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Abstract:

The purpose of this paper is to investigate methods for analyzing
networks from an algebraic perspective. The main focus will be
on the dominant eigenpair of the adjacency matrix representing a
graph, as many different centrality measures for networks are cast in
terms of eigenvalue problems. We will see how it is affected by small
perturbations to the graph and also propose methods for estimating
these changes. This analysis will be justified from the ground up,
only assuming basic elements of linear algebra.

1 Introduction

A popular folklore among mathematicians is that a relative measure of suc-
cess is given by an individual’s Erdés Number: the minimum number of
connections through collaborators on published papers that it takes to reach
Hungarian mathematician Paul Erdos. While this certainly doesn’t com-
pletely describe one’s worth in the mathematical community, it does beg the
question of how valuable of a measure is it, and what are some better ways
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to extract meaning from a network such as this (there has actually been a
lot of research on the mathematics of the co-authorship network, see [10]).
Answering questions such as these can provide insight into dozens of different
fields, which is why network analysis is an increasingly exciting area of study.
Relevant examples include social networks such as friendships between peo-
ple on Facebook, or physical networks such as the system of railroads in the
United States. Biological networks are everywhere, from the network of neu-
rons in the brain to the Markov chain of hermit crabs leaving their shells to
inhabit abandoned ones. After the completion of the human genome project,
network analysis has become an enormous component of molecular biology
(for more background of network analysis applications see [6]). Over the past
twenty years, with advances in the speed and storage capability of comput-
ers, as well as the copious amounts of network data readily available, the
field of network analysis has become increasingly pervasive and necessary.
A frequently important concept, which we investigate in this paper, is the
centrality of elements in a network. In addition, in most practical examples,
networks are constantly evolving. As a result, we consider a perturbative ap-
proach to understanding how small changes to a network immediately affect
its properties as a whole.

1.1 Background of Network Analysis

A network is any system consisting of different actors and connections be-
tween them. This can be represented by a mathematical graph. In some
cases, it is more prudent to use a directed graph, for instance in network of
games played between basketball teams a directed edge between two nodes
would correspond to one team beating another. One of the fundamental tools
for analyzing graphs is their adjacency matrices:

Definition: An Adjacency Matrixz for network graph G is a matrix
A = [a;;] such that
1, if there is an edge connecting node 7 to node j
Qi = .
0, otherwise
In the case of an undirected graph, its adjacency matrix will be symmetric.

In many instances involving very large networks, the adjacency matrix will
be very sparse, and this property can be used to facilitate computational



analysis. This matrix can yield important information about the graph as
a whole, as well as insight into the importance of each node. We are most
interested in the set of eigenvalues of the adjacency matrix, which is called
the graph spectrum. The largest magnitude eigenvalue is of particular interest
and is called the spectral radius.

1.2 Centrality Measures

The relative importance of an actor in a network is often significant, but this
concept is not inherently mathematical. What does it mean to be important,
or central in a network? It may be clear that Grand Central station in New
York is central to the network of the subway system but it remains to define
this mathematically. An obvious place to start is the degree of the node,
which is the total number of connections it has to other nodes. Each of the
centrality measures we will discuss will be for node 7 of an n node graph
G = (V,E) where V is the set of vertices, and F is the set of edges. A
comprehensive resource about centrality measures is [15].

Degree Centrality: Deg(i)/(n — 1)

In order to make better comparisons between graphs of different sizes the
degree is standardized by dividing by n — 1, the maximum possible degree
of any node. We also note here that the degree of node i can be calculated
by the sum of row (or column) i in the adjacency matrix. Degree centrality
is clearly a local measure, and does not necessarily indicate how important
the node is to the graph overall. Another local centrality measure is the
clustering coefficient.

> Ak

J<keN;

Here N; denotes the neighborhood of node i, or the set of all of the nodes
adjacent to 7. This measures how close a node and its neighbors are to
being a cliqgue or complete subgraph. The numerator counts the number of
edges between nodes in this neighborhood, and the denominator is the total
possible number of edges.

Another important quality is how close a node is to all of the other nodes
in the graph.

Clustering Coefficient:



n—1
Zje 1% d(Zv J )

Here d(i, j) denotes the shortest path distance between nodes i and j, or
geodesic distance. The smallest this sum could be is n — 1 which would occur
if ¢ was adjacent to all the other nodes. So in this case we multiply by n—1 to
standardize the measure. This would be undefined if © was not connected to
some node j, but we are only concerned with connected graphs. Computing
this value requires knowledge of the length of every shortest path between
each node, which may not seem initially easy to find, but we can think of
the adjacency matrix as a transition matrix for a markov chain. Afj is the
number of paths between ¢ and j of length k (see [3]). Concerning geodesic
paths between nodes, one may also wonder which nodes lie on many of these
paths.

Closeness Centrality:

Betweenness Centrality: »_ ®;(j, k)
i<k

®,(7, k) is the proportion of shortest paths (there could be many of the
same length) between nodes j and k that go through i. This measure is
standardized by dividing by ("51), the total number of pairs of other nodes.
If an internet server with a high betweenness score went down, it would
potentially slow down the network because the geodesic distance between
many of the servers would increase. For investigations into Closeness and
Betweenness see [4] and [12].

One may also desire a measure that places importance on being connected
to other high scoring nodes.

Ej EN; u(] )
A

So here X is a scalar, and each node’s score is proportional to the sum
of the scores of its neighbors. If u is represented as a vector where u; is
the eigenvector centrality of 7, then we can rewrite this equation with the
adjacency matrix as: u\ = Au. So u must be an eigenvalue of A, and in
fact if we require all of its entries to be positive, then ) is the spectral radius
of A. This fact is due to the Perron-Frobenius theorem which we prove in
section 3. So eigenvector centrality is dependent on the spectral radius, and
in fact, eigenvector centrality has been shown to be statistically correlated
to other centrality measures especially closeness and degree (see [14]).

Eigenvector Centrality: (i) =

4



While each of these centrality measures describes a different quality, many
of them are related to the graph spectrum. An important question then is
how much does each individual node impact the spectral radius. This can
be observed by measuring the change when the node is removed from the
graph. Dynamical Importance is a value for observing this change, originally
proposed in [11].

Definition: The Dynamical Importance of node ¢ in a graph is the pro-
portional change to the largest magnitude eigenvector of its adjacency

matrix A when node ¢ is removed from the graph: I; = %

1.3 Symmetric Matrices

The remainder of this paper will build towards a perturbative analysis of
Dynamical Importance, and for the present work we focus on undirected net-
works. Adjacency matrices for undirected networks are symmetric, so before
attempting to analyze them we first need to quickly build a few elementary
facts to be used in proofs involving symmetric matrices.

Let A be a symmetric matrix: A = AT

Since A is symmetric, we know that any right eigenvector is the transpose
of a left eigenvector with the same eigenvalue. If we assume Ax = Az then
we have,

2TA=2"AT = (Ax)" = Oa)” =27\
Now, we note that the eigenvectors of A are orthogonal because, for
different eigenvectors x; and z; :

:EfA:I:i = x;‘r)\lxl
T, _\,T
)\j.CEj xTr; = )\ixj Z;
If X; # ); then we know that z7]x; = 0, and then we are done.

If \; = A, then any linear combination of z; and z; will also be an
eigenvector with the same eigenvalue: A(z; + cx;) = Ax; + cAx; = \iz; +
c)\ixi = )\l(x] + cxl-)

So if there are t eigenvectors for this eigenvalue, they will form a subspace
whose dimension is the geometric multiplicity of the eigenvalue; and for a t¢-

dimensional subspace, we can choose t orthogonal vectors. Thus, for an
n-dimensional symmetric matrix, there are n orthogonal eigenvectors.



2 Power Method

The dominant eigenvector (the one corresponding to the largest eigenvalue) of
the symmetric n X n adjacency matrix A is often of interest. It directly gives
the eigenvector centrality information for all of the nodes in the network, and
in addition, in our subsequent approximations of Dynamical Importance, we
will need to use the components of this vector. Calculating the character-
istic equation of a huge matrix would be extremely computationally costly,
but there is a way around this issue. The power method is specified by an
iteration which starts from any vector (except vectors in the codimension
one space perpendicular to the dominant eigenvector) and approaches the
dominant eigenvector of A:

Au,;
=t 1
has || A | (1)

Here we wish to prove that this converges to the dominant eigenpair. In
general, this is true for any matrix, but we prove this for any symmetric
matrix A. Also, we show the stronger fact that each iteration produces a
vector closer to the dominant eigenvector (this is not necessarily true for a
nonsymmetric matrix).

Let the set of unique eigenvalues in increasing order of A be : {A1, Ao... A, }
corresponding to eigenvectors: {zy,xs...x,} (which we can pick to be unit
vectors).

Since the eigenvectors form an orthonormal basis for R" we can express
any vector:

Ul = A1 X1 + aoxs... + AnZy

with scalars ay...a,
So inserting this into our iteration equation yields:

y Alayzy + agxs... + apxy,) M a1z, + AaGoTa... + A\pan Ty,
2 pu— =
|A(a1z1 + agzs... + apxy)|| Cy
where C is a scalar which is the norm of the numerator and so ||us|| = 1.

[terating again yields:

A(Aa171 + Aaaoms... + Apany,) _ Mapzy 4+ Aasxs... + Aant,

s = CluA()\lCllilfl -+ )\2&2]72... + )\nanxn)/ClH N Cg



And in general:
Noayzy + Asaoxs... + \anz,

Ci
So as ¢ goes to infinity, the A, term in the numerator dominates. More
formally, since we are only concerned with the direction of the resulting
vector (we know it will always be of length 1, due to the C; scalar), we can
divide out X, a,/C; to get:

/\1 ' aq )\2 ’ a9
o+l A ) ay 1t A an 2 ¥

Here we are assuming that a,, # 0 since the starting vector is not orthog-
onal to z,. So since )\, is the largest eigenvalue we have:

Uiy1 =

zlggou;“ :0-Zix1+0-2m2...+xn:xn (2)
So we have shown that the power method converges to the eigenvector
corresponding to the largest eigenvalue, but in some of our later approxima-
tions, we only wish to iterate this method once, so we need to additionally
prove that one iteration of the power method yields a vector which is closer
(in this case we choose to use the Euclidean distance norm) to x,, than the
original.
To make things easier, we can assume that u; is a unit vector. We have:

A(ayzy + asxs... + apxy,) AMai1x1 + Aaaoa... + N\pan Ty,
u2 = =
|A(a11 + agza... + anxy)|| (| Aarxr + Aaagzs... + Nanx,||

A1a1x1 + AaaoZsy... + A\panTy,

\/(A1a1$1 + )\2a2$2... -+ )\nanl'n)T()\la1$1 + )\2&21’2... + )\nanxn)

T

And since z; z; = 0 and xlz; =1 (since A is symmetric), we have:

U )\1&133'1 + )\2&233'2... -+ )\nan:vn
2 pu—
\/)\%a% + A3a3... + \2a2

We want to show that ||us — z,|| < ||u; — 2,

lus — x| = ||(Marzy + Aoasxs... + (Aa, — C)x,)/C|



lug — zn|| = |larz1 + agxa... + (a, — 1)z,||

Where C' = \/)\%a% + A3a3... + A2a2 And as before, ] z; = 0 and z]z; = 1
so we have :

luz = @l = |(Mai + Aa3... + (Anan — C))/C2[V2

= |(A\2a2 + \2d2... + \2a2 — 2C\,a, + C?)/C?H2

Using our definition of C, this becomes:

g —n|| = [(C?=A2a2+C*—2C \yan+X\2a2) /C?V? = [2—2),a, /C Y2 = |2(1—Nnan /C)|?

Now turning our attention to u;...

uy — xnl| = |a2 4+ a2... + (an — 1)?|V% = |a® + d2... + a2 — 2a, + 1|/
Since v is a unit vector we know: u'u = a? + a3... + a2 =1

ur — || = |1 = 2ay, 4+ 1112 = |2 — 2a,|"/?

Thus, we want to show that

12(1 — M\a, /C)| < |2 — 2a,|
Or,

An
1= Fanl <[1-anl (3)

C = \/)\%a% + Aa3... + N2a2 < \//\%a% + A2a3... + A2a2

= \/)\%(a% +a3...+a2) =\,
So we know:

An
—>1
C>

Also, |a,| < 1so1—a, > 0 In addition, the left side of (3) is positive because:



C2 = X221 \22... + A2a2 > M2a?
C is positive so C' > A\, a, and thus %"an <lsol— %"an > (0. So equation
(3) reduces to 1 — %"an < 1-—a, and so a, < A\,a,/C This is obviously true
for positive a,,. For negative a,, each iteration would be further from x,,, but
this is exactly what we want because we divided out the factor \.a, /C; to
get to equation (2), so we know for negative a,, it will converge to —z,. In
addition, from equation (3) and our expression for C', we can see that the
convergence rate will depend on the separation of A\, from the second largest
magnitude eigenvalue. In fact, the asymptotic rate of convergence is the rate
that [A\,_1/As|" — 0 where \,_; is the second largest magnitude eigenvalue
[7]. In general, this will converge quickly because it is often the case that
there is a large seperation between these two eigenvalues [11].

2.1 Search Engines

A typical application of the concept of centrality is the ranking of web pages
by search engines. Omne of the most prominent (and lucrative) methods,
Google PageRank, is a direct application of eigenvector centrality, computed
via the Power Method.

2.1.1 Google PageRank

It has since become more complicated, but the original equation (given by
[7]) for the ‘Google matrix’ is:

G=aS+(1—a)(l/n)E

The nodes of the graph represented by G correspond to web pages and
the links between them are edges. S;; is the probability that a person ran-
domly clicking on links will go from page i to page j. The ingenious part of
PageRank which allowed it to be so successful is the addition of the second
term. FE is a matrix of all ones, and it is overlayed on top of S to represent
the possibility that someone moves to another webpage that is not linked to
from the one they are on. The probability that this happens is designated
by 1 — «. In the context of the graph, this is adding lightly weighted edges
between every node, thus making it a complete graph. While G is complete,
the product Gz is still computed efficiently using the sparse matrix S. Also,



since G is strictly positive, its largest eigenvalue will be positive and simple,
and have a strictly positive eigenvector (proved in section 3), whereas this is
not necessarily true for S. In addition, the Power Method applied to G will
converge at the same rate that o — 0 (see [7]).

2.1.2 HITS

Though Google PageRank receives the most acclaim, there are many other
approaches to Internet search algorithms, one unique example being the HI'TS
algorithm developed by Jon Kleinberg in 1998. This algorithm is different
from many other popular ones in that it assigns each node two different
centrality scores: a hub score and an authority score. Hubs are nodes in
a directed graph from which one can quickly travel to many other nodes.
Authorities are nodes to which you can travel quickly from many other nodes.
Although related, these scores are more complicated than just in-degree and
out-degree.

Each node is given an initial authority score and hub score, in vectors
x and y respectively, and the final scores are computed with this iterative
algorithm:

517?“ = Z Yj

jEINL'

yith= )

jeOUt;

So the hub score for a node is the sum of the authority scores of the nodes
it points to, and the authority score is the sum of the hub scores of the nodes
pointing to it.

We can rewrite this iteration using the adjacency matrix A, and starting
with just the authority vector y of all ones:

While 2" # z"1

i ATynfl;
y" =A™
n=n-+1;

normalize x and vy;

There is a 1 in the adjacency matrix in the ith row and jth column if
node i points to node j. So Az produces y where each y; is the sum of the
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values of = that node 7 points to. Also, in A” there is a 1 in the ith row and
jth column if node j points to node i.

We can write out one iteration of the previous equations, so that now
they are in this form:

ot = AT Agn—t

y" = AATy

With the normalization of each vector after each iteration, we see that
this is just the power method for each of the two matrices AT A and AAT. So
now we know that the HITS algorithm will actually always converge, since we
showed ealier that the power method converges to the dominant eigenvalue,
eigenvector pair. The the authority and hub scores are represented by the
entries of the dominant eigenvectors of AT A and AAT.

A convienient property of HITS is that while the adjacency matrix A for
the directed graph is not symmetric, ATA and AAT both are symmetric.
(obviously (ATA)T = ATA) . As we have seen so far in general symmetric
matrices are easier to deal with, particularly because their eigenvectors are
orthogonal.

3 Perron-Frobenius Theory

The purpose of this section will be to show that nonnegative irreducible
matrices have a largest magnitude eigenvalue that is positive and simple,
corresponding to a strictly positive eigenvector (meaning one that has all
positive components) and this is the only nonnegative eigenvector. This is a
particular result of the more general Perron-Frobenius theorem (see [8] and

[1])-

3.1 A Proof for Positive Matrices

Before examining nonnegative matrices, we start with the simpler case of
matrices with all strictly positive entries, denoted > 0.

Lemma: Given n x n matrix A > 0, any nonnegative eigenvector
of A must be strictly positive.

If x is a n dimensional vector with nonnegative entries then since A is strictly
postive, as long as one entry of z is nonzero (it’s not the zero vector), then
Ax must be strictly postive. So if x has a 0 entry, then Az cannot be a
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multiple of x. Thus, for a nonnegative vector to be an eigenvector of A, it
must be strictly positive.

Now we want to show that such a vector exists, and has a positive eigen-
value. Let S be the set of all n dimensional unit vectors strictly greater than

0. Consider the function f: S =S5 : f(x) = IIQ;H
Ax

First, we must verify that the image of f isin S. Clearly TAa] is of length
one. The ith element of Az is >3; Ajx;, and since all of the elements of =
and A are positive, this is strictly greater than 0. So f is a function from S
to S.

Here, we could simply claim that since f is continuous from S to .S, then
by the Brouwer fixed point theorem, f must have a fixed point. However,
we have not necesarily shown that f is continuous, nor do we wish to prove
the general Brouwer fixed point theorem. Instead, since f is just the power
method, we know that it converges to some z, and we can restrict ourselves
to only symmetric A. Thus, from section 1, a single iteration can be no
further from z, and so the only possible output of f(z) is x.

Az
=1
|| Az]|

So this x is a strictly positive eigenvector of A and it has eigenvalue || Az||
which is strictly positive since Az # 0.

Thus a positive eigenvalue exists for A, call it A,. Also, since this was
generated using the power method, we know it is the spectral radius. Now
we wish to show that this eigenvector is simple.

Assume )\, has another eigenvector v # 0.

Av = \v

We want to show that this v is a scalar multiple of x, or v = xa for some
a €R. Assume not, so z and v are linearly independant.

Lemma: ds,t €R such that sx + tv > 0 with at least one 0 coordi-
nate.

From section 1 we know any linear combination of x and v will also be an

eigenvector for \,. Visually, this plane must intersect somewhere with the
boundaries of the first quadrant.
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So s + tv is a nonnegative eigenvector for A\, with at least one 0 coor-
dinate, however this is impossible because the eigenvectors for A, must be
strictly positive. Thus, x is simple.

Now since we assumed A is symmetric it is easy to show that x is the
only positive eigenvector. If 5 > 0 then y”2 > 0 but since A is symmetric all
of its eigenvectors for different eigenvalues are orthogonal, and x is simple.

3.2 Extension to Irreducible Nonnegative Matrices

We now aim to make the same conclusions from 3.1 about nonnegative irre-
ducible matrices.

Definition: A is a reducible matriz if there exists a permutation

matrix P such that: PAPT = [ )0( g ]

Definition: A is #rreducible if it is not reducible.

First we notice that a graph is connected if and only if its adjacency matrix

is irreducible. If a graph is disconnected, we can separate it into at least

two separate connected components (denoted C;). If we create the adjacency

matrix by putting all the nodes of each component in sequence, it will look
CI 0

like this: | 0 Co

Where for i # j we know no nodes in C; will have a connection to nodes
in C; so all of those spaces will be 0’s. So if G is disconnected, we can just
choose P to be a rearrangement of I which would rearrange the rows of A in
that form. If the graph were connected, no matter what order the nodes are
in, there would always be a 1 in a box between two components because all
components are connected by at least one edge.

This leads us to another definition of reducible. If the graph is discon-
nected, there is at least one component that is not connected to the rest of
the graph. Let S be the set of integers corresponding to these nodes in this
component. S C {1,2...n} such that (i € S,j ¢ S) = a;; = 0 This is just
the statement that this compenent is not connected to the rest of the graph,
and we know this is equivalent to A being reducible.

Now suppose we are given a nonnegative irreducible matrix A. We want
to create a new matrix from A that is positive and has the same spectra so
that we can use our proof from 3.1.
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Lemma: For nonnegative vector y, where y; = 0 for some i, (I+A)y
has strictly less 0’s than y.

Since (I + A) and y are both nonnegative then it would be impossible for
(I + A)y to have more 0’s than y since any positive component of y will also
be positive in (I + A)y due to the I.

Now we consider the case of (I + A)y and y having equal number of 0’s.
This could only be possible if the same components of (I + A)y were 0 as the
ones that were 0 in y. We assume this is the case and find a contradiction:

yj = 0= y; + (Ay); = 0 and so (Ay); =0

Let T be the set of the indices of the positive components of y : T' = {t :
yr > 0}

SoforjeT , (Ay); =>rajye =0but for k¢ T,y >0

Thus, for this sum to be 0, every aj; must be zero for j € T and k ¢ T
This is exactly the definition we gave earlier for reducibility. Thus we have
a contradiction.

Therefore, (I + A)y has strictly less 0’s than y. By the same logic, (I +
A)(I 4+ A)y has strictly less than (I + A)y .

Note that y is not the zero vector so it has at most n — 1 zeros. Thus,

(I + A)" 1y will have all positive components. All that we required of y was
T
that it was nonnegative, so we could choose y to be [ 100 .. } and

then for (I + A)"~1y to be strictly positive, the first row of (I + A)"~! must
be strictly positive. And so we can choose y accordingly and conclude that
(I+A)"™1>0.

We could also think of this from a graph theoretic perspective. Consider a
connected graph GG, with adjacency matrix A whose nodes represent people
in a town each with a certain disease. After each iteration, if person 7 is
connected to person j they will contract their diseases. If a disease starts with
one person, since this is a connected graph, after n — 1 iterations, everyone
will have that disease because n — 1 is the maximum path length between
any two nodes. Consider the matrix D where D;; > 0 if person ¢ has disease
j. If D starts as the identity, this corresponds to everyone having their own
unique disease. Multiplying by (I + A) corresponds to the exact iterative
process described; we need the I because everyone retains their own disease
at each iteration. Thus, I(I + A)" ! must result in D being strictly positive.

Now we have already shown that positive matrices have a simple positive
eigenvalue of maximal magnitude with a corresponding positive eigenvector.
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So this is true for (I 4+ A)"~! but we now want to be able to deduce the same
information about A.

Consider the positive dominant eigenvalue ), of (I + A)"~! with positive
eigenvector v.

v, = (I + A)"

Since all of the entries of (I + A) are either 0 or greater than or equal to
1, then all of the entries of (I + A)"~! are greater than 1. Since v is strictly
positive, we know that the ith element of (I + A)" v must be greater than
the ith element of v. Consequently, we see that A, > 1.

Now, we also know that I + A has the same eigenvectors as (I + A)"!
corresponding to eigenvalues that are the n — 1 root of the eigenvalues of

(I + A1

(I+A)zx = M
(I+ A2z = NI+ Az=Nao

I+ Afr = N

_1
Thus A;; ™' is an eigenvalue of I+ A with eigenvector v. And, since \,, > 1,

1
then \;~' > 1.
Since I + A and (I + A)"~! have the same set of eigenvectors, we know
that v is also a simple eigenvector for I + A.
1So I + A has a simple, strictly positive eigenvector v with eigenvalue
At > 1.
I + A has the same eigenvectors as A, corresponding to the eigenvalues
of A plus 1:
Av =Xzt =([{+Ar =+ =1+ Nz
1

So An ' — 1 is an eigenvalue of A with eigenvector v. f()\) = AT — 1
is a monotone decreasing function so we can conclude that the eigenvalue

n—1

»~ ' —1 for A is the maximum eigenvalue. Since A is nonnegative consisting
of only 0’s and 1’s, and v is strictly positive, then the eigenvalue for v must
be greater than 1. This is because A has at least one 1 in each row and in
each column, so if A < 1 then for each element of the eigenvector v;, there
must be some v; in the eigenvector less than it. If we follow this chain for

more than n steps, we must encounter a cycle, which is impossible. Thus
1

7t —1> 1. Since f(\) = AT — 1 must always be greater than -1 for

15



the eigenvalues of (I + A)"~!, we see that this is also the greatest magnitude
eigenvector. For another proof, using matrix games, see [1].
So finally, we can conclude that v is a strictly positive eigenvector of A

1
corresponding to simple positive, greatest magnitude eigenvalue ;" — 1.

4 First Order Approximations of Dynamical
Importance

Armed with the results of Perron’s Theorem we now proceed with an investi-
gation of Dynamical Importance. Our goal is to give an approximation to the
change to the dominant eigenvalue of the adjacency matrix when a node is
removed. When removing a single node from a large network, the adjacency
matrix of the graph will only change slightly. Consequently, it is reasonable
to use a perturbative approach. We begin with a general approach adapted
from [5].

If we remove a node, the adjacency matrix changes to: A,., = A + AA.
Here A A for removing node ¢ is given by:

AA = 4,

It is important to note here that A + AA will have row and column
1 all 0. We could simply remove this row and column entirely from the
adjacency matrix and study the new smaller one. This would have the same
set of eigenvalues with the multiplicity of 0 increased by 1, since e; is an
eigenvector of A+ AA with 0 eigenvalue (e; is a vector of all 0’s with a 1 in
the ith row). However, for the purpose of this paper, we choose to keep this
row and column so that the remaining indices of the nodes do not change.

Au = Mu for some eigenvector u associated with eigenvalue \. Now we
are interested in the largest eigenvalue of A,., . Since AA only changes a
few entries of A which is a huge matrix, the change to the eigenvalue will be
small and we can express the new eigenvalue and eigenvector thusly:

Mew = A + €Xp + €2y + €3 X3 + ... where € is small and we don’t know \;
yet, and similarly: tne, = u + €21 + 229 + €23 + ...

16



Plugging this into the eigenvalue equation yields:

Anewunew = unew)\new
(A+AA)(uter;+Em+..) = A+ e +EN+ ) (utexy +Exa+...) (4)
Now we can multiply this out, and since we are interested in a first order

estimation, we will ignore the terms with powers of € greater than 1, since
these will be very small.

Au+ AAu + Aexy + AAexy = \u + ed\ju + Aexy

Now we can cancel Au and Au. Also we can assume that AAex; is very
small since € is small and AA is extremely sparse (we will improve on this
generalization later). However, we will still have z; terms which we do not
know. Since A is symmetric, u” is a left eigenvector for A (from 1.3) so we
can multiply both sides by u? yielding:

uT'AAu + ut Aexy = uledju + ut Nexy

We know uf A = uT )\ so we are left with:
' AAu = uTeu

uTAAu
[lul[?
This is a general linear algebra result for any small AA but for the specific

case of removing a node, we can simplify this, starting with the fact that
[Jul]* =1

== 6)\1 (5)

T _ T '
w AAu =1 ... u" .. A, u

Just concerning the first multiplication on the right, the only nonzero
elements of the product will be in the ith row and also all rows the corre-
sponding to indices of nodes adjacent to i. So we see that for removing node
i,

17



[Adul; = { Ay if j =i

So u' AAu = —duju; + ¥ uj(—w;) = —u;(Mu; + 3 ;)
JEN; JEN;
The sum of the elements of u corresponding to adjacent nodes to i is the
same as the ith row of A times u, which is just Au; . Thus, we have:

—uiiijNi}

u" AAu = —u;(Au; + Muy) = —2u? (6)

4.1 Improved First Order Estimation

So we have simplified our previous estimate to no longer involve any matrix
multiplication, but we can actually improve on it because that estimation
was based only on the assumption that we only slightly change A. This
approximation can be made more accurate by being more explicit about how
exactly we are changing A. To get to equation (5) we used the fact that AA
is sparse to conclude that AAexr; was very small. By using the definition of
AA we can improve on this and actually make this term precicely 0.

We know that A + AA has row ¢ = 0 and column ¢ = 0 since we are
removing node i. The product A, c,Unew Will therefore have a 0 as its ith
element. In other words, we know A,y Unew, = 0

Anew 18 positive (its the largest eigenvalue of A,ey) SO Unew, = 0.

So now we can redefine ., with this in mind:

Unew = U — Ui€; + €y + €2ys + €3y5 + ... where the ith element of yi, ys...
is 0. This new definition of w,e, is a strategy originally proposed in [11]. So
the new version of equation (4) is:

(A+AA) (U—Ui€i+€y1+€2y2+...) = ()\+€>\1 +e2)\2+...)(u—uiei+ey1 +€2y2—|—...>

Throwing out terms with powers of € greater than or equal to 2 now gives
us:

Au+ AAU+A€y1 +AA€y1 — (A‘FAA)U“?Z = )\U+€)\1U+ )\Eyl — )\uiei — 6)\111,1'61'

And, since A+ A A has column i all 0’s, we know (A+ AA)u;e; = 0. Also,
AA only has nonzero entries in the ¢th row and ith column, and AA;; = 0.
Consequently, we know AAey; = 0 because y;, = 0. As before, we cancel Au
and A and left multiply by «”. So now we have:

uIAAu+ uT Aey; = ul ehju + v heyy — ul duge; — vl eduse;

18



uTAAu = uFedju — uT e, — ul edyuge;

ul AAu + u?)\

[l = u?

B E)\l

We can simplify this further by plugging in equation (6) to get:

=222 + Ui\ —\u?
N T T T @)

5 Application to Graph Laplacian

The Laplacian matrix L for a graph is another important tool for analyzing
a network:

Definition: L = D4 — A is the Laplacian of graph G where A is the
Adjacency Matrix and D4 is the matrix with the sum of the rows of A
(the degrees of the nodes) along the diagonal.

In this section we reproduce a result from [9], approximating the change
to eigenvalues of the Laplacian matrix under perturbations to the graph.
From our earlier result, we know that if we change L slightly, by adding
or subtracting a small subgraph, we can approximate the change to any
eigenvalue A by using the associated eigenvector w :

ul ALu
[|ul [
We have a new adjacency matrix given by A + AA, and the Laplacian

matrix according to this is our new Laplacian; and we can form a AL where

Lyew =L+ AL.

AL = Dpas—AA

So we have
uI'ALu  u'(Das — AA)u

Jull [[ul[?

Once again, we can choose u to be a unit vector.

AN ~ ul Dau — uf AAu
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uTDAAu:[... uT} | %:AAU [u]

7

=[... u"] “z?AAw :Z<U?ZAAU)
. J

i J

7

Thus

AN\, ~ Z (U?ZAAU) — Zuz (Z AAijUj)

7

7

J J
i J J
t J

> AAui(u; — uy) (8)

ij

12

Since AA is symmetric we know

Z AAjui(u —uj) = 2 Z AA;u;(u; — uy)

ij i<j

i<j i<j i<j
Since clearly ;. ; AA;juf = 3, ; AA;ju? we can simplify this to:

A)\L ~ ZAAZ](UZ - Uj)2

1<j
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This is precisely the formula given in [9]. Similar to section 4.1 the ith
component of the new eigenvector for the Laplacian will also be 0 as it was for
the Adjacency matrix, and we can use this idea to make our approximation
more accurate. An approach using this concept is given in [16].

6 Change in the Eigenvector

Google’s PageRank relies partly on the fact that a small change to the graph
will not greatly affect the dominant eigenvector. Otherwise, they would have
to update their matrix, whose size is on the order of billions, every single
time someone added a new web page. In this section we use an approach
from [13] to place a bound on how much the eigenvector can change based
on the graph spectrum and the perturbation.

Definition: A matrix norm [|-|| is consistent if for all A;B |[|AB|| <
[ AJl[B]]
Lemma: For any consistent matrix norm || - || , p(A4) < ||A]|

where p(A) is the spectral radius of A.

Let || - || be consistent on R™ " and let v(z) be a vector norm]|| - ||
on R™! defined by v(z) = ||zy”||. for some nonzero y € R™*!. Let x be
any eigenvector of A. We can normalize x according to v so that v(z) = 1.
So v(Ax) = ||AzyT||. and ||AzyT|]. < ||All.||xy"]|. since || - ||, is consis-
tent. [[A[l.[lzy"][. = [|Al[.v(x) = [|A||. Thus v(Az) < ||A]]., but v(Az) =
v(Ax) = dv(z) = Aso A < ||A]].

Since x was an arbitrary eigenvector, we can conclude that for all eigen-
values of A this holds.

Let x and A be the dominant eigenpair of A, and let A,., = A+ E where
E is a small perturbation matrix. Consider the dominant eigenpair of A,.:
(A+ E)7 = Az

Let Y be a matrix with columns according to vectors forming an or-
thonormal basis for R(z)* (This approach is from [13]). A property of the
2-norm for matrices is that if U is orthonormal then ||AU||s = ||A]]2.

We can normalize Z in || - ||2. Thus,

1=\|:z«||2=||[‘ v e

21

2



This is a vector, so the 2-norm for R™*! is just the usual Euclidean distance,
the square root of the sum of the squares of the components.
= /(@TE)? + )Y 23

= e A

L= (2"2)" + Y733

We know cos /(z, &) = Hxx‘ﬁ@" but in this case ||z|| = ||Z]| = 1

So now we have

1 =cos/(x, %)+ ||YT%||3

sin /(z,%) = ||[YTZ,
Now we attempt to find a bound for this angle. Notice (A + E)Z = Az
AT — AT = FEZX
We can multiply by Y7 to get
YT \z - YTAz =Y"Ez

Y was defined as any orthonormal basis for R(x)*, so if we are given that A
is real and symmetric, then its eigenvectors are all orthogonal, so we could
choose all of the eigenvectors of A besides x to form Y. So we have

b [

i.e. A is diagonalizable. We can then use another matrix M to represent
this.

A 0
i e e L]

Since Y is orthonormal Y7Y = I so since YTAY = M, then YTAYYT =
MYT soYTA = MYT So returning to our earlier equation, we can substitute
in M,

YIAz - MYTz =YTEZ
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M- MYT: =YTEZ
YT =YTE&(\ — M)~ 1
Since the 2-norm is consistent, Y is orthonormal and 7 is of length 1 in the
2-norm, we have

YTl = |[YTEZ(AT=M) " |l2 < (YTl | Bll2l |2 (A=) "Mz = (| Bll2l[(A = M) ]|
sin £(w,7) < || Bll2l|(M — M)~

A=A 0

N — M= 0 Az—A

B )\21—)\ (1) ]
M-Mm)t=| 0 5=

Al|? is the largest eigenvalue of AAT so
[|A[[3 g g

[(AT = M)7|3 = maX{()\i—l)\)?}

1

M—M)Yy= —r—
[I( )k =5

So finally, 1B
: s Ells
sin /(z,z) < P 9)

Here A, _; is the second largest eigenvalue, and as stated earlier the sep-
aration between these values is often large [11].

Its important to realize here that the perturbation matrix £ need not be
symmetric for this to hold, but it was not necessary for the original matrix
to be symmetric. We can show that this constaint does not always hold when
the original matrix is not symmetric with a simple counter example:

20 0 0 0 O

01 —1 -1 -1 —1
00 1 -1 —1 —1
A4=00 0 1 -1 -1
00 0 0 1 -1
00 0 0 0 1
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Which has the dominant eigenvector: [1 00 0O0O0O0 ’
000 O0O00O0
0 00O0O00O0
100000
E= 0 00O0O00O0
0 00O0O00O0

0 00O0O0O

A and A+ F still have the same eigenvalues, but the dominant eigenvector

is now: [ 9901 —.009 .009 0 0 0 0]

The sine of the angle between these two vectors is .1404, but our proof
from earlier worked for consistent norms and || - ||« is consistent, yet the
inequality fails because A was not symmetric:

1Bl _
A—Ao1 2-1

=.1 < .1404

7 A More Accurate Approximation of Dy-
namical Importance

In order to find a more accurate approximation a natural approach would be

to revisit equation (4) from section 4, but consider also consider terms with
2

€“ terms.

Aut+AAu+Aex; +AAecxi+ A xo+AAxs = Nut-e2 dgute2 A 11+ ATo+ e u+ery

The problem that we will encounter here is that we will not be able to
cancel out terms containing ex;. This is a possible approach but it would
require knowing all of the eigenvectors of A (see [5]), which is not something
that we want to assume. In 2010, Milanese et al. [9] proposes a way around
this difficulty using the Power Method to approximate the change in u. In
this paper we utilize this idea in a slighty different way. We abandon the
series expansion approach of equation (4) for the simpler looking:

(A+ AA)(u+ Au) = (u+ Au)(X + AN)
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AAu + AAu + AAAu = Adu + NAu + AXNAu
We again multiply by u? and solve for A\

uTAAu + u" AAAU = uT Adu + ul ANAu

uT'AAu +u" AAAY
AN\ = 1
A 1+ulAu (10)

In the previous section we placed a bound on how much the dominant eigen-
vector can change based on the two largest eigenvalues and the perturbation
matrix. So in general if the perturbation matrix is small, and the difference
between the two largest eigenvalues is large the change to the eigenvector will
be small, in which case it is reasonable to approximate it with one iteration
of the power method (as proposed by [5]):

(A+ AA)u Au+ AAu

Au ~ —
U AU AT AL Dt AAd|
_ A+ AAu (11)
\/()\u + AAu)T (A + AAu)
A+ AAu

= (12)
VA2l + 20T AAu + uT AAA Au

Now since the w is a unit vector, and AA is very small (either very sparse,
or has very small entries) we could claim the denominator will be very close
to A. We could approximate it as such, but we are more ambitious and retain
these terms for now for a more accurate approximation. We represent the
difference in the denominator from A caused by these terms by some scalar
x.

Au+ AAu _ Au+AAu
VA2[ul2 + 20T Adu + uT AANAu At+w

U+ Au ~

M+ AAu du+ AAu+ur —ur  u(A+2z) + AAu — uz

A+z Az Az

25



AAu — ux
Ao
Thus Au ~ % and we have retained the terms from the denominator.
It may have seemed necessary to forgo some accuracy by neglecting the small
terms in the denominator in equation (12) in order to simplify the result, but
we keep these x terms and we will see that they will actually all cancel in
our final approximation!

Now we can plug in Au to equation (10):

:u—i—

ul' AAu + uTAAiA‘?\i;”

AN = YT
A — ul AAu + A—}FI(UTAAAAU — 2ul AAu)
1+ oz (ulAAu — )
A — A+ 2)u" AAu + (uF AAAAu — zul AAu)

Atz + (uTAAu — z)
And so the z’s cancel and we are left with:

A — AT AAu+ uT AAAAu (13)
A+ ulAAu

So we have found a more accurate approximation for the change in A for a
small perturbation matrix AA. With our first order approximation we were
also able to make it more accurate for the case of removing a single node by
acknowledging that w,e,, = 0. Here we cannot use this technique to improve
our estimate because we have actually already included this information be-
cause the ith element of Au + AAwu is already 0. This is because the 7th row
of AA is just the negation of the ith row of A, so the ith element of AAu
will be —Au;.

As before we can simplify this nicely using our knowledge of AA. From
equation (6), we know v’ AAu = —2\u?.

So the only remaining thing that we need to simplify equation (13) is
uT AAA A,
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So to utilize this we could rewrite u’ AAAAu as (AAu)TAAu

We already know that AAu; = {

(AAWTAAw = Y {—u;(—u;)} + (= u;)?

JEN;
=uf( ) {1} + N
JEN;

> 1is just counting the number of adjacent nodes to ¢. Thus:
JEN;

u" AAAAu = u x Deg(i) + \u? (14)

So along with equation (5) we can plug this into our equation for A\ to
get:

1 u? x Deg(i) + \u?
AN = —2\u? ! !
1+ (—2xa2)/n ( vt A
u? Deg(i)
AN = L —2 1
T+ (—22ad)/n ( e T
Au? [ Deg(i)
M= < 52 -1 (15)

So we have a second order approximation which only relies on the original
eigen pair and the degree of the node. This is much more accurate than
the previous estimations, but still remains computationally efficient. We

compare this to our other two estimations on Erdos-Renyi random graphs
(see [2]) generated in MATLAB.
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Figure 1. This is the result for an Erdos-Renyi 100 node random graph
with probability of .1 for a connection between any two nodes. We removed
each node and measured the change in the spectral radius (x-axis), and com-
pared this to our three estimations of it (y-axis). The dotted blue line is
the actual changes plotted against themselves. The first order estimation
pictured is the one given by equation (6); the improved first order estimation
is given by equation (7); and the second-order approximation is the one we
proposed in equation (15). Its interesting to note that the error is smaller
when the change to the spectral radius is small. This makes sense because
our approximations were under the assumption that the preturbation would
have a relatively small affect on the graph overall.

8 Analysis and Conclusions

We can compare our second order approximation to the one proposed in [9)],
which is
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AN = uTAAu +u" AAAAu/ )

or

\2

Their approximation followed a different approach but also used the power
method to approximate the change in u. However, they chose to neglect the
small terms in the denominator of (12) but if we include them as a scalar x
as before, it does not cancel in their approximation, and it becomes:

A2u? [ Deg(i)
AN = ! —1
A+x< A2

Since the x’s cancelled in our approximation, we now examine exactly
what this x is to investigate how our approximation could behave differently
than the one from [9]. We revisit equation (12) but since we now have
equations (6) and (14) we know exactly what those terms are:

AN = M2 (Deg(i) - 1) (16)

2+ AAu A+ AAu

A2Ilul[2 + 20T AAu + uTAAAA (/A2 + 20(—2Xu?) + u? x Deg(i) + A2u?

Au+ AAu B A+ AAu
\/)\2 — 4X2u? + u? x Deg(i) + \N2u? \/)\2 — u?(Deg(i) — 3\2)

It is frequently the case that the average degree of a graph scales with
the largest eigenvalue. Consider for example the extreme case where every
element of the eigenvector is the same. In this case, for u to be an eigenvector,
every node must be exactly the same degree. So to approximate the error

we replace Deg(i) with A, we see that the denominator is \/)\2 +uZ(3N% — )\)

So as the average degree gets larger (and hence A does also) we see that
(3A? — \) becomes large thus making x larger. Consequently, we expect the
approximation in (16) to be sensitive to large average degrees in a manner in
which ours from equation (15) is not. We similarly verify this in MATLAB.
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Count

Degres

Figure 2. We generated a 5000 node Erdos-Renyi random graph with prob-
ability .02 of connections between nodes (and hence an average degree of
100). This is a histogram of the degrees of all of the nodes from the graph.
We used this graph for the analysis depicted by Figures 3 and 4.
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Figure 3. This is a plot of the actual change to the dominant eigenvalue
when each node is removed versus the approximations to the change. Our
approximation from (15) is the red circles, and the approximation given in
(16) is the black stars. From this figure we see that both approximations
are very accurate. For such a large network it is difficult to see a difference
between them on this scale as we could in Figure 1, so we observe the percent
error for each approximation in this example in Figure 4.
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Figure 4. This is the same result as Figure 3, but this shows the per-
cent difference plotted against the actual change. This is a more revealing
depiction of the result, and we see that our approximation is more accurate
in this case.

We have explored several approximations for dynamical importance, and
their mathematical foundations. Our most accurate approximation, equation
(15), is an original proposition which we justified in section 7 and represents
an improvement over equation (16) (proposed in [9]) for graphs with large
average degree. Our results could be applicable to large networks with high
average degree, whose dynamics are related to their spectral radius. Our
approximation could be used in importance ranking schemes for the nodes
in such a network. In addition, these concepts could also be applied in a
case where one endeavers to alter the spectral radius of a network to change
its dynamical properties by successively removing nodes. A possible future
study could be to analyze the performance of our approximation versus the
one proposed in [9] for graphs with different distributions of degrees of nodes.
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As more and more network data becomes accessible, computations such
as these become more relevant for practically discerning meaning from huge
amounts of information. In addition, an understanding of the mathematical
foundations of network science in graph theory and linear algebra is necessary
in order to strive to unravel the constant stream of open problems in network
analysis provided by the continous progression of technology.
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