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Abstract

This thesis discusses novel developments in Bayesian analytics for high-dimensional

multivariate time series. The focus is on the class of multiregression dynamic mod-

els (MDMs), which can be decomposed into sets of univariate models processed in

parallel yet coupled for forecasting and decision making. Parallel processing greatly

speeds up the computations and vastly expands the range of time series to which the

analysis can be applied.

I begin by defining a new sparse representation of the dependence between the

components of a multivariate time series. Using this representation, innovations

involve sparse dynamic dependence networks, idiosyncrasies in time-varying auto-

regressive lag structures, and flexibility of discounting methods for stochastic volatil-

ities.

For exploration of the model space, I define a variant of the Shotgun Stochastic

Search (SSS) algorithm. Under the parallelizable framework, this new SSS algorithm

allows the stochastic search to move in each dimension simultaneously at each itera-

tion, and thus it moves much faster to high probability regions of model space than

does traditional SSS.

For the assessment of model uncertainty in MDMs, I propose an innovative

method that converts model uncertainties from the multivariate context to the uni-

variate context using Bayesian Model Averaging and power discounting techniques.

I show that this approach can succeed in effectively capturing time-varying model
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uncertainties on various model parameters, while also identifying practically superior

predictive and lucrative models in financial studies.

Finally I introduce common state coupled DLMs/MDMs (CSCDLMs/CSCMDMs),

a new class of models for multivariate time series. These models are related to the

established class of dynamic linear models, but include both common and series-

specific state vectors and incorporate multivariate stochastic volatility. Bayesian an-

alytics are developed including sequential updating, using a novel forward-filtering-

backward-sampling scheme. Online and analytic learning of observation variances

is achieved by an approximation method using variance discounting. This method

results in faster computation for sequential step-ahead forecasting than MCMC, sat-

isfying the requirement of speed for real-world applications.

A motivating example is the problem of short-term prediction of electricity de-

mand in a ”Smart Grid” scenario. Previous models do not enable either time-varying,

correlated structure or online learning of the covariance structure of the state and

observational evolution noise vectors. I address these issues by using a CSCMDM

and applying a variance discounting method for learning correlation structure. Ex-

perimental results on a real data set, including comparisons with previous models,

validate the effectiveness of the new framework.
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1

Introduction

1.1 Multiregression Dynamic Models

Multiregression dynamic models (MDMs) (Queen and Smith, 1993) are multivari-

ate non-Gaussian DLMs which preserve certain conditional independence structures

related to causality over time. A MDM essentially decouples dynamic modeling of

multivariate time series into sets of univariate dynamic models processed in parallel,

and recouple them for forecasting and decisions. Parallel processing efficiently scales

down the computational time for multivariate modeling of higher dimensional series,

and significantly alleviates the computation burdens of MCMC for various types of

multivariate time series models, such as the Latent Threshold Models in Nakajima

and West (2013). The 1{k-step-ahead (k ¥ 1) predictive covariance structures in

MDMs are develped in Queen et al. (2008), but the results on k-step-ahead forecasts

only apply to the case when regression predictors xt�k are known at time t, thus

excluding the vector autoregressive MDMs. We address this issue by a Monte Carlo

method.

Approaches to modeling stochastic volatility are crucial to research in forecasting
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and portfolio management, and in practical applications in industry. Theories and

applications of various approaches of stochastic volatility modeling have been concur-

rently constructed (e.g. Chib et al., 2006; Doz and Renault, 2006; Zhou et al., 2014).

From a completely new perspective on stochastic volatility modeling, I consider the

decomposition in MDMs as essentially a Cholesky decomposition of stochastic covari-

ance matrices. The conditional dependence network allows us to factor the stochastic

modeling of covariance structure into univariate DLMs with predictor set including

simutaneous endogenous variables. This concords with the reformulation of MDMs

by Lopes et al. (2012) from the perspective of modeling the Cholesky roots of time-

varying covariance matrices.

MDMs essentially offer a closed-form, conjugate analysis of time-varying covari-

ance structures in multivariate state space models. Previous work has limited closed-

form developments in modeling time-varying covariances, often using an approxima-

tion of some kind (e.g. Triantafyllopoulos, 2007). Nakajima and West (2013) refor-

mulates with an evolution model for the covariance matrix and MCMC methods for

model fitting; AR(1) models are used for the elements of Cholesky decompositions of

observation covariance matrices. However, this is computationally challenging when

applied to data of higher dimensions. With a conjugate analysis, MDMs avoid the

computational burden of MCMC and enable various patterns of stochastic volatility

modeling.

As illustrated by Carvalho and West (2007), sparse graphical modeling has been

recognized as of benefit in inducing robust estimation of model parameters and en-

hancing of computational feasibility. Since the conditional dependence structure can

be represented by a directed acyclic graph (DAG), MDMs are essentially a class of

graphical models for multivariate time series. By decoupling a multivariate dynamic

model to a set of univariate dynamic models, MDMs more naturally allow flexible

sparse graphical modeling; this underlies my approach. One of my innovations is

2



establishing the concept of “sparsity” in conditional dependence networks and de-

veloping a method to enable dynamic modeling of these sparse networks under an

inherently parallelizable framework.

MDMs also enrich the class of stochastic evolution models by providing the flex-

ibility of discounting for state and observation noise structures. Traditional mul-

tivariate Gaussian and non-Gaussian DLMs with Wishart matrix discounting, as

specified in Chapter 10 of Prado and West (2010), essentially discounts historical

cumulative information of square errors by a discount factor of β at each consec-

utive time point to reflect the effects of variation over time. However, as pointed

out in Prado and West (2010), maintaining a valid model over time requires β to

fall in the interval ppm� 2q{pm� 1q, 1s, where m is the dimension of the time series

vector. When m increases, however, β quickly converges to 1 and thus limits prac-

tical utility. This limitation affects the capability of the Wishart discounting model

when approaching high-dimensional data. MDMs avoid this problem, decomposing

the multivariate DLMs into sets of univariate DLMs, where no lower bound on β

is required. Additionally, unlike the Wishart discounting model, MDMs allow for

series-specific discount factors for state and observation noise, and thus engender a

richer class of stochastic evolution models.

In this dissertation, MDMs are first reviewed as multivariate dynamic linear mod-

els, also known as state space models. This context also illustrates how the MDM

idea enriches the classes of multivariate dynamic models from the perspective of

Cholesky stochastic volatility modeling (West and Harrison, 1997; Prado and West,

2010). I develop sequential updating, on-line forecasting and decisions under this

dynamic conditional dependence network, broadening the current theory and meth-

ods of Bayesian dynamic models. The methodology is then incorporated into time-

varying vector autoregressive (TV-VAR) models (Primiceri, 2005; Prado and West,

2010), time-varying covariance matrix processes (Quintana and West, 1987; Boller-
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slev et al., 1992; Aguilar and West, 2000; Shephard, 2005; Carvalho and West, 2007).

Applications in time series analysis in financial econometrics and electricity demand

forecasting illustrate the impacts of MDMs in terms of enhancements in forecasting

performance, practical uses, and computational efficiency.

Dynamic compositional networks require model structure search and uncertainty

analysis, which are addressed in Chapters 3 and 4. Chapter 3 introduces a new

algorithmic approach to identify high posterior probability MDMs, utilized in parallel

for each univariate DLM. The parallelization efficiently scales up computation for

multivariate modeling for more than a small number of dimensions, and significantly

alleviates the computational burden of MCMC for various types of multivariate time

series models, such as the model in Nakajima and West (2013).

Queen (1994) and Anacleto et al. (2013) apply MDMs to different types of mul-

tivariate time series problems, such as forecasting of brand sales and traffic flows.

While these previous works have illustrated the effectiveness of MDMs in inference

and forecasting of multivariate time series, another step further is to address online

model structure search and uncertainty analysis. Bayesian model averaging (BMA)

serves as a common method to deal with model uncertainty and has a well-known,

superior performance in out-of-sample predictions, which can provide numurous prac-

tical benefits. In our portfolio application, BMA enables the forecasts of financial

time series to adapt to potential regime switches and market shocks, and contributes

to constructing robustly lucrative portfolio management strategies.

My innovative BMA is customized to MDM by taking advantage of the decom-

posable feature to address uncertainties about various types of model parameters. It

enables time-varying AR lag structures, conditional dependence networks, and noise

evolution discount factors. It essentially transforms the problem of model averaging

from the multivariate to coupled univariate contexts. Analytic forms and recursive

algorithms are developed to calculate the one-step-ahead forecast means and covari-
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ance matrices analytically. Multi-step-ahead forecast moments have complicated an-

alytic forms due to correlated multi-step-ahead lag structure, and thus are calculated

by simulation. Additionally, when applying standard BMA on a particular dataset,

it is well known that the posterior probability of only one model will converge to

one. This dominance of one single model limits the adaptability and potential gains

from the averaging process in the long term. Following West and Harrison (1989)

and Xie (2013), power discounting techniques are used for adaptively processing new

information, defining a dynamic extension of BMA of significant practical utility.

1.2 Common State Coupled Dynamic Linear Model

A new model context– the class of common state coupled dynamic linear mod-

els (CSCDLMs) is proposed in this thesis. My interest lies in m univariate series

yjt, j � 1 : m, over time t, each following a DLM with its own, individual state

vector elements together with an additional state vector that is shared across all

series. The motivating context is a problem with large m and multiple common pre-

dictors with an assumedly common state vector– so that information about common

effects is shared across series– but also with series-specific effects. When assuming

the observational noise terms are independent across series and all regression vectors

are known at t� 1, for all j � 1, � � � ,m, the CSCDLM is a special class of dynamic

hierarchical models (Gamerman and Migon, 1993). One example of the latter– a

key example– is when the series-specific effects arise via a compositional DLM repre-

sentation of multivariate stochastic volatility, a flexible and parsimonious approach

to modeling dynamic patterns of variance and precision matrices. As I relax the

assumption to correlated, time-varying observation covariance matrix, as well as in-

corporation of random regression vectors, this is a new area that no previous work

has touched, to my knowledge.

Beyond this motivation, this development appears to be breaking important new
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ground in providing the ability to scale-up computations to higher numbers of related

time series, since the forward-filtering analysis is conditionally decoupled to permit

analytic updates and forecasting. It follows naturally that this also is inherited by

backward-sampling analyses; the backward sampling results generated from the new

model and assumptions are detailed as direct extensions of standard theory.

The extension to variance learning is critical for application, as observational error

variances in univariate DLMs are usually unknown in reality. Unfortunately, tradi-

tional variance discounting– with updated gamma posteriors– cannot be immediately

applied to the volatilities. Quintana and West (1987) introduce matrix-variate DLMs,

which are matrix-variate linear state space models allowing for covariance estimation,

and propose a Bayesian conjugate analysis with an inverse Wishart distribution, fur-

ther developed in Quintana and West (1988) and Uhlig (1994). This was extended to

graphical models in Carvalho and West (2007) and Wang and West (2009). However,

the conjugate variance discounting only applies to the common components DLM,

when each scalar series yjt has precisely the same set of predictors. Otherwise, there

is no closed form analysis.

Reformulating with alternative evolution models are amenable to using Markov

chain Monte Carlo (MCMC) methods for model fitting (Sims and Zha, 1998; Prim-

iceri, 2005; Sims and Zha, 2006; Nakajima and West, 2013). However, this kind of

method is computationally too challenging for applications requiring fast computa-

tion, and inapplicable to sequential analysis.

I develop a modest approximation for MDMs using variance discounting to enable

closed-form, sequential updating and filtering and thus avoid MCMC. Results of

comparison on posterior model parameters with MCMC analysis justify adequacy

of the approximation, as the two methods produce variance estimates close to each

other. This approximation method maintains the nice conditional independence

structure and the main results and methods, yielding a compositional decoupling
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that allows sequential analysis of the set of univariate DLMs in parallel. Thus, this

method can serve as a building block of larger models of increasing practical interest

in business and econometrics, such as dynamic factor models and hierarchical models.

1.3 Outline

This thesis discusses novel developments in Bayesian analytics for the class of multire-

gression dynamic models. My focus is on increasingly high-dimensional multivariate

time series; I aim to enable analysis that can be decomposed into sets of univariate

models processed in parallel yet coupled for forecasting and decisions.

Chapter 2 discusses these novel developments in Bayesian analytics for the class

of multiregression dynamic models. The innovation involves sparse conditional de-

pendence networks, idiosyncrasies in time-varying auto-regressive lag structures, and

flexibility of discounting methods for stochastic volatilities. Conditional dependence

networks provide an inherently parallelizable framework under which I develop se-

quential updating, and online forecasting and decisions, so broadening the current

theory and methods of Bayesian dynamic models.

In Chapter 3 I develop a novel Shotgun Stochastic Search (SSS) algorithm. Under

the parallelizable framework, this new SSS algorithm allows the stochastic search

to move in each dimension simultaneously at each iteration, and much faster than

traditional SSS to regions of high probability. These innovations in parallelization

resolve issues of computational tractability for increasingly high-dimensional data.

The new SSS approach is applied in the context of financial time series for predictive

portfolio analysis. It has shown success not only in exploring the space of high

posterior probability models, but also in identifying practically lucrative models in

this financial application.

Chapter 4 proposes an innovative method to address the uncertainty analysis by

transforming the model uncertainties from multivariate context to univariate context
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using BMA and power discounting techniques. The examples show that this can

succeed in effectively capturing time-varying model uncertainties on various model

parameters, while also identifying practically superior predictive and lucrative models

in financial applications.

Chapter 5 introduces a new class of state space models for multivariate time

series– the class of CSCDLMs. Bayesian analytics are developed including the key

sequential updating– FFBS scheme. Online and analytic learning of observation

variances are achieved by an approximation method using variance discounting. This

method results in fast computation for sequential filtering and step-ahead forecasting

than approaches using MCMC, satisfying the requirement of speed-up for real-world

applications. A key motivating example is the problem of short-term prediction of

electricity demand in a Smart Grid scenario. I first include a method to allow time-

varying state covariance matrices through the use of discount factors, and then apply

the CSCDLM and variance discounting method. Experimental results on the Smart

Grid project data set, including comparisons with the previous method, validate the

effectiveness of the proposed methods in this applied study.

Chapter 6 concludes the dissertation and comments on potential future work.
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2

Multiregression Dynamic Models

2.1 Sparse Conditional Dependence Network

Under the framework of standard multivariate DLMs, MDMs allow for direct infer-

ence on conditional independence and causal structure across a multivariate series.

Write yt for the m � 1-vector time series, t � 1, 2, � � � , T , D0 for all initial prior

information, Dt � tDt�1,ytu for information sets sequentially updated by received

observations. The full one-step-ahead predictive density for yt, conditional on all

the information before time t, can be written as the product of a set of conditional

pdfs, i.e.

ppyt|Dt�1q �
¹

j�1:m�1

ppyjt|yj�1:m,t,Dt�1qppymt|Dt�1q. (2.1)

Thus, a natural, direct route to specifying a set of univariate DLMs that cohere

is via a “triangular” model that defines the joint distribution by composition as in

(2.1). This triangular model is such that, for each series j, its predictors may include

both the endogenous variables yj�1:m and other exogenous and lagged endogenous

variables. This requires a specific ordering of the time series, which we simply take

1, 2, � � � ,m without loss of generality.
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Imposing sparsity on the conditional dependence network across multiple series is

of increasing interest due to a variety of benefits, such as computational efficiency and

stability for higher-dimensional data. When fitting the set of m univariate DLMs

implied above, I consider specific subsets of compositional endogenous variables,

denoted by parental set, papjq � tj � 1 : mu, for each j (and with papmq empty).

This defines a set of independent univariate DLMs, with time-varying dependence

structure preserved through the time-varying coefficients of the predictors in the

parental sets. The parental sets reflect the conditional dependence structure between

endogenous variables. For instance, j� 1 R papjq means yj�1,t KK yjt|ypapjq,t. Sparsity

structure is constructed by selecting “appropriate” parental sets, generally with small

sizes. In fact, the smaller the sizes of parental sets, the more sparse the conditional

dependence structure is.

2.2 Model Framework

I define triangular equations for the set of univariate, compositional regressions for

elements of the column m�vector yt in the context of an overall set of univariate

DLMs. Define P � tpapjq, j � 1 : mu for all the parental sets. For each j � 1 : m,

write papjq P tj � 1 : mu for the index set of parents of yjt in the triangular system,

noting that papmq � H, the empty set. Note that this allows for sparsity in that

papjq may be a few (or no) elements, while it can also be the full set of potential

parent variables. Then, over j � 1 : m, the coupled models are defined as follows:

yjt � x1
jtφjt � γ 1

jtypapjq,t � νjt,

� F 1
jtθjt � νjt,

where:

• γjt is the vector of dynamic regression coefficients γjht, h P papjq, with dimen-

sion pjγ � |papjq|;
10



• xjt is a known column vector of predictors or constants, with corresponding

dynamic regression coefficients in the column state vector φjt, each of dimension

pjφ;

• the full state and regression vectors, each of dimension pj � pjφ � pjγ, are

θjt �
�
φjt
γjt



and F jt �

�
xjt
ypapjq,t



;

• the θjt follow some specified state evolutions models, such as vector random

walks, TV-VAR models, etc.

• I assume conjugate DLM structure for learning, including use of discounting

for states and observation variances.

For notational convenience, set rγjht � 0, for h R papjq, and rγj,papjq,t � γjt. Collect

the effective coefficients γjt along with the implicit zero values in the matrix

Γt �

�������
0 rγ12t rγ13t � � � rγ1mt
0 0 rγ23t � � � rγ2mt
...

...
. . .

...
...

0 0 rγm�1,mt

0 0 � � � 0 0

������
 (2.2)

such that

pI � Γtqyt � µt � νt,

where µt � pµ1t, . . . , µmtq1 with µjt � x1
jtφjt. Under the independent normal model

νt � Np0,Λ�1
t q with precision matrix Λt � diagpλ1t, . . . , λmtq, we then have yt �

NppI � Γtq�1µt,Ω
�1
t q where

Ωt � pI � Γtq1ΛtpI � Γtq.

That is, pI � Γtq1 is the lower triangular (left) Cholesky component of the precision

matrix of yt conditional on µt,Γt, subject to scaling of its rows by the square roots of

11



λj. We can also represent the network structure of a MDM by defining the indicator

matrix Z such that ζjh � 0 for h R papjq, otherwise ζjh � 1, as the following:

Z �

�������
0 ζ12 ζ13 � � � ζ1m
0 0 ζ23 � � � ζ2m
...

...
. . .

...
...

0 0 ζm�1,m

0 0 � � � 0 0

������

2.3 Forward-Filtering and Predictions: Discount Models

2.3.1 Summary of univariate models

Assume a specified state evolution for each of the θjt, and with corresponding vari-

ance discounting for stochastic volatility using discount factors βj for each of the

observation precisions λj. The usual conjugate updating and forecasting equations

then arise, with normal-inverse gamma priors and posteriors for states and variances

at each stage. Assuming the priors at t � 0 are independent across the m series, the

sequential updating applies in parallel. I follow the usual DLM notation (West and

Harrison, 1997; Prado and West, 2010), where pθ, λq � NIGpµ,Σ, n, dq denote that

θ � Npµ,Σ{λq, and λ � Gammapn, dq. At time t, we have the following.

Posterior at time t� 1:

pθj,t�1, λj,t�1|Dt�1q � NIGpmj,t�1,Cj,t�1, nj,t�1{2, dj,t�1{2q

with sj,t�1 � dj,t�1{nj,t�1 being the usual point estimates of residual variances 1{λjt.

One-step-ahead prior at time t� 1:

pθjt, λjt|Dt�1q � NIGpajt,Rjt, rjt{2, hjt{2q

where ajt,Rjt arise from the state evolution step, and rjt � βjnj,t�1 and hjt �
βjdj,t�1. Note that the residual variances estimates are sj,t�1 � dj,t�1{nj,t�1 � hjt{rjt.
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One-step-ahead forecasts at time t� 1:

pyjt|ypapjq,t,Dt�1q � Trjtpfjtpypapjq,tq, qjtpypapjq,tqq

where fjtpypapjq,tq � F 1
jtajt and qjtpypapjq,tq � sj,t�1 � F 1

jtRjtF jt. Write

ajt �
�
ajφt
ajγt



and Rjt �

�
Rjφt Rjφγt

R1
jφγt Rjγt



.

Then

fjtpypapjq,tq � x1
jtajφt � y1papjq,tajγt,

qjtpypapjq,tq � sj,t�1 � y1papjq,tRjγtypapjq,t � 2y1papjq,tR
1
jφγtxjt � x1

jtRjφtxjt.
(2.3)

k-step-ahead prior at time t:

pθj,t�k, λj,t�k|Dtq � NIGpajtpkq,Rjtpkq, rjtpkq{2, hjtpkq{2q

where ajtpkq,Rjtpkq are updated inductively from ajtpk�1q,Rjtpk�1q, and rjtpkq �
βjnj,t, hjtpkq � βjdj,t. Note again that the residual variances estimates stay the same

as the value at time t.

k-step-ahead forecasts at time t: when xj,t�k is a known column vector of predictors

or constants at time t, we have the following:

pyj,t�k|ypapjq,t�k,Dtq � Trjtpfj,t�kpypapjq,t�kq, qj,t�kpypapjq,t�kqq (2.4)

where fj,t�kpypapjq,t�kq � F 1
j,t�kaj,tpkq and qj,t�kpypapjq,t�kqq � sj,t�1�F 1

j,t�kRj,tpkqF j,t�k.

Write

aj,tpkq �
�
ajφtpkq
ajγtpkq



and Rj,tpkq �

�
Rjφtpkq Rjφγtpkq
Rjφγtpkq1 Rjγtpkq.
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Then

fj,t�kpypapjq,t�kq �x1
j,t�kajφtpkq � y1papjq,t�kajγtpkq

qj,t�kpypapjq,t�kqq �sj,t�1 � y1papjq,t�kRjγtpkqypapjq,t�k � 2y1papjq,t�kRjφγtpkq1xj,t�k

� x1
j,t�kRjφtpkqxj,t�k.

(2.5)

2.3.2 Joint predictive density

The full 1-step-ahead predictive density for yt is

ppyt|Dt�1q �
¹
j�1:m

ppyjt|ypapjq,t,Dt�1q. (2.6)

Since the univariate conditional distribution of yjt|ypapjq,t,Dt�1 is a T distribution,

characteristics of (2.6) are easily evaluated based on observed data. The observed

value of (2.6) also feeds into computation of model marginal likelihoods for model

assessment, such as for exploring data-supported values of discount factors, choice of

parental index sets, assumptions about structure underlying the model components

µjt, and so forth.

2.3.3 Joint predictive mean, variance matrix and precision matrix

For portfolio applications based on mean-variance optimizations and trade-offs, the

moments

f t � Epyt|Dt�1q, Qt � V pyt|Dt�1q and precision Kt � V pyt|Dt�1q�1

under (2.6) are required. Assume that, for all j, t, the degrees-of-freedom parameters

rjt exceed 2, so that these moments all exist. The recursive form of the compositional

model means that we must compute these via a sequential algorithm that recognizes

the appearance of contemporaneous values ypapjq,t in the conditioning of forecasts for

yjt. The computations for one-step-ahead predictions are performed below; k-step-

ahead computations are similar, and so are omitted here. For each j � 1 : m � 1,
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denote the mean vector, variance matrix and precision matrix of the pm� jq�vector

yj�1:m,t by

f j�1:m,t � Epyj�1:m,t|Dt�1q, Qj�1:m,t � V pyj�1:m,t|Dt�1q,

Kj�1:m,t � V pyj�1:m,t|Dt�1q�1.
(2.7)

Note that at j � m � 1 these values reduce to scalars. We proceed as follows to

sequentially compute elements of the required f t, Qt and Kt.

Joint predictive mean, variance matrix

i. Start at j � m: compute the univariate mean, variance of ymt,

fmt � fmtpHq, qmt � rmt
prmt � 2qqmtpHq

using the implied simplified forms of (2.3) with all terms in ypapmq set to zero. Insert

fmt as the m�the element of f t and qmt as the pm,mq�element of Qt.

ii. For j � m� 1,m� 2, . . . , 1 in turn:

• At this point, we have already computed the values of the moments of (5.25)

from the previous steps. These are used in the following calculations. First,

write f papjq,t for the subvector of means in f j�1:m,t on elements in papjq only,

and Qpapjq,t for the corresponding submatrix of Qj�1:m,t. Then, the marginal

mean fjt and variance qjt of yjt are computed as follows.

fjt � x1
jtajφt � f 1

papjq,tajγt,

qjt � rjt
prjt � 2qpsj,t�1 � ujtq � a1jγtQpapjq,tajγt

(2.8)

where

ujt � f 1
papjq,tRjγtf papjq,t � trpRjγtQpapjq,tq � 2x1

jtRjφγtf papjq,t � x1
jtRjφtxjt.
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Insert fjt as the j�th element of f t and qjt as the pj, jq�element of Qt, respec-

tively.

• Compute the covariance vector Cpyjt,yj�1:m,tq|Dt�1 as follows. Write aj�1:mγt

for the pm � jq�vector that extends ajγt with zeros for elements h R papjq.
Then

Cpyjt,yj�1:m,t|Dt�1q � Qj�1:m,taj�1:mγt � qj,j�1:m,t.

Insert element h of this vector as the pj, h� jq and ph� j, jq entries of Qt, for

h � 1 : m� j.

iii. End: at this point, j � 1 and we have filled in all elements of the m�vector f t,

m�m matrix Qt.

Joint predictive precision matrix

The precision matrix directly reflects the conditional dependence structure between

variables and thus plays a crucial component in various types of analysis. In our ap-

plication, for example, it has a determining effect on the portfolio allocation weights.

To compute the precision matrix at each time t, we avoid direct inversion of the co-

variance matrix by utilizing interim products, the covariance vectors qj,j�1:m,t already

calculated above. This block-wise inversion decreases the computational instability

and reduces complexity to Opm2q, especially critical under sparse conditional depen-

dence networks in higher dimensions. The computation of Kt is as follows.

i. Start at j � m: compute the conditional precision of ymt, namely Km:m,t � 1{qmt.

ii. For j � m� 1,m� 2, . . . , 1 in turn:
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• Given the computed qj,j�1:m,t, compute the precision matrix Kj:m,t via

Kj:m,t �
�
kjt hjt
h1
jt Hj,t




with entries

k�1
jt � qjt � qj,j�1:m,tKj�1:m,tq

1
j,j�1:m,t,

hjt � �kjtqj,j�1:m,tKj�1:m,t,

Hj,t �Kj�1:m,t � k�1
jt h

1
jthjt.

Notice that kjt is a scalar, so this recursive computation avoids matrix inver-

sions.

iii. End: at this point, j � 1 and we have filled in all elements of the precision

matrix Kt, i.e. K1:m,t.

2.4 Multiregression Dynamic VAR Models

We now consider the MDM in multivariate time series analysis using time-varying

parameter vector autoregressive (TV-VAR) models. For the m�1-vector time series

yt, pt � 1, 2, � � � q, the TV-VAR model consists of m coupled univariate time-varying

autoregressive (TVAR) DLMs. Denote the autoregressive order of series j to be pjλ.

For each j P t1, � � � ,mu, the model is a univariate TVARppjλq DLM:

yjt � cjt �
pjλ¸
i�1

φ1
jityt�i � γ 1

jtypapjq,t � νjt, (2.9)

where cjt is the time-varying intercept, φjit the vector containing time-varying coef-

ficients at lag i, pi � 1, � � � , pjλq, νjt the observation noise. The model is essentially

a special case of a MDM with intercept and AR lagged variables as predictors. Let

pλ � maxpp1λ, � � � , pmλq. Write φ̃jit for the pλ� 1-vector that extends φjit with zeros
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for the elements of subscript larger than pjλ. Then (2.9) can be written in the vector

form

pI � Γtqyt � ct � φ1tyt�1 � � � � � φpλtyt�pλ � νt,

where φit � pφ̃1it, � � � , φ̃mitqT , and Γt has the same form as in (5.13). In the portfolio

application, I consider the simple but common VAR model where the autoregressive

predictor variables of series j only contain its own lags and the intercept:

yjt � cjt �
pjλ¸
i�1

φjityj,t�i � γ 1
jtypapjq,t � νjt, (2.10)

where φjit is the time-varying coefficient of series j at lag i, pi � 1, � � � , pjλq.
Most of the forward-filtering and 1-step-ahead forecast results in Section 2.3.1

hold for the multiregression VAR models. The exception is (2.5), on k-step-ahead

forecasts, since the predictors xj,t�k in the VAR model are not known at time t.
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3

Shotgun Stochastic Model Search

3.1 Introduction

This chapter proposes a new algorithmic approach to fast exploration of the high-

dimensional MDM model space.

Traditional methods via MCMC are known for demanding computation and dif-

ficulties in addressing model uncertainty. Hans et al. (2007) introduced shotgun

stochastic search (SSS), now a traditional method for rapidly exploring regions of

high-dimensional model spaces in regression. Jones et al. (2005) viewed stochastic

computation in Gaussian graphical models from the perspective of high-dimensional

model search, with a particular interest in the scalability with dimension of Markov

Chain Monte Carlo (MCMC) and other stochastic search methods via examples

range from low (12-20) to moderate (150) dimensions and exhibited the superiority

of SSS over MCMC.

I am motivated by the same goal and the desire to parallelize computation. Tak-

ing advantage of the compositional network structure of MDMs, I propose a parallel

algorithmic approach to utilize SSS for each component univariate DLM, simultane-
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ously. Parallel computation efficiently scales computation for multivariate modeling

to more than a small number of dimensions, and significantly alleviates the compu-

tational burden of MCMC for various types of multivariate time series models.

For simplicity, the method is introduced under the framework of local trend

MDMs, namely:

yjt � φjt � γ 1
jtypapjq,t � νjt, νjt � Np0, λjtq

� F 1
jtθjt � νjt,

θjt � θj,t�1 �wjt, wjt � Np0,W jtq

(3.1)

where W jt � p1� δjqCj,t�1{δj, for j � 1, � � � ,m. Notice that φjt is the time-varying

intercept and F jt � p1,y1papjq,tq1. The state evolution models are vector random walks.

Sequential updating and forecasting are described in detail in West and Harrison

(1997).

Let P represent the conditional dependence network tpapjq, j � 1, � � � ,mu. De-

note the discount factor set by S � pS1, � � � ,Smq, where Sj � pδj, βjq, for j �
1, � � � ,m. Let Dtpjq � tD0,yj:m,1:tu denote the information set that comprises all the

information of series j, j � 1, � � � ,m available at t.

In the application, with m � 13, the data are daily prices of 9 exchange rates,

2 commodities, and 2 U.S. stock indices in dollars over a time-span of more than 5

years. I discuss the portfolio results to illustrate the practical efficacy of MDMs in

generating profitable strategies, and compare different model results to illustrate the

benefits of parsimony of parental sets and flexibility of variable-wise discount factors.

Section 3.2 discusses priors and likelihoods in MDMs. The important concept of

neighbors is defined in Section 3.3. Section 3.4 constructs the algorithm for the new

SSS. Section 3.5 details a financial time series application, and Section 3.6 exhibits

the results. Section 3.7 provides summary comments on MDMs and scalability of

stochastic search computation, and suggests further research directions including
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broader questions of sparsity modeling and model uncertainty.

3.2 Priors and Likelihoods

3.2.1 Priors

To stochastically or deterministically explore the space of MDMs, I specify priors for

model parameters, parental sets and discount factors.

The interest in sparse models favors priors on the parental sets papjq in the

compositional network that can penalize large values of pjγ � #papjq. I use the tra-

ditional Bayesian Bernoulli prior, specified in terms of a common inclusion/exclusion

probability across all series. The parental sets are encouraged to have sparsity un-

der this prior, via a Bernoulli prior on each variable inclusion indicator variable,

with parameter ρ. Thus, parental set papjq with pjγ elements has prior probability

P ppapjqq � ρpjγ p1 � ρqm�j�pjγ , and an expected size of ρ � pm � jq, which provides

a crude quantitative measure of selecting the ρ. It is worth noticing that ρ has to

be sufficiently small to favor sparse parental sets. Smaller ρ values more strongly

penalize complexity and induce sparsity of the resulting compositional network.

Additionally, let Ψ � pψ1, � � � ,ψKq denote the K possible discount factors

pδj, βjq, i.e. Sj � ψnj
� pδj, βjq, for j � 1, � � � ,m. where nj P t1, 2, � � � , Ku. I

assume independent priors for each Sj with equal probability on every element in

Ψ. Naturally, I suppose that the prior on discount factors S is independent of P , i.e.

P pS|Pq � P pSq.

3.2.2 Likelihoods and posteriors

With ppyj,1:t|papjq,Sjq �
±T

τ�1 ppyjτ |ypapjq,τ ,S,Dτ�1q, the likelihood function over

P ,S can be expressed as

ppy1:t|P ,Sq �
m¹
j�1

ppyj,1:t|papjq,Sjq �
m¹
j�1

T¹
τ�1

ppyjτ |ypapjq,τ ,Sj,Dτ�1q (3.2)
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where ppyjτ |ypapjq,τ ,Sj,Dτ�1q is calculated via equation (2.6). Thus, the posterior

probability of a model with parameters pP ,Sq is

P pP ,S|y1:tq 9 P pSqppy1:t|P ,Sq
m¹
j�1

ρpjγ p1 � ρqm�j�pjγ . (3.3)

This posterior can be decomposed as a product of the posterior probabilities of the

univariate models with parameters being the parental sets papjq and the correspond-

ing discount factors Sj, according to equations (3.2) and (3.3). That is,

P pP ,S|y1:tq �
m¹
j�1

P ppapjq,Sj|yj,1:tq, (3.4)

where

P ppapjq,Sj|yj,1:tq 9 ppyj,1:t|papjq,Sjqρpjγ p1 � ρqm�j�pjγP pSjq. (3.5)

This decomposition indicates that stochastic search for P and S of high posterior

probability can be paralleled by searching papjq,Sj separately. That is, for each j, I

can apply stochastic search with respect to the defined set of candidate predictors,

the parental set papjq, and discount factors Sj and score each DLM by the posterior

model probabilities P ppapjq,Sj|yj,1:tq.
Notice that although the order of the variables may have substantial impact on the

accuracy and stability of the forecasts, I focus on illustrating the impact of variable-

wise discount factors and sparse parental sets on forecasting. Future research related

to the ordering of the variables can be an interesting and new area to explore.

To identify regions of high posterior probability over both parental sets and dis-

count factors of MDMs, I propose a new shotgun stochastic search approach. From

the above, given the discount factors S, a compositional network P defines a MDM,

M � pS,Pq, called “models” for convenience. Obviously, the space of M is high-

dimensional. I calculate the number of all possible models, which is the product
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of the number of possible discount factors combinations and the number of possible

parental sets P . It is easy to show that the former is mK , while the latter is 2mpm�1q{2,

so the total number of possible models is mK � 2mpm�1q{2. This implies that when m

is more than a small number, enumerating all possible models is an unrealistically

huge computation task.

SSS is a fast and popular tool in exploring higher-dimensional graphical models. A

connection between graphs and the parental sets can be easily built since both graphs

and parental sets are essentially defined by sets of included predictors. However, I

generalize SSS from just searching the inclusion of variables, i.e., parental sets, to

searching more parameters, i.e. both parental sets and different sets of discount

factors. In this setting, I am able to identify both good discount factors and parental

sets simultaneously. The following discusses the two major components of SSS in

detail: the choice of neighborhood and the model move (sampling) strategy.

3.3 Choices of Neighborhoods and Sampling Moves

The neighborhood of a MDM M , denoted by nbdpMq, is defined to contain two

parts: the parental set neighborhood and discount factors S for each variable. In

other words, a model in the neighborhood of the current MDM is such a model

that its parental set is a neighbor of the current parental sets P , and its discount

factors for each series can be any element in Ψ. For notation, I have nbdppapjqq as

the neighborhood of a parental set, and papjq, nbdpPq as the neighborhood of the

set of parental sets, P . Then

nbdpPq � ttZ1, � � � , Zmu, where , Zj P nbdppapjqq, j � 1, � � � ,mu.

Define nbdppapjqq to be all subsets of tj � 1 : mu with one variable change to

papjq. For the current MDM M , for each j � 1, � � � ,m, suppose papjq has pjγ

elements (i.e., having pjγ non-zero elements in the jth row of the upper triangular
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part of m �m matrix Z). The neighborhood has three elements, i.e. nbdppapjqq �
tpapjq�, papjq�, papjq�u, where papjq� is a set containing parental sets for variable j

with pjγ�1 variables, called the “addition” moves, and the newly added element has

to belong to tj � 1 : muzpapjq. The “replacement” moves are denoted by papjq�, a

set containing parental sets for variable j with pjγ variables, with the newly deleted

element belonging to papjq, the newly added variable belonging to tj�1 : muzpapjq.
Finally, the deletion moves are denoted by papjq�, a set containing parental sets for

variable j with pjγ � 1 variables, with the newly deleted element belonging to papjq.
When pjγ is not small, |papjq�| is much larger than maxp|papjq�|, |papjq�|q, and

thus the posterior probability of models with a parental set of series j in papjq�

cumulate to larger values than that in papjq� or papjq�. To move across dimen-

sion effectively, I break sampling into two parts: three models with parental sets

papjq�� , papjq�� and papjq�� are sampled from papjq�, papjq� and papjq� respectively,

and then one of these three models is selected.

This neighborhood for parental sets, nbdpPq, is substantially different from that

of graphical models in Jones et al. (2005), in which the neighborhood contains all

the models with the graph of one-edge change to the current one. Using graphical

notation, each MDM network can be represented a graph with m nodes and the

edges between nodes i and k if i P papkq or k P papiq. Our definition of neighbor-

hood include graphs with pm� 1q-edge changes to the current one, which allows the

stochastic search to move faster to high probability regions of model space than that

of Jones et al. (2005). Define Mpjq to be the model parameter for series j of the

current model M , i.e. ppapjq,Sjq. Now define the neighborhood of Mpjq as

nbdpMpjqq � tppapjq�,Sj�q : papjq� P nbdppapjqq,Sj� P Ψu.

Corresponding to the three parts of nbdppapjqq, nbdpMpjqq also consists of three

24



parts, i.e. nbdpMpjqq � tMpjq�,Mpjq�,Mpjq�u, where

Mpjq� � tppapjq�,Sj�q : papjq� P papjq�,Sj� P Ψu,

Mpjq� � tppapjq�,Sj�q : papjq� P papjq�,Sj� P Ψu,

Mpjq� � tppapjq�,Sj�q : papjq� P papjq�,Sj� P Ψu.

3.4 MDM Shotgun Stochastic Search Schema

The following algorithm outlines the new MDM SSS Schema, which is attractive be-

cause step 2, containing most of the computational burden, can be easily parallelized.

Let SpMpjqq denote the corresponding (unnormalized) score for model Mpjq. Given

a starting model M r0s, iterate in i � 1, � � � , I with the following steps:

1. For j � 1, � � � ,m, construct nbdpM rispjqq � tM rispjq�,M rispjq�,M rispjq�u.

2. In parallel, compute the score, SpXq, for all X P nbdpM rispjqq, for all j �
1, � � � ,m.

3. In parallel, sample Mpjq�� ,Mpjq�� and Mpjq�� from M rispjq�,M rispjq�,M rispjq�

respectively for each j, with probabilities proportional to the corresponding

SpXqη, normalized within each set, where η is an annealing parameter.

4. Propose Mpjqri�1s from tMpjq�� ,Mpjq��,Mpjq�� u with probability proportional

to SpXqη, normalized within this set. Update the next model to be M ri�1s �
tMpjqri�1s, j � 1, � � � ,mu.

The score in the application section I used is proportional to the posterior probability

of the model Mpjq for series j in formula (3.5): P pMpjqqppyj,1:t|Mpjqq. However,

notice that the score can be any other measure that can quantify the probability of

the model candidates for the next move.
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In the following application, for each sampled model M ris, I compute the 1-step-

ahead predictive means and variances of yt under this model at each time point t

according to Section 2.3.3. Based on these forecasts, Bayesian decisions on portfolio

allocation are made, and quantities of practical interests, such as the cumulative

returns and risks, are calculated.

3.5 Application to Financial Time Series

This applied forecasting and financial portfolio study aims to illustrate that sparsity

on parental sets and flexibility in having variable-wise discount factors in MDMs

can contribute to significant improvements in model fit, forecasting and Bayesian

decisions in a practical context. The study focuses on one-day-ahead predictions

and portfolio decisions.

3.5.1 Dynamic portfolio allocation

Bayesian forecasting models and Bayesian decision analysis in asset allocation prob-

lems have been well recognized and broadly applied for decades. I follow previous

work by Quintana (1992), Aguilar and West (2000), and Quintana et al. (2003) in

utilizing Bayesian decision theory via Markowitz portfolio optimization. Forecasting

the mean and covariance of future returns is critical in mean-variance portfolio op-

timization methods. Dynamic models allow for parameter change and uncertainty

formally taken into account in sequential investment decisions. A main goal here

is to examine and illustrate the efficiency of MDMs in forecasting and portfolio de-

cision making. To use a model performance measurement of practical relevance to

investors, I focus on comparison of realized portfolio performance.

For portfolio decisions, at time t� 1, given the historical information Dt�1, I can

obtain the mean and variance matrix pf t,Qtq of the predictive distribution of the

vector of next-period returns. Quintana et al. (2003) point out that, given pf t,Qtq,
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the investor’s decision is simply to select the vector of portfolio weights wt that

maximizes his/her utility function subject to some constraints on wt. In this thesis

this utility function is selected to be opposite of risk, such that I minimize the ex ante

(at time t given Dt�1) “risk”, represented by the one-step-ahead portfolio variance

w1
tQtwt, subject to the constraints w1

t1 � 1 and some other constraints. Denote the

precision matrix by Kt � Q�1
t . Three commonly used allocation rules are as follows.

1. Target return, minimum risk: for some specified (at time t � 1) target value

rt, optimize the portfolio weights by minimizing the ex ante portfolio vari-

ance among the restricted portfolios whose 1-step-ahead expectation is w1
tf t �

rt. The investor decision problem reduces to choosing the vector of portfolio

weightswt to minimizew1
tQtwt, subject to constraintsw1

tf t � rt andw1
t1 � 1.

As summarized in Chapter 10 of Prado and West (2010), the solution for the

weights vector in this case is wt �Ktputf t�zt1q, where ut � h1
tgt, ht �Kt1,

zt � �f 1
tKtgt, gt � prt1� f tq{et, and et � 11ht � pf 1

tKtf tq � pf 1
thtq2.

2. Target return, minimum risk with nonnegative constraint: given the target

return, minimize the risk with nonnegative constraints added to the portfolio

weights, i.e. at each time t, minimize portfolio variance w1
tQtwt, subject to

constraints wtpjq ¥ 0, j P t1, � � � ,mu, w1
tf t � rt and w1

t1 � 1. No analyt-

ical form can be found in this non-linear optimization problem, so I use the

quadratic programming package in MATLAB to solve the optimal weights for

this rule.

3. Target margin, minimum risk with zero correlation with a benchmark asset:

given the target margin rt over a benchmark asset with st as the ex ante

mean of one-step-ahead return, optimize the portfolio weights by minimizing

the ex ante risk among the restricted portfolios whose ex ante correlation with

a benchmark asset is zero. Let xt, st, vt denote the return at time t, ex ante
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predictive return and ex ante predictive variance given x1:t�1 of the benchmark

asset, and write the ex ante mean and covariance of yt and xt jointly as follows:

E

�
yt
xt



�
�

f t
rt � st



, V

�
yt
xt



�
�
Qt qt
q1t vt



,

where qt � Cpyt, xt|Dt�1,x1:t�1q. Then this optimization problem is reduced

to solving wt, at each time t, that minimizes w1
tQtwt subject to the constraints

Cpw1
tyt, xtq � 0, w1

tf t � rt�st and w1
t1 � 1. As derived by Zhou et al. (2014),

the solution for the weights vector in this case is wt � KtB
1
tpBtKtB

1
tq�1at,

where Bt � rf t; qt; 1s1,at � prt, 0, 1q1.

The portfolio constructed under the rule of “target return, minimum risk” is

based on modern portfolio theory introduced by Markowitz (1959), which I call

“target portfolio” for convenience. It points out that investing is a tradeoff between

risk and expected return, and quantifies the risk increased by the increase in expected

return.

The rule of “target return, minimum risk with nonnegative constraint” is another

common rule that constrains the strategy to be long-only, relevant to long-only funds

or markets, or investors with short-averse preference. This type of portfolio, called

here as “target constraint portfolio”, essentially bears larger minimum risk than

that of the target portfolio. As exemplified below, it empirically realizes a larger

cumulative return as a trade-off of the larger risk than that of the target portfolio.

The third rule is a commonly used decoupling strategy, a risk diversification tool

with respect to the risk in the benchmark asset in portfolio management. The bench-

mark can be any asset, such as a stock index, a commodity, or foreign exchange

futures. I choose the benchmark asset to be the S&P 500 index, since profitable

investment strategies that are zero-correlated with this major market index are of

broad, practical interest. This is especially true during the crises such as that expe-
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rienced over late 2007-2009.

Due to their determining effects on conditional dependence structure, covariance

matrix elements can play key roles in portfolio decisions. As pointed out by Car-

valho and West (2007), in higher-dimensional portfolios the optimal weights can be

very volatile over time, induced by the uncertainty in the estimation of covariance

matrices. Selecting a sparse compositional network is crucial for a MDM to avoid

unnecessary parameters, collinearity issues, and estimation instability of covariance

matrices. Aiming to decrease the variance ofwt, I apply large-scale SSS over parental

sets, which essentially attempts to capture accurate conditional dependence struc-

tures among assets. If the compositional network should be much more sparse than

what is actually specified, then unnecessary parameters would be estimated, and

collinearity issues could arise and cause instability of covariance matrices. The fol-

lowing example explicitly illustrates the benefits of sparsity in terms of decreasing

portfolio risk and improving profitability, compared with the “full” model, whose

parental sets papjq are all equal to tj � 1 : mu, for j � 1, � � � ,m.

3.5.2 Data

This study analyzes m � 13 financial time series, which are daily closing prices

of 9 exchange rates, 2 commodities, and 2 U.S. stock indices in dollars from April

2006 through December 2011, consisting of 1,489 days in total. Table 3.1 shows the

series and corresponding abbreviations. The data cover the major liquid benchmark

securities across three asset classes to approximately reflect the global macroeconomic

environment. To scale each asset to a similar level, daily returns instead of daily

prices are analyzed. The daily return for asset j at time t is computed as yjt �
100pPjt{Pj,t�1� 1q, where Pjt is the price of asset j at time point t. Figure 3.1 shows

the daily returns of the 13 time series over the given period. I perform one-step-ahead

forecasting and Bayesian decision-making for the whole selected period.
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Table 3.1: Asset price series
Abbreviation Currency/Commodity/Index

CHF Swiss Franc
EUR Euro
NSD NASDAQ Composite Index
S&P S&P 500 Index
NOK Norwegian Krone
GBP British Pound
AUD Australian Dollar
NZD New Zealand Dollar
ZAR South African Rand
GOL Gold
CAD Canadian Dollar
JPY Japanese Yen
OIL Crude Oil

3.5.3 Parameter set

I analyze the data using the new SSS under the MDM model framework as specified

in (3.1). I consider every combination of the parameters in the first two rows of

Table 3.2, a total of K � 25 combinations as the value set Ψ, from which discount

factors Sj for each variable j are chosen, recalling that δ discounts regressions and β

discounts volatility. To bear practical relevance to the real market, the range of δ and

β is chosen to be 0.975 to 0.995; see Xie (2013). I believe that δ is strictly smaller

than 1 since the impact of historical information should be discounted instead of

being magnified or constant when updating the current posterior distribution of the

variance parameter processes.

The order I take for the series is shown in Table 3.3. The daily target return is

chosen to be 0.30%, corresponding to a (20-day) monthly target return of approxi-

mately 6%.

For all models of the form (3.1), I use shrinkage initial priors at t � 0 :

pθj0, λj0|D0q � NIGpmj0,Cj0, nj0{2, dj0{2q,
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Figure 3.1: Daily returns data of the 13 time series. The data set consists of 1,489
daily returns for each of these 13 assets, over the period of 04/14/2006 to 12/30/2011

where mjt � p0, � � � , 0q,Cjt � 0.1I, and nj0 � m, for j � 1, � � � ,m. The prior

residual variance estimate is sj0 � dj0{nj0 � 0.1, and thus dj0 � 0.1m.

3.6 Results

3.6.1 Model search

The SSS algorithm for the MDM models is run for 10,000 iterations with the starting

parental set for each series as the empty set. At each iteration for each series, all the

possible models in the neighborhood of the current model are evaluated by unnor-

malized posterior probabilities. The computing time mainly depends on the speed

of the calculation of posterior probabilities of univariate DLMs in the neighborhood.
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Table 3.2: List of parameter values used for SSS
Parameters Values

δ 0.975, 0.980, 0.985, 0.990, 0.995
β 0.975, 0.980, 0.985, 0.990, 0.995
ρ 0.1
η 1

Target Return 0.0030

In fact, at each iteration i, given the current model M ris � pP ris, Srisq, the number

of univariate DLMs in the neighborhood is

K �
m̧

j�1

rm� pjγpm� pjγqs � K � pm
3

4
�m2 �

m̧

j�1

ppjγ � m

2
q2q,

where the minimum is K �m2 � 25 � 132 � 4, 225 when pjγ � 0 for all j and the

maximum is 15,075. In general, this number is of the order of Opm3q.
Given the specified order of variables, the total number of possible univariate

DLMs for all models is K � p2m � 1q. Thus, when m is relatively small, I can

calculate all of them in parallel and save them in advance. Then when implementing

SSS, at each iteration, I can directly extract the corresponding posterior probability

of each model in the neighborhood from the saved values. However, when m increases

to extraordinarily large, since the number of univariate series needed to be calculated

at each iteration is Opm3q, if the number of iteration is also on a smaller scale of m,

I should not calculate all the univariate DLMs in advance. In the current example

with m � 13, I calculated all the 204,775 possible univariate DLMs in parallel in

advance.

After running the SSS algorithm with 276 iterations, I obtain the “optimal” model

in terms of cumulative return for the target constraint portfolio, which is as high as

234.0% over the given period; after 900 iterations, I find the “optimal” model in

terms of cumulative return for both the target portfolio and the benchmark neutral
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Table 3.3: Variable-wise discount factors for the optimal model for the target con-
straint portfolio

Asset CHF EUR NSD S&P NOK GBP AUD
δ 0.9800 0.9800 0.9900 0.9950 0.9800 0.9850 0.9950
β 0.9750 0.9800 0.9750 0.9750 0.9800 0.9750 0.9750

Asset NZD ZAR GOL CAD JPY OIL
δ 0.9900 0.9950 0.9850 0.9850 0.9950 0.9900
β 0.9750 0.9750 0.9750 0.9750 0.9750 0.9800

Table 3.4: Variable-wise discount factors for the optimal model of target portfolio
and benchmark neutral portfolio

Asset CHF EUR NSD S&P NOK GBP AUD
δ 0.9800 0.9750 0.9850 0.9950 0.9800 0.9850 0.9950
β 0.9750 0.9750 0.9750 0.9750 0.9800 0.9750 0.9750

Asset NZD ZAR GOL CAD JPY OIL
δ 0.9900 0.9900 0.9850 0.9950 0.9950 0.9950
β 0.9750 0.9750 0.9750 0.9750 0.9750 0.9750

portfolio, which has cumulative returns of 151.1% and 149.0% over the given period.

The high speed of locating the most lucrative model illustrates the efficiency of SSS.

The parental sets and discount factors for each series under the “optimal” model for

the target constraint portfolio is shown in Figure 3.2, Table 3.3 and Table 3.4.

To test the robustness of the new SSS algorithm, I run 2,000 iterations of SSS

6 times, each time beginning from different starting points, i.e. parental sets, and

examine the efficiency of the algorithm in finding profitable models. The starting

parental sets chosen are Pk, k � 0, 1, 2, 3, 4, 5 such that for k � 0, 1, 2, 3, 4, Pk �
tpapjq : pγj � k if j � 1, � � � ,m � k; papjq � j � 1 : q, if j � m � k � 1, � � � ,mu,
where the k elements in the corresponding papjq are uniformly drawn from j�1 : m;

the last set of parental sets is the full set, i.e. P5 � tpapjq � j�1 : q, j � 1, � � � ,mu.
The results suggest that for 6 runs, SSS finds the “optimal” models under the 3

portfolio decision rules within the first 1,000 iterations; the “optimal” models found
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Figure 3.2: Parental sets of the optimal model
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realize similarly high cumulative return over the given period– all above 200% for

the target portfolio, around 150% for the target portfolio and benchmark neutral

portfolio. These results exhibit the robustness of the new SSS in finding good models

with regard to different starting points in the high-dimensional model space.

3.6.2 Model comparison on parental set sparsity

This section aims to illustrate the advantage of sparsity of parental sets in terms of

ratios of cumulative return and risk. For each type of portfolio strategy, I compare

two models: (1) the optimal model found by SSS, which has a sparse compositional

network, and (2) the model of full parental sets, i.e., papjq � j � 1 : m for all

j � 1, � � � ,m. To control the impact of other parameters, I use the same state

and observation discount factors for the latter with the former. A couple of impor-

tant quantities that can reflect the impact on predictions and portfolio decisions are

examined in detail in the model comparison by the following two measures.

1. The accuracy of forecasts of asset returns and resulting portfolio decisions, in

terms of realized cumulative returns.

2. The projected risk, i.e. the forecast variance of the portfolio return.

I assume that there are no transaction costs for portfolio rebalancing, or that such

transaction costs are negligible in terms of influence on the computation of cumulative

returns. The comparisons of cumulative return between the portfolios computed by

model (1) and (2) for each type of portfolio strategy are shown in Figure 3.3. As

can be clearly seen, the model with sparse structure outperforms the model without

sparsity in terms of cumulative returns thoughout the given period.

Figure 3.4 demonstrates the ex-ante portfolio risk ratios of model (2) relative to

model (1) for each type of portfolio. These ratios are larger than 1 for 68.1%, 56.0%

and 54.6% of the sample period, respectively for the target constraint, target and
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Figure 3.3: Portfolio cumulative return of the optimal MDM parental sets and full
parental sets

36



benchmark portfolio. Thus the results suggest that sparse compositional network

indeed leads to lower risks for each of the 3 types of portfolios.

This example demonstrates the importance of appropriate compositional network

structure and the fact that the resulting parameter parsimony can indeed contribute

to portfolio forecasts and resulting decisions by improving returns and decreasing

risks.

3.6.3 Variable-wise discount factors

Evidence in support of allowing discount factors to vary across series is shown in

detail. For the target constraint portfolio, I set the parental sets P to be the same

as in model (1) in Section 3.6.2. Then if the discount factors pδj, βjq are constrained

to be the same across series, i.e.

pδ1, β1q � pδ2, β2q � � � � � pδm, βmq,

there are 25 combinations of pδj, βjq and thus 25 models under which I forecast the

returns and make portfolio decisions. For the target constraint portfolio, the highest

cumulative return is 169.8% out of these 25 models, which is significantly lower than

the “optimal” portfolio with variable-wise discount factors by 37%. Similar results

can also be found for target portfolio and benchmark neutral portfolio, and thus are

omitted here.

More justification for allowing discount factors to be series-specific can be found

in the scatter plots in Figure 3.5 and Figure 3.6. The two horizontal axes are

discount factors δj and βj, and the vertical axis is log posterior probability, i.e.

P pδj, βj, papjq|yj,1:T q. I add a tiny disturbance, a zero-mean normal noise of stan-

dard deviation 0.00001, to each dimension of each point in the figure, so that the

density of points can be viewed as roughly proportional to the marginal posterior

probability of discount factors pδj, βjq within the space of the 10,000 models visited
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Figure 3.4: Ex ante (at time t givenDt�1) ratio of portfolio risk under the full model
relative to the “optimal” model of each type of portfolio. The discount factors for
each series under the two portfolios are identical

38



by the SSS. It is obviously seen that the “optimal” combinations of δj and βj– in

terms of both joint and marginal posterior probability– differ across assets, which

indicates support for the flexible, series-specific structure of discount factors under

the MDM framework.

3.6.4 Probability and return

Figure 3.7 shows the average risk, i.e. the ex ante standard deviation of the portfolio’s

return through the given period. Apart from the three axes, the fourth dimension

is the color of each point, which shows the sparsity of each model. As can be

seen in the figure, some models are of high posterior probabilities, high returns

and low risks; some models are of high posterior probabilities, yet low returns and

high risks; some models are of low posterior probabilities, yet high returns and low

risks. These figures clearly illustrate the fact that higher posterior probability does

not necessarily lead to higher investment performance. From the perspective of a

practical investor, the main interest is focused on the latter instead of the former.

This practical perspective suggests a new perspective on model parameters, differing

from the traditional probability-oriented approach. That is, the model parameters

can be treated as decision variables and be selected by Bayesian decision theory

based on practical utility functions.

3.7 Summary: Discussion and Future Research

By decomposing a multivariate DLM into sets of univariate DLMs that can be an-

alyzed in parallel, I find that MDMs, a rich class of multivariate DLMs, allow for

sparse conditional dependence network, and flexibility of discounting historical in-

formation in updating stochastic volatility. The compositional network represented

by parental sets provides a natural framework under which I develop not only se-

quential updating, on-line forecasts and decisions that broadens the current theory
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Figure 3.5: Scatter plots of the discount factors pδ, βq, and their log posterior
probability of CHF, EUR, NSD, S&P, NOK, GBP, AUD, NZD
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Figure 3.6: Scatter plots of the discount factors pδ, βq, and their log posterior
probability of ZAR, GOL, CAD, JPY, OIL

and methods of Bayesian dynamic models, but also parallel algorithms to enable the

previously unfeasible computation. The local trend model utilized in my application

can be easily extended to time-varying vector autoregressive (TV-VAR) models, as

noted in the following chapter.

I have shown that SSS can succeed in not only exploring large MDM space, but
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Figure 3.7: Scatterplot of the 10,000 models visited by SSS
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also in locating practically lucrative models in financial application. Moreover, under

the parallelizable framework, the new SSS algorithm allows the stochastic search to

move in each dimension simultaneously at each iteration, and thus moves faster to

high probability model space than does the original SSS of Jones et al. (2005).

While this chapter develops the framework of MDMs, several research ques-

tions are motivated and remain open for future research. One indication from the

above analysis is that fitting MDMs using local move methods is feasible for higher-

dimensional time series data, at least up to a few hundreds of series, since the number

of univariate DLMs in the neighborhood is Opm3q. When m increases further, par-

allel computation by GPU can still enable computation for SSS at each move, which

mainly involves the calculation of Opm3q univariate models in the neighborhood.

Hence, to extend the method to higher dimensional series, future work might in-

clude the GPU implementation for analysis of large numbers of univariate DLMs in

parallel.

The results of the application indicate that higher posterior probability models do

not necessarily lead to higher investment performance. Therefore, further research

might include treating the discount factors as decision variables and using Bayesian

decision theory to select their values. The modelling context of multi-process, class

I (West and Harrison, 1997) provides a natural framework to start the exploration

in this area.

The above results illustrate significant improvements in forecasts and decisions

in MDMs with particular model parameters. Another step is to construct robustly

lucrative strategies that can choose appropriate model parameters adapting to poten-

tial regime switch and market shocks. Under various possible multi-process modeling

contexts, new interesting theory and empirical analysis in exploring model mixing

and averaging of MDM models might be developed, especially on sequential model

selection procedures that address uncertainty about parental sets, discount factors
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as well as the ordering of variables. I discuss the model averaging of MDMs with

detailed development and applications in the next chapter.
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4

Extended Bayesian Model Averaging

4.1 Introduction

While Chapter 3 has illustrated the effectiveness of some particular MDMs in infer-

ence and forecasting of multivariate time series, another step further is to address

online model structure search and uncertainty analysis. BMA serves as a common

method to deal with model uncertainty and is well-known for superior performance

in out-of-sample predictions, which can provide numerous practical benefits.

As discussed by West and Harrison (1997), issues of model uncertainty in the

context of DLMs can be addressed by two types of multi-process models. Let η be

any defining parameters of the model which are possibly subject to uncertainty and

A be the set of all possible values for η. The model with parameter values of η0 at

time t is Mtpη0q. The two types of multi-process contexts are defined as follows:

I For some η0 P A, Mtpη0q holds for all t.

II For some sequence of values ηt P A, pt � 1, 2, � � � q, Mtpηtq holds at time t.

In the multi-process, class I modeling context, I develop new Bayesian analytics

for forecasting with model mixing and averaging of MDMs. I also utilize power

45



discounting techniques for adaptively processing new information, which effectively

shortens the average span of relevance historical information.

BMA on MDMs is customized to take advantage of the decomposable feature of

MDMs. It essentially transforms the problem of model averaging from multivariate

to univariate contexts. Specifically, for each series, I consider the mixture of multiple

candidate univariate DLMs whose posterior probabilities over time are sequentially

updated in parallel. I also naturally design parallel algorithms across all series to

update univariate DLMs so that tractable computation of online learning of model

parameters is achieved.

Section 4.2 introduces priors and likelihoods for model parameters and reviews

the model framework of MDMs. Section 4.3 introduces an extended BMA method

and outlines Bayesian computation for the first two 1{k-step-ahead predictive mo-

ments. Finally, an application is detailed using the MDM with extended model

averaging, in Section 4.4. In Section 4.5, I discuss forecasting and portfolio results

and illustrate the practical efficacy of MDMs in generating profitable strategies in

a financial time series sequential investment decision context. Section 4.6 provides

summary comments and indications of potential future research.

4.2 Priors and Likelihoods for Model Parameters

I specify notation as follows. Let L be the autoregressive lag order set of a MDM, i.e.

L � tpjλ, j � 1, � � � ,mu, and assume that l is the maximum possible autoregressive

lag order, i.e. pjλ P L � t1, � � � , lu, for all j � 1, � � � ,m. Define Mpjq to be the

submodel for series j under M , i.e. ppapjq,Sj, pjλq. From the model specification

of (2.9), pS,L,Pq defines a multiregression dynamic VAR model, denoted by M �

pS,L,Pq.
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4.2.1 Priors

In this subsection I specify the prior distributions for the three main model param-

eters, AR lag order, parental sets, state discount factors and observation discount

factors. Due to the interest in sparse models, I use the same prior on the parental

sets papjq as specified in Section 3.2.1, i.e. Bernoulli prior. Assume identically in-

dependent priors for each Sj with discrete uniform distribution on Ψ and pjλ on L,

and that S, P and L are mutually independent.

4.2.2 Likelihoods and posteriors

Notice that the compositional network structure of MDM implies that

ppyjt|Dt�1q � ppyjt|Dt�1pjqq. (4.1)

Thus at each time t, the likelihood of M can be written as the product of likelihoods

of the Mpjq, namely

ppy1:t|P ,S,Lq �
m¹
j�1

ppyj,1:t|papjq,Sj, pjλq �
m¹
j�1

T¹
τ�1

ppyjτ |ypapjq,τ ,Sj, pjλ,Dτ�1pjqq

where ppyjτ |ypapjq,τ ,Sj, pjλ,Dτ�1pjqq is calculated via equation (2.6). Thus, the pos-

terior probability of a model M is proportional to

P pSqP pLqppy1:t|P ,S,Lq
m¹
j�1

ρpjγ p1 � ρqm�j�pjγ ,

which can be decoupled as the product of the posteriors of each Mpjq, i.e.

P pM |Dtq 9
m¹
j�1

P pMpjq|yj,1:tq �
m¹
j�1

P pSj, pjλ, papjq|yj,1:tq,

where

P pSj, pjλ, papjq|yj,1:tq 9 ppyj,1:t|papjq,Sj, pjλqρpjγ p1 � ρqm�j�pjγP pSjq.
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This decomposition indicates that BMA on M can be decomposed by recursively

averaging over Mpjq conditional on the averaged results for Mpkq, k � j� 1, � � � ,m.
That is, for each j � m,m � 1, � � � , 1 in turn, I can apply model averaging with

respect to Mpjq and then combine the averaged results, as discussed in the following

section in detail.

4.3 Univariate Model Averaging for Multivariate Time Series

Due to the compositional and decomposable structure of MDMs, a m-dimensional

multivariate MDM is defined by the m univariate DLMs. For each series yj,1:T , I con-

sider the case where multiple models are considered and there is uncertainty about

models. That is, each time series follows a multi-process, class I model, where a

single DLM with a certain set of parameters holds at all time points, but uncer-

tainty of which model is “true ” exists. According to West and Harrison (1997), the

basic averaging theory underlying mixture models is used to calculate time-varying

posterior probabilities of each candidate model, which are the weights assigned to

different parameter values. The weighted average parameter values across models

reflect the changes in model uncertainty over time. I can also assess how sensitive

model forecasts are to each of the parameters.

The space for M is high dimensional with even a small m, since it increases

exponentially with the increase of m. The number of possible models is the product

of the numbers of possible combination of volatility discount factors, autoregressive

lag orders, and parental sets, which is mK�l � 2mpm�1q{2. This means when m is

more than a small number, enumerating all possible models is impossible. I propose

an innovative method to address this by transforming the model uncertainties from

multivariate to univariate contexts. This method is natural due to the decomposable

structure of MDMs and reduces the computation of model averaging to analyzing°m
j�1K � l � 2m�j � Klp2m � 1q univariate DLMs and then combining the results
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of the m series.

Starting with an initial prior density ppM |D0q for model M, information is se-

quentially processed to provide inferences about model M via the posterior P pM |Dtq
at time t, using Bayes’ theorem,

P pM |Dtq 9 ppyt|M,Dt�1qP pM |Dt�1q. (4.2)

For each series j, let M j � tMji, i � 1 : mju denote the union set of all possible

parameter values of Mpjq, which has mj elements. At time t, let pjtpiq � P pMpjq �
Mji|Dtpjqq, and X t be any vector of random quantities of interest. I thus have the

following posterior probabilities for any set of parameter values Mji on the univariate

dimensions:

pjtpiq 9 ppyjt|Mji,yj�1:m,t,Dt�1pjqqpj,t�1piq,

for all i � 1 : mj and j � 1 : m. To make inference about X t within model j

but without reference to any particular value of Mji, the required marginal posterior

densities are now simply

ppX t|Dtpjqq �
mj¸
i�1

ppX t|Mji,Dtpjqqpjtpiq. (4.3)

4.3.1 Extended BMA by power discounting

Following West and Harrison (1989, p. 445) and Xie (2013), I introduce model prob-

ability discounting for adaptively processing new information. The model posterior

probabilities at time t contains all the historical information from time 1 to t � 1,

but the goal is to place more emphasis on more recent data, since more recent in-

formation usually has more relevance to making inferences on current and future

quantities. Probability discounting is essentially, at any time t, updating the prior

probabilities of any model by raising the power of the posterior probability of this

model at t � 1 to a certain value strictly smaller than 1. This power, denoted by
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α, reflects the degree of information discount per unit of time. For example, the

daily discount of an α equal to 0.9857 would lead to a quarter of market information

discount of the information from a month ago, since 0.985720 is 75%, where I assume

one month comprises 20 business days.

With model probability discounting, the model posterior probability is sequen-

tially updated as

pjtpiq 9 ppyjt|Mji,yj�1:m,t,Dt�1pjqqpj,t�1piqα.

Hence the log ratio of posterior probabilities between two models, Mji,Mjk, is:

log
pjtpiq
pjtpkq � αlog

pj,t�1piq
pj,t�1pkq � log

P pyjt|Mji,yj�1:m,t,Dt�1pjqq
P pyjt|Mjk, ,yj�1:m,tDt�1pjqq

�
ţ

s�1

αt�slog
P pyjs|Mji,yj�1:m,t,Ds�1pjqq
P pyjs|Mjk,yj�1:m,t,Ds�1pjqq .

The joint predictive density under α is

ppyt|α,Dt�1q �
m¹
j�1

ppyjt|yj�1:m,t, α,Dt�1pjqq

�
m¹
j�1

mj¸
i�1

ppyjt|Mji,yj�1:m,t,Dt�1pjqqpj,t�1piqα{
mj¸
i�1

pj,t�1piqα.

Starting with an initial prior density ppα|D0q for α, information is sequentially pro-

cessed to provide inferences about α via the posterior ppα|Dtq at time t,

ppα|Dtq 9 ppα|Dt�1qppyt|α,Dt�1q.

In the next section I develop analytic forms for 1-step-ahead joint predictive mean,

covariance and precision matrix for MDMs following multi-process, class I. However,

analytic forms for k-step-ahead (k ¡ 1) predictive moments can be similarly deduced

like 1-step-ahead forecasts but are mathematically complicated. In the application

example, simulation method is used to calculate the k-step-ahead moments of yjt

and hence yt.
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4.3.2 1-step-ahead joint predictive mean, variance matrix

I develop an innovative recursive method to calculate model averaging results for

the 1-step-ahead joint predictive mean, covariance matrix and precision matrix. Fol-

lowing Section 4.3, one key point to highlight here is that this method exploits the

compositional structure of a MDM by translating model averaging from multivari-

ate to univariate contexts. From (4.3) it follows that all posterior distributions for

1-step-ahead predictive distributions are calculated as discrete mixtures. Some ba-

sic inference about such mixtures is as follows. I first give notation for conditional

expectations and variances as

Epyjt|Dt�1q � fjt, Vpyjt|Dt�1q � qjt,

Epyjt|Mji,Dt�1pjqq � fjit, Vpyjt|Mji,Dt�1pjqq � qjit.

Due to (4.1), I have

Epyjt|Dt�1q � Epyjt|Dt�1pjqq, Vpyjt|Dt�1q � Vpyjt|Dt�1pjqq.

Then

fjt � Epyjt|Dt�1pjqq �
mj¸
i�1

pjtpiqfjit,

qjt � Vpyjt|Dt�1pjqq �
mj¸
j�1

pjtpiqrpfjit � fjtq2 � qjits.
(4.4)

The 1-step-ahead covariance of yjt and ykt can be calculated using the following

theorem.

Theorem 4.3.1. Under the modeling context of multi-process, class I, for j   k, the

1-step-ahead covariance of yjt and ykt of an MDM is

Cpyjt, ykt|Dt�1q �
mj¸
i�1

Cpyjt, ykt|Mji,Dt�1qpjtpiq.
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Proof. Since j   k, I have

ppykt|Mji,Dt�1q � ppykt|Dt�1q,

and thus

Epykt|Mji,Dt�1q � Epykt|Dt�1q, @i P t1, � � � ,mju.

Therefore, the covariance of series j and series k is

Cpyjt, ykt|Dt�1q � Epyjtykt|Dt�1q � Epyjt|Dt�1qEpykt|Dt�1q

�
mj¸
i�1

rEpyjtykt|Mji,Dt�1q � Epyjt|Mji,Dt�1qEpykt|Dt�1qspjtpiq

�
mj¸
i�1

rEpyjtykt|Mji,Dt�1q � Epyjt|Mji,Dt�1qEpykt|Mji,Dt�1qspjtpiq

�
mj¸
i�1

Cpyjt, ykt|Mji,Dt�1qpjtpiq.
(4.5)

Then, for each series j P t1, � � � ,mu, the joint predictive mean f t � Epyt|Dt�1q
and covariance matrix Qt � Vpyt|Dt�1q at each time t can be calculated recursively

from j � m to 1 with the following steps.

i. Start at j � m: with Mpjq � i, this defines Mji � pparispjq,Sris
j , p

ris
jλq, parispjq � H,

i P t1, 2, � � � ,mju at j � m. Compute the univariate mean and variance of ymt under

each Mji, namely

fjit � fmitpHq, qjit � rmit
prmit � 2qqmitpHq

using the implied simplified forms of (5.27) with all terms in ypapmq set to zero. Then

calculate the marginal predictive mean and variance for ymt|Dt�1 using (4.4). Insert

fmt as the m�the element of f t and qmt as the pm,mq�element of Qt.
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ii. For j � m� 1,m� 2, . . . , 1 in turn: With Mji � pparispjq,Sris
j , p

ris
jλq, i � 1, � � � ,mj,

calculate the following quantities in parallel:

fjit � ErEpx1
jitajiφt � y1parispjq,tajiγt|Dt�1,yparispjq,t,Mjiq|Mji,Dt�1s,

� x1
jitajiφt � f 1

parispjq,tajiγt,

qjit � rjit
prjit � 2qpsji,t�1 � ujitq � a1jiγtQparispjq,tajiγt,

where ujit is

f 1
parispjq,tRjiγtf parispjq,t � trpRjiγtQparispjq,tq � 2x1

jitRjiφγtf parispjq,t � x1
jitRjiφtxjit.

These two moments are obtained from the conditional distribution given by (2.3).

Then calculate fjt and qjt according to (4.4), and insert fjt as the j�th element

of f t and qjt as the pj, jq�element of Qt, respectively. Write aj�1:m,i,γt for the

pm� jq�vector that extends ajiγt with zeros for elements h R parispjq. Then

Cpyjt,yj�1:m,t|Mji,Dt�1q � Qj�1:m,taj�1:m,i,γt.

Then calculate Cpyjt,yj�1:m,t|Dt�1q � qj,j�1:m,t according to (4.5), and insert element

h of this vector as the pj, h� jq and ph� j, jq entries of Qt, for h � 1 : m� j.

iii. End: at this point, j � 1 and I have filled in all elements of the m�vector f t,

m�m matrix Qt. The precision matrix can be calculated similarly as I discussed in

Section 2.3.3.

4.3.3 k-step-ahead joint predictive moments– outline of Bayesian computation

At each time t, the k-step-ahead predictive mean, covariance matrix are calculated

based on the k-step-ahead prior and forecasts summarized in Section 2.3.1. However,

unlike the 1-step-ahead case, it is easy to prove that Cpypapjq,t�h,yj,t�h�pjλ:t�h�1q is

non-zero in many cases so I cannot use the recursive method developed in Section
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4.3.2 to obtain its analytic form. Therefore, I generate Monte Carlo simulations to

calculate the joint predictive moments for yt�h. The computational procedure is as

follows. Let nmc be the sample size. At each time t, for each iteration i � 1 : nmc,

and in the order of j � m,m� 1, � � � , 1 in turn, proceed with the following steps.

1. Sample index i� P t1, � � � ,mju with probability P pindex � i�q � pjtpi�q.

2. For h � 1, draw y
piq
j,t�1 according to the pdf ppyj,t�1|ypari�spjq,t�h,Mji� ,Dtq, a T

distribution as specified in (2.4). Append the sampled value to the vector of

predictors x
piq
j,t�2, to serve as the first lag for the next forecast y

piq
j,t�2.

3. For h � 2, � � � , k in turn, according to (2.4), sample the h-step-ahead value

y
piq
j,t�h from the conditional predictive distribution

ppypiqj,t�h|ypari�spjq,t�h,x
piq
j,t�h,Dtq.

Append the sampled value to the predictor vector x
piq
j,t�h�1, to serve as the

corresponding lag for the next few forecasts y
piq
j,t�h�1:t�k.

4. In the order of h � 1, 2, � � � , k, compute the sample mean and variance of

typiqj,t�h, i � 1 : nmcu as the predictive moments of yj,t�h, fjtphq and qjtphq. Insert

fjtphq as the j-th element of f tphq and qjtphq as the pj, jq element of Qtphq.
Compute the sample covariance of typiqj,t�h, i � 1 : nmcu and typiqj�1:m,t�h, i � 1 :

nmcu as the predictive covariance Cpyj,t�h, yj,j�1:m,t�h|Dtq; insert element s of

this vector as the pj, sq and ps, jq entries of Qtphq, for s � j � 1 : m.

Notice that when j � m, I have pari
�spjq � H for all i� P t1, � � � ,mju.

The sequence of simulation steps above can be clearly shown in the picture below.

For each iteration i, start from the first row, calculate each column from column 1
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to k, and then move to the next row, until finishing by computing the mth row.

y
piq
m,t�1 Ñ y

piq
m,t�2 Ñ � � � Ñ y

piq
m,t�k

y
piq
m�1,t�1 Ñ y

piq
m�1,t�2 Ñ � � � Ñ y

piq
m�1,t�k

...
...

...

y
piq
1,t�1 Ñ y

piq
1,t�2 Ñ � � � Ñ y

piq
1,t�k

4.3.4 k-step-ahead predictive return moments

Since the k-step-ahead (for k ¡ 1) predictive distribution is not a standard distri-

bution, such as normal or T, analytic forms of forecast moments are not available.

Thus I also use Monte Carlo simulations to calculate the forecast mean and variance

matrix of k-step-ahead forecasts. This can be done by adding another step after step

4 above: calculating the sample predictive mean and variance matrix for the series.

In the following application in portfolio decisions, I forecast the first two moments of

the predictive returns at each time t, then make decisions on portfolio weights allo-

cation, and calculate quantities of practical interests such as the cumulative returns

and risks.

4.4 Application to Financial Time Series

This portfolio study in financial time series illustrates the time-varying patterns of

model parameters and the benefits of power discounting in forecast accuracy and

Bayesian decisions.

4.4.1 Dynamic portfolio allocation

Following the dynamic portfolio allocation process and rules introduced in Section

3.5.1, the analysis in this chapter also uses traditional Bayesian mean-variance op-

timization (Markowitz, 1959) subject to constraints. In this section, I use extended

BMA over a pool of models instead of any particular MDM. Since forecast means

and variances are critical in mean-variance portfolio optimization methods, extended

55



BMA, with well-known robustness in capturing model uncertainty, can be expected

to lead to practically more attractive sequential investment decisions.

The application uses time-varying autoregressive MDMs under extended BMA

in forecasting and portfolio decision making. I again focus on measurements of

practical relevance, i.e. realized investment performance. The three portfolio con-

struction rules are the same as in Section 3.5.1, namely target, target constraint, and

benchmark neutral rules. Since extended BMA allows adaptive learning of uncer-

tainties in conditional dependence networks through time, different sparsity patterns

on parental sets can be captured to avoid the collinearity issues.

4.4.2 Data

This analysis uses the same m � 13 financial time series introduced in Section 3.5.2,

but the difference is that log of daily closing prices are modeled instead of returns.

Hang (2011) illustrated that modeling prices can gain more predictive power than

modeling returns.

Another difference is that the sample period is from 1st August, 2000 through

31st December, 2011, consisting of 2,979 days in total, double the time period of the

previous study. I divide this period into two datasets: (1) from 1st August 2000 to

14th April 2006 (1,489 log-prices) as the training dataset to estimate the parameters,

and (2) from 17th April 2006 to 31st December 2011 (1,490 log-prices) to evaluate

out-of-sample performance of portfolio decisions.

The specific series as in Table 3.1. Figure 4.1 presents the daily log-prices of the

13 time series over the whole sample period. The vertical line in the middle of each

plot divides the data into the training and testing period.
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Figure 4.1: Daily log-prices of the 13 time series. The data set consists of 2,979
daily closing prices for each of these 13 assets, over the period of 01/08/2000 to
12/30/2011. The vertical red lines demarcate the first period of training data from
the following period of test data

4.4.3 Model and parameter sets

I analyze the data using extended BMA on multiregression dynamic VAR models.

The candidate models are MDMs with observation equation specified by (2.10). The

state evolution models are vector random walks, whose form is a local trend model.

Specifically,

yjt � F 1
jitθjit � νjit, νjit � Np0, λjitq,

θjit � θj,i,t�1 �wjit, wjit � Np0,W jitq,
(4.6)

where W jit � p1 � δjiqCj,i,t�1{δji, for j � 1, � � � ,m. The sequential updating of the

distribution of θjit is described in detail by West and Harrison (1997).
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I calculate 1-step-ahead and 5-step-ahead predictive moments and make portfolio

decisions during the testing period. The analytic forms of 1-day-ahead predictive

moments are obtained as discussed in Section 4.3.2. The Monte Carlo method

introduced in Section 4.3.3 is used to calculate the 5-day-ahead predictive moments

for the log-prices, where 10,000 iterations have been generated at each time t. The

1-day-ahead and 5-day-ahead predictive moments of price returns are also calculated

by the Monte Carlo method. The computing time mainly depends on the speed

of the computation of two parts - the forward-filtering of the univaraite candidate

DLMs, and the simulations to calculate 5-day-ahead moments.

Given the specified order of variables, the total number of possible univariate

DLMs for all models is l �K � p2m � 1q. Thus, since m is only 13, I calculate the

forward-filtering results of all possible models over the training period in advance in

parallel. I then select a subset of these models as candidates to apply our extended

BMA to the testing data to make out-of-sample predictions.

The models selected are those with posterior probability larger than a threshold,

so that only a medium number of models would be included in the averaging process

for out-of-sample prediction. In fact, choice of this threshold is of subtlety since

extremely small value can result in inclusion of too many models for averaging in

terms of computation burden, which would rapidly increase as the dimension m

increases. However, on the contrary, a large threshold may eliminate some essentially

influential models so that out-of-sample prediction might degrade.

I consider every combination of the parameters in the first two rows of Table

4.1. This includes a total of K � 25 combinations as the value set Ψ, from which

discount factors Sj for each series j can be choson, where δ discounts regressions and

β discounts state volatility.

To bear a practical relevance to the real market, the range of δ and β is chosen

to be 0.975 to 0.995, and the range of α to be 0.950 to 1.000. Empirical evidence
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can be found in Xie (2013). I believe that δ, β, α are smaller than 1 since the histor-

ical information should be discounted instead of being magnified or constant when

updating the current posterior distribution of the variance parameters and model

probabilities.

For all candidate models of the form (4.6), I use shrinkage initial priors at t � 0 :

pθji0, λji0|D0q � NIGpmji0,Cji0, nji0{2, dji0{2q

where mjit � p0, � � � , 0q1,Cjit � I, and nji0 � m and dji0 � m, for j � 1, � � � ,m.
Note that the residual variances estimate is sji0 � dji0{nji0 � 1 for each j. The

threshold for model selection is 0.001.

For portfolio decisions, the weekly (5-day) target return is chosen to be 0.5%,

corresponding to an annual target return of 30%.

Table 4.1: List of parameter values used for model averaging
Parameters Values

δ 0.975, 0.980, 0.985, 0.990, 0.995
β 0.975, 0.980, 0.985, 0.990, 0.995
α 0.950, 0.955, 0.960, 0.965, 0.970, 0.975,

0.980, 0.985, 0.990, 0.995, 1.000
l 1, 2
ρ 0.3

Threshold 0.001
nmc 10,000

Target Return 0.5%

4.5 Results

4.5.1 Model probability discounting

Posterior Probability

Figure 4.2 illustrates the marginal posterior probabilities of α, tP pα|Dtq : t �
1, 2, � � � , T u, over the training period and testing period. Note that the models with
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no model probability discounting, i.e. α � 1, are clearly dominated by those with

discounting, i.e. α   1, for having obviously lower posterior probability throughout

the whole sample period. This dominance confirms the advantage of model discount-

ing in better adapting to new information. Notice that the posterior probabilities

of α   1 stay relatively stable over time with insignificant differences between each

other. Thus I need extra evidence for choosing an appropriate α.

Figure 4.2: Posterior probabilities of model discount factor α, tP pα|y1:tq : t �
1, 2, � � � , T u, over the training data period and testing data period

Forecast accuracy

Figure 4.3 shows the forecast accuracy measured by out-of-sample RMSE and MAD

of the 1-step-ahead and 5-step-ahead forecasts under different α values during the

testing period. As shown in both figures, higher α leads to lower prediction accuracy.

In most of the following discussions, I take α � 0.980 as an example to illustrate the

practical relevance of model averaging, since both the forecast accuracy and model

posterior probabilities are relatively high at this power discounting level.
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(a) 1-step-ahead (b) 5-step-ahead

Figure 4.3: Out-of-sample prediction accuracy measured by RMSE and MAD of
1-step-ahead and 5-step-ahead forecasts under different model discount factors

Let ejtpkq, t � 1, 6, � � � , T, denote the standardized k-step-ahead forecast errors,

i.e.

ejtpkq � fjtpkq � yj,t�ka
qjtpkq

.

The upper subplot of Figure 4.4 shows the trajectories of log prices, 5-day-ahead

forecast mean, and 90% credit interval of OIL. The lower subplots of Figure 4.4

illustrate the 5-day-ahead standardized forecast errors of log prices of Oil, i.e. e13tp5q,
and its QQ plot. As can be seen from the normal QQ plot, the shape of the QQ

curve suggests that the standardized errors follow a distribution slightly more fat-

tailed than the standard normal distribution. This justifies our assumption that the

observation noise follows a mixture T-distribution. Moreover, it approximately lies

on the line y � x, supportive of a reasonable goodness-of-fit. Table 4.2 shows the

percentage of real values falling into the 90% credible interval of the 5-step-ahead

predictive distribution for each asset. The 90% credible intervals generally provide a

good predictive reference of the empirical coverage of data values. A good example

is that of the 90% credible intervals for OIL, with 90.2% coverage.
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Table 4.2: Coverage is the percentage of real values falling into the 90% credible
interval of the 5-step-ahead predictive distribution for each asset

Asset CHF EUR NSD S&P NOK GBP AUD
Coverage 79.8% 73.4% 89.6% 89.2% 77.8% 82.2% 75.4%
Asset NZD ZAR GOL CAD JPY OIL
Coverage 82.5% 84.5% 87.5% 86.5% 87.5% 90.2%

4.5.2 Time-varying auto-regressive lag structures

Figure 4.5 shows the trajectories of average lag order for each asset and the posterior

probability of AR lag order equal to 2 over the testing period, i.e. Eppjλ|Dtq and

P ppjλ � 2|Dtq. It can be seen that all series demonstrate model uncertainties on AR

order over time. The difference of average AR order across assets can be significant.

Figure 4.4: Log price, 5-day-ahead predictive mean, and their difference, i.e. fore-
cast error, versus log price
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For example, CHF has relatively stable, high posterior probabilities of AR order

equal to 1 during most of the test period, while S&P has very volatile probabilities

of AR order equal to 1 throughout the testing period.

Figure 4.5: Bayesian model averaged lag order for each asset (upper frame), and
posterior probability of AR order = 2 (lower frame)

4.5.3 Series-specific time-varying discounting methods for stochastic volatilities

Figure 4.6 plots the trajectories of average observation and state discount factors

for each asset over the testing period, i.e. Epδj|Dtq and Epβj|Dtq. As can be seen,

there is shifting of model probabilities over time across both state and observation

discount factors. For instance, I can observe one striking decline of state discount

factors, βj for almost all the 13 assets from the September of 2008 onwards, which

coincides with the onset of the global financial crisis. This is the time when global
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financial market began to crash and price volatilities of almost all assets surged to

historically high levels. In addition to this time-varying feature, it can also be seen

that before the 2008 crisis, idiosyncratic volatility dominates so that the levels of

the βj show larger differences than those after the crisis when systematic volatility

dominates.

Figure 4.6: Summary posterior inferences on observation and state discount factors
for each asset

4.5.4 Dynamic sparse conditional dependence networks

Trajectories of parent inclusion posterior probabilities, P pζji � 1|Dtq, j � 1, � � � ,m;

i � j � 1, � � � ,m; t � 1, � � � , T, for each asset j are shown in Figures 4.7, 4.8 and
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4.9. As can be seen, model uncertainties on parental sets demonstrate time-varying

and series-specific patterns. For example, the posterior probability of S&P belonging

to NSD’s parent set is high throughout the whole sample period. This relationship

is in accord with the common market sense that the two stock indices are highly

correlated. Similarly, NZD is AUD’s parent with posterior probability close to 1

throughout the whole sample period, while the two currencies have a well-known

high correlati on. Notice that model averaging allows time-varying parents for each

asset.

Figure 4.10 shows the trajectories of the average size of parental set of each asset,

i.e. Ep°m
i�j�1 ζji|Dtq. Compared with the highly-volatile parent inclusion probabil-

ities over time, the average sizes of parent sets are more stable for most of the 13

assets. The numbers on the right of this figure are the sample means of the posterior

means of the parental set size of each asset over the testing period, which are all less

than the maximum possible parental size m�j. This small volatility and average size

of parent set recognizes collinearity of different assets, and thus supports the choice

of a sparse prior for parent inclusion.

4.5.5 Portfolio analysis

Performance measures

As shown in numerous previous works, there is no single conclusive measure to eval-

uate the performance of dynamic portfolio allocation strategies. I consider popular

performance measures which are often adopted in the literature, including cumula-

tive return (CR), mean realized return (MRR), realized risk (RR), projected risk

(PR), Sharpe ratio (SR) and projected Sharpe ratio (PSR).

Cumulative return. Denote RRt to be the realized return of the portfolio at time

t. Then CRt �
±t

τ�1 p1 �RRτ q.
Mean realized return. MRR � °T

t�1RRt{T, where T is the total number of
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Figure 4.7: Parent inclusion posterior probabilities for each asset over the testing
period

trading days.

Risk. Risk is defined as the standard deviation of RR1:T .

Projected Risk. This is the 1{k-step-head predictive standard deviations of the

portfolio returns PRt �
a
w1
tf twt.

Sharpe ratio. This measure is the ratio of annualized MRR over the annualized
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Figure 4.8: Parent inclusion posterior probabilities for each asset over the testing
period
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Figure 4.9: Parent inclusion posterior probabilities for each asset over the testing
period

Figure 4.10: Average parental set size across assets when α � 0.980
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risk, i.e. SR �MRR{Risk.
Projected Sharpe ratio. This is the ratio of the 1/k-step-ahead predictive mean

return and PR of the portfolio at time t. PSRt � w1
tf t{PRt.

Performance comparison with benchmark index

Professional money managers, known as commodity trading advisors (CTA), typi-

cally monitor managed futures accounts, which generally have exposure to a number

of markets such as stocks, derivatives, commodities, energy, agriculture and currency.

The Newedge CTA Index is designed to track the largest 20 (by AUM) CTAs and

be representative of the managed futures space. Since the portfolio of the 13 assets

is comparable to that of CTAs, I compare the performance of my above portfolios

with the benchmark index of CTAs.

1-step-ahead forecasts

Set daily target return to be 0.1%, which corresponds to a 30% annual return. Figure

4.11 shows the cumulative returns, Sharpe ratios and risks of the three types of

portfolios based on 1-day-ahead forecasts under different α and the corresponding

values of the CTA index over the testing period. It can be seen that the performance

measures of the target and benchmark neutral portfolios are close to each other, while

the target constraint portfolio has different performance from them. Compared with

the CTA index, target and benckmark neutral portfolios have larger CRs and SRs,

while the risks are also higher as the trade-off of returns.

5-step-ahead forecasts

Now consider 5-step-ahead forecasts and decisions, and set 5-day target return to be

0.5%, which also corresponds to a 30% annual return. Figure 4.12 shows the three

performance measures of the three types of portfolios based on 5-day-ahead forecasts

under different α’s and the corresonding values of the CTA index over the testing
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Figure 4.11: Portfolio CRs, SRs and risks based on 1-day-ahead forecasts under
different α values

period. It is evident that when 0.960 ¤ α ¤ 0.980, the values of CRs and SRs lie

in a higher range than that of α elsewhere for all three types of portfolios, while

the risk is only slightly higher. This implies that the model without power discount

is clearly dominated by those with it in terms of portfolio performance. Compared

with the CTA index, all three types of portfolios with 0.960 ¤ α ¤ 0.980 have larger

CRs and SRs, while the risks are also larger but better-compensated in exchange for

returns. Again, if I take α � 0.980 as an example, a clearer performance comparison

between the CTA index and the three types of portfolios is shown in Table 4.3.

These comparisons demonstrate the practical benefits resulted from our constructed

portfolios. Figure 4.13 plots the trajectories of cumulative returns, projected risks,

model Sharpe ratios from portfolios using the three types of allocation rules. All

of the three portfolios have higher cumulative returns than that of the CTA during

most of the testing period. The target constraint portfolio empirically realize a

largest cumulative return as a trade-off of having the largest risk among the three

types of portfolios, yet it also has the least projected Sharpe ratios during most of

the testing period.
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Figure 4.12: Portfolio CRs, SRs and risks based on 5-day-ahead forecasts under
different α values

Figure 4.13: Portfolio CRs, PRs and PSRs based on 5-day-ahead forecasts over
the testing period, when α � 0.980
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Table 4.3: Out-of-sample portfolio performances on 5-day returns under three alloca-
tion rules using extended BMA on MDM models with α = 0.980, and the performance
of the Newedge CTA Index. Sharpe ratios are annualized

CTA Index Target Target Constraint Benchmark Neutral
MRR 0.0008 0.0023 0.0012 0.0013
Risk 0.0113 0.0201 0.0119 0.0118

Sharpe ratio 0.4977 0.8150 0.7451 0.7764

Figures 4.14 and 4.15 plot the trajectories of the CRs, PSRs, and PRs of the

three types of portfolio rules under models with different AR lag orders. The three

models are (1) the model with AR order being only 1, (2) the model with AR order

being only 2, and (3) averaged model over models (1) and (2) by extended BMA.

From Figure 4.15, model (3) has more volatile PSRs and PRs than the other two

models. Model (3) slightly dominates in terms of cumulative returns over the target

and benchmark neutral portfolio, and also outperforms model (1) for the target

constraint portfolio. However, it is dominated by model (2) for the target constraint

portfolio, though the difference is much smaller than its difference with model (1).

For the benchmark neutral portfolio, it is clear that the CRs of the benchmark asset,

S&P 500, are dominated by all the three models regardless of AR order for most of

the testing period.

4.6 Summary

In this chapter, I introduce and explore a novel approach to address model uncer-

tainty issues in MDMs by transforming them from multivariate to univariate con-

texts, with normal Bayesian model mixing and averaging of MDMs. The sequential

model selection procedure addresses uncertainty about a variety of model parameters

including conditional dependence networks, discount factors, AR lag structures and

so on. The conditional dependence network, represented by parental sets, provides a

natural parallelizable framework under which I design parallel algorithms to enable
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Figure 4.14: Portfolio CRs based on 5-day-ahead forecasts under different lag
orders and portfolio rules, with the same α � 0.980

previously unfeasible computation. The results of extended BMA suggest that there

are indeed time-varying patterns of auto-regressive lag structures, discount factors

for stochastic volatilities, and conditional dependence networks. Moreover, the de-

composable property of MDMs enables all of these features as not only time-varying,

but also series-specific, providing flexibility in modeling individual series. Addition-

ally, the results of utilizing power discounting on model probabilities succeeds in not

only scoring higher posterior probability, but also locating more practically lucra-

tive models in the financial application, demonstrating both analysis feasibility and

resulting forecasting and decision outcomes.
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Figure 4.15: Portfolio PSRs (upper frame) and PRs (lower frame) based on 5-
day-ahead forecasts under different lag orders and portfolio rules, with the same
α � 0.980
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5

Common State Coupled Dynamic Linear Models

5.1 Introduction

A new model context– common state coupled dynamic linear model (CSCDLM) is

proposed in this chapter. Interest lies in m univariate series yjt, j � 1 : m, over time

t, each following a DLM with its own, individual state vector elements together with

an additional state vector that is shared across all series. One motivating context is

a problem with large m and multiple common predictors with an assumedly common

state vector–so that information about common effects is shared across series– but

also with series-specific effects. Previous works often assume the observational noise

to be independent across series and all regression vectors are known at t� 1. A key

example motivates us when the series-specific effects arise via a compositional DLM

representation of multivariate stochastic volatility. I thus relax the assumption to

allow correlated, time-varying observation variance matrices, as well as to incorporate

random regression vectors.

A modest approximation using variance discounting enables closed-form, sequen-

tial updating and filtering, and thus avoids MCMC. The highlight here is that obser-
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vational error variances are nuisance parameters, on which the full posterior inference

is of little practical importance. An analytically tractable approximation using plug-

in estimates, is of immense practical utility. For instance, it enables us to rerun

analyses much faster and do proper, sequential step-ahead forecasting needed in real

world application. A comparison with MCMC analysis in the slightly modified model

justifies adequacy of the approximation.

A core motivating example is the problem of short-term prediction of electricity

demand in “Smart Grid” scenarios in which consumers receive information about the

current and expected future price of electricity. Previous works include well-known

features such as in different levels of seasonality (yearly, weekly, daily) and weather

dependence such as Harvey and Koopman (1993); Smith and Kohn (2002); Dordon-

nat et al. (2008). Hosking et al. (2013) is the first paper to add the new feature of

price incentives into the model. They used multivariate linear Guassian state space

models constructed with evolution noise vectors that are independent and have con-

stant variance, with variance parameters estimated by maximum likelihood. These

models do not enable either time-varying, correlated structure or online learning of

the covariance structure of the state and observational evolution noise vectors. I

would like to have a fully online and sequential learning method to construct time-

varying, correlated state and observation covariance matrices, and address this here.

The model developed by Hosking et al. (2013) is a multivariate model based on a

data vector containing all the load observations for a day. It essentially approximates

the daily load curve by 12 periodic spline basis functions, which simplifies the model

and provides consistency over changes of time granularity of observations. The daily

load curve is modeled as a weighted sum of basis functions, and the “weights” are

the basis function coefficients for that day. The influence of explanatory factors is

modeled by their effects on these basis function coefficients. The coefficients of the

basis functions are shared across dimensions of load values on the same day, thus
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are “common” states to the dependent variables. In order to introduce multivariate

Cholesky stochastic volatility to this model, I combine series-specific states with the

common states on each univariate dimension of the observation equation.

I begin with preliminaries and notation for the CSCDLMs, and describe the

forward-filtering, backward-smoothing (FFBS) theorems in Section 5.2. Then a novel

extension of CSCDLMs to incorporate multivariate stochastic volatility for observa-

tion covariance matrices is introduced in Section 5.3. Here I develop extensions of

the theory for Bayesian analytics in sequential updating and forecasting. Section

5.4 proposes a custom method of approximating learning of unknown observation

variances with online and analytic updates. Section 5.5 describes a fully Bayesian

analysis and computation including FFBS for states and variances. Section 5.6 shows

how the common state coupled stochastic volatility structure can be naturally em-

bedded in a broad class of time series models, and develops a detailed analysis of a

residential electricity demand data set for illustration of the effectiveness and utility

of the new CSCDLMs. Section 5.7 concludes. Appendix 5.A provides additional

proofs of theorems related to the analyses in this chapter.

5.2 Coupled Univariate DLMs with Idiosyncratic and Common States

Suppose yt � py1t, . . . , ymtq1 is a vector time series and each univariate time series

yjt, pj � 1 : mq, follows a DLM defined via the following observation and state

equations:

yjt � F 1
jtθjt �H 1

jtθt � νjt, νjt � Np0, vjtq, (5.1)

θjt � Gjtθj,t�1 � ωjt, ωjt � Np0,W jtq, (5.2)

θt � Gtθt�1 � ωt, ωt � Np0,W tq, (5.3)

over t � 1, 2, . . . . The elements here– and some relevant terminology and assumptions–

are as follows.
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• θjt is the pj�dimensional state vector specific to series j, referred to as the

series�j individual or idiosyncratic state vector.

• F jt is the pj�dimensional idiosyncratic regression vector for series j, known at

time t.

• νjt is the series j observation error at time t having variance vjt; these errors

are independent over series j and across time t, with νit KK νjs for all series

i � j and all times t, s, and are also conditionally independent of current and

all past state vectors.

• Gjt is the known pj � pj idiosyncratic state evolution matrix for series j at

time t.

• ωjt is a normally distributed, pj�dimensional idiosyncratic evolution noise vec-

tor with variance matrix W jt known at time t; these evolution error terms are

independent over time, with ωit KK ωjs for all series i � j and times t � s, and

are also conditionally independent of current and past observation errors.

• Hjt is a p�dimensional regression vector for series j, known at time t; some of

the elements may be the same across series j � 1 : m while others may differ,

but the elements have the same interpretations (and scales) across series.

• θt is the common (across series j � 1 : m) p�dimensional state vector defining

the regression parameters to link Hjt to yjt at time t.

• Gt is the known, p � p common state evolution matrix for the time variation

in θt; for our current development, I assume Gt is non-singular for all t, as is

the case in most common model contexts (West and Harrison, 1997; Prado and

West, 2010).
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• ωt is a normally distributed, p�dimensional common state evolution noise

vector; with variance matrix W t known at time t; these common evolution

error terms are independent over time, with ωt KK ωs for all t � s, and are also

conditionally independent of current and past observation errors.

The full specification of the model requires details of the multivariate normal dis-

tributions for the full set of state evolution errors ω1:m,t, ωt, which are central and

critical to the modeling innovations here. This is also coupled with structured forms

of prior/posterior distributions for the full set of state vectors, and these are now

developed in the usual forward-sequential analysis context.

5.2.1 Conditional independence of idiosyncratic states given common states

Define Θt to be the column vector stack of all state vectors– idiosyncratic and

common– at each time t, and Ωt the corresponding column vector stack of all state

evolution noise vectors. That is,

Θt �

�����
θ1t
...
θmt
θt

����
 and Ωt �

�����
ω1t

...
ωmt
ωt

����
,

each of dimension p�°
j�1:m pj.

Suppose I am standing at time t � 1 and have available all past data y1:t�1.

Assume the following time t� 1 posterior for the full set of states.

Assumption 1. Assume that

ppΘt�1|y1:t�1q � ppθt�1|y1:t�1q
¹
j�1:m

ppθj,t�1|θt�1,y1:t�1q (5.4)

with the following components:
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• pθt�1|y1:t�1q � Npmt�1,Ct�1q for some known moments mt�1,Ct�1.

• For each j � 1 : m,

pθj,t�1|θt�1,y1:t�1q � Npmj,t�1 �Bj,t�1pθt�1 �mt�1q,U j,t�1q (5.5)

for a known pj�vector mean mj,t�1, a known pj � p regression matrix Bj,t�1,

and a known conditional (or residual) pj � pj variance matrix U j,t�1.

Under Assumption 1, ppΘt|y1:t�1q is evidently multivariate normal. The marginal

time t� 1 posterior for each idiosyncratic θj,t�1 vector is

pθj,t�1|y1:t�1q � Npmj,t�1,Cj,t�1q with Cj,t�1 � Bj,t�1Ct�1B
1
j,t�1 �U j,t�1.

This uses an extension of the standard notation for parameters in DLMs (West

and Harrison, 1997). Note, however, that the θj,t�1 are dependent across series;

they are conditionally independent when conditioning on the common state vector,

but there are marginal dependencies induced by that common linkage. Specifically,

Cpθi,t�1,θj,t�1|y1:t�1q � Bi,t�1Ct�1B
1
j,t�1 for each i � j. In full, the time t � 1

posterior variance matrix is

V pΘt�1|y1:t�1q � Bt�1Ct�1B
1
t�1 �U t�1 (5.6)

where

Bt�1 �

�����
B1,t�1

...
Bm,t�1

I

����
 and U t�1 �

�������
U 1,t�1 0 � � � 0 0

0 U 2,t�1 � � � 0 0
...

...
. . .

...
...

0 0 � � � Um,t�1 0
0 0 � � � 0 0

������
. (5.7)
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The corresponding precision matrix is V pΘt�1|y1:t�1q with inverse given by the pre-

cision matrix�������
U�1

1,t�1 0 � � � 0 �U�1
1,t�1B1,t�1

0 U�1
2,t�1 � � � 0 �U�1

2,t�1B2,t�1
...

...
. . .

...
...

0 0 0 U�1
m,t�1 �U�1

m,t�1Bm,t�1

�B1
1,t�1U

�1
1,t�1 �B1

2,t�1U
�1
2,t�1 � � � �B1

m,t�1U
�1
m,t�1 At�1

������

where

At�1 � V pθt�1|θ1:m,t�1,y1:t�1q�1 � C�1
t�1 �

¸
j�1:m

B1
j,t�1U

�1
j,t�1Bj,t�1.

This form of the precision matrix here is an immediate consequence of– and can be

directly “read-off”– the conditional structure of the posterior. The precision neatly

highlights the conditional independences inherent in the time t�1 posterior through

the blocks of zeros.

5.2.2 Maintaining conditional independence through evolution

The basic idea should now be obvious: I aim to formulate the model so that I can

run analytic sequential updating for each of the univariate series in parallel. I aim

to do this for the DLMs conditional on the common state vector θt, and couple that

with a marginal update for the common state vector following marginalization over

the idiosyncratic states.

Since the time t observations yjt are conditionally independent over series j � 1 :

m, then I will have independent updating of the idiosyncratic states conditional on

the common state if I can maintain the conditional independence structure of equa-

tion (5.4) following evolution through equations (5.2) and (5.3). To do this requires

coupling of the evolution error terms to induce the “right” form of contemporane-

ous, cross-series dependencies, and the critical– necessary and sufficient– structure

for this is defined as follows.
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Assumption 2. At time t� 1, specify the variance matrix of the full set of evolution

noise terms as

V pΩt|y1:t�1q �DtW tD
1
t � St (5.8)

where

Dt �

�����
D1t

...
Dm,t

I

����
 and St �

�������
S1t 0 � � � 0 0
0 S2t � � � 0 0
...

...
. . .

...
...

0 0 � � � Smt 0
0 0 � � � 0 0

������
 (5.9)

with the following components:

• W t is a p� p variance matrix.

• For each j � 1 : m,

– Sjt is a pj � pj variance matrix, and

– Djt � GjtBj,t�1G
�1
t .

Under Assumption 2, note the correspondence of the form of the distributions of

the evolution error with that of the time t� 1 state posterior. That is,

ppΩt|y1:t�1q � ppωt|y1:t�1q
¹
j�1:m

ppωjt|ωt,y1:t�1q

with the following components:

• pωt|y1:t�1q � Np0,W tq.

• For each j � 1 : m, idiosyncratic evolution noise terms depend on the com-

mon evolution noise term via pωjt|ωt,y1:t�1q � NpDjtωt,Sjtq, while being

conditionally independent.

• The resulting margins for idiosyncratic evolution noise terms are pωjt|y1:t�1q �
Np0,W jtq with W jt �DjtW tD

1
jt � Sjt, for each j � 1 : m.
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I am now in a position to evolve the full state from the time t�1 posterior ppΘt�1|y1:t�1q
to the implied time t prior ppΘt|y1:t�1q. The result is as follows.

Theorem 5.2.1. Under Assumptions 1 and 2, the time t prior for the full state

vector maintains the conditional independence structure and has pdf

ppΘt|y1:t�1q � ppθt|y1:t�1q
¹
j�1:m

ppθjt|θt,y1:t�1q (5.10)

with the following components:

• pθt|y1:t�1q � Npat,Rtq with at � Gtmt�1 and Rt � GtCt�1G
1
t �W t.

• For each j � 1 : m,

pθjt|θt,y1:t�1q � Npajt �Djtpθt � atq,V jtq, (5.11)

with

– marginal mean vectors ajt � Gjtmj,t�1;

– residual variance matrices V jt � Sjt �GjtU j,t�1G
1
jt, and

– regression matrices Djt � GjtBj,t�1G
�1
t as already defined.

The corresponding variance matrix on the full set of states Θt is

V pΘt|y1:t�1q �DtRtD
1
t � V t (5.12)

with Dt, Rt already defined and

V t �

�������
V 1t 0 � � � 0 0
0 V 2t � � � 0 0
...

...
. . .

...
...

0 0 � � � V mt 0
0 0 � � � 0 0

������
.
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Note that the implied marginal priors for individual state vectors are pθjt|y1:t�1q �
Npajt,Rjtq where Rjt � DjtRtD

1
jt � V jt. Marginal dependencies induced by the

common state are reflected in covariance matrices Cpθit,θjt|y1:t�1q � DitRtD
1
jt for

each i � j.

Proof of Theorem 5.2.1. From the model specification it is immediate that the time

t state prior is multivariate normal. I have Θt � G�tΘt�1 � Ωt where G�t �
diagrG1t, . . . ,Gmt,Gts. Under Assumption 1, pΘt�1|y1:t�1q is normal with mean

vector that is the vector stack of the m1:m,t and mt, and variance matrix in equa-

tion (5.6). Under Assumption 2, Ωt is zero mean normal with variance matrix

in equation (5.8). Substituting these components into the implied mean vector

EpΘt|y1:t�1q � G�tEpΘt�1|y1:t�1q and variance matrix

V pΘt|y1:t�1q � G�tV pΘt�1|y1:t�1qG1
�t � V pΩt|y1:t�1q

yields, after some linear algebra whose details can be found in Appendix 5.A, the

moments as detailed in the theorem statement. The structured form of the variance

matrix evidently corresponds precisely to the conditional linear regressions of each

θjt on θt and the associated conditional independences.

Corollary 5.2.1. Assuming F jt is known at time t� 1, the joint predictive 1-step-

ahead mean and variance Epyt|Dt�1q and V pyt|Dt�1q, denoted by f t and Qt, are

f t � Epyt|Dt�1q � Πta
�
t ,

Qt � V pyt|Dt�1q � ΠtV pΘt|Dt�1qΠ1
t �N t,

where

Πt �

�����
F 1

1t 0 � � � 0 H 1
1t

0 F 1
2t � � � 0 H 1

2t
...

...
. . .

...
...

0 0 � � � F 1
mt H 1

mt

����
, (5.13)
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and a
1�
t � pa11t,a12t, � � � ,a1mt,a1tq, N t � diagpv1t, � � � , vmtq. Specifically,

Epyjt|Dt�1q � F 1
jtajt �H 1

jtat.

V pyjt|Dt�1q � pF 1
jtDjt �H 1

jtqRtpD1
jtF jt �Hjtq � F 1

jtV jtF jt � vjt.
(5.14)

5.2.3 Conditional independence through updates

The key implication of the above is the following.

Theorem 5.2.2. Under Assumptions 1 and 2, the update to the time t posterior

for the full state vector maintains the conditional independence structure and normal

form of the prior.

Proof and details of Theorem 5.2.2. First, conditional on θt,marginalization of ppyt|
Θtq over the idiosyncratic states θ1:m,t with respect to the conditional prior

±
j�1:m p

pθjt|θt,y1:t�1q leads to a multivariate normal ppyt|θt,y1:t�1q with a mean vector

that is a linear regression on θt and a variance matrix that does not depend on θt.

Hence, the normal prior pθt|y1:t�1q � Npat,Rtq is updated to a normal posterior

pθt|y1:tq � Npmt,Ctq with easily computed moments.

Second, conditional on θt, for each j � 1 : m I have conditionally independent,

normal priors ppθjt|θt,y1:t�1q with linear regression on θt and constant residual vari-

ances. Also conditional on θt, the data break down into conditionally independent ob-

servations yjt that, from the models of equation (5.1), define m component likelihood

functions in parallel. The linear, normal forms of these in each θjt lead to standard

normal:normal updates to conditionally independent posteriors ppθjt|θt,y1:t�1, yjtq,
j � 1 : m. Each of these is multivariate normal with linear regression on the common

state θt defining the mean vector, and a variance matrix that depends on j, t but not

θt. That is, independent conditional posteriors pθjt|θt,y1:t�1, yjtq have the distribu-

tion Npmjt �Bjtpθt �mtq,U jtq with easily computed elements mjt,Bjt and U jt.

The result follows.
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Corollary 5.2.2. Assuming F jt is known at time t� 1, the form of mt and Ct are

given below. With terms defined in Corollary 5.2.1, establish the joint distribution:�
θt
yt



|Dt�1 � N

��
at
f t



,

�
Rt Rθyt

R1
θyt Qt




.

where Rθyt � Cpθt,yt|Dt�1q � pR1θyt, � � � ,Rmθytq. It follows that

Rjθyt � Cpθt, yjt|Dt�1q � RtpD1
jtF jt �Hjtq.

The standard normal theory immediately gives the required conditional distribution�
θt|yt,Dt�1

� � N
�
mt,Ct

�
,

where mt and Ct are as follows:

mt � at �RθytQ
�1
t pyt � f tq,

Ct � Rt �RθytQ
�1
t R

1
θyt

(5.15)

Theorem 5.2.3. Assume that at time t � 0 the initial state distribution ppΘ0|D0q
has the form defined by Assumption 1 at t � 0 (and by convention take y1:t�1 at t � 0

to be all prior information at that time.) Then the forms of time t � 1 priors (of

Assumption 1, Theorem 5.2.1) and prior-to-posterior updating over all times t ¡ 0

(of Theorem 5.2.2) follow. Specifically, mjt,Bjt and U jt are as follows:

U jt � pF jtF
1
jt{vjt � V �1

jt q�1,

Bjt � U jtpV �1
jt Djt � F jtH

1
jt{vjtq,

mjt � Bjtmt �U jtpyjt{vjtF jt � V �1
jt pajt �Djtatqq.

Proof of Theorem 5.2.3. Details can be found in Appendix 5.A.

Theorem 5.2.3 indicates that I can run parallel, conditionally independent sequen-

tial learning on all idiosyncratic states in a closed form, Kalman filter-style format,

coupled with corresponding closed-form filtering on the marginal prior:posterior dis-

tributions for the common states.
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5.2.4 Filtering recurrences

Retrospective analysis is of importance for dynamic models widely applied in var-

ious situations. The goal here is to make inference about past state vectors of

time t based on data before, at, and after time t, i.e. the smoothed distribu-

tions of both common state vector θt�k|Dt and series-specific state vector θj,t�k|Dt,
t � 1, � � � , T, j � 1, � � � ,m. This section concentrates on the derivation of such retro-

spective distributions and sequential updating procedures. Using the standard theory

of multivariate normal conditional distributions (Gamerman and Migon, 1993; West

and Harrison, 1997), the main result is as the following.

Theorem 5.2.4. Define

At � Gt�1Ct, and Ajt � Gj,t�1Cjt, j � 1, � � � ,m.

Then for all k, p1 ¤ k   tq the filtered marginal distributions are

pθt�k|Dtq � N ratp�kq,Rtp�kqs and pθj,t�k|Dtq � N rajtp�kq,Rjtp�kqs

where

atp�kq �mt�k �A1
tR

�1
t ratp�k � 1q � at�k�1s,

ajtp�kq �mj,t�k �A1
jtR

�1
jt rajtp�k � 1q � aj,t�k�1s,

and

Rtp�kq � Ct�k �A1
tR

�1
t rRtp�k � 1q �Rt�k�1sR�1

t At,

Rjtp�kq � Cj,t�k �A1
jtR

�1
jt rRjtp�k � 1q �Rj,t�k�1sR�1

jt Ajt

with starting values

atp0q �mt, ajtp0q �mjt,

Rtp0q � Ct, Rjtp0q � Cjt.

87



and where as usual,

at�kp1q � at�k�1, aj,t�kp0q � aj,t�k�1,

Rt�kp1q � Rt�k�1, Rj,t�kp1q � Rj,t�k�1.

Proof of Theorem 5.2.4. The proof is similar to West and Harrison (1997, p. 114-

116).

5.2.5 Efficient MCMC: FFBS algorithm

I derive an important backward sampling theorem which further leads to an efficient

MCMC method in sampling the key conditional distribution of the states ppΘt|DT q.
Carter and Kohn (1994) and Frühwirth-Schnatter (1994) provide the basic and orig-

inal development of the renowned FFBS algorithm. I construct a modified FFBS

algorithm for CSCDLM utilizing the conditional independent structure of the id-

iosyncratic states given the common states, which yields a compositional decoupling

allowing us to sequentially sample the set of series-specific states in parallel.

Theorem 5.2.5 (Backward-Sampling).

ppθt,θ1:m,t|θt�1,θ1:m,t�1,Dtq � ppθt|θt�1,Dtq
m¹
j�1

ppθjt|θt,θt�1,θj,t�1,Dtq,

where

pθt|θt�1,Dtq � N rhtp�1q,H tp�1qs and pθjt|θt,θt�1,θj,t�1,Dtq � N rhjtp�1q,Hjtp�1qs

with

htp�1q �mt �A1
tR

�1
t�1pθt�1 � at�1q,

H tp�1q � Ct �A1
tR

�1
t�1At,

hjtp�1q � G�1
j,t�1θj,t�1 �BjtG

�1
t�1θt�1 �Bjtθt,

Hjtp�1q � G�1
j,t�1pSj,t�1 � Sj,t�1V

�1
j,t�1Sj,t�1qG1�1

j,t�1.
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Proof of Theorem 5.2.5. Details can be found in Appendix 5.A.

Specifically in the case of Sj,t�1 � Gj,t�1U jtG
1
j,t�1pδ�1

j � 1q, I have Hjtp�1q �
p1 � δjqU jt.

5.2.6 Practically central special cases

Discount specifications

While there are many forms of discount specification of state evolution variances, the

simplest and natural specifications here provide a first example. Given a common

state discount factor δ P p0, 1q and a set of idiosyncratic state discount factors δj P
p0, 1q, j � 1 : m, the relevant specifications are as follows:

• W t � GtCt�1G
1
tpδ�1 � 1q so that Rt � GtCt�1G

1
t{δ.

• For each j � 1 : m, Sjt � GjtU j,t�1G
1
jtpδ�1

j �1q so that V jt � GjtU j,t�1G
1
jt{δj.

Random walk evolutions

Many practical models have Gt � I and/or, for each j � 1 : m, Gjt � I for all t.

Assuming all Gt,Gjt are identity and under the discount specifications of variances,

I have particular simplifications to the evolution of time t � 1 posterior to time t

prior; that is, the key matrices reduce to

Djt � Bj,t�1 and V jt � U j,t�1{δj.

5.3 Extension: Common State Coupled MDM

One of the important assumptions previous sections depend on is that the observa-

tional noise vector νjt is independent across series j, i.e. νt has a diagonal covariance

matrix. Another assumption related to this is that the regression vector F jt is known

at t�1, for all j � 1, � � � ,m, in order to obtain closed-form analytics of 1-step-ahead

forecast of yt at time t � 1. In fact, in this case the CSCDLM is a special class
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of dynamic hierarchical models (Gamerman and Migon, 1993) with the following

structure:

yt � ΠtΘt � νt, νt � Np0,Λ�1
t q,

Θt �Dtθt � εt, εt � Np0,V tq,

θt � Gtθt�1 �wt, wt � Np0,W tq,

where Λt is the diagonal precision matrix for the observational noise vector νt. I now

extend this model to multiregression dynamic models (MDM) by relaxing the two

assumptions above to allow contemporaneous, volatile dependencies.

5.3.1 Compositional representation

The model with the relaxed assumption on observational volatilities can be written

as

yt � Π̃tΘ̃t � εt, εt � Np0,Σtq, (5.16)

where Σt is a volatility matrix,

Π̃t �

�����
x1
1t 0 � � � 0 H 1

1t

0 x1
2t � � � 0 H 1

2t
...

...
. . .

...
...

0 0 � � � x1
mt H 1

mt

����
, Θ̃t �

�����
φ1t

...
φmt
θt

����
,

and xjt is the exogenous idiosyncratic regression vector for series j. Factorize the

precision matrices as

Σ�1
t � pI � Γtq1ΛtpI � Γtq,

where

Γt �

�����
0 γ̃12,t γ̃13,t � � � γ̃1m,t
0 0 γ̃23,t � � � γ̃2m,t
...

...
...

. . .
...

0 0 0 � � � 0

����
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and

Λt � diagp1{v1t, . . . , 1{vmtq

with vjt ¡ 0 for each j � 1 : m. For notational convenience, set rγjht � 0, for

h R papjq, and rγj,papjq,t � γjt. The papjq denotes the parental set of series j, and I

have papjq � tj � 1 : mu, for each j (and with papmq empty). Then I can collect

the effective coefficients γjt along with the implicit zero values in the matrix Γt. The

main conceptual and practical point is to properly identify pI � Γtq as defining the

time t relationships among the residuals in νt. Here pI � Γtq is the (unit diagonal)

Cholesky component of Σ�1
t . I then have the factor representation

νt � pI � Γtqεt (5.17)

where νt � Np0,Λ�1
t q i.e., having independent elements νjt � Np0, vjtq, j � 1 : m.

Then, premultiplying equation (5.16) by pI � Γtq and rearranging yields

yt � Γtyt � pI � ΓtqΠ̃tΘ̃t � νt, νt � Np0,Λ�1
t q

� Γtpyt � Π̃tΘ̃tq � Π̃tΘ̃t � νt.
(5.18)

I am essentially making the regression vector contain a random and unknown part,

ypapjq,t, at time t�1, where papjq is the specific subsets of compositional endogenous

variables I consider. In terms of the univariate series this shows that, for j � 1 : m�1,

I have DLMs conditional on all parent series at time t, as follows

yjt �H 1
jtθt � x1

jtφjt � pypapjq,t �H 1
papjq,tθt �

¸
kPpapjq

x1
ktφktq1γjt � νjt

�H 1
jtθt � x1

jtφjt � ε1papjq,tγjt � νjt,

(5.19)

where εkt is the actual observation errors corresponding to series k, i.e.

εkt � ykt �H 1
ktθt � x1

ktφkt.
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5.3.2 Decoupled univariate DLMs

Evidently at j � m I have the original DLM for ymt and νmt � εmt. For j   m,

I have augmented DLMs in which the actual observation errors εkt of parents k P
papjq of series j are theoretically implied as conditional predictors for yjt. Hence,

if these values were known, I would have standard DLMs: for each j   m, the

series-specific regression vector is px1
jt, ε

1
jtq1 and the augmented series-specific state

vector θjt is pφ1
jt,γ

1
jtq1. I can see how to immediately induce natural models of time

variation for the cross-series dependency structure by using some form of DLM for

each of the additional state vectors γjt. Simple random walk models (using a discount

formulation) are an obvious first step.

The immediate problem is that I cannot do this directly, since the εkt are un-

known. This means that I must consider some form of approximation. I am not

currently interested in computationally demanding sequential Monte Carlo (SMC)

simulation-based methods (such as particle filtering); I may consider these approaches

later as part of a broader research project and, perhaps, as an alternative approach

to assess adequacy of more direct analytic approximations. First, the interest here is

in more immediate, and simpler analytic approximations that can be implemented

efficiently.

5.3.3 A first approximation/model reformulation

An obvious first approximation is to plug in conditional prior means at as estimates of

the θt and akφt as estimates of φkt for the series-specific predictors in equation (5.19).

Then, over j � 1 : m, the coupled models are of the same form as (5.1). The full

state and regression vectors specific to series j, each of dimension pj � pjφ� pjγ, are

θjt �
�
φjt
γjt



and F jt �

�
xjt

ypapjq,t �H 1
papjq,tat �

°
kPpapjq x

1
ktakφt



.
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In the special case of xjt � 0, the full series-specific state and regression vector is

simplified to the following

θjt � γjt and F jt � ypapjq,t �H 1
papjq,tat.

A key point to highlight here is that because of the contemporaneous depen-

dence between yjt and its parent ypapjq,t, the conditional and marginal distribution

of yt,θt|Dt�1 are as the following:

ppθt|Dt�1q � Normal distribution,

ppyt|Dt�1q � Non-normal distribution,

ppyt|θt,Dt�1q � Non-normal distribution,

ppθt|yt,Dt�1q � Normal distribution.

5.3.4 A refinement

For future work, I can explore a modification that adjusts for the expected additional

variation the above approximation induces. That is, a modification of the form

yjt �H 1
jtθt � F 1

jtθjt � ξjt � νjt,

for each j   m, where I consider adding new, zero-mean error terms ξjt representing

approximation error. We cannot do this exactly while also maintaining the closed-

form analytic updating, but a simple approach that captures some of the quantitative

error expected might be valuable. The “obvious” assumption to try would be to take

the ξjt to be conditionally independent across series j (to maintain the decoupling)

with zero means, and variances wjt{vjt for some chosen wjt values (based on some

approximate analytic reasoning). It is clear that some simple analytic approximations

can be derived to generate “appropriate” values of wjt, while the 1{vjt terms mean

that I maintain the conjugate updating.
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5.3.5 An alternative model specification

An alternative model that immediately yields closed-form analytic updating in de-

coupled univariate DLMs is defined by applying the contemporaneous compositional

regression to the data series directly, rather than to the observational errors. The

latter is more natural, but this alternative approach should be considered as it has

the benefit of generating the closed-form analysis without approximations. The prac-

tical performance, in terms of relative improvements in short-term forecasting and

other metrics/utilities of interest, should be the guide to comparison and choice

of approach, eventually. In the first stages, both approaches can be explored and

compared as programming one basically defines code for both.

The specification simply replaces equation (5.18) with

yt � Γtyt � Π̃tΘ̃t � νt. (5.20)

That is, there is now no pI � Γtq premultiplying Π̃t in the underlying dynamic

regressions for each of the univariate series. Again, this maintains the original DLM

for ymt and then, for each j ¡ 1, I have:

yjt �
¸

k�j�1:m

γ̃jktykt �Hjtθt � x1
jtθjt � νjt,

� y1j�1:m,tγ̃jt �Hjtθt � x1
jtθjt � νjt,

(5.21)

where γ̃jt � pγ̃j,j�1,t, . . . , γ̃jmtq1 and yj�1:m,t � pyj�1,t, . . . ,ymtq1. This is basically

the same model but with parents ykt replacing the (unknown) errors εkt in the aug-

mented dynamic regressions. I would therefore expect to see more “action” in the

γ̃jkt coefficients relative to the direct formulation above.

In this alternative model, I maintain the interpretation of pI � Γtq as the (unit

diagonal) Cholesky component of Ωt, while the underlying dynamic regressions are

changed. That is, I can deduce that

yt � pI � Γtq�1Π̃tΘ̃t � νt (5.22)
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showing the same form as the original model of equation (5.16) but with Π̃t altered

to pI � Γtq�1Π̃t.

Write Ψt � pI � Γtq�1 so that Ψt is upper triangular with a unit diagonal

and upper off-diagonal elements ψjkt. The latter have the interpretation as factor

loadings: each εjt is a linear combination of the independent errors νkt with loadings

(i.e., weights) ψjkt (and, of course, zero weights for k ¤ jq. The key/only difference

between this model and the original is that the implied state vectors are modified as

follows:

yjt �H 1
jtθ

�
t � x1

jtθ
�
jt � νjt

where

θ�t � θt �
¸

k�j�1:m

ψjktθt and θ�jt � θjt �
¸

k�j�1:m

ψjktθkt.

This basic model has each series regressed on its parents, whereas what I am really

trying to do with the multi-regression component is model co-volatilities. Therefore,

I use the “obvious model reformation” in Section 5.3.3 for our application example

where I use the prior (given Dt�1) means of θt to yield a DLM.

5.3.6 Forward-filtering, backward-sampling

Theorem 5.3.1. Theorem 5.2.1, 5.2.2, 5.2.3, 5.2.4 still apply to CSCMDMs.

Proof of Theorem 5.3.1. Therom 5.2.1, 5.2.3, 5.2.4 easily apply and thus I omit the

proof. Now I prove that Theorem 5.2.2 also applies, simply from

ppθt|Dtq 9 ppθt|Dt�1qppyt|θt,Dt�1q

9 ppθt|Dt�1q
m¹
j�1

ppyjt|ypapjq,t,θt,Dt�1q.

Given the assumption of conditional independence θjt K ypapjq,t|pθt,Dt�1q, it follows
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that

ppyjt|ypapjq,t,θt,Dt�1q �
»
ppyjt|ypapjq,t,θjt,θt,Dt�1qppθjt|ypapjq,t,θt,Dt�1qdθjt

�
»
ppyjt|ypapjq,t,θjt,θt,Dt�1qppθjt|θt,Dt�1qdθjt.

Thus pyjt|ypapjq,t,θt,Dt�1q has a normal distribution

pyjt|ypapjq,t,θt,Dt�1q � NpH 1
jtθt � F 1

jtpajt �Djtpθt � atqq, vjt � F 1
jtV jtF jtq.

Therefore, pθt|Dt�1q � Npat,Rtq is updated to posterior pθt|Dtq � Npmt,Ctq.
Notice that since ypapjq,t is a subvector of F jt, even though pyjt|ypapjq,t,θt,Dt�1q has

a normal distribution, both its mean and variance involve ypapjq,t. This conditional

dependence of yjt and its parents breaks the joint normality of yt|Dt�1. Due to the

non-Gaussian distribution of pyt|Dt�1q, mt and Ct no longer has the same form

as (5.15). However, from the pdf of θt and yt, I can obtain the form of mt and Ct

as follows:

mt � CtrR�1
t at �

m̧

j�1

yjt{vjtpB1
jtF jt �Hjtq � pD1

jt �B1
jtqV �1

jt pajt �Djtatqs,

Ct � pR�1
t �

m̧

j�1

pN jt �B1
jtU

�1
jt Bjtqq�1,

(5.23)

where

N jt �HjtH
1
jt{vjt �D1

jtV
�1
jt Djt.

Details of calculation are left in Appendix 5.A.

To improve the computational efficiency of (5.23) by avoiding directly inverting

p�pmatrices, I can sequentially compute the conditional distributions of pθt|yj:m,t,Dt�1q
to obtain the required mt, Ct. Assuming

pθt|yj:m,t,Dt�1q � Npmpjq
t ,C

pjq
t q, and pyjt|yj�1:m,t,Dt�1q � Npf pj�1q

jt , q
pj�1q
jt q,

I proceed as follows.
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i. Start at j � m: I have f
pm�1q
mt � fmtpHq, qpm�1q

mt � qmtpHq. The mean and variance

of pθt|ymt,Dt�1q are

m
pmq
t � at �RtpD1

mtFmt �Hmtqpymt � f
pm�1q
mt q{qpm�1q

mt ,

C
pmq
t � Rt �RtpD1

mtFmt �HmtqpD1
mtFmt �Hmtq1Rt{qpm�1q

mt ,

using the simplified forms of (5.14) with all terms in ypapmq,t, which is in Fmt, set to

zero.

ii. For j � m � 1, � � � , 1 in turn: First, the conditional mean f
pj�1q
jt and variance

q
pj�1q
jt of pyjt|yj�1:m,t,Dt�1q are computed as

f
pj�1q
jt �H 1

jtm
pj�1q
t � F 1

jtrajt �Djtpmpj�1q
t � atqs,

q
pj�1q
jt �H 1

jtC
pj�1q
t Hjt � F 1

jtpV jt �DjtC
pj�1q
t D1

jtqF jt � 2H 1
jtC

pj�1q
t D1

jtF jt � vjt.

Then establish the joint distribution of

�
θt
yjt



|yj�1:m,t,Dt�1 as

N

��
m

pj�1q
t

f
pj�1q
jt

�
,

�
C

pj�1q
t C

pj�1q
t pHjt �D1

jtF jtq
pHjt �D1

jtF jtq1Cpj�1q
t q

pj�1q
jt

��
. (5.24)

Then according to conditional normal theory, I have

m
pjq
t �mpj�1q

t �Cpj�1q
t pHjt �D1

jtF jtqpyjt � f
pj�1q
jt q{qpj�1q

jt ,

C
pjq
t � Cpj�1q

t �Cpj�1q
t pHjt �D1

jtF jtqpHjt �D1
jtF jtq1Cpj�1q

t {qpj�1q
jt .

iii. End: at this point, j � 1 and I have m
p1q
t �mt,C

p1q
t � Ct.

Note that since q
pj�1q
jt for j � 1, � � � ,m are scalars, I manage to avoid any matrix

inversions in the sequential algorithm above.

The complexity of this sequential algorithm is Opp2°m
j�1 pjq and that of direct

inversion of Ct is Opp2�ε � p
°m
j�1 p

2
jq, ε ¡ 0.3. When p is large, pε ¡ °m

j�1 pj, the

sequential algorithms has less computing burden than that of the direct inversion.

Otherwise the direct inversion should be adopted.
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5.3.7 Joint predictive mean, variance matrix and precision matrix

I aim to obtain analytic forms of joint predictive 1-step-ahead mean and variance,

denoted by

f t � Epyt|Dt�1q and Qt � V pyt|Dt�1q.

Although the FFBS results hold for CSCMDM, the results of (5.14) on the joint

predictive moments fail to apply to CSCMDM. Notice that the predictive distribu-

tion of yt|Dt�1 is non-Gaussian as it involves distributions of polynomials of normal

random vectors. Thus the analytic forms are ungracefully complicated.

Alternative methods include directly approximating these values by Monte Carlo

simulations. Let nmc be the number of iterations. For t � 2, � � � , T and in the

order of j � m,m� 1, � � � , 1, I draw i-th sample pyrisjt |yrisj�1:m,t,Dt�1q from the normal

distribution specified in (5.24) for each i � 1, � � � , nmc.
Instead of this direct simulation method, whose speed highly depends on com-

puter capacities, I approximate the analytic form of f t and Qt by the following fast

algorithm, which sequentially computes elements of the required f t and Qt.

i. Start at j � m: compute the univariate mean ,variance of ymt, i.e. fmt, qmt, using

the simplified forms of (5.14) with all terms in ypapmq, which is in Fmt, set to zero.

Insert fmt as the 1st element of f t and qmt as the p1, 1q�element of Qt.

ii. For j � m � 1, � � � , 1 in turn: denote the mean vector, variance matrix and

precision matrix of the pm� jq�vector yj�1:m,t by

f j�1:m,t � Epyj�1:m,t|Dt�1q and Qj�1:m,t � V pyj�1:m,t|Dt�1q. (5.25)

Note that at j � m� 1 these reduce to scalars.

• At this point, I have already computed the values of the moments of (5.25)

from the previous steps. These are used in the following calculations. First,
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write f papjq,t for the subvector of means in f j�1:m,t on elements in papjq only,

and Qpapjq,t for the corresponding submatrix of Qj�1:m,t. Then, the marginal

mean fjt and variance qjt of yjt are computed as follows.

fjt �H 1
jtat � x1

jtajφt � Ep
�
xjt
ypapjq,t


1

Djtm
pj�1q
t |Dt�1q �

�
xjt
f papjq,t


1

Djtat

(5.26)

As the analytic form of Ep
�
xjt
ypapjq,t


1

Djtm
pj�1q
t |Dt�1q is complex, I approxi-

mate it by

�
xjt
f papjq,t


1

Djtat, which is equivalent to assuming ypapjq,t Kmpj�1q
t |Dt�1

just for the purpose of this approximation, and similarly for the computation

of the variance. The predictives then have the following approximate forms:

fjt �H 1
jtat � x1

jtajφt,

qjt � vjt � ujt � 2H 1
jtRtD

1
jt

�
xjt
0



�H 1

jtRtHjt � a1jγtQpapjq,tajγt

(5.27)

where

ujt � trpRjγtQpapjq,tq � x1
jtRjφtxjt.

Insert fjt as the j�th element of f t and qjt as the pj, jq�element of Qt, respec-

tively.

• Compute the covariance vector Cpyjt,yj�1:m,t|Dt�1q as follows. Write aj�1:mγt

for the pj � 1q�vector that extends ajγt with zeros for elements h R papjq.
Then, under the same assumption that ypapjq,t Kmpj�1q

t |Dt�1, I have

Cpyjt,yj�1:m,t|Dt�1q � Qj�1:m,taj�1:mγt � qj,j�1:m,t.

Insert element h of this vector as the pj, hq and ph, jq entries of Qt, for h �
j � 1 : m.
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iii. End: at this point, j � 1 and I have filled in all elements of the m�vector f t,

m�m matrix Qt.

The forecast results on our real data example show the efficiency of this approx-

imation by comparison between this sequential algorithm and the direct simulation

method.

5.4 CSCDLMs with Variance Learning: Approximate Analysis

5.4.1 Unknown variance

The results derived so far apply under the assumption that the variance matrices

are known. It is rarely the case in practice and thus appropriate methods must be

developed to allow for variance estimation.

A conjugate analysis is possible if all variances W jt, vjt and W t are scaled by

σ2, the unknown factor, with an inverse gamma prior distribution. The model is

as in model (5.1)– (5.3) with variances multiplied by σ2 with the addition of a

prior distribution σ2|Dt�1 � IGpnt�1{2, dt�1{2q. The updated distribution of σ2 is

IGpnt{2, dt{2q where nt � nt�1�m and dt � dt�1�pyt�f tq1Qtpyt�f tq. The results

of Theorem 5.2.1– 5.2.4 remain valid except for the multiplication of all variances by

σ2. The respective unconditional distributions (after integrating out σ2) are obtained

by the replacement of normal by Student t-distributions with nt degrees of freedom

and σ2 by its estimate dt{nt in the result is conditional on Dt. A variance discount

factor can be used to downweight prior information in nt�1 and dt�1 if σ2 is also

allowed to vary with time.

However, I am more interested in a more flexible stochastic volatility model that

allows time-varying, series-specific observational variances. Unfortunately, conjugate

analysis does not hold when the σ2 above is extended to change across series, i.e. σ2
j .

Alternatively, MCMC analysis can be used to obtain a full posterior samples of both

states and variance parameters, whose details can be found in Section 5.5.

100



5.4.2 Variance learning: An approximate analysis

Our goal is to enable closed-form, sequential updating and filtering that include

variance learning in Common State Coupled DLMs. I know that extension of the

usual conjugate analysis is not available, so let’s look at an obvious approximation in

the model using variance discounting for the vjt. One key point here is that these are

nuisance parameters and I do not really care so much about full posterior inference

on them; a “sensible” and viable approximation using plug-in estimates of the vjt –

rather than full posterior sampling etc– will have much more practical utility.

CSCDLM with known vjt

Now back to the standard CSCDLM, each univariate time series yjt, pj � 1 : mq,
follows a DLM defined via equations (5.1)– (5.3). Recap the key evolution and

update steps equations (5.4), posteriors at t�1, and (5.5), priors at t, all conditional

on the common state and, for now, known values of all the vjt up to time t. Then

marginalizing over the common as well as individual state vectors, the predictives in

each series at t are:

pyjt|vjt,y1:t�1q � Npfjt, vjt � ujtq (5.28)

where

• fjt � F 1
jtajt �H 1

jtat, and

• ujt � F 1
jtV jtF jt � pHjt �D1

jtF jtq1RtpHjt �D1
jtF jtq,

and I now make dependence on vjt explicit in the conditioning. While the yjt are

dependent across j due to the common state, the vjt only appear in the marginal pre-

dictive for series j, and the only appearance is as the addition to the base, structural

variance ujt.
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Variance discount model and updating point-estimates

With a variance discount model for stochastic volatilities vjt, the usual conjugate

analysis would have a time t� 1 posterior

pv�1
j,t�1|y1:t�1q � Gapnj,t�1{2, nj,t�1sj,t�1{2q

with estimate (harmonic mean) sj,t�1. Evolution to time t discounts the degree-of-

freedom to βjnj,t�1 based on discount factor βj, with the harmonic mean estimate

being unchanged. This then updates to the time t posterior.

In the current model, this updating would be conjugate if the joint predictive

density, which defines the time t likelihood function for the vjt, were approximated

by a product of terms across j � 1 : m, with the j � th term being conjugate to the

inverse gamma prior. The first point in this approximation is to ignore cross-series

information about the vjt; that is, only yjt provides time t information on vjt, and not

the other yit for i � j. This seems a reasonable approximation in general; it would

be exactly the case if the common state vector were known. The second point in the

approximation is key, and uses an obvious modification of the marginal predictive in

series j of equation (5.28). That is, simply replace this as defining the likelihood for

vjt with the form

pyjt|vjt,y1:t�1q � Npfjt, vjtqjtq where qjt � 1 � ujt{sj,t�1.

This simply approximates the exact conditional variance vjt�ujt � vjtp1�ujt{vjtq by

replacing vjt in the second term with its prior estimate sj,t�1. This will be increasingly

accurate as an approximation for large degrees-of-freedom nj,t�1.

Under this approximation, the time t posterior for vjt is

pv�1
jt |y1:tq � Gapnjt{2, njtsjt{2q

with

njt � βjnj,t�1 � 1 and sjt � αjtsj,t�1 � p1 � αjtqe2jt{qjt
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where αjt � βjnj,t�1{p1 � βjnj,t�1q and ejt is the 1-step ahead forecast error ejt �
yjt � fjt.

Conditional posteriors at t: The point now is to simply use the updated point esti-

mates sjt of vjt for the parallel, conditionally independent updates of series-specific

state vectors. Using these values, the priors of equation (5.5) update to posteriors

pθt|y1:tq � Npmt,Ctq and, for j � 1 : m,

pθjt|θt,y1:t�1, yjtq � Npmjt �Bjtpθt �mtq,U jtq

where the updated values mt,Ct and, for j � 1 : m, the mjt,Bjt,U jt are evaluated

using the usual equations now based on the plug-in estimate sjt of vjt.

This completes the time t analysis. Forecasting ahead more than one step from

time t will be based on the current, plug-in estimates sjt of vjt.

I just need the same modification to details of forecasting for cases in which F jt

contains some of the contemporaneous values ypapjq,t as in the multiregression model.

5.5 Bayesian Analysis and Computation

I refer to the framework here as a Common State Coupled Multiregression Dynamic

Model (CSCMDM). Bayesian analysis using MCMC methods for CSCMDM is de-

veloped in this section, building on nowadays standard simulation methods in a set

of computational “modules” such as Gibbs sampling, FFBS.

In the context of observing data ty1:T ,x1:T ,H1:tu over a time interval 1 : T, the

full set of latent state process parameters and model hyper-parameters for inclusion

in the posterior analysis are as follows:

• The common state vector θ0:T including the uncertain initial values at t � 0;

• The state vector specific to series j, θj,0:T , including their uncertain initial

values at t � 0;
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• The stochastic volatility processes v1:m,1:T .

The key analysis components for each of the sets of parameters and states are

as follows. In each, I simply note the states or parameters being sampled, implicitly

conditional on all other states and parameters if not explicitly stated.

Common state process θ0:T and state vector specific to series j, θj,0:T :

Conditional on model hyper-parameters, volatility process states and the data DT ,

CSCMDMs reduce to standard CSCDLMs with known variances. Resampling the

full sets of states is then easily obtained by a direct extension of the standard FFBS

algorithm (e.g. Prado and West, 2010). Importantly, this is an efficient algorithm

that regenerates full trajectories of these latent states over 0 : T at each iterate of

the overall MCMC. These new values are then conditioned upon for resampling of

other components.

FFBS algorithm: I wish to sample a full set of state vectors including ΘT �

tθ0,θ1, � � � ,θT u and ΘjT � tθj0,θj1, � � � ,θjT u, j � 1, � � � ,m, from the full, mul-

tivariate normal posterior distribution ppΘT ,Θ1:m,T |DT q. Note that exploiting the

Markov structure of the evolution equation of the DLM, I may write

ppΘT ,Θ1:m,T |DT q � ppθT ,θ1:m,T |DT q
T¹
t�1

ppθT�t,θ1:m,T�t|θT�t�1,θ1:m,T�t�1,DT�tq.

According to Theorem 5.2.5, I may sample the entire ΘT ,Θ1:m,T by sequentially

simulating the individual state vectors θ0:T ,θ1:m,0:T as follows:

(1) Sample θT from pθT |DT q � NpmT ,CT q.

(2) For each j � 1, � � � ,m, sample θjT from pθjT |θT ,DT q � NpmjT �BjT pθT �
mT q,U jT q, where the conditioning value of θT is the value just sampled.

(3) For each t � T � 1, T � 2, � � � , 1, 0, proceed to the following two steps:

104



1. Sample θt from pθt|θt�1,Dtq � N rhtp�1q,H tp�1qs, where the condition-

ing value of θt�1 is the value just sampled.

2. Sample θjt from pθjt|θt�1,θt,θj,t�1,Dtq � N rhjtp�1q,Hjtp�1qs where the

conditioning value of θt�1,θt,θj,t�1 are the values just sampled.

Filtering with discounted variance vjt: Following prior work of West and

Harrison (1997), I now adopt standard discount variance models. Sampling the full

sequence of variances from the joint posterior then consists of forward-filtering and

backward-sampling. The resulting model class is sufficient for our current purposes

but can clearly be extended to more elaborate submodels in new applications if

context demands. I sample the observational variance v1:m,1:T from the full posterior

distribution ppv1:m,1:T |ΘT ,Θ1:m,T ,DT q. Define νjt � yjt�H 1
jtθt�F 1

jtθjt, and D̃jt �
tνj,1:t,ΘT ,Θ1:m,T ,mj0,Bj0,U j0u. Note that since pνjt|ΘT ,Θ1:m,T ,mj0,Bj0,U j0q are

conditionally independent across j, I can obtain the filtered discounted variance vjt

in parallel. This means that across j, the volatility processes, pvj,1:T |ΘT ,Θ1:m,T ,DT q,
are conditionally independent in the posteriors given all the other model quantities,

so this applies in parallel defining efficient sampling of full trajectories at each stage

of the overall iterative MCMC. I sample the conditional posteriors for each of the

observational volatility processes vj,1:T , pj � 1 : mq using the standard discounted

variance techniques for univariate stochastic volatility models (West and Harrison,

1997). Given values of these volatility trajectories, the volatilities of each observation

noise of the CSCMDM are directly instantiated. For j � 1, � � � ,m, in parallel,

proceed with the following steps:

(1) Forward filtering: for t � 1, � � � , T, update recurrence relationships as follows:

njt � βjnj,t�1 � 1, djt � βjdj,t�1 � ν2jt, sjt � djt{njt.

(2) Backward sampling:
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1. Sample vjT from pvjT |ΘT ,Θ1:m,T ,DT q � IGpnjT {2, djT {2q.

2. For each t � T � 1, T � 2, � � � , 1, 0, sample ηjt � Grp1 � βjqnjt{2, djt{2s,
and let v�1

jt � ηjt � βjv
�1
j,t�1 where the conditioning value of vj,t�1 is the

value just sampled.

5.6 Application: Smart Grid Forecasting

Electricity demand forecasting has been a popular topic. A number of univari-

ate time series models for intraday load forecasting are reviewed and compared

in Taylor et al. (2006), yet most of these single-equation approaches suffer from

over-parametrization. Multivariate Bayesian dynamic modeling has become increas-

ingly common in electricity demand forecasting. For example, Harvey and Koopman

(1993), Cottet and Smith (2003), Dordonnat et al. (2008) involve studies that assess

dynamic relationships between various features and load values, typically focusing

on seasonality effects, trend effects and temperature effects. As mentioned before,

Hosking et al. (2013) was the first to evaluate the dynamic price incentive effect

on load values in the Smart Grid context, which is also a motivating example for

our modeling context. I thus focus on the comparison between their model and our

models using the same data.

5.6.1 Data

I evaluate the modeling methodology using data from the OlyPen project (Hammer-

strom et al., 2007), which was introduced in Section 5.1. The data contains electricity

usage for a period of 1 year from 120 residential customers in Olympic Peninsula,

Washington. The customers were divided into four groups, each of which comprised

about 30 customers, and were provided with different price schedules. Two groups

had constant prices and one had time-varying prices set by a fixed schedule. The

other group is of particular interest to us, the real-time-price (RTP) group, which
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received dynamic prices every 15 minutes. These prices were real-time instanta-

neous prices, rather than short-term price forecasts, which was unavailable to the

customer. Therefore, it is unclear that the RTP group received sufficient informa-

tion so as to shift their demand to hours of relatively low prices to reduce costs.

However, customers are conceivably able to potentially infer future prices from his-

torical relationship between price and demand cycles, and plan their electricity usage

accordingly. More details about the data sets and data preparation can be found in

Hosking et al. (2013).

I use hourly data of price and usage for the RTP customer group for a time span

of 11 months from May 1, 2006 to April 30, 2007, out of which 2.0% of the inter-

vals are missing. Some assumptions about missing values are detailed in Appendix

5.A. Aggregate group level data, the average usage per customer, is modeled as of

more interest to the overall supply planning and also to eliminate idiosyncrasies of

abnormal customer behaviour. The price curve over the entire period is shown in

the upper plot of Figure 5.1, while the load curve for a typical week, March 25 - 31,

is displayed in the lower left plot in the same figure. The daily load curve pattern

is obviously characterized by the bimodality caused by morning and evening peaks.

Weekdays tend to peak at higher levels than that of weekends. The lower right plot

in Figure 5.1 illustrates daily load curves, averaged over the weekends or weekdays

of summer and winter months. I use the same hourly temperature data as that of

Hosking et al. (2013), which has no missing values.

5.6.2 Model structure

I use the CSCMDM with stochastic volatility as described above. The common states

are selected based on (Hosking et al., 2013). Their model is basically a standard

multivariate DLM in which the observed daily load curve is represented in terms of a

set of periodic smoothing-spline basis functions, with the basis function coefficients
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Figure 5.1: The upper figure is the price of electricity as seen by the RTP customer
group; on the lower left is electricity usage by the RTP customer group in 15-minute
intervals over a 1-week period in March 2007; the lower right figure is the daily
load curves for the RTP customer groups in the OlyPen project, averaged over the
weekends or weekdays of summer (May 2006 to September 2006) and winter (October
2006 to March 2007)

evolving according to a linear Gaussian state-space model that incorporates level

shifts, day of the week adjustments, and weather effects, as well as the dynamic

price-incentive effects.

The details of the model specification (Hosking et al., 2013) is as follows. Assume

yt is a m � 24 dimensional vector which contains the 24 hourly residential electricity

load data points at day t, and yjt is the load value of p24� jq-th hour at day t. Then

yt � Fαt � vt,

where

– yt is the m� 1 load values for day t;

– F is the m � B matrix of spline coefficients (spline design matrix), where

B � 12;
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– αt is the B � 1 basis function coefficients for day t;

– vt � Np0,V q, independently with diagonal V .

This is equivalent to

yjt �
B̧

b�1

αbtfjb � vjt,

where B is the number of basis functions, fjb, j � 1, � � � ,m are the values of the

bth basis function during day t; and vjt j � 1, � � � ,m are zero-mean noise terms.

The coefficients of the spline functions, the states, follow some state evolution model

that incorporates level shifts, day of the week adjustments, temperature effects, as

well as the dynamic price-incentive effects caused by the two-way communication

of price/load information of Smart Grid. This model has structure similar to that

in Harvey and Koopman (1993), with the addition of price response effects. The

extensions assume

αt � µt � δp1qt � X̃ tβ �Ep̃t �wpαq
t (5.29)

where

– αt are the basis function coefficients for day t;

– µt is the local level at day t for each basis function coefficient, and evolves as

a random walk: µt � µt�1 �wpµq
t , with w

pµq
t � Np0,W pµqq;

– δ
p.q
t is the day-of-week effect for s days before day t, evolving as δ

p1q
t � δp7qt�1 �

w
pδq
t , with w

pδq
t � Np0,W pδqq; δpsqt � δps�1q

t�1 , s � 2, . . . , 7 and
°7
s�1 δ

psq
t � 0;

– X̃ t are the regressors (weather variables) for day t. Two variables are included

in the model: cooling degrees (excess over 18�C) and heating degrees (deficiency

below 15�C), each sharing one common coefficient for each basis function (i.e.,

β
plq
b in (5.30) is the same for all b � 1, � � � , Bq;
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– β are the regression coefficients;

– p̃tare the price variables for day t;

– E is the matrix of price elasticities, rεbcs, with two distinct elements: a sin-

gle simultaneous elasticity εS for all the diagonal elements and a single cross-

elasticity εX for all the off-diagonal elements.

– w
pαq
t � Np0,W pαqq independently, where W pαq is diagonal.

Note that X̃ and p̃ are integrated over the basis functions, e.g. if pt is the vector

of hourly prices for day t, then p̃t � F Tpt is a vector whose jth element can be

interpreted as the price of the jth basis function unit of electricity.

This Hosking et al. (2013) model can be written as a standard DLM with a p � 88

dimensional state vector θt containing β
prq
t , r � 1, � � � , R. That is,

yt �H 1
tθt � νt, νt � Np0,U tq,

θt � θt�1 �wt, wt � Np0,W tq,

where H t is a 88 � 24 regression matrix as follows:

H t � rFKp1q
t , � � � ,FKpRq

t s.

yt �
Ŗ

r�1

FK
prq
t θ

prq
t � νt, νt � Np0,U tq,

θ
prq
t � θprqt�1 �wprq

t , w
prq
t � Np0,W prqq,

and

αt �
Ŗ

r�1

K
prq
t θ

prq
t �wpαq

t ,

with

θTt � pθp1qTt , � � � ,θpRqTt q, wT
t � pwp1qT

t , � � � ,wpRqT
t q.
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My extension of this model represents the temperature and price effects as dy-

namic components with random-walk dependence, while Hosking et al. (2013) treat

them as static. However, as no day between October 3, 2006 and March 31, 2007

has cooling degrees, I treat the corresponding state in this period as static. Thus,

the extended model for the basis function coefficients αt � pαt1, � � � , αBtqT is

αbt � µbt � δ
p0q
bt �

Ļ

l�1

β
plq
bt X̃

plq
bt �

B̧

c�1

εbctP̃tc � w
pαq
bt , for b � 1, � � � , B, (5.30)

with random-walk evolutions

µbt � µt�1,b � w
pµq
bt ,

δ
p0q
bt � δ

p6q
b,t�1 � w

pδp0qq
bt ,

δ
psq
bt � δ

ps�1q
b,t�1 � w

pδpsqq
bt , for s � 1, � � � , 6.

Here, µbt, X̃
plq
bt , P̃tc, and w

pαq
bt are the same as in (5.29), and the following terms are

different:

• δpsqb,t�1 is the day-of-week effect for s days before day t, s � 0, 1, � � � , 6, and°6
s�0 δ

psq
b,t�1 � 0 for b � 1, � � � , B.

• εbct pb, c � 1, � � � , Bq is the time-varying elasticity of demand with respect to

price, with two distinct elements at each time t : a single simultaneous elasticity

εSt for all the diagonal elements and a single cross-elasticity εXt for all the off-

diagonal elements.

• βplq
bt is the time-varying coefficient of X̃

plq
bt .

• pwpδp0qq
1t � � �wpδp6qq

1t , � � � , wpδp0qq
Bt � � �wpδp6qq

Bt q � Np0,W pδqq and pwpµq
1t , � � � , wpµq

Bt q � Np0,
W pµqq independently, where W pδq and W pµq are diagonal.
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Let yjt be the load value of p24 � jq-th hour at day t. Each of the basis function

fjb, b � 1, � � � , B is a periodic cubic spline with arbitrarily chosen knots to achieve a

good approximation to the typical daily load curves of the Olypen data set. Here B

is set to 12. The 12 spline functions fjb with j P t1, 2, � � � , 24u representing hours of

day are plotted in Figure 5.2.
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Figure 5.2: Spline function of time

I consider the following seven methods from the class of DLMs to illustrate the

model performance of CSCDLM compared with the standard DLM of Hosking et al.

(2013). For the first three methods, I divide the whole sample period into two

datasets: (1) from May 1,2006 to October 15, 2006 (168 days) to estimate the pa-

rameters and (2) from October 16, 2006 to March 31, 2007 (167 days) to evaluate

the 1-day-ahead forecast accuracy of the different models.

M1: CSCDLM with specified non-empty parental sets except the first hour, as spec-

ified in (5.31), with 1-day-ahead forecasts using my fast algorithm to approxi-

mate analytic forms and the observation variance approximation method. My
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model has the same common state vector as their model, but is built under the

framework of CSCMDM with individual state vectors θjt. The idiosyncratic

regression vector for series j is taken to be the contemporaneous values from

other series of the same day, i.e. F jt � ypapjq,t. Since yjt is naturally ordered

according to time, I take the parental set to be the last hour, i.e.

tpapjq � tj � 1u for j � 1, � � � , 23, papmq � Hu. (5.31)

The practical meaning behind this is that from the second hour on, each hourly

load is dependent on the load of previous hour, which allows capturing of the

same-day covariance between hourly loads.

A random walk state evolution is assumed for the common state and all id-

iosyncratic states, i.e. Gt � Ip,Gjt � Ipj , j � 1, � � � ,m. One simple and

natural discount specification of state evolution variances is adopted in this ex-

ample. The covariance matrix for the common state is a block diagonal matrix

W t with diagonal matrix W
pµq
t ,W

pδq
t ,W

pβq
t as block diagonal elements, corre-

sponding to the local level effects, day-of-week effects and temperature/price

incentive effects, and similar notation is adopted for Ct and Rt. Denote the

common state discount factors as δpµq, δpδq, δpβq P p0, 1q and the set of idiosyn-

cratic state discount factors δj P p0, 1q, j � 1, � � � ,m. The state noise variance

matrices are:

• For the common states, denoting � P tµ, δ, βu, W p�q
t pi, jq is

#
C

p�q
t�1pi, iqp1{δp�q � 1q, i.e. R

p�q
t pi, iq � Cp�q

t�1pi, iq{δp�q, if i � j,

0, i.e. R
p�q
t pi, jq � Cp�q

t�1pi, jq, if i � j.

This discounting technique enables time-varying state variances while also

shrinks the prior absolute correlation between the common state variables

at time t� 1 from that of the posterior at time t.
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• For states specific to each series j � 1, � � � ,m, Sjt � U j,t�1pδ�1
j � 1q so

that V jt � U j,t�1{δj.

Diffuse priors are used for initial common states θ0 � Npm0,C0q and states

specific to series j � 1, � � � ,m, θj0 � Npmj0,Cj0q, where C0 � 103I, Cj0 � I,
m0 � 0, mj0 � p0.5, � � � , 0.5q. Additionally, parameters associated with the

observation variance discount model are n0 � 24, s0 � 0.25.

I conduct grid search over state and observation variance discount factors using

the data in period (1) as training data and select the set of values minimizing in-

sample 1-step-ahead forecast accuracy measured by mean absolute percentage

error; the set of values are δpµq � δpβq � 0.96, δpδq � 0.9999. I set δj � βj �
0.99, j � 1, � � � ,m, after finding that the forecasting results are not sensitive

to these parameters. Fixing the state discount factors to these values, I test

this model using the out-of-sample data. I also clone the MCMC to adapt to

the variance discounting model, and then run the approximate analysis and

compare with MCMC results.

M2: CSCDLM with empty parental sets, with 1-step-ahead forecasting using obser-

vation variance approximation. The state and observation discount factors are

the same as M1.

M3: Standard DLM as specified in Hosking et al. (2013), using MLEs as estimates

of variance parameters.

M4: Same model settings asM1, but using MCMC with the FFBS algorithm on both

state and observation variances to compute posterior distributions of model

parameters.

M5: Same model settings asM2, but using MCMC with the FFBS algorithm on both
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state and observation variances to compute posterior distributions of model

parameters.

M6: Same model settings as M3, but using the standard FFBS theorem (West and

Harrison, 1997) to compute posterior distributions of state parameters.

M7: Same model settings as M1, but using Monte Carlo simulations with nmc �
10, 000 iterations at each time t to compute 1-day-ahead predictive distributions

of yt, t � 1, � � � , T.

5.6.3 Results

The following comparisons between CSCMDM M1 and CSCDLM M2 are made to

illustrate the impact of the inclusion of appropriate parental sets for each series which

induces stochastic covariances. The former has non-empty parental sets for all the

series except the first one– allowing correlated observation noise, while the latter

has empty parental sets for all series– assuming observation noises are independent

across series. M3 is considered the benchmark standard DLM model to compare

with the new CSCDLM, i.e. M2, and CSCMDM, i.e. M1.

Forecasting performance

The 1-day-ahead forecasting performance of the four models, M1,M2,M3,M7, is

investigated for the out-of-sample observations in period (2) and summarized in Table

5.1. Accuracy is measured by mean absolute percentage error (MAPE), computed

for the untransformed load values. Uncertainty is measured by 95% credible interval

(CI) coverage percentage, the percentage of real load values falling into the 95%

credible intervals.

Both the forecast accuracy and coverage percentages of M7 are very close to those

of M1. The mean absolute percentage difference between the 1-step-ahead mean of

these two models is 2.3%. This close forecast performance provides practical and
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Table 5.1: Comparison of out-of-sample forecast performance between the four mod-
els

Model Parental set MAPE % Coverage %
M1 Lag 1 12.38 96.7
M2 None 12.44 95.9
M3 None 12.48 96.7
M7 Lag 1 12.39 96.9

Table 5.2: 1-day-ahead forecast accuracy by month for the whole period June 2006
to March 2007

June July Aug Sep Oct Nov Dec Jan Feb Mar Total
M3 15.79 15.78 12.40 14.30 15.15 13.06 11.54 11.33 11.65 14.07 13.51
M2 19.95 13.72 12.14 14.48 15.01 12.86 11.77 11.22 11.92 13.91 13.70
M1 16.61 13.77 11.82 14.10 14.83 12.88 11.49 11.59 11.61 13.83 13.25

empirical support that the approximation of 1-step-ahead forecast analytic form is

empirically very accurate.

It can be seen that M1 has a better overall forecast performance than M3 with

a 0.1% higher accuracy and same CI coverage ratios. There is 0.08% improvement

in accuracy of M1 over M2, suggesting the benefits of including non-empty parental

sets. A more detailed forecast accuracy comparison between M1, M2, and M3 is

summarized in Table 5.2 and Figure 5.3. M1 outperforms M3 on weekends, Monday,

Wednesday and Friday. Out of the 11 months, I only see 2 months, January and June,

in which M1 was dominated by M3. Comparing the three models by day of week,

M1 is the most accurate model for Monday and Sunday, while M3 wins on Tuesday,

Thursday, Friday and Saturday. In terms of accuracy by hours, M1 outperforms the

other two models for thirteen hours, and M1,M2 dominate for seven hours, and four

hours respectively.

The in-sample fitting accuracy of M4,M5,M6, is examined for all the observations

from August 2006 through March 2007, excluding the first three months as a burn-in

period. The in-sample fit of the load values is calculated from the posterior mean of
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Figure 5.3: 1-day-ahead forecast accuracy by day type and by hour of M1 and M3,
for the months from August 2006 to March 2007, separately for each day of the week
and each hour of the day

the backward-smoothed state parameters, i.e. ΘT |DT ,Θ1:m,T |DT . From Table 5.3,

M4 is the most accurate model out of the three with a 0.45% higher accuracy than

M6.

Table 5.3: Comparison of in-sample forecast performance between the three models
Model Parental set MAPE %
M4 Lag 1 9.60
M5 None 10.82
M6 None 10.05
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Variance estimation results

Figure 5.4 demonstrates the backward-filtered posterior means of series-specific stochas-

tic volatilities
?
vj,1:T |DT , for j � 1 : 24, that is, the volatility elements excluding the

common and individual states. The upper figure shows the results of M4, and the

lower figure shows that of M1. Both plots exhibit that different series, i.e. hours of

the day, display idiosyncrasies in observation variance levels throughout the whole

period. And different series slightly vary with time with a gradual decrease from

a relatively high value at the beginning of the period to a lower level where each

series tend to remain steady towards the end of the period. It can been seen that the

two methods produce variance estimates close to each other throughout the whole

period excluding the first three months– the burn-in period. In fact, this closeness

of the posterior observation variances of M1 and MCMC analysis, i.e. M4, justifies

the adequacy of the approximation of variance updates.

Figure 5.4: Backward-filtered posterior means of series-specific stochastic volatility
of M4 (in the upper figure) and M1 (in the lower figure)
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Signal extraction: Time-varying coefficients

After comparing different models on forecast accuracy, I now focus on the estimates of

the feature effects of M1. Figure 5.5 exhibits the posterior means and 90% credible

intervals of the forward filtered series-specific states tθjt|Dt�1 : t � 1, � � � , T, j �
1, � � � ,mu of M1. All the 24 idiosyncratic states estimates change over time, reflecting

the time-varying stochastic volatilities of observation noise. The idiosyncratic state

estimates are significantly positive throughout almost the whole period for 13 out

of 23 hours, when j P t2, 5, 12, 13, 14, 15, 16, 17, 18, 20, 22, 23, 24u, indicating positive

correlations between these hours and their adjacently previous hours. The series-

specific states are significantly positive for about half of the whole period when

j P t3, 4, 7, 8, 10, 19, 21u. Only when j P t6, 9, 11u do the state estimates change

signs over time. These findings provide strong support for allowing correlated and

time-varying structure of the observation noise vectors.

The temperature effects are significant for the entire period. Figure 5.6 displays

the estimated temperature effects trajectories over the whole sample period of M1.

For the first couple of months, the estimates are unstable with wide credible intervals.

Their variation stabilizes with narrower credible intervals by the end of June, when

the temperature has reached both cooling degrees and heating degrees a significant

number of times. The heating effects are greater than the cooling effects for the entire

period, which concords with the findings of Hosking et al. (2013). The coefficients

of heating degrees have gradually increased from the August, the end of summer,

to January, the middle of winter, with gradually declining temperature in the same

period. It makes sense that the time-varying heating coefficients show an obviously

upward trend in the period when electric heating becomes more intensively used.

Figure 5.7 shows the estimated price elasticities of M1 varying with time. The

price is initially low for the first couple of months, so the price incentive effects is
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Figure 5.5: Posterior means of series-specific state θjt|Dt and 90% credible intervals
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Figure 5.6: M1 posterior means of common state with respect to temperature, with
90% credible intervals

highly volatile and may be unreliable in this period. Sudden emergence of high prices

in July is associated with a pronounced shift in the level of estimated simultaneous

elasticities. Starting in October, high prices become more frequent, both the cross

and simultaneous elasticities become less volatile and vary within a small range. The

simultaneous elasticity effects are significantly negative and the cross-elasticity effects

are significantly positive throughout the period. These results are consistent with

the results of Hosking et al. (2013), meaning that consumers have shifted demand

from times of high price of electricity to times of lower price, and indicates that they

were able to infer future prices in order to reduce their costs by load shifting even

though they only have access to current prices.

In-sample diagnostics

The model analysis relies on a few modeling assumptions, among which our main

focus is the assumed conditional independence across series for the observation er-
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Figure 5.7: M1 posterior means of common state with respect to price elasticities
with 90% credible intervals and price data

rors νjt in eqn (5.1). Conditional independence would justify our goal of capturing

stochastic volatility by including contemporaneous conditional dependence network

structures.

I assess consistency of the data with the assumed conditional independence of

νjt by comparing M4 and M5 on the posterior estimate of correlation matrix cor-

responding to the posterior samples of the standardised errors: ν̃jt � νjt{?vjt. At

each MCMC iteration I save the current sampled values of each ν̃jt, building up a

full posterior sample of all m � T error terms. Define Ĉ � °N
i�1Ci{N to be the

posterior estimate of the correlation matrix of standardized observation error vector

ν̃t � pν̃1t, � � � , ν̃mtq, where Ci is the correlation matrix of ν̃t, t P t1 : T u in the i�th

posterior sample, and N is the total number of MCMC iterations in M4 and M5.

Given our assumption in (5.1) about vjt, ν̃t is independent over series j and across

time t and thus Ĉ is supposed to be close to identity matrix. The left image in

Figure 5.8 shows the image of error correlation matrix Ĉ for M4, which has almost
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all off-diagonal values close to zero, demonstrating close concordance with the as-

sumption of conditional independence. However, as shown in the right image, Ĉ

of M5 has substantial positive correlation between adjacent hours, and the absolute

correlations between 98.8% of all pair of hours, especially the adjacent hours, are

larger than that in the left. This comparison provides strong evidence for adding

the assumption of correlated observational disturbance, as suggested by the data. It

also distinctly validates the efficacy of including appropriate parental sets to allow

for correlated observation errors.

Figure 5.8: Posterior estimate of correlation matrix of standardised errrors ν̃jt’s of
M4 and M5

5.7 Summary

I have developed a state space model for multivariate time series with both com-

mon and series-specific states, and extended the model to incorporating multivariate

stochastic volatility. Bayesian analytics, including FFBS schemes, are developed.

An approximation method using variance discounting has been established to en-

able online and analytic learning of observation variances. Even though it requires

some modest approximation, this method defines computation of sequential step-

ahead forecasting simply unavailable using MCMC methods, and appears to be of
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real practical value.

This method is applied to short-term prediction of electricity demand in a Smart

Grid scenario. The model shares features of that in Hammerstrom et al. (2007), yet is

adapted to include online learning of multivariate stochastic volatility in observation

and state variances. I evaluate model performance using OlyPen data (Hammer-

strom et al., 2007), and compare the out-of-sample prediction results with Hosking

et al. (2013). I conclude that this method, allowing volatilities and correlations in

observation disturbances, leads to improvements in general forecasting performance

of the daily load curve for residential electricity usage. I compare with results using

MCMC analysis adapted to the variance discounting model, and validate the efficacy

of the new model and methodology.

Appendix 5.A: Additional Proofs of Theorems and Assumptions

Additional proofs of theorems

Proof of Theorem 5.2.1. First, I prove that

pθjt|θt,Dt�1q � Npajt �Djtpθt � atq,V jtq.

Note that

Cpθt,θjt|Dt�1q � CpGtθt�1 � ωt,Gjtθj,t�1 � ωjt|Dt�1q

� CpGjtθj,t�1,Gtθt�1|Dt�1q � Cpωjt, ωt|Dt�1q

� GjtBj,t�1Ct�1G
1
t �DjtW t

�DjtRt.
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Hence,

Epθjt|θt,Dt�1q � ajt �DjtRtR
�1
t pθt � atq � ajt �Djtpθt � atq,

V pθjt|θt,Dt�1q � GjtCj,t�1G
1
jt �DjtW tD

1
jt � Sjt �DjtRtR

�1
t RtD

1
jt

� GjtCj,t�1G
1
jt �DjtGtCt�1G

1
tD

1
jt � Sjt

� GjtU j,t�1G
1
jt � Sjt � V jt.

The rest of the proof easily follows.

Proof of Corollary 5.2.2.

ppθt|Dtq 9 expt�� m̧

j�1

pθ1tN jtθt � 2pyjt{νjtH 1
jt � pajt �Djtatq1V �1

jt Djtqθt

� pLjtθt �M jtq1U jtpLjtθt �M jtqq � pθt � atq1R�1
t pθt � atq

�{2u,
Therefore, it follows that

Ct � pR�1
t �

m̧

j�1

pN jt �L1
jtU jtLjtqq�1

� pR�1
t �

m̧

j�1

pN jt �B1
jtU

�1
jt Bjtqq�1

where

Ljt � V �1
jt Djt � F jtH

1
jt{vjt � U�1

jt Bjt,

M jt � yjt
vjt
F jt � V �1

jt pajt �Djtatq.

Therefore, I have

C�1
t � R�1

t �
m̧

j�1

pN jt �B1
jtU

�1
jt Bjtq,

At � V pθt|θ1:m,t,Dtq�1 � R�1
t �

m̧

j�1

N jt.

125



And then

mt � Ct

�
R�1
t at �

m̧

j�1

�
B1
jtM jt � yjt{vjtHjt �D1

jtV
�1
jt pajt �Djtatq

��

� Ct

�
R�1
t at �

m̧

j�1

D1
jtV

�1
jt U jtF jtyjt{vjt �HjtF

1
jtU jtF jtyjt{v2jt � yjtHjt{vjt

� pD1
jtV

�1
jt U jtF jtF

1
jt{vjt �HjtF

1
jtU jtV

�1
jt {vjtqpajt �Djtatq

�
� Ct

�
R�1
t at �

m̧

j�1

B1
jtF jtyjt{vjt � yjtHjt{vjt

� pD1
jtV

�1
jt U jtF jtF

1
jt{vjt �HjtF

1
jtU jtV

�1
jt {vjtqpajt �Djtatq

�
� Ct

�
R�1
t at �

m̧

j�1

yjt{vjtpB1
jtF jt �Hjtq � pD1

jt �B1
jtqV �1

jt pajt �Djtatq
�
.

Thus I have

C�1
t mt � R�1

t at �
m̧

j�1

yjt{vjtpB1
jtF jt �Hjtq � pD1

jt �B1
jtqV �1

jt pajt �Djtatq.

Proof of Theorem 5.2.3.

ppθ1t, � � � ,θmt|θt,Dtq9ppθ1t, � � � ,θmt,θt|Dtq,

9 ppyt|θt,θjt,Dt�1qppθt|Dt�1q
m¹
j�1

ppθjt|θt,Dtq,
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Therefore, I have the conditional independence of θ1t, � � � ,θmt|θt and for all j,

ppθjt|θt,Dtq 9 ppθjt,θt|Dtq,

9 ppyt|θt,θjt,Dt�1qppθt|Dt�1qppθjt|θt,Dtq,

9 exp
 � 1

2
rpyjt � F 1

jtθjt �H 1
jtθtq2{vjt

� pθjt � pajt �Djtpθt � atqq1V �1
jt pθjt � pajt �Djtpθt � atqqqs

(
,

9 exp
 � 1

2

�
θ1jtpF jtF jt{vjt � V �1

jt qθjt

� 2ryjtF 1
jt{vjt �H 1

jtθtF
1
jt{vjt � pa1jt � pθ1t � a1tqD1

jtqV �1
jt sθjt

�(
.

Therefore, I have

pθjt|θt,Dtq � Npmjt �Bjtpθt �mtq,U jtq,

where

mjt �Bjtpθt �mtq � U jtrpV �1
jt Djt � F jtH

1
jt{vjtqθt �

yjt
vjt
F jt � V �1

jt Djtat

� V �1
jt ajts,

with

U jt � pF jtF
1
jt{vjt � V �1

jt q�1,

Bjt � U jtpV �1
jt Djt � F jtH

1
jt{vjtq,

so that

mjt � Bjtmt �U jtpyjt
vjt
F jt � V �1

jt pajt �Djtatqq.

Proof of Theorem 5.2.5. I first prove that

ppθt|θt�1,θ1:m,t�1,Dtq � ppθt|θt�1,Dtq,
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which is equivalent to

θt K θj,t�1|θt�1,Dt, for j � 1, � � � ,m.

It follows that

Cpθt,θj,t�1|θt�1,Dtq � CpEpθj,t�1|θt,θt�1,Dtq, Epθt|θt,θt�1,Dtq|θt�1,Dtq

where

Epθj,t�1|θt,θt�1,Dtq � EpEpθj,t�1|θt,θt�1,θjt,Dtq|θt,θt�1,Dtq

� EpGj,t�1θjt �Dj,t�1pθt�1 �Gt�1θtq|θt,θt�1,Dtq

� EpGj,t�1rmjt �Bjtpθt �mtqs

�Dj,t�1pθt�1 �Gt�1θtq|θt,θt�1,Dtq

� EpGj,t�1pmjt �Bjtmtq �Dj,t�1θt�1|θt,θt�1,Dtq

Therefore,

Cpθt,θj,t�1|θt�1,Dtq � 0,

which means

θt K θj,t�1|θt�1,Dt, for j � 1, � � � ,m.

First, the proof of pθt|θt�1,Dtq � N rhtp�1q,H tp�1qs can be easily shown using

conditional normal theory (West and Harrison, 1997, p. 115).

Secondly, I need to show that pθjt|θt,θt�1,θj,t�1,Dtq � N rhjtp�1q,Hjtp�1qs.
The expectation Epθjt|θt,θt�1,θj,t�1,Dtq is

ErG�1
j,t�1pθj,t�1 �Dj,t�1pθt�1 �Gt�1θtqq|θt,θt�1,θj,t�1,Dts � hjtp�1q.

Let εj,t�1 � wj,t�1 �Dj,t�1wt�1. It follows that εj,t�1 K θt|pθt�1,Dtq and θj,t�1 K
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θt|pθt�1,Dtq. Then the covariance is

Cpθjt|θt,θt�1,θj,t�1,Dtq � CrG�1
j,t�1wj,t�1|θt,θt�1,θj,t�1,Dts

� G�1
j,t�1Cpεj,t�1|θt,θt�1,θj,t�1,DtqG1�1

j,t�1

� G�1
j,t�1Cpεj,t�1|θt�1,θj,t�1,DtqG1�1

j,t�1

�Hjtp�1q.

Specifically in the case of Sj,t�1 � Gj,t�1U jtG
1
j,t�1pδ�1

j � 1q, I have Hjtp�1q �
p1 � δjqU jt.

Assumptions for missing values

• If F jt or yjt is partially or completely missing, I assume U jt � V jt,Bjt �Djt,

which means pθjt|θt,Dtq follows the same distribution as pθjt|θt,Dt�1q.

• If F jt is partially or completely missing, I assume pyjt|ypapjq,t,Dt�1q has the

same distribution as pyj,t�1|Dt�1q.
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6

Concluding Remarks

It is increasingly understood that sparsity network modeling is essentially appealing

and almost necessary in high-dimensional data analysis. Thus the concept of spar-

sity in conditional dependence networks of MDMs is proposed, and the new area of

developing adaptive approaches to identifying sparse network structures is explored.

The first step I take is to stochastically search over network model space as dis-

cussed in Chapter 3. Novel SSS methods achieve success in identifying combinations

of conditional networks and discount factors, and resulting models with attractive

forecasting accuracy leading to profitable portfolio decisions.

BMA methods investigated in Chapter 4 provide robust and accurate out-of-

sample predictive performance. The goal is to enable conditional dependence net-

work structures– as well as other model parameters– to dynamically adapt to the

new information arriving over time. Power discounting techniques are utilized and

facilitate the adaptation to information change. A study of financial time series

forecasting and portfolio analysis is conducted in Chapter 4, and shows that ex-

tended BMA on MDMs results in significant practical improvements in predictions

and decisions.
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Another indication from the example in Chapter 4 is that extended BMA for

MDMs is feasible for higher-dimensional time series data, based on parallelization. If

GPU computing is developed, significant increases in scales are likely to be available.

GPU implementation that allows efficient online learning of model parameters serves

as a comprehensive future research area to advance this overall research agenda.

Notice that although the order of the variables may have substantial impact on

the accuracy and stability of the forecasts, this thesis only focuses on illustrating the

impact of AR lag order, series-specific discount factors and sparse parental sets on

forecasting in MDMs. Future research related to the ordering of the variables might

define an additional next-stage research agenda.

Viewing the MDM from a completely new perspective - a reformulation of multi-

variate dynamic Cholesky volatility– I finally extend it to be coupled with common

states shared across series. With creative analytic approximation, this model enables

closed-form, online learning in the context of realistic, practical assumptions about

volatility processes. When applied to short-term prediction of electricity demand

in a Smart Grid scenario, this method achieves improvements in general forecasting

performance of the daily load curve. The comparison with MCMC validates the

efficacy of the analysis and overall approach. My new model framework provides

additional advantages. First, the model enables intraday forecasts utilizing the same

day load curve information, thus enhancing the usability of end users. Second, the

online method is relatively robust to choices of tuning parameters.

In the era of big data, multiregression dynamic models for multivariate time

series analysis is still a currently underdeveloped yet promising area. The approach

essentially decouples multivariate state space models into sets of univariate models to

be processed in parallel, and recouples the results for forecasting and decisions. The

parallel structure underlying MDMs is the key and critical feature of the approach,

and underlies the significant advances of this thesis. I anticipate the concept and
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aspects of the technical innovation here will underlie further research advances in

scaling and applying multivariate dynamic Bayesian models.
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