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Abstract

While anisotropic nanoparticles provide unique building blocks for self-assembling

useful nanodevices and nanomaterials ranging from plasmonic sensors to chiral meta-

materials, controlling their self-assembly process to achieve targeted structure re-

mains challenging. Recently, surface functionalization of nanoparticles with polymer

grafts was shown to be a powerful strategy for tuning the orientation-dependent in-

teractions of the nanoparticles. This technique allows modulation of the interaction

between nanoparticles as grafted polymers can provide both repulsive interactions

arising from their steric hindrance as well as attractive interactions due to their ad-

sorption to the particle surfaces. Utilizing this approach, experiments have success-

fully assembled nanoparticles into large structures with highly uniform interparticle

orientations. However, many challenges remain in fabricating desired nanostructures

with the polymer-grafted anisotropic nanoparticles. First, much of the underlying

physics governing assembly of such nanoparticles is not well understood and is dif-

ficult to discern using experimental techniques due to the nanoscopic nature of the

self-assembly process. Second, the relevant parameter space that affects the par-

ticle assembly is vast and investigation of such large parameter space is costly in

terms of both time and expenses. Third, computationally investigating the behavior

of anisotropic nanoparticles is difficult as calculation of their interaction energies is

computationally expensive due to the lack of analytical expressions for these energies.

In this dissertation, I tackle these challenges in self-assembly of anisotropic nanopar-

ticles through computational modeling, focusing specifically on polymer-grafted

nanocubes and DNA-grafted nanorods. For both systems, computational methods

and analytical models for efficiently calculating the interaction energies between the

anisotropic nanoparticles are first developed. Using such methods as well as ad-
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vanced Monte Carlo simulations and atomistic calculations, free-energy landscapes

describing the assembly of these anisotropic nanoparticles are obtained. Analysis of

the free-energy landscapes demonstrates that understanding the interplay between

the different interaction components of the systems as well as their dependencies on

the relative configurations of the assembled particles is crucial. Specifically for the

nanocubes, the competition between the attractive interactions between the inorganic

particle cores lead to face-face type of configurations while the repulsive interactions

due to the polymer corona induce edge-edge configurations. For the DNA-grafted

nanorods, the competition between attractive and repulsive interactions interplay

with the chirality of the bridging DNA to induce chiral assembly of the nanorods.

Based on these results, material design rules for assembling both the nanocubes and

the nanorods into desired configurations are suggested. These results were not only in

agreement with many previous experimental studies but also provided the underlying

mechanism that explain such assembly behaviors. In summary, the results presented

in this dissertation should both aid in fabrication of nanodevices with precisely con-

trolled particle assemblies as well as provide efficient computational methods for

future investigation of anisotropic nanoparticles.
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Chapter 1

Introduction

1.1 Motivation

Advancements in experimental techniques have allowed the synthesis of nanopar-

ticles of varying shapes including rods, ellipsoids, triangular prisms, cubes, square

pyramids, and octahedrons1–4. As their unique shapes provide directionality and

programmability to their interparticle interactions, anisotropic nanoparticles are use-

ful building blocks for creating complex nanostructures that cannot be achieved

with spherical nanoparticles that generally assemble into more symmetric structures

such as hexagonally closed packed structures. The distinct assembly behavior of

anisotropic particles has enabled the fabrication of a wide range of materials includ-

ing plasmonic nanocomposites, chiroptical sensors, nanohelices, colloidal crystals, and

nematic liquid crystals5–12. A key requirement for many of these materials is that both

the positions and orientations of the nanoparticles need to be precisely controlled. For

example, the plasmonic properties of structures assembled from nanocubes depend

strongly on whether they are assembled in edge-to-edge or face-to-face configurations

as the electromagnetic field localization depends both on the sizes of the gap and

the surface curvatures at the nanojunctions formed by the nanocubes13. While the

optical and mechanical performances of devices consisting of anisotropic particles sig-

nificantly depend on the relative configurations of the nanoparticles, controlling the

particle assembly at nanoscales is a challenging task and has been the focus of much

research endeavor.
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Figure 1.1: Orientation-dependent interaction of polymer-grafted nanocubes.

One promising approach for controlling self-assembly of anisotropic nanoparti-

cles, especially faceted nanoparticles, is to manipulate the interaction between them

by grafting polymers onto their surfaces. This technique utilizes the competition

between repulsive interactions stemming from the steric hindrance of the grafted

polymers and attractive van der Waals (vdW) interactions between the nanopar-

ticles. In the absence of grafted polymers, nanoparticles prefer to aggregate into

close-packed structures that maximize their vdW interaction energies. However,

such structures also strongly confine the grafted polymers between the surfaces of

nanoparticles. Therefore, the grafted polymers induce the nanoparticles to form

more open and porous structures that increase the amount of volume available to the

grafted polymers. While grafted polymers cause spherical particles to also assemble

with greater separation distances from each other, the assembly of polymer-grafted

faceted nanoparticles is unique because their shape leads to orientation-dependent in-

teraction energies. For example, consider the assembly of polymer-grafted nanocubes

with flat faces and sharp edges as depicted in Fig. 1.1. The optimal configuration

of the nanocubes that maximizes their vdW interaction energy is the face-to-face

configuration in which their entire faces are in contact with each other. However, the

parallel surfaces of the nanocubes would be unfavorable for the conformational en-

tropy of the grafted polymers. On the other hand, non-parallel configurations such as

the face-to-edge or edge-to-edge configurations would greatly increase the volume of

space available for the grafted polymers while sacrificing the vdW interaction energies

2



of the nanocubes. As demonstrated by this example, polymer-grafting is a power-

ful technique that allows researchers to engineer both the position and orientation

dependence of the particle interactions.

While this complex behavior of polymer-grafted anisotropic nanoparticles has al-

lowed the fabrication of diverse nanostructures, it also requires much research to

understand how their assembly can be controlled. Two challenges in engineering

their assembly are especially noteworthy. First, studies have found that the as-

sembled structures depend on diverse factors such as the sizes and the shapes of

the particles, the material properties of the particle and the polymer, temperature,

and solvent13–17. Although many previous studies have analyzed how each of these

factors affect particle assembly, exploration of such large parameter space is time-

consuming and costly. Therefore, design rules that elucidate how all of these factors

are correlated with the assembled structure of the nanoparticles are highly demanded.

Second, understanding many of the phenomena that affect particle assembly requires

nanoscale investigation of the physics governing them. For example, the effect of

nanoparticle on the conformations of polymers at molecular level is still not well

understood as experimental findings through techniques such as neutron scattering

are reporting contrasting results18–20. The dynamics of polymer near the surfaces

of the nanoparticles and their effects on the bulk mechanical properties of polymer

nanocomposites also remain perplexing21;22. While such molecular-level structural

and dynamical properties of the polymer nanocomposites are significantly correlated

with their bulk properties, they are difficult to investigate as experimental obser-

vation of the dynamics at individual molecule or even particle level is exceedingly

challenging.

An approach that can tackle both of these challenges is computer simulations.

Two methods in particular, molecular dynamics and Monte Carlo methods, have

3



been utilized for studying polymer-nanoparticle systems. In molecular dynamics, the

positions and velocities of the atoms are computed by numerically integrating New-

ton’s equations of motion. Such method keeps the total energy of the system constant

and samples the microcanonical (NVE) ensemble. However, as experimental systems

are generally under constant temperatures or pressures, additional constraints are

usually added through thermostats or barostats to sample the canonical (NVT) or

the isothermal-isobaric (NPT) ensembles. Such molecular dynamics simulations are

useful when the time-evolution of the molecular trajectories is of interest. On the

other hand, Monte Carlo methods emulate the molecular configurations by proba-

bilistically sampling them according to the underlying probability distribution of the

ensemble being simulated based on their configuration-dependent energies of the sys-

tem. These methods are more advantageous for investigating rare events and for ob-

taining energy-optimized structures. Both of these approaches have been widely used

for investigating polymer-nanoparticle systems and have demonstrated their useful-

ness in explaining the underlying molecular mechanisms that could not be explained

by experiments or traditional theories. However, the vast majority of the simulations

have been done for spherical particle systems for two reasons: (1) shape-anisotropic

particles are more difficult to synthesize and experiments traditionally focused mostly

on the spherical particles; (2) simulation of anisotropic particles is numerically more

challenging as analytical equations describing their interaction energies are often lack-

ing. Therefore, many phenomena involving polymer-grafted anisotropic nanoparticles

have not been investigated through simulations.

The aim of this dissertation is to utilize computational methods to uncover the un-

derlying physics governing the self-assembly of polymer-grafted anisotropic nanopar-

ticles as well as to provide guidelines for fabricating complex nanostructures using

these nanoparticles. Specifically, I focus on calculation and interpretation of the free-
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energy landscapes of two particle systems that have shown intricate assembly behav-

ior experimentally: polymer-grafted silver nanocubes assembling in thin polymeric

films and DNA-grafted gold nanorods forming dimers with chiroptical properties.

These studies required three additional considerations that are not necessary for in-

vestigations of spherical nanoparticles. First, computational modeling methods that

can explore anisotropic nanoparticles in a highly efficient manner had to be developed.

The investigations of anisotropic nanoparticles are hindered by the massive number

of possible interparticle configurations arising from their rotational degrees of free-

dom as well as the lack of analytical expressions for their interaction energies. In this

work, such computational costs are mitigated by: developments of analytical models

for the interaction energies between anisotropic nanoparticles; using empirically de-

rived analytical expressions for the energies of grafted polymers; and simplifications

of interparticle configurations through geometric arguments. Second, the coordinate

systems that define the interparticle configurations of anisotropic nanoparticles need

to be established in a way that lead to intuitive interpretation of their free-energy

landscapes. While the interparticle configurations of spherical nanoparticles are tra-

ditionally defined using just their center-to-center distances, such coordinate system

is not meaningful for anisotropic nanoparticles as their energies can vary enormously

depending on their orientation even at the same center-to-center distances. For my

investigation of the nanocubes, I develop physically meaningful coordinate systems

based on the distance of minimum approach between the particles that is directly

related to the mechanism of their assembly. Third, as the free-energy landscapes of

anisotropic nanoparticles contain many metastable states as well as transition states,

advanced analysis is required to interpret the free-energy landscape. For such analy-

sis, I utilize the minimum free-energy pathway approach, commonly used for protein

folding, as well as Kramer’s theory and computational methods such as Dijkstra al-
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gorithm. Many of these approaches are unconventional and have been employed for

the first time in polymer nanocomposite systems. Hence, I expect that the results of

this dissertation will not only deepen our understanding of the two investigated sys-

tems but also will serve as a useful reference for future computational investigations

of anisotropic nanoparticles.

1.2 Relevant work

1.2.1 Experimental findings on self-assembly of polymer-

grafted anisotropic nanoparticles

A significant number of experimental studies have found success in assembling anisotropic

nanoparticles into desired nanostructures through the polymer-grafting approach. An

important factor that is correlated with the morphology of the assembled particles

is the molecular weights of the grafted polymer. For example, Gurunatha et al.23

found that the interparticle configurations of self-assembled Ag nanocubes grafted

with polyethylene glycol (PEG) were face-face configurations (angle between surfaces

θ = 10.6 ± 9.8◦) with short grafts (Mw = 1k), face-edge (θ = 50.1 ± 48.2◦) config-

urations with medium-length grafts (Mw = 2k), and edge-edge (θ = 43.2 ± 19.7◦)

with long polymers (Mw = 5k). Gao et al.13 has also observed that Ag nanocubes

grafted with short chains (polyvinylpyrrolidone, Mw = 1.7k) assembled into face-face

configurations while those grafted with long chains (PEG, Mw = 5k) formed edge-

edge structures. In addition to cubic particles, such phenomena was also observed

with triangular nanoprisms as they formed bow-tie configurations with long grafted

polymers and face-face structures with short grafted polymers14.

Other material properties of the nanoparticles were also observed to be important
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in determining the morphology of nanoparticle assembly. In particular, Klinkova et

al.24 have reported that the assembled structures of polystyrene-coated Ag nanocubes

depend on the size of the particles. Large cubes with side length of 45 nm exhibited

predominantly face-face configurations (≈ 75% of particles with θ < 10◦), whereas 25-

nm cubes exhibited more slanted configurations (only ≈ 30% of particles were in face-

face configurations). The solvent quality also affected the assembled configuration

of nanocubes, as Pt nanocubes assembled into simple cubic lattices in toluene while

they formed body-centered tetragonal lattices in hexane media15. This was because

the lower solubility of the grafted ligands in toluene led to reduced steric hindrance

as the grafted polymers collapsed and allowed the nanocubes to assemble into more

compact structures. Lastly, Ag octahedral particles transitioned from Minkowski

lattice to other helical structures with increase in the strength of depletion or the van

der Waals interactions16.

The orientations of the anisotropic nanoparticles are particularly important for

the application of metallic, anisotropic particles in plasmonic devices. This is be-

cause the electromagnetic field localization between the nanojunctions formed by the

particle surfaces depends on both the size of the gap and the surface curvature at

the junction. Hence, the electric field localization is concentrated with the nanojunc-

tions formed by the edges of the particles with high surface curvatures while the field

is delocalized throughout the whole face for junctions formed with the flat faces of

the particles. Previous studies have investigated such effects related to the interpar-

ticle configuration of the nanoparticles on their plasmonic properties through both

experiments (surface-enhanced Raman scattering) and simulations (finite-difference

time-domain model). Experimentally, it was observed that polymer films containing

faceted nanoparticles in edge-edge configurations display redshifted long-wavelength

surface plasmon compared to the films containing particles in the face-face configura-
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tions13;14. Hooshmand et al. have also observed that the plasmon tunneling is more

pronounced with nanocubes in edge-edge configuration compared to those in face-

face configurations25. Furthermore, Klinkova et al. observed that the electric field

intensity of assembled nanocubes were thousand times stronger than the dispersed

nanocubes24. The same study has also shown that trimers of nanocubes theoretically

exhibit 28 times stronger surface-enhanced Raman scattering compared to trimers of

nanospheres. These findings demonstrate the need to precisely control interparticle

configurations of nanocubes for applications such as molecular spectroscopy.

DNA has also been utilized as surface graft molecule to control the interaction

between nanoparticles. Similar to the studies with synthetic polymers, recent experi-

ments with DNA-grafted Au nanocubes have observed that the nanocubes transition

from a simple cubic lattice to body-centered tetragonal and body-centered cubic lat-

tices as the DNA length is increased5. This transition was accompanied by rotation

and translation of the nanocubes from face-face configuration to face-edge and edge-

edge type of configurations that helped to reduce the steric repulsion stemming from

the overlap of non-complementary DNA strands. Many other studies have utilized

DNA along with various shaped nanoparticles — including concave and convex cubes,

octahedra, rhombic dodecahedra, rods, triangular prisms — to create crystal struc-

tures that cannot be attained with spherical nanoparticles8;26;27. Two aspects of these

anisotropic nanoparticles were found to be crucial in determining the self-assembled

structures of the nanoparticles. First, the shapes of the nanoparticles were significant

as they determine the directionality of interparticle interactions. For example, it was

shown that plate-like nanoparticles can form one-dimensional structures as they have

only two faces that can interact with other particles while octahedra and dodecahedra

can form three-dimensional lattices8. Second, the length of the grafted DNA needs to

be tuned to obtain the desired structures as they also affect the directionality of par-
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ticle interaction. This is because, while the nanoparticles with grafted DNA lengths

that are shorter than the side length of the particles can only assemble into face-face

configuration where the particle surfaces are parallel, the faces of the nanoparticles

with long grafted DNA are not required to be parallel for the hybridization of the

grafted DNA27.

Another interesting utilization of grafted DNA for the formation of complex

nanostructures is in fabrication of gold nanorod dimers bridged by a single piece

of double-stranded DNA17;28–32. Unlike the previously mentioned studies5;8;26;27 in

which the surfaces of the nanoparticles are populated with many DNA strands, these

gold nanorods are engineered to be grafted with approximately one strand of DNA

per particle that leads to the formation of dimerized nanorods in side-by-side con-

figurations. Such dimers are geometrically chiral, and consequentially display strong

chiroptical activity. Furthermore, the chirality of the nanorods was found to be recon-

figurable depending on their surrounding environment. For example, these nanorods

switched their chirality from right-handed to left-handed configurations as they tran-

sition from extracellular to intracellular environments17;31. They were also utilized

as nanosensors as they display drastic changes in their chiroptical properties in the

presence of analytes.

1.2.2 Computational methods for calculating the interaction

energy between anisotropic nanoparticles

A major challenge to computational investigation of anisotropic nanoparticles is in

calculation of their interaction energies, as analytical expressions for them generally

do not exist. Theoretically, the interaction energies between nanoparticles are equiv-

alent to the sum of interaction energies of the atoms constituting the nanoparticles.
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For instance, the van der Waals (vdW) interaction between two nanoparticles can

be expressed as the sum of the Lennard Jones (LJ) equations that describe the vdW

interaction energies between the atoms of the nanoparticles. However, as the number

of atoms constituting the nanoparticles are generally in O(106), such method of in-

teraction calculation is often prohibitively expensive in terms of computational cost.

Therefore, as a way of reducing the computational cost, the integral expression of the

LJ equations over the volumes of the two interacting particles are often used instead

as given below,

UvdW =
N∑
i=1

N∑
j=1

ULJ(rij) ≈ ρ2

∫
V1

∫
V2

4ε[(σ/rij)
12 − (σ/rij)

6] dV1 dV2 (1.1)

In this equation, rij, Vk, ρ, ε, σ represent the interactomic distance between atoms i

and j that belong to two different particles, the volume of the particle k, density of

atoms, LJ interaction strength paramter, and atomic diameter, respectively. While

such volume integral is difficult to solve as both the interatomic distances and the

limits of integrations are generally complex, analytical solutions have been derived for

a few simple shapes such as spheres by taking advantage of the symmetries between

the particles. For instance, the vdW energies between two spheres is given by33,

UvdW = −A
6

[
2R1R2

2(R1 +R2)d+ d2
+

2R1R2

4R1R2 + 2(R1 +R2)d+ d2
+

ln

(
2(R1 +R2)d+ d2

4R1R2 + 2(R1 +R2)d+ d2

)] (1.2)

Here, A, Rk, and d are the Hamaker constant, radius of the sphere k, and the shortest

distance between the surfaces of the spheres, respectively. Expressions for other

symmetric shapes — such as shells, parallel walls34, and parallel cylinders35 — have

also been derived. However, a general solution to the volume integral has not been
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obtained for shapes that without geometric symmetries.

Due to the lack of analytical solution to the volume integral, computational inves-

tigations on anisotropic nanoparticles have been limited to either small system sizes

or approximation for computing the interaction energies between the nanoparticles.

One common approximation method is to coarse grain the particles by constructing

them with fewer beads that each represent a large group of atoms36;37. However, as

the LJ equation scales sharply with respect to the diameter of the atoms, the vdW

energies obtained from this approximation differ significantly from those obtained

from atomistic summation of the LJ equations. Another method of reducing the

computational cost of obtaining the interaction energies between the nanoparticles is

to describe the particles as shells of surface atoms38. Such method can provide rela-

tively accurate description of the excluded volume interaction energies between the

nanoparticles as these repulsive interactions are short-ranged and the atoms inside

the shells contribute negligibly to the total interaction. However, the inner atoms

cannot be neglected for the attractive interactions as they are significant at ranges

beyond the atomic diameter. Therefore, the shell approximation can significantly

underestimate the vdW interaction energies between the anisotropic nanoparticles.

As a consequence, many approximation methods do not consider the constituting

atoms for describing the nanoparticles and instead use geometric algorithms. For

example, hard particles9;39–41 have been simulated with Monte Carlo methods by

checking and rejecting overlapping particle configurations using algorithms such as

Gilbert-Johnson-Keerthi algorithm42 or the separating axis theorem43. A drawback

to these methods is that they are not appropriate for dynamic simulations as they

do not yield a numerical expression for the repulsive interaction energies. So, for

dynamic simulations, discrete element methods44;45 are often employed. While such

methods that only consider the excluded volume interactions may be appropriate for
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investigation of packing or jamming of macroscopic objects, much of the nanoscale

phenomena that arises from the attractive interaction between the nanoparticles are

overlooked. Therefore, a handful of studies have developed methods of computing

the attractive interactions. For example, Henzie et al. approximated the deple-

tion interaction between polyhedral particles as a statistical force that compared the

probability of interparticle configurations with and without depletants46. In another

study, Ye et al. assigned attractive potential energies according to the distance be-

tween the facets, their angles, and the amout of interacting surface areas to describe

the attractive interaction between the oleic acids grafted on the facets47. While such

methods may provide a qualitative means of investigating the role of interparticle at-

traction on the assembly of the nanoparticles, they are either not physically derived

or difficult to apply for general interparticle configurations. Therefore, computa-

tional investigation of the anisotropic nanoparticles is still impeded by the difficulty

in obtaining their interaction energies.

1.2.3 Computational modeling of polymers

Computational simulations are powerful tools for investigation of the polymer nanocom-

posite systems as they can efficiently explore the vast parameter space of the systems

and also provide molecular-level information on the structure and dynamics of the

polymers and nanoparticles. With the progress in computational power and advent

of parallel programming, the length and time scales of simulations as well as the ac-

curacy of the models have increased tremendously in the past decade. However, the

trade-off between complexity of the model and computational efficiency still needs

to be considered in choosing the computational model appropriate for the system of

interest. For example, even the state of the art supercomputers, such as the Anton 2

supercomputer48, cannot afford simulations with time scales greater than a millisec-
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ond with atomistic details. However, coarse-grained models that allow exploration

of much greater time scales while not considering the interaction between individ-

ual atoms are often incapable of capturing the nanoscale phenomena that rely on

the specific chemistry of the molecules. In this section, I will briefly describe the

polymer models of varying degrees of coarse graining and illustrate the appropriate

applications of each model.

Atomistic models investigate polymers by numerically computing the interaction

between all of the atoms comprising the polymers. Generally, these force fields de-

scribe their covalent bonding, electrostatic interactions, and vdW interactions as

given by Utot = Ubond + Uangle + Udihedral + UCoulomb + UvdW. Many force fields

have been developed for various materials including synthetic polymers, polyelec-

trolytes, proteins, and DNA. These force fields have generally been parameterized

to match results from either quantum mechanical calculations or experimentally ob-

tained crystal structures of polymers. Commonly used force fields include Assisted

Model Building and Energy Refinement (AMBER)49, Chemistry at HARvard Molec-

ular Mechanics (CHARMM)50, GROningen MOlecular Simulation (GROMOS)51,

Consistent Valence Force Field (CVFF)52, and Optimized Potential for Liquid Sim-

ulations (OPLS)53.

While such fine-grained models can potentially provide accurate representation

of the polymers, their increased computational costs limit their usage. As the typi-

cally simulated length and time scales of atomistic models are O(100 nm) and O(100

ns), phenomena such as long time scale relaxation cannot be investigated. Instead,

atomistic models are generally utilized to study polymer equilibrium conformation54,

effect of molecular level interactions with nanoparticles55, or effect of chemical struc-

ture56;57. For these applications, careful choice of the initial conformation of polymers

is crucial as it is difficult to sample the entire configurational space with atomistic
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models. Therefore, it is often required that the structures of the polymers are ob-

tained before simulations either from experiments or through theory.

To reduce the computational cost of atomistic models, coarse-grained models treat

groups of atoms as a single interaction site. Such method improves the computational

efficiency by reducing the number of simulated particles and by implicitly treating

the high-frequency modes along certain degrees of freedom, leading to increased time

steps. The degree of coarse graining must be appropriately chosen for the research

objective. Depending on the desired accuracy and computational efficiency of the

model, the groups of atoms represented by a single interaction site can vary from

several heavy atoms, entire monomers, to groups of monomers. Finer models where

groups of heavy atoms are represented by a bead generally endeavor to capture the

effects of specific chemistry of the target molecules. One popular model of this class is

the OxDNA that is widely used for coarse-grained simulations of DNA58;59. This force

field uses three interaction sites per nucleotide to capture following interactions of the

DNA: sugar-phosphate backbone connectivity, excluded volume, hydrogen bonding,

nearest-neighbour stacking, cross-stacking, coaxial stacking. Such model allows inves-

tigation of DNA with thousands of nucleotides and has been employed for studying

DNA origami60–62. Another popular model is the MARTINI force field63. This model

groups 3 to 5 heavy atoms as a single bead and assigns the beads types based on their

polarities and electronegativities. As this model is capable of capturing the chemistry

of the groups of atoms, it has been employed for simulations that require the consid-

eration of material specific interactions. These models and other fine-grained models

are generally parameterized using methods such as Iterative Boltzmann inversion64

to capture the key properties — the conformation or mechanical properties of the

polymers — that are observed from experimental studies or atomistic simulations.

For many computational investigations, specific chemistry of the molecules are
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irrelevant and models that capture generic properties such as macroscopic thermo-

dynamics or radius of gyration are needed. In such cases, the force fields can be

further coarse grained so that each interaction site represents entire monomers or

groups of monomers. The most popular choice of computational model for these

cases is the Kremer-Grest model65. In this model, the covalent bonding between

the coarse-grained beads is generally represented by either finite extensible nonlinear

elastic (FENE) potential or harmonic spring potentials. Harmonic bending poten-

tials are added when the flexibility of the chain is of interest. The non-bonded

interactions between the beads are described through either Lennard Jones poten-

tial that captures both the dispersion forces and excluded volume interactions or

the Weeks-Chandler-Anderson potential66 that includes only the excluded volume

interactions. Despite its simplicity, the Kremer-Grest model has been utilized count-

lessly for theoretic investigation of polymers for topics such as entanglement67;68,

glass transition69, or rheology70;71. Furthermore, studies have also found that they

can correctly approximate the mesoscale, bulk behavior of specific polymers when

they are carefully parameterized. For example, Everaers et al. has found that the

plateau moduli of many polymers — such as polyvinyl alcohol, polyethylene glycol,

polymethyl methacrylate, polydimethylsiloxane — can be obtained by tuning the

stiffness parameter of the Kremer-Grest model72. Because of such versatility as well

as computational efficiency, I use the Kremer-Grest model to simulate polymers for

my investigation of the polymer-grafted nanocubes.

1.3 Outline

The rest of the dissertation is organized as follows.

Chapter 2 describes computational investigation of self-assembly of polymer-
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grafted nanocubes, focusing specifically on the relationship between their material

properties and the orientational phase that leads to their global minimum free-energy

configurations. The results demonstrate that the relative orientations between the

nanocubes are determined by the competition between the attractive vdW inter-

actions of the nanocubes and the repulsive interaction of the grafted polymers. I

discover that the energetically stable interparticle configurations can be categorized

into four orientational phases that are denoted as the face-face, edge-edge, paral-

lel intermediate, and slanted intermediate phases. Analytical expressions for the

interaction energies between the polymer-grafted nanocubes are derived. These an-

alytical expressions are validated by the free energies obtained from simulations and

are utilized to provide design guidelines for assembling the nanocubes into desired

structures.

Chapter 3 describes the kinetics and mechanism of assembly of polymer-grafted

nanocubes. Unlike the results in Chapter 2 that focus on the global minimum free-

energy configurations of the nanocubes, this work analyzes the metastable configura-

tions in the free-energy landscapes. The transition pathway between these metastable

states is obtained based on their minimum free-energy pathway. The pathways from

one metastable state to another generally involve transition states with significant

energy barriers caused by partial dissociation of the particles. The assembly mech-

anism is dominated by the sliding motions of the nanocubes while the dissociation

mechanism is dominated by the rolling motions. The transition kinetics is shown to

depend on factors such as the surface roughness, temperature, and the interaction

strength between the nanocubes.

Chapter 4 presents the development of an analytical model for computing the

vdW interaction energies between faceted nanoparticles. In this model, the analyt-

ical solution to the volume integral of the interatomic LJ equations of the faceted

16



nanoparticles is derived by introducing geometric simplifications to the nanoparti-

cles. Comparison of the energies obtained from the analytical model with those from

the atomistic calculations demonstrate that the analytical model is highly accurate

for various shapes of faceted nanoparticles including nanocubes, triangular prisms,

cubic rods, and square pyramids. The analytical expression also provide orders of

magnitude improvement in terms of computational efficiency.

Chapter 5 presents computational investigation of the experimentally observed

reconfigurable chirality of DNA-bridged gold nanorod dimers. In this work, a theo-

retical model for obtaining the free energies of the nanorod dimers is developed. Anal-

ysis of the energies obtained from the model shows that the chirality of the nanorods

arise from the twist-stretch coupling effect of the DNA bridging the nanorods. When

repulsive interactions dominate the nanorods, the bridging DNA is in a stretched

state and leads to positive chirality of the nanorods. On the other hand, the nanorod

dimers that are dominated by attractive interactions compress the grafted DNA and

tend to exhibit negative chirality. The effect of the solvent medium conditions, such

as the concentration of depletants or salt, and the material properties — including

the aspect ratio or the length of the DNA — on the chirality of the nanorod dimers

are discussed.

Chapter 6 provides the summary of the dissertation as well as the future research

directions that will extend this work.
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Chapter 2

Orientational phase behavior of

polymer-grafted nanocubes

This chapter is adapted from my publication in Nanoscale, 2019, 11, 15939. I was

the primary investigator and author of this work.

2.1 Introduction

Self-assembly of nanoparticles (NPs) offers a powerful paradigm for bottom-up fab-

rication of materials in a highly parallelized fashion over macroscopic scales. Shaped

(anisotropic) NPs, in particular, have the potential to expand the horizon of material

architectures achievable through assembly to hopefully rival the exquisite biological

assemblies found in nature73–77. Improvements in synthesis have allowed fabrication,

and subsequent assembly exploration, of a diverse set of NP shapes including el-

lipsoids78–80, rods81–85, stars86, triangles87;88, cubes1;14;89;90, and others91–96. Unlike

their spherical counterparts, shaped NPs offer the unique challenge of controlling not

only their translational order but also rotational order during assembly13;23;97;98. In

general, shaped NPs exhibiting attractive interactions or subjected to strong con-

finement tend to form close-packed arrangements via their most prominent facets to

maximize their enthalpic interactions or minimize entropic frustrations, respectively.

However, in many applications such as separation membranes99;100, solid-state elec-

trodes101;102, and plasmonic composites103–108, a more open structure with control

over the relative distance and orientation between particles is desired.
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Recently, we stumbled upon a simple strategy for controlling the orientation be-

tween faceted NPs while studying polymer-grafted silver nanocubes undergoing as-

sembly within polymer thin films13;23. The experiments found that, depending on the

length of the polymer grafts, neighboring NPs in the assembled particle aggregates

exhibited edge-edge and edge-face configurations, in addition to the face-face config-

uration expected of bare NPs. We proposed that the grafts introduce an orientation-

dependent steric repulsion between the nanocubes that competes with the van der

Waals (vdW) attraction between the nanocubes, which also depends on orientation,

to yield these additional edge-mediated configurations. Using Monte Carlo (MC)

simulations of polymers grafted on surfaces, we showed that while the closer proxim-

ity of nanocube surfaces in the face-face configuration leads to significantly stronger

vdW attraction compared to the edge-edge configuration, the face-face configuration

also confines the polymer chains into a much smaller volume, leading to stronger

steric repulsion. Hence, nanocubes with short grafts that are still dominated by vdW

interactions assemble into the face-face configuration expected of bare nanocubes,

while those with long grafts where the steric repulsion becomes more dominant form

edge-edge configurations.

While these previous studies demonstrated the ability to control the relative orien-

tations of shaped NPs based on polymer grafting, several key questions remain open

that we seek to address in this work. First, the experiments observed a number of

nanocube configurations in addition to the idealized face-face and edge-edge orienta-

tions with full and no overlap between faces considered in our previous simulations.

In particular, edge-face contacts as well as imperfect face-face (with partial over-

lap between faces) and edge-edge contacts (with overlapping edges) were observed.

Whether these “intermediate” configurations represent trapped, metastable states, or

stable states unexplored in simulations remains unknown. Second, a more in-depth
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analysis of the factors affecting nanocube orientations is required. Our work so far

examined only the effect of graft length and graft-cube interactions. However, the

overall free energy of particle assembly is expected to be governed by other parameters

capable of affecting the vdW attraction or steric repulsion between the nanocubes

whose interplay determines their assembly configurations. Identifying all possible

stable orientational configurations of nanocubes and constructing a “phase diagram”

of these configurations in the multiparameter design space would help develop ap-

proaches for controlling the assembly of nanocubes, and other types of faceted NPs,

and for reconfiguring them from one orientation to another.

In this study, we addressed these open questions through an approach combining

simulations and analytical modeling. In particular, we computed via MC simula-

tions the two-particle free energy landscapes spanning all possible cube orientations

and separation distances for parameters found to affect vdW and steric interactions

between nanocubes. By analyzing the global free energy minima from these energy

landscapes, we were able to identify and characterize the stable orientational phases

exhibited by the nanocubes. While computing such landscapes for every parameter

combination should yield the orientational phase diagram we seek, this procedure

entails prohibitive computational costs due to the large parameter space. Hence, we

adopted a different route where we analyzed the contributions of vdW and steric

interactions to the overall free energy of each orientational phase, and developed sim-

ple scaling relationships for these free energies as a function of system parameters.

These scaling relations were then used to construct a phase diagram of nanocube

orientations over an extensive parameter space. In addition to providing researchers

simple “design rules” for controlling nanocube orientations, the free energy relation-

ships also lend new physical insights into how different properties of the nanocubes

and the grafts affect their configurations. Moreover, the relationships are sufficiently
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simple that they can be readily adapted to other kinds of faceted particles. Overall,

the results obtained here advance our understanding of how polymer grafts could be

used to influence the interactions and self-assembly of shaped NPs.

2.2 Computational Methods

2.2.1 Overview

The experimental system underpinning this work comprises of polymer-grafted nanocubes

undergoing assembly within a planar polymer thin-film. The film is sufficiently thin

to prevent the nanocubes from translating or rotating in the z direction normal to

the film, effectively constraining their assembly to two dimensions. At the same

time, the film is thick enough to fully encapsulate the NPs, including their grafts.

In this work, we investigated the free energy of interactions between a pair of such

film-encapsulated, coplanar NPs as a function of their relative configuration, which

can be described by three geometric variables: their center-to-center distance d and

their respective orientations θ1 and θ2 within the x–y plane (Fig. 2.1b). The two

nanocubes were treated using a coarse-grained (CG) model that accounts for vdW

interactions between the nanocubes and the conformational flexibility of the grafted

chains. The free energy landscape F (d, θ1, θ2) was calculated as the potential of mean

force (PMF), defined as the restricted free energy of the system subjected to the con-

straints that the nanocubes are separated by a distance d and exhibit orientations θ1

and θ2:

F (d, θ1, θ2) = −kBT ln

{∫
· · ·
∫

exp

[
−Utot(r

N , d, θ1, θ2)

kBT

]
drN

}
, (2.1)
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Figure 2.1: Schematic of simulation setup and coarse-grained model. Gray squares
depict the nanocubes from top view and blue spheres represent the polymer beads
(segments). Gray spheres shown on left nanocube portray the underlying atomic
lattice making up the nanocubes. The configuration of a two-nanocube system is
fully described by distance d and orientations θ1 and θ2.

where the integral represents the partition function of the grafted chains integrated

over their configurations rN described byN Cartesian coordinates, and Utot(r
N , d, θ1, θ2)

is the total potential energy of the system. The energy landscape was computed us-

ing MC simulations, and orientational phases exhibited by the nanocubes were then

identified from the global minima of such landscapes computed for a range of param-

eters.

2.2.2 Coarse-grained model

To keep the computational costs to a manageable level, the polymer grafts and the

nanocubes were treated at a CG resolution and the surrounding polymer matrix was

neglected (Fig. 2.1). Such treatment allowed us to capture the most essential physics

of this system—the interplay between shape-dependent vdW and steric interactions—

with minimal number of parameters. Many previous studies have demonstrated the

effectiveness of this reduced representation for modeling polymer-grafted NPs109–115.

The nanocubes of edge length D were constructed out of a rigid, cubic lattice

of spherical atoms of size σcc. The polymer grafts were modeled as bead-chains of
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length L (beads), where each bead represents a polymer segment of size σpol (equal

to σpp). The grafts were attached to the faces of the nanocubes in a square pattern

with a spacing consistent with the grafting density Γ. The total potential energy Utot

of the system included contributions from cube-cube vdW interactions Ucc, polymer-

cube interactions Upc, polymer-polymer intermolecular interactions Upp, and polymer

intramolecular interactions Uintra as given by

Utot = Ucc + Upc + Upp + Uintra. (2.2)

Ucc, Upc, and Upp were all described using Lennard Jones (LJ) potentials

Uαβ =
∑

i∈α,j∈β

4εαβ

[(
σαβ
rij

)12

−
(
σαβ
rij

)6
]
, α, β = p or c (2.3)

where the summation is carried out over all interacting atoms or beads i and j,

rij is the separation distance between these interacting entities, and σαβ and εαβ

are the size and energy parameters of their respective interaction potentials. Uintra

was described by harmonic bond-stretching potentials between neighboring pairs of

beads and harmonic bond-bending potentials between neighboring bead triplets of

the grafts:

Uintra =
∑

i∈bonds

ks
2

(li − l0)2 +
∑

i∈angles

kθ
2

(θi − θ0)2, (2.4)

where the summation is carried out over all bonds and bending angles across all the

grafted chains, li are θi are the bond lengths and bending angles for the ith bead

pairs and triplets; l0 and θ0 are their equilibrium values; and ks and kθ are spring

constants. The grafts were also attached to the nanocubes via harmonic springs with

the parameters ks and l0.
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2.2.3 Model parameters

Despite its simplicity, the above model still contains 13 parameters, all of which could

potentially influence the orientational behavior of the nanocubes by affecting vdW or

steric interactions. Fortunately, several of these parameters either have overlapping

effects with other parameters or their magnitudes are experimentally constrained.

This allowed us to narrow down the parameter space to four most relevant parameters:

the nanocube size D and the interatomic interaction parameter εcc governing the

strength of vdW attraction between the nanocubes, and the segmental excluded

volume σpol and grafting density Γ of the polymer grafts expected to affect the steric

repulsion between the nanocubes. These parameters were varied within physically

relevant bounds, while the remaining parameters were held fixed, also at physically

reasonable values.

In particular, I examined two different nanocube sizes D = 10σ and 20σ, where

σ is an arbitrary length scale taken to be the characteristic excluded volume of a

polymer segment. If one considers σ ∼ 1 nm, the typical Kuhn’s length of a poly-

mer chain, the two NP sizes would correspond to 10 and 20 nm, respectively. The

interaction strength εcc between the lattice atoms of the two nanocubes was chosen

in the range 0.25–4 kBT, typical of particulate solids ranging from organic to metal

crystals, such that the attractive energy at complete face-face contact was hundred-

to thousand-fold larger than the thermal energy kBT. The sizes σcc of these lat-

tice atoms, which exhibit a small experimental range, were fixed to a value of 0.4σ.

For polymer grafts, I examined chains of length L = 4 beads and segment size σpol

in the range 0.25 to 1σ attached to the nanocubes at grafting densities Γ in the

range of 0.04–0.16/σ2, corresponding to 4 to 16 chains per face of the 10σ nanocube.

Under these conditions, the grafts exhibited largely mushroom conformations, even
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Table 2.1: Nanocube parameters explored in simulations.

Symbol Description Value
D Length of a side of a cube 10σ, 20σ
L Number of beads per polymer graft 4
Γ Number of chains per σ2 area 0.04 – 0.16
εcc Energy parameter for cube-cube interactions 0.25 – 4.0kBT
εpc Energy parameter for polymer-cube interactions 0.05kBT
εpp Polymer-polymer energy parameter 0.1kBT
σcc Size parameter for cube atoms 0.4σ
σpol Size parameter for polymer beads 0.25–1.0σ
ks Spring constant of the polymer chain 10kBT/σ
kθ Bending constant of the polymer chain 0.1kBT/rad2

l0 Equilibrium bond length between polymer beads 1σpol

θ0 Equilibrium bending angle between polymer beads 180
◦

in the most densely grafted nanocubes, and produced large enough steric repulsion

to affect—but not prevent—the assembly of nanocubes. The parameters εpp and

εpc describing polymer-polymer and polymer-surface interactions were both set to a

small value of 0.1 kBT and 0.05 kBT , given that the experimental grafts were largely

composed of nonpolar, aliphatic chains that are expected to exhibit weak interactions

amongst themselves and with the nanocubes116. The excluded volume size parameter

for polymer-nanocube interactions was obtained according to the Lorentz-Berthelot

combining rule σpc = (σcc + σpol)/2
117. Lastly, the bond stretching and bending

parameters associated with the stiffness of the grafts were kept fixed because the seg-

ment size σpol related to the Kuhn length of the chains indirectly accounts for such

stiffness effects. A stretching constant of ks = 10 kBT/σ2 and l0 = σpol provided mod-

erate stretching rigidity to the chains, while a bending constant kθ = 0.1 kBT/rad2

with θ0 = 180◦ yielded flexible chains. The complete set of investigated parameters

along with their magnitudes are summarized in Table 2.1.
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2.2.4 Free energy calculations

To obtain the free energy (PMF) landscape, I computed via MC simulations the

ensemble-averaged force 〈f(ξ, θ1, θ2)〉 experienced by one polymer-grafted nanocube

from the other as a function of their separation distance ξ for fixed orientations θ1 and

θ2. The PMF at distance d corresponding to these orientations was then obtained by

integrating the x-component of this force (in the direction of the nanocubes’ center-

to-center axis) from ξ →∞ to the required distance ξ = d:

F (d, θ1, θ2) = −
∫ d

∞
〈fx(ξ, θ1, θ2)〉dξ. (2.5)

In practice though the PMF was integrated from a finite distance by which point the

force had decayed to zero. The 3D landscape F (d, θ1, θ2) was obtained by repeating

this calculation for all possible combinations of θ1 and θ2.

The configurations of the nanocubes were discretized at a finite resolution to

explore all possible orientations and distances. The orientations were varied in 1
◦

increments, and degenerate configurations were avoided by setting the range of angles

to 0
◦≤θ1≤45

◦
and θ1 ≤ θ2 ≤ 90

◦−θ1 . This choice led to configurations where the right-

hand-side nanocube was tilted at a greater angle than the other nanocube. For the

integration carried out in Eq. 5, ξ was varied from the contact distance ξc to 20σ,

where ξc is defined as the smallest possible distance that avoided overlap between the

nanocubes and can be shown to be given by

ξc = D

[
1 + sin(θ1 + θ2) + cos(θ1 + θ2)

2 cos(θ1)

]
(2.6)

for configurations in which θ2 ≥ θ1. Since free energies were more sensitive to changes

in distance at small surface separations, ξ was changed in increments ranging from
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0.1σ to 2σ depending on its magnitude. Overall, a single free energy landscape

required force calculations (simulations) across ∼42,000 nanocube configurations.

To sample conformations of grafted chains for each fixed configuration (ξ, θ1, θ2),

I used the efficient configurational-bias MC method118. In this approach, a polymer

chain is randomly chosen and regrown in a stepwise manner starting from the bead

attached to the nanocube. During regrowth, the position of a bead is picked from

a set of randomly generated trial positions with a probability proportional to the

Boltzmann factor of the trial. The fully regrown chain generated in this manner is

then accepted or rejected according to Rosenbluth weights of the regrown and original

chain conformation; these weights account for the bias introduced through the non-

random process of generating chain conformations. This procedure was repeated

upto 4 million steps to yield a reasonably-sized ensemble of Boltzmann-distributed

graft conformations and the ensemble-averaged force 〈fx(ξ, θ1, θ2)〉 I seek. A detailed

description of this approach and its implementation is given elsewhere118;119.

2.2.5 Free energy decomposition

For efficient calculation of the energy landscape, the net force fx experienced by the

nanocubes can be broken down into cube- and polymer-mediated portions. The for-

mer portion, denoted by fx,cc, remains constant during each simulation carried out

at fixed configuration. Hence, even though this force calculation is computation-

ally intensive due to the large number of interatomic force evaluations across the

nanocubes, it needs to be carried out only once for each configuration. The fixed

configuration also implies zero entropic contribution from this force, and therefore

the free energy contributed by fx,cc is simply equal to the potential energy Ucc of

cube-cube interactions. While the force fx,pp arising from polymer-polymer inter-
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actions was computed on the fly during the simulation, the force fx,pc arising from

polymer-cube interactions required a prohibitive number of calculations due to the

large number of atoms comprising each nanocube. Therefore, I pre-calculated and

stored the values of the energies and forces experienced by a “test” polymer bead at

discrete grid points around a nanocube, and used linear interpolation to obtain the

energies and forces experienced by polymer grafts at their actual positions during

the simulation. The overall free energy F was then obtained as Fcc + Fpp + Fpc,

where the three terms represent contributions from cube-cube, polymer-cube and

polymer-polymer interactions obtained via

Fcc(d, θ1, θ2) = Ucc(d, θ1, θ2) (2.7)

Fpp(d, θ1, θ2) = −
∫ d

∞
〈fx,pp(ξ, θ1, θ2)〉dξ (2.8)

Fpc(d, θ1, θ2) = −
∫ d

∞
〈fx,pc(ξ, θ1, θ2)〉dξ (2.9)

Apart from computational reasons, such dissection of free energy provided insights

into the role of each kind of interaction in governing the eventual stable configuration

of the nanocubes. The overall free energy and its polymer-mediated portions can also

be decomposed further into entropic and energetic contributions by computing the

ensemble-averaged potential energies 〈U〉, 〈Upc〉, and 〈Upp〉. The difference between

these potential energies and their corresponding free energies F , Fpc, and Fpp then

yields the entropic contributions T∆S, T∆Spc, and T∆Spp.
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2.3 Results

2.3.1 Orientational phases identified from simulations

One of the goals of this study is to uncover all possible orientational phases exhibited

by a pair of polymer-grafted nanocubes. To this end, I computed their free energy

landscape F (d, θ1, θ2) at various points across the parameter space. To ensure that

no phase was missed, we explored as many different parameters and as many differ-

ent combinations of parameter values as was computationally feasible. Specifically,

we examined nanocube systems of different sizes D, vdW interaction strengths εcc,

segmental excluded volumes σpol, and grafting densities Γ, as reported in Table 2.1.

Figure 2.2a showcases one such energy landscape computed for a representative set

of parameters. To identify orientational phases, we determined from each such land-

scape the global minimum denoting the most stable nanocube configuration.

The complete set of globally stable configurations, identified from all the computed

landscapes for the D = 10σ nanocubes, is presented in a d-θ1-θ2 plot in Fig. 2.2b.

Note that the number of data points in the plot appear to be much fewer that the

960 different systems (landscapes) investigated. The reason is that many of these

identified configurations possess the same d, θ1, and θ2 values to within the finite

resolution of the landscape (∆d = 0.2σ, ∆θ1 = ∆θ2 = 1◦). We therefore also provide

in the plot the populations (when greater than 20) of systems yielding each visible

data point. The plot reveals several highly populated configurations. The most

populated configuration, and also the most isolated in terms of location, resides at

θ1 ≈ θ2 ≈ 0 and d ≈ D. This configuration clearly corresponds to two nanocubes

juxtaposed face to face, which we termed the face-face or FF phase in our earlier

work. The next most populated configuration resides at θ1 ≈ 37◦, θ2 ≈ 38◦, and

d ≈ 12.6σ, though this configuration does not appear to be as isolated given the
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Figure 2.2: Orientational phases predicted from simulations. (a) Free energy land-
scape F (d, θ1, θ2) along with several of its cross-sections shown for one representa-
tive set of nanocube parameters (D = 10, Γ = 0.16, εcc = 2kBT , σpol = 0.5σ).
(b) Global free-energy minimum configurations identified from such landscapes for
D = 10 nanocubes and color-coded according to their phase assignment. Populations
of configurations greater than 20 are specified within parenthesis. (c) Representative
snapshots of the four observed orientational phases: FF, I||, I/, and EE.

presence of many less populated configurations in its vicinity. These configurations

appear decidedly less tilted and more compact than the pure edge-edge or EE phase

with θ1 = θ2 = 45◦, and d ≈ 14.1σ (=
√

2D) considered in our earlier work13.

Besides these two highly populated configurations, there also exist a spectrum of

less populated configurations located on and off the θ1 = θ2 line symbolizing parallel

faces.

Closer inspection of the identified configurations revealed that they can be more

effectively categorized based on the fraction of grafts confined between the interact-
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ing faces of the nanocubes, as illustrated by their representative snapshots shown in

Fig. 2.2c. In the FF phase, representing the most populated configuration discussed

above (colored blue in Fig. 2.2c), all of the grafts are enclosed by the interacting

faces of the nanocubes. The two faces are fully overlapped, oriented parallel to each

other, and separated by a narrow gap just wide enough to accommodate a monolayer

of polymer segments. The next most populated configuration, along with several of

its neighboring configurations (colored red), also display parallel interacting faces,

though their overlap is restricted to small portions near their edges. In fact, the faces

exhibit the maximum possible overlap without enclosing any polymer segments in be-

tween them. Due to the close similarity between these configurations and the idealized

edge-to-edge geometry with no overlap, we still call this set of slightly overlapping

configurations as the EE phase. Note that because the degree of overlap depends on

parameters such as the grafting density Γ (which determines the attachment posi-

tions of grafts) and the segmental excluded volume σpol, the EE phase displays some

spread in the d–θ1–θ2 space. The rest of the configurations then represent nanocubes

with a fraction of grafted chains enclosed in between the interacting faces. These in-

termediate configurations were further classified into two phases based on the relative

orientation of the interacting faces. Configurations with parallel faces were termed

as the parallel intermediate phase I|| (colored purple), while those with slanted faces

were termed the slanted intermediate phase I/ (colored green). The above results

thus significantly depart from the idealized notions of the FF and EE phases being

the only two stable orientations exhibited by polymer-grafted nanocubes and of the

EE phase involving touching edges with no overlap5;13;23.
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2.3.2 Orientational phase diagram predicted by simulations

The relationship between the phases FF, I||, I/, and EE and the parameters σpol,

εcc, Γ, and D explored here can be better visualized and understood through a phase

diagram. However, a phase diagram constructed directly from the putative minimum-

free-energy configurations presented in Fig. 2.2b may lead to inaccuracies: Each of

these configurations were identified from a discrete free energy landscape computed

over a coarse 3D grid of 0.2σ×1◦×1◦ spacing. While this resolution was adequate for

surveying the possible set of stable nanocube configurations and categorizing them

into distinct orientational phases, the resolution is too coarse to accurately pinpoint

the true location of the global minimum for a given parameter set. The reason is

that both vdW and steric interactions vary sharply with the separation distance

between nanocubes at close range; Hence, the free energy of interaction between

the two nanocubes is strongly sensitive to small changes in their configuration near

the global minimum, which typically involve interacting surfaces at close proximity.

Consequently, phase diagrams constructed from configurations identified thus far may

lead to underestimation of the free energy of the identified globally stable phase, and

in some cases, assignment of an incorrect phase as the globally stable phase.

This issue of accuracy could be resolved through the use of a finer grid, but

it would entail prohibitive computational costs. For instance, the landscape was

calculated over 42,000 grid points, and using a 4- to 5-fold finer grid along each

dimensions would increase the number of grid points by a factor of ∼100. Using a

finer grid locally around the identified phase also will not address the problem for

cases where a different phase carries the true global minimum. To this end, we used

a distinct strategy that takes advantage of certain observed geometric characteristics

of each phase to substantially narrow down the configurational search space required
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Figure 2.3: Representative configurations of the (a) FF, (b) EE, (c) I||, (d) I/
phases. The left nanocube was held fixed, and the right nanocube was held fixed
(EE), translated (FF and I||) or rotated (I/) as indicated by the red arrows. White
asterix represent the graft position on the left nanocube under which the lending
edge of the right nanocube rests.

for locating the minimum-free-energy (MFE) configuration within each of the four

phases. We refer to this reduced set of configurations specific to each phase as

“representative configurations”.

Representative configurations. Our strategy to obtaining phase diagrams in-

volves reduction of the 3D free-energy landscape F (d, θ1, θ2) to effectively a 1D free

energy landscape F P (x) along a judiciously chosen coordinate x unique to each phase

P = FF, I||, I/, or EE. In this manner, the 3D search for the global minimum across

grid points is reduced to 1D line search across the coordinate x for each phase. This

enabled us to more accurately identify the true globally stable phase for constructing

our phase diagram and also obtain more accurate free energy values of each phase.

Starting with the FF phase, the nanocubes were found to exhibit fully overlapping,

parallel faces with θ1 = θ2 = 0
◦
. Furthermore, the interacting faces exhibited the

smallest possible separation without excessively squeezing the confined monolayer of

graft segments. In this manner, the nanocubes maximized their vdW interactions
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while avoiding excessive steric repulsion from the confined grafts. Based on these

characteristics, the MFE configuration of the FF phase was efficiently obtained by

restricting the computation of free energies along a coordinate x = ds ≡ d − D +

σcc representing the surface-to-surface separation distance between the interacting

nanocube faces, while fixing θ1 and θ2 to 0
◦

(Fig. 2.3a), and then locating the global

minimum of the resulting free energy profile FFF(ds).

The EE phase was characterized by parallel, partly overlapping faces close to

their edges that are devoid of grafts. To maximize vdW interactions, these “bare”

portions overlap to the maximum extent possible in the lateral direction until they

press against the first row of grafted segments and maintain surface contact with each

other in the normal direction (Fig. 2.3b). Based on the EE configurations identified

in Fig. 2.2b, we observed that the edges tend to overlap to a distance dexc ≈ 0.3σ

below the attachment point of the first line of grafts, i.e., doverlap ≈ 0.5/
√

Γ − dexc.

The MFE configuration of the EE phase was thus obtained directly (without any

energy minimization) as the configuration exhibiting θ1 = θ2, contacting surfaces in

the normal direction, and lateral overlap of doverlap. The associated value of the free

energy was denoted by FEE.

Lastly, the phases I|| and I/ were both characterized by partly overlapping faces

that enclose a fraction of the polymer grafts. The former displayed slightly separated,

parallel faces to accommodate a monolayer of grafted segments, while the latter

exhibited slanted faces with the edge of the slanted face in complete contact with

the opposite face to avail of favorable vdW interactions. Given that the grafts were

attached in a square pattern, the facing edges, labelled by asterix in Figs. 2.3c and d,

could rest under any one of the rows of grafted segments. Hence, we use the notations

I||,n and I/,n to denote phases in which the edges fall under the nth row of grafts. As

in the case of the EE phase, the edges were found at a small distance dexc ' 0.3σ
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below the graft attachment points across all identified I|| and I/ configurations. The

MFE configurations of the I||,n phases were then obtained from the computation,

and subsequent minimization, of free energies F I||,n(ds) as a function of separation

distance ds between the interacting faces, constraining them to be parallel and fixing

their edges to distances dexc below the nth line of grafts. The MFE configuration of

the I/,n phases were obtained similarly, except that the parallel-face constraint was

replaced by the contacting-edge constraint. Furthermore, since the distance between

the interacting faces is not constant due to their relative tilt, the free energies F I/,n(ds)

were computed as a function of a representative separation distance ds defined at the

location of the most confined grafted segment in between the two interacting faces.

This location was found to be roughly a distance of σ below the grafted position in

the identified configurations.

Orientational phase diagram. Using the above approach we determined the MFE

configurations of the FF, I||, I/, and EE phases for various combinations of εcc, σpol,

Γ, and D values, and used the results to generate the phase diagram. Figure 2.4

presents several 2D cross-sections of the phase diagram at different fixed values of Γ

and D, revealing phase behavior as a function of σpol and εcc, two parameters found to

most strongly affect the nanocube orientations. The nanocubes were observed to form

the FF phase at large values of εcc (strong attraction between nanocubes) and small

values of σpol (small excluded volume of graft segments), while the EE phase is formed

under the opposite conditions of small εcc and large σpol. Sandwiched in between

these two phases at intermediate values of εcc and σpol are the I/ and I|| phases,

with the former occupying most of this remaining parameter space. Comparison of

phase diagrams at three different values of the grafting density Γ (Fig. 2.4a-c) reveals

expansion of the I/ and I|| phases into the surrounding EE and FF phases with
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Figure 2.4: Orientational phase diagram obtained from simulations. Cross-sections
of the phase diagram along σpol and εcc at fixed values of (a) D = 10σ, Γ = 0.04σ−2,
(b) D = 10σ, Γ = 0.09σ−2, (c) D = 10σ, Γ = 0.16σ−2, and (d) D = 20σ, Γ = 0.04σ−2.

increasing Γ. Interestingly, the I|| phase disappears at the smallest grafting density

of Γ = 0.04 (Fig. 2.4a). Comparison of phase diagrams at two different nanocube

sizes D (Fig. 2.4a,d) revealed an equally intriguing disappearance of the I/ and I||

phases in large nanocubes (D = 20; Fig. 2.4d). Note that we focused here only on

regions of the parameter space that led to assembly, that is, sufficiently large values

of εcc. Smaller values would lead to repulsive or weakly attractive free energies for

all phases, so the nanocubes would prefer to remain dispersed.

The phase behavior observed here must arise from an interplay between attractive

vdW interactions across the nanocubes and repulsive steric interactions from the

grafted chains squeezed in between the nanocubes. vdW interactions alone would

cause the nanocubes to assemble into the FF phase with contacting faces, and so steric

repulsion must be responsible for the tilting and/or sliding of the nanocubes relative
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to each other required to form the I||, I/, and EE phases. To investigate this interplay,

we examined the free energy FFF and its contributions F P
cc and F P

pol ≡ F P
pp+F P

pc arising

from vdW and steric interactions for nanocubes yielding distinct phases. We chose

three different nanocube systems, denoted by “N1”, “N2”, and “N3” in Fig. 2.4c,

which differ in the segment excluded volume parameter σpp and yield the FF, I/, and

EE phases, respectively. We then compared the free energies of the three systems

exhibiting representative configurations of the FF, I/, and EE phases, noting that

only one of them represents the globally stable phase of each system.

Figure 2.5a-c presents a comparison of the free energies FFF(ds), F
I/(ds), and FEE,

of the three phases, and of their vdW contributions FFF
cc (ds), F

I/
cc (ds), F

EE
cc and steric

contributions FFF
pol (ds), F

I/
pol(ds), and FEE

pol , respectively. As expected, the two free

energy contributions are of opposite sign with F P
cc < 0 and F P

pol > 0, and the overall

free energies F P of the three nanocubes at the energy minimum are indeed the lowest

(most favorable) for the configuration representing their stable phase, i.e., FF, I/, and

EE for N1, N2, and N3. Furthermore, the magnitudes of F P
cc and F P

pol decrease in the

order FF > I/ > EE, trends that easily explained by the representative snapshots

of nanocube phases shown in Fig. 2.2b: F P
cc is expected to correlate with the surface

area of the nanocube faces in close proximity to each other (due to the sharp decay of

vdW interactions with distance), and the snapshots show that the amount of overlap

between the interacting faces indeed decreases in the same sequence for the three

phases as the computed F P
cc ; In similar vein, F P

pol should correlate with the number

of graft segments confined between the interacting faces, and the snapshots show the

number of such confined chains decreasing in the same sequence for the three phases

as F P
pol.

We next turn to differences in the strengths of vdW and steric interactions across

N1, N2, and N3 to explain how this interplay between the two interactions yields

37



Figure 2.5: Role of vdW and steric interactions in stabilizing specific orientational
phases over others. Free energy contributions from vdW attraction (dash-dotted
lines) and steric repulsion (dashed lines) to the overall free energy (solid lines) plotted
as a function of surface separation distance ds for the FF (blue), I/ (green), and
EE (red) representative configurations. The free energies are plotted for the three
nanocube systems labelled N1, N2, and N3 in Fig. 2.4c of the same cube size and
grafting density (D = 10σ, Γ = 0.16) but different polymer excluded volumes and/or
nanocube attraction strengths: (a) σpol = 0.5σ and εcc = 3kBT (N1), (b) σpol = 0.75σ
and εcc = 3kBT (N2), and (c) σpol = 0.75σ and εcc = 1kBT (N3).

distinct phases for the three systems (Fig. 2.5). For N1 with small σpol = 0.5σ

(Fig. 2.5a), the FF configuration exhibits the strongest steric repulsion F P
pol as well

as the strongest vdW attraction F P
cc amongst the three configurations. However, due

to the small excluded volume of the grafted polymer segments, the steric interactions

are weak compared to vdW interactions for all configurations. Therefore, in this “sur-

face interactions-dominated” regime, the FF configuration with the strongest vdW

interactions ends up yielding the deepest minimum in the overall free energy profiles

F P amongst the three configurations. In other words, the weak steric repulsion here

allows the two nanocubes to come into closer proximity (ds ≈ 0.4σ), allowing them

to avail of the strong vdW interactions provided by the FF configuration. This sit-

uation is reversed for N3 with large σpol = 0.75σ and small εcc = 1kBT (Fig. 2.5c),

where the large excluded volume of the graft segments leads to strong steric repul-

sion for all configurations, except the EE configuration which does not confine any
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polymer chains in between its contacting faces. Hence, in this “polymer interactions-

dominated” regime, the EE configuration that does not contain any confined grafts

and exhibits negligible steric repulsion ends up exhibiting the most favorable overall

free energy. In fact, the strong steric repulsion pushes the FF and I/ nanocubes

apart to separations where the vdW interactions become even weaker than that of

the EE configuration. Finally, in N2 possessing grafts with large σpol = 0.75σ and

large εcc = 3kBT (Fig. 2.5b), vdW and steric interactions are more or less equally

strong (except for the EE configuration where steric repulsion remains weak). In this

intermediate regime, the I/ configuration yields the lowest interaction free energy

of the three configurations, providing a compromise between the FF configuration,

which yields strong vdW interactions but still suffers from strong steric repulsion,

and the EE phase, which consistently yields weak steric repulsion and weak vdW

interactions.

The above analysis illustrates how the interplay between vdW and steric interac-

tions yields the observed sequence of FF, I/, and EE phases with increasing σpol and

decreasing εcc in Fig. 2.4. In particular, we showed how increasing the magnitude of

σpol, which controls the strength of steric interactions between the nanocubes, causes

them to go from a surface interactions-dominated regime, where phases that max-

imize vdW interactions are preferred, to a polymer interactions-dominated regime,

where phases that minimize steric interactions are preferred. The same argument can

be used to explain the opposite sequence of phases (EE to I/ to FF) observed upon

increasing εcc. This parameter controls the strength of vdW interactions between the

nanocubes, and an increase in the magnitude of εcc should cause the system to go

from a regime dominated by polymer interactions to a regime dominated by surface

interactions, the opposite of what is observed with increasing σpol. However, these

simple reasonings are unable to explain the observed broadening of the I/ phase with
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increasing grafting density Γ, the small size and location of the I|| phase, or the com-

plete disappearance of both I/ and I|| with increasing size of the nanocubes. These

effects will be explained with the scaling model developed below.

2.3.3 Free-energy scaling relations

We next formulated analytical expressions for the free energy profiles FFF(ds), F
I||(ds),

F (I/)(ds), and FEE computed earlier from simulations for each phase for different

values of parameters D, εcc, σpol, and Γ. The motivation for developing such an

analytical framework was three-fold: to provide new and deeper insights into the

morphology of the orientational phase diagrams shown in Fig. 2.4; to allow interpo-

lation and extrapolation of free energies to a wider range of conditions than explored

by simulations for generating a more complete phase diagram; and to provide re-

searchers a more rapid and accessible means to predicting phase diagrams that does

not involve performing costly simulations. In the following sections, we develop an-

alytical scaling relationships for the free energy contributions F P
cc , F P

pp, and F P
pc aris-

ing from vdW, polymer-cube, and polymer-polymer interactions, whose summation

should then yield the overall free energy profiles F P we seek.

vdW interactions. The free-energy contribution F P
cc from vdW interactions is

expected to vary not only with separation distance ds, size D, and energy parameter

εcc, but also grafting density Γ, which determines the amount of overlap between the

nanocube faces in the I||, I/, and EE phases. While F P
cc clearly scales linearly with εcc,

its dependence on the remaining parameters is not so obvious. To obtain these other

dependencies, we analyzed the variation of F P
cc with distance ds for different values of

D and Γ, noting that the distance dependence only applies to the FF, I||, I/ phases,

and not the EE phase where the MFE configuration is already known to be the
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contact distance. The vdW energies were computed by summing the LJ interactions

(with εcc = 1 kBT ) across all pairs of atoms comprising the two nanocubes.

Figure 2.6 presents representative plots showing the dependence of F P
cc on ds for

the four phases and the variation of these F P
cc(ds) profiles with size D for one of the

phases (FF); additional plots showing dependence on Γ andD are provided in Fig. 2.7.

Since nanocubes exhibit short separation distances at the MFE configuration in each

phase (see Figs. 2.2 and 2.5), the vdW energies need to be plotted over only small

distances ds. Importantly, this allows us to obtain simple and accurate power-law

scaling relationships between F P
cc and ds that only need to be valid over this short

range of relevant distances. We found that the computed vdW energies could be well

described by the following scaling relationship:

F P
cc = −cεccD

αd−βs , (2.10)

where α > 0 is a scaling exponent that accounts for the increase in vdW energy

with size D; β > 0 is another scaling exponent that accounts for the decay in the

strength of vdW forces with distance ds; and c is a coefficient that captures the

indirect dependence on grafting density and also provides quantitative agreement

with computed interaction energy. The obtained values of α, β, and c are summarized

in Table 2.2.

The tabulated values reveal similar size and distance scalings, albeit with different

coefficients, for the FF, I|| and EE phases exhibiting parallel nanocubes. First, F P
cc

scales as D2 for these phases, which may be explained as follows. At the small sep-

aration distances ds of interest in this study, most lattice atoms comprising the two

nanocubes interact at distances much larger than σcc, the characteristic range of the

LJ potential underlying vdW interactions. Hence, F P
cc is dominated by local interac-
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Figure 2.6: vdW interaction energy F P
cc as a function of surface separation distance

ds. Results are plotted for the (a) FF phase of D = 10, 14.8, 20σ nanocubes and
(b) all of the phases of D = 10σ nanocubes with Γ = 0.16/σ2. Solid lines represent
computed values while dashed lines are fits to this data using a power-law scaling
model. FEE

cc is plotted as a fixed value corresponding to contact distance.

tions across lattice atoms at or close to the two facing surfaces of the nanocubes. As

a result, the size scaling is proportional to the area of the overlapped surfaces of the

two nanocubes. By similar reasoning, F
I||
cc and FEE

cc should be smaller than FFF
cc (at

equivalent ds) by a proportionality factor γcc equal to the fraction of overlap between

the interacting surfaces of the nanocubes in the two phases. For instance, F
(I||,2)
cc for

nanocubes with Γ = 0.16/σ2 exhibiting 59.5% overlap between their surfaces is equal

to 0.595×FFF
cc at equivalent ds. Our choice of grafting an integer number ns of chains
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Table 2.2: Values of coefficients and exponents of the analytical free energy model
derived in this study for the four orientational phases:

Ftot = −cεccD
αd−βs + 15.0nconfσ

3
pcεpc

[
d−12

n − d−6
n

]
+ 6.52nconfd

−2.82
n

Phase c α β nconf

FF 2.256 2 3 2ΓD2

I‖,n 2.256γcc 2 3 2(ns−n)D
√

Γ

I/,1,Γ = 0.04 40.49 1 1.5 2D
√

Γ

I/,1,Γ = 0.09 33.33 1 1.5 2D
√

Γ

I/,2,Γ = 0.09 30.28 1 1.5 2D
√

Γ

I/,1,Γ = 0.16 29.1 1 1.5 2D
√

Γ

I/,2,Γ = 0.16 27.69 1 1.5 2D
√

Γ

I/,3,Γ = 0.16 24.97 1 1.5 2D
√

Γ
EE γccF

FF
cc (contact) 2 0 0

per side of a nanocube leads to a γcc of

γcc =
D − n−0.5√

Γ
− dexc

D
, (2.11)

where n = 1, · · · , ns − 1 for the I||,n phases, and n = ns for the EE phase. Note that

this means that FEE
cc is also dependent on Γ by our definition of the EE phase. Second,

F P
cc scales as d−3

s for the three phases. Note however that the distance scaling exponent

for the EE phase is listed as β = 0 in Table 2.2 to imply that its MFE configuration

has already been established to exhibit contact distances (ds = 0). Theoretically,

the vdW interaction energy between two infinitely thin surfaces is expected to scale

as d−4 with separation distance d, whereas that between two infinitely thick surfaces

(half-planes) is expected to scale as d−2 35. It therefore seems reasonable that our

finite-sized nanocubes, which are neither infinitely thin nor infinitely thick, exhibit

an intermediate distance scaling of d−3
s . We emphasize at this juncture that the

observed distance scalings for all nanocube phases are meant to be approximate and

valid only for the short range of small separation distances relevant for assembly.
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Figure 2.7: Effect of cube size on free energies. (a)F FF
pc , (b) F

I/
pc for σpol=0.5σ,

εpc=0.05kBT , and Γ = 0.04/σ2. (c) F FF
pp for D = 20σ at terminal region. (d) cDα for

I/ when cube contact was at the midpoint. py,pol denotes the location of most con-
fined grafted segment, which is a function of Γ, used for obtaining the representative
configuration. The interaction parameters were well fitted by c = 15p0.78

y,pol and α = 1.

The scaling behavior of F P
cc is vastly different for the I/ phase. First, it scaled

linearly and not quadratically with D (see Fig. 2.7). In this phase, one edge of the

nanocube is in contact with the face of the other nanocube. Given that lattice atoms

separated by distances much larger than σcc exhibit negligible vdW interactions,

only interactions mediated by the contacting edge of the nanocube and the lattice

atoms in its immediate vicinity contribute to F
I/
cc . Therefore, F

I/
cc scales with the

length and not the surface area of the nanocube face. In addition, the coefficient

c denoting magnitude of vdW interactions was found to be affected, albeit weakly,

by the position of the contacting nanocube edge. In general, the magnitude of c

increased with increasing “projected” overlap between the facing surfaces of the two
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nanocubes, and hence, c decreased with increasing n of I/,n. Second, we observed a

distance scaling exponent β = 1.5 for the I/ phase, as opposed to β = 3 observed for

the parallel phases. This was because the distances between the lattice atoms were

affected differently by the changes in ds depending on their positions. For atoms at

the contacting edge, changes in ds had no effect on their interparticle distances, and

n was effectively zero for these atoms. However, for atoms at the location used for

defining the nanocube separation distance, the distances from the other nanocubes

surfaces were equivalent to ds. For these atoms, changes in ds had a similar effect on

F
I/
cc as they did for parallel phases, and hence β ≈ 3. The combined effect of such

position-dependent scalings likely leads to the observed scaling of β = 1.5.

The observed differences in the vdW distance scalings β and coefficients c of

the phases implies that the phase with the strongest favorable F P
cc depends on ds, as

demonstrated in Fig. 2.6. When ds is small, the FF phase exhibits the strongest vdW

energy, as expected. However, because FFF
cc decays more sharply with ds than F

I/
cc ,

the vdW energy of the FF phase is eventually surpassed by that of the I/ phase as

ds increases. Upon further increase in ds, the vdW energy of the EE phase surpasses

that of all other phases, as nanocubes always remain in contact in this phase.

Polymer-surface interactions. We next investigated the free-energy contribution

F P
pc arising from polymer-cube interactions, beginning with that of the FF phase.

To this end, we varied εpc, σpol, and Γ expected to affect this interaction and exam-

ined the effect of each parameter on the distance-dependent FFF
pc (ds) profiles com-

puted from simulations. As the primary effect of the grafted chains is the steric

hindrance they impose through the excluded volume of their segments, the impact of

the nanocube separation distance on FFF
pc could be conveniently represented in terms
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Figure 2.8: Distance normalization for polymer-cube interactions. Fpc at Γ=0.04/σ2

and εpc = 0.05kBT at varying σpol is plotted with respect to (a) ds and (b) dn. All
of the interactions are in similar distance scales when plotted with respect to dn. (c)
Diagram of a polymer bead (blue) between the facets of cubic lattices (gray).

of a normalized separation distance dn given by (see Fig. 2.8):

dn =
ds

2σpc

. (2.12)

In addition, we found that the behavior of FFF
pc could be better modeled by decom-

posing it into its energetic and entropic components, denoted by UFF
pc and −T∆SFF

pc ,

and separately examining their variation with the aforementioned parameters, which

modulated the two components in very different ways. For instance, Fig. 2.9a depicts

FFF
pc and its two components computed for a representative system with Γ = 0.16/σ2,

εpc = 0.1kBT , and σpol = 0.75σ, and it can be observed that UFF
pc decays more strongly

with dn than −T∆SFF
pc .

By analyzing the variation of UFF
pc with εpc, σpol, and Γ, as shown in Fig. 2.9d-f,

we arrived at the following simplified description of the potential energy:

UFF
pc = 15.0nconfσ

3
pcεpc

[
d−12

n − d−6
n

]
, (2.13)

where nconf denotes the number of confined polymer chains given by 2ΓD2. The

above expression indicates that UFF
pc is linearly proportional to nconf and εpc, and also
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Figure 2.9: Polymer-nanocube interaction free energies F P
pc of the FF phase as a

function of normalized separation distance dn. (a) Decomposition of free energy into
potential energy and entropy contributions for nanocubes with εpc = 0.1kBT . (b–c)
Dependence of the entropic contribution on interaction parameters σpol and εpc (b),
and grafting density Γ (c). (d–f) Dependence of potential energy contribution on
εpc (d), σpol (e), and Γ (f). The nanocube parameters were set at Γ = 0.16/σ2,
σpol = 0.75σ, εpc = 0.15kBT unless otherwise specified.

scales like the LJ potential with respect to dn. Thus, the overall potential energy

of interactions between the polymer grafts and nanocubes is given by the sum of

LJ interactions between each polymer segment with the outermost lattice atoms of

the nanocube. Given that the ensemble-averaged potential energy exhibits the same

functional form as the underlying pair potential suggests that other interactions such

as those between the segments do not significantly affect the effective interactions

between the polymer and the nanocube. The origin of UFF
pc ∼ σ3

pc dependence is

less straightforward to explain. This scaling likely occurs from our treatment of

nanocubes as a simple-cubic lattice of LJ atoms. This results in an atomically corru-
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Figure 2.10: Effect of surface roughness on polymer-cube potential energies. Upc is
plotted for polymer beads (a) on top of and (b) at midpoint of cubic lattice atoms.
Significant reduction of Upc is observed for the smaller polymer bead as the cavity
between the cubic lattices is relatively much larger for the smaller polymer bead.
(c) Depictions of σpol=0.5σ (i & ii) and σpol=1.0σ (iii & iv) on top (i & iii) and at
midpoint (i & iv) of the cubic atoms.

gated nanocube surface, which causes the grafted chain segments confined in between

nanocubes to experience an uneven confinement volume. Consequently, polymer seg-

ments with small σpc are better able to accommodate within the cavities in between

lattice atoms to lower the interatomic LJ repulsion as compared to large segments

(see Fig. 2.10).

The entropic contribution −T∆SFF
pc was found to exhibit a weak dependence on

εpc, almost no dependence on σpc after normalization, and a strong dependence on

nconf , as shown on Fig. 2.9b-c. The magnitude of this contribution was found to be

reasonably described by

−T∆SFF
pc = 6.52nconfd

−2.82
n , (2.14)

where the linear dependence on nconf (as in the case of UFF
pc ) indicates additivity of en-

tropic contributions from the confined grafts, and the inverse power-law dependence

on distance is consistent with the expected increase in entropy loss with increas-

ing confinement, though the physical basis for the observed −2.82 scaling exponent

remains unknown.
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Interestingly, Eqs. 2.13 and 2.14 proposed for the FF phase also provide good

approximations for the polymer-surface interactions of the I‖, I/, and EE phases,

with the only distinction being the lesser number nconf of grafted chains these phases

confine compared to the FF phase. This is demonstrated and further investigated

in Fig. 2.11. Figure 2.11a depicts the FP
pc(dn) profiles computed for the I‖,n phases

(n = 1, 2, and 3) and the EE phase for nanocubes with Γ = 0.16/σ2. Clearly, the

magnitude of repulsion for the four phases decreases in the same order as decreasing

polymer confinement: I‖,1 > I‖,2 > I‖,3 > EE. Moreover, the ratios of F P
pc for the four

phases to that of the FF phase are approximately equal to the ratios of the number of

chains nconf they confine. For example, nconf for the I‖,2 phase is half of that of FF and

F
I‖,2
pc ≈ 1/2× F FF

pc ; and nconf of the EE phase is zero and FEE
pc ≈ 0. More generally,

nconf is equal to 2(ns − n)D
√

Γ for the I‖,n phases. Figure 2.11b depicting FFF
pc (dn)

profiles for the I/,n phases (n = 1, 2, and 3) at the same grafting density reveal much

smaller differences across the three phases. This is understandable given that only the

closest row of grafted chains below the contacting edge of the nanocubes are strongly

confined and contribute significantly to F P
pc. The contact position of the nanocube

edge, therefore, does not significantly impact F P
pc. The F P

pc for the I/,n phases should

then scale as 2D
√

Γ, the number of grafted chains in a single row. Indeed, F P
pc

profiles computed for the I/,1 phase at different values of Γ confirms this square-

root dependence on the grafting density (Fig. 2.11c). In addition to capturing the

nconf-dependence for the I‖ and I/ phases, Figs. 2.11a–c also importantly demonstrate

that the model provides reasonable predictions of the distance dependence of F P
pc. In

conclusion, the polymer-nanocube interactions are universally expressed by Eqs. 2.13

and 2.14, with the nconf summarized in Table 2.2.

Polymer-polymer interactions. Finally, we investigated the behavior of the free
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Figure 2.11: Polymer-nanocube interaction free energies F P
pc as a function of nor-

malized separation distance dn for: (a) I‖,n and EE phases, (b) I/,n phases, and
(c) I/,1 phase at three different values of Γ. The nanocube parameters were set to
σpol = 0.75, εpc = 0.05kBT , Γ = 0.16/σ2, unless otherwise specified.

energy contribution F P
pp arising from polymer-polymer interactions. Figure 2.12a

shows typical behavior with respect to distance ds for the FF phase. Unlike polymer-

surface interactions, where contributions from potential energies are significant, F FF
pp

is dictated almost entirely by entropy. This trend was observed even when εpp was

increased ten-folds to 1.0kBT . Furthermore, we observed that F FF
pp repulsion rose

steadily with increasing confinement before plateauting off at distances . 1.7σ. In

this “terminal” region, the confined grafted chains were compressed into monolayers

and their conformations within the monolayer were entirely governed by polymer-

surface interactions, explaining why further reduction in the confinement does not

induce further increase in F FF
pp (Fig. 2.12b). As all nanocube phases displayed small

ds, we only examined F FF
pp in terminal regions.

The magnitude of FFF
pp was further examined as a function of grafting density Γ

and σpp in Fig. 2.12c. The observed behavior can be well described by

FFF
pp = 28.21σ3

ppD
2Γ2. (2.15)
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Figure 2.12: Polymer-polymer interaction free energies F FF
pp . (a) Decomposition

of F FF
pp (solid) into potential energy UFF

pp (dashed) and entropy −T∆Spp (dash-dot).
(b) F FF

pp within the terminal region.
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Unlike F FF
pc which scaled linearly with Γ, F FF

pp was found to scale quadratically with

Γ. The reason is that F FF
pp involves pairwise interactions between polymer segments,

and the number of segments contributed by each nanocube within the confined vol-

ume in between them is proportional to Γ. However, F FF
pp still scales as D2 (Fig. 2.7).

This is because the radius of gyration of the grafts is much shorter than D, and there-

fore, the polymer-polymer interactions mediated by each grafted chain are localized

about its attachment position rather than across the entire face of the nanocube.

Lastly, F FF
pp was found to be proportional to the volume of the polymer segments.

As the grafted chains are squeezed into monolayers, the volume occupied by each

chain is proportional to the volume of its segments. Therefore, the entropy of the

polymer chain confinement, which played the dominant role in determining F FF
pp , was

proportional to σ3
pp.

It should be noted that even though FFF
pp scaled quadratically with Γ, its magni-

tude was still negligible compared to FFF
pc . For example, assuming dn of 0.7 and σpol

of 1.0σ, Γ would have to be & 2.4/σ2 (exceeding the close-packed density) for FFF
pp

to equal the magnitude of FFF
pc . The polymer-polymer interactions are even weaker

for the I/ and I‖ phases and negligible for the EE phase. Therefore, for constructing

phase diagrams based on the free energies of the different phases, we ignored the

small contribution from polymer-polymer interactions.

2.3.4 Orientational phase diagram from scaling relationships

We next constructed an orientational phase diagram using the functional forms of

the free energies developed above. These free-energy expressions F P (ds) summarized

together in Table 2.2 for all four phases are functions of the separation distance ds.

The free energy of a phase is given by the global minimum denoted by F P
m , which can
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be obtained by solving ∂F P/∂ds = 0, a 13th order polynomial function; the separation

distance at the minimum denoted by dPm represents the “equilibrium” configuration

of the phase. Phase boundaries occur when two different phases exhibit equivalent

F P
m for the same set of nanocube parameters. Instead of numerically solving for these

boundaries, we obtained the phase diagram by calculating F P
m for each phase over a

finely-spaced grid spanning the desired parameter space, and then assigning phases

to each grid point based on the phase possessing the lowest F P
m . Figure 2.13a–d

shows various cross-sections of the resulting phase diagram depicting phase behavior

as a function of σpol and εcc at four different fixed values of Γ and D. These plots

were constructed over a 0.0025σ × 0.01kBT grid in the σpol-εcc space holding Γ and

D fixed. For comparison, we have also included within each plot the corresponding

phase behavior obtained earlier from simulations.

The phase diagram obtained from scaling analysis displayed similar morphology

and trends as those computed from simulations, and the scaling relations helped

explain many of these features of the phase diagram, several of which were not re-

solvable by simulations. First, the phases changed in the order FF → I/ → EE

with increasing σpol or decreasing εcc. While this effect was already well explained

by the interplay between the simulated vdW and steric interactions (Fig. 2.5), the

scaling relations provide additional insight into the phase transitions. In particular,

the relations show how increasing σpol, or decreasing εcc, increases the relative magni-

tude of the steric to vdW interaction terms, which in turn increases the equilibrium

distance dPmin in all phases, except the EE phase where ds is considered fixed. Since

the vdW energy term F P
cc decays the sharpest with distance for the FF phase (β = 3),

weaker for the I/ phase (β = 1.5), and the weakest for the EE phase (β = 0), the

increase in dPmin penalizes the three phases in the decreasing order FF > I/ > EE,

as best illustrated in Fig. 2.6. In contrast, the steric repulsion term F P
pol decays ei-
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Figure 2.13: Orientational phase diagram obtained from free-energy scaling re-
lationships. Cross-sections of the phase diagram in the σpol-εcc space with (a)
Γ = 0.04/σ2, (b) Γ = 0.09/σ2, (c) Γ = 0.16/σ2 for D = 10σ nanocubes, and (d)
Γ = 0.04/σ2 for D = 20σ nanocubes.

ther similarly with distance (for FF and I/ phases) or remains constant (EE phase),

and thus the increase in dPmin does not reward the three phases as differently with

decreasing steric repulsion. Thus, the FF, which is penalized the most in overall free

energy, transitions to the EE phase, which is penalized the least, via the I/ phase

with intermediate penalty, upon increasing σpol and/or decreasing in εcc.

Second, the phase boundaries exhibit a parabolic dependence of εcc on σpol. In

other words, phase transitions, such as those between the FF and I/ phases or be-

tween I/ and EE phases, becomes more sensitive to changes in σpol and less sensitive

to changes in εcc with increasing magnitude of σpol. This is easily explained by the

functional forms of the vdW and steric interaction energy terms. Whereas F P
cc de-

pends linearly on εcc, F
P
pol exhibits a cubic power-law dependence on σpol. Hence, the

54



overall free energy, and thereby the phase transitions, are more sensitive to changes

in σpol compared to εcc.

Third, the I|| phase was observed only in the small region of the parameter space

in between FF and EE at low σpol and εcc for all Γ and D. This is because both F P
cc

and F P
pol functions for the I|| and FF phases scaled similarly with respect to ds, and

differed from each other only in the relative magnitudes of their prefactors, namely,

c and nconf . Consequently, the phase boundary εcc(σpol) between these two phases

exhibited much gentler curvature (slope) compared to those between other phases,

and the I|| phase was favored over the FF phase only at sufficiently large σpol and

small εcc. In this region of the parameter space, the reduction in vdW attraction

associated with the nanocube surfaces sliding off each other to form the I|| phase

is more than compensated by the reduction in steric repulsion. However, in a large

portion of this parameter region, the nanocubes prefer to form the EE phase over

the I|| as they can further reduce steric repulsion by tilting. This results in the I||

phase appearing as the global minimum-free energy phase in only a small window of

the parameter space.

Fourth, the phase diagram shows that the I/ phase broadened and encroached into

both the FF and EE phases as Γ was increased (Figs. 2.13a-c). The encroachment

into the I/ phase may be explained by considering that the number of confined chains

nconf increases more dramatically with increasing Γ for the FF phase as compared to

the I/ phase. Specifically, the ratio of nconf for the two phases is given by

nFFconf

n
I/
conf

=
√

ΓD. (2.16)

Thus, an increase in Γ is more unfavorable, in terms of steric interactions, for the

FF phase than I/. The encroachment into the EE may also be explained in terms of
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increasing nconf . While this increase amplifies the steric repulsion in the I/ phase, as

explained above, it also leads to reduced overlap between the nanocubes in the EE

phase (via Eq. 11), which leads to a reduction in the vdW attraction. Apparantly, the

loss in vdW interactions for the EE phase is larger in magnitude than the increase

in steric repulsion of the I/ phase, causing the I/ phase to also encroach into the

EE phase. Lastly, we observed the complete disappearance of the I/ when D was

increased from 10σ to 20σ (cf. Figs. 2.13a and d). This effect occurs because the

vdW attraction F P
cc scales linearly with D for the I/ phase due to the tilted faces,

whereas it exhibits a quadratic scaling with D for all remaining phases with parallel

faces. Thus, the doubling of the nanocube size doubled the vdW attraction between

nanocubes for the I/ phase, but quadrupled the vdW attraction in the remaining

phases, causing these phases to become more stable than the I/ phase and leading to

its disappearance from the phase diagram.

The scaling relationships also importantly allowed us to investigate phase behavior

at much higher grafting densities than those explored by simulations, which focused

on Γ ≤ 0.16/σ2. The derived scaling relationships should remain valid for higher

values of Γ as long as the grafted chains are in the mushroom regime. Larger grafting

densities, however, yield an increasingly larger number of intermediate states I/,n and

I||,n exhibiting different extents of overlap between the two nanocubes. For conve-

nience, we considered only one of these I/ phases, where the edge of one nanocube

contacted the face of the other nanocube at its middle (see see Fig. 2.7d for scaling of

these configurations), and ignored the I|| phase, which occupies only a small region

of the parameter space.

Figure 2.14 shows various Γ–εcc cross-sections of the phase diagram obtained at

three different values of σpol for the 10σ nanocubes. The scaling relations recapitulate

the orientational phase behavior obtained from simulations for small Γ, even though

56



the simulations considered all possible I/,n and I||,n phases. More importantly, the

scaling relations demonstrate that nanocubes exhibit vastly different phase behavior

in the Γ–εcc parameter space, depending on the magnitude of σpol. At σpol = 0.25σ,

the FF phase occupies a large area of the phase diagram; in this regime, the nanocube

faces are able to access small separation distances with strong vdW attaction, due

to the small excluded volume of the polymer segments. Only at sufficiently high

values of the grafting densities Γ, or sufficiently small values of the vdW energy

parameter εcc, do the nanocube faces tilt to form the I/ phase, as reflected in the

small slope of FF–Γ phase boundary. The EE phase forms only at very small values

of εcc, irrespective of the grafting density. When σpol increases to 0.5σ, the FF–I/

phase boundary exhibits a sharper slope as the free energy of the FF phase is more

adversely affected than the I/ phase with decreasing εcc or increasing Γ. The EE

phase, which is least affected by decreasing εcc (as the separation distance ds remains

constant in the EE phase while that of the other phases needs to expand in response

to increasing relative strength of steric repulsion), then occupies a larger fraction of

the phase diagram. At even larger values of σpol = 0.75σ, the FF phase, interestingly,

completely vanishes. In this regime, the large excluded volume of the graft segments

pushes the nanocubes so far apart that they are no longer able to access strong vdW

interactions (due to its sharp decay with distance), and the phase diagram is reduced

to a competition between the I/ and EE phases.

2.4 Discussion

We investigated the orientational phase behavior of polymer-grafted nanocubes using

MC simulations and using free-energy scaling relationships derived from simulations.

One of the main results of this work is that grafted nanocubes exhibit a variety of
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Figure 2.14: Phase diagram cross-sections in Γ–εcc obtained from scaling relations
exploring a broader range of grafting densities for D = 10σ nanocubes with: (a)
σpol = 0.25σ, (b) σpol = 0.5σ, and (c) σpol = 0.75σ.

thermodynamically stable inter-particle configurations, which we classified into the

FF, EE, I‖, and I/ phases based on the orientation and degree of overlap between the

interacting faces of the nanocubes. This finding goes beyond our earlier investigation

which considered only the FF and EE configurations. Our present work shows that

the I‖ and I/ configurations are legitimate phases that occupy a large portion of

the phase diagram, especially the I/ phase that provides a compromise between the

FF phase with strong interactions (both vdW attraction and steric repulsion) and

the EE phase with weak interactions. In addition, our earlier study examined only

the “idealized” EE configuration with touching edges (θ1 = θ2 = 45
◦
), whereas we

show here that the EE phase exhibits some overlap between the bare edges of the

nanocube faces. The overlap allows for much stronger vdW interactions between

the nanocubes without gaining much steric repulsion between them. The amount

of overlap was found to decrease with increasing grafting density, implying that the

idealized EE configuration would occur only when the grafted chains covered the

entire face of the nanocubes. While this may be the case at high grafting densities,

dense grafting and uniform coverage of the surfaces are not always possible, especially

near the edges of the nanocubes.

58



Our finding of the partly overlapped EE phase and the I‖, and I/ phases also

provides a possible explanation for the various kinds of “imperfect” nanocube con-

figurations obtained experimentally. For instance, experiments often observed con-

figurations with slanted faces similar to our I/ phase and configurations with partly

overlapping parallel faces similar to our EE and I‖ faces. In other words, the imper-

fect configurations observed experimentally may not represent trapped, metastable

states as previously envisioned, but may in fact be the stable EE, I‖, and I/ phases

predicted computationally. Of course, defects in the size and shape of the nanocubes

as well as nonuniform grafting of chains could also contribute to the experimentally

observed imperfections.

Another key result of this work is the orientational phase diagram we obtained

that should provide guidance to researchers for predicting orientational phases based

on nanocube parameters or, vice versa, designing nanocubes to achieve specific phases.

The phase diagram cross-sections plotted in Fig. 2.13 indicate that increasingly larger

changes in the vdW interaction parameter εcc or excluded-volume parameter σpol are

required to observe phase transitions between the FF, I/, and EE phases when the

nanocubes exhibit strong vdW and/or steric interactions. For instance, nanocubes

with εcc = 3 kBT and σpol = 0.75σ exhibiting the I/ phase in Fig. 2.13b would require

about a 2kBT reduction in εcc or a 0.25σ reduction in σpol to convert the nanocube

configurations into the EE phase. Thus, strong vdW and steric interactions between

nanocubes are required to achieve highly stable orientational phases. Contrarily, the

opposite strategy of designing nanocubes with weak interactions could be used for

assembling weakly-stable phases. For example, nanocubes exhibit a “triple point” at

low εcc and σpol where the three phases FF, I‖, and I/ coexist together (see Fig. 2.13).

Nanocube orientations near such triple point are expected to be very sensitive to small

changes in εcc and σpol that could for instance be brought about by changing exter-
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nal conditions (e.g., temperature, pH). This concept raises the intriguing possibility

of creating reconfigurable phases that can reversibly switch between distinct orienta-

tional states based on small external field triggers. Lastly, Fig. 2.14 demonstrates that

altering the grafting density Γ is not a viable approach for achieving the EE phase.

While an increase in Γ leads to suppression of the FF state, the nanocubes transition

to the I/ phase rather than the EE states. Thus, changes in properties like εcc or σpol

are preferred over changes in grafting density to induce the EE configuration.

A third important result is the analytical expressions for the free energies of the

orientational phases developed in this study. These free energy expressions allowed us

to construct a more comprehensive phase diagram than afforded by simulations alone,

and also provided simple, physically intuitive explanations for the various features

exhibited by the phase diagram. For instance, the expansion and contraction of

the I/ phase region with increasing grafting density and nanocube size, respectively,

could be easily explained through differences in the free energy scalings of I/ phase as

compared to those of the FF and EE phases; These scaling differences in turn arose

from the slanted configuration of the interacting nanocubes in the I/ phase versus the

parallel configuration exhibited by the remaining phases. Moreover, the free energies

are provided as simple functions of experimentally accessible parameters that could

be readily used by researchers to study the phase behavior of other kinds of faceted,

polymer-grafted nanoparticles, as long as the underlying assumptions of the model

are not violated.

Our results are also come with several caveats. First, all nanocube phases involv-

ing confined grafts exhibited equilibrium surface separation distances smaller than the

Kuhn’s length of the grafts. This effect stems from the strong, short-ranged nature

of vdW interactions between nanocubes and the mushroom-like conformations of the

grafted chains, where the enthalpic advantage gained from decreasing the separation
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distance outweighs the entropic penalty of squeezing the grafts. Only at separation

distance smaller than the Kuhn’s length does the repulsion become comparable to the

vdW attraction. At this point, the behavior of the grafts is more akin to that of con-

fined particles than polymer chains, as noted from the LJ-like behavior of the steric

repulsion term (Eq. 13). For significantly stiffer or longer grafts (on larger nanocubes

so that the longer chains cannot escape out of the junction) that incur much larger en-

tropic penalties of confinement, the equilibrium separation distance would be pushed

to values larger than the Kuhn’s length. In this regime, the steric repulsion may scale

differently with distance120. Thus, the phase diagram presented in this study may

no longer be numerically accurate in this regime, though its overall features should

likely be preserved. This study also did not investigate systems in which nanocubes

assemble due to attractive polymer-polymer interactions. While the LJ potential

used for modeling polymer-nanocube interactions has both attractive and repulsive

portions, the small separation distances mandated that all of polymer-cube interac-

tions were in the repulsive region. Therefore, the grafts only provided steric repulsion

and never acted as “bridging agents” between the nanocubes. Previous studies have

demonstrated that attractive polymer-nanocube interactions could also play a role

in determining their orientations13;23. Further studies with longer/stiffer grafts and

stronger polymer-nanocube interactions are required to properly reveal the role of

these effects on nanocube phase behavior.

Another effect neglected in this study is the depletion force arising from the

solvent, which can be quite large in polymeric melts121. Depletion effects may be

even more important for nanocubes, which provide a larger surface area of interaction

compared to spherical nanoparticles, and hence larger overlaps between their solvent-

excluded volumes. For instance, rod-like particles were found to be more significantly

affected by depletion effects than spherical particles122. We hypothesize that the
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FF and I‖ phases with larger overlap between their solvent-excluded volumes will

exhibit larger depletion interactions and will be favored over the I/ and EE phases.

Future studies with explicitly-modeled solvents should reveal the magnitude of such

orientation-dependent depletion effects and the extent to which they affect the phase

behavior of nanocubes.

Lastly, it should be noted that our results were obtained using idealized systems.

Experimental systems are however likely to exhibit uneven surface grafting of polymer

chains, polydispersity in the length of the polymer grafts, and variations in the size

and shape of the nanocubes, including common rounding of their edges and corners,

each of which could affect particle assembly in distinct ways. Therefore, the scaling

relationships and the phase diagram presented here should be treated as general

guiding principles rather than quantitative solutions for controlling the orientations

of nanocubes in their assemblies.

2.5 Conclusions

We investigated the orientational phase behavior of polymer-grafted nanocubes us-

ing simulations and analytical scaling relations. Consistent with experiments, our

simulations predicted that the nanocubes may assemble into face-face, edge-edge, or

a spectrum of intermediate configurations of varying overlap with parallel or slanted

faces. The simulation results also helped us in formulating simple analytical expres-

sions for the free energies of these four orientational phases. These phases as a result

of their geometric differences were found to exhibit distinct scalings with respect to

nanocube size, separation distance, and grafting densities. We next used these free

energies to construct an orientational phase diagram over a multi-dimensional param-

eter space comprised of nanocube size, nanocube interaction strength, grafting den-
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sity, and graft Kuhn length. We showed how the morphology of the phase diagram,

including the shapes of the phase boundaries, are intrinsically related to differences

in the free energy scalings of the four phases. Overall, these results demonstrate how

particle size, interactions, and polymer grafting could be used to control the relative

orientation of nanoparticles within their higher-order assemblies. Ultimately, such

control should enable fabrication of advanced optical and plasmonic nanocomposites

with precisely-oriented particle assemblies.
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Chapter 3

Assembly mechanism of polymer-grafted

nanocubes

3.1 Introduction

In Chapter 2, I have analyzed how the free energies of different orientational phases

of the nanocubes depended on their material properties and predicted the assembled

structures of the nanocubes by solving the interparticle configuration that yielded

the minimum free energy of the nanocubes among all possible configurations. While

such computational approach correctly predicted and explained many of the experi-

mentally observed material-dependent self-assembly behavior of the nanocubes, two

important phenomena were not addressed. First, experiments have demonstrated

that the polymer-grafted nanocubes do not assemble into one, uniform configuration

but exhibit a distribution of configurations24. This suggests that not all of the cubes

assemble into their global minimum free energy configurations, but rather assemble

into metastable states. Second, some experiments have reported that nanocubes that

initially assemble edge-edge type of configurations transitioned into face-face struc-

tures after thermal annealing13. This suggests that, while the face-face state is the

more energetically favored state, the nanocubes first assembled into a metastable,

edge-edge state and required external energies to dynamically transition into their

more energetically favorable configurations. These experimental findings suggest that

understanding the metastable interparticle configurations as well as the transition
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mechanism between the states is critical in controlling the self-assembly of anistropic

nanoparticles (NP).

Such importance of metastability for these polymer-grafted anisotropic NPs stems

from their increased configurational complexity compared to spherical NPs. For ex-

ample, the interparticle configuration of spherical and isotropic NPs can be described

with only one degree of freedom, their center-to-center distances. Hence, their free en-

ergy landscapes are one dimensional and the energetically metastable states are rare

and easily identifiable along this dimension. However, the free energy landscapes

of anisotropic NPs are multi-dimensional and depend sensitively on the relative po-

sitions and orientations of the particles. Accordingly, their free energy landscapes

contain numerous metastable states and identification of these states and the path-

way connecting them is difficult and unintuitive.

To overcome the difficulty in the exploration and interpretation of the multi-

dimensional free energy landscape of the anisotropic NPs, we employ the minimum

free energy pathway (MFEP) analysis technique commonly used for the analogously

structurally complex, nanoscale systems of proteins. Similar to the anisotropic NPs,

proteins can form diverse structures based on how they fold, where each state is

a metastable state in the free energy landscape of the protein. While numerous

pathways connect the different metastable states, the transition between them most

probably occur through the MFEP. The idea of MFEP stems from the principle of

least action, which states that systems naturally tend to choose the path, among all

possible paths, that minimize its action. Specifically, the states along the MFEP are

energy minima in all directions perpendicular to the path and the integral of the free

energy along the path yields the minimum free energy compared to all other pathways

connecting the states. By analyzing the conformational changes and the energetic

barriers within this pathway, the kinetics and transition mechanisms between the
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states can be obtained. Therefore, such analysis technique, while not suitable for the

configurationally more simple assembly of isotropic NPs, is proper and necessary for

the investigation of assembly of anisotropic NPs.

In this study, we investigate the assembly mechanism of polymer-grafted nanocubes

based on the MFEP of their free-energy landscape. First, we apply the MFEP anal-

ysis on bare nanocubes to deduce the role of attractive vdW interactions between

the nanoparticles on the overall assembly of polymer-grafted nanocubes. Analysis

of the free-energy landscape of the bare nanocubes demonstrate that their global

minimum energy configuration is the face-face state and that their assembly towards

the face-face configuration is dominated by the sliding mechanism. Next, we investi-

gate the free energies and the configurations of the polymer-grafted nanocubes along

their MFEP. The results show that the MFEP is inhabited by multiple energetically

metastable states and that the transition from one state to another involves dissocia-

tive motions of the nanocubes that incur large transition energies. Such transition

energies depend significantly on the material properties of the nanocubes as well as

the experimental conditions such as the temperature of the system. These results

help explain many of the experimentally observed phenomena such as the transition

between different orientational phases during the thermal annealing process or the

observed distribution of nanocube configurations.

3.2 Computational methods

The aim of this study is to investigate the mechanism and kinetics of the self-assembly

of polymer-grafted nanocubes through their minimum free-energy pathways (MFEP).

As the experimental systems of our interest consist of nanocubes embedded in thin

films, we assume that the nanocubes are in a quasi-two-dimensional environment in
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Figure 3.1: Computational methods. (a) Depiction of the coarse-grained model of
the polymer-grafted nanocubes with the interparticle configuration coordinates used
in this study. (b) The association and dissociation mechanisms of the nanocubes
including the translation, sliding, and rolling mechanisms. (c) Schematics explain-
ing the normalization of the coordinates according to the total displacement of the
atoms constituting the nanocubes. (d) MFEP determination steps: 1. Free-energy
landscape is computed. 2. Local energy minima corresponding to the EE, I, FF
phases are determined. 3. MFEP connecting the local energy minima is obtained
using the Dijikstra algorithm.
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which their translational and rotational degrees of freedom in z direction normal to

the film are constrained. To describe the interparticle configuration of two nanocubes

within such environment, we assume that one of the nanocubes is at the origin with

its facets parallel to the Cartesian axes and use the following three coordinates to

describe the position and orientation of the second nanocube: the minimum distance

of approach between the facets of the nanocubes in x axis (ds), the lateral offset of

the nanocubes in y axis (dy), and the orientation of the nanocube (θ). As depicted in

Fig. 3.1a, such coordinate system not only describe the interparticle configuration of

the two nanocubes but also conveniently represent the mechanism of their assembly.

For example, the association and dissociation of the nanocubes through a sliding

motion can be completely described by changes in the single variable dy. Changes in

the coordinates of ds and θ represent the translational or rolling motions, respectively.

To obtain the interaction energies of the nanocubes in a computationally efficient

manner, we utilized the coarse-grained model of the polymer-grafted nanocubes used

in Chapter 2. Specifically, the nanocubes were computationally constructed as rigid

bodies of beads in simple cubic lattices. The polymers were described through a

bead-spring model and were grafted rigidly on the faces of the nanocubes in a square

pattern. The beads of both the nanocubes and the polymers interacted with the

Lennard Jones (LJ) potential given by U = 4ε

[(σ
r

)12

−
(σ
r

)6
]
. Here, ε, σ, r

represent the Lennard Jones energy parameter, diameter of the beads, and the inter-

atomic distances, respectively. The intramolecular interaction of the polymer chains

are given by the stretching potential, Us = ks(l − l0)2/2, and the bending poten-

tial, Uθ = kθ(θ − π)2/2. The parameters ks, l0, kθ represent the stretching energy

parameter, equilibrium stretching distance, and the bending energy parameter.

For our coarse-grained model, all of the lengths are represented in arbitrary units

of σ that is equivalent to the diameter of the largest polymer bead investigated.
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The diameters of the beads comprising the cubes (σcc) were fixed to 0.4σ and the

cube side length (D) was fixed to 10σ. The investigated diameters of the polymer

beads (σpp) varied from 0.5 to 1.0σ while the equilibrium length of the polymer (l0)

were equivalent to σpp. The LJ energy parameter for the polymer-polymer (εpp) and

polymer-cube (εpc) were kept at 0.1 kBT to capture the weak interaction between the

aliphatic chains utilized in experiments. The intramolecular interaction parameters,

ks and kθ, were 10kBT/σ and 0.1kBT/rad2 to describe flexible chains. The grafting

density of the polymers (Γ) was fixed to 0.04 chains/σ2 to represent chains in the

mushroom regime that allow the nanocubes to interact with significant van der Waals

(vdW) interaction. More detailed description of our model is provided in Chapter 2.

The minimum free-energy pathway of the assembly of polymer-grafted nanocubes

are obtained through the steps illustrated in Fig. 3.1b. First, the free-energy land-

scape of the nanocubes for a given simulation parameters are obtained by solving

their free energies at all relevant interparticle configurations. Briefly, we compute the

potential of mean force of two nanocubes at a particular configuration (d′s, d
′
y, θ′) by

first obtaining the ensemble averaged force in x directions 〈fx〉 at configurations with

ds greater than the configuration of interest (ds ≥ d′s, d
′
y, θ). For this calculation,

the nanocubes are fixed rigidly for the particular configuration while the ensemble-

averaged configuration of the polymers are obtained through the configurationally

biased Monte Carlo methods. These forces are then integrated using blue moon en-

semble to obtain the PMF at the particular configuration. We repeat this process

for dy in the range of 0 ≤ dy ≤ D with resolution of 0.04σ and θ in the range of

0◦ ≤ θ ≤ 90◦ with resolution of 1◦.

As a next step in obtaining the MFEP, we find the local free-energy minima

for each orientational phase. According to our previous investigation of the polymer-

grafted nanocubes, the interparticle configuration of the nanocubes can be categorized
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into three orientational phases — face-face (FF ), intermediate (I), and edge-edge

(EE) configurations — depending on the fraction of grafted polymers that are en-

closed by the interacting faces of the nanocubes. Specifically, the face-face, intermedi-

ate, and edge-edge state represent nanocubes that confine all, fraction, or none of the

grafted polymer chains, respectively. In the coordinate system employed in this study,

the orientational phases are well captured by the coordinate axis dy as dy > 0.75D

represent FF state, 0.75D ≥ dy ≥ 0.25D the I state, and dy < 0.25D the EE state.

Therefore, to obtain the energetically-stable configuration of the nanocubes for each

orientational phase, we find three local energy minima for ranges of dy corresponding

to each phase.

Lastly, the MFEP between each orientational phase is obtained by finding the

path of least action that connects the local energy minima. For this task, we treat

the free-energy landscape as a weighted network in which each interparticle configu-

ration is represented as a node that is connected to its adjacent configuration with

weights equivalent to the difference in their free energies. The MFEP between the

local energy minima are then computed through the Dijkstra algorithm. From the

obtained MFEP, we calculate the transition rate between the different metastable

configurations based on the Kramer’s law. The transition energies are calculated as

the difference between the energy of the minimum energy state and the maximum

energy state between the two metastable states.
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Figure 3.2: Assembly of bare nanocubes with εcc = 1.0 kBT . (a) Free-energy
landscape in all three coordinates. (b) Fcc with respect to dy and θ for the value of ds

that minimize Fcc. (c) Fcc with respect to dy and ds for the value of θ that minimize
Fcc. (d) Mechanism dependent free-energy pathway from dissociated state to FF
configuration.

3.3 Results and discussion

3.3.1 MFEP of bare nanocubes

As the first step in investigating the assembly mechanism of polymer-grafted nanocubes,

we examine the minimum free-energy pathway (MFEP) of assembly of bare nanocubes.

The free-energy landscape of bare nanocubes, depicted in Fig. 3.2a, provides crucial

insight into how the assembly mechanism is affected by vdW attractive interactions

of the nanocubes in the absence of repulsive polymer interactions. Interestingly, the

free-energy landscape demonstrates that the free energies of the nanocubes (Fcc) are

negligible for the vast majority of the configurational space. Such characteristic is

more easily observed when we present the three-dimensional free-energy landscape in

two-dimensional landscape representation, as shown in Fig. 3.2b and Fig. 3.2c. Here,

the portrayed energies are the energies at the given two coordinates minimized with

respect to the third coordinate. The results demonstrate that the global minimum

Fcc is found at the ideal face-face configuration (ds = 0σ, dy = D, θ = 0◦) and

that Fcc decays sharply as the configurations of nanocubes deviate from the face-face

configuration.
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To gain further insight into how the assembly mechanism of nanocubes will be

affected by the morphology of the free-energy landscape of the bare nanocubes, we

analyze the configuration-dependent Fcc (Fig. 3.2d). Here, Fcc is depicted as the

nanocubes are assembled into the ideal face-face configuration from the dissociated

state purely through one type of mechanism. Specifically, the change in Fcc through

purely translational mechanism is depicted by varying ds from D to 0 while dy and

θ are kept constant at dy = D and θ = 0◦, respectively. The sliding mechanism

is probed by changing dy from 0σ to D with ds = 0σ and θ = 0◦. Lastly, the

rolling mechanism is examined by changing θ from 45◦ to 0◦ while keeping ds = 0σ

and dy = D. The results demonstrate that Fcc varies linearly with respect to dy

throughout the sliding motion. However, for both rolling and translating mechanisms,

Fcc is negligible for most configurations except near the ideal face-face configuration

where the free energies change drastically. In addition, the energetic penalty for

deviating from the ideal face-face configuration is greater through the translational

motion than through the rolling motion. This is because the translational dissociation

(TD) involves dissociation of the atoms on the entire surface of the nanocubes while

the rolling dissociation (RD) leads to separation of only a fraction of the atoms and

the atoms on the edges of the nanocubes remain associated.

3.3.2 MFEP of polymer-grafted nanocubes

Next, the MFEP of polymer-grafted nanocubes are examined. As was observed from

Chapter 2, the orientational phase diagrams of the nanocubes obtained from the

global minimum free-energy configurations (Fig. 3.3) are highly dependent on the εcc

and σpol. We observe that as excluded volume of the polymer beads are increased,

the nanocubes transition from the edge-edge (EE) to intermediate (I) to the face-

face (FF ) states while increase of the attractive strength of the nanocubes lead to

72



Figure 3.3: Assembly of polymer-grafted nanocubes. (a) Orientational phase di-
agram with respect to σpol and εcc. Free-energy landscapes for the parameters of
εcc = 0.75kBT and (b) σpol = 0.5σ and (c) σpol = 0.75σ. (d, h) Ftot and (e, i) config-
uration of the nanocubes along MFEP. (f, j) Ftot with respect to dy and θ minimized
with respect to ds. (g, k) Depiction of the nanocubes at configurations indicated in
(d, h) and (e, i). The σpol = 0.5σ for (d-g) and σpol = 0.75σ for (h-k). εcc is 0.75kBT
for (d-k).
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the opposite trend in the orientational phase of the nanocubes. To understand the

MFEP of each of these phases, we first investigate the cases where the cube-cube

interaction strengths are weak (εcc = 0.75kBT ) and the global minimum free-energy

states are FF (σpol = 0.5σ) and EE (σpol = 0.75σ). The free-energy landscape of

the FF -forming nanocubes and EE-forming nanocubes are depicted in Fig. 3.3b and

Fig. 3.3c, respectively. Compared to the free-energy landscape of the bare nanocubes

(Fig. 3.2a), the free-energy landscapes of the polymer-grafted nanocubes show overall

reduced magnitudes of the free energies and greater portions of the interparticle

configurations with significant energies relative to the global minimum free energies.

To analyze these free-energy landscapes, we compute the MFEP along the transi-

tion pathway between the meta-stable configurations of the nanocubes. Specifically,

we chose the tip-to-tip configuration (ds = 0σ, dy = 0σ, θ = 0◦) as the initial con-

figuration. Next, we obtain the MFEP from the tip-to-tip configuration to the local

energy minimum state in the EE phase. Then the MFEP from local energy mini-

mum configuration of EE to that of I is computed. Finally, the MFEP from I to FF

states is obtained. Fig. 3.3d-f depict the free energies (Ftot) and the configurations of

the nanocubes along this MFEP for the FF -forming nanocubes (εcc = 0.75kBT and

σpol = 0.5σ). Two important characteristics of the assembly of the polymer-grafted

nanocubes can be deduced from these results. First, similar to the assembly of bare

nanocubes, the association mechanism involves mainly the sliding association (SA)

mechanism. As the nanocubes slide toward the FF configuration, Ftot also varies

linearly with respect to dy. However, unlike the bare nanocubes, Ftot also contain

several energetic barriers as the nanocubes transition from the EE to I and I to FF

phases.

To help analyze the cause of such energetic behavior, we have depicted the

nanocubes at the energetic barriers and wells in Fig. 3.3g. Here, we can observe
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that the meta-stable energetic wells at Fig. 3.3g2 and Fig. 3.3g3 correspond to the

configurations in which the surfaces of the nanocubes are maximing their overlap

area without enclosing the grafted polymers. On the other hand, the energetic barri-

ers occur as the surfaces of the nanocubes dissociate from each other to incorporate

more grafted polymers. For both of the barriers shown in Fig. 3.3g3 and Fig. 3.3g5,

Fig. 3.3e demonstrate that the dissociation is initiated through RD, followed by TD.

The energetic barriers reach their maximum energies when this TD occurs. After

such dissociation, the nanocubes exhibit small RA, ensued by SA.

The MFEP of the EE-former display many similarity with the MFEP of FF -

former. First, Ftot along the MFEP for the EE-forming nanocubes (Fig. 3.3h) display

three energetic wells and two energetic barriers, as was the case with the FF -former.

The association mechanism is also mostly dominated through SA. However, the con-

figurations of EE-forming nanocubes along the MFEP (Fig. 3.3i) are less parallel and

involve much greater rolling motion compared to the FF -formers (Fig. 3.3e). For ex-

ample, the EE-forming nanocubes are parallel only in the EE state (Fig. 3.3e2).

Past the EE state, the nanocubes assemble through a combination of the rolling

and sliding mechanisms. For example, Fig. 3.3i shows that the nanocubes are in

configurations with surface-edge contacts (θ > 0 and ds = 0σ) along the MFEP from

the energetic barrier shown in Fig. 3.3i3 to the energetic well in Fig. 3.3i4. This

is in contrast to the parallel and surface-separated (θ = 0◦ and ds > 0σ) configu-

rations shown for the FF -forming nanocubes along the MFEP from Fig. 3.3e3 to

Fig. 3.3e4. Such difference in the configuration and the assembly mechanism stems

from the difference in the surface separation distances caused by the grafted poly-

mers for the EE-formers and FF -formers. When nanocubes roll into edge-surface

contacting configuration from the parallel and separated configuration, the vdW in-

teraction energies of the atoms around the contact increase while the energy of the
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rest of the atoms decrease. Because a large fraction of the surface atoms lose much

energy during the rolling motion, RA mechanism is energetically unfavorable when

ds is small. However, when ds of the entire surface is large, the reduction in distance

between the contacting atoms and their energetic gain is increased. Furthermore,

the energetic loss of the rest of the surface of the nanocube is decreased as their

vdW interactions before the rolling association are already weak. Furthermore, the

edge-contacting configuration makes greater volume of space available for the grafted

polymers enclosed by the interacting surfaces and thereby reduces the magnitude of

repulsive energy from the polymer interactions. Therefore, when the energetic contri-

bution from the repulsive polymer interactions increase, the assembly of nanocubes

involve more rolling mechanism.

In addition to the weakly-interacting nanocubes, we investigated the FF -forming

(σpol = 0.5σ) and I-forming (σpol = 0.75σ) nanocubes for the cases with strong cube-

cube interactions (εcc = 2.0kBT ). The free energies and the assembly mechanism

shown in Fig. 3.4 display many similarities with those of the weakly interacting

nanocubes depicted in Fig. 3.3. For instance, the free energy of FF -former along

its MFEP decreases smoothly and is dominated by the sliding association as the

nanocubes transition from the EE state to the FF state. Similar to the nanocubes

with weak cube-cube interactions, the nanocubes with large εcc transition from EE

to I states through the RD-TD-RA sequence (Fig. 3.4b2 and Fig. 3.4b3). However,

such sequence is not observed for the transition from I to EE state. This is because

the cube-cube interaction is even more dominant and the increased volume available

to the grafted polymers from the rolling motion does not outweigh the reduction in

the cube-cube vdW interaction energies. In addition, the overall magnitude of Ftot

along MFEP is much greater for the FF -formers with large εcc compared to that of

FF -formers with small εcc.
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Figure 3.4: Assembly of polymer-grafted nanocubes with εcc = 2.0kBT . (a, e) Ftot

and (b, f) configuration of the nanocubes along MFEP. (c, g) Ftot with respect to dy

and θ minimized with respect to ds. (d, h) Depiction of the nanocubes at configura-
tions indicated in (a, e) and (b, f). The σpol = 0.5σ for (a-d) and σpol = 0.75σ for
(e-h).
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Similarly, the I-forming nanocubes with strong cube-cube interactions behaved

analogously with the EE-forming nanocubes with weak cube-cube interactions. The

nanocubes transition from the metastable EE state (Fig. 3.4h1) to the transition

state (Fig. 3.4h2) through TD mechanism, then proceed to the global minimum free-

energy I state (Fig. 3.4h3) through SA mechanism. Next, the nanocubes transition

toward the metasable I state (Fig. 3.4h5) through RD-SA-TA mechanism. Finally,

the nanocubes transition to the FF phase through a combination of TD, RD, and SA

motions. The key difference between the I-former and EE-former is in the overall

magnitude of Ftot. As the cube-cube interaction is dominant over the polymer inter-

actions, the energetic gain from the increased surface overlap for the configuration at

Fig. 3.4h3 compared to that of Fig. 3.4h1 is much greater than the energetic penalty

of enclosing the grafted polymers.

3.3.3 Effect of surface roughness

While the MFEP depicted in Fig. 3.3 and Fig. 3.4 reveal the mechanism of assembly

of polymer-grafted nanocubes, the results also exhibit transition energies between

the local energy minima to be O(100kBT ). As the assembly of the nanocubes are

experimentally conducted at temperature ranges of 300K to 400K and time scales of

hours, such transition energy suggests that the nanocubes will not transition between

different orientational phases within observable time scale. While such results may be

valid for explaining many experimental cases in which thermal annealing process does

not affect the assembled configurations of the nanocubes, they are not appropriate

for investigating the cases in which transition from EE to FF phase after thermal

annealing were observed123.

One possible cause of such result is in the overestimation of the vdW interaction
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Figure 3.5: MFEP of nanocubes with rough surfaces. (a, e) Ftot and (b, f) config-
uration of the nanocubes along MFEP. (c, g) Rate of transition between the energy
minima. (d, h) Depiction of the nanocubes at configurations indicated in (a, e) and
(b, f). The εcc = 0.75kBT for (a-d) and εcc = 2.0kBT for (h-k). σpol is 0.5σ is for
every case.
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energies between the nanocubes due to our assumption of ideal surface of nanocubes.

Our computational model assumes that the surfaces of nanocubes are defectless and

that the thickness of the nanocube surfaces are uniform. However, atomic force mi-

croscopy of the Ag nanocube surfaces reveal that the surfaces contain many patches

of defective atoms and that their surface thickness have root mean squared devia-

tion in the order of one or two atomic diameters. Such surface roughness leads to

drastic reduction in the vdW interaction energies between the nanoparticles as only

fraction of the surface atoms can be in contact with the other nanoparticle. In fact,

computational studies of assembly of nanoparticles have shown that the aggregation

behavior of nanoparticles can transition from percolating gel to fluid when surface

roughness effects are incorporated124. As the magnitudes of the transition energies of

our polymer-grafted nanocubes are highly dependent on the vdW interaction energies

between the nanocubes, the overestimation of the vdW interaction due to the ideal

surface assumption may be the cause of the large transition energy.

To observe how surface roughness affects the MFEP and the transition energies

of the nanocubes, we have added 150 additional atoms at random positions on the

surfaces of the nanocubes and obtained the resulting MFEP. The results with the

parameters of (σpol = 0.5σ, εcc = 0.75kBT ) and (σpol = 0.5σ, εcc = 0.75kBT ), which

are both FF -formers with ideal surfaces, are depicted in Fig. 3.5. Similar to the

MFEP of the nanocubes with ideal surfaces, the FF states are the global energy

minima for the nanocubes with the rough surfaces. The mechanism of assembly from

I (Fig. 3.5d3 and Fig. 3.5h3) to FF (Fig. 3.5d4 and Fig. 3.5h4) also is dominated

mostly by the SA mechanism. Furthermore, the main difference between the results of

the nanocubes with large εcc and small εcc is the magnitude of Ftot and the mechanism

of assembly is essentially identical for both cases, as is the case with the nanocubes

with ideal surfaces.
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However, two key differences can be observed for the rough nanocubes compared

to the nanocubes with ideal surfaces. First, the overall magnitude of Ftot is ≈ 30% for

the rough nanocubes compared to the nanocubes with ideal surfaces. Consequentially,

the transition energy between different states are also significantly different. For

example, for the MFEP obtained with parameters of (σpol = 0.5σ, εcc = 0.75kBT ),

the transition energy from EE to I state is ≈ 25kBT (Fig. 3.5a) while it is ≈ 115kBT

(Fig. 3.3d) with the ideal surfaces. Second, the mechanism of the rough nanocube

assembly involves much more translation and rolling motions compared to the ideal

nanocubes. This is because the energetic loss of the nanocubes from TD or RD is

greatly reduced as less number of atoms are in contact with each other due to the

surface roughness.

A consequence of the reduced interaction energy is that many of the transition

rates between different orientational phases are within experimental time scales. For

example, the transition rate for the EE to I transition of the nanocubes with weak

cube-cube interaction at T = 1.0kBT is O(10−4/s), indicating that the transition will

occur within experimental time scales. On the other hand, the I → FF transition

rate is in O(10−7/s), indicating that the probability of such transition is low within

the experimental time scale. However, these results change drastically when thermal

annealing is applied, i.e. T is increased to 1.5kBT . In this condition, all of the tran-

sition rates between the orientational phases are greater than O(10−5/s). Therefore,

the nanocubes are expected to spontaneously transition toward their global mini-

mal energy configuration of FF phase within the experimental time scale. Based

on these results, we can infer that the experimentally observed EE → FF transi-

tion after thermal annealing occurred because the transition energies between the

orientational phases prevent the nanocubes from assembling into their global energy

minimum configuration.
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3.4 Conclusion

In this study, the minimum free-energy pathway of the assembly of polymer-grafted

nanocubes are investigated. The results demonstrate that there are many configu-

rations in which the nanocubes are energetically metastable and that the transition

between these states require dissociative motions that lead to large energetic barriers.

Increase of vdW interaction strength between the nanocubes lead to more parallel

configurations and reduced rolling motions throughout the MFEP. On the other hand,

increased magnitude of repulsive interaction energies from the grafted polymers lead

to more involvement of the rolling motions and more slanted configurations of the

nanocubes. Incorporation of the surface roughness of the nanoparticles greatly re-

duce the overall magnitude of the vdW interaction strength between the nanocubes.

For the MFEP obtained with the rough nanocubes, it was observed that there are

parameter spaces in which the transition energies between the metastable configu-

rations are such that the nanocubes will transition only when thermal annealing is

applied. These results suggests that understanding the assembly pathway as well

as the transition kinetics of the nanocubes between different orientational phases

is crucial to designing self-assembled nanostructures with the desired interparticle

configurations.
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Chapter 4

Analytical van der Waals energies for

faceted nanoparticles

This chapter is adapted from my publication in Nanoscale Horiz., 2020, 5, 1628. I

was the primary investigator and author of this work.

4.1 Introduction

Advancements in solution-based synthesis techniques have enabled researchers to pro-

duce faceted nanoparticles (NPs) of various shapes and sizes125;126. Because of their

sharp edges and flat surfaces, faceted NPs exhibit useful properties such as enhanced

catalytic activity127;128, improved cellular uptake129–131, and unusual plasmonic reso-

nances132;133. In addition, faceted NPs can be used as building blocks for assembly of

particle clusters and superlattices with new and complex arrangements that cannot

be achieved by spherical NPs. Such assembled states of NPs could have potential

applications in plasmonics134–136, metamaterials137–139, chiroptical sensors140;141, pho-

tovoltaics142;143, and quantum-dot solids144;145. A key quantity that determines the

morphology of structures formed by NPs is their pairwise interaction potential energy,

and one of the most fundamental component of interparticle interactions is the van

der Waals (vdW) forces. These forces are almost always attractive and arise from the

dipole-dipole interactions acting between atoms across NPs. In general, vdW forces

encompass not only interactions between instantaneous dipoles and induced dipoles,

but also interactions between permanent dipoles and between permanent dipoles and
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induced dipoles. In some definitions, vdW forces also include the short-range re-

pulsion arising from Pauli exclusion principle, which prevents atoms and particles

from overlapping. Though vdW interactions are much weaker than covalent, ionic,

or metallic bonds and typically have a shorter range than charge-charge interactions,

they are ubiquitous as they act across all atomic species. As a result, the collective

vdW interactions between NPs can become substantial (� thermal energy kBT ) and

are often the main driving force for particle assembly and aggregation.

A common approach for calculating the vdW interaction energy UvdW between

two NPs involves summing up vdW energies contributed by all pairs of atoms in-

teracting across the two particles, as given by UvdW =
∑N

i=1

∑N
j=1 ULJ(rij). Here,

rij is the distance between atoms i and j on separate NPs and N is the number of

atoms in each NP, assumed to be identical here. The pairwise interactions are usually

treated using the Lennard-Jones (LJ) potential ULJ = 4ε[(σ/r)12 − (σ/r)6], in which

σ represents the atomic size, the first term accounts for the attractive vdW interac-

tions due to dipoles, and the second term empirically models the electron-electron

repulsion due to Pauli exclusion principle. The interaction energy parameter ε can

be related to the Hamaker constant obtained from experiments146;147 or from Lifshitz

theory148. While such “atomistic summation” approach does not properly account

for retardation and many-body effects, it provides a straightforward means to cal-

culating vdW interactions between NPs of arbitrary shapes. However, because NPs

contain many atoms (N ∼ 104 to 108) and each vdW energy calculation requires

O(N2) LJ energy evaluations, this approach becomes computationally expensive for

exploring energy landscapes of NPs, where energy needs to be computed as a function

of particle position and orientation, and prohibitive for simulations, where interac-

tions between NPs need to computed over hundreds of particles and millions of time

steps. For this reason, researchers have attempted to obtain analytical solutions

84



to UvdW by replacing the summation over interatomic LJ interactions with an in-

tegral of the LJ potential over the volumes V1 and V2 of the interacting NPs, that

is, UvdW ≈ ρ2
∫
V1

∫
V2
ULJ(rij) dV1 dV2, where ρ is the number density of atoms in the

NPs35. For spherical particles, this integral can be solved exactly by taking advan-

tage of the geometric symmetry of the particles149. Analytic solutions also exist for

other simple and symmetric shapes such as spherical shells, parallel flat surfaces, and

parallel cylinders in close proximity35;150. However, no such closed-form solutions

exist for vdW interactions between faceted NPs whose asymmetric shape and finite

span along each dimension render the above integral analytically intractable.

Because of the lack of analytic expressions for vdW interactions between faceted

NPs, simulation studies using accurate descriptions of UvdW via atomistic summation

have been limited to small system sizes151;152. For larger systems, researchers have

resorted to approximate descriptions of UvdW to reduce the computational cost. For

instance, the NPs could be constructed out of much fewer coarse beads, each in-

tended to represent a large group of atoms36;37. However, the vdW energy, including

its distance and orientational dependence, obtained by summing over interbead LJ

interactions across the NPs can differ significantly from that obtained from atomistic

summation. In many cases, researchers choose to neglect attractive vdW interac-

tions altogether9;38–41, retaining only the excluded-volume interactions, which can

be more efficiently implemented by using algorithms that check for geometric over-

laps between NPs42;43 or by representing NPs using shells of short-range repulsive

beads44;45. While approximating or neglecting vdW interactions between particles

may be acceptable for exploring granular packing in macroscopic particles or for

studying entropy-driven crystallization of NPs, a proper and accurate description of

vdW interactions between faceted NPs is necessary for studying their self-assembly

and phase behavior, as evident from past work on spherical NPs153–157. Hence, there
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is tremendous interest in accurately and efficiently accounting for vdW interactions

in studies involving faceted NPs.

Here we present the first analytical model for calculating the vdW interactions

energy between faceted NPs. The model was achieved by discretizing the volume

of one of the NPs into parallel rods and deriving a simplified potential for the vdW

interactions between a rod and a NP, allowing us to convert the usual vdW integral

of interatomic potential over particle volumes into a series of analytically solvable

area integrals of the rod-NP potential over the interacting facets of the NP. The

resulting expressions are able to accurately describe the full vdW energy landscape for

a range of faceted NPs, including cubes, triangular prisms, faceted rods, and square

pyramids. The analytical model can be easily coded into computational routines, and

as demonstration we provide an open-source graphical user interface application for

calculating the vdW energy of nanocubes in arbitrary configurations. The accuracy

and computational efficiency of the analytical model developed here should enable

a range of simulation studies on the rheology, self-assembly, and phase behavior of

faceted NPs, previously found to be computationally prohibitive.

4.2 Model development

Our approach for deriving analytical vdW potentials for faceted particle, using nanocubes

as the example, is summarized in Fig. 4.1. Given two NPs in arbitrary orientations

(Fig. 4.1a), we first transform the coordinate frame of reference so that one particle

(P1) is at the origin with one of its faces denoted by F1 oriented perpendicular to

the x-axis as shown in Fig. 4.1b. The configuration R of this two-particle system

is then fully described by the position vector and orientation of the other particle

(P2). Next, we discretize the volume of P2 into a collection of parallel rod elements
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oriented normal to the interacting face of P1 as depicted in Fig. 4.1c. (Henceforth,

we use the term “interacting face” to refer to all facets of P1 and P2 that face each

other.) The rods are characterized by their length bx, separation distance dx from

P1, and lateral position in the y and z directions. The rod separation distance and

length are both functions of their lateral position and particle configuration, that is,

dx ≡ dx(y, z; R) and bx ≡ bx(y, z; R).

Consider now that each rod has a cross-section so small that it contains a single

line of atoms of size σ. If the vdW interaction energy between a rod and P1 can

be described by an interaction potential Urod ≡ Urod(y, z, dx, bx), then the total vdW

energy of interaction UvdW ≡ UvdW(R) between the two particles can be written as

an area integral of this potential over the entire projected area of P2 (onto the y-z

plane) denoted by A2:

UvdW = γ

∫∫
(y,z)∈A2

Urod (y, z, dx, bx) dz dy, (4.1)

where γ is the area density of the rods (equal to σ−2 if the rods are arranged in a

square lattice). The above integral is however too complex to yield a closed-form

solution, as Urod is a function of not only y and z, but also dx and bx, which are also

both functions of y and z. The integration limits, which themselves are functions of

y and z for most particle configurations, further complicate the process of obtaining

an analytical solution.

To obtain an analytical solution for UvdW, we simplify the integrand and limits

in Eq. 4.1 through approximations based on observations that are described and

justified in more detail later. Briefly, the first observation is that the rods whose

y-z projections fall outside the boundary of F1 contribute negligibly to UvdW, an

effect that arises due to the short-ranged nature of the interatomic vdW potential.
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Figure 4.1: Derivation of analytical vdW potential for faceted NPs. (a) Cubes in
arbitrary configuration. (b) Coordinate transformation. (c) Segmentation of P2 into
rods. (d) Rods outside the y-z boundaries of P1’s interacting face (F1) are discarded.
(e) vdW interaction energy is given by the summation of Urod. (f) Each rod is assumed
to be of length D and to be facing the center of F1. In (a)–(f), U(◦) denotes potential
energy of item ◦. (g) y-z projection of F1 and the three interacting faces of P2 denoted
by F1, F2, and F3. (h) Segmentation of F1 into regions r1–r4 (i) Power-law fits to the
repulsive and attractive portions of the rod potential for D = 50σ nanocubes. Inset
shows zoomed view of the long-ranged attraction. Symbols represent energies from
atomistic summation and solid lines represent fits.
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This allows us to discard integration over such rods that fall outside F1’s boundaries

(Fig. 4.1d,e), which simplifies the integration limits in Eq. 4.1. For instance, both the

y and z integration limits for nanocubes in the configuration shown in the figure are

simply given by −D/2 and D/2, where D is the edge length of the cube. The second

observation is that the interaction energy Urod is insensitive to both the length of

the rods beyond a cutoff length smaller than D and the lateral position of the rods

except those outside F1’s boundary. Consequently, the vdW energy contributed by a

rod of length bx whose P1-proximal end is located at (dx, y, z) can be approximated

as equal to that of a rod of length D located at the origin of the y-z axes, (dx, 0, 0)

(see Fig. 4.1f). This then allows us to eliminate Urod’s dependency on y, z, and bx

without much loss in accuracy, making Urod solely a function of separation distance

dx(y, z). These approximations help convert the original integral in Eq. 4.1 into a

more manageable form:

UvdW = γ

∫∫
(y,z)∈F1

Urod(dx(y, z)) dz dy. (4.2)

The last observation is that as in the case of vdW interactions between macroscopic

bodies35, the attractive and repulsive portions of the rod-NP interaction energy aris-

ing from dipole-dipole interactions and Pauli exclusion principle can each be approx-

imated by power-law functions:

Urod =
∑
ν

Cν (σ/dx)
nν , (4.3)

where Cν are constants describing the strengths of each interaction component and

nν are exponents that describe how rapidly these components decay with separation

distances.
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Given that both particles are faceted, the distance dx between the two interacting

facets is always a linear function of y and z as given by

dx = c1y + c2z + c3 (4.4)

c1 =
(xv2 − xv1)(zv3 − zv1)− (zv2 − zv1)(xv3 − xv1)

(yv2 − yv1)(zv3 − zv1)− (zv2 − zv1)(yv3 − yv1)
,

c2 =
(yv2 − yv1)(xv3 − xv1)− (xv2 − xv1)(yv3 − yv1)

(yv2 − yv1)(zv3 − zv1)− (zv2 − zv1)(yv3 − yv1)
,

c3 = xv1 −
D

2
+ σ − c1yv1 − c2zv1,

where xvi, yvi, and zvi (i = 1, 2, and 3) are the x, y, and z coordinates of the vertices

of an interacting facet of P2, with v1 representing the vertex closest to the P1 face

and v2 and v3 the adjacent vertices (see Fig. 4.1g). This equation is derived in the

appendix.

While this simple linear form of dx and the power-law form of Urod make Eq. (4.2)

always analytically solvable, two geometrical aspects of the system require the integral

to be solved in a piecewise manner. First, the function dx(y, z) is different for each

interacting face of P2, where there could be up to three such facets depending on

particle position and orientation. Second, the y and z integration limits for each

facet, which are not constants but functions of each other, need to be defined in a

way that yields an analytical solution to the integral Eq. (4.2). Therefore, we segment

the area integral into multiple regions r in which the y integral limits are constants

and the z integral limits are linear functions of y. For two interacting cubes, we first

define the intersection area of the y-z projections of P1 and P2 faces as depicted

by the shaded regions in Fig. 4.1g. Then, we divide the intersection area from each

face of P2 into separate regions at all y positions where the z integral limits change

their dependency on y, for example, at vertex positions where the edges change their
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Table 4.1: Analytical solution of Uν,r
vdW for all four types of facet orientations.

Orientation Solution∗

dr,x ≡ dr,x(y, z)
γ Cν σnν

cr,2(nν−1)(nν−2)

∑2
i=1

∑2
j=1

(−1)i+j [ar,jcr,2+cr,3+(cr,1+br,jcr,2)yr,i]
2−nν

(cr,1+br,jcr,2)

dr,x ≡ dr,x(y) γ Cν σnν

c2r,1(nν−1)(nν−2)

∑2
i=1

[cr,1(ar,1−ar,2)(nν−2)+(br,1−br,2)(cr,3+cr,1yr,i(nν−1))]

(−1)i(cr,1yr,i+cr,3)nν−1

dr,x ≡ dr,x(z) γ Cν σnν

c2r,2(nν−1)

∑2
i=1

∑2
j=1

(−1)i+j [ar,jcr,2+cr,3+br,jcr,2yr,i]
nν−2

br,j(2−nν)

constant dr,x
γ Cν σnν

cnνr,3
(yr,1 − yr,2) [(yr,1 + yr,2)(br,1 − br,2) + 2(ar,1 + ar,2)]

∗Analytical solutions for special cases in which the denominators of these expressions
are zero whereupon the expressions become undefined are provided in appendix.

slope (Fig. 4.1h). This choice makes Eq. (4.2) analytically solvable and the region

definition process can be automated into a computational routine. The final form of

the vdW energy integral for each region r and rod interaction component ν is then

given by

Uν,r
vdW = γ Cν

∫ yr,2

yr,1

∫ zr,2(y)

zr,1(y)

( σ

dr,x(y, z)

)nν
dz dy, (4.5)

where yr,1, yr,2, zr,1(y) = br,1y + ar,1, and zr,2(y) = br,2y + ar,2 represent the integral

limits of a region r, and the total vdW interaction energy between the two NPs is

given by UvdW =
∑

ν

∑
r U

ν,r
vdW. The analytical solution to this integral depends on

the particle orientations as dr,x of a region may or may not be a function of both

y and z. For example, parallel facets lead to a constant dr,x while their rotation

about axes parallel to the y- and z-axis leads to dr,x ≡ dr,x(z) and dr,x ≡ dr,x(y),

respectively. Table 4.1 provides the analytical solutions to the general case in which

dr,x is a function of both y and z and to these three special cases. We refer readers

to appendix for complete derivation of these solutions.

The last remaining task involves establishing suitable values of the unknown pa-
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Table 4.2: Power law coefficients and exponents of the rod potential.

Shape D(σ) Catt1(ε) natt1 Catt2(ε) natt2 Crep(ε) nrep

Cube 25 −7.76 3.45 −5.87 3.00 3.86 10.66
Cube 50 −7.76 3.43 −4.65 2.72 3.86 10.66
Cube 75 −7.76 3.43 −4.03 2.58 3.86 10.66
Cube 100 −7.76 3.43 −3.65 2.50 3.86 10.66
Triangular prism 50 −7.76 3.44 −4.69 2.73 3.86 10.66
Square rod 50 −7.75 3.44 −4.61 2.71 3.86 10.66
Square pyramid 50 −7.76 3.44 −4.72 2.74 3.86 10.67

rameters Cν and nν that describe the strength and distance scaling of the attractive

and repulsive portions of the rod potential Urod (Eq. 4.3). To obtain these param-

eters, we attempted power-law fits to the distance dx-dependent vdW interaction

energies computed between a rod and a NP (of similar dimension D) using atomistic

descriptions of the two bodies. In particular, the NP was modeled as a simple-cubic

lattice of atoms of size and lattice spacing σ, the rod was modeled as a linear array

of atoms of same size and spacing, and the interaction energy Urod was obtained by

summing the interatomic LJ potential with parameters σ and ε across all atoms of the

rod and NP. For fitting purposes, we decomposed Urod into attractive and repulsive

contributions Uatt and Urep arising from the two terms in the LJ potential.

Figure 4.1i presents Urod(dx), Uatt(dx), and Urep(dx) plots computed for a repre-

sentative nanocube of edge length D = 50σ (which corresponds to a particle of size

∼17 nm if it were made of metal atoms typically of size 3.4 Å) along with power-

law fits to the attractive and repulsive energies. The repulsive vdW interactions for

all four systems could be fitted by a single power-law (Table 4.2). The attractive

vdW energies, however, could not be fitted using a single power-law, but separating

the interactions into a short-range portion Uatt1(dx ≤ dcut) and a long-range portion

Uatt2(dx > dcut) using dcut = 2σ allowed accurate fits using two separate power laws

for all studied NPs. The obtained fit parameters, as listed in Table 4.2, show that
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the short-range portions exhibit nearly identical scalings for all nanocubes, but the

long-range portions displayed some dependence on particle size. These results suggest

that the rod potential needs to be treated as a piecewise continuous function:

Urod(dx) =


Uatt1(dx) + Urep(dx)− Uatt1(dcut)− Urep(dcut) + Uatt2(dcut), dx ≤ dcut

Uatt2(dx), dx > dcut,

(4.6)

where −Uatt1(dcut) − Urep(dcut) + Uatt2(dcut) was added for dx ≤ dcut to make the

energies continuous. We set Urep = 0 for dx > dcut, as the repulsive portion decays

to negligible values (� ε) before reaching the cutoff distance dcut. The results also

suggest that the rod potential needs to be re-parameterized for each NP size. We also

found that the parameters remain roughly similar for other particle shapes (triangular

prisms, square rods, and square pyramids) as long as their overall sizes are comparable

(Table 4.2).

4.3 Results

4.3.1 Model predictions and accuracy

To evaluate the accuracy of our analytical model, we compared its energy predictions

for a range of NP shapes and sizes to energies computed atomistically via summation

of interatomic LJ interactions. For a two-particle system, the energy landscape can

be conveniently described in terms of the position and orientation of one NP (P2)

relative to the other (P1) in a coordinate frame in which one of P1’s faces (F1) points

in the +x direction (as in Fig. 4.1b). The orientation of P2 was described using 3

Euler angles (φ, θ, ψ) and its position was described using 3 Cartesian coordinates

(ds, dy, dz). We chose to define P2’s position not by its center of mass but by its
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vertex closest to F1, with ds denoting the distance of this vertex from F1 and dy and

dz representing the vertex’s lateral offset from the edges of F1. Hence, ds represents

the closest separation distance between the two NPs, wherein ds = 0 signifies contact.

Using this set of coordinates, we sought to assess the ability of our model to capture

the entire vdW energy landscape, especially its distance dependence UvdW(ds) for

arbitrary NP configurations (dy, dz, φ, θ, ψ).

50σ nanocubes. We first examined UvdW(ds) for parallel configurations (φ = θ =

ψ = 0◦) of D = 50σ nanocubes exhibiting different lateral offsets dy and dz. The

results plotted in Fig. 4.2a show that the model accurately captures the vdW en-

ergy profiles computed from atomistic summation. Importantly, the model is able

to replicate the location and depth of the energy minimum, the sharpness of the

repulsion at short distances, and the long-ranged nature of the attraction. To further

assess the model’s accuracy, we calculated the energies for an ensemble of configu-

rations spanning the entire range of dy and dz values at two distances ds = 1σ and

5σ representative of short- and long-ranged interactions. The obtained UvdW(dy, dz)

landscapes also revealed excellent agreement between model and atomistic summa-

tion (Fig. 4.2b,c). Interestingly, the energies vary almost linearly with the projected

overlap area between nanocubes given by dy × dz. This is more apparent in Fig. 4.2a

where the fully-overlapped configuration (dy = dz = D) has an energy roughly two

and four times larger than those with half (dy = D/2, dz = D) and one-fourth

(dy = dz = D/2) of their surfaces overlapping. Since our analytical model involves

an area integral over the interacting regions, the model describes this linear depen-

dence accurately.

Next, we examined tilted coplanar configurations, where nanocubes lie flat on

a plane and translate and rotate only within that plane, configurations relevant to

particles confined in thin films or those deposited on flat substrates134;151. Such
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Figure 4.2: Comparison of vdW energies calculated from the model (solid lines or
surfaces) and atomistic summation (symbols) for D = 50σ nanocubes. The plots
correspond to results for: (a–c) parallel, (d–f) tilted coplanar, and (g–i) general
configurations. Insets show long-ranged energies.

configurations are characterized by the separation distance ds between nanocubes,

their lateral offset dy, and their tilt angle φ, assuming that particles lie flat on the x-

y plane (θ = ψ = 0◦, dz = D). Figure 4.2d-f presents model predictions for UvdW(ds)

at representative dy and φ values and for UvdW(dy, φ) at the two representative ds

values considered above. We find that the model is able to quantitatively capture the
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distance dependence of the vdW energy and its dependence on the relative offset and

tilt for these nanocube configurations. The UvdW(dy, φ) landscapes also reveal that

the vdW energy rises with increasing dy, as expected, but unlike the linear dependence

observed for parallel configurations, the energies for tilted cubes display increasingly

weaker dependence on dy with increasing φ. The reason is that the larger the φ, the

more the total energy is dominated by the interactions mediated by the leading edge

of P2 (closest to P1) which are unaffected by changes in φ at fixed ds. The landscapes

also show the energy decreasing more sharply with increasing φ at smaller φ than

larger φ. This effect may be explained by considering the incremental change in vdW

interactions mediated by a rod element on P2 (any rod not associated with the closest

vertex) that moves away from P1 by a small distance due to a small increase in angle

φ. Because Urod(dx) decays more sharply at smaller distances, rods that are located

closer to P1 at small φ will incur a sharper drop in vdW interactions compared to

those further away at large φ. Both of these effects are accurately captured by the

analytical model.

Lastly, we tested our model for the more general case wherein nanocubes are

able to rotate or translate along all six degrees of freedom. Given the enormity of

this configurational space, we chose to focus on configurations with φ = θ = ψ and

dz = 0.5D as we found these to be general enough to capture the model’s accuracy for

any configuration. UvdW(ds) plotted for several representative orientations in Fig. 4.2g

shows that the model can accurately describe the depth of the energy minimum and

the long-range interactions. However, the location of the repulsive barrier at small

distances is slightly overpredicted at large φ. This is because the model treats NPs

as macroscopic bodies with flat surfaces while the actual particles have atomically

corrugated surfaces that may allow closer separation distances, as P2’s leading vertex

could be accommodated within the atomic interstices of P1’s interacting face. This
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discrepancy in barrier location is however smaller than 0.1σ, so quite negligible. The

model also reproduces well the atomistically computed UvdW(dy, φ) landscapes at

small and large separation distances (Fig. 4.2h,i). Similar to coplanar configurations,

the energies for these general configurations also vary highly nonlinearly with the

relative offset and tilt of the nanocubes, and the model is again able to quantitatively

capture all these variations spanning at least three orders of magnitude in energy.

Error analysis. To more thoroughly analyze the model’s accuracy for the above

nanocubes, we evaluated the prediction error for a wide range of parallel, tilted copla-

nar, and general configurations, as shown in Fig. 4.3. Each data point in the figure

corresponds to the collective error
∑
|Umodel−Uatomistic|/

∑
|Uatomistic| in the predicted

energies of all configurations with that specified coordinate value, where Umodel and

Uatomistic are the energies calculated by the model and by atomistic summation. For

example, the data point marked with a blue square in Fig. 4.3g represents the collec-

tive error in the energy of all general configurations (0 < dy ≤ D and 0◦ < φ ≤ 45◦)

with ds = 11σ. We have computed these errors with respect to ds, dy, and dz for

parallel configurations, and ds, dy, and φ with fixed dz of D and 0.5D for the coplanar

and the general configurations, respectively. To exclude configurations with negligi-

ble interactions, we only considered those with Uatomistic > 3ε. By analyzing the error

associated with each coordinate in this manner, we were able examine the strengths

and weaknesses of the model for particular types of configurations.

Our results demonstrate that the model is accurate for most configurations and

the errors are generally less than 15%. The largest errors are observed for parallel

configuration of nanocubes interacting with their edges (dy or dz ≈ 0) or interacting

at large separation distances (ds > 10σ), and for strongly tilted configurations of

nanocubes interacting via vertex-edge contacts (φ > 40◦). These larger errors arise

due to two factors. First, the magnitude of the energy for these configurations are
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Figure 4.3: Collective errors of all configurations with the specified coordinate value
for (a–c) parallel, (d–f) coplanar, and (g–i) general configurations. Depicted NPs
in each plot indicate the configuration with the largest individual errors among all
configurations sharing the specified coordinate value. See main text for discussion on
the blue box in (g).

generally much smaller than for the nanocubes interacting with small ds, small φ, or

large dy or dz. For instance, the average energy of parallel configurations at ds = 1.5σ

is equal to 1140ε while those at ds = 10σ exhibit an energy of only 9ε. Therefore, even

small differences between Umodel and Uatomistic will result in large percentage errors

for configurations with large ds. Second, several assumptions of our model become

less valid for these configurations. For instance, we assumed that all rods making up
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particle P2, even those facing P1’s edges, interact with particle P1 as if they were

facing its center. For the configurations with dy or dz ≈ 0, the interaction energies

between the particles are dominated by the energies of the edges and our assumption

could lead to errors in such cases.

Although these results point out certain weaknesses of the analytical model due to

its assumptions, it is noteworthy that all of the configurations with large individual

errors are those in which the particles are interacting very weakly. In fact, almost

all configurations of nanocubes with the largest individual percentage errors had

|Uatomistic| < 4ε. Therefore, we can conclude that while our model may deviate from

atomistic energy calculations for some weakly interacting configurations, the model is

accurate for most configurations and especially for those with significant interaction

strengths.

Other particle sizes and shapes. To demonstrate that the model is applicable to

a wide range of particle sizes, we evaluated the model’s accuracy for three additional

sizes of nanocubes: D = 25σ, 75σ, and 100σ. We used the power-law parameters

listed in Table 4.2 to make energy predictions for these new systems. Our results

for the face-face configuration (dy = dz = D,φ = θ = ψ = 0◦) are presented in

Fig. 4.4a. We observe that the analytical model accurately predicts both short and

long-ranged interaction energies for all three nanocubes, with the energies scaling

roughly proportional to the interaction area for parallel configurations. As the sizes

of these nanocubes range from ∼9 nm to ∼34 nm in physical units (if one assumed

metallic NPs with σ ∼ 3.4 Å), these results demonstrate that the model is directly

applicable to experimentally relevant NP sizes158–160.

We finally investigated the ability of our model to describe the vdW interactions

between other types of faceted NPs. For this purpose, we examined triangular prisms

(of dimensions 50σ × 50σ × 70.7σ), square rods (50σ × 50σ × 500σ), and square
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Figure 4.4: Comparison of vdW energies obtained from the model (solid lines) and
atomistic summation (symbols) for different-sized nanocubes and other NP shapes.
(a) Energies of nanocubes of varying sizes in face-face configuration. Inset shows
long-ranged energies. (b) Schematics of the three additional NP shapes studied.
Energies of (c) triangular prisms in coplanar configuration at varying slant angle,
(d) parallel rods at varying dihedral angles, and (e) square pyramids in tip-face
configurations at varying orientations.

pyramids (50σ × 50σ × 50σ), as shown in Fig. 4.4b. These particular NP shapes

were chosen as they have been extensively explored in the literature for studying

packing behavior and self-assembly161–163, and for creating devices with unique plas-

monic164;165 and chiroptical properties166;167. We restricted our analysis to particle

configurations most relevant to their application, namely, tilted coplanar configu-

rations for triangular prisms (that yield distance- and angle-dependent plasmonic
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hotspots), twisted configurations for square rods (used for chiroptical sensing), and

face-tip configurations for square pyramids (commonly observed during assembly and

packing). Figure 4.4c-e presents representative UvdW(ds) for the three NP shapes in

various configurations calculated using the parameters listed in Table 4.2. We observe

that for all three NPs our model accurately reproduces the distance and orientation

dependence of the vdW energies obtained from atomistic summation. The model’s

accuracy is especially reassuring for triangular prism and square pyramid configura-

tions exhibiting small tilt angles θ that most strongly challenge the fixed rod-length

approximation in our model. For these configurations, rod elements at the leading

edge (in case of triangular prisms) or leading vertex (square pyramids) of P2 are

actually only a single atom long. This indicates that our rod-length approximation

may not be as erroneous as it appears at first glance. For parallel rods, the variation

in vdW energy with twist angle was found to match the variation in surface area of

interaction with angle, which also our model predicted very well. Taken together, our

results demonstrate that our analytical model is applicable to faceted NPs of various

shapes and sizes.

4.3.2 Analysis of model assumptions

In deriving our analytical model for vdW interaction energies between faceted NPs,

we made the following four assumptions: (1) all rod elements irrespective of their

lateral position are of length equal to the characteristic size of the NP (rod length

approximation); (2) each rod element irrespective of its lateral position contributes an

interaction energy equal to that of a rod facing the center of reference particle P1 (edge

approximation); (3) energies from all rod elements that are not within the boundary

of the interacting face of P1 in the y-z axes are ignored (cutoff assumption); and the
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rod-NP interaction pontential Urod can be described by power-law functions of fixed

coefficients and exponents (power-law approximation). Despite these assumptions, we

found that the analytical model provides remarkably accurate predictions for the vdW

interaction energy between nanocubes in almost every possible configuration. The

model also makes accurate predictions for other faceted particles like rods, prisms

and pyramids in relevant configurations. Thus, several of the model assumptions,

which appear to become worse with tilted configurations of nanocubes and glancing

tip-face configurations of prisms and pyramids, do not lead to significant errors in

net energy.

Rod length, edge, and cutoff assumptions. To understand in depth how these as-

sumptions affect the accuracy of energy predictions, we first examined their validity

at the level of rod-NP interactions by evaluating the LJ energies contributed by indi-

vidual atoms of a D = 15σ nanocube and a rod of same length facing the nanocube’s

center at varying distances dx. We chose a small NP for analysis, as it allowed better

visualization of atomic energies. The results of our analysis are shown in Fig. 4.5a,

where we have colored each atom according to their energy contribution. We find

that the validity of the rod length, edge, and cutoff assumptions all depend on dx.

For dx = 0.7σ, where the end atom of the rod overlaps with one of the nanocube

atoms, the rod-NP energy is described almost entirely by the interaction energy of the

two overlapping atoms. Therefore, for rods that overlap with the particle (dx . 1σ),

the fixed rod length assumption induces negligible errors, as the contribution from

the non-overlapping atoms that we fictitiously add or remove to keep the rod length

fixed should be negligible compared to the contributions from the closest set of atoms.

Since the rod-NP energy depends completely on the overlapping nanocube atom that

has the same lateral position as the rod, the error resulting from the edge assump-

tion should also be negligible, as the interaction energy of a rod facing the center of
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Figure 4.5: Analysis of model’s rod length, edge, and cutoff assumptions for 15σ
nanocubes. (a,b) vdW energies contributed by individual atoms to the overall in-
teraction energy of: an atomistic rod facing the center of mass of an atomistic cube
(a), and two coplanar atomistic cubes with dy = 0.267D, dz = D, φ = 45◦, and
θ = ψ = 0◦ (b). In both cases, the z = 0 cross-section is shown and the coloring
scheme is based on the magnitude of each atom’s energy compared to that exhibiting
the largest energy in each particle. Red dashed circles highlight atoms with signifi-
cant energy contributions. (c) Energy contribution by each layer of atoms along the
y direction plotted as percentage of total energy (red), and percentage error in the
energy of each layer calculated by assuming they are made of rods of fixed length D
(blue). (d) vdW interaction energy of atomistic rods as a function of their position
along the y-axis for rods held at three distinct separation distances.

a nanocube should be equivalent to that of a rod at or near the edge. The cutoff

assumption is also valid as only those rods within the y-z boundaries of the nanocube

will be able to overlap with it.

As dx becomes larger, the number of atoms contributing significant interaction

energies increases. The data in Fig. 4.5a indicates that these atoms can be enclosed

by a sphere centered around the rod atom closest to the nanocube. As this sphere gets

larger with increasing dx, the assumptions become worse. For example, at dx = 1.5σ
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and 3σ, the energies contributed by nanocube atoms in the immediate vicinity of

the central atom facing the rod also become significant. In this case, if the rod was

facing the edges of the nanocube, our model would overestimate the rod’s energy by

an amount equal to the energy contributed by some of these vicinity atoms that the

model assumes to exist. However, we find that the energy is still dominated by the

energy of the single atom closest to the cube, and, therefore, the rod length, edge,

and cutoff assumptions still remain quite valid. When dx increases further to 10σ,

almost the entire interacting face of the nanocube makes significant contribution to

the energy of the system. Thus, if distant rods facing the edges of the nanocube

are made to interact at the nanocube center based on the edge approximation, we

would overestimate the total energy by adding contributions from many nanocube

atoms that do not actually exist. Furthermore, the rod atoms make significant energy

contributions up to the fourth layer. Therefore, for highly slanted cubes or triangular

prisms that are one-atom thick in the x-axis at the tips, the rod-length assumption

would lead to excess energy from the fictitious layers of added rod atoms. Finally,

as the volume of sphere of influential atoms increases, the cutoff assumption also

becomes worse, as rods above or below the nanocubes top or bottom edges, currently

neglected in our model, start to make more significant contributions.

To assess the impact of the rod-length, edge, and cutoff assumptions at the level

of interparticle interactions, we analyzed the interatomic LJ interactions between two

15σ nanocubes in a tilted coplanar configuration at varying separation distances ds,

as depicted in Fig. 4.5b. We chose this configuration in which NPs interact mostly

via their edges, as it invokes some of the largest errors from these assumptions.

As observed in the rod-cube system, the number of atoms contributing significant

energies expanded with increasing ds. For example, while the total energy of the

system could be almost entirely described by the interaction energy of the overlapping
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atoms at ds = 0.7σ, the total energy for ds = 10σ required consideration of a larger

number of atoms from both NPs. This means that our rod-cube model for this well-

separated configuration would treat particle P1 as if it had many more atoms that fill

up the red dotted circle drawn in the figure. However, it is important to note that the

majority of the total energy is still contributed by atoms around the closest vertex

of P2 and P1 atoms facing this vertex. Though the model is expected to yield large

errors for rods corresponding to the upper and lower edges of P2 which are actually

only one atom long in the x-axis and have large dx, the contribution of these atoms

to the overall energy is negligible. Since the model calculates the contribution from

the atoms around the closest vertex accurately, the net error in vdW energy, even for

this highly slanted nanocube P2 interacting near the edge of P1, remains small.

To gain a more quantitative understanding of the error introduced by the rod

length assumption, we compared in Fig. 4.5c the energies contributed by each layer of

atoms in P2, from top to bottom. In the figure, layer 1 corresponds to the single atom

on the top edge of the cube, layer 2 represents the next layer of atoms immediately

below that edge, and so on, with layer 15 signifying the layer of atoms containing

the P1-proximal vertex. The blue curve represents the percentage error |(U ′layer −

Ulayer)/Ulayer| in the energy of each layer measured as the deviation of its energy U
′

layer

calculated using full-length rods of atoms (of length D as assumed in our model) from

the true energy Ulayer calculated using the actual atomic positions in each layer, and

the red curve represents the percentage energy contribution of each layer as given by

Ulayer/
∑
Ulayer. The results show that the error is indeed very large for the topmost

layers (> 100% for layer 1) and dips to small values for layers involving or adjacent

to the closest vertex (≈ 10% for layer 15). However, the energies contributed by the

topmost layers are only a tiny fraction of the total energy (0.016% for layer 1), as

most of the energy is contributed by layer 15 (≈ 51%) and its adjacent layers. This
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explains why the cumulative error in total energy remains quite small, at only 14.4%,

even though the percentage errors in energy are quite large for layers close to the

edges of the nanocube. These results demonstrate that the rod length assumption

has a small negative impact on the total energy of particles, as the portions of P2

that most violate this assumption are almost always the farthest from P1 (e.g., at the

tips of particles in highly slanted configurations where the rod lengths deviate the

most from the assumed length D) and hence contribute the least to the total energy.

To quantify the errors arising from the edge and cutoff assumptions, we examined

how the rod-nanocube interaction energy varies as a function of the rod’s lateral

position. Figure 4.5d plots the LJ interaction energy between the 15σ nanocube and

a same-length rod as a function of its normalized lateral coordinate dy/D, where

dy/D = 0.5 and 1 correspond to a rod facing the nanocube’s center and upper edge,

and dy/D > 1 indicates a rod going beyond the upper edge; we held the other lateral

coordinate fixed at dz = D/2 and compared the energy variation at three different

fixed values of the separation distance dx. For a rod with dx = 0.7σ that overlaps

with the nanocube, the energy remains unchanged from the center to the edge of the

nanocube and becomes negligible immediately after the rod crosses the edge. The

edge and cutoff assumptions are thus valid for small separation distances, and should

lead to negligible errors for NP configurations at small separation distances. At larger

dx, the energies start to deviate as dy/D exceeds 0.8 and becomes ≈ 70% of the energy

of the centrally-located rod once the rod gets to the edge of the nanocube. Beyond

the edge, the energy quickly reduces to ≈ 15% of the energy of the central rods.

This means that the edge assumption may overestimate the vdW energy of a rod at

the edge by 30%, and the cutoff assumption may underestimate its energy slightly

below the edges by 15%. The net impact of the two kinds of errors on interparticle

energy will obviously be much smaller because the errors partly cancel out due to
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their opposite sign, they diminish with rod distance from edges, and the percentage

contribution of energy from rods close to edges to the net energy is typically small.

Thus, similar to the rod length assumption, the edge and cutoff assumptions also

lead to small errors in the total energy.

Power-law approximation. Another source of error stems from our assumption

that the rod potential Urod(dx) can be approximated by simple power-law functions

with constant parameters (Table 4.2). For instance, the repulsive portion Urep of

this potential for 50σ nanocubes was described using a single power law with scaling

exponent nrep = 10.66 and its attractive portion Uatt was described using two power

law with exponents natt = 3.43 when dx ≤ 2σ and natt = 2.72 when dx > 2σ.

However, explicit determination of distance scalings from an atomistically-computed

rod potential for this nanocube revealed that both nrep and natt are continuously

varying functions of dx (Fig. 4.6a). This is expected as the distance-scaling of the

interaction between macroscopic bodies depends on the comparative length scales

of the particles and their separation distances. In fact, in the limit dx >> D, the

internal differences in the positions of atoms within the rod and the NP become

miniscule compared to dx, and nrep and natt should approach values of 12 and 6, the

distance scalings of interatomic LJ interactions.

The above analysis shows that distance-dependent scaling exponents might be

required to accurately model Urep and Uatt across all dx, though this would make

the model analytically intractable. Thus, our strategy of modeling these potentials

using one or two power-laws with constant exponents to permit analytical solution

is approximate. Given that Urep needs to be modeled accurately only over small

distances (dx ≤ 2σ) due to the short-ranged nature of this potential and that its

true exponent shows only a small variation in this distance range, the power-law

approximation turns out to be very accurate for Urep (see Fig. 4.1i). The power-law
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Figure 4.6: Analysis of model’s power-law approximation for 50σ nanocubes. (a)
Scaling exponents natt and nrep of the attractive and repulsive portions of the rod
potential as function of distance dx. Solid lines represent fitted exponents and their
assumed range of validity, while dashed lines represent true exponents obtained from
atomistic rod-nanocube interactions. (b) Separation distance ds at which the inter-
particle vdW energies have decayed to ≤ 3ε plotted as a function of particle size D
for nanocubes in face-face configurations. (c) Rod potential calculated atomistically
(symbols) and compared against its power-law model over a distance range of dx ≤ D
(solid line).

used for modeling Uatt at short distances is similarly a good approximation as this

power-law also is required to operate over a short range of distances (1σ ≤ dx < 2σ).

However, the power-law used for modeling the long-range behavior of Uatt needs to be

accurate over broader range of distances (dx > 2σ). Clearly, this power-law is neither

expected nor required to accurately model interactions at large distances where the

fitted exponent departs strongly from the true exponent and the interaction energies

become very small. We therefore set the range of validity of this power law as the

distance range over which the particles still interact with significant energies that we

want our model to accurately predict; in this study, we set this energy threshold to

be equal to 3ε, which is O(kBT ).

To determine roughly the distance range for which the total interparticle energy

|UvdW| > 3ε, we calculated via atomistic summation the interaction energies of face-

face nanocubes for a range of cube sizes D. We chose this configuration, as it yields

the largest energies for a given ds. Interestingly, the energies decayed to 3ε at ds ≈
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0.38D, a distance range proportional to particle size (Fig. 4.6b). For nanocubes with

φ > 0◦ or dy < D, the relevant ds would be even smaller. Therefore, our model

is only required to be accurate for ds ≤ 0.38D. As demonstrated in our results in

Fig. 4.3, our model using only the two sets of power laws described above could

accurately predict vdW interaction energies within this distance range. In fact, the

single power-law used for describing the long-range portion of Uatt in our model could

accurately describe Urod at distances as large as ds = 1D (Fig. 4.6c). Therefore, we

can assume that our current model with two sets of parameters can predict the vdW

interactions between faceted NPs over a significant range of separation distances.

Additional power-laws could potentially be included in the model if greater accuracy

is required for predicting small interparticle energies at larger ds.

4.3.3 Computational implementation

To make the model more accessible to researchers and demonstrate its applicability,

we developed an open-source MATLAB application with a graphical user interface

(GUI) that implements the model for arbitrary nanocube sizes and configurations.

The user interface is shown in Fig. 4.7. In this application, the user can input the

configuration (ds, dy, dz, φ, θ, ψ) and material properties (σ, ε, D) of the nanocubes.

In addition to utilizing the user-provided values of ε, the application can also infer

ε from the Hamaker constant, atomic weight, and mass density of the material (see

the appendix for examples of application of the model to specific materials). From

these input parameters, the application calculates and outputs the following: the

power-law scaling coefficients and exponents that best describe the short- and long-

range portions of the rod potential; the y-z projection of the interacting regions of

the facets used for calculating total energy; and the vdW energies as a function
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Figure 4.7: Graphical user interface of the MATLAB application

of particle separation distance ds, including the value at the inputted distance. The

potential energy obtained from the analytical model can also be compared with energy

computed from atomistic calculations. Detailed description of the computational

implementation of our model is provided in the appendix, and the application and

its source codes are available on GitHub168.

4.4 Discussion

In this study, we developed an accurate analytical model for calculating vdW interac-

tion energies between faceted NPs. This work is motivated by the high computational

costs of calculating vdW energies through atomistic summation of interatomic po-

tentials and the inability of coarser-grained models of particles to capture various

features of the vdW energy landscape. Our model was derived by discretizing the

volume of one of the interacting particles into rod-shaped volume elements and cast-

ing the interparticle vdW energy of interaction as an area integral over rod-particle

110



Figure 4.8: Comparison between atomistic summation and analytical model of
CPU times required for carrying out a single vdW interaction energy evaluation
for nanocubes of varying sizes. Both methods were implemented in MATLAB on an
Intel Core i7-7700 processor, and the CPU time was measured using the timeit func-
tion in MATLAB. The CPU time for the atomistic summation method rose rapidly
with cube side length (D) as ≈ 2.6 × 10−7D6 seconds per evaluation, whereas the
analytical model exhibited constant CPU time of ≈ 7× 10−4 seconds.

interactions. Through several approximations and atomistic calculations, we were

able to derive and parameterize power-law functions for the rod-particle potential.

Segmentation of the vdW energy area integral into sub-integrals with constant or

linearly-varying integration limits then allowed us to derive closed-form solutions for

the vdW energy. We found that the resulting analytical expressions were able to

quantitatively capture the distance- and orientation-dependent vdW interactions for

a range of faceted NPs, including cubes, square rods, triangular prisms, and square

pyramids. Extensive analysis of errors resulting from approximations of the model

revealed that the percentage errors in calculated energies were minimal for most

particle configurations and that the small fraction of configurations that exhibited

larger errors represented weakly interacting particles that have a much lower bar for

accuracy.
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The obvious benefit of this model over atomistic summation is its computational

efficiency. The cost of atomistic energy calculations rises sharply with the particle

size, and, for the nanocubes studied here, the CPU time rises as ≈ 2.6× 10−7D6 sec-

onds per energy evaluation on an Intel Core i7-7700 processor (Fig. 4.8). In contrast,

our model takes only ≈ 7 × 10−4 seconds of CPU time per evaluation independent

of the particle size. For 100σ nanocubes, this translates to more than 8 orders of

magnitude reduction in computational costs. The model’s efficiency would be espe-

cially valuable in simulations that require repeated calculation of interparticle ener-

gies. Consider, for instance, a Monte Carlo simulation of commonly studied 40 nm

(∼ 100σ) silver nanocubes159 with a typical system size of N = 100 particles and

simulation length of 107 steps. Assuming O(N) energy evaluations per step, the

simulation would require ∼ 200 hours as opposed to ∼ 106 years of CPU time if the

simulation used our model instead of atomistic summation for calculating energies.

The development of an analytical model for vdW interactions that is both accu-

rate and efficient should enable many problems involving faceted NPs to be studied

by simulations that would otherwise have had to resort to inaccurate treatment of

vdW interactions via coarse-grained models. The vast literature on spherical NPs

has shown that the strength and range of attractive forces between particles, in-

cluding those arising from vdW interactions, significantly impact the rheology, phase

behavior, and microstructure of fluid-particle systems. For example, the strength of

vdW interactions between particles has been shown to strongly impact their jam-

ming transition153 and the type of anisotropic phase that they form when grafted

with polymers169;170. Simulation studies of faceted NPs using purely-repulsive po-

tentials have demonstrated that the particles organize into novel arrangements under

compression as a result of the anisotropy in their excluded volume39;40. One can

expect that the introduction of attractive forces between such NPs would cause them
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to self-assemble (as opposed to pack) into new and complex equilibrium and nonequi-

librium (trapped) structural phases. Thus, the ability to accurately and efficiently

model vdW forces between faceted NPs would enable researchers to explore their

phase behavior and rheology. Such studies have the potential to reveal previously

unseen phases and phenomena that may be of interest to basic science or engineering

applications.

Several extensions of the model that may enhance its applicability but have not

been investigated in the current study could become topics of future investigation.

First, while we showed that the model provides excellent energy predictions for simple

faceted geometries like cuboids, pyramids, and prisms, the range of particle shapes

for which the model remains accurate needs to be further investigated. An inherent

assumption of our model is that the interactions between two particles is dominated

by a single interacting facet of one of the particles (P1’s face normal to the x-axis),

which holds true for all shapes whose adjoining facets subtend an angle equal to or

smaller than 90◦. However, this assumption becomes invalid for shapes exhibiting

larger angles, or in other words, shapes with more facets than cubes. For these

shapes, other P1 facets also exhibit overlap with P2 facets in their y-z projections

and their interactions must be accounted for as well. Thus, the model is expected

to lose accuracy with increasing number of facets (beyond cubes) to the point of

becoming invalid for spheres that effectively possess an infinite number of facets.

Thus, additional work is required to determine particle shapes for which the model

remains accurate and to revise the model to improve its accuracy for other faceted

geometries.

Second, we did not investigate in this study the model’s accuracy for particles

larger than D = 100σ (∼40 nm). Based on our earlier analysis of the rod potential,

the power-law describing its long-range attraction is required to be valid to a distance
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of 0.38D (at which point the interparticle interactions are deemed to be insignificant).

Thus, the larger the particle, the larger the range over which the power-law is required

to be accurate. This means that for large NPs, of sizes 100 nm to several microns,

a single power-law may not be sufficient to accurately model the rod potential over

this entire range. Future studies would thus benefit from exploring the accuracy of

the current version of the model to larger particles and investigating the ability of

employing additional power-laws to improve model accuracy for large NPs.

Lastly, the model currently only calculates vdW energies between particles and

not forces or torques, which requires additional and more complex considerations

of energy gradients and interaction site positions. Therefore, the model in its cur-

rent form can only be used in “static” simulations such as Monte Carlo and energy-

minimization methods, and not in “dynamic” simulations such as molecular dynamics

or Brownian dynamics methods. While static simulations can be used to investigate

many particle-related phenomena such as self-assembly and phase behavior, expan-

sion of the model to dynamic simulations would enable other particle-related topics

such as assembly dynamics, rheology, and nonequilibrium effects to be studied.

4.5 Conclusions

We developed an analytical model for calculating the vdW interaction potential be-

tween faceted NPs. The model is able to accurately predict the vdW energy landscape

across all relevant particle configurations for a range of NP shapes. A computational

implementation of this method demonstrated that the model can bring orders of

magnitude improvement in computational efficiency over the atomistic summation

approach for calculating vdW energies. We expect that the model’s accuracy, ef-

ficiency, and ease of implementation will allow researchers to rapidly explore vdW
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energy landscapes of faceted NPs, and, more importantly, enable many future inves-

tigations of faceted NPs through simulations that have so far been impeded by the

prohibitive costs of accurately evaluating vdW energies.
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Chapter 5

Reconfigurable chirality of DNA-bridged

gold nanorod dimers

5.1 Introduction

Chiral nanostructures formed by inorganic nanoparticles have many potential appli-

cations in nanosensing171;172, chiral catalysis173;174, and optical metamaterials175;176.

Gold nanorods (AuNRs) in particular are popular building blocks for creating such

chiral structures as their longitudinal surface plasmon resonance in the visible and

near-infrared region along with their biocompatibility makes them useful for bio-

logical applications177;178. Because of the elongated shapes of these particles, chiral

structures can be fabricated simply by assembling the AuNRs in side-by-side arrange-

ments wherein the rods exhibit a “twist” angle φ between them that is neither parallel

nor perpendicular (0◦ < |φ| < 90◦). Such side-by-side structures have been achieved

by bridging the AuNRs with organic materials, such as polymers179, proteins180;181,

nucleic acids17;28–32, or templates such as DNA origami182;183. Among these, AuNR

dimers bridged by double-stranded DNA (dsDNA) have been particularly useful as

nanosensors. Unlike AuNRs assembled on templates, these dimers were able to pen-

etrate into cells and can potentially be scalably produced through self-assembly. In

addition, unlike the particles bridged by polymers or proteins, AuNR dimers bridged

by dsDNA displayed intriguing changes in their interparticle configuration and chi-

rality, accompanied by drastic shifts in their circular dichroism signals, depending on
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the presence of biological analytes and whether they were present in intra- or extra-

cellular environment. Such unique properties allowed these chiral nanoparticles to

be unique nanosensors with remarkably low limits of detection for substances such

as oligonucleotides29;31, mercury ions32, antigens30, or cancer cells17.

While these studies have demonstrated the potential of AuNR dimers bridged by

dsDNA as nanosensors, the underlying mechanism for their chiral assembly configu-

ration and their medium-dependent switch in chirality observed experimentally is not

well understood. One possible source of these behaviors is the twist-stretch coupling

of the bridging dsDNA: because of its handedness, dsDNA is a chiral molecule that

prefers to underwind when it is compressed and overwind when it is stretched184.

This suggests that while the nanorods on their own should not prefer particular

handedness, AuNR dimers will adopt negative chirality (left handedness) when they

assemble in configurations that compress the intervening DNA and positive chirality

(right handedness) with stretched DNA. The configuration of the bridged DNA, and

of the nanorods, must then be dictated by an interplay between the interparticle

forces acting between the nanorods and the mechanical resistance of the bridging

dsDNA itself. For AuNR systems, relevant interparticle forces include van der Waals

(vdW) and electrostatic interactions acting between the rods, steric interactions be-

tween polymer chains grafted onto the rods to stabilize them, and depletion forces

arising from macromolecules present in the solvent. Hence, we can conjecture that

the solvent medium-dependent chirality of AuNR dimers observed experimentally is

related to changes in one or more of these interparticle interactions brought about

by changes in solvent conditions, which then affects the conformation and the chiral-

ity of the bridging dsDNA. Indeed, experiments have shown that changes in solute

concentration17;180 and the capping agent on nanorods31, each of which affect the

interactions between the nanorods, are accompanied by changes in the configuration
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of the assembled nanorods. How these various interactions vary with the environ-

ment and material properties of the nanorods to produce known—and potentially

unexplored—AuNR configurations also remains unknown.

In this study, we investigate the underlying physics governing the self-assembled

configuration of AuNR dimers bridged by dsDNA and propose guidelines for control-

ling their configuration. In particular, we develop a theoretical model for estimating

the interaction free energy of AuNR dimers that incorporates all the abovementioned

components of interparticle interactions with experimentally realistic parameters, and

analyze the configuration-dependent free energy landscape of the dimers as a function

of solvent conditions and material properties. Our analysis reveals that the chirality

switch can indeed spontaneously occur due to changes in solvent conditions tilting

the balance between attractive and repulsive forces between the AuNRs to modulate

their handedness via DNA’s twist-stretch coupling. Furthermore, by elucidating how

factors such as the aspect ratio of the nanorods and the length of bridging DNA

affect the free energy landscape, we show how the responsiveness of the dimers to

changes in solvent conditions can be tuned from sensitively reconfiguring their chi-

rality to rigidly maintaining their chiral or achiral configuration. Our results show

good agreement with the experimentally observed assembly behavior of the nanorods

and furthermore explain the physics behind the observed behavior. We expect the

assembly mechanisms and principles introduced here to enhance the utilization of

AuNRs for designing versatile nanodevices with controllable chirality.

5.2 Theoretical model development

To investigate the configuration of dsDNA-bridged AuNR dimers, we developed a

theoretical model for calculating the free energy of such dimers as a function of their
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internal configuration. The modeled system, as depicted in Fig. 5.1a, consists of a

pair of polymer-grafted AuNRs connected by dsDNA present in a solvent medium

containing ions and depletants. The internal configuration of such dimers can be

described in most general terms by the surface separation distance d of its nanorods

in the direction perpendicular to their interacting facets, the stagger of the rods in

directions parallel to the interacting facets, and the relative orientation of the rods.

Given that the AuNR dimers do not exhibit significant stagger in the experiments28,

we assume that the relative positions of the AuNRs can be described completely by

d. In addition, as the particles are grafted with polymers of brush length comparable

to the length of the bridging DNA, the interacting facets are expected to be nearly

parallel. The relative orientation of AuNRs can then be described by a single twist

or dihedral angle φ between the rods. Thus, the free energy landscape of AuNR

dimers can be adequately, and conveniently, described in terms of just two internal

coordinates, d and φ (Fig. 5.1b).

In our model, the overall free energy (Ftot) of the AuNR dimer includes contri-

butions from various different intermolecular interactions: vdW attraction between

nanorods (FvdW), screened electrostatic interactions between ionized groups on sur-

face of rods (Felec), steric interactions between grafted polymer chains (Fgraft), de-

pletion attraction due to surrounding macromolecules (Fdep), and stretching and

twisting resistance of dsDNA (FDNA). Given that the overall size of the AuNR dimer

system (∼50–100 nm) is beyond the capability of atomistic simulations, we used a

judicious combination of theory and atomistic calculations to calculate the free en-

ergy. Specifically, Fgraft, Fdep, and FDNA were obtained analytically, whereas FvdW

and Felec, which involve interactions between nanorods that can be approximated as

rigid objects, were obtained atomistically.

To obtain vdW energy FvdW, we computationally constructed the two penta-
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Figure 5.1: Schematics showing the configuration and energetic interactions of the
AuNR dimer system. (a) Polymer-grafted gold nanorods are bridged by dsDNA
and present in a solvent medium containing macromolecules and salt. For clarity,
polymer chains attached to the rods are shown in different colors and only those
chains attached to the interacting facets are shown. (b) Interparticle configuration
of the dimers is well described by d and φ. (c–f) Free energy of this dimer system
contains contributions from: vdW and electrostatic interactions between the rods
(c), steric repulsion of the grafted polymers (d), elastic energy of dsDNA (e), and
depletion attraction (f).

twinned AuNRs out of a face-centered cubic (FCC) lattice of gold atoms in accor-

dance with their experimentally observed morphology185. The nanorods had a fixed

width of 24 nanometers (nm) and heights ranging from 22 to 46 nm to match the ex-

perimentally utilized nanorods17;28;29. FvdW was computed by summing the Lennard

Jones (LJ) interactions acting between all pairs of atoms across the two rods as given

by

FvdW =
N∑
i=1

N∑
j=1

4εAu

[(
σAu

rij

)12

−
(
σAu

rij

)6
]
. (5.1)

Here N , rij, εAu, and σAu denote the number of gold atoms in each nanorod, the

interatomic distance between gold atoms, and their LJ energy and size parameters,

respectively (Fig 1c). σAu was set equal to 0.292 nm and εAu of 0.4223 kcal/mol was
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determined from the Hamaker constant A of gold in water (2.5×10−19J)186 and the

number density ρ of the gold atoms (0.098 mol/cm3) according to εAu = A
4π2ρ2σ6

Au

35.

We leveraged this atomistic model of AuNRs to also calculate Felec. The AuNR

surface is usually charged due to the presence of strongly adsorbed capping agents

that often get ionized in solution (Fig 1c). Given that the coating thickness of these

capping agents is generally quite small (≈ 0.38–0.7 nm for citrates187 and ≈ 1 nm

for cetyl-trimethylammonium bromide or CTAB188;189), we assume for convenience

that the location of these surface charges coincide with the positions of the surface

gold atoms in our atomically-represented AuNRs. These charges on separate rods

are expected to interact with each other via screened electrostatic interactions due

to the presence of counterions and salt in the solvent. Accordingly, the electrostatic

interaction energy between dimer rods was obtained by summing the Debye-Hückel

interactions between all pairs of surface atoms across the two rods:

Felec =

Nsurf∑
i=1

Nsurf∑
j=1

q2

4πεrij
e−rij/λD , (5.2)

where Nsurf , q, ε, and λD represent the total number of surface atoms in each rod,

the “effective” charge assigned to each such atom, the permittivity of water, and

the Debye length. The Debye length was calculated using λD =
√

εkBT
2×103NAe2I

, where

NA, e, and I denote the Avogadro number, elementary charge, and ionic strength of

the solvent medium. q was obtained from the surface charge density σcharge and the

surface area Asurf of the rods via q = σchargeAsurf/Nsurf , where σcharge was estimated

from the zeta potential ζ using σcharge = 2εkBT/(eλD sinh eζ
2kBT

)17.

AuNRs are commonly grafted with polymers such as polyethylene glycol (PEG)

to prevent aggregation17;28;29. To describe the entropic repulsion Fgraft from the

steric hindrance of this polymer brush, we employed the de Gennes model190, which

121



has been shown to accurately reproduce the experimentally measured compression

isotherms of PEG191;192. According to this model, Fgraft is given by

Fgraft =
C1Ainteract

2π

[
7

(
d

2hgraft

)−5/4

+ 5

(
d

2hgraft

)7/4

− 12

]
. (5.3)

Here C1 represents an energy constant, Ainteract the interacting surface area, d the

surface separation distance between interacting facets, and Lgraft the brush height

(Fig 1d). Ainteract was calculated as the intersection area of the two interacting

facets. C1 is given by
16πhgraftΓ

1.5

35
kBT , where Γ is the grafting density of the polymer

and hgraft = Γ1/3R
5/3
F . The Flory radius RF is set equal to aPEGN

0.6
PEG with aPEG and

NPEG representing the Kuhn length and number of monomers per chain of PEG. We

used aPEG = 0.35 nm and NPEG = 114 to match the experimentally utilized PEG

grafts of Mw = 5000 g/mol17.

Many potential applications of AuNR dimers are in biological environments, so the

rods could also experience attractive depletion forces due to the presence of proteins

and other macromolecules present in biological media. The free energy associated

with depletion forces was estimated using the Asakura-Oosawa formalism193;194:

Fdep = −Π∆Vexc, (5.4)

where Π is the osmotic pressure of the depletants in the solvent and ∆Vexc is the

extra volume that becomes available to the depletants as a result of the overlap

between excluded volumes of the rods at close proximity (Fig. 1f). ∆Vexc is equal to

Ainteract(σdep− d) when the surface separation distance d between the rods is smaller

than the diameter σdep of the depletant, and 0 when d > σdep. For convenience,

we treated all depletant molecules as hemoglobin, as its osmotic pressure has been
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modeled previously, using Π = NAkBT (c + 4vc2 + 10v2c3 + 18.36v3c4 + 28.24v4c5 +

39.5v5c6 +56.4v6c7)195–197. Here, v and c are the molar volume and the concentration

of the depletant. The diameter of the depletant was taken to be σdep = 6 nm,

consistent with the size of hemoglobin.

Lastly, the bridging DNA consists of dsDNA flanked on both sides by single-

stranded DNA (ssDNA) that is capped by a thiol group. In experiments, the thiol

group is covalently bonded to the gold surface and DNA ends are strongly adsorbed

onto the gold surface198–200. For calculating the free energy FDNA associated with this

DNA, we assume that the ssDNA portions as well as the terminal bases of dsDNA are

fixed rigidly to the gold surface and therefore cannot rotate. The only contribution

to FDNA must then arise from the mechanical resistance of dsDNA, which can be

treated reasonably accurately using an elastic-rod model of DNA184:

FDNA = Cs

2LDNA,eq
(d− d0)2 + Ct

2LDNA,eq
(φ− φ0)2 + Cts

LDNA,eq
(φ− φ0)(d− d0), (5.5)

where Cs and Ct are the elastic constants associated with stretching and twisting

of dsDNA, and Cts is its twist-stretch coupling coefficient. The values of Cs, Ct,

and Cts were set equal to 460 pN nm2, 1100 pN, and −90 pN nm, as measured

from magnetic tweezer experiments184. LDNA,eq represents the equilibrium length of

DNA, where we assume that DNA is present in its natural B-form. d0 is the surface

separation distance between the interacting facets of the rods at which the length of

the DNA is equal to its equilibrium value. Based on the described geometry (Fig. 1e),

d0 = LDNA,eq +Lanchor, where Lanchor is the thickness of the adsorbed layer of ssDNA

assumed to be equal to 0.68 nm (the length of two base pairs). φ0 represents the twist

angle of the rods that minimizes the free energy of the dimers during their assembly

involving dsDNA hybridization. Experimentally, the assembly of AuNR dimers is
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carried out in solvents containing high concentrations of macromolecules and ions30.

For our calculations, we assumed that assembly occurred at I = 250 mM (≡ I0) and

cdep = 400 mg/mL (≡ c0) and that DNA hybridizes at its equilibrium length d = d0.

We then obtained φ0 by searching for the value of φ that minimized Ftot(d = d0,

I = I0, cdep = c0). Thus, in effect, the above model describes the free energy of the

dsDNA bridge relative to its free energy in the “equilibrium” configuration during

hybridization.

In this manner, the total free energy of the nanorod dimers can be expressed as a

function of their configuration (d, φ), solvent conditions (I, cdep), and material prop-

erties (such as dimensions of the AuNRs or the number of base pairs of the bridging

dsDNA). The assembled configuration of the nanorods can then be determining by

computing Ftot for a broad range of relavant d and φ values and choosing the config-

uration with the minimum free energy. While our theoretical model does not utilize

the most sophisticated theories and computational approaches for obtaining each in-

teraction, the model is physically intuitive and computational efficient, making it

ideal for exploring dimer configurations for an expansive range of solvent conditions

and material properties. Moreover, because all interaction potentials and parameters

are experimentally derived, we expect that the model will be reasonably accurate

in representing the experimentally observed behavior of AuNR dimers bridged by

dsDNA.
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5.3 Results

5.3.1 Configuration-dependent interaction energies

As the overall free energy of the AuNR dimers is determined by the interplay of

various interactions, it is vital to first understand how the magnitude of each in-

dividual interaction varies with interparticle configuration. We begin by examining

the free energy landscapes calculated for all non-DNA interactions using Eqs. 5.1–4

(Fig. 5.2a and b). As expected, the polymer graft and electrostatic interactions are

repulsive (free energy F > 0), whereas the vdW and depletion interactions are at-

tractive (F < 0). In all cases, the interaction strength (|F |) rises with decreasing

separation distance d and twist angle φ between the rods. Thus, on their own, the

attractive vdW and depletion interactions would cause the rods to assemble close

to each other (d → 0) in parallel configuration (φ → 0◦) which maximizes the area

overlap between the interacting facets of the two rods. In contrast, the repulsive

steric and electrostatic interactions would cause the rods to be perpendicular and

far separated (d → ∞ and φ → ±90◦). It is important to note that none of these

interactions lead to any chirality preference, as F (φ) = F (−φ). We also note that

the strength of some of these interactions are sensitive to solvent conditions. For

example, compare Felec at I = 50 mM and I = 150 mM in Fig. 5.2d and e. Felec is

the strongest interaction and displays the largest variation with changing d and φ at

I = 50 mM, but the same interaction becomes the weakest and the least viariable

with respect to rod configuration at I = 150 mM, where electrostatic repulsion be-

comes more strongly screened by the ions. Therefore, we can expect that the force(s)

that dominates the AuNR interactions, and thereby its stable configuration, would

depend on solvent conditions.

Next, we examined the elastic free energy of the bridging DNA calculated using
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Figure 5.2: Interparticle configuration-dependent free energy landscapes: (a) Free
energies of repulsive interactions, Felec for I = 50 mM and Fgraft. (b) Free energies of
attractive interactions, FvdW and Fdep. (c) Free energy landscape of FDNA assuming
φDNA,ads = 0◦. The white scatter is located at the configuration with the minimum
FDNA while the dashed line marks the φ that yields the minimum FDNA at the par-
ticular d. (d,e) Cross sections of the free energy landscape with respect to (d) d and
(e) φ. φ = 0◦ for (d) and d = 5 nm for (e). (f) Ftot for I = 50 mM (above) and
I = 150 mM (below). The white scatter marks the minimum free energy configura-
tions. ζ = 20 mV, Lgraft = 5 nm, and cdep = 300 mg/mL for all plots. The aspect
ratio of AuNR is 1.31 and the dsDNA has 15 base pairs.
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Eq. 5 (Fig. 5.2c). The results show strong parabolic energy penalties to twisting,

stretching, and compressing DNA relative to its equilibrium configuration (d0 and

φ0), as marked by the white diamond in the figure. The mechanical resistance of

DNA thus acts as a mediating force between the attractive and repulsive non-DNA

interactions. While non-DNA interactions clearly steer the dimers towards d → ∞

and φ → ±90◦ or d → 0 and φ → 0◦, DNA pulls the dimers closer to its own

energetically favored configuration of d→ d0 and φ→ φ0. Since the energetic penalty

for deforming DNA is large and dominates the rest of the interactions (see Fig. 5.2d

and e), the dimers have to assemble close to the DNA’s equilibrium configuration. We

also observe that the twist-stretch coupling of dsDNA causes the free energy landscape

to become “tilted” about d0 and φ0. In particular, the twist angle that yields the

minimum elastic free energy for fixed d is not constrained to φ0 but varies linearly

with d as indicated by the white dashed line. We will denote this angle by φmin(d),

and its value can be obtained by setting ∂FDNA

∂φ
|d = 0 to yield φmin = φ0− Cts

Ct
(d− d0)

(note that Cts < 0). Thus, the twist-stretch coupling effect causes the DNA to twist

in the negative direction relative to φ0 when it is compressed from its equilibrium

length (d < d0) and in the position direction when DNA is stretched (d > d0). The

asymmetry in the FDNA landscape also means that F (φ) 6= F (−φ) (for all d 6= d0),

implying that FDNA is the only interaction component to display chirality preference

and must therefore be responsible for the experimentally observed chirality of DNA-

bridged AuNR dimers. The effects of all interaction components, both DNA and

non-DNA, on the configuration of the dimers are summarized in Table 5.1.

Combined, these DNA and non-DNA interactions could lead to the interesting

behavior wherein a AuNR dimer adopts left- or right-handed chiral configurations

depending on the type of interaction (repulsive or attractive) dominating the non-

DNA portion of the overall free energy: Consider a system dominated by repulsive
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Table 5.1: Effect of interaction components on the interparticle configuration

Interaction Preferred φφφ Preferred ddd
Felec ±90◦ ∞
Fgraft ±90◦ ∞
FvdW 0◦ 0
Fdep 0◦ 0
FDNA φmin(d) d0

non-DNA interactions, such as dimers present in a low-salt medium with I = 50 mM

where Felec is large (solid blue lines in Fig. 5.2d and e). The net force acting on

the rods due to non-DNA interactions is then repulsive, so the DNA should stretch

beyond its equilibrium length. This would cause the minimum free energy (MFE)

configuration of the dimer to extend beyond its “equilibrium” distance (d > d0),

resulting in a positive change in its twist angle (φ > φ0) based on the twist-stretch

coupling effect discussed above. Indeed, we observe that the MFE configuration

shifts towards a more extended and positively twisted (right-handed chiral) state in

the overall free energy landscape obtained at I = 50 mM (Fig. 5.2f). Now consider

this same dimer system in a high-salt medium with I = 150 mM, where Felec is much

smaller (dashed blue lines in Fig. 5.2d and e) and attractive non-DNA interactions

dominate. Now the DNA would become compressed and the MFE configuration

contracts (d < d0), which should result in a negative change in the twist angle

(φ < φ0), leading to negatively twisted (left-handed chiral) dimers, as observed in

the overall free energy landscape calculated at I = 150 mM (Fig. 5.2f).

5.3.2 Solvent-dependence of dimer configurations

The above example showing changes in dimer chirality with salt concentration high-

lights the crucial role played by the solvent in determining dimer configurations. To
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investigate this further, we used our model to determine the MFE configuration of

the DNA-bridged AuNR dimers as a function of ion (I) and depletant (cdep) con-

centration. The effects of I on dimer twist angle φ and separation distance d are

shown in Fig. 5.3a and b. Our results show that the response of the rods to vary-

ing I depends on their surface charge density. For moderately to strongly charged

rods with zeta potentials of ζ = 20 mV and 30 mV, the dimers undergo switches in

chirality as ionic strength is changed. At low I, the nanorods assemble with large

and positive φ and d > d0 because their non-DNA interactions are dominated by

electrostatic repulsion Felec. However, as I is increased, the electrostatic repulsion

becomes screened and the system becomes more attraction dominated, causing the

distance between the nanorods to decrease. When d is reduced below d0 (denoted by

dashed line in Fig. 5.3b) where DNA begins to get compressed, we observe a sharp

switch in chirality from positive to negative φ, as shown in Fig. 5.3a. For weakly

charged nanorods, with ζ = 5 mV, the dimers are insensitive to changes in I. This

is because Felec is weak even at low I and changes in its magnitude are insignificant

compared to the overall free energy. The combined effect of ζ and I on φ is presented

as a 2D contour plot in Fig. 5.3c. This plot shows in more comprehensive manner

how the dimer configuration becomes more sensitive to changes in ion concentration

with increasing ζ. For instance, weakly charged rods with ζ = 5 mV exhibit small

variations in twist angle in the range −4◦ to 6◦ while strongly charged rods with ζ of

50 mV exhibit twists ranging from −4◦ at high I to 85◦ at low I. The sensitivity of

AuNR dimers to surface charge density and solvent ionic strength should make them

useful as chiroptical sensors for detecting changes in solvent environments.

To elucidate the energetic basis of the “chirality switching” behavior observed in

Fig. 5.3a, we plotted the free energy Ftot of the ζ = 30 mV dimers as function of φ

at various fixed values of I (Fig. 5.3e); in this analysis, d was held fixed at the value
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Figure 5.3: Reconfiguration of AuNR dimers with changing solvent conditions:
Variation in dimer twist angle φ (a) and separation distance d (b) with ionic strength
I for nanorods of different zeta potentials ζ. (c) Combined effect of I and ζ on
φ. (d) Variation of φ with depletant concentration cdep. (e) φ-dependence of dimer
free energy Ftot at I = 50 mM, 70 mM, 100 mM, 150 mM for rods ζ = 30 mV,
where d = 5.82 nm, 5.66 nm, 5.50 nm, and 5.41 nm at the four ionic concentrations,
respectively. (f) Breakdown of the dimer free energy landscape plotted in blue in (e)
corresponding to I = 50 mM into contributions Felec, and FDNA. In all plots, except
(d), Lgraft = 5 nm and cdep = 300 mg/mL. The aspect ratio of the rods is 1.31 and
the bridging dsDNA is 15 bp long.

corresponding to the MFE configuration at the given I. For the Felec-dominated case

of I = 50 mM, we observe an energy barrier at φ ≈ 0 separating two energy minima

located at φ ≈ −36◦ and φ ≈ 47◦ with the latter minimum being deeper and thereby

determining the positively twisted MFE configuration. This φ-dependence of Ftot

may be understood by examining its components plotted in Fig. 5.3f; we show only

Felec and FDNA as the magnitudes of the other components are negligible. We find

that Felec repulsion is strongest at φ = 0◦ and slowly decays as |φ| is increased, while

FDNA rises parabolically about φmin ≈ 5◦ (>0◦ due to the twist-stretch coupling). The

two minima in Ftot arise due to the combination of a slowly decreasing |∂Felec/∂φ| and
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linearly increasing |∂FDNA/∂φ| with increasing |φ|, which ensures the existence of a

positive and negative angle φ where the stability condition ∂Felec/∂φ = −∂FDNA/∂φ

(assumming negligible contribution from other interaction components) is satisfied.

In addition, as d > d0 in this repulsion-dominated system, the energetic penalty for

twisting DNA to arbitrary ±φ angles is greater in the negative than the positive

direction, as φmin > 0. Therefore, the positively twisted state is energetically more

favorable at I = 50 mM. However, as I is increased, |Felec| decreases while FDNA

remains the same. Therefore, the ratio of |∂Felec/∂φ| to |∂FDNA/∂φ| is reduced and

the dimers exhibit smaller φ at their MFE configuration. When Felec is further

reduced, d decreases below d0, and φmin < 0, the energy minimum at negative φ

becomes slighly more favorable compared to that at positive φ, as observed in the

results plotted for I = 150 mM in Fig. 5.3f.

We next investigated the effect of cdep as shown in Fig. 5.3d. As we observed

with changing I, the response of the dimers to changes in cdep also depends on the

balance between the interaction components. For example, when I = 50 mM and

ζ = 30 mV, the dimers are unresponsive to changes in cdep as Felec dominates the

system. However, when Felec becomes weaker, the dimers transition in the order

+φ→ −φ→ 0◦ as cdep is increased. To understand this transition in φ, we must take

into account the opposing effects of attractive non-DNA interactions and FDNA. In

the attraction-dominated regime, the DNA forces the AuNR dimers to be negatively

twisted as d < d0 while the non-DNA interactions drive the dimers towards the

parallel configurations. Although the twist-stretch coupling effect of DNA overcomes

the effects of non-DNA interactions for moderate cdep, Fdep eventually dominates the

interparticle interactions and forces the nanorods to be parallel to each other as cdep

is increased.

Based on these observations, we can now formulate the mechanism by which the
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interplay of the different interaction components determines the configuration of the

nanorods, which is depicted schematically in Fig. 5.4. For convenience, we denote the

cumulative free energy from all attractive non-DNA interactions by Fatt and that from

all repulsive non-DNA interactions by Frep. Depending on the relative magnitudes of

the two interaction components, the distance between the two AuNRs will be either

d < d0 when |Fatt| > |Frep| or d > d0 when |Fatt| < |Frep|. Therefore, as a result of

twist-stretch coupling, the DNA will try to twist the rods in the positive direction as

Frep is increased and towards the negative direction as Fatt is increased. However, the

non-DNA interactions affect the rod configurations differently depending on whether

the system is dominated by Frep or Fatt. As |Frep| increases, the non-DNA interactions

will try to twist the nanorods away from the parallel configuration in consort with

DNA, causing both d and φ to increase monotonically. However, as |Fatt| increases,

the non-DNA interactions will try to reduce φ towards the parallel configuration

against DNA’s twist-stretch coupling effect. Therefore, while increase of |Fatt| will at

first lead to more negatively twisted nanorods, the rods will eventually approach the

parallel configuration (φ = 0◦) due to the effects of FvdW and Fdep. In summary, as the

nanorods change from attraction- to repulsion-dominated regime, the configuration

of the dimers will transition in the following order: parallel (strongly dominated by

attractive interactions, Fig. 5.4b), negatively chiral (weakly dominated by attractive

interactions, Fig. 5.4c), and positively chiral (weakly and strongly dominated by

repulsive interactions, Fig. 5.4d and Fig. 5.4e) structures.

5.3.3 Material-dependent interparticle configurations

In this section, we explore how the reconfigurability of the nanorods observed in the

previous section can be altered by modifying the material properties of the nanorods.

The first parameter we examine is the number of base pairs (bp) of the bridging

132



Figure 5.4: Schematics showing how the configuration of AuNR dimers is governed
by the interplay between DNA versus repulsive or attractive non-DNA interactions.
(a) Schematic relationship between d and φ of the dimers as a function of the balance
between Fatt and Frep. (b-e) Front and side view of the AuNR dimers and side view
of dsDNA for the cases of: (b) strongly attraction dominated, (c) weakly attrac-
tion dominated, (d) weakly repulsion dominated, (e) strongly repulsion dominated
non-DNA interactions. Figures are not drawn to scale.

dsDNA. To understand the role of the length of the DNA, we have investigated

the assembly of nanorods for DNA lengths ranging from 10 to 20 bp. As shown in

Fig. 5.5a, the main effect of modifying the DNA bp is in changing its equilibrium

length as dDNA,eq = 3.74 nm for 10 bp, 5.44 nm for 15 bp, and 7.14 nm for 20 bp.

Results depicted in Fig. 5.2d demonstrate that all of the interaction energies vary

with changes in d. Therefore, the number of bp of DNA will significantly affect the

overall magnitudes of the interaction components.

The effect of changes in dDNA,eq is shown in Fig. 5.5b and c, where the nanorods

assemble with a much wider range of φ with 10 bp DNA compared to 20 bp DNA.

Specifically, AuNR with 20 bp DNA is mostly parallel in the range of I and ζ explored.

Such behavior can be explained by the competition between Felec and FDNA observed

in Fig. 5.3f. Because dDNA,eq is much larger for 20 bp DNA than 10 bp DNA, |Felec|

is relatively weak for AuNR bridged by 20 bp DNA. In this case, |∂Felec

∂φ
| is also small
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Figure 5.5: Material property dependent dimer configurations. (a) FDNA as function
of d for dsDNA with varying bp. ζ and I dependent φ for (b) 10 bp and (c) 20 bp.
(d) Depiction of dsDNA with bp = 10 and 20. (e) Fdep as function of φ for nanorods
with varying aspect ratios. ζ and I dependent φ for (f) p = 0.92 and (g) p = 1.89
nanorods. (h) Depiction of nanorods with p = 0.92 and 1.89. (i) Fgraft as function of
d. ζ and I dependent φ for (j) Lgraft = 4 nm and (k) Lgraft = 6 nm. (h) Depiction of
interacting surfaces with Lgraft less and greater than dDNA,eq. cdep is 300 mg/mL for
all cases. Lgraft is set to (b) 3.5 nm, (c,f,g) 5 nm. p = 1.31 nanorods and DNA has
15 bp for all cases unless otherwise indicated.

and the energetic gain due to increase in φ from the reduced Felec is outweighed by the

energetic penalty from FDNA. On the other hand, the dimers twist more when bridged

by 10 bp DNA as the electrostatic interactions are more dominant. Such effects

are slightly abated because the DNAs are softer and incur less energetic penalties

when they have more base pairs as can be observed from Fig. 5.5a. However, the

differences in the magnitudes of the non-DNA interactions far outweigh the changes

in the softness of DNA. Therefore, the DNA length is inversely correlated with the
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range of φ that the nanorods display with changes in the solvent medium conditions.

Another material property we investigated is the rod aspect ratio (p), defined as

the ratio of its height to its width. The aspect ratio is an important factor as it affects

the φ-dependence of the interaction energies. For example, Fig. 5.5e depicts the φ

dependent Fdep for varying aspect ratios of AuNR. As Fdep is proportional to the

interacting surface area, Fdep(φ = ±90◦) is proportional to the square of the width of

the interacting facets while Fdep(φ = 0◦) is proportional to the square of the height

of the interacting facets. To investigate how such differences in the φ-dependence

of free energies affect the dimer configurations, we computed the φ with respect to

variations in ζ and I for nanorods with aspect ratios of 0.92 and 1.89 (Fig. 5.5f and

g). The results show that the range of observed φ is greater for nanorods with larger

aspect ratios. This phenomenon can again be explained as the competition between

Felec and FDNA with respect to changes in φ. Because the width of short nanorods are

almost equivalent to its height, |∂Felec

∂φ
| is almost negligible when p = 0.92. Therefore,

the energetic benefit from twisting the DNA less outweighs the energetic gain from

twisting the nanorods. However, when the aspect ratio is large, the |∂Felec

∂φ
| is increased

while |∂FDNA

∂φ
| remains equivalent. Therefore, the longer nanorods twist more with

respect to changes in its solvent medium conditions.

Lastly, we investigated the effect of the length of the grafted polymers. The grafted

polymers provide constant repulsion regardless of the solvent medium. We investigate

the interparticle configurations for the cases of Lgraft < dDNA,eq and Lgraft > dDNA,eq

(Fig. 5.5j and k). Unlike the Lgraft < dDNA,eq case in which we observe a wide range

of φ values spanning negative to positive chirality, we observe that φ is always larger

than ≈ 35◦ when Lgraft > dDNA,eq. This is because, when the grafts are longer than

the equilibrium length of the DNA, |Frep| is always greater than |Fatt| regardless of

solvent conditions. Therefore, such cases will lead to AuNR dimers that are always
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Figure 5.6: Ion concentration dependent interparticle configurations. cdep and Lgraft

dependent responses of the dimers for (a) ζ = 5 mV, (b) ζ = 10 mV, (c) ζ = 20 mV.
The scatters represent the response of AuNR as illustrated in (d) while the shades
mark the aggregation behavior shown in (e). (d) Depiction of each type of response
as the front-view of the dimers. (e) Aggregation behavior of nanorods. The aspect
ratio of AuNR is 1.31 and the dsDNA has 15 base pairs.

rigidly and positively chiral.

5.3.4 Reconfigurability of AuNR dimers

Previous results have demonstrated that the AuNR dimers can reconfigure into di-

verse interparticle configurations depending on their material properties and solvent

media. Therefore, we systematically analyzed the reconfigurability of AuNR dimers

with respect to changes in I for varying cdep, Lgraft, and ζ of the nanorods. Specif-

ically, we focus on how the twist angle of the dimer changes as I is increased from

50 mM to 150 mM and categorize their responses into five classes of behaviors as

depicted in Fig. 5.6d. The first case is when the dimers are parallel regardless of I,
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which we denote as Rigid||. According to Fig. 5.4b and the results from Fig. 5.3c,

this occurs when the attractive interactions remain strongly dominant regardless of

I. The second class of behaviors, termed Rigid−, represents dimers that remain

negatively twisted regardless of I. This behavior emerges when the attractive inter-

actions are weakly dominant regardless of I. The next class of response is the Soft||,

in which the dimers are positively twisted for I = 50 mM and parallel for I = 150

mM. Such response occurs when Felec is dominant at low I but is outweighed by

the attractive interactions at high I. The fourth type of response is the Chiral type

where the dimers switch their chirality as I is changed. This occurs when Frep is

weakly dominant for low I while Fatt is weakly dominant for high I. The last type of

response is the Rigid⊥. This is the case when the repulsive interactions are dominant

regardless of I. Overall, the Soft|| and Chiral responses occur when the interparticle

configurations of the AuNR are sensitive to the changes in I while the other three

types occur when AuNR configurations are largely not affected by I.

As the configuration of AuNR is determined by the balance between Frep and

Fatt, we have mapped out the response behaviors of the nanorods in the parameter

spaces of the depletant concentrations and the grafted polymer lengths, as shown in

Fig. 5.6a-c. First, we examine the dimers with ζ = 10 mV depicted in Fig. 5.6b.

When cdep is high and Lgraft is short, we observe that the dimers assemble as Rigid||,

indicating that the attractive interaction energies from Fdep are always dominant.

For a small region of the parameter space where Lgraft is moderate and cdep is large,

the dimers respond as Rigid−. Here, the dimers do not assemble into the parallel

configuration because, as Fgraft is increased, the magnitude of the free energy barrier

at φ = 0◦ observed in Fig. 5.3f is increased. However, as cdep is still large, the total

interaction is attraction dominated regardless of I and the dimers are always in a

negatively chiral state. Further increasing Lgraft results in the Rigid⊥ case, as Fgraft
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dominates the particle interaction regardless of I as is the case in Fig. 5.5k. When

Lgraft > 5.5 nm, the dimers are always rigidly twisted with positive chirality regardless

of I or cdep.

Between the Rigid|| and Rigid⊥ behaviors, we observe the cases in which the

dimers sensitively change their φ in response to changes in I. For example, when cdep

and Lgraft are both small, the nanorods switch their chirality when I is changed. For

these cases, Fatt is dominant at high I as both Felec and Fgraft are weak. However, as

cdep is also low, the attractive interactions are only weakly dominant and the dimers

display negative chirality. In addition, the repulsive interactions are dominant over

the attractive interactions at low I even with weak Fgraft because cdep is low. Increase

of cdep from the Chiral states results in the Soft|| response as the Fatt becomes strongly

dominant for I = 150 mM and makes the nanorods parallel to each other.

The parameter space in which the soft and rigid responses occur also depends on

the surface charge density of the particles. When ζ is decreased to 5 mV as shown

in Fig. 5.6a, we observe expansion of the rigid states and the disappearance of Soft||

states. This is because, as Felec is always negligible, changes in I do not result in

the change of interparticle configurations. Contrarily, when ζ is increased to 20 mV

as depicted in Fig. 5.6c, the Rigid− states disappear while the Soft|| states become

more prevalent. This is because the changes in I lead to large differences in Felec and

thereby result in reconfiguration of φ between the nanorod dimers.

Finally, we also investigated how the solvent conditions lead to different disper-

sion states of the AuNRs. For example, if the total interaction energy between the

nanorods is larger than the hybridization energy of dsDNA (predicted to be −17.5

kcal/mol through DINAMelt software201), we can expect AuNRs to stay in the dis-

persed state rather than the dimerized state. On the other hand, if Ftot < 0 for high

ionic concentrations, AuNRs will aggregate into clusters. Such dispersion states of
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AuNRs are depicted on Fig. 5.6a-c. For all cases, AuNRs are in the dispersed state

when Lgraft ≥ 7 nm. This is expected as such brush length of the grafted polymers

will allow the assembly of AuNRs only when the DNA is greatly stretched beyond its

equilibrium length. Interestingly, a large number of Rigid⊥ states are still energeti-

cally favored in the dimerized state over the dispersed state. When Lgraft ≤ 4 nm, all

of the AuNRs prefer to aggregate into clusters when I is 150 mM. This suggests that

utilization of these nanoparticles in solvents with high ionic concentrations requires

grafted polymers of Lgraft ≈ LDNA,eq for stability.

5.4 Discussions

In this study, we examined the physics governing the assembled configurations of

AuNR dimers bridged by dsDNA and provided guidelines for controlling their nanos-

tructures. We have demonstrated that the interplay between the chiral nature of

dsDNA and the competition between the attractive and the repulsive interactions of

the AuNR determine the configuration of AuNR. We showed that the twist-stretch

coupling effect of dsDNA led to negative chirality of AuNR when the attractive forces

dominate the system while positive chirality was preferred for repulsion dominated

nanoparticles. Such assembly mechanism led to a wide range of configurations of

AuNR as the strength of their interactions depended considerably on the solvent

conditions and the material properties of AuNR. By tuning properties such as the

grafted polymer length, aspect ratio of the AuNR, or the length of bridging dsDNA,

we found that the reconfigurability of the AuNR could be engineered to be either

responsive or non-responsive to changes in their environments.

Understanding the relationship between AuNR material properties and its recon-

figurability is crucial for fabricating application-specific nanostructures. For example,
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applications such as nanosensing devices require the AuNR dimers to sensitively alter

their interparticle configurations in response to the changes in the solvent environ-

ment. For these cases, our results suggest that using nanorods with large aspect

ratios and high surface charge densities is beneficial. However, for applications such

as chiral catalyses, rigidity of the interparticle configuration is desired. For such

applications, AuNR with small aspect ratios, long grafted polymers, or low surface

charge densities would be advantageous. In this way, the findings of this study pro-

pose a theoretical framework for regulating not only the assembled configurations

but also the dynamic responses of the AuNR dimers with respect to changes in their

surrounding environments.

As a final remark, we compare our computational results with the experimentally

reported interparticle configurations of AuNR dimers bridged by dsDNA. While com-

parisons with experimental findings can provide valuable assessment of the predictive

strength of our computational model, quantitative evaluations of the model’s accu-

racy with experimental results are difficult for two reasons. First, the interparticle

configurations (d and φ) of AuNR in solution are difficult to measure experimentally

and are often not reported. For such cases, the chirality of AuNR must be inferred

through their chiroptical properties such as their circular dichroism spectra. Second,

the exact solvent conditions (I, cdep, pH) as well as the material properties such as

ζ are often unclear when the experiments utilize biological medium. Nevertheless,

many of the experimentally observed trends in the DNA-bridged AuNR assemblies

are explained by the findings of our study. For example, Sun et al.17 reported that

oblong, gold nanoparticles (aspect ratio ≈ 1.3) transitioned from positive to negative

chirality as the concentration of NaCl was increased. Such transition is consistent

with the results from our theoretical model (Fig. 5.3a) and demonstrate the role of

electrostatic interactions on the chirality of AuNR. In addition, this study has also
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demonstrated that the nanoparticles change their dihedral angles from φ ≈ 6◦ in

solutions with bovine serum albumin (BSA) concentration of 200mg/mL to φ ≈ −6◦

for solutions with BSA concentration of 400mg/mL. While our model does not con-

sider BSA specifically as the depletants, the observed effect of depletants on dimer

configurations agrees not only qualitatively but also almost quantitatively with our

computational result for ζ = 20 mV in Fig. 5.3c.

Furthermore, multiple experiments have observed that the nanorod dimers re-

configure from positive to negative chirality as they transition from extracellular to

intracellular environments17;31. The differences between these media can mainly be

attributed to the different concentrations of macromolecules and salt. The cell cul-

ture media generally contain high concentrations of macromolecules such as proteins

in the range of 200 to 400 mg/mL202–204 while extracellular environments contain

negligible (< 50 mg/mL) amount of proteins. The ionic strength within the intra-

cellular environment generally is also high (I > 150 mM)205;206 in contrast to the

ionic strength within the extracellular medium in which the positive chirality was ob-

served (I < 50 mM)17. Consequently, the nanorods are dominated by the attractive

interactions in the intracellular environment — as high I and cdep lead to weak Felec

and strong Fdep — while the repulsive interactions are expected to be dominant in

the extracellular environment. For such cases, our theoretical model that relates the

chirality of AuNR on the balance between the attractive and the repulsive interac-

tions (Fig. 5.4) explain and predict the experimentally observed medium-responsive

chirality switch.

Finally, both Sun et al.17 and Xu et al.31 have observed that AuNR functionalized

with CTAB transition from dimerized state in the extracellular environment to aggre-

gated clusters in the intracellular environment. This is because CTAB, while provid-

ing dispersion stability through electrostatic interactions in the low I environments,
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does not provide enough steric hindrance as its brush length on the gold surfaces is

short. Our computational results demonstrate that, regardless of ζ, the nanorods will

aggregate into clusters in high I medium if Lgraft < 4 nm (Fig. 5.6a-c). Indeed, the

experiments have demonstrated that grafting these AuNR with poly(styrene-b-acrylic

acid) allows them to remain as stable dimers inside the intracellular environments.

While comparative evaluations of the accuracy of our computational results have been

done with only a handful of available experimental studies, the theoretical model ex-

hibits good agreement with the experimental findings and furthermore explain the

physical reasons behind the observed assembly behaviors of the AuNR dimers.
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Chapter 6

Conclusions

6.1 Summary

This dissertation presents my computational work on understanding the assembly

behavior of anisotropic nanoparticles and formulating design guidelines for control-

ling this behavior. Two common themes are prevalent in all of the presented works.

First, as I investigated complex nanoparticles composed of both soft polymers and

hard particle cores, understanding the competitions between the different types of

molecular interactions and how they affect the assembly of the nanoparticles is crucial

to designing materials with the desired final structures. For instance, the chirality of

gold nanorod dimers was shown to depend on the competition between the attrac-

tive (depletion and vdW interactions) and the repulsive (electrostatic and grafted

polymer interactions) components of the particle interactions as well as how such

competition affects the conformation of the bridging DNA. Similarly, the orienta-

tions of the nanocubes were dependent on the competition between the vdW inter-

actions of the nanocubes and the repulsive entropic interactions stemming from the

steric hindrance of the grafted polymers. Second common theme is that engineering

the self-assembly of the anisotropic nanoparticles requires understanding of how the

interaction components scale with the position and the orientation of the nanoparti-

cles. Unlike spherical nanoparticles whose interactions depend on a single degree of

freedom (center-to-center distance), the interactions of anisotropic particles depend

on multiple degrees of freedom in a complex way. For example, my work on the
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nanocubes in Chapter 3 demonstrated that the free energy of the nanocubes depends

sharply on their surface-to-surface distances while they are less sensitive to the lateral

offset between the nanocubes. Such effect led to the association of the nanocubes be-

ing dominated by the sliding mechanism and the dissociation through translational

motion being strongly unfavorable. In summary, these themes emphasize the im-

portance of analyzing the effects of both the material properties and interparticle

configurations on the free-energy landscapes of anisotropic nanoparticles for control-

ling their self-assembly behavior.

While all of the results in this dissertation are derived computationally, the ob-

served trends in the self-assembly of the nanoparticles match well with those reported

in experiments. The material property dependent orientational phase behavior of the

nanocubes shown in Chapter 2 is not only in agreement with the experiments but

also explain the mechanism behind such assembly behavior13;14;23;24. The minimum

free-energy pathways and the transition kinetics of the nanocubes described in Chap-

ter 3 help explain the edge-edge to face-face transition of experimental nanocubes

observed during thermal annealing13. The experimentally obtained distribution of

particle configurations can be interpreted in terms of the multiple metastable states

obtained from the free-energy landscapes of the polymer-grafted nanocubes24. The

vdW energies obtained from my analytical model in Chapter 4 is in good agreement

with the energies between metallic surfaces measured by AFM experiments186. The

interaction-dependent chirality of gold nanorods in Chapter 5 is in good agreement

and explains the experimentally observed chirality switch of the gold nanorods during

their cellular uptake as well as their switch in response to changes in the ionic strength

and depletant concentration of the solvent17;32. Furthermore, the design guidelines

for tuning the reconfigurability of the nanorods can help the fabrication of chirop-

tical nanosensors with various applications. Therefore, these findings offer both the
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engineering guidelines for fabricating complex nanostructures as well as explanation

of the underlying physics governing the self-assembly of anisotropic nanoparticles.

6.2 Possible directions for future research

6.2.1 Polymer-grafted nanocubes: dynamic simulations and

improvements to the model

One area of improvement that can be made in our studies of the polymer-grafted

nanocubes is the incorporation of dynamic simulations. All of the results in Chapter

2 and Chapter 3 are based on the free energies obtained from the configurational bias

Monte Carlo method. As the mininimum free-energy pathway and the transition

kinetics refer to the dynamic properties of the system, additional validation of these

results through dynamic simulations such as Langevin dynamics would be valuable.

A challenge to the dynamic simulation for this system is the ruggedness of the free-

energy landscape. As the vdW interaction energies between the nanocubes are in the

O(103−104kBT ) with transition energies between the energetically metastable states

in the O(101 − 103kBT ), transition between different orientational phases is a rare

event. While these transitions may be observed experimentally within hours, the time

scale of simulations cannot match such experimental time scale. Therefore, advanced

sampling methods — such as steered molecular dynamics or targeted molecular dy-

namics — need to be employed to investigate the kinetics and mechanism of assembly

of the nanocubes.

Another aspect of my investigation that can be improved is to reduce the simplifi-

cations made in our coarse-grained model. As the aim of my study was to investigate

the nanocubes for all possible interparticle configurations and wide range of material
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parameters, I have worked with a coarse-grained model with many assumptions that

reduce the computational cost of my model. Some of the key assumptions I have made

are: treatment of the matrix polymer as implicit solvent; polymer grafting density in

the mushroom regime; polymer chains described by only a few beads; the side lengths

of the cubes being ≈ 10 nm. It had been shown that many of these assumptions are

not trivial. For example, the matrix polymers may significantly affect the interaction

between the nanoparticles as they affect the solubility of the grafted polymers as well

as providing depletion forces between the nanoparticles121. Experimental systems of

our interest also studied nanocubes with side lengths ranging from 25 to 80 nm13;23;24.

As our results in Chapter 2 demonstrate that the cube size is an important factor

in determining the orientational phase of the nanocubes, validations of our model

for larger nanocubes need to be considered. Lastly, while I have considered a wide

range of parameters for the grafted polymers, refining the polymer model to match

the physical properties of experimentally utilized grafted polymers may improve the

applicability of my model.

6.2.2 Analytical expressions for the forces and torques

between faceted nanoparticles

The analytical model for the potential energies between faceted nanoparticles pre-

sented in Chapter 4 is readily applicable to computational investigation of nanopar-

ticles using static simulation approaches such as the Monte Carlo methods. However,

the model cannot be utilized for dynamic simulations, such as molecular dynamics

or Brownian dynamics, as it does not provide the forces and torques between the

nanoparticles. While static simulations may be sufficient for investigation of phe-

nomena such as the phase behavior, dynamic simulations are still highly desired as
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they are necessary for investigation of many topics of significant interest in material

sciences, such as assembly dynamics and rheological properties.

Based on my preliminary investigation of the applicability of the model for ob-

taining interparticle forces, the model can provide accurate magnitude of interparticle

forces when the geometric approximations and area integrals given in Chapter 4 are

taken with respect to the derivative of the LJ equation given by

|FLJ(r)| = −dULJ(r)

dr
(6.1)

where FLJ, ULJ, r are the LJ force, LJ potential energy, and the distance between

atoms, respectively. However, the geometric approximations of the current model

prevent the determination of the directions of the forces. Specifically, as the rods are

assumed to interact at the center of the interacting face of the cube, the interaction

direction between the cubes and rods are assumed to be only in the x directions and

information on the lateral forces are lost. In addition, as the interaction positions

are not well defined, the torques on the nanoparticles cannot be obtained.

Therefore, additional approximations are needed to calculate the interparticle

forces and torques. One plausible approximation is to assume that all of the interac-

tions occur at the positions of the minimum distances of approach between the two

nanoparticles. In the same way, the directionality of the forces can be assumed to

be described by the vector of the closest approach. With these assumptions, both

the magnitude and the direction of the interparticle forces can be approximated.

Using these forces and the assumed interaction positions, the interparticle torques

can also be obtained. While such approximations may be reasonable, future research

is necessary to validate these approximations by comparing the forces and torques

obtained from such analytical model with those computed from the atomistic sum-
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mation methods.

6.2.3 Investigation of the chiral nanorods at atomistic scales

A shortcoming of the results presented in Chapter 5 is in my theoretical treatment of

the grafted polymers and DNA interaction energies. While my computational model

utilizes simple theoretical models to compute their energies, the accuracy of such

model for my system may need to be validated through atomistic simulations. For

example, while I have obtained the energies stemming from the mechanical resistance

of DNA using the twist-stretch model derived from AFM experiments184, the inter-

action of DNA with the gold surface may need to be considered. Studies have shown

that conformation of DNA bridging gold surfaces may differ from the assumed elastic

rod conformation of the twist-stretch model due to their adsorption behavior as well

as other modes of deformation such as bending199;200;207. Such studies suggest that

the elastic constants used for my work in Chapter 5 may need to be modified for the

DNA that is bridging gold surfaces. Furthermore, I have not explored the possibility

that the grafted polymers may interact with the DNA. Therefore, atomistic molec-

ular dynamics simulations encompassing DNA, grafted polymers, and gold surfaces

may provide additional insights into the chiral behavior of the gold nanorod dimers.

148



Appendices

149



Appendix A

Derivation and application of analytical

vdW model

The derivations and application of the analytical model presented in this appendix

is adapted from my previous publication in Nanoscale Horiz., 2020, 5, 1628.

A.1 Detailed derivation of the vdW potential

A.1.1 Distance between interacting facets

The interacting facet of particle P2, denoted by F2, can be described as a plane

passing through three of its vertices v1 = [xv1, yv1, zv1], v2 = [xv2, yv2, zv2], and

v3 = [xv3, yv3, zv3], as shown in Fig. A.1a. The normal vector n of the plane can be

obtained by the cross product of the two vectors L1 = v2 − v1 and L2 = v3 − v1

formed by the three points:

n = L1 × L2 = [nx, ny, nz] (A.1)

nx = (yv2 − yv1)(zv3 − zv1)− (zv2 − zv1)(yv3 − yv1)

ny = (zv2 − zv1)(xv3 − xv1)− (xv2 − xv1)(zv3 − zv1)

nz = (xv2 − xv1)(yv3 − yv1)− (yv2 − yv1)(xv3 − xv1).
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Figure A.1: (a) Interacting facets of particles P1 (blue) and P2 (red). (b) x-y
projection of P1 and P2. The center of mass of P1 is at the origin.

The equation of plane for F2 is then given by

nx(x− xv1) + ny(y − yv1) + nz(z − zv1) = 0, (A.2)

where (x, y, z) represents the position of an arbitrary point on this plane. To obtain

the distance dx between the interacting facets of particles P1 and P2 in x axis, we

note that: (i) the center of mass of P1 is located at the origin and axis-aligned with

the Cartesian coordinate such that its interacting face points along the +x direction,

and (ii) dx is defined as the distance between the centers of the surface atoms of the

interacting facets (Fig. A.1b). Given that the interacting facet of P1 is offset by a

distance D/2 from the origin (half the particle dimension along the x-axis) and the

size of the atoms making of the particles is σ, dx = x− D
2

+ σ, which, combined with

Eq. 2, yields the final form of dx given by

dx = c1y + c2z + c3 (A.3)

where c1 = −ny/nx, c2 = −nz/nx, and c3 = xv1 −D/2 + σ − c1yv1 − c2zv1.
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A.1.2 Analytical solutions to the energy integral

The energy integral for a given region r and given power-law component of the rod

potential with coefficient Cν and scaling exponent nν is given by

Uν,r
vdW = γCν

∫ yr,2

yr,1

∫ zr,2(y)

zr,1(y)

( σ

dr,x(y, z)

)nν
dz dy. (A.4)

Substituting Eq. 3 specific for region r along with its z-integral limits zr,1 = br,1y+ar,1

and zr,2 = br,2y + ar,2 into Eq. 4, we obtain

Uν,r
vdW = γCνσ

nν

∫ yr,2

yr,1

∫ br,2y+ar,2

br,1y+ar,1

(cr,1y + cr,2z + cr,3)−nν dz dy. (A.5)

Case 1. We first consider the most general case where dx is a function of y and z,

i.e., cr,1 6= 0 and cr,2 6= 0. For this case, the solution to the inner integral with respect

to z is given by

Uν,r
vdW =

γCνσ
nν

cr,2(nν − 1)

∫ yr,2

yr,1

[ar,1cr,2 + cr,3 + (cr,1 + br,1cr,2)y]1−nν

− [ar,2cr,2 + cr,3 + (cr,1 + br,2cr,2)y]1−nν dy, (A.6)

The solution to this outer integral depends on the values of cr,1, cr,2, br,1, and br,2.

Case 1A. When cr,1 + br,1cr,2 6= 0 and cr,1 + br,2cr,2 6= 0, the solution is given by

Uν,r
vdW =

γCνσ
nν

cr,2(nν − 1)(nν − 2)

×
{[ar,1cr,2 + cr,3 + (cr,1 + br,1cr,2)yr,1

]2−nν − [ar,1cr,2 + cr,3 + (cr,1 + br,1cr,2)yr,2
]2−nν

(cr,1 + br,1cr,2)
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+

[
ar,2cr,2 + cr,3 + (cr,1 + br,2cr,2)yr,2

]2−nν − [ar,2cr,2 + cr,3 + (cr,1 + br,2cr,2)yr,1
]2−nν

(cr,1 + br,2cr,2)

}
.

(A.7)

Case 1B. However, when cr,1 + br,1cr,2 = 0,

Uν,r
vdW =

γCνσ
nν

cr,2(nν − 1)(nν − 2)

{
(yr,2 − yr,1)(ar,1cr,2 + cr,3)1−nν

+

[
ar,2cr,2 + cr,3 + (cr,1 + br,2cr,2)yr,2

]2−nν − [ar,2cr,2 + cr,3 + (cr,1 + br,2cr,2)yr,1
]2−nν

(cr,1 + br,2cr,2)

}
.

(A.8)

Case 1C. When cr,1 + br,2cr,2 = 0,

Uν,r
vdW =

γCνσ
nν

cr,2(nν − 1)(nν − 2)

{
(yr,1 − yr,2)(ar,2cr,2 + cr,3)1−nν

+

[
ar,1cr,2 + cr,3 + (cr,1 + br,1cr,2)yr,1

]2−nν − [ar,1cr,2 + cr,3 + (cr,1 + br,1cr,2)yr,2
]2−nν

(cr,1 + br,1cr,2)

}
.

(A.9)

Case 1D. Finally, when cr,1 + br,2cr,2 = cr,1 + br,1cr,2 = 0,

Uν,r
vdW =

γCνσ
nν

cr,2(nν − 1)(nν − 2)

×
{

(yr,2 − yr,1)(ar,1cr,2 + cr,3)1−nν + (yr,1 − yr,2)(ar,2cr,2 + cr,3)1−nν
}
. (A.10)

Case 2. The solution to the energy integral exhibits different forms when the distance

between the facets are not a function of both y and z. When cr,2 = 0 and dx = dx(y),
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the integral reduces to

Uν,r
vdW = γCνσ

nν

∫ yr,2

yr,1

∫ br,2y+ar,2

br,1y+ar,1

(cr,1y + cr,3)−nν dz dy

= γCνσ
nν

∫ yr,2

yr,1

(br,2y + ar,2 − br,1y − ar,1)(cr,1y + cr,3)−nν dy (A.11)

with a solution given by

Uν,r
vdW =

γCνσ
nν

c2
r,1(nν − 2)(nν − 1)

×
{

(cr,1yr,2 + cr,3)1−nν
[
(ar,1 − ar,2)cr,1(nν − 2) + (br,1 − br,2)(cr,3 + cr,1(nν − 1)yr,2

]
−(cr,1yr,1 + cr,3)1−nν

[
(ar,1 − ar,2)cr,1(nν − 2) + (br,1 − br,2)(cr,3 + cr,1(nν − 1)yr,1)

]}
.

(A.12)

Case 3. When cr,1 = 0 and dx = dx(z), the energy integral reduces to

Uν,r
vdW = γCνσ

nν

∫ yr,2

yr,1

∫ br,2y+ar,2

br,1y+ar,1

(cr,2z + cr,3)−nν dz dy

=
γCνσ

nν

cr,2(1− nν)

∫ yr,2

yr,1

[
(ar,2cr,2 + cr,3 + br,2cr,2y)1−nν − (ar,1cr,2 + cr,3 + br,1cr,2y)1−nν ] dy.

(A.13)

The solution depends on the values of br,1 and br,2.

Case 3A. When br,1 6= 0 and br,2 6= 0,

Uν,r
vdW =

γCνσ
nν

cr,2(1− nν)

{(ar,2cr,2 + cr,3 + br,2cr,2yr,2)2−nν − (ar,2cr,2 + cr,3 + br,2cr,2yr,1)2−nν

br,2cr,2(2− nν)

+
(ar,1cr,2 + cr,3 + br,1cr,2yr,1)2−nν − (ar,1cr,2 + cr,3 + br,1cr,2yr,2)2−nν

br,1cr,2(2− nν)

}
. (A.14)
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Case 3B. When br,2 = 0,

Uν,r
vdW =

γCνσ
nν

cr,2(1− nν)

{
(yr,2 − yr,1)(ar,2cr,2 + cr,3)1−nν

+
(ar,1cr,2 + cr,3 + br,1cr,2yr,1)2−nν − (ar,1cr,2 + cr,3 + br,1cr,2yr,2)2−nν

br,1cr,2(2− nν)

}
. (A.15)

Case 3C. When br,1 = 0,

Uν,r
vdW =

γCνσ
nν

cr,2(1− nν)

{
(yr,1 − yr,2)(ar,1cr,2 + cr,3)1−nν

+
(ar,2cr,2 + cr,3 + br,2cr,2yr,2)2−nν − (ar,2cr,2 + cr,3 + br,2cr,2yr,1)2−nν

br,2cr,2(2− nν)

}
. (A.16)

Case 3D. Lastly, when br,2 = br,1 = 0,

Uν,r
vdW =

γCνσ
nν

cr,2(1− nν)

[
(yr,2 − yr,1)(ar,2cr,2 + cr,3)1−nν + (yr,1 − yr,2)(ar,1cr,2 + cr,3)1−nν

]
.

(A.17)

Case 4. Finally, when the facets are parallel (cr,1 = cr,2 = 0), the solution to the

energy integral is given by

Uν,r
vdW = γCνσ

nν

∫ yr,2

yr,1

∫ br,2y+ar,2

br,1y+ar,1

c−nνr,3 dz dy

=
γCνσ

nν

2cnνr,3
(yr,2 − yr,1)[(yr,2 + yr,1)(br,2 − br,1) + 2(ar,2 − ar,1)] (A.18)
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A.2 Computational implementation of model

In implementing the model, we consider the nanocubes to be in P1’s frame of reference

so that P1 is at the origin with its faces aligned normal to the three axes and P2 is

interacting with P1’s face along the positive x-axis. We then proceed to determine the

positions of the 8 vertices of P2, from which we identify the vertex or set of vertices

exhibiting the smallest x values, i.e., closest to the interacting face of P1; we denote

these vertices as “adjoining vertices”. Depending on the identity and the number of

such vertices, we identify all interacting faces of P2. For example, if there are four

adjoining vertices, we know that the cubes are parallel and there is one interacting

face. Two adjoining vertices would imply that one edge of P2 is parallel to P1’s face

and that there are two interacting faces. The most general case is when there is a

single adjoining vertex and three faces of P2 are interacting. After identification of

P2’s interacting faces, we segment each such face into regions of constant y integral

limits and linear z(y) integral limits, as illustrated for a representative interacting

face. Ideally, the regions need to be further segmented so that the dx of all rods are

either greater or less than dcut in each subregion. However, we chose the set of rod

potential parameters Cν and nν based on ds of the particle and not the dx of each

rod for two reasons. First, when ds > dcut, dx of all of the rods are greater than dcut

and further segmentation of the regions are unnecessary. Second, when ds < dcut,

UvdW is dominated by the interaction energies of the rods that are closest to P1.

Therefore, our simplification for determining power-law parameters based on ds is

quite reasonable.

While most aspects of the analytical model can be straightforwardly implemented,

computationally segmenting the interacting faces into regions sharing common upper

and lower integral limit functions z(y) is not simple. To achieve this task, we recognize
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Figure A.2: Computational algorithm for region segmentation: (a) F1 y-z bound-
aries. (b) Determination of all possible y values (dashed lines) at which the integral
limit z(y) may change its form. (c) Evaluation of y candidates that are within the
intersection of P1 and P2 boundaries (solid symbols) to obtain the interaction regions
with equivalent integral limits.

that the function z(y) can change its form at y values corresponding to any one of the

following: y-boundaries of P1, vertex positions of P2, or intersection points of P2’s

edges with P1’s z-boundaries. Therefore, for each interacting facet of P2 identified,

such as the one depicted in Fig. A.2a for illustration, we save all y values that meet the

above criteria within an array ycandidate. For the intersection of P2’s edges with P1’s

z-boundaries, we treat P2’s edges as continuous lines and use their corresponding line

equations to determine where the lines cross P1’s z-boundaries. The array members

of ycandidate obtained for our illustrative example are marked in Fig. A.2b. We then

sort the array in ascending order and identify the valid boundaries by evaluating

whether each array member falls within the intersection area of the P1 and P2 y-

z boundaries, as shown in Fig. A.2c. In this manner, we are able to divide P2’s

interacting faces into a set of regions bounded by four straight lines, two in the y

direction with fixed y values and two in the z direction that vary linearly with y

coordinate.
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A.3 Application to specific materials.

In this study, we employed the Lennard Jones (LJ) potential to model van der Waals

(vdW) interaction energy between atoms in which σ represents the vdW diameter

of the atoms and ε represents the interatomic energy parameter. While we have not

specified the values of ε and σ to make our analytical model applicable to arbitrary

materials, careful choice of these LJ parameters is essential for application of the

model to experimental nanoparticles made of specific materials. Our MATLAB ap-

plication provides users two options for inputting the values of ε. The first option

involves the user directly inputting the desired parameters. This option is chosen by

the application if the input value of ε in the edit field is not equal to 0. In the second

option, the user provides the literature values of the relevant material properties,

namely the Hamaker constant (A), and the diameter (σ) and number density (ρ)

of the atoms making up the material. From these properties, ε is derived through

the following relationship, ε = A
4π2ρ2σ6

35. This option is chosen when the inputted

value of ε in the edit field is set to 0. The LJ parameter σ is typically obtained from

standard databases.

To demonstrate the application of our model to specific materials, we have com-

puted the vdW interaction energies between nanocubes made of gold, silver, copper,

and SiO2. The parameters used for these materials are given in Table A.1. For SiO2,

we employed a coarse-grained model in which each SiO2 entity is represented as a

single pseudo atom. We have also assumed that the molecules are in crystalline ar-

rangements, with σ chosen to equal its lattice constant208. The number density ρ of

all materials were calculated from the atomic mass (m) and the mass density (ρm)

as ρ = ρm/m. The results shown in Figure S7a-c demonstrate that the depths and

the locations of the energy wells vary significantly depending on the material prop-
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Table A.1: LJ parameters for selected materials

Material A (J) m (Da) ρm (g/cm3) σ (nm) ε (kcal/mol)
Gold 2.5× 10−19 186 197.0 19.3 0.288209 0.4587
Silver 1.5× 10−19 210 107.9 10.5 0.288209 0.2794

Copper 2.7× 10−19 211 63.55 8.96 0.256209 0.4851
SiO2 7.6× 10−20 212 60.08 2.65 0.54208 0.0158

All values of m and ρm are taken from literature213.

Figure A.3: Application of the analytical model to specific materials. (a-c) vdW
interaction energy Utot between two nanocubes of four different materials as specified.
The size of the nanocubes was kept at D = 50σ and the energies are plotted for three
different configurations: (a) face-face nanocubes (dy = dz = D, φ = θ = ψ = 0◦),
(b) parallel nanocubes with half of their faces overlapping (dy = D/2, dz = D,
φ = θ = ψ = 0◦), (c) coplanar, face-edge nanocubes (dy = D/2, dz = D, φ = 45◦,
θ = ψ = 0◦). (d) Comparison of the attractive portion of the vdW energy Uatt ob-
tained from the analytical model (solid lines) and the experimentally-derived energies
(dashed lines) for gold nanocubes of varying sizes (D).

erties of the nanocubes. Gold and copper nanocubes are interacting with significant

interaction strengths while the SiO2 nanocubes are weakly interacting.

To validate the accuracy of the model in its application to specific materials, we
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have compared the attractive portions of the vdW energies (Uatt) obtained from our

analytical model with those obtained from the atomic force microscopy (AFM). AFM

experiments have shown that the vdW interaction energies between gold surfaces in

water can be described by the expression186,

EA(ds) = − A

12πd2
s

(A.19)

where, EA and ds are the energy per unit area and the surface separation distances.

Experiments approximated the vdW interaction energies between gold surfaces with

A = 2.5 × 10−19 J. While Eq. A.19 was derived assuming that the two surfaces are

infinite and parallel, it can be used to roughly estimate the vdW interaction ener-

gies of two nanocubes in face-face configurations when the surfaces are close to each

other. The results depicted in Fig. A.3d demonstrate that the energies obtained

from the analytical model agree well with the experimentally-derived energies, espe-

cially when the nanocubes are close to each other. Such agreement further supports

the effectiveness of our model in accurately obtaining the vdW energy between the

nanocubes.
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