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Abstract

The advent of resonant metamaterials with strongly dispersive behavior allowed sci-

entists to design new electromagnetic devices – including (but not limited to) ab-

sorbers, antennas, lenses, holograms, and arguably the most well-known of them all,

invisibility cloaks – exhibiting properties that would otherwise be difficult to obtain.

At the heart of these breakthrough designs is our ability to model the behavior of

individual metamaterial elements as Lorentzian dipoles, and – in applications that

call for it – collectively model an entire array of such elements as a homogenous

medium with effective electromagnetic properties retrieved from measurements or

simulations.

Of particular interest in the context of this dissertation is a certain type of meta-

materials elements which – while composed entirely of essentially non-magnetic ma-

terials – respond to a magnetic field, can be modeled as magnetic dipoles, and are

able to form a material with effective magnetic response. This thesis describes how

such “magnetic metamaterials” have been utilized by the author when designing de-

vices for applications in wireless power transfer (WPT) and computational imaging.

For the former, I discuss in the thesis a metamaterial implementation of a mag-

netic ‘superlens’ for wireless power transfer enhancements, and a magnetic reflector

for near field shielding. For the latter I detail how we model the imaging capa-

bilities of a recently-introduced class of dispersive metamaterial-based leaky aper-

tures that produce pseudo-random measurement modes, and demonstration of novel
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Lorentzian-constrained holograms able to tailor their radiation patterns.

To design a magnetic superlens for WPT enhancements, we first demonstrate how

an array comprising resonant metamaterial elements can act as an effective medium

with negative permeability (µ) and enhance near-field transmission of quasi-static

non-resonant coil antennas. We implement a new technique to retrieve all diag-

onal components of our superlens’ permeability, including its normal component,

which standard techniques cannot retrieve. We study the effect of different compo-

nents of the µ tensor on field enhancements using analytical solutions as well as 2D

rotationally-symmetric full-wave simulations which approximate the lens as a disc

of equal diameter, enabling highly efficient axisymmetric description of the problem.

Our studies indicate enhancements are strongest when all three diagonal components

of Repµq are negative, which we attribute to the excitation of surface waves.

The ability to retrieve permeability’s normal component, awarded to us with the

implementation of the aforementioned retrieval technique, directly enabled the design

of a near field magnetic shield, which – in contrast to the tripple-negative superlens –

relies on the normal component of µ assuming values near zero. The thesis discusses

the theory behind this phenomenon and explains why such an anisotropic slab is

capable of reflecting magnetic fields with component of their wave vector parallel to

the slab’s surface (fields which contain significant portions of the energy transferred

in WPT systems with dipole-like coils). Furthermore, the dispersive nature of the

resonant metamaterials used to realize the shield grants us the ability to block certain

frequencies while allowing the transmission of other, which can be particularly useful

in certain applications; conventional materials used for shielding or electromagnetic

interference (EMI) suppression, on the other hand, block frequencies indiscriminately.

The thesis also discusses a single-pixel, metamaterial-based aperture we designed

for computational imaging purposes. This aperture, termed metaimager, forms

pseudo-random radiation patterns that vary with frequency by leaking energy from
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a guided mode via a collection of randomly distributed resonant metamaterial ele-

ments. The metaimager, then, is able to interrogate a scene without any moving

parts or expensive auxiliary hardware (both are common problems which plague

synthetic aperture and phased array systems, respectively). While such a structure

cannot be homogenized, when modeling its imaging capabilities we still rely on the

fact each of its irises can be modeled analytically as a magnetic dipole using a rela-

tively simple Lorentzian expression. Accurate qualitative modeling of such apertures

is of paramount importance in the design and optimization stages, since it allows us

to save time and money by avoiding prohibitively slow full-wave simulations of such

complex structures and unnecessary fabrication processes.

Lastly, the thesis discusses how such an aperture can be viewed as a hologram

in which pixels are realized by the metamaterial elements and the reference wave is

realized by the fields that excite them. While the current metaimager implementa-

tion produces pseudo-random modes, the last section of the thesis discusses how, by

accounting for the Lorentzian constraints of each pixel, a novel metamaterial holo-

gram can be designed to yield tailored radiation patterns. An experiment utilizing

a Fraunhofer hologram excited in a free-space illumination configuration indicates

tailored modes can indeed be formed by carefully choosing the resonance frequency

and location of each metamaterial. While this proof-of-concept example is relatively

simple, more sophisticated realizations of such holograms can be explored in future

works.
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1

Introduction

Five years later, I still vividly recall a conversation I had with Professor David

Smith shortly after joining his group at Duke University’s Center for Metamaterials

and Integrated Plasmonics (CMIP). “I am throwing a bunch of projects at you,”

David said, “and we’ll see what sticks” – and this was no exaggeration. In the years

that followed I found myself traversing a side range of the electromagnetic spectrum

while designing, simulating, modeling, fabricating, and experimenting with metama-

terials for a variety of applications: from quasi-static wireless power studies using

extremely sub-wavelength structures in the Megahertz range (Lipworth et al. (2014)),

through X-band Transformation Optics lenses (Driscoll et al. (2012)), to computa-

tional imaging and holographic apertures in K-band (Hunt et al. (2013); Lipworth

et al. (2013a,b)), and lastly W-band elements embedded with semiconductor devices

for millimeter wave imaging.

Wireless power transfer and computational imaging proved to be the projects

that “stuck,” and are the topics I focus on in this document in chapters 2 and 3,

respectively. Both have been (and continue to be) extremely exciting to work on,

because it is immediately apparent where they may be applicable in our day-to-day
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lives. As I discuss in chapter 2, following a relatively dormant century since Nikola

Tesla’s days, interest in wireless power transfer has recently experienced a surge

with the advent of mobile electronic devices and electric vehicles. We explored how

metamaterials can assist wireless power transfer (WPT) systems in two different but

related ways: by enhancing the transfer efficiency of such systems and by preventing

undesired (and potentially harmful) leakage of fields away from such systems.

Our computational imaging research, discussed in chapter 3, is also motivated by

an every-day modern problem: security scanners. In the post 9/11 era, anyone who

has traveled via an American airport can attest to the frustrating security line traffic-

jam, generated by the current Automatic Threat Detection systems; the process

of removing shoes, coats, and belts, pausing for a scan, waiting for approval, and

dressing up again is unacceptably slow. We envision a future in which today’s bulky

cylindrical portals are replaced by flat scanners embedded seamlessly into the airport

walls; passengers are conveniently scanned as they stroll to their departure gate, and

operators are notified automatically only when a potential threat is detected. To

make this vision a reality we are developing a new type of metamaterial aperture – a

metaimager, as we call it – a flat, lightweight, inexpensive antenna designed to take

full advantage of the most recent advances in the fields of Compressive Sensing (CS)

and computational imaging (CI).

At this point, it may be tempting to assume that metamaterials designed for WPT

and security imaging systems will have little in common, since these applications are

so different from one another. In fact, the opposite is true. At the heart of all meta-

material designs I discuss in this dissertation – a superlens for WPT enhancement, a

thin quasi-static reflector, frequency-dispersive apertures for security scanners, and

holograms for the design of radiation patterns – is our ability to model certain classes

of metamaterial elements as magnetic resonators with Lorentzian polarizability (α)
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Figure 1.1: (left) Real (blue line) and imaginary (dotted red line) components of
a Lorentzian polarizability, plotted as a function of frequency (normalized by the
resonance frequency). (right) The magnitude (blue line) and phase (red dotted line,
shown in degrees) of the same Lorentzian polarizability

given according to

α “
Fω2

ω2
0 ´ ω

2 ` jωγ
. (1.1)

Here ω0 “ 2πf0 (where f0 is the resonance frequency), γ “ ω0{p2Qq, Q is the quality

factor, and F represents a coupling factor between the incident magnetic field and

induced dipole moment. An example illustrating important properties of such a

resonator is plotted in Fig. 1.1, where we can clearly observe how the real and

imaginary component of α, and correspondingly its magnitude and phase, vary with

frequency. It is this dispersive resonating behavior that allows us to design devices

exhibiting properties not easily obtainable with previously known materials.

1.1 Dissertation Overview

The dissertation is organized as follows. In chapter 2, I discuss our research efforts on

metamaterial applications in near field WPT enhancements (2.2) and shielding (2.3)

in collaboration with the Toyota Research Institute of North America (TRINA). We

demonstrated WPT enhancements by positioning a magnetic “superlens” between a

pair of transmitter (Tx) and receiver (Rx) conducting coils, which wirelessly transfer

power via magneto-inductive coupling. The ideal superlens, introduced by Veselago

(1968) and Pendry (2000), is realized using an isotropic medium with relative ma-
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terial properties εr “ µr “ ´1, and is able to focus near fields via the excitation

of surface waves. For the application discussed in this dissertation, it is sufficient

to form a magnetic superlens exhibiting only µr “ ´1 (ideally), and I discuss the

design of an ultra-subwavelength (λ0{1000) isotropic metamaterial unit cell exhibit-

ing negative permeability at the 13.56MHz ISM band. In addition to successfully

demonstrating WPT enhancements in both simulations and experiments, we inves-

tigated the contributions of different components of the permeability tensor to the

superlens’ enhancements capabilities, and showed the strongest effect occurs when

all three components of Repµq are negative. The designs, experiments, and results

associated with this study were discussed in the manuscript Magnetic Metamaterial

Superlens for Increased Range Wireless Power Transfer (Lipworth et al. (2014)).

To address near field shielding we switched from the isotropic negative permeabil-

ity material used to form the superlens, and instead investigated an aniosotropic slab

that consists of a medium with relative permeability near zero in the longitudinal

direction (normal to the slab). Our analysis revealed – for the first time, to the best

of our knowledge – that a longitudinal mu-near-zero (LMNZ) metamaterial is capa-

ble of reflecting magnetic fields with components parallel to the slab, which contain

significant portions of the energy transferred in WPT systems utilizing dipole-like

sources such as our coils. To experimentally implement this LMNZ layer we relied on

resonant metamaterial elements based on the aforementioned superlens’ unit cells,

and scaled them to exhibit Repµq “ 0 at 13.56MHz. We compared the shielding per-

formance of this LMNZ layer against a sheet of copper and a commercially available

flexible absorbent material, and demonstrated our metamaterial outperforms both

around the intended operation frequency. Furthermore, we designed and measured a

multi-layer LMNZ slab exhibiting shielding both at 13.56MHz and its first harmonic,

which can be useful for shielding electromagnetic sources that also generate higher

order harmonics. Our efforts on this front were discussed in the paper Quasi-Static
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Magnetic Field Shielding Using Longitudinal Mu-Near-Zero Metamaterials (Lipworth

et al. (2015)).

Both the shield and superlens studies capitalized on our ability to retrieve the

electromagnetic properties of a single metamaterial unit cell from simulations, and

model the entire periodic metamaterial structure as a homogeneous medium with

effective ε and µ. Standard retrieval procedures (Smith et al. (2002); Chen et al.

(2004); Smith et al. (2005)) operate by assuming an incident plane wave propagating

in a direction normal to the structure, and solve for the transverse ε and µ from the

reflection and transmission coefficients. If the structure is periodic and infinite in all

directions, we can obtain its electromagnetic properties in any direction by rotating it

relative to the incident plane wave and repeating the retrieval procedure. However,

the superlens and shield introduced here are only periodic along their transverse

directions, such that these standard retrieval procedures cannot solve for the normal

component of ε or µ. Instead we implemented a novel field-averaging retrieval method

developed by Urzhumov and Shvets (2008), who submerged a unit cell in a curl-free

E-field and used quasi-electrostatic field averaging homogenization to express ε in

terms of the unit cell’s capacitance. Using the electric-magnetic duality theorem we

extended this method to retrieve both the transverse and normal components of our

metamaterial’s permeability; our approach is discussed in section 2.2.2 and was used

in both Nature Scientific Reports papers (Lipworth et al. (2014, 2015)).

In chapter 3 I discuss our efforts toward the design of a coherent, dispersive,

metamaterial-based aperture we call a metaimager. In its current implementation

the metaimager consists of a parallel-plate waveguide that radiates by coupling its

guided wave to resonant metamaterial irises with a random distribution of resonance

frequency. Scene measurements are performed sequentially by scanning the metaim-

ager’s operation frequency and activating different subsets of irises at each frequency.

This position-dependent dispersive behavior is in stark contrast to the periodic struc-
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tures discussed in chapter 2, which we were able to homogenize and model as effective

media with retrieved electromagnetic properties. Instead, by relying on the metaim-

ager’s non-periodic element distribution, the aperture we developed is able to form

complex pseudo-random field patterns that vary rapidly with frequency and – albeit

being difficult to predict analytically – can be well suited for compressive sensing.

To reliably predict the metaimager’s imaging performance we borrowed from tech-

niques used by the synthetic aperture radar (SAR), phased array, and electronically

scanned array (ESA) communities, which rely on simple analytical expressions of

their Tx and Rx elements when modeling the radiation patterns of their apertures.

In a similar fashion, we model the metaimager’s elements as magnetic dipoles - but

with unique frequency-dependent polarizabilities. These dipoles can be either en-

tirely virtual (created in simulation) or extracted from scans of fabricated antennas,

making the analytic model we developed especially effective in the design, optimiza-

tion, and testing stages of the imaging system, where iterative experimentation with

fabricated apertures is too costly and slow and full-wave simulations are prohibitively

time-consuming.

While scene imaging was demonstrated successfully using the pseudo-random

frequency-dependent field patterns generated by the metaimager, the imaging capa-

bilities of such measurement modes is limited by the aperture’s Q-factor. If we could

tailor the metaimager’s field patterns we could potentially improve our system’s sens-

ing matrices by generating modes better suited for different types of scenes. Working

towards this goal, I end chapter 3 with an exciting implementation of a metamate-

rial aperture in which each dipole position and dispersive polarizability, instead of

distributed randomly, is computed holographically to produce a user-defined radia-

tion pattern. While previous metamaterial holograms relied on periodic, volumetric

arrays to form an effective medium, I used a single metamaterial element to realize

each of the hologram’s pixels, and constrained the pixels’ behavior to the coupled
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Lorentzian phase and magnitude relationship. As a proof-of-concept I designed and

fabricated a Fraunhofer hologram illuminated by a horn, and demonstrated it yielded

the desired field pattern at the intended operation frequency. While this hologram

generated a single user-defined measurement mode and operated in a free-space il-

lumination configuration, it paves the way to more sophisticated implementations

with thinner form factors and the ability to generate multiple modes.
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2

Metamaterials for Wireless Power Transfer

2.1 Motivation

A century ago, in an era preceding the electrical grid, Nikola Tesla (1914) received

a patent for his “Apparatus For Transmitting Electrical Energy”. Tesla attempted

to develop a system that would transfer power wirelessly, but his proposals relied

on undesirably strong electric fields; eventually, the electrical wire grid prevailed.

However, as the popularity of mobile electronic devices soared, we have recently

experienced a renewed interest in the exploration of wireless power transfer (WPT)

systems. Devices such as laptops, smart-phones, digital cameras, and tablet comput-

ers have become seamlessly integrated into our daily lives precisely because of their

mobility, and the desire to obviate the reliance on stationary power source when

recharging these devices fuels active research in the field.

To address health and safety concerns, most WPT systems rely on very low

frequency, quasi-static, magnetic fields; common materials we use on a daily basis

are not sensitive to magnetic fields, and so a WPT system which relies on such fields

can avoid undesired interactions with its environment. Power is transfered wirelessly

between a transmitter (Tx) and receiver (Rx) conducting coils via magneto-inductive
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coupling; alternating current flowing in the Tx coil generates a varying magnetic field,

which in turn induces a voltage across the Rx coil.

Two challenges are introduced because the magnetic flux diverges from the Tx

coil. The first challenge is the limited WPT efficiency: at transfer distances known as

the “long range” regime – corresponding to practical Tx-to-Rx distances (d) larger

than the diameter of the coils – the efficiency of WPT systems falls off as p1{dq6

and power loss quickly climbs to 100%. Fortunately, it is possible to enhance WPT

efficiency using a magnetic metamaterial “superlens.” The theory behind such a

superlens, as well as simulations and experimental demonstrations of a superlens I

designed and constructed, are discussed in section 2.2 below.

The second challenge is managing the stray fringing fields not captured by the

Rx coil. Conventionally, shielding these fields is accomplished using ferrite materials,

sometimes in combination with metallic sheets. Ferrite and metallic sheets, however,

can be heavy, expensive, and brittle. Instead, a material with permeability (mu)

near zero can exhibit desirable shielding when operating in the near field regime of

dipole-like sources, such as the Tx/Rx coils of a magneto-inductive WPT system. In

section 2.3 I discuss the theory governing the behavior of such a magnetic shield, as

well as designs, simulations, and measurements of the resonant metamaterial used

to implement such a mu-near-zero shield.

2.2 Magnetic Superlens for WPT Enhancements

Excerpts of the following discussion are taken from the paper Magnetic Metamaterial

Superlens for Increased Range Wireless Power Transfer by Lipworth et al. (2014).

The ideal superlens, introduced by Veselago (1968) and again by Pendry (2000),

consists of a medium with relative electric permittivity εr “ ´1 and magnetic per-

meability µr “ ´1. These electromagnetic properties allow such a material to focus
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not only the propagating far-field waves (as conventional lenses do) but also the

non-propagating near-field waves via the excitation of electric and magnetic surface

modes (Shamonina and Solymar (2004)). These surface modes couple to the near-

fields emanating from an object placed on one side of the superlens, and refocus them

on the other side.

Early studies involving the superlens (Melville et al. (2004); Fang et al. (2005))

investigated its applications in the field of optics, where it was suggested the superlens

can be used to achieve an image whose resolution is finer than the conventional

diffraction-limited resolution. At lower frequencies, where wavelengths exceed 10

meters and field focusing occurs in the near-field regime, electricity and magnetism

are mostly decoupled and a superlens exhibiting only εr “ ´1 or µr “ ´1 can

focus the near fields from an electric or magnetic source, respectively. Superlenses

constructed from metamaterials acting as artificial magnetic permeability media have

been explored for a variety of applications: Freire et al. (2008, 2010) experimented

with superlenses composed of magnetic metamaterials to enhance the resolution of

MRI machines, and Bingnan et al. (2011) investigated the use of a superlens to

enhance WPT.

A general treatment of a magneto-inductive WPT system was carried out by

Kurs et al. (2007), who calculated the expected power transfer efficiency of two

self-resonant coils using coupled-mode theory by treating the Tx and Rx coils as

resonators whose interaction changes according to κ, the coupling coefficient. The

power transfer efficiency is defined as the power dissipated in the load (at the Rx coil)

relative to the total power dissipated in the Tx and Rx coils, and in any additional

relay system (be it another repeater coil or a metamaterial lens):

η “
WRx

WRx `WTx `WRelay

(2.1)

This efficiency falls as p1{dq6 in the long-range, which originates from the p1{dq3
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behavior of fields near a dipole. Since the power transfer between the coils is related

to the amount of magnetic flux transmitted from the Tx coil and captured by the Rx

coil, the overall efficiency of a magneto-inductive system is limited by the divergence

of this magnetic flux in air. To improve the efficiency, then, we must somehow refocus

the magnetic flux that would otherwise diverge away from the Rx coil. Because

the WPT systems in question operate in the near-field, conventional lenses which

can only focus the far-fields are of no use. Merlin (2007) and Grbic et al. (2008,

2011) proposed various configurations of near-field lenses, but these devices offer

only partial field focusing and with efficiencies significantly lower than the perfect

focusing promised by the superlens (Merlin (2004)).

Because metamaterials are composed of small conducting circuits that can suffer

from significant ohmic losses, the question remained if a superlens constructed from

such a lossy material could actually benefit a WPT system. A theoretical, positive

answer to this question was given by Urzhumov and Smith (2011) using a simpli-

fied geometry which modeled the superlens as an infinitely large slab and treated

the coils, which are significantly smaller than the wavelength, as magnetic dipoles

whose coupling is explained with the conventional notion of mutual inductance, L21.

Their analysis shows that – assuming realistically large resistive loads in the Rx

coil and finite realistic losses in the metamaterial – a superlens can indeed enhance

the power transfer efficiency in the long-range regime (see Fig. 2.1). Huang et al.

(2012) confirmed these conclusions using full-wave finite-element based simulations

of finite-diameter single-turn coils separated by a finite-sized slab, which agreed with

the analytical solutions of Urzhumov and Smith (2011) in the limit of vanishingly-

small coils and very large slabs. In addition to studying the effect of finite-sized

superlens and coils, Huang et al. (2012) also used these simulations to investigate

the effects of material loss and anisotropy on the power transfer efficiency.

Once the coupled-dipole theory of Urzhumov and Smith (2011) was supported by
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simulations, it was time to design, fabricate, and construct a magnetic MM superlens

and measure its power transfer efficiency experimentally. The design, simulation, and

experimental results are the topics of the following discussion and were originally

published by Lipworth et al. (2014).

2.2.1 Unit Cell Design

My goal was to design a magnetic metamaterial superlens exhibiting negative per-

meability at the 13.56MHz ISM band. While the size of conventional metamaterial

unit cells is about λ0{10, the desired operation wavelength is roughly 22 meters long

and a superlens comprising metamaterials of size λ0{10 would be impractically large.

Instead, I faced the challenge of designing a low-loss metamaterial that is close to

λ0{1000 in size – significantly sub-wavelength – while still exhibiting a strong mag-

netic resonance. To achieve this feat I used a double-sided rotated-spiral design

(Fig. 2.2A,B) to significantly increase the metamaterial’s inductance, inspired by the

Figure 2.1: Wireless power transfer efficiency calculated using the coupled-dipole
theory discussed by Urzhumov and Smith (2011). The superlens here is 6cm thick
with isotropic µr “ ´1 ´ iσ . The solid curve is efficiency in free space. Tx and
Rx resistances are 0.01Z0 and 0.1Z0, respectively. The figure was created by Dr.
Yaroslav Urzhumov and was originally published in Lipworth et al. (2014).

.
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subwavelength metamaterials of Chen et al. (2012). The multi-turn coils on each

side of the substrate are connected by vias and are rotated with respect to one an-

other such that their individual inductances are added in series. The complete unit

cell is formed by positioning three identical resonators perpendicular to each other

(Fig. 2.2C), and a 3-layer superlens was formed by stacking multiple unit cells along

ẑ (Fig. 2.2D)

The design’s Figure of Merit (FOM) is the inverse loss-tangent ratio at the fre-

quency where µr “ ´1:
ˇ

ˇ

ˇ

ˇ

Repµq

Impµq

ˇ

ˇ

ˇ

ˇ

Repµq“´1

«
1

2
FQ, (2.2)

where F is a constant representing the oscillator’s strength and Q is the oscillator’s

quality-factor.

To minimize the loss-tangent, we used the low-loss Rogers 4350 material as the

substrate (ε “ 3.66, δtan “ 0.0037) and ensured the spiral’s copper is thicker than the

skin depth in the metal (about 20um near 10MHz) by constructing the metamaterial

from full ounce copper (34um thick). I simulated the metamaterial in CST De-

sign StudioTM, using standard S-parameter retrieval techniques (Smith et al. (2002);

Chen et al. (2004); Smith et al. (2005)) to obtain the metamaterial’s transverse per-

meability components (µx and µy) and manipulated the structure until it exhibited

Repµq “ ´1 at the desired frequency.

Unfortunately, while the standard S-parameter retrieval techniques can be used

to determine µx and µy, they do not shed light on the behavior of the metamaterial’s

normal permeability component µz. This is due to the fact that these techniques

assume an incident plane wave traveling along ẑ, and such a wave has no field com-

ponent that is properly oriented to interact with µz. Furthermore, while the unit cell

is composed of three identical and orthogonal structures, we cannot assume that µz

is equal to µx or µy because the fields traveling through the slab observe significantly
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Figure 2.2: (A) A simplified schematic of the metamaterial: The double-sided coils
on the opposite sides of the substrate (not shown) are rotated with respect to each
other and connected by vias. (B) The final design had 17 turns on each side of a 10
mil Rogers 4350 substrate. Metal line widths are 200 microns, and the gap between
neighboring cells is 1mm. (C) A complete unit-cell is formed by positioning three
resonators perpendicular to one another. (D) The 3-layer superlens is composed of
the unit-cells stacked along ẑ.

different boundary conditions in the normal and transverse directions. To solve for

µz from simulations, we relied on a novel retrieval method developed by Urzhumov

and Shvets (2008), modified for our case with the help of then-Duke-undergraduate

Kushal Seetharam who assisted us with the project. This retrieval method is dis-

cussed next.

2.2.2 Field-Averaging Retrieval Method for Finite-Thickness Metamaterials

With S-parameter retrieval methods, we can compute µx and µy by imposing pe-

riodic boundary conditions (BCs) along these transverse directions and enforcing a

transversely polarized, normally (z-) incident plane wave. Knowing the material’s

thickness and unit-cell size, we can then extract the transverse material properties

from the reflection and transmission coefficients. However, µz is not excited by such

an incident wave, and we cannot simply rotate the structure to excite µz because

– by virtue of being a slab – the geometry’s thickness is finite along z and, thus,
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cannot not posses periodic BCs along z.

Urzhumov and Shvets (2008) computed the effective ε of a simulated MM using

a quasi-electrostatic field-averaging homogenization by submerging the unit-cell in a

curl-free E-field and expressing ε in terms of the unit-cell’s capacitance. Using the

electricmagnetic duality theorem, we extended this method to retrieve our structure’s

quasi-static permeability (both its transverse as well as normal components). For

brevity, we assume our medium is uniaxial with transverse and normal permeability

components µT and µN , respectively, but the method is also applicable to a general

orthotropic medium with an orthorhombic lattice.

Using COMSOL Multiphysics’ RF module we simulate a unit cell with periodic

BCs along x and y and surround the unit cell with air along z such that it is part

of a slab. The unit cell’s dimensions are ax ˆ ay ˆ az, and the geometry is shown

in Fig. 2.3. We assign a z-varying E-field along the faces normal to the z-axis:

Expzq “ x̂E0 exppjkzzq. By choosing kz ăă 1{az we enforce a linear variation of

the electric field along z, and thus ensure a virtually uniform curl in the simulated

domain. Faraday’s law dictates such an E-field gives rise to a ŷ-polarized, uniform

magnetic field Hy. Now, recalling the definition of capacitance (C “ εA{d “ Q{V )

and using the duality theorem, we can replace ε with µ, electric charge pQq with

magnetic charge pQmq, and electric voltage pV q with magnetic potential pVmq, and

extract the effective permeability according to:

µ “
Qm

V m

d

A

Qm “

ĳ

A

B dA

Vm “

ż

d

B dl.

(2.3)

Since H is polarized along ŷ, we can extract µy by substituting d “ ay, A “ axˆ az,
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and B “ By in eq.(2.3). Similarly, to compute the second transverse component µx,

we replaced the incident field Expzq with Eypzq and substituted d “ ax, A “ ayˆ az,

and B “ Bx in eq.(2.3). For the normal component µz we enforced an incident field

Eypxq “ ŷE0 exppjkxxq; however, an additional change is needed. Because this field

varies (however slightly) with x it violates the periodic BC along this direction and

so on the faces normal to the x-axis we use Floquet (phase-shifted periodic) BCs with

a phase-shift of kxax. We then proceeded to extract µz from eq.(2.3) by substituting

d “ az, A “ ax ˆ ay, and B “ Bz.

Using this method, I computed the transverse and normal components of µ across

the 8-16MHz frequency range for both the 1- and 3-layers superlens configurations.

The results are plotted in Fig. 2.4 where, for the 1-layer superlens, I plotted the

transverse components computed using the field-averaging method as well as the

Figure 2.3: Visulization of the field orientations and Boundary Conditions used
in the Field-Averaging retrieval method, which allows us to retrieve µz, the normal
component of the permeability. (A) To retrieve µy, we enforce periodic BCs along
x and y and excite an x-polarized E-Field, which varies with z and gives rise to a
uniform Hy. µx can be computed in a similar fashion by using a y-polarized E-field.
(B) To compute µz, we must not only excite a transverse-polarized E-Field which
varies with x, but also replace the periodic BCs along x with Floquet BCs (Lipworth
et al. (2014)).
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conventional S-parameter retrieval method; both methods are in fantastic agreement.

In addition, by comparing µ retrieved from the 1- and 3-layer superlens, we saw that

as more layers were added, µT and µN converged and the metamaterial behaved in

a more isotropic fashion, as expected.

Figure 2.4: (A) Retrieved transverse component of the effective permeability of a
1-layer MM superlens pµT q, calculated using the conventional S-parameter retrieval
method (circles) and the field-averaging method (solid lines). The latter method
also allows us to compute pµNq, the normal permeability component (crosses). The
real and imaginary parts of µ are plotted in blue and orange, respectively. (B) The
transverse and normal components of µ of a 3-layer slab, computed using the field-
averaging method. With three layers, the transverse and normal components (solid
lines and crosses, respectively) have converged and the lens exhibits a more isotropic
behavior. The figure was originally published by Lipworth et al. (2014).
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2.2.3 2D Rotationally-Symmetric COMSOL Simulations

Following the field-averaging retrievals of µ, I fit its retrieved components to a

Lorentzian curve defined according to

µ “ 1´
Fω2

ω2 ´ ω2
0 ` jωγ

(2.4)

where F represents the oscillator’s strength, ω0 “ 2πf0 is the angular resonance fre-

quency, and γ “ ω0{2Q. The fitted parameters of the 1- and 3-layer superlens are

detailed in Appendix A. With the metamaterial’s permeability now known, I pro-

ceeded to simulate the superlens in a 2D rotationally-symmetric COMSOL geometry

in order to study its expected effect on the power transfer efficiency between two

coils. This geometry is shown in Fig. 2.5 and is similar to that used in simulations

by Urzhumov and Smith (2011) and Huang et al. (2012). It approximates the finite-

sized slab as a disc of equal diameter, which enables a highly efficient axisymmetric

description of the problem. I simulated the slab as a layer of homogenous magnetic

medium, using the fitted Lorentzian responses as the components of its diagonal per-

meability matrix µ “ rµT , µT , µN s. All the off-diagonal components were assumed

to be zero and the slab’s relative permittivity is set to εr “ 1. The Tx coil was

simulated as a point current source with a fixed current I “ 1A at a radius r “1cm

from the axis-of-symmetry (AOS), resulting in a current loop. The magnetic field

transmission coefficient is defined as

T “

ˇ

ˇ

ˇ

ˇ

HRx

HTx

ˇ

ˇ

ˇ

ˇ

2

, (2.5)

where I approximated HTx “ I{2r as the total transmitted fields radiating from

the Tx loop, and HRx is the z-component of the H-field measured on the AOS at

a distance d away from the Tx coil. To conveniently describe the enhancements in

transmission due to the slab, we also defined the transmission enhancement factor
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Figure 2.5: Transmission is simulated in COMSOL using a 2D rotationally sym-
metric geometry. The finite-sized slab here is simulated as a disc of width W and
diameter 2L. The Tx coil is simulated as a point current source rotated around the
symmetry axis with radius r. |Hz| is measured at point Rx on the axis-of-symmetry
at a distance d from the Tx coil.

as the ratio of T with and without the slab:

G “
T slab

T vac
. (2.6)

Since the simulated coils are significantly smaller than the superlens, they can

be approximated as dipoles and we can use the simulation results to validate the

analytical solutions presented by Urzhumov and Smith (2011) for L21, the induc-

tance between two coupled dipoles, with and without the superlens. We calculated

the analytical enhancement factor as G “ |Lslab21 {L
vac
21 | using Mathematica and plot-

ted the simulated and analytical enhancement factors for d “ 16cm in Fig. 2.6. I

performed the simulation and analytical calculation for the retrieved single-layer,

anisotropic slab with µ “ rµT , µT , µN s, as well as a hypothetical isotropic slab with

µ “ rµN , µN , µN s and two indefinite slabs with only tangential or normal metama-

terial elements (µ “ rµT , µT , 1s and µ “ r1, 1, µN s, respectively). The results show

transmission through the superlens is enhanced by a factor of about 3-5 (at this

distance) across a considerable frequency band, and we observe a striking agreement
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Figure 2.6: Simulated (solid lines) and analytically calculated (dots) enhancement
factor G for transfer distance d “ 16cm and a slab with isotropic µ “ rµN , µN , µN s,
anisotropic µ “ rµT , µT , µN s, and indefinite µ “ r1, 1, µN s and µ “ rµT , µT , 1s.
The insets show RepHzq for the isotropic slab, which reveal the anti-symmetric and
symmetric modes excited at the lower and higher enhancement peaks (Lipworth et al.
(2014)).

between the simulated and analytically-calculated enhancement factors.

2.2.4 Measurements

To ensure we could assemble the fabricated MM elements into a slab, we designed

the x- and y-oriented elements in rows with opposite-facing slits such that they

can form a wine-crate pattern, as shown in Fig. 2.7. We fabricated the z-oriented

elements across a sheet which we then positioned perpendicularly to the wine-crate by

threading it into additional slits cut around the wine-crate’s periphery. To assemble

a 3-layer superlens we simply stacked together three individual layers. Thanks to

this assembly method, we were able to measure the effects on the transfer efficiency

due to the transverse (x, y) and normal (z) elements separately, and compare the

experimental results to the simulated ones discussed earlier.
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Figure 2.7: (A)The x- and y-facing elements form a wine-crate pattern and gener-
ate a magnetic response along x and y. (B) An view of the 3-layer superlens with the
top z-facing sheet removed. (C) One of the small coils used in experiments (Lipworth
et al. (2014)).

In order to demonstrate the effects of the superlens on the transfer efficiency

in a WPT system that can be approximated as a dipole-to-dipole WPT system,

we used small Tx and Rx coils formed by wounding a copper wire with a cross-

section diameter of 1.6mm into a circular loop of radius 1cm, in agreement with the

simulated setup. We then aligned the two coils coaxially at a distance d apart from

each other, and connected them to ports 1 and 2 of an AgilentTM Vector Network

Analyzer (VNA). Since these small coils are non-resonant, before computing the

experimental WPT efficiency from the measured S-parameters, we first had to remove

the losses resulting from the mismatch between the network analyzer and the coils

using the max transducer gain computation procedure discussed by Pozar (2004),

which is also detailed in our publication (Lipworth et al. (2014)). The superlens

assembly, measurements, and calibration were performed by Joshua Ensworth, a

graduate student advised by Professor Mathew Reynolds.

The simulated and measured transmission coefficients for air and with a 1- or 3-

layer superlens, as a function of frequency and across several coil-to-coil distances, are

shown in Fig. 2.8. For the 1-layer superlens, we also show the transmission coefficient
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of the two indefinite slabs: one composed of only the z-facing MM elements and the

other assembled from the xy-intersecting elements. The results agree very well with

our simulations except for the case of the 3-layer superlens between coils separated

by d “ 8cm, which warrants additional discussion. In this case, the distance between

each coil and the slab is only 1cm, or roughly one half the size of each MM unit-

cell. Recall that in my simulations, I first simulated a single period of the 2D array

and retrieved all three principal values of the effective permeability tensor. Then,

I modeled the superlens as a homogeneous layer with the retrieved permeability.

In doing so, we dismissed near field effects, which are not describable in terms of

effective magnetic permeability. If we consider all the fields on the surface of the

slab, waves with transverse wavenumber k ą k0 “ ω{c are evanescent. However, our

description of the slab, which utilized effective medium properties, is only appropriate

for components with k ă kBloch “ 2π{a (where a is the MM lattice constant).

Although higher-order components with k ě kBloch decay away from the interface

as expp´kBlochzq or faster, they can be picked up by a near-field probe placed at

z ď 1{kBloch. This scenario corresponds to our 3-layer superlens measurements at

d “ 8cm; at longer distances these components are negligibly small and we observe

better agreement between the effective-medium simualtions and measurements.

2.2.5 Summary

In summary, we have demonstrated that a resonant array acting as an effective

medium with negative-definite magnetic permeability enhances near-field transmis-

sion of quasi-static magnetic fields between non-resonant magnetic loop antennas.

Significant enhancement is only seen at frequencies where at least one component

of effective magnetic permeability has a negative real part. The enhancements due

to different components of permeability tensor were investigated (Fig. 2.6) and it

was shown that the strongest effect is obtained when all three components of Repµq
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Figure 2.8: Simulated (A) and measured (B) transmission coefficients in dB scale
of a single-layer triple-negative MM, indefinite MM, and freespace for coil-to-coil
distances of 8cm (blue), 16cm (green), and 24cm (red). Simulated (C) and measured
(D) transmission coefficient in dB of the triple-layer superlens for the same distances.

are negative. We attribute this effect to the excitation of magneto-inductive sur-

face waves existing in triple negative permeability layers. Enhancements in power

transmission coefficient in the range of `15 to `30dB are observed for all transfer

distances from 8 – 24 cm; those transfer distances are 4 – 12 times greater than the

diameter of both transmitter and receiver coils.

2.3 Magnetic Field Shielding Using Longitudinal Mu-Near-Zero Meta-
materials

Excerpts of the discussion that follows are taken from the paper Quasi-Static Mag-

netic Field Shielding Using Longitudinal Mu-Near-Zero Metamaterials (Lipworth

et al. (2015)).

As discussed above, one of the challenges associated with a WPT system is man-

aging the stray fringing fields not captured by the Rx coil due to the divergence of

magnetic flux from the Tx coil. These fields pose a two-fold problem: in addition to

lowering the efficiency of the WPT system as dictated by eq.(2.1), they can adversely

affect some devices and the human body and should be suppressed if they exceed the
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exposure levels published by the International Commission on Non-Ionizing Radia-

tion Protection, ICNIRP (1998, 2010). While much metamaterial research effort on

WPT systems has focused on improving WPT efficiency by enhancing the coupling

between Tx and Rx coils, even more basic – yet potentially useful – functions for

metamaterials are magnetic shielding and reflecting.

Inductive WPT systems can shield magnetic fields by relying on metallic sheets

and/or active field cancellation methods working together with ferrites (Kim et al.

(2013)). However, when static magnetic fields need to be excluded from some region,

only inherently magnetic materials such as ferromagnetics and ferrites, or supercon-

ductors, can be used. That is because static magnetic field shielding is a phenomenon

that requires self-sustained, non-dissipating electric currents or magnetic moments,

which are only possible through quantum-mechanical effects. For low frequency mag-

netic fields, however, artificial, magnetic media based on classical electron conductors

can present an alternative medium that may offer advantages in certain scenarios.

Epsilon-, index-, and mu-near-zero (MNZ) metamaterials have drawn interest re-

cently due to their unique properties (Silveirinha and Engheta (2006); Alù et al.

(2007); Hao et al. (2010)). MNZ layers were discussed as means to construct perfect

absorbers (Zhong and He (2013); Jin et al. (2011)) and can potentially shield from

stray fringing fields. However, a shield acting as a reflector rather than an absorber

can improve efficiencies of WPT systems (Wu et al. (2013)). In the following dis-

cussion I show how a longitudinal mu-near-zero (LMNZ) layer can serve as a strong

frequency-selective reflector of magnetic fields when operating in the near-field region

of dipole-like sources.

2.3.1 Shielding With a Longitudinal Mu-Near-Zero Layer

To understand the potential opportunities of a metamaterial shield, we first consider

the Fresnel transmission and reflection formulas for a plane wave of the form eikxxeikzz
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incident on a planar slab of anisotropic, magnetic material, where kz “
a

k2
0 ´ k

2
x is

the longitudinal wave-number (normal to the slab), and kx is parallel to the slab (a

derivation of these formulas can be found in Appendix B):

T “
eikzδ

cos pqδq ´ i
2
p
µxkz
q
`

q
µxkz

q sin pqδq

R “

i
2
p

q
µxkz

´
µxkz
q
q sinpqδq

cos pqδq ´ i
2
p
µxkz
q
`

q
µxkz

q sin pqδq
.

(2.7)

Here, q “
a

k2
0εxµx ´ k

2
xpµx{µzq is the ẑ-component of the wave vector within the

slab medium, δ is the slabs thickness, and we only consider the transmission and

reflection coefficients for transverse electric (TE) (s-polarized) waves. The analysis

that follows was developed largely by Professor Smith.

Considering eq.(2.7), and adopting the notation µ1 “ Repµq and µ2 “ Impµq, we

see there are several possibilities for reducing the transmitted fields. For example,

if either |µ1x| " 1 or |µ2x| " 1, the denominator of T becomes large and the slab

thus prevents transmission of the field. While large magnetic permeability values

(up to « 1000) are available in ferrites and other soft magnetic materials, when

realistic ohmic losses in conductors are assumed, the relative permeability of electron-

conductor based metamaterials tends to be limited to about 100.

Fortunately, a second condition for reduced transmission occurs when the per-

meability takes values near zero. In fact, for TE polarization, it is necessary that

only the longitudinal component of permeability, µ1z, (but not µ1x) be close to zero.

Therefore, I continue the analysis assuming µz “ iµ2z and µx “ εx “ 1 and refer

to such a layer as longitudinal mu-near-zero (LMNZ) henceforth. For such a layer,

q « kxp1` iq{
?

2µ2z, and we see that

∣∣∣∣TTET vacTE

∣∣∣∣ « 4
a

µ2z exp p´
kxδ
?

2µ2z
q (2.8)
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where T vacTE “ exp p´kxδq is the transmission coefficient in vacuum, in the absence of

the metamaterial slab.

From eq.(2.8) we observe that, although plane waves at or near direct incidence

are not reflected, the LMNZ slab will block waves at oblique angles, which contain

significant portions of the energy transferred in WPT systems utilizing dipole-like

coils. In fact, from eq.(2.7) it is possible to estimate those plane wave components

having negligible transmission whenever the incidence angle exceeds the minimum

angle given by

sin pθminq “
a

pµ2zλq{pπδq (2.9)

The performance of the metamaterial shield, then, is roughly determined by its

thickness relative to the wavelength of operation, and the imaginary part of µz.

Interestingly, the shielding effect can be obtained regardless of the sign of µ1x. Very

similar expressions can be obtained assuming, for example, that µ1x equals -1 or any

negative value not too close to zero, and regardless of the magnitude of µ2x. The

strong anisotropy of magnetic permeability is, on the other hand, critical for the

|q|Ñ 8 shielding regime to exist, as this effect is not present when both µx and µz

are small; this phenomenon is illustrated in Fig. 2.9.

2.3.2 Implementation with a Lorentzian Metamaterial Layer

As was discussed in section 2.2.3, an artificial magnetic metamaterial comprises split

ring or spiral resonators has the generic, Lorentzian-like permeability of the form

µ “ 1´
Fω2

ω2 ´ ω2
r ` jωγ

, (2.10)

where there only difference between equations 2.10 and 2.4 is a symbolic one: here I

am representing the resonance frequency using ωr instead of ω0. This new notation

simplifies the discussion that follows: instead of marking the resonance frequency,

here ω0 will be used to denote the frequency at which µ1z “ 0.
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Figure 2.9: |q| (left), |T | (center), and |R| (right) are plotted for a layer that
is λ0{250 thick, as a function of µ1z and µ1x for kx ă k0 (top row) and kx ą k0

(bottom row). To observe the |q| Ñ 8 shielding regime, the metamaterial layer
must exhibit anisotropic permeability: only µ1z should be near-zero. Transmission
may still decrease when µ1x is near-zero as well, but |T | Ñ 0 is observed only in the
regions where |q|Ñ 8.

Using the dispersive form of µz, we can quickly assess the expected shielding per-

formance of the LMNZ layer as a function of ω, Q, and δ. An illustrative example is

shown in Fig.2.10, where I assumed a hypothetical LMNZ metamaterial slab of thick-

ness δ “ λ0{250. I computed T and R at ω0 (approximated as ω0 “ ωr{
?

1´ F q and

plotted T and R as a function of kx. While the most direct plane wave components

are not reflected, within the reactive near-field zone of a dipole-like source (such as a

coil), a significant amount of energy is contained in components with larger kx values

– including Fourier components with wavenumbers kx " k0 – such that the layer can

be expected to act as a strong reflector. Furthermore, calculations of T and R for

an isotropic slab with µ “ µz (dashed lines) support our analysis that only µ1z needs
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Figure 2.10: The TE transmission (left) and reflection (right) coefficients (eq.(2.7))
are plotted as a function of kx for a LMNZ layer (solid lines) and an isotropic layer
with µx “ µz (dashed lines). At frequencies away from ω0, transmission is high (gray
curve). When µ1z “ 0, transmission is significantly reduced (and reflection enhanced),
with larger attenuation for larger Q values. The LMNZ layer reflects almost as well
as the isotropic layer. The layer thickness here is assumed to be λ0{250, and the
shaded region corresponds to kx ą k0, where the angle of incidence is imaginary.

to be close to zero for effective shielding.

2.3.3 Unit Cell Design

Again, I faced the challenge of designing an ultra-subwavelength resonant unit cell;

this time exhibiting µ “ 0 at the 13.56MHz operation frequency. Unlike the su-

perlens structure, however, for this shielding application we use a sheet of resonant

metamaterial elements forming an anisotropic surface whose normal points along ẑ.

Starting with the double-sided, rotated-coil structure designed for the meteamate-

rial superlens (section 2.2.1), I used the field-averaging retrieval method discussed in

section 2.2.2 and iteratively scaled the design to modify its frequency response until

it exhibited µ1z “ 0 at the intended frequency. The final unit cell’s exact dimensions

are specified in Appendix A, and its retrieved permeability is plotted in Fig. 2.11A.

Professor Mathew Reynolds and his student, Joshua Ensworth, our research col-

laborators at the University of Washington, pointed out how – compared to con-

ventional ferrite or metallic shields that block frequencies indiscriminately – the
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Figure 2.11: (A) Unit cell geometry showing one side of the single-layer metama-
terial shield, as well as its retrieved permeability. (B) The harmonic metamaterial
shield design comprises two non-identical layers of double-sided coils separated by
a pre-impregnated layer (not shown). Its retrieved permeability exhibits µ1z “ 0 at
13.56MHz and its first harmonic. R, R1, and R2 are the spirals’ inner radius, W is
the width of each turn and G is the gap between turns; all relevant dimensions are
specified in Appendix A.

LMNZ layer’s frequency-selective behavior can be particularly useful in applications

requiring the shielding of certain frequencies but not others: for example, WPT ap-

plications involving a communication link for negotiating power delivery across the

link or as a safety interlock. While a simple, wideband ferrite or metallic shield

would also block the communication signal, a LMNZ shield can be designed to selec-

tively block the WPT delivery frequency with minimal effect on the communication

signal. To demonstrate the utility of such frequency-selective behavior, following

the single-layer shield, I directed my efforts toward designing a double-layer LMNZ

metamaterial that exhibits shielding not only at the operation frequency but also

at its first harmonic. Such frequency-selective behavior can be potentially useful for

shielding electromagnetic sources that may also generate higher order harmonics,
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Figure 2.12: When designing the double-layer harmonic LMNZ metamaterial, a
pre-impregnated (‘prepreg’) layer was included to separate the two layers.

while leaving the transmission of other frequencies unaffected.

Because each layer utilizes a double-sided coil, the layers with conductive elements

were separated and bonded by an insulating pre-impregnated layer (10 mil thick) of

Rogers 4450F (εr “ 3.52, δtan “ 0.004), as illustrated in Fig. (2.12). It is important

to note that due to the strong coupling between layers at such short distances, it is not

possible to take two single-layer metamaterials sheets that exhibit attenuation bands

at 13.56MHz and 27.12MHz when acting separately, and bond them with such a

thin prepreg layer; the resonances experience a strong red shift when the resonators

are brought that close together. Instead, I designed the desired first and second

harmonic attenuation bands with both layers already in place and separated by

the pre-determined prepreg layer. The final design utilized two layers with different

double-sided spirals: the first had 20 turns while the second had 8 turns. The design’s

geometry and retrieved permeability are shown in Fig. 2.11B.
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Figure 2.13: Attenuation factor (dB scale) vs. frequency of the measured LMNZ
metamaterial (solid blue line), simulated LMNZ metamaterial (dashed blue line),
measured harmonic LMNZ metamaterial (solid orange line), simulated harmonic
LMNZ metamaterial (dashed orange line), measured FAM3 flexible ferrite sheet (gray
disks), and measured copper sheet (black disks). The coil-to-coil distance in all cases
was 11cm.

2.3.4 2D Attenuation Simulations

To simulate the metamaterial’s attenuation capabilities I utilized the same 2D, ro-

tationally symmetric COMSOL geometry discussed in section 2.2.3. I used the re-

trieved permeability to simulate the shield as a slab with effective permeability ten-

sor µ “ r1, 1, µzs. Although the metaferrite’s physical thickness is about 10mil (the

thickness of its substrate), the integration length used in the field-averaging retrieval

(az in Fig. 2.3) was set to 2cm in order to capture more fields during the retrieval

process; the slab’s thickness in simulation was set to 2cm as well. Recall that we de-

fined the WPT transmission enhancement in eq.(2.6) as G “ T slab{T vac; to evaluate

the slab’s attenuation abilities we invert this ratio, yielding (in dB scale)

ApdBq “ ´10 log10

ˆ

T slab

T vac

˙

. (2.11)

The simulated attenuation factors for the single- and double-layer metamaterial

shields are plotted in Fig. 2.13 using blue and orange dashed lines, respectively,

for a coil-to-coil distance of 11cm.
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Figure 2.14: (left) A pair of the fabricated LMNZ metamaterial sheets, pho-
tographed by Dr. Paul Schmalenberg from the Toyota Research Institute of North
America. (right) A LMNZ sheet positioned between the small, non-resonant, Tx/Rx
coils.

2.3.5 Transmission Measurements

To experimentally verify the attenuation capabilities of a LMNZ metamaterial, I

used standard PCB fabrication techniques to tile the unit cells and produce a LMNZ

sheet 40cm ˆ 40cm in size. Joshua Ensworth (of Professor Mathew Reynolds’ lab)

positioned the sheet between the same non-resonant Tx/Rx coils used for the mag-

netic superlens experiments (formed by winding a copper wire with cross-sectional

diameter of 1.6 mm into a loop of radius 1 cm), connected the coils to ports 1 and

2 of an Agilent VNA, and recorded the S-parameters with and without the LMNZ

sheet as was done for the superlens transmission measurements. To remove the

losses associated with the mismatch between the VNA and coils when calculating

the transmission coefficient, we again used the measured S-parameters to compute

the max transducer gain as outlined by Pozar (2004). The fabricated LMNZ sheets

and the experimental setup can be seen in Fig. 2.14, and the measured attenuation

factors are plotted along the simulated results in Fig. 2.13 for the same coil-to-

coil distance (11cm). To compare our LMNZs shielding abilities with commercially
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available solutions, we repeated the measurements with a sheet of FAM3 (a flexible

absorbent material obtained from Digi-Key for the suppression of EMI, resonance,

and coupling) as well as a sheet of Rogers 3003 substrate, clad with 0.5oz copper

(17µm thick) on both of its sides. The dimensions of both sheets (40cmˆ40cm and

10mil thick) were identical to our LMNZ layer, and their measured attenuation fac-

tors are plotted in Fig. 2.13 for the same coil-to-coil separation. Here I would like

to note that while our LMNZ metamaterial is formed from 1oz copper (35µm thick)

and the copper sheet is clad with 0.5oz copper (17µm thick), the total amount of

copper found in both is close to identical (about half the copper is etched away in

the process of fabricating the metamaterial elements).

The agreement between the simulated and measured metamaterial behavior is

excellent across the measured spectrum, for both the single-frequency and harmonic

LMNZ layers. Attenuation with the LMNZ metamaterial at the 13.56MHz opera-

tion frequency outperforms the copper and ferrite sheets by about 7dB and 15dB,

respectively; the latter is outperformed by 5dB – 15dB across a bandwidth of several

MHz. With the harmonic LMNZ layer we observe peak attenuations of 12dB and

10dB at 13.67MHz and 27.6MHz, respectively – within excellent range of our target

frequencies. Note that the dip in attenuation near 12.5MHz corresponds to enhanced

transmission resulting from the µ1 « ´1 superlens effect discussed in section 2.2.

2.3.6 2D Reflection Simulations

In section 2.3.2, I discussed the transmission and reflection coefficients (T and R,

respectively) associated with a wave incident onto a LMNZ layer realized by a

Lorentzian material. While I did not explicitly state it there, the analytical trans-

mission and reflection coefficients plotted in Fig. 2.10 exhibit high reflection when

transmission is low, and vice versa. Because R and T add to a value very close to 1,

it appears that absorption, defined as 1 ´ T ´ R, does not play a major role in the
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reduced transmission through a LMNZ layer. Then, in section 2.3.5, I discussed ex-

perimental transmission measurements with the LMNZ layer, and the excellent level

of agreement observed between these experiments and simulations. While they in-

deed supported the theory that a Lorentzian LMNZ layer can suppress transmission,

I note that these experiments did not necessarily clarify if the reduced transmission

was observed due to increased reflection, absorption, or both. Here, I briefly dis-

cuss simulations that shed light on the question, and introduce studies that can be

experimentally implemented for future research.

To study whether the LMNZ layer indeed enhances the reflected fields while at-

tenuating the transmitted fields, I returned to the 2D rotationally-symmetric COM-

SOL geometry described previously. The LMNZ layer and the Tx coil are modled,

respecitvely, as a disk and a point current source revolving around the z-axis. I

measured the ẑ-component of the reflected fields, ẑ|HR|, across an imaginary line

parallel to and on the same side of the shield as the Tx coil, and the transmitted

fields, ẑ|HT |, on the other side of the shield relative to the Tx coil. I repeated these

field measurements with and without the LMNZ layer, and defined the transmission

and reflection enhancement factors according to

GT “ ẑ
∣∣∣Hshield

T

Hvac
T

∣∣∣2
GR “ ẑ

∣∣∣Hshield
R

Hvac
R

∣∣∣2, (2.12)

where 0 ď G ă 1 and G ą 1 indicate the fields were attenuated or enhanced,

respectively, with the shield present. If the shield attenuates transmission while

reflection remains low, we may conclude that a rise in absorption is responsible for

the LMNZ layer’s shielding effect. If, instead, the attenuation in transmission is

accompanied by enhanced reflection, we could conclude the layer indeed acts as an

effective reflector when shielding the fields. For the purpose of this study, the Tx
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coil was positioned 8cm above the shield, and ẑ|HR| and ẑ|HT | were measured along

z “ ˘16cm, marked in Fig. 2.15A as two horizontal lines above and below the shield.

I plot the computed transmission and reflection enhancement factors (in dB scale)

in Fig. 2.15B and 2.15C, respectively, as a function of both frequency and position

ρ. The dotted black lines in both figures mark the frequency 13.56MHz, where µ1z

is approximately zero. As expected, just below that frequency we observe enhanced

transmission, which corresponds to the superlens effect an indefinite medium with

µ1z ă 0 exhibits, as discussed in section 2.2.3. At about 13.56MHz and near ρ “ 0 we

observe attenuated transmission, which agrees with the results discussed previously

in section 2.3.5. Of greater interest to the current discussion are the reflected fields

plotted in Fig. 2.15C. We observe significant enhancements in the reflected fields

near 13.56MHz, where transmission is reduced; also, we observe reduced reflection

below 13.56MHz, where transmission peaks. However, these effects occur at different

positions along ρ, and neither is observed at ρ “ 0. To study the overall effect of the

LMNZ layer on HT and HR as a function of frequency alone, I summed G across all

positions according to

GT pfq “
ÿ

ρ

pGT ´ 1q

GRpfq “
ÿ

ρ

pGR ´ 1q,

(2.13)

where the -1 term is included to ensure attenuated fields subtract from the sum while

enhanced fields add to it.

The results (in linear scale) are plotted vs. frequency in Fig. 2.15D, where,

once again, a dotted black line denotes 13.56MHz. Here, it is easier to observe the

relationship between the transmitted (blue line) and reflected (red line) enhancement

factors. We see that ẑ|HT | dips at 13.56MHz, where µ1z « 0, and peaks slightly below

that frequency, approximately where µ1z “ ´1. At the same time, the reflected fields
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exhibit a dip where transmission peaks, but the peak in reflection does not coincide

exactly with the dip in transmission. Still, ẑ|HR| is enhanced at 13.56MHz. As a

reference, in Fig. 2.15E I plot the retrieved µz used in these simulations to model

the LMNZ layer.

These simulation results indicate the reflected fields are directed away from the

shield’s center. For that reason, an experiment similar to the one discussed in section

2.3.5, where both Tx and Rx coils were aligned coaxially with the shield’s center

at ρ “ 0, may not be an effective method to study the behavior of the reflected

fields. Instead, such a study may require a more complicated experiment in which

the position of the Rx coil is scanned in space in order to capture the reflected

fields at different positions. These results indicate there is room for further WPT

studies exploring the optimized positioning of the coils and shield. Future research,

for example, can investigate alternative shield shapes or coil configurations that may

prove more efficient than the current flat LMNZ layer or coaxially-aligned the Tx/Rx

pair.

2.3.7 Summary

To summarize, I have shown that a LMNZ layer – an anisotropic metamaterial slab

with effective permeability µz « 0, where ẑ is normal to the slab – is capable of re-

flecting magnetic fields with wave vector components parallel to the slab. We expect

such a metamaterial to be particularly useful as a magnetic shield in WPT applica-

tions relying on dipole-like magnetic coil antennas; such systems operate within the

reactive near-field zone of their source where much of the transmitted field energy

is contained in fields with oblique wave vector components. Measurements of the

LMNZ layer shielding performance (and of copper and FAM3, a commercially avail-

able flexible ferrite material) utilized two small non-resonant magnetic coils; exper-

imental results indicate that the metamaterial, while much lighter than an equally
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large sheet of FAM3, outperforms the commercial ferrite by 5dB – 15dB across a

bandwidth of 1–3 Megahertz near its intended operation frequency. Furthermore,

we designed, fabricated, and measured a multi-layer LMNZ metamaterial exhibiting

shielding both at 13.56MHz and its first harmonic.
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Figure 2.15: (A) The rotationally-symmetric geometry was used again in COM-
SOL Multiphysics to study the LMNZ slab’s effect on the reflected fields. As before,
the Tx coil was simulated as a point current source rotated around the symmetry
axis. Here, this Tx coil was positioned 8cm above the z-axis. The LMNZ shield was
modeled as an indefinite homogeneous layer with resonant µz component. The re-
flected and transmitted fields (ẑ-component) are measured at z “ ˘16cm above and
below the slab, respectively, across the line spanning 0 ď ρ ď 40cm. Transmission
(B) and reflection (C) enhancement factors, are plotted in dB-scale vs. frequency
and position ρ. (D) Transmission (blue) and Reflection (red) enhancement factors,
summed across all values of ρ at each frequency. (E) The resonant z-component
of the MM permeability tensor. In plots (B)-(E), the dotted black line marks the
frequency where Repµzq “ 0.
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3

Metamaterial Apertures for Millimeter Wave
Coherent Computational Imaging

3.1 Background

Excerpts of the following discussion can be found in the manuscript Metamaterial

apertures for coherent computational imaging on the physical layer by Lipworth et al.

(2013a), as well as the manuscript Comprehensive Simulation Platform for a Meta-

material Imaging System, submitted to OSA’s Applied Optics.

Imaging systems based on incoherent light can record an image by populating the

image plane with a finite array of fixed detectors that measure information about the

scene in parallel, or by mechanically scanning a smaller number of detectors to syn-

thetically form an aperture and acquire the information sequentially. Either method,

when used by an incoherent imaging system, typically requires a potentially complex

system of optics to transfer the scene information to the aperture. Imaging systems

which rely on coherent light, on the other hand, do not require a system of optics;

only a single surface comprising the aperture is required for a coherent imaging sys-

tem, making the coherent system relatively easy to model and analyze. Additionally,
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such systems can provide depth information from phase coherent measurements.

Regardless of the method we use, the system’s aperture and operation frequency

dictate its resolution limit, which can be calculated in range (δr) and cross-range

(δcr) according to (Richards (2005)):

δr “
c

2B

δcr “
λR

D

, (3.1)

where B is the bandwidth, R is the distance between the aperture and the scene, and

D is the aperture size. This finite resolution limit effectively divides the scene into a

finite number N of pixels (for 2D scenes) or voxels (for 3D volumetric scenes), which

implies we can represent the scene digitally without the loss of fidelity. In addition,

the order and manner in which the imaging system accesses these voxels are flexible.

One straightforward method for coherent image formation, known as raster scanning,

is to generate a pencil-beam that illuminates a single pixel and scan the beam to

interrogate the N pixels in the scene. While this method is arguably the most

intuitive, with no prior knowledge of the scene presumably any M “ N measurement

modes should suffice to recover the scene providing their spatial overlap is sufficiently

distinct. In the case when knowledge of the scene does exist, Brady (2009) has shown

that certain measurement modes may be superior to others, depending on (among

other things) which classes of objects within the scene are of interested and how

information is distributed within the scene. Furthermore, it may be possible to

recover all necessary information about the scene with M ă N measurements. As

demonstrated by Brady et al. (2009) and Cull et al. (2010), by using an optimal set

of measurement modes we can recover natural scenes with M ! N measurements,

since such scenes are known to be compressible in some basis.

A fully reconfigurable aperture that can selectively generate the optimal set of M

measurement modes for the scene it interrogates, then, introduces exciting imaging
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capabilities. In principle, one example of such a reconfigurable aperture is a phased-

array system: an array of antennas in which the user has control of the relative

phases of the signals feeding the antennas, thus enabling design of the array’s radia-

tion pattern. However, the drawbacks that have inhibited phased-array prevalence in

applications are its significant cost, weight, and power requirements necessary for im-

plementing the number of sources, phase shifters, and associated amplifiers circuitry

required to generate M measurement modes. The reality that the M measurement

modes are of consequence and not necessarily the methods for forming or detecting

them suggests that we may seek new computational imaging modalities for coherent

light that can potentially provide similar functionality, but with reduced cost and

complexity.

Holographic optics provide one such alternative modality. Introduced by Gabor

et al. (1948), a hologram is a recorded series of fringes formed by interference of

a reference beam with a scattered field. When a reference beam illuminates the

hologram it produces a desired pattern of light which, in the context of this discussion,

can be considered a measurement mode. Computer generated holograms (CGH,

King et al. (1970)) can be designed without scattering from actual objects, thus

permitting the design of masks that produce almost any type of measurement mode

when illuminated by a reference wave. Potentially, then, we can use a sequence of

such holograms to create measurement modes that we have optimized for the scene’s

characteristics. A related approach using incoherent light was demonstrated by Chan

et al. (2008), who created different measurement modes from the diffraction patterns

of binary masks with opaque and transparent regions.

While traditional holograms have been recorded by exposing photo-sensitive films

to the interfering fields, diffractive optical elements were recently designed by Levy

et al. (2005), Freese et al. (2010), Tsai et al. (2011), and Larouche et al. (2012) using

artificially structured metamaterials. Metamaterials are advantageous for two key
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reasons: first, they offer electromagnetic properties which are difficult or impossible

to find in naturally occurring materials. Second, as demonstrated by Chen et al.

(2006), metamaterials present a potential for dynamic tuning which could equip a

low-cost holographic aperture with a level of control on par with that of a phased-

array.

One particular implementation of holographic imaging using metamaterials at

microwave frequencies, which serves as the subject of the present analysis, is that

of a guided-mode metamaterial imager (henceforth metaimager) that radiates via

coupling a guided wave to a set of resonant, metamaterial elements distributed along

the propagation path (Hunt et al. (2013)). The metaimager is a single-pixel device

that performs sequential measurements of a scene using a frequency-based encoding

of the measurement modes. The resulting aperture produces a sequence of illumi-

nation patterns that vary rapidly as a function of frequency and are well suited for

compressive imaging of canonically sparse scenes. The advantage of imaging using

frequency diversity is that a series of measurement modes can be obtained using

a single frequency scan, avoiding mechanical scanning, multiple detectors, or even

reconfigurable elements. Moreover, for metal targets, the reflectivity and other in-

herent properties of the metal do not vary much over the microwave or millimeter

wave spectrums. RF waves generated by the metaimager aperture across either

frequency band, then, can be used to achieve range as well as cross-range infor-

mation; effectively, they allow three-dimensional, tomographic type images to be

reconstructed from a single, coherent aperture. Experimental demonstrations of the

metaimager aperture at microwave frequencies, which have relied on one or more

metamaterial apertures to illuminate a scene and a low-gain probe to capture the

backscattered fields, have included a microstrip aperture (Hunt et al. (2013)) which

produced low resolution images of point-like targets in one angle and in range, as

well as a parallel-plate aperture (Hunt et al. (2014)) that produced images over the
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entire three-dimensional volume of scene space (range and cross-range). The follow-

ing discussion focuses on the parallel-plate setup used in the current metaimager

implementation, which comprises a double-sided, copper-plated, low-loss substrate

with metamaterial elements etched into the top plate. The waveguide mode is ex-

cited using a coaxial probe inserted into the center of the panel, and the aperture’s

periphery is terminated with a reflective material to prevent undesired field leakage;

an assembly diagram showing the various panel components is shown in Fig. 3.1.

3.2 Comprehensive Simulation Platform

Computational imaging approaches lead to the abstraction of the aperture concept,

allowing many more imaging paradigms to be considered than are available with con-

ventional approaches. In a computational imaging scheme, a much greater emphasis

is placed on the forward model, which describes the fields radiated from the aperture

and their scattering from targets in the scene. The more detailed and accurate the

Figure 3.1: (not drawn to scale). Each aperture is formed by etching metamaterial
elements into the top plate of a double-sided copper-plated dielectric layer. A coaxial
SMA probe inserted through the ground plane into the substrate and soldered to the
top plate excites the guided mode. A capacitive gap around the soldering joint
improves impedance matching. A reflective layer (not shown) terminates the panel’s
periphery to prevent leakage.
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forward model is, the more relaxed the physical hardware constraints associated with

the aperture, allowing greater design freedom and potentially the use of less expen-

sive materials and components. I already discussed the two common approaches to

the formation of a coherence aperture: the first uses a dense array of sources and re-

ceivers positioned over an area to form a ‘real aperture’, while the second physically

scans a single antenna (or pair of transmit/receive antennas) over an area to form a

‘synthetic aperture’. Both approaches share a simple description of the radiating an-

tenna: the radiation pattern of the synthetic aperture can be modeled as a dipole, or

a similarly simple analytic expression, with the set of distinct measurements indexed

by the set of locations of the antenna (Charvat and Kempel (2006); Moreira et al.

(2013)). In the ‘real’ aperture, the collection of antennas that are distributed over

the aperture can be modeled as a set of dipole radiators, with the assumption that

the phase and amplitude of each element are variable. In the context of beam form-

ing, array factor mathematics for phased arrays and electronically scanned arrays

(ESAs) are well known, and can provide useful forward models for computational

imaging schemes (Mailloux (1994); Fenn et al. (2000)).

Unlike either synthetic aperture or phased array systems, the metaimager’s mode

patterns are extremely complex and cannot be easily predicted by analytical meth-

ods. These complex modes are a result of interactions between the fields radiating

from the aperture’s metamaterial irises, which are patterned with a random spatial

distribution of resonance frequencies such that as we sweep the operation frequency,

different subsets of irises are excited. The specific details of the metamaterial ge-

ometry that determined the elements’ resonance frequencies will be discussed at a

later section and are unimportant in the scope of modeling and understanding the

system’s underlying imaging behavior. What is of importance is that similar to the

synthetic aperture or phased array systems, each of the radiating elements can be

modeled as a magnetic dipole. Unique to the frequency diverse metaimager, how-
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ever, each of the metamaterial irises is assumed to possess a frequency-dependent

polarizability, such that at each frequency the waveguide mode couples distinctly to

each of the resonators forming the aperture.

The ability to model the metamaterial aperture and the associated radiated fields

is paramount to the design and optimization of a metamaterial imaging system.

However, full-wave simulations of the metaimager using typically available methods

can be time-consuming and impractical, because the aperture’s dimension is large

relative to the wavelength while its metamaterial irises are significantly smaller than

the wavelength; during the metaimager’s iterative design process, the computational

burden becomes even greater. Therefore, we desire a numerical method that reduces

the model complexity without sacrificing the salient features of the system.

3.2.1 Personal Contributions

Spearheading the development of this numerical modeling tool, which we have nick-

named ‘The Virtualizer’, was one of the first projects I was tasked with when our

group began investigating how metamaterial apertures can be used for computational

imaging purposes. However, many researchers from several groups have contributed

(and continue to contribute) to the Virtualizer’s development. To clarify what my

personal contributions have been, I have listed them below. These contributions

culminated in the publication of the manuscript Metamaterial apertures for coherent

computational imaging on the physical layer (Lipworth et al. (2013a)), which pro-

vided the foundation for computational imaging with metamaterial apertures based

on frequency diversity. The specific details behind these items are explained in the

discussion that follows, as well as the aforementioned manuscript.

• Modeled the aperture’s irises as dipoles with Lorentzian permeability ¯̄αpω0, ω,Q, F q

and a random spatial distribution of resonance frequencies
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• Simulated excitation of these dipoles by the guided mode supported between

the aperture’s parallel plates

• Computed the frequency-diverse field patterns radiating from such dipoles and

illuminating the scene

• Modeled reflective objects in the scene as collections of isotropic point-scatterers

• Derived the forward model governing the formation of the measurement vector

g for discretized scenes using the measurement matrix H

– At the time of publication of Lipworth et al. (2013a), the forward model

was computed using scalar field quantities, assuming only the radiated

fields’ dominant polarization

– In addition, the forward model’s initial derivation assumed a narrow field-

of-view

• Demonstrated how the average mutual coherence of H can be used as a figure-

of-merit for the measurement matrix’s expected imaging capabilities

• Showed how, even when the irises’ Q-factor was limited, mode diversity could

be improved by introducing variability to the aperture’s guided mode

– Based on this notion, the first generation of our imaging system (described

in Hunt et al. (2014)) utilized panels excited from multiple locations se-

quentially

• Simulated scene reconstructions assuming a monostatic, single-aperture setup

using measurement matrices in both the canonical as well as Haar-wavelet bases

Following the publication of (Lipworth et al. (2013a,b)), the suite of MATLAB

functions I developed was shared with Evolv Technology for the purpose of com-
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mercializing a comprehensive simulation platform to go along with a computational

imaging system the company was developing. There, CMIP alumnus Dr. Alec

Rose and associated subcontractors updated the model to accurately capture the

vector nature of the fields, simplified the coordinate system bookkeeping associated

with measurements from multiple apertures, and enabled graphical processing units

(GPUs) utilization for faster, parallel computation. In addition, the updated model

allowed us to trivially exchange the fictitious, virtual, dipoles used for modeling arbi-

trary apertures, with imported dipoles – dipoles extracted from fields measured from

actual physical apertures. Thus, the updated model was capable of both studying

the qualitative behavior of new and theorized apertures, as well as generating quan-

titatively accurate results from existing, experimentally characterized systems. In

the following sections, I discuss derivations and details of these updates, as well as

imaging results with simulated and experimental apertures. These topics are also

discussed in the manuscript Comprehensive Simulation Platform for a Metamaterial

Imaging System, currently under peer-review at OSA’s Applied Optics journal.

Finally, I finish this section of the chapter with a simple example that illustrates

the utility of our Virtualizer: the analysis of a bistatic imaging system’s sensitivity

to misalignments of its antennas’ positions. To be clear, the Virtualizer has been

used extensively by my labmates for many studies concerning our imaging system

– including, but not limited to: the effect of the elements’ Q-factors, distribution,

and density; the number and locations of Tx and Rx apertures; and the orientation

and distribution of the apertures in space. Here, I chose to discuss the system’s

sensitivity to misalignment as an example because this was an actual problem we

have encountered early on in our experiments, and clearly shows our Virtualizer’s

utility when dealing with simulated and experimental imaging systems.
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3.2.2 The Forward Model

While the technique I describe in this section is applicable to a wide variety of

aperture configurations, I focus here on one particular implementation: the bi-static

imaging system, based on a set of metamaterial panels and low-gain probes, as il-

lustrated in Fig. 3.2. This configuration was chosen because at a later part of the

chapter I will compare the model’s predictions with an experimental implementa-

tion of this setup. The bi-static system consists of metamaterial panels that, when

combined, serve as the aperture for the system. The panels are used as transmit

(Tx) antennas, with low-gain open-ended waveguide (OEWG) probes serving as the

receive (Rx) antenna. The metamaterial panels are excited by a waveguide mode

launched by a simple probe that extends into the waveguide section and launches a

cylindrical field distribution. The driving waveguide mode excites the metamaterial

elements etched into the top plate, which couple energy from the waveguide to free

space (Falcone et al. (2004)). The collective radiation pattern emerging from the

aperture illuminates the scene with a waveform whose spatial pattern is complex

and varies as a function of the driving frequency. The backscattered fields captured

by the Rx antenna at every frequency constitute the set of scene measurements;

standard computational imaging methods can then be applied to reconstruct the re-

flectivity of targets within the scene. To develop the numerical model describing the

metamaterial elements and their collective radiation pattern, I introduce the concept

of virtual dipoles used to model the metamaterial elements and compute the complex

radiation patterns generated by metamaterial apertures

Virtual Dipoles

To model the metamaterial aperture, we must model the waveguide mode; the in-

teraction of the waveguide mode with the polarizable metamaterial elements; and,

finally, the fields radiated from the elements. In the actual fabricated metamaterial
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Figure 3.2: Metaimager panels illuminate a reflective target (one at a time), and
low-gain probes captures back-scatter components. A guided mode is excited in the
metaimager panels substrate and leaks via resonant cELC elements, which we model
as magnetic dipoles with moment m̄. The vectors ρ̄ and r̄ mark locations on the
aperture plane and scene, respectively.

sample, the metamaterial resonators are patterned complementary electric inductive-

capacitive (cELC) elements. As radiating elements, cELCs have been shown to ex-

hibit a magnetic dipole response when excited by an appropriately-oriented magnetic

field, such as the guided field found between the plates (Hand et al. (2008); Landy

et al. (2013)). While the details of the fabricated cELCs are discussed at a later

point, for the scope of the current model it is sufficient to treat the cELC irises as

magnetic polarizable dipoles, with a dipole moment given by

m̄n “ ¯̄αnH̄pρ̄nq, (3.2)

where H̄pρ̄nq is the guided magnetic field at the location of the nth dipole and ¯̄α is

the dipole’s polarizability tensor. For simplicity, I assumed all of the tensor elements

of ¯̄α are zero except for one (or more) of its diagonal entries, which are chosen to

correspond to the dipole orientation (for example αyy for ŷ-polarized dipoles). The
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non-zero entries are assigned a Lorentzian frequency response

αii “
Fω2

ω2
0 ´ ω

2 ` jωγ
, (3.3)

where ω0 “ 2πf0 is the dipole’s angular resonance frequency, γ “ ω0{p2Qq, Q is the

quality factor, and F represents a coupling factor between the incident magnetic field

and induced dipole moment (Lipworth et al. (2013a)); values consistent with realistic

Lorentzian parameters can be obtained from full-wave simulations of metamaterial

elements (Landy et al. (2013)). The aperture model is relatively unsophisticated,

as it assumes the scattering from the metamaterial elements does not perturb the

waveguide mode, and also neglects interactions between the metamaterial elements.

To account for these additional effects without resorting to full-wave solvers, more

complex, quasi-analytic tools can be applied, such as the discrete-dipole approxima-

tion (DDA) (Johnson et al. (2014)). Such methods are a necessary next step for

a fully predictive forward model, in which a designed aperture would be expected

to function exactly as simulated. To understand the basic, generic operation of an

aperture design, however, the simplest, non-interacting dipole approximation pro-

vides a reasonable framework. Moreover, since actual fields measured from samples

can be imported and reduced to effective dipole sources, all interactions and details

are inherently included when using the modes from actual samples. Thus, I do not

pursue the more refined models in this discussion.

The manner in which we excite the metamaterial irises relates to the field distri-

bution of the mode that propagates within the parallel plate waveguide. The method

we currently use is the introduction of a probe into the guide, which launches a guided

mode with cylindrical phase fronts into the substrate between the plates. Treating

the exciting probe as a line source along x̂ at location ρ̄inj, the guided magnetic field
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is given by (Balanis (2012))

H̄pρ̄q9x̂ˆ
ρ̄´ ρ̄inj
|ρ̄´ ρ̄inj|

H
p2q
0 pk|ρ̄´ ρ̄inj|q, (3.4)

where H
p2q
0 is the first-order Hankel function of the second kind.

Radiation Pattern

We can compute the electric field illuminating the scene through superposition of

the fields radiated from all dipoles. While in (Lipworth et al. (2013a)) these fields

were computed as a scalar quantity and represented in a spherical coordinate system

centered at the apertures center, here I adopt a Cartesian coordinate system shared

by all antennas and use the complete Greens function to express the fields at location

r̄ in the scene (Jackson (1962)):

Ēpr̄q “ i
ωµ0

4π

ÿ

n

pm̄n ˆ r̂q

ˆ

ik

|Rn|
´

1

|Rn
2|

˙

ep´ik|Rn|q (3.5)

where Rn “ r̄ ´ ρ̄n. This notation allows us to account for the field polarization, as

well as simplify the mathematical bookkeeping needed for multiple apertures.

Power Normalization

It is convenient to normalize the radiated fields according to

Ēpr̄q “ Aēpr̄q

H̄pr̄q “ Ah̄pr̄q
(3.6)

such that when integrating over some closed surface surrounding the system we

obtain

1

2

¿

S

ēpr̄q ˆ h̄˚pr̄q ¨ dŝ “ 1, (3.7)
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meaning the total power in this mode is given by |A|2. Such a normalization is

desirable because it allows us to specify the power radiated from the aperture in

a simple manner using the parameter A, without having to worry about energy-

conservation complications arising from the power put into the waveguide or the

dipoles coupling. To achieve this normalized mode power we first approximate P0,

the total power radiated from the dipoles, according to

P0 «

ˆ

k4Z0

12π

˙

ÿ

n

|m̄n|2, (3.8)

and compute the mode amplitude as

|A|2 “ P0{η, (3.9)

where η P r0, 1s is the aperture efficiency. Then, we replace the dipoles of eq.(3.5)

with the ‘normalized’ dipoles

m̃n “
m̄n

A
. (3.10)

Dr. Alec Roses’ derivation of the power formula in eq.(3.8) is presented in Appendix

C; additional relevant discussion can be found in Bekefi and Barrett (1977) and

Feynman et al. (2013). Lastly, I note that while the method discussed here does

not model attenuation in the guided mode due to radiation from the elements, I can

mimic this effect by increasing the dielectric loss when solving eq.(3.4).

Modeling the Measurements

The fields radiated from the Tx aperture illuminate the scene, and the portion of

these fields that is reflected from the scene and collected by the Rx antenna consti-

tutes a measurement. To emulate the entire imaging system, the signal measured

by the receiver must be computed, necessitating the introduction of a scattering

model for target objects. Exact modeling of the scattering using standard numerical
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techniques, such as boundary elements or finite difference, would require consider-

able computational time. Fortunately, the scattering from most targets of interest in

the context of RF imaging can be well approximated using perturbative techniques,

allowing for fast and highly accurate scene reconstructions.

For the scattering model, objects in the scene space are treated perturbatively as

local current densities J̄ induced by the incident fields. These currents are then used

as effective sources to calculate the distribution of fields scattered from the object

and illuminating the Rx aperture. In the following formulation I use the superscripts

T and R to signify transmit and receive, respectively. Note that within this approx-

imation, I assume the incident field distribution is not perturbed by the induced

currents, and that the induced current density at one location is not altered by the

influence of fields scattered from current densities at other locations. The scene sim-

ulation can then be broken into self-contained steps: calculation of the transmitted

fields; calculation of the induced currents; and calculation of the scattered fields.

In setting up the scattering model, we note first that in the absence of any target

in the scene, and with only one Tx and one Rx aperture operating at one frequency

(and a single feed point), there are four modes to be considered: two supported

by the Tx aperture, and two supported by the Rx aperture. These modes are the

entering and exiting modes at each aperture, which are simple time-reversed versions

of each other. The following derivation is written in terms of the exiting modes –

even though it is the entering mode of the receiver that is excited. The entering

modes can be found from a simple conjugation of the exit modes.

Target objects in the scene can then be introduced perturbatively as current den-

sities excited by the Tx aperture. We find it convenient to formulate the scattering

model using Lorentz reciprocity (Liu (2005)), which can be stated as follows:

∇ ¨ rĒR˚

ˆ H̄R
s “ ´J̄ ¨ ĒR. (3.11)
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Substituting the normalized fields from eq.(3.6), and applying a volume integral over

all space as well as the divergence theorem, we obtain

AR
¿

S

rēR
˚

ˆ h̄Rs ¨ dS “ ´

ż

V

J̄ ¨ ēRdV, (3.12)

which, when substituting the expression from eq.(3.7) for the surface integral, neatly

compacts to

AR “ ´
1

2

ż

V

J̄ ¨ ēRdV. (3.13)

The Tx field induces the current density J̄ throughout the volume of the target

object. We assume that the resulting current density at any location is directly

proportional to the incident electric field (first Born approximation) (Mandel and

Wolf (1995)), or

J̄pr̄q “ σpr̄qĒT
pr̄q “ σpr̄qAT ēT pr̄q, (3.14)

where the constant of proportionality corresponds to the local conductivity, σpr̄q.

We thus arrive at the expression

AR “ ´AT
1

2

ż

V

ēT pr̄q ¨ ēRpr̄qσpr̄qdV. (3.15)

Distinct illumination patterns, or measurement modes, can be generated using dif-

ferent driving frequencies or by using different probe locations on the metamaterial

apertures. We can thus index measurements generally based on frequency and/or

probe location. Defining the ith measurement as gi “ ARi {A
T
i then from eq.(3.15) we

arrive at the integral expression

gi “
1

2

ż

V

ēT pr̄q ¨ ēRpr̄qσpr̄qdV

“

ż

V

Hpr̄qσpr̄qdV.

(3.16)
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Equation (3.16) represents the integral version of the forward model, where we see

that the effective system transfer function consists of the vector product of the Tx

and Rx fields. Image reconstruction, then, amounts to inverting eq.(3.16) and deter-

mining the target object conductivity from the set of measurements tgiu.

Discrete formulation and energy conservation

For numerical computations, I must decompose the scene into discrete voxels and

replace the integral with a sum. If the scene is discretized into NV voxels, each of

volume V0, and each is assumed to reflect as a point-scatterer from its center at r̄j

such that

σ “ V0

NV
ÿ

j“1

σjδpr̄ ´ r̄jq, (3.17)

then the integral of eq.(3.15) reduces to the discrete form

AR “ ´AT
V0

2

NV
ÿ

j“1

ēTj pr̄q ¨ ē
R
j pr̄qσj. (3.18)

From the perspective of perturbation theory, the above formalism is only valid when

the perturbation is small, which will not necessarily hold for all target objects of

interest. As a result, certain objects or collections of objects may result in the scene

scattering more energy than it receives; therefore, I must introduce a limit on σ so

that energy conservation is approximately maintained. To do so, we first consider

the power delivered to a point in the scene by the transmitting panel, or

∇ ¨ rĒT
ˆ H̄T˚

s “ ´J̄ ¨ ĒT˚

“ σ|ĒT |2. (3.19)

Integrating eq.(3.19) over a voxel of volume V0, we impose the condition that an

amount of power of no more than approximately A0Ē
T ˆ H̄T˚

can be absorbed (here

A0 is the area of one face of the voxel). Thus,

A0Ē
T
ˆ H̄T˚

ě V0σ|ĒT |2. (3.20)
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If we make the far-field approximation that HT “ p1{Z0qE
T , we find a natural limit

on σ:

0 ď |σ| ď A0

V0Z0

. (3.21)

This suggests the definition of a unitless, fractional scattering coefficient f of the

form

f “ ´σ
V0Z0

A0

(3.22)

where 0 ď |f |2 ď 1. It should be noted, however, that due to the approximations

in the Born model, both the limit and the interpretation are not strict in any sense.

Rather, this description suggests a more appropriate representation of the scene

compared with the conductivity, σ, which was introduced initially as a notational

convenience.

Following the scene discretization and energy conservation steps outlined in equa-

tions (3.17)-(3.21), and defining

κ0 “
1

2

A0

Z0

, (3.23)

and

Hij “ κ0ē
R
i pr̄jq ¨ ē

T
i pr̄jq, (3.24)

I can rewrite the measurements using the standard matrix notation common in com-

putational imaging (Brady (2009)):

g “ Hf ` n. (3.25)

Here H is known as the measurement matrix whose rows and columns correspond

to different measurements and locations in the scene, respectively, κ0 is just a nor-

malizing constant ensuring H is unitless, and n represents a noise term.
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Imported Dipoles

While the ability to simulate metamaterial apertures with arbitrary patterns of res-

onators is crucial in the design process, of equal importance is the capability to

confirm the imaging performance of fabricated apertures. One means of enabling

comparisons of fabricated apertures with simulated apertures is to extract a set of

equivalent source dipoles – or imported dipoles – that give rise to the field patterns

produced by the fabricated samples; we can compute these imported dipoles from

measurements of the fabricated aperture’s radiated field pattern. We perform such

measurements using a planar, microwave near field scanning device and an OEWG

probe to sample the fields over a grid of points on a plane parallel to and several

wavelengths in front of the aperture (Gregson et al. (2007); Yaghjian (1986)). From

these near field scans I extract a set of equivalent dipole sources through the use of

the equivalence principle:

M̄equiv “ ´2ŝˆ Ē, (3.26)

where ŝ is the surface normal of the near field scan plane, Ē is the measured elec-

tric field, and M̄equiv is an equivalent surface current (Balanis (2012)). In discrete

form, and converting the equivalent magnetic surface currents to magnetic dipoles,

eq.(3.26) becomes

m̄n “ ´2i
Sscan
ωµ0

ŝˆ Ēpρ̄nq, (3.27)

where Sscan is the area of the near field ‘pixel’, usually set equal to λ0{2 in each

direction. The number of imported dipoles in eq.(3.27) – i.e. the number of pixels in

the near field scan – is a function of the aperture-to-scanner distance and the field-of-

view that we desire to compute the aperture’s fields across. As a result, the imported

dipole arrangement of eq.(3.27) may appear different than the aperture’s fabricated

dipoles. However, while there exists an infinite number of dipole arrangements that
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could have resulted in the measured fields, I only care about modeling the aperture’s

radiated fields beyond the reactive near field; in this region, when sampled at the λ{2

Nyquist rate, the resulting fields are equivalent. Now I can use the imported dipoles

of eq.(3.27) along with the dipoles-to-fields propagator of eq.(3.5) to compute the

radiated fields or simulate imaging.

3.2.3 Image Reconstruction

The goal of reconstruction is to estimate the set of target fractional scattering coef-

ficients fj from the simulated or measured g vector. To do so I discretize the scene

into N voxels and calculate the measurement matrix Hrecon at each voxel using the

formulas derived in section 3.2.2. The discretized voxel size is determined accord-

ing to the system’s resolution limits in range pδrq and cross-range pδcrq, defined in

eq.(3.1). While δr and δcr suggest voxel sizes which vary with range and wavelength,

in order to simplify the problem I uniformly discretize the scene into rectangular

voxels by calculating the resolution limits using mean wavelength and range values.

Pseudo-Inverse

For the metamaterial-based frequency-diverse apertures of consideration here, the

number of available measurements can be significantly smaller than the number of

voxels to be estimated. Even when the number of measurements is close to the

number of voxels in the scene space, other factors such as system noise or correlation

in the measurement modes can lead to an effective number of useful measurements

being much smaller than the number of voxels to be estimated.

For undersampled scenes, a straightforward means of estimating the scene is to

make use of the pseudo-inverse (PI) of the measurement matrix, H` (Brady (2009)).

Using the PI, we estimate the scene by solving fest “ H`
recong. To model realistic

scenarios, however, a noise term must be added to the measurements, resulting in
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the estimate taking the form

fest “ H`
recong

“ H`
reconpHreconf ` nq

“ f ` pH`
reconnq

(3.28)

For the PI method, the presence of the noise term produces an ill-conditioned matrix

inversion and the recovered scene quickly degrades in quality with decreasing signal-

to-noise ratio (SNR).

Compressive Sensing Reconstructions

Alternative, more robust estimation methods have been developed for undersampled

scenes in the context of compressive sensing, wherein the estimation problem is posed

as the rigorously solvable nonlinear minimization problem (Candès (2008); Potter

et al. (2010))

fest “ argminf p||g ´Hreconf ||2 ` Γ||f ||1q, (3.29)

where ||¨||2 is the l2-norm, corresponding to conventional least-square minimization,

and ||¨||1 is the l1-norm representing the introduction of a sparsity prior constraint

(Donoho (2006)) regualarized by the scaling factor Γ. Equation (3.29) can be solved

by a variety of algorithms, and the imaging performance of the metaimager has been

tested using different CS algorithm choices by Yurduseven et al. (2015).

3.2.4 Figures of Merit

While we can use the methods presented above to reconstruct images in both simula-

tion and experiment, it is desirable to qualitatively determine an aperture’s expected

reconstruction abilities prior its fabrication or optimization. Classic compressed sens-

ing has used probability theory to show that random matrices obey the restricted

isometry property (RIP) with high probability (Candès and Tao (2005)); obeying
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RIP guarantees accurate reconstruction even in the presence of noise (Candès and

Wakin (2008)). Recently, Calderbank et al. (2010) have shown that classes of de-

terministic matrices are also effective compressed sensing matrices if they obey the

statistical restricted isometry property (StRIP). However, these deterministic ma-

trices have strict requirements that are difficult to meet in practice. Instead, in

Lipworth et al. (2013a) we turned to a more empirical measure of an H-matrix abil-

ity to reconstruct sparse signals. Duarte-Carvajalino and Sapiro (2009), inspried by

the work of Elad (2007), proposed a metric suitable for deterministic matrices based

on the off-diagonal elements of the Gram matrix

G “ H̃T H̃, (3.30)

where H̃ is the measurement matrix H with normalized columns. The matrix recon-

struction metric is the average mutual coherence

µg “

ř

i‰j|Gij|2

NpN ´ 1q
, (3.31)

which was empirically shown to be proportional to mean quared error (MSE) values

for reconstructions (Duarte-Carvajalino and Sapiro (2009)), computed according to

MSE “
1

N

N
ÿ

j“1

|fest,j ´ fj|2. (3.32)

A second convenient method of assessing the potential information content inher-

ent to the aperture is through a singular value decomposition (SVD) which, like the

average mutual coherence, we determine solely from the measurement matrix (and

thus independent of any specific target) and provides a measure of the potential im-

age quality and effective number of measurement modes. Here, we make use of the

fact that any matrix can be decomposed as (Bertero and Boccacci (1998))

Hrecon “ UΣV T , (3.33)
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where U is anMˆM unitary matrix pUTU “ UUT “ Iq, V is a second unitary matrix

of dimension NˆN , and Σ is an MˆN diagonal matrix whose diagonal entires, or the

singular values of Hrecon, are real and positive and arranged in decreasing magnitude

such that σ1 ą σ2 ą ¨ ¨ ¨ ą σN ě 0. The SVD can be viewed as a recombination of

the measurement modes into an orthonormal set, with the relative importance of the

kth mode indicated by the magnitude of σk. The rank of the measurement matrix

is defined as the number of non-zero singular values, and in the presence of noise

we define an effective rank as the number of singular values above the noise level

(Scharf (1991)). Thus, a desirable singular value spectrum might be, for example,

reasonably flat and with most values above the noise floor. In other words, the

rank of the measurement matrix indicates how much information in the scene can

in principle be recovered. We can thus rapidly compare the SVDs corresponding to

the measurement matrices from many aperture designs to determine the potentially

optimal design, and avoid full reconstructions. Lastly, by using SVDs it is easy to

understand why the PI estimation fails in the presence of noise: inverting a poorly-

conditioned matrix with small singular values yields very large numbers, which can

quickly corrupt the estimation in eq.(3.28) (Shim and Cho (1981)).

3.2.5 Experimental Imaging Example

As a specific example of the simulation platform, I compared reconstructed images

of virtual targets (obtained with virtual and imported dipoles) with those from ex-

periments using an imaging system with multiple metamaterial-based panels and

probes. I considered the bistatic panels-to-probe configuration, illustrated in Fig.

3.2, in which six metamaterial panels are positioned in a two-rows, three-columns

formation. The panels acted as transmitters, sequentially illuminating a target posi-

tioned about 60cm away, and five low-gain OEWG probes placed between the panels

served as receivers. Each metamaterial panel was a square with sides 21cm long,
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constructed from Rogers 4003 substrate 60mil thick, plated on both of its sides with

0.5oz copper, and terminated with adhesive copper tape along its periphery to pre-

vent undesired leakage. Using CST Microwave Studio R©, I designed cELC elements

to resonate in the K-band spectrum and etched the resonators into the panel’s top

plate with a random spatial distribution of resonance frequencies. An illustration of

the final panel design and the CST cELC unit cells used in simulations is shown in

Fig. 3.3; further design details are discussed in Appendix D.

For consistency, the virtual dipoles’ lattice constant, orientation, and resonance

frequency distribution match those of the experimental panel design, and from unit

cell simulations I approximated their quality (Q) factor as 50. To mimic the effect of

radiation losses on the guided mode, I increased the dielectric’s loss tangent to 0.075.

We approximated the virtual OEWG probe behavior by modeling each as a uniform

array of low-Q dipoles spanning the cross-sectional area of a WR42 waveguide.

The target consisted of reflective patches cut into an L-shape or a square from

single-sided copper-clad PCB material, as shown in Fig. 3.4A. I performed the

experiments using the two targets shown in Fig. 3.5A, where I utilized multiple layers

of foam to support the patches such that they populated three different ranges.

I excited each Tx-Rx antenna pair sequentially through 101 frequency steps be-

tween 18GHz and 26.5GHz for a total of 3,030 measurements. While the experimental

measurement vector g is obtained from the scattering (S-) parameters corresponding

to the Tx and Rx apertures (Hunt et al. (2014)), I obtained the simulated g by

modeling the patches as an assembly of sub-resolution isotropic point scatterers as

shown in Fig. 3.4B, and using the formulas presented in section 3.2.2. I introduced

the simulated noise n as a Gaussian random variable with mean zero and variance

σ2
n “ σ2

g{p10SNR{10
q, (3.34)

where σ2
g “ p1{Nq

řM
i“1|gi|2 is the average signal energy and the SNR is specified in
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Figure 3.3: (A) Simulated unit cell. The cELC element was inserted into the
top copper plate. Ports (red) and Perfect Magnetic Boundaries (blue) were defined
between the plates along ẑ and ŷ, respectively. (B) The smallest feature of each cELC
was 100µm wide. The cELC length, L, controlled the element’s resonance frequency.
(C) Radiation efficiency, defined as the ratio of radiated to simulated power, plotted
as a function of frequency and cELC length. (D) The cELCs occupy 18cmˆ18cm
of the area around at the panel’s center. I removed elements randomly (with higher
probability near the center) to yield a more uniform excitation of the panel. Further
details can be found in Appendix D.
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decibels.

To reconstruct the scene I computed Hrecon using the Tx and Rx fields according

to eq.(3.24) over a region of interest enclosing the target. To account for uncertainty

in the experimental target-to-aperture distance, I chose a volumetric region spanning

7.5cm in range (x̂) and 40cmˆ40cm in cross-range (ŷ, ẑ), discretized into voxels of

size 0.5cmˆ1cmˆ1cm for a total of 25,600 voxels. Because the number of voxels in

the scene was significantly greater than the number of measurements, the scene was

under-sampled and I relied on a compressive sensing algorithm for target reconstruc-

tion; in this example I chose Bioucas-Dias and Figueiredo (2007)’s TwIST algorithm

with total-variation (TV) regularization when estimating the scene.

The simulated and experimental reconstructions are shown in Fig. 3.5B-D. Re-

constructions of a virtual target using virtual dipoles and imported dipoles are shown

in Fig. 3.5B and Fig. 3.5C, respectively, while the experimental reconstruction is

shown in Fig. 3.5D. To assist in visualizing the three dimensional nature of these re-

Figure 3.4: (A) The experimental target was formed by cutting copper-clad PCBs
into square- and L-shape patches. (B) I simulated the virtual patches using collec-
tions of isotropic sub-resolution point scatterers.
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constructions, I also plot the 3D experimental reconstructions projected onto the xz-

and xy-planes. Both virtual and experimental reconstructions exhibit comparable

results.

To demonstrate the utility of the SVD, I computed Hrecon using virtual dipoles

with different Q-factors and plot their singular values in Fig. (3.6), along with those

computed from the imported dipoles. The effect of increasing or decreasing the

virtual dipoles Q-factor on the conditionality of the resulting measurement matrix

is clear: increasing Q results in more orthogonal measurement modes and a better-

conditioned measurement matrix, as evident by the flatter singular values.

3.2.6 Sample Application: Analysis of System Sensitivity To Misalignments

Experimental demonstrations of the metaimager included a 1D microstrip (Hunt

et al. (2013)), which reconstructed sparse 2D scenes (one angle and range), and

2D parallel-plate apertures (Hunt et al. (2014)), which reconstructed 3D volumetric

Figure 3.5: (A) The experimental target comprised reflective patches supported by
foam at three discrete distances from the aperture. (B) Simulated reconstructions of
a virtual target using virtual dipoles. (C) Reconstruction of a virtual target using
imported dipoles. (D) Experimental reconstructions, also projected onto the xz- and
xy-planes (blue and red frames, respectively). The simulated reconstructions (B,C)
were in the presence of noise with 1dB SNR.
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scenes (range and cross-range). In the latter case, a pair of multi-feed metamaterial

apertures (Fig. 3.7A) was used to illuminate a scene, and a low-gain probe captured

the backscattered fields. We have since significantly increased the size of the system

from two to twelve metamaterial panels, as shown in Fig. 3.7B, in order to image

larger scenes with improved resolution. However, initial experiments with the new

array did not yield satisfying reconstructions; we suspected the reconstruction errors

resulted from inaccurate registration of the antennas’ position. In section 3.2.2 I dis-

cussed how one of the steps in the process of forming the experimental measurement

matrix Hrecon requires using a planar near field scanner to characterize fabricated

apertures. The twelve-panel array is too large to characterize in a single scan, and

so our characterization procedure requires scanning individual panels one at a time

prior to installing them in their final position within the array. Because the fields ra-

diating from a MetaImager panel form a complex spatial pattern and change rapidly

as a function of position across the scene, inaccurate knowledge of a panel’s position

relative to the scene – for instance, due to unaccounted rotations or translation of the

panel between characterization and experiment – degrades the accuracy of the mea-

Figure 3.6: Singular values of measurement matrices computed from the imported
dipoles (blue line), as well as virtual dipoles with Q=25 (dashed red), Q=50 (solid
red), and Q=75 (dotted red).
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surement matrix. These errors are cumulative, and result in significantly corrupted

reconstructions when multiple panels are shifted from their assumed positions.

Figure 3.7: (A) The metaimager panels used by Hunt et al. (2014) are roughly
56cmˆ41cm in size, and are excited (sequentially) from one of six probe locations.
(B) In subsequent experiments, a twelve panel array was formed in order to image a
human-size area with improved resolution. Rx probes are installed in the aperture
plane between the panels.

The simulation platform described here provides an ideal tool to test this no-

tion and study our system’s sensitivity to alignment errors. To test the effect of

misalignments on reconstructions, I simulated measurements and reconstruction of a

virtual target using a virtual representation of the dual-panels, single-probe system

described by Hunt et al. (2014). I introduce misalignments to corrupt the mea-

surements by rotating the antennas and laterally shifting their positions about their

centers when computing the measurement vector g, as illustrated in Fig. 3.8. Then,

when computing the measurement matrix Hrecon for scene estimation, I assume no
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misalignments . The specific details of the metaimager antennas are discussed in

Hunt et al. (2014). Briefly, each is about 56cmˆ41cm in size, excited from six pos-

sible probe locations, and comprises roughly 53,000 cELC elements. The six-probe

approach was able to generate different guided modes from each probe location and

improve measurement diversity. When simulating the misaligned antennas, I rotated

and translated the panels an equal number of degrees and millimeters, respectively,

in a randomly-chosen direction (positive or negative relative to their center). The

direction did not change between simulations; only the magnitude of the misalign-

ment varied. The simulated target was a planar ‘resolution target’: a collection of

three horizontal and vertical bars 3cm in width and 15cm in length. The separation

between the bars was equal to their width. As discussed in section 3.2.2, I modeled

the target as a distribution of sub-resolution isotropic point scatterers. The esti-

mated scenes (reconstructed using the TwIST algorithm with TV regularization) are

shown in Fig. 3.9. As expected, when the antennas’ location is known perfectly,

Figure 3.8: (A) Representation of a virtual two-panel, single-probe system in our
simulation platform, simulated in order to test the effect of antenna misalignments
on the metaimager system reconstruction capabilities. The panels (cyan rectangles)
and probe (red rectangle) are translated relative to their center along all directions
(illustrated for one of the panel using blue arrow) as well as rotated about their axes
(orange arrows). The virtual target comprises six horizontal and vertical bars at a
distance of 60cm. (B) Illustration of the misaligned panels and probe.
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reconstruction is very accurate. However, when even a small amount of error is in-

troduced – in the form of misalignments on the order of only few millimeters and

degrees – reconstruction accuracy quickly deteriorates. In the presence of more Tx

and Rx antennas, as well as noise (which I did not include in these simulations),

we can expect these effects to become prohibitively worse. Possible solutions to this

problem include post-processing alignment using data acquired by microwave and/or

optical localization systems following panel characterization, as well as on-line auto-

calibration of panel locations; using known reflectors in the scene; both are topics of

active research currently being investigated by various group members.

3.2.7 Summary

I have introduced a virtual environment for the purpose of designing metamaterial

holographic apertures as well as studying and predicting their imaging capabilities.

In the virtual environment, the apertures are modeled as arrays of radiating dipoles

Figure 3.9: Simulated reconstructions of a resolution target in the presence of
unaccounted antenna misalignments
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with frequency-diverse radiation patterns. I discussed how the average mutual coher-

ence and/or the singular value decomposition of these radiation patterns can be used

to rank the expected performance of different apertures. I simulated measurements

of reflective objects by modeling them as dense collections of sub-resolution isotropic

point-scatterers, and performed scene reconstructions with compressive-sensing algo-

rithms. Since that the dipoles in the model can be either entirely virtual or imported

from scans of existing apertures, I computed multi-aperture reconstructions of virtual

targets using both virtual and imported dipoles, and have shown they agree well with

experimental results. Lastly, I used the simulation environment to analyze a multi-

aperture imaging system’s sensitivity to misalignments – a problem that plagues our

current experiments and serves as a demonstration of the simulation environment’s

utility.

3.3 Mode Design with Lorentzian-Constrained Holographic Apertures

The frequency-diverse metaimager configuration discussed in section 3.1 was realized

in the form of a leaky-wave antenna with irises implemented by resonant metamate-

rials of various dimensions resonating at different frequencies. By sweeping its oper-

ation frequency, the metaimager was able to excite only a subset of its metamaterials

elements at a time; since the metamaterial elements were distributed randomly, the

radiated fields formed complex radiation patterns that varied with frequency. While

compressive sensing theory tells us random measurement matrices can accurately re-

construct noisy scenes, the metaimager’s mode diversity is limited by the resonators’

quality-factors and its measurement matrix is pseudo-random at best. In addition,

while random matrices provide a reasonable basis to use when little is known about

the scene, other sensing matrices can exhibit better imaging capabilities for dif-

ferent scenes. For example, using a tunable metamaterial spatial light modulator

(SLM), Watts et al. (2014) demonstrated improved THz compressed sensing using a
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Hadamard measurement matrix (Harwit (1979)) when compared to a random sens-

ing matrix. Furthermore, with prior knowledge of the scenes to be imaged, modes

can be designed that are potentially better suited for imaging of these scenes – for

instance, using an approach such as Principle Component Anlysis (PCA) (Jolliffe

(2002)). Developing a method to tailor the metaimager modes instead of relying

on its current pseudo-random radiation patterns, then, can significantly improve the

aperture’s imaging capabilities.

3.3.1 Traditional Holograms

Introduced by Gabor et al. (1948), a hologram is the recorded interference pattern

between a known illumination pattern, called the reference wave, and fields scattered

from an illuminated object. When the hologram is ‘played back’ by illuminating it

with the reference wave, the original scattered fields are reconstructed. The original

Gabor holograms, and subsequent early adaptations, (Leith and Upatnieks (1962))

were formed using real-valued pixels corresponding to recordings of the interference

pattern’s intensity levels. As consequence, in addition to the primary image, when

illuminated by a reference wave these holograms generated a conjugate image and

a zeroth order mode (Goodman (2005)). An illustration of the operation of these

holograms is shown in Fig. 3.10. While traditional holograms required the mea-

surement of actual fields, computer generated holograms (CGH) allow us to digitally

generate the hologram without physically recording an interference pattern between

the reference and scattered waves. Additionally, with the introduction of complex-

valued holograms that can encode phase as well as magnitude onto their pixels,

researchers were no longer constrained to real pixels and were able to mitigate the

zeroth order and conjugate image problems. Pioneering methods used to imple-

ment complex holograms include the Detour-Phase (Brown and Lohmann (1966)),

Kinoform (Lesem et al. (1969)), and ROACH (Chu et al. (1973)) holograms.
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3.3.2 Lorentzian Constrained Holograms

The Detour-Phase holograms, Kinoform holograms, and ROACH holograms were all

implemented by exposing photo-sensitive films to modulate their transparency as a

function of position. In contrast, Levy et al. (2005); Freese et al. (2010); Tsai et al.

(2011), and Larouche et al. (2012) have recently demonstrated the use of artificially

structured metamaterials to implement diffractive optical elements. Of particular

interest are the works of Tsai et al. (2011) and Larouche et al. (2012), who have

fabricated multi-layer volumetric arrays of non-resonant metamaterial elements to

construct an infrared diffraction grating and phase holograms. By carefully choosing

the metamaterial elements’ geometry as a function of position within the hologram,

Tsai et al. (2011) and Larouche et al. (2012) were able to form an effective medium

with a user-defined spatial distribution of refractive index, and use the optical path

length traversed by the incident wave to control the phase of a wavefront emerging

from this medium.

Alternatively, instead of forming an effective medium the metamaterial elements

Figure 3.10: A hologram is a recorded interference pattern between a reference
wave, and fields scattered from an illuminated object. During play-back, illumina-
tion of the hologram by the reference wave results in reconstruction of the original
scattered fields (the primary image). In the case of conventional intensity recorded
holograms, a conjugate image and a portion of the directly-transmitted reference
wave are observed as well. Diagram prepared by Nicholas Caira.
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can serve as pixels themselves. In this manner, we can think of the metaimager

antenna as a holographic aperture in which the hologram pixels are implemented

with metamaterial resonators, and the reference mode is realized by the guided mode

that excites these resonators. Re-visiting the discussion of section 3.2.2, I model each

metamaterial element as a magnetic dipole with moment m̄ “ ¯̄αH̄ref , where ¯̄α is the

complex Lorentzian polarizability (eq.(3.3)) and H̄ref is the reference wave. In section

3.2.2 I also described how the fields radiating from a magnetic dipole are a function

of the dipole’s moment (eq.(3.5)). It is possible to control the radiation pattern

of a metamaterial hologram, then, by carefully choosing the resonance frequency

ω0 of each metamaterial relative to the operation frequency ωop to modulate its

polarizability ¯̄α, and in turn manipulate its moment m̄.

The complex-valued pixels of such a metamaterial hologram, however, are con-

strained by the metamaterial’s Lorentzian polarizability: As illustrated by Fig. 3.11

the elements’ phase is limited to a range of 180˝ around resonance, with magnitude

coupled to the phase. In other words, while we can access any phase between ´90˝

and `90˝ or any (normalized) amplitude between 0 and 1 by choosing the appro-

priate ω0, not all combinations of the two parameters are allowed. As illustrated by

Fig. 3.11B, near ω0 the dipole’s amplitude is strong and phase is near 0˝, while far

from resonance the dipole’s amplitude approaches zero while the phase approaches

˘90˝. Practically speaking, the phase range of ¯̄α is even smaller than ˘90˝ since at

these extremes the dipole barely radiates. Still, in the discussion that follows I show

how, by taking these amplitude and phase constraints into account, the radiation

pattern of a Lorentzian-constrained hologram can be designed successfully. Further-

more, I note that while the dipole’s polarizability is indeed limited to ˘90˝ phase,

the reference wave that excites the dipoles does not have to obey this limit; for in-

stance the guided mode excited between the metaimager’s parallel plates, described

by eq.(3.4), can excite the dipoles with phases spanning the entire 2π range. The
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Figure 3.11: (A) The amplitude (normalized) and phase (degrees, and normalized
to 0˝ at ω0 “ ωop) of a Lorentzian resonator as a function of the resonance frequency
relative to the operation frequency. In this example the quality (Q-) factor equals 10.
(B) The magnitude and phase of such a resonator are coupled. Here the magnitude
is plotted as a function of phase.

dipole moment’s phase, in other words, is not necessarily limited to the phase of ¯̄α.

For simplicity, I use the following notation when discussing the hologram (H):

H “ MM ¨ REF (3.35)

were MM “ |MM|epiΦMMq represents the metamaterial’s Lorentzian polarizability and

REF “ |REF|epiΦREFq is the complex reference wave.

3.3.3 Gerchberg-Saxton Algorithm

To apply the Lorentzian constraints when designing the hologram I turn to the

well-known Gerchberg-Saxton (GS) algorithm, which iteratively computes the field

pattern on two planes (here, the hologram plane and the image plane) related via

a propagating function (Gerchberg (1972)). At each iteration, the GS algorithm

ensures the fields on either plane satisfy a set of constraints determine by the user.

For simplicity, I chose the fraunhofer regime where the magnetic dipole radiation can

be approximated from eq.(3.5) according to

Ē “ ´
k2µ0c

4π

exp p´ikrq

r
m̄ˆ r̂ (3.36)
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and the GS algorithm propagator is the simple Fourier transform (FT). The GS al-

gorithm is initiated by computing an ideal, unconstrained hologram H from a desired

field pattern E by using the inverse fourier transfer (iFT); in the current example,

I only care that the field pattern’s magnitude form the letter ‘D’, thus leaving its

phase unconstrained. The resulting hologram, however, does not necessarily corre-

spond to one that is realizable with Lorentzian pixels. Instead, I follow the following

steps when designing the hologram’s pixels to ensure they can be implemented by

metamaterial elements:

1. Compute the hologram pixels according to H=iFT(E)

2. Compute the dipole phase, ΦMM, from eq.(3.35) and the known H and REF

3. Only utilize pixels with phase ΦMM that satisfies the Lorentz condition

4. Determine the dipole magnitude from its phase ΦMM and the Lorentzian rela-

tionship

5. Compute the now-constrained hologram pixels according to H=MM¨REF

6. Compute the resulting field pattern E=FT(H)

7. Apply field constraints and return to step 1.

The first step simply calculates the complex, unconstrained hologram pixels H “

|H|epiΦHq. In the second step I use the relationship H “ |MM|epiΦMMq ¨ |REF|epiΦREFq

to determine what =pαq must be in order to implement the pixels of H. Since not

all the computed phases are physically realizable, in the third step I constrain the

hologram to use only those pixels with realizable phase (within ˘90˝ or a lower

threshold). The rest of the pixels are assigned a magnitude of zero, corresponding

to zero transmission. Finally, using the known metamaterial phase ΦMM and the

Lorentzian relationship, I compute the metamaterial’s magnitude at each pixel.
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Figure 3.12: At each iteration, the GS algorithm ensures the fields on either
hologram- or fields-plane satisfy a set of constraints determine by the user

Following these hologram constraints, the GS algorithm computes the resulting

radiation pattern, constrains the field pattern’s amplitude to satisfy our desired ra-

diation pattern, and repeats the steps listed above. This iterative process continues

until the difference between the computed radiation pattern and the desired pattern

is sufficiently small, or until a predetermined number of iterations has been reached.

A graphical representation of the algorithm’s steps is illustrated in Fig. 3.12.

3.3.4 Proof-of-Concept Simulation with Ideal Plane Wave Illumination

As a proof-of-concept example, I simulated a Fraunhofer hologram designed to gener-

ate a radiation pattern forming the letter ‘D’ when illuminated by a normally-incident

ideal plane wave. The hologram is 21cmˆ21cm in size with pixels 3mmˆ3mm in size.

For the purpose of this example, I assumed the pixels obeyed the Lorentzian rela-

tionship plotted in Fig. 3.11, with Q=10 and fop=23GHz. In the Fraunhofer regime,

the image is formed on a spherical plane; in order to avoid significant distortions

when plotting the resulting image on a plane parallel to the hologram, I positioned
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Figure 3.13: (A) The desired far field pattern should form the letter ‘D’ in quadrant
IV of a a ˘30˝ field-of-view region, away from the optical axis. (B) The remaining
image plane pixels, including those outside the desired field-of-view, were set to zero.

the target pattern in the bottom-right quadrant (IV) of a ˘30˝ field-of-view region

relative to the optical axis, as shown in Fig. 3.13A. For the on-axis illumination

setup utilized here, I expected the zeroth order to propagate along the hologram’s

optical axis – marked in the figure as the intersection of the horizontal and vertical

white lines – and purposefully positioned the target ‘D’ away from the optical axis

to avoid overlap of the two fields. Finally, I zero-padded the target pattern such that

all remaining pixels outside the desired ˘30˝ field-of-view are empty, as shown in

Fig. 3.13B. The size and number of pixels, and their corresponding viewing angle in

the field-of-view, can be computed from the known hologram dimensions (Goodman

(2005)).

Since the ideal plane wave has uniform phase and magnitude, the hologram ex-

pression can be simplified to H “ MM ¨REF “ |MM|ejΦMM . Because the resonators’

magnitude approaches zero at phases near ˘90˝, I limited their phases to ˘80˝. The

resulting hologram magnitude and phase, as computed by the GS algorithm, is shown

in Fig. 3.14A and 3.14B, respectively. The radiated far field pattern, computed as a

function of angle onto a spherical surface as well as a parallel planar surface, is shown
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in Fig. 3.14C and 3.14D, respectively. As expected, without the ability to utilize

phases spanning the complete 2π range, this hologram exhibits the formation of a

zeroth order as well as a conjugate image. In addition, I note the visible distortion

experienced by the letter ‘D’ at viewing angles near (and greater than) 30˝.

3.3.5 Experimental Example Using On-Axis Illumination by a Rectangular Horn

Experimentally, of course, realizing the reference field using an ideal plane wave is

not an option. Instead, with help from fellow graduate student Nicholas Caira, I

designed a K-band Fraunhofer hologram to yield the same image (the letter ‘D’)

when illuminated by a rectangular standard gain horn, as illustrated in Fig.3.15.

Future versions of such holograms can be designed to operate by reflecting the fields

from a source or by coupling the metamaterials to a particular guided mode, and are

not limited to the Fraunhofer regime. To match the previously simulated example,

the hologram’s dimensions are set to 21cmˆ21cm, with pixels 3mmˆ3mm in size.

Figure 3.14: The magnitude (A) and phase (B) of a Lorentzian constrained holo-
gram computed using the GS algorithm, following 200 iterations. Since the reference
wave here was realized by an ideal plane wave, the Lorentzian dipoles’ magnitude
and phase are identical to the magnitude and phase of the pixels. The simulated
radiation pattern, resulting from excitation of the dipoles by an incident, on-axis
plane wave, is shown as a function of angle for a spherical viewing surface (C) and a
parallel planar viewing surface (D) in logarithmic scale.
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Figure 3.15: We design the hologram to generate a far field radiation pattern
forming the letter ‘D’ within a ˘30o field-of-view when illuminated by a rectangular,
standard gain horn

Measured Metamaterial Response

When designing the metamaterials used to realize the hologram’s pixels, I again turn

to the cELC elements and use their length to control their resonance frequency. Be-

cause the holographic design process requires accurate knowledge of the pixels’ trans-

mission function, I chose not to rely on simulated values and instead experimentally

characterize the cELC complex S-parameters using a free-space transmission setup,

shown in Fig. 3.16A. Here, two rectangular standard gain Quinstar horns are con-

nected to ports 1 and 2 of our Agilent
TM

VNA; one illuminates a uniform cELC

array 3inˆ3in in size while the second detects transmission through the sample. I

performed these measurements using six samples with cELCs ranging in length (L)

between 1.75mm and 2.05mm; the measured (normalized) S21 magnitude and phase

are plotted in Fig. 3.16B. Next, as shown in Fig. 3.16C, I used MATLAB’s fitting

tools to interpolate the complex transmission for other cELC lengths at the operation

frequency of 23.3GHz. This frequency was chosen after analyzing S21 as a function

of L at various frequencies and noting at which frequency a symmetric response was

observed; if needed, other operation frequencies can be chosen by re-designing the
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Figure 3.16: (A) The magnitude and phase of the cELC elements used to realize
the hologram’s pixels were determined experimentally using free-space transmission
measurements between a pair of Tx/Rx K-Band horns. Details of the cELC geometry
are shown in the inset; here the minimum feature size is 125µm. (B) Measured
transmission (normalized magnitude and phase) of samples with different values of
cELC length, L. (C) The measured and fitted response at the operation frequency
of 23.3GHz as a function of cELC length L.

cELCs. These empirical transmission values will be used in the GS algorithm to

constrain the holograms.

Measured Reference Wave

The reference field is realized using on-axis illumination by a rectangular standard

gain Quinstar horn. While models of the radiation patterns of such horns are avail-

able (Milligan (2005)), to improve accuracy I measured the reference wave experi-

mentally by characterizing the illuminating horn using our planar near field scanner

and propagating the fields to the hologram plane, located 12in away. The measured

field’s magnitude and phase is shown in Fig. 3.17. Unlike the ideal plane wave

simulated earlier, the reference wave radiating from such a horn is not uniform in

phase across the hologram plane. Because each of the hologram pixels – the dipole

moments – is a product of the dipole polarizability and the reference wave at the

dipole’s location, the phase of each hologram pixel can now extend beyond the limits
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Figure 3.17: To accurately model the reference wave, the fields radiating from
the Tx horn were measured using a planar near field scanner and propagated to the
hologram plane 12in away.

imposed by the polarizability. With this improved phase diversity, we can expect

such a hologram to potentially exhibit a weaker conjugate image and zeroth order.

Hologram Design and Simulation

With the reference wave, metamaterial response, and target field pattern defined, de-

sign of the hologram itself was then possible. Using the GS algorithm I constrained

the hologram to only utilize pixels with phases between ˘60˝, which measurements

indicated can be realized using metamaterial elements with sufficiently large trans-

mission (see Fig. 3.16C). The resulting hologram magnitude and phase distributions

are shown in Fig. 3.18 following 200 iterations of the GS algorithm (a number that

was arbitrarily chosen as a value where error was relatively low; after 50 iterations

the results did not vary significantly). In addition, I also plot histograms of the

metamaterial elements’ magnitude and phase.

I compute the simulated radiation pattern using the constrained hologram accord-

ing to E “ FTpHq “ FTpMM ¨ REFq. Again, I plot the field pattern as a function of

angle (elevation and azimuth) on spherical and planar surfaces in Fig. 3.19A and B,

respectively. As before, I note how, for angles far from the optical axis, the pattern
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is ‘stretched’ when viewed on a planar surface. Unlike the earlier plane-wave illu-

minated hologram, however, this hologram does not exhibit a significant conjugate

image.

Fabrication and Measurements

Confident that the simulated hologram produces the desired far field pattern, I turned

to fabricating the hologram and measuring its fields experimentally. The phase of

each metamaterial in the constrained hologram was mapped to L, the length of the

cELC used to implement the pixel, using the previously-measured cELC response

(Fig. 3.16C). The spatial distributions of cELC phases and corresponding lengths

are shown in Fig. 3.20. I fabricated the hologram by patterning the cELCs on a 20mil

thick, copper-clad, low-loss Rogers 4003 dielectric using a LPKF U3 laser system.

Figure 3.18: The magnitude (left) and phase (right) of the Lorentzian constrained
hologram, following 200 iterations of the GS Algorithm
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Figure 3.19: The simulated far-field radiation pattern, computed onto a spherical
surface (A) and a planar surface (B) as a function of angle.

The transmitted fields were measured using a microwave planar near field scanner,

in the same fashion our metaimager apertures were characterized, by sampling the

fields over a grid of points on a plane parallel to and several wavelengths in front

of the hologram. The fabricated hologram and the experimental setup are shown

in Fig. 3.21. The hologram fields were derived by back-propagating the measured

near fields to the hologram plane (Gregson et al. (2007)). Similarly, I computed

the far field pattern by propagating the measured near fields to a parallel plane

Figure 3.20: The phase of each cELC element, computed from the constrained
hologram outputted by the GS algorithm, was mapped to find the required cELC
length.
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sufficiently far away. The back-propagated hologram-plane fields at 23.3GHz and the

forward-propagated far-field pattern (computed across a plane 4m away) are plotted

in Fig. 3.22. We can clearly observe the image of the letter ‘D’ in the bottom-

right quadrant, formed exactly at the desired location. While the zeroth order in

the experimental hologram is stronger than suggested by simulation, I attribute this

to observable bowing of the fabricated hologram when mounting the experimental

setup. The thin substrate I used here was not sufficiently thick to withstand pressures

from the contact points and supporting frame; future attempts should utilize thicker

substrates for increased rigidity.

3.3.6 Simulated Lorentzian Constrained Hologram Excited by a Guided Reference
Wave

While the aforementioned examples demonstrated the operation of a hologram ex-

cited by a free-space incident wave, a guided mode can act as the reference wave

instead. A hologram excited by such a reference wave can implement a thin aper-

Figure 3.21: (Left) The hologram is fabricated by patterning the cELCs on a
copper-clad low-loss 20mil thick Rogers 4003 dielectric. (Right) The transmitted
fields are measured using a microwave planar near field scanner on a plane parallel to
and several wavelengths in front of the hologram. The metal sheets above, below, and
to the sides of the hologram prevented undesired field leakage around the aperture.
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ture with desirably small form-factor, such as the metaimager discussed in section

3.1, where the guided mode is excited between two parallel plate as illustrated in

Fig. 3.23A. Assuming there are no reflections from the edges, such a guided mode

– modeled by eq.(3.4) – decays away from the excitation point at the origin and

propagates towards the aperture’s edges with cylindrical phase fronts. The reference

wave’s magnitude and phase are plotted in Fig. 3.23B and 3.23C, respectively. The

magnitude and phase of the resulting hologram pixels are shown in Fig. 3.23D and

3.23E, respectively, and the magnitude and phase of the dipoles’ polarizbilities are

shown in Fig. 3.23F and 3.23G, respectively. Here, I assumed the same virtual

dipoles used in the simulated plane-wave illuminated hologram (section 3.3.4) with a

Q-factor of 10, f0=23GHz, and phases constrained to ˘80˝. I note that, while each

dipole’s polarizability still spans a range of phases less than π, the reference wave

that excites these dipoles does not adhere to this limit, allowing the hologram pixels’

phase to successfully span the entire 2π range. The resulting far field pattern, shown

in Fig. 3.23H, is significantly improved when compared to the plane-wave illumi-

nated hologram, and exhibits neither the zeroth order transmission nor conjugate

image formation.

Figure 3.22: Magnitude (left) and phase (center, and thresholded for clarity) of
the hologram fields, computed by back propagating the measured near fields to the
hologram plane. The far field pattern (right) is similarly computed by propagating
the measured near fields several meters away. The radiated fields clearly form the
letter ‘D’ in the intended location.
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3.3.7 Summary

I have introduced the concept of a Lorentzian constrained hologram for the pur-

pose of designing metamaterial apertures with tailored radiation patterns. Unlike

existing metamaterial holograms which form an effective medium by tiling metama-

terial elements in a periodic fashion, here each resonator can modulate the reference

wave that excites it; then, the resulting radiation pattern can be designed with

careful choice of each element’s resonance frequency. This approach can be applied

to antennas such as our metaimager, which we can think of as a hologram with

pixels realized using metamaterial elements and a reference wave realized by the

guided mode. As a proof-of-concept I designed, simulated, fabricated, and measured

a Fraunhofer transmission-based K-band hologram operating at a single frequency.

Future implementations can diverge away from the Fraunhofer approximation, utilize

a guided-mode reference wave, and/or dynamically tune the radiation pattern.

86



Figure 3.23: (A) The metaimager, discussed in section 3.1, is one possible embod-
iment of a hologram excited by a guided reference wave. Here, the guided mode is
excited between two parallel plates using a probe at the center; its magnitude (B)
decays away from the excitation point and its phase (C) propagates with cylindrical
phase fronts (Assuming no reflections from the edges). The hologram pixels’ magni-
tude (D) and phase (E), were computed using the GS Algorithm and constrained to
obey a Lorentzian relationship with Q=10 and phase within ˘80˝ the local reference
wave. The magnitude (F) and phase (G) of the resulting dipoles. (H) The resulting
far field pattern, in dBs.
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Appendix A

Magnetic Metamaterial Unit Cell Details

The designs used for the magnetic superlens and LMNZ metamaterial unit cells are

detailed below. The geometrical parameters are shown in Fig. A.1 and their values

are specified for the various designs in Table A.1.

Following field-averaging permeability retrievals (section 2.2.2) of the unit cells

used to form the superlens and single-layer LMNZ layer, the retrieved permeability

components were fitted to a Lorentzian according to eq. (2.4). The fitted parameters

are outlined in Table A.2, where the subscripts N and T distinguish between the

Normal and Transverse components, respectively.

Table A.1: Magnetic Metamaterial design details. N is the number of rings in each
coil

Superlens Shield Harmonic Shield, Layer 1 Harmonic Shield, Layer 2
N 17 17 20 8
W ,G 200um 226um 200um 200um
R 2.2mm 2.5mm 0.7mm 7.5mm
U 1.894cm 2.118cm 2.23cm 2.23cm
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Figure A.1: One of the sides of the double-sided spiral designs comprising the
metamaterial elements used in the superlens and LMNZ slabs. U is the unit cell size,
R is the spiral’s inner radius, W is the width of each turn, and G is the gap between
turns. The outer-most leg was widened to accommodate vias of radius 100um, and a
gap of (at least) 1mm is placed between adjacent spirals. All dimensions are specified
in Table A.1.

Table A.2: Fitted Lorentzian Parameters of the Magnetic Metamaterial Permeabili-
ties.

1-layer superlens 3-layer superlens 1-layer Shield
FN 0.26 0.35 0.37
QN 18.5 17.5 10.9

f0,N (MHz) 13 12.25 24.85
FT 0.39 0.36 -
QT 17.7 16 -

f0,T (MHz) 11.8 12.24 -
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Appendix B

Transmission and Reflection in Anisotropic Medium

To simplify the analysis leading to eq.(2.7), let us restrict our attention to cases

where the incoming wave is either TE or TM. Furthermore, let us assume the only

components of ε and µ that matter are the transverse component of ε along ŷ and

the longitudinal component of µ along ẑ. In general,

∇ˆ ~H “ ´iω ¯̄ε ~E

∇ˆ ~E “ `iω ¯̄µ ~H

(B.1)

Considering the geometry shown below for S-polarization (TE), we observe the only

electric field component is Ey, and the only magnetic field components are Hx and

Hz.

Maxwells equations for this scenario can be written as:

BHz

Bx
´
BHx

Bz
“ ´iωεyEy

Hx “
1

iωµx

BEy
Bz

Hz “
1

iωµz

BEy
Bx

(B.2)
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and we combine these to yield:

1

µz

B2Ey
Bx2

`
1

µx

B2Ey
Bz2

“ ´iωεyEy (B.3)

We note only the components εy, µx, and µz enter the equation, as is expected for

an S-polarized wave. For solutions of the form Ey “ exp piqxx` iqzzq we obtain the

dispersion relation q2x
µz
`

q2z
µx
“ ω2εy. In free space, of course, the wave solution has

the corresponding dispersion relation k2
x ` k2

z “ ω2. We now divide the space into

three regions as depicted in Fig. B.1: free space for z ă 0 and z ą δ, and anisotropic

medium for 0 ď z ď δ. Assuming the wave is incident on the slab from the left, the

solutions for each region are:

I : Eypx, zq “ eikxxeikzz ` reikxxe´ikzz

II : Eypx, zq “ aeikxxeiqzz ` beikxxe´iqzz

III : Eypx, zq “ teikxxeiqzz

(B.4)

where I used the continuity of transverse moment pqx “ kxq and the fact there is only

an outgoing wave on the right side. There are now four unknowns left to solve for

Figure B.1: S-polarized (TE) wave incident on a slab.
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pa, b, r and tq and two boundaries at which Ey and its derivative must be continuous.

Alternatively, Ey and Hx must be continuous, such that we have enough conditions

to solve for t and r in terms of εy, µx, µz, ω, and δ. This provides the Fresnel formula

for a wave at oblique angles of incidence to an anisotropic slab (and in the same

manner we can compute the solutions for the TM case). To solve for a and b we

complete the boundary value problem, where for the z “ δ interface we have:

a “
1

2
p1`

µxkz
qz
qeipkx´qzqδt

b “
1

2
p1´

µxkz
qz
qeipkx`qzqδt

(B.5)

and for the z “ 0 interface we have:

2 “ p1`
qz
µxkz

qa` p1`
qz
µxkz

qb

2 “ p1´
qz
µxkz

qa` p1´
qz
µxkz

qb.

(B.6)

Combining the above yields eq.(2.7) in the main text (where qz was replaced with

q).
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Appendix C

Power radiated by a group of magnetic dipoles

The following derivation was carried out by Dr. Alec Rose for the manuscript Com-

prehensive Simulation Platform for a Metamaterial Imaging System, submitted to

Applied Optics.

The electric field radiating from any dipole in the aperture is computed according

to eq.(3.5). We can consider this field arbitrarily far from its source such that |r̄ ´

ρ̄n| « r ´ r̂ ¨ ρ̄n, factor out the exp pikrq{r term, and drop higher-order terms such

that the field radiating from the aperture’s dipole array is now given by:

Ē “ ´
k2µ0c

4π

epikrq

r

ÿ

n

pm̄n ˆ r̂q exp p´ikr̂ ¨ ρ̄nq (C.1)

The total power output by this dipole array is calculated as

P “

ż

dΩ
r2

2Z0

Ē ¨ Ē˚, (C.2)

where Ω represents solid angle. Substituting our field expression from eq.(C.1) into

this power equation, and absorbing the leading coefficient into β “ pk4µ2
0c

2q{p32Z0π
2q,
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we find:

P “ β
ÿ

n

ÿ

m

ż

dr̂pm̄n ˆ r̂q ¨ pm̄n ˆ r̂q
˚e´ikr̂¨pρ̄n´ρ̄mq

“ β
ÿ

n

ÿ

m

ż 2π

0

dφ

ż π

0

dθrm̄n ¨ m̄
˚
m ´mnxm

˚
mx sin2

pθq cos2
pφq

´mnym
˚
my sin2

pθq sin2
pφq ´mnzm

˚
mz cos2

pθq

` cross terms containing odd functions of θs

(C.3)

where ρ̄nm “ ρnmρ̂nm “ ρ̄n ´ ρ̄m, and we have selected the coordinate system

r̂ “ sin pθq cos pφqx̂`sin pθq sin pφqẑ`cos pθqẑ. Note that this choice is not universally

binding, but rather a convenient selection that is reoriented for every dipole pair m

and n, which significantly simplifies the integration. In this manner we avoid rely-

ing on a universal spherical coordinate system, which can become intractable when

dealing with multiple apertures oriented differently in space, and instead express all

quantities using cross and dot products.

Since the cross terms in eq.(C.3) contain odd functions of φ which vanish identi-

cally in the integration over φ, they can be dropped. The result is satisfying: only

dipole pairs sharing common vector components can contribute to the total emitted

power. Performing the integration in eq.(C.3), we find:

P0 “

ˆ

k4Z0

4π

1

3

˙

ÿ

n

pm̄n ¨ m̄
˚
nq

`
k4Z0

4π

ÿ

n

ÿ

m‰n

r
m̄K
n ¨ pm̄

K
n q
˚

2

ˆ

sin pkρnmq

kρnm
`

cos pkρnmq

pkρnmq2
´

sin pkρnmq

pkρnmq3

˙

´ m̄||
n ¨ pm̄

||
nq
˚

ˆ

cos pkρnmq

pkρnmq2
´

sin pkρnmq

pkρnmq3

˙

s

(C.4)

where

m̄||
n “ pρ̂nm ¨ m̄nqρ̂nm

m̄K
n “ m̄n ´ m̄

||
n

(C.5)
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As expected, the total radiated power separates into a summation of self-terms that

are always positive, and a summation of cross-terms that can be positive (construc-

tive interference) or negative (destructive interference) and are very sensitive to the

separation between dipoles. However, since the double summation is computationally

prohibitively expensive, we can likely get away with the power formula approxima-

tion of eq.(3.8). We note that this approximation holds well for an aperture such

as ours, which is composed of many dipoles with a random distribution of phases.

However, for small quantities of dipoles, or dipoles with an ordered phase distribu-

tion (as is the case for a horn aperture or conventional beam-forming arrays), this

approximation does not hold and the full expression should be used. Replacing the

dipoles with the reduced dipoles of eq.(3.10) naturally outputs ē “ Ē{
?
P0 as needed

for the desired normalized power.

Finally, for the implementations considered here – as is often the case – the mag-

netic dipoles actually sit on a ground plane, such that the distance vectors between

the dipoles always fall on the plane that defines the ground plane. For any pair of

dipoles, when calculating the above integrals, such a plane is a natural symmetry

plane of the integrand, and so all that has to change to account for the ground

plane is to include a factor of one half in the calculation. Note that we can consider

any effects of the ground plane on the dipole moment itself, such as dipole image

enhancement, as already captured in the dipole moment: that is, we consider the

dipole moments m̄n to be effective dipole moments that already include the effects

of the ground plane, and whose radiation patterns are that of classic dipoles, ex-

cept that they only extend into one half-plane. Since the above formulation already

normalizes the dipole moments by the output power, such image effects would not

change the systems behavior in any case.
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Appendix D

Fabricated Metamaterial Apertures

The experimental MetaImager apertures were formed by etching cELC elements onto

the top plate of a 60mil thick Rogers 4003 dielectric, clad on both sides with 0.5oz

(17um thick) copper. To design the cELC elements, I performed full-wave simulations

of the parallel-plate geometry shown in Fig.3.3A in CST Microwave Studio R©. Here,

a 60mil thick slab of Ro4003 (εr “ 3.45, δtan “ 0.0027) is sandwiched between two

copper plates (shown in yellow), and I define Ports (red) and PMC (blue) boundaries

along all ẑ and ŷ faces, respectively, between the plates; all other boundaries were

left open. Following studies of various cELC geometries I have decided to use the

geometry shown in Fig.3.3B, which exhibits satisfactory radiation efficiency while

maintaining sufficiently large Q-factors. We can design the metamaterial element to

resonate anywhere in the K-band spectrum by controlling the cELC length (L); in

Fig.3.3C I plot the efficiency (calculated as the ratio of radiated to simulated power)

as a function of frequency for several cELC lengths.

We form a single MetaImager panel by tiling the above-mentioned cELCs into

a square array spanning 18cm across each side. The cELC resonance frequency at
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each location is randomly chosen from the K-band spectrum, such that as I sweep

the operation frequency different locations within the aperture radiate strongly. The

guided fields between the plates are much stronger near the center the panels edges;

in order to excite the panel more uniformly I remove elements randomly with a

probability that varies linearly as a function of position from the center (70%) to

the edge (0%). The resulting sparse panel is shown in Fig.3.3D. The metamaterial

region is surrounded by a 1.5cm boundary to accommodate four bolt holes used to

mount the panel to a frame constructed from aluminum extrusion components. The

complete frame, supporting six MetaImager panels, is shown in Fig.D.1.

Figure D.1: The complete frame, constructed from aluminum extrusion compo-
nents, supported six identical panels.
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