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Abstract

Topological entanglements and crosslinkers are two essential molecular structures that
govern the mechanical properties of polymer networks. This dissertation combines theoret-
ical models and molecular dynamics simulations to investigate the mechanical properties
of polymer network materials, such as slide-ring gels, entangled polymer networks, and
polymers with sacrificial bonds and weak crosslinkers. These materials are notable for their
potential for superior mechanical performance, including better extensibility and toughness.

The first part of this dissertation discusses topological entanglements, which are clas-
sified into collective and pairwise types. We first explore the elasticity of slide-ring gels,
demonstrating how the sliding of pairwise entanglements modifies the elasticity and im-
proves the extensibility of polymer networks. Then, we analyze the impact of collective
entanglements by measuring them through bond-vector correlation functions and linking
them to the strain-softening behavior of entangled polymer networks under uniaxial or tri-
axial deformations. Finally, we investigate the fracture mechanism of polymer melts under
fast extensional flow, where chains form a network by these topological entanglements.

The second part of the dissertation discusses using sacrificial bonds and weak crosslinkers
as strategies to enhance the energy dissipation capabilities of polymers, thus improving their
toughness and fracture resistance. We present theoretical models for the force-extension
curves of single polymer chains with sacrificial bonds and stored length, which are com-
pared with simulation results. Then, we explore the effect of weak crosslinkers in polymer
networks and demonstrate how the extension of network strands can be achieved by prefer-
entially breaking weak crosslinkers. Finally, polymer networks with a mixture of weak and
strong crosslinkers are simulated to determine the optimal composition of weak and strong

crosslinkers for the optimal material properties.
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1. Introduction

Polymer networks consist of cross-linked polymer chains, which are a unique class of
material that have properties of both solids and liquids. Polymer networks made of semi-
exible polymers (proteins, DNAs) are essential for living systems. For example, cytoskele-
tal structure contributes to the structure integrity and the intracellular transport of cells.
(Broedersz and MacKintosh, 2014) Flexible polymer networks like rubbers are widely used
in human societies. At small length scales, the polymer chains are random coils, where the
equilibrium sizes of the chains are much smaller than their contour length. As a result,
exible polymer networks can be stretched by many times their original length without
rupturing any bonds. At large length scales, the crosslinkers connect the polymer chains
to form a network structure and trap the chains locally, resulting in soft solids. These
soft solids have adjustable elastic moduli from10? to 10’ Pa and can deform reversibly.
These unique properties make polymer useful in many applications, such as tires, coatings,
and adhesives. Polymer networks swollen in a solvent, which is called polymer gels, are of
signi cant interest due to their applications in stimuli-responsive materials (M. Wei et al.,
2017), drug delivery (Sung and Kim, 2020), and tissue engineering sca olds (Chan and
Leong, 2008). The properties of polymer networks and gels are determined by the proper-
ties of the individual network strands and the structure of the connectivity of the polymer
chains. Translating the chemical properties on the molecular level to the macroscopic net-
work properties remains challenging for designing polymer networks and gels with desired
and tailored properties. (Danielsen et al., 2021)

To improve the mechanical properties of polymer networks, signi cant e ort has been
made to design polymer networks with higher extensibility and toughness by incorporat-
ing extra energy dissipation mechanisms on the molecular level, such as the formation of
double networks with a pre-stretched sacri cial rst network (J. Gong et al., 2003), dual
cross-linked networks combining covalent and dynamic cross-linking (W.-C. Lin et al., 2010),
and double network with mechanophores in the rst network that can release stored length

upon stretching (Z. Wang et al., 2021). Tough and stretchable networks can also be made

1



FIGURE 1.1: Schematic illustration of forming cross-linked polymer networks from poly-
mer chains. Green dots represent crosslinkers.

by replacing cross-links with slide-rings that can slide along the chains (Ito, 2007). Recent
discoveries on entanglement polymer gels show that entanglements allow for stress decon-
centration and signi cantly improve the fracture toughness of polymer networks. (Kim

et al., 2021; Steck et al., 2023).

Further designing polymer network materials requires a molecular-level understanding of
the structure-property relationship. These fundamental viewpoints could guide experiments
in designing material preparation conditions for precisely controlled molecular structures
and tailored properties. To achieve this, molecular dynamics simulations (Gartner and
Jayaraman, 2019) allow precisely controlled molecular structure in comparison to experi-
mental systems. Simulations have proven useful in understanding the dynamics of entangled
polymers (Kremer and Grest, 1990) and rubber elasticity (Duering et al., 1994; Everaers,
1999; Everaers and Kremer, 1996). Single chain properties (e.g. covalent bond strength,
mechanophores) and the connectivity of chains (e.g. randomly cross-linking, end-linking,
free radical polymerization) are well-controlled and can be directly obtained. Simulations
simultaneously provide molecular details (monomer coordinates) and mechanical properties

(stress-strains), allowing for establishing a direct connection between them.



In Chapter 2, we review the models for the elasticity of unentangled and entangled
polymer networks and their predictions for the response under deformation to provide a
theoretical background for the rest of the thesis.

In Chapter 3, we provide details of molecular dynamics simulation techniques, from
melt preparation and crosslinking to the analysis of network properties.

Chapters 4 to 6 discuss the e ects of entanglements in polymer materials, which are
classi ed into pairwise and collective types. In Chapter 4, we focus on the pairwise entangle-
ments. An example of polymer networks formed by pairwise entanglements is a topological
gel that allows the sliding of crosslinks - slide-ring gels (Ito, 2007). Tension equilibration
and redistribution are allowed in slide-ring gels, which reduces the heterogeneity within the
network and homogenizes the tension between network strands. We provide a double-chain
slide-ring model for quantitatively describing the elasticity of slide-ring gels by introducing
the sliding e ects to the rubber elasticity models.

In Chapter 5, we study collective entanglements in polymer networks due to the topo-
logical interactions of polymer chains with their surrounding chains. Entangled polymer
gels have been demonstrated to have large extensibility and high toughness (Kim et al.,
2021), similar to slide-ring gels. We clari ed two ways of modeling entanglements: collec-
tive mean- eld con ning potential and discrete pairwise chain interactions. We discovered
a connection between these two qualitatively di erent descriptions. We proposed a method
of obtaining the a ne length scale of the deformed entanglement strand from the decay
rate of the correlation function of bond vectors.

In Chapter 6, we study the elastic fracture behavior of entangled polymer melts under
strong extensional ows, where chains are trapped by entanglements and form a network
structure. We conducted molecular dynamics simulations of polymer melts under exten-
sional ow incorporating a breakable bond potential. The simulation results demonstrate
the possibility of cavitation without rupture of bonds and melt fracture by chain pullout,
suggesting that the critical stress for fracture can be related to cavitation rather than bond

ruptures.



Chapters 7 - 8 discuss the polymer chains and networks with weaker bonds than the
polymer backbones. In Chapter 7, we investigated single polymer chains with internal
breakable bonds stored length. (Ducrot et al., 2014; Fantner et al., 2006; B. L. Smith et al.,
1999; X. Zhou et al., 2017). The weak bonds break when a substantial force is applied
and releases the stored length. The energy required for stretching the chain is signi cantly
increased and dissipated after the rupture of the breakable bonds (Baljon and Robbins,
1996). We develop models that predict the force-extension curves of these polymer chains
and test them with molecular dynamics simulations.

In Chapter 8, we study polymer networks with crosslinkers weaker than the bonds in
polymer chains. The preferential breaking of crosslinkers leads to an extension of chains
with high tension and signi cantly improves the fracture toughness of the polymer networks.
We investigated hybrid polymer networks with a mixture of weak and strong crosslinkers
and obtained a quantitative relationship between fracture toughness, mixing ratio, and

primary chain length.



2. Theories of exible polymer networks

The elasticity of polymer networks originates from the conformational entropy of the
polymer chains. In this chapter, we review models for exible polymer networks, ranging
from idealized models that ignore the interaction between chains to more realistic models

that include topological entanglement interactions.

2.1 Entropic Elasticity of Polymer Chains

The conformations of polymer chains in melts, concentrated solutions, and theta solvents
are random walks, where the two bond vectors far away from each other are uncorrelated.
These random walks are characterized by the mean square end-to-end distarxie?y. Ac-
cording to the central limit theorem, the distribution of the end-to-end distance is described

by the Gaussian distribution, which is given by

_ 3 3 3R?
P(R) = 2052y exp >Ry (2.1)
The mean square end-to-end distance of a polymer chain is given by
xR%y = C,l%n = b’N (2.2)

where C,, is the Flory characteristic ratio, | is the bond length, n is the number of bonds,b
is the Kuhn length, and N is the number of Kuhn monomers. The Flory characteristic ratio
characterizes the correlations between the neighboring bond vectors. The Kuhn length is the
length scale in which the bond vectors lose their orientational memory. The conformation
of a polymer chain could be described as a random walk dfi Kuhn steps with length b
each.

The free energy of a polymer chain is given from entropy that originates from the

distribution of the end-to-end distance

3keT
22N

F(R)= kgTInP(R) = R2+ Const (2.3)

wherekg is the Boltzmann constant and T is the temperature. The free enegy of a polymer

chain is similar to a Hookean spring with spring constantk = 3kgT/ b?N. The force on the
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FIGURE 2.1: Schematic illustration of the af ne network model. The end-to-end distance
of the network strand is deformed by a factor of | .

chain is

(o BE_ 3keT

BR- BN (2.4)

which is a linear response with respect to the end-to-end vector.

2.2 Af ne Network Model

The Flory theory of rubber elasticity is based on the assumption that end-to-end dis-
tances of polymer chains are xed at preparation conditions and change a nely with the
network deformation by a factor of | 5 in the direction of the coordinate axesa = Xy, z.
Thus, the ensemble average of the square of end-to-end vectors of the network strands is

the sum of the mean square end-to-end distances in three orthogonal directions

xR2y = | 26?N (2.5)

wl

2 —
I aXRZYO -
a=Xx\y,z a=Xxy,z

Wl =

At the preparation condition, | ; = 1, each network strand stores a free energy of thermal
energykgT on average.

The elastic free energy density of the network is obtained by multiplying the free energy



of a network strand Eq. (2.3) with the number density of network strands n

3nkgT—- nkgT 2
= R2y = |
2N YT T a

a=xy,z

F (2.6)

In the case of triaxial deformation (swelling or deswelling from concentratiorf ¢ to f ), all
three directions are deformed by the same factof x = |y = |, = (f/fg) ¥3. The free

energy is given by

nkBT 13

2 = 3nkeT 2% _ 3nokeT
2

f f
F = _ _
z 2 fo 2 fo

12+ 15+ (2.7)

In the case of uniaxial deformation at constant volume (stretching inz direction by a
?_
factor of I with the corresponding deformationl y = |y = 1/ | in the two orthogonal

directions), the free energy density is given by

nkgT
Bl 124124

|2 _ nkBT |2 2
2 X y

+ = (2.8)

k= z 2 |

The true stress in response to uniaxial deformation at constant volume is given by

BF
— = nkgT 12
Bl B

% (2.9)

2.3 Phantom Network Model

The phantom network model includes the uctuation of the positions of the crosslinks.
Instead of xing the end-to-end vectors of the network strands, the two ends of the network
strands are connected to the elastic background by e ective polymer chains, representing

the network structure connected to a given network strand at the crosslinks. In the simplest

case, where chains are connected to form a tree-like structure and no loops are allowed, the

number of monomers in the e ective chains is

Ne = (2.10)



FIGURE 2.2: Schematic illustration of the phantom network model. Black dashed circles
depict the amplitude of the spatial uctuations of crosslinks. The network structure con-
nected to the crosslink (thin blue curves) is represented by effective chains (dotted blue
curves) that are attached to the elastic background (two red crosses).

where f is the functionality of the crosslinks. This reduces the square of the mean end-to-

end vector of the network strands at preparation conditions to

— N 2_1 2 2 > 2
XRyZ_N+2NeXRy_3 15 b’N |2 (2.11)

The elastic free energy density of the network is given by

- 3nkBTXRy2 - nkg T 2 5 | 2

SN 1 = (2.12)

F 2 f a

a=xy,z

which is smaller than that of the a ne network model by the factor of 1 2/ f.
2.4 Generalized Af ne Network Theory

The analytical solution of the phantom network model requires an approximation that
the network structure is tree-like and contains no loops. Here, we introduce a generalized
a ne network theory (Gusev, 2019; Gusev and Schwarz, 2019) that accounts for other

factors that modify the elasticity of the networks, for example, the loops in the network

8



(Lang, 2019; Panyukov, 2019; H. Zhou et al., 2012) that reduces strands' contribution to
the elasticity and pre-stretching of network strands at preparation condition (Beech et al.,
2023). The free energy of a network strand could be separated into two contributions from

the mean and the variance of the end-to-end vector, respectively

~ 22N ~ 21N

xRy + xdR%y (2.13)

wherexRy is the mean end-to-end vector anddR?y is the variance of the end-to-end vector.
The variance (uctuations) of the end-to-end vector is independent of deformation for ideal
polymer chains with a Gaussian distribution of the end-to-end vector. Since the second
term is independent of deformation, the elastic energy is only related to the rst termxRy~.

A numerical factor Gy,a = X,y,z is de ned as the ratio of the square of the mean
end-to-end vector to the mean square end-to-end distance of a free chain

_ 3RY2 _ 3IRY2
T XR?%, N

(2.14)

This factor G, quanti es the stored elastic energy per network strand in terms of the thermal
energyksT. For the a ne network model, the uctuations of the end-to-end vector are zero,
and the factor G, is equal to 1. For the phantom network model, the topological factor
equalsl 2/ f. If there are loops in the network and making the network strands less
elastically active, the factors G, are smaller than1 2/ f. If there are pre-strains in the
network, the topological factor is larger than1 2/ f. The factors G, could be measured
from simulation, see Section 3.7. The elastic free energy density of the network could be

written using the factors G, as

F

_ 3nkgT _ 3nkgT 2
= RN XRy? = PN Gl 2 (2.15)

a=x,\y,z
This provides an exact expression for the elastic free energy density of a polymer network,
and the elastic modulus of the network is given by
G = GuksT (2.16)

9



FIGURE 2.3: Schematic illustration of the non-af ne tube model. The dotted curves repre-
sent virtual chains that are attached to the elastic background. The virtual chains become
softer upon stretching of the network.

2.5 Non-af ne (slip-)tube model

Entanglements are additional constraints on the chain uctuations. The non-ane
tube model (Rubinstein and Panyukov, 1997) includes these constraints by attaching the
chain to the elastic background with multiple virtual chains. The virtual chains represent
the interaction with surrounding chains and are weakened upon stretching. These virtual
chains are not real chains and do not store free energy. As a result, the number of monomers

in these virtual chains is dependent on the deformation ratio
Nya = I aNe (2.17)

and could be anisotropic in the case of anisotropic deformation. As a result, the free energy

density of the network is given by

3nkgTZ - 1
== + = ,
F = N a|a > (2.18)

where Z is the average number of entanglement strands in network strands.

10



In addition to the non-a ne deformation, strand monomers are redistributed between
three directions. In the slip-tube model (Rubinstein and Panyukov, 2002), the network
strands are divided into three types in three orthogonal directions. This adds an additional

term to the free energy density

keTZ - 1 . kL N 3t
”Bz o+ = nT i P Ga (2.19)

k= I 3 L

a

where g, is the ratio of the number of monomers in thea direction before and after redis-
tribution. L = N/ Ngis the number of tube segments per chain. Since the total number of

monomers is a constant, ,_ xyz% = 3. Minimizing the free energy density with respect

to ga gives an approximate expression for the elastic stress upon uniaxial deformation

S Ge
= 2.20
12 L 074 +061 Y2 035 (2.20)
where G is the elastic modulus of the network given by
4
Ge= SnkgTL (2.21)
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3. Simulation of Polymer Networks

Computer simulations have been widely used to study the structure and dynamics of
polymer networks. They can provide molecular insights into the microscopic structure of
the material that is not accessible through experiments. This chapter will introduce the

simulation methods used in this thesis.

3.1 Simulation Model

We use a coarse-grained bead-spring model (Grest and Kremer, 1990) to simulate poly-
mer networks. The polymer chains are modeled as beads connected by a nitely extensible
nonlinear elastic (FENE) potential, which accounts for the nite extensibility of polymer

chains

2

1
Urene(r) = EKRéln 1 (3.1)

RS

with K = 30# s? is the spring constant andRg = 1.5s is the maximum bond length. This
bond potential is nite-extensible, where the energy diverges at a distancdRy. Here, # ;
is the energy unit, and s is the length unit. The bonded beads interact with the Weeks-

Chandler-Andersen (WCA) potential (Weeks et al., 1971) to prevent collapsing of bonds.

# h [
4 = 041 oleg
r r 4
0

ry 2l/6g (3:2)

Uwca(r) =

FIGURE 3.1: Schematic illustration of the bead-spring model.
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FIGURE 3.2: Schematic illustration of the angle g between two consecutive bonds.

The interaction between monomers is described by the truncated Lennard-Jones (LJ) po-

tential
?L4#L s 12 s 6 S 12+ s ® ror
U=, 7 T E i (33)
0
0 ri re

The bond angle potential is used to modify the sti ness of the polymer chains. The

angle potential is de ned as

Uangidd) = Kq(1 cos(q p)) (3.4)

where K is the angular stiness. The angleq is shown in Fig. 3.2. The stiness of the

chain increases with the angular sti nessKg,.
3.2 Melt Preparation

We prepared melts of linear chains with di erent chain lengths fromN = 8to N = 160Q
The number of chains M in the simulation box is chosen such that the dimensions of
the simulation box are at least 2.5 times the root-mean-square end-to-end distance of the
polymer chains. This is to avoid the self-contact of polymer chains in the periodic simulation

box. The initial con guration of the melt is generated by placing the beads or chains

13



at random locations in the simulation box. To remove the overlapping beads, we rst
equilibrate the melt in the NPT ensemble with the monomers interacting through a cosine
soft potential

Uwi(r) = A 1+ cos g (3.5)

C

where A = 50kgT and rc = 26 is the cuto distance. The potential slowly pushes
the overlapping beads away from each other. Then, the interaction between monomers is
changed back to the LJ potential (3.3).

The melts are then equilibrated in the NVT or NPT ensemble for at least ten times
the relaxation time of the polymer chains. For melts of highly entangled polymer chains
(N ¥ 256), the relaxation time scales as N3+, which is too long even using state-of-the-
art supercomputers. We used the bond-swapping algorithm to speed up the equilibration
process (Sides et al., 2004). The algorithm swaps the connectivity of two randomly chosen
pairs of monomers and accepts the swap based on the Metropolis criterion to ensure the
thermal equilibration of the system.

The mean square displacement (MSD) of the monomers for melts of short chairld =
128in the equilibration process is shown in Fig. 3.3. At short times (below the Rouse time
of the chain), the MSD is sub-di usive due to the connectivity of the monomers, which
restricts their motion. At long time scales, the monomers di use with the whole chain, and
the MSD becomes di usive. The equilibration of the melt is considered complete when the
MSD scales linearly with time, indicating that the polymers reached the di usive regime
and had enough time to relax.

The internal distances of the polymer chains are shown in Fig. 3.4. The internal
distance of the polymer chains is de ned as the mean-square distance between the two
monomers with indicesi and j. The internal distance of the polymer chains scales as'/2
(in accordance with a random walk scaling) fors i 10 and becomes independent of the

chain length N. This indicates the chains in the melts have reached an equilibrium state.
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FIGURE 3.3: Mean square displacement of polymer chains with different chain lengths N.
The melts are simulated in the NPT ensemble at T = 1.0 and P = 0. The monomers are
interacting with the truncated Lennard-Jones potential (3.3) with # ;= 1.0eandr; = 2.5s.

3.3 Implicit Solvent Conditions

The monomer-solvent interactions result in an e ective interaction between the monomers.
This e ective interaction can be attractive or repulsive depending on the solvent quality.
This could be described by an excluded volume parameter, which is the integration of

the Mayer-f function of the e ective monomer-monomer interaction U (r)

f(r) = exp LIJ<E(;rT) 1 (3.6)
V= i Apr2f(r)dr (3.7)

0
The excluded volume parameter represents the e ective interactions between two monomers.
If the excluded volume parameterv is positive, monomers repel each other, and the solvent
is considered a good solvent. I is negative, the e ective interaction is attractive, and the
solvent is considered a poor solvent. A special case is whers 0, the interactions between

monomers become neutral, and the solvent is considered a theta solvent.
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FIGURE 3.4: Internal distances of polymer chains with different chain lengths N. The
melts are simulated in the NPT ensemble at T = 1.0 and P = 0. The monomers are
interacting with the truncated Lennard-Jones potential (3.3) with # ;= 1.0eandr; = 2.5s.

In this thesis, we change the solvent quality by modifying the non-bonded Lennard-
Jones interactions between beads. The athermal solvent is modeled by the truncated LJ
potential (3.3) with # 3 = 1.0 and r. = 2165, where the interaction is purely repulsive.
The theta solvent is modeled by the full LJ potential (3.3) with # ;= 0.29and r. = 2.5s,
where the excluded volume parametewr is almost zero. The poor solvent is modeled by
the truncated LJ potential (3.3) with # ;= 1.0and rc = 2.5s. The monomer-monomer

interaction potentials for di erent solvent qualities are shown in Fig. 3.5.
3.4 Random Crosslinking (Vulcanization)

The equilibrated melts were instantaneously randomly crosslinked, emulating gamma
irradiation crosslinking. (Grest and Kremer, 1990; Leibler and Schosseler, 1985) A snap-
shot of the equilibrated melt was vulcanized by randomly selecting and bonding monomer
pairs at a distance belowl.3s (Figure 3.6), corresponding to the rst peak in the melt

radial distribution function. The extent of the reaction of this vulcanization process could
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FIGURE 3.5: The monomer-monomer interaction potential for different solvent quality.

be changed to modify the average number of monomers between crosslinkers. The only
restriction imposed on the selection of pairs of monomers for bonding was to exclude any
monomers at a curvilinear distance ofs = 1,2 bonds away from an existing crosslinked
monomer, thereby setting the minimal strand length to 2 and the minimum loop length to

4.

FIGURE 3.6: Schematic illustration of the vulcanization process.
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FIGURE 3.7: The distribution of strand monomers Ny of the vulcanized network. The
networks are prepared from melts of different chain lengths (red - Ny = 64, black - Nk =
128, blue - Ny = 256). The average number of monomers between crosslinkers Ny is

shown in the legend.

The resulting networks have an exponential distribution of strand monomersNy

Nx
XNxy

P(Ny) = exp (3.8)

XNyxy

as shown in Figure 3.7.
3.5 End-linking

The equilibrated melts are subjected to end-linking by adding beads as crosslinkers
to the simulation box and allowing them to react with the ends of the chains. A total

of M/2 crosslinks were randomly placed in the simulation box at the start of the run.
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FIGURE 3.8: Schematic illustration of the end-linking process. The crosslinkers react with
chain ends when their distance is below 1.3s and form the orange bonds.

As the crosslinks may overlap with the existing monomers, the melt is rst equilibrated
in an NPT ensemble with the crosslinkers and monomers interacting through the cosine
soft potential (3.5) with A = 50kgT and ro = 2Y6. The melt was equilibrated for 10%
to push the overlap beads away from each other slowly. Then, the interactions between
crosslinkers and monomers are changed back to LJ potential 3.3, and the crosslinking
process is initiated. At every timestep, once an unsaturated crosslink (less thaf bonds
where f is the functionality) was closer than 1.3s to an unsaturated chain end (less than
two bonds), a new bond was formed. (see Fig. 3.8) We performed the run for one relaxation
time of the polymer chains and observed the extent of the reaction to reach over 95%, see

Fig. 3.9.

3.6 Elastic Modulus of the Networks

The elastic modulus of the networks is calculated by applying a small uniaxial strain to

the networks and measuring the normal stress response, which is de ned as
_ 1
S = Sz E(Sxx + Syy) (3.9)
The neo-Hookean stress-strain relation for an incompressible material is given by

s=G |2

% (3.10)
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FIGURE 3.9: The extent of reaction of the end-linking process.

where G is the shear modulus,l is the stretching ratio, and s is the normal stress. The
elastic modulus is calculated by tting the stress-strain curve to the neo-Hookean stress-
strain relation.

The elastic modulus could also be written as

G= lim —>

_ 3.11
IN1 |2 Il ( )

for any non-neo-Hookean materials. The elastic modulus could be obtained by plotting

s/ 12 % as a function of 1/ and extrapolating to 1/1 = 1. as shown in Fig. 3.10
3.7 Phantom Simulation

The bead-spring model with FENE potential and Lennard-Jones interactions does not
allow chains to pass through each other. The Lennard-Jones interactions are turned o to
directly simulate a phantom network where chains can pass through each other (Gula et al.,

2020), and a harmonic potential replaces the FENE potential. The polymer chain becomes
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FIGURE 3.10: Mooney-Rivlin plot of the end-linked polymer networks. The plots are
extrapolated to | = 1 to obtain the elastic modulus.

a serial connection of harmonic potentials with a sti ness of

_ 3kgT _ 3kgT
kchain— 2N - Cn|2n

(3.12)

The sti ness of the bond potential becomeskpgng = NKehainen Which matches the sti ness of
the chains with FENE potential. The system is cooled down to zero temperature to remove
thermal uctuations. The resulting simulation system is a mechanical model with the same
stiness as the phantom network. The phantom and real elastic moduli of the networks
are shown in Fig. 3.12. Phantom simulation removes the interactions between chains and
reduces the modulus of the networks. The phantom simulation produces similar results as
phantom model prediction (Chapter 3.7), as shown in Fig. 3.12. The di erence between
the phantom simulation and the phantom model prediction is due to pre-strain during the

end-linking process, where chains must be stretched to nd other chains' ends to react.
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FIGURE 3.11: Schematic illustration of the phantom simulation.

FIGURE 3.12: The elastic modulus of the networks. Blue points represent the networks
with Lennard-Joens interactions. Black points represent phantom network model predic-
tion (2.12). Orange points represent phantom simulation results.
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4. Elasticity of Slide-Ring Gels

The Chapter is extracted from the author's published article Chen et al., 2023.

4.1 Introduction

Hydrogels, which are polymer networks swollen in water, are usually very brittle and
have relatively low extensibility, which limits the range of applications of these materials.
(J. P. Gong, 2010; J. Gong et al.,, 2003; W.-C. Lin et al.,, 2010; Z. Wang et al., 2021)
Replacing cross-links with slide-rings results in tough and stretchable hydrogels with low
hysteresis (Mayumi et al., 2021). The slide-rings are ring molecules (e.@-cyclodextrins)
(Okumura and Ito, 2001) threading on a polymer chain and can slide along the backbone
(Fig. 4.1a). The chemical cross-linking of slide-rings creates e ective gure-of-eight struc-
tures that form a network while still being able to slide along the chains (Granick and
Rubinstein, 2004), as shown in Fig. 4.1b. The elastic modulus of slide-ring gels is lower
than that of chemical gels with the same density of cross-links (Ito, 2007, 2012; Kato et al.,
2019; Liu et al., 2017; Yasuda et al., 2020), and the equilibrium swelling ratio is greater
than that of equivalent cross-linked gels (Murakami et al., 2015). Slide-ring gels are capable
of stretching by a much higher extension factor before failure in comparison to the typical
conventional chemically cross-linked gels (Gavrilov and Potemkin, 2018; Ito, 2007; Jiang
et al., 2018; Liu et al., 2019; Uehara et al., 2022; Zhang et al., 2018) with the same modulus
(I = 13 was reported for slide-ring gels in (Jiang et al., 2018). In contrast, cross-linked
networks with the same modulus fail at aroundl = 3). The high extensibility results in a
remarkably high fracture energy of 60J m? reported in (Jiang et al., 2018), in comparison
to the equivalent cross-linked network with a fracture energy of 10J m?.

The study of molecular models of slide-ring gels is also an important step toward the
development of the theory of topological entanglements, given the recent discovery that en-
tangled gels also exhibit high extensibility and toughness (Kim et al., 2021). Entanglements
in polymer networks have been modeled in two di erent ways: either using the con ning

mean- eld potential that restricts monomer uctuations to a tube-like region (Edwards
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FIGURE 4.1: Schematic illustration of slide-ring gels. (a) Primary polyrotaxane chains
before cross-linking. The green rings represent ring molecules that can slide along the
polymer. The red beads at chain ends represent bulky end-groups that prevent the rings
from sliding off the chain. The rings can slide along the chain but cannot pass through
each other. (b) In the cross-linking procedure, the rings are randomly connected in pairs
to form gure-of-eight sliding cross-link structures (yellow pairs of rings). Free rings
are shown in green. Increasing the number of free rings limits sliding and drives the
properties of slide-ring gels closer to those of gels with xed cross-links.

and Vilgis, 1988; Rubinstein and Panyukov, 1997, 2002) (collective entanglements, Fig.
4.2a), or using discrete pairwise topological interactions (Ball et al., 1981; Likhtman, 2005;
Rubinstein and Helfand, 1985) between chains (pairwise entanglements or slip-links, Fig.
4.2b), which represent the uncrossability constraints between pairs of chains. The number
of pairwise topological constraints does not change with the deformation. Therefore, these
pairwise entanglements can be considered as e ective cross-links that can slide along the
chains upon network deformation, similar to slide-rings.

The quantitative understanding of the elasticity of slide-ring gels is still an open ques-
tion. The three-chain model considers the pulley e ect (Ito, 2012), which assumes that
each network strand can be represented by three independent sub-strands, respectively,
along x,y, and z directions. The strand length is redistributed upon network deformation
between these three sub-strands to minimize the total free energy. The problem with this
model is that it predicts a zero elastic modulus of slide-ring gels. As shown in the modi ed

three-chain model (Mayumi et al., 2012), the elastic modulus becomes nite if an additional
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FIGURE 4.2: Schematic illustration of (a) collective entanglements with con ning tube
indicated by dashed lines and (b) pairwise entanglements.

entropy of free rings is considered but is still equal to zero if all rings are cross-linked. An
empirical parameter was later introduced into the three-chain model (Yasuda et al., 2020)
to reproduce the observed reduction in the elastic modulus due to chain length redistri-
bution. However, it remains unclear what determines this phenomenologically introduced
sliding parameter. The slip-link model (Ball et al., 1981; Masubuchi, 2021; Oberdisse et
al., 2002; Schneider et al., 2021; Uneyama and Masubuchi, 2021), which was initially de-
veloped to describe entangled polymer networks, has also been used to describe slide-ring
gels. Simulations of the slip-link networks have been carried out, and it has been observed
that slip-link networks with end-linked primary chains show weaker strain-softening than
randomly cross-linked slip-link networks. The original slip-link network theory (Ball et al.,
1981) relies on a phenomenological parameter determining the slidable range of slip-links.
The elastic modulus was calculated using the recently proposed single-chain slip-link model
(Uneyama and Masubuchi, 2021). In this Section, we extend this model to deformed slide-

ring gels and test our predictions with molecular dynamics simulations. This multi-chain
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FIGURE 4.3: (a) Primary polymer chain of the slide-ring gel consists of g " 1 network
strands (chain sections between neighboring slide-rings that are parts of gure-of-eight
cross-links). (b) Two consequent network strands in the af ne slide-ring (ASR) model
at preparation conditions (top) and in the uniaxially deformed network (bottom). End-
to-end (ring-to-ring) strand vectors (blue arrows) change under network deformation,
Roj N Rj,i = 1, ,0. The number n; of monomers in the strand, i = 1, ,q 1lis
uctuating (shown by green arrows) due to the “breathing” modes of the primary chain.
(c) Each network strand i between two neighboring slide-rings can be modeled as two
parallel springs, with the blue and brown springs representing the pulley strand and the
virtual strand, respectively. The tension in the i-th pulley strand and virtual strand are
denoted by fyc; and fyc; respectively.

simulation model (Chapter 4.6) accounts for the slippage of chains through slide-rings and
the spatial uctuation of rings in space. We develop an approximate analytical solution
for this multi-chain slide-ring model by deriving an exact solution for the a ne slide-ring
model (ASR), where the spatial uctuations are ignored. We show that in this model, the
two main new e ects of the slide-rings can be represented by two parallel strands (pulley
and virtual). The e ect of slide-rings uctuations in space is taken into account similarly
to the a ne-to-phantom correction of classical cross-linked networks by multiplying the
modulus of a ne gel by the factor (f 2)/ f, with the functionality of cross-links f = 4.
We provide the theoretical predictions for elasticity using the phantom slide-ring (PSR)
model for uniaxial stretching and swelling/deswelling and compare them with molecular

dynamics simulations and experiments.
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4.2 Distribution of the End-to-end Distance of Network Strands

Before cross-linking, the rings are randomly distributed along the chains. The number
of con gurations of g 1 rings sliding along the chain ofN monomers, assuming that the

rings cannot pass through each other, is

2N »N ny Ng 1 Nd 1
N) = dn dni= ———— 4.1
qq( ) 0 q 1 0 1 (q 1)| ( )

If the number of monomers in one strand of this chain is xed atn, the number of con gura-
tions of the remaining chain section withN  n monomers andgq 1strandsisgy 1(N n).
Dividing it by the number of all chain con gurations, Eq. 4.1, we nd the probability of

nding a strand of n monomers

g (N n) g 1 n q?2
(N = "N 1 N 4.2)

Po(n) =

This distribution gives the average number of monomers in each of thq strands

__7n N
n= npo(n)dn= — 4.3)
0 q

corresponding to a uniform distribution of N monomers of the chain in itsq strands between
rings. In the limit of g " 1, the distribution in Eq. (4.2) is reduced to the exponential
distribution,

; — n/ny; =
(!’L\lrg po(n) = e ™"'n (4.4)

After cross-linking, the rings in the a ne slide-ring (ASR) model are randomly attached
to a non- uctuating background according to the Gaussian statistics of the network strands
between the rings. Thus, the distribution of the end-to-end vectorRg of the network strands

under preparation conditions

))N
P(Ro) = . P (Ro,n) po(n) dn (4.5)
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FIGURE 4.4: The distributions of the numbers n of monomers in the network strands.

The solid, dashed, and dotted curves represent (4.2) forq = 8,16,8 respectively. The
distribution is highly polydisperse (PDI = 2 for g = 8) with a maximum at n = 0, so
most chain strands are very short.

is a convolution of the distribution po(n) of the number n of monomers in the free pri-
mary chain sections (Eq. (4.4)) and the distribution function for a Gaussian chain with n
monomers and the Kuhn lengthb,

32
3 3R3

P(Ro.n) = 2p nb? P onw

(4.6)

By calculating the integral in Eq. (4.5) using the Gaussian distribution P(Rg, n) (Eq. (4.6))

and the exponential distribution po(n) (Eq. (4.4) we ndat q" 1

3 ? 5
P(R))= —— 6/ Nn|Rp|/ b 4.7

This distribution of Rgis xed by cross-linking at preparation conditions, and it is the same
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FIGURE 4.5: Comparison of the obtained distribution of end-to-end vectors of network
strands, (4.7), with Gaussian distribution for monodisperse cross-linked networks with
all network strands containing n monomers, (4.6).

as in randomly cross-linked networks. Due to the exponential distribution ofn; (Eq. 4.4),
this distribution of distances between neighboring rings (end-to-end distance of network
strands) is wider than the Gaussian distribution for monodisperse cross-linked (end-linked)
networks with all network strands containing n monomers, as shown in Fig. 4.5.

From the tension balancing condition of the pulley strands,(4.30) for q" 1, the average
number of monomersxn;y between adjacent rings separated by the distanc®; is linearly

proportional to the distance |R;| between these rings

xniy = N|Ri|/ R (4.8)

where the bar denotes the ensemble average over the distribution of end-to-end vectors of
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strands! In the case of swelling and deswelling, the average number of monomers in strands
does not change. In the case of uniaxial deformation, the length of the primary chain is
redistributed from compressed strands into stretched strands of the chain. Averaging Eq.
4.8 over network strands with a given orientation angleq between the network strands and
the direction of uniaxial deformation, we nd the dependence of the average number of

monomers in such strands on the angle;

xn(q)y=nl (aq)/ my(l) (4.9)

wherel (q) is the deformation ratio of the strands orientated at an angleq with respect to
the stretching direction, and my(l ) is de ned in Eq. (4.23) This equation describes the
redistribution of monomers between network strands oriented in di erent directions. Thus,
with uniaxial deformation of the slide-ring network, the number of monomers in the strands
directed along the stretching axis ¢ = 0) of the network increases, whereas the strands in
the perpendicular directions (@ = p/2) have a smaller number of monomers, decreasing as
m(p/2)y=n/(1Y2m(l)) 1 ¥,

4.3 Calculation of the Free Energy of the Af ne/Phantom Slide-
ring Model

The free energy of the ASR model can be calculated using the grand canonical ensemble,
which allows the number of monomers in each strand to uctuate. Still, the total number
of monomers in the chain remains constant. This condition on the number of monomers in
the primary chain is considered by integrating over the chemical potentialmof monomers.
The partition function of the system under consideration has the form

Ya dm . 14”8

zZ= _—m dniP(R;,nj)e ™ (4.10)
1oy 0

1 We use the notation — for ensemble average and the notation x y for the average over time.

30



1/2 2
where the Gaussian distribution function is P (R;, ;) = ZP% exp % .The free

energy of the primary chain is
Ya W

F= kgTInZ= kgTIn :F:?e Tor (4.11)

The integral over mis taken along a closed contour that encloses the origin. The thermo-
dynamic potential W(m) for a given mis the sum of the contributions of the chain strands

and the contribution of the chemical potential.

wm e
T InZ(R;,m) mN (4.12)

i=1

where the partition function of i-th strand is
Z(R;,m = — e 2z Mdn (4.13)
0

Taking this integral, we nd

a_|R:
InZ(Rj,m = GHLb'l In |Rj] + const (4.14)

Calculating the maximum of Eq. (4.12)with respect to m we get the free energy of the

primary chain
!

2
Fase _ 3 IRi| + 3 In |Ri|
- 2 | |
keT  2Nb - -
. . . (4.15)
_ 3 5 5 5 2
T NDZ ARiLRy ~ nRi[+ oNpZ.
ij ] i=1 i=1

We now average the free energy in Eq.(4.15)for " 1 over the vectorsR; between
neighboring rings along the primary chain which are treated as random independent vari-

ables:

Fasr 3 =2

3
keT  2np2 R T AnIRI+ ;

2Nb2

R2+ const (4.16)
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where the averages — are taken over the distribution of the vectorsR; between neighboring
rings along the primary chain. The rst term is the contribution from pulley strands, and
the second term is the contribution from the virtual strands. The third term is related to
stretching the primary chain along their end-to-end directions and is smaller than the rst
two terms by 1/ g. At preparation conditions, the rst and second moments of the strand

end-to-end vector can be obtained from its distribution function, Eq. (4.7)

c __ Cc
. 2 — 2nb?
= = nilr2
IRo| 3" b 3 (4.17)
RZ= nb? = Nb?%/ q (4.18)

For a network rst swollen or deswollen to volume fraction f and then uniaxially de-
formed by a factor of | in the x direction, the vectors R; in spherical coordinate system

have the form

/

Ri = (fo/ )3 |Rg;| | cosq,l 2 singcosy;,| Y?singsiny; (4.19)

Note that the elongation factor | in this equation and below describes the deformation
at constant volume, while the deformation due to volume change is taken into account by
the elongation factor (f o/ f )13 - the rst factor in Eq. (4.19) The anglesqg and y; of
this coordinate system are random variables, characterizing the orientation of th&g; with
respect to main deformation axes. Calculating the averages in Eq(4.16) over the angular

variable t = cosq, they are expressed as functions df

c__ " » 12 # 1/3C
— fe M op 17t L, 1 t2 fo 2nb?
— - — + = — -
R - 35, T dt f >-mi(l) (4.20)
» 12
171 1 t? Bm (I
NR[= = In 122+ dt+ const= () const (4.21)
— o B Np?2 17 L e fo 2% Nb2
re= 0 N 2oy, 2 B To AV (4.22)
f q 2 1 I f q

32



where

?
In 182+ 13 1

I
m(l)= -+ a 4.23
(=5 —P (4.23)
?__

3
Brdl) gy oogn 10 1 (4.24)
m2(|)=% |2+|E 1 (4.25)

The functions m(l ) are related by the recurrence relation

_ Kk, K

L+ Km(l) =15+ —my (1) (4.26)

and at small || 1! 1wegetmg(l) 1+k(k+3)(l 1)%/10.

The free energy of the phantom slide-ring model could be obtained by multiplying the
rst two terms in Eq. (4.16) by the a ne-to-phantom factor 1/2. These two terms are
related to the elasticity of the strands and their free energy, which is reduced by the spatial
uctuation of rings. The third term is not a ected by the spatial uctuation of rings since
it is related to the primary chain, where the uctuations of end-to-end vectors are much

smaller than the root-mean-square end-to-end distance.

Fpsr 3¢?
kT AND?

3q
2Nb?

_ 5 1 _
IR[ + SRl + RZ+ const (4.27)

where|R[, In|R| and R? are de ned in Egs. (4.20), (4.21)and (4.22) respectively.

For a network formed by many of these primary chains with number density ofn/ g
where n is the number density of the network strands, the elastic stress under uniaxial
deformation at volume fraction f could be obtained by di erentiating the free energy Eq.
(4.27) with respect to the deformation ratio | and multiplied by the number density of

primary chains n/ q= (ng/ q)f / f .

_ NBFpsr
s= g (4.28)
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The elastic modulusG is obtained from the Mooney ratio at the limit of small deformation

I N 1.

s(1)

112 1/ (4.29)

G = lim
I'N

4.4 Interpretation of the Af ne and Phantom Slide-Ring Model

The ASR model ignores spatial uctuation of rings and is based on the following main
assumptions: (i) The gure-of-eight slide-rings are considered to be attached to a non-
uctuating elastic background, and their positions are displaced a nely with macroscopic
deformations of the gel (Fig. 4.3b), similar to the cross-links of the classical a ne net-
work model (Wall and Flory, 1951). We ignore the spatial uctuation of the rings and,
consequently, the correlations between spatial uctuations and the uctuations of slide-ring
positions along the primary chain. (ii) Slide-ring uctuations along the primary chain are
suppressed by free rings, shown in green in Fig. 4.1b. The e ect of free rings, ignored in the
ASR model, is calculated in Chapter 4.8. The cross-linked slide-rings with a large number
of free rings per network strands act as e ective cross-links.(iii) Each primary chain consists
of N monomers andq strands passing throughg 1 rings. In principle, di erent primary
chains could have di erent numbers of rings to account for the polydispersity of the number
of network stands per primary chain. For largeq the uctuation in this number of rings
per chain is a q 1 for monodisperse primary chains and is therefore expected to be
small compared to the total number of ringsq 1. (iv) Before cross-linking, the rings are
randomly distributed along the primary chain, and the positions of their attachment points
are determined from the condition of the Gaussian statistics of the primary chain. These
attachments ensure the uncrossabilty of rings, as the sequence of the rings through which
the primary chain passes is xed at the preparation conditions. The distribution of strand
lengths and ring positions at preparation conditions are calculated in Chapter 4.2. Details
of the derivation of the ASR model are given in Chapter 4.3, and here we present a phys-
ical interpretation of the model. We consider two main e ects that distinguish slide-ring

gels from conventional cross-linked gels: the redistribution of monomers between network
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strands of the primary chain and the uctuations in the number of monomers in these

network strands. These e ects can be described by replacing the network strand with the
corresponding e ective chain - the pulley strand and the virtual chain, and their combined

e ect - by connecting these chains in parallel (see Fig. 4.3c).

The pulley chain consists ofq pulley strands. It is considered as a non- uctuating me-
chanical spring (e.g. an elastic band) stretched and threaded throughy 1 rings (producing
g pulley strands) attached to the a nely deformable, non- uctuating background like a
rope through pulleys. The redistribution of monomers of the primary chain between its
strands is determined from the condition of equality of tensionsfy in its pulley strands,
which gives the average number of monomers;y in strand i proportional to its end-to-end

o

distance |R;|. From the condition ;xnjy= N we nd

PN

IR

= 3kgT b2xniy

foc = 3kgT (4.30)

where kgT is the thermal energy andb is the Kuhn length. The elastic energy of a pulley

chain consisting ofq pulley strands is

° 2
_ 3ksT LRI
pe 2Nb?2

(4.31)

which is e ectively the elastic energy of a free primary chain extended to the total end-to-

end distance, which is the sum of the lengths of all its strands.
4.5 Triaxial deformation of Slide-ring Gels

For isotropic deformation of the network upon its swelling or deswelling, all distances
|IR;| between slide-rings change by the same factor, and the average number of monomers
xn;jy in the network strands i (equal to the number of monomers in the corresponding
pulley strand) does not depend on isotropic deformation (no redistribution of monomers
in a pulley chain). However, for anisotropic deformation, as shown in Fig. 4.3b, network
strands directed along the axis of maximum extension are stretched more than those along

the orthogonal directions. The longer strands pull part of the chain length through the rings
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from the shorter strands. The average number of monomers in network strands;y equals
the number of monomers in the corresponding pulley strand. It increases for strands in
the direction of the maximum stretching and decreases along the orthogonal directions, as
shown in Chapter 4.2.

Due to the presence of breathing uctuation modes of a primary chain, the number of
monomersn; in strand i is not xed but uctuates around xn;y, with an amplitude of order
square root of the number of monomers in the stranda N/ g. Such uctuations modify the

average strand tension

B F
|Ri| 1 IRil 1 1
iy = — — = 3kgT— + - 4.32
xfiy 3kgT b2 n 3kg b2 iy ( 3 )
In the second equality,l; i O because the average of the reciprocakl/ n;y) is larger than

the reciprocal of the average X1/ n;y) due to the uctuations of n;. Thus, a network strand

i between two slide-rings can be interpreted as the parallel connection of two strands, as
shown in Fig. 4.3c: the pulley strandi of the pulley chain with a non- uctuating number of
monomersxn;y (blue spring in Fig. 4.3c) and a virtual strand with the number of monomers

l;i connecting adjacent slide rings (orange spring in Fig. 4.3c).

Virtual strands represent the e ect of uctuations (breathing modes) of the primary
chain. One-dimensional uctuations of the number of monomera; of the i-th strand are
associated with one-dimensional motion along the chain contour and can be described by
the corresponding one-dimensional Gaussian virtual strand with; monomers of sized/ ? 3
each. The elastic energy of this virtual strand kg T|R;|%/2 b?l;) is equal to kg T/2 according
to the equipartition theorem. From this relation, we nd that the number of monomers of

the i-th virtual strand

li = 3R?/ 1b? (4.33)

varies as the square of the distance between neighboring slide rings. The entropy of the

virtual strand comes from the logarithm of the partition function of the virtual strand,
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. , o , 5 12 3R2
which is a Gaussian distribution function P (R;, 1;) = IR exp  os

Sk/c,i = InP(R,,I;)= In|R|+ const (4.34)
B

where we used Eqg. (@.33). The free energyF of a primary chain in the a ne slide-ring
(ASR) model is the sum of the elastic energy of the pulley chain consisting of pulley
strands (Eq. (4.31) and the entropic part related to q virtual strands (Eq. (4.34)

!

2
3T 9 M
WBbz IRl +kgT  In|R| (4.35)

i=1 i=1

FasR = Epc TS« =

The expanded form of the free energ¥asg of a primary chain is shown in Eq. (4.15) The
free energy of the PSR model is obtained fronfFasg by multiplying the rst two terms in
the second line of Eq.(4.15) by the a ne-to-phantom factor 1/2, see Eq. (4.27)

In the case of isotropic swelling (deswelling) of the network from the polymer volume
fraction fo to f, all distances |R;| in Eq. (4.35) change by the same factor(f o/ f )1’3.

Elastic modulus of the phantom slide-ring network can be obtained from the free energy

Eq. (4.27)at di erent volume fractions f with Egs. (4.28)and (4.29)

Gpsr = Gpso(F/f0) 3 + Guso (F/ o) + kBT:‘;’ D (4.36)

whereng is the number density of network strands andny/ qis the number density of primary
chains at the preparation conditions. The pulley and virtual strand moduli, de ned for
g" 1 at preparation conditions f = f, are respectively

4 1
Gps,0 = EKBTHO, Gus,0 = TOkBTnO (4.37)

The last term in Eq. (4.36) equals the modulus of a primary chain with xed ends and
no slide-rings. It is the correction term for the nite number of rings and is ¢ times
smaller than the rst two terms in Eq. (4.36) The last term in (4.36) can be neglected if

the number of slide-rings per chain is large.
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The pulley strand contribution at the preparation state, Gps o, is smaller than the mod-
ulus of the classical phantom modelGphantom = kgTno/2 due to the redistribution of
monomers between the strands. The pulley strand contribution to the slide-ring modulus
(rstterm in Eg. (4.36) has the same concentrationf -dependence as the modulus of the
classical a ne/phantom model ( Gphantom = Gane /2 = (1/2 )kgTrp(f / f 0)1’3) since the
number of monomers in each pulley strand is xed and does not vary with isotropic defor-
mation. For a strongly swollen network, the ratio of the virtual strands and pulley strands
contributions in Eq. ((4.36) becomes small as the virtual strands get softer, Eq.(4.33)
Therefore, the elastic modulus of strongly swollen slide-ring gels is determined primarily by
the pulley strand contribution.

The modulus of strongly deswollen slide-ring networks is higher than that of phantom
networks because it is dominated by the contribution of uctuations in the number of
monomers between slide-rings. This contribution increases linearly with the volume fraction
asG kgTmy(f/ fo). Note that the predicted concentration dependence of the modulus of
deswollen slide-ring gels is even stronger than that of the non-a ne loopy globule model of

entangled networks ing-solvent (G f 7/®) (Yamamoto et al., 2022).
4.6 Multi-chain Simulation of Slide-ring Gels

To test the applicability of single-chain models for describing slide ring networks, we
simulated the multi-chain model in which chains are described by the Kremer-Grest bead-
spring model (Grest and Kremer, 1986; Kremer and Grest, 1990) using the LAMMPS
package (Plimpton, 1995). This model is a modi ed version of the previous work (Yasuda
et al., 2020). Each chain hasN = 800 monomers and passes througly+ 1 = 17 slide-
rings, each of which consists of seven beads interacting via bonded and angular potential
to maintain the shape of the ring, see Fig. 4.7. This allows the rings to move freely along
the chain without passing through each other. Ring beads interact with each other and

with primary chain beads by the truncated Lennard-Jones potential with cut-o length
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R = 21/6

# h 12 ei
4e (s/r slr ro R
Ups(r) = (s/r)™ (sl ¢ (4.38)
0 r Re

Bonded primary chain beads and ring beads are connected by both the Lennard-Jones and
the FENE potentials,

5 h i
IKRZ2In 1 (r/Ro)> ra Ry

r Ro

Urene(r) = (4.39)
where Rg = 1.5 and K = 30e/ s?. Non-bonded beads of the primary chains do not
interact with each other in our simulations, and therefore, there are no entanglements
between simulated network strands. The simulation model focuses exclusively on the e ect
of slide-rings and is di erent from the full Kremer-Grest model simulation, which includes
topological entanglements between long enough network strands. In some sense, this is a
model for pairwise entanglements (see Fig. 4.2). The solution df1 = 800 chains (number
concentration of beadsc = 0.254 is equilibrated at temperature e/ kg, during time 2 10°t ,
wheret is the Lennard Jones timet = s/ (me!?) and m is the mass of the bead. The
equilibrium is tested by the mean square end-to-end distance of primary chain segments of
s monomers, which increases linearly with the number of monomers see the blue line Fig.
4.6. For all molecular dynamics simulations, the time integration is performed in the NVT

ensemble with the Langevin thermostat with a time stepDt = 0.01and damping time 10t .

The rings can move both in space and along the chain during the cross-linking procedure.
One of the seven ring-beads is active (available for reaction). Random cross-linking is
performed by forming bonds between pairs of active ring beads when the distance between
them is less thanl.1%. The active ring beads become inactive after they are cross-linked.
Active ring beads are divided into two types, while all the ring beads within one primary
chain have the same type. Only dierent types of ring beads can react with each other,

prohibiting the intra-molecular cross-linking of rings. When each gure-of-eight cross-link
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FIGURE 4.6: Mean square end-to-end distance of primary chain segments of s monomers
for the solution before cross-linking (blue) and cross-linked gel (orange). The black line
shows a linear dependence and serves as a visual guide to the eye.

is formed, four angular potentials are added between the new bond and rings to maintain
the rigidity of the gure-of-eight cross-link structure, as shown in Fig. 4.7. The reaction is
stopped after6 10°t , when extent of reaction reache®96% The mean squared end-to-end
distance of primary chain segments ofi monomers (average number of monomers in network
strands) is perturbed by only 5% during the cross-linking procedure, as shown in Fig.
4.6. Therefore, the chain statistics are almost unchanged in our cross-linking procedure.
The network is deformed by changing the size of the simulation box. The modulus is
measured from the stress-strain curve upon uniaxial deformation in the-direction, where
the real stress is measured by = s;; (Sxx + Syy)/2 from the stress tensors in three

orthogonal directions syx, Syy and s;. The modulus is calculated by tting the stress-strain
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FIGURE 4.7: Figure-of-eight cross-link structure in the multi-chain model. Before cross-
linking, each ring has seven angular potentials (g, = 5p /7, shown by blue double arrows)
to maintain the heptagon shape of the ring. During cross-linking, the yellow bonds be-
tween two rings and four angular potentials ( ¢ = 9p /14, shown by green double arrows)
are added. The corresponding angle potentials are U; = K(q @)?and U, = K(q )32
with K = 100e.

curve to the neo-Hookean equation,
s=G(2 1/1) (4.40)

at small deformations0.9 | 1.1

We performed multi-chain bead-spring molecular dynamics simulations that allow spa-
tial uctuations of rings. We compared the simulation results with the predictions of
the phantom slide-ring (PSR) model, see Chapter 4.6. The slide-rings are modeled as
seven-member rings that can freely slide along the bead-spring primary chains. Interaction
between non-bonded beads of network strands are turned o, resulting in a gel with poly-
mers interacting exclusively through slide-rings. The modulus obtained from the molecular
dynamics simulations of the multi-chain slide-ring gel agrees well with the PSR model, as
shown in Fig. 4.8 by dashed line corresponding to Eq(4.36)with the third term accounting

for g = 16 slide rings per primary chain in simulations.
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