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An extensive empirical literature has developed over
the past decade for modeling the temporal dependen-
cies in financial-market volatility. A common finding to
emerge from most of these studies concerns the extremely
high degree of own serial dependencies in the time se-
ries of absolute or squared returns and/or the estimated
volatility processes. Bollerslev, Chou, and Kroner (1992)
discussed over 200 of the earliest studies in this liter-
ature using autoregressive conditional heteroscedasticity
(ARCH)-type models, and Ghysels, Harvey, and Renault
(1996) provided a more recent survey of the literature on
stochastic volatility models. Very little theoretical work has
explored the structural determinants behind these dynamic
dependencies.

Meanwhile, numerous empirical studies have docu-
mented the existence of a strong positive contemporane-
ous correlation between trading volume and volatility [see
Karpoff (1987) for an early discussion of this literature].
This positive correlation is consistent with most theoretical
market microstructure models involving the strategic inter-
action among asymmetrically information-rational agents
[see O’Hara (1995) for a survey of the relevant literature].
Unfortunately, these same theoretical models generally re-
main very vague, if not silent, about the long-run dynamic
relationship between trading volume and volatility. A less
structural approach for rationalizing the strong contempo-
raneous correlation between trading volume and volatil-
ity is provided by the so-called mixture-of-distributions
hypothesis (MDH) pioneered by Clark (1973), Epps and
Epps (1976), and Tauchen and Pitts (1983). According to
the MDH, returns and trading volume are driven by the
same underlying latent “news”-arrival, or information-flow,
variable so that the arrival of unexpected “good news” re-
sults in a price increase, whereas “bad news” results in a
price decrease. Both of these events are accompanied by

above-average trading activity in the market as it adjusts
to a new equilibrium. Accordingly, the absolute returns,
or volatility, and trading volume should be positively cor-
related.

Although the first generation of tests of the MDH by
Harris (1986, 1987) and others were generally supportive
of the model, subsequent studies by Lamoureux and Las-
trapes (1994) and Richardson and Smith (1994) indicated
that the same latent information-arrival process is unable
to describe the short-run dynamic dependencies in both eq-
uity trading volume and volatility. More recently, however,
Andersen (1996) argued that these apparent rejections of
the MDH may be due to artificial and unwarranted dis-
tributional assumptions. Building on the Glosten and Mil-
grom (1985) market microstructure setting in which a risk-
neutral market maker posts competitive bid and ask prices,
the resulting modified MDH with Poisson-distributed trad-
ing volume is not rejected for the same individual common
shares that firmly reject the more traditional version of the
MDH, assuming trading volume to be normally distributed.
Meanwhile, the estimated joint latent information arrival
processes indicate a surprisingly low degree of volatility
persistence compared to the empirical results reported in the
extant ARCH and stochastic volatility literature. In fact, this
latter body of literature has led several studies (see, among
others, Dacorogna, Miiller, Nagler, Olsen, and Pictet 1993;
Ding, Granger, and Engle 1993; Baillie, Bollerslev, and
Mikkelsen 1996; Bollerslev and Mikkelsen 1996; Granger
and Ding 1996; Robinson and Zaffaroni 1997; Andersen and
Bollerslev 1997a; Breidt, Crato, and de Lima 1997; Lobato
and Savin 1998; Ray and Tsay 1998) to the conclusion that
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the second-order moment dynamics of many return series
are best characterized by fractionally-integrated-type pro-
cesses.

The available empirical evidence regarding the own dy-
namic dependencies in financial-market trading volume is
more limited in its scope. Still, the sample autocorrelations
for the portfolio turnover ratios reported by Lo and Wang
(1996) and the seminonparametric density estimates for ag-
gregate stock-market index returns and trading volume re-
ported by Gallant, Rossi, and Tauchen (1992, 1993) and the
corresponding findings for individual stocks by Tauchen,
Zhang, and Liu (1996) all point toward the existence of
long-term dynamic dependencies in equity trading volume.
As such, the aforementioned conflicting empirical results
based on the standard MDH and the assumption of a sin-
gle latent information-arrival process may simply reflect
the existence of a more complex dynamic relationship be-
tween trading volume and volatility. Although the long-
run dependencies are common, the short-run responses
to certain types of “news” are not necessarily the same
across the two variables. This idea also motivates the bivari-
ate MDH specification, recently estimated by Liesenfeld
(1998a,b).

This article adds to this extant literature by testing im-
plications of the MDH as a long-run proposition in which
the aggregate latent information-arrival process possesses
long-memory characteristics. Consistent with this formu-
lation, the 100 log-periodogram estimates for the degree
of fractional integration, or d, for the absolute returns for
each of the 100 individual common shares in the Standard
and Poor’s 100 (S&P100) composite index generally put the
degree of fractional integration in the interval between O
and 1. Thus, although the individual equity volatility pro-
cesses are highly persistent, they appear to be covariance
stationary so that all “news” shocks eventually dissipate, al-
beit at a very slow hyperbolic rate of decay. Applying this
same seminonparametric estimation procedure to the 100
individual equity trading-volume series results in equally
significant long-memory characteristics. No prior estimates
to this effect are available in the existing literature. The
close pairwise correspondence between the estimates for d
across each of the 100 volume-volatility series is partic-
ularly noteworthy, and formal hypothesis tests do not, in
general, reject that the two series possess a common long-
run hyperbolic decay rate. As such, these empirical findings
support the notion of the MDH as a long-run phenomenon
driven by a slowly mean-reverting fractionally integrated
latent information-arrival process.

The remainder of the article is organized as follows. Sec-
tion 1 sets out the notation and briefly reviews the argu-
ments behind the standard MDH, along with the partic-
ular structure leading to common long-memory volatility
and volume dependencies. The econometric techniques em-
ployed in estimating and testing for a common degree of
fractional integration, as formally developed by Robinson
(1995), are discussed in Section 2. The complete estima-
tion results for all of the 100 individual stocks included in
the S&P100 composite index are discussed in Section 3.
For illustrative purposes, this section also details the em-
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pirical results as they relate to Aluminum Corporation of
America (AA), the alphabetically first, by ticker symbol,
of the 100 common shares. Section 4 provides a few con-
cluding remarks. An appendix provides detailed sensitivity
analysis.

1. LATENT INFORMATION ARRIVALS AND
LONG-MEMORY DEPENDENCIES

To set out our notation, let R;;,t = 1,2,...,T and
j=1,2,..., N, denote the daily continuously compounded
return on stock j corrected for any dividend payments
and/or stock splits. The corresponding daily trading vol-
ume will be denoted by V; ;.

1.1 Return and Volume Dynamics

The daily returns are naturally decomposed into a sum of
the intradaily logarithmic equilibrium price changes. As-
suming that these logarithmic price changes are iid with
a finite variance and that the number of such pseudo in-
tradaily equilibria are “large,” it follows by a standard cen-
tral limit theorem argument that, conditional on the num-
ber of price changes, the daily returns should be normally
distributed. The assumption of iid price changes also im-
plies that the returns should be serially uncorrelated through
time. Of course, the actual number of intradaily price
changes is likely to vary across time, depending on the
number, or intensity, of the “news” arrivals that occur dur-
ing the day. Conditional on this latent intensity process, say
K 1, the distribution for the daily returns may be expressed
as

Rj¢|Kjr ~N(0,07 - Kj), (1)

where K ; has been standardized so that a value of unity
will result in a daily variance for stock j equal to a;‘-’. This
particular representation for the returns and the underlying
arguments mirror the original derivation of the MDH by
Clark (1973).

In this standard formulation of the MDH, the K ; latent
information-arrival process represents the intensity of both
firm-specific and marketwide “news” events. As such the
K +’s will almost certainly be highly contemporaneously
correlated. Most tests and empirical implementations of the
MDH have invariably ignored this aspect of the model. We
shall not pursue this commonality in the present analysis
either, although future work along these lines may result in
important efficiency gains and new insights.

Instead we now turn to the basic implications of the MDH
for the joint trading volume—volatility relationship. Charac-
terizing the sequence of pseudo intradaily equilibria as aris-
ing from the strategic interaction of informed investors and
liquidity traders in a Glosten and Milgrom (1985) frame-
work with a risk-neutral market maker, Andersen (1996)
showed that the resulting daily trading volume, conditional
on the information-arrival process, will be approximately
Poisson distributed. Specifically,

VielKjt ~ Po(pjo + pjn - Kje), (2)
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where pjo and p;; are normalizing constants related to
the importance of liquidity, or noise, and information-based
trading, respectively. The Poisson distribution guarantees
that trading volume is never negative, and the liquidity
trading constant p;o allows for a more flexible nonpro-
portional relationship, in comparison to the standard MDH
with ;0 = 0 and conditionally normally distributed trading
volume.

The basic tenets of the MDH remain intact, however. In
particular, it follows that, for the modified MDH in Equa-
tions (1) and (2),

COV(Rj,t, ‘/j,t) =0 (3)

and
cov(|Rjyel, Vjt)

= (/M) 1 - [B(KZ?) — B(K}1%)] > 0. (4)
Whereas the returns, R; ;, and the contemporaneous trading
volume, V., are uncorrelated, the absolute returns, |R; .|,
and trading volume are positively correlated. Of course, this
contemporaneous correlation between trading volume and
volatility does not reflect a causal relationship but rather the
subordination to the same latent information-arrival pro-
cess, K ;.

1.2 Latent Information-Arrival Dynamics

Although most of the earlier investigations of the MDH,
as exemplified by the work of Epps and Epps (1976)
and Tauchen and Pitts (1983), have focused on this pos-
itive contemporaneous correlation, more recent analyses
by Lamoureux and Lastrapes (1994) and Andersen (1996)
have sought to more fully exploit the dynamic implica-
tions of the MDH by explicitly parameterizing the pro-
cess for K;,. These parameterizations have invariably
relied on fairly simple low-order autoregressive moving
average type formulations. The relatively low degree of in-
tertemporal dependence uncovered in these studies seems
at odds with the aforementioned extant time series litera-
ture documenting very persistent own temporal dependen-
cies in both volatility and trading volume. As noted by
Andersen (1996), however, it is possible that different types
of “news” will affect volatility and trading volume differ-
ently, thus resulting in a more complex dynamic relation-
ship than implied by the simple MDH with a single la-
tent information-arrival process. For instance, the regularly
scheduled releases of macroeconomic announcements may
induce fairly heavy trading volume accompanied by only
short-lived bursts in volatility. Similarly, option expiration
days might also be associated with heightened trading vol-
ume without any increase in volatility. Conversely, earnings
or dividend announcements may result in dramatic price
adjustments accompanied by relatively little trading activ-
ity. Motivated by these observations, Liesenfeld (1998a,b)
studied these different types of “news” arrivals by using a
bivariate mixture model with two information-arrival vari-
ables. It appears that, by forcing the same short-run de-
pendence for the two series, the MDH model may un-
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derestimate the true long-run persistence. In the present
analysis, we explicitly abstract from any short-run dy-
namics. The use of spectral estimation methods provides
a particularly convenient approach for accomplishing this
goal.

To motivate these developments, suppose that each day
a particular piece of new “news” hits the market. Sup-
pose also that the impact of a given day’s “news” will
last for a random number of subsequent days. It follows
from Parke (1996) that, under reasonable assumptions about
the corresponding survival probabilities, the resulting la-
tent aggregate information-arrival process will be fraction-
ally integrated. Specifically, let d; denote the order of frac-
tional integration for stock j, so that (1 — L)% K;; =
SheoT(h—dj) - T(h+1)-T(—d;)Kj+—n has a bounded
spectrum across all frequencies. If 0 < d; < 1/2, the
process is covariance stationary with autocorrelations that
are eventually all positive and decay at the hyperbolic
rate of 72%~1, Formal conditions for the equivalence be-
tween this definition of an I(d;) process and the eventual
hyperbolic decay rate of 72%~! for the autocorrelation
function were discussed by Beran (1994) and Robinson
(1994a).

By a direct extension of the arguments of Andersen
(1994, 1996) and Andersen and Bollerslev (1997a), it fol-
lows that this same long-run dependence carries over to any
positive power transform of the absolute returns and vol-
ume as defined by the MDH in Equations (1) and (2). As a
long-run proposition, the MDH, therefore, implies that, for
large T,

corr(|R;t|, |Rjp—r|) ~ 72471 (5)
and
corr(Vj 4, Vjr) ~ 72471, (6)

If long-run dependencies are imputed into the aggregate la-
tent information-arrival process through the gradual incor-
poration of daily “news” arrivals, it should manifest itself
in the form of long-run hyperbolic decay rates in the auto-
correlations of the observed trading volume and volatility
series. Furthermore, the long-run decay rates should be the
same across the two series.

Under additional distributional assumptions, it is possible
to show that the cross-correlations between the absolute
returns and trading volume should decay at the identical
hyperbolic rate,

corr(|R; ], Vje—r) ~ corr(Vje, |Rje—r|) ~ 72571 (7)

This behavior of the cross-autocorrelations also underlies
the semiparametric frequency-domain tests for fractional
cointegration recently developed by Robinson and Marin-
ucci (1998). Although the empirical investigation of such a
relationship is beyond the scope of this article, it would be
an interesting area to pursue in future research.

Instead, we turn to a discussion of the seminonparametric
log-periodogram regression procedures that we employ in
testing Equations (5) and (6).
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2. FRACTIONAL INTEGRATION AND
LOG-PERIODOGRAM REGRESSIONS

To specify the various estimators and test statistics,
let X;; = (|Rj:|,Vj:)' denote the bivariate time series
of absolute returns and trading volume for stock j. As-
suming that the process is covariance stationary, the 2 x 2
spectral density matrix at frequency A, say f;(\), is then
implicitly defined by
™

OV (X; Xymr) = [ explisToX) f(N)-dx (8)

—T
forr=...,—1,0,1,.... By definition, the first and second
diagonal elements in this spectral density matrix correspond
to the univariate spectral densities for the absolute returns
and volume, respectively. If each of these series is frac-
tionally integrated, it follows that, for frequencies A close
to 0,

{fiN)}gg = Cjig - A2, )

where g = 1,2; C;, and Cj 7 are two scaling constants; and
the orders of integration, d;; and d; , refer to |R;.| and
Vj+, respectively. This approximate log-linear relationship
underlies the so-called GPH log-periodogram regression es-
timator originally proposed by Geweke and Porter-Hudak
(1983), in which the logarithm of the sample periodogram
ordinates is regressed on a constant and the lowest Fourier
frequencies, A\, =2 -7 - h/T for h =1,2,...,m. The GPH
estimator has been used fairly extensively throughout the
literature, although Robinson (1995) only recently obtained
formal proofs of its consistency and asymptotic normal-
ity. This semiparametric estimator necessarily results in an
efficiency loss compared to a full information maximum
likelihood or general method of moments (GMM)-based
approach involving a complete distributional characteriza-
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tion of the X, process. At the same time, any misspeci-
fication of the short-run dynamics would render the max-
imum likelihood and GMM estimates difficult to interpret
and may explain previous rejections of the MDH based on a
fully specified latent information-arrival process, K ;. Fur-
thermore, even for simple low-order fractionally integrated
models, exact maximum likelihood estimation is extremely
time consuming and would not be practical for the sam-
ple sizes and number of individual stocks analyzed here.
By explicitly focusing on the long-run frequencies and the
asymptotic relationship in Equation (9), the semiparamet-
ric log-periodogram regression estimators used herein avoid
these difficulties and, as such, provide a particularly attrac-
tive inference strategy in the present context.

Of course, any test of the hypothesis of a common long-
run hyperbolic decay rate necessarily requires a multivari-
ate approach. To this end, let the sample periodogram for
{Xjt}g,9 = 1,2, be denoted

T 2
L,N=Q2-7n-T)" Z{X]t}gexpz t-N)| . (10)

Following Robinson (1995), define the (m — [) x 2 matrix,
Y;, with the (k, g)th element equal to the log-periodogram
at the kth Fourier frequency; that is,

{Y;}rg = logll; g(Ax)], (11)

where k =1+1,1+2,...,m, and g = 1, 2. The asymptotic
theory for the estimators to be defined later depends on
the trimming and truncation parameters, [ and m, with both
tending to infinity at a slower rate than the sample size, T,
while the ratio [/m tends to 0. Practical optimality criteria
for choosing both of these tuning parameters have proven
elusive, but the rates of Lobato and Robinson (1996) and

Log—Spectrum
10°
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10™°

102 10!

100
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Figure 1. Log-log Spectra for the Time Series of Absolute Daily Returns and the Linearly Detrended Daily Turnover Ratios for AA. The two
spectra are estimated as the smoothed-sample periodograms using a Bartlett kernel with bandwidth of (T) 12 ~ 91. The sample period extends
from July 2, 1962, through December 29, 1995, excluding the three-week post-October 1987 crash, for a total of 8,413 observations. The lower and
upper lines correspond to the absolute returns and turnover ratios, respectively.
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Figure 2. Estimates of Fractional Integration. Panel A gives the histogram for the 100 log-periodogram regression estimates for the degree
of fractional integration for the daily absolute returns for the 100 individual common shares in the S&P100 composite index. Panel B depicts the
histogram for the 100 log-periodogram regression estimates for the degree of fractional integration for the linearly detrended daily share turnover

ratios for the individual common shares in the S&P100 composite index.

Robinson (1994b) provide useful guidance. Fortunately, the
empirical results in Section 3 do not appear overly sensitive
to the specific values chosen for ! and m.

Moreover, let the 2 x 1 vector U; x, be given by

{Ujk}g ={Yi}rg — cig + djg - [2-log(Xk)], (12)

where c¢; , = log(Cj4) + ¥(1) and ¥(1), the digamma or
psi function, is defined by (1) = (d/dz)logI'(z)|.=1 ~
—.577. The Uj;’s are readily interpreted as the bivariate
vector approximation errors associated with the relationship
in Equation (11). This suggests the following least squares
estimator for d; = (dj,1;d;,2):

d; =Y]Z;(Z;Z;) e, (13)

where e, = (0,1) and the elements in the (m —!) x 2 matrix
of explanatory variables, Z;, is defined by {Z;},1 = 1 and
{Z;}ro = —2-log(\) for k =1+1,1+2,...,m.Forl =0
the two estimates for d;; and d;2 correspond directly to
the univariate GPH estimates. Although d; may seem like
a natural estimator, the corresponding U x residual vectors
do not satisfy the usual regularity conditions invoked in jus-
tifying the asymptotic properties of least squares estimates.
As shown by Robinson (1995), however, under weak addi-
tional regularity conditions,

e5(Z}2;)exy]7H2(d; — d;) = N(O,1),  (14)
where
Qj = (m - l)_l . Z Uj,kU;,k' (15)
k=l+1
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This result validates conventional large-sample inference
involving regression ¢ ratios and chi-squared statistics.

A consistent estimate for the standard error in the asymp-
totic normal distribution for d; 4 is given by the square-
root of the gth diagonal element of the matrix in brack-
ets in Equation (14). It is also possible to show that
[€4(2}2;) " e2] ™ — dom, and {Q} 55 — (d/d2)ib(2) -1 =
n2/6 ~ 1.645. Hence, inference regarding the individual
d; 4’s may alternatively be based on the theoretical asymp-
totic standard error of 7 - (6 -4 -m)~1/2 ~ 641 - m~1/2,
Similarly, a two-sided test for d;; = d; 2, a common long-
run hyperbolic rate of decay across the volatility and trading
volume series, may be based on the asymptotic chi-squared
statistic,

(d3f)? - €x(Z;Z5) " ea - f'Uf = X3, (16)
where f denotes the 2 x 1 vector (1,—1)".

With a slight abuse of notation, the corresponding re-
stricted least squares estimator that imposes this common-
ality on the fractional orders of integration is most easily
expressed as

d; = &5[Q'(2,2; € G7HQ)TQ vee(;Y] Z,), (17)

where cij is now a scalar, e3 = (0,0,1)’, and the 4 x 3 Q
matrix has zeros everywhere except for ones in the (1, 1),
(2, 2), (3, 3), and (4, 3) elements. Moreover, ® refers to
the Kronecker product, and the vec(-) operator stacks the
relevant 2 x 2 matrix as a 4 x 1 vector. Like the unre-
stricted estimates defined in Equation (13), the d; in Equa-
tion (17) is asymptotically normally distributed. The cor-
responding asymptotic standard error may be estimated by
the square root of the last diagonal element of the matrix in
brackets.
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3. ESTIMATING LONG-RUN DEPENDENCE IN
EQUITY TRADING VOLUME AND VOLATILITY

In the following section, we report the results for the
estimators and test statistics defined previously when ap-
plied to the time series of returns and trading volume for
the 100 individual common shares included in the S&P100
composite index.

3.1 Data Description

The data consist of the bivariate absolute return and trad-
ing volume series for each of the 100 firms included in
the January 10, 1997, revision of the S&P100 broad-based
composite index. Daily closing prices, trading volumes, and
number of outstanding shares were obtained from the Cen-
ter for Research in Security Prices database. The sample pe-
riod encompasses July 2, 1962, to December 29, 1995. Fol-
lowing Andersen and Bollerslev (1997b) and Chan, Chan,
and Karolyi (1991), we delete the three-week period im-
mediately following the October 1987 stock-market crash.
Sensitivity analysis, discussed in the Appendix, revealed the
results to be materially unaffected by this omission. For the
37 companies not listed during the full-sample period, the
analysis was conducted from the date of the company’s first
listing. The resulting minimum sample size involved 1,420
daily observations, compared to 8,440 for the full sample.
However, 86 of the companies had more than 5,000 obser-
vations.

The continuously compounded returns for each of the
Jj =1,2,...,100 stocks, R;., were corrected for the ef-
fects of stock splits and dividends using standard proce-
dures. Following the arguments of Lo and Wang (1996),
the daily trading volume was measured by the turnover ra-
tios V; ¢ = S;1/Nj:, where S;, denotes the share volume
for stock j during day ¢ and NV;, refers to the total number
of outstanding shares at that time. Trading volume has in-
creased dramatically over the past 30 years. To account for
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Figure 3. The Histogram for the 100 t Statistics for Testing the Null Hypotheses that d; = 0 and d; = 1 for the Daily Absolute Returns for the
Individual Common Shares in the S&P100 Composite Index. The t tests for d; = 0 are depicted in Panel A; Panel B refers to the tests for d; = 1.
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Figure 4. The Histogram for the 100 t Statistics for Testing the Hypotheses That d; = 0 and d; = 1 for the Linearly Detrended Daily Share
Turnover Ratios for the Individual Common Shares in the S&P100 Composite Index. The t tests for d; = 0 are depicted in Panel A; Panel B refers

to the tests for d; =

this behavior, we extract a linear trend from all 100 volume
series. More sophisticated procedures for detrending trad-
ing volume were employed by Andersen (1996) and Gal-
lant et al. (1992), but in light of the sample sizes, the linear
detrending procedure was deemed to provide a reasonable
compromise between computational ease and effectiveness.
In fact, neither the detrending method nor the actual pro-
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Figure 5. The Scatterplot of the 100 Bivariate Log-Periodogram Re-
gression Estimates for the Degree of Fractional Integration for the Daily
Absolute Returns and the Linearly Detrended Share Turnover Ratios for
the Individual Common Shares in the S&P100 Composite Index.

cess of detrending affected any of the qualitative findings.
As detailed in the Appendix, the results for the raw volume
data are almost identical to those reported for the linearly
detrended volume series.

3.2

This section summarizes the unrestricted estimates based
on Equation (13). The first half of the section provides a
more detailed description of the results for the Aluminum
Corporation of America (AA), the alphabetically first, by
ticker symbol, firm in the S&P100 composite index. The
results for the remaining stocks in the S&P100 are dis-
cussed in the latter half of the section. All of the estimates
are based on [ = 1 and m; = (T;)/2, where T} refers to the
number of time series observations for firm j. Corroborat-
ing evidence, using m; = .5-(7;)*/? and m; = 1.5- (T})'/?,
for all of the firms in the S&P100 index, is reported in the
Appendix.

The data for AA covers the full July 2, 1962, to De-
cember 29, 1995, sample period for a total of 8,413 daily
observations. The trading volume and absolute return series
both exhibit significant excess kurtosis, with sample values
of 14.44 and 15.68, respectively. The Ljung-Box portman-
teau test statistics for twentieth-order own serial correla-
tion equal 1,050 for the absolute returns and 46,320 for the
trading-volume series. Clearly, both series possess a tremen-
dous degree of own serial dependence. The corresponding
unrestricted estimates for the degrees of fractional integra-
tion are .379 (.068) and .534 (.061), respectively. Based on
the asymptotic standard errors reported in parentheses, both
estimates are statistically greater than O and less than 1 at
any reasonable significance level.

Note that the proof of Robinson (1995) is only valid
when —.5 < d; < .5. The point estimate of d;, for AA
is obviously outside of this stationary region. The stan-

Individual Volatility and Volume Estimates
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dard approach for dealing with this issue is to difference
the series and then reestimate the degree of fractional in-
tegration as J}f + 1, where J; refers to the estimate for
the differenced series. Because the resulting numerical es-
timates are generally very close and relatively few of our
estimates exceed .5, we only report the estimates for the raw
series.

Further justification for the notion of fractional integra-
tion is provided by Figure 1 (p. 12), which depicts the spec-
tra of the absolute returns and the share turnover ratios
for AA. The spectrum is estimated by a smoothed-sample
periodogram using Bartlett weights and a bandwidth of
(T)'/? ~ 91. For the lowest Fourier frequencies, the spec-
tra are both log-linear, as implied by Equation (9). The two
spectra also appear quite similar over the lowest frequen-
cies, with closely related spectral peaks and troughs. Mean-
while, the spectra look quite different at higher frequencies,
indicating the existence of different short-run dynamics.

Comparable results for all of the 100 firms listed on the
S&P100 are contained in Figures 2, 3, and 4 (pp. 13, 14, and
15). Figure 2 shows the individual estimates for the degrees
of fractional integration for the absolute returns and the lin-
early detrended trading volume. All of the estimates for the
absolute returns in Panel A of the figure lie within the range
of .152 to .574, with a mean value of .404 and a median
value of .407. These estimates are extremely close to those
reported by Ray and Tsay (1998), who used a canonical
correlation method to estimate the degree of volatility per-
sistence in the absolute returns of the companies composing
the S&P500 index. Their reported mean and median values
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Figure 6. The Histogram for the Chi-squared Statistics for Testing
Equality Between the 100 Pairwise Log-Periodogram Regression Esti-
mates for the Degree of Fractional Integration for the Daily Absolute
Returns and the Linearly Detrended Share Turnover Ratios for the Indi-
vidual Common Shares in the S&P100 Composite Index.
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are .404 and .395, respectively. Figure 2, Panel B, presents
the same types of histograms for the 100 individual firms’
detrended trading-volume measures. These estimates range
from a low of .067 to a high of .744, with mean and median
values of .407 and .410, respectively.

Figure 3, Panel A, shows the ¢ statistics for the test of
the hypothesis that the individual estimates for the degree
of fractional integration for the absolute returns series are
greater than 0. All of the estimated d;’s are, in fact, greater
than O at the usual 5% level, with the overwhelming ma-
jority being significant at substantially higher significance
levels as well. Figure 3, Panel B, depicts the histograms
for the test of the hypothesis that the individual estimates
are statistically less than 1. Again, when judged by conven-
tional significance levels, all of the estimated d;’s are less
than 1.

Figure 4 presents analogous t tests for detrended trad-
ing volume. All but 5 of the 100 estimates are statistically
greater than 0 and less than 1 at the usual 5% level. These
results indicate, quite emphatically, that all the individual
volatility and trading-volume series are fractionally inte-
grated, with the vast majority of the point estimates lying
between 0 and 1.

3.3 Common Long-Run Dependence

The aforementioned commonality in the spectra of the
volume-volatility series for AA, depicted in Figure 1, and
the close correspondence between the estimates for the de-
gree of fractional integration are highly suggestive of a
common long-run hyperbolic decay rate across the two se-
ries. A formal test for this hypothesis is available in Equa-
tion (16). The value of this test statistic for AA is 2.136.
Therefore, when judged by the conventional 5% chi-squared
critical value of 3.841, the test does not reject the null hy-
pothesis that d; ; = d; ». Restricting the value of d; to
be the same across the trading-volume and volatility se-
ries, as in Equation (17), results in an estimate of d; =
.465(.047). The much lower asymptotic standard error also
indicates a nontrivial efficiency gain compared to each of
the individual estimates of d; discussed in Section 3.2.

Results for the remainder of the firms in the S&P100
composite index are summarized in Figures 5, 6, 7, and 8.
If the long-run behavior of trading volume and volatility
is truly driven by the response to a common underlying
latent information-arrival process, we would expect to see
a close correspondence between the estimated degrees of
fractional integration for the two series. This is indeed the
case. Figure 5 depicts a scatterplot of the pairwise estimates
of (dj,1,d;2) for all of the 100 firms. Although there are
outliers, the majority of these estimates are close to the
45-degree line.

Formal chi-squared tests for the hypothesis that the de-
grees of fractional integration are the same across the
absolute return and trading volume series are depicted
in Figure 6. Of the 100 common shares in the S&P100
composite index, 92 produce chi-squared statistics that
are smaller than the 5% chi-squared critical value of
3.841. Although 100 test statistics are obviously not in-
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dependent across the firms, the evidence of Liesenfeld
(1998b) suggests that the more persistent mixture com-
ponents are more closely related to firm-specific, as op-
posed to marketwide, phenomena. As such, each of the in-
dividual tests does provide genuine new information. More-
over, as reported in the Appendix, an examination of the
eight companies for which the null hypothesis is rejected
does not indicate the presence of any obvious systematic
influences.

Figure 7 graphs the restricted estimates for the de-
gree of fractional integration based on the formula in
(17). Directly in line with the markedly lower standard
error of Jj for AA noted previously, formally restrict-

ing the d;’s to be the same across the two series sig-
nificantly tightens the distribution of the estimates, rela-
tive to the histograms displayed in Figure 2. The values
for the restricted d;’s now lie within the range of .166
to .579, with mean and median values of .406 and .407,
respectively.

Histograms of the ¢ tests for the restricted d;’s, with
nulls identical to those in Figures 3 and 4, are displayed
in Figure 8. The individual restricted estimates strongly re-
ject the null hypotheses of either 1(0) or I(1). A fraction-
ally integrated, or I(d), process best describes the com-
mon long-run behavior of absolute returns and trading
volume.
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Figure 8. The Histogram for the 100 t Statistics for Testing the Hypotheses that d; = 0 and d; = 1 for the Restricted Estimates of the Degree
of Fractional Integration for the Daily Absolute Returns and Linearly Detrended Daily Share Turnover Ratios. The t tests for d; = 0 are depicted in

Panel A; Panel B refers to the tests of d; = 1.
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4. CONCLUDING REMARKS

This article argues that the daily returns and trading
volume for the majority of the individual companies in
the S&P100 composite index are best described by mean-
reverting long-memory-type processes. The seminonpara-
metric estimates and test statistics also point toward a
remarkable commonality in the degree of fractional inte-
gration for each of the 100 volume-volatility pairs, with
a median value of .40. Thus, although the volume and
volatility processes are both highly persistent, shocks to
the two series eventually dissipate at the same slow hy-
perbolic rate of decay. Meanwhile, the short-run dynamics
appear quite different. These empirical findings are con-
sistent with a modified version of the MDH, in which
the volume—volatility relationship is determined by a la-
tent information-arrival structure possessing long-memory
characteristics. This may help explain the apparent rejec-
tions of the MDH reported in previous studies, which have
focused on a common representation for the short-run dy-
namics. Instead, the results reported here suggest that allow-
ing for differing short-lived news impacts, while imposing
a common long-memory component, may provide a better
characterization of the joint volume-volatility relationship
in U.S. equity markets. Such a model holds the promise of
improved long-run volatility forecasts and more accurate
pricing of long-term financial contracts. This is also con-
sistent with preliminary findings based on formal tests for
fractional cointegration implemented using the technique
of Robinson and Marinucci (1998). We leave further work
along these lines for future research.
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APPENDIX: SENSITIVITY ANALYSIS

This appendix provides sensitivity analysis of our results
by implementing the estimates in Equation (13) to the raw
(i.e., the trending volume) data, by including the three-week
period immediately following the October 1987 crash, and
by varying the truncation parameter, m;, from our reported
value of (T;)/? to .5 - (T;)'/? and 1.5 - (T;)'/2. Although
the quantitative results vary slightly from case to case, the
qualitative results do not. Absolute returns and trading vol-
ume are always fractionally integrated, and the overwhelm-
ing majority of the 100 firms share a common degree of
long-run hyperbolic decay.

Figure A.1 shows scatterplots of the 100 bivariate log-
periodogram regression estimates for the degree of frac-
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tional integration for the daily absolute returns and the lin-
early detrended share turnover ratios for each of the 100
firms composing the S&P100 composite index. Panels A,
C, and E are estimated without the 1987 crash, but Panels
B, D, and F include the crash of October 1987. The first,
second, and third rows of Figure A.1 were estimated using a
bandwidth equal to (7})'/2,.5-(T;)*/2, and 1.5- (T})*/?, re-
spectively. Figure A.1, Panel C, is reported in the text of the
article as Figure 5 but is included for comparison purposes.
First, note that, although the point estimates made with the
1987 crash are slightly more dispersed, the difference across
the two columns is by no means dramatic. Including the
crash does not have a material effect on the estimates of
the degrees of fractional integration. Increasing m;, how-
ever, does reduce the dispersion of the point estimates. In
Panel A, these estimates are in reasonable proximity to the
45-degree line, but there are a significant number of out-
liers. This is not unexpected because .5 - (T};)/2 severely
restricts the number of periodogram ordinates included in
the regression. As the bandwidth is increased, the number
of outliers decreases and the point estimates cluster more
closely around the 45-degree line. This clustering is not un-
duly inhibited by the inclusion of the 1987 crash.

Additional sensitivity analysis is provided in Tables A.1
and A.2. Table A.1 contains the estimates of d; for both
trading volume and absolute returns, excluding the Octo-
ber 1987 crash period, and Table A.2 presents the same
measures, including the October 1987 crash. The estimated
values of d; do not significantly change between Tables
A.1 and A.2. For example, the mean estimate for the de-
gree of fractional integration for the absolute returns with
m; = (T;)/?, excluding the 1987 crash, is .472, and includ-
ing the crash produces a mean estimate of .453. Results for
the other mean, median, minimum, and maximum values
are equally insensitive to the inclusion of the crash. The
difference in the estimates is almost invariably in the sec-
ond decimal point.

Increasing the bandwidth does have some effect on the
magnitude of the point estimates. From Table A.1, the mean
estimate of d for the absolute returns decreases from .472 to
362, for .5- (T;)*/2 and 1.5 - (T})!/2, respectively, whereas
the mean raw volume estimates decrease from .519 to .395
for these same values of m;. Although these are substan-
tial changes overall, they are somewhat misleading. The
largest change occurs when increasing the bandwidth from
m; = .5 (T;)}/% to m; = (T;)*/2. The estimates remain
fairly stable when the bandwidth increases from (7})'/? to
1.5(T;)Y2.

Detrending the volume series in both Tables A.1 and A.2
reduces the magnitude of the point estimates and pulls the
mean and median volume values closer to those of the abso-
lute returns. In fact, the detrended volume series have mean
and median values that are almost identical to the absolute
returns, although the estimates for raw volume are more
dispersed. Overall, the results appear very robust and are
generally insensitive to fundamental changes in the estima-
tion technique.

The chi-squared statistics generated from Equation (16)
are equally insensitive to detrending and the inclusion or
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Figure A.1. catterplots of the 100 Bivariate Log-Periodogram Regression Estimates for the Degree of Fractional Integration for the Daily Absolute
Returns and the Linearly Detrended Share Turnover Ratios for the Individual Common Shares in the S&P100 Composite Index. Panels A, C, and
E refer to estimates omitting the three-week post-1987 crash period, whereas Panels B, D, and F use all of the data. The estimates in Panels A
and B, C and D, and E and F are based on bandwidth parameters of .5.(T;)'/2, (T;)!/2, and 1.5.(T;)'/2, respectively.

exclusion of the 1987 crash. If we allow a trend and omit the
three-week post-1987 crash period, a 5% test rejects for 14,
as opposed to the reported 8, of the 100 firms. Including the
three-week period following the crash of 1987, the number
of rejections is 12 (with a trend component) and 13 (using
the linear detrending method).

A detailed examination of the 8 companies that reject a
common value of d; does not suggest the existence of any
apparent systematic structure. Only 2 firms had fewer than
6,000, or approximately 23 years worth of, observations.
The 8 firms were split among retail sales (2), banking and
finance (2), beverage (1), computer products (1), paper
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Table A.1. Sensitivity Analysis for the Estimates of the Degree of sophisticated volume-detrending procedure could have al-

Fractional Integration for Absolute Returns and Trading Volume, leviated some of the rejections. In summary, however, there
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