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Abstract. We investigate the macroscopic time evolution and stationary states
of a mean field discrete voltage neuron model, or equivalently, a generalized
contact process in RY. The model is described by a coupled set of nonlinear
integral-differential equations. It was inspired by a model of neurons with discrete
voltages evolving by a stochastic integrate and fire mechanism. We obtain a
complete solution in the spatially uniform case and partial solutions in the general
case. The system has one or more fixed points and also traveling wave solutions.
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1. Introduction

We consider the mean-field (hydrodynamic) limit of a (novel) stochastic lattice system
inspired by neuronal integrate-and-fire models [7]. On the microscopic level the system
consists of variables S(z,t) associated to lattice site z € Q C Z¢, at time t € R,. S(z,1)
can take integer values 0,1,..., k. These can be thought of as discrete values of the
voltage of a neuron at site z.

A sketch of the microscopic dynamics is as follows: when none of the S(z,t) are
in state k, the system is in a static state. When S(z,t) = k, site z is in the active, or
firing, state. It will exit the active state and return to state 0 with probability dt¢ in the
time interval (t,¢ + dt). While site z is in the active state, any other site w # z, with
S(w,t) =7, j <k, will jump from j to j + 1 at a rate kAJ,(z, w). When multiple sites
are active, we linearly sum their effects on the jump rates of other sites. The function
J,(z,w) has the Kac form [8],

Ty (zw) = "I (v(z = w)) =y T (y(w - 2)) 2 0 (1)

with fRdJ (r)dr = 1, and v > 0 a scaling parameter for the coupling. We will be interested
in the limit v — 0.

The case k = 1 is similar to a popular two-state neuron system known as the stochas-
tic Wilson—Cowan model [9, 17]. The case k > 1 introduces multiple inactive states
0,...,k—1, in which a site exerts no influence on its neighbors, and it must traverse
sequentially through the states to reach the active state k, which is followed by a reset
at rate 1 to the state 0. This setup is inspired by integrate and fire neuron models, where
the firing of other neurons is required to drive the membrane potential of a particular
neuron from a resting potential to a threshold level in order for it to become active itself.
Less tractable than two-state neuron models, many results for integrate and fire mod-
els are given by numerical simulation (e.g. [3, 13, 14]), although there are some results
proved, in particular for non-spatially-dependent networks in the mean field limit [2].
[5, 6] have shown rigorous results in the hydrodynamic limit of a network of integrate
and fire neurons with continuous membrane potentials and stochastic firing thresholds.
In these models, individual neuron firings produce infinitesimal jumps in membrane
potential of all other neurons. In contrast, neurons in the model studied in this paper
have fixed firing thresholds, and neuronal firings produce discrete jumps in membrane
potential.
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The k =1 case is also an example of a standard contact process [11, 12], where the
value of S(z,t) can be interpreted as the state of an infection of an individual at z, with
S(z,t) = 0 corresponding to being healthy and S(z,t) =1 to being infectious. Under
this interpretation, the case k > 1 is a generalization of the standard contact process,
where a healthy individual requires several exposures to infectious individuals in order
to become infectious themselves. As with a standard contact process, we are interested
in understanding under what conditions the activity is self-sustaining, how the activity
spreads throughout the system, and what are the temporal dynamics of the system.

We will be interested in the macroscopic equations on the scale £ = vz in the mean
field limit v — 0. We shall not discuss here the derivation of the macroscopic equations
from the microscopic models. That will be done in a different publication [4]. Here we
shall discuss the solution of the resulting macroscopic equations for different values of
k. Numerically, solutions approach either (1) stationary solutions in which no neurons
are firing, or (2) a spatially homogeneous stationary solution with neurons in the firing
state. We will call the states in case (1) the ‘extinct’ states and in case (2) the sustaining
stationary states. We find these stationary states rigorously and show that they are
linearly stable. Under the biological interpretations of the system, the stability of the
stationary states is important for showing that they can physically exist, as biological
systems are naturally subject to perturbation.

2. Macroscopic equations

The v — 0 limit of the microscopic model yields the following equations on the macro-
scopic spatial scale for the v;(x,t), the fraction of the population density at position x
in state j, j = {0,1,...,k},

dvo(x,t)

—a = vi(x, t) — vo(x, ) Nk Ry (x, ) (2)
w = [vj(x,t) — vj(@, )| AkR (2, t), j=1,....k—1 (3)
% = —v(x,t) + vy (x, ) Ak Ry (x, 1), ()

where £ € A C R? is a cubical box of sides L, with periodic boundary conditions and
uniform density equal to one, and

Ri(w.1) = / J(@— you(y, t)dy. (5)

We assume that J(r) has a range less than L/2. In the spatially uniform state, when
v;(y,t) is independent of y, then, by (5) and (1), Rj, = vy.

The terms in equations (2)—(4) can be interpreted as follows. As neurons transition
from state k to 0 at rate 1, the vy terms in equations (2) and (4) correspond to the
gain at state 0 and loss at state k. The rate at which neurons at & jump from state j
to j+ 1 is equal to AkRy(x,t), which is equal to the integral over y of the fraction of
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neurons in the firing state weighted by the coupling kernel .J, and scaled by Ak. The loss
from these jumps at state j and gain at state j + 1 is reflected by the remaining terms
of equations (2)—(4).

) It follows from equations (2)—(4) that starting with v;(z,0) > 0, Z‘I;f:ovj(:zz, 0)=1,
then

K k
Zvi(:zz, t) = Zvi(:zz, 0)=1, wvi(xt)>0, forallt=>0. (6)

1=0 1=0

It is clear from the above equations that if vy(z,0) =0 for all & then v,(z,t) =
v;(x,0) and the system remains in its initial state forever. This is not very interesting
and we shall assume from now on that v,(x,0) > 0 for some values of z. It is still
possible however that vi(x,t) — 0 as t — co. We shall call that ‘extinction’.

Using (6) we can replace vi(x,t) in (2) and (3) by

vp(x,t) =1 — Zvj(:n, t)

=0

leading to a closed set of equations for v;(x,t), j =0,...,k — 1 with

k-1
Rk(ma t) = /AJ<$_ y) [1 - Zvj<ya t)] dy

J=0

3. Stationary states

Consider now the stationary solutions of (2)—(4). We see that in addition to the R, =0

solution corresponding to vy, = 0, there is a stationary solution Ry(z,t) = R(x) > 0 of
the form

Uj(w):m, Jsk-1 (7)
while
o) = %, (8)

and R(x) satisfies the equation

- R(y)
Rx) =\ | J(x—y)—=——"—4dyv. 9
@ = [ I v Py )
Equations (7)—(9) have the spatially uniform solution
D | _ 1 .
R=1v;, = — and ©; = VAR <k, (10)

https://doi.org/10.1088/1742-5468 /ac4985 4
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Figure 1. Solutions of (27) for the k = 2 spatially uniform case, indicating in black
the initial conditions (v((0), v1(0)) which go to the extinct states vo = 0 as t — oo.
The extinct states are indicated by the dashed line. The sustaining stationary state
vg = v1 = 1/(2\) is shown by a red dot: it attracts all initial states in the white
region below the dotted line.

which is a physical sustaining stationary solution with v, > 0, for A > 1. For A < 1 the
only physical stationary solution is v; = 0.

Note that equation (9) for the stationary R(z) is independent of k. Thus if there
exists a non-vanishing, spatially dependent stationary state R(z), then it will be so for
all k. We will show in section 6 that for £ = 1, the only stationary nonzero v is the
spatially uniform one. Hence this will be true for all k.

The stationary state © = (0y,...,0;) given in (10) is linearly stable (as shown in
section 5), so if we start close enough to © then the system will always approach v as
t — 0o. On the other hand there are, as shown in section 4 for k > 1, initial uniform
states v;(0) with v,(0) > 0 such that v;(t) — 0 as t — oo. Initial states v;(z,0) close
to v;(0) would also have v, (x,t) — 0 as t — oo for all x; see figure 1 and section 7.

4. Solution of the macroscopic equations in the spatially uniform case

The macroscopic equations in the spatially uniform case take the form

https://doi.org/10.1088/1742-5468 /ac4985 5
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dv

dit() = v — (kAvg)vy (11)

dv; .

d—;:(k)\vk)[vj_l—vj], J :1,,l€—1 (12)

d’Uk

E = —v; + (k)\vk)’kal (13)
where v;(t) = fraction of neurons in state j =0,1,..., k.

To simplify equations (11)—(13), we introduce the variable r(¢) defined by the
equations

d
d_: = kv, r(0)=0.

Writing v;(t) = v,(r(t)), valid as long as v;, > 0, we get
dog B 1
E = —Vg + qp, 9 = ﬁa (14)
do;
%:@j,l_@j, j=1,... k-1, (15)
do, . 1
E:vk—l_f—qlm %="D =" (16)

The autonomous equations for j =0,1,...,k — 1 can be rewritten in vector form

di
L _Av+q  95(0)=0(0) (17)
dr

where © = (g, 01,...,0:-1)", ¢=(qy0,...,0)T, and A is a k x k square matrix

with 4,7 € {0,1,...,k—1}. A has —1’s along the diagonal and +1’s along the first
subdiagonal:

—_
@)
S
@)
@)

A=-I+B,, B,=

o

[a—

=]

o

. (@)
—~

—_

09
~—

000 ... 10
Note that in successive powers of By, the +1’s move to lower subdiagonals:
(Bk)uj = 0i-1,j, (Bz)zj = 5,1;_2_’]', ceey (BZ_I)LJ‘ = Oi—k+1,j5 and BL =0 for [ = k.
Equation (17) has the solution
o(r) = e (0) +/ e qds. (19)
0
Using equation (18), and the fact that B} = 0, we have that

Tk_l

k—1
(k — 1)!B’f

2
eAr — e—Tle—Br — e |:1 +er+ %Bi + -+

https://doi.org/10.1088/1742-5468 /ac4985 6
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Each term within the square brackets corresponds to a distinct subdiagonal, so the
matrix e?” is 0 above the diagonal and constant along each subdiagonal. Let H ; be the
value in the jth subdiagonal: explicitly,

J

T
Hj(r) =¢ ﬁa
for j=0,...,k—1. Then (19) can be expanded to give an explicit solution for ¥; in
terms of r.
Z _0;(0 L H()ds, j=0,...,k—1, (20)
k;/\ 0

We also have
vp(r)=1- > v;(r) (21)

k=1

= 1= Ha ) gy [ S sas

j=0

Clearly ©; — v; = (Ak)~! for i < k, and v, — v, = (A — 1)/\ as r — oo. Recalling now
that dr/dt = kAvy, we get

Tk ( A A (0 - g}):m (22)

7=0 =0

which is an autonomous ODE, emphasized by introducing the notation ¢(r) on the
right. The behavior of r(¢) can then be determined by analyzing ¢(r).
Starting with v;(0) > 0, we see that ¢(0) > 0, and so r(¢) is monotone increasing,
and satisfies
" ds

t= o) (23)

so we have either

(a) there exists r( the smallest positive solution to ¢(r) = 0, such that t — 0o asr — rq,
or

(b) the integral is finite, in which case r — 0o as t — oo. This will certainly be the case
if ¢(r) > 0 for all r > 0.

In case 1, since ¢(r) = dr/dt = klvg, we see that v, — 0 as t — oo; that is, in this
case the system goes to an inactive state with the firings dying out. In case 2, we see by
equation (22) that as t — oo,

Ploo) _y k

1—— =wvy,

vl > T

https://doi.org/10.1088/1742-5468 /ac4985 7
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and by equation (20) for j < k, that

v;(t) = v;(00) = 1 v,

so the system goes to the unique sustaining stationary state.

4.1. lllustrative examples
The k = 1 case. In this case,

(31: = v (t) = A (1 — e "vy(0) — i[ e5d8> = o(r). (24)

If 0 <wvy(0) <1, then it can be checked that the right hand side of equation (24)
is bounded below by a positive constant for all » > 0. Therefore the system always
approaches the sustaining steady state solution if '01(0) > 0. More explicitly, we have in
this case, vy(t) =1 — vy(t), so v;(t) satisfies the autonomous equation

dv(t
20— (3 Dyw(t) — xedlo), (25)
whose solution is
’U](O) _ )\ —1
v((t) = — v = —— ast— oo. 26
1( ) )\Alvl(O) + (1 AAlvl(o)) e~ (A1)t 1 A ( )

Thus for £ = 1 any initial state with v1(0) # 0 will approach, as ¢t — oo, the sustaining
stationary state exponentially, as long as A > 1.

Thinking of the process as a mean field model of infection, with v, representing the
infected fraction of the population the model predicts as in the standard contact process
a persistent percentage of infected individuals for A > 1, the percentage increasing with
A. For A < 1, vy(t) — 0, there is no epidemic, as everyone gets eventually cured.

The k = 2 case. Unlike the £ = 1 case, here it is possible to start the system with
v2(0) > 0 and still have the firing die out, vy(t) — 0 as t — oo.

Writing the solution (20) for & = 2, we get,

Bo(r) + 81 (r) = iu C e = e 4 wp(0)e 1+ 7] + 1 (0)e

2\
This yields

¢(r) = 2A[1 — 01(r) — Bo(r)] (27)
=20 —1)(1—e ") +re"[1 =2 vy(0)] +2X e "[1 — v1(0) — vy (0)].

Clearly if vo(0) < 55 then ¢(r) > 0 for all 7 > 0 and the system will go to the sustaining
stationary state. For v((0) close to 1, there exists ry > 0 for which ¢(ry) = 0, in which
case the system goes to an inactive state with the firing dying out, i.e. vo — 0 as t — oo.
The region in the v((0), v1(0) plane for which this occurs shrinks as A increases, as
demonstrated numerically in figure 1. We expect similar behavior for £ > 2. In fact it is
easy to see from (22) that if v;(0) < 5 for all ¢ <k — 1 then ¢(r) >0

https://doi.org/10.1088/1742-5468 /ac4985 8
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5. Linear stability of the sustaining state

Let us consider now the linear stability of the sustaining stationary states for general k

1 ) 7 1
{,j:E, ]<k, 'l)kzl—x.

Let v;(x,0) = v; + fj(x,t). Then setting
’vj(wa t) =, + f](wa t)v
The conditions

ij(wa t) =0,

7=0

1-v; > fi(z,t) > —v;

are satisfied for all ¢ > 0 if they are satisfied for ¢ = 0.
Setting (A — 1)k = «, we obtain to first order in the f;,

%(“” t) = —afil@t) + /J(w— y)lfi(@) - fi(y)ldy (28)
aajij<w’t):a[fj1(mvt)_fj($7t)], 7=1,...,k—1. (29)

Taking the Fourier series in x,
T 1 —2mi&-x .
fj(E,t):Z_Jd/fj(arz,t)e2 Sede, j=0,...,k—1, (30)
A

where € = (&,,...,&,) € (L7'Z)?, gives

Uoie 1) = —adie )+ Jien) (1- 7)) (31)
%{j(g,t) —ao[f; (&) — &), j=1,... k-1 (32)

A

Letting 3(&) = (1 — J(§))/c, we can write the above equations in vector form

1 1 ... 1

oFf . 00 ... 0

&) =a(A-BE)M)f, M= R E (33)
00 ... 0

where M is the k£ x k matrix with ones in the top row and zeros elsewhere.
We will show that for any fixed value of £, each eigenvalue of the matrix (A —

BM) has a negative real part, implying the convergence of ]’(E ,t) to 0 as t — co. The

https://doi.org/10.1088/1742-5468 /ac4985 9
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characteristic polynomial of the matrix, computed by cofactor expansion along the top
row, is

p(x)=(-1-F—z) =) (~D(=AH (-1 -2 (34)
= ()" |1+ B8+o)1+o) "+ B> (1+a) |

j=2

Letting p(x) =0, y = = + 1, and noting that y = 1 is not a solution to the equation,
yields

0=(y+b)y " +5) ¢ (35)

j=2

—y Yy

=y’“+611__yk,
)

which simplifies to

Y'(y—(1-p) =5 (36)

We now note that 5 > 0. This follows from the fact that J is a real-valued function with
J(x) =J(—x) >0 and [, J(x)de = 1. Therefore applying the absolute value to both
sides of (36) gives

Yl ly— (1 =B =5 (37)

We can deduce that |y| # 1, as otherwise the equation (37) implies y = 1, and we have
remarked that this not a solution to the characteristic equation. Therefore either

(a) ly| <1, or
(b) ly| > 1.

In case 1, it follows easily that the real part of y is less than 1, and therefore the real
part of x is negative. Case 2 implies that |y — (1 — 5)| < 5, from which it also follows
that the real part of y is less than 1, and that the real part of x is negative. This implies
that f;(&,t) — 0 for all fixed &, and from this point, we can prove that f converges to 0
uniformly.

Linear stability of the inert state vo= 1. Having shown the linear stability of
the stationary sustaining state we consider now the linear stability of the state v (t) =
v1,(0) = 0. Rather than considering all initial states v;(0), Z?;évj(O) = 1, we consider
here only perturbations around the extreme case vo(z,t) =1, v;(z,t) =0, j > 0.

Let

vo(x, t) = 1+ fo(ax, t), fo(x, t) <0, (38)

https://doi.org/10.1088/1742-5468 /ac4985 10
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k
vi(zt) = fi(z.t),  filet)>0, j=1,...k Y f=0 (39)
j=0
Linearizing in the f’s gives, for k > 1,
D) = flat) = M [ (o= ) fiw ) (40
5 (@ 1) = fil, z—y)fi(y,t)dy
)
M@t) = Ak [ Iz 9.0y (a1)
6(;]1?(3:,15):0, for je{2,...,k—1}, (42)
%(:1: t)y=—/ —kz_if' implying fi.(z,t) = fi.(z,0)e" (43)
ot ) - k'_j:O R plymg ji(Z, — JE\dy ’

so for k > 1 the dead state in the vicinity of vo(x,t) = 1 is linearly stable, see figure 1.
For k=1, fi(z,t) >0,

0

Tt =—h@n A [ I yhody (44)
Taking spatial Fourier transforms yields

0] . .

e = (I - VD), (45)
which has the solution

Fi(&.8) = Ji(& 0)eMO (46)

Since J(0) = 1 there will be growth at least for small values of &, for which f;(€&,0) > 0,
so the state vy = 1 is unstable for A > 1. In fact as we shall now show for k =1, any

perturbation of the state vy(0) = 1, will lead asymptotically to the stable stationary
state og = A1, v = (A —1)/\.

6. k =1, general case

In this two-level case, vi(x,t) =1 — vo(x,t) is the only unknown function. It satisfies
the equation

% = —v1 + A1 —vi(z, 1)) / J(z— y)v(y,t)dy. (47)
Define f(z,t) by
f<$7t):vl<$7t)—'l_)1, ’l_)l = % (48)

https://doi.org/10.1088/1742-5468 /ac4985 11


https://doi.org/10.1088/1742-5468/ac4985

Time evolution of a mean-field generalized contact process

Using the fact that [ J(z —y)dy = [ J(z — y)dz = 1 we get from (47)

0f(x1)
ot

= (A~ 1) f(a) )
+ / J(@— y)[f(y) — f(z)]dy

i\ /A J(z— ) f(y) f(2)dy.

—— [dwie- i@ - ] - [apsta— i@ |* )+ )
Multiplying (49) by f(x,t) and integrating over x yields

Ld
2dt

1

[ F@nia=—; [[ 1= plif@ - fwPdzay (50)

- )\// J(x— y) fA(x, t)v,(y,t)dydze < 0

The inequality is strict for all initial conditions with v;(x,0) not identically 0, and shows
that vi(x,t) — v, as long as vi(z,0) > 0.

Traveling wave solution. We consider the time evolution of v(x,t) when x € R,
i.e. we let L — oo, and the initial state is one in which v, (z, 0) goes to the stable solution
v; = (A —1)/Xas € — —oo and to the unstable solution v; = 0 as £ — co. Equation (47)
for £ = 1 can be considered as a special case of the non-local Fisher-KPP equation, with
the diffusion constant set equal to zero [1]. To get a feeling for the evolution of such an
initial state we first consider the limiting case when the width J(x — y) goes to 0, i.e.

J(x—y)=d(z—y) (51)

Equation (47) then has the traveling wave solution
A—1
uy(x, t) = — [1 — tanh[a(xz — V1)]] /2, aV=(\N-1)/2 (52)

Numerical solutions of (47) with

1 1, >0,
J@) = oo -lai), o) =1 "

and initial conditions
A—1

v1(x,0) = — for £ < 0,

0, for > 0,

show that v,(x,t) approaches a form close to (52) with aV ~ (1 — X)/2 as t — oo; see
figure 2. Similar behavior is found for J(x) a Gaussian.
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Figure 2. Numerical simulation of k =1 traveling front solutions. In all plots,
A=1.1 and J(xz) =1 for || < 1/2 and 0 otherwise. (A) Traveling front arising
from step function initial conditions. At ¢ = 0, vi(x) = v; for & < 0 and 0 other-
wise. The traveling front is well approximated by a rescaled and shifted hyperbolic
tangent function, shown in red. (B) Fronts developing from initial conditions set
to equation (52) with @ = 0.1 and « = 0.05. Front velocity is approx. double for
a = 0.05 compared to 0.1. (C) Dependence of front velocity on «. v1(x) is initial-
ized with equation (52) for a range of «, and velocity is computed numerically.
Comparison with velocity given in equation (52) is given by the red dashed line.
Note that for 1/« close to 0, the initial condition is nearly a step function as in (A).

7. Conclusions

We have shown that when A\ > 1, the macroscopic equations (2)—(4) have a unique,
linearly-stable stationary state with nonzero firing rates vy(x,t) given by (10), which
we refer to as the sustaining stationary state. For k =1, the basin of attraction of
the sustaining stationary state includes all initial conditions such that v,(x,0) is not
identically O for all . The case k > 1 is qualitatively different: even starting with v;(0) >
0 we can have vi(t) — 0. We have shown this explicitly for £ = 2 and found that there
are linearly-stable extinct states like v(z,t) = (1,0,...,0).

For k = 2, we have seen in numerical simulations that even for initial conditions with
v(z,0) = v for  in a small region of R and v(x,0) = (1,0,0) outside of that region
(J the same as in figure 2), the firing (epidemic) can die out and approach an extinct
state. As the size of the region increases, eventually a point is reached where the firing
becomes self-sustaining and spreads throughout the system. We conjecture that there
exists some M > 0, depending on J(x), such that the initial condition with the region
|z| < M set to v will necessarily converge to © pointwise on the whole domain.

In the one-dimensional case x € R, we showed the existence of traveling wavefront
solutions v(x,t) = v(x — Vi) in the k =1 case, with an analytic solution in the J =
0 case and numerically for other forms of J. Wavefront solutions have been studied
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extensively in the case of neural models like the mean field Wilson—Cowan equations [15].
It remains to be rigorously shown that traveling fronts exist in the case k > 1. Based on
numerical solutions of the equations, we conjecture that stable traveling wave solutions
exist for k£ > 1, and that there are qualitative differences with the case k = 1. The
existence of linearly stable extinct states like v = (1,0...,0) when k > 1 changes the
properties of traveling fronts with v(—o00) = v and v(o0) = (1,0,...,0). In particular,
we conjecture that there exists unique traveling waves, with wave velocity proportional
to the width of J.

As the microscopic system described in the introduction has been inspired by inte-
grate and fire models from neuroscience, we are interested in extensions of the model to
include more realistic components of biological neurons and neural networks. In particu-
lar, including sites in the model which have an inhibitory effect on nearby sites will lead
to a richer dynamical landscape. Other models with mixed excitatory and inhibitory
components have been shown to have oscillatory activity, and such models have been
used to study brain rhythms (e.g. [2, 10, 16]). Additionally, the effects of inhibition on
the propagation of traveling fronts in the brain has been examined in [15]. An interest-
ing question is how brain activity is contained and localized to a particular region when
externally driven. We would like to explore this question in our model with the addition
of both inhibition and an external drive component.
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