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Abstract 

In this report we validate that Minimum Weight Perfect Matching (MWPM) decoding of 

a surface code helps attain a higher code threshold than standard decoding by taking into 

account the correlations of errors that occur on the lattice. Correlated errors cannot 

directly be decoded using MWPM due to the formation of hyperedges on the decoding 

graph. Decomposing correlated errors into simultaneous X and Z excitations, along with 

considering an asymmetric code for optimal performance of this scheme, yields a code-

capacity threshold of 15% for standard depolarizing error by updating the weights of one 

decoding graph based on the corrections of another. 
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1. Introduction 

Quantum error correction is important to help create a fault-tolerant quantum 

computer. To better understand the kinds of errors that may occur on a quantum 

computer, researchers run error simulations on various quantum error correcting codes, 

that act as logical qubit memories, and error correction decoders that help decide the class 

or sequence of error that has occurred on the system.  

Since members of the Pauli group span the Hilbert space of 𝑛 qubits, we can discretize 

the continuous errors that affect our quantum system into Pauli-type rotations.  

The rotations described by the Pauli gates can be thought of as rotations on a single qubit 

system represented by the Bloch sphere, wherein the states on the Bloch sphere describes 

the state of the qubit. Due to the linearity of quantum systems, being able to correct any 

individual Pauli errors also indicates the ability to correct any linear combination of those 

errors. 

In the theory and simulations of this report, we have only considered Pauli errors, and 

hence, it is useful to define Pauli operators here.  

There are 3 Pauli operators, X, Y, Z. These are a set of 3 Hermitian, involutory, unitary 

matrices defined as: 

 

𝑋 = (
0 1
1 0

)  𝑌 = (
0 −𝑖
𝑖 0

)   𝑍 = (
1 0
0 −1

) 
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As we can see, Pauli-Y may be decomposed as 𝑖𝑋𝑍, signifying a simultaneous bit and 

sign flip. These operators have the eigenvalues of +1 and -1, which is an important fact 

used in measurement parities for quantum error correction. Their self-inverse nature is 

further used to employ correction sequences in reversing the effects of an error -- upon 

identification of an error, we apply the same error sequence to the affected qubits which 

reverses the operation of the error.  

For example, writing the operator tensor product of an error sequence on qubits 1, 2, 3 as 

𝑋 ⊗ 𝐼 ⊗ 𝐼, the correction of the same sequence will bring the qubits back into the idling 

state of 𝐼 ⊗ 𝐼 ⊗ 𝐼, reversing the NOT operation on qubit 1. 
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2. Classical Error Correction 

A classical linear code can be represented as an [𝑛, 𝑘, 𝑑] code, with 2𝑘 linearly 

independent vectors inhabiting the codespace, which is a linear subspace within the linear 

vector space (Hamming Space) formed by 2𝑛 vectors.  

In linear classical codes, we can encode 𝑘 bits in n bits using an 𝑛 × 𝑘 generator matrix 𝐺 

that has columns that form a basis for the k-dimensional code subspace of an n-

dimensional binary vector space.  

That is, a generator matrix can be used to generate a codeword, 𝑠, as a binary vector 

product of the matrix and a k-dimensional vector 𝑣, wherein the message vector 𝑣 gets 

encoded into the codeword 𝑠. 

 

𝑠 = 𝐺𝑇𝑣 

The dual of this matrix is the parity check matrix, 𝐻, of dimension (𝑛 − 𝑘) × 

 𝑛, which is used to test if a given vector, 𝑠’, is a codeword, since 𝐻𝑠’ =  0.  

 

The distance of a code can be defined as the minimum number of bit flips that take one 

codeword to another. The Hamming weight is the number of 1’s in a vector. A 𝑡 bit error 

will take a codeword 𝑡 distance away from the codeword. Hence, to correct a ‘t’ bit error, 

we need a distance 𝑑 ≥ 2𝑡 +  1.  

Since the parity check matrix, 𝐻, annihilates codewords, an erroneous vector will result 

in a non-zero product. That is, 

 



 

4 

𝐻𝑠 =  0 

𝐻(𝑠 +  𝑒)  =  𝐻𝑠 +  𝐻𝑒 =  0 +  𝐻𝑒 =  𝐻𝑒 

 

Here, the resulting product, 𝐻𝑒, is called the error syndrome.  

Many quantum error correcting codes are based on analogous classical codes. The 

difference lies in our ability to measure the parity of the encoded vectors. While classical 

error correction relies on parity measurements to evaluate the presence of an error, we 

cannot simply keep measuring a quantum system without the loss of information. 

Moreover, continuously measuring the system will decohere the system. Hence, we can 

utilize other methods to measure the parity of data qubits, to gain insight into whether an 

error has occurred or not. This works exceedingly well when considering the stabilizer 

formalism.  
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3. Quantum Error Correction 

Unlike in classical error correction and encoding, we cannot simply copy quantum 

states and introduce redundancy to preserve information. This is because of the no-

cloning theorem. Furthermore, direct measurements destroy the amplitude and phase of 

the system, thus destroying all quantum information of that system. Hence, we use the 

stabilizer formalism to work with stabilizer codes, of which the surface code and CSS 

codes are examples.  

We can now define a quantum code that encodes 𝑘 logical qubits in 𝑛 physical qubits, 

making an [[𝑛, 𝑘, 𝑑]] quantum error correcting code with minimum distance d. As 

mentioned previously, successive measurements of a quantum state in different bases will 

project the state into those bases and destroy its amplitude and phase.  

For example, measurement in the 𝑍 basis will probabilistically projects the quantum state 

into either the |0⟩ or |1⟩ eigenstates with the corresponding +1 or -1 eigenvalues, and 

similarly, an X measurement projects the quantum state into |+⟩ or |−⟩ with a +1 or -1 

measurement outcome.  

Stabilizer operators preserve the quantum state, and a group of commuting stabilizer 

operators force the quantum state into a simultaneous eigenstate of all the operators. We 

can then measure the system using these operators, without destroying the information 

preserved in the quantum state. This works because any given stabilizer element 𝑆 takes a 

quantum state back to itself; 𝑆𝑖 |𝜓⟩  = |𝜓⟩. Hence, any anti-commuting operation, such as 
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an error, will remove this equality, signalling the presence of an error by a change in 

eigenvalues.  

For example, a two-qubit system can be measured using the operators 𝑍𝑎𝑍𝑏 and 𝑋𝑎𝑋𝑏. 

Their simultaneous eigenstates are the four Bell states. Let us start our system in the Bell 

state 
|00⟩+|11⟩

√2
. Any extraneous error (which is represented into a Pauli error) will affect 

the system in such a way that measurement using the two aforementioned operators will 

bring the system into any of the other eigenstates (the other Bell states).  

Table 1: Two-qubit system stabilizer 

𝑍𝑎̂𝑍𝑏̂ 𝑋𝑎̂𝑋𝑏̂ |𝜓⟩ 

+1 
+1 

|00⟩ + |11⟩

√2
 

+1 -1 
|00⟩ − |11⟩

√2
 

-1 +1 
|01⟩ + |10⟩

√2
 

-1 -1 
|01⟩ − |10⟩

√2
 

 

A random 𝑋 error will take the system from the first Bell state to the third, while 

changing the eigenvalue measured upon performing the 𝑍𝑎̂𝑍𝑏̂ measurement to -1, 

signalling an error. Similarly, a random 𝑍 error will take the system to the second Bell 

state, and change the measured eigenvalue. Since 𝑋 errors will commute with the 𝑋𝑎̂𝑋𝑏̂ 

operator, and 𝑍 errors will commute with the 𝑍𝑎̂𝑍𝑏̂ operator, measurement by the 
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commuting operator will not yield a change in eigenvalue. It is only upon measurement 

by both operators that a change in eigenvalues will be observed, should an error have 

occurred.  

It is to be noted that the changes in eigenvalues will not indicate which qubit has suffered 

an erroneous excitation. Now, we can describe a stabilizer code, formed from a group of 

commuting stabilizer operators.  

A stabilizer code (Gottesman, 1997) is an [[𝑛, 𝑘, 𝑑]] code that is defined over the 

stabilizer group of order 2𝑛−𝑘, where 𝑚 =  (𝑛 − 𝑘) is the number of independent 

generators of the group, which is an Abelian subgroup of the n-tensor Pauli group 

{𝑋, 𝑌, 𝑍, 𝐼}. Conventionally, the codespace is the +1 simultaneous eigenspace of the 

stabilizer operators.  

 

Similar to extracting the syndrome for a linear classical error correcting code, we can 

extract the syndrome for a quantum stabilizer code.  

Say, for a state |𝜓⟩, we have error that commutes with a given stabilizer generator 𝑆: 

𝐸𝑆 |𝜓⟩  =  𝑆𝐸 |𝜓⟩  =  𝐸|𝜓⟩ , 

which yields a +1 eigenstate of 𝑆 upon measurement. 

However, when the error anti-commutes with the stabilizer generator, 

𝐸𝑆 |𝜓⟩ =  −𝑆𝐸 |𝜓⟩ , 

the stabilizer measurement yields a -1 eigenstate. 
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Since our stabilizer group is defined over the +1 simultaneous eigenspace of stabilizer 

generators, a -1 eigenstate signals the presence of an error. The stabilizer formalism can 

then be used to write the generating matrix, 𝐻, of a given code, which utilizes the X and 

Z symbols to denote non-zero weight operations on the qubits. 

 

As there are 𝑚 = (𝑛 −  𝑘) independent stabilizer generators, there exists a family of 2𝑚 

stabilizer operators that have an equivalent operation on the codespace. For a state |𝜓⟩,  

we have 𝐿𝑆𝑖|𝜓⟩  =  𝐿 |𝜓⟩ , and thus, the operator 𝐿 works the same as the product of 𝐿 

and any given stabilizer 𝑆𝑖. This also proves that logical operators must commute with all 

stabilizers to ensure their products leave the codespace invariant. 

 

Code degeneracy refers to the phenomenon in which two errors equivalent up to a 

stabilizer result in the same syndrome. Thus, applying the inverse, error-correcting 

operator becomes a non-trivial task, as the application of an incorrect correction operator 

will result in further error propagation. Algorithms that aid in determining the appropriate 

error correction operator using code inputs such as the parity check matrix are called 

decoders. 

 

3.2. Calderbank-Shor-Steane Codes 

Calderbank-Shor-Steane (CSS) codes (Calderbank, 1996) make use of code 

concatenation to create quantum codes that are able to fix both phase flip and sign flip 



 

9 

errors (X and Z errors). Thus, by the equation given above, they can also fix Y errors 

which are simply simultaneous phase and sign flips.  

CSS codes are defined using the dual codes property of linear classical codes. In the dual 

code construction, the “dual” of a code C with parameters [[𝑛, 𝑘1, 𝑑]] has codewords 

which form a subset of the codewords of C, i.e. 𝐶2 ⊆ 𝐶1. 

This way, we can define the CSS code of C1 over C2 can be defined as an [𝑛, 𝑘1 − 𝑘2, 𝑑] 

code.  

Because a CSS code is defined using two different classical codes, it fits in well with the 

stabilizer formalism. We can thus create quantum codes described using X and Z Pauli 

operators, which can be separately decoded for X and Z type errors. The stabilizer 

generators are separate for the X part of the code and the Z part of the code.  

A CSS code splits the generators into X and Z types, which allows us to decode X and Z 

errors separately. 

The Steane [[7,1,3]] code is a CSS code constructed from the Hamming [7,4,3] and 

Hamming [7,3,4] codes. Its generators are as follows: 

 

Table 2: Steane[[7,1,3]] generators 

Name Operator 

𝑔1 𝐼𝐼𝐼𝑋𝑋𝑋𝑋 

𝑔2 𝐼𝑋𝑋𝐼𝐼𝑋𝑋 

𝑔3 𝑋𝐼𝑋𝐼𝑋𝐼𝑋 

𝑔4 𝐼𝐼𝐼𝑍𝑍𝑍𝑍 

𝑔5 𝐼𝑍𝑍𝐼𝐼𝑍𝑍 

𝑔6 𝑍𝐼𝑍𝐼𝑍𝐼𝑍 
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As shown, the stabilizer operators are separately of X and Z type. Phase (Z type) errors 

commute with the Z checks, but anti-commute with X checks. Thus, measurement using 

the X operators results in a different eigenvalue, signaling an error. Similarly for bit-flip 

(X type) errors which are detected using Z checks.  

 

3.3 The Toric Code 

In 1997, Alexei Kitaev published his work on topological quantum codes, which 

are defined geometrically and locally as the tessellations of a surface.  The simplest 

example of a topological code is the toric code, in which the stabilizer generators are 

expressed as tessellations on a torus. Errors come in pairs and must be annihilated by 

bringing them together. They can be thought of as chains, with correctable errors forming 

trivial cycles that can be shrunken down and annihilated, but non-trivial errors (that form 

logical errors) forming uncontactable chains that wrap around the torus diametrically and 

cross-sectionally.   

 

Figure 1: The Toric Code 
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Figure 2: L x L toric code lattice with vertex, plaquette, and logical operators 

The torus can be deconstructed into an 𝐿 × 𝐿 lattice, forming a [[2𝐿2, 2, 𝐿]] code, as 

shown in Figure 2. Data qubits reside on the edges of each link of this lattice, and the 

vertices and plaquettes (tiles of the lattice) represent the two different types of stabilizer 

operators (X and Z respectively). The number of encoded logical qubits on a toric code 

are 2 × 𝑔𝑒𝑛𝑢𝑠 of the torus, with a regular toric code encoding 2 logical qubits. Another 

way to consider the number of logical encoded qubits is to check that there are 2𝐿2 

physical qubits, and (𝐿2 −  1) plaquette and vertex operators each, making the number of 

encoded qubits is thus equal to 2𝐿2  − 2(𝐿2 −  1)  =  2 (Dennis, 2002). 

Since the vertex and plaquette operators always intersect at an even number of 

points (two, on a square lattice), they always commute.   

 

3.4.   The Surface Code 

It is difficult to physically create tori for quantum memory for all architectures. 

The surface code is a special type of stabilizer code which can be thought of as a planar 
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version of a toric code. Taking a toric code, if we make ‘X’ and ‘Z’ cuts diametrically 

and along the length of the torus, we unfurl a surface with rough (X) and smooth (Z) 

edges. These edges will serve as the boundaries to which we want to annihilate our 

errors. Since operators on different qubits always commute, non-neighbouring site 

(vertex) and plaquette operators all commute. Neighbouring site and plaquette operators 

commute trivially, as they are all even-weight operators. Surface codes are also CSS 

codes, as the stabilizer operators can be separated into the X and Z type.  

 

A series of CNOT gates entangle the physical qubits making up the surface code into a 

logical qubit, which has a more robust error correcting operation than free physical qubits 

themselves. These entangled physical qubits are entangled with ancillary, check qubits, 

that serve to measure the parity of the eigenvalues of the physical qubits. As a surface 

code is a CSS code, we can define X and Z measurement qubits, which have different 

CNOT connections to the data qubits. The measure-Z operation, when performed on data 

qubits a, b, c, d projects the data qubits into an eigenstate of the operator product 

𝑍𝑎𝑍𝑏𝑍𝑐𝑍𝑑. This way, each measure-Z qubit measures a Z stabilizer. Similarly, measure-

X operations will project the aforementioned data qubits into an eigenstate of 

𝑋𝑎𝑋𝑏𝑋𝑐𝑋𝑑 operator product and is thus an X-stabilizer measurement.  

As per convention, our check qubits start in state |0⟩. 

The figure below depicts Surface-25, a distance-3 surface code with 13 data 

qubits and 12 check qubits. The data qubits are represented by open, white circles, and 

the measure qubits, which are entangled to data qubits using a series of CNOTs are 
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represented by filled, black circles. Because we begin in the 0 state, which is the +1 

eigenstate of Pauli Z, we must sandwich the CNOT operations of the X stabilizer 

operator with two Hadamards, to bring the state of the measure qubit into the X 

eigenstate |+> (Figure 3(c)). 

 

(a)  

(b)  

(c)  

(d)  
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Figure 3: (a)Surface-25 (b) Quantum circuit for measuing 𝒁𝒂𝒁𝒃𝒁𝒄𝒁𝒅 and (c) 

𝑿𝒂𝑿𝒃𝑿𝒄𝑿𝒅 (d) X and Z stabilizer operators for Surface-25 (Tomita, 2014) 

The stabilizer formalism ensures that we never actually measure the data qubits; 

instead, we measure the check qubits entangled to the data qubits, which ensures the 

information protected in the data qubits remains intact and untouched. Measurement of 

the check qubits yields certain eigenvalues, the change in which indicates the presence of 

a detected error. We have also shown the lowest-weight X and Z logical operators.  

 

3.5. Noise  

In a quantum circuit, errors can occur on the data qubits, check qubits, and gates. 

We can describe mainly three different kinds of noise models: code-capacity, 

phenomenological, and circuit-level. Circuit-level noise assumes everything going 
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wrong: the gates are faulty, the syndro6mes are unreliable, and the data qubits suffer 

faults. Code-capacity simulations, on the other hand, assume perfect gates and perfect 

syndrome measurements, with the errors only occurring over data qubits. In the 

phenomenological noise model, we have faulty syndrome measurements, as well as faults 

on the data qubits. This is different from the circuit-level model because we still assume 

perfect gates, i.e., errors will not propagate over the entire circuit the way they can at 

circuit-level.  

The simulations in this report are done considering depolarizing and dephasing noise at 

code-capacity. For depolarizing noise, the probability of error over the data qubits is 

considered equal for X, Y, and Z errors.  

𝑝𝑥 = 𝑝𝑦 = 𝑝𝑧 =
𝑝

3
 and the probability of no error occurring is (1 − 𝑝). 

For dephasing noise, where X stabilizers are affected by Z errors, and Z stabilizers are 

affected by X errors, the probability of an error occurring is p. 

3.6 Code degeneracy and decoders 

In a stabilizer code, errors may be detectable or go undetected. Errors are detected 

when they do not commute with any of the stabilizer operators. But when errors commute 

with the stabilizers, they go undetected. Such errors might either be trivial errors, that 

belong to the stabilizer group, or might be logical errors, which commute with all 

stabilizers, but are part of the centralizer group, and are non-trivial, logical errors. Trivial 
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errors do not affect the system, as they are equivalent up to stabilizers. But logical errors 

cause unwanted logical operations on the system.   

Two errors equivalent up to a stabilizer will yield the same syndrome, and thus, we can 

apply a recovery operator for either error without an issue. However, two errors causing 

the same syndrome may not be equivalent up to a product of stabilizers. In this case, we 

might accidentally apply the wrong error-correction operator, belonging to a different 

error coset, which could lead to a logical error. Thus, we need to algorithmically 

determine the appropriate correction operator. A decoder determines the error that has 

occurred and on which set of qubits. Due to code degeneracy, a decoder fails when it 

outputs a correction that is in a different error coset than the error, and which results in a 

logical error. 

An optimal decoder will find the coset probabilities for different errors and choose the 

most probable coset to apply the correction sequence. However, they scale exponentially, 

and cannot be used in practice. A more efficient, but less effective decoder, such as the 

minimum weight perfect matching decoder, finds the most likely error chain instead of 

the most likely coset.  
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4. Minimum Weight Perfect Matching Decoding 

The Minimum Weight Perfect Matching algorithm is based on the Blossom V algorithm 

proposed by Jack Edmonds (Edmonds, 1965). It is a graphing algorithm that aims to find 

the minimum weight sum for a perfect matching. When utilized as a quantum error 

correction decoding algorithm, it aims to find the most likely error chain, which is also 

the lowest weight error. This holds true considering that for a weight-m operator, the 

probability of occurrence of such an error becomes 𝑝𝑚(1 − 𝑝)𝑚−𝑛. A perfect matching is 

formed when any given node is incident by only one edge. An additional boundary 

node(s) may be formed, which are allowed connections with multiple edges and are still 

included in a perfect matching. A perfect matching is thus only possible on graphs with 

an even number of nodes.   

 

The construction of CSS codes allows them to have separate decoding for the X and Z 

parts of the code. As such, the minimum weight perfect matching algorithm is a good fit 

to carry out decoding on the surface code (or any other form of CSS codes), as it aims to 

find the most likely error chain that has caused a particular syndrome. In surface (or any 

other CSS) code decoding, the parity check matrix serves as the input to making such a 

graph, with edges defining the data qubits, and nodes, the ancilla/measurement qubits.  

The decoding graph can be formed by the respective binary matrices, 𝐻𝑧and 𝐻𝑥 of the 

CSS code. Decoding is performed by using the inputs of the syndrome extracted from the 

lattice to describe the weights of each edge. The vertices of the graph correspond to the 

measurement qubits, and the edges correspond to the data qubits upon which errors might 
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occur. In the beginning of our methodology, all edges have equal weight, log((1-p)/p) 

where p is the probability of the depolarizing error channel. 

The Blossom V algorithm considers cycles that might be formed within a matching. It 

accommodates these cycles by condensing them into a blossom, which is simply the 

cycle condensed into a node. The matching algorithm is run again until a perfect 

matching is achieved. 

Decoding Y errors directly is not possible with MWPM decoding, as Y errors bring 

adjacent stabilizers on the surface code to the -1 eigenstate, signifying an error in the 

syndrome. Thus, making a decoding graph using both X and Z parity check matrices 

becomes impossible due to the presence of a hyperedge, which gets formed due to the 

same data qubit (edge) being “shared” on the graph by multiple check qubits (nodes). 

Since MWPM cannot yet decode graphs with hyperedges, we must resort to decomposing 

Y errors as a simultaneous combination of X and Z error and carry out correlated 

decoding described below.  
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5. Methodology and Results 

5.1. The Asymmetric Code 

 

Figure 4: Asymmetric Surface Code (Delfosse N. &., 2014) 

Unlike a symmetric, rotated surface code, where the plaquettes represent Z stabilizers, 

and the vertices represent the X stabilizers, in the asymmetric surface code used in the 

simulations in this report, we introduce additional data qubits along the diagonals 

between each square of the lattice, and obtain triangular Z stabilizers, and hexagonal X 

stabilizers, with the check qubit centred at the vertex of the hexagon. The stabilizer 

operators all still commute, as there are an even number of qubits in each X check, and 

the Z checks are shared across a square with the qubits on the diagonal appearing in the 

dual, hexagonal X checks. Hence, in this code, there are now 3𝑑2 data qubits, and 3𝑑2 

independent check qubits. 

The stabilizer operators all still commute as each of the qubits are affected by both the 

triangular (Z) and hexagonal (X) checks an even number of times. 

 

This asymmetry gives us twice as many Z checks as X checks, making the Z syndrome 

more informational than the X syndrome. Thus, the decoding graph obtained from the Z 
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syndrome vector is better equipped to decode errors than the X graph. The corrections of 

the Z decoding graph are further employed to make weight updates to the X graph. 

 

5.2. Methodology 

The double-pass decoding method employed in the paper ‘A decoding algorithm for CSS 

codes using X/Z correlations’ aims to provide a decoding method that considers the 

correlated nature of Pauli errors. As shown previously, Y errors may be decomposed into 

simultaneous X and Z excitations. Regular decoding methods, which separately decode 

the X and Z syndrome of CSS codes, neglect this correlation. Instead, here, we make use 

of the larger Z decoding graph to update the weights of the smaller, X decoding graph. 

The corrections from one (larger) graph are used to update the weights of the smaller 

graph, and we attain a threshold of 15% (for code-capacity simulations), compared to the 

10% threshold of a regularly decoded rotated surface code. 

For both the regular decoding and the updated decoding, we first simulate the structure of 

the lattices, with the check and data qubits labelled separately. These labels are used to 

generate separate X and Z parity check matrices, which then populate the decoding 

graphs using PyMatching (Higgott, 2022) as the decoding backend. Depolarizing noise 

(at code capacity) is randomly injected into the data qubits, after which the decoding is 

carried out. The noise probability for all simulations mentioned here is in the range of 

0.025 to 0.3. 
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In regular decoding, the X and Z graphs are decoded separately by PyMatching, and a 

code-capacity threshold of 10% is achieved. 

In the double-pass method that updates the weights of the edges, the Z graph has twice as 

many measurement checks, and thus a longer syndrome vector. The larger decoding 

graph thus formed by the Z syndrome (𝑠𝑦𝑛𝑑𝑟𝑜𝑚𝑒 =  𝐻𝑧
𝑇 ×  𝑛𝑜𝑖𝑠𝑒 𝑣𝑒𝑐𝑡𝑜𝑟) on the data 

qubits) is then decoded using MWPM decoding. 

The corrections obtained after decoding (being of length n, the number of data qubits), 

are then measured. Whenever a correction is to be made (the correction vector having a 

value of ‘1’ for a given data qubit index), the weight of the corresponding edge in the X 

decoding graph is updated with one of the following probabilities: 

 

𝑃(𝐸𝑍 = 𝑍| 𝐸𝑋 = 𝑋) =
1

2
 

𝑃(𝐸𝑍 = 𝐼| 𝐸𝑋 = 𝑋) =
1

2
 

 

𝑃(𝐸𝑍 = 𝐼|𝐸𝑋 = 𝐼) =
1 − 𝑝

1 −
2𝑝
3
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𝑃(𝐸𝑍 = 𝑍|𝐸𝑋 = 𝐼) =

𝑝
3

1 −
2𝑝
3

 

Here, the first two equations correspond to the possibility of either only an X error 

(decoded by the Z decoding graph) or both X and Z errors (which will appear as 

‘erasures’ upon updating the weights of the X decoding graph based on the corrections 

resulted by the Z decoding). The fourth equation shows the possibility of only a Z error 

(uncorrelated) that will be decoded by the X decoding graph. The probabilities of the 

edges are updated based on the weights in the correction sequence produced by the Z 

decoding graph.  

 

Figure 5: An example of correlated decoding (Delfosse N. &., 2014) 

As shown in part (a) of the given figure, let us assume random Pauli errors that affect a 

regular surface code lattice. These errors can be separated to X and Z excitations, with Y 
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errors being decomposed as simultaneous X and Z errors. In part (b), we use the Z-graph 

decoder (made using the Z parity check matrix of the CSS code) to decode the X errors. 

The decoding results in a correction sequence, which we use to make further updates of 

the X-decoding graph (made using the X parity check matrix of the CSS code). 

A correction sequence returning a ‘1’weight for a given data qubit signifies the 

possibility of a correlated (Y) error. Thus, the weight of the edge corresponding to that 

qubit would be updated using the conditional probability 𝑃(𝐸𝑍 = 𝑍 |𝐸𝑋 = 𝑋) =
1

2
 .  On 

the other hand, a correction sequence returning a ‘0’ for a given data qubit signifies a 

successful correction of an error/no error, and thus, the weight of the corresponding edge 

would be updated to 𝑃(𝐸𝑍 = 𝑍|𝐸𝑋 = 𝐼) =
𝑝

3

1−
2𝑝

3

 .  

The weights of each edge are defined using the log-likelihood ratio, log((1 − 𝑝′) /𝑝′).  

Hence, the presence of a correlated error (with the probability of error under threshold) 

will always return an edge with weight 0. We can term this procedure as including an 

‘erasure’ of the edge (data qubit) suffering a possible correlated error. Upon updating the 

weights of all edges to erasures and errors, we further decode the X-decoding graph using 

MWPM decoding. As the weights of the ‘erased’ edges is always lower than that for 

uncorrelated error edges, the algorithm finds a matching containing an edge where a 

possible correlated error had occurred. This way, Y errors are better corrected using 

MWPM decoding. 
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As shown in (c), in the middle of the three red-circle ‘1’s, there would have been two 

equivalent paths if not for the dashed edges. But since an erasure (corrected X error) 

exists in the top part, we can decrease the weight of that edge, prioritizing its use in the 

decoding of the 𝐸𝑧 error chain over the other, non-erasure edge. 

5.3. Results 

Asymmetric Toric Code with Depolarizing Noise 

 

Figure 6: Threshold curve of the triangular toric code affected by 

depolarizing noise 
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Figure 7: Log-log curve of the triangular toric code affected by depolarizing 

noise 

Asymmetric Toric Code with Bit Flip Noise on the Z graph 

 

Figure 8: Threshold of a triangular toric code affected by bit flip noise 
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Figure 9: Log-log curve of a triangular toric code affected by bit-flip noise 

Asymmetric Toric Code with Dephasing Noise on the X graph 

 

Figure 10: Threshold of a triangular toric code affected by dephasing noise 
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Figure 11: Log-log curve of a triangular toric code affected by dephasing 

noise 

Standard MWPM Decoding of the Asymmetric Code 

 

Figure 12: Threshold obtained by standard decoding of a triangular toric 

code affected by depolarizing noise 
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Figure 13: Log-log curve obtained by standard MWPM decoding of the toric 

code affected by depolarizing noise 

 

These curves were made using the Duke Computing Cluster environment. Depolarizing 

error simulations were run for 1 Million shots, whereas singular-error and standard 

decoding simulations were run for 2000 shots. 

5.4 Threshold Curve analysis  

The threshold point signifies the junction after which the code’s ability to correct errors 

worsens and error correction is not possible. Much below the threshold, increasing the 

distance of the code improves its ability to correct errors, i.e., the logical error rate 

decreases with an increase in distance below the threshold point. However, nearing (but 

below the threshold), we see that an increase in distance begins to stop accounting for 

better error correction, and the logical error rate for different distance codes coincides to 
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the threshold point. After the threshold point, it is evident that an increase in code 

distance decreases the probability of correct error correction, and the logical error rate 

increases with a larger code distance. 

Singular errors (only X or Z noise on the lattice) show that with more Z stabilizer checks 

than X, the Z graph has better performance at correcting these errors than the X graph, 

leading to a higher code threshold (15% for the Z graph, and 7% for the X graph). This is 

because the larger syndrome vector produced using the Z parity check matrix helps in 

describing the weights of the edges of the decoding graph created using the parity check 

matrix. 

5.5 Comparison 

Table 3: Threshold Comparison for Depolarizing Noise 

 Results of this work Paper’s results 

Double-pass decoding of 

the triangular toric code 

~14.56% ~13.3% 

Standard decoding of the 

triangular toric code 

~10.34% ~9.99% 

 

Table 4: Threshold Comparison for single-axis noise 

 Results of this work Paper’s results 

Triangular Toric Code ~15.3% (Bit flip noise) 

~6.5% (Phase flip noise) 

~14% (Bit flip noise) 

~7% (Phase flip noise) 
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6. Conclusion 

We see that updating the weights of the second decoding graph while performing 

CSS Minimum Weight Perfect Matching decoding outperforms the standard decoding 

scheme. Updating the weights of the second decoding graph based on the corrections 

attained by decoding the first graph of a CSS code causes possible correlated errors to 

behave like ‘erasures’ based on the conditional probability of simultaneous X and Z 

errors occurring on a single qubit. This way, the edges corresponding to possibly 

correlated errors have minimized weights (0 weight), which guides the minimum weight 

perfect matching algorithm to select these edges in generating the perfect matching.  

The matching produced is used as the ‘correction’ sequence to be applied to the lattice to 

invert the errors.  
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