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Abstract

This dissertation consists of three essays in microeconometrics.

The first essay establishes the first set of inference results for using marginal treatment
effects (MTESs) to extrapolate local average treatment effects (LATESs) that are robust to
limited instrument variation. These results apply not only to inference on the MTE itself
but also to other causal parameters, such as policy-relevant treatment effects, which are of
particular interest to policymakers.

The second essay, co-authored with Federico Bugni and Jackson Bunting, studies hy-
pothesis testing for the marginal homogeneity assumption, an assumption where time-
specific marginal distributions of the panel data remain homogeneous or time-invariant.
We develop three inference methods to test this hypothesis based on asymptotic approxi-
mation, bootstrap, and permutations.

The third essay, co-authored with Matthew Masten and Alexandre Poirier, introduces a
general class of relaxations of the unconfoundedness assumption, encompassing several ex-
isting approaches as special cases. We use this class to derive a variety of new identification

results which can be used to assess sensitivity to unconfoundedness.
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1. Introduction

This dissertation consists of three essays in microeconometrics. The first essay provides
a set of valid inference results for using MTEs to extrapolate LATEs that are robust to
limited instrument variation. These results lead to asymptotically valid confidence sets
for various linear functionals of MTEs, including the LATE, the average treatment effect
(ATE), the average treatment effect on the treated (ATT), and policy-relevant treatment
effects, regardless of identification strength. This is the first paper to provide weak instru-
ment robust inference results for this class of parameters. Finally, I illustrate my results
using data from Agan et al. (2023) to analyze counterfactual policies of changing prosecu-
tors’ leniency and their effects on reducing recidivism.

The second essay, coauthored with Federico Bugni and Jackson Bunting, studies hy-
pothesis testing for marginal homogeneity, an assumption that requires the time-specific
marginal distributions of the panel data to be homogeneous or time-invariant. Marginal
homogeneity is relevant in economic settings such as dynamic discrete games. In this pa-
per, we propose several tests for the hypothesis of marginal homogeneity and investigate
their properties. We consider an asymptotic framework in which the number of individuals
n in the panel diverges, and the number of periods T is fixed. We implement our tests
by comparing a studentized or non-studentized T-sample version of the Cramér-von Mises
statistic with a suitable critical value. We propose three methods to construct the critical
value: asymptotic approximations, the bootstrap, and time permutations. We show that
the first two methods result in asymptotically exact hypothesis tests. The permutation test
based on a non-studentized statistic is asymptotically exact when T = 2, but is asymp-
totically invalid when T° > 2. In contrast, the permutation test based on a studentized
statistic is always asymptotically exact. Finally, under a time-exchangeability assumption,
the permutation test is exact in finite samples, both with and without studentization.

The third essay, coauthored with Matthew Masten and Alexandre Poirier, defines a
general class of relaxations of the unconfoundedness assumption. This class includes several

previous approaches as special cases, including the marginal sensitivity model of Tan (2006).
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This class therefore allows us to precisely compare and contrast these previously disparate
relaxations. We use this class to derive a variety of new identification results which can be
used to assess sensitivity to unconfoundedness. In particular, the prior literature focuses
on average parameters, like the ATE. We move beyond averages by providing sharp bounds
for a large class of parameters, including both the quantile treatment effect (QTE) and the
distribution of treatment effects (DTE), results which were previously unknown even for

the marginal sensitivity model.



2. Extrapolating LATE with Weak IVs

In this essay, I provide uniformly valid inference results for studying policy-relevant

treatment effects extrapolated by the MTE model if instruments have limited variation.
2.1 Introduction

This paper provides the first formal treatment of weak identification analysis in the
marginal treatment effect model. Originally developed in the seminal works of Bjorklund
and Moffitt (1987) and J. J. Heckman and Vytlacil (2001, 2005) and J. J. Heckman and
Vytlacil (1999), the MTE model has been widely adopted in various studies for extrapolating
treatment effects, such as returns to schooling (Carneiro et al., 2011; Moffitt, 2008), analysis
of recidivism effects (Agan et al., 2023; Bhuller et al., 2020), and evaluation of social
insurance programs (Aizawa et al., 2023; Maestas et al., 2013) (see Table 6 of Mogstad and
Torgovitsky, 2024 for a broad survey of MTE applications). Despite its widespread use
in applied economic research, traditional confidence sets for the extrapolated causal effects
within this model are often too short when the probability of receiving treatment (i.e., the
propensity score) exhibits limited variation across the instruments support. Moreover, this
variation can be very weak even if the usual F-test statistic is very large.

To achieve valid coverage of causal effects, this paper establishes the first set of inference
results that are robust against weak IV variation in MTE models. For linear MTE mod-
els, I develop an asymptotically similar conditional Wald test that delivers uniformly valid
confidence sets with exact coverage. For a more general class of polynomial MTE models, I
propose a modified linear combination (MLC) test that produces uniformly valid confidence
sets while achieving approximate asymptotic efficiency under strong identification. Addi-
tionally, I highlight limitations of the additive separability assumption, a functional form
often used to address weak variation of propensity scores, by deriving explicit formulas for

the bias of estimands when this specification is incorrectly specified.



Intuition for weak IVs in MTE models

To demonstrate the consequences of weak I'Vs in MTE models and to illustrate why the
F-statistic fails, I plot regression estimates of the outcome variable on propensity scores for
treated samples in Figure 2.1. These estimators are computed from independent simulations
based on a cubic MTE model with a discrete IV that takes four values. As will be shown
in section 2.2, the MTE can be directly recovered from the conditional regression, allowing
us to study the weak IV problem by examining the finite-sample behavior of the estimates
in Figure 2.1.

Figures 2.1a through 2.1c demonstrate that as propensity score variation diminishes,
the regression estimates (shown in gray) become increasingly volatile and diverge from the
true population quantity (shown in blue). This behavior implies that the MTE estimator
loses consistency when propensity scores exhibit limited variation—a common occurrence
with instruments that weakly influence treatment selection. As a result, the traditional
Wald confidence interval, which build on these compromised estimates, may fail to achieve
its desired coverage probability. These estimation and inference problems arise not only
when propensity scores cluster around one value but also when they approximate binary
variation (Figure 2.1d) under the cubic MTE design. In such cases, classical confidence
intervals become unreliable, but the F-statistic can be misleadingly large because it detects

the deviation from the null where all propensity scores are equal.

Organization of this paper

In section 2.2, I describe the setup in Brinch et al. (2017) and Kline and Walters (2019)
and present the MTE model with a discrete instrument. By imposing a parametric structure
on the marginal treatment response (MTR) functions, the MTE is fully characterized by a
finite-dimensional parameter, which can be point identified using discrete variation from the
instrument. In finite samples, the MTE can be estimated by running separate regressions
for both treated and control groups. However, these separate regression estimators, along

with the corresponding Wald confidence sets, are highly vulnerable to limited variation
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Note: The figure shows the estimated expected outcomes for treated units conditional on propensity
scores under different designs of propensity score variation, based on 20 independent simulations. All
designs and simulations use a cubic specification for the MTE curve with a discrete IV that takes four
values in its support. The sample size is 2,000.

FIGURE 2.1: Estimators under Different Types of IV Strengths

in propensity scores. In light of this potential identification failure, this paper constructs
uniformly valid confidence sets for causal parameters that are linear functionals of the MTE
function, which cover a broad range of causal effects of interest including the MTE function

itself, the average treatment effect (ATE), the average treatment effect on the treated



(ATT), the local average treatment effect (LATE), and the policy-relevant treatment effect
(PRTE).

In section 2.3, I develop a simple inference method for treatment effects in the lin-
ear MTE model, where the MTR functions vary linearly with the selection unobservable
(Brinch et al., 2017). This special structure offers a novel moment condition for construct-
ing estimators of treatment effects of interest, bypassing the necessity for estimating the full
model. Building on this new moment condition, I construct a simple conditional Wald test
and demonstrate its uniform validity under weak identification. This approach circumvents
challenges posed by weakly identified nuisance parameters in the MTE, thus leading to con-
fidence sets that achieve asymptotic similarity, a key advantage over existing approaches to
subvector inference with weak identification (see Appendix A.7.1).

For a generic MTE model with a discrete instrument, it is infeasible to directly estimate
causal effects of interest without relying on other primitive parameters in the MTE function.
In such cases, these weakly identified primitive parameters hamper the ability to perform
valid inference on linear functions of them. In section 2.4, I build on the improved projection
approach developed in I. Andrews (2018) and propose a MLC test that achieves uniform
validity regardless of identification strength (see page 7 for a detailed comparison of my
work with the literature). The inverted confidence set from this test has correct coverage
under weak identification, is straightforward to compute, and is shown to be approximately
as efficient as the Wald confidence set under strong identification.

In section 2.5, I incorporate covariates into the MTE model. First, I demonstrate that
the commonly used additive separability condition can substantially bias causal effect es-
timands when it fails. Such bias does not vanish unless (1) unobserved treatment effect
heterogeneity does not vary across covariates, or (2) individuals’ treatment decisions do not
depend on those covariates. If neither of these two assumptions hold, I show that causal
effect estimands under additive separability differ from the true effects and potentially
have the opposite sign. To deal with the bias induced by imposing additive separability,

researchers may use the proposed methods in this paper to conduct inference by condition-
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ing on covariates, while also achieving robustness against limited variation of propensity
scores from conditioning. Additionally, I propose a Bonferroni-type size correction for valid
inference on aggregated effects in the absence of additive separability. For researchers in-
terested in performing inference under additive separability, I also present an extension of
the proposed inference methods to accommodate this framework at the end of the section.

In section 2.6, I examine the performance of MLC tests via a sequence of Monte-Carlo
simulations in a quadratic MTE model with varying degrees of identification strength.
The simulation results show that the MLC test is asymptotically size-correct whenever
the model is strongly identified, weakly identified, or partially identified. In contrast, the
classical Wald test reports over-rejections of the null value at 15% frequency versus the
5% significance level under partial identification and exhibits trivial power under weak
identification. When the instrument strength is sufficiently strong, the proposed MLC
test has power close to the asymptotically efficient Wald test. Theoretical justification is
provided in Appendix A.2.

In section 2.7, T illustrate the proposed methods by using data from Agan et al. (2023),
who show that not prosecuting defendants with misdemeanor offenses reduces recidivism.
While their analysis uses LATE estimates and ATE/ATT estimates under additive sepa-
rability, I complement their findings by examining recidivism effects under different coun-
terfactual prosecution policies. Specifically, I construct confidence sets for the reduction
in recidivism under two scenarios: (1) a homogeneous marginal increase in nonprosecution
rates across prosecutors, (2) implementation of a minimum nonprosecution rate threshold.
The results highlight that weak identification is a significant concern in higher-order poly-
nomial models, and empirical conclusions differ substantially between robust and classical

inference methods. Section 2.8 concludes with a discussion of potential future extensions.

Related literature

This paper contributes to three strands of the literature: marginal treatment effects,

subvector inference in weakly identified models, and judge/examiner designs. For the rest



of the introduction, I review the related literature.

Although the MTE model has been used to extrapolate treatment effects in a variety
of fields, there are relatively few studies on the theory of estimation and inference in MTE
models. In a semiparametric MTE model with continuous propensity scores, J. Heckman
et al. (2006) use bootstrap methods to construct confidence bands for MTE functions. This
approach is now common practice!, but its theoretical validity has not yet been established.
Carneiro and Lee (2009) analyze the pointwise limit distributions of MTE estimators using
a separate regression approach. Building on this work, Sasaki and Ura (2023) further
derive asymptotic theory for the PRTE using an orthogonalized score for double debiased
estimation. Both papers assume a semiparametric MTE model with additive separability
and strong IV /covariate variation to achieve y/n-consistent estimation. Mogstad et al.
(2017, 2018) propose a bootstrap procedure for conducting inference on the PRTE when
the MTE is partially identified. None of these papers study weak identification problems.
Thus, compared to this existing literature, the inference approach I propose is the first to
achieve robustness against weak instruments in MTE models.

To estimate the MTE over a large support of propensity scores, empirical researchers
usually assume that the MTR functions—and their difference, the MTE—are additively
separable in covariates and unobserved costs of treatment selection Brinch et al. (2017,
Assumption 2). This assumption allows the MTE to be estimated on the unconditional
support of propensity scores, by pooling variation in the propensity scores across different
covariate values. Despite its increasing popularity in empirical work, there is little theoret-
ical justification for additive separability. In fact, this assumption can be strong enough to
point identify the MTE without exogenous variation from instruments (Pan et al., 2024).
In addition, if the MTE is misspecified as linearly additively separable, Devereux (2022)
provides numerical evidence indicating that omitting higher-order covariate terms can in-

troduce significant bias in the estimated MTE slopes. I contribute to this knowledge by

! The Stata implementation of MTE estimation by Brave and Walstrum (2014) and Andresen (2018) uses
bootstrap methods to produce confidence sets.



providing the first analytical bias formula for the causal parameters (e.g., ATE, conditional
ATE, and MTE slope) when additive separability is misspecified in a widely used class of
latent threshold crossing models (Kline & Walters, 2019). To avoid this bias, researchers
should extrapolate treatment effects conditional on covariates instead of relying on additive
separability. Moreover, the robust inference procedures proposed in this paper can help
address potential weak IV variation that may arise after conditioning on covariates.

The inference problem in this paper is also related to the literature on subvector inference
in weakly identified models, where a subvector is a subset of the structural parameters.
For inference on subvectors, Dufour and Taamouti (2005) suggest projecting the robust
confidence sets of the full vector onto the subvector of interest. However, this procedure
can be very conservative especially when the dimension of the full vector is much larger
than that of the target subvector. To this end, there is a sequence of studies trying to
reduce the conservativeness of projection inference. Chaudhuri and Zivot (2011) consider
modifying the (Robust) Lagrangian Multiplier statistic (Kleibergen, 2005) such that it is
locally equivalent to asymptotic efficient subvector tests under strong identification and
propose a Bonferroni method to improve the power of their tests at distant alternatives.
Building on this idea, D. W. Andrews (2017) improves the Bonferroni method such that
the refined tests are asymptotically non-conservative and uniformly valid. However, D. W.
Andrews (2017, p.2) acknowledges six key limitations, including computational challenges
and the need for additional tuning parameters to categorize the identification strength,
neither of which are required for my proposed MLC test. Moreover, his method does not
directly address inference on a linear function of parameters, which is the primary focus of
this paper. While his method could conceptually extend to inference on a linear function
through model reparametrization, finding a universal reparametrization rule that works for
all linear hypotheses of interest while maintaining tractable asymptotic analysis remains
challenging.

For inference on a function of parameters in a weakly identified model, I. Andrews (2018)

generalizes the results in Chaudhuri and Zivot (2011) and proposes a two-step confidence
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set that achieves sequential validity with controlled coverage distortions under a set of high-
level conditions imposed on a sequence of data generating processes (DGPs). The MLC test
considered in this paper builds on the idea from I. Andrews (2018) but differs in a few ways:
(1) Most importantly, Andrews paper only provided sequential validity results, concluding
that “conditions for uniform asymptotic validity are an interesting open question in Section
V (page 347). I demonstrate that, with a minor modification to the test statistics, the robust
test achieves uniform validity for inference on a scalar function. (2) While Andrews derived
results for a general class of models using high-level conditions, my focus on the MTE model
allows for more specific, primitive conditions for validity. (3) Instead of employing Andrews’
two-step approach that alternates between non-robust Wald and robust confidence sets
based on identification strength, I focus exclusively on his robust confidence sets. (4) I
adapt his robust confidence sets, originally developed for GMM models, to the minimum
distance framework arising from separate regressions in the MTE setting. (5) By using the
robust confidence set, this approach does not involve pretesting distortion in the two-step
approach and maintains the desired asymptotic coverage level 1 — . (6) I prove that the
local power difference from the asymptotically efficient Wald test can be arbitrarily small
under strong identification. Applied to MTE models, this approach allows for valid and
powerful inference on treatment effects even under limited variation of propensity scores. In
Appendix A.7.1, T also discuss other approaches to inference on functions (or subvectors) of
parameters in weakly identified models and explain their inapplicability to the MTE model
studied here.

Finally, the empirical analysis of this paper also connects to the judge/examiner design
problems (see the survey by Chyn et al. (2024)). By using the quasi-random assignment of
examiners, researchers can identify the causal effects of judicial decisions for defendants at
the margin of being treated, and then extrapolate these effects to the broader population
under the assumption of pairwise monotonicity (Frandsen et al., 2023). While the MTE
model is commonly employed for such extrapolation, researchers often report LATE, ATE,

ATUT, and ATT to inform potential policy decisions (Agan et al., 2023; Baron & Gross,
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2023; Bhuller et al., 2020). My paper provides methods for robust inference on all of these
parameters, as well as the MTE function itself, and the policy counterfactual parameters

studied in J. J. Heckman and Vytlacil (2001, 2005), and Carneiro et al. (2010).

2.2 MTE Model with Discrete IVs

In this section, I describe the MTE model and the related identification result following
Brinch et al. (2017). Based on this result, the weakness of IVs can be characterized by
limited variation of propensity scores. Then I introduce the relevant parameter space on

which we achieve uniform validity of the proposed inference procedures.

2.2.1 Setup

Let Y7 be the potential outcome of an individual who receive a binary treatment (D = 1)
and Y{ denote her potential outcome in the untreated state (D = 0). The observed outcome
Y is realized through

Y = (1 - D)Yy + DY1. (2.1)

We further specify

Yo=pa+Vy, d=0,1,

where pg = E[Y}] is the mean of potential outcome. For simplicity, I leave out additional
covariates and discuss them in section 2.5. The treatment is determined by a weakly
separable selection equation

D =1[U < v(2)], (2.2)

where v(-) is an unknown function, U is a continuous random variable representing the
unobserved cost of selection into treatment, and Z € supp(Z) = {z0,21,...,2K} is the
excluded discrete instrument. Researchers observe the outcome Y, the binary treatment
D, and the excluded instrument Z from data, while the unobservables are the potential
outcomes (Yp,Y7) and the variable U in the selection equation. The MTE model allows
individuals to be selected into treatment based on their information on potential outcomes,

which leads to potential dependence between (V7, 1)) and U.
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The key identifying assumption from Brinch et al. (2017, proposition 1.ii) is as follows:

Assumption 1 (MTE model with discrete IVs).
1. Z1U.

2. E[Yq | Z,U] = E[Yy | U] and E|Yy| < oo for d € {0,1}.

3. U is continuously distributed.

4. 0<P(D=1|Z==z) <1 forall z € supp(Z).

5. Let {hm(:)YM_, be a set of known continuous functions defined on (0,1). For d €
{0,1}, the MTR function is given by

M
E[Yy | Fy(U) = ul = pa+ Y pambm(u) forue (0,1),

m=1

where Fy(-) denotes the distribution function of U.

6. Let /\00(-) = )\10(') = 1, and

1 (P 1 (!
Aim(p) = f hm(uw)du and  Aom(p) = 1% hm(uw)du  form =1,..., M.
pJo pJp

Then {Mm()}M_q and {Mom(-)}M_, are unisolvent® on (0,1).

7. K={P(D=1|Z=2):2=20,21,.-.,2x}| = M + 1.

Assumptions 1.1 and 1.2 require the excluded instrument Z to be exogenous to both
the selection and outcome processes. Assumption 1.3 allows us to normalize the marginal
distribution of U to be uniformly distributed over [0, 1]. That is, we can transform U to a
uniformly distributed variable U = Fy(U). Under the exogeneity of Z in Assumption 1.1,
the function Fy(v(Z)) can then be interpreted as propensity score:

p(z)=P(D=1|7Z=2)

—PU <v(Z)| Z=2)

= Fy(v(2))
2 A set of n functions f1, fa, ..., fn is unisolvent on domain Q if the matrix F' € R™*™ with entries f;(z;)
has nonzero determinant for any choice of n distinct points 1, z2,...,x, in Q.
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where the third line uses the Assumption 1.1. Define 7(z) = Fy(v(Z)), and then we
can work with (U, 7(z)) in place of (U, v(z)) without affecting the empirical content of the
selection model. For simplicity, we drop out the tilde and assume U is uniformly distributed
throughout our analysis, and therefore v(z) = p(z). Assumption 1.4 validates the overlap
condition, so that we observe both treated and untreated individuals for each group defined
by the value of the instrument. Assumption 1.5 imposes a parametric restriction on the
MTR function E[Yy | Fiy(U) = u] so that the MTE can be extrapolated outside the discrete
support of the instrument. Assumption 1.6 is a weak condition that rules out redundant
specifications in {h,(-)}M_, that cause multicollinearity in {\gy()}M_,. In particular, the
usual polynomial specification h,(u) = u™ — #ﬂ satisfies this condition. Assumption
1.7 requires sufficient variation of the exogenous instrument to point identify the structural
parameters. While K < K + 1, with strict inequality when multiple instrument values yield
identical propensity scores, point identification requires the number of distinct propensity
scores—not instrument values—to exceed the order of the MTE model.

Define 04 = (pa, par,-- -, pam) for d = 0,1, and let 6 = (0],0()". Then we have the

following identification result:
Theorem 2.2.1 (Identification). Suppose Assumption 1 holds. Then 6 is point identified.
Proof. Based on the model (2.1)—(2.2) and Assumption 1, we have
ElY | D=1,Z=z]=E[Y1 |U <p(z),Z = 2]
=E[Y1 | U < p(2)]

! r(z)E[y U = uld
= — = uldu
() Jo '

= + — mlu)au.
L)

= (M0(p(2)); Aun(p(2)), - -5 A (p(2))) 61 (2.3)

The first line holds by equations (2.1), (2.2), and the normalization that v(z) = p(z),

which is jointly implied by Assumption 1.1 and 1.3. The second line holds by the exogeneity
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condition in Assumption 1.2. The third line follows by the overlap condition in Assumption
1.4 and the normalization that U is uniformly distributed over [0, 1]. The fourth line holds

by parametric restriction in Assumption 1.5. Likewise, we have

M 1
EY |D=0,Z=z]=po+ Z Pom f( )hm(u)du = (Moo (p(2)); Ao1(P(2)); - - -, Aot (p(2))) o

= 1—p(z)
(2.4)
Taking z = zg, 21, ..., 2K in equations (2.3) and (2.4) then yields two matrix equalities:
Adéd = ,Bd for d = 0, 1, (25)
where
Aao(P(20))  Aar(p(z0)) ... Aanm(p(20))
N Ado(p(21))  Aar(p(z1)) oo Aam(p(21))
d= . . . .
Ao(p(zK)) Aar(p(zk)) .- Aam(p(zk))
and

Ba=(E[Y |D=d,Z=z),....E[Y | D=d,Z = z]).

Note that Assumption 1.6 and 1.7 guarantees that there exists a full-rank submatrix of Ay
with K rows and M + 1 columns for each d = 0,1. Therefore, both A; and Ag have full

column rank. Then 6; and 6y are point identified by equation (2.5). O

Remark 2.2.1. This identification result closely aligns with the proof of Brinch et al.
(2017, Proposition 1.ii), who shows that Assumption 1.7 is a necessary condition for iden-
tifying 0 in a MTE model satisfying Assumption 1.1-1.5. Building on their result, I add

Assumption 1.6 to establish sufficient conditions for point identification.

Based on the parametric restriction in Assumption 1.5, treatment effects can often be

written as linear functions of the primitive parameter 6. For example, ATE = p; — pg and
MTE(u) =E[Y1 — Yy | U = 4]

= c(u)'6; — c(u) o,
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where c(u) = (1, hi(u),...,har(u)). Moreover, suppose we are interested in the parameters
that inform potential policy decisions such as average treatment effects on the (un)treated
groups or policy-relevant treatment effects. In that case, the weight c is often unknown and
depends on the underlying DGP (see Table 1 and 2 in Mogstad and Torgovitsky, 2018). If
we write ¢ = (¢}, ) with ¢q = (¢cqp,...,cqm) for d = 0,1 and denote ho(u) = 1, Table

2.1 summarizes the weights of various treatment effects under Assumption 1. In this paper,

I consider inference on treatment effects of the form /6 where ¢; = —cg since many causal
effects of interest including those in Table 2.1 have symmetric weights: cg,, = —c1,, for all
m=1,...,M.

Table 2.1: Weights for Treatment Effects

Target parameter Expression Weights
ATE E[Y; — Yo c1m = 1{m = 0]
MTE E[Y1 =Yy | U =] cim = hm(u)
E({P(%) Ao (u)du
ATT E[Yi—Yy| D =1] C1m = Mo fm()
E(§, () o (w)du)
ATU E[Yy — Yy | D =0] c1m = — o=y
Sp(zk) hom (u)du
LATE E[Y1 — Yo [ p(20) <U <p(zk)]  c1m = I;gzg;)w
Additive PRTE PRTE with p®(2) = p(z) + € )
Proportional PRTE ~ PRTE with p“(z) = (1 + €)p(2) ¢, = M
Quota PRTE with p®(z) = min{p(z), €} 7 [p*(2)=p(2)]

Define q(z¢) = P(Z = z;), i.e., the probability mass function of the discrete IV. For

the widely-used polynomial MTE model in empirical studies where h,, = u™ — #H’ the
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weights of ATT, LATE, additive PRTE, and proportional PRTE become

art 1L (Zf:op(zé)mHQ(Zf) _ 1)

ATT -
Tom+l Zf:o P(20)q(2e)

Ao T (Z pler)pa0)™ T — 1)

m+1 )

K m
CAPRIE _ %ﬂ <Z a(z) Z [p(z0) (p(2) + €)™ 7] — 1)
£=0 J=0

K
(PPRTE _ 1 L+em™t -1 35, p(z0)™q(z) 1
,m
m+1 ¢ S0 p(ze)q ()
form =1,..., M, and the first element ¢ o = 1 for all the above causal effects.

2.2.2 Weak identification

The identification strategy relies on the conditions in Assumption 1, particularly the
existence of sufficiently many distinct propensity scores to point identify the structural pa-
rameter 6 through Assumption 1.7. However, variation in propensity scores is often limited.
This limited variation may not be enough to guarantee correct asymptotic approximation
in the construction of classical confidence sets. In section 2.3 and 2.4, I develop robust
inference procedures for treatment effects of the form ¢’ without requiring the potentially
restrictive Assumptions 1.7. My results have two implications. Along a sequence of DGPs:
(1) When Assumption 1.7 holds but is close to fail, the parameters are point identified,
and the robust confidence set achieves correct coverage for the causal parameter of interest;
(2) When Assumption 1.7 fails, the parameters are partially identified, and the proposed
robust confidence set mantains correct coverage of the causal parameter ¢’, where 6 lies in
the set defined by the linear system (2.5). Additionally, this uniform validity result does
not rely on Assumption 1.6, though this assumption is typically satisfied under researchers’

common specifications of the MTR functions.
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2.2.3 Parameter space restriction

This section introduces the parameter space for the joint distribution of (Y, D, Z) for
establishing uniform validity of the robust inference procedures without covariates. First,

consider the usual i.i.d. sampling distribution of the observables.

Assumption 2. The random vectors (Y;, D;, Z;) fori =1,...,n are i.i.d. with distribution

F.

Next, I introduce a set of regularity conditions to be imposed on the joint distribution

F.

Definition 2.2.1 (Parameter Space). For some 6,( > 0 and € € (0,1/2), define the pa-
rameter space P as the set of pairs (0, F) satisfying the following properties:

1. Equation (2.5) is satisfied with K = M, where 6 = (0},6})" € int(Q) < RZM+1) for

some interior of a compact set ©;

2. SUPy_0,1 SWDsequpp(z) ER[[Y P10 | D = d, Z = 2] < (;

3. e <infcquppz) PR(D =11]7Z = 2) < SUDcqupp(z) PF(D =1 Z =2) < 1 —¢;
4. € < infequpp(z) Pr(Z = 2) < SuP.cqppz) Pr(Z = 2) <1—¢;
5.

€ < infg—o,1 inf cqupp(z) varr(Y | D =d, Z = z).

The first condition assumes the correct model specification derived from Assumptions
1.1-1.5, and the order of the MTE model does not exceed the support of the instrument.?
The second condition is a mild restriction on the existence of moments of Y conditional
on D and Z, which is essential for establishing the uniform version of the law of large
numbers and central limit theorems. The third and fourth conditions, also known as the
strong overlap conditions, require observing units for each value of the treatment and the
instrument. Together with the final condition regarding sufficient variation in outcomes,
these conditions rule out the singularity or near-singularity of the asymptotic variance

of the moment equation (2.5). Since our parameter of interest has the form of 6, let

3 The condition K > M is necessary but not sufficient for point identification, particularly when Assump-
tion 1.7 does not hold.
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Po={(N\,F): A=6,(0,F) € P} denote the null parameter space for this linear function,
in which the weight ¢ could possibly depend on underlying DGP F. It is important to
emphasize that our parameter space does not require the relevance Assumptions 1.6 and
1.7, the latter of which is likely to fail. For a given A € R, our goal is to develop uniformly
valid tests for assessing the hypothesis Hy : /6 = X that is robust to the limited variation

of propensity scores.

2.2.4 Notation and preliminaries

The asymptotic behavior of test statistics to be proposed will be unified by the asymp-
totic distribution of estimators on marginal distribution of instrument ¢(z;) = P(Z = z),
propensity score p(zy) = P(D =1 | Z = z;), and the expected outcome conditional on the
treatment and instrument Sy = E[Y | D =d,Z = 2| ford =0,1and £ =0,1,..., K. Un-
der the parameter space restriction outlined in section 2.2.3, we have the following sample-

analog estimators for these quantities:

i) = 230112 = 2
=1
5 :l L H[Di=1,Zz=Zg]
p(z0) "2_21 i)

where §(1, z¢) = p(2¢)G(z¢) and (0, z¢) = (1 — p(2¢))d(2e)-

Collecting these estimators into vectors, we have
p = ((ze),---,D(2k))
q= (qA(ZO)v ce 76.?('2[())/

Bd = (Bdo, .. 'aBdK)/ for d = 0717

and 3 = (6}, B(’))’. Lemma A.1.1(a) provides the asymptotic distribution of the estimators

.4, and 3 under a drifting sequence in the parameter space P. Moreover, Lemma A.1.1(b)
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also shows that their asymptotic variances can be consistently estimated by

5, - diag{p(zé)(}‘p(zf” 0= 0,1,...,[(}
4(ze)
Sg = {300, 41}ij=01,. K
S 53
Y5, = diag< = 4=0,1,... K
a g{Q(d> Zﬁ) }

iﬁ = diag{iﬁlv 250}7

where

e {ﬁ(zi)(l—ﬁ(zi)) ifi=jy
—p(2:)p(25) if i # 7.

Throughout the paper, I use d,f € R* to denote the gradient of a scalar function f
with respect to its argument € R*. If f maps to a vector in R!, then 0, f € RP** denotes
the Jacobian of f with respect to x € R¥. Let P4 = A(A’A)~'A’ denote the projection
matrix onto the column spaces of matrix A and define M4 = I — P4 as the corresponding

annihilator matrix.

2.3 Robust Inference in Linear MTE Models

In this section, I start with the simplest functional specification and impose linearity

on the MTR function.

Assumption 3 (Linear MTE model). Assumption 1.5 holds with

1
hun () = u —
(w) = u—

and M = 1.

This assumption was first introduced by Olsen (1980) to characterize sample selection

bias and later generalized by Brinch et al. (2017) to model MTE functions. This linear
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MTE specification was recently adopted by Kowalski (2023) to extrapolate treatment effects
between two experimental studies. The parameters 0 = (u1, p11, fto, po1) can be identified
using any pair of propensity scores (p(zg),p(zx)) for k = 1,..., K that differ from each
other. Point identification fails if and only if all propensity scores p(zp),...,p(zKx) are
identical, i.e., when there is no variation in propensity scores.

The linear MTE specification allows us to derive closed-form estimands for 8, in which

case equation (2.5) reduces to

(o) = () (e 2022 50)

o) o (58 72) (v 1020222)

Recall Bgr, = E[Y | D = d,Z = z;|. Then the ATE and the slope of MTE can be written

and

as

( f1 = o ) _ 1 <p(2k) [B10 = Boo] — p(20) [Bir — Bor] + Pk — ﬁ10>
pu1—por)  plzk) — p(20) 2 (Boo — Bro + Bik — Bok) '

Define the numerator of the right-hand-side equation as

A,(20, 21) = p(2k) [B1o — Boo] — p(20) [Bik — Bok] + Bk — Bio
and
Ay(z0, 2k) = 2 (Boo — Bro + Bk — Bok) -
Since these quantities can be directly identified from data, we can express the treatment

effects parameters A\ = 6 with ¢ = (cu, ¢y, —cu, —c,)’ as the solution of the following

moment function:

gx(N) = [p(2) — p(20)] A — cuDu(20, 21) — cpAp(20,21) = 0. (2.6)

If the instrument Z is binary, then /6 is just identified by this linear moment restriction,

otherwise, we can construct a vector of moment functions:

9N = (g1(N)s -+ gk (V)" = Ok (2.7)
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to improve the efficiency for inference on ¢’. It is worth noting that other components of
primitive parameter 6 do not enter into (2.7). As a result, their nonstandard asymptotic
behavior (under weak identification) is irrelevant in this context. To this end, this linear
moment function g(A) will be used to construct asymptotically exact tests for treatment

effects in linear MTE models.

2.3.1 Inference with known weights

In this section, I consider robust inference with a known weight ¢, which applies to
inference on the ATE and the MTE. I have shown that gx(\) suffices to estimate A, the
causal effects of interest. Let gi(\) be the sample analog of this moment function after

plugging in the estimators {p(zy), Boe, Blg}fzo, ie.,

gk(A) = [(2k) — D(20)] A = cuBApu(20, 21) — cpAp(20, 2k)

where

A~

A, (20, 28) = p(21) [B10 — Boo] — P(20)[Bix — Bok] + Bk — o

Ap(Zo, 21) = 2(Boo — P10 + Bix — Bok)-

Based on this moment condition, one might consider an Anderson-Rubin (AR) test statistic

to assess the null hypothesis Hy : ¢/ = X as follows

N (2.8)

‘2
where §7(\) consistently estimates the asymptotic variance of the sample moment gx()). To
construct this variance estimator, note that an asymptotic linear expansion of gx(A) — gx ()
gives

o k(NP — 1]
ge(N) —age(N) = | + %'lgk()\)[@l =B |+ 0p(n?).
+ 9,95 (M) [Bo — Bo]
with coefficients 0,g5(X), 98,9x(A), and 0g,gx(N\) defined as the gradient of gi(A) with

respect to p, B1, and By, respectively. To estimate these coefficients, we have the sample
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analog estimators below:

6pgk()\) = (_)\ + (Blk - BOk)C,LH Oa SER) 07 A— (310 - BOO)C,LU Oa SER) O)/
08, 9k(N) = (1 = pl2k)) ey + 2¢,,0,...,0,—(1 — p(20))cp — 2¢,,0,...,0) (2.9)

aﬁogk()‘) = (ﬁ(zk)cu - 2Cp7 07 A 707 _ﬁ(ZO)CM + 20,0’ O) cecy 0),7

where nonzero elements appear on the first and the (k + 1)’th elements of vectors.

This leads to a consistent variance estimator
56N = 0y (V) Sp@pdi(N) + 07 9k (N) 28,08, 9 (A) + Oy G (N) S0 D0 Gk (-

Let a € (0,1) be the significant level. The next result establishes the uniform validity and

asymptotic similarity of the AR test for Hy : ¢/6 = X\ with A € R.

Proposition 2.3.1. Let Assumption 2 and 8 hold, and suppose that the weight ¢ =

(Cu, Cpy —Cus —Cp)" is a nonzero fized vector, then

liminf il Pr (Aank()\) > gz (1 - a))

=limsup sup Pp (ARmk()\) > q,2(1— a)) = a,
n—w0  (\F)ePo !

where q,2(1 — o) denotes the (1 — a)-quantile of the X3 distribution.

Remark 2.3.1. The above result shows that the proposed AR test is valid and (uniformly)
asymptotically similar in the sense of D. W. Andrews et al. (2020, eq.(2.6)). Constructing
an asymptotically valid subvector test is already challenging in models with weakly identified
nuisance parameters®, because the asymptotic distributions of many test statistics depend
on those unknown nuisance parameters that cannot be consistently estimated (I. Andrews
€ Mikusheva, 2016b, p. 1595). However, I introduce a novel moment function that iso-

lates the causal effects of interest while being free from 0, thereby making the simple AR

4 Since ¢'f is the parameter of interest rather than 6 itself, the vector of primitive parameters 6 =
(@1, p11, to, po1) € R* becomes the weakly identified nuisance parameter under limited variation of propen-
sity scores. Although we can show some functions of 6 are strongly identified using the reparametrization
technique proposed by Han and McCloskey (2019), two parameters (p11, po1) € R? remain weakly identified
even after this transformation (see Appendix A.8).
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test feasible in this context. Unlike existing approaches to subvector inference with weak
identification (see Appendixz A.7.1), this method achieves asymptotic similarity, ensuring
the inverted confidence set maintains 1 — « coverage asymptotically under both strong and

weak identification.

With a binary instrument Z € {2, 21}, there exists a unique AR test statistic AR,, 1(\)
for robust inference on the causal parameter ¢’0. When the instrument is discrete with mul-
tiple values Z € {2, ..., zx} where K > 1, we obtain multiple AR statistics {ARy, x(A)}E_,.
The informativeness of each statistic depends on the variation in propensity scores p(zp) —
p(zk). In this case, combining tests based on different propensity score pairs yields greater
statistical power. Let

T = (p(21) — B(20), - -, B(2K) — B(20))’
and

~ ~

4 = (epBu(z0,21) + oA p(20,21), - -, uBu(20, 2) + €Ay (20, 2))

Then consider valid inference based on a vector of linear moment functions:
9N =N =4 = (G1(N), ..., gx (V) € RE.

Under strong identification where 7 converges to a nonzero limit, an asymptotically efficient
Wald statistic (which becomes the Lagrangian Multiplier statistic in this linear case) for

testing Hp : ' = X can be constructed below:

where S (M) consistently estimates the asymptotic covariance matrix of #A — 4 under null

hypothesis:
S(A) = g (NS0 d(N) + 05, 5(N) 25,05 9(N) + 030 §(X) S, 05 G(N).

Under weak identification, the propensity score differences # may converge in probability

to a zero vector, resulting in a nonstandard asymptotic distribution for W, (\). To illusrate
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this problem, consider a sequence of DGPs where /nm converges to a constant vector 7.
In this case, \/n7t converges in distribution to a multivariate normal distribution with mean
o, which cannot be consistently estimated from the data. Consequently, the asymptotic
distribution of W,,(\) contains the inestimable nuisance parameter mp, making it infeasible
to consistently estimate the unconditional quantiles of W;,(\)’s limiting distribution. How-
ever, similar to the arguments of Moreira (2003) for linear IV models and I. Andrews and
Mikusheva (2016b) for quasi-likelihood ratio tests in GMM models, the asymptotic distri-
bution of W, (A) becomes independent of myp when conditioned on its sufficient statistic,

making it feasible to approximate the conditional distribution of W, (\). Define
h(A) = v/t = [0,m]E[0,9(N]IS(N) Vg (M)

The statistic 2()\) is asymptotically independent of y/ng()\) and contains sufficient informa-
tion about 7y such that the (asymptotic) distribution of Wj,(A) conditional on h()) is free
of mp. To simulate this conditional distribution, I construct a counterpart of y/n7, denoted

as mg:

where n* ~ N(0xx1, [k xx) are simulated draws independent of data. A simulation coun-

terpart of W, (\) can be obtained by replacing y/n#t with 7w, and /ng(A) with S(\)Y/2n*:

(*)' S(\)V2m,ml S(\) V2 (%)

W) - e
wl S(N) s

It follows that W*(A) has the same asymptotic distribution as W, () conditional on the
realization of 2()). Let gy« (1— ) denote the (1 —a)-quantile of the distribution of W*(\)

conditional on the data. This critical value can be used to construct valid conditional Wald

test:

Theorem 2.3.1. Let Assumption 2 and 8 hold, and suppose the weight ¢ = (¢, ¢p, —Cp, —¢,)’

s a nonzero fived vector, then

liminf inf Pp (Wp(A) > gw=(1 —a)) =limsup sup Pp (Wp(A) > gw=(1 —a)) = a.
n—00 (X, F)ePy n—m (X\F)ePy
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Remark 2.3.2. The statistic Wy (\) can be interpreted as a linear combination of AR
statistics in equation (2.8), with weight S~1%. Under strong identification, this weighting
vector can be shown to be optimal among all linear combinations of AR statistics, yielding

the highest local asymptotic power.

Remark 2.3.3. In Lemma A.1.2, I show that the asymptotic variance of the moment
function is uniformly positive definite as long as the weight ¢ = (cy, ¢p, —Cp, —C,) is nonzero.
If we incorporate additional moment conditions induced by the difference of propensity
scores of the form p(zy) — p(z;) for k,j # 0, then the asymptotic variance may become
singular for some nonzero weight c. For example, if we set ¢, = 0 and c, = 1, it follows

that

~

[P(zk) — D(25)IA = cpDp(z), 21) = Gr(A) — g (A),
implying that the moment condition constructed with the variation between zj, and z; (on

the left-hand side) is the difference of the moments constructed by using (z, z0) and (zj, 20)

(on the right-hand side).

Remark 2.3.4. An alternative statistic one could consider is the quasi-likelihood ratio

statistic

QLE,(A) =n [9@)’&(»—1@@) - ;gﬂggu)’éwlg(x)]

and its corresponding conditional approach discussed in I. Andrews and Mikusheva (2016b).
Here I focus on the conditional Wald approach because it is simpler to implement in practice
and is first-order asymptotic equivalent to QLR test under strong identification. Further-
more, there is evidence that, in finite samples, it can yield shorter confidence intervals than
the conditional likelihood ratio test and AR test (D. S. Lee et al., 2023; Van de Sijpe &

Windmeijer, 2023).
2.3.2 Inference with estimated weights

Sometimes the weight ¢ needs to be estimated if researchers’ interests focus on causal

parameters such as ATT and LATE. In this case, the weight usually depends on the joint
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distribution of (D, Z) as in Table 2.1, therefore I make the following assumption:

Assumption 4. The weight ¢ = ¢(p,q) is a function of propensity scores p = {p(zz)}fzo
and marginal distribution of instrument q = {q(2¢)},, and this function is continuously

differentiable.

I plug a consistent and asymptotic normal estimator ¢(p, ¢) into the construction of the

moment function. This gives a modified sample moment function:

gL = [B(zk) — D(20)] A = (B DA (20, 26) — (B, DA (20, 21)
and
8" = @O, gk () € R,
Since the weight c¢ is estimated, it introduces sampling uncertainty into the asymptotic

distribution of the moment function. Let
A, = (Au(z0,21)5 - - ,AM(ZQ,ZK))/ and A, = (A,(20,21),- . ,Ap(zo,zK))’.

Define Au and Ap as their corresponding estimators, where each entry is obtained by re-
placing A, (2o, z;) and A, (29, z) with their respective estimators AM(Z(), zp) and Ap(zo, 2k )-

Applying the Delta method, we have the following first-order asymptotic expansion:

pg(N)
+ %gQ)[ il
gt — 9N = + g [0 — o] +op(n 1),
— Au(Opculp —pl + Opculd — ql)
Ap( ’Cp[p pl+0 ’Cp[ —q])

[p — p]

where dpc and Jyc denote the partial derivative vectors of ¢ with respect to vectors p and

q, respectively, for c € {c.(p,q),co(p,q)}.

The asymptotic variance can be consistently estimated by

ST(M = <0pgT()\) Au[ap’éu] - Ap[ap’ép]) 2 (@,gT(A) Au[ap’éu] - Ap[ap’épD
~ . ~ R ~ ~ . ~ R /

T (Au[aq’cﬂ] + Ap[%'%]) X (Au[aq’cﬂ] + Ap[%'%])

+0309T (V) 25,08,9" (V) + 03,97 (V) 25,08 9T (N),
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where 0,G7()\) is obtained from d,¢()\) by replacing ¢ with ¢ for 2 € {p, By, 81}, and 0zCy,
(or 0;¢,) denotes the sample analog of d,c, (or dzc,) evaluated at (p,q) for x € {p, q}.
To achieve asymptotic independence from y/ngf()), I modify the sufficient statistic ﬁ()\)

to
hT(/\) = /nf — [apﬂzp (ap’gT()‘) - Au[ap/éu] - Ap[ap’épD ST()\)fl\/ﬁgT()‘)'

The simulation counterpart of 7y can then be constructed as
S

wl = 1T + [2p7]%, (ap’flT()\) — Aulopen] — Aylo, /cp]> ST V2%,

where n* ~ N (0gx1, [k« k) are simulated draws independent of data. Under these modi-

fications, the asymptotic distribution of the plug-in Wald statistic

has the same conditional distribution as

(]S ) P ST ) 2 ]
[l St~ ]

when conditioning on IAzT()\) as sample size diverges. This leads to the following corollary

regarding the uniform validity of the modified testing procedure:

Corollary 2.3.1. Consider the weight ¢ that depends on the data distribution F. Let

Assumptions 2, 3 and 4 hold, and suppose that infy p)ep [c(pr,qr)|l > 0. Replacing

(G(\), S(\), 7s) with their counterparts (§1(\), ST(N), 71) in Theorem 2.3.1 yields the same

conclusion.

Remark 2.3.5. We can also modify the AR test described in Proposition 2.3.1 by replacing
k(X)) with QZ()\) and replacing §,(N) with the (k,k)-th diagonal element of ST(\) to make

it asymptotically valid with the estimated weight.
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2.4 Robust Inference in Polynomial MTE Models

In this section, I relax the linearity Assumption 3 and extend the analysis to allow for

any functional forms specified in Assumption 1.5. This includes the linear MTE model

m _ _1

-1 that is commonly used in empirical

and the polynomial specification hp,(-) = u
applications.

For this broader class of models, constructing moment conditions that only involve the
target causal parameter is less obvious. Therefore, I develop an alternative improved projec-
tion approach that builds on I. Andrews (2018) to achieve valid inference. When compared
to the conditional Wald test in section 2.3, this new approach applies to a wider range of
MTE models but is more computationally intensive and is potentially more conservative.
On the theoretical front, I argue that the high-level conditions imposed by I. Andrews
(2018) cannot be directly verified in the MTE setting. Therefore, I extend his sequential

validity result (that based on high-level conditions) by establishing the uniform validity

under primitive conditions on the parameter space outlined in Definition 2.2.1.

2.4.1 Improved projection inference

First, I describe how to adapt the improved projection test developed by I. Andrews

(2018) for conducting inference on ¢’# using the following linear system of equations:
Af =p (2.10)

where

Ay Ok +1)x(M+1 61 b1
A— (K+1)x(M+1) g — _ 7
(O(K-‘rl)x(M—l-l) Ao to P Bo

as defined below equation (2.5). Note that A is a matrix of transformed propensity scores
and [ is a vector of conditional expectations, both of which can be consistently estimated by
their sample analogs A and B under appropriate assumptions. Since the matrix A captures
the variation in propensity scores, it determines the strength of identification.

The conventional Wald test for conducting inference on /6 uses the first-order efficient
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estimator obtained by minimizing the following minimum-distance objective function:

0°% € argminn (A0 — 3)'Q(0) 71 (A0 — B)
0c©
where Q(6) is a consistent estimator for the asymptotic variance of /n(A# — 3), formally

defined in equation (2.18). Then the classical Wald statistic for assessing Hp : ¢’ = X is
Wald,, () = n(¢6%F — )/ (¢ (A'Q0°T) 7L A)~Le) =1 (6% — ). (2.11)

When Assumption 1.7 is nearly violated, A may converge in probability to a matrix
with deficient rank. For example, consider the following simple example on the linear MTE

model with a binary IV.

Example 2.4.1 (Linear MTE model with a binary IV). Suppose K = M = 1 and set
hi(u) = uw— 1. Along a sequence of DGPs {F,}, let pp,(z0) = p € (0,1) and pp,(z1) =
p+ v, € (0,1) with v, — 0. In such case, the probability limit of p(zo) and p(z1) are equal

to p, and we have

1 5(p(z0) — 1) Oro 1 5(p—1) Ons

Ao |t sz - 1) > s |1 T :
0252 : ?13(20) 0252 ! b
1 5p(=1) L 3p

Note that the probability limit of A becomes a singular matriz.

This singularity results in multiple minimizers of the limiting objective function when

defining geft suggesting that the efficient estimator geft may not exhibit the usual properties
of consistency and asymptotic normality. To address this issue, one can derive inference

results based on the moment condition:
m(0) = A0 — B = Og(k41)x1

instead of using the estimator 6. Let m(0) = A6 — j3 denote the sample moment function.

By substituting the true (or hypothesized) value 6 for #°F in Q(A°f) and plugging the
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following first-order asymptotic expansion:

into equation (2.11), this gives a locally equivalent Lagrangian Multiplier (LM) test statistic:

LMH(G) = 7'1,(1219 - B),Q(e)_1/2PQ(9)71/2AA(A/Q(9)_1A)_1CQ(9)_1/2(Ae — B)
which does not require 6°f to be consistent.
However, the singularity of A’ Q(G)_IA persists under the projection operator in the
LM statistic. Following the insights of Kleibergen (2005), one can orthogonalize columns
of A = (a,... ,Ga(p+1)) With respect to the variation in the moment condition () to

obtain a new gradient estimator

where

dj(0) = a; —T;(0)Q0) 1 (A0 — B) for j =1,2,...,2(M +1).

Here fj (0) is a consistent estimator of the asymptotic covariance between /nm(6) and the
j-th column in \/n(A — A), formally defined in equation (2.19).

By this orthogonalization, \/ﬁ(f)(ﬁ) — A) is asymptotically independent of the moment
condition y/n(0) in large samples. Replacing A with D(6) in the LM statistic then leads

to the “subvector” Robust LM (RLM) statistics for inference on ¢'6:
RLMH(Q) = n(AG - B)/Q(e)_1/2PQ(9)_1/2D(9)(f)(g)/@(g)_l[)(9))_16@(9)_1/2(1210 — B) (212)

If \/nA converges to a fixed matrix A as in Kleibergen (2005, p. 1108) (implying A has
a zero limit), \/ﬁﬁ(ﬁ) converges to a Gaussian matrix with mean A that is asymptoti-
cally independent of the moment vector. Consequently, the projection matrix in the RLM
statistic becomes asymptotically independent of the moments on both sides, implying that
RLM,,(0) follows the standard x? limiting distribution for a sequence of DGPs that induces

a zero limit of A at a rate n— /2.
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Compared to the classical RLM statistic for full vector inference in Kleibergen (2005),
this subvector RLM statistic (2.12) only attains power for deviations in the linear function
c'# rather than the full vector #. This feature has two important implications. On the
one hand, when identification is sufficiently strong, the subvector RLM statistic is locally
equivalent to the efficient subvector Wald statistic (2.11) when 6 approaches its true value;
On the other hand, this equivalence may fail since the subvector RLM statistic cannot
distinguish alternative values of 6 from the true value when they yield the same value of
8. To overcome this limitation, I. Andrews (2018) introduces a linear combination (LC)

statistic that combines the RLM and AR statistics:
LC,(0) = RLM,,(0) + a - AR,,(0) (2.13)

where

~ ~

AR, (0) = n(A0 — BYQ0)" (A0 — j)

and a > 0 is a tuning parameter on the weights attached to the AR statistic. By incorpo-
rating the AR term, the LC statistic diverges to infinity outside the n~/2 neighborhood of
the true parameter 6 under strong identification. This property guarantees power against
any deviations from the true value. Moreover, when a is sufficiently small and the model
is strongly identified, the projection test based on the LC statistic becomes approximately

equivalent to the subvector Wald test.

2.4.2 Contributions and modifications

In a GMM model, I. Andrews (2018) shows that LC, () converges to a mixture of two
independent chi-squared distributions (1 + a)x? + ax%KH in a sequence of DGPs {F} },>1
satisfying certain high-level conditions. As Andrews notes in his conclusion, the uniform
validity of his result under more primitive conditions remains an open question. In this
section, I make two key contributions: I show that his high-level conditions are not trivially
satisfied in the MTE framework, and I establish the uniform validity of the LC test through

a simple modification.
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First, consider Assumption 4 of I. Andrews (2018). This assumption requires two conver-
gence conditions by the existence of normalizing sequences: a sequence of full-rank matrices
(A1) © REMFDX2AMAL) and a sequence of nonzero constants {As,} € R. Under these
sequences, the normalized matrix lA?(H)Al,n must converge in distribution to a Gaussian
matrix of full rank almost surely, and the normalized weight A’anAg,n must converge to a
nonzero vector.

The convergence part of this assumption can be verified straightforwardly in the context

of Kleibergen (2005) as discussed above, who considers the sequence
VnAp, — Ae RAKFD)x2M+1) (2.14)

in which case Ay, = +/nf and Ay, = More generally, Stock and Wright (2000) and

1
v

Chaudhuri and Zivot (2011) consider a sequence
AFn = (02(K+1)><q7 Afull) + Asing,Fn and \/ﬁASing,Fn - A (215)

in which case Agq has full column rank, representing those parameters that are strongly
identified. We can set Ay, = diag{y/nly, Io(pr41)—q} and Agy = ﬁ such that Assumption
4 still holds.

However, the sequences (2.14) and (2.15) are inappropriate for the MTE setup. To see
this, consider again the example on a linear MTE model with a binary IV as discussed

above:

Example 2.4.2 (Linear MTE model with a binary IV). Suppose K = M = 1 and set
hi(u) = u— 3. Along a sequence of DGPs {F,}, let pr,(z0) = pr,(21) = p € (0,1) for
each n > 1. Since K = |{pr, (20),pF,(21)}| =1 < M + 1 = 2, Assumption 1.7 fails in this

example. Note that the matrix Ap, becomes

1 fp-1
%<p ) 02><2
F, = 1 lp
O2x2 1 ip
2

In this case, neither (2.14) nor (2.15) holds here.
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More generally, a singular but nonzero limit of Ar, would not satisfy conditions (2.14)
or (2.15). Similar examples of weakly identified models that fail to meet these conditions are
discussed in D. W. Andrews and Guggenberger (2017), where a singular value decomposition
(SVD) technique is introduced to establish uniform validity of the classical RLM test for the
full vector. To achieve the same goal of uniform validity, I generalize their SVD approach to
address inference on parameter functionals in the MTE framework. My approach proceeds

with a SVD of Ap,:

TR, 0 .. 0
0 TO R, .- 0
Ap, =Cr ||+ 1 - : BF,,
O 0 e TQ(M-&-l),Fn
| O2(k—Myx2(M+1) i

IIF,

n

where Cp, € RZE+DX2K+) and By e RAM+DX2AM+L) are orthogonal matrices, and
0 = TIE, = ToF, 2,2 TaM+1),F, = 0 are singular values of Ap, in a descending

order. I show that the following normalizing matrices establish convergence of D(#)A1,,

and A7, cAgp:
Al,n = BFn diag{(TLFn)_l, ey (Tq,Fn)_l, \/ﬁ, RN \/’71}

Az = AT el ™,

2(M+1)

i1 that diverge to infinity.

where ¢ is the number of scaled singular values {\/n7; r, }

Despite the convergence of ZA?ALn under the constructed normalizing matrices, its asymp-
totic limit may be rank deficient. This issue prevents the use of the efficiently weighted
projection matrix in the subvector RLM statistic. (A similar issue was also noticed by
D. W. Andrews and Guggenberger (2017), who impose additional parameter space restric-
tions to avoid this problem). To address this problem, I modify the matrix D by adding a

small noise of size n~1/2:

D(#) = D(9) + rn~Y2¢, (2.16)



(K+1)x2(M+1) s o matrix of i.i.d. standard

where £ > 0 is a tuning parameter and ¢ € R?
normal random variables independent of data. This perturbation ensures that ﬁ(@)ALn
achieves full rank almost surely while having asymptotically negligible effects on the test
statistic under strong identification. This perturbation technique draws inspiration from the
AR/LM test®(D. W. Andrews, 2017). While AR/LM test focuses specifically on inference
for a subset of parameters, my paper addresses a different problem of inference on a linear

functional of parameters.

Define the new matrix under projection as follows:

A~ ~

Q(0) = Q(0)~2D(6)(D(6) 20) " D(O) e,
and the corresponding modified RLM (MRLM) statistic becomes
MRLM,,(0) = n(A0 — B)Q(0) Py, 20) (A0 — ).

Then the modified LC (MLC) statistic is given by

MLC,,(6) = MRLM,,(6) + a - AR, (6). (2.17)

In section 2.4.4, I establish the uniform validity of using (2.17) for conducting inference on

the linear function 6 even if Assumption 1.7 might fail or be close to failing.

2.4.3 Implementation of the MLC test

In this section, I describe the implementation of the projection test based on the MLC
statistic as below:
1. Construct the key quantities for the test statistics
(a) Construct the estimators of p and B, as well as their asymptotic variances es-
timators f]p and f]g, as in section 2.2.4. Plugging in the estimator p into the

matrix A then obtains the estimator A.

® In addition to the modification in (2.16), D. W. Andrews (2017, eq. (7.11)) introduces two tuning
parameters, (K7, K}), to categorize identification strength. However, this categorization is not required
for our inference procedure, and there is no clear guidance for choosing these parameters.
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(b) Define the asymptotic variance estimator of the moment function

~ N

Q0) = H(p,0)S,H(p,0) + 3 (2.18)
where

diag { 3™ 01\, (0(20)) £ =0,1,... K

H(p,0) =
diag { ™ Gom Mo, (p(20)) £ =0,1,... K

(c) For each m =0,1,..., M, let

Lim(p) = diag{\},,(p(0)), - - -, M (B(2k)) }
and

For each j = 1,...,2(M + 1), define a column vector d;(6) and the covariance

estimator T'j(#) as below

0;(0) = M;(5)S,H (p, 0) (2.19)
where
L. 1(p
. 5=1(P) if j < M+ 1
M;(p) = { p FFDx D . (2.20)
e el T T V|
Rj_p—2(p)

~

Let D(0) = (di(0),....doars1)(0)) and D(0) = D(0) + rn~Y/2¢, where € €
R2E+D>2(M+1) i3 o matrix of standard normal random variables independent of
data. & is a positive tuning parameter chosen as 1076 following D. W. Andrews

(2017).
2. Given the estimators A4, 3, Q(Q), and 5(9) constructed from step 1, compute the
modified LC statistics as in equation (2.17) for # € ©. For the empirical application

and simulation studies, I set the AR weight coefficient as 0.05, which is close to the
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suggested weight a(v) introduced by I. Andrews (2018, p. 343) by setting o = 5%,
~v = 10%, and K = 15 as in section 2.7.

3. Let a € (0, 1) be the significance level. The modified LC test rejects the null hypothesis
Hy : ¢6 = ) if the profiled test statistic over the linear manifold /6 = X is larger than

their respective critical values, i.e.,

QZ)MLC(/\) =1 [C};l_f)\ MLCN(Q) > q(l+a)x%+ax%K+1(1 - Oé):|

where ¢4 (1 — a) denotes the (1 — a)-quantile of the mixture chi-square

Xi+axs x4
distribution (1 + a)x} + ax3x,, with x3 1L x5, ;. Additionally, define dvLc(N) =1
for A ¢ {6 : 0 € O}.

A robust confidence set can be obtained by inverting the test, that is,

Cure = {A e R: durc(M) = 0}
2.4.4 Uniform validity

The following theorem establishes the uniform validity of the MLC test based on the

profiling the MLC statistic.

Theorem 2.4.1. Let Assumption 2 hold, and suppose that the weight c is a nonzero fized

vector. Then we have

limsup sup Ep[éMLC(/\)] < a.
n—o  (X\F)eP,

By this theorem, the MLC test has an asymptotic size less than or equal to the nominal
level a € (0, 1) for the parameter space Py. In other words, the MLC test is uniformly valid
regardless of the model’s identification status. In Appendix A.2, I further demonstrate that
the MLC test is consistent for distant (or fixed) alternatives and has comparable power
to the efficient Wald test under strong identification when the AR weight a is sufficiently
small. These findings highlight the usefulness of the MLC test for researchers seeking robust

inference against weak identification.
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2.5 Incorporating Covariates

In this section, I assume a set of covariates W is included in the MTE model as follows:
Yo = pa(W) + Vay

D = 1[U < v(W, 2)],

where pqg(W) = E[Y; | W] denotes the conditional expectation of potential outcomes.
Similar to Theorem 2.2.1, we can identify the MTE function E[Y1 — Yy | Fyw (U|W) =

u, W = w] under the following assumptions.

Assumption 5 (MTE model with covariates).
1. Z1U|W.

E[Y; | Z,W,U] = E[Yy | W,U] and E|Y;| < o for d € {0,1}.
U|W =w is continuously distributed for all w € supp(W).

0<PD=1|W=w,Z=2)<1 forall (w,z) € supp(W, Z).

A

E[Yy | Fyw(UIW) = u,W = w] = pa(w) + 301 pam(w)him(u) for some known
continuous functions {hm(-)}M_, for each d = 0,1 and u € (0,1), where Fyw (+|w)
denotes the distribution function of U conditional on W = w.

6. {Mm()IM_o and {Mom()}M_, are unisolvent on (0,1), where Aoo(-) = Aio(*) = 1,

and

1 (P 1t
Am(p) = f hm(uw)du and Aom(p) = —— | hm(u)du  form=1,..., M.
P Jo 1_p P

7. KP(D=1|Z=2W =w):zesupp(Z | W =w)}| =M + 1 for all w e supp(W).

Under the above assumption, we can normalize the distribution of U conditional on the
random covariate W to be uniformly distributed over the unit interval (i.e., Fyyjy (u|W) =

u) and thus v(w, z) = p(w,2) =P(D =1 | W = w, Z = z). The structural quantities

O(w) = (11 (w), {p1m (W) }m=1, 110 (w), {Pom (W)} n=1)
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can be identified for all w € supp(W) by the following separate regressions:

M p(w,z) u
E[Y |D=1,2Z=2W =w] = m(w) + Y. plm(w)L Z(TZJ(Z))
—1 )

3

(2.21)

For some w € supp(W), the variation of {p(w, z) : z € supp(Z | W = w)} can be weak
in practice, especially when conditioning on certain groups of units who have very high (or
low) probability of being treated. To address this problem, researchers commonly impose

the additive separability condition as follows.

Assumption 6 (Additive separability). The MTR function is linear and additively sepa-

rable in covariates and selection unobservable. That is, for d = 0,1,
E[Yy | W,U] = pa + W'rg + E[Vy | U].

This assumption eliminates heterogeneous effects of covariates W interacted with selec-
tion unobservable U on potential outcomes, i.e., pgm(w) does not vary with w. Up to a
linear term W'z, the covariate W is mean independent of Y, conditional on U. This enables
point identification of MTEs on the unconditional support of propensity scores p(W, Z) by
using variation from covariates in addition to exogenous variation from discrete instruments
(Carneiro et al., 2011, Section I.B). Next, I show that the failure of Assumption 6 can lead
to a biased estimator of treatment effects unless W is uncorrelated with the treatment and
propensity score. Given this result, I consider Assumption 6 to be a strong assumption
and implement inference in the empirical analysis by conditioning on covariates rather than
relying on additive separability.
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2.5.1 Bias from additive separability

I show the bias of treatment effect estimators for a specific class of DGP as follows:
E[Yy | W =w,U = u] = g + w'rg + pa(w)h(u), (2.22)

where W € R” is a vector of covariates, pg(w) = pg + w'ng for d = 0,1, and h(-) is strictly
increasing and integrates to zero over [0,1]. This model can be regarded as the MTE
model satisfying Assumption 5 with M = 1 and p4(w) being linear in w.% Note that the
effects of W can vary across different values of selection unobservable U, which violates the
additive separability Assumption 6. To obtain correct estimates on the model parameters,
one should implement separate regressions as follows:

E[Y |D=1,W =w,P =p] = p; +w'n + p1Ai(p) + [wAi(p)]'m

(2.23)
E[Y | D=0,W =w,P = p| = o +w'ro + poro(p) + [wAo(p)]'no

where P =P(D = 1| Z,W) is the propensity score, and

4 1
M(p) = 1‘£)h(u)du and  \o(p) — 1_{}) h(u)du.

However, suppose a researcher mistakenly imposes additive separability. This implies
pa(w) is considered as a constant in the model with 79 = 71 = Opx1. As a result, short
regressions with omitted interaction terms WAg(P) will be implemented:

Y =1+ W'H + pM(P) + yWAP)ID=1 " onditional on D = 1
(2.24)
Y = fio + W7y + poro(P) + YWAPIP=0" conditional on D = 0
where YXIP=4 denotes the OLS residual of Y from regressing ¥ on (1, X) conditional on

subsamples D = d:

yiXIP=d =y _ X'E[XX'| D =d] 'E[XY | D = d].

6 Specification of this form under additive separability also appears in Kline and Walters (2019). The
difference exists on the unobserved heterogeneity part pq(w)h(u)
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where X = (1, X").

The next lemma compares the estimands from the correct specification (2.23) with the
ones from the misspecified model (2.24). Note that the bias derived under the specific
model class (2.22) indicates that the worst-case bias would worsen when extending to a

broader model class where additive separability does not hold.

Lemma 2.5.1. Under the DGP (2.22), the bias pq — pq equals

cov(WAg(P)WIP=4 3,(P)WID=1 | D — g)
var(\g(P)tWIP=d | D = d)

d (2.25)

and the bias T4 — T4 equals

E[(WL)\d(P)\Dzd)(WL)\l(P)|D=d)/ | D= d]—lE[(WL)\d(PﬂD:d)(W/)\d(P)) | D= d] Y

(2.26)

The bias formulas are direct consequences of Frisch-Waugh-Lovell (FWL) theorem. It
shows that the degree of treatment effects heterogeneity of the covariate W, measured by
14, has a nontrivial impact on the bias of estimates.

The bias formulas (2.25) and (2.26) simplify further under the following additional

assumptions:

Assumption 7. Under the DGP (2.22), the following conditions hold:
1. W is uncorrelated with the control functions of propensity score conditional on treat-
ment status: For d =0,1,
cov(W, \g(P) | D =d) =0px1

cov(WW' X\g(P) | D =d) =0rxyr

cov(W, A\g(P)? | D = d) = Opx1.
2. W is uncorrelated with treatment: E[W | D = 1] = E[W | D = 0].

Assumptions 7.1 posits that the covariate W and the control function A\;(P) are uncor-

related up to their second moment, given the treatment or control groups. This assumption
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is notably strong, suggesting that the covariate W cannot cause significant variation on the
propensity scores within both groups. However, the bias of treatment effect estimands
persists even under such stringent assumptions.

Only if researchers are willing to assume that W is completely “irrelavant” under an
additional Assumption 7.2, the misspecified model (2.24) would yield correct estimates of
average treatment effects and the slope of MTEs as the ones obtained from the true model
(2.23).

I focus on the bias for ATE, conditional ATE, and slope of MTE curve’, which are

defined as
ATE = E[Y; — Yo] = pi1 — po + E[W' (11 — 10)]
CATE =E[Y; — Yy | W = w] = 1 — po + w' (11 — 70)

Slope = E[p1(W) — po(W)] = p1 = po + E[W' (11 — no)].

Under misspecified additive separability, the researcher may estimate these effects by
ATE = i — fio + E[W'(71 — 70)]

CATE = ji1 — fio + w'(f1 — 7o)

Slope = p1 — po.

The next theorem shows the difference between the causal parameters and their correspond-

ing estimands under Assumption 7.

7 The ATE and the slope of the MTE are of interest because the shape of the unconditional MTE,
E[Y1 — Yo | U = ], is uniquely determined by these quantities. This is also the commonly reported MTE
curve evaluated at the mean value of covariates.
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Theorem 2.5.1. Under the model (2.22),
1. Suppose Assumption 7.1 holds, then
ATE — ATE = (E[W] —E[W | D = 1])'m x E[\(P) | D = 1]
— (BE[W] = E[W | D = 0])'no x E[Ao(P) | D = 0]
CATE — CATE = (w —E[W | D = 1])'m x E[\M(P) | D = 1]
— (w—E[W | D =0])'n x E[Xo(P) | D = 0]
Slope — Slope = (E[W | D = 1] —E[W | D = 0]) (P(D = 0) n1 + P(D = 1) n).
2. Suppose Assumption 7.1 and 7.2 hold, then ATE = ATE and %@ = Slope.

Remark 2.5.1. While the estimation of the ATE may remain unbiased under both con-
ditions outlined in Assumption 7, it is important to note that the bias on CATE does not
necessarily disappear under such assumption. Consequently, researchers should be cautious
about interpreting CATE estimates in short regressions (2.24) even if they have justified

the validity of Assumption 7.

From this theorem, it becomes evident that the bias on ATE and the slope of MTE
are driven by two main factors: the magnitude of 74, which represents the heterogeneity
effects of W, and the extent to which the covariate W is unbalanced between the treatment
and control groups. Therefore, the bias on those estimands can be quite significant if we
omit heterogeneous effects of covariates that vary with unobserved heterogeneity U. In
Appendix A.6, I provide a numerical example illustrating that such bias can even alter the

sign of the ATE estimand when additive separability is mistakenly imposed.
2.5.2 Sidak-Bonferroni’s correction

In this section, I implement the proposed identification-robust inference procedure con-
ditional on a set of discrete covariates W. Assumption 2 is extended to incorporate addi-

tional covariates:

Assumption 8. The random vectors (Y;, D;, Z;, W;) fori=1,...,n are i.i.d. with distri-

bution F', where W; has finite support.
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Next I introduce a set of regularity conditions to be imposed on the distribution F'. Let
0 = {f(w) : w e supp(W)}. For some §,{ > 0 and € € (0,1/2), define the parameter space
P as the set of pairs (6, F) satisfying the following properties:
1. Equation (2.21) is satisfied with K > M, where 8(w) € int(©) < R*M+1) for some
compact set O, for all w € supp(W),
2. SUPy_0,1 SUP (- w)esupp(zw) EF[[Y T | D =d, Z = 2, W = w] <,
3. € < Inf(, wyesupp(zw) PR(D = 1| W = w, Z = 2) < sup(, y)esupp(zw) Pr(D = 1 |
W=w27Z=2)<1-—g¢,

4. € < inf(z,w)esupp(Z,W) ]P)F(Z =z ‘ W = w) < sup( (Z,W) PF(Z =z | W = w) <

2,W)ESUpp
1 —k,
5. € < infyequppw) PR(W = w) < supyesuppw) PR(W = w) <1 —¢,

6. € < infy—o1i0f(. wyesuppzwy Varep(Y | D =d, Z = 2, W = w).

In particular, conditions 3, 4, and 5 together imply that
supp(D, Z, W) = {0,1} x supp(Z) x supp(W)

and strong overlap holds.

For a fixed w € supp(W), let P(w) be the projection set of P onto (0(w), Fy,p zjw—w)-
That is, (6(w), FY,D,Z\W=w) belongs to P(w) if there exists a DGP (0, F') € P that generates
(H(w),Fy,D’Z|W=w). Note that elements in P(w) still satisfy conditions 1-6 but with a
fixed w € supp(W). Define Py(w) as the space of the conditional causal effects A\(w) =
() O(w)®:

Po(w) = {(A(w), Fy,p 2w =w) : Mw) = c(w)'0(w), (0(w), Fy.p zjw-w) € P(w)}.

Note that the weight c(w) can depend on the underlying distribution Fy p 7wy, but I

omit this dependence for the simplicity of notations.

8 The weight c¢(w) depends on covariates w if it contains unknown propensity scores, e.g., ATT, LATE,
and PRTE.
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The space for the aggregated effects \ = Zwesupp(W) q(w)A(w) is denoted by

Po=4NF): A= > gp(w)e(w)b(w), (0,F)eP
wesupp(W)
where ¢r(w) represents the marginal or conditional distribution of covariates, for example:
1. The marginal probability of covariates P(W = w), for ATE.
2. The weighted marginal probability: P(W = w | D = d), for ATT and ATU.
3. The weighted marginal probability: P(W = w | p(W, z9) < U < p(W, zi)), for LATE.
The methods described in sections 2.3 and 2.4 have led to a confidence set C(w) for the

conditional effect A(w) with uniformly valid coverage requirement as below:

Definition 2.5.1. For w € supp(W), a confidence set C(w) for the conditional causal
effects A(w) = c(w)'8(w) is said to be uniformly valid with asymptotic level 1 — « if it

depends on the samples {(Yi, D;, Z;) : Wi = w} and satisfies

lim inf inf Pr (AMw) € C(w)) =1 — a.

n—=0  (Aw),Fy,p,z|w=w)EPo(w)

The following lemma then shows that a valid confidence set for the unconditional effect
A can be obtained by combining the confidence sets C(w) across the support of covariate

W using an adjusted critical value.

Lemma 2.5.2. Let Assumption 8 hold. Suppose for each w € supp(W), there exists
a uniformly valid confidence set C(w) for \w) with asymptotic level (1 — o)/IswP(W)I,

Define a confidence set C by taking a weighted average:
C={rA= > qrwA(w): A(w) e C(w)
wesupp(W)
Then we have

liminf inf Prp(AeC)>1-a.
n—o0 ()\,F)ePy

44



Proof. For any fixed (A, F') € Py, we have

Pr(AeC) = Pg N Aw)ec(w)
wesupp(W)

= ]I Pr(Mw)ecw)
wesupp(W)
The second line uses the fact that {\(w) € C(w)} is independent of {\(w') € C(w')} if w # w’
since confidence sets are estimated from independent samples following Definition 2.5.1.

Taking infimum on both sides obtains

inf Prp(AeC)= inf Pr(Aw) € C(w
(A F)ePo rrec) (A,F)epowesg(w) r(Mw) € C(w))

= inf Pr(A(w) € C(w))
watg(w) (W), Fy,p, 21w —w)€Po(w)

The second line holds since every element (A, F)) € Py corresponds to a valid element of
(AMw), Fy,p,zjw=w) contained in Py(w) for each w € supp(W). Let sample size n go to

infinity and then it follows that

liminf inf Pp(Ael)=> lim inf inf Pr(AMw) € C(w)) = 1—au.
n—0o0 ()\,F)EPO F ( ) H n—ao0 (,\(w),Fny,Z‘W:w)EPO(w) F( ( ) ( ))
wesupp(W)
So the desired result is proved. O

Consider a unknown gr(w) that needs to be estimated. Denote C, the valid confidence
set of gqr = {gr(w) : w € supp(W)} with asymptotic level 1 — a; (0 < a1 < «), which
satisfies

liminf inf Pgp(greCy) =1—aj.
n—0 (\,F)ePy

One can construct such confidence set by inverting the Wald test based on the sample
analog estimator of ¢p.
Let C(w) be a uniformly valid confidence set with asymptotic level (1 — ag)/!swP(W)

for A(w) as defined in Definition 2.5.1. Then we can construct the confidence set C for the
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unconditional causal effects as below:

C={A= > qwA(w): Aw)eC(w),qeC,

wesupp(W)

Lemma 2.5.3. Let Assumption 8 hold. Suppose for each w € supp(W), there ezists a
uniformly valid confidence set C(w) for MN(w) with asymptotic level (1 — ag)YIsPPWII - and
there exists a uniformly wvalid confidence set for qrp with asymptotic level 1 — oy, where

a1 = o — ag. Then we have

liminf inf Prp(AeC)>1-a.
n—o0 ()\,F)ePy

Proof. For a fixed pair (A, F') € Py, we have

Pr(AeC) = Pp > qw)A(w)ecC
wesupp(W)

> Pp <q e Cy, Mw) € C(w) for each w € supp(W))

> Pp <q e éq) + ] Prw) ecw) -1

wesupp(W)

Following the same arguments in Lemma 2.5.2, we have

liminf inf Pp(AeC) >liminf inf Pp(qeCy)

n—o (\,F)ePy n—0 (\,F)ePy
+ J] liminf inf Pr (A(w) € C(w)) — 1
wesupp(W) n—=0  (ANw),Fy,p, zjw=w)€Po(w)

:1—061—042

=1-a.
So the desired conclusion is proved. O

In practice, we usually can achieve precise estimation of ¢(z) if the sample size condi-
tional on covariates is considerably large. In this case, the standard errors from estimating

q(z) are often small, and therefore the corresponding impact can usually be ignored.
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2.5.3 Discussion of inference under additive separability

In this section, I briefly describe how to implement the proposed robust inference pro-
cedures if researchers still want to maintain additive separability. Following the existing
literature discussed in Appendix A.7.2, additional functional restrictions should be im-
posed on both stages, such as the additive separability (Assumption 6) and a distributional
assumption on selection unobservable U. To fix ideas, consider a model with covariates
W e R and a discrete instrument Z below:

Yy=pg+Wrg+Vy
D =1[U < W'n+6(Z)]

UL (W,Z) and U ~ Fy(-)

where Fyy denotes the CDF for a known distribution (e.g., logit or normal specifications).

Additionally, assume the additive separable structure holds:
E[Va | W =w, Fy(U) = u] =E[Vy | Fy(U) = u]

for which I maintain the parametric specification of control functions:

E[Vd ‘ FU(U) = u] = pdmhm(u)'

1

HNGE

The separate regression approach gives the following observable implications for identifica-

tion of the structural parameters:

M
ElY | D=1,W=w,Z=2]=u +wn + Z P1mA1m (W' + 6(2))

m=1

=1 +w'n + M (wn+8(2)) p1

(2.27)
M

E[Y |D=0,W =w,Z = 2] = g + w'rp + Z pomAom (W' + §(2))

m=1

= po + w'to + Xo(w'm +6(2)) po
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where pg = (pa1,---,pam)’ and A\g(t) = (Ag1(t), ..., Aap(t)) for ¢t € R, in which we let

Fy(t) Jo
1 1
Aom(t) = =0 JFU(t) b (w)du.

With this additively separable structure, the instrument Z is not necessarily required
for point identification of the structural parameters p, 7, and p (Pan et al., 2024). Consider

the following example:

Example 2.5.1. In a Normal MTE model where (U, Vy) ~ N(0,%,), and

Ed:<1 pg)7
Pd Og

we have

E[Va | Fy(U) = u] = pa®~'(u),

where ®~1 denotes the inverse of standard normal CDF. So this implies M = 1 with

hi(u) = ®~1(u) in the equation (2.27), where A\g(-) denotes the inverse Mills’ ratio:

)\1(75) = i((z)) and )\0(75) = 1:23((1%

In this model, the structural parameters are not identified when both m = 0 and 6(z) = §. If
we only have §(z) = 0 for all z € supp(Z) (i.e., there is no exogenous variation from IV at
all), we can still point identify all parameters given that rank(1, W, \q(W'm +0)) =2 + L
almost surely. This point identification is a joint consequence of the additively separable
structure and nonlinearity of the transformation \g(-). It also illustrates how the variation
in covariates W can help identify the endogenous coefficients (p1, po) without instruments,

even if W does not satisfy the exclusion restriction.

From this example, weak identification under additive separability depends jointly on

the coefficients of covariates and instruments in the first stage. Even if instruments are weak
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and cannot generate much variation, the structural coefficients might still be strongly iden-
tified if covariates strongly influence individuals’ treatment decisions (that 7 is sufficiently
distant from zero).

Recall that the parameters of interest are linear functionals of the MTE function:

MTE(w,u) = 1 — po + w' (71 — 709) + Z P1m — Pom)hm (u).
m=1

For example, consider the PRTE:

E[Y€ - Y] fpe(WZ)
— = F MTE(W, u)du E[D¢— D
E[De _ D] ZW [ (W, 2) ( ) [ ]

< Pim — POm Pe(W.2)
= i — o+ E[W (1 — ) + Y} Aun =P J o ()t

where
E[D*—D] =« for additive PRTE
E[D°—D]=¢-P(D =1) for proportional PRTE

p(w, 2) = Fy(w't + §(2)).

To proceed with inference on the target parameter, I suggest the following step:

1. Estimate the first stage and obtain the estimated coefficients #, 6 (+).

2. Fix the parameters of pg = {pgm}M_, and estimate 74 in separate regressions (2.27)
by regressing Vi — Ag(W/# + 6(Z;)) pg on (1,W!). Under the assumption that W has
full rank (or Amin(var(W)) > e uniformly over the class of valid DGPs), we can obtain
consistent estimators of ug and 74 under a fixed value of pg. Denote the estimators
as fig(pq) and T4(pq), respectively.

3. Following the previous step, we can construct the moment condition of (pg,p1) as

below:

~

= 25 AW 20Dy (Y= inlon) = Wit (o) = M(Wik + 8(2)) 1)

1o (po) = Z fo(Wi, Zi)(1 — D;) <Yz — fio(po) — Wito(po) — Mo(W;7 + 5(21‘))//70) ,

i=1
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where fy(w, z) € RP is a measurable function of (w, z) with p > M for d = 0,1. The
functions {fq(w,2)}4—0,1 are chosen to avoid the issue discussed in Appendix A.8,
such that the asymptotic variance of the moment functions is non-singular for all
pa € RM for d = 0,1.

4. With these moment conditions, we can conduct inference on the target parameter?

by applying the improved projection method from section 2.4.
2.6 Monte Carlo Simulation

In this section, I compare the finite-sample performance of the proposed MLC test with
the classical Wald test using simulated data from a simple quadratic MTE model with a

three-valued instrument.'® Consider a DGP specified as follows: For each d = 0, 1,
Yo = pa+Va

D =1[U < p(Z)]

1 1
Va = pa1 <U 2) + pd2 <U2* 3> + €4,

where Z is uniformly distributed over three points {zo, 21, 22} and is independent of (U, ey, ep).
The error terms (eg, eg) follow a joint normal distribution with zero mean and covariance
matrix Y, = 0.5 Ioxo. For simplicity, I set u3 = o = 0 and impose strong endogeneity by
specifying

p11 =pi2=—-5 and po1 = po2 = 5.

Regarding the specification of the propensity score p(z) for z € {29, 21, 22}, I fix p(z0) = 0.5
and let (p(z1),p(22)) vary across (0.05,0.95)% to generate a variety of degrees/directions
of weak identification. By drawing 2,000 i.i.d. simulation samples, I implement the Wald
test and the MLC test with AR weight a = 0.05 to assess the null hypothesis on testing

ATE Hy : p1 — o = 0. The average null rejection rates based on 5% significance level are

% In the target parameter, uq and 74 are replaced with their corresponding estimator fiq(pq) and 7a(pa),
respectively. Other consistently estimable quantities are replaced with their corresponding estimators.

10 The power comparison between conditional Wald tests, MLC tests, and Wald tests in a linear MTE
model can be found in Appendix A.4.
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displayed in Figure 2.2.

Empirical size of the MLC test Empirical size of the Wald test
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Note: The plots show empirical rejection rates for testing the null hypothesis Ho : ATE = 0 at the 5%
significance level. The upper panel presents three-dimensional surfaces of rejection rates, while the lower
panel shows the corresponding contour plots. Each plot varies p(z1) and p(z2) across (0.05,0.95) with
p(z0) fixed at 0.5. The contour lines correspond to rejection rates of 2.5%, 5%, 7.5%, 10%, and 12.5%,
with regions between these lines representing intermediate rejection rates. Darker regions indicate lower
rejection rates.

FIGURE 2.2: 3D Plot of Empirical Size for MLC and Wald Tests

The null rejection rates reveal distinct patterns in tests performance across propensity
score combinations. The conventional Wald test exhibits under-rejection when the three
propensity scores are similar, indicating trivial power in this weakly identified scenario to
be shown below. When the propensity scores cluster at two points (i.e., when either p(z1)
or p(z2) equals p(zp) = 0.5), the ATE parameter becomes partially identified, and the Wald
test’s rejection rates reach to 14%, substantially exceeding the nominal 5% significance level.
This demonstrates the Wald test’s invalidity under identification failure. In contrast, the
proposed MLC test maintains proper size control across all propensity score configurations,
demonstrating its robustness to weak identification.

Figure 2.3 compares the power of the MLC and Wald tests across different identification
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Note: Testing ATE at values on [—5, 5] with the true effects fixed at zero. The significance level is set at
5%. The sample size equals 2,000 and the average rejection rates are computed with 2,000 independent
Monte-Carlo simulations.

FIGURE 2.3: Power Curves of the MLC and Wald Test
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scenarios. In Panel (a), where propensity scores are well-separated (strong identification),
the Wald test achieves asymptotic efficiency, and the MLC test delivers comparable re-
jection power. In Panel (b), where the instrument takes only two distinct values (partial
identification), the Wald test exhibits both size distortion at the null and power loss at al-
ternatives, while the MLC test maintains correct size and achieves full power against distant
alternatives outside the identified set. In Panel (c), where propensity scores are clustered
together (weak identification), the Wald test’s rejection rates fall consistently below the
nominal level, indicating negligible power, while the MLC test retains nontrivial power at

distant alternatives.

2.7 Empirical Application to Misdemeanor Prosecution

In this section, I revisit the empirical analysis by Agan et al. (2023), who examined
the causal effects of misdemeanor prosecution on defendants’ subsequent criminal activity.
Based on the quasi-randomized assignment of nonviolent misdemeanor cases to assistant
district attorneys (ADAs), their LATE and MTE estimates demonstrate that nonprosecu-
tion leads to a large reduction in the likelihood of defendants’ future criminal involvement
over the next two years. To study the policy effects of increasing nonprosecution, they
analyzed the impact of imposing a presumption of misdemeanor nonprosecution by relying
on an existing policy change issued by a new district attorney. In this section, I use their
data to answer some policy-relevant questions concerning the exogenous change on ADA
nonprosecution rates. My approach does not require the additional data or information
related to an actual policy that is already implemented, but instead extrapolates causal
effects to address this issue.

Similar on their analysis, I use the MTE framework to extrapolate treatment effects
outside compliers. However, my goal is to analyze causal effects of implementing several
counterfactual policies on ADA leniency, which were not explored in their empirical studies.
To adapt their data into the framework considered in this paper, I implement the proposed

inference procedure conditional on each court and use ADASs’ identity as the discrete in-
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strument since ADAs are randomly assigned conditional on courts and time. To avoid bias
introduced by many instruments (see the references in Mikusheva and Sun, 2022 for further
discussions), I combine ADAs into a total of 15 groups for each court, excluding the smaller
courts (BRI, CHE, and CHA) due to insufficient ADA counts.

Let the treatment D be the nonprosecution status of defendants (that takes value 1 if
the defendant is not prosecuted) and the outcome Y be the indicator of subsequent criminal
complaints within two years postarraignment. To validate the strong overlap condition on
propensity scores, I focus on ADAs that handle more than 50 cases and have nonprosecution
rate at least 0.025 within each court. The summary statistics of ADAs’ nonprosecution rates
conditional on each court are provided in Table 2.2 below. From this table we can see that
the range of propensity scores varies from 0.21 to 0.50. When employing a high-order
polynomial model on the control functions such as the cubic specification in Figure IV of
Agan et al. (2023) in this setup, the finite-sample performance of confidence sets may be too
poor to guarantee valid coverage. Specifically, in Appendix A.5, I show the evidence of weak
instruments in cubic and quartic MTE models, while the classical F' test (with threshold
10) does not deliver the same conclusion. The reason is that F' statistic aims to detect
deviations from the null where all propensity scores are equal to each other. However, this
is not sufficient to strongly identify MTE models with flexible structure that require three
or more propensity score to be well separated from each other (see Figure 2.1).

For all the counterfactual experiments, I consider an exogenous change to the ADA
nonprosecution rates. Let p®(z) be the counterfactual propensity score of not prosecuting
defendants, where € is a nonnegative scalar (or vector) denoting the deviation from status

quo. I compare the induced outcome Y€, defined as
Y= ViU < p"(2)] + Yol [U > p(Z)]

with the observed outcome Y in the data.
Similar to the policy invariance assumption imposed by J. J. Heckman and Vytlacil

(2005), suppose that this counterfactual change on propensity score does not shift the dis-
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Table 2.2: Summary Statistics of Nonprosecution Rates across Courts

Nonprosecution Rate
Court Number of ADA \iin Mean  Max  Sample Size

SBO 16 0.04 0.24 0.54 3,921
EBOS 22 0.08 0.32 0.53 7,566
WROX 43 0.05 0.37 0.55 8,905
BMC 65 0.04 0.17 0.4 9,593
ROX 66 0.06 0.16 0.33 13,333
DOR 73 0.04 0.13 0.43 13,523
CHA 4 0.09 0.24 0.42 362

CHE 12 0.07 0.16 0.3 872

BRI 5 0.14 0.29 0.48 885

Total 262 0.04 0.22 0.55 58,960

tribution of potential outcomes and unobserved cost U of being selected into treatment,
therefore omitting any “general equilibrium” effects that may arise after the change of pros-
ecution rates. I consider three different comparisons between the counterfactual outcome
Y€ and the observed outcome Y:

1. Non-normalized policy effects:
ale) =E[Y -Y]. (2.28)

This criterion follows Heckman and Vytlacil (2001). The term "non-normalized"
distinguishes these effects from the policy-relevant treatment effects discussed below.

2. Policy-relevant treatment effects (PRTE)

ale) = . (2.29)

This criterion follows J. J. Heckman and Vytlacil (2005). This quantity can be in-
terpreted as the treatment effect for units shifted into treatment via the counter-
factual policy. Note that the additive/proportional PRTEs suggested by Carneiro
et al. (2010, 2011) and Mogstad and Torgovitsky (2018) are special cases of @(e) for

particular choices of p€, as described in equations (2.31) and (2.32).
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3. Marginal policy-relevant treatment effects (MPRTE)

. E[Y-Y]
O = &) (2]

(2.30)

This criterion follows Carneiro et al. (2010). When p(z) = p(z), this parameter can
be interpreted as the average treatment effects for marginal defendants at the edge
of being prosecuted. The equivalence between average MTE and MPRTE a4 (0) has
been established by Carneiro et al. (2010).

Next, I discuss the counterfactual propensity scores of interests and present the confi-

dence sets for these policy effects.

2.7.1 Marginal policy relevant treatment effects

First, suppose policymakers increase the ADAs’ nonprosecution rates up to a positive
constant € or to a proportion €, where € > 0. Consider the additive or proportional marginal
PRTE a4 (0) under the new policy:

Additive change: p°(2) = p(z) + ¢, (2.31)

Proportional change: p®(z) = (1 + €)p(z) (2.32)

respectively.

Table 2.3 collects the 95% and 90% confidence sets on marginal policy effects a4 (0) for
the additive leniency increase in equation (2.31) by letting e approach zero. The “uncon-
ditional” confidence sets are obtained without controlling for court identities, whereas the
“average” confidence sets are weighted average of court-specific confidence sets weighted by
the size of courts. The differences between these two sets of results highlight the impor-
tance of adjusting for court identity as a confounding variable. Incorporating court identity
generally increases the uncertainty of causal effect predictions.

Comparing average Wald confidence sets with average MLC confidence sets, the results
show that weak identification is a potential concern for models with polynomial orders
higher than cubic. In such cases, robust confidence sets may not be informative about the

sign of causal effects due to the inability to estimate a highly flexible model by using limited
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variation of propensity scores. Although the ranges of both confidence sets are similar under
the quadratic specification, Wald confidence sets remain negatively significant, whereas
MLC confidence sets lose such significance due to weak identification. In Appendix A.5
(Table A.2), I evaluate the strength of identification for the marginal PRTEs based on the
additive change in (2.31). The findings further confirm the presence of weak identification

for MTE models with cubic or quartic orders.

Table 2.3: 95% (top) and 90% (bottom) Confidence Sets for Additive MPRTE a4 (0)

MTE polynomial Wald MLC
Uncond. Linear [-0.19, -0.11] [-0.17, -0.13]
Uncond. Quadratic [-0.19, -0.11]  [-0.18, -0.13]
Uncond. Cubic [-0.17, -0.06] [-0.15, -0.08]
Uncond. Quartic [-0.18, -0.05] [-0.17, -0.06]
Average Linear [-0.24, -0.03]  [-0.23, -0.03]
Average Quadratic [-0.29, -0.01]  [-0.33, 0.09]
Average Cubic [-0.32, 0.03]  [-0.79, 0.59]
Average Quartic [-0.39, 0.01]  [-0.76, 0.61]
Uncond. Linear [0.18, -0.12]  [-0.16, -0.14]
Uncond. Quadratic [-0.19, -0.12] [-0.17, -0.14]
Uncond. Cubic [-0.17, -0.07]  [-0.14, -0.09]
Uncond. Quartic [-0.17, -0.06] [-0.13, -0.08]
Average Linear [-0.22, -0.04] [-0.21, -0.06]
Average Quadratic [-0.27, -0.04]  [-0.28, 0.01]
Average Cubic [-0.29, -0.00]  [-0.60, 0.34]
Average Quartic [-0.35, -0.02]  [-0.63, 0.38]

2.7.2 Quota

Instead of mandating all ADAs to increase their nonprosecution rates simultaneously,
it might be more convenient for policymakers to set up a lower and upper bound for ADA
nonprosecution rates. For example, let ¢ = (¢,€) € [0,1]? with ¢ < € denoting the lower
and upper bounds of ADAs’ nonprosecution rate, respectively. Then the counterfactual
propensity score becomes

p°(z) = min(max{e, p(z)}, €)
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Since this counterfactual propensity score is non-smooth in p(z) which may invalidate the

inferential results, I employ a smooth approximation as follows:

) 1 1 1
p (Za QS) = _glog <e¢p(2) I e?’é + (f“) .

One can show that p¢(z;¢) — p°(2) as ¢ — 0. In practice, I set ¢ = 30 to approximate the
counterfactual propensity score p®(z). I analyze the (non-)normalized policy effects when
policymakers implement a lower bound e € [0.05,0.3] while maintaining € = 1 for each

court. For notational consistency, I use € to denote the value of this lower bound instead

of €.
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FIGURE 2.4: 95% (top) and 90% (bottom) Average Confidence Sets for Non-normalized
Policy Effects a(e) when Setting a Lower Bound e for Nonprosecution Rate

Figure 2.4 displays the average confidence sets for the non-normalized policy effects a/(e)

of implementing a lower bound on nonprosecution rates. Under linear extrapolation, the
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FIGURE 2.5: 95% Court-specific Confidence Sets for Non-normalized Policy Effects a(e)
when Setting a Lower Bound ¢ for Nonprosecution Rate
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results suggest that imposing a lower quota on nonprosecution is beneficial. However, this
evidence becomes less conclusive with quadratic and cubic specifications as the lower bound
€ increases, reflecting limitations of available exogenous variation at higher extrapolation
levels. The Wald confidence sets appear "spuriously precise" by failing to account for this
limited IV variation. Consequently, policy recommendations derived from the robust MLC
approach may differ from those based on the classical Wald approach. For instance, based
on the 90% confidence sets from the quadratic MTE model, policymakers concerned with
robustness to weak IVs may prefer setting the minimum nonprosecution rate below 20%,
since the reductions in recidivism become insignificant above this threshold under robust
confidence sets.

Figure 2.5 shows the court-specific 95% confidence sets for the four largest courts in
the sample. Unlike other courts, court ROX exhibits increases in recidivism from imposing
the quota on nonprosecution rates. For courts WROX and BMC, the implied thresholds
of € for a significant crime reduction suggested by the MLC confidence sets are similar to
those under the Wald confidence sets, indicating that these thresholds are robust to weak
identification. These thresholds also inform heterogeneous policy recommendations. For
instance, a significant reduction in recidivism is observed in court WROX if policymakers
set the quota at € > 0.23, whereas for court BMC, such significant effects are only observed

if € < 0.15.

2.8 Conclusion

In this paper, I propose two robust inference procedures for a class of causal effects
identified by MTEs with discrete instruments. In a linear MTE model, I introduce a
conditional Wald test, which is simple and asymptotically similar regardless of identification
strength. In a more generic polynomial MTE model, I propose a modified linear combination
test that achieves uniform validity against weak identification and has satisfactory power
properties under strong identification. Finally, I use the proposed methods to investigate

the counterfactual effects of policy changes on ADASs’ leniency in the study of misdemeanor

60



prosecution by Agan et al. (2023).

There are several avenues for future research. First, while this paper focuses on discrete
variation from instruments, extending the weak IV analysis to a semiparametric MTE
model with continuous propensity scores would be empirically relevant. In addition, the
MLC test requires the choice of tuning parameter on the weight of AR statistics, which
trades off the power of test under different identification strengths (see the discussion in
Appendix A.2). It would be interesting to investigate the optimal choice of this tunning
parameter following the regret analysis of I. Andrews (2016). Finally, extending robust
inference techniques to accommodate many weak instruments would be valuable, especially
considering the typically large number of judges involved in empirical studies (Jochmans,

2023).
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3. Marginal Homogeneity Tests with Panel Data
In this essay, we study the problem of testing marginal homogeneity with the panel

data. This essay is a joint work with Federico Bugni and Jackson Bunting.
3.1 Introduction

This paper considers a hypothesis testing problem for panel data, {{X;;}7_;}" ;. We
assume that the data are independent and identically distributed (i.i.d.) across units i =
1,...,n, but allow for arbitrary dependence across time. For each periodt =1,...,T, let F}
denote the common marginal cumulative distribution function (CDF) of X, ;. We say that
the data generating process satisfies marginal homogeneity if these marginal distributions

are homogeneous or time-invariant, i.e.,
= F = ... = Fp. (3.1)

In this paper, we propose several tests for the hypothesis of marginal homogeneity and
investigate their properties.

Marginal homogeneity is relevant in economic models such as dynamic discrete games.
In this case, researchers often observe X;; = (A; ¢, S;), representing action and state vari-
ables for units i = 1,...,n (individuals, firms, etc.) over ¢t = 1,...,T periods, respectively.
In this context, a standard approach is to assume that the conditional choice probabilities
(ie., P(Ait = a | Si+ = s)) and state transition probabilities (i.e., P(Sit41 = ' | Ait =
a,Si+ = s)) are homogeneous, and posit a structural model for them. Under standard
assumptions, these objects yield a homogeneous structural model for P(X; 41 = o' | X+ =
x) = fo(2',x) with parameter §. This posited structure forms the basis of inference on 6 in
dynamic discrete choice games. Notably, this inference does not invoke the marginal homo-
geneity hypothesis in (3.1). However, if this condition holds, it provides valuable efficiency
gains in the estimation of 6. To see this, note that marginal homogeneity in this context

implies that X;; is in a steady state with a marginal CDF F, which yields the following
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structural equation:
dF(z') = J fo(a',2) x dF(z) forall 2’ € X (3.2)
zeX

Imposing (3.2) in the estimation of 6 can deliver substantial efficiency gains relative to
the standard method that does not impose it. In this sense, the marginal homogeneity
hypothesis in (3.1) is a source of efficiency gains in the structural estimation of dynamic
discrete choice games.

Beyond dynamic discrete games, marginal homogeneity tests have been applied to fi-
nancial data. For example, Ditzhaus and Gaigall (2022) (see also references therein) tests
for possible dependence between two stock market indices. In terms of our notation, we can
express their data as {{X;:}?_,}",, where {X; 1}" , represents the monthly returns of the
first stock market (e.g., Nikkei 225 Stock Average) and {X;2}" ; represents the monthly
returns of the second market (e.g., Dow Jones Industrial Average). Invoking classical mod-
els for stock prices, Ditzhaus and Gaigall, 2022 posit monthly returns to be i.i.d. across
i = 1,...,n (i.e.,, months), while the interconnectedness of global financial markets im-
plies that there may be dependence across t = 1,2 (i.e., stock markets). In this context,
the marginal homogeneity hypothesis in (3.1) implies that the various stock markets have
equally distributed returns. Finally, we note that their paper focuses on pairs of stock
markets (i.e., T' = 2), whereas we consider applications with 7" > 2.

An inherent feature of the preceding examples is that the data are likely to exhibit
dependence across time periods. In dynamic discrete games, actions and states depend on
their past values. In fact, this is precisely what gives the discrete game its dynamic nature.
In the application presented in Ditzhaus and Gaigall (2022), stock returns across the globe
are likely to be interrelated. Beyond these two examples, dependence over time is common
when dealing with panel data. For this reason, the classical goodness-of-fit testing literature
focused on independent samples (e.g., Lehmann & Romano, 2022, Section 17.2.1), and its
generalization to T-sample problems, does not apply.

This paper studies the T-sample testing problem with possibly dependent data. Namely,
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we implement our tests by comparing a studentized or non-studentized T-sample version
of the Cramér-von Mises statistic with a suitable critical value. We consider three possible
methods to construct the critical value: asymptotic approximations, the bootstrap, and
time permutations. We show that the first two methods lead to asymptotically exact
hypothesis tests, with or without studentization. Results for the permutation test are more
nuanced: the permutation test based on a non-studentized statistic is asymptotically exact
when T = 2, but is asymptotically invalid when T' > 2. Once studentized, the permutation
test is always asymptotically exact. Finally, under a time-exchangeability assumption, the
permutation test is exact in finite samples, both with or without studentization. On the
other hand, relative to the non-studentized case, the asymptotic analysis of the studentized
statistics requires an additional assumption: the variance-covariate matrix used in the
studentization must be non-singular, an assumption that can fail in practice. See the
related discussion in Section 3.2.2 and our empirical application in Section 3.6.

For independent cross-sectional data, the marginal homogeneity hypothesis in (3.1) be-
comes the standard equality-of-distribution hypothesis for T-sample data, which has been
thoroughly studied in the literature. In such case, Lehmann and Romano (2022, Theorem
17.2.1) shows that permutation tests of homogeneity are finite-sample exact. Chung and
Romano (2013) explores the behavior of permutation tests with studentized test statis-
tics. Relatedly, Bugni and Horowitz (2021) studies the application of permutation tests
to functional cross-sectional data. Relatively speaking, the test for marginal homogeneity
hypothesis in (3.1) with panel data (i.e., allowing for time dependence) has received less
attention. Gaigall (2020) is among the first papers to test for marginal homogeneity in
panel data with 7' = 2. In subsequent work, Ditzhaus and Gaigall (2022) broadened the
analysis with T" = 2 to paired functional data. These papers show that permutation tests
are asymptotically valid with two periods of panel data. Neither of these papers considers
the case with T > 2, which is common in economic applications. To our knowledge, our
paper is the first one to consider testing for marginal homogeneity in panel data models,

allowing for T' > 2. In this respect, one remarkable finding of our paper reveals that the
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asymptotic validity of the non-studentized permutation test breaks down when we consider
T> 2.

A related testing problem in dynamic discrete choice games is concerned with evaluating
the homogeneity of the state transition probabilities, i.e., P(X;141 = 2/ | X;¢ = z) =
P(X;p41 =2 | X;p =) forall ¢,¢' < T—1. See Otsu et al. (2016) and Bugni et al. (2024)
for recent contributions on this topic. The homogeneity of state transition probabilities and
the marginal homogeneity in (3.1) are non-nested hypotheses, and so our contribution is
complementary to but distinct from these references.

In other related work, Pauly et al. (2015) and Friedrich et al. (2017) investigate the
validity of permutation tests to evaluate the presence of treatment effects in experiments
under factorial designs. There are important differences between these papers and ours.
The first key difference is in the class of data permutations used to implement the tests.
Pauly et al. (2015) and Friedrich et al. (2017) generate their test by permuting observa-
tions in both units and time indices. In contrast, we generate our test by permuting the
time index of our observations. We show that the classes of distributions under which the
two types of permutation tests are finite-sample valid are non-nested; see Lemma B.1.2.
Another difference is that Pauly et al. (2015) and Friedrich et al. (2017) focus on studen-
tized statistics, while we consider both studentized and non-studentized statistics. In this
respect, it is relevant to point out that analyzing studentized statistics requires additional
assumptions compared to non-studentized ones; see discussion in Section 3.2.2. Finally, our
Monte Carlo simulations suggest that our permutation test appears more powerful than
theirs in finite samples. This is related to the fact that our permutation test only considers
time index permutations, which provide a better contrast to detect departures from the
marginal homogeneity hypothesis in (3.1).

The remainder of the paper is organized as follows. Section 3.2 introduces the hypothesis
test problem in greater detail. Section 3.3 contains our main theoretical results. Section
3.4 discusses the power of the proposed inference methods. In Section 3.5, we evaluate the

finite-sample performance of these tests via Monte Carlo simulations. Section 3.6 considers
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an empirical application based on Igami and Yang (2016). Section 3.7 concludes. The

paper’s appendix collects all of the proofs and several auxiliary results.
3.2 The Hypothesis Testing Problem

As the introduction explains, this paper considers a hypothesis-testing problem for panel
data with n units and T time periods. Inspired by the typical application in economics,
we consider an asymptotic framework in which n grows and 7' remains fixed. We denote
the data by X,, = {{X;+}1_;}" ,. As explained earlier, we allow the data to be arbitrarily
dependent across time t = 1,...,7T, and assume i.i.d. across units ¢ = 1,...,n. We formalize

this assumption next.
Assumption 9. Forallt =1,...,T, {X;}}' | are i.i.d. with marginal CDF Fj.

Our goal is to test whether the marginal homogeneity hypothesis in (3.1) holds in the data,
ie.,

Hp : (3.1) holds wvs. Hj : (3.1) does not hold. (3.3)

We propose implementing this hypothesis test by rejecting Hy in (3.3) whenever a test
statistic exceeds a suitable critical value. That is, for any significant level of a € (0,1), we
propose

On (@) = 1{S, > cpn(1 — )}, (3.4)

where ¢,, () indicates the test function, S,, denotes the test statistic, and ¢, (1—«) indicates
the critical value. In the remainder of this section, we describe the test statistic (Section
3.2.1) and establish its asymptotic distribution under the null hypothesis of marginal ho-
mogeneity (Section 3.2.2). With these results in place, Section 3.3 provides three inference

methods, each based on a different type of critical values.

3.2.1 Test statistics

We propose implementing our test using the Cramér-von Mises (CvM) statistic, given by
the sample-weighted sum of squared differences of the empirical CDFs for all consecutive

periods. For simplicity, we evaluate these differences on a finite number of user-defined
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points on the real line Ux = {ui,ug,...,uxg} with up := —00 < u; < ug < --- < ug. For
reasons that will be explained soon, we refer to this as the non-studentized CvM statistic,

given by

K T-1 ) ) )
= n ), > [Filur) = Frar (up)* Pluy), (3.5)
k=1 t=1

where F} is the empirical CDF in period t = 1,...,7T, and P(uk) is the empirical analog of

the aggregate probability in the interval (ug_1,ug], ie., k=1,... K,

T n
1
- = Z D ko1 < Xy < ug). (3.6)
t=1i=1

It is easy to see that (3.5) can be reexpressed as follows
S, = 2'Z,

where Z € RT-DE and, for all (t,k)e{l,...., T —1} x{1,..., K},

Zovyisr = \/nP(up)[Fy(ur) — Fra (ug)]. (3.7)

Under Hy in (3.3), our formal arguments (see the proof of Theorem 3.2.1) reveal that Z is
asymptotically distributed according to N (0, ), where for each (¢, k), (£, k) € {1,...,T —
1} x {1,...,K},

Syt - DK +k, (I—1)K +k] =

(3.8)
P(ug)P(ug) x cov[L(Xip < up) — W Xiggr < up), XG5 < up) — 1X 7 < ug)],
and P(uy) is the aggregate probability in the interval (ug_1,ug],
T
Z [Fi(ur) — Fy(ug—1)]. (3.9)

As a corollary, S, has a generalized chi-squared asymptotic distribution under Hy in (3.3),
with weights determined by the eigenvalues of 7. The dependence of the limiting distri-

bution on Yz explains why we refer to S, as the non-studentized CvM statistic.
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If ¥z is a non-singular matrix, it is natural to also consider a studentized version of the

CvM statistic. To this end, we consider the studentized CvM statistic, given by

— ~

S, = 2'%,Z, (3.10)

~

where Y7 is the generalized inverse of the empirical analog of ¥z, denoted by 3. For each

(t,k), (I, k) e{1,..., T —1} x {1,..., K}, we define 35 as follows:

Plun) 1 an N Xt <ug) — Fe(ug) — 1( X1 < ug) + Frpa(ug) ) x
uk uk — R N
oo (WX < ug) = Filug) — 1(X 7y < ug) + g (ug)
(3.11)

for each (t, k), (t,k) € {1,...,T —1} x {1,...,K}. If Hy in (3.3) holds and ¥z is a non-
singular, S, has a chi-squared asymptotic distribution with (7' — 1)K degrees of freedom.
The lack of dependence of this limiting distribution on X7 justifies referring to S,, as the

studentized CvM statistic.

Remark 3.2.1 (On the choice of test-statistics). The test statistics in (3.5) and (3.10)
are CuM-type statistics evaluated over a finite set of points Ug . In principle, our analysis
extends to other types of test statistics evaluated over these points, such as the Kolmogorov-
Smirnov statistic. It is also worth reiterating that Uy can be arbitrarily chosen by the
researcher. In this respect, the most important simplifying aspect in (3.5) and (3.10) is
that we use a finite number of points rather than an infinite number of points, such as a
continuum.

There are several reasons to prefer a finite set Ux over a continuum. First and fore-
most, it leads to simpler asymptotic analysis regarding the studentization of test statistics.
Second, for applications in which the data are discrete and with finite support Sx, one can
set Ux = Sx\{max Sx} without any loss of information (note that equality of marginal
distributions for all points in Sx\{max Sx} is equivalent to Hy). Many empirical appli-

cations, including the one in Section 3.6, feature discrete data with finite support. Third,
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the extension to the continuum case could be implemented along the lines of the Khmaladze
(2016) transformation. See also the related work by Chung and Olivares (2021). Having
said this, this extension requires new and considerably more complicated arguments, which

we consider out of the scope of our paper.

3.2.2 Asymptotic distribution under the null hypothesis

In this section, we derive the asymptotic distribution of the non-studentized CvM statis-
tic Sy, in (3.5) and the studentized version S, in (3.10). Our characterization of the asymp-

totic distribution of the studentized CvM statistic relies on the following assumption.
Assumption 10. Xz is positive definite.

We note that Assumption 10 is required for our asymptotic analysis of the studentized
CvM statistic and is not necessary in the case of the non-studentized version. For a suitable
choice of Ug, Assumption 10 is widely applicable to many data-generating processes. We
now describe scenarios in which this assumption does not hold. First, note that Assumption
10 would fail if U includes any point that is “irrelevant” with respect to the support of X,,,
ie., P(uk) = 0 for some k = 1,... K. An example of this occurs for any u; € Ug that lies
below the support of X,,. In this case, one can always restore the validity of Assumption 10
by removing all of these irrelevant points. Second, one should never include uy € Uk that
equals or exceeds the support of X,,. Doing this would result in 1(X;; < ug) = 1(Xj 41 <
ur) = 1, leading to 1(X;; < ug) — 1(Xi¢41 < ug) = 0, rendering ¥z singular. Finally,
3.z would be singular if there is no full communication between some states. For example,
consider a Markov chain for X;; € {1,2,3,4} with P(X,;41 = 2/|X;; = x) = [z, 2] for

all .73‘,.73/ € {1727374}7 where for any pi, P2, P3, P4 € (07 1)7

p1 1—p1 0 0
o - L—p2  p2 0 0

0 0 ps  1—p3

0 0 1—py P4

This transition matrix implies no communication between the first and last two states.
Then, 1(X;+ < ug) — 1(Xir41 < wug) =0 for any uy € [2,3), producing a singular X .
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The next result establishes the asymptotic distribution of the non-studentized and stu-

dentized CvM statistics under the marginal homogeneity hypothesis in (3.3).

Theorem 3.2.1. Let Assumption 9 hold.

(a) Under Hy in (3.3),

(T-1)K
A, (3.12)
j=1

Sp, — 8

where {/\j}gzzl)K are the eigenvalues of ¥z in (3.8) and {Cj}gIl)K are i.7.d. N(0,1).

(b) Under Assumption 10 and Hy in (3.3),

d
S S Xir-vx (3.13)
where X%T—l)K denotes the chi-squared distribution with (T — 1)K degrees of freedom.

Theorem 3.2.1 shows that under the marginal homogeneity hypothesis, the non-studentized
CvM statistic in (3.5) converges to a generalized chi-square distribution with the weights
determined by the eigenvalues of ¥ 7. Since Xz is not necessarily positive definite, some
eigenvalues may be zero, leading to reduced degrees of freedom. When Y7 is positive def-
inite, then the limiting distribution of studentized CvM statistic in (3.10) is chi-square
distributed. These results are the basis of the critical values proposed in the following

section.

3.3 Critical Values and Validity of Inference

This section describes three critical values for the CvM test statistics proposed in Section
3.2.1. Each critical value gives rise to a different hypothesis test according to equation (3.4).

We formally study the validity of each one of these methods.
3.3.1 Asymptotic approximation

In this section, we propose a hypothesis test for (3.3) by approximating the quantiles
of the asymptotic distribution in Theorem 3.2.1. To this end, we now introduce some

notations. For any £ € RT~DK et S(¢) > 0 denote a random variable with the generalized
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chi-square distribution of weights equal to £, unit vector of degrees of freedom, zero vector
of non-centrality parameters, and no constant or normal terms. Also, for any (z,¢) €
R x RT=DE et G(x,¢) denote the CDF of S(¢) evaluated at x € R. This function can be
numerically computed with arbitrary accuracy by simulating its empirical distribution.

For the non-studentized CvM statistic, we propose
Al-a) = inf{xeR:G(m,S\n) >1-a}, (3.14)
where ), denotes the eigenvalues of S, and the following hypothesis test:
¢ (@) = 1{S, >ci(1—a)}. (3.15)
For the studentized CvM statistic, we propose the following hypothesis test:

¢a(a) = 1{S, > (1—a)}, (3.16)

n

where ¢4 (1 — @) equals the (1 —a)-quantile of the (standard) chi-squared distribution with
(T — 1)K degrees of freedom.
The next result shows that the hypothesis tests in (3.15) and (3.16) are asymptotically

valid.

Theorem 3.3.1. Let Assumption 9 and Hy in (3.3) hold, and let o € (0, 1).
(a) lim, o Ep[¢a(a)] < a. Furthermore, the inequality becomes an equality if Yz #
Or-nKx(T-1)K-

(b) Under Assumption 10, lim,_,« Ep[q;ﬁ(a)] = qa.

3.3.2 Bootstrap

This section proposes a hypothesis test for (3.3) via the bootstrap. To this end, we
repeatedly resample the data with replacement across units ¢ = 1,...,n to construct a
bootstrap sample, denoted by {X*}? ;. For each bootstrap sample, the bootstrap analog

(]

of the non-studentized and studentized CvM statistics are given by

SE = (Z%(Z*) and Sf = (Z*)S,(Z%). (3.17)

n
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where, for all (t,k) e {1,..., T —1} x {1,..., K},

2G4 ykrk = P(Uk)% Z (X < up) = Fy(we)] = [1(XF 0 < we) — Frya(w)])
(3.18)

Remark 3.3.1. One could also define S¥ in (3.17) with Sy replaced by its bootstrap ana-
log. Our main text omits this option for brevity, but we include it in our Monte Carlo

simulations.

By repeating the bootstrap sampling sufficiently many times, we can approximate the
conditional distributions P (S} < z|X,,) and P (S} < #|X,,) with arbitrary accuracy.

For the non-studentized CvM statistic, we propose
B(1-a) = inf{z:P(S!<z|X,)>1-a}, (3.19)
and the following hypothesis test:
PP (@) = 1{S,>cl(1—a)}. (3.20)
For the studentized CvM statistic, we propose
B(1-a) = inf{z: P (S} <2X,)=>1-a}, (3.21)
and the following hypothesis test:
P (@) = 1{S, >l (1—a)}. (3.22)

The next result shows that the hypothesis tests in (3.19) and (3.21) are asymptotically

valid.

Theorem 3.3.2. Let Assumption 9 and Hy in (3.3) hold, and let o € (0,1).
(a) lim,_,o Ep[¢pB(a)] < a. Furthermore, the inequality becomes an equality if Xz #
Or—1) Kk x(T-1)K -
(b) Under Assumption 10, lim, . Ep[¢pB(a)] = a.
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3.3.3 Permutations

In this section, we propose a hypothesis test for (3.3) by random permutations of the
data. Our permutations are motivated by the marginal homogeneity hypothesis in (3.1), and
they consist of randomly permuting the time index t = 1,...,T for each unit ¢ = 1,...,n.

These tests require the following notation. Let M denote the set of all permuta-
tions of the indices {1,...,7}, and M™ is defined as the set of all possible permuta-
tions of the time indices over m observations. A typical element of M™ is given by
7" = {{m(1),...,m(T)}}"_,, where 7;(t) denotes the permuted time index of the observa-
tion X, and {m;(1),...,m(T)} is an arbitrary time permutation that belongs to the set
M. In other words, the permuted version of the data X,, = {{X;:}7_;}"; can be written
as X7 = {{Xi,m(t)}thl}?:l-

For each permutation 7" € M", the permutation analog of the non-studentized and

studentized CvM statistics are given by

~

ST =(Z")(Z™) and ST =(Z")%,.(Z7), (3.23)

n

where, for all (¢,k) e {1,..., T —1} x {1,..., K},

25 vyicyn =\ P (@) (FT (ur) — Fla(ur)) s (k) e {1, T =1} x {1,..., K}, (3.24)

and, for all (¢, k), (t,k) e {1,...,T —1} x {1,..., K},

M>
N
3
-
|
=
_l’_
R
/:l
|
—_
=
_l’_
ol
Il
e
3
<
Eod
N~—
!
3
<
e

These permutation test statistics can be used to construct permutation-based tests

along the lines of Lehmann and Romano (2022, Section 17.2.1). For the non-studentized
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CvM statistic, we propose a critical value ¢];(1 — «), which is the (1 — a)-quantile over all
possible permutations of the non-studentized CvM statistics (denoted by {S] : 7" € M"}).

The corresponding hypothesis test is defined as:
or (@) = 1{S, > (1—a)}. (3.26)

For the studentized CvM statistic, we propose the analogous object but for the studentized
CvM statistic. That is, ¢ (1 — «) equals to the (1 — «)-quantile over all the possible permu-
tations for the studentized CvM statistics (given by {S7 : 7 € M™}). The corresponding
hypothesis test is given by:

or(a) = 1{Sp,>¢c;(1—a)}. (3.27)

Remark 3.3.2. The tests in (3.26) and (3.27) are the non-random versions of the standard
permutation tests described in Lehmann and Romano (2022, Section 17.2.1). The key
difference between the non-random and the random wversions lies in the handling of ties
between the test statistic and the critical value: the mon-random version does not reject,
while the random version rejects with a specific probability. While being more conservative,
the non-random version is preferred because it involves a simpler decision rule similar to

the one used in previous tests.

The next result studies the asymptotic validity of the hypothesis tests in (3.26) and
(3.27).

Theorem 3.3.3. Let Assumption 9 and Hy in (3.3) hold, and let o € (0,1).
(a) For T =2, lim,_,o, Ep[¢] ()] < a. Furthermore, the inequality becomes an equality
if ¥z # 0(r—1)Kx(T—1)K -
(b) When T > 2, the non-studentized permutation test in (3.26) is invalid. That is, it is
possible to have liminf,, o Ep[¢T ()] > a for some distribution P.

(¢c) Under Assumption 10, lim, . Ep[¢T(a)] = a.

We first describe the result for the non-studentized test in (3.26). Part (a) shows that the

non-studentized test is asymptotically valid for T = 2. This result aligns with the analysis
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in Gaigall (2020) and Ditzhaus and Gaigall (2022). Part (b) reveals that the previous result
fails for T' > 2. This finding is apparently new in the literature and empirically relevant,
as many economic applications involve panel data with more than two periods. To gain
intuition about (a) and (b), it is useful to compare the variance-covariance of the ith ob-
servation, i.e., {Xi,t}thl, before and after permutations. If the variance-covariance remains
the same, then the permutation test can be shown to be asymptotically valid. See the proof
of Theorem 3.3.3 for a formal justification. When T" = 2, the ith observation is (Xj 1, Xj2)
before the permutation and a mixture of (X1, X;2) and (X2, X;1) after the permuta-
tion. Under Hp in (3.3), these two random vectors share the same variance-covariance
matrix. When T > 2, this equivalence breaks down. For example, when T' = 3, the ¢th
observation is (Xj 1, X2, X 3) before the permutation and a mixture of (X; 1, X; 2, Xi3),
(X1, Xig, Xi2), (Xi2, Xi1,Xi3), (Xi2, Xis, Xi1), (Xi3,Xi1,Xi2), and (X3, X2, Xi1)
after the permutation. The variance-covariance matrix of the former and the latter differ
even under Hy in (3.3).

Finally, part (c) of Theorem 3.3.3 shows that the studentized test in (3.27) is asymp-
totically valid for any T" > 2. This result is in line with several studies in the literature
that prove the asymptotic validity of permutation tests for suitably normalized test statis-
tics, e.g., Chung and Romano (2013), Chung and Olivares (2021), DiCiccio and Romano
(2017), and Janssen (1997). This result is also related to the earlier discussion regarding
variance-covariance matrices of the ith observation before and after permutations. Once
the data is studentized, the variance-covariance matrix of the ith observation is asymptot-
ically invariant to permutations. By the previous paragraph’s logic, the permutation test
is asymptotically valid for the studentized test statistic.

An important advantage of the permutation tests over the ones described in previous
subsections lies in their finite-sample validity under an important class of distributions that
satisfy Hp in (3.3). To explain this clearly, let Qrp denote the set of distributions that
satisfy time exchangeability, i.e., for any ¢ = 1,...,n, {Xi,t}le has the same distribution

as {Xz‘,n(t)}tT:1 for each m € M. The next result describes the finite-sample validity of our
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test under suitable conditions.

Theorem 3.3.4. Let Assumption 9 hold. Then,
(a) P € Qrg implies that P satisfies Hy in (3.3). However, the converse does not hold.

(b) For each P € Qrg, our permutation tests are finite-sample valid, i.e.,
Ep[¢T(a)] <a and Ep[¢r(a)] <a. (3.28)

Theorem 3.3.4 implies that our permutation tests are finite-sample valid under suitable
conditions. Part (a) says that a time-exchangeable distribution satisfies the null hypothesis
Hj in (3.3) under our maintained Assumption 9. Under such distribution, the permutation
tests provide finite-sample size control. We stress that size control is not exact (i.e., the
inequalities in (3.28) might be strict) only because we are using a non-randomized permu-
tation test; see Remark 3.3.2. That is, if we replaced our permutation test with its random
version, these would enjoy exact size control (i.e., both inequalities in (3.28) would hold
with equality).

The combination of Theorems 3.3.3 and 3.3.4 justifies the use of studentized permutation
test in (3.27) (and also the non-studentized one in (3.26) when 7" = 2). Theorem 3.3.3
indicates that this test is asymptotically exact, and Theorem 3.3.4 shows that it is finite-
sample valid for an important class of distributions in Qrg. As already mentioned, the finite-
sample validity makes the permutation test an exceptionally attractive inference method

compared to those discussed in previous subsections.

Remark 3.3.3. It is worth noting that our class of time permutations differs from the
class of “all permutations” that uniformly permute both time periods and units. The latter
has been wused in the previous literature, such as Friedrich et al. (2017). Naturally, our
time permutations form a strict subset of the class of “all permutations” On the flip side,
under our maintained Assumption 9, the class of distributions that satisfy exchangeability
over “all permutations” is more restrictive than the set of distributions that satisfy time

exchangeability only; see Lemma B.1.2. In other words, if we used a permutation test based
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on “all permutations”, we could only demonstrate Theorem 3.3.4 for a substantially smaller

class of distributions than Qrg.
3.4 Power Analysis

This section briefly describes the power properties of the various hypothesis-testing
procedures considered in this paper. Given the results in Section 3.3, we restrict attention
to the hypothesis tests that are asymptotically valid under Assumptions 910:

e The asymptotic approximation-based test, both non-studentized and studentized.

e The bootstrap-based test, both non-studentized and studentized.

e The studentized permutation-based test.

e The non-studentized permutation-based test for T' = 2.

As explained in Section 3.2.1, our CvM test statistic is defined to detect differences in
marginal CDFs at any point in Ux. We thus focus our power analysis on the following

subset of Hy:

Hi : Fy(u) # F.(u) forsome t,r=1,...,7 and u€Ug. (3.29)

For all fixed hypotheses in Hj, it is not hard to see that the CvM test statistic in (3.5)
and (3.10) diverges. At the same time, one can establish that the critical values described
throughout this paper remain bounded in probability. For this reason, all asymptotically
valid tests are consistent against any fixed hypothesis in H;.

We now compare the local power properties of these tests. We consider local alternative
hypotheses under Hj, which are sequences of DGPs whose marginal CDFs {F,; : t =
1,...,T} satisfy {v/n(Fni(ug) — For(ug)) : t,r = 1,...,T,u € Ux} — ¢ € RTK with
cdc > 0. Under these sequences of distributions, we can repeat the arguments used to
prove Theorem 3.2.1 to establish the asymptotic distribution of the CvM test statistic
in (3.5) and (3.10). It is not hard to see that these become the non-central versions of
the asymptotic distributions in (3.12) and (3.13) under Hy. Moreover, under these local
alternatives, the critical values considered throughout this paper can be shown not to change

their asymptotic behavior. As a corollary, the asymptotically valid tests based on the non-
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studentized statistics share the same local power properties, and the same holds for the

asymptotically valid tests based on the studentized statistics.
3.5 Monte Carlo Simulations

This section investigates the finite-sample performance of the various tests for marginal
homogeneity tests proposed in this paper. To this end, we repeatedly simulate independent

panel datasets X,, = {{X;:}7_;}", where, foreach i =1,...,nand t =1,...,T,

Xit = (cip+&)oy

{eis} 2 Orx1
( git ! ~ N 0(T+1)><17 01><T 1>< )

where {a;}1_ is a sequence of constants and = is a constant positive-definite matrix. By

with

definition, &; is a random effect and {Ei,t}thl are transient shocks with variance-covariate
matrix =. We consider two specifications for =:

e WN: = = Ipyr, ie., {5i7t}f=1 is a white noise process with zero mean and unit
variance. The distribution of X,, is time-exchangeable under this specification.

o AR(1): for all ty,to = 1,...,T with t; # to, Z[t1,t1] = 1 and E[ty, o] = (—0.9)l1—t2l,
i.e., {Ei,t}?:1 is an AR(1) process zero mean, variance one, and correlation coefficient
—0.9. In this case, the distribution of X,, is not time-exchangeable.

We consider two options for {at}thl, which determines whether the data satisfies marginal
homogeneity or not. For simulations under Hy in (3.3), we use oy = 1 for ¢t = 1,...,T. For
simulations under Hy in (3.3), we set ay = /1 + (t—1)/2fort =1,...,T.

To compute the CvM statistics we set Ux equal to the 1/6, 2/6, 3/6, 4/6, and 5/6
empirical quantiles of {{X;;}_;}" , (thus, K =5). For each dataset, we implemented the
following tests with a significance level of o = 5%:

o AA: Asymptotic approximation tests in Section 3.3.1, non-studentized as in (3.15)

and studentized as in (3.16).
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» BS: Bootstrap tests in Section 3.3.2, non-studentized as in (3.20) and studentized as
in (3.22).

e BS2: Studentized bootstrap tests based on a bootstrapped covariance estimator, as
described in Remark 3.3.1.

o PT: Permutation tests in Section 3.3.3, non-studentized as in (3.26) and studentized
as in (3.27).

o PT2: Permutation tests based on the class of “all permutations” (i.e., time periods and

units), as described in Remark 3.3.3. These can be non-studentized and studentized.

We consider simulations with n € {30, 60, 120,240,480} units and 7" € {2,3} periods.
The results shown in the tables are obtained from S = 5, 000 independent panel data draws
based on the design described.

Table 3.1 describes the rejection rates of the various tests under marginal homogeneity,
i.e.,, Hy in (3.3). When T' = 2, all our proposed hypothesis tests (AA, BS, PT, studentized
or not) provide exact size control when n is sufficiently large. These results are consistent
with our asymptotic analysis. This conclusion also seems to apply to the BS2 and the
studentized PT2 tests. On the other hand, the non-studentized PT2 test does not control
size. This is consistent with our discussion in Lemma B.1.2, where we argue that the
permutation class used to implement our PT tests is qualitatively different from the one
used for the PT2 tests. Our simulations also allow us to examine how our asymptotically
valid methods perform when n is relatively small. In this respect, one interesting finding is
that the non-studentized versions of the AA and BS tests outperform their corresponding
studentized ones when n is small. On the other hand, the PT test performs equally well
with and without studentization for small n. The results for T' = 3 are qualitatively similar
to those for T' = 2, except for the PT test. For T" > 2, our formal results show that the
studentized PT test is asymptotically valid, but the non-studentized PT test is not. This
is clearly evidenced in our simulations with AR(1) shocks, where the non-studentized PT
test exhibits rejection rates close to 13%. However, if data is time-exchangeable as with the

WN shocks, then we observe that PT test is finite-sample valid regardless of studentization
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even if T = 3.

Table 3.1: Empirical rejection rates (in %) under Hy in (3.3) for & = 5% based on S = 5,000
i.i.d. panel datasets

T = Test type  Critical value n=30 n=60 n=120 n =240 n =480
AA 548  5.54 5.08 4.76 5.16

BS 560  5.36 5.14 4.78 5.06

Non-stud. PT 454 4.94 4.82 4.62 5.08

PT2 .02 0.80 0.76 0.96 1.00

WN AA 1434 854 6.94 6.08 4.96
BS 14.24 856 6.98 6.00 4.86

Studentized BS2 256 4.66 5.02 5.30 4.54

PT 506  5.08 5.20 5.20 4.44

PT2 450  5.02 5.16 5.28 4.44

Tr=2 AA 512 6.02 5.12 5.24 5.22
BS 536 5.90 5.12 5.22 5.10

Non-stud. PT 416 5.32 4.88 5.00 5.06

PT2 346 4.58 4.32 4.62 4.54

AR(1) AA 14.00 878 6.88 6.30 5.58
BS 1418 8.96 6.98 6.40 5.52

Studentized BS2 358  4.86 5.16 5.38 5.08

PT 512 5.36 5.16 5.34 5.00

PT2 510  5.32 5.40 5.42 5.16

AA 568  4.80 5.46 5.16 5.56

BS 584 474 5.38 5.22 5.52

Non-stud. PT 530  4.66 5.38 5.00 5.38

PT2 0.88  0.72 0.60 0.94 1.10

WN AA 35.82  16.74 9.88 7.04 5.80
BS 36.00  16.78 9.90 6.98 5.84

Studentized BS2 070 3.28 4.66 4.82 4.92

PT 502  5.08 4.98 4.84 4.88

PT2 378 4.52 4.82 4.66 4.86

T=3 AA 622  6.18 5.76 5.20 5.64
BS 6.08  6.24 5.74 5.42 5.38

Non-stud. PT 1270 13.80 1388  13.68  12.96

PT2 6.14  7.30 6.94 6.44 6.84

AR(1) AA 33.44 17.06  10.38 7.26 5.96
BS 33.94 1692  10.12 7.22 5.80

Studentized BS2 178 3.14 4.26 4.80 4.98

PT 462 526 5.08 5.14 5.12

PT2 336 4.54 4.84 4.86 5.02

Table 3.2 explores the performance of the same test for data configurations that do not
satisfy marginal homogeneity. To make the comparison fair, we focus on asymptotically
valid inference methods. For T' = 2, this includes studentized and non-studentized versions

of the AA, BS, and PT tests, and studentized BS2. Our results indicate that studentized
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tests are considerably more powerful than their corresponding non-studentized versions.
The main difference in the case of T' = 3, is that we now have to eliminate the non-
studentized PT test. With this exception, the results with T = 3 are qualitatively similar

to those for T' = 2.

Table 3.2: Empirical rejection rates (in %) under H; in (3.3) based on oy = /1 4 (¢t — 1)/2
fort =1,...,T, with a = 5% based on S = 5,000 i.i.d. panel datasets

T = Test type  Critical value n =30 n=60 n=120 n =240 n =480
AA 804 1106 16.22 3212 65.34

BS 8.06 11.00 1634 3212  65.08

Non-stud. PT 6.66 10.20 1578  31.68  64.98

PT2 1.30 2.14 3.44 7.64  28.86

WN AA 19.88 1874  27.12 4640  78.66
BS 20.04 1870  27.14 46,50  78.86

Studentized BS2 492 1096  22.38  43.90  77.68

PT 832 11.96  22.60  43.94  77.72

PT2 766 1174 2242 4382  T7.84

T=2 AA 6.50  7.64 9.54 18.14  39.56
BS 6.58  7.76 9.22 18.14  39.70

Non-stud. PT 536 7.08 890  17.80  39.40

PT2 448 6.0 7.90 15.68  36.88

AR(1) AA 18.82  17.60 2252 4096  72.34
BS 1896  17.76 2250  40.90  72.24

Studentized BS2 516 10.96 1826 3830  71.30

PT 748  11.48 1848 3836  71.06

PT2 746 11.52 1852 3844  71.22

AA 6.98 850  12.70  27.70  72.42

BS 716 854 1264 2778 7256

Non-stud. PT 6.32 8.14 12.18 27.26 72.44

PT2 1.00 1.34 1.58 378  18.86

WN AA 51.14  46.10  62.68  89.28  99.66
BS 51.22 4594  62.56  89.20  99.68

Studentized BS2 1.86  16.14 4742 8540  99.60

PT 1130 21.28 4882 8574  99.60

PT2 920 19.60  47.88 8552  99.54

r=3 AA 6.38  7.16 7.56 1044 21.30
BS 6.34  7.10 7.64 10.58  21.28

Non-stud. PT 1426 16.64  19.74 2810  65.38

PT2 6.42  8.42 9.38 12.98  28.18

AR(1) AA 62.84 7254 9460  99.94  100.00
BS 63.34 7250  94.60  99.94  100.00

Studentized BS2 6.24 3340  86.92  99.8%8  100.00

PT 16.30  45.90  89.34  99.88  100.00

PT2 13.00  43.08 8852  99.88  100.00

Tables 3.1 and 3.2 offer interesting conclusions regarding the finite sample properties of
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the asymptotically valid tests. When the sample size is relatively small, the non-studentized
tests appear to provide better size control than their studentized counterparts, though at
the expense of lower power. As the sample size increases, the studentized tests improve
their size control. As a result, the studentized tests seem to be a better option for larger
sample sizes: they offer adequate size control and relatively higher power compared to their

non-studentized versions.

3.6 Empirical Application

This section applies our marginal homogeneity tests to the state variable in the dynamic
discrete choice game in Igami and Yang (2016). In this paper, the authors develop and
estimate a dynamic entry model oligopoly game among Canada’s five main hamburger
chains: A&W, Burger King, Harvey’s, McDonald’s, and Wendy’s. They use yearly data
from 400 geographical markets' located in seven major Canadian cities between 1970 and
2004, i.e., n = 400 and T' = 35. For each market-year pair (i,t), they observe the number
of stores for each chain, population, and income.

The state variable used in Igami and Yang (2016) is a discrete categorical variable
whose value represents the number of stores of each chain, population, and income of a
given market-year pair. We now briefly explain its construction, and defer to their Igami
and Yang (2016, Section 4.1) for details. The paper restricts the number of stores per chain
to three, and divides population and income into quartiles.

For each period ¢ = 1,...,T = 35 and market « = 1,...,n = 400, X;; is uniquely
determined by the number of stores (up to three) for each chain j = 1,2,3,4,5, N;;; €
{0,1,2, 3}, the population quartile P;; € {1, 2, 3,4}, and the income quartile I; ; € {1, 2,3, 4}.
So, X;; = 1 indicates that N;;; = 0 forall j =1,2,3,4,5, Py =1, and I;; =1, X;; =2
indicates that N;;; = 0 for all j = 1,2,3,4,5, P;; = 1, and [;; = 2, and so on, until
X+ = 16,384 indicates that N;;; = 3 for all j = 1,2,3,4,5, P;; = 4, and I;; = 4. While

X could take up to 47 = 16,384 possible values, it only takes 467 distinct values in the

! The paper defines a market as a cluster of stores located within a 0.5-mile radius at any point of their
sample period. Markets in downtown areas are omitted as these experience a different nature of competition.
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entire dataset.

The data spans an extensive period in which the Canadian fast-food industry grew
considerably. As Igami and Yang (2016, Section 3.2) reports, the average number of shops
per market was less than 0.5 during 1970’s to approximately 1.8 in the early 2000’s. We
now provide further evidence about the evolution of this industry. Figure 3.1 shows the
average number of stores per market over time desegregated by chain. This figure shows
that the average number of stores per market has increased across all chains, with the
most significant increase observed for McDonald’s compared to the other chains. Figure
3.2 shows the average number of competitors per market over time. This figure reveals
that the frequency of empty markets decreased steadily between 1970 and 2000, while the
frequencies of monopoly, duopoly, and triopoly or more steadily increased over the same
period. In contrast, during 2000-2004, the frequency of each market type has remained
relatively stable. This evidence suggests that the Canadian fast-food industry has been
evolving between 1970 and the early 2000’s, and may have reached a steady state during
the last years of the sample. The hypothesis tests developed in this paper can be used
to evaluate whether the state distribution is homogeneous over any of the periods in the
sample.

As explained in Section 3.1, the marginal homogeneity of the state variable can be a
source for efficiency gains in the estimation of dynamic discrete games. With this motivation
in mind, we now apply our marginal homogeneity tests to our panel data of the state
variable. Given the large number of values that the variable takes, Assumption 10 does
not hold over the sample period. For this reason, we only consider non-studentized tests.
We implement our tests for two subsets of periods. Since we consider panel data with
T > 2, the non-studentized asymptotic approximation and bootstrap tests are valid, but
the permutation test is not. Table 3.3 presents the results of our hypothesis tests for two
subsets of sample periods. First, we consider a subset of our data every five years, i.e.,
1970, 1975, 1980, 1985, 1990, 1995, and 2000. In this case, our tests strongly reject the

hypothesis of marginal homogeneity. This result is expected, as it is consistent with the
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informal discussion in the previous paragraph regarding the growth of the Canadian fast-
food industry between 1970 and 2000. Second, we repeat the analysis for the last four years
in the sample period, i.e., 2001, 2002, 2003, and 2004. In this case, our tests do not reject
the hypothesis of marginal homogeneity. These results suggest that the Canadian fast-food

industry may be in a steady state in the latter part of the sample period.

Table 3.3: Marginal Homogeneity Tests for Igami and Yang (2016)

Note: Marginal homogeneity tests are applied to Igami and Yang (2016) with o = 5%. The Pre-2000
sample refers to the subsample with ¢ € {1970, 75, 80,90, 95,00}. The Post-2000 sample refers to the
subsample with ¢ € {2001, 02, 03, 04}.

Sample  Test type Test statistic Critical Value with o = 5%
Asy. approx. Bootstrap Permutation
Pre-2000  Non-stud. 10.76 0.88 0.82 2.35
Post-2000 Non-stud. 0.08 0.13 0.13 0.23
3.7 Conclusions

This paper proposes hypothesis tests to evaluate whether panel data satisfies the hy-
pothesis of marginal homogeneity. As we argue in the paper, marginal homogeneity is a
relevant property in economic settings such as dynamic discrete games.

Our asymptotic framework for panel data considers a diverging number of units n and
a fixed number of periods T. We implement our tests by comparing a studentized or non-
studentized T-sample version of the Cramér-von Mises statistic with a suitable critical value.
Relative to the non-studentized case, the asymptotic analysis of the studentized statistics
requires an additional assumption: the variance-covariate matrix used in the studentization
must be non-singular. It is relevant to note that this condition can fail in practice. In fact,
it failed in our empirical application.

We investigate three methods to construct the critical value: asymptotic approxima-
tions, the bootstrap, and time permutations. We prove that the asymptotic approximation
and bootstrap tests are asymptotically valid, regardless of whether we use studentized or

non-studentized test statistics. The permutation test based on a non-studentized statistic
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is asymptotically exact when T" = 2, but is asymptotically invalid when T > 2. In con-
trast, the permutation test based on a studentized statistic is always asymptotically exact.
Finally, under a time-exchangeability assumption, the permutation test is valid in finite
samples, both with and without studentization.

We also study the power of the various methods. The asymptotically valid tests we con-
sider are consistent and have non-trivial asymptotic power under suitable local alternatives.
Moreover, the asymptotically valid tests based on the non-studentized statistics share the
same local power properties, and the same holds for the asymptotically valid tests based
on the studentized statistics.

Our Monte Carlo simulations investigate the finite sample behavior of our tests. The
non-studentized tests exhibit better finite-sample size control than their studentized coun-
terparts, though this comes at the cost of lower power. Finally, we apply our test to the
state variable of the dynamic oligopoly model of the Canadian fast-food industry in Igami
and Yang (2016). Our findings suggest that the industry evolved between 1970 and 2000,

and appears to have reached a steady state since then.
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4. A General Approach to Relaxing Unconfoundedness

This essay proposes a general approach to relax unconfoundedness that incorporates
several previous relaxations as special cases, and we move beyond averages by providing
sharp bounds for a large class of parameters, which were previously unknown even under

special cases. This is a joint work with Matthew Masten and Alexandre Poirier.
4.1 Introduction

A large literature studies the identification and estimation of treatment effects when
a binary treatment is randomly assigned conditional on covariates. This assumption is
called unconfoundedness, conditionally independent treatment assignment, or ignorability,
among other terms. With observational data it is often considered very strong, however,
so a corresponding literature has developed to relax this assumption. These papers use a
variety of different classes of relaxations of unconfoundedness. That is, there are different
ways of formalizing the idea that treatment is “almost” randomly assigned, given the co-
variates. This variation raises a question: How do these different relaxations compare to
each other? This question is important because empirical researchers are often concerned
that the number of robustness checks they must consider is constantly growing; if some of
these checks are related, however, then that relationship can potentially be used to simplify
the overall analysis. Moreover, mathematically related analyses do not necessarily provide
“independent” evidence of robustness, a second motivation for better understanding the
relationships between different relaxations of an assumption.

With that aim, this paper makes two main contributions. First, we define a general
class of relaxations, which includes several previous approaches as special cases. Second, we
derive closed form, analytical identification results for treatment effects under this general
class of relaxations. This paper therefore unifies several disparate identification results in
the literature. In doing so, we also provide a variety of new identification results, because
we study an extensive list of parameters, including quantile treatment effects (QTEs) and

the distribution of treatment effects (DTEs), whereas most existing papers focus solely on
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average-type treatment effects. These new results were previously unknown even for the
specific types of relaxations that have been considered before. We give a precise discussion
of how our results compare to the previous literature in the next subsection.

In section 4.2 we set up the baseline treatment effects model and define the target
parameters we study. We define our general class of relaxations at the start of section
4.3. We show how this class relates to previous relaxations in sections 4.3.1 and 4.3.2. In
section 4.4 we derive general analytical identification results for marginal cdfs of potential
outcomes and monotonic functionals of those cdfs. We apply those results in section 4.5 to
obtain analytical bounds on various treatment effect parameters. We conclude in section

4.6.

Related literature

A vast literature studies unconfoundedness; we do not attempt a comprehensive review
here. Instead we discuss the most closely related prior work. Nonparametric relaxations of
unconfoundedness were pioneered by Paul Rosenbaum’s work (see his 2002 or 2017 books for
a survey, for example). His work focuses on sensitivity analysis within the context of finite
sample randomization inference (c.f., chapter 5 of Imbens and Rubin 2015). Much of the
subsequent literature has instead focused on large population level identification analysis. In
particular, inspired by Rosenbaum’s approach, Tan (2006) proposed the marginal sensitivity
model (MSM), a specific nonparametric relaxation of unconfoundedness (which we review in
section 4.3). Given this relaxation, Tan showed that bounds on parameters of interest can
be characterized as the solutions to optimization problems with infinitely many constraints,
but did not provide any formal results, proofs, or closed form expressions for these bounds.
Zhao et al. (2019) derived non-sharp bounds on the average potential outcome E(Y,) and
the average treatment effect (ATE) under the MSM, but also did not derive closed form
expressions for these bounds. Dorn and Guo (2023) strengthened that result by deriving
sharp bounds on E(Y,), ATE, and the average effect of treatment on the treated (ATT)

under the MSM, but again without closed form expressions. Dorn et al. (2024) subsequently
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refined that result by obtaining closed form expressions for sharp bounds on E(Y,) and
ATE under the MSM, in addition to developing the concept of double-validity and double
sharpness. Tan (2024) gives alternative sharp bound expressions for the ATE under the
MSM. Kallus and Zhou (2018) studied policy learning under the MSM, which is related to
identification of the average weighted welfare (what they call the “policy value”), but they
do not derive population bounds on this parameter.

This existing literature on the MSM largely focuses on average potential outcomes
E(Y,) or the ATE. Our paper provides the first sharp bounds on a wide variety of target
parameters under the MSM, including the quantile treatment effect (QTE), the quantile
treatment effect on the treated (QTT), the distribution of treatment effects (DTE), and
the average weighted welfare (AWW). Moreover, for many of the parameters we study, our
bounds are closed form. The existence of closed form expressions simplifies the construction
of estimation and inference procedures, and also allows us to analytically examine how the
bounds depend on the distribution of the observed data, and thus which features of the
data lead results to be robust.

Masten and Poirier (2016, 2018a) proposed an alternative relaxation of unconfounded-
ness called conditional c-dependence, and derived closed form sharp bounds on a variety of
treatment effect parameters under this relaxation, including E(Y,), ATE, ATT, the QTE,
and the DTE (in Masten and Poirier 2020). In the current paper we extend these iden-
tification results to a class of parameters that also includes the average weighted welfare
(AWW), weighted average treatment effects, and to quantiles of the distribution of condi-
tional average treatment effects (QCATE). Those earlier papers also restricted attention to
continuous or binary outcomes whereas our new results apply for any distribution of the out-
come, including mixed continous-discrete distributions. We also show how the conditional
c-dependence relaxation is related to the marginal sensitivity model.

While our general class of relaxations includes several previously proposed relaxations of
unconfoundedness, there are alternative relaxations where it is not yet clear if they can be

accommodated by our class. This includes Bonvini and Kennedy (2022), who derive closed-
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form sharp bounds on ATE under a mixture-style relaxation, and Huang and Pimentel
(2025), who derive closed-form non-sharp bounds on ATT under an assumption about
how much unobserved variables can affect the variance of odds ratios similar to those
that arise in the MSM; in appendix A.6 they derive sharp but non-closed form bounds on
the ATT under the same relaxation. It also includes Ding and VanderWeele (2016) and
VanderWeele and Ding (2017), who derive closed-form non-sharp bounds on the causal
relative risk under assumptions about relative risks involving latent confounders; Sjélander
(2024) derives closed-form sharp bounds under the same relaxation.

There are several related papers that provide general methods for deriving bounds. Dorn
and Yap (2024) show how to derive analytical expressions for sharp bounds on parameters
that can be written as certain weighted averages of outcomes under a restriction on a
generalized likelihood ratio. Like us, they show that their class of relaxations includes
several previous relaxations (such as the MSM of Tan 2006 and conditional c-dependence of
Masten and Poirier 2018a). Whereas we only study relaxations of unconfoundedness, they
also show how to use their results to do sensitivity analysis for instrumental variables and
regression discontinuity designs. Their analysis of unconfoundedness, however, focuses on
average potential outcomes and ATE, whereas we also study parameters like the QTE and
DTE. A large literature in econometrics has studied how to derive identified sets for a variety
of parameters under a variety of assumptions when all observed variables are discretely
distributed; see, for example, Torgovitsky (2019) and Gu et al. (2024), and the references
therein. Duarte (2024) uses similar ideas to numerically compute identified sets for a variety
of sensitivity analyses when all variables are discretely distributed. Rambachan et al. (2023)
provide a variety of general sensitivity analyses for binary outcomes. In contrast to this
literature, we obtain analytical sharp bounds without any restriction on the distribution
of the outcome variable, which allows the outcome to be continuously distributed or even
mixed continuous-discretely distributed.

Several prior papers also discuss the relationship between various relaxations of uncon-

foundedness. Masten and Poirier (2023) discuss mean independence, quantile independence
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assumptions, and a weaker version of quantile independence that they call ¢/-independence.
Their focus is on interpreting relaxations in terms of treatment selection models, rather
than providing identification results for a broad class of relaxations. Zhao et al. (2019,
section 7.2) discuss the relationship between the MSM and Rosenbaum’s sensitivity model.
For binary outcomes, Rambachan et al. (2023, appendix D) relate their relaxation to the
MSM, Rosenbaum’s sensitivity model, conditional c-dependence, and an approach called

Tukey’s factorization.

Notation

For random a variable A and a random vector B, we let Fyyp(a | b) :=P(A<a| B =)
denote the conditional cdf. For 7€ (0,1), we let Q4 5(7 | b) == inf{a e R: Fyp(a|b) = 7}

denote the left-inverse of this cdf, that is, its conditional quantile function.
4.2 Setup and Target Parameters

We are interested in the causal impact of a binary treatment variable X € {0,1} on an
outcome variable Y. Let (Y7, Y)) be potential outcomes under treatment and no treatment

respectively. Denote the realized outcome by
Y = XY + (1 - X)Y,.

Let W be a vector of covariates with support supp(W) < R, We use Pajw tO denote
PX =2 | W = w). P1jw thus denotes the propensity score. We assume realizations
of (Y, X,W) are observed by the researcher. Our identification analysis abstracts from
sampling uncertainty and assumes the joint distribution of (Y, X, W) is known.
Throughout the paper we maintain the following assumption, which is a strict overlap

assumption. It is also sometimes called strict positivity.
Assumption 11. There exists € > 0 such that py),, € [¢,1 — €] for all w € supp(W).

With observational data, a commonly imposed assumption is unconfoundedness. It is
also called selection on observables, ignorability, or conditional independence. This assump-

tion states that potential outcomes are independent of treatment given covariates W. This
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conditional independence is either imposed jointly on both potential outcomes, or on each

potential outcome separately:
Y, L X | W for x € {0,1} or (Y1,Yo) LX | W. (4.1)

Under Assumption 11 and either version of unconfoundedness given in equation (4.1), it is

well known that the pair of distribution functions (FY1|W7 FyO|W) is point-identified via
Fywylw)=PY <y|X=2,W=uw)

for = € {0,1}. This point-identification implies that many parameters that summarize as-
pects of the distribution of (Y7, Yy, X, W) are point-identified. Specifically, parameters that
can be expressed as functionals of Fy, |y, Fy,w, and the known distribution of observables
(Y, X, W), are point-identified. For example, we can point-identify the Conditional Average
Treatment Effect (CATE) as defined by CATE(w) := E[Y; — Yp | W = w] because it can

be written as

E[Y; - Yo | W = w] = j y1 dFyy oy (1 | w) — f o dFy (40 | w).

However, parameters that depend on other aspects of the distribution of potential outcomes
may only be partially identified. For example, consider the distribution function of Y7 — Yj,

the unit-level treatment effect:

Fyy_y, (2) = f 1(y1 — o < 2) dFyi vi (41, 90).

This parameter depends on the structure of the dependence between the two potential
outcomes, which is unknown from either version of the unconfoundedness assumption. As
discussed in Fan and Park (2010), Fy,_y,(z) is partially identified and sharp bounds can
be recovered in terms of the distribution of (Y, X, W).

To help classify treatment effect parameters, consider the decomposition

By, yvox,w (W1, 90 | z,w) = Cyoix,w (FY1|X,W(?J1 |z, w), Fyyx,w (o | z,w) | x,w)7

where C | xw( | z,w) is a copula that characterizes the dependence between Y; and Yy

conditional on (X,W) = (z,w). By Sklar’s Theorem (Sklar 1959), such a copula exists.
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Given that Fy x w is known, we consider treatment effect parameters that can be written
as a function of (Fy,|x w, Fy,|x,w> C1,0x,w> Fy,x,w). We denote these parameters through

the functional

O(Fyy x,w» Fyolx,ws Crox,ws Fy.xw), (4.2)

and we give several examples below. The dependence of 8 on some of its arguments is sup-
pressed if the functional is constant with respect to them. We will sometimes denote these
parameters as functionals of (Fy,|w, Fyy|w, Fy,x,w) rather than (Fy, | x w, Fy, | x,w» Fy,x,w)-

These two formulations are equivalent due to the relationship

Fy,iw(y | w) = Fyixw (@ | ©,w)pepw + Fy,x,w (W | 1 — 2,0)p1_aw (4.3)

which holds for all (y,z,w) € R x {0,1} x supp(W).

Next we consider eleven example target parameters. Our results give sharp bounds
for all eleven parameters under our general class of assumptions, including the marginal
sensitivity model as a special case. For many of these parameters we also obtain analytical,

closed form expressions for the bound functions.

Example 4.2.1 (Conditional Quantile Treatment Effect). For quantile index 7 € (0,1)
and covariate value w € supp(W), the conditional quantile treatment effect (CQTE) can be

written as

CQTE(T | w) == Qyyw (T | w) = Qyyw (7 | w) = Ocqre(Fy,jw, Fyyw; 7, w)

where 0cqre(Fy,jw, Fyyw; T, w) = FQ}W(T | w) — F;OTW(T | w) where F;;'W(T | w) =
inf{y e R: Fy,jw(y | w) = 7} is the left-inverse of Fy,jw (- | w), or its conditional quantile

function.

Example 4.2.2 (Conditional Average Treatment Effect). For covariate value w € supp(W),

the conditional average treatment effect (CATE) can be written as

CATE(w) := E[Y1 — Yo | W = w] = Ocare(Fy,jw, Fyyjw; w)

where 0 care(Fyyw, Fyywi w) = §y1 dFy,w(y1 | w) — §yo dFyyw (yo | w).
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Example 4.2.3 (Average Treatment Effect). Denote the average treatment effect (ATE)
as

ATE = E[Y1 — Yo| = Oare(Fy,jw, Fyow, Fw)

where O are(Fyy\w, Fyow, Fw) = § (1 dFy,w (y1 | w) — §yo dFyyw (yo | w)) dFw (w). We
can also consider weighted average treatment effects of the kind

WATE(w) = Efw(W)(Y; — Yo)]
for an identified function w : supp(W) — Rxg. The ATE is a special case where w(w) = 1.

Example 4.2.4 (Average Treatment Effect on the Treated). Denote the average treatment

effect on the treated (ATT) as
ATT = E[Y1 - Yo | X = 1] = Oarr(Fyy x,w, Fr.x.w)
where QATT(FY0|X,W>FY,X,W) = E[Y ‘ X = 1] — SSy() dFY0|X,W(yo ‘ 1,w) dFW|X(w ‘ 1)

Example 4.2.5 (Quantile Treatment Effect). For 7 € (0,1), denote the quantile treatment
effect (QTE) as
QTE(T) = Qv,(7) — Qv (7) = Ore(Fy,\w, Fyyjw, Fw; T)

where 0Qre(Fy,w Fyy|w, Fw;T) = Fyl(r) — Fgol(T) and Fy,(-) = { Fy,jw (- | w) dFw (w)

for xz € {0,1}.

Example 4.2.6 (Quantile Treatment Effect on the Treated). For 7 € (0,1), denote the
quantile treatment effect on the treated (QTT) as

QTT(7) = Qv x (7 | 1) = Qyyx (7 | 1) = Ogrr(Fyy x,ws Fyx,wiT)

where 0QrT(Fyy)x,w: Fyxwi ) = Qyx (7 | 1) = Fy | (7 | 1) with

Frypx (| 1) = f Fyypeaw (- | 1,w) dFyyx (w | 1).

Example 4.2.7 (CATE Distribution). For 7 € (0,1), denote the quantile of the CATE
(QCATE) as

QCATE(T) = F (1) = Oqeare(Fyyyw. Prow Fw; 7)
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where 0 goare(Fyyw Fyyw Fw; ) = F&llTE(W)(T) with

Foarpw)(z) = f]l(HOATE(FmW,FYow;w) < z)dFw (w).

This parameter is motivated by the sorted effects studied in Chernozhukov et al. (2018).

Example 4.2.8 (Average Weighted Welfare). For a weight (or assignment) function w :
supp(W) — [0,1], denote the average weighted welfare (AWW) as
AWW(w) = E[w(W)Y1 + (1 —w(W))Yo] = Oaww(Fy,\w Fyow, Fw;w)

where

QAWW(FY”W, FYO\Wa FW; w) =
J <w(w) Jyl dFy,w (y1 | w) + (1 — w(w)) fyg dFyyw (yo | w)) dFy (w).

Kallus and Zhou (2018) called the AWW the policy value.

Example 4.2.9 (Joint Distribution Function). For (y1,%0) € R2, the joint cumulative
distribution function (cdf) of (Y1,Yp) is

Fy, vy (y1,90) = P(Y1 < y1,Y0 < wo) = Ocpr(Fyy x,w» Fyo 1 x,ws Croix,ws Fy,x,w's Y1, Yo)

where

Ocor(Fy, 1 x,ws Fyo 1 x,ws Crox,ws Fy,x,ws y1, o) =

> JCI,OX,W(FY1|X,W(y1 | 2, w), Py, x,w (Yo | 7, w) | 2, w)py)w dFw (w).
z€{0,1}

Example 4.2.10 (Distribution of Treatment Effects). For z € R, the cumulative distribu-
tion function for the unit level treatment effect Y1 — Yy (called the DTE) is

DTE(z) = Fy,—y,(2) = P(Y1 — Yo < 2) = Opre(Fy, | x.w, Fyo x,ws Croxws Fy,x,wi 2)

where

Opre(Fy,|x,w, Fyy x,w,Crox,w, Fy,.xw; 2) i=
Z J <J dCI,O\X,W(FYﬂX,W(yl | I7w)aFYo|X7W(y0 | wi) | x,w)) Pz|w dFW(w)
ze{0,1} {y1—yo<z}
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Example 4.2.11 (Quantiles of Treatment Effects). For 7 € (0,1), the quantiles of the

distribution function of treatment effect (QDTE) Y1 — Yy is

Qvi-vy (1) =inf{z e R: Fy,_v,(2) = 7} = Oqpre(Fy; | x,w: Fyo)xw: Crox,w: Fyxw; T)

where
OoprE(Fyvy x,w> Fyyix,ws Crox,ws Fy,xw; T)

= inf{z € R : Opre(Fy, x,w Fyo x,w> Crox,ws Fyxw; 2) = 7}

The parameters in examples 4.2.1-4.2.8 only depend on the distribution of potential
outcomes through their marginal distributions given (X, W), while the parameters in ex-
amples 4.2.9-4.2.11 also depend on their copulas. Under overlap and unconfoundedness, the
parameters in 4.2.1-4.2.8 are all point-identified. The parameters 4.2.9-4.2.11 are partially
identified under overlap and unconfoundedness since the conditional copulas Cy g x, are
not identified from the joint distribution of (Y, X,W). In other words, these parameters
depend on the type of dependence between Y7 and Y, and unconfoundedness does not
reveal any information about this dependence. For example, Fan and Park (2010) show
the identified set for Fy,_y;(z), the DTE, is an interval and they provide a closed-form
expression for its lower and upper bounds.

However, if unconfoundedness fails, all these parameters will be partially identified. The
identified set for parameters that are partially identified under unconfoundedness becomes

larger under failures of unconfoundedness.
4.3 Relaxing Unconfoundedness

We now consider relaxations of the unconfoundedness assumption. We will consider
two related, general relaxations of unconfoundedness that encompass several disparate re-
laxations that were studied in the literature. We begin by considering a class of assumptions
on the probabilities of treatment when conditioning on covariates W and one of the potential

outcomes.
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Assumption 12 (Marginal c-dependence). Let (c(w,n),c(w,n)) satisfy 0 < c(w,n) <
Pilw < C(w,n) < 1 for all w € supp(W). The potential outcomes satisfy marginal c-

dependence if, for x € {0,1},

Pa(Y,w) = P(X = 1Y, W = w) € [c(w,n),e(w,n)]
almost surely conditional on W = w for all w € supp(W).

This assumption restricts the manner in which potential outcomes affect the treatment
probability p,(y,w), which we call a latent propensity score. We will use c-dependence
assumptions to conduct sensitivity analyses for unconfoundedness. Here the sensitivity
parameters are ¢(w,n) and ¢(w, n), which we refer to as bound functions. Like the notation
in Rambachan et al. (2023), we let 7 be a possibly infinite-dimensional nuisance parameter
that is point-identified from the distribution Fy,x . The bound functions are also allowed
to depend on the covariate value w. In principle, we can also allow the bounds to differ
across z € {0,1}, but we do not include an x subscript for simplicity. The specification of
c(w,n) and ¢(w,n) is left implicit, which allows them to be functions of low-dimensional or
scalar sensitivity parameters. For example, the marginal sensitivity model of Tan (2006),
which depends on a single sensitivity parameter, can be viewed as a special case of marginal
c-dependence. We show this in section 4.3.1.

We can also see that setting c(w,n) = €(w,n) = pyj, yields unconfoundedness as a
special case of marginal c-dependence, while letting (c(w,n),¢(w,n)) approach (0,1) im-
plies that no restrictions on the dependence between X and Y, (given covariates) are im-
posed. Note that we restrict the propensity score py,, to lie within our specified bounds for
pz (Y, w). If the propensity score were outside these bounds, then the assumption would
be misspecified because, by the law of iterated expectations, py,, = E[P(X = 1| Y, W =
w) | W = w] € [e(w, n), 6w, n)].

We also consider a closely related class of assumptions that restricts the probability of

treatment given both potential outcomes.
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Assumption 13 (Joint c-dependence). Let (c(w,n),¢(w,n)) satisfy 0 < c(w,n) < pijy <
¢(w,n) <1 for all w e supp(W). The potential outcomes satisfy joint c-dependence if

p(Y1, Yo, w) =P(X =1[Y1,Yo, W = w) € [c(w,n),c(w,n)]
almost surely conditional on W = w for all w € supp(W).

Joint c-dependence with bound functions ¢(w,n) and ¢(w,n) implies marginal ¢ depen-

dence with the same bound functions. This is due to the law of iterated expectations.

Lemma 4.3.1. Let Assumption 13 hold for (c(w,n),¢(w,n)). Then, Assumption 12 holds

for (c(w,n),e(w,n)).

We next show that several unconfoundedness relaxations from recent related literature

can be viewed as special cases of either marginal or joint c-dependence.
4.3.1 The marginal sensitivity Model
Tan (2006) proposed the Marginal Sensitivity Model (MSM), which restricts the odds

ratio between propensity scores and treatment probabilities that also condition on the

potential outcome Y, for x = 0,1. For x € {0, 1}, let

By (Y, W) = P(X =1 Yx,W)/]P’(X =1|W)

P(X =0| Y, W)/ P(X =0 W)

denote this odds ratio. When Y, is continuously distributed with respect to the Lebesgue
measure, this ratio can also be expressed as ratios of conditional densities of Y, | X = 1, W
and YV, | X =0, W.

Tan (2006)’s MSM posits known bounds for these odds ratios.

Definition 4.3.1 (Marginal Sensitivity Model (MSM)). Let A € [1,+) be known. The

potential outcomes satisfy the Marginal Sensitivity Model if

Ry (Y, w) e [A1 A] for z e {0,1}

almost surely conditional on W = w for all w € supp(W).

98



A is a scalar sensitivity parameter. Setting A = 1 is equivalent to assuming uncon-
foundedness, and increasing A allows for more dependence of latent propensity scores on
potential outcomes. Variants of Tan (2006)’s MSM whose odds ratios condition on both
potential outcomes have also been considered. Similarly, these odds ratios may instead
condition on an abstract confounder U rather than potential outcomes. See, for example,
Dorn and Guo (2023) and Dorn et al. (2024) for recent examples of these two variants. To
distinguish it from the case where one conditions on the potential outcomes one at a time,

we call the version that conditions on both potential outcomes the Joint Sensitivity Model

(JSM).

Definition 4.3.2 (Joint Sensitivity Model (JSM)). Let A € [1,+) be known. The poten-

tial outcomes satisfy the Joint Sensitivity Model if
R(Y1,Yo,w) € [AT1A] for z e {0,1}

almost surely conditional on W = w for all w € supp(W), where

P(X = 1|Y1,Yo,W)/IP>(X= 1| W)

Yi,Yo, W) = .
RO Y0 W)= 50 =0 v, Yo )/ B(X =0 W)

We now state generalizations of the MSM and JSM that allow their odds ratios to have
arbitrary bounds, as opposed to bounds that have product equal to 1. We also allow their
bounds to depend on covariates or nuisance parameters. We will continue distinguishing
between marginal sensitivity models, which condition on one potential outcome at a time,

and joint sensitivity models, which condition on both potential outcomes.

Definition 4.3.3 (Generalized Sensitivity Models). Let A(w,n) € (0,1] and A(w,n) €
[1,4+00) for all w € supp(W) where A(w,n) and A(w,n) are known. The potential outcomes
satisfy the Generalized Marginal Sensitivity Model (GMSM) if

R, (Y, w) € [A(w, n),K(w,n)] for xz € {0,1}

almost surely conditional on W = w for all w € supp(W). They satisfy the Generalized
Joint Sensitivity Model (GJSM) if
R(Y3, Yy, w) € [A(w,n), A(w,n)]

99



almost surely conditional on W = w for all w € supp(W).

We can see that the MSM is a special case of the GMSM by setting [A(w, n), A(w,n)] =
[A~L, A]. Similarly, the JSM is a special case of the GJSM.

The GMSM is equivalent to marginal c-dependence because, for each bound function
pair [¢(w,n),¢(w,n)] under marginal c-dependence, there exists exactly one corresponding
bound function pair [A(w,n), A(w,n)] under the GMSM. The same link exists between joint

c-dependence and the GJSM. We show this in the following proposition.

Proposition 4.3.1 (Equivalence of Sensitivity Models).
1. Let marginal (joint) c-dependence hold with bound functions [c¢(w,n),¢(w,n)]. Then
the GMSM (GJSM) holds with bound functions

= | elw,n) pow  €(w,n)  Pojuw
(A Bl )] = | Lt ) B | g

2. Let the GMSM (GJSM) hold with bound functions [A(w,n), A(w,n)]. Then marginal

(joint) c-dependence holds with bound functions

p]_|wA(w7 77) p1|’wK(w7 77)
Pojw + p1|wA(wa 77) ’ Pojw + p1|wA(wa 77)

le(w, ), e(w,n)] = [ (4.5)

This proposition shows that the marginal c-dependence is equivalent to the generalized
marginal sensitivity model. Similarly, joint c-dependence is equivalent to the generalized

marginal sensitivity model.
4.3.2 Conditional c-dependence

Masten and Poirier (2018a) studied a relaxation of unconfoundedness they called con-

ditional c-dependence, which assumed symmetric bounds on the latent propensity score.

Definition 4.3.4 (Conditional c-dependence). Let ¢ € [0,1] be a known scalar sensitivity
parameter. The potential outcomes satisfy conditional c-dependence if

px(Yxaw) = P(X =1 | Yo, W = w) € [p1|w —CPiw t C]
almost surely conditional on W = w for all w € supp(W).
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This is a special case of marginal c-dependence where the bounds equal

c(w,n) = pijw — ¢ and c(w,n) = prjw + ¢

Here the nuisance parameter is py|.), the propensity score function. Unconfoundedness is
obtained by setting ¢ = 0, while the no-assumption bounds are obtained for ¢’s equal to or
larger than sup,equpp () Max{pP1|w Pojw}- Masten and Poirier (2018a) provided closed-form
expressions for sharp bounds on the CQTE, CATE, ATE, QTE, and ATT when potential
outcomes are continuously distributed or binary. Masten et al. (2024) describe flexible

parametric estimators of these bounds and provide nonstandard inference methods.

4.4 General Identification Results

Next we derive sharp bounds on a large class of target parameters under the relaxations
described in section 4.3. We will study a class of parameters that includes all eleven
examples in section 4.2 as special cases. Specifically, we will compute these parameters’
sharp bounds, or their identified set, under marginal and joint c-dependence, which are

equivalent to the GMSM and GJSM, respectively.

4.4.1 Bounds on marginal distributions

Before studying our general class of treatment effect parameters, we first consider bounds
on the distribution functions of each potential outcome, given covariates. These cdfs are
building blocks for these parameters and, as we will see, analytical bounds on these cdfs
will directly map into analytical bounds on these parameters.

Specifically, we begin by analyzing the conditional cdf of the potential outcome Y, given
the covariate value w, Fy, w(y | w) == P(Yz <y | W = w). Under either marginal or joint
c-dependence, we can show that this cdf is bounded above and below by two cdfs which
form an envelope for Fy, yy(y | w) for all values of (y,w) € R x supp(W).

Define the following functions:
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p1|w Q(wvn) — P1jw
c(w,n)” clw,mn)

b1
Ey,w(y | w) _maX{FYXWyll w) +FY\X,W(Z/\L7~U)C & }

Pijw 6(11)77]) — P1jw

b1
Fyyw(y | w) _mm{FYXWyll w) + Fyixw(y | 1L,w) w‘w }

c(w,n)”  e(w,n) c(w,mn)
Pojw Pijw — E(w, 77) Pojw
P _ j2 0 F 0, w) ——
Eyyw(y [ w) maX{ vixw(y | 0,w) 1—c(w,n)’ 1—7¢(w,n) * Frixw(y | 0,w) 1—2(w,n)
— . Pojw  Pijw —c(w,n) Poluw
F = F: 0 F: 0 —_— .
volw (¥ | w) mln{ vixw(y | 0,w) 1—¢(w,n)’ 1-c(w,n) * Brpew (] 0,w) 1—c(w,n)

Viewed as functions of y, these four functions are cdfs since they are nondecreasing, right-
continuous, and their limits as y — —o0, +00 equal 0 and 1, respectively. We show these

four cdfs form bounds for Fy, i under marginal or joint c-dependence.

Lemma 4.4.1. Let Assumption 11 hold. Let either Assumption 12 or 13 hold. Then, for

all (y,w) € R x supp(W),

POV <y | W =w)e | Pyl | w) Fryw(y| w)]

and

P(Yo <y | W =w)e |Eywly | w), Fywly | w)].

We note a few properties of these bounds. The bounds for FYI|W(y | w) collapse to a
point if either c(w,n) = pyj, or €(w,n) = pyj,- Also note that Fyxw(y | z,w) always
lies within the bounds for Fy, i (y | w). This is because c-dependence never rules out
unconfoundedness, and unconfoundedness implies that the distribution of Y given (X, W) =
(x,w) equals that of Y, given W = w.

These cdf bounds also yield cdf bounds under the GMSM or GJSM since they are
equivalent to c-dependence as shown in Proposition 4.3.1. These bounds are also valid for
the standard MSM or JSM, as they are special cases of marginal or joint c-dependence.

We now show these cdf bounds are sharp, or that they cannot be improved upon. This
is the case under marginal or joint c-dependence. The cdf of Y, | W = w can also lie in the
interior of these bounds, as we show that any convex linear combination of the upper and

lower cdf bounds can be attained.
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Before establishing this, let C denote the set of all bivariate copulas and let

Cl,0|X,W = {{Cl,O|z,w}$E{O,l},wesupp(W) such that Cl,O|cc,w € C}

denote the collection of all bivariate copulas across all treatment and covariate values
(x,w) € {0,1} x supp(W). We also say that a distribution function for (Y7,Yp) | X, W

is compatible with the observed distribution Fy,x  if

FY1|X,W(' | L,w) = FY\X,W(' | 1, w) and FY0|X,W(' | 0,w) = FY\X,W(' | 0,w)
(4.6)

for all w € supp(W).

We now define the identified set for the distribution of (Y1,Yp) | X, W from the observ-
able distribution Fy x w under c-dependence. This set consists of all conditional cdfs and
copulas that imply a distribution for (Y7, Yy) | X, W that is both compatible with the data

distribution Fy x w and with a c-dependence condition.

Definition 4.4.1 (Identified Set). For a given distribution of the observables Fy x w and
bound functions ¢ = (c(w,n),c(w,n)), the identified set for (Fy, xw, Fy, x,w>C10/x,w)
under marginal c-dependence is given by
Imarg(FKX,W; C) =
{(Fyvyx,ws Fyolx,ws Croixw) : Fyvoix,w = Cropx,w (Fyvy x,ws Fygx,w)

and py|.y satisfy equation (4.6) and Assumption 12}.

The identified set under joint c-dependence is given by
IjOim(FY,X,W; C) —
{(Fyvy 1 xws Fyoix,ws Cropx,w) + vy yolxow = Cropx,w (Fyvx,ws Fygx,w)

and py|.y satisfy equation (4.6) and Assumption 13}.

In our later derivations, we may refer to the identified set for (Fy,w, Fy,w, Ci0/x,w)
instead, which we denote by Z§ (Fy.x w; c) for i € {marg, joint}. Via equation (4.3), this set
can be viewed as an affine transformation of the identified set for (Fy, | x w, Fy,|x,w» C1,0/x,w)-
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We now show some key properties of the cdfs and copulas in these identified sets. We

begin with marginal c-dependence.

Theorem 4.4.1. Let Assumptions 11 and 12 hold. For all (,v) € [0,1]? and for any
Cl,O\X,W € Cl,O|X,W;

<5EY1|W + (1 =) Fyyw, YEyyw + (1 =) Fyyw 01,0|X,W) e I (Fy,x,w; ).

This theorem shows that the four pairs of cdfs, i.e., (Ey,w, Eyyw), (FY1|WaEY0\W)a
(F Y1|W7FY0\W)a and (FYHW,FYO‘W), are part of the identified set. This is obtained by
varying (g,7) over {(1,1),(0,1),(1,0), (0,0)}. We show this by explicitly constructing latent
propensity scores p1 (Y1, w) and po(Yp, w) that lie in [c(w,n),¢(w,n)] almost surely under
the implied distribution of (Y1,Yp) | W = w. These propensity scores have a switching
structure where they equal the lower /upper bound for low values of Y, and the upper/lower
bound for large values of Y,. For example, the propensity score p;(Y7,w) associated with

cdf upper bound Fyﬂw equals
c(w,m) ify <@
P1 (Yl, w) = Zl if Yl = @1
c(w,m) ifYT>Q,

where
ra (E(w777> —P1|w)2(w777> . .
@ i= Qrixw <(C(w,n) — c(w,m))P1jw | X=1W= w)
and
A P(Y:@17X:1|W:w)
A1 N

- FY1|W(@1 | w) —me(é1— \ w)'
Note that Ay € [c(w,n),¢(w,n)]. We denote lim, -5 Fy,w(q | w) by Fyw(Qi— | w).
The propensity scores associated with the cdf bounds F' VAW FY()IWv and F Yol can all be
found in Appendix C.1.

This switching structure of the latent propensity score was observed for conditional
c-dependence by Masten and Poirier (2018a, pages 335-339), and for the MSM in Proposi-
tion 2 of Dorn and Guo (2023). Our sharpness proof implies that latent propensity score
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p1(Y1,w) satisfies an integral constraint, namely that E[p; (Y1, W) | W = w] =P(X =1 |
W = w), in order to ensure it is compatible with the observed propensity score.

Theorem 4.4.1 also shows that any convex linear combinations of these four cdf pairs
lies in the identified set. As a result, the identified set for Fy, (v | w) is the entire
closed interval [Ey, y(y | w), Fy,w(y | w)]. Moreover, the identified set for the pair
(Fyyw (y | w), Fyyw(y | w)) is the Cartesian product of their individual identified sets,
meaning that fixing or knowing the conditional distribution of one potential outcome does
not affect the identified set of the distribution of the other potential outcome.

Finally, Theorem 4.4.1 proves that no conditional copulas are ruled out by marginal
c-dependence. For example, marginal c-dependence allows Y] and Yy to be independent,

1

comonotonic’, or countermonotonic given X and W.

A similar result is obtained under joint c-dependence.

Theorem 4.4.2. Let Assumptions 11 and 13 hold. For all (g,7) € [0,1]? there exists

Crox,w € Cro/x,w such that

(eFy,w + (1 = &) Fyw, vEygw + (1 =) Fygyws Crox,w) € "™ (Fyxws ).

The only difference between the two theorems concerns the dependence structures be-
tween Y7 and Yp. Theorem 4.4.1 shows that all copulas are compatible with marginal
c-dependence, while our proof of Theorem 4.4.2 only exhibits one copula for each pair of

conditional distributions (EEYAW +(1— E)Fyl\w, YEyw + (1-— W)FYOWV).
4.4.2 Bounds on monotonic parameters

The sharp bounds provided in theorems 4.4.1 and 4.4.2 can be used to deliver analytical
expressions for sharp bounds on a large class of treatment effect parameters. We first define

the identified set for a parameter 6 defined in (4.2).

Definition 4.4.2 (Parameter Identified Sets). Let 0(Fy,|xw, Fy,x,w> C10x,w> Fy,xw) be

a parameter. Its identified set under marginal c-dependence with bounds ¢ := (c(w,n),c(w,n))

! This is also referred to as rank invariance. For example, see the discussion in J. J. Heckman et al. (1997).
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s given by

Iy " (Fyxwic) = {0(F, Fo, C, Fy,xw) « (F1, Fo, C) € I (Fy,x,wic)} -

For a parameter O(Fy, x w, Fy, | x,w, Fy,x,w) that does not depend on the copula Cy gx w,
its identified set under joint c-dependence is given by

I)(Fy.xwic) = {0(F, Fo, Fy,xw) : (F1, Fy,C) € V" (Fy,x w;c) for some C € Cro/x,w} -

These sets are the parameter values consistent with the known distribution of observ-
ables Fy x w and with a c-dependence condition. Without restrictions on how 6 depends
on the distribution of potential outcomes, these sets may take various shapes.

We focus on a class of scalar estimands that can be ordered with respect to first order

stochastic dominance.

Definition 4.4.3 (First-Order Stochastic Dominance). Let F be the set of all univariate
cdfs and let F,G € F. Say that F' first-order stochastically dominates G, denoted by F > G,

if F(u) < G(u) for all uweR.
Next we define our target class of parameters.

Definition 4.4.4 (Monotonic Parameters). Let 6 : F — R be a parameter. Say that 0 is
increasing if F > G implies O(F) = 0(G). Say that 0 is decreasing if —0 is increasing, and

say 0 is monotonic if it is either increasing or decreasing.

Following Manski (1997), monotonic parameters are also called D-parameters, or D1-
parameters. Also see Manski (2003) or Stoye (2010) who consider parameters that are
increasing with respect to second-order stochastic dominance.

As an example, consider a parameter G(Fyl\w) that is increasing in Fy, ) and suppose

c-dependence holds. Then

O(Fyw) € [0Fyw), 0(Eysyow)|

since Fyl\w < Fy;jw < Fy,, which holds by Lemma 4.4.1. This interval cannot be
made narrower since the cdf bounds [EYl\WvFYﬂW] are sharp by theorems 4.4.1 and 4.4.2.
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Therefore, the identified set for 6(Fy,y) is a subset of this closed interval that always
contains its two endpoints. The interior of this interval is also part of the identified set if
the functional 6 is continuous in the sense that & — 6(cEy, y + (1—¢) Fyw) is continuous.
This type of continuity is implied by the continuity of the mapping F' +— 6(F') under the
sup-distance metric.

Assuming monotonicity of the parameter will help derive properties of its identified set.
Monotonicity is a substantive restriction, but all eleven parameters from Section 4.2 satisfy
it. This is formally established in Lemma 4.4.2 below. We begin by considering monotonic

parameters that do not depend on copulas.

Theorem 4.4.3. Let 0(Fy,jw, Fy,w, Fy,x,w) be increasing in Fy,;y (- | w) and decreasing
in Fyyw(- | w) for each w € supp(W). Let Assumption 11 hold, and either Assump-
tion 12 or 13 hold. Then, for i € {marg,joint} the convex hull of the identified set for

O(Fyyw Fyyiw Fy,x,w) is the closed interval

TH(Fy x.w;c)

= inf O(F1, Fo, Fy,x,w), sup O(F1, Fo, Fy,x,w)
(F1,F0,C)eLy (Fy, x,w;c) (F1,Fo,C)eTi(Fy x.wic)

= [H(Fyl\vv,Eydw,FY,X,W),H(EYI|W,FYO\W7FY,X,W)] .

If (e,7) = 0(ely,w + (1 — E)Fyﬂw,’YEYO‘W + (1 =) Fyyw, Fy,x,w) is continuous over

(e,7) € [0,1]?, this interval equals the identified set.

This theorem shows that substituting the upper/lower cdf bounds delivers sharp bounds
for any parameter that is monotonic in the first-order stochastic dominance sense. The re-
sult is derived under an assumption that the parameter is increasing in Fy, ; and decreasing
in Fy,w, but it immediately generalizes to parameters that are increasing or decreasing
in either or both conditional cdfs. For example, the cdf pair (FY1|W7E Y0|W) will maxi-
mize a parameter that is decreasing in Fy,)y and increasing in Fy,y, and the cdf pair
(Fyyjws Fyyjw) will maximize (minimize) a parameter that is decreasing (increasing) in
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both Fy,jy and Fyyy. The identified set for these parameters always contains endpoints
Q(FYl\W>EYO|WaFY,X,W) and O(EY1|W7FY0\W>FY,X,W)- It also contains all the values be-
tween these endpoints whenever the mapping 6 is continuous in the appropriate sense.
We document the monotonicity of various building blocks for parameters of interest in
the following technical lemma. We omit covariates W for simplicity here, except in part 4

on QCATE because that parameter requires covariates to be nontrivial.

Lemma 4.4.2. Let Assumption 11 hold. Then, for x € {0,1} and 7 € (0,1),

1. Or(Fy,) :== SydFy,(y) is increasing and continuous in the sense that € — Og(eFy, +
(1 —¢e)Fy. ) is continuous for any (Fy,, Fy, ) over ¢ € [0, 1].

2. 0g(Fy,; 1) = F;;(T) is increasing.

3. Ocq(Fy,;T) = F;;'X(T | 1 — x) is increasing.

4. 0qoare(Fy,yw Fyyjw, Fw; T) (see Example 4.2.7) is decreasing in Fy,w and increas-
ing in Fy -

5. Ocpr(Fyy, Fy,, Ciy1,y0) = C(Fy, (yo), Fy,(yo)) is decreasing in Fy, and Fy, for all
(y1,%0) € R? and copulas C.

6. Opre(Fy,, Fy,,C;z) = S{ylfyos,z} dC(Fy,(v1), Fv,(yo)) is decreasing in Fy, and in-

creasing in Fy, for all z € R and copulas C.

Using this lemma, all eight parameters that are invariant to copulas are bounded by
substituting the upper or lower cdf bounds from Theorem 4.4.1. This allows us to compute

analytical bounds for these parameters.
4.5 Analytical Bounds on Treatment Effect Parameters

We explore these analytical bounds by focusing on five of our examples to illustrate
these expressions. The first three parameters are independent from the copula, while the

last two are copula-dependent.

108



4.5.1 Average treatment effects (Example 4.2.3)

From Lemma 4.4.2.1, we have that the ATE satisfies

E[Y; - Y] =
Oare(Fy,w Fyoiws Fw) € [0ate(Fyyjw» Evyyws Fw), Oate(Eyy jws Fyopw s Fw)]-

This interval equals the identified set by the monotonicity and continuity of the expectation
functional which was established in Lemma 4.4.2.1. The lower and upper bounds can be
obtained by calculating §y dFy, jy (y | w) and SydEy w(y | w) for x € {0,1}. Via the

quantile transformation, these bounds can also be written as integrals of @ (u | w) and

Y |[W
QYI|W(U | w) over u € (0,1). Thus the ATE bounds can be written as integrals of quantiles.
Via Lemma C.5.2 in Appendix C.5, we show that these quantile integrals can be converted
into conditional expectations of outcomes given that they exceed or fall short of a fixed
conditional quantile. These are equivalent to Conditional Value at Risk (CVaR) measures
that appear in Dorn et al. (2024). These bounds are stated explicitly in equations (C.45)—
(C.48) in Appendix C.5 in the general case. When Y | X, W is continuously distributed,

we obtain simpler expressions for these bounds that we give here:

Oare(Fy,w Fyyw Fw) =

ERE[Y|Y<Q1,X=1,W]—E[Y|Y<QO,X:0,W]) c_plw]

c—c¢
c—c

+IE[(E[Y|Y>Q1,X= 1,W]—IE[Y|Y>QO’X:07W]> pl|w—6}

and

Oate(Eyyw Fyow, Fw) =

EKE[Y‘Y<Q1,X=1,W]—]E[Y]Y<QO,X:()7w]> pllw_c]

c—cC

+E[(E[Y’Y>Q1’X:1’W]—E[Y\Y>Q0,X=0,W]) Cpuw}

c—C

Note that the dependence of (¢,¢) on (W, n) was suppressed for convenience.
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4.5.2 Quantile treatment effects (Example 4.2.5)

We now consider bounds on the quantile treatment effect for a fixed quantile 7 € (0,1).
By Lemma 4.4.2.2, the functional fqrg is increasing in Fy,y and decreasing in Fy; |y .

Therefore, by Theorem 4.4.3, QTE(7) has the following sharp bounds:

QTE(7) € [Qy, (7) = @y (1), @ni (7) = @y, (7)]

where Qy, is the left-inverse of cdf Fy, (-) := E[Ey, (- | W)] for = € {0,1}. Analogously,

Q. is the left-inverse of cdf Fy,(-) == E[Fy,w(- | W)]. Analytical expressions for the

unconditional cdf bounds for the treated potential outcome are given by

)puw Cc— ]jl\W
¢

[

P = E[mm {FY'XW(‘U LW + Fypxw(y |1 W>pllw }]

Pyw ¢—Pyw
Fy () = B [max{ Py | 1,79) P2 S22

Piyw
+ Fyxw(y [ 1L, W) ‘c H

and similar expressions can be obtained for Yy. The left-inverses of the previous expressions

yield bounds on quantiles of Y7 and Y[, and which can be used to compute the QTE bounds.

4.5.3 Average weighted welfare (Example 4.2.8)

Consider a policy w : supp(W) — [0, 1] that treats units with covariate value w with

probability w(w). The average welfare in a population under such policy is given by

AWW(W) = HAWW(FY1|W7FYO|W’FW7W) = E[M(W)E[Yl | W] + (1 — W(W))ED/O ‘ W]]

By adapting Lemma 4.4.2.1, this functional is increasing in Fy, |y, increasing in Fyyy, and
continuous in the sense defined in the lemma. Therefore, by Theorem 4.4.3, its identified

set is the closed interval given by

[QAWW(FYﬂWaFYO\WvFWaw),GAWW(EY1|W7EYO|W’FWuW)] -

An analytical expression for these bounds can be obtained by substituting in the expressions

for the cdf bounds in the previous functionals. When Y | X, W is continuously distributed,

110



the bounds are given by

Oaww (F'y, 1w Fygiw, Fw, w)

c—c¢ c—c¢

—E[w(W) (E[YIYsQl,X— LW LRy Y -G, X = LW]I'IIWC)]

c—c¢C c—c¢

+E[(1—w(W)) (E[Y |V < Qo X =0, W2V —E 4 gy | Y>Q0,X—0,W]c_p1'w>]

and

GAWW(EYI\Wyﬂyo\Wa Fy,w)

=E[w(W) <1E[Y V<@, X =1, WP NS LRy v > QX - 1,W]C_p1”’>]

c—c¢ c—c¢

+EY|Y>Q -

X0 F—c X0 c—c

+E[(1—w(W))(E[Y|Y<Q X =0, W] Puw X=0,W]p1|W_C>].

4.5.4 Copula-dependent parameters

We now consider identification of the parameters in examples 4.2.9-4.2.11 which all
depend on the copulas C g;x,- Even under unconfoundedness these parameters are not
point-identified. Relaxing unconfoundedness will yield larger identified sets for these pa-
rameters when compared to the unconfoundedness baseline. We will focus on marginal
c-dependence since it does not restrict the dependence structure between the potential

outcomes.

The joint distribution function

Consider identification of the joint cdf Fy, y; (y1, yo) under marginal c-dependence. Con-

sider the functional

Ocpr (Fyy | x,ws Fyo | x,ws Croix,ws Fy,x,w'; Y1, %o)
= f (Croxw (Fyixw (w1 | 1,w), Fyyxw(yo | 1,w) | 1,w)py
+ Cropx,w (Fyyx,w (w1 | 0,w), By x w (y0]0,w)|0,w)poj, ) dFw (w).

Fix the conditional copula function C g x,w (-, | -,-). Then by Lemma 4.4.2.4, this func-
tional is decreasing in Fy;|x w(yo | 1,w) and Fy, x,w(y1 | 0,w). Thus it is bounded below
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Ocor (Ey, | xws Eyy x,ws Crox,ws Fy,x,w: Y1, Yo)
and above by
QCDF(FYl\X,WaFYO\X,WvCl,O\X,W7FY,X,W;y17yO)-
Moreover, by Theorem 4.4.3, these bounds are sharp.
Since C g x,w is unknown, we then compute the maximum and minimum of these
bounds over the set of copulas that are consistent with marginal c-dependence; this is
simply the set of all copulas. The Fréchet-Hoeffding bounds show that all copulas C satisfy

C(u,v) € [max{u + v — 1,0}, min{u, v}] = [C(u,v),C(u,v)]

for all (u,v) € [0,1]2. The copula bounds C and C are themselves copulas. Combining

these facts, we obtain the following analytical bounds on the joint cdf of potential outcomes.

Proposition 4.5.1 (Identified set for joint cdf). Let assumptions 11 and 12 hold. Then,

for any (y1,y0) € R?, the identified set for Fy, v,(y1,v0) is given by the closed interval

L, (Fy,xwsc) = [E <maX{EYI|X,W(y1 | X, W)+ Fy xw(yo | X, W) — 170}> ,

Ocpr

E (min{Fyl|X7w(y1 ’ X, W)7FY0|X,W(Z/O ‘ X, W)})] :
(4.7)

The bounds in (4.7) are themselves cdfs, so these bounds can be attained simultaneously
for all (y1,yo) € R%. The bounds for Fy, y, under unconfoundedness are obtained as a special
case when ¢ = pyy = ¢, which implies that FYI\X,W =Fy xw = Fyixw( | z,-). Making
this substitution in equation (4.7) yields these bounds under unconfoundedness.

The distribution of treatment effects

Identification of this parameter under unconfoundedness was studied in Fan and Park
(2010), by applying results first shown in Makarov (1982) and later studied in Williamson

and Downs (1990). Masten and Poirier (2020) also studied this parameter under conditional
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c-dependence and under a range of assumptions on copulas for (Y7,Yp). By Lemma 2.1 in

Fan and Park (2010), the cdf of Y7 — Yj given (X, W) = (x,w) satisfies

Py, _y, xwi(z | z,w) € [max {Suﬂg (Frxw (| z,w) = Fyyxw(y — 2 | 2,w)) ,0} ;
ye

vt min f inf (Pl | 20) = Py = 2 | 2,0) 0

and these bounds are sharp for any pair of cdfs (Fyl‘ xws Fyy)| x,w). These bounds are
decreasing in Fy,|x w and increasing in Fy;|x,, therefore substituting the upper /lower cdf
bounds for Fy,|x y results in sharp bounds for Fy, _y;x w under c-dependence. This was
established in Lemma 4.4.2.6. Integrating these bounds over the marginal distribution of
(X, W) yields sharp bounds for the unconditional cdf of ¥ — Yp. This result is summarized

in the following proposition.

Proposition 4.5.2 (Identified set for DTE). Let assumptions 11 and 12 hold. For any

z € R, the convex hull of the identified set for Fy,_y,(z) is given by

mang

0ppn FY,X, W3 €) =

[E (maX {SUP (EY1|X,W(Z/ | X, W) = Fyyxwy—z| X, W)) 70}> ;

yeR
1+E (min {;Ielﬂg (FYI\X,W(Z/ | X, W) = Eyyxw(y — 2 | X, W)) 70})} :

This expression involves two one-dimensional optimization problems, but the objective
functions are known, closed-form functionals of the distribution of the observables. Bounds

on the QDTE can be obtained as a corollary by taking the left-inverse of the cdf bounds.

4.6 Conclusion

In this paper we proposed a general class of relaxations of unconfoundedness, and showed
how it includes several previous approaches as special cases. We then derived closed form
identification results for many different target parameters under this general class of re-

laxations. There are at least three natural next steps. First, in this paper we focused
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on population level identification results. Corresponding estimation and inference results
can likely be derived by using standard sample analog estimators and arguments, but we
leave the details to future work. Second, it would be interesting to explore whether our
bounds have either the double-sharpness or double-validity properties defined in Dorn et al.
(2024), and if not, whether alternative bounds that had these properties could be derived.
Third, it would be interesting to extend our results to independence assumptions beyond

unconfoundedness, such as IV exogeneity (e.g., section 4 of Masten and Poirier 2018b).
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5. Conclusions

This dissertation consists of three essays in microeconometrics. The first essay addresses
the weak instrument problem in MTE models by introducing uniformly valid inference
procedures for causal parameters extrapolated by MTEs, achieving the robustness of policy
effect inference when instrumental variables exhibit limited variation. The second essay
develops three testing procedures, based on asymptotic approximation, bootstrap, and
permutations, to assess the marginal homogeneity assumption in panel data. The third
essay presents a general framework for relaxing the unconfoundedness assumption, which
can include several existing approaches as special cases. This framework enables a broader

sensitivity analysis for various treatment effect parameters.
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Appendix A. Additional Results for Chapter 2
A.1 Proofs
A.1.1 Notation

Throughout the appendix, we employ the notation in Table A.1, which was not neces-

sarily introduced in the text.

Table A.1: Important Notation in Appendix A.1

qr(ze) Pr(Z = z)

qF(d, Zg) PF(D = d, Z = Zg)

pr(2e) Pp(D =12 = z)

PF (pr(20), pr(21), .-, PF(2K))

Ap The matrix of propensity scores, defined in equations (2.5) and
(2.10)

Brae Er[Y | D =d,Z = 2]

BFa (Brdo, - - Brar)

Br (BE1: Bro)

O%,dﬂ varp(Y | D =d, Z = z)

{r; F}?S‘fﬂ) The singular values of A (in a descending order)

In addition, let S’i + denote the space of positive definite matrices with k rows (columns).

A.1.2 Proof of uniform validity in Section 2.3

The proof of asymptotic similarity of the AR and conditional tests in Proposition 2.3.1
and Theorem 2.3.1 uses the sub-sequencing techniques from D. W. Andrews et al., 2020.

Specifically, we verify their Assumption B” in the following Proposition A.1.1.

Proposition A.1.1. For any subsequence {p,} of {n} and any sequence {(Xp,, Fp,) € Po}
for which

1. O0f

o — 0p € O, where O, is a sequence of parameters such that (0f, ,F,,) € P and

)\pn = Cl@Fpn ;
2. Br,, dt = Booae ford=0,1and £ =0,1,...,K;
J. U%p g — 0% g ford=0,1and {=0,1,...

4. pr,, (20) = poo(ze) for all € =0,1,... K;
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5. qp,, (20) = qoo(2¢) for all £=10,1,... K.
The following result holds:

(a) the convergence of the type-I error rate of AR test:

lim Pg, (ARpmk()\pn) > qy2(1 - a)) =aq, fork=1,..., K,

n—0

(b) Suppose further that

VPulmE,, | = 5w €[0,0], and 7F,, /|7F,, | = to,

where Ly 18 a unit vector, then we have the convergence of the type-I error rate of the
conditional test
lim Pg, Wy, (Ap,) > qw(1 —a)) =

n—0o0

Based on the above result along subsequences, the asymptotic similarity of the AR and

conditional test can be established similarly as D. W. Andrews et al. (2020, Theorem 2.1).

Proof of Proposition 2.3.1. Let {a,} be a subsequence of {n} such that

nlgrgo Pr,. <ARan,k(/\an) > qy2(1 - a)) = llgljgp ()\,SFL;EPO Pr <ARn7k()\) > qy2(1 - a)) :

Such a sequence always exists. Along the sequence {a,}, we can choose a subsequence

{pn} < {an} such that the conditions 1-5 in Proposition A.1.1 hold for some

Voo = (90075007 {Ugo,dz}d,éapoovq@) :
That is,
Up, = (9Fpn,5Fpn, {U%pn,dz}d,&prn,QFpn) — V.
Such converging subsequence {¥), } always exists since each element of ¥, is contained in
a compact set as restricted by the parameter space P. By Proposition A.1.1(a), we have

lim Pp, (Aan,k()‘pn) > g3 (1 - a)) -

n—o0
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Since {p,} is a subsequence of {a,}, and the rejection probability converges along the

sequence {a,}, we have

limsup sup Ppg (ARn,k()\pn) > g2 (1 — a))
n—®  (\F)ePy !

— lim Pp, (ARpmk()\pn) > qa(1 - a))

n—ao0

= a.
By redefining the subsequence under inf operator, similar arguments also imply that

liminf inf P (ARM(A%) > (1 - a)) —a

Then the proof is complete. O

Proof of Theorem 2.3.1. The proof follows the same arguments in the proof of Proposition
2.3.1 by replacing AR statistic with the Wald statistic W,, (), replacing the critical value

qx%(l — «) with the conditional critical value g+ (1 — ), and redefining 9, as:

Voo = (90075007 {Ugo,de}d,éapooa%o,soo, Loo) .

The compactness of the space of so follows from the compactness of [0,00]. Instead of
using Proposition A.1.1(a), we use Proposition A.1.1(b) to show the size of the conditional

test along a subsequence {p,}. O

Proof of Corollary 2.3.1. Note that Delta method gives a different asymptotic expansion

for the moment along a converging sequence:
Vign) S (2p(o) = Aulyey] = Agldpey]) 2,
— (Au[oge] + Aploge,]) 2,
+08,9(A0) 23, + 0309(Ac0) 2y
~ N(0,5T(A\0)).
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The asymptotic covariance matrix ST(\y) is uniformly positive definite by noting that
Lemma A.1.2 has already established that dg, g(A)Zs, + 05,9(Ax)Z3, is non-degenerate
uniformly as long as c¢ is nonzero. Since Z,, Z,, and Z3 are jointly independent, S’T()\)
consistently estimates the asymptotic variance ST(\y). The rest of the proof follows by

the same arguments in Proposition A.1.1 and Theorem 2.3.1. 0

Proof of Proposition A.1.1. For simplicity of notations, the proof is shown for the full

sequence {n}. Then, we note that the same proof goes through with p, in place of n.

Part (a): Note that gx()) is a continuously differentiable function of A, p, 51, and So.
Applying Delta method and the convergence in Lemma A.1.1(a) to the sample moment
Jx(A) yields

Vige(An) = [0 gk (M) Zp + (8,95 (An)1 25, + [0, 95 (An)] Zgy + 0p(1)
4 N(0,53)
where
st = [0 g1 (A0 ) 12,00 [0k (Ao0)] + [0 91 (Ao )12 51,00 [Op g (Aeo )] + [0 91 (M) E 36,0 [ 050 g (Aco )],

where A\ is the limit of \,, = ¢’6,, as n goes to infinity, and gi(\s) equals gx(\) by sending
A, p, B1, and By to their limiting values.

Again by Lemma A.1.1(b), £, », 33, 0, and Xg, o can be consistenly estimated by their
sample analogs f]p, f]gl, and 260 along the drifting sequence, respectively. The continuous

mapping theorem then implies that
81 (An) = Ok (An) Zp0pdk (An) + 01 G (An) 25, 08, Gk (Mn) + 01 G (An) S0 Do (An) B 7.
Note that Lemma A.1.2 implies s} € (0,00). By Slutsky’s theorem, we have

Vngr(An) - a N, 1),

which implies the desired result.
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Part (b): Following similar arguments in part (a), Lemma A.1.1 implies that

\/ﬁg(An) i’ Zg = pg()\oo)zp + aﬁlg()‘oo)zﬁl + aﬁog()‘oo)zﬁo ~ N(OKXLSOO)

axg(An) ﬁ) axg(AOO) for x € {pu/BhBO}
(A1)

&
L

Yz for xe{p,B1,Ho}
S(n) H S
where
S = apg()\w)zp,ooap’g()\oo) + 0619()\00)2,81,0055;9()\00) + 5,809()\00)250,003,869()\00)-
and S, is bounded and positive definite by Lemma A.1.2.
Case 1: s, < 0.
In this case, we have
Vi = Nnrg, + (0,72,
9y Sptep + [0pT]| 2, (A.2)
=z

and

h(An) = Vit = [ 5p[0y§(An)]S(An) VG (An)
- sooton + [0pT] Zp — [0pT] Z,00 [0 9 (N0) 155" Zg
= Z,

From the independence (Z3,, Zg,) XL Z,, it follows that Z, 1 Z; since they are jointly
normal and uncorrelated.
By continuous mapping theorem, we obtain the asymptotic distribution of the Wald

statistic under the null:
ng(An)' SA) 177 S(An) L9 (An)
7S (M) L7

Wn(An) =

d Zésoglzﬂz,’rso—clzg
Z:S%" Zx

120



On the other hand, we note that the simulated statistic W;*(\;,) can be written as a function

of standard normal draw n* and a conditioning statistic

A N

T = (h(M), S, By, 0pi(An))-

Specifically, we write

(n*)/g(An)_l/zﬁs (n*, Y)ﬂ's (n*, Y)/S(An)_l/zn*

WiE(An) = W(n*, 1)

Il
—

=

w
~—

where

ms(n*,T) = h(hn) + [0pm] [0 3(An) 1S () =20,

Therefore, T is the source of sampling uncertainty on the simulated statistic WE(An)-
Let G(- | T) denote the CDF of the simulated Wald statistic W*()\,) conditional on
data, i.e.,

Gz | T) = P(W;(\) <z [ {Yi, Di, Zi}iy)

=P(W(n*,T)<z|7T).

Next, we show that ¢(1 — a, T), the (1 — a)-quantile of G(- | T), is a continuous function

of T on the set U , where

/

—1/2
U = {(uy,ug,us,ug) : ug + [ﬁpﬂ']u;guﬁlt@ n* # 0k x1 a.s.,

(A.4)

K

Uy € RK,UQ € S++,U3 € SK+1 Ugq € RKX(KJrl)}.

++

Let {Y,} be a sequence in U such that T,, > T € U as n — 0. Given zero probability of
discontinuity in the limit by the definition of U, {W(n*, Y,,)}n>1 converges almost surely
to W(n*, ). This implies the convergence in distribution for any continuity point x of

G(-|7):
Gz | Th) =Pp(Wn*, Ty, <z) — Pu(WHn"T)<z)=Gx|T).

The distribution function G(- | T) is increasing at its (1 — a)-quantile ¢(1 — «,Y) be-
cause the random variable W (n*, T) is continuously distributed. By D. W. Andrews and
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Guggenberger (2010, Lemma 5), it follows that ¢(1—a, Y,,) — ¢(1—«,Y). This establishes
continuity of quantile function on the set U.

The convergence results in (A.1) and (A.2) give

T i) TOO = (Zh7 S&’)a Ep7007 apg()\OO))7

and by Lemma A.1.3, we have P(Yo, € U) = 1. From the continuity of ¢(1 — a, Y1), it

follows by continuous mapping theorem that

. ZI8 1z, 2 S 1 Z

d g~ oo T on “<g
WnAn) —q1l—a,T) — —q(1—a,Ty),
( ) Q( ) zﬁs—lzw Q( OO)

which implies

. ZS-lz z 51z
_ - g~ oo Uied dagieo] g
Pr, (WaAn) > a(1 - o, 1)) P( oz

> q(l — a, Too)) .

Next, we show that the limit probability on the right-hand side equals a. We first examine

the conditional probability as follows.

P 2155 2x 2,55 24
ZrS% Zn

>q(1—a,Yy) | TOO>

B U0 - UMY L AU € 0P
7-‘—8(77*7 TOO)SO?JI’]TS(W*7 TOO)

— P(W(* To) > a1 — @, Yoo | Too)

=« a.S.

The second line holds by the observation that n* and S;f/ 2Zg are both independent of
T, and that Z, = 775(5’;)1/229, T4 ), which has the same distribution as 7s(n*, Yo ). The
third line holds by the definition of W (n*, Ty, ). The last line holds by the definition of
q(1 — a,T), and the fact that W (n*,T) is continuously distributed for any T € U. By
taking the law of total probability, it follows that the unconditional rejection probability

equals « as well. This completes the proof for the case s, < 0.
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Case 2: s, = .

In this case, by the assumption \/n||7g, || — 00, we have

T TR, _ _
= = Op(n g, | 7Y
e~ Tre] A5
= top + 0p(1).
and
h(An) i N T 1
= — [0pm ]2 [0 (M) ]S ™ Vg (M) |V R,
= Lo + 0p(1).

From the condition o, # Oxx1, (A.1), and (A.5), it follows that

ng(An)"S )~ @/, ) (&' /|7r, DS On) 9 (n) 4

Wn(An) = x
) & /7 )S (An) = HE/ |7, )

X (A.7)

Now we examine the stochastic behavior of critical value gy (1 — «), defined as (1 — «)-
quantile of W*(\,) conditional on data. First, we define the normalized conditioning
statistic in the construction of W(\y):
, h(\ Voo (A
T = ﬂ) S, %, M )
V|, | Vo|rr, |

By convergence result (A.1), (A.6), and the condition that \/n|7g,| — o0, it can be seen

that

T £> TOO = ([’00750072p,CD)0K><(K+1))'

This and the continuity of the quantile function ¢(1 —a, -) give (1 —a, T) & g(1—a, To).
This shows that the (1 — «)-quantile of W (n*, T) converges in probability to ¢(1 —a, To),
which equals the (1 — a)-quantile of x? distribution by replacing T with T4 in (A.3). Note

that W*(\,) = W(n*, T). From this, we conclude that

av+(l1—a)=q(1—a,T) & 2 (1 — ). (A.8)
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By (A.7) and (A.8), we have W, (A,) — qw+(1 — ) 4, X3 - ¢y2(1 — a). Then the desired

conclusion follows by the definition of convergence in distribution. O

A.1.3 Proof of uniform validity in Section 2.4

The proof of uniform size control in Theorem 2.4.1 uses the sub-sequencing techniques
from D. W. Andrews et al., 2020. Specifically, we verify part of their Assumption B in the

following Proposition A.1.2.

Proposition A.1.2. For any subsequence {p,} of {n} and any sequence {(Xp,, Fp,) € Po}
for which

1. O0F

. — 0y € O, where O, is a sequence of parameters such that (0f, ,F,,) € P and

/ .
Ap, =g, ;

2. BF,, .t = Boae ford=0,1and £ =0,1,...,K;

0% g 0%g ford=01and £=0,1,...,K;
4. PF,, (z¢) = poo(ze) for all £ =0,1,..., K;
5. qr,, (20) = quo(ze) for all£=0,1,... K;
6. B, — By and Cp, — Cy;
7. \/DnTjF,, — t; € [0,00] forall j =1,...,2(M +1);
8. tp= Hii:”ﬁip i\l — 1p € RZMHY) “where Sp s defined in equation (A.22)!.
nFp,
we have

lim sup P, <cfoinf MLC,,(8) > q(1+a)X§+ang+1(1 — a)> <o

n—oo :)‘Pn

Based on the above proposition, we show the uniform size control in the following proof

using the similar arguments as in D. W. Andrews et al. (2020, Theorem 2.1).

Proof of Theorem 2.4.1. The proof is similar to Proposition 2.3.1 but the asymptotic ex-

! Note that the denominator | Sr, Bf. c| # 0 since both Sp, and Bp, are full-rank matrices and the weight
¢ is nonzero. Hence ¢, is properly defined for each n > 1 and satisfies ||¢,| = 1.
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actness and similarity are not preserved. Let {a,} be a subsequence of {n} such that

lim Pg, < inf MLG,, (0) > q(1+a)xf+a><§;<+1(1 - a))

n—00 c'0=Aa,

] Pr ( inf MLC,(6 1 - ‘
maw s P (56 MLCWO) > 01y, (1) )

Such sequence always exists. Along the sequence {a,}, we can choose a subsequence {p, }

{ay} such that the conditions 1-8 in Proposition A.1.2 hold for some

1900 = <0007 5007 {ago,dé}d,fvav qOO7 B007 C(007 {tj }5(:1\144_1)7 LOO) .

That is,

_ 2 2(M+1)
ﬁpn = (GFPn”BFpn’{O-Fpn,df}dae’prn’QFpn’BFpn’CFpn’{VpnijFPn}j=1 bon ) 77 Voo

Such converging subsequence {¥),, } always exists since each element of ¥, is contained in
a compact set as restricted by the parameter space P.2 By Proposition A.1.2, it follows

that

limsup Pp, (Cleinf MLC,, (0) > q(1+a)x§+ax§K+1(1 — a)) <o

n—ao0 :)‘Pn

Since {p,} is a subsequence of {a,}, and the rejection probability converges along the

sequence {a,}, we have

li Pr | inf MLC,(0 1—
maw s e (0 MLC0) > 0o, (1))

= limsup Pg, ( inf MLC,, (0) > q(Ha)X%angﬁ(l - a)>

n— o0 0=Xp,

< Q.

Then the proof is complete. O

]2(M+1)

2 Note that {t;} belongs to a compact set [0, 0 , and the space of orthogonal matrices is also

compact.
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Proof of Proposition A.1.2. For simplicity of notations, the proof is shown for the full
sequence {n}. Then, we note that the same proof goes through with p,, in place of n.

By Lemma A.1.1(a), we have

D —PF, ZAp} d N\ < [ 2p,co O(K+1)><2(K+l)]>
= ~ — 0- ,
vn (5 ﬂFn> [Z,B S Oy g4 1) x (K 41) Y800

This implies

it =[O i o o 20
(A.9)
where
Lin(p) = diag{\},,(p(20)), - - -, N (P(2k)) }
Ry (p) = diag{Aon (p(20)); - - -, Ao (P(2K)) }-
By continuous mapping theorem, we have
Vi(Afp, — B) = /n(A — Ap,)0p, — v/n(3 - Br,)
_ [(LO(pFn)va oo Lu(pr,)Zp) O(k+1)x (M+1) A ] [&,Fﬂ
O(K+1)x (M+1) (Ro(pr.)Zps -+ Rur(pr,)Zp)] [bo.r,
— 75+ 0,1

d dlag m= Oelmoc/\lm( ( ))€=O,1,7K z _z
diag { S Oom oo Ny (oo (20)) : £ = 0,1, K V| 777
pr,eoo)z ZB

The fourth line holds by definition:

diag 4™ 01\ (0(20) £ =0,1,... K
H(p,0) = )

diag { M Oom Ny (p(20)) :

Let

Zn = H(pom Hoo)zp - Zﬂ'
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Following Lemma A.1.1, the condition 0, — 6, and note that {\/, (-)} are continuouly

differentiable by the continuity of h,,(-), continuous mapping theorem implies

A~

QOr,) = HG,08)S,HG,08,) + 35

Z H(pocyew)zp,wH(Pwyeoo),"‘Zﬁ,oo

= var(Zy) (A.10)

and
0j(0r,) = M;(p)S,H(p,0r,)
Z Mj(poc)zp,wH(pmveoo)/

= cov(M;(pew)Zp, Zm)- (A.11)

In particular, var(Zy) is positive definite by the positive definiteness of ¥3 o, which is in
turn implied by the parameter space restriction on P. For each j =1,...,2(M + 1), then

we have
V(di(0r,) — a;r,) = Vn(a; — ajr,) —1(08,)Q08,) " Vn(AbE, — B)

d _
- yj(poo)zp — cov(M;(pe) Zp, Zm) var(Zm) lzmv

_/

EZd].

where the second line holds by combining results from (A.9), (A.10), and (A.11). Then we

observe that
cov(Z4;, Zm) = Oa(K+1)x2(K+1)-

This shows

Vo (vec@(éf;;:vﬁecmm) - <V€§Z'D>>’ e

where Zp = (24, ... ’Zd2(M+1)) is independent of Z,.

Based on (A.12), applying Lemma A.1.5 yields

n'>D(6r,)Br, Sp, > De
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where D¢ is of full column rank with probability one and is also independent of Z, and

SF, is a diagonal matrix with positive diagonal elements

(vnrLp,) ™
Sp = Ogx (2(M+1)—q)
(vVn7ep,) ™
O2(M+1)—g)xq Iy(n+1)—q
Define a normalizing constant v, = ||4/nSr, B};ncH_l. By continuous mapping theorem

and given that D¢ is of full rank with probability one, we have

QOr)ym = QOg,) V2 (\/ﬁf)(QFn)BFnSFn>

-1 \/ESF,LB}?"C
|v/nSE, B, ¢
—_—

ln

[(\/ﬁﬁ(@Fn)BFnan)/Q(Hpn)_l (\/ﬁf?(an)BFnSFn)}

L9 = var(Zn) VPDe[Dpvar(Zm) ' Del Voo (A.13)

Since top # Og(pr41)x1, We note Q is nonzero almost surely and independent of Zy by the
independence between D, and Zy,.

Then it follows that

MRLM,(0r,) = +/n(AbF, —B)Q0F,)” I/QPQ(Q )Q(an)_l/Q\/ﬁ(Aan )
= Vn(Abg, — B)YQ(0k,) 1/2PQ(9F 12 2O0F,) T 2/n(Ab, — B)
4, Z! var(Zy) Y2 Pg var(Zy) V2 2y
~
The third line holds by continuous mapping theorem based on (A.10), (A.12), and (A.13).

The last line follows by that Q is nonzero almost surely and Q 1 Z, thus
Z! var(Zg) V2 Povar(Zy) V2 2y conditional on Q
implies the unconditional distribution

Z! var(Zy) V2 Povar(Zy) V220 ~ ¥
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We apply similar arguments to the difference between AR and MRLM statistics, yield-

ing

ARy (0p,) = MRLM,(0r,)| 4 [Zhvar(Za) "> Mo var(Zn)~/?2n X3ri1
MRLM,, (0, ) Z! var(Zy) "2 Pg var(Zy) 1?2y i |’

where Mg = I — Pg denotes the annihilator operator. Note that x3; 41 1s independent of
X3 because (Pg var(Zy) Y22y, Mg var(Zy,) /22, are uncorrelated:

cov(Pg var(Zy) Y2 2y, Mg var(Zy) Y2 Zy)

—E (cov(PQ var(Zw) Y2 Zm, Mo var(Ze) Y2 Z, | Q))
= E(PoMo)

= Og(x 1) x2(K+1)-

The first line holds by the law of total covariance and the fact that E[Zy, | Q] = E[Zn] = 0.
The second line holds by the independence between QO and Z,. The third line holds by

the definition Mg = I — Pg. So we have

MLC,(6,) = MRLM, (65,) + a - AR, (05,) > (1+a)x? + ax3xi1

by continuous mapping theorem.

As a result, we show that

n—ao0 0=An

limsup Pp, < inf MLC,(0) > q(Ha)X%JrangH(l - a)>

< lim P, (MLCn(Hpn) > i ranc oy, (1~ a))

n—0o0

= Q.

Then the proof is complete. O
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A.1.4 Proof of bias formula in section 2.5.1

Proof of Lemma 2.5.1. Applying FWL theorem to partial out the linear effects of W in

the misspecified regression (2.24), we have

yLWID=1 _ 5 (P)LW\D=1 L yLtwan(p)p=1

P11 conditional on D =1

yLW|D=0 (P)J_W\D:O 4 yLWo(P)[D=0

= PoAo conditional on D =0

Conditional on D = d, simple OLS regression gives

COV(yLW\D:d’ )\I(P)J_W\D:d | D = d)
var(\g(P)tWIP=d | D = d)

pd =

cov((paha(P) + Wnaha(P)) W1P=4 3, (PYWID=0 | p — a)
B var(\g(P)tWIP=d | D = d)

cov((W/ Ag(P))FWIP=d )\, (P)tWIP=d | D — q)
var(A\g(P)tWID=d | D = d)

= Pd Nd-

The second line holds by noting that correct regression equation (2.23) gives
Y = pig + W'rg + para(P) + Wnghq(P) + €4 conditional on D = d.
where ¢, =Y —E[Y | D = d, W, P]. This implies
yLWID=d _ (Pd)\d(P) " W/ﬁdAd(P))le:d

since €4 is uncorrelated with W conditional on D = d. So we establish the bias formula for
pd — Pd-
Alternatively, we can also apply the FWL theorem to partial out the linear effects of
Ag(W) in the misspecified regression, giving
y LA (P)D=1 _ %{WJ_Al(P)\D:I L yLWwaa(p)p=1

conditional on D =1

y Po(P)D=0 _ %6W“‘O(P)‘D:0 + Y WA (P)ID=0 conditional on D =0

In this way, 74 is the OLS coefficient on W in a regression of Y +Aa(P)ID=d o 1y7LAa(P)|D=d.

7~—d _ E[(WJ_Ad(P)\D:d)(WJ_)\d(P)\D:d)/ ‘ D= d]—lE[(WJ_Ad(P)\D:d)(YJ_)\d(P)|D:d> ’ D= d]
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The correct regression (2.23) implies that Y «(PID=d — (W', 4 W'nghg(P))Pe(P)IP=d,

Plugging it into the OLS estimand 7, then gives
%d —T = E[(wL)\d(P”D:d)(Wl)\d(P”D:d)/ | D — d]fl

x E[(WANPIP=G) (W, (P)) A4 PIP=4 | D = d] n,
= E[(WaP)ID=dypyLaa(P)ID=dy | i _ g]~1
x E[(WANPNP=) (Wh4(P)) | D = d] ng
which establishes the bias formula for 74 — 74. O
Proof of Theorem 2.5.1. We begin by noting that cov(W,A\g(P) | D = d) = 0p«1 implies

WAPID=d _yw _E[W | D =d] and Mg(P)*WIP=4 = \y(P) —E[Mg(P) | D = d].
(A.14)

From cov(WW' , \y(P) | D = d) = Opxy, it follows that
[WAa(P)) 7 1P=4

= WAq(P) —E[WAa(P) | D =d]
—E[N(PYW(W —E[W | D =4d]) | D =d]var(W | D =d)"Y(W —E[W | D = d])
— WA4(P) —E[W | D = d|E[\(P) | D = d]
— (E[Ad(P)WW’ | D =d] —E[MN(P)W | D =d|E[W | D = d]’)
x var(W | D = d)™ (W —E[W | D = d])
= WXi(P) —E[W [ D = d]E[Aa(P) | D = d]
— (E[Xa(P) | D = d)(E[WW' | D =d] —E[W | D = d]E[W | D = d]'))
x var(W | D = d)"Y (W —E[W | D = d])
= WA4(P) —E[W | D = d|E[\(P) | D = d] — E[\(P) | D = d(W —E[W | D = d])
— W(A(P) = ED\(P) | D = d]). (A.15)
The first equality follows by definition of regression residuals. The second equality follows
by the assumption cov(W,\q(P) | D = d) = Orx1. The third equality follows by the
assumption cov(W, \g(P) | D = d) = 01,x1 and cov(WW' A\g(P) | D = d) = 0«
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First, we simplify the bias formula in Lemma 2.5.1, which would lead us to compute
the bias on causal parameter of interests. The general bias formula on 74 can be simplified

by the following derivations:
P = o + E[(W e PID=d) (g La(PD=dy | [y _ gl IR[(WM PID=) (W), (P)) | D = d] g
= 1q+var(W | D = d)"'E[(W —E[W | D = d))W' \g(P) | D = d] na
= g +var(W | D = d)~" (E[WW'Ay(P) | D = d] —E[W | D = dJE[W' \(P) | D = d]) 1
=714+var(W | D =d) ' var(W | D = d)E[N\g(P) | D = d] 04

= Tq + E[)\d(P) ‘ D = d]’l]d. (A16)

The first equality is given by the Lemma 2.5.1. The second equality holds by (A.14) and
(A.15). The fourth equality holds by assumption cov(WW’' Ay(P) | D = d) = Opxy, and
cov(W, A\q(P) | D = d) = Op«1.

On the other hand, the general bias formula on pg can be simplified by the following
derivations:

cov((W'Aa(P)LW1P=4, 3 (P)WIP=1 | D — g)
var(Ag(P)LWID=d | D = q) 1

Pd = pd +

cov(W'(Aa(P) — E[Aa(P) | D =d]),N\a(P) —E[M(P) | D =d] | D =d)
var(\(P) | D = d) 1

= pd+t

E[W/A(P)? | D = d] — E[W’ | D = d|E[\a(P) | D = df?
var(A(P) | D = d) i

= pd+
= pa +E[W'nq | D = d]. (A.17)

The first equality is given by the Lemma 2.5.1. The second equality holds by (A.14) and
(A.15). The third equality holds by assumption that cov(W,A\¢y(P) | D = d) = Orx1. The
final equality holds by the assumption that cov(W, \g(P)?) = Opx1.

Having simplified the bias formulae in Lemma 2.5.1, now we can derive the bias formula
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for pg as follows:
fia = E[Y = W'7q — pgha(P) | D = d]
= Elpa + W' + para(P) + [WAa(P)'na — W' — para(P) | D = d]
= E[pa + [WXa(P)'na = WnaE[Ma(P) | D = d] = E[W'nq | D = d]Aa(P) | D = d]

= pg — E[W'ng | D = d]E[Xa(P) | D = d] (A.18)

The first equality follows by misspecified regression (2.24). The second equality follows by
the correctly specified regression (2.23). The third equality follows from the bias formula
in (A.16) and (A.17). The last equality holds by the assumption cov(W,\¢(P) | D = d) =
Orx1-

Given the bias formula in (A.16), (A.17), and (A.18), now we compute the bias on

estimating the slope of MTE curve:
Slope — Slope = [1 — fo] — E[p1 (W) — po(W)]
=E[W | D =1]'m —E[W | D = 0]'no — E[W] (1 — n0)

= (E[W | D=1] -E[W | D =0]) (P(D = 0) m + P(D = 1) no).

The second line holds by (A.17). This establishes the bias formula for the slope of MTE
curve.

Next note that (A.16) and (A.18) imply
CATE — CATE = [ji1 — jio] +w'(71 — 7o) — [p1 — o] —w' (71 — 70)
= (w—E[W | D = 1]y'm x EA(P) | D = 1]
— (w—E[W | D =0])'no x E[Ao(P) | D = 0].
and
ATE — ATE = [ji — fio] + E[W] (71 — 7o) — [11 — o] = E[W]'(r1 — 70)
= (E[W] =E[W | D =1])'m x E[\(P) | D = 1]

— (B[W]=E[W | D = 0])'no x E[Ao(P) | D = 0].
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So we have established the bias formula for ATE, CATE, and slope of MTE curve
under Assumption 7.1. From this, note that the bias on ATE and slope would vanish if we
additionally impose Assumption 7.2, i.e., E[W] =E[W | D = 1] = E[W | D = 0]. O

A.1.5 Lemmas for main results

Lemma A.1.1. For a sequence of distributions {(0F,,Fy)}n_q < P, suppose
1. qr,(z0) = quo(2¢) for each £ =0,1,..., K,
2. pp, = Do,
3. Br, = (5%ﬂ,,1=52“ﬂ,,0), — B,
4. U%n,dé — Ugo,dé ford=0,1and ¢=0,1,... K.
Then we have

(a) The following convergence holds

?p Aﬁ — PF, Zp
Zg, Pr—Br,1| 4 | 2s
. IV KGR I (A.19)
Zﬁo BO - 51—7}1,0 Zﬁo
Zq q —dqF, Zq

where
(Z;;a Zéla Z,lﬁ’oa Z;)/ ~ N (03(K+1)><1> diag{Xp,q0, X100, Xgo,005 Zq,OO}) ’

Poo(20) (1 — poo(%))
oo (2¢)

Eppozdiag{ :€=O,1,...,K}

4,0 = diag _Tel 00, K
Qoo (20)Pao(20)

0.2
Y00 = dia 0,08 0=0,1,....K
oo = 8 { 4o (20) (1 = Poo(20))

Eqﬂw = {EQ7OO [7’7 j]}27J=07177K7

with

—Poo(2i) P (ZJ)

S {m(zn(l ~ peo(24))
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(b) We have consistent estimators for the asymptotic variance:
IR
S D Yo = diag{Ys, 0, D)
I
(¢) The convergence results in part (a) and (b) also hold for any subsequence {py} pro-

vided that the conditions given in the lemma hold along {p,}.

Lemma A.1.2. Suppose ¢, # 0 or ¢, # 0 are fived weights and let X\ = 0. For any

(0, F) € P, the asymptotic variance matriz

S = [0pg(M]Zp[ 0 g(M)] + [959(MN)]2, [0, 9(N)] + [95,9(A)] %60 [ 9 (V)]

s uniformly bounded and positive definite. That is,

inf  Apin(S) > 0, A.20
(0,11{—‘1)€'P ( )> ( )
and
SUp  Amax(S) < 0, (A.21)
(0,F)eP

where Amin(S) and Amax(S) denote the smallest and largest eigenvalues of S, respectively.

Remark A.1.1. This lemma shows that any choice of nonzero linear weights c, and c,
would not entail an asymptotic singular covariance matriz for AR test, which is essential

for establishing uniform validity.

Remark A.1.2. Indeed, we can relax the restriction that A\ = ¢'0 and show this result for
all X that belongs to a compact subset on the real line. The above statement is sufficient to

prove the uniform validity of the conditional Wald test so I do not pursue this extension.

Lemma A.1.3. Suppose the conditions in Proposition A.1.1 hold for a sequence (A, F,)
for which v/n||7E,| — so < 0. Then Yo, = (Zh, So, Xp.oo, Opg(Ap)) belongs to U defined
in (A.4) almost surely. That is,

Py (24 + [0p71Sp00p 9O ) S P0* # 01 | 1) =1 as.
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Lemma A.1.4. [D. W. Andrews and Guggenberger (2017, Lemma 10.3)] Assume the
following conditions hold under a sequence of DGPs {(0F,, Fp)}n>1:

1. The scaled singular values converge

0 if 1 <q
VnTj R, = fj
tje[0,0) ifj>q

2. Cg, and Bp, converge to their limits Cy, and By, respectively.

3. The moment condition and the normalized ﬁ(GFn) converge jointly:
Aan — ,@ d Zm
vr (VeC(f)(@Fn)) - VeC(AFn)> <VeC(ZD)
where Zp = (24, ..., Zdz(M+1)) s independent of Zy.

Then we have

n'2D(0p,)Br, Sk, % D =0,(1)
where
Sp, = diag{(v/nmp,) "o (Wnrgr,) "h 1, ., 1) € REMFD>2(MHD) (A.22)
Moreover, D is independent of Zy.

Lemma A.1.5. Suppose the assumptions in Lemma A.1.4 hold. Let & € R¥*% be a matrix

of i.i.d. standard normal random variables and x > 0. Then
n1/2(ﬁ(9Fn) + Hn_l/Qg)BFnSFn i 'Dg

where Dg has full rank with probability one and is independent of Zy.

Proof of Lemma A.1.1. Part (a): We first show the influence function representation of

V(B — Br,). Recall that
qr(d,z) =Pp(D =d, Z = z)

_ {qF(ZE)PF(Ze) ifd=1
qr(ze)(1 —pp(z)) ifd=0.
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Denote qo(d, z¢) = limy, o0 qF, (d, 2¢) € [€2, (1 — €)?] under the parameter space restriction.

Note that for each d = 0,1 and ¢ =0,1,..., K.

. P YD, =d, Z; =
V(Bae — B, de) = Vn <ZZZZ1 HEZ — 07, = ZZZ] - /BFn,dé)

B anng E”YIL i =d, Zi =z
_\/ﬁ< a0 n; BF,.de

qr, (2¢)

| Yi1[D; = d, Z; = 2
NG Z < 2 (d20) ﬁFn,dz>

i=1

1 \Yl[D;, =d, Z; = d,
n

pe ar, (d, z¢) q(d, z)
1 <G (YD =d, Z; = 2]
- Z BF, ¢
n =1 an (d7 Zé)
L s BE,.de >
-2l - a5, (d, %)) (an(W )
1 0 Yil[Ds =d, Z; = 2] — 1[D; = d, Z; = 2]Br, a
= Un W+ 0,(1
n; qr, (d, zp) p(1)

]]'[D’L = d7 Zl = Z[]
1.
Pr (D =d, Z = 2) op(1)

The fourth equality holds by applying the WLLN (Lemma A.1.7) to {Y;1[D; = d, Z; =

201/qr, (d, z¢)}1'_ and to {1[D; = d, Z; = z¢]}?_,, which yields

Yi1[Di = d, Z; —
72 z]

qr, (d, z)

= BF,.de + op(1)
4(d, z¢) = qr,(d, z¢) + op(1).

Note that L'*-integrability (A.29) required by WLLN holds here since {1[D; = d, Z; =

137



z¢]}?_, are uniformly bounded and for {Y;1[D; = d, Z; = 2|/qF, (d, z¢)}I_,, we have

YiL[D: = d. Z; = %) [ _ Ep, (¥i*? | D; = .2 = =)

EFn -
ar, (d, z) qr, (d, z)°
1446
E Y 240 D — d Z — 2445
- F, ([Yil*"° | D; 2 “) by Hélder’s inequality
qr, (d, z)
¢
2+
< 625 < 00.

The fifth equality holds by applying Lyapunov CLT to {n~Y2(1[D; = d,Z; = z] —

Er, (D =d, Zi = 20)) }_y:

\/15 D A[D; = d, Zi = 2] — qr, (d, 20)) = Op(1)
=1

and by noting that O,(1)o,(1) = 0,(1). Here Lyapunov condition (A.31) holds by noting

that the sequence is uniformly bounded, and condition (A.30) holds since

var(1[D; = d, Z; = z]) = qr, (d, 20)(1 = qr, (d; 20)) = Goo(d; 2) (1 = 4o (d, 2¢)) > 0,

where ¢ (d, z¢) > 0 by the parameter space restriction.
Likewise, we can derive the influence function represetntation for \/n(p — pg,). For

each £ =0,1,..., K, we have

A 1 & ]l[ZZ' = Zg]
- = —N'Di =P, (D=1|2 = 2z))——1_ 4 o,(1).
Vn(p(ze) — pr, (20)) ﬁi:l( 7, ( | Ze))IP’Fn(Z —) + 0p(1)
Therefore,
L — _ 1[Zi=z]
{P(ze) — pr, (20)}e {(D1 Pr.(D=1[2 ZZ))ﬁg(Zf;e) }z]
- 1 < Y, -Erp (Y |D=1,7Z = _L[Di=1,Zi=z]
I By {0 —Er (| a2 |
nOESE i=1

Ppn (Di=O,Z7;=Zg)
{(AZi = 2] =P, (Z = 20},

{4z0) — ar, (1) e {0 -Br (v D= 0.2 =) glG5552

On(Yi, Di, Z;) + 0p(1).

I
Bl
s

-
Il
—
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As n goes to infinity,

varg, (¢n(Yi, Di, Z;)) = diag{Ean, Y81, Fs 2B, Frs Zq,Fn} - diag{zp»w’ 281,00, X8g,005 ZQ,OO} =0

where
]_ _
Sy, = diag{pp"(zw( ZACH Y 0,1,...,K}
qr, (z)
‘712? 10
s, p, = diag{ ———— ¢ =0,1,..., K
o qr, (20)pr, (2¢)
012[«“ o¢
Y3, F, = diag 7 4=0,1,..., K
oo ar, (2)(1 — pr, (20))
Yok, = {200, 71}ij=01,.. K
with

(e —pr(a) iz
Zar.[i:7] = {—ppn(zi)ppn(zj) if © # j.

Here the positive semi-definiteness of diag{¥, «, X3, w0, 28,001 2g,0} i implied by the pos-
itive semi-definiteness of each covariance matrix in the diagonal position.

To apply the Lyapunov CLT to ¢,(Y;, D;, Z;), it suffices to verify the Lyapunov con-

dition (A.31). We note that {(Di —pFn(ZK))];[fii(jjg]}g and {1[Z; = z] — q, (2)}, are

uniformly bounded, and

1[D; = d, Z; = z] [**

)
Fn Pr (D =d,Z = z)

Yi —Ep, (Y [ D =d, Z = z))

CErlYi—Ep(Y; | D=d,Z =2)*" | D=d,7Z = ]
N Pr (D =d,Z = z)1+9

22+5C
<= <0
€2(144) ’
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where the last line holds by the L?*9-integrability of the centralized moment:
E[[Y —E[Y |D=4d,Z=z]>*°|D=d,Z = 2]

< 9l+0 (E[|Y|2+5 |D=d,Z=z]+|E[Y |D=d,Z = Z]|2+5>
(A.23)
< 22R[|Y)PH | D =d, Z = 2]

Note that the second line of (A.23) follows by ¢, inequality given in Lemma A.1.6, and the
last line holds by the parameter space restriction on the existence of (2 + §)’th moment of
outcomes.

Hence the desired convergence (A.19) follows by Lyapunov CLT.

Part (b): Next, we establish the consistency of the variance estimators. First note

that

: o (1= 9G)) GO0 —pr () _
Ep Epr, = d g{ i(d.70) a5 (d.72) } o)

since p — pr, = 0p(1) by the convergence (A.19) and for d = 0,1 and ¢ =0,1,..., K,

q(d, z¢) = qr, (d, z¢) = 0p(1), (A.24)

which is implied by WLLN for bounded arrays. Therefore, f)p is consistent to X, o, since
Y F, — Xpoo as n — 00. Applying the similar arguments to iq also yields the consistency

of f]q to Xg,0-
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Now we examine the variance estimators &fwz

52 _ 1 Zn: (Y = Bae)*1[D: = d, Zi = 2]

gde = n qA(dv Zl)

i=1

[711 Z ( (Y — Br,,ac) 24 2(Y; — ﬁFn,dZ)(Bdﬁ — Br,,.,a¢) + (Bd@ - ﬂFn,dZ)z) 1[D; =d, Z; = Ze]]

_ar(dyze) |10y, 2
o [”Z(K g ) qr, (d; z)

]l[D»; = d, Zi = Z[]
Q(d, ZZ) im1

~ . an(d Z(g l - [Dl = d,Z = Zz]
+ 2(Bae /BFn,dl’)i(d ) [n ; (Y — Br,, de)—qpn (d,20) ]
+ (Bae — Bry.ae)”
Note that equation (A.23) implies that L'*%-integrability (A.29) holds for

ﬂ[DZ‘ = d, Zi = Zg]}

qr,, (d7 Z[)

]l[Di = d, Zz' = Zg]
qr, (d7 Zﬂ)

, (Yi— Br,.ae)

Xyi € {(Yi — Br,.ar)?

for appropriately chosen §.

By WLLN, we have

1

n 1 Dl = d, ZZ = Z
— > (Vi - Brae)’ [ d_
i=1

— 0, a0 = 0p(1)

n qr, (d, z¢)
(A.25)
1 - [D,L = d, Z = Zg]
SNy - — 0,(1
P e T R

As implied by the convergence (A.19), we have g — f3 F,.de = 0p(1). This combined with

equations (A.24) and (A.25) then yield
&ge - UIZTn,dE 2 0.

Hence we have

- 63 0% e
Y5 —Ygp =diag{ —%— — e d=1,04=0,1,...,K } = o,(1).
g o 5 { q(d,z)  qr,(d, z) p(1)

This establish the consistency of f)g since Xg F, — 23,00 as n — 0. Finally, note that part

(c) can be proved by replacing n with the subsequence p,, throughout the arguments given
above. Then the proof is complete. O
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Proof of Lemma A.1.2. First, we show the inequality (A.20). Note that S is a sum of three

positive semi-definite matrices. It suffices to show that the minimal eigenvalue of the sum

S5 = [08,9(N)]25,[05,9(N)] + [98,9(N)]25, [0, 9(M)]
is bounded away from zero because
Amin(A + B) = )\min(A) + Amln(B) = maX{Amin(A)y Amln(B)}

given that A and B are both positive semi-definite.?

Next, note that ¥z, and ¥g, are diagonal matrices with positive elements ¥g,[¢,¢] =

2
q((;dﬁ[) for £ = 0,1,..., K on the diagonal. Let v4 denote the first column of [d3,9()\)],

whose k-th row (1 < k < K) is defined in equation (2.9), then it follows that

g, [17 1]([1 - p(ZO)]CM + 2Cp)2
[05,9(N)]%5,[05,9(N)] = 35,[0,0] - vir1 + diag :
B, [K, K]([1 = p(20) ey + 2¢,)°

and

S0 [1, 1] (—=p(20) ey + 2¢,)?
[0809(M)125,[05,9(A)] = 5,[0,0] - vyrp + diag :
%80 [K, K](_p(ZO)Cu + 2cp)2

Hence we have
S = (251 [0,0] - 1/{1/1 + 35,0, 0] - V(l)l/o)

2,31 [1? 1]([1 - p(ZO)]CM + 2CP)2 + Zﬁo [17 1](_]9(20)6“ + 2Cp)2
+ diag :
S, [ KJ([1 = p20)] e + 2¢p)* + gy [ K, K](—p(20)cp + 2¢5)?

We now show that each diagonal element in the second term has a positive lower bound

that does not depend on the distribution of data. For each ¢ = 0,1,..., K, we have

® This inequality holds by noting that Amin(A + B) = minjyj=1 2’ (4 + B)z > minj, -, 2’Az +
minHzH=1 ' Br = )\min(A) + )\min(B)'
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Y5,[¢,¢] = €¢/(1—€)? = §(e) > 0. This implies the k-th diagonal element is bounded below
by

2,31 [k> k]([l - p(Z0>]CM + 2CP)2 + E,30 [k> k](_p(Zo)CH + 2Cp)2

> 8(e) (11 = p(z0)]eu + 2¢0)* + (—pl20)cy + 2¢,)%)

<

LB

On the one hand,

LB > —c (A.26)

| =

by Cauchy-Schwarz inequality: a? + b? > %(a — b)2. On the other hand,

LB = 80,2) + [p(20)* + (1 = p(20))?] CZ + 4depeu[1 — 2p(20)]

1
> 803, + Eci + 4depeu[l — 2p(20)]

2
— (2\/5(1 —2p(20))cp + \1@%) +8 [1 —(1- 2p(20))2] Ci (A.27)

> 32p(20) (1 — p(20)) ¢

> 32¢(1 — e)ci

Combining inequalities (A.26) and (A.27) then yields

1
LB > max {Qci, 32¢(1 — e)c,%} >0

since ¢, # 0 or ¢, # 0. This implies that

S, [1, 1]([1 = p(20)]en + 2¢5)? + S, [1, 1](—p(20)cp + 2¢,)?
Amin(S) = min :

S, (K, K11 — plz0)len + 2¢5)° + Sy [K. K1(=plz0)e + 2¢,)?
> 0(€) max {;ci, 32¢(1 — e)ci}

This establishes the inequality (A.20), as desired.
Next, we show the inequality (A.21). Following the inequality
/\max(A + B) < )\max(A) + ArnaLx(B)
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given that A and B are both positive semi-definite, it suffices to show that
Amax ([Opg(N)]Ep[0p g(N)]), Amax ([958, 9(N)] 25, [05,9(N)]) s and Amax ([95,9(A)]25,[08,9(N)])

are bounded above by some positive constant that does not depend on the distribution
of data. For simplicity, we establish this statement for Amax ([0pg(A)]Ep[dyg(N)]). Let

vp denote the first column of [d,g9(\)]. For each ¢ = 0,1,...,K, we have ¥,[¢, (] =

W < 4+ =6(€) < 0. Then it follows that

Amax([Gpg(N]Zp[0p9(N)]) - < Zp[0,0]v1 + ( max Zp[’ﬁ’ﬂ]) A= (B1o — Boo)eul”

1<k<K
B K
< 8(e) D11 =X+ (Bue — Bor)epl”
=0

The parameter space P requires A and [ to be constrained by a compact space that depends
only through © and ¢ > 0 in Definition 2.2.1, respectively. Thus the right-hand side can
be bounded above by a positive constant that is independent of data distribution, which

completes the proof. O

Proof of Lemma A.1.3. Let H = [0p7|Sp.000yg(Asp) € REXE. We divide the proof into
two cases:
Case 1: rank(H) > 0.

We show a stronger conclusion: h + ’HS(;Dlpn* # O x1 a.s. for all h e RX and prove it

by contradiction. Suppose there exists hg € R such that P(hg + HS(;Ol/Zn* = Oxx1) > 0.

By the condition that rank(#) > 0, there exists a vector a € R¥ such that H'a # O 1.

Therefore, the variance of the normal random variable a’(hg + HS;/ 277"‘) is nonzero:
dHS ' H a # 0.
This shows a/(hg + ’HSozl/ 277*) is a nondegenerate normal random variable, which implies

P(a’(ho + HS5" %) = 0) = 0.
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However, this contradicts with the claim that P(hy + HS’;I/ 277* = 0xx1) > 0 since
P(ho + HS2*n* = 0xx1) < P(d'(ho + HSH*n*) =0) = 0.

So the desired conclusion is established.
Case 2: rank(#H) = 0.
Note that rank(H) = 0 gives H = Ox x i, which implies
2, + HSR Pt = 2,
= Soplop + [0pT] 2y — HSL' 2,
= Seolop + [OpT] 2.
Note that the variance of the random vector syt + [0pm]|Z, equals a full-rank matrix
[Op7|Ep,c0 [0y ] since dpm and 3, o» have full rank. This implies @' (st + [0p7]Z,) is a
non-degenerate normal random variable for all @ # Ogx 1. Following similar arguments

in Case 1, we conclude that st + [0pm]Z, # Orx1 almost surely. Thus the desired

conclusion has been established. O

Proof of Lemma A.1.4. This proof closely follows the arguments in D. W. Andrews and
Guggenberger (2017, lemma 10.3(d)). For notational simplicity, denote dy = 2(M + 1)
and d,, = 2(K + 1), which represent the numbers of columns and rows of matrix D(6),

respectively. Let S, denote the upper g-block of SF, defined in equation (A.22). Then

Sq = diag{(\/ﬁn,Fn)*l, ceey (\/’);Tqypn)fl} and SFn = [0 Sq Oq;(dgq)] . (A28)
(do—q)xq do—q

Let B, = (By : Ba,—q) and Cg, = (Cy : Cy,,—4). Then

VnD(0r,)Br, Sk, = (VnD(0r,)BySq, VnD(0F,) Bay—q)-
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Now we analyze each part. Note that
VnD(0F,)BySq = Vn(D(0F,) — Ar,)BySq + Ar, By(v/nSy)
= 0p(1) + Cp,Ip, (Bg, Bay—q)' Be(v/nSq)
= 0p(1) + Cr, 10, (Ig, 0gx (4y—q)) (v/N:Sg)
= 0p(1) + Cp, (I3, Ogx (k—q))’

P
= Cg0

where C, o denotes the first g-columns of matrix Ct. The second line holds by v/n(D (0, )—
Ap,) = Op(1), Sq = o(1), and recalling that Ap, = Cp, I, B};n via singular value decom-
position. The third line holds by the construction that B, is an orthogonal matrix.

For the second part, note that

\/EAFang—q = \/ECFHHFTL (BQ7 Bde—q)/Bdg—q

= Cr,(VnIIE,) (0(dy—g) xg> Ldy—q)’
) Og (dg—q)
— Cyp | diag{tgs1,---,ta,}

O(dy—dg) x (dg—q)

On the other hand, by continuous mapping theorem,

Va(D(Or,) = Ap)Bay—q > ZpBiy—q

where By, _q . denotes the last (dg — ¢)-columns of By,. Therefore, we have

R d ' qu(deﬂﬁ
VnD(0r,)Ba,—q — Co |diag{tgi1,.. . ta,} | + Z0Bdy—qm
O —dg) x (dg—q)

Combine the above results, we have

. d ] g (dg—q)
\/ﬁD(an)BFnSFn - D = CII,OO? COO dla‘g{t(]+17 et 7td9} + ZDBdg—q,OO

O(dy—dg) x (dg—q)

whose stochastic behavior only depends on Zp, thus is independent of Z,. ]
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Proof of Lemma A.1.5. For notational simplicity, we still denote dy = 2(M + 1) and d,, =

2(K +1). The proof of Lemma A.1.4 shows that
n'2D (05, )Br,Sp, > D

where D is independent of Z,.

When g = dy, we have
nl/Qlin_l/2§BFnSFn = kéBFR, Sk,

> KEB0dy xdy
= 0d,,xdy-
Then
nY2(D(0F,) + kn~Y2€)Bp, Sp, B Oy
which is the same limit as the n'/2D (0, ) Br, Sr,. Thus the introduction of this exogeneous
shock would not harm the asymptotic behavior of the test under strong identification.

When g < dy, we have

n*2kn'?¢By, Sk, = KEBF, Sk,
2 KvgBoodiag(ququdg—q)

= (Ogxq:  KEBdy—g,00)-

Combining with the results from Lemma A.1.4, we have

nl/z(ﬁ(HFn) + mn_l/zf)BFnSFn

d . qu(de—q)
— Cq,oo7 Coo dlag{tq+1, e ,tde} + (ZD + Hf)BdQ,qpo
O(d—dg)x (dg—q)

= Dg.

Now we show that D¢ has full rank of probability one. Define

) Og (dp—a)
Cdg—q7§ =Cyp dlag{tq+1a s 7tde} + (ZD + /{E)Bdg—q,oo-

O(dyn—dg) x (dg—q)
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Since D¢ has full rank is equivalent to C/, D¢ has full rank, which equals

o
CoDe = | o ™" ](Cq»oo’cde—qf)

L dqu,OO

! !

Cq,oocqvoo Cq,oocde—q,ﬁ }
/ /

_Cdqu,oocfboo Cdqu,oocde—%g

Iq Cé,oocdefqvﬁ }
, .
| Odm—a)xa  Ca—qooCdo—ase

Hence, D¢ has full rank is equivalent to C’&m Cdy—q,¢ having full rank. By Lemma 16.1

—g,00
from D. W. Andrews and Guggenberger, 2017, it suffices to show that the variance of
vec(Cy 4 Cdy—q,e) is positive definite.
Note that
var(vec(Cy, 5 Cay—q.e)) = var(vec(Cy o (Zp + K€)Bay—q.0))
= var (B}, 4.0 ®Cl,_4.0) vec(Zp + kE))

= (Bélgfq,oo ® Célqu,oo) var (vec(Zp + k§)) (leg*q,m ® Célqu,oo)/'

By the property that rank(A ® B) = rank(A) rank(B), we have

rank(Bg,—q.0 ® C4,,—q,00) = rank(Bg,—q.0) rank(Cyq,, —q.«0)

= (dg — ¢)(dm — q),

implying that Bg,—q 0 ® C4,,—¢,c0 is a full-rank matrix. On the other hand,

var (vec(Zp + k€)) = var (vec(Zp)) + k2 var (vec(€))

with the equality holding by the independence between £ and data. Note that var(vec(§)) =
I444, by the assumption that £ is a matrix of i.i.d. standard normal variables. Therefore,
var (vec(Zp + k€)) is the sum of two PSD matrices, with one of them being positive definite,
so we conclude that it is positive definite.

For every x # 0(q,,—q)(dy—q)x1> We have (Bgy—q.00 ® Ca,,—q,0)T # Ordyx1 by the full rank

do—q

of By,—q,0 ® Cq,,—q,0, and thus

x/(Bégfq,OO ® Céqu,oo) var(vec(Zp + H&))(Bélgfq,oo ® Célqu,oc),x #0
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by the positive definiteness of var(vec(Zp + k€)). So we conclude that the variance of

vec(Cy q7ooCd9—q,§) is positive definite. The desired conclusion has been established. [
A.1.6 WLLN and CLT for triangular array

The following ¢, inequality can be found in various reference, for example White, 1999,

Proposition 3.8

Lemma A.1.6 (The ¢, inequality). Let X and Y be random variables with E|X|" < oo

and BE|Y|" < «© for some r > 0. Then
E|X +Y|" < ¢ (E|X|" +E|Y]")
where ¢, =1 if r <1 and ¢, = 2"~ if r > 1.

Lemma A.1.7 (WLLN for L'*9 triangular array). Let {X,;} be a row-wise i.i.d. triangular

array of random variables. Suppose

sup E| X, < 0 (A.29)

n,.

for some 6 > 0. Then

Proof of Lemma A.1.7. For each € > 0, note that

v ( > 6) < Eln™ 31 (Xni — EX,)|'*0

SER)

1 n
- ;X — E[ X

< Z?:l E‘Xni - EXni|1+6
= pl+oc1+o

25 (E‘Xni|1+6 + |EXm"1+6)
<
ndel+d

146 146
_ 2" sup,, E|X [
= ndel+o

-0
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as n — o0. The first line holds by Markov’s inequality. The second line holds by trian-
gular inequality. The third line holds by ¢, inequality. The fourth line holds by absolute

inequality. Hence the desired conclusion holds. O

The following central limit theorem for a triangular array of random vectors is borrowed

from Hansen (2022, Theorem 9.4).

Lemma A.1.8 (Multivariate Lyapunov CLT). Let {X,;} be a row-wise i.i.d. triangular
array of random wvectors in R* with expectations E[X,;] = 0 and covariance matrices

Zni = E[XnZX;LZ] Set in = nil 2?21 Zni' Suppose

and for some § >0

sup B[ X, >+ < oo. (A.31)

n,t

Then as n — o0,
1 Zn: d
— > X; = N(,X).
Vo

A.2 Power Analysis of MLC Tests
A.2.1 Main results

In this section, I analyze the power of MLC test under strong identification. To define the
sequences of DGPs that are strongly identified, I impose the following additional restrictions

on the space P.

Definition A.2.1 (Parameter space under strong identification). For some 0, M > 0 and
e € (0,1/2), define the set Ps of pairs (0, F) that satisfy the following conditions:
1. (6,F) € P. That is, (6, F) satisfies the conditions imposed in Definition 2.2.1 with
the given 6, > 0, and € € (0,1/2).

2. Equation (2.5) holds with functions {hy,(-)}M_, satisfying Assumption 1.6.
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3. There exists a set of index S < {0,1,..., K} with |S| = M + 1 such that

. N .
jln Ip(z5) — p(2i)| = €

Specifically, the second condition brings back the unisolvent property on the specified
functions, and the third condition assumes that there is a set of isolated propensity scores

sufficient to point identify the primitive parameters in the MTE model.

Lemma A.2.1. With Ps defined in Definition A.2.1, We have

inf  Apin(A 0.
(9,}%6775 ( F) ~

where Ap is defined below equation (2.10) for some distribution F.

The parameter space Ps guarantees that the smallest singular value of Ap, denoted as
To(M+1),F> 18 uniformly bounded away from zero. Since Af has full rank for each (6, F) € Ps,
0 = (ALAr) ' ALLBr is uniquely determined by F, so does A = ¢/f. Therefore, Ps can
be regarded as a collection of distribution F', and we denote fp = (A},AF)_lA’FﬁF and
Ar = d0F for each F' € P,. The next result establishes the consistency and local power

property of the MLC test under strong identification:

Proposition A.2.1. Suppose {F, : n = 1} € P, where for some Fy € Py, assume

1. pr,(20) = pry(20) for all £ =0,1,..., K,

2. Br, = Bry,

3. U%n’de — 0’%md€ foralld=0,1and ¢{=0,1,..., K,

4. qr,(z0) = qry(20) for all £ =0,1,..., K.
Consider a sequence of null values N = \p, +bn™" with b € R and b # 0, then the following
conclusion holds

(a) If r €[0,1/2), then we have

Jim P, (ac(Me) = 1) = 1. (A.32)
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(b) If r = 1/2, then we have

lim limsup Ep, [&Wald()‘f:) — Q%MLC()\:)] = 0.

aNO 1o

It is worth noting that the proposed MLC test is approximately as powerful as the
asymptotic efficient Wald test under strong identification if we set the weight assigned to
AR statistic sufficiently small. I. Andrews (2018, Theorem 3) establishes a related result by
showing that a (1 — a— ) LC confidence set is contained by a (1 — «) Wald confidence set
with probability approaching one for all v > 0 based on a specific choice of weight function
a(7y) such that the critical values of the two tests are equal: U1 +a(N))E+a() Xk i (I1—a—y) =
42 (1—a). Nevertheless, it is less clear from his result that the MLC test would have similar
local power as the Wald test at the same significance level, regardless of how we choose the
AR weight. This result is now formally established in Proposition A.2.1(b).

It is not recommended to set a = 0 for the MLC test. On the one hand, the AR statistic
helps direct the optimizer of the profiled MLC statistic to converge within a small neigh-
borhood of the true parameter § under strong identification. Within this neighborhood,
the MRLM statistic is first-order equivalent to the Wald statistic. However, the MRLM
statistic alone cannot detect deviations from the true parameter except in the direction of
the target parameter ¢’f. On the other hand, assigning a higher weight to the AR statistic
increases power under weak identification, as the MRLM statistic might be small for distant
alternatives due to the near-singularity of A (Kleibergen, 2005). While I. Andrews, 2016
discusses the optimal choice of a for full vector inference problems, the optimal choice of a

for subvector inference remains an open question for future research.

A.2.2 Additional lemmas

Lemma A.2.2. Under the same assumptions in Proposition A.2.1, the local power of Wald

statistic equals:
Tim Er, [bwaa(MN)] = B(Z +0) P2 +v) > 31— a)).

where Z ~ N (Oyk41)x1, la(r+1)) and v is defined in equation (A.42).
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For each population distribution F, let
Qr(0) = H(pr,0)Xp rH(pr,0)

L r(0) = Mj(pr)ZyrH(pr,0),
where H(p,6) and M;(p) are defined in section 2.4.3.

Lemma A.2.3. Suppose {F,},>1 S Ps is a sequence of distributions satisfying the condi-

tions in Proposition A.2.1. The following results hold:

0 < inf Apin (7, (0)) < sup Amax(Qr,(6)) < o (A.33)
0e© 0cO

sup [Q(0) — Qg (0)] = 0p(1) (A.34)

0e©

sup | 15(0) — T'j,1, ()] = 0p(1). (A.35)

0e©

A.2.3 Proofs

Proof of Lemma A.2.1. Since the matrix Ag is the block diagonal of A1 and Agp defined
in (2.5), it suffices to show that the minimum singular value of Agp is bounded away from
zero uniformly over Py for both d = 0,1. Fix an arbitrary d = 0,1, the proof is divided
into three steps.

Part (a): Establish the positive lower bound of the determinant of an alternant matrix
over a compact subset.

Suppose {hm(~)}%:1 satisfies the Assumption 1.6. Define the function

f<p07 cee apM) = )\min(A(p01 oo 7pM)) for (p07 cee apM) € (Oa 1)M+17

where Apin denotes the smallest singular value of A(py,...,pa) € RIMHADXM+1) whose

(¢,m)’th element is given by

A (Po, - - M) = Aam(Pe)-

By Assumption 1.6, {\gm(-)}}_, are continuous functions on (0,1). This implies that

f(po,-..,par) is also continuous on (0,1)M+1. Consider a compact subset

5:{(p0,...,pM):pge[e,lfe] forall £=0,..., M, r;;i£|pjfpk| 26}. (A.36)
j
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Then f is strictly positive and continuous on £ by the unisolvent property* imposed in
Assumption 1.6. Therefore, there is a natural positive lower bound, denoted by €4, such
that

inf f(po,...,pM) > eq > 0.
(o, M )EE

Part (b): Show that the smallest singular value of a submatrix of Agp is uniformly
positive.

By the third condition imposed in Definition A.2.1 and the third condition imposed
in Definition 2.2.1, for each (0, F') € P, there exists a subset of propensity scores ps =

{pr(z¢) : £ € 8} such that ps € € defined in (A.36). Then it follows from part (a) that

f(ps) = Amin(A(ps)) > €q > 0.

Part (c): Conclude the proof.

Note that A(ps) is a submatrix of Ay for row index belonging to the set S. Therefore,

)\min(AdF) = ”gﬁlznl H(AdF)xH

> min |[A(ps)z]
=1

= )\min(A(pcS))

>eq>0

for all (6, F) € Ps. The first and third line holds by the min-max principle for singular
values, and the second line follows by the fact that A(ps) is a submatrix of Agzp. Hence

the desired conclusion has been established. O

Proof of Proposition A.2.1. Part (a). First, we show that

inf |v/n(A6 — )| — oo almost surely. (A.37)

O=\}k
4 The unisolvent property implies that A(po,...,par) has nonzero determinant, whose absolute value
equals the product of all singular values of A(po,...,pan). From this, it implies that the smallest singular

value should be positive.
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To prove this, fix an arbitrary 67 that satisfies ¢’6} = \*® Consider the following derivation
IVR(AG; = B)| = [v/n(A0r, — B) + VnA(0), — 0,
>Vl A(6; — 0r,)| — [Vn(A6r, - B)|

> Auin(A)Vn|05 — 0, | — |[vn(A0k, — B)| (A.38)
~ |dOp, — A A N
> () 525 (b, - )
b —r+1/2
(A P o ).
cec

The second line follows by triangle inequality. The third line holds by taking x = 6} —6p,

in the following equality:

A
|Az] > 2] inf 1221
Jz|#0 [z

= |z Amin (A). (A.39)

The fourth line holds by the fact that the distance between p, and 6 is bounded below
by the distance between 6, and the hyperplane {6 : ¢ = X!}, where the latter equals
|/0r. — A%|/+/dc. The last line holds by the specification of null values and that A 2
Ap, and \/n(Afg, — () as implied by Lemma A.1.1. Finally, note that r € [0,1/2) and
Amin(AF,) > 0 (by Lemma A.2.1) implies the desired result.
Second, let 6} denote the minimizer in the profiled MLC test statistic:
0% € argmin MLC,,(6)
O=N¥

= argminn(A0 — B)'Q(0)1/? Py 20)2(A0 — B) + a - (A — B)Q(6) (A0 — ).

O=Nk

(9)
(A.40)

The first term of the objective function is always non-negative, we show that the second

5 If such 0 does not exist, then the rejection probability becomes 1 by the definition of testing procedures
in section 2.4.3. So the desired conclusion trivially holds.
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term diverges to infinity. Note that
n(A6y; — BYQ(03) 7 (A0 — B) = |V/nQ(0;) 2 (Ag; - B)I?

> Anax(Q(607)) " [v/(AG) — B)?

\%

[Amax (2, (02)) 71 + 0p(1)] [Va(AG; — B)? (A.41)

The second inequality holds by (A.39), and the third line holds by equation (A.34) from
Lemma A.2.3. Again following this Lemma, inequality (A.33) implies Apmax (g, (02)) 71 > 0.
Combining (A.37) and (A.41) implies that

inf MLC,, () = MLC,,(6}) — o almost surely.

cO=Xk

As a result, the desired conclusion (A.32) holds.

Part (b). We divide the proof into several steps:

Step 1: There exists a 0, that satisfies ¢'f,, = \* such that MLC,,(6,) converges to a
mixture of noncentral y? distributions.

Consider

~ (A/FQQFO (eFo)ilAFo)ilc b
9”:0Fn+ /(A 1 1.
c (AFOQFU (HFO) AFO) c \/ﬁ

Note that 6, € © for sufficiently large n since # € int(©), and

‘b‘n—1/2
\/C/(A/FOQFO (gFo)ilAFo)ilc

| AR 2, (05,) ™% (00 — Or,)| = — O(n1/2).

So we have |0, — 0, | = o(1) as |0, — 0r,| = o(1) holds by the given conditions. Then
the j’th column of D(f,), denoted by ZN)]- (0,,), equals
Dj(0) = a; — T(0,)Q(0,) (A6, — B) + n "2k,

= 4j — L5y (07) 2, (Or,) ' (A0, — B) + 0p(1)

= a; + op(1)
for each j = 1,...,2(M + 1), where the second line follows by (A.35) from Lemma A.2.3
and the fact that |6, — 6| = o(1). This implies |D(6,) — A| = 0,(1). Since Q(8,)~! =
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where

QFO (eFo)il/zAFo (A/FOQFO (eFo)ilAFo)ilc

_ —1/2 y o _ -
V= QF@ (HFO) AFO\/E(en an) C,(A/FOQFO(QF())_IAFO)_IC

b (A.42)

and Z is defined as the limit law of \/np, (05, )~ Y2(A05, — B), following a normal distri-

bution N(OQ(K+1)><17 I2(K+1))'

For the AR,,(6,,), observe that
AR (0n) = [v/n(AB, — 5)(0,) 2
= |[Va(Abp, = B)UOk,) 2 + V(b — 0r,) AQUOF,) T2 + 0p(1)?

402+ )2

Combining the results for MRLM and AR statistics, it follows that

MLC,(0n) % (1+a)- (Z4+0)PAZ+v)+a-(Z+v)M(Z +v).

Step 2: Show that the minimizer of the profiled MLC statistic is consistent to 6, .
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Let 6 denote the minimizer of the problem (A.40). Then we have
a- AR, (0%) < MLC,(0) < MLC,(6,) = Op(1),

where the first inequality follows by the fact that MRLM statistic is always non-negative,
the second inequality follows by the definition of #* and that 6, from step 1 is feasible
under the constraint, and the last equality follows by the conclusion of step 1.

Note that this implies | /n(A6%—3)| = O,(1). Following inequality (A.38), we conclude
that |0 — 0r,| = Op(n~Y?). Applying the same arguments in step 1 to 6 instead of 6,,,
we find that

MRLM, (%) % (2 +v)P,(Z +v).

Step 3: Conclude the proof

To save notations, let ¢(a) denote the (1 — «)-quantile of the mixture chi-square distri-

butions (1 + a)xi + ax3x. . Note that the following inequality
MRLM,,(6}) < MLC,(6*) < MLC,,(6,)
implies the inequality on rejection probabilities:
P, (MRLM, (6}) > ¢(a)) < Ep,[éurc(Mi)] < P, (MLC,(0,) > g(a))
Taking the limit on both sides gives

L(a) < liminf Eg, [onrc(AE)] < limsup Er, [purc(A:)] < U(a)

where
L(a) =P(Z +v)P,(Z +v) > q(a))
and
U()=P((1+a) - (Z+v)P(Z+v)+a-(Z+v)M,(Z+v)>q(a)).

Note that both L(a) and U(a) are continuous function of a, taking a to zero from above

then yields:

L(0) < liminf liminf Ep, [oyro(AF)] < limsup lim inf Eg, [¢arc(A)] < U(0).

N0 n— a\0 n—00
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Since L(0) = U(0) = limy, o Ex, [dwaa(A*)] by Lemma A.2.2, the desired conclusion has

been established. O

Proof of Lemma A.2.2. 1t suffices to show that

d
=

Wald,,(\}) (Z+v)P,(Z+v)

under {F,}n>1 S Ps. Under strong identification such as the parameter space restriction
imposed in P, the efficient estimator geft (the continuously updated GMM or two-step
GMM) is consistent and asymptotic normal with the asymptotic variance (Newey & Mc-

Fadden, 1994, Theorem 5.2)
(Al Qe (08,) " AR
Then it follows that
Wald,, (\F) = n(/6°F — X*) [c’(fl’ﬂ(éeﬁ)*lfl)*lc]_l (d6°F — \¥)

_ [\/ﬁ(c’éeﬁ “Ap) — b]' [c'(A’Q(éeff)*lA)*lc]_l [\/ﬁ(c’éeﬁ —Ap,) - b]

2
(6T — ) .
- Vel A — v sign®) + o,(1)
V¢ AR Q2 (05)  AR) e + 0p(1)

For an efficient estimator, we have the following asymptotic representation:

V(B = 0p,) = —(A%, Q5 (05,) " AR,) A%, Qp, (08,) " 'Wn(Abs, — B) + op(1).

which implies

/peff !
V(0 — \p) a2V Gen(h).
\/C,(AIFOQFO (0r) ' Ar,) e I

Plugging this into the Wald test statistic yields the desired result.

Z'v

d

- |y|\> =(Z+v)P,(Z +v).

Therefore the proof is complete. O
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Proof of Lemma A.2.8. For simplicity of notation, I leave out the subscript of Fy in this
proof. First, we show that the smallest and largest singular values of Q(6) are finite and
bounded away from zero uniformly across 6 € © under distribution Fy. The first inequality

can be established by noting that
)\min(Q(a)) = )\min(H<p7 9)/21)[_](1)’ 9) + 2,3)
= )\min(zg)

2
. Oar
= min ——

.t q(d, z)

> 0,

where the first inequality holds since H(p,0)'¥,H (p,0) is positive semi-definite, and the
second inequality follows by the parameter space restriction on P. Therefore, the lower

bound inequality is established. Regarding the upper bound. Note that

)\maX(Q(Q» = )\maX(H(pa 9>/EPH(p7 9) + Zﬁ)

A

)\maX(H(pv 0)/2PH(p7 9)) + Amax(zﬁ)
= )\max(Zzl,/QH(p, 9))2 + )\max(zﬁ)

< )\max(zp))\max(H(pa 0))2 + )\max(zﬁ)y

where the first inequality holds by triangle inquality for spectral norm Apax(-), and the
second inequality holds by the Cauchy-Schwarz inequality. Since each element of H(p, )
is continuous in # € ©, and © is a compact set, Amax(H (p,#)) is bounded uniformly over

0 € ©. Note that

PO =p(E) g aa () = max i

< Q0
q(ze) d.t q(d, z)

Amax(Ep) = m?x

as implied by the conditions imposed on P. So the inequality (A.33) is established.

Next we establish the uniform consistent estimation on €(8) in (A.34). First note that
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the difference in spectral norm can be expressed as

I96) — QA0)| = | H(5,0) S, H (5,6) — H(p, 0)S,H(p,0) + S5 — 5]
<[ H(,0)S,H(p,0) — H(p,0)S,H(p,0)]
+ [ H(3,0)'S,H (5,0) = H(p, 0)S,H(p, 0)|
+[85 - Sgl
< (ISH2H B, 0)| + ISY2H (. 0)]) 1H (. 0)] - S5 - 55|
+ (15525 @, 0)| + |1=52H @, 0)1) 1421 - 16— p
+ 115 — S

The first inequality follows by triangle inequality. The second inequality holds by noting
that
|IX'X -Y'Y|=|XX-XY+ XY -YY|
< XX =Y+ (X =Y)Y]|

< (IXT+ 1Y DAX] =1,

for any matrices X and Y that have the same number of columns.

Note that supyeg | H (p, 0)|| < o0 since H(p, 0) is uniformly bounded due to its continuity
in 0 € ©, where O is a compact set. Following the conclusions in Lemma A.1.1, we have
|2,] = Op(1). Also note that supyee H(p,8) = Op(1). This follows by the boundedness of
H(p,0) on any compact set of (p, ) and the inequality

Pr, (H(p,0) < sup{H(p,0) : €/2 < p(zy) <1—¢/2, V4 =0,1,...,K; 0 O})
> P, (I - pra] < ¢/2)

— 1,

where the second line holds since € < pp, (2¢) < 1 — ¢, and the last line holds by Lemma
A1l

Combining the arguments above then implies

sup 12(8) = 8) = Op(1) - 5 = £/ + Op(1) - Ip — pll + Op(1) - [ S5 — Ss-
€
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Then the desired result follows by the conclusions of Lemma A.1.1.
The proof of (A.35) follows similar arguments as the proof of (A.34) and thus omitted.
O

A.3 Inference with Estimated Weights for MLC Tests

When the linear weights on the parameters are unknown but estimated, I maintain
Assumption 4 and consider modified linear combination test for the treatment effects pa-
rameters A = ¢(p, q)’8. Naively plugging in the estimator ¢ = ¢(p, §) into the test statistic
can introduce estimation errors in the constraint ¢ = X, potentially leading to asymptotic
bias in the limiting distribution of the test statistic. To address this, I modify the test
statistic to account for the effects of these estimation errors.

One possible solution involves reparameterizing the model so that the target param-
eter ¢f becomes an element of the reparameterized model parameter (D. W. Andrews,
2017). However, given the broad class of causal parameters of interest, finding a univer-
sal reparameterization rule that works for all these parameters is challenging, and such
reparameterization would greatly complicates the asymptotic analysis.

As an alternative, I impose a normalization on the weights of the treatment effect
parameters. This assumption is broadly applicable to various causal effects, including ATE,

ATT, LATE, and the normalized counterfactual policy effects a(e€) considered in this paper.

Assumption 14. The first and (K + 1)-th element of the weight function c¢(p,q) are 1 and

—1, respectively, and weight is symmetric: ¢ = (|, c})’ with ¢; = —cy.

Under Assumption 14, I consider a sequence of vectors 0,, = 0, + 0, such that ¢ 0, =
A = c(pF,,qr,) 0F,. Hence 0,, falls into the estimated constraint set. There are two choices

of J,, that satisfies this requirement:

/

ona = (—[¢ — c(pr,,qr,)]'0F,, 01x 2K +1))

0n,0 = (O1x(k+1); [¢ — c(PF,, ar,)] OF,, 01xK)".
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For any r € [0, 1], define a sequence
971,7' = r(an + 5n,1) + (1 - T)(an + 5n,0)- (A43)

This construction generates a continuum of sequences {6y, ,},>1 that satisfy the estimated
constraint. By examining the asymptotic behavior of the test statistic under the sequence

{0, }n>1, we can establish an asymptotically valid test.

Proposition A.3.1. Let Assumption 2, 4, and 14 hold, and suppose that the weight is

non-degenerate: inf(g pyep le(pp,ar)| > 0. Define & = (=rLixgesy (1= M) liesn)

with € [0,1], where 11, (x4+1) denotes a 1 x (K + 1) vector of ones. In the MLC testing

procedures outlined in section 2.4.3, consider replacing Q(G) by
Q0;7) = (H(p,0) + &0'[0p¢]) Sp (H (5, 0) + £:0'[0p¢]) + (6,:0'[04¢])Sq(&:-0'[04¢]) + S5,

replacing f‘j(G) by
05(057) = M;(5)Sy (H (5,0) + £160(0¢])
and replacing ¢ with ¢ in the constraint set. With these modifications, the uniform validity

of the MLC test is still maintained.
Proof of Proposition A.3.1. Under the drifting sequence satisfying the conditions outlined
in Proposition A.1.2, we show that

limsup P (é’éilf).\n MLC,,(0) > A +a)yxdraxiy (1-— a)) < a,

n—o0

where the two chi-square distributions are independent. Then the rest of the proof follows
the same arguments in the proof of Theorem 2.4.1.

Consider 0, , for r € [0, 1] defined in (A.43). Then we note that lim, P(én €0)=1
since 0p, € int(O) and the difference between 6, , and 6, converges in probability to a

zero vector. Next, it can be seen that

A~

(Al — B) = Vn(Abp, — B) + 1 VnAd,1 + (1 — 1) - v/nAd,g
4 (H(poo, Oo) + fre%n [8pc]) Zp+ (fre}«“n [04c])) 24 — 23,
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where 0,c and J,c denote the gradients of ¢ with respect to p and g, respectively, by setting
P = po and ¢ = ¢. Note that Q(@nm; r) consistently estimate the asymptotic variance of

the above moment condition. Moreover,

N

Lj(Onr;r) L M;(poo)Xp,00 (H(poo,ﬁoo) + 5;000[61,0]’) )

which equals the asymptotic covariance between +/n(A6,,, — ) and vn(a; —aj p,), where
aj r, and a; g, denotes the j-th row of A and A, , respectively.
Following the same arguments in Proposition A.1.2 but replacing 0, with 6, , in the

argument of test statistics, the consistency of the (co)variance estimators implies

d
MLC,,(0pnr) = (1+a)x}+ ax3gsq (A.44)

Let B denote the event that infag_», MLCy(0) > ¢ 1 — «a). Then we have

1+a)x§+ax§K+1(
Pr. (B) = Pr, (B, 0, € ©) + Pp (B, s ¢ ©)

< IPF" (MLC(H,W) > Q(1+a) Hn,r (S @) + IFDFn (en,T ¢ @)

2 2
X1taxsg 41’

< ]P)Fn (MLC(‘gn,T) > Q(1+a) + ]P)Fn (gn,r ¢ @)7

2 2
X1 +aX2K+1)

where the second line holds by the fact that 0, , € © and satisfies the constraint set under
the first term of probability. Taking the limit as n — oo and noting Pg, (6, ¢ ©) — 0

along with (A.44), the desired result holds. O

A.4 Power Comparison in Linear MTE Models

In this appendix, I compare the power of the proposed two approaches, namely, the
conditional Wald test and modified linear combination test in a linear MTE model. The

linear MTE model is generated by the DGP below: For each d = 0,1,
Yo =pa+Va

D =1[U < p(Z)]

1
Vd:Pd(U_2)+€d7
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where U is uniformly distributed over a unit interval [0, 1], Z has the same distribution as
the one used in section 2.6, i.e., uniformly distributed over {2z, 21, 22} and independent of
(U, e1,e0), and (e1, eq) follows the joint normal distribution with zero mean and covariance
matrix Y. = 0.5 - Iayo. Since instrument has ternary support and there are two unknown
parameters to be identified for treated and control samples. The linear MTE model is
over-identified and is weakly identified if all propensity scores converge to a single point. I
consider the following specification of the parameters in the Monte-Carlo simulation:

e Mean potential outcomes: pu; = ug = 0,

e Slope of MTR functions: pg = p1 =5

o Propensity scores:

(i) Strong identification: p®(z) = [0.2,0.5,0.8]

(ii) Weak identification: p*(z) = [0.4,0.5,0.6]
The data is generated with n = 500 units to evaluate the power of the conditional Wald
test, modified linear combination test, and the classical Wald test. I repeat the Monte-
Carlo experiments 2,000 times to compute the average rejection rates for testing ATE
Hy : py — po = 6, for 6, € [=5,5].

The power curves are plotted in Figure A.1 below under two different levels of identi-
fication strength. If the variation on the propensity score is strong enough, all considered
approaches are valid under the true value of ATE and exhibit similar power when testing
against fixed alternatives in finite samples. This result reveals that the proposed MLC test
does not sacrifice too much power under strong identification when the weight assigned
to AR statistic is small (e = 0.05), which coincides with our local power analysis. Under
weak identification, both MLC test and conditional Wald test control the size under the
true ATE at zero, whereas Wald test over-rejects the true null under the same context.
Regarding the power of tests, the MLC test may have deficient power at distant alterna-
tives as it exhibits a non-monotonic power curve similar to the RLM test Kleibergen (2005)
for full vector inference. On the other hand, the conditional Wald test has power against

both positive and negative alternative values of ATE, which is therefore recommended for
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practical implementation in linear MTE models.
A.5 Testing IV Strength

Several studies have developed tests for IV strength (Lewis & Mertens, 2022; Montiel
Olea & Pflueger, 2013; Stock & Yogo, 2005). These tests typically focus on the bias of IV
estimators relative to OLS estimators and the size distortion of conventional Wald and t-
tests under their null hypotheses. This problem is well-studied in linear IV regressions with
homoskedastic error structure (I. Andrews et al., 2019, Section 4). However, little is known
about nonlinear models with a focus on subvector inference. In this section, I evaluate the

strength of the identification in the empirical application along multiple dimensions.
A.5.1 Pre-testing weak identification by size distortion

Following I. Andrews, 2018, we can regard the target parameter as being weakly iden-
tified if the Wald confidence set fails to include a locally equivalent robust confidence set
with a smaller coverage level.

Let v € [0,1 —«). We choose the weight a = a(v) in the MLC test such that a(y) solves
Q1t+at)rade, L —a—7) = ¢z (1 —a).

If one uses the weight a() together with the critical value qX%(l — a), the following set Cp

achieves asymptotic coverage 1 — a — v under weak identification:
Cp(y) = {)\ eR: /1;1_% MRLM;(0) + a(y) - ARn(0) < q,2(1 — a)} .

As shown by I. Andrews (2018, Theorem 3), this set is contained by a (1 — «) Wald
confidence set Cy with probability approaching one under strong identification. In other
words, the failure of this containment relationship suggests evidence of weak identification.

This leads to the following test of weak identification:

drcs(v) = 1[Cp(7) & Cw].

The tuning parameter v measures the maximum amount of size distortion on Wald confi-

dence set that researchers can tolerate. If ¢rog(y) = 1, then researchers are willing to use
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(a) Strong identification: p(z) = [0.2,0.5,0.8]
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Note: Testing ATE at values on [—5, 5] with the true effects fixed at zero. The significance level is 5%.

The sample size equals 2,000. The average rejection rates are computed with 2,000 independent
Monte-Carlo simulations.

F1cURE A.1: Power Curves of the Conditional Wald, MLC, and Wald Tests
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the robust confidence set with a smaller coverage level (1 — a — 7) since it is always valid
while the classical (1 — «) Wald confidence set is unreliable if the test rejects. However,
this type of test may not have sufficient power to detect weak identification, which implies
the model might still be weakly identified even if we did not reject the test.

For the example of additive MPRTE, I report the Andrews’ pretesting result in Table
A.2 by specifying v = 10% and a = 5% (i.e., the researchers can tolerate at most 10%
size distortion). The result indicates that cubic and quartic MTE models lead to potential
concerns of weak identification conditional on most courts, while linear MTE models are
strongly identified. Quadratic MTE models are strongly identified for several courts, but not
all of them. This result reveals the fact that the identification strength depends on both the
variation of instruments and the flexibility of the model specified by researchers, while this
information is not reflected by the conventional rule-of-thumb applied to F-statistics, since
the latter rule only works under homoskedastic linear IV models with a scalar endogenous

coefficient (I. Andrews et al., 2019).
A.5.2 Testing exact under-identification

Alternatively, researchers may want to test the full-rank property of the matrix A in
the moment condition, i.e., Héank : rank(A) < 2M + 1. Rejections of such tests suggest
that the propensity scores are sufficiently separate from each other so that the relevance
condition holds under a pointwise asymptotic framework. Under a sequence of DGPs that
may induce weak identification, we do not necessarily reject Héank since Assumption 1.7
holds but is close to failure along such sequence. This implies a larger critical value is needed
to detect weak identification. As choice of valid critical values for testing weak identification
is beyond the scope of this paper, I do not pursue this goal but instead comparing the test
statistics and the critical value for testing Héank. The model may be weakly identified if
the test statistics are close to the corresponding critical values.

The test for H(l)"ank considered here is based on the analytical bootstrap test from Chen

and Fang, 2019. Their test focuses exactly on the null hypothesis Héank rather than testing
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Table A.2: Testing Weak Identification of Additive MPRTE at v = 10% and a = 5%

Note: Valid Test is based on I. Andrews (2018) first-stage pretesting procedure under 10% size distortion.
F-statistics are computed by regressing treatment on a set of saturated instruments, and the Rule of
Thumb (RoT) suggests strong identification if the F-statistics exceed 10.

Court  MTE Poly. Valid Test Wald (95%) MLC (85%) F-stat RoT
SBO Linear MTE Possibly Strong [-0.17, -0.02] [-0.14, -0.06]

SBO Quadratic MTE Weak [-0.17, 0.18]  [-0.18, 0.20] S

SBO  Cubic MTE Weak [0.40, 0.45]  [-0.67, 0.55] (790 Strong
SBO  Quartic MTE Wealk [0.64, 0.46]  [0.76, 0.75]

EBOS  Linear MTE Possibly Strong [-0.24, -0.10]  [-0.23, -0.12]

EBOS  Quadratic MTE Possibly Strong [-0.22, -0.06] [-0.20, -0.08] 5001 Stron
EBOS  Cubic MTE Weak [0.34,-0.04] [0.45,0.03 °° &
EBOS  Quartic MTE Weak [0.36, 0.04]  [-0.63, 0.37]

WROX Linear MTE Possibly Strong [-0.32,-0.14] [-0.30, -0.16]

WROX Quadratic MTE Possibly Strong [-0.33, -0.12] [-0.31, -0.13] 9815  Stron
WROX Cubic MTE Weak [0.33,-0.13] [-0.40, 0.05] J
WROX Quartic MTE Weak [-0.33,-0.12]  [-0.89, 0.44]

BMC Linear MTE Possibly Strong [-0.24, 0.00]  [-0.16, -0.07]

BMC  Quadratic MTE Weak [0.28,-0.02]  [-0.21, 0.04]

BMC  Cubic MTE Weak 0.28,0.00] [0.35,0.12] °iA7 Strong
BMC  Quartic MTE Weak [0.37,-0.07)  [-0.30, 0.18]

ROX  Linear MTE  Possibly Strong  [-0.03, 0.23]  [0.06, 0.17]

ROX Quadratic MTE  Possibly Strong [-0.02, 0.28]  [0.08, 0.23] 3468  Stron
ROX  Cubic MTE Weak [0.02,0.34]  [0.05, 0.38] ' &
ROX  Quartic MTE  Possibly Strong  [-0.10, 0.31]  [0.13, 0.24]

DOR Linear MTE Possibly Strong [-0.42, -0.18] [-0.37, -0.25]

DOR Quadratic MTE  Possibly Strong  [-0.60, -0.26]  [-0.56, -0.36]

DOR  Cubic MTE Weak 0.60, -0.26] [-0.56, -0.16] 4360 Strong
DOR  Quartic MTE Weak [0.67,-0.29]  [-0.79, -0.08]

the equality rank(A) = 2M + 1 as considered by previous work (Kleibergen & Paap, 2006).
They show this difference reveals large size distortion when using KP’s approach to test for
Héank. Since testing IV relevance at population level is directly related to testing Héank in
our setting, I employ their approach to study this problem.

The test results are collected in Table A.3. From this table we see that the population IV
relevance condition holds for all courts and models we consider except for the SBO court
based on quartic MTE models. As argued above, this result does not necessarily show

evidence of strong identification. When looking at the ratios of test statistics and critical
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values, we observe that these quantities are close to one under cubic and quartic settings,

indicating potential weak identification in such scenarios.

Table A.3: Analytical Bootstrap Test for HF2"k : rank(A) < 2M + 1

Court Linear Quadratic Cubic Quartic
Ratio: Test Statistics/Critical Values
SBO 20.27 1.44 1.83 0.57
EBOS  17.47 3.01 2.19 1.11
WROX  23.29 11.41 3.68 2.46
BMC 16.47 7.54 3.66 1.20
ROX 16.73 6.08 2.70 1.01
DOR 27.58 7.72 2.90 1.32
Test Statistics
SBO 469.57 1.02 9.02x10™®  3.18x107°
EBOS  506.15 1.74 8.49%x1073  4.80x107°
WROX  454.48 3.05 16.68x1073 12.18x107°
BMC  243.39 1.05 3.56x1073  0.86x107°
ROX 205.75 0.39 0.82x1073  0.12x107°
DOR  418.09 1.71 6.08x1073  1.50x107°
Critical Values

SBO 23.17 0.71 4.92x107%  5.60x107°
EBOS  28.97 0.58 3.88x107%  4.34x107°
WROX  19.52 0.27 4.54x107%  4.94x107°
BMC 14.78 0.14 0.97x1073  0.72x107°
ROX 12.30 0.06 0.31x1073  0.12x107°
DOR 15.16 0.22 2.09x1073  1.14x107°

A.6 Numerical Example of Additive Separability Bias

As alluded in section 2.5.1, the bias of ATE would depend both on the heterogeneity
of the coefficient p1 (W) — po(W) as well as how W varies the selection into treatment.

Consider a linear MTE model as follows:

_ exp(bW + 2)
14 exp(bW + 2)

Yo = pa(W) + pa(W) (U - ;) +eq

D =1[P < U]
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where P(W = 1) =P(W =0) = 0.5and Fz(z) = (1+e )" Let U L (Z,W) and Z ILW.
For the parameter specification, I assume
o pi(w)=0.5and po(w) =0 for w =0, 1.
e p1(0)=1,p1(1) =1+ A,
e po(0) = —1,p0(1) = =1+ A,.
(e1,€0) ~ N (02x1, I2).
o (b,A,) € [-5,5]%

When b = 0, the covariate W does not shift the probability of being treated. When A, = 0,
there is no heterogeneous treatment effects of covariates varying with selection unobserv-
able (i.e., the additive separability condition holds). Following the intuition provided by
Theorem 2.5.1, we would expect bias of ATE estimand when b # 0 and A, # 0.

The ATE estimand under additive separability and its bias (defined in section 2.5.1)
are shown in the Figure A.2. This figure demonstrates that bias of ATE estimand is
pronounced when both b and A, are large, and there is no bias on ATE estimand if either b
or A, equals zero, which coincides the prediction by Theorem 2.5.1. Importantly, this bias
has the potential to change the sign of estimand, thereby potentially resulting in misguided

policy recommendations.

A.7 Additional Literature Discussion

A.7.1 Other approaches to inference on subvectors or functions of pa-
rameters

D. W. Andrews and Guggenberger (2019, Section 12 in supplementary appendix) and
D. W. Andrews (2017, Section 2) give thorough literature reviews on inference for weakly
identified models. Next I briefly discuss several other main approaches for inference on
subvectors or functions of parameters and explain why they cannot be applied to MTE
models considered in this paper.
1. Concentrating out strongly identified nuisance parameters
Sometimes researchers assume certain parameters are strongly identified under the

null hypothesis. When this holds, identification-robust tests can be constructed by
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Contour of ATE bias

s True ATE

1.5

ATE estimand

A, 5 -5 b

Top: Contour plot of ATE bias for (b, Ap) € [—5,5]?. Bottom: 3D plot of ATE estimand (under addi-
tive separability) over the same range, with scatter points showing where the estimand equals true ATE.

FIGURE A.2: Bias of ATE Estimand under Additive Separability
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either concentrating out these strongly identified parameters or substituting them
with consistent, asymptotically normal estimators. This approach has been adopted
in many papers, including several influential work by Stock and Wright, 2000, Kleiber-
gen, 2005, I. Andrews and Mikusheva, 2016b, and D. W. Andrews and Guggenberger,
2019. The resulting confidence sets achieve asymptotic similarity. However, a key
limitation is that this method cannot accommodate weakly identified nuisance pa-
rameters. This limitation is particularly relevant for the MTE model considered here,
where elements of the parameter vector # may be weakly identified when propensity
scores exhibit limited variation (see footnote 4).

. Least-favorable critical values and identification-category-selection method

D. W. Andrews and Cheng (2012, 2013, 2014) and Han and McCloskey (2019) pro-
pose uniformly valid inference results for inference on functions of weakly identified
parameters based on conventional test statistics such as quasi-likelihood ratio and
Wald statistics. These methods are developed for models for which the identifica-
tion status is determined by whether a vector of strongly identified parameters is
zero. When this vector equals zero, the sample objective function does not involve
the weakly identified parameters (D. W. Andrews & Cheng, 2012, Assumption A)
or the Jacobian matrix of the objective function is approximately a singular matrix
(Han & McCloskey, 2019, Assumption ID). For MTE models studied in this pa-
per, the identification status is determined by the vector of propensity scores, with
under-identification occurring if this propensity score vector approaches a set where
Assumption 1.7 fails, rather than a single point. While some studies have attempted
to generalize the framework of D. W. Andrews and Cheng, 2012, they do not yet cover
MTE models studied in this paper. For example, Cheng, 2015 considers nonlinear
regression models with mixed identification strength where each structural parameter
has a one-to-one correspondence with its identification strength parameter. Cox, 2022
develops identification-robust inference for a class of minimum-distance models with

restricted parameter spaces, with a primary focus on low-dimensional factor models
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under non-negativity restrictions of variances.
3. Profiling-based Anderson-Rubin test

Guggenberger et al., 2012 and Guggenberger et al., 2019 propose using profiled
Anderson-Rubin test to study inference on a subvector of endogenous coefficients
in linear IV models. Their tests rely on the assumption that structural errors are
homoskedastic, which is proved to be a key assumption for maintaining asymptotic
validity by J. Lee, 2015. In another subsequent work, Guggenberger et al., 2023 relax
the homoskedasticity and develop an adaptive procedure by switching into the general
subvector test in D. W. Andrews, 2017 if the structural residuals do not follow the ap-
proximate homoskedastic structure. Despite the simplicity and convenience of their
tests, the assumption of homoskedasticity and linear IV structure do not apply to
MTE models. In another related work by I. Andrews and Mikusheva, 2016a, the sub-
vector test is constructed by profiling Anderson-Rubin-type statistics in a minimum
distance model. However, as they note (p. 1260), their method reduces to conser-
vative projection inference in linear IV models. A similar limitation likely applies to

MTE models, given the linear parametric structure of the moment function.

Asymptotic similarity of the subvector inference

Asymptotic similarity guarantees that, in large samples, the confidence set coverage
equals 1 — «, or equivalently, the size of the test equals «, regardless of identification
strength (for a formal definition of similarity, see D. W. Andrews et al., 2020). This property
means that confidence sets are not conservative, i.e., unnecessarily wide with coverage
exceeding the nominal level, in large samples. While D. W. Andrews and Guggenberger,
2017 has established this property for many identification-robust inference methods on the
full parameter vector, it rarely holds for subvector inference with weakly identified nuisance
parameters. This failure occurs because weakly identified nuisance parameters usually
cannot be consistently estimated under weak identification. Below, I review the main

approaches in this literature and present evidence of their inability to achieve asymptotic
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similarity.

Methods following D. W. Andrews and Cheng, 2012, 2013, 2014 determine critical values
by considering the least-favorable case across all sequences of DGPs. By construction, this
robust approach can yield critical values that exceed the true quantile of the test statistic’s
limiting distribution. Consequently, these tests are not asymptotically similar, as evidenced
by the over-coverage probabilities in D. W. Andrews and Cheng (2012, Figure 7).

For linear IV models with homoskedastic errors, the methods of Guggenberger et al.,
2012 and Guggenberger et al., 2019 also lack asymptotic similarity. As shown in Guggen-
berger et al. (2019, Figure 4), null rejection probabilities fall below the significance level
when the endogenous coefficient not under testing is weakly identified.

The methods of Chaudhuri and Zivot, 2011, D. W. Andrews, 2017, and I. Andrews,
2018 also fail to achieve asymptotic similarity. These approaches minimize an identification-
robust test statistic over a set of weakly identified nuisance parameters (either a confidence
set or the full parameter domain), but derive critical values using the true parameter values.
Under weak identification, the minimizing nuisance parameters may not converge to their
true values, causing the profiled test statistics’ distribution to be stochastically dominated
by the test statistics evaluated at the true value. This leads to null rejection probabilities
falling below the significance level, as demonstrated by the under-rejection of the null
hypothesis in both Chaudhuri and Zivot (2011, Table 2) and D. W. Andrews (2017, Table
I) for AR/QLRI tests.

A.7.2 Covariates in weakly identified models

The covariates are often ignored in the literature of weakly identified models, partly

because the majority of studies has been focused on the weak identification issues in linear

IV models. That is,
Y=XB8+Wny+U

X=Zr+Wnx +V.
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where W denotes a set of covariates that possibly include a constant term, X denotes
a vector of endogenous variables, and Z denotes a vector of instrument variables. In
such case we can project out the linear effects of covariates (Wny, Wnx) by the standard

FrischWaughLovell theorem so it reduces to the standard IV model without covariates:
YJ_W _ XJ_Wﬁ + UJ_W

XW W W

where YW denotes the residual of Y from regressing on W. This enable us to discuss the
weak identification-robust inference on g by making assumptions on the joint distribution
of (YW, X+W Z1W) instead of the distribution of (Y, X, Z, W). This argument has been
used in a sequence of literature.5 With a set of high-dimensional covariates, Ma, 2023
considers identification-robust inference on the doubly-robust estimand of LATE.

In nonlinear models subject to weak identification, partialing out the effects of covari-
ates becomes significantly more challenging. Specifically, inference on weakly identified
target parameters becomes more complex due to the nonstandard asymptotic behavior of
estimators for covariate coefficients. To address identification-robust inference in models
with covariates, the existing literature often assumes that the estimation of covariate effects
is consistent and asymptotically normal (CAN) when the values of weakly identified coeffi-
cients are fixed under the null hypothesis. In other words, this means that covariate effects
are assumed to be "strongly identified," while target parameters may be weakly identified.
This property usually aligns with the assumption that covariates are "exogenous", in the
sense that covariates are independent of structural unobservables but are not necessarily
excluded from the outcome equation.

Building on this framework, several studies have imposed the exogeneity of covariates
to facilitate identification-robust inference in weakly identified models. For instance, in the

consumption capital asset pricing model with constant relative risk aversion preferences,

6 For full vector inference, see Kleibergen (2002), Moreira (2003), and Staiger and Stock (1997), albeit
Moreira (2003) only considers the projection of the instrument Z on exogenous covariates W. For subvector
inference, see Guggenberger et al. (2012, 2019).
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Stock and Wright, 2000 treat the discount factor as strongly identified, while the utility
parameter is potentially weakly identified. In the case of IV quantile regressions (Cher-
nozhukov & Hansen, 2005), I. Andrews and Mikusheva, 2016b assume that the estimation
of covariate effects is CAN once the endogenous coefficients are known, allowing for a null-
imposed estimator of covariate coefficients to be used. Similarly, in the endogenous Probit
model,” D. W. Andrews and Guggenberger, 2019 explore robust inference for the scalar
endogenous coefficient, assuming that other covariates are exogenous and their effects can
be consistently estimated under the null hypothesis. In the context of MTE models, this
assumption leads to an additive separable structure on the outcome equation E[Yy | U, W]
and a parametric specification for the first-stage regression. Relatedly, Han and McCloskey,
2019 analyze models with nearly singular Jacobians, which include the Normal MTE model
(Bjérklund & Moffitt, 1987) as a special case.® While the Normal MTE model is not their
primary focus, they also impose exogeneity and parametric assumptions to facilitate their

analysis.
A.8 Two-stage Regression Approach

In this appendix, I show that the moment function derived from the commonly used
two-stage regression approach leads to singular variance under the failure of identifica-
tion. Non-singularity of moment covariance matrix is crucial for conducting uniformly
valid identification-robust inference on structural parameters. This assumption has been
commonly imposed by various important strands of literature, for example, the conditional
inference procedure (I. Andrews & Mikusheva, 2016b, Assumption 2), the least-favorable
critical value approach (D. W. Andrews & Cheng, 2014, Assumption GMM 4*), and the

well-known Robust LM and CLR tests (D. W. Andrews & Guggenberger, 2017, Eq. (3.3)).

7 In the same context, D. W. Andrews and Cheng, 2014 develop an identification-robust inference method
by adjusting critical values for conventional tests (such as Wald and QLR). This approach also assumes
that covariate effects can be consistently estimated under the null values of weakly identified parameters.

8 However, the moment conditions formed by two-stage regressions (Han & McCloskey, 2019) are not
recommended, as they lead to a singular asymptotic variance matrix shown in Appendix A.8.
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Consider a parametric MTE model proposed by Kline and Walters, 2019:
E[Yq | U = u] = pa + pah(uv)

D =1[U < p(2)],

where U is normalized to be uniformly distributed on the unit interval [0,1], Z is a discrete
exogenous instrument independent of both U and Yy, and h(u) is a strictly increasing
continuous function with E[h(U)] = 0. This specification incorporates linear MTE model
(Brinch et al., 2017), Heckman normal MTE model (Bjorklund & Moffitt, 1987), and Logit
selection model (Dubin & McFadden, 1984) as special examples.

Under the MTE assumptions, we have
E[Y | Z,D = d] = pa + para(p(2)) (A.45)

where Ag : (0,1) — R and A\ : (0,1) — R are the control functions giving the means of
unobserved heterogeneous components of potential outcomes for the units whose U (the

unobserved cost of getting treatment) is below or above at p € (0, 1):
M(p) =E[RU) | U <p], lolp) =E[RU)|U > p].

By regression (A.45), it is obvious to see that pg and pg are point identified once p(Z)
has nontrivial variation for both treated and control groups. Therefore, weak identification
occurs when propensity scores {p(z) : z = zp,..., 2K} collapse to a single point under a
sequence of DGPs.

Typically people estimate propensity score on the first stage and run the second-stage
regression (A.45) to obtain estimators of pg and pg. Inference on those parameters can be

achieved based on the following moment conditions:

Eg [g S (W,0)] = 0151 if 0 = 0%,

where 0 = (po, g1, po, p1,{p(2) : 2 = 20,...,2xK}) is an arbitrary vector of parameters, 6*
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denotes the true value of parameters, and

[Y — po — poro(p(Z))] x 1[D = 0]
[Y' — ko — poro(p(Z))] x 1[D = 0] x Ao(p(Z))
Y — 1 — pr](p(2))] x 1[D = 1]
gBSW,0) = | Y = — pA(p(2))] x 1[D = 1] x M (p(2)) |. (A.46)
1[Z = Zo](p(zo 1[D =1])
{2 = o )oen) — 11D~ 1)
Proposition A.8.1. Suppose the parameter 0 satisfies p(z0) = p(z1) = ... = p(zKk), then

/
var(g"5(W, 0)) = Egs [{gTS(W, 0) — Egx (95 (W.0)) } {g"5(W,0) — Bgs (™57, 0)) | ]
s singular for all 0* in the parameter space.

Proof. Since propensity scores do not vary, this implies the first moment condition equals

15(W,0) = 1[D = 1] x [Y — o — poro(p(2))] = 1[D = 1] x [Y — 1o — poro(p(20))]

while the second moment condition equals

35(W,0)=1[D =1] x [Y — po — po(p(Z))] x Ao(p(Z)) = g1 (W, 0)Ao(p(20))-

Note that g1 (W, 0)Xo(p(20)) = g2(W,6). The moment function gT5(W,#) is multicollinear

for each 6* in the parameter space. Therefore, its variance is singular. O

The singularity of moment variance for two-stage regressions also appears after reparametriz-

ing the model along the lines of Han and McCloskey, 2019°. Applying their reparametriza-

9 This paper derives the a useful reparametrization technique for models with nearly singular Jacobian,
which includes the Heckman selection models and the parametric MTE models studied here (see their
Example 2.1 and 2.2). The reparametrized model follows the structure posited by D. W. Andrews and
Cheng, 2012, 2013, 2014 and therefore allowing powerful inference on functions of model parameters.
However, as argued in Appendix A.7.1, their analysis cannot be extended to polynomial MTE models with
higer-order polynomials (or multiple selection coefficients).
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tion technique to the moment condition gT> above gives the reparametrized moment:

[Y —ao — po {Ao(p(Z)) — Ao(p(20))}] x 1[D = 0]
[Y — a0 — po {Ao(p(Z)) — Ao(p(20))}] x 1[D = 0] x Ao(p(2))
[Y — a1 — pr {A(p(2)) — Mi(p(20))}] x 1[D = 1]
g*Pw,0) = | [Y —a1r—pi{\(p(2)) — Aulp(20))}] x 1] 1] x Ai(p(2)) (A.47)

with the reparametrized parameter 0 = (oo, a1, po, p1,{p(2) : 2 = 20,...,2K}) and ag =
tq — para(p(zo)) for d = 0,1. Tt is clear that 6 — 6 is a one-to-one mapping, and the
reparametrized version of mean potential outcome a4 is strongly identified from this model
for all possible values of propensity scores {p(z) : z = 20,21,...,2K}, whereas (pg, p1)
become weakly identified under limited variation of propensity scores. We can partial out
the strongly-identified parameters (see Appendix A.7.1 for the discussion on this approach)
to conduct inference on (pg, p1) based on the reparameterized moment (A.47). However, the
validity of such procedure requires the variance of moment condition g®¥ to be nonsingular,

which does not hold as this moment condition is constructed by two-stage regressions:

Corollary A.8.1. Suppose the parameter 0 satisfies p(20) = p(z1) = ... = p(2K), then

var(g" (W, 0)) = E. [{gRPwv, 0) = Ege (9" (W, 0) | { 9" (W, 0) — Egi (9" (W, é))}']

is singular for all values of 0* in the parameter space.

Proof. Similar to the proof of Proposition A.8.1, we note that the second moment condition
is a factor A\g(p(z0)) of the first moment condition. Therefore, the singularity follows by

the multicollineairty. O

Although the current setup focuses on discrete instrument without covariates, it is
noteworthy that such singularity continues to exist even if instrument is continuous and

we estimate this model under additive separability. The source of singularity arises from
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the zero variation of control function variables A\y(p(Z)) under the failure of identification,
regardless of how p(z) is estimated from the data. In order to achieve robustness against
weak instruments, we need to base on other valid moment conditions derived from the
model rather than using the ones derived by two-step regression approach. Recently, D. W.
Andrews and Guggenberger, 2019 extend the robustness towards the singularity by select-
ing and rotating moment conditions that correspond to positive eigenvalues of covariance
matrix. However, a simpler solution to address singularity in this setting is to replace the
factor Ag(p(Z)) multiplied by the residual of the second stage regressions in (A.46) and
(A.47) with some other functions of instrument Z that has positive variation under identi-
fication failure. This is employed in the moment conditions (2.10) constructed in this paper

so that singularity problem does not occur.
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Appendix B. Additional Results for Chapter 3
B.1 Proofs

Throughout this appendix, we use RHS, LLN, CMT, CLT, PSD, PD, and to abbreviate

vhl 13 7 (13

“right-hand side”, “law of large numbers”, “continuous mapping theorem”, “central limit

theorem”, “positive semi-definite”, and “positive definite”, respectively. We also define the

sequence of random vectors {Z;}_ ; with

Z; = { P(uk)[l(Xin < Uk) - 1(Xi,t+1 < uk)] cot=1,...,T—1, k=1,.. .,K} € R(Til)K,

where P(uy) is the aggregated probability given in (3.9).

Let Q e RI-DEX(T-DK {enote a PSD matrix with a vector of eigenvalues £ € R(Z—DK,
By the Principal-Axis Theorem Scheffe, 1959, pp. 397, 418, €'Qe with € ~ N(0(p_1)xx1,9),
has the same distribution as S(¢) defined in Section 3.3.1. That is, €'Qe has a generalized
chi-square distribution of weights equal to ¢, unit vector of degrees of freedom, zero vector
of non-centrality parameters, and no constant or normal terms. Throughout this appendix,

we use cX(1 — a; Q) to denote the (1 — a)-quantile of € Qe.

Proof of Theorem 3.2.1. Part (a). Under Assumption 9 and Ho, {Z;}}" ; are i.i.d. with

E[Z;] = le(T—l)K and V[Z;] = ¥z as defined in (3.8). By the CLT,

- 1 & d
Z = —>7Zl 5 &~ N Yz). B.2
\/ﬁ; ) € (O(Tfl)KXh Z) ( )
Foranyt=1,...,T—1land k=1,..., K, the ((t — 1)K + k)-component of 6 = Z — Z

satisfies

N A

nP(up)[Fy(ur) — Fron (ur)] — v/nP(ue) [Fi(ug) — Fri(ug)]

A

= Val(E(ur) = Fo(ug)) = (Fraa (ug) = Fera ()] ( Plug) = /Plug))

—~
~—

= Op(1)op(1) = op(1), (B.3)
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where (1) holds by Fi(uy) = Fyy1(ug), which is implied by Hy, and (2) by v/n[(F})(uy) —
Fy(ug)) — (Fyy1(ug) — Fryr(ug))] = Op(1) and P(uy) — P(uy) = 0p(1), which are implied
by the CLT and LLN, respectively.

Then, consider the following derivation.

@)
S, Y ZZ1057 485 & ¢ (B.4)

—~

where (1) holds by 6 = Z — Z, and (2) by (B.2) and (B.3).
To complete the proof, it then suffices to show that RHS of (B.4) can be expressed
s (3.12). To this end, consider an orthogonal decomposition of ¥z = H’'AH, where

H e RI-DEX(T-1DK j5 an orthogonal matrix (ie., HH = Ir—1ygxr-1K) and A =

diag{{\; }(T 1)K} is the diagonal matrix of eigenvalues of ¥z. The desired result then

holds by the following derivation:
n e ls
ge = de =Y NG (B.5)
j=1

where (1) holds for e = H¢ which implies €'e = {'H'HE = £'¢, and (2) by e ~ N(Op_1)x <1, A),

and so € = {)\1/2@}(T DR for ¢ ~ NO@—1yrs Lir—1)k x(T-1)K)-
Part (b). Under Assumption 9 and the LLN, ¥, = X7 + 0,(1). Then, Assumption 10

and the CMT imply that EAJE = 221 + 0p(1). We can then repeat the arguments in part
(a) to get

Sich— 7 d —
0 = op(1) and Z'¥,Z 5 ¢~ Xk (B.6)

From here, the desired result follows from the next derivation:

So Y 28,7 4288,2 485, S exte D
where (1) holds by 6 = Z — Z, (2) by (B.6), and (3) by & ~ N(0¢r_1)x, £2)- O

Proof of Theorem 3.3.1. Part (a). We divide the argument into two cases.
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Case 1: Xz # Or_nrx(T-1K- Let A € RT-DE denote the vector of eigenvalues

of ¥z. Since A is a continuous function of X7 and » 7 ENDY 7z holds, the CMT implies
that A\, = M. Since Yy is positive semi-definite, X7 # O¢r_1)xx(r—1)K implies that
A # Or—1)Kx1-

Note that G(x,¢) is continuous in ¢ for any x € R and ¢ € R(T*UK\O(T,DK“. To
see why, consider an arbitrary z € R and sequence ¢ — ¢ ¢ R(T-DK \O(r—1)rx1- The

characteristic function of S(¢) is

ot l) = H (1 —itey) —1/2

and satisfies o(t,£(") — o(t,£) for all t € R. From this and Levy’s Continuity Theorem

(e.g., see Davidson (1994, Theorem 22.17)) we deduce that S(¢£(™) A S(¢). This is equiv-
alent to G(z,0™) — G(z,f) since S(¢) is continuously distributed (as £ # Or—1)Kx1)-
Since the choices of z € R and ¢ € RT-DE \O T—1)Kx1 were arbitrary, the desired result
follows.

Given the continuity of G(z,-) for all z € R, the CMT gives G(z, \n) = G(z,\) =
P(S < z). In turn, since G(z, \,) and P(S < z) are weakly increasing and bounded, and
P(S < z) is continuous (as A # O(p_1)gxx1), an argument along the lines of A. van der

Vaart (1998, Lemma 2.11) implies that

sup |G(z, A\n) — P(S < 2)| & 0. (B.7)
zeR
We now show that
Al-a) & X1 -a;3y). (B.8)

Fix e > 0 arbitrarily. Since the CDF of S is continuous and strictly increasing at ¢X(1 —
a;¥z) > 0,30 = d(e) > 0 such that

X1l-—a;Xz)—X1l—a—-6§%z) < e and Xl—a+§2z)+0—cX1—a;2z)
(B.9)
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Then, let E, be defined by

E, = {Sup|G(x,5\n) —P(S<ux)< 5} :
zeR

Under E,,, we have

) %’ G(ci(1—a),A\n) — P(S < (1 —a)) < (1—a)—P(S <1 -a)),

n

—~
g

where (1) holds by E,, and (2) by (3.14), as it implies G(c2(1 — a), A\p) = 1 — a. This
yields
P(S<ci(l-a)) = (1—a)—4 (B.10)

From here, we can get

A ) @
chol—a) =2 Xl—a—-6§%z) =2 X(l—-—a;Xz) —e, (B.11)

where (1) holds by (B.10) and (2) by the first condition in (B.9). Also under E,,, we have

5 2 GleA—a) =53 —P(S<cMl—a)—8) D (1—a)=P(S < (1—a)—d),

where (1) holds by E,, and (2) by G(¢2(1 — a) — 8, \,) < 1 — . This implies that

P(S<ctl—a)—0) < (1—a)+0é. (B.12)
From here, we can get
N (1) (2)
ch(l—a) < XM(1—-a)+632)+d < X1l—a;%82) +¢, (B.13)

where (1) holds by (B.12) and (2) by the second condition in (B.9). By combining (B.11)
and (B.13), we conclude that |c2(1 — a) — ¢X(1 — ;X z)| < . From this argument, we
deduce that

P(E,) < P(lc}(1—a)—cX(1—a;2z)] <e). (B.14)
Since P(E,) — 1 by (B.7), we conclude from (B.14) that P(|c2(1 — a) — ¢X(1 — a; Bz)| <
g) — 1. Since the choice of £ > 0 was arbitrary, (B.8) follows.
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For any ¢ € (0,c¢X(1 — ;X 2)), consider the following argument.
P({Sn < cX(1—;3z) —e}) + P({lch(1 — @) —cX(1 — s Xz)| <e}) — 1

< P({Sn < X(1=a;%z) e} n{len(l —a) = X(1 - a;gz)| < e})

- { P({S, <cX(1 —;3z) —e} n{|cA(1—a) —cX(1 —a;27)| < €}) }
= +P({S, <A1 —a)} n{lcA(1—a) —X(1—a;2z)| > €})
_ { P({S0 < (1= )} ~ {1 - a) — X(1 — a;3)| < )+ }
Sl PUSa <l = a)} n{lep(l—a) = X(1 - a;87)| > €})
= P(S, <ci(1-a))
< 1 Bl
? P(S, < (1 -a))
_ { P{S, <cl1—a)}yn{lc}(1—a)—cX(1 —a;8z)| <e})+ }
P{S, <ct1—a)}n{lc2(1—a)—cX(1 —a;2z)| > ¢}
< P(S, <X(1—a;3z) +¢e)+ Pl (1 — o) — X(1 —;: 2z)| > e), (B.15)

where (1) and (2) hold by {S,, < cA(1—a)} € {¢:(a) = 0} < {S,, < c}(1—a)}. By taking
sequential limits on (B.15) as n — o and € — 0, and combined with (B.8), Theorem
3.2.1(a), and the fact that S is continuously distributed, we conclude that E[¢:(a)] —
P(S>cX(1—-a;X7)) = a, as desired.

Case 2: Xz = O(p_1)gx(r—1)k- Under Hp in (3.3), we also have E[Z;] = Or_1)xx1,
and so Z; = O(p_1)gx1 a-s. By (B.1), this implies that 1(X;; < ug) = 1(Xir1 < up)
as. forallt=1,...,T—1and k =1,... K. In turn, this gives that Z = O(r—1)Kx1 &8,
with Z defined as in (3.7). Then, S,, = 0 holds a.s. By this and ¢2(1 — a) = 0, we get
E[¢p2(a)] = P(S, > ¢A(1 —a)) = 0 < a. From here, the desired result holds by taking
limits as n — 0.

Part (b) The conclusion follows directly from combining (3.16), Theorem 3.2.1(b), and

that the CDF of X%T—I)K is continuous at cX(1 — a; (17— g x(T—1)K) > 0. O

Proof of Theorem 3.3.2. Part (a). We divide the argument into two cases.
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Case 1: Yz # Or_ygx(r-1)K- Foreachi=1,...,n,t=1,..., T—1,and k =1,... K,

let

~

ZE o vee = VPG, < up) = Fylur) — (LX< uk) — Fra(ug)],

and let Z* = {Z*, ck=1,...,K,t = 1,....,T — 1} € RT-DK 4pd Z* =
i J(t—1)K+k

)

ﬁ > Z¥. By A. van der Vaart and Wellner (1996, Theorem 3.6.2),

(Z*Xa) S ¢ ~ NOg_pra, S2) as. (B.16)

Let 0* = Z* — Z* with Z* as in (3.18). Forany t =1,....,T—1land k =1,..., K,

then conditional on X,,, the ((t — 1)K + k)-component of 6* satisfies

~

P (wg) [F5 (ur) Fy(ug) — (Ffyy (ug) = e (ug))]

N

— /P (u) [ (ur) — Fy(ur) — (B (wr) = Fraa(w)]

= alEE () — Fulu) — (B (o) — v () )y Plur) — +/Plun)

=
=
S
—
il
N~—
S
—
—_
N’
I

op(1), w.p.a.l, (B.17)

where (1) holds by A. van der Vaart and Wellner (1996, Theorem 3.6.2) (which implies that
(VAL (ur) — Fyn)— (B () — Forr (u))] X} = Op(1) as.) and that Plug)— Plug) =
0,(1) by LLN.

Then, consider the following derivation. Conditional on X,

)
SE L2 (20 + 2087 (ZF) + (67)(6%) S S, w.pa.l, (B.18)

—
N

where (1) holds by 6* = Z* — Z* and (2) by (B.16) and (B.17). As a corollary of (B.18)
and also by the condition that ¥ is a nonzero matrix, we deduce that P(S* < z|X,) &
P(S < x) for all points « € R. From this point onward, the rest of the proof is identical to
that of part (a) in Theorem 3.3.1.

Case 2: Yz = Op_1)gx(7-1)k- This result holds by the same argument as in Theorem
3.3.1, except that ¢ () and ¢2(1 — «) are replaced by ¢2(a) and c2(1 — «), respectively.
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Part (b). By the proof of part (b) in Theorem 3.3.1, EA]E =%, +0p(1). Then, conditional

on X,

¥, — ¥, wpal (B.19)

We can then repeat the arguments in part (a) to get that, conditional on X,,,

0 = o0p(1) and (Z*)S3(Z%) S €97'€ ~ X}k wpal. (B.20)

From here, the desired result follows from the next derivation. Conditional on X,,,

@
O (227 +267YE(Z27) + (*)E,(6%) S Cr_px wpal,  (B.21)

*
n

where (1) holds by 6* = Z* — Z* and (2) by (B.19) and (B.20). As a corollary of (B.21),

we have that P(S* < z|X,,) & (X%T—l)K < z) for all x € R. From this point onward, the
rest of the proof follows from arguments in part (a) in Theorem 3.3.1. O

Theorem B.1.1. Let Assumption 9 hold, and let Z™ be as in (3.24), where 7 is a uniformly

chosen random permutation in M™. Then,
P(Z™ < x|X,) B PE<z) (B.22)

for all x such that P(§ < ) is continuous, where § ~ N(O(p_1)xx1,$2%) with

o Z ™0, B(n (B.23)
T! TeEM

Qz = E[Z:Z!] with Z; as in (B.1), and {B(r) € {—1,0, 1}(T=DEX(T=DK . 7 ¢ M} are

known matrices defined within in the proof.

Proof. We divide the proof into several steps.
Step 1. Introduce suitable notation.
Foreachi=1,...,nand k=1,...,K, let
H(Xi1 <) —1( X2 < uyg) Via

Vie = : and V; = : € {~1,0,1}(T—DEXL
(X1 <ug) — X1 < ug) Vi

(B.24)
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Also, let

M = diag{r/P(w),...,n/Plug)}®Ip_1 € [0,1]T"DEXT-DK
M = diag{\/P(w1),... A/ Plug)} ® Ir_; € [0,1]T-DEX(T-DEK (B.25)

where ® denotes the Kronecker product. Note that Z; = M x V; foralli=1,...,n.
Let 7" = {m; : i = 1,...,n} € M"™ denote a fixed permutation. For any i = 1,...,n
and k = 1,..., K, the m-permutation analogs of V; ; and V;
(X m 1) < uk) — WX m2) < ug) Vi
e = : and V" = : € {—1,0,1}KT=Dx1,

U X myr—1) < ug) — WX r (1) < ug) Vi'k
(B.26)

We note that M is invariant to 7™. To see why, note that for each £k = 1,..., K, and

t=1,...,T,
- 1 I 1 1 4 -
Pr(uy) = — Z Dl (uko1 < Xy < wp) = — 2 Dy < Xiy <wp) = Plug)
i=1t=1 i=1t=1
(B.27)
where (1) holds because the sum over ¢t = 1,...,7 is invariant across the permutation.

Step 2. For any i = 1,...,n and m; € M, we define the matrix B(m;) described in the

statement and establish the following representation:
V" = B(m) x V. (B.28)

This result follows from expressing Vi asa particular linear combination of V; . To

see why, fix t = 1,...,T arbitrarily. If m;(¢t) < m;(¢ + 1), then we have

1(Xz',7ri(t) < Uk) o 1(Xi,7ri(t+1) < uk) _ [ ( ;i (t) k) ( ,m(t)+1 k) }

U Ximyt41)—1 < Uk) — W Xiner1) < uk)

= (0,...,0,1,...,1,0,...,0) x Vi,

where the ones are located at time periods corresponding to 7;(t),...,m(t + 1) — 1. Con-
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versely, if m;(t) > m;(t + 1), then we have

—(1(Xz7'r(t) < uk) — 1(Xz m(t)+1 < uk)) — ... j|
1 X . < u — 1 X . < u = 1t )
( i,mi(t) k) ( i,mi (t41) k) [ _(1(Xi,7ri(t+1)71 <up) — 1(Xz‘,7r(t+1) < uy))
= (0,...,0,—1,...,—1,0,...,0) x Vi,
where the minus ones are located at time periods corresponding to m;(t),...,m(t + 1) —

1. Since m;(t) and m;(t + 1) were arbitrarily chosen, we can define a matrix B(m;) €
{-1,0, 1}(T_1)X(T_1) such that V7 = B(m) x Vi k. By collecting results for k = 1,... K,
and setting

B(m) = diag{B(m;),...,B(m)}, (B.29)

(B.28) follows. Finally, by repeating this operation for all 7 = m; € M, we define the
collection of matrices {B(w) € {—1,0,1}(T-DEX(T-DK . 7 ¢ A},
Step 3. Establish the Hoeffding’s condition for ﬁ >y B(mi)Z;, where ©" = {m; :

i =1,...,n} denotes a randomly chosen permutation in M™. That is,

(123(77021'71513(7?1)2@') % (&9, (B.30)

" ={m i =1,...,n} and ®* = {@; : i = 1,...,n} denote two mutually

where 7
independent random permutations chosen uniformly from M™ and independent of the
data, and € and € are i.i.d. NO@—1rx1,2%)-

We establish (B.30) using the Cramér-Wold device. That is, for arbitrary \,v €

R(T-DEx1(B.30) follows from showing that

]' = ™ vy
7 YNB(m) + V'B(7i)Zi 5 N(Oq_1yxx1, NUEA +V/Q%v). (B.31)

n
d
—1

We begin the argument by showing that {(\' B(m;)+v'B(7;))Z;}I" is an i.i.d. sequence.
To see why, note that {Z;}]" ; is i.i.d. by Assumption 9. Also, since 7" = {m; : i =1,...,n}

and " = {7; : ¢ = 1,...,n} are defined as i.i.d. sequences, we conclude that { B(m;)}"_ ; and
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{B(7;)}_, are also i.i.d. By combining these facts, we get that {(\' B(m;) +v'B(7;))Z;}",
is an i.i.d. sequence.
As a next step, we now show that

Z B(m) = Or—1)kx(T-1)K- (B.32)
TeM

Since B(r) = diag{B(r),...,B(r)}, it suffices to show that 3 _,, B(r) = O(r—1)x(T-1)-
Foreach ¢t =1,...,T — 1, denote the ¢'th row of B(ﬂ'), denoted Bt(ﬂ'), can be expressed as

follows:
Bi(m) = (0,...,0,1,...,1,0,...,0) x (1[7(¢t) < w(t + 1)] — 1[=(¢) > w(t + 1)]),

where the sequence of ones appears in the positions min{rn(t), 7(t+1)} through max{n(¢t), 7(t+
1)} — 1. From here, we get that >, _,, By(m) = 01x(7—1), as the occurrence of the vec-
tor (0,...,0,1,...,1,0,...,0) in the sum over M cancels with the corresponding vector
0,...,0,—1,...,-1,0,...,0) when n(¢) and 7(t + 1) are reversed.

Next, we show that E[B(m;)] = E[B(7:)] = Or—1)kx(r—1)k for alli = 1,...,n. To

see why, fix ¢ = 1,...,n arbitrarily and note that
) ~ @ 1 (3)
E[B(m;)] = E[B(m)] = T Z B(m) = O(Tfl)Kx(Tfl)Ka (B.33)
" meM

where (1) holds because B(w;) and B(7;) are equally distributed, (2) because there are
M| = (T") possible permutations of {1,2,...,T}, all equally likely, and (3) by (B.32).

Then, foralli=1,...,n,

E[NB(m) +vBFE)NZ] Y E[(WVE[B(x)] + VE[BFNZ] € o, (B.34)

—~

where (1) holds by Z; L (B(m;), B(7;)) and (2) by (B.33).
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From here, note that for all i = 1,...,n,

V[(A/B(TFZ) + V/B<77&'Z))Zz] = E[(/\/B(TFZ) + V/B(frz))ZlZZ/(B(ﬂ'z),)\ + B(ﬁ'z)/l/)]

—
N2

Y B[N B(m;) + v/ B(#:))Q7(B(m;)' A + B(#:)v)]

—~
)
~

)\/E[B(Tl'i)QzB(ﬂ'i)/])\ + I//E[B(ﬁ'i)QzB(ﬁ'i)/]I/,

—
w
=

NG + V', (B.35)

where (1) holds by Z; L (B(m;),B(#;)) and E[Z;Z!] = Qgz, (2) by (B.33) and that
B(m;) L B(7;), and (3) by (B.23) and that there are | M| = (T!) possible permutations of
{1,2,...,T}, and all are equally likely.

To conclude the step, note that (B.31) follows from the CLT, as {(XN B(m;)+v'B(7;)) Zi}I-,
was shown to be an i.i.d. sequence that satisfies (B.34) and (B.35).

Step 4. Use the previous steps to conclude the proof.

By Chung and Romano (2016, Lemma A.1), (B.22) is equivalent to showing that Z™

satisfies the following Hoeffding condition:

A A~ d ~
(Z7,27) = (§9), (B.36)
where Z™ and Z% are permuted according to 7" = {m; : i = 1,...,n} and & = {F; :
i = 1,...,n}, respectively, which are two mutually independent random permutations

chosen uniformly from M™ and independent of the data, and & and £ are i.i.d. according
to N(O¢r—1)Kx1,02%)-

Before proving the desired result, we establish three preliminary results. First, by
repeating the arguments in step 3 but with M replaced by I € RET=DxK(T=1) e have

that

T= DBV 0(1) and = 3 B(R)Vi = 0,(1). (B.37)
7 =1

=1

Second, note that Assumption 9, the LLN, and the CMT imply that

6= M—M = oy(1). (B.38)



Third, note that for any permutation m € M, we have

M x B(n) = diag{x/P(u1)B(n),...,r/P(ur)B(r)}
{diag{B(7),...,B(m)}} x (diag{r/P(u1),...n/Plur)} ® Ir_1)

— B(n) x M. (B.39)

The desired result follows from the next derivation.

G (%me’yﬁzwﬁ)

as desired, where (1) holds by (3.24), (B.26), and (B.27); (2) holds by (B.28); (3) by (B.39)

and Z; = MV; for alli=1,...,n; (4) by (B.37) and (B.38); and (5) by (B.30). O

Proof of Theorem 3.3.3. Throughout the proof, we continuously invoke the results and
notations from Theorem B.1.1. Recall that this result derives the asymptotic distribution
of Z™ as in (3.24), where 7 is a uniformly chosen random permutation in M™. Recall
from this theorem that Q7 = E[Z;Z]], which equals ¥ = var(Z;) under Hy in (3.3); Q7,
defined in (B.23), represents the asymptotic variance of randomization distribution; B(7),
defined below (B.29) for m € M, denotes a known matrix taking values in {—1,0,1}. With
these notations in mind, we present the proof below.

Part (a). We divide the argument into two cases.

Case 1: Yz # Op(x_1)x1(k—1)- By T = 2, there are T = 2 permutations of (1,2), hence
M = {(1,2),(2,1)}. Following the construction in step 2 of Theorem B.1.1, B((1,2)) =
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Ix«x and B((2,1)) = —Ig« k. Therefore,

—~
N

®3)

ap Y 1p,2)0,B(1,2) + 1B(2,1)22B(2. 1) € 0, @ ny,

where (1) holds by the definition of 27, (2) holds by the definition of B(r), and (3) follows
by Xz =var(Z;) = E[Z;Z]] = Qz under Hy in (3.3).

Theorem B.1.1 then implies that P(Z™ < z|X,) & P(¢ < z) for all z such that
P(§ < =) is continuous, where & ~ N(0r_1)xx1,%z). Then, the continuous mapping
theorem from Chung and Romano (2016, Lemma A.6) implies that for non-studentized

statistic:

P(ST < z|X,) & P(S <), (B.40)

for all x € R, where S is as in (3.12). This convergence relies on the fact that ¥, #
O7(k—1)xT(K—1), Which implies P(S < ) is continuous for all x € R. From this point
onward, the rest of the proof follows from arguments in part (a) of Theorem 3.3.1.

Case 2: Y7 = Op(g_1)x7(K-1)- By the same arguments as in Theorem 3.3.1, we have that
(X <wup) =1(Xjp41 <ug)as forallt=1,...,T—1land k=1,...K,and so S, =0
a.s. Furthermore, for all m € M, we have that 1(X; r¢) < ux) = U(X; z(¢41) < ug) a.s. for
allt=1,...,7—1,k =1,... K. This implies that ST = 0 a.s., and so S,, = ¢(1 —a) = 0.
The desired result follows from this and the construction of the test in (3.26).

Part (b). We construct an example with 7' = 3. For 7,7 € (0,1), we focus on a Markov
chain with two states, s; = 0 and sy = 1, and a transition matrix given by

( P(Xz'7t+1 = O’Xi,t = 0) P(Xi,t-‘rl = 1|Xi,t = 0) > _ ( T1 1-— T1 >
P(Xit41=0Xsp=1) P(Xipr11=1X;=1) -7 7 '

In the steady state, the marginal distribution is such that for all t = 1,2, 3,

1—

1—7
P(Xip=0) = 5= ——

To assess the marginal homogeneity of this Markov chain on only two support points, it

suffices to test the hypothesis at one of the two points (as the other is just its complement).
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For this reason, we construct our test statistic with K = 1 and u; = 0. It follows then

_ 0-m-n) : ~@-(n+m)
TR 2

By T = 3, the T! = 6 permutations of (1,2,3) are
M= {(17273)7 (17372)> (2a 173)7 (273a 1)7 (37 172)7 (3>27 1)}

Following the construction in step 2 of Theorem B.1.1, we have

s - [ 1 s =4 e - [

1 -1

0 11], B((3,1,2))=[_1 0], B((3,271))={_01 —01]’

and

0% = & > B(m)QzB(n).
TeM

It is not hard to verify that 27, is PD and €27, # Q7. By the same arguments as in part
(a), we conclude that

P(ST < z|X,) & P(S™ <), (B.42)

for all z € R, where S™ = 232‘:1 )\}TCJQ With{qj}?:l being i.i.d. N(0,1), and {)\}r}?:l are
the eigenvalues of Q7. From this point onward, we can repeat arguments in part (a) of
Theorem 3.3.1 to show that

F(l-—a) B X1-0;9%) and FEp[¢T(a)] — P[S < X(1 — a;QF)], (B.43)

where S = 23:1 )\jCJZ with {/\j}?:1 equal to the eigenvalues of X7 = Q7. Since Q7 # Qz,
we have that ¢X(1 — o; Q%) # X(1 — o;Qz) and therefore P[S < cX(1 — oz Q7%)] # .
To show the asymptotic overrejection, it suffices to find examples of parameters in which
P[S < cX(1 — o;Q7)] > a. For instance, by choosing 7 = 7 = 0.1, we obtain

cX(0.9;Q7%) = 1.56 < ¢¥(0.9;X7) = 2.36,

X(0.95; Q%) = 2.12 < ¢X(0.95;%,) = 3.33,

X(0.99; Q%) = 3.49 < ¢X(0.99;%z) = 5.72,
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with the following asymptotic overrejection:

Ep[¢F(0.1)] — 0.1828 > 0.1, Ep[¢7(0.05)] — 0.1194 > 0.05, Ep[¢7(0.01)] — 0.0446 > 0.01.

Part (c). Under Hy, we have Q7 = Xz. Then, Assumption 10 implies Q2 is PD. Thus,
B(m)QzB(w) is PSD for all 7 € M, where B(w) is defined in the proof of Theorem
B.1.1. Furthermore, by choosing = = (1,...,7T), step 2 of Theorem B.1.1 implies that
B((1,...,T)) = Ip—1)k x(r—-1)k> and so B((1,...,T))QzB((1,...,T)) = Qz. Then, Q7 =
2 3 em B(m)QzB(w)’ is PD, as it is the sum of PSD matrices with at least one PD matrix.

By Theorem B.1.1, Lemma B.1.1, and the fact that Q7 is PD, the Slutsky’s theorem
from Chung and Romano (2016, Lemma A.5) implies that P(ST < z|X,,) > P(X%T—I)K <
x) for all x € R. From this point onward, the rest of the proof follows from arguments in

part (a) in Theorem 3.3.1. O

Proof of Theorem 3.3.4. Part (a). Fix (i,t,s) € {1,...,n} x{1,..., T} x {1,...,T} arbi-
trarily, and let m € M be any permutation that interchanges t and s. For any x € R,

Ft(x) = P(Xi’t < l’)

lim P({Xi’h...7X1"t7...,X¢’S,...,X¢’T} < (’U,l,...,LC,...7U5,...7UT))

{uj}j=t—0

—~
N2

= lim P({Xim(l),...,Xi),r(t),...,Xi,,r(s),...,Xim(T)}<(ul,...,x,...,us,...,uT))

{uj}tj—t—0

2 .
@ lim  P{X; 1) Xisrooos Xistyooos Xy} < (U, 00,2500 U,y oo uT))

{uj}j=t—00

where (1) holds by P € Qrg and (2) by the specification of 7. Since x € R and (¢,s) €
{1,...,T} x {1,...,T} were arbitrary, Hy in (3.3) holds.

To see that the reverse implication fails, consider the following example:
Xn = {(Xi,la X@Q,Xi’g)}?:l Zld With Xz',l = Xi’g J_ Xz',?)

and X;; ~ N(0,1). It is not hard to verify that this distribution satisfies Assumption 9

but does not belong to Qrg.
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Part (b). Let X7 = {{X, ., }{=1}7, denote the sample permuted according to an arbi-

trary permutation 7" = {m;}? ; € M™. Then,

n

@ ©) 3)

: H ’L Tyeees 1 T H FX’L i (1) 500 ’L 7 (T) = FX;;’ (B44)
=1 i=1

where (1) and (3) hold by Assumption 9, and (2) by P € Qrg. We note that (B.44)
implies that the randomization hypothesis (i.e., Lehmann and Romano (2022, Definition
17.2.1)) holds. From here, Lehmann and Romano (2022, Theorem 17.2.1) implies that the
permutation test described in Lehmann and Romano (2022, Section 17.2.1) satisfies (3.28)
with equality. In turn, this implies that our permutation test (i.e., the non-random version

of the test in Lehmann and Romano (2022, Section 17.2.1)) satisfies (3.28). O

Lemma B.1.1. Under Assumption 9,
Sue BoQF.

Proof. This proof relies on notation and arguments in the proof of Theorem B.1.1. First,

we show that

> B(mi)Z:Z{B(m;) 5 QF,. (B.45)
=1

By similar arguments as in step 3 of Theorem B.1.1, we note that {B(m;)Z;Z!B(m;)'}1,
is i.i.d. with

E[B(x)Z:Z.B(m)] ¥ E[B(m)QsB(m)] € 3.

—~

where (1) holds by {B(m;)}, L {Z;}"_, and E[Z;Z]] = Qz, and (2) by (B.23) and the
fact that 7r; is uniformly distributed in M. From these observations and the LLN, (B.45)

follows.
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Second, we note that

n

3 Bm)ZV/B(m) = 0,(1)
=1

- Z B(m)ViZ!B(m;) = O,(1) (B.46)
z 1

— Z B(m)ViV{B(m;) = 0,(1).

z 1

These can be shown by the arguments that yield (B.45), except that Z;Z; is replaced by
ZV{, ViZ}, and V;V}/, respectively.

To conclude the proof, consider the following derivation.

n /
s @ LSy - (1S (25
=1

Sieas) (1G]

@ (i Zn] B(m)VMB(m)’> (
Y (M + 0,1 ( Z B(m;)ViV/B(m;) ) (M + 0,(1)) + 0p(1)
i

:\'—‘

i=1

i=1 B(mi) ZiV{ B(i)")op (1) +

LSn Bla) ZiZIB(m) + (L )
1 )+ op(D)(E X, Blm)ViZiB(mi) )oy(1 >]+ o)

{ op(1)(E 30| B, ViV B(m:)'

as desired, where (1) holds by (B.25), (B.26), and (B.27), (2) by (B.28), (3) by (B.38)
and L 37 | B(m;)V; = 0,(1) (implied by (B.37)), (4) by Z; = MV; for alli = 1,...,n and
(B.39), and (5) by (B.45) and (B.46). O

Lemma B.1.2. Let Qpg denote the class of distributions that are “fully” exchangeable over
units and time periods, i.e., Xy = {{X;¢}1_  }{_ has the same distribution as {{X ¢} o1
where \ denotes an arbitrary permutation of units and time periods. Under Assumption 9,

the following statements hold:
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(a) If n =1, Qpg = QTE.
(b) If n > 1, Qpg & QrE.

Proof. Part (a) is straightforward, so we prove part (b). We begin by showing a useful

intermediate result: X,, ~ P € Qpg implies that its CDF can be written as

n T
P(X,<y) = [[[[Fwie) forallyeR", (B.47)
i=1t=1

where F' is the CDF of X ;. Since Assumption 9 already implies independence across

units:

P(Xo <) = [ [Pl (B.43
i=1

where [ is the CDF of the vector {X1,}7 ;. Then the desired result (B.47) follows im-
mediately from (B.48) provided that {X; .}, are i.i.d. with marginal CDF F. We now
establish this result in two steps.

First, we show {Xj,}7_; is an independent sequence. To this end, fix {z;}{_; € RT
arbitrarily. For any s = 1,...,T — 1, consider the following permutation: A(1,t) = (1,¢)
for t < s and A(1,t) = (2,t) for t > s, A(2,t) = (2,%) for t < s and A\(2,t) = (1,t) for t > s,

and A(j,t) = (j,t) forall j >2and t =1,...,T. Then,

P(X11<wz1,...,X1s <@, X1541 < Tsq1,..., X117 < 27)
— lim P STy, X1 s S Ty, X541 < Tsgly -0, X1,7 < TT
U—00 Xjs<uforallj>2andt=1,...,T

O iy XA S T1s-- 5 Xn(1s) S o Xn(1s41) < Tst1s-- -5 Xp,1) S 21
u— Xy Suwiforal j>2andt=1,...,T

@ 1 X1 < xl,-- s X1s S Ts, X g41 < Tgq1,.-., XoT < T
u—s jo Suforallj>2andt=1,...,T
=P(Xi1<z1,...,X1s <@g, Xo g1 < Tsp1,...,Xor < 27)

3

® PXi1<zi,...,X1s <) P(Xo 541 < Tst1,...,Xor < 27), (B.49)
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where (1) holds by P € Qpg, (2) by the specification of A, and (3) by Assumption 9. By

taking limits of (B.49) as z1,...,zs — 00, we get
P(Xi 541 < Toq1,..., X117 <27) = P(Xo 541 < Toy1,..., Xor < 27). (B.50)
Since (B.50) holds for all {z;}1_; € RT, we can combine it with (B.49) to get
(X115, X1s) L (X1641,..., Xa) forany s=1,..., 7 — 1. (B.51)

The desired result follows by considering (B.51) sequentially for s = 1, s = 2, and so on.

Second, we show that {Xl,t}tT:1 is an identically distributed sequence. To this end, fix
x € R arbitrarily. For any s # 1, consider the following permutation: A(1,1) = (1,s),
A(1,s) = A(1,1), and A(i,t) = (i,t) otherwise. Then,

P(X11 <z)=lim P(Xy1 <z,X;; <wufor all (i,t) = (1,1))

u—00

W lim P(Xy11) < 2, Xa0) < u for all (1) = (1,1))

u—

D tim P(Xy, < 2, Xy g < u for all (i,2) = (1,1))

u—00

— P(X1, < 2), (B.52)

where (1) holds by P € Qpg and (2) by the specification of A. Since (B.52) holds for all
z € R, X171 and X, have the same distribution. Since the choice of s = 2,...,T was
arbitrary, the desired result follows.

Finally, we conclude the proof by finding a distribution P € Qg but P ¢ Qpg so the
inclusion is strict. Consider the following example: X,, = {{X;;}" ,}/_, withn =2, T = 2,
where X1 1 = X129 = Z1, Xo1 = Xo2 = Zo, and {Z1, Z5} are i.i.d. N(0,1). It is trivial to

see that this distribution satisfies Assumption 9 and P € Qrg, however P ¢ Qpg. L]
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Appendix C. Additional Results for Chapter 4
C.1 Bound Expressions

In this section we summarize all the bounds that will be used in the proofs of lemmas and
main results. These expressions are given for an arbitrary values of (y,w) € R x supp(W).
Denote ¢ := ¢(w,n) and ¢ := ¢(w,n), where the dependence on w and 7 is implicitly

understood.

C.1.1 Lower bound on Y;

Let
(pl\w - Q)E
T = — and Q, = Qy X,W(Il | 1,w)
Prjw(€—c) = | ’
and
Fyiw(y | w)
— max {Fy‘xyw(y | l,w)pl%, % + Fyixw(y | l,w)pl%}

~ Frixw(y | Lw)P 1 (y < @) + (—' + Frixw(y | 1w) ™ ) 1(y=Q,)

EY1|X,W(y | 0,w)

w(l—¢) c— 1-c¢
Punll 20 € Pie gy 1,0 200

= max {Fy‘xyw(y | 1,w) —, }
Pojw€ CPo|w Po|wC

Prw(l—¢ €= Pijw P1w(l—c¢
B R Ly A BN = ER AP LI PR
PojwC - CPo|w PojwC -

Fy i xw@|1lw) =Fyrixwy|1w).

Define

p,(yw)=cl(y < Q) +A Ly =Q,) +cl(y > Q,)

where

s PY =Q, X =1|W =uw)
A1 — c—D1|w w w .
<’ Pu| +FY\X,W(Q1 ‘ 17“0%) - I%IP(Y <Q1 | X =1 W =w)

c
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If the denominator is 0, set A; = py},,. We can also derive the associated quantiles function

bounds for 7 € (0,1):

— _ . c Pijw — C c
Q rlw) = Fyh(r | w) = Qv x,w <m1n{—7, — + —T} 1,w>
Yl\W( | ) Y1|W( | ) | Pijw P1jw Pilw ‘

— — . Ep0|w Pijw — C CPo|w
7]0,w) = Fy (7] 0,w) = min — T, + T} 1,w) .
QYl\XA,W( ‘ ) —Y1|X( | ) QY‘XVW ( {pl\w(l — C) pl\w(l _Q) p1|w(1 _Q) |

C.1.2 Upper bound on Y,

Let
Ti=1-14 and Q1 = Qyix,w(T1]1,w)
and
Fyyjw(y | w)
. p c—p p
= min {FY\X,W(y | 1711})%, Tllw + Fy|wa(’y | 1,’(1}) %‘w}
Pijw - E_plw P1jw =y
= Fyix,w(y| 1711))%1 (y<Qy)+ (Tl + Fyixw(y | 1,w) IE‘ ) 1(y=>Q,)
FYl\X,W(y | 0,w)
. Pijw ]-_Q E_p w pﬂu)]-_6
= min {FY\X,W(y | 1,w) 1ol )7 = 2 + Py x,w (Y | 1»W)L7)}
PojwC CPo|w Po|wC
p1|w(1 _Q)

\%
o

= Fyixw(y | 1L,w) ]l(y<§1)+(w +FY|X(y|1)M):ﬂ.(y

(1= p1jw)c €Pojw PojwC

Fy,xw(y|Lw) =Fyixwy|1,w).

Define

Py, w) = cl(y < Q) + A1l(y = Q1) +cl(y > Q)
where

PY =Q, X =1|W =uw)
<C_’% + Fyxw(Q | 1aw)pllw> — R < Q[ X = LW =)

c

y
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If the denominator is 0, set A; = P1jw- We can also derive the associated quantiles function

bounds for 7 € (0,1):

——1 c Pijw —cC c
Q T |w):=F T|w) = Qvix,w (max{—T, — + —T} 1,w>
Q. (71 0) = Pl [ w) = Qv o Pty

-1 CPo|w Pijw — c CPo|w
0,w):=F 0, w) = Lw).
Qs (710010 = Pl can(r [ 0.0) = Qo (e { e P =0y T 1)

C.1.3 Lower bound on Y}

Under c-dependence, we have that P(X =0 | Yo, W =w) =1-P(X =1 | Yp,W =
w) € [1 —¢(w,n),1 —c(w,n)]. So we can take the bound expressions for Fy, |y, swap pyj,
and poj,,, and swap (¢, ¢) and (1 —¢,1 — ¢) and get the correct expressions for the bounds
for Fy; . Here are all the expressions.

Let

e
=" pop;(c)ic) O

and

Eyo\w(y | w)

Po|w plw_E Pojw
=maX{FY\X,W(y | O’w)llc’ﬁ +FY|X,W(y | 07w)1l6}

pl\wiE
1-¢

+ Py 0.0 222 )1 (4> Q,)

_ Pojw

EYO\X,W(?! | 1, w)

PojwC Pijw —cC pO\wE
= max{ F 0, w , v + F 0,w)——=
{ vixw (] )pnw(l —¢c) (1 = 0)p1jw vixw (] )pnw(l - C)}
_ PojwC ( ) ( P1jw — C PojwC ) ( )
yix,w (Y | )p1|w(1 o) Y QO (1 — 1w yixw (Y | )pl\w(l —9 ) QO

EYO\X,W(y |0,w) = Fyx(y | 0,w).

Define

Po(y,w) =cl(y < Q) + (1 —Ay)l(y = Q) +l(y > Q)
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where

_ Poj (Fyx,w (@0, w) — Fyx,w (@ — |0, w))
=0 Fyow(Q,lw) — Fyyw(Q, — |w)

If the denominator is 0, set Ay = pg|,,- We can also derive the associated quantiles function

bounds for 7 € (0,1):

— _ . 1—c¢ po\w*(lfﬁ) 1—-¢
7lw)=Fy (1) = (mm{ =T, + T |0,w
QYO‘W( | ) 7YO‘W( ) QY'X’W Polw Pojw Pojw |

@YO‘X,W(T | 1,U)) Fy ‘X( | 1) _ QY\X,W (mln{(l *Q)pl\wT Pojw — (1 76) + pl‘w(l 75)7_} | O7 w) )

PojwC  PojwC PojwC
C.1.4 Upper bound for Y}
Let
To=1-—1g and Qo = Qvx,w(Tol0, w)
and
Fyyw(y | w)

Polw Pilw —C Poj|w
—— ———+ F 0,
o 1_¢ THxw[0w) g}

=m1n{Fy‘X7W(y |0,1,U) 1—

DPo|w - Pijw — C Po|w -
= Fyixw(y | 0,w) 71 (y<Qo)+< T P (] 0,w) )ﬂ(yon)

FY0|X,W(y | 1,w)

. pO\wE Pijw — C PojwC
= min < F; 0,w —, + Fyx, 0,w)——————
{ vew W0 v TS G- e T R0 _9)}
pO|wE oY Pijw — PojwC -
= F: 0,w)—— =1 < + 7+F O,w)——— |1 (y = .
vix,w(y | )p1|w(1 =3 (v < Qo) <(1 oo T X w(y | )puw(l — 2)) (v = Qo)
Define

Po(y,w) =cl(y < Qp) + (1 — Ao)1(y = Qp) + cl(y > Q)

where

. P(Y = Qg X = 0| W = w)

) = L .
(pl'w = + Fyx,w (Qol0, w)po‘w) —TEP(Y < Qo | X =0,W = w)
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If the denominator is 0, set Ag = Pojw- We can also derive the associated quantiles function

bounds for 7 € (0,1):

Qyy (71 w) = Py (7 | w)

1-¢ —(1-¢ 1-
= Qvix,w (max{ CT, Poj — ( ) + CT} | O,w>
Pojw Pojw Pojw

——1
QYO\X,W(T | 1,U}) = FYO\X,W(T ’ ].,U})

(1 - E)pl|w Pojw — (1 - Q) (1 - Q)p1|w } >
— T, + T 0w ).
Pojw€ PojwE PojwC

= Qy|x.w <maX{

C.2 Proofs for Section 4.3

Proof of Lemma 4.3.1. Let x € {0,1} and fix w € supp(W). By the law of iterated expecta-
tions, E[X | Yy, W = w] = E[E[X | Y1,Y0, W = w] | Yz, W = w]. Since E[X | Y1,Yy, W =
w] € [c(w,n),¢(w,n)] almost surely, we then have that E[X | Y, W = w] € [¢(w,n), ¢(w,n)]

almost surely as well. O

Proof of Proposition 4.3.1. Part 1: Suppose marginal c-dependence holds with bound

functions [c(w,n),¢(w,n)]. Fix (z,w) € {0,1} x supp(W). We have that

Rx(Yx,w) _ px(ny"LU) DP1jw c |: g(w,n) Pijw C('LU,T]) DPijw :|

L—pe(Yo,w)) 1 =pypy  [1=clw,n)/ 1=p1’ 1=2(w,n)/ 1= pipu
(C.1)
where the inclusion holds from the mapping a — a/(1 — a) being strictly increasing over

€ (0,1) and from pz (Y, w) € [c(w,n),¢(w,n)] < (0,1) almost surely. We note that

c(w,n) P1jw [ P1jw / P1jw ):[1 +o0)
L—2¢(w,n)/ 1=pyw [1=Piw/ 1=Pijw ’

where the inclusion holds from ¢(w, n) € [p},, 1). Similarly,

Q(’LU,T]) P1jw c < 0 Pijw Pijw Pijw :| _ (0 1]
L—c(w,n)/ 1=pi \1=0/ 1=pip 1 =prjo/ 1= Dprjw ’
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from c(w,n) € (0,p1},,]. We conclude that the GMSM holds with the bound functions
from equation (4.4). Replacing marginal c-dependence with joint c-dependence delivers
the same bounds for the GJSM.

Part 2: Suppose the GMSM holds with bound functions [A(w,n),x(w,n)]. Fix
(x,w) € {0,1} x supp(W). We have that

pm(Ym,w p1|sz(Yz7w) ! p1|wA(’w,77) p1|wK(w777) ] . (C2)

- Pojw + p1|wR:L"(Y:L"7 w) Pojw + p1|wA(w7 77) ’ Pojw + p1|wK(w7 77)

The equality holds from inverting the equation R, (Y, w) = 12 ;(:g,:”;) / - lp‘i“l in p, (Y, w).

The inclusion holds from the mapping a — a/(14a) being strictly increasing for a € [0, +00)

and from R, (Y, w) € [A(w,n), A(w,n)] = (0, +00) almost surely. We note that

P1wlA(w, ) . ( Pijw - 0 Pifw - 1
Pojw + PrjwA(w, 1) \ Popw + P1jw - 0" Pojw + Pjw - 1

| - 0010

by A(w,n) € (0,1]. Similarly,
p1|wK(wa 77) c [ Pijw - 1

Do|w +p1|wK(wa n) Pojw T P1jw - 1

71> = [P1jw, 1)

by A(w,n) € [1,+w]. We conclude that marginal c-dependence holds with the bound
functions from equation (1). Replacing the GMSM with the GJSM delivers the same

bounds for joint c-dependence. O
C.3 Proofs for Section 4.4

Proof of Lemma 4.4.1. By Lemma 4.3.1, it suffices to show the desired results under As-

sumption 12. Let y € R and w € supp(W) be fixed. Note that

1Y <vy) _ —w o1 <y)X —w
ELMKM'X‘L”“‘}“W‘E[mcmm'W }
1 1, W

=E[1(Y1 < y)|W = w]
= Fyyw(y | w),
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where the second equality follows from the law of iterated expectations and the third from

p1(Y1,w) = c(w,n) > 0 almost surely by Assumption 12. Likewise, we have

Il(Y>y) ]
E|l= 2 | X=1W=w|py,=1-F o).
[m(Y,w) | P v (v | w)

Therefore,
Fyw(y|w) =E [m | X =1,W = w] Dljw
<EP(Y <) | X=1W —w]puw
c(w,n)
= Fyix,w(y | 17“’)6(]2}:077)
and

Frw(y|w) =1-PY1 >y [W =w)

1(Y > y) ]
—1-E|— Y X =1, W = w|py
[pl(Y,w) | Py

Y
<1—]E[ﬂ(>y) !XZLW:w]le
c(w,n)

c(w,n) = P1jw

Pijw
c(w,mn)

+FYXWy ].,’UJ .
)

The inequalities follow from p; (Y1, w)™! € [e(w,n)™ !, c(w,n)~!] almost surely. By these

two inequalities,

3 b1 E(U’ﬂ?) — D1 P1
By | 0) < min {pr(,w(y | 1’w)c(w‘w?7)’ ¢(w,n) o Bypew(y | l,w)c(wwn)}
= Fy,w(y | w).
Similarly,
(Y <y
FYl\W(y | w) =E {p(l()/w)) | X = 1,W = w]pr
1Y <
>E[ ' <y) |X—1,W—w]p1|w
c(w,n)
p1
= Fyixw(y | 1,w) (w‘wn)



and

Frywyw) =1-PM1>y|W =w)

1(Y > y) }
—1-E|—— "Y1 X =1,W|pij

|:p1(Y7w) ’ p1|

1Y
>1—E[(>y)yx_1,w_w]p1w

c(w,n)
:Q(wun)_p1|w+F ( |1 'LU) Pijw

c(w, n) YIXWAY L5 o, )

By these two inequalities,

Pyw c(w,n) — Pijw
F = F Lw)= )
Y1|W(y | w) max{ Y|X7W(y | 1,w) c(w,n) c(w,n) c(w,n)

= Ey,w(y [ w).

Therefore we have established Fy,jy (y | w) € [Ey,jw (v | w), Fy,w(y | w)], as desired.
Next we establish the bounds for Fyy(y | w). We also have that

E[ 1(Y <y)

X=0W-= = F .
1 —po(Y,w) | ’ w} Pojw = Fyyw(y [ w)

Furthermore, note that E[(1—-X) | Yo,W =w] =P(X =0|Yy,W =w) € [1 —¢(w,n),1 —

c(w, n)]. Changing X =1to X =0, and (c(w,n),¢(w,n)) to (1 -2(w,n),1—c(w,n)) yields

Po
Fyyw(y | w) < Fyxw(y | O,IU)?('ZU)
Pijw — Q(w7 77) Pojw
P g 2Pk 0, w)—w
Yolw (¥ | w) 1= c(w, ) + Py x,w(y | 0,w) 1—c(w,7)
Po
Fyyw(y | w) = Fyixw(y | OMU)T&UUH)
Pijw — E(w7 77) Pojw
F; > —+ F 0)———.
vow (¥ | w) 1= 2w, 1) + Fyix (v | )1 —e(w,n)
almost surely. Therefore, Fy,jw (y | w) € [Eyyw (v | w), Fyyw(y | w)]. O
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C.3.1 Proof of Theorem 4.4.1

We provide and show a number of preliminary lemmas that are used to prove Theorem

4.4.1. This first lemma establishes some properties of cdf bounds for Y, given (X, W).

Lemma C.3.1 (Bounds of CDFs). Let assumptions 11 and 12 hold. Then, for x € {0,1}
and w € supp(W),
1. The functions Fy |x.,(- | 1 — z,w) and Fy, ;xw( | 1—z,w), which are defined in
Appendiz C.1, are cdfs;
2. ForallyeR,
Fy xwW | 1=z, w)p1 s + Fyixw Y | X, 0)pew = Fy,jw(y | w)

FY,JX,W(?/ | 1 :‘Caw)pl—x\w + FY|X,W(Y | Xvw)pxhu = FYw\W(y | w)

Proof of Lemma C.3.1. Proof of Part 1: We show that Fy, xw(y | 0,w) is a cdf by
showing it is nondecreasing, has limits (0,1) when y approaches (—0, +o0), and is right-
continuous. The same arguments can be used to deduce that Fy, x w(y | 0,w), Fyxw|
1,w), and Fy; xw(y | 1,w) are also cdfs.

The function

w177 - w wlf,
Piw(l1—2) c—py +FY|X,W(y|17w)p1|( c)}

Fy sy o,w>—max{Fyx.w<y 1wy Pl =)
nixw | 1%, ‘ PojwC €Po|w CPojw

is nondecreasing in y since each of its two arguments is nondecreasing in y, due to

Fyx,w (- | 1,w) being a cdf. Then note that

. P1jw(l —7©) } {pm — P1juwC }
lim F y|0,w =max{,1 =max{ ——— 1 =1,
g Y1|X,W( | ) Pojut C— PijuC

where the last equality follows by py),, <. Also note that

. C— Pllw
1 F = =
Jlim, Pty 0.0) = ma o, P

where the last equality follows by ¢ < pyj,,. Finally, we can see that Fy, x w(y | 0,w)

is right-continuous with respect to y since Fy x(y | 1,w) is right-continuous and by the
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continuity of affine transformations and of the maximum function. Therefore, F'y,|x (v |

0,w) is a cdf.

Proof of Part 2: We show the first equality with z = 1, and the same arguments can be
used to establish the equality for other cases. For y € R, the desired result follows by the

following derivations:
Ey,ix,w(@ | 0,w)pow + Fyix,w (v | 1, 0)p1jw

Piw(l —¢) c—m P1jw(l —¢)
A & +*F¥¢XJv(y|3L?U)4JEL44444' PO
Pojw€ CPojw Pojwt

= maX{FYX,W(y | 1, w)

+ Fyix,w(y | 1, w)p1p

1—¢ c—m 1—c
= max {FYX,W(y | 1,w)p1‘w ( = + 1> , - |w + FY|X,W(y | 17w)p1|w < - + 1)}

Y

{FYX,W(y | Lw)pijw €= Piw  Fyixw(y | 1,w)p1w}
= max — +
c c c

= Fy,w(y | w).
Thus the proof is complete. ]

Lemma C.3.2. Let z € {0,1} and w € supp(W). Suppose m(-) is a Borel measurable
function and P(m(Yy) = 6|W = w) = 1 for some § > 0. The following statements are
equivalent:

1. Conditional on W = w, the following statement holds almost surely:
m(Yy) =P(X =2 | Yy, W = w). (C.3)

2. For all y e R, the following equality holds:

m(Ya) |W=w] =P, <y|W=uw). (C.4)

Proof of Lemma C.3.2. We first prove that (C.3) implies (C.4). This follows from the law
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of iterated expectations:

1(Y, < y)1(X = ) MY <EL(X =a) [ W =u] |
E[ m(Y,) 'W‘w]‘E[ m(Y,) ‘W‘“’]
1Y <y)P(X =2 | Yo, W =w)
‘E{ m(¥) W ‘w]

where we use (C.3) and the assumption m(Y;) = ¢ > 0 for the third equality.

Next, we prove that (C.4) implies (C.3). To show this result, we first establish a few
key facts:

1. By the law of iterated expectations, (C.4) implies

PX =x|Y,, W =w)—m(Yy)
m(Yz)

E{nmsy) W= w| 0

for all y € R2.

2. For y € R, define the preimage from a half-space on R? as
={weQ:Y,(w) <y},

where ) denotes Y,’s sample space. Let A = {I, : y € R}. We then note that A is

closed under intersection since
Iy Iy = Ly €A for any y,y' € R.

This, combined with the non-emptyness of A, implies that A is a m-system.

3. The sample space can be written as a countable union of sets in A since

={we:Y,(w) <o} = UI

4. The random variable [P(X = z | Y, W = w) — m(Y;)]/m(Y;) is measurable with

respect to the o-algebra generated by Y, due to the Borel measurability of m(-), and
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it is integrable since

PX=z|Y,,W=w)—m(Yy)| PX=z|Y,,W=uw)

1
< +1< - +1<+om,
m(Yz)

m(Yz) 4]

where the first inequality follows by trangle inequality, and the second inequality
follows by the assumption that m(Y;) = d > 0 almost surely.
Given the above facts, it follows by Billingsley (1995, Theorem 34.1) that

P(X = 2|Yy, W = w) —m(Yy)
m(Yz)

=0 with probability one conditional on W = w.

From this equality we conclude that P(X =z | Y, W = w) = m(Y;) with probability one
conditional on W = w since m(Y;) > 6 > 0 almost surely. So the desired result has been

established. O

The following lemma is a subset of Lemma 21.1 in A. W. van der Vaart, 2000, so we

omit its proof.

Lemma C.3.3 (Properties of CDFs and Quantiles). Let p € (0,1) and z € R. Let F be a
cdf and Q(p) = inf{z € R : F(z) = p} be its quantile function. Then,

1. Q(p) < x if and only if p < F(x);

2. F(Q(p)) = p where equality can fail only if F is discontinuous at Q(p);

8. F(Q(p)—) <p.

This next lemma. is a compendium of properties of the cdf bounds. Its results are used

throughout our proofs for the main theorems.

Lemma C.3.4 (Preliminary Results). Let w € supp(W) and suppose assumptions 11 and
12 hold with c(w,n) < p1j < (w,n). Then, for x € {0,1},
1.1, Fpe (0,1);
2. Fy,w(y | w) is continuous at y = Q, if and only if P(Y = Q, | X =z, W = w) =0,
and Fy, 1w (y | w) is continuous at y = Q_if and only if P(Y = Q | X =2, W =
w) = 0;
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3. ZI)AI) 1 _Z(]v 1 _A() € [g76]7

4. Pp(Ya, w),

5. For all y € R,

p, (Yo, w) € [c, €] almost surely;

(Y <y)X
E W =w
b (Vo) |
<
B [IL(Y y)X|W —w
(Y, w)

= EFyw(y | w)

= me(y | w),

= Ey,w(y [ w)

6. For all (y1,y0) € R2, the following inequalities are equivalent:

(a) Fy,w(yz|w)

(b) Fyx,w(yz|z, w)

< Fy_w(yi—z|w);
<Py, xw (Wi—alz,w);
(¢) Fy,ixw(@e | 1 —2,w)
Also, the following inequalities are equivalent:
(d) me(@/m\w)

(e) Fyxw(yz|z, w)

=y, wyi—z|w);
= Fy,_xw(yi—alz, w);
(f) FYIIX,W(% |1—2z,w)

7. The following inequalities are equivalent:

(a) Fyixw(@Qi— | L,w) < Eyyxw(Q,~ | 1,w);
(b) Fy,xw(Q1 —0,w) < Fyjxw(Q, — |0, w);
(¢) Fy,w(Q— | w) < Fyyw(Q, — |w).

Also, the following inequalities are equivalent:

(d) Fyixw(Q,— | Lw) < Fy,xw(Qy— | 1,w);
(¢) Fy,xw(Q, —0,w) < Fyxw(Qo — |0, w);
(f) Eyyw(Q,— | w) < Fyyw(Qp — |w).
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10.

11.

The following inequalities hold:

max {FYl\W( — | w), Py, jw(Q, — |w)}
< 20 < min Py (@1 | w0). v (@)}
and
max { Fy, v (Qo — [w), Fy,w (@~ | w)}
< plg%f < min {FY0|W(@O|W)7EY1|W(Q1 | w)}

The following inequalities hold:

maX{FY|XW( — | Lw), Py xw(@,— | 1 w)}

< 71 < min {FY|X,W(§1 | 17w)aEYO\X,W(QO ‘ 1,w)}

and

masc { Fyg xw (Qo— | 1w), Fyxw (@~ | 1Lw)|
<z <min {Fyypew (@ | L) Brxw(@, | Lw)}.

For all (y1,y0) € R?, the following inequalities are equivalent:
(a) Fy,jw(yzlw) + Fy,_jw(y1-z|w) =1

(b) Fyixw(yelz, w) + Fy, 1xwyi—a|z,w) > 1;

(¢) Fy,xw ¥z | 1 —2,0) + Fyjxwyi-z | 1 —z,w) > 1.
Also, the following inequalities are equivalent:

(d) Ey,jw(Yelw) + By, jw(y1-2|w) = 1;

(¢) Fyixw(Wsl,w) + Fy,_xw(¥1—z|z,w) = 1;

(f) Ey,xwWe | 1 —z,w) + Fyixw(yi1—2 | 1 —2,w) > 1.
The following inequalities are equivalent:

(a) Fy,w(Q | w) + FYO\W(@O —|w) = 1;

(b) Fyixw(Q | 1, w) + Fy,xw(Qy— | 1,w) > 1;
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(¢) Fyix,w(@110,w) + Fyxw(Qp — [0, w) >

Also, the following inequalities are equivalent:

(d) Fy,jw(Q1— | w) + Fyyw(Qplw) =
(e) Fyixw(@Q1— | L, w) + Fyyxw(Qo | 1,w) > 1;
(f) Fy,x,w(Q1 — [0, w) + Fyx w(Qol0,w) = 1.

Proof of Lemma C.3.4. For brevity, we omit covariates w € supp(W) and drop notation
referring on conditional probability - | w and - | W = w from this proof. However, note

that our arguments hold when conditioning on W = w throughout.

Proof of Part 1: First consider 7:

1C — CcC 1C — cC
_ p <p <1

pl cc
—cp1 pic—cp1 pic—cc

Ty =

where the inequality is strict because p; < ¢ and ¢ > 0. Similarly,

where the inequality is strict because p; > cand ¢ > 0. Thus, 7, € (0,1). Since 71 = 1—1,

71 € (0,1) as well. The proofs for 7 and 7, are similar.

Proof of Part 2: First consider the statement involving @, with z = 1. We show the

following inequality
p ol T BN T (D p ol
DPY =Q) | X =1) < Fy(Q) — Fn(Q1-) < ZP(Y =@, | X = 1). (C.5)

From this inequality and Assumption 12 that 0 < ¢ < p; < ¢, we will conclude that Fy, (y)

is continuous at y = @Q; if and only if P(Y = @Q; | X = 1) = 0.
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To show the lower bound inequality in (C.5), note that

T oD oD c—h Yol P PN -
Fy,(Qy) — Fy1(Q1—) = -t Fyx(Q | 1)€ - ?FY|X(Q1_ | 1)
c—p1 _ c—c D —
=—— —plyx@QyxT [ D)-[1)—+ =P =@, [ X =1)
c cc ¢
> e E +}2P(Y =Q1|X=1)
c cc c

p J—
ey g, | x - 1),

The first line holds by the definition of Fy,. The third line holds by Lemma C.3.3.3. The
last line holds by the definition of 7.

Likewise, we also have the following derivation:

Fr(@) = Fr(@-) = =2+ Fx(@ | D2 - B R @— | 1)

ol
o

c—p1 _ c—c p1 —

=—— iy x@QyxT [ ) [ 1) —+ =P =@, [ X =1)
c cc c

<P AR S Py =g, | X =1)
c cc c

p1 —

:?P(Y:QMX:I),

where we use Lemma C.3.3.2 in the third line. This establishes the upper bound inequality
in (C.5). So the desired result follows. The proofs for the statements involving @ . Qo)

and QO are similar by establishing the following bounds:

By (@) = En(Q 7)€ %P(Y =Q, | X=1), %P(Y =Q, | X = 1)}

F3@) - @) e (2P0 =Gl X =0, (LB =0y 1 X =0)] (€O

@) - (@) e [ {2 P =@ 1 X =0, {Por(r =@, X -0)].

which can be derived by similar steps to those above.
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Proof of Part 3: First consider A; if the denominator is positive, as A; = p; is trivially
bounded in [¢, ¢] by Assumption 12 if the denominator becomes zero. By its definition, we
have
. PP(Y = Q| X = 1) PP =Gy X=1)
(52 + FBrx@ | )2) - 2P <@, | X =1) Fn(@)-Frn@-)

c

From the inequality in equation (C.5), we deduce that P(Y = Q, | X = 1) > 0, and

So this concludes that A; € [c,¢]. Similarly, the results for A;, 1 — Ap, and 1 — A, can be

deduced by inequalities (C.6).

Proof of Part 4: These propensity scores can only take the values c,¢, A1, A;,1 — Ay,

and 1 — A,. By Part 3, these values all lie in [c, ¢].

Proof of Part 5: First we show that E []l(Y < y)X/Bl(Y)] = Fy, (y) for all y € R. The

proof for Fy, is similar by interchanging ¢ with ¢ and thus omitted.
To prove the desired identity, we split the analysis in three cases depending on the value

of ye R. For y < @, we have 1(Y <y)/p,(Y) = L(Y <y)/c and thus

(Y <y)X
p,(Y)

=Fy, (y).

[H(Y < y)X} _ Fyix(y| Dm

When y = Ql, we can write

1(Y Q)X LY < Q)X LY = Q)X
—— ——— |+ E| ——7
e o e e

P <Q [ X=1p

- = +]P’(Y=Q1|X=1)p1<

PY=Q, | X=1p )
Fyv (Q) — Fy, (Q-)

CP(Y <Q | X=1)p

+ EYI (Q1) - EY1 (Ql_)

C

= EY1 (Qli) + EYl (Ql) - EYI (Qli)
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Finally, when y > Ql, we can write

1Y <y)X| 1Y < Q1)X ]l(Q1 <Y <yX
T ] e X e
(Arx 1) =A@, D) p
= Iy, (Q)) + c
c (FY|X(y 1) — Fyx(Q | 1)) D1

C

c—p p1
= + Fyx(Q | 1)? + -

c—P1 b1
= + Fyix(y | 1)—
C C

= Fy, (y).

Thus the desired identity holds for all y € R.

Next we show the identity E [H(Y <y(l-X)/(1 _BO(Y))] = Fy,(y) for all y € R.
The proof for F'y, is similar by interchanging ¢ with ¢ and thus omitted. Similar to above,
we split the analysis in three cases depending on the value of y € R. For y < Qo’ we have
LY <y)/(1—p,(Y)) = L(Y <y)/(1 —c) and thus

1Y <y)(1-X)

o Nty

When y = Qo’ we can write

1=p,(Y) A

£ 1(Y<y><1—X>} %)

MY<Q&U—XW+E

MY—Q&U—XW

CP(Y <Q, | X =0)po

P(Y =Q, | X=0)po)
1-¢

+P(Y = Q[ X =0)po <FY (@) — £, (@)

CP(Y <Q | X =0)po

o (@) By (@)

= Fy, (Qy=) + Ey, (@) — Ey, (@)

= EYO (QO)
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When y > QO, we can write

N [Wf—ggo((lif_) X)] B

(Y <Q (1 —X) 1(Q, <Y <y(1-X)
= p,(¥) ]*E[ Ea

(B | 0) = Frix(Q,l0) ) po

= EYO(QD) + 1—¢

pL—¢C Po
= FA 0

(FY|X(y |10) — FY\X(Q0’0)> Po
1—¢
P1—

c Do
— Ja 0)-20_
1—6+ Y|X(y| )1—6

= Fy, (y).

Thus the desired identity has been established for all y € R.

Proof of Part 6: We begin by considering the first sequence of equivalences between (a),

(b), and (c) for z = 1. By Lemma C.3.3.1.
Fy, (1) < Fy, (y0) <= R1(y1) = Qy, (Fy; (y1)) < %o
Fyix(y1 1 1) < Eyy x (3o | 1) <= Ra(y1) = Qyyx (Fyix(y1 | 1) [ 1) < yo

Fy, x(y1]0) < Fyx(%0]0) <= R3(y1) == Qy|x (Fy;x(¥1 | 0)]0) < wo.

The equivalence relationship for the statements on the left hand side holds if Ryi(y1) =

Ra(y1) = R3(y1) for all y; € R. By direct calculation, we can see that

Ra(y1) = R3(y1)

= Qyx (min {“‘%FYIX(M 1), e=0=9  md jE)FW(y1 | 1)} | 0)
Pboc boc boc

and thus it remains to show that R;i(y1) = Ra(y1). Recall that

Ri(y1) = Qy,(Fy; (1))

~ Oy (min{l‘CFn(yl),p“ —(1-9 1 ‘cFy1<y1>} | o) .
Po Po Po
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We split the proof into two cases. First consider y; < Q, = Qy|x(T1]1). In such case we

have

(c—p1)c

(c—c);m (€D

Fyix(yi]1) <71 =
by Lemma C.3.3.1, and
Fy,(y1) = Fyix(y | 1)%- (C.8)
Using equations (C.7) and (C.8), it can be verified that

1—c— —(1—¢ 1—c—
Py, (y1) < ( ) + Fy,(y1).
0 Do Do

This implies

mwn—@w(“”Famm)—@w(“‘““wx@rm@ iy <0y
Po Poc
(C.9)

Next consider y = Q. Then we have Fyx(y1|1) =71 by Lemma C.3.3.1, and

— c
FY1 (yl) =

P1 y4!
— + Fyix(y | D)—.
¢ ¢

These two implications lead to the following inequality

1—c— po—(1—¢ 1—-c—
Pyl > 209 1oCp ),
Po Po Po

which further implies

Ri(y1) = Qy|x <p0 —1-9 + ! _6FY1 (yl)|0>
Po Po

(C.10)

po—(1—c¢ pi(l—¢ . -
=@m(0 ()+1(?wx@|m® ity > Q).
poc PocC

By Lemma C.3.3.1, y; < @, is equivalent to Fyx(y1 | 1) <71, and it is further equivalent

to

1—-¢c); po—(1—¢) pi(l—¢
!FY|X(91|1)< (7 )+ ( - )
boc boc
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From this, (C.9), and (C.10), we deduce that

- Jd—op
Ro(y1) = Qy|x <m1n {()IFYX(yl | 1), — -
Poc Poc Pboc

po—(1-70) _I_pl(l—f

1} 10)

~ Oy (“;O?MFHX(% | 1>ro) 1y < Q)

# Qv (S P p i 100) 10> Q)
Poc PoC

= Ri(y1).

Therefore, the desired conclusion for = 1 has been established. Similar arguments can
be used to show that the same conclusion also holds for x = 0, and to show the second set

of equivalences between (d), (e), and (f).

Proof of Part 7: We first consider the equivalence of the statement (a), (b), and (c). We

can write
_ pocFy|x(Q, — 10)
Ar = Fyx(Q— | 1) = Eyyx(Q,— 1) = Fyx(Q— | 1) — m( _C)
From this, we note that
- piFyix(@Q—11)  poFyix(Q,—10)  p
AQ = FY1 (Ql_) _EYO(QO_) = | c 1—¢ = ?Ala
and
Az = Fy,x(Q1 — [0) — Fyx(Q, — 0)
p(l—¢
= 7}7‘ — | 1) = F
o yix(@1— 1) — Fyix(Q, — 0)
1—
_ Q)Al.
boc

The desired result follows by noting that Ay, Ag, and Ag all have the same sign. The proof

of the equivalence of statements (d), (e), and (f) is similar and thus omitted.

Proof of Part 8: We have that

- = Fyix(Qyx(T1 | 1)— | Dp1  _ ¢—
Fy; (@i-) = == <mt -2

c c c—c
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by Lemma C.3.3.3. Similarly,

c-m Fyix(Qyix(T1 | 1) | )p _t-p _p_ -y
C C C C c—c’

Fy,(Q)) =

\

+

-
|
I

by Lemma C.3.3.2. The other inequalities can be shown in a similar manner. Their

derivations are thus omitted.
Proof of Part 9: We have that

Fyix(@Qi— 1) = Fyix (Quix(T1 [ D)= [1) <71

by Lemma C.3.3.3. Similarly,

Fyix(@Q1 1) = Fyix (Qvix(T1 1) [1) =71

by Lemma C.3.3.2. The same arguments can be applied to Fly,|x (Q,—[1) and Fy;x(Q|1).

So we have

— Poc Topoc  c(€—p1)  _
i@y =) = Frx@nxml0) =0 =5 < L0 =g "o 7Y

via Lemma C.3.3.3, and

Ppoc S P —C ToPoC

+ FY|X(QY|X(@‘O)‘O)])1(1 B M—op  ml—2

EYQ\X(QQH) = (pl_c =T1.

1-2)py
via Lemma C.3.3.2. The proofs for the other inequalities are similar and thus omitted.
Proof of Part 10: We begin by considering the first set of equivalences between (a), (b),

and (c) when = = 1, and the equivalences for z = 0 are identical. By Lemma C.3.3.1, we

have the following equivalence relationships:
Fy () + Fyy(yo) > 1 == y1 = By (o) = @y, (1 — Fy;(v0))
Fyix(y1 |1) + Fyyx(wo | 1) = 1 <= y1 = Ry(yo) == Qyx(1 — Fyyx(vo | 1) | 1)

Fyix (w1 10) + Fyjx (40l0) = 1 <= y1 = By(yo) = Qy, (1 = Fyix(%0[0) [ 1).
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To prove the equivalence of statements on the left, it suffices to show that R;(yo) =

Ry(y0) = R3(yo) for all yp € R. First, we directly compute Ry(yo) and Rs(yo):
Ry(yo) = Qyvix(1 — Fygx(yo | 1) | 1)

. [PoCFy x(¥0]0) p1 —c+ pocky|x(yo|0)
= QYlX 1 — min | 1

p(l-ve) (1 —c)
- Qi (maxf1 -2 ;(fleyc<;|0> Rt ;zgczx(yom)} )
=an<mw{1_pffagffjpﬂl—@—41Ii:§mfvx@dm}|Q
- (o - T SRR 1)

and

R3(y0) = @y, x (1 = Fyx(30/0) | 1)

= Qy|x <max {@0(1 — Fy|x(%0l0)) p1 —¢+2po(l — Fyx(yo\O))} | 1)

p1(l—c¢) ’ pi(l—7)
B .- cpo(l — Fyx(0l0))  epoFy|x(30l0))
_QYX< { pi(1—c) ! pi(1—-7¢) }'Q'

Since yo was arbitrary, we conclude that Ry(yo) = R3(yo) for all yo € R.
We next establish that R;(yo) = Ry(yo) for all yo € R. Note that
Ry(yo) = Qy, (1 = Fy; (0))

= Qi (mox{ £01 - Fry o). ”F 4 S0 F )} 1)

= Qv|x <maX {pcl(l — Fy,(y0)),1 — pCleo(yo)} | 1) :

If yo < Qy, Lemma C.3.3.1 implies

_ —c)(l—¢
Fy,(yo) = %Fy|x(y 10) and Fy|x(yl0) < 7o = —g){l =7

1- (€=2)po
These two (in)equalities imply that

c

_ C —
s (1= Fyy(yo)) <1-— ZTIFYO(QO)-
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Then it follows that

- epoFyx (yol0)

Ry () = Qv|x (1 - pchYo(y0> | 1> = Qy|x <1 (=0

|1> if yo < Qo-
(C.11)

Similarly, it can be verified that

cpo(l — FY|X(90|0))
pi(l—c¢

c — ) _
R0 = Qi (£ = Frafon) 1) = Qe ( 1) =0y
(C.12)
By Lemma C.3.3.1, yp < @, is equivalent to Fy|x(y0|0) < 7o, and it is further equivalent

to

B EpoFy|X(ZUO‘O) - cpo(l — FY\X(yO|O))
pi(1—7) pi(l—¢) '

Therefore, we can write

epoFyx (yo|0)

Ry(yo) = Qv|x <1 )

1) 10 < Q)
(C.13)
cpo(1 — Fy|x(y0l0))
p1(1—c¢)

+ Qy|x ( \ 1> 1(yo = Qo)-

By combining (C.11), (C.12), and (C.13), we note that Ry(yo) = R,(yo) for all yo € R, as
desired. The proof for the second set of equivalences between (d), (e), and (f) is similar

and thus omitted.

Proof of Part 11: We show the first set of equivalences between (a), (b), and (c),
and the proof for the second set of equivalences between (d), (e), and (f) follows similar

arguments and thus omitted. First, we expand

Ay = Fyix (@1 | 1) + Fryx(@o— | 1) = 1= Fyx (@1 | 1) + Fy x(@ — l%%f@) -k
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Next, note that

,2 = FYI (@1) + FYO(@O*) -1

= E—Em + Fy|x(Q | 1)%1 + Fyx(Qo — \0)1])_05 —1
~ 2] Rx@ 1)+ Frx@ - (0= 1]
BN
= A,
and
Ay = Fy, x(Q1|0) + Fy|x(Qy—10) — 1
o B {—3z B
= Cﬁpfl + Fy|X(Q1 | 1)]91(;.%)66) + FY|X(QO —10) -1
1-¢ — — c c— L —p1)c
- B @0+ e Qo= O R i
~n(l-7¢ = o) poc
=T [FY|X(Q1 | 1) + Fyx(Qo — |0)m - 1]
_ pl(l _E) A/
Poc .

Therefore, the desired result follows by noting that A}, A%, A% all have the same sign.
[

Proof of Theorem 4.4.1. Fix a w € supp(W) and (g, 7, C1 oj1,w> C1,0/0,w) € [0, 1]%2 x C%2. We
prove this theorem by constructing a probability distribution P for (Y1, Y, X) conditional
on W = w such that for all y € R, = € {0,1}, and (y1,y0) € R?, the following conditions
hold:
LB <y | W =w) = =Fyy ey | 0) + (1 — &) Fy, ey | w) and
P(Yo <y |W =w) =7Fyw(y | w) + (1 -7 Fyw(y | w);
2. Iﬁ(X::r]W:w):pﬂw;

3.P(Y, <yl X =a2,W=w) = Fyxw(Y | X,w);
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4LPYVi<yYo<w | X =2,W =w) = CLopoP¥1 <y | X =2, W =w),B(V; <
Yo | X =2, W =w));

5. P(X =1]|Y,, W =w) € [c(w,n),e(w,n)] P-almost surely.

Condition 1 requires that an arbitrary convex combination of marginal cdf bounds
stated in Theorem 4.4.1 can be achieved by the constructed measure. Condition 4 then
states that any bivariate copula C |, ,, is also achievable. Conditions 2 and 3 require the
constructed measure generate the same distribution of (Y, X) as the observed data condi-
tional on W = w. Finally, Condition 5 requires the marginal c-dependence Assumption
12 to be satisfied for the constructed measure when conditioning on W = w. As a result,
the constructed measure P generates the marginal cdfs and copulas in Theorem 4.4.1 and
satisfies all the requirements in the definition of identified set Zy"*"®(Fy, x,w)-

For the conciseness of the proof, we write C' o, ., as Cy for z € {0, 1} so that subscripts
of copulas denote the conditioning variables.

Let

P(Yi <ynYo<yo, X =a|W=uw)= 2C1Lw(Fy i x,w (1 | Lw), Fo(yo | 1,w;7))P1jw

+ (1 - x)CO,w(Fl (yl ’ 0, w; 5)7 FY|X,W(y0’07 w))pO\w'
(C.14)
where

Fo(yo | L,w;vy) = ’YEY0|X,W(y0 | Lw) + (11— 'Y)FYolX,W(?JO | 1, w)

Fi(y1 | 0,w;e) = eFy, x w(y1 | 0,w) + (1 — ) Fy, x,w(y1 | 0,w).
Since convex combinations of cdfs are cdfs, and by Lemma C.3.1.1, both Fy(- | 1,w;~) and
Fi(- ] 0,w;e) are cdfs. By Sklar’s Theorem (Nelsen, 2006, Theorem 2.3.3), the expression

in (C.14) is a joint distribution function for (Y7, Yy, X) conditional on W = w.

For the rest of the proof, we very conditions 1-5 for the constructed measure P.
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Verifying Condition 1: For y € R, we can see that

Iﬁ(yl<y|W:w): Z y01_1)m+oo]§’(Y1<y,Yo<y0,X=x|W=w)
z€{0,1}

lim  C1w(Fypxw (| 1L,w), Fo(yo | 1,w;7))P1jw

Yyo—+00

+ lim  Cow(Fi(y1 | 0,wse), Fyxw (Yol0, w))pojw
Yyo—+00

= Crw(Fyix,w(y1 | 1, w), D)p1jw + Cow(F1(y1 | 0,w;€), 1)pojuw
= Fyix,w W1 | 1,w)pip + Fi(y1 | 0,w;€)popw
=e(Fyx,wy | Lw)prw + Eyyxw (W1 | 0, w)pojw)
+ (1 =) (Fyix,w i | L, w)prw + Fyyx,w (1 | 0,w)poj,)
=Ly w(y | w) + (1 —e)Fyw(y| w).
The third line holds since Cy 4, (1, u) = Cy(u, 1) = u for z € {0,1} and u € [0,1]. The last

line holds by Lemma C.3.1.2.

Likewise,

Po<y|W=w)= > lm POi<yYo<yX=z|W=uw)
z€{0,1}

= By (y | w) + (1 =) Fyyw(y | w).

Verifying Condition 2: For z € {0, 1}, we have that

PX=z|W=w)= lm PV <wy,Yo<y,X=z|W=uw)

Y1,Y0—>0
= xcl,w(la 1)p1|w + (1 - x)CO,w(la 1)p0|w
= IP1|w + (1 - x)pO\w

= DPzx|w-

The third equality uses the fact that Cy ,,(1,1) = 1 for x € {0, 1}.
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Verifying Condition 3: For z € {0,1} and y € R, we have that

1. ﬁ(Y$<y7Y1_$<y/7X:x’W:w)
= lim -
y'——+00 P(X=$|W=w)

C1w(Fyxw (| 1, w), D)prjw + (1 — 2)Couw(L, Fyix,w(y | 0,w))pojw
Pz|w

eFy i xw(y | L w)pijw + (1 —2) Fyx,w(y | 0)pojw
Pz|w

_ FY|X,W(Y ‘ X, w)px|w
Pz|w

= Fyixw(Y | X,w).
The third line holds again by Cy(1,u) = Cy(u, 1) = u for x € {0,1} and u € [0, 1]. The last
line follows by Assumption 11 that py,, > 0 for x € {0, 1}.

Verifying Condition 4: First, following similar steps for verifying condition 3, we have

PY,<y|X=1-—zW =uw)

_ limy o P(Y,<y,Yi.<y.X=1—z|W=uw)
P(X=1—z|W =uw)

_ (1 - :U)Cl,w(la FO(yO ’ 17w;7))p1|w + xCO,w(Fl(yl ‘ 0, w; 6)7 1)p0\w (C15)

P1—z|w

(1 = 2)p1jwfo(yo | 1,w;y) + zpop F1(y1 | 0, w5 €)
pl—a:|w

=(1—2)F(yo | 1, w;y) + xF1(y1 | 0, w;e).
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Then for (y1,y0) € R?, it follows that
P(Y1 < 1, Yo < yolX = )
= 2C1w(Fyxw (1 | L,w), Fo(yo | 1,w;)) + (1 — 2)Co,w(Fi1(y1 | 0,w5€), Fy|x,w(yol0, w))
= 2CL(PMVI <y | X = LW =w),P(Yo<yo | X =1,W = w))
+ (1= 2)CouwPVi <yr | X =0,W = w),P(Yo <yo | X =0,W = w))

= Cow PV <un | X =2, W =w),P(Yo <o | X = 2,W = w)).

The second line holds by Condition 3 and equation (C.15).

Verifying Condition 5: In this part, we establish an explicit formula of the propensity
score function under P and show that it is contained in [¢(w, ), ¢(w,n)] almost surely. To
achieve this goal, we divide the analysis into two cases.

Case 1: Consider the case where py},, = c(w,n). By direct calculation,

Fyw|w) =Fyywy|w) = Fyxw(y|1,w)

and
EYO|W(y | w) = FY()lW(y | w) = FY|X,W(y | 0, w).

Based on condition 1 we verified above, we have
P(Yi <y | W =w)= Fyixw(y | 1,w) and P(Yo <yo | W =w) = Fyxw(y1]0,w).

Since pyj, = c(w,n), by Assumption 12, it is straightforwardly to see that P(X = 1 |

Yi,W=w)=P(X =1]|Yy,W =w) = c(w,n) almost surely, which further implies

B ] e R

=

= Fyixwy | 1,w)

=PVi<y | W=uw)
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and

S[IY <wld-X) o 1S [UY <wl0-X) o
E[ 1~ c(w,n) ’W_] E[ Cctw) }

= Fyx,w (%00, w)

P(Yo <o | W = w).

Following Lemma C.3.2, this implies E(X | Y1, W = w) = E(X | Yo, W = w) = c(w,7)
almost surely under P, which is naturally bounded within [c(w, n),¢(w, )], as desired. The
proof for the case where p;|,, = ¢(w, 1) follows the same argument by interchanging c(w, n)
with ¢(w,n) and thus omitted.

Case 2: Consider the case where c(w,n) < p1j,, < ¢(w,7n). Define

1
581(.%“))71 + (1 - e)pl(yv w)ilv

p1(y, w;e) =

where p; (y,w) and p, (y,w) are defined in Appendix C.1.
By Lemma C.3.4.4, p (Y1, w),p;(Y1,w) € [c(w, n),¢(w,n)] almost surely. Therefore,

1 1

Yi,wie) = < = &(uw,
P wiE) = T (L O )L S (o) T+ (= et )
and

1 1
p1(Y1,w;e) =

2,0 w) T (L p () T e T (L aefwy) T A

Therefore p; (Y1, w;e) € [c(w,n),¢(w,n)] almost surely.
Next we will show that E[X | Vi, W = w] = p1 (Y1, w;¢) via Lemma C.3.2 by verifying

that for all y € R:

W = W} =PV <y |W=w)=cFy,wy|w) +1—e)Fywy|w).
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To show this, we have the following derivations:

[1(Y <y)X

~ []l(Y1 <yX
| p1(Y,w;e)

E W=w|=E
GV =)

=

€ l—¢
=E LY <y)X <p1(y,w) +p1(Y,w)> |W:w]

(Y <y)X

=cE
p,(Y,w)

W= w +(1—5)E[W1W=w]

T?l(Y7w)

=Py w(y | w) + (1 =) Fyyw(y [ w).

The first equality holds by noting that the distribution of Y7 conditional X =1 and W = w
under P is the same as the one under the population IP as verified by condition 2. The last
equality follows by applying Lemma C.3.4.5.

For the cdf of Yy, define

1
V(1 = py(Yo, w)) ™ + (1 = ) (1 = po(Yo, w)) 1

po(Yo, w;y) =1 —

Since 1 — p, (Yo, w),1 —Py(Yo, w) € [1 —¢(w,n),1 — c(w,n)] almost surely, we have that

1
pO(YvOawaﬁY) =1- ,.)/(1 _BO(YO’w))_I —+ (1 — 7)(1 _T)O(Y()vw))_l
1
S T ew ) T ) w )
= 5(’[1),77)7
and
1
po(Yo, w;y) =1 — (1 _BO(YO’w))*l + (1 = )1 = po (Yo, w)) 1
1
2 = clw )+ (=) = c(w, )T
= Q(U),?])-
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Therefore, po(Yo, w;n) € [c(w,n),c(w,n)] almost surely. We can also see that

X)

b []l(Yo <y)(l-

1 —po(Yo, w;7)

& {n(y <y)(l-X)

1 —po(Y,w;n)

144

1Y <y)(1-X)

s

W=

‘

Y 11—~
== <1—po<mw> ' 1—po<Yo,w>> W :“’]

W =w

~E

[ spa-x

a VE 1 _BO(%vw)
+(1—-v)E [

= 7Eyw(y | w)

1 _ﬁ[)(}/o7w)

=

+ (L= Fyyw(y | w),

where the last equality follows by Lemma C.3.4.5. Therefore, by Lemma C.3.2, ﬁ’(X =1

Yo, W = w) = po(Yo, w;n) € [c(w,n),¢(w,n)] almost surely, which concludes the proof. [

C.3.2 Proof of Theorem 4.4.2

This appendix provides a proof of Theorem 4.4.2 and all of its auxiliary lemmas. First,

we define four latent propensity score functions. For w € supp(W), let

pUZ(ylay()vw;B) =9

p"““(y1,y0,w; B) = <

c
B

ol

plu(yla Yo, w; B) =

if Y1 < @1#/0 < Qov(yhyO) # (@pQO)

if (yhyg = (Q1,Q,) B (C.16)
ify1 = Q1,90 = QO’ (ylvyo) # (Ql?QO)
otherwise,

if Y1 < @lvyo = @07 (ylvy()) #* (@17@0)

if (y1,90) = (@1?0) o (C.17)
if 11 = Q1,90 < Q, (W1, y0) # (Q1, Q)
otherwise,

if y1 < Q.90 <, Q@ (¥1,%) # (Q1, Q)

if (ylvyg) = (@hgo) o (018)
ify1 = Q1,90 = Q) (¥1,%0) # (Q1,Q,)
otherwise,

232



c if y1 < Q1,90 = Qo (1,%0) # (Q1, Qo)
B if (y1,90) = (Q1,Q0)

c if y1 = Q1,90 < Qo (y1,90) # (Q1, Qo)
P1jw  Otherwise.

P (y1, 9o, w; B) = (C.19)

By appropriately specifying the constant B in these propensity scores, we can show
that they correspond to the propensity scores P(X = 1 | Y1,Yy, W = w) under joint c-
dependence for all four pairs of cdf bounds. Before showing this, we state and prove three

auxiliary lemmas.

Lemma C.3.5. Let w € supp(W). Suppose m(-) is a Borel measurable function and
P(m(Y1,Yy) > 6|W = w) =1 for some § > 0. The following statements are equivalent:

1. Conditional on W = w, the following statement holds almost surely:
m(¥1,Ye) = E[X | Y, Yo, W = ). (C.20)
2. For all (y1,y0) € R2, the following equality holds:

E[1(Y1 <y1,Yo < yo)m(Y1,Y0) [ W =w] =P(Y1 <y1,Yo <yo, X =1 [ W =w).

(C.21)

Proof of Lemma C.3.5. We first show (C.20) implies (C.21), note that

PV <y, Yo<wo, X =1[W=w)=E[1[Y1 <y1,Yo <po]X | W = w]
=E(E[1[Y1 <y1, Yo < yo] X|Y1, Yo, W = w] W = w)
— E(1[Yi < y1, Yo < o] EIX|Y2, Yo, W = w][W = w)
=E(1[Y1 <1, Yo < yolm((Y1,Yo) | W =w).
(C.22)
where we use the law of iterated expectation in the second line and use (C.20) in the last
line of derivation.

Next, we show that (C.21) implies (C.20). To establish this result, we first note a few

key facts:
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. Following from the last two lines of (C.22), the law of iterated expectations implies

E[]]-[Yi < thO < ZJO]E(X ’ Ylv%vw = ’ll)) ‘ W= ’U)]

= E[1[Y: < y1, Yo < yo]m(Y1, Y0) | W = w]

for each (y1,v0) € R2.

. For (y1,y0) € R?, define the preimage from a half-space on R?:

thyo = {W eN: Yl(w) < ylaYO(w) < yO}

and let Ag == {I,, 4, : (y1,%0) € R?}. Similar to the proof of lemma C.3.2, the class
of sets Ag is a m-system.

. The sample space can be written as a countable union of sets in As:
D={we:Y(w) <o Yy(w) <o} = UI""

. The random variable m(Y1,Yp) is measurable with respect to the o-algebra gener-
ated by (Y1,Yp) due to the Borel measurability of m(-), and it is integrable since
E(m(Y1,Yp) | W =w) =P(X =1 | W =w) < o by sending y; and yp to infinity in
(C.22).

. The o-algebra generated by Az equals the o-algebra generated by (Y1, Y)), i.e
o(Az) = o(Y1, Yo).

To show this, define the mapping f : Q — R? as f(w) — (Y1(w),Yo(w)) and F =

{(—o0,11] x (—0,%0] : (y1,v0) € R?}. Note that
o(A2) = o(f~H(F)) = [ (o (F)).

Since the Borel o-algebra on R? can be generated by elements in F, we have o(F) =

B(R?). This implies
FHo(F)) = FH(B(R?)) = o(Y1, Y).

Therefore the desired conclusion holds.
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Given the above results, it follows by Billingsley (1995, Theorem 34.1) that
]E[X | Ylayba W = ’UJ] = m(YlaYb)a
almost surely conditional on W = w, as desired. O

Lemma C.3.6. Let w € supp(W). Consider a probability distribution defined by

P(Yi <y, Yo <yo, X =z | W =w)

= min{Fy|x,w (1 | L, w), Fy, xw (o | 1,w)}p1jwx

+min{Fy, | xw(y1 | 0,w), Fyx,w(¥0l0, w)}pojw (1 — ),
then
P(Y1 <91, Y0 < yo | W = w) = min{Fy, (1 | w), Eyypw (3o | w)}-

Also for the following distribution,

P(Yi <y, Yo<yo, X =x | W =w)

= min{Fyxw(y1 | 1,w), Fy,x,w(®o | 1, w)}p1j®

+ min{Fy, x,w (¥ | 0,w), Fy|x,w (400, w)}poj, (1 — )

implies

~

P(Y1 <y, Yo <wo | W = w) = min{Fy, (y1 | w), Fy,(yo | w)}-

Proof of Lemma C.3.6. Consider the first statement with py,, = ¢. Then it follows that

Fyyxw | O,w) = Fyyw(y | w) = Fyixw( | Lw) and Fy xw(yo | 1,w) =

Fyvow(yo | w) = Fyx,w (4|0, w). Therefore,

P(Y1 <y1,Yo <yo, X =2 | W =w) = min {Fyxw (1 | 1,w), Fy|x,w %00, w) } Py

This implies
P(Y; <1, <wo| W = w) = min {Fyixw | 1w), Fypxw (yol0,w) }
= win { Py, (1 | ), Eyopu (o | ) }
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as desired. The proof for the case where p|,, = ¢ follows the same arguments and thus
omitted.

Next consider ¢ < py|,, < ¢ We have that

]T”(Yl <y, Yo<wyo | W =w)

= min{Fy x w1 [ L,w), Eyyxw o | 1,w)}p1jw
+min{Fy, x,w (1 | 0,w), Fyxw(%0[0, w)}pojuw

= Fyixwi | Lw)pw L (Eyy xwvo | Lw) = Fyxw(y | 1,w))
+EY0|X,W(Z/0 | 17w)P1\w1(EYO|X,W(yO | L,w) < Fyxw(y | 1,w))
+ Fy,x;w (1 1 0,w)pojw L(Fyx,w (10l0,w) = Fyy xw(y1 | 0,w))
+ Fy 1 x,w (1010, w)pojw L(Fyx,w (4010, w) < Fy,;x.w(y1 | 0,w))

= (Fyix,w | L,w)prw + Fyyx,w (1 1 0,w0)pojw) L Eyqw (vo | w) = Fyyw (v | w)]
+ (EY0|X,W(yo | 1, w)p1py + FY|X,W(y0\07w)po\w) L[ Eyyw(yo | w) < Fy,jw(y1 | w)]
= min{Fy, i (y1 | ), Eyyw (vo | )}

The third equality follows by the first set of equivalences in Lemma C.3.4.6 after setting
x = 1. The last equality follows by Lemma C.3.1.2. The second statement follows similar
arguments but instead uses Lemma C.3.4.6 by setting x = 0. Therefore, the proof is

complete. H

Lemma C.3.7. Let w € supp(W). Consider a probability distribution defined by
P(Yi <y, Yo<yo, X =z | W = w)
= max{Fy|xw(y1 | L, w) + Fy,xw(o | 1,w) —1,0}py 2

+ maX{FYﬂX,W(yl | 0, w) + FY|X,W(y0|O7w) - 1>O}p0|w(1 - ZL‘)

then

P(Y1 <y, Yo < yo | W = w) = max{Fy,;w(y1 | w) + Fyyw(yo | w) — 1,0}
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Also for the following distribution,
P(Yi <y, Yo <yo,X =2 | W = w)
= max{Fy xw(y1 | L, w) + Fy;xw(vo | 1,w) — 1,0}pyx
+ max{Fy, | x,w (1 | 0,w) + Fy|x w(yo|0, w) — 1, 0}pgjy (1 — )
implies
P(Yi <y1,Y0 < yo | W = w) = max{Ey, (1 | w) + Eyy (yo | w) —1,0}.

Proof of Lemma C.3.7. Consider the first statement. Similar arguments from the proof of

Lemma C.3.6 can be used to establish the desired result for py),, = c or py|,, = ¢. Thus we

consider the case where ¢ < py),, <¢. Then we have that

PY1 <y, Yo<yo | W =w)

= max{Fy|x,w(y1 | 1, w) +FYO|X,W(y0 | 1,w) —1,0}p1jw
+ max{Fy, x,w (1 | 0,w) + Fy|x,w(y0|0,w) — 1,0}pojw

= max{p1w(Fyx,w (1 | Lw) + Fyyx,w(yo | 1,w) —1),0}

+ max {pojw (Fy; 1x,w 1 | 0,w) + Fy|x,w(y0|0,w) — 1),0}

= maX{ 2 PajwFy 1 x,w (Ye |2, W) + PojwF vy x,w (Y1 | 0,w) + prjwF vy x,w (Yo | 1,w) — (P1jw +p0w),0}
x=0,1

= max{Fy,|w(y1 | w), Fyyw(yo | w) — 1,0}.
The second equality follows by the first set of equivalences in Lemma C.3.4.10 by setting
x = 1. The last equality holds by Lemma C.3.1.2. The second statement follows similar

arguments but instead uses Lemma C.3.4.10 on the second set of equivalences regarding

lower bounds of cdfs. Therefore, the proof is complete. O

Lemma C.3.8. Let assumptions 11 and 13 hold. Let 6170|X7W and C ox,w denote classes
of comonotonic (and counter-monotonic) copulas where C1 gy (u,v) = min{u,v} and
Ci 0z v) = max{u + v — 1,0} for all (z,w) € {0,1} x supp(W). Then each of the
following terms is contained in the identified set Ig(FKX7w):

1. (Fy,w Eyyw Crox,w)s
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2. (Fyyws Fyow, Cropxw)s
3. (EYl\W7FY0|Wa61,O|X,W);

4- (Eyiyws Eyypw Ciopx,w)-

Proof of Lemma C.3.8. Proof of Part 1: Fix a w € supp(WW). We prove the first state-
ment by constructing a probability distribution P for (Y1, Yy, X) conditional on W = w
such that for all y € R and x € {0, 1}, we have

L B <y |W =w) =Fywy|w) and PYo <y | W = w) = Eyy(y | w);

2. IF(sz|W=w)=pw|w;

3.P(Y, <yl X =a2,W=uw) = Fyxwl | X, w);

4. The following equality holds:

~

PYi <y, Yo<wy | X =2z W=uw)

=min{IF’(Y1 <y |X=33,W=w),f?(§/(]<yo|X=x,W=w)};

5. ﬁ)(X =1|Y1,Y5,W =w) € [c,¢] for P-almost surely.

Similar to the arguments in the proof of Theorem 4.4.1, Conditions 1-5 ensures that
the constructed distribution P generates the desired marginal cdfs and copulas in Lemma
C.3.8.1 and staisfies all the requirements in the definition of identified set Ig (Fyxw).

Let

P(Yi <y, Yo <yo, X = | W =w)
= zmin{Fyx wy [ Lw), Fy, xw®o | 1,0)}p1jw (C.23)

+ (1 - .T) min{FYﬂX,W(yl | 07 'U}), FY|X,W(y0‘O7 w)}p0|w

By Lemma C.3.1.1, Fy, v w(yo | 1,w) and Fy,|xw(y1 | 0,w) are cdfs. Also note that

(u,v) — min{u, v} is the comonotonic copula. By Sklar’s Theorem, P is a joint distribution
function for (Y1, Yy, X) conditional on W = w.
Following the same steps as in the proof of Theorem 4.4.1, it can be shown show that

conditions 1-4 are satisfied because the distribution in (C.23) is the same as in (C.14) but
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for a specific rather than an arbitrary choice of copulas. By Lemma C.3.6, P implies the

following co-monotonic joint distribution of (Y7, Yp):
B <1, %0 < yo | W = w) = min { Fyg v (91 | w), Fypjop (90 | w) } (C.24)

To show condition 5 holds, and thus complete the proof, we construct a function p*
such that p"(Y1,Yp) = E[X | Y1, Yo, W = w] and p* (Y1, Yo, w) € [¢, €] almost surely under

P.

First consider py|,, = ¢, then we have

Fyow (o | w) = Eyyxw (o | 1,w) = Fyx,w(yo|0, w)

and
Fyw (i | w) = Fyxw(y | 0,w) = Fyixw(y | 1,w).

This implies the following derivation

~

E[1(Y1 < y1. Yo < 90)c|W = w] = p1j, PV < y1, Yo <o | W = w)
= prjw min {Fyxw (y1 | 1,w), Fyxw(yl0,w)}

:ED(Y1<917Y(J<ZJ0,X=1|W:1U),

The first line holds by ¢ = py,,, the second line holds by (C.24), and the last line holds by

(C.23). Following Lemma C.3.5, we conclude that P(X = 1| Y1, Yy, W = w) = ¢ almost
surely, which is naturally bounded between ¢ and ¢. The proof of the case where pyj, =¢
is similar and thus omitted.

Next consider ¢ < pyj,, < ¢ Let pU (Y1, Yo, w) = p* (Y1, Yo, w; BY) defined in (C.16),
where

gl _ P(Yi=Q,Yo=Q.,X =1|W =w)
B(Yi = Q1. Yo = Q, | W = w)

whenever P(Y; = Q,, Y, = Q, | W =w) > 0. Let B = py},, otherwise.
We verify that BY € [c,¢] if the denominator is nonzero.
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First, note that the denominator of B¥ can be expanded below

P(Yi =@, Yo =Q, | W =w)
—PM <QpYo<Q, | W =w) —PYV1 <Q1,Yo < Q)| W = w)
PV < QYo < Q)| W =w) +P(V1 <Qp, Yo < Q, | W = w)
= min{Fy, (@ | ), Ey,w(Qlw)} — min{Fy, 1w (@1 | w), Fy,w(Q, — [w)}

—min{Fy, w (Q1— | w), Eyyjw (Q,lw)} + min{Fy, |y (Q1— | w), Fyyw(Q, — |w)},

where the second equality holds via (C.24). By Lemma C.3.4.8, this expression simplifies

to
P(Vi=Q., Y =Q, | W =w)
= min{FY1|W(©1 | w)vEY0|W(Q0|w)} - EYO\W(QO — |w)
= Fy,w(Q1— | w) + min{Fy, jw (Q1— | w), Fy,jw (Q — |w)}
= min{Fy;jw (Q1 | w), Eyyw (Qqlw)} — max{Fyyw (Q1— | w), Fyyw (@ — lw)}-
Second, we expand the numerator of B*. We have that
PVi=0Q1Yo=QuX =1|W=uw) =B =Q,Yo= Q)| X = LW = w)pyp,
and that

P(Vi=Q,,Yo=Q,| X =1, W =w)

= min{Fyx,w(Q; | L w), Fyyxw(Q, | L, w)} — min{Fyxw(Q, | 1,w), Fy, | xw(Q,~ | 1,w)}

= min{Fyx,w (@1~ | Lw), Py jx w(Q, | 1,w)} + min{Fyx,w (@1~ | L,w), Py, | x w(Q,~ | 1,w)}
= min{Fyx,w(Q; | L, w), Fyy xw(Q, | 1,w)} — Fy, | x,w(Q,~ | 1,w)

= Fyx,w(Q:— | Lw) + min{Fyx,w(Q:— | Lw), Fy, | xw(Q,~ | 1, w)}
= min{Fyx,w (Q1 | 1, w), Py xw(Q, | 1,w)} — max{Fyx,w(Q1— | Lw), Fy  xw(Q,~ | Lw)},

where the second to last equality follows from Lemma C.3.4.9.

From Part 6 and 7 of Lemma C.3.4, we observe that B* can take four possible values
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as follows:

B — ]TD(Yl = @17% :QO | X=1LW-= w)pllw
P(Yi =Q,,Yo=Q, | W = w)

_ (Fyix.w(Qy | 1,w) — Fyixw(Q,— | 1,w))p1jw 1 CFyyw (@ | w) < Fy iy (Q |w), (C.25)
Fy,jw(Qy | w) = Fyyjw (Q,— | w) Fyyw(Q1— [w) > Fy, i (Q, — lw)

N (Fyix,w(Qy | L,w) = Fy  x w(Q,— | 1,w))p1jw 7FY1\W7(@1 | w) < Fyw(Q,w), (C.26)
Fyw(@Q, | w) — Ey0|w(Q0 |w) Fyw(@i— | w) < Fy 1w (@, — [w) 4

N (EYO\X,W(QO | 1,w) — FY|X,W(@1_ | 1,w))p1jw ( le\W(@1 | w) > EYo\W(Q(J'w)’

EY0|W(Q0|'W) _FY1|W(61— ‘ w) FYHW(@17 | w) > EYO'W(QO _ |’LU) ) (C27)

i (EYO\X,W(QO | 1, w) — FY0|X W( -1 w))pllw FYl\W Q1 | w) > FYO\W(Q lw),
EYO\W(QO‘U)) EYO\W(Q |w) FYl‘W(Qli | w) < Fy \W(Q lw) |-

(C.28)

All the terms have positive denominators since we focus on the case where IF’(Yl =Q, Y =

Q, | W =w) > 0. As shown in Lemma C.3.4.4, terms (C.25) and (C.28) lie in [c,¢].

Next we examine the term (C.26), which can be written as follows

(Fyix,w(@Q1 | Lw) = Eyyxw(Q,— | 1,0))p1jw
Fyyw(Q; | w) — EYO|W(QO w)

Py w(Qq | 1L, w)pj — FY|X w(Q, — 10, )polwf
o 4 Fyixw (@ | 1,w)Pe — Fyy w(Q, — 10, w) 5%
s (¢ = o)p1jw Fyixw(Qp | 1,w) =71
- E 2 + Fyxw(Qy | 1,w) e — Fyixw(Q, — [0, w) 2 -
s (€= )P1jw Fyixw(@Q | 1, w) =71
B [ Fy,w(Q1 [w) — Fyjw(Q, — [w)
=c

where the last line follows by ¢ > ¢ and Fy|xw(Q; | 1,w) > 71 via Lemma C.3.3.2. Also
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note that

(Fyix,w(@Q1 | Lw) = Eyyxw(Qy— | 1,w))p1jw
Fyyw(Q; | w) —EYO|W(QO — |w)

Pojw(€ —¢) Fy xw(Q, — [0,w) — 14
l—c  Fy,w(Q | w) - Fyyw(Q, — |w)

ol

+

N

=

where the inequality follows by ¢ > ¢ and Fyxw(Q, — [0,w) < 7 via Lemma C.3.3.3.

Thus we have shown the term (C.26) is bounded within [¢, ¢].

Then consider the term (C.27). Following the same arguments, we have

(Fyx,w (@, | Lw) = Fyjxw(Q1— | 1,w))p1jw
EYO\W(QO\U)) — Fy,w(Q:— | w)

Pojw(€ —¢) Fy|xw(Q,l0,w) — 7

=+
L—¢  Fyyw(Qylw) - Fyw(Q,— | w)

WV
e}

and

(Fyyxw(Q, | 1,w) = Fyjxw(Q1— | 1,w))p1jw

EYO\W(QOW) — Fy,jw(Q1— | w)

Pw@—c)  Fyixw(@—|1w) -7
+ — —
¢ Fyyw(Qylw) — Fyyw(Q1— | w)

ol

VAN
ol

So we have shown that all the four terms (C.25)—(C.28) are bounded within [c,¢], thus

concluding B € [c, €], which then establishes p* (Y7, Yy, w) € [c, €] almost surely.

To finish this proof, we demonstrate that IE[X | Y1, Yo, W = w] = p*(Y1, Yy, w) almost

surely. To do so, we use Lemma C.3.5 and show that

~

E [ﬂ(Yl <1, Yo < yo)p (Y1, Yo, w) | W = w]

P <y Yo<yo, X =1|W = w) (C.29)
= p1jw Min{Fy|x w(y1 | 1, w), Eyyxw(vo | 1,w)}
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for all (y1,%0) € R2. To complete the proof, we break this up into different cases.
(Part 1) Case 1: y; < Q; and yo < Q-
In this case, p* (Y1, Yo, w)1[Y1 < y1, Yy < o] = cl[Y1 < y1, Yo < yo]. Thus we have

E [Jl(Y1 <y, Yo < yo)p (Y1, Yo, w) | W = w]

= cmin {Fyﬂw(yl | w)aEYO\W(?JO | w)}

. b1 Po
= cmin {FY|X,W(Z/1 | 1710)%7 Fy 1 x,w (yo|0, w) 1 _|wc}

. PojwC
= min g Fypxw (Y1 | 1 w)prjw, Fyixw (yol0,w) 77—

= D1 MiN {FY|X,W(yl | 1, w), Eyy1x,w (Yo | 1711))} -
The second line holds by the assumption that y; < @, and yo < QO. Therefore, we have
shown that (C.29) holds.
(Part 1) Case 2: y; > Q; and yp < Q-
First, note that the joint cdf from (C.24) implies

P(Y1> QYo <@, | W=w)=P(Y1 <Q;,Y0>Q, | W =w) =0. (C.30)
These equalities follow by
P> Q1Yo < Q| W=w)=FYo <@ [ W=w)-FYo <@ V1 <Q|W=w)

= Fyyu(@, — [w) = min { Py, (@ | w), Py (@, — )}

= Fyyw (@, — w) = Eyyuw(@Q, — )

=0,
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where the third line holds by Lemma C.3.4.8. Similarly,
P <Q.Yo> Q| W=u) =PV <@ | W =w) - P < Q.Y < Q| W = w)
= Fyw (@i | w) = min {Fy (@i~ | ), Py (@)}
= Fy,w(Q1— | w) — Fyw(Q,— | w)
= 0.
Based on (C.30), we can decompose the left-hand-side term of (C.29) as below
E(L(Y1 < y1,Y0 < yo)p" (Y1, Yo, w) | W = w)
= P(V1 < Qy,Yo <o | W=w)—|—p1|w-ﬁ>(@1 <Yi<y,Yo<yo|W=w)

= P(Y1 <Qp, Yo <wo | W =w)

cmin {FY1|W(@1 | w), Fyyjw (Yo | w)}.

Note that Fy,w (Q, | w) = Fyyw(Q, — lw) = Fy,w(yo | w) by Lemma C.3.4.8 and the

condition that yy < Qo‘ We have

cmin {FYHW(Ql | w)vEYD|W(y0 | w)} = iyowv(yo | w) = p1|wEYO|X,W(yo | 1, w).

By Lemma C.3.4.6 (the second set of equivalent results), Fy,y (Q | w) = Fyyw(yo | w)

also implies
Fy,ixwo | Lw) < Fyixw(@Q1 | L,w) < Fyjxw(y | 1,w),
hence we have
PrwE vy xw (Yo | 1,w) = pijw min{FY\X,W(yl | L,w), Eyyx,w (Yo | Lw)}‘

Combining those results then yields (C.29), as desired.

(Part 1) Case 3: y; < @1 and yo = Qo'
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Following similar arguments in Case 2, we have the following equality

~

E (101 < y1, Y0 < y)p" (Y2, Yo,w) | W = w)
= PV <y, Yo < Q| W = w) + pyju - PV <11, Q, < Yo <o | W = w)
— cmin { Py, (1 | w), Py (@) }
= cFy,w(n | w)
= prwFyxw (v | 1, w)
= P1} Min {FY|X,W(yl | 1,w), Fyyx,w (Yo | 1,w)}
where we use (C.30) in the second equality, the third equality follows by Lemma C.3.4.8,

and the condition that y; < @, and the last line holds by Lemma C.3.4.9, where we deduce

that

Fyixw(y | Lw) < Fyixw(Q1— | L,w) < Fyx w(Q, | L, w) < Fy  x.w(vo | 1,w).
Therefore, we established (C.29).

(Part 1) Case 4: y; = Q, and yo = Q-
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We can decompose the LHS probability of (C.29) as follows:
E(1(Y1 < w1, Yo < yo)p"' (Y1, Yo, w) | W = w)
= E(L(Y1 = y1,Yo = yo)p" (Y1, Y0) | W = w) + E(L(Y1 < y1,Yo < yo)p"' (Y1, Yo,w) | W = w)
+E(Q(V1 < y1,Yo < go)p"' (Y1, Yo, w) | W = w) —E(L(Y1 < 1, Yo < yo)p"' (Y1, Yo,w) | W = w)
= BYP(Y1 = Q,,Yo = Q, | W = w)

+ggﬁMH<@M6<Mw:mﬁ%%%wHW:w)
=1

b tim B <0, Yo < Q)" (¥i, Yo,u) | W = w)
v,/ Q1 -

- Jlm IE(]]-(Yl < ’U7)/0 < u)pUZ(YhYO:w) | W = w)
v/ Q1,u/Q

=IF>(Y1=@1,Y0=QO,X=1|W=1U)+ul}m PV <Q,Yo<u,X =1|W =w)

0

+ lm P(Vi<0,Y%0<Q,X=1|W=w)— lim PMi<ov,Yo<u,X=1|W=uw)
v/ Q -0 v/ Q1w Q

—PM <Q,Y0<Qp, X =1|W =w).
The second equality holds by the monotone convergence theorem. The third equality

holds by the conclusion proved in Case 1-3. The last equality holds by the continuity of

probability measure. Thus (C.29) has been verified.

(Part 1) Case 5: (y1,%0) = (@17@0)-
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Given the above results, we have the following derivation:

E (1% < 1, Yo < po)p" (Y1, Yo, w) | W = w)

=B (101 < @1 %0 < Q" (1, Yo w) | W = w)

_l_

I~E<E[]1(Yl SynLYo<y |W=w)—-1(M1 <@1:YO<QO)] ]sz)

~

P( thb QO,X:1’W:U])

re(Bri<m Yo <w | W=w) - B <QY0<Q) | W =w)
= min { Py (o1 | w), Eyypu (g | )} + puy min { Fyxw (@1 | 1), Fyg (@ | 1,0)}
— emin { Fy,w (@ | w), Fyw (Qlw)}
— cmin { Fy; w (1 | w), Fyyp(yo | w) |
+ [Frixw @1 | 1wl = Py (@ | 0)e] 1Fy (@ | w) < Fyyju(Qglw))
[ By (@ | L w)pig — Fyou (@glw)e| 1Py, w (@1 | w) > Fyy iy (@plw))

= Zmin {Fyﬂw(yl | w), E'y,jw (yo | w)} — (€= Pijw)

. P1 Po
= min {Fy|x,w(yl | 1,0)P1juw 1‘“’7 + Fyjxw (y0l0, w) 7 EUC}

= Pljw min{FY|X,W(y1 | 1aw>7EYO|X,W(yO|va)} ;

where the first equality follows by (C.30) that (Y7,Ys) has no mass on the off-diagonal
area, the second equality follows by the result established in Case 4 above, and the fourth
equality follows by Lemma C.3.4.6. Thus we have verified (C.29).

Since R? is partitioned by these 5 cases, we have established that INE[X | Y1,Yp, W =

w] = p*(Y1, Yo, w) almost surely, which concludes the proof of Part 1.

Proof of Part 2: We prove this by constructing a probability distribution P for (Y1,Yp, X)
conditional on W = w such that for all y € R and x € {0, 1}, we have
L PV <y|W=uw) = Fy,w(y | w) and P(Yo <y | W = w) = Fyyw(y | w);
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2. IF)(X::C|W:w):px|w;
3.P(Y, <yl X =a2,W=w) = Fyxwl | X,w);

4. The following equality holds:

~

PYi<y,Yo<y | X =2, W =w)

:max{f’)(Yléyl|X=:E,W=w)+ﬁ’(Y0<yg|X=:B,W=w)—1,0};

5. P(X =1|Y1,Yy,W = w) € [¢,¢] for P-almost surely.

Let
P(Vi <y, Yo<yo, X =2 | W = w)
= zmax{Fy|x w1 | 1,w) + Fy,xwo | L w) = 1,0}pyp, (C.31)
+ (1 —2) max{Fy, x,w 1 | 0,w) + Fyxw (0|0, w) — 1,0}pop,-

By Lemma C.3.1.1, FYMX,W(?/O | 1,w) and Fy1|X7W(y1 | 0,w) are cdfs. Also note that

(u,v) — max{u + v — 1,0} is the counter-monotonic copula. Following Sklar’s Theorem, P
is a joint distribution function for (Y7, Yy, X') conditional on W = w.

Following the same steps as in the proof of Theorem 4.4.1, we can show that conditions
1-4 are satisfied because the distribution in (C.31) is the same as in (C.14) but for a specific
rather than an arbitrary choice of copulas. By Lemma C.3.7, P leads to the following

counter-monotonic joint distribution of (Y7, Yp):
IF’(Yl <y, Yo <y | W =w) =max {Fyﬂw(yl | w) +FYO|W(?JO | w) — 1,0} ) (C.32)

To show condition 5 holds, and thus complete the proof, we must find a function p**
such that p*(Yy, Yy, w) = E[X | Y1, Yo, W = w] and p“*(Y1, Yo, w) € [c, €] almost surely
under P.

First consider py|,, = ¢, then we have
Fy,xwi |0,w) = Fy,jw(y | w) = Fyixw(y | 1,w)
and

Fy,xw(yo | 1,w) = Fy,w(yo | w) = Fyjx,w (500, w).
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This implies the following derivations:

~

E[1(Y1 < y1. Yo < 90)c|W = w] = p1j, PV < 91, Yo < o | W = w)

= prjw max {Fy|x w(y1 | 1,w) + Fy|x,w (%0, w) — 1,0}

ﬁ)(y yl;YO yo, =1‘W=’LU).

The first line holds by ¢ = py,,, the second line holds by (C.32), and the last line holds by

(C.31). Following Lemma C.3.5, we conclude that P(X = 1| Y1,Yy,W = w) = c € [¢,¢]
almost surely. The proof of the case where py|,, = € is similar and thus omitted.

Next consider ¢ < py,, <@ Let p*“(Y1, Yo, w) = p**(Y1, Yo, w; B*") defined in (C.17),
where

By @(YIZQMYE):@oaX:l!W:w)
P(Yi =Q1,Y0 = Qp | W = w)

whenever P(Y; = Q,,Yo = Qy | W = w) > 0. Set Bu = P1jw Otherwise.
We verify that B** € [¢,¢] if the denominator is nonzero.
First, note that the denominator of B** can be expanded below
P(Yi=Q,,Yo=Q, | W =w)
=P <Q1 Yo < Q| W=w)-Bi <Q.% <Q | W =w)
PV <Q,Yo<Qy | W=w) +P(Y1 <Q,,Yo < Qy | W = w)
= max{Fy,jw(Q; | w) + Fyyjw (Qplw) — 1,0} — max{Fy,jw (Q; | w) + Fy,jw(Qp — |w) — 1,0}

—max{Fyl‘W( |w)+FY0\W(Q0|w)_1 0}+maX{Fy1|W( —|w)+Fy0‘W( |w)—1 O}

where the second equality holds via (C.32). By Lemma C.3.4.8, we observe that

el — = — c—p Pljw — C
Fyyw (@1 | w) + Fyyw (@plw) — 1> ——1¢ ¢ T2 1 — g
c—c c—c
C—Plw  Pllw — €
Fy,w(Q1— | w) + Fyw(Qy — [w) =1 < =~ " T —1=0,
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hence this expression simplifies to
P(Yi = Q.Y = Q)| W = w)
= Fy;w(Qy | w) + Fyyw (Qplw) — 1
= max{Fyy|w(Qy | w) + Fyyjw(Qp — [w) — 1,0} — max{Fy, jw (Q,— | w) + Fyyw (Qolw) — 1,0}

=min {1 — Fy,w(Qo — |w), Fyyjw(Qy | )} +min {1 — Fy;jw(Q,— | w), Fyw (Qolw)} — 1.
Second, we expand the numerator of B¥“. We have that
IF(YVI ZQI)YYO :@OaX =1 | WZU]) :]ﬁ(y'l 2617}/0 :@O | X = 17W:w)p1|’w

and that

P(Y; =Q,Yo=Qp | X =1,W = w)

= max{Fy | xw(Q; | 1,w) + Fy;xw(Qo | 1,w) — 1,0}

—max{Fy|xw(Q; | 1, w) + Fy,xw(Qo— | 1,w) — 1,0}
_maX{FY|XW( — [ Lw)+ FY0|XW(Q0 | 1,w) — 1,0}
+ max{Fy | xw(Q1— | 1,w) + Fy,xw(Qy— | 1,w) — 1,0}

= Fyixw(Q1 | L,w) + Fyyxw(Qp | 1,w) — 1

—max{Fy xw(Qy | 1,w) + Fy,x,w(Qo— | L, w) — 1,0}

—maX{Fy|XW( — | 1,w) +FYO|XW(Q0 | 1,w) — 1,0} +0
=min {1 — Fy, xw(Qo— | Lw), Fyjxw(Q; | Lw)}

+ min {1 — Fyjx w(Q1— | 1,w), Fyyxw(Qo [ 1w)} =1,

where the second to last equality follows from Lemma C.3.4.9, where we note that

T1 +11:1

250



From Lemma C.3.4.11, B** can take four possible values as follows:

P(Yi=Q1.Yo=Qp | X =1, W = w)py,
P(}/l Zél,YOZQMW:w)

(1= Fyyx,w(@Qo— | Lw) = Fyxw(Q1— | L,w)) pijw

Buu —

B 1-— FYO\W(QO - |w) FY1|W(Q1_ | ’LU)

‘1 < Fyw(Qy | w) + Fyyw(Qy — |w) > 1, )
Fyyw(Q1— | w) + Fy,w(Qplw) > 1

(Fyixw (@1 | 1,w) = Fy xw(Q1— | 1,w)) prj
Fy,w(Q; | w) = Fyw(Q,— | w)

% 1 ( FY1|W(Q1 | w) + FY0|W(Q0 lw) < 1, >
Fyyw (Q1— | w) + Fyyw (Qolw) =

Fyyw(Qolw) — Fyyw (Qp — |w)

1 ( Fyw(Q1 | w) + Fyyw(Qy — lw) > 1, )
Py w(Q1— | w) + Fyyw(Qplw) <1

N (Fyox,w(Qo | 1,w) = Fyy x,w (Qo— | 1,w)) prju

N (Fyyx,w(Qo | 1,w) + Fyxw(Q; | 1 w) —1) P1jw
me(@dw) +FY1\W (Q1 | w) —

% 1 < Y1|W(Q1 | w) + FY0|W(Q0 lw) < 1, >
Fyw(Q1— | w) + Fyyw(Qplw) <1

As shown in Lemma C.3.4.3, terms (C.34) and (C.35) lie in [c,¢].
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Next we examine the term (C.33), which can be written as below

(1= Fyyxw(Qo— | Lw) — Fyx w(Qy— | 1,w)) pijep
1 — Fyyw(Qo — [w) = Fyw(Q;— | w)

Pijw (1 = Fyxw(Qo — 10,w) 5 — Frpew (Q1— | 1 w))

1— Fyxw(Qo — 10,w) 2% — Fyixw(Q1— | 1, )pl‘w

Pijw — €~ Fyixw(Qo — 10, )w
=c+
(1:Q17%:Q0|sz)
Pijw — € — ?opio‘lf(_agg)
ZCc+ = — —
P(Y1 =Q1,Y0=Qq | W = w)
=,

where the inequality follows by Lemma C.3.3.3 that

Fyix,w(Qo — 0, w) = Fy|xw(Qy|x,w(Tol0,w) — [0, w) < To.

Also note that

(1= Fyyx,w(@Qo— | Lw) — Fyixw(Q1— | L,w)) pijw
1— Fy,w(Qp — lw) — Fy,w(Q;— | w)

L =9+ Frxw @ |1, w) Pirwee)
=C
(1:Q1aY0:Q0|W:w)
(i — ) + 722122
Cc+ =<
IP( 1:Q1,Y0:Q0|W:w)
=,

where the inequality follows by Lemma C.3.3.3 that

Fyixw(@Qi— | 1,w) = Fy|xw(Qyxw (1| L,w)— | 1,w) <71

Then we have shown that the term (C.33) is bounded between ¢ and @.
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Then consider the term (C.36). Following the same arguments, we have

(FYO|X,W(QO | 1,w) + FY\X,W(@I | 1,w) — 1) Dijw
Fyyw(Qolw) + Fyw(Qy | w) — 1

pl\w(EE_Q) FY‘XJ/V(@l ‘ 1’ w) _ (E_pEl|w)§

=c+ =~ — —
P(Y1=0Q,Y0=Qy | W =w)

\%
e}

and

(Fyoixw(Qo | 1,w) + Fyxw(Qy | 1,w) —1) pyjy
Fyow (Qolw) + Fyjw(Qy | w) — 1

w—e)(1-2 = w(E—c
P d07) 1_)2( )_FY\X,W(Q0|va)p70I1(_Q )

ﬁ}q:@l’}/ozaoﬁ/[/:w)

where inequalities follow by Lemma C.3.3.2 that Fy|x w (Q,|z,w) > T, for z = 0,1. So we
have shown that all four terms (C.33)—(C.36) are bounded within [¢, €], thus concluding
B"" € [¢,¢], which then establishes p“* (Y7, Yy, w) € [¢, €] almost surely.
To finish this proof, we demonstrate that ITE[X | Y1,Yp, W = w] = p**(Y1, Yp, w) almost
surely. To do so, we use Lemma C.3.5 and show that
E[1( < y1.Y0 < o) p* (Y1, Yo, w) | W = w]

—PYVi <y, Yo<yo, X = 1| W =w) (C.37)

= P1jw maX{FY\X,W(:Ul | 1,w) + FYO\X,W(Z/O | 1,w) —1,0}

for all (y1,%0) € R%2. To complete the proof, we break this up into different cases.
(Part 2) Case 1: y; < @, and yo < Q-

First, note that the joint cdf from (C.32) implies
P(Y1 <Qp, Yo < Q| W =w) =P(Q; <¥1,Qy < Yo | W = w) = 0. (C:38)
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These equalities can be verified by the arguments below:

P(Y1 < @1, Y0 < Qy | W = w) = max {Fy, (@ — | w) + Fyyw (@ — |w) — 1,0}
<max{c_p1w+pl|w_c—1,0}
c—c c—c
—0,

where the inequality follows by Lemma C.3.4.8, and similarly,
P@Q <V.Q <Y | W=w)=1-B¥1 <Qi | W =w) P <Qy | W =w)
+PV <QLY0 < Qo | W = w)
=1—Fyw(Q | w) — Fy,jw(Qolw)
+ max {Fy,jw(Q; | w) + Fyyw (Qplw) — 1,0}

=1- min{l,Fyl‘W(@l | w) +FY0|W(©0’w)}

. c—p DPijw — €
< 1—m1n{1, — L + llw }
c—c c—c

=0,

where the inequality follows by Lemma C.3.4.8.

On the one hand, (C.38) implies
E(1(Y1 < 1, Yo < yo)p"" (Y1, Yo, w) | W = w) = py, P(V1 < 91, Yo <o | W = w)

< Pijw P(v; <QpYo<Qy | W =w)
= 0.

This shows E(1(Y; < y1, Yo < 50)p™*(Y1, Yo, w) | W = w) = 0 due to the construction that

“ (Y1, Yo, w) is non-negative. On the other hand,
P(Y: <y, Yo<yo, X =1|W = w)

= prjwmax { Fy|xw(y1 | Lw) + Fy,xw(o | 1,w) — 1,0}

< prjw max {Fy|x w(Q1— | L,w) + Fy, x,w(Qo— | 1,w) — 1,0}
< Pijw Max {t1 +1, — 1,0}

-0,
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where the second inequality follows by Lemma C.3.4.9. This implies IF’(Yl < y1,Yy <
Yo, X = 1| W = w) = 0, thus establishing (C.37), as desired.

(Part 2) Case 2: y; > Q, yo < Q.

First, note that (C.38) implies that

E(L(Y: < y1, Yo < yo)p™(V1, Yo, w) | W = w)

&

(1(Q, <Y1 <1, Yo <yo)dW =w) +E(1(Y1 <@, Y5 < Y0)P1jw| W = w)

(1(Q <Y1 <y1, Yo < yo)c|W =w) + INE(]I(Yl <Q1,Y) < yo)e|W = w)

I
&

= INE(TL(Yl <1, Yo < yo)dW = w),

where the second equality follows by the fact that P takes no mass on (Vi1 <Q,Yo <y} S

{Y1 < Qy,Yy < Qp} by (C.38). Next we expand the last expression
E(1(Y1 < 1, Yo < o)W = w)
=PI <y, Yo<wo | W = w)
= cmax { Fy,jw(y1 | w) + Fyyw(yo | w) — 1,0}

_ c—py P1 Do
= ema{ =P Fpearon 1,002 4 Fyrolo, ) 724 - 1,0}

Cc C 1-¢
c—D1 Do|wC C
= Pijw maX{F v (| 1w) + —— 4 By g (400, w) —— 12— — ,0}
Pijw p1|w(1 - C) Pijw
pO|w6
= pijw max { Fy x w1 | 1,w) + Fyxw(yol|0, w) ————— — 1,0
pl\w(l - C)

= prjp max { Fy|x,w(y | 1,w) + Fy,xw (o | 1,w) — 1,0},
thus establishing (C.37), as desired.
(Part 2) Case 3: y1 < Qq, yo = Q.

Similar to the proof of case 2 above, we have

~

E(1L(Y1 < w1, Yo < %0)p™ (Y1, Yo, w) | W = w) = E(L(Y1 < 91, Yo < vo)e|W = w)
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due to (C.38). Next we expand the expression on the right hand side.

~

E(1(Y1 < 1, Y0 < yo)c|W = w)

= cmax {Fy,;w (y1 | w) + Fyyw(yo | w) — 1,0}

b1 Pilw — € Po
= cmax { Fy e (1 | 1) = + = 4 By (o]0, w) 70 — 1,0
c 1-c 1-c
(P1jw — ©)c PojwC ¢
= pijw max § Fy x w(yr | 1,w) + + Fyx,w (4]0, w) - ;0
v { | pl\w(l _Q) | pl|w(1 _Q) Pijw
Pijw — € PojwC
= prjw max § Fy xw(y | 1L, w) + ——— + Fy|x,w (%00, w) ———— — 1,0}
eme | Frxwton 1) prw(1 =) Py lwol0 e

= P1jw INAX {FY\X,W(yl | Lw) +FY0|X,W(y0 | 1,11)) - 170}’

thus establishing (C.37), as desired.
(Part 2) Case 4: y1 = Qq, yo = Q-

Note that the equality (C.37) can be established following the same arguments from the
proof of Part 1, case 4. Once the results are established for cases 1-3, the equality (C.37)
holds for y; = Qy, yo = Q, by applying monotone convergence theorem and continuity of

measure. To this end, the proof is omitted.

(Part 2) Case 5: (y1,0) = (Q1,Qp)-

We start by noting that

E(1(Y1 < y1, Yo < yo)p™* (Y1, Yo, w) | W = w)
= 1P (Y1 € (@1, 11], Yo € (Qp, 9o]|W = w) + cB(Y1 < Qy, Yo € (Qg, yo]|W = w)
+2P(Y1 € (@, 1], Yo < Qp) | W =w) + E(1(Y1 < @y, Yo < Qp)p"" (Y1, Yo,w) | W = w)

= ¢ (B < Q1. Yo € @yl = w) + B(¥i > Q1. Yo € Qo o]) | W = w)

+E(IF>()/1 € (@1791]7Y0 <@O) | W= U)) +I§(Y1 € (@173/1]7}/0 >@0)) ‘ W = w)

+E@(Y: <@y, Yo < Qo)p™ (Y1, Yo,w) | W = w)

= QIF)(YO < (@07y0]|W = U)) +EIF>(Y1 € (@1,y1]|W = w) —i_I’\E(:ﬂ'(YV1 < Q1>YO < Qo)puu(ylvy(hw) | W= w)7
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where the second equality follows by (C.38) that P takes no mass on diagonal area. Next

we expand the last line.
P(Yo < (Qp, yo]|W = w) +eP(Y1 € (Q,, ;1 ]|W = w) + E(L(Y1 < Qy, Yo < Qo)p"" (Y1, Y0) | W = w)

= ¢[Fyojw (o | w) = Fyow (Qolw)] + € [Fyyjw (y1 | w) — Fyyw (Qplw)]
+PM <Q, Y0 <Qp, X =1|W =w)

PojwC — —
= IOL - (Fyix,w (9]0, w) = Fy|xw(Q|0,w)) + prjw (Fyix,w(y1 | Lw) — Fyxw(Q; | 1,w))

+ p1jw max {Fy|x w(Q, | 1,w) + Fyyx.w(Q | 1,w) — 1,0}

Po|wC - =
= 10|_ c (FY|X,W(y0|O,IU) - FY\X,W(Q()'O,U))) + Pijw (FY\X,W(yl \ 1,10) - FY\X,W(Q1 | l,w))

+ Pijw (FY\X,W(@l | 1,w) +FY0|X,W(§O [ 1,w) — 1)

Pijw — C PojwC
Prw(l—¢)  prw(l—c¢)

=pijw | Fyix,w(ys | 1, w) + Fyx,w (yol0, w) — 1]

= pijw [Fyixw (@1 | Lw) + Fygixw(yo | 1,w) —1]
= p1jo max {Fyxw(y1 | Lw) + Fyyx,w(yo | 1,w) — 1,0}

The third and the last equality hold by the following derivation
Fyixw | Lw)+ Fyyxwo | Lw) =12 Fyixw(Qy | 1,w) + Fyyxw(Qp | 1,w) —1

= F]_ + T — 1
=0,
where the second inequality follows by Lemma C.3.4.9. Hence we have established (C.37),

as desired.

Since R? is partitioned by these 5 cases, we haven shown that E[X | Y, Yo, W = w] =

p"* (Y1, Yo, w) almost surely, which concludes the proof of Part 2.

Proof of Part 3: One can show that (EYl\vaY(ﬂW’él,OlX,W) can be achieved by the

joint distribution of (Y7, Yy, X) conditional on W = w constructed as below:

~

P(Y1 <y, Yo <y, X =1|W =w)
= zmin {Fy | xw(y | Lw), Fy,xw®o | 1, w)} pije
+ (L= ) min { By, (1 | 0.w), By (1010, w)  poje
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It can be verified that this joint distribution satisfies the following 5 conditions: for all
y€ R and z € {0,1},

L P <y | W =w) = Fyw(y | w) and P(Yo <y | W = w) = Fy,(y | w);

2. IF(X=$|W=w)=px|w;

3. BV, <y X =a,W =w) = Fyyxw(Y | X, w);

4. The following equality holds:

~

PM<y,Yo<y | X =2,W=w)

=min{IF’(Y1<y1 ]sz,sz),I?’(Yoéyo\Xza:,sz)};

5. INE(X | Y1, Yo, W = w) = p!*(Y1, Yo, w; B%) € [¢, €], for P-almost surely with

g _ PO =y Yo=yo X =1|W =w)
PY1 =y, Yo =y | W =w)

The arguments are similar to the proof of Part 1 and thus omitted.

Proof of Part 4: One can show that (Fy, |y, Fy,w:Cy/x,w) can be achieved by the

joint distribution of (Y71, Yp, X) conditional on W = w constructed as below:

~

]P’(Yl <y, Yo <yo,X=1 ‘ W:w)
= JUmaX{FwX,W(?Jl | L,w) + Eyyxw(vo | L,w) — 170}P1|w

+ (1 — z) max {EY1|X,W(y1 | 0,w) + Fy|x,w(yol0,w) — 1, 0}po\w-

It can be verified that this joint distribution satisfies the following four conditions: for all
y€ R and z € {0,1},

L P(Yi <y | W =w)=Eywy|w)and P(Yo <y | W = w) = Fy,yp(y | w);

2. I?’(X::J:H/V:w):pﬂw;

3.P(Y, <y | X =a,W =w) = Fyxw(Y | X,w);

4. The following equality holds:

~

PM <y,Yo<y | X =2,W=w)

=max{]§’(Y1<y1|X=x,W=w)+]TD(Y0<yo|X=a:,W=w)—1,O};
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5. E(X | Y1, Yo, W =w) = p! (Y1, Yy, w; BY) € [¢, €], for P-almost surely with

g PMi=p Yo=y0. X =1|W =uw)

PYi=9y1,Y0=w | W =w)

The arguments are similar to the proof of Part 2 and thus omitted. O

Suppose {F{il Y < HE | is a set of valid cdfs of (Y1, Yp, X) whose support of X is {0,1}.

Consider a mixture of cdfs defined as

K

F{;lliff/o’X(yhyo,x) = 2 akF{%,YO,X(ylaymx) (C.39)
k=1

where ay € [0,1] for all ke {1,..., K}, Zszl ap = 1, and (y1,%0, ) € R% x {0,1}.
Let p*(Y1,Yy) := EF[X | Y1,Y0], where EF denotes the expectation under cdf Fil%,YO,X
for k € {1,..., K, mix}. The next lemma will be used to show that mixtures of distributions

satisfying joint c-dependence also satisfy joint c-dependence.

Lemma C.3.9. There exists a sequence of Borel measurable function { fi(-, ')}iil R2 >R
such that

1. fx(¥1,Yo) € [0,1] for each ke {1,..., K}, and 35 fr(Y1,Yp) = 1,

2. p"(Y1,Yo) = Xy fu(V, Yo)pk (M1, Vo).

almost surely under the distribution F{}ZZ“%X

Proof of Lemma C.3.9. Let P* denote the probability taken under cdf FXI%,YO, y for k €
{1,..., K,mix}. Then it follows by the definition of conditional probability that

P™™(Yy <y, Yo < yo, X = 1) = E™™[1[Y] < y1, Yo < yolp™™ (Y1, Y0)]

mix mix
= f ¥ (u, v) dFYl,Yoa
U<Y1,V<Yo

where the last line denotes the Lebesgue-Stieltjes integral with respect to the cdf F{}ll”{, .
» 10

Likewise, for each k € {1,..., K}, we have

PF(Yi <y, Yo <yo, X =1) = J pF(u,v) dFY, y,.

USY1,V<Yo
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Since (C.39) implies that

P™(Y1 < y1, Y0 < yo. X Z P (Vi < y1,Yo <o, X = 1),

we have

J pmix(w 1‘}1“’{/0 Z akf (u,v) dF¢17YO' (C.40)
wWLY1,0<Yo

UYL, v<yo

Following the Carathéodory extension theorem (e.g., Ash and Doléans-Dade (2000,
Theorem 1.4.9)), there exists unique Lebesgue-Stieltjes measures v™* and {v/* HE | defined
on (R?, B(R?)) that are consistent with cdfs F{};"{,O and {Ff Yo} i1, respectively. Combined

with (C.39), this implies
(o Z ap®(A), forall Ae A:={(—00,y0] x (—0,11] : (yo,y1) € R?}. (C.41)

It can be seen that A is a m-system, o(A) = B(R?), and the class of sets satisfying (C.41)

constitutes a A-system. Following from m — A Theorem,
(o Z arf(A), for all A € B(R?). (C.42)

From the above identity (C.42), we note that axv* « v™* forall k € {1,..., K}. By Radon-
Nikodym Theorem (e.g., Royden and Fitzpatrick (2010, p.386, Problem 54.1)), there exist

nonnegative Borel measurable functions d(ayv")/dv™* such that the following equalities

hold for all Borel sets A € B(R?) and for each ke {1,..., K}:

k .
[ oy S amx — [ o) dlon) = [ anph o) ank
A v A A

Taking A = (—00,y1] x (—0,yo] and combining these equalities across k € {1,..., K}

then gives
K
)

K Uk
J Z d Ay = Z akf p*(u,v) dvk
USYL,USY0 =1

k=1 USY1,V<Yo

— J pml)((uﬂ)) dVI’IlIX
UKY1,V<Yo
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The second equality holds by (C.40). Since A constitutes a 7-system, and R? can be
written as a countable union of elements in the class A, applying Billingsley (1995, Theorem

16.10.(iii)) then leads to the following equality:
K k
le akl/ )
Z d mix (u7 U)

almost surely with respect to the measure v™* on (R?, B(R?)). Replacing (u,v) with

random variables (Y7,Y)), the above equality is equivalent to

K k
P (Y, V) = 2 (2, Vo) L) v,y

d mix

almost surely under the distribution Fg‘”{/o Next we show that the weights add up to one
and they are non-negative.
Following from (C.42), the conclusion in Royden and Fitzpatrick (2010, p.386, Problem

54.2) implies

K mix
aku dy )
2 =1, almost surely-v™™*.

p/mix Vmix
By definition, Radon-Nikodym derivatives are nonnegative. So we have

d(ax

dymlx

- Z dl/m [0,1], almost surely-v™,

Therefore, we have shown that p™*(Y3,Yp) is a convex combination of {p*(Y1, Yp)}E
almost surely, with weights d(a,v*)/dv™* being a non-negative measurable function of

(Y1,Y0), as desired. O

Proof of Theorem 4.4.2. Fix a w € supp(W) and (g,7) € [0,1]?, we prove this by con-
structing a probability distribution P for (Y1,Yp, X) conditional on W = w such that for
all y € R and z € {0, 1}, the following conditions hold
L. IF)(Yl Sy|W=w)=clywy|w)+(1- e)Fy,w(y | w) and
P(Yo <y | W =w) =7Fywy|w) + (1 —7) Fyyw(y | w)
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2. IF’(sz|W=w)=px|w;

3.P(Y, <yl X =a2,W=w) = Fyxwl | X,w);

4. P(X = 1| Y1, Yy, W = w) € [¢, ¢ for P-almost surely.
Compared to the proof of Theorem 4.4.1, we remove the requirement that the copulas
between Y7 and Yp conditional on (X, W) can be arbitrary.

As in Lemma C.3.8, we have constructed the following four joint (conditional) cdfs of

(Y1, Yo, X) | W = w:
F™ (yr, o, wfw) = wmin { Fyrpew (v | 1), Eygyx 90 | 1)} prja
+ (1 —z)min {Fy, x,w (1 | 0,w), Fy x,w(Y0l0, w) } poju
F(y1, yo, x|w) = 2 min {Fyxw (1 | 1), Fyyxw o | 1,w)} prjw
+ (1 — z) min {me,w(yl 10, w), FY|X,W(yO|O7w)}pO|w
and
F*"(y1,y0, v|w) = x max {FY|X,W(Z/1 | 1,w) + FY0|X,W(y0 | 1,w) — 170}p1|w
+ (1 —z)min {Fy, x,w (1 | 0,w) + Fy|x,w(y0/0,w) — 1,0} poj
Fy1, 9o, z|w) = z max {Fy|X’W(y1 | L,w) + Eyyxw(vo | 1,w) — 1,0}p1‘w
+ (1 —z) min {EY1|X,W(?J1 | 0,w) + Fyx,w(yol0,w) — 1, O}Po\w-
Let the joint distribution of (Y1,Yp, X) | W = w be defined as below:
P(Vi <u, Yo <yo, X =a | W = w)
= 7|2 1, w0, ) + (1 = ) F (g1, o, 2w | (C.43)

(1= 9) [ g0, wlw) + (1= )P (g1, yo, o) |

As shown in Lemma C.3.8, the functions F*, F¥ F and F"* are valid cdfs, hence

their convex combination (C.43) also yields a valid cdf. Next we verify that this cdf satisfies
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conditions 1-4 listed above, thus concluding that (eFy,y + (1 — &) Fy,jw, YEyyw + (1 —

¥)Fyyw) is in the identified set.

Verifying Condition 1: For y € R, we have
Py <y|W =w)

= lim PVi<yYo<yp,X=1|W=w)+ lim P(Vi<y,Yo<yo,X=0|W =w)

Yo—>+00 Yyo—>+00

-\ w[e lim F(y,yo, z|w) + (1—¢) lim F"l<y,yo,x|w>]
Yo—>+0 Yo—>+00

— lu _ : U
fxa D[ i F g olo) + (1= i g0, olu)]|

=7 [5EYI|W(y | w) + (1 — €)Fy1\w(y \ w)]
+ (1= |eFyywy | w) + (1= &) Fryw(y | )
= eFywly | w) + (1 =) Fyw(y | w),

where the third equality uses the conclusion from condition 1 in the proof of Lemma C.3.8.

Likewise,
P(Yp <y |W =w)

= lim PWVi<y,Yo<u,X=1|W=w)+ lim P(Y;<y,Yo<yo, X =0|W =w)

Y1—>+00 Yy1—+00

_ : I B . ul
= % oo, Pl pate) + (-0) tim o p.alo)|

_ lu _ : U
+ Z (1 [6 Jim FEnyselw) +(1—e) Im F (yl,y,w\w)]

= |eEyyw(y | w) + (1= &) Py (y | w) |
+(1=7) [eFyw(y [ w) + (1 = &)Fyyw(y | w)]

=Yy w (| w) + (1 =) Fyw(y | w).
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Verifying Condition 2: For z € {0, 1}, we have that
P(X =x|W =w)

= lim P <y,Yo<yo,z|W=uw)

Y0,Y1—>+0

Y0,Y1—>+00

=7 {5 lim  Fy;,y0, zlw) + (1 —¢) lim F“l(yl,yo,x]w)}
Yo,y1—>+00

+(1—7) {5 lim Fl“(yl,yo,x]w) +(1—¢) lim F““(yl,yo,x|w)}

Y0,Y1—>+00 Y0,Y1—>+00
=7 [gpx\w + (1 - 5)px|w] + (1 - 7) [gpmhu + (1 - E)px|w:|

= Pzxjw>
where the third equality follows by the condition 2 in the proof of Lemma C.3.8.

Verifying Condition 3: Similar to the proof of condition 2, condition 3 follows by the
fact that all the cdfs F*, Fiv vt and FY satisfy condition 3 as argued in Lemma C.3.8.

Hence it follows that their convex combination P also satisfies this condition.

Verifying Condition 4: As in the proof of Lemma C.3.8, we established propensity score
functions p®, p*, p**, and p" under the cdfs F“, Fi* Fu and FY! respectively. Applying

Lemma C.3.9 to the conditional mixture distribution P gives the propensity score as below
E(X | Y1,Y0, W = w) = (Y1, Y0)p" (Y1, Yo, w) + (Y1, Yo)p' (Y1, Yo, w)

+ W (Y1, Yo)p*(Y1, Yo, w) + W' (Y1, Yo)p' (Y1, Yo, w)

almost surely under P, where wk(Y1,Y0) € [0,1], and X, w¥(Y1,Ys) = 1 almost surely
under P for k € {ul,lu,uu,l}. Since we have argued that p¥(u,v,w) € [¢,] for (u,v) €
R2, therefore, IE(X | Y1,Yy,W = w) € [¢,¢] almost surely under P, which concludes the

proof. O

C.3.3 Proofs for Section 4.4.2

Proof of Theorem 4.4.3. First, we prove this proposition when Assumption 12 holds. Fix

an arbitrary (F1, Fy,C) € Iy (Fy,x,w;c). By the definition of Zy*®(Fy x w;c), there
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exists a joint cdf Fy, y;|xw that generates (F1, Fp,C) and satisfies Assumption 12. By

Lemma 4.4.1 and the monotonicity assumption, we have

0(Fyy\ws Eyyyws Fyxw) < 0(F1, Fo, Fy xw) < 0(Eyyw, Fygw, Fr.xw)-

Since (F1, Foy, C) is arbitrary, we have

0(Fy. s Fy s F < inf 0(Fy, Fy, F
(Fyiw Eygyw Frxw) Py CYTors (i ) (F1, Fo, Fy,x,w)

and

sup 0(F1, Fo, Fyxw) < 0(Fy,jw Fyyjw, Fy.xw)-
(F1,Fo,C)eZy ™ 8 (Fy,x,w;c)

Furthermore, as demonstrated by Theorem 4.4.1, (FYI‘W, Fy,jw C) and (Eyl‘w, FY0|W7 C)

are contained in the identified set for any copula C' € Cy g/ x,- This implies

inf 0(Fy, Fy, F < O0Fy 1w, Fy . F
(F1,Fo,C)eLy ™ (Fy,x,w;c) ( b Y’X7W) ( uws =W KX’W)

and

sup 0(F1, Fo, Fyxw) = 0(Fy,jw Fyyjw, Fy.xw)-
(F1,Fo,C)eZy ™8 (Fy,x,w;e)

Thus we conclude that

inf 0(Fy, Fy, = 0(Fy. 1y, Eyop, F
(PP OISy ) (F1, Fo, Fy,xw) = 0(Fy,jw Eygyws Fr,xw)

sup 0(F1, Fo, Fyxw) = 0(Fy,jw Fyow> Fr.xw)-
(F1,Fo,C)eZy™ 8 (Fy,x,w;c)

Note that Theorem 4.4.1 also implies that (eFy, |y + (1 — E)FY1|Wa’YEYO\W + (1 -
Y)Fyyw, C1o1x,w) belongs to the identified set Iy"®(Fy,x,w;c) for each (g,7) € [0,1]*.
By the continuity of the mapping (€, ) — 0(eEy,w + (1 =€) Fy,jw, YEyyw + (1 =) Fyojw)
and the definition of Z,"*"® (Fy, x w; ¢), the sharpness of the interior then follows by the inter-

mediate value theorem. The proof follows the same arguments when imposing Assumption

13, where we use Theorem 4.4.2 instead of Theorem 4.4.1. ]
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Proof of Lemma 4.4.2. Part 1: Because Qy,(U) ~ Y, when U ~ Unif(0, 1), we can write

1 1
E[Y] = E[Qy, (U)] = L Q. (r) dr = jo b0 (Fy,:7) dr.

By the proof of Part 2 below, 0¢g(Fy,;T) is increasing in Fy, for all 7 € (0,1). This implies

Or(Fy,) = Sé 0o (Fy,;T)dr is also increasing. Continuity follows from

0s(cFy, + (1—&)Fy,) = f yd (sEy, () + (1 - 9)Fy. (1))

[vaterw) + [vata-oFyw)
= £0z(Ey,) + (1 - €)0(Fy,)
being continuous in € over ¢ € [0, 1].
Part 2: Suppose Fy,(y) < Fy (y) for all y € R. Therefore, for any 7€ (0,1), {y e R

Fy,(y) =7} S {yeR: Fy (y) = 7}. Hence,

Og(Fy,;7) =inf{y e R: Fi(y) > 7} > inf{y e R: Fy, (y) > 7} = 0 (Fy,: 7).
Since Fy, > Fy, , we have that 0 (Fy,;7) is increasing in Fy,.
Part 3: Suppose Fy,(y) < Fy (y) for all y € R. Denote by

Fy, (y) — Fyix (Y | X)ps
P1—=z

Py, x(y|1—2)=

)

Fy (y) — Fyix (Y | X)ps
P1—=z .

x| 1) =

Then Fy, x(- |1 —x) > FXI/Z|X(' | 1 — ) and, by Part 2,
Ocq(Fy,;7) = 0q(Fy, x(- | 1 = 2);7) = 0g(Fy, x (- | 1 = 2);7) = Ocq(Fy,; 7)

for any 7 € (0,1). Therefore, §cq is increasing in Fy, .

Part 4: Suppose Fy,jw > Fyy. This implies

fdeyllw(y | w) = Jdey{W(y | w) for all w € supp(W)
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which in turn implies

1 ([varwtyl o) - Bl | w = ul:)
<1([varviv ) - Bl | W = ul < 2)

for all w € supp(W) and hence

([ varwto | W) - B30 | W] <) <P ( [ydRgu(y | W)~ B | W] < ).

The first statement holds by by Part 1 of this lemma, the second holds directly, and the
third by integrating over the distribution of W. Therefore, this last cdf is decreasing in
Fy,jw. By Part 2 of this lemma, its corresponding quantile will be decreasing in Fy, .
This parameter is decreasing in Fy,y because of the minus sign inside the CATE.

Part 5: Suppose Fy, > Fy for x € {0,1}. Then, Fy,(y) < Fy (y) for all y € R.

Therefore, for any (y1,%0) € R? and copula C

H(FYUFYO? C; Y1, yO) = C(FY1 (yO)a FYO (y(])) < C(FSIG (y0)> F),/o (yO)) = H(F)//NF),/O? C; Y1, yO)

because C, as a copula, is nondecreasing in its arguments. We conclude that this parameter
is decreasing in both Fy, and Fy;.

Part 6: We begin by showing that (Y1,Ys) ~ (Qy; (U1), Qy, (Up)) where (Uy, Up) have
joint cdf C'. To see this, note that Fy, v, (y1,%0) = C(Fv, (v1), Fy, (y0)) by Sklar’s Theorem.

Also,
Fy, v, (y1,90) = C(Fy, (1), Fy, (30))
=P(Uy < Fy,(y1), Uo < Fy,(yo))

=P(Qy, (1) < y1,Qy, (Vo) < o),

where the third equality follows from Lemma C.3.3.1.
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Based on this, we can write the functional as
HDTE(FYUFYoa Ca Z) = E[]l(}/l - YO < Z)]

= E[1(Qy, (U1) — Qy, (Vo) < 2)]

- JH(QYl (ul) - QYO (UO) < Z) dC(Ul,’LLo)-

Now suppose that Fy; > Fy,. By Part 2 above, this implies that Qy; (u1) > Qy, (u1) for

all u € (0,1) and thus

Opre(Fvy, Fy,, Ci2) = f]l(QYI (u1) — Qyy (uo) < 2) dC(uq,up)

< fﬂ(@'yl (1) — Qv (u0) < 2) dC(ur, uo)
= GDTE(F}I/U FY07 Ca Z)'

Therefore, Oprr(Fy;, Fy,, C; z) is decreasing in Fy,. An analogous argument shows that it

is increasing in Fy;. O
C.4 Proofs for Section 4.5

Proof of Proposition 4.5.1. By Lemma 4.4.1 and the monotonicity of copulas in their ar-

guments, we have that

sup Ocor (F1, Fo, C, Fy,x,w: Y1, o)
(F1,Fo,C)eZy ™ (Fy, x,w;c)

< sup  Oepr(Fyy 1 xws Fygix,ws Cs Fy,x,wi 91, Yo)
C€C1,0|X,W

= 0cpr (FYI\X,W7 FYg\X,W? C, Fy, x,w; Y1, Yo)-

The equality follows from the Fréchet-Hoeffding bounds. Similarly,

(F1,Fy,C) Ii"gf;g(F )HCDF(Fl’FO’C’ Fy x,w:y1,90)
1,470, € 0 Y, X,W;C

> inf  Ocor( By xw Eyyx,ws Cs Fy,x,wi v, yo)
CeCyo1x,w

= Ocor (Ey, xws Eyy x,ws Cs Fy,x,wi Y1, Yo)-
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To show sharpness of the interval (4.7), consider the following choices for conditional cdfs

and copulas:

(e1Eyyxw + (1 =) Fyyx,ws €2Fyy xw + (1 —€2) Fyy x,w, e3C + (1 — £3)C)

for € := (e1,€2,e3) € [0,1]%. For any e € [0,1]3, this triple belongs to Zy"**¢(Fy.xw;c).
Setting ¢ = (0,0,0) and € = (1,1, 1) yields the upper and lower bounds of the interval, so

the bounds are sharp. To show the interior is sharp, consider the function

e — Ocpr

Fy xw

— s [max{ e1lly xwyn | X, W)+ (1—e)Fyxw(y | X, W) OH
+ea Py xwo | X, W) + (1 —e2) Fyyxw(yo | X, W) =17

erFy, xwy | X, W) + (1 —e1)Fy, x,w(y | X, W), }]

4+ (1 —e3)E | min —
(1~ ea) { { eol'y  xw (o | X, W) + (1 —e2) Fyyx,w (o | X, W)

This mapping is continuous in e3. It is also continuous in ; and &5 since the functions

(u,v) = C(u,v) and (u,v) — C(u,v) are both continuous, and by the dominated conver-

gence theorem. Therefore, by the intermediate value theorem, all values in the interval

(4.7) are attained and thus the identified set is this interval. O

Proof of Proposition 4.5.2. By lemmas 4.4.1 and 4.4.2.5

sup Op1E(Fy; | x,ws Fyo | x,w> Cropx,ws Fy,x,wi 2)
(F1,Fo,C)eLy ™ 8 (Fy, x,w;c)

< sup  Opre(Fy xws Eyyxws C Fy.x,ws 2).
CeCy01x,w

By Lemma 2.1 in Fan and Park, 2010,

sup  Opre(Fy; | x,ws Ey xw Cs Fyx,wi 2)
CeCy01x,w

(C.44)

< 148 [min {inf (Pl | X0) = Eyarly = 2| X)) 0}

inf
yeR
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This bound can be attained because the cdf pair (Fy;|xw, Fy,x,w) is attainable by
Theorem 4.4.1, and the bound in (C.44) is attained by Lemma 2.1 in Fan and Park, 2010
since the set of conditional copulas under marginal ¢-dependence is unrestricted.

Similar proof can be used to show that the lower bound

E [max {Su}g (EY1|X,W(?/ | X, W) _FY0|X,W(?J —z| X, W)) ,0}]
ye

is sharp as well. O

C.5 Appendix: Explicit bounds on expected potential outcomes

Lemma C.5.1. Let Y be random variable with cdf F and quantile function Q. Suppose

E(|Y]) < o0. Then, for ac (0,1):

|| Qudu=EY | < Q@IF(@() - )(F Q@) - )
f Qu)du =E[Y | ¥ > Q(@)](1 - F(Q(0))) + Qa)(F(Q(a)) — a).
IfP(Y = Q(a)) = 0, then
|| Qudu=EY v < Q@la
f@ E[Y | Y > Q(@)](1 - a).

Lemma C.5.2. Let Assumption 11 hold. Then,

Jydﬁyl\w(y | w)

_ Pijw
c

[E[Y |Y < QX = LW = w]Fyixw(@ | Lw) = Q(Fyixw (@ | 1,w) —71)] (C.45)

pllw [E[Y |Y >Q, X =1L, W =w](1 - Fyixw(Q; | L,w) + Q,(Fyx,w(Q, | Lw) —71)],

fydﬂyﬂw(y | w)

_ p% [IE[Y 1Y <Q.X =1, W =uwlFyxw(@ | Lw) - Q (Frxw(@, | 1,w) _11)] (C.46)

+ pl% []E[Y 1Y >Q, X =1,W =uw](l - Fyixw(@, | Lw) +Q,(Fyxw(@, | 1,w) 711)]
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and

[y w)

- f‘iwé [E[Y | Y < Q. X = 0,W = w]Fy x.w(Qol0, w) — Qo(Fy x,w (Qo|0,w) — 7o)] (C.47)
+ fﬂwc []E[Y ‘ Y > @07X = O,W = U)](l — Fy|xyw(@0|o,’w)) +@0(FY\X,W(QQ‘O7 11}) —?0)] s

[yt w

- %Iwg [ELY 1Y < QX = 0,W = w] Frixw (@10, w) = @ (Fypxw (@0, w) - 1) (C.48)

+ fo\wé [E[y 1Y > QX = 0,W = w](1— Fypxw(Q,[0,w)) + @ (Fy x,w(Q, |0, w) —10)] .

If Y is continuously distributed conditionally on (X, W), then these expressions simplify

to
Tl = E_pl|w
JdeY1|W(y|w)ZE[Y|Y<Q1»X=17W=U)]C_C
__ C
FE[Y Y > QX = LW = w2
c—cC
Pijw — €
fdeY1|W(y|w):E[Y|Y<Q13X:17WZW] e
E_
+E[Y|Y>QI,X=1,W=w]%
and
= oy Pijw — €
JdeYo|W(y|w)ZE[Y|Y<Q07X:07WZW]C_C
_ -
+E[Y|Y > QX =0,W =] E_plc‘“’
E_p1|w
— C
+E[Y|Y>QO,X=O,W=w]%

where Q,, Qx, Tz, and T, for x = 0,1 are defined in Appendiz C.1.
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C.5.1 Proofs of analytical bounds on expectations

Proof of Lemma C.5.1. First we consider the equality involving Sg Q(u)du. Note that

a 1
J Q(u) du = f Q(u)l[u < a]du
0 0
1
- | ewiew) < Qw@.u < adu
1 1
= L Qu)1[Q(u) < Q(a)]du —L Q(u)1[Q(u) < Q(a),u > a] du

1 1
- [ @tiew) < Q- | Quitiew) - Qe > aldu

1 1
- [ ewew) < Q@ldu - Q@ [ 110w < Q). u > aldu
0 0
where the second, the fourth, and the last line follow by the monotonicity of quantile

function Q(-).

The first term in the last line can be written as below:

1
JO Q(u)1[Q(u) < Qa)]du = E(YL[Y < Q(a)]) = E(Y | Y < Q(a))F(Q(a)),

where the first equality follows by that Q(U) has the same distribution as Y if U is uniformly
distributed over [0, 1]. To expand the second term, note that {u : Q(u) < Q(a),u > a} is
a half-open interval with the left endpoint a excluded, and right endpoint sup{u : Q(u) <
Q(a)} included in the interval due to the left-continuity of quantile function @Q(-). So we

have
1
Q) j 1[Q(u) < Q(a),u > a] du = Q(a)(suplu : Q(u) < Q(a)} — a)
— Q(a)(supfu : u < F(Q(a))} — a)
— Qa)(F(Q(a)) - a),

where the second line holds by Lemma C.3.3.1. Given the above derivations, we conclude

that
JO& Qu)du = E[Y | Y < Q(a)]F(Q(a)) — Q(a)(F(Q(a)) — a),
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as desired.
Regarding the second equality involving Si Q(u)du, note that Sé Qu) du = E[Q(U)] =
E[Y]. This implies

f du—JQ du—JQ

~ E[Y]-E[Y | Y < Q@)]F(Q(a)) + Qa)(F(Q(a)) - a)
—E[Y |V > Q@)](1 - F(Q(a))) + Qa)(F(Q(a)) — a)

where the last line follows by the law of iterated expectation. So the second equality is
established.
When P(Y = Q(a)) = 0, the the CDF F is continuous at Q(a), which implies that

F(Q(a)) = a by Lemma C.3.3.2. Therefore,

f Qu ElY Y < Q(a)]F(Q(a)) — Q(a)(F(Q(a)) —a) = E[Y | Y < Q(a)]a,

and similar arguments can be applied to Si Q(u) du as well. Therefore we have established

the desired result. O

Proof of Lemma C.5.2. We prove the claim for Sé Y dfyﬂw(y | w), and note that the claims
for the other terms can be derived analogously.

Let U ~ Unif(0,1), then Q (U | 1,w) has the distribution Fy,y (- | 1,w), which

YW

implies

o 1
JviPvwiw = | Qe iw)ar

1 s
= j Qy|x,w (CT | Lw) 1 [T < le] dr (C.49)
0 Pijw cC—¢C
1 w—C+er C— Dijw
+f Qy|x,w <]71| | 1,w> 1 [7’ > pl] dr  (C.50)
0 Pijw c—c
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We expand the term (C.49) below:

1 C—
f QY|X,W (CT | 1,w> 1 [7’ < plw] dr
0 Pi|w c—c¢

p1|w j QY|X wlu | 1,w)du

= plc|w [ [Y ‘ Y QY‘XW(Tl | 1 UJ) X = 1,W = w]FY‘X,W(QY|X,W(?1 | ]_,lU) | ].,’U)):I
- %QY\XW@I | 1L, w) [Fyixw (Qyixw (™1 | Lw) | 1,w) —71]
= pcl [ [Y ‘ Y < QlaX = 17W = w]FY|X,W(@1 ’ 1,?1)) _@1<FY|X7W(@1 | l,u)) —?1)] .

(C.51)
The first equality uses the changes of variable u = QT/p1|w and recall that

_ & E_pl|w
T = —————.
Pllw €—C

The second equality follows by Lemma C.5.1, and the last line holds by recalling that

Q1 = Qyixw (71| Lw).

Similarly, we can expand the term (C.50) below:

1 ==
J QY\X,W (pil\w cter | 1,’11)) 1 |:T > pl\w:| dr
0

P1jw c—c

1
= L Qvix,w (u] 1, w) du
T1

_ Pijw
c

[E[Y Y >Q, X =1,W =w](1 - Fyxw(Q, | Lw)) +Q, (Fyixw(@, | Lw)—71)], (C.52)

in the second line.

where we use the change of variable u =1 — a{iﬂz

1w

Combining the above results, we con combine (C.51) and (C.52) to obtain the analytical

formula of §y dFy,

JviFvwis | w)
= pl% [E[Y |Y <Qp, X =1,W = w]Fyxw(Q, | Lw) — Q,(Fyix,w(Q, | 1,w) —71)]

p1|w [E[Y |Y >Qy, X =1, W =w](1 - Fyixw(Q; | L,w)) + Q; (Fyix,w(Q, | Lw) —71)].
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Finally, we note that if Y is continuously distributed conditional on (X, W), then

Fyixw(Q | 1,w) =71,
which implies

f y APy (y | w)

:wE[Y]Yg@l,X:I,W:w]ﬂ—i—@E[Y]Y>@1,X:1,W:w](1—?1)
Cc [@

Cc— w - w—C
O L RBY Y > QX = LW = w] S

c—c c—c

—E[Y |Y<Q,X =1, W =w]

)

as desired.
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