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Abstract 

Many augmentative and alternative communication (AAC) devices have been 

developed to aid individuals who have some form of severe neuromuscular disorder to 

communicate with the outside world, such as Amyotrophic Lateral Sclerosis (ALS). Eye-

trackers are used as a primary communication device for people with ALS until they lose 

the ability to use their eyes.  As an alternative to eye-trackers, the P300 speller brain-

computer interface (BCI) is a non-invasive mode of communication that utilizes 

electroencephalography(EEG) data.  

The P300 speller relies on eliciting and detecting event related potentials (ERPs) 

that occur in the EEG data when a rare or unexpected visual or auditory stimulus is 

presented to the user; however, only visual stimuli are used in this work.  The P300 speller 

displays characters or symbols in a grid on a computer screen and presents (i.e. flashes) a 

subset of the characters simultaneously; these presentations are known as the stimuli. The 

presentation of the target (i.e., desired) character should elicit an ERP. After many 

repetitions of presentations, the speller attempts to estimate the desired character using 

the EEG data. This thesis is composed of two primary methods to improve the P300 

speller: A novel data-driven adaptive stimulus selection paradigm based on maximizing 

the expected discrimination gain (EDG) metric; and fusion of an eye-gaze data stream to 

develop a hybrid P300 and eye-gaze speller. 



 

v 

 

 

Many pseudo-random stimulus presentation paradigms (i.e., patterns) have been 

developed to improve the accuracy and decrease the time required to communicate via 

the P300 speller.  Few data-driven, adaptive, stimulus presentation paradigms have been 

developed, however, they are computationally expensive, thus have limited flexibility in 

the groups of characters that can be presented simultaneously. In this thesis, a novel data-

driven, adaptive, stimulus selection approach based on maximizing the expected 

discrimination gain (EDG) is introduced. Various restrictions are set on the characters that 

can be presented based on system and physiological constraints. Simulations show that 

even with various restrictions on the proposed adaptive paradigm, the adaptive paradigm 

yields a higher accuracy and a decrease in time required to spell compared to the most 

commonly used row/column random paradigm. Online results show that the proposed 

paradigm decreases the time required to spell, however, there is a slight decrease in 

speller accuracy.  

In addition to setting restrictions based on physiological effects, this thesis 

presents work done on explicitly modeling refractory effects, probabilistically, on a 

subject-specific basis. Refractory effects occur when the time between target stimulus 

presentations is not sufficiently long, resulting in decreased SNRs of the ERP. By modeling 

the refectory effects, the adaptive stimulus selection paradigm can automatically choose 

characters to present that minimize refractory effects, without having to explicitly set ad-
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hoc restrictions. Offline simulations showed that modeling refractory effects explicitly has 

the potential to further increase the accuracy, and decrease the time required to spell.  

Beyond improving the independent P300 speller, there has been recent interest in 

developing a hybrid (or “fused”) BCI system. In this thesis, a probabilistic hybrid P300 

and eye-tracker is developed and its effectiveness is explored. The hybrid speller collects 

both eye-tracking and EEG data in parallel, and the user spells the characters in the same 

way that they would spell them using the traditional P300 speller. Both online and offline 

experiments are performed to analyze the hybrid speller. Online results showed that for 

the fifteen non-disabled participants, the hybrid speller improved accuracy and reduced 

the time required to spell a character. Offline simulations showed that the system is more 

robust to eye-gaze abnormalities than a stand-alone eye-gaze system.
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1 

1 Introduction 

Various augmentative and alternative communication (AAC) devices have been 

developed in order to aid individuals who have some form of severe neuromuscular 

disorder to communicate with the outside world. One disease that results in the need for 

AAC systems is Amyotrophic Lateral Sclerosis (ALS), also known as Lou Gehrig’s disease. 

ALS is a progressive neurodegenerative disease characterized by loss of voluntary muscle 

control. Over time, people diagnosed with ALS lose their ability to move and 

communicate through speech or gestures [1]. In some cases, as the disease progresses, eye 

movement becomes the only voluntary muscle control that an individual with ALS can 

perform [2]. There are more than 12,000 definite diagnoses of ALS in the US, and 

approximately 5000 individuals are diagnosed each year [3]. The target population for the 

AAC devices discussed in this work are those with ALS [4]. 

Studies have shown that eye-trackers can be used as one mode of communication 

for people with ALS who retain much of their oculomotor control (e.g., [2], [5]–[9]), 

allowing them to spell words by gazing at characters on a screen, and having the direction 

of the gaze automatically detected. Most modern eye-trackers emit infrared (IR) light and 

the direction of eye gaze is determined based on the reflection of the IR light off of the 

pupil and cornea ([10], [11]). Eye gaze is used for detecting the spatial position that is 

being looked at on the screen, and object selection on the screen is typically achieved by 

maintaining gaze for a specified dwell time, typically 500-1000ms for novice spellers [12]. 



 

2 

An eye-tracker typically requires a very short calibration period (1-5 minutes) (e.g., [13]) 

and is easy to set up.  Although eye-tracking is commonly used as a mode of 

communication for people with ALS, there are several limitations with gaze-control 

systems. People with ALS are known to have oculomotor impairment ([9], [14]–[17]), such 

as saccadic intrusions during fixation (e.g., [18]), horizontal and vertical gaze limitations 

(e.g.,[19]), slower saccades (e.g.,[20]), and nystagmus (e.g.,[19]), a condition that causes a 

person to make repetitive, uncontrolled eye movements. These abnormalities will 

sometimes render the user unable to efficiently use an eye-tracker as their primary method 

of communication ([8], [21], [22]).  Eye-trackers can also become inaccurate due to 

excessive sunlight (e.g., [2]) or with the use of corrective lenses [2]. 

As an alternative to eye-trackers, the P300 speller brain-computer interface (BCI) 

[23] is a non-invasive mode of communication that utilizes electroencephalography(EEG) 

data, and this system has also been shown to allow people with ALS to communicate [22], 

[24]–[26]. P300 spellers rely on eliciting and detecting event-related potentials (ERPs) that 

occur in EEG data when an uncommon stimulus is presented to the user [27]. P300 spellers 

are named after an ERP that occurs approximately 300 ms after an uncommon event 

occurs, although other ERP responses in the EEG data can also be used for classification 

(e.g. [28], [29]). In a typical visual P300 speller, characters or symbols are displayed on a 

computer screen and groups of characters are sequentially illuminated (i.e., flashed or 

presented) on the screen. While the flashing is occurring, the subject attends to the 
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character or symbol in the grid that they intend to spell.  The flash of the “desired” or 

“target” character is the uncommon event that should elicit an ERP. Typically, the EEG 

data collected after each flash has a low signal to noise ratio (SNR), so many repetitions of 

flashes are performed until there is enough information that has been gathered to 

determine which character is being spelled.  

The P300 speller can be used as a communication device when the eye-tracker is 

unusable, as the ERP response remains mostly stable over the progression of ALS [21], 

[22], [30]–[32]. The primary drawback associated with the P300 speller is that the time it 

takes to spell a character can be lengthy (~5-20 seconds per character), particularly in 

comparison to spelling times associated with an eye-tracker (~1 second per character). The 

P300 speller also requires a significantly longer set up time and calibration or training 

phase compared to an eye-tracking communication device. 

Work has been done towards improving the accuracy and decreasing the time 

required to communicate using the P300 speller. Some of the improvements involve 

cosmetic changes to the interface. In [33], [34], the speller presents characters using various 

colors so that the user is less distracted by nearby character presentations. In [35], [36], 

faces were presented instead of characters to increase the amplitude of the ERP response. 

Traditionally, the subsets of characters presented to the user are either rows and columns 

of characters arranged in a grid layout, and these subsets are randomly selected to be 

presented to the user. Instead of randomly created flash groups, other methods have 
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exploited error-correcting codes from coding theory to optimize the composition and 

presentation order of flash groups, as is considered in [37], [38]. These approaches, 

however, do not rely on previously observed EEG data that was collected in the sequence 

of spelling in order to optimize the stimulus selection. 

Some work has been done on the development of an adaptive, data-driven, 

stimulus presentation paradigm for the P300 speller [39], [40]. A data-driven approach 

selects stimuli based on previously observed stimulus responses; this allows the speller to 

select stimuli that can provide more information about the target character than a random 

stimulus selection. In Park et al. [39], a partially observed Markov decision process 

(POMDP) was used to adaptively decide which row or column to flash.  The row and 

column decisions were made independently and the intersection of the selected row and 

column was then selected as the target character estimate. The POMPD approach, 

however, becomes intractable for a real-time system when considering a search space 

considerably larger than row and column flash groups.  Ma et al. [40] implemented a 

hierarchy of variable-sized flash groups based on a language model. The hierarchical 

approach, however, is easily susceptible to error propagation, especially when 

considering the amount of incorrect selections in users with low accuracy levels [40].  

 The first aim of this work was to develop an adaptive stimulus selection 

framework that aims to maximize the amount of information gained after every stimulus 

presentation. The basis of the framework is the expected discrimination gain (EDG). The 
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EDG is a metric introduced by Kastella [41] as a sensor sampling strategy. The proposed 

approach explicitly models the expected information gain for the upcoming stimulus 

presentation, as opposed to the POMDP which tries to maximize a reward function over 

a measurement horizon. Since the proposed approach is myopic, it is significantly less 

computationally complex than the PODMP approach, and therefore allows the flexibility 

to dynamically create flash groups using a greedy search. 

 One of the primary concerns that should be considered when developing a 

stimulus selection paradigm for a speller-based BCI are physiological effects that can 

render the automatic discrimination between target and non-target stimulus 

presentations difficult. Refractory effects, for example, occur when a target character is 

presented in rapid succession; this can reduce the amplitude and increase the latency of 

the ERP response [42], [43].  When refractory effects occur, target stimulus presentations 

can be incorrectly classified as non-target presentations. Conversely, non-target 

presentations can be classified as target presentations if an adjacent character presentation 

distracts the user [25], [44]; this is known as an adjacency distraction. The adaptive 

stimulus presentation paradigm developed in this work enforces constraints on the 

stimulus presentation groups to attempt to reduce the effects of these physiological 

effects. 

In addition to setting constraints based on physiological effects, work was done 

on explicitly modeling refractory effects, probabilistically, on a subject-specific basis. By 
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modeling the refectory effects, the adaptive stimulus selection paradigm can 

automatically choose characters to present that minimize refractory effects, without 

having to explicitly set ad-hoc constraints. By modelling the refractory effects on a subject-

specific basis, the adaptive stimulus selection paradigm can increase the time between 

character presentations if subjects are more prone to refractory effects, and vice versa.  

Another physiological phenomenon that can provide information about what the 

user of a P300 speller is trying to spell is eye-movement. There has been interest in 

combining EEG data and eye-gaze data with the goal of developing a hybrid (or fused) 

BCI (hBCI) communication system (e.g. [45], [46]). A system that can successfully combine 

eye gaze and EEG has the potential to increase robustness to oculomotor impairment 

through the additional information provided by EEG while taking advantage of the 

increased communication speed provided by eye gaze. Hybridizations have taken several 

forms in the literature, with the majority using the EEG and eye-gaze inputs for separate 

control purposes (e.g. [46]–[53]). 

Dong et al. [54] demonstrated the potential for improving BCI performance 

through parallel fusion of eye gaze and EEG by incorporating eye gaze into a motor 

imagery BCI for cursor control. Gaze was classified in only two directions (left, right). 

Choi et al. [55] developed a hybrid P300 and eye-gaze speller by limiting the characters 

that can be selected to a 3 x 3 grid centered at the eye-gaze location. In Dong et al. and 

Choi et al., the eye-gaze was used to limit the characters that could be selected. In these 
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studies, hard-thresholds on eye-gaze position are used to prune the set of selectable 

characters. These thresholds are fixed and do not adapt to the user’s oculomotor ability. 

The second aim of this work is to develop an algorithm that uses eye-gaze and 

EEG data in parallel to estimate the probability of a character being the target character 

after each collected data point. The probabilistic algorithm will allow the system to adapt 

to each individual use; for example, if it is known that eye-gaze data is typically 

inaccurate, more EEG and eye-gaze data will be collected before making a character 

selection. The full two-dimensional spatial position will be used, thereby increasing the 

potential information that can be used by the BCI system to improve performance. 

This document is organized as follows: In Chapter 2, the background information 

for this work is introduced. In Chapter 3, the proposed adaptive stimulus presentation 

paradigm based on the EDG metric is introduced. In Chapter 4, the adaptive stimulus 

presentation paradigm is improved by incorporating a model for refractory effects in the 

EDG computation. In Chapter 5, an algorithm is introduced for a hybrid P300 and eye-

gaze speller. Chapter 6 will briefly describe the primary contributions of this work as well 

as suggest avenues for future work. 
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2 Background 

One of the most common AAC devices for individuals with ALS is the eye-tracker 

(e.g., [2], [5]–[9]). However, if the person with ALS is unable to use an eye-tracker due to 

oculomotor abnormalities, a BCI can be used. The P300 speller BCI has been one of the 

most widely researched AAC’s for individuals with ALS who do not have consistent eye 

gaze (e.g., [21], [22]). The P300 speller relies on the presence of an event related potential 

(ERP) that exists in the measured EEG signal after an unexpected auditory or visual 

stimulus event (oddball). The presence of the ERP can be used to select characters on a 

virtual keyboard [23]. 

There are two main contributions in this work: developing a probabilistic hybrid eye-

gaze and P300 speller, and developing a data-driven, adaptive, stimulus presentation 

paradigm for the P300 speller. In section 2.1, communication via eye-tracking is described. 

The eye-gaze data used in this work will also be introduced and examples of the eye-gaze 

data that can be collected with our system is shown.  In section 2.2, the P300 speller is 

introduced and methods that have been used to improve the P300 speller are discussed. 

Next, the physiological phenomena that can affect the accuracy and spelling speed of the 

P300 speller are discussed in section 2.3. Finally, the metrics used in this work to measure 

the performance of both independent and hybrid spellers are discussed in section 2.4. 
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2.1 Eye-tracking for Communication 

Most modern eye-trackers emit infrared (IR) light and learn the direction of eye-

gaze based on the reflection of the IR light from the pupil and cornea ([10], [11]). An eye-

tracker typically requires a very short calibration period (~1 minute) (e.g., [13]), is easy to 

set up, and is relatively inexpensive compared to an EEG-based system. The eye-tracker 

can be used to communicate via “eye-typing” (e.g., [56]–[62]). To eye-type, a virtual 

keyboard is presented to the user, and the user selects characters by focusing on a 

character that they intend to spell. During spelling, when the detected eye-gaze is closest 

to a particular character for a predetermined amount of time, known as the dwell time, 

the system selects that character, and spelling proceeds. Dwell times are typically set to 

500-1000 ms for novice spellers [12].  

Unfortunately, dwell based eye-gaze spelling systems fail to perform well if the 

user has significant oculomotor impairment. Individuals with ALS are known to have 

oculomotor impairments ([9], [14]–[17]) such as saccadic intrusions during fixation (e.g., 

[18]), horizontal and vertical gaze limitations (e.g.,[19]), slower saccades (e.g.,[20]), and 

nystagmus (e.g.,[19]). Saccadic intrusions and nystagmus can increase the variance of the 

measured eye-gaze data significantly, rendering the user of the system unable to dwell on 

the target character throughout the dwell period. Gaze limitations can result in the user 

being unable to gaze at the character that they are intending to spell for the required dwell 

time. 
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2.1.1 Eye Gaze Data  

The Tobii Technology X2-30 eye-tracker [55] was used to collect eye-gaze data in 

this work. The X2-30 is a binocular, infrared eye-tracker that samples at a frequency of 30 

Hz. The eye tracker estimates the user’s gaze, or point of focus, on the monitor in both the 

vertical and horizontal axis. Prior to collecting eye gaze data in a spelling task, the system 

is calibrated for each subject with the Tobii eyeX software. The calibration procedure asks 

the user to follow a marker with their eyes as it moves around the screen for 

approximately 30 seconds, and then uses that data to learn a physiological 3D eye model 

[63]. The initial calibration performed using Tobii’s calibration software normalizes the 

gazes such that all gazes on the monitor are ∈ [0,1] on both the horizontal and vertical 

axes, regardless of the size of the monitor. The eye-gaze estimates are not restricted to the 

length of the monitor, therefore gaze estimates may exist outside of [0,1] on either the 

horizontal or vertical axis. The monitor used in this work has a resolution of 1920 x 1080 

(width x height) pixels, and is 22.9” along the diagonal. 

A single observation of eye-gaze data is denoted as 𝑌𝑡 ∈ ℜ1𝑥2, and 𝑡 observations 

are denoted as 𝒀𝑡 ∈ ℜ𝑡𝑥2,  where the two dimensions are the horizontal and vertical eye-

gaze. Figure 2.1 provides an example of eye-gaze data that was collected from a study 

participant with ALS while they were attempting to eye-type on a virtual keyboard. 
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Figure 2.1 – This figure provides an example of eye-gaze data collected on a 6 x 6 

character grid from a study participant with ALS while they were attempting to spell 

various characters. The color/character combination corresponds to the character that 

the participant was instructed to focus on. There are 168 eye-gaze data points for each 

character being spelled, and during this data collection there were 12 characters being 

spelled. Some characters are spelled more than once, and thus there are only 9 unique 

characters spelled.  

 

2.2 P300 Speller 

When a person is unable to use an eye-tracker due to oculomotor impairment, a 

BCI such as the P300 speller can be used as an alternative communication device [22]–[26]. 

The P300 speller leverages ERPs that are elicited when an infrequent auditory or visual 

stimulus is presented to the user [27].  This infrequent stimulus presentation is known as 
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the oddball or target stimulus response. The ERP response can be seen in the EEG data as 

a positive peak that occurs approximately 300ms after the auditory or visual stimulus is 

presented; this positive peak is termed the P300. Figure 2.2 shows averaged EEG 

responses that were measured when a target and background (non-target) stimulus event 

occurs.    

 

 

Figure 2.2 – Averaged EEG response measured from a subject when a target (red) 

background (blue) stimulus event occurs.  

 

In a visual P300 speller, characters or symbols are displayed on a computer screen 

and groups of characters are sequentially illuminated (i.e., flashed or presented) on the 

screen. While the presentations are occurring, the user attends to the character or symbol 

in the grid that they intend to spell.  The presentation or flash of the “desired” or “target” 
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will typically elicit an ERP. The P300 speller signal processing algorithm attempts to 

estimate the character that the user is intending to spell by determining the character 

presentations that elicited the ERP responses. 

A flow chart describing the components of the visual P300 speller system is 

provided in Figure 2.3. The user is presented with a grid of characters and/or symbols on 

a computer screen. The user then chooses a single character on the P300 speller grid and 

focuses on that character (i.e., the target character). The grid illuminates, or flashes, a 

subset of the total characters on the grid (section 2.2.1); the subset of the characters being 

presented is termed a flash group. The flash group presentations on the screen are 

synchronized with the EEG signal acquisition. EEG data is collected (section 2.2.2), 

beginning at the onset of the illumination of a flash group, for some preset amount of time. 

The collected window of EEG data is then pre-processed and features are extracted 

(section 2.2.3). The features are automatically analyzed with a trained, user-specific, 

algorithm, or classifier, to generate a classifier score. This classifier score is then used to 

update a character scoring function in order to estimate the character that the user is 

intending to spell (section 2.2.4).  
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Figure 2.3 – P300 Speller Flow Chart. The user of the P300 speller (upper right) focuses 

on the character that they are intending to spell. The grid illuminates a subset of the 

characters on the grid. After each subset illumination, a window of EEG data is 

collected and preprocessed. A classifier score, obtained from the features extracted 

from the window of EEG data, is used to update the scoring function. After the scoring 

function meets some threshold, or the maximum number of presentations (i.e., 

illuminations) is exceeded, the character that maximizes the scoring function is 

selected. 

 

2.2.1 P300 Speller Interface 

A P300 speller grid displays all the symbols or characters that are available for the 

user to spell. At each flash index, 𝑡, a flash group (i.e., subset of characters) is illuminated. 

Let ℱ𝑡 ∈ {0,1}1 𝑥 𝑀 = [𝒻𝑡,1, 𝒻𝑡,2, … , 𝒻𝑡,𝑀] denote a binary vector that represents a flash group 

at time index 𝑡. 𝒻𝑡,𝑚 ∈ {0,1}  indicates whether character 𝑚 at 𝑡 is presented, where a ‘1’ 
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indicates a character that is presented and a ‘0’ denotes a character that is not presented.  

𝑀 is the total number of characters in the grid, and 𝑚 is an indexing value for the 

characters. 𝓕𝑡 ∈ {0,1}𝑡,𝑀 = [ℱ1, ℱ2, … , ℱ𝑡]  is the matrix of all flash groups after 𝑡 

presentations. An example of a P300 speller grid is shown in Figure 2.4. In the Figure, the 

characters in the top row are being presented, or flashed, to the user.  

 

Figure 2.4  - A 9 x 8 (9 rows and 8 columns) P300 speller grid with a subset of characters 

illuminated in the top row.  The grid displays all of the characters (characters, numbers, 

punctuation, commands, etc.) available for the user to spell. In this figure, the top row 

of characters are being presented to the user by being illuminated. 

 

2.2.2 EEG Signal acquisition and processing 

Electrical signals are collected externally on the scalp using EEG. In this work, EEG 

data was collected using 32-channel caps from Electro-Cap International Inc. connected 

to 16-channel GugerTec g.USBAMP Biosignal amplifier. An electrode map of the EEG cap 
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is shown in Figure 2.5. Data from the Fz, Cz, P3, Pz, P4, P07, P08, and Oz electrodes are 

collected [64], [65] as this set of electrodes was shown to generally yield high performance 

in the P300 speller [65]. The reference and ground are set to the right and left mastoid 

electrodes, respectively.  The raw EEG data were collected at 256 Hz. Raw EEG data 

collected from the scalp is then pre-processed (i.e., filtered) to remove artifacts and 

amplify the EEG signal [1]. After the signal is pre-processed, features to be used for 

classification are extracted (see section 2.2.3). 

 

Figure 2.5 – Locations on the scalp where EEG electrodes were placed. The blue 

electrodes denote the electrodes used in this work (Fz, Cz, P3, Pz, P4, P07, P08, and Oz). 
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2.2.3 Feature Extraction and Classification 

The feature extraction process from Krusienski et al. [65] is used in this work. A 

single feature observation at flash index, 𝑡, will be denoted 𝑋𝑡 ∈ ℛ1 𝑥 𝐷 , where 𝐷 is the 

dimensionality of an EEG feature observation. An 800ms time window is extracted from 

eight channels. The pre-processed EEG data is then decimated, by averaging, yielding 15 

EEG data samples across 8 channels, or 120 total samples when vectorized; the 120 

vectorized samples constitute a single feature observation.  

Prior to the to the testing phase, a classifier is trained using labeled observations 

of features generated during a calibration, or training, phase of the experiment. A label, 

ℓ𝑡 ∈ {0,1},  is assigned at each flash index, where 0 corresponds to an observation where 

the target character is not presented, and 1 corresponds to an observation where the target 

character is presented. The entire training dataset consists of all observations of features, 

𝑿𝑇 = [𝑋1 , 𝑋2, … , 𝑋𝑇], and the binary labels, ℒ𝑇 = {𝑙1, 𝑙2, … , 𝑙𝑇} collected during a training 

phase that consists of 𝑇 presentations. Training the classifier requires learning a function 

that transforms a feature observation, 𝑋𝑡, into a classifier score, 𝑧𝑡 ∈ ℜ1, such that the 

separation of classifier scores between target and non-target observations is maximized. 

A vector of classifier scores is denoted as  𝑍𝑡 ∈ ℜ𝑡 = [𝑧1, 𝑧2, … , 𝑧𝑡]. 

Krusienski et al. [65] shows that linear and non-linear classifiers yield similar 

classification accuracy for the EEG data features that were used; therefore, a linear 

classifier will be used for this work . In training a linear classifier, a classifier weight vector, 
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𝑊𝐸𝐸𝐺 ∈ ℛ1 𝑥 𝐷, is learned such that 𝑧𝑡 = 𝑋𝑡𝑊𝐸𝐸𝐺
T, where T denotes a matrix transpose.  The 

stepwise-linear discriminant analysis (SWLDA) classifier is commonly used for 

processing EEG data (e.g., [11], [12], [13]), and will therefore be used to learn 𝑊𝐸𝐸𝐺 in this 

work.  After 𝑊𝐸𝐸𝐺 is learned with the training data, classifier scores, 𝑧𝑡 can be estimated 

for testing data (i.e., data whose label is unknown). 

2.2.4 Target Character Estimation 

During the testing phase, the goal of the P300 speller is to select the character that 

the user is attempting to spell. Determining if a presentation is a target or non-target 

presentation is difficult due to the low SNR of EEG data [67]. Therefore, character selection 

is typically made after many stimulus presentations [68], [69]. The total process of spelling 

for each character is termed a trial. The number of stimulus presentations for a given trial 

can either be fixed or determined dynamically, termed static and dynamic stopping 

respectively.  Static stopping was used in the original P300 speller implementation [23] 

and is still used in some recent P300 literature (e.g., [25], [33], [34]). Dynamic stopping 

methods, however, have been shown to decrease the amount of time required to spell 

with the P300 speller compared to static stopping methods [70] and have been more 

commonly used in recent literature (e.g., [71]–[76]).  

2.2.4.1 Static Stopping 

The typical method to select characters via static stopping is the cumulative 

moving average (CMA) [23]. In the CMA character selection algorithm, a cumulative score 
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is computed after a fixed number of stimuli have been presented to the user during a trial; 

the cumulative score for each character is the average of all classifier scores, in a trial, for 

all observations in which that character was presented. The cumulative score is defined 

as the following: 

 

𝜓𝑚,𝑇 =
∑ 𝑧𝑡𝒻𝑡,𝑚

𝑇
𝑡=1

∑ 𝒻𝑡,𝑚
𝑇
𝑡=1

 

 

(2.1) 

where 𝜓𝑚,𝑇 is the cumulative score for character index 𝑚, after completing 𝑇 presentations 

in a trial. The speller then selects the character that yields the maximum cumulative score; 

this is formally written as 𝑐∗̂ = arg max
𝑚

𝜓𝑚,𝑇. 

The static stopping configuration, however, can result in low character estimation 

accuracy if there are too few stimulus presentations or a slow communication rate if there 

are too many stimulus presentations, as discussed in [72], [77]–[80]. To alleviate the 

dependency on choosing the optimal number of stimulus presentations, a dynamic 

stopping configuration can be used instead of a static stopping configuration. 

2.2.4.2 Dynamic Stopping 

Previous work has shown that using dynamic stopping, can increase the user 

communication rates [70]. Throckmorton et al. [72] developed a Bayesian probabilistic 

dynamic stopping algorithm, where the data collection can be terminated if any of the 
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characters’ probability of being the target character reaches a predefined threshold. The 

character probabilities in Throckmorton et al. are updated as follows: 

 

𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡 , 𝓕𝑡) =
𝑝(𝑧𝑡|𝑐𝑚 = 𝑐∗, ℱ𝑡)𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡−1, 𝓕𝑡−1)

∑ 𝑝(𝑧𝑡|𝑐𝑚 = 𝑐∗, ℱ𝑡)𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡−1, 𝓕𝑡−1)𝑀
𝑚=1

 

 

(2.2) 

 

𝑝(𝑧𝑡|𝑐𝑚 = 𝑐∗, ℱ𝑡) = {
𝑝(𝑧𝑡|𝐻1), ℱ𝑡,𝑚 = 1

𝑝(𝑧𝑡|𝐻0), ℱ𝑡,𝑚 = 0
 

 

(2.3) 

 

where 𝑧𝑡 is the classifier score at the current flash index 𝑡; 𝑐𝑚 is a character indexed by 𝑚; 

𝑐∗ is the target character for a trial; 𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡 , 𝓕𝑡)  is the posterior probability for 𝑐𝑚; 

𝑝(𝑧𝑡|𝑐𝑚 = 𝑐∗, ℱ𝑡) is the classifier score likelihood (i.e., conditional classifier score 

probability density) at presentation 𝑡; and 𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡−1, 𝓕𝑡−1) is the prior character 

probability, equivalent to the posterior probability after the previous presentation, 𝑡 − 1, 

conditioned on all previous classifier scores, 𝑍𝑡−1, and previous flash groups 𝓕𝑡−1. The 

conditional classifier score density for 𝑐𝑚 = 𝑐∗ is 𝑝(𝑧𝑡|𝐻1) if 𝑐𝑚 is presented or 𝑝(𝑧𝑡|𝐻0) 

otherwise. After every presentation, 𝑡, the posterior probability is updated for 𝑐𝑚 for all 

𝑚 using the Bayesian update equation (2.2). When 𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡 , 𝓕𝑡)  reaches some 
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threshold for any 𝑚, data collection is terminated and the character 𝑐𝑚 is selected as the 

estimated target character,  𝑐∗̂. 

The conditional data probability density functions (PDFs), 𝑝(𝑧|𝐻1) and 𝑝(𝑧|𝐻0), 

can be estimated by first transforming all EEG training data features 𝑿𝑇 to classifier scores, 

𝑍𝑇 using the trained weights 𝑾𝐸𝐸𝐺 learned from 𝑿𝑇 and  ℒ𝑇. Next, 𝑍𝑇 are grouped by 

target and non-target presentations and the conditional probability densities for target 

and non-target classifier scores be estimated independently. In Throckmorton et al. [72], 

the kernel density estimator (KDE) is used to estimate the conditional probability densities 

𝑝(𝑧|𝐻1) and 𝑝(𝑧|𝐻0). Figure 2.6 shows an example of the target and non-target classifier 

PDFs that were estimated for a subject, with the KDE, using the collected training data. 

Figure 2.7 shows the evolution of the posterior probability for a trial using the Bayesian 

update equation (2.2). After the posterior probability of a target character exceeds the 

threshold (set to 0.9 in the example), data collection is terminated and the character 

exceeding the threshold is selected. 

 Throughout the remainder of this work, the dynamic stopping configuration as 

proposed by Throckmorton et al. [72] will be used for character selection and determining 

when to terminate the data collection. For simplicity, any reference to Bayesian algorithm 

in this work will refer to the Throckmorton et al. Bayesian character selection algorithm. 

 



 

22 

 

Figure 2.6 – An example of the target and non-target conditional classifier score PDFs 

 

 

Figure 2.7 – An example of posterior probability updates as a function of flash index, 

using collected EEG data. The Bayesian algorithm was used to update the posterior 

probability for all the characters. The dashed-black line indicates the probability 

threshold that terminates the epoch. Each solid line shows the posterior probability for 

a character.  
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2.2.5 Stimulus Presentation Paradigms 

An important aspect of the P300 speller is the stimulus presentation (i.e., flashing) 

paradigm (i.e., pattern). P300 spellers that present one character at each flash index are 

referred to as rapid serial visual presentation (RSVP) paradigms [81]. The RSVP speller, 

however, will usually require many character presentations before selecting the estimated 

target character. To increase the character presentation rate, most P300 speller systems 

flash multiple characters simultaneously on a speller grid.  

The most common presentation paradigm used for P300 spellers is the row column 

(RC) paradigm [23], where the flash groups consist of only row and column flashes. Figure 

2.8 shows all of the possible flash groups in sequence for a RC stimulus presentation 

paradigm given a 9 x 8 grid. The set of all possible flash groups in a presentation paradigm 

is sometimes referred to as a codebook in the literature (e.g., [82], [83]). Though the RC 

paradigm requires fewer presentations than the RSVP paradigm, it can be negatively 

affected by physiological phenomena such as refractory effects and adjacency distraction 

errors (see section 2.3). Refractory effects occur when the time between target 

presentations is insufficient, and adjacency distractions occur when characters adjacent to 

the target character are presented.  

The checkerboard (CB) paradigm [25] was created as a way to alleviate the 

physiological phenomena that negatively impact the accuracy of the RC paradigm. The 
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CB paradigm creates two virtual matrices from a checkerboard overlay on a grid. Only 

characters in the same virtual matrix can be presented within the same flash group.  

 

Figure 2.8 – All possible flash groups (i.e., the codebook) for a row-column (RC) 

stimulus presentation paradigm given a 9 x 8 character P300 speller. A yellow entry 

denotes that a presentation for the character shown on the y-axis occurs during the flash 

group on the x-axis.  For example, if flash group 1 is presented, the characters A, B, C, 

D, E, F, G, and H are presented, constituting a presentation/flash of a row of characters.  
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2.2.5.1 Adaptive Stimulus Selection 

A significant amount of work has been done towards designing stimulus 

presentation paradigms that aim to improve the accuracy and decrease the time it takes 

to spell a character using the P300 speller (e.g., [37], [38], [84]–[86]). Most of these 

improvements, however, do not rely on previously observed EEG data that was measured 

during the spelling sequence to optimize the stimulus selection (i.e., they are not data 

driven). These non-adaptive paradigms can present a subset of characters such that little 

to no new information is actually gained. For example, if all of the characters in the first 

row have a target character probability of ≈ 0 or a low cumulative score, presenting that 

first row of characters again provides essentially no new information to the speller. 

Mainsah et al, [37], developed a codebook generation paradigm that derives a 

codebook that maximizes the predicted accuracy of the P300 speller as a function of the 

user’s EEG data discriminability; this paradigm was termed the performance-based 

paradigm (PBP).  The data collected in the training phase (i.e., training data) is first used 

to determine the EEG data discriminability, and subsequently the PBP codebook is 

generated. However, during the testing phase of the experiment, random flash groups are 

selected from the codebook generated after the training phase. Though the PBP paradigm 

adapts to the user’s ability to use the P300 speller, it is not adaptively choosing stimuli to 

present to the subject. In this work, adaptive paradigms refer only to paradigms where 

stimuli are adaptively selected during the testing phase. 
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Some work has been done on the development of an adaptive, data-driven, 

stimulus presentation paradigm for the P300 speller. In Park et al. [39], a partially 

observed Markov decision process (POMDP) was used in conjunction with a RC 

paradigm to adaptively decide which row or column to flash.  The row and column 

decisions were made independently, and the intersection of the selected row and column 

was then selected as the target character estimate. Ma et al. [40] implemented a hierarchy 

of variable-sized flash groups based on a language model. Both adaptive flashing methods 

showed improvement over a RC speller, showing the potential of an adaptive flashing 

paradigm.  

2.3 Physiological Phenomena  

In the previous subsection, stimulus presentation paradigms were introduced and 

methods used to improve stimulus presentation paradigms were discussed. In this 

section, physiological phenomena that can affect the accuracy and spelling speed of the 

P300 speller will be discussed. It is vital to consider these physiological phenomena when 

designing a stimulus presentation paradigm as will be done in Chapter 4.  

2.3.1 Refractory Effects 

Refractory effects occur when the time between target stimulus presentations is 

not sufficiently long, resulting in decreased SNRs of the ERP [43], [87]. Consequently, 

refractory effects make it more difficult to distinguish between nontarget and target 

responses, negatively impacting the character selection abilities of the classifier. The 
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degree of refractory effects can be quantified by amount of time between two consecutive 

target character presentations, also refer to as the target-to-target interval (TTI). In this 

study, the TTI is defined based on the number of stimulus presentations between two 

consecutive target character presentations. For example, if ‘T’ and ‘N’ are denoted as 

target and non-target stimulus presentations, respectively, a flash pattern denoted TNNT 

represents a TTI of 3. Previous work has shown that the amplitude and latency of a P300 

response can be affected by the TTI [42], [43], [82], [88], [89].  

2.3.1.1 Signal Detectability 

To analytically assess how distinguishable a P300 signal is from a non-P300 signal, 

the detectability index [90] can be used. The Detectability index [90] is a metric that 

measures the separation between the target and non-target distributions of two Gaussian 

distributions. The higher the detectability index, the easier it is to distinguish between 

target and non-target observations. Formally, the detectability index is defined by 

equation (2.4). 

 

𝑑′ =
𝜇𝑆 − 𝜇𝑛

√1
2

(𝜎𝑠
2 + 𝜎𝑛

2)

 

 

(2.4) 

where 𝜇𝑠 and 𝜇𝑛 are the means for the target and non-target distributions respectively, 

and  𝜎𝑠
2 and 𝜎𝑁

2 are the variances for the target and non-target distributions, respectively. 
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To compare the detectability of a P300 signal at different TTIs, training and testing 

data from Throckmorton et al. [72] were analyzed. For each subject, the classifier scores, 

𝒛, were grouped by TTI, and the detectability at each TTI was calculated.  Figure 2.9 shows 

the detectability index of the classifier scores, 𝑧, as a function of TTI between target and 

non-target flashes averaged across subjects using data recorded in the Throckmorton et 

al. [72] static stopping data.  

 

 

Figure 2.9 – Detectability index of the SWLDA classifier scores, 𝒛, as a function of TTI 

between target and non-target flashes averaged across subjects in the Throckmorton et 

al. [72] static stopping experiment. The red line corresponds to the testing data and the 

blue line corresponds to the training data. The solid lines represent the mean 

detectability index as a function of TTI and the bounds represent ± 1 standard 

deviation. As the TTI increases, the detectability increases as well. However, as the TTI 

reaches approximately 10, the detectability begins to plateau.  
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Figure 2.10 - The distribution of average TTI occurrences in the Throckmorton et al. [66] 

static stopping testing data.  

 

The high variance across participants in higher TTIs occurs because there are many more 

low-TTI target flashes than high TTI target flashes in the RC paradigm. This can be seen 

in Figure 2.10, which shows the distribution of average TTI occurrences in the 

Throckmorton et al. [72] data.  As Figure 2.9 shows, the longer TTI target flashes typically 

lead to a more discriminable P300 response than lower TTI target flashes. These results 

are consistent with prior studies (e.g., [43], [82], [87]). 

 Refractory effects can be alleviated by using a presentation paradigm that 

inherently or explicitly restricts characters from being presented with a low TTI. The CB 

paradigm, for example, has a minimum TTI of 7 for a 6 x 6 character grid. Other paradigms 

that have been studied (e.g., [37], [39]) explicitly set a minimum TTI restriction of 3. 
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2.3.2 Adjacency Distraction 

Typically, the most commonly confused characters are adjacent to the target 

character [25], [44]. This type of error is referred to as an adjacency distraction error. In 

the RC paradigm, the most common errors occur in the same column or row as the target 

character, with a higher likelihood of errors for characters directly adjacent to the target 

character. Adjacency distraction errors are difficult to remove when using a speller grid 

because removing adjacent character presentations requires the knowledge of the target 

character. One way to mitigate the effects of these errors is to ensure that adjacent 

characters cannot be presented in the same flash group. The CB paradigm, for example, 

can only present characters in one of the two checkerboards, therefore adjacent characters 

are never presented. This paradigm yielded an error map such that the most common 

errors were no longer adjacent to the target character [25].  

2.3.3 Fatigue 

Several researchers have shown that the amplitude and latency of the P300 response 

can be affected by the user’s fatigue level [91]. In [91], participants were instructed to use 

an auditory P300 speller while under medium and high mental work-loads. It was shown 

that under high work-loads, the users became more fatigued and performed the auditory 

P300 task worse than under medium-workloads.  While it is difficult to prevent fatigue, it 

is possible to monitor the level of fatigue by monitoring alpha band power. Several studies 

have shown that the alpha band (7.5–12.5 Hz) power decreases as the level of mental 
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workload or fatigue increases [92]–[94]. In [95], the alpha band power was used as a 

threshold to determine whether or not to select a character spelled by the P300 speller. 

Using the alpha-band power threshold improved the accuracy of the speller.  

2.4 Performance Assessment 

In the P300 literature, accuracy, expected stopping time (EST), and bit-rate are the 

most commonly used metrics to determine the performance of the speller (e.g., [66], [72], 

[82], [96]). Accuracy, 𝒜, is the ratio of characters spelled correctly to the total number of 

characters spelled. While the accuracy is an important metric to determine how well the 

speller works, it should be presented along-side with the time required to spell. For 

example, the user may prefer a speller that is 85% accurate, and requires 5 seconds to spell 

a character to a speller that is 90% accurate and requires one minute to spell a character. 

Therefore, the average number of presentations, or EST, is another important metric when 

evaluating the BCI performance. The trade-off between accuracy and expected stopping 

time can be assessed with the bit-rate metric. Bit-rate (𝐵𝑅) is used in information theory 

to determine the amount of information that is being transmitted over a channel [97]. In 

the context of the P300 speller, the bit-rate, 𝐵𝑅, is defined as the following: 

 

𝐵𝑅 = log(𝑀) + 𝒜 log(𝒜) + (1 − 𝒜) log (
1 − 𝒜

𝑀 − 1
) 

 

(2.5) 
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where 𝑀 is the number of possible selections on the P300 speller grid.  A higher bit-rate 

indicates that more information is being transferred. Given that the amount of characters 

on a speller grid is constant, 𝐵𝑅 increases when 𝒜 increases, or EST decreases. Inversely, 

𝐵𝑅 decreases when 𝒜 decreases, or EST increases.  

 These metrics can be evaluated online or offline. The online evaluation uses the 

spelled character during the online phase to measure the metrics. The offline evaluation 

uses EEG data collected during the online phase in offline simulations. 

2.4.1 Online Evaluation 

Online evaluation of accuracy, average number of presentations, and bit-rate are 

measured by the output of the P300 speller. The online evaluation is able to take into 

account physiological factors (e.g., refractory effects, fatigue, and distractions) that offline 

evaluation may ignore. Online evaluations are typically considered the ‘gold-standard’ 

when evaluating a communication device [82]. Online metrics, however, typically have a 

low number of spelled characters, and therefore have high variances and granularity in 

their performance estimates. 

2.4.2 Offline Evaluation 

Offline simulations can be used a way to increase the precision of the performance 

metrics by using the collected EEG data or synthetic data drawn from the online data 

collection. Offline estimates compute the projected accuracy, projected bit-rate, and 
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projected EST. These projected metrics attempt to estimate the respective online metrics if 

infinitely many characters were spelled during the online data collection. 

One method that can be used to estimate the projected metrics is the Monte Carlo 

(MC) simulation, a random sampling method used to estimate the expected value of a 

distribution [98]. The MC simulation can be performed by using the collected EEG data 

or an estimated distribution of the classifier scores of the collected EEG data [37]. In this 

work, all offline simulations are performed using the MC approach. All of the MC 

simulations in this work are performed using the Throckmorton et al. dynamic stopping 

framework [72]. The following steps are taken to complete a single iteration of MC 

simulation in this work: 

1. Initialization: 

a. Uniformly randomly select the target character, 𝑐∗. 

b. Initialize target character probabilities,  𝑝(𝑐𝑚) 

c. Initialize flash groups (i.e., ℱ1, ℱ2, … , ) 

d. Set 𝑡 = 1 

2. Do while stopping criteria has not been met 

a. Draw 𝑧𝑡, the EEG classifier scores at 𝑡. Draw an 𝐻1 example from the testing 

data if  𝒻𝑡,𝑚 = 1, or draw an 𝐻0 example from the testing data otherwise 

b. Update target character probabilities 

c. Update flash groups if using adaptive stimulus selection paradigm 
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d. Set 𝑡 = 𝑡 + 1 

3. Estimate target character 

 

Figure 2.11 below shows the projected accuracy, average number of presentations, 

and bit-rate as function of the number of MC simulation iterations. As can be seen in the 

figure, the projected accuracy plateaus at ~50 iterations and the projected number of 

presentations and bit-rate plateau even earlier. 

 

 

Figure 2.11 – The projected accuracy, projected presentations, and projected bit-rate as 

a function of the number of MC simulation iterations.  
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While the MC simulations increase the precision of the performance estimates, 

current simulation models ignore physiological effects during real-time BCI, such as 

refractory effects, fatigue, and user behavior modification due to feedback. Therefore, 

when assessing the performance of a P300 speller configuration, it is beneficial to perform 

both online and offline evaluations of the data. 

2.5 Summary 

The background material required for the remainder of this work is discussed in 

this chapter. First, the way in which an eye-tracker is used for communication is 

discussed; furthermore, the eye-gaze hardware and data format used in this work, 

particularly in chapter 5, is described. Next, the P300 speller was introduced and various 

advances that were made to improve the accuracy and spelling speed of the P300 speller 

were discussed. Physiological phenomena that can affect the accuracy and spelling speed 

of the P300 speller were also described. Finally, the evaluation metrics that are to assess 

the performance of the communication devices in this work were introduced. 
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3 Adaptive Stimulus Selection for the P300 Speller 

As discussed in Chapter 2, various stimulus presentation paradigms (e.g., RC, CB) 

have been developed for the P300 speller. However, most of these paradigms are not data 

driven [23], [25], [37], [81] in that they do not rely on previously observed EEG data to 

optimize stimulus presentation, and as such are not data adaptive. Some previous work 

has been done on the development of a data-driven adaptive paradigm [39], [40]. The 

POMDP approach proposed in [39] is intractable for a real-time system when considering 

a search space considerably larger than row and column flash groups and the hierarchical 

approach [40] is easily susceptible to error propagation.  

Of the data-driven approaches described above, the data-driven adaptive stimulus 

presentation proposed in this work is most closely related to the POMDP approach as it 

does not use a hierarchy structure. Instead of maximizing a reward function over a time 

horizon, the proposed approach attempts to maximize the information gained, using the 

EDG metric, for every stimulus presentation, or flash. This myopic approach to stimulus 

presentation allows for dynamically created flash groups that are not restricted to a 

dictionary of flash groups such as rows and columns. 

In this chapter, the Kastella sampling framework based on the EDG is introduced 

and then modified to adapt it to the P300 speller framework. Physiological phenomena 

that might negatively affect the accuracy or speed of the proposed EDG adaptive 

paradigm are discussed and constraints on the proposed stimulus presentation 
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framework are introduced to mitigate these effects. Numerical simulations using 

synthetic data are carried out in order to measure the efficacy of the proposed paradigm. 

Finally, the EDG adaptive stimulus presentation paradigm is tested in an online data 

study to evaluate its performance in a real-time P300 speller. 

3.1 Kastella Sampling Framework 

The Kullback-Leibler (KL) divergence was used by Kastella as the measure of 

discrimination between two distributions [99]. The KL divergence is a non-symmetric 

similarity measure between two probability distributions; the higher the KL divergence, 

the more discriminable the distributions are. The continuous and discrete forms of the KL 

divergence between distributions 𝑝 and 𝑞 (denoted as vectors 𝒑 and 𝒒 if discrete), 

parametrized by 𝑥, are shown in equations (3.1) and (3.2), respectively. 

 

𝐷𝐾𝐿(𝑝‖𝑞) = ∫ 𝑝(𝑥) log (
𝑝(𝑥)

𝑔(𝑥)
) 𝑑𝑥 

(3.1) 

 

𝐷𝐾𝐿(𝒑‖𝒒)     = ∑ 𝒑𝑥 log (
𝒑𝑥

𝒈𝑥
)

𝑥∈𝑆

 (3.2) 

 

where 𝑆 is the set of all values that 𝑥 can take in the discrete case.  KL divergence is non-

negative and is only equal to 0 when distributions 𝑝 and 𝑞 are equivalent.  
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Kastella presents the problem of optimizing a sensor data sampling strategy that 

maximizes the correct identification (‘target’ or ‘non-target’), where targets are spaced 

within a grid of cells where data can be sampled. Translating this idea to the P300 speller, 

the ‘target’ is the character that the user is intending to spell that is located within the grid 

of character cells. The overall goal of Kastella’s work is to maximize the expected 

discrimination gain, Δ𝐷𝐾𝐿, that is achieved by a collected sample. The discrimination gain 

is defined as:  

 

Δ𝐷𝐾𝐿(𝑐) = 𝐸[𝐷𝐾𝐿(𝓅𝑐,𝑡+1‖𝓅𝑐,0)|𝑐] − 𝐷𝐾𝐿(𝓅𝑐,𝑡‖𝓅𝑐,0) 

 

(3.3) 

where 𝓅𝑐,𝑡+1 is the probability that cell 𝑐 is a ‘target’ at time index 𝑡 + 1, given that 𝑐 is 

sampled. Intuitively, the discrimination gain is the information that is expected to be 

gained after cell 𝑐 is sampled at 𝑡 + 1 relative to the information that we have at the current 

flash 𝑡. The expectation in (3.3) can be expanded to: 

 

𝐸[𝐷𝐾𝐿(𝓅𝑐,𝑡+1‖𝓅𝑐,0)|𝑐] = ∫ [𝐷𝐾𝐿(𝓅𝑐,𝑡+1‖𝓅𝑐,0)|𝑧𝑐,𝑡+1
∗ = 𝓏]𝑝(𝑧𝑐,𝑡+1

∗ = 𝓏|𝒛𝑐 ,𝒕 ) 𝑑𝓏
∞

−∞

 

 

(3.4) 

where 𝑧𝑐,𝑡+1
∗ is the observation of cell 𝑐 at 𝑡 + 1; 𝑧𝑐,𝑡+1

∗  is unknown, therefore it is integrated 

out over all possible observations, 𝓏, to obtain the expected discrimination between 

probabilities obtained at time index 𝑡 + 1 and the initial probabilities. The term  𝑝(𝑧𝑐,𝑡+1
∗ =
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𝓏|𝒛𝑐 ,𝑡 ) is the data probability of the classifier score given all previously observed 

observations of cell 𝑐.  

After calculating the expected discrimination gain for all cells 𝑐, a decision is made 

to sample the cell with the maximum expected discrimination gain. Kastella showed that 

using this method of adaptive sampling yielded a higher accuracy, given the same 

number of collected samples, than randomly choosing cells to sample. 

3.2 Expected Discrimination Gain Optimization Function 

The proposed data-driven adaptive stimulus presentation paradigm couples the 

Kastella stimulus selection paradigm [41] and the Bayesian dynamic stopping algorithm 

[72].  As discussed in section 2.2.4.2, the Bayesian dynamic stopping algorithm can 

increase the spelling speed and accuracy of the P300 speller by estimating the target 

probability of a character after every stimulus presentation.  

To simplify the notation, the Bayesian update equation can be rewritten as follows: 

 

𝓅𝑡,𝑚 =
ℓ𝑡,𝑚(𝑧𝑡)𝓅𝑡−1,𝑚

𝑝(𝑧𝑡|𝑧𝑇−1)
=

ℓ𝑡,𝑚(𝑧𝑡)𝓅𝑡−1,𝑚

∑ ℓ𝑡,𝑐(𝑧𝑡)𝓅𝑡−1,𝑐
𝑀
𝑐=1

 
(3.5) 

 

ℓ𝑡,𝑚(𝑧𝑡) = {
ℓ0(𝑧𝑡),     𝒻𝑡,𝑚 = 0

ℓ1(𝑧𝑡),      𝒻𝑡,𝑚 = 1
 

 

(3.6) 
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It is important to note that (3.5) and (3.6) are identical to (2.2) and (2.3), but with simplified 

notation. 𝓅𝑡,𝑚 and 𝓅𝑡−1,𝑚 are the prior and posterior probabilities for character 𝑐𝑚. 𝓅𝑡,𝑚 

and 𝓅𝑡−1,𝑚 are synonymous to 𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡 , 𝓕𝑡) and 𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡−1, 𝓕𝑡−1), respectively. 

ℓ0(𝑧𝑡) and ℓ1(𝑧𝑡) are the target and non-target classifier score likelihoods, equivalent to 

𝑝(𝑧𝑡|𝐻0) and 𝑝(𝑧𝑡|𝐻1).  

 With the simplified notation for the Bayesian update equation, the Δ𝐷𝐾𝐿 from 

equation (3.3) can be rewritten as follows: 

 

Δ𝐷𝐾𝐿(ℱ𝑡+1
∗ ) =  𝐸𝑧𝑡+1

∗ |𝑍𝑡
[𝐷𝐾𝐿(𝒫𝑡+1‖𝒫0)|ℱ𝑡+1

∗ ] − 𝐷𝐾𝐿(𝒫𝑡‖𝒫0) (3.7) 

 

where Δ𝐷𝐾𝐿 is the EDG at 𝑡 given a flash subset ℱ𝑡+1
∗ . 𝒫𝑡+1

∗  is the hypothetical posterior 

distribution at 𝑡 + 1 over all possible future observations, conditioned on the current set 

of observations 𝑧𝑡+1
∗ |𝑍𝑡. The exact value of 𝒫𝑡+1

∗  is unknown, hence the expectation is over  

𝑧𝑡+1
∗ |𝑍𝑡 . 𝒫0 is the character probability vector prior to data collection (i.e., the prior). 

The following optimization goal is then used to select a flash group to present at 

𝑡 + 1: 

 

ℱ𝑡+1
‡ =  argmax

𝓕𝑡+1
∗

Δ𝐷𝐾𝐿(ℱ𝑡+1
∗ ), ∀ℱ𝑡+1

∗ ∈ 𝛀 (3.8) 
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where the goal is to choose a subset of characters to present, ℱ𝑡+1
∗ , from a search space of 

flash groups, 𝛀, such that Δ𝐷𝐾𝐿 is maximized. The resulting flash group presented at 𝑡 + 1 

is ℱ𝑡+1
‡ . 

The work presented in Kolba [100] shows that if the sensor samples are 

conditionally independent, Δ𝐷𝐾𝐿(ℱ𝑡+1
∗ ) can be rewritten as the expected KL divergence 

between the current and hypothetical posterior probabilities. Though this assumption is 

not entirely accurate due to various physiological effects, it is the assumption made in the 

Bayesian update equation (3.5). Consequently, Δ𝐷𝐾𝐿(ℱ𝑡+1
∗ ) can be rewritten as follows: 

  

Δ𝐷𝐾𝐿(ℱ𝑡+1
∗ ) = 𝐸𝑧𝑡+1

∗ |𝑍𝑡
[𝐷𝐾𝐿(𝒫𝑡+1

∗ ‖𝒫𝑡)|ℱ𝑡+1
∗ ] (3.9) 

 

Δ𝐷𝐾𝐿(ℱ𝑡+1
∗ ) = ∫ ∑ 𝓅𝑡+1,𝑚

∗ log (
𝓅𝑡+1,𝑚

∗

𝓅𝑡,𝑚
) 𝑝(𝑧𝑡+1

∗ |𝑍𝑡)𝑑𝑧𝑡+1
∗

𝑀

𝑚=1

∞

−∞

 
(3.10) 

 

Replacing 𝓅𝑡+1,𝑚
∗  in (3.10) with the update equation (3.5) yields the following: 

 

Δ𝐷𝐾𝐿(ℱ𝑡+1
∗ ) = ∫ ∑

𝓅𝑡,𝑚ℓ𝑡+1,𝑚(𝑧𝑡+1
∗ )

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

log (
𝓅𝑡,𝑚ℓ𝑡+1,𝑚(𝑧𝑡+1

∗ )

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)𝓅𝑡,𝑚

) 𝑝(𝑧𝑡+1
∗ |𝑍𝑡)𝑑𝑧𝑡+1

∗

𝑀

𝑚=1

∞

−∞

 
(3.11) 

 

= ∫ ∑ 𝓅𝑡,𝑚ℓ𝑡+1,𝑚(𝑧𝑡+1
∗ ) log (

ℓ𝑡+1,𝑚(𝑧𝑡+1
∗ )

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

𝑀

𝑚=1

∞

−∞

 
(3.12) 
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The binary choice in the character likelihood assignments in (3.6) during the Bayesian 

update process (3.5) allows evaluation of the integral in (3.12) to be simplified to (3.13). 

More specifically, the discrete summation can be split into two summations; the group of 

presented characters and non-presented characters. By doing this separation, ℓ𝑡+1,𝑚 

becomes ℓ1 if the 𝑚 is presented (i.e., 𝒻𝑡+,𝑚 = 1)  or ℓ0 otherwise. This yields the following 

for Δ𝐷𝐾𝐿: 

 

Δ𝐷𝐾𝐿(𝓕𝑡+1
∗ ) = ∫ ∑ 𝓅𝑡,𝑚ℓ1(𝑧𝑡+1

∗ ) log (
ℓ1(𝑧𝑡+1

∗ )

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

∀𝑚:𝒻𝑡+1,𝑚
∗ =1

∞

−∞

+ ∫ ∑ 𝓅𝑡,𝑚ℓ0(𝑧𝑡+1
∗ ) log (

ℓ0(𝑧𝑡+1
∗ )

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

∀𝑚:𝒻𝑡+1
∗ =0

∞

−∞

 

(3.13) 

 

                     = 𝑃1𝑡 ∫ ℓ1(𝑧𝑡+1
∗ ) log (

ℓ1(𝑧𝑡+1
∗ )

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

∞

−∞

+ 𝑃0𝑡 ∫ ℓ0(𝑧𝑡+1
∗ ) log (

ℓ0(𝑧𝑡+1
∗ )

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

∞

−∞

 

(3.14) 

 

where 𝑃1𝑡 and 𝑃0𝑡 are equivalent to: 

𝑃1𝑡 = ∑ 𝓅𝑡,𝑐

∀𝑐: 𝒻𝑡+1,𝑐
∗ =1

  (3.15) 
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𝑃0𝑡 = ∑ 𝓅𝑡,𝑐

∀𝑐: 𝒻𝑡+1,𝑐
∗ =0

  (3.16) 

 

𝑃0𝑡 +  𝑃1𝑡 =  ∑ 𝓅𝑡,𝑐

𝑀

𝑐=1

= 1   
(3.17) 

 

The conditional data probability can be expressed as 𝑝(𝑧𝑡+1
∗ |𝑍𝑡) =  ∑ ℓ𝑡,𝑐(𝑧𝑡)𝓅𝑡,𝑐

𝑀
𝑐=1 .  

Similar to the decomposition in (3.13), the conditional data probability in (3.14) can be 

decomposed by grouping characters that are and grouping characters that are not 

presented at 𝑡 + 1 as shown in (3.18). 

𝑝(𝑧𝑡+1
∗ |𝑍𝑡) = ∑ ℓ𝑡,𝑐(𝑧𝑡)𝓅𝑡,𝑐

𝑀

𝑐=1

=  ∑ 𝓅𝑡,𝑐ℓ1(𝑧𝑡+1
∗ ) + 

∀𝑐:𝒻𝑡+1,𝑐
∗ =1

∑ 𝓅𝑡,𝑐ℓ0(𝑧𝑡+1
∗ ) 

∀𝑐:𝒻𝑡+1,𝑐
∗ =0

 
(3.18) 

 

This can be further simplified to the following: 

  

𝑝(𝑧𝑡+1
∗ |𝑍𝑡) =  𝑃1𝑡ℓ1(𝑧𝑡+1

∗ ) + 𝑃0𝑡ℓ0(𝑧𝑡+1
∗ ) (3.19) 

 

Using (3.19) as the conditional data probability, (3.14) can be rewritten as a function of 

𝑧𝑡
∗, ℓ0, ℓ1, 𝑃1𝑡 as shown in (3.20). All 𝑃0𝑡 can be replaced with 1-𝑃1𝑡 by exploiting the sum 

of probabilities as shown in (3.17).  
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                     Δ𝐷𝐾𝐿(ℱ𝑡+1
∗ )

= 𝑃1𝑡 ∫ ℓ1(𝑧𝑡+1
∗ ) log (

ℓ1(𝑧𝑡+1
∗ )

𝑃1𝑡ℓ1(𝑧𝑡+1
∗ ) + (1 − 𝑃1𝑡)ℓ0(𝑧𝑡+1

∗ )
) 𝑑𝑧𝑡+1

∗
∞

−∞

+ (1 − 𝑃1𝑡) ∫ ℓ0(𝑧𝑡+1
∗ ) log (

ℓ0(𝑧𝑡+1
∗ )

𝑃1𝑡ℓ1(𝑧𝑡+1
∗ ) + (1 − 𝑃1𝑡)ℓ0(𝑧𝑡+1

∗ )
) 𝑑𝑧𝑡+1

∗
∞

−∞

 

(3.20) 

 

It is important to note that when evaluating the integral in (3.20) to determine Δ𝐷𝐾𝐿, 𝑧𝑡+1
∗  

is being marginalized out over ℓ0 and ℓ1. Consequently, if ℓ0 and ℓ1 are only dependent 

on the next observation 𝑧𝑡+1
∗ , Δ𝐾𝐿𝑡 depends only on 𝑃1𝑡. This simplification is particularly 

useful because the integral in (3.20) does not need to be directly computed to determine 

Δ𝐾𝐿𝑡 for a proposed subset of characters presented, ℱ𝑡+1
∗ . Instead, a Δ𝐷𝐾𝐿 curve as a 

function of 𝑃1𝑡 can be precomputed immediately following the training phase. Examples 

of the Δ𝐷𝐾𝐿 curve over three ℓ0 and ℓ1 distributions are shown in Figure 3.1.  
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Figure 3.1 - Three examples of pre-computed expected discrimination gain curves, 𝚫𝑲𝑳𝒕 

as a function of 𝑷𝟏𝒕. 𝑷𝟏𝑶𝑷𝑻 is the 𝑷𝟏𝒕 that yields the maximum 𝚫𝑲𝑳𝒕 for a given 

function. 𝓵𝟏 and 𝓵0 are distributed by a normal distribution 𝓝(𝝁, 𝝈𝟐) where 𝝁 and 𝝈𝟐 

are shown in the legend.  

 

Given a proposed ℱ𝑡+1
∗ , 𝑃1𝑡 is computed per (3.15), and then Δ𝐷𝐾𝐿 is indexed from the 

pre-computed curve.  

 As an aside, it is interesting to note that if the conditional independence 

assumption between sensor samples is made, the EDG metric is equivalent to the 

conditional mutual information (MI) [99] between 𝑐∗ and 𝑧𝑡+1
∗  given 𝑍𝑡: 𝐼(𝑐∗, 𝑧𝑡+1

∗ |𝑍𝑡). The 

proof for this equivalence is shown in appendix A. This equivalency was also noted in 

[101]. 



 

46 

3.2.1 Greedy Expected Discrimination Gain Combinatorial 
Optimization 

Given a search space of flash groups, 𝛀, the EDG can be used to determine the next 

flash group presentation, ℱ𝑡+1
‡ . For a fixed set of flash groups, such as row and column or 

checkerboard flash groups, ℱ𝑡+1
‡  can be determined by selecting the flash group whose 

𝑃1𝑡 maximizes Δ𝐷𝐾𝐿. However, stimulus selection from a small search space is unlikely 

to give the most optimal flash group. The flexibility to dynamically create flash groups is 

desirable in order to better achieve the objective to maximize Δ𝐷𝐾𝐿. Given the 

exponentially large space of 2𝑀 possibilities, however, an exhaustive search is impractical. 

To expand the search space, 𝛀, a greedy approach for stimulus selection is adopted 

in this work. Given the current character probabilities, 𝒫𝑡, the character that maximizes 

Δ𝐷𝐾𝐿 is iteratively chosen to be added to the flash group until no remaining character 

increases Δ𝐷𝐾𝐿. This method of stimulus selection is termed the greedy EDG adaptive 

paradigm; the greedy combinatorial optimization will be used to maximize the EDG for 

the remainder of this work. 

3.3 Numerical Simulations for Adaptive Stimulus Presentation 
Paradigm 

Following the framework described in section 2.4.2, numerical MC simulations of 

the P300 speller character selection process are performed to compare the proposed 

greedy EDG adaptive stimulus paradigm to the RC and CB paradigms. Initial simulations 

are performed to analyze the ideal or upper bound performance of the greedy EDG 
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adaptive stimulus presentation paradigm (section 3.3.1). Next, restrictions are placed on 

the greedy EDG adaptive paradigm to account for physiological and system constraints; 

simulations are performed for the greedy EDG adaptive stimulus presentation paradigm 

with the various restrictions (section 3.3.2).   

For the greedy EDG adaptive paradigm with ideal conditions (section 3.3.1), the 

EDG optimization function shown in equation (3.8) is used. The  Δ𝐷𝐾𝐿 curve as a function 

of 𝑃1𝑡, generated by equation (3.20) is first used to compute the EDG. Next, the greedy 

combinatorial optimization described in section 3.2.1 is used to choose the subset of 

characters to present, ℱ𝑡+1
‡ .  

Based on the flash groups defined by a stimulus paradigm condition, for non-

target and target flash groups, the classifier scores are drawn from normal distributions 

for ℓ0 and ℓ0 respectively, defined accordingly: 

 

ℓ1 ∼ 𝒩(𝜇1, 𝜎2) 

ℓ0 ∼ 𝒩(𝜇0, 𝜎2) 

(3.21) 

 

where 𝜇0 and 𝜇1are the mean parameters for ℓ0 and ℓ1, respectively, and 𝜎 is the common 

standard deviation. For the simulations, 𝜎2 is set to 1, and 𝜇0 is set to 0. 𝜇1 is determined 

based on 𝑑′ as defined in equation (2.4); given that 𝜎2 ≔ 1 and 𝜇0 ≔ 0, 𝜇1 = 𝑑′.  

The Bayesian dynamic stopping update equation (3.5) is used to compute the 

target character probabilities. The target character probabilities are initialized to be 
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uniformly distributed. ℓ0 and ℓ1 are defined by (3.21) where parameters 𝜎2 = 1, 𝜇0 =

0, 𝑎𝑛𝑑 𝜇1 = 𝑑′. The stopping threshold, 𝑃𝑡ℎ, is set to 0.9, and the maximum flashes prior to 

selecting a character, 𝑡𝑚𝑎𝑥, is set to 120 flashes for all paradigms. A 72-character grid size 

is used for all numerical simulations. Selection accuracy and the average number of 

flashes prior to character selection, denoted as the expected stopping time (EST), are 

estimated as a function of 𝑑′, with performance results averaged over 1500 iterations.  

3.3.1 Numerical Simulation with Ideal Conditions 

Assuming no physiological or speller constraints, a simulation using synthetic 

data is performed to compare the performance of three stimulus presentation paradigms: 

RC random, CB random, and the proposed greedy EDG adaptive paradigm. The RC and 

CB random paradigms select flash groups from RC and CB codebooks using a uniformly 

random draw. A comparison between flash groups using the ideal greedy EDG adaptive 

paradigm and RC random paradigms is shown in Figure 3.2. The adaptive paradigm 

presents large subsets of characters initially, and then will prune the presented characters 

until the target character is determined. The RC paradigm, however, will randomly 

present characters regardless of the target character probabilities.   
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Figure 3.2 – Example of stimulus presentations for a single iteration of the numerical 

simulations for the greedy EDG adaptive paradigm (top) and the RC random paradigm 

(bottom). Yellow indicates that a character, 𝒎, at a flash index, 𝒕, is presented. No 

stimuli are presented after 𝒕 =  𝟐𝟓 when using the EDG adaptive paradigm as the 

character is already selected in the simulation.  
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Figure 3.3 – Simulation results to compare performance of RC, CB, and greedy EDG 

adaptive paradigm as a function of 𝒅′ in ideal conditions. (a) shows the accuracy as a 

function of 𝒅′, and (b) shows the EST as a function of 𝒅′. Across all 𝒅′, the ideal greedy 

EDG adaptive paradigm has higher accuracy and lower EST than both the RC and CB 

paradigms.  

 

The accuracy and EST of the simulation results as a function of  𝑑′ are shown in 

Figure 3.3.  Figure 3.3 (a) and (b) shows the accuracy and EST, respectively, of the RC, CB, 

and ideal greedy EDG adaptive paradigms as a function of 𝑑′. Across all 𝑑′, the greedy 

EDG adaptive paradigm has a significantly higher accuracy and lower EST than both RC 
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and CB paradigms. For example, at a 𝑑′ = 0.5, the ideal greedy EDG adaptive has an 

accuracy ~45% higher than both RC and CB paradigms; at a 𝑑′ = 1, the ideal greedy EDG 

requires 75 fewer flashes than both CB and RC paradigms. This suggests that the adaptive 

paradigm based on the EDG metric can in theory yield a higher accuracy and lower EST 

than the random RC and CB paradigms.  

3.3.2 Numerical Simulations with Realistic Conditions 

The results for the ideal greedy EDG adaptive paradigm shown in section 3.3.1 are 

promising, however, they ignore various physiological constraints (see section 2.3) as well 

as online system constraints. In this section, simulation results are shown for three 

different independent restrictions; observation delay (OD) 3.3.2.1, maximum characters 

presented in a flash group 3.3.2.2, and minimum TTI 3.3.2.3. Furthermore, results are 

shown for a simulation that jointly considers the OD, character presentation, and TTI 

restrictions in section 3.3.2.4.   

3.3.2.1 Observation Delay Constraints 

In ideal simulations, it was assumed that the classifier observation, 𝑧𝑡, was 

available prior to determining ℱ𝑡+1
‡ . However, this is typically not the case during online 

BCI implementation. Following each stimulus presentation, a time window of EEG data 

is analyzed to yield a classifier score. Consequently, there is an observation delay between 

the presentation of ℱ𝑡+1 and its associated classifier score, 𝑧𝑡, as illustrated in Figure 3.4. 

The window for which the EEG data is being collected over includes multiple stimulus 
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presentations. For example, in Figure 3.4 it can be observed that ℱ𝑡+1, ℱ𝑡+2, … , ℱ𝑡+6  will 

have already been presented prior to observing 𝑧𝑡. OD is defined as the observation delay, 

and 𝛿 is the number of additional stimulus presentations prior to being able to compute  

𝑧𝑡. 

 

 

Figure 3.4 – Diagram showing an example of the time between a stimulus presentation 

and an EEG observation for the stimulus presentation. In this example, 

𝓕𝒕+𝟏, 𝓕𝒕+𝟐, … , 𝓕𝒕+𝟔  will have already been presented prior to observing observation 𝒛𝒕 

because 𝒛𝒕 requires EEG data over a window longer than the inter-stimulus interval.  

Incorporating the observation delay modifies the optimization function for 

choosing a stimulus presentation to the following: 

 

ℱ𝑡+1+𝛿
‡ =  arg max

ℱ𝑡+1+𝛿
∗

Δ𝐷𝐾𝐿(ℱ𝑡+1+𝛿
∗ ), ∀ℱ𝑡+1+𝛿

∗ ∈ 𝛀 (3.22) 
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This new optimization function requires calculating Δ𝐷𝐾𝐿(ℱ𝑡+1+𝛿
∗ ). Equation (3.9) can be 

rewritten to calculate Δ𝐷𝐾𝐿(ℱ𝑡+1+𝛿
∗ ) instead of Δ𝐷𝐾𝐿(ℱ𝑡+1

∗ ) as shown below: 

 

Δ𝐷𝐾𝐿(ℱ𝑡+1+𝛿
∗ ) = 𝐸𝑧𝑡+1

∗ ,𝑧𝑡+𝛿
∗ ,…,𝑧𝑡+1+𝛿

∗ |𝑍𝑡
[𝐷𝐾𝐿(𝒫𝑡+1+𝛿

∗ ‖𝒫𝑡)|ℱ𝑡+1
∗ ] (3.23) 

 

Equation (3.23) can then be expanded to: 

 

Δ𝐷𝐾𝐿(ℱ𝑡+1+𝛿
∗ )

= ∫ ∫ …
∞

−∞

∫ ∑ 𝓅𝑡+1+𝛿,𝑚
∗ log (

𝓅𝑡+1+𝛿,𝑚
∗

𝓅𝑡,𝑚

) 𝑝(𝑧𝑡+1
∗ , 𝑧𝑡+2

∗ , … , 𝑧𝑡+1+𝛿
∗ |𝑍𝑡)𝑑𝑧𝑡+1

∗ 𝑑𝑧𝑡+2
∗ … 𝑑𝑧𝑡+1+𝛿

∗

𝑀

𝑚=1

∞

−∞

∞

−∞

 

(3.24) 

 

The multi-variate integral in (3.24) used to compute Δ𝐷𝐾𝐿(ℱ𝑡+1+𝛿
∗ ) is computationally 

expensive as it requires 𝛿 + 1 integrals with infinite bounds. Therefore, a simplification is 

applied such that: 

 

Δ𝐷𝐾𝐿(ℱ𝑡+1+𝛿
∗ ) ≈ 𝐸𝑧𝑡+1+𝛿

∗ |𝑍𝑡
[𝐷𝐾𝐿(𝒫𝑡+1+𝛿

∗ ‖𝒫𝑡+�̂�)|ℱ𝑡+1+𝛿
∗ ] (3.25) 

 

where 𝒫𝑡+�̂� is an estimate of 𝒫𝑡+𝛿
∗ . 𝒫𝑡+�̂� is the expectation of 𝒫𝑡+𝛿

∗  as shown in the equation 

below: 
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𝒫𝑡+�̂� = 𝐸𝑧𝑡+1
∗ ,𝑧𝑡+2

∗ ,…,𝑧𝑡+𝛿
∗ |𝑍𝑡

[𝒫𝑡+𝛿
∗ ] = 𝒫𝑡 (3.26) 

 

With this simplification, the pre-computed Δ𝐷𝐾𝐿 curve described in section 3.1 can be used 

to compute Δ𝐷𝐾𝐿(ℱ𝑡+1+𝛿
∗ ), and the optimization function, (3.25), can be used to choose 

ℱ𝑡+1+𝛿
∗  with a greedy search.  

The same simulation is performed as with the greedy EDG adaptive paradigm in 

section 3.3.1, however, (3.25) is used to update flash group ℱ𝑡+1+𝛿
∗  instead of updating 

ℱ𝑡+1
∗ . Simulations are performed with OD set to 3, 5, and 7. The accuracy and EST of the 

simulation, with various OD restrictions, as a function of 𝑑′ are shown in Figure 3.6. 

 The results in Figure 3.6 show that OD has little to no effect on the accuracy of the 

speller using the adaptive paradigm; at OD = 3, 5, and 7, the accuracy is approximately 

equal to that of the ideal adaptive paradigm. As OD increases, the EST of the speller 

increases across all but low 𝑑′ (< 0.5).  

3.3.2.2 Character Presentation Limit 

Presenting too many characters simultaneously can lead to more adjacency 

distractions, and to an increase in cognitive load. None of these physiological effects are 

desirable as they can all lead to a decrease in speller accuracy. However, a decrease in the 

number of characters presented, much like any other restriction on 𝛀, can decrease the 

EDG in ℱ𝑡+1
‡  as the search space shrinks.  
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The goal of the simulation is to analyze the effect of various character presentation 

restrictions on the performance of the greedy EDG adaptive paradigm. A simulation is 

performed such that there is a limit set on the number of characters that can be presented 

during a single flash. Formally, the restriction on 𝛀 results in 𝛀𝛼 as shown below: 

 

∀ℱ𝑡+1 
∗ ∈ 𝛀α, [ ∑ 1

∀𝑚:𝒻𝑡+1,𝑚
∗ =1

] ≤ 𝛼max 
(3.27) 

 

where 𝛼max is the maximum number of characters that can be in a candidate flash group, 

ℱ𝑡+1 
∗ . 𝛀α is flash group search space with the character presentation limit. 

 The same simulation is performed as in section 3.3.1, except the flash group search 

space is limited to 𝛀𝛼 as shown in (3.27). Simulations are performed with 𝛼max  set to 1, 5, 

9, and 13. During stimulus selection, the greedy search is terminated after 𝛼max has been 

reached. The accuracy and EST over a range of 𝑑′ with a flash group search space of 𝛀α 

(with varying 𝛼max) is shown in Figure 3.5; the accuracy and EST of the RC and CB 

paradigms are also shown. 
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Figure 3.5 - Simulation results that provide a comparison between RC, CB, and various 

greedy EDG adaptive paradigms with character presentation limits. (a) shows the 

accuracy and (b) shows the EST of a stimulus presentation paradigm as a function of 

𝒅′. When 𝜶𝒎𝒂𝒙, the maximum number of characters presented concurrently, is set to 1 

(i.e., only 1 character can be presented at a time), RC and CB yield a higher accuracy 

across all  𝒅′. Greedy EDG adaptive with 𝜶𝒎𝒂𝒙 = 𝟏 requires fewer presentations up to 

a 𝒅′ ≈ 𝟏. 𝟑. When 𝒅′ > 𝟏. 𝟑, both RC and CB paradigms require fewer presentations than 

the greedy EDG adaptive paradigm with 𝜶𝒎𝒂𝒙 = 𝟏. As  𝜶𝒎𝒂𝒙 increases, the accuracy 

increases and EST decreases.  
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The results provided in Figure 3.5 show that only presenting a single character at 

a flash index for a 72-character grid is insufficient as the accuracy of greedy EDG adaptive 

paradigm with 𝛼𝑚𝑎𝑥 = 1 is consistently lower than RC and CB paradigms at all 𝑑′. When 

𝛼𝑚𝑎𝑥 is increased to 5, the accuracy and EST are higher and lower, respectively, for the 

greedy EDG adaptive paradigm than the both RC and CB paradigms. As 𝛼𝑚𝑎𝑥 increases, 

the performance of the adaptive paradigm improves, however, only a slight increase in 

accuracy and a slight decrease in EST is shown between greedy EDG adaptive paradigms 

with 𝛼𝑚𝑎𝑥 = 9 and 𝛼𝑚𝑎𝑥 = 13.  
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Figure 3.6 - Simulation results that provide a comparison between RC, CB, and various 

greedy EDG adaptive paradigms with various observation delays (ODs). (a) shows the 

accuracy and (b) shows the EST of a stimulus presentation paradigm as a function of 

𝒅′. An increase of OD has little impact on the accuracy, however, it does increase the 

EST of the speller slightly. At an OD of 3,5, and 7, the greedy EDG adaptive paradigm 

has a higher accuracy and lower EST than the RC and CB random paradigms.  

 

3.3.2.3 Refractory Effects Constraints 

Refractory effects are important to consider when designing a stimulus 

presentation paradigm (section 2.3.1). The discriminability of a target observation 
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depends on the time interval between target stimulus presentations as shown in Figure 

2.9. In this section, a minimum TTI is imposed in between a character’s presentation. The 

optimization function for the flash group selection remains the same, however, the flash 

group space is restricted to 𝛀𝑇𝑇𝐼, defined in (3.28). 

 

∀ℱ𝑡+1 
∗ ∈ 𝛀𝑇𝑇𝐼: [∀𝑚: [𝒻𝑡+1,𝑚 

∗ + 𝒻𝑡,𝑚 + ⋯ + 𝒻𝑡+2−𝑇𝑇𝐼𝑚𝑖𝑛,𝑚 ≤ 1]]  (3.28) 

 

where 𝑇𝑇𝐼𝑚𝑖𝑛 is the minimum TTI imposed in between a character’s presentation. 

Equation (3.28) states that if any character, 𝑚, is presented between 𝑡 and 𝑡 + 1 − 𝑇𝑇𝐼𝑚𝑖𝑛, 

that character cannot be elicited at 𝑡 + 1. Note that setting 𝑇𝑇𝐼𝑚𝑖𝑛 = 1 yields 𝛀TTI = 𝛀 (i.e., 

no TTI restrictions). 

The same simulation is performed as with ideal conditions in section 3.3.1, 

however, the flash group search space in the simulation is restricted to 𝛀𝑇𝑇𝐼. 𝑇𝑇𝐼min is set 

to 2, 3, 4, and 5. The results presented in Figure 3.7 demonstrate that increasing the 𝑇𝑇𝐼𝑚𝑖𝑛 

decreases the accuracy and increases the EST of the speller using the greedy EDG adaptive 

paradigm. With significant 𝑇𝑇𝐼𝑚𝑖𝑛 restrictions such as 𝑇𝑇𝐼𝑚𝑖𝑛 = 4 or 5, the greedy EDG 

adaptive paradigm still yields a higher accuracy in the range of  0.5 < 𝑑′ < 1.5 and lower 

EST across 0.5 < 𝑑′ < 2.5. 
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Figure 3.7 - Simulation results of comparison between RC, CB, and various greedy EDG 

adaptive paradigms with various 𝑻𝑻𝑰𝒎𝒊𝒏 restrictions. (a) shows the accuracy and (b) 

shows the EST of a stimulus presentation paradigm as a function of 𝒅′. As 𝑻𝑻𝑰𝒎𝒊𝒏 

increases, the accuracy decreases and the EST increases across all 𝒅′. 

 

3.3.2.4 Combined Constraints 

In the prior sections, various individual restrictions such as TTI, OD, and character 

presentation limits are discussed, and simulations for those individual restrictions are 

performed. In this section, a simulation is performed for the greedy EDG adaptive 
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paradigm that jointly enforces TTI, OD, and character presentation limit restrictions and 

compares its performance to the CB and RC paradigms. The search space for the combined 

adaptive paradigm is the intersection of the search space with TTI and character limit 

constraints: 𝛀𝐶 =  𝛀𝛼 ∩ 𝛀𝑇𝑇𝐼, where 𝛀𝐶 is the new combined constraint search space. The 

EDG is estimated as described in section 3.3.2.1 and flash group ℱ𝑡+1+𝛿
∗  after each flash 

index 𝑡 to account for OD. The notation to describe the restrictions in the greedy EDG 

adaptive paradigm will be 𝐶𝑂𝑀𝐵(𝛼𝑚𝑎𝑥, 𝑂𝐷, 𝑇𝑇𝐼𝑚𝑖𝑛). 

The simulation described in section 3.3 is performed, however, combined 

restrictions are used. The 𝑇𝑇𝐼𝑚𝑖𝑛 is set to 3 as a TTI of 1 or 2 yield low detectibly as shown 

in Figure 2.9. The OD was set to 6, as that is the approximate OD expected in online 

simulations. Finally, the character limit, 𝛼𝑚𝑎𝑥 is set to 9 as that is the maximum number 

of characters presented in the RC paradigm. The results of the simulation comparing the 

performance of the adaptive paradigm with the combined restrictions and independent 

restrictions are shown in Figure 3.8.  
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Figure 3.8 - Simulation results of comparison between RC, CB, and greedy EDG 

adaptive paradigms with independent restrictions and combined restrictions. (a) shows 

the accuracy and (b) shows the EST of a stimulus presentation paradigm as a function 

of 𝒅′. As 𝑻𝑻𝑰𝒎𝒊𝒏 increases, the accuracy decreases and the EST increases across all 𝒅′.  

 

Though the greedy EDG adaptive COMB(9, 6, 3) paradigm yields slightly worse 

performance than can be achieved with the independent constraints, the COMB(9, 6, 3) 

paradigm has significantly higher accuracy and lower EST than the RC and CB random 
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paradigms across most 𝑑′; specifically, the accuracy 𝑑′<1.5 is higher and the EST is lower 

at 0.5 < 𝑑′ < 2.5.  

 The results of the greedy EDG adaptive paradigm with the combined constraints 

are promising, however, this approach leads to a speller that presents the target character 

at a fixed 𝑇𝑇𝐼𝑚𝑖𝑛 repetitively. Figure 3.9 shows the distribution of the TTI of a target 

presentation for 𝑑′ = 0.5, 1.0, and 1.5 for 𝑇𝑇𝐼𝑀𝐼𝑁 = 1 and 3 with a COMB(9,6,𝑇𝑇𝐼𝑚𝑖𝑛) 

constraint. Regardless of 𝑑′, most of the target presentations (≈80%) occur with a TTI of 

𝑇𝑇𝐼𝑚𝑖𝑛. As shown in Figure 3.11, this leads to highly correlated flash groups, which will 

decrease the amount of information gained after each presentation. Furthermore, most 

P300 speller paradigms are randomized or pseudo-randomized [23], [25], [37], [38], [85], 

[86], [102] as there is a concern that the user will recognize a pattern in a non-randomized 

paradigm, and thus P300 will no longer be elicited when a target is presented.  
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Figure 3.9 – Distribution of TTI for greedy EDG adaptive paradigm with 

COMB(9,6,𝑻𝑻𝑰𝒎𝒊𝒏) constraints. In the top row 𝑻𝑻𝑰𝒎𝒊𝒏 = 1, and in the bottom row 𝑻𝑻𝑰𝒎𝒊𝒏 

= 3. The columns correspond to a 𝒅′ of 0.5, 1.0, and 1.5 from left to right. Regardless of 

𝒅′, most of the target presentations occur at 𝑻𝑻𝑰𝒎𝒊𝒏.  

 

3.3.3 Stochastic TTI Constraints 

A stochastic 𝑇𝑇𝐼𝑚𝑖𝑛 is proposed to decrease the correlation of the flash groups as 

well as to decrease the amount of repetitive TTI presentations. Instead of setting a fixed 

𝑇𝑇𝐼𝑚𝑖𝑛, the 𝑇𝑇𝐼𝑚𝑖𝑛 is ddrawn from a discrete distribution. At each flash index, 𝑡, a 𝑇𝑇𝐼𝑚𝑖𝑛  

is independently drawn, from a discrete distribution, for all presented characters. This 

occurs at all flash indices, and for all characters. Due to the independent draw, characters 
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presented at the same 𝑡 can have different 𝑇𝑇𝐼𝑚𝑖𝑛; furthermore, the same characters at 

different 𝑡 can have a different 𝑇𝑇𝐼𝑚𝑖𝑛.  

The distribution used in this work for the stochastic TTI constraint is the TTI 

distribution from the performance based paradigm (PBP) [37]. The PBP paradigm is used 

as it has shown an improvement in accuracy and EST compared to the random RC and 

CB paradigms. The PBP TTI distribution is shown in Figure 3.10 below. 

 

 

Figure 3.10 – Distribution used for stochastic TTI constraints for 𝑻𝑻𝑰𝒎𝒊𝒏 in this work, 

the PBP TTI distribution. 

 

A numerical simulation is performed as a function of 𝑑′ to compare RC and CB 

random, ideal greedy EDG adaptive, greedy EDG adaptive COMB(9, 6, 3), and greedy 

EDG adaptive COMB(9, 6, PBP). Figure 3.13 shows the TTI distributions obtained at 𝑑′ = 

0.5, 1.0, and 1.5 for 𝑇𝑇𝐼𝑚𝑖𝑛 ∼ 𝑃𝐵𝑃. As with a fixed 𝑇𝑇𝐼𝑚𝑖𝑛, the stochastic 𝑇𝑇𝐼𝑚𝑖𝑛 yields a 

TTI distribution similar to the respective 𝑇𝑇𝐼𝑚𝑖𝑛 distribution. This result shows that TTI 

distribution of the greedy EDG adaptive paradigm can be approximately set with the 
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𝑇𝑇𝐼𝑚𝑖𝑛 distribution. This may be helpful if the user has a preference to how often they 

want the target character to be presented as well as what kind of uncertainty they prefer 

in the TTI. 

Examples of stimulus presentations for the ideal greedy EDG adaptive paradigm, 

greedy EDG adaptive paradigm with COMB(9,6,3) restrictions and greedy EDG adaptive 

paradigm with COMB(9,6,PBP) restrictions are shown in Figure 3.11. The ideal adaptive 

paradigm presents some characters repetitively with a TTI of 1. The greedy EDG adaptive 

paradigm with COMB(9,6,3) restrictions does not present characters at a TTI of 1 or 2, 

however, there is a high correlation between flash groups. Furthermore, many characters 

are repetitively presented at a TTI of 3, which may eliminate the ERP as the target 

presentation will no longer be a surprise to the user. The greedy adaptive paradigm with 

COMB(9,6,PBP) restrictions does not present characters at a TTI of 1 or 2, and thus 

decreases the correlation between the flash groups that are presented. 
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Figure 3.11 - Examples of stimulus presentations for the ideal greedy EDG adaptive 

paradigm (top), greedy EDG adaptive paradigm with COMB(9,6,3) constraints (middle) 

and greedy EDG adaptive paradigm with COMB(9,6,PBP) constraints (top). Yellow 

indicates that a character 𝒎 is presented at flash index 𝒕.  



 

68 

 

Figure 3.12 - Simulation results of comparison between RC, CB, and greedy EDG 

combined restrictions with fixed and stochastic 𝑻𝑻𝑰𝒎𝒊𝒏 ∼ 𝑷𝑩𝑷. (a) shows the accuracy 

and (b) shows the EST of a stimulus presentation paradigm as a function of 𝒅′. At a 𝒅′ 

of 0.1 to 0.3, there is a slight increase in accuracy when using a stochastic 𝑻𝑻𝑰𝒎𝒊𝒏. At a 

𝒅′ > 1, there is a decrease in EST when using a stochastic 𝑻𝑻𝑰𝒎𝒊𝒏 ∼ 𝑷𝑩𝑷.  

 

Figure 3.12 shows the accuracy and EST of the simulations as a function of 𝑑′. The 

adaptive paradigm that used the stochastic 𝑇𝑇𝐼𝑚𝑖𝑛 had a lower EST than the fixed 𝑇𝑇𝐼𝑚𝑖𝑛 

at a 𝑑′ > 1. Otherwise, the adaptive paradigm with the fixed 𝑇𝑇𝐼𝑚𝑖𝑛 = 3 constraint yields 

similar accuracy and EST to the adaptive paradigms with the stochastic 𝑇𝑇𝐼𝑚𝑖𝑛. 
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Figure 3.13 - Distribution of TTI for greedy EDG adaptive paradigm with a 

COMB(9,6,𝑻𝑻𝑰𝒎𝒊𝒏) restriction. The columns correspond to a 𝒅′ of 0.5, 1.0, and 1.5 from 

left to right. Regardless of 𝒅′, the distribution of TTI is similar to the PBP 𝑻𝑻𝑰𝒎𝒊𝒏 

distribution.  

 

The PBP TTI distribution was used for 𝑇𝑇𝐼𝑚𝑖𝑛 in this work to show that a stochastic 

TTI constraint can be beneficial in simulations, as well as likely to be beneficial in practice. 

It is important to note, however, that the work in this section does not suggest that the 

PBP TTI distribution is the optimal distributions for 𝑇𝑇𝐼𝑚𝑖𝑛 for the greedy EDG adaptive 

paradigm.  

 

3.4 Online Data Collection 

The simulations presented above demonstrated an improvement in accuracy and 

EST when using the greedy EDG adaptive paradigm, with realistic restrictions, compared 

the RC and CB paradigms. Though the adaptive paradigm shows improvement results in 

performance improvements in simulation, it remains unclear if it will continue to 

outperform a random paradigm in an online setting. In this section, an online data 
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collection is performed to compare both the greedy EDG adaptive paradigm and the CB 

paradigm. 

3.4.1 Methodology  

For the online experiment, eight able-bodied participants were recruited from 

Duke University. All data was collected in a sound-proof booth at Duke University. The 

participants gave informed consent, and the study was approved by the Duke University 

Institutional Review Board (IRB). Two paradigms were compared: the CB random and 

greedy EDG adaptive paradigm with 𝛼𝑚𝑎𝑥 = 9, and  𝑇𝑇𝐼𝑚𝑖𝑛 ∼ 𝑃𝐵𝑃 restrictions. The 

maximum number of presentations in a single trial was set to 144, and the stopping 

threshold, 𝑃𝑡ℎ𝑟𝑒𝑠ℎ = 0.9. 

One session of data collection was completed for each participant, and each session 

consisted of a training task (see section 3.4.1.1) followed by a testing task for one 

paradigm, and then a training task followed by a testing task for the second paradigm. 

The order of the paradigms used were randomized to avoid biases that may arise because 

of the temporal non-stationarity typically found in EEG data [103]. Three, six-letter, words 

were spelled during a training task and five, six-letter words were spelled during a testing 

task. The words being spelled by the participants were randomly chosen from a subset of 

English words from the English Lexicon Project [104].  
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3.4.1.1 Training task for Greedy EDG Adaptive Paradigm  

As with any supervised learning algorithm, it is crucial that the training data is 

drawn from a similar underlying distribution as the testing data. To ensure that the EEG 

data between training and testing tasks are similar, the stimulus presentations between 

the training and testing tasks must also be similar. 

During the training task for a random paradigm, flash groups are randomly 

selected and presented to the user as they would be during the testing task. The training 

task for an adaptive paradigm, however, is less straightforward. The greedy EDG 

adaptive paradigm chooses stimuli to present based on the target character probabilities 

obtained by using a trained classifier and conditional classifier score PDFs. During the 

training task, however, the classifier and conditional classifier score PDFs are not yet 

learned.  

Therefore, in this work, synthetic classifier scores were drawn using predefined 

target and non-target conditional classifier score PDFs. The greedy EDG adaptive 

paradigm was then used to select stimuli to present based on the drawn classifier scores 

and estimated likelihood. The conditional classifier score PDFS used during the training 

task were: ℓ0 ∼ 𝒩(0,1) and ℓ1 ∼ 𝒩(1,1), yielding a 𝑑′ = 1.  

3.4.2 Online Results 

The results from the online data collection are shown in Figure 3.14. Figure 3.14 

(a) shows the accuracy, (b) shows the average number of presentations, and (c) shows the 



 

72 

bit-rate for eight subjects sorted by accuracy of the CB paradigm. The CB paradigm yields 

a higher accuracy for six of the eights subjects and a higher average accuracy across all 

subjects. The average number of presentations is lower using the greedy EDG adaptive 

paradigms versus the CB paradigm for seven of eight subjects. The bit-rate using the 

greedy EDG adaptive paradigm is higher for six of the eight subjects than the CB 

paradigm. Using the 2-sided Wilcoxon signed-rank test [105], only the decrease in the 

average number of presentations is statistically significant. 

With the greedy EDG adaptive paradigm, many of the subjects did not reach 90% 

accuracy and had an EST far fewer than the maximum number of presentations (144). This 

indicates that the target character update model does not fit the data collected during the 

testing phase of the greedy EDG adaptive paradigm experiment. Anecdotally, many 

subjects complained about a high number of character presentations that were adjacent to 

the target character; this likely led to adjacency distractions that were not explicitly 

modeled in the numerical or MC simulations.  
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Figure 3.14 – Results from the online data collection to compare CB and greedy EDG 

adaptive paradigms. (a) shows the accuracy, (b) shows the average number of 

presentations, and (c) shows the bit-rate for eight subjects sorted by accuracy of the CB 

paradigm. The mean of the respective performance metrics are shown in the last 

column.  
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3.5 Discussion 

In this chapter, a framework for a greedy adaptive stimulus presentation paradigm 

using EDG was introduced. In designing the greedy EDG adaptive paradigm, 

physiological phenomena were considered by enforcing restrictions on TTI and character 

presentations. System constraints were also considered by modeling OD in the numerical 

simulations. The numerical simulations showed that even with restrictions set on the 

greedy EDG adaptive paradigm, it has the potential to yield higher accuracy, and fewer 

presentations than the random RC and CB paradigm. It was shown further that a 

stochastic 𝑇𝑇𝐼𝑚𝑖𝑛 constraint can minimize the correlation between flash groups, reducing 

the number of presentations required for users with a 𝑑′ > 1. In this work only a single 

distribution for stochastic 𝑇𝑇𝐼𝑚𝑖𝑛 was considered; in future work, other distributions 

should be considered to select an optimal distribution for a stochastic 𝑇𝑇𝐼𝑚𝑖𝑛. The results 

for the numerical simulations from this chapter were published in [106]. 

The online results showed the potential improvement in the EDG adaptive 

paradigm as there were far fewer presentations required to spell a character than when 

using the CB random paradigm. Furthermore, the average bit-rate for the EDG adaptive 

paradigm was higher than that of the CB random paradigm. The online results, however, 

also showed that the accuracy tends to decrease for the greedy EDG adaptive paradigm 

compared to the CB random paradigm.  
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One potential reason for the low accuracy when using the EDG adaptive paradigm 

is that the training data was collected under a slightly different paradigm than the testing 

data. The training data used synthetic data to choose the stimulus presentation, ignoring 

potential physiological phenomena. This could cause the training and testing data to be 

drawn from different underlying distributions. This difference can cause the trained 

classifier score and conditional classifier score PDFs to be sub-optimal for determining the 

true target character probabilities in the testing phase. It is possible that this issue can be 

resolved by modifying the training procedure when using an adaptive paradigm to 

include an intermediate training phase. For this proposed intermediate phase, the trained 

classifier, conditional classifier score PDFs, and EDG curves learned from the initial 

training phase can be used for stimulus selection using EEG data collected during the 

intermediate training phase. The data collected during the intermediate training phase 

can then be used to re-train a classifier, learn new conditional classifier score PDFs, and 

learn a new EDG curves to be used during the testing phase. 

Another potential reason for the low accuracy in the online greedy EDG adaptive 

paradigm is the high number of character presentations adjacent to the target character, 

as noted by several study participants. These adjacency errors can erroneously elicit a 

P300, causing an incorrect character selection. In future work, adjacency distractions 

models should be developed and incorporated in the target character probability update 
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equation. If adjacency distractions can be modelled accurately in the Bayesian update, the 

accuracy is more likely to reach the threshold if the presentation limit is not reached. 
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4 Exploiting Target-to-target Interval Information to 
Mitigate Refractory Effects  

The negative impact of refractory effects on P300 speller performance has been 

demonstrated in previous BCI literature [42], [43], [82], [88], [89], [107]. In the literature, 

refractory effects are typically quantified by the time interval between target character 

presentations or the target-to-target interval (TTI). Classification performance has been 

shown to increase with increasing TTI [42], [43], [82], [88], [89], [107], as illustrated in 

Figure 2.9. However, most P300 speller implementations do not incorporate the temporal 

relationship between TTI and classifier scores as the classifier is typically trained by 

aggregating the EEG responses of all target stimulus presentations into a single class label.  

Work in [84], [107] showed that refractory effects can be mitigated by specifying 

multiple target classes based on the state of the previous stimulus event presentation. 

However, the approaches in [84], [107] only consider short-term refractory effects as the 

TTI information provided is limited to the previous stimulus event, i.e. a TTI of 1.  

To model longer-term refractory effects, it is proposed that a longer history of 

previous stimulus events be considered during classification: this can be achieved by 

incorporating information on TTI values greater than 1. It also hypothesized that TTI 

information can also be exploited to enhance the data-driven stimulus selection, presented 

in Chapter 3, by biasing the selection process towards flash groups that will minimize 

target character presentations with TTIs.   
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This chapter presents approaches to incorporate TTI information in the P300 

speller to improve BCI performance with the Bayesian algorithm. Results from P300 

speller simulations are presented using stimulus presentation paradigms that are 

susceptible to refractory effects to demonstrate the utility of incorporating TTI 

information to mitigate these effects.   

4.1 Incorporating TTI-information in the Bayesian Algorithm 

In the standard Bayesian algorithm proposed in Throckmorton et al. [72], no TTI 

information is used when updating the target character probabilities (i.e., posterior 

probability). In section 4.1.1, the Bayesian update equation from Throckmorton et al. is 

modified such that instead of using a single target classifier score PDF, multiple target 

classifier score PDFs, conditioned on the TTI of the character presentation, are used.    

In the previous implementation of the adaptive paradigm proposed in Chapter 3, 

a minimum TTI was imposed to limit refractory effects. However, imposing a  𝑇𝑇𝐼𝑚𝑖𝑛 is 

an ad-hoc restriction that does not explicitly model the refractory effects present in the 

EEG data. The greedy EDG adaptive stimulus paradigm will be modified in section 4.1.2 

to use the Bayesian update equation that incorporates TTI information. 

4.1.1 Character Probability Updates 

Assuming TTI-specific classes for target classifier scores, the Bayesian update 

equation used to update the target character probability (3.5) is modified to the following: 
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𝓅𝑡,𝑚 =
ℓ𝑡,𝑚(𝑧𝑡, 𝒾𝑡,𝑚)𝓅𝑡−1,𝑚

∑ ℓ𝑡,𝑚(𝑧𝑡, 𝒾𝑡,𝑚)𝓅𝑡−1,𝑐
𝑀
𝑐=1

 

 

(4.1) 

 

ℓ𝑡,𝑚(𝑧𝑡, 𝒾𝑡,𝑚) = {
ℓ1(𝑧𝑡, 𝒾𝑡,𝑚),          𝒻𝑡,𝑚 = 1

ℓ0(𝑧𝑡),                   𝒻𝑡,𝑚 = 0
 

(4.2) 

 

where 𝓅𝑡−1,𝑚 and 𝓅𝑡,𝑚 are the prior and posterior probabilities, respectively, for character 

𝑚 at time index t; ℓ𝑡,𝑚(𝑧𝑡 , 𝒾𝑡,𝑚) is the data likelihood of character 𝑚 at 𝑡; 𝒾𝑡,𝑚 is the TTI of 

character 𝑚 assuming that 𝑚 is the target character at 𝑡; ℓ1(𝑧𝑡, 𝒾𝑡,𝑚) is the likelihood of a 

classifier score, conditioned on 𝒾𝑡,𝑚, if 𝑚 is presented at 𝑡; and ℓ0(𝑧𝑡) is the likelihood of a 

classifier score if 𝑚 is not presented at 𝑡. 

Modeling TTI-specific target classes minimizes the penalty during the probability 

update process for target character presentations with low TTI values that are more likely 

to generate low classifier scores. Figure 4.1 shows an example of target and non-target 

conditional classifier score PDFs without TTI information, and also target classifier score 

PDFs conditioned on TTI 1 and 2. In this example, the TTI = 1 target classifier score PDF 

is more similar to the non-target classifier score PDF than the target classifier PDF. If, for 

example, a target is presented with a TTI of 1, it would likely lower the target character’s 

probability when using the naïve (i.e., no TTI information) Bayesian update. Modeling the 
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refractory effects, however, allows the Bayesian algorithm to weight stimulus 

presentations differently based on every presented character’s TTI. 

 

Figure 4.1 – Example of target and non-target classifier score PDFs without TTI 

information in red and blue curves, respectively. The target classifier score PDFs 

conditioned on TTI 1 and 2 are shown with dotted cyan and magenta curves. As TTI 

decreases, the target conditional classifier score PDFs with TTI information shifts 

closer to the non-target classifier score PDF.  

 

4.1.2 Expected Discrimination Gain 

Assuming character probability updates with TTI information according to (4.1), the 

EDG can be rewritten to incorporate TTI information as shown below: 

 

Δ𝑇𝐷𝐾𝐿(ℱ𝑡+1
∗ ) = ∫ ∑ 𝑝𝑡,𝑚ℓ𝑡+1,𝑚(𝑧𝑡+1

∗ , 𝒾𝑡+1,𝑚) log (
ℓ𝑡+1,𝑚(𝑧𝑡+1

∗ , 𝒾𝑡+1,𝑚)

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

𝑀

𝑚=1

∞

−∞

 
(4.3) 
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where Δ𝑇𝐷𝐾𝐿(ℱ𝑡+1
∗ ) is the TTI-EDG (i.e., EDG with TTI information), given the flash group 

ℱ𝑡+1
∗ . Grouping characters in the flash group ℱ𝑡+1

∗  with the same TTI values, i.e. 𝒾𝑡+1,𝑚 

according to (4.2), the EDG can be simplified accordingly:  

 

Δ𝑇𝐷𝐾𝐿(ℱ𝑡+1
∗ )

= ∫ ∑ 𝑝𝑡,𝑚ℓ𝑡+1,𝑚(𝑧𝑡+1
∗ , 𝒾𝑡+1,𝑚)

∀𝑚:𝒻𝑡+1,𝑚
∗ =1

log (
ℓ𝑡+1,𝑚(𝑧𝑡+1

∗ , 𝒾𝑡+1,𝑚)

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

∞

−∞

+ ∫ ∑ 𝑝𝑡,𝑚ℓ0(𝑧𝑡+1
∗ ) log (

ℓ0(𝑧𝑡+1
∗ )

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

∀𝑚:𝒻𝑡+1,𝑚
∗ =0

∞

−∞

 

(4.4) 

 

   = ∫ ∑ 𝑃1𝑡,𝑇𝑇𝐼ℓ1(𝑧𝑡+1
∗ , 𝑇𝑇𝐼) log (

ℓ1(𝑧𝑡+1
∗ , 𝑇𝑇𝐼)

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

∀𝑇𝑇𝐼

∞

−∞

+ ∫ 𝑃0𝑡ℓ0(𝑧𝑡+1
∗ ) log (

ℓ0(𝑧𝑡+1
∗ )

𝑝(𝑧𝑡+1
∗ |𝑍𝑡)

) 𝑑𝑧𝑡+1
∗

∞

−∞

 

(4.5) 

 

where 𝑃1𝑡,𝑇𝑇𝐼 and 𝑃0𝑡 are defined accordingly: 

 

𝑃1𝑡,𝑇𝑇𝐼 = ∑ 𝓅𝑡,𝑐

∀𝑐: 𝒻𝑡+1,𝑐
∗ =1 ∩ 𝒾𝑡+1,𝑐=𝑇𝑇𝐼 

 (4.6) 

 

Using a similar process as in (3.18) to group characters, the conditional data probability, 

𝑝(𝑧𝑡+1
∗ |𝑍𝑡), can be expressed as:  
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𝑝(𝑧𝑡+1
∗ |𝑍𝑡) = ∑ ∑ 𝓅𝑡,𝑐ℓ1(𝑧𝑡+1

∗ , 𝑇𝑇𝐼) 

    ∀𝑐: 𝒻𝑡+1,𝑐
∗ =1 ∩ 𝒾𝑡+1,𝑐=𝑇𝑇𝐼∀𝑇𝑇𝐼

+ ∑ 𝓅𝑡,𝑐ℓ0(𝑧𝑡+1
∗ ) 

∀𝑐:𝒻𝑡+1,𝑐
∗ =0 

 
(4.7) 

= ∑ 𝑃1𝑡,𝑇𝑇𝐼ℓ1(𝑧𝑡+1
∗ , 𝑇𝑇𝐼)

∀𝑇𝑇𝐼

+ 𝑃0𝑡ℓ0(𝑧𝑡+1
∗ ) 

(4.8) 

 

Using (4.5), (4.9), and exploiting the sum of probabilities (i.e. ∑ 𝑃1𝑡,𝑇𝑇𝐼∀𝑇𝑇𝐼 + 𝑃0𝑡 = 1), the  

Δ𝑇𝐷𝐾𝐿(ℱ𝑡+1
∗ ) is: 

 

Δ𝑇𝐷𝐾𝐿(ℱ𝑡+1
∗ )

= ∫ ∑ 𝑃1𝑡,𝑇𝑇𝐼ℓ1(𝑧𝑡+1
∗ , 𝑇𝑇𝐼) log (

ℓ1(𝑧𝑡+1
∗ , 𝑇𝑇𝐼)

∑ 𝑃1𝑡,𝑇𝑇𝐼ℓ1(𝑧𝑡+1
∗ , 𝑇𝑇𝐼)∀𝑇𝑇𝐼 + (1 − ∑ 𝑃1𝑡,𝑇𝑇𝐼∀𝑇𝑇𝐼 )ℓ0(𝑧𝑡+1

∗ )
) 𝑑𝑧𝑡+1

∗

∀𝑇𝑇𝐼

∞

−∞

 

+ ∫ (1 − ∑ 𝑃1𝑡,𝑇𝑇𝐼

∀𝑇𝑇𝐼

)
∞

−∞

∗ ℓ0(𝑧𝑡+1
∗ ) log (

ℓ0(𝑧𝑡+1
∗ )

∑ 𝑃1𝑡,𝑇𝑇𝐼ℓ1(𝑧𝑡+1
∗ , 𝑇𝑇𝐼)∀𝑇𝑇𝐼 + (1 − ∑ 𝑃1𝑡,𝑇𝑇𝐼∀𝑇𝑇𝐼 )ℓ0(𝑧𝑡+1

∗ )
) 𝑑𝑧𝑡+1

∗  

(4.9) 

 

Assuming fixed conditional classifier score PDFs shown in (4.2), the classifier score 𝑧𝑡+1
∗  

can be marginalized out in (4.9) to yield a TTI-EDG function that depends only on 𝑃1𝑡,𝑇𝑇𝐼 

for all unique TTIs. 

Assuming TTI values exist from 1 to 3 for simplicity, three cases of varying 

discriminability between the TTI-specific and the non-target classifier score PDFs are 

presented in Figure 4.2 to illustrate how stimulus selection is affected by incorporating 

TTI information in the EDG. In Figure 4.2(a), the TTI-specific conditional classifier score 
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PDFs are identical. From the EDG function shown in Figure 4.2(a), the TTI-EDG is 

maximized when ∑ 𝑃1𝑡,𝑇𝑇𝐼𝑇𝑇𝐼 = 0.5. Note that in this scenario, the stimulus selection process 

is similar to the case where there is only one target classifier score PDF (see Figure 2.6). In 

Figure 4.2(b), the TTI-specific PDFs for the TTI 2 and 3 have higher discriminability from 

the non-target classifier score PDF compared to the PDF for TTI 1. From the EDG function 

shown in Figure 4.2(b), the TTI-EDG is maximized when ∑ 𝑃1𝑡,𝑇𝑇𝐼
3
𝑇𝑇𝐼=2 = 0.5 and 𝑃1𝑡,1 = 0. 

In this scenario, stimulus selection will favor characters with TTIs of 2 or 3. In Figure 4.2(c), 

the TTI-specific PDFs are distinct from each other, with increasing discriminability from 

the non-target pdf as TTI increases. From the EDG function in Figure 4.2(c), the TTI-EDG 

is maximized when 𝑃1𝑡,3 = 0.5 and 𝑃1𝑡,2 = 𝑃1𝑡,1 = 0.  In this scenario, stimulus selection 

will favor characters with a TTI of 3. The example shows that the effect of explicitly 

modeling TTI-related effects in the EDG function inherently biases the selection process 

towards characters with a higher discriminability.   
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Figure 4.2 – Example of conditional classifier score PDFs for non-target and TTI 1, 2, 

and 3 presentations and their corresponding TTI-EDG volumes. Each row shows the 

conditional classifier score PDFs on the left, and TTI-EDG volumes for the 

corresponding conditional classifier score PDFs on the right. In example (a), the target 

conditional classifier score PDFs for all TTI-bins are equivalent. In example (b), the 

TTI-specific pdfs for TTI 2 and 3 are the same. In example (c), all three TTI bins have 

different conditional classifier score PDFs.  
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4.2 Performance Evaluation with Simulations 

Two types of simulations will be performed in this section. In section 4.2.1, MC 

simulations will be used to evaluate the potential benefit of using TTI information to 

update the target character probabilities (see 4.1.1) for the RC paradigm. In 4.2.2 MC 

simulations will be used to evaluate the potential benefit of using the TTI-EDG metric (see 

4.1.2) for a greedy, adaptive, stimulus presentation paradigm.  

4.2.1 Row-column Paradigm  

Refractory effects can occur quite often in the RC paradigm due to the greater 

proportion of short TTIs, as shown in Figure 2.9. As a result, the RC paradigm is likely to 

benefit from incorporating TTI-information during target character estimation. Marten et 

al., [84] developed a graphical model for character estimation that incorporated refractory 

effects. In simulation, Marten et al. showed no improvement between the graphical model 

that incorporated refractory effects versus the model that did not incorporate the 

refractory effects when using the RC paradigm. However, the graphical model framework 

in Martens et al. only modeled short term memory refractory effects (i.e., 𝑇𝑇𝐼 = 1 vs. 𝑇𝑇𝐼 

≠ 1), and did not consider long term memory refractory effects (i.e., 𝑇𝑇𝐼 = 1 vs. TTI = 2  vs 

TTI = 3 etc.). In this work, long term refractory effects are modeled in the Bayesian 

algorithm. 

Estimates of the TTI-specific conditional classifier score PDFs may be poor if a low 

number of samples are used for estimation. The example TTI distribution in Figure 2.10 
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shows that on average, most TTI values in the RCP have fewer than 20 samples. 

Furthermore, pre-computing the TTI-EDG is intractable if there are many TTI groupings 

because the number of precomputed TTI-EDG values grows exponentially with the 

number of TTI groupings.  

To improve the TTI-specific conditional classifier score PDF estimation and to 

increase tractability of the TTI-EDG pre-computation, the data from TTI values with 

similar conditional classifier score PDFs are binned together to generate a new set of 

“virtual” TTI conditional classifier score PDFs.  These virtual TTIs obtained by binning a 

range of TTI values will be referred to as binned-TTI. Based on analyzing the similarity of 

TTI-specific pdfs of participants in [72], the TTI groupings shown in Table 4.1 were 

determined to provide the most suitable binned-TTIs.  Figure 4.3 shows example 

conditional classifier score PDFs using  (a) non-binned and (b) binned TTI groupings for 

a single participant in [72].  

4.2.1.1 Methods 

Using data the data from [72], collected using the RC paradigm, MC simulations 

(see 2.4.2) are performed to compare the naïve Bayesian algorithm (no TTI information), 

the TTI Bayesian algorithm (no binning), and the binned Bayesian algorithm. The MC 

simulations are slightly modified to account for TTI effects; the target classifier scores are 

drawn such that the TTI of the presentation in the simulation matches the TTI of the 
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presentation in the real dataset. The KDE is used to estimate the conditional classifier score 

PDFs in the simulations. 

 

  

Figure 4.3 – conditional classifier score PDFs using (a) non-binned and (b) binned TTI 

groupings for a single participant in [72].  

 

  

Table 4.1 – TTI to TTI-bin assignments 

Binned-TTI Range of TTI values in bin 

1 1, 2 

2 3, 4, 5, 6 

3 ≥7 

 

4.2.1.2 Results 

Figure 4.3 below shows the average accuracy, EST, and bit-rate obtained for each 

participant in the dataset by running MC simulations with the RC paradigm. ‘Naïve 
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Bayesian Update’ corresponds to the Bayesian algorithm whose update equation does not 

use TTI information (see section 2.2.4.2); ‘TTI Bayesian update’ corresponds to the 

Bayesian  algorithm whose update equation groups TTIs without binning (see section 

4.1.1); and ‘Binned TTI Bayesian update’ corresponds to the Bayesian algorithm whose 

update equation groups TTIs by binning using the bins shown in Table 4.1. Table 4.2 

shows the average accuracy, EST, and bit-rate of the simulations with astrisks denoting 

statistical significance using the two-sided Wilcoxin signed-rank test. 
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Figure 4.4 - The average accuracy (a), EST (b), and bit-rate (c) obtained for each 

participant by running the MC simulation. The results are sorted by the naïve Bayesian 

Update accuracy.  
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Table 4.2 – Average accuracy, EST, and bit-rate for MC simulations comparing the 

Naïve Bayesian update, TTI Bayesian update, and binned TTI Bayesian update. Bold 

font represents the highest accuracy, lowest number of stimulus presentations, or 

highest bit-rate of the methods compared. Conversely, the italics-underlined font 

represents the lowest accuracy, highest number of stimulus presentations, or lowest 

bit-rate of the methods compared. The asterisks indicate pairwise statistical 

significance with the Naïve Bayesian Update using the two-sided Wilcoxin signed-rank 

test.  

Bayesian Update Type Accuracy EST Bit-rate 

Naïve Bayesian Update 0.731 61.131 25.090 

TTI Bayesian Update 0.726 58.675* 25.990* 

Binned TTI Bayesian Update 0.755* 58.743* 27.177* 

 

 The simulations show that using the TTI Bayesian update or the Binned TTI 

Bayesian update significantly decreases the EST and significantly increases the bit-rate 

compared to the Naïve Bayesian update; this is especially evident in subjects with high 

accuracy (>80%). The binned TTI Bayesian update has a significantly higher accuracy than 

both the TTI Bayesian update and the Naïve Bayesian update. The low accuracy subjects 

(sorted subjects 1-10) experience the highest accuracy increase from the Binned TTI 

Bayesian update compared to the TTI or Naïve Bayesian updates.  

These simulations show that using TTI information in the Bayesian algorithm can 

improve the accuracy, decrease the EST, and increase the bit-rate of a P300 speller using 

the RC paradigm. To increase the accuracy of the Naïve Bayesian update, TTI binning is 

necessary. For the remainder of the work, TTI binning will be used when using TTI 

information in the Bayesian update. 
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4.2.2 Greedy Adaptive Paradigm  

In this section, MC simulations will be used to evaluate the potential benefit of 

using the TTI-EDG metric within the context of the greedy adaptive stimulus presentation 

paradigm. It is important to note that the data used in the MC simulation in this section 

was collected using the RC paradigm, however, the paradigm used in the simulation is 

an adaptive paradigm. The physiological effects such as refractory effects or adjacency 

distractions can result in different target and non-target data distributions between the 

data used in the simulation and data collected using the proposed greedy EDG-TTI 

adaptive paradigm. Therefore, the results obtained in this section are for illustrative 

purposes and only aim to show the potential benefit of using the greedy TTI-EDG 

adaptive paradigm.  

4.2.2.1 Methods 

MC simulations using data from [72] are used to compare the greedy naïve EDG 

adaptive (no TTI information) and greedy TTI-EDG adaptive paradigms. As with the MC 

simulation discussed in 4.2.1.1,  the target classifier scores are drawn such that the TTI of 

the stimulus presentation in the simulation matches the TTI of the presentation in the real 

dataset; this allows the simulation to account for refractory effects. Three different 

algorithms are considered: the greedy naïve EDG adaptive paradigm with naïve Bayesian 

updates; the greedy naïve EDG adaptive paradigm with TTI Bayesian updates; and the 

greedy TTI-EDG adaptive paradigm with TTI Bayesian updates. For simplicity, the 
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algorithms will be referred to as naïve EDG – naïve update, naïve EDG – TTI update, and 

TTI EDG – TTI update. 

The purpose of the naïve EDG – TTI update algorithm is to provide a 

baseline/control case; otherwise, if the TTI EDG – TTI update outperforms the naïve EDG 

- naïve update, it becomes unclear if the stimulus selection, target character probability 

update, or both stimulus selection and target character probability update results in the 

performance improvement.  

The character presentation limit is set to 9, and the OD is set to 6 for all simulations 

in this section (identical to restrictions used in section 3.3.2.4). For each algorithm, three 

different 𝑇𝑇𝐼𝑚𝑖𝑛 restrictions are considered for stimulus selection: no 𝑇𝑇𝐼𝑚𝑖𝑛 

restrictions, 𝑇𝑇𝐼𝑚𝑖𝑛 = 3, and 𝑇𝑇𝐼𝑚𝑖𝑛 ∼ PBP. The TTI bins shown in Table 4.1 are used for 

the simulations that incorporate the TTI information. The non-target and target 

conditional classifier score PDFs are fit to a Gaussian PDF in order to increase the 

tractability of precomputing the TTI-EDG. Stimuli are selected using a greedy search. 

4.2.2.2 Results 

Figure 4.5 shows the average accuracy, EST, and bit-rate for naïve EDG – naïve 

update, naïve EDG – TTI update, and TTI EDG – TTI update algorithms with no 𝑇𝑇𝐼𝑚𝑖𝑛  

constraints, 𝑇𝑇𝐼𝑚𝑖𝑛 = 3, and 𝑇𝑇𝐼𝑚𝑖𝑛 ∼ 𝑃𝐵𝑃 restrictions. Table 4.3 shows the bit-rate 

results from Figure 4.7 in the form of numerical values. 
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Figure 4.5 - Average (a) accuracy, (b) EST, and (c) bit-rate for naïve EDG – naïve update, 

naïve EDG – TTI update, and TTI EDG – TTI update algorithms with no 𝑻𝑻𝑰𝒎𝒊𝒏  

constraints, 𝑻𝑻𝑰𝒎𝒊𝒏 = 𝟑, and 𝑻𝑻𝑰𝒎𝒊𝒏 ∼ 𝑷𝑩𝑷 constraints. Asterisks represent pair-wise 

statistical significance. The results show statistically significant improvement in EST 

and bit-rate, for all three TTI restrictions, between TTI EDG - TTI Update and Naïve 

EDG - TTI Update algorithms.  

 



 

94 

Table 4.3 – Average bit-rates from the MC simulations comparing adaptive stimulus 

presentations. The first column shows the type of algorithm and the first row shows 

the 𝑻𝑻𝑰𝒎𝒊𝒏 used in the simulation. Underlined and italicized values indicate the 

lowest bit-rate and bold values indicate the highest bit-rate for each 𝑻𝑻𝑰𝒎𝒊𝒏 type. 

 

               𝑇𝑇𝐼𝑚𝑖𝑛 

Algorithm 

None 3 PBP 

Naïve EDG - Naïve Update 12.78 30.27 34.37 

Naïve EDG - TTI Update 21.85 30.82 34.56 

TTI EDG - TTI Update  33.53 35.43 35.71 

 

The results show statistically significant improvement in EST and bit-rate, for all 

three TTI restrictions, between Naïve EDG - TTI Update and Naïve EDG - Naïve Update 

algorithms. The results also show statistically significant improvement in EST and bit-

rate, for all three TTI restrictions, between TTI EDG - TTI Update and Naïve EDG - TTI 

Update. There is a statistically significant increase in accuracy between the Naïve EDG - 

TTI Update and Naïve EDG - Naïve Update algorithms as well as between TTI EDG - TTI 

Update and Naïve EDG - TTI Update algorithms when there are no 𝑇𝑇𝐼𝑚𝑖𝑛 restrictions, 

however, there is no significant improvement in accuracy for 𝑇𝑇𝐼𝑚𝑖𝑛 = 3 or 𝑇𝑇𝐼𝑚𝑖𝑛 ∼ 𝑃𝐵𝑃 

when for any of the algorithms with TTI information.  

Table 4.3 indicates that incoprorating TTI information in the Bayesian update and 

the EDG metric provides the highest accuracy, EST, and bit-rate improvement to the 
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algorithm with no 𝑇𝑇𝐼𝑚𝑖𝑛 restriction. Consider an example participant from the dataset 

used in this section whose conditional classifier score PDFs and corresponding EDG-TTI 

volumes are shown in Figure 4.6. There is a significant difference between discriminability 

at high TTIs (TTI bin 2 and 3) than at low TTIs (TTI bin 1) as shown in the conditional 

classifier score PDFs. Therefore, it is expected that the greedy TTI-EDG adaptive 

paradigm will select fewer low TTI presentations than the Naïve-EDG adaptive 

paradigms. Figure 4.7 shows the TTI distributions for the participant comparing TTI EDG 

- TTI Update and Naïve EDG - TTI Update algorithms. These TTI distributions indicate 

that the Naïve EDG - TTI Update almost exclusively presents TTI = 1 presentations, 

however, the TTI EDG - TTI Update algorithm can account for the low discriminability at 

low TTI presentation and instead chooses most presentations at TTI = 3. This reduction in 

low-TTI presentations when using the greedy TTI-EDG versus the greedy naïve EDG 

adaptive stimulus selection paradigm likely accounts for the signficant increase in 

accuracy and bit-rate and significant decrease in EST when no 𝑇𝑇𝐼𝑚𝑖𝑛 restrictions are set 

for the adaptive stimulus selection paradigm. 
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Figure 4.6 – (Left) presents the trained conditional classifier score PDFs for non-target 

and target binned TTI 1, 2, and 3 presentations for a single participant. (Right) is the 

corresponding TTI-EDG volume for the conditional classifier score PDFs. 

 

 

Figure 4.7 –TTI distributions for the naïve EDG – TTI update (left) and TTI EDG - 

TTI update (right) algorithms with no 𝑻𝑻𝑰𝒎𝒊𝒏 restrictions for the participant whose 

trained conditional classifier score PDFs are shown in Figure 4.6.  

 

4.3 Discussion  

In this chapter, TTI information was used to model refractory effects in the EEG 

data with the goal of increasing the accuracy, decreasing the EST, and increasing the bit-
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rate of the P300 speller. First, the target character probability update was modified such 

that the conditional classifier score PDFs were conditioned on the TTI of the characters 

being presented. Next, the greedy EDG adaptive paradigm was modified to incorporate 

the modified target character proabability update to yield the greedy TTI-EDG adaptive 

paradigm.  

  It was shown that using TTI information in the Bayesian update equation when 

using the RC paradigm can improve accuracy, EST, and bit-rate, for users of the P300 

speller, as was shown in simulation (section 4.2.1.2). The MC simulations indicated that 

in order to increase the accuracy of the speller when using TTI information, TTI binning 

should be used to group TTIs when estimating the conditional classifier score PDF. TTI 

binning is likely beneficial because the number of training examples for all individual TTIs 

is limited; therefore, it may be possible to remove the need for TTI binning if more training 

data is collected. 

  In section 4.2.2.2, it was shown that using the greedy TTI-EDG adaptive paradigm 

can further improve the performance of the P300 speller compared to the naïve greedy 

EDG adaptive paradigm that was proposed in Chapter 3. For all 𝑇𝑇𝐼𝑚𝑖𝑛 restrictions used 

in the simulation, the greedy TTI-EDG adaptive paradigm yields a higher average bit-rate 

than the naïve greedy EDG adaptive paradigm. The simulations with no 𝑇𝑇𝐼𝑚𝑖𝑛 

restrictions obtains the highest accuracy, EST, and bit-rate improvement when 

incorporating TTI information in the form of the Bayesian update equation and the 
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adaptive paradigm. This shows that modelling refractory effects in the Bayesian update 

and the adaptive stimulus selection can reduce the need for TTI restrictions. 

The 𝑇𝑇𝐼𝑚𝑖𝑛 ∼ 𝑃𝐵𝑃 and 𝑇𝑇𝐼𝑚𝑖𝑛 = 3  restrictions, however, yield a higher overall bit-

rate when the TTI EDG - TTI Update was used compared to using no  𝑇𝑇𝐼𝑚𝑖𝑛 restrictions. 

This likely occurs because the greedy EDG paradigms are non-optimal;  they are myopic 

and do not look ahead to future stimulus presentations. For example, there may be a case 

where presenting a character at 𝑡 + 1 will barely maximize Δ𝑇𝐷𝐾𝐿(ℱ𝑡+1
∗ ), however, 

presenting that character at 𝑡 + 2 instead will yield a significantly higher Δ𝑇𝐷𝐾𝐿(ℱ𝑡+2
∗ ) 

than Δ𝑇𝐷𝐾𝐿(ℱ𝑡+1
∗ ). In practice, it would be preferable to wait until 𝑡 + 2 to present the 

character, however, the TTI-EDG paradigm will instead present that character at 

Δ𝑇𝐷𝐾𝐿(ℱ𝑡+1
∗ ).  

The results in this chapter show the potential for improvement of the speller when 

TTI information is used in the Bayesian update equation as well as in the adaptive 

stimulus presentation paradigm. However, it will be important to perform online 

experiments prior to making concrete conclusions because of physiological phenomena 

that are not explicitly accounted for in the simulation, such as adjacency distraction errors 

or fatigue.  
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5 Probabilistic P300 and Eye-tracker Hybrid System 

In this chapter, a novel probabilistic hybrid P300 and eye-gaze system is proposed, 

and the results of the hybrid system are presented. The goal of the hybrid speller is to 

alleviate the individual disadvantages of both the P300 and eye-tracker spellers as well as 

improve upon the performance of the individual spellers. 

 This chapter is outlined as follows: In section 5.1, a novel, standalone probabilistic 

eye-gaze typing system for spelling using a P300 display will be introduced. In section 

5.2, a probabilistic hybrid speller is introduced and both online and offline experiments 

are described that evaluate the performance and robustness of the system. In section 5.3 

possible avenues for future work are discussed. 

5.1 Probabilistic Eye Gaze Spelling  

The eye-gaze spelling algorithm that was utilized in this work is a probabilistic, 

dynamic stopping algorithm based on the Bayesian dynamic stopping algorithm 

proposed for processing P300 data presented in Throckmorton et al. [72] (see section 2.2.4). 

Developing an eye-typing framework similar to that of the P300 speller allows for a 

natural fusion of eye-gaze and P300 spellers. The flow-chart presented in Figure 5.1 below 

describes the probabilistic eye-gaze spelling framework. 
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Figure 5.1 – Flow chart for choosing the target character using the probabilistic speller. 

The portion of the flow chart in the dashed-red rectangle denotes the processing 

performed by the Tobii EyeX software. This software is propriety; thus, the exact 

processing methods are unknown. As the Tobii EyeX software outputs data at a 

sampling rate of 30Hz, the data is used to estimate the character likelihood given 

trained character parameters. The likelihoods are then used to estimate the character 

posteriors based on the eye-gaze data.  

 

First, eye-tracker calibration is performed by the user (see Section 2.1). Next, the 

training parameters are learned using training data, as will be discussed in section 5.1.1. 

After the training parameters are learned, an estimate of the target character is made 

during a testing phase trial. After each observation of gaze data is collected during the 

testing phase, the character likelihood and posterior probabilities are computed as 

discussed in section 5.1.2. Finally, when any character’s posterior probability exceeds a 

predefined threshold, the character with the highest posterior probability is selected, and 

the trial is concluded. 
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5.1.1 Eye Gaze Training Character Parameters 

After the eye-tracker has been calibrated for the user, the data likelihood 

parameters must be estimated in order to compute each character’s posterior probability 

during the testing phase. An assumption is made that the eye-gaze data is drawn from an 

identically independently distributed (iid) multivariate Gaussian distribution centered at 

the position of the target character 𝛍𝑚 ∈ ℜ2and there exists some covariance 𝚺𝑚 ∈ ℜ2𝑥2.  

Therefore, the eye gaze data likelihood can be defined by: 

 

𝑝(𝑌𝑡|𝑐𝑚 = 𝑐∗, 𝛍𝑚, 𝚺𝑚) = 𝒩(Yt|𝛍𝑚, 𝚺𝑚) 

 

(5.1) 

where 𝛍𝑚 ∈ ℛ2 is the estimated position of the target character on the screen, 𝚺𝑚 ∈ ℛ2𝑥2  

is the estimated eye-gaze covariance matrix for the target character. Given this distribution 

of the data, 𝛍𝑚 and 𝚺𝑚 can be estimated using training data collected in parallel to the 

EEG data during the training phase of the P300 speller.   

During the training task, the subject is instructed to gaze at a specific character, 𝑐∗, 

and the likelihood parameters 𝛍𝑚 and 𝚺𝑚 are estimated by finding the mean and 

covariance of the eye-gaze data. In an optimal training scenario, both 𝛍𝑚 and 𝚺𝑚 can be 

estimated for each character on the grid.  However, this amount of training would be 

prohibitively time consuming.  Thus, rather than measure 𝝁𝑚 and 𝚺𝑚 as a function of each 

individual character, 𝛍𝑚 and 𝚺𝑚 are instead estimated from the eye gaze data that was 

collected during the EEG classifier training process. For the variance, a simplifying 
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assumption is made that the covariance of all of the characters in the grid is identical and 

equal to 𝚺. 𝚺 is assumed to be a diagonal matrix parameterized by 𝜎𝑣
2, the variance in the 

vertical axis, and 𝜎ℎ
2, the variance in the horizontal axis: 

 

𝚺 =  [
𝜎𝑣

2 0

0 𝜎ℎ
2] 

 

(5.2) 

To estimate 𝜎𝑣
2 and 𝜎ℎ

2, the variance in both the horizontal and vertical axis is 

estimated for all target characters that have training data, and the maximum variance in 

the horizontal and vertical directions are set to 𝜎𝑣
2 and 𝜎ℎ

2 respectively. The max operator 

was selected to avoid underestimating the variance in the signal model because 

underestimating the variances can dramatically degrade the performance of the speller, 

as will be demonstrated in the offline simulations presented in section 5.2.4. 

Since the characters are evenly spaced on the grid for the horizontal and vertical 

direction of the speller matrix, a least squares linear regression (LSLR) approach was used 

to learn 𝛍𝑚 for all characters, 𝑐𝑚. Let the training labels 𝚿𝑇 ∈ 𝑅𝑇𝑥3 where 𝑇 is the total 

number of training examples (i.e., observations) collected in the training task. Each row 

of 𝚿𝑇 is termed Ψ𝑡 and is set to [1, 𝑟𝑜𝑤 − 1, 𝑐𝑜𝑙 − 1], where the first term is the bias term, 

𝑟𝑜𝑤 is the row, and 𝑐𝑜𝑙 is the column of the target character at presentation 𝑡. For example, 

in the 9x8 matrix speller grid, the upper-left-most character takes on the index [1, 0, 0] and 

the bottom right-most character takes on the label [1, 8, 7].  
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The first step of the LSLR algorithm is to learn the weights 𝑾𝑒𝑦𝑒 ∈ 𝑅3𝑥2 using the 

training gaze 𝒀𝑇 ∈ 𝑅𝑇𝑥2 and its corresponding training labels 𝚿𝑇. The weights are learned 

using the normal equation below [108]: 

 

𝑾𝑒𝑦𝑒 = (𝚿𝑇
′𝚿𝑇)−1𝚿𝑇

′𝒀𝑇 (5.3) 

Once the weights are learned, 𝝁𝑚 is learned for all characters by using the label associated 

with character 𝑐𝑚 using the following: 

 

𝝁𝑚 = Ψ𝑚 𝑾𝑒𝑦𝑒 

 

(5.4) 

where Ψ𝑚 is the label associated with character 𝑐𝑚. 

Examples of the training gazes 𝒀𝑇 from one training session for a single participant 

are plotted overlaying the speller matrix shown in Figure 5.2. The colors/character 

combination corresponds to the character that the participant was instructed to focus on. 

Most of the gazes overlap the target character, but there do exist gazes that are far away 

from the target character. For example, there are gazes at ‘O’ and ‘X’ when attention 

should have been on ‘H’, and gazes at ‘2’ and ‘S’ when attention should have been on ‘U’.  

After collecting training data, 𝑾𝑒𝑦𝑒 and 𝝁𝑚 are estimated for all of the characters, 

even those that had no corresponding observations in training; an example of an estimate 

of 𝝁𝑚 for all characters for one participant are shown in Figure 5.3. Some 𝝁𝑚, especially 
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those far away from characters that were used as target characters in training, are far away 

from the characters themselves. Since only words are spelled during testing for this 

experiment, the bias in the characters at the bottom of the screen (e.g. ‘Ctrl’,’Caps’, etc.) 

will not affect the accuracy of the system, since those characters are never spelled. If it is 

expected that all characters on the grid will be used during testing, it is important to collect 

training data for characters throughout the grid (e.g, ‘Caps’, ‘Esc’, ‘Sleep’, ‘Bs’, etc.). 

 

 

Figure 5.2 – Illustration of the grid used for the spelling experiments, along with an 

example of the training gazes,  𝐘𝐓 measured for a single participant plotted on a speller 

matrix. The color and character combination corresponds to the character that the 

participant was instructed to focus on. There are 168 eye-gaze data points for each 

character being trained on, and there are 18 characters being trained on. In all, there are 

3024 data points that are gathered during the training phase.  
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Figure 5.3 - Trained character position means, 𝝁𝒎, for all characters for a single 

participant, are plotted in this figure as red asterisks. Some 𝝁𝒎, especially characters’ 

means are far away from the characters. This bias occurs because training data is limited 

to characters.  

 

5.1.2 Eye Gaze Posterior Update 

After the parameters of the likelihood are estimated with the training data, the 

posterior probability for every character can be learned using Bayes rule: 

𝑝(𝑐𝑚 = 𝑐∗|𝒀𝑡 , 𝛍𝑚, 𝚺𝑚) =  
𝑝(𝒀𝑡|𝑐𝑚 = 𝑐∗, 𝛍𝑚, 𝚺𝑚)𝑝(𝑐𝑚 = 𝑐∗)

∑ 𝑝(𝒀𝑡|𝑐𝑖 = 𝑐∗, 𝛍𝑖 , 𝚺𝑖)𝑝(𝑐𝑖 = 𝑐∗)𝑀
𝑖=1

 
(5.5) 

The likelihood in the numerator in equation (5.5) can then be decomposed further towards 

developing an update equation such that the posterior probability can be updated after 

every presentation, 𝑡. Given that each observation is i.i.d.: 
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𝑝(𝒀𝑡|𝑐𝑚 = 𝑐∗, 𝛍𝑚, 𝚺𝑚) =  𝑝(𝑌𝑡|𝑐𝑚 = 𝑐∗, 𝛍𝑚, 𝚺𝑚) 𝑝(𝒀𝑡−1|𝑐𝑚 = 𝑐∗, 𝛍𝑚, 𝚺𝑚) 

∝  𝑝(𝑌𝑡|𝑐𝑚 = 𝑐∗, 𝛍𝑚, 𝚺𝑚) 𝑝(𝑐𝑚 = 𝑐∗, 𝛍𝑚, 𝚺𝑚|𝒀𝑡−1) 

(5.6) 

 

The expression in equation (5.6) that is proportional to the likelihood of equation 

(5.5) can then be substituted for the likelihood and re-normalized resulting in the 

following update equation: 

𝑝(𝑐𝑚 = 𝑐∗|𝒀𝑡 , 𝛍𝑚, 𝚺𝑚)

=  
𝑝(𝑌𝑡|𝑐𝑚 = 𝑐∗, 𝛍𝑚, 𝚺𝑚) 𝑝(𝑐𝑚 = 𝑐∗, 𝛍𝑚, 𝚺𝑚|𝒀𝑡−1)𝑝(𝑐𝑚 = 𝑐∗)

∑ 𝑝(𝑌𝑡|𝑐𝑖 = 𝑐∗, 𝛍𝑖 , 𝚺𝑖) 𝑝(𝑐𝑖 = 𝑐∗, 𝛍𝑖 , 𝚺𝑖|𝒀𝑡−1)𝑝(𝑐𝑖 = 𝑐∗)𝑀
𝑖=1

 

 

(5.7) 

Using this posterior probability update equation enables the system to learn the 

probability that character 𝑐𝑚 is the target character after presentation 𝑡 in the testing 

phase.  

5.2 Eye Gaze and EEG Fusion 

In sections  2.2 and 5.1, probabilistic P300 and eye-gaze spellers were discussed 

individually, respectively. Eye-gaze spellers are used because of their high accuracy and 

speed. P300 spellers are used in cases where eye-gaze is unreliable as is the case for some 

people with ALS ([9], [14]–[17]). To alleviate the disadvantages of the individual spellers, 

a probabilistic framework that uses data from the EEG-based P300 speller as well as the 

eye-tracker is developed; the hybrid speller will be introduced and described in this 

section. 
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In section 5.2.1, the algorithm used to fuse the probabilistic eye-gaze typing system 

and the P300 speller will be discussed. Sections 5.2.2, 5.2.3, and 5.2.4 will discuss the 

details of the experiment performed to evaluate the performance of the hybrid speller.  

Sections 5.2.3.1 and 5.2.4.1 will show the results of the experiments, and section 5.2.5 will 

discuss the significance of the results obtained in the experiments. 

5.2.1 Eye Gaze and EEG Fusion Algorithm 

The posterior probability (i.e., target probability) for each character, 𝑐𝑚 can be 

learned using Bayes rule where: 

 

𝑝(𝑐𝑚 = 𝑐∗|𝒛𝑡, 𝒀𝑡 , 𝚽𝑚,𝑡) =
𝑝(𝒛𝑡, 𝒀𝑡|𝑐𝑚 = 𝑐∗, 𝚽𝑚,𝑡)𝑝(𝑐𝑚 = 𝑐∗)

∑ 𝑝(𝒛𝑡, 𝒀𝑡|𝑐𝑖 = 𝑐∗, 𝚽𝑖,𝑡)𝑝(𝑐𝑖 = 𝑐∗)M
i=1  

   

 

(5.8) 

where Φ𝑚,𝑡 = {𝛍𝑚, 𝚺𝑚, ℱ𝑡} is the set of eye-gaze parameters for character 𝑚 and flash 

group at 𝑡 and 𝚽𝑚,𝑡 = {𝛍𝑚, 𝚺𝑚, 𝓕𝑡} is the vector of the set of eye-gaze parameters for 

character 𝑚 and all flash groups up to 𝑡. Similar to the derivation of the posterior 

probability update equation for the probabilistic eye-gaze speller in section 5.1, the joint 

likelihood can be rewritten as: 

 

𝑝(𝒛𝑡 , 𝒀𝑡|𝑐𝑚 = 𝑐∗, 𝚽𝑚,𝑡) =  𝑝(𝑧𝑡 , 𝑌𝑡|𝑐𝑚 = 𝑐∗, Φ𝑚,𝑡)𝑝(𝒛𝑡−1, 𝒀𝑡−1|𝑐𝑚 = 𝑐∗, 𝚽𝑚,𝑡−1) 

∝  𝑝(𝑧𝑡 , 𝑌𝑡|𝑐𝑚 = 𝑐∗, Φ𝑚,𝑡)𝑝(𝑐𝑚 = 𝑐∗|𝒛𝑡−1, 𝒀𝑡−1, 𝚽𝑚,𝑡−1) 

(5.9) 
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 replacing the likelihood in (5.8) with (5.9) and normalizing yields: 

 

𝑝(𝑐𝑚 = 𝑐∗|𝒛𝑡 , 𝒀𝑡 , 𝚽𝑚,𝑡) =
𝑝(𝑧𝑡 , 𝑌𝑡|𝑐𝑚 = 𝑐∗, Φ𝑚,𝑡)𝑝(𝑐𝑚 = 𝑐∗|𝒛𝑡−1, 𝒀𝑡−1, 𝚽𝑚,𝑡−1) 

∑ 𝑝(𝑧𝑡 , 𝑌𝑡|𝑐𝑖 = 𝑐∗, Φ𝑖,𝑡)𝑝(𝑐𝑖 = 𝑐∗|𝒛𝑡−1, 𝒀𝑡−1, 𝚽𝑖,𝑡−1) 𝑀
𝑖=1

 
(5.10) 

 

As can be seen in the update equation (5.10), the a-priori probability is the 

posterior probability learned from the previous presentation. A uniform distribution was 

assumed for the a-priori probability for the first presentation in a trial, but a language 

model can be used [e.g. 69] to initialize the a-priori probability. 

An assumption is made that there is complete independence between both EEG 

and eye-gaze likelihood. This assumption is not completely accurate given that the P300 

speller performs better when the participant is looking directly at the character being 

spelled [109]. However, this assumption greatly simplifies the problem formulation and 

will therefore be assumed to be true for this work. Given this assumption, the posterior 

probability after every presentation can be learned using equation (5.11) below: 

 

𝑝(𝑐𝑚 = 𝑐∗|𝒛𝑡 , 𝒀𝑡 , 𝚽𝑚,𝑡)

=
𝑝(𝑧𝑡|𝑐𝑚 = 𝑐∗, Φ𝑚,𝑡)𝑝(𝑌𝑡|𝑐𝑚 = 𝑐∗, Φ𝑚,𝑡)𝑝(𝑐𝑚 = 𝑐∗|𝒛𝑡−1, 𝒀𝑡−1, 𝚽𝑚,𝑡−1)

∑ 𝑝(𝑧𝑡|𝑐𝑖 = 𝑐∗, Φ𝑖,𝑡)𝑝(𝑌𝑡|𝑐𝑚 = 𝑐∗, Φ𝑖,𝑡)𝑝(𝑐𝑖 = 𝑐∗|𝒛𝑡−1, 𝒀𝑡−1, 𝚽𝑖,𝑡−1)𝑀
𝑖=1

 

(5.11) 
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5.2.2 Experimental Methods 

For the online experiment, sixteen able-bodied participants were recruited from 

Duke University. One participant was unable to complete the experiment. Incorrect 

training data was used to train the online classifier for another participant; thus, only 

offline simulation results for which training could be corrected are presented for this 

participant.  For the remaining fourteen participants, both online and offline results are 

presented. All data was collected in a sound-proof booth at Duke University. The 

participants gave informed consent, and the study was approved by the Duke IRB.  

Both EEG and eye-gaze data were collected while the participant was using the 

P300 speller, including experiments that only used the EEG data for decision-making; this 

eye-gaze data was used in the offline experiments discussed in section 5.2.4. Characters 

were presented using the checkerboard (CB) paradigm [25]. Adjacent characters were 

presented using different colors as color has been shown to improve speller performance 

[110]. 

5.2.2.1 Data Collection 

EEG and eye-gaze data were collected in parallel during both training and testing 

phases of the experiment. EEG data were collected in 800ms windows after each 

presentation, and the eye gaze position at the end of each window was recorded. 

Therefore, the number of eye-gaze data points is equivalent to the number of 
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presentations, and each 800ms EEG sample has a single corresponding eye-gaze data 

point. 

One session of data collection was completed for each participant, and each session 

included one training and four online testing tasks. Three words were spelled during the 

training task, and this data was used to train the P300 classifier, and five words were 

spelled during each of the four online testing tasks.  The words being spelled by the 

participants were randomly chosen from a subset of English words from the English 

Lexicon Project [104]. The subset consists of 400 six-character words with the highest 

frequency of occurred in written communication as measured by the HAL corpus 

frequency [111]. The algorithms used for processing the data from the four testing tasks 

are described in detail in section 5.2.3. The order of the online testing tasks were 

randomized to avoid biases that may arise because of the temporal non-stationarity 

typically found in EEG data [103].  During training, 144 presentations of data collected 

were collected for each character. For testing, the dynamic stopping data collection 

algorithm was used with the maximum number of presentations set to 144. 

5.2.3 Experiment 1: Online Test of the System 

This experiment was performed to assess the performance of the hybrid speller.  

After training data was collected and the EEG classifier score and eye-gaze data likelihood 

parameters were learned, all participants completed four online testing spelling tasks. An 

EEG-alone (P300 speller) task was run as a baseline, and the three additional tasks used 
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the same classifier with different 𝚺 estimates.  In the first task, 𝚺 was estimated from 

training data as described previously.  However, the estimated covariance, 𝚺, was 

expected to be very low (<0.01) according to the technical information provided with the 

Tobii Inc. eye-tracker [54] due to the subject pool consisting of participants without 

disabilities. This has the potential to decrease the robustness of the hybrid system since 

the low variance of the eye tracker data would result in the system placing extremely high 

confidence in the eye gaze data relative to the EEG data. A foreseeable issue that can arise 

with using a small estimated variance is a bias between the estimated and actual character 

means (i.e. the location of the character on the screen). One way to potentially alleviate 

this problem is by artificially increasing the variance being used by the algorithm, giving 

more weight to the EEG data.  Robustness as a function of the variance was investigated 

by setting 𝚺 to [
0.1 0
0 0.1

] and [
1.0 0
0 1.0

] in the final two tasks; these two conditions were 

termed medium and high variance. 

5.2.3.1 Experiment 1 Results 

In obtaining the online results, it was hypothesized that the hybrid system (EEG 

and eye-gaze) would outperform the EEG-alone (P300 speller) system. Figure 5.4 shows 

the accuracy, Figure 5.4(a), average number of stimulus presentations, Figure 5.4(b), and 

bit-rate, Figure 5.4(c), for the four different online testing tasks performed by participants 

who completed the experiment. Participant numbers are listed on the x-axis.  An incorrect 

set of classifier scores (the BCI2000 default classifier scores) were inadvertently used 
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during online spelling for participant 1, therefore those results are not presented.  

Participants were sorted in ascending order based on their EEG accuracy. 

 

 

 

Figure 5.4 – A plot of the spelling accuracy, average number of stimulus presentations, 

and bit-rate for the 4 different online testing tasks performed by the participants. The 

participants are sorted by EEG-alone accuracy in ascending order.  

 

The results in Figure 5.4 indicate that the bit rate of the fusion algorithm under all 

of the variance conditions tends to be higher than that for the EEG-alone algorithm. In all 

cases except for participant 5, there is a variance condition that achieves a higher accuracy 
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than the EEG-alone algorithm. In addition, the average number of stimulus presentations 

is highest for the EEG-alone algorithm across all participants. The fusion algorithm, 

particularly with the estimated variance for the eye gaze, performs poorly in terms of 

accuracy for participants 2, 4,6, 7, and 13. The estimated variance condition has the worst 

bit-rate compared to all other conditions in participants 2, 7, and 13. These results show 

that the fusion algorithm with estimated variance typically outperforms any other 

condition, however, in some cases the estimate variance condition is not as robust as the 

other conditions, leading to a lower bit rate. 
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Figure 5.5  - This figure plots the difference between the EEG-alone results and the 

three fusion algorithm results that are shown in Figure 5.4. Subplots (a), (b), and (c) plot 

the average and standard deviation of the difference between the accuracy, average 

number of stimulus presentations, and bit rate of the EEG-alone algorithm and the 

fusion algorithm for all three variance conditions. The x-axis corresponds to the fusion 

algorithm that is being compared to the EEG-alone algorithm, and the y-axis is the 

difference between the EEG-alone algorithm and the corresponding fusion algorithm. 

In addition to the average, this figure shows ± 1 standard deviation across participants 

in the form of error bars. The asterisks denote statistical significance (i.e., p<0.05 using 

the two-sided Wilcoxon signed rank test).  

 

Figure 5.5 aggregates the online results shown in Figure 5.4 and examines the 

difference in the performance metrics between the baseline algorithm and the fusion 
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algorithm. For each participant, the accuracy, average number of stimulus presentations, 

and bit rate results for the EEG-alone algorithm were subtracted from the results for the 

fusion algorithm under the three variance conditions. The differences were then averaged 

across participants to investigate the relative performance of the fusion algorithm 

compared to using EEG-alone. The results indicate that on average, the fusion algorithm 

has a higher accuracy, lower average number of stimulus presentations, and higher bit 

rate than the baseline algorithm across variance conditions. These results show that the 

fusion algorithm does improve the performance of the speller, however, the estimate 

variance condition isn’t as robust as the medium and high variance conditions as shown 

by the larger error bars in the accuracy, average number of stimulus presentations, and 

bit-rate differences. Using the two-sided Wilcoxon signed rank test [105], the performance 

improvement for the hybrid speller was statistically significant for accuracy, average 

number of stimulus presentations, and bit-rate for all variance conditions with the 

exception of accuracy at the estimate variance condition. 

5.2.4 Experiment 2: Offline Test of the System 

In addition to the online experiments, several offline simulations were performed 

to further investigate the fusion algorithm’s robustness to potential mismatches between 

the training and testing eye-gaze parameters.  Two types of errors were considered: a 

horizontal bias and less accurate eye gaze.  Horizontal bias might be considered when 

there is a mismatch between the trained 𝝁𝑚, and 𝝁𝑚 observed during testing. This can 
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occur if the user of the system has oculomotor abnormalities that doesn’t allow them to 

gaze directly at one or more of the target character (i.e., 𝝁𝑚 cannot be represented 𝝁𝑚 =

Ψ𝑚 𝑾𝑒𝑦𝑒). Less accurate eye gaze, or higher variance eye gaze, would be considered if the 

user has difficulty using an eye tracker (e.g., eyelid drooping, nystagmus, etc.), and 𝚺𝑚 is 

incorrectly estimated during training. These error types were tested under the same 

variance conditions as the online testing (EEG-alone, fusion with estimated variance, 

medium variance, and high variance) as well as under eye-gaze alone (see 5.1.2). 

The goal of the offline experiments was to observe the robustness of the EEG-

alone, eye-gaze alone, and fused systems for these two error types (bias and variance). All 

of the offline simulations were performed using a MC simulation in order to decrease the 

high variance that exists in the online accuracy results as described in section 2.4.2. 

The data used for the offline simulation were the EEG and eye-gaze data collected 

during the EEG-alone online experiment; as mentioned previously, eye-gaze was 

collected in the EEG-alone online experiment even though it was unused in the online 

setting. The data from the EEG-alone algorithm were used because there were more 

stimulus presentations on average for the EEG-alone algorithm than any of the other 

fusion algorithms. First, noise was added to the eye-gaze data depending on the 

parameters of the experiment being performed (i.e., white noise or bias). For each of the 

30 characters spelled during the experiment, the EEG and noisy eye-gaze data used to 

spell the character was first extracted. Next, the data was sampled with replacement until 
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the posterior probability of any character reached a threshold of 0.9. An underlying, 

simulated, checkerboard paradigm was used to determine whether to draw a target or 

non-target EEG data sample. A simulation of spelling 30 characters was performed 50 

times for each simulation condition (1,500 total MC iterations). 

 For the bias, a horizontal shift was added to each eye gaze observation, 

represented as a proportion of the total screen.  For example, a bias of 0.5 indicates that 

the gaze is shifted to the right, halfway across the screen.  In the second simulation, zero-

mean Gaussian noise with an isotropic covariance matrix (i.e., 𝚺𝑛𝑜𝑖𝑠𝑒 =  [
𝜎𝑛𝑜𝑖𝑠𝑒 0

0 𝜎𝑛𝑜𝑖𝑠𝑒
] 

was added to the data. The gaze bias and variance was incrementally increased until the 

bit-rate (a performance metric incorporating accuracy and spelling speed) of all of the 

fusion algorithms were below the EEG-alone algorithm, indicating that eye-gaze data was 

no longer improving the system. As the results presented Figure 5.6 and Figure 5.7 

indicate, this happened at a gaze bias just prior to 0.5, or at a noise variance of 

approximately  𝜎𝑛𝑜𝑖𝑠𝑒 = 2.  

5.2.4.1 Experiment 2 Results 

Figure 5.6 provides a plot of the bit-rate of the EEG alone algorithm and the fusion 

algorithm under three eye-gaze variance conditions (estimated, medium, and high 

variance) as a function of the horizontal gaze bias and additional gaze noise, 𝜎𝑛𝑜𝑖𝑠𝑒
2 , 

averaged over all fifteen participants; the participant whose data was excluded from the 

online study due to inadvertently using the incorrect classifier was included in the offline 
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study with the use of that participant’s correct classifier. Figure 5.6 (a) shows the bit-rate 

as a function of gaze bias, and Figure 5.6 (b) shows the bit-rate as a function of  𝜎𝑛𝑜𝑖𝑠𝑒
2 . As 

expected, the EEG alone algorithm results are relatively flat across bias conditions since 

the algorithm is not dependent on eye gaze. Theoretically, the EEG alone algorithm results 

should be completely flat, however, the simulation is not deterministic since a MC 

simulation was used, resulting in some jitter in the bit-rate results. The left-most parts of 

Figure 5.6 (a) and (b) correspond to bias-free simulations. Figure 5.6 (a) and (b) suggest 

that the lower the assumed variance in the fusion algorithm, the quicker and steeper the 

drop off in bit-rate performance as a function of both bias and 𝜎𝑛𝑜𝑖𝑠𝑒
2 . This is consistent 

with the expectation that low variance in the algorithm would be highly susceptible to 

errors since the fusion algorithm would place a high confidence on eye gaze. 

 

Figure 5.6 - A plot of the bit-rate of the EEG alone algorithm and the fusion algorithm 

under three eye-gaze variance conditions (estimated, medium, and high variance) as a 

function of the horizontal gaze bias and additional gaze noise, 𝝈𝒏𝒐𝒊𝒔𝒆
𝟐 , averaged over all 

fifteen participants. (a) shows the bit-rate as a function of gaze bias, and (b) shows the 

bit-rate as a function of  𝝈𝒏𝒐𝒊𝒔𝒆
𝟐 .  
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Figure 5.7 provides a plot of the bit-rate of the fusion algorithm and the eye-gaze 

only algorithm with all variance conditions as a function of the horizontal gaze bias and 

additional gaze noise, 𝜎𝑛𝑜𝑖𝑠𝑒
2 ,  averaged over all fifteen participants  Figure 5.7 (a) shows 

the bit-rate as a function of gaze bias, and Figure 5.7 (b) shows the bit-rate as a function 

of  𝜎𝑛𝑜𝑖𝑠𝑒
2 . For all horizontal gaze biases and 𝜎𝑛𝑜𝑖𝑠𝑒

2  the eye-gaze alone algorithms have a 

lower bitrate than their fusion counterpart.  These results show that adding EEG-data 

improves the bit-rate of the speller regardless of the mismatch between the 𝝁𝑚 and 𝚺𝑚 in 

training and testing. Furthermore, using eye-gaze data without EEG data is not robust to 

the training and testing mismatch. 

 

 

Figure 5.7 - A plot of the bit-rate of the fusion algorithm and the eye-gaze only 

algorithm with all variance conditions as a function of the horizontal gaze bias and 

additional gaze noise, 𝝈𝒏𝒐𝒊𝒔𝒆
𝟐 , averaged over all fifteen participants. (a) shows the bit-

rate as a function of gaze bias, and (b) shows the bit-rate as a function of  𝝈𝒏𝒐𝒊𝒔𝒆
𝟐 .  
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5.2.5 Experiment 1 & 2 Discussion 

The work in this chapter explored the possible effectiveness of developing a hybrid 

P300 speller using both EEG and eye-gaze data. While the results will not transfer directly 

to the target population since these subjects had near perfect eye gaze, they do provide a 

mechanism by which to assess efficacy and investigate robustness issues.  The fusion 

algorithm was tested under three gaze-based variance conditions (estimated variance, 

medium variance, and high variance) and compared to the original EEG-alone, or P300 

speller, algorithm. 

Online and offline simulation results showed that for non-disabled participants, 

using eye-gaze in a Bayesian framework with EEG data improved accuracy, reduced the 

average number of stimulus presentations required to spell a character, and improved bit-

rate over the EEG-based Bayesian framework proposed in [72]. As shown in Figure 5.5, 

the improvements in the bit-rate of the fusion algorithm with all variance conditions were 

statistically significant compared to the EEG-alone algorithm. In an offline study, noise 

was added to the eye-gaze data to assess the robustness of the hybrid speller; the fusion 

algorithm with all variance conditions except for the estimated (i.e. low) eye-gaze variance 

condition remained robust and outperformed the standard EEG only and eye-gaze only 

systems in terms of bit-rate. 

Examining the offline results shown Figure 5.6 and Figure 5.7 further, it can be seen 

that when considering the fusion algorithm, the variance conditions have a trade-off 
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between performance and robustness. The conditions that perform better prior to adding 

noise tend to perform worse after noise is added. For example, in Figure 5.6(c), without 

any bias, the estimated-variance condition outperforms (i.e. has a higher bit-rate) all other 

conditions for both the fusion and eye-gaze only algorithm. However, the estimated-

variance condition performs worse than all other conditions after some bias is added. The 

high-variance condition for the fusion algorithm only performs better than the EEG-alone 

algorithm prior to the addition of any bias, but performs better than the estimated- and 

medium-variance fusion algorithm after some bias is added. The high-variance condition 

for the fusion algorithm performs better than the EEG alone algorithm prior to the 

addition of any bias, and also performs better than the estimated- and medium-variance 

fusion algorithm after some bias or 𝜎𝑛𝑜𝑖𝑠𝑒
2  is added. The offline experiments show that the 

variance conditions used for the speller algorithm can have a significant effect on the bit-

rate of the speller; however, the optimal method to determine the variance condition 

remains unclear and is therefore something worth investigating in the future. All of the 

results in this chapter were published in [112]. 

5.3 Future Work 

While the work in this chapter proposes estimating the mean locations of the 

characters on screen using a least-squares method based on the P300 speller training data, 

other methods may be worth investigating. Rather than estimating the 𝝁𝑚 parameters, a 

more obvious approach would be to simply use the position of the characters on the 
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screen, after the initial calibration using the Tobii software, as the estimate.  For example, 

if the position of character ‘A’ is known to be [0.1, 0.1], 𝝁(′𝐴′) can be set to [0.1, 0.1]. The 

advantage of utilizing the method proposed in this work is that eye gaze data can be 

collected during the training phase of the basic P300 speller, so using that data to estimate 

character positions (𝝁𝑚) would likely improve the accuracy of the estimated character 

position, particularly if the baseline Tobii calibration has errors.  

The disadvantage in using the method proposed in this work is that characters 

that are far away from characters that were spelled during training can have an 

inaccurate 𝝁𝑚. The issue can be observed in Figure 5.3, where the characters at the bottom 

of the screen appear to have a character mean far from what was expected after the eye-

tracker calibration. This can be an issue if the characters spelled during testing are far 

away from those during training; in the experiments performed in this work, the bottom 

half of the grid was unused, so it is unlikely that the results were affected. In the future, it 

is recommended that characters that encompass all sections of the grid are spelled during 

training. 

The work in this chapter assumed that 𝚺𝑚 is identical for all characters. It is, 

however, known that the precision of the eye-tracker decreases as the participant looks 

away from the center of the screen, a phenomenon that can be seen in Figure 5.2. 

Characters ‘H’, ‘I’, and ‘P’ appear to have higher variance in the horizontal direction than 

characters ‘L’, ‘U’, and ‘S’. Ideally, 𝚺𝑚  can be learned independently for all characters and 
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determined based on the characters’ position on the screen. One such method that can be 

used to learn 𝝁𝑚 and 𝚺𝑚 jointly is the Gaussian process regression (GPR) [113].  GPR is a 

probabilistic, non-linear regression model, that jointly learns regression weights, as well 

as the variance in those weights. In the case of eye-gaze data, the GPR model can estimate 

𝝁𝑚 and 𝚺𝑚 directly when training data is available and estimate 𝝁𝑚 and 𝚺𝑚 based on 

nearby character data for characters without eye-gaze training data. This enables 

estimating a 𝚺𝑚 that varies by character. Furthermore, it may be beneficial to examine the 

use of distributions other than the Gaussian distribution (e.g., student’s t or Laplacian) for 

the eye-gaze likelihood for a character.  
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6 Conclusion 

There were two major contributions made in this thesis towards improving the 

P300 speller communication device. First, a novel data-driven adaptive stimulus selection 

paradigm, based on maximizing the EDG metric, was developed. The novel adaptive 

stimulus selection paradigm was then further improved upon by incorporating a model 

of refractory effects that exist in the EEG data (see section 2.3.1). Second, an algorithm for 

a hybrid P300 and eye-gaze speller was developed to potentially improve the 

communication rate of an individual EEG- or eye-gaze-based speller. The potential 

benefits of the adaptive stimulus selection paradigm and hybrid speller were explored 

using both online and offline analyses. 

The first contribution of this thesis was to improve the accuracy and decrease the 

spelling time required for a P300 speller BCI by using an adaptive stimulus presentation 

paradigm that aims to maximize the amount of information gained after every stimulus 

presentation. A novel adaptive stimulus presentation framework was designed that 

greedily selected characters that maximized the EDG metric. In designing the greedy EDG 

adaptive paradigm, physiological phenomena and system constraints were considered by 

enforcing various restrictions on the flash groups that can be selected for a stimulus 

presentation. Offline simulations showed that even with the restrictions set on the greedy 

EDG adaptive paradigm, it has the potential to yield higher accuracy, and fewer 

presentations than a CB or RB random stimulus presentation paradigm. Online results 



 

125 

demonstrated a decrease in spelling time and increase in bit-rate when using the greedy 

EDG adaptive paradigm versus the CB random paradigm. However, the accuracy of the 

speller suffered when using the greedy EDG adaptive paradigm compared to the CB 

paradigm. 

In addition to exploring the adaptive paradigm, improvements were made to the 

P300 speller BCI by modeling refractory effects in the target character estimation 

algorithm. Simulations showed that using TTI information in the target character 

probability update for the RC paradigm can improve accuracy, EST, and bit-rate 

significantly. The MC simulations showed that in order to increase the accuracy of the 

speller when using TTI information, TTI binning should be used to group TTIs when 

estimating the conditional classifier score PDFs.  

An improvement to the greedy EDG adaptive paradigm was also investigated, 

such that the EDG metric explicitely modelled refractory effects; this paradigm was 

termed greedy TTI-EDG adaptive paradigm. In offline MC simulations, there were 

significant improvements in accuracy and EST  that were observed in the greedy TTI-EDG 

adpative paradigm in comparison to the naïve EDG adaptive paradigm when no 𝑇𝑇𝐼𝑚𝑖𝑛 

restrictions were set. This result indicates that it may not be entirely necessary to set ad-

hoc  𝑇𝑇𝐼𝑚𝑖𝑛 restrictions if refractory effects are modelled in the Bayesian update equation 

and EDG. 
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The second contribution of this thesis was the development of an algorithm for a 

hybrid speller that uses eye-gaze and EEG data for character selection. Online simulation 

results showed that for non-disabled participants, using eye-gaze in a Bayesian 

framework with EEG data improved accuracy, reduced the average number of flashes 

required to spell a character, and improved bit-rate over the EEG alone Bayesian 

framework proposed in Throckmorton et al. [72]. In offline simulations, noise was added 

to the eye-gaze data to assess the robustness of the hybrid speller; and the fusion 

algorithm with all variance conditions except for the estimated, i.e. low, eye-gaze variance 

condition remained robust and outperformed the standard EEG alone and eye-gaze alone 

systems in terms of bit-rate. It was shown that when considering the fusion algorithm, the 

variance conditions exhibit a trade-off between performance and robustness. 

There are many promising avenues for continuing the work presented in this 

thesis. First, the training methods used for the greedy EDG adaptive paradigm can be 

improved in an online setting to ensure that the training and testing data distributions are 

similar when using an adaptive paradigm. A large scale online data collection can then be 

performed to compare the greedy EDG adaptive paradigm with the improved training 

methods and a random paradigm. An online data collection can also be performed for the 

TTI-EDG adaptive paradigm to analyze the potential performance improvement gained 

by incorporating refractory effects in the stimulus selection paradigm.  
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Future work can also be pursued in order to investigate the greedy EDG adaptive 

paradigm that incorporates the eye-gaze data in a hybrid eye-gaze and P300 speller.  The 

adaptive stimulus selection can then be used to select the flash group that maximizes the 

hybrid EEG and eye-gaze EDG. It will be important to consider the computational 

complexity of the hybrid EDG calculation as a triple integral will be required for each 

proposed flash group as the EEG classifier scores and both dimensions of the eye-gaze 

data need to be marginalized. 
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Appendix A – Expected Discrimination Gain and 
Mutual Information  

 

In section 3.2 it was noted that the expression for expected discrimination gain 

given conditionally independent observations as defined in Kolba [100], is equivalent to 

the conditional mutual information [99]. The proof for this equivalency will be shown in 

this appendix. For simplicity, this proof will be shown using the P300 speller framework 

and notation.  

As described in section 3.2, the expected discrimination gain for presentation 𝑡 + 1 

can be written as follows: 

 

𝛥𝐷𝐾𝐿(𝑡 + 1)

= ∫ ∑ 𝑝(𝑐𝑚 = 𝑐∗|𝑧𝑡+1, 𝑍𝑡) log (
𝑝(𝑐𝑚 = 𝑐∗|𝑧𝑡+1, 𝑍𝑡)

p(𝑐𝑚 = 𝑐∗|Z𝑡)
) 𝑝(𝑧𝑡+1 |𝑍𝑡)𝑑𝑧𝑡+1

∀𝑚

 

(A.1) 

  

where the notation is identical to the notation used in the document (see sections 2.2.4 and 

3.2). Bayes rule states that the expression inside the logarithm can be rewritten as follows: 

 

𝑝(𝑐𝑚 = 𝑐∗|𝑧𝑡+1, 𝑍𝑡)

𝑝(𝑐𝑚 = 𝑐∗|Z𝑡)
= (

𝑝(𝑧𝑡+1|𝑐𝑚 = 𝑐∗, 𝑍𝑡)𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡)

𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡)𝑝(𝑧𝑡+1|𝑍𝑡)
) = (

𝑝(𝑧𝑡+1, 𝑐𝑚 = 𝑐∗|𝑍𝑡)

𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡)𝑝(𝑧𝑡+1|𝑍𝑡)
) 

(A.2) 

 

Replacing the logarithm in (A.1) with (A.2) yields the following: 
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𝛥𝐷𝐾𝐿(𝑡 + 1)

= ∫ ∑ 𝑝(𝑐𝑚 = 𝑐∗|𝑧𝑡+1, 𝑍𝑡) 𝑝(𝑧𝑡+1 |𝑍𝑡)log (
𝑝(𝑧𝑡+1, 𝑐𝑚 = 𝑐∗|𝑍𝑡)

𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡)𝑝(𝑧𝑡+1|𝑍𝑡)
) 𝑑𝑧𝑡+1

𝑚𝑧𝑡+1

 

 

 

(A.3) 

Which can be further simplified using the chain rule: 

 

𝛥𝐷𝐾𝐿(𝑡 + 1) = ∫ ∑ 𝑝(𝑧𝑡+1, 𝑐𝑚 = 𝑐∗|𝑍𝑡) log (
𝑝(𝑧𝑡+1, 𝑐𝑚 = 𝑐∗|𝑍𝑡)

𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡)𝑝(𝑧𝑡+1|𝑍𝑡)
) 𝑑𝑧𝑡+1

𝑚𝑧𝑡+1

 

 

(A.4) 

It can be seen that (A.4) is equivalent to the mutual information [99] between random 

variables 𝑧𝑡+1 and 𝑐∗ given 𝑍𝑡 as shown in (A.5) below: 

 

𝐼(𝑧𝑡+1; 𝑐∗|𝑍𝑡) =  𝛥𝐷𝐾𝐿(𝑡 + 1)

= ∫ ∑ 𝑝(𝑧𝑡+1, 𝑐𝑚 = 𝑐∗|𝑍𝑡) log (
𝑝(𝑧𝑡+1, 𝑐𝑚 = 𝑐∗|𝑍𝑡)

𝑝(𝑐𝑚 = 𝑐∗|𝑍𝑡)𝑝(𝑧𝑡+1|𝑍𝑡)
) 𝑑𝑧𝑡+1

𝑚𝑧𝑡+1

 

 

(A.5) 
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