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ABSTRACT 

At the nanoscale, the relative number of these atoms at the surface of a particle 

become comparable to, or even larger than the relative number within the volume of the 

particle. The remarkable situation of these surface atoms — surrounded by fewer of 

their relatives than the ones in the volume of the particle — may translate into novel 

properties of the nanoparticle compared to its bulk counterpart. These novel properties 

of nanomaterials, and the possibilities to engineer them for a vast and growing array of 

specific applications, are what has been driving an increase in the manufacture and use 

of these materials, as well as in their release in the environment. Outside of the settings 

for which they were specifically designed, their surfaces may change, leading to 

potential changes in toxicity but also in their affinity with other surfaces. It therefore 

becomes difficult to predict how far an accidental spill may travel, which is an essential 

component of the fate and transport models we need to regulate these unique materials. 

The present research develops an improved aggregation model that accounts for 

two types of particles and simulate the composition and size dependent homogeneous 

and heterogeneous aggregations between these particles. The model is evaluated 

analytically with simplified systems for which there exist closed-form solutions, and by 

comparing simulation results to experimental data. Simple applications of the model are 
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performed as a sensitivity analysis, and show that the model can evaluate e.g. how the 

nanoparticles affect an existing distribution of natural aggregates or how quickly the 

nanoparticles will settle out of a given system, and confirm experimental observations 

on the importance of nanoparticles in environmental systems. A final application 

demonstrates the flexibility of the model by adapting it to the inactivation of 

microorganisms by photosensitive nanoparticles, and suggests the model could help 

understand complex mechanisms involving heterogeneous aggregation.  
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CHAPTER 1 – INTRODUCTION  

1.1. Impetus 

The study of particles at the nano scale (i.e. with at least one characteristic 

dimension of 100 nm or less) has shown that some materials exhibit novel and 

interesting properties compared to their bulk counterpart at very small sizes. These 

novel properties have enabled new products and technologies and therefore generated a 

rapidly growing interest, which has inevitably translated into an increase of their 

emissions in the environment. As with any other contaminant, the risk associated with 

their release is the product of two quantities: the hazard is how dangerous the 

contaminant is to humans, ecosystems, or both depending on the target of concern, and 

the exposure is how likely that target is to get exposed to the contaminant. Another trait 

engineered nanomaterials share with many other non-particulate contaminants is that 

the unique properties they are designed for are might also be what causes them to be 

toxic. While the adverse impacts of nanomaterials on human health and ecosystems are 

still widely unknown [1-6], of possibly even greater concern is the fact that their 

transport and fate, and therefore their exposure has yet to be fully evaluated. 
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1.2. Scope 

For “conventional” contaminants, evaluating the potential exposure associated 

with an accidental release in the environment has been successfully done with a number 

of existing methods such as multimedia mass balance fate models. On the other hand, 

nanoparticles behave very differently, in particular in aquatic matrices. As they are 

transported by the fluid they may get enmeshed in a suspended fragment of natural 

organic matter undergoing degradation, become part of a large buoyant floc, and travel 

much farther than they would otherwise have. Or a shallower, more tumultuous river 

section might increase the chances of collisions between flocs and between nanoparticles 

and flocs while breaking the larger, more dendritic flocs into smaller ones, which would 

then reorganize into compact clusters when the river become quiet again, settling down 

faster. Or the chemical conditions of the environmental water might be such that the 

nanoparticles destabilize immediately as they enter it, aggregate among themselves and 

sediment out of the water column very near their entry point. Indeed, the mobility [7, 8] 

of nanoparticles may vary widely due to their condition-dependent tendency to stick to 

surfaces, be it that of another nanoparticle or of one of the multitudes of natural colloids 

in the complex medium that constitute environmental waters. As a consequence, while 

the mechanics driving the motion of the carrying fluid is well understood, a detailed 

history of the physical and chemical conditions the nanoparticles encountered on their 
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path from A to B is necessary to evaluate their hydrodynamic properties, and therefore 

their behavior, in B. In addition, their small size and relatively small concentrations 

make it very difficult to experimentally track nanoparticles in complex media. It is 

therefore essential to specially design or adapt existing environmental fate models to 

evaluate the exposure of nanomaterials in environmental fluid matrices. 

Some of the ways to meet these challenges include the use of mathematical 

models [9-13] which consider the properties of particles and the medium they are in to 

predict how particles will aggregate, and how aggregation will affect their size, 

transport, and settling. Most of the existing aggregation models focus on homogeneous 

aggregation [10-12, 14], or simplify heterogeneous systems to effectively model them as 

homogeneous [14], but being able to simulate the heterogeneous aggregation of 

nanoparticles in complex environments has recently become an active topic of 

investigation. 
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1.3. Hypotheses and Objectives 

One premise of the present work is that the physical-chemical processes 

controlling nanoparticle aggregation with abiotic or biotic “background” particles such 

as bacteria, algae, macromolecules, and clays (heterogeneous aggregation) play a key 

role in determining where nanoparticles go in the environment as well as their potential 

for transformation and biouptake. The central hypothesis of this research is that 

explicitly accounting for heterogeneous aggregation is essential to providing an accurate 

description of the fate of nanoparticles in a complex aquatic system. More specifically 

we will test the following hypotheses: 

1) That a fully explicit heterogeneous aggregation model manages to accurately 

integrate the evolution of simplified systems with known closed-form solutions, and 

the evolution of experimental particle size distributions. 

2) That the model can provide insights into the complex mechanisms of systems 

involving heterogeneous aggregation. 

To investigate these hypotheses, the following objectives have to be attained: 

1) To develop a particle aggregation/settling model that considers different kinds of 

particles, evaluate the hydrodynamic properties of aggregates as a function of their 
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size and composition, and therefore allows simulations of the behavior and fate of 

nanoparticles in a solution of environmentally relevant water. 

2) To evaluate the model, first with simplified known mathematical systems for which 

there exist analytical solutions, then with experimental lab data, and finally with 

environmental data (hypothesis 1). 

3) To apply the model to a variety of relevant scenarios and present the breadth of uses 

such a model could reveal helpful for (hypothesis 2). 
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CHAPTER 2 – THEORETICAL BACKGROUND 

In simple terms, aggregation can be seen as individual objects moving, colliding, 

and ultimately assembling into larger clusters. If there are only a handful of these objects 

in a large volume, the chances of collisions are small and it will take a while before two 

of them happen to run into each other and form a pair, and probably longer still before a 

third one joins them, and so forth. As the number of objects initially present increases, so 

too do the chances of two objects getting close enough to pair up, and by the time the 

first triplet forms there may be numerous pairs present in the system. These three sizes 

of clusters (singleton, pairs, and triplets), are created and lost at different rates: every 

time one pair is created, two singletons disappear, and forming one triplet requires the 

loss of one singleton and one pair. And of course, collision and attachment could also 

occur between two pairs, a pair and a triplet, and so on. Evidently, while this simple 

description aptly introduces the basic concepts of aggregation, its usefulness stops there. 

Even at very low mass concentrations, small particles in suspension may reach high 

number concentrations, and their aggregation rapidly generate a range of cluster sizes 

too wide to be practical for a population balance. In addition, the properties of 

aggregates may change as they grow larger, as a function of the conditions in which they 
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grow, and, of particular interest in this research, as a function of the nature of what they 

aggregate with. 

This chapter provides an overview and a description of the concepts and 

equations necessary to understand the mechanisms of particle aggregation in an aquatic 

system, to follow over time the aggregation-induced changes to particle size, and to 

evaluate how these changes may affect the transport and reactivity of particles in that 

system. The first section of this chapter introduces and details the aggregation kinetics 

equation originally developed by von Smoluchowski [9] and which, a hundred years 

later, serves as the foundation upon which the present work is built. The second section 

highlights and discusses some of the existing efforts to forecast the transport and 

exposure of nanoparticles in complex aquatic systems, including expansions of the 

Smoluchowski equation to the aggregation of particles of different sizes, natures, and 

properties. Finally, the last section of this chapter overviews some of the previous works 

focusing on a direct application of heterogeneous aggregation: photochemical 

sterilization. 

2.1. Aggregation Kinetics 

Aggregation is a two-step sequential process where two objects first collide 

(transport step), then stick together to form a larger cluster (attachment step). The 
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transport step requires to understand how the objects are set in motion by thermal 

agitation, mixing of the surrounding fluid, or as they succumb to gravity, how friction 

generated by the surrounding fluid affects their movement, and how these notions 

combine and ultimately translate into the objects moving towards one another. Then, if 

the kinetic energy generated by these movements is sufficient to overcome the repulsive 

energy barrier between the objects (combination of surface charges, adsorbed 

macromolecules, and dissolved ions), they may attach. The same notions apply when 

the two objects are individual particles suspended in a fluid, and the kinetics of the 

overarching aggregation process is controlled by the rates at which, at a given time, 

aggregates of any size in the system may collide and attach with aggregates of every 

existing size at that time [15]. 

2.1.1. Kinetic Aggregation Equation 

As particles in an initially monodisperse suspension start aggregating (which can 

be described as aggregates of a single particle, or 1-aggregates), they pair up at the rate: 

𝑑𝑁1
𝑑𝑡

= −𝛼11𝛽11𝑁1𝑁1 (2. 1) 

Where 𝑁1 is the number concentrations of single primary particles, 𝛽11 is the collision 

frequency (or collision kernel) between two such particles, i.e. a measure of the transport 

mechanisms leading to collisions between these two particles, and 𝛼11 is the attachment 
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efficiency between two such particles, i.e. the percentage of those collisions leading to 

attachments, or a measure of the affinity between two particles. Simultaneously the 

creation rate of aggregates composed of two particles (2-aggregates) is: 

𝑑𝑁2
𝑑𝑡

=
1

2
𝛼11𝛽11𝑁1𝑁1 (2. 2) 

Note the 1 2⁄  factor: every time two 1-aggregates collide and attach, only one 2-

aggregate is formed, which makes complete sense when thinking in terms of second 

order reaction rates. As these aggregates and particle attach, they generate larger 

aggregates, and ultimately a distribution of aggregates of different sizes. The evolution 

of this distribution over time is the result of pair-wise collisions and attachments 

between aggregates of all sizes. In 1916, Marian Ritter von Smolan Smoluchowski 

formalized — and a year later published — the mathematical bases describing the 

kinetical aspects of the aggregation process and derived the following relationship 

between the rate of change in the number of aggregates of a given size and the number 

of aggregates of all sizes in the system [9]: 

𝑑𝑁𝑘
𝑑𝑡

=
1

2
∑ 𝛼𝑖𝑗𝛽𝑖𝑗𝑁𝑖𝑁𝑗
𝑖+𝑗→𝑘

− 𝑁𝑘∑𝛼𝑖𝑘𝛽𝑖𝑘𝑁𝑖

∞

𝑖=1

(2. 3) 

where 𝛼𝑖𝑗  is the attachment efficiency (assumed to be 1 in the original equation) and 𝛽𝑖𝑗 

the collision frequency between a 𝑖- and a 𝑗-aggregate. The first discrete summation term 

in Equation (223) describes the creation of 𝑘-aggregates from the collision and 
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attachment of smaller aggregates, while the second term corresponds to the loss of 𝑘-

aggregates as they grow larger when attaching to aggregates of any size. Integrating this 

population balance over time allows to follow how an initial suspension of primary 

particles gradually evolves into a distribution of aggregates of different sizes. 

In practice, due to the small sizes (and therefore high number concentrations) of 

the particles of interest in this study, these size distributions may span several orders of 

magnitude, from the individual primary particle to macro-scale aggregates. Reducing 

the computational strain of integrating such a system requires a binning scheme [10, 16-

18]: the quasi-continuous distribution of sizes is reduced to a smaller number of 

contiguous bins — or size classes — each spreading over a given range of sizes and 

describing all the aggregates falling within that bin by the nominal diameter of the 

range. Chapter 3 describes in greater details the size binning used in our model. The 

system of differential equations described by Equation (223) only undergoes a simple 

notation change, but effectively becomes a much more manageable population balance 

of size classes: 

𝑑𝑛𝑘
𝑑𝑡

=
1

2
∑ 𝛼𝑖𝑗𝛽𝑖𝑗𝑛𝑖𝑛𝑗
𝑖+𝑗→𝑘

− 𝑛𝑘∑𝛼𝑖𝑘𝛽𝑖𝑘𝑛𝑖

∞

𝑖=1

(2. 4) 

where 𝑛𝑘 now represents the number concentration of aggregates in size class 𝑘 (i.e. 
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described by a solid diameter 𝑑𝑘), and 𝛼𝑖𝑗  (resp. 𝛽𝑖𝑗) the attachment efficiency (resp. 

collision frequency) between aggregates in size classes 𝑖 and 𝑗. 

2.1.2. Attachment Efficiency 

The theory described by Equation (223) was first proposed by von 

Smoluchowski [9] under the assumption that all colliding aggregates would attach (i.e. 

𝛼𝑖𝑗 = 1). The development of the Derjaguin, Landau, Verwey, Overbeek (DLVO) 

theory [19, 20] later provided a context for interpreting smaller attachment efficiency 

values by combining the effects of short-range attractive van der Waals forces generated 

by the interactions between permanent and/or induced dipoles in the molecules 

constituting the aggregates, and repulsive electrostatic forces originating from the 

surface charges of the aggregates and modulated by the accumulation of counter-ions on 

these surfaces. In addition, the presence of macromolecules adsorbed onto the surfaces 

of particles or aggregates may, by sheer steric hindrance, further prevent their 

attachment [21, 22]. 

2.1.2.a. Van der Waals Attractive Forces 

Van der Waals forces originate from the interactions between uncharged atoms 

or molecules and were discovered as a result of the thesis research of Johannes Diderik 

van der Waals on the reasons gases do not obey the 𝑝𝑉 = 𝑛𝑅𝑇 perfect gas law [23]. They 
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are attractive, non-directional, and weaker than intramolecular forces such as covalent, 

ionic, and metallic bonds, or even than hydrogen bonds, with interaction energies 

varying with distance in 𝑧−6. The van der Waals forces were later discovered to consist 

in three kinds of interactions: 

 Keesom orientation interaction between permanent dipoles [24-27], 

 Debye polarization interaction between a permanent dipole and a dipole induced by 

that permanent dipole in a neighboring atom/molecule [28], 

 London dispersion interaction between the fluctuating dipole any atom or molecule 

displays as the electron density of their electron cloud undergoes instantaneous 

oscillations, and the synchronous dipole it induces in a neighboring 

atom/molecule [29-31]. 

London interactions have an extra dependency on distance: due to the finite 

velocity of light, it takes time for the electric pulse generated by a fluctuating dipole to 

travel to a neighboring molecule, induce a dipole in it, and for the induced pulse to 

travel back. If the distance of that round-trip is sufficiently short, the response makes it 

back before the fluctuating dipole has had time to change, the coupling between these 

two dipoles remains optimal, the interaction energy unaffected. However, at longer 

distances the response may come back to a dipole that has already change, resulting in a 
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poorer coupling and a weaker attraction. This phenomenon of retardation screening 

translates into an interaction energy varying with distance in 𝑧−7 at long distances. 

By contrast with Keesom and Debye forces, London dispersion forces do not 

require the presence of a permanent dipole (or multipole) and therefore exist between 

any two neighboring atoms, molecules, or, using the theory Hamaker later 

introduced [32], macroscopic objects such as nanoparticles. 

Following the works of Bradley [33], Derjaguin [34], and de Boer [35], Hamaker 

used the pairwise summation approximation to investigate London - van der Waals 

interactions between large bodies [32, 36]. This approximation considers that each atom 

or molecule in one body interacts independently with each atom or molecule in the 

other body, i.e. as if, for each interaction, the interacting atoms/molecules were isolated. 

This allows to integrate the van der Waals energies over the volumes of both objects, 

which Hamaker did for a number of geometries [32]. For two spheres in a vacuum, he 

obtained the following expression for the interaction energy, i.e. the electrodynamic 

work to bring the spheres from an infinite separation to a finite distance 𝑥: 

 𝛷12(𝑥) = −
𝐴12
6
(

2𝑟𝑅

𝑥2 + 2𝑟𝑥 + 2𝑅𝑥
+

2𝑟𝑅

𝑥2 + 2𝑟𝑥 + 2𝑅𝑥 + 4𝑟𝑅
+ 𝐿𝑛 (

𝑥2 + 2𝑟𝑥 + 2𝑅𝑥

𝑥2 + 2𝑟𝑥 + 2𝑅𝑥 + 4𝑟𝑅
)) (2. 5)

 or

 𝛷12(𝑧) = −
𝐴12
6
(

2𝑟𝑅

𝑧2 − (𝑟 + 𝑅)2
+

2𝑟𝑅

𝑧2 − (𝑟 − 𝑅)2
+ 𝐿𝑛 (

𝑧2 − (𝑟 + 𝑅)2

𝑧2 − (𝑟 − 𝑅)2
)) (2. 6)

 

with 𝑟 and 𝑅 the spheres radii, 𝑥 the distance between the spheres surfaces, 𝑧 the 
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distance between the spheres centers, and 𝐴12 the Hamaker coefficient describing how 

the transient polarizations of the materials react to each other. When one only considers 

short distances, or neglect the finite velocity of light, this Hamaker coefficient does not 

depend on the distance between the interacting objects, only on the dielectric 

permittivities of their constituting materials [37-39]: 

 𝐴12 =
3

4
𝑘𝐵𝑇 (

𝜀1 − 𝜀0
𝜀1 + 𝜀0

)(
𝜀2 − 𝜀0
𝜀2 + 𝜀0

) (2. 7) 

with 𝜀1 and 𝜀2 the dielectric permittivities of materials constituting the two objects, and 

𝜀0 the vacuum permittivity (𝜀0 = 8.85×10
−12 𝐹.𝑚−1). When the objects interact in a 

medium, the Hamaker coefficient 𝐴1𝑚 2𝑚⁄  between material 1 and material 2 across 

medium 𝑚 can be evaluated by replacing 𝜀0 with 𝜀𝑚 in Equation (227), or by applying 

the pairwise summation approximation: 

 𝐴1𝑚 2𝑚⁄ = 𝐴12 + 𝐴𝑚 − (𝐴1𝑚 − 𝐴2𝑚) (2. 8) 

Equation (228) typically yields Hamaker constants across water at 25 °𝐶 ranging 

from 1 𝑘𝐵𝑇 (~4×10−21 𝐽, e.g. between silicon dioxide surfaces [40]) to 100 𝑘𝐵𝑇 

(~400×10−21 𝐽, e.g. between copper, gold, or silver surfaces [41]). 

At very short distances (𝑥 ≪ 𝑟, 𝑅), Equation (225) simplifies to: 

 𝛷12(𝑥) = −
𝐴12
6

𝑟𝑅

(𝑟 + 𝑅)𝑥
(2. 9) 

suggesting a much longer range of the van der Waals interactions between whole bodies 
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than expected from their individual intermolecular expressions. Note that the energy 

profiles are sensitive to the geometry of the interacting bodies, and that the equations 

used and developed throughout this research are based on the assumption of interacting 

spheres. 

2.1.2.b. Electrostatic Repulsive Forces 

Electrostatic forces originate from the presence of charges at the surface of an 

object. Such a surface charge may come from the presence of defects or substitutions in 

the lattice structure of the material, from the adsorption of ions, or from the ionization of 

functional groups on that surface. To respect electro neutrality, such a charged interface 

in solution will repel ions of the same charge (co-ions) and draw ions of the opposite 

charge (counter-ions), leading to an imbalance of ion concentrations near the surface, 

while the bulk of the solution remains homogeneous. 

The original Helmholtz model assumed the counter-ions would accumulate as a 

monolayer very close to the surface charge layer [42], hence coining the phrase electrical 

double layer. This assumption suggests that the electric potential drop from 𝜓0 at the 

charged surface to 𝜓 = 0 immediately past the monolayer of counter-ions. Gouy [43, 44] 

and Chapman [45] later proposed a diffuse model instead, where the high accumulation 

of counter-ions and depletion of co-ions near a charged surface gradually return to their 
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bulk concentrations as the distance from the surface increases. Considering a diffuse 

double layer from an infinite flat surface, the electric potential 𝜓(𝑥) satisfies Poisson’s 

equation [46]: 

𝜕2𝜓(𝑥)

𝜕𝑥2
= −

𝑞𝑒
𝜀
∑𝑧𝑖𝑛𝑖(𝑥)

𝑖

(2. 10) 

where 𝑞𝑒 is the elementary charge, 𝑛𝑖(𝑥) the number concentration of ionic species 𝑖 at a 

distance 𝑥 from the surface, and 𝑧𝑖 its valence. Considering that, at equilibrium, electric 

forces are balances by diffusional forces yields the Boltzmann equation [47] describing 

the distribution of each species in the electric field: 

𝑛𝑖(𝑥) = 𝑛𝑖
∞ exp (−𝑧𝑖

𝑞𝑒𝜓(𝑥)

𝑘𝐵𝑇
) (2. 11) 

Equation (2211) substitute into Equation (2210) to yield the Poisson-Boltzmann 

equation in terms of the electric potential alone: 

𝜕2𝜓(𝑥)

𝜕𝑥2
= −

𝑞𝑒
𝜀
∑𝑧𝑖𝑛𝑖

0 exp (−𝑧𝑖
𝑞𝑒𝜓(𝑥)

𝑘𝐵𝑇
)

𝑖

(2. 12) 

For a relatively low potential such that |𝑧𝑖𝜓0| ≪ 𝑘𝐵𝑇 𝑞𝑒⁄ ≈ 25 𝑚𝑉 (Debye-Hückel 

approximation [48]), the exponential in Equation (2212) gets audaciously supplanted by 

its first-order Taylor series expansion, and the summation term yields: 

∑𝑧𝑖𝑛𝑖
∞ exp (−𝑧𝑖

𝑞𝑒𝜓

𝑘𝐵𝑇
)

𝑖

≈∑𝑧𝑖𝑛𝑖
∞ (1 − 𝑧𝑖

𝑞𝑒𝜓

𝑘𝐵𝑇
)

𝑖

=∑𝑧𝑖𝑛𝑖
∞

𝑖

−∑𝑧𝑖
2𝑛𝑖

∞ 𝑞𝑒𝜓

𝑘𝐵𝑇
𝑖

(2. 13) 

The first summation term on the right-hand side of Equation (2213) readily disappears 
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due to the electroneutrality of the bulk solution (i.e. ∑𝑧𝑖𝑛𝑖
∞ = 0), and Equation (2212) 

becomes: 

𝜕2𝜓(𝑥)

𝜕𝑥2
= (

𝑞𝑒
2

𝜀𝑘𝐵𝑇
∑𝑧𝑖

2𝑛𝑖
∞

𝑖

)𝜓(𝑥) = 𝜅2𝜓(𝑥) (2. 14) 

which, given that the electric field must remain bounded, integrates to: 

𝜓(𝑥) = 𝜓0exp (−𝜅𝑥) (2. 15) 

with 𝜅−1 the Debye length [48] (or Debye-Hückel length, sometimes termed “screening 

length”), a characteristic of the electrolyte solution and an estimate of the range of the 

electrostatic effects of a charged surface in that solution. In other words, the electric field 

and its effects (on ionic species in solution or on other charged surfaces in suspension) 

becomes negligible a few 𝜅−1 away from the surface. 

When converting the bulk number concentrations 𝑛𝑖
0 of the ionic species into 

their bulk molar concentrations 𝐶𝑖
∞ = 𝑛𝑖

∞ 𝒩𝐴⁄ , the Debye length can be expressed as a 

function of the ionic strength of the solution 𝐼 =
1

2
∑𝑧𝑖

2𝐶𝑖
∞: 

𝜅−1 = (
𝜀𝑘𝐵𝑇

2𝒩𝐴𝑞𝑒
2)

1
2 1

√𝐼
(2. 16) 

Equation (2216) indicates that an increase of the ionic strength reduces the Debye 

length, “compresses” the diffuse double layer around charged surfaces, providing a 

stronger screening of charged surfaces. This results in a lower repulsive barrier for 
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particles of the same charge to get close to each other. Also note that ions of higher 

valence are more effective shields at the same concentration, as evidenced when 

expressing the ionic strength for a 𝑧: 𝑧 electrolyte. 

Note that if the potential is not low enough to apply the Debye-Hückel approximation, 

Equation (2212) integrates as: 

tanh (
𝑞𝑒𝑧𝜓(𝑥)

4𝑘𝐵𝑇
) = tanh(

𝑞𝑒𝑧𝜓0
4𝑘𝐵𝑇

)exp(−𝜅𝑥) (2. 17) 

Finally, the Stern model [49] combines the earlier described Helmholtz 

monolayer model with this Gouy-Chapman theory. It consists in dividing the charge 

distribution in the fluid near a charged surface into two parts. First a compact layer of 

ions adsorbed onto the charged surface according to a Langmuir adsorption 

isotherm [50-52], and modeled as a monolayer of ions (coined the Stern layer) with their 

centers all sitting at a short distance 𝛿 from the surface. Then a diffuse layer following 

the Gouy-Chapman model. The electrostatic potential therefore drops linearly from its 

value at the charged surface to 𝜓𝛿  at the Stern plane, and follows Equation (2217) (or 

Equation (2215) within the framework of the Debye-Hückel approximation) beyond the 

Stern plane, with an origin at 𝛿 and with 𝜓𝛿  replacing 𝜓0. 

Evaluating the interaction energy between two charged objects first requires to 

quantitatively describe the repulsive forces exerted on their surfaces as they are in one 
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another electrostatic potential. In the case of two charged flat plates in a 𝑧: 𝑧 electrolyte, 

the force per surface area exerted on each plate can be described as the excess osmotic 

pressure at the mid-plane between the plates: 

𝐹𝑠𝑢𝑟𝑓(𝑥) = (𝑛+ (
𝑥

2
) + 𝑛− (

𝑥

2
))𝑘𝐵𝑇 − 2𝑛

∞𝑘𝐵𝑇 (2. 18) 

which, using Equation (2211), rewrites as: 

𝐹𝑠𝑢𝑟𝑓(𝑥) = 𝑛
∞𝑘𝐵𝑇(exp(−𝑧

𝑞𝑒𝜓 (
𝑥
2)

𝑘𝐵𝑇
)+ exp(𝑧

𝑞𝑒𝜓 (
𝑥
2)

𝑘𝐵𝑇
)− 2) (2. 19) 

Several simplifications can be derived from the assumption that the plates are 

sufficiently distant from one another: 

 The potential at the mid-plane can be approximated by the sum of the potentials 

from each isolated plate at 𝑥 2⁄ , 𝜓(𝑥 2⁄ ) = 2𝜓𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑑(𝑥 2⁄ ) with 𝜓𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑑  given by 

Equation (2215); 

 This isolated potential at the mid-plane is small enough that the left-hand side of 

Equation (2217) can be linearized to its first order Taylor series expansion, 

providing an explicit expression for 𝜓𝑖𝑠𝑜𝑙𝑎𝑡𝑒𝑑(𝑥 2⁄ ); 

 Finally, the two exponentials in (2219) can be approximated by their second-order 

Taylor series expansions. 

Combining these simplifications yields: 
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𝐹𝑠𝑢𝑟𝑓(𝑥) = 64𝑛
∞𝑘𝐵𝑇 tanh (

𝑞𝑒𝑧𝜓𝛿
4𝑘𝐵𝑇

)
2

exp(−𝜅𝑥) (2. 20) 

Finally, the interaction energy between the two plates is calculated as the 

electrodynamic work to bring each plate from an infinite separation to a finite distance 

𝑙 2⁄  from the mid-plane by integrating Equation (2220): 

𝛷𝑅(𝑥) = −2∫ 𝐹𝑠𝑢𝑟𝑓(𝜒)𝑑𝜒
𝑥 2⁄

∞

=
64𝑛∞𝑘𝐵𝑇

𝜅
tanh (

𝑞𝑒𝑧𝜓𝛿
4𝑘𝐵𝑇

)
2

exp(−𝜅𝑥) (2. 21) 

Of more relevance to the present research is the repulsive interaction energy 

between two spheres. Derjaguin [34] proposed to slice the spheres into circular layers, 

modeling the interaction between two spheres as one between two parallel stacks of 

annular disks. Under the assumption that the distance between the spheres is small 

compared to their curvature radii [53], the interaction energy between two charged 

spheres becomes: 

𝛷𝑅(𝑥) =
128𝜋𝑛∞𝑘𝐵𝑇

𝜅2
(
𝑟𝑅

𝑟 + 𝑅
) tanh (

𝑞𝑒𝑧𝜓𝛿
4𝑘𝐵𝑇

)
2

exp(−𝜅𝑥) (2. 22) 

2.1.2.c. DLVO Theory of Colloidal Stability 

The interplay between London-van der Waals attraction and electrostatic 

repulsion forms the crux of the DLVO theory [19, 20]. The stability of a suspension is 

evaluated given by the net energy of interaction between two spherical particles of 

radius r, i.e. the sum of the electrostatic and of the van der Waals interaction energies: 
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𝛷𝑡𝑜𝑡 = 𝛷𝑅 +𝛷𝐴 =
64𝜋𝑛∞𝑘𝐵𝑇

𝜅2
𝑟 tanh (

𝑞𝑒𝑧𝜓𝛿
4𝑘𝐵𝑇

)
2

exp(−𝜅𝑥) −
𝐴1𝑚/1𝑚

12

𝑟

𝑥
(2. 23) 

At long distances, the exp(−𝑥) term in Equation (2223) decreases faster than 𝑥−1, the 

spheres only undergo the attractive energy from the London-van der Waals forces. Very 

close to the surface, exp(−𝑥) is bounded while 𝑥−1 is not, attraction largely dominates, 

attachment is inevitable. As distance increases, exp(−𝑥) decays slower than 𝑥−1 at first, 

but while a small 𝛥𝑥 always reduces by the same factor, it decreases 𝑥−1 at an 

increasingly slower pace. As a result, the relative importance of repulsive forces can only 

dominate at intermediate distances if the conditions are favorable to stabilization (e.g. 

high surface potential, or long Debye length to increase the range of repulsive forces). In 

such conditions, the net interaction energy profile presents two negative minima 

separated by a positive maximum (Figure 2.1). As the separation distance between two 

particles decreases from infinity, they may first encounter a shallow secondary 

minimum. In that energy minimum, the particles are only loosely attached, stirring or 

even just an increase in thermal agitation may disrupt them back in the bulk solution. 

The positive maximum is the energy barrier (or activation energy) the particles have to 

overcome to approach further and attach. The more kinetic energy they acquire, the 

better the chances particles will be able to cross higher energy barriers. For small 

particles in quiescent systems this energy only comes from Brownian diffusion [54], 

while larger particles in stirred systems may acquire substantially more energy from the 
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gravity and velocity fields. For an energy barrier lower than a few 𝑘𝐵𝑇 the particles 

approach unhindered and all collisions lead to an attachment [55] while, as the 

activation energy increases, more and more collisions bounce back in suspension. This 

ratio of the number of collisions resulting in an attachment to the total number of 

collisions is the attachment efficiency, 𝛼. The lower the activation energy, the closest 𝛼 

gets to 1. Finally, at the primary minimum, very close to the surface, the particles 

experience van der Waals attractive forces and are strongly attached. Separating 

attached particles is still possible, but it requires considerably more energy than at the 

secondary minimum (e.g. ultrasonic agitation). 
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Figure 2.1: Interaction energies as a function of surface potential for two 100 𝑛𝑚 

diameter charged spheres with a 20𝑘𝐵𝑇 Hamaker constant and a 0.01 𝑀 ionic strength in 

an aqueous solution with monovalent ions. 

Figure 2.1 shows the influence of surface potential on the net interaction energy 

for two charged spheres in an electrolyte. At low potential (here 30 𝑚𝑉), the repulsion 

forces do not oppose the spheres from approaching: particles attach as they collide, the 

transport mechanism to ensure these collisions are what limits the aggregation. As the 

surface potential increases, a positive activation energy emerges, particles have to 

overcome this barrier to get close enough for attraction to dominate, and some may not 

have enough energy to do so. At high enough potentials (or surface charges), the 

chances particles have to cross this activation energy threshold become anecdotal, the 
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suspension is stable. Modifying the solution chemistry (e.g. pH, redox potential) allows 

altering the surface charge of particles in a suspension, and therefore controlling its 

stability. 

 
Figure 2.2: Interaction energies as a function of ionic strength for two 100 𝑛𝑚 diameter 

charged spheres with a 20𝑘𝐵𝑇 Hamaker constant and a 50 𝑚𝑉 surface potential in an 

aqueous solution with monovalent ions. 

Similarly, Figure 2.2 shows the influence of ionic strength, and therefore of 

Debye length, on the net energy between the same two charged spheres. At low ionic 

strength (𝐼 = 0.01 𝑀), the Debye length extends far from the surface of each sphere, the 

spheres experience the electrostatic repulsion at a distance such that the attractive forces 

do not overpower them. As ionic strength increases, the diffuse double layers on each 
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sphere gets compressed, allowing the spheres to approach closer before the repulsive 

forces can play a significant role. Further increasing the ionic strength can compress the 

double layer so much that by the time the spheres experience one another’s repulsive 

electrostatic field they are so close that the inverse-distance attractive potential 

dominates the net interaction energy. The attachment efficiency is equal to 1, 

aggregation is only limited by transport processes, the suspension is destabilized. The 

electrolyte concentration at which the activation energy reaches 0 is the critical 

coagulation concentration (ccc). 

Note that the evolution with ionic strength showed in Figure 2.2 only accounts 

for changes in ionic strength due to the concentration of electrolytes in the bulk solution. 

Changing the ionic strength by altering the valence of the ions in solution will still 

modify elongate/shorten the Debye length and alter the electrostatic interaction energy 

accordingly, but to a different extent. Combining Equation (2222) for identical spheres 

in a 𝑧: 𝑧 electrolyte and the expression of 𝜅 from Equation (2214) yields: 

𝛷𝑡𝑜𝑡(𝑥) =
32𝜋𝑟𝜀(𝑘𝐵𝑇)

2

𝑞𝑒
2𝑧2

tanh (
𝑞𝑒𝑧𝜓𝛿
4𝑘𝐵𝑇

)
2

exp (−√
2𝑞𝑒

2

𝜀𝑘𝐵𝑇
𝑧√𝑛∞𝑥) −

𝐴1𝑚
12

𝑟

𝑥

=
𝐾1
𝑧2
exp (−

𝑧√𝑛∞

𝐾2
𝑥) −

𝐾3
𝑥

(2. 24) 

Increasing the electrolyte concentration therefore only increases the constant rate of the 

exponential decay (i.e. decreases the Debye length), while the valence not only has a 



 

26 

stronger effect on 𝜅 but also decreases the amplitude of the repulsion interaction energy. 

Schulze [56-58] and Hardy [59-61] established the relationship between the ccc of a 𝑧: 𝑧 

electrolyte and the valence of its ions. At the critical concentration 𝑛𝑐
∞, both the potential 

and it’s derivative with respect to 𝑥 are 0. Using Equation (2224): 

{
 
 

 
 𝛷𝑡𝑜𝑡 =

𝐾1(𝑧)

𝑧2
exp (−

𝑧√𝑛𝑐
∞

𝐾2
𝑥) −

𝐾3
𝑥
= 0 ⟺ 𝑥 exp (−

𝑧√𝑛𝑐
∞

𝐾2
𝑥) =

𝐾3
𝐾1(𝑧)

𝑧2

𝑑𝛷𝑡𝑜𝑡
𝑑𝑥

= −
𝐾1(𝑧)√𝑛𝑐

∞

𝑧𝐾2
exp (−

𝑧√𝑛𝑐
∞

𝐾2
𝑥) +

𝐾3
𝑥2
 ⟺ 𝑥 exp (−

𝑧√𝑛𝑐
∞

𝐾2
𝑥) =

𝐾3𝐾2

𝐾1(𝑧)𝑥√𝑛𝑐
∞
𝑧

(2. 25) 

Equating the right-hand sides of Equation (2225) yields: 

𝑥 =
𝐾2

𝑧√𝑛𝑐
∞
=
1

𝜅
(2. 26) 

Indicating that the distance from the stern layer at which the activation energy 

disappears at the ccc is the Debye length. Substituting (2226) back into (2225), it comes: 

𝐾2

𝑧√𝑛𝑐
∞
exp(−1) =

𝐾3
𝐾1(𝑧)

𝑧2  ⟺   𝑛𝑐
∞ = (

𝐾1(𝑧)𝐾2
𝐾3e

)
2 1

𝑧6
(2. 27) 

For surface potentials such that |𝑧𝜓𝛿| > 100 𝑚𝑉, tanh(𝑞𝑒𝑧𝜓𝛿 4𝑘𝐵𝑇⁄ ) ≈ 1 and 𝐾1 does not 

vary with 𝑧. Equation (2227) therefore becomes 𝑛𝑐𝑐𝑐
∞ ∝ 𝑧−6, a proportionality 

relationship between the critical coagulation concentration of an electrolyte and the 

valence of its counter-ion known as the Schulze-Hardy rule. Ostwald later extended the 

Schulze-Hardy rule to asymmetric electrolytes [62, 63] to 𝑛𝑐
∞ ∝ 𝑧+

−6 (1 + 𝑧− 𝑧+⁄ )⁄  with 𝑧+ 

and 𝑧− the valence of the counter- and co-ions, respectively. 
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2.1.2.d. Steric Stabilization 

The energy profiles generated by attractive van der Waals forces and repulsive 

electrostatic forces all assume clean surfaces. In reality however, macromolecules may 

adsorb onto particle surfaces, whether in environmental systems with natural organic 

matter [64-68] or in engineered systems with surfactants [22, 66, 69]. In such situations, 

usually the sheer volume of these macromolecules hinders the particles approaching one 

another, mechanically preventing them from crossing the electrostatic energy barrier, 

and therefore reducing the attachment efficiency between particles [21]. Unlike with 

surface potential or ionic strength changes, the DLVO theory presented in Section 2.1.2.c 

does not allow to describe the stabilization of a suspension via steric mechanisms. 

Extensions to the classical DLVO theory have been developed [21, 22, 68, 70], but these 

interactions, along with other such non-DLVO forces, were not considered in the present 

research. 

2.1.3. Collision Frequencies 

The “transport step” evoked in Section 2.1 is entirely contained in the 𝛽𝑖𝑗 terms 

from Equation (224). These collision frequencies derive from three different physical 

mechanisms illustrated in Figure 2.3: Brownian diffusion, stirring of the surrounding 

fluid, and differential settling. Three common strategies (schematized in Figure 2.4) have 
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traditionally been adopted to compute the collision frequencies 𝛽𝑖𝑗 in aggregation 

models [12, 71, 72], and the rectilinear framework chosen by van Smoluchowski in his 

original formulation [9] serves as the basis for the curvilinear and fractal porous models 

that came later on. In this rectilinear framework, the flow is considered as being 

unaffected by particles, i.e. the flow lines remain parallel straight lines around solid 

objects. 

 
Figure 2.3: Collision mechanisms. (Figure from Aziz [73]). 

 
Figure 2.4: Common approximations used to compute collision frequencies. (Figure 

from Aziz [73]). 
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Brownian motion1 refers to the irregular movements of particles in a fluid. The 

phenomenon was first formally observed by Ingen-Housz [74, 75] in 1784, first analyzed 

by  [76] in 1828, but did not get explained until the beginning of the 20th century by 

Einstein [77, 78], Sutherland [79], von Smoluchowski [80], and Langevin [81]. These 

original works considered Brownian motion as a stochastic process, and derived 

probabilistic equations describing it: A particle in suspension constantly undergoes 

elastic impacts from the vast number of quasi-randomly moving fluid molecules 

surrounding it. At the scale of the particle, these collisions translate into short bursts of 

random movement which can lead to collisions. The resulting expression of collision 

frequencies within the rectilinear hypothesis is: 

𝛽𝐵𝑅
𝑟𝑒𝑐𝑡(𝑟𝑖 , 𝑟𝑗) =

2 𝑘𝐵𝑇

3 𝜇𝑤
(
1

𝑟𝑖
+
1

𝑟𝑗
) (𝑟𝑖 + 𝑟𝑗) (2. 28) 

with 𝜇𝑤 the dynamic viscosity of the fluid, and 𝑟𝑖, 𝑟𝑗 the radii of the colliding objects. 

In a stirred system2, the particles are set in motion by the velocity of the fluid. In 

the case of laminar flows with uniform, constant shear considered by von Smoluchowski 

in his original research [9] parallel layers of fluid slide past each other without 

                                                      

1 Aggregation dominated by Brownian diffusion is also called perikinetic flocculation. 

2 Aggregation dominated by fluid shear is also called orthokinetic flocculation. 
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disruption, and the constant velocity gradient 𝐺 = 𝜕𝑈 𝜕𝑧⁄  describes the difference in 

velocity from one layer to the next. Consequently, if two particles are on different layers 

of fluid they will move at different velocities, and if the center of the slower particle is in 

the circular area of radius 𝑟𝑖 + 𝑟𝑗 swept by the faster one, collision will occur as shown in 

Figure 2.5. In the framework of the rectilinear approximation, this integrates to: 

𝛽𝑆𝐻
𝑟𝑒𝑐𝑡(𝑟𝑖 , 𝑟𝑗) =

4

3
(𝑟𝑖 + 𝑟𝑗)

3
𝐺 (2. 29) 

 
Figure 2.5: Particles in a uniform shear flow. The relative velocity of the particle of 

radius 𝑟𝑖 (particle 𝑖) with respect to that of the reference particle 𝑗 increases the further 

particle 𝑖 is from the fluid layer of particle 𝑗. Within the rectilinear approximation, 

collision will occur if 𝑅𝑖𝑗 < 𝑟𝑖 + 𝑟𝑗 . (Figure from Ives [82]) 
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In the cases where the flow shear is non-uniform (e.g. Poiseuille laminar flow in a pipe), 

Camp and Stein [83] evaluated that, for a Newtonian fluid, Equation (2229) was still 

correct when using the root-mean-square velocity gradient: 

𝛽𝑆𝐻
𝑟𝑒𝑐𝑡(𝑟𝑖 , 𝑟𝑗) =

4

3
(𝑟𝑖 + 𝑟𝑗)

3
𝐺̅ =

4

3
(𝑟𝑖 + 𝑟𝑗)

3
√

𝑃

𝜇𝑤𝑉
(2. 30) 

with P the power dissipated — calculated either in terms of applied torque and angular 

velocity of a paddle mixer, or of head lost through a pipe —, 𝑉 the total volume stirred, 

and 𝜇𝑤 the dynamic viscosity of the fluid. 

In cases of non-uniform and non-constant flows (e.g. turbulent flow), Saffman 

and Turner [84] obtained the following corrected expression for Equation (2229): 

𝛽𝑆𝐻,turb
𝑟𝑒𝑐𝑡 (𝑟𝑖 , 𝑟𝑗) = 1.294(𝑟𝑖 + 𝑟𝑗)

3
√
𝜀

𝜇𝑤
(2. 31) 

with ε the unit mass turbulent energy dissipation. Camp and Stein had postulated that 

their expression of 𝐺̅ from Equation (2230) could be used for turbulent systems by 

taking the power dissipated per unit volume 𝑃 𝑉⁄  as a proxy for the turbulent energy 

dissipation. It turns out that their intuition was correct, the expressions are proportional 

and very close (factor 1.294 in Equation (2231) instead of 4 3⁄ = 1.333 with Equation 

(2230)). 
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Finally, in systems where objects do not have the same settling velocities (e.g. 

primary particles with different densities, or distribution of aggregate sizes) faster 

settling objects sweep an area as they settle down (similar to the circle of radius 𝑅𝑖𝑗 in 

Figure 2.5) and collide with slower settling objects with their center within the area 

swept. Friedlander [85] first came up with an expression of the collision frequency due 

to differential settling with the rectilinear simplifications: 

𝛽𝐷𝑆
𝑟𝑒𝑐𝑡(𝑟𝑖 , 𝑟𝑗) = 𝜋(𝑟𝑖 + 𝑟𝑗)

2
|𝑈𝑖 − 𝑈𝑗| (2. 32) 

with 𝑈𝑖  the terminal settling velocity obtained from Stokes’ law [86]: 

𝑈𝑖 =
𝑔

18𝜇𝑤
(𝜌𝑖 − 𝜌𝑤)𝑟𝑖

2 (2. 33) 

where 𝑔 is the acceleration of gravity, 𝜌𝑖 the density of the object, and 𝜇𝑤, 𝜌𝑤 the 

dynamic viscosity and density of the fluid. 

The relative importance of each mechanism depends on the conditions of the 

experiment (fluid temperature and viscosity, average velocity gradient), but also on the 

size and effective density of the colliding objects. A cursory observation suggests that 

Brownian diffusion should dominate in the early stages of aggregation when very small 

particles are interacting (dependency in 𝑟1 compared to 𝑟3 and 𝑟4 for the other 

mechanisms, and largest number of objects of the same size) and differential settling 

probably dominates in the late stages when the aggregates are large (𝑟4dependency) and 
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the size distribution has widened (significant differences in settling velocities). However, 

these are only general trends as the number of particles in the colliding size classes and 

the structure of the aggregates, for example, play important roles in the actual rates of 

aggregation. 

2.1.3.a. Accounting for Hydrodynamic interactions: The Curvilinear Approximation 

The rectilinear framework for collision frequencies described until now assumes 

that the relative motion of two particles approaching one another is the superimposition 

of their isolated motions. In other words, with a rectilinear approximation, particles with 

a distance between their relative trajectories smaller than the sum of their radii will 

collide (Figure 2.6, left-hand side). In reality however, as the viscous fluid between two 

approaching particles gets squeezed out of the way it also pushes the particles back, 

resulting in curved trajectories of particles with respect to one another and a smaller 

effective collision cross-section [87] (Figure 2.6, right-hand side). This suggests that the 

rectilinear approximation greatly overestimate the frequency of collision between 

aggregates. 
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Figure 2.6: Rectilinear (left) and curvilinear (right) collision models. (Figure from Han 

and Lawler [71]) 

Han and Lawler [88] developed a set of curvilinear correction coefficients to 

account for hydrodynamic interactions in the fluid surrounding the particles: 

 𝛼𝐵𝑅
𝑐𝑢𝑟𝑣 = 𝑎𝐵𝑅 + 𝑏𝐵𝑅𝛿 + 𝑐𝐵𝑅𝛿

2 + 𝑑𝐵𝑅𝛿
3 (2. 34)

 𝛼𝑆𝐻
𝑐𝑢𝑟𝑣 =

8

(1 + 𝛿)3
10𝑎𝑆𝐻+𝑏𝑆𝐻𝛿+𝑐𝑆𝐻𝛿

2+𝑑𝑆𝐻𝛿
3

(2. 35)

𝛼𝐷𝑆
𝑐𝑢𝑟𝑣 = 10𝑎𝐷𝑆+𝑏𝐷𝑆𝛿+𝑐𝐷𝑆𝛿

2+𝑑𝐷𝑆𝛿
3

(2. 36)

 

with 𝛿 the ratio of the smaller to the larger particle radii (0 < 𝛿 ≤ 1), and the 

mechanism-specific sets of coefficients 𝑎, 𝑏, 𝑐, 𝑑 taken from lookup tables in Han and 
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Lawler [88]. Obtaining each curvilinear collision frequency then simply consists in 

multiplying its rectilinear counterpart by the corresponding 𝛼𝑐𝑢𝑟𝑣. 

2.1.3.b. Accounting for Structure: Fractal Dimension and the Porous 

Approximation 

In both the rectilinear and the curvilinear framework, the colliding objects are 

considered as hard spheres. While this is a reasonable assumption for a monodispersed 

suspension in the early stage of aggregation, aggregates do not coalesce into solid 

objects. Instead they grow into porous, sometimes even dendritic structures. Figure 2.7 

illustrates the strain that the notion of “solid sphere” can exert on reality when 

describing an aggregate. 
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Figure 2.7: Example of a computer generated 3D aggregate, here with a fractal 

dimension 𝐷𝑓 = 2.52. (Image courtesy of D.A. Adams, University of Michigan, particle 

colors indicate their accessibility to diffusing new particles). 

The formation and hydrodynamic properties of aggregates composed of small 

particles and considered as porous objects had long been studied [89-94] when 

Mandelbrot developed and introduced the concept of fractals [95, 96]. This notion allows 

to describe the “compactness” of aggregates in a Euclidean space of dimension 2 or 3 in 

terms of their fractal dimension (illustrated in Figure 2.8), and to investigate their 

formation and properties from an entirely different perspective [97]. 
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Figure 2.8: Increase of aggregate compactness with fractal dimension. From left to right, 

𝐷𝑓 = 1.4, 𝐷𝑓 = 1.7, and 𝐷𝑓 = 2.1, respectively. (Figure from Aziz [73]). 

Meakin [98] and Kolb et al. [99] then created the cluster-cluster aggregation 

model, which related the fractal dimension as defined by Mandelbrot [96] to the two 

extreme regimes of aggregation: 

 In Diffusion-limited aggregation (DLA), there is no repulsion between particles, the 

probability of two particles attaching upon collision is high (𝛼 = 1), and the fractal 

dimension is low (𝐷𝑓 = 1.7: loose aggregate). 

 In Reaction-limited aggregation (RLA), there is a significant energy barrier opposing 

the attachment of particles (𝛼 ≪ 1) and the fractal dimension is high (𝐷𝑓 = 2.3: 

relatively compact aggregate). 

The agreement of these calculated fractal dimensions for DLA and RLA with 

experimental values [100-102] confirmed the fractal nature of particle aggregates. 
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Research then focused on describing aggregates and their hydrodynamic properties in 

term of fractal objects [103-114]. 

In one such research in particular, Veerapaneni and Wiesner investigate the 

effect of the fractal nature of aggregates on their collision frequencies [72]. Unlike in the 

curvilinear framework where every flow line has to curve around the coalesced sphere 

that is the aggregate, some flow lines may actually pass through a porous aggregate [87], 

as illustrated on the right-hand side of Figure 2.9. This suggests that, as also verified 

experimentally [115-117], the curvilinear model underestimates the collision frequencies 

between aggregates. 

 
Figure 2.9: Velocity field and flow lines in the immediate vicinity of a fractal aggregate, 

represented in the coordinate system attached to the aggregate. The fluid is moving 

upwards in the chosen reference system. Entire simulated volume (left) and zoom on the 

region of interest (right). Simulation ran with the Navier-Stokes module of the finite 
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elements computer fluid dynamic software COMSOL (COMSOL AB, Stockholm, 

Sweden). 

Considering the expression of the porosity of a fractal aggregate from Jiang and 

Logan [118]: 

𝜀(𝑟) = 1 − (
𝑟0
𝑟
)
3−𝐷𝑓

(2. 37) 

which increases as the aggregate grows larger, Veerapaneni and Wiesner approximated 

the fractal geometry of an aggregate as a sphere composed of concentric layers of 

increasing porosity (and therefore permeability) and obtained the following expressions 

for the collision frequencies of fractal aggregates [72]: 

 𝛽𝐵𝑅
𝑝𝑜𝑟(𝑟𝑖 , 𝑟𝑗) =

2 𝑘𝐵𝑇

3 𝜇
(
1

𝛺𝑖𝑟𝑖
+

1

𝛺𝑗𝑟𝑗
)(𝑟𝑖 + 𝑟𝑗) (2. 38)

 𝛽𝑆𝐻
𝑝𝑜𝑟(𝑟𝑖 , 𝑟𝑗) =

4

3
(𝑟𝑖√𝜂𝑖 + 𝑟𝑗√𝜂𝑗)

3
𝐺 (2. 39)

 𝛽𝐷𝑆
𝑝𝑜𝑟(𝑟𝑖 , 𝑟𝑗) = 𝜋(𝑟𝑖√𝜂𝑖 + 𝑟𝑗√𝜂𝑗)

2
|𝑈𝑖

∗ −𝑈𝑗
∗| (2. 40)
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with 

𝛺𝑖 =
2𝜉𝑖

2 (1 −
tanh(𝜉𝑖)

𝜉𝑖
)

2𝜉𝑖
2 + 3 (1 −

tanh(𝜉𝑖)
𝜉𝑖

)

(2. 41)

 𝜂𝑖 = 1 −
𝑑𝑖
𝜉𝑖
−
𝑐𝑖

𝜉𝑖
3

(2. 42)

𝑑𝑖 =
3

𝐽𝑖
𝜉𝑖
3 (1 −

tanh(𝜉𝑖)

𝜉𝑖
) (2. 43)

 𝑐𝑖 = −
1

𝐽𝑖
(𝜉𝑖

5 + 6𝜉𝑖
3 −

tanh(𝜉𝑖)

𝜉𝑖
(3𝜉𝑖

5 + 6𝜉𝑖
3)) (2. 44)

𝐽𝑖 = 2𝜉𝑖
2 + 3 − 3

tanh(𝜉𝑖)

𝜉𝑖
(2. 45)

 

where 𝐾 is the permeability of the aggregate and 𝜉𝑖 = 𝑟𝑖 √𝐾⁄  is an adimensional 

parameter related to the adimensional permeability 𝐾/𝑟𝑖
2 (permeability models 

expressions detailed in [72, 119]). Equations (2241) to (2245) are the Brinkman 

equations [120-123] describing the internal flow of fluid in an porous aggregate. They 

are based on a modification of Darcy’s law of fluid flow through porous media that 

works better for the high porosities of a fractal aggregate. 𝛺𝑖 is the ratio of fluid friction 

on a porous sphere to that of a solid sphere, and 𝜂𝑖 is the ratio of the fluid going through 

the aggregate to the total fluid approaching the aggregate. 
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2.2. Numerical Modeling of Nanoparticles Fate 

Outside of carefully controlled and monitored lab settings, mathematical models 

are invaluable tools to evaluate the large-scale transport, transformations, and ultimate 

fate of pollutants [124]. They are of even greater importance in the case of contaminants 

at the nano scale as their small size and tendency to stick to surfaces often make them 

very challenging to measure once they enter the complex matrix that any 

environmentally relevant system constitutes [125-128]. And considering that the 

projections over the next several years only forecast their manufacture and use to 

increase [129-131], it is becoming paramount to develop numerical methods able to 

quantitatively predict the fate of accidental environmental releases of engineered 

nanoparticles. In recent years, three main categories of environmental transport and fate 

models adapted to the specifics of nanoparticle contaminants have been developed. 

Earlier efforts to evaluate the fate of nanomaterials in the environment relied 

upon the principles of material flow analysis (MFA), which is an established method to 

predict the exposure to non-particulate contaminants. It consists in dividing the 

environment into a number of completely mixed interconnected compartments (e.g. 

water, soil, and atmosphere), on extrapolating the quantities of material released based 

on available data, and on evaluating the flow rates between compartments with 
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simplified mass-transfer equations. One of the first such models from Mueller and 

Nowack [132] teased out overall emissions of several types of nanomaterials in 

Switzerland based on their world production and on the relative population of the 

country, these emissions were then divided them into product categories based on the 

relative abundance of each product online, and assumptions were made on the NP 

content of each product and on the percentage of that content going into each 

compartment. This method has the merit of simplicity, but the accumulation of 

uncertainties, the coarseness of the scale, and the absence of any nano-specific transport 

mechanism make it difficult to use its result for quantitative purposes. Using a 

probabilistic approach for the input parameters rather than a deterministic one [133, 134] 

allowed to account for the large input uncertainties, and using more accurate estimates 

of the quantities of materials released [135] reduced that uncertainty. However, the 

limited spatial resolution remains a severe constraint of MFA models. The regionally-

averaged concentrations they provide are of little quantitative relevance when large-

scale [136] and bench-scale [137] experiments, as well as more complete mechanistic 

models [138], show that the strong affinity of NPs to natural suspended colloids yields 

short persistences in the water column, and therefore accumulation in sediments near 

the source points. 
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Bayesian networks have recently been applied to predicting the fate and risk of 

engineered nanomaterials, specifically nano silver, in environmental waters [139, 140]. 

The probabilistic nature of Bayesian networks is particularly adapted to handling the 

inherent uncertainties associated with complex environmental systems [141], and they 

have successfully been used to assess the fate of pollutants in the environment [142-145]. 

In situations where experimental data is scarce, such as in the case of nanomaterial fate 

and risk forecasting, the method determines probabilities from experts’ elicitation to 

populate a baseline model that can later be refined as new data becomes available. As 

Money et al showed [140], updating the knowledge base of their 2012 model [139] with 

experimental data harvested from the literature led to a substantial increase on the 

accuracy of predicted nano Ag concentrations, and a decrease on the uncertainties of 

these predictions. This ability to adapt and improve as new data is generated suggests 

that Bayesian models are a promising tool for evaluating nanoparticle concentrations in 

complex environments. It also suggests that, even if the predictive power might be 

weaker, the method can work reasonably well with incomplete data sets or missing 

values within a data set, which happen often with environmental measurements. On the 

other hand, while Bayesian networks can handle continuous variables, they can only do 

so in a limited manner [146], and the usually solution of discretizing the variables leads 

to losses of information and, potentially, of statistical power [147]. Moreover, while a 
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number of discretization techniques have been developed [146, 148-153], none have been 

found an acceptable automatic method. As a result, the discretization of each individual 

continuous variable has to be evaluated on a case-by-case basis ensuring the number of 

intervals is high enough that the loss of information is acceptable, small enough that 

each one contains a reasonable number of data points, but not so small that it would 

artificially create dependencies [147]. In addition, while expert elicitation is an 

invaluable method to populate a baseline model when the data is scarce, it also often 

result in biased outcomes [154]. 

Particle transport models (PTMs) [155] are nanoparticles fate and transport 

models adding nano-specific mechanisms of transformation and transport [128, 156-158] 

to higher resolution MFA/multimedia mass balance models. The higher resolution is 

achieved by multiplying the number of boxes per environmental compartments [128], 

which significantly increases the number of interconnections and the computational 

strain. As a consequence, PTMs typically only account for some aspects of colloid 

science: 

 Praetorius et al. [128] use a large number of boxes to model a river and size-

dependent collision frequencies, but discretize the size distribution over 5 classes, 

only takes into account purely heterogeneous collisions and implicitly considers 

them as being between hard spheres. 
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 Liu and Cohen [156] discretize the size distribution of nanoparticles and use size-

dependent transformation and mass transfer coefficient, but only account for 

aggregation as a binary transfer coefficient to the natural suspended particulate 

phase; 

 Meester et al. [157] use size-dependent homogeneous and heterogeneous attachment 

efficiencies, but effectively only considers 2 sizes of aggregates. 

PTMs appear a very promising route to evaluate the transport and fate of nanoparticles 

in complex environmental systems. However, and in spite of the evidence that it is one 

of the major driving forces of their fate in such systems [14, 136-138, 159], there is still no 

consensus on how to conciliate computational speed and a non-trivial handling of the 

heterogeneous aggregation processes. 

2.3. Application – Bacterial Inactivation 

Disinfection is a crucial process of the treatment of drinking water, and one of 

the greatest public health breakthroughs of the 20th century. Before it became widely 

used, waterborne pathogens in drinking water infected millions of people with deadly 

diseases. Typhoid fever, for example, was an endemic in the US in the late 19th century 

killing 25,000 per year in 1900. With the introduction and the propagation of 

disinfection, this death toll had decreased by 45% in 1910, by 92% in 1935 [160] and, 
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from 1960 to 1999, none of the 957 reported cases of typhoid fever in the US could be 

directly attributed to a waterborne outbreak [161]. And, while not as well documented, 

water disinfection is often assumed to have played an important role in the decline of a 

number of other waterborne diseases such as cholera and hepatitis A [160]. 

However, most traditional water disinfection methods generate potentially 

harmful disinfection by-products (DBPs) when reacting with suspended natural organic 

matter [162]. Free chlorine is a convenient, inexpensive, and potent disinfectant which 

also protects against microbial recontamination [163] but it leads to high levels of 

trihalomethanes and haloacetic acids, two regulated classes of DBPs with carcinogenic 

and mutagenic effects on mammals; Chloramines produce lower concentrations of the 

same classes of DBPs, but they are also weaker disinfectants [164]; Chlorine dioxide 

yields no trihalomethanes and low concentrations of haloacetic acids, but it generates 

potentially harmful chlorite and chlorate [165]; Finally UV irradiation and ozonation can 

significantly reduce or eliminate the formation of regulated DBPs, but they may 

contribute to the formation of non-chlorinated DBPs (e.g. bromate, with known 

carcinogen effects [166]). 

Understandably given their toxicity and our vital need for safe drinking water, 

these DBPs have been ongoing topics of research in the four decades since the discovery 

of their existence by Rook [162], and so have alternative disinfection processes with the 
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potential to limit their production. One such substitute consists in using heterogeneous 

photochemical sterilization [167], i.e. the combination of UV light and a semiconductor 

material such as TiO2 capable of generating reactive oxygen species (ROS) when 

irradiated. UV still partially acts as a disinfectant, while irradiated TiO2 nanoparticles 

produce ROS able to inactivate microorganisms, oxidize organic pollutants and, 

potentially, eliminate DBPs as they are formed [168]. Heterogeneous photochemical 

sterilization has been successfully used on a number of microorganisms [169] since its 

discovery [167], and efforts have been made to model and optimize specific parts of the 

process (TiO2 dose and light intensity [170-174], use of natural solar radiation [175], or 

water composition [176-178]), with the traditional focus on E. coli suspensions. These 

models are not describing the photochemical disinfection process from a mechanistic 

point of view, instead they try to capture the inactivation profile with simple empirical 

equations. Later, Marugán et al [179] proposed a simplified mechanism of the bacterial 

inactivation process and developed a model of E. coli inactivation in the presence of 

irradiated TiO2. However, the equation their model is based on were originally 

developed for molecular adsorption (Langmuir) and chemical reaction kinetics which 

are inadequate to describe the “adsorption” of particles or colloids onto surfaces. More 

recently, Dalrymple [180] used mechanisms conceptually similar to collisions between 
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bacteria and TiO2 nanoparticles combined with attachment controlled by the interaction 

of surface charges. 
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CHAPTER 3 – MODEL FORMULATION1 

The model developed in this work is an extension of aggregation models 

described in Chapter 2, with a history that dates back 100 years with the publication of 

von Smoluchowski’s work on colloid aggregation [9]. A key objective addressed by the 

model formulated here is to mathematically represent the heterogeneous aggregation of 

nanoparticles with a population of native or background particles. This objective can be 

generalized to a broader class of problems that considers the fate of particles designated 

by specific distinguishable attribute(s) in a suspension of particles that includes particles 

without this attribute. There are several key challenges that arise in this class of 

problems that include: 

 The need to mathematically track both particle type; 

 Changes in aggregate surface chemistry that may occur as the designated particle 

type is incorporated into growing heterogeneous aggregates; 

                                                      

1 This chapter is part of the published article: Therezien, M., et al., Importance of heterogeneous 

aggregation for NP fate in natural and engineered systems. Science of the Total Environment 2014, 

485, 309-318. 
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 The possibility of considering a population of living background particles such as 

bacteria, that have intrinsic rates for population growth and death, and that can be 

adversely affected by nanoparticles upon aggregation (inactivation). 

In addition, the model formulated here includes descriptions of aggregation that 

account for the complex geometry of porous aggregates, their possible break-up and the 

effects of porosity on aggregate drag coefficients and associated collision rate kernels. 

Some of these latter considerations have been developed in earlier generations of the 

model as coded here including a consideration of the fractal nature of aggregates [10] 

and the nature of flow through fractal aggregates [72, 104] and have been used by 

others [12, 14]. 

In the following sections, details of the model formulation are presented, the 

contributions to model development over previous efforts are highlighted and 

considerations in the numerical solution of the model are presented. Example 

calculations are then presented and the model is used to explore the relative importance 

of heterogeneous aggregation for nanoparticle fate and transport. 
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3.1. Equations for Heterogeneous Aggregation 

3.1.1. Modifications of the von Smoluchowski Equation 

The original system of equations for homogeneous aggregation described by 

Equation (224) must be modified to account for the presence of two different types of 

primary particles as detailed in the previous section. The attachment efficiencies should 

depend on the composition of the colliding aggregates, and the collision kernels on both 

their sizes and their compositions: 

𝑑𝑛𝑘
𝑑𝑡

=
1

2
∑ 𝛼(𝑓𝑆𝑖 , 𝑓𝑆𝑗)𝛽(𝑟𝑖 , 𝑟𝑗 , 𝑓𝑖 , 𝑓𝑗)𝑛𝑖𝑛𝑗
𝑖+𝑗=𝑘

− 𝑛𝑘∑𝛼(𝑓𝑆𝑘, 𝑓𝑆𝑖)𝛽(𝑟𝑘 , 𝑟𝑖 , 𝑓𝑘, 𝑓𝑖)𝑛𝑖

∞

𝑖=1

(3. 1) 

with 𝑓 and 𝑓𝑆 the fraction of nanoparticles in the volume and on the surface of the 

colliding aggregates, and the indices 𝑖, 𝑗, and 𝑘 referring to aggregates of size classes 𝑖, 𝑗, 

and 𝑘, respectively. As detailed in the following sections, Equation (331) therefore 

accounts for the effects of the composition of aggregates 𝑓𝑖 on their porosity, which 

affects both their sizes and the collision rate kernels (𝛽(𝑟𝑖 , 𝑟𝑗 , 𝑓𝑖 , 𝑓𝑗)), and of the fraction of 

nanoparticles on aggregate surfaces 𝑓𝑆𝑖 on the attachment efficiencies. 

3.1.2. Aggregates Size and Porosity – Volume Fractions of Particles 

The equations used in our aggregation model require evaluating the collision 

and settling of aggregates [12, 71, 72, 87], which largely derive from the ability to 
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evaluate the actual size and porosity of an aggregate based on its size class and 

composition. In the simple case where there is only one type of particle in the system, 

the number of primary particles N of diameter 𝑑0 an aggregate contains is related to its 

size as: 

𝑁 = (
𝑑𝑠𝑜𝑙
𝑑0
)
3

= 𝒞 (
𝑑𝑝𝑜𝑟
𝑑0

)

𝐷𝑓

≈ (
𝑑𝑝𝑜𝑟
𝑑0

)

𝐷𝑓

(3. 2) 

with 𝑑𝑠𝑜𝑙 the solid diameter of the aggregate (i.e. the diameter of a sphere containing 𝑁 

coalesced particles), 𝑑𝑝𝑜𝑟 its hydrodynamic diameter (i.e. accounting for porosity), and 

𝐷𝑓  the fractal dimension. The dimensionless structural coefficient (or fractal pre-factor) 𝒞 

has empirically been shown to be close to 1 [181, 182], it will therefore be ignored 

throughout this research. In the case of an aggregate composed of 𝑁𝑁 nanoparticles of 

primary diameter 𝑑𝑁 and 𝑁𝐵  background particles of primary diameter 𝑑𝐵, the solid 

diameter becomes: 

𝑑𝑠𝑜𝑙
3 = 𝑁𝑁𝑑𝑁

3 +𝑁𝐵𝑑𝐵
3 (3. 3) 

Observing that Equation (333) applies to objects of any Euclidean dimension, we make 

the assumption that it remains applicable to objects of arbitrary fractal dimension 𝐷𝑓, 

such that: 

𝑑𝑝𝑜𝑟
𝐷𝑓 = 𝑁𝑁𝑑𝑁

𝐷𝑓 +𝑁𝐵𝑑𝐵
𝐷𝑓 (3. 4) 
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The volume fraction of nanoparticles within an aggregate is the total volume of 

nanoparticles contained in that aggregate divided by its solid volume: 

𝑓𝑉 =
𝑉𝑁,𝑎𝑔𝑔
𝑉𝑠𝑜𝑙

=
𝑁𝑁𝑑𝑁

3

𝑑𝑠𝑜𝑙
3 =

𝑁𝑁𝑑𝑁
3

𝑁𝑁𝑑𝑁
3 + 𝑁𝐵𝑑𝐵

3
(3. 5) 

Substituting the expressions of 𝑁𝑁 and 𝑁𝐵  obtained with 𝑓𝑉 and 1 − 𝑓𝑉 from 

Equation (335) into Equation (334) yields an expression for the porous diameter of an 

aggregate as a function of its coalesced diameter and of its nanoparticle content: 

𝑑𝑝𝑜𝑟 = ((𝑓𝑉𝑑𝑁
𝐷𝑓−3 + (1 − 𝑓𝑉)𝑑𝐵

𝐷𝑓−3)𝑑𝑠𝑜𝑙
3 )

1
𝐷𝑓

(3. 6) 

which allows to calculate the porosity and the density of the aggregate as functions of 

𝑑𝑠𝑜𝑙 and 𝑓𝑉: 

𝜀 = 1 −
𝑑𝑠𝑜𝑙
3

𝑑𝑝𝑜𝑟
3 = 1 −

𝑑𝑠𝑜𝑙
3−9 𝐷𝑓⁄

(𝑓𝑉𝑑𝑁
𝐷𝑓−3 + (1 − 𝑓𝑉)𝑑𝐵

𝐷𝑓−3)
3 𝐷𝑓⁄

(3. 7) 

and 

𝜌𝑝𝑜𝑟 = 𝜀𝜌𝑊 + (1 − 𝜀)(𝑓𝑉𝜌𝑁 + (1 − 𝑓𝑉)𝜌𝐵) (3. 8) 

with 𝜌𝑊, 𝜌𝑁, and 𝜌𝐵 the densities of water, of the nanoparticles, and of the background 

particles, respectively. 

In previous research [10, 12], the porosity of close-packed spheres on a face-

centered cubic (𝜀𝑓𝑐𝑐 ≈ 26%) was used as a minimal threshold for the results of 

Equation (337). Here, this theoretical limit can only be used for homogeneous 
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aggregates, i.e. when 𝑓𝑉 ∈ {0,1}. For heterogeneous aggregates, the minimum porosity 

should depend on 𝑓𝑉 and on the size ratio of the particles. Assuming 𝑑𝑁 ≪ 𝑑𝐵, the 

maximum packing occurs when the nanoparticles are close-packed in the void left by 

the close-packed background particles, i.e. the same solid fraction of 𝜋 3√2⁄  for the 

background particles, and (1 − 𝜋 3√2⁄ )×𝜋 3√2⁄  for the nanoparticles. The nanoparticles 

solid fraction yields the volume fraction 𝑓𝑉 ≈ 21% for which we obtain the porosity 

𝜀𝑚𝑖𝑛(𝑓𝑉=21%) = 1 − 𝜋 3√2⁄ − (1 − 𝜋 3√2⁄ )×𝜋 3√2⁄ ≈ 6.7%. For 𝑓𝑉 ≠ 21%, we 

approximate the change in porosity as linear [183] until it reaches 26% for homogeneous 

aggregates. Except for single particles (for which 𝜀 = 0), these values of 𝜀𝑚𝑖𝑛(𝑓𝑉) are 

used whenever they are larger than 𝜀(𝑓𝑉) calculated by Equation (337). 

3.1.3. Attachment Efficiencies 

In general, the attachment efficiency between two background particles 𝛼𝐵𝐵 (i.e. 

the probability that two such particles will stick to one another upon collision, cf. Section 

2.1.2) is different from the attachment efficiency between two nanoparticles (𝛼𝑁𝑁) or 

between a nanoparticle and a background particle (𝛼𝐵𝑁). Consequently, one expects the 

attachment efficiency between two aggregates to vary as a function of their respective 

compositions in nanoparticles and background particles or, more specifically, of the 

compositions of their surfaces. 
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In order to evaluate the attachment efficiency between two aggregates of known 

sizes and compositions, we postulate that the collision between these aggregates 

happens between two single particles (one on the surface of each aggregate) with the 

attachment efficiency corresponding to the nature of the particles (i.e. 𝛼𝐵𝐵, 𝛼𝑁𝑁, or 𝛼𝐵𝑁). 

Further assuming a sufficiently large number of collisions between pairs of aggregate 

with the same two size classes and compositions, we can integrate over every possible 

orientation of the aggregates and obtain an average of the three primary attachment 

efficiencies 𝛼𝐵𝐵, 𝛼𝑁𝑁, and 𝛼𝑁𝐵  weighted by the surface fractions 𝑓𝑆𝑖 and 𝑓𝑆𝑗 of 

nanoparticles on the colliding aggregates: 

𝛼(𝑓𝑆𝑖 , 𝑓𝑆𝑗) = 𝑓𝑆𝑖𝑓𝑆𝑗𝛼𝑁𝑁 + (1 − 𝑓𝑆𝑖)(1 − 𝑓𝑆𝑗)𝛼𝐵𝐵 + ((1 − 𝑓𝑆𝑖)𝑓𝑆𝑗 + (1 − 𝑓𝑆𝑗)𝑓𝑆𝑖) 𝛼𝐵𝑁 (3. 9) 

In the more general case of a system containing 𝑋 different types 𝑃1, 𝑃2, … , 𝑃𝑋  of 

primary particles, the expression for 𝛼 between two aggregates of size classes 𝑖 and 𝑗 

with surface fractions 𝑓𝑆𝑖 
(1), 𝑓𝑆𝑖

(2)
, … , 𝑓𝑆𝑖

(𝑋)
 and 𝑓𝑆𝑗 

(1)
, 𝑓𝑆𝑗
(2)
, … , 𝑓𝑆𝑗

(𝑋)
 of each type of particles 

generalizes to: 

𝛼 (𝑓𝑆𝑖 
(1), 𝑓𝑆𝑖

(2), … , 𝑓𝑆𝑖
(𝑋), 𝑓𝑆𝑗 

(1), 𝑓𝑆𝑗
(2), … , 𝑓𝑆𝑗

(𝑋)) = ∑∑𝑓𝑆𝑖
(𝑝)𝑓𝑆𝑗

(𝑞)𝛼𝑃𝑝𝑃𝑞

𝑋

𝑞=1

𝑋

𝑝=1

(3. 10) 

with 𝑓𝑆𝑖 
(𝑝) the average surface fraction of type 𝑃𝑝 particles within an aggregate of size 

class 𝑖 and 𝛼𝑃𝑝𝑃𝑞 the attachment efficiency between type 𝑃𝑝 and type 𝑃𝑞  particles. 
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Since the present work focuses on the aggregation between two different types of 

primary particles, we will only use Equation (339). 

3.1.4. Surface Fractions 

In classical Euclidean geometry, the surface fraction 𝑓𝑆 is the volume fraction 

within the infinitesimally thin outer shell of the volume of the considered object. 

Assuming a uniform distribution of particles within the volume of compact aggregates, 

surface and volume fractions then become reasonably interchangeable notions, which is 

convenient since volume fraction is relatively simple to measure, calculate, and track in 

a model. 

Unfortunately, while this simplification of uniform distribution might make 

sense for large aggregates resulting from a long heterogeneous aggregation process, it is 

clearly inaccurate in the very early stages of heterogeneous aggregation where the first 

mixed aggregates produced are composed of one background particle with a few 

nanoparticles on its surface, or when nanoparticles clump into clusters on the poles of 

bacteria. In addition, Praetorius et al [14] and Labille et al [184] showed that different 

experimental conditions may lead to heterogeneous aggregation rates being correlated 

to either the surface ratio or the number ratio of nanoparticles in mixed aggregates. 

Evaluating the effective fraction of nanoparticles on the surface of mixed aggregates may 
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therefore depend on the conditions, but likely also how long the heterogeneous 

aggregation has progressed, as well as on the type of experiment simulated. 

In a scenario where a monodisperse or narrowly distributed suspension of 

nanoparticles heterogeneously aggregates with a distribution of background particles, 

the surface fraction of nanoparticles on an aggregate is the total projected surface area of 

the number of nanoparticles stuck onto that aggregate divided by its surface area. Since 

there is no simple way to evaluate the surface area of a fractal aggregate that a particle of 

a given size can access, we extrapolate it from Euclidean geometry, i.e.: 

𝑓𝑆 = 𝑁𝑁,𝑎𝑔𝑔×𝒜𝑝𝑟𝑜𝑗
𝑁 ×

1

𝒜𝑡𝑜𝑡
𝑎𝑔𝑔 = 𝑓𝑉

𝑑𝑠𝑜𝑙
3

𝑑𝑁
3  × 

𝜋𝑑𝑁
2

4
 × 

1

𝜋𝑑𝑝𝑜𝑟
2  (3. 11) 

with 𝑓𝑉 𝑑𝑠𝑜𝑙
3 𝑑𝑁

3⁄  the number of nanoparticles per aggregate of solid diameter 𝑑𝑠𝑜𝑙 from 

Equation (335), 𝜋𝑑𝑁
2 4⁄  the projected cross-section of one nanoparticle, and 𝜋𝑑𝑝𝑜𝑟

2  an 

estimation of the surface area of the aggregate. In addition, if the repulsive force 

between nanoparticles is sufficient, the attachment of one of them on the surface of an 

aggregate would prevent other nanoparticles to attach in an area extending further than 

its projected area. It is therefore necessary to modify the expression of 𝑓𝑆 accordingly 

with a coefficient 𝐶𝑓𝑠  that will effectively increase the footprint of nanoparticles. 

Simplifying Equation (3311) and multiplying by 𝐶𝑓𝑠 , it comes: 

𝑓𝑆 = 𝐶𝑓𝑠
𝑓𝑉
4
 × 

𝑑𝑠𝑜𝑙
𝑑𝑁

 × (
𝑑𝑠𝑜𝑙
𝑑𝑝𝑜𝑟

)

2

 (3. 12) 
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or, with the expression of 𝑑𝑝𝑜𝑟 from Equation (336): 

𝑓𝑆 = 𝐶𝑓𝑠
𝑓𝑉
4𝑑𝑁

 𝑑𝑠𝑜𝑙
3−6/𝐷𝑓 (𝑓𝑉  𝑑𝑁

𝐷𝑓−3 + (1 − 𝑓𝑉) 𝑑𝐵
𝐷𝑓−3)

−2/𝐷𝑓
 (3. 13) 

3.1.5. Collision Frequencies – Permeability Model and Curvilinear 

Approximation 

As described in Section 2.1.3.b, the collision frequencies between fractal 

aggregates generated during a simulation are calculated using the radially varying 

porosity model developed by Veerapaneni and Wiesner [72]. This porous model 

requires the choice of a permeability model to calculate the 𝛺𝑖 (Equation (2241)) and 𝜂𝑖 

(Equation (2242)) parameters used in the calculations of 𝛽𝑝𝑜𝑟 (Equations (2238) to 

(2240)). Based on the comparative study of Kim and Stolzenbach [119] we decided to 

use the permeability model from Davies [185]: 

𝐾𝑖 =
𝑑0
2

32𝛷𝑖
3 2⁄ (1 + 56𝛷𝑖

3)
(3. 14) 

where 𝑑0 is the primary particle diameter and 𝛷𝑖 is the solid fraction in the considered 

aggregate which relates to its porosity as 𝛷𝑖 = 𝛷(𝑟𝑖) = 1 − 𝜀(𝑟𝑖). It becomes immediately 

apparent that the notion of “primary particle diameter” invoked in Equation (3314) 

poses a problem in the case of heterogeneous aggregates that have more than one kind 

of primary particles. For a packed bed with particles of various sizes, permeability is 
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usually estimated using the reciprocal mean particle size, i.e. the diameter yielding the 

same specific surface area. Replacing 𝑑0 by the reciprocal mean of 𝑑𝑁 and 𝑑𝐵 in an 

aggregate with a volume fraction 𝑓𝑉 of nanoparticles yields: 

𝐾𝑖 =
(
𝑓𝑉
𝑑𝑁

+
1 − 𝑓𝑉
𝑑𝐵

)
−2

32𝛷𝑖
3 2⁄ (1 + 56𝛷𝑖

3)
(3. 15) 

For small aggregates or even single particles, for which the notion of porosity 

loses meaning, the porous approximation may underestimate the collision frequencies 

between aggregates. As in previous works [10, 12], for each collision mechanism our 

model uses the curvilinear collision frequency [71] when the value returned by the 

porous approximation is smaller. 

3.1.6. System of Differential Equations 

Equation (331) describes the rate of change in the total number concentration of 

aggregates of all compositions in every size class, which is not sufficient if we want to 

track each species, for example to investigate optimizing nanoparticle removal from a 

water column, or their transport and fate in a river. 

The model must be able to track the nanoparticles and the background particles 

as they aggregate homogeneously and/or heterogeneously and as they settle out of the 
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water column. To this end, the model must numerically integrate the following 

quantities in each size class and over time: 

 the total number concentration 𝑛1 of all aggregates; 

 the number concentration 𝑛2 of mixed aggregates (containing both types of 

particles); 

 the number concentration 𝑛3 of purely background particle aggregates, 

 the number concentration 𝑛4 of purely nanoparticle aggregates, 

 and the equivalent number concentration 𝑛5 of nanoparticle aggregates in the mixed 

fraction, such that Equation (335) reduces to 𝑓𝑉 = 𝑛5 𝑛2⁄  . 

We immediately observe that 𝑛1 is the number concentration 𝑛 in Equation (15), 

and is equal to the sum of the mixed, pure background, and pure nano aggregates (𝑛2, 

𝑛3, and 𝑛4 respectively) in each size class and at all times. Replacing 𝑛𝑖, 𝑛𝑗, and 𝑛𝑘 from 

Equation (331) by the corresponding 𝑛2 + 𝑛3 + 𝑛4 and separating the terms leading to 

respectively mixed, purely background, and purely nano aggregates, yields the 

following three subsystems of differential equations: 
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𝑑𝑛2𝑘
𝑑𝑡

=
1

2
∑

(

 
 

 𝛼(𝑓𝑆𝑖 , 𝑓𝑆𝑗)𝛽(𝑟𝑖 , 𝑟𝑗 , 𝑓𝑖 , 𝑓𝑗)𝑛2𝑖𝑛2𝑗

+𝛼(𝑓𝑆𝑖 , 0)𝛽(𝑟𝑖 , 𝑟𝑗 , 𝑓𝑖 , 0)𝑛2𝑖𝑛3𝑗 + 𝛼(0, 𝑓𝑆𝑗)𝛽(𝑟𝑖 , 𝑟𝑗 , 0, 𝑓𝑗)𝑛3𝑖𝑛2𝑗

+𝛼(𝑓𝑆𝑖 , 1)𝛽(𝑟𝑖 , 𝑟𝑗 , 𝑓𝑖 , 1)𝑛2𝑖𝑛4𝑗 + 𝛼(1, 𝑓𝑆𝑗)𝛽(𝑟𝑖 , 𝑟𝑗 , 1, 𝑓𝑗)𝑛4𝑖𝑛2𝑗

+𝛼(0,1)𝛽(𝑟𝑖 , 𝑟𝑗 , 0,1)𝑛3𝑖𝑛4𝑗 + 𝛼(1,0)𝛽(𝑟𝑖 , 𝑟𝑗 , 1,0)𝑛4𝑖𝑛3𝑗 )

 
 

𝑖+𝑗=𝑘

−𝑛2𝑘  ∑(

𝛼(𝑓𝑆𝑘, 𝑓𝑆𝑖)𝛽(𝑟𝑘, 𝑟𝑖 , 𝑓𝑘 , 𝑓𝑖)𝑛2𝑖
+𝛼(𝑓𝑆𝑘, 0)𝛽(𝑟𝑘, 𝑟𝑖 , 𝑓𝑘, 0)𝑛3𝑖
+𝛼(𝑓𝑆𝑘, 1)𝛽(𝑟𝑘, 𝑟𝑖 , 𝑓𝑘, 1)𝑛4𝑖

)

𝑖

−𝑛2𝑘
𝑈(𝑟𝑘, 𝑓𝑘)

ℎ
− 𝑛2𝑘𝐹(𝑟𝑘 , 𝑓𝑘) + ∑ 𝛤(𝑟𝑘, 𝑟𝑖)𝑛2𝑖𝐹(𝑟𝑖 , 𝑓𝑖)

𝑚𝑎𝑥

𝑖=𝑘+1

(3. 16)

𝑑𝑛3𝑘
𝑑𝑡

=
1

2
∑ 𝛼𝐵𝐵𝛽(𝑟𝑖 , 𝑟𝑗 , 0,0)𝑛3𝑖𝑛3𝑗
𝑖+𝑗=𝑘

−𝑛3𝑘  ∑(

𝛼(0, 𝑓𝑆𝑖)𝛽(𝑟𝑘, 𝑟𝑖 , 0, 𝑓𝑖)𝑛2𝑖
+𝛼𝐵𝐵𝛽(𝑟𝑘, 𝑟𝑖 , 0,0)𝑛3𝑖
+𝛼𝑁𝐵𝛽(𝑟𝑘, 𝑟𝑖 , 0,1)𝑛4𝑖

)

𝑖

−𝑛3𝑘
𝑈(𝑟𝑘, 0)

ℎ
− 𝑛3𝑘𝐹(𝑟𝑘 , 0) + ∑ 𝛤(𝑟𝑘, 𝑟𝑖)𝑛3𝑖𝐹(𝑟𝑖 , 0)

𝑚𝑎𝑥

𝑖=𝑘+1

(3. 17)

𝑑𝑛4𝑘
𝑑𝑡

=
1

2
∑ 𝛼𝑁𝑁𝛽(𝑟𝑖 , 𝑟𝑗 , 1,1)𝑛4𝑖𝑛4𝑗
𝑖+𝑗=𝑘

−𝑛4𝑘  ∑(

𝛼(1, 𝑓𝑆𝑖)𝛽(𝑟𝑘, 𝑟𝑖 , 1, 𝑓𝑖)𝑛2𝑖
+𝛼𝑁𝐵𝛽(𝑟𝑘, 𝑟𝑖 , 1,0)𝑛3𝑖
+𝛼𝑁𝑁𝛽(𝑟𝑘, 𝑟𝑖 , 1,1)𝑛4𝑖

)

𝑖

−𝑛4𝑘
𝑈(𝑟𝑘, 1)

ℎ
− 𝑛4𝑘𝐹(𝑟𝑘 , 1) + ∑ 𝛤(𝑟𝑘, 𝑟𝑖)𝑛4𝑖𝐹(𝑟𝑖 , 1)

𝑚𝑎𝑥

𝑖=𝑘+1

(3. 18)

 

And the rate of change of 𝑛5𝑘 is similar to Equation (3316) with each term under the 

first summation sign weighted by the volume fraction of nanoparticles within the 

considered colliding aggregates. 

The last three terms on the right-hand side of Equations (3316) to (3318) 

complete the mass balance by adding loss terms due to size class 𝑘 aggregates 
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sedimenting out of the water column or fragmenting into smaller size classes, and a gain 

term due to the fragmentation of larger aggregates. 𝐹(𝑟𝑘 , 𝑓𝑘) is based on the 

fragmentation rate function [17, 186, 187]: 

𝐹(𝑟𝑘 , 𝑓𝑘) = 𝐴
′𝐺𝑦𝑑𝑝𝑜𝑟(𝑟𝑘, 𝑓𝑘) (3. 19) 

with 𝐺 the mixing rate, and 𝐴′ and 𝑦 two constants (𝐴′ = 0.0047 and 𝑦 = 1.6 in Spicer 

and Pratsinis [17]). 𝛤(𝑟𝑘, 𝑟𝑖) is a breakage distribution function [17, 188] describing how 

fragments broken off of size class 𝑖 aggregates are apportioned into smaller size classes. 

Since the simple breakage distribution functions we tried in our simulations (i.e. 

binary [189], ternary [17], and normal [190] breakages) ended up being the main drivers 

of the shape of the aggregate size distribution, we adopted a function that redistributes 

fragments according to the volume-weighted size distribution of aggregates smaller 

than the size class the fragment came from. Although we found that such a 

redistribution had a less overwhelming impact on the aggregate size distribution and 

worked well in our simulations, we did not formally evaluate it. 

3.2. Numerical Considerations 

3.2.1. Simplifications 

In addition to the usual assumptions made when modeling the homogeneous 

aggregation of particles, such as hard spherical primary particles, dilute suspensions, 
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and a uniform distribution of all aggregates in solution, the following key 

simplifications were made for heterogeneous aggregation to reduce the complexity of 

the problem: 

 A single fractal dimension can still be applied to describe the entire morphology of a 

heterogeneous aggregate; 

 the fractal dimension of an aggregate depends neither on its size nor on its 

composition; 

3.2.2. Size Gridding 

Aggregate size distributions may span several orders of magnitude, stretching 

from the diameter of the smallest primary particle in the system (𝑑𝑁) to the solid (or 

coalesced) diameter of the largest cluster the conditions may lead to (𝑑𝑚𝑎𝑥). The use of 

the discrete model implied by Equation (224) requires a binning procedure to reduce 

the computational effort that would be associated with such wide distributions [16]. We 

discretize the size distribution of aggregates by breaking down the continuous range of 

solid diameters into the desired number of bins — or size classes — of even widths on a 

log scale, and all the aggregates within a given class are described by the average solid 

diameter of that class [10]. 
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Due to this non-linear binning procedure, the solid volume 𝑉𝑖𝑗
𝑠𝑜𝑙 resulting from 

the aggregation of aggregates from size classes i and j will seldom match the volume of 

any size class but rather lands somewhere in between two consecutive classes k and k+1. 

We ensure the total solid volume of particles in the system is conserved by having the 

new aggregate distributed into size classes k and k+1 proportionally to its volume 

relative to that of the adjacent size classes [10, 12], i.e. a fraction fk=(Vk+1 
sol -Vij

sol)/(Vk+1
sol -

Vk
sol) of the new aggregate goes to size class k while the remainder goes to size class k+1. 

Note the use of total solid volume as a conservation metrics instead of the number of 

primary particles preferred in previous researches [10, 12], choice driven by the presence 

of primary particles of different nature in the present work. 

We similarly discretize the volume fraction of nanoparticles within aggregates in 

each size class by employing a linear binning scheme. Since the effective volume and the 

density of an aggregate (i.e. accounting for the porosity) depends on its solid diameter, 

the number and nature of the particles it contains, and on the fractal dimension (Section 

3.1.2), these two binning scales also allow to pre-calculate a number of aggregation 

parameters ahead of the differential equation solver described in Section 3.3, therefore 

reducing the computational load during integration. 
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3.3. Numerical Integration 

Except for the size classes of primary particles, the concentration in every size 

class usually starts at zero, sharply increases when smaller objects have become large 

and numerous enough to start populating that size class, grows slower as loss to larger 

sizes competes with creation from smaller ones, and — given enough time — ultimately 

decreases to 0. By nature, the differential equations describing such a system are stiff, 

their numerical integration with explicit methods requires impractically small time 

increments whenever a new size class is generated. 

This stiffness drove us to use the implicit Euler method to integrate 

Equations (3316) to (3318). In the straightforward explicit Euler method, given the 

differential equation (or system of differential equations) and an initial condition, the 

value of the function at time 𝑡 + 𝛥𝑡 is evaluated from its previously calculated value at 

time 𝑡: 

𝑑𝑦

𝑑𝑡
= 𝑓(𝑦)

𝑦(𝑡0) = 𝑦0

}⟹ 𝑦(𝑡 + 𝛥𝑡) = 𝑦(𝑡) + 𝛥𝑡. 𝑓(𝑦(𝑡)) (3. 20) 

Implementing Equation (3320) only requires to calculate the slope 𝑦(𝑡 + 𝛥𝑡) 

once, but stiff systems may have such rapid variations that they impose to do so with 

very small values of 𝛥𝑡. By contrast, the implicit Euler method (or backward Euler 
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method) calculates the function at time 𝑡 + 𝛥𝑡 as a function of its slope at time 𝑡 + 𝛥𝑡: 

𝑑𝑦

𝑑𝑡
= 𝑓(𝑦)

𝑦(𝑡0) = 𝑦0

} ⟹ 𝑦(𝑡 + 𝛥𝑡) = 𝑦(𝑡) + 𝛥𝑡. 𝑓(𝑦(𝑡 + 𝛥𝑡)) (3. 21) 

The calculation is unmistakably less straightforward since the right-hand side requires 

the yet unknown value at 𝑦(𝑡 + 𝛥𝑡). Integrating Equation (3321) therefore requires extra 

steps. A simple method consists in choosing an estimate for 𝑦(𝑡 + 𝛥𝑡), applying 

Equation (3321) so that it returns a new candidate for 𝑦(𝑡 + 𝛥𝑡), and repeating until the 

relative difference between two successive candidates is small enough: 

𝑦(0)(𝑡 + 𝛥𝑡) = 𝑦(𝑡)

𝑦(1)(𝑡 + 𝛥𝑡) = 𝑦(𝑡) + 𝛥𝑡. 𝑓(𝑦(0)(𝑡 + 𝛥𝑡) )

…
𝑦(𝑘+1)(𝑡 + 𝛥𝑡) = 𝑦(𝑡) + 𝛥𝑡. 𝑓(𝑦(𝑘)(𝑡 + 𝛥𝑡) )

(3. 22) 

This method requires more work for each time point, but it allows to choose larger 

values of 𝛥𝑡 (sometimes larger by orders of magnitude for our systems), yielding much 

shorter runtimes. Nonetheless, the fixed-point iteration method usually converges faster 

(i.e. in fewer iterations) for shorter time increments. We tried to maintain an optimal 

balance between rapid convergence and large time increments by reevaluating 𝛥𝑡 at 

each step based on how many iterations it took to converge at the previous step. In cases 

where the current time increment still did not allow for the fixed-point iteration to 

converge fast enough, the code adjusts 𝛥𝑡 and starts over. These adjustments improve 

computational speed while maintaining accuracy at all times and for all size classes. We 
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further reduced the simulation times by calculating all the intermediary variables (e.g. 

settling velocities, collision frequencies, fragmentation rates) and storing them ahead of 

the iterative solver. 

Even without accounting for settling and fragmentation, if 𝑁𝑝𝑜𝑝 size classes are 

populated at a given time 𝑡, the integration of 𝑛2, 𝑛3, and  𝑛4 at 𝑡 + 𝛥𝑡 calculates in the 

order of 9×𝑁𝑝𝑜𝑝 collisions for each size class, both for creation and for elimination, and 

for each iteration of the fixed-point method. Consequently, the chosen number of size 

classes played a crucial role in the runtime of each simulation. While debugging and 

verifying the model, simulations were performed with 20 to 50 size classes and 3 

nanoparticle volume fraction classes to ensure faster integration and better readability of 

some of the larger matrices. Final product simulations were performed with 100 size 

classes and at least 20 nanoparticle volume fraction classes for higher resolution. 

The model is written in Matlab (Matlab R2010a, the MathWorks Inc., Natick, MA, 

USA) and is composed of three main sections. 

3.3.1. System Setup 

The first section sets up the system by generating all the parameters the 

simulation will need (settling velocities, collision frequencies, fragmentation rates) and 

stores them in N×N×F×F four-dimensional matrices with N the number of size classes, 
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and F the number of nanoparticle fraction classes. This section also generates two N×N 

matrices to handle the total solid volume conservation as described in Section 3.2.2 [10, 

12]: 

 the row and column indices of these matrices are the size classes of the two colliding 

aggregates; 

 the corresponding value in the first matrix is the size class of the resulting aggregate; 

 the corresponding value in the second matrix is the fraction that remains in that size 

class, while the remainder moves up to the adjacent size class above it. 

3.3.2. Homogeneous Aggregation 

The entire code could be written as a heterogeneous aggregation model, and 

homogeneous systems would simply be input as heterogeneous systems where the 

concentration of one of the species is 0. However, this would mean performing a 

number of unnecessary calculations and tests for every single loop needed to execute a 

homogeneous scenario. Consequently, we included a homogeneous aggregation section 

in the code. This second section of the program is a close translation into the Matlab 

environment of previous codes we created for homogeneous aggregation written in 

FORTRAN [10] or C [12]. It executes much faster than the third section described below, 

with typical run times in the order of 10-15 seconds when using 100 size classes, and 
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typically less than 5 seconds when running quicker simulations with 50 size classes 

(simulations ran on a 2.4GHz Intel Core i7 MacBook Pro from Apple Computers 

equipped with 16GB 1333MHz DDR3 RAM). Not only does it allow to quickly evaluate 

the outcome of homogeneous scenarios, but also to generate a stable distribution of 

background particles from an initial spike prior to introducing nanoparticles, for 

example to simulate a stable natural system prior to an accidental release. 

At this point, all aggregates in the system are composed of only one kind of 

particle. 

3.3.3. Heterogeneous Aggregation 

The third section introduces nanoparticles in the system, either as a continuous 

input or as a one-time spike. This section of the program solves Equations (3316) to 

(3318), handling heterogeneous aggregation of background particles and nanoparticles, 

tracking the fraction of nanoparticles in all size classes, and following the volume and 

nature of aggregates that settle out of the water compartment. 

In both the homogeneous and heterogeneous sections, the model compares the 

total mass of nanoparticles, of background particles, and the total mass in the system at 

every integration time step. The relative changes in mass from one integration time step 

to the next are displayed as the model runs, which allows to detect calculation errors 
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(often due to aggregation reaching and accumulating in the maximum size class). A 

simulation is deemed acceptable if all three relative mass balance calculations are kept 

below 10−15 throughout the execution of the code. 
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CHAPTER 4 – MODEL EVALUATION 

4.1. Analytical Model Evaluation 

While there are no closed-form solutions to Equation (224) for arbitrary 

expressions of 𝛽(𝑖, 𝑗), nor indeed for the expressions developed in Section 2.1.3, there are 

simplified mathematical expressions of the collision kernel that yield such exact 

solutions [191-193]. We tested the model by comparing numerical simulations with 

analytical calculations for these particular forms of the Smoluchowski Equation (224). 

The simplified expressions of the collision kernel, 𝛽(𝑖, 𝑗) are referred to as: 

 The constant kernel: 𝛽(𝑖, 𝑗) = 𝛽0 

 The sum kernel: 𝛽(𝑖, 𝑗) = 𝛽0×(𝑖 + 𝑗) 2⁄  

 The product kernel: 𝛽(𝑖, 𝑗) = 𝛽0×𝑖×𝑗 

The closed-form solutions to these particular cases for a monodisperse initial 

concentration spike are the following [191, 193]: 

 𝑁𝑘(𝑡) =
𝑁0 (

𝛼
2 𝛽

0𝑁0𝑡)
𝑘−1

(1 +
𝛼
2 𝛽

0𝑁0𝑡)
𝑘+1 for the constant kernel (4. 1)

𝑁𝑘(𝑡) =
𝑁0

𝑘!
(1 − 𝑏)(𝑘 ∙ 𝑏)𝑘−1 for the sum kernel with 𝑏 = 1 − 𝑒−

𝛼
2𝛽

0𝑁0𝑡 (4. 2)

 𝑁𝑘(𝑡) =
𝜋𝑁0

𝑘 ∙ 𝑘!
𝑒−𝑘𝛼𝛽

0𝑁0𝑡(𝑘𝛼𝛽0𝑁0𝑡)𝑘−1 for the product kernel (4. 3)

 

where 𝑁𝑘(𝑡) is the number concentration of 𝑘-aggregates (aggregates containing 𝑘 
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particles) at time 𝑡 and 𝑁0 the initial concentration in the first size class. These solutions 

only describe homogeneous aggregation processes. The heterogeneous section of the 

model works with homogeneous systems, albeit slower, and can therefore be tested on 

these homogeneous solutions. Furthermore, in order to evaluate the heterogeneous 

section of the model, we can consider a system composed of 𝑁0 2⁄  particles A and 𝑁0 2⁄  

particles B that happen to be identical, and compare the evolution of the total size 

distribution (𝑛1𝑘(𝑡) in Section 3.1.6) to the analytical solution corresponding to the 

chosen kernel. Accordingly, we performed the following four simulations for each 

simplified collision kernel, each simulation with 𝑁0 = 1011𝑚−3 primary particles 

allowed to aggregate over a 24 ℎ simulated: 

 Simulations using only the first section of the model (homogeneous section). 

 Simulations using only the second section of the model (heterogeneous section) with 

the primary particles as background particles. 

 Simulations using only the second section of the model with the primary particles as 

nanoparticles. 

 Simulations using only the second section of the model with half the primary 

particles as background particles, the other half as nanoparticles, both with identical 

characteristics. 



 

73 

In order to ensure errors wouldn’t be averaged out within size classes, we altered 

the code by replacing the log binning procedure by a simple linear scale such that “size 

class 𝑘” only contains aggregates composed of 𝑘 particles. As mentioned in Section 3.2.2, 

such a linear scale is not a practical solution to simulate aggregation processes. As 

aggregation progresses and generates increasingly large numbers of size classes and of 

differential equations, the computation would quickly strain the machine running the 

model beyond its capacity. However, with a modest initial concentration in primary 

particles, a small starting value for the collision frequency 𝛽0, and integration times 

limited to 24 ℎ, the number of size classes generated during each simulation remained 

sufficiently low for the model to handle. 

For each kernel, we find that the simulations ran in the different sections of the 

model yielded identical results. The entire integrated time-series were identical to the 

precision of the machine for all size classes. Figure 4.1 compares the numerical 

simulations to the corresponding analytical solutions of the aggregation equations for 

each kernel. 
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Figure 4.1: Comparisons between numerical simulations and their corresponding 

analytical solutions for the constant, sum, and product kernels. Each colored segment 

correlates the simulated and analytical results within a given size class. 

For all three models, we observe a very good agreement for all sizes across 

number concentrations ranging from 10−25 to 1010 𝑚−3, indicating that the differential 

equation solver is performing adequately. We do note some occasional small excursions 

from the 1:1 line at very low number concentrations. Given that the mass balance was 

acceptable throughout every one of these simulations (i.e. the relative changes in total 

mass remained of the order of 10−15 or smaller at the end of each integration time step), 

we intuit that these excursions are due to rounding errors of the fixed-point iteration 

method and deem them acceptable. 

4.2. Comparison to Experimental Results 

The model is further evaluated by applying it to the replication of controlled 

experimental results from Praetorius et al [14]. A suspension of negatively charged SiO2 
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particles (500 𝑛𝑚, 100 𝑚𝑔. 𝑙−1, electrophoretic mobility of about −4.2×10−8 𝑚2. 𝑉−1. 𝑠−1 

at 𝑝𝐻 5  [14]) is continuously stirred and the volume-weighted median diameter of the 

distribution (𝑑50) is followed over time under a variety of conditions: 

 Ionic strength is adjusted by addition of 1 𝑀 NaCl, leading to a destabilization of the 

negatively charged SiO2 particles and a homogeneous aggregation of the suspension. 

 A suspension of TiO2 (15 𝑛𝑚, 0.8 𝑚𝑔. 𝑙−1, electrophoretic mobility under the 𝑝𝐻 5 of 

the experiment of +2.5×10−8 𝑚2. 𝑉−1. 𝑠−1) is added to the original suspension, 

provoking the heterogeneous aggregation of the two otherwise stable suspensions. 

 A more concentrated suspension of the same TiO2 particles (15 𝑛𝑚, 2 𝑚𝑔. 𝑙−1) is 

added, allowing the heterogeneous aggregation to generate larger aggregates. 

The authors used the concepts of primary and secondary heterogeneous 

aggregations: the background particles and nanoparticles first rapidly aggregate into a 

new “species” composed of quantities of each particle that depends on their initial 

concentrations (primary heteroaggregation), and then this new species undergoes a 

homogeneous aggregation process (secondary aggregation). The parameters they 

reported were measured with that method in mind, and may not necessarily apply to 

reproducing the kinetics of explicit heterogeneous aggregation we want to investigate. 

An initial calibration of our model was performed based on the reported values 

of velocity gradient, fractal dimension, and attachment efficiency [14], and these values 
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were adjusted to obtain a good fit while remaining consistent between experiments. For 

the heterogeneous experiments, the parameter 𝐶𝑓𝑆  from Equation (3313) was calibrated 

as well. Finally, the fragmentation rate coefficient vector from Equation (3319) was 

evaluated. Since it is expressed as a function of 𝐴′𝐺𝑦 and since the average velocity 

gradient 𝐺 did not change between experiments, only one of the two parameters needed 

calibration. With a measured 𝐺 of 100 𝑠−1, Equation (3319) was very sensitive to small 

variations of 𝑦, so we elected to work on 𝐴′ instead. 

As previously observed [138], the results of heterogeneous aggregation 

simulations do not vary linearly, nor sometimes intuitively, with the input parameters. 

As a consequence, optimizing the calibration required to vary each input parameter by 

small increments and run the model for each modification of each parameter. The model 

was first run with each set of input parameters for the experimental time-series yielding 

the smallest and the largest 𝑑50 values [14]. The adjusted coefficient of determination 

𝑅𝑎𝑑𝑗
2  was calculated and F-tests were performed for each individual simulation to select 

the set of parameters leading to the best goodness-of-fit of the model. This set was then 

tested with the intermediate time-series, if modifications were necessary their nature 

was gauged, and the process was repeated. The best-fit parameters obtained for our 

simulations are presented in Table 4.1. 
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Table 4.1: Best-fit model input parameters. 

Model Parameter Symbol Numerical Value Source 

Average diameter SiO2 𝑑𝐵 520 𝑛𝑚 [14] 

Standard deviation SiO2 𝜎𝐵 130 𝑛𝑚 [14] 

Average diameter TiO2 𝑑𝑁 15 𝑛𝑚 [14] 

Standard deviation TiO2 𝜎𝑁 10 𝑛𝑚 est. from [14] 

Average velocity gradient 𝐺 100 𝑠−1 [14] 

Fractal Dimension 𝐷𝑓  1.77 − 1.80 fitted 

SiO2-SiO2 attachment efficiency 𝛼𝐵𝐵 0.5 fitted 

SiO2-TiO2 attachment efficiency 𝛼𝐵𝑁 0.11 fitted 

Surface fraction of NP pre-factor 𝐶𝑓𝑆 25 fitted 

Fragmentation rate pre-factor 𝐴′ 0.282 − 0.376 fitted 

Two of the simulation parameters could not be fitted as a common value to all 

three time-series. Each one of them was carefully considered before deciding to give it a 

unique value: 

 The fitted fractal dimension for the heterogeneous suspension of SiO2 with 

2 𝑚𝑔. 𝑙−1 TiO2 was evaluated as slightly smaller (1.77) than that of the other two 

series (1.80). That the fractal dimensions describing these aggregates and those of 

the homogeneous experiment be different is not entirely surprising. Indeed, the 

attachment efficiencies and mechanisms involved are different between the 

heterogeneous aggregation of two otherwise stable suspensions and the 

homogeneous aggregation of electrolyte-destabilized particles. Given that the 

experiment of SiO2 with 0.8 𝑚𝑔. 𝑙−1 of TiO2 was accurately described by the same 𝐷𝑓  
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as the homogeneous experiment, the discrepancy might originate from the higher 

heterogeneous attachment efficiencies that the larger TiO2 concentration allows (via 

Equation (339)), yielding looser aggregates (cf. Section 2.1.3.b). 

 The best-fit pre-factor 𝐴′ for the fragmentation rate vector of coefficients was also 

found lower for the 2 𝑚𝑔. 𝑙−1 TiO2 experiment (0.282) than for the other two (0.376). 

A lower fragmentation rate coefficient for a given size class means that aggregates in 

that size class will experience less fragmentation, leading to the size distribution 

growing larger. In these heterogeneous aggregation experiments, TiO2 nanoparticles 

effectively act as an intermediary allowing the silica to aggregate. It is reasonable to 

consider that, unless there is so much titanium that it saturates SiO2 and stabilizes 

the suspension, aggregates with fewer nanoparticles to bind them are more likely to 

break under shear. 
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Figure 4.2: Experimental [14] and simulated aggregation of a distribution of SiO2 

particles (100 𝑚𝑔. 𝑙−1, 𝑑𝐵̅̅̅̅ = 520 𝑛𝑚, 𝜎𝐵 = 130 𝑛𝑚), homogeneously or heterogeneously 

with TiO2 (0.8 or 2 𝑚𝑔. 𝑙−1, 𝑑𝑁̅̅ ̅̅ =  15 𝑛𝑚, estimated 𝜎𝑁 = 10 𝑛𝑚). 

The experimental 𝑑50 time-series from Praetorius et al. and our corresponding 

simulations are displayed in Figure 4.2. All three simulations are reasonably good fits 

for the experimental data, with high adjusted R-squared and all p-values for the F-test 

on the regression smaller than 10−3. The model captures the phases of initiation, and 

linear growth phase well, and appears to do so as well for the plateau of the 

homogeneous aggregation and the slower heterogeneous aggregation. However, the 

model appears to be behaving differently than the faster heterogeneous aggregation as 

from as early as the end of the linear growth phase to the end of the experiment. The 

overall aggregation rate in the experimental data slows down sooner than the model 

does and, while noisy, the data clearly reaches a stable plateau. The model on the other 
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hand reaches a plateau at about the same level sooner, and then the 𝑑50 starts 

decreasing. The clear curvilinear patterns exhibited in the Residual versus simulated 

values plots (Figure 4.3) seem to indicate that the model might be missing a fitting 

parameter. 

 
Figure 4.3: Residual versus fitted value plots for the three simulations. 

One possible candidate for an extra parameter to include in the model could be 

the changes in fractal dimension as aggregates grow from small dense objects (which the 

model overestimates the size of due to having a fixed, lower 𝐷𝑓 value — cf left-hand side 

of the residual plots), to larger objects with low fractal dimensions that the model must 

underestimate in order to have an overall value of 𝐷𝑓   that produces acceptable results 

over an entire simulation. 
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CHAPTER 5 – MODEL APPLICATIONS 

5.1. Sensitivity Analysis 

5.1.1. Influence of Attachment Efficiencies 

The dynamics of heterogeneous aggregation is illustrated with a simulation in 

which nanoparticles are introduced as a pulse into a system containing a distribution of 

background particles (Figure 5.1). We consider two scenarios: one in which the affinity 

between nanoparticles and background particles is relatively low (𝛼𝑁𝐵 = 0.001), the 

other in which all particles in the system have a similar affinity (𝛼𝑁𝐵 = 0.25). Both 

simulations start with a monodisperse suspension of primary background particles 

(𝜌𝐵 = 2.6 𝑔. 𝑐𝑚
−3, 𝑑𝐵

0 = 400 𝑛𝑚, 𝐶𝐵
0 = 13 𝑚𝑔. 𝑙−1, 𝛼𝐵𝐵 = 0.5) allowed to aggregate in the 

simulation for 3 days, generating a distribution of background aggregates (top left bar 

plot in Figure 5.1). Then we introduced a spike of nanoparticles (𝜌𝑁 = 10.5 𝑔. 𝑐𝑚
−3, 𝑑𝑁

0 =

20 𝑛𝑚, 𝐶𝑁
0 = 25 𝑚𝑔. 𝑙−1, 𝛼𝑁𝑁 = 0.25). The unique fractal dimension in the system is 𝐷𝑓 =

2.5 and the velocity gradient is 𝐺 = 15 𝑠−1. 

In both cases, the evolution of the aggregate size distribution in the system 

shows both homogeneous and heterogeneous aggregation of nanoparticles. Since the 

model tracks the homogeneous nano- and background particle aggregates and the 
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fraction of nanoparticles within mixed aggregates in each size class, it allows us to figure 

out where the nanoparticles go in the system. 

 
Figure 5.1: Evolution of the aggregate size distribution after addition of silver NPs 

(20 𝑛𝑚, 25 𝑚𝑔. 𝑙−1) to a suspension of clay particles (initially 400 𝑛𝑚, 13 𝑚𝑔. 𝑙−1). The 

left-hand side plots describe a system in which the affinity between silver and clay is 

low (𝛼𝑁𝐵 = 0.001); the right-hand side plots describe a system in which it is higher 

(𝛼𝑁𝐵 = 0.25). From top to bottom, the systems are shown at 1 𝑠, 10 𝑠, 24 ℎ, and a week 

after the Ag spike. The bottom plots represent a zoom of the last time distribution. 

The light grey bars in Figure 5.1 are the fraction of background particles in the 

mixed aggregates, while the black bars represent purely background aggregates. The 

model suggests that as long as there is a significant probability of attachment between 

nanoparticles and background particles, the distribution of natural particles would be 



 

83 

almost entirely contaminated by a 25 𝑝𝑝𝑚 spike of silver nanoparticles within a day, or 

even within seconds in the case of attachment efficiencies higher than ~10%. 

5.1.2. Complexity of Heterogeneous Aggregation in a Simple System 

Following the concentrations of background particles, nanoparticles, and mixed 

aggregates, as well as the fraction of nanoparticles within the mixed aggregates in each 

size class, also allows us to track integrated quantities over time. Examples of such 

quantities include the concentrations of pure, mixed, and total nanoparticles in the water 

column, but also the concentration of nanoparticle removed by settling into a simulated 

sediment layer. 

In order to get an idea of the importance of heterogeneous aggregation for 

nanoparticles introduced in a system already containing background particles, we 

followed over time the fraction of nanoparticles attached to background aggregates in a 

series of modeled systems. All simulations started with mono dispersed background 

particles and nanoparticles suspensions (𝜌𝐵 = 2.6 𝑔. 𝑐𝑚
−3, 𝑑𝐵

0 = 500 𝑛𝑚, and 𝜌𝑁 =

10.5 𝑔. 𝑐𝑚−3, 𝑑𝑁
0 = 20 𝑛𝑚), all system had the same attachment efficiency between 

background particles 𝛼𝐵𝐵 = 0.3. We then varied the attachment efficiencies 𝛼𝑁𝐵  and 𝛼𝑁𝑁 

from 0.01 to 0.1, the initial concentrations of background particles 𝐶𝐵
0 from 0 to 

100 𝑚𝑔. 𝑙−1, and the initial ratio of volume fractions of particles 𝜙𝑁
0 /𝜙𝐵

0  from 0.01 to 100. 
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Figure 5.2 displays the evolution of mixed to total nanoparticle ratio (a measure of 

heterogeneous aggregation) over 24 ℎ for all the selected parameters. 

 
Figure 5.2: Volume fraction of nanoparticles within mixed aggregates after 5 𝑚𝑖𝑛, 

10 𝑚𝑖𝑛, 1 ℎ, and 24 ℎ as a function of the initial concentration of background particles 

𝐶𝐵
0, the ratio of initial volume fractions of both particles, the attachment efficiencies 𝛼𝑁𝑁 

and 𝛼𝑁𝐵 . All simulations consider primary particles of 500 𝑛𝑚 and 20 𝑛𝑚, and a 

homogeneous attachment efficiency 𝛼𝐵𝐵 = 0.3 for the background particles. 

In each of these plots, the volume fraction of nanoparticles attached to 

background aggregates increases with the initial concentration of background particles 

𝐶𝐵
0, as intuition would suggest. Likewise, we observe that large spikes of nanoparticle do 

indeed attach faster to background aggregates for larger values of 𝛼𝑁𝐵. On the other 
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hand, we observe much less intuitive behaviors as a function of the initial concentration 

of nanoparticles: for each value of 𝐶𝐵
0 there appears to be a value of 𝜙𝑁

0 /𝜙𝐵
0  that 

minimizes the fraction of nanoparticles attached to background aggregates over time. 

These local minimums are particularly visible after 24 ℎ and for low 𝛼𝑁𝑁 and 𝛼𝑁𝐵  values 

(0.01). 

These simulations show how nanoparticles introduced in a complex, albeit 

greatly simplified environment may potentially exhibit a wide range of complex 

behaviors depending on their affinities for each other and their concentrations. 

5.1.3. Importance of Heterogeneous Aggregation in Evaluating 

Nanoparticles Fate 

The importance of heteroaggregation in determining nanoparticle transport and 

fate can be gaged in terms of the effect that heteroaggregation plays in regulating 

nanoparticle concentrations in the water column. We quantified this effect by calculating 

the time until one-half of the nanoparticles initially introduced to a system were 

removed by aggregation and settling. These nanoparticle particle “half-lives” were 

determined for various conditions of surface affinity between nano- and background 

particles (𝛼𝑁𝐵) and different concentrations and sizes of background particles. In all 

simulations, a 0.25 𝑝𝑝𝑚 spike of silver nanoparticle of either 20 𝑛𝑚 or 100 𝑛𝑚 was 
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introduced to a system containing a given size of initially monodispersed background 

particles (𝑑𝐵
0  ranging from 50 𝑛𝑚 to 2000 𝑛𝑚), at a given concentration (𝐶𝐵

0 ranging from 

0 to 100 𝑚𝑔. 𝑙−1), and with a given affinity for the nanoparticles (𝛼𝑁𝐵  ranging from 0.005 

to 1). We followed over time the concentrations of both pure nanoparticle (either 

monodispersed or homogeneously aggregated) and total nanoparticle (monodispersed, 

homogeneously aggregated, and heterogeneously aggregated) in the water column, and 

computed the time required to reduce the initial nanoparticle concentration by one half. 

The results are reported in Figure 5.3 (pure nanoparticle) and Figure 5.4 (total 

nanoparticle) as half-life isolines for a given 𝛼𝑁𝐵  over the range of background particle 

concentrations and sizes. 
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Figure 5.3: Half-life isolines of pure nanoparticle aggregates for 20 𝑛𝑚 and 100 𝑛𝑚 

primary nanoparticles (left and right column, respectively) and background-

nanoparticle attachment efficiency 𝛼𝐵𝑁 of 0.005, 0.05, and 1 (top to bottom rows) as a 

function of the size and initial concentration of background particles. Each simulation 

was performed with homogeneous attachment efficiencies 𝛼𝐵𝐵 = 0.01 and 𝛼𝑁𝑁 = 10−3, 

and with an initial nanoparticle concentration 𝐶𝑁
0 = 0.25 𝑝𝑝𝑚. 

The half-life of pure nanoparticle aggregates (i.e. monodispersed or 

homogeneously aggregated nanoparticles, Figure 5.3) is mostly driven by the collision 

frequencies and the attachment efficiency between nanoparticle and background 

aggregates. Indeed, since settling has little impact on the relatively small nanoparticles 
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and pure nanoparticle aggregates, the pure nanoparticle concentration can only notably 

decrease once they heterogeneously attach to background or mixed aggregates. The 

persistence of pure nanoparticles in water decreases as 𝛼𝑁𝐵  increases, and increases as 

the nanoparticles get larger due to their reduced diffusivity and associated smaller 

collision frequencies (Figure 5.3, left to right). In practical terms, and for all of the 

conditions evaluated here, nanoparticles cease to exist as pure entities after a period of at 

most several weeks. The fate and transport of nanoparticles is therefore likely to be 

controlled by the fate and transport of the background suspended particles with which 

they associate. 
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Figure 5.4: Half-life isolines of total nanoparticle aggregates for 20 𝑛𝑚 and 100 𝑛𝑚 

primary nanoparticles (left and right column, respectively) and background-

nanoparticle attachment efficiency 𝛼𝐵𝑁 of 0.005, 0.05, and 1 (top to bottom rows) as a 

function of the size and initial concentration of background particles. Each simulation 

was performed with homogeneous attachment efficiencies 𝛼𝐵𝐵 = 0.01 and 𝛼𝑁𝑁 = 0.001, 

and with an initial nanoparticle concentration 𝐶𝑁
0 = 0.25 𝑝𝑝𝑚. 

For example, the total concentration of nanoparticle material in the water column 

can only decrease as nanoparticles are settling and effectively leaving the water 

compartment. Heterogeneous aggregation controls the loss of nanoparticles as they are 

incorporated into larger, faster settling aggregates. There is a decrease in the half-life of 
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total nanoparticles in the system decreases as 𝛼𝐵𝑁 increases (Figure 5.4, from top to 

bottom). 

The importance of heteroaggregation in controlling nanoparticle concentration in 

the water column is underscored by the prediction that smaller nanoparticles (Figure 

5.4, left hand side) should be eliminated faster from the water column than the larger 

ones (Figure 5.4, right hand side). This is due to the higher diffusivity of the smaller 

particles which leads to higher contact rates. Differences in half-lives for smaller and 

larger nanoparticles are greater for smaller values of 𝛼𝐵𝑁 and at lower initial 

background particle concentrations 𝐶𝐵
0 where contacts are increasingly limited. 

Conversely, differences between nanoparticle half-lives as a function of size become 

negligible for higher 𝐶𝐵
0. As the attachment efficiency 𝛼𝑁𝐵  between background particles 

and nanoparticles increases, differences in nanoparticles size (𝑑𝑁) have less effect on the 

persistence of the nanoparticles (plots on the left and right hand side of Figure 5.4 

become increasingly similar from top to bottom), particularly at high 𝐶𝐵
0. In systems of 

high affinity between background particles and nanoparticles (Figure 5.4, bottom row) 

the half-lives are nearly identical, with a nanoparticle persistence that depends on 𝐶𝐵
0 

and 𝑑𝐵 for low values of 𝐶𝐵
0, and almost independent of 𝑑𝐵 for 𝐶𝐵

0 larger than about 

30 𝑚𝑔. 𝑙−1. This is a stark contrast with the behavior of pure nanoparticle persistence, 

which remains dependent on all the parameters over their respective ranges. 
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5.2. Comparison to Mesocosm Data 

We compared data collected from the CEINT mesocosm experiment in 2009 [136] 

to our simulation results. The experiment consists of 30 outdoors simulated wetland 

ecosystems in a clearing of the Duke Forest (coordinates 36.025,−78.985 in Durham, NC 

27705, USA). Each mesocosm is contained within a 3.66 𝑚 long, 1.22 𝑚 wide, and 0.8 𝑚 

deep watertight open box. 

Figure 5.5 displays the experimental evolution of the total silver concentration in 

the mesocosm water after a 25 𝑝𝑝𝑚 inoculation of PVP-coated silver nanoparticles 

prepared from NanoAmor (Nanostructured & Amorphous Materials, Inc., Houston TX 

77084, USA). The nominal size of the particles was 10 𝑛𝑚, but previous studies [194, 195] 

have shown actual particle sizes ranging from 30 𝑛𝑚 to 80 𝑛𝑚. 
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Figure 5.5: evolution of the silver concentration in a physical simulation of a complex 

wetland ecosystem (mesocosm) after a spike of silver nanoparticles. 

Considering a suspended background particle size in the order of 1 𝜇𝑚, a high 

concentration of solids in the mesocosms, and a low attachment efficiency between the 

nanoparticles and the suspended background particles, the simulation results in Figure 

5.4 are reasonably close to the time it takes to halve the initial concentration in Figure 5.5 

(a few days to go from 10 to 5 𝑝𝑝𝑚, about a week to go from 5 to 2.5 𝑝𝑝𝑚). Of course 

these are merely preliminary observation, but they seem to suggest that our model 

perform reasonably well in evaluating the persistence of silver in a complex, 

environmental medium. 
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5.3. Heterogeneous Photochemical Sterilization 

5.3.1. Modifications of the Model 

Even with the assumption that the aggregation of nanoparticles and bacteria 

obeys the same equations detailed throughout this research, handling the inactivation of 

microorganisms requires modifying the model. These modifications must not preclude 

the model from accurately integrating homogeneous and heterogeneous aggregation 

scenarios that do not involve living organisms. 

A new category is introduced to follow the inactivation over time, the number 

concentration of dead bacteria aggregates (𝑛6) in suspension. In the same fashion as 

Section 3.1.6 described 𝑛5as the equivalent number concentration of nanoparticle 

aggregates in the mixed aggregates 𝑛2, 𝑛7 is defined as the equivalent number 

concentration of nanoparticle aggregates stuck to inactivated bacteria. 

5.3.1.a. Inactivation by a Photosensitive Fractal Cluster 

The inactivation mechanism is modeled as a pseudo first-order reaction with a 

reaction rate constant that depends on the number of nanoparticles attached to a 

bacteria, and on the relative amount of UV radiation these nanoparticles receive: 

(
𝑑𝐵𝑑,𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

= 𝑘𝑑(𝑡)(𝑛2𝑘(𝑡) − 𝑛5𝑘(𝑡)) (5. 1) 
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where 𝐵𝑑,𝑘 is the number concentration of inactivated bacteria aggregates in size class 𝑘 

and 𝑛2𝑘 − 𝑛5𝑘 is the equivalent number concentration of live bacteria aggregates with 

nanoparticles attached to them. The inactivation rate constant 𝑘𝑑  should depend on the 

average number of nanoparticle attached to each bacterium in that size class at 𝑡, which 

is obtained directly from the definitions of the aggregate categories: 

𝑁𝑝𝐵,𝑘(𝑡) = 𝑛5𝑘(𝑡)
𝑉𝑘
𝑠𝑜𝑙

𝑉𝑁
×

1

(𝑛2𝑘(𝑡) − 𝑛5𝑘(𝑡))
𝑉𝑘
𝑠𝑜𝑙

𝑉𝐵

= (
𝑛5𝑘

𝑛2𝑘 − 𝑛5𝑘
)
(𝑡)

×
𝑑𝐵
3

𝑑𝑁
3

(5. 2)
 

The volume conversions in Equation (552) turns number concentrations of aggregates 

into number concentrations of individual bacteria and particles. 

The reaction rate also has to depend on how much reactive oxygen species is 

generated by the bacteria, and therefore on the amount of radiation each nanoparticle in 

contact with a bacterium actually receives. Figure 5.6 illustrate how nanoparticles 

preferentially aggregate at a pole of the bacteria (possibly because of a slightly higher 

surface charge density where the radius of curvature is the smallest), forming relatively 

dense flocs. 
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Figure 5.6: Localized formation of TiO2 nanoparticle flocs onto a bacterium. (Picture 

from Jeff Farner Budarz) 

As shown by Hotze et al. [196], nanoparticle reactivity, in particular of 

photosensitive species, depends on the structure of their aggregates: in denser 

aggregates (as appears to be the case here), the incoming radiation flux might not reach 

the nanoparticles closer to the center of the aggregate. This notion is introduced in the 

model as the relative surface area of an aggregate to the total surface area of its 

constituting elements. Assuming that extrapolating from Euclidean geometry is a 
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reasonable first order approximation to estimating the surface area of a fractal aggregate 

composed of 𝑁𝑝𝐵  nanoparticles, this ratio of surfaces becomes: 

𝒜𝑟𝑒𝑙,𝑘(𝑡) ≈
𝜋𝑑𝑝𝑜𝑟,𝑘

2 (𝑡)

𝑁𝑝𝐵(𝑡)𝜋𝑑𝑁
2

(5. 3) 

The porous diameter 𝑑𝑝𝑜𝑟,𝑘(𝑡) is given by Equation (332), giving: 

𝒜𝑟𝑒𝑙,𝑘 ≈
𝑁𝑝𝐵
2 𝐷𝑓⁄

𝑑𝑁
2

𝑁𝑝𝐵𝑑𝑁
2 =

𝑁𝑝𝐵

2
𝐷𝑓

𝑁𝑝𝐵
(5. 4)

 

where time is omitted for legibility. Ultimately, combining Equations (551), (552), and 

(554) yields: 

(
𝑑𝐵𝑑,𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

= 𝑘𝑑
0(𝑛2𝑘 − 𝑛5𝑘) 𝑁𝑝𝐵

2
𝐷𝑓 = 𝑘𝑑

0(𝑛2𝑘 − 𝑛5𝑘) (
𝑛5𝑘

𝑛2𝑘 − 𝑛5𝑘
)

2
𝐷𝑓
(
𝑑𝐵
𝑑𝑁
)

6
𝐷𝑓

(5. 5) 

with 𝑘𝑑
0  an inactivation rate constant requiring calibration. 

Concomitantly, the 𝑁𝑝𝐵  nanoparticles attached to each of these bacteria remain 

stuck on their inactivated bacterium, which yields the following equivalent numbers of 

nanoparticle aggregates: 

(
𝑑𝑁𝑑,𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

= (
𝑑𝐵𝑑,𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

×𝑁𝑝𝐵
𝑉𝑁
𝑉𝐵

(5. 6) 

5.3.1.b. Adapting the Surface fraction 

Equation (3313) was developed for systems in which nanoparticles collect onto 

fractal aggregates. In the case of bacteria however, nanoparticles tend to form localized 
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fractal clusters (Figure 5.6). The fraction of a bacterium surface occupied by 

nanoparticles becomes the projection of the fractal cluster onto the bacterium surface: 

𝑓𝑆 =

𝜋
4 𝑑𝑝𝑜𝑟𝑁

2

𝜋𝑑𝐵
2

(5. 7) 

where 𝑑𝑝𝑜𝑟𝑁 is the diameter of the fractal cluster composed of 𝑁𝑝𝐵  nanoparticles, i.e. by 

Equation (332): 

𝑑𝑝𝑜𝑟𝑁 = 𝑁𝑝𝐵
1 𝐷𝑓⁄

𝑑𝑁 (5. 8) 

which yields: 

𝑓𝑆 =
1

4
𝑁𝑝𝐵
2 𝐷𝑓⁄ 𝑑𝑁

2

𝑑𝐵
2 =

1

4
(

𝑛5𝑘
𝑛2𝑘 − 𝑛5𝑘

)

2
𝐷𝑓
(
𝑑𝐵
𝑑𝑁
)

6
𝐷𝑓
−2

(5. 9) 

5.3.1.c. Modified System of Differential Equations 

Each time a bacterium is inactivated in size class 𝑘, the model transfers it and the 

𝑁𝑝𝐵  nanoparticles that were attached to it, from 𝑛2𝑘 to 𝑛6𝑘. At the same time, these 𝑁𝑝𝐵  

nanoparticles are transferred from 𝑛5𝑘 to 𝑛7𝑘. This loss term to 𝑛5𝑘 and creation to 𝑛7𝑘 

simply is described by Equation (556), yielding: 

(
𝑑𝑛7𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

= −(
𝑑𝑛5𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

= 𝑘𝑑
0(𝑛2𝑘 − 𝑛5𝑘) 𝑁𝑝𝐵

2
𝐷𝑓×𝑁𝑝𝐵

𝑉𝑁
𝑉𝐵

(5. 10) 

which, with the expression of 𝑁𝑝𝐵  from Equation (552) becomes: 

(
𝑑𝑛7𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

= −(
𝑑𝑛5𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

= 𝑘𝑑
0 𝑛5𝑘 𝑁𝑝𝐵

2
𝐷𝑓 (5. 11) 
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The rates of change in 𝑛6𝑘 to 𝑛2𝑘 are the sums of the bacteria and the nanoparticles 

gained and lost, respectively, which are obtained by adding Equations (556) and 

(5511): 

(
𝑑𝑛6𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

= −(
𝑑𝑛2𝑘
𝑑𝑡

)
𝑖𝑛𝑎𝑐𝑡

= 𝑘𝑑
0(𝑛2𝑘 − 𝑛5𝑘) 𝑁𝑝𝐵

2
𝐷𝑓 + 𝑘𝑑

0 𝑛5𝑘 𝑁𝑝𝐵

2
𝐷𝑓 = 𝑘𝑑

0  𝑛2𝑘 𝑁𝑝𝐵

2
𝐷𝑓 (5. 12) 

In addition to gains and losses due to inactivation, the model also considers 

collisions and attachment between inactivated aggregates and free nanoparticle 

aggregates. The final system of differential equations therefore becomes: 

𝑑𝑛2𝑘
𝑑𝑡

= (3316) − 𝑘𝑑
0  𝑛2𝑘 𝑁𝑝𝐵

2 𝐷𝑓⁄
(5. 13)

𝑑𝑛3𝑘
𝑑𝑡

= (3317) (5. 14)

𝑑𝑛4𝑘
𝑑𝑡

= (3318) − 𝑛4𝑘  ∑𝛼𝐷𝑁𝛽(𝑟𝑘 , 𝑟𝑖 , 1, 𝑓𝑖)𝑛6𝑖
𝑖

(5. 15)

𝑑𝑛5𝑘
𝑑𝑡

= (3316)′ − 𝑘𝑑
0 𝑛5𝑘 𝑁𝑝𝐵

2 𝐷𝑓⁄
(5. 16)

𝑑𝑛6𝑘
𝑑𝑡

= ∑ 𝛼𝐷𝑁𝛽(𝑟𝑖 , 𝑟𝑗 , 𝑓𝑖 , 1)𝑛6𝑖𝑛4𝑗 + 𝛼𝐷𝑁𝛽(𝑟𝑖 , 𝑟𝑗 , 1, 𝑓𝑗)𝑛4𝑖𝑛6𝑗
𝑖+𝑗=𝑘

−𝑛6𝑘  ∑𝛼𝐷𝑁𝛽(𝑟𝑘, 𝑟𝑖 , 𝑓𝑘, 1)𝑛4𝑖
𝑖

+𝑘𝑑
0  𝑛2𝑘 𝑁𝑝𝐵

2 𝐷𝑓⁄

(5. 17)

𝑑𝑛7𝑘
𝑑𝑡

= (5517)′ + 𝑘𝑑
0 𝑛5𝑘 𝑁𝑝𝐵

2 𝐷𝑓⁄
(5. 18)

 

where the “prime” superscripts indicate that each term under the gain summation sign 

of the referenced equation is weighted by the volume fraction of nanoparticles within 
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the considered colliding aggregates (volume fraction 𝑓𝑉 = 𝑛5𝑘 𝑛2𝑘⁄  for Equation (5516), 

and 𝑓𝑉 = 𝑛7𝑘 𝑛6𝑘⁄  for Equation (5518)). In Equations (5515), (5517), and (5518), 𝛼𝐷𝑁 is 

the attachment efficiency between an inactivated mixed aggregate and a nanoparticle, 

assumed to be independent of the composition of the colliding aggregates. 

5.3.2. Comparison to Experimental Results 

We apply the modified model to experimental data from Marugán et al. [179]. 

The setup consists in prepared 1012 𝐶𝐹𝑈.𝑚−3 E. coli suspensions that are inactivated 

with different concentrations of Degussa P25 TiO2 suspensions. The authors identify in 

their experimental data, reproduced here in Figure 5.7, three typical phases that have 

already been reported along with tentative explanations for their physical 

meaning [174]: 

1) Initial shoulder: slow inactivation due to the gradual oxidization of the bacterial 

membrane by the reactive oxygen species generated by the irradiated TiO2, in 

competition with enzymatic self-repair mechanisms from the microorganism. 

2) Log-linear inactivation: the healing enzymes are no longer able to protect the 

membrane. In addition, toxic by-products may be generated. 
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3) Final tail: explanations include a shielding effect from the high concentration of TiO2, 

and a competing mechanism of quenching of the reactive oxygen species generated 

by the nanoparticles with the lysis material released by the inactivated bacteria. 

For our simulations, the diameter of a bacterium was calculated based on the long and 

short axes of E. coli, assumed an ellipsoid, and the density of bacteria was assumed 

similar to that of water. The average velocity gradient was assumed to be low so as to 

not damage the bacteria. The rest of the fitted parameters are presented in Table 5.1. 

Table 5.1: Best-fit model input parameters. 

Model Parameter Symbol Numerical Value Source 

Average diameter bacteria 𝑑𝐵 630 𝑛𝑚 calculated 

Density bacteria 𝜌𝐵 997 𝑘𝑔.𝑚−3 assumed 

Average diameter TiO2 𝑑𝑁 100 𝑛𝑚 [179] 

Density TiO2 𝜌𝑁 3870 𝑘𝑔.𝑚−3 [179] 

Average velocity gradient  15 𝑠−1 assumed 

Fractal Dimension 𝐷𝑓  2.5 fitted 

Bacteria-TiO2 attachment efficiency 𝛼𝐵𝐵 0.15 fitted 

TiO2-TiO2 attachment efficiency 𝛼𝐵𝑁 0.1 fitted 

Inact. B-TiO2 attachment efficiency 𝛼𝐷𝑁 0 or 1 fitted 

Inactivation rate constant 𝑘𝑑
0  1.1×10−4 fitted 

The simulated inactivation profiles obtained with the heterogeneous aggregation 

model are superimposed to the experimental data onto Figure 5.7. 
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Figure 5.7: The markers represent photocatalytic inactivation experimental data of 

1012 𝐶𝐹𝑈.𝑚−3 E. coli suspensions with different loadings of Degussa P25 TiO2. 

Experimental figure from Marugán et al. [179]. The superimposed curves are the 

corresponding simulation results. 

The simulations show good fits for the experimental inactivation profiles, 

adjusted R-squared values are all close to 1. Linear regressions were run between 

experimental data points and the corresponding simulated result obtained at the same 

time point, and the p-value value for each F-test was smaller than 10−3. The model 

reproduces well the experimental phases of initial shoulder and log-linear inactivation 

for the 10 𝑝𝑝𝑚 and 50 𝑝𝑝𝑚 TiO2 concentrations. On the other hand, it seems that the 

model begins showing a log-linear inactivation phase too early compared to the 

experimental data for 2.5 𝑝𝑝𝑚 TiO2, and with a shallower slope. Visually, it appears that 
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a longer shoulder and the same slope as for the other two TiO2 concentrations would be 

a better fit. The final tail experimentally observed in all the inactivation profiles also 

seems to not be optimally resolved by the model. The tail starts slightly too early at 

50 𝑝𝑝𝑚 TiO2, slightly too late at 10 𝑝𝑝𝑚 TiO2, and not at all at 2.5 𝑝𝑝𝑚 TiO2, although at 

this lower concentration the mere presence of a tail is not clear in the experimental data 

either. 

 
Figure 5.8: Residual versus fitted value plots for the three simulations. 

It is difficult to draw conclusions from the residuals versus fitted values plots 

(Figure 5.8) given the small number of data points. The linear trends do however match 

the previous observations: shallow log-linear slope and positive trend for 2.5 𝑝𝑝𝑚 TiO2; 

late tail and negative trend for 10 𝑝𝑝𝑚 TiO2; early tail and positive trend for 50 𝑝𝑝𝑚 

TiO2. Even considering these small excursions from the experimental data, the model 

does perform well. It seems reasonable to assume that the mechanisms involved in 

heterogeneous aggregation play a role in the shape of the inactivation profiles. Indeed, 
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the established kinetic aggregation equations might offer a new mechanistic 

interpretation to the three phases of inactivation. 

The initial shoulder indicates a slower overall reaction rate when the species are 

first mixed. In our model, this is simulated by a combination of the finite rate of 

aggregation of the nanoparticles onto bacteria, and an inactivation rate that is modulated 

by the number of nanoparticles attached to the bacteria. The short-lived reactive oxygen 

species are a lot more effective if the source is in direct contact or close proximity to the 

bacteria (aggregated), and the inactivation rates slowly increase as more TiO2 aggregate 

onto each bacterium. 

As inactivation progresses, TiO2 particles form larger aggregates, both 

homogeneous and attached to bacteria. Aggregation rates, quadratic in the concentration 

of colliding objects, become much smaller, especially considering the necessity to 

maintain a relatively modest velocity gradient. As a result, 𝑁𝑝𝐵  vary relatively slowly, 

and the rates of change in the various size classes are driven by inactivation rather than 

aggregation which means that, from Equations (5513) and (5516): 

𝑑(𝑛2𝑘 − 𝑛5𝑘)

𝑑𝑡
= −𝑘𝑑

0(𝑛2𝑘 − 𝑛5𝑘) 𝑁𝑝𝐵
2 𝐷𝑓⁄

(5. 19) 

which, in first approximation, integrates to: 

𝑛2𝑘 − 𝑛5𝑘 = 𝐴0exp (−𝑘𝑑
0 𝑁𝑝𝐵

2 𝐷𝑓⁄
𝑡) (5. 20) 
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Considering in addition that the concentration in unattached bacteria is already very 

low in that phase, the log inactivation becomes: 

log10 (
𝐶

𝐶0
) = log10 (

𝑛2𝑘 − 𝑛5𝑘
𝐶0

) = log10 (
𝐴0
𝐶0
) −

𝑘𝑑
0  𝑁𝑝𝐵

2 𝐷𝑓⁄

𝐿𝑛(10)
×𝑡 (5. 21) 

which explains the constant slope in the log-linear regime of the inactivation profile. 

Finally, as the bacteria are further inactivated they immobilize more and more 

nanoparticles, both the ones that were attached to them and the ones capture via 

heterogeneous aggregation with inactivated aggregates. These immobilized bacteria 

may still generate reactive oxygen species, but these are quenched by inactivated 

bacterial material as they are created. Combined with the slow aggregation rates 

between the remaining unattached bacteria and free nanoparticle aggregates due to very 

low concentrations, this yields a gradually decreasing inactivation rate, ultimately 

leading to the tail of the inactivation profiles. 
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CHAPTER 6 – CONCLUSIONS 

We present a mathematical model describing the heterogeneous aggregation of 

nanoparticles and suspended particles over a range of size and concentrations spanning 

most aquatic systems. This model expands upon the one developed by von 

Smoluchowski for particle aggregation [9] and previous homogeneous aggregation 

models [10, 12]. While a number of simplifying assumptions had to be made to keep the 

complexity and computational strain manageable, the model accounts for time- and 

size-dependent changes in density, porosity, collision frequency, and attachment 

efficiency generated by the progressive mixing of nanoparticles and background 

particles. 

A series of analytical evaluations indicated a very good agreement, for the 

integration of systems with simplified, elementary interaction mechanisms between 

particles, between the modeled results and the known closed-form solutions of these 

systems. The regression analysis of the 𝑑50 from calibrated simulations compared to the 

experimentally measured one also revealed satisfying. However, non-random pattern 

systematically displayed in the residuals vs. simulated results plots suggested that the 

model requires additional parameters to better capture the evolution aggregate size 

distribution over time. Given the trend in these residuals, such a parameter could be to 



 

106 

account for a restructuring of flocs during aggregation [12] — i.e. such that fractal 

dimension increases over time as large, dendritic aggregates break down under sheer 

and reorganize into denser structure. Despite these residuals patterns, explicitly 

accounting for heterogeneous aggregation yields better fits over the entire median size 

distribution profile over time than when assuming a homogeneous aggregation of 

secondary aggregate [14]. 

Running simulations with different values of attachment efficiencies predicts 

that heterogeneous aggregation would dominate the transport and fate (apart from 

speciation) of nanomaterials in complex aquatic environments, which has been 

experimentally observed [14, 136, 137, 159]. When varying the concentrations, sizes, and 

affinities between background particles and nanoparticles, the model anticipates that 

lower concentrations in background particles and a lower affinity between nanoparticles 

and background particles accentuates the differences in nanoparticles fate as a function 

of their size. 

To look further into applications of the model, we modified it to account for the 

inactivation of microorganisms by UV-activated, photosensitive nanoparticles. The 

alterations allow the model to track populations of live and inactivated bacteria as well 

as of nanoparticles attached to inactivated bacteria. Once calibrated, the model was able 

to reproduce the experimental data reasonably with one single set of simulation 
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parameters and different concentrations of nanoparticles. This suggests that the model 

might be providing insights into the actual physical mechanisms involved in the 

inactivation process (hypothesis 2). 

These applications could make our model not only a powerful tool to add to 

larger scale environmental transport and fate models to predict nanoparticle exposure in 

aqueous environments or to optimize their removal in engineered treatment systems, 

but also an invaluable help to figure out some of the complex, multi-step processes that 

aggregation is a part of. 
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APPENDIX – MATLAB CODE 

The following code is adapted from a Fortan 77 code written by Dr. Mark 

Wiesner in 1982-1983 at the John Hopkins University. All units used are S.I. units. 

f uncti on [ out put] = het eroAgg( par am)  
%% 
ti c 
f or mat short g 
  
dB        = par am( 1); 
si gB      = par am( 2); 
rhoB      = par am( 3); 
CB        = par am( 4); 
dN        = par am( 5); 
si gN      = par am( 6); 
rhoN      = param( 7); 
CN        = par am( 8); 
dmax      = par am( 9); 
al phaBB   = par am( 10); 
al phaNN   = par am( 11); 
al phaBN   = par am( 12); 
Df 0       = par am( 13); 
G         = par am( 14); 
Ap        = par am( 15); 
Q1        = param( 16); 
Q2        = param( 17); 
t 1        = param( 18); 
t 2        = param( 19); 
T         = par am( 20); 
kp        = par am( 21); 
RdB       = par am( 22); 
kd0       = param( 23); 
Cf S       = par am( 24); 
Kmod      = par am( 25); 
%{  
  - dB     di amet er of t he pri mary backgr ound parti cl es ( m)  
  - rhoB    bul k densit y of t he backgr ound parti cl es (kg/ m3)  
  - CB      i ni ti al  mass concentrati on of t he backgr ound parti cl es (kg/ m3)  
  - dN      di amet er of t he pri mary nanoparti cl es ( m)  
  - rhoN    bul k densit y of the nanoparti cl es (kg/ m3)  
  - CN      i ni ti al  mass concentrati on of the nanoparti cl es (kg/ m3)  
  - al phaBB att achment effi ci ency bet ween t wo backgr ound parti cl es (-) 
  - al phaNN att achment effi ci ency bet ween t wo nanoparti cl es (-) 
  - al phaBN att achment effi ci eny bet ween a backgr ound parti cl e and a nanoparti cl e (-) 
  - Df, Df 2  fract al di mensi on common t o all aggregat es i n t he syst em (-) 
  - G       aver age vel ocit y gradi ent (1/ s) 
  - kA      mul ti pli er f or t he fragment ati on rat es 
  - Q1, Q2   wat er fl ow ( m3/ s) 
  - t 1,t 2   fi rst and second i nt egr ati on ti me li mi t s (i. e. wit hout and wi t h nano)  
  - T       wat er t emper at ure (∞C)  
  - kp   "passi vati on const ant 
  - RdB      
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  - kd0  deat h const ant f or bact eri al/ viral i nacti vati on 
  - Cf S     coeffi ci ent t o i ncrease t he i mpact of each att ached NP on t he eff ecti ve surf ace fracti on 
  - Kmod    per meability model : 0 dil ut e li mi t 
                                1 Happel  (1958) 
                                2 HKKR - Howell s (1974), Hi nch (1977), Ki m & Russel  (1985) 
                                3 Neal  & Nader (1947) - recursi ve 
                                4 Bri nk man (1947) 
                                5 Happel  & Br enner (1991) - Kozeny- Kar man equation 
                                6 Jackson & James (1946) 
                                7 Davi es (1952) 
%}  
  
% physi cal const ant used i n t he si mul ati ons 
g           = 9. 80665;                                  % Eart h gravit ati onal accel eration ( m/ s2) 
kB          = 1. 38066e- 23;                              % Bol t zmann' s const ant (J/ K or kg. m2/ s2/ K) 
ANN         = 21. 5e- 20;                                 % val ue f or Ti O2/ wat er/ Ti O2 (J) 
ABN         = 4. 14e- 20;                                 % val ue f or Si O2/ wat er/ Ti O2 (J) 
ABB         = 0. 16e- 20;                                 % val ue f or Si O2/ wat er/ Si O2 (J) 
rho W        =   999. 85308 + 0. 0632693* T - 8. 523829e- 3* T̂ 2 + 6. 943248e- 5* T̂ 3 - 3. 82121e- 7* T̂ 4; % densit y of wat er 
(kg/ m3) wit h T i n ∞C (Jones and Harri s (1992)) 
T           = T + 273. 15;                               % wat er t emper at ur e ∞C - > K conversi on 
mu W         = exp(578. 919/( T- 137. 546) - 3. 7188)/ 1e3;    % dynami c vi scosit y of wat er ( Pa. s or kg/ m/ s) wit h T i n K ( Vogel  
equati on) ( order: 8. 9e- 4 Pa. s) 
t 2x         = 30*60;                                    % ti me i t t akes t o doubl e t he bact eri al popul ati on (assume e. coli) 
  
% common si mul ati on par amet ers 
Ncl ass      = 100;       % number of aggr egat e si ze cl asses, 50 when debuggi ng, 100+ t o gener at e publ i cati on graphs (-) 
resf        = 100;       % resol uti on of t he vol ume fracti on of NP bi nni ng  (-) 
t hreshol d   = 1e- 4;     % conver gence t hreshol d i n fi xed- poi nt it erati on 
t st ep01     = 1e- 3;     % i niti al  i nt egrati on ti me st ep i n t he first routi ne (1 type of parti cl e) (s) 
t st ep02     = 1e- 3;     % i niti al  i nt egrati on ti me st ep i n t he second routi ne (2 t ypes of parti cl es) (s) 
t st epMax    = mi n(600,(t 1+t 2)/ 60);     % max i nt egr ati on ti me st ep (s) 
mi nI nt      = 1e- 3;     % mi ni mu m fracti on of a parti cl e t he sol vers consi der 
epsi l on     = 1e-20;    % mi ni mu m val ue f or set up cal cul ati ons 
%{  
not es: 
 - i ncreasi ng Ncl ass will si gnifi cantl y sl ow t he code down: bot h t he i niti al  set up and each l oop i n t he i nt egr ati on t ake 
l onger 
 - i ncreasi ng resf, on t he ot her hand, onl y makes t he i niti al  set up l onger ( whi ch i s onl y done once) 
 - a l arger conver gence t hreshol d does not necessaril y mean t he overal l code runs f ast er 
%}  
  
  
%% 
%==========================================================================================
========================================% 
%                                                        S Y S T E M   S E T U P                                                   % 
%==========================================================================================
========================================% 
  
%- -------------------------------------------- % 
% Cr eat e l og vol ume cl ass di stri buti on t abl es % 
%- -------------------------------------------- % 
VB                    = pi *dB̂ 3/ 6;  
NB                    = CB/ rhoB/ VB;  
VN                    = pi *dN̂ 3/ 6;  
NN                    = CN/rhoN/ VN;  
VB                    = pi *dB̂ 3/ 6; 
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% fi rst bi nni ng ( B woul d get spl it i n t wo si ze cl asses vi a bi nni ng) 
Vst ep                 = (l og10( pi *(dmax^3)/ 6)-l og10( VN))/( Ncl ass- 1); 
Vl og                  = l og10( VN) +( 0: Ncl ass-1)' *Vst ep; 
posB                  = fi nd(l og10( VB) >=Vl og, 1,'l ast' ); 
  
% r ecal cul at e Vst ep such t hat B' s all go i n one si ze cl ass (avoi ds splitti ng i niti al B i n t wo si ze cl asses):  
Vst ep                 = (l og10( VB)-l og10( VN))/(posB- 1); 
if 10̂ Vst ep < 2*resf/(2*resf-1) % rar e case when resf i s so coarse t hat a B can move up a si ze cl ass by accumul ati ng Ns 
whi l e st ayi ng i n t he col umn f v=0 
  keyboar d                      % you' d have t o have VB very cl ose t o VN, or very f ew si ze cl asses, or a very small  resf -- it 
mi ght never happen 
end 
dst ep                 = Vst ep/ 3; 
  
% r ecal cul at e bi nni ng based on t he new Vst ep: 
Vl og                  = l og10( VN) +( 0: Ncl ass-1)' *Vst ep; 
Vsol                   = 10. ^Vl og; 
Vsol (1)               = VN;         % eli mi nati ng pot enti al roundi ng errors 
Vsol (posB)            = VB;         % eli mi nati ng pot enti al roundi ng errors 
dsol                   = ( 6* Vsol/ pi ). (̂1/ 3); 
dsol (1)               = dN;  
dsol (posB)            = dB;  
  
% por ous di amet er di stri buti on as a f uncti on of vol ume or number fracti on 
if t 2==0, resf =0; end 
Df                     = Df 0*ones( 1,resf +1); 
f                     = 0: 1/resf: 1; 
dpor                  = (dsol. ^3 * (f.*dN. (̂ Df -3) + (1-f).*dB. (̂ Df-3))). (̂1./ Df); % vol ume fracti on: pref erred 
dpor(1: posB- 1, 1:resf) = dsol (1: posB- 1)*ones( 1,resf); 
dpor(posB, 1)          = dB;  
  
% si ze di stri buti on of B 
NBdi st                = exp(-(dsol (:, 1)-dB). ^2/(2*si gB̂ 2))' ;  % no need f or t he pre-f act or, it get s nor mali zed 
Vchk                  = NBdi st.* Vsol' / NBdi st(posB)/ VB;          % nor mali zed vol ume di stri buti on 
NBdi st( Vchk<1e- 6)     = 0;  % remove what' s i n much small er vol ume t han mai n peak. I nt egrat es A LOT easi er. No j oke.  
NBdi st                = NBdi st/( NBdi st* Vsol )*( VB* NB);           % ensur es correct t ot al i ni ti al  B vol ume 
posBm                 = fi nd( NBdi st, 1);                         % positi on of t he first non- empt y si ze cl ass i n NBdi st 
  
% si ze di stri buti on of N 
NNdi st                = exp(-(dsol (:,1)-dN). ^2/(2*si gN̂ 2))' ; 
Vchk                  = NNdi st.* Vsol' / NNdi st(1)/ VN;  
NNdi st( Vchk<1e- 6)     = 0; 
NNdi st                = NNdi st/( NNdi st* Vsol )*( VN* NN); 
  
  
%- --------------------------------------------------------------- % 
% Cal cul at e coal esced vol ume t abl es and aggr egat e por ous densit y % 
%- --------------------------------------------------------------- % 
por FCC00              = 1-pi/ 3/ sqrt(2); % por osit y of densest (i. e. f cc) possibl e arrangement of parti cl es 
por FCC20              = 1-pi/ 3/ sqrt(2)-(1-pi/ 3/ sqrt(2))*pi/ 3/ sqrt(2); % densel y packed N i n t he voi ds of densel y packed B (t hi s 
opti mal  val ue f or f V=20. 6%)  
por FCC(f <=0. 2)        = por FCC00 + (por FCC20- por FCC00)/(0. 2-0)*f(1:find(f <=0. 2, 1,'l ast' )); 
por FCC(f >=0. 2)        = por FCC20 + (por FCC20- por FCC00)*(f(fi nd(f >=0.2, 1): end)-0. 2)/(0. 2-1); 
por FCC                = ones( Ncl ass,resf +1)*di ag( por FCC);  
k0                    = 0. 5; 
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Vpor                  = ( pi *dpor. ^3)/ 6; 
por                   = 1 - ( Vsol *ones( 1,resf +1))./ Vpor; 
por(por <por FCC)       = por FCC( por <por FCC); % small est por osit y of aggr egat es i s t hat of FCC l atti ce 
por(posB, 1)           = 0;                  % por osit y of 1 B parti cl e i s 0 
por(1,:)              = 0;                  % porosit y of 1 N parti cl e i s 0 
phi                    = k0*(1-por);         % soli d fracti on wit hi n an aggr egat e 
rhoP                  = por*rho W + (1-por).*(ones( Ncl ass, 1)*(f*rhoN+( 1-f)*rhoB)); 
  
%-  recal cul at e Vpor and dpor t o account f or FCC bei ng t he densest possi bl e 
Vpor                  = ( Vsol *ones(1,resf +1))./(1-por); 
dpor                  = (6* Vpor/ pi ). (̂ 1/ 3); 
dpor(1, end)           = dN;  
dpor(posB, 1)          = dsol (posB); 
cl ear por FCC 
  
  
%- --------------------------------------------- % 
% Cal cul at e per meability based on chosen model  % 
%- --------------------------------------------- % 
% Di l ut e li mi t model  from Happel  and Br enner (1991) - most of the ot her ones are based on it 
dr ec mean              = 1./(ones( Ncl ass, 1)*(f/ dN+( 1-f)/ dB));  % reci procal mean pri mary parti cl e di amet er 
KDL                   = drec mean. ^2./ phi/ 18;  
  
swi t ch Kmod 
  case 0, K           = KDL; % dil ut e li mi t 
  case 1, K           = KDL. *(6-9*phi. (̂ 1/ 3) +9*phi. (̂ 5/ 3)-6*phi. ^2)./(6+4*phi . (̂5/ 3));  % Happel  (1958) 
  case 2, K           = KDL. *(1 + 3*sqrt(phi/ 2) + (135/ 64)*phi.*l og( phi ) + 16.456* phi ); % Howell s ( 1974), Hi nch (1977), Ki m 
and Russel  (1985) 
  case 3  % recursi on from Neal  and Nader (1947)  
    a = sqrt( 9*phi/ 2); % equi val ent t o r/ sqrt( KDL)  
    delt aK            = 1; 
    whi l e delt aK > 1e- 6 
      b               = a./ phi. (̂ 1/ 3); 
      xi              = 4*(-6*b. ^6 - 21*b. ^5 - 45*b. ^4 - 45*b. ^3 + 5*b. ^4.*a. ^2 + 5* b. ^3.*a. ^2 + b.*a. ^5 + a. ^5)... 
                        ./(-4*b. ^6 - 24*b. ^5 - 180*b. ^4 - 180*b. ^3 + 9*b. ^5.*a + 45*b. ^4.*a - 10*b. ^3.*a. ^3 + 180*b. ^3.*a - 
30* b. ^2.*a. ^3 + 9*b.*a. ^5 - 4*a. ^6 + 9*a. ^5); 
      delt aK          = abs((sqrt(9*phi.*xi/ 2) - a)./ a); 
      delt aK( 1,:)     = 0; 
      delt aK( posB, 1)  = 0; 
      delt aK          = max( max( delt aK)); 
      a               = r eal (sqrt(9*phi.*xi/ 2)); 
    end 
    K                 = (1./(ones( Ncl ass, 1)*(f/ dN+( 1-f)/ dB))./ a). ^2; 
    cl ear a delt aK xi b 
  case 4, K           = KDL. *(1 + 3*phi/ 4.*(1 - sqrt(8./ phi - 3)));   % Bri nk man (1947) 
  case 5, K           = KDL. *(1-phi ). ^3./(2*5*phi );                   % Kozeny- Carman equati on ( modi fi ed t o f act or KDL i n) - Happel  
and Br enner (1991) 
  case 6, K           = KDL* 27/ 40. *(-l og(phi )-0. 931);                 % Jackson and James (1946) 
  case 7, K           = KDL* 9/ 32 ./ (phi. (̂ 1/ 2).*(1+56* phi. ^3));      % Davi es (1952) 
end 
cl ear KDL 
  
K( 1,:)                = 0;                    % si ngl e parti cl es, no per meability 
K( posB, 1)             = 0;                    % si ngl e parti cl es, no per meability 
K( K<epsi l on)          = 0; 
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% Bri nk man' s equati ons 
X                     = (dpor/ 2)./( K. (̂ 1/ 2)); 
t X                    = 1 - t anh( X)./ X; 
J                     = 2* X. ^2 + 3*t X; 
et a                   = 9*t X./ J;              % rati o of fl ui d goi ng t hrough t he aggr egat e t o t ot al fl ui d appr oachi ng  
omega                 = (2* X. ^2 .* t X)./ J;    % rati o of fri cti on on  
omega(i snan( omega))   = 1;                    % mat hemati cal li mi t of omega when X- >i nf 
if or(not(i sempt y( et a(et a<0))), not(i sempt y( omega( omega<0)))) 
  di sp(' error i n per meability cal cul ati ons' ) 
  keyboar d 
end 
cl ear J t X X dr ecmean 
  
  
%- --------------------------------------- % 
% Cal cul at e t er mi nal settli ng vel ociti es % 
%- --------------------------------------- % 
St okes                = (dpor. ^2) .* ((rhoP-rho W)*g/ 18/ mu W) .* phi; 
St okesP               = ( dpor. ^2) .* ((rhoP-rho W)*g/ 18/ mu W. / omega) .* phi; 
  
  
%- ---------------------------------------------- % 
% Cal cul at e colli si on rat es (bet a coeffi ci ent s) % 
%- ---------------------------------------------- % 
%- - coeffi ci ent tabl es from Han & Lawl er (1992) and Thi ll et al. (2001) t o correct equati ons descri bi ng colli si on rat es -- % 
Abr       = zer os(10, 5); 
Abr(:, 1)  = [. 1 . 2 . 6 1 2 6 10 20 60 200] *1e- 6; 
Abr(:, 2)  = [ 1. 025 1. 007 0. 976 0. 962 0. 943 0. 916 0. 905 0. 891 0. 871 0. 863]; 
Abr(:, 3)  =-[ 0. 626 0. 860 1. 155 1. 263 1. 383 1. 533 1. 587 1. 658 1. 739 1. 775]; 
Abr(:, 4)  = [ 0. 516 0. 870 1. 342 1. 522 1. 725 1. 991 2. 087 2. 221 2. 371 2. 439]; 
Abr(:, 5)  =-[ 0. 152 0. 322 0. 554 0. 645 0. 748 0. 887 0. 936 1. 009 1. 090 1. 125]; 
Ads       = zeros( 9, 5); 
Ads(:, 1)  = [ 0 -1 - 2 -3 -4 -5 -6 -7 -40];  % repl aced -i nf by -40 
Ads(:, 2)  =-[ 0. 840 1. 320 1. 757 2. 152 2. 505 2. 815 3. 084 3. 310 3. 928]; 
Ads(:, 3)  = [ 0. 445 1. 318 2. 137 2. 880 3. 547 4. 137 4. 652 5. 090 6. 423]; 
Ads(:, 4)  =-[ 1. 069 2. 170 3. 229 4. 232 5. 186 6. 088 6. 940 7. 742 9. 449]; 
Ads(:, 5)  = [ 0. 930 1. 361 1. 794 2. 230 2. 668 3. 108 3. 551 3. 996 4. 614]; 
Ash       = zeros( 10, 5); 
Ash(:, 1)  = 1:- 1:-8; 
Ash(:, 2)  =-[ 2. 1 2. 3 2. 5 2. 8 3. 4 4. 5 6. 2 7. 9 9. 3 10. 5]; 
Ash(:, 3)  = [ 3. 6 3. 65 3. 8 4. 3 6. 25 9. 7 15. 0 20. 5 25. 0 29. 0]; 
Ash(:, 4)  =-[ 2. 5 2. 5 2. 881 3. 9 6. 5 11. 0 18. 2 25. 3 31. 0 35. 5]; 
Ash(:, 5)  = [ 0. 8 0. 8 1. 121 1. 55 2. 6 4. 5 7. 7 10. 7 13. 1 14. 6]; 
  
%- - Comput e colli si on rat es f or all si zes and NP composi ti ons of aggr egat es -- % 
% no bet a val ues above Ncl ass, if aggr egat es get t hat l arge dmax mi ght need t o be i ncreased 
bet aRec   = zer os( Ncl ass, Ncl ass,resf +1,resf +1); 
bet aCur   = zeros( Ncl ass, Ncl ass,resf +1,resf +1); 
bet aPor   = zer os( Ncl ass, Ncl ass,resf +1,resf +1); 
bet aT     = zeros( Ncl ass, Ncl ass,resf +1,resf +1); 
  
f or fi =1:resf +1 
  dpori                 = dpor(:,fi )*ones( 1, Ncl ass); 
  rhoPi                  = r hoP(:,fi )*ones( 1, Ncl ass); 
  St okesi               = St okes(:,fi )*ones( 1, Ncl ass); 
  St okesPi               = St okesP(:,fi)*ones( 1, Ncl ass); 
  et aXdpori             = (sqrt(et a(:,fi)).*dpor(:,fi))*ones( 1, Ncl ass); 
  f or fj =1:resf +1 
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    % set up: put all t he vari abl es needed i n t he rel evant matri x f or m 
    dporj               = ones( Ncl ass, 1)*dpor(:,fj )'; 
    rhoPj                = ones( Ncl ass, 1)*rhoP(:,fj )'; 
    St okesj             = ones( Ncl ass, 1)* St okes(:,fj)'; 
    St okesPj             = ones( Ncl ass, 1)* St okesP(:,fj)'; 
    et aXdporj           = ones( Ncl ass, 1)*(sqrt(et a(:,fj )).*dpor(:,fj))' ; 
    Aij                 = f(fi )*f(fj )*ANN + (1-f(fi ))*(1-f(fj ))*ABB + (f(fi)*(1-f(fj)) +f(fj)*( 1-f(fi )))*ABN; % aver age Hamaker coeffi ci ent 
     
    dpor Sum             = dpori +dporj; 
    dporLg              = max( dpori, dporj); 
    Rdpor               = mi n( dpori, dporj )./dporLg; % rati o of t he small est to the l argest aggr egat e f or every pai r 
    Rdpor(1- Rdpor <1e- 10) = 1; 
  
    rhoPLg              = rhoPi .*(dpor Lg==dpori) + rhoPj .*(dpor Lg==dporj) - rhoPi .*(dpor Lg==dpori &dpor Lg==dporj); % densit y 
of t he l argest of t he t wo aggr egat es (ori gi nal f or mul ati on, t he l argest i s al so t he f ast est settli ng when onl y one rho)  
    rhoPSm              = r hoPi +r hoPj -rhoPLg;  
    rhoPVavg            = (rhoPi .*dpori.^3 + rhoPj .*dporj.^3)./(dpori.^3+dporj.^3);   % vol ume aver aged densit y of t he t wo 
aggr egat es 
     
    % rectili near bet a: strai ghtf or war d 
    bet aRecBr              = 2*kB* T/ 3/ mu W * dpor Sum. *(1./ dpori + 1./ dporj); 
    bet aRecSH              = G/ 6*dpor Sum. ^3;  
    bet aRecDS              = pi/ 4*dpor Sum. ^2 .* abs( St okesi - St okesj ); 
     
    % curvili near bet a: correcti ons t o bet aRec based on coeffi ci ent t abl es - extrapol ati on met hod i s specifi c to each t abl e 
    rowAbr              = i nt erp1(l og10( Abr(:,1)), Abr(:, 2: 5),l og10( dpor Lg),'li near' ,' extrap' ); 
    corr Br              = rowAbr(:,:, 1) + rowAbr(:,:, 2).* Rdpor + rowAbr(:,:, 3).*Rdpor. ^2 + rowAbr(:,:, 4).* Rdpor. ^3;  
    rowAsh              = i nt erp1( Ash(:, 1), Ash(:, 2: 5),l og10( ABB./(18*pi * mu W* G* dpor Lg. ^3)),'li near' ,' extrap' ); 
    corr SH              = 8./(1+Rdpor). ^3 .* 10. (̂r owAsh(:,:, 1) + rowAsh(:,:, 2).* Rdpor + rowAsh(:,:, 3).* Rdpor. ^2 + 
rowAsh(:,:, 4).* Rdpor. ^3); 
    Ng                  = ( 48* Aij/ pi/ g)./(rhoPVavg-rho W)./ dpor Lg. ^4; 
    rowAds              = i nt erp1( Ads(:, 1), Ads(:, 2: 5),l og10( Ng),' pchi p' ); 
    corr DS              = 10. (̂r owAds(:,:, 1) + rowAds(:,:, 2).* Rdpor + rowAds(:,:, 3).* Rdpor. ^2 + rowAds(:,:, 4).* Rdpor. ^3);  
    Ngi j                = (48* Aij/ pi/g./ dpor Lg. ^4)./ abs((rhoPLg-rho W)-(rhoPSm-rho W). * Rdpor. ^2).*(1-( Rdpor <1).* Rdpor. ^2); 
    Ngi j(i snan( Ngij))   = Ng(i snan( Ngij )); 
    Ngi j(i si nf( Ngij))   = Ng(i si nf( Ngij)); 
    rowAdsij            = i nt erp1( Ads(:, 1), Ads(:, 2: 5),l og10( Ngij ),' pchi p' ); 
    corr DSij             = 10. (̂r owAdsij(:,:, 1) + rowAdsij(:,:, 2).* Rdpor + rowAdsij(:,:, 3).* Rdpor. ^2 + rowAdsi j(:,:, 4).* Rdpor. ^3); 
     
    bet aCur Br          = corr Br.*bet aRecBr; 
    bet aCur SH          = corr SH. *bet aRecSH;  
    bet aCur DS          = corr DSij .*bet aRecDS;  
     
    % I nt er medi ary bet a: fl ow li ne parti all y go t hrough por ous aggr egat es 
    bet aPor Br           = 2*kB* T/ 3/ mu W * (dpor Sum) .* ((1./(dpor(:,fi ).*omega(:,fi )))*ones(1, Ncl ass) + 
ones( Ncl ass, 1)*(1./(dpor(:,fj ).*omega(:,fj )))' ); 
    bet aPor SH           = G/ 6*(et aXdpori +et aXdporj).^3;  
    bet aPor DS           = pi/ 4 * (et aXdpori +et aXdporj).^2 .* abs( St okesPi  - St okesPj ); 
     
    bet aRec(:,:,fi,fj)    = bet aRecBr + bet aRecSH + bet aRecDS;  
    bet aCur(:,:,fi,fj)    = bet aCur Br + bet aCur SH + bet aCur DS;  
    bet aPor(:,:,fi,fj)    = bet aPor Br + bet aPor SH + bet aPor DS;  
    bet aT(:,:,fi,fj)      = max( bet aPor Br, bet aCur Br) + max( bet aPor SH, bet aCur SH) + max( bet aPor DS, bet aCur DS); 
  end 
end 
cl ear bet aPor* bet aCur* bet aRec* corr* rowA* Ng* *i *j dpor Sum dpor Lg Rdpor 
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%- --------------------------------------------------- % 
% Gener at e mat ri ces of transf er and of fracti onati on % 
%- --------------------------------------------------- % 
pr eMat    = Vsol *ones( 1, Ncl ass); 
pr eMat    = preMat +pr eMat' ; 
aggr Mat   = mi n( Ncl ass, ceil((l og10( pr eMat )-l og10( VN))/ Vst ep)); 
f Aggr Mat  = ( Vsol ( mi n( aggr Mat +1, Ncl ass))-preMat )./( Vsol ( mi n( aggr Mat +1, Ncl ass))- Vsol (aggr Mat )); % each val ue i n t he 
mat ri x corresponds t o t he fracti on t hat remai n i n t he t arget si ze cl ass 
f Aggr Mat(aggr Mat >=Ncl ass) = preMat (aggr Mat >=Ncl ass)./ Vsol ( Ncl ass); 
aggr Mat   = tri u(aggr Mat ); 
f Aggr Mat  = tri u(f Aggr Mat ); 
  
cl ear Vst ep preMat  
cl ear X J d c omega et a 
  
  
%- ------------------------------ % 
% Cal cul at e fragment ati on rat es % 
%- ------------------------------ % 
% comput ed from Spi cer and Pr at si ni s ( 1996)  
Apri me    = Ap*0. 0047; %0. 005*330;  % 0. 0047 
y         = 1. 6; 
fragRat e  = Apri me* Ĝ y * Vpor. (̂ 1/ 3); 
fragRat e( 1, end) = 0;          % rat e=0 f or si ngl e Bs 
fragRat e( 1: posBm, 1: end- 1) = 0; 
if resf == 0 
  fragRat e( 1: posBm, 1) = 0; % case of pur el y homogeneous aggr egati on 
end 
  
  
St okesP(:,:) = 0;    % comment/ uncomment t o add/remove settli ng 
%% 
%==========================================================================================
========================================% 
%                                      I M P L I C I T   E U L E R   I N T E G R A T I O N                                         % 
%==========================================================================================
========================================% 
out put = zer os(1, Ncl ass+1, 7); % 9 l ayers i n t he ouput matri x, #1 t he t ot al number of aggr egat es i n each si ze cl ass, 
%                               #2 t he t ot al number of mi xed aggr egat es,  
%                               #3 t he number of pur e backgr ound aggr egat es,  
%                               #4 t he number of pur e nano aggr egat es,  
%                               #5 t he equi val ent number of nano aggr egat es i n t he mi xed fracti on 
%                               #6 t he equi val ent number of dead bact eri a aggr egat es i n t he mi xed fracti on 
%                               #7 t he equi val ent number of i mmobili zed N i n t he mi xed fr acti on 
  
track                     = zeros(11, 1); 
n                         = zeros(7, Ncl ass); 
n( 1,:)                    = NBdi st; 
out put(1, 2: Ncl ass+1, 1)    = n(1, 1: Ncl ass); 
VBt ot                     = n(1,:)*Vsol ; 
tt ot al                    = 0; 
t                         = 0; 
  
%% 
if t 1>0 
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%==========================================================================================
================== % 
  %                         Routi ne 1 - I nt egr at e n(t) wit h backgr ound parti cl es onl y                          % 
  
%==========================================================================================
================== % 
  t st ep             = t st ep01;  
  n(1,:)            = n(1,:) + NBdi st* Q1*t st ep;  
  out put(1, 2: Ncl ass+1, 1)  = n(1,:); 
  VBt ot             = VBt ot + NBdi st* Q1*t st ep* Vsol ; 
  maxLoop           = 25; % max number of l oops f or fi xed- poi nt it erati on 
  l oopTar get        = 10; 
  l oopTar get mi n     = 3; 
  l oopTar get max     = 10; 
  l oopTar get mul t    = 0. 99; 
  sedAll             = 0;  % 1 t o all ow settli ng 
  ref Sed_B          = 0;  % 1 t o rei ntroduce settl ed aggr egat es 
  bet aTB            = squeeze( bet aT(:,:, 1, 1)); 
  whi l e tt ot al <t 1 
    t               = t +1; 
     
    %- I niti ali ze fi xed- poi nt it erati on wi t h ni 0 = n(t) - % 
    nk              = n(1,:); 
    delt aR          = 1; 
    l oopN           = 0; 
    tst ep0          = t st ep; 
     
    %- It erat e diff. eq. on ni 1 = N(t +dt)(k) until it conver ges - % 
    whi l e delt aR > t hreshol d % t est conver gence of fi xed-poi nt it erati on 
      l oopN         = l oopN+1;  
      tst ep         = mi n(t st ep, 1/ max( max(fragRat e(fi nd(nk), 1)), max( St okesP(fi nd( NBdi st), 1)))); 
      nBpos         = zeros(1, Ncl ass); 
      nBneg         = zer os(1, Ncl ass); 
       
      %- Cal cul at e f( N(t +dt)(k)) - gai n by aggr egati on of small er si ze cl asses 
      f or k = posBm: Ncl ass 
        [i,j] = fi nd( aggr Mat ==k); 
        f or x = fi nd(j )' 
          frag          = f Aggr Mat(i(x),j(x)); 
          al phabet aBB   = al phaBB * bet aTB(i (x) +Ncl ass*(j(x)-1))*nk(i (x))*nk(j(x)); 
          if i(x)==j (x) 
            al phabet aBB = al phabet aBB/ 2; 
          end 
          nBpos(k)      = nBpos(k) + al phabet aBB * frag;  
          if k < Ncl ass 
            nBpos(k+1)  = nBpos(k+1) + al phabet aBB * ( 1-frag); 
          end 
        end 
      end 
       
      %- Cal cul at e f( N(t +dt)(k)) - l oss by aggr egati on t o a l arger si ze cl ass 
      f or k = fi nd(nk) 
        f or i = fi nd(nk) 
          al phabet aBB   = al phaBB * bet aTB( k+Ncl ass*(i -1)) * nk(k)*nk(i); 
          nBneg(k)      = nBneg(k) + al phabet aBB;  
        end 
      end 
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      %- Cal cul at e f( N(t +dt)(k)) - breakup and reor gani zati on t o mat ch t he di stri buti on of what' s small er 
      nBfrag        = nk. *fragRat e(:, 1)' ;        % number of aggregat es t hat break down i n every si ze cl ass 
      nBset         = nk.* St okesP(:, 1)'  * sedAl l; % number of parti cl es t hat sedi ment out of the wat er col umn i n every si ze 
cl ass 
      nBr ef         = zer os(1, Ncl ass); 
      f or k = fi nd(nBset +nBf rag) 
        nBr ef 0      = (nBfrag(k) + nBset(k)*ref Sed_B)* Vsol (k) * nk(posBm: k-1)/( nk(posBm: k-1)* Vsol (posBm: k-1));        % 
mat ches t he vol ume di stri buti on of what' s small er 
        nBr ef 0(i snan( nBr ef 0)) = 0; 
        nBr ef(posBm: k- 1)      = nBr ef(posBm: k- 1) + nBr ef 0; 
      end 
       
      % updat e nkpl us1 
      nkpl us1       = n(1,:) + t st ep*(nBpos+nBr ef -nBneg- nBf rag- nBset); 
      Vchk          = abs( nkpl us1).* Vsol' / VB;  
      nkpl us1( Vchk<mi nI nt) = 0; 
       
      delt aR        = abs((nkpl us1- nk)./ nk); % rel ati ve t er m on whi ch convergence i s t est ed at the begi nni ng of t he l oop 
      delt aR        = delt aR(i sfi ni te(delt aR)); 
      delt aR        = max( delt aR( delt aR~=1)); % del t aN=1 means a si ze cl ass di sappear ed, whi ch i s fi ne but shoul dn' t be 
account ed f or i n delt aN 
       
      if fi nd(i snan( nkpl us1))      % t hi s won' t resol ve it self unl ess we st art over -> rei niti ali ze wi t h small er ti me st ep 
        delt aR      = 1; 
        nkpl us1     = n(1,:); 
        tst ep       = t st ep*0. 6;           % no mi ni mum li mi t to t st ep her e: if t he syst em i s so st eep t hat it requi res a ti ny 
i ncrement, eit her l et it (t st ep will i ncrease anyway) or fi gure out what coul d be wr ong i n t he i niti al  condi ti ons.  
      el seif delt aR<=t hr eshol d && any(fi nd(nkpl us1<0)) 
        delt aR      = 1; 
        if mod(l oopN, maxLoop) ==0 
          tst ep     = t st ep * mi n(nk(nkpl us1<0)./(nk(nkpl us1<0)-nkpl us1( nkplus1<0))); 
          nkpl us1   = nk; 
        end 
      el seif delt aR>t hr eshol d && mod(l oopN, maxLoop) ==0 
        tst ep       = t st ep*0. 2; 
        l oopTar get  = l oopTar get mi n + l oopTar get mul t*(l oopTar get -l oopTarget mi n); 
      end 
      nk            = nkpl us1; 
    end 
     
    % updat e vol umes 
    VBt ot         = VBt ot + ( NBdi st- nk)* Q1* Vsol *t st ep - nBset * Vsol *t st ep*(~ref Sed_B);    % remove BG parti cl es t hat fl ow out 
    n(1,:)        = nk; 
     
    corr B         = abs( VBt ot - n(1,:)*Vsol )/ VBt ot; 
    tt ot al        = out put(t, 1, 1) + t st ep; 
    out put(t +1,:, 1) = [tt ot al n(1, 1: Ncl ass)]; 
     
    tst ep         = mi n(t st ep*(1 + si gn(l oopTar get -l oopN)* mi n(0. 9, 0. 01*(l oopTar get -l oopN)^2)), t st epMax); 
    l oopTar get    = l oopTar get + (1-l oopTar get mul t)*(l oopTar get max-l oopTar get); 
    di sp([t round(t st ep*1000)/ 1000 round(tt ot al/t 1*10000)/ 100 l oopN l oopTar get t st ep/t st ep0 corr B]); 
  end   
    t 1              = tt ot al; 
    out put(:,:, 3)   = out put(:,:, 1); 
    di sp([t round(t st ep*1000)/ 1000 round(tt ot al/t 1*10000)/ 100 l oopN l oopTar get t st ep/t st ep0 corr B]); 
end 
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%% 
if t 2>0 
  
%==========================================================================================
================== % 
  %                                 Routi ne 2 - I nt egr at e n(t) wit h nanoparti cl es                              % 
  
%==========================================================================================
================== % 
  % (repeat of t he out put matri x descri pti on from Routi ne 1) 
  % 10 l ayers i n t he ouput matri x, #1 t he t ot al number of aggr egat es i n each si ze cl ass 
  %                                #2 t he number of li ve mi xed aggr egat es 
  %                                #3 t he number of pur e backgr ound aggr egat es 
  %                                #4 t he number of pur e nano aggr egat es 
  %                                #5 t he equi val ent number of N aggr egat es i n #2 
  %                                #6 t he number of dead mi xed aggr egat es 
  %                                #7 t he equi val ent number of N aggr egat es i n #6 
   
  t BP               = t-1; 
  t st ep             = t st ep02;  
  out put(:,:, 3)     = out put(:,:, 1); 
  n(3,:)            = n(1,:); 
  out put(t +1, 2: Ncl ass+1, 1) = out put(t +1, 2: Ncl ass+1, 1) + NNdi st(1: Ncl ass); 
  n(1,:)            = n(1,:) + NNdi st; 
  out put(t +1, 2: Ncl ass+1, 4) = out put(t +1, 2: Ncl ass+1, 4) + NNdi st(1: Ncl ass); 
  n(4,:)            = n(4,:) + NNdi st; 
%   n(2,:)            = n(1,:) - n(3,:) - n(4,:);  % 2nd li ne t he # of mi xed aggr egat es: t here shoul d be none at t hi s poi nt 
   
  VBt ot             = n(3,:)* Vsol ; 
  VNt ot             = n(4,:)* Vsol; 
  Vt ot              = VBt ot + VNt ot; 
  maxLoop           = 25; % max number of l oops f or fi xed- poi nt it erati on 
  l oopTar get        = 10; 
  l oopTar get mi n     = 3; 
  l oopTar get max     = 20; 
  l oopTar get mul t    = 0. 99; 
  sedAll             = 0;  % 1 t o all ow settli ng 
  ref Sed_B          = 0;  % 1 t o rei ntroduce settl ed B aggr egat es 
  ref Sed_N          = 0;  % 1 t o rei ntroduce settl ed N aggr egat es 
  ref Sed_M          = 0;  % 1 t o rei ntroduce settl ed M aggr egat es 
  colf V             = ones( Ncl ass, 1); 
   
  whi l e tt ot al <t 1+t 2 
    t = t +1; 
     
    %- I niti ali ze fi xed- poi nt it erati on wi t h ni 0 = n(t) - % 
    nk              = n; 
    delt aR          = 1; 
    l oopN           = 0; 
    tst ep0          = t st ep; 
    %- It erat e diff. eq. on ni 1 = N(t +dt)(k) until it conver ges - % 
    whi l e delt aR > t hreshol d % t est conver gence of fi xed-poi nt it erati on 
      l oopN         = l oopN+1;  
      if Ap || sedAll 
        if any(nk( 3,:)>0) 
          tst ep         = mi n(t st ep, mi n(1/ max(fragRat e( nk(3,:)>0, 1)), sedAll /max( St okesP( nk( 3,:)>0, 1)))); 
        end 
        if any(nk( 4,:)>0) 
          tst ep         = mi n(t st ep, mi n(1/ max(fragRat e( nk(4,:)>0, end)), sedAl l/ max( St okesP( nk( 4,:)>0, end)))); 
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        end 
        if any(nk( 2,:)>0) 
          tst ep         = mi n(t st ep, mi n(1/ max(fragRat e((fi nd(nk( 2,:))+Ncl ass*(col f V( nk(2,:)~=0)' -1)))), 
sedAll / max( St okesP(fi nd(nk(2,:))+Ncl ass*(colf V( nk(2,:)~=0)' -1))))); 
        end 
      end 
      nMpos         = zeros( 1, Ncl ass); 
      nMneg         = zeros( 1, Ncl ass); 
      nMfrag        = zer os(1, Ncl ass); 
      nMset         = zeros( 1, Ncl ass); 
      nMr ef         = zeros(1, Ncl ass); 
      nnMpos        = zeros( 1, Ncl ass); 
      nnMneg        = zeros(1, Ncl ass); 
      nnMr ef        = zer os(1, Ncl ass); 
      npBpos        = zer os(1, Ncl ass); 
      npBneg        = zer os(1, Ncl ass); 
      npBfrag       = zer os(1, Ncl ass); 
      npBset        = zeros(1, Ncl ass); 
      npBr ef        = zer os(1, Ncl ass); 
      npNpos        = zer os(1, Ncl ass); 
      npNneg        = zeros( 1, Ncl ass); 
      npNf rag       = zeros( 1, Ncl ass); 
      npNset        = zer os(1, Ncl ass); 
      npNr ef        = zeros( 1, Ncl ass); 
      nDpos         = zer os(1, Ncl ass); 
      nDneg         = zer os(1, Ncl ass); 
      nnDpos        = zer os(1, Ncl ass); 
      nnDneg        = zeros( 1, Ncl ass); 
  
      NpA           = max( 0,(nk( 5,:).*Vsol' / VN)./ nk(2,:));           % number of avai l abl e N per li ve aggr egat e i n each si ze cl ass 
      NpB           = max( 0,(nk( 5,:)./(nk(2,:)-nk(5,:))))*VB/ VN;     % number of N per li ve B i n each si ze cl ass 
      NpB(i si nf( NpB)) = 0; 
      f V            = mi n( 1, max( 0,(nk( 5,:)./ nk(2,:))' ));   % vol ume fracti on of N i n the li ve mi xed agggr egat es (" max" t ur ns all t he 
NaN i nt o 0s) 
      f dV           = mi n( 1, max( 0,(nk(7,:)./nk(6,:))' ));   % vol ume fracti on of N i n t he dead mi xed aggr egat es 
      colf V         = r ound(resf*f V) +1;  
      colf dV        = round(resf*f dV) +1; 
%       f S            = mi n(0. 5, Cf S * NpB. (̂ 2/ Df 0)*dN̂ 2/ 4/ dB̂ 2)' ; 
      if CN>1e- 3 
        f S            = mi n( 1, Cf S*f V. *dsol/ dN/ 4.*(dsol. (̂ 1-3./ Df(colf V)' ).*(f V.*dN. (̂ Df(colf V)' -3) + (1-f V).*dB. (̂ Df(colf V)' -3)). (̂-
1./ Df(colf V)' )).^2); 
      el se 
        f S            = mi n( 1, Cf S * f V./(1-f V)*dB/ 4/ dN); 
      end 
  
%       f dS           = f dV;  
  
      %- Cal cul at e f( N(t +dt)(k)) - gai n by aggr egati on of small er si ze cl asses 
      f or k = 1: Ncl ass 
        [i,j]   = fi nd(aggr Mat ==k); 
        f or x=fi nd(j)' 
          frag      = f Aggr Mat (i(x),j(x)); 
          rhoI      = colf V(i (x)); 
          rhoJ      = colf V(j (x)); 
%           rhoI d     = colf dV(i (x)); 
%           rhoJd     = colf dV(j (x)); 
  
          al phabet aBB = al phaBB * bet aT(i (x),j(x), 1, 1) * nk( 3,i(x))*nk(3,j(x)); 
          al phabet aBN = al phaBN * bet aT(i (x),j(x), 1, end) * nk( 3,i(x))*nk(4,j(x)); 
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          al phabet aBM = ((1-f S(j(x)))*al phaBB + f S(j (x))*al phaBN) * bet aT(i(x),j(x), 1,rhoJ) * nk(3,i(x))*nk( 2,j(x)); 
           
          al phabet aNB = al phaBN * bet aT(i (x),j(x), end, 1) * nk(4,i(x))*nk(3,j(x)); 
          al phabet aNN = al phaNN * bet aT(i (x),j(x), end, end) * nk(4,i(x))*nk(4,j(x)); 
          al phabet aNM = (f S(j (x))*al phaNN + (1-f S(j (x)))*al phaBN) * bet aT(i(x),j(x), end,rhoJ) * nk(4,i(x))*nk( 2,j(x)); 
           
          al phabet aMB = ((1-f S(i(x)))*al phaBB + f S(i (x))*al phaBN) * bet aT(i(x),j(x),rhoI, 1) * nk(2,i(x))*nk(3,j(x)); 
          al phabet aMN = (f S(i (x))*al phaNN + (1-f S(i (x)))*al phaBN) * bet aT(i(x),j(x),rhoI, end) * nk(2,i(x))*nk( 4,j(x)); 
          al phabet aMM = (f S(i (x))*f S(j (x))*al phaNN + (1-f S(i(x)))*(1-f S(j (x)))*al phaBB + (f S(j(x))+f S(i (x))-
2*f S(i (x))*f S(j(x)))*al phaBN) ... 
                      *  bet aT(i(x),j(x),rhoI,rhoJ) * nk(2,i (x))*nk(2,j(x)); 
           
          al phabet aM  = al phabet aBN + al phabet aNB + al phabet aBM + al phabet aMB + al phabet aNM + al phabet aMN + 
al phabet aMM;  
          al phabet aMf = (al phabet aBN* Vsol (j(x)) + al phabet aNB* Vsol (i(x)) ... 
                      +  al phabet aBM* Vsol (j(x))*f V(j(x)) + al phabet aMB* Vsol (i(x))*f V(i(x)) ... 
                      +  al phabet aNM*( Vsol (i(x))+Vsol (j(x))*f V(j(x))) + al phabet aMN*( Vsol (i(x))*f V(i (x))+Vsol (j(x))) ... 
                      +  al phabet aMM*( Vsol (i(x))*f V(i(x))+Vsol (j(x))*f V(j(x)))) ... 
                      / (Vsol (i(x))+Vsol (j(x))); 
           
          % t hese 4 li nes deal  wit h t he aggr egati on of N and dead aggr egates 
          al phabet aND = 0 * bet aT(i(x),j(x), end,rhoJd) * nk(4,i(x))*nk(6,j(x)); 
          al phabet aDN = 0 * bet aT(i(x),j(x),rhoI d, end) * nk( 6,i(x))*nk(4,j(x)); 
          al phabet aD  = al phabet aND + al phabet aDN;  
          al phabet aDf = (al phabet aND*( Vsol (i(x))+Vsol (j(x))*f dV(j (x))) ... 
                      + al phabet aDN*( Vsol (i(x))*f dV(i (x))+Vsol (j(x)))) / ( Vsol (i(x))+Vsol (j(x))); 
           
          if i(x)==j (x) % colli si ons of aggregat es bel ongi ng t o t he same si ze cl ass are count ed t wi ce i n t he l oop 
            al phabet aBB = al phabet aBB/ 2; 
            al phabet aNN = al phabet aNN/ 2; 
            al phabet aM  = al phabet aM / 2; 
            al phabet aMf = al phabet aMf/ 2; 
            al phabet aD  = al phabet aD / 2; 
            al phabet aDf = al phabet aDf/ 2; 
          end 
           
          % updat e creati on rat es 
          npBpos(k)    = npBpos(k)    + al phabet aBB * frag;  
          npNpos(k)    = npNpos(k)    + al phabet aNN * frag;  
          nMpos(k)     = nMpos(k)     + al phabet aM  * frag;  
          nnMpos(k)    = nnMpos(k)    + al phabet aMf * frag; 
          nDpos(k)     = nDpos(k)     + al phabet aD  * frag;  
          nnDpos(k)    = nnDpos(k)    + al phabet aDf * frag;  
          if k < Ncl ass 
            npBpos(k+1) = npBpos(k+1)  + al phabet aBB * (1-frag); 
            npNpos(k+1) = npNpos(k+1)  + al phabet aNN * (1-frag); 
            nMpos(k+1) = nMpos(k+1)   + al phabet aM  * (1-frag); 
            nnMpos(k+1) = nnMpos(k+1)  + al phabet aMf * (1-frag); 
            nDpos(k+1) = nDpos(k+1)   + al phabet aD  * (1-frag); 
            nnDpos(k+1) = nnDpos(k+1)  + al phabet aDf * (1-frag); 
          end 
        end 
      end 
       
       
      %-- Cal cul at e f( N(t +dt)(k)) - l oss by aggr egati on of smal l er si ze cl asses 
      f or k         = fi nd(nk( 1,:)) 
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        f or i       = fi nd(nk( 1,:)) 
          % i ndi ces correspondi ng t o t he fracti on of NP i n t he colli di ng mi xed aggr egat es 
          rhoK      = colf V(k); 
          rhoI      = colf V(i ); 
          rhoKd     = colf dV(k); 
          rhoI d     = colf dV(i); 
           
          al phabet aBBe = al phaBB * bet aT(k,i, 1, 1) * nk(3, k)*nk( 3,i); 
          al phabet aBNe = al phaBN * bet aT(k,i, 1, end) * nk(3, k)*nk(4,i); 
          al phabet aBMe = ((1-f S(i))*al phaBB + f S(i)*al phaBN) * bet aT(k,i, 1,rhoI) * nk(3, k)*nk( 2,i); 
           
          al phabet aNBe = al phaBN * bet aT(k,i, end, 1) * nk(4, k)*nk(3,i); 
          al phabet aNNe = al phaNN * bet aT(k,i, end, end) * nk(4, k)*nk(4,i); 
          al phabet aNMe = (f S(i )*al phaNN + (1-f S(i ))*al phaBN) * bet aT(k,i, end,rhoI) * nk(4, k)*nk(2,i); 
%           al phabet aNDe = 0 * bet aT(k,i , end,rhoI d) * nk(4, k)*nk(6,i); 
           
          al phabet aMBe = ((1-f S(k))*al phaBB + f S(k)*al phaBN) * bet aT(k,i,rhoK, 1) * nk(2, k)*nk(3,i); 
          al phabet aMNe = (f S(k)*al phaNN + (1-f S(k))*al phaBN) * bet aT(k,i,rhoK, end) * nk(2, k)*nk( 4,i); 
          al phabet aMMe = (f S(k)*f S(i)*al phaNN + (1-f S(k))*(1-f S(i))*al phaBB + (f S(k) +f S(i)-2*f S(i )*f S(k))*al phaBN) * 
bet aT(k,i,rhoK, rhoI) * nk(2, k)*nk(2,i); 
           
          al phabet aBe = al phabet aBBe + al phabet aBNe + al phabet aBMe;  
          al phabet aNe = al phabet aNBe + al phabet aNNe + al phabet aNMe; % + al phabet aNDe;  
          al phabet aMe = al phabet aMBe + al phabet aMNe + al phabet aMMe;  
          al phabet aDe = 0 * bet aT(k,i,rhoKd, end) * nk(6, k)*nk(4,i); % onl y one i nt eracti on l eads t o a l oss of D vi a aggr egati on 
           
          nMneg(k)  = nMneg( k)  + al phabet aMe;  
          nnMneg(k) = nnMneg( k) + f V(k)*al phabet aMe;  
          npBneg(k) = npBneg(k) + al phabet aBe;  
          npNneg(k) = npNneg( k) + al phabet aNe;  
          nDneg(k)  = nDneg(k)  + al phabet aDe;  
          nnDneg(k) = nnDneg( k) + f dV(k)*al phabet aDe;  
        end 
      end 
       
       
      %- Cal cul at e f( N(t +dt)(k)) - breakup and reor gani zati on t o mat ch t he di stri buti on of what' s small er 
      if Ap || sedAll 
        nMfrag        = nk( 2,:).*fragRat e((1: Ncl ass) +(colf V' -1)* Ncl ass); 
        npBfrag       = nk(3,:).*fragRat e(:, 1)' ; 
        npNfrag       = nk(4,:).*fragRat e(:, end)' ; 
        nMset         = nk(2,:).*St okesP((1: Ncl ass) +(colf V' -1)* Ncl ass) * sedAll; 
        nMset(posB)   = nMset(posB) * (~ref Sed_M);  
        npBset        = nk( 3,:).*St okesP(:, 1)'  * sedAll ; 
        npBset(posB)  = npBset(posB) * (~ref Sed_B); % number of parti cl es t hat sedi ment out of t he wat er col umn i n every 
si ze cl ass 
        npNset        = nk( 4,:).*St okesP(:, end)'  * sedAll ; 
        npNset(1)     = npNset(1) * (~ref Sed_N); 
        f or k = fi nd( nMf rag+npBf rag+npNfrag+nMset +npBset +npNset) 
          nMr ef 0        =       (nMfrag(k)  + nMset(k) *ref Sed_M)* Vsol (k) * nk(2, posBm: k- 1)/(nk(2, posBm: k- 1)* Vsol (posBm: k-
1)); 
          nnMr ef 0       = f V(k)*(nMf rag(k)  + nMset(k) *ref Sed_M)* Vsol (k) * nk( 2, posBm: k- 1)/(nk( 2, posBm: k-1)* Vsol (posBm: k-
1)); 
          npBr ef 0       =       (npBfrag(k) + npBset(k)*ref Sed_B)* Vsol (k) * nk(3, posBm: k- 1)/(nk(3, posBm: k- 1)* Vsol (posBm: k-
1)); 
          npNr ef 0       =       (npNf rag(k) + npNset(k)*ref Sed_N)* Vsol (k) * nk(4, 1: k-1)/(nk(4, 1: k-1)* Vsol (1: k-1)); 
          nMr ef 0(i snan( nMr ef 0))   = 0; 
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          nnMr ef 0(i snan( nnMr ef 0)) = 0; 
          npBr ef 0(i snan( npBr ef 0)) = 0; 
          npNr ef 0(i snan( npNr ef 0)) = 0; 
          nMr ef(posBm: k-1)  = nMr ef(posBm: k- 1)  + nMr ef 0; 
          nnMr ef(posBm: k- 1) = nnMr ef(posBm: k-1) + nnMr ef 0; 
          npBr ef(posBm: k- 1) = npBr ef(posBm: k- 1) + npBr ef 0; 
          npNr ef(1: k-1)     = npNr ef(1: k-1)     + npNr ef 0; 
        end 
      end 
       
      %- eli mi nati on by bact eri al deat h, creati on by growt h 
      Arel          = mi n( 1, max( 0, NpB. (̂ 2/ Df 0-1))); % appr oxi mati on based on eucli dean geomet ry (spher e) 
      Arel ( NpB<25)  = Ar el ( NpB<25)/ 5; 
      Bl ysk         = (nk(6,:)-nk( 7,:))* Vsol; 
      kgr owt h       = 2̂ ( 1/t 2x * Bl ysk/(1* NB* VB+Bl ysk)); 
      Bgr owt h       = max( 0,(nk(3,:)+nk( 2,:)-nk(5,:))*Vsol / VB) * (kgrowt h t̂ step- 1) * si gn(kgr owt h); % number of si ngl e 
bact eri a (si gn at t he end t o remove gr owt h alt oget her if kd0=0)  
      Bgr owt h       = 0* Bgr owt h * ( NBdi st.*Vsol' )/( NBdi st* Vsol ); 
       
      %- updat e nkpl us1 
      nkpl us1( 2,:)  = n(2,:) + t st ep*(nMpos+nMr ef - nMneg- nMf rag- nMset             - kd0*nk( 2,:).* NpB. * Ar el - 
kp* Bl ysk^RdB* nk( 5,:)); 
      nkpl us1( 3,:)  = n(3,:) + t st ep*(npBpos+npBr ef -npBneg- npBfrag- npBset) + Bgr owt h; 
      nkpl us1( 4,:)  = n(4,:) + t st ep*(npNpos+npNr ef-npNneg- npNfrag- npNset                                     - kp* Bl ysk^RdB* nk( 4,:)); 
      nkpl us1( 5,:)  = n(5,:) + t st ep*(nnMpos+nnMr ef -nnMneg-f V' .*( nMf rag + nMset) - kd0*nk( 5,:).* NpB. * Ar el          - 
kp* Bl ysk^RdB* nk( 5,:)); 
      nkpl us1( 6,:)  = n(6,:) + t st ep*(nDpos- nDneg                                + kd0* nk(2,:).* NpB. * Ar el ); 
      nkpl us1( 7,:)  = n(7,:) + t st ep*(nnDpos- nnDneg                              + kd0* nk( 5,:).* NpB. * Ar el ); 
       
      VchkpB        = abs(nkpl us1(3,:)).*Vsol' / VB;  
      VchkpN        = abs( nkpl us1( 4,:)).*Vsol' / VN;  
      Vchk mB        = ( abs( nkpl us1( 2,:)-nkpl us1( 5,:)).*Vsol' / VB); % .* (abs(nkpl us1( 5,:)).*Vsol' / VN); 
      VchkdB        = ( abs( nkpl us1( 6,:)-nkpl us1( 7,:)).*Vsol' / VB); % .* (abs( nkpl us1( 7,:)).*Vsol' / VN); 
      nkpl us1( 3, VchkpB<mi nI nt)  = 0; 
      nkpl us1( 4, VchkpN<mi nI nt)  = 0; 
      nkpl us1( 2, Vchk mB<mi nI nt)  = 0; 
      nkpl us1( 5, Vchk mB<mi nI nt)  = 0; 
      nkpl us1( 6: 7, VchkdB<mi nI nt)= 0; 
       
      % updat e nkpl us1: NECESSARY si nce t he eli mi nati on l oop runs on what' s i n nk 
      nkpl us1( 1,:)  = nkpl us1( 2,:) + nkpl us1( 3,:) + nkpl us1( 4,:) + nkpl us1( 6,:); 
             
      % cal cul at e rel ati ve t er m on whi ch conver gence i s t est ed at the begi nni ng of the l oop 
      delt aRall      = abs((nkpl us1( 2: 7,:)-nk( 2: 7,:))./ nk(2: 7,:)); 
      delt aR        = delt aRall (i sfi ni te(delt aRall));  % ki cks out I nf and NaN 
      delt aR        = max( delt aR( delt aR~=1));    % if a val ue i s >mi nI nt i n nk but <mi nI nt i n nkpl us1, its delt aN i s 1 
       
      if any(i snan( nkpl us1(:))) || ~i sreal (nkpl us1) 
        % t hi s never r esol ve it self unl ess we st art over -> rei niti ali ze wi t h smal l er ti me st ep 
        delt aR      = 1; 
        nkpl us1     = n; 
        tst ep       = t st ep*0. 6; 
      el seif delt aR<=t hr eshol d && any(fi nd(nkpl us1<0)) 
        delt aR      = 1; 
        if mod(l oopN, maxLoop) ==0 
          tst ep     = t st ep * mi n(nk(nkpl us1<0)./(nk(nkpl us1<0)-nkpl us1( nkplus1<0))); 
          nkpl us1   = nk; 
        end 
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      el seif delt aR>t hr eshol d && mod(l oopN, maxLoop) ==0 
        tst ep       = t st ep*0. 9; 
        l oopTar get  = l oopTar get mi n + l oopTar get mul t*(l oopTar get-l oopTarget mi n); 
      end 
      nk            = nkpl us1; 
    end 
     
    % updade n 
    n               = nk; 
    Bl ys            = Bl ysk; 
     
    if (any(n(:)<0)) || any(fi nd([ n(2,:)-n(5,:); n(6,:)-n(7,:)]' <0)) 
      keyboar d 
    end 
     
    % updat e vol umes 
    VBt ot           = VBt ot - (npBset *(~r ef Sed_B) + (1-f V' ).*nMset *(~ref Sed_M) + Bgr owt h* Vsol  + ( NBdi st-(nk( 3,:)+nk( 2,:)-
nk( 5,:)+nk( 6,:)-nk(7,:)))* Q1)* Vsol *t st ep; 
    VNt ot           = VNt ot - (npNset *(~ref Sed_N) + f V' .*nMset *(~r ef Sed_M)      + ( NNdi st-
(nk( 4,:)+nk( 5,:)+nk( 7,:)))* Q2)* Vsol *t st ep - kp* Bl ys^RdB*( nk(4,:)+nk( 5,:))*Vsol *t st ep; 
    Vt ot            = VBt ot  + VNt ot; 
     
    track(1,t-t BP)  = tt ot al-t 1; 
    track(2,t-t BP)  = (n(4,:)+n( 5,:))* Vsol/( CN/ rhoN);                                   % r emai ni ng t o i niti al  P rati o (-) 
    track(3,t-t BP)  = (n(2,:)-n(5,:))* Vsol/( CB/ rhoB);                                   % t ot al mass concentrati on of B i n t he mi xed 
fracti on 
    track(4,t-t BP)  = (n(1,:)-n(4,:)-n(5,:))*Vsol /( CB/rhoB);                            % t ot al mass concentrati on of suspended B 
    track(5,t-t BP)  = track(5,t-t BP- 1) + (( n(2,:)-n(5,:)).*di ag( St okesP(:,round(resf*f V(:))+1))'  + 
n( 3,:).*St okesP(:, 1)' )* Vsol *rhoB*t st ep*sedAll ;              % cumul ati ve settled mass of B (kg) 
    track(6,t-t BP)  = n(3,:)*Vsol /( CB/rhoB);                                            % fracti on of remai ni ng pur e B 
    track(7,t-t BP)  = track(7,t-t BP- 1) + (n(5,:).*di ag( St okesP(:,round(resf *fV(:))+1))'  + 
n( 4,:).*St okesP(:, end)' )*Vsol *rhoN*t st ep*sedAll ;            % cumul ati ve settl ed mass of P (kg) 
    track(8,t-t BP)  = mean( NpA( posB:fi nd( NpA, 1,'l ast' ))); 
    track(9,t-t BP)  = (((n(3,:)+n( 2,:)-n(5,:))*Vsol ) / ( NB* VB)); 
    track(10,t-t BP) = (( NB* VB - (n(6,:)-n(7,:))* Vsol ) / ( NB* VB)); 
    track(11,t-t BP) = (((n(3,:)+n( 2,:)-n(5,:))*Vsol ) / ( NB* VB)); 
     
    corr B           = abs( VBt ot - (n(3,:)+n( 2,:)-n(5,:)+n(6,:)-n(7,:))* Vsol )/ VBt ot; 
    corr N           = abs( VNt ot - (n(4,:)+n( 5,:)+n( 7,:))*Vsol )/ VNt ot; 
    corrT           = abs( Vt ot - (n(2,:)+n( 3,:)+n( 4,:)+n(6,:))*Vsol )/ Vt ot; 
     
    tt ot al          = out put(t, 1, 1) + t st ep;  
    out put(t +1,:, 1) = [tt ot al n(1, 1: Ncl ass)]; % #1 t he t ot al number of aggr egat es i n each si ze cl ass 
    out put(t +1,:, 2) = [tt ot al n(2, 1: Ncl ass)]; % #2 t he number of li ve mi xed aggr egat es 
    out put(t +1,:, 3) = [tt ot al n(3, 1: Ncl ass)]; % #3 t he number of pur e background aggr egat es 
    out put(t +1,:, 4) = [tt ot al n(4, 1: Ncl ass)]; % #4 t he number of pur e nano aggr egat es 
    out put(t +1,:, 5) = [tt ot al n(5, 1: Ncl ass)]; % #5 t he equi val ent number of N aggr egat es i n #2 
    out put(t +1,:, 6) = [tt ot al n(6, 1: Ncl ass)]; % #6 t he number of dead mi xed aggr egat es 
    out put(t +1,:, 7) = [tt ot al n(7, 1: Ncl ass)]; % #7 equi val ent number of N aggr egat es i n #6 
    out put(t +1,:, 8) = [tt ot al f S(1: Ncl ass)' ]; 
    out put(t +1,:, 9) = [tt ot al NpB]; 
     
    tst ep           = mi n(t st ep*(1 + si gn(l oopTar get -l oopN)* mi n(0. 1, 0. 01*(l oopTar get -l oopN)^2)), t st epMax); 
    l oopTar get      = l oopTar get + (1-l oopTar get mul t)/ 100*(l oopTar get max-l oopTar get); 
    di sp([t t st ep round((tt ot al -t 1)/t 2*10000)/ 100 l oopN l oopTar get t st ep/t step0 corr B corr N corr T]); 
  end 
  di sp([t t st ep round((tt ot al -t 1)/t 2*10000)/ 100 l oopN l oopTar get t st ep/t st ep0 corr B corr N corr T]); 
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end 
  
  
%% 
% cont ent of out put(:,:, end- 2): wher eNP cal cul ati ons 
Nsi m                = si ze(out put, 3); 
out put(1: si ze(track, 2), 1: si ze(track, 1), Nsi m+1) = track' ; 
  
% cont ent of out put(:,:, end- 1): dsol (1 vect or) 
%                               Vsol (1 vect or) 
%                               dl ogdk and t 12Tot ( 2 scal ar) 
%                               dpor (resf vect ors) 
%                               Vpor (resf vect ors) 
dsol                 = dsol (1: Ncl ass); 
Vsol                 = Vsol (1: Ncl ass); 
dpor                = dpor(1: Ncl ass,:); 
Vpor                = Vpor(1: Ncl ass,:); 
ot her Si mPar am       = zeros( 1, Ncl ass); ot her Si mPar am( 1: 4) = [ dst ep, resf, t 1, t 2]; 
out put(1: 3, 2: end, Nsi m+2) = [ dsol' ; Vsol' ; ot her Si mPar am];  
out put(4:(4+2*resf +1), 2: end, Nsi m+2) = [ dpor' ; Vpor' ]; 
  
%% 
% cont ent of out put(:,:, end): d50 based on coal esced vol umes 
%                             d50 based on por ous vol umes (i. e. accounti ng f or diff erent por ositi es f or diff erent si ze parti cl e 
out put(:, 1, Nsi m+3)  = out put(:, 1, 1); % ti me 
  
f or tt = 1: si ze( out put, 1) 
  % #2 t he smoot hed d50s based on coal esced vol umes 
  % #3 t he smoot hed d50s based on por ous vol umes 
  % use of l og(d): the wi dt h of si ze cl asses i ncreases, so t he mi dpoi nt i n rd50 shoul dn' t be Vdi st 50/ 2 but 
Vdi st 50/(1+10^dst ep) 
  % #4 uns moot hed d50 based on porous vol ume 
  n                 = r eshape( out put(tt, 2: end, 1: 5), Ncl ass, 5)' ; 
   
  % cal cul ati ons f or coal esced d50 
  Vdi st             = ( n(2,:)+n(3,:)+n( 4,:)).*Vsol' ; 
  if l engt h(fi nd( Vdi st))==1 
    out put(tt, 2, Nsi m+3) = dsol ( Vdi st ~=0); % if onl y one si ze cl ass, that cl ass i s t he d50.  
  el se 
    cumdi st         = cumsum( Vdi st); 
    Vd50            = cumdi st(end)/ 2; 
    posd50          = fi nd(cumdi st >=Vd50, 1); 
    rel Pos          = fi nd( Vdi st) - posd50;  % rel ati ve positi ons of t he non- empt y si ze cl asses compar ed t o posd50 
    rd50            = ( Vd50 - (posd50>1)*cumdi st( max( posd50- 1, 1)) - Vdi st(posd50)/ 2) / ( Vdi st(posd50)/ 2); 
    posAdj           = posd50 + rel Pos(fi nd(rel Pos==0) + si gn(rd50)); 
    out put(tt, 2, Nsi m+3) = 10 (̂( 1-abs(rd50))*l og10( dsol (posd50)) + abs(rd50)* mean(l og10([ dsol (posd50), dsol (posAdj )]))); 
  end 
   
  % cal cul ati ons f or porous d50s 
  f V                = mi n( 1, max( 0,(n(5,:)./ n(2,:)))); 
  colf V             = r ound(resf*f V) +1;  
  VMdi st            = n(2,:).*Vpor( Ncl ass*(colf V- 1)' +(1: Ncl ass)' )' ; 
  VBdi st            = n(3,:).*Vpor(:,1)' ; 
  VNdi st            = n(4,:).*Vpor(:, end)' ; 
  Vdi st             = VMdi st +VBdi st +VNdi st; 
  if l engt h(fi nd( Vdi st))==1 
    posd50          = fi nd( Vdi st); 
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    out put(tt, 3: 4, Nsi m+3) = dpor(posd50, r ound(resf*sum( n( 4: 5, posd50))/sum( n( 2: 4, posd50)))+1); % bot h #3 and #4 are 
dpor of t hat cl ass 
  el se 
    cumdi st         = cumsum( Vdi st); 
    Vd50            = cumdi st(end)/ 2; 
    posd50          = fi nd(cumdi st >=Vd50, 1); 
    rel Pos          = fi nd( Vdi st) - posd50;  % rel ati ve positi ons of t he non- empt y si ze cl asses compar ed t o posd50 
    rd50            = ( Vd50 - (posd50>1)*cumdi st( max( posd50- 1, 1)) - Vdi st(posd50)/ 2) / ( Vdi st(posd50)/ 2); 
    posAdj           = posd50 + rel Pos(fi nd(rel Pos==0) + si gn(rd50)); 
    f d50            = r ound(resf*sum( n( 4: 5,[ posd50 posAdj ]), 1)./ sum( n( 2: 4,[ posd50 posAdj ]), 1))+1;  
  
    out put(tt, 3, Nsi m+3) = 10 (̂( 1-abs(rd50))*l og10( dpor(posd50,f d50( 1))) + 
abs(rd50)* mean(l og10([ dpor(posd50,f d50( 1)), dpor(posAdj ,f d50(2))]))); 
    out put(tt, 4, Nsi m+3) = dpor(posd50,f d50( 1)); 
  end 
end 
t oc 
end 
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