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Abstract

In this work, a hybrid mixed order numerical framework is proposed for multiscale

linear/ nonlinear nano optical computation. Starting from the principle of the spec-

tral element boundary integral (SEBI) method, the mixed-order SEBI solver with

homogeneous Green’s function is first developed for the nano-scale linear and non-

linear electromagnetic scattering analyses. The SEBI realizes the exact radiation

boundary condition with a set of surface integral equations (SIE’s), and discretize

the whole computation domain with the fast convergent Gauss-Lobatto-Legendre

(GLL) basis function. The Bloch periodic boundary condition is applied for efficient

simulation of structures with periodicities in one or two directions.

For nonlinear optical simulation, full-wave solver is developed self-consistently by

iteratively solving the vector Helmholtz equations at each harmonic frequency. To

further address the multiscale scattering analysis in nano optics, a hybrid framework

is developed by combing the SEBI solver with the dyadic periodic layered medium

Green’s function (PLMGF) and the domain decomposition method (DDM). Formu-

lating the SIE’s with the dyadic PLMGF, all unknowns in the background layered

medium are pushed to the radiation boundaries. Thus, the whole planar layered

background can be truncated from the computation domain. Considering its highly

singular analytical properties, the PLMGF is carefully and systematically formulated

under matrix representation. A feasible and effective technique is proposed for the

on-interface PLMGF singularity extractions. By extracting the primary and sec-
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ondary terms’ singularities separately, all PLMGF-related SIE components can be

efficiently evaluated. The DDM further reduces the memory cost for electrically large

problems and enhances the framework’s flexibility. Finally, a scattered field perfectly

matched layer - surface integral equation (PML-SIE) radiation boundary condition is

proposed to enable the non-periodic modeling. With the hybrid radiation boundary

condition, the periodic and non-periodic solvers are maximumly integrated together

with the minimum maintenance cost.

Benefiting from the exponential convergence and flexibility of the SEBI, com-

putationally challenging problem can be solved with considerably reduced number

of samplings. As a typical application, the multilayer defects analysis in extreme

ultraviolet (EUV) lithography is studied for both 2-D and 3-D models. The light

absorption engineering of graphene is also investigated around the visible spectra.

Benefiting from the accuracy of the full-wave nonlinear solver, couplings between

the fundamental frequency (FF) field and the higher harmonic (HH) field ignored

my most previous studies can also be self-consistently analyzed in nonlinear opti-

cal simulation. With this tool, the investigation is extended to the engineering of

graphene’s visible spectra absorption tuning and third harmonic generation (THG)

enhancement. Graphene’s Kerr effects are also studied under strong surface plas-

monic resonance. The hybrid higher order method’s efficiency and accuracy are

further validated through various multiscale nano-optical cases.
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1

Introduction

High efficiency numerical simulation technique in electromagnetic and optical prob-

lems has been a fundamental tool for the design and study of complex nano-scale

opto-electronic structures. The past decades witnessed the rapid developments in

nano-optics, where the various complex nano-scale designs and technologies evolve

from laboratory prototypes to practical engineerings. Extreme ultraviolet (EUV)

lithography, nano antennas and plasmonic metamaterials are the representatives of

this large category of nano-scale technologies highlighted in the industrials [Wu and

Kumar (2007); Vakil and Engheta (2011)]. Accompanying the engineering level ap-

plications, their design and fabrication increasingly address the importance of quan-

tified analyses [Pomplun et al. (2007a); Lin et al. (2012); Ahmed et al. (2013)].

Considering the expensive cost of repeating experiment-based investigation, in many

circumstances, the feasibility of a design largely depends on the accuracy and effi-

ciency of the numerical solver.

Various computational methods have been proposed for the analysis of nano op-

tics problems. Conventional high frequency approximation methods have been widely

used in analyzing optical wave’s propagation and scattering. However, for delicate
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modern nano-scale designs and fabrications, both the optical field’s magnitude and

phase information need to be obtained with high accuracy. The full-wave computa-

tional methods thus triumph the high frequency approximations and are focused with

increasing interest in this area. However, at optical spectrum, the targeted problems

are usually electrically large, especially for 3-dimensional (3-D) full-wave study. The

versatile structure of the lithography pattern, optical connection and the background

masks and substrate further constitute a multiscale problem. Conventional compu-

tational methods, such as finite element method (FEM) and the finite-difference

time-domain (FDTD) method, have been under intensive study for their potential

in nano optical computations [Saitoh and Koshiba (2001)]. Unfortunately, these ap-

proaches can hardly handle the multiscale problems. Their slow convergence also

enforces a particular high sampling density inside the computation domain. Solv-

ing the final linear equation system usually consumes giant computational resources

[Niu et al. (2014)]. This costly requirement in computational resources may be even

increased by orders in repeated systematic simulation.

In this work, a mixed-order hybrid numerical framework is proposed for the multi-

scale computation of linear and nonlinear nano optical scatterings. Starting from the

principle of the spectral element boundary integral (SEBI) method, the mixed-order

SEBI solver is first developed for the nano-scale linear and nonlinear electromag-

netic scattering analyses in homogeneous background. The SEBI realizes the exact

radiation boundary condition with a set of surface integral equations (SIE’s), while

discretizing the whole computation domain with the fast convergent Gauss-Lobatto-

Legendre (GLL) basis function. In nonlinear optical simulations, full-wave results

can be obtained self-consistently by iteratively solving the vector Helmholtz equa-

tions at each harmonic frequency. For the curve-boundary geometries, a high order

Jacobian matrix can be utilized to generate the curve-edge boundary, so that the

error caused by the preprocessing process can be minimized. Moreover, considering

2



the periodic nature of many large scale optical frequency applications, the Bloch

periodic boundary condition is further applied to largely reduce the number of un-

knowns in the final equation system. As another improvement, the block-Thomas

method is used to further enhance the efficiency of the direct solver.

To further address the multiscale scattering analysis in nano optics, a hybrid

framework is developed by combing the SEBI solver with periodic layered medium

dyadic Green’s function (PLMGF) and the domain decomposition method (DDM).

The formulation and implementation of the PLMGF is systematically discussed in

both regular wave function formulation and matrix-friendly formulation. The dyadic

PLMGF is highly singular in general. The hyper singularities occur when both the

source and the observation points are on the same layered medium interface. To fully

address the sampling capability in this situation, a feasible and effective singularity

extraction technique is proposed under the matrix-friendly formulation.

By formulating the SIE’s with the PLMGF, all unknowns in the background lay-

ered medium are pushed to the radiation boundaries. Thus, the whole planar layered

background can be truncated from the computation domain. Considering its highly

singular analytical properties, the PLMGF is carefully and systematically formulated

under matrix representation within the SEBI context. All PLMGF-related SIE com-

ponents can be efficiently evaluated through extracting the primary and secondary

terms’ singularities separately,

The Riemann solver based DDM is developed for splitting the SEBI computation

domain into multiple volume subdomains together with another boundary surface in-

tegral subdomain. Through this endeavor, a large scale problem can be divided into

multiple smaller problems less demanding in computational resources. Moreover,

a scattered field hybrid radiation boundary condition is proposed to fully address

the necessity of non-periodic simulations. By first formulating both the wave equa-

tion and the SIEs with scattered field unknowns, and then combining the perfectly

3



matched layer (PML) with the surface integral equations (SIEs), the SEBI solver is

able to switch between periodic and non-periodic modeling with the minimum cost.

The rest of this thesis is organized as follows.

Chapter 2 provides a fundamental scheme of the mix-order SEBI method in fre-

quency domain, especially with respect to its application in nano optical simulations.

Starting from the field-source relation in electromagnetic/ optical problems, the the-

ory and discretization rule of the BI-SEM is systematically introduced. Interpolat-

ing both the interior volume domain and the radiation surfaces with the GLL basis

functions, the exponential convergence is expected to be obtained throughout the

computation domain. Focusing on the nano optical computation applications, the

periodic homogeneous Green’s function and the Bloch periodic boundary condition

is rigorously applied. The PLMGF capability will be integrated into the proposed

numerical framework in the continuing chapters. Following the same philosophy, a

fast convergent full-wave solver for nonlinear optical process is further proposed.

With the advantage of the developed numerical solver, several nano-scale engi-

neering investigations are conducted in Chapter 3 - 5. As a typical application of

the multiscale SEBI solver in linear nano optics, the multilayer defects analysis in

extreme ultraviolet (EUV) lithography is provided in Chapter 3. The multilayer dis-

tortion caused by the mask defects is regarded as one of the critical challenges of EUV

lithography. Here the developed BI-SEM solver is used to simulate the influence of

the defected nano-scale structures with high accuracy and efficiency. Through com-

paring the performance of this method with the conventional finite element method,

it is shown that the proposed BI-SEM can greatly decrease both the memory cost

and computation time. For typical 2-dimensional (2-D) problems, we show that the

BI-SEM is 11 and 1.25 times more efficient than the FEM in terms of memory and

CPU time, respectively, while for 3-D problems, these factors are over 14 and 2,

respectively, for smaller problems; realistic 3-D problems that cannot be solved by

4



the conventional FEM can be accurately simulated by the BI-SEM.

In Chapter 4, graphene’s light absorption engineering around the visible spectra is

investigated using the nonlinear SEBI solver with homogenous Green’s function. The

strategy of combing various types of nanoparticle cluster arrays with a special Bragg

reflector is systematically studied to stimulate a particularly strong localized surface

plasmonic resonance (LSPR). In the spectra of 300 nm to 1000 nm, a maximum light

absorption of 67.54% is observed for the graphene layer with optimal parameters of

the photodetector model.

Starting from this outstanding photo-responsivity, Chapter 5 extends the research

into quantitative third harmonic generation (THG) analysis, especially graphene’s

third harmonic characteristics under strong surface plasmonic resonances. Both

the enhancement strategy of THG with strong LSPR and graphene’s optical and

electro-optic Kerr effects are investigated in this chapter. In the concerned spectra,

graphene’s THG conversion rate is enhanced by 4.4ˆ 105 times. Simultaneously ap-

plying electro-optic Kerr process can further boost the THG emission. However, its

contribution is only secondary compared with LSPR. This study briefly discusses the

THG conversion efficiency of the bilayer and trilayer graphene models under strong

LSPR.

Delicate nano patterns and optical connections embedded in electrically large

multi-layer structures consists of the most common multiscale model in nano optics.

A critical step in the solution is to incorporate the PLMGF in the hybrid numerical

solver. Chapter 6 systematically formulates the PLMGF under both wave function

formulation and matrix-friendly formulation, which serves as the foundation of the

endeavors in Chapter 7. The hyper singularity of the PLMGF limits its application

under certain prerequisites. To enable the sampling feasibility under general con-

ditions, a novel and feasible singularity extraction technique is proposed under the

matrix-friendly formulation.
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Chapter 7 extends the mixed-order SEBI solver proposed in Chapter 2 to a hybrid

framework for multiscale simulations. First, the SEBI is re-formulated with dyadic

Green’s function for the background region. The PLMGF is then combined with the

original SEBI solver. Within the proposed SEBI-PLMGF framework, the minimum

discretization region only contains the principal cell of the periodic scatterer, while

the whole layered medium background is truncated from the computation domain.

Noticing the PLMGF’s hyper-singular analytical properties, the matrix representa-

tion is systematically derived for the primary terms and secondary terms separately.

The strong singularity issue is thus considerably relieved. Several numerical cases

are presented to validate the formulation.

Chapter 8 theoretically investigates the DDM to the SEBI and proposes an in-

tegrated periodic/ non-periodic solver framework. Based on the Riemann solver

transmission boundary condition, the DDM is applied to both the SEM subdomain

and the MoM subdomain. To fully address both periodic and non-periodic model-

ings in nano optics, a novel framework is proposed for integrated analysis of periodic

and non-periodic structures in piecewise homogeneous background. The proposed

numerical scheme hybridizes the perfectly matched layer and the surface integral

equations (SIE’s) for lateral and top/bottom boundaries, respectively. With this hy-

brid absorbing boundary condition, the integrated solver can switch between periodic

simulation and non-periodic simulation with minimum cost. These endeavors equips

the multiscale SEBI method with the capabilities for more versatile nano optical

computations.

Chapter 9 summarized the primary contribution of this work. The key steps and

the critical components of the proposed multiscale higher order method is revisited.

Through the theoretical analysis and the various numerical examples in this work,

it is concluded that the multiscale SEBI framework serves as a competitive solution

for nano optical computations. Applicable further research topics are also proposed
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in this chapter.
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2

Fundamental Scheme of the Spectral Element -
Boundary Integral Method

2.1 Maxwell’s equations and wave equations

The source-field relation in electromagnetic theory is governed by the Maxwell’s

equations, which are

∇ˆ E “ ´Mi ´ jωB (2.1)

∇ˆH “ Ji ` Jc ` jωD (2.2)

∇ ¨D “ qev (2.3)

∇ ¨B “ qmv (2.4)

where E is the electric field intensity; H is the magnetic field intensity; D is the

electric flux density; B is the magnetic flux density; Mi is the impressed magnetic

current source density; Ji is the impressed electric current source density; Jc is the

conduction electric current density; qev and qmv are the volume electric and magnetic

charge density, respectively.

Starting from the differential form Maxwell’s equations, the electric field Helmholtz

wave equation can be obtained by taking the derivative of Eq. (2.2), with Eq. (2.1)
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inserted:

∇ˆ rµ´1
r p∇ˆ Eqs ´ k2

0εrE` jωµ0J`∇ˆ µ´1
r ¨M “ 0 (2.5)

where k0 “
ω
c

is the wave number in vacuum; εr and µr are the relative permittivity

and relative permeability of the medium. Equation (2.5) sufficiently describes the

time harmonic field-source relation in frequency domain electromagnetic problems,

and serves as the foundation of the frequency domain modeling of the interaction

between electromagnetic field and physical objects in this work.

A major category of large-scale systems in nano optical applications employs

periodic structures. The periodicity can be utilized to simplify the complexity of

the computational modeling. For instance, for each unit of the periodic structure,

both the electric field and the magnetic field on the periodic boundaries satisfy the

Floquet theorem. In other words, the electric field and the magnetic field should be

continuous at the interfaces between adjacent periodic units, and relate to those on

the opposite periodic surface with a constant phase shift. This relation contributes to

a significant reduction in the computational system’s degree of freedom. More details

about the principle and implementation of the Bloch periodic boundary condition

will be discussed in detail in Section 2.3.

2.2 Principle of the boundary integral - spectral element method

The boundary integral - spectral element (SEBI) method in principle combines the

mixed-order spectral element method (SEM) with the surface integral equations

(SIE’s) as a solution to the vector Helmholtz equation. The SEM has been proposed

as a fast convergent method for both 2-D and 3-D computational electromagnetic

problems. Using a special category of interpolation basis functions, the exponential

convergence can be obtained for the models without field singularities. On the other

hand, although the SEM exhibits good performance within the discretized domain,
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in most electromagnetic modelings the physical objects are placed in penetrable

background. A radiation boundary condition is thus necessary to be enforced.

The SEBI method includes a set of surface integral equations as the exact radi-

ation boundary condition, with only a minor increase of the number of unknowns.

Under the SEBI framework, the interior region with complex inhomogeneities is

solved by the SEM. Different from the SEM domain, the radiation boundary sur-

faces are treated with the method of moments (MoM). Discretizing both the interior

volume and the boundary surfaces with the higher order basis function, fast conver-

gence can be expected throughout the computation domain [Luo and Liu (2009); Hu

(1995); Niu et al. (2015)].

The interpolation principle of the SEBI is similar to that of the finite element -

boundary integral (FEBI) method, but with difference choice of vector basis functions

to improve the accuracy and efficiency. In FEBI method, the field is interpolated

by the low order polynomials, which only has second order accuracy. However,

by interpolating with the Gauss-Lobatto-Legendre (GLL) polynomials, a spectral

accuracy can be achieved in both SEM and MoM domain in two-dimensional (2-D)

and three-dimensional (3-D) simulations [Luo and Liu (2009); Hu (1995)]. In other

words, with the increase of the basis function’s order, the numerical error decreases

exponentially instead of quadratically.

Apply the Galerkin’s method to Eq. (2.5), the weak form of the Helmholtz

equation can be obtained as
ż

V

rp∇ˆΦiq
T
¨ µ´1

r ¨ p∇ˆ Eq ´ k2
0 ¨ pεrΦiq

T
¨ EsdV

´jk0

ż

S

ΦT
i ¨ pn̂ˆ H̄qdS “ 0.

(2.6)

Here the normalized magnetic field is employed in Eq. (2.6), which is defined as

H̄ “

b

µ0
ε0

H, and Φ denotes the basis function in the physical domain.
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The arbitrary shape target is simulated within a finite computation domain in

general. As a result, when implementing the numerical simulation method for a tar-

get in the open space, an outer boundary condition needs to be applied to truncate

the unbounded surface [Vouvakis et al. (2004)]. Here the electric field integral equa-

tion (EFIE) and the magnetic field integral equation (MFIE) are used to describe

the electric field and magnetic field on the truncation boundary

µrL pJ̃sq ´
1

2
Ms `K pMsq “ n̂ˆ Einc

p (EFIE) (2.7)

εrL pMsq `
1

2
J̃s ´K pJ̃sq “ n̂ˆ H̃inc

p (MFIE) (2.8)

where n̂ is the outward normal direction, J̃s “ n̂ ˆ H̄ is the equivalent surface

electric current density, and Ms “ ´n̂ˆE is the equivalent surface magnetic current

densities; the subscript p is used to denote the medium at the truncation surface

(top surface or bottom surface) of the computation domain. Note that the top and

bottom media can be different and thus their Green’s function can be different. In

addition, the integral operators in the EFIE and the MFIE for the top and bottom

boundaries are defined as below

L pXpr1qq “ jk0n̂ˆ p

ż

S

gppr, r
1
qXpr1qdS 1

`
∇
k2
p

ż

S

gppr, r
1
q∇1s ¨Xpr1qdS 1q,

(2.9)

K pXpr1qq “ n̂ˆ´

ż

S

∇gppr, r1q ˆXpr1qdS 1, (2.10)

where gppr, r
1q is the scalar Green’s function in the homogeneous background medium,

and kp is the wavenumber at the background medium; K is the Cauchy principal

integral operator with the singular point at r “ r1 removed. Furthermore, if the

problem is Bloch periodic in the lateral directions, gp is the corresponding periodic

Green’s function.
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Inserting the MFIE into the weak-form wave equation while simultaneously apply-

ing the Galerkin’s method to the EFIE, we can obtain the weak-form SEBI equations

for the scattering problem. The combined weak form of Helmholtz equation and that

of the EFIE are given as

ż

V

rp∇ˆΦiq
T
¨ µ´1

r ¨ p∇ˆ Eq ´ k2
0 ¨ pεrΦiq

T
¨ EsdV

´2jk0

ż

S

ΦT
i ¨ rK pJ̃sq ´ εr ¨L pMsqsdS

“ 2jk0

ż

S

ΦT
i ¨ pn̂ˆ H̃inc

p qdS,

(2.11)

jk0

ż

S

ΦT
i ¨ rµrL pJ̃sq `

1

2
n̂ˆ E`K pMsqsdS

“ jk0

ż

S

ΦT
i ¨ pn̂ˆ Einc

p qdS.

(2.12)

To achieve the spectral accuracy, the mixed-order GLL element discretization is

used in both the interior domain and the boundary surfaces [Luo et al. (2010); Lee

and Liu (2005); Luo and Liu (2011); Luo et al. (2013); Niu et al. (2015)]. For each

mesh element, the fields are expanded by a set of mixed order GLL basis functions.

Meanwhile, the coordinates in each element can be mapped to a reference domain

defined as pξ, η, ζq P r´1, 1s ˆ r´1, 1s ˆ r´1, 1s.

In one dimension, the N -th order GLL basis function can be expressed in the

reference domain by

φ
pNq
j “

´1

NpN ` 1qLNpξjq

p1´ ξ2qL
1

Npξq

ξ ´ ξj
, (2.13)

where LNpξq is the N -th order Legendre polynomial and the nodal points ξj for

j “ 0, 1, ...N are chosen as the roots of p1´ ξ2
j qL

1

Npξjq “ 0.

Based on the above formulas, the 3-D mixed-order vector basis functions can be
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written as [Lee et al. (2006)]

Φ̃ξ
rst “ ξ̂φ

pNξ´1q
r pξqφpNηqs pηqφ

pNζq
t pζq (2.14)

Φ̃η
rst “ η̂φ

pNξq
r pξqφpNη´1q

s pηqφ
pNζq
t pζq (2.15)

Φ̃ζ
rst “ ζ̂φ

pNξq
r pξqφpNηqs pηqφ

pNζ´1q
t pζq (2.16)

where pφ
pNξq
r , φ

pNηq
s φ

pNζq
t q are the scalar basis functions with pNξ, Nη, Nζq interpolation

orders along pξ̂, η̂, ζ̂q directions, respectively. As a result, the electric field and the

magnetic field can be expanded by the vector GLL basis functions as

Epξ, η, ζq “
N
ÿ

i“1

EiΦ̃i (2.17)

Hpξ, η, ζq “
NS
ÿ

j“1

HjΦ̃j (2.18)

where N and NS are the total number of the basis functions in the whole computation

domain and on the boundary surface, respectively; Φ̃ denotes the GLL vector basis

function in the reference domain; tEiu and tHju are the set of field unknowns we are

solving for.

Inserting the vector basis expansion of the electric field and the magnetic field

to Eq. (2.11) and Eq. (2.12), the weak-form equations can be discretized with the

spectral element. In order to keep the tangential components of the fields continuous,

the covariant mapping and contravariant mapping between the reference domain and

the physical domain are given by

Φ “ J´1Φ̃ (2.19)

∇ˆΦ “
1

|J|
JT∇ˆ Φ̃ (2.20)

13



for the basis functions and curl operation, respectively, where J is the Jacobian

matrix, defined as

J “

»

—

–

Bx
Bξ

By
Bξ

Bz
Bξ

Bx
Bη

By
Bη

Bz
Bη

Bx
Bζ

By
Bζ

Bz
Bζ

fi

ffi

fl

. (2.21)

It is worth noting that even though the high order spectral element greatly de-

creases the numerical error at a modest additional cost, this improvement still can

be offset by the errors in modeling the geometry structure. When analyzing the

multi-layer defected model, the fine structure and the curved boundaries make this

issue increasingly non-negligible.

Fortunately, with the covariant mapping given in Eq. (2.19) and Eq. (2.20),

further improvements can be achieved by using the basis function defined on elements

with curved surfaces. For a general curved hexahedron, given appropriate control

points, the high order scalar basis functions can be utilized to map the coordinates

from the reference domain to the physical domain :

x “
I
ÿ

i“1

J
ÿ

j“1

K
ÿ

k“1

xijkBijk (2.22)

y “
I
ÿ

i“1

J
ÿ

j“1

K
ÿ

k“1

yijkBijk (2.23)

z “
I
ÿ

i“1

J
ÿ

j“1

K
ÿ

k“1

zijkBijk (2.24)

where pxijk, yijk, zijkq are the coordinates of the given control points; pI, J,Kq are

the number of interpolation points in pξ, η, ζq directions, respectively; Bijk is the set

of high order scalar basis functions defined throughout the reference domain. Com-

pared with the cuboid element, the curved-side elements are capable of significantly

reducing the error occurring in the geometry modeling process.
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2.3 Enforcement of the Bloch Periodic Boundary Condition

Different from the philosophy of realizing the radiation boundary condition in the

SEBI framework, the enforcement of the periodic boundary condition is derived

under the spectral element method framework for boundary value problems. Before

enforcing the Bloch boundary conditions to the lateral surfaces of the computation

domain, we first discretize the unknowns in the weak-form wave equations and the

SIE’s.

One of the major advantages of the SEBI or SEM originates from the GLL inter-

polation basis function. Compared with the linear convergence of the conventional

finite element method, the SEM exhibits exponential convergence with respect to the

increase of the order of interpolation polynomials. Discretizing both the SEM and

MoM domain with the GLL basis function, Eq. (2.11) - (2.12) arrive at the linear

equation system:
»

–

KII KIS 0
KSI KSS `UH VH

0 VE UE

fi

fl ¨

»

–

EI

ES

H̃S

fi

fl “

»

–

0

H̃inc

Einc

fi

fl , (2.25)

where K block matrices are the combination of the mass matrix and the stiffness

matrix from the SEM formulation. Their first and second subscripts denote the

subdomain of the testing and basis functions, respectively. The subscript I denotes

the interior computation domain; S denotes the radiation boundary surfaces domain.

U,V represent the block impedance matrices corresponding to the integral operators

L , K , respectively. The superscripts above U,V denote the corresponding integral

operator is applied to electric field unknowns or magnetic field unknows. Through

the above linear sparse equation system, the exponential convergence is expected for

both the SEM domain and the MoM boundary surfaces.

Without loss of generality, assume the periodicity in along x and y directions.

Thus, under the proposed SEBI framework for periodic scatterers, the top and bot-
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tom radiation boundaries have been realized by the surface integral equations with

the periodic homogeneous Green’s function. The lateral boundaries of the computa-

tion domain are truncated with the Bloch periodic boundary condition:

Epr` aq “ Eprqe´jk¨a (2.26)

Hpr` aq “ Hprqe´jk¨a (2.27)

where k “ x̂kix ` ŷkiy is the Bloch wave vector; a “ x̂Lx ` ŷLy is the lattice vector;

r and r` a are the position vectors of the two corresponding points located at

two opposite periodic boundary surfaces. Noticing that the SEBI utilized localized

GLL basis functions for discretization, Eq. (2.26) - (2.27) are only enforced on E’s

tangential components on the periodic boundary surfaces of the whole computation

domain, and H’s tangential components on the boundary edges of the top and bottom

surfaces.

Equation (2.25) can be more compactly written as

A ¨ u “ b. (2.28)

To apply the Bloch boundary condition to the linear equation system, we first

classify vector u according to each unknown’s location:

u “ ruin,ux1,ux2,uy1,uy2,uxy1,uxy2,uxy3,uxy4s
T (2.29)

where ux1 and ux2 are the corresponding unknown pair with x-periodicity; uy1 and

uy2 are the corresponding unknown pair with y-periodicity; uxy1, uxy2, uxy3 and uxy4

are with dual periodicity in x and y directions.

The Floquet theorem implies that

ux2 “ ux1 ¨ e
´jkxLx (2.30)

uy2 “ uy1 ¨ e
´jkyLy (2.31)
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uxy2 “ uxy1 ¨ e
´jkxLx (2.32)

uxy3 “ uxy1 ¨ e
´jkyLy (2.33)

uxy4 “ uxy1 ¨ e
´jkxLxe´jkyLy . (2.34)

Equations (2.30) - (2.34) relates the corresponding unknown pairs on the PBC

boundaries, so that the number of degree of freedom (DoF) can be reduced. The

enforcement of Eq. (2.30) - (2.34) consists of two steps: (a) remove the dependent

testing functions in the weak-form equations (b) reduce the dimension of unknowns

[Nicolet et al. (2004)]. This process can be elegantly formulated by introducing the

Bloch phase matrix

P “

»

—

—

—

—

—

—

—

—

—

—

—

—

–

I 0 0 0
0 I 0 0
0 I ¨ e´jkxLx 0 0
0 0 I 0
0 0 I ¨ e´jkyLy 0
0 0 0 I
0 0 0 I ¨ e´jkxLx

0 0 0 I ¨ e´jkyLy

0 0 0 I ¨ e´jkxLxe´jkyLy

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, (2.35)

where 0 and I are zero and identity block matrices with the appropriate dimensions,

respectively.

The final linear equation system can be obtained as

P:AP ¨ ũ “ P:b (2.36)

where

ũ “ ruin,ux1,uy1,uxy1s
T (2.37)

and the superscript : denotes Hermitian transpose.

All unknowns of the computation domain can be obtained by solving Eq. (2.36)

with the knowledge of Eq. (2.30) - (2.34).
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Combining the Bloch periodic boundary condition with the mixed-order GLL dis-

cretization, both 3-D and 2-D periodic models can be solved with the same version of

computer software. With the application of mixed order basis function and periodic

boundary condition, the numerical solver for 3-D models can be easily transformed

to that of the 2-D models only with a change of the input parameter. For instance,

for a 2-D model uniform in the y direction, we can directly apply the 3-D periodic

scheme to a mesh with one element uniform in the y direction. By further applying

the first order interpolation in the y direction, i.e. Nη “ 1, the 2-D model can be

simulated efficiently.

2.4 The higher harmonic generation solver based on SEBI

The principle of the SEBI method can be further extended as a solution of the non-

linear optical computation, such as the higher harmonic (HH) generation problems.

During the HH process, the time harmonic optical source-field relation at all har-

monic frequencies can be sufficiently described by the vector Helmholtz equation,

with the dielectric polarization serves as a secondary source for the fields at all fre-

quencies. In other words, Eq. (2.11) - (2.12) can be used to solve the optical field

at various harmonic frequencies with self-consistent coupling. Conventionally, due

to the difficulty in solving the nonlinear vector partial differential equations, the

nonlinear optical analyzes usually ignore the influence of the mutual coupling be-

tween FF field and HH field. For instance, by ignoring the coupling between the FF

field and HH field, one can only solve for the FF field without nonlinear dielectric

polarization, and then apply χpnq to FF field to obtain the HH field pattern. How-

ever, this approach is not accurate in general. Although the solution can be largely

simplified for many engineering background, with the increase of the field intensity,

the error becomes more and more unacceptable. A typical example is the analysis

of nano-structure’s nonlinear performance under strong localized surface plasmonic

18



resonance (LSPR). For this reason, a self-consistent nonlinear numerical solver is of

considerable importance in both theory and application.

Instead of applying the independency approximations to simplify the partial dif-

ferential equation system, here we focus on accurately solving the nonlinear optical

field directly from the coupled vector wave equations. To achieve this goal, we need

to update the FF field, nonlinear dielectric polarization, and the HH field iteratively.

As is well known, the dielectric polarization serves as a source for nonlinear optical

fields. In the proposed numerical scheme, we initially calculate the FF field induced

by the incident light via the linear process. With this obtained FF field, the ini-

tial value of the HH dielectric polarization is first calculated, from which the initial

value of the HH field can be solved from the vector wave equation. After all these

initial values obtained, we can iteratively solve for the field unknowns at FF and HH

frequency to arrive at the self-consistent solution.

Written as a block matrix equation, the FF and HH fields in each set of Eq.

(2.11) - (2.12) can be described as
»

–

KIIpk0q KISpk0q 0
KSIpk0q KSSpk0q `UMpk0q VMpk0q

0 VEpk0q UEpk0q

fi

fl ¨

»

–

EIpk0q

ESpk0q

H̃Spk0q

fi

fl “

»

–

PHHG
i pk0q

H̃inc

Einc

fi

fl

(2.38)

»

–

KIIp2k0q KISp2k0q 0
KSIp2k0q KSSp2k0q `UMp2k0q VMp2k0q

0 VEp2k0q UEp2k0q

fi

fl ¨

»

–

EIp2k0q

ESp2k0q

H̃Sp2k0q

fi

fl “

»

–

PHHG
i p2k0q

0
0

fi

fl

(2.39)

...
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»

–

KIIpnk0q KISpnk0q 0
KSIpnk0q KSSpnk0q `UMpnk0q VMpnk0q

0 VEpnk0q UEpnk0q

fi

fl ¨

»

–

EIpnk0q

ESpnk0q

H̃Spnk0q

fi

fl “

»

–

PHHG
i pnk0q

0
0

fi

fl

(2.40)

The above equations are coupled together via the secondary source terms:

PHHG
i pk0q “

1

ε0

ż

Ω

dVΦi ¨Ppk0q (2.41)

PHHG
i p2k0q “

1

ε0

ż

Ω

dVΦi ¨Pp2k0q (2.42)

...

PHHG
i pnk0q “

1

ε0

ż

Ω

dVΦi ¨Ppnk0q (2.43)

where Φi denotes the corresponding GLL basis function; Ppk0q,Pp2k0q, ...,Ppnk0q

denote the nonlinear dielectric polarizations for the FF and each HH fields, respec-

tively. By solving Eq. (2.38) - (2.40) iteratively, the field distribution at each har-

monic frequency can be obtained self-consistently.
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3

Mixed-Order SEBI for Irregular Scatterers: EUV
Multilayer Defects Analysis

3.1 A Linear Nano Optics Benchmark Case with Irregular Geometry

The periodic SEBI method proposed in Chapter 2 serves as an effective solver for

various applications in nano optics. The SEBI’s advantages not only are demon-

strated by the fast convergence compared with the conventional methods, but also

reflected in its strong flexibility with mixed-order element. In this chapter, a typical

extreme ultraviolet (EUV) lithography project with large and complex structures is

studied with the linear SEBI solver. To demonstrate its advantage over the conven-

tional numerical approaches, numerical accuracy and computational resource costs

are compared for the benchmark case.

EUV lithography is considered as one of the most promising next-generation

lithography technologies, benefiting from its feasibility with currently available ex-

posure tools [Urbanski et al. (2012); Kwon et al. (2012); Wu and Kumar (2007);

Amano et al. (2012); Badger et al. (2012); Peng et al. (2012); Li et al. (2012b)].

However, the availability of defect-free masks is one of the critical concerns before its
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full commercialization. More commonly, mask defects are known as a major source

of the multilayer defects for the EUV lithography [Urbanski et al. (2012); Kwon et al.

(2012); Amano et al. (2012); Badger et al. (2012); Feigl et al. (2006)]. A typical sce-

nario of mask defects is that a particle originates on the lithography mask as defect

core. All the multilayer materials deposited over the mask will thus be distorted,

and both the phase and magnitude of light at a given position will be influenced to

an unexpected degree.

A high-accuracy analysis of the influence of buried defects usually serves as

the foundation for further compensation strategies. This relies heavily on a high-

accuracy numerical technique for modeling and simulation. Unfortunately, given the

finite computational resources, such numerical solutions are usually hard to obtain.

The wavelength of the EUV laser source is currently expected to be 13.5 nm [Feigl

et al. (2006)], significantly smaller than the dimensions of the practical lithography

model. Even after applying the periodic boundary conditions in the lateral direc-

tions to reduce the model size, the computational domain of the whole structure is

usually electrically large, thus very challenging to solve, especially in three dimen-

sions. Currently, the mainstream numerical simulations for this problem are based

on the finite-difference time-domain (FDTD) method, the conventional finite element

method (FEM) [Krautschik and Nishiyama (2003); Evanschitzky et al. (2003); Pom-

plun et al. (2007b, 2006); Botha and Jin (2004)], and rigorous coupled-wave analysis

(RCWA) [Schiavone et al. (2001); Smaali et al. (2006)]. However, these methods

have a significant drawback of slow convergence because of the lower-order approx-

imations utilized in these methods. Typically, a high sampling density of over 20

points per wavelength (PPW) is required to guarantee relatively satisfying accuracy.

Because of these drawbacks, for practical applications, the computation time and

the memory cost often become unacceptable. The RCWA method is computation-

ally efficient, but it does have difficulty modeling curved defects that are common in
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EUV lithography.

In this study, the developed linear SEBI solver is used to simulate the defects

in both 2-D and 3-D EUV lithography structures. Compared with the conventional

methods, the SEBI method can efficiently analyze the influence of the multilayer

defects with high accuracy while at the same time significantly reducing the cost on

both memory and computation time. We also show that the proposed SEBI method

can solve a realistic 3-D EUV problem that is still very difficult to solve using the

conventional FEM.

3.2 Key Formulations

Following the framework of the SEBI, the combined weak-form Helmholtz equation

and the surface integral equations are given as

ż

V

rpµ´1
r ∇ˆΦiq

T
¨ p∇ˆ Eq ´ k2

0 ¨ pεrΦiq
T
¨ EsdV

´2jk0

ż

S

ΦT
i ¨ rK pJ̃sq ´ εr ¨L pMsqsdS

“ 2jk0

ż

S

ΦT
i ¨ pn̂ˆ H̃inc

p qdS

(3.1)

jk0

ż

S

ΦT
i ¨ rµrL pJ̃sq `

1

2
n̂ˆ E`K pMsqsdS

“ jk0

ż

S

ΦT
i ¨ pn̂ˆ Einc

p qdS

(3.2)

By inserting the vector basis expansion of the electric field and the magnetic field

to Eq. (3.1) and Eq. (3.2), the weak-form equations can be discretized with the

spectral element.

It is worth noting that even though the high order spectral element greatly de-

creases the numerical error at a modest additional cost, this improvement still can

be offset by the errors in modeling the geometry structure. When analyzing the
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multi-layer defected model, the fine structure and the curved boundaries make this

issue increasingly non-negligible. Lower order methods, such as the FEM and the

FDTD, conventionally relieve this issue by discretizing the curved-shape region with

dense meshes. Given the slow convergence of these method, this strategy is accept-

able though it not only dramatically increases the number of unknowns, but also

rapidly boots the condition number of the final equation system. However, if one

keeps the same strategy for the SEBI, the power of the higher order interpolation

would mostly go unrewarded.

On the contrary, the curved structure here is addressed through the higher order

mapping between the physical domain and the reference domain, instead of a denser

fitting of simplexes. At the step of using the covariant mapping given in Eq. (2.19)

and Eq. (2.20), further improvements can be achieved by using the basis function

defined on elements with curved surfaces. For regular shapes, such as the spheres,

the analytical relation between x, y, z and pξ, η, ζq can be obtained without much

effort.

For arbitrary geometries, the relation between x, y, z and pξ, η, ζq can be alterna-

tively built through a nested interpolation with Eq. (2.22) - (2.24). As an example,

the coordinates at the physical domain can be interpolated with the secondary order

scalar basis functions defined in the reference domain:

x “
3
ÿ

i

3
ÿ

j

3
ÿ

k

xijkBijkpξ, η, ζq (3.3)

y “
3
ÿ

i

3
ÿ

j

3
ÿ

k

yijkBijkpξ, η, ζq (3.4)

z “
3
ÿ

i

3
ÿ

j

3
ÿ

k

zijkBijkpξ, η, ζq (3.5)

where tBijkpξ, η, ζqu “ tφipξq ¨ φjpηq ¨ φkpζqu are the set of secondary order basis
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functions in the reference domain. For each dimension, we have

φ1pαq “
αpα ´ 1q

2
(3.6)

φ2pαq “ p1` αqp1´ αq (3.7)

φ3pαq “
αpα ` 1q

2
(3.8)

with α “ ξ, η, ζ.

Substituting these expressions into Eq. (2.21), and then each sampling point

can be mapped between arbitrary shape physical domain and the cubic reference

domain. Compared with the cuboid element, the curved-surface elements are capable

of significantly reducing the error occurring in the geometry modeling process.

3.3 Numerical Results

In this section, we provide a series of cases to validate the method proposed above.

In all the shown cases, the block-Thomas algorithm is utilized to further improve the

efficiency [Meurant (1992)]. Moreover, considering the conventional finite element

method is widely used as the current solution for EUV multilayer analysis in peri-

odic structures, we further compared the performance of the SEBI method with the

classical FEM.

3.3.1 2-D multilayer structure

The perfect 2-D multilayer periodic structure

To validate the proposed method for the EUV lithography model, we first consider

a perfect 2-D periodic EUV mask with one-dimensional periodicity. In this case no

multilayer defect exists in the model. As is shown in Fig. 3.1., the mask is periodic in

the x direction, finite in the z direction, and invariant in the y dimension. Moreover,

the top region is filled with air and the bottom region is the substrate, and both
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boundaries in y direction is open. From top going downward, the sequence of the

materials is given as

(a) Absorbing capping (thickness: 12 nm, n “ 0.957´ j0.023);

(b) Absorber layer (thickness: 75 nm, n “ 0.926´ j0.0436);

(c) Multilayer capping (thickness: 2.5 nm, n “ 0.866´ j0.0171);

(d) Silicon-Molybdenum bilayer: repeat 40 times (Si layer thickness: 4.17 nm with

n “ 0.999´ j0.00182, Mo layer thickness: 2.78 nm with n “ 0.924´ j0.00644);

(e) Substrate (thickness: infinity, n “ 0.979).

In addition, the width of the absorbing capping and the gap between each capping are

both 88 nm. The top truncating boundary is at 27 nm above the absorber capping,

Figure 3.1: The structure of an EUV lithography model.

while the bottom truncating boundary is at 6.75 nm below the top substrate surface.

A TMy wave with a wavelength of 13.5 nm is normally impinging from the top

surface. Moreover, the scattered field is observed at one wavelength above the ab-

sorbing capping. Under above simulation conditions, the magnitude and the phase

of the scattering field are shown in Fig. 3.2 and Fig. 3.3, respectively. From Fig.
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Figure 3.2: The magnitude of the scattered electric field Ey for the TMy wave at
normal incidence in the model in Fig. 3.1.
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Figure 3.3: The phase of the scattered electric field Ey for the TMy wave at normal
incidence in the model in Fig. 3.1.

3.2 and Fig. 3.3 we can see that the SEBI results agree well with that obtained

from the conventional finite element method. Further convergence tests show that

the SEBI results are more accurate than the FEM results, and the discrepancy in

the phase between them was due to FEM error.

The 2-D EUV lithography model with multilayer defects

Next, a 2-D EUV lithography model with multilayer defects is studied as the second

example. Based on the same model in Section 3.3.1, we further study the defects

generated by a core on the substrate. Therefore, all the bilayers and the capping
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deposed on the substrate are distorted to some degree. Since the printability of the

final defect depends on the distortion of the phase and the magnitude of the light,

we also focus on the phase and the magnitude of the scattered field in this defected

model.

As is shown in Fig. 3.4, the model is also periodic in the x direction but invariant

in the y direction. The defect core is located at the center of the gap between the

2nd and the 3rd cappings in the x direction, and affect all the bilayers. Moreover,

a Gaussian function is used to describe the distortion of the Si-Mo bilayers, with

the FWHM (full width at half height) being 50 nm. The height of the distortion is

chosen as 3 nm for all Si-Mo bilayers.

Figure 3.4: The Gaussian defects with an FWHM value of 50 nm and a height of
3 nm in the EUV lithography model. The right panels show the geometry of the
defects and their meshing.

A TEy plane wave is obliquely incident to this model with an incident angle of 6

degrees. Fig. 3.5 and Fig. 3.6 present the magnitude and the phase of the scattered

field Ex observed one wavelength above the absorbing capping, respectively.

To achieve a comparable accuracy, a sampling density of 8 points per wavelength

(PPW) is used in the SEBI scheme. Meanwhile, the sampling density is over 30

PPW for the classic FEM. However, even with such a high sampling density, the

accuracy of the FEM phase result is still lower than that of the SEBI. For the model

shown in Fig. 3.4, where the non-perfect periodic Si-Mo multilayer is together with
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Figure 3.5: The magnitude of the scattered electric field Ex for the TEy wave at
6o oblique incidence in the defect model in Fig. 3.4.
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Figure 3.6: The phase of the scattered electric field Ex for the TEy wave at 6o

oblique incidence in the defect model in Fig. 3.4.

defect, the SEBI has a significantly faster convergence compared with FEM. This

is not only because of the spectral accuracy of the algorithm, but also is attributed

to the curve-edge elements utilized in mesh generations, which largely eliminate the

geometrical approximation error. Compared with the conventional method, even for

the 2-D simulation cases, the SEBI employs a significant advantage in efficiency.

In practical mask inspections, measuring the far fields is usually more applicable

for EUV lithography. In this study the proposed SEBI as well as the conventional

FEM is dedicated to solve the near-field distribution. However, according to the near-
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Figure 3.7: The far field pattern of the magnetic field for the TEy wave at 6o

oblique incidence in the defect model in Fig. 3.4.

to-far transformation in electromagnetic theory, once we obtained the near field, the

far field scattering distribution can be directly obtained through the near field infor-

mation. This is a post-processing step. As a typical instance, under the oblique TEy

incidence, the far zone magnetic field at 10,000 wavelengths above the lithography

object is shown in Fig. 3.7.

3.3.2 3-D multilayer periodic structures

Benefiting from the efficiency of the SEBI, the 3-D lithography model at EUV fre-

quency can be simulated. As the first 3-D simulation case, a model without the

multilayer defects is investigated. As is shown in Fig. 3.8, the model employs the

same materials as that of the 2-D case, while it is also periodic in the y direction.

Fig. 3.9 gives the scattered electric field ||Esc|| pattern for TEy normal incidence.

The multilayer 3-D defected model is further investigated by the SEBI method.

We suppose the defects exist in each gap between the absorbing capping along the

x direction. The electric field ||Esc|| pattern of TEy normal incident is given in Fig.

3.10 Through the comparison of Fig. 3.9 and Fig. 3.10, we can see that the field

distribution has been greatly changed by the buried defects. Through the comparison

between the perfect lithography and the defected model, an evaluation of the final
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Figure 3.8: The 3-D EUV lithography model without defects.

printability could be achieved. Additionally, the numerical results can serve as the

basis for the further lithography repair strategies.

3.3.3 The comparison of the performance between the SEBI and the classic FEM

In this section, the performance of the SEBI method and the classical FEM is com-

pared. For the 2-D scheme, the defected model in Section 3.3.1 is simulated by

SEBI and FEM separately. However, considering the complexity and the size of the

defected 3-D model in Section 3.3.2, the time and memory cost of the conventional

FEM will be unnecessarily large. Thus, as an alternative, a smaller size non-defect

model is used for comparison in 3D. We shrink the model in the x direction by half,

and remove the multilayer defects. In addition, the estimated computation cost for
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Figure 3.9: Scattered Electric field pattern for the TEy wave at normal incidence
in the no-defect model in Fig. 3.8.
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Figure 3.10: Scattered Electric field pattern for the TEy wave at normal incidence
with the defect added to the model in Fig. 3.8.

the original 3-D model by the FEM is also provided, which can be used as a reference

for that of the SEBI.

Here the numerical errors were obtained by comparing the results with refer-

ence results when the fields are well converged. Numerically, both the SEBI method

and the FEM converge to the same value with sufficient refinement. However, it is

worthwhile to clarify here that the electrically large problems makes the FEM highly

memory and time consuming to achieve extraordinarily accurate results. When do-

ing a convergence test for both the SEBI and the FEM, it is shown that the SEBI
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converges dramatically faster with a significantly reduced requirement on computa-

tion cost. As a result, throughout this section, the well converged results obtained

SEBI serve as the benchmark for calculating the receiver error.

Table 3.1: The Computation Cost – EUV Lithography

Model/Method Time Cost Memory Cost Relative Error
2-D, defected / FEM 10 min 16.3 GB 3.90 %
2-D, defected / SEM 8 min 1.5 GB 0.42 %
3-D, shrunk / FEM 14 min 21.4 GB 1.08 %
3-D, shrunk / SEM 7 min 1.5 GB 0.93 %

3-D, defected / FEM
ą 15 hours
(estimated)

ą 120 GB
(estimated)

—

3-D, defected / SEM 3.6 hours 12 GB 1.61 %

The simulation is performed on a computer server with an Intel i7 CPU. To

achieve the similar accuracy in the electric field pattern, the memory and time costs

are shown in Table 1. For both 2-D and 3-D simulations, the SEM is more efficient

than the FEM. This advantage would be even more significant with the increasing

of the size and the complexity of the model, which makes the SEBI promising for

many practical applications.

3.4 Conclusion

The SEBI method that combines the boundary integral equations with the spectral

element method is used to simulate the extreme ultraviolet lithography multilayer

defects in both 2-D and 3-D problems. Benefiting from the high accuracy of the SEM

and the surface integral method used to truncate the open boundary, the hybrid

scheme provides excellent efficiency and accuracy. A set of 2-D results are first

provided to validate the SEBI method by comparing the numerical results of the

finite element method, which serves as one of the mainstream approaches for the

EUV simulation. The method is then used to investigate the 3-D EUV lithography

33



multilayer defects. Compared with the classical finite element method, the SEBI

shows significant advantages in both computation time and the memory cost.
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4

The SEBI in Sub-wavelength modeling: Graphene’s
Absorption Enhancement via Surface Plasmonic

Resonances Engineering

4.1 A Sub-Wavelength Plasmonic Engineering Case

After demonstrating the efficiency and flexibility of the linear SEBI solver, we ap-

ply it as an effective tool for graphene’s linear response engineering under localized

surface plasmon resonance (LSPR). Strong LSPR modelings commonly include sub-

wavelength structures and highly focused electromagnetic fields. A fast convergence

numerical tool thus can shrink the systematic simulation period considerably.

Graphene has drawn a surge of interest in both academia and industry due to its

unique properties. Because of its exceptional electromagnetic and mechanical prop-

erties, such as the extremely high quantum efficiency for light-matter interactions,

controllable inter-band transition and saturable nonlinear absorption, graphene is

considered as a promising alternative for silicon in the next generation advanced

optoelectronic devices [Wang et al. (2008); Vasko (2010)]. Meanwhile, over the past

few years, a considerable number of graphene-based optoelectronic devices have been
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demonstrated and studied. One representative device is the graphene-based pho-

todetector [Li et al. (2012a); Zhu et al. (2013a)]. However, despite the outstanding

properties of graphene including fast carrier mobility and high quantum efficiency,

some fundamental limitations still need to be overcome. Typically, the optical ab-

sorption of floated single atom layer graphene is essentially poor for a satisfying

photo-responsivity. Another limitation is that graphene also shows a considerably

flat absorption in the visible to near-infrared spectra, i.e., in this spectra, graphene

does not provide a frequency selectivity.

One promising approach to overcome these two drawbacks is to utilize the LSPR

of periodically patterned noble metal nanoparticless (NPs). With a properly designed

plasmonic antenna, the photo-responsivity can be dramatically improved with signif-

icant enhancement of optical response, while simultaneously generating a frequency

selectivity for the device [Zhu et al. (2013a); Echtermeyer et al. (2011); Liu et al.

(2011)]. In addition, the optimal operation frequency of the device can be effec-

tively tuned by varying plasmonic antenna’s parameters. Previous research reports

that gold NP arrays have been demonstrated as a promising plasmonic nano-antenna

for graphene-based photodetectors with effective near field excitation and hot elec-

tron contribution [Fang et al. (2012)]. With gold plasmonic antennae, we are able

to induce strong photovoltage and photocurrent in graphene-based photodetectors

through enhanced light absorption in visible and near-infrared spectra.

Another critical aspect of graphene-based nano-scale photonic device design is

the accuracy and efficiency of numerical techniques. Despite the promising role of

graphene-based photodetectors with plasmonic antennae, its specific design is very

challenging without a powerful numerical simulation technique. Currently, the pre-

vailing numerical approaches in this area are concentrated on the finite-domain time-

difference (FDTD) method and the classic finite element method (FEM). Despite the

flexibility of the FDTD and the FEM, these methods suffer from a slow convergence
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because of their lower-order approximations. In order to guarantee satisfying accu-

racy, these methods usually require a sampling density of over 20 points per wave-

length (PPW). Meanwhile, even though the time domain method can theoretically

simulate a relatively wide spectral band, this strategy may be time- and resource-

consuming in specific nano-photonic cases. For instance, when the concerned spectra

is very large, the electromagnetic simulation covers both the electrically large and

electrically small problems according specific frequency components. A correspond-

ing challenge is that for electrically small problems, a large number of time steps is

required to obtain the steady state results; while for electrically large problems, the

computation resources required by the classical time domain methods may be pro-

hibitively large due to the required high sampling density. In addition, under some

circumstances, the frequency-dependent refractive index of various materials in the

visible and near-infrared spectra cannot be described or accurately approximated as

functions of frequency in analytical forms. In nano-photonic simulations, an accurate

wide bandwidth solution is hence difficult to be obtained.

This section focuses on light absorption engineering of graphene around visible

spectrum by LSPR of gold NPs with the spectral element boundary integral (SEBI)

method. In previous studies, graphene’s strong light absorption is mainly achieved

in the infrared spectrum [Thongrattanasiri et al. (2012)]. However, its performance

around the visible spectrum is of great significance in practical engineering designs.

The research by J. Zhu et al. [Zhu et al. (2013a)] theoretically explores the per-

formance and discipline of uniformly placed cuboid Au NPs by the FDTD method,

and reaches an optimal light absorption of 30.3 %. Here, with the proposed SEBI,

we further study the absorption enhancement of graphene with boosted plasmonic

effects. Under the objective of improving the performance of graphene-based pho-

todetectors, the advanced light absorption enhancement of graphene is theoretically

explored with SEBI, which shows an outstanding accuracy and excellent efficiency.
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Our study shows that with the light concentration by the LSPR and the electro-

magnetic coupling of gold nano-antennae, the tunable selective optical absorption

enhancement of graphene can be achieved in the simulated spectra of 300 nm to

1000 nm. By adjusting the gold plasmonic antennae, a peak graphene absorption

rate of 67.54% is obtained in the simulation frequency band. This absorption is

enhanced by 30 times compared with that of the floating graphene layer, and 2.2

times with the optimal value of the research by reference [Zhu et al. (2013a)]. To our

knowledge, it is also the highest reported absorption rate achieved inside graphene

layer in the concerned spectra.

It is worth noting that the efficient analysis of the optical absorption largely de-

pends on the high performance of the SEBI. Compared with the classical FEM and

the FDTD, the SEBI can efficiently analyze the electromagnetic scattering problem

with spectral accuracy, thus enabling fast numerical analysis of large scale graphene-

based photodetectors. Considering the possible large number of unknowns when

solving the assembled linear equation, an iterative solver can show a poor conver-

gence while a direct solver can be prohibitively expensive. Thus, throughout all

the simulation cases, the block Thomas algorithm is utilized to further boost the

computational efficiency [Chen et al. (2011a)].

4.2 Simulation of the localized surface plasmon resonance

4.2.1 Graphene’s refractive index and optical absorption

Based on the Fresnel coefficients approach [Bruna and Borini (2009)], the complex

refractive index of single atom layer graphene can be described by the following

equations

ñpωq “ npωq ` jkpωq (4.1)

npωq “ 3.0, kpωq “ ´
c

2ωdn
lnp1´ παq (4.2)

38



where α “ 1{137 is the fine structure constant and c is the speed of light in vacuum;

ω is the angular frequency; d is the thickness of the graphene layer; npωq is real part

of the complex-value refractive index, and kpωq is the extinction coefficient which

determines the optical absorption in graphene.

The ultrathin graphene is modeled as a 2-dimensional surface characterized by

the appropriate boundary conditions in many researches. However, in this research,

the key for graphene’s optical absorption engineering is to confine the majority of

the incident energy inside the graphene layer with the LSPR. To emphasis this phys-

ical process, the single layer graphene is considered as an electromagnetic dielectric

medium with a thickness of 0.34 nm in the following study. With SEBI numerical

analyses, the 3-dimensional bulk description of graphene becomes even more reward-

ing when the researchers aims to further calculate the amount of energy confined

inside the graphene or to analysis the corresponding optical field distribution.

The optical absorption of the graphene layer at an angular frequency is calculated

as the ratio between the absorbed power in the graphene and the incident power, as

is defined by

Apωq “
Pd
Pinc

“

ţ

V
ωnkε0|E|

2dV
ť

S
Sinc ¨ dS

(4.3)

where Sinc denotes the Poynting vector of the incident field impinging upon the entire

structure; V is the volume of the graphene layer, and the surface integral area S is

the upper intersection area of the graphene layer.

Based on above equations, the absorption engineering of the single layer graphene

can be analyzed with numerical electromagnetic simulations. Theoretically, the opti-

cal absorption of a floating single layer graphene is 2.3% with an optical transmission

of about 97.7% [Li et al. (2012b); Bonaccorso et al. (2010)]. In this research, our

goal is to design nano-structures with a high-efficiency frequency domain computa-
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tional electromagnetic technique, so that plasmonic effects can be utilized for tunable

graphene absorption enhancement.

4.2.2 Computation method

In this work, the frequency domain SEBI with block-Thomas acceleration is used to

efficiently analyze the absorption engineering of graphene. Under the scheme of SEBI,

the interior simulation domain is computed by the spectral element method (SEM),

while the radiation boundary is modeled by a set of boundary integral equations.

For periodic nanostructures simulations, the Bloch periodic boundary conditions are

applied to the lateral boundaries, while the top and bottom open boundaries are

truncated by the boundary integral solved by method of moments (MoM) [Niu et al.

(2014)].

Under the scheme of SEBI, the scattering problems reduce to solving the following

equations, which combines the weak-form vector Helmholtz, the electric field integral

equation, and the magnetic field integral equation:

ż

V

rpµ´1
r ∇ˆΦiq

T
¨ p∇ˆEq ´ k2

0 ¨ pεrΦiq
T
¨EsdV

´2jk0

ż

S

ΦT
i ¨ rKpJ̃sq ´ εr ¨ LpMsqsdS

1
“ 2jk0

ż

S

ΦT
i ¨ pn̂ˆ H̄ inc

qdS 1
(4.4)

jk0

ż

S

ΦT
i ¨ rµrLpJ̃sq `

1

2
n̂ˆE `KpMsqsdS

1
“ jk0

ż

S

ΦT
i ¨ pn̂ˆEinc

qdS 1 (4.5)

After obtaining the linear equation system discretized from Eq. (4.4)-(4.5), the

block-Thomas algorithm is used to accelerate the solving process. The block Thomas

method is designed for block tridiagonal linear systems. For our problem, the block

Thomas algorithm can be used level by level for partial acceleration. Readers can re-

fer to the reference by Chen et al. [Chen et al. (2011a)], Luo et al. [Luo et al. (2013)],

Meurant et al. [Meurant (1992))]and references therein for detailed discussions and

pseudo codes about this algorithm.
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When simulating the cylindrical or ring geometry with conventional FEM or

FDTD method, a very dense mesh must be required around the curve boundary.

This is because when using the 1st order geometrical element, such as tetrahedron or

rectilinear hexahedron, an especially high sampling density is needed to reduce the

meshing error around the curve boundaries. If this requirement is not met, the error

generated in the meshing process will inevitably compromise the overall simulation

accuracy. Meanwhile, if high-order geometrical elements (curve-edge elements) are

used in the mesh process for conventional FEM, it is not appropriate to expect an

improvement in either the efficiency of the numerical technique or the final accuracy.

This is because even though high-order geometrical elements can precisely model

the complex geometry, the covariant and contravariant mapping between its physi-

cal domain and reference domain requires extra computation, which is not negligible

for a relative large number of elements. Furthermore, when applying high-order

geometrical elements, the associated numerical quadratures all require a higher sam-

pling density to achieve a reasonable accuracy. For instance, the accurate result of

Gauss-Lobatto-Legendre (GLL) quadrature can no longer be obtained under this cir-

cumstance. Instead, the number of sampling points must be increased according to

specific cases. This requirement, in fact, brings considerable extra computation cost,

and severely raises the time cost. The most common attempt to reduce the overall

computing load is using higher order but larger geometrical element in the meshing

process. When the high-order geometrical elements are utilized in combination with

a high-order method, an acceptable improvement of the overall numerical scheme

can be achieved.

Fortunately, SEBI shows a spectral accuracy inside the computation domain, by

which the advantage of high-order geometrical discretization can be realized. With

GLL approximation, p-refinement is much more efficient than h-refinement. Based

on above facts, the relatively sparse high-order geometrical discretization becomes
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meaningful for SEBI. When simulating the curved edge (such as arches) structures,

the mapping of the coordinates between the reference domain and the physical do-

main is accomplished with the interpolation of second order scalar basis functions.

By decreasing the number of unknowns, the computation cost of this mapping be-

comes secondary and fully acceptable. With this strategy, not only the meshing error

can be minimized, but also the performance of the overall numerical scheme can be

boosted.

4.3 Enhancement structures and numerical results

The SEBI’s high efficiency makes it an effective tool for practical designs and opti-

mizations. With this method, a set of localized surface plasmon resonance enhance-

ment gold nano antennae with the design of Bragg reflector are studied for graphene’s

optical response improvement within the spectra of 300 nm to 1000 nm. A geomet-

rical parameters are determined in combination of systematic numerical simulations

and reference researches. Additionally, the dispersive parameters of the materials are

carefully taken into consideration in the numerical simulations to guarantee trust-

worthy results. In all the shown cases, the numerical technique is accelerated by a

five-level block Thomas solver. Compared with previous study, our research shows

that the optical absorption of graphene can be further enhanced with frequency

selectivities.

4.3.1 Floating single layer graphene

A simple case is first studied in order to validate the proposed numerical analysis

method. As is well known, theoretically and experimentally, the floating single layer

graphene has a spectral non-selective optical absorption of 2.3% with almost zero

reflection in the concerned spectral range of 300 nm to 1000 nm. Here the SEBI

with block-Thomas acceleration is first used to calculate the optical absorption of
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the floating single layer graphene model.

400 450 500 550 600 650 700 750
95

96

97

98

99

100

Wavelength (nm)

T
ra

n
s
m

is
s
io

n
 (

%
)

Floating Single Layer Graphene
Light Transmission

 

 

Experimental Result

BI−SEM Result

Figure 4.1: Light Transmission for Floating Single Layer Graphene

The numerical results as well as the experimental data from reference [Nair et al.

(2008)] are given in Fig. 4.1. The result is in excellent agreement with the theoretical

value, and also reasonably matches the experimental data.

4.3.2 Light absorption engineering with nanoparticles

Considering the thickness of a single layer graphene is only about 0.34 nm, the 2.3%

optical absorption of the floating single layer graphene is already very impressive.

However, when designing graphene-based nano-scale photonic devices, such as the

graphene-based photodetectors, this light absorption is still too poor to guarantee a

satisfying photoresponsivity. In this section, we propose a set of design dedicated to

confine spectral selective energy inside the graphene layer by appropriate plasmon

resonance excitation.

The key for effectively shaping the light absorption capability of graphene as

well as the corresponding spectra is to effectively engineer the plasmon resonance

generated by plasmon nano-antennae. The plasmon resonance is largely determined

by the parameters of each single particle as well as the inter-particle electromagnetic

coupling.
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Figure 4.2: Sketch of (a) the schematic graphene-based photodetector; (b) cuboid
cluster NP with Bragg reflector; (c) cylindrical NP with Bragg reflector; (d) ring NP
with Bragg reflector.

The reference by Zhu et al. [Zhu et al. (2013a)] theoretically explores the optical

absorption enhancement with uniformly placed square gold NPs, which shows that

with appropriate choice of the parameters, graphene can achieve an optimal absorp-

tion of 30.3%. Here we further study the possibility of further boosting the optical

absorption of graphene with plasmonic phenomena.

A schematic drawing of a graphene-based photodetector is given in Fig. 4.2a.

The reflector layer generates a phase shift of the wave reflected by the substrate.

By changing the thickness and structure of the reflector layer, we are able to tune

the phase difference between reflective optical wave from graphene and that from

the substrate. This phase difference, in fact, directly contributes to the interfero-

metric property of the photodetector. Additionally, the noble metal NPs can act as

44



plasmonic antennae which generate certain degree of plasmon resonance. In order

to achieve optimally enhanced absorption, both the effects of optical interferences

and plasmon resonances should be taken into consideration. When the intrinsic in-

terferometric absorption peak coincides with the plasmon resonant frequency, it is

expected that the enhanced near field has a good contribution to the optical loss in

graphene.

4.3.3 Cuboid Au NP cluster with Bragg reflector

We first study the performance of cuboid shape Au NP clusters in comparison with

the conventional uniformly distributed NPs. As mentioned above, both the param-

eter of single NP and the inter-particle electromagnetic coupling contribute to the

graphene layer’s final behavior. Here the influences of Au NP clusters inner gap,

their interval, and the contribution of a specially designed Bragg reflector are all

studied comprehensively.

This category of plasmonic enhancement strategy is shown in Fig. 4.2b. The

periodic Au NP clusters are incorporated into the photodetectors directly above the

graphene layer. Keeping the total area of the top noble metal surface as 2500 nm2,

each NP cluster consists of 4 identical cuboid Au NPs with the side length of 25 nm.

In addition to the Au antenna cluster, the classical silica reflector is replaced by a

specially designed Bragg reflector, which is placed below graphene. In this model,

the Bragg reflector consists of 6 Si{SiO2 bilayers, where the thickness of each bilayer

is 100 nm+100 nm. Below the Bragg reflector is the silicon substrate. In numerical

simulation, the substrate is appropriate to be considered as infinitely thick. Thus

the substrate can be truncated by the EFIEs and MFIEs at its top surface, making

the computation domain much smaller than the conventional FDTD method.

As another validation of SEBI code, a comparison of the numerical results cal-

culated from SEBI and FEM are provided in Fig. 4.3. With a 4-th generation Intel
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Figure 4.3: Simulation results from SEBI and FEM.

i-7 CPU, FEM requires 354 min and 9.8 GB memory to obtain the numerical re-

sults of one single design, while the computation cost of SEBI is 59 min and 3 GB,

respectively.
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Figure 4.4: Cuboid NPs with Bragg reflector, incident polar angle varies.

In all the following systematic simulations, normal incident optical fields are ap-

plied to the graphene-based model, which is also the most common situations in prac-

tical engineering. However, considering the Bragg reflector behaves sensitively under

oblique incidence, its contribution becomes an interesting and meaningful topic when

coupling with the LSPR. Figure 4.4 provides the light absorption rate of graphene

under various incident polar angles. In this model, the distance between adjacent
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Figure 4.5: Structure with Bragg reflector (a) cluster interval=70 nm, inner gap
varies; (b) inner gap=3 nm, cluster interval varies.
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Figure 4.6: Under 870nm TMy normal incidence, electric field distribution for (a)
inner gap=3 nm; (b) inner gap=0 nm.

cuboid Au NP clusters is chosen as 30 nm, and the inner gap is chosen as 2 nm.

Despite the proposed structure’s performance shows a strong correlation with the

incident angle, it has a relatively large tolerance to the incident offset. Within the

incident angle of -40 degree to +40 degree, a significant light absorption enhancement

is observed in the graphene layer.

Both the gap inside each NP cluster and the interval between adjacent NP clusters

are able to, and in fact are designed to, control the inter-particle electromagnetic

coupling strength. Conventionally, the noble metal NPs are placed in a uniform

pattern. However, even though this strategy is capable of achieving a strong surface
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plasmon resonance, the conflict of inter-particle coupling enhancement and effective

plasmon surface area optimization always exists. Achieving a strong inter-particle

electromagnetic coupling usually requires a close spatial interval between adjacent

NPs; on the other hand, over-intensive metal coverages of the graphene inevitably

weaken the utilization efficiency of plasmon resonance. In this section, we numerically

study the strategy of split-NP clusters with SEBI. By keeping the percentage of gold-

covered area unchanged, the contribution of the inner gap of each NP cluster is first

studied. As a comparison, for a fixed inner gap value, the influence of distance

between adjacent NP clusters is further systemically investigated.

Figure 4.5a shows the influence of the inner gap of each NP cluster, where the

distance between adjacent clusters is supposed to be 70 nm. In Fig. 4.5b, we focus

on the influence of the gap between adjacent clusters, where the gap in each cluster

is typically chosen as 3 nm. Numerical results show that the split-NP cluster struc-

ture enhances the strength of the plasmonic phenomenon, and boost the maximum

graphene absorption by 110% compared with the uniform NP array. As a typical

instance, here the electric field distribution on the interface between graphene and

the Au NPs are compared in Fig. 4.6 between conventional NP arrays and cluster

NP arrays. It can be seen inside the gap, the electromagnetic near field distributes

with more uniformly enhancement, which improves the plasmonic light concentration

with higher energy efficiency. On the contrary, for non-split Au NP model (gap=0

nm), the near electric field mainly concentrates on the 4 singular corners, which not

only produces unnecessary energy losses, but also generates a less efficient plasmon

resonance.

The numerical study shows that the combination of NP cluster arrays and the

Bragg reflector is able to boost the light absorption of graphene in the visible spectra

and near infrared spectra. Compared with the conventional non-split NP arrays, an

essentially stronger surface plasmon resonance are excited inside the gap of each
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NP cluster, while the energy loss caused by NPs sharp corners are reduced to some

degree. Due to this improved NP structure and well matched plasmon resonance

frequency and intrinsic interferometirc peak, a peak absorption rate of 67.54% is

observed at the wavelength 860 nm. This strong light absorption is achieved by

choosing the gap inside each NP cluster as 3 nm, while separating adjacent clusters

by 30 nm.

4.3.4 Cylindrical and ring NP with/ without Bragg reflector

Cylindrical and ring noble metal NPs are widely used in nano-scale photonic struc-

tures to generate effective resonances. The rectangular corners of cuboid metal NPs

may become a drawback for nano-devices under certain circumstances. It is well

known that these sharp corners can be singular points for electromagnetic fields and

undesirably confine a large portion of energy, while at the same time negatively af-

fect the surface plasmon resonance with the accompanying energy losses. With these

concerns, it is reasonable to expect that the undesired power loss caused by the ge-

ometry can be reduced by removing the sharp corners of the cuboid Au NPs. In

addition, since the strong near field in graphene is highly concentrated surrounding

the bottom edges of gold NPs, appropriate improvement of the interface between

gold NPs and graphene serves as an alternative strategy for each NP’s plasmonic

efficiency enhancement. In this section, we theoretically study the graphene light

absorption contribution of a set of cylindrical and ring category Au NPs sketched in

Fig. 4.2c - 4.2d. Without loss of generality, for all the ring NP models, the inner

radius is typically chosen as half of its outer radius.

We first study the influence of solid cylindrical NPs with varying diameters and

adjacent distance. Compared with the uniform metal NP pattern, this design does

not explicitly improve the inter-particle coupling strength, but reduces the unneces-

sary energy loss and improves the plasmon resonance efficiency by removing the four
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Figure 4.7: Cylindrical NP with classic SiO2 reflector (a) adjacent distance=40
nm, radius varies; (b) radius=30{

?
π nm, adjacent distance varies.

singular corners. Next, to further boost the plasmonic efficiency of each noble metal

NP, we consider a set of ring gold NPs for LSPR manipulation.

In previous studies, graphene’s optimal light absorption in the visible spectrum

is reported as 30.3% with classic silica reflector and cuboid NPs [Zhu et al. (2013a)].

Here we first investigate the performance of ring and cylindrical with the SiO2 re-

flector. Referring to previous research reported by Zhu et al. [Zhu et al. (2013a)],

a typically optimal thickness of 300 nm is chosen for the SiO2 reflector. In order

to make this structure comparable with the cuboid gold NP case, here the height of

each NP is designed identical to that of the cuboid NP cluster. Similarly, we first

try to find an appropriate diameter of the gold NP. Then, with this design of gold

NP obtained, different distances between adjacent NPs are simulated. By varying

the distance between adjacent cylindrical NPs, the inter-particle coupling strength

can be controlled in a predicable way.

Numerical results in Fig. 4.7 - 4.8 show that even with classic silica reflectors,

a peak graphene light absorption can be achieve as 41% by the ring NP structure

at the incident wavelength of 690 nm. With this improvement on metal NP design,

the optimal graphene absorption rate is over 35% higher than the maximum value

reported by Zhu et al. [Zhu et al. (2013a)], where cuboid Au NPs are systemati-
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Figure 4.8: Ring NP with classic SiO2 reflector (a) adjacent distance=40 nm,
radius varies; (b) radius= 30{

?
π nm, adjacent distance varies.

cally studied. Compared with cylindrical NPs, ring-NP-based models show a better

frequency selectivity manipulation and a slightly higher graphene absorption. More-

over, by comparing Fig. 4.7b and 4.8b, the ring NP structure also shows a stronger

and more sensitive inter-particle coupling, whose strength can be sharply tunned by

changing the distance between adjacent gold NPs.

In general, by changing the outer radius of the ring NP, we can significantly

change the local resonant frequency and consequently manipulate frequency selective

absorption curve of graphene layer. Meanwhile, when varying the distance between

adjacent NPs, the coupling strength of NPs are effectively controlled. This property

can serve as a strategy to tune the strength of graphenes absorption without severely

affecting the optimal absorption frequency.

As a comparable case with the cuboid cluster Au NP models, the same Bragg

reflector design is built into the model for further graphene absorption enhancement.

Fig. 4.9 - 4.10 provide the SEBI results for the cylindrical NP models and the ring

NP models, respectively. Similar to the cuboid cluster NP case, the absorption of

graphene can be enhanced dramatically in the simulated spectra. For cylindrical Au

NPs, a peak graphene light absorption of 58.64% is observed under 860 nm incidence,

while a peak graphene light absorption of 40.27% is observed under 850 nm incidence
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Figure 4.9: Cylindrical NP with Bragg reflector (a) adjacent distance=40 nm,
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for ring Au NPs.

4.4 A Summary of Graphene’s Plasmonic Engineering

In this work, the SEBI, which combines the boundary integral equations with the

spectral element method, is utilized for numerical study of the light absorption of

graphene. Benefiting from the spectral accuracy of the SEM and the efficiency of the

surface integral equations used to truncate the open boundary, the proposed hybrid

numerical technique shows excellent efficiency and accuracy.

Based on SEBI, the periodic cuboid Au NP clusters as well as the cylindrical/
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ring clusters of Au NP are studied as the nano antenna for graphene light absorp-

tion engineering. Numerical results confirm that these designs are able to essentially

boost the light absorption of graphene with a frequency selective property. To fur-

ther enhance the plasmon resonance strength, a Bragg reflector is also designed for

the proposed structures, which dramatically assists the enhancement and tuning of

graphene light absorption.

Through plasmonic near-field engineering by controlling the type of reflector, the

pitch and category of plasmonic antenna, the light absorption of graphene can be

efficiently manipulated. A peak graphene light absorption rate of 41% is reported

in the visible spectra, while 67.54% is reported in the whole spectra studied in this

work.
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5

The SEBI in Nonlinear Optics: Graphene’s Third
Harmonic Generation Engineering

5.1 Third Harmonic Generation of Graphene

In Chaper 4, a strategy of graphene’s light absorption enhancement is systemati-

cally discussed. In this chapter, we employ the same strategy to stimulate strong

LSPR, but extend the investigation into nonlinear optics. On one hand, the LSPR

can largely improve graphene’s photo-responsivity by confining a significant amount

incident power around the graphene layer. Conversely, the strong near field is also

expected to largely boost graphene’s bulk nonlinear optical field generation. The

nonlinear solver proposed in Chapter 2.4 serves as a general solution for the higher

harmonic generation process. Section 5.2 further formulates the numerical method

for the third harmonic generation (THG) problem. This third harmonic SEBI solver

serves as the essential foundation for the efficient modeling, and the quantitative

analysis of Kerr effects.

As a crucial property, graphene’s nonlinear optical performance is an emerging

topic in theoretical and experimental studies. Recent investigations show that the
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single-atom layer graphene’s nonlinear optical response is particularly strong [Hong

et al. (2013); Kumar et al. (2013); Hendry et al. (2010)], though its one-atom thick-

ness requires further techniques to boost the relatively weak bulk nonlinear response.

Due to its centrosymmetric structure, the ideal floating monolayer graphene forbids

the second harmonic generation (SHG). Even though in practical designs this sym-

metric property may be broken by its adjacent materials, the induced SHG optical

field is still expected to be weak. On the contrary, originated from the resonant

nature of the light-graphene interaction, the third order nonlinear optical effects in

graphene are remarkably strong [Mikhailov (2011); Vincenti et al. (2014)]. Previous

four wave mixing experiment shows that graphene’s effective third order suscepti-

bility is on the order of |χp3q| „ 10´15m2{V 2 [Hendry et al. (2010); Kumar et al.

(2013)]. This strong third order optical interaction generates a third harmonic signal

with a significant contrast between graphene and the background material in most

optoelectronic designs. Under the effect of strong LSPR, graphene’s THG interaction

analysis becomes even more interesting and meaningful.

Current studies in graphene’s nonlinear performance are mainly based on exper-

imental measurements and analytical studies [Hendry et al. (2010); Kumar et al.

(2013); Mikhailov (2014)]. For relatively simple structures, such as a floating mono-

layer graphene or graphene deposed on flat substrate, these approaches are able to

effectively analyze the nonlinear optical performance of graphene, and contribute to

the determination of graphene’s nonlinear material parameters. However, for more

practical designs with more complex physics processes, theoretical analysis is not

able to serve as an effective approach due to the model’s complexity, while exper-

iments usually require high costs. In addition, for most quantitative analyses of

graphene’s nonlinear performance, the nonlinear field is directly calculated from the

field distribution at the fundamental frequency field without consideration of the

Kerr effect. However, in many nonlinear optical applications, the magnitude of local
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optical field can be considerably large, thus renders the dielectric polarizations not

negligible. Improper handling of the relation between materials’ refractive pattern

and the external electric field may finally jeopardize the reliability of the conclusions.

In this project, a self-consistent numerical solver is proposed for THG analy-

sis. Based on the spectral element boundary integral (SEBI) method, the optical

field at fundamental frequency (FF) and third harmonic (TH) frequency are solved

iteratively and self-consistently. SEBI shows spectral accuracy, i.e. the relatively

error decreases exponentially with increasing the order of Gauss-Lobatto-Legendre

(GLL) basis functions. With this fast convergence method, the proposed numerical

scheme is able to solve the FF field and the TH field accurately with a relatively

high convergence rate. Meanwhile, the flexibility of spectral element method also

makes this scheme suitable for the simulation of complex optoelectronic designs.

Under this numerical scheme, the materials’ response to the external optical fields is

self-consistently included in the analyses at both FF and TH frequencies.

In Section 5.2, the self-consistent numerical solver is explained in detail, which

can serve as a general solver for THG problems. In Section 5.3, this numerical solver

is utilized for graphene’s optical/ electro-optic THG enhancement analysis under

strong LSPR. As a typical example, a prototype of grpahene-based photodetector

are studied within the incident spectra of 400 nm to 1000 nm. Compared with the

TH emission of a floating graphene layer, numerical simulations shows that under

strong LSPR in our designed structure, graphene’s THG is enhanced by over 4.4ˆ105

times.
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5.2 Self-Consistent THG Computation

5.2.1 Field-source relations

Under the SEBI scheme, the frequency domain electromagnetic scattering problem

is described by the following weak form equations [Niu et al. (2014)]:

ż

V

rpµ´1
r ∇ˆΦiq

T
¨ p∇ˆ Eq ´ k2

0 ¨ pεrΦiq
T
¨ EsdV

´2jk0

ż

S

ΦT
i ¨ rKpJ̃sq ´ εr ¨ LpMsqsdS

1

“ 2jk0

ż

S

ΦT
i ¨ pn̂ˆ H̄inc

qdS 1

(5.1)

jk0

ż

S

ΦT
i ¨ rµrLpJ̃sq `

1

2
n̂ˆ E`KpMsqsdS

1

“ jk0

ż

S

ΦT
i ¨ pn̂ˆ Einc

qdS 1
(5.2)

where the operator K and L are defined in reference [Niu et al. (2014)].

After obtaining the linear equation discretized from Eq. 5.1-5.2, the block-

Thomas method is used to accelerate the solving process. Conventionally, the block-

Thomas method is designed for block tridiagonal linear systems. However, according

to the properties of the linear equation derived from Eq. 5.1-5.2, the block-Thomas

method can be used level by level for partial acceleration [Luo et al. (2013)]. For

more detailed algorithm of SEBI as well as the partial acceleration of block-Thomas

method, readers are referred to the references [Luo et al. (2013); Chen et al. (2011a)]

and the references therein.

5.2.2 Full-wave solver for third harmonic generation

The optical source-field relation at both FF and TH frequency can be sufficiently

described by vector wave equations, where the dielectric polarization serves as a

secondary source for the fields at both frequencies. As a direct application, Eq. 5.1-

57



5.2 can be used to solve the optical fields at FF and TH frequency with self-consistent

coupling. Conventionally, due to the difficulty in solving the nonlinear vector partial

differential equation, the nonlinear optical analyzes usually ignore the influence of

the mutual coupling between FF field and TH field. For instance, by ignoring the

coupling between the FF field and TH field, one can only solve for the FF field

without nonlinear dielectric polarization, and then apply χp3q to FF field to obtain

the TH field pattern. However, this approach is not accurate in general. Although

the solution can be largely simplified for many engineering background, with the

increase of the field intensity, the error becomes more and more unacceptable. For

the same reason, the analysis of nano-structure’s THG performance under strong

LSPR renders a particular need for a self-consistent numerical solver.

Here we focus on accurately solving the nonlinear optical field directly from the

coupled vector wave equations. To achieve this goal, we need to update the FF field,

nonlinear dielectric polarization, and the TH field iteratively. As is well known, the

dielectric polarization serves as a source for nonlinear optical fields. In the proposed

numerical scheme, we initially calculate the FF field induced by the incident light via

the linear process. With this obtained FF field, the initial value of the TH dielectric

polarization is first calculated, from which the initial value of the TH field can be

solved from the vector wave equation. After all these initial values obtained, we can

iteratively solve for the field unknowns at FF and TH frequency to arrive at the

self-consistent solution.

Written as a block matrix equation, the FF and TH fields in Eq. 5.1-5.2 can be

58



described as
»

–

KIIpk0q KISpk0q 0
KSIpk0q KSSpk0q ` U

Mpk0q V Mpk0q

0 V Epk0q UEpk0q

fi

fl ¨

»

–

EIpk0q

ESpk0q

HSpk0q

fi

fl “

»

–

PTHGpk0q

Hinc

Einc

fi

fl

(5.3)

»

–

KIIp3k0q KISp3k0q 0
KSIp3k0q KSSp3k0q ` U

Mp3k0q V Mp3k0q

0 V Ep3k0q UEp3k0q

fi

fl ¨

»

–

EIp3k0q

ESp3k0q

HSp3k0q

fi

fl “

»

–

PTHGp3k0q

0
0

fi

fl

(5.4)

Here we use Ppk0q and Pp3k0q to denote the nonlinear dielectric polarization for the

FF and TH fields, respectively:

Ppk0q “ 3ε0χ
p3q
pk0q : Ep3k0qEp´k0qEp´k0q

`3ε0χ
p3q
pk0q : Epk0qEpk0qEp´k0q

`3ε0χ
p3q
pk0q : Epk0qEp0qEp0q

(5.5)

and

Pp3k0q “ ε0χ
p3q
p3k0q : Epk0qEpk0qEpk0q (5.6)

where χp3q is a rank-4 tensor instead of a scalar to guarantee the robustness un-

der oblique incidence and for anisotropic media. After applying the procedure of

Galerkin’s method, the source terms in Eq. 5.3–5.4 are obtained as

PTHG
i pk0q “

1

ε0

ż

Ω

dVΦi ¨Ppk0q (5.7)

and

PTHG
i p3k0q “

1

ε0

ż

Ω

dVΦi ¨Pp3k0q (5.8)
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where Φi denotes the corresponding GLL basis function. The sub-matrices in Eq.

5.3 – 5.4 are given by the reference of Luo et. al. [Luo (2013)]

In order to quantitatively analyze graphene’s THG behavior within given samples,

the backward and forward TH exiting power rate are calculated at the top and bottom

truncation boundaries.

Rbwd{fwd “

ş

top{bottom
dSp˘ẑq ¨Ret1

2
EˆH˚u

ş

top
dSp´ẑq ¨Ret1

2
Einc ˆHinc˚u

(5.9)

It is also important to notice that the solver is valid under the condition that the

power series expression of nonlinear dielectric polarization is valid. It is important

to keep this in mind because, when the incident optical power is particularly strong,

the induced secondary source may be even larger than the primary source, which

finally leads to an incorrect result. This limitation is purely caused by the physical

description instead of the numerical solver.

5.3 Graphene’s THG under strong LSPR

LSPRs are widely used in nano-scale optoelectronic designs for performance en-

hancement and tight packing. As a typical example, previous research demonstrates

that with appropriate inter-particle coupling and light concentration by LSPRs,

graphene’s light absorption can be dramatically enhanced with frequency selectivity,

which makes the design of graphene-based photodetector realistic [Zhu et al. (2013a);

Niu et al. (2015)].

Under this engineering background, we extend our study to graphene’s THG

optical performance enhancement under the strategy of engineering strong LSPR.

Similar to the application of LSPR in graphene’s linear performance enhancement,

under proper design, a strong optical field can be concentrated around the graphene

layer, which in turn generates a strong secondary source for both TH and FF fields.
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It is also important notice that, LSPR not only may serve as an effective tool for

graphene’s THG enhancement, but also is a typical example for the necessity of a

full-wave numerical solver. During the THG process, the incident laser beam usually

exhibits a particular large magnitude to guarantee a satisfying TH field generation.

In the meantime, an satisfying LSPR can further boost the FF field’s magnitude

around graphene by over one order. So it should not be surprising that the nonlinear

dielectric polarization is relatively strong at both FF and TH frequency even without

applying external static electric field. Moreover, the LSPR stimulation heavily relies

on the scattering characteristics of the nano-structure, and signifiant change to the

field pattern may also impact the performance of THG. As a result, for this category

of simulation, neglecting the influence of Kerr effect may induce a relatively large

numerical error.

5.3.1 Solver validation

As the first numerical example, a comparison between the numerical results and

the experimental data from the reference [Kumar et al. (2013)] is provided in Fig.

5.1. In this experiment, reported by Kumar et al. [Kumar et al. (2013)], a three-

layer sample is made with flat monolayer graphene, silicon dioxide layer (300 nm),

and Si substrate (500 µm), and χp3q is taken as a scalar. To be fully comparable

with the experimental conditions and settings, when simulating this model, χp3q is

set to be an isotropic tensor in our code for this example. In addition, we must

emphasize here that, graphene’s |χp3q| measured from this experiment is believed

to have not been corrected for the multiple reflections caused by the three layers.

Although its influence might be within the experimental uncertainty, this difference

may cause non-negligible effects in self-consistent simulation. Theoretically, if the

multi-reflection is not taken into consideration when calculating |χp3q| from the mea-

sured experimental data, then graphene’s light absorption rate should be the same
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Figure 5.1: Comparison between SEBI results and experimental data for a
graphene- SiO2-Si setup.

as that of floating layer. However, the SEBI simulation of the experimental model

shows that graphene’s light absorption in this three-layer setting is almost twice of

that in a floating graphene layer. Therefore, to account for the influence caused

by multiple reflections, in our nonlinear simulation |χp3q| is take as 1/8 of the value

extracted in the experiment, i.e. |χp3q| “ 5ˆ 10´18m2{V .

In Fig. 5.1, the red marked line is the measured experimental data, and the pink

dash line is the fitted results reported by the reference [Kumar et al. (2013)]. We

can see that with the correction of |χp3q|, the numerical results match very well with

both the measured data and the fitted experimental results in general. Within the

low incident power range, the numerical results differ more significantly with the

measured experimental data. However, this difference is more likely to be caused by

the measuring error due to the low radiation energy. In the meantime, the measured

data also deviates from the fitted cubic-polynomial curve significantly in the low

incident power section, which in turn corresponds to our analyses.

5.3.2 Graphene’s THG enhancement with LSPR

Figure 5.2 gives a schematic drawing of a graphene-based photodetector prototype

[Niu et al. (2015)]. From top to bottom this model consists of the following sections:
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Figure 5.2: Sketch of the graphene-based photodetector prototype.

periodic cylindrical gold NPs, monolayer graphene, SiO2{Si Bragg reflector, and Si

substrate. The radius of each cylindrical NP is chosen as 16.93 nm, while the distance

between adjacent NPs confers as 40 nm. The reference [Niu et al. (2015)] provides

detailed explanation for the structure design as well as graphene’s linear performance

analyses. Our previous study validates that under this design, a particular strong

LSPR can be engineered around graphene layer, which enhances graphene’s linear

optical absorption by over 30 times.

Because of the strong LSPR, a particularly strong optical field is engineered

to concentrate around the interface between graphene and NPs. Aside from the

expected enhancement to the THG, this strong field may also induce not negligible

optical Kerr effect. As a typical example, numerical studies are provided for the

model of Fig. 5.2 with full-wave solver, as well as that from neglecting Kerr effect.

Figure 5.3 provides several typical results for the influence of optical Kerr effect,

where the simulation parameters are kept consistent with the systematic simulation in

latter part of this section. For regular cases such as the flat floating graphene’s THG,

the corresponding nonlinear dielectric polarization is really weak. Thus neglecting

the optical Kerr effect’s contribution does not induce significant error in final result.

On the contrary, for the model with strong LSPR, the dielectric polarization around

graphene is enhanced by orders. As a result, it is not surprising that a full-wave

solver is of significant value in this situation. The numerical results show that the
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Figure 5.3: Influence of optical Kerr effect.

relative error caused by conventional approximation can easily reach to 17%, which

largely impairs the robustness of any further theoretical discussions.

Based on the self-consistent solver proposed in Section 5.2, the backward and

forward THG emission power rate of graphene is shown in Fig. 5.4-5.5. In our

simulation, the incident electric field component magnitude is taken as |Einc| “ 106

V/m. This is equivalent to an incident Gaussian beam with a peak average intensity

of 1.3263ˆ105 W/cm2, which is reasonable in laboratory environments. In addition,

different from the numerical results in Fig. 5.1, in all following numerical simulations,

graphene’s third order susceptibility is taken as an anisotropic rank-4 tensor, with

the non-zero entries χ
p3q
1111, χ

p3q
2222, χ

p3q
3333, χ

p3q
1133, χ

p3q
1313, χ

p3q
1331, χ

p3q
3131, χ

p3q
3113, χ

p3q
1122, χ

p3q
2211,

χ
p3q
1212, χ

p3q
1221 [Hong et al. (2013)]. Here the value of these components are assigned

based on previous four-wave mixing experiment [Hendry et al. (2010); Kumar et al.

(2013)]: χ
p3q
1122 “ χ

p3q
2211 “ χ

p3q
1212 “ χ

p3q
1221 “ 2.3 ˆ 10´16m2{V and the rest non-zero

components equal to 7ˆ 10´16m2{V . This anisotropic tensor setting is to guarantee

the accuracy of the simulation results with an oblique incidence. Moreover, although

the flexibility of the proposed method allows the simulation of multiple nonlinear

materials within the structure, here only graphene’s third order susceptibility is

taken into consideration. The first reason for this simulation set-up is that the
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Figure 5.4: Graphene’s backward THG emission.
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Figure 5.5: Graphene’s forward THG emission

primary goal is to study the THG of graphene, thus making gold’s THG emission

marginal. In addition, previous study reports Au’s third order susceptibility as

χp3q “ 7.6ˆ 10´19m2{V 2 [Sámson et al. (2011)], which is orders smaller than that of

graphene. As a direct result, the THG strength of gold is also significantly weaker

than graphene.

Due to the strong LSPR and the Bragg reflector in the structure, graphene’s radi-

ation TH power rate shows an effective frequency selectivity and a strong correlation

between the incident angles under fixed incident wavelengths. Compared with the

floating single layer graphene, the backward THG emission is largely enhanced while
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Figure 5.6: Graphene’s backward THG enhancement factor.

the forward THG emission is reduced by orders of magnitude due to the multi-layer

reflector. In most experimental conditions and optoelectronic devices, focusing the

emission power in one direction may largely simplify the energy collection, and re-

duce the lossy influence of the thick-bulk substrate. Fig. 5.4 show that the maximum

backward radiation power rate is at -71.4 dB. Moreover, according to our simulation,

the forward THG power rate value for the spectra of 300 nm to 457 nm is too small

to be calculated precisely with double precision. In other words, the forward THG

should be considered as trivial compared the backward emission in that spectra.

A comparison between monolayer graphene’s THG under such strong LSPR and

that of the floating graphene layer is provided in Fig. 5.6. The enhancement factor

is calculated as the ratio between the TH exiting power rates under each structure,

and the results are plotted as its log value. Numerical simulation shows that under

efficient LSPR engineering, graphene’s backward THG radiation is enhanced by over

4.4ˆ 105 times. This maximum enhancement factor is achieved at 81.6o and 877 nm

incidence.

Electro-opto Kerr effect is another typical phenomenon that the external electric

field can perturbate the effective refractive index of the medium. Based on above

discussion about the LSPR strategy for THG enhancement, it is also straight forward
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Figure 5.7: Graphene’s backward THG under DC offset.

to extend the proposed numerical solver for the study of electro-opto Kerr effect’s

influence. With a static electric field applied to the graphene layer, the corresponding

dielectric polarization induces a perturbation in both the material’s effective third

order susceptibility, and the scattering pattern of the overall nano-structure. Those

two factors work together to influence the backward TH emission.

In numerical simulation, a DC external voltage off-set is also applied to the

graphene layer additionally to the incident source described in above section. With-

out loss generality, a systematic numerical simulation is conducted for the induced

external electric field (+y direction), whose the magnitude varies from 1ˆ 106 V/m

to 5 ˆ 107 V/m. Notice that the power series expression is not valid for saturated

materials, a even larger DC magnitude may risk influencing the robustness of the

numerical results, nor is such an ultra-strong DC offset quite realistic in experiments.

Figure 5.7-(a) provides the influence of DC offset to backward TH emission power

rate under 679 nm incidence. As expected, when the magnitude of applied static
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electric field is relatively small, the impact of the electro-opto process is weak. With

the increase of the static field’s magnitude, an increasingly strong TH backward

emission is observed. In Fig. 5.7-(b), a more complete comparison is provided for

three typical DC offset set-up. Here the reference data is taken as the results obtained

in Fig. 5.4 with normal incidence. A positive relative difference physically means

an enhanced TH backward emission, while a negative value denotes an impaired

emission pattern at certain spectra. The results show that at relatively weak static

field environment, the applied DC field does not exhibits a observable influence.

However, for strong static electric field, a highly frequency sensitive perturbation is

observed. Under 679 nm incidence, the backward emission is enhanced by 40 %.

With relatively strong electro-opto Kerr effect, the backward TH emission can also

be impaired at certain spectra due to the induced change in the structure’s scattering

characters. It should also be noticed that, although the electro-opto Kerr effect can

contribute to THG’s intensity and frequency tuning, its impact is only secondary

compared with that of LSPR.

Multilayer stack is another form of graphene used within some engineering ap-

plications. Under normal incidence of the same light source, bilayer and trilayer

graphene’s backward THG emission is further simulated in Fig. 5.8. The numerical

simulation of bilayer and trilayer graphene is modeled analogy from the monolayer

case, i.e., with similar electric properties but different in thickness. Within the in-

cident spectra of 400 nm to 700 nm, the LSPR of the structure is not particularly

strong [Niu et al. (2015)]. As a result, the THG efficiency increases with the increase

of graphene’s thickness, due to the improved utilization of the concentrated optical

field around the interface between gold NPs and graphene. However, when entering

the strong LSPR region, the optical field is tightly concentrated around the upper

interface of graphene. Under this circumstance, increasing the thickness does not

contribute to further enhancement of THG. On the contrary, the lossy property of
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Figure 5.8: Few-layer graphene’s backward THG emission.

graphene as well as the changed multi-layer reflection pattern in fact weaken the

backward THG emission to some degree.

5.4 Conclusions

In this chapter, graphene’s THG enhancement with strong LSPRs is theoretically

investigated by using the self-consistent solver based on SEBI. The fast convergent

SEBI is extended to an iterative THG solver with high accuracy and efficiency. This

proposed numerical simulation technique directly starts from the coupled vector wave

equations for FF and TH fields. By iteratively updating the secondary source from

nonlinear coupling, the influence of optical/ electro-opto Kerr effect can be accu-

rately included in numerical analyses. Under this numerical scheme, the anisotropic

property of graphene’s third order susceptibility is fully taken into consideration to

guarantee the accuracy under an oblique incidence. The numerical method is vali-

dated by comparing the numerical results with experimental data. In addition, the

THG backward and forward exiting power of a graphene-based photodetector proto-

type is calcuated. Under strong LSPR, numerical simulation shows that monolayer

graphene’s THG is enhanced by over 4.4 ˆ 105 times. Simultaneously utilizing the

electro-optic Kerr can further boost the TH emission. However, compared with the
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effect of LSPR, this contribution is only secondary, and is not expected to enhance

THG by orders. In the last section, this study is also extended to the investigation

of bilayer and trilayer graphene’s THG performance under strong LSPR.
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6

Periodic Layered Medium Dyadic Green’s Function

6.1 Overview

This chapter provides a systematic description of the periodic layered medium dyadic

Green’s function (PLMGF) under wave function formulation, and the singularity

extraction technique under the matrix-friendly formulation. Before continuing to

further investigation on the implementation of the PLMGF within certain integral

equation context, here the discussion primarily focuses on the systematic definition,

matrix-friendly formulation and efficient computation of the PLMGF itself. Based

on this foundation, Chapter 7 - 8 combine the SEBI with PLMGF together for

multiscale optical simulation. The efficient implementation of the PLMGF within

SEBI will be discussed systematically therein.

6.2 Wave Function Formulation of the PLMGF

The periodic layered medium dyadic Green’s function describes the electric and mag-

netic field generated by the periodic array of point electric and magnetic dipole

sources in a layered medium background. In general, we can define four dyadic
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Green’s functions: ḠP,epr, r
1q, ∇ˆ ḠP,epr, r

1q, ḠP,mpr, r
1q and ∇ˆ ḠP,mpr, r

1q, there

the subscript P denotes field response created by periodic sources within plane wave

background. Among them, ḠP,epr, r
1q, ∇ˆ ḠP,epr, r

1q are the electric field and mag-

netic field response created by an electric dipole array, respectively. ḠP,mpr, r
1q and

∇ˆ ḠP,mpr, r
1q corresponds to those generated by a magnetic dipole array.

The periodic Green’s function can be derived as a direct result of the Floquet

theorem and the periodicity of the sources. Before introducing the detailed expression

for the PLMGF, we start from that of the non-periodic layered medium Green’s

function (LMGF). In the past decades, various formulations have been derived for

the LMGF. Without loss of generality, the wave function formulation is adopted for

the study and discussions throughout this work.

In general, the non-periodic LMGF consists of three components: (1) the direct

term, which is the response directly contributed by the source without any reflection

or transmission perturbation. (2) TE wave related secondary term, which is the

response contributed by the TE wave components’ reflection and transmission. (3)

TM wave related secondary term, which is the response contributed by the TM wave

components’ reflection and transmission. The above can be expressed as

Ḡepr, r
1
q “ Ḡpri

e pr, r
1
q ` ḠTE

e pr, r1q `
1

k2
nm

ḠTM
e pr, r1q (6.1)

where the subscript m and n are the layer indices of the source point and the obser-

vation point, respectively; k2
nm “ ω2εnµm.

The secondary tensor components of Ḡepr, r
1q can be expressed as

Ḡpri
e pr, r

1
q “ pĪ`

∇∇
k2
m

qgpr, r1q (6.2)

ḠTE
e pr, r1q “ p∇ˆ ẑqp∇1 ˆ ẑqgTEpr, r1q (6.3)

ḠTM
e pr, r1q “ p∇ˆ∇ˆ ẑqp∇1 ˆ∇1 ˆ ẑqgTMpr, r1q. (6.4)
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In the above expressions, we define gpr, r1q, gTEpr, r1q and gTMpr, r1q as

gpr, r1q “
eikm|r´r

1|

4π|r´ r1|
, (6.5)

gαpr, r1q “
i

2
F´1

t
Fαpks, z, z

1q

kmzk2
s

u, α “ TE, TM (6.6)

where Fαpks, z, z
1q is the propagation factor; ks “ x̂kx ` ŷky; kmz “

a

k2
m ´ k

2
ρ.

The Ḡmpr, r
1q can be obtained directly through the duality principle as

Ḡmpr, r
1
q “ Ḡpri

m pr, r
1
q ` ḠTM

m pr, r1q `
1

k2
mn

ḠTE
m pr, r1q (6.7)

where

Ḡpri
m pr, r

1
q “ Ḡpri

e pr, r
1
q, (6.8)

ḠTM
m pr, r1q “ p∇ˆ ẑqp∇1 ˆ ẑqgTMpr, r1q, (6.9)

ḠTE
m pr, r1q “ p∇ˆ∇ˆ ẑqp∇1 ˆ∇1 ˆ ẑqgTEpr, r1q. (6.10)

The expression of the propagation factor Fαpks, z, z
1q can be summarized in three

categories: source and observer are in the same layer (m “ n); source is in the layer

above the observer’s layer (m ą n); source is in the layer below the observer’s

layer (m ă n). Figure 6.1 provides a sketch of the layered index definition for a

general layered medium. Accordingly, the propagation factor’s expressions for all

three situations are given below [Chen et al. (2011b)].

Case A : m “ n

F pz, z1q “ F1pz, z
1
q ` fv2pzqI2pmqfr2pz

1
q ` fv3pzqI3pmqfr3pz

1
q (6.11)

where

F1pz, z
1
q “ e´jkmz |z´z

1| (6.12)

fv2pzq “ e´jkmzpdm`1´zq (6.13)
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Figure 6.1: A sketch of the layered index definition for a general layered medium.

fv2pz
1
q “ e´jkmzpdm`1´z1q ` R̃m,m´1e

´jkmzpdm`1´2dm`z1q (6.14)

I2pmq “ M̃mR̃m,m`1 (6.15)

fv3pzq “ e´jkmzpz´dmq (6.16)

fr3pz
1
q “ e´jkmzpz

1´dmq ` R̃m,m`1e
´jkmzp2dm`1´dm´z1q (6.17)

I3pmq “ M̃mR̃m,m´1. (6.18)

Case B : m ą n

F pz, z1q “ fvpzq ¨ Ipm,nq ¨ frpz
1
q (6.19)

where

fvpzq “ e´jknzpdn`1´zq ` R̃n,n´1e
´jknzpz`dn`1´2dnq (6.20)

frpzq “ e´jkmzpz
1´dmq ` R̃m,m`1e

´jkmzp2dm`1´dm´z1q (6.21)

Ipm,nq “ M̃m ¨ T̃mn (6.22)

R̃i,i´1 “
Ri,i´1 ` R̃i´1,i´2e

´jki´1,zp2di´2di´1q

1`Ri,i´1R̃i´1,i´2e´jki´1,zp2di´2di´1q
(6.23)

T̃mn “
m´1
ź

j“n`1

re´jkjzpdj`1´djqSj`1,jsSn`1,n (6.24)
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Sj`1,j “
Tj`1,j

1´Rj,j`1R̃j,j´1e´jkjzp2dj`1´2djq
. (6.25)

Case C : m ă n

F pz, z1q “ fvpzq ¨ Ipm,nq ¨ frpz
1
q (6.26)

where

fvpzq “ e´jknzpz´dnq ` R̃n,n`1e
´jknzp2dn`1´dn´zq (6.27)

frpz
1
q “ e´jkmzpdm`1´z1q ` R̃m,m´1e

´jkmzpdm`1´2dm`z1q (6.28)

Ipm,nq “ M̃m ¨ T̃mn (6.29)

R̃i,i`1 “
Ri,i`1 ` R̃i`1,i`2e

´jki`1,zp2di`2´2di`1q

1`Ri,i`1R̃i`1,i`2e´jki`1,zp2di`2´2di`1q
(6.30)

T̃mn “
n´1
ź

j“m`1

re´jkjzpdj`1´djqSj´1,jsSn´1,n (6.31)

Sj´1,j “
Tj´1,j

1´Rj,j´1R̃j,j`1e´jkjzp2dj`1´2djq
. (6.32)

In all three cases, we have

M̃m “ r1´ R̃m,m´1R̃m,m`1e
´2jkmzpdm`1´dmqs

´1 (6.33)

Rij “
pjkiz ´ pikjz
pjkiz ` pikjz

(6.34)

p “

#

µ, TE

ε, TM
. (6.35)

Substituting Eq. ( 6.11) - ( 6.32) into Eq. (6.1) and (6.7), the four LMGF’s,

i.e., ḠP,epr, r
1q, ∇ ˆ ḠP,epr, r

1q, ḠP,mpr, r
1q and ∇ ˆ ḠP,mpr, r

1q , can be calculated

for each source - observation point pair. Noticing that the inverse Fourier transform

or the Sommerfeld integral needs to be evaluated through this process, the overall

computational cost is usually not trivial.
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Based on the foundation of the non-periodic LMGF, the periodic Green’s func-

tions’ formulations can be obtained through the Floquet theorem as

ḠP,αpr, r
1
q “

`8
ÿ

p“´8

`8
ÿ

q“´8

Ḡαpr, r
1
pqqe

jkixp¨Lxejk
i
yq¨Ly , α “ e,m, (6.36)

∇ˆ ḠP,αpr, r
1
q “

`8
ÿ

p“´8

`8
ÿ

q“´8

∇ˆ Ḡαpr, r
1
pqqe

jkixp¨Lxejk
i
yq¨Ly , α “ e,m. (6.37)

where Lx and Ly are the periods in x, y directions, respectively; r1pq “ r1`ppLx, qLy, 0q
T .

The key to obtain the numerical value of Eq. (6.36) - (6.37) for each source -

observer pair includes the computation of the following series sum:

gP pr, r
1
q “

ÿ

p

ÿ

q

gpr, r1pqqe
jkix¨pLxejk

i
y ¨qLy , (6.38)

gβP,α “
ÿ

p

ÿ

q

gβαpr, r
1
pqqe

jkix¨pLxejk
i
y ¨qLy , α “ e,m; β “ TE, TM. (6.39)

The brute-force realization of Eq. (6.38) - (6.39) includes three major steps:

First, substitute Eq. (6.38) - (6.39) into Eq. (6.36) - (6.37) and derive the the

expressions with the spatial derivatives taken. Then, prepare the spatial domain

component of Ḡαpr, r
1
pqq and ∇ ˆ Ḡαpr, r

1
pqq at each shifted source point. Finally,

calculate the series sum with the phase information included. However, noticing the

repeated computation of the inverse Fourier transform in this process, even preparing

the sampling set requires an extended computation time. In addition, the series still

converge slowly in many circumstances, which further boots the time cost.

The Poisson summation formula, fortunately, relates the above spatial domain

components based realization with that sampling in spectral domain. In general, for

appropriate function f , the Poisson summation formula states

`8
ÿ

n“´8

fpnq “
`8
ÿ

k“´8

f̃pkq, (6.40)
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where f̃ is the Fourier transform of f .

Applying the Poisson summation formula to Eq. (6.38) - (6.39) , it arrives at

spectral domain implementation of Ḡαpr, r
1
pqq and ∇ˆ Ḡαpr, r

1
pqq:

ḠP,αpr, r
1
q “

1

LxLy

`8
ÿ

p“´8

`8
ÿ

q“´8

˜̄Gαpkxp, kyq; z, z
1
qe´jkxp¨px´x

1qe´jkyq ¨py´y
1q, α “ e,m

(6.41)

∇ˆ ḠP,αpr, r
1
q “

1

LxLy
∇ˆ

`8
ÿ

p“´8

`8
ÿ

q“´8

˜̄Gαpkxp, kyq; z, z
1
q

¨e´jkxp¨px´x
1qe´jkyq ¨py´y

1q, α “ e,m.

(6.42)

where kxp “ kix `
2πp
Lx

and kyq “ kiy `
2πq
Ly

, and ˜̄Gαpkxp, kyq; z, z
1q is the Fourier

transformation of Ḡαpr, r
1
pqq with respect to the variable rρ.

Each series component of Eq. (6.41) - (6.42) can be prepared analytically without

the need to calculate Fourier transform or Sommerfeld integral. As a result, the

computation time can be reduced dramatically. When the source point and the

observation point are not on the same x ´ y plane, Eq. (6.41) - (6.42) converge

exponentially. With the calculation of only a few periods, the PLMGF’s can be

obtained with high accuracy. When both the source and the observer point are on

the same x´y plane, especially on the same layered medium interface, the expressions

of Eq. (6.41) - (6.42) become highly singular. The corresponding solution for this

concern will be discussed in Section 6.3 in detail.

In order to validate the PMLGF, the first numerical example is designed as an

array of tilted electric dipoles placed in a three-layer medium. The material param-

eters of each layer is (from top to bottom): (1) εr “ 1, µr “ 1.5; (2) εr “ 2, µr “ 1;

(3) εr “ 3, µr “ 1.5. The layered medium interfaces are at z “ 0 nm and z “ ´30

nm. In the principal cell, an electric dipole is placed at p35, 35,´10q nm with the

polarization of (θ “ 30˝, φ “ 20˝), and frequency of 7.5 ˆ 1014 Hz. The x´ and
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Figure 6.2: Illustration of the principal cell of the periodic dipole embedded in
layered medium.

(a) Electric Field

(b) Magnetic Field

Figure 6.3: Validation of the PLMGF.

y´periodicities are 70 nm and 70 nm, respectively.
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Figure 6.4: Convergence of spectral domain implementation, source and observa-
tion points are not on the same layered medium interface.

The electric and magnetic fields at the observation line p0, 50,´20q nm„ p70, 50,´20q

nm are obtained through both the pure PLMGF package and the commercial soft-

ware COMSOL, which utilizes the finite element method. The results of PLMGF

are validated with the reference data in Fig. 6.3.

In addition to the robustness and accuracy, the computational efficiency is an-

other essential criteria for any proposed numerical methods. Following the spectral

domain implementation method, no inverse Fourier transform or Sommerfeld inte-

gral is required in the PLMGF’s calculation. The convergence rate with respect to

the number of summation terms is shown in Fig. 6.4. Exponential convergence can

be guaranteed in most situation, only expect the case where both source and obser-

vation points lie on the same layered medium interface. The singularity extraction

technique for this hyper-singular z “ z1 “ dm situation will be further discussed in

the following sections.
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6.3 Matrix-Friendly Formulation of the PLMGF

The systematic formulation in Section 6.2 offers a feasible and robust implementation

of the PLMGF in general. Except when both the source and observation points

happen to be on the same layered medium interface, the spectral domain series

converges exponentially. However, the effective computation of the PLMGF when

both the source and observers are on the same interface, i.e, z “ z1 “ dm, is still

meaningful in some situations. Noticing the hyper singularities in spectral domain

direct implementation, further theoretical study needs to be proposed for this goal.

The singularity extraction for the PLMGF consists of two step. First, the wave

function formulation PLMGF needs to be reformulated into matrix-friendly formula-

tion. During this process, the spatial derivatives can be transfered from the Green’s

functions to the testing and basis functions, thus reduced the PLMGF’s singularity

by up to two orders. Next, the asymptotic terms of the spectral domain summa-

tion kernels are subtracted out of the series summation. Instead, the spatial domain

counterparts are added back with much faster convergence rate.

Without loss of generality, in this section we only derive the matrix-friendly

formulation of ḠP,epr, r
1q and ∇ ˆ ḠP,epr, r

1q. That of the ḠP,mpr, r
1q and ∇ ˆ

ḠP,mpr, r
1q can be easily obtained by applying the duality principle to their electric

source counterpart.

The matrix-friendly formulation of the primary terms of the PLMGF:

ă fjprq,´jωµpr
1
qḠpri

P,epr, r
1
q, fipr

1
q ą

“ ´ jωµpr1q ă fjprq, pĪ`
∇∇
k2
m

qgP pr, r
1
q, fipr

1
q ą

“ ´ jωµpr1q ă fjprq, gP pr, r
1
q, fipr

1
q ą

`
j

ωεm
ă ∇ ¨ fjprq, gP pr, r1q,∇1 ¨ fipr1q ą

(6.43)
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ă fjprq, µ
´1
prqµpr1q∇ˆ Ḡpri

P,epr, r
1
q, fipr

1
q ą

“µ´1
prqµpr1q ă fjprq,∇gP pr, r1q ˆ Ī, fipr

1
q ą

(6.44)

The matrix-friendly formulation of the secondary terms of the PLMGF:

ă fjprq,´jωµpr
1
qḠsec

P,epr, r
1
q, fipr

1
q ą

“ ´ jωµpr1qră fSjprq, g
TE
P,s , fSipr

1
q ą

´ ă ∇ ¨ fjprq, gTEP ,∇1 ¨ fipr1q ą

´ ă fjprq, Bzg
TE
P ,∇1 ¨ fipr1q ą

´ ă ∇ ¨ fjprq, Bz1gTEP , ẑ ¨ fipr
1
q ą

´ ă fjprq ¨ ẑ, BzBz1g
TE
P , ẑ ¨ fipr

1
q ąs

´ j
ωµpr1q

k2
nm

ră ∇ ¨ fjprq, BzBz1gTMP ,∇1 ¨ fipr1q ą

´ k2
n ă fjprq ¨ ẑ, Bz1g

TM
P ,∇1 ¨ fipr1q ą

´ k2
m ă ∇ ¨ fjprq, BzgTMP , ẑ ¨ fipr

1
q ą

` k2
nk

2
m ă ẑ ¨ fjprq, g

TM
P , ẑ ¨ fipr

1
q ąs

(6.45)

ă fjprq, µ
´1
prqµpr1q∇ˆ Ḡsec

P,epr, r
1
q, fipr

1
q ą

“µ´1
prqµpr1qr´ ă ∇ ¨ fjprq, Bz∇1 ˆ ẑgTEP , fipr

1
q ą

`

ż

c

dlfjprq ¨ n̂ ă Bz∇1 ˆ ẑgTEP , fipr
1
q ą

` ă ẑ ¨ fjprq, k
2
n∇1 ˆ ẑgTEP , fipr

1
q ąs

`
µ´1prqµpr1q

k2
nm

r´ ă fjprq, k
2
n∇ˆ ẑBz1gTMP ,∇1 ¨ fipr1q ą

` ă fjprq,

ż

c1
dl1k2

n∇ˆ ẑBz1gTMP fipr
1
q ¨ n̂1 ą

` ă fjprq, k
2
nk

2
m∇ˆ ẑgTMP , ẑ ¨ fipr

1
q ąs

(6.46)
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where

gαP,s “
1

AxAy

ÿ

p

ÿ

q

g̃αP,spkxp, kyqqe
´jkρ¨ρ (6.47)

gαP “
1

AxAy

ÿ

p

ÿ

q

g̃αP pkxp, kyqqe
´jkρ¨ρ (6.48)

with α “ TE, TM , and throughout this context the g̃P (g̃P,s) notation denotes the

spectral domain counterpart of gP (gP,s).

Through above process, the singularity of the double summation kernel is reduced

by up to two orders, which serves as an effective platform for further acceleration

and singularity extraction.

6.4 Singularity Extraction under Matrix-Friendly Formulation

The principle of singularity extraction can be generally described as

ÿ

p

ÿ

q

f̃ “
ÿ

p

ÿ

q

pf̃ ´ f̃ subq `
ÿ

p

ÿ

q

fadd, (6.49)

where f̃ sub is a good asymptotic term of f̃ , and
ř

p

ř

q f
add exhibits significant im-

provement in convergence rate. The subtracted series and the add-back series are

related under Poisson’s summation theorem. Although direct applying this strategy

to the PLMGF can be very challenging, deriving the subtracted and add-back terms

are significantly more feasible under matrix-friendly formulation.

The asymptotic term of each of the double summation kernel can be obtained by

introducing an attenuation constant u, such that kmz “
b

pk2
m ` u

2q ´ pk2
xp ` k

2
yq ` u

2q

[Shubair and Chow (1993)]. Consequently, the subtraction term are obtained via the

following rule:

kmz Ñ ´jkupq, Γn,m Ñ Rn,m, (6.50)
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where kupq “
a

k2
xp ` k

2
yq ` u

2.

The integral kernel of the term ă fSjprq, g
TE
s,pq, fSipr

1q ą at z “ z1 “ dm is taken as

a typical example here. In this case, singularity in the secondary field terms can be

extracted as

1

AxAy

ÿ

p

ÿ

q

´
j

2

F TEpkxp, kyq, z, z
1q

kmz
e´jkρ¨ρ

“
1

AxAy

ÿ

p

ÿ

q

r´
j

2

F TEpkxp, kyq, z, z
1q

kmz
´ S̃s ¨ e´jkρ¨ρ

`
ÿ

p

ÿ

q

A ¨ e´jkρ¨ρ

(6.51)

where

S̃ “ 1

2kupq
re´k

u
pq ¨p2dm`1´z´z1qMmRm,m`1

` e´k
u
pq ¨p2dm`1´2dm´z`z1qMmRm,m`1Rm,m´1

` e´k
u
pq ¨pz`z

1´2dmqMmRm,m´1

` e´k
u
pq ¨p2dm`1´2dm`z´z1qMmRm,m´1Rm,m`1s

(6.52)

A “e
´uR1

4πR1

¨MmRm,m`1 `
e´uR2

4πR2

¨MmRm,m`1Rm,m´1

`
e´uR3

4πR3

¨MmRm,m´1 `
e´uR4

4πR4

¨MmRm,m´1Rm,m`1

(6.53)

with

R1 “

b

ρ2
pq ` p2dm`1 ´ z ´ z1q2, (6.54)

R2 “

b

ρ2
pq ` p2dm`1 ´ 2dm ´ z ` z1q2, (6.55)

R3 “

b

ρ2
pq ` pz ` z

1 ´ 2dmq2, (6.56)
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Figure 6.5: Convergence rates of conventional implementation and with singularity
extractions. Both the source and observation points are on the same layered medium
interface (z “ z1 “ ´10 nm).

R4 “

b

ρ2
pq ` p2dm`1 ´ 2dm ` z ´ z1q2. (6.57)

Thus, the singularity is extracted from the original ill-convergent double summation

at z “ z1 “ dm and the convergence rate is improved in general.

Consider the same model shown in Fig. 6.2, but placing both the dipole source

and observation points on the same layered medium interface z “ z1 “ dm. The

convergence rates of the direct spectral domain implementation and that of the

singularity extraction technique are compared in Fig. 6.5. The proposed singularity

extraction method demonstrates tremendous advantages and performs as an effective

solution. Compared with the direct implementation approach, the computational

cost can be decreased by orders in any practical applications.
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7

A Hybrid Solver for Nano Scatterers Embedded in
Layered Medium: the SEBI Combined with

PLMGF

The spectral element - boundary integral (SEBI) method is among the most promis-

ing methods for electromagnetic scattering analyses Lee et al. (2006); Niu et al.

(2014). Inherited from the philosophy of the finite element - boundary integral

(FEBI) method, its computational framework incorporates the exact radiation bound-

ary condition with only a minor increase of the number of knowns, while its strong

flexibility keeps the SEBI a competitive solution for a wide category of problems Luo

et al. (2013); Niu et al. (2015, 2016). One of the major drawbacks of the conventional

FEBI is its slow convergence. In many cases, a minimum 20 points per wavelength

(PPW) sampling density is required for an acceptable accuracy. As an alternative,

the SEBI framework implements the mixed-order Gauss-Lobatto-Legendre (GLL)

sampling strategy, so that fast convergence can be achieved throughout the com-

putation domain. Intensive investigations have been reported for the application of

SEBI in microwave and optics focusing on the electromagnetic scattering from objects

embedding in homogeneous or non-periodic environment Lee et al. (2009); Niu et al.
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(2016); Ren et al. (2017). In spite of its efficiency and robustness, electrically small

periodic nano structures fabricated in an electrically large planar layered medium,

however, consists of the most common scenario in optical designs. In this work, we fo-

cus on the solutions for the periodic objects within layered medium background. For

this category of problems, the conventional finite element boundary integral method

requires discretization of the whole multi-scale model, resulting in a unnecessarily

large number of unknowns. The surface integral equation (SIE) and volume integral

equation (VIE) are also applicable approaches for the layered medium background

problems. However, the SIE can only deal with homogeneous scatterers, while the

VIE usually arrives at a typically large and dense linear equation system Chen et al.

(2012); Ren et al. (2016).

In this chapter, we extend the SEBI framework to the study of multiscale pe-

riodic heterogeneous scatterers in planar layered medium background. Under the

SEBI framework, the interior computation domain is formulated with the weak-form

vector wave equation, while the radiation boundary is implemented with a set of

surface integral equations. To describe the general periodic scatterers embedded in

a layered medium, the SIE needs to be formulated with dyadic Green’s functions. In

addition, the periodic layered medium Green’s function (PLMGF) must be carefully

formulated to deliver a satisfying convergence rate together with a friendly imple-

mentation interface. With the combined SEBI-PLMGF method, the computation

domain completely excludes the layered medium background, and an exponential

convergence is expected for the solver.

7.1 Periodic Boundary Integral Spectral Element Method for Layered
Background

Inherited from the conventional FEBI method, the SEBI-PLMGF method truncates

the open boundary surface of the computation domain with a set of SIEs, while the
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Figure 7.1: Illustration of the reduced computation domain under the SEBI-
PLMGF framework.

interior computational domain is interpolated with a special category of local basis

functions. Figure 7.1 provides an illustration of the reduced computation domain

under the SEBI-PLMGF framework. In order to effectively model the multiscale

nano-optical scattering problem, the SIEs are formulated with the periodic layered

medium dyadic Green’s function, thus, the unknowns for the wave equation describ-

ing the background formation can be compressed into a set of equivalent surface

integral equations. The region without scatterers therefore can be truncated from

the final computation domain. Moreover, the Floquet theorem is further enforced

as a set of periodic boundary conditions at the final linear equation system level,

hence, the computation domain only cover one principal cell of the whole periodic

structure.

In this section, we first derive the overall framework of the SEBI. The implemen-

tation and formulation of the PLMGF will be discussed systematically in Section

7.2. The final linear equation system together with the enforcement of the periodic

boundary condition is then discussed in Section 7.3.
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Under the SEBI framework, the electric field in the interior computation domain

is governed by the vector Helmholtz equation. Following the Galerkin’s method, the

weak-form wave equation can be obtained as [Niu et al. (2014)]

ż

V

´p∇ˆΦiq
T
¨ µ´1

r ¨ p∇ˆ EqdV ` k2
0

ż

V

Φi
T
¨ εr ¨ EdV

`jk0

ż

S

Φi
T
¨ pn̂ˆ H̃qdS “

ż

V

Φi
T
¨ SedV

(7.1)

where Φi denotes the testing function; n̂ is the normal unit vector towards the

exterior computation domain; Se is the excitation source inside the computation

domain.

For the electromagnetic scattering problem with dual periodicity in the â1 and

â2 directions, the radiation boundary consists of two separate surfaces. Without loss

of generality, we assume the scatterer is periodic in x and y directions. Therefore,

the radiation boundary consists of the top and bottom surfaces of the computation

domain, both parallel to the XOY plane with no mutual coupling. For each of these

surfaces, a set of electric field integral equation (EFIE) and magnetic field integral

equation (MFIE) are combined with Eq. (7.1) to describe the wave propagation in

the exterior domain:

n̂ˆ rEprq ´ Einc
s “ n̂ˆ rLEpr,Jq `KEpr,Mqs (7.2)

n̂ˆ rHprq ´Hinc
s “ n̂ˆ rLHpr,Mq `KHpr,Jqs (7.3)

where J denotes the electric current source and M denotes the magnetic current

source. Throughout this paper, r denotes the observation point and r1 denotes the

source point.

There are generally four types of integral operators associated with the SIE: LE,

KE, LH , KH .
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LEpr,Xq “ ´jω
ż

dr1ḠP,epr, r
1
qµpr1qXpr1q (7.4)

KEpr,Xq “ ´ε´1
prq

ż

dr1∇ˆ ḠP,mpr, r
1
qεpr1qXpr1q (7.5)

LHpr,Xq “ ´jω
ż

dr1ḠP,mpr, r
1
qεpr1qXpr1q (7.6)

KHpr,Xq “ µ´1
prq

ż

dr1∇ˆ ḠP,epr, r
1
qµpr1qXpr1q (7.7)

where ḠP,m and ḠP,e denotes the periodic magnetic-type and electric-type layered

medium Green’s function, respectively. The periodic Green’s functions are distin-

guished from the regular Green’s functions with the subscript P .

Inserting Eq. (7.3), the MFIE, into the surface integral term of Eq. (7.1),
ż

V

´p∇ˆΦiq
T
¨ µ´1

r ¨ p∇ˆ EqdV ` k2
0

ż

V

Φi
T
¨ εr ¨ EdV

´jk0

ż

S

pn̂ˆΦiq
T
¨ rη0LHpr,Mq `KHpr, J̃qsdS

“ jk0

ż

S

pn̂ˆΦiq
T
¨ H̃incdS `

ż

V

ΦT
i ¨ SedV

(7.8)

where η0 is the wave impedance in free space.

Equation (7.2) (the EFIE) is directly applied with Galerkin’s method to arrive

at its weak form:

jk0

ż

S

pn̂ˆΦiq
T
¨ EincdS “ ´jk0

ż

S

pn̂ˆΦiq
T
¨

r´Eprq `
1

η0

LEpr, J̃q `KEpr,MqsdS.

(7.9)

Combining Eq. (7.8) - (7.9) with proper discretization strategy, the electromag-

netic scattering problem for periodic scatterers embedded in layered background can

89



be solved without interior resonance concern [Shanker et al. (2000); Collins et al.

(1992)]. The final matrix-form linear equation system will be revisited in detail in

Section 7.3 after the systematic discussion of the PLMGF and the periodic boundary

conditions’ implementation.

7.2 Formulation of the Periodic Layered Medium Green’s Function
under SEBI Framework

7.2.1 Overview

The necessity of introducing the PLMGF originates from the SIE-based radiation

boundary condition. The PLMGF here can be intuitively considered as the im-

pulse response of a set of periodic electric/ magnetic point sources embedded in the

layered background medium. For arbitrary electric and magnetic current sources,

the governing equation of the field response can be conveniently expressed with the

dyadic magnetic-type (ḠP,m) and electric-type (ḠP,e) periodic Green’s functions. In

the remaining discussions, the subscript m and n denotes the layer index of the

source point and observation point, respectively; p, q are the indices of the double

summation; km is the wave number in the m-th layer.

The electric-type and magnetic-type PLMGF can be equivalently expressed with

their spectral domain components or spatial domain components:

ḠP pr, r
1
q “

`8
ÿ

p“´8

`8
ÿ

q“´8

Ḡpqpr, r
1
pqqe

jkixpLxejk
i
yqLy

“
1

LxLy

`8
ÿ

p“´8

`8
ÿ

q“´8

˜̄Gpqpkxp, kyq; z, z
1
q¨

e´jkxppx´x
1qe´jkyqpy´y

1q

(7.10)

where Lx and Ly are the periods in x, y directions; r1pq “ r1 ` ppLx, qLy, 0q
T . The

above two equalities are related with the Poisson summation theorem. In the follow-
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ing discussion, we only focuses on the matrix representation of ḠP,e and ∇ ˆ ḠP,e

in Eq. (7.4), (7.7) . The terms associated with ḠP,m and ∇ ˆ ḠP,m can be easily

obtained through the duality principle [Chen et al. (2012); Chew et al. (2006)].

In general, for one-dimensional piecewise constant materials, the non-periodic

layered medium Green’s function can be determined analytically in the spectral do-

main, and the spatial domain counterpart needs to be obtained through calculating

the Sommerfeld integrals, which is usually a costly process. For periodic layered

medium Green’s function, although closed formulation usually cannot be obtain in ei-

ther domain, the Poisson’s summation theorem bridges the implementation roadmap

in the spectral domain and the spatial domain. The double summation in spatial

domain can be equivalently transformed into that in spectral domain.

It might be intuitive that computing the spectral domain summation is consider-

ably superior to realizing the spatial domain formulation, where every single term in

the series represents a shifted non-periodic dyadic layered medium Green’s function.

Each term’s preparation requires a Fourier transform of its closed-form spectral do-

main counterpart. However, from the implementation point of view, the PLMGF is

highly singular within the context of weak-form SIEs. Singularity issues are always

present under pure spectral or spatial domain formulation. Conversely, the spectral

domain and spatial domain representation exhibits distinct analytical properties.

Switching between these two domains is essential to convert the generalized function

into integrable express, and thus extract the singularities.

The same concern also holds for the primary terms and the secondary terms of

the PLMGF for their distinct analytical properties. For this reason, we always split

the Green’s function related SEBI terms into primary and secondary components,

and formulate them separately. The singularity issues therefore can be extracted

from the series summation and avoid massive unnecessary computation.
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7.2.2 Matrix Representation of the PLMGF’s Primary Terms

The primary term of the dyadic Green’s function is defined as the point source’s

direct contribution in the source without any reflections from other layers. Therefore,

the PLMGF’s primary terms are the same as the dyadic Green’s function for a

homogeneous medium, and is non-zeros only when the observer and the source are

within the same medium layer.

Primary term of ḠP,e

The primary term of ḠP,e in Eq. 7.4 is

ḠP,epr, r
1
q “

ÿ

p

ÿ

q

pĪ`
∇∇
k2
m

qgpr, r1pqq ¨ e
jkixpLxejk

i
yqLy (7.11)

where g denotes the scalar Green’s function

gpr, r1q “
e´jkm|r´r

1|

4π|r´ r1|
. (7.12)

The hyper-singularity in the above expression originates from the ∇∇ operator.

Fortunately, within the context of SEBI, the spatial derivative can be shifted to the

testing and basis functions. The primary components of the ḠP,e related terms can

be express in matrix representation:

ă n̂ˆΦiprq,LE, n̂ˆΦjpr
1
q ą

“ ă n̂ˆΦiprq, ḠP,epr, r
1
q, n̂ˆΦjpr

1
q ą

“ ă n̂ˆΦi,
ÿ

p

ÿ

q

gpr, r1pqq ¨ e
jkixpLxejk

i
yqLy , n̂ˆΦj ą

´
1

k2
m

ă ∇ ¨ pn̂ˆΦiq,
ÿ

p

ÿ

q

gpr, r1pqq ¨ e
jkixpLxejk

i
yqLy ,∇1 ¨ pn̂ˆΦjq ą .

(7.13)

The integral kernel in Eq. (7.13) converge linearly under spatial domain real-

ization. As an alternative, applying the Poisson’s summation theorem, it can be
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equivalently expressed as

ÿ

p

ÿ

q

gpr, r1pqq ¨ e
jkixpLxejk

i
yqLy

“
1

LxLy

ÿ

p

ÿ

q

´j

2kmz
e´jkmz |z´z

1|
¨ e´jkxppx´x

1qe´jkyqpy´y
1q,

(7.14)

which exhibits exponential convergence when z ‰ z1, and retains linear convergence

when z “ z1.

Primary term of ∇ˆ ḠP,e

The primary term of ∇ˆ ḠP,e in Eq. (7.7) is

∇ˆ ḠP,e “
ÿ

p

ÿ

q

∇ˆ Ḡepr, r
1
pqq ¨ e

jkixpLxejk
i
yqLy

“

`8
ÿ

p“´8

`8
ÿ

q“´8

»

–

0 ´Bz By

Bz 0 ´Bx

´By Bx 0

fi

fl gpr, r1pqq ¨ e
jkixpLxejk

i
yqLy .

“
ÿ

p

ÿ

q

»

–

0 ´pz ´ z1q y ´ y1

z ´ z1 0 ´px´ x1q
´py ´ y1q x´ x1 0

fi

fl

1

Rpq

¨ p´jkm ´
1

Rpq

q ¨
e´jkmRpq

4πRpq

¨ ejk
i
xpLxejk

i
yqLy .

(7.15)

where Rpq denotes |r´ r1pq|.

The first attempt to accelerate the convergence of the above is transforming it

into a spectral domain series. Through the Poisson’s summation theorem, Eq. (7.15)

arrives at

∇ˆ ḠP,e “
1

AxAy

ÿ

p

ÿ

q

»

–

0 ´Bz By

Bz 0 ´Bx

´By Bx 0

fi

fl

´j

2kmz
¨ e´jkmz ¨|z´z

1|
¨ e´jkxppx´x

1qe´jkyqpy´y
1q,

pz ‰ z1q.

(7.16)
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Equation (7.16) exhibits exponential convergence when z ‰ z1. However, when

z “ z1 the above is a typical scenario where generalized function issue arises: Bze
´jkmz ¨|z´z1|

results in a generalized function. As a result, the primary term of ∇ˆ ḠP,e needs to

be formulated separately for two situations. When z ‰ z1, computing through Eq.

(7.16) with exponential convergence; when z “ z1, stay with Eq. (7.15) so that the

singularity can be extracted.

Although the above are valid in general, the surface integral kernel is still strongly

singular (1{R2-type) when z “ z1. However, recalling that all the formulation of the

PLMGF is prepared under the assumption that the scatterer is periodic in the x and

y directions. Within the periodic SEBI framework, the scattering boundary surface

is parallel to the XOY plane, i.e. n̂ “ ˘ẑ and z “ z1. The zero value xx, xy, yx, yy

tensor components of ∇ˆ ḠP,e thus considerably simplify the final implementation.

The primary components of the ∇ˆ ḠP,e related terms can be expressed in matrix

representation as

ă n̂ˆΦiprq,KH , n̂ˆΦjpr
1
q ą

“ ă n̂ˆΦiprq, K̃H , n̂ˆΦjpr
1
q ą

`
1

2
ă n̂ˆΦiprq,Φjprq ą

“
1

2
ă n̂ˆΦiprq,Φjprq ą

(7.17)

where K̃H calculates the Cauchy principal integrals with the singular point at r “ r1

removed, and has been evaluated as zero.

7.2.3 Matrix Representation of the PLMGF’s Secondary Terms

The secondary term of the PLMGF is defined to account for the transmission and

reflection of the layered medium.
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Secondary term of ḠP,e

For ḠP,e in Eq. (7.4), matrix representation of the secondary term is

ă n̂ˆΦiprq, ḠP,e, n̂ˆΦjpr
1
q ą

“ ă n̂ˆΦiprq, Ḡ
TE
P,e pr, r

1
q, n̂ˆΦjpr

1
q ą

`
1

k2
nm

ă n̂ˆΦiprq, Ḡ
TM
P,e pr, r

1
q, n̂ˆΦjpr

1
q ą

(7.18)

where

k2
nm “ ω2εnµm, (7.19)

ḠTE
P,e pr, r

1
q “

ÿ

p

ÿ

q

p∇ˆ ẑqp∇1 ˆ ẑq¨

gTEpr, r1pqqe
jkixpLxejk

i
yqLy ,

(7.20)

ḠTM
P,e pr, r

1
q “

ÿ

p

ÿ

q

p∇ˆ∇ˆ ẑqp∇1 ˆ∇1 ˆ ẑq¨

gTMpr, r1pqqe
jkixpLxejk

i
yqLy .

(7.21)

The above spatial domain summation expressions of ḠTE
e pr, r1pqq and ḠTM

e pr, r1pqq

directly originate from the definition of periodic Green’s function. They can be

equivalently written as

ḠTE
P,e pr, r

1
q “

»

–

ByBy1 ´ByBx1 0
´BxBy1 BxBx1 0

0 0 0

fi

fl ¨

ÿ

p

ÿ

q

gTEpr, r1pqqe
jkixpLxejk

i
yqLy ,

(7.22)

ḠTM
P,e pr, r

1
q “

»

–

BxBx1BzBz1 BxBy1BzBz1 BxBzk
2
ρ

ByBx1BzBz1 ByBy1BzBz1 ByBzk
2
ρ

Bx1Bz1k
2
ρ By1Bz1k

2
ρ k4

ρ

fi

fl ¨

ÿ

p

ÿ

q

gTMpr, r1pqqe
jkixpLxejk

i
yqLy .

(7.23)
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with

gαpr, r1pqq “ F´1
tg̃αpkxp, kyq, z, z

1
qu

“ F´1
t´

j

2
¨
Fαpkρ; z, z

1q

kmzk2
ρ

u.
(7.24)

Here F´1 denotes the inverse Fourier transform with respect to the kρ variable, and

α “ TE, TM .

Different from the PLMGF’s primary field terms, the summation kernel and its

spatial derivatives of Eq. (7.22) - (7.23) cannot be expressed in closed form. To

avoid repeatedly calculating the inverse transformation or Sommerfeld integral, the

above can be transformed into spectral domain realization:

ḠTE
P,e pr, r

1
q “

»

–

ByBy1 ´ByBx1 0
´BxBy1 BxBx1 0

0 0 0

fi

fl ¨
1

LxLy
¨

ÿ

p

ÿ

q

g̃TEpkxp, kyq; z, z
1
qe´jkxppx´x

1qe´jkyqpy´y
1q,

(7.25)

ḠTM
P,e pr, r

1
q “

»

–

BxBx1BzBz1 BxBy1BzBz1 BxBzk
2
ρ

ByBx1BzBz1 ByBy1BzBz1 ByBzk
2
ρ

Bx1Bz1k
2
ρ By1Bz1k

2
ρ k4

ρ

fi

fl ¨
1

LxLy
¨

ÿ

p

ÿ

q

g̃TMpkxp, kyq; z, z
1
qe´jkxppx´x

1qe´jkyqpy´y
1q.

(7.26)

Substituting Eq. (7.25) - (7.26) into Eq. (7.18), the matrix representation of

ḠP,e’s secondary terms can be efficiently prepared.
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Secondary term of ∇ˆ ḠP,e

For ∇ˆ ḠP,e in Eq. (7.7), matrix representation of the secondary term is

ă n̂ˆΦiprq,∇ˆ ḠP,e, n̂ˆΦjpr
1
q ą

“ ă n̂ˆΦiprq,∇ˆ ḠTE
P,e pr, r

1
q, n̂ˆΦjpr

1
q ą

`
1

k2
nm

ă n̂ˆΦiprq,∇ˆ ḠTM
P,e pr, r

1
q, n̂ˆΦjpr

1
q ą

(7.27)

where

∇ˆ ḠTE
P,e pr, r

1
q “

ÿ

p

ÿ

q

p∇ˆ∇ˆ ẑqp∇1 ˆ ẑq

gTEpr, r1pqqe
jkixpLxejk

i
yqLy

(7.28)

∇ˆ ḠTM
P,e pr, r

1
q “

ÿ

p

ÿ

q

k2
np∇ˆ ẑqp∇1 ˆ∇1 ˆ ẑq

gTMpr, r1pqqe
jkixpLxejk

i
yqLy .

(7.29)

Similarly to the secondary term of the ḠP,e, all components inside the double

summation operator are not in closed form. Fortunately, the above can be equiva-

lently transformed into spectral domain realization:

∇ˆ ḠTE
P,e pr, r

1
q “

»

–

BxBzBy1 ´BxBzBx1 0
ByBzBy1 ´ByBzBx1 0
k2
ρBy1 ´k2

ρBx1 0

fi

fl ¨

1

LxLy
¨
ÿ

p

ÿ

q

g̃TEpkxp, kyq; z, z
1
q¨

e´jkxppx´x
1qe´jkyqpy´y

1q

(7.30)

97



∇ˆ ḠTM
P,e pr, r

1
q “

»

–

ByBx1Bz1 ByBy1Bz1 Byk
2
ρ

´BxBx1Bz1 ´BxBy1Bz1 ´Bxk
2
ρ

0 0 0

fi

fl ¨

1

LxLy
¨
ÿ

p

ÿ

q

k2
n ¨ g̃

TM
pkxp, kyq; z, z

1
q¨

e´jkxppx´x
1qe´jkyqpy´y

1q.

(7.31)

Substituting Eq. (7.30) - (7.31) into Eq. (7.27), the matrix representation of

∇ˆ ḠP,e’s secondary terms can also be efficiently prepared.

It should be noticed that the secondary terms of the PLMGF converges expo-

nentially if the source point and the observation point are not exactly on the same

layered medium interface. This condition can be comfortably satisfied in most pe-

riodic SEBI applications. Even for the case z “ z1 “ zm, where zm denotes the

z-coordinate of the m-th layered medium interface, the singularity still can be effi-

ciently extracted under the matrix friendly formulation of the PLMGF [Chen et al.

(2015)].

7.3 Discretization and Bloch Periodic Boundary Condition

Different from the philosophy of realizing the radiation boundary condition in the

SEBI framework, the enforcement of the periodic boundary condition is derived

under the spectral element method framework for boundary value problems. Before

enforcing the Bloch boundary conditions to the lateral surfaces of the computation

domain, we first discretize the unknowns in the weak-form wave equations and the

SIE’s.

One of the major advantages of the SEBI or SEM originates from the GLL in-

terpolation basis function. Compared with the quadratic convergence of the conven-

tional finite element method [Jin (2014)], the SEM exhibits exponential convergence
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with respect to the increase of the order of interpolation polynomials. Discretizing

both the SEM and MoM domain with the GLL basis function, Eq. (7.8) - (7.9) arrive

at the linear equation system:

»

–

KII KIS 0
KSI KSS ` LH KH

0 KE LE

fi

fl

»

–

EI

ES

H̃S

fi

fl “

»

–

Se

H̃inc

Einc

fi

fl (7.32)

where K block matrices are the combination of the mass matrix and the stiffness

matrix from the SEM formulation. Their first and second subscripts denote the sub-

domain of the testing and basis functions, respectively. The subscript I denotes the

interior computation domain; S denotes the radiation boundary surfaces domain.

LE,LH, KE, KH represents the block impedance matrices corresponding to the in-

tegral operators LE, LH , KE, KH , respectively. For compact and neat denotations

of the global equation system, the single integrals terms of
ş

S
pn̂ˆΦiq

T ¨EprqdS and

ş

S
pn̂ˆΦiq

T ¨H̃prqdS in the EFIE and MFIE are assembled into the LE,LH, KE, KH

block matrices with the proper mapping. Through the above linear sparse equation

system, the exponential convergence is expected for both the SEM domain and the

MoM boundary surfaces.

Following the same principle of Bloch periodic boundary condition enforcement

proposed in Chaper 2, Eq. (2.26) - (2.36), redundant degree of freedoms can be

removed from the equation system.

7.4 Validation and Numerical Examples

In this section, we show three typical numerical examples to validate the proposed

solver and demonstrate its computational performance. First, the compact split

field implementation of the PLMGF is validated. In the next example, we introduce

a sub-wavelength nano scale example to validate the SEBI-PLMGF solver. Then,

the fast convergence advantage of the SEBI-PLMGF is illustrated for three typical
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scenarios. Finally, the proposed solver is extended to electrically large multiscale

extreme ultraviolet (EUV) lithography simulation, which is extremely challenging

for conventional methods.

7.4.1 Case 1: Periodic Dipole Array in Layered Medium

As a validation of the compact split-field implementation of the PLMGF, the first

numerical example is design to compare the numerical results and the computational

performances of the compact split-field implementation and the direct spectral do-

main implementation.

Figure 7.2 provides a sketch of the layered medium model. From top to bottom,

the material parameters of each layer is: (1) εr “ 1 ´ 0.01j, µr “ 2.5; (2) εr “

2 ´ 0.01j, µr “ 2.5; (3) εr “ 3 ´ 0.01j, µr “ 2.5; (4) εr “ 4 ´ 0.01j, µr “ 1.0; (5)

εr “ 5 ´ 0.01j, µr “ 1.5; (6) εr “ 6 ´ 0.01j, µr “ 1.5; (7) εr “ 7 ´ 0.01j, µr “ 1.0.

The layered medium interfaces are at z “ 0 nm and z “ ´30 nm. In the principal

cell, the dipole source is placed at p35, 35,´10q nm with the polarization of (θ “ 30˝,

φ “ 20˝); the x´ and y´periodicities are 70 nm and 70 nm, respectively. Both

electric and magnetic dipole sources of 400 nm wavelength are considered.

The field results are compared in Fig. 7.3 - 7.4. The numerical data obtained

from different approaches converge very well to each other. However, it is necessary

to emphasize that, to obtain the 100ˆ 100 points of PLMGF sampling data on the

X ´ Y plane, the direct spectral domain implementation consumes 1.5 hours. On

the contrary, the compact split-field method only costs less than 5 seconds.

7.4.2 Case 2: Multi-Layer Nano Structure

After validating the PLMGF, the second case is designed to validate the proposed

SEBI-PLMGF solver. Figure 7.5 shows the geometric structure of the problem.

The lengths of the principal cell in the x and y directions are 100 nm and 100 nm,
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Figure 7.2: Geometrical structure of a typical multi-layer nano structure.

respectively. The nano particle above the layered medium is of the size 50 nm ˆ50

nm ˆ50 nm, and the whole structure is under TMy with incident angle θ “ 30˝,

φ “ 20˝ and wavelength of 400 nm.

The SEBI-PLMGF solver and the conventional SEBI-homogeneous Green’s func-

tion solver are both used to simulate the same structure in Fig. 7.5. With the SEBI-

PLMGF solver, the computation domain only contains the nano particle section.

On the contrary, the SEBI-homogeneous Green’s function solver needs to include

the whole structure inside the computation domain, which considerably increases

the number of unknowns.

Observing on the plane z “ 672.5 nm, the electric field distribution is shown

in Fig. 7.6. Furthermore, the electric fields along the middle lines parallel to x

axis and y axis are obtained from both solvers. From Fig. 7.7, a satisfying match

between two sets of results can be observed. Performing on an Intel 4-th generation i7
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(a) Electric field comparison

(b) Magnetic field comparison

Figure 7.3: Comparison between the compact split-field implementation of the
PLMGF and the spectral domain direct implementation: (a) electric field generated
by the electric dipole (b) magnetic field generated by the electric dipole.

CPU, the SEBI-PLMGF approach takes 27s and 1.2GB memory to solve the 13,872

unknowns, while the SEBI-homogeneous Green’s function approach takes 59s and

4.5GB memory to solve the 72,800 unknowns. The processing work of meshing and

discretization is not included in the time cost.

7.4.3 Case 3: p-Refinement Study

The major advantages of the proposed SEBI-PLMGF method includes two aspects.

First, the layered medium background can be excluded from the computation do-
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(a) Electric field comparison.

(b) Magnetic field comparison.

Figure 7.4: Comparison between the compact split-field implementation of the
PLMGF and the spectral domain direct implementation: (a) electric field generated
by the magnetic dipole (b) magnetic field generated by the magnetic dipole.

main. Only the fine structures of the principal cell need to be discretized. Second, the

fast convergent GLL basis function is used to discretized both the interior computa-

tion domain and the boundary surfaces. In this section, several numerical examples

are shown for the convergence performance of the SEBI-PLMGF.

As a commonly encountered issue in the conventional numerical methods, such as

the finite element method, the finite-difference time-domain method, and the method

of moments, the field singularities caused by the scatters’ sharp corner usually con-

siderably affects the convergence of the numerical results. To address this concern,
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Figure 7.5: Geometrical structure of a typical multi-layer nano structure.

Figure 7.6: Electric field distribution observed at z “ 672.5 nm.

the refinement study is performed on three categories of problems, separately.

The scattering structures that impact the convergence performance of the SEBI-

PLMGF solver can be considered as three categories in general: the computation

domain has geometries with (a) no field singularities, (b) moderate singularities,

and (c) significant field singularities. Figure 7.8 provides a sketch of the first two

scenarios, while the previous multi-layer nano structure case, is a good representative

for the third situation.
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Figure 7.7: Validation of the electric field results. The electric field is observed
along median lines of the x´ and y´ dimensions of the principal cell.

The p-refinement studies for all three situations are provided in Fig. 7.9. The

A, B and C labels in the legends represent the computation model in Fig. 7.8a,

Fig. 7.8b and Fig. 7.5, respectively. As expected, the field singularities exhibit an

impact on the convergence performance at various levels. Usually singular fields will

cause the convergence to be slower than exponential. The numerical results, however,

converge on an exponential scale in all cases.

It should also be noted that the numerical accuracy is not purely determined

by the GLL basis functions’ order. Numerous factors, such as the mesh quality

and the final linear equation system’s condition number, also have an non-negligible

contribution for a well-behaved outcome.

7.4.4 Case 4: 3-Dimensional Extreme Ultraviolet (EUV) Lithography

With the above validation and performance discussion, we extend the proposed solver

to a more realistic example. The EUV lithography is among the most typical de-

mands for large scale numerical analysis of scatterers embedded in stratified struc-

tures. The overall structure is usually electrically large as each principal cells extents

to dozens of wavelength in each direction. On the other hand, the actual size of the

lithography pattern only occupies a small fraction of the whole structure. This cat-
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(a) Case A

(b) Case B

Figure 7.8: Typical structures impact the convergence performance. (a) The com-
putation domain only contains scatterers with no field singularity corner. (b) The
computation domain includes geometries for moderate field singularity. The layered
medium structures below the computation domain are identical to that in Fig. 7.5.

egory of large and multiscale problems are challenging for conventional numerical

solvers to reach a satisfying accuracy with reasonable resources costs.

Here a EUV lithography model of typical principal cell size is design for an illus-
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Figure 7.9: p-Refinement study for three typical scenarios.

Figure 7.10: EUV lithography model.

tration. Figure 7.10 provides a systematic sketch of the lithography model. From

top going downward, the materials and geometries are given as follows:

1. Vacuum layer (infinitely thick)

2. Top dielectric lens (5 bilayers, upper layer 3 nm-thick with εr “ 0.998; lower

layer 2 nm-thick with εr “ 0.854)

3. Lithography filling background (thickness: 10 nm, εr “ 0.958)

4. Absorber capping (thickness: 12 nm, εr “ 0.7497´ j0.0296)

5. Lithography pattern (thickness: 27 nm, εr “ 0.856´ j0.0807 )

6. Multilayer capping (thickness: 2.5 nm, εr “ 0.75´ j0.0296)
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Figure 7.11: Electric field distribution observed one wavelength above the EUV
lithography pattern.

7. Bragg reflector (40 silicon-molybdenum bilayers: Si layer thickness, 4.17 nm

with εr “ 0.998 ´ j0.00363; Mo layer thickness, 2.78 nm with εr “ 0.854 ´

j0.0119)

8. Substrate (silicon, infinitely thick)

The x-y dimensions of each principal cell are 135 nm ˆ135 nm and the z dimension

of the whole structure reaches to 336.5 nm. The structure is illuminated by λ “ 13.5

nm TEy plane wave from the top of the vacuum layer. With the conventional finite

element method, the minimum computation domain is of the size 10λ ˆ 10λ ˆ 25λ.

Solving such an electrically large problem can be considerably challenging. However,

within the SEBI-PLMGF framework, the computation domain only needs to cover

the lithography pattern region of the principal cell, while both the layered structures

in both top and bottom section are covered by the surface integral equations on the

radiation boundaries.

Observing at one wavelength above the nano particle pattern, the scattered elec-

tric field distribution is shown in Fig. 7.11. The computation uses 265s with 12GB

memory to solve the 52,638 unknowns.

Embedding in the same layered medium, a second large scale EUV lithography
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Figure 7.12: EUV lithography model.

Figure 7.13: Electric field distribution observed one wavelength above the EUV
lithography pattern.

pattern ”DU” is simulated. Figure 7.12 provides the sketch of this EUV model. The

x-y dimensions of each principal cell are 243 nm ˆ162 nm and the z dimension of

the whole structure reaches to 336.5 nm. The structure is illuminated by λ “ 13.5

nm TEy plane wave from the top of the vacuum layer. With the conventional finite

element method, the minimum computation domain is of the size 18λˆ 12λˆ 25λ.

Observing at one wavelength above the nano particle pattern, the scattered elec-

tric field distribution is shown in Fig. 7.11. The computation uses 15 min with 20

GB memory to solve the 65,790 unknowns for a converged result. Compared with

Case 2, the increased computational resources demand is caused by the lower spar-

sity ratio of the final equation system. The relatively large-scale boundary integral
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surface results in a dense MoM block matrices with high dimension. The conven-

tional FEBI method, however, is expected to require over 20 million unknowns for

the same problem. Solving the massive equation system with the even larger MoM

block matrices require orders of magnitude additional resources.

7.5 Conclusion

A mixed-order spectral element - boundary integral method for periodic scatterers

embedded in a layered medium is systematically developed in this chapter. Within

the proposed SEBI-PLMGF framework, the minimum computation domain only con-

tains the principal cell of the periodic scatterer. The layered medium background

is described by a set of surface integral equations with the periodic layered medium

dyadic Green’s functions, while the periodic boundaries are truncated with the Flo-

quet theorem. The GLL polynomials based spectral edge basis functions are used to

discretize the whole computation domain. The matrix representation of the dyadic

PLMGF is also systematically discussed. The primary and secondary terms of the

PLMGF exhibits distinct analytical properties. By formulating them separately,

the strong singularity of the PLMGF can be considerably relieved. The theoretical

foundation for combining the Floquet theorem with the SEM is also revisited in the

paper. Several numerical examples are presented to validate the formulation. The

proposed framework is expected to be an efficient solution for the electromagnetic

analysis in a broad class of applications, such as lithography, solar cell, metamaterial,

and optoelectronic designs.
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8

Domain Decomposition and Integrated Periodic/
Non-Periodic Modeling

8.1 Overview

By combining the dyadic layered medium Green’s function together with the fast

convergent SEBI method, the consumption of computational resources has already

been reduced dramatically for multiscale nano optical computation. Formulating

the boundary surface integral equations with the periodic Green’s function, both

homogeneous and layered medium background are removed from the computation

domain. Further applying the Bloch periodic boundary condition to the lateral

boundaries, only field unknowns of the inhomogeneous scatterers inside the principal

cell need to be solved in the final equation system.

With the aforementioned improvements, the remaining demand of massive com-

putation costs primarily originates from two perspectives. First, the inhomogeneous

scatterer in each period of the structure might still remains electrically large. Second,

in some cases, a large portion of the field unknowns remain on the boundary integral

surfaces. This situation finally results in large scale dense MoM matrices, and the
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sparsity ratio of the global equation system thus decreases.

Moreover, noticing the periodic pattern structures commonly present in optical

frequency designs, the Bloch periodic boundary condition is enforced in the SEBI

solver in previous discussions. With this strategy, the only the unknowns in the

principal cell need to be solved in the final equation system. This approximation

is usually accurate enough for most quantitative analyses. However, simulating the

whole structure as a finite model still can have its unique advantages for the inves-

tigation of certain physical properties, such as the nano antenna’s far field radiation

patterns and the edge effects of surface plasmonic metamaterials.

According to the above concerns, in this chapter another two improvements are

proposed to further enhance the multiscale simulation of nano optical computations.

First, the domain decomposition method (DDM) is developed for splitting the SEBI

computation domain into multiple volume subdomains together with another bound-

ary surface integral subdomain. Through this method, a large scale problem can be

divided into multiple smaller problems less demanding in computational resources.

Moreover, a scattered field hybrid radiation boundary condition is proposed to fully

address the necessity of non-periodic simulations. By first formulating both the wave

equation and the SIEs with scattered field unknowns, and then combining the per-

fectly matched layer (PML) with the surface integral equations (SIEs), the framework

enables the SEBI solver switching between periodic and non-periodic modeling with

the minimum cost.

8.2 Domain decomposition method in frequency-domain solver

The principle of the DDM is a typical design of the divide and conquer paradigm.

Focusing on the source-field relation in each region at a time, the large scale problem

is thus divided into multiple smaller problems that can be solved iteratively. Only one

sub-problem needs to be focused at one time. Under the SEBI framework, the DDM
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is primarily applied to split the total degree of freedom (DoF) into several collections,

where adjacent collections only couple through the DoF on the subdomain interfaces.

In our simulated configuration, the volume computation domain is divided into

N non-overlapping subdomains, and the boundary integral surface domain is defined

as the pN`1q subdomain. Each subdomain only interacts with adjacent subdomains

through the shared interfaces. The electromagnetic field in one subdomain propa-

gates into the adjacent subdomains through the share interfaces. Thus, all regions

couple together and behave as an equivalent description of the original problem.

Noticing the volume subdomains are discretized and solved through the philosophy

of the SEM, while the boundary integral surface domain is solved through the MoM.

So overall, we denote the first N volume subdomain as SEM subdomains, and the

pN ` 1q surface subdomain as the MoM subdomain. Adjacent subdomains can be

discretized with non-conformal mesh for enhanced flexibility.

Theoretically, the electromagnetic fields on the subdomain interfaces satisfy the

boundary condition for medium interfaces. However, previous research demonstrates

that the direct enforcement of this tangential continuity boundary condition can not

guarantee the convergence of the DDM solver. As an alternative, the Robin-type

transmission condition has been proposed to describe the coupling between adjacent

subdomains [Luo et al. (2013)]. Furthermore, recognizing the fact that in most nano

optical modelings, the plane wave is considered as the illumination sources of the nano

structure, the solver’s convergence can be further improved through applying the

Riemann-solver transmission condition on the subdomain interfaces. The Riemann

solver models the transmission and reflection of the plane waves normally impinging

on planar subdomain interfaces. According to our targeted problems, it serves as an

efficient and sufficient solution.

Consider two adjacent subdomains coupled through the shared interfaces, the

Riemann solver builds the relation between the electric/ magnetic field on the inter-
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face and the field quantities from these two subdomains. On the interface shared by

the two subdomains with the index i and j, the Riemann solver shows:

pn̂R ˆ EqpY piq ` Y pjqq “ n̂R ˆ pY
piqEpiq ´ Y0 ¨ n̂R ˆ H̃piq

`Y pjqEpjq ` Y0 ¨ n̂R ˆ H̃pjq
q

(8.1)

pn̂R ˆ H̃qpZpiq ` Zpjqq “ n̂R ˆ pZ
piqH̃piq

` Z0 ¨ n̂R ˆ Epiq

`ZpjqH̃pjq
´ Z0 ¨ n̂R ˆ Epjqq

(8.2)

where the superscripts piq and pjq over the physical quantities denote the subdomain

they refer to. n̂R is the unit normal vector pointing from the i-th subdomain to

the j-th subdomain. Zpiq “
b

µprq
εprq

is the position dependent wave impedance in the

i-th subdomain; Y piq “ 1
Zpiq

is the corresponding wave conductance. Equation 8.1 is

referred as the electric field Riemann solver, while Eq. 8.2 is referred as the magnetic

field Riemann solver.

Connecting adjacent subdomains through Eq. (8.1) - (8.2), the SEBI can be dis-

cretized and solved through the discontinuous Galerkin’s method. Each subdomain

can be meshed with non-conformal simplex elements.

8.3 Domain decomposition between MoM and SEM subdomain

The domain decomposition of the SEBI framework includes two categories of real-

izations: (1) Solving the coupled MoM - SEM subdomains. (2) Solving the coupled

SEM - SEM subdomains. In this section, an initial investigation is proposed for the

MoM - SEM subdomain coupling, where the boundary integral surfaces are divided

from the volume computation domain as a single subdomain. The MoM subdomain

is described by the the electric field integral equation (EFIE) and couples to the

volume SEM subdomain through the magnetic field Riemann solver. Various discus-
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sions and enhancements can be further conducted based on this foundation, and we

will take them as continuing endeavors.

For the boundary integral surfaces, the weak-form EFIE is given as

jk0

ż

BΩi

pn̂ˆΦmq
T
¨ EincdS “ ´jk0

ż

BΩi

pn̂ˆΦmq
T
¨

r´Eprq `
1

η0

LEpr, J̃q `KEpr,MqsdS.

(8.3)

The MoM domain couples to the volume domain through the magnetic field

Riemann solver. Apply the Galerkin’s method to Eq. 8.2, we can arrive at

jk0

ż

BΩi

1

Zpiq ` Zpjq
pn̂R ˆΦmq

T
¨ r´Zpjq ¨ H̃piq

` Z0 ¨ n̂R ˆ Epiq ` Zpjq ¨ H̃pjq

´Z0 ¨ n̂R ˆ EpjqsdS “ 0.

(8.4)

where piq denotes the MoM subdomain; pjq denotes the coupling adjacent SEM

subdomain, and n̂ “ ´n̂R.

In the meantime, the coupled SEM subdomain can be solved through the wave

equation combined with both the electric field Riemann solver and the magnetic field

Riemann solver. The weak-form wave equation in the SEM subdomain is given in

Eq. 7.1. Insert the magnetic field Riemann solver into the surface integral term of

the weak-form wave equation, it arrives at:

ż

Ωi

rp∇ˆΦmq
T
¨ µ´1

r ¨ p∇ˆ Epiqq ´ k2
0 ¨ pΦmq

T
¨ εr ¨ E

piq
sdV

`jk0

ż

BΩi

pn̂ˆΦmq
T

Zpiq ` Zpjq
¨ rZpiq ¨ H̃piq

` Z0 ¨ n̂ˆ Epiq ` Zpjq ¨ H̃pjq

´Z0 ¨ n̂ˆ EpjqsdS “ Spiqm .

(8.5)

Applying the Galerkin’s method to the electric field Riemann solver, we can
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obtain the other equation for the SEM subdomain:

jk0

ż

BΩi

1

Y piq ` Y pjq
pn̂ˆΦmq

T
¨ r´Y pjq ¨ Epiq ´ Y0 ¨ n̂ˆ H̃piq

` Y pjq ¨ Epjq

`Y0 ¨ n̂ˆ H̃pjq
sdS “ 0.

(8.6)

where n̂ “ n̂R.

Discretizing the unknown field quantities in both current subdomain and the

adjacent coupling subdomain with the GLL basis functions:

Epiq “
ÿ

ni

epiqni ¨Φ
piq
ni

(8.7)

Epjq “
ÿ

nj

epjqnj ¨Φ
pjq
nj

(8.8)

H̃piq
“
ÿ

ni

h̃piqni ¨Φ
piq
ni

(8.9)

H̃pjq
“
ÿ

nj

h̃pjqnj ¨Φ
pjq
nj
, (8.10)

Eq. (8.4) - (8.5) reach to their linear equation system for the domain decomposition

problem.

The global matrix system for SEBI-DDM can be obtained as

»

—

—

—

—

–

KII KIS 0 0 0
KSI KSS `RZ

E,11 RZ
H,11 RZ

E,12 RZ
H,12

0 RY
E,11 RY

H,11 RY
E,12 RY

H,12

0 0 0 KE
E,22 `MRE,22 LE

H,22

0 RZ
E,21 RZ

H,21 RZ
E,22 RZ

H,22

fi

ffi

ffi

ffi

ffi

fl

¨

»

—

—

—

—

–

EI

ES1

H̃S1

ES2

H̃S2

fi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

–

Se

0
0

Einc

0

fi

ffi

ffi

ffi

ffi

fl

(8.11)

where the first digit of the two-digit subscript denotes the location of the testing

function; the second digit denotes the location of the basis function. The subscript

1 denotes the testing for basis function is on the Riemann boundary of the wave
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function subdomain; subscript 2 denotes it is on the Riemann boundary of the MoM

subdomain.

Definitions of the block matrices in Eq. (8.11) are given below.

The block matrices LE
E,mni , KE

H,mni and MRE,mni are defined from the MoM

equations. The definition of each block matrix is shown below.

LE
E,mni : `jk0

ż

BΩi

pn̂ˆΦmq
T
¨

1

η0

¨
Z0

Zpiq ` Zpjq
¨ LEpr, n̂ˆ n̂ˆΦpiq

ni
qdS (8.12)

which corresponds to the term LE
E,22, i.e., the block matrix of `jk0

ş

BΩi
pn̂ ˆΦmq

T ¨

1
η0
¨ Z0

Zpiq`Zpjq
¨ LEpr, n̂ˆ n̂ˆ EpiqqdS.

KE
H,mni : `jk0

ż

BΩi

pn̂ˆΦmq
T
¨

Y0

Y piq ` Y pjq
¨KEpr, n̂ˆ n̂ˆΦpiq

ni
qdS (8.13)

which corresponds to the term KE
H,22, i.e., the block matrix of `jk0

ş

BΩi
pn̂ˆΦmq

T ¨

Y0
Y piq`Y pjq

¨KEpr, n̂ˆ n̂ˆ H̃piqqdS.

and

MRE,mni “ `jk0

ż

BΩi

pn̂ˆΦmq
T
¨Φpiq

ni
dS, (8.14)

which corresponds to the term `jk0

ş

BΩi
pn̂ˆΦmq

T ¨ EpiqdS.

The block matrices RZ
H,mni

, RZ
E,mni

, RZ
H,mnj

and RZ
E,mnj

are defined from the

weak form magnetic field Riemann solver. The definition of each block matrix is

given below.

RZ
H,mni

“ jk0

ż

BΩi

Zpiq

Zpiq ` Zpjq
¨ rpn̂ˆΦmq

T
¨Φpiq

ni
sdS, (8.15)

which corresponds to the term jk0

ş

BΩi

Zpiq

Zpiq`Zpjq
¨ rpn̂ˆΦmq

T ¨ H̃piqsdS.
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RZ
E,mni

“ jk0

ż

BΩi

Z0

Zpiq ` Zpjq
¨ rpn̂ˆΦmq

T
¨ pn̂ˆΦpiq

ni
qsdS, (8.16)

which corresponds to the term jk0

ş

BΩi

Z0

Zpiq`Zpjq
¨ rpn̂ˆΦmq

T ¨ pn̂ˆ EpiqqsdS.

RZ
H,mnj

“ jk0

ż

BΩi

Zpjq

Zpiq ` Zpjq
¨ rpn̂ˆΦmq

T
¨Φpjq

nj
sdS, (8.17)

which corresponds to the term jk0

ş

BΩi

Zpjq

Zpiq`Zpjq
¨ rpn̂ˆΦmq

T ¨ H̃pjqsdS.

RZ
E,mnj

“ jk0

ż

BΩi

´
Z0

Zpiq ` Zpjq
¨ rpn̂ˆΦmq

T
¨ pn̂ˆΦpjq

nj
qsdS, (8.18)

which corresponds to the term jk0

ş

BΩi
´ Z0

Zpiq`Zpjq
¨ rpn̂ˆΦmq

T ¨ pn̂ˆ EpjqqsdS.

The block matrices RY
E,mni

, RY
H,mni

, RY
E,mnj

and RY
H,mnj

are defined from the

weak form electric field Riemann sovler. The definition of each block matrix is given

below.

RY
E,mni

“ jk0

ż

BΩi

´
Y pjq

Y piq ` Y pjq
rpn̂ˆΦmq

T
¨Φpiq

ni
sdS, (8.19)

which corresponds to the term jk0

ş

BΩi
´ Y pjq

Y piq`Y pjq
rpn̂ˆΦmq

T ¨ EpiqsdS.

RY
H,mni

“ jk0

ż

BΩi

´
Y0

Y piq ` Y pjq
rpn̂ˆΦmq

T
¨ pn̂ˆΦpiq

ni
qsdS, (8.20)

which corresponds to the term jk0

ş

BΩi
´ Y0
Y piq`Y pjq

rpn̂ˆΦmq
T ¨ pn̂ˆ H̃piqqsdS.

RY
E,mnj

“ jk0

ż

BΩi

Y pjq

Y piq ` Y pjq
rpn̂ˆΦmq

T
¨Φpjq

nj
sdS, (8.21)

which corresponds to the term jk0

ş

BΩi

Y pjq

Y piq`Y pjq
rpn̂ˆΦmq

T ¨ EpjqsdS.

118



RY
H,mnj

“ jk0

ż

BΩi

Y0

Y piq ` Y pjq
rpn̂ˆΦmq

T
¨ pn̂ˆΦpjq

nj
qsdS, (8.22)

which corresponds to the term jk0

ş

BΩi

Y0
Y piq`Y pjq

rpn̂ˆΦmq
T ¨ pn̂ˆ H̃pjqqsdS.

It is critical to keep in mind that, in Eq. (8.15) - (8.18), the unit normal vector

can refer to either the normal vector of the volume subdomain region n̂ or that of

the Riemann interface of the surface subdomain n̂R.

Furthermore, the Cauchy principal integral needs to be applied to the primary

terms in K operators. For the typical two scenarios, the following formulation can

be used to extract the singularities:

ă n̂ˆΦi,KH , n̂ˆΦj ą“ă n̂ˆΦi, K̃H , n̂ˆΦj ą `
1

2
ă n̂ˆΦi,Φj ą (8.23)

and

ă n̂ˆΦi,KH , n̂ˆ n̂ˆΦj ą“ă n̂ˆΦi, K̃H , n̂ˆ n̂ˆΦj ą `
1

2
ă n̂ˆΦi, n̂ˆΦj ą .

(8.24)

The unknown in Eq. (8.11) can be obtained through any direct solver. How-

ever, to acknowledge the target of solving large scale optical problems with reduced

computational resources, Eq.(8.11) can be reformulated as a set of coupled linear

equation systems with smaller dimensions. Each derived equation system describes

one subdomain, such that the overall problem can be solved iteratively.

For instance, the matrix-form equation of the SEM-MoM subdomain can be ob-

tained as
»

–

KII KIS 0
KSI KSS `RZ

E,11 RZ
H,11

0 RY
E,11 RY

H,11

fi

fl ¨

»

–

EI

ES1

H̃S1

fi

fl “

»

–

Se

´RZ
E,12 ¨ ES2 ´RZ

H,12 ¨ H̃S2

´RY
E,12 ¨ ES2 ´RY

H,12 ¨ H̃S2

fi

fl . (8.25)

Additionally, the matrix-form equation of the MoM-SEM subdomain is derived
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Figure 8.1: Geometrical structure of a typical multi-layer nano structure, for SEM-
MoM DDM simulation.

as

„

KE
E,22 `MRE,22 LE

H,22

RZ
E,22 RZ

H,22



¨

„

ES2

H̃S2



“

„

Einc

´RZ
E,21 ¨ ES1 ´RZ

H,21 ¨ H̃S1



. (8.26)

Solving system of Eq. (8.25) - (8.26) iteratively, the unknowns in each subdomain

can be obtained at converged results.

Through the above process, one can focus on solving a reduced size problem

at one time. A more significant performance enhancement originates from the fact

that the MoM related L and K block matrices are dense matrices. By decomposing

the boundary integral surfaces as individual subdomains, we can solve the relatively

small MoM region separately. The sparsity ratio in other subdomains thus will not

be influenced by the surface integral equations.

As a typical numerical example, the MoM-SEM domain decomposition is applied

to solve a multilayer model sketched in Fig. 8.1. The periodic structure is illuminated

by a 350 nm TMz plane wave.
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(a) Electric field pattern

(b) Magnetic field pattern

Figure 8.2: Field distribution obtained from the SEM-MoM decomposition
method.

Observing at the z “ 622.5 nm plane, the numerical results obtained through the

SEM-MoM domain decomposition method is shown in Fig. 8.2.

8.4 Domain decomposition between SEM and SEM subdomain

The Riemann solvers in Eq. (8.1) - (8.2) also describe the coupling between adjacent

SEM subdomains. Typically, the unknowns in each subdomain can be solved via the

combination of weak-form wave equation and the electric field and magnetic field

Riemann solvers.

As a more general formulation for the DDM within the SEBI framework, here we
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consider the case where the boundary integral surface conformally combined with the

wave equation domain, while the volume computation domain is decomposed into

multiple subdomains. Compared with the pure SEM-SEM coupling, this situation

requires more delicate implementation due to the existence of the boundary surface

integral equations.

For each subdomain includes both boundary integral surface and domain decom-

position interfaces, the governing equation can be obtained as
ż

V

´p∇ˆΦmq
T
¨ µ´1

r ¨ p∇ˆ EqdV ` k2
0

ż

V

Φm
T
¨ εr ¨ EdV

´jk0

ż

SBI

pn̂ˆΦmq
T
¨ rη0LHpr,Mq `KHpr, J̃qsdS

`jk0

ż

BΩi

pn̂R ˆΦmq
T

Zpiq ` Zpjq
¨ rZpiq ¨ H̃piq

` Z0 ¨ n̂R ˆ Epiq ` Zpjq ¨ H̃pjq
´ Z0 ¨ n̂R ˆ EpjqsdS

“ jk0

ż

SBI

pn̂ˆΦmq
T
¨ H̃incdS `

ż

V

ΦT
m ¨ SedV

(8.27)

together with

jk0

ż

SBI

pn̂ˆΦmq
T
¨ EincdS “ ´jk0

ż

SBI

pn̂ˆΦmq
T
¨

r´Eprq `
1

η0

LEpr, J̃q `KEpr,MqsdS.

(8.28)

and

jk0

ż

BΩi

1

Y piq ` Y pjq
pn̂R ˆΦmq

T
¨ r´Y pjq ¨ Epiq ´ Y0 ¨ n̂R ˆ H̃piq

` Y pjq ¨ Epjq

`Y0 ¨ n̂R ˆ H̃pjq
sdS “ 0.

(8.29)

where n̂R is the unit normal vector toward the corresponding mutual coupling sub-

domain; n̂ denotes the unit normal vector toward the exterior background region.

The integral domain SBI denotes the boundary integral surface, and BΩi denotes

Riemann solver interfaces.
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The above formulation can be more clearly illustrated through a two-subdomain

scenario. Without loss of generality, we assume the upper volume subdomain includes

the top boundary integral surface, and the lower volume subdomain includes the

bottom boundary integral surface. Equation (8.27) - (8.29) thus can be discretized

and assembled into a linear equation system:

»

—

—

—

—

—

—

–

M1 0 0 0 0 0
KS1I KS1S1 `RZ

E,11 RZ
H,11 0 RZ

E,12 RZ
H,12

0 RY
E,11 RY

H,11 0 RY
E,12 RY

H,12

0 0 0 M2 0 0
0 RZ

E,21 RZ
H,21 KS2I KS2S2 `RZ

E,22 RZ
H,22

0 RY
E,21 RY

H,21 0 RY
E,22 RY

H,22

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

¨

»

—

—

—

—

—

—

–

X1

ES1

H̃S1

X2

ES2

H̃S2

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

–

b1

0
0
b2

0
0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(8.30)

where the subscript 1 denotes the index of the subdomains, and

Mi “

»

–

KII KISBI
0

KSBII KSBISBI
` LH KH

0 KE LE

fi

fl , i “ 1, 2; (8.31)

Xi “

»

–

EI

ESBI

H̃SBI

fi

fl , i “ 1, 2; (8.32)

bi “

»

–

Se

H̃inc
i

Einc
i

fi

fl , i “ 1, 2. (8.33)

The above numerical framework can easily be extended as a general solution

for large scale nano optical modelings. Through the decoupling on the Riemann

boundary surfaces, Eq. (8.30) can be solved iteratively, so that the unknowns in

each subdomain can be obtained with a moderate memory consumption.

For instance, for the volume subdomains with intersection between the bound-

ary integral surfaces, the block matrix equation of the SEM-SEM coupling can be
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obtained as
»

–

M1 0 0
KS1I KS1S1 `RZ

E,11 RZ
H,11

0 RY
E,11 RY

H,11

fi

fl ¨

»

–

X1

ES1

H̃S1

fi

fl “

»

–

b1

´RZ
E,12 ¨ ES2 ´RZ

H,12 ¨ H̃S2

´RY
E,12 ¨ ES2 ´RY

H,12 ¨ H̃S2

fi

fl .

(8.34)

In addition, the volume subdomain with no intersection between boundary inte-

gral surfaces can be formulated as
»

–

KII KIS 0
KSI KSS `RZ

E,11 RZ
H,11

0 RY
E,11 RY

H,11

fi

fl ¨

»

–

EI

ES1

H̃S1

fi

fl “

»

–

Se

´RZ
E,12 ¨ ES2 ´RZ

H,12 ¨ H̃S2

´RY
E,12 ¨ ES2 ´RY

H,12 ¨ H̃S2

fi

fl . (8.35)

Solving system of Eq. (8.34) - (8.35) iteratively, the unknowns in each subdomain

can be obtained at converged results.

A typical numerical example is designed to illustrate and validate the proposed

domain decomposition method in Fig. 8.3. To fully address of the capability of

the discontinuous Galerkin’s method enabled by the DDM, non-conformal mesh is

applied to each subdomain as illustrated by Fig. 8.4.

The electric and magnetic field patterns observed at the z “ 647.5 nm plane

is shown in Fig. 8.5. The numerical results obtained through the discontinuous

Galerkin domain decomposition SEBI method agrees well with the results obtained

from the conformal SEBI-PLMGF method.

8.5 Integrated Periodic/ Non-Periodic Simulation

Through the investigations and discussions from Chapter 2 to the domain decompo-

sition method proposed in the previous section, a multiscale SEBI solver has been

proposed systematically for the nano optical computation. Considering the periodi-

cally patterned structures are frequently encountered in practical nano scale designs,

the Bloch periodic boundary condition has been implemented to the SEBI frame-

work for the reduced number of DoFs. The LMGF with double periodicity is further
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Figure 8.3: Geometrical structure of a typical multi-layer nano structure, for SEM-
SEM DDM simulation.

studied within this context. Though the periodic SEBI solver delivers an satisfy-

ing accuracy for most applications of nano optical computations, however, it is still

desirable to conduct the full size simulation without periodic approximation for the

quantitative analyses of certain physical phenomena. For example, the nano struc-

ture with finite periods need to be simulated as a finite size model for the analysis

of far field radiation pattern or the edge effects.

Conversely, the development and maintenance cost of developing a complete non-

periodic solver is extremely high. For instance, the formulation and singularity ex-

traction technique of the dyadic LMGF have to be re-investigated and implemented.

The increased area of boundary integral surface may also considerably decreases the

solver’s performance. For the consideration of either the computational performance
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Figure 8.4: Illustration of non-conformal mesh with the discontinuous Galerkin’s
method, for the volume subdomains of the model sketch in Fig. 8.3.

or the practical resources cost, efficient integration of the periodic/ non-periodic

simulation becomes a progress on demand.

In this section, we theoretically investigate a scattered field hybrid radiation

boundary condition to integrate the periodic/ non-periodic simulations with min-

imum cost. To guarantee the robustness of the numerical solver, both the wave

equation and the SIEs are first formulated with scattered field unknowns. Next,

the PML and SIE are combined together as a full radiation boundary condition for

non-periodic simulation. Under this framework, the SIEs still only cover the top and

bottom boundary integral surfaces with the periodic Green’s function. In addition,

the Bloch periodic boundary condition is always enforced on the lateral surfaces.

However, different from the previous SEBI framework, both the wave equation and

the SIEs are formulated as the equations of scattered field unknowns. For non-

periodic simulations, the all-direction radiation boundary condition can be realized

by assembling the vertical PML to lateral surfaces.

The proposed method exhibits several significant advantages compared with con-
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(a) Electric field pattern

(b) Magnetic field pattern

Figure 8.5: Field distribution observed at the z “ 647.5 nm plane.

ventional non-periodic SEBI or SEM with the PML. First, the periodic and non-

periodic solvers are compactly integrated together. The maintenance cost is thus

reduced by orders. Second, the conventional non-periodic SEBI includes a closed

boundary integral surface surrounding the whole computation domain. This not

only results in large scale dense block matrices in the equation system, but also

heavily emphasize on the singularity extraction of the LMGF. In addition, the SEM

with full PML cannot guarantee the accuracy under large oblique angle incidence.

By using the SIEs as exact radiation boundary condition for top and bottom bound-

ary surfaces, the proposed PML-SIE radiation boundary condition is expected with
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Figure 8.6: Sketch of the Integrated Periodic/ Non-Periodic Solver’s Computation
domain.

noticeable advantages for modeling scatterers with extensive horizontal dimensions.

Figure 8.6 shows the systematic sketch of the numerical framework. For non-

periodic simulations, the physical domain V1 is laterally surrounded by the scattered

field domain V2, which describes the interaction between the PML and the scattered

fields. The surface boundaries S1 and S2 denotes the boundary integral surfaces of

the physical domain and the scattered field domain, respectively. S3 denotes the

interface between the physical domain and the scattered field domain, while the

Bloch periodic boundary condition is always applied to S4.

Although the electromagnetic process inside the whole computation domain is

governed by the vector wave equations, the physics interpretations differ considerably

for the physical domain and the PML domain. For consistency and simplicity, all the

physical domain, the PML domain, and the surface integral domain are formulated

with scattered field wave equations. The universal weak-form vector wave equation
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can be obtained as
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where V “ V1`V2 denotes the whole computation domain; S “ S1`S2`S4 denotes

the whole exterior boundaries of the computation domain.

To realize the hybrid absorbing boundary conditions, we first start from com-

bining the boundary integral equations with the universal weak-form wave equation.

Formulating the surface integral equations with the scattered fields, the scattered

field EFIE and the scattered field MFIE can be obtained as
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prq “ n̂ˆ r

1

η0

¨ LEpr, J̃scq `KEpr,Msc
qs (8.37)
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q `KHpr, J̃scqs. (8.38)

Insert Eq. (8.38) into Eq. (8.36), it arrives at
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In addition, apply the Galerkin’s method to Eq. (8.37), we have

jk0

ż

S1`S2

pn̂ˆΦiq
T
¨ r´Esc

prq `
1

η0

¨ LEpr, J̃scq `KEpr,Msc
qsdS “ 0. (8.40)
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Equations (8.39) - (8.40) combine the PML for the lateral boundary sides with

the SIE’s for the top and bottom boundaries. At this point, it should be realized

that status of the PML’s exterior boundaries alters fundamentally in the scheme of

PML-SEBI. Although the surface integrals over r in Eq. (8.39) - (8.40) only cover

the top and bottom radiation surfaces, the integral operators LE, LH , KE and KH

still require a closed surface surrounding the computation domain. Improper bound-

ary conditions on the surfaces exterior to the lateral PML domain may jeopardize

the correctness of the SIE formulation and generate numerical errors from spurious

modes. To guarantee the solver’s robustness, the Bloch periodic boundary condition

is applied to the lateral surfaces exterior to the PML domain. For the field unknowns

of the periodic boundaries of the volume domains, we have

Esc
pr` aq “ Esc

prqe´jk¨a, (8.41)

and

H̃sc
pr` aq “ H̃sc

prqe´jk¨a. (8.42)

Through the above process, the restriction of homogeneous background can be

largely relieved. Even with different homogeneous Green’s functions for each bound-

ary surface, the top and bottom backgrounds can be modeled as different materials.

By discretizing the whole computation with mixed order GLL basis functions, a

generalized layered structure, such as curved layers, are permitted in the physical

and PML domains. The block-Thomas method is integrated for further performance

enhancement.

The first case is designed for the validation of the PML-SEBI scheme. Consider a

silica cube with side length 50 nm and εr “ 2.4265 placed in free space. The physical

domain is illuminated by planar wave with wavelength λ “ 400 nm. A set of 0.75λ

thick PML covers the lateral boundaries of the physical domain. The observation

line is placed on the top of the silica cube.
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Figure 8.7: Case 1: Cubic scatterer. ||E|| by PML-SEBI, Full PML-SEM and
COMSOL.

Figure 8.8: Case 2: EUV lithography model. Sketch of the simulation model.

Figure 8.7 provides the results from the proposed PML-SEBI solver, the full

PML-SEM solver, and the commercial software COMSOL. To achieve a comparable

accuracy, the memory and computation time cost of the PML-SEBI are 2.3 GB and

94 s, while those for the full PML-SEM are 15 GB and 890 s.

In the second numerical example, a typical EUV model is considered as a bench-

mark case. Figure 8.8 shows a sketch of the lithography model. From top to bottom

the structure consists of a set of irregular absorbing gratings (εr “ 0.8556´0.08075j),

a 3 nm multilayer capping (εr “ 0.7497´ 0.0296j), a Si/Mo Bragg reflector (εr,Si “

0.998´ 0.0036j, εr,Mo “ 0.8537´ 0.0119j), and an infinitely thick Si substrate. The

Bragg reflector includes 5 Si/Mo (2.78+4.17 nm) bilayers.
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Table 8.1: Computational Resources Cost Comparison between the PML-SEBI and
Full PML Frameworks for Non-periodic Simulations

Numerical Method DoF Time Memory Relative Error

Case 1

PML-SEBI 23,750 94 s 2.3 GB 0.4%

SEM - full PML 94,325 890 s 15 GB 0.5%

Case 2

PML-SEBI 373,248 120 min 72 GB 1.2%

SEM - full PML 425,736 149 min 83 GB 4.4%

As one of the advantages, the layered medium background can be addressed by

truncating the top and bottom boundary integral surfaces with different Green’s

functions in the SEBI method. The physical domain is thus shrunk to be a slim

space, electrically large in x and y dimensions, but thin in z-dimension. For the

model shown in Fig. 8.8, the physical domain is of the size 7λ, 7λ, 4.3λ in x, y and

z dimensions, respectively.

Table 8.1 shows the numerical performance comparison between the PML-SEBI

method and the SEM - full PML approach for non-periodic simulation. The pro-

posed SEBI with SIE-PML radiation boundary condition exhibits considerable im-

provement compared with the conventional full-PML scheme. The SEM - full PML

exhibits relatively large numerical error when modeling scatterers large in horizontal

dimensions while thin in the third direction. Its difficulty mainly originates from

PML’s decreased absorption of waves with large oblique incident angle.

8.6 Conclusions

In this chapter, the SEBI with domain decomposition is investigated for multiscale

nano optical computation, and a scattered field hybrid radiation boundary condi-

tion is proposed for integrated periodic/ non-periodic simulation. By dividing the
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boundary integral surfaces from the volume computation domain, the small-scale

dense MoM equation systems can be solved as one individual subdomain. As a

result, the sparsity of the SEM subdomains can be maintained. By further divid-

ing the volume domain into multiple SEM subdomains, electrically large modeling

can be divided into multiple less challenging sub-problems with improved feasibil-

ity. Coupling adjacent subdomains with the Riemann solver transmission boundary

condition,the solutions of all regions can be obtained through either direct solver or

iterative solver.

The scattered field PML-SIE radiation boundary conditions compactly integrates

the periodic and non-periodic SEBI solvers together. It not only minimizes the de-

velopment and maintenance cost, but also exhibits improved accuracy and efficiency

compared with conventional SEBI for finite scatterers or SEM with full PML. The

performance enhancement is even more significant with the active computation do-

main large is horizontal dimensions while thin in the vertical dimension.
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9

Conclusions and Future Work

9.1 Conclusions

A frequency domain multiscale SEBI method is proposed systematically for linear

and nonlinear nano optical computation. Benefiting from the fast convergent SEM

used for interior domain discretization and the surface integral equations served as

the exact radiation boundary conditions, the SEBI solver provides excellent efficiency

and flexibility. Through the enforcement of the Bloch periodic boundary condition

and combining the periodic Green’s functions, the computation domain for periodic

structures are reduced to the principal cell only. Simultaneously, two-dimensional

and three-dimensional simulations can be exactly performed with only one set of

numerical solver.

Irregular and sub-wavelength scattering structures have been accurately analyzed.

Significant advantages are validated through the comparison with mainstream indus-

trial numerical tools. Nonlinear full-wave SEBI solver is developed self-consistently

for higher harmonic generation problems. Nonlinear optical coupling processes ig-

nored by most previous studies are thus can be quantitative analyzed.

134



The PLMGF is systematically formulated. Starting from the wave function for-

mulation, the spectral domain representation is first discussed as a general implemen-

tation. To address the hyper singularity when both the source and the observations

points are on the same layered medium interface, the PLMGF is first re-formulated

into matrix-friendly formulation. The singularities are then successfully extracted

with strong feasibility.

By further combining the PLMGF of the SEBI, the hybrid SEBI-PLMGF solver

is validated to be an efficient solution for the common but challenging problems,

where fine nano patterns are embedded in large scale layered medium. Within the

context of SEBI, the primary and secondary terms of the PLMGF exhibits distinct

analytical properties. By formulating them separately, the strong singularity of the

PLMGF can be considerably relieved.

Moreover, the SEBI with domain decomposition is investigated for multiscale

nano optical computation, and a scattered field PML-SIE radiation boundary con-

dition is proposed for integrated periodic/ non-periodic simulation.

9.2 Original Contributions

Main contributions in this work are summarized as follows.

1. The development of periodic mixed-order SEBI solver for Helmholtz wave equa-

tion, particularly focuses on nano scale applications. Structured hexahedral

mesh with additional interpolation degree is used to model the irregular curved

edge geometries.

2. Extending the SEBI solver for the quantitative analysis of the third harmonic

generation. Based on this tool, graphene’s third harmonic characteristics under

strong surface plasmonic resonances are investigated.
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3. Systematic discussion and derivation of the PLMGF in spatial and spectral

domain implementation, including both regular wave function formulation and

matrix-friendly formulation. A novel and feasible singularity extraction tech-

nique is proposed under the matrix-friendly formulation.

4. The development of a multiscale solver combining the SEBI and the PLMGF.

It is validated as a robust and powerful solution for inhomogeneous scatteres

embedded in large scale layered medium.

5. Theoretical investigations of the domain decomposition with Riemann solver

under the SEBI framework.

6. Development of the scattered field PML-SIE radiation boundary condition,

which maximally integrates the periodic and non-periodic solver.

7. With the advantages of the developed and proposed numerical algorithms,

additional research are accomplished on graphene’s light absorption engineering

around the visible spectra, and the EUV multilayer defects analysis.

9.3 Future Work

Several promising and important aspects could be investigated in detail based on

this work. Some of them have already been on active research and are needed to

make the SEBI method more efficient for solving practical problems.

• Spectral integral method acceleration for the MoM - SEM domain decomposi-

tion

• Bloch-Thomas direct solver for the SEBI with planar domain decomposition

• Adaptive refinement with hierarchical basis functions

• Periodic boundary condition realization based on the Riemann solvers
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• Eigenvalue solver for dispersive and anisotropic periodic structures
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