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Abstract. We consider the patch problem for the α-SQG system with
the values α = 0 and α = 1

2
being the 2D Euler and the SQG equations

respectively. It is well-known that the Euler patches are globally well-
posed in non-endpoint Ck,β Hölder spaces, as well as inW 2,p, 1 < p <∞
spaces. In stark contrast to the Euler case, we prove that for 0 < α < 1

2
,

the α-SQG patch problem is strongly illposed in every C2,β Hölder space
with β < 1. Moreover, in a suitable range of regularity, the same strong
illposedness holds for every W 2,p Sobolev space unless p = 2.

1. Introduction

1.1. The α-SQG equations. The α-SQG equations are a family of inviscid
models in 2D incompressible �uid dynamics. These equations interpolate
two of the most important 2D models of incompressible �uids: the 2D Euler
equation and the surface quasi-geostrophic (SQG) equation.

The 2D Euler equation describes the motion of inviscid �uids. Its global
regularity in su�ciently regular spaces has been known since Wolibner [Wol33]
and Hölder [Hö33]; the double exponential upper bound on the growth
of the derivatives of vorticity that essentially goes back to these works
(see also [Yud62]) was recently shown to be sharp [Kv14]. The surface
quasi-geostrophic (SQG) equation models the rotating, strati�ed �uid in
the atmosphere and ocean and is used in geophysical contexts, see for in-
stance [Ped92, HPGS95, Maj03]. Some aspects of the SQG equation bear
resemblance to the 3D Euler equation [CMT94] and the equation attracted
much of attention over the years. Unlike the 2D Euler equation, even
though the existence of global weak solutions for the SQG equation is known
[Res95, Mar08] (not expected to be unique [BSV19]), the global regularity
vs �nite time blow-up question remains a major open problem; only in�nite-
in-time growth of derivatives is has been shown in some examples [HK21].

Both the 2D Euler and the SQG equations are active scalar equations
where a scalar ω is advected by the velocity �eld v generated by ω. The α-
SQG equations, are a natural family of active scalars interpolating between
the 2D Euler and SQG equations (see e.g. [HPGS95, CW99, CFMR05]).
This family has also been called modi�ed or generalized SQG equations in
the literature. As in the case of the SQG equation, the global regularity vs
�nite time blow-up question is still open for all α > 0.
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Mathematically, α-SQG equations take form of a transport equation

∂tω + (v · ∇)ω = 0. (1.1)

The relation between the scalar ω : R2 × [0, T ] → R and the velocity v :
R2× [0, T ]→ R2 at each time t is determined by the (modi�ed) Biot-Savart
law

v(x, t) = ∇⊥(−∆)−1+αω = Kα ∗ ω(x, t) := cα

�
R2

(x− y)⊥

|x− y|2+2α
ω(y, t) dy,

(1.2)
where x⊥ = (−x2, x1) for any x ∈ R2. In this paper, for simplicity, we
adjust the Biot-Savart law to have cα = 1; this is equivalent to simple time
rescaling. The key parameter α ≥ 0 in (1.2) dictates the regularity of the
velocity �eld compared to the scalar ω. In our setting, α = 0 corresponds to
the 2D Euler equation while α = 1

2 to the SQG case.

1.2. The α-SQG patch problem. Another interesting set of solutions for
the α-SQG equation are patches. These are weak solutions where the scalar
ω takes form of a characteristic function of evolving domain. The question
of wellposedness in the patch setting refers to conservation of regularity of
patch boundaries and absence of patch collisions. More precisely, the single
patch problem is well-posed if the initial smoothness of the patch bound-
ary is preserved in time and no self-intersection of the patch appear. In
the 2D Euler case, the celebrated Yudovich theory [Yud63] guarantees the
existence and uniqueness of the vortex patch. Due to the log-Lipschitz esti-
mates on the �ow map, di�erent branches of the patch boundaries can not
intersect. However, the Yudovich theory does not provide any information
on the smoothness of the patch boundary, and it was a question of debate
whether the smoothness of the vortex patch boundary can break down in
�nite time [But89, DM90]. Later, Chemin [Che93] proved that the vortex
patches preserve their initial smoothness for all times. To date, several di�er-
ent proofs of global regularity for Euler patches are available: Serfati [Ser94]
and Bertozzi and Constantin [BC93] (see also more recent [Ver21, Rad22]).

However, the wellposedness theory for α-patches is much less understood.
This is due to the lack of the uniqueness theory at the level of bounded weak
solutions and more severe loss of derivative in the Biot-Savart law. We mainly
discuss the general Cauchy problem of α-patches in this paper, but also refer
to [HMV13, dlHHH16, CCGS16, dlHHH16, GS19, GSPSY21, HHM21] for
interesting constructions of special classes of α-patches.

Compared to the 2D Euler case, the α-patch problem is more di�cult
to set up as the velocity �eld is no longer log-Lipschitz. Perhaps the most
fundamental question is

What is an α-patch?

Historically, di�erent notions of α-patches have been proposed and studied
by many people. For instance, the following is a list of possible de�nitions.

• (Contour dynamics [Gan08, CCC+12, CCG18, GP21, GNP21])
parametric curves γ : T× [0, T ]→ R2 such that

∂tγ(x, t) · γ⊥(x, t) = v(γ(x, t), t) · γ⊥(x, t); (1.3)
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• (Geometric [KYZ17, KRYZ16, KL21, JZ21]) time-dependent do-
mains Ωt whose boundary �moves� with velocity �eld v;

• (Eulerian [Rod05]) characteristic functions χΩt that solve (1.1) in
the sense of distributions.

Starting from Gancedo's work [Gan08] on H3 wellposedness, the contour
dynamics approach has seen great success over the years. This formula-
tion of the α-SQG problem allows the use of powerful tools from functional
and harmonic analysis. The principal idea builds on the observation rooted
in [Res95] that the tangential velocity does not change the shape of the
patch, and involves suitably modifying the tangential velocity so that the
contour equation can satisfy favorable energy estimates. Since [Gan08],
the wellposedness of contour equations has been established for the range
of 0 < α < 2 including the velocity more singular than the SQG equa-
tion [CCC+12]. Related to our study here is the recent work [GP21], where
the authors successfully proved, among other things, the wellposedness of
the α-patch problem to H2 when 0 < α < 1

2 . See also [GNP21] for H2+

when α = 1
2 the SQG case.

On the other hand, the geometric de�nition, introduced in [KYZ17] by
the second author, Yao, and Zlato², is intrinsic to the Biot-Savart law. This
point of view allows the authors to prove H3 uniqueness in a large class of
patch solutions independent of contour equations. And it provides a frame-
work of the singularity formulation for the α-patch problem in a half-plane
setting with small α < 1/24 in [KRYZ16], where boundaries of patches re-
main in touch with the boundary of the half-plane for all times before the
singularity occurs. The same scenario was revisited in [GP21], showing the
singularity formulation for α < 1/6. This geometric de�nition was also used
very recently in [KL21, JZ21] to rule out various splash singularities un-
der smoothness assumptions, extending the work [GS14]. It remains open
whether the original α-patch problem in the whole space can develop a sin-
gularity.

Finally, the Eulerian notion for α-patches seems less studied compared to
the previous two approaches. Part of the reason is the lack of control on
the patch boundary through the weak formulation. In the 2D Euler equa-
tion case, the celebrated Yudovich theory [Yud62] provides the uniqueness
framework in the Eulerian setting, and hence all notions of a patch solution
automatically coincide. However for α > 0, the velocity is no longer log-
Lipschitz, and it is not clear a priori that the Eulerian notion of α-patches
corresponds to the Lagrangian picture. For general transport-type prob-
lems, it is known that when the velocity is not Lipschitz (or log-Lipschitz),
the usual link between the Lagrangian and Eulerian world may no longer
be valid, for instance the almost everywhere uniqueness of the trajectories
[CC21, BCDL21] does not imply the Eulerian uniqueness of weak solutions,
[CL21, CL23]. Nevertheless, in [Rod05], for the SQG case, Rodrigo showed
the wellposedness for a class of patch solutions ω = χx2≤ϕ(x1,t) with smooth
ϕ periodic in x1 by a Nash-Moser iteration procedure - this was in fact the
�rst result on local wellposedness for the SQG patches.

Not surprisingly, the aforementioned di�culty of the Eulerian notion goes
along with its great generality � it is not hard to show [Gan08, Proposition



4 ALEXANDER KISELEV AND XIAOYUTAO LUO

3.2] and [KYZ17, De�nition 1.2] that at the level of C1 regularity, the previ-
ous two notions of patch solutions are Eulerian ones. The Eulerian version is
the de�nition of α-patches we will use in this paper, see De�nition 1.1 below.
In fact, we will show in Section 3 that the Eulerian notion is equivalent to
the geometric de�nition used in [KYZ17, KRYZ16] at C1 regularity and thus
provide more solid foundation for future analysis of the α-patch problem.

1.3. Motivation. Part of our motivation for the analysis of the patch prob-
lem for α-SQG equation came from the beautiful numerical simulations [CFMR05,
Man15, SD14, SD19] that provide numerical evidence for the existence of in-
stabilities/�nite time singularity formation in the SQG patch dynamics. In
earlier numerical simulations [CFMR05, Man15] two patches appear to touch
each other and simultaneously develop corners at the point of touch. In the
Dritschel-Scott scenarios [SD14, SD19], the patch exhibit a cascade of rapid
collapse and �lamentation. They also found a simultaneous blowup of the
maximum curvature and the inverse of �lament width. While rigorously
justifying such numerical simulation remains out of reach, our analysis here
reveals some �ne structures of the α-patch dynamics and could be of further
interest in other settings. Indeed, our key �nding is the special structure of
the curvature equation, that features a leading linear dispersion term and
drives the ill-posedness results. Although we discovered this special structure
�rst in the case of the vortex patches [KL21], in the α-patch case this lin-
ear dispersion term leads to much stronger ill-posedness as will be described
below.

We also recall that recent interest in ill-posedness results for equations of
�uid mechanics started with the breakthrough of Bourgain and Li [BL15a],
and it has been shown that the Euler equations (in 2D and 3D) are ill-posed
for vorticity in critical Sobolev spaces and integer Hölder spaces (see also
[EM20, BL15b, EJ17, KJ22]). Very recently, results of a similar �avor have
been extended to α > 0. In [JK21, CMZ21], illposedness in the criticalH2 for
the SQG equation was proved, see also [JK21] for the analysis in supercritical
Sobolev spaces Hs for a special class of solutions. The strategy of [CMZ21]
was extended to [CMZ22] to obtain illposednesss in Ck,β of α-SQG in the
more singular case 1

2 < α < 1.
On the other hand, for the non-patch initial data in the SQG setting, there

are results on local wellposedness for the Hölder classes [CCW11, ACEK22].
Moreover, the Euler patches are well-known to be globally wellposed in any
Hölder spaces Ck,β provided k ∈ N and 0 < β < 1 [Ber91]; wellposedness
of vortex patches in W 2,p, 1 < p < ∞ was also proved more recently in
[KL21]. On the other hand, as mentioned above, known wellposedness results
for the α-path problem only apply in C∞ (Rodrigo [Rod05]) or L2 based
spaces (initiated by Gancedo's work [Gan08]). This observation prompts the
question:

Is the α-patches problem wellposed in Ck,β Hölder spaces for α > 0? How
about Sobolev spaces W k,p with p 6= 2?

1.4. Main results. We now introduce the de�nition of a patch solution
and get ready to state our main results. In this paper, a patch refers to a
bounded domain (connected open set) Ω ⊂ R2 whose boundary is a simple
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closed curve. We also work with moving/time-dependent bounded domain
Ωt which is just a map t 7→ Ωt ⊂ R2 on some interval t ∈ [0, T ].

Recall that a bounded domain Ω is said to be C1 if its boundary ∂Ω is
locally a graph of a C1 function. For a Banach space X ⊂ C1, we say Ω is an
X domain if the arc-length parameterization of ∂Ω is in the regularity class
X. In this paper, we mainly use the Sobolev spaces X = W k,p and Hölder
spaces X = Ck,β , and we de�ne

‖Ω‖X := ‖γ‖X([−L/2,L/2]) for X ∈ {W k,p, Ck,β} (1.4)

where γ : [−L/2, L/2]→ R2 is an arc-length parametrization of the bound-
ary ∂Ω and L is the length of ∂Ω. Note (1.4) does not depend on the
particular choice of arc-length parameterizations as they are equivalent up
to translations. As in [KYZ17, KRYZ16], the measured regularity is intrinsic
to the α-patch.

The de�nition stated below generalizes easily to the case of a solution with
multiple patches, i.e. ω =

∑
1≤k≤N θkχΩk,t where θk are coupling constants

and Ωk,t, 1 ≤ k ≤ N are time-dependent bounded domains with disjoint
boundaries (allowing for nested Ωk,t's). We focus on the case of a single
patch in this paper.

De�nition 1.1. Let Ωt ⊂ R2 be a time-dependent bounded domain on t ∈
[0, T ]. We say Ωt is an α-patch on [0, T ] if the function ω = χΩt is a weak
solution to (1.1)�(1.2), i.e. for any ϕ ∈ C∞c (R2 × [0, T )),�

Ω0

ϕ(·, 0) dx = −
� T

0

�
R2

χΩt(∂tϕ+ v · ∇ϕ) dxdt, (1.5)

where v = Kα ∗ ω is given by the Biot-Savart law (1.2).
In addition, for a regularity class X ∈ {W k,p, Ck,β} we say Ωt is a X

α-patch if supt∈[0,T ] ‖Ωt‖X <∞.

We now state the main theorems of the paper.

Theorem 1.2. Let 0 < α < 1
2 . The α-patch problem is strongly illposed in

C2,β for any 0 ≤ β < 1 in the following sense.
For any 0 < α < 1

2 and 0 ≤ β < 1, there exists a C2,β bounded domain
Ω0 such that any α-patch Ωt with initial data Ω0 (in the sense of De�nition
1.1) satis�es

sup
t∈[0,δ]

‖Ωt‖C2,β =∞ for any δ > 0. (1.6)

Remark 1.3.

(1) The classical Euler patch problem is globally wellposed in Ck,β when
0 < β < 1. Our results show such wellposedness fails as soon as
α > 0. We expect that illposedness holds for all integer k ≥ 2, but do
not handle larger k in this paper.

(2) The omission of the endpoint cast β = 1 is purely due to technical
issues, and one should be able to show the C2,1 or C3 illposedness of
α-patch problem by following the framework developed here.

(3) The C2,β α-patches are expected to be unique when 0 < α < 1
2 , as

noted in [CCG18].



6 ALEXANDER KISELEV AND XIAOYUTAO LUO

More comments will follow shortly after we state the next main theorem
concerning the α-patches in the Sobolev case W 2,p.

Theorem 1.4. Let 0 < α < 1
2 and p > 1

1−2α . Unless p = 2, the α-patch

problem is strongly illposed in W 2,p in the following sense.
For any p 6= 2, if α < 1

2 −
1
2p , then there exists a W 2,p bounded domain

Ω0 such that any α-patch Ωt with initial data Ω0 (in the sense of De�nition
1.1) satis�es

sup
t∈[0,δ]

‖Ωt‖W 2,p =∞ for any δ > 0. (1.7)

Remark 1.5.

(1) We stated both theorems in a way that does not rely on any previous
wellposedness results as the existence of α-patches for initial data in
W 2,p for p 6= 2 is not known (and, as follows from the theorem,
cannot be true).

(2) There is a drastic contrast between α = 0 and α > 0� The Euler
vortex patch is globally wellposed in W 2,p for 1 < p <∞ [KL22].

(3) In [GP21], Gancedo and Patel proved existence of α-patches for H2

initial data when 0 < α < 1. Our results here show that for such
solutions, any higher Sobolev regularity W 2,p, p > 2 may be lost
instantaneously.

(4) The threshold p > 1
1−2α is related to the existence of the Lagrangian

�ow of the patch boundary according to the Biot-Savart law. When
p < 1

1−2α , the velocity �eld ceases to be Lipschitz on the patch bound-
ary as we show in Lemma 3.7 below.

(5) In fact, our proof yields a slightly stronger statement: for any such
p, β and α, there exists a small ε > 0 such that Ωt is not W

2,p−ε or
respectively C2,β−ε. In short, these α-patches must exhibit a small
instantaneous loss of integrability/derivative, but we do not discuss
the optimal value of ε here.

1.5. Outline of the proof. We now explain the basic outline of the proof of
main theorems. The proof is by contradiction as our main theorem includes
regimes where even local existence was not known before (for instance α > 0
small and p < 2 in W 2,p). Since the proof of Hölder C2,β is essentially a
special case in the proof Sobolev W 2,p case, we just explain how we prove
Theorem 1.4.

The most essential ingredient is the presence of a degenerate dispersion in
the velocity �eld on the patch boundary. In this paper, since we are focusing
on the Sobolev spaces W 2,p, we will consider the curvature evolution of the
patch boundary as in [KL22]. Compared to the Euler case [KL22], our proofs
for the α-patches are signi�cantly more involved for many reasons that we
explain below. To harvest the dispersion and obtain illposedness in this low
regularity setting, there are roughly four steps in the proof.

(1) Establish the wellposedness of the Lagrangian �ow of the patch
boundary from the Eulerian dynamics of the patch;

(2) Derive the curvature evolution of the patch boundary and its leading
order dynamics of α-patches;
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(3) Prove illposedness for a model dispersive equation of the curvature
evolution. This is done by a perturbative argument based on its
distributional formulation;

(4) Show illposedness for the curvature equation of α-patches.

The �rst step is to go from Eulerian to Lagrangian and show the existence
and uniqueness of the �ow of the α-patch boundary. Given a W 2,p α-patch
on [0, T ], we establish a suitable Lagrangian �ow of its boundary. This step
is necessary for tracking any �ne regularity of the patch boundary. Due
to the very weak de�nition we adopt here, we �rst show that the patch
boundary ∂Ωt �ows with the velocity that the patch Ωt generates in the
sense of De�nition 3.1. This is a local statement on the patch boundary
(in contrast to [KYZ17, De�nition 1.2]) and allows us to take advantage of
the transport nature of the equation. This works as long as the regularity
is C1 and the velocity �eld is continuous. As a byproduct, we obtain the
equivalence of our Eulerian de�nition and the geometric de�nition [KYZ17,
De�nition 1.2] of α-patches.

Once we showed that the patch boundary ∂Ωt �ows with the velocity of
the patch Ωt, we can use this local statement to recover the wellposedness of
the particle trajectories when Ωt is W

2,p for p > 1
1−2α . Here the proof relies

on intrinsic estimates of the velocity �eld. More precisely, even though the
velocity �eld is not Lipschitz on R2, we show that it is C1,σ for some σ > 0
along the patch boundary. This higher Hölder regularity of the velocity on
the boundary in turn allows us to uniquely de�ne a C1,σ �ow map of the
patch boundary.

The �ow that we obtained inevitably loses derivatives when compared
with the given regularityW 2,p. This creates an issue for showing illposedness
since a parameterization loses regularity and does not imply the same loss for
the intrinsic regularity of the patch boundary. We get around this issue by
considering its arc-length renormalization. More precisely, since the �ow is
C1,σ, we can consider its reparameterization in the arc-length variable which
must be W 2,p or C2,β by assumptions. This reparametrization allows us to
track the curvature of the patch boundary in the Lagrangian variable, even
though the Lagrangian �ow is only C1,σ. In other words, the irregularity
must only appear in the arc-length evolution by our standing assumptions.

The next step is then to analyze in detail the curvature �ow of the α-
patches. A formal computation following [KL22] shows the leading order
dynamics of the curvature equation given by

∂tκ = cαLα(κ) + error terms (1.8)

where Lα is a Fourier multiplier with symbol ξ|ξ|2α−1 and κ is a variant of
the curvature κ that satis�es κ→ κ as t→ 0 in a suitable sense.

It is well-known [Hir59, Wai65] that the linear equation ∂tκ = Lακ is
illposed in non-L2 spaces when 0 < α < 1

2 . However, to extend such ill-
posedness result to (1.8) we face two substantial di�culties:

(1) First, the formal derivation of (1.8) does not make sense at such a
low regularity W 2,p; the error terms are not well-de�ned functions.
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(2) Second, even the main term in (1.8) is a nonlinear perturbation of
the linear equation ∂tκ = Lακ. Computing the new evolution group
seems to be out of reach.

To resolve these issues, we �rst derive a suitable distributional variant of
(1.8) that remains meaningful in the W 2,p setting whenever 0 < α < 1

2 and

p > 1
1−2α and then use a perturbative argument at the level of distributional

solutions to show illposedness.
More precisely, by using the Lagrange �ow established before, we can de-

rive a suitable weak formulation of (1.8) that makes sense when the velocity
�eld is at least Lipschitz on the patch boundary, precisely when p > 1

1−2α .

In this process, a new error term of the order |κ − κ| appears. To show
the illposedness, we have to carefully design the initial data together with
a sequence of test functions and time scales to show the instant blowup in
the high frequencies of κ. Both the initial data and the test functions are
related to Wainger's example [Wai65] for etLα . The method we developed is
reminiscent of the usual Duhamel's principle in the distributional setting. In
fact, we can prove that under quite general conditions on κ, the new error
term is under control and we are able to transfer all the existing illposedness
results for the group etLα to the curvature equation (1.8).

To �nish the proof, we need to �nd initial data whose boundary has cur-
vature matching the initial data in the illposedness part. In general, a Lp

or Cβ function κ is not necessarily the curvature of a simple closed curve
even if

�
κ = 2π as the endpoints of the arc could mismatch. We rectify this

situation by another perturbation argument exploiting the symmetry in the
special initial data.

Finally, to prove the illposedness in the Hölder C2,β setting, we need
to strengthen a few estimates as more regularity is required. Most of the
argument is based on the framework developed in the Sobolev setting, and
we refer to Section 8 for more details.

1.6. Final remarks. We close the introduction with a few concluding re-
marks.

The α-patch problem can also be thought of as an interface dynamics.
In other interface problems such as water waves, a linearization leads to an
explicit linear operator whose linear equation has a dispersion relation that
generally does not allow for non-L2 wellposedness, see for instance [Wu16,
Section 3]. In [CGSI19], Córdoba, Gómez-Serrano, and Ionescu used this
ansatz for α-SQG patches with α > 1

2 to obtain global patch solutions
that are small perturbations of the half-plane stationary solution. In their
analysis, the linearization leads to the equation ∂t − Lα using sophisticated
para-di�erential calculus, which however requires signi�cantly more regular-
ity than our W 2,p and C2,β setting.

One can notice that the W 2,p illposedness result here does not cover the
entire range 0 < α < 1

2 of the H2 wellposedness by Gancedo-Patel [GP21].

For those H2 α-patches, the Lagrangian �ow of the patch boundary seems
to be ill-de�ned and hence the techniques developed in this paper are not
su�cient to analyze their �ne dynamics.
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Surprisingly, the dispersion in the curvature dynamics, which is the driving
mechanism of the Sobolev and Hölder illposedness, is absent when α = 0 or
α = 1

2 . Speci�cally, when α = 1
2 , the dispersive relation leads to the evolution

of a traveling wave on the physical side, and hence one could conjecture that
the original SQG patch problem may be well-posed in non-L2 spaces. The
possible illposedness of α-patches in the SQG case is particularly challenging
as the velocity may no longer be continuous. Nevertheless, the framework
we develop in this paper might be useful in other evolutionary free-boundary
problems in a low-regularity setting.

1.7. Plan of the paper. The rest of the paper is organized as follows.

• We collect necessary notations, conventions, and basic technical tools
used in the paper in Section 2.

• In Section 3, we prove that each α-patch (according to De�nition
1.1) induces a unique Lagrangian �ow of the patch boundary with
certain regularity.

• In Section 4, we derive and analyze the curvature equation of the
α-patch problem in the Lagrangian variable that we obtained from
Section 3.

• Section 5 and Section 6 are devoted to the illposedness of a class
of dispersive equations, inspired by the curvature dynamics of the
α-patch. We prove dispersive estimates and revisit Wainger's sharp
counterexample for etLα in Section 5, then show related illposedness
in Section 6.

• Finally, in Section 7 and Section 8 we complete the proof of the main
theorems by showing that the illposedness results in Section 6 carry
over to the curvature equation of the α-patch problem.

Acknowledgments. AK acknowledges partial support of the NSF-DMS
grants 2006372 and 2306726. XL has been partially supported by the NSF-
DMS grant 1926686 while visiting IAS where a part of this work was done.

2. Preliminaries

2.1. Notation. Given x ∈ R2, x⊥ denotes the counter-clockwise rotation
by π

2 of x, i.e. x⊥ = (−x2, x1).

For any set E ⊂ R2 and x ∈ R2, the distance of x from E is denoted

dist(x,E) := inf
y∈E
{|x− y|}.

In this paper, the set E will always be compact, so the in�mum is always
attained for some y ∈ E (might not be unique).

Functions on the torus T = R/2πZ are identi�ed with 2π-periodic func-
tions on R. Similarly, if f is L-periodic for some L > 0, we consider it a
function on the rescaled torus T = R/LZ.

For any 1 ≤ p ≤ ∞ we write |f |Lp(X) to denote various Lebesgue norms
on domains such as X = T,R or a bounded domain Ω. When there is no
confusion, we simply write |f |Lp .
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Given any L-periodic function f : R → Rn, we denote by Mf : R → R
the (L-periodic) maximal function of f ,

Mf(x) = sup
0<ε<2L

1

2ε

� x+ε

x−ε
|f(y)| dy. (2.1)

The restriction ε < 2L is non-essential and the boundedness of M for pe-
riodic function on Lp for 1 < p ≤ ∞ follows from the standard Rd results
[Ste70].

Throughout the paper, X . Y means X ≤ CY for some constant C > 0
that may change from line to line. Similarly, X & Y means X ≥ CY and
X ∼ Y means X . Y , and X & Y at the same time.

We also use the following big-O and small-o notations: X = O(Y ) for a
quantity X such that |X| ≤ CY for some absolute constant C > 0 while
X = o(Y ) means the ratio |X||Y |−1 → 0 as Y → 0 or Y →∞.

2.2. Classical Hölder spaces and Sobolev spaces. For any integer k ∈
N ∪ {0} and 0 ≤ β ≤ 1, the classical Hölder spaces Ck,β(T) consist of Ck

continuous functions f : T→ R such that the following norm is �nite

|f |Ck,β := |f |Ck(T) + sup
x 6=y

|f (k)(x)− f (k)(y)|
|x− y|β

<∞. (2.2)

For any integer k ∈ N ∪ {0} and p ∈ [1,∞], the Sobolev space W k,p(T)
consists of functions whose weak derivatives of order up to k belongs Lp(T).
The Sobolev norm is de�ned by

|f |Wk,p :=
∑

0≤i≤k
|∇if |Lp(T). (2.3)

Throughout the paper, we will also consider these spaces over various
intervals, such as [−L/2, L/2] for the arc-length parameterizations, and we
keep the same notations | · |Ck,β and | · |Wk,p for their norms without spelling
out the speci�c spatial domain.

2.3. Planar curves and domains. A (closed) curve is the image of a con-
tinuous map γ : T → R2. We require γ to be of class C1, so the curve is
locally the graph of a C1 function. In this paper, all curves considered are
simple and closed.

A parametrization of a curve is a C1 periodic map γ : R→ R2 such that
|γ′| > 0. If |γ′| = 1, we say it is an arc-length parametrization. We always
assume the parameterization is counterclockwise oriented. In this paper,
most of the non-arc-length parameterizations will be 2π-periodic, i.e. on the
standard torus T.

For a Banach space X ⊂ C1, we say a curve is of class X if its arc-length
parameterizations are of class X. Given a parametrization γ, we write T as
the unit tangent vector and N = −T⊥ the outer unit normal vector of γ.
In this paper, we mainly use the Sobolev and Hölder spaces, X = W k,p or
Ck,β , to measure the regularity of curves. If γ is W 2,p, then its curvature κ
de�ned by {

∂sT = −κN
∂sN = κT

(2.4)
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is a Lp function on γ. Note that counterclockwise orientation of γ is assumed
in (2.4).

Throughout the paper, we consider curves and domains that are time-
dependent. We use the notion of a moving domain which is just a map
t 7→ Ωt ⊂ R2 on some interval [0, T ] that assigns a bounded domain to every
time t ∈ [0, T ]. In this case, ∂Ωt refers to the boundary curve of Ωt at each
time t.

2.4. Rough parametrizations of regular domains. In what follows, we
often consider parameterizations that are less regular than the domain itself.
In this case, the metric induced by the parameterization is less regular. We
explain here how the geometric quantities, particularly the curvature, are still
well-de�ned even when the parameterization is only C1,σ for some σ > 0.

Lemma 2.1. Let Ω be a W 2,p bounded domain and let γ ∈ C1,σ(T) be a
parametrization of ∂Ω.

De�ne tangent T(x), normal N(x), curvature κ(x) in the parameteriza-
tion γ by the corresponding objects at point γ(x) for any x ∈ T. Then the
geometric quantities in the parameterization γ satisfy the regularity

• T,N ∈W 1,p(T).

• κ ∈ Lp(T).

Proof. Let g(x) = |∂xγ(x)| be the arc-length metric of γ, and consider the
change of variable

s := `(x) =

� x

0
g(y) dy.

Since x 7→ γ(x) is a C1,σ parametrization, x 7→ `(x) is C1,σ bijection. Now
we de�ne a parameterization of ∂Ω by s 7→ γ(s) by setting γ(s) = γ(`−1(s)).
It follows that γ is an arc-length parametrization of ∂Ω. Since ∂Ω is a W 2,p

domain, we have that γ is of classW 2,p(on some scaled torus). Let us denote
T,N, and κ the geometric quantities for this arc-length parametrization.
Obviously by assumption T,N ∈W 1,p while κ ∈ Lp.

Due to the pullback formulas T(x) = T(`(x)), N(x) = N(`(x)), and
κ(x) = κ(`(x)), we have that T,N and κ have the same regularity as their
arc-length counterparts (with norms depending also on γ).

�

Let us remark that these quantities can also be obtained by arc-length
di�erentiation. Due to the C1,σ di�eomorphism x 7→ `(x), for any function
on T we can de�ne its arc-length di�erentiation with respect to the metric
g = |∂xγ| as follows.

For any f : T → R we consider f de�ned on ∂Ω and ∂sf its arc-length
di�erentiation (with respect to g = |∂xγ|),

∂sf(x) := lim
y→x

f(x)− f(y)� x
y g(ζ) dζ

. (2.5)

The next simple lemma explains various equivalent ways to compute the
arc-length derivative.
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Lemma 2.2. Let γ ∈ C1,σ(T) for some σ > 0 such that g = |∂xγ| > 0.
De�ne the C1,σ di�eomorphism by x 7→ `(x) =

� x
0 g(y) dy.

Then for any f ∈ C1(T), its arc-length di�erentiation with respect to γ
de�ned by (2.5) satis�es

∂sf(x) =
f ′(x)

|g(x)|
= lim

s′→s

f(s)− f(s′)

s− s′
,

where f(·) := f(`−1(·)).

Proof. Note that (2.5) is just lims′→s
f(s)−f(s′)

s−s′ . It su�ces to prove the �rst
part of the identity.

Since γ ∈ C1,σ we have
� x
y g(ζ) dζ = g(x)(y − x) + O(|y − x|1+σ). Then

(2.5) follows. �

2.5. Estimates for W 2,p curves. In this subsection, we collect some esti-
mates for the W 2,p curves. These estimates will rely on Lp-boundedness of
the maximal function.

When the parameterization is arc-length, we have improved estimates for
the remainders.

Lemma 2.3. Let Ω be a W 2,p domain for some 1 < p ≤ ∞ and β = 1− 1
p .

Let γ be an arc-length parameterization of ∂Ω. For any s, s′ ∈ R, we have

N(s) ·T(s′) = O(|s− s′|β) (2.6a)

T(s) ·T(s′) = 1 +O(|s− s′|2β) (2.6b)

(γ(s)− γ(s′)) ·N(s) = O(|s− s′|1+β) (2.6c)

(T(s)−T(s′)) ·T(s) = O(|s− s′|2β) (2.6d)

|s− s′|
|γ(s)− γ(s′)|

= 1 +O(|s− s′|2β) (2.6e)

(γ(s)− γ(s′)) ·T(s) = (s− s′) +O(|s− s′|1+2β) (2.6f)

and the maximal estimates

T(s′) ·N(s) = O(Mκ(s)|s− s′|) (2.7a)

T(s′) ·T(s) = 1 +O(Mκ(s)|s− s′|1+β) (2.7b)

(γ(s)− γ(s′)) ·N(s) = O(Mκ(s)|s− s′|2) (2.7c)

T(s) ·
[
T(s)−T(s′)

]
= O(Mκ(s)|s− s′|1+β) (2.7d)[

(γ(s)− γ(s′)
]
·
[
T(s)−T(s′)

]
= O(Mκ(s)|s− s′|2+β). (2.7e)

We also need a variant when the parameterization is not arc-length. As
before, parameterizations are considered periodic functions on R.

Lemma 2.4. Let Ω be a W 2,p domain for some 1 < p ≤ ∞. Let γ be a
C1,σ(T) parameterization of ∂Ω for some 0 < σ ≤ 1− 1

p . For any x, y ∈ R,
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we have

T(x) ·T(y) = 1 +O(|x− y|2(1− 1
p

)
) (2.8a)

(γ(x)− γ(y)) ·T(x) = g(x)(x− y) +O(|x− y|1+σ) (2.8b)

|x− y|
|γ(x)− γ(y)|

= [g(x)]−1 +O(|x− y|σ) (2.8c)

where g(x) = |∂xγ(x)| > 0 is the arc-length metric of γ.

2.6. The Biot-Savart law for α-patches. Let Ω be C1 domain and γ be
a C1(T) parameterization of ∂Ω. The velocity �eld v on ∂Ω given by the
Biot-Savart (1.2) satis�es

v(x) = − 1

2α

�
T

T(y)

|γ(x)− γ(y)|2α
g(y) dy, (2.9)

where g = |∂xγ| is the arc-length of γ.
It is clear that when 0 < α < 1

2 , above (2.9) de�nes a continuous function
on ∂Ω. If the parameterization is arc-length, we instead use the labels s, s′

and

v(s) = − 1

2α

�
γ

T(s′)

|γ(s)− γ(s′)|2α
ds′. (2.10)

In this paper, the velocity v is always considered a function on the patch
boundary ∂Ω and hence we may consider its arc-length di�erentiation on ∂Ω
de�ned by (2.5). In Section 3.2 we will show that ∂sv exists and is Hölder
continuous when Ω is W 2,p for some p > 1

1−2α .

3. From Eulerian to Lagrangian

In this section, we will show that every α-patch in the sense of De�nition
1.1 will generate a unique Lagrangian �ow of its boundary parametrization.
The main result of this section is Theorem 3.11.

3.1. Domains �owing with velocity. We �rst introduce a de�nition to
capture the local evolution of the boundary of a moving domain that is trans-
ported by a continuous vector �eld. Recall that ∂Ωt denotes the boundary
of a moving domain Ωt at time t ∈ [0, T ]

De�nition 3.1. Let Ωt be a moving bounded domain on t ∈ [0, T ] and
v : R2 × [0, T ] → R2 be a continuous vector �eld. We say Ωt �ows with the
velocity v if

lim
h→0

dist(x+ hv(x, t), ∂Ωt+h)

h
= 0 (3.1)

for all t ∈ [0, T ] and x ∈ ∂Ωt (with obvious one-sided modi�cations for
t = 0, T ).

Remark 3.2.

• We assume that Ωt remains a bounded domain � this is necessary as
non-Lipschitz velocity �elds can change the topological properties of
Ωt, such as connectedness [ACM19].
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• The de�nition (3.1) can also be compared with the �compatibility�
condition in [ACM19, Section 4.4] in terms of the normal component
of the velocity. One might need a similar idea for the SQG case
α = 1

2 when the velocity is not bounded anymore.

The next result shows that the patch �ows with the velocity that it gen-
erates. We prove the lemma in a more general setting as it might be of
independent interest in other free-boundary problems.

Lemma 3.3. Let v : R2 × [0, T ] → R2 be a divergence-free vector �eld and
Ωt be an evolving C1 bounded domain.

If x 7→ v(x, t) is continuous on R2 uniformly on R2 × [0, T ], then θ = χΩt

is a weak solution (as in (1.5)) of the transport equation

∂tθ + v · ∇θ = 0 (3.2)

if and only if Ωt �ows with v on [0, T ].

Proof.
The �if� part:

Suppose Ωt �ows with v, we �rst prove that

d

dt

�
Ωt

ϕ(x) dx =

�
Ωt

v · ∇ϕ(x) dx for all ϕ ∈ C∞(R2). (3.3)

The standard density and approximation arguments would give then the
desired weak formulation�

ΩT

ϕ(·, T ) dx−
�

Ω0

ϕ(·, 0) dx

=

� T

0

�
R2

χΩt(∂tϕ+ v · ∇ϕ) dxdt

 for all ϕ ∈ C∞(R2 × R). (3.4)

Now we focus on (3.3).
Since ∂Ωt is C

1, by the divergence theorem, for each t ∈ [0, T ] we have�
Ωt

v · ∇ϕ(x) dx =

�
∂Ωt

v ·N(x, t)ϕ(x) dx (3.5)

where N(x, t) denotes the outer normal vector of ∂Ωt.
From (3.3) and (3.5), it su�ces to show�

Ωt+h

ϕ(x) dx−
�

Ωt

ϕ(x) dx = h

�
∂Ωt

v ·N(x, t)ϕ(x) dx+ o(h). (3.6)

If ∂Ωt admits a C1 Lagrangian contour γ : T × [0, T ] → R2 according to
v, namely ∂tγ = v(γ) with γ ∈ CtC

1 being a parameterization of ∂Ωt,
then (3.6) would follow immediately. Due to the possible lack of such a C1

parameterization, we use an approximation argument as in [KYZ17].
Let n be su�ciently large and partition ∂Ωt into arcs of length L/n where

L is the total length of ∂Ωt. Denote by xi ∈ ∂Ωt, 1 ≤ i ≤ n, the partition
points on ∂Ωt.

We �rst take n large so that the polygon with vertices xi approximates
∂Ωt with error h2 and also |xi − xi+1| = L

n + o(n−1) by the C1 regularity
of ∂Ωt. Due to continuity of v and the �ow condition (3.1), for any small
h > 0 we can take su�ciently large n so that the polygon with vertices xi +
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hv(xi, t) approximates ∂Ωt+h with error o(h). So the left-hand side of (3.6)
can be approximated by summing the contribution from small polygons with
vertices xi, xi+1, xi+hv(xi, t), and xi+1 +hv(xi+1, t) with error o(h). Notice
by taking n large, the contribution for each small polygon is L

nhv(xi, t) ·
N(xi, t) + ho(n−1). Therefore, in the limit n → ∞, the relationship (3.6)
follows.
The �only if� part:

Now given a weak solution θ = χΩt to (3.2), we prove (3.1) by contradic-
tion: suppose there exist ε0 > 0, t0 ∈ [0, T ], x0 ∈ ∂Ωt ⊂ R2, and a sequence
hn → 0 such that

dist(x0 + hnv(x0, t0), ∂Ωt0+hn) ≥ ε0
∣∣hn∣∣. (3.7)

We assume hn > 0 and is decreasing by possibly passing to a subsequence
and also assume t0 ∈ (0, T ) without loss of generality.

We construct a sequence of test functions ϕn ∈ C∞(R2 × [0, T ]), n ∈ N,
that are compactly supported in space as follows. In short, we have

ϕn(x, t) = ηn
(
x− (t− t0)v0

)
. (3.8)

where ηn ∈ C∞c (R2) are cuto� functions that are smooth approximations (at
scale ∼ hn) to the characteristic function χBn of the open balls Bn centered
at x0 with radius rn = 1

2ε0hn such that

ηn = 1 if |x− x0| ≤
3

4
rn (3.9a)

supp ηn ⊂ Bn (3.9b)

|∇ηn| ≤ Ch−1
n (3.9c)

Note that by construction

|∇ϕn|L∞t L1
x
≤ Chn−1|Bn| (3.10)

for some C > 0 independent of n where |Bn| denotes the measure of the ball
Bn.

We now consider the weak formulation of (3.2) with test functions ϕn.
For all n ∈ N, we must have

1

hn

� t0+hn

t0

�
R2

θ(∂tϕn + v · ∇ϕn) dxdt

=
1

hn

�
R2

[θ(x, t0 + hn)ϕn(x, t0 + hn)− θ(x, t0)ϕn(x, t0)] dx.

(3.11)

We will use (3.11) to derive a contradiction. Let us �rst consider the left-
hand side of (3.11). Since each ϕn is transported by the constant vector v0,
splitting the velocity v = v0 + v − v0, we have

1

hn

� t0+hn

t0

�
R2

θ(∂tϕn + v · ∇ϕn) dxdt =
1

hn

� t0+hn

t0

�
R2

θ(v − v0) · ∇ϕn dxdt.

(3.12)
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x0 + hnv0

x0 Ωt0+hn

Ωt0

x0 + hnv0

x0

Ωt0+hn

Ωt0

Figure 1. Two possible scenarios for x+hnv0 when v0 points
outward from Ωt.

and hence by Hölder and (3.10) it follows that

1

hn

∣∣∣ � t0+hn

t0

�
R
θ(v − v0) · ∇ϕn dxdt

∣∣∣ . |v − v0|L∞(Bn×[t0,t0+hn])hn
−1|Bn|

(3.13)
Next, we consider the right-hand side of (3.11). By the assumption (3.7)

and the de�nition of the ball Bn, at time t = t0 +hn, we have (see Figure 1){
either suppϕn(·, t0 + hn) ⊂ Ωt0+hn

or suppϕn(·, t0 + hn) ⊂ Ωc
t0+hn

.
(3.14)

Furthermore, by (3.9a) and (3.9b), we have{
either

�
θϕn(·, t0 + hn) dx = 0

or 9
16 |Bn| ≤

�
θϕn(·, t0 + hn) dx ≤ |Bn|.

(3.15)

On the other hand, by the C1 regularity of ∂Ωt, the intersection suppϕn∩∂Ωt

is approaching a half-disk. Considering the set {x ∈ R : ϕn(·, t) = 1} and
its transition region 0 ≤ ϕn(·, t) ≤ 1, similar to the second case of (3.15) we
also have

8

32
|Bn| ≤

�
θϕn(x, t0) dx ≤ 17

32
|Bn| for all su�ciently large n. (3.16)

From (3.15) and (3.16), it follows that for n su�ciently large,∣∣∣� θϕn(x, t0 + hn)− θϕn(x, t0) dx
∣∣∣ ≥ 1

32
|Bn|. (3.17)

Combining (3.12), (3.13), and (3.17), we have for all su�ciently large n

|Bn| ≤ C|v − v0|L∞(Bn×[t0,t0+hn])|Bn|, (3.18)

This is a contradiction if n is chosen large enough due to the uniform spatial
continuity of v.

�

Remark 3.4. The C1 assumption on the domain Ωt can be relaxed to Lip-
schitz, which appears to be necessary. For example, if we consider a closing
cusp on the boundary ∂Ωt as in Figure 2, informal calculations suggest that
the point on the tip of the cusp does not need to �ow with the velocity �eld.

If Ωt is aW
2,p α-patch, to show Ω �ows with the velocity that it generates,

by Lemma 3.3 we just need to show the velocity v computed according to
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Figure 2. A moving domain with an inward cusp.

(1.2) is uniformly continuous on R2. This is well-known and we refer to
[KYZ17] for its proof.

Lemma 3.5 ([KYZ17, Lemma 3.1]). Let 0 < α < 1
2 . If ω ∈ L1 ∩ L∞(R2),

then v = Kα ∗ ω(x, t) according to (1.2) satis�es

|v|C0,1−2α(R2) . |ω|L1∩L∞ . (3.19)

3.2. Intrinsic regularity of the velocity. The next result concerns the
intrinsic C1,ε Hölder estimate of the Biot-Savart law.

Lemma 3.6. Let 0 < α < 1
2 and p > 1

1−2α . Suppose Ω is a W 2,p domain

and v is the velocity �eld of Ω according to (1.2).
For any arc-length parameterization of ∂Ω, the velocity �eld satis�es

∂sv(s) = P.V.

�
γ
T(s′)

(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds′, (3.20)

and we have ∣∣∂sv∣∣C0,σ ≤ C(α, p,Ω) (3.21)

with σ = 1− 1
p − 2α > 0.

Proof. Let us consider an arc-length parameterization γ : R → ∂Ω ⊂ R2,
where γ is L-periodic with L the length of ∂Ω. To show (3.20), we can start
with (2.10) and use a distributional argument as in [KL22, Proposition 2.4].
We omit further details.

We now prove (3.21). By a translation in (3.20), we have

∂sv(s) = P.V.

�
γ
T(s′ + s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds′,

where P.V. denotes limε→0+

�
ε≤|s′|≤L

2
. It is not hard to show |∂sv| ≤ C(α, p,Ω),

so we focus on the Hölder continuity below.
For any δ > 0, we denote by ∆δf(s) = f(s+ δ)−f(s) (not to be confused

with the Littlewood-Paley projections) and consider the split

∆δ[∂sv] = ∂sv(s+ δ)− ∂sv(s) = I1 + I2

where

I1 = lim
ε→0+

(�
ε<|s′|≤2δ

T(s+ δ + s′)
(γ(s+ δ)− γ(s+ δ + s′)) ·T(s+ δ)

|γ(s+ δ)− γ(s+ δ + s′)|2+2α
ds′

−
�
ε<|s′|≤2δ

T(s′ + s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds′

)
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and

I2 =

�
|s′|≥2δ

∆δ

[
T(s′ + s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

]
ds′.

We will show the estimates |I1|, |I2| . δσ = δ
1− 1

p
−2α

.
Estimate of I1:

By the estimates (2.6e) and (2.6f) in Section 2.5, for any s, s ∈ R

T(s′) = T(s) +O(|s− s′|1−
1
p )

(γ(s)− γ(s′)) ·T(s) = (s− s′) +O(|s− s′|3−
2
p )

|s− s′|2+2α

|γ(s)− γ(s′)|2+2α
= 1 +O(|s− s′|2(1− 1

p
)
).

(3.22)

Here we note the constants in the big-O terms are independent of s, s′.
Using (3.22), we have

I1 = lim
ε→0+

�
ε<|s′|≤2δ

T(s+ δ)
−s′

|s′|2+2α
ds′ +

�
ε<|s′|≤2δ

O(|s′|−2α− 1
p ) ds′

−
�
ε<|s′|≤2δ

T(s)
−s′

|s′|2+2α
ds′ +

�
ε<|s′|≤2δ

O(|s′|−2α− 1
p ) ds′,

The �rst terms on the right-hand side of the above two lines vanish by the
oddness, and we have

|I1| .
�
|s′|≤2δ

|s′|−2α− 1
p ds′.

Since p > 1
1−2α , the exponent −2α− 1

p > −1, and integrating we obtain

I1 = O(δ
1− 1

p
−2α

).

Estimate of I2:
In this regime, we �rst consider the �nite di�erence of the integrand

∆δ

[
T(s′ + s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

]
. (3.23)

To reduce notations, for each �xed |s′| ≥ ε, let us denote by Ks′(s), the
function

s 7→ Ks′(s) := T(s′ + s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
.
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From the regularity T,N ∈W 1,p, it follows that Ks′ is weakly di�erentiable
with Lp derivative:

∂sKs′(s) =− κ(s′ + s)N(s′ + s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

+ T(s′ + s)
(T(s)−T(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

− κ(s)T(s′ + s)
(γ(s)− γ(s′ + s)) ·N(s)

|γ(s)− γ(s′ + s)|2+2α

− (2 + 2α)T(s′ + s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|4+2α

× (γ(s)− γ(s′ + s)) · (T(s)−T(s′ + s))

(3.24)

Using standard arguments and W 2,p estimates of γ in Section 2.5, it is
straightforward to show that K ′s′ satis�es the point-wise estimate

|∂sKs′(s)| . |κ(s′ + s)||s′|−1−2α +Mκ(s′ + s)|s′|−
1
p
−2α

+ |κ(s)||s′|−
1
p
−2α

,
(3.25)

where as before Mκ is the periodic maximal function of κ. So by the fun-
damental theorem of calculus for W 1,p functions and the bound (3.25), we
have

|Ks′(s+ δ)−Ks′(s)| ≤
� s+δ

s
|∂sKs′(τ)| dτ

. |s′|−1−2αδ
1− 1

p

(3.26)

where in the last inequality we have usedMκ, κ ∈ Lp and p > 1.
Now we apply the estimate (3.26) for Ks′(s) to I2, obtaining

|I2| ≤
�
L
2
≥|s′|≥2δ

∆δ [Ks′(s)] ds
′ .

�
L
2
≥|s′|≥2δ

|s′|−1−2αδ
1− 1

p . δ1− 1
p
−2α

.

where in the last step we have assumed δ < L
4 .

�

3.3. Counterexamples with non-Lipschitz velocity. We present a sim-
ple example of non-Lipschitz velocity for domains below the regularity thresh-

old W 2, 1
1−2α .

Lemma 3.7. Let 0 < α < 1
2 . For any 1 ≤ p < 1

1−2α , there exist a W 2,p

bounded domain Ω such that the velocity v given by (1.2) is not Lipschitz on
∂Ω.

Proof. Let ε > 0 be su�ciently small such that

ε < min{2α, 1

p
− (1− 2α)}. (3.27)

From (3.27), we have that the function |s|−(1−2α)−ε ∈ Lp([−1, 1]). It follows
that there are W 2,p bounded domains Ω whose curvature in the arc-length
parameterization satis�es

κ(s) = −|s|−(1−2α)−ε

near s = 0, and is otherwise smooth.
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Fix such a W 2,p domain Ω and let δ > 0 be such that

N(s′) ·N(s) ∈ [
1

2
, 1] for any s, s′ ∈ [−δ, δ]. (3.28)

We need to show the velocity v(s) = − 1
2α

�
γ

T(s′)
|γ(s)−γ(s′)|2α ds

′ is not a Lip-

schitz function.
Since v is smooth away from s = 0 by the construction of Ω, we will show

∂sv ·N(s)→∞ as s→ 0. Similarly to Lemma 3.6, we introduce the split

|∂sv(s) ·N(s)| =
∣∣∣ �

0≤|s′|≤δ
T(s′ + s) ·N(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds′

+

�
δ≤|s′|≤L

2

T(s′ + s) ·N(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds′
∣∣∣

≥
∣∣∣ �

0≤|s′|≤δ
T(s′ + s) ·N(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds′
∣∣∣−Mδ

where Mδ <∞ is independent of the label s. Now it su�ces to show�
0≤|s′|≤δ

T(s′ + s) ·N(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds′ (3.29)

goes to ∞ as s→ 0.
Since κ(s) < 0, by (3.28) and the fundamental theorem of calculus, we

have that T(s′+s) ·N(s) always has the sign opposite to s′. The same holds
for (γ(s)− γ(s′ + s)) ·T(s).

It follows that the integrand in (3.29) is always non-negative:

T(s′ + s) ·N(s)(γ(s)− γ(s′ + s)) ·T(s) ≥ 0 for any s′ ∈ [−δ, δ].

By this non-negativity, we can reduce the domain of the integral to [0, s]:

|∂sv(s) ·N(s)| ≥
�

0≤s′≤s
T(s′ + s) ·N(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds′ −M,

(3.30)

where M is a constant that does not depend on s (and may only depend on
δ, ε, α and choice of Ω).

For s′ ∈ [0, s], we compute that

T(s′ + s) ·N(s) ≥ −1

2

� s′

0
κ(s+ τ) dτ ≥ −C(|s+ s′|2α−ε − |s|2α−ε) (3.31)

if δ is su�ciently small. By the mean value theorem and s′ ∈ [0, s] we have

T(s′ + s) ·N(s) ≥ −C(|s+ s′|2α−ε − |s|2α−ε) ≥ −Cs−1+2α−εs′. (3.32)

Similar computation also shows

(γ(s)− γ(s′ + s)) ·T(s) ≥ −Cs′. (3.33)

Putting together (3.30), (3.32), and (3.33) we have

|∂sv(s) ·N(s)| ≥ Cs−1+2α−ε
�

0≤s′≤s
|s′|−2α ds′ −M

≥ Cs−ε −M →∞ as s→ 0.

�
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3.4. A Lipschitz estimate of the normal velocity. We present a lemma
regarding the normal velocity, similar to the ones in [KL21] and [GS14];
hence we only present a sketch of the argument. Note that here the bounded
domain Ω does not need to be a patch solution and p can be equal to 1

1−2α .

Lemma 3.8. Let 0 < α < 1
2 and p ≥ 1

1−2α . For any W
2,p bounded domain

Ω, there exist constants ε > 0 and C(ε) > 0 such that the following holds.
Let v : R2 → R2 be the velocity �eld generated by Ω according to (1.2).

Then for any x ∈ R2 with dist(x, ∂Ω) ≤ ε, there is a unique y = y(x) ∈ ∂Ω
such that dist(x, ∂Ω) = |x− y| and there holds

|(v(x)− v(y)) · n(y)| ≤ C(ε)|x− y|, (3.34)

where n(y) denote the unit normal vector of ∂Ω at y.

Proof. Given a W 2,p bounded domain Ω, we �rst take 0 < ε < 1 su�ciently
small such that

(1) if dist(x, ∂Ω) ≤ ε there is only one unique y ∈ ∂Ω with dist(x, ∂Ω) =
|y − x|, and

(2) ε < L/100 where L is the length of ∂Ω, and

(3) the tangent vector on ∂Ω only changes by at most 1/100 if arc-length
changes by ε.

Denote d = |x − y| ≤ ε the distance from x to ∂Ω. Without loss of
generality we assume y = (0, 0), x = (0, d) and n(y) = (0, 1).

We �rst arc-length parameterize ∂Ω by γ : [−L
2 ,

L
2 ] → R so that γ(0) =

y = (0, 0) and N(0) = n(y) = (0, 1). Using the Biot-Savart law (2.10), we
have

(v(x)− v(y)) · n(y) =

� L
2

−L
2

T(s) ·N(0)
[ 1

|x− γ(s)|2α
− 1

|γ(s)|2α
]
ds.

Following [KL21], we introduce a split in the domain of integration: |s| ≤ d,
d ≤ |s| ≤ ε, and ε ≤ |s| ≤ L

2 .
In the region |s| ≤ d, the tangent of the boundary barely changes its value

and we have the bounds

|x− γ(s)|−1 . |s|−1,

|γ(s)|−1 . |s|−1.

These together with the estimate |T(s) ·N(0)| ≤ |s|1−
1
p from the W 2,p reg-

ularity of Ω allows to estimate the integrand by its absolute value,
�
|s|≤d

T(s)·N(0)
[ 1

|x− γ(s)|2α
− 1

|γ(s)|2α
]
ds ≤ C

�
s≤d
|s|1−

1
p
−2α ≤

�
s≤d
|s|0 ≤ d.

Next, in the region d ≤ |s| ≤ ε, we use the mean value theorem to obtain∣∣∣ 1

|x− γ(s)|2α
− 1

|γ(s)|2α
∣∣∣ ≤ Cαd z2

|z − γ(s)|2α+2
≤ C d2

|γ(s)|2α+2
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where z = (0, z2) is a point between x = (0, d) and the origin. Since |s| ≤ ε,
we have |z − γ(s)|−1 . |γ1(s)|−1 . |γ(s)|−1 in this regime. Hence�

d≤|s|≤ε
T(s) ·N(0)

[ 1

|x− γ(s)|2α
− 1

|γ(s)|2α
]
ds ≤ Cd2

�
d≤|s|≤ε

s
− 1
p
−1−2α

≤ Cd.
Finally, the last integral�

ε≤|s|≤L
2

T(s) ·N(0)
[ 1

|x− γ(s)|2α
− 1

|γ(s)|2α
]
ds

can be estimated easily since the kernel is away from the singularity.
�

3.5. Existence and uniqueness of the trajectories. We now use the
estimates in Lemma 3.6 and Lemma 3.8 to show the existence and uniqueness
of trajectories for the patch boundary.

Lemma 3.9. Let 0 < α < 1
2 and Ωt be a W 2,p α-patch solution for some

p ≥ 1
1−2α with the initial data Ω0. Let v : R2 × [0, T ] be the velocity of Ωt.

Then for every X0 ∈ ∂Ω0 ⊂ R2, the Cauchy problem for Xt : [0, T ]→ R2{
dXt
dt = v(Xt, t)

Xt|t=0 = X0
(3.35)

has a unique solution Xt ∈ C1, and in addition Xt ∈ ∂Ωt for all t ∈ [0, T ].

Proof. We �rst prove the existence of trajectories and then that the solutions
remain on the patch boundary and �nally their uniqueness.
Step 1: Existence of C1 trajectories.
Observe that the vector �eld v is uniformly continuous and bounded on

R2 × [0, T ]. We can apply the Peano existence theorem and this gives a
solution Xt : [0, T ]→ R2 to the ODE (3.35) on t ∈ [0, T ].
Step 2: No exit from ∂Ωt.

We now prove that when Ωt is aW
2,p patch solution with p ≥ 1

1−2α , all C
1

solutions Xt on [0, T ] with X0 ∈ ∂Ω0 satisfy Xt ∈ ∂Ωt for all time t ∈ [0, T ].
This is the only place in the proof that we need Ωt to be a patch solution.

Yt + hv(Yt, t)Yt

Yt+h

Xt
Xt+h

Xt + hv(Xt, t)

Ωt+h

Ωt

Figure 3. Relative positions for Xt, Yt and their approxi-
mate evolution Xt + hv(Xt, t), Yt + hv(Yt, t).
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Consider the distance m(t) := dist(Xt, ∂Ωt). We �rst claim that m(t) is
Lipschitz on [0, T ]. Indeed, for any t, t+h ∈ [0, T ], without loss of generality
assume m(t+ h) ≥ m(t) and h > 0. Let Yt ∈ ∂Ωt be such that |Xt − Yt| =
dist(Xt, ∂Ωt), then

m(t+ h)−m(t) = dist(Xt+h, ∂Ωt+h)− |Xt − Yt|. (3.36)

Since Ωt is an α-patch, by Lemma 3.3, it �ows with v. Therefore, by Yt ∈ ∂Ωt

we have

dist(Yt + hv(Yt, t), ∂Ωt+h) = o(h). (3.37)

It follows from (3.37) that

dist(Xt+h, ∂Ωt+h) ≤
∣∣∣Xt+h −

(
Yt + hv(Yt, t)

)∣∣∣+ o(h), (3.38)

and hence by (3.36) and the triangle inequality

m(t+ h)−m(t) ≤
∣∣∣Xt+h −

(
Yt + hv(Yt, t)

)
−
(
Xt − Yt

)∣∣∣+ o(h)

≤
∣∣Xt+h −Xt

∣∣+
∣∣hv(Yt, t)

∣∣+ o(h) ≤ Ch,
(3.39)

where the constant C depends on the patch Ω and α. So m is a.e. di�eren-
tiable on [0, T ] by the Rademacher theorem.

Finally, we claim that dmdt ≤ Cm(t) on [0, T ′] provided T ′ > 0 is su�ciently
small. It would follow thatm(t) = 0 for all t ∈ [0, T ] by repeated applications
of Gronwall's inequality. So any C1 solution Xt of (3.35) with X0 ∈ ∂Ω0

remains on ∂Ωt for all time t ∈ [0, T ].
Now it remains to prove the claim dm

dt ≤ Cm(t) to close the argument.
Without loss of generality, we assume T ′ > 0 is su�ciently small so that
m(t) ≤ ε with ε > 0 from Lemma 3.8. Again, it su�ces to show that for any
�xed t ∈ [0, T ′) and for all su�ciently small h > 0,

|m(t+ h)|2 − |m(t)|2 ≤ Ch|m(t)|2 + o(h). (3.40)

To show (3.40), we just need to strengthen the previous augment for the
Lipschitz continuity. Since Xt solves (3.35) and v is continuous on R2×[0, T ],
we have Xt+h−Xt = hv(Xt, t) + o(h). As in Figure 3, it follows from (3.38)
that

|m(t+ h)|2 ≤ |Xt − Yt + h(v(Xt, t)− v(Yt, t))|2 + o(h).

So the di�erence of the squares gives

|m(t+ h)|2 − |m(t)|2

= 2h(Xt − Yt) · (v(Xt, t)− v(Yt, t)) +O(h2) + o(h)
(3.41)

where · denotes the standard inner product on R2.
Now sup[0,T ′]m(t) ≤ CT ′ can be as small as we want by taking T ′ > 0

small. Also since Yt is the closest point to Xt, we have Xt − Yt is parallel
with the normal at Yt. Thus we can apply Lemma 3.8 to the �rst term on
the right-hand side of (3.41) and obtain that

|m(t+ h)|2 − |m(t)|2 ≤ C|m(t)|2 + o(h)

for all su�ciently small h > 0.
Step 3: Uniqueness



24 ALEXANDER KISELEV AND XIAOYUTAO LUO

Suppose Xt and Yt are two solutions of (3.35) with X0 = Y0. We aim to
prove Xt = Yt.

First of all, Xt, Yt ∈ ∂Ωt for t ∈ [0, T ] from Step 2. Consider the quantity
|Xt − Yt|2 which is Lipschitz and satis�es

d|Xt − Yt|2

dt
≤ 2|Xt − Yt||v(Xt, t)− v(Yt, t)|. (3.42)

The fundamental theorem of calculus applied to v restricted to ∂Ω yields

|v(Xt, t)− v(Yt, t)| ≤
�
γXt,Yt

|∂sv| ds

where γXt,Yt is the distance arc from Xt to Yt on ∂Ωt. Since the moving
domain Ωt is uniformly of class W 2,p, there exists a constant 0 < C < ∞
independent of time such that

|γXt,Yt | ≤ C|Xt − Yt| for any Xt, Yt ∈ ∂Ωt.

By Lemma 3.6, ∂sv is uniformly bounded on ∪t∈[0,T ]∂Ωt×{t}, and therefore
we have for all t ∈ [0, T ] and all Xt, Yt ∈ ∂Ωt,

|v(Xt, t)− v(Yt, t)| ≤ C|γXt,Yt | . |Xt − Yt|. (3.43)

It follows from (3.42) and (3.43) that

d|Xt − Yt|2

dt
≤ C|Xt − Yt|2,

and the Gronwall inequality implies |Xt − Yt| = 0 on [0, T ].
�

3.6. The �ow of α-patches. We have thus far established the wellposed-
ness of trajectories on the patch boundary for a givenW 2,p α-patch. We now
�bundle together� the trajectories into a �ow map. To reduce the notation,
let us introduce the �ow of a patch solution.

De�nition 3.10. Let 0 < α < 1
2 and Ωt be a α-patch on [0, T ]. We say

γ : T× [0, T ]→ R2 is a �ow of the patch Ωt if

• The map x 7→ γ(x, t) is a parameterization (i.e. |γ′| > 0) of ∂Ωt for
every t ∈ [0, T ];

• The �ow equation ∂tγ = v(γ, t) holds on T × [0, T ], where v(x, t) :
R2 × [0, T ]→ R2 is the velocity �eld generated by the patch Ωt.

If in addition γ(·, t) is of class C1,σ for some σ > 0, we say γ is a C1,σ

�ow of Ωt.

The main result of this section is the following.

Theorem 3.11. Let 0 < α < 1
2 and p > 1

1−2α . Suppose Ωt is a W
2,p α-patch

with the initial data Ω0 and v = Kα ∗ χΩt : R2 × [0, T ] → R2 is the velocity
�eld of Ωt.

For any parametrization of ∂Ω0, γ0 ∈ W 2,p(T), the Cauchy problem for
the �ow γ : T× [0, T ]→ R2{

∂tγ(x, t) = v(γ(x, t), t)

γ|t=0 = γ0
(3.44)
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has a unique solution γ ∈ C([0, T ];C1,σ(T)) for σ = 1− 1
p − 2α > 0.

Proof of Theorem 3.11.
We de�ne the parameterization γ as follows. For each x ∈ T de�ne γ(x, t)

to be the unique C1 solution of (3.35) with the initial data γ0(x) ∈ ∂Ω0.
Then γ(x, t) is well-de�ned by Lemma 3.9. Now let us show that x 7→ γ(x, t)
is Lipschitz in x.
Step 1: Lipschitz regularity of the �ow

We �rst show that x → γ(x, t) is Lipschitz for each t ∈ [0, T ]. Let ∆δ be
the di�erence operator in x with spacing δ > 0.

∆δγ(x, t) = ∆δγ0(x) +

� t

0
∆δv(γ(x, t′), t′) dt′.

By the fundamental theorem of calculus and Lemma 3.6,∣∣∆δγ(x, t)
∣∣ ≤ Cδ +

� t

0

∣∣∂sv∣∣L∞ dist∂Ω(t′)(γ(x+ δ, t′), γ(x, t′)) dt′.

Since Ωt is aW
2,p α-patch, we have dist∂Ω(t′)(γ(x+δ, t′), γ(x, t′)) ≤ C(Ω, α)|∆δγ(x, t′)|.

It follows that ∣∣∆δγ(x, t)
∣∣ ≤ Cδ + C(Ω, α)

� t

0
|∆δγ(x, t′)| dt′.

Then the Gronwall inequality implies that∣∣∆δγ(x, t)
∣∣ ≤ Cδ for all t ∈ [0, T ].

Thus x 7→ γ(x, t) is Lipschitz for each �xed t ∈ [0, T ]. Moreover, repeating
the argument above shows that c ≤ |∂xγ(x)| ≤ C for a.e. x ∈ T at each
t ∈ [0, T ].
Step 2: Higher regularity of the �ow
Next, we show the higher-order Hölder regularity. This is expected as the

velocity satis�es ∂sv ∈ Cσ in the arc-length. However, we need to be careful
about the di�erentiability, as the map x 7→ γ(x, t) has only been shown to
be Lipschitz for each �xed t so far.

For each t ∈ [0, T ] let Nt ⊂ T be a null set such that x 7→ γ(x, t) is
di�erentiable on x ∈ T \ Nt. Let us consider the (measurable and bounded)
metric

g(x, t) =

{
|∂xγ(x, t)| if x 6∈ Nt
0 otherwise.

(3.45)

Let v(s, t) be the velocity in the arc-length s = `(x, t) =
� x

0 g(y, t) dy, namely
v(`(x, t), t) := v(γ(x, t), t).

Since γ(x, t) is de�ned point-wise, by trajectories of the �ow equation
∂tγ(x, t) = v(γ(x, t), t), we have

γ(x, t) = γ0(x) +

� t

0
v(`(x, t′), t′) dt′ for all (x, t) ∈ T× [0, T ]. (3.46)

We claim that for each �xed t ∈ [0, T ], the function x 7→
� t

0 v(`(x, t′), t′) dt′

is a.e. di�erentiable on T and

∂x

� t

0
v(`(x, t′), t′) dt′ =

� t

0
∂sv(`(x, t′), t′)g(x, t′) dt′. (3.47)
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To show (3.47), consider for any smooth ϕ ∈ C∞(T) the integral
�
T
∂xϕ(x)

� t

0
v(`(x, t′), t′) dt′ dx

By Fubini, the regularity of v, and Lipschitzness of `, we may integrate by
parts in the x-variable and hence conclude that (3.47) holds a.e. on T.

From (3.46) and (3.47), by rede�ning Nt if necessary, it follows that for
each t ∈ [0, T ] and all x ∈ T \ Nt

∂xγ(x, t) = ∂xγ0(x) +

� t

0
∂sv(`(x, t′), t′)g(x, t′) dt′. (3.48)

We �rst show that γ ∈ C1,σ(T) uniformly in time. We claim that it su�ces
to show that

for all x, y ∈ T \ Nt there holds |g(x, t)− g(y, t)| ≤ C|x− y|σ. (3.49)

Indeed, this claim would imply that the maps x 7→ `(x, t) are C1,σ di�eomor-
phisms from T to LT

2π . Since s 7→ γ(`−1(s, t), t) is an arc-length parametriza-

tion of ∂Ω which is W 2,p ⊂ C
1,1− 1

p and σ = 1 − 1
p − 2α < 1 − 1

p , we can

conclude that x 7→ γ(x, t) is C1,σ in this case.
The task then reduces to showing the claim (3.49). By (3.45), (3.48), and

the triangle inequality, for any �xed t and x, y ∈ T \ Nt, we obtain that

|g(x, t)− g(y, t)| ≤ |γ′0(x)− γ′0(y)|

+

� t

0
|∂sv(`(x, t′), t′)− ∂sv(`(y, t′), t′)|g(x, t′) dt′

+

� t

0
|∂sv(`(y, t′), t′)||g(x, t′)− g(y, t′)| dt′.

Since the initial data γ0 ∈ W 2,p(T) ⊂ C
1,1− 1

p , it follows that for any x, y ∈
T \ Nt,

|g(x, t)− g(y, t)| . |x− y|σ + C

� t

0
|`(x, t′)− `(y, t′)|σ dt′

+ C

� t

0
|g(x, t′)− g(y, t′)| dt′

. |x− y|σ + C

� t

0
|g(x, t′)− g(y, t′)| dt′.

It follows from the Gronwall inequality that for any �xed t and x, y ∈ T\Nt,
we have |g(x, t) − g(y, t)| . |x − y|σ. This proves the claim and hence the
uniform C1,σ regularity of γ.

Finally, let us show t 7→ γ(·, t) provides a continuous mapping from [0, T ]
to C1,σ(T). By the integral equation (3.46), we have

|γ(·, t1)− γ(·, t0)|C1,σ ≤ |t1 − t0| sup |v(γ(·, t))|C1,σ .

Therefore, the continuity in time γ ∈ C([0, T ];C1,σ(T)) follows directly from
the regularity γ ∈ C1,σ and ∂sv ∈ Cσ.

�
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Note that we have proven the �ow of a given W 2,p α-patch is unique,
but we do not prove the W 2,p patch itself (in the sense of De�nition 1.1) is
unique.

4. The curvature flow of α-patches

In this section, we study the curvature dynamics of the α-patches. These
equations will be understood in a distributional sense using the �ow that we
obtained in the previous section.

In the smooth setting, when the parameterization γ : T× [0, T ]→ R2 and
the velocity �eld are smooth, the (Lagrangian) curvature equation reads

∂tk = −κ∂sv ·T− ∂s(∂sv ·N) (4.1)

(see, e.g. [KL22]). In the α-patch problem, we face two substantial problems
compared to the smooth setting or even the Euler case [KL22]:

(1) the �ow γ is less regular, only C1,σ(T), not even twice di�erentiable;
and

(2) the velocity �eld does not allow us to di�erentiate ∂sv ·N, cf. Lemma
3.6.

The �rst problem can be overcome by the strategy explained in Section
2.4 by using the C1,σ di�eomorphism induced by the �ow γ and the intrinsic
regularity of ∂Ωt.

However, the second problem is more severe and one needs to make sense
of (4.1) rigorously in the α-patch dynamics. One has to be careful, as the
di�erentiation in (4.1) is in the arc-length variable.

4.1. The evolution of arc-length, tangent, and angle of the �ow.
Since the �ow γ is C([0, T ];C1,σ(T)), by Lemma 2.1 the arc-length metric
g = |∂xγ| : T× [0, T ]→ R+, tangent vector T : T× [0, T ]→ R2, and normal
vector N : T× [0, T ]→ R2 are well-de�ned in this parameterization. In what
follows, these letters always refer to the quantities according to a given �ow
of a W 2,p α-patch.

We now derive evolution equations for g and T, necessary for de�ning the
curvature dynamics.

By the integral form of the �ow equation

γ(x, t) = γ0(x) +

� t

0
v(γ(x, t′), t′) dt′ (4.2)

and the velocity �eld regularity ∂sv ∈ Cσ(T), we can di�erentiate (4.2) to
�nd that ∂xγ ∈ C([0, T ];Cσ(T)) ∩ C(T;C1([0, T ])) satisfying the equation

∂t(∂xγ) = ∂svg. (4.3)

Since gT = ∂xγ and g is uniformly bounded from below, from (4.3) it
follows that the metric g ∈ C([0, T ];Cσ(T)) satis�es the equation{

∂tg = g∂sv ·T
g|t=0 = |γ0|

(4.4)
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By the identity gT = ∂xγ, (4.3), and (4.4) again, we have the evolution for
the unit tangent vector T ∈ C([0, T ];Cσ(T)),{

∂tT = (∂sv ·N)N

T|t=0 = |γ0|−1∂xγ0 .
(4.5)

We remark that these equations (4.3), (4.4), and (4.5) are satis�ed classi-
cally.

In what follows, we need to consider the angle θ ∈ [−π, π] between the
tangent vector T and the x1-axis, de�ne via

T(x, t) = (cos(θ(x, t)), sin(θ(x, t))). (4.6)

In general, θ is not a continuous function on T, however we still have that
x 7→ θ(x, t) − x is Cσ(T). In particular, since the �ow γ parameterizes ∂Ω
that is W 2,p, by Lemma 2.1 and (4.6), the curvature κ(x, t) of ∂Ωt at γ(x, t)
satis�es

∂sθ(x, t) = κ(x, t) for any (x, t) ∈ (−π, π)× [0, T ] (4.7)

and by (4.5) the angle itself satis�es the evolution equation{
∂tθ = −∂sv ·N
θ|t=0 = θ0.

(4.8)

4.2. De�nition of curvature �ow for α-patches. We are now ready to
consider the curvature dynamics of α-patches.

Given a time-dependent metric g : T× [0, T ]→ (0,∞), for any f : T→ R
recall its arc-length derivative ∂sf(x) := 1

gf
′(x) and its integration with

ds(x) := gdx is
�
T f ds =

�
T fg dx.

In what follows, the letter g is always referring to the metric given by the
�ow γ of an α-patch Ωt, namely

g := |γ′|.

As a standard practice in PDE, we derive a suitable distributional formu-
lation of the curvature equation (4.1) in the non-smooth setting.

De�nition 4.1. Let 0 < α < 1
2 . Let Ωt be a W 2,p α-patch. Let γ ∈

C([0, T ];C1,σ(T)) be a �ow of ∂Ωt for some σ > 0 with the initial data γ0.
We say κ : T× [0, T ]→ R is a curvature �ow (of γ) if

• κ(·, t) denotes the curvature of ∂Ωt at γ(·, t) for all t ∈ [0, T ];

• κ satis�es� T

0

�
T
κ∂tφ gdxdt = −

� T

0

�
T
∂sv ·N∂sφg dxdt (4.9)

for any φ ∈ C∞(T× R) supported in T× (0, T ).

In the remaining part of Section 4, one can always take σ = 1 − 1
p − 2α,

since this is the regularity of the �ow corresponding to W 2,p patch that we
proved in Section 3.

We will use a more convenient version of the weak formulation. A standard
argument that we sketch below gives
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Lemma 4.2. Let Ωt be a W
2,p α-patch and γ ∈ C([0, T ];C1,σ(T)) be a �ow

of ∂Ωt for some σ > 0.
If κ is a curvature �ow of γ then κ ∈ L∞([0, T ];Lp(T)) and κ is continuous

as a distribution, i.e.

t 7→
�
T
κ(x, t)ϕ(x, t) dx is continuous for every ϕ ∈ C∞(T× R)) (4.10)

and also � T

0

�
T
κ∂tφg dxdt+

� T

0

�
T
∂sv ·N∂sφg dxdt

=

�
T
κ(x, T )φ(x, T )g(x, T ) dx−

�
T
κ(x, 0)φ(x, 0)g(x, 0) dx

(4.11)

for all test functions φ ∈ C∞(T× R).

Proof. To show (4.10), it su�ces to show the continuity for

t 7→
�
T
κ(x, t)ϕ(x, t)g(x, t) dx. (4.12)

Indeed, (4.12), the time-continuity and positivity of g will then imply the
continuity of

�
T κ(x, t)ϕ(x, t) dx for all smooth ϕ.

To show (4.12), we observe that the right-hand side of (4.12) is
�
∂xθϕ dx.

We can integrate by parts and obtain�
T
κ(x, t)ϕ(x, t)g(x, t) dx = −

�
T
θ(x, t)∂xϕ(x, t) dx. (4.13)

Since the �ow γ ∈ C([0, T ];C1,σ(T)), we have θ ∈ C([0, T ];Cσ(T)) and
hence the continuity of (4.13) follows.

Next, we prove (4.11). For ε > 0, we consider a sequence of cuto�s
hε ∈ C∞c ((0, T )) such that hε = 1 on [ε, T − ε] and |h′(t)| ≤ Cε. We use
hε(t)φ(x, t) as a test function in the weak formulation of κ to obtain

� T

0

�
T
hεκ∂tφg dxdt+

� T

0

�
T
hε∂sv ·N∂sφg dxdt = −

� T

0

�
T
κφ∂thεg dxdt.

(4.14)
Since hε converges to 1 a.e. on [0, T ], by the dominated convergence the

left-hand side of (4.14) converge to that of (4.11) as ε→ 0+.
We now focus on the right-hand side of (4.14). Let us denote κφg ∈

L∞([0, T ];Lp(T)) ∩ C([0, T ];D′(T)) by f ; then it su�ces to show that� ε

0

�
T
f(x, t)∂thε(t) dxdt→

�
T
f(·, 0) dx. (4.15)

and a similar statement for an integral near T .
To show (4.15), we �rst use

� ε
0 ∂th = 1 to obtain� ε

0

�
T
f(x, t)∂thε(t) dxdt =

� ε

0

�
T

(
f(x, t)− f(x, 0)

)
∂thε(t) dxdt

+

�
T
f(x, 0) dx.



30 ALEXANDER KISELEV AND XIAOYUTAO LUO

Then by Hölder's inequality, we have∣∣∣ � ε

0

�
T
(f(x, t)− f(x, 0))∂thε(t) dxdt

∣∣∣
≤ sup

t∈[0,ε]

∣∣∣∣�
T
(f(x, t)− f(x, 0)) dx

∣∣∣∣ |∂thε|L1(R).

Since κ is continuous as a distribution, supt∈[0,ε]

∣∣ �
T f(·, t) − f(·, 0)

∣∣ → 0 as

ε→ 0+. Then (4.15) follows from the above bound and |∂thε|L1(R) ≤ C.
Repeating the same argument we can also conclude that� T

T−ε

�
T
f(x, t)∂thε(t) dxdt→

�
T
f(·, T ) dx as ε→ 0+.

Hence the right-hand side of (4.14) also converges to that of (4.11). �

4.3. Existence of curvature �ow for α-patches. We now show the ex-
istence of a unique curvature �ow for W 2,p α-patches with p > 1

1−2α .

Proposition 4.3. Let 0 < α < 1
2 and p > 1

1−2α . Suppose γ ∈ C([0, T ];C1,σ(T))

is the �ow of a W 2,p α-patch Ωt with the initial data γ0 given by Theorem
3.11.

Then there is a (unique) curvature �ow κ and it satis�es the regularity
κ ∈ L∞([0, T ];Lp(T)) ∩ Cw([0, T ], Lp(T)).

Proof. Recall that we have de�ned κ(x, t) to be the curvature of ∂Ωt at
γ(x, t). Alternatively, let γ(s, t) := γ(`−1(s), t) where `−1 is the inverse
of the C1,σ di�eomorphism x 7→ `(x) =

� x
0 g(y) dy. Then we also have

κ(x, t) := κ(`(x), t).
By (4.8), for any φ ∈ C∞(T× R) supported in (0, T ), we have� T

0

�
T
θ∂tϕ

′ dxdt =

� T

0

�
T
∂sv ·Nϕ′ dxdt. (4.16)

Since θ(x, t) = θ(`(x), t) and ` is a C1,σ di�eomorphism for each t ∈ [0, T ],
we have ∂xθ(x, t) = g(x, t)κ(`(x), t) = g(x, t)κ(x, t). Integrating by parts on
the left-hand side of (4.16), we have� T

0

�
T
κ∂tϕg dxdt = −

� T

0

�
T
∂sv ·N∂sϕg dxdt (4.17)

which is exactly� T

0

�
T
κ∂tϕds dt = −

� T

0

�
T
∂sv ·N∂sϕds dt. (4.18)

�

4.4. The dispersive operator Lα. Throughout the paper, the dispersive
operator Lα is de�ned through Fourier multiplier,

Lαf(x) :=
∑
k∈Z

ik|k|2α−1f̂ke
ikx. (4.19)

The following lemma provides a characterization of the convolution kernel
of Lα. Recall that

• Functions on T are considered as 2π-periodic functions on R;
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• on R the principle value P.V.
�
R f is understood as

lim
ε→0+
N→∞

�
ε≤y≤N

f(y) dy,

whenever the limit exists.

We now state the characterization lemma that will be useful for analyzing
the dispersion in the curvature dynamics.

Lemma 4.4. Let 0 < α < 1
2 . For any f ∈ C

∞(T),

Lαf(x) := c−1
α P.V.

�
R

(x− y)f(y)

|x− y|2+2α
dy (4.20)

where cα > 0 is a universal constant.

Proof. We need to prove

Lαf(x) := c−1
α lim

ε→0+
N→∞

�
ε≤|x−y|≤N

(x− y)f(y)

|x− y|2+2α
dy. (4.21)

By the Fourier inversion and smoothness of f , for any ε,N > 0, the truncated
integral satis�es�

ε≤|x−y|≤N

(x− y)f(y)

|x− y|2+2α
dy =

∑
k

f̂k

�
ε≤|x−y|≤N

(x− y)eiky

|x− y|2+2α
dy,

where f̂k are the Fourier coe�cients of f . Since the Fourier coe�cients f̂k
decay faster than any polynomial and the integrals

Ik(x) :=

�
ε≤|x−y|≤N

(x− y)eiky

|x− y|2+2α
dy

are uniformly bounded in approximations parameters ε and N , the summa-
tion is absolutely convergent and hence it su�ces to prove

lim
ε→0+
N→∞

�
ε≤|x−y|≤N

(x− y)eiky

|x− y|2+2α
dy. = c−1

α ik|k|2α−1eikx for all k ∈ Z. (4.22)

By oddness of the kernel x−y
|x−y|2+2α and a shift in the variable, we just need

to show the principle value integral
�
R z|z|

−2−2α sin(kz) dz = c−1
α k|k|2α−1

for k ∈ Z. Since 0 < α < 1
2 , the integral converges in the principle value

sense, and its value c−1
α k|k|2α−1 follows by a change of variable due to the

homogeneity.
�

4.5. Dispersion in the curvature dynamics of α-patches. Next, we
analyze in detail the curvature dynamics in its weak formulation. The goal is
to derive the leading order dynamics and reveal its dispersive characteristics.

Proposition 4.5. Let 0 < α < 1
2 and p > 1

1−2α . Suppose γ ∈ C([0, T ];C1,σ),

σ = 1 − 1
p − 2α, is the �ow of a W 2,p α-patch Ωt with the initial data γ0.

Let v be the velocity �eld generated by the patch Ωt parameterized by γ and
g = |∂xγ| be the metric associated with the �ow γ.
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Then for any t ∈ [0, T ] and any φ ∈ C∞(T),
�
T
∂sv ·N∂sφg dx = −cα

�
T
g1−2ακLαφdx+ Et(φ) (4.23)

where Et : C∞(T)→ R is a time-dependent distribution satisfying the bound

|Et(φ)| ≤ Cα,γ |κ|Lp |φ|B2α−σ
p′,1

for any φ ∈ C∞(T) (4.24)

uniformly in time, where p′ is the Hölder dual of p and the constant Cα,γ
depends on α, p, Ω, and |γ|C1,σ(T).

Proof. De�ne the distribution Et : C∞(T)→ R by

Et(φ) :=

�
T
∂sv ·N∂sφ gdx+ cα

�
T
g1−2ακLαφdx. (4.25)

It is clear that at each time t ∈ [0, T ] (4.25) de�nes a bounded linear func-
tional on C∞(T), and it su�ces to prove the estimate (4.24).

Consider the (time-dependent) arc-length variable s := `(ξ) =
� ξ

0 g(τ) dτ .

We de�ne the arc-length counterparts γ,T,N, κ and v by the formula f(`(ξ)) =
f(ξ), i.e. f(s) := f(`−1(s)) for f ∈ {γ,T,N, κ, v}. Immediately by Lemma
2.2 we have

∂sf = ∂sf(`−1(s)) =
1

g(x)
∂xf(x).

We drop the time variable and domain of integration [−L(t)/2, L(t)/2] for
simplicity in the proof.

In the new variable, by Lemma 3.6 the left-hand side of (4.23) reads

�
∂sv ·N∂sφds =

�
∂sφ

�
T(s′)N(s)

(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds′ ds.

By estimates of Lemma 2.3 and the assumption p > 1
1−2α , one can check

that the expression under integral is absolutely integrable, with a �xed bound
for every s. Thus we can use the Fubini theorem, and we can also change
variable to obtain�

∂sv ·N∂sφds

=

� �
∂sφ(s)T(s′ + s)N(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds ds′.

(4.26)

In what follows we consider the approximations,

�
|s′|≥ε

�
∂sφ(s)T(s′ + s)N(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds ds′, (4.27)

and in the end will take the limit ε→ 0.
With the approximation, we can integrate by parts in the s variable.

Notice that when s′ 6= 0, the function s 7→ T(s′ + s)N(s) (γ(s)−γ(s′+s))·T(s)
|γ(s)−γ(s′+s)|2+2α is
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at least W 1,p whose derivative in s is equal to the sum of

−κ(s′ + s)N(s′ + s)N(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α︸ ︷︷ ︸
:=K1(s,s′)

(4.28)

+κ(s)T(s′ + s)T(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α︸ ︷︷ ︸
:=K2(s,s′)

(4.29)

T(s′ + s)N(s)
(T(s)−T(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α︸ ︷︷ ︸
:=K3(s,s′)

(4.30)

−κ(s)T(s′ + s)N(s)
(γ(s)− γ(s′ + s)) ·N(s)

|γ(s)− γ(s′ + s)|2+2α︸ ︷︷ ︸
:=K4(s,s′)

(4.31)

− (2 + 2α)T(s′ + s)N(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|4+2α

×(γ(s)− γ(s′ + s)) · (T(s)−T(s′ + s)).︸ ︷︷ ︸
:=K5(s,s′)

(4.32)

We then integrate by parts in (4.27) using the derivatives (4.28)�(4.32) and
then reparameterize back to obtain

�
∂sv ·N∂sφds

= lim
ε→0+

�
|s′|≥ε

�
φ(s)∂s

(
T(s′ + s)N(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

)
ds ds′

= lim
ε→0+

∑
i

�
|s′|≥ε

�
φ(s)Ki(s, s

′) ds ds′

= lim
ε→0+

∑
1≤n≤5

In(ε)

(4.33)
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where each integral Ij(ε) corresponds to the kernels Kj from (4.28)�(4.32).

I1(ε) = −
� �

|s−s′|≥ε
φ(s)κ(s′)N(s′) ·N(s)

(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′

(4.34)

I2(ε) =

� �
|s−s′|≥ε

φ(s)κ(s)T(s′) ·T(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′ (4.35)

I3(ε) =

� �
|s−s′|≥ε

φ(s)T(s′) ·N(s)
(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′ (4.36)

I4(ε) =

� �
|s−s′|≥ε

−φ(s)κ(s)T(s′)N(s)
(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α
ds ds′ (4.37)

I5(ε) = −(2 + 2α)

� �
|s−s′|≥ε

φ(s)T(s′)N(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|4+2α

× (γ(s)− γ(s′)) · (T(s)−T(s′)) ds ds′. (4.38)

In the steps below, we will show each term on the right-hand side of (4.33)
is compatible with the thesis (4.23).
Analysis of I1:

We further split I1 = I11 + I12 with

I11(ε) : = −
� �

|s−s′|≥ε
(φ(s)− φ(s′))κ(s′)N(s′) ·N(s)

× (γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′ (4.39)

I12(ε) : = −
� �

|s−s′|≥ε
φ(s′)κ(s′)N(s′) ·N(s)

× (γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′. (4.40)

Analysis of I11:
Let us �rst analyze I11. We switch back to the Lagrangian labels via

s 7→ x = `−1(s) and s′ 7→ y = `−1(s′) in the integral, obtaining

I11(ε) : = −
�
T

�
|`(x)−`(y)|≥ε

(φ(x)− φ(y))κ(y)N(y) ·N(x)

× (γ(x)− γ(y)) ·T(x)

|γ(x)− γ(y)|2+2α
g(x)g(y) dx dy.

Let us �rst consider the variant Ĩ11(ε)

Ĩ11(ε) : = −
�
T

�
g(y)|x−y|≥ε

(φ(x)− φ(y))κ(y)N(y) ·N(x)

× (γ(x)− γ(y)) ·T(x)

|γ(x)− γ(y)|2+2α
g(x)g(y) dx dy.

(4.41)

We claim limε→0+ Ĩ11(ε) = limε→0+ I11(ε) where both limit clearly exist due
to φ ∈ C∞(T). Since x 7→ `(x) is a C1,σ di�eomorphism, the fundamen-
tal theorem of calculus implies that for each y ∈ T, the set Sε(y) of the
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symmetric di�erence

Sε(y) := {x ∈ T : |`(x)− `(y)| ≥ ε}∆{x ∈ T : g(y)|x− y| ≥ ε} (4.42)

has Lebesgue measure |Sε| . εσ and hence

∣∣∣Ĩ11(ε)− I11(ε)
∣∣∣ . �

T

�
Sε(y)

|φ(x)− φ(y)||κ(y)||x− y|−1−2α dx dy (4.43)

Since φ is smooth, we have that
∣∣∣Ĩ11(ε)− I11(ε)

∣∣∣ . |∇φ|L∞ � �
Sε(y) |κ(y)||x−

y|−2α dx dy and hence by Hölder's inequality (due to p > 1
1−2α , κ ∈ Lp)

together with the fact |Sε| → 0 implies
∣∣∣Ĩ11(ε)− I11(ε)

∣∣∣→ 0 as ε→ 0.

So now we focus on (4.41). Since the �ow γ ∈ CtC1,σ, by Lemma 2.4 we
have (here we use N(y) ·N(x) = T(y) ·T(x))

T(y) ·T(x)
(γ(x)− γ(y)) ·T(x)

|γ(x)− γ(y)|2+2α
g(x)g(y)

=
1

|g(y)|1−2α

x− y
|x− y|2+2α

+O(Cγ |x− y|−1−2α+σ).

(4.44)

It follows from (4.41) and (4.44) that

Ĩ11(ε) = −
�
T
κ(y)|g(y)|1−2α

�
g(y)|x−y|≥ε

(φ(x)− φ(y))
x− y

|x− y|2+2α
dx dy

+O(Cγ

�
T

�
T
|φ(x)− φ(y)||κ(y)||x− y|−1−2α+σ dx dy).

(4.45)
The �rst term in (4.45) is the main term, corresponding to the �rst term on
the right-hand side of (4.23). Indeed, by oddness of the kernel and Lemma
4.4, there holds

lim
ε→0+

�
g(y)|x−y|≥ε

(φ(x)− φ(y))
x− y

|x− y|2+2α
dx

= P.V.

�
T
φ(x)

x− y
|x− y|2+2α

dx

= cαLαφ(x) +O(|φ|L1), (4.46)

where the error term comes from extending integration to R. Therefore, by
(4.46) and (4.45) we have

lim
ε→0+

−
�
T
κ(y)|g(y)|1−2α

�
g(y)|x−y|≥ε

(φ(x)− φ(y))
x− y

|x− y|2+2α
dx dy

= cα

�
TT
Lαφ(y)κ(y)|g(y)|1−2α dy +O(|κ|Lp |φ|L1).

(4.47)
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Now we focus on the error term in (4.45). We �rst rewrite it by a trans-
lation and then use Hölder's inequality in η to obtain that�

T

�
T
|φ(x)− φ(y)||κ(y)||x− y|−1−2α+σ dxdy

=

�
T

�
T

|φ(x+ y)− φ(y)|
|x|1+2α−σ |κ(y)| dydx

≤ |κ|Lp
�
T

[�
T

[ |φ(x+ y)− φ(y)|
|x|1+2α−σ

]p′
dy
] 1
p′
dx.

(4.48)

Since φ ∈ C∞(T), by Lemma 5.4 that appears in the next section we have� [ � [ |φ(x+ y)− φ(y)|
|x|1+2α−σ

]p′
dy
] 1
p′
dx ≤ C|φ|B2α−σ

p′,1
. (4.49)

So the error term in (4.45) satis�es� �
|φ(x)− φ(y)||κ(y)||x− y|−1−2α+σ dxdy . |κ|Lp |φ|B2α−σ

p′,1
. (4.50)

Finally putting together (4.45), (4.47), and (4.50), we have

lim
ε→0+

Ĩ11(ε) = −cα
�
Lαφ(y)κ(y)|g(y)|1−2α dy

+O(Cγ,α|κ|Lp |φ|B2α−σ
p′,1

).

Analysis of I12:
By the estimates (2.6b), (2.6e), and (2.6f) in Section 2.5, for any s, s ∈ R

N(s) ·N(s′) = 1 +O(|s− s′|2(1− 1
p

)
)

(γ(s)− γ(s′)) ·T(s) = (s− s′) +O(|s− s′|3−
2
p )

|s− s′|2+2α

|γ(s)− γ(s′)|2+2α
= 1 +O(|s− s′|2(1− 1

p
)
).

(4.51)

It follows that

I12(ε) = −
� �

|s−s′|≥ε
φ(s′)κ(s′)

(
s− s′

|s− s′|2+2α

+O(|s− s′|1−2α− 2
p )

)
ds ds′

(4.52)

By the oddness of the kernel, the �rst term in (4.52) vanishes, and it follows
that

|I12(ε)| . −
� �

|φ(s′)||κ(s′)||s− s′|1−2α− 2
p ) ds ds′ (4.53)

Since 1 − 2α − 2
p > −1 by our assumptions, by Young's inequality we have

|I12(ε)| . |φ|Lp′ |κ|Lp . Since the �ow is C1,σ, we have |κ|Lp . |κ|Lp and

|φ|Lp′ . |φ|Lp′ . So in the Lagrangian label, we have

|I12(ε)| . |κ|Lp |φ|Lp′ ,

which is compatible with the claimed estimate.
Analysis of I2:
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Recall that we need to estimate

I2(ε) =

� �
|s−s′|≥ε

φ(s)κ(s)T(s′)T(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′. (4.54)

Observe that by Fubini and Lemma 3.6

lim
ε→0+

�
φ(s)κ(s)

�
|s−s′|≥ε

T(s′)T(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds′ ds

=

�
φ(s)κ(s)∂sv ·T(s) ds.

(4.55)

Estimating in the arc-length variable by Hölder's inequality, we have

|I2(ε)| ≤ |κ|Lp |φ|Lp′ |∂sv|L∞ . (4.56)

It follows that in the Lagrangian label

|I2(ε)| . |κ|Lp |φ|Lp′ ,
which is compatible with the claimed estimate.
Analysis of I3:

Recall that we need to estimate

I3(ε) =

� �
|s−s′|≥ε

φ(s)T(s′) ·N(s)
(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′. (4.57)

We apply (2.6d) and (2.7a) to �nd

|I3(ε)| ≤ C
� �

|φ(s)|Mκ(s′)|s− s′|1+2(1− 1
p

)−2−2α
ds ds′. (4.58)

The assumption on p implies that 1− 2
p)−2α > −1, so we obtain by Young's

inequality that

|I3(ε)| ≤ C|φ|Lp′ |Mκ|Lp . (4.59)

From the Lp boundedness of the maximal function with p > 1 it follows that
|I3(ε)| ≤ C|φ|Lp′ |κ|Lp . Once again, the C

1,σ regularity of the �ow allows us
to conclude

|I3(ε)| ≤ C|φ|Lp′ |κ|Lp .
Analysis of I4:

Recall that we need to estimate

I4(ε) =

� �
|s−s′|≥ε

−φ(s)κ(s)T(s′)N(s)
(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α
ds ds′. (4.60)

By (2.6c) and (2.7a),

|I4(ε)| ≤ C
� �

|φ(s)|Mκ(s′)|s− s′|1+2(1− 1
p

)−2−2α
ds ds′.

So I4 satis�es the same bound as I3

Analysis of I5:
Recall that we need to estimate

I5(ε) = −(2 + 2α)

� �
|s−s′|≥ε

φ(s)T(s′)N(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|4+2α

× (γ(s)− γ(s′)) · (T(s)−T(s′)) ds ds′.

(4.61)
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By (2.6a) and (2.7e),

|I5(ε)| ≤ C
� �

|φ(s)|Mκ(s′)|s− s′|β−3−2α+2+β ds ds′

≤ C
� �

|φ(s)|Mκ(s′)|s− s′|1−
2
p

)−2α
ds ds′.

So I5 also satis�es the same bound as I3.
�

4.6. Leading order dynamics of the curvature �ow. We put together
results in this section to obtain the following characterization of the curvature
�ow for the α-patch problem.

Theorem 4.6. Let 0 < α < 1
2 and p > 1

1−2α . Let Ωt be a W 2,p α-patch on

[0, T ]. Suppose γ ∈ C([0, T ];C1,σ) with σ = 1 − 1
p − 2α, is the �ow of ∂Ωt

with the initial data γ0. Let v be the velocity �eld generated by the patch Ωt

parameterized by γ and g = |∂xγ| be the metric associated with the �ow γ.
Then the curvature �ow κ satis�es for all ϕ ∈ C∞(T× R)

�
T
κ(·, T )φ(·, T ) g(·, T ) dx−

�
T
κ(·, 0)φ(·, 0)g(·, 0) dx

=

� T

0

�
T
gκ∂tφdxdt− cα

� T

0

�
T
g1−2ακLαφdxdt

+

� T

0
Et(φ(·, t)) dt

(4.62)

where cα > 0 is a universal constant and Et : C∞(T) → R is a distribution
satisfying the bound

|Et(φ)| ≤ Cα,γ |κ|Lp |φ|B2α−σ
p′,1

for any φ ∈ C∞(T) (4.63)

uniformly in time where p′ is the Hölder dual of p and the constant Cα,γ
depends on α, p, Ω, and |γ|C1,σ(T).

Proof. By Proposition 4.3, the existence of the curvature �ow κ is guaran-
teed. Now thanks to Lemma 4.2, κ satis�es for all φ ∈ C∞(T× R),

�
T
κ(·, T )φ(·, T ) g(·, T ) dx−

�
T
κ(·, 0)φ(·, 0)g(·, 0) dx

=

� T

0

�
T
κ∂tφ gdxdt+

� T

0

�
T
∂sv ·N∂sφ gdxdt.

(4.64)

We then de�ne the distribution E by

Et(φ) :=

�
T
∂sv ·N∂sφ gdx+ cα

�
T
g1−2ακLαφdx. (4.65)

The conclusion follows directly from Proposition 4.5.
�
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5. Dispersive estimates for etLα

In this section, we derive useful dispersive estimates for the evolution
group etLα generated by Lα on T. As before, we �x 0 < α < 1

2 and identify
the torus T = (−π, π].

We �rst consider the Fourier multiplier eiξ|ξ|
2α−1t on the whole line R.

Later we will use the Poisson summation formula to transfer estimates to
the periodic setting.

5.1. Littlewood-Paley decomposition. In this subsection, we introduce
a Littlewood-Paley decomposition on T. This is needed for results in this
and the next sections.

Throughout the paper, D′ denotes the dual of C∞(T) as the set of periodic
distributions and λq := 2q for any q ∈ R.

Given f : T→ R, its Fourier series coe�cients are de�ned by

f̂(k) =

� π

−π
f(x)e−ikx dx for any k ∈ Z. (5.1)

The Fourier transform on R is de�ned similarly.

De�nition 5.1. Let even ψ ∈ C∞c (R) be such that ψ = 1 on B 3
4
(0) and

suppψ ⊂ B1(0). For any integer q ≥ −1, de�ne

ψq(ξ) =

{
ψ(ξλ−1

q+1)− ψ(ξλ−1
q ) if q ≥ 0

ψ(ξλ−1
q+1) if q = −1

(5.2)

such that
∑

q≥−1 ψq(ξ) = 1.

For each f ∈ D′, the Littlewood-Paley decomposition of f is

f =
∑
q≥−1

∆qf, with ∆qf :=
∑
k∈N

f̂(k)ψq(k)eikx,

where the equality holds in the sense of distributions.

We will use the following facts:

ψq(ξ) = ψ0(λ−1
q ξ) for any q ∈ N+

suppψq ⊂ {ξ ∈ R :
1

2
λq ≤ |ξ| ≤ 2λq}

Later in the paper, we also use ∆̃q := ∆q−1 + ∆q + ∆q+1 which satis�es

∆̃q∆q = ∆q.
We will also use the Littlewood-Paley decomposition on R. The same set of

cuto�s as in De�nition 5.1 will also be used to de�ne such decompositions on
R. In particular if f ∈ L1(R) then its 2π-periodization fper :=

∑
n∈Z f(x+

2πn) is a function on T and it satis�es∑
n∈Z

∆qf(x+ 2πn) = ∆qf
per(x), (5.3)

where the Littlewood-Paley projection ∆q is acting in the R setting on the
left-hand side and in the T setting on the right-hand side.

To streamline the proof, we use Besov spaces a few times and we recall
their de�nitions below.
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De�nition 5.2. For any s ∈ R, 1 ≤ p, q ≤ ∞, the Besov space Bs
p,q(T) is

de�ned by

|f |Bsp,q :=
∣∣λsq|∆qf |Lp

∣∣
`q(N)

, and Bs
p,q(T) := {f ∈ D′ : |f |Bsp,q <∞}

where `q(N) denotes the `q norm for sequences.

The following Bernstein's inequality is well-known.

Lemma 5.3 (Bernstein's inequality). Let 1 ≤ p ≤ r ≤ ∞. For any f ∈ D′
one has

|∆qf |Lr(T) . λ
1
p
− 1
r

q |∆qf |Lp(T) (5.4)

and for any 0 < α < 1
2 the linear operator Lα de�ned by (4.19) satis�es

|Lα∆qf |Lp(T) . λ
2α
q |∆qf |Lp(T) (5.5)

Proof. The �rst statement is classical and follows directly from Young's in-
equality. The second statement is surely known but we are not aware of
a convenient reference. In the whole space case, the bound follows from a
scaling argument.

In the periodic case we �rst write ∆qf = ∆qf ∗ ϕq where ϕq ∈ C∞(T) is

the convolution kernel for ∆̃q. Then from Young's inequality again we have

|Lα∆qf |Lp ≤ |Lαϕq|L1 |∆qf |Lp .

We can use the Poissson summation to write

Lαϕq =
∑
k∈Z

ϕ̂q(k)i|k|2α−1keikx

=
∑
k∈Z

ϕ̂0(λ−1
q k)i|k|2α−1keikx

=
∑
k∈Z

ψ̃q(x+ 2πk)

(5.6)

where for any q ∈ N the non-periodic ψ̃q : R→ R is a Schwartz function and
has Fourier transform ϕ̂0(λ−1

q ξ)i|ξ|2α−1ξ. Since we are on R now, a standard

scaling argument shows that |ψ̃q(x)| . λ1+2α
q 〈λqx〉−100 where 〈x〉 :=

√
x2 + 1

is the Japanese bracket. Plugging this bound and summing up in (5.6) give
the desired estimate. �

5.2. Moduli of smoothness of some functions. In our illposedness proof,
we need to consider the modulus of continuity of functions in various settings.

The next lemma concerning the moduli of smoothness of Besov functions
is well-known, cf. [Leo17, Chapter 17]. A proof is included for readers'
convenience.

Lemma 5.4. For any 0 < s < 1, 1 ≤ p ≤ ∞, there exist a constant C(s, p)
such that for any f ∈ Bs

p,1(T),

� 1

0

1

h1+s

[�
T
|f(x+ h)− f(x)|p dx

] 1
p

dh ≤ C|f |Bsp,1 .
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Proof. It su�ces to prove
� 1

0
1

h1+s
|∆qf(·+ h)−∆qf(·)|Lp dh ≤ Cλsq|∆qf |Lp .

We consider the split of the integral into two regions 0 < h < λ−1
q and

λ−1
q < h < 1. For the region 0 < h < λ−1

q , we have |∆qf(x+h)−∆qf(x)| ≤� h
0 |D∆qf(x + t)| dt by the mean value theorem, and so by the Minkowski
inequality,

|∆qf(·+ h)−∆qf(·)|Lp ≤ h|∇∆qf |Lp .

From this estimate as well as the bound |∇∆qf |Lp . λq|∆qf |Lp , it follows
that �

0<h<λ−1
q

1

h1+s
|∆qf(·+ h)−∆qf(·)|Lp dh

≤
�

0<h<λ−1
q

1

h1+s

[�
T

∣∣∣� h

0
|∇∆qf(x+ t)| dt

∣∣∣p dx] 1
p

dh

≤ C|∆qf |Lpλsq.

For the region h > λ−1
q , we have

�
λ−1
q <h<1

1

h1+s
|∆qf(·+ h)−∆qf(·)|Lp dh ≤ C|∆qf |Lp

�
λ−1
q <h<1

h−1−s dh

≤ Cλsq|∆qf |Lp .

`
�

Let us also recall that the classical Hölder spaces Ck,β(T) can be charac-
terized as

f ∈ Ck,β(T)⇔ f ∈ Bk+β
∞,∞ ⇔ sup

q
λk+β
q |∆qf |∞ <∞ (5.7)

when 0 < β < 1.

5.3. The multiplier ei|ξ|
2α−1ξt on R. We �rst derive estimates of oscillatory

integrals related to the Littlewood-Paley decomposition of the multiplier

ei|ξ|
2α−1ξt

Lemma 5.5 (Stationary phase). Let 0 < α < 1
2 . Let ψ ∈ C∞c (R) be even

and such that suppψ ⊂ {1
2 ≤ |ξ| ≤ 2}. Consider for t ≥ 0 and q ∈ N the

oscillatory integral

Iq(x, t) =

�
R
eiλqϕ(x,ξ)ψ(ξ) dξ (5.8)

where the phase ϕ(x, ξ) := xξ + λ2α−1
q |ξ|2α−1ξt.

Then there exists constants Cψ > cψ > 0 depending only on ψ and α such
that for any q ∈ N with λ2α

q t ≥ 1

|Iq(x, t)| .α,ψ,n

{
t−1/2λ−αq for x ∈ [−Cψλ2α−1

q t,−cψλ2α−1
q t]〈

λqx+ tλ2α
q

〉−n
otherwise

(5.9)

where 〈x〉 :=
√
x2 + 1 is the Japanese bracket.
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Moreover, for any q ∈ N with λ2α
q t ≥ 1 and any x ∈ [−Cψλ2α−1

q t,−cψλ2α−1
q t],

there exist constants Aα, aα > 0 such that

|Iq(x, t)| ≥ aαt−1/2λ−αq

∣∣∣ψ(λ−1
q |

x

2αt
|

1
2α−1 ) cos(Aαt

1
1−2α |x|−

2α
1−2α +

π

4
)
∣∣∣

− o(λ−αq t−
1
2 ).

(5.10)

Proof. By the rescaling y = xt−1λ1−2α
q we will consider

Iq(y, t) =

�
R
eiλ

2α
q tϕ(y,ξ)ψ(ξ) dξ (5.11)

with the new phase ϕ(y, ξ) = yξ + |ξ|2α−1ξ. This transformation allows us
to get rid of the extra dependencies in the phase function.

First of all, the phase ξ 7→ ϕ(y, ξ) is smooth on the support of ψ(ξ).
Concerning stationary points de�ned by

∂ξϕ = y + 2α|ξ|2α−1 = 0,

we have two solutions ξs±(y) given by

ξs±(y) = ±(− y

2α
)

1
2α−1 . (5.12)

Since the support of ψ lies in [1/2, 2], we can consider two cases: 1
4 ≤

|ξs±(y)| ≤ 4 and |ξs±(y)| ≤ 1
4 or |ξs±(y)| ≥ 4. We discuss these two cases

below.
Case 1: 1

4 ≤ |ξs±(y)| ≤ 4.
By (5.12), we have y < 0 and |y| ∼ 1 with the speci�c values depending

on α. At the stationary points, we have the bound

|∂2
ξφ| ∼ 1,

where the constant depends on α, and hence and

ϕ(y, ξs±) = ±Aα|y|−
2α

1−2α . (5.13)

We substitute these estimates in the classical stationary phase formula (see
for instance [Ste93, Proposition 3, p.334]):

Iq(y, t) =
∑
±
ψ(ξs±)eiλ

2α
q tϕ(y,ξs±)±iπ

4

( 1

λ2α
q t|∂2

ξϕ|

) 1
2

+ o(λ−αq t−
1
2 )

= 2<
(
ψ(ξs+)eiλ

2α
q tϕ(y,ξs+)+iπ

4

( 1

λ2α
q t|∂2

ξϕ|

) 1
2
)

+ o(λ−αq t−
1
2 )

where < denotes the real part of a complex number. We remark that the
implicit constant in the error term depends on some higher order derivative
bounds of ψ and ϕ which are independent of x, t, and q.

It follows that for some �xed Aα, aα > 0 and all y ∼ 1

Iq(y, t) = aαψ(| y
2α
|

1
2α−1 )t−1/2λ−αq cos(Aαλ

2α
q t|y|

− 2α
1−2α +

π

4
)

+ o(λ−αq t−
1
2 ).

(5.14)

The upper bound (5.9) and the lower bound (5.10) immediately follow
from (5.14).
Case 2 : 1

4 > |ξs±(y)| or |ξs±(y)| > 4.
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In this case the derivative of the phase does not vanish: ∂ξφ(y, ξ) = y +
2α|ξ|2α−1 6= 0, and in fact |y + 2α|ξ|2α−1| & 1 for all ξ ∈ suppψ (with
constants depending on α). Let us de�ne for n ∈ N a sequence of bump
functions inductively

ηn =

{
ψ when n = 0

∂ξ

(
ηn−1

ϕ′

)
when n ≥ 1.

(5.15)

Repeated integration by parts gives

Iq(y, t) =

�
R

(−iλ2α
q t)

−1eiλ
2α
q tϕ∂ξ

(
ψ

ϕ′

)
dξ

=

�
R

(−iλ2α
q t)

−neiλ
2α
q tϕηndξ. (5.16)

To reduce notation, let us write z = y+|ξ|2α−1. We will prove by induction
in n the estimates

|∂kξ ηn| .k,n |z|−n (5.17)

for all k = 0, 1, 2, . . . and all n = 0, 1, 2, . . . , on the support of ψ. Here the
implicit constant depends on k, n and α but not on t, x or q.

First, both |∂kξϕ| .k 1 and |(∂ξϕ)−1| . |y + |ξ|2α−1|−1 hold on suppψ. It
follows that on suppψ

|∂kξ (∂ξϕ)−1| .k

{
|z|−1 if k = 0

|z|−2 if k ≥ 1.
(5.18)

When n = 0, we have |∂kξψ| ≤ C and (5.17) holds. Assuming (5.17) holds
for some n ∈ N, at the level n+ 1 we have∣∣∣∂kξ ηn∣∣∣ ≤ ∣∣∣∣∂k+1

ξ

(ηn−1

ϕ′
)∣∣∣∣

.k
∑

0≤i≤k+1

∣∣∣∂k+1−i
ξ

(
ηn−1

)∣∣∣ ∣∣∂iξ(∂ξϕ)−1
∣∣

.k,n |z|−n+1
(
|z|−1 + |z|−2

)
.k,n |z|−n

for all ξ in the support of ψ. We have thus proven (5.17).
Thus in the second case,

|Iq(y, t)| .n (λ2α
q t)

−n
�

1
2
≤|ξ|≤2

|y + |ξ|2α−1|−n dξ.

This translates to

Iq(x, t) .n 〈
x

tλ2α−1
q

〉−n(λ2α
q t)

−n .n 〈λqx+ tλ2α
q 〉−n.

�

5.4. Estimates for etLα and Wainger's example. We have the following
brute-force estimate for etLα .

Lemma 5.6. Let 0 < α < 1
2 . Let 1 ≤ p ≤ ∞ and f ∈ Lp(T). For any

t ∈ [0, 1] and q ∈ N, there holds∣∣∣∆qe
tLαf

∣∣∣
Lp(T)

. max{1, t
1
2λαq }|f |Lp(T). (5.19)
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Proof. We �rst show the bound when t
1
2λαq ≤ 1. In this case, we have

∆qe
tLαf = etLα∆qf =

∑
n≥0

(tLα)n

n!
∆qf. (5.20)

Due to the compact Fourier support of ∆qf , this equality (5.20) can be
shown by looking at the Fourier side. By Lemma 5.3, (5.20), and the fact
tλ2α
q ≤ 1, it follows that∣∣∣∆qe

tLαf
∣∣∣
Lp(T)

≤
∑
n≥0

|(tLα)n∆qf |Lp(T)

n!

. |f |Lp(T)

∑
n≥0

(tλ2α
q )n

n!

. |f |Lp(T).

(5.21)

It remains to prove the estimate when tλ2α
q ≥ 1. Consider Kq : R → R

the (non-periodic) kernel of ∆qe
i|ξ|2α−1ξt and denote by kq the periodic kernel

∆qe
tLα . The Poisson summation gives

kq(x) =
∑
n∈Z

ψq(n)ei(nx+|n|2α−1nt) =
∑
n∈Z

Kq(x+ 2πn) (5.22)

where ψq are the smooth cuto� functions as in De�nition 5.1. So it su�ces to
show suitable estimates for the non-periodic Kq and then take a summation.

The non-periodic kernel Kq satis�es

Kq(x) =

�
R
ψq(ξ)e

i(ξx+|ξ|2α−1ξt) dξ, (5.23)

and hence

Kq(x) = λq

�
R
ψ0(ξ)eiλq(ξx+λ2α−1

q |ξ|2α−1ξt) dξ, (5.24)

where we note that suppψ0 ⊂ {1
2 ≤ |ξ| ≤ 2}. By Lemma 5.5 and λ2α

q t ≥ 1,
we have

(1) when |x| . λ2α−1
q t.

|Kq(x)| . λqλ−αq t−
1
2

(2) when λ2α−1
q t . |x|

|Kq(x)| . λq〈λqx+ tλ2α
q 〉−100

Since λ1−2α
q t ≤ 1 due to 0 ≤ t ≤ 1, the number of intervals [−π+2nπ, π+2nπ]

where we have to use the �rst bound is bounded by some absolute constant.
So, summation in n over Z in (5.22) gives

|kq|L1(T) ≤
∑
n∈Z
|Kq(·+ 2πn)|L1([−π,π]

. λ1−α
q t−

1
2λ2α−1

q t+ λq
∑
n≥1

〈λqn+ tλ2α
q 〉−100

. t
1
2λαq .

�
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The main building device for the proof of illposedness is the following
example, which was considered by Waigner in [Wai65] with t = 1.

Lemma 5.7 (Wainger's example). Let 0 < α < 1
2 . For any 1 ≤ p < 2 and

ε > 0, there exists a real-valued and even function f ∈ Lp(T) such that the
following holds.

For any 0 < t ≤ 1 and any su�ciently large integer q with λ2α
q t ≥ 1,∣∣∣etLα∆qf

∣∣∣
Lp(T)

≥ t
1
p
− 1

2λ
2α( 1

p
− 1

2
)−ε

q . (5.25)

Proof. We �rst discuss this example in R and then use the Poisson summa-
tion to transfer the result to T.

Fix an even cuto� function η(ξ) such that η(ξ) = 1 when |ξ| ≥ 2 and
η(ξ) = 0 when |ξ| ≤ 3

2 . For small ε > 0, de�ne the function fc : R → R by
its Fourier transform,

f̂c(ξ) = η(ξ)|ξ|−(1− 1
p

+ ε
2

)
. (5.26)

Then we have the following properties for fc:

• fc is real-valued and even.

• fc is continuous away from x = 0, and |xNf(x)| → 0 as x → ∞ for
any N ∈ N.
• fc ∈ Lp(R).

The �rst follows directly from the de�nition, and the second and the third
were proved in [Wai65] by Wainger. These facts can also be proved by the
Littewood-Paley decomposition used here.

We can use the Poisson summation to obtain the periodic example on T:

f(x) :=
∑
n∈Z

fc(x+ 2πn)

whose Fourier series is given by

f(x) =
∑
n 6=0

η(n)|n|−(1− 1
p

+ ε
2

)
einx. (5.27)

It is clear that f ∈ Lp(T), is also real-valued, and even, so we focus on the
lower bound for etLα∆qf .

Denote by F (x) the corresponding output from the multiplier on R, namely

F̂ (ξ) = ei|ξ|
2α−1ξtχ(ξ)|ξ|−(1− 1

p
+ ε

2
)
.

Consider the Littlewood-Paley projections ∆qF (x), and by the Poisson sum-
mation formula

etLα∆qf(x) =
∑
n∈Z

∆qF (x+ 2πn)

we can write∣∣∣etLα∆qf
∣∣∣
Lp(T)

≥
∣∣∣∆qF

∣∣∣
Lp([−π,π])

−
∑
n6=0

∣∣∣∆qF (·+ 2πn)
∣∣∣
Lp([−π,π])

. (5.28)



46 ALEXANDER KISELEV AND XIAOYUTAO LUO

We now derive estimates for ∆qF . Writing the phase ϕ(x, ξ) = xξ +
λ2α−1
q |ξ|2α−1ξt, a change of variable yields

∆qF (x) = λ
1
p
− ε

2
q

�
R
eiλqϕ(x,ξ)ψ̃(ξ) dξ (5.29)

where ψ̃ = ψ0(ξ)|ξ|−(1− 1
p

+ ε
2

)
is a nontrivial bump function related to the

cuto�s from the Littlewood-Paley decomposition.
As in the proof of Lemma 5.6, we can apply Lemma 5.5 to (5.29). Specif-

ically, let Jq = [−cFλ2α−1
q t,−CFλ2α−1

q t], CF > cF > 0, be an interval where
we have

|∆qF (x)| ≥ aαλ
1
p
− ε

2
q

(
λ−αq t

1
2 | cos(Aαt

1
1−2α |x|−

2α
1−2α +

π

4
)| − o(λ−αq t−

1
2 )
)

(5.30)
For all su�ciently large q, λ2α−1

q t can be su�ciently small by our assumption,
so we may assume Jq ⊂ [−π, π].

In this setting, we have the following outcomes of Lemma 5.5.

(1) By (5.30) and a direct computation,

|∆qF |Lp([−π,π]) & λ
2α( 1

p
− 1

2
)− ε

2
q t

1
p
− 1

2 . (5.31)

(2) When x 6∈ R \ [−π, π],

|∆qF (x)| . λ
1
p
− ε

2
q 〈λqx+ tλ2α

q 〉−100 (5.32)

For all su�ciently large q, we may use a factor of λ
− ε

2
q to absorb/enlarge

the constant in (5.31) so that

|∆qF |Lp[−π,π] ≥ 2t
1
p
− 1

2λ
2α( 1

p
− 1

2
)−ε

q . (5.33)

Similarly, by (5.32), for all su�ciently large q∑
n6=0

∣∣∣∆qF (·+ 2πn)
∣∣∣
Lp([−π,π])

≤ t
1
p
− 1

2λ
2α( 1

p
− 1

2
)−ε

q . (5.34)

The result follows by putting together (5.33) and (5.34) in (5.28).
�

6. Illposedness of a dispersive equation

In this section, we prove illposedness for a model equation that has the
same structure as the curvature equation in Theorem 4.6 of the α-patch.

6.1. The model equation. Recall that for any 0 < α < 1
2 , Lα := H(−∆)α

denotes the composition of a Hilbert transform with a fractional Laplacian
on the torus T. In other words, Lαf(x) :=

∑
k∈Z k|k|2α−1f̂ke

ikx.
Let T > 0. We consider the following distributional dispersive equation{

∂tf = Lαf + Ft

f |t=0 = f0.
(6.1)

In (6.1), f : T × [0, T ] → R is the real-valued unknown, the mapping
f 7→ f is bounded in some space embedded in L1(T), and Ft : C∞(T) → R
is a given time-dependent distributional forcing.
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We now specify what we mean by a solution of (6.1).

De�nition 6.1. Let 0 < α < 1
2 . We say f ∈ L∞(0, T ;L1(T)) is a weak

solution of (6.1) if all of the following are satis�ed.

(1) t 7→ f(·, t) is continuous as a distribution on T, i.e.

t 7→
�
T
fϕ dx is continuous for any ϕ ∈ C∞(T); (6.2)

(2) f solves (6.1) in the sense of distributions: for any ϕ ∈ C∞(T×R),
there holds�

T
f(·, T )ϕ(·, T ) dx−

�
T
f0ϕ(·, 0) dx =

�
T×[0,T ]

(f∂tϕ− fLαϕ) dxdt

+

� T

0
Ft(ϕ(·, t)) dt

(6.3)

where Ft(ϕ) denotes the pairing for distributions.

6.2. Lp illposedness of the model equation. Since we are mainly con-
cerned with the W 2,p α-patches, we focus on the Lp case. To streamline
the presentation, given any p ∈ [1,∞] and δ > 0, we consider the following
(Lp, δ)-assumptions, (A1) and (A2), on (6.1).

(Lp, δ)-assumptions:

(A1) f 7→ f is bounded in Lp(T) with the estimate

|f(·, t)− f(·, t)|Lp(T) . t
δ uniformly in time for all t ≥ 0 small; (6.4)

(A2) the distributional forcing Ft satis�es

|Ft(ϕ)| . |ϕ|B2α−δ
p′,1

for all ϕ ∈ C∞(T). (6.5)

uniformly in time where p′ is the dual Hölder index of p.

These two assumptions, (A1) and (A2), roughly say that (6.1) is a small
perturbation of the original equation ∂tf = Lαf in some suitable sense.

Proposition 6.2 (Illposedness for p < 2). For any 0 < α < 1
2 , 1 ≤ p < 2,

and δ > 0, there exists an even initial data f0 ∈ Lp(T) such that the following
holds.

Consider any model equation (6.1) satisfying the (Lp, δ)-assumptions (A1)�
(A2). If f : T × [0, T ] → R is a weak solution of (6.1) with the initial data
f0 in the sense of De�nition 6.1, then it must satisfy

sup
t∈[0,T ]

|f(·, t)|Lp(T) =∞ for any T > 0. (6.6)

Proof. We �x 1 ≤ p < 2 and assume 0 < δ ≤ 1. Before we choose the initial
data, let us �x a small number ε = ε(α, p, δ) > 0 such that

0 < ε <

(
1

p
− 1

2

)
δα

4
. (6.7)
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Let us choose the initial data. Let the real-valued even function f0 ∈ Lp(T)
be given by Lemma 5.7 with ε replaced by ε

2 such that etLαf0 6∈ Lp(T) with
the estimates

|etLα∆qf0|Lp ≥ t
1
p
− 1

2λ
2α( 1

p
− 1

2
)− ε

2
q (6.8)

for all su�ciently large q ∈ N with tλ2α
q ≥ 1.

We proceed with a proof by contradiction. Suppose there is a weak solu-
tion f : T× [0, T ]→ R of (6.1) with the initial data f0 such that

sup
t∈[0,T ]

|f(·, t)|Lp(T) ≤M (6.9)

for some T > 0 and M > 0.
Next, we use a class of special test functions in weak formulation to exploit

the illposedness of etLα . For any T > 0, consider test functions of the form

ϕ(x, t) = e−(T−t)Lαφ(x) (6.10)

with φ ∈ C∞(T) smooth. Since these test functions (6.10) satisfy the equa-
tion ∂tϕ = Lαϕ classically, we have the equality

∂tϕ = Lαϕ = e−(T−t)LαLαφ. (6.11)

From (6.3) and (6.11) we deduce that the solution f satis�es for any φ ∈
C∞(T) and T > 0�

T
f(x, T )φ(x) dx−

�
T
f0(x)e−TLαφ(x) dx

=

�
T×[0,T ]

(f − f)e−(T−t)LαLαφdxdt+

� T

0
Ft(e

−(T−t)Lαφ) dt.

(6.12)

We choose a family of test functions φq ∈ C∞(T) and a sequence of times
τq → 0 for q ∈ N as follows.

(1) First, we choose τq ∈ (0, 1) such that

τqλ
2α
q = λ

δα
4
q (6.13)

where we can assume 0 < δ ≤ 1. When q is large, we have τq ≤ T
and τqλ

2α
q ≥ 1.

(2) Second, by (6.13) and (6.8), we can take a sequence of test functions
φq ∈ C∞(T) such that�

T
∆q

[
eτqLαf0

]
φq ≥ τ

1
p
− 1

2
q λ

2α( 1
p
− 1

2
)− ε

2
q (6.14)

for all q su�ciently large and

|φq|Lp′ = 1. (6.15)

The existence of such φq's follows from the duality of Lp norm: for
any f ∈ Lp(T), one has

|f |Lp(T) = sup
|g|
Lp
′=1

�
T
gf.
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(3) Since the sequence of test functions φq has Fourier support compa-
rable to ∆q, by (6.13) and (6.15) we have the brute-force estimate
from Lemma 5.6 and Lemma 5.3,

sup
t∈[0,τq ]

|e−(τq−t)LαLα∆qφq|Lp′ . τ
1
2
q λ

3α
q for all q ∈ N. (6.16)

Here the constant is independent of q.

We are in a position to get a contradiction. Consider the formulation
(6.12) with ∆qφq and T = τq for q ∈ N large, namely�

T
f(x, τq)∆qφq(x) dx−

�
T
f0(x)e−τqLα∆qφq(x) dx︸ ︷︷ ︸

:=Lq

=

�
T×[0,τq ]

(f − f)e−(τq−t)LαLα∆qφq dxdt+

� τq

0
Ft(e

−(τq−t)Lα∆qφ) dt︸ ︷︷ ︸
:=Rq

.

(6.17)
Here Lq, Rq ∈ R are the sequences of real numbers corresponding to the
left-hand and right-hand sides. We will eventually show that Lq 6= Rq for
some q ∈ N large under the hypothesis (6.9).

Starting with the left-hand side of (6.17), we use integration by parts, the
Hölder inequality, and (6.14) to derive a lower bound for |Lq|. First, note
that

|Lq| ≥
�
T

∆q

(
eτqLαf0

)
φq(x) dx− |f(·, τq)|Lp |∆qφq|Lp′ . (6.18)

By (6.14) and the hypothesis (6.9), it follows that from (6.18) that

|Lq| ≥ τ
1
p
− 1

2
q λ

2α( 1
p
− 1

2
)− ε

2
q − C for all su�ciently large q ∈ N. (6.19)

However, the exponent of the �rst term in (6.19) is positive:

τ
1
p
− 1

2
q λ

2α
p
−α− ε

2
q = (τqλ

2α
q )

1
p
− 1

2λ
− ε

2
q ≥ λ

( 1
p
− 1

2
) δα

4
− ε

2
q . (6.20)

Since by (6.7), we have 0 < ε < (1
p −

1
2) δα4 , the exponent is strictly positive,

and hence Lq blows up as q →∞.
Now let us consider the right-hand side value Rq. The goal is to derive

an upper bound smaller than (6.19). From (6.17), we �rst use the Hölder
inequality and (6.15) to obtain that for any q ∈ N,

|Rq| ≤ τq sup
t∈[0,τq ]

|f(t)− f(t)|Lp sup
t∈[0,τq ]

∣∣∣e−(τq−t)LαLα∆qφq

∣∣∣
Lp′

+ τq sup
t∈[0,τq ]

∣∣∣Ft(e−(τq−t)Lα∆qφq)
∣∣∣ . (6.21)

For the �rst term in (6.21) we use the assumption (A1) and (6.16):

sup
t∈[0,τq ]

|f(t)− f(t)|Lp sup
t∈[0,τq ]

∣∣∣e−(τq−t)LαLα∆qφq

∣∣∣
Lp
′

≤ Cτ δq τ
1
2
q λ

3α
q for any su�ciently large q ∈ N. (6.22)
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For the second term in (6.21), we �rst use the assumption (A2), the de�nition
of Besov norms, and Lemma 5.6:

sup
t∈[0,τq ]

∣∣∣Ft(e−(T−t)Lα∆qφq)
∣∣∣

. sup
t∈[0,τq ]

|e−(T−t)Lα∆qφq|B2α−δ
p′,1

. λ2α−δ
q sup

t∈[0,τq ]
|e−(T−t)Lα∆qφq|Lp′

≤ Cλ2α−δ
q τ

1
2
q λ

α
q for any q ∈ N. (6.23)

It follows from (6.21), (6.22), and (6.23) that

|Rq| ≤ Cτ
3
2

+δ
q λ3α

q + τ
3
2
q λ

3α−δ
q for any su�ciently large q ∈ N. (6.24)

Finally, we show that (6.24) leads to a contradiction. Note that by (6.13),

we have τ δq ≤ λ
−2αδ+αδ

4
q . By (6.24), this implies the bound

|Rq| ≤ C(τqλ
2α
q )

3
2 τ δq + C(τqλ

2α
q )

3
2λ−δq

≤ Cλ
αδ
2
−2αδ+αδ

4
q + Cλ

αδ
2
−δ

q

which is decaying when q → ∞. In other words, Rq is uniformly bounded
for any q ∈ N. This contradicts the fact that Lq blows up. So (6.9) can not
holds and we are done.

�

The next result is the extension of the Lp illposedness to p > 2. In
general, the Lp boundedness/unboundedness of a linear operator can be
deduced from that of its adjoint operator. So one would expect the same
equation is strongly ill-posed in Lp for p > 2. Here the situation is slightly
more involved since we are dealing with time evolution, and the initial data
needs to develop an �instant blowup�.

We combine the usual duality approach with a patching argument to in-
duce the desired blowups in the high-frequency.

Proposition 6.3 (Illposedness for p > 2). For any 0 < α < 1
2 , 2 < p ≤ ∞,

and δ > 0, there exists an even initial data f0 ∈ Lp(T) such that the following
holds.

Consider any model equation (6.1) satisfying the (Lp, δ)-assumptions (A1)�
(A2). If f : T × [0, T ] → R is a weak solution of (6.1) with the initial data
f0 in the sense of De�nition 6.1, then it must satisfy

sup
t∈[0,T ]

|f(·, t)|Lp(T) =∞ for any T > 0. (6.25)

Proof. First of all, let us assume 0 < δ ≤ 1 and �x ε = ε(α, p, δ) > 0 such
that

0 < ε <

(
1

2
− 1

p

)
δα

8
. (6.26)
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Since p > 2, its Hölder dual p′ ∈ [1, 2), for this ε we apply Lemma 5.7 to

obtain φ ∈ Lp′ such that

|etLα∆qφ|Lp′ ≥ t
1
2
− 1
pλ

2α( 1
2
− 1
p

)− ε
2

q (6.27)

for all su�ciently large q with tλ2α
q ≥ 1 . In contrast to Proposition 6.2, we

will use this φ as a test function.
We take a sequence of times τq ∈ (0, T ] for such that

τqλ
2α
q = λ

αδ
4
q . (6.28)

With the sequence τq chosen, we now construct the initial data. As in the
previous proposition, the duality of Lp norms implies that there exist a
sequence of smooth functions hq ∈ C∞(T), q ∈ N such that

(1) hq is even and hq has frequency support near λq;

(2) For any su�ciently large q ∈ N, hq satis�es |hq|Lp ≤ λ
− ε

2
q and�

hqe
τqLα∆qφ ≥ τ

1
2
− 1
p

q λ
2α( 1

2
− 1
p

)−ε
q . (6.29)

We can be sure to �nd such even hq due to the fact that any odd part does
not contribute to the integral (6.29) since eτqLα∆qφ is even, and so can be
discarded.

Now our initial data is

f0 :=
∑
q∈2N

hq. (6.30)

We take q ∈ 2N to isolate the contribution from each frequency band λq
and any su�ciently lacunary sequence will work. It is clear that f0 is even

and in Lp(T) since |hq|Lp ≤ λ
− ε

2
q . We note that when p = ∞, f0 is in fact

continuous due to this epsilon decay.
We proceed with a proof by contradiction. Suppose there is a weak solu-

tion f : T× [0, T ]→ R with the initial data f0 ∈ Lp(T) (6.30) such that

sup
t∈[0,T ]

|f(·, t)|Lp(T) ≤M (6.31)

for some T > 0 and M > 0.
Now we take a look again at the weak formulation (6.12) used in the

proof Proposition 6.2. The weak solution f satis�es for any ψ ∈ C∞(T) the
following equation�

T
f(x, T )ψ(x) dx−

�
T
f0(x)e−TLαψ(x) dx

=

�
T×[0,T ]

(f − f)e−(T−t)LαLαψ dxdt

+

� T

0
Ft(e

−(T−t)Lαψ) dt.

(6.32)

For all su�ciently large q ∈ 2N consider the test functions

ψ = ∆qφ ∈ C∞(T) (6.33)

over time intervals [0, τq] where φ is as in (6.27) and (6.29).
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Since the frequency supports of the summands in f0 =
∑
hq lie in sepa-

rated annuli, using (6.33) in (6.32) gives

�
T
f(x, τq)∆qφ(x) dx−

�
T
hq(x)e−τqLα∆qφ(x) dx︸ ︷︷ ︸

:=Lq

=

�
T×[0,τq ]

(f − f)e−(τq−t)LαLα∆qφdxdt+

� τq

0
Ft(e

−(τq−t)Lα∆qφ) dt︸ ︷︷ ︸
:=Rq

.

(6.34)
As before, Lq, Rq ∈ R are the sequences of real numbers corresponding to
the left-hand and right-hand sides. We will show that Lq 6= Rq for some
su�ciently large q ∈ 2N under the hypothesis (6.31).

Let us start with Lq, the left-hand side of (6.34). Since φ ∈ Lp
′
, 1 ≤ p′ < 2

and hq satis�es (6.29), by (6.31) we use Hölder to obtain that for all large
q ∈ 2N

|Lq| ≥ τ
1
2
− 1
p

q λ
2α( 1

2
− 1
p

)−ε
q − |f(·, τq)|Lp |∆qφ|Lp′

≥ τ
1
2
− 1
p

q λ
2α( 1

2
− 1
p

)−ε
q − C.

(6.35)

Similarly to the proof of Proposition 6.2, the exponent of the �rst term is
positive: by (6.28),

τ
1
2
− 1
p

q λ
2α( 1

2
− 1
p

)−ε
q = [τqλ

2α
q ]

1
2
− 1
pλ−εq = λ

αδ
4

( 1
2
− 1
p

)−ε
q (6.36)

where αδ
4 (1

2 −
1
p)− ε > 0 thanks to (6.26). Hence Lq blows up as q →∞.

Finally we consider Rq, the right-hand side of (6.34). We will show the
right-hand sideRq remains uniformly bounded. By Hölder's inequality again,

|Rq| ≤τq sup
t∈[0,τq ]

|f − f |Lp sup
t∈[0,τq ]

|e−(τq−t)LαLα∆qφ|Lp′

+ τq sup
t∈[0,τq ]

|Ft(e−(τq−t)Lα∆qφ)|.
(6.37)

For the �rst term in (6.37), by the time-continuity of f(t) − f(t) in the
assumption (A1) and the bound by Lemma 5.6 and Lemma 5.3

sup
t∈[0,τq ]

|e−(τq−t)LαLα∆qφ|Lp′ . τ
1
2
q λ

3α
q , (6.38)

we have

τq sup
t∈[0,τq ]

|f − f |Lp sup
t∈[0,τq ]

|e−(τq−t)LαLα∆qφ|Lp′ .
[
τqλ

2α
q

] 3
2 τ δq . (6.39)
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For the second term in (6.37), by the assumption (A2) and Lemma 5.6 again,

τq sup
t∈[0,τq ]

|Ft(e−(τq−t)Lα∆qφ)|

. τq sup
t∈[0,τq ]

|e−(τq−t)Lα∆qφ|B2α−δ
p′,1

. τqλ
2α−δ
q sup

t∈[0,τq ]
|e−(τq−t)Lα∆qφ|Lp′

.
[
τqλ

2α
q

] 3
2λ−δq . (6.40)

Combining (6.39) and (6.40) in (6.37), we have

|Rq| ≤ C
[
τqλ

2α
q

] 3
2 τ δq + C

[
τqλ

2α
q

] 3
2λ−δq (6.41)

Thanks to (6.28), we have τ δq ≤ λ
−2αδ+αδ

4
q . It then follows that

|Rq| . λ
αδ
2
−2αδ+αδ

4
q + λ

αδ
2
−δ

q → 0

as q →∞. So Rq is uniformly bounded, a contradiction to the fact that Lq
blows up.

�

From Lemma 5.3, it is easy to see the initial data in Proposition 6.2 and
Proposition 6.3 are stable under smooth perturbations. For later application
to the curvature equation, we state a combined corollary suitable in that
setting.

Corollary 6.4. For any 0 < α < 1
2 , p 6= 2, and δ > 0, there exists an even

and zero-mean function f] ∈ Lp(T) such that the following holds.
Consider any model equation (6.1) satisfying the (p, δ)-assumptions (A1)�

(A2).
For any fg ∈ C∞(T) and any ε > 0, if f is a weak solution of (6.1) with

the initial data f0 = εf] + fg in the sense of De�nition 6.1, then f must
satisfy

sup
t∈[0,T ]

|f(·, t)|Lp(T) =∞ for any T > 0. (6.42)

6.3. Cβ illposedness of the model equation. In the last part of this
section, we consider the model equation in Cβ Hölder spaces. The goal is to
show that the illposedness holds for any 0 < β ≤ 1 since β = 0 corresponds
to the L∞ case that was covered before. We use the duality approach with
the patching argument in the Lp, p > 2 case to prove the Cβ illposedness.

Given any β ∈ (0, 1] and δ > 0, we consider the (Cβ, δ)-assumptions,
(B1) and (B2), on (6.1). Similar to Lp cases, these two assumptions roughly
say that (6.1) is a small perturbation of the original equation ∂tf = Lαf in
the Cβ scale.

Proposition 6.5 (Illposedness for Cβ). For any 0 < α < 1
2 , 0 < β ≤ 1, and

δ > 0, there exists an even initial data f0 ∈ Cβ(T) such that the following
holds.
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(Cβ, δ)-assumptions:

(B1) f 7→ f is bounded in Cβ(T) with the estimate

|f(·, t)− f(·, t)|C0,β(T) . t
δ uniformly in time for all t ≥ 0 small;

(6.43)

(B2) the distributional forcing Ft satis�es the bound

|Ft|L∞Bβ−2α+δ
∞,∞

<∞. (6.44)

Consider any model equation (6.1) satisfying the (Cβ, δ)-assumptions (B1)�
(B2). If f is a weak solution of (6.1) with the initial data f0 in the sense of
De�nition 6.1, then it must satisfy

sup
t∈[0,T ]

|f(·, t)|Cβ(T) =∞ for any T > 0. (6.45)

Proof. First of all, let us �x ε = ε(α, δ) > 0 such that

0 < ε <
δα

16
(6.46)

and take a sequence of times τq ∈ (0, T ] for such that

τqλ
2α
q = λ

αδ
4
q . (6.47)

For this ε > 0 and p = 1 we apply Lemma 5.7 to obtain the even real-valued
function φ ∈ L1(T) such that

|eτqLα∆qφ|L1 ≥ τ
1
2
q λ

α− ε
2

q for all su�ciently large q ∈ N. (6.48)

As in the proof of Proposition 6.3, we will use this φ as a test function.
Once again, the duality of L1 norm implies that there exist a sequence

hq ∈ C∞(T), q ∈ N such that

(1) hq is even and its frequency support is contained in that of ∆qφ;

(2) For any su�ciently large q ∈ N, hq satis�es |hq|L∞ ≤ λ
− ε

2
q and�

hqe
τqLα∆qφ ≥ τ

1
2
q λ

α−ε
q . (6.49)

Here the evenness of hq follows from the same reasoning as in Proposition
6.3.

Our initial data is
f0 :=

∑
q∈2N

λ−βq hq. (6.50)

We take q ∈ 2N to isolate the contribution from each frequency band λq.

It is clear that f0 is even and in Cβ(T) since |hq|L∞ ≤ λ
− ε

2
q thanks to the

characterization of Hölder continuous function (5.7).
Suppose there is a weak solution f with the initial data f0 (6.50) such

that
sup
t∈[0,T ]

|f(·, t)|C0,β(T) ≤M (6.51)

for some T > 0 and M > 0.
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Then as before this weak solution f must satisfy for any ζ ∈ C∞(T),�
T
f(x, T )ζ(x) dx−

�
T
f0(x)e−TLαζ(x) dx

=

�
T×[0,T ]

(f − f)e−(T−t)LαLαζ dxdt

+

� T

0
Ft(e

−(T−t)Lαζ) dt.

(6.52)

For all su�ciently large q ∈ 2N consider the test functions

ζ = λβq∆qφ ∈ C∞(T) (6.53)

over time intervals [0, τq] where φ is as in (6.48) and (6.49).

Due to the frequency supports of the summands de�ning f0 =
∑
λ−βq hq

belonging to disjoint annuli, using (6.53) in (6.52) gives

λβq

�
T
f(x, τq)∆qφ(x) dx−

�
T
hq(x)e−τqLα∆qφ(x) dx︸ ︷︷ ︸

:=Lq

= λβq

�
T×[0,τq ]

(f − f)e−(τq−t)LαLα∆qφdxdt+

� τq

0
Ft(λ

β
q e
−(τq−t)Lα∆qφ) dt︸ ︷︷ ︸

:=Rq

.

(6.54)
As before, we will show that Lq 6= Rq for some su�ciently large q ∈ N under
the hypothesis (6.51).

Let us start with Lq, the left-hand side of (6.54). Since φ ∈ L1, and hq
satis�es (6.49), we use Hölder to obtain that for all large q ∈ 2N

|Lq| ≥ τ
1
2
q λ

α−ε
q − λβq |∆̃qf(·, τq)|L∞ |∆qφ|L1 . (6.55)

By the assumption (6.51) and the fact φ ∈ L1(T), we have

|Lq| ≥ τ
1
2
q λ

α−ε
q − C. (6.56)

As in Proposition 6.2, the exponent of the term is positive: by (6.47),

τ
1
2
q λ

α−ε
q = [τqλ

2α
q ]

1
2λ−εq = λ

αδ
8
−ε

q (6.57)

where αδ
8 − ε > 0 thanks to (6.46). Hence Lq blows up as q →∞.

Finally, we consider Rq, the right-hand side of (6.54). We will show that
the right-hand side remains uniformly bounded.

By Hölder's inequality again,

|Rq| ≤τq sup
t∈[0,τq ]

λβq |∆̃qf − ∆̃qf |L∞ |e−(τq−t)LαLα∆qφ|L1

+ τq sup
t∈[0,τq ]

|Ft(λβq e−(τq−t)Lα∆qφ)|.
(6.58)

For the �rst term in (6.58), by the assumption (B1) and the following
bound by Lemma 5.6 and φ ∈ L1(T):

sup
t∈[0,τq ]

|e−(τq−t)LαLα∆qφ|L1 . τ
1
2
q λ

3α
q , (6.59)
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we have

sup
t∈[0,τq ]

λβq |∆̃qf − ∆̃qf |L∞ |e−(τq−t)LαLα∆qφ|L1

. sup
t∈[0,τq ]

|f(t)− f(t)|C0,β sup
t∈[0,τq ]

|e−(τq−t)LαLα∆qφ|L1

≤ τ
1
2
q λ

3α
q τ

δ
q . (6.60)

For the second term in (6.58), by (6.44) and the distributional pairing

sup
t∈[0,τq ]

|Ft(λβq e−(τq−t)Lα∆qφ)| . λ2α−δ
q |Ft|L∞Bβ−2α+δ

∞,∞
sup

t∈[0,τq ]

∣∣etLα∆qφ
∣∣
L1 .

It follows from the assumption (B2) and Lemma 5.6 that

sup
t∈[0,τq ]

|Ft(λβq eτqLα∆qφ)| . τ
1
2
q λ

3α−δ
q . (6.61)

Combining (6.58), (6.60), and (6.61) we have the estimate for Rq:

|Rq| ≤ C
[
τqλ

2α
q

] 3
2 τ δq + C

[
τqλ

2α
q

] 3
2 λ−δq . (6.62)

Due to (6.47), we have τ δq ≤ λ
−2αδ+αδ

4
q . It then follows that

|Rq| . λ
αδ
2
−2αδ+αδ

4
q + λ

αδ
2
−δ

q → 0

as q →∞. So Rq is uniformly bounded, a contradiction to the fact that Lq
blows up.

�

As in the Lp cases, the initial data in Proposition 6.5 is also stable under
smooth perturbation. We state a corollary suitable for later application to
the curvature equation.

Corollary 6.6. For any 0 < α < 1
2 , 0 ≤ β ≤ 1, and δ > 0, there exists an

even and zero-mean function f] ∈ Cβ(T) such that the following holds.

Consider any model equation (6.1) satisfying the (Cβ, δ)-assumptions (B1)�
(B2).

For any fg ∈ C∞(T) and any ε > 0, if f is a weak solution of (6.1) with
the initial data f0 = εf] + fg in the sense of De�nition 6.1, then f must
satisfy

sup
t∈[0,T ]

|f(·, t)|C0,β(T) =∞ for any T > 0. (6.63)

7. Proof of Sobolev ilposedness

In this section, we put together the two main ingredients, the curvature
�ow with its leading order dynamics and illposedness for the model equation,
to complete the proof of the main theorem.
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7.1. Smooth bending of curves. To show illposedness for the α-patch
problem, we need to take the initial data κ for the curvature equation in the
form of of our examples in Section 6. It is not immediately obvious that we
can do so, even if we assume

�
κds = 2π, as the endpoints of the arc could

mismatch.
The lemma below shows that after suitable symmetric bending by adding

two smooth bump functions to the existing curvature, an arc becomes a
closed curve.

Lemma 7.1. Let κ] ∈ Lp(T), 1 ≤ p ≤ ∞, even and such that
�
κ] ds = 0.

Then there exists a simple closed curve γ with length 2π of class W 2,p such
that its curvature κ can be decomposed as

κ = εκ] + κg (7.1)

for some small ε > 0 and κg ∈ C∞(T).

Proof. Let γ∗ : [−π, π]→ R2 be the even arc with curvature εκ] and centered
at the origin: γ∗(0) = 0. We �x ε > 0 su�ciently small (depending on κ]) so
that the unit tangent of γ∗ only varies by at most 1000−1.

We de�ne a continuum of even arcs γ(·, h) centered at the origin via the
curvature formula

κh(s) = εκ](s) + φ(s− h) + φ(s+ h) (7.2)

where φ ≥ 0 is a �xed smooth bump function with suppφ ⊂ [−π/8, π/8] and�
φ = π.
Since

�
κh = 2π, (7.2) de�nes a family of even arcs with length 2π and

two end-points facing each other. As in Figure 4, the two bumps φ(s − h)
and φ(s+ h) correspond to two symmetric bends of 180◦ and the parameter
h determines the positions of the bends.

For h = π − π/8, the two endpoints of γ(·, h) are far apart; For h = π/4,
the two endpoints of γ(·, h) have reversed their relative position. If we de�ne
a quantity measuring the signed horizontal distance of the two endpoints,
then this function must attain zero for some h∗ ∈ [π/4, 7π/8] by continuity.

The resulting arc s 7→ γ(s, h∗) is a simple closed curve by symmetry�
γ(−π, h∗) and γ(π, h∗) are the same point and the tangent vectors also agree.
In other words, s 7→ γ(s, h∗) extends to a 2π-periodic function on R with
W 2,p regularity.

Finally (7.1) follows from (7.2).
�

7.2. Illposedness in Sobolev spaces.

Proof of Theorem 1.4. Let us �rst choose the initial data. Given p 6= 2 and
0 < α < 1

2 −
1
2p , we �x

δ = min{1− 1

p
− 2α, 2α}. (7.3)

Since δ > 0, we let κ] ∈ Lp(T) be given by Corollary 6.4 with the parameters
α, p and δ above. Note that Corollary 6.6 states that this initial data fails
to produce any Lp weak solution to any system (6.1) satisfying the (Lp, δ)
assumptions.
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Figure 4. Bending the arc γ with curvature εκ]. The top
right and the bottom two are the arcs s 7→ γ(s, h) with the
two bends moving from near the endpoints to the center.

Then take the W 2,p initial data Ω0 as the interior of a W 2,p simple closed
curve γ0 that is arc-length parameterized with length 2π given by Lemma
7.1 whose curvature is given by

κ0 = εκ] + κg (7.4)

for some ε > 0 where the bad part κ] ∈ Lp(T) is from Corollary 6.4 and the
good part κg ∈ C∞(T).

With the initial data chosen Ω0, we prove by contradiction. Suppose there
exists an α-patch Ωt on some [0, T ] and M > 0 such that

sup
t∈[0,T ]

‖Ωt‖W 2,p ≤M. (7.5)

Then we apply Theorem 3.11 with the α-patch Ωt on [0, T ] and with the
initial parameterization γ0 above to obtain a unique �ow γ ∈ C([0, T ];C1,σ(T))
with the initial data γ0 and σ = 1− 1

p − 2α > 0.

Next, by (7.5), Theorem 4.6 shows that the curvature of ∂Ωt under the
C1,σ parameterization γ satis�es the regularity

κ ∈ L∞([0, T ];Lp(T)), (7.6)

and the equation�
T
κ(·, T )φ(·, T ) g(·, T ) dx−

�
T
κ(·, 0)φ(·, 0)g(·, 0) dx

=

�
T
gκ∂tφdxdt− cα

�
T
g1−2ακLαφdxdt+

� T

0
Et(φ) dt

(7.7)

with Et satisfying

|Et(φ)| . |φ|B2α−σ
p′,1

for all φ ∈ C∞(T) (7.8)

uniformly on t ∈ [0, T ].
We now put (7.7) into the setting considered in Section 6. Let f = κg and

de�ne the mapping f 7→ f = g−2αf . Let the distributional forcing Ft = Et
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in the above. Then (7.7) is the weak formulation for the equation{
∂tf − cαLαf = Ft

f |t=0 = f0.
(7.9)

By rescaling the time, we can assume cα = 1 as in De�nition 6.1.
To obtain the �nal contradiction, we need to verify the (Lp, δ) assumption

for Corollary 6.4. Let us consider the �rst condition (A1). By Hölder's
inequality, we have the estimate

|f(·, t)− f(·, t)|Lp(T) . |1− g−2α|L∞(T)|f(·, t)|Lp(T). (7.10)

As explained in Section 4.1, the �ow equation for γ implies the evolution of
the metric g : T× [0, T ]→ R+{

∂tg = g∂sv ·T
g|t=0 = 1

(7.11)

where we have used that the initial data is arc-length parameterized. By
Lemma 3.6 and the regularity g ∈ C([0, T ];Cσ(T)) for σ = 1 − 1

p − 2α > 0

implies that in (7.10) we have

|f(·, t)− f(·, t)|Lp(T) . t ≤ tδ. (7.12)

So we have veri�ed the �rst condition (A1).
The second condition (A2) follows directly from (7.8) by (7.3) and the

fact δ ≤ 1. So Corollary 6.4 implies that

sup
t∈[0,δ]

|f(t)|Lp(T) = sup
t∈[0,δ]

|g−2ακ(t)|Lp(T) =∞ (7.13)

which is a contradiction to (7.6).
�

8. Proof of Hölder illposedness

In the last section, we consider the C2,β α-patches. To �nish the proof of
illposedness, we need to strengthen a few main ingredients in this setting.

8.1. Improved estimates in the C2,β case. The C2,β Hölder case requires
a higher regularity of the �ow γ. To this end, we have the following improved
analog of Lemma 3.6 in the tangential direction.

Lemma 8.1. Let 0 < α < 1
2 and 0 ≤ β ≤ 1. Suppose Ω is a C2,β bounded

domain and v is the velocity �eld of Ω according to (1.2).
Then the velocity �eld satis�es∣∣∂sv ·T∣∣C0,1 ≤ C(α, β,Ω) (8.1)

where | · |C0,1 is the Lipschitz norm.

Proof. In view of Lemma 3.6, we focus on the C0,1 continuity using the
formula

∂sv(s) = P.V.

�
γ
T(s′ + s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds′.
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For any δ > 0, we denote by ∆δf(s) = f(s + δ) − f(s) and consider the
split

∆δ[∂sv ·T] = (∂sv ·T)(s+ δ)− (∂sv ·T)(s) = I1 + I2

where

I1 = lim
ε→0+

�
ε<|s′|≤2δ

T(s+ δ + s′) ·T(s+ δ)

× (γ(s+ δ)− γ(s+ δ + s′)) ·T(s+ δ)

|γ(s+ δ)− γ(s+ δ + s′)|2+2α
ds′

− lim
ε→0+

�
ε<|s′|≤2δ

T(s′ + s) ·T(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds′

and

I2 =

�
|s′|≥2δ

∆δ

[
T(s′ + s) ·T(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

]
ds′.

We will show the estimates |I1|, |I2| . δ.
Estimate of I1:

By the estimates (2.6a), (2.6e) and (2.6f) with p = ∞ in Section 2.5, for
any s, s′ ∈ R

T(s′) ·T(s) = 1 +O(|s− s′|2)

(γ(s)− γ(s′)) ·T(s) = (s− s′) +O(|s− s′|3)

|s− s′|2+2α

|γ(s)− γ(s′)|2+2α
= 1 +O(|s− s′|2).

(8.2)

Using (8.2), we have

I1 = lim
ε→0+

(�
ε<|s′|≤2δ

−s′

|s′|2+2α
ds′ +

�
ε<|s′|≤2δ

O(|s′|1−2α) ds′

−
�
ε<|s′|≤2δ

−s′

|s′|2+2α
ds′ +

�
ε<|s′|≤2δ

O(|s′|1−2α) ds′

)
.

The �rst terms in the above two lines vanish by oddness, and we have

|I1| .
�
|s′|≤2δ

|s′|1−2α ds′ . δ2−2α . δ.

Estimate of I2:
In this regime, we �rst consider the �nite di�erence of the integrand

∆δ

[
T(s′ + s) ·T(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

]
. (8.3)

To reduce notation, for each �xed |s′| > 0, let us denote by Ks′(s) the
function

s 7→ Ks′(s) := T(s′ + s) ·T(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
.
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From the regularity T,N ∈W 1,p, we know that Ks′ is weakly di�erentiable
with Lp derivative:

∂sKs′(s) =− κ(s′ + s)N(s′ + s) ·T(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

− κ(s)T(s′ + s) ·N(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

+ T(s′ + s) ·T(s)
(T(s)−T(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

− κ(s)T(s′ + s) ·T(s)
(γ(s)− γ(s′ + s)) ·N(s)

|γ(s)− γ(s′ + s)|2+2α

− (2 + 2α)T(s′ + s) ·T(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|4+2α

× (γ(s)− γ(s′ + s)) · (T(s)−T(s′ + s)).

(8.4)

Since γ is C2,β , using theW 2,∞ estimates in Section 2.5, it is straightforward
to show that K ′s′ satis�es the point-wise estimate

|∂sKs′(s)| . |s′|−2α. (8.5)

So by the fundamental theorem of calculus forW 1,p functions and the bound
(8.5), we have

|Ks′(s+ δ)−Ks′(s)| ≤
� s+δ

s
|∂sKs′(τ)| dτ

. |s′|−2αδ.

(8.6)

Now we apply the estimate (8.6) for Ks′(s) to I2, obtaining

|I2| ≤
�
L
2
≥|s′|≥2δ

∆δ [Ks′(s)] ds
′ .

�
L
2
≥|s′|≥2δ

|s′|−2αδ ds′ . δ.

�

8.2. The �ow of C2,β α-patches. Based on the improved regularity in the
tangential component of ∂sv, we have the improved wellposedness of the �ow
of C2 α-patches.

Theorem 8.2. Let 0 < α < 1
2 and 0 ≤ β ≤ 1. Suppose Ωt is a C

2,β α-patch

with the initial data Ω0 and v = Kα ∗ χΩt : R2 × [0, T ] → R2 is the velocity
�eld of Ωt.

For any C2,β parametrization of ∂Ω0, γ0 ∈ C2,β(T), the Cauchy problem
for γ : T× [0, T ]→ R2 {

∂tγ(x, t) = v(γ(x, t), t)

γ|t=0 = γ0
(8.7)

has a unique solution γ ∈ C([0, T ];C1,1−2α(T)) ∩ L∞([0, T ];C1,1(T)).

Proof. By Theorem 3.11 with p =∞, we have the existence of the �ow γ ∈
C([0, T ];C1,1−2α(T)). Since x 7→ γ(x, t) is a parameterization of C2,β bound-
ary ∂Ω, it su�ces to show that the arc-length g = |∂xγ| ∈ L∞([0, T ];C0,1(T)).
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As discussed in Section 4.1, the evolution of the metric g : T× [0, T ]→ R+

satis�es {
∂tg = g∂sv ·T
g|t=0 = |∂xγ0|.

(8.8)

Since s 7→ ∂sv ·T is C0,1 in the arc-length variable by Lemma 8.1, we have

∂sv ·T(x, t) ∈ L∞([0, T ];C0,1(T))

in the Lagrangian label as well. Then a standard Gronwall-type calculation
for (8.8) implies that g ∈ L∞([0, T ];C0,1(T)).

�

8.3. The curvature �ow of C2,β α-patches. The last improvement we
need is the curvature dynamics in the weak formulation. Compared to the
W 2,p cases, we need to show the error terms are functions with some Hölder
regularity.

Proposition 8.3. Let 0 < α < 1
2 and 0 ≤ β ≤ 1. Suppose γ ∈ C([0, T ];C1,1−2α(T))∩

L∞([0, T ];C1,1(T)) is the �ow of a C2,β α-patch Ωt with the initial data
γ0 ∈ C2,β(T). Let v be the velocity �eld generated by the patch Ωt parame-
terized by γ and g = |∂xγ| be the metric associated with the �ow γ.

Then for any t ∈ [0, T ] and any φ ∈ C∞(T),�
T
∂sv ·N∂sφds = −cα

�
T
g1−2ακLαφdx+

�
T
Rφdx (8.9)

where cα > 0 is a universal constant and R : T× [0, T ]→ R satis�es

|R|L∞C0,ρ ≤ CΩ,T (8.10)

where ρ = min{1− 2α, β} > 0 and the constant CΩ,T <∞ depends on α, β,
Ω, and T .

Proof. As in the proof of Proposition 4.5, let us consider the (time-dependent)

arc-length variable s := `(ξ) =
� ξ

0 g(τ) dτ and de�ne the arc-length coun-

terparts by the formula f(`(ξ)) = f(ξ), i.e. f(s) := f(`−1(s)) for f ∈
{γ,T,N, κ, v}.

In the new variable, by Lemma 3.6 the left-hand side of (8.9) reads
�
∂sv ·N∂sφds =

�
∂sφ

�
T(s′)N(s)

(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds′ ds.

By the periodicity and the Fubini theorem, we can reparameterize to ob-
tain �

∂sv ·N∂sφds

=

� �
∂sφ(s)T(s′ + s)N(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds ds′.

(8.11)

As in Proposition 4.5, we consider the approximations,

lim
ε→0+

�
|s′|≥ε

�
∂sφ(s)T(s′ + s)N(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α
ds ds′. (8.12)
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To integrate by parts in the s variable, notice that when s′ 6= 0, the

function s 7→ T(s′+s)N(s) (γ(s)−γ(s′+s))·T(s)
|γ(s)−γ(s′+s)|2+2α is at leastW 1,p whose derivative

is

−κ(s′ + s)N(s′ + s)N(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α︸ ︷︷ ︸
:=K1(s,s′)

(8.13)

+κ(s)T(s′ + s)T(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α︸ ︷︷ ︸
:=K2(s,s′)

(8.14)

T(s′ + s)N(s)
(T(s)−T(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α︸ ︷︷ ︸
:=K3(s,s′)

(8.15)

−κ(s)T(s′ + s)N(s)
(γ(s)− γ(s′ + s)) ·N(s)

|γ(s)− γ(s′ + s)|2+2α︸ ︷︷ ︸
:=K4(s,s′)

(8.16)

− (2 + 2α)T(s′ + s)N(s)
(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|4+2α

×(γ(s)− γ(s′ + s)) · (T(s)−T(s′ + s)).︸ ︷︷ ︸
:=K5(s,s′)

(8.17)

We then integrate by parts in (8.12) using the derivatives (8.13)�(8.17) and
then reparameterize back to obtain

�
∂sv ·N∂sφds

= lim
ε→0+

�
|s′|≥ε

�
φ(s)∂s

(
T(s′ + s)N(s)

(γ(s)− γ(s′ + s)) ·T(s)

|γ(s)− γ(s′ + s)|2+2α

)
ds ds′

= lim
ε→0+

∑
i

�
|s′|≥ε

�
φ(s)Ki(s, s

′) ds ds′

= lim
ε→0+

∑
1≤n≤5

In(ε),

(8.18)
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where each integral Ij(ε) corresponds to the kernels Kj from (8.13)�(8.17).

I1(ε) = −
� �

|s−s′|≥ε
φ(s)κ(s′)N(s′) ·N(s)

(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′

(8.19)

I2(ε) =

� �
|s−s′|≥ε

φ(s)κ(s)T(s′) ·T(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′ (8.20)

I3(ε) =

� �
|s−s′|≥ε

φ(s)T(s′) ·N(s)
(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′ (8.21)

I4(ε) =

� �
|s−s′|≥ε

−φ(s)κ(s)T(s′)N(s)
(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α
ds ds′ (8.22)

I5(ε) = −(2 + 2α)

� �
|s−s′|≥ε

φ(s)T(s′)N(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|4+2α

× (γ(s)− γ(s′)) · (T(s)−T(s′)) ds ds′. (8.23)

In the steps below, we will show each term on the right-hand side of (8.18)
is compatible with the thesis (8.9) and (8.10). Speci�cally, we will show I1

leads to the main linear term with a remainder of C1−2α regularity while the
rest of Ii contribute to errors with either Cβ or C1−2α regularity.
Analysis of I1:

Let us �rst analyze I1. We switch back to the Lagrangian labels via
s 7→ x = `−1(s) and s′ 7→ y = `−1(s′) in the integral, obtaining

I1(ε) : = −
� �

|`(x)−`(y)|≥ε
φ(x)κ(y)N(y) ·N(x)

× (γ(x)− γ(y)) ·T(x)

|γ(x)− γ(y)|2+2α
g(x)g(y) dx dy.

Let us consider the variant Ĩ1(ε)

Ĩ1(ε) : = −
� �

g(y)|x−y|≥ε
φ(x)κ(y)N(y) ·N(x)

× (γ(x)− γ(y)) ·T(x)

|γ(x)− γ(y)|2+2α
g(x)g(y) dx dy.

(8.24)

We claim limε→0+ Ĩ1(ε) = limε→0+ I1(ε) and both limits exist by an argument
similar to Lemma 3.6 due to φ ∈ C∞(T) .

Since x 7→ `(x) is a C1,1 di�eomorphism, the fundamental theorem of
calculus implies that for each y ∈ T, the set Sε(y) of the symmetric di�erence

Sε(y) := {x ∈ T : |`(x)− `(y)| ≥ ε}∆{x ∈ T : g(y)|x− y| ≥ ε} (8.25)

has Lebesgue measure |Sε| . ε2. Hence by the absolute value, the di�erence

between Ĩ1(ε) and I1 satis�es∣∣∣Ĩ1(ε)− I1(ε)
∣∣∣

.
� �

Sε(y)
|φ(x)||κ(y)||x− y|−1−2α dx dy (8.26)
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Since φ is smooth, the term (8.26) vanishes at ε→ 0 due to the small measure
of the set Sε(y) for all α < 1

2 :� �
Sε(y)

|φ(x)||κ(y)||x− y|−1−2α dx dy

. |κ|L∞ |φ|L∞ε−1−2α sup
y∈T
|Sε(y)|

. |κ|L∞ |φ|L∞ε2−2α → 0

where we have used that |x − y| ∼ ε on Sε(y) in the �rst inequality. So we

can conclude that
∣∣∣Ĩ1(ε)− I1(ε)

∣∣∣→ 0 as ε→ 0.

So now we proceed to estimate

lim
ε→0+

Ĩ1(ε) = −
�
P.V.

�
φ(x)κ(y)N(y) ·N(x)

× (γ(x)− γ(y)) ·T(x)

|γ(x)− γ(y)|2+2α
g(x)g(y) dx dy.

(8.27)

Since the �ow γ ∈ L∞t C1,1, by Lemma 2.4 we de�ne a kernel Q1 : T×T→
R

Q1(x, y) =T(y) ·T(x)
(γ(x)− γ(y)) ·T(x)

|γ(x)− γ(y)|2+2α
g(x)g(y)

− |g(y)|1−2α
∑
n∈Z

x− y − 2πn

|x− y − 2πn|2+2α
.

(8.28)

so that the periodic kernel Q1(x, y) : T× T → R is jointly continuous away
from x 6= y with the estimate

|Q1(x, y)| . |x− y|−2α (8.29)

where we note that the exponent −2α > −1. In what follows we will also

use the fact that for any 0 < h ≤ |x−y|2

|Q1(x+ h, y)−Q1(x, y)| . h|x− y|−1−2α (8.30)

which can be proved by considering the derivative of (8.28) using the C2,β

regularity of Ωt and C
1,1 regularity of γ.

It follows from (8.28) that

Ĩ1(ε) = −
�
κ(y)|g(y)|1−2α

�
g(y)|x−y|≥ε

φ(x)
∑
m∈Z

x− y +m

|x− y +m|2+2α
dx dy

−
� �

φ(x)κ(y)Q1(x, y) dx dy.

(8.31)
The �rst term in (8.31) is the main term, corresponding to the �rst term

on the right-hand side of (8.9). Indeed, by Lemma 4.4, there holds

lim
ε→0+

�
x∈T

g(y)|x−y|≥ε
φ(x)

∑
m∈Z

x− y +m

|x− y +m|2+2α
dx

= P.V.

�
R
φ(x)

x− y
|x− y|2+2α

dx

= cαLαφ(y). (8.32)
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Therefore, by (8.31) and (8.32) we have

lim
ε→0+

Ĩ1(ε) = −cα
�
κ(y)|g(y)|1−2αLαφ(y) dy

+

�
φ(x)

�
κ(y)Q1(x, y) dy dx.

(8.33)

Since −2α > −1 in (8.29), the second integral in (8.33) is well-de�ned.
We just need to show

R1(x) :=

�
T
κ(y)Q1(x, y) dy ∈ Cρ(T) (8.34)

We repeat the standard splitting argument. Consider h > 0 and the �nite
di�erence

∆h [R1(x)] =

�
|x−y|≤2h

κ(y)Q1(x+ h, y) dy −
�
|x−y|≤2h

κ(y)Q1(x, y) dy

+

�
|x−y|≥2h

κ(y)Q1(x+ h, y) dy −
�
|x−y|≥2h

κ(y)Q1(x, y) dy

(8.35)
In the nearby region |x − y| ≤ 2h, using (8.29) and the fact κ ∈ Cβ(T) we
can bound the terms individually by their absolute values and obtain∣∣∣�

|x−y|≤2h
κ(y)Q1(x+ h, y) dy −

�
|x−y|≤2h

κ(y)Q1(x, y) dy
∣∣∣

.
�
|x−y|≤2h

|x− y|−2α

. h1−2α.

(8.36)

Next, for the far-�eld region |x− y| ≥ 2h, by (8.30) we have∣∣∣ �
|x−y|≥2h

κ(y)[Q1(x+ h, y) dy −Q1(x, y)] dy
∣∣∣

. h
�
|x−y|≥2h

|κ(y)||x− y|−1−2α dy
∣∣∣.

Since κ ∈ Cβ(T), integrating the above we have∣∣∣�
|x−y|≥2h

κ(y)[Q1(x+ h, y) dy −Q1(x, y)] dy
∣∣∣ . h1−2α. (8.37)

Collecting the estimates (8.36) and (8.37), we see that∣∣∣∣� κ(y)∆h [Q1(x, y)] dy

∣∣∣∣ . h1−2α,

so the C1−2α Hölder regularity (8.34) holds and I1 is compatible with the
conclusion (8.9).
Analysis of I2:

Recall that we need to show

lim
ε→0+

I2(ε) = lim
ε→0+

� �
|s−s′|≥ε

φ(s)κ(s)T(s′)T(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds ds′

(8.38)
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de�nes a Cρ(T) function in the original Lagrangian label.
Observe that by Fubini theorem and Lemma 3.6

lim
ε→0+

I2(ε) = lim
ε→0+

�
φ(s)κ(s)

�
|s−s′|≥ε

T(s′)T(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds′ ds

=

�
φ(s)κ(s)∂sv ·T(s) ds.

(8.39)
Writing in terms of the Lagrangian label,

lim
ε→0+

I2(ε) =

�
T
φ(x)κ(x)∂sv ·T(x)g(x) dx. (8.40)

Since κ ∈ Cβ and g ∈ C0,1, to show (8.40) is compatible with (8.10),
it su�ces to show ∂sv · T is Cρ(T). Since ` is a C1,1 di�eomorphism and
ρ = min{1 − 2α, β}, this follows from Lemma 3.6 which shows Cσ Hölder
continuity of ∂sv ·T, and σ = 1− 2α for p =∞.
Analysis of I3:

We need to show the distribution

lim
ε→0+

I3(ε) = lim
ε→0+

� �
|s−s′|≥ε

φ(s)T(s′) ·N(s)
(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds′ ds

(8.41)

de�nes a Cρ(T) function in the original Lagrangian label.
By the reasoning similar to treatment of I2, we only need to show

s 7→
�

T(s′) ·N(s)
(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds′ is Cρ continuous. (8.42)

Let h > 0 and ∆h be the �nite di�erence for the s variable. As before,
consider the split

∆h

[�
T(s′) ·N(s)

(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds′
]

=

�
|s−s′|≤2h

∆h

[
T(s′) ·N(s)

(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α

]
ds′

+

�
|s−s′|≥2h

∆h

[
T(s′) ·N(s)

(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α

]
ds′.

(8.43)

The integral in region |s− s′| ≤ 2h can be bounded by its absolute value:∣∣∣∣∣
�
|s−s′|≤2h

∆h

[
T(s′) ·N(s)

(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α

]
ds′

∣∣∣∣∣
.

�
|s−s′|≤2h

|s+ h− s′|1−2α ds′ +

�
|s−s′|≤2h

|s− s′|1−2α ds′

. h2−2α. (8.44)
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Next, we consider the integral in the region |s− s′| ≥ 2h. Notice that the

integrand T(s′) ·N(s) (T(s)−T(s′))·T(s)
|γ(s)−γ(s′)|2+2α has the derivative:

∂s

(
T(s′) ·N(s)

(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α

)
= κ(s)T(s′) ·T(s)

(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α

+ T(s′) ·N(s)
(T(s)−T(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α

+ (2 + 2α)T(s′) ·N(s)
(T(s)−T(s′)) ·T(s)(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|4+2α
.

(8.45)
Due to the C2,β regularity of ∂Ω, it is easy to see this derivative is bounded
up to a constant by |s−s′|−2α. Then by the fundamental theorem of calculus,

∣∣∣∣∣
�
|s−s′|≥2h

∆h

[
T(s′) ·N(s)

(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α

]
ds′

∣∣∣∣∣
.

�
|s−s′|≥2h

� s+h

s
|τ − s′|−2α dτ ds′

. h
�
|s−s′|≥2h

|s− s′|−2α ds′

. h.

(8.46)

It follows from (8.43) and (8.46) that

∆h

[�
T(s′) ·N(s)

(T(s)−T(s′)) ·T(s)

|γ(s)− γ(s′)|2+2α
ds′
]

. h2−2α + h ≤ h
(8.47)

which is consistent with (8.42).
Analysis of I4:

Recall that we need to estimate the distribution

lim
ε→0+

I4(ε)

= − lim
ε→0+

�
φ(s)κ(s)

�
|s−s′|≥ε

T(s′)N(s)
(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α
ds′ ds.

(8.48)
By the same reasoning as in the case of I3, we only need to show

s 7→
�

T(s′)N(s)
(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α
ds′ is Cρ continuous. (8.49)
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Let us consider again its �nite di�erence

∆h

[�
T(s′)N(s)

(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α
ds′
]

=

�
|s−s′|≤2h

∆h

[
T(s′)N(s)

(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α

]
ds′

+

�
|s−s′|≥2h

∆h

[
T(s′)N(s)

(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α

]
ds′.

(8.50)

For the integral in the region |s−s′| ≤ 2h, we again bound by the absolute
value: ∣∣∣∣∣

�
|s−s′|≤2h

∆h

[
T(s′)N(s)

(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α

]
ds′

∣∣∣∣∣
.

�
|s−s′|≤2h

|s+ h− s′|1−2α ds′ +

�
|s−s′|≤2h

|s− s′|1−2α ds′

. h2−2α.

(8.51)

For the integral in the region |s − s′| ≥ 2h, similarly to I3, we use the
fundamental theorem of calculus to obtain:∣∣∣∣∣

�
|s−s′|≥2h

∆h

[
T(s′)N(s)

(γ(s)− γ(s′)) ·N(s)

|γ(s)− γ(s′)|2+2α

]
ds′

∣∣∣∣∣
.

�
|s−s′|≥2h

� s+h

s
|τ − s′|−2α dτ ds′

. h.

(8.52)

Analysis of I5:
Recall that we need to estimate

lim
ε→0+

I5(ε)

= −(2 + 2α) lim
ε→0+

� �
|s−s′|≥ε

φ(s)T(s′)N(s)
(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|4+2α

× (γ(s)− γ(s′)) · (T(s)−T(s′)) ds′ ds.

(8.53)

Again, it su�ces to show the Cρ continuity of

s 7→
�
T(s′)N(s)

(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|4+2α

× (γ(s)− γ(s′)) · (T(s)−T(s′)) ds′.

(8.54)
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The corresponding �nite di�erence in the region |s−s′| ≤ 2h can be bounded
as follows,∣∣∣∣∣

�
|s−s′|≤2h

∆h

[
T(s′)N(s)

(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|4+2α

× (γ(s)− γ(s′)) · (T(s)−T(s′))

]
ds′

∣∣∣∣∣
.

�
|s−s′|≤2h

(
|s+ h− s′|1−2α + |s− s′|1−2α

)
ds′ . h2−2α.

(8.55)

For the region |s− s′| ≥ 2h we use the fundamental theorem of calculus:∣∣∣∣∣
�
|s−s′|≥2h

∆h

[
T(s′)N(s)

(γ(s)− γ(s′)) ·T(s)

|γ(s)− γ(s′)|4+2α

× (γ(s)− γ(s′)) · (T(s)−T(s′))

]
ds′

∣∣∣∣∣
.

�
|s−s′|≤2h

� s+h

s
|τ − s′|−2α dτ ds′ . h.

(8.56)

�

8.4. Proof of Theorem 1.2. With all the strengthened ingredients, we
�nish the proof in the C2,β case.

Proof of Theorem 1.2. Let us �rst choose the initial data. Given 0 ≤ β < 1
and 0 < α < 1

2 , we �x

δ = min{2α, 1− β
2
}. (8.57)

Since δ > 0, we let κ] ∈ Cβ(T) be given by Corollary 6.6 with the param-
eters α, β and δ above. As in the W 2,p case, by Corollary 6.6, this initial
data fails to produce any Cβ weak solution to any system (6.1) satisfying
the (Cβ, δ) assumptions.

As before, we take the C2,β initial data Ω0 as the interior of a C
2,β simple

closed curve γ0 ∈ C2,β(T) that is arc-length parameterized with length 2π
given by Lemma 7.1 whose curvature is given by

κ0 = εκ] + κg (8.58)

for some ε > 0 where the bad part κ] ∈ Cβ(T) is from Corollary 6.6 and the
good part κg ∈ C∞(T).

With the initial data chosen Ω0, we prove by contradiction. Suppose there
exists an α-patch Ωt on some [0, T ] and M > 0 such that

sup
t∈[0,T ]

‖Ωt‖C2,β ≤M. (8.59)

Then we apply Theorem 8.2 with the α-patch Ωt on [0, T ] and with the ini-
tial parameterization γ0 above to obtain a unique �ow γ ∈ C([0, T ];C1,1−2α(T))∩
L∞([0, T ];C1,1(T)) with the initial data γ0.
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Next, arguing similarly to Lemma 2.1 using (8.59) show that the curvature
of ∂Ωt under the C([0, T ];C1,σ(T))∩L∞([0, T ];C1,1(T)) parameterization γ
satis�es the regularity

κ ∈ L∞([0, T ];C0,β(T)). (8.60)

Furthermore, a direct analog of the Theorem 4.6 using estimates of Propo-
sition 8.3 instead of those of Proposition 4.5, shows the curvature κ : T ×
[0, T ]→ R solves the equation�

T
κ(·, T )φ(·, T ) g(·, T ) dx−

�
T
κ(·, 0)φ(·, 0)g(·, 0) dx

=

�
T×[0,T ]

(
gκ∂tφdxdt− cαg1−2ακLαφ+Rφ

)
dx dt

(8.61)

for any test functions φ ∈ C∞(T× R) with R : T× [0, T ]→ R satisfying

|R|L∞C0,ρ <∞ (8.62)

where ρ = min{β, 1− 2α} .
We will derive a contradiction using (8.60)�(8.62).
As before, if we let f = κg, de�ne the mapping f 7→ f = g−2αf and the

distributional forcing Ft(φ) :=
�
TRφdx in the above, then (8.61) is exactly

the weak formulation for the equation{
∂tf − cαLαf = Ft

f |t=0 = f0.
(8.63)

By rescaling the time, we can assume cα = 1 as in De�nition 6.1.
To obtain the �nal contradiction, we need to verify the (Cβ, δ) assumptions

for (8.63) in Corollary 6.6. The second condition (6.44) in assumption (B2)
follows directly from (8.62): since ρ = min{β, 1 − 2α} ≥ β − 2α + δ by the

assumptions and (8.57), we have the embedding Cσ(T) ⊂ Bβ−2α+δ
∞,∞ (T).

Let us consider the �rst condition (6.43) in the assumption (B1). By the
de�nition of Hölder norms, we have the estimate

|f(·, t)− f(·, t)|C0,β(T)

. |1− g−2α|L∞(T)|f(·, t)|C0,β(T) + |1− g−2α|C0,β(T)|f(·, t)|L∞(T).
(8.64)

As explained in Section 4.1, the �ow equation for γ implies the evolution
of the metric g : T× [0, T ]→ R+{

∂tg = g∂sv ·T
g|t=0 = 1,

(8.65)

where we have used that the initial data γ0 is arc-length parameterized. The
regularity g ∈ C([0, T ];C1(T)) implies that in (8.64) we have

|f(·, t)− f(·, t)|C0,β(T) . t ≤ tδ. (8.66)

So we have also veri�ed the condition (6.43) in assumption (B1).
By Corollary 6.6 we must have that

sup
t∈[0,δ]

|f(t)|C0,β(T) = sup
t∈[0,δ]

|g−2ακ(t)|C0,β(T) =∞ (8.67)

which is a contradiction to (8.60).
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