THE o-SQG PATCH PROBLEM IS ILLPOSED IN C2# AND
W2p

ALEXANDER KISELEV AND XIAOYUTAO LUO

ABSTRACT. We consider the patch problem for the a-SQG system with
the values a = 0 and a = % being the 2D Euler and the SQG equations
respectively. It is well-known that the Euler patches are globally well-
posed in non-endpoint C**# Holder spaces, as well as in W2?,1 < p < oo
spaces. In stark contrast to the Euler case, we prove that for 0 < o < %,
the a-SQG patch problem is strongly illposed in every C# Hélder space
with 8 < 1. Moreover, in a suitable range of regularity, the same strong
illposedness holds for every WP Sobolev space unless p = 2.

1. INTRODUCTION

1.1. The a-SQG equations. The a-SQG equations are a family of inviscid
models in 2D incompressible fluid dynamics. These equations interpolate
two of the most important 2D models of incompressible fluids: the 2D Fuler
equation and the surface quasi-geostrophic (SQG) equation.

The 2D Euler equation describes the motion of inviscid fluids. Its global
regularity in sufficiently regular spaces has been known since Wolibner [Wol33]
and Holder [H633|; the double exponential upper bound on the growth
of the derivatives of vorticity that essentially goes back to these works
(see also [Yud62]) was recently shown to be sharp [Kv14]. The surface
quasi-geostrophic (SQG) equation models the rotating, stratified fluid in
the atmosphere and ocean and is used in geophysical contexts, see for in-
stance [Ped92, HPGS95, Maj03]|. Some aspects of the SQG equation bear
resemblance to the 3D Euler equation [CMT94| and the equation attracted
much of attention over the years. Unlike the 2D FEuler equation, even
though the existence of global weak solutions for the SQG equation is known
[Res95, Mar08] (not expected to be unique [BSV19]), the global regularity
vs finite time blow-up question remains a major open problem; only infinite-
in-time growth of derivatives is has been shown in some examples [HK21].

Both the 2D Euler and the SQG equations are active scalar equations
where a scalar w is advected by the velocity field v generated by w. The a-
SQG equations, are a natural family of active scalars interpolating between
the 2D Euler and SQG equations (see e.g. [HPGS95, CW99, CFMRO05]).
This family has also been called modified or generalized SQG equations in
the literature. As in the case of the SQG equation, the global regularity vs
finite time blow-up question is still open for all o > 0.
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Mathematically, a-SQG equations take form of a transport equation
0w+ (v-V)w = 0. (1.1)

The relation between the scalar w : R? x [0,7] — R and the velocity v :
R? x [0,T] — R? at each time ¢ is determined by the (modified) Biot-Savart
law

v(z,t) = VH(=A) 1w = K, xw(z, t) = ca/ Mw(y t)dy
/ | e Jo = gr 2
(1.2)
where - = (—x3,2;) for any x € R2. In this paper, for simplicity, we

adjust the Biot-Savart law to have c, = 1; this is equivalent to simple time
rescaling. The key parameter o > 0 in (1.2) dictates the regularity of the
velocity field compared to the scalar w. In our setting, a = 0 corresponds to
the 2D Euler equation while o = % to the SQG case.

1.2. The a-SQG patch problem. Another interesting set of solutions for
the a-SQG equation are patches. These are weak solutions where the scalar
w takes form of a characteristic function of evolving domain. The question
of wellposedness in the patch setting refers to conservation of regularity of
patch boundaries and absence of patch collisions. More precisely, the single
patch problem is well-posed if the initial smoothness of the patch bound-
ary is preserved in time and no self-intersection of the patch appear. In
the 2D Euler case, the celebrated Yudovich theory [Yud63] guarantees the
existence and uniqueness of the vortex patch. Due to the log-Lipschitz esti-
mates on the flow map, different branches of the patch boundaries can not
intersect. However, the Yudovich theory does not provide any information
on the smoothness of the patch boundary, and it was a question of debate
whether the smoothness of the vortex patch boundary can break down in
finite time [But89, DM90|. Later, Chemin [Che93] proved that the vortex
patches preserve their initial smoothness for all times. To date, several differ-
ent proofs of global regularity for Euler patches are available: Serfati [Ser94|
and Bertozzi and Constantin [BC93| (see also more recent [Ver21, Rad22]).

However, the wellposedness theory for a-patches is much less understood.
This is due to the lack of the uniqueness theory at the level of bounded weak
solutions and more severe loss of derivative in the Biot-Savart law. We mainly
discuss the general Cauchy problem of a-patches in this paper, but also refer
to [HMV13, dIHHH16, CCGS16, dAIHHH16, GS19, GSPSY21, HHM?21| for
interesting constructions of special classes of a-patches.

Compared to the 2D Euler case, the a-patch problem is more difficult
to set up as the velocity field is no longer log-Lipschitz. Perhaps the most
fundamental question is

What is an a-patch?

Historically, different notions of a-patches have been proposed and studied
by many people. For instance, the following is a list of possible definitions.

e (Contour dynamics |Gan08, CCCT12, CCG18, GP21, GNP21])
parametric curves 7 : T x [0, T] — R? such that

8t7(x7t> : 7L(mvt) = 'U(’y(ﬁ:,t),t) "YJ_(wi; (1'3)
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e (Geometric [KYZ17, KRYZ16, K121, JZ21|) time-dependent do-
mains ; whose boundary “moves” with velocity field v;

o (Eulerian [Rod05]) characteristic functions xgq, that solve (1.1) in
the sense of distributions.

Starting from Gancedo’s work [Gan08] on H? wellposedness, the contour
dynamics approach has seen great success over the years. This formula-
tion of the a-SQG problem allows the use of powerful tools from functional
and harmonic analysis. The principal idea builds on the observation rooted
in |Res95| that the tangential velocity does not change the shape of the
patch, and involves suitably modifying the tangential velocity so that the
contour equation can satisfy favorable energy estimates. Since |Gan08§|,
the wellposedness of contour equations has been established for the range
of 0 < a < 2 including the velocity more singular than the SQG equa-
tion [CCCT12]. Related to our study here is the recent work [GP21], where
the authors successfully proved, among other things, the wellposedness of
the a-patch problem to H? when 0 < a < 3. See also [GNP21] for H?*
when o = % the SQG case.

On the other hand, the geometric definition, introduced in [KYZ17]| by
the second author, Yao, and Zlatos, is intrinsic to the Biot-Savart law. This
point of view allows the authors to prove H® uniqueness in a large class of
patch solutions independent of contour equations. And it provides a frame-
work of the singularity formulation for the a-patch problem in a half-plane
setting with small @ < 1/24 in [KRYZ16]|, where boundaries of patches re-
main in touch with the boundary of the half-plane for all times before the
singularity occurs. The same scenario was revisited in [GP21], showing the
singularity formulation for aw < 1/6. This geometric definition was also used
very recently in [KL21, JZ21] to rule out various splash singularities un-
der smoothness assumptions, extending the work [GS14]. It remains open
whether the original a-patch problem in the whole space can develop a sin-
gularity.

Finally, the Eulerian notion for a-patches seems less studied compared to
the previous two approaches. Part of the reason is the lack of control on
the patch boundary through the weak formulation. In the 2D Euler equa-
tion case, the celebrated Yudovich theory [Yud62| provides the uniqueness
framework in the Eulerian setting, and hence all notions of a patch solution
automatically coincide. However for a > 0, the velocity is no longer log-
Lipschitz, and it is not clear a priori that the Eulerian notion of a-patches
corresponds to the Lagrangian picture. For general transport-type prob-
lems, it is known that when the velocity is not Lipschitz (or log-Lipschitz),
the usual link between the Lagrangian and Eulerian world may no longer
be valid, for instance the almost everywhere uniqueness of the trajectories
|CC21, BCDL21| does not imply the Eulerian uniqueness of weak solutions,
|CL21, CL23|. Nevertheless, in [Rod05], for the SQG case, Rodrigo showed
the wellposedness for a class of patch solutions w = X, <p(a,¢) With smooth
¢ periodic in z; by a Nash-Moser iteration procedure - this was in fact the
first result on local wellposedness for the SQG patches.

Not surprisingly, the aforementioned difficulty of the Fulerian notion goes
along with its great generality — it is not hard to show [Gan08, Proposition
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3.2] and [KYZ17, Definition 1.2] that at the level of C! regularity, the previ-
ous two notions of patch solutions are Eulerian ones. The Eulerian version is
the definition of a-patches we will use in this paper, see Definition 1.1 below.
In fact, we will show in Section 3 that the Eulerian notion is equivalent to
the geometric definition used in [KYZ17, KRYZ16] at C! regularity and thus
provide more solid foundation for future analysis of the a-patch problem.

1.3. Motivation. Part of our motivation for the analysis of the patch prob-
lem for a-SQG equation came from the beautiful numerical simulations [CFMRO5,
Manl5, SD14, SD19] that provide numerical evidence for the existence of in-
stabilities/finite time singularity formation in the SQG patch dynamics. In
earlier numerical simulations [CFMRO05, Man15| two patches appear to touch
each other and simultaneously develop corners at the point of touch. In the
Dritschel-Scott scenarios [SD14, SD19], the patch exhibit a cascade of rapid
collapse and filamentation. They also found a simultaneous blowup of the
maximum curvature and the inverse of filament width. While rigorously
justifying such numerical simulation remains out of reach, our analysis here
reveals some fine structures of the a-patch dynamics and could be of further
interest in other settings. Indeed, our key finding is the special structure of
the curvature equation, that features a leading linear dispersion term and
drives the ill-posedness results. Although we discovered this special structure
first in the case of the vortex patches [KL21], in the a-patch case this lin-
ear dispersion term leads to much stronger ill-posedness as will be described
below.

We also recall that recent interest in ill-posedness results for equations of
fluid mechanics started with the breakthrough of Bourgain and Li [BL15al,
and it has been shown that the Euler equations (in 2D and 3D) are ill-posed
for vorticity in critical Sobolev spaces and integer Hélder spaces (see also
[EM20, BL15b, EJ17, KJ22|). Very recently, results of a similar flavor have
been extended to o > 0. In [JK21, CMZ21], illposedness in the critical H? for
the SQG equation was proved, see also [JK21] for the analysis in supercritical
Sobolev spaces H® for a special class of solutions. The strategy of [CMZ21|
was extended to [CMZ22] to obtain illposednesss in C*# of a-SQG in the
more singular case % <a<l

On the other hand, for the non-patch initial data in the SQG setting, there
are results on local wellposedness for the Holder classes [CCW11, ACEK22]|.
Moreover, the Euler patches are well-known to be globally wellposed in any
Holder spaces C*# provided k € N and 0 < 3 < 1 [Ber91]; wellposedness
of vortex patches in W?P, 1 < p < oo was also proved more recently in
[KL21]. On the other hand, as mentioned above, known wellposedness results
for the a-path problem only apply in C°° (Rodrigo [Rod05]) or L? based
spaces (initiated by Gancedo’s work [Gan08]). This observation prompts the
question:

Is the a-patches problem wellposed in C*P Hélder spaces for a > 02 How
about Sobolev spaces WP with p # 27

1.4. Main results. We now introduce the definition of a patch solution
and get ready to state our main results. In this paper, a patch refers to a
bounded domain (connected open set)  C R? whose boundary is a simple
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closed curve. We also work with moving/time-dependent bounded domain
Q) which is just a map t — ; C R? on some interval t € [0, T].

Recall that a bounded domain € is said to be C! if its boundary 09 is
locally a graph of a C' function. For a Banach space X C C!, we say Q is an
X domain if the arc-length parameterization of 9€ is in the regularity class
X. In this paper, we mainly use the Sobolev spaces X = W*P? and Holder
spaces X = CFP_ and we define

19 x = IVllx(-r/2L/2) for X € {whke ckPY (14)

where 7 : [-L/2,L/2] — R? is an arc-length parametrization of the bound-
ary 00 and L is the length of 9. Note (1.4) does not depend on the
particular choice of arc-length parameterizations as they are equivalent up
to translations. Asin [KYZ17, KRYZ16|, the measured regularity is intrinsic
to the a-patch.

The definition stated below generalizes easily to the case of a solution with
multiple patches, i.e. w = >, oy OkXq,, Where 0 are coupling constants
and Qg 1 < k < N are time-dependent bounded domains with disjoint
boundaries (allowing for nested Qj,’s). We focus on the case of a single
patch in this paper.

Definition 1.1. Let Q; C R? be a time-dependent bounded domain on t €
[0,T]. We say 4 is an a-patch on [0,T] if the function w = xq, is a weak
solution to (1.1)~(1.2), i.e. for any p € C(R? x [0,T)),

T
/ o(-,0)dx = —/ / X, (Orp +v - V) dzdt, (1.5)
Qo 0 JR2

where v = K, * w is given by the Biot-Savart law (1.2).
In addition, for a regqularity class X € {WkP CFB} we say Q is a X
a-patch if supyepo |12 x < oo

We now state the main theorems of the paper.

Theorem 1.2. Let 0 < a < % The a-patch problem is strongly illposed in
C?PB for any 0 < B < 1 in the following sense.

For any 0 < a < % and 0 < B < 1, there exists a C*P bounded domain
Qo such that any a-patch Q with initial data Qo (in the sense of Definition
1.1) satisfies

sup ||Q%||c2s =00 for any 6 > 0. (1.6)
t€[0,0]
Remark 1.3.

(1) The classical Euler patch problem is globally wellposed in C*P when
0 < B < 1. Our results show such wellposedness fails as soon as
a > 0. We expect that illposedness holds for all integer k > 2, but do
not handle larger k in this paper.

(2) The omission of the endpoint cast 5 = 1 is purely due to technical
issues, and one should be able to show the C*1 or C? illposedness of
a-patch problem by following the framework developed here.

(3) The C*P a-patches are expected to be unique when 0 < o < %, as
noted in [CCG18|.
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More comments will follow shortly after we state the next main theorem
concerning the a-patches in the Sobolev case W?2P.

Theorem 1.4. Let 0 < a < % and p > ﬁ Unless p = 2, the a-patch

problem is strongly illposed in W?P in the following sense.
11

For any p # 2, if a < 5 — 2% then there exists a W2P bounded domain
Qo such that any a-patch Q. with initial data Qo (in the sense of Definition
1.1) satisfies
sup [|Q|lw2r =00 for any § > 0. (1.7)
te[0,6]
Remark 1.5.

(1) We stated both theorems in a way that does not rely on any previous
wellposedness results as the existence of a-patches for initial data in
W2P for p # 2 is not known (and, as follows from the theorem,
cannot be true).

(2) There is a drastic contrast between o« = 0 and o > 0— The Euler
vortex patch is globally wellposed in W?P for 1 < p < oo [KL22].

(3) In [GP21], Gancedo and Patel proved existence of a-patches for H?
mnitial data when 0 < a < 1. Qur results here show that for such
solutions, any higher Sobolev reqularity WP, p > 2 may be lost
instantaneously.

(4) The threshold p > ﬁ 1s related to the existence of the Lagrangian
flow of the patch boundary according to the Biot-Savart law. When
p < ﬁ, the velocity field ceases to be Lipschitz on the patch bound-
ary as we show in Lemma 3.7 below.

(5) In fact, our proof yields a slightly stronger statement: for any such
p, B and o, there exists a small € > 0 such that Q is not WP~ or
respectively C>P=¢. In short, these a-patches must exhibit a small
instantaneous loss of integrability/derivative, but we do not discuss
the optimal value of € here.

1.5. Outline of the proof. We now explain the basic outline of the proof of
main theorems. The proof is by contradiction as our main theorem includes
regimes where even local existence was not known before (for instance av > 0
small and p < 2 in W?P). Since the proof of Hélder C?# is essentially a
special case in the proof Sobolev W?2P case, we just explain how we prove
Theorem 1.4.

The most essential ingredient is the presence of a degenerate dispersion in
the velocity field on the patch boundary. In this paper, since we are focusing
on the Sobolev spaces W?P, we will consider the curvature evolution of the
patch boundary as in [KL22|. Compared to the Euler case [KL22|, our proofs
for the a-patches are significantly more involved for many reasons that we
explain below. To harvest the dispersion and obtain illposedness in this low
regularity setting, there are roughly four steps in the proof.

(1) Establish the wellposedness of the Lagrangian flow of the patch
boundary from the Eulerian dynamics of the patch;

(2) Derive the curvature evolution of the patch boundary and its leading
order dynamics of a-patches;
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(3) Prove illposedness for a model dispersive equation of the curvature
evolution. This is done by a perturbative argument based on its
distributional formulation;

(4) Show illposedness for the curvature equation of a-patches.

The first step is to go from Eulerian to Lagrangian and show the existence
and uniqueness of the flow of the a-patch boundary. Given a W?2? a-patch
on [0,7T], we establish a suitable Lagrangian flow of its boundary. This step
is necessary for tracking any fine regularity of the patch boundary. Due
to the very weak definition we adopt here, we first show that the patch
boundary 0€; flows with the velocity that the patch €; generates in the
sense of Definition 3.1. This is a local statement on the patch boundary
(in contrast to [KYZ17, Definition 1.2]) and allows us to take advantage of
the transport nature of the equation. This works as long as the regularity
is C' and the velocity field is continuous. As a byproduct, we obtain the
equivalence of our Eulerian definition and the geometric definition [KYZ17,
Definition 1.2] of a-patches.

Once we showed that the patch boundary 0€2; flows with the velocity of
the patch €, we can use this local statement to recover the wellposedness of
the particle trajectories when € is W?2P® for p > ﬁ Here the proof relies
on intringic estimates of the velocity field. More precisely, even though the
velocity field is not Lipschitz on R?, we show that it is C™? for some ¢ > 0
along the patch boundary. This higher Holder regularity of the velocity on
the boundary in turn allows us to uniquely define a C'° flow map of the
patch boundary.

The flow that we obtained inevitably loses derivatives when compared
with the given regularity W2P. This creates an issue for showing illposedness
since a parameterization loses regularity and does not imply the same loss for
the intrinsic regularity of the patch boundary. We get around this issue by
considering its arc-length renormalization. More precisely, since the flow is
C19, we can consider its reparameterization in the arc-length variable which
must be W?2P or C%# by assumptions. This reparametrization allows us to
track the curvature of the patch boundary in the Lagrangian variable, even
though the Lagrangian flow is only C. In other words, the irregularity
must only appear in the arc-length evolution by our standing assumptions.

The next step is then to analyze in detail the curvature flow of the a-
patches. A formal computation following [KL22] shows the leading order
dynamics of the curvature equation given by

Otk = coLo(R) + error terms (1.8)

where L, is a Fourier multiplier with symbol £|¢[?*~! and % is a variant of

the curvature k that satisfies & — s as t — 0 in a suitable sense.
It is well-known [Hir59, Wai65| that the linear equation Ok = Lyk is
1

illposed in non-L? spaces when 0 < a < 5. However, to extend such ill-

posedness result to (1.8) we face two substantial difficulties:

(1) First, the formal derivation of (1.8) does not make sense at such a
low regularity W?2P; the error terms are not well-defined functions.
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(2) Second, even the main term in (1.8) is a nonlinear perturbation of
the linear equation 0;k = L,k. Computing the new evolution group
seems to be out of reach.

To resolve these issues, we first derive a suitable distributional variant of
(1.8) that remains meaningful in the W2? setting whenever 0 < a < 1 and
p > 1712 — and then use a perturbative argument at the level of distributional
solutions to show illposedness.

More precisely, by using the Lagrange flow established before, we can de-
rive a suitable weak formulation of (1.8) that makes sense when the velocity
field is at least Lipschitz on the patch boundary, precisely when p > ﬁ

In this process, a new error term of the order |k — K| appears. To show
the illposedness, we have to carefully design the initial data together with
a sequence of test functions and time scales to show the instant blowup in
the high frequencies of k. Both the initial data and the test functions are
related to Wainger’s example [Wai65] for e**«. The method we developed is
reminiscent of the usual Duhamel’s principle in the distributional setting. In
fact, we can prove that under quite general conditions on k, the new error
term is under control and we are able to transfer all the existing illposedness
results for the group e*= to the curvature equation (1.8).

To finish the proof, we need to find initial data whose boundary has cur-
vature matching the initial data in the illposedness part. In general, a L
or O function x is not necessarily the curvature of a simple closed curve
even if [k = 27 as the endpoints of the arc could mismatch. We rectify this
situation by another perturbation argument exploiting the symmetry in the
special initial data.

Finally, to prove the illposedness in the Holder C?# setting, we need
to strengthen a few estimates as more regularity is required. Most of the
argument is based on the framework developed in the Sobolev setting, and
we refer to Section 8 for more details.

1.6. Final remarks. We close the introduction with a few concluding re-
marks.

The a-patch problem can also be thought of as an interface dynamics.
In other interface problems such as water waves, a linearization leads to an
explicit linear operator whose linear equation has a dispersion relation that
generally does not allow for non-L? wellposedness, see for instance [Wul6,
Section 3]. In [CGSI1Y9|, Cérdoba, Gomez-Serrano, and Ionescu used this
ansatz for a-SQG patches with a > % to obtain global patch solutions
that are small perturbations of the half-plane stationary solution. In their
analysis, the linearization leads to the equation 0; — L, using sophisticated
para-differential calculus, which however requires significantly more regular-
ity than our W2? and C?# setting.

One can notice that the W?2P illposedness result here does not cover the
entire range 0 < o < 3 of the H? wellposedness by Gancedo-Patel [GP21].
For those H? a-patches, the Lagrangian flow of the patch boundary seems
to be ill-defined and hence the techniques developed in this paper are not
sufficient to analyze their fine dynamics.



ILLPOSEDNES OF «a-PATCHES 9

Surprisingly, the dispersion in the curvature dynamics, which is the driving
mechanism of the Sobolev and Hélder illposedness, is absent when «« = 0 or
o= % Specifically, when oo = %, the dispersive relation leads to the evolution
of a traveling wave on the physical side, and hence one could conjecture that
the original SQG patch problem may be well-posed in non-L? spaces. The
possible illposedness of a-patches in the SQG case is particularly challenging
as the velocity may no longer be continuous. Nevertheless, the framework
we develop in this paper might be useful in other evolutionary free-boundary
problems in a low-regularity setting.

1.7. Plan of the paper. The rest of the paper is organized as follows.

e We collect necessary notations, conventions, and basic technical tools
used in the paper in Section 2.

e In Section 3, we prove that each a-patch (according to Definition
1.1) induces a unique Lagrangian flow of the patch boundary with
certain regularity.

e In Section 4, we derive and analyze the curvature equation of the
a-patch problem in the Lagrangian variable that we obtained from
Section 3.

e Section 5 and Section 6 are devoted to the illposedness of a class
of dispersive equations, inspired by the curvature dynamics of the
a-patch. We prove dispersive estimates and revisit Wainger’s sharp
counterexample for e*“= in Section 5, then show related illposedness
in Section 6.

e Finally, in Section 7 and Section 8 we complete the proof of the main
theorems by showing that the illposedness results in Section 6 carry
over to the curvature equation of the a-patch problem.

Acknowledgments. AK acknowledges partial support of the NSF-DMS
grants 2006372 and 2306726. XL has been partially supported by the NSF-
DMS grant 1926686 while visiting IAS where a part of this work was done.

2. PRELIMINARIES

2.1. Notation. Given z € R2, 21 denotes the counter-clockwise rotation
by I of z, i.e. ot = (—xa,21).
For any set £ C R? and = € R?, the distance of x from E is denoted

dist(z, E) := ;gﬁ;{]m —yl}.

In this paper, the set E will always be compact, so the infimum is always
attained for some y € E (might not be unique).

Functions on the torus T = R/27Z are identified with 27-periodic func-
tions on R. Similarly, if f is L-periodic for some L > 0, we consider it a
function on the rescaled torus T = R/LZ.

For any 1 < p < oo we write \f\Lp(X) to denote various Lebesgue norms
on domains such as X = T,R or a bounded domain 2. When there is no
confusion, we simply write | f|zs.
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Given any L-periodic function f : R — R™, we denote by Mf : R — R
the (L-periodic) maximal function of f,

1 T+e€
Mf(z) = sup [f(y)| dy. (2.1)
0<e<2L 4€ Jp—¢
The restriction € < 2L is non-essential and the boundedness of M for pe-
riodic function on LP for 1 < p < oo follows from the standard R¢ results
[Ste70].

Throughout the paper, X <Y means X < CY for some constant C' > 0
that may change from line to line. Similarly, X 2 Y means X > CY and
X ~Y means X SY,and X 2 Y at the same time.

We also use the following big-O and small-o notations: X = O(Y') for a
quantity X such that |X| < CY for some absolute constant C' > 0 while
X = o(Y) means the ratio | X||Y|™! - 0asY = 0or Y — oo.

2.2. Classical Hélder spaces and Sobolev spaces. For any integer k €
NU {0} and 0 < B < 1, the classical Holder spaces C*#(T) consist of C*
continuous functions f : T — R such that the following norm is finite

1¥)(z) - 19 ()
B8 = + su
| flors = [flow) I#I; |z —y|B

For any integer k& € NU {0} and p € [1,00], the Sobolev space W*P(T)
consists of functions whose weak derivatives of order up to k belongs LP(T).
The Sobolev norm is defined by

[flwew == D IV flro(m). (2.3)

0<i<k

< 00. (2.2)

Throughout the paper, we will also consider these spaces over various
intervals, such as [-L/2, L/2] for the arc-length parameterizations, and we
keep the same notations | - |ok,s and |- |jykp for their norms without spelling
out the specific spatial domain.

2.3. Planar curves and domains. A (closed) curve is the image of a con-
tinuous map v : T — R2. We require v to be of class C!, so the curve is
locally the graph of a C! function. In this paper, all curves considered are
simple and closed.

A parametrization of a curve is a C! periodic map 7 : R — R? such that
|7| > 0. If |[y/| = 1, we say it is an arc-length parametrization. We always
assume the parameterization is counterclockwise oriented. In this paper,
most of the non-arc-length parameterizations will be 2m-periodic, i.e. on the
standard torus T.

For a Banach space X C C', we say a curve is of class X if its arc-length
parameterizations are of class X. Given a parametrization v, we write T as
the unit tangent vector and N = —T the outer unit normal vector of 7.
In this paper, we mainly use the Sobolev and Holder spaces, X = WkP or
CFP | to measure the regularity of curves. If v is W2P, then its curvature s
defined by

{aST — kN 24)

O N =kT
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is a LP function on ~. Note that counterclockwise orientation of 7 is assumed
in (2.4).

Throughout the paper, we consider curves and domains that are time-
dependent. We use the notion of a moving domain which is just a map
t > ; C R? on some interval [0, 7] that assigns a bounded domain to every
time t € [0,7]. In this case, 0 refers to the boundary curve of Q; at each
time t.

2.4. Rough parametrizations of regular domains. In what follows, we
often consider parameterizations that are less regular than the domain itself.
In this case, the metric induced by the parameterization is less regular. We
explain here how the geometric quantities, particularly the curvature, are still
well-defined even when the parameterization is only C' for some o > 0.

Lemma 2.1. Let Q be a W?P bounded domain and let v € C17(T) be a
parametrization of 0€).

Define tangent T(x), normal N(x), curvature k(z) in the parameteriza-
tion ~y by the corresponding objects at point ~y(x) for any x € T. Then the
geometric quantities in the parameterization vy satisfy the regularity

o T,N € WP(T).
o k€ LP(T).

Proof. Let g(x) = |0,7v(x)| be the arc-length metric of 7, and consider the
change of variable

Since z + y(x) is a C1 parametrization, z + £(x) is C17 bijection. Now
we define a parameterization of 9§ by s +— 7(s) by setting 7(s) = v(£~1(s)).
It follows that 7 is an arc-length parametrization of €. Since 0% is a WP
domain, we have that 7 is of class W?P(on some scaled torus). Let us denote
T,N, and % the geometric quantities for this arc-length parametrization.
Obviously by assumption T,N € WP while & € LP.

Due to the pullback formulas T(z) = T({(z)), N(z) = N({(z)), and
k(x) = ®(¢(z)), we have that T, N and s have the same regularity as their
arc-length counterparts (with norms depending also on 7).

O

Let us remark that these quantities can also be obtained by arc-length
differentiation. Due to the C'? diffeomorphism x + £(x), for any function
on T we can define its arc-length differentiation with respect to the metric
g = |0.7| as follows.

For any f : T — R we consider f defined on 02 and 0, f its arc-length
differentiation (with respect to g = |0.7|),

- flx) — f(y)
Osf () := lim —z———2~.
S v [T g(C)dC
The next simple lemma explains various equivalent ways to compute the
arc-length derivative.

(2.5)
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Lemma 2.2. Let v € CY9(T) for some o > 0 such that g = |9,y > 0.
Define the CY7 diffeomorphism by x — ((z) = [ g(y) dy.

Then for any f € CY(T), its arc-length differentiation with respect to v
defined by (2.5) satisfies

where f(-) = f({71(")).
Proof. Note that (2.5) is just limy_,, Z&)=F()
part of the identity.

Since v € C1 we have fyx g9(¢)d¢ = g(z)(y — x) + O(|ly — z|*77). Then
(2.5) follows. O

. It suffices to prove the first

2.5. Estimates for W?2? curves. In this subsection, we collect some esti-
mates for the W?2P curves. These estimates will rely on LP-boundedness of
the maximal function.

When the parameterization is arc-length, we have improved estimates for
the remainders.

Lemma 2.3. Let Q be a W?P domain for some 1 < p <oo and 3 =1— %.
Let v be an arc-length parameterization of OS). For any s,s’ € R, we have

N(s)-T(s") = O(|s — §'|°) (2.6a)
T(s)-T(s) =1+ O(]s — s'|*) (2.6b)
(v(s) =(s") - N(s) = O(|s — s'|"*7) (2.6¢)
(T(s) = T(s") - T(s) = O(Js — s'[**) (2.6d)
s = &| s — |28 o
IO R (260
(7(5) =(s") - T(s) = (s — ') + O(|s — s'|"*7) (2.6f)
and the mazimal estimates
T(s') - N(s) = O(M&k(s)]s — §|) (2.7a)
T(s') - T(s) = 1 + O(M&(s)|s — §'|'TP) (2.7b)
(7(s) = (5")) - N(s) = O(Mi(s)|s — s') (2.7¢)
T(s)- [T(s) — T(s")] = OMkr(s)|s — &' 148 (2.7d)
[(v(5) = ()] - [T(s) = T(s")] = O(M&(s)]s — &'[**7). (2.7¢)

We also need a variant when the parameterization is not arc-length. As
before, parameterizations are considered periodic functions on R.

Lemma 2.4. Let Q be a W?P domain for some 1 < p < co. Let v be a
CYo(T) parameterization of O for some 0 < o < 1 — %, For any z,y € R,
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we have
T(x) T(y) = 1+ O(jx — y[** 7)) (2.82)
(v(x) = v(y)) - T(x) = g(x)(x —y) + O(|lz — y['*7) (2.8b)
7‘:6 —ul = [g(x)] 7t x—yl° c

where g(x) = |0,y(x)| > 0 is the arc-length metric of .

2.6. The Biot-Savart law for a-patches. Let Q be C! domain and « be
a C(T) parameterization of 9€2. The velocity field v on dQ given by the
Biot-Savart (1.2) satisfies

1/ T(y)
v(ir)=—— [ ————————¢(y)dy, 2.9
= "2 J h@) @Y 29
where g = |0, is the arc-length of .

It is clear that when 0 < a < %, above (2.9) defines a continuous function
on 9. If the parameterization is arc-length, we instead use the labels s, s’
and

/

o(s) = —1/ T g (2.10)
2a J, [v(s) = (s[>

In this paper, the velocity v is always considered a function on the patch

boundary 02 and hence we may consider its arc-length differentiation on 952

defined by (2.5). In Section 3.2 we will show that dsv exists and is Hélder

continuous when € is W?2P for some p > 1_12a.

3. FrROM EULERIAN TO LAGRANGIAN

In this section, we will show that every a-patch in the sense of Definition
1.1 will generate a unique Lagrangian flow of its boundary parametrization.
The main result of this section is Theorem 3.11.

3.1. Domains flowing with velocity. We first introduce a definition to
capture the local evolution of the boundary of a moving domain that is trans-
ported by a continuous vector field. Recall that 92, denotes the boundary
of a moving domain ; at time ¢ € [0, 7]

Definition 3.1. Let Q; be a moving bounded domain on t € [0,T] and
v:R? x [0,T] — R? be a continuous vector field. We say Qi flows with the
velocity v if

lim dist(x + hv(x,t), 0Qyp)
h—0 h

for all t € [0,T] and © € 0 (with obvious one-sided modifications for
t=0,T).

=0 (3.1)

Remark 3.2.

o We assume that §; remains a bounded domain — this is necessary as
non-Lipschitz velocily fields can change the topological properties of
Qy, such as connectedness [ACM19].
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e The definition (3.1) can also be compared with the “compatibility”
condition in [ACM19, Section 4.4] in terms of the normal component
of the velocity. One might need a similar idea for the SQG case
o= % when the velocity 1s not bounded anymore.

The next result shows that the patch flows with the velocity that it gen-
erates. We prove the lemma in a more general setting as it might be of
independent interest in other free-boundary problems.

Lemma 3.3. Let v : R? x [0,7] — R? be a divergence-free vector field and
O be an evolving C' bounded domain.
If 2+ v(x,t) is continuous on R? uniformly on R? x [0,T], then 6 = xq,
is a weak solution (as in (1.5)) of the transport equation
b +v-VO=0 (3.2)
if and only if Q flows with v on [0,T].
Proof.
The “if” part:
Suppose €2; flows with v, we first prove that
q
dt Jq,
The standard density and approximation arguments would give then the
desired weak formulation

/ () d — / o (,0) da
QT Q0
T
—/ / X, (Orp +v - V) dxdt
0 R2

Now we focus on (3.3).
Since 9 is C1, by the divergence theorem, for each t € [0,7] we have

/ v-Vo(zr)de = / v-N(z,t)p(x)dr (3.5)
Q

o

where N(x,t) denotes the outer normal vector of 9.
From (3.3) and (3.5), it suffices to show

/Qt+h o(z)dr — /Qt o(z)dr = h/am v-N(x,t)p(x)dxr + o(h). (3.6)

o(z)de = /Q v-Vo(z)dz for all p € C®(R?). (3.3)

for all p € C®°(R* x R).  (3.4)

If 0Q; admits a C' Lagrangian contour v : T x [0,7] — R? according to
v, namely 0;y = v(y) with v € C;C! being a parameterization of 9,
then (3.6) would follow immediately. Due to the possible lack of such a C*
parameterization, we use an approximation argument as in [KYZ17].

Let n be sufficiently large and partition 02 into arcs of length L/n where
L is the total length of 0€2;. Denote by z; € 0, 1 < i < n, the partition
points on 0€);.

We first take n large so that the polygon with vertices x; approximates
Oy with error h? and also |z; — zi41| = £ 4+ o(n™!) by the C' regularity
of 9Q;. Due to continuity of v and the flow condition (3.1), for any small
h > 0 we can take sufficiently large n so that the polygon with vertices z; +
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hv(z;,t) approximates 9€) with error o(h). So the left-hand side of (3.6)
can be approximated by summing the contribution from small polygons with
vertices x;, T;41, x; +hv(z;,t), and x;11+hv(x,41,t) with error o(h). Notice
by taking n large, the contribution for each small polygon is %hv(wi,t) :
N(z;,t) + ho(n™1). Therefore, in the limit n — oo, the relationship (3.6)
follows.
The “only if” part:

Now given a weak solution 6 = xq, to (3.2), we prove (3.1) by contradic-
tion: suppose there exist eg > 0, tg € [0,7], 2o € 9 C R?, and a sequence
h,, — 0 such that

diSt(ZL‘o + hnv(lbo, to), 8Qto+hn) > EQ}hn‘. (37)

We assume h,, > 0 and is decreasing by possibly passing to a subsequence
and also assume ty € (0,7") without loss of generality.

We construct a sequence of test functions ¢, € C*®(R? x [0,7T]), n € N,
that are compactly supported in space as follows. In short, we have

on(z,t) = My (x —(t— tO)UO)- (3.8)

where 7, € C°(R?) are cutoff functions that are smooth approximations (at
scale ~ hy,) to the characteristic function xp, of the open balls B, centered
at xp with radius r, = %eohn such that

3
=1 if |z — x| < 1 (3.9a)
supp nn, C By, (3.9b)
V| < Chy,t (3.9¢)

Note that by construction
IVeon|peorr < Chy ™' Bul (3.10)

for some C' > 0 independent of n where |B,,| denotes the measure of the ball
B,.

We now consider the weak formulation of (3.2) with test functions ¢,,.
For all n € N, we must have

1 to+hn

— / 0(Orpn + v - Vo) dadt
i J1g R (3.11)

1
=7 [0(x,to + hn)en(x, to + hy) — 0(x, to)pn(x, to)] dz.
n JR2
We will use (3.11) to derive a contradiction. Let us first consider the left-
hand side of (3.11). Since each ¢, is transported by the constant vector vy,
splitting the velocity v = vy + v — vg, we have

1 to+hn
— / 0(Orpn +v - V) dedt = —
h R2 hn

to

t0+hn
/ 0(v —vg) - Vo, dxdt.
R2

(3.12)

to
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FIiGURE 1. Two possible scenarios for x+h,,vg when vy points
outward from €);.

and hence by Holder and (3.10) it follows that

t0+hn 1
/ /RQ(U —0) - Von dzdt| S [v — volpeo (B, x[to,to+ha]) in | Bnl
to

(3.13)
Next, we consider the right-hand side of (3.11). By the assumption (3.7)
and the definition of the ball B,,, at time t = ty + h,,, we have (see Figure 1)

1
hn

either Supp ()On(v to + hn) C Qt0+hn (3 14)
or supp ©n (-, to + hn) C Qg()"l‘hn'
Furthermore, by (3.9a) and (3.9b), we have
either [0y, (-, to+ hp)dz =0 (3.15)
or 1%|Bn| < f@gpn(-,to + hy) dx < |By|. ’

On the other hand, by the C* regularity of 92, the intersection supp ¢, N
is approaching a half-disk. Considering the set {x € R : ¢, (-,t) = 1} and
its transition region 0 < @, (-,t) < 1, similar to the second case of (3.15) we
also have

8 17
3—2|Bn| < /H@H(x,to) dx < §|Bn| for all sufficiently large n.  (3.16)

From (3.15) and (3.16), it follows that for n sufficiently large,

1
’/ngn(a:,to o) — B, to) da| > B, (3.17)
Combining (3.12), (3.13), and (3.17), we have for all sufficiently large n
|BN‘ < C|v - UO|LOO(Bn><[t07tO+hnD‘Bn|’ (3'18)

This is a contradiction if n is chosen large enough due to the uniform spatial
continuity of v.
O

Remark 3.4. The C! assumption on the domain Q; can be relazed to Lip-
schitz, which appears to be necessary. For example, if we consider a closing
cusp on the boundary 08 as in Figure 2, informal calculations suggest that
the point on the tip of the cusp does not need to flow with the velocity field.

If € is a W?2P a-patch, to show € flows with the velocity that it generates,
by Lemma 3.3 we just need to show the velocity v computed according to
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FIGURE 2. A moving domain with an inward cusp.

(1.2) is uniformly continuous on R2. This is well-known and we refer to
|KYZ17] for its proof.

Lemma 3.5 ([KYZ17, Lemma 3.1]). Let 0 < o < . Ifw € L' N L>(R?),
then v = K, xw(x,t) according to (1.2) satisfies

"Uyco,l—Qa(RQ) S ‘W|L10Loo. (319)
3.2. Intrinsic regularity of the velocity. The next result concerns the

intrinsic C'1¢ Holder estimate of the Biot-Savart law.

Lemma 3.6. Let 0 < a < % and p > ﬁ Suppose Q is a WP domain

and v 1is the velocity field of Q according to (1.2).
For any arc-length parameterization of 0X), the velocity field satisfies

= ) =) T(s)
dov(s) = PV. L () e (3.20)

and we have
059 co.r < Cla,p, Q) (3.21)

withazl—%—2a>0.

Proof. Let us consider an arc-length parameterization v : R — 9Q C R?,
where v is L-periodic with L the length of 09Q. To show (3.20), we can start
with (2.10) and use a distributional argument as in [KL22, Proposition 2.4].
We omit further details.

We now prove (3.21). By a translation in (3.20), we have

(8) =" +5) - T(s)
(5]~ 2 T o)
<|s"|< - 1t isnot hard to show |0sv| < C(a,p, ),
SI81S5

so we focus on the Hélder continuity below.
For any 6 > 0, we denote by Asf(s) = f(s+39)— f(s) (not to be confused
with the Littlewood-Paley projections) and consider the split

As[0sv] = 0sv(s +9) — Osv(s) =11 + I

)

Osv(s) = P.V. / T(s' + s)(
g

where P.V. denotes lime_o4 J,

where

: +0)—y(s+d+5)) - T(s+9)
_[ _ 1 T 5 / (7(8 dl
e </6<|s/|<25 S o ey B P B | T

- s +s (v(s) =(s" + ) - T(s) s’
/e<|s/|<25T( ) Iy(s) — (s + s)[2+2e d )
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and

- 4506 =1 +9) )]
12—/|S,|225A5 {T( + ) 7(s) — 7(s + 5)[2+2a ds'.

1
We will show the estimates ||, [I2] < 67 = st

Estimate of I;:
By the estimates (2.6e) and (2.6f) in Section 2.5, for any s,s € R

T(s') = T(s) + O(|s — &' 7)

(7(s) = 7(s) - T(s) = (s — ') + O(|s — /"7 7) (3.22)
|S o Sl‘2+2a

v (s) = (s) ]2

—1+0(s — §217%)).

Here we note the constants in the big-O terms are independent of s, s’.
Using (3.22), we have
o

. S —2a—1 /
I = lim T(s+5)ds'+/ O(¢'] r)ds
e—0+ e<|s’|<26 ’3/‘2+2a e<|s’|<26

—s —2q—1
— T(s)ds’—{—/ O(|s'| " »)ds
/e<|s’§25 |s/|2+2e e<|s'|<26 ’

The first terms on the right-hand side of the above two lines vanish by the
oddness, and we have

1
) < / |¢/|72275 ds.
|s'|<26

1

Since p > ﬁ, the exponent —2a — 5> —1, and integrating we obtain

I = 08" 52,

Estimate of Is:
In this regime, we first consider the finite difference of the integrand

— (5" +5)) - T(s)
As | T(s' + 5 ) =0 . 3.23
i R O RFTFER 529
To reduce notations, for each fixed |s’| > e, let us denote by Ky(s), the
function

(v(s) = (5" + ) - T(s)
(s) =(s" + s) P2

s Kg(s) :=T(s + s)
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From the regularity T,IN € WP, it follows that K, is weakly differentiable
with LP derivative:

(v(s) =(s"+5)) - T(s)

() = (8" + s)[*2
(T(s) — T(s'+5)) - T(s)

) =+ 9P
— Rls)T( + 5L =0 4 ) B (321

) =2+ )P

(v(s) =7(s"+5)) - T(s)

1) = A + )2

x (7(s) = (s' +5)) - (T(s) — T(s' + 5))

Using standard arguments and W?2P estimates of 7 in Section 2.5, it is
straightforward to show that K, satisfies the point-wise estimate

05Ky (s) = — k(s + s)N(s' + s)

+ T(s' + s)

— (24 2a)T(s" + s)

0 ()] S (" + 5)||3/ 7172+ M(s' + )| 70>+ (o)l 70>,
(3.25)
where as before Mk is the periodic maximal function of k. So by the fun-
damental theorem of calculus for W1# functions and the bound (3.25), we
have

s5+46
Ky (s+0) — K(s)| < / 05Ky (7)| d7 (3.26)

< ’8/|—1—2a51—%
where in the last inequality we have used Mk, k € LP and p > 1.
Now we apply the estimate (3.26) for Ky (s) to I2, obtaining

_1 _1_
’I2| S/ Ag [Ks,(s)] dS/ S/ |S/’—1—2a51 > S(Sl " 201'
where in the last step we have assumed 6 < %_

g

3.3. Counterexamples with non-Lipschitz velocity. We present a sim-
ple example of non-Lipschitz velocity for domains below the regularity thresh-

old W22,

Lemma 3.7. Let 0 < a < % Forany 1 < p < ﬁ, there exist a W2P

bounded domain Q such that the velocity v given by (1.2) is not Lipschitz on
1.

Proof. Let € > 0 be sufficiently small such that
1
€ < min{2q, — — (1 — 2 }. (3.27)
p

From (3.27), we have that the function |s|~(1=20)=¢ ¢ LP([-1,1]). It follows
that there are W2P bounded domains {2 whose curvature in the arc-length
parameterization satisfies

(s) = —|s| 0720

near s = 0, and is otherwise smooth.
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Fix such a W2P domain € and let 6 > 0 be such that
1
N(s')-N(s) € [5, 1] for any s,s" € [—4,4]. (3.28)

. 1 T(s') /- -
We need to show the velocity v(s) = —5; == ds’ is not a Lip
schitz function.

Since v is smooth away from s = 0 by the construction of €, we will show

Osv - N(s) = o0 as s — 0. Similarly to Lemma 3.6, we introduce the split

(4(5) — 4(s' + ) - T(s)
19sv(s) |_‘/0<|s’<6 S N T T e

(v(s) —~(s' +5)) - T(s) .,
/5<| 1k T(s' +s) - N(s) 2 (5) = (7 T 5) e ds

(v(s) —y(s' +5)) - T(s) ,,
‘/0<|5<5 s'+s) - N(s) 4(s) — (s’ + s)[2 720 ds

where Ms < oo is independent of the label s. Now it suffices to show

N 00 = ) TG
/058,S6T(8 +5) - N(s) 7 (8) (& T )P ds (3.29)

goes to oo as s — 0.
Since k(s) < 0, by (3.28) and the fundamental theorem of calculus, we
have that T(s'+s)-N(s) always has the sign opposite to s’. The same holds

for (y(s) = v(s' +s)) - T(s).
It follows that the integrand in (3.29) is always non-negative:

T(s' + ) - N(s)(7(s) —v(s'+5)) - T(s) >0 for any s’ € [—4,].

By this non-negativity, we can reduce the domain of the integral to [0, s]:

() NGz [ 16 40 N (77(25—7&;? e

— M

ds' — M,
(3.30)

where M is a constant that does not depend on s (and may only depend on
J, €, a and choice of Q).
For s’ € [0, s], we compute that

1 [
T(s' +s)-N(s) > —2/ k(s +T1)dr > —C(|s + '[**¢ — |s]**™¢) (3.31)
0
if 0 is sufficiently small. By the mean value theorem and s’ € [0, s] we have
T(s' +5) - N(s) > —C(|s + s'[** ¢ — [s|**7¢) > ~Cs™ 11227, (3.32)
Similar computation also shows
(v(s) = ~(s' +5)) - T(s) > —C5s'. (3.33)
Putting together (3.30), (3.32), and (3.33) we have
|0sv(s) - N(s)| > C’SHQO‘G/ |82 ds’ — M
0<s'<s

>Cs ¢ —M —o00 ass—0.
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3.4. A Lipschitz estimate of the normal velocity. We present a lemma
regarding the normal velocity, similar to the ones in [KL21] and [GS14];
hence we only present a sketch of the argument. Note that here the bounded

domain €2 does not need to be a patch solution and p can be equal to 171204.

Lemma 3.8. Let 0 < a < % and p > ﬁ For any W2P bounded domain
Q, there exist constants € > 0 and C(€) > 0 such that the following holds.

Let v : R? — R? be the velocity field generated by Q0 according to (1.2).
Then for any x € R? with dist(x, 9Q) < ¢, there is a unique y = y(z) € 00
such that dist(x,0Q) = |z — y| and there holds

[(v(@) —v(y)) - n(y)| < Cle)|lz —yl, (3.34)
where n(y) denote the unit normal vector of 0 at y.

Proof. Given a W?2® bounded domain 2, we first take 0 < € < 1 sufficiently
small such that

(1) if dist(z, 092) < € there is only one unique y € 9 with dist(z, 9Q) =
ly — 2], and
(2) e < L/100 where L is the length of 09, and

(3) the tangent vector on 0f2 only changes by at most 1/100 if arc-length
changes by e.

Denote d = | — y| < € the distance from =z to 9§2. Without loss of
generality we assume y = (0,0), x = (0,d) and n(y) = (0, 1).

We first arc-length parameterize 92 by ~ : [—%, é] — R so that v(0) =
y = (0,0) and N(0) = n(y) = (0,1). Using the Biot-Savart law (2.10), we

have

(o) =) ) = [ T6) - NO) [ -

Following [KL21], we introduce a split in the domain of integration: |s| < d,
dg]s\ge,ande§|s|§é.

In the region |s| < d, the tangent of the boundary barely changes its value
and we have the bounds

1
These together with the estimate |T(s) - N(0)| < |s|' 7 from the W2P reg-
ularity of € allows to estimate the integrand by its absolute value,

1 1 1-1 24 / 0
T(s)-N(0 — ds < C’/ slmp < sl” < d.
/|s|<d () N( )[’33—7(5)’20‘ |’Y(5)\2°‘} sgd‘ | sgd‘ |

Next, in the region d < |s| < ¢, we use the mean value theorem to obtain

1 1

‘ _ 29 d2
[z =~ ()PP r(s)Pe

< Cud <C
T =)t T ()Pt
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where z = (0, 22) is a point between x = (0, d) and the origin. Since |s| <,
we have |z — y(s)| 7! < |y1(s)| 7 < |y(s)|~! in this regime. Hence

1 1 _1_q_
T(s) - N(0 - dsgch/ syl
/d<|8<6 ( ) ( )[‘CC - 7<3>‘2a "Y(S)|2ai| d<|s|<e

< (ad.

Finally, the last integral

1 1
/egw () NO e ~ )

can be estimated easily since the kernel is away from the singularity.
OJ

3.5. Existence and uniqueness of the trajectories. We now use the
estimates in Lemma 3.6 and Lemma 3.8 to show the existence and uniqueness
of trajectories for the patch boundary.

Lemma 3.9. Let 0 < a < % and Q; be a WP a-patch solution for some
p > 125 with the initial data Q. Let v : R? x [0,T] be the velocity of .
Then for every Xo € 0Qq C R2, the Cauchy problem for X; : [0,T] — R?

Xtlt=0 = Xo

has a unique solution X; € C, and in addition X; € 0Q; for all t € [0,T).

Proof. We first prove the existence of trajectories and then that the solutions
remain on the patch boundary and finally their uniqueness.

Step 1: Existence of C' trajectories.

Observe that the vector field v is uniformly continuous and bounded on
R? x [0,T]. We can apply the Peano existence theorem and this gives a
solution X : [0,7] — R? to the ODE (3.35) on t € [0, T).

Step 2: No exit from 0.

We now prove that when € is a WP patch solution with p > ﬁ, all C'*
solutions Xy on [0, 7] with Xy € 0Qq satisfy X; € 9Q; for all time ¢t € [0, T].

This is the only place in the proof that we need €2; to be a patch solution.

Xt + ho(Xy, t)

Xt /
i Xevn

Ficurge 3. Relative positions for Xy, Y; and their approxi-
mate evolution Xy + hv(Xy,t),Y: + hv(Yy, t).
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Consider the distance m(t) := dist(X;, 9€;). We first claim that m(¢) is
Lipschitz on [0, T]. Indeed, for any ¢,t+ h € [0, T, without loss of generality
assume m(t + h) > m(t) and h > 0. Let Y; € 0 be such that |X; — Y| =
diSt(Xt, 8Qt), then

m(t + h) — m(t) = dist(Xpsn, 9%sn) — | X, — Yil. (3.36)

Since {2 is an a-patch, by Lemma 3.3, it flows with v. Therefore, by Y; € 0,
we have

dist(Y; + hv(Ys, t), Q) = o(h). (3.37)
It follows from (3.37) that
dist(Xean, Osn) < ‘XH;L — (Y; + ho(Ys, t))‘ +o(h), (3.38)
and hence by (3.36) and the triangle inequality
m(t + h) — m(t) < ‘Xt-i-h — (Vi + ho(Yi, 1)) — (X, — Yt)‘ +o(h)
< | Xepn — Xi| + [ (Ye, )] + o(h) < Ch,
where the constant C' depends on the patch Q and a. So m is a.e. differen-
tiable on [0,7] by the Rademacher theorem.

Finally, we claim that 22 < C'm(t) on [0, T"] provided 7" > 0 is sufficiently
small. It would follow that m(¢) = 0 for all ¢ € [0, T] by repeated applications
of Gronwall’s inequality. So any C' solution X; of (3.35) with X, € 99
remains on 9 for all time ¢ € [0, 7.

Now it remains to prove the claim ”2—’;‘ < Cm(t) to close the argument.
Without loss of generality, we assume 7" > 0 is sufficiently small so that

m(t) < e with € > 0 from Lemma 3.8. Again, it suffices to show that for any
fixed ¢t € [0,7") and for all sufficiently small h > 0,

im(t + h)[2 — [m(t)]> < Chlm(t)[% + o(h). (3.40)

To show (3.40), we just need to strengthen the previous augment for the
Lipschitz continuity. Since X; solves (3.35) and v is continuous on R? x [0, T,
we have Xy, — Xy = hv(Xy,t) +o(h). As in Figure 3, it follows from (3.38)
that

(3.39)

m(t +h)|* < | Xy = Ve + h(v(Xe, t) = v(Ye, 1) + o(h).
So the difference of the squares gives
m(t + h)|> — [m(t)?
m(t + W = () 2 a1
= 20(X; — Vi) - (v(Xe, 1) — 0(Ye, 1)) + O(h) + ofh)

where - denotes the standard inner product on R2.

Now supjg 1 m(t) < CT' can be as small as we want by taking 7" > 0
small. Also since Y; is the closest point to Xy, we have X; — Y} is parallel
with the normal at Y;. Thus we can apply Lemma 3.8 to the first term on
the right-hand side of (3.41) and obtain that

m(t + ) = [m(t)]* < Clm(t)|* + o(h)

for all sufficiently small A > 0.
Step 3: Uniqueness
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Suppose X; and Y; are two solutions of (3.35) with Xy = Yy. We aim to
prove Xy = Y;.
First of all, X;,Y; € 09 for t € [0,T] from Step 2. Consider the quantity
| X; — Y;|? which is Lipschitz and satisfies
d| X; — Yi|?
dt
The fundamental theorem of calculus applied to v restricted to 9€ yields

(X0 t) — v(Ye,D)| </ 100 ds

VX¢,Yy

< 20X, — Yillo(X,t) — v(Yi, ). (3.42)

where 7x,y, is the distance arc from X; to ¥; on 9€). Since the moving
domain € is uniformly of class W?2P, there exists a constant 0 < C' < 00
independent of time such that

vx,.v:| < C| Xy =Yy for any Xy, Y; € 0.

By Lemma 3.6, Osv is uniformly bounded on Uy¢(o 71082 % {t}, and therefore
we have for all ¢t € [0,7] and all Xy,Y; € 0,

0(Xe,t) — 0(¥i )] < Clrxomi] S X — Vil (3.43)
It follows from (3.42) and (3.43) that

d| X, — Vi ?

XN < ox -

and the Gronwall inequality implies | X; — Y;| = 0 on [0, T1.
O

3.6. The flow of a-patches. We have thus far established the wellposed-
ness of trajectories on the patch boundary for a given WP a-patch. We now
“bundle together” the trajectories into a flow map. To reduce the notation,
let us introduce the flow of a patch solution.

Definition 3.10. Let 0 < o < 3 and Q; be a a-patch on [0,T]. We say
v : T x [0,T] — R? is a flow of the patch ) if
e The map x — vy(x,t) is a parameterization (i.e. || > 0) of 0Q for
every t € [0,T];
e The flow equation Oyy = v(vy,t) holds on T x [0,T], where v(x,t) :
R?2 x [0, T] — R? is the velocity field generated by the patch €.

If in addition (-, t) is of class C17 for some o > 0, we say v is a C17
flow of 4.

The main result of this section is the following.

Theorem 3.11. Let 0 < a < % and p > 171204' Suppose Qy is a WP a-patch

with the initial data Qo and v = K4 x xq, : R? x [0,T] — R? is the velocity
field of Q4.

For any parametrization of 0Qg, vo € W2P(T), the Cauchy problem for
the flow v : T x [0,T] — R?

{&v(:c,t) =v(y(z,1),1) (3.44)

Y]t=0 = Y0
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has a unique solution v € C([0,T); C17(T)) for o =1 — % —2a > 0.

Proof of Theorem 8.11.

We define the parameterization v as follows. For each x € T define ~y(x, t)
to be the unique C! solution of (3.35) with the initial data vo(z) € 0.
Then ~(x,t) is well-defined by Lemma 3.9. Now let us show that z — ~(x,t)
is Lipschitz in x.

Step 1: Lipschitz regularity of the flow

We first show that x — ~y(x,t) is Lipschitz for each ¢ € [0,T]. Let As be

the difference operator in x with spacing é > 0.

Asy(z,t) = Asvo(x /Aav (@, t'), ) dt".

By the fundamental theorem of calculus and Lemma 3.6,
t
’Ag’}/(ﬂj, t)| <06+ / }ELU’LOC diStaQ(t’)(V(x + 57 t/)v ’Y(lﬂv t/)) dt’.
0

Since Q is a W2? a-patch, we have distooq (y(z+0,1'),v(x, ') < C(Q, )| Asy(x,1')].
It follows that

t
(e8] < €+ C(0) [ [Bat)]dt.
0

Then the Gronwall inequality implies that
|Asy(z,t)| < C6 for all ¢ € [0,T].

Thus z — ~y(x,t) is Lipschitz for each fixed ¢ € [0,7]. Moreover, repeating
the argument above shows that ¢ < |0,v(z)| < C for a.e. x € T at each
te[0,T].

Step 2: Higher regularity of the flow

Next, we show the higher-order Hélder regularity. This is expected as the
velocity satisfies sv € C7 in the arc-length. However, we need to be careful
about the differentiability, as the map x — ~(z,t) has only been shown to
be Lipschitz for each fixed ¢ so far.

For each t € [0,T] let Nt C T be a null set such that z — ~(x,t) is
differentiable on x € T \ N;. Let us consider the (measurable and bounded)

metric
Oy (x,t if
g(z,t) = 19:1( )‘. iz ¢ Mo (3.45)
0 otherwise.
Let v(s, t) be the velocity in the arc-length s = ¢(z, t) fo t) dy, namely

v(l(x,t),t) :=v(y(z,t),1).
Since 7(x,t) is defined point-wise, by trajectories of the flow equation
&q(x,t) = U(’y(l’,t),t), we have

Y(z, t) = vo(z) + /Ot v(l(z, '), 1) dt’ for all (z,t) € T x [0,T]. (3.46)

We claim that for each fixed ¢t € [0, 7], the function = — fot v(l(x, ), t") dt’
is a.e. differentiable on T and

O / ") dt’ _/ Osv(l(z, '), t)g(z, ') dt’. (3.47)
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To show (3.47), consider for any smooth ¢ € C°°(T) the integral

/T Dro(2) /O (e ). 1)t d

By Fubini, the regularity of ¥, and Lipschitzness of ¢, we may integrate by
parts in the z-variable and hence conclude that (3.47) holds a.e. on T.

From (3.46) and (3.47), by redefining N; if necessary, it follows that for
each t € [0,7] and all x € T\ NV,

Oxy(x,t) = Opyo(x / Osv((z,t"), ) g(x,t') dt'. (3.48)

We first show that v € C19(T) uniformly in time. We claim that it suffices
to show that

for all x,y € T\ N; there holds [g(x,t) — g(y,t)| < Clz —y|”.  (3.49)

Indeed, this claim would imply that the maps x — £(x,t) are C1¢ diffeomor-
phisms from T to é—jf. Since s +— y(¢71(s,t),t) is an arc-length parametriza-

1
tion of 9Q which is W2P ¢ €% and o = 1 — 113 —2a < 1-— ]%, we can

conclude that x + y(z,t) is C17 in this case.
The task then reduces to showing the claim (3.49). By (3.45), (3.48), and
the triangle inequality, for any fixed t and z,y € T \ Ny, we obtain that

l9(z,t) — 9(y. 1) < [o(x) — %)l

+ [0t - 0000, 0, gt )
+ [ 0. Olote. ) = ot .

Since the initial data vo € W2P(T) C 01’1_5, it follows that for any x,y €
T\ M,

t
IM%U—Q@J)SM—yV+CA!%uﬂ—%@JN“ﬁ
t
+0/Nmmw—m%mMﬂ

0

t
su—yr+c/Mmaw—g@f>ﬁﬂ
0

It follows from the Gronwall inequality that for any fixed ¢ and z,y € T\ N,
we have |g(z,t) — g(y,t)| < | — y|?. This proves the claim and hence the
uniform C17 regularity of .

Finally, let us show ¢ — (-, t) provides a continuous mapping from [0, 7]
to C17(T). By the integral equation (3.46), we have

(-, t1) = (-, to)|cre < [t1 — tolsup |v(y(+,1))|cre

Therefore, the continuity in time v € C([0,T]; C%(T)) follows directly from
the regularity v € C1° and dsv € C7.
O
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Note that we have proven the flow of a given W?2P a-patch is unique,
but we do not prove the WP patch itself (in the sense of Definition 1.1) is
unique.

4. THE CURVATURE FLOW OF «-PATCHES

In this section, we study the curvature dynamics of the a-patches. These
equations will be understood in a distributional sense using the flow that we
obtained in the previous section.

In the smooth setting, when the parameterization v : T x [0, T] — R? and
the velocity field are smooth, the (Lagrangian) curvature equation reads

Otk = —k0sv - T — 05(0sv - N) (4.1)

(see, e.g. |[KL22|). In the a-patch problem, we face two substantial problems
compared to the smooth setting or even the Euler case [KL22|:

(1) the flow 7 is less regular, only C1(T), not even twice differentiable;
and

(2) the velocity field does not allow us to differentiate sv-IN, cf. Lemma
3.6.

The first problem can be overcome by the strategy explained in Section
2.4 by using the C? diffeomorphism induced by the flow v and the intrinsic
regularity of 0€2;.

However, the second problem is more severe and one needs to make sense
of (4.1) rigorously in the a-patch dynamics. One has to be careful, as the
differentiation in (4.1) is in the arc-length variable.

4.1. The evolution of arc-length, tangent, and angle of the flow.
Since the flow v is C([0,T]; C*?(T)), by Lemma 2.1 the arc-length metric
g =107 : T x[0,T] = R*, tangent vector T : T x [0,T] — R?, and normal
vector N : T x [0, 7] — R? are well-defined in this parameterization. In what
follows, these letters always refer to the quantities according to a given flow
of a WP a-patch.

We now derive evolution equations for g and T, necessary for defining the
curvature dynamics.

By the integral form of the flow equation

v(z, t) = vo(x) +/0 v(y(z,t'),t) dt’ (4.2)

and the velocity field regularity dsv € C?(T), we can differentiate (4.2) to
find that 9,y € C([0,T];C°(T)) N C(T; C*(]0,T))) satisfying the equation

Or(0r7y) = Osvg. (4.3)

Since gT = 0,7 and g is uniformly bounded from below, from (4.3) it
follows that the metric g € C([0,T]; C?(T)) satisfies the equation

0ig = gosv - T (4.4)
gli=0 = ol
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By the identity ¢T = 9,7, (4.3), and (4.4) again, we have the evolution for
the unit tangent vector T € C([0,T];C(T)),

{8tT = (0sv - N)N (45)

Tli—o = |70 9270

We remark that these equations (4.3), (4.4), and (4.5) are satisfied classi-
cally.

In what follows, we need to consider the angle 6 € [—m, 7] between the
tangent vector T and the zi-axis, define via

T(x,t) = (cos(f(z,t)),sin(0(x,t))). (4.6)

In general, 0 is not a continuous function on T, however we still have that
x — 0(z,t) — z is C?(T). In particular, since the flow ~ parameterizes S}
that is W2P by Lemma 2.1 and (4.6), the curvature x(z,t) of 9 at v(z,t)
satisfies

0s0(x,t) = k(z,t) for any (z,t) € (—m,m) x [0, T (4.7)
and by (4.5) the angle itself satisfies the evolution equation
00 = —0sv - N
t Y (4.8)
0)t=0 = bo.

4.2. Definition of curvature flow for a-patches. We are now ready to
consider the curvature dynamics of a-patches.
Given a time-dependent metric g : T x [0, 7] — (0, 00), for any f: T — R

recall its arc-length derivative O,f(x) := 1f/(z) and its integration with

Ty
ds(x) = gdz is [ fds = [ fgda.
In what follows, the letter g is always referring to the metric given by the
flow v of an a-patch 2, namely

9=l
As a standard practice in PDE, we derive a suitable distributional formu-

lation of the curvature equation (4.1) in the non-smooth setting.

Definition 4.1. Let 0 < a < % Let Q be a WP q-patch. Let v €
C([0,T); C1o(T)) be a flow of O for some o > 0 with the initial data ~o.
We say k: T x [0,T] = R is a curvature flow (of ) if

e «(-,t) denotes the curvature of Oy at (-, t) for all t € [0,T);

e K satisfies

T T
/ / KOy gdzdt = —/ / Osv - NOsog dxdt (4.9)
0 T 0 T

for any ¢ € C°(T x R) supported in T x (0,T).

In the remaining part of Section 4, one can always take o = 1 — % — 2a,

since this is the regularity of the flow corresponding to W?P patch that we
proved in Section 3.

We will use a more convenient version of the weak formulation. A standard
argument that we sketch below gives
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Lemma 4.2. Let Q; be a WP a-patch and v € C([0,T]; C17(T)) be a flow
of 082 for some o > 0.

If k is a curvature flow of v then k € L*>°([0,T]; LP(T)) and k is continuous
as a distribution, i.e.

t— / k(z,t)p(z,t)dr is continuous for every ¢ € C°(T x R)) (4.10)
T

T T
/ /m?tqﬁg dxdt +/ /851) - NOsopg dxdt
0 T 0 T (4_11)

://f(:v,T)gb(x,T)g(m,T) dw—/m(x,O)qS(m,O)g(x,O) dx
T

T

and also

for all test functions ¢ € C°(T x R).
Proof. To show (4.10), it suffices to show the continuity for

tlﬁ/qrﬁ(x,t)go(x,t)g(x,t) dx. (4.12)

Indeed, (4.12), the time-continuity and positivity of g will then imply the
continuity of [ k(x,t)p(z,t) dz for all smooth .

To show (4.12), we observe that the right-hand side of (4.12) is [ 0,0 dz.
We can integrate by parts and obtain

/li(x,t)cp(a:,t)g(x,t) dr = —/Q(x,t)axgo(x,t) dx. (4.13)
T T

Since the flow v € C([0,7]; C17(T)), we have § € C([0,T];C°(T)) and
hence the continuity of (4.13) follows.

Next, we prove (4.11). For ¢ > 0, we consider a sequence of cutoffs
he € C°((0,T)) such that he = 1 on [e,T — €] and |h/(t)] < Ce. We use
he(t)p(x,t) as a test function in the weak formulation of x to obtain

T T
/ / hekOrpg dxdt + / / heOsv - NOsopg dxdt = / / K¢Otheg dxdt.
0 T 0 T

(4.14)
Since h converges to 1 a.e. on [0,7], by the dominated convergence the
left-hand side of (4.14) converge to that of (4.11) as e — 0.
We now focus on the right-hand side of (4.14). Let us denote kpg €
L*>([0,T); LP(T)) n C([0,T]; D'(T)) by f; then it suffices to show that

F(z,0)0she(t) dzdt — | f(-,0)dx. (4.15)
iy /

and a similar statement for an integral near 7'
To show (4.15), we first use [; 9;h =1 to obtain

/oe/Tf (2, 1)0the(t) dedt = /0 6 /T (F(w,t) = £(,0)) Oehe(t) dadt
—I—/Tf(x,O) dx
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Then by Hélder’s inequality, we have

’/06 /T(f(x,t) — f(x,0))0the(t) dmdt‘

/T () — F(2,0)) dee| [Byhel gy,

< sup
t€[0,€]

Since £ is continuous as a distribution, supycp g | Jo FCt) = f( 0)} — 0 as
¢ — 0F. Then (4.15) follows from the above bound and |9;he|r1(r) < C.
Repeating the same argument we can also conclude that

T
/ /f(:l:,t)at t) dxdt — / fG,T)dr ase—0F.
T—eJT

Hence the right-hand side of (4.14) also converges to that of (4.11). O

4.3. Existence of curvature flow for a-patches. We now show the ex-
istence of a unique curvature flow for W?P a-patches with p > 7

2a

Proposition 4.3. Let 0 < a < 5 andp > 1_2a. Suppose v € C([0,T]; C1(T))
is the flow of a W2P a-patch Q0 with the initial data vy given by Theorem
3.11.

Then there is a (unique) curvature flow k and it satisfies the regularity
k € L*([0,T]; LP(T)) N Cyw([0, T, LP(T)).

Proof. Recall that we have defined x(z,t) to be the curvature of 9§ at
~v(x,t). Alternatively, let 7(s,t) := 7(6‘1(3)7 ) where /=1 is the inverse
of the C1 diffeomorphism z + £(z fo y)dy. Then we also have

k(z,t) == R(L(z),1).
By (4.8), for any ¢ € C*°(T x R) supported in (0,7"), we have

T T
/ /08tg0/ dzdt :/ /831) Ny dxdt. (4.16)
0 T 0 T

Since 0(x,t) = 0(¢(z),t) and £ is a C*° diffeomorphism for each t € [0,7],
we have 0,0(x,t) = g(z,t)R(¢(x),t) = g(z,t)x(x,t). Integrating by parts on
the left-hand side of (4.16), we have

T
/ //ﬁ@tgpgd:udt / /st-Nﬁswgd:Udt (4.17)
o Jr

which is exactly

T T
/ / KkOpp ds dt = / / 0sv - NOgp ds dt. (4.18)
0 T 0 T

O

4.4. The dispersive operator L,. Throughout the paper, the dispersive
operator L, is defined through Fourier multiplier,

Lof(x) = iklk]* " fre™. (4.19)
kEeZ

The following lemma provides a characterization of the convolution kernel
of L,. Recall that

e Functions on T are considered as 2w-periodic functions on R;
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e on R the principle value P.V. [, f is understood as

lim f(y) dy,

e=01 Je<y<N
N—o0 ==

whenever the limit exists.

We now state the characterization lemma that will be useful for analyzing
the dispersion in the curvature dynamics.

Lemma 4.4. Let 0 < o < 5. For any f € C*°(T),

-1 (z—y)f(y)
where ¢, > 0 1s a universal constant.
Proof. We need to prove
Lof(z):=c;' lim E=y)/y) dy. (4.21)

]E\/——>9:o e<|lz—y|<N |I’ _y|2+2a
By the Fourier inversion and smoothness of f, for any €, N > 0, the truncated
integral satisfies
/ (z—y)f(y) =% fk;/ (x —y)e™v "
e<|lz—y|<N ‘ZL’ - y‘2+2a L e<|z—y|<N ‘3} - y‘2+2a ’
where fk are the Fourier coefficients of f. Since the Fourier coefficients fk
decay faster than any polynomial and the integrals
(z —y)e™
Ik(a:) ::/ dy
e<|z—y|<N ‘ﬂ? - y‘2+20¢

are uniformly bounded in approximations parameters € and N, the summa-
tion is absolutely convergent and hence it suffices to prove

. iky .
@) kRO fop all ke 7. (4.22)

lim y[2+2a Y

e=0t Je<lz—yl<N |T —
N—o0 eSlz—yl< ‘

By oddness of the kernel ‘x_z% and a shift in the variable, we just need

to show the principle value integral [, z|z|7>7**sin(kz)dz = c;'k|k[>*!
for k € Z. Since 0 < a < %, the integral converges in the principle value
sense, and its value c; 'k|k|?*~! follows by a change of variable due to the

homogeneity.
O

4.5. Dispersion in the curvature dynamics of a-patches. Next, we
analyze in detail the curvature dynamics in its weak formulation. The goal is
to derive the leading order dynamics and reveal its dispersive characteristics.
Proposition 4.5. Let 0 < a < % andp > 1712(1. Suppose v € C([0,T]; C19),
oc=1- % — 2av, is the flow of a W?P a-patch Qy with the initial data .
Let v be the velocity field generated by the patch QU parameterized by v and
g = |0x7y| be the metric associated with the flow .
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Then for any t € [0,T] and any ¢ € C*(T),
/ 0sv - NOsopg dx = —ca/ g 2R Loyp dx + E(p) (4.23)
T T

where & : C°(T) — R is a time-dependent distribution satisfying the bound

IE(@)] < Ca7m/‘/€|Lp|¢|B2;11—o for any ¢ € C*°(T) (4.24)

uniformly in time, where p’ is the Holder dual of p and the constant C,
depends on , p, Q, and |y|c1.0(T)-

Proof. Define the distribution & : C*°(T) — R by
(o) = / Osv - NOs¢ gdx + ¢4 / ¢k Lod d. (4.25)
T T

It is clear that at each time t € [0,7] (4.25) defines a bounded linear func-
tional on C*°(T), and it suffices to prove the estimate (4.24).

Consider the (time-dependent) arc-length variable s := ¢(§) = fog g(T)dr
We define the arc-length counterparts 7, T, N, & and ¥ by the formula f(£(£)) =
f(6),ie. f(s):= f(t=(s)) for f € {7, T,N, k,v}. Immediately by Lemma
2.2 we have
1

g(x)
We drop the time variable and domain of integration [—L(t)/2, L(t)/2] for

simplicity in the proof.
In the new variable, by Lemma 3.6 the left-hand side of (4.23) reads

/851} NO. ds = /asgz)/ Ty(l) 77(5),) T() 4 gs.

s )|2+2a
By estimates of Lemma 2.3 and the assumption p > ﬁ, one can check
that the expression under integral is absolutely integrable, with a fixed bound
for every s. Thus we can use the Fubini theorem, and we can also change
variable to obtain

Osf = 0sf(L7}(s)) = —— 0 f(2).

/ 0,7 - No.bds

(3(s) =7(s" + 5)) - T(s)
as¢ 5 + s — dsds'.
-/ N o= 0 + sy
In what follows we consider the approximations,

(7(s) =7(s' +5)) - T(s) ,
A/>E/8s¢ (s' + s)N(s) 7(s) (5 7 5)FF ds ds (4.27)

(4.26)

and in the end will take the limit e — 0.
With the approximation, we can integrate by parts in the s variable.

Notice that when s’ # 0, the function s — T(s" + s)N(s) g((?)j((i’,jz)))lﬂi) is
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at least WP whose derivative in s is equal to the sum of

=Ko (s,s")
T(s) — T(s' +s)) - T(s)
F(s) 70 + 5)P

—3(s'+5)) - N(s)

7 (s) =7(s' + s)]*2
=Ky (s,s’)
- (2 20) (s + )N (s) L= )
X(3(s) = (s +5)) - (T(s) = T(s' +5)).
=K5(s,s’)

33

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

We then integrate by parts in (4.27) using the derivatives (4.28)-(4.32) and

then reparameterize back to obtain

/ 050 - N0y ds
L G(s) -

3(s'+5)) - T(s)

li
- lim /W /¢>

7(s) =

(S + S)‘2+2a

>dsd’

(4.33)
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where each integral I;(e) corresponds to the kernels K; from (4.28)-(4.32).

o s e () ) T,
/] e POREING) - N e e ds ds

(4.34)

€) ://ls Sllzea(s)ﬁ(s)f(sl),f(s) (T(()) ’yfi(’)gpf; )dsds (4.35)

-/ /| o, BT NG) (T’((>) T,;(( )))|2+2( Dy (430
(s

- [ s T aa wan
-

I5(e) = (2+2a)//|s_8/26¢(5) s )N(s) (T’i( ) — (( );|.4T2(5)

x (3(s) =7(s")) - (T(s) = T(s)) ds ds'. (4.38)
In the steps below, we will show each term on the right-hand side of (4.33)
is compatible with the thesis (4.23).
Analysis of I:
We further split I; = I1; + 2 with

m@:==[ [ @3RN NG)

(7(s) —7(5") - T(s )dsd ' (4.40)

Analysis of [11:
Let us first analyze I1;. We switch back to the Lagrangian labels via
s> x=/0"1(s) and §' = y = £~1(s’) in the integral, obtaining

(e / / o 68— oRING)  N)

><(() v(y)) - T(=)
Iv(x) —y(y)2+2

Let us first consider the variant In(e)

I 1( o(x) — k(y)N(y) - N(z
1 / / s (00 = B)NG) NG

. ((z) —7(y)) T(2)
() = y(y)[P+2e
We claim lim,_,q+ I11(€) = lim,_,+ I11(€) where both limit clearly exist due

to ¢ € C°°(T). Since z + {(z) is a C19 diffeomorphism, the fundamen-
tal theorem of calculus implies that for each y € T, the set Sc(y) of the

g(x)g(y) dz dy.

(4.41)

9(v)g(y) dz dy.
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symmetric difference
Se(y) :=={z e T: |l(z) —(y)| = }A{z € T:g(y)lr —y| = e} (4.42)

has Lebesgue measure |S¢| < €7 and hence
@ -t s [ [ 10 —owlslle —vi" " drdy (443
ely

Since ¢ is smooth, we have that ‘.711(6) - Ill(e)‘ S|Vl [ fs y)||z—
y|72*dz dy and hence by Holder’s inequality (due to p > 1_12a, Kk € LP)
together with the fact |S¢| — 0 implies ‘1711(6) — I11(e€)

So now we focus on (4.41). Since the flow v € C;C'?, by Lemma 2.4 we
have (here we use N(y) - N(z) = T(y) - T(z))

—0ase—0.

ey @) W) Tl2)
T(y) - T(x) (@) = ()20 9(w)g(y) o
1 T—y '

— + O(C |(E o y|7172a+0).
lg(y)[1=20 [z — y|>F2e !

It follows from (4.41) and (4.44) that

I = K 1=2a T) — 7Y
Ti(e) = - / W)lg()| /gw 6@ o) e ey

+o(c, //|¢ DIk@)llz — g2+ de dy).

(4.45)
The first term in (4.45) is the main term, corresponding to the first term on
the right-hand side of (4.23). Indeed, by oddness of the kernel and Lemma
4.4, there holds

. r—y
1 — 5 d
ei>I0n+ g(y)\x—y|2€(¢($) ¢(y)) |.T _ y|2+2a €L
_ rt=Y
= PV. /T @) Je
= caLad(z) + O(|]11), (4.46)

where the error term comes from extending integration to R. Therefore, by
(4.46) and (4.45) we have

im — | x 1-2a ) — r—Y .
lim — | w()la(v) / o) s e ey

e—0

=caf LadW)E)|gw)|' 7" dy + O(|k| e || 11).

(4.47)
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Now we focus on the error term in (4.45). We first rewrite it by a trans-
lation and then use Hélder’s inequality in 7 to obtain that

[ [ 16t@) = ollstwlle —yi~12 dway
[ [ ﬁj,iga 2 (4 g (119

< |#|» / [ / [Wﬁ;@?—f(y)‘]p/ dy}adx

Since ¢ € C*°(T), by Lemma 5.4 that appears in the next section we have

/ { / [Iqb(l" ;L’lﬁ)z;f(y)!}p’ dy];/ Ao < Clol o (4.49)

So the error term in (4.45) satisfies

[ [ 16@) = 6@)lIswllz 72 dody  wlifél e (450)
Finally putting together (4.45), (4.47), and (4.50), we have
lim I11 /Eagb Ng(y) |2 dy
e—0t

+ 0 v,arm\mmB;,al-a).

Analysis of [15:
By the estimates (2.6b), (2.6e), and (2.6f) in Section 2.5, for any s,s € R

N(s) - N(s') = 1+ O(|s — /|* )

(7(s) = 7(s") - T(s) = (s — &) + O(fs — 5[ 7) (4.51)
|S o S/‘2+2a

7 (s) = A(s)[+2e

=1+ 0(s - ¢2079).

It follows that

/

S— S
I N ——————
12 //s s’\>5 )(’8_8/|2+2a

+O(|s — §/|' 72 )> dsds’ .

By the oddness of the kernel, the first term in (4.52) vanishes, and it follows
that

115(6) //|¢ R |5 — 8172 3) ds ds’ (4.53)

Since 1 — 2o — % > —1 by our assumptions, by Young’s inequality we have
|i2(€)| < |@lp|Rlee. Since the flow is C19, we have |E|» < |k|r» and

1§, < |6] - So in the Lagrangian label, we have

[h2(e)| S |Klee |l L

which is compatible with the claimed estimate.
Analysis of Ip:
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Recall that we need to estimate

// i (o) T(s) T =T T) o g5y

7 (s) =~ (s)[+2e

Observe that by Fubini and Lemma 3.6

_ o o (7(8) =7(5") - T(s)
e1_1>r(€1+/¢>(8)/€(8) /Is S/|>€T(3 )T(s) 7(s) —7(s)]2F2 s (4.55)

/ #(s)R(5)0sv - T(s) ds.
Estimating in the arc-length variable by Holder’s inequality, we have

|1I2(€)| < [R]1e 6] 1y 057 Loe. (4.56)
It follows that in the Lagrangian label

(Lo (e)| S |klrel @l
which is compatible with the claimed estimate.
Analysis of Is:

Recall that we need to estimate

//| '|>$S s')-N ()(TE) T 1) gy (4.57)

i (s) = (e
We apply (2.6d) and (2.7a) to find

(@) < C [ [ BoMRs - 0D ag. (459)

The assumption on p implies that 1 — 5) —2a > —1, so we obtain by Young’s
inequality that

I5(€)| < C[o] L |ME| L. (4.59)
From the L? boundedness of the maximal function with p > 1 it follows that

|I3(e)| < C|¢|,|F|Lr. Once again, the C17 regularity of the flow allows us
to conclude

[I3(€)| < C|o| o K| Lo
Analysis of I;:
Recall that we need to estimate

/ / (s T()N(s) T =TED N 4 60y
[s— s’\>6
y (2.6¢) and (2.7a),

14 (e) |<C//<z> ) IME()|s — o | F2079) 72729 g g

So I satisfies the same bound as I3
Analysis of I5:
Recall that we need to estimate

() — A
I5(€) = =(2+2a) //|| NN 576
% (5(s) — (")) - (T(s) — (s’

) - T(s)
/)’4+2a (461)
))dsds’.
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By (2.6a) and (2.7e),
(O <C [ [ 86 MR(s = 77522 s a

<C//]<z§ ) ME(s)|s — ') P72 s ds'.

So I5 also satisfies the same bound as I3.
O

4.6. Leading order dynamics of the curvature flow. We put together
results in this section to obtain the following characterization of the curvature
flow for the a-patch problem.

12a. Let Q; be a W?P a-patch on
[0,T]. Suppose v € C([0,T); C19) with o = 1 — % — 2a, is the flow of OO
with the initial data vo. Let v be the velocity field generated by the patch

parameterized by v and g = |0y7y| be the metric associated with the flow .
Then the curvature flow K satisfies for all p € C°(T x R)

/ (\T)6(,T) (- T) dex ~ / (-, 0)(-, 0)g(-,0) d

/ / kO dzdt — cq / / 1=2e 0 b dadt (4.62)
+/O E(o(-,t

where cq > 0 is a universal constant and & : C°(T) — R is a distribution
satisfying the bound

IE(p)] < CO(7—\/‘/€|LP|¢|BZZ)/&1—G for any ¢ € C*°(T) (4.63)

uniformly in time where p' is the Holder dual of p and the constant Co
depends on «, p, 2, and |y|c1.0(T).-

Proof. By Proposition 4.3, the existence of the curvature flow « is guaran-
teed. Now thanks to Lemma 4.2, x satisfies for all ¢ € C*°(T x R),

/ k(. T)6(,T) (- T) dx — / (-, 0)(-, 0)g(-,0) d
T T

. . (4.64)
= / / KOLp gdzdt + / / O0sv - NOso¢ gdzdt.
o Jr o Jr
We then define the distribution £ by
E(p) = / 0sv - NOs¢p gdx + ¢4, / g kLo dx. (4.65)
T T

The conclusion follows directly from Proposition 4.5.
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5. DISPERSIVE ESTIMATES FOR 6t£a

In this section, we derive useful dispersive estimates for the evolution
group e*“e generated by L, on T. As before, we fix 0 < o < % and identify
the torus T = (—m, 7.

We first consider the Fourier multiplier c€lEP M on the whole line R.
Later we will use the Poisson summation formula to transfer estimates to
the periodic setting.

5.1. Littlewood-Paley decomposition. In this subsection, we introduce
a Littlewood-Paley decomposition on T. This is needed for results in this
and the next sections.

Throughout the paper, D’ denotes the dual of C°°(T) as the set of periodic
distributions and A, := 29 for any ¢ € R.

Given f: T — R, its Fourier series coefficients are defined by

f\(k:) = ’ f(z)e~*2 dz  for any k € Z. (5.1)

The Fourier transform on R is defined similarly.

Definition 5.1. Let even ¢ € C°(R) be such that ¥ = 1 on B% (0) and
supp ¥ C B1(0). For any integer ¢ > —1, define
) —wEnh ifg=o0
ba() = 4 V1 faz
w(é)‘q+1) qu =-1

such that 3 1 9q(§) = 1.
For each f € D', the Littlewood-Paley decomposition of f is

=" Agfo with Agf =Y F(k)pg(k)e™,

>—1 keN

(5.2)

where the equality holds in the sense of distributions.

We will use the following facts:
¢q(§) = 7/)0()\;15) for any q € NT
1
supp iy € {€ € R: 5A < J¢] <2}

Later in the paper, we also use ﬁq = Ay—1 + Ay + Ay which satisfies
AN, = A,

We will also use the Littlewood-Paley decomposition on R. The same set of
cutoffs as in Definition 5.1 will also be used to define such decompositions on
R. In particular if f € L'(R) then its 2m-periodization fP*" := > . f(z +
27n) is a function on T and it satisfies

Z Agf(z 4 2mn) = Ay fP (), (5.3)
nez
where the Littlewood-Paley projection A, is acting in the R setting on the
left-hand side and in the T setting on the right-hand side.
To streamline the proof, we use Besov spaces a few times and we recall
their definitions below.
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Definition 5.2. For any s € R, 1 < p,q < oo, the Besov space B;’,q(T) 18
defined by

Fl5s, = N Aafliol gy and Byo(T) = {f € D' :|flsy, < oo}
where L4(N) denotes the (1 norm for sequences.

The following Bernstein’s inequality is well-known.
Lemma 5.3 (Bernstein’s inequality). Let 1 <p <r < oo. Forany f € D’

one has
1

1Agflormy S A |Aqf!Lp(Tr (5.4)
and for any 0 < a < % the linear operator L, defined by (4.19) satisfies
’['aAqf‘LP(T) 5 >\2Q|Aqf|LP(T) (5~5)

Proof. The first statement is classical and follows directly from Young’s in-
equality. The second statement is surely known but we are not aware of
a convenient reference. In the whole space case, the bound follows from a
scaling argument.

In the periodic case we first write Ay f = Ay f * ¢, where ¢, € C(T) is
the convolution kernel for ﬁq. Then from Young’s inequality again we have

|£aAqf|LP < |£a‘Pq|L1|Aqf|LP-

We can use the Poissson summation to write
200—171, ikx
Lapg =Y Pq(k)ilk[** ke

k€EZ

_ZQPO 1k} |k,‘20¢ 1k€zkx (56)
k€eZ

= Z Jq(ﬂf + 2k)
keZ

where for any ¢ € N the non-periodic zZq : R — R is a Schwartz function and
has Fourier transform $g(A;1€)il¢[**¢. Since we are on R now, a standard

scaling argument shows that ¢, (z)| < As 2 (Nga) 7100 where (z) := Va2 + 1
is the Japanese bracket. Plugging this bound and summing up in (5.6) give
the desired estimate. O

5.2. Moduli of smoothness of some functions. In our illposedness proof,
we need to consider the modulus of continuity of functions in various settings.

The next lemma concerning the moduli of smoothness of Besov functions
is well-known, cf. [Leol7, Chapter 17]. A proof is included for readers’
convenience.

Lemma 5.4. For any 0 < s <1, 1 <p < o0, there exist a constant C(s,p)
such that for any f € B, (T),

1 1 %
/0 e le(a:+h)—f(g;),pdx dh < C|flps,.
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Proof. 1t suffices to prove [ i |Agf(- + ) — Agf () e dh < CX|Agf|1o.
We consider the split of the integral into two regions 0 < h < A;l and
A; ! < h < 1. For the region 0 < h < A;!, we have |A, f(z+h) — A, f(z)] <
foh |DA,f(z + t)|dt by the mean value theorem, and so by the Minkowski
inequality,
’Aqf(' +h) — Aqf(')’LP < h‘VAqf’L”‘

From this estimate as well as the bound |VA,flrr < Ag|Agf]|Lr, it follows
that

/0 AP ) — Agf ()]s dh

1
<h<r;t +e

/ ! [/ h\VA fle+o)al d %dh
< ‘/ T+t t’ x]
o<hengt IS Lo !

< C]Aqf\Lp)\Z.

For the region h > >\q_1, we have

/A 1A (B = A fO)lr dh < C!Aqf\Lp/ W15 dh

Tleh<y RITE Apl<h<1
< XA f |1

O

Let us also recall that the classical Holder spaces C*#(T) can be charac-
terized as

feCH(T) & feBEL & sup AitPIA, flo < 00 (5.7)
q
when 0 < 8 < 1.

5.3. The multiplier eilE** 7t on R. We first derive estimates of oscillatory

integrals related to the Littlewood-Paley decomposition of the multiplier
elleP et

Lemma 5.5 (Stationary phase). Let 0 < a < 3. Let ¢ € C°(R) be even
and such that suppy C {% < |€| < 2}. Consider for t > 0 and g € N the
oscillatory integral

I(et) = /R PP (¢) de (5.8)

where the phase o(x,§) := x& + Aga_1|£]2a_1£t.
Then there exists constants Cy > cy > 0 depending only on 1 and o such
that for any q € N with Ago‘t >1

72N for @ € [—Cp 201t —eypA20 1t
q v q P q

-n 59
<)\qx + t/\§a> otherwise (59)

‘Iq(x, t)’ ga,w,n {

where (x) := Va? + 1 is the Japanese bracket.
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Moreover, for any q € N with Agat >1landanyx € [—C’w)\gaflt, —clp)\?]a*lt],
there exist constants A, aq > 0 such that

’Iq(l’,t)‘ > aat71/2)\q*a w( 1’ ‘2& 1)COS(A 11— 2@‘1” T—2a 2a + f)
—o(AToR).

4

(5.10)

Proof. By the rescaling y = :Btfl)\clfh we will consider

Iﬂyﬂ:ﬂéeM?w@@w@ﬁM (5.11)

with the new phase o(y, &) = y& + |€[?*~1¢. This transformation allows us
to get rid of the extra dependencies in the phase function.

First of all, the phase & — ¢(y,£) is smooth on the support of ¥(£).
Concerning stationary points defined by

dep =y + 20> =0,
we have two solutions &4 (y) given by

Yo 1
Eus(y) = £(~ L), (512)

Since the support of ¢ lies in [1/2,2], we can consider two cases: 1 <
€5+ (y)] < 4 and [£4(y)| < 5 or & (y)| > 4. We discuss these two cases
below.
Case 1: 1 < |¢1(y) <4

By (5.12), we have y < 0 and |y| ~ 1 with the specific values depending
on «. At the stationary points, we have the bound

00| ~ 1,
where the constant depends on «, and hence and
__2a
(Y, §sx) = £Aaly| 720 (5.13)

We substitute these estimates in the classical stationary phase formula (see
for instance [Ste93, Proposition 3, p.334]):

1
N2ty £ )i T (#) 2yt
}jwei 4A%ﬂ%w‘ +o(A,t7?)

1
- 23%( PRy, gﬁ)%( 1 )) o(A;
U(Er) prer ) ARLOAL)
where R denotes the real part of a complex number. We remark that the
implicit constant in the error term depends on some higher order derivative
bounds of ¢ and ¢ which are independent of z, ¢, and gq.
It follows that for some fixed Ay, a0 > 0 and all y ~ 1

L4y, 1) = aath(| 5= |t 2000 cos(AaA2 ty| T8 + T) )
+ oA\, 7).
The upper bound (5.9) and the lower bound (5.10) immediately follow
from (5.14).
Case 2 : % > ’fs:l:(yﬂ or ’fs:l:(y)‘ > 4.



ILLPOSEDNES OF «a-PATCHES 43

In this case the derivative of the phase does not vanish: 0:¢(y,&) = y +
20/€]?27L £ 0, and in fact |y + 2al¢[?**71| > 1 for all & € suppe) (with
constants depending on «). Let us define for n € N a sequence of bump
functions inductively

when n =0 5 15
= 85(77’;—71) when n > 1. (5.15)

Repeated integration by parts gives
L) = [ Cixteo oo (L) ag
R ¥
S\ 200\ —n_IAZe
= /R(Mg t) ety de. (5.16)

To reduce notation, let us write z = y+[£[?*~!. We will prove by induction

in n the estimates
10| S 127" (5.17)

forall k=0,1,2,... and all n =0,1,2,..., on the support of ). Here the
implicit constant depends on k,n and « but not on ¢,z or q.

First, both \8§g0| <k 1and |(0ep) ™ < |y + €227~ hold on supp . It
follows that on supp v
|zt ifk=0

5.18
2|72 ifk>1. (5.18)

|08 (0e0) ™| S {

When n = 0, we have \(9?’1/4 < C and (5.17) holds. Assuming (5.17) holds
for some n € N, at the level n + 1 we have

k k41 (Tn—1
(O] < okt ()
P
S X [ )| 1040
0<i<k+1
Sk 1217 (1217 4 12172) Sk 12177
for all ¢ in the support of ¢. We have thus proven (5.17).
Thus in the second case,

Ty B)] Sn (A22) /

5 <I€I<

<

) ly + €27 de.

This translates to

Ty(2,t) Sn (o

2o 1 YT T Sn (Mg N T
q
O

5.4. Estimates for ¢!« and Wainger’s example. We have the following
brute-force estimate for ete.

Lemma 5.6. Let 0 < a < % Let 1 < p < oo and f € LP(T). For any
t €[0,1] and q € N, there holds

Lo lia
et ], S max{L AN o), (5.19)
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Proof. We first show the bound when t%/\g‘ < 1. In this case, we have
(tLo)™

n!

Agellef =eCn f = A,f. (5.20)
n>0

Due to the compact Fourier support of A,f, this equality (5.20) can be

shown by looking at the Fourier side. By Lemma 5.3, (5.20), and the fact

t)\go‘ < 1, it follows that

tL,)"A
‘Aqew”f‘”(m < Z |( ) qf|LP(T)

n!
n>0

(EAZ*)™ (5.21)

S fleer) Z o

n>0

S| flzer)-
It remains to prove the estimate when t)\ga > 1. Consider K; : R =+ R

the (non-periodic) kernel of Aqe“élm_lgt and denote by k4 the periodic kernel
A,et*e. The Poisson summation gives

k(@) =Y thg(n)el =0 = N g (2 27n) (5.22)

nez ne’l

where 1), are the smooth cutoff functions as in Definition 5.1. So it suffices to
show suitable estimates for the non-periodic K, and then take a summation.
The non-periodic kernel K, satisfies

Ky(x) = / g (€) e ETHETE g (5.23)
R
and hence
Kq(x) = )‘q/ ¢0(§)€i)‘q(fﬂf+)‘ga71|f\2a715t) de, (5.24)
R

where we note that supp g C {% < [¢] < 2}. By Lemma 5.5 and )\gat > 1,
we have

(1) when |z| S A2 1t
[Ky(2)] S Agh, "t
(2) when A2t < [z
[Kq(z)] S Ag{Ag + t/\§a>_100

Since )\,11_2“75 < 1ldueto0 <t <1, the number of intervals [—7+2n7, 7+2n7]
where we have to use the first bound is bounded by some absolute constant.
So, summation in n over Z in (5.22) gives

gl <D 1K (- + 270) 11 (o

nez
| —qy—t 201 200\ —100
SATHTENT A D (Agn+EAZY)
n>1
Lia
St2al.
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The main building device for the proof of illposedness is the following
example, which was considered by Waigner in [Wai65] with ¢ = 1.

Lemma 5.7 (Wainger’s example). Let 0 < a < % Forany 1 <p <2 and
€ > 0, there ezists a real-valued and even function f € LP(T) such that the
following holds.

For any 0 <t <1 and any sufficiently large integer q with )\go‘t > 1,

‘etﬁaAq f (5.25)

Lr(T) —

Proof. We first discuss this example in R and then use the Poisson summa-
tion to transfer the result to T.

Fix an even cutoff function 7n(§) such that n(§) = 1 when |£| > 2 and
n(§) = 0 when [¢] < % For small € > 0, define the function f. : R — R by
its Fourier transform,

-~ —(1=14¢
Jel(&) = n©)leI "), (5.26)
Then we have the following properties for f.:

e f.is real-valued and even.

e f.is continuous away from x = 0, and |z" f(z)| — 0 as x — oo for
any N € N.

o fo e LP(R).
The first follows directly from the definition, and the second and the third
were proved in [Wai65| by Wainger. These facts can also be proved by the

Littewood-Paley decomposition used here.
We can use the Poisson summation to obtain the periodic example on T:

f@) =" fe(z+ 2mn)

ne”Z
whose Fourier series is given by
f@) =Y n)n| 75 e, (5.27)
n#0

It is clear that f € LP(T), is also real-valued, and even, so we focus on the
lower bound for et“= A, f.
Denote by F'(x) the corresponding output from the multiplier on R, namely

F(¢) = e“g‘m_lftx(g)|£|—(1—%+§)‘

Consider the Littlewood-Paley projections AyF(x), and by the Poisson sum-
mation formula

et A, f(x) = Z AyF(x + 2mn)
nez

we can write

tLa
’e Aqf‘m(ﬂr) = ’AqF

—m,7])

— ALF(-+2mn . (5.28
Lp([—=.x)) gg) of i (528
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We now derive estimates for AyF. Writing the phase ¢(x,§) = z€ +
)\ga_1|§|2a_1§t, a change of variable yields

AgF(z) = Al /R ePa?@E)(€) de (5.29)

where ) = ¢0(£)|§|_(1_%+§) is a nontrivial bump function related to the
cutoffs from the Littlewood-Paley decomposition.

As in the proof of Lemma 5.6, we can apply Lemma 5.5 to (5.29). Specif-
ically, let J, = [—cF)\go‘_lt, —C’F)\?IO‘_lt], Cr > cp > 0, be an interval where
we have

1_ e 1 1 __2a ™ g — L
AF @) 2 an)f* (A3 | cos(Aat T 2 75 + D) — 00,7 H))
(5.30)
For all sufficiently large ¢, )\20‘*115 can be sufficiently small by our assumption,

so we may assume J, C [—m, 7.
In this setting, we have the following outcomes of Lemma 5.5.

(1) By (5.30) and a direct computation,

(l_l)_z 101

2a 1_1
|AGF | to(rm)) 2 Ag 7 7 PtPT 2 (5.31)
(2) When z ¢ R\ [—7, 7],
1_e
A ()| S A5 * (Mg + Az~ (5.32)

For all sufficiently large q, we may use a factor of A\, 2 to absorb/enlarge
the constant in (5.31) so that

11 2a(t-4)-c

1_1 2«
|AqF|LP[—7T,7r] > 2t 2 ) (533)
Similarly, by (5.32), for all sufficiently large ¢
1_1 20((1—%)—6
Z)AqF(-—i—an) <trmap e (5.34)
70 LP([—m,7])
The result follows by putting together (5.33) and (5.34) in (5.28).
O

6. ILLPOSEDNESS OF A DISPERSIVE EQUATION

In this section, we prove illposedness for a model equation that has the
same structure as the curvature equation in Theorem 4.6 of the a-patch.

6.1. The model equation. Recall that for any 0 < a < %, Lo :=H(—A)
denotes the composition of a Hilbert transform with a fractional Laplacian
on the torus T. In other words, Lo f(z) := ) ;7 k|k|2o—1 fi etk

Let T' > 0. We consider the following distributional dispersive equation

of=~Lof+F
fli=o0 = fo.

In (6.1), f : T x [0,7] — R is the real-valued unknown, the mapping

f +— f is bounded in some space embedded in L*(T), and F; : C*°(T) — R
is a given time-dependent distributional forcing.

(6.1)
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We now specify what we mean by a solution of (6.1).

Definition 6.1. Let 0 < o < 1. We say f € L°°(0,T; LY(T)) is a weak

solution of (6.1) if all of the following are satisfied.

(1) t— f(-,t) is continuous as a distribution on T, i.e.
t— / fedx s continuous for any ¢ € C°(T); (6.2)
T

(2) f solves (6.1) in the sense of distributions: for any ¢ € C*°(T x R),
there holds

/ (- T)p( T) da — / fow(-,0) di = / (fup — FLoyp) dadt
T T Tx[0,7] . (6.3)
+ /0 Filp(, 1)) dt

where Fy(p) denotes the pairing for distributions.

6.2. LP illposedness of the model equation. Since we are mainly con-
cerned with the W?2P a-patches, we focus on the LP case. To streamline
the presentation, given any p € [1,00] and § > 0, we consider the following
(LP,0)-assumptions, (Al) and (A2), on (6.1).

(LP,§)-assumptions:

(A1) f+ fis bounded in LP(T) with the estimate
|FCot) = FC D) or(r) S t° uniformly in time for all ¢ > 0 small; (6.4)
(A2) the distributional forcing F} satisfies

[Fi(¢)| S ol gea—s  for all ¢ € C°°(T). (6.5)
p'1

uniformly in time where p’ is the dual Hélder index of p.

These two assumptions, (Al) and (A2), roughly say that (6.1) is a small
perturbation of the original equation d,f = L, f in some suitable sense.

Proposition 6.2 (Illposedness for p < 2). For any 0 < a < %, 1<p<?2,
and 0 > 0, there exists an even initial data fo € LP(T) such that the following
holds.

Consider any model equation (6.1) satisfying the (L, §)-assumptions (A1)-
(A2). If f : T x [0,T] — R is a weak solution of (6.1) with the initial data
fo in the sense of Definition 6.1, then it must satisfy

sup |f(-,t)[zp(ry =00  for any T > 0. (6.6)
t€[0,T7
Proof. We fix 1 < p < 2 and assume 0 < ¢ < 1. Before we choose the initial
data, let us fix a small number € = €(a, p,d) > 0 such that

1 1) b«
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Let us choose the initial data. Let the real-valued even function fo € LP(T)
be given by Lemma 5.7 with € replaced by § such that et fo & LP(T) with
the estimates

e A, fol o >t5_5>\

for all sufficiently large ¢ € N with t)\go‘ > 1.
We proceed with a proof by contradiction. Suppose there is a weak solu-
tion f: T x [0,T] — R of (6.1) with the initial data fo such that

sup [f(,t)|pr(r) < M (6.9)
t€[0,T

for some T'> 0 and M > 0.
Next, we use a class of special test functions in weak formulation to exploit
the illposedness of e“=. For any T > 0, consider test functions of the form

o(z,t) = e*(T*t)caqﬁ(m) (6.10)

with ¢ € C°°(T) smooth. Since these test functions (6.10) satisfy the equa-
tion Oyp = L classically, we have the equality

Orp = Loy = e_(T_t)Eaﬁaqb. (6.11)

From (6.3) and (6.11) we deduce that the solution f satisfies for any ¢ €
C*®(T) and T'> 0

/fxT dw—/fo e~ TLe g (z) du

T
= / (f = He"TDEar o dudt + / Fy(e~ T ag) dt
Tx[0,T] 0

(6.8)

(6.12)

We choose a family of test functions ¢, € C°°(T) and a sequence of times
74 — 0 for ¢ € N as follows.

(1) First, we choose 74 € (0, 1) such that

da

T = A (6.13)
where we can assume 0 < § < 1. When ¢ is large, we have 7, < T
and Tq)\ga > 1.

(2) Second, by (6.13) and (6.8), we can take a sequence of test functions
¢q € C*°(T) such that

5y 2G5

/ Ay [e7F fo] g > Tq’_QA (6.14)

for all ¢ sufficiently large and
|ogl o = 1. (6.15)

The existence of such ¢,’s follows from the duality of L” norm: for
any f € LP(T), one has

|fleeery = sup /gf-

|g|Lp/:1 T
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(3) Since the sequence of test functions ¢, has Fourier support compa-
rable to Ay, by (6.13) and (6.15) we have the brute-force estimate
from Lemma 5.6 and Lemma 5.3,

1
sup \e*(qut)Ea/JaAqqﬁq\Lp/ N /\20‘ for all ¢ € N. (6.16)
te(0,74]
Here the constant is independent of ¢.

We are in a position to get a contradiction. Consider the formulation
6.12) with A and T' = 7, for ¢ € N large, namely
q%Pq q ge,

/f x,Tq) Agg (T da:—/fo TqL‘*AqqZ)q(:E) dx
=L

:/T ’ ](f e —(rq—t)La p Aququdt—l—/qut(e(th)LaAqu)dt
x[0,74

=R,
(6.17)
Here Ly, R; € R are the sequences of real numbers corresponding to the
left-hand and right-hand sides. We will eventually show that L, # R, for
some ¢ € N large under the hypothesis (6.9).
Starting with the left-hand side of (6.17), we use integration by parts, the
Hoélder inequality, and (6.14) to derive a lower bound for |Ly|. First, note
that

Lyl > /T Ag (€750 £0) () da — | £ 7)| 10| Dl ot (6.15)

By (6.14) and the hypothesis (6.9), it follows that from (6.18) that

|Ly| > 77F 2)\ 272 _C for all sufficiently large ¢ € N.  (6.19)
However, the exponent of the first term in (6.19) is positive:
1_1 2a_,_ € e 1_1yda__ e

I TR o (a2t TR (6.20)

)
Since by (6.7), we have 0 < € < (f —3
and hence Ly blows up as ¢ — 00.

Now let us consider the right-hand side value R,;. The goal is to derive
an upper bound smaller than (6.19). From (6.17), we first use the Holder

inequality and (6.15) to obtain that for any ¢ € N,

|Ry| < 1q sup |f(t)— f(t)|Lr sup
te(0,74] te(0,74]

Ft(ef(Tqit)[/a Aq(bq) ’ .

)— the exponent is strictly positive,

e*(Tq*t)Ea EaAq¢q ’ L

(6.21)
+ 74 sup
te[0,74]

For the first term in (6.21) we use the assumption (Al) and (6.16):

sup |f() =Tl sup [eCo 08 L A0y

te[0,74] te[0,74]

1
< 07-37-(12 )\g’o‘ for any sufficiently large ¢ € N. (6.22)
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For the second term in (6.21), we first use the assumption (A2), the definition
of Besov norms, and Lemma, 5.6:

sup |Fi (6_(T_t)£a Aydq)
te[0,74]

S sup |em M08 Aygy|
t€[0,74]

2a—0 —(T—t)La
SN0 sup e (T—t) VAW M
te[0,74]

2a—46
BPCI

1
< C)\ga_(sﬂf Ag forany g €N, (6.23)

It follows from (6.21), (6.22), and (6.23) that

3 3
|Ry| < Ct¢ +6)\3a + 74 )\20‘_5 for any sufficiently large ¢ € N. (6.24)

Finally, we show that (6.24) leads to a contradiction. Note that by (6.13),

_ as
we have Tg <N 2005 By (6.24), this implies the bound

Ryl < C(7,A2%)278 4 C7,02%) 20,0

—6

a

as a8 a8

<N TR Lo

which is decaying when ¢ — oo. In other words, R, is uniformly bounded

for any ¢ € N. This contradicts the fact that L, blows up. So (6.9) can not
holds and we are done.

O

The next result is the extension of the LP illposedness to p > 2. In
general, the LP boundedness/unboundedness of a linear operator can be
deduced from that of its adjoint operator. So one would expect the same
equation is strongly ill-posed in L? for p > 2. Here the situation is slightly
more involved since we are dealing with time evolution, and the initial data
needs to develop an “instant blowup”.

We combine the usual duality approach with a patching argument to in-
duce the desired blowups in the high-frequency.

Proposition 6.3 (Illposedness for p > 2). For any 0 < a < %, 2 <p<oo,
and 0 > 0, there exists an even initial data fo € LP(T) such that the following
holds.

Consider any model equation (6.1) satisfying the (LP,0)-assumptions (A1)-
(A2). If f : T x [0,T] — R is a weak solution of (6.1) with the initial data
fo in the sense of Definition 6.1, then it must satisfy

sup |f(,t)|zp(ry =00 for any T > 0. (6.25)
te[0,7

Proof. First of all, let us assume 0 < § < 1 and fix € = €(a,p,d) > 0 such

that
1 1)\ do
—— =) —. 2
0<e<(2 p) 3 (6.26)
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Since p > 2, its Holder dual p’ € [1,2), for this € we apply Lemma 5.7 to
obtain ¢ € L?" such that

11

11 2
‘etﬂaAq¢‘Lp, 2 t2 p)\qa

(3-3-5

(6.27)

for all sufficiently large ¢ with t)\ga > 1. In contrast to Proposition 6.2, we
will use this ¢ as a test function.
We take a sequence of times 7, € (0,77 for such that

as
Tt = Mgt (6.28)

With the sequence 7, chosen, we now construct the initial data. As in the
previous proposition, the duality of L norms implies that there exist a
sequence of smooth functions hy € C*>°(T), ¢ € N such that

(1) hq is even and h, has frequency support near Ag;

olm

(2) For any sufficiently large ¢ € N, h, satisfies |hy|r < A\g 2 and

1 ga(l,l),e
Lo 2 2
/hquq Agp > 14 LA

1
P)\q
We can be sure to find such even h, due to the fact that any odd part does
not contribute to the integral (6.29) since eTqLaAq<b is even, and so can be
discarded.
Now our initial data is

(6.29)

for=Y_ hq (6.30)

q€e2N
We take ¢ € 2N to isolate the contribution from each frequency band A,
and any sufficiently lacunary sequence will work. It is clear that fy is even

and in LP(T) since |hy|zr < Ag 2. We note that when p = oo, fop is in fact
continuous due to this epsilon decay.

We proceed with a proof by contradiction. Suppose there is a weak solu-
tion f: T x [0,7] — R with the initial data fo € LP(T) (6.30) such that

sup [f(,t)|pr(ry < M (6.31)
t€[0,T

for some 7" > 0 and M > 0.

Now we take a look again at the weak formulation (6.12) used in the
proof Proposition 6.2. The weak solution f satisfies for any ¢ € C°°(T) the
following equation

/ P, TY() do — / Jolw)e~TEuap(x) da

T T

— [ =D T L o (6.32)
Tx[0,T]

T
+ / Fy(emT=DEay) dt.
0

For all sufficiently large ¢ € 2N consider the test functions
= N0gp € C(T) (6.33)

over time intervals [0, 7,] where ¢ is as in (6.27) and (6.29).
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Since the frequency supports of the summands in fy = ) hq lie in sepa-
rated annuli, using (6.33) in (6.32) gives

/f(:c,Tq)Ang(x) dw—/hq(x)e_TqﬁaAqqﬁ(x) dx
T T
=L4

:/T , ](f—f)e(th)ﬁaﬁaAq¢dxdt+/0qFt(€(th)ﬁaAqu)) dt .
x[0,74

=R,
(6.34)
As before, Ly, R, € R are the sequences of real numbers corresponding to
the left-hand and right-hand sides. We will show that L, # R, for some
sufficiently large ¢ € 2N under the hypothesis (6.31).
Let us start with L, the left-hand side of (6.34). Since ¢ € YV 1<p <2
and hy satisfies (6.29), by (6.31) we use Holder to obtain that for all large
q € 2N

11 gql 1y,
‘Lq|27—q2 " Aq s _|f(‘a7'q)|L1’|Aq¢‘Lp’
1_1 gq(l_1y_ (6.35)
> 2T e
>Tq "Ag

Similarly to the proof of Proposition 6.2, the exponent of the first term is
positive: by (6.28),

2 (3-1)—e

c= A, (6.36)

3=

1 l_l)_e 11
T8 TAg © T =T ANRE A
where %5(% - ;17) — € > 0 thanks to (6.26). Hence L, blows up as ¢ — o.
Finally we consider Ry, the right-hand side of (6.34). We will show the
right-hand side R, remains uniformly bounded. By Hélder’s inequality again,

’Rq’ STq sup ’f_?|LP sup |67(Tq7t)ﬁa£aAq¢‘LP'

te€[0,74] te[0,74] (6 37)
+14 sup |Fi(e” 00N g)]. '
te[0,74]

For the first term in (6.37), by the time-continuity of f(t) — f(¢) in the
assumption (Al) and the bound by Lemma 5.6 and Lemma 5.3

1
sup |e” (DL N @, S T2 Ader (6.38)
t€[0,74]

we have

f —(1q—1)La < 2415 6
T4 sup |f — fl» sup |e LoAgdly S [Tq)\q ] Ty (6.39)
t€[0,74] te[0,74]
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For the second term in (6.37), by the assumption (A2) and Lemma 5.6 again,

7, sup |Fy(e”(amDEa A o)
t€[0,74)
STy sup |€—(Tq—t)5aAq¢‘Bga,5
te[0,74] p’,1
STq)\Za_é sup \e_(T‘?_t)LaAqupr,
t€[0,74]
3
< [rah2®] 2,0 (6.40)

~

Combining (6.39) and (6.40) in (6.37), we have

3 E
|Rgl < ClrgA2®] 270 + C[rgA2%] 20" (6.41)
5 720¢5+%5
Thanks to (6.28), we have 77 < g . It then follows that

20 _20d+28 25
IR SAE T 4a2 =0
as ¢ — o0o. So Ry is uniformly bounded, a contradiction to the fact that L,

blows up.
OJ

From Lemma 5.3, it is easy to see the initial data in Proposition 6.2 and
Proposition 6.3 are stable under smooth perturbations. For later application
to the curvature equation, we state a combined corollary suitable in that
setting.

Corollary 6.4. For any 0 < a < %, p#£ 2, and 6 > 0, there exists an even
and zero-mean function fy € LP(T) such that the following holds.

Consider any model equation (6.1) satisfying the (p,d)-assumptions (Al)-
(A2).

For any fy € C°(T) and any € > 0, if f is a weak solution of (6.1) with
the initial data fo = efy + fy in the sense of Definition 6.1, then f must
satisfy

sup |f(-;t)[Le(ry =00 for any T > 0. (6.42)
te[0,7]

6.3. C? illposedness of the model equation. In the last part of this
section, we consider the model equation in C# Hélder spaces. The goal is to
show that the illposedness holds for any 0 < 8 < 1 since § = 0 corresponds
to the L case that was covered before. We use the duality approach with
the patching argument in the LP, p > 2 case to prove the C? illposedness.

Given any 8 € (0,1] and § > 0, we consider the (C?, §)-assumptions,
(B1) and (B2), on (6.1). Similar to L? cases, these two assumptions roughly
say that (6.1) is a small perturbation of the original equation d;f = L, f in
the CP scale.

Proposition 6.5 (Illposedness for C?). For any 0 < a < %, 0<pB <1, and

§ > 0, there exists an even initial data fo € C?(T) such that the following
holds.
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(C#, §)-assumptions:

(B1) f + f is bounded in C#(T) with the estimate
1F () = FC ) cosmy S t° uniformly in time for all ¢ > 0 small;

(6.43)
(B2) the distributional forcing F; satisfies the bound
|Ft’L°°Bfof§oa+6 < 00. (6.44)

Consider any model equation (6.1) satisfying the (CP,8)-assumptions (B1)-
(B2). If f is a weak solution of (6.1) with the initial data fy in the sense of
Definition 6.1, then it must satisfy

sup |f(-,t)|lcs(my =00 for any T > 0. (6.45)
te[0,7

Proof. First of all, let us fix € = €(a, §) > 0 such that

o
0 — 6.46
<e< 16 (6.46)

and take a sequence of times 7, € (0,77 for such that
as
T = A (6.47)
For this € > 0 and p = 1 we apply Lemma 5.7 to obtain the even real-valued
function ¢ € L'(T) such that

1 _e€
leTaEa N B 1 > 77 Ay 2 for all sufficiently large ¢ € N. (6.48)
As in the proof of Proposition 6.3, we will use this ¢ as a test function.
Once again, the duality of L' norm implies that there exist a sequence
hg € C*(T), q € N such that

(1) hq is even and its frequency support is contained in that of A,¢;

2) For any sufficiently large ¢ € N, h, satisfies |hq|peo < A 2 and
q q q
1
/ hqe 5 Agp > TENI. (6.49)

Here the evenness of hy follows from the same reasoning as in Proposition
6.3.
Our initial data is
for=> A "hq. (6.50)
q€2N
We take ¢ € 2N to isolate the contribution from each frequency band ;.

It is clear that fp is even and in C#(T) since |hy|r=~ < Ag 2 thanks to the
characterization of Hélder continuous function (5.7).
Suppose there is a weak solution f with the initial data fy (6.50) such
that
sup |f(-,t)|cosmy <M (6.51)
t€[0,7)]
for some 7" > 0 and M > 0.
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Then as before this weak solution f must satisfy for any ( € C°(T),

/Tf(a:,T dx/fo e Thal(z) da

- / (f = Fe~T=0%a £, ¢ dudt (6.52)
Tx[0,T]

/ Fy(e~T-DLac) gt
For all sufficiently large ¢ € 2N consider the test functions
(=M Agp € CP(T) (6.53)

over time intervals [0, 7,] where ¢ is as in (6.48) and (6.49).

Due to the frequency supports of the summands defining fo = > A\, p hyg
belonging to disjoint annuli, using (6.53) in (6.52) gives

)\g/f(a:,Tq)AqqZ)(m) d:n—/hq(x)e_TqE‘*AqMa:) dx
T T

=Lg

Tx[0,74] 0

=Ry
(6.54)
As before, we will show that L, # R, for some sufficiently large ¢ € N under
the hypothesis (6.51).
Let us start with L,, the left-hand side of (6.54). Since ¢ € L, and h,
satisfies (6.49), we use Holder to obtain that for all large g € 2N

1 ~
|Lg| > 7¢ /\3_6 - )‘§|Aqf('v7'q)|L°°|Aq¢‘L1- (6.55)
By the assumption (6.51) and the fact ¢ € L!(T), we have

1
|Lg| > 730~ = C. (6.56)
As in Proposition 6.2, the exponent of the term is positive: by (6.47),

—€

1 ad
TENTE = [ AN, € = A (6.57)

where < 8 — € > 0 thanks to (6.46). Hence L, blows up as ¢ — oo.
Finally, we consider Ry, the right-hand side of (6.54). We will show that
the right-hand side remains uniformly bounded.
By Holder’s inequality again,
|Ry| <7 sup )‘g‘zqf_ Aqﬂb’"|€_(Tq_t)£a£och¢|L1
te(0,74 (6 58)
+1 sup [F(Ae 05 A g)]. '
t€(0,74]
For the first term in (6.58), by the assumption (B1) and the following
bound by Lemma 5.6 and ¢ € L*(T):

R

sup |e_(Tq_t)£“£aAqd>|L1 <

Ade (6.59)
t€[0,74]
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we have

sup AJJALf — Ay flpele” Lo Lo A o1

te[0,74]
S sup [f(t) = f(t)lcos sup |e”TaTEL A G|
te[0,74] te[0,74]
1
< TENOT. (6.60)

For the second term in (6.58), by (6.44) and the distributional pairing

sup |[Fy(Aje™ 705 A 0)| S AP Bl e pozats sup [eCe Ay,
te[0,74] ’ te[0,74]

It follows from the assumption (B2) and Lemma 5.6 that

1
sup |Fy(AJe™ 2 Agg)| S @ A3, (6.61)
t€[0,74]

Combining (6.58), (6.60), and (6.61) we have the estimate for Ry:

3
2

3

[Ryl <C [Tq)‘ga] ’ Tg +C [Tq)‘ga} )‘;6' (6.62)
—2a54+ad

Due to (6.47), we have Tg <N 20045 1t then follows that

ald ald ald
9 _9a5+es el
R SAZ T aF 50

as ¢ — 0o. So Ry is uniformly bounded, a contradiction to the fact that L,
blows up.
O

As in the LP cases, the initial data in Proposition 6.5 is also stable under
smooth perturbation. We state a corollary suitable for later application to
the curvature equation.

Corollary 6.6. For any 0 < a < %, 0<B8<1, and § > 0, there exists an
even and zero-mean function fy € CB(T) such that the following holds.
Consider any model equation (6.1) satisfying the (CP, 8)-assumptions (B1)-
(B2).
For any fy € C®(T) and any € > 0, if f is a weak solution of (6.1) with
the initial data fo = efy + fy in the sense of Definition 6.1, then f must
satisfy

sup [f(-,t)|co.s(my =00  for any T > 0. (6.63)
t€[0,T]

7. PROOF OF SOBOLEV ILPOSEDNESS

In this section, we put together the two main ingredients, the curvature
flow with its leading order dynamics and illposedness for the model equation,
to complete the proof of the main theorem.
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7.1. Smooth bending of curves. To show illposedness for the a-patch
problem, we need to take the initial data x for the curvature equation in the
form of of our examples in Section 6. It is not immediately obvious that we
can do so, even if we assume [ kds = 2m, as the endpoints of the arc could
mismatch.

The lemma below shows that after suitable symmetric bending by adding
two smooth bump functions to the existing curvature, an arc becomes a
closed curve.

Lemma 7.1. Let k4 € LP(T), 1 < p < oo, even and such that [ kyds = 0.
Then there exists a simple closed curve v with length 21 of class WP such
that its curvature k can be decomposed as

K = €Ky + Kgq (7.1)
for some small € > 0 and kg € C*(T).

Proof. Let vy, : [—m, 7] — R? be the even arc with curvature exy and centered
at the origin: 74(0) = 0. We fix € > 0 sufficiently small (depending on x3) so
that the unit tangent of v, only varies by at most 100071,

We define a continuum of even arcs ~(+, h) centered at the origin via the
curvature formula

kn(s) = ery(s) + d(s — h) + ¢(s + h) (7.2)
where ¢ > 0 is a fixed smooth bump function with supp ¢ C [-7/8,7/8] and
[o=m.

Since [ kj = 2m, (7.2) defines a family of even arcs with length 27 and
two end-points facing each other. As in Figure 4, the two bumps ¢(s — h)
and ¢(s+ h) correspond to two symmetric bends of 180° and the parameter
h determines the positions of the bends.

For h = m — /8, the two endpoints of ¥(-, h) are far apart; For h = 7/4,
the two endpoints of (-, h) have reversed their relative position. If we define
a quantity measuring the signed horizontal distance of the two endpoints,
then this function must attain zero for some h* € [r/4, 77 /8] by continuity.

The resulting arc s — (s, h*) is a simple closed curve by symmetry—
(=7, h*) and y(m, h*) are the same point and the tangent vectors also agree.
In other words, s — (s, h*) extends to a 2w-periodic function on R with
W2P regularity.

Finally (7.1) follows from (7.2).

O

7.2. Illposedness in Sobolev spaces.

Proof of Theorem 1.4. Let us first choose the initial data. Given p # 2 and
0<a<%—ﬁ,weﬁx
1
0 =min{l — - — 2a,2a}. (7.3)
p

Since § > 0, we let k4 € LP(T) be given by Corollary 6.4 with the parameters
a,p and 0 above. Note that Corollary 6.6 states that this initial data fails
to produce any LP weak solution to any system (6.1) satisfying the (LP,0)
assumptions.
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FIGURE 4. Bending the arc  with curvature exy. The top
right and the bottom two are the arcs s — ~y(s, h) with the
two bends moving from near the endpoints to the center.

Then take the W?2P initial data Qg as the interior of a W?P simple closed
curve 7 that is arc-length parameterized with length 27 given by Lemma
7.1 whose curvature is given by

Ko = €Ky + Kg (7.4)

for some € > 0 where the bad part sy € LP(T) is from Corollary 6.4 and the
good part kg € C(T).

With the initial data chosen €2, we prove by contradiction. Suppose there
exists an a-patch € on some [0, 7] and M > 0 such that

sup || |lw2r < M. (7.5)
te[0,7)

Then we apply Theorem 3.11 with the a-patch €; on [0, 7] and with the
initial parameterization 4o above to obtain a unique flow v € C([0, T]; C17(T))
with the initial data g and o =1 — % —2a > 0.

Next, by (7.5), Theorem 4.6 shows that the curvature of 9€; under the
C1% parameterization « satisfies the regularity

K € Lo([0, T]; LP(T)), (7.6)

and the equation

/ K( T)O(-T) g(-. T) dac — / 5, 0)(-, 0)g(-,0)
B T (7.7)

T
= / kO, dadt — cq / ¢ 2R Lo drdt + / Ei(o) dt
T T 0

with & satisfying
[E()] S [¢lg2a-o for all ¢ € CF(T) (7.8)
Y2
uniformly on ¢ € [0, T7.

We now put (7.7) into the setting considered in Section 6. Let f = kg and
define the mapping f +— f = ¢g~2*f. Let the distributional forcing F} = &
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in the above. Then (7.7) is the weak formulation for the equation

{&ff - Ca[fa? = F; (79)

fli=o = fo-

By rescaling the time, we can assume ¢, = 1 as in Definition 6.1.

To obtain the final contradiction, we need to verify the (LP,J) assumption
for Corollary 6.4. Let us consider the first condition (Al). By Hélder’s
inequality, we have the estimate

1FCt) = FC D) ey S 11— 972 Lo £ G5 )| o) (7.10)
As explained in Section 4.1, the flow equation for v implies the evolution of
the metric g : T x [0,7] — R™
= -T
019 = 90sv (7.11)
gl=o =1

where we have used that the initial data is arc-length parameterized. By
Lemma 3.6 and the regularity g € C([0,7];C?(T)) for o0 =1 — % —2a>0
implies that in (7.10) we have

FCt) = FCt)oemy ST L (7.12)

So we have verified the first condition (Al).
The second condition (A2) follows directly from (7.8) by (7.3) and the
fact § < 1. So Corollary 6.4 implies that

sup |f(t)|peery = sup |g >k (t)|Lo(ry = 0 (7.13)
te(0,6] t€[0,6]

which is a contradiction to (7.6).

8. PROOF OF HOLDER ILLPOSEDNESS

In the last section, we consider the C?# a-patches. To finish the proof of
illposedness, we need to strengthen a few main ingredients in this setting.

8.1. Improved estimates in the C?# case. The C?# Hélder case requires
a higher regularity of the flow . To this end, we have the following improved
analog of Lemma 3.6 in the tangential direction.

Lemma 8.1. Let 0 < a < % and 0 < 8 < 1. Suppose Q is a C*P bounded
domain and v is the velocity field of Q according to (1.2).
Then the velocity field satisfies

‘857) 'T|CO,1 < C(Q,B,Q) (81)
where | - |goa is the Lipschitz norm.

Proof. In view of Lemma 3.6, we focus on the C%! continuity using the
formula

(5(5) = (s +5) - T(s)
s =2 ( + s

Osv(s) = P.V. / T(s' + s)
g
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For any § > 0, we denote by Asf(s) = f(s+ 0) — f(s) and consider the
split
As[0sv - T = (0sv-T)(s+06) — (Osv-T)(s) =11 + I

where

I = lim T(s+d+5) T(s+9)
e—0+ e<|s’|<25
(v(s+0)—v(s+d+5)) - T(s+9)
[v(s+0) —y(s+ 6+ &)[2 T2
: — (s +s)) - T(s)
— lim T(s' +s)- T(s (v(s) = ¥(s ds’
N (P 22

ds'

and

(v(s) = (s +5)) - T(s)

/
FIOEEEES e R

I = /Is’225 As [T(s’ +s)-T(s)

We will show the estimates |I1], |I2| < 6.
Estimate of I;:

By the estimates (2.6a), (2.6e) and (2.6f) with p = oo in Section 2.5, for
any s,s' € R

T(s') - T(s) =1+ O(ls = 5'*)

: 1
(v(s) =7(s) - T(s) = (s = ') + O(|s — §')
|S o S/|2+2a

[7(s) — v (s")[*2
Using (8.2), we have

I = lim / d3/+/ O(’S/‘I_QQ) ds’
=0+ ( e<|s|<26 ‘S/|2+2a e<|s|<26

- ds’—i—/ O(ls'=2) ds' |
/e<s’<26 || 22 <|s'|<28

The first terms in the above two lines vanish by oddness, and we have

—14+0(s— 5.

‘11’ S,/ |S/’172a dS/ S 527201 S S.
|s'|<26

Estimate of Io:
In this regime, we first consider the finite difference of the integrand

(v(s) = (" +5)) - T(s)
7(s) = (8" + 5) 2

As [T(s/ +s)-T(s) (8.3)

To reduce notation, for each fixed |s'| > 0, let us denote by Ky (s) the
function

(v(s) =7(s" +5)) - T(s)

s Ko() =T +9) T 0 g pom
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From the regularity T,N € WP, we know that K is weakly differentiable
with LP derivative:

(v(s) =~(s" +5)) - T(s)
[7(s) = (s + 5) 22
(v(s) =(s"+5)) - T(s)
[Y(s) = (s + )7+
(T(s) — T(s'+5)) - T(s)
[7(s) = (s + 5)[*2 (8.4)
/ (v(s) = (5" +5)) - N(s)
E(S)T(S + 8) T(S) |’Y(5) — 7(8/ + S)‘2+2a
(v(s) = (" +5)) - T(s)
() = (8" + s)[ 2
< (v(s) = (s' +5)) - (T(s) — T(s' + 5)).
Since v is C%P using the W2 estimates in Section 2.5, it is straightforward
to show that K7, satisfies the point-wise estimate

05Ky (5)] < Is'17%. (8.5)

05Ky (s) = — k(s + s)N(s' + 5) - T(s)

— k(8)T(s" + s) - N(s)

+T(s' +s) - T(s)

— (2+2a)T(s + ) T(s)

So by the fundamental theorem of calculus for W' functions and the bound
(8.5), we have

s+0
|Kg(s+9) — Kg(s) §/ |0s Ko (T)| dT

(8.6)
5 ’S/|_2a5.
Now we apply the estimate (8.6) for Ky (s) to I3, obtaining
L] < / As[Ko(s)] ds' < / 295 ds’ < 6.
L>|s)>25 L>)s|>26
O

8.2. The flow of C%# a-patches. Based on the improved regularity in the
tangential component of dsv, we have the improved wellposedness of the flow
of C? a-patches.

Theorem 8.2. Let 0 < a < % and 0 < B < 1. Suppose Q is a C>P a-patch
with the initial data Qo and v = K4 * xq, : R? x [0,T] — R? is the velocity
field of Q4.

For any C%# parametrization of 00, o € C*P(T), the Cauchy problem
fory: T x[0,T] — R?

{@’v(w,t) =v(y(z,1),1) (8.7)
Ylt=0 = 0

has a unique solution v € C ([0, T]; CH1=2%(T)) N L*°([0, T); CH1(T)).

Proof. By Theorem 3.11 with p = oo, we have the existence of the flow v €
C([0,T); CH'=2%(T)). Since = +— ~(z, t) is a parameterization of C*# bound-
ary 01, it suffices to show that the arc-length g = |0,~| € L*°([0, T]; C%1(T)).
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As discussed in Section 4.1, the evolution of the metric g : Tx[0,7] — R™
satisfies

Oig = gosv - T
9gli=0 = |9z70]-
Since s+ dyv - T is C%! in the arc-length variable by Lemma 8.1, we have
dsv - T(z,t) € L>([0,T]; C*(T))
in the Lagrangian label as well. Then a standard Gronwall-type calculation
for (8.8) implies that g € L°°([0, T]; C%1(T)).
O

8.3. The curvature flow of C?># a-patches. The last improvement we
need is the curvature dynamics in the weak formulation. Compared to the
W2P cases, we need to show the error terms are functions with some Holder
regularity.

Proposition 8.3. Let0 < a < % and 0 < B < 1. Suppose vy € C([0,T]; CH1=22(T))N
L>=([0,T); CHY(T)) is the flow of a C*P «a-patch Qi with the initial data
Y0 € C%P(T). Let v be the velocity field generated by the patch Qy parame-

terized by v and g = |0,7y| be the metric associated with the flow .
Then for any t € [0,T] and any ¢ € C°(T),

/ v - NOsypds = —cq / ¢ % Lo dx + / Rodx (8.9)
T T T
where co > 0 is a universal constant and R : T x [0,T] — R satisfies

|R| 00, < Car (8.10)

where p = min{1l — 2c, B} > 0 and the constant Cq 1 < oo depends on «, 3,
Q, and T.

Proof. As in the proof of Proposition 4.5, let us consider the (time-dependent)

arc-length variable s := £(¢ fo 7)d7r and define the arc-length coun-
terparts by the formula f(¢ (f)) = f(é), ie. f(s) == f(£71(s)) for f €
{7, T,N,k,v}.

In the new variable, by Lemma 3.6 the left-hand side of (8.9) reads
5. NO.3 = [N (o) ) = 7)) - T(s)
GSU-N83¢ds:/8S¢/T sHN(s)— — ds' ds.
/ N ey — (o vaa

By the periodicity and the Fubini theorem, we can reparameterize to ob-
tain

/ 050 - NOyp ds

~F(s) —7(s' + ) - T(s ,
= [ [ oot + Nt T DT g,

As in Proposition 4.5, we consider the approximations,

i (7(s) —7(s' + ) - T(s)
lim / - [ 06T + 9N G L e dsds . (812)

(8.11)

e—0Tt



ILLPOSEDNES OF «a-PATCHES 63

To integrate by parts in the s variable, notice that when s’ # 0, the

function s — T(s'+s)N(s) %(é))j((ss’,ﬁ))lﬂ? is at least WP whose derivative

18

N (o (T(8) —F(s" +5)) - T(s)
—%(s' + s)N(s' + s)N(s) () —7(7 T 5) P2 (8.13)
=K1 (s,s’)
ot oy () = 7(s" +5)) - T(s)
+&(s)T(s" + s)T(s) 7(s) —7(s T 5)[FF20 (8.14)
=K>(s,s')
ot oo (L(8) = T(s" +5)) - T(s)
T(s"+ s)N(s) () = (s + ) (8.15)
::K;Zs,s’)
(o 4 N () T8 =V +5)) - N(s)
R T+ NG o = 3 7 o PP (816
=Ky (s,s’)
= (7(s) =7(s"+5)) - T(s)
(2 + QQ)T(S + S)N( ) ’7(5) o 7(8/ + S)’4+20‘
x(3(s) =7(s' +5)) - (T(s) = T(s' + 5)). (8.17)
=K5(s,s")

We then integrate by parts in (8.12) using the derivatives (8.13)—(8.17) and
then reparameterize back to obtain

/ 050 - N0y ds

2 fon RS

(8.18)
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where each integral I;(e) corresponds to the kernels K; from (8.13)—(8.17).

e () =) )
-/ oy SOREONE) - NG o= arae ds ds
(8.19)

/ / SR()T(s) - Ti(s) L =T 'T(j) dsds'  (8.20)
|s— s’|>e
= o(s)T(s') - N(s (T(s) = T(s") - T(s) sds'
; ‘/ [ BT 0 Dua e
://I . —¢(s)R(s)T(s")N(s) (7(s) _7(5/)))‘1\1&9) dsds' (8.22)

e =va f [ TN EOT

x (7(s) = 7(s)) - (T(s) = T(s')) ds ds’. (8.23)

In the steps below, we will show each term on the right-hand side of (8.18)
is compatible with the thesis (8.9) and (8.10). Specifically, we will show Iy
leads to the main linear term with a remainder of C'~2% regularity while the
rest of I; contribute to errors with either C# or C'1=2% regularity.
Analysis of I;:

Let us first analyze I;. We switch back to the Lagrangian labels via
s>z =/0"1(s) and §' > y = £~1(s) in the integral, obtaining

/ /e(l,) ey>|>e )i (y)N(y) - N(z)

T(z
< !i( )) 753(/3)) 2+2(a >9($)g(y) dz dy.

Let us consider the variant I ()

. / / 6(2)5(y)N(y) - N(x)
g(y)|z—y|>e

xTr) — Tz
- (Ti(;') _’y'g/zé?)J))|2+2(a )g(x)g(y) dx dy.

(8.24)

We claim lim, g+ 1 (€) = lim_,o+ [1(€) and both limits exist by an argument
similar to Lemma 3.6 due to ¢ € C*°(T) .

Since x + {(x) is a C1! diffeomorphism, the fundamental theorem of
calculus implies that for each y € T, the set Sc(y) of the symmetric difference

Se(y) :={z e T: |lx) - Ly)| = }A{z € T: g(y)lz —y[ > e} (8.25)

has Lebesgue measure | S| < €2. Hence by the absolute value, the difference
between I (e) and I satisfies

‘fl €) — Il(e)‘

// z)||k(y)||z — y| "2 d dy (8.26)
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Since ¢ is smooth, the term (8.26) vanishes at € — 0 due to the small measure
of the set Sc(y) for all a < %:

[ [, 1ol =yl ey
Se(y)

< ||peo]d|pooe™ 2 " sup [Se(y)|
yeT

S |klpeo| @l L€ =0
where we have used that |z — y| ~ € on Sc(y) in the first inequality. So we
can conclude that ‘fl(e) - Il(e)‘ — 0 ase—0.
So now we proceed to estimate

Tim Ty(c / % / b(x ) N(z)

Tg?;7<§>§|'2f;j>g<x>g<y> iy

(8.27)

Since the flow v € L°CY!, by Lemma 2.4 we define a kernel Q1 : Tx T —

Qu(e.9) =2) - 20 LTI 0y

_ 1-2a T —y—2mn
lg(y)] 7;2 |x_y_27m‘2+2a'

so that the periodic kernel Q1(z,y) : T x T — R is jointly continuous away
from x # y with the estimate

Q1(z, )| S |z —y[ 7> (8.29)
where we note that the exponent —2a > —1. In what follows we will also
use the fact that for any 0 < h < \51;2;y|

|Q1(z + h,y) — Qi(z,y)| S hlw —y| 77 (8.30)

which can be proved by considering the derivative of (8.28) using the O
regularity of Q; and C1! regularity of .
It follows from (8.28) that

T _ 1—2a —y+m ded
(= - [ kwlgtw) /( LN e L

- [ [ o) dedy.
(8.31)

The first term in (8.31) is the main term, corresponding to the first term
on the right-hand side of (8.9). Indeed, by Lemma 4.4, there holds

R

(8.28)

—y+m
lim dx
I P T
_PV/¢ y|2+2a dx

= Cq ad)( ) (832)
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Therefore, by (8.31) and (8.32) we have
i Ti(0) = ~ca [ K()lg(w)]' > Lad0) dy

e—0+
+ [ 6@ [ mwaiy) dyds.

Since —2a > —1 in (8.29), the second integral in (8.33) is well-defined.
We just need to show

Ry(r) = /T k(1) Q1(z,y) dy € C(T) (3.34)

We repeat the standard splitting argument. Consider A > 0 and the finite
difference

Ap [Ra(2)] = /| o FOQ ) dy / k(1) Q1 (z, ) dy
z—y|<

r—y|<2h

(8.33)

s k@ hd- [ k@) dy
lo—y|>2h le=y|=2h

(8.35)
In the nearby region |z — y| < 2h, using (8.29) and the fact x € C?(T) we
can bound the terms individually by their absolute values and obtain

[ sw@erhpdy - [ sie)dy
lz—y|<2h lz—y|<2h

< / o — g2 (8.36)
|lz—y[<2h

S.; h172a.

Next, for the far-field region |x — y| > 2h, by (8.30) we have

‘ /Ix y|>2h R(Y)[Q1(z + h,y) dy — Qu(z,y)] dy’

Shf el - o,
lz—y|>2h

Since k € C8(T), integrating the above we have

[ @b - el Sp s
|lz—y|>2h

Collecting the estimates (8.36) and (8.37), we see that

/ k() A (@ ()] dy| <

so the 172 Hplder regularity (8.34) holds and I; is compatible with the
conclusion (8.9).
Analysis of I:

Recall that we need to show

lim Ip(c) = lim / /| L T ) T =T T

e—0t e—0t

hl 205
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defines a C?(T) function in the original Lagrangian label.
Observe that by Fubini theorem and Lemma 3.6

61_1)%1 Iy(e el—lgl'*' / s /|s s'|>e T(S/)T(S) i 7(8/)/) o) ds' ds

[7(s) = 7(s")[>H2e
= /gf)(s)f@(s)asv-T(s) ds.

(8.39)
Writing in terms of the Lagrangian label,
lim I5(e /(b T(x)g(x) dz. (8.40)
e—0t

Since k € C? and g € C%!', to show (8.40) is compatible with (8.10),
it suffices to show 9sv - T is CP(T). Since ¢ is a C1! diffeomorphism and
p = min{l — 2, 8}, this follows from Lemma 3.6 which shows C? Holder
continuity of 9,0 - T, and o = 1 — 2a for p = cc.

Analysis of Is:
We need to show the distribution

lim I3(e) = lim //| s d(s)T(s") - ﬁ(s)(T() T(s') - ()ds’ds

—0* 0t 7(s) = 7(s") >3
(8.41)

defines a C?(T) function in the original Lagrangian label.
By the reasoning similar to treatment of Is, we only need to show

(T(s) = T(s) - T(s) ,, . :
S /T 7 (s) =7 (5|22 ds' is C? continuous.  (8.42)

Let h > 0 and Ay be the finite difference for the s variable. As before,
consider the split

:/ Ay, [T(s’) N(s)( (8.43)
|s—s'|<2h ‘

The integral in region |s — s’'| < 2h can be bounded by its absolute value:

ey T~ T T
Ls/|<2hAh [T(S) N s 7P }d

5/ |s+h—s 1_2ad8,+/ s — s'|172> g5’
|s—s'|<2h |s—s'|<2h

< B2 (8.44)
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Next, we consider the integral in the region |s — s’| > 2h. Notice that the

integrand T(s') N(s)% has the derivative:

() —5() P2
ey (T6) ~ T) T
= o) o) e s

() N S T

ﬁ
(24 20T Ny =T TR T T

(8.45)
Due to the C?# regularity of 9, it is easy to see this derivative is bounded

up to a constant by |s—s’| 72%. Then by the fundamental theorem of calculus,

/|s L [T(S,),N(S)m) T(s') - <>} W

) =3P

I —2« !
drd
/|s s’|>2h/ 8| T (846)
|s — s'| 2% ds’
/|s s'|>2h

<h.

It follows from (8.43) and (8.46) that

— e, (T(s) = T(8)) - T(s)
Ay, [/T(S)N(S) ’7(8) 7( /)’2-&-204 ds’ (8_47)
,S h2—2a +h S h

which is consistent with (8.42).
Analysis of I;:

Recall that we need to estimate the distribution

el—i>%l+l4(€)
e [ 36 =76 )
=~ Jim [ () ”/|s_sf|>eT( N )~ 5 @

By the same reasoning as in the case of I3, we only need to show

(8.48)

F(s) = (s) - N(s) ., . :
s |—>/ 7 (s) = 7(s/ ) F 2 ds’ is C” continuous. (8.49)
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Let us consider again its finite difference

0 g (8) —(s) - N(s)
B |:/T(S IN(s) [7(s) — 7(s')|2 2 ds:|
= — o, (F(8) = (s") - N(s) ,
_ /| o [T(s N }ds (8.50)

(G - ) N
*ﬂ_s/zzﬁh {T“ N (e (s s ]d‘s'

For the integral in the region |s—s'| < 2h, we again bound by the absolute
value:

|/”/<2f’l ()()w) 7(s)) - <>]ds,

7 (s) —7(s")[2*2e

N/ ’S—i—h 8/1 2ad8+ ’8_8/172ad8/
|s—s'|<2h [s—s'|<2h

S h2—2a'

(8.51)

For the integral in the region |s — §'| > 2h, similarly to I3, we use the
fundamental theorem of calculus to obtain:
/
LORLCIRCI

|/s_sfzzhA" TN

s+h (852)
< / / |7 —§'| 72 dr ds’
|s—s'|>2h /s

~

Analysis of I5:
Recall that we need to estimate

lim I
6—1>%1+ 5( )

—(2+2«) lim //| /|> o(s)T(s )N()(i( >_7(?/)-T(8) (8.53)

) % 7 (s) =A(s) 42

x (7(s) = 7(s) - (T(s) = T(s")) ds’ ds.

Again, it suffices to show the C” continuity of

F(s) —7(s")[AH2 B (8.54)
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The corresponding finite difference in the region |s—s’| < 2h can be bounded
as follows,

e ((s) - () - T(s)
/|s_s/|g2h B {T(s N 50y w2

< (5(s) —7(s")) - (T(s) — T(s'»] as' (8.55)

5/ (|S +h— 8/‘1—204 + |S _ Sl‘l—Qoa) ds’' S h2—20¢'
|s—s'|<2h
For the region |s — §’| > 2h we use the fundamental theorem of calculus:

‘ [ T it
|s—s’'|>2h

7(s) = 7(s")[4H2

< (7(s) = 7(s")) - (T(s) — T(s’»] as’
s+h
—§|72*dr ds’ .

8.4. Proof of Theorem 1.2. With all the strengthened ingredients, we
finish the proof in the C*# case.

(8.56)

g

Proof of Theorem 1.2. Let us first choose the initial data. Given 0 < < 1
and0<a<%,weﬁx

1. (8.57)

d = min{2a, ! ; b

Since 6 > 0, we let x4 € CB(T) be given by Corollary 6.6 with the param-
eters a, 3 and § above. As in the W?P case, by Corollary 6.6, this initial
data fails to produce any C? weak solution to any system (6.1) satisfying
the (C#, ) assumptions.

As before, we take the C?# initial data Qg as the interior of a C%# simple
closed curve g € C?#(T) that is arc-length parameterized with length 2
given by Lemma 7.1 whose curvature is given by

Ko = €Ky + Ky (8.58)

for some € > 0 where the bad part sy € CA(T) is from Corollary 6.6 and the
good part kg € C*°(T).

With the initial data chosen €0, we prove by contradiction. Suppose there
exists an a-patch €; on some [0,7] and M > 0 such that

sup [|Q|lc2s < M. (8.59)
t€[0,T]
Then we apply Theorem 8.2 with the a-patch ©; on [0, 7] and with the ini-

tial parameterization 4o above to obtain a unique flow v € C([0, T]; C»172%(T))n
L>=([0,T); C(T)) with the initial data ~o.
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Next, arguing similarly to Lemma 2.1 using (8.59) show that the curvature
of 9§ under the C([0, T]; C17(T)) N L>°([0, T]; C*1(T)) parameterization
satisfies the regularity

K € L*([0,T); C*P(T)). (8.60)
Furthermore, a direct analog of the Theorem 4.6 using estimates of Propo-

sition 8.3 instead of those of Proposition 4.5, shows the curvature x : T X
[0,T] — R solves the equation

/%@TWhTM@TMx—/ﬁhmdﬂmwﬁﬂx
B B (8.61)

= / (glﬁ;atqb dedt — cag' *“kLad + R¢) dz dt
Tx[0,T]

for any test functions ¢ € C°(T x R) with R: T x [0, 7] — R satisfying
where p = min{f,1 — 2a} .

We will derive a contradiction using (8.60)-(8.62).

As before, if we let f = kg, define the mapping f — f = g 2%f and the
distributional forcing Fy(¢) := [; Ré dx in the above, then (8.61) is exactly
the weak formulation for the equation

{@f - Coz£a7 = F; (863)

fli=o = fo-

By rescaling the time, we can assume ¢, = 1 as in Definition 6.1.

To obtain the final contradiction, we need to verify the (O, §) assumptions
for (8.63) in Corollary 6.6. The second condition (6.44) in assumption (B2)
follows directly from (8.62): since p = min{f,1 — 2a} > § — 2a + ¢ by the
assumptions and (8.57), we have the embedding C?(T) C B&jﬁf*‘s(qr).

Let us consider the first condition (6.43) in the assumption (B1). By the
definition of Holder norms, we have the estimate

1f(t) = F( )] cosm
S =g el 0)loos(ry + 11— 972 cosm) £ (5 1) Loo (-

As explained in Section 4.1, the flow equation for v implies the evolution
of the metric g : T x [0,7] — R™

Otg = gOsv - T
g|t:0 = 17

(8.64)

(8.65)

where we have used that the initial data g is arc-length parameterized. The
regularity g € C([0, T]; C*(T)) implies that in (8.64) we have

1F(ot) = (D)l osmy St < (8.66)

So we have also verified the condition (6.43) in assumption (B1).
By Corollary 6.6 we must have that

sup | f(t)|cos(r) = sup, 92K (t) | co.s(m) = 00 (8.67)

te[0,4) telo

which is a contradiction to (8.60).
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