
Essays on Delegation and Mechanisms

by

Volodymyr Baranovskyi

Department of Economics
Duke University

Date:
Approved:

Attila Ambrus, Supervisor

Curtis R. Taylor

Xiao Yu Wang

Huseyin Yildirim

Dissertation submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Economics

in the Graduate School of Duke University
2018



Abstract

Essays on Delegation and Mechanisms

by

Volodymyr Baranovskyi

Department of Economics
Duke University

Date:
Approved:

Attila Ambrus, Supervisor

Curtis R. Taylor

Xiao Yu Wang

Huseyin Yildirim

An abstract of a dissertation submitted in partial fulfillment of the requirements for
the degree of Doctor of Philosophy in the Department of Economics

in the Graduate School of Duke University
2018



Copyright c© 2018 by Volodymyr Baranovskyi
All rights reserved except the rights granted by the

Creative Commons Attribution-Noncommercial Licence

http://creativecommons.org/licenses/by-nc/3.0/us/


Abstract

This dissertation consists of three theoretical essays on delegation and mechanism

design.

Chapter 2 is co-authored with Attila Ambrus and Aaron Kolb. We investigate

competition in a delegation framework. An uninformed principal is unable to perform

a task herself and must solicit proposals from two biased and imperfectly informed

experts. In the focal equilibrium, the principal seeks to offset the bias of the experts,

but when the experts are motivated more by ideology than career concerns, they

increase the bias of their proposals in anticipation. Despite this ideological winner’s

curse, we show that having a second expert can benefit the principal, even if the two

experts have the same biases or if the first expert is known to be unbiased. In contrast

with other models of expertise, in our setting the principal prefers experts with equal

rather than opposite biases. The principal may also benefit from commitment to an

“element of surprise,” making an ex post suboptimal choice with positive probability.

Chapter 3 is co-authored with Sergii Golovko. We study an auction environment

in which after the sale, the seller has the opportunity to verify the winner’s ex-post

value and impose a limited punishment for ”underbidding.” Investigating how the

seller should approach this opportunity, we show that even small penalties allow the

seller to significantly increase her revenue. In our environment, the first-price auction

with an optimally chosen penalty rule is optimal among all winner-pay auctions.

Before the auction begins, the seller recommends a bidding strategy to the bidders.
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If the auction winner bids at least as much as the seller has suggested, the winner

is not punished; if, on the other hand, the winner does not bid as much as has been

recommended, he is punished, with the penalty increasing as the buyer deviates

more and more from the recommendation. Our results indicate several qualitative

differences from standard (without ex-post punishments) auctions. In equilibrium,

buyers bid more aggressively; the optimal reserve price is lower; and the revenue-

equivalence principle does not hold—we state conditions under which a first-price

auction is superior to a second-price auction. Our results also lead us to suggest the

following recommendation for policymakers: A government may increase its revenue

when auctioning publicly owned assets by providing tax concessions to buyers who

submit sufficiently high bids.

Chapter 4 is co-authored with Attila Ambrus. As in Chapter 2, principal is

trying to solicit information from multiple, incompletely informed experts. However,

here we allow for action choice (policy) and monetary transfers to be conditional on

reports. Additionally, we investigate an environment in which monetary transfers

may be conditioned on realized state (ex post state verification). We show that

under certain assumptions the principal can solicit all information from experts,

while extracting all surplus.
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1

Introduction

This dissertation consists of three self-contained chapters. The introductions of the

first, second and third chapters are in section 2.1, 3.1 and 4.1, correspondingly.
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2

A Delegation-Based Theory of Expertise (with
Attila Amrus and Aaron Kolb)

2.1 Introduction

There are many situations in which a principal lacks the knowledge and expertise

to perform a certain task, and therefore has to delegate the job to a qualified ex-

pert. Examples include a candidate running for office who has to hire an expert

to work out her economic agenda, or the CEO of a pharmaceutical company who

must delegate building a research and development division to a scientist. Further

complicating the principal’s situation is that experts tend to have systemic biases,

preferring suboptimal actions from the principal’s perspective.

In this paper we investigate a model in which a principal has to delegate a task

to one of two experts. The need to delegate differentiates our model from models of

expertise in which experts send cheap talk recommendations to the principal, such as

Krishna and Morgan (2001b). In particular, we consider the following game. First,

experts receive noisy and conditionally independent signals of a single dimensional

state variable. The principal’s ideal action is equal to the state, but each expert
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has a constant bias (either positive or negative) and a resulting ideal point different

from the sender’s. Next, the experts simultaneously propose actions. A proposal

is assumed to bind the expert to perform the given action whenever the principal

delegates the task to him.1 The principal then chooses one of the two offers, and the

corresponding action is taken by the given expert. We are motivated by situations

in which the principal originally has much less knowledge about the state than the

experts, and correspondingly we assume that the principal’s prior is improper uniform

(diffuse) over a state space represented by the real line.

The particular game form we investigate is motivated by various applications. In

general, our model best applies to situations in which the principal lacks the knowl-

edge to implement or initiate changes in the proposed actions, so all she can do is

solicit different proposals and choose one of them. The assumption that proposals

commit the experts corresponds to common law, according to which an offer is a

statement of terms on which the offeror is willing to be bound, and it shall become

binding as soon as it is accepted by the person to whom it is addressed.2 A differ-

ent application for our model is political competition: starting from Downs (1957),

most papers on political competition in a Hotelling (1929) framework assume that

candidates are committed to the policies they announce in the campaign, and the

electorate can only choose between the policies announced by the candidates.3 In

this context the bonus corresponds to the rents from being in office. Yet another

application for our model is a setting where a legislative body (floor) seeks legisla-

tive proposals for the same bill from multiple committees, using a modified rule (see

Gilligan and Krehbiel (1989), Krishna and Morgan (2001a)), meaning that the floor

1 Even if the principal might not have the knowledge to verify whether the expert indeed chose
the action that he proposed, outside experts might be able to verify if that was the case and hence
penalties can be imposed on experts deviating from their proposals.

2 See Treitel (1999), p8.

3 For theoretical motivations for this assumption, and empirical relevance in the political compe-
tition context, see Pétry and Collette (2009), Kartik et al. (2015), and papers cited therein.
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cannot amend the proposals and can only accept one of the proposed bills without

modification, conforming to the basic assumptions of our model.4

Experts have preferences over both the policy outcome and whether they are

selected. In particular, to model the latter, we allow for a bonus to the chosen

expert, either as a monetary payment or as a non-monetary benefit, such as increased

prestige in his profession. We investigate two cases, with the bonus amount given

exogenously in one case and optimally chosen by the principal in the other.

The above game is very complex in general, due to the size of the strategy space.

In this paper we restrict attention to equilibria in which the experts’ strategies are

stationary with respect to signals, meaning that each expert’s proposal is equal to

his signal plus a constant. We consider focusing on such strategies, that treat states

symmetrically, natural in a game with diffuse prior and preferences that are relatively

stationary in the state, since in such an environment all states are perfectly symmetric

(nothing distinguishes them besides the labeling, which can be arbitrarily rescaled).

A further motivation comes from Ambrus and Kolb (2018), in which they examine

the possibility of extending the concept of ex ante expected payoffs to a larger class

of games with diffuse prior (and hence bringing them into the realm of traditional

game theory, in which payoffs have to be well-defined for any strategy profile). Their

paper shows that in our game expert strategies need to be restricted to be stationary

in order for well-defined ex ante expected payoffs to exist. In particular, given some

weak conditions on the principal’s set of strategies, essentially stationary strategies

are the only strategies for which well-defined limit expected payoffs exist for any

strategy profile when taking a sequence of proper priors diffusing (converging in a

formal sense to the diffuse prior), with the limit not depending on the particular

4 Gilligan and Krehbiel (1989) analyze this situation with an additional option to the floor, in
the form of not accepting either of the proposals and opting for a status quo outcome. As opposed
to our model, Gilligan and Krehbiel (1989) assume perfectly informed experts (committees), which
fundamentally changes the strategic interaction.
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choice of sequence. This result shows that in order to obtain well-defined ex ante

expected payoffs corresponding to all strategy profiles, one would need to restrict

experts’ strategies to stationary ones. In the current paper, stationary strategies

are either characterized by a constant markup — the expert adds a fixed markup

to whatever his signal is — or mixtures thereof. Here, we do not restrict experts’

strategies, but simply focus on equilibria in which they play stationary strategies,

and similarly to existing game theoretical models of improper prior (Friedman (1991),

Klemperer (1999), Morris and Shin (2002, 2003), Myatt and Wallace (2014)), we only

evaluate payoffs in the interim stage (after signal realizations).

Our first result shows that if experts play stationary strategies then we can restrict

attention to the following simple strategies for the principal: always choosing expert

1’s offer (effectively delegating the action choice to expert 1), always choosing expert

2’s offer, always choosing the minimum of the two offers, and always choosing the

maximum of the two offers. In particular, whenever the sum of markups (differences

between proposed action and signal) by the experts is positive, the unique best

response of the principal is always choosing the smaller of the two offers, while if

the sum of the two markups is negative, the unique best response of the principal is

always choosing the larger of the two offers.5

It is easy to show that a (Bayesian Nash) equilibrium with stationary strategies

always exists in our model, in the form of delegating the task to one of the experts.

Formally, one expert always proposing his ideal action conditional on the signal he

observes (equal to the signal plus his bias), the other expert proposing his signal

minus the first expert’s bias, and the principal always delegating the task to the

5 These strategies are also feasible for a principal who can only process information in a coarse way,
being only able to make binary comparisons between two offers and lacking the ability to measure the
difference between them, as consumers in Kamenica (2008). Therefore such information processing
constraints would not hurt the principal in the equilibria we investigate.
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first expert constitutes an equilibrium.6 The question is whether there exist other

equilibria of the game, in which the principal either always chooses the minimum

or always chooses the maximum of the two proposals - hence her choice depends

nontrivially on the proposals. We assume without loss of generality that the sum of

the biases of the two experts is nonnegative.

When the bonus is small relative to the noise in the experts’ signals, there exists

an equilibrium in which the principal chooses the minimum of the two offers and

the experts apply markups above their biases; if both biases are positive, this means

that both experts exaggerate their biases. This result is contrary to a naive intuition

that experts in competition should move toward the center. We call this equilibrium

“min,” as the principal chooses the minimum of the two offers, and since it is optimal

in several respects (discussed below), it is our focal equilibrium. To illustrate, suppose

that experts have the same biases and the bonus is small. Then in this min equilib-

rium both experts propose actions strictly above their ideal actions based purely on

their private signals. This is because, similarly to the winner’s curse phenomenon in

common value auctions, being selected by the principal contains information on the

other expert’s signal (namely that his signal is higher), changing the optimal action

of the expert. In equilibrium, proposals have to be optimal conditional on the event

that the other expert’s action proposal is higher.

We also show that if the experts’ signals are noisy enough then, for a subset of

the range of bonuses for which a min equilibrium exists, there also exists a “max”

equilibrium in which the principal selects the maximum of the two proposals, and

experts propose actions on average below their signals. The strategic forces are

similar to those in the min equilibrium: the fact that the maximum of the two offers is

selected pushes proposals downwards, and for noisy signals on average experts modify

6 There are other Bayesian Nash equilibria on mixed strategies with the same outcome, in which
one expert always proposes his ideal point, the other expert “babbles” (randomizes over possible
messages he can send), and the principal always delegates the task to the first expert.
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their proposals downward relative to their signals. This type of equilibrium does

not exist when the signals are very precise, because then the information conveyed

from being selected does not shift the optimal proposals of the experts enough to

make markups negative on average. We show that even when the max equilibrium

exists, the principal prefers the min equilibrium to it, and thus for further welfare

comparisons we need only consider min equilibrium and simple delegation to the

less-biased expert.

The feature of the above equilibria that similarly biased experts exaggerate in

a particular direction (and hence the principal should choose the proposal least in

the direction of the exaggeration) is in line with empirical evidence. For example,

Zitzewitz (2001), Bernhardt et al. (2006) and Chen and Jiang (2006) find that finan-

cial analysts systematically exaggerate their forecasts relative to unbiased forecasts

based on the analysts’ information sets, while Iezzoni et al. (2012) report that 55%

of doctors in a survey said that in the previous year they had been more positive

about patients’ prognoses than their medical histories warranted.

We compare the principal’s welfare between min equilibrium and simple delega-

tion in order to find the principal-optimal equilibrium. In general, the comparison is

complicated and can go either way, but for several focal cases of interest, the opti-

mum is the min equilibrium. The principal is always better off in the min equilibrium

when the experts have the same biases (as in settings where all available experts have

similar agendas), or when the experts have exactly opposite biases.7 This result holds

even when the bonus is zero and hence there is no competition among experts for

being selected. The principal also prefers min equilibrium to simple delegation when

one expert’s bias is positive and the other’s is zero; this is despite the fact that un-

der simple delegation the unbiased expert’s incentives are perfectly aligned with the

7 The principal’s payoffs are continuous in the parameters of the model for a particular type of
equilibrium, hence the above comparisons are the same when the absolute values of the biases are
close to each other but not exactly equal.
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principal’s. The intuition for the result is that in the min equilibrium the principal

extracts some additional information the second expert, which reduces the variance

of the chosen action, and this benefit always outweighs any cost associated with

higher markups. Applied to a political setting, the latter comparison between min

equilibrium and simple delegation helps explain what voters may otherwise perceive

as corruption – a politician may want to seek advice from a biased expert, even if it

is common knowledge that she already has access to an unbiased expert.

We also compare the principal’s payoffs when experts have equal versus opposite

biases, and our results here are in contrast with some of the existing literature. In

our model, assuming the min equilibrium is played, having two experts with identical

biases yields a higher payoff than having two antagonist experts with opposite biases.

In general, the expected bias of the implemented action is smaller with antagonist

experts than with experts having the same bias, but this benefit is outweighed by

a higher variance of the implemented action that arises because the expert with

the lower bias is selected most of the time, and so the information from the other

expert’s signal is only utilized to a limited extent. This result contrasts models of

competition in persuasion (Milgrom and Roberts (1986), Gentzkow and Kamenica

(2017)), in which antagonist experts benefit the principal by pressing each other to

reveal more information,8 and with the multi-sender cheap talk model of Krishna

and Morgan (2001b), in which having a second sender with the same bias does not

benefit the receiver.9 See also Shin (1998) and Dewatripont and Tirole (1999) for

8 Experts with identical agendas can be better for the principal than experts with opposing agendas
in the persuasion model of Bhattacharya and Mukherjee (2013). The mechanism is rather different
than in our paper, though: with similar experts an undesirable default action can provide strong
incentives for both experts to reveal information.

9 As opposed to cheap talk models with multiple senders and one receiver, where it tends to be
better for information revelation if the senders are oppositely biased from the point of view of the
receiver, in committee settings, where committee members can reveal information to each other,
it helps information revelation if members have more similar preferences - see for example Li and
Suen (2009).
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different types of models making the case for adversarial procedures.

The principal’s expected payoff depends in a complicated way on the noise in

the experts’ signals, and on the amount of the bonus. Hence, for these comparative

statics we focus on the case of equally biased experts. Even in this case, the effect of

the variance of the experts’ signals is ambiguous. An increased precision of experts’

signals reduces the variance of the implemented action conditional on the state.

For small bonuses, this unambiguously increases the principal’s expected payoff.

However, for larger bonuses, it might benefit the principal in the min equilibrium if

the experts increase their markups,10 which can result from increasing the variance

of the signals. We provide an exact characterization (for equally biased experts) for

when a decrease in the variance of experts’ signals benefits the principal.

Increasing the bonus reduces the absolute values of the experts’ markups, hence

bringing their proposals closer to truthful reporting, both in the min and max equi-

libria. Intuitively, a higher bonus increases competition among experts, leading them

to decrease their proposals in the min equilibrium and increase their proposals in the

max equilibrium. In the min equilibrium, this initially improves the principal’s ex-

pected payoff by decreasing the expected bias of the implemented action. There is a

threshold level of bonus though at which the expected bias of the implemented action

becomes zero, and increasing the bonus above this threshold decreases the principal’s

payoff. When the bonus comes from exogenous sources, the optimal bonus from the

principal’s perspective is always strictly positive, and is on the interior of the inter-

val of bonuses for which the min equilibrium exists. When the bonus is paid by the

principal, the optimal bonus amount is always strictly smaller than in the previous

case, and depending on the parameters it can be either strictly positive or zero.

10 This is related to the chunkiness of the principal’s possible choices in our model: for certain
parameter values sticking with choosing the minimum of two proposed actions is still optimal for
the principal, even though it leads to the implemented action being negatively biased. This can
happen if choosing the maximum offer would lead to an even larger positive bias. These are the
cases when an increase in the expectation of the minimum offer benefits the principal.
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In the political competition application of the model the result implies that a

small amount of office-seeking motivation can be beneficial for voters, but at higher

levels a further increase in office-seek motivation can adversely affect voters’ welfare.

We consider two extensions of our model, for equally biased experts. In the first

one we allow the principal to commit ex ante to any mixture of simple strategies,

and show that for bonuses that are not too large, such commitment leads to the

same outcome as in the min equilibrium of the original game, hence the ability to

commit does not improve the principal’s welfare. On the other hand, we show how

committing to choosing an inferior offer with some small probability - introducing an

element of surprise - can improve the principal’s welfare in the case of opposite biases

of large magnitude. The intuition is that in the min equilibrium, the expert with the

positive bias faces a very large winner’s curse, and applies a markup well above his

bias. The other expert faces an almost negligible winner’s curse and applies a markup

just slightly above his bias. Now by threatening to choose the higher offer some of

the time, the principal induces the first expert to reduce his markup drastically and

the second expert to raise his markup, so both markups move closer to zero. The

cost of this deviation to the principal lies in mistakenly choosing the higher offer, but

when the magnitude of the biases is sufficiently large, the benefit outweighs the cost.

The finding that the principal can benefit from committing to a mixed strategy in

certain situations is consistent with an observed pattern of regulatory uncertainty.

Ederer et al. (2018) show similarly that commitment to an opaque reward scheme

reduces temptation to game the system in a principal-agent environment.

In the second extension we drop the dependence of the unselected expert’s payoff

on the implemented action, and instead assume that the expert gets a fixed outside

option payoff. This variant of the model is more realistic in market transaction

situations, such as when experts are car mechanics or doctors. A car mechanic

might be biased towards larger repairs than necessary, but typically he does not care

10



about what type of repair is chosen in case a different mechanic is selected to do

the job. The analysis of this version of the model is more involved, but we show

that under some parameter restrictions similar min and max equilibria exist as in

the baseline model. The fact that the unselected expert gets a fixed outside payment

increases the experts’ proposals in the min equilibrium, and decreases them in the

max equilibrium.

2.2 Related Literature

The literature on delegation so far mainly focused on either the question of delegating

the action choice versus retaining the right to take the action (Dessein (2002), Li

and Suen (2004)) or on optimally constraining the action choices of a particular

expert (Holmström (1977), Melumad and Shibano (1991), Alonso and Matouschek

(2008)). Krishna and Morgan (2008) investigate how monetary incentives can be

used optimally in delegation to a single agent. More related to our investigation are

papers introducing policy-relevant private information on the part of candidates into

the context of the classic Downs (1957) model of political competition: Heidhues

and Lagerlöf (2003), Laslier and Van der Straeten (2004), Loertscher et al. (2012),

Gratton (2014), and closest to our model Kartik et al. (2015), as the latter focuses

on cases when voters are relatively uninformed. Similarly to our setting, in the above

papers politicians receive independent private signals about the state of the world

and hence the optimal policy from the electorate’s point of view. The main difference

relative to our model is that the politicians in the above models do not have policy

preferences, and they are purely office-motivated. For this reason neither the own

private information nor the rival’s private information directly affects their expected

payoffs, and the candidates play a zero-sum game. In contrast, in our model the

experts’ signals are directly payoff-relevant for them, and their interests are partially

aligned, as in higher states they would both like to induce higher actions. This

11



leads to different equilibrium dynamics than in Kartik et al. (2015), and to distinct

conclusions: in particular, in their model the electorate can never strictly benefit

from the presence of a second candidate (relative to just a single one).11

There is also a line of literature extending the Downs (1957) model framework

to politicians having mixed motivation (having both policy preferences and wanting

to win), as in our model, starting with Wittman (1983) and Calvert (1985). Schultz

(1996), Martinelli (2001) and Martinelli and Matsui (2002) introduce asymmetric

information in this context, but as opposed to our paper, with perfectly informed

politicians. This leads to different conclusions, including that full revelation of in-

formation is possible in equilibrium when policy preferences are not too extreme.

Callander (2011) considers a model of sequential elections with imperfectly informed

politicians having mixed motivations, but the issues investigated are different from

ours and inherently dynamic: searching for a good policy in a complex environment,

by trial and error.

Outside the delegation literature, Prendergast (1993) considers a context in which

both a worker and a manager observes the state with noise, and the worker also

receives a noisy signal about the manager’s observation. In this model the worker

has an incentive to cater to the manager and bias her report toward what she thinks

the manager’s observation is. Gerardi et al. (2009) investigates aggregation of expert

opinions through a particular mechanism that approximates the first best outcome

if signals are very accurate. Pesendorfer and Wolinsky (2003) investigate the effects

11 Our model approximates the model in Kartik et al. (2015) when the bonus payment is very
large and so the agents mainly care about being selected. We find that for very large bonuses
the only equilibria in our model involve delegating the action choice to a single agent, which is in
line with the result on maximum informativeness of political competition in Kartik et al. (2015).
Correspondingly, Kartik et al. (2015) discuss an extension of their model in which they show that
allowing a small amount of ideological motivation for the candidates, and assuming that they are
close to unbiased from the electorate’s point of view implies that in equilibrium one candidate must
be winning ex ante with probability close to 1. These results suggest that there is no discontinuity
between no policy preference versus a small amount of policy preference for the agents. Our paper
mainly focuses on cases in which agents’ policy preferences are relatively important.
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of being able to solicit a second opinion from a different expert, in a dynamic model

in which experts are not biased but it is costly for them to gather information.

Another line of literature investigates multi-sender extensions of the cheap talk

model of Crawford and Sobel (1982), and finds that under certain conditions there

can be equilibria in which the receiver can extract full or almost full information from

the senders (Gilligan and Krehbiel (1989), Austen-Smith (1993), Wolinsky (2002),

Battaglini (2002, 2004), Ambrus and Takahashi (2008), Ambrus and Lu (2014)). As

opposed to the above papers, we investigate settings in which the principal cannot

solicit information from experts and then take the action choice herself. Lastly, Otta-

viani and Sørensen (2006) consider a model with multiple experts with reputational

concerns reporting sequentially on privately observed signals. The issues they fo-

cus on (potential herding behavior of experts) are very different than in the current

paper.

2.3 Base Model

We consider the following multi-stage game with incomplete information. There are

three players: a principal and two experts. The set of states of the world is R, and we

assume that the common prior distribution of states is diffuse (improper uniform).

In stage 0 state θ P R realizes. In stage 1 each expert i “ 1, 2 receives a noisy

private signal about the state of the world si “ θ ` εi, where εi „ Np0, σ2q, and

ε1 and ε2 are independent. In stage 2 each expert i proposes an action ai P R to

the principal. In stage 3 the principal chooses one of the two experts, who then

implements the action he proposed in stage 2.

Let real-valued functions a1ps1q and a2ps2q denote the strategies of expert 1 and

expert 2 respectively, while Cpa1, a2q P t1, 2u is the principal’s choice strategy. If

action a “ aCpa1,a2q is taken then the principal’s payoff is V pa, θq “ ´pa ´ θq2, and

the payoff of expert j “ 1, 2 is Ujpa, θ, Cpa1, a2qq “ 1tj “ Cpa1, a2quB ´ pa ´ θ ´

13



bjq
2, where the indicator function 1tj “ Cpa1, a2qu equals 1 if j “ Cpa1, a2q and 0

otherwise. We call bi the bias of expert i. Note that each expert experiences a

quadratic loss which depends on the action chosen but not the identity of the chosen

expert; in Section 2.6, we analyze the case where the quadratic loss applies only to

the chosen expert. Without loss of generality, we assume that b1`b2 ě 0 and b1 ě b2.

We further assume that all parameters of the game are common knowledge.

In the analysis below, we focus on perfect Bayesian equilibria in which experts’

strategies are stationary in the following sense: aipsiq “ si ` ki, where k1, k2 P R. In

words, each expert applies a constant markup to his signal when forming a proposed

action. With slight abuse of notation, we use simply pk1, k2, Cpa1, a2qq to denote a

strategy profile with constant markup strategies.

2.3.1 Best Responses to Stationary Sender Strategies

Here we analyze the principal’s best response to constant markup strategies, where

each expert’s offer is his signal translated by a constant, and show that the best

response only depends on the sum of the markups. As the principal has a quadratic

loss function, her expected payoff can be decomposed into losses from the uncertainty

about the true state (which is independent of her action) and the losses from the

expected difference between the chosen action and the true state. Therefore the

principal prefers the offer which is closer to her posterior expectation of the true

state. After observing the offers, the principal’s expectation about the true state is

lower (higher) than the average of the experts’ offers if and only if the sum of the

markups is positive (negative). Figure 2.1 illustrates a case where the markups have

positive sum.

Let arg minta1, a2u be defined as t1u if a1 ă a2, t2u if a1 ą a2, and t1, 2u if

a1 “ a2. Similarly, let arg maxta1, a2u be defined as t1u if a1 ą a2, t2u if a1 ă a2,

and t1, 2u if a1 “ a2.
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Theorem 1. If experts follow constant markup strategies aipsiq “ si ` ki, then

• if k1 ` k2 ą 0, the principal strictly prefers the lower offer, and Cpa1, a2q P

arg minta1, a2u;

• if k1 ` k2 ă 0, the principal strictly prefers the higher offer, and Cpa1, a2q P

arg maxta1, a2u;

• if k1 ` k2 “ 0, the principal is indifferent between the offers.

Proof. After observing both offers, the principal updates her belief:

θ|a1, a2 „ Np
1

2
pa1 ` a2q ´

1

2
pk1 ` k2q,

σ2

2
q.

Therefore the principal’s expected utility from choosing offer a1 or a2 is:

V pa1q “ Er´pθ ´ a1q
2
s “ ´Varpθq ´ pErθs ´ a1q

2
“ ´

σ2

2
´

„

1

2
pa2 ´ a1 ´ k1 ´ k2q

2

V pa2q “ Er´pθ ´ a2q
2
s “ ´Varpθq ´ pErθs ´ a2q

2
“ ´

σ2

2
´

„

1

2
pa1 ´ a2 ´ k1 ´ k2q

2

.

Hence, V pa1q´V pa2q “ pa2´a1qpk1`k2q, which immediately implies the statements

in the theorem.

Theorem 1 illustrates a contrast between our paper and the standard communi-

cation literature. In the latter, where proposals are mere communication and the

principal has the ability to choose any action, the principal would back out the sig-

nals si “ ai ´ ki and would optimally take action s1`s2
2

. Here, the principal knows

that this would be the best action but is unable to take an action other than the two

offers provided.

An equilibrium pk1, k2, Cpa1, a2qq is said to be an min equilibrium, if the minimum

proposal is accepted and on average experts adjust their signals upwards: k1`k2 ě 0
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s1 a1 a2 s2s1`s2
2

Figure 2.1: The principal updates beliefs and chooses the lower offer (for k1 ą

0, k2 ă 0, k1 ` k2 ą 0).

and Cpa1, a2q P arg minpa1, a2q. In the min equilibrium, the principal’s updated

expectation of the state of the world is lower than the average of the two offers.

Her best response is to choose the lower offer, which is closer to her expectation, as

demonstrated in Figure 1. Likewise, an equilibrium pk1, k2, Cpa1, a2qq is said to be a

max equilibrium if k1 ` k2 ď 0 and Cpa1, a2q P arg maxpa1, a2q.

When k1 ` k2 “ 0 then the principal’s posterior expectation of θ is exactly the

average of the two offers, and she is indifferent between the two.

2.3.2 Simple delegation

In our game there always exist simple pure strategy equilibria in which the principal

always chooses the same expert, independently of two offers, in effect delegating the

decision to her. In particular, Theorem 1 implies that if expert i chooses constant

markup ki “ bi and the other expert j chooses constant markup kj “ ´bi then the

principal is always indifferent between the two offers, and she might as well always

choose expert i. Given this strategy of the principal, expert i’s best response is

choosing exactly markup bi, which in expectation implements his ideal action. The

other expert has no profitable deviation since his proposal is never accepted. While

such an equilibrium exists for each of the two experts, it is more natural to consider

the one in which the principal always chooses the expert with the smaller absolute

bias, who is expert 2 by convention. These observations are summarized in the next

proposition.
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Proposition 2. For i P t1, 2u, an equilibrium exists in which the principal always

chooses expert i and markups are ki “ bi and kj “ ´bi for j ‰ i. The principal’s

expected payoff in this equilibrium is Er´ps` biq2s “ ´σ2 ´ b2
i , where s „ Np0, σ2q.

2.4 Symmetric Biases

In this section we characterize stationary equilibria in pure strategies of the delegation

game for the case of symmetrically biased experts: b1 “ b2 “ b ą 0. Although we

analyze general biases in Section 2.5, we start with the symmetric case for two

reasons. First, in many contexts, experts’ biases are fairly similar, reflecting similar

background and financial interests. Second, we can derive closed form expressions

for equilibrium strategies and comparative statics in this case, which helps to provide

intuition for the main qualitative results.

2.4.1 Min Equilibrium

We begin by investigating equilibria, in which the principal always chooses the min-

imum of the two offers: tpk1, k2, a P arg minta1, a2uq : k1 ` k2 ě 0u. We call these

min equilibria. Here and throughout the rest of the paper, let f and F denote the

PDF and the CDF of the distribution Np0, 2σ2q and let z “ k1 ´ k2.

Using the fact that the expected state given signal realizations ps1, s2q is s1`s2
2

,

the Agent 1’s expected payoff is

U1pk1, k2, Lq “Prps1 ` k1 ď s2 ` k2qE
„

B ´
´

s1 ` k1 ´
s1 ` s2

2

¯2

|s1 ` k1 ď s2 ` k2



`Prps1 ` k1 ą s2 ` k2qE
„

´

´

s2 ` k2 ´
s1 ` s2

2

¯2

|s1 ` k1 ą s2 ` k2



,

which he must maximize over choices of k1. Now consider the effects of a marginal

increase in k1. For cases where expert 1 has a strictly higher offer, there is no change

in expert 1’s utility since the implemented action of expert 2 remains unchanged.
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For cases where expert 1 has a strictly lower offer, expert 1 is still selected, but

the change in his action influences his quadratic loss. For the marginal case where

s1 ` k1 « s2 ` k2, expert 1 goes from being selected to unselected, and thus loses

the associated bonus B. However, the quadratic loss term is the same regardless of

which expert is chosen, and so causing expert 2 to be chosen at the margin does not

influence expert 1’s loss term. In equilibrium, expert 1 is best responding, and thus

the amount of foregone bonus must be offset by a helpful reduction in quadratic loss.

Specifically, expert 1’s first order condition is

k1 “ b`

ˆ

σ2
´
B

2

˙

fpk1 ´ k2q

1´ F pk1 ´ k2q
. (2.1)

Combining this with the first order condition for expert 2, we obtain a unique

equilibrium candidate in which both experts choose a markup km “ b`
σ2´B

2

σ
?
π

.12 This

expression combines two effects: a winner’s curse effect and a bonus-stealing effect.

To isolate the former, suppose for a moment that B “ 0. Clearly km ą b, that is,

each expert’s offer is above his optimal offer were he guaranteed to be chosen, as in

the case of simple delegation. The reason is that, conditional on being selected, an

expert learns that his rival had a sufficiently high signal and the expert would prefer

to revise his offer upward. The expert’s equilibrium markup must account for this.

The bonus-stealing effect acts in the opposite direction and is proportional to the

size of the bonus.

As the bonus increases, experts compete more aggressively by reducing their

markups. For these markups to remain part of an equilibrium, the principal must

be best-responding by choosing the lower offer, which requires that each markup is

positive. Equivalently, the bonus must not be too large: B ď 2σ2` 2
?
πσb. In what

12 Here and throughout we use subscript or superscript m to denote min equilibrium; we will use
M for max equilibrium, introduced in the next section.
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follows, it is useful to define ρ :“ σ2 ´ B
2

.

Proposition 3. Suppose b1 “ b2 “ b ą 0. Then a min equilibrium exists if and only

if B ď 2σ2 ` 2
?
πσb. When it exists, it is unique, and the markups are km1 “ km2 “

km “ b` ρ
σ
?
π

.

It is worth noting that if B ă 2σ2, the winner’s curse effect outweighs the bonus-

stealing effect and km ą b, or in other words, experts make offers that exceed the

sum of observed signal and bias (which would be the optimal proposal solely based

on own information). In the opposite case the bonus-stealing effect dominates, with

km ď b.

2.4.2 Max Equilibrium

If the sum of markups is negative, then the principal’s best response is to choose

the maximum of the two offers. We now consider max equilibria. The forces of the

previous section are reversed. Here, an expert’s winner’s curse is that he would have

preferred a lower offer, since being selected (with the higher offer) indicates that

the rival expert had a sufficiently low signal. On the other hand, experts compete

for the bonus by raising their offers. In a max equilibrium, the experts’ offers are

kM “ b ´
σ2´B

2

σ
?
π
. For the principal to best-respond by choosing the maximum offer,

it must be that each markup is nonpositive, which again places an upper bound on

the bonus: B ď BM :“ 2σ2 ´ 2
?
πσb.

Proposition 4. Suppose b1 “ b2 “ b ą 0. Then a max equilibrium exists if and only

if B ď 2σ2 ´ 2
?
πσb. When it exists, it is unique, and the markups are kM1 “ kM2 “

kM “ b´ ρ
σ
?
π

.

By inspection, the upper bound on the bonus for a max equilibrium is strictly

lower than that for a min equilibrium, and in fact, it can be negative. In this case,
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no max equilibrium exists. The reason is that the assumption b1 “ b2 “ b ą 0

anchors markups at a positive value, and this works in the same direction as bonus-

stealing in the case of a max equilibrium. Since markups must be negative, the sum

of these forces must be outweighed by the winner’s curse. If b is sufficiently large,

then markups would be positive even with zero bonus, which is inconsistent with

max equilibrium.

The max equilibrium, if exists, also involves a winner’s curse effect and a bonus-

stealing effect, but with opposite signs than in the case of the min equilibrium: the

former induces experts to lower their offers while the latter to increase their offers.

2.4.3 Principal-Optimal Equilibrium

For the case of symmetric biases, the min equilibrium is optimal among the pure-

strategy, stationary equilibria discussed so far. We make use of the quadratic loss

utility form, noting that the principal’s expected utility Epa´ θq2 (net of the bonus

paid, and conditional on θ) is equal to ´b̄2´V ar where b̄ :“ Epa´θq is the expected

bias of the chosen offer and V ar :“ Varpa ´ θq is the variance of the bias. For the

equilibria discussed, we have

• simple delegation: b̄ “ b, V ar “ σ2

• min equilibrium: b̄ “ b´ B
2
?
πσ

, V ar “ p1´ 1
π
qσ2

• max equilibrium: b̄ “ b` B
2
?
πσ

, V ar “ p1´ 1
π
qσ2

Comparing min and max equilibria, we see that the variance of the bias is the

same due to symmetry, while b̄ has smaller magnitude for the min equilibrium because

b ą 0. Intuitively, the principal’s ability to select the lower of the two offers offsets the

inherent bias of the agents, whereas selecting the higher offer does not. Comparing

simple delegation with the min equilibrium, we see that V ar is lower for the latter.
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The reason is that the inclusion of the second expert primarily is binding when he

has the lower offer, which is more likely when the first expert’s signal is high. This

truncates the principal’s loss in such situations and reduces variance. On the other

hand, expected bias can have larger magnitude in the min equilibrium than under

simple delegation, as can be seen easily in the case of b “ 0, but the condition

B ď Bm for the existence of a min equilibrium ensures any such disadvantage is out

weighed by the variance reduction. These comparisons show that the min equilibrium

is principal-optimal among pure-strategy, stationary equilibria.

Proposition 5. Suppose b1 “ b2 “ b ą 0. Then whenever the min equilibrium exists,

the principal prefers it to simple delegation. If, in addition, the max equilibrium also

exists, the principal prefers the min equilibrium to the max equilibrium.

In Section 2.6.1, we show further that in the case of equal biases, the min equi-

librium is optimal if the principal is given commitment power and has the ability

to choose a mixed strategy, provided that the bonus is not too large. In particular,

commitment by the principal results in the same outcome as in the min equilibrium

of the game without commitment.

2.4.4 Comparative Statics

Given that the min equilibrium is optimal among pure strategy stationary equilibria,

and optimal under commitment for a large range of bonus values, from here on we

investigate comparative statics of the principal’s expected payoff in the min equilib-

rium. We highlight three nonmonotonicities with respect to input parameters: b, σ

and B.

First, the principal’s payoff is nonmonotonic in the common bias b of the experts;

in particular, for any B P r0, Bms such that the min equilibrium exists, the principal-

optimal level of expert bias is b˚ “ B
2
?
πσ

, which is strictly positive if B ą 0 and
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is strictly increasing in B. The intuition for why the principal can benefit from an

increase in the experts’ bias is that this can reduce the magnitude of the expected bias

of the ultimately selected action (i.e., the difference between the implemented offer

and the true state). When b is small, since the principal is choosing the lower of the

two offers, this expected bias is negative, despite the fact that markups are positive;13

by increasing b, this expected bias moves closer to 0, decreasing in magnitude. The

larger is B, the more aggressively experts compete by lowering their markups, and

the more negative the expected bias becomes; hence there is more room for the

principal to benefit by increases in b.

Second, the principal’s payoff is nonmonotonic in the noise level σ in the experts’

signals. Increasing σ has two effects: it unambiguously increases the variance p1 ´

1
π
qσ2 of the chosen offer, which hurts the principal, but it can help the principal by

reducing the magnitude of the expected bias. Recall that for small b, the expected

bias is negative. When σ increases the winner’s curse becomes more severe, and

moreover, the bonus-stealing incentive decreases since a marginal reduction in an

expert’s offer is less likely to be pivotal. Both of these forces increase the common

equilibrium markup of the experts, so the (negative) expected bias moves closer to 0.

On net, the reduction in magnitude of the expected bias works opposite the increase

in variance, and for certain parameter values, the former can outweigh the latter.

Lemma 55 in Appendix A provides the formal comparative statics of the principal’s

utility in the precision of the experts’ signals.

Third, the principal’s payoff is nonmonotonic in the bonus B, even when this

bonus is provided externally (not from the principal’s pocket). Formally, suppose

that the game is preceded by a stage in which the principal publicly commits to a

bonus level B, and that the principal’s payoff is still ´pa ´ θq2. While the variance

13 This is possible because of the limited choice set the principal has: it can be that the expectation
of the minimum of the two offers has a negative bias and still preferred by the principal to the
maximum, provided that the latter has a positive expected bias with a larger magnitude.
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of the action V arpkm, km, Lq “ σ2 ´ σ2

π
does not depend on B, the expected bias

bm “ b´ B
2
?
πσ

is decreasing in B. The principal prefers the expected bias to be as close

to 0 as possible, so her expected payoff in the min equilibrium is maximized at B “

2
?
πσb, where it is equal to ´σ2r1´ 1

π
s. At B “ 0, b̄ “ bm :“ b´ B

2
?
πσ
“ b ě 0 and

a small increase in bonus decreases the experts’ markup and benefits the principal.

However, at B “ Bm bm “ b ´ B
2
?
πσ
“ ´ σ?

π
ă 0 and principal prefers to increase

markups and correspondingly lower bonus. As a consequence, an intermediate point

B “ 2
?
πσb is optimal.

The principal’s payoff is also non-monotonic in the bonus B when it is paid by the

principal. While increasing the bonus has a direct cost to the principal, it increases

the bonus-stealing incentive which reduces markups. This reduces the magnitude of

the expected bias when the expected bias is positive. A simple condition determines

when a positive B is optimal. Recall that the principal’s payoff is ´B ´ b2
m ´ V ar.

Starting from B “ 0, an increase in B reduces b2
m at a rate b?

πσ
, which is increasing in

b due to quadratic loss and which is decreasing in σ since the bonus-stealing incentive

is weaker for larger σ. The net change in the principal’s payoff is positive if and only

if b?
πσ
ą 1.

Further look at the relationship between the principal’s payoff and the bonus. The

principal chooses a strictly positive bonus if the decrease in expected bias exceeds the

marginal disutility from increasing bonus: b?
πσ
ą 1. This holds for b “ 2, σ “ 0.5,

but not for b “ 1, σ “ 1.

Proposition 6 summarizes the various nonmonotonicities discussed above.

Proposition 6. Suppose b1 “ b2 “ b ą 0. The principal’s expected payoff in the min

equilibrium is nonmonotonic in b and σ. It is also nonmonotonic in B, both when it

is paid from exogenous sources and when it is paid by the principal.
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2.5 General Biases

Many of the economic insights obtained in the case of like biases extend to general

biases. Below we show what results continue to hold, but focus on new insights.

2.5.1 Characterizing Min and Max Equilibria For General Biases

First we generalize the characterizations of the min and max equilibria. Recall the

definition ρ :“ σ2 ´ B
2

. The first order conditions for the players are

k1 “ b1 ` ρ
fpk1 ´ k2q

1´ F pk1 ´ k2q
(2.2)

k2 “ b2 ` ρ
fpk1 ´ k2q

1´ F pk1 ´ k2q
. (2.3)

Subtracting these yields

z ´ ρ rvpzq ´ wpzqs “ b1 ´ b2. (2.4)

In the proof of Theorem 7, there is a unique solution to (2.4) which we denote

z˚.

Theorem 7. There exists a threshold Bm ą 0 such that a min equilibrium exists

if and only if B ď Bm. When it exists, it is unique and characterized by markups

km1 “ b1 ` ρvpz˚q and km2 “ b2 ` ρwpz˚q with km1 ´ km2 “ z˚ ě 0. Moreover, Bm lies

in the interval r2σ2 ` 2
?
πσmaxp0, b2q, 2σ

2 `
?
πσpb1 ` b2qs. For B ď Bm,

• z˚ ě b1 ´ b2 ðñ B ď 2σ2 ðñ ρ ě 0;

• b̄pkm1 , k
m
2 , Lq “ bm :“ b1p1´ F pz

˚qq ` b2F pz
˚q ´Bfpz˚q;

• V arpkm1 , k
m
2 , Lq “ σ2 ´ 4σ4f 2pz˚q ´ 2σ2z˚fpz˚qp2F pz˚q ´ 1q ` pz˚q2F pz˚qp1 ´

F pz˚qq.
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The next theorem characterizes max equilibrium. Note that if BM ă 0, no max

equilibrium exists. Recall the definition of z˚ from (2.4).

Theorem 8. There exists a threshold BM such that a max equilibrium exists if and

only if B ď BM . When it exists, it is unique and characterized by kM1 “ b1´ ρwpz
˚q

and kM2 “ b2 ´ ρvpz˚q, with kM1 ´ kM2 “ z˚ ě b1 ´ b2 and BM P r2σ2 ´
?
πσpb1 `

b2q, 2σ
2 ´ 2

?
πσmaxp0, b2qs. For B ď BM ,

• b̄pkM1 , k
M
2 , Hq “ bM “ b1F pz

˚q ` b2p1´ F pz
˚qq `Bfpz˚q;

• V arpkM1 , k
M
2 , Hq “ σ2 ´ 4σ4f 2pz˚q ´ 2σ2z˚fpz˚qp2F pz˚q ´ 1q ` pz˚q2F pz˚qp1´

F pz˚qq.

The following corollaries are immediate from Theorems 7 and 8.

Corollary 9. A max equilibrium exists only if a min equilibrium exists; that is,

BM ď Bm.

Corollary 10. For B ď BM , km1 ´ b1 “ b2 ´ k
M
2 and km2 ´ b2 “ b1 ´ k

M
1 .

Lemma 11. If both experts follow constant markup strategies ajpsjq “ sj ` kj and

the principal always chooses the lower offer, then

b̄pk1, k2, Lq “ ´2σ2fpzq ` k1p1´ F pzqq ` k2F pzq;

V arpk1, k2, Lq “ σ2
´ 4σ4f 2

pzq ´ 2σ2zfpzqp2F pzq ´ 1q ` z2F pzqp1´ F pzqq;

V pk1, k2, Lq “ ´σ
2
` 2pk1 ` k2qσ

2fpzq ´ k2
1p1´ F pzqq ´ k

2
2F pzq;

Uipk1, k2, Lq “ ´σ
2
` 2σ2

pki ` kj ´ 2biqfpzq ´ pkj ´ biq
2F pki ´ kjq´

pki ´ biq
2F pkj ´ kiq.

Notice that the equilibrium markup difference z˚ as well as Varpa´ θq depend on

the biases of the experts only through b1 ´ b2. In Appendix A (Corollary A.1.1), we

give the full expansion of the players’ utilities in the min equilibrium.
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Lemma 12. If both experts follow constant markup strategies ajpsjq “ sj ` kj and

the principal always chooses the higher offer, then

b̄pk1, k2, Hq “ k1 ` k2 ´ b̄pk1, k2, Lq;

V arpk1, k2, Hq “ V arpk1, k2, Lq;

V pk1, k2, Hq “ V p´k1,´k2, Lq;

Uipk1, k2, Hq “ ´σ
2
´ 2σ2

pki ` kj ´ 2biqfpzq ´ pki ´ biq
2F pki ´ kjq´

pkj ´ biq
2F pkj ´ kiq.

In the max equilibrium, the principal’s strategy of choosing the higher offer im-

plies that, conditional on being chosen, an expert must revise his belief and his

markup downward. This downward force must be sufficiently large to ensure that

the sum of markups is negative, so that the principal’s choice of the higher offer is

a best response. Hence, noise must be sufficiently large for the max equilibrium to

exist.

2.5.2 Principal-Optimal Equilibrium

In this section we compare the principal’s expected utility in the min and max equi-

libria, and in the case of simple delegation. We also investigate how the principal’s

expected payoff in equilibrium depends on the biases of the experts. The main find-

ing is that the min equilibrium remains always preferred by the principal to the max

equilibrium, and for a large range of parameter values (including the focal cases of

equal biases, opposite biases, or one bias equal to zero) the min equilibrium outper-

forms simple delegation as well.

Note that the equilibrium markup difference z˚ and Varpa ´ θq stay the same

as in the min equilibrium. In the max equilibrium expert 1’s offer is chosen with

probability F pz˚q, which is higher than 1 ´ F pz˚q in the min equilibrium, and this

shifts the expected bias higher. As a result, the expected bias is higher in the max
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equilibrium, making it inferior to min equilibrium for the principal. In Corollary

A.1.2 we provide expressions for the players’ utilities.

First we establish that whenever both min and max equilibria exist, the principal

always prefers the former.

Proposition 13. For any fixed B ě 0, the principal prefers min equilibrium to max

equilibrium whenever both exist.

The intuition for the above result can be summarized as follows. As we pointed

out earlier, in any state θ, the variances of the expected offer Varpa´ θq in the min

and max equilibria coincide, but the expected bias Epa ´ θq is higher in the max

equilibrium. Furthermore, in the max equilibrium the bonus motivates experts to

increase their markups, as opposed to min equilibrium in which the bonus motivates

experts to decrease their markups: bM “ b1F pz
˚q ` b2p1´F pz

˚qq `Bfpz˚q ě b1p1´

F pz˚qq ` b2F pz
˚q ´Bfpz˚q “ bm. Hence, to conclude that the principal is better off

in the min equilibrium it is enough to show that |bM | ě |bm| or, taking into account

the above, bm ` bM ě 0. Markup differences in the min and max equilibria coincide,

but the choice rule is opposite, therefore for both experts the probabilities of winning

in the min and max equilibria are complementary. The direct effects of the bonus on

bm and bM are opposite and equal in absolute value. Therefore bm`bM “ b1`b2 ě 0,

implying that the principal is better off in the min equilibrium.

We can further argue that in case the two experts are not equally biased, the

expert with the lower bias also prefers min equilibrium to max equilibrium, while

the expert with the higher bias has the opposite preferences. This is both because

the expected action is closer to expert 2’s ideal point in the min equilibrium, and

closer to expert 1’s ideal point in max equilibrium, and because expert 2 is chosen

(and hence receives the bonus) with higher probability in the min equilibrium, and

expert 1 is chosen with higher probability in the max equilibrium.
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Given the above result, we now compare the principal’s utility in the min equilib-

rium and simple delegation to the expert with the smaller absolute bias. In general

this comparison is complicated, but in the next proposition we show that, for any

positive difference between the experts’ biases, the principal prefers simple delegation

to min equilibrium if the mean of the two biases is sufficiently high. On the other

hand, when one of the experts is unbiased, the principal prefers the min equilibrium

to simple delegation.

Proposition 14. Assume B “ 0, and parameterize biases as b1 “ b`x and b2 “ b´x

for some x, b ě 0. For all x ą 0, there exists a threshold b˚ ą 0 such that the principal

prefers simple delegation to the min equilibrium if and only if b ą b˚. In addition,

the principal always prefers min equilibrium when b2 “ 0.

In particular, Proposition 14 says that for opposite biases (parametrized by x ą 0,

b “ 0) the principal prefers the min equilibrium. Note that the case x “ 0 (equal

biases) was treated in Proposition 5, where we showed that for any common bias b,

and any bonus B such that the min equilibrium exists, the principal prefers the min

equilibrium to simple delegation.

For intuition behind the above result, recall that the variance of the chosen action

in the min equilibrium is always lower than that in simple delegation, and both are

independent of b. As b increases, the expected bias b ´ p2F pz˚q ´ 1qx in the min

equilibrium and b ´ x in the max equilibrium increase at the same rate. Since

the former is higher than the latter, and losses are quadratic, this increase hurts

more in the min equilibrium than in simple delegation. Once b is high enough, this

disadvantage outweighs the initial advantage of lower variance.

Figure 2.2 illustrates the comparison between min equilibrium and simple dele-

gation for the case B “ 0, σ “ 1. In the larger, unshaded region between the dashed

lines, the principal prefers the min equilibrium.
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Figure 2.2: The principal-optimal equilibrium depending on the biases pb1, b2q

2.5.3 Equal vs. Opposite Biases

Here we compare the expected payoff the principal can achieve with two equally

biased experts, b1 “ b2 “ b, to the expected payoff she can achieve with two op-

positely biased experts, b1 “ ´b2 “ b. Theorem 7 implies that the expected bias

of the action in the case of equally biased experts is equal to b. In the case of op-

positely biased experts the expected bias of the action is bp1 ´ 2F pz˚qq ´ Bfpz˚q,

simplifying to bp1 ´ 2F pz˚qq when B “ 0. Hence, with B “ 0 the absolute value of

the expected bias in the case of oppositely biased experts is lower than in the case

of equally biased experts. However, the next proposition shows that the variance of

the action is lower in the symmetric case, and in fact this effect dominates, resulting

in the principal preferring to have two equally biased experts. Let Vsymmpbq be the

principal’s expected payoff in the min equilibrium when b1 “ b2 “ b, let Vopppbq be

the principal’s expected payoff in the min equilibrium when b1 “ ´b2 “ b, and let

Vsimpbq “ ´σ
2´ b2 be the principal’s expected payoff in the case of simple delegation

to an expert with absolute bias b.

Proposition 15. For any b ą 0, Vsymmpbq ě Vopppbq ě Vsimpbq.

Proof. Min equilibrium for opposite biases exists only if B ď Bm “ 2σ2. From
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Theorem 7

Vsymmpbq “ ´σ
2
´ b2

` 2Bbfp0q ` p4σ4
´B2

qf 2
p0q

Vopppbq “ ´σ
2
´ b2

`

ˆ

σ4
´
B2

4

˙

f 2pz˚oppq

F pz˚oppqp1´ F pz
˚
oppqq

ě ´σ2
´ b2

“ Vsimpbq,

where z˚opp is the min equilibrium markup difference in the case of oppositely biased

experts. As 2Bbfp0q ě 0 and f2pzq
F pzqp1´F pzqq

reaches its maximum at z “ 0, we get

Vsymmpbq ě Vopppbq

2.6 Extensions

In this section, we consider two extensions of the model.

2.6.1 Commitment

We now extend the model to allow the principal to publicly commit to a mixed

strategy. In particular, suppose that the principal can credibly commit to choose the

lower offer with any probability p P r0, 1s and the higher offer with probability 1´ p.

When experts have equal biases and the bonus is not too large, commitment

power does not help the principal; the principal would choose p “ 1, which is already

a min equilibrium without commitment. On the other hand, in some instances, the

principal benefits from introducing an “element of surprise” and optimally commits

to a mixed strategy. To illustrate this point, it suffices to consider oppositely biased

experts and a bonus of B “ 0. As the common magnitude b of the biases increases,

expert 1’s winner’s curse in the min equilibrium becomes more severe, and his markup

very large. By introducing a small probability of choosing the higher offer, expert 1 is

incentivized to reduce his markup, benefiting the principal. The cost to the principal

of doing so is in choosing the wrong offer. When b is large, the markup reduction

is large and outweighs the cost, and thus the principal can profitably deviate from

p “ 1 to an interior p.
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If the principal commits to choosing the lower offer with probability p, then by

Lemma 57 in Appendix A, whenever B ď 2σ2, there exists a unique equilibrium

of the game between the two experts, for any pair of expert biases. In the case of

b1 “ b2 “ b, the unique equilibrium given the pre-committed strategy of the principal

involves k1 “ k2 “ k “ b` p2p´ 1q2σ2´B
2
?
πσ

. The principal’s utility is thus

V “ p

„

´σ2
´ k2

`
2σ
?
π
k



` p1´ pq

„

´σ2
´ k2

´
2σ
?
π
k



“
ρp2σ2 `Bq

2πσ2
p2p´ 1q2 `

bB
?
πσ
p2p´ 1q ´ σ2

´ b2.

The first part of Proposition 16 follows from inspection of the above. The proof

of the second part of the proposition is more detailed and is deferred to Appendix

A.

Proposition 16. For all B ď 2σ2 and b1 “ b2 “ b ą 0, p “ 1 is the optimal strategy

of the principal under commitment. For B “ 0, b1 “ b ą 0 and b2 “ ´b, if b is

sufficiently large, the optimal p under commitment satisfies p P p0, 1q.

2.6.2 Unselected Expert Indifferent over Actions

In the baseline model we assumed that an expert whose offer is not selected is still

affected by principal’s action. While this is a reasonable assumption in some contexts,

in other situations it is more realistic to assume that the expert not selected by

the principal receives an outside payoff that is independent of the state and the

implemented action. For instance, a car mechanic is unlikely to care what kind of

maintenance is done if he is not the one selected for the job. In this extension we

assume that if expert i is chosen then expert j’s realized payoff is normalized to be

0. We restrict attention the case of equally biased experts: b1 “ b2 “ b ą 0.

In this version of the model we assume that B is large enough that an expert’s

expected payoff under simple delegation to that expert is nonnegative; that is, he
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prefers simple delegation to not being selected at all. Under this condition, the same

simple delegation equilibria exist in this version of the model as in the baseline model.

Below we show that under some conditions there also exist symmetric pure strategy

equilibria that are similar to the ones characterized in the baseline model. For this

to be the case, the bonus payment must be neither too low nor too large.

First we examine the conditions for the existence of the min equilibrium. Us-

ing the same notation as before, we investigate strategy profiles tpk1, k2, Cpa1, a2q P

arg minta1, a2uq : k1` k2 ě 0u. While for any such profile the principal’s payoff does

not change, the experts’ expected payoffs should be recalculated:

Uipki, kj, Lq “

8
ż

ki´kj

«

B ´

ˆ

ki ´ b´
t

2

˙2

´
σ2

2

ff

fptq dt

“
“

B ´ σ2
´ pki ´ bq

2
‰

p1´ F pki ´ kjqq `

„

2σ2
pki ´ bq ´

1

2
σ2
pki ´ kjq



fpki ´ kjq.

Notice that for a fixed constant markup strategy of the other expert, an expert can

choose arbitrarily high constant markup and guarantee an expected payoff arbitrarily

close to 0.14 Hence, 0 is a lower bound for experts’ equilibrium payoffs.

In what follows, define β :“
b

π ` B
σ2 ´

5
2
, B1 :“

´

5
2
´

3πp8π´11q
16pπ´1q2

¯

σ2 and B2 :“

5
2
σ2 ` 2

?
πbσ ` b2.

Proposition 17. A symmetric min equilibrium km1 “ km2 “ km exists if and only if

B P rB1, B2s. When it exists, it is characterized by:

• km1 “ km2 “ km “ b` p
?
π ´ βqσ;

• b̄pkm, km, Lq “ b`
´?

π ´ β ´ 1?
π

¯

σ;

• V arpkm, km, Lq “
`

1´ 1
π

˘

σ2;

14 For this reason, we do not introduce an explicit participation constraint in this version of the
model, even though such a constraint would be natural in many applications.
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• V pkm, km, Lq “ ´
”

b`
´?

π ´ β ´ 1?
π

¯

σ
ı2

´ σ2 ` σ2

π
;

• Uipkm, km, Lq “
”

π´1?
π
β ` 7

4
´ π

ı

σ2 for i “ 1, 2.

In Appendix A we show that km “ b`p
?
π´βqσ ą kbas.m “ b`p1´ B

2σ2 q
σ?
π
, hence

in this version of the model experts select higher markups in the min equilibrium than

in the baseline model (for parameter values for which min equilibrium exists in both

model versions). The intuition behind this result is that in this alternative version of

the model, the relative gain from being selected is reduced by the policy loss (that is

not imposed on the expert if not selected). Since we consider B sufficiently large that

expected payoffs are nonnegative, the resulting “net bonus” is still nonnegative; being

selected is still preferable, conditional on having made the lower offer. It follows that

an expert’s equilibrium offer in either version is lower than what is ex-post optimal

for that expert – that is, optimal after conditioning on both the expert’s signal and

having the lower offer. The smaller net bonus in the alternative version reduces the

expert’s incentive to marginally lower his offer in order to more frequently earn the

net bonus. This reduction must be met by an offsetting reduction in his incentive

to raise his offer, which is enforced through his bidding higher and thus closer to his

ex-post optimum; due to quadratic losses, marginal movements toward the ex-post

optimum have decreasing marginal benefits.

We note that the qualitative comparison between this extension and the baseline

model is dependent upon the modeling of preferences over policy outcomes through

losses. Such a model is appropriate for applications where an expert would prefer

not to be associated with the project if his action would be sufficiently far from the

true state; for example, this would be the case if the expert has a reputation at stake.

Alternatively, one could model preferences through gains, using some single-peaked,

nonnegative utility function of the distance between the action and the true state.
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In that model, the comparison above would be reversed, as being selected enhances

the bonus and thus experts compete more aggressively by lowering their offers.

Next we turn attention to characterizing the conditions under which a max equi-

librium exists in which the principal always chooses the higher offer. Experts’ ex-

pected payoffs can be calculated as:

Uipki, kj, Hq “

ki´kj
ż

´8

«

B ´

ˆ

ki ´ b´
t

2

˙2

´
σ2

2

ff

fptq dt

“
“

B ´ σ2
´ pki ´ bq

2
‰

F pki ´ kjq ´

„

2σ2
pki ´ bq ´

1

2
σ2
pki ´ kjq



fpki ´ kjq

As in the min equilibrium, 0 is a lower bound for experts’ equilibrium payoffs.

Proposition 18. Consider b1 “ b2 “ b ą 0. If b
σ
ą

3
?
π

4pπ´1q
, then no symmetric max

equilibrium exists. If b
σ
ď

3
?
π

4pπ´1q
, then a symmetric max equilibrium kM1 “ kM2 “ kM

exists if and only if B P rB1, B2s. When it exists, it is characterized by:

• kM1 “ kM2 “ kM “ b´ p
?
π ´ βqσ;

• b̄pkM , kM , Hq “ b´
´?

π ´ β ´ 1?
π

¯

σ;

• V arpkM , kM , Hq “ p1´
1
π
qσ2;

• V pkM , kM , Hq “ ´
”

b´
´?

π ´ β ´ 1?
π

¯

σ
ı2

´ σ2 ` σ2

π
;

• UipkM , kM , Hq “
”

π´1?
π
β ` 7

4
´ π

ı

σ2 for i “ 1, 2.

For the max equilibrium, the difference relative to the baseline model is the mirror

image of the difference described earlier for the min equilibrium. Again, the bonus

is reduced by quadratic losses, but in the max equilibrium this causes markups to

decrease, as experts compete less aggressively to make the higher offer.
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2.7 Conclusion

We proposed a model in which a principal can choose between two imperfectly in-

formed experts, introducing the possibility of competition in a delegation framework.

We showed that a principal with limited knowledge of the decision environment can

benefit from the presence of two experts, relative to a simple unconstrained delega-

tion to one of them, even if the experts have exactly the same bias. The main reason

is that in equilibria in which the selection of the expert depends nontrivially on the

experts’ proposals, information is utilized from both experts’ private signals. The

option of offering a bonus payment to the selected expert can improve the principal’s

payoff, by inducing the experts to report more truthfully, but only to a certain point.

Lastly, committing with a small probability to choose the (in expectation) inferior

proposal can benefit the principal.

As this is the first step in investigating the benefits of multiple choices of experts

in a delegation problem, there are many avenues of future research. One is examining

multi-dimensional environments, in which different experts differ in their dimensions

of specialization. Another direction would be investigating the problem of choosing

an expert to delegate a task to with a more general mechanism design approach.
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3

Optimal Auctions with Ex-Post Verification and
Limited Punishments (with Sergii Golovko)

3.1 Introduction

During the last few decades, auctions have been extensively used by governments for

privatization. Examples include the sale of large enterprises in eastern and western

Europe, the licensing of the electromagnetic spectrum in the United States, and the

sale of construction contracts. In each of these auctions, the relationship between

the seller and the buyer extends beyond the auction setting, as a privatized firm

pays taxes, is monitored by the government, and is affected by ongoing industry

regulations. As a result, the government may gain access to information regarding

the buyer’s true valuation. If the government realizes ex-post that the price paid in

the auction was too low, it can use its regulatory power to penalize the buyer.

For example, in 2004, the Ukrainian government sold a major steel producer,

Kryvorizhstal, to a consortium led by the president’s son-in-law for $800 million. This

price was considered to be too low, and the incident was used as a stunning example of

corruption during the following presidential election. The new government deemed
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the instance of privatization illegal and canceled the sale, and Kryvorizhstal was

eventually resold for $4.81 billion. The New York Times called the deal ”Ukraine’s

biggest and most profitable privatization auction.”1

This paper addresses situations in which the seller’s ability to punish bidders is

limited. For instance, in repeated procurement auctions, if the government receives

paperwork from a bidder with a history of previous negative interactions, it may dis-

qualify the bidder. Our results indicate that even if the probability of this occurring

is quite small, its effect on the seller’s expected revenue is significant. Therefore,

knowing how to construct an optimal mechanism in environments with ex-post ver-

ification and limited punishments may be quite important in practice.

In our model, a profit-seeking seller uses an auction to allocate an indivisible

object to one of several ex-ante identical buyers. Prior to the auction, the seller

commits to both an auction format and a penalty rule as a function of the winning

bid and the winner’s valuation. We assume that after the auction, the winner’s value

can be precisely verified through, for example, observing the revenue stream. Once

the winner’s value is established, the seller is able to impose a punishment and the

winner suffers a corresponding loss. Only a part of this punishment contributes to

the seller’s revenue, however. In this way, we incorporate both monetary and non-

monetary punishment possibilities, as well as the costliness of imposing a punishment.

In this paper, when considering winner-pay auctions, we find the optimal selling

mechanism, which includes both an auction format and a penalty rule, and study the

efficiency of an optimal auction. The latter is important in practice. If the reserve

price is set too high, the government may fail to sell the object. If the price is too

low, however, the power can face critics from the public once the true value of object

is verified. As the Economist notes in discussing the privatization of the Royal Mail

though the IPO: ”The Royal Mail sale was a reminder of the political risks: price

1 The New York Times, March 15th, 2006.
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an asset too high and the deal might flop; price it too low and the taxpayer feels

cheated.” 2

We start our analysis by studying a first-price auction. Our first observation,

which extends to other auction formats as well, is that the problem of finding an

optimal penalty rule can be reduced to the design of an optimal type-dependent

recommendation. Before an auction starts, the seller announces how much he expects

each type of buyer to bid. The recommendation is anonymous, as it depends on

the buyer’s valuation rather than his identity. If the winner follows the seller’s

recommendation, he is not penalized (or penalized a lesser amount); otherwise, he

can be penalized the maximum amount, provided he is the winner. Our second

observation is that unlike in standard auctions, equilibrium recommendations, or the

ones from which bidders do not find it profitable to deviate, can be non-monotonic:

that is, a bidder with a high valuation may be prescribed to bid less than a bidder

with a lower valuation.

Nevertheless, we show that the seller’s optimal recommendation is monotonic.

The penalty is used purely as a threat—the buyer is never punished, provided he

follows the recommendation. The standard methods that prescribe using differential

equations to derive the symmetric equilibrium are not applied in our environment.

Instead, we use the following recursive procedure to find the optimal recommendation

for a first-price auction. We divide the type space into finitely many intervals. If the

buyer’s type falls in the very left interval, the buyer is prescribed to bid his value. If

the buyer’s type is in the next interval, then the buyer’s bid is determined in order

to make him indifferent between bidding according to the recommendation without

being punished and mimicking one of the buyer’s types in the previous interval while

being punished at the maximum amount. Similarly, for each consequent interval,

the buyer is indifferent between following the recommendation and mimicking one

2 The Economist, January 9th 2014.
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of the buyer’s types from all previous intervals at the cost of being punished. Using

the recursive structure of equilibrium, we show that buyers bid more in this context

than in a standard (without ex-post penalties) first-price auction.

We further investigate how the efficiency of a first-price auction compares to that

of a standard first-price auction. In our setting, the optimal reserve price is lower

than it is in a standard environment. In a standard first-price auction, lowering the

reserve price has two effects on the seller’s revenue. First, a larger set of bidder types

submit bids above the reserve price, which increases the probability of selling the

object. Second, buyers adjust their behaviour by bidding less aggressively, which

lowers the price, conditional on a sale. At the optimal reserve price, these two effects

offset each other. In our model, the same effects are in play. However, the second

effect is smaller, and it is completely absent for buyer types that are just above

the reserve price (for these types, the seller effectively imposes penalties in order to

extract the full surplus). Hence, the total seller’s benefits from reducing the reserve

price are greater than they are in the standard environment, and the two effects

equalize at a lower reserve price.

By focusing our attention on monotonic recommendations, we are able to show

that the first-price auction is the optimal auction format among all winner-pay auc-

tions. For any other auction format, the seller is able to raise the same revenue by

using a first-price auction instead and recommending the buyer to bid the amount

a buyer of the same type would pay in expectation, conditional on winning in that

auction format. The reverse of this—that there exists a monotonic bidding func-

tion of the other auction format that guarantees the same expected payment as in

a first-price auction—is not always true. Perhaps surprisingly, it does not hold in a

second-price auction.

While we derive the general conditions necessary for revenue equivalence to hold

in the main text, a simple example of the discrete version of our model illustrates
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its failure. A single object is sold to one of two buyers. The values are drawn

independently from the uniform distribution V “ t2, 4, 4.9u. The tie is resolved by a

flip of a fair coin. The seller can punish up to 60% of the value,3 the penalty is non-

monetary, and the penalty does not benefit the seller. If the object is sold through a

first-price auction, the seller can extract the full surplus by recommending that each

buyer bids his value. Provided his opponent follows this recommendation, a buyer

does not have an incentive to deviate: If he wins the object by bidding differently from

his value, then he is punished by 60% of his value that when added to 2 (the minimum

bid required to be a winner), is larger than his value. Suppose now that the object

is sold through a second-price auction. If there is a monotonic recommendation

that allows the seller to extract the full surplus, then the buyer with the lowest

valuation 2 should bid 2, and the buyer with valuation 4 should be prescribed to

bid 8 (with a probability of 1{3 that she wins against an opponent with a valuation

of 2 and with a probability of 1{2 ¨ 1{3 “ 1{6 that she wins against an opponent

with a valuation of 4, making the expected payment, conditional on winning, equal

to p1{3 ¨ 2 ` 1{6 ¨ 8q{p1{3 ` 1{6q “ 4). However, the bidder with a valuation of 4.9

never finds it optimal to bid more than 8, since in that case his expected payment,

conditional on winning, is greater than p1{3 ¨ 2 ` 1{3 ¨ 8q{p1{3 ` 1{3q “ 5. We thus

conclude that there is no symmetric monotonic equilibrium that allows the seller to

extract the full surplus.

Finally, we apply the theory developed in this paper to analyze a problem of

optimal taxation within a newly privatized firm. We limit taxation policies to the

ones in which the future firm’s profits are taxed at a flat rate that does not exceed a

certain bound. We view this bound as one that is determined by law and cannot be

increased. Since taxation plays the role of a limited punishment in our model, our

results indicate that it should be used only as a threat to induce buyers to bid more.

3 All our arguments go through if the seller can punish by a greater percentage than 60.
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As a consequence, the government gains by credibly promising to soften taxation in

the case of ”fair” bidding.

RELATED LITERATURE.—In a special case of our model, when the punish-

ments are non-monetary and are not part of the seller’s revenue, our structure of

verification and punishment is the same as in Mylovanov and Zapechelnyuk (2017).

They study an allocation problem in an environment without monetary transfers and

in which punishments are the only instruments that allow a principal to elicit truthful

information from agents. As a result, the optimal allocation rule is stochastic—the

agents are shortlisted with probabilities that depend on each agent type, and the ob-

ject is randomly allocated to a person from the shortlist. They present the surprising

finding that the principal benefits from restricting participation. In contrast, in our

model, monetary transfers are allowed, and the optimal mechanism is deterministic—

an object is allocated to the buyer who assigns the greatest value to it. Therefore,

likewise in standard auctions, the seller benefits from more buyers participating in

the auction.

In another special case of our model, when the penalty is a pure monetary trans-

fer to the seller, our auctions are closely related to those in contingent payments

literature. McAfee and McMillan (1986), in the context of procurement auctions,

study linear contracts in the submitted bid and ex-post realized cost of a project,

where this cost is subject to the moral hazard problem. Despite the latter, they find

that an optimal linear contact is contingent on observed costs and brings in more

revenue than a standard first-price auction.

In the same spirit, Hansen (1985) shows that if a seller uses auctions in which

bids are made in stock or profit shares, she receives a higher expected payoff than

in cash auctions. In our model, the punishment is contingent on the winner’s value,

and hence, as in the aforementioned two papers, the seller’s revenue is larger than
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it is in a standard auction. In his comment to Hansen (1985), Crémer (1987) goes

further and argues that if a seller is allowed to fully compensate a winner in cash, he

can achieve full control of the merging firm and extract the winner’s full valuation.

A similar result holds in our model when the seller can apply a sufficiently high

punishment. DeMarzo et al. (2005) 4 points out that if the seller is cash-constrained

or initial investment is not fully contractible then Crémer’s argument is not valid.

They show that the seller’s expected revenue is increasing in steepness of securities

and maximized for call options. Our penalty design looks similar to a call, but with

its exercise value increasing in winner’s bid (the winner is penalized if his observed

value is higher than expected based on his bid). As with classical calls in DeMarzo

et al. (2005), in our setting, the first-price auction format is superior; however, here

in equilibrium, it is used purely as a threat.

Our paper also relates to literature on optimal auction design. The central finding

in this literature is the revenue-equivalence principle, which states that under certain

conditions, two auction formats generate the same revenue. This was first observed

by Vickrey (1962) in the case of first- and second-price auctions, and later generalized

by Riley and Samuelson (1981) and Myerson (1981) to incorporate other auction

formats as well.

The literature has identified multiple reasons for the failure of revenue equivalence

by relaxing one of the assumptions in Riley and Samuelson (1981) and Myerson

(1981). Thus, Milgrom and Weber (1982) study first- and second-price auctions when

buyers have only partial information about their valuations. Under the assumption

of interdependent values and affiliated signals, they show that a second-price auction

is revenue-superior to a first-price auction. In contrast, a first-price auction is the

preferable auction format when buyers are risk-averse (see, for instance, Holt Jr

4 Skrzypacz (2013) use DeMarzo et al. (2005) as a baseline model and survey recent related
literature.
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(1980), Matthews (1979), and Maskin and Riley (1984)). Che and Gale (1998)

derive the same result under the assumption that buyers are financially constrained.

In our environment, buyers bid more than their values in the second-price auction and

therefore, the same ranking holds when buyers’ budgets are equal to their valuations.

We suspect that in our model, this result extends to include cases in which buyers

have budget constraints that may exceed their valuations and, as in the work of Che

and Gale (1998), budgets are buyers’ private information.

Marshall and Marx (2007), by studying buyers’ behaviour in cartels that are not

all-inclusive, show that a second-price auction is more susceptible to collusion than

a first-price auction. Their results are in sharp contrast with previous findings5 that

all-inclusive cartels can suppress all buyers’ competition, and therefore, the revenue

equivalence of first- and second-price auctions continues to hold. If we allow for the

possibility of collusion in our model, all-inclusive cartels may successfully escape a

punishment and buy the object at the lowest price in a second-price auction. The

latter is not true for a first-price auction, and therefore, similarly to Marshall and

Marx (2007), we find that a first-price auction is revenue-superior.

This paper also presents its own distinct reason for the failure of revenue equiv-

alence. Unlike in a standard second-price auction, in a second-price auction studied

in this paper, bidding one’s own value is not the dominant strategy. Moreover, the

existence of the monotonic equilibrium that provides the same revenue to the seller

as in the optimal first-price auction is not guaranteed. This causes a first-price auc-

tion format to be superior whenever such monotonic equilibrium does not exist in a

second-price auction.

5 Bidders’ behaviour in all-inclusive cartels for first-price auctions has been studied by McAfee
and McMillan (1992), while a similar analysis for second-price auctions has been done by Graham
and Marshall (1987) and Mailath and Zemsky (1991).
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3.2 The Model

A seller owns a single indivisible object and values it at zero. She uses an auction

to allocate this object to one of n potential buyers. Each of them knows his exact

value for the object, which is private information. It is common knowledge that

bidders’ values vi are independently and identically distributed on V “ rvL, vHs with

cumulative distribution function F , whose density f is continuous and positive on

V . All parties, including the seller, are expected profit-maximizers. We assume that

bidders are not subject to any liquidity or budget constraints. (A violation of the

latter assumption is briefly discussed in Section 3.4.)

We focus our attention on the winner-pay auction, or the type of auction in which

the highest bidder (if two bidders are tied, the tie is resolved by the flip of a fair

coin) wins the object if his offer meets a reserve price r and he is the only one who

makes a payment to the seller.6 Each winner-pay auction is completely defined by its

winner’s payment function M : Rn
` Ñ R`. We assume that M satisfies the following

assumptions:

Assumption 1 (Anonymity). Mpbq is invariant to permutations of b.

Assumption 2 (Continuity). Mpbq is continuous.

Assumption 3 (Monotonicity). For all b,b1 P Rn
`, Mpbq ě Mpb1q if b ě b1 and

Mpbq ąMpb1q if b ą b1. 7

Assumption 4 (Reserve Price). Mpbq “ r if r “ max
i

bi.

Note that two major auction formats, first- and second-price sealed-bid auctions

with reserve price r, satisfy Assumptions 1-4. More generally, each auction format

6 The all-pay auction is the most natural example that does not belong to this class.

7 Here, we adopt the following means of comparing two vectors b and b1: b ě b1 if and only if
bi ě b1i for all i; b ą b1 if and only if bi ą b1i

44



with a payment function that is a linear combination of all submitted bids satisfies

Assumptions 1-4.

Unlike in standard auctions, in our setting, a seller can impose a penalty on the

winner. This penalty depends on the winner’s bid and the ex-post verified value.

We assume that the seller can commit to a penalty rule γpb, vq : R` ˆ V Ñ R`,

where the first argument is a bid and the second argument is the ex-post verified

winner’s value. Similarly to Mylovanov and Zapechelnyuk (2017), we assume limited

punishments: The winner with value v cannot be penalized more than cpvq. That

is, for any b P R` : γpb, vq ď cpvq. We assume that this maximum penalty function

cpvq satisfies the following assumptions:

Assumption 5 (Continuity). cpvq is continuous.

Assumption 6 (Monotonicity of Penalty). cpvq is positive and increasing.

Assumption 7 (Monotonicity of Surplus). v ´ cpvq is positive and increasing.

Example 1 (Linear Penalty). The function cpvq “ av, where a P p0, 1q, satisfies

Assumptions 5-7.

Let s P r0, 1s be a useful share of the penalty that goes directly to the seller.8 In

one extreme case s “ 0, the penalty is purely non-monetary (for instance, it may

be a reputational loss), and the seller does not receive any direct benefits from it.9

Mylovanov and Zapechelnyuk (2017) study this situation when monetary transfers

are not allowed. In another extreme case s “ 1, the penalty is purely monetary

and may be interpreted as a payment, contingent on the ex-post verified winner’s

value v. DeMarzo et al. (2005) addresses this situation in the context of unlimited

8 The majority of our results, in particular Theorem 20, continue to hold if we allow s to be
negative. Our interpretation is that it may be costly for the seller to impose a non-monetary
penalty on the winner.

9 As our results indicate, there could be indirect benefits from such penalties, as buyers bid more
aggressively in order to not be penalized.
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punishments and bidders who are imperfectly informed prior to the bidding stage.

Intermediate values of s correspond to a combination of monetary and non-monetary

penalties or underline costliness of punishment. All parameters of the model, except

for the bidders’ valuations, are common knowledge. To summarize, we specify the

timeline of the model below.

Timeline. Prior to the auction, the seller announces both an auction format and

a penalty rule γ. Next, bidders submit their bids. Given the profile of submitted

bids b, the object is allocated to the bidder with the highest bid, provided the bid

meets the reserve price r. The losing bidders make no payments to the seller, and

therefore, their payoffs are equal to zero. The winning bidder, say i, obtains the

object, pays Mpbq to the seller, and suffers an additional loss of γpbi,viq, implying

that his payoff equals vi ´ Mpbq ´ γpbi,viq. This means that the seller’s payoff

equals the sum of the winner’s transfer Mpbq and is discounted by a factor s P r0, 1s

penalty γpbi,viq: Mpbq ` sγpbi,viq.

Equilibrium. Each auction format and penalty rule γ determine a game among

the bidders. A strategy for a bidder i is a Lebesgue measurable function βi : V Ñ R`,

which describes his bid for every possible value. As is typically done in symmetric

environments (see, for instance, Krishna (2009)), we restrict our attention to sym-

metric equilibria—in which the value of the bid depends only on the buyer’s valuation

and not on his identity—and refer to β simply as a strategy. The solution concept

is a Bayesian-Nash Equilibrium: Given that other bidders’ values are distributed

according to the distribution function F and other bidders follow strategy β, the

bidder with value v P V maximizes his expected payoff by submitting a bid βpvq.

Let Gpbq be the probability that bid b wins the auction, and mpbq be the expected

payment of the bidder who wins with bid b. Then, function β is an equilibrium if for

all v P V :
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Gpβpvqqpv ´ γpβpvq, vq ´mpβpvqqq ě sup
bPR`

Gpbqpv ´ γpb, vq ´mpbqq (3.1)

Note that both G and m depend on the equilibrium function β. Without loss of

generality, we assume that the seller imposes the greatest penalty cpvq if the bidder

deviates from the prescribed strategy β:

Gpβpvqqpv ´ γpvq ´mpβpvqqq ě sup
bPR`

Gpbqpv ´ cpvq ´mpbqq (3.2)

Here, with some abuse of notation, γpvq denotes γpv, βpvqq. Therefore, we can in-

terpret β together with γ as either a bidding recommendation or simply a recom-

mendation from the seller. Provided that the auction winner does not follow the

recommendation, the maximum penalty is imposed. Otherwise, he is punished by

γpvq. Defined in this way, γ depends on the bidding function β. Therefore, it is

convenient to define γ as a part of the equilibrium:

Definition 1. A recommendation (γ, β) is an equilibrium of the auction with ex-post

verification and limited penalties if and only if (3.2) holds for all v P V .

Fixing an auction format, our goal is to find an equilibrium recommendation that

maximizes the seller’s revenue:

Definition 2. Given an auction format, an equilibrium recommendation (γ, β) is

an optimal recommendation if it maximizes the ex-ante seller’s payoff among all

equilibrium recommendations in this auction format.

The remainder of the paper is organized as follows. In the next section, we

study first-price auctions. We determine the seller’s optimal recommendation and

prove that it is essentially uniquely defined. We complete Section 3.3 by comparing

the optimal reserve price in our environment with the one in standard auctions.
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In Section 3.4, we show that the optimal recommendation derived in Section 3.3

provides an upper bound on sellers’ revenue in all winner-pay auctions. We also show

that a second-price auction may provide a lower payoff than a first-price auction.

The implications of our theory when considering the optimal taxation of a newly

privatized firm are presented in Section 3.5. Our final remarks are in Section 5. All

omitted proofs are collected in the Appendix B.

3.3 First-Price Auctions

In this section we derive the optimal recommendation (γ˚, β˚) in a first-price auction.

We begin this section by assuming that the reserve price r is fixed. We discuss the

implications of allowing the seller to choose the reserve price in Subsection 3.3.3.

In a first-price auction, the expected payment, conditional on winning the object,

is simply the winning bid. Therefore, the equilibrium condition can be written as:

Gpβpvqqpv ´ γpvq ´ βpvqq ě sup
bPR`

Gpbqpv ´ cpvq ´ bq (3.3)

Finding the optimal recommendation is challenging because unlike in a standard

auction, in our setting, the equilibrium bidding function β needs not be monotonic.

Another complication is that there are equilibria in which a positive mass of types

bid the same amount. The following example demonstrates both of these issues.

Example 2. Values are uniformly distributed on r2, 10s; there are n “ 2 bidders. The

maximum penalty a seller can impose is cpvq “ v{2. For concreteness, all penalties

go directly to the seller, s “ 1. There is no reserve price, r “ 2. Given that γpvq “ 0

for all v, the following constitutes a symmetric equilibrium:

βpvq “

#

2, if v P r2, 4s Y r8, 10s

4, if v P r4, 8s
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Suppose that bidder 2 follows the above strategy. We argue that it is optimal for bidder

1 to follow β also. Given the distribution of types and the prescribed strategy, bidder

1 faces his opponent’s bids 2 and 4 with equal probabilities. Assume now that bidder 1

assigns value v P r2, 4sYr8, 10s to the object. If he follows the prescribed strategy and

submits bid 2, then he wins the object with a probability of 1{4 and his expected utility

equals 1{4pv´2q. Bidding below 2 is not optimal, as in this case he loses the auction.

If he submits a bid b P r2, 4q, he wins the auction with a probability of 1{2 but pays

b` v{2 to the seller. Then his expected utility equals 1{2pv ´ v{2´ bq ă 1{4pv ´ 2q.

If he submits bid b ą 4, he wins the object with certainty and pays b ` v{2 to the

seller. In this case, his expected utility equals v{2´ b ă 1{4pv´2q. Note that we skip

the case of b “ 4. By bidding bε “ 4 ` ε for a small but positive ε, the bidder wins

the object with a much higher probability (1 versus 1{2) while paying just a little bit

more. This results in a larger payoff for the bidder (formally a supremum over all

bε in the left-hand side of (3.3) is greater than the payoff from deviating to b “ 4).

The case in which the bidder 1 assigns value v P r4, 8s to the object could be similarly

considered and hence, omitted.

One useful observation from the above example is that it is sufficient to check

only deviations to bids b that are in close proximity to the support of bids corre-

sponding to the prescribed strategy when verifying whether this strategy constitutes

an equilibrium. The following lemma states this observation formally.

Lemma 19. (γ, β) is an equilibrium recommendation in a first-price sealed-bid auc-

tion if and only if βpvq ` γpvq ď v and

Gpβpvqqpv ´ γpvq ´ βpvqq ě sup
v1PV

Hpv1qpv ´ cpvq ´ βpv1qq, (3.4)

holds for all v P V , where Hpv1q is the probability that bid βpv1q is among the winning

bids.
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Lemma 19 allows us to treat the problem of finding the optimal recommendation

as one of mechanism design. βpvq ` γpvq ď v is an individual rationality constraint,

while (3.4) describes a set of incentive compatibility constraints. Similar to Mylo-

vanov and Zapechelnyuk (2017), the incentive constraints in our problem global

rather than local: Unless γpvq “ v, a buyer never finds it optimal to deviate by mim-

icking the behaviour of close-by bidders’ types. Therefore, the standard methods

cannot be applied. The trick is in figuring out which constraints are binding.

The main result of this section is as follows:

Theorem 20. Under the optimal seller’s recommendation (γ˚, β˚FPAq, the bidder is

never punished provided he follows the recommendation (γ˚pvq “ 0), and every type

of bidder is ex-ante worse off compared to in any other equilibrium.

Moreover, β˚FPA is strictly increasing on rr, vHs with β˚FPAprq “ r and is uniquely

defined by the recursive formula:

H˚
pvqpv ´ β˚FPApvqq “ sup

v1ďv´cpvq

H˚
pv1qpv ´ cpvq ´ β˚FPApv

1
qq (3.5)

where H˚pvq “ F n´1pvq if v ě r and 0 otherwise.

Theorem 20 states that the bidder is indifferent as to whether to follow the

recommendation and avoid punishment or to choose the best deviation provided he

will be punished by a maximum amount cpvq. Here, the best bidder’s deviation is

to mimic one of types v1 ă v ´ cpvq. To gain better intuition, consider the case of a

single buyer:

Example 3. A single buyer participates in an auction, n “ 1. Then β˚FPApvq “

mintr ` cpvq, vu for all v ě r. There are two types of deviation worth considering:

(1) The buyer bids below the reserve price and consequently loses the auction, and (2)

The buyer bids β˚FPAprq “ r and wins the object at the lowest price, but is penalized
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by cpvq. For all values v such that v ´ cpvq ă r, the first type of deviation is better;

therefore, to be indifferent as to whether to win or to loose the auction, the bidder

should bid according to β˚FPApvq “ v. If v´cpvq ě r, mimicking the type r of bidder is

the best deviation. Hence, to make the buyer indifferent between winning the auction

at price β˚FPApvq and winning the auction at price r while being penalized by cpvq,

the buyer should be prescribed to bid β˚FPApvq “ r ` cpvq.

To see that (3.5) specifies a unique β˚FPA (up to values at v ď r), observe that

the supremum in the left hand-side is taken over all values of v1 that are bounded

down away from v. Therefore, we may use previously found values of β˚FPA (at all

v1 ď v ´ cpvq) to evaluate β˚FPA at v. Given that cpvq is bounded away from zero by

cpvLq, the following algorithm defines β˚FPA in finitely many steps:

The Algorithm for Finding β˚FPA

1. Set I0 “ r0, v0s, where v0 “ r, β˚FPApvq “ v, and k “ 1.

2. Set Ik “ pvk´1, vks, where vk “ vH if vH ´ cpvHq ă vk´1; and vk “ w, where

w is a solution to w ´ cpwq “ vk´1 otherwise. For all v P Ik, β
˚
FPA is already

known for all v1 ă v ´ cpvq ď vk´1, and therefore β˚FPApvq is uniquely defined

by (3.5).

3. If vk “ vH , terminate the algorithm; otherwise, set k “ k ` 1 and proceed to

step 2.

Note that in the second step of the algorithm, w is uniquely defined, provided

vH ´ cpvHq ě vk´1, as v ´ cpvq is a continuous and strictly increasing function. The

immediate application of the above algorithm is that larger punishments result in a

higher revenue for the seller.

Corollary 21. For the two maximum penalty functions c1 and c2, with c1pvq ă c2pvq

for all v P V , the seller receives a weakly higher revenue (and strictly higher if
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vH ´ c1pvHq ą r) in a first-price auction with the maximum penalty function c2 than

he would in one with the maximum penalty function c1.

We use the above algorithm to compute the optimal recommendation in Example

2:

Example 2.(Continued). Values are uniformly distributed on r2; 10s, there are

n “ 2 bidders, cpvq “ v{2, and r “ 2. Then β˚FPA is defined as:

β˚FPApvq “

#

v, if v P r2, 4s
15v2´24v´16

16pv´2q
, if v P r4, 10s

For comparison, the equilibrium bidding function in a standard first-price auction is

βFPApvq “ pv ` 2q{2. It is easy to verify that β˚FPApvq ą βFPApvq for all v. The

seller’s revenue equals R˚ « 7.19, which is greater than RS « 4.67—the revenue in

a standard first-price auction.

The observation that buyers bid more aggressively than in a standard first-price

auction can be easily generalized as such:

Corollary 22. When following the optimal recommendation, bidders bid more than

they do in a standard first-price auction. This results in a higher expected revenue

for the seller.

In example 2, the seller’s ability to punish the bidder by half of his private value

has a substantial effect on the seller’s revenue. The seller extracts almost the full

surplus—the revenue the seller receives if he sells the object with full information

about each bidder’s private valuation—which equals 7.33 in the example. We further

show that even small punishments have a significant impact on the seller’s revenue,

which helps the seller to substantially reduce information loss, or the difference be-

tween the full surplus and the seller’s revenue RS in a standard first-price auction.
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Example 4. Values are uniformly distributed on r2; 10s, there are n “ 2 bidders,

cpvq “ av, and r “ 2. Figure 1 depicts the seller’s revenue R˚paq as a function of

parameter a. For instance, if a “ 0.01, then the seller’s revenue equals approximately

5.14—compensating for almost 18% of the information loss in a standard first-price

auction. If the seller is able to punish the buyer by only one-thousandth of his value,

she still regains 5% of the information loss.
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Figure 3.1: The Seller’s Revenue in Example 4

We generalize the observation that small punishments significantly increase the

seller’s revenue in Proposition 23.

Proposition 23. For a number of bidders n ě 2, small linear penalties cpvq “ av

have a large effect on the seller’s revenue—that is:

lim
aÑ0`

R˚paq ´RS

a
“ 8

In the proof we construct an equilibrium recommendation that prescribes a buyer

to bid the weighted average of his value and his bid in a standard first-price auction.
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This recommendation is not optimal, but nevertheless, small punishments have a

large impact on the seller’s revenue as defined in Proposition 23. Since the optimal

recommendation leads to greater revenue for the seller than a constructed recom-

mendation would, the conclusion of Proposition 23 follows.

3.3.1 Proof of Theorem 20.

We divide this proof into two steps. In the first step (Proposition 24), it is proven

that pγ˚, β˚FPAq is an equilibrium recommendation in a first-price auction. To prove

this, we first assume that β˚FPA defined by (3.5) is a monotonic function. Then the

probability of a buyer winning the auction with value v ě r equals H˚pvq. Therefore,

(3.5) implies that all incentive constraints for which v1 ď v ´ cpvq are satisfied. We

show that when one of these constraints is binding, it is not optimal for a type v

buyer to mimic a type v1 ą v ´ cpvq. We complete the proof of Proposition 24 by

showing that β˚FPA is, in fact, a monotonic function.

In the second part (the actual proof of Theorem 20), we show that pγ˚, β˚FPAq is an

optimal recommendation. For any equilibrium recommendation pγ, βq, if the object

is allocated to the bidder with value v, the total surplus—the sum of the seller’s

and the auction winner’s payoff—equals v ` ps ´ 1qγpβpvqq. Therefore, pγ˚, β˚FPAq

maximizes the total surplus for all possible profiles of bidders’ valuations: The object

is allocated to the bidder with the highest value, and he is never punished. Given

that the seller’s expected profit and the total surplus of the expected buyer equal

the expected total surplus, it is sufficient to show that every type of buyer receives a

lower expected surplus than under any other recommendation pγ, βq. We show this

by mathematical induction on a number of steps k of the algorithm for finding β˚FPA.

Proposition 24. pγ˚, β˚FPAq is an equilibrium recommendation in a first-price auc-

tion.
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Proof. Assume that β˚FPA is strictly increasing on rr, vHs, and let u˚pvq be an ex-

pected buyer’s payoff given that he follows β˚FPA. Then u˚pvq “ H˚pvqpv ´ β˚FPAq

and equilibrium condition (3.4) can be rewritten as:

u˚pvq ě u˚pv1q `H˚
pv1qpv ´ cpvq ´ v1q (3.6)

for all v, v1 P V . Fix v P rr, vHs. By definition of β˚FPA and u˚, (3.6) holds for all

v1 ď v ´ cpvq. Next, observe that (3.5) implies that u˚p¨q is a weakly increasing

function in its argument. Then (3.6) also holds for all v1 P pv ´ cpvq, vs. Hence, to

show that β˚FPA is an equilibrium, we have only left to prove that (3.6) holds for all

v1 ą v. Suppose, by way of contradiction, that this is not true, meaning that for

some v1 ą v:

u˚pvq ă u˚pv1q `H˚
pv1qpv ´ cpvq ´ v1q

Let Sv be the set of all such v1. Then define vinf “ inftv1 : v1 P Svu. Take an arbitrary

v2 P rvinf , vinf ` cpvLqs X Sv. Since c is an increasing function, v2 ´ cpv2q ă vinf .

Given that inequality (3.6) holds for all v1 ă vinf and using the definition of u˚, we

have:

u˚pv2q ´ u˚pvq “ sup
v1ăv2´cpv2q

H˚
pv1qpv2 ´ cpv2q ´ β˚FPApv

1
qq ´ sup

v1ăvinf

H˚
pv1qpv ´ cpvq

´β˚FPApv
1
qq ď sup

v1ăvinf

H˚
pv1qpv2 ´ cpv2q ´ β˚FPApv

1
qq ´ sup

v1ăvinf

H˚
pv1qpv ´ cpvq

´β˚FPApv
1
qq ď sup

v1ăvinf

H˚
pv1qpv2 ´ cpv2q ´ pv ´ cpvqqq

ď H˚
pv2qpv2 ´ cpv2q ´ pv ´ cpvqqq ď H˚

pv2qpv2 ´ pv ´ cpvqqq

where the second inequality follows from the triangle inequality for supremum and

the third one follows from v ´ cpvq be an increasing function.

Hence,

u˚pvq ě u˚pv2q `H˚
pv2qpv ´ cpvq ´ v2q
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contradicting v2 P Sv.

Finally, we prove that β˚FPA is a strictly increasing function on rr, vHs. Since

cpvq ą 0 for all v P V , it is sufficient to show that β˚FPApvq ą β˚FPApwq for all

v ą w ą v ´ cpvq. Using the triangle inequality for supremum once again, on the

one hand,

u˚pvq ´ u˚pwq “ sup
v1ďv´cpvq

H˚
pv1qpv ´ cpvq ´ β˚pv1qq ´ sup

v1ďw
H˚
pv1qpw ´ cpwq ´ β˚pv1qq

ď sup
v1ďw

H˚
pv1qpv ´ cpvq ´ β˚pv1qq ´ sup

v1ďw
H˚
pv1qpw ´ cpwq ´ β˚pv1qq

ď sup
v1ďw

H˚
pv1qpv ´ cpvq ´ pw ´ cpwqqq ď H˚

pwqpv ´ w ` cpwq ´ cpvqq

On the other hand,

u˚pvq ´ u˚pwq “ H˚
pvqpv ´ β˚pvqq ´H˚

pwqpw ´ β˚pwqq

ě H˚
pwqpv ´ w ` β˚pwq ´ β˚pvqq

Therefore, unless H˚pwq “ 0,

β˚pwq ď β˚pvq ` cpwq ´ cpvq ă β˚pvq

If H˚pwq “ 0, then u˚pvq “ u˚pwq “ 0, implying that β˚pvq “ v ą β˚pwq.

Lemma 25. For all w ă v,

u˚pvq ´ u˚pwq ď H˚
pvqpv ´ wq

Proof. Given that pγ˚, β˚FPAq is an equilibrium recommendation and using the defi-

nition of β˚FPA yields:

u˚pvq “ sup
v1ďapvq

H˚
pv1qpv ´ cpvq ´ β˚FPApv

1
qq (3.7)

for all apvq ě v ´ cpvq. Putting apvq “ apwq “ v, we have:

u˚pvq ´ u˚pwq ď sup
v1ďv

H˚
pv1qpv ´ cpvq ´ β˚FPApv

1
qq ´ sup

v1ďv
H˚
pv1qpw ´ cpwq ´ β˚FPApv

1
qq

ď sup
v1ďv

H˚
pv1qpv ´ cpvq ´ pw ´ cpwqqq ď H˚

pvqpv ´ wq
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Proof of Theorem 20. Let γ be an arbitrary penalty rule and βFPA be a cor-

responding equilibrium in a first-price auction. Note that the total welfare under

recommendation β˚FPA is at least as large as it is under β. Therefore, it is sufficient

to show that upvq ě u˚pvq for all v, where upvq “ GpβFPApvqqpv ´ γpvq ´ βFPApvqq.

We prove this fact by mathematical induction on a number of steps k of the algorithm

of finding β˚FPA. The claim is:

Claim: For an arbitrary k ě 0 and v ď vk: upvq ě u˚pvq.

Base, k “ 0. For all v ď v0 “ r: u˚pvq “ 0 and hence, upvq ě u˚pvq.

Induction Step, k “ l ` 1. Assume that upvq ě u˚pvq for all v P r0, vls. Fix an

arbitrary v P pvl, vl`1s. Recall that by the definition of β˚FPA:

u˚pvq “ sup
v1ďv´cpvq

H˚
pv1qpv ´ cpvq ´ β˚FPApv

1
qq (3.8)

Also, since βFPA is an equilibrium recommendation, it should satisfy:

upvq ě sup
b
Gpbqpv ´ cpvq ´ bq (3.9)

Hence, it is sufficient to show that for an arbitrary v1 ď v´ cpvq, there exists b P R`

such that:

H˚
pv1qpv ´ cpvq ´ β˚FPApv

1
qq ď Gpbqpv ´ cpvq ´ bq (3.10)

Fix an arbitrary v1 ď v ´ cpvq. There are two possibilities: (1) β˚FPApv
1q ą

βFPApwq for all w ď v1 and (2) There exists w ď v1 such that β˚FPApv
1q ď βFPApwq.

Case 1. β˚FPApv
1q ą βFPApwq for all w ď v1. Then define b “ β˚FPApv

1q. This

implies that by bidding b in the auction with the seller’s recommendation βFPA, and

imposing that others bid according to a prescribed strategy βFPA, a bidder wins the

object in each situation in which his opponents’ values do not exceed v1. Hence,

Gpbq ě H˚pv1q, which combined with b “ β˚FPApv
1q gives us (3.10).

57



Case 2. There exists w ď v1 such that β˚FPApv
1q ď βFPApwq. Define b “

βFPApwq. Since w ď vl, by the induction hypothesis upwq ě u˚pwq, which implies

Gpbqpw ´ bq ě H˚
pwqpw ´ β˚FPApwqq (3.11)

Also, by Lemma 25, we have

H˚
pwqpw´β˚FPApwqq ě H˚

pv1qpv1´β˚FPApv
1
qq´H˚

pv1qpv1´wq “ H˚
pv1qpw´β˚FPApv

1
qq

(3.12)

Combining (3.11) and (3.12) yields:

Gpbqpw ´ bq ě H˚
pv1qpw ´ β˚FPApv

1
qq (3.13)

From (3.13), it follows that Gpbq ě H˚pv1q as β˚FPApv
1q ď b. Therefore,

Gpbqpv ´ cpvq ´ bq “ Gpbqpv ´ cpvq ´ wq `Gpbqpw ´ bq

ě H˚
pv1qpv ´ cpvq ´ wq `H˚

pv1qpw ´ β˚FPApv
1
qq

“ H˚
pv1qpv ´ cpvq ´ β˚FPApv

1
qq

where the inequality follows from Gpbq ě H˚pv1q, w ď v ´ cpvq, and (3.13). Hence,

(3.10) holds.

3.3.2 Uniqueness of Optimal Recommendation

Is optimal recommendation unique? According to Theorem 20, every equilibrium

recommendation pγ, βFPAq that provides the same ex-ante seller’s payoff as the op-

timal recommendation pγ˚, β˚FPAq should satisfy upvq “ u˚pvq for all but the zero

measure of bidder’s types v. Here, as before, upvq is type v bidder’s expected pay-

off, which corresponds to recommendation pγ, βFPAq, with u˚pvq defined in a similar

manner. In addition pγ, βFPAq needs to maximize the expected total surplus: The

highest-value bidder wins an object, and the sum of the penalty transfers equals zero.

For s ă 1, the latter is possible only if no penalties are imposed on the equilibrium
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path. Therefore, γ “ γ˚. But then upvq “ u˚pvq implies that βFPApvq “ β˚FPApvq

for all but positive measure of types v:

Corollary 26. For every useful share of penalty s P r0, 1q there exists a unique

optimal recommendation pγ˚, β˚FPAq.

Before discussing the case s “ 1, recall that we derive β˚FPA based on the as-

sumption that out of equilibrium, the behaviour of type v bidder is punished by a

maximum amount cpvq, given that he is the winner. However, such a penalty is

not necessary. In particular, if there is a single buyer, he has no incentive to bid

more than prescribed, even if there is no penalty imposed. In the same vein, local

deviations can be punished more deliberately: In a single-buyer case (see example

3), to prevent type v buyer, where v is such that v ´ cpvq ă r, from submitting bid

v1 P rr, vs, it is sufficient to punish such deviation by v ´ v1. This result holds more

generally:

Corollary 27. Let penalty rule γ̃ be defined as

γ̃pb, vq “

$

’

&

’

%

0, if b ě β˚FPApvq

v ´ v1, if b “ β˚FPApv
1q and v ´ cpvq ă v1 ă v

cpvq, otherwise

(3.14)

Given penalty rule γ̃, β˚FPA is a symmetric equilibrium in a first-price auction.

Coming back to our discussion about the uniqueness of the optimal recommen-

dation, if s “ 1, we may specify a different equilibrium recommendation pγ, βFPAq

such that the total payment to the seller remains unchanged. To do this, define a

bidding function βFPA as

βFPApvq “

#

β˚FPApvq, if v ă ṽ

p1´ αqβ˚FPApvq ` αβ
˚
FPApṽq, otherwise

(3.15)
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where ṽ is an arbitrary value in the interval pvH ´ cpvHq, vHs and α P p0, 1q.

The penalty rule γ is defined, as outlined above, in order to keep the total pay-

ments to the seller unchanged: γpvq “ β˚FPApvq ´ βFPApvq. All deviations are pun-

ished by the maximum amount cpvq. To sustain pγ, βFPAq as an equilibrium recom-

mendation, it is sufficient to show that no type v bidder would aim to deviate by

submitting bid βFPApwq for some w ě ṽ. We show that for a sufficiently small α, the

net transfers to the seller under any such deviation are greater than the net transfers

to the seller under equilibrium β˚FPA, provided the bidders are punished according

to γ̃ defined by (3.15). This makes such deviations unprofitable.

Lemma 28. For a sufficiently small but positive α recommendation, pγ, βFPAq, where

βFPA is defined according to (3.15) and γpvq “ β˚FPApvq ´ βFPApvq, constitutes an

equilibrium in a first-price auction.

Also, if there is a single buyer, the equilibrium bidding function β does not

need to be monotonic. An alternative to this is presented in example 3, where the

equilibrium recommendations βFPApvq “ r and γpvq “ mintv ´ r, cpvqu provide the

same payoff mintv, r ` cpvqu to the seller. Therefore, the uniqueness of the optimal

recommendation is established up to the net transfers received by the seller, and the

monotonicity of the bidding function holds if there are at least two bidders in the

auction.

Corollary 29. For a useful share of the penalty s “ 1 and any optimal recommen-

dation pγ, βFPAq, the net transfers from the winner with a value v to the seller are

equal to β˚FPApvq (γpvq ` βFPApvq “ β˚FPApvq). Moreover, if the number of bidders

n ě 2, βFPA is monotonic on rr, vHs.
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3.3.3 Optimal Reserve Price

Suppose now that the seller sets a reserve price r in such a way as to maximize

her expected revenue. Is the optimal reserve price higher or lower than the optimal

reserve price in a standard first-price auction? In other words, do access to verifi-

cation technology and the ability to impose limited punishments necessarily lead to

improvements in auction efficiency?

To answer this question, we follow Myerson (1981) by assuming that virtual

valuation ψp¨q that is defined as

ψpvq “ v ´
1´ F pvq

fpvq

is an increasing function (regular case). In a standard auction, the seller finds it

optimal to set a reserve price equal to vL if ψpvLq ě 0, and ψ´1p0q otherwise. In the

latter case, the seller excludes some bidders from the auction by setting the reserve

price above their valuations.

In our setting, the following result holds:

Theorem 30. In a regular case, the optimal reserve price is weakly lower than in a

standard auction. Moreover, if ψpvLq ă 0, the optimal reserve price is strictly lower

than in a standard auction.

Let rS be the optimal reserve price in a standard first-price auction. We find

that for every reserve price r ą rS, the seller gains at least as much as in a standard

auction when reducing the reserve price by a small amount. In a regular case, such

a reduction of the reserve price is beneficial for the seller in a standard first-price

auction, and hence, beneficial in our environment as well. The complete proof of

Theorem 30 can be found in the Appendix B.
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Unlike in standard auctions, deriving the explicit general formula10 for the reserve

price is possible only in very special cases.

Corollary 31. If cpvHq is sufficiently high to make vH ´ cpvHq ď vL, it is optimal

to set the reserve price equal to vL.

Proof. Provided vH ´ cpvHq ď vL, β˚FPApvq “ v, and therefore, it is optimal to set

r “ vL and extract the full surplus.

For intuition behind Theorem 30, consider a case of a single buyer—an example

in which the reserve price can be found explicitly and is not necessarily equal to vL.

In this case, the problem of choosing the optimal reserve price parallels11 the problem

that the monopolist faces when selling homogeneous goods to a continuum of buyers,

assuming that a measure of buyers whose valuations do not exceed v is equal to F pvq.

Then a standard auction is essentially equivalent to a non-discrimination case: The

same price p is set for all buyers. Therefore, the demand equals q “ 1 ´ F ppq, and

the total revenue is TR “ qp “ pp1´ F ppqq. Then the marginal revenue equals

MRS “
dTR

dp
¨
dp

dq
“ p´

1´ F ppq

fppq
“ ψppq

and given that, at the optimal price MRS “ 0, rS “ ψ´1p0q, as outlined above.

According to Example 3, in our environment, the monopolist has a partial ability

to discriminate among buyers. To maximize her profit, she charges buyer of type v

mintcpvq, v ´ pu in addition to the regular price p. The total revenue then equals

TR “
vH
ş

p

mintcpvq ` p, vudF pvq, and the marginal revenue equals

MRV “
dTR

dp
¨
dp

dq
“ p´

1´ F pvpq

fppq
,

10 Given the specific distribution function, the derivation of the optimal reserve price is straight-
forward.

11 See Bulow and Roberts (1989) for a discussion of how this observation generalizes to more than
one bidder in standard auctions.
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where vp “ vH if vH ´ cpvHq ă p and is otherwise determined as a solution to

vp´cpvpq “ p. Since vp ą v, the marginal revenue MRV is greater than the marginal

revenue MRS in a non-discrimination case. Consequently, the optimal reserve price

rV is lower than rS.

q0

p
vH

vL

1

rS
rV

MRS

MRV

q “ 1´ F ppq

Figure 3.2: Comparison of Optimal Reserve Prices for a Single-Buyer Case

Why is the marginal revenue MRV greater than MRS? To gain further insight into

this, consider a small reduction in price p (that corresponds to a small increase in

quantity). The marginal benefit from this due to more buyers entering the market

in both discriminatory and non-discriminatory cases equals pfppq. However, the

marginal losses are different in these cases. In non-discriminatory cases, all buyers

above the reserve price now pay less, and the marginal loss equals 1 ´ F ppq. In

discriminatory cases, the buyers with valuations just above the reserve price pay their

values and hence are not affected by this change. Only the buyers with valuations

above vp benefit from a reduction in prices. Therefore, the marginal loss that equals

1´F pvpq is lower than it is in non-discriminatory cases, which implies that MRV ą

MRS.
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Define a modified virtual valuation φppq as

φppq “ p´
1´ F pvpq

fppq

Provided φ is a monotonic function, we obtain an explicit formula for the reserve

price

Proposition 32. In a single-buyer case, if the modified virtual valuation φp¨q is

monotonic, then the optimal reserve price equals vL if φpvLq ě 0 and equals φ´1p0q

otherwise.

In the proof of Theorem 30, we show that the marginal gain from decreasing the

reserve price r is at least as large as nF n´1prqfprqφprq. Therefore,

Corollary 33. If the modified virtual valuation φp¨q is monotonic, then the optimal

reserve price equals vL if φpvLq ě 0 and does not exceed φ´1p0q otherwise.

Note, that monotonicity of the modified virtual valuation holds for all convex

distribution functions. In particular, if the valuations are distributed uniformly on

rvL, vHs and the penalty rule is linear cpvq “ av, then the optimal reserve price in

a single-buyer case equals maxt1´a
2´a

vH , vLu. In Example 2 (vL “ 2, vH “ 10 and

a “ 0.5), the optimal reserve price for a single-buyer case equals 10{3. For more

than one buyer, it can be verified that the optimal reserve price equals 2, and hence,

no buyers are excluded from the auction. For comparison, the reserve price in a

standard first-price auction is 5.

Remark. The optimal reserve price may depend on the number of bidders. An

optimal auction may be efficient for number of bidders n ě 2 even if it is not efficient

in a single-bidder case.
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3.4 Other Auction Formats

In this section, we look beyond a first-price auction format. First we consider an

arbitrary winner-pay auction. Let pγ, βq be an equilibrium recommendation. In this

section, we restrict our attention to monotonic recommendations:

Definition 3. Recommendation pγ, βq is a monotonic recommendation if β is a

strictly increasing function on the interval rr, vHs.

The main result of this section is

Theorem 34. For arbitrary monotonic recommendation pγ, βq of a winner-pay auc-

tion, there exists a recommendation pγFPA, βFPAq of a first-price auction that pro-

vides the same ex-ante payoffs for all parties (including the seller) as pγ, βq.

We prove Theorem 34 by showing that, for a given monotonic recommenda-

tion pγ, βq of a winner-pay auction, the seller can achieve the same revenue by

using the first-price auction format with seller’s recommendation pγ, βFPAq, where

βFPApvq “ mpβpvqq. That is, the seller recommends that a buyer bid the same

amount he will bid in expectation, conditional on winning in the other auction for-

mat. Therefore, according to Theorem 20, the first-price auction with an optimally

chosen recommendation pγ˚, β˚FPAq provides a (weakly) greater revenue to the seller

than any other winner-pay auction.

To show that other auction format may fail to provide the same amount of rev-

enue to the seller as the optimal first-price auction format, we investigate a buyer’s

behaviour in a second-price auction. In a second-price auction, the winner pays the

value of the second-highest bid to the seller. Let pγ, βSPAq be an equilibrium rec-

ommendation in a second-price auction. Recall that without loss of generality, any

violation of the equilibrium strategy βSPA by a buyer with value v is punished by the

maximum amount cpvq. In the same vein that bidding one’s value is the dominant
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strategy in the second-price auction, the only possible deviation worth considering12

is bidding v ´ cpvq.

Lemma 35. pγ, βSPAq is an equilibrium recommendation of the second-price auction

if and only

GpβSPApvqqpv ´ γpvq ´mpβSPApvqqq ě Gpbqpv ´ cpvq ´mpbqq

for b “ v ´ cpvq.

Let upvq be the expected utility of type v buyer that corresponds to a symmetric

equilibrium βSPA in the second-price auction. As before, let u˚pvq be the expected

utility of type v buyer that corresponds to a symmetric equilibrium β˚FPA in the

optimal first-price auction. Based on Theorem 34 and Theorem 20, we may conclude

that upvq ě u˚pvq for all v P V . Hence, the second-price auction is revenue-equivalent

to the first-price auction with recommendation pγ˚, β˚FPAq if upvq “ u˚pvq for all but

the zero measure of types v. To simplify arguments, we assume that a fraction of

the penalty that goes directly to the seller s ă 1. Therefore, γpvq “ 0 for all but the

zero measure of types v. To conclude:

F n´1
pvqpv ´ β˚FPApvqq “ F n´1

pvqpv ´mpβSPApvqqq

for all but the zero measure of types v ą r. Therefore, β˚FPApvq “ mpβSPApvqq for

all but the zero measure of types v ą r.

If there is a single buyer n “ 1, mpβSPApvqq “ r for all v ą r. However, according

to Example 3, β˚FPApvq “ mintv, r ` cpvqu ą r for all v ą r. Therefore, we obtain

Proposition 36. If there is a single buyer and s ă 1, a second-price auction provides

the seller with a strictly lower payoff than the optimal first-price auction.

12 If a buyer with value v decides to bid differently from βSPApvq, then the buyer’s net value of
penalty payments is v´cpvq. Hence, given that he deviates, the dominant strategy is to bid v´cpvq.
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Assume now that n ě 2. Then given that the expected unconditional payment

of type v buyer equals rF n´1prq`
v
ş

r

βSPAptqdF
n´1ptq, the equilibrium condition (3.5)

for the first-price auction can be rewritten as

F n´1
pvqv ´ rF n´1

prq ´

v
ż

r

βSPAptqdF
n´1
ptq “ sup

v1PV
H˚
pv1qpv ´ cpvq ´mpβSPApv

1
qqq

Here as before H˚pv1q “ F n´1pv1q if v1 ě r and H˚pv1q “ 0 otherwise. Note that

according to Lemma 35, the value of v1 that maximizes the right-hand side of the

above equality satisfies13 βSPApv
1q “ v ´ cpvq. Differentiating both sides of above

equation with respect to v and applying the Envelope Theorem yields:

βSPApvq “ v `
F pvq

pn´ 1qfpvq
´
H˚pβ´1

SPApv ´ cpvqqq

pn´ 1qF n´2pvqfpvq

ˆ

1´
dcpvq

dv

˙

(3.16)

where we assume that βSPApvq “ v for all v ď r and β´1
SPApwq “ suptv : βSPApvq ď wu

for all w for which the inverse of βSPA fails to exist. Therefore, we have proven:

Proposition 37 (Revenue Equivalence). If s ă 1, the expected revenue in a second-

price auction is the same as it is in the first-price auction (with an optimally chosen

recommendation) if and only if there exists a strictly increasing bidding function βSPA

that satisfies (3.16) for all v ą r.

Analogous to the first-price auction, let β˚SPA denote the monotonic solution of

(3.16), provided it exists. One important feature of β˚SPA is that the bid exceeds

the value14. We use this fact to introduce the recursive algorithm for finding β˚SPA

13 To be more rigorous, it is the maximum value of v1 such that βSPApv
1q ď v ´ cpvq.

14 Recall that in an optimal first-price auction buyers bid more than in a standard first-price auction.
Consequently, the expected payment by type v bidder is also larger than it is in a standard auction.
Provided that β˚SPA and β˚FPA lead to the same expected payment by type v bidder, buyers need
to bid more than in a standard second-price auction (that is more than v).
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similarly to how we find that of the first-price auction. Note that this algorithm also

provides a constructive way of checking the conditions of Proposition 37

The Algorithm for Finding β˚SPA

1. Set I0 “ r0, v0s, where v0 “ r; β˚SPApvq “ v and k “ 1.

2. Set Ik “ pvk´1, vks, where vk “ vH if vH ´ cpvHq ă vk´1; and vk “ w, w is a

solution to w ´ cpwq “ vk´1 otherwise. For all v P Ik, v ´ cpvq ă vk´1 and

therefore pβ˚q´1
SPApv ´ cpvqq is well defined and hence, β˚SPApvq is evaluated by

(3.16).

3. If β˚SPA is non-monotonic on r0, vks, then terminate the algorithm: Revenue

equivalence does not hold.

4. If vk “ vH , terminate the algorithm; otherwise set k “ k ` 1 and proceed to

step 2.

When does revenue equivalence fail for n ě 2? This question can now be

rephrased as: Under what conditions does the above algorithm terminate at step

3? Assume it terminates for k “ 1. For all v P I1, equation (3.16) is especially

simple

βSPApvq “ v `
F pvq

pn´ 1qfpvq
(3.17)

For βSPA to be non-monotonic on I1, the density function f needs to increase suf-

ficiently ”fast” on some sub-interval of I1 to compensate for the increase in the

distribution function F and in v on the same sub-interval. We illustrate this possi-

bility using a numerical example similar to the one presented in the Introduction for

a discrete version of our model.

68



Example 5. Values are distributed on r2, 14s according to the absolutely continuous

distribution function with corresponding density function

fpvq “

$

’

&

’

%

1
50
, if v P r2, 11q

19
100
pv ´ 13q ` 2

5
, if v P r11, 13s

2
5
, if v P p13, 14s

There are two bidders n “ 2, the reserve price r “ 2, and the maximum penalty

function cpvq “ 0.9v.

Since vH ´ cpvHq “ 14 ´ 0.9 ¨ 14 ă 2 “ vL, I1 “ p2, 14s, it is possible to extract

the full surplus in the first-price auction. Applying formula (3.17), we can compute

that: (1) For all v ă 11, βSPApvq “ 2v ´ 2, and (2) For all v ą 13, βSPApvq “

v`p3{5` 2{5pv´ 13qq{p2{5q “ 2v´ 11.5. Therefore, for all v ą 13 and w P r10, 11s,

βSPApvq ă βSPApwq, implying that there is no monotonic solution for (3.16).

The above example can be generalized even for those cases in which the maximum

penalty that the seller can impose on a buyer is sufficiently small.

Proposition 38. For the arbitrary maximum penalty function cpvq and s ă 1, there

exists an absolutely continuous distribution function F on rvL, vHs such that the

seller’s revenue in a second-price auction is strictly lower than in an optimal first-

price auction.

Therefore, the failure of revenue equivalence is due to the possible non-existence

of monotonic equilibrium that generates the desirable buyers expected (conditional

on winning) payments.

In a first-price auction, a buyer’s payment is his bid and consequently, there

is always a monotonic equilibrium, provided the desirable expected payment is a

monotonic function in a bidder’s value.

We outline two other reasons why the first-price auction format may be the prefer-

able auction format in our environment. First, assume that buyers are financially
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constrained and cannot afford to pay more than their valuations. Then in a second-

price auction, each buyer’s bid cannot exceed his value, implying that the seller’s

expected revenue does not exceed that of a standard auctions. Therefore, according

to Corollary 22, the first-price auction provides a strictly larger revenue to the seller.

Second, consider the possibility of collusion. For simplicity, assume that all bid-

ders form a cartel. In a second-price auction, cartel bidders may successfully escape

penalties and buy the object at a reserve price: The bidder with the highest value

v bids β˚SPApvq, and the rest of the cartel members submit bids that are not serious

(at or below r). In contrast, in a first-price auction, it is impossible for a cartel to

buy the object at a reserve price: Even if the winner with value v wins the auction

at price r, he will be punished by cpvq unless v “ r and therefore, the total revenue

equals r ` cpvq.

3.5 Application: Selling a Firm by a Government.

Consider a government that wants to sell a firm via an auction. To simplify the

exposition, we assume that there is no reserve price. The firm generates a revenue

Rpeq “ 2
?
αe, if its owner exerts an effort e and his productivity level equals α. The

cost of effort is Cpeq “ e. There are n potential buyers, who are heterogeneous in their

productivity levels α. Assume that productivity levels are distributed independently

and identically across bidders according to the distribution function F on rαL, αU s.

All information besides private ability levels is common knowledge. In addition to

payments received during the auction stage, the government receives a tax on profit

tπ, where π is the profit generated by the winning bidder and t P p0, 1q is the tax

rate.

Given his productivity level α, the winner maximizes the net profit of taxes:

πpeq “ p1 ´ tqp2
?
αe ´ eq. Let vα be the maximum value of profit the entrepreneur

with productivity level α can generate. For our specific functional form, vα “ α.
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If we interpret cpvq “ tv as the maximum penalty that the government can impose

on the buyers, then the current specification fits our model. There is one exception,

though: The winner could generate any value v P p´8, vαs, while in our model, we

assume that the ex-post value is not under the control of the winner.

In particular, a standard auction corresponds to a situation in which penalty rule

γpb, vq “ cpvq for all values of bids b and ex-post profits v. We call this situation

a flat taxation—the government imposes the same level of taxation independent of

the winning bid and profit generated by the winner. Ignoring for a moment that the

winner is able to generate a lower value than vα, we know from Section 3.3 that flat

taxation is sub-optimal. The government can do strictly better by promising to not

impose any taxation if the buyer submits a bid according to the prescribed strategy.

We derive a lower bound on gains from following the optimal taxation policy:

Proposition 39. Under the optimal taxation policy, a government can gain at least

np1´ tq

αU
ż

αL

pF n´1
pαq ´ F n´1

pp1´ tqαqqp1´ F pαqqdα

compared to flat taxation.

Coming back to the possibility of a buyer generating profit below vα, we find that

it is never profitable for a buyer to plan at the bidding stage to use this opportunity

after the auction is over15. In fact, the only possibility we need to consider is when a

buyer who pretends to be of a lower type α1 submits a bid βpα1q and then produces

α1. This results in the ex-ante utility of a type α1, upα1q that is lower than the ex-ante

utility of a type α, upαq. In all other cases, the deviation is detectable and therefore

the maximum taxation t is imposed, making it unprofitable.

15 Note that ex-post the winner may in fact find it optimal to produce below vα

71



3.6 Conclusions

In this paper, we study an optimal auction design problem under the assumption that

a buyer’s private information is verified ex-post and that a seller could impose limited

punishments. We have derived an optimal penalty rule for a first-price auction and

have shown that small penalties have a significant impact on the seller’s revenue.

Before an auction begins, the seller makes recommendations regarding how much

each type of buyer should bid in the auction. If the auction winner bids at least as

much as the seller has prescribed, he is never punished; if he does not bid that much,

the penalty increases as the buyer deviates more and more from the recommendation.

The optimal recommendation is monotonic—the buyer with the highest value wins

the auction, provided his bid meets a reserve price—and a buyer bids more than in

a standard first-price auction. When the seller sets a reserve price, she sets it lower

than in standard auctions.

We have shown that when a seller is restricted to using monotonic recommen-

dations, a first-price auction is the optimal auction format among all winner-pay

auctions. We have further proven that under certain conditions, a first-price auction

is revenue superior to a second-price auction. The revenue comparison comes from

the fact that a monotonic equilibrium strategy, which leads to a desirable buyers

expected payments, may fail to exist in a second-price auction. This finding con-

trasts sharply with existing auction literature, as under a wide range of assumptions,

the dominant strategy for a buyer in a standard second-price auction is to bid his

own value. In our environment, a buyer bids more than his value and the existence

of monotonic equilibrium is not guaranteed. We conjecture that this revenue com-

parison holds more generally to incorporate the situations, when the seller is not

restricted to using monotonic recommendations.

Our results offer, perhaps, a surprising suggestion for policymakers: A govern-
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ment can increase the competition when auctioning publicly owned assets by pro-

viding privileges to buyers who submit sufficiently high bids. This advice, however,

should be implemented cautiously, as the exact privileges depend on the nature of

information available to the government after the auction. Therefore, such policies

should be used only in cases in which the primitives of the environment have been

studied in-depth and are well-understood. We have illustrated one such possible ap-

plication in Section 3.5, where we investigate an optimal taxation policy of a newly

privatized firm.

We consider our paper as a first step towards understanding how monetary trans-

fers and limited punishments work together in environments in which a seller has

access to additional information regarding buyers’ valuations ex-post. The natural

extensions of our work include considering a model in which buyers are imperfectly

informed prior to an auction or buyers’ values are correlated or drawn from the dif-

ferent distributions. We leave these and other possible extensions for future research.
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4

Soliciting Information from Biased Experts (with
Attila Ambrus)

4.1 Introduction

In Chapter 2, we analyzed a model that introduces competition among experts into

a delegation framework. In particular, we considered a setting with principal who

has to delegate a task to one of two experts. First, the experts receive noisy and

conditionally independent signals of a single dimensional state variable. The prin-

cipal’s ideal action is equal to the state, but each expert has a constant bias and a

resulting ideal point different from the sender’s. Next, the experts simultaneously

propose actions. A proposal is assumed to bind the expert to perform the given

action whenever the principal delegates the task to him. The principal then chooses

one of the two offers, and the corresponding action is taken by the given expert.

While the game form we adopted in the Chapter 2 fits various applications, in

other settings a principal has the means to solicit information from experts more

efficiently. For this reason, here we pursue a general mechanism design in similar

situations. We assume there is a finite number of experts, who each obtain noisy

74



observations of a state variable. These signals can be conditionally independent on

the state, or correlated. Before the experts receive their signals, the principal can

commit to a mechanism that specifies the action choice conditional on the recom-

mendation profile, and also a monetary transfer to each participating expert, that is

again can be conditioned on the recommendations of all participating experts. We

investigate two versions of the model. In the version with ex post state verification,

we also allow the monetary transfers (but not the action, which has to be chosen

before state verification) to depend on the realized state. In the version with no ex

post state verification monetary transfers are only allowed to be conditioned on the

vector of recommendations. In both versions of the model we assume that there is

a lower bound on the amount of transfer from the expert to the principal (limited

liability or liquidity constraint). Each expert decides whether to participate in the

mechanism or receive an outside option payoff not influenced by what happens af-

terwards. Then the state realizes and the experts receive their private signals. Next,

each participating expert sends a recommendation to the principal. Action choice

and monetary payments are then implemented by the mechanism.

If the state space is discrete, we show that under a full rank information condi-

tion (from an arbitrary expert’s probability distribution over the state space/other

experts’ signals, we can uniquely identify a corresponding probability distribution

over received signals), that holds generically, the principal can solicit all information

from experts if the liquidity constraint does not bind. The optimal mechanism we

provide implements the socially optimal action, which maximizes the sum of all par-

ticipating agents’ utilities, while keeping experts at their outside options. In such a

way, the principal extracts all surplus, and further we refer to such equilibria as full

extraction.

If the state space is a continuum, again provided that the minimum transfer from

the principal to the expert is not too high, we show that the full extraction is possible
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if experts’ signals are independent, and payments can be conditioned on the realized

state. In the model without ex post state verification, we look for the full extraction

mechanisms which make experts indifferent among all possible recommendations.

The existence of such mechanisms is equivalent to the existence of a solution of

a Fredholm equation of first kind, and the corresponding conditions for the latter

are provided. Also, in spirit of Chapter 2, we consider a quadratic-diffuse-normal

example and show that in both versions of the model, full extraction is possible. In

addition, if we consider a limited liability case - we require all payments to be not

less than the specified threshold, and if this threshold is low enough, full extraction

is still possible.

We also show that if the minimum transfer from the principal to the agent is high

enough to bind then it is no longer true that the optimal action always implements

the socially optimal action. In some states the action specified by the mechanism

gets distorted relative to it, so as to reduce the monetary transfers from the expert

in other states. Nevertheless, contingent monetary payments above the minimum

transfer can still be required in some states in the optimal mechanism.

Our results are similar to the classical full extraction results by Cremer and

McLean (1985), Cremer and McLean (1988) and McAfee and Reny (1992), although

the contexts are different. In our setting besides the question of how much money the

principal can extract from (or has to pay to) experts, the question of what actions get

implemented by the optimal mechanism are of primary interest as well. Moreover,

as in our setting there is a partial common interest between the principal and the

experts (all of their optimal actions are increasing in the state), transfers from the

principal to the agent can be bounded from below in a mechanism extracting the

full surplus, and we explicitly characterize the lower bound in some cases when the

state space is the whole real line.

The problem we investigate is also similar to classical principal-agent problems
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with hidden information. In particular, our model is similar to the full commitment

case of Krishna and Morgan (2008), however, they assume that the expert has perfect

information, which makes their problem fundamentally different from ours (their

techniques cannot be applied in our context).

Finally, the analysis of the version of the model with ex post state verification is

related to the literature on scoring rules (see for example Brier (1950), Savage (1971),

Winkler et al. (1996) and Kilgour and Gerchak (2004). However, this literature

assumes that experts do not have policy preferences over the action choice, they do

not adopt a mechanism design approach, and they typically assume that experts

have immutable beliefs as opposed to making Bayesian inferences.

4.2 Model

We consider the following multi-stage game with incomplete information. There are

n` 1 players: a principal and n experts. The set of possible states of the world is Ω.

The probability distribution of state of the world θ is common prior with cumulative

distribution function F . The principal takes action a, and her policy preferences are

represented by UP pa, θq, while policy preferences for expert i are given by Uipa, θq.

Stage 1: The principal commits to her future action choice as a function of all fur-

ther received experts’ recommendations (reports): a “ φpr1, .., rnq, φ : pΩYtHuqn Ñ

R, and makes a take-or-leave offer to every expert i (i P t1, .., nu) - a payment func-

tion mipri, r´i, θq : pΩ Y tHuqn ˆ Ω Ñ R, which depends on further expert i’s own

recommendation ri, as well as vector of all other players’ recommendations r´i and

realized state θ - amount that is paid by principal to expert i at the end of the game,

after all recommendations are observed.

Stage 2: Every expert accepts or rejects his received offer. If expert i does not

accept mi, he quits, receives his outside option u0i and does not participate in the

further game. For convenience, we denote his recommendation as ri “ H and denote
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mipH, r´iq “ 0.

Stage 3: θ P Ω realizes.

Stage 4: Each expert i receives a noisy private signal about the state of the world

si, where s “ ps1, .., snq is distributed with cumulative distribution function Gθ.
1

Stage 5: Every participating expert i proposes a recommendation (report) ri P R

to the principal.

Stage 6: The principal observes the recommendations and state θ, implements

pre-committed a “ φpr1, .., rnq, and fulfills her payment obligations. The players’

payoffs are quasilinear with respect to monetary payments. The principal’s utility

is UP pa, θq ´
řn
i“1mipri, r´i, θq, while each participating expert i gets Uipa, θq `

mipri, r´i, θq.

4.2.1 Model Without Ex Post State Verification

In many environments, the realized state is non-contractible, non-verifiable, or just

verification is prohibitively costly. In such situations, payment functions mi cannot

depend on θ, that is, mi “ mipri, r´iq. Further, we refer to such a model as model

without ex post state verification. Naturally, this model is of our special interest.

4.3 Socially Optimal Equilibrium and Sufficient Condition for Its Ex-
istence

First, note that by Revelation Principle, we can concentrate on direct mechanisms,

that is, incentive compatible perfect Bayesian equilibria in which experts truthfully

recommend their own signals: ri “ si for every i.

We call a (Bayesian Nash) equilibrium socially optimal equilibrium, if each partic-

ipating expert recommends his own signal ri “ si and the principal takes a socially

optimal action - an action that, conditional on the principal’s full information (her

1 Note that we do not require signals to be independent.
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prior and participating experts’ revealed signals), maximizes the sum of her and

participating experts’ expected utilities.

Lemma 40. If for any set of participating experts a socially optimal equilibrium

where each participating expert i gets utility equal to his outside option u0i exists,

then one of these equilibria is the principal-optimal equilibrium.

Proof. Assume contrary, that for any set of participating experts, a socially optimal

equilibrium where each participating expert i gets utility equal to his outside option

u0i exists, but none of them is the principal-optimal. This means, there exists an

equilibrium profile σ, in which the principal’s utility is higher than in the before

mentioned equilibria.

For the set of experts participating in σ, there exists a social optimal equilibrium

σ˚ where each participating expert i gets utility equal to his outside option u0i. But

in the social optimal equilibrium σ˚ the sum of the principal’s and the participating

experts’ expected utilities is maximized, and in any equilibrium each participating

expert gets at least his outside option value. Therefore, in σ˚ the principal gets at

least as much as in σ, and we get a contradiction.

Hence, in the presence of the mentioned equilibria, the principal-optimal equi-

librium payoff is the maximum among her payoffs in these 2n equilibria. If the

principal-optimal equilibrium is a socially optimal equilibrium where each partici-

pating expert i gets utility equal to his outside option u0i, we call it a full extraction

equilibrium and refer to this situation as full extraction.

Denote by gAi pr, sq an expected payoff of player i when he recommends ri “ r

after observing signal si “ s, while A is the set of participating experts, all of them

recommend their own signals (rj “ sj for all j P A and j ‰ i), and the principal

chooses the socially optimal action. If the principal can choose payments such that
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for every A, i P A and ri P Ω, gAi pri, siq ď gAi psi, siq “ u0i, then she can achieve full

extraction.

4.4 Model with Ex Post State Verification

In this section, we analyze the model with ex post state verification, that is, mi can

be conditioned on θ.

First, we show that if the principal can condition her payments to any expert i on

vector of all experts’ reports r “ pri, r´iq, full extraction is possible. Moreover, the

principal can fully insure all experts, that is for any realization of pθ, s, riq, expert i

gets exactly his outside option, ui0.

Proposition 41. If the principal can commit to payment function being conditional

on vector of all experts’ reports r “ pr1, .., rnq and the realized state θ, then the

principal achieves full extraction.

Proof. Let us fix any participation set, A. The principal commits to choose socially

optimal action; she proposes mipri, θq “ ui0´Uipφpri, r´iq, θq to all experts in A and

mipri, θq “ ui0´Uipφpri, r´iq, θq´1 for all other experts (not in A). Then all experts

besides those in A choose not to participate and it is a best response for every expert

in A to participate and report his own signal.

Finally, going through all possible subsets of t1, .., nu, principal chooses the

principal-optimal equilibrium and achieves full extraction.

In the following subsections, we analyze the model when payments to expert i

are pure individual performance-based, that is, can be conditioned on his own report

ri and realized state θ only: mi “ mipri, θq.
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4.4.1 Discrete Case

In this section, we consider the discrete case: Ω “ t1, ..., Su. The probability distri-

bution of state of the world θ is common prior: Prθ “ ss “ πs, πs ě 0,
řS
s“1 πs “ 1.

The vector of experts’ signals s “ ps1, .., snq is distributed with probability mass

function fθ : Ωn Ñ r0, 1s: Pps “ px1, .., xnq|θq “ fθpx1, .., xnq.

To find the expected payoff gAi pri, siq, let us denote by P 1i pθ|siq a probability that

expert i assigns to the state being θ after observing his own signal si. Further, denote

by qi,si a 1ˆ S vector of such probabilities written in increasing order:

qi,si “ pP
1
i p1|siq, .., P

1
i pS|siqq,

and by Qi a S ˆ S matrix, k-th row of which is qi,k (1 ď k ď S).

Lemma 42. Take any A Ď t1, .., nu. If for every i P A matrix Qi is non-singular,

then for any g0
i pri, siq P R|Ω|2, there exists a payment function mipri, θq such that

gAi pri, siq ” g0
i pri, siq.

Proof.

gAi pri, siq “
ÿ

θPΩ

P 1i pθ|siqmipri, θq ` ErUipa, θq|A, si, a “ φpri, s´iqs

Define gAi,ri “ pg
A
i pri, 1q, .., g

A
i pri, Sqq

1, PolAi,ri,si “ ErUipa, θq|A, si, a “ φpri, s´iqs,

Poli,ri “ pPoli,ri,1, .., Poli,ri,Sq
1. Finally, denote by mi,ri a 1 ˆ S vector of monetary

payments mipri, θq written according to increasing order in θ:

mi,ri “ pmipri, 1q, ..,mipri, Sqq.

Then for any fixed ri, g
A
i pri, siq ” g0

i pri, siq is equivalent to

Qi ˆmi,ri ` Pol
A
i,ri
“ g0

i,ri
.
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As matrix Qi is non-singular, for any g0
i,ri
P R|Ω|, there is a vector mi,ri P RΩm´1

such that the matrix equation above is satisfied:

mi,ri “ Q´1
i rg

0
i,ri
´ PolAi,ris.

Going through all ri P Ω, and joining these cases, we get that for any g0
i pri, siq P R|Ω|

2
,

there exists a payment function mipri, θq : Ω2 Ñ R such that gipri, siq ” g0
i pri, siq.

Proposition 43. If for every expert i matrix Qi is non-singular, then the principal

can achieve full extraction.

Proof. Let us fix any participation set, A. For every expert i P A take g0
i pri, siq ” ui0.

By Lemma 42, for each i P A there exists a payment function m˚
i pri, θq such that

gAi pri, siq ” g0
i pri, siq ” ui0. Then, for any A Ď t1, .., nu, there exists a socially

optimal equilibrium with participating set A, where the principal commits to the

socially optimal action and the payment functions m˚
i pri, θq, all participating experts

recommend ri “ si and get ui0 in expectation.

Finally, the principal chooses the principal-optimal equilibrium by comparing all

subsets of t1, .., nu and achieves full extraction.

Qi is non-singular if and only if the rows of Qi are linearly independent. This

means that from an arbitrary expert i’s probability distribution over Ω, we can

uniquely identify his corresponding probability distribution over received signals (al-

though expert i gets only one signal).

Our results here are fully analogous to classical spanning conditions of Cremer

and McLean (1985) and Cremer and McLean (1988).

4.4.2 Continuous Case: Independent Signals

In this section, we consider the continuous case: Ω “ R, F and Gθ are continuous

cumulative distribution functions. Also, assume that signals tsiu
n
i“1 are conditionally

independent given θ.
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The following proposition shows that in the case of independent signals the full

extraction is possible.

Proposition 44. If signals are conditionally independent, then the principal can

achieve full extraction.

Proof. Take any participating set A. Without loss of generality, let A “ t1, .., ku.

The principal maximizes the total welfare of herself and all participating experts:

based on a vector of recommendations r “ pr1, ..., rnq, she chooses a socially optimal

action - action a “ φprq, that maximizes

E

«

UP pa, θq `
ÿ

iPA

Uipa, θq

ˇ

ˇ

ˇ

ˇ

ˇ

s1 “ r1, ..., sk “ rk

ff

. (4.1)

Denote a conditional density of θ given expert i’s signal si by hip¨|siq.

If all other experts report truthfully, expert i’s expected utility after observing

si “ s and reporting ri “ r is:

gAi ps, rq “ ErUipa, θq `mipri, θq|A, a “ φpri, r´iq, si “ s, ri “ r, r´i “ s´is

“ ErUipφpr, s´iq, θq `mipr, θq|A, si “ ss “

ż

R

“

V A
i pr, xq `mipr, xq

‰

hipx|sqdx,

where V A
i pr, xq “ ErUipφpr, s´iq, xq|A, θ “ xs “ ErUipφpr, s´iq, xq|A, si “ s, θ “ xs.

If the principal proposes payment function mipr, θq ” u0i ´ V
A
i pr, θq, then:

V A
i pr, xq `mipr, xq ” u0i,

and, consequently,

gAi psi, riq ” ui0,

making the truthful reporting optimal for every expert i P A.

Note also that under payment functions from the proof above the experts are

indifferent among all possible recommendations.
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However, if signals are correlated, then

gAi ps, rq “

ż

R

“

V A
i ps, r, xq `mipr, xq

‰

hipx|sqdx,

V A
i ps, r, xq ” ErUipφpr, s´iq, xq|A, si “ s, θ “ xs ‰ ErUipφpr, s´iq, xq|A, θ “ xs,

V A
i ps, r, xq is not constant in s and the proof above cannot be directly applied.

4.4.3 Continuous Case: Correlated Signals with 2 Experts

Consider the case when number of experts n “ 2 and their signals are correlated

conditional on θ. Here, we concentrate on mechanisms that make experts indifferent

among all possible recommendations.

Conditional on all other experts report truthfully, expert i’s expected utility after

observing si “ s and reporting ri “ r is:

gAi ps, rq “

ż

R

“

V A
i ps, r, xq `mipr, xq

‰

hipx|sqdx,

where

V A
i ps, r, xq “ ErUipφpr, s´iq, xq|A, si “ s, θ “ xs

In order to get an expected payoff function gAi ps, rq ” ui0, for every r, we need

to solve a Fredholm equation of first kind,

ż

R
mipr, xqhipx|sqdx “ ui0 ´

ż

R
V A
i ps, r, xqhipx|sqdx,

with kernel function hipx|sq and unknown mipr, xq.
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Square Integrable Conditional Densities

If hipx|sq is square-integrable, that is
ş

R

ş

R h
2
i px|sqdxds ă `8, then from Hilbert-

Schmidt theory hipx|sq can be represented as

hipx|sq “
8
ÿ

i“1

λivipxqwipsq,

where vi, wi and λi are its left and right singular functions and singular values,

correspondingly (see, for e.g., Groetsch (2007), p. 10).

Then, according to Picard’s Criterion (Groetsch (2007), p. 11), if Pipr, sq ”

ui0 ´
ş

R Vips, r, xqhipx|sqdx P L2p´8,`8q a solution exists if and only and

8
ÿ

i“1

pPipr, sq, wipsqq
2

λ2
i

ă `8,

where

pPipr, sq, wipsqq “

ż

R
Pipr, sqwipsqds.

If this condition holds, the solution can be written as

mipr, xq “
8
ÿ

i“1

pPipr, sq, wipsqq

λi
vipxq.

4.4.4 Quadratic-diffuse-normal example

In spirit of Chapter 2, we consider the following case: UP pa, θq “ ´pa ´ θq2 and

Uipa, θq “ ´αipa´θ´biq
2, common prior is uniform improper (diffuse), and noises are

normally distributed: εi „ Np0, σ2q with common correlation Corrpεi, εjq “ ρ ě 0.

Here αj ě 0 represents a level of expert j’s interest in the implemented decision and

we normalize principal’s level of interest to be 1.

The next proposition, in particular, states that in any socially optimal equilibrium

with a fixed set of participating experts, the principal’s action is the same function

of signals.
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Proposition 45. In any socially optimal equilibrium with participating set S Ď

t1, 2, .., nu: ri “ si for any i P S and a “ 1
|S|

ř

iPS ri ` b
˚
S, where b˚S “

ř

iPS αibi
1`

ř

iPS αi
.

Proof. In any socially optimal equilibrium with experts offering their signals: ri “ si,

the principal maximizes the sum of her and participating experts’ expected utilities,

conditional on ri, i P S. In other words, she chooses a to maximize

Er´pa´ θq2 ´
ÿ

iPS

αipa´ θ ´ biq
2
|triuiPSs “

´

˜

1`
ÿ

iPS

αi

¸

a2
`

«

2p1`
ÿ

iPS

αiqErθ|triuiPSs ` 2
ÿ

iPS

αibi

ff

a

´p1`
ÿ

iPS

αiqErθ2
|triuiPSs ´ 2

ÿ

iPS

αibiErθ|triuiPSs ´
ÿ

iPS

αib
2
i

As Epθ|triuiPSq “ 1
|S|

ř

iPS ri, maximizing this expression with respect to a gives

a˚ “ Erθ|triuiPSs `
ř

iPS αibi
1`

ř

iPS αi
“

1

|S|

ÿ

iPS

ri `

ř

iPS αibi
1`

ř

iPS αi

Corollary 46. In any socially optimal equilibrium with experts getting utilities equal

to their outside options, the principal’s utility is

´pb˚Sq
2
´
ÿ

iPS

αipb
˚
S ´ biq

2
´

˜

1`
ÿ

iPS

αi

¸

p|S| ` p|S| ´ 1q|S|ρqσ2

|S|2
´
ÿ

iPS

u0i

As can be seen, the principal’s utility in a socially optimal equilibrium is decreas-

ing in correlation coefficient ρ, variance of noises σ2 and experts’ outside options

u0i.

Next, recall that in order to find a principal-optimal equilibrium, it is sufficient

to show the existence of socially optimal equilibria.
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Proposition 47. For any of 2n´1 non-empty sets of participating experts, a socially

optimal equilibrium where participating experts get utilities equal to their outside

options exists.

Proof. Fix a set of participating experts, S. The principal commits to choose a

socially optimal action, she proposes payment functions mipri, θq “
2
|S|
αipb

˚
S´biqpri´

θq`u0i`αirpbi´ b
˚
Sq

2` σ2

|S|
p1` p|S| ´ 1qρqs to i P S and mipri, θq “ u0i to i R S;2 all

experts from S report truthfully: ri “ si, the remaining experts do not participate if

the principal acts according to the described strategy, all experts do not participate

otherwise.

Notice that the principal faces infinite losses from deviation as then no expert

participates, therefore, to show that this profile is a socially optimal equilibrium, it

is enough to check that the truthful report, ri “ si, is a best response for each expert

i to other players’ strategies. Since a ´ θ ´ bi “
1
|S|
pri ` p|S| ´ 1qθ `

ř

jPS,j‰i εjq `

b˚S ´ θ ´ bi “
1
|S|
pri ´ θ `

ř

jPS,j‰i εjq ` b
˚
S ´ bi “

1
|S|
pri ´ si `

ř

jPS εjq ` b
˚
S ´ bi, then

pa´ θ´ bi|siq „ Np 1
|S|
pri ´ siq ` b

˚
S ´ bi,

σ2

|S|
p1` p|S| ´ 1qρqq and participating expert

i obtains

Er´αi
`

a´ θ ´ biq
2
`mipri, θ

˘

|sis “

´αi

«

ˆ

1

|S|
ri ´

1

|S|
si ` b

˚
S ´ bi

˙2

`
σ2

|S|
p1` p|S| ´ 1qρq

ff

`
2

|S|
αipb

˚
S ´ biqpri ´ siq ` u0i ` αi

„

pbi ´ b
˚
Sq

2
`
σ2

|S|
p1` p|S| ´ 1qρq



“ u0i ´
1

|S|2
αipri ´ siq

2.

Therefore, for each expert i, to participate and choose ri “ si is a best response. As a

consequence, the considered strategy profile is indeed a socially optimal equilibrium

2 These payment functions are not unique, see limited liability case for another example.
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where all experts’ expected utilities are equal to their outside options.

Notice that in these socially optimal equilibria the principal commits to her strate-

gies from Proposition 45. To get her optimal equilibrium, the principal just chooses

the best of these 2n ´ 1 equilibria. Therefore, she achieves full extraction.

4.4.5 Non-Binding Limited Liability for the Quadratic-diffuse-normal example

Let us return to the quadratic-diffuse-normal example. Up to this moment we as-

sumed the unlimited liability on the part of the experts. Now we suppose that

mipri, r´i, θq ě li, that is, for any offer ri and realized state θ payment to the expert

i is at least li (no matter what recommendation he gave and the realized state).

In the following proposition, we show that if li is not larger than u0i, the socially

optimal equilibria still exist.

Proposition 48. If li ď u0i, then the principal can achieve full extraction.

Proof. Fix a set of participating experts, S. The principal commits to choose a “

1
|S|

ř

iPS ri ` b˚S with b˚S “
ř

iPS αibi
1`

ř

iPS αi
if the set of participating experts is S and to

choose a “ 0 otherwise, she proposes payment functions mipri, θq “
1
|S|2

αipri ´ θq
2 `

2
|S|
αipb

˚
S ´ biqpri ´ θq ` u0i ` αirpbi ´ b˚Sq

2 `
p|S|´1qσ2

|S|2
p1 ` p|S|qρqs and mipri, θq “ u0i

for i R S; all experts from S report truthfully: ri “ si, the remaining experts do not

participate if the principal acts according to the described strategy, all experts do

not participate otherwise.

Notice that the principal faces infinite losses from deviation as then no expert

participates, therefore, to show that this profile is a socially optimal equilibrium it is

enough to check that the truthful report is a best response for each expert i to other

player’s strategies. Since a´ θ´ bi “
1
|S|
pri` p|S| ´ 1qθ`

ř

jPS,j‰i εjq ` b
˚
S ´ θ´ bi “

1
|S|
pri ´ si `

ř

jPS εjq ` b
˚
S ´ bi, then pa´ θ ´ bi|siq „ Np 1

|S|
pri ´ siq ` b

˚
S ´ bi,

σ2

|S|
p1`
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p|S| ´ 1qρqq and participating expert i obtains

Er´αi
`

a´ θ ´ biq
2
`mipri, θ

˘

|sis “

´αi

«

ˆ

1

|S|
ri ´

1

|S|
si ` b

˚
S ´ bi

˙2

`
σ2

|S|
p1` p|S| ´ 1qρq

ff

`
1

|S|2
αi

“

pri ´ siq
2
` σ2

‰

`
2

|S|
αipb

˚
S ´ biqpri ´ siq ` u0i

`αi

„

pbi ´ b
˚
Sq

2
`
p|S| ´ 1qp1` |S|ρqσ2

|S|2



“ u0i

Therefore, any expert i’s strategy yields him u0i and the considered strategy profile

is indeed a socially optimal equilibrium.

Finally check the limited liability requirement. For payment function mi, de-

noting ri ´ θ ” z we obtain mipzq “
1
|S|2

αiz
2 ` 2

|S|
αipb

˚
S ´ biqz ` u0i ` αirpbi ´

b˚Sq
2 `

p|S|´1qσ2

|S|2
p1 ` |S|ρqs, the global minimum of mi is u0i `

|S|´1
|S|2

p1 ` |S|ρqαiσ
2 ě

u0i `
|S|´1
|S|2

αiσ
2 ě li.

4.4.6 Binding Limited Liability

Consider the simplest case with one expert and 2-state space, Ω “ t0, 1u. The

common prior over states is π0 “ π1 “
1
2
. Both the principal and the expert face

quadratic losses: the principal utility is UP pa, θq “ ´pa ´ θq2, while the expert’s

preferences are represented by U1 “ ´αpa ´ θ ´ bq2. Without loss of generality,

assume that the expert is biased upwards, that is, b ě 0.

The principal’s signal is equal to the true state with probability p ą 1
2
: Pps1 “

θq “ p and Pps1 “ 1 ´ θq “ 1 ´ p. Denote by mij a payment that the expert gets

from the principal if he recommends i, while the realized state is j. Limited liability

here means that minimum payment the expert gets for his advise is l ě 0, implying

mij ě l. With the limited liability on payments, we can consider the case when

expert’s Individual Rationality constraint is not binding (his outside option is low
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enough) - formally, we drop Stage 2 of the game. However, we allow the principal

not to hire the expert: in this case, she just chooses a “ 1
2

and her utility is ´1
4

-

that is the level we need to compare with.

Recall that if the principal chooses to hire the expert, Revelation Principle implies

that we can concentrate on direct mechanisms. The principal solves the following

problem:

max
a0,a1,m00,m01,m10,m11

W “
1

2
pp´a2

0 ´m00q `
1

2
p1´ pqp´a2

1 ´m10q

`
1

2
p1´ pqp´pa0 ´ 1q2 ´m01q `

1

2
pp´pa1 ´ 1q2 ´m11q

s.t.

pp´αpa0 ´ bq
2
`m00q ` p1´ pqp´αpa0 ´ 1´ bq2 `m01q

ě pp´αpa1 ´ bq
2
`m10q ` p1´ pqp´αpa1 ´ 1´ bq2 `m11q

pp´αpa1 ´ 1´ bq2 `m11q ` p1´ pqp´αpa1 ´ bq
2
`m10q

ě pp´αpa0 ´ 1´ bq2 `m01q ` p1´ pqp´αpa0 ´ bq
2
`m00q

m00 ě l

m01 ě l

m10 ě l

m11 ě l

Recall that the principal hires the expert if W ą 1
4

only. Using the method of

Lagrange multipliers, we arrive to the next results.

Proposition 49. The principal hires the expert in one of the following cases:

a) 0 ď b ď p ´ 1
2

and l ă pp ´ 1
2
q2. In this case, a0 “ 1 ´ p, a1 “ p and all the

transfers are minimal: m00 “ m01 “ m10 “ m11 “ l.

b) p´ 1
2
ă b ă mint2, 1`αupp´ 1

2
q and l ă bp2p´1´bq. In this case, a0 “

3
2
´2p`b,
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a1 “
1
2
` b and no transfers are minimal: m00 “ m01 “ m10 “ m11 “ l.

c) p1 ` αqpp ´ 1
2
q ď b ă p1 ` 1

α
qpp ´ 1

2
q and l ă α2

1´α2 pp1 `
1
α
qpp ´ 1

2
q ´ bq2, then

a0 “ 1 ´ p ` αb
1`α

, a1 “
´α`p1`αqp´αb

1´α
, m10 “ m11 “ l, while m00 and m01 are any

transfers that satisfy

#

4α2

1´α2 pp1`
1
α
qpp´ 1

2
q ´ bq `m00 ´m01 ě 0

pm00 ` p1´ pqm01 “ l `
4α2pp1` 1

α
qpp´ 1

2
q´bqpb´p1`αqpp´ 1

2
qq

p1´α2q2
.

In case a), the preferences of the agents are closely aligned: since b is small

enough, the expert’s preferred point after signal 0, 1´ p` b, is closer to 1´ p than

to p, implying he reports truthfully even without monetary incentives. We can call

this solution the first best for the principal.

In case b), the principal cannot achieve her first best solution, she finds it benefi-

cial to keep the expert indifferent between recommending 0 and 1 after signal 0. As

b is not too high, she achieves this by distorting actions only while keeping minimum

payments: a small increase in bias relative to a) makes the actions’ distortions (which

lead to losses quadratic in the bias increase) more beneficial than paying excessive

monetary transfers (linear in the bias increase).

In case c), which exists for α ă 1 only, keeping the expert indifferent between

recommending 0 and 1 after signal 0 by distorting actions only becomes too expensive

for the principal. As a consequence, after recommendation 0 the principal chooses

to pay some non-minimal transfers, while choosing the action a0 “ 1´ p` αb
1`α

that

maximizes the sum of her and the agent’s utilities, which is optimal for the principal

due to monetary balancing. At the same time, to minimize monetary payments

(which are used to compensate the expert’s utility difference between policies a1 and

a0 after signal 0), the principal decreases a1 as b increases - this distortion allows her

to pay lower monetary transfers. Moreover, the decrease in a1 makes the principal

even better off for b ă 2p ´ 1 (a1 “ 1 ´ p for b “ 2p ´ 1), and for b ą 2p ´ 1 the
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policy losses are offset by decreased monetary transfers. As b approaches the right

bound of the interval, p1` 1
α
qpp´ 1

2
q, both a0 and a1 tend to 1

2
, while transfers tend

to 0: when bias reaches the bound, informative equilibrium no longer exists.

4.5 Model without Ex Post State Verification

In this section, we look whether the results of the previous section hold for the model

without ex post state verification. Below, we see that the mentioned results do not

extend only for the continuous case model with independent signals.

4.5.1 Discrete Case

In the discrete case, results of previous section hold as well for the model without

ex post state verification. Here and further relevant omitted proofs are found in

Appendix C.

Take any participation set A. Without loss of generality, let A “ t1, ..,mu.

Denote by Pips´i|siq a probability that expert i assigns to a vector of other experts’

signals being s´i “ ps1, .., si´1, si`1, .., smq after observing his own signal si. Further,

denote by qi,si a 1ˆSm´1 vector of such probabilities written according to increasing

lexicographic order:

qi,si “ pPipp1, .., 1, 1q|siq, Pipp1, .., 1, 2q|siq, .., PippS, .., S, S ´ 1q, PippS, .., S, Sq|siqq,

and by Qm
i a S ˆ Sm´1 matrix, k-th row of which is qi,k (1 ď k ď S).

Lemma 50. If matrix Qm
i has full rank (rank(Qm

i )=S), then for any g0
i pri, siq P R|Ω|

2
,

there exists a payment function mipri, r´iq such that gipri, siq ” g0
i pri, siq.

Proposition 51. If for every expert i (1 ď i ď m) matrix Qm
i has full rank

(rankpQm
i q “ S), then for a set of agents t1, ..,mu there exists a socially optimal

equilibrium where each participating expert i gets utility equal to his outside option.

92



Qi is non-singular if and only if the rows of Qm
i are linearly independent. This

means that from an arbitrary expert i’s probability distribution over the set of other

experts’ signals Ωm´1, we can uniquely identify a corresponding probability distri-

bution over the set of expert i’s received signals (although expert i gets only one

signal).

4.5.2 Continuous Case: Independent Signals

In this subsection, we show that the results for our base model are not automatically

extended for the model without ex post state verification.

Recall that hip¨|siq is a conditional density of θ given si. Also, denote by ρip¨|siq

a conditional density of s´i P Rk´1 given si.

If all other experts report truthfully, expert i’s utility after observing si “ s and

reporting ri “ r is:

gips, rq “ ErUipa, θq `mipri, r´iq|a “ φpri, r´iq, si “ s, ri “ r, r´i “ s´is

“ ErUipφpr, s´iq, θq `mipr, s´iq|si “ ss

“

ż

Rk´1

ErUipφpr, s´iq, θq `mipr, s´iq|si “ s, s´i “ xsρipx|sqdx

“

ż

Rk´1

ErUipφpr, xq, θq `mipr, xq|si “ s, s´i “ xsρipx|sqdx,

As Wips, r, xq ” ErUipφpr, xq, θq|si “ s, s´i “ xs ‰ ErUipφpr, xq, θq|s´i “ xs, we

cannot apply the approach from the previous subsection.

In order to get an expected payoff function gips, rq ” ui0, for every r, we need to

solve a Fredholm equation of first kind,

ż

Rk´1

mipr, xqρipx|sqdx “ ui0 ´

ż

Rk´1

Wips, r, xqρipx|sqdx,

with kernel function ρipx|sq and unknown mipr, xq.
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Hence, the existence of payment functions under which the experts are indifferent

among all possible recommendations is not guaranteed in the absence of ex post state

verification.

4.5.3 Continuous Case: Correlated Signals with 2 Experts

In order to get an expected payoff function gips, rq ” ui0, for every r, we need to

solve a Fredholm equation of first kind,

ż

R
mipr, xqρipx|sqdx “ ui0 ´

ż

R
Wips, r, xqρipx|sqdx,

with kernel function ρipx|sq and unknown mipr, xq.

Square Integrable Conditional Density

If ρipx|sq is square-integrable, that is
ş

R

ş

R ρ
2
i px|sqdxds ă `8, using Hilbert-

Schmidt theory ρipx|sq can be written as

ρipx|sq “
8
ÿ

i“1

µiyipxqzipsq,

where yi, zi and µi are its left and right singular functions and singular values, cor-

respondingly (Groetsch (2007)).

Then, a solution exists if Qipr, sq ” ui0 ´
ş

RWips, r, xqρipx|sqdx P L2p´8,`8q

and

8
ÿ

i“1

pQipr, sq, zipsqq
2

µ2
i

ă `8,

where

pQipr, sq, zipsqq “

ż

R
Qipr, sqzipsqds
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If this condition holds, the solution can be written as

mipr, xq “
8
ÿ

i“1

pQipr, sq, zipsqq

µi
yipxq.

4.5.4 Quadratic-diffuse-normal example

The results for the quadratic-diffuse-normal example hold even if payments are not

dependent on the realized state θ.

Proposition 52. In the model without ex post state verification, the principal can

achieve full extraction.

4.5.5 Non-Binding Limited Liability for the Quadratic-diffuse-normal example

In the following proposition, we show that if li is not larger than u0i, the social

optimal equilibrium in which all experts participate still exists in the absence ex

post state verification.

Proposition 53. In the model without ex post verification with li ď u0i for every i,

the principal can achieve full extraction.

4.6 Conclusions

In this chapter, we allow the principal to reward experts conditional on their rec-

ommendations and, in some scenarios, on the realized state. We show that in the

discrete case the full surplus extraction by principal is possible under the standard

full rank condition. In continuous case, we show that the full extraction is possible

if experts’ signals are independent and payments can be conditioned on the realized

state. In addition, we prove that full extraction is possible in the environment of

Chapter 2 with monetary transfers, even if the latter cannot be conditioned on the

realized state and the experts’ signals are correlated. This result holds even with

limited liability, if the minimal payment is below a specified threshold.

95



5

Conclusion

This dissertation consists of three self-contained chapters. The conclusions of the

first, second and third chapters are in section 2.7, 3.6 and 4.6, respectively.
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Appendix A

Appendices of Chapter 2

We begin with proofs for the general results of Section 2.5, after which many of the

results of Section 2.4 can be handled readily as special cases.

A.1 Proofs for Section 2.5

We first provide an auxiliary lemma.

Lemma A.1.1. Let ε1, ε2 „ Np0, σ2q, where ε1 and ε2 are independent, and define

ξpk1, k2q :“ minpε1 ` k1, ε2 ` k2q, ηpk1, k2q :“ maxpε1 ` k1, ε2 ` k2q. Then

Eξpk1, k2q “ ´2σ2fpk1 ´ k2q ` k1p1´ F pk1 ´ k2qq ` k2F pk1 ´ k2q;

Eηpk1, k2q “ 2σ2fpk1 ´ k2q ` k1F pk1 ´ k2q ` k2p1´ F pk1 ´ k2qq;

Eξ2
pk1, k2q “ σ2

´ 2pk1 ` k2qσ
2fpk1 ´ k2q ` k

2
1p1´ F pk1 ´ k2qq ` k

2
2F pk1 ´ k2q;

Eη2
pk1, k2q “ σ2

` 2pk1 ` k2qσ
2fpk1 ´ k2q ` k

2
1F pk1 ´ k2q ` k

2
2p1´ F pk1 ´ k2qq.

Proof. Let ε1, ε2 „ Np0, σ2q be independent random variables. By defining ξpk1, k2q “
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minpε1 ` k1, ε2 ` k2q and ηpk1, k2q “ maxpε1 ` k1, ε2 ` k2q, we have

Eξpk1, k2q “ ´2σ2fpk1 ´ k2q ` k1p1´ F pk1 ´ k2qq ` k2F pk1 ´ k2q;

Eηpk1, k2q “ 2σ2fpk1 ´ k2q ` k1F pk1 ´ k2q ` k2p1´ F pk1 ´ k2qq;

Eξ2
pk1, k2q “ σ2

´ 2pk1 ` k2qσ
2fpk1 ´ k2q ` k

2
1p1´ F pk1 ´ k2qq ` k

2
2F pk1 ´ k2q;

Eη2
pk1, k2q “ σ2

` 2pk1 ` k2qσ
2fpk1 ´ k2q ` k

2
1F pk1 ´ k2q ` k

2
2p1´ F pk1 ´ k2qq.

Recall that f and F denote the PDF and the CDF of Np0, 2σ2q. Let h and H

denote the PDF and the CDF of the distribution Np0, σ2q.

We start with a calculation of auxiliary integrals. The first two are directly computed

by substitution:

I1pk1, k2q “

ż

R

hpt´ k1qhpt´ k2qdt “

ˇ

ˇ

ˇ

ˇ

z “ t´
k1 ` k2

2

ˇ

ˇ

ˇ

ˇ

“ fpk1 ´ k2q

I2pk1, k2q “

ż

R

thpt´ k1qhpt´ k2qdt “

ˇ

ˇ

ˇ

ˇ

z “ t´
k1 ` k2

2

ˇ

ˇ

ˇ

ˇ

“
1

2
pk1 ` k2qfpk1 ´ k2q

The third one is calculated by parts:

I3pk1, k2q “

ż

R

Hpt´ k1qdhpt´ k2q “ Hpt´ k1qhpt´ k2q|
t“8
t“´8 ´ I1pk1, k2q

“ ´fpk1 ´ k2q

The fourth one

I4pk1, k2q “

ż

R

Hpt´ k1qhpt´ k2qdt “

ż

R

Hpt` k2 ´ k1qhptqdt :“ φpk2 ´ k1q

0 ď φpzq ď 1 and φpzq is well-defined. Then for any z: φ1pzq “ I1pz, 0q “ fpzq.

Integrating back, we get φpzq “ F pzq ` C. Integrating by parts, we receive φpzq “

1 ´ φp´zq. These equalities imply C “ 0 and φpzq “ F pzq. As a consequence,

I4pk1, k2q “ F pk2 ´ k1q “ 1´ F pk1 ´ k2q.

Finally, compute two integrals, that will be used for the calculations of RV mo-
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ments:

I5pk1, k2q “

ż

R

tHpt´ k1qhpt´ k2qdt

“ ´σ2I3pk1, k2q ` k2I4pk1, k2q

“ σ2fpk1 ´ k2q ` k2p1´ F pk1 ´ k2qq

I6pk1, k2q “

ż

R

t2Hpt´ k1qhpt´ k2qdt

“ ´σ2

ż

R

tHpt´ k1qdhpt´ k2q ` k2I5pk1, k2q

“ σ2
rI2pk1, k2q ` I4pk1, k2qs ` k2I5pk1, k2q

“
1

2
pk1 ` 3k2qσ

2fpk1 ´ k2q ` pk
2
2 ` σ

2
qp1´ F pk1 ´ k2qq

Now, return to the RVs. The PDF and the CDF of η are given by:

Fηptq “ Prpη ă tq “ Prpε1 ` k1 ă t, ε2 ` k2 ă tq “ Hpt´ k1qHpt´ k2q

fηptq “ Hpt´ k1qhpt´ k2q `Hpt´ k2qhpt´ k1q.

Using the obtained density function, calculate the moments of η:

Eη “
ż

R

tfηptqdt “ I5pk1, k2q ` I5pk2, k1q “ 2σ2fpk1 ´ k2q ` k1F pk1 ´ k2q

`k2p1´ F pk1 ´ k2qq;

Eη2
“

ż

R

t2fηptqdt “ I6pk1, k2q ` I6pk2, k1q

“ σ2
` 2pk1 ` k2qσ

2fpk1 ´ k2q ` k
2
1F pk1 ´ k2q ` k

2
2p1´ F pk1 ´ k2qq.

Finally, from the identities ξ`η ” ε1`k1`ε2`k2 and ξ2`η2 ” pε1`k1q
2`pε2`k2q

2,

we obtain the moments for ξ:

Eξ “ Epε1 ` k1 ` ε2 ` k2 ´ ηq “ k1 ` k2 ´ Eη

“ ´2σ2fpk1 ´ k2q ` k1p1´ F pk1 ´ k2qq ` k2F pk1 ´ k2q;

Eξ2
“ Erpε1 ` k1q

2
` pε2 ` k2q

2
´ η2

s “ 2σ2
` k2

1 ` k
2
2 ´ Eη2

“ σ2
´ 2pk1 ` k2qσ

2fpk1 ´ k2q ` k
2
1p1´ F pk1 ´ k2qq ` k

2
2F pk1 ´ k2q.
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Proof of Lemma 11. After observing the signal si, expert i does a Bayesian update

of his beliefs:

θ|si „ Npsi, σ
2q and sj|si „ Npsi, 2σ

2q.

Since the principal chooses the lower offer, she accepts ai iff sj ą si`ki´kj. Denote

by g the PDF of Npsi, 2σ
2q. Hence, the expected utility of expert i

Uipk1, k2, Lq “

ż 8

si`ki´kj

E
“

B ´ pai ´ θ ´ biq
2
|si, sj

‰

gpsjq dsj

`

ż si`ki´kj

´8

E
“

´paj ´ θ ´ biq
2
|si, sj

‰

gpsjq dsj

As pθ|si, sjq „ Np
sj`sj

2
, σ

2

2
q, ai “ si ` ki, aj “ sj ` kj, we obtain

Uipk1, k2, Lq “

8
ż

si`ki´kj

„

B ´
´

ki ´ bi ´
sj ´ si

2

¯2

´
σ2

2



gpsjq dsj

`

si`ki´kj
ż

´8

„

´

´

kj ´ bi `
sj ´ si

2

¯2

´
σ2

2



gpsjq dsj.

Now make a substitution t “ sj ´ si and denote by f and F the PDF and CDF of

Np0, 2σ2q.

Uipk1, k2, Lq “

8
ż

ki´kj

«

B ´

ˆ

ki ´ bi ´
t

2

˙2

´
σ2

2

ff

fptq dt

`

ki´kj
ż

´8

«

´

ˆ

kj ´ bi `
t

2

˙2

´
σ2

2

ff

fptq dt.

Note that Uipk1, k2, Lq does not depend on signal si, which is intuitive for the

improper prior. As
8
ş

a

tfptq dt “ 2σ2fpaq and
8
ş

´8

t2fptq dt “ 2σ2, we get the expression

for Uipki, kj, Lq.
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Now in state θ, the principal’s action a is distributed as θ`ξ, where ξ “ minpε1`

k1, ε2 ` k2q; ε1, ε2 „ Np0, σ2q, ε1 and ε2 are independent.

Therefore, from Lemma A.1.1 the expected bias of the accepted offer is

b̄pk1, k2, Lq “ Eξpk1, k2q “ ´2σ2fpk1 ´ k2q ` k2F pk1 ´ k2q ` k1p1´ F pk1 ´ k2qq

and the expected utility of the principal is

V pk1, k2, Lq “ ´Epa´ θq2 “ ´Epθ ` ξ ´ θq2 “ ´Eξ2
pk1, k2q

“ ´σ2
` 2pk1 ` k2qσ

2fpk1 ´ k2q ´ k
2
2 ´ pk

2
1 ´ k

2
2qp1´ F pk1 ´ k2qq.

Finally, the variance of the chosen offer is

V arpk1, k2, Lq “ ´ V pk1, k2, Lq ´ b̄
2
pk1, k2, Lq

“σ2
´ 4σ4f 2

pzq ´ 2σ2zfpzqp2F pzq ´ 1q ` z2F pzqp1´ F pzqq.

The following lemma provides several useful bounds. The statements are imme-

diate corollaries of Sampford (1953).

Lemma 54. The following inequalities hold for all x P R:

• 0 ă v1pxq ă 1
2σ2 ;

• 0 ą w1pxq ą ´ 1
2σ2 ;

• v2pxq ą 0.

Proof of Theorem 7. We start by showing that Uipk1, k2, Lq is a single-peaked func-

tion of ki. Taking a derivative w.r.t. ki yields

U 1ipkiq “ ´2 rpki ´ biqp1´ F pki ´ kjqq ´ ρfpki ´ kjqs

“ ´2p1´ F pki ´ kjqq

„

ki ´ bi ´ ρ
fpki ´ kjq

1´ F pki ´ kjq



.
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Let gpkiq denote the term in square brackets above. Lemma 54 implies that g1pkiq “

1 ´ ρλpki ´ kjq ě 1 ´ σ2λpki ´ kjq ą 0. Additionally, we have limxÑ˘8 gpxq “ ˘8.

Combining these facts, Ui has a unique critical point, which is a global maximum.

We now look for min equilibria. The FOCs for the experts are equivalent to:

k1 ´ b1 ´ ρ
fpk1 ´ k2q

1´ F pk1 ´ k2q
“ 0 (A.1)

k2 ´ b2 ´ ρ
fpk1 ´ k2q

F pk1 ´ k2q
“ 0. (A.2)

Subtracting (A.2) from (A.1) substituting z “ k1 ´ k2, we get

z ´ ρ

„

fpzq

1´ F pzq
´
fpzq

F pzq



“ b1 ´ b2. (A.3)

Denote lpzq “ ´ρ
”

fpzq
1´F pzq

´
fpzq
F pzq

ı

` z. Using a) from Lemma 54, we obtain

l1pzq “ 1´ ρ rv1pzq ´ w1pzqs ` 1 ě 1´ σ2
rv1pzq ´ w1pzqs ą 0

Now lpzq is continuous, strictly increasing on R, and ranges from ´8 to `8. There-

fore (2.4) has a unique solution, z˚; we use zpBq to denote explicitly the dependence

on B.

Using this solution, we get pkm1 , k
m
2 q as the only critical point and check that this

point satisfies both initial FOCs. As Uipki, kj, Lq is a single-peaked function of ki,

pkm1 , k
m
2 q is a pair of best responses.

As it was shown in Theorem 1, choosing the lower offer is the BR strategy for

the principal iff k1 ` k2 ě 0, or equivalently

b1 ` b2 ` ρ

„

fpz˚q

1´ F pz˚q
`
fpz˚q

F pz˚q



ě 0.

Also the LHS of (2.4) is equal to 0 at z “ 0, and therefore z˚ ě 0 and km1 ´ k
m
2 ě 0.

Define a function mpBq “ b1 ` b2 ` ρrvpzpBqq ` wpzpBqs; the min equilibrium

exists if and only if mpBq ě 0.
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1) For B ď 2σ2: mpBq ě 0, therefore the min equilibrium exists.

2) Next, we show that mpBq is decreasing in B in the region B ě 2σ2.

m1
pBq “ ´

1

2
rvpzpBqq ` wpzpBqqs ` ρrλpzpBqq ´ λp´zpBqqsz1pBq. (A.4)

Differentiating equation (2.4) at point B, we get:

z1pBq ´ ρrλpzpBqq ` λp´zpBqqsz1pBq `
1

2
rvpzpBqq ´ wpzpBqqs “ 0. (A.5)

By substituting (A.5), the second term of (A.4) becomes

` ρrλpzpBqq ´ λp´zpBqqs
´1

2
rvpzpBqq ´ wpzpBqqs

1´ ρ rλpzpBqq ` λp´zpBqqs

ď ´ρrλpzpBqq ´ λp´zpBqqs
1
2
rvpzpBqq ´ wpzpBqqs

´ρ rλpzpBqq ` λp´zpBqqs

“
1

2

λpzpBqq ´ λp´zpBqq

λpzpBqq ` λp´zpBqq
rvpzpBqq ´ wpzpBqqs

ùñ m1
pBq ď ´

1

2
rvpzpBqq ` wpzpBqqs `

1

2
rvpzpBqq ´ wpzpBqqs “ ´wpzpBqq ă 0.

3) From Lemma 54 the hazard rate v is convex, so for any real x, vpxq ` wpxq “

vpxq ` vp´xq ě 2vp0q ą 0, and mpBq tends to ´8 as B tends to 8.

From 1)-3) follows that there exists Bm : mpBq ě 0 iff B ď Bm. Also
ˆ

Bm

2
´ σ2

˙

rvpzpBmqq ` wpzpBmqqs “ b1 ` b2. (A.6)

As zpBmq satisfies equation (2.4), we have:
ˆ

Bm

2
´ σ2

˙

rvpzpBmqq ´ wpzpBmqqs ` zpBmq “ b1 ´ b2. (A.7)

From the previous discussion and (A.6) we have Bm ě 2σ2. Also, (A.6) and the

inequality vpxq ` wpxq “ vpxq ` vp´xq ě 2vp0q “ 2?
πσ

give an upper bound on Bm:

ˆ

Bm

2
´ σ2

˙

2
?
πσ

ď b1 ` b2.
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Subtracting (A.7) from (A.6), we get a lower bound on Bm:

2b2 “ pBm ´ 2σ2
qwpzpBmqq ´ zpBmq ď pBm ´ 2σ2

qwp0q “ pBm ´ 2σ2
q

1
?
πσ

.

Finally, we calculate the expected bias of the chosen offer, its variance, and players’

utilities:

b̄pkm1 , k
m
2 , Lq “ ´2σ2fpz˚q ` km2 F pz

˚
q ` km1 p1´ F pz

˚
qq

“ ´2σ2fpz˚q ` b2F pz
˚
q ` ρfpz˚q ` b1p1´ F pz

˚
qq ` ρfpz˚q

“ b1p1´ F pz
˚
qq ` b2F pz

˚
q ´Bfpz˚q;

V arpkm1 , k
m
2 , Lq “ σ2

´ 4σ4f 2
pz˚q ´ 2σ2z˚fpz˚qp2F pz˚q ´ 1q

`pz˚q2F pz˚qp1´ F pz˚qq.

Corollary A.1.1. In the min equilibrium,

V pkm1 , k
m
2 , Lq “ ´σ

2
´ b2

1p1´ F pz
˚
qq ´ b2

2F pz
˚
q `Bpb1 ` b2qfpz

˚
q `∆pz˚q

U1pk
m
1 , k

m
2 , Lq “ ´σ

2
´ pb1 ´ b2q

2F pz˚q `Bp1´ F pz˚qq ´Bpb1 ´ b2qfpz
˚
q `∆pz˚q

U2pk
m
1 , k

m
2 , Lq “ ´σ

2
´ pb1 ´ b2q

2
p1´ F pz˚qq `BF pz˚q `Bpb1 ´ b2qfpz

˚
q `∆pz˚q,

where ∆pz˚q :“
´

σ4 ´ B2

4

¯

f2pz˚q
F pz˚qp1´F pz˚qq

.

Proof. Immediate from applying Lemma 11 to the markups given by Theorem 7.

Proof of Lemma 12. Since the principal chooses the highest offer, she chooses ai iff

sj ă si`ki´kj. Using arguments similar to used in Lemma 11, we find the expected
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utility of expert i:

Uipk1, k2, Hq “

ż 8

ki´kj

Er´paj ´ θ ´ biq2|sjsfpsjq dsj

`

ż ki´kj

´8

ErB ´ pai ´ θ ´ biq2|sjsfpsjq dsj “
ż 8

ki´kj

„

´

´

kj ´ bi `
sj
2

¯2

´
σ2

2



fpsjq dsj

`

ż ki´kj

´8

„

B ´
´

ki ´ bi ´
sj
2

¯2

´
σ2

2



fpsjq dsj “ pB ´ pki ´ biq
2
qF pki ´ kjq ´ σ

2

´pkj ´ biq
2
r1´ F pki ´ kjqs ´ 2σ2

pki ` kj ´ 2biqfpki ´ kjq.

In state θ the principal’s action a is distributed as θ`η, where η „ maxpε1`k1, ε2`k2q;

ε1, ε2 „ Np0, σ2q, ε1 and ε2 are independent.

From Lemma A.1.1 the expected bias of the accepted offer is

b̄pk1, k2, Hq “ Eηpk1, k2q “ 2σ2fpk1 ´ k2q ` k2p1´ F pk1 ´ k2qq ` k1F pk1 ´ k2q.

The expected utility of the principal is

V pk1, k2, Hq “ ´Epa´ θq2 “ ´Eη2
pk1, k2q

“ ´σ2
´ 2pk1 ` k2qσ

2fpk1 ´ k2q ´ k
2
2 ´ pk

2
1 ´ k

2
2qF pk1 ´ k2q.

The variance of the chosen offer is

V arpk1, k2, Hq “ ´ V pk1, k2, Hq ´ b̄
2
pk1, k2, Hq

“σ2
´ 4σ4f 2

pzq ´ 2σ2zfpzqp2F pzq ´ 1q ` z2F pzqp1´ F pzqq.

Proof of Theorem 8. The proof is analogous to that of Theorem 7. The FOCs for

experts are now:

k1 ´ b1 ` ρ
fpk1 ´ k2q

F pk1 ´ k2q
“ 0 (A.8)

k2 ´ b2 ` ρ
fpk1 ´ k2q

1´ F pk1 ´ k2q
“ 0. (A.9)
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Subtracting equation (A.8) from equation (A.9) yields (A.3). Principal optimality

holds if and only if k1 ` k2 ď 0, or equivalently

b1 ` b2 ´ ρ

„

fpz˚q

1´ F pz˚q
`
fpz˚q

F pz˚q



ď 0, (A.10)

Define a function npBq “ b1 ` b2 ´ ρrvpzpBqq ` wpzpBqs, where zpBq is given by

equation (2.4). For B ą 2σ2, we have npBq ą 0, and thus a max equilibrium does

not exist. Observe further that np2σ2q “ b1`b2 ě 0. Since mpBq`npBq “ 2pb1`b2q

and m1pBq ă 0, we have n1pBq ą 0. It follows that if np0q ď 0, then there exists

BM P r0, 2σ2s such that npBq ď 0 iff B ď BM . Therefore

ˆ

BM

2
´ σ2

˙

rvpzpBMqq ` wpzpBMqqs “ ´pb1 ` b2q. (A.11)

Also zpBMq satisfies equation (2.4), and therefore

ˆ

BM

2
´ σ2

˙

rvpzpBMqq ´ wpzpBMqqs ` zpBMq “ b1 ´ b2. (A.12)

From the previous discussion and (A.11) we have BM ď 2σ2. Also (A.11) and the

inequality vpxq ` wpxq ě 2vp0q “ 2?
πσ

give the lower bound

ˆ

BM

2
´ σ2

˙

2
?
πσ

ě ´pb1 ` b2q.

Summing (A.12) and (A.11), we get the upper bound

´2b2 “

ˆ

BM

2
´ σ2

˙

vpzpBMqq ` zpBMq ě pBM ´ 2σ2
q2vp0q.

Finally, we compute the following:

b̄pkM1 , k
M
2 , Hq “ 2σ2fpz˚q ` kM1 F pz

˚
q ` kM2 p1´ F pz

˚
qq

“ 2σ2fpz˚q ` b1F pz
˚
q ´ ρfpz˚q ` b2p1´ F pz

˚
qq ´ ρfpz˚q

“ b1F pz
˚
q ` b2p1´ F pz

˚
qq `Bfpz˚q;
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V arpkM1 , k
M
2 , Hq “ σ2

´ 4σ4f 2
pz˚q ´ 2σ2z˚fpz˚qp2F pz˚q ´ 1q

`pz˚q2F pz˚qp1´ F pz˚qq.

Recall the definition of ∆pz˚q from Corollary A.1.1.

Corollary A.1.2. In the max equilibrium,

V pkM1 , k
M
2 , Hq “ ´σ

2
´ b2

1F pz
˚
q ´ b2

2p1´ F pz
˚
qq ´Bpb1 ` b2qfpz

˚
q `∆pz˚q

U1pk
M
1 , k

M
2 , Hq “ ´σ

2
´ pb1 ´ b2q

2
p1´ F pz˚qq `BF pz˚q `Bpb1 ´ b2qfpz

˚
q `∆pz˚q

U2pk
M
1 , k

M
2 , Hq “ ´σ

2
´ pb1 ´ b2q

2F pz˚q `Bp1´ F pz˚qq ´Bpb1 ´ b2qfpz
˚
q `∆pz˚q.

Proof. Lemma 12 applied to Theorem 8.

Proof of Proposition 13. From Theorems 7 and 8

Vmin ´ Vmax “ p2F pz
˚
q ´ 1qpb2

1 ´ b
2
2q ` 2Bpb1 ` b2qfpz

˚
q ě 0,

with equality if and only if either b1 ` b2 “ 0 or both B “ 0 and b1 “ b2.

Proof of Proposition 14. Delegation to expert 2 alone yields principal utility

V Spb, xq “ ´σ2 ´ pb´ xq2, while min equilibrium yields

V m
pb, xq “ ´σ2

´ b2
´ x2

` p2F pz˚q ´ 1q2bx` pk1 ´ b´ xqpk2 ´ b` xq.

The difference between these is

V m
pb, xq ´ V S

pb, xq “ ´2p1´ F pz˚qqbx` pk1 ´ b´ xqpk2 ´ b` xq

“ ´2p1´ F pz˚qqbx` σ4vpz˚qwpz˚q. (A.13)

Recall that z˚ is independent of b. For fixed x ą 0 then the existence of b˚ follows

from the fact that this expression is decreasing linearly in b and positive for b “ 0.

Next, consider b2 “ 0 and b1 “ b ą 0. The principal’s utility in the min equilib-

rium is

V “ ´σ2
` 2pk1 ` k2qσ

2fpzq ´ k2
1p1´ F pzqq ´ k

2
2F pzq,
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which we aim to show is greater than ´σ2 as under simple delegation to expert two.

Using the expressions k1 “ b` σ2 fpzq
1´F pzq

and k2 “ σ2 fpzq
F pzq

, this is true if and only if

2

ˆ

b` σ2 f

1´ F
` σ2 f

F

˙

σ2f ą

˜

b2
` 2bσ2 f

1´ F
` σ4

ˆ

f

1´ F

˙2
¸

p1´ F q

`σ4

ˆ

f

F

˙2

F.

Using b “ z ´ σ2 fp2F´1q
F p1´F q

and simplifying, this is equivalent to

σ4
p4F ´ 1q ą zpzF p1´ F q ´ 2σ2fp2F ´ 1qq.

As z ą 0, the left hand side is positive; we now show that the right hand side is

negative. Let hpzq :“ 2σ2fp2F ´ 1q ´ zF p1´ F q, which we aim to show is positive.

Then h1pzq “ 2f 2 ´ F p1 ´ F q. As shown in Sampford (1953), kpzq :“ f2

F p1´F q
is

decreasing for z ě 0. It is easy to verify that 2kp0q ą 1 and that limzÑ`8 kpzq “ 0.

It follows that there is a unique positive solution to h1pzq “ 0. It is also easy to check

that h1p0q ą 0 and that limzÑ`8 hpzq “ 0. Together these facts imply that hpzq ą 0

for all z ą 0, as desired.

A.2 Proofs for Section 2.4

Proof of Proposition 3. If b1 “ b2 “ b ą 0, then upper and lower bounds on Bm from

Theorem 7 coincide, so Bm “ 2σ2 ` 2
?
πσb. The experts’ markups are km1 “ km2 “

km “ b` ρσ
σ
?
π

and z˚ “ 0.

Proof of Proposition 4. If b1 “ b2 “ b ą 0, then upper and lower bounds on BM

from Theorem 8 coincide, so BM “ 2σ2 ´ 2
?
πσb. The experts’ markups are kM1 “

kM2 “ kM “ b´ ρ
σ
?
π

and z˚ “ 0.

Proof of Proposition 5. The comparison of the min and max equilibria follows as a

special case of Proposition 13. The comparison of the min equilibrium and simple
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delegation is immediate by inspection of (A.13) in the proof of Proposition 14 by

setting x “ 0.

Given B ą 0, let σ˚ denote the unique positive solution to the equation p4π ´

4qσ4 ` 2
?
πbBσ “ B2.

Lemma 55. Consider b1 “ b2 “ b ą 0. The principal’s payoff is related to the noise

level σ as follows:

• If 0 ă B ă 2pπ´1qπ
pπ´2q2

b2, there exists a non-empty interval σ P r
?
πb2`2B´

?
πb

2
, σ˚q,

where min equilibrium exists and the principal’s expected payoff is increasing

in σ; when σ ą σ˚, the principal’s expected payoff is decreasing in σ.

• If B “ 0 or B ě 2pπ´1qπ
pπ´2q2

b2, the principal’s expected payoff is always decreasing

in σ.

Proof. From Proposition 3, the symmetric min equilibrium exists if B ď 2σ2 `

2
?
πbσ or, equivalently, σ ě

?
πb2`2B´

?
πb

2
. The principal’s expected payoff in the min

equilibrium is equal to V “ ´pb ´ B
2
?
πσ
q2 ´ p1 ´ 1

π
qσ2. Then V 1pσq “ B?

πσ2 p
B

2
?
πσ
´

bq ´ 2p1´ 1
π
qσ “ ´ 1

2πσ3 rp4π ´ 4qσ4 ` 2
?
πbBσ ´B2s ą 0 if and only if σ ă σ˚.

If B “ 0, V 1pσq ă 0. Otherwise, denote σ0 “

?
πb2`2B´

?
πb

2
ą 0.

The interval rσ0, σ
˚q is non-empty if and only if 0 ą p4π´4qσ4

0`2
?
πbBσ0´B

2 “

p4π ´ 4qσ4
0 ´ 2Bσ2

0 ` Br2σ2
0 ` 2

?
πbσ0 ´ Bs “ p4π ´ 4qσ4

0 ´ 2Bσ2
0 or, equivalently,

0 ą p2π´2qσ2
0´B “ p2π´2qσ2

0´p2σ
2
0`2

?
πbσ0q “ p2π´4qσ2

0´2
?
πbσ0. The latter

holds if and only if σ0 ă
?
πb

π´2
or, equivalently, B “ 2σ2

0 ` 2
?
πbσ0 ă

2pπ´1qπ
pπ´2q2

b2.

Lemma 56. Suppose that bonus B is paid by the principal. The principal’s optimal

choice of B depends on the bias-to-noise ratio as follows:

• If b
σ
ď
?
π, then the principal pays no bonus: B “ 0.
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• If b
σ
ą
?
π, then the principal chooses bonus B “ 2

?
πσ2

“

b
σ
´
?
π
‰

. The in-

crease in the principal’s expected payoff, relative to when the bonus is restricted

to be 0, is equal to pb´
?
πσq2.

Proof. By Proposition 13, only min equilibrium should be considered. Therefore,

we seek to maximize the quadratic function V pkm, km, Lq ´ B “ ´

´

b´ B
2
?
πσ

¯2

´

σ2 ` σ2

π
´B on the interval B P r0, 2σ2 ` 2

?
πσbs.

a) First consider b
σ
ď
?
π. In this case the maximum is achieved at B “ 0 and is

equal to V pkm, km, L|B “ 0q “ ´b2 ´
`

1´ 1
π

˘

σ2.

Hence, if b
σ
ă
?
π, then the principal pays no bonus.

b) Now consider b
σ
ě
?
π. In this case the principal achieves maximum in the min

equilibrium at BR “ 2
?
πσ pb´

?
πσq (min equilibrium exists for this point) and is

equal to V pkm, km, L|B “ BRq “ pπ ´ 1` 1
π
qσ2 ´ 2

?
πσb.

Her gains comparatively to B “ 0 (if she is legally restricted from paying bonuses)

are equal to:

V pkm, km, L|B “ BRq ´ V pkm, km, L|B “ 0q “
`

b´
?
πσ

˘2
.

Proof of Proposition 6. For nonmonotonicity in b, note that the principal’s payoff in

the min equilibrium is ´b̄2 ´ V ar “ ´

´

b´ B
2
?
πσ

¯2

´
`

1´ 1
π

˘

σ2, which is clearly

increasing in b for b P
”

0, B
2
?
πσ

ı

. Nonmonotonicity in σ is established by Lemma 55,

and nonmonotonicity in B is established by Lemma 56.

A.3 Proofs for Section 2.6

Lemma 57. Consider the game played between experts given a fixed principal strategy

p. For B ď 2σ2, this game has a unique equilibrium in constant markup strategies,
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characterized by differentiable markup functions k1ppq and k2ppq, with k1ppq ` k2ppq

increasing.

Proof. In what follows, define

vpzq :“
fpzq

1´ F pzq

wpzq :“
fpzq

F pzq

Jvpz; pq :“
1´ F pzq
p

2p´1
´ F pzq

Jwpz; pq :“
F pzq

1´p
2p´1

` F pzq

Hpz; pq :“
fpzq

p
2p´1

´ F pzq
“ vpzqJvpzq

Kpz; pq :“
fpzq

1´p
2p´1

` F pzq
“ wpzqJwpzq

where f and F are the PDF and CDF of Np0, 2σ2q.

Note that for all z P R and p P r0, 1s, we have the identities Hpz; 1´pq ” ´Kpz; pq

and Hp´z; pq ” Kpz; pq.

Given p, the experts’ FOCs are

k1 “ b1 `

ˆ

σ2
´
B

2

˙

fpzqp2p´ 1q

pp1´ F pzqq ` p1´ pqF pzq
(A.14)

“ b1 `

ˆ

σ2
´
B

2

˙

Hpz; pq (A.15)

k2 “ b2 `

ˆ

σ2
´
B

2

˙

fpzqp2p´ 1q

pF pzq ` p1´ pqp1´ F pzqq
(A.16)

“ b2 `

ˆ

σ2
´
B

2

˙

Kpz; pq, (A.17)

where z “ k1 ´ k2. Note that for p “ 1
2
, we have simply k1 “ b1 and k2 “ b2, and
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Hpz; pq and Kpz; pq are continuous in p for all p P r0, 1s. Henceforth, we consider

p ‰ 1
2
.

Combining (A.14) and (A.16) yields

Dpz; pq :“ b1 ´ b2 `

ˆ

σ2
´
B

2

˙

rHpz; pq ´Kpz; pqs ´ z “ 0. (A.18)

It is easy to verify that the Dpz; pq is symmetric in p about p “ 1
2
, so it suffices

for the moment to consider only p P p1
2
, 1q. That a solution to (A.18) exists is

evident upon examining the limiting behavior; as z approaches `8 or ´8, Dpz; pq

approaches `8 or ´8, respectively. Every solution to (A.18) determines a unique

pair pk1, k2q that solves (A.14) and (A.16). We now show that there is a unique

solution z˚ to (A.18); it suffices to show that the Dpz; pq has derivative strictly less

than 0. We have BHpz;pq
Bz

:“ v1pzqJvpzq ` vpzqJ
1
vpzq. Now v1pzq ą 0 by Lemma 54 and

since p ě 1
2
, Jvpzq ă 1 and J 1vpzq ă 0. Thus by Lemma 54, BHpz;pq

Bz
ă v1pzq ă 1

2σ2 .

By similar reasoning, BKpz;pq
Bz

ą w1pzq ą ´ 1
2σ2 . If BrHpz;pq´Kpz;pqs

Bz
ă 0, the claim

immediately follows, and if not, we have
`

σ2 ´ B
2

˘

BrHpz;pq´Kpz;pqs
Bz

ă σ2 2
2σ2 “ 1, as

desired.

It remains to show that for the unique solution pk˚1 , k
˚
2 q to (A.14) and (A.16),

each expert is indeed best-responding to the other. Consider two cases.

Case I: p ą 1
2
. By the arguments above, the right side of (A.14) has derivative w.r.t.

z (and hence k1) less than 1. Since the labeling of experts is arbitrary, the second

order condition is satisfied for each expert.

Case II: p ă 1
2
. By the identity Hpz; 1 ´ pq “ ´Kpz; pq, (A.16) becomes k2 “

b2´
`

σ2 ´ B
2

˘

Hpz; 1´ pq. By familiar arguments, the right side has derivative w.r.t.

k2 less than 1, and since experts are labeled arbitrarily, second order conditions hold.

Clearly, (A.14) and (A.16) are equations of differentiable functions of k1, k2, and

p, and are nonconstant in the ki. By the implicit function theorem, there exist
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differentiable functions k1ppq, k2ppq that solve these equations for each p. Finally, we

show that k1ppq`k2ppq is increasing. It is useful now to label players so that b1 ą b2,

and thus z˚ppq ą 0. Combining (A.14) and (A.16), we obtain

Spk1, k2, z; pq :“ b1 ` b2 `

ˆ

σ2
´
B

2

˙

rHpz; pq `Kpz; pqs ´ pk1 ` k2q “ 0 (A.19)

Note that z˚ppq is decreasing in p for p ă 1
2

and increasing for p ą 1
2
. To see this,

consider (A.18). Since Dpz; pq is symmetric in p about p “ 1
2
, it suffices to consider

p ą 1
2
. We have

BrHpz; pq ´Kpz; pqs

Bp
“

fpzq

p2p´ 1q2

«

ˆ

p

2p´ 1
´ F pzq

˙´2

´

ˆ

1´ p

2p´ 1
` F pzq

˙´2
ff

.

Now for all z ą 0, F pzq ą 1
2

and thus 1´p
2p´1

` F pzq ą p
2p´1

´ F pzq ą 0. It follows

that BDpz;pq
Bp

ą 0. By earlier claims, Dpz; pq is decreasing in z, so z˚ppq must be

increasing in p for p ą 1
2
. By symmetry, z˚ppq is decreasing in p for p ă 1

2
. Let

C “ σ2 ´B{2 ě 0. By totally differentiating (A.18) w.r.t p, we obtain

z1ppq “
CpHp ´Kpq

1´ CpHz ´Kzq
. (A.20)

From (A.19), we have

k11ppq ` k
1
2ppq “ CrpHz `Kzqz

1
ppq `Hp `Kps

“ CpHz `Kzq
CpHp ´Kpq

1´ CpHz ´Kzq
` CpHp `Kpq.

The above is nonnegative if and only if

pHz `KzqCpHp ´Kpq ` pHp `Kpqp1´ CpHz ´Kzqq ě 0

ðñ Hp `Kp ` 2CKzHp ´ 2CHzKp ě 0 (A.21)

The LHS of (A.21) is at least Hp `Kp ` 2Cw1pzqHp ´ 2Cv1pzqKp, which by Lemma

54 is positive, as desired.

113



For p ă 1
2
, we use the substitution p1 “ 1 ´ p and apply the identity Hpz; pq ”

Kpz; 1´pq; we obtain k1ppq`k2ppq´b1´b2 “ ´pk1pp
1q`k2pp

1q´b1´b2q. Differentiating

both sides and noting that dp1

dp
“ ´1, we get that k11ppq`k

1
2ppq “ k11p1´pq`k

1
2p1´pq ą

0.

Proof of Proposition 16. The uniqueness of the equilibrium of the game played be-

tween experts given p comes from Lemma 57. For b1 “ b2 “ b ą 0, the expression for

the principal’s payoff is the weighted average of payoffs from choosing the minimum

or maximum offer, pV pk, k, Lq`p1´pqV pk, k,Hq, where V pk1, k2, Lq and V pk1, k2, Hq

are defined in Lemmas 11 and 12, respectively. Using B ď 2σ2 and taking a deriva-

tive w.r.t. p, the payoff is increasing in p and maximized at p “ 1. This establishes

the first claim of the proposition.,

For the second claim, suppose B “ 0, b1 “ b ą 0 and b2 “ ´b. Let V ppq denote

the principal’s utility from commitment to p. That b1 ` b2 “ 0 implies V p0q “ V p1q

is shown in the proof of Proposition 13. Therefore, it suffices to show that V 1p1q ă 0.

Given p, the markups satisfy

k1ppq “ b`
p2p´ 1qfpzppqq

W ppq

k2ppq “ ´b`
p2p´ 1qfpzppqq

1´W ppq

ùñ zppq “ 2b`
p2p´ 1qfpzqp1´ 2W ppqq

W ppqp1´W ppqq
,

where W ppq :“ pp1 ´ F pzppqqq ` p1 ´ pqF pzppqq. Differentiating with respect to p

and solving for z1p1q yields

z1p1q “
fp4F ` 1qp2F ´ 1q

F 2p1´ F q2 ´ F p1´ F qpf 1p2F ´ 1q ` 2f 2q ´ f 2p2F ´ 1q2
.

The principal’s utility is

V ppq “ 2p2p´ 1qfpk1 ` k2q ´ k
2
1W ´ k2

2p1´W q.
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By differentiating with respect to p, evaluating at p “ 1, substituting in the above

expression for z1p1q and simplifying, we obtain

V 1p1q “
f 2

F 2p1´ F q2

ˆ

1`
g1

g2

˙

, where

g1 :“ p2F ´ 1qp2F p1´ F qf 1 ` f 2
p2F ´ 1qq,

g2 :“ F 2
p1´ F q2 ´ f 2

p2F 2
´ 2F ` 1q ´ f 1p2F ´ 1qF p1´ F q.

We claim that g2 ą 0, and thus it suffices to show that g2 ă ´g1 for sufficiently large

z. To see this, note that by Lemma 54, f 1 ă 1´F
2
´

f2

1´F
, and thus

g2 ą F p1´ F q2
„

1

2
´

f 2

F p1´ F q



.

It is easy to verify that f2

F p1´F q
ă 1

2
holds globally, and thus g2 ą 0 as desired. To

see that g2 ă ´g1 for sufficiently large z, note that by algebra this comparison is

equivalent to

F p1´ F q ` f 1p2F ´ 1q ď 2f 2. (A.22)

Using Lemma 54 again and simplifying, a sufficient condition for (A.22) is 2F ´ 1
2
ă

f2

p1´F q2
. The left hand side is bounded above by 3

2
, while the right hand side is

increasing and unbounded above; thus for sufficiently large z, (A.22) holds. Finally,

since z is increasing and unbounded above as a function of b, the second part of the

proposition holds.

Proof of Proposition 17. First, we calculate marginal utilities:

U 1ipkiq “ ´2pki ´ bqr1´ F pki ´ kjqs `

„

1

2
σ2
` 2ρ`

1

4
pki ` kj ´ 2bq2



fpki ´ kjq.

Here, setting U 1ipkq “ 0 gives two critical points:

k “ b`
?
πσ ´

b

`

π ´ 5
2

˘

σ2 `B and k “ b`
?
πσ `

b

`

π ´ 5
2

˘

σ2 `B.
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The second derivative is:

U2i pkiq “ ´2r1´ F pki ´ kjqs ` fpki ´ kjqˆ

ˆ

„

2pki ´ bq `
1

2
pki ` kj ´ 2bq `

ˆ

B

2σ2
´

5

4

˙

pki ´ kjq ´
1

8σ2
pki ´ kjqpki ` kj ´ 2bq2



.

We get that only k˚ “ b`
?
πσ´

b

`

π ´ 5
2

˘

σ2 `B is a local maximum of experts’

utility functions.

Optimality for the principal holds if and only if k˚ ě 0 or, equivalently, B ď

b2 ` 2
?
πbσ ` 5

2
σ2.

Calculating, we get that Uipk
˚, k˚, Lq “ pπ´1qσ

?
π

b

`

π ´ 5
2

˘

σ2 `B ´ pπ ´ 7
4
qσ2.

As we noted earlier, a necessary condition for equilibrium is Uipk
˚, k˚, Lq ě 0 or,

equivalently, B ě p5
2
´

3πp8π´11q
16pπ´1q2

qσ2. Therefore, min equilibrium may exist only if

B P

„ˆ

5

2
´

3πp8π ´ 11q

16pπ ´ 1q2

˙

σ2,
5

2
σ2
` 2
?
πbσ ` b2



.

To finish the proof, we show that if B lies on this interval, then k “ k˚ is a global

maximum of U1pk, k
˚, Lq.

Denote gpkq “ ´2pk ´ bq `
”

σ2

2
` 2ρ` 1

4
pk ` k˚ ´ 2bq2

ı

vpk ´ k˚q.1

Then U 11pkq “ ´2pk´bqr1´F pk´k˚qs`
”

σ2

2
` 2ρ` 1

4
pk ` k˚ ´ 2bq2

ı

fpk´k˚q “

r1´ F pk ´ k˚qsgpkq and signpU 11pkqq “ signpgpkqq.

The first and second derivatives of g are

g1pkq “ ´2`

„

σ2

2
` 2ρ`

1

4
pk ` k˚ ´ 2bq2



v1pk ´ k˚q `
1

2
pk ` k˚ ´ 2bqvpk ´ k˚q

g2pkq “

„

σ2

2
` 2ρ´B `

1

4
pk ` k˚ ´ 2bq2



v2pk ´ k˚q ` pk ` k˚ ´ 2bqv1pk ´ k˚q

`
1

2
vpk ´ k˚q.

1 Recall that vpk ´ k˚q “ fpk´k˚
q

1´F pk´k˚q
).
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Consider two cases.

1. B P
”´

5
2
´

3πp8π´11q
16pπ´1q2

¯

σ2, 5
2
σ2
ı

. Here k˚ ě b.

a) On the interval k ă b, U 11pkq ą 0 and hence there is no point of maximum

there.

b) On the interval k ě b we also have that k ` k˚ ´ 2b ě 0. As all v, v1

and v2 are strictly positive functions, g2pkq ą 0. As g1pk˚q ă 0 and g1p`8q ą 0,

hence there exists k˚˚ ą k˚: for k ă k˚˚ gpkq is decreasing; for k ą k˚˚, gpkq is

increasing. As gpbq ą 0, gpk˚q “ 0, gpk˚˚q ă 0 and gp`8q ą 0, then there exists

k0 ą k˚˚ : gpk0q “ 0. In summary, gpkq is negative only on pk˚, k0q. Consequently,

U1pkq is increasing on rb, k˚q, decreasing on pk˚, k0q, increasing for k ą k0. Hence,

to show that k˚ is a maximum on the interval k ě b it is sufficient to verify that

U1pk
˚q ě U1p`8q “ 0, which has already been done.

2. B P
“

5
2
σ2, 5

2
σ2 ` 2

?
πbσ ` b2

‰

. Here k˚ ď b.

a) On the interval k ă k˚: U 11pkq ą 2pb´ k˚qr1´ F pk˚ ´ k˚qs

`

”

σ2

2
` 2ρ` 1

4
pk˚ ` k˚ ´ 2bq2

ı

fpk ´ k˚q “ b´ k˚ ´ b´k˚

fp0q
fpk ´ k˚q

(as k˚ is a solution of 5
2
σ2 ´B ` pk˚ ´ bq2 “ k˚´b

fp0q
).

Therefore U 11pkq ą b´ k˚ ´ b´k˚

fp0q
fpk ´ k˚q ě b´ k˚ ´ b´k˚

fp0q
fp0q “ 0.

b) On the interval k P pk˚, bs:
U 11pkq

fpk´k˚q
“ ´2pk ´ bq1´F pk´k˚q

fpk´k˚q
`

`

”

σ2

2
` 2ρ` 1

4
pk ` k˚ ´ 2bq2

ı

ă 2pb´k˚q1´F pk˚´k˚q
fpk˚´k˚q

`

”

σ2

2
` 2ρ` 1

4
pk˚ ` k˚ ´ 2bq2

ı

“ b´k˚

fp0q
´ b´k˚

fp0q
“ 0, hence U 11pkq ă 0.

c) On the interval k P
´

b, 2b´ k˚ ` 2
b

B ´ 5
2
σ2
ı

we also have

σ2

2
` 2ρ` 1

4
pk ` k˚ ´ 2bq2 ď 0. Then U 11pkq “ ´2pk ´ bqr1´ F pk ´ k˚qs `

`

”

σ2

2
` 2ρ` 1

4
pk ` k˚ ´ 2bq2

ı

fpk ´ k˚q ă 0.

d) On the interval k ą 2b´k˚`2
b

B ´ 5
2
σ2 we also have k`k˚´2b ą 0. Hence,
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on this interval g2pkq ą 0. Also notice that gp2b´ k˚ ` 2
b

B ´ 5
2
σ2q ă 0. Then two

cases are possible: (i) g1p2b ´ k˚ ` 2
b

B ´ 5
2
σ2q ě 0. Then on the whole interval

g1pkq ą 0 and gpkq is increasing. As gp2b ´ k˚ ` 2
b

B ´ 5
2
σ2q ă 0 and gp`8q ą 0,

there exists k0: gpkq ă 0 for k ă k0 and gpkq ą 0 for k ą k0. Now U1pkq is decreasing

for k ă k0 and increasing for k ą k0. Hence, to show that k˚ is a global maximum

it is enough to check that U1pk
˚q ě U1p`8q “ 0, which has already been done.

(ii) g1p2b´ k˚` 2
b

B ´ 5
2
σ2q ă 0. Then there exists k˚˚ ą 2b´ k˚` 2

b

B ´ 5
2
σ2:

for k ă k˚˚ gpkq is decreasing; for k ą k˚˚ gpkq is increasing. As gp`8q ą 0,

there exists k0: gpkq ă 0 for k ă k0 and gpkq ą 0 for k ą k0. Then U1pkq is

decreasing for k ă k0 and increasing for k ą k0 and k˚ is a global maximum as

U1pk
˚q ě U1p`8q “ 0.

We now verify that km “ k˚ ą kbas.m :

km “ b`

˜

?
π ´

c

π `
B

σ2
´

5

2

¸

σ ą kbas.m “ b`

ˆ

1´
B

2σ2

˙

σ
?
π

ðñ
?
π ´

c

π `
B

σ2
´

5

2
ą

ˆ

1´
B

2σ2

˙

1
?
π

ðñ
?
π `

1
?
π

ˆ

B

2σ2
´ 1

˙

ą

c

π `
B

σ2
´

5

2

ðñ π `
B

σ2
´ 2`

1

π

ˆ

B

2σ2
´ 1

˙2

ą π `
B

σ2
´

5

2
ðñ

1

2
`

ˆ

B

2σ2
´ 1

˙2

ą 0.

Proof of Proposition 18. Start with calculation of marginal utilities:

U 1ipkiq “ ´2pki ´ biqF pki ´ kjq ´

„

σ2

2
` 2ρ`

1

4
pki ` kj ´ 2bq2



fpki ´ kjq

Consider the symmetric case: k1 “ k2 “ k. The FOCs give two critical points:
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k “ b´
?
πσ ´

b

`

π ´ 5
2

˘

σ2 `B and k “ b´
?
πσ `

b

`

π ´ 5
2

˘

σ2 `B.

Next, calculate second derivatives:

U2i pkiq “ ´2F pki ´ kjqfpki ´ kjqˆ

„

2pki ´ biq `
1

2
pki ` kj ´ 2biq `

ˆ

B

2σ2
´

5

4

˙

pki ´ kjq ´
1

8σ2
pki ´ kjqpki ` kj ´ 2biq

2



We get that only k˚ “ b´
?
πσ `

b

`

π ´ 5
2

˘

σ2 `B satisfies SOCs.

In order to satisfy principal optimality we need k˚ ď 0 or, equivalently, both

b
σ
ď
?
π and B ď b2 ´

?
πbσ ` 5

2
σ2.

Calculating, we get that Uipk
˚, k˚, Hq “ pπ´1qσ

?
π

b

`

π ´ 5
2

˘

σ2 `B ´ pπ ´ 7
4
qσ2

(the same as in the min equilibrium). As in the min equilibrium case, a necessary

condition is B ě
´

5
2
´

3πp8π´11q
16pπ´1q2

¯

σ2.

From previous arguments max equilibrium may exist only if b
σ
ď
?
π and

B P

„ˆ

5

2
´

3πp8π ´ 11q

16pπ ´ 1q2

˙

σ2, b2
´ 2
?
πbσ `

5

2
σ2

˙

.

This interval is non-empty if and only if b
σ
ď

3
?
π

4pπ´1q
. Note also that B ď b2´2

?
πbσ`

5
2
σ2 ď 5

2
σ2.

To finish the proof we show that if B lies on this interval, then k “ k˚ is not only

a local, but also a global maximum of U1pk, k
˚, Lq.

Denote rpkq “ ´2pk ´ bq ´
”

σ2

2
` 2ρ` 1

4
pk ` k˚ ´ 2bq2

ı

wpk ´ k˚q (remind that

wpk ´ k˚q “ fpk´k˚q
F pk´k˚q

).

Then U 11pkq “ ´2pk ´ bqF pk ´ k˚q ´
”

σ2

2
` 2ρ` 1

4
pk ` k˚ ´ 2bq2

ı

fpk ´ k˚q “

F pk ´ k˚qrpkq and signpU 11pkqq “ signprpkqq.

First and second derivatives of rpkq are:

r1pkq “ ´2´
”

σ2

2
` 2ρ` 1

4
pk ` k˚ ´ 2bq2

ı

w1pk ´ k˚q ´ 1
2
pk ` k˚ ´ 2bqwpk ´ k˚q;
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r2pkq “ ´

”

σ2

2
` 2ρ` 1

4
pk ` k˚ ´ 2bq2

ı

w2pk ´ k˚q ´ pk ` k˚ ´ 2bqw1pk ´ k˚q ´

1
2
wpk ´ k˚q.

Notice that as b
σ
ď
?
π, B ď b2 ´

?
πbσ ` 5

2
σ2 ď 5

2
σ2 and k˚ “ b ´

?
πσ `

b

`

π ´ 5
2

˘

σ2 `B ď b.

a) On interval k ą b U 1pkq ă 0, so there is no candidate for maximum there.

b) On interval k ă b we also have k` k˚ ´ 2b ď 0. As w ą 0, w1 ă 0, w2 ą 0, we

have r2pkq ă 0.

As r1p´8q ą 0 and r1pk˚q ă 0, there exists k˚˚ ă k˚ ă b: rpkq is increasing

for k ă k˚˚, rpkq is decreasing for k ą k˚˚. As also rp´8q ă 0, rpk˚ ´ 0q ą 0

and rpk˚ ` 0q ă 0, there exists k0: rpkq ą 0 only on pk0, k
˚q. Therefore, U1pkq is

decreasing on k ă k0, increasing on pk0, k
˚q, decreasing on pk˚, bq. Hence, k˚ is a

global maximum if U1pk
˚q ě U1p´8q “ 0, which has already been shown.
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Appendix B

Appendices of Chapter 3

Proof of Lemma 19. Necessity. Let pγ, βq be an equilibrium recommendation.

Then (3.3) implies that

Gpβpvqqpv ´ γpvq ´ βpvqq ě Gpbqpv ´ cpvq ´ bq (B.1)

holds for all v P V and b P R`. Since the above in particular holds for b “ 0, we

have βpvq ` γpvq ď v. Then it is sufficient to show that for arbitrary v, v1 P V

Gpβpvqqpv ´ γpvq ´ βpvqq ě Hpv1qpv ´ cpvq ´ βpv1qq (B.2)

Fix v, v1 P V . If βpv1q ě v´cpvq then, given thatGpβpv1qq ď Hpv1q, (B.2) immediately

follows from (B.1) by setting b “ βpv1q. Therefore, assume that βpv1q ă v´ cpvq. For

arbitrary ε ą 0 (B.1) yields

Gpβpvqqpv ´ γpvq ´ βpvqq ě Gpβpv1q ` εqpv ´ cpvq ´ pβpv1q ` εqq

Observe that Gpβpv1q ` εq ě Hpv1q and therefore by taking a limit in the right-hand

side of the above inequality when ε goes to zero we obtain (B.2).
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Sufficiency. Assume now that (B.2) holds for all v, v1 P V and βpvq ` γpvq ď v.

We want to show that (B.1) holds for all v P V and b P R`. Fix v P V and b P R`.

If v ´ cpvq ď b then (B.1) trivially holds as left-hand side is non-negative.

Let v ´ cpvq ą b. If b “ βpv1q for some v1 P V then (B.1) is an immediate

application of (B.2). Assume that b ‰ βpv1q and let S “ tv1 : βpv1q ą bu. If S “ H,

then Gpbq “ 1. Next consider a sequence v1
pkq such that Hpv1

pkqq converges to 1.

Without loss of generality1, we may assume that βpv1
pkqq also convergent sequence

and let b1 be a limit point of this sequence. Note that b1 ď b. For any k P N (B.2)

implies:

Gpβpvqqpv ´ γpvq ´ βpvqq ě Hpv1kqpv ´ cpvq ´ βpv
1
kqq (B.3)

Then taking a limit of the right-hand side of the above inequality and taking into

account that Gpbq “ 1 and b1 ă b, (B.2) follows.

Suppose now that S ‰ H and let bmin “ inftβpv1q : v1 P Su. Then there exists

a sequence v1
pkq Ď S such that βpv1kq converges to bmin. As before, without loss of

generality, we may assume that sequence Hpvpkqq is also convergent. Let H be a limit

of this sequence. Since Hpvkq ě Gpbq for all k, H ě Gpbq. Similarly, to the above,

taking the limit of the right-hand side of inequality (B.3) then immediately implies

(B.2).

Proof of Corollary 21. Let pβ˚FPA,i, γ
˚pvqq, i P t1, 2u and γ˚pvq “ 0, be the opti-

mal recommendation in a first-price auction with the maximum penalty function ci.

If vH ´ c1pvHq ď r then vH ´ c2pvHq ď r and hence, β˚FPA,ipvq “ v for all v P V and

i P t1, 2u. Therefore, in both cases, when a maximum penalty function equals to c1

and when it equals to c2, the seller gets the same revenue.

Assume now that vH´c1pvHq ą r. We will do a proof by mathematical induction

1 Otherwise, since βpV q Ă r0, bs we may always choose a convergent subsequence.
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on the number of steps k of the algorithm for finding the optimal recommendation,

to show that

Claim: For arbitrary k ě 1, β˚FPA,2pvq ě β˚FPA,1pvq for all v P pr, vks with strict

inequality for all k ą 1.

Base, k “ 1. For all v P pr, v1s: β
˚
FPA,2pvq “ β˚FPA,1pvq “ v.

Induction Step, k “ l ` 1. Let β˚FPA,2pvq ě β˚FPA,1pvq for all v P pr, vls. Then

for all v P pvl, vl`1s we obtain

H˚
pvqpv ´ β˚FPA,2pvqq “ sup

v1ăv´c2pvq

H˚
pv1qpv ´ c2pvq ´ β

˚
FPA,2pv

1
qq

ă sup
v1ăv´c1pvq

H˚
pv1qpv ´ c1pvq ´ β

˚
FPA,1pv

1
qq

“ H˚
pvqpv ´ β˚FPA,1pvqq

where the inequality follows from c2pvq ą c1pvq and the induction step. Taking into

account that H˚pvq “ F n´1pvq ą 0, we have β˚FPA,2pvq ą β˚FPA,1pvq, which ends the

proof of the above claim.

Since β˚FPA,2pvq ě β˚FPA,1pvq for all v P rr, vHs, with a strict inequality for a

positive measure of types v, the seller’s revenue is higher when the maximum penalty

function equals to c2pvq.

Proof of Corollary 22. Let βFPA be an equilibrium bidding function in a stan-

dard auction. We will do a proof by mathematical induction on the number of steps

k of the algorithm of finding β˚FPA. The claim is:

Claim: For arbitrary k ě 1, β˚FPApvq ą βFPApvq holds for all v P pr, vks.

Base, k “ 1. For all v P pr, v1s: β
˚
FPApvq “ v ą βFPApvq.

Induction Step, k “ l ` 1. Let β˚FPApvq ą βFPApvq for all v P pr, vls. Fix,

v P pvl, vl`1s. Since βFPApvq is a symmetric equilibrium in a standard auction, it

should be the case that

H˚
pvqpv ´ βFPApvqq ě H˚

pv1qpv ´ βFPApv
1
qq
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for all v1 P V . Consequently,

H˚
pvqpv ´ βFPApvqq ą sup

v1ăv´cpvq

H˚
pv1qpv ´ cpvq ´ βFPApv

1
qq

ě sup
v1ăv´cpvq

H˚
pv1qpv ´ cpvq ´ β˚FPApv

1
qq

“ H˚
pvqpv ´ β˚FPApvqq

where the second inequality follows from induction assumption. Therefore, we proved,

my method of mathematical induction, that β˚FPApvq ą βFPApvq.

Proof of Proposition 23. Consider a recommendation pβFPApvq, γpvqq such that

γpvq “ 0 and βFPApvq for each v is a convex combination of a type v buyer’s bid in

a standard first-price auction βSFPApvq and his value v:

βFPApvq “ p1´ kpaqq ¨ β
S
FPApvq ` kpaqv

where

kpaq “

?
M2a2 ` 4Ma´Ma

2

and

M “ min
vPV

pn´ 1qvfpvq

F pvq
ą 0

Note, that for all a P r0, 1s, kpaq P r0, 1q with kp0q “ 0. If all the bidders follow

this recommendation, then the revenue equals to Rpaq “ p1 ´ kpaqqRS ` kpaqRmax,

where RS is the seller’s revenue in a standard first-price auction and Rmax denotes a

value of a full surplus. Evaluating the derivative of Rpaq at a “ 0 yields

dRpaq

a

ˇ

ˇ

ˇ

ˇ

ˇ

a“0

“
dkpaq

da

ˇ

ˇ

ˇ

ˇ

ˇ

a“0

¨ pRmax ´R
S
q “ 8

If recommendation pβFPApvq, γpvqq is an equilibrium, then

lim
aÑ0

R˚paq ´RS

a
ě lim

aÑ0

Rpaq ´Rp0q

a
“
dRpaq

a

ˇ

ˇ

ˇ

ˇ

ˇ

a“0

“ 8
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Therefore, we are left to show that the proposed recommendation pβFPApvq, γpvqq is

an equilibrium. Since βFPApvq is monotonic and does not exceed v, it is sufficient to

check that the incentive compatibility constraints

F n´1
pvqpv ´ βFPApvqq ě F n´1

pv1qpp1´ aqv ´ βFPApv
1
qq

hold for all v and v1 from the interval rr, vHs. Given that

βSFPApvq “ v ´
1

F n´1pvq

v
ż

r

F n´1
ptqdt

and the way we defined βFPA, the above inequality can be rewritten as

p1´ kpaqq

v
ż

r

F n´1
ptqdt ě F n´1

pv1qpp1´ aqv ´ v1q ` p1´ kpaqq

v1
ż

r

F n´1
ptqdt (B.4)

For fixed v P rr, vHs and a P r0, 1s we need only to check that the above inequality

holds for v1 at which the right-hand side achieves its maximum on V (clearly, if

inequality (B.4) holds for all v1 P V , it also holds for all v1 P rr, vHs). Provided

that v1 can take values from the closed interval rvL, vHs and that the right-hand

side is continuously differentiable, the maximum is attained at either end-points—vL

and vH—or at values of v1 at which the derivative of the right-hand side equals to

0. Note that inequality (B.4) is clearly satisfied at v1 “ vL as the left-hand side is

non-negative and the right-hand side is non-positive at v1 “ vL. Differentiate the

right-hand side of inequality (B.4) with respect to v1, we obtain

dRHSpv1q

dv1
“ pn´ 1qF n´2

pv1qfpv1qpp1´ aqv ´ v1q ´ F n´1
pv1q ` p1´ kpaqqF n´1

pv1q

For all v1 ą p1´ aqv, the derivative of RHSpv1q is negative and therefore, the maxi-

mum is never attained at v1 “ vH . Therefore, we left with verifying that inequality

(B.4) holds for all v1 “ v˚ at which the derivative of RHSpv1q equals to 0:
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v˚ `
kpaqF pv˚q

pn´ 1qfpv˚q
“ p1´ aqv

Substituting the expression of v˚ into (B.4) and rearranging terms we have

p1´ kpaqq

v
ż

v˚

F n´1
ptqdt ě

kpaqF npv˚q

pn´ 1qfpv˚q
(B.5)

Next observe that the left-hand side of the last inequality satisfies

p1´ kpaqq

v
ż

v˚

F n´1
ptqdt ě p1´ kpaqqF n´1

pv˚qpv ´ v˚q

ě p1´ kpaqqF n´1
pv˚q

ˆ

av `
kpaqF pv˚q

pn´ 1qfpv˚q

˙

Therefore, to show that (B.5) holds, it is sufficient to check that

p1´ kpaqq

ˆ

av `
kpaqF pv˚q

pn´ 1qfpv˚q

˙

ě
kpaqF pv˚q

pn´ 1qfpv˚q

or what is equivalent

p1´ kpaqqav ě k2
paq

F pv˚q

pn´ 1qfpv˚q

The latest is true as

k2paq

1´ kpaq
“ aM “ a ¨min

vPV

pn´ 1qvfpvq

F pvq
ď a ¨

pn´ 1qv˚fpv˚q

F pv˚q

Proof of Corollary 27. Since γ̃pb, vq “ γ˚pb, vq for all b ă β˚FPApv ´ cpvqq, we

need only to insure that equilibrium condition (3.1) holds for all b ě β˚FPApv´ cpvqq.
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Following the logic of Lemma 25 we consider only b for which there exists v1 such

that β˚FPApv
1q “ b. Then for all v1 P rv ´ cpvq, vs using monotonicity of u˚ yields

u˚pvq ě u˚pv1q “ H˚
pv1qpv ´ pv ´ v1q ´ β˚FPApvqq

“ H˚
pv1qpv ´ γ̃pβ˚FPApv

1
q, v1q ´ β˚FPApvqq

For v1 ą v, using Lemma 25 we obtain

u˚pvq ě u˚pv1q ´H˚
pv1qpv1 ´ vq “ H˚

pv1qpv ´ γ̃pβ˚FPApv
1
q, vq ´ β˚FPApv

1
qq

Therefore, β˚FPA is an equilibrium induced by penalty rule γ̃.

Proof of Lemma 28. Let α be small enough positive number such that β˚FPApvq´

βFPApvq ď λ “ mintcpṽq, ṽ ´ pvH ´ cpvHqqu for all v P rṽ, vHs. Given that βFPApvq

coincides with β˚FPApvq for all v ď ṽ, we need only to check that equilibrium condition

(3.6) holds for all v P V and v1 ě ṽ. Provided our choice of λ for all v P V and v1 ě ṽ

β˚FPApvq ` γ̃pβ
˚
FPApv

1
q, vq ď βFPApvq ` cpvq

where γ̃ is defined in Corollary 27. According to Corollary 27, β˚FPA is an equilibrium

in the first-price auction with penalty rule γ̃. Therefore,

u˚pvq ě H˚
pv1qpv ´ γ̃pβ˚FPApv

1
q, vq ´ β˚FPApv

1
qq ě H˚

pv1qpv ´ cpvq ´ β˚FPApv
1
qq

To complete the proof recall that by construction of βFPA, the expected utility of

bidder with type v is the same under equilbrium recommendation pγ, βFPAq and

pγ˚, β˚FPAq.

Proof of Theorem 30. With some abuse of notation, let β˚FPApv, rq denotes the

amount a buyer with value v bids under the optimal recommendation, provided the

reserve price equals to r. For concreteness, assume that β˚FPApv, rq “ v if v ă r. We

first derive a lower bound for expected gains in the seller’s profit when the reserve
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price is reduced by a small amount ∆r ą 0. We do this by showing that for all

v ą vL

β˚FPApv, rq ´ β
˚
FPApv, r ´∆rq ď

∆rF n´1prq

F n´1pvq
(B.6)

(B.6) is proved by mathematical induction on the number of steps k of the algorithm

of finding β˚FPA when reserve price is r ´∆r. The claim is:

Claim: For arbitrary k ě 1 (B.6) holds for all v ď vk.

Base, k “ 1. For all v ď v1 “ vr´∆r: β
˚
FPApv, r ´∆rq “ β˚FPApv, rq “ v.

Induction Step, k “ l ` 1. Let (B.6) holds for all v ď vl. For arbitrary

v P pvl, vl`1s we may write the equilibrium condition as

F n´1
pvqpv ´ β˚FPApv, r ´∆rqq “ sup

v1ăv´cpvq

F n´1
pv1qpv ´ cpvq ´ β˚FPApv

1, r ´∆rqq

We derive an upper bound on the right-had side of the above equality, by splitting

supremum in the right-hand side into two parts: 1) for all v1 ď r and 2) for all v1 ą r.

For the first part we obtain:

sup
v1ďr

F n´1
pv1qpv ´ cpvq ´ β˚FPApv

1, r ´∆rqq ď F n´1
prqpv ´ cpvq ´ pr ´∆rqq

“ F n´1
prqpv ´ cpvq ´ rq `∆rF n´1

prq

ď F n´1
pvqpv ´ β˚FPApv, rqq `∆rF n´1

prq

For the second part we obtain:

sup
v1Ppr,v´cpvqs

F n´1
pv1qpv ´ cpvq ´ β˚FPApv

1, r ´∆rqq

ď sup
v1Ppr,v´cpvqs

F n´1
pv1qpv ´ cpvq ´ β˚FPApv

1, rqq `∆rF n´1
prq

ď F n´1
pvqpv ´ β˚FPApv, rqq `∆rF n´1

prq

where the first inequality follows from induction assumption as v1 ď v ´ cpvq ď vl

and the second one is an equilibrium condition when reserve price equals to r.
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Combining two parts together we have:

F n´1
pvqpv ´ β˚FPApv, r ´∆rqq ď F n´1

pvqpv ´ β˚FPApv, rqq `∆rF n´1
prq

Dividing both sides of above inequality by F n´1pvq and rearranging the terms result

in (B.6). Hence, by method of mathematical induction (B.6) holds for all v ą vL.

Let v be the highest value among the bidders. Then by reducing the reserve

price by ∆r, the seller gains by making a sale at price v whenever v P rr ´∆r, rs, is

indifferent whenever v P rr, vr´∆rs, and suffers a loss that is bounded by expression

in the right-hand side of (B.6) whenever v ą vr´∆r. Therefore, the expected gain

from reducing the reserve price by ∆r is at least as large as:

LBp∆rq “

r
ż

r´∆r

vdF n
pvq ´

vH
ż

vr´∆r

∆rF n´1prq

F n´1pvq
dF n

pvq

which after simplification results in

LBp∆rq “

r
ż

r´∆r

vdF n
pvq ´ n∆rF n´1

prqp1´ F pvr´∆rqq

Taking the limit from the last expression divided by ∆r when ∆r goes to zero, results

in:

lim
∆rÑ0

LBp∆rq

∆r
“ nF n´1

prqfprq

ˆ

r ´
1´ F pvrq

fprq

˙

Note that the expression in the brackets is strictly larger than the virtual valuation

ψprq. Hence, whenever the reserve price r exceeds the optimal reserve price rS in

standard auctions, the seller finds it profitable to reduce the reserve price by a small

amount. If rS ą vL then at r “ rS, unlike the standard auctions, the gains are

still positive and therefore the seller benefits from reducing the reserve price below

rS. Finally, the existence of optimal reserve price in our environment follows directly
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from continuity of β˚pv, rq in the second argument, which is an immediate application

of (B.6).

Proof of Theorem 34. Let pγ, βq be an optimal monotonic recommendation in

some winner-pay auction. Then

H˚
pvqpv ´ γpvq ´mpβpvqqq ě sup

v1Pv
H˚
pv1qpv ´ cpvq ´mpβpv1qqq

Consider now a recommendation pγ, βFPAq, where βFPApvq “ mpβpvqq. Provided

that mpβp¨qq is a monotonic function Lemma 25 guarantees that pγ, βFPAq is an

equilibrium recommendation in the first-price auction. Therefore, we complete the

proof by showing that

Lemma 58. Let βp¨q be strictly increasing function on rr, vHs. Then mpβp¨qq is also

a strictly increasing function on rr, vHs.

Proof. Fix arbitrary v, v1 P rr, vHs such that v1 ą v. For any w P Rn´1
` , let ykpwq be

a k-dimensional vector with coordinates equal to the first k coordinates of vector w,

and zkpwq be a n´ 1-dimensional vector, first k coordinates of which coincides with

first k coordinates of w and each of the last n´ k ´ 1 coordinates equals to v. Also

for arbitrary k-dimensional vector x, let Fpxq “
k
ś

i“1

F pxiq. Then using monotonicity

of M , for all natural k ď n´ 1 we have

F n´1
pvqmpβpvqq “

ż

twPV n´1:wiăvu

Mpv, wqdFpwq

ď F n´1´k
pvq

ż

twPV n´1:wiăvu

Mpv, zkpwqqdFpykpwqq
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which implies that

F k
pwqmpβpvqq ď

ż

twPV n´1:wiăvu

Mpv, zkpwqqdFpykpwqq, (B.7)

Note, that above also holds for k “ 0 if with some abuse of notation we assume that

Mpv, z0pwqq “
ş

twPV n´1:wiăvu

Mpv, z0pwqqdFpy0pwqq. Finally,

F n´1
pv1qmpβpv1qq “

ż

twPV n´1:wiăv1u

Mpv, wqdFpwq

ě

n´1
ÿ

k“0

Ck
nrF pv

1
q ´ F pvqsn´1´k

ż

twPV n´1:wiăvu

Mpv, zkpwqqdFpykpwqq

ě

n´1
ÿ

k“0

Ck
nrF pv

1
q ´ F pvqsn´1´kF k

pvqmpβpvqq “ F n´1
pv1qmpβpvqq,

where the first inequality follows from monotonicity of M and second follows from

(B.7). Hence, mpβpv1qq ą mpβpvqq.

Proof of Proposition 38. To simplify the exposition, we assume that r “ vL
2.

Let, as before, v1 denotes a valuation such that v1 ´ cpv1q “ vL (v1 “ vH if vH ´

cpvHq ą vL), and let ṽ be an arbitrary valuation such that ṽ P pvL, v1q. Then define

a density function f as

fpvq “

$

’

&

’

%

a if v P rvL, ṽ ´ εs

a` pk´1qa
ε
pv ´ ṽ ` εq ` ka if v P pṽ ´ ε, ṽq

ka if v P rṽ, vHs

where k ą 1, ε P p0, ṽ ´ vLq and a “ 1{pεpk ´ 1q{2 ` kpvH ´ vLq ` p1 ´ kqpṽ ´ vLqq

to guarantee that the density function f integrates to 1. Given the specific form

2 The proof is easily extended to the case of r ą vL.
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of a, we may always choose ε small enough such that nε ` 1
ka
ă vH ´ vL (which is

equivalent to ε ă 2pk ´ 1qpṽ ´ vLq{p2nk ` k ´ 1q).

Note that F pvq “ apv ´ vLq for all v P rvL, ṽ ´ εs and F pvq “ 1` kapv ´ vHq for

all v P rṽ, vHs. Therefore,

βSPApvq “ v `
F pvq

pn´ 1qfpvq
“

#

1
n´1
pnv ´ vLq , if v P rvL, ṽ ´ εs

1
n´1
pnv ´ vH `

1
ka
q , if v P rṽ, v1s

Since nε` 1
ka
ă vH´vL, βSPApṽ´εq ą βSPApṽq and hence, βSPApvq is non-monotonic.

Proof of Proposition 39. Under the optimal taxation the expected utility of type

v buyer should satisfy:

u˚pvq “ max
v1
F n´1

pv1qpp1´ tqv ´ β˚FPApv
1
qq

Taking into account that maximum is achieved at v1 ď p1 ´ tqv and applying the

Envelope Theorem yields:

pu˚q1pvq “ p1´ tqF n´1
pv1q ď p1´ tqF n´1

pp1´ tqvq

Under the flat taxation, the net of taxes type v buyer’s valuation equals to p1´ tqv.

Then in the first-price auction with symmetric equilibrium βFPA the expected utility

of type v buyer equals to

upvq “ max
v1
F n´1

pv1qpp1´ tqv ´ βFPApvqq

Since maximum is achieved at v1 “ v, applying the Envelope Theorem results in:

u1pvq “ p1´ tqF n´1
pvq
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Since in both cases final allocation is efficient, the difference between seller’s expected

payoff under optimal and flat taxation equals to:

n

vH
ż

vL

upvq ´ u˚pvqdF pvq “ n

vH
ż

vL

pu˚pvq ´ upvqqdp1´ F pvqq

“ n

vH
ż

vL

pu1pvq ´ pu˚q1pvqqp1´ F pvqqdv

“ np1´ tq

vH
ż

vL

pF n´1
pvq ´ F n´1

pp1´ tqvqqdv

where the second inequality follows from integration by parts.
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Appendix C

Appendices of Chapter 4

Proof of Lemma 50.

gipri, siq “
S
ÿ

k“1

Ppθ “ k|siq pErmipri, s´iq|θ “ k, sis ` ErUipa, θq|θ “ k, a “ φpri, s´iqsq

“ Ermipri, s´iq|sis `
S
ÿ

k“1

Ppθ “ k|siqErUipa, θq|θ “ k, a “ φpri, s´iqs

“
ÿ

s´iPΩm´1

Pips´i|siqmipri, s´iq ` ErUipa, θq|si, a “ φpri, s´iqs

If we denote gi,ri “ pgipri, 1q, .., gipri, Sqq
1, Poli,ri,si “ ErUipa, θq|si, a “ φpri, s´iqs,

Poli,ri “ pPolri,1, .., Polri,Sq
1. Finally, denote by mi,ri a 1ˆ Sm´1 vector of monetary

payments mipri, s´iq written according to increasing lexicographic order in s´i:

mi,ri “ pmipri; 1, .., 1, 1q,mipri; 1, .., 1, 2q, ..,mipri; 1.., S, S ´ 1q,mipri;S, .., S, Sqq.

Then for any fixed ri, gipri, siq ” g0
i pri, siq is equivalent to

Qm
i ˆmi,ri ` Poli,ri “ g0

i,ri
.
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As matrix Qm
i has full rank (rank(Qm

i )=S), for any g0
i,ri
P R|Ω|, there is a vector

mi,ri P RΩm´1
such that the matrix equation above is satisfied. Going through all

ri P Ω, and joining these cases, we get that for any g0
i pri, siq P R|Ω|2 , there exists a

payment function mipri, r´iq : Ωm Ñ R such that gipri, siq ” g0
i pri, siq.

Proof of Proposition 51. For every expert i (1 ď i ď m) take g0
i pri, siq ” ui0. By

Lemma 50, for each i there exists a payment function m˚
i pri, r´iq such that gipri, siq ”

g0
i pri, siq ” ui0. Then there exists a socially optimal equilibrium, where the principal

commits to the socially optimal action and the payment functions m˚
i pri, r´iq, all

participating experts recommend ri “ si and get ui0 in expectation.

Proof of Proposition 52. We can slightly modify the strategy profile from Propo-

sition 47 by only changing payment functions mi. The principal commits to choose

a socially optimal action, she proposes payment functions mipri, r´iq “
2
n
αipb

˚ ´

biqpri´
1

n´1

ř

j‰i rjq`u0i`αirpbi´ b
˚q2` σ2

n
p1` pn´ 1qρqs to all experts; all experts

report truthfully if the principal acts according to the described strategy, all experts

do not participate otherwise. Then

Ermipri, r´iq|sis “
2

n
αipb

˚
´ biqpri ´ siq ` u0i ` αi

„

pbi ´ b
˚
q
2
`
σ2

n
p1` pn´ 1qρq



as before and the whole line of the proof in Proposition 47 stays the same here.

Proof of Proposition 53. The principal commits to choose a “ 1
n

řn
i“1 ri ` b˚

with b˚ “
řn
i“1 αibi

1`
řn
i“1 αi

if all experts participate and to choose a “ 0 otherwise, she

proposes payment functions mipri, r´iq “
1
n2αipri ´

1
n´1

ř

j‰i rjq
2 ` 2

n
αipb

˚ ´ biqpri ´

1
n´1

ř

j‰i rjq`u0i`αirpbi´b
˚q2`

ppn´2q`pn2´2n`2qρqσ2

pn´1qn
s to all experts; all experts report

truthfully if the principal acts according to the described strategy, all experts do not

participate otherwise.
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Again the principal faces infinite losses from deviation, so it is enough to check

that the truthful report is a best response for each expert i to other players’ strategies.

As we already know, pa´ θ´ bi|siq „ Np 1
n
pri´ siq` b

˚´ bi,
σ2

n
p1` pn´ 1qρqq. Also,

p 1
n´1

ř

j‰i sj|siq „ Npsi,
p1´ρqn
n´1

σ2q and participating expert i obtains

Er´αi
`

a´ θ ´ biq
2
`mipri, r´i

˘

|sis “

´αi

«

ˆ

1

n
ri ´

1

n
si ` b

˚
´ bi

˙2

`
σ2

n
p1` pn´ 1qρq

ff

`
1

n2
αi

„

pri ´ siq
2
`
p1´ ρqn

n´ 1
σ2
q



`
2

n
αipb

˚
´ biqpri ´ siq

`u0i ` αi

„

pbi ´ b
˚
q
2
`
ppn´ 2q ` pn2 ´ 2n` 2qρqσ2

pn´ 1qn



“ u0i

Any expert i’s strategy yields him u0i and the considered strategy profile is a socially

optimal equilibrium.

Finally, let us check the limited liability requirement. For payment function mi,

denoting ri´
1

n´1

ř

j‰i rj ” z, we obtain mipzq “
1
n2αiz

2` 2
n
αipb

˚´biqz`u0i`αirpbi´

b˚q2 ` pn´2qp1`pn´2qρqσ2

pn´1qn
s, the global minimum of mipzq is u0i `

ppn´2q`pn2´2n`2qρqσ2

pn´1qn
ě

ui0 `
pn´2qαiσ

2

pn´1q2
ě li.
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