,W pQ1 | 1, wqq ` Q1

`

FY |X,W pQ1 | 1, wq ´ τ1

˘‰

, (C.52)

where we use the change of variable u “ 1 ´
p1´τqc
p1|w

in the second line.

Combining the above results, we con combine (C.51) and (C.52) to obtain the analytical

formula of
ş

y dF Y1|W :
ż

y dFY1|W py | wq

“
p1|w

c

“

ErY | Y ď Q1, X “ 1,W “ wsFY |X,W pQ1 | 1, wq ´ Q1pFY |X,W pQ1 | 1, wq ´ τ1q
‰

`
p1|w

c

“

ErY | Y ą Q1, X “ 1,W “ wsp1 ´ FY |X,W pQ1 | 1, wqq ` Q1

`

FY |X,W pQ1 | 1, wq ´ τ1

˘‰

.
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Finally, we note that if Y is continuously distributed conditional on pX,W q, then

FY |X,W pQ1 | 1, wq “ τ1,

which implies
ż

y dF Y1|W py | wq

“
p1|w

c
ErY | Y ď Q1, X “ 1,W “ wsτ1 `

p1|w

c
ErY | Y ą Q1, X “ 1,W “ wsp1 ´ τ1q

“ ErY | Y ď Q1, X “ 1,W “ ws
c ´ p1|w

c ´ c
` ErY | Y ą Q1, X “ 1,W “ ws

p1|w ´ c

c ´ c
,

as desired.
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