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Abstract

In this work, we study two important themes in the physics of the interacting one-

dimensional (1D) electron gas: the transition from one-dimensional to higher di-

mensional behavior, and the role of inhomogeneity. The interplay between inter-

actions, reduced dimensionality, and inhomogeneity drives a rich variety of phe-

nomena in mesoscopic physics. In 1D, interactions fundamentally alter the nature

of the electron gas, and the homogeneous 1D electron gas is described by Luttinger

Liquid theory. We useQuantumMonte Carlomethods to study two situations that

are beyond Luttinger Liquid theory— the quantum phase transition from a linear

1D electron system to a quasi-1D zigzag arrangement, and electron localization in

quantum point contacts.

Since the interacting electron gas has fundamentally different behavior in one

dimension than in higher dimensions, the transition from 1D to higher dimen-

sional behavior is of both practical and theoretical interest. We study the first stage

in such a transition; the quantum phase transition from a 1D linear arrangement

of electrons in a quantum wire to a quasi-1D zigzag configuration, and then to a

liquid-like phase at higher densities. As the density increases from its lowest val-

ues, first, the electrons form a linear Wigner crystal; then, the symmetry about the

axis of the wire is broken as the electrons order in a quasi-1D zigzag phase; and,

finally, the electrons form a disordered liquid-like phase. We show that the linear

to zigzag phase transition occurs even in narrow wires with strong quantum fluc-
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tuations, and that it has characteristics which are qualitatively different from the

classical transition.

Experiments in quantum point contacts (QPC’s) show an unexplained feature

in the conductance known as the “0.7 Effect”. The presence of the 0.7 effect is an

indication of the rich physics present in inhomogeneous systems, and we study

electron localization in quantum point contacts to evaluate several different pro-

posedmechanisms for the 0.7 effect. We show that electrons form aWigner crystal

in a 1D constriction; for sharp constriction potentials the localized electrons are

separated from the leads by a gap in the density, while for smoother potentials,

the Wigner crystal is smoothly connected to the leads. Isolated bound states can

also form in smooth constrictions if they are sufficiently long. We thus show that

localization can occur in QPC’s for a variety of potential shapes and at a variety of

electron densities. These results are consistent with the idea that the 0.7 effect and

bound states observed in quantum point contacts are two distinct phenomena.
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1

Introduction: The One-Dimensional Electron
Gas

In this work, we examine the interacting electron gas confined to one dimension

using quantum Monte Carlo methods. Interacting one-dimensional systems have

been a fruitful field of study in condensed matter and atomic physics (Giamarchi,

2003; Imambekov et al., 2012). In 1D, interactions fundamentally alter the nature

of the electron gas, as reviewed in this chapter. Fermi liquid theory, which de-

scribes systems in 2D and 3D in terms of quasiparticles, does not apply, and in-

stead Luttinger Liquid theory predicts bosonic excitations and spin-charge sepa-

ration (Giamarchi, 2003). Because of these fundamental differences, 1D systems

have attracted a great deal of theoretical and experimental attention. The homo-

geneous 1D electron gas is well understood, but we consider two situations that

are beyond Luttinger Liquid theory — quasi-1D systems, where there is a shift

from one-dimensional to higher-dimensional behavior, and inhomogeneous sys-

tems. As shown in this chapter (and indeed in this dissertation), the interplay be-

tween interactions, reduced dimensionality, and inhomogeneity drives a rich va-
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riety of phenomena in mesoscopic physics. This work is particularly motivated by

unexplained experiments in quantum point contacts (QPC’s) — systems in which

the electron gas is subject to both a reduction of dimensionality (from 2D to 1D)

and inhomogeneity.

Since the interacting electron gas has fundamentally different behavior in one

dimension than in higher dimensions, the transition from 1D to higher dimen-

sional behavior is of both practical and theoretical interest. We study the first stage

in such a transition: the quantum phase transition from a 1D linear arrangement

of electrons in a quantum wire to a quasi-1D zigzag configuration, and then to a

liquid-like phase at higher densities.

We also investigate the behavior of the inhomogeneous 1D electron gas. Exper-

iments in quantumpoint contacts show an unexplained feature in the conductance

known as the “0.7 Effect” (e.g., Thomas et al., 1996). The presence of the 0.7 effect

is an indication of the rich physics present in interacting inhomogeneous systems.

We study how the shape of the QPC confining potential and the electron density

influence localization in QPC’s, both to evaluate several different proposed mech-

anisms for the 0.7 effect and to understand other phenomena observed in QPC’s,

such as evidence of bound states close to pinch-off.

The organization of this dissertation is as follows: This chapter briefly reviews

the physics of interacting 1D systems, gives examples of experimental 1D systems,

and presents interesting phenomena in quantum point contacts. Chapter 2 gives

an overview of the numerical Quantum Monte Carlo methods which we use to

study the 1D electron gas, and Chapter 3 describes the model we use to study

quantum wires and some basic tests of the model. Chapter 4 explores the tran-

sition from 1D to higher-dimensional behavior in a study of the zigzag quantum

phase transition in quantumwires. Finally, Chapter 5 presents data on electron lo-

2



calization in an inhomogeneous system, a quantum point contact, and Chapter 6

summarizes our results and presents our conclusions.

1.1 The Interacting Electron Gas

The electron gas is one of the central paradigms of condensed matter physics. Ig-

noring the details of the ionic lattice, the interacting electron gas is described by

the following Hamiltonian,

Ĥ =
∑
i

P̂ 2
i

2m
+
∑
i 6=j

e2

|r̂i − r̂j|
+ V̂e−b, (1.1)

where Ve−b is the interaction between the electrons and the background positive

charges. In three dimensions and two dimensions, the interacting system is quali-

tatively similar to the noninteracting system, as described by Fermi liquid theory.

The low-energy excitations of the system are “quasiparticles” that correspond to

the single-particle excitations of the noninteracting system (Giuliani and Vignale,

2005). In one dimension, however, interactions fundamentally alter the nature of

the system, and Fermi liquid theory does not apply (Giamarchi, 2003). We shall

discuss this in more detail, but first we introduce a parameter that characterizes

the strength of interactions in the electron gas, the Wigner-Seitz radius.

A note on units This dissertation uses effective atomic units, where the effective

massm∗, the electric charge e, the dielectric constant ε, and ~ are all set to 1. Much

of this work is motivated by experiments in GaAs heterostructures; to make a con-

nection to these physical systems, note that in GaAs, the unit of length — the ef-

fective Bohr radius a∗0 = ~2ε/m∗e2 — is 9.8 nm, and the energy scale— the effective

Hartree, Ha∗ = e2/εa∗0 — is 11.9 meV.
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1.1.1 The Wigner-Seitz Radius

The natural length scale of the electron gas is “rs”, the Wigner-Seitz radius, which

is defined to be the radius of a sphere containing an average of one electron, that

is

rs =


3

√
3

4πn3D
in 3D√

1
πn2D

in 2D
1

2n
in 1D,

(1.2)

where n is the linear density and n2D, n3D are the 2D and 3D densities, respectively

(Giuliani and Vignale, 2005).

Since the Fermi momentum scales as kF ∼ 1/rs, the kinetic energy term in the

Hamiltonian (1.1) scales as k2
F ∼ 1/r2

s . The potential energy scales as ∼ 1/rs, and

so the ratio of potential energy to kinetic energy scales as rs. Thus rs is a very

useful parameter in describing the electron gas. At low rs (high densities), kinetic

energy dominates, while at high rs (lowdensities), the potential energy dominates.

When the Coulomb interactions are very strong, electrons can localize and form a

Wigner crystal (Wigner, 1934). The formation of theWigner crystal phase has been

most accurately studied with quantum Monte Carlo simulations, which predict

crystallization at rs & 100 in the 3D electron gas (Ceperley and Alder, 1980) and

at rs & 37 in the 2D electron gas (Tanatar and Ceperley, 1989). The formation of a

Wigner crystal in 2D at a lower value of rs points to how reduced dimensionality

enhances interactions; as we shall see, reducing the dimensionality to 1D causes

interactions to change the very nature of the electron gas.
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Figure 1.1: Energy spectrum of particle-hole excitations (a) in two and three di-
mensions, and (b) in one dimension. In 1D, excitations with small q have a definite
energy given by the linear dispersion relation E = ~vF q.

1.2 Electrons in One Dimension: Luttinger Liquid Theory

In one dimension, the elementary excitations of the interacting system are collec-

tive density oscillations rather than quasiparticles. Low energy particle-hole ex-

citations have a well defined momentum and energy described by the dispersion

relation ω = vF q, in contrast to the 2D and 3D case. (Giamarchi, 2003). We illus-

trate the difference between the 1D case and the higher-dimensional case in Fig. 1.1.

These excitations are bosonic.

The Hamiltonian of a 1D system of interacting fermions can be solved using

the Tomonaga-Luttingermodel, where one linearizes the single-particle dispersion

near the Fermi points, Ek ≈ ~(|k| − kF )vF . We follow the treatment of this model

given in Bruus and Flensberg (2004) and in Giamarchi (2003). First, we consider

the Hamiltonian of a spinless one-dimensional system with some interaction V :

H =
∑
k

Ekc
†
kck +

1

2L

∑
kk′,q 6=0

V (q)c†kc
†
k′ck′−qck+q. (1.3)
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The linearized dispersion has two branches, one with k > 0 and one with k < 0.

We classify the electrons with k > 0 as “right movers” and those with k < 0 as

“left movers”. We write the ck in terms of annihilation operators for right movers

and left movers: ck = ck,RΘ(k) + ck,LΘ(−k), and do likewise for c†k.

Now,we canwrite theHamiltonian in terms of the separate left and rightmover

operators. For example, the non-interacting part of the Hamiltonian becomes

H0 = ~vF
∑
k

(
c†k,Rkck,R − c†k,Lkck,L

)
− (NR +NL) ~kFvF , (1.4)

where NR/L are the number operators for right and left movers. We note that

in the Luttinger model, the spectrum has an infinite number of negative energy

states; one can introduce a momentum cutoff so that the (NR + NL) term is well-

defined (Giamarchi, 2003). The interacting part of the Hamiltonian splits into sev-

eral terms; only terms that conserve the number of right and left moving electrons

correspond to the low energy excitations of the system (Giamarchi, 2003; Bruus

and Flensberg, 2004). These interaction terms can be grouped into inter-branch

(q ∼ 2kF ) and intra-branch (q ∼ 0) scattering terms.

The Hamiltonian is solved using a technique called bosonization (Haldane,

1981). One can formally show that the elementary excitations of the 1D system

are bosonic (for a pedagogical review, see von Delft and Schoeller, 1998) and can

then write Eqn. (1.3) in terms of the following bosonic density operators,

ρR(q) =
∑
k>0

c†kck+q and ρL(q) =
∑
k<0

c†kck+q. (1.5)
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It can be shown that Eqn. (1.3) takes the bosonized form

H =
2π~vF
L

∑
q>0

(ρR(−q)ρR(q) + ρL(−q)ρL(q)) + C(NL, NR)

+
1

2L

∑
q 6=0

V1 (ρR(q) + ρL(q)) (ρR(−q) + ρL(−q)) , (1.6)

where C is a constant that depends on the number of left and right movers, and

V1 = V (0)− V (2kF ) (Bruus and Flensberg, 2004).

Moving to the spinful system, theHamiltonian takes the same formas Eqn. (1.6)

with the addition of sums over spin indices. This Hamiltonian can be written as

a sum of separate charge and spin parts. We define charge and spin density op-

erators, ρR/L = ρR/L,↑ + ρR/L,↓ and σR/L = ρR/L,↑ − ρR/L,↓. The interacting and

noninteracting parts of the Hamiltonian are, respectively,

H0 =
π~vF
2L

∑
q 6=0

(ρR(−q)ρR(q) + ρL(q)ρL(−q) + σR(−q)σR(q) + σL(q)σL(−q))

Hint =
V

L

∑
q 6=0

(ρR(q) + ρL(q)) (ρR(−q) + ρL(−q)) . (1.7)

We can rewrite the Luttinger Liquid Hamiltonian in terms of fields Π(x) and

φ(x), where∇φ(x) is related to the density at x and Π(x) is related to the current:

H = Hρ +Hσ. (1.8)

Hρ =
1

2π

∫
dx

[
uρKρ(πΠρ(x))2 +

uρ
Kρ

(∇φρ(x))2

]

Hσ =
1

2π

∫
dx

[
uσKσ(πΠσ(x))2 +

uσ
Kσ

(∇φσ(x))2

]

+ S

∫
dx cos(2

√
2φρ),

(1.9)
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where uρ and uσ are the velocities of charge and spin excitations, S is related to

inter-branch scattering, and Kσ = 1 for systems with spin-rotational symmetry.

The parameter Kρ characterizes the strength of the interactions; Kρ = 1 corre-

sponds to a noninteracting system, Kρ < 1 corresponds to a repulsive interaction,

and Kρ > 1 corresponds to attractive interactions (Giamarchi, 2003). This shows

one of the central features of Luttinger Liquid theory: spin-charge separation.

We note that though Luttinger Liquid theory describes the universal physics of

the low energy excitations of the 1D electron gas, the microscopic parameters of a

particular system are not determined by the theory; numerical methods provide a

way to predict the microscopic behavior of physical 1DEG systems.

1.2.1 The Wigner Crystal in Quantum Wires

One consequence of Luttinger Liquid theory is that correlation functions decay as

power laws; thus there is no true long range order in the 1D electron gas. The pair

correlation of the spinless Luttinger Liquid has the following form:

〈ρ̂(r)ρ̂(0)〉 = C0 + C1cos(2kF r)

(
1

r

)2Kρ

, (1.10)

where C0 and C1 are constants determined by the microscopic parameters of the

system. Note that since 2kF = 2πN/L in spinless systems, this represents a decay-

ing oscillating pair density with one electron per oscillation. In the case with spin,

the pair correlation function is:

〈ρ̂(r)ρ̂(0)〉 = C0 + C1cos(2kF r)

(
1

r

)Kρ+Kσ

+ cos(4kF r)

(
1

r

)4Kρ

, (1.11)

where C0 and C1 are determined by the microscopic parameters. In the spinful

case, 4kF = 2πN/L, and for sufficiently strong interactions (i.e., small Kρ), the
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cos(4kF ) term, with one electron per oscillation, dominates. Though the oscilla-

tions decay as a power law, this describes a quasi-ordered state which we identify

with the Wigner crystal. (Giamarchi, 2003).

In the case of long-range interactions, the pair correlations decay even more

slowly. Schulz (1993) showed that for a 1/r Coulomb potential, the pair correlation

is

〈ρ̂(r)ρ̂(0)〉 = C1cos(2kF r)

(
exp(−c2

√
log(r))

r

)
+ C2cos(4kF r)exp(−4c2

√
log(r)),

(1.12)

where c2 is related to the strength of the interaction. In this case, the 4kF term

decays more slowly than a power-law, and so a quasi-ordered Wigner crystal can

form. (Schulz, 1993; Giamarchi, 2003).

The homogeneous 1D electron gas is well described by Luttinger Liquid theory,

as demonstrated by previous Quantum Monte Carlo studies (Casula et al., 2006).

Recent work has gone beyond the Luttinger Liquid model, taking into account the

nonlinearity of the dispersion (Imambekov et al., 2012), and studying the “spin-

incoherent” regime (Fiete, 2007), where the temperature is higher than the spin-

excitation energy but lower than the charge-excitation energy. The role of inhomo-

geneities in the 1DEG and the transition from 1D behavior to higher-dimensional

behavior are less well understood. These problems are intriguing theoretically,

and as we shall see in the next section, an understanding of such effects is crucial

in describing several experimental systems.
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1.3 Experimental Realizations of the 1D Electron Gas

In this section, we present several experimental examples of the 1D electron gas.

Though some of them are well described by the Luttinger Liquid theory, we are

particularly interested in experimental results in quantum point contacts which

go beyond Luttinger Liquid physics due to the transition from 1D to 2D and the

inherent inhomogeneity of the system.

There are many physical examples of 1D electron systems — electrons float-

ing on liquid helium confined to narrow channels (for some recent experiments,

see Rees et al., 2012), organic Bechgaard salts, quantum Hall edge states, and car-

bon nanotubes (Giuliani and Vignale, 2005). Luttinger Liquid physics has been

observed in the latter two systems (for reviews, see Chang, 2003; Deshpande et al.,

2010).

Atomic systems provide a relatively new opportunity for studying quantum

1D systems. Linear ion traps are highly tunable, and have been used to study fun-

damental 1D physics (Bloch, 2005). These systems can also be used for quantum

simulation (Blatt andRoos, 2012) and are a candidate platform for general-purpose

quantum computing (Home et al., 2009).

Some of the most interesting experiments on 1D physics have been in semi-

conductor quantum wires. These structures are based on the 2D electron gas that

forms in GaAs/AlGaAs heterostructures at the interface of the GaAs and AlGaAs

layers. Starting from this 2DEG, electrons can be confined to form 1DEG quan-

tum wires in two different ways: cleaved edge overgrowth, and in quantum point

contacts formed from split-gates.

The cleaved edge overgrowth process is one way to make a quantumwire. The

GaAs/AlGaAs structure is cleaved in a direction parallel to the 2DEG plane, and a
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Figure 1.2: The cleaved edge overgrowth process. In Step 1, a heterostructure is
grown, creating a 2DEG of thickness w. In Step 2, the sample is cleaved in a direc-
tion perpendicular to the 2DEG. In Step 3, another layer is deposited, confining the
2DEG at the edge of the plane. An electrostatic potential can be applied to confine
the electron gas to a 1D quantum wire. (Reprinted from Pfeiffer et al. (1997).)

second layer is grown on the cleaved edge to confine the electron gas in 3 directions

at the “T”-junction that forms. This process is illustrated in Fig. 1.2. An electric

potential can then be applied to confine the electron gas to a 1D wire at the edge

of the sample (Pfeiffer et al., 1997).

Experiments byAuslaender et al. (2005) demonstrated both spin-charge separa-

tion and Wigner crystallization in these quantum wires. They studied the tunnel-

ing between two parallel wires to measure the excitation spectrum of the wires. A

schematic of this setup is shown in Auslaender et al. (2002). They found that at low

energies, the dispersion shows flat bands consistent with electron localization, as

shown in Fig. 1.3. As the wire is depleted, the shape of the subband changes from

a continuous line to a series of disconnected, flat streaks, indicating that electrons

of a given energy occupy a wide range of momentum space and are thus localized

in real space. These structures are thus identified with the formation of a Wigner

crystal in the quantum wire. Auslaender et al. (2005) also noted spin and charge

modes with different velocities, thus observing spin-charge separation. These ex-

periments are a striking demonstration of the interesting phenomena that occur in
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(a) (b)

Figure 1.3: (a) The dispersion of quantum wires can be probed by measur-
ing the tunneling current between two parallel wires in the displayed geometry.
(Reprinted from Auslaender et al. (2002).) (b) The dispersion shows localization
features (in the white box labeled “LFs” near the bottom of the figure); at low
energy, the band forms flat, separate lines, indicating localization. (Reprinted
from Auslaender et al. (2005).)

interacting 1D systems.

1.4 Quantum Point Contacts

Wenow study another type of semiconductor quantumwire— the quantumpoint

contact (QPC). A QPC is formed by applying a negative voltage to two split gates,

separating the 2DEG by a narrow 1D channel. This is illustrated in Fig. 1.4.

In the ballistic regime— that is, when the QPC is shorter than an electronmean

free path — the conductance through a QPC is

G =
2e2

h

∑
m,n

|tmn|2, (1.13)

wherem and n label the transverse subbands of the 1DQPC andwhere |tmn|2 is the

transmission probability for an electron to enter the QPC in subbandm and exit in

subband n. For a saddle-shaped potential, the transmission is mostly made up of

the Nchannels diagonal matrix elements that are below the Fermi energy (Büttiker,
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(a) Side View (b) Top View

Figure 1.4: Schematic of a QPC (a) A 2DEG forms at the AlGaAs/GaAs interface
and a negative potential applied to metal gates on the top layer confines the elec-
trons to 1D. (Adapted from Davies (1998, p. 103).) (b) The split gates create a
narrow 1D constriction region separating the 2DEG reservoirs - a quantum point
contact. (Reprinted from Fitzgerald (2002).)

1990), and so, the conductance through aQPC should be quantized in units ofG0 =

2e2/h. This quantized conductance is observed in experiments; as a negative bias is

applied to the split gates, the conductance through the QPC drops in integer steps

of the conductance quantum G0 = 2e2/h as the transverse subbands get pinched

off (van Wees et al., 1988).

1.4.1 The 0.7 Effect

In addition to the conductance plateaus at integer multiples of G0, experiments

showan additional unexplained “knee” in the conductance structure at 0.7G0 (e.g.,

Thomas et al., 1996). This structure is shown in Fig. 1.5. This “0.7 Effect” has been

the subject of extensive study, and there is still no good theoretical explanation for

it, though experiments do provide several hints to its origin. (For a recent review,

see Micolich (2011).)

The first studies of the 0.7 Effect (Thomas et al., 1996) noted that in increasingly

strong magnetic fields, the structure at 0.7 G0 evolves into the plateau that is ex-

pected at 0.5 G0 due to the lifting of the spin degeneracy. Moreover, there is no
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Figure 1.5: The 0.7 Effect in quantum wires. (left) As a QPC is pinched off, its
conductance drops in steps of the conductance quantum G0 = 2e2/h. Below the
last plateau, an extra structure is visible at 0.7 G0. (right) The 0.7 Effect evolves
into half-integer e2/h plateau (expected due to Zeeman splitting) at high magnetic
field. (Reprinted from Thomas et al. (1996).)

“0.7/2” structure at high magnetic field. This points to the important role which

spin plays. The 0.7 structure also persists as the temperature is increased even as

the integer conductance plateaus smear out; this suggests that 0.7 is not mostly a

ground state phenomenon.

Further studies (Reilly et al., 2002; Graham et al., 2003; Reilly, 2005) argued that

the 0.7 Effect is due to spontaneous spin polarization in the QPC. This interpre-

tation would challenge our understanding of 1D physics; the theorem proven by

Lieb and Mattis (1962) states that the ground state of a 1D system must have total

spin S = 0.1 However, a spin polarized current was directly measured in both

hole QPC’s (Rokhinson et al., 2006) and electron QPC’s (Chen et al., 2012). Crook

et al. (2006) observed evidence for spin-polarization in a QPC that was defined

by electrostatic potential due to charge “drawn” on GaAs above the 2DEG by a

scanning probe tip. This is illustrated in Fig. 1.6. As this QPC was pinched off,

1 We outline the proof of the Lieb Mattis theorem in Appendix A.
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Figure 1.6: “0.5 effect” observed in quantum wires at zero magnetic field. (a) A
biased scanning probe tip (red) is used to “draw” a charged region (blue), resulting
in the confining potential illustrated at the bottom. (b) Conductance as a function
to tip bias; there is a structure at 0.5×2e2/h at zero magnetic field, suggesting spin
polarization. (Reprinted from Crook et al. (2006).)

a structure was observed at 0.5 G0 at zero magnetic field; while this structure is

distinct from the 0.7 structure, it is interpreted as a signature of spontaneous spin-

polarization in a QPC. Some numerical work also suggests that spin-polarization

occurs in QPC’s (Wang and Berggren, 1996; Jaksch et al., 2006), though those re-

sults may be an artifact of the spin-density functional theory methods used. It is

possible that since a QPC is not strictly one-dimensional, the Lieb Mattis theorem

does not apply. Recent experiments have presented evidence of a quasi-1D state

in a QPC, though not in the context of the 0.7 Effect (Hew et al., 2009; Smith et al.,

2009).

An alternate explanation is that the 0.7 Effect is due to Kondo physics. Experi-

ments by Cronenwett et al. (2002) pointed out features such as a zero-bias anomaly

that are characteristic of the Kondo effect, and they mapped their measurements

onto the Kondo model. Some numerical work also supports this interpretation

(Meir et al., 2002; Rejec et al., 2006). However, Kondo physics does not explain the
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spin-polarization observed in hole QPC’s. Experiments by Sfigakis et al. (2008) ob-

served both a Kondo effect and the 0.7 Effect in a QPC, and suggest that the Kondo

physics observed in QPC’s and the 0.7 Effect are two distinct phenomena.

There is also an explanation for the 0.7 Effect that is based on the idea that a

Wigner crystal forms in the QPC (Matveev, 2004a,b). The idea here is that the

exchange J is exponentially suppressed in the Wigner crystal due to the strong

Coulomb interaction between electrons, and that when the temperature T > J ,

spin excitations cannot propagate through the QPC, reducing the conductance.

In addition to direct studies of the 0.7 Effect, there have been several other ex-

periments probing other phenomena in QPC’s that are driven by inhomogeneity

and the quasi-1D nature of QPC systems. For example, the formation of bound

states in QPC’s close to pinch-off was probed through measurement of a Fano res-

onance (Yoon et al., 2007, 2012). Evidence for bound states in an asymmetrical QPC

has also been observed (Wu et al., 2012; Zhang et al., 2012). We will investigate the

formation of bound states in QPC’s in Chapter 5. Conductancemeasurements that

suggest coupled transport of two rows of electrons have been presented as possible

evidence for a quasi-1D state in a QPC (Hew et al., 2009; Smith et al., 2009), and we

will study the physics of wires that transition from 1D to quasi-1D in Chapter 4.

We can see that inhomogeneity and the connection between 1D and higher di-

mensional behavior play a major role in the 0.7 effect. In this dissertation, we will

gain a better understanding of both the transition from one-dimensional to higher-

dimensional behavior and the effect of an inhomogeneity on the 1D electron gas.
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2

Quantum Monte Carlo

The exponential increase in computer speed over the past several decades and the

accompanying decrease in the price of computing power have led to the wide use

of numerical techniques to study scientific problems. Indeed, computation has

grown as an important “third way” to do science, complementary to both experi-

ment and pen-and-paper theory. Numerical methods give us a way to study prob-

lems that are too complicated to be solved by analytical methods and allow us to

connect fundamental physics theories to the microscopic parameters of real phys-

ical systems. Monte Carlo methods — algorithms that use random sampling to

efficiently study high-dimensional problems— are one set of techniques that have

been used profitably to study problems in many fields, including physics, chem-

istry, biology, and finance.1

Many-body interacting systems pose a challenging problem in physics; despite

the success of the Fermi Liquid and Luttinger Liquid theories, the phase diagram

of the interacting electron gas has not been computed with analytic or mean-field

1 In the case of finance, literally.
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methods. Quantum Monte Carlo methods — a powerful set of numerical tech-

niques which use Monte Carlo to solve the many-body Schrödinger Equation —

have provided themost complete picture we have of the phase diagram of the elec-

tron gas (Giuliani and Vignale, 2005). This chapter describes two types of QMC

methods to study the ground state properties of the quasi-1D electron gas: Vari-

ational Monte Carlo (VMC) and Diffusion Monte Carlo (DMC). We follow the re-

view by Foulkes et al. (2001); a detailed overview of QMC methods can also be

found in the book by Nightingale and Umrigar (1999).

2.1 Other Methods for Interacting Electrons

We begin with a brief description of two methods used to study the electron gas

which are often a starting point for QMC calculations, Hartree-Fock theory and

Density Functional Theory.

2.1.1 Hartree-Fock

In Hartree-Fock theory, one accounts for the fermionic antisymmetry of the elec-

tron gas by considering an N -particle variational trial wavefunction built from a

Slater determinant of orthonormal single-particle orbitals ψi,

D(Rσ) =

∣∣∣∣∣∣∣∣∣
ψ1(r1σ1) ψ1(r2σ2) · · · ψ1(rNσN)

ψ2(r1σ1) ψ2(r2σ2) · · · ψ2(rNσN)
... ... . . . ...

ψN(r1σ1) ψN(r2σ2) · · · ψN(rNσN)

∣∣∣∣∣∣∣∣∣ , (2.1)

where riσi are the spatial and spin coordinates of a single particle and Rσ =

(r1σ1, . . . , rNσN). If spatial single-particle orbitals ψi(r) are doubly occupied as

far as possible, that is, each spatial orbital is used for both spin-up electrons and

spin-down electrons (with the possibility that an unpaired electron may singly oc-
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cupy an orbital if Stot
z 6= 0), this is called the “restricted” Hartree-Fock method. If

the spatial orbitals used for different spin-species can be different, then it is called

the “unrestricted” Hartree-Fock method.

Taking the energy expectation value of this wavefunction, 〈D(Rσ)|Ĥ|D(Rσ)〉,

where the Hamiltonian Ĥ is given in Eqn. (1.1), and minimizing with respect to

the ψi(r), we get the Hartree-Fock equations (Ashcroft and Mermin, 1976),

εiψi(r) =

(
− ~2

2m
∇2 + Ve−b(r)

)
ψi(r) +

∑
j

∫
dr′

e2

|r− r′| |ψj(r)|
2ψi(r)

−
∑
j

δσi,σj

∫
dr′

e2

|r− r′|ψ
∗
j (r
′)ψi(r

′)ψj(r), (2.2)

which are solved self-consistently to approximate the ground state of a system.

The second to last term in Eqn. (2.2) is called the “Hartree” term, and the last term

is called the “exchange term”. The exchange term has the effect of pushing apart

like-spin electrons; the decrease in the pair density as two fermions approach each

other is known as the exchange hole. Hartree-Fock theory accounts for exchange

but completely ignores correlations in the electron gas. Thus, Hartree-Fock is ill

suited for the study of properties of systems where correlations are important —

and correlations are crucial in understanding the systems we consider in this the-

sis.

2.1.2 Density Functional Theory

In two seminal papers, Hohenberg and Kohn (1964) proved that there is a way to

write the energy of a system as a functional of the density E[n(r)] in such a way

that the density in the ground state minimizes the functional and gives the ground

state energy, and Kohn and Sham (1965) gave a method to relate the density of an
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interacting system to the density of a related system of non-interacting particles. In

Density Functional Theory, one self-consistently solves the Kohn-Sham equations

to find the ground state energy of a system. Though in principle exact, in practice,

DFT is limited by the fact that an exact form of the energy functional is unknown

and thus must be approximated.

The most challenging part of constructing an energy functional is accounting

for exchange and correlations. The Local Density Approximation (LDA) and the

related Local Spin-Density Approximation (LSDA) are widely used to approxi-

mate the exchange-correlation functional (Giuliani andVignale, 2005). In the LDA,

one approximates the exchange-correlation at a given point to be the exchange-

correlation in the homogeneous electron gas at a density (spin density, in the case

of LSDA) equal to the density at that point. In practice, the exchange-correlation

potential is constructed from QMC calculations of the ground state of the ho-

mogeneous electron gas; parameterizations have been made in three-dimensional

(for example, Ceperley and Alder, 1980), two-dimensional (Attaccalite et al., 2002;

Drummond and Needs, 2009b), and one-dimensional (Casula et al., 2006; Shulen-

burger et al., 2009) systems.

Despite its limitations, DFT is widely used in physics, chemistry, and materials

science2 because it scales relatively well to large systems, and there are several

software packages that implement DFT. Due to the approximate way in which it

deals with exchange and correlation, however, it it not well suited to an ab-initio

study of strongly correlated systems, and so we will use a more accurate method

— Quantum Monte Carlo.
2 The paper by Kohn and Sham (1965) alone has been cited over 20,000 times!
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2.2 Introduction to Monte Carlo

Monte Carlo methods use random walks to efficiently sample a high-dimensional

space. We wish to sample all states X of some configuration space according to

a distribution P (X). To do this, all Monte Carlo algorithms must satisfy two con-

ditions. They must be ergodic — that is, starting from any point in configuration

space, theymust be able to move to any other point— to ensure that the algorithm

samples the entire space. They must also satisfy detailed balance to ensure that

the algorithmwill generate a set of points with the equilibrium distribution P (X):

given two points, A and B in the configuration space,

P (A)P (A→ B) = P (B)P (B → A), (2.3)

where P (A → B) is the probability that our algorithm will move from A to B.

(To be precise, Monte Carlo algorithms do not need to satisfy detailed balance; they

must satisfy the more general condition of balance, where one takes a sum over all

states A in Eqn. (2.3). In practice, most algorithms impose the stronger condition

of detailed balance to make sure that full balance is satisfied.)

2.2.1 The Metropolis Algorithm

One of the most straightforward and widely used Monte Carlo algorithms is the

Metropolis accept-reject algorithm (Metropolis et al., 1953). The Metropolis algo-

rithm starts at some random pointA0, and then repeats the following steps to pro-

duce a set of points Ai that have the distribution P (A):

1. Start at point Ai.

2. Propose a move to some nearby point B, randomly chosen using a distri-

bution T (Ai → B). A simple way to do this is to choose a point within a
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certain distance ∆ of Ai from a uniform distribution; that is, T (Ai → B) ∝

Θ(∆ − ‖Ai − B‖). In practice, rather than using a uniform T (Ai → B), we

use the method described by Umrigar (1993), which greatly increases the ef-

ficiency of the algorithm.

3. Accept the proposed move to B with probability

Paccept(Ai → B) = min

(
1,
P (B)T (B → Ai)

P (Ai)T (Ai → B)

)
; (2.4)

if we accept the proposed move, Ai+1 = B. Otherwise, we reject the move,

and Ai+1 = Ai.

4. Repeat the above steps with Ai+1

In practice, we throw out the first several Ai as the system equilibrates, and we

only save and average Ai once out of every several (say M ), iterations so that Ai

and Ai+M are not correlated.

TheMetropolis algorithm is ergodic (at least if our space is simply connected; in

VMC andDMCwe sampleRn), andwe can easily show that it satisfies the detailed

balance condition given in Eqn. (2.3):

P (A→ B) = T (A→ B)Paccept(A→ B)

= T (A→ B)min

(
1,
P (B)T (B → A)

P (A)T (A→ B)

)
,
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and so,

P (A→ B)

P (B → A)
=
T (A→ B)

T (B → A)

min
(

1, P (B)T (B→A)
P (A)T (A→B)

)
min

(
1, P (A)T (A→B)

P (B)T (B→A)

)
=
T (A→ B)

T (B → A)

P (B)T (B → A)

P (A)T (A→ B)

P (A→ B)

P (B → A)
=
P (B)

P (A)
,

which is equivalent to Eqn. (2.3).

Though Metropolis can become inefficient if the proposed moves are small or

if they get rejected too frequently, it is a versatile algorithm. Note that since the

acceptance probability only depends on the ratio of P (Ai) and P (B), we do not

need to know the normalization of P (A). We shall use the Metropolis algorithm

in our ground state Quantum Monte Carlo methods.

2.3 Variational Monte Carlo

In Variational Monte Carlo (VMC), we use the variational method to approximate

the ground state of a system. We choose some trial wavefunction |Ψt〉, and mini-

mize the variational energy EV (i.e., the energy expectation value for |Ψt〉) to get

an upper bound on the ground state energy E0:

E0 ≤ EV =
〈Ψt|Ĥ|Ψt〉
〈Ψt|Ψt〉

=

∫
Ψ∗t (R)ĤΨt(R) dR∫
Ψ∗t (R)Ψt(R) dR

. (2.5)

Here, R = (r1, . . . , rN) labels the coordinates of the N -electron system.

We use the Metropolis algorithm to evaluate EV ; we rewrite the integral on the
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right hand side of Eqn. 2.5 in the following form:

EV =

∫
Π(R)EL(R) dR, (2.6)

where the probability distribution Π(R) is defined by

Π(R) =
|Ψt(R)|2∫

Ψ∗t (R)Ψt(R) dR
, (2.7)

and EL(R), the local energy, is defined by

EL(R) =
ĤΨt(R)

Ψt(R)
. (2.8)

We use the Metropolis accept/reject process, described above in Sec. 2.2.1, to

generate a set ofM electron configurations (usually called “walkers” in the QMC

community) distributed by Π(R). We evaluate the local energy EL at each config-

uration, and the variational energy EV is then the average of EL over all configu-

rations:

EV ≈
1

M

∑
R

EL(R). (2.9)

In addition to EV , we can calculate the expectation value 〈Ψt|Ô|Ψt〉 of any observ-

able Ô by measuring it at each configurationR and averaging:

〈Ô〉VMC ≈
1

M

∑
R

ÔΨt(R)

Ψt(R)
, (2.10)

since the walkersR are sampled from the distribution Π(R).

We find the VMC estimate of the ground state Ψ0 byminimizing the variational

energy EV of the trial wavefunction ψt(R). One can also find the ground state

24



Figure 2.1: Flowchart illustrating the VMC algorithm. (Reprinted from Foulkes
et al. (2001).)

by minimizing the variance σ2
E of the local energy (Umrigar et al., 1988), since in

the ground state (and in any eigenstate of the Hamiltonian), the local energy is

constant:

EL =
ĤΨ0(R)

Ψ0(R)
=
E0Ψ0(R)

Ψ0(R)
= E0,

and thus the variance σ2
E = 0. Until recently, most VMC calculations used vari-

ance minimization due to its numerical stability for large system sizes (Foulkes

et al., 2001; Umrigar and Filippi, 2005). Over the past decade, however, Umrigar

et al. have developed efficient energy minimization techniques (Umrigar and Fil-
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ippi, 2005; Umrigar et al., 2007; Toulouse and Umrigar, 2007, 2008) which we use

to optimize the trial wavefunction. Sometimes, we minimize a linear combination

of energy and variance, and in all cases we monitor the value of σ2
E to determine

the quality of our optimization.

For a given Hamiltonian, we pick a few different starting trial wavefunctions

and optimize each one using energy minimization. (The form of our trial wave-

function is described below.) We assess the relative quality of different optimized

trial wavefunctions by comparing their energies. The wavefunction that best ap-

proximates the ground state is the one with the lowest energy. (We measure ener-

gies with errors of less than 0.001 Ha∗.) As mentioned above, we also monitor the

variance of the local energy, σ2
E ; typically, for a given Hamiltonian, the trial wave-

functions with the lowest energies will have values of σ2
E that differ by less than

5%. A trial wavefunction that has a σ2
E much larger than that of others is a poor

estimate of the ground state. The variance σ2
E also allows us to compare the op-

timized wavefunctions for two systems with Hamiltonians that differ slightly; for

example, if the optimized trial wavefunction for an N -electron system at a given

density has a σ2
E similar to that of the optimized trial wavefunction for a slightly

higher-density N -electron system, we say that the two trial wavefunctions are of

similar quality.

2.3.1 Trial Wave Function

VMC is a conceptually simple way to estimate the ground state of a system, but the

accuracy of the calculation depends critically on the choice of a good trial wave-

function. We consider a Slater-Jastrow wavefunction

Ψt(R) = J(R)D(Rσ), (2.11)
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where D(Rσ) is a Slater determinant of single particle orbitals to account for the

fermion antisymmetry (see Eqn. 2.1), and J(R) is a “Jastrow factor” which incor-

porates the correlations in the interacting system. (In general, one can consider

linear combinations of Slater determinants; for instance, to ensure that the trial

wavefunction has a certain symmetry or to include static correlation, which is par-

ticularly important if the highest occupied orbitals are nearly degenerate with the

lowest unoccupied orbitals (Foulkes et al., 2001).)

We write the Slater determinant D(Rσ) as a product of separate determinants

of spin-up and spin-down orbitals D↑(r1, . . . , rN↑)D↓(rN↑+1, . . . , rN), where N↑ is

the number of spin-up electrons (Foulkes et al., 2001). Thus, we use a trial wave-

function of the form:

Ψt(R) = J(R)D↑D↓, (2.12)

We now discuss the details of the Jastrow factor and of the single-particle or-

bitals which are used to build the Slater determinants D↑ and D↓.

Single Particle Orbitals

In order to build the Slater determinants in Eqn. (2.12), we need to choose a set of

single-particle orbitals ψi(r). For homogeneous systems, a set of planewaves of the

form

ψPW (r) = eik·r, (2.13)

where k runs from 0 to the Fermi momentum kF, is a natural choice. More com-

monly, QMC calculations use the single-particle orbitals obtained from the self-

consistent Hartree-Fock or Density Functional Theory (LDA or LSDA) methods,

as described at the beginning of this chapter.

Since we are interested in the regime where the electron gas is quasi-localized,

we also consider localized floating Gaussian orbitals (Güçlü et al., 2008). For two-
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dimensional systems, these orbitals have the form

ψGauss(x, y) ∼ e(x−x0)2/2w2
xe(y−y0)2/2w2

y , (2.14)

where (x0, y0) is the position of the center of the Gaussian, and w2
x and w2

y char-

acterize the width of the wavefunction in the x and y directions, respectively. We

will discuss the particular forms of floating Gaussian used for our calculations in

rings and wires in Chapter 3.

We do not optimize the single-particle orbitals obtained from self-consistent

numerical calculations such as LSDA; however, in the case of floating Gaussians,

optimization of the single-particle orbital parameters x0,i, y0,i, wx,i, wy,i is a very im-

portant part of the VMC calculation. We implemented techniques in our QMC

code to apply constraints to the orbital parameters; in particular, we could fix all

of thewidthswx,i orwy,i to be identical, andwe could apply constraints on the rela-

tive positions (x0,i, y0,i) of the orbital centers based on the symmetry of the system.

This allowed us to greatly reduce the number of independent variational parame-

ters, and it thus helped improve the speed and accuracy of our VMC calculations

immensely.

Jastrow Factor

Jastrow factors are used to incorporate correlations into the trial wavefunction; we

use a Jastrow factor that contains terms incorporating electron-electron correla-

tions (Jee), electron-nucleus correlations (Jen), and a three-body electron-electron-

nucleus term (Jeen). The term “nucleus” is used since one often studies atoms and

molecules with QMC; in our case, the choice of "nucleus" will simply be a refer-

ence point in the geometry we are considering. Specifically, for quantum rings, we

choose the center of the ring, for quantum wires, we choose the axis of the wire,
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and for quantum point contacts, we choose the middle of the QPC.

The exact form of our Jastrow factor is (Güçlü et al., 2005):

J = JeeJenJeen = exp (fenfeefeen) , (2.15)

where fen, fee, feen are given by 3

fen(ri) =
N∑
i=1

[(
a1R(ri)

1 + a2R(ri)
+

Nord∑
p=2

ap+1R
p(ri)

)

−
(

a1Rc

1 + a2Rc

+

Nord∑
p=2

ap+1R
p
c

)] (2.16)

fee(rij) =
N∑
i=2

i−1∑
j=1

[(
b1R(rij)

1 + b2R(rij)
+

Nord∑
p=2

bp+1R
p(rij)

)

−
(

b1Rc

1 + b2Rc

+

Nord∑
p=2

bp+1R
p
c

)] (2.17)

feen(ri, rj, rij) =
N∑
i=2

i−1∑
j=1

Nord∑
p=2

0∑
k=p−1

0∑
l=lmax

cp,k,lR̄
k(rij)(R̄

l(ri) + R̄l(rj))(R̄(ri)R̄(rj))
m.

(2.18)

The index labels in the feen term are somewhat complicated: m = (p−k−l)/2, only

terms wherem is an integer are included, and lmax = p−k if k 6= 0, lmax = p−k−2

if k = 0. The electron-electron distances are labeled rij , and the electron-nucleus

distances are labeled ri. R(r) and R̄(r) are scaling functions; we choose either

r/(1 + κr) or (1− e−κr)/κ for R(r) and we choose 1/(1 + κr) or e−κr for R̄(r). The

scaling functions are used to ensure that the J goes to a constant as rij and ri get

large. In periodic systems, we slightly modify the scaling functions so that J goes

3 The expression given by Güçlü et al. (2005) abbreviates some of the terms in the Jastrow factor;
here I’ve written the full Jastrow for systems with one nucleus as it is implemented in our QMC
code, using notes from C. J. Umrigar.
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to a constant beyond a certain finite distance. Rc is the constant long-range value

of R(r).

The an, bn, andcn are the variational parameters which we optimize; some of

them are determined by the “cusp conditions” — constraints that ensure ĤΨ/Ψ

does not diverge when rij = 0 due to the 1/rij Coulomb potential (Foulkes et al.,

2001). Nord is the order of the polynomials; by increasing it, we can increase the

number of variational parameters and thus the flexibility of the Jastrow. In our

calculations, we usually set Nord = 6 for fee and fen, and we set Nord = 5 for feen,

which results in a total of 26 independent parameters.

2.4 Diffusion Monte Carlo

Once we have optimized our VMC trial wavefunction, we use Diffusion Monte

Carlo (DMC) to project out the ground state. In DMC, we evolve a state |Ψ〉 in

imaginary time τ = it. Solving the imaginary time Schrödinger equation,

− d

dτ
|Ψ(R, τ)〉 = (Ĥ − ET )|Ψ(R, τ)〉, (2.19)

we see that the evolution is given by |Ψ(τ)〉 = e−(Ĥ−Et)τ |Ψ(0)〉, whereEt is adjusted

to keep the normalization constant. As we take τ →∞, |Ψ(τ)〉 will be the ground

state, and Et will be the ground state energy, as long as our initial |Ψ〉 is not or-

thogonal to the ground state. We use DMC to improve our estimate of the ground

state calculated with VMC.

The imaginary time Schrödinger equation for a set of noninteracting particles

is a diffusion equation:

d

dτ
Ψ(R, τ) =

1

2

∑
i

∇2
iΨ(R, τ). (2.20)
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Figure 2.2: An illustration of DMC walker evolution for a particle confined to a
potential well V (x). (Reprinted from Foulkes et al. (2001).)

We assume that Ψ(R, τ) > 0 and treat it as a distribution. (This assumption is

known as the fixed-node approximation, and is discussed in Sec. 2.4.1.) We use a

set of discrete walkers at positions R which evolve in imaginary time τ to sample

the distribution Ψ(R, τ). We allow these walkers to diffuse according to Eqn. (2.20)

by evolving them with a transition probability given by the Green’s function of

Eqn. (2.20), which is, in d dimensions:

G(R′ → R, τ) = (2πτ)−dN/2exp

(
−(R−R′)2

2τ

)
. (2.21)
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Now, if we add an interaction term V̂ to Eqn. (2.20), so that the Hamiltonian

Ĥ = T̂ + V̂ (where we label the kinetic energy term T̂ ), then the Green’s function

is

G(R′ → R, τ) = 〈R|e−τ(Ĥ−Et)|R′〉 = 〈R|e−τ(T̂+V̂−Et)|R′〉. (2.22)

Using the Trotter expansion e−τ(Â+B̂) = e−τB̂/2e−τÂe−τB̂/2 + O[τ 3], where we set

Â = T̂ , we see that as τ → 0, the Green’s function (2.22) becomes

G(R′ → R, τ) ≈ (2πτ)
−dN

2 exp

(
−(R−R′)2

2τ

)
︸ ︷︷ ︸

free particle Green’s function

× exp(−τ(V (R) + V (R′)− 2Et)/2)︸ ︷︷ ︸
“survival probability” P

.

(2.23)

In DMC, the walkers evolve according to this Green’s function to sample Ψ(R, τ).

The first factor in the product in Eqn. (2.23) is the free particle propagator; we

model it by allowing walkers to diffuse as described above. The second factor in

Eqn. (2.23) is called the “survival probability”P . We account for it in our algorithm

by creating and destroying walkers. As we evolve our system from t to t + τ , we

allow a walker to continue evolving according to Eqn. (2.21) with probability P

if P < 1. If P ≥ 1, the walker continues and we add an additional walker at

the same position with probability P − 1. This causes walkers to disappear from

regions of high potential energy and to be created in regions with low potential

energy. (Foulkes et al., 2001) This process is illustrated in Fig. 2.2.

2.4.1 The Fixed-Node Approximation

So far, we have assumed that Ψ(R) is always positive. This is not true in fermionic

systems, since the fermionic wave function changes sign when two particles are

interchanged. This “fermion sign problem”makes it difficult to simulate fermions

using QMC — an algorithm that incorporates “negative weights” to account for
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fermion exchange would be numerically unstable. There are several strategies

for solving the sign problem in different types of QMC simulations (e.g., Chan-

drasekharan and Wiese, 1999; Chandrasekharan, 2010). We deal with the sign

problem in DMC by using the “fixed node” approximation: we use the trial wave-

function Ψt from VMC to define a nodal surface where the wavefunction changes

sign. We then use our DMC algorithm to compute the lowest energy state within

the nodal surface ofΨt. To reduce the fixed-node error, the VMCΨtmust be a fairly

good approximation of the ground state, and so the VMC optimization step is key

in ensuring the accuracy of DMC. The fixed-node approximation is widely used

and has been very successful in several QMC calculations (Foulkes et al., 2001).

(For complex wave functions, the related fixed-phase approximation is used.)

2.4.2 Importance Sampling

The DMC algorithm which we described above is in practice quite inefficient be-

cause P can have large fluctuations (Foulkes et al., 2001). We use the DMC algo-

rithm developed by Umrigar et al. (1993), which contains several improvements to

increase efficiency and decrease the error.

One strategy used to improveDMC is importance-sampling, inwhich the VMC

trial wavefunction Ψt is used to guide the walker evolution. We consider a new

distribution f(R, τ) = Ψ(R, τ)Ψt(R). If we multiply both sides of Eqn. (2.19) by

Ψt, we get4

− d

dτ
|f(R, τ)〉 = −1

2
∇2f(R, τ) +∇ · [vD(R)f(R, τ)] + [EL(R−Et]f(R, τ), (2.24)

4 We make use of the following identities:

∇2(gh) = g∇2h+ 2∇g · ∇h+ h∇2g

∇ · (g∇h) = g∇2h+∇g · ∇h
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where vD(R) = Ψ−1
t (R)∇Ψt(R) is called the “drift velocity,” and EL is the VMC

local energy defined in Eqn. (2.8). We sample this distribution f(R, τ); the Green’s

function that governs walker evolution is (Foulkes et al., 2001):

G(R′ → R, τ) ≈ (2πτ)
−dN

2 exp

(
−(R−R′ − τvD(R′))2

2τ

)
× exp(−τ(EL(R) + EL(R′)− 2Et)/2). (2.25)

This is similar in form to Eqn. (2.23), with two important changes: the velocity

vD added to the diffusion term will make walkers likely to “drift” toward regions

where the VMC trial wavefunction Ψt is large, and the survival probability is now

controlled by the local energy EL(R) rather than the potential V (R). Since the

variance of EL should be small if Ψt is a good approximation of the ground state,

the population of walkers will fluctuate much less, which enhances the efficiency

of the calculation. The drift velocity term is also helpful in the fixed-node approx-

imation, since it causes walkers to drift away from the nodes, where Ψt = 0.

2.4.3 Measuring Observables

In importance-sampled DMC, as τ →∞, the distribution Ψ0(R)Ψt(R) is sampled.

Thus, for an observable Ô, a DMC run that samplesM points of this distribution

will calculate:

〈Ô〉DMC ≈
1

M

∑
R

ÔΨ0(R)

Ψ0(R)

≈
∫

Ψ0(R)Ψt(R) ÔΨ0(R)
Ψ0(R)

dR∫
Ψt(R)Ψ0(R)dR

=
〈Ψt|Ô|Ψ0〉
〈Ψt|Ψ0〉

,

(2.26)
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while we would like to calculate 〈Ψ0|Ô|Ψ0〉. In the case of energy or observables

that commute with the Hamiltonian, 〈Ô〉DMC is the ground state eigenvalue, but

for quantities that do not commute with the Hamiltonian, we use the extrapolated

estimator

〈Ô〉QMC = 2〈Ô〉DMC − 〈Ô〉VMC (2.27)

to approximate the expectation value of Ô in the ground state;

〈Ô〉Ψ0 = 〈Ô〉QMC +O[(Ψt −Ψ0)2]. (2.28)

Other more complex methods exist, such as forward walking and a related tech-

nique called Reptation Monte Carlo, to calculate ground state expectation values

more accurately, but extrapolated estimators are widely used and produce good

results with more ease (Foulkes et al., 2001).

We emphasize that the accuracy and efficiency of ourDMCcalculation depends

greatly on the quality of our optimized VMC trial wavefunction, and thus the op-

timization step adds a systematic error to our calculations. The fixed-node error

is entirely controlled by the nodal surface of the VMCwavefunction, a good VMC

trial wavefunction also increases the efficiency of an importance-sampled DMC

calculation, and a VMC trial wavefunction that has large overlap with the ground

state will also result in more accurate extrapolated estimators. Though DMC is the

step of the process that requires the most CPU time, the VMC optimization must

be done carefully to reduce the systematic error, and it is quite labor intensive. In

practice, the majority of the “real” time required to perform a QMC calculation is

human time spent on VMC wavefunction optimization. A typical DMC run takes

a day to a week to run depending on system size and the desired error bars; the

VMC optimization step can take well over a week for an unfamiliar system when
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one needs to start from scratch. One can apply the experience gained from VMC

optimization of one system towards optimizing the wavefunction of a similar sys-

tem, however, and in those cases, the process proceeds more quickly.

The software implementation of the VMC/DMCmethods described above that

we use is called CHAMP — the Cornell-Holland Ab-initio Materials Package.5

CHAMP was written by Cyrus J. Umrigar, Claudia Fillippi, and Julien Toulouse

to study atoms, molecules, jellium spheres, and periodic solids. The range of ap-

plications was extended to nanostructures by A. Devrim Güçlü and me. CHAMP

has been extensively tested in a variety of systems; for example, CHAMPproduces

results in quantum dots with a small number of electrons that match exact diago-

nalization calculations (Ghosal et al., 2007); this gives us confidence in the accuracy

of our results in nanostructures.

I expanded the code to study quasi-1D systems, I improved the efficiency of the

optimization step by allowing for constraints to be applied to the variational pa-

rameters of the trial wavefunction, and I implemented 1D periodic boundary con-

ditions and a new set of single-particle basis functions. I also modified the code to

measure several new observables that were used to study the systems described in

this thesis. Calculations were performed on workstations and the Beowulf cluster

in the Duke Physics Department. I used both MPI and Condor to run parallelized

computations, as well as the Department of Energy’s Open Science Grid. Paral-

lelization was critical in obtaining results in a reasonable amount of time; the final

data presented in this dissertation alone represents the equivalent of over a decade

of continuous single-core CPU runtime!

In this chapter, we have described a powerful set of methods that can be used

to study the ground state properties of a many-body interacting system. There

5 100,000+ lines of FORTRAN 77 and Fortran 90 code!
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are several other types of Quantum Monte Carlo techniques; Path Integral Monte

Carlo is one technique that can be used to study systems at finite temperature, and

we give a brief overview of it in Appendix B.We shall use VMC andDMC to study

strongly interacting electrons in quantum wires and quantum point contacts.
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3

Model

In this chapter, we give a detailed description of ourmodel for interacting electrons

in quantumwires, whichwe examinewith theQuantumMonte Carlomethods de-

scribed inChapter 2. We also present some results in the 1DWigner Crystal regime

to evaluate our model, and we conclude by connecting our QMC observations to

Luttinger Liquid theory.

We model a quantum wire as a harmonic potential of the form ω2y2/2 which

confines electrons to 1D.Here y is the transverse coordinate, and ω is the frequency

of the harmonic confinement. This model is widely used to describe 1D systems;

in GaAs quantum wires, the 1D confinement is due to the electrostatic potentials

from gates andmust be smooth (Davies, 1998), and thus the confinement potential

will be parabolic near the bottom. The evenly spaced conduction bands observed

in QPC’s support the validity of this model (Davies, 1998; Rössler et al., 2011). Pre-

vious QMC work on the 1DEG used harmonic confinement to model quantum

wires (Casula et al., 2006; Shulenburger et al., 2008). Harmonic potentials are also

a good model for ion trap systems (Schiffer, 1993). As mentioned in Chapter 1, we
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use effective atomic units, where the effective mass m∗, the electric charge e, the

dielectric constant ε, and ~ are all set to 1. In GaAs, the unit of length — the effec-

tive Bohr radius a∗0 = ~2ε/m∗e2 — is 9.8 nm, and the energy scale — the effective

Hartree, Ha∗ = e2/εa∗0 — is 11.9 meV.

3.1 Quantum Rings

Wewish to study infinitely long wires, and so we need our simulated wire to have

periodic boundary conditions. One way to impose periodic boundary conditions

on our system is to use a ring geometry. We apply a harmonic potential with fre-

quency ω to confine N electrons with Coulomb interactions to the circumference

of a ring of radiusR, as described by the following two-dimensional Hamiltonian:

H = −1

2

N∑
i=1

∇2
i +

1

2

N∑
i=1

ω2(ri −R)2 +
N∑
i=2

i−1∑
j=1

1

|ri − rj|
, (3.1)

where ri = (ri, θi) are the positions of the electrons. An example of the confinement

potential is shown in Fig. 3.1. Rather than explicitly referring to the ring radius R,

we generally parametrize our system in terms of rs = πR/N .

We study two values of the harmonic confinement ω which correspond to the

range of values found experimentally in GaAs quantum wires: ω = 0.1, which

corresponds to a wide quantumwire, and ω = 0.6, which corresponds to a narrow

quantum wire close to pinch-off (Rössler et al., 2011). We study densities ranging

from rs = 0.5 to 5.0, which are consistent with the electron densities in QPC’s re-

ported by Hew et al. (2009). We have the ability to study systems with N > 100

electrons, but simulation of such large systems takes a great deal of CPU time, and

the VMC optimization process is long and laborious. Most of our simulations are

performedwithN = 30 electrons, which allows us to collect data for several differ-
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Figure 3.1: The harmonic confinement potential V = 1
2
ω2(r − R)2, used to model

our quantum wire, shown for R = 25, ω = 0.1.

ent sets of parameters in a reasonable amount of time and reduces the systematic

error associated with VMC optimization.

In Fig. 3.2, we give an example result for a QMC run in a ring with N = 30

spinless electrons at ω = 0.1, rs = 4.0. We plot the pair density 〈ρ̂(r?)ρ̂(r)〉 to find

an electron at position r given an electron located at r?. (This quantity is defined

in Eqn. (4.2) and discussed in more detail in Section 4.2.) We see that the electrons

are confined to the circumference of the ring, and, as we will discuss at the end of

this chapter, there are modulations in the pair density that indicate the formation

of a Wigner crystal.

Thoughweplot Fig. 3.2 in theCartesian coordinates of the system, for the rest of

this dissertation, we will usually “unwrap” the ring in describing our results. We

will often present data in terms of coordinateswhichwe label (x, y) that are related

to (r, θ): the longitudinal coordinate x = rθ is the distance along the circumference

of the ring (i.e., the axis of the wire), and the transverse coordinate y = r− r̄ gives

the distance from the center of the wire. Note that the average radial position of an

electron r̄measured in our QMC simulation is close to, but not exactly the same as,
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Figure 3.2: The pair density 〈ρ̂(r?)ρ̂(r)〉 forN = 30 spinless electrons in a ring with
rs = 4.0, ω = 0.1. Given an electron located at position r? marked by the red star,
this is the probability density to find another electron as a function of position r.

the radius R of the ring due to the Coulomb interaction and the circular geometry

of the system.

3.1.1 Single-Particle Orbitals

We study this system using the trial wavefunctions of the general form described

in Sec. 2.3.1, that with a Jastrow factor and a Slater determinant of single parti-

cle orbitals, Ψ(R) = J(R)D(R). We set the center of the ring as the “nucleus” in

the electron-nucleus and electron-electron-nucleus terms of the Jastrow factor. To

build the Slater determinant, we use three types of different single-particle orbitals:

those from LSDA calculations, planewaves, and floating Gaussians. The LSDA or-

bitals are calculated using methods and software developed by Hong Jiang (Jiang

et al., 2003).

The “planewave” orbitals are planewaves in the angular (longitudinal) direc-

41



tion; they have the form

ψplanewave(r, θ) = φn,kθ(r)e
±ikθθ, (3.2)

where φn,kθ(r) are numerical radial orbitals calculated from a self-consistent den-

sity functional calculation; n is the principal quantum number and kθ labels the or-

bital angular momentum. (Due to the circular symmetry of the ring, in a spinless

systemwhereN particles occupy only the n = 1 subband,N = 2kθ,max+1.) We pri-

marily use real wavefunctions in our QMC simulations, and so we generally write

the planewaves in terms of sin(kθθ) and cos(kθθ) rather than e±ikθθ. Though we

can perform this density functional calculation for interacting particles, we find,

surprisingly, that the best QMC results1 are obtained when we start from the non-

interacting single-particle orbitals (that is, when the radial wavefunctions are the

non-interacting harmonic oscillator wavefunctions).

The floating Gaussian orbitals, which were used previously by Güçlü et al.

(2005), have the form:

ψrc,θc,ωr,ωθ(r, θ) ∝
√
ωrexp

(−ωωr(r − rc)2

2

)
exp

(
ωθ[cos(θ − θc)− 1]

2

)
, (3.3)

and describe localized wavefunctions centered at coordinates (rc, θc), with widths

proportional to ω−2
r , ω−2

θ in the radial and angular directions, respectively. The

cos(θ − θc) term ensures periodicity in θ, and since it behaves as −(θ − θc)2/2 for

θ ≈ θc, the wavefunction has the desired Gaussian shape near the center. An ex-

ample of a floating Gaussian orbital is shown in Fig. 3.3. In the VMC step of our

QMC calculation, in addition to optimizing the Jastrow parameters, we optimize

1 Here, “best” means that the energy and variance in the VMC local energy σ2
E are lowest. For

example, for rings with rs = 4.0, ω = 0.1, N = 30, the non-interacting orbitals yield VMC wave-
functions with a variance in the local energy σ2

E ∼ 0.03 and VMC energies that are 0.005−0.01Ha∗

lower than the interacting orbitals, for which σ2
E ∼ 0.05.
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Figure 3.3: A single-particle Gaussian orbital ψrc,θc,ωr,ωθ(r, θ), centered at (rc =
R, θc = 0), with widths characterized by ωr = 1, ωθ = 80, which are typical val-
ues from a QMC run. R = 25, ω = 0.1, for the same coordinates used in Fig. 3.1.

the Gaussian orbital parameters rc, θc, ωr, ωθ. We added the ability to our QMC

code to apply constraints to these parameters — for example, setting the ωr or ωθ

for all the orbitals to be equal, and spacing the centers rc, θc of each orbital evenly

around the circumference of the ring. This greatly enhanced the optimization,

since one now need only optimize a few independent orbital parameters (as op-

posed to some multiple of N ).

We choose which single-particle wavefunction to use for a given set of pa-

rameters by trying all of them and selecting the type which gives the optimized

VMC wavefunction with the lowest energy and σ2
E . 2 In general, the planewaves

work well in homogeneous rings that do not have the zigzag structure described

in Chapter 4, and the floating Gaussians work best at lower densities, in the quasi-

localized linearWigner crystal regime and in the zigzag regime discussed in Chap-

ter 4. The LSDA orbitals sometimes give the best results at intermediate densities

2 See Section 2.3.
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and in rings with Stotz = 0. There are some problems in the LSDA code we use that

often produce unstable results in spin-polarized systems for reasons that we do

not understand.

In cases where two different types of orbitals give similar quality wavefunc-

tions — that is, the variances of the local energy σ2
E for the VMC wavefunctions

are similar, and the DMC energies are the same— the final QMC results are inde-

pendent of the choice of single-particle orbital. We demonstrate this by examining

the 1D pair density 〈ρ̂(0)ρ̂(θ)〉, where the transverse coordinates of the full pair

density are integrated out:

〈ρ̂(0)ρ̂(θ)〉 ≡
∫
〈ρ̂(r, θ)ρ̂(r?, 0)〉 r dr r? dr?, (3.4)

where ρ̂(r, θ) is the local density operator. This quantity is discussed inmore detail

in Section 4.2.5.

For rings with ω = 0.1, rs = 4.0, planewave and Gaussian single-particle or-

bitals result in similar quality wavefunctions. (That is, the DMC energies differ by

less than 0.001 Ha∗, and the variances of the local energy are similar, though σ2
E is

10% smaller for theGaussianVMC trialwavefunction than for the planewaveVMC

wavefunction.) The electrons form a quasi-localizedWigner crystal at this density.

In Fig. 3.4, we plot the QMC 1D pair densities obtained from wavefunctions using

either planewave single-particle orbitals or localized Gaussian single-particle or-

bitals at both N = 30 and N = 31. The pair densities of the two different types of

orbitals match to within less than 0.5%; moreover, the long-range pair correlations

for N = 30 and N = 31 show the same structure. This shows that our results are

not dependent on the type of single-particle orbital used; in particular, we see that

the quasi-localization is not an artifact of our choice of localized floating Gaus-
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Figure 3.4: Comparison of 1D pair densities for wavefunctions using either Gaus-
sian or planewave orbitals forN = 30 andN = 31 spinless electrons in the Wigner
crystal regime at rs = 4.0, ω = 0.1. The results are plotted as a function of θ

(2π/N)
,

i.e., in units of inter-particle spacings, so that we can compare the results for dif-
ferentN . The inset shows more detail of the long-range behavior. The behavior of
the pair density is the same for the different types of single-particle orbitals and for
both odd and even electron number. The relative differences between planewave
and Gaussian results are less than 0.5%; this indicates that our results are not arti-
facts of our choice of orbitals.

sian orbitals. In general, optimization of the Jastrow factor plays a major role in

minimizing the VMC energy, and in this case we have demonstrated that Jastrow

optimization and DMC produce the same physics in both calculations. This gives

us confidence in the accuracy and robustness of our QMC calculations.

Finally, one might wonder how interactions modify the effective transverse po-

tential felt by each electron. We performed a density functional calculation using

the software that generates the radial part of our planewave orbitals to determine

the energy spacing between the first and second subbands for interacting electrons

in a ring described by our Hamiltonian (3.1). This energy spacing is the “effective”

ω— that is, it is a measure of the harmonic confinement of the effective transverse
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Figure 3.5: The “effective” ω, given by the energy spacing between the first and
second subbands from a density functional (DFT) calculation, as a function of the
harmonic confinement ω. The two quantities differ by 30% at ω = 0.1 and by 20%
at ω = 0.6.

potential. We plot this effective ω as a function of ω in Fig. 3.5, and we see that, as

expected, interactions make the effective potential slightly wider. At ω = 0.1 and

0.6, the effective ω is 30% less and 20% less, respectively, than the bare value.

3.2 QuantumWires

The ring geometry described in the previous section is a natural way to study a pe-

riodic 1D system if the radius of the ring is sufficiently large. For small rings with

small ω, however, the shape of the system becomes annular, and so to study high

densities, one must increase both the size of the ring and the number N of elec-

trons. Since simulations with largeN are costly, we also consider linear wires with

46



periodic boundary conditions in the x-direction, as described by the Hamiltonian

H = −1

2

N∑
i=1

∇2
i +

1

2

N∑
i=1

ω2y2
i +

∑
periodic images

N∑
i=2

i−1∑
j=1

1

|ri − rj|
. (3.5)

where ri = (xi, yi) labels the coordinate of each electron.

We study linear wires at the same set of parameters in which we study rings.

Though the systems are conceptually similar, periodic boundary conditions in-

troduce a few technical considerations. We must treat the Coulomb interaction

carefully using the Ewald sum method, and we need to modify the form of the

trial wavefunction, as described below.

3.2.1 The Coulomb Interaction in Periodic Systems

Since we have periodic boundary conditions, and the Coulomb interaction is long-

range, we need to consider not only how each pair of electrons interacts, but also

how each electron interacts with the periodic images of all the other electrons. This

can be done efficiently using the Ewald sum method, which we describe in this

section. We adapt the presentation given in the book by Ziman (1972, pp. 39-41)

from 3D periodic boundary conditions to 1D periodicity.

We consider a 2D system, periodic in one dimension (the x-direction) with N

discrete negative charges−e at positions vi in a compensating background charge

distribution σ(y). The system is of length L, and we denote the lattice vectors

` ≡ nLx̂. Each unit cell is neutral, so L
∫
σ(y) dy = eN .

We wish to find the electrostatic potential V (r) of our system. This can be writ-

ten:

V (r) =
∑
`

(∑
i

−e
|`+ vi − r| +

∫
dy

∫ L/2

−L/2
dx

σ(y)

|`+ xx̂ + yŷ − r|

)
(3.6)
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Now, we use the Ewald sum procedure to break the terms of this series into a short

range part and a long range part that we sum separately in direct and reciprocal

space.

We perform a “theta-function transformation” to write the following identity:

2√
π

∑
`

e−|`−r|
2ρ2 =

2N

L

∑
g

1

ρ
e−g

2/4ρ2eig·r (3.7)

where g ≡ n2π
L
x̂ are the reciprocal lattice vectors.

To derive Eqn. (3.7), we note that we can expand the left hand side of Eqn. 3.7

in a Fourier series:

2√
π

∑
`

e−|`−r|
2ρ2 =

∑
g

Fge
ig·r, where Fg =

1

L

∫
2√
π

∑
e−|`−r|

2ρ2e−ig·rdr

Now, since eig·` = 1, we multiply each term in the series by eig·` to find a simple

expression for Fg:

Fg =
2

L
√
π

∑
`

∫
e−|`−r|

2ρ2e−ig·(r−`)dr

=
2N

L
√
π

∫
e−r

2ρ2e−ig·rdr

=
2N

L

1

ρ
e−g

2/4ρ2

This expression for Fg gives us Eqn. (3.7).

Furthermore, note that

1

|z| =
2√
π

∫ ∞
0

e−z
2ρ2 dρ. (3.8)

Now, we apply Eqn. (3.8) to Eqn. (3.6), split the integral over ρ into two integrals,
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one from 0 to G and one from G to∞, and rewrite the integral from 0 to G using

Eqn. (3.7).

V (r) = −e
∑
i

(
2N

L

∑
g

∫ G

0

1

ρ
e−g

2/4ρ2eig·(r−vi) dρ+
∑
`

2√
π

∫ ∞
G

e−|`+vi−r|ρ2 dρ

)

+

∫
dy

∫ L/2

−L/2
dx σ(y)

(
2N

L

∑
g

∫ G

0

1

ρ
e−g

2/4ρ2eig·(r−xx̂−yŷ) dρ

+
∑
`

2√
π

∫ ∞
G

e−|`+xx̂+yŷ−r|ρ2 dρ

)
.

The integrals can be written in terms of the incomplete gamma function, Γ(a, x) ≡∫∞
x
ta−1e−t dt and the complementary error function, erfc(x) ≡ 2√

π

∫∞
x
e−t

2
dt,

V (r) = −e
∑
i

(
N

L

∑
g

Γ(0,
g2

4G2
)eig·(r−vi) +

∑
`

erfc(G|`+ vi − r|)
|`+ vi − r|

)

+

∫
dy

∫ L/2

−L/2
dx σ(y)

(
N

L

∑
g

Γ(0,
g2

4G2
)eig·(r−xx̂−yŷ)

+
∑
`

erfc(G|`+ xx̂ + yŷ − r|)
|`+ xx̂ + yŷ − r|

)
.

Since g = gx̂ has no y-dependence, we can simplify this further:

V (r) = −e
∑
i

(
N

L

∑
g

Γ(0,
g2

4G2
)eig(rx−vi,x) +

∑
`

erfc(G|`+ vi − r|)
|`+ vi − r|

)

+
eN2

L2

∫ L/2

−L/2
dx
∑
g

Γ(0,
g2

4G2
)eig(rx−x)

+

∫
dy

∫ L/2

−L/2
dx σ(y)

∑
`

erfc(G|`+ xx̂ + yŷ − r|)
|`+ xx̂ + yŷ − r| . (3.9)
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Note that the divergent g = 0 terms of the first and third series in Eqn. (3.9) ex-

actly cancel each other out, and that all the other terms of the third series integrate

out to zero, so we can write this as:

V (r) = −e
∑
i

(
N

L

∑
g 6=0

Γ(0,
g2

4G2
)eig(rx−vi,x) +

∑
`

erfc(G|`+ vi − r|)
|`+ vi − r|

)

+

∫
dy

∫ L/2

−L/2
dx σ(y)

∑
`

erfc(G|`+ xx̂ + yŷ − r|)
|`+ xx̂ + yŷ − r| . (3.10)

We are free to choose any σ(y) that makes the unit cell neutral. We want the

electrons to be in a harmonic transverse potential; we can accomplish this by choos-

ing σ(y) such that y-dependence of the total potential in Eqn. (3.10) is the desired

r2
yω

2/2. We don’t actually need to write down the exact form of σ(y) to do this; we

can just write our total potential as:

V (r) = −e
∑
i

(
N

L

∑
g 6=0

Γ(0,
g2

4G2
)eig(rx−vi,x) +

∑
`

erfc(G|`+ vi − r|)
|`+ vi − r|

)

+
1

2
ω2r2

y. (3.11)

We chooseG so that both the real-space and the reciprocal-space sums converge

quickly. In particular, we pick a G large enough so that we only need to keep the

first term of the real-space sum. We implemented the form of the potential given

in Eqn. (3.11) in our QMC code.

3.2.2 Trial Wavefunction

Along with modifying the calculation of the Coulomb potential, we must rewrite

our trial wavefunction so that it is periodic. Unfortunately, we do not have access
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to software that will produce numerical orbitals for periodic 1D wires, so we are

limited to using floating Gaussian orbitals.

We consider two different forms of floating Gaussians. One is similar to the

form given in Eqn. (2.14):

ψxc,yc,ωx,ωy(x, y) ∝ √ωxωy
∞∑

n=−∞

exp

(−ωωx(x+ nL− xc)2

2

)
exp

(−ωωy(y − yc)2

2

)
,

(3.12)

where the orbital is centered about position (xc, yc) and haswidth characterized by

ωx, ωy, and where the sum over all simulation cells ensures that the wavefunction

is periodic, that is, ψ(x, y) = ψ(x+L, y). We also consider a form similar to that in

Eqn. (3.3):

ψxc,yc,ωx,ωy(x, y) ∝ √ωyexp

(−ωωy(y − yc)2

2

)
exp

(
ωθ[cos(2π

L
[x− xc])− 1]

2

)
.

(3.13)

Here, the cosine term ensures periodicity, and ωx, ωy have the same units as ωθ, ωr

in rings. We favor the form in Eqn. (3.13) because it allows us to compare our

results in wires directly to results in rings.

The Jastrow factor adds another layer of complexity to the implementation

of periodic boundary conditions. We add a cutoff to our Jastrow, so that J(R)

goes to a constant for lengths greater than the size L of the simulation cell. The

properway to implement the electron-nuclear and electron-electron-nuclear terms

is less straightforward, since, unlike rings, periodic wires have no natural “refer-

ence point” in space that can be treated as a nucleus. To deal with this, we rewrite

the Jastrow factor so that the “nucleus” is the central axis of thewire—a line rather

than a point. Thus, our Jastrow factor transforms from a function u(ri, rj, rij),
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where rij are the electron-electron distances and ri, rj are electron-nucleus dis-

tances, to a function of the form u(yi, yj, rij). Implementing such a Jastrow factor

is not trivial. The QMC code must take derivatives with respect to the coordi-

nates, and since the functional form of these derivatives changes3 for functions

u(yi, yj, rij), several subroutines needed to be carefully modified. Despite this, we

were unable to get useful results with Jastrow factors that included a three-body

electron-electron-nuclear term for reasons that we do not fully understand; one

potential reason is that the coefficients in the three-body terms, which are given

in Eqn. (2.18), are not all independent, and their dependence relations change in

our case. It is also possible that the general form of the Jastrow factor, though very

versatile, is not well-suited to describing systems in terms of yi instead of ri.

3.3 Comparison of Rings and Wires

Though periodic wires seem to be conceptually attractive for studying the quasi-

1D electron gas, the technical difficulties with wires outlined above, combined

with the fact that our QMC software is better tested in rings, led us to perform

almost all of the calculations in this thesis on quantum rings. Here, we compare

results between wires and rings, keeping in mind that the Coulomb interaction

between two electrons in a ring differs from that in linear wires at long range.

The Coulomb interaction is long-range, but in rings, the interaction potential

saturates at a finite length scale, specifically, the diameter of the ring, since the

maximum separation possible between two electrons occurs when they are on op-

posite sides of the ring. In some ways, this is one advantage of using rings; in real

experimental systems, the Coulomb interaction is screened at long range, and the

ring geometry ends up causing the interactions between electrons to be effectively

3 We outline the calculation of the Laplacian of functions of the form u(yi, yj , rij) in Appendix C.
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Figure 3.6: Comparison of 1Dpair densities in rings forwavefunctions usingGaus-
sian or planewave (“PW”) orbitals interacting through both the regular Coulomb
potential and through the modified ring Coulomb potential VRC for spinless elec-
trons, N = 30, rs = 4.0, ω = 0.1. Results are shown as a function of θ

(2π/N)
, i.e., in

units of inter-particle spacings. The inset shows more detail at long-range. The re-
sults are almost identical; the relative differences between the different potentials
is less than 0.5%.

screened at long range. A concern, however, is that the distance between two elec-

trons used in calculating the interaction potential does not depend explicitly on

the distance along the wire (that is, the arc length along the circumference of the

ring). Because of this, the correlations between transverse and longitudinal coor-

dinates might not match in rings and wires; for example, in a wire, two electrons

on the axis of the wire at x = 0 and x = L/2 would “push” each other in the longi-

tudinal (x) direction, while on a ring, two diametrically opposed electrons would

only “push” each other apart in the transverse (r or y) direction.
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Figure 3.7: 1D pair densities in a ring (green crosses) compared to a wire (blue
stars) for wavefunctions using Gaussian orbitals, along with the result from a
wavefunction without a three-body Jeen term in a ring (red +’s). Spinless elec-
trons, N = 30, rs = 4.0, ω = 0.1. Results are plotted as a function of the distance
in units of inter-particle spacings. (That is, θ

(2π/N)
for rings and x

L/N
for wires.) The

inset showsmore detail at long-range. At short range, the results are similar, but at
long range, the wire shows stronger pair correlations. The wavefunction without
an optimized three-body term shows modulations in the pair density that have
an intermediate magnitude. This indicates that the difference between rings and
wires is partially due to the cutoff in the Coulomb potential introduced by the
ring geometry and partially due to the less sophisticated Jastrow factor used in the
wires’ trial wavefunction.

To study this issue, we try an alternative form of the Coulomb interaction that

better separates the transverse and longitudinal coordinates. We consider a po-

tential VRC(rij) = VCoul.(|r′ij|) that modifies the distance r′ij used in calculating the

Coulomb potential, such that |r′ij|2 = y′2 + x′2, where y′ = ri − rj is the difference

in transverse coordinates between the electrons, and x′ = 2Rsin((θi − θj)/2) (the

length of a chord) depends only on the angular distance between the two electrons

and does not depend on their transverse coordinates (K.A.Matveev, personal com-
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munication, April 2011). This modified potential lessens the effects of the circular

geometry. As mentioned above, with the regular Coulomb interaction, two elec-

trons with the same r coordinate but on opposite sides of the ring push each other

outwards in the radial direction. If those two electrons interact through the modi-

fied potential VRC, however, they only exert a force on each other along the axis of

thewire (in the θ direction). Aswe show in Fig. 3.6, the two potentials produce pair

densities that are nearly identical to those calculated using the regular Coulomb

potential for both planewave and Gaussian single-particle orbitals. This gives us

some confidence that the ring geometry does not unduly bias our results.

Finally, we compare the pair densities in rings and wires. Fig. 3.7 shows the

pair densities obtained for N = 30 spinless electrons in a wire and a ring, both

with ω = 0.1, rs = 4.0. The short-range results are similar for the two geometries;

at long range, however, the modulations in the pair density are stronger in the

wire, indicating stronger localization. It is not surprising that the pair correlations

are weaker in rings because of the cutoff of the Coulomb potential at long range

due to the geometry.

We note that the quality of the wavefunctions is higher in the ring case —

σ2
E = 0.03 in rings compared to σ2

E = 0.04 in wires 4 — due to the optimization

of parameters in the three-body Jeen Jastrow factor in rings. (Recall that our trial

wavefunction in wires lacks this three-body term.) To get a qualitative feel for

howmuch of the difference from rings is due to the inferior Jastrow used in wires,

Fig. 3.7 also shows the pair densities obtained from a calculation in rings without a

three-body Jastrow term. In this case, the pair density modulations do decaymore

quickly than those in the wire, but they are larger than the result with a fully opti-

mized Jeen. So, we conclude that the difference between rings and wires is mostly

4 The energies are not directly comparable.
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due to the different form of the interaction, but it is also partially a result of the

less sophisticated Jastrow factor used in wires.

The Coulomb interaction is cut off at long range in real physical systems due to

screening bymetal gates in experimental samples, and so the cutoffwhich our ring

geometry introduces is actually more physical than the truly long-range Coulomb

potential that we have in wires. Thus, in addition to the technical advantages of

using rings with our QMC code, the cutoff in the Coulomb potential makes rings

a good model for physical 1D systems.

3.4 Comparison to Luttinger Liquid

We conclude this chapter with a comparison of the results calculated within our

model to Luttinger Liquid theory. For a system of interacting spinless fermions,

Luttinger Liquid theory predicts that the pair density has modulations which de-

cay as a power law, with wavelength equal to the spacing between electrons

〈ρ̂(0)ρ̂(θ)〉 ∼ cos(Nθ)

(
1

θ

)2Kρ

, (3.14)

where Kρ is the Luttinger Liquid interaction parameter. (We have rewritten Eqn.

(1.10) in terms of our coordinates, noting that 2kF = 2πN/L = N/R in the spinless

case.)

We fit the pair densitymodulations to the functional form shown in Eqn. (3.14).

This is done somewhat “by hand”—we only consider the modulations for θ > 0.4

to exclude the exchange-correlation hole, we subtract out the average value of the

pair density in this region, and then we divide by cos(Nθ) to find the functional

form of the envelope function of the modulations. We plot these envelope func-

tions, as well as fits to the expected power law decay∼ θ−2Kρ in Fig. 3.8 for ω = 0.1
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Figure 3.8: The amplitude of the pair density oscillations as a function of θ at var-
ious rs for rings with N = 30 spinless electrons at ω = 0.1, using Gaussian single-
particle orbitals. The dotted lines show fits to the expected θ−2Kρ decay.

Table 3.1: The Luttinger Liquid parameter, Kρ at several values of rS , obtained
from fitting the magnitude of the pair density oscillations to the expected θ−2Kρ

power-law decay, for rings with N = 30 spinless electrons at ω = 0.1. (The error
ranges indicate 95% confidence intervals on the fit; they do not include the errors
inherent in the “by hand” parts ofmeasuring the density oscillations and aremuch
smaller than the true error in estimating Kρ.)

rs Kρ R2 Goodness of Fit
3.7 0.6 ± 0.2 0.61
3.8 0.36 ± 0.02 0.95
4.0 0.34 ± 0.02 0.96
5.0 0.30 ± 0.01 0.96
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Figure 3.9: The amplitude of the pair density oscillations as a function of θ at var-
ious rs for rings with N = 30 spinless electrons at ω = 0.6, using Gaussian single-
particle orbitals. The dotted lines show fits to the expected θ−2Kρ decay.

Table 3.2: The Luttinger Liquid parameter, Kρ at several values of rs, obtained
from fitting the magnitude of the pair density oscillations to the expected θ−2Kρ

power-law decay, for rings with N = 30 spinless electrons at ω = 0.6. (The error
ranges indicate 95% confidence intervals on the fit; they do not include the errors
inherent in the “by hand” parts ofmeasuring the density oscillations and aremuch
smaller than the true error in estimating Kρ.)

rs Kρ R2 Goodness of Fit
1.4 0.9 ± 0.3 0.54
1.5 0.52 ± 0.02 0.83
2.0 0.46 ± 0.01 0.93
4.0 0.293 ± 0.002 0.90
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Figure 3.10: Sensitivity of power-law fit procedure to amount of data included in
fit. The amplitude of the pair density oscillations for θ > θc as a function of θ is
shown for several θc. The dotted lines show fits to the expected θ−2Kρ decay. The
value of Kρ is quite sensitive to θc. (Same parameters as Fig. 3.8, rs = 4.0.)

and in Fig. 3.9 for ω = 0.6. The procedure we use to estimate the envelope func-

tions of the pair density modulations is quite sensitive to how much of the data

we include. Fig. 3.10 shows the fits for ω = 0.1, rs = 4.0 when we include modula-

tions for θ > θc for a variety of values of θc. The value of Kρ changes significantly

and the quality of the fit deteriorates when θc is large. This is partially because

the system is periodic and so the pair density modulations flatten to a constant at

θ = π. Thus, θc needs to be small enough tomitigate this finite-size effect, but large

enough to exclude the exchange-correlation hole. Moreover, dividing by cos(Nθ)

exaggerates small errors for values of θ where cos(Nθ) is small; this accounts for

the points that deviate from the fits by a large amount.

Though the power-law fit procedure is very approximate, it does yield inter-
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Figure 3.11: The amplitude of the pair density oscillations in a wire at rs = 4.0, ω =
0.1, using Gaussian single-particle orbitals. There is no visible trend.

esting qualitative results. We see that at the lowest densities, the fit to a power law

is quite good. Table 3.1 and Table 3.2 show the exponents extracted from these

fits at ω = 0.1 and ω = 0.6, respectively. The interaction parameter Kρ ∼ 1/3 cor-

responds to a strongly interacting regime that supports a quasi-localized Wigner

Crystal state (Giamarchi, 2003); this is consistent with what we observe in the pair

densities. We also tried the same procedure with the pair density modulations in

wires; however, as seen in Fig. 3.11, there is almost no decay in the amplitude of

the modulations, and a fit to a power law failed. This is suggestive of the slower

decay predicted by Schulz (1993) for systems with long-range 1/r interactions.

At higher densities, in particular rs < 3.8, ω = 0.1 and rs < 1.5, ω = 0.6, the fit

to the power law decay of Eqn. (3.14) is quite poor. This gives us a hint of the new

physics developing in the wire — a transition to a zigzag phase — which we shall

explore in the next chapter.
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4

Zigzag Quantum Phase Transition

As we reviewed in Chapter 1, the physics of interacting one-dimensional systems

is fundamentally different from that of higher dimensional systems, and there has

been a great deal of experimental work studying the properties of such systems,

some ofwhich is described in Section 1.3. These experimental systems are not truly

1D, however —we live in a three-dimensional world— and so the transition from

1D to higher-dimensional behavior is of both theoretical and practical interest. In

this chapter, we explore the first stage in such a change: the quantum phase tran-

sition of interacting electrons from a 1D linear arrangement to a quasi-1D zigzag

configuration, and then to a liquid state at higher densities.1

1 A portion of the text and figures in this chapter have been adapted from the following article,
submitted to Physical Review Letters:
Abhijit C. Mehta, C. J. Umrigar, Julia S. Meyer, and Harold U. Baranger, “Zigzag Phase Transition
in QuantumWires,” (2013)
A preprint is available on the internet at http://arxiv.org/abs/1302.5429
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(a) Linear (b) Zigzag

rs

Figure 4.1: (a) Electrons (red spheres) confined by a harmonic potential form a
linear Wigner crystal. (b) As electron density increases, symmetry about the wire
axis breaks and the electrons form a zigzag structure.

4.1 Introduction

Electrons confined to 1D by a transverse harmonic potential ω2y2/2 (as described

in Chapter 3) form a linear Wigner crystal at low densities2 (Schulz, 1993; Gia-

marchi, 2003; Shulenburger et al., 2008; Meyer and Matveev, 2009). This is illus-

trated schematically in Fig. 4.1. As the electron density is increased (or the har-

monic confinement relaxed), the Coulomb repulsion between particles becomes

comparable to the confining potential. The linear crystal buckles at a critical value

of the electron density (Chaplik, 1980; Schiffer, 1993; Piacente et al., 2004, 2010;

Galván-Moya and Peeters, 2011), breaking the symmetry about the longitudinal

axis and forming a zigzag structure, as depicted in Fig. 4.1(b).3 This transition is

the primary focus of our study.

This systemwas first studied classically for electrons on liquid helium (Chaplik,

1980) and for ions in linear traps (Schiffer, 1993). Recent numerical and theoreti-

cal work has examined the classical zigzag transition for several different types of

interaction and 1D confinement potentials and has shown that in the case of har-

monic confinement, it is a second order phase transition (Piacente et al., 2004, 2010;

2 This was alluded to in Fig. 3.2.
3 Since the broken symmetry is discrete (Z2) rather than continuous, the Mermin-Wagner Theo-

rem does not prohibit the formation of long-range zigzag order in this case.
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Galván-Moya and Peeters, 2011). The order parameter is half the width between

the two rows of the zigzag structure, which we call the “Zigzag Amplitude.” For

our system, calculation of the classical critical density is straightforward, and the

width between rows (or the zigzag amplitude) scales as
√
n− ncritical (for a review,

see Meyer and Matveev, 2009). The classical transition has been observed exper-

imentally in ion systems; the buckling of the linear Wigner crystal was directly

visualized by Birkl et al. (1992). Enzer et al. (2000) observed the power-law scaling

predicted for a second-order phase transition.

The quantum phase transition in this system has been studied theoretically

in both the weakly and strongly interacting limits (Meyer et al., 2007; Meyer and

Matveev, 2009; Sitte et al., 2009; Meng et al., 2011). In the strongly interacting limit,

the system can be mapped onto a transverse-field Ising model by identifying the

“spin” degrees of freedomwith the two rows of the zigzag structure, and thus the

zigzag transition is predicted to be an Ising-type quantum phase transition (Meyer

et al., 2007). At weak coupling, the critical exponents are non-universal (Meyer

et al., 2007; Meng et al., 2011). Furthermore, the linear and zigzag phases are ex-

pected to have only one gapless excitation mode, which corresponds to longitudi-

nal sliding of the crystal. At higher densities, the integrity of the zigzag structure

is destroyed, and a second mode becomes gapless.

Quasi-1D lattice structures were noted in spin density functional theory calcu-

lations on wires with weak confinement (Welander et al., 2010); the spin-ordering

found in those calculations is likely an artifact of the method used, however, and

the transition from 1D to quasi-1Dwas not systematically studied. Theoretical and

numerical work in the context of atomic systems predicts that the quantum zigzag

transition is experimentally accessible in ion trap systems (Shimshoni et al., 2011;

Gong et al., 2010; del Campo et al., 2010) and dilute dipolar gases (Astrakharchik
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et al., 2008; Ruhman et al., 2012). As discussed in Section 1.4, experimental evidence

for a coupled two-row electron structure has been observed in the conductance

of quantum wires fabricated in GaAs/AlGaAs heterostructures (Hew et al., 2009;

Smith et al., 2009), though there is no direct evidence that this is indeed a zigzag

structure.

4.1.1 The Length Scale r0

Two length scales in our system are of particular interest: the Wigner-Seitz radius

rs = 1/2n discussed in Chapter 1 and the length scale r0 at which the Coulomb

interaction between neighboring electrons becomes comparable to the harmonic

confinement (Piacente et al., 2004):

r0 ≡ 3

√
2e2

εm∗ω2
. (4.1)

The zigzag transition occurs when the length scales rs and r0 become compara-

ble (Meyer and Matveev, 2009). The classical critical point occurs at rs/r0 = 0.64,

and the transition from a two-row to a multi-row structure occurs at rs/r0 = 0.29.

The classical description is validwhen the effective Bohr radius ismuch smaller

than the inter-particle separation at the zigzag transition; i.e., when r0 � 1. Note

that for large r0 (small ω, thus wider wires) the electrons are more strongly in-

teracting at the transition. For smaller values of r0 (narrower wires), quantum

fluctuations play an important role.

To connect to experiments in electronic systems, the behavior at intermediate

interaction strength is key. The analytical work described above cannot treat the

system with intermediate interactions; our QuantumMonte Carlo methods allow

us to study the problem in this experimentally relevant regime, where quantum

fluctuations and interaction-induced correlations are both important. We focus on
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two values of the confinement, ω = 0.1 and 0.6, which correspond to r0 = 5.9 and

1.8, respectively, because they correspond to experimentally measured parameters

in GaAs/AlGaAs quantum wires (Rössler et al., 2011). At ω = 0.6 in particular,

quantum effects play an important role in the transition since r0 is close to 1. We

also study electron densities comparable to those reported in experiments where a

coupled two row structure was reported in weakly confined quantumwires (Hew

et al., 2009).

We observe the zigzag transition at intermediate interaction strength, and we

characterize it through several observables measured in QMC. By studying the

long-range zigzag correlations, we shall demonstrate that the quantumphase tran-

sition occurs at parameters relevant to quantum wire experiments and is qualita-

tively different from the classical transition.

4.2 Visualizing the Transition to a Quasi-1D Zigzag: Pair Densities

We performed Variational and DiffusionMonte Carlo calculations using themeth-

ods described in Chapter 2 to study the ground state of spinless electrons in a

quantum wire, modeled with a ring geometry as described in Chapter 3. We list

in Appendix D the types of single-particle orbitals used in the VMC trial wave-

functions at different values of rs and ω. In this section, we describe observable

quantities which help us to visualize the behavior of electrons in our quantum

wire as the system transitions from a 1D state to a quasi-1D state.

The pair density, defined as

〈ρ̂(r, θ)ρ̂(r?, 0)〉
〈ρ̂(r?, 0)〉 , (4.2)

where ρ̂(r, θ) is the local density operator and (r?, 0) is the location of a fixed elec-
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Figure 4.2: Pair density, 〈ρ̂(r, θ)ρ̂(r?, 0)〉/〈ρ̂(r?, 0)〉, for electrons at progressively
higher densities in a wire with ω = 0.1. The red stars mark r?. (r is plotted relative
to r̄ in units of the effective Bohr radius a∗0, and θ is plotted in units of the interpar-
ticle spacing 2π/N .) In each plot, r? is offset from thewire axis by the same amount
to facilitate comparison of the different phases. (a) rs = 4.0, N = 30. At low den-
sities, the electrons form a linear Wigner crystal. (b) rs = 3.6, N = 30. As the
density increases, a zigzag structure forms. (c) rs = 3.0, N = 30. The amplitude of
the zigzag increases. (d) rs = 2.0,N = 60. At higher densities, the zigzag structure
is destroyed. The color scale shows the pair density relative to themaximum value
for each plot. Only a portion of the full periodic system is shown.
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Figure 4.3: Pair densities for electrons in awirewith ω = 0.6. The red starsmark r?.
(r is plotted relative to r̄, and θ is plotted in units of the interparticle spacing 2π/N .)
We choose r? to be offset from the wire axis by the same amount in each plot to
facilitate comparison of the different phases. (a) rs = 1.5, N = 30. At low densities,
electrons in a quantum wire form a linear Wigner crystal. (b) rs = 1.3, N = 30.
As the density increases, a zigzag structure forms, though quantum fluctuations
smear our correlations in the pair density. (c) rs = 0.5, N = 60. At higher densities,
the zigzag structure vanishes. The color scale shows the pair density relative to the
maximum value for each plot. Only a portion of the full periodic system is shown.

tron,4 is a keymicroscopic quantity that allows us to directly visualize the system’s

quasi-1D nature. To illustrate the different phases that exist in our quantum wire

system, we show plots of the pair density for selected values of rs in Fig. 4.2 for

ω = 0.1 and in Fig. 4.3 for ω = 0.6. Animations which show the pair density as a

4 In general, the pair density is a function of the form, 〈ρ̂(r, θ′)ρ̂(r?, θ?)〉, but due to the rotational
symmetry of our system, we can set θ ≡ θ′ − θ? and write the pair density in the form shown in
Eqn. (4.2).
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function of r? for several values of rs and ω accompany this dissertation; a list of

these supplemental video files can be found in Appendix F.

4.2.1 Linear Regime

At rs = 4.0, ω = 0.1 modulations in the pair density indicate that the electrons

are quasi-localized in a linear arrangement,5 as observed in previous QMC cal-

culations (Casula et al., 2006; Shulenburger et al., 2008). We call this the “linear

phase”. Fig. 4.2(a) shows that this linear ordering persists even when r? deviates

significantly from the center of the wire. There is some short-range transverse cor-

relation in response to the off-axis electron, but at larger distances the arrangement

is linear.

At ω = 0.6, r0 is on the same scale as the effective Bohr radius (r0 = 1.8), and

quantum fluctuations are stronger. Fig. 4.3(a) shows the system in the linear phase

at rs = 1.5, ω = 0.6, but modulations in the pair density are much smaller than at

ω = 0.1. As at rs = 4.0, ω = 0.1, no long-range transverse correlations are visible,

even though the fixed electron r? is off-axis.

4.2.2 Zigzag Regime

We observe the linear phase until the density increases past a certain critical point

where a transition to a zigzag structure occurs. At ω = 0.1, the transition oc-

curs near rs = 3.79, which is close to the classical value rclass
s = 3.75 for ω = 0.1.

Fig. 4.2(b) shows the system in the “zigzag phase” at ω = 0.1, rs = 3.6: the symme-

try about the axis of the wire is broken, and the electrons are arranged in a long-

range zigzag pattern. Beyond the transition, the amplitude of the zigzag struc-

ture continues to increase, reaching a maximum value near rs = 3.0, shown in

5 A three-dimensional plot of the pair density for these parameters which shows the ring geom-
etry of the system can be found in the previous chapter, in Fig. 3.2
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Fig. 4.3(c).

In the case with stronger quantum fluctuations, ω = 0.6, the zigzag transition

occurs between rs = 1.4 and rs = 1.45; this deviates significantly from the classi-

cal transition point, rclass
s = 1.19 for ω = 0.6. Fig. 4.3(b) shows the system in the

zigzag phase at rs = 1.3; quantum fluctuations have smeared out correlations in

the pair density. We shall show in Section 4.3.2, however, that there are strong

zigzag correlations present despite the rather weak features in the pair density.

4.2.3 Liquid Regime

As we continue to increase the density in the wire, the zigzag structure is eventu-

ally destroyed, for rs . 2.5 at ω = 0.1 and for rs . 1 at ω = 0.6. At these higher

densities, the pair density plots show little structure, indicating that the positional

order has been lost, as seen in Fig. 4.2(d) at ω = 0.1, rs = 2.0, and in Fig. 4.3(c) at

ω = 0.6, rs = 0.5. (We plot results from a larger system size, N = 60, in these cases

to lessen the effects of our ring geometry.) Two rows are visible in the pair density,

but there are no strong zigzag correlations. We identify this liquid-like phase with

the two-gapless-mode phase described by Meyer et al. (2007). In Fig. 4.4, we plot

the pair density at several values of r? for ω = 0.1, rs = 2.0 to further illustrate this.

In Fig. 4.5, we show the wire deep in the liquid regime at ω = 0.1, rs = 1.0; note

that in this case, a multi-row structure seems to begin to form.

Studying the pair densities has allowed us to identify the three phases— linear,

zigzag, and liquid— in a qualitative way. We now consider other observables, and

discuss their behavior in each of the three regimes.
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Figure 4.4: Pair density, 〈ρ̂(r, θ)ρ̂(r?, 0)〉/〈ρ̂(r?, 0)〉, for electrons in a wire with
ω = 0.1, rs = 2.0, N = 60. The red stars mark r?. We show plots at a variety of r?.
At this value of rs, the wire is in in the liquid regime; a two-row structure forms,
and though there are short-range correlations, there are no long-range zigzag cor-
relations. (y = r− r̄ in units of the effective Bohr radius a∗0, and θ is plotted in units
of the interparticle spacing 2π/N .) The color scale shows the pair density relative
to the maximum value for each plot. Only a portion of the full periodic system is
shown.
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Figure 4.5: Pair density, 〈ρ̂(r, θ)ρ̂(r?, 0)〉/〈ρ̂(r?, 0)〉, for electrons in a wire with ω =
0.1, rs = 1.0, N = 60. The red stars mark r?. We show plots at a variety of r?.
At this value of rs, the wire is deep in the liquid regime; there are no long-range
correlations visible and only weak short-range correlations. Amulti-row structure
appear to begin forming. (y = r − r̄ in units of the effective Bohr radius a∗0, and
θ is plotted in units of the interparticle spacing 2π/N . The color scale shows the
pair density relative to the maximum value for each plot. Only a portion of the full
periodic system is shown.)
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4.2.4 Power Spectrum

Since we are interested in the periodic structure formed by electrons in our wire,

it is natural to examine the Fourier transform of the density.

To study the amount of localization along the axis of the wire as a function of

the transverse position, we examine the angular power spectrum, which has also

been used to study localization in quantum dots (Güçlü et al., 2008):

f(r, kθ) ≡
∫

dr1 · · · drN |Ψ(r1, . . . , rN |2 ×
∣∣∣∣∣
N∑
i=1

Fθ[δ(2)(ri − r)]

∣∣∣∣∣
2

− n(r)

r2

=
2

r2

∫
dr1 · · · drN |Ψ(ri, . . . , rN |2 ×

N∑
i>j

cos[kθ(θi − θj)]δ(ri − r)δ(rj − r),

(4.3)

where Fθ is the Fourier transform in the angular direction. The power spectrum

gives the angular Fourier components of the pair density when two electrons are

at the same radial position.6 We are primarily interested in modulations in the pair

density, and so the n(r)/r2 term is subtracted out to allow us better visualization

of small features in f(r, kθ).

In the linear regime — rs = 3.8, 4.0, ω = 0.1 [Fig. 4.6(a,b)] and rs = 1.5, 2.0,

ω = 0.6 [Fig. 4.7(a,b)] — the power spectrum shows a sharp peak at kθ = N and

at r near the central axis of the wire. This means that there are are pair density

oscillations with period N , which is consistent with what we observe in the pair

densities.

Examining the power spectrum at values of rs in the zigzag regime, we see

that, though a large peak at kθ = N is still present, small peaks begin to develop at

kθ = N/2 at values of r on either side of thewire axis at rs = 3.7, ω = 0.1 [Fig. 4.6(c)],

6 In other words, f(r, kθ) is related to the Fourier transform of ∼ 〈ρ̂(r, θ)ρ̂(r?, 0)〉when r = r?.
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(a) rs = 4.0, N = 30 (b) rs = 3.8, N = 30

(c) rs = 3.7, N = 30 (d) rs = 3.6, N = 30

(e) rs = 3.4, N = 30 (f) rs = 3.0, N = 30

(g) rs = 2.0, N = 60 (h) rs = 1.0, N = 60

Figure 4.6: Power Spectrum f(r, kθ) at several values of rs for rings with ω = 0.1.
At rs = 4.0, 3.8 (a,b), the wire is in the linear regime, and there is a peak at r ∼
R, kθ = N , indicating a periodic electron structure along the central axis of the
wire. At rs = 3.7 − 3.0 (c-f), the system is in the zigzag regime, and two peaks
form at kθ = N/2 at values of r on either side of the wire axis, indicating a two-row
structure. Notice also that the peak at r ∼ R shifts to a value of kθ < N . Finally, in
the liquid regime, rs = 2.0, 1.0 (g,h), a more complicated structure develops.
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(a) rs = 2.0, N = 30 (b) rs = 1.5, N = 30

(c) rs = 1.4, N = 30 (d) rs = 1.3, N = 30

(e) rs = 1.2, N = 30 (f) rs = 1.1, N = 30

(g) rs = 0.8, N = 60 (h) rs = 0.5, N = 60

Figure 4.7: Power Spectrum f(r, kθ) at several values of rs for rings with ω = 0.6.
At rs = 2.0, 1.5 (a,b), the wire is in the linear regime, and there is a peak at r ∼
R, kθ = N , indicating a periodic electron structure along the central axis of the
wire. At rs = 1.4 − 1.1 (c-f), the system is in the zigzag regime, and two peaks
form at kθ = N/2 at values of r on either side of the wire axis, indicating a two-row
structure. Notice also that the peak at r ∼ R shifts to a value of kθ < N . Finally, in
the liquid regime, rs = 0.8, 0.5 (g,h), we observe a noisy, complicated structure.

74



and at rs = 1.4, ω = 0.6 [Fig. 4.7(c)]; in the latter case, the kθ = N/2 peaks are just

beginning to develop and are barely visible. These peaks are consistent with the

formation of a two-row structure observed in the pair density. The peak at kθ is

still present at the center of the wire, as we would expect, since the wavefunctions

have a finite width in the radial direction.

At progressively higher densities, the peaks at kθ = N/2 get stronger, and the

peak at r near the center of the wire broadens and shifts downward from kθ = N

as the density increases. This is visible in Fig. 4.6(d-f) and Fig. 4.7(d-f).

As the wire enters the liquid regime at rs = 2.0, ω = 0.1, the power spectrum

in Fig. 4.6(g) begins to show a more complicated structure. (Note that at the high

densities corresponding to the liquid regime, we increased our system size and

performed runs at N = 60 to lessen the effects of our ring geometry.) There are

still two peaks at N/2, consistent with a two-row zigzag structure, but there is a

peak near the center of the wire at kθ = 35 and an additional peak at kθ = 25.

At rs = 1.0, ω = 0.1, Fig. 4.6(h) shows that the kθ = N/2 peaks are gone, and

peaks form at kθ = 11, 16, 21, 28. This is an indication of the more complicated

structure found in the liquid regime, and corresponds to the multi-row pattern

observed in the pair density at rs = 1.0. [Fig. 4.5] At densities in the liquid regime

at ω = 0.6, the results are not as clean. The power spectrum at rs = 0.5 [Fig. 4.7(h)]

is structureless, and that at rs = 0.8 [Fig. 4.7(g)] looks similar, though there is a

peak at kθ = 40.

The power spectrum is a useful way to visualize some of the patterns found in

the pair density of our system. We note, however, that though the power spectrum

points to the presence of a two-row structure in the zigzag regime, it does not

tell us anything about the zigzag correlations in the wire. In addition, the large

trough in the pair density at small kθ, due to the exchange-correlation hole, makes
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(a) rs = 4.0, N = 30
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(b) rs = 3.8, N = 30
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(c) rs = 3.7, N = 30
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(d) rs = 3.6, N = 30

Figure 4.8: 1D pair density 〈ρ̂(0)ρ̂(θ)〉 and the structure factor Sρρ(kθ) shown for
selected values of rs atω = 0.1. In the linear regime (a,b), the 1Dpair density shows
correlations consistent with aWigner crystal and Sρρ(kθ) has a corresponding peak
at kθ = N . In the zigzag regime (c,d), the peak at Sρρ(N) decreases, as the long-
range pair correlations decaymore quickly. At rs = 3.6, the extra peak inSρρ at kθ =
N corresponds to the structure at r ∼ R seen in the power spectrum [Fig. 4.6(d)].

it difficult to quantitatively analyze the structure of the peaks. We thus turn to

other measures of the periodicity in the wire.

4.2.5 1D Pair Density and Structure Factor

To focus on the 1D nature of our system, we integrate out the transverse coordi-

nates in the pair density and examine the 1D pair density,

〈ρ̂(0)ρ̂(θ)〉 ≡
∫
〈ρ̂(r, θ)ρ̂(r?, 0)〉 r dr r? dr?. (4.4)
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(a) rs = 3.4, N = 30
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(b) rs = 3.0, N = 30
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(c) rs = 2.0, N = 60
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(d) rs = 1.0, N = 60

Figure 4.9: 1D pair density 〈ρ̂(0)ρ̂(θ)〉 and the structure factor Sρρ(kθ) shown for
higher densities at ω = 0.1. In the zigzag regime (a,b), the structure of Sρρ cor-
responds to the features seen at r ∼ R in the power spectrum [Fig. 4.6(e,f)]. In
the liquid regime (c,d), only some of the peaks in the power spectrum are visible
in Sρρ. [Fig. 4.6(g,h)]. Notice that 〈ρ̂(0)ρ̂(0)〉 increases with increasing density; in
the liquid regime, it is a significant fraction of the long-range value, indicating the
presence of multiple channels in the wire.

We also consider its Fourier transform in the angular direction,7 the 1D density

structure factor Sρρ(kθ). The quantities 〈ρ̂(0)ρ̂(θ)〉 and Sρρ(kθ) allow us to study the

longitudinal correlations of the system, that is, the positional ordering along the

axis of the wire. We plot these quantities for several values of rs at ω = 0.1 in

7 We are interested in the long range correlations of the system, and so to minimize the impact
of the correlation hole — which causes a large trough structure in the power spectrum — on the
Fourier transform, we use a Hann windowing function w(n) = (1 − cos(2πn/N))/2, where N + 1
is the number of bins we use to histogram 〈ρ̂(0)ρ̂(θ)〉 in our QMC code (typically N + 1 = 101),
and 0 ≤ n ≤ N labels the bin number. (See, for example, Press et al., 2007, Ch. 13.) The Hann
window gives less weight to the small-|θ| region and more weight to the long-range portion of the
pair density, as desired.

77



0 2 4 6 8 10 12 14
0

1

2

3

4

5

θ/(2π/N)

P
a
ir
 D

e
n
s
it
y

0 10 20 30 40
0

0.5

1

1.5

2

k
θ

S
ρ

ρ

(a) rs = 2.0, N = 30
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(b) rs = 1.5, N = 30
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(c) rs = 1.4, N = 30
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(d) rs = 1.3, N = 30

Figure 4.10: 1D pair density 〈ρ̂(0)ρ̂(θ)〉 and the structure factor Sρρ(kθ) shown for
selected values of rs atω = 0.6. In the linear regime (a,b), the 1Dpair density shows
correlations consistent with aWigner crystal and Sρρ(kθ) has a corresponding peak
at kθ = N . Note that the large difference in peak heights between (a) and (b) is due
to the large difference in rs — 2.0 for (a), 1.5 for (b). In the zigzag regime (c,d), the
peak at Sρρ(N) decreases, as the long-range pair correlations decay more quickly.
As at ω = 0.1, the peaks in Sρρ correspond to the structure at r ∼ R seen in the
power spectrum [Fig. 4.7(c,d)].

Fig. 4.8 (at lower densities) and Fig. 4.9 (at higher densities). We show plots for

ω = 0.6 in Fig. 4.10 (at lower densities) and Fig. 4.11 (at higher densities). It is

especially interesting to compare the features in Sρρ(kθ) to the features observed in

the power spectrum [Fig. 4.6 and Fig. 4.7].

Fig. 4.8(a,b) and Fig. 4.10(a,b) show strong modulations in the 1D pair density

for electrons in the linear regime, at ω = 0.1, rs = 4.0, 3.8 and at ω = 0.6, rs =

2.0, 1.5, respectively. These correspond to the modulations in the full pair density;

similarly, Sρρ shows a sharp peak at kθ = N , consistent with the peak observed at
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(a) rs = 1.2, N = 30
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(b) rs = 1.1, N = 30
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(c) rs = 0.8, N = 60
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(d) rs = 0.5, N = 60

Figure 4.11: 1D pair density 〈ρ̂(0)ρ̂(θ)〉 and the structure factor Sρρ(kθ) shown for
higher densities at ω = 0.6. In the zigzag regime (a,b), the structure of Sρρ cor-
responds to the features seen at r ∼ R in the power spectrum [Fig. 4.6(e,f)]. In
the liquid regime (c,d), only some of the peaks in the power spectrum are visible
in Sρρ. [Fig. 4.6(g,h)]. Notice that 〈ρ̂(0)ρ̂(0)〉 increases with increasing density; in
the liquid regime, it is a significant fraction of the long-range value, indicating the
presence of multiple channels in the wire.

kθ = N in the power structure. These plots are consistent with the system being

in the quasi-localized Wigner Crystal regime. The strength of the modulations is

weaker at ω = 0.6, underlining our observation that quantum fluctuations smear

out positional order along the axis of the wire in this case.

As the system enters the zigzag regime, 〈ρ̂(0)ρ̂(θ)〉 begins to show less structure,

as we can see in Fig. 4.8(c,d) for ω = 0.1, rs = 3.7, 3.6 and in Fig. 4.10(c,d) for

ω = 0.6, rs = 1.4, 1.3. The peaks in Sρρ at N decrease, and we note that the peaks

in Sρρ correspond to peaks in the power spectrum f(r, kθ) at values of r close to
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Figure 4.12: The 1D pair density at θ = 0, 〈ρ̂(0)ρ̂(0)〉 normalized by the average
value of the 1D pair density, 〈〈ρ̂(0)ρ̂(θ)〉〉θ, a measure of the one dimensionality
of our system. The quantity is 0 in the linear regime, and increases in the zigzag
regime. In the liquid regime, it is approximately one half, indicating two channels
in the wire.

the axis of the wire. No peaks form in Sρρ at kθ = N/2, however; the 1D pair

density and Sρρ do not contain structures corresponding to the peaks in the power

spectrum which we identify with the formation of two rows in the zigzag regime.

This behavior continues deeper in the zigzag regime as shown for ω = 0.1, rs =

3.4, 3.0 in Fig. 4.9(a,b) and ω = 0.6, rs = 1.2, 1.1 in Fig. 4.11(a,b).

Finally, in the liquid regime [Fig. 4.9(c,d) and Fig. 4.11(c,d)], very little long-

range positional order is visible in 〈ρ̂(0)ρ̂(θ)〉, andSρρ has severalweak features that

correspond to some, but not all, of the features observed in the power spectrum.

It is interesting to observe the behavior of 〈ρ̂(0)ρ̂(θ)〉 at θ = 0; this tells us the

likelihood of finding two electrons at the same longitudinal position and is a mea-

sure of the one-dimensionality of our system. In the liquid regime, this quantity

rises to around half of the long-range value of 〈ρ̂(0)ρ̂(θ)〉, indicating the wire is no

longer one-dimensional.

In Fig. 4.12, we plot the 1D pair density at θ = 0, normalized by its average

value, to study how one-dimensional our system is as a function of rs. This quan-
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tity is very close to 0 in the linear phase, indicating the strict one-dimensionality

of that regime. It starts to rise as the system transitions to the zigzag phase and

begins to become quasi-1D, and it rises to approximately 1/2 in the linear regime,

which indicates that there are two channels in the wire.

We conclude this section with a remark about the comparison performed in

Section 3.4 between the decay in themeasured pair correlations and the power-law

form predicted by Luttinger Liquid theory. We see now that the values of rs where

the fit to a power law decay was poor — rs = 3.7 at ω = 0.1 and rs = 1.4 at ω =

0.6 — correspond to the zigzag phase. Luttinger Liquid theory cannot describe

the physics of this quasi-1D regime. We also compare the interaction parameter

Kρ, given in Table 3.1 and Table 3.2, for rs in the linear phase close to the zigzag

transition at ω = 0.1 and ω = 0.6. We see at rs = 3.8, ω = 0.1 that Kρ = 0.36,

while at rs = 1.5, ω = 0.6,Kρ = 0.52. This is consistent with our argument that the

system at ω = 0.1 is more strongly interacting, while ω = 0.6 represents a more

intermediate interaction regime.

So far, we have seen qualitative features of the linear, zigzag, and liquid phases

in the pair density and power spectrum. These structures are clear in the ω = 0.1

case, but at ω = 0.6, quantum fluctuations smear out the features in the pair densi-

ties, and so these quantities are of limited utility in our study of zigzag physics. In

the next section, we will probe the correlations between the transverse positions of

the electrons, and show that strong zigzag correlations exist despite weak features

in the pair density.

4.3 Probing Zigzag Order: Transverse Correlation Functions

The zigzag phase is characterized by long-range correlations between the transverse

coordinates of the electrons, and so we study two related functions that measure
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(b) rs = 3.8, N = 30
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(c) rs = 3.7, N = 30
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(d) rs = 3.6, N = 30

Figure 4.13: y-y Correlation function Cyy(θ) and y-y structure factor Syy(kθ) at se-
lected values of rs for ω = 0.1. In the linear regime (a,b), there are no long-range
transverse correlations. In the zigzag regime (c,d), Cyy(θ) beings to oscillate and a
peak develops inSyy(kθ) at kθ = N/2, indicating the presence of zigzag correlations
in our system.

the correlations between the transverse positions of the electrons and will allow

us characterize the long-range zigzag order more quantitatively.

4.3.1 The y − y Correlation Function

A straightforward way to measure the transverse correlations in our system is

through the “y-y correlation function”, which we define as follows:

Cyy(θ) ≡ 〈yiyj〉 , (4.5)

where yi = ri − r̄ is the transverse position of an electron, and where θ = |θi − θj|

is the angular separation between two electrons labeled i and j. We also study the
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(a) rs = 3.4, N = 30
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0 5 10 15

−5

−4

−3

−2

−1

0

θ/(2π/N)

<
y

i y
j>

0 10 20 30 40
0

2

4

6

8

10

12

k
θ

S
y
y

(c) rs = 2.0, N = 60
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Figure 4.14: y-y Correlation function Cyy(θ) and y-y structure factor Syy(kθ) at se-
lected values of rs for ω = 0.1. In the zigzag regime (a,b), the kθ = N/2 oscillations
indicate strong long-range zigzag correlations. In the liquid regime (c,d), the os-
cillations in Cyy(θ) begin to decay (along with the peak at Syy(N/2), indicating the
zigzag structure is destroyed as the system transitions to the liquid phase.

“y-y structure factor”, Syy(kθ), which is the Fourier transform of Cyy(θ). We plot

these quantities in Figs. 4.13, 4.14, 4.15, and 4.16.

In the linear phase — ω = 0.1, rs = 3.8, 4.0 [Fig. 4.13(a,b)] and ω = 0.6, rs =

1.5, 2.0 [Fig. 4.15(a,b)] — Cyy(θ) and Syy show no long-range structure; there are

not long-range transverse correlations in the 1D linear regime. (There is some

short-range structure which corresponds to the short-range transverse correlation

observed in the pair density; two adjacent electrons are likely to have slightly dif-

ferent transverse coordinates.) In the zigzag phase, however, the behavior of Cyy

becomes more interesting.
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(b) rs = 1.5, N = 30
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Figure 4.15: y-y Correlation function Cyy(θ) and y-y structure factor Syy(kθ) at se-
lected values of rs for ω = 0.6. In the linear regime (a,b), there are no long-range
transverse correlations. In the zigzag regime (c,d), Cyy(θ) beings to oscillate and a
peak develops inSyy(kθ) at kθ = N/2, indicating the presence of zigzag correlations
in our system.

At ω = 0.1, Fig. 4.13(c) shows that at rs = 3.7, as the system enters the zigzag

phase,Cyy(θ) begins to oscillate with awavelength equal to two inter-particle spac-

ings. This indicates the formation of a zigzag phase — the electrons have trans-

verse positions that are alternately negatively and positively correlated with that

of the electron at θ = 0. The height of the corresponding peak in Syy at kθ = N/2 is

a way tomeasure the strength of the zigzag order in our system. In Fig. 4.13(d) and

Fig 4.14(a) and (b), we see that these oscillations become stronger as the density is

lowered further into the zigzag regime, to rs = 3.6, 3.4, 3.0, respectively.

At rs = 2.0 [Fig. 4.14(c)], the oscillations in Cyy weaken and the height of the
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(b) rs = 1.1, N = 30
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(c) rs = 0.8, N = 60
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Figure 4.16: y-y Correlation function Cyy(θ) and y-y structure factor Syy(kθ) at se-
lected values of rs for ω = 0.6. In the zigzag regime (a), the kθ = N/2 oscillations
indicate strong long-range zigzag correlations, these begin to decay at rs = 1.1 (b),
and in the liquid regime (c,d), the oscillations in Cyy(θ) begin to decay (along with
the peak at Syy(N/2), indicating the zigzag structure is destroyed as the system
transitions to the liquid phase.

peak at Syy(N/2) decreases as zigzag structure is destroyed and the system transi-

tions to a liquid phase. We also note that the weak peak at Syy(N/2) corresponds

to the peaks at kθ = N/2 in the power spectrum that were “missing” from Sρρ. By

rs = 1.0 [Fig. 4.14(d)], Cyy and Syy show very little structure, indicating that there

are no transverse correlations in the liquid regime.

The same behavior is visible at ω = 0.6. Despite the quantum fluctuations, we

see that the strength of the zigzag structure (quantified as the height8 of the peak

8 Note that the absolute value of the height of the peaks in Syy is smaller at ω = 0.6 than at
ω = 0.1. This is a reflection of the smaller width of wires at ω = 0.6. We compare the relative size
of these peaks at a given ω.
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at Syy(N/2)) increases as the system transitions to the zigzag regime in Fig. 4.15(c)

and (d). We note, however, that the size of the oscillations is smaller than at ω =

0.1; this is partially due to the fact that since Cyy is calculated as a function of θ,

the weaker positional order in the θ direction will also cause the ordering in Cyy

to weaken. The height of the peak at Syy(N/2) continues to increase at rs = 1.2

[Fig. 4.16(a)]. At higher densities, it begins to decrease [Fig. 4.16(b)], and, as at

ω = 0.1, Cyy and Syy show little structure in the liquid regime [Fig. 4.16(c,d)].

The height of the peak at Syy(N/2) gives us a way to measure the strength of

the zigzag correlations in our system, and we will study its behavior as a function

of rs in Section 4.4. However, since Cyy(θ) depends on θ rather than the relative

ordering of the electrons, it is somewhat susceptible to the positional smearing in

the θ direction that we observe in the pair density at ω = 0.6 and in the liquid

regime. We would like to study a quantity that does not depend on the longitudi-

nal correlations in the system.

Wenow introduce amore natural quantity for studying zigzag correlations that

will allowus to directly identify zigzag order evenwhen there isweak longitudinal

positional order.

4.3.2 The Zigzag Correlation Function

To characterize the long-range zigzag order in away that is not sensitive to longitu-

dinal smearing, wefirst number the electrons along thewire axis (i.e., by increasing

θ). We can then define a zigzag correlation function

Czz(|i− j|) ≡
〈
(−1)iyi(−1)jyj

〉
. (4.6)

This correlation function corresponds to the field (−1)iyi that orders in the zigzag

state (Meyer et al., 2007); Czz(|i−j|) indicates how strongly the ith and jth electrons
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Figure 4.17: The zigzag correlation function, normalized by the average wire
width; Czz(|i − j|)/〈y2〉 = 〈(−1i)yi(−1j)yj〉/〈y2〉, plotted for various values of rs
at (a) ω = 0.1 and (b) ω = 0.6 for N = 30 electrons. (y ≡ r − r̄ is measured in
units of the effective Bohr radius a∗0.) In the linear phase (dashed lines), Czz de-
cays to 0; in the zigzag phase (solid lines), Czz saturates to a finite value, indicating
long-range zigzag order. In the liquid phase (dotted lines) Czz again decays. [Note
that since our system is periodic, Czz(k) = Czz(N − k), thus Czz(k) must be flat at
k = N/2.]
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Figure 4.18: The zigzag correlation function, Czz(|i− j|) = 〈(−1i)yi(−1j)yj〉, (right
axes), and normalized in units of r0 (left axes), plotted for various values of rs at
(top) ω = 0.1 and (bottom) ω = 0.6 for N = 30 electrons. (y ≡ r − r̄ is measured in
units of the effective Bohr radius a∗0.) In the linear phase (dashed lines), Czz decays
to 0; in the zigzag phase (solid lines), Czz saturates to a finite value, indicating
long-range zigzag order. In the liquid phase (dotted lines)Czz again decays. When
normalized by r0, the behavior at ω = 0.1 and ω = 0.6 is remarkably similar. [Note
that since our system is periodic, Czz(k) = Czz(N − k), thus Czz(k) must be flat at
k = N/2.]
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are locked in a zigzag pattern as a function of the number of intervening electrons.

We contrast this with Cyy, which only depends on the angular distance between

electrons and does not account for the (−1)iyi ordering. Note that Czz is similar to

a staggered spin correlation function for an antiferromagnetic system.

Fig. 4.17 shows the zigzag correlation function Czz(|i − j|), normalized by the

mean-squared wire width 〈y2〉, at several values of rs for ω = 0.1 [Fig. 4.17(a)] and

ω = 0.6 [Fig. 4.17(b)]. In the linear phase (rs = 3.8, 4.0 for ω = 0.1; rs = 1.5, 2.0

for ω = 0.6), there is no long-range zigzag order, and Czz decays to 0 within a

few inter-particle spacings. In the zigzag phase (rs = 3.0, . . . , 3.7 for ω = 0.1 and

rs = 1.1, . . . , 1.4 for ω = 0.6), Czz saturates to a finite value. At ω = 0.6, long-

range zigzag order is present even in the absence of strong long-range positional

order along the axis of the wire. This is possible because the zigzag order is not

local (tied to the coordinate along thewire axis), but rather depends non-locally on

the numbering of the electrons along the wire. This demonstrates that the zigzag

transition occurs in the quantum regime, and is one of the primary results of this

chapter.

When we increase the density further, the zigzag correlation function again

decays, indicating that the zigzag structure disappears. This is visible in Fig. 4.17

at higher densities (rs = 1.0, 2.0 for ω = 0.1, rs = 0.5, 0.8 for ω = 0.6). At these

higher densities, the pair density plots show little structure, indicating that the

positional order has been lost, as seen in Fig. 4.3(d) at ω = 0.1, rs = 2.0, and in

Fig. 4.3(c) at ω = 0.6, rs = 0.5. (We plot results from a larger system size, N = 60,

in these cases to lessen the effects of our ring geometry.) Two rows are visible in the

pair density, but there are no strong zigzag correlations. We identify this liquid-

like phase with the two-gapless-mode phase described in (Meyer et al., 2007).

We also plot the zigzag correlation function both without normalization and
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normalized by the length scale r0 in Fig. 4.18. The different scales in the unnor-

malized plots at ω = 0.1 and ω = 0.6 reflect the difference in wire width between

the two cases. Normalizing by r0 allows us to directly compare Czz in the two dif-

ferentwidths ofwires, andwhenwe plotCzz/r0, the similarity between the ω = 0.1

and ω = 0.6 results is striking.

There are a number of unusual features inCzz. First, for values of rs close to the

zigzag transition (e.g., rs = 3.7 at ω = 0.1, and rs = 1.4 at ω = 0.6), Czz decreases

sharply before saturating, while the decay is more gradual for smaller rs. This

sharp decrease is similar to the shape of Czz observed in the linear regime, and it

contrasts with our expectation that the shape of the decay in Czz should be quali-

tatively similar for all values of rs in the zigzag regime. We do not understand this

behavior. We also see oscillations in Czz in the phase where the zigzag structure is

destroyed (rs = 1.0, 2.0 at ω = 0.1, and rs = 0.5, 0.8 at ω = 0.6); these oscillations

appear to be caused by finite-size effects since we observe longer wavelengths at

larger N , and since the oscillations appear to decay at long range for larger N , as

is shown in Fig. 4.19.

Finally, at the highest densities, Czz shows anti-zigzag ordering at |i − j| = 2.

This is due to the decoupling of the two rows; at highdensities, there are likely to be

configurations where two “adjacent” (ordered by their θ coordinate) electrons are

in the same row, and the next electron is in the opposite row. (I.e., the |i−j| = 0 and

|i−j| = 1 electrons are in the same row, and the |i−j| = 2 electron is in the opposite

row, or both the |i − j| = 1 and |i − j| = 2 electrons are in the row opposite the

|i−j| = 0 electron.) Such configurationswill give a negative contribution toCzz(|i−

j| = 2). Though these two types of configurations are each individually more rare

than those where |i − j| = 0, 1, 2 are in a zigzag arrangement, they become more

likely at high densities when there is not strong zigzag order. Moreover, there are
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Figure 4.19: Comparison of Czz(|i− j|) at N = 30 and N = 60 in the liquid regime
for ω = 0.1 (top) and ω = 0.6 (bottom). Oscillations in Czz appear to have a slightly
longer wavelength atN = 60 and to decay at long range, suggesting that the oscil-
lations observed in Fig. 4.17 and Fig. 4.18 for rs in the liquid regime are a finite-size
effect.
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two different types of configurations that give a negative contribution, and so at

high densities, Czz(|i− j| = 2) becomes negative.

4.4 Order Parameter: The Zigzag Amplitude

The long-range value of the zigzag correlation yields the order parameter of the

phase transition, Mzz. We estimate M2
zz by averaging over the long-range part of

the correlation,

M2
zz ≈ 〈Czz(|i− j|)〉|i−j|>N/4. (4.7)

Mzz is the “Zigzag Amplitude” described in Section 4.1; that is, half the width be-

tween the two zigzag rows. Fig. 4.20 shows the order parameter at ω = 0.1 and 0.6

as a function of rs (scaled in units of r0). Mzz increases sharply at the transition

from the linear phase to the zigzag phase. As with the pair densities and correla-

tion functions,Mzz shows the same generic behavior at ω = 0.6 as at 0.1—behavior

consistent with that of a continuous phase transition. The transition occurs at a

scaled density close to the classical value for ω = 0.1 but at a considerably lower

scaled density for ω = 0.6. In both cases, the behavior near the transition differs

qualitatively from the classical case (Meyer and Matveev, 2009), highlighting its

quantum nature.9

As the system evolves at higher density from the zigzag to the liquid-like phase,

Mzz decreases gradually. We do not observe any special structure in Mzz that

sharply defines the transition to the liquid phase, but we note that the classical

system transitions from a 2-row to a multi-row structure at rs/r0 ∼ 0.3 (Meyer and

Matveev, 2009), which is a density similar to that where we observe the onset of

9 We note that there are points for both values of ω whereMzz seems to be lower than one would
expect by drawing a curve through the other points; we believe that this is a systematic error from
the VMC optimization step of our QMC calculation. Unfortunately, we cannot estimate critical
exponents due to this systematic error.
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Figure 4.20: The “Zigzag Amplitude" order parameter Mzz, as a function of rs at
ω = 0.1 (blue circles) and ω = 0.6 (red squares), compared to the magnitude of
oscillations in Cyy, as measured by Syy(N/2) at ω = 0.1 (blue stars) and ω = 0.6
(red triangles). As rs is decreased beyond the critical value and the system enters
the zigzag regime, Mzz increases sharply; at lower rs, Mzz decreases gradually as
the system enters the liquid regime. The behavior deviates significantly from the√
n− ncritical behavior for classical electrons (black dashed line). Dotted lines are a

guide to the eye. We expect thatM2
zz ∼ Syy(N/2); the heights of the Syy peaks are

scaled byM2
zz(rs = 3.7) for ω = 0.1 and byM2

zz(rs = 1.3) for ω = 0.6. The curves
show the same generic behavior, though the height of the

√
Syy(kθ = N/2) curve

is somewhat smaller due to smearing in the longitudinal direction. (Lengths are
scaled by r0.)
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the liquid phase. At the highest densities, there is systematic error inherent in our

definition ofMzz due to the finite-size oscillations in Czz; to mitigate this, we use

the long-range values fromN = 60 runs atω = 0.1, rs ≤ 2.0 and atω = 0.6, rs ≤ 0.8.

Fig. 4.20 also compares Mzz to the magnitude of the oscillations in Cyy(θ), as

measured by the height of Syy(N/2). Here, we have normalized the peak height of

the Syy curve so that the ω = 0.1 curves match at rs = 3.7 and the ω = 0.6 curves

match at rs = 1.3. We expect that Syy(N/2) ∼ M2
zz, and indeed the two curves

show similar behavior. The Syy curve is slightly smaller than theMzz curve due to

the smearing of positional order, but the deviation is not great. Surprisingly, at the

highest densities, the Syy curve is actually larger thanMzz

In light of our geometric interpretation ofMzz as the zigzag amplitude, it is also

interesting to consider the shape of the triangle formed by three adjacent electrons

in the zigzag structure. The aspect ratio of this triangle — that is, the ratio of the

height to the base — is given by Mzz/2rs. We plot the aspect ratio for ω = 0.1

and ω = 0.6 in Fig. 4.21. As expected, the aspect ratio is 0 in the linear regime

and increases as the system enters the zigzag regime. Interestingly, within the

zigzag regime, the aspect ratio appears to saturate near 0.16 at ω = 0.1 and near

0.1 at ω = 0.6. (These aspect ratios correspond to isosceles triangles with apex

angles of ∼ 140◦ and ∼ 160◦, respectively.) In the liquid regime,Mzz/2rs appears

to decrease, but the geometric interpretation of the zigzag aspect ratio is ill-defined

in this phase.

We also note the similarity of the behavior of Mzz near the zigzag transition

to the behavior of our measure of one-dimensionality, 〈ρ̂(0)ρ̂(0)〉. We present this

quantity again in Fig. 4.22 as a function of rs/r0 for ease of comparison withMzz.
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Figure 4.21: The geometric aspect ratio Mzz/2rs of the triangle formed by three
adjacent electrons in the zigzag as a function of rs/r0 at ω = 0.1 (blue circles) and
ω = 0.6 (red squares). As rs is decreased beyond the critical value and the sys-
tem enters the zigzag regime, the aspect ratio increases sharply; it then saturates
at higher densities in the zigzag regime. At lower rs, as the system enters the liq-
uid regime, the aspect ratio is no longer well defined andMzz/2rs decreases again
gradually. The behavior deviates significantly from the result for classical elec-
trons (black dashed line). Note that the classical transition to multi-row structures
occurs at rs/r0 = 0.3. Dotted lines are a guide to the eye.

4.4.1 Quantum Wires

We also explored studying the zigzag transition in periodic quantum wires (see

Section 3.2). Fig. 4.23 shows Mzz for a few value of rs at ω = 0.1. We noticed

the same generic behavior in wires as in rings; though the transition to the zigzag

phase appeared at a slightly lower density, 3.8 < rs < 3.9, in wires. However,

as discussed in Chapter 3, the Jastrow factor used for the trial wavefunctions in

wires is less sophisticated than the one used in rings. As a result, the quality of
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Figure 4.22: The 1D pair density at θ = 0, 〈ρ̂(0)ρ̂(0)〉 normalized by the average
value of the 1D pair density, 〈〈ρ̂(0)ρ̂(θ)〉〉θ, a measure of the one dimensionality of
our system, plotted as a function of rs/r0. The quantity is 0 in the linear regime,
and increases in the zigzag regime. Note the similarity to the behavior ofMzz near
the zigzag transition. In the liquid regime, it is approximately one half, indicating
two channels in the wire.

the wavefunctions used in the wires was markedly inferior (σ2
E ≈ 30% higher)

to that of the wavefunctions used in rings, giving us less confidence in the wire

results. Additionally, in wires, we only have the ability to use one type of single-

particle orbital — floating Gaussians. As shown in Appendix D, the ability to use

planewave orbitals is key in studying the liquid regime. Since we do not have

access to such orbitals in periodicwires, wewould be limited to studying the linear

and zigzag phases. Finally, the cutoff in the Coulomb potential introduced by the

ring geometry is actuallymore relevant to real experimental systems than the long-

range Coulomb potential used in wires. For all of these reasons, we did not pursue

results in wires. Due to the robustness of already-developed software tools, we

were able to perform a much more detailed study with rings than would have

been possible in quantum wires given the resources available.
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Figure 4.23: The order parameterMzz, measured in rings (blue circles) and wires
(green squares) at ω = 0.1. The wires undergo a transition to a zigzag structure at
3.8 < rs < 3.9, which is a slightly lower density than the value in rings. In wires,
Mzz also rises to a higher value at rs = 3.7.

4.5 Addition energies

One additional signature of the zigzag regime is an even-odd effect; an odd num-

ber of electrons will introduce a defect in the zigzag structure. We probe this ef-

fect by studying the addition energy, ∆2E(N) = E(N + 1) + E(N − 1) − 2E(N).

(K.A. Matveev, personal communication) In the linear regime, we expect there to

be a finite-size even-odd effect in ∆2E(N) due to the ±kθ angular momentum de-

generacy in the system. This effect should favor systems with an odd number of

electrons and should disappear as N → ∞.10 In contrast, the even-odd effect in

the zigzag regime favors systems with an even number of electrons and should

persist for large N . In Fig. 4.24, we show ∆2E(N) as a function of 1/N at ω = 0.1

for electrons in the linear regime at rs = 4.0 and in the zigzag regime at rs = 3.7.

In the linear regime, the measured addition energies for oddN (blue triangles) are
10 We derive the expected finite-size scaling for non-interacting fermions in a ring in Appendix E.
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Figure 4.24: The addition energy ∆2E(N) = E(N + 1) + E(N − 1) − 2E(N), as a
function of 1/N for odd and even electron number. The solid lines are linear fits for
oddN , and the dashed lines are fits for evenN . In the linear regime, rs = 4.0 (blue),
the difference between odd (downward-pointing triangles) and even (diamonds)
goes to 0 at large N , showing that the difference between odd and even is a finite
size effect due to the angular momentum degeneracy in the ring. In the zigzag
regime, rs = 3.7 (red), the gap between even (squares) and odd (upward-pointing
triangles) persists even at large N . This gap is due to the frustration caused by
introducing a defect into the zigzag pattern. Note that the pattern is reversed at
the smaller values ofN at rs = 3.7; the system is in the linear regime at those small
system sizes due to finite-size effects. Those points are not included in the fit.

greater than those for even N (blue diamonds), and extrapolation of the addition

energy for odd electron number (blue solid line) and that for even electron number

(blue dashed line) shows that the even-odd gap goes to 0 at large N . In the zigzag

case, the situation is reversed; ∆2E(N) is larger for even N (i.e., there is an energy

penalty to introduce a defect by changing electron number from even to odd)., and

the even-odd gap persists at largeN . We note that at small values ofN at rs = 3.7,

pair densities and zigzag correlation function show that the system is in the linear

regime, and our extrapolation ignores those points.

Fig. 4.25(a) shows the extrapolated addition energies for rs = 3.0, 3.5. Though
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(a) ω = 0.1, rs = 3.0, 3.5

0 0.01 0.02 0.03 0.04 0.05 0.06
−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

1 / N

∆
2
E

(N
)

 

 

rs = 1.3, Even N

rs = 1.3, Odd N

rs = 1.5, Even N

rs = 1.5, Odd N

fit

fit

fit

fit

(b) ω = 0.6, rs = 1.3, 1.5

Figure 4.25: The addition energy ∆2E(N) = E(N + 1) + E(N − 1) − 2E(N), as
a function of 1/N for odd and even electron number at various values of rs. The
solid lines are linear fits for odd N , and the dashed lines are fits for even N . (a) At
higher densities in the zigzag regime at ω = 0.1, the even-odd gap exists at large
N , but we cannot find any additional trends. (b) At ω = 0.6, the general pattern of
addition energies being favoring oddN in the linear regime (rs = 1.5) and evenN
in the zigzag regime (rs = 1.3), but the systematic error prevents us from drawing
any further conclusions.

they show the same generic even-odd gap as at rs = 3.7, we can not accurately

measure the size of the gap as a function of rs. The situation is even worse at

ω = 0.6; as we can see from Fig. 4.25(b), the sign of the even-odd effect favors

systemswith oddN in the linear regime (rs = 1.5) and evenN in the zigzag regime

(rs = 1.3), but we cannot neatly interpret the data as we could in Fig. 4.24. The

addition energy is very sensitive to systematic errors in the VMCoptimization step

of our QMC calculations. Unfortunately, we were thus unable to find signatures

of the opening of a second gapless mode in ∆2E(N) in the liquid regime. The

addition energies do show different behavior in the linear and zigzag regimes,

and indicate the energy cost associated with introducing a defect into the zigzag

structure.
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Figure 4.26: Phase diagram for the linear-zigzag transition in terms of ω and rs/r0.
As electron density increases (i.e., rs decreases), the 1D system becomes quasi-1D.
The blue solid line shows the linear-zigzag crossover for classical electrons. The
green dotted line shows the 1→ 2 subband crossover as calculated using DFT. The
black dashed lines show the regions we explore with QMC, and the red stars mark
where we observe the linear-zigzag quantum phase transition.

4.6 Summary and Conclusions

In this chapter, we have studied how interacting electrons in a quantumwire form

three distinct phases at progressively increasing densities — a 1D linear phase, a

quasi-1D zigzag phase, and a disordered liquid phase — as they transition from

1D to higher-dimensional behavior. Signatures of these phases are visible in the

pair density and power spectrum, and two related correlation functions allow us

to directly see that long-range correlations form as the system transitions from
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the linear phase to the zigzag phase, and that these zigzag correlations weaken as

the density is further increased to the linear phase. Zigzag correlations exist even

in systems where quantum fluctuations smear out the positional order along the

axis of thewire. The addition energies show additional signatures of the transition

from a linear to a zigzag particle arrangement.

The phase diagram in Fig. 4.26 summarizes our results. The black dashed lines

show the range of parameters that we studied in QMC, and the red stars mark

where we observe the linear-zigzag transition. For comparison, we plot the clas-

sical linear-zigzag transition boundary in blue. We also perform a simple density

functional calculation to estimate the density at which the second transverse sub-

band of the quantumwire is filled as a function of ω in amean field approximation;

this boundary is marked with a green dotted line. We see that at large ω (narrower

wires), the DFT 1 → 2 subband transition occurs at a lower density than the clas-

sical transition to a zigzag chain. We observe the zigzag transition at densities

intermediate to those predicted by DFT and the classical theory.

At ω = 0.1, the classical critical point is at rs = 3.75, and the density functional

1 → 2 subband transition is at rs = 4.0. We observe the zigzag transition at rs =

3.79. The effective interactions are strong in this relativelywidewire (recall that the

interaction parameter Kρ ≈ 0.36 near the transition), and so the transition occurs

close to the classical critical point. The strong correlations in the system stabilize

the linear phase at densities higher than where the DFTmean-field approximation

predicts the second subband should be filled.

At ω = 0.6, the classical critical point is at rs = 1.14 and the density functional

1 → 2 subband transition is at rs = 1.55. In this intermediate interaction regime

(Kρ ≈ 0.52 near the transition), we observe the zigzag transition between rs =

1.4 and rs = 1.45. Here, quantum fluctuations destroy the symmetry about the
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axis of the wire at lower densities than in the classical case, but again, correlations

cause the transition to occur at a higher density than predicted by DFT. Our QMC

algorithm is able to account for both the quantumfluctuationswhich are important

at ω = 0.6 and the strong correlations caused by electron interactions, which are

not adequately accounted for in DFT.

In conclusion, we have demonstrated that the linear to zigzag transition occurs

in wires with confinement and electron density comparable to experimentally ac-

cessible parameters in quantum wires (Hew et al., 2009; Rössler et al., 2011). A

transition to a phase with long-range zigzag correlations occurs even in narrow

wires where large quantum fluctuations smear out density correlations; the quan-

tum phase transition in these wires differs substantially from the classical case.
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5

Localization in Quantum Point Contacts

Aswe discussed in Section 1.4, several interesting phenomena have been observed

in quantumpoint contacts (QPC’s). The 0.7 effect and observations of bound states

in QPC’s are driven by inhomogeneity, and in this chapter, we model a QPC as a

constriction in a 1D wire and investigate the effects of this inhomogeneity on the

the 1D electron gas.

The 0.7 conductance structure in QPC’s is still not understood theoretically. At-

tempts to explain the structure are mostly based on three different ideas — first,

spontaneous spin polarization in the QPC (Thomas et al., 1996; Reilly et al., 2002;

Reilly, 2005; Graham et al., 2003; Rokhinson et al., 2006; Wang and Berggren, 1996;

Jaksch et al., 2006) which the majority of experimental evidence seems to support,

second, a Kondo effect (Cronenwett et al., 2002; Meir et al., 2002; Rejec et al., 2006),

due to a localized bound state in the QPC, and third, the development of aWigner

crystal state in the constriction that is smoothly connected to the leads (Matveev,

2004a,b). Other work has shown evidence of a bound state in a QPC near pinch

off (Yoon et al., 2007; Puller et al., 2004; Yoon et al., 2012; Sfigakis et al., 2008) and

103



of formation of a Wigner crystal in QPC’s (Hew et al., 2009). The Chang group

at Duke has observed resonance peaks corresponding to a quasi-bound state in

asymmetrical QPC’s (Wu et al., 2012); longer QPC’s showmore resonances (Zhang

et al., 2012). These experiments may be related to observations of the periodic ap-

pearance and disappearance of the 0.7 effect as the length of a quantum wire is

increased (Iqbal et al., 2013; van der Wal et al., 2013). A numerical study of a QPC

using exact diagonalization reports the formation of a resonant bound state due to

“momentummismatch” (Song and Ahn, 2011); however, the physical relevance of

that result is debatable due to the truncation in the Slater determinant expansion.

More recent, unpublished, functional renormalization group (fRG)work describes

the 0.7 effect in terms of a “smeared van Hove singularity” (von Delft et al., 2013).

Previous QMC work in our group (Güçlü et al., 2009) has shown that electrons

can localize in a QPC. We wish to further examine this electron localization to

try to shed light on which of the explanations for the 0.7 effect is reasonable. In

other numerical work (Welander et al., 2010; Yakimenko et al., 2013), it is argued

that the bound state which Güçlü et al. (2009) observed is fragile and is an artifact

of the choice of constriction potential used. We will investigate different shapes

of QPC potentials and show that electron localization can occur for a variety of

constriction shapes. For sharp constrictions, we observe an isolated bound state,

while for smoother constrictions, we observe the formation of a Wigner crystal in

the constriction that is smoothly connected to the leads.

5.1 Modeling a QPC

Wemodel aQPC as a constriction in a quantumwire, as described by the following

Hamiltonian:

Ĥ = Ĥring + V̂QPC(θ̂), (5.1)
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where Ĥring is the Hamiltonian of a quantum ring, as described in Eqn. (3.1) in

Chapter 3, and VQPC(θ) is an external potential, centered at θ = 0, that we use to

model the QPC.

We consider two forms of VQPC(θ). One constriction potential that we study is

a bump function, as used in previous work by Güçlü et al. (2009):

VQPC(θ) = Vg (tanh[s(θ + θ0)]− tanh[s(θ − θ0)]) , (5.2)

where the gate voltage Vg controls the height of the potential, θ0 is the length of

the potential, and the sharpness s controls how quickly the potential rises to its

maximum value.

It is common to model a QPC with a saddle point potential of the form V ∼

ω2
yy

2/2−ω2
xx

2/2; since the QPC is formed by electrostatic gates, it has been argued

by Büttiker (1990) that the potential must take this form at the most narrow part

of the QPC. (This is one of the reasons that we model the transverse shape of our

quantum wire with parabolic confinement.) We consider a parabolic constriction

of the following form:

VQPC(θ) = (2Vg −
1

2
ω2
x(Rθ)

2)× 1

2
(tanh[s′(θ + θ′0)]− tanh[s′(θ − θ′0)]) , (5.3)

where Vg controls the height and ωx controls the shape of the parabola, and we

use a bump function as an envelope for the parabolic constriction so that the con-

striction potential is always positive. This envelope function is characterized by a

sharpness s′ which we set to 15, and a width θ′0 given by the width of the parabola

where it intersects V = 0, that is θ′0 = 2
√
Vg/Rωx.

In this chapter, wewill focus on rings with a fixed radiusR = 35 and transverse

confinement given by ω = 0.6. As mentioned in the previous chapter, ω = 0.6 is

105



(a) Vg = 0.8, s = 5.6, θ0 = 1.0 (b) Vg = 0.8, s = 2.8, θ0 = 1.0

(c) Vg = 0.8, s = 1.4, θ0 = 1.0 (d) Vg = 1.15, s = 1.4, θ0 = 1.5

(e) Vg = 0.8, ωx = 0.05 (f) Vg = 0.8, ωx = 0.1

Figure 5.1: Different potential shapes for modeling QPC’s in rings with R = 35,
ω = 0.1. Note that the ring has been “unwrapped”, and we plot VQPC + ω2y2/2 as
a function of x ≡ Rθ and y ≡ r − R. x and y are not to scale. (a-c) Bump-function
shaped potentials with progressively smaller s. (d) Smooth and flat bump function
(e,f) Parabolic constriction potentials.
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an experimentally relevant value. As in previous chapters, we will sometimes de-

scribe our results in terms of the longitudinal coordinate x ≡ Rθ and the trans-

verse coordinate y ≡ r − R. We consider N = 42, 84, 126, which correspond

to rs = 2.6, 1.3, 0.9, respectively. For bumps, we focus on potentials of width

θ0 = 1.0 and sharpnesses s = 5.6, 2.8, 1.4. For parabolic constrictions, we focus

on ωx = 0.1, 0.05 because they are consistent with values obtained from a fit of ex-

perimental QPC data assuming a parabolic constriction shape (Rössler et al., 2011).

We note that R = 35, N = 42, s = 5.6, θ = 1.0 corresponds to the same density and

potential length and shape used by Güçlü et al. (2009) in the R = 25, N = 30, s = 4

case, but in a slightly larger system to mitigate the effects of the ring geometry. We

used both Gaussian and LSDA single-particle orbitals in our QMC calculation.

In Fig. 5.1, we plot constriction potentials for the values of s and ωx which we

use. Note that at s = 1.4 especially, the bump function potential is quite smooth.

Also, note that the parabolic constrictions only have two parameters, so we cannot

control the sharpness and width separately as we can with the bump functions.

We label three regions based on the value of the constriction potential. The “con-

striction” is the region where the potential is over 90% of its maximum value. We

identify the “leads” with the region outside the constriction, where the potential

is less than 10% of its maximum value. Finally, we call the area where the potential

varies from 10% to 90% of its maximum value the “connection” region.

5.2 Localization in Sharp QPC’s

We start by examining the electron density in the wire for a sharp constriction

potential, a bump function with s = 5.6. As we increase Vg, the density in the

constriction is depleted, and at sufficiently high Vg, an integer number of elec-

trons localize in the constriction and are isolated from the leads, as was first noted
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(a) Vg = 0.7 (b) Vg = 0.77

(c) Vg = 0.78 (d) Vg = 0.8

(e) Vg = 0.84 (f) Vg = 0.9

Figure 5.2: Density for a sharp bump constriction, with s = 5.6, length θ0 = 1.0,
and progressively higher gate voltages, Vg = 0.7 − 0.9. An integer number of
electrons localize in the constriction, and a gap forms in the density between the
leads and the constriction. (a,b) At Vg = 0.7 through Vg = 0.77, two electrons
localize in the constriction. (c-e) At Vg = 0.78, only one electron localizes in the
constriction. The one-electron state persists up through Vg = 0.84. (f) At Vg = 0.9,
the constriction is depleted. (N = 42 electrons in a ring with R = 35, ω = 0.6.
Results are from Gaussian single-particle orbitals.)
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by Güçlü et al. (2009). We show the electron density of a QPC at several values of

Vg in Fig. 5.2. At Vg = 0.7, two electrons are localized in the constriction, and a

large gap forms in the density between the localized electron and the leads. As

we increase the height of the potential, the number of electrons in the constriction

decreases to one at Vg = 0.78; one isolated electron remains through Vg = 0.84,

and at Vg = 0.85, the constriction is depleted. In general, Gaussian orbitals gave

the best results. Though Gaussian and LSDA energies agreed at Vg = 0.7 to within

0.001 Ha∗, at Vg = 0.8, the Gaussian orbitals gave energies that were 0.1 Ha∗ lower

than the LSDA, and the LSDA predicted a qualitatively different state with two

electrons in the constriction. We show the density at three different values of Vg

corresponding to different points in the one-electron Coulomb blockade valley:

Vg = 0.8, which is within the valley, and Vg = 0.78 and 0.84 are near the edges of

the valley. Even near the transition from one isolated electron to a depleted con-

striction at Vg = 0.84, there is a large gap in the density between the leads and the

localized electron. The large gap in the density also is observed on the other edge

of the Coulomb blockade valley, near the two-electron to one-electron transition at

Vg = 0.78. We now examine the origin of this gap by studying the effective single

particle potential in the constriction.

If our constriction potential were infinitely sharp, simple electrostatics could

account for the density gap (Güçlü et al., 2009). We can compute the electrostatic

potential that results from the electron density which we calculated— the Hartree

potential — but we find that simple electrostatics does not account for the gap in

our system. This suggests that exchange and correlation effects must be taken into

account to understand the origin of the gap.
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(a) Vg = 0.7
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(b) Vg = 0.77
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(c) Vg = 0.78
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(d) Vg = 0.8
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(e) Vg = 0.84
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(f) Vg = 0.9

Figure 5.3: Single-particle potentials for several Vg at s = 5.6, θ0 = 1.0 as a function
of θ along r = R. The electrostatic Hartree potential (green dashed line) does not
explain the gap observed in the density. Barriers form in VQMC (red) corresponding
to the gap in the density, and awell in the interaction potential corresponding to the
localized electron indicates a bound state. Black dotted line is density profile, thin
vertical black dotted lines indicate where constriction potential reaches 10% and
90% of its maximum value, blue dashed line is estimated µleads. (a,b) Vg = 0.7, 0.78,
the well in VQMC contains two electrons. (c-e) At Vg = 0.78, 0.8, 0.84, the features
in VQMC are similar at different parts of the one-electron Coulomb blockade valley.
(f) By Vg = 0.9, the density in the constriction is depleted. The break in the trace
of VQMC indicates that the QMC simulation never sampled configurations with
electrons in the constriction; thus no data on VQMC were averaged at those points.
(Ring with R = 35, N = 42, ω = 0.6.)
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Figure 5.4: Effective single-particle potential VQMC at Vg = 0.8, s = 5.6, θ0 = 1.0 in
a ring with R = 35, N = 42, ω = 0.6, as a function of (x, r) = (Rθ, r). x and r are
not to scale. Barriers form in the interaction potential corresponding to the gap in
the density, and a well in the interaction potential corresponding to the localized
electron indicates a bound state.

5.2.1 The QMC Interaction Potential

To understand the effects of exchange and correlation, we measure the single-

particle interaction potential in our QMC simulation:

V1−particle(r) =
1

n(r)

∫
dr1 · · · drN |Ψ(r1 · · · rN)|2

N∑
i=1

δ(2)(r− ri)
∑
j 6=i

1

|ri − rj|
(5.4)

=
1

n(r)

∫
dr′
〈ρ̂(r)ρ̂(r′)〉
|r− r′| . (5.5)

This quantity measures the average Coulomb potential felt by an electron located

at r due to all of the other electrons. It is also used in a formulation of Density

Functional Theory called “Quantal Density Functional Theory” (see e.g., Sahni,

2010). By comparing the total electrostatic Hartree potential to V1−particle, we can

see the effect of exchange-correlation on the system.

In Fig. 5.3, we show the potential Vh due to electrostatics and the constriction,
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and the effective single-particle potential VQMC = V1−particle + VQPC, as a function

of θ along the circumference of the ring for the same parameters as in Fig. 5.2. As

mentioned above, there are no features in the electrostatic potential that would

account for the gap. In VQMC, however, barriers form corresponding to the gaps

in the density, and a potential well forms corresponding to the localized electron.

Note in particular the similarities of the features at the three different points in the

one-electron Coulomb blockade valley, Vg = 0.78, 0.8 and 0.84. Exchange and cor-

relation cause these features in the effective single-particle interaction potential.

Thus, exchange-correlation accounts for the electron localization and gap that we

observe in the density. We show a three-dimensional rendering of VQMC in Fig. 5.4

at Vg = 0.8. The oscillations in VQMC in the leads correspond to the Friedel oscilla-

tions in the density.

We also investigate the behavior of the chemical potential compared to the po-

tentials shown in Fig. 5.3. Although we cannot compute the chemical potential

directly, we estimate the chemical potential in the leads to be

µleads ≈ VQMC(rl) +
1

2
ωeff + µnoninteracting(n(rl)), (5.6)

where rl is a point on the axis of the wire in the leads, which we take to be at r =

R, θ = π, ωeff is the frequency of the effective transverse potential, obtained by fit-

ting the transverse part of VQMC in the leads to the form ω2
effy

2/2, and µnoninteracting =

π2n2/4 is the chemical potential for the noninteracting 1D electron gas (Giuliani

and Vignale, 2005). The first term of Eqn. 5.6 gives the contribution of interac-

tions, the second term gives the contribution of the harmonic confinement, and

the third term accounts for kinetic energy due to motion along the axis of the wire.

Our use of a fixed point rl (rather than averaging over several points in the leads)
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leads to an error in our estimate of µleads which is small given the approximate na-

ture of Eqn. 5.6. We find n by integrating out the radial degrees of freedom from

the 2D density, and we find that ωeff ≈ 0.54 for the plots shown. (The actual value

of ωeff varies by less than 5% in the wires which we show; this is comparable to the

error in the fit.) Though Eqn. 5.6 is only a rough estimate of the chemical potential

and we must take care not to over-interpret it, plotting our estimate of µ in Fig. 5.3

does reveal some interesting features.

Our estimate of µleads is comparable to the heights of the barriers in VQMC in

cases where there are localized electrons, and at Vg = 0.9, µleads is lower than VQPC

in the constriction, and the QPC is depleted. However, there are cases where a

gap forms in the density even when µleads > VQMC at the peaks of the potential

barriers, as we can see in Fig. 5.3(a). We would expect to see some density in a

classical system when the chemical potential is higher than the potential barrier,

and this difference is not fully accounted for by the kinetic energy contribution

µnoninteracting, which is only ∼ 0.01 for the density of rs ∼ 9 in the constriction at

Vg = 0.7. The zero-density region where µleads > VQMC indicates the approximate

nature of µleads.

5.2.2 High-Density Leads

We now consider wires with higher-density leads. In Fig. 5.5(a), we show the den-

sity in a systemwithN = 84, Vg = 1.7, s = 5.6, θ0 = 1.0. We see three localized elec-

trons in the constriction region. (Note that Vg is higher than in the plot forN = 42;

this is a consequence of the higher chemical potential in the leads.) We plot the

single-particle potential in Fig. 5.5(b), and, as in theN = 42 case, we observe barri-

ers and wells in VQMC which correspond to the gaps and localized electrons in the

density.
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(a) Density, Vg = 1.7, s = 5.6, N = 84
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(b) Potentials, Vg = 1.7, s = 5.6, N = 84

Figure 5.5: Density and potentials for N = 84 electrons for a sharp bump con-
striction, s = 5.6, θ0 = 1.0, and gate voltage Vg = 1.7. (a) Three electrons localize
in the constriction, and a gap forms between the leads and the constriction. (b)
Single-particle potentials, as a function of θ along r = R. The electrostatic Hartree
potential (green dashed line) does not explain the gap observed in the density. Bar-
riers form in the QMC interaction potential (red) corresponding to the gap in the
density, and wells form in the interaction potential corresponding to the localized
electrons. The black dotted line is the density profile, and the thin vertical black
dotted lines indicate where the constriction potential reaches 10% and 90% of its
maximum value. The blue dashed line is the estimated chemical potential µ in the
leads. LSDA orbitals were the starting point for this QMC data. (R = 35, ω = 0.6)
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(a) Density, Vg = 2.5, s = 5.6, N = 126
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(b) Potentials, Vg = 2.5, s = 5.6, N = 126

Figure 5.6: Density and potentials forN = 126 electrons for a sharp bump constric-
tion, with s = 5.6, length θ0 = 1.0, and gate voltage Vg = 2.5. (a) The two peaks in
the radial profile of the density (inset) show that the leads have begun to occupy
the second subband. Four electrons localize in the constriction, and a gap forms
between the leads and the constriction, indicating that the localized state can form
even in the case of high-density leads. (b) Single-particle potentials, as a function
of θ along r = R. As is the case at lower densities, barriers form in the QMC in-
teraction potential (red) corresponding to the gap in the density, and wells form
in the interaction potential corresponding to the localized electrons. The black
dotted line is the density profile, and the thin vertical black dotted lines indicate
where the constriction potential reaches 10% and 90% of its maximum value. The
blue dashed line is a lower bound estimate of the chemical potential µ in the leads.
(R = 35, ω = 0.6, LSDA single-particle orbitals.)
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In Fig. 5.6, we show the density and single-particle potential for a ring with

N = 126 electrons. Here, the electrons in the leads occupy the second transverse

subband, as is evident from the twopeaks visible in the radial profile of the density.

(The density in the leads corresponds to the liquid regime discussed in Chapter 4.)

Even in the presence of quasi-1D leads, electrons localize in the constriction and

the single-particle potential shows the same features as for lower-density leads1.

The fact that real QPC’s have leads that are not strictly 1D does not exclude the

possibility of the formation of a localized bound state in the constriction.

5.3 Localization in Smooth QPC’s

We now turn to smoother constriction potentials. In Fig. 5.7(a), we see that at s =

2.8, Vg = 0.8, an electron still localizes in the constriction, but a smaller gap forms

in the density, and a number of peaks form in the connection region. There is a

corresponding change in the effective interaction potential; Fig. 5.7(b) shows that

the barriers in VQMC are much smaller, and the potential well more shallow, than

at s = 5.6. We also notice that the electrons in the connection region — which is

physically longer than at at s = 5.6, due to the smaller sharpness — seem to be

beginning to form a Wigner crystal.

We explore this crystallization further for a very smooth potential, at s = 1.4.

In Fig. 5.8, we plot the density at several progressively increasing values of Vg.

At Vg = 0.7, 0.75 [Fig. 5.8(a,b)], a Wigner crystal forms that smoothly connects

the leads and constriction. Fig. 5.9(a,b) shows that shallow wells form in VQMC

corresponding to these localized electrons. Fig. 5.10 shows a 3D rendering of VQMC

1 The estimate of µ given in Eqn. 5.6 is complicated here by the presence of the second subband;
in particular, our estimate of µnoninteracting is no longer valid. For cases withN = 126, we do not use
Eqn. 5.6 as written. Instead, we plot a lower bound on µ, estimated by taking µ > VQMC+(3/2)ωeff ,
where the factor of 3/2 is due to the filling of the second transverse subband.
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(a) Density, Vg = 0.8, s = 2.8, N = 42
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(b) Potentials, Vg = 0.8, s = 2.8, N = 42

Figure 5.7: Density and potentials for a bump constriction at intermediate sharp-
ness, with s = 2.8, length θ0 = 1.0, and gate voltage Vg = 0.8. (a) One electron
localizes in the constriction, and a gap forms in the density between the leads and
the constriction. Large oscillations in the density at the edge of the leads indicate
that electrons are beginning to localize in the connection region. (b) As at s = 5.6, a
shallow well forms in VQMC between two small barriers, which corresponds to the
localized electron and density gap. The well is more shallow than at s = 5.6. The
black dotted line is the density profile, and the thin vertical black dotted lines indi-
cate where the constriction potential reaches 10% and 90% of its maximum value.
The blue dashed line is the estimated chemical potential µ in the leads. Gaussian
orbitals were the starting point for this QMC data. (N = 42, R = 35, ω = 0.6)
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(a) Vg = 0.7 (b) Vg = 0.75

(c) Vg = 0.8 (d) Vg = 0.92

Figure 5.8: Densities for a smooth bump constriction, with s = 1.4, length θ0 = 1.0,
and gate voltage Vg = 0.7 − 0.95. At Vg = 0.7, 0.75, a Wigner crystal forms in the
constriction that is smoothly connected to the leads. At Vg = 0.8, the constriction is
almost depleted. By Vg = 0.95, the constriction has been pinched off, but a Wigner
crystal forms at the edge of the leads. LSDA orbitals were the starting point for
this QMC data. (N = 42, R = 35, ω = 0.6)

for Vg = 0.7; it shows the same shallow wells visible in Fig. 5.9(a). As we further

increase Vg to 0.8, the density at the center of the constriction continues to decrease

[Fig. 5.8(c), Fig. 5.9(c)]. By Vg = 0.92 [Fig. 5.8(d)], the constriction has been pinched

off, but a Wigner crystal forms in the connection region, and small wells form in

VQMC [Fig. 5.9(d)].

In these smoother systems, LSDA orbitals seem to perform better than Gaus-

sians. At Vg = 0.92, for example, the LSDA gives an energy 0.01 Ha∗ lower than

the Gaussians. In addition, to use Gaussians at lower Vg, one must try to start the

optimization at several different points with different numbers of floating Gaus-
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(a) Vg = 0.7
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(b) Vg = 0.75
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(c) Vg = 0.8
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(d) Vg = 0.92

Figure 5.9: Single-particle potentials for several values of Vg at s = 1.4, θ0 = 1.0 as
a function of θ along r = R. Features form in the QMC interaction potential (red)
which correspond to the localized electrons in the connection and constriction re-
gions. It is noteworthy that even for this relatively smooth constriction, a shallow
well forms in the center of the constriction at Vg = 0.7. The black dotted line is the
density profile, and the thin vertical black dotted lines indicate where the constric-
tion potential reaches 10% and 90% of its maximum value. The blue dashed line
is the estimated chemical potential µ in the leads. (R = 35, N = 42, ω = 0.6)

sian orbitals in the constriction. The LSDA orbitals require less human interven-

tion (and thus reduce one source of systematic error) since one only need optimize

the Jastrow, and in contrast to the s = 5.6 case, optimization with LSDA orbitals

converges reliably for smoother potentials. One odd artifact of the LSDA orbitals,

however, is that they sometimes produce solutions that are not symmetric about

θ = 0.

We also observe aWigner crystal in the constriction at higher densities. Fig. 5.11

shows the density and VQMC for a wire with N = 126 electrons at Vg = 2.7, s = 1.4.
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Figure 5.10: Effective single-particle potential VQMC at Vg = 0.7, s = 1.4, θ0 = 1.0 in
a ring with R = 35, N = 42, ω = 0.6, as a function of (x, r) = (Rθ, r). x and r are
not to scale. Shallow wells in VQMC correspond to the localized electrons visible in
Fig. 5.8(a). .

Four electrons localize in the constriction, and they are smoothly connected to the

leads. The top of VQMC is relatively flat and has four small wells that correspond

to the localized electrons. As discussed above, and as we can see from the inset in

Fig. 5.11, at N = 126, electrons in the leads begin to occupy the second subband.

Thus, the behavior we observe can also occur in systems with high-density, quasi-

1D leads, though the higher density seems to lead to smaller modulations in the

Wigner crystal that forms in the constriction.

Finally, we consider a longer constriction with a smooth potential. Fig. 5.12(a)

shows the density for a constriction potential with θ0 = 1.5, s = 1.4, Vg = 1.15. A

somewhat isolated electron localizes at the center of the constriction; thoughwe do

not observe as large of a gap in the density as with sharper potentials, the state has

similarities to that observed at s = 2.4 (Fig. 5.7). In addition to the isolated electron,

large modulations form in the density in the connection region. Fig. 5.12(b) shows

VQMC. The isolated electron corresponds to a flat region in VQMC; nowell or barriers
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(a) Density, Vg = 2.7, s = 1.4, N = 126
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(b) Potentials, Vg = 2.7, s = 1.4, N = 126

Figure 5.11: Density and potentials for N = 126 electrons in a ring with a smooth
bump constriction, with s = 1.4, length θ0 = 1.0, and gate voltage Vg = 2.7. (a) Four
electrons crystallize in the constriction; thisWigner crystal region is smoothly con-
nected to the leads, though the modulations in the density are smaller than in the
N = 42 case. The two peaks in the radial profile of the density (inset) show that
the leads have begun to occupy the second subband. (b) Single-particle potentials,
plotted as a function of θ along r = R. As is the case at lower densities, the top of
the QMC interaction potential (red) is flat, and four wells form in the interaction
potential corresponding to the localized electrons. The black dotted line is the den-
sity profile, and the thin vertical black dotted lines indicate where the constriction
potential reaches 10% and 90% of its maximum value. The blue dashed line is a
lower bound estimate µleads. LSDA orbitals were the starting point for these QMC
data. (R = 35, ω = 0.6)
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(a) Density, Vg = 1.15, s = 1.4, θ0 = 1.5, N = 42
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(b) Potentials, Vg = 1.15, s = 1.4, θ0 = 1.5, N = 42

Figure 5.12: Density and potentials for N = 42 electrons in a ring with a longer
smooth constriction, θ0 = 1.5, s = 1.4, with gate voltage Vg = 1.15. (R = 35, ω =
0.6.) (a) In this longer, smooth constriction, one electron localizes in the constric-
tion, but no large gap forms in the density between the leads and the constriction.
Large oscillations in the density at the edge of the leads indicate that electrons lo-
calize in the connection region, as observed at s = 2.4. (b)The top of VQMC is quite
flat, with no large barriers, corresponding to the lack of a density gap in this case.
The black dotted line is the density profile, and the thin vertical black dotted lines
indicate where the constriction potential reaches 10% and 90% of its maximum
value. The blue dashed line is the estimated chemical potential µ in the leads.
LSDA orbitals were the starting point for this QMC data.
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(a) Vg = 1.05, s = 1.4, θ0 = 1.5 (b) Vg = 1.10, s = 1.4, θ0 = 1.5

(c) Vg = 1.12, s = 1.4, θ0 = 1.5 (d) Vg = 1.17, s = 1.4, θ0 = 1.5

Figure 5.13: Densities for a ringwith a longer smooth constriction, θ0 = 1.5, s = 1.4,
at Vg above and below 1.15. (a) At Vg = 1.05, several electrons localize in the con-
striction (b,c) For Vg slightly below 1.15, two electrons localize in the constriction.
(d) Above Vg = 1.15, the constriction is pinched off, though electrons still crystal-
lize in the connection region. LSDA orbitals were the starting point for this QMC
data. (N = 42, R = 35, ω = 0.6.)

form in the potential. The lack of strong barriers in the potential corresponds to

the lack of a large gap in the density between the constriction and leads. Wells do

form in VQMC corresponding to the density modulations in the connection to the

leads. In Fig. 5.13 and Fig. 5.14, we show the densities and potentials for Vg above

and below Vg = 1.15. At Vg = 1.10, 1.12, two electrons localize in the constriction,

while at Vg = 1.17, the constriction is pinched off, but electrons still crystallize in

the connection to the leads.

The formation of a Wigner crystal that is smoothly connected to the leads for

smooth QPC potentials is a noteworthy result. A criticism of the work by Güçlü
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(a) Vg = 1.05, s = 1.4, θ0 = 1.5
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(b) Vg = 1.10, s = 1.4, θ0 = 1.5
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(c) Vg = 1.12, s = 1.4, θ0 = 1.5
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(d) Vg = 1.17, s = 1.4, θ0 = 1.5

Figure 5.14: Potentials for a ring with a longer smooth constriction, θ0 = 1.5, s =
1.4, at several Vg above and below Vg = 1.15. The top of VQMC is quite flat, with very
small wells corresponding to the localized electrons. The black dotted line is the
density profile, and the thin vertical black dotted lines indicate where the constric-
tion potential reaches 10% and 90% of its maximum value. The blue dashed line
is the estimated chemical potential µ in the leads. LSDA orbitals were the starting
point for this QMC data. (N = 42, R = 35, ω = 0.6.)

et al. (2009) was that localization and a gap in the density were an artifact of the

sharp constriction potential (Welander et al., 2010). Though the formation of a large

gap in the density does seem to depend on the sharpness of the constriction, we

show that a single electron can localize even in a very smooth QPC provided that

it is sufficiently long, and that a Wigner crystal can form even in shorter smooth

constrictions. Thus, localization does not have as fragile a dependence on QPC

sharpness as Welander et al. (2010) suggest.
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(a) Density, Vg = 0.21, ωx = 0.1
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(b) Potentials, Vg = 0.21, ωx = 0.1

Figure 5.15: Density and potentials forN = 42 electrons in a ring withR = 35, ω =
0.6, for a parabolic constriction at ω = 0.1, and gate voltage Vg = 0.21. (a) The
constriction is very small, and no electrons localize. (b) VQMC (red) has a barrier
corresponding to the depleted constriction. The black dotted line is the density
profile, and the thin vertical black dotted lines indicate where the constriction po-
tential reaches 10% and 90% of its maximum value. The blue dashed line is the
estimated chemical potential µ in the leads. Gaussian orbitals were the starting
point for these QMC data.
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(a) Density, Vg = 0.45, ωx = 0.05
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(b) Potentials, Vg = 0.45, ωx = 0.05

Figure 5.16: Density and potentials forN = 42 electrons in a ring withR = 35, ω =
0.6, for a parabolic constriction at intermediate sharpness, with ωx = 0.05, and
gate voltage Vg = 0.45. (a) Electrons form a Wigner crystal in the constriction that
is smoothly connected to the leads. (b) VQMC is quite flat in the region where an
electron is localized near the center of the wire. The black dotted line is the den-
sity profile, and the thin vertical black dotted lines indicate where the constriction
potential reaches 10% and 90% of its maximum value. The blue dashed line is the
estimated chemical potential µ in the leads. LSDA orbitals were the starting point
for these QMC data.
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Figure 5.17: The effective single-particle potential VQMC for N = 42 electrons in a
ring with R = 35, ω = 0.6, for a parabolic constriction at intermediate sharpness,
with ωx = 0.05, and gate voltage Vg = 0.45. VQMC shows shallowwells correspond-
ing to the localized electrons in the constriction.

5.4 Parabolic Constrictions

Finally, we consider the parabolic constriction potentials of Eqn. (5.3). As men-

tioned earlier, the width of these constrictions is not a free parameter; it depends

on the height Vg and the frequency ωx. At ωx = 0.1, which corresponds to a QPC

near pinch-off (Rössler et al., 2011, assuming that a parabolic saddle is the shape of

an actual QPC), we see from Fig. 5.15 that the constriction is very short and very

sharp, and that no electrons localize in the constriction. Strong pair density oscil-

lations form in the leads since the electrons can occupy almost the entire wire and

are in the Wigner crystal regime. (For this set of parameters, the Gaussian orbitals

gave the best wavefunction. LSDA orbitals gave a solution with an energy 0.05

Ha∗ higher that was qualitatively different with an electron in the constriction.) To

have awider constrictionwith ωx = 0.1 would involve greatly increasing Vg, which

would keep the QPC pinched off.

Turning to a wider parabola, ωx = 0.05, we observe more interesting structure.
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(a) Density, Vg = 1.5, ωx = 0.05
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(b) Potentials, Vg = 1.5, ωx = 0.05

Figure 5.18: Density and potentials forN = 84 electrons in a ring withR = 35, ω =
0.6, for a parabolic constriction at intermediate sharpness, with ωx = 0.05, and
gate voltage Vg = 1.5. (a) Electrons form a Wigner crystal in the constriction that
is smoothly connected to the leads. (b) VQMC shows shallow wells corresponding
to the localized electrons in the constriction. The black dotted line is the density
profile, and the thin vertical black dotted lines indicate where the constriction po-
tential reaches 10% and 90% of its maximum value. The blue dashed line is the
estimated chemical potential µ in the leads. LSDA orbitals were the starting point
for these QMC data.
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Figure 5.19: The effective single-particle potential VQMC for N = 84 electrons in a
ring with R = 35, ω = 0.6, for a parabolic constriction at intermediate sharpness,
with ωx = 0.05, and gate voltage Vg = 1.5. VQMC shows shallow wells correspond-
ing to the localized electrons in the constriction.

In Fig. 5.16(a), we see that the electrons in the constriction form a Wigner crystal

smoothly connected to the leads. This is somewhat similar to the behavior in the

smooth bump-shaped constriction with s = 1.4. We note that this constriction and

the connection region between the constriction and leads are much shorter here

than at s = 1.4. Fig. 5.16(b) and Fig. 5.17 show that the effective single-particle

potential, VQMC, is quite flat at the center; this corresponds to the localized electron

at the middle of the constriction. Interestingly, there is not an actual potential well.

LSDA orbitals gave an energy 0.005 Ha∗ lower than Gaussians, though the two

types of orbitals gave qualitatively similar solutions.

We also study a parabolic constrictionwith ωx = 0.05 at higher density,N = 84.

In this case, the gate voltage at which the density is depleted is greater than at

N = 42, and so the effective width of the constriction is greater. Fig. 5.18 shows

a QPC with Vg = 1.5, ωx = 0.05, N = 84, and Fig. 5.19 shows VQMC in 3D. We

see qualitatively similar behavior to that observed both in the N = 42 case and

in smooth bump-shaped constrictions at s = 1.4: a Wigner crystal forms in the
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constriction and is smoothly connected to the leads. Small wells form in VQMC

which correspond to the localized electrons. Anunusual ridge forms in the density

at the edge of the leads (near rθ = 50), we do not know the origin of this structure.

Thus, we have shown that electrons can form a Wigner crystal in constrictions

described by both the QPC potentials defined in Eqn. (5.1) and in Eqn. (5.3), and

that this behavior persists as we increase the density in the leads.

5.5 Summary and Conclusions

We have studied a variety of different QPC potential shapes and found that elec-

trons can form a Wigner crystal in the constriction for both smooth and sharp po-

tentials. For sharp potentials, a barrier forms in the exchange-correlation poten-

tial which causes a gap in the density to form between the leads and the isolated

crystallized electrons. This behavior is observed even for quasi-1D leads in which

electrons occupy the second transverse subband. For smoother potentials, electron

localization still occurs in the constriction region at high Vg. If the smooth constric-

tion is sufficiently long, an isolated electron can localize in the QPC, though with

a smaller gap in the density separating it from the leads than in the case of a sharp

potential. In shorter smooth potentials, the Wigner crystal is smoothly connected

to the electrons in the leads. This behavior also occurs in systemswith high-density

leads. The length of the constriction and flatness at the top of the potential seem

to control whether an isolated state can form, and the sharpness of the potential

seems to control how smoothly electrons connect from the leads to the constriction.

Though there is not a consensus on the exact shape of the confinement po-

tential in a real QPC, we believe that our smooth bump function potentials are a

good model. Analytic work indicates that the electrostatic potential due to a rect-

angular split gate has the functional form of a bump function (Davies et al., 1995).
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Numerical studies by Tkachenko et al. (2001) calculated a constriction potential

for a realistic QPC at a gate voltage corresponding to a conductance below the

first conductance plateau, and found a result that is similar to our bump potential

with sharpness s = 1.4. (The rise from 10% to 90% maximum occurred over a dis-

tance of ∼ 50a∗0 in their calculation, and, unlike for a parabolic constriction, their

potential has an inflection point at approximately 50% of the maximum value, as

does our bump function.) QPC’s closer to pinch-off had sharper and shorter po-

tentials. Other attempts to characterize the shape of a bump function both theo-

retically (e.g., Fogler, 2004) and experimentally (Rössler et al., 2011) tend to assume

the parabolic shape proposed by Büttiker (1990), but they do not directly evaluate

the validity of that functional form.

We would like to probe the spin physics of our systems as well, to evaluate the

reports linking the 0.7 effect to spontaneous spin polarization in QPC’s (Thomas

et al., 1996; Reilly et al., 2002; Reilly, 2005; Graham et al., 2003; Rokhinson et al., 2006;

Jaksch et al., 2006). BothGaussian and LSDAorbitals allowus to study stateswith a

given total Sz in a straightforwardmanner—we simply placeN↑ = (2Sz +N)/2 of

theN single-particle orbitals in the spin-up Slater determinant, and the remaining

orbitals in the spin-down Slater determinant. Studying systems with a given total

spin angularmomentum S is more challenging, however. The Gaussian and LSDA

Sz = 0 states use different orbitals for different spins, and any spin-ordering we

observe is likely to be an artifact of the orbitals. Ideally, we would use orbitals that

use the same spatial orbitals for spin-up and spin-down. We do not have access to

an LDA code, and the numerical component of our planewave orbitals is unstable

in our system for reasons that we do not understand. We tried to doubly occupy

Gaussian orbitals to get an S = 0 state; this worked in homogeneous rings, but in

rings with a constriction, the quality of these S = 0 wavefunctions is significantly
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lower (i.e., energies over 1 Ha∗ higher) than that of the Sz = 0 wavefunctions. We

are thus unable to draw strong conclusions about spin polarization.

The localized, isolated states that we observe in sharp constrictions and in long,

smooth constrictions likely correspond to the bound states observed in QPC’s near

pinch-off (for example Puller et al., 2004; Yoon et al., 2007, 2012). They are also likely

related to the bound states observed in asymmetrical QPC’s (Wu et al., 2012), and

our result that long, smooth constrictions are able to support a bound state is con-

sistent with experiments in long QPC’s (Zhang et al., 2012; Iqbal et al., 2013). If

any of the structures that we observe are related to the 0.7 effect, it is likely that

those are the cases with smooth constrictions. The smooth transition from the

leads to a Wigner crystal in the constriction fits well with the theory of Matveev

(2004a,b). Sfigakis et al. (2008) observed both Kondo-like behavior (which is evi-

dence of a bound state) and the 0.7 effect in the same QPC at different values of

Vg and proposed that the two were distinct phenomena. This interpretation seems

consistent with the differences we observe between sharp, almost depleted QPC’s

and smoother QPC’s.
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6

Conclusions

In this dissertation, we have examined two important themes that drive much

of the unexplained physics found in quantum wires: the transition from one-

dimensional to higher-dimensional behavior, and inhomogeneity. These themes

cannot be addressed by Luttinger Liquid theory, and they are of both theoretical

and practical interest in forming a complete understanding of the interacting 1D

electron gas. Our quantumMonte Carlo techniques allowus to study these themes

numerically in limits that are not analytically tractable.

In our study of the transition from one-dimensional to higher-dimensional be-

havior in strongly interacting quantumwires, we observed a quantum phase tran-

sition from a linear 1D phase to a quasi-1D zigzag phase. At higher densities, the

zigzag order is destroyed and the system transitions to a liquid-like phase. We

showed that electrons in the linear phase form a quasi-localized Wigner crystal

consistent with Luttinger Liquid theory, while the quasi-1D zigzag phase exhibits

behavior that is beyond the Luttinger Liquid model. A transition to a phase with

long-range zigzag correlations can occur even in systems where quantum fluc-
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tuations smear out density correlations, and in this case, quantum fluctuations

break the symmetry about the axis of the wire at lower densities than in a classical

Coulomb system. Our calculations indicate that the zigzag transition can occur at

experimentally relevant wire widths and electron densities; this is consistent with

reports of a coupled two-row structure that transitions to a one-rowWigner crystal

structure at low densities (Hew et al., 2009; Smith et al., 2009).

A natural extension of this work would be to consider the transition from 1D

physics to 3D physics. Just as the 1D to 2D transition can be mapped onto an Ising

model at strong interactions, the 1D to 3D transition can be mapped onto the XY

model; it would be interesting to see if such a quantum phase transition could be

observed in an experimental system — perhaps in an ion trap.

It is interesting to consider the possible connection between zigzag physics and

the 0.7 Effect. The quasi-1D nature of real QPC’s has been used to justify the in-

terpretation of the 0.7 structure in terms of spin polarization without violating the

Lieb-Mattis theorem. The densities at which a coupled two-row structure was ex-

perimentally observed are probably not relevant to the 0.7 Effect, but it would be

interesting to study the spin physics in the zigzag and high-density liquid regimes

to better evaluate the claims of spin-polarization in QPC’s. Processes that could

lead to a ferromagnetic ground state in a zigzag chain have been previously stud-

ied (Klironomos et al., 2007), but a ferromagnetic ground state was not predicted

at experimentally relevant parameters. It would be interesting to see if those the-

oretical predictions hold in the intermediate interaction regime.

In our study of the inhomogeneous 1D electron gas, we observed electron local-

ization in QPC’s for a variety of different potential shapes and electron densities.

In sharp constriction potentials, electrons localize in the QPC, and a gap forms

in the density between the constriction and the leads. Smooth potentials of suffi-
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cient length can also support an isolated state; this type of scenario is likely related

to the bound states observed in QPC’s near pinch-off (e.g., Yoon et al., 2007). In

shorter smooth potentials, a Wigner crystal forms in the constriction region and is

smoothly connected to the leads; this is consistent with the Matveev (2004a,b) ex-

planation of the 0.7 Effect. The interpretation given by Sfigakis et al. (2008), that the

0.7 Effect and signatures of a Kondo bound state are two distinct phenomena that

occur at different parameters, seems reasonable. To fully evaluate the connection

between our observations and the 0.7 Effect, however, we would need to study the

spin physics of the system, particularly in the spin-incoherent regime. Our study

indicates that QPC’s can support a rich variety of phenomena depending on their

shape.
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Appendix A

The Lieb Mattis Theorem

Lieb and Mattis proved that, in the absence of spin- or velocity-dependent forces,

the ground state of a one-dimensional many-electron system is antiferromagnetic

(Lieb andMattis, 1962). In this appendix, I shall present their proof of this theorem,

closely following the original paper.

Consider a one-dimensional system ofN electrons in some potential. The gen-

eral Hamiltonian for this system is:

H = −
N∑
i=1

∂2

∂x2
i

+ V (x1, · · · , xN) (A.1)

where we assume that V is real and symmetric in the xi. The boundary conditions

can be any of the following:

1. If we have particles in a box (that is, 0 ≤ xi ≤ L), then if any xi = 0 or L,

(a) Ψ(xi) = 0 or

(b) ∂Ψ
∂xi

(xi) = 0.
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2. If −∞ < xi < ∞ or 0 < xi < ∞, then we only consider bound state wave

functions. We also exclude periodic boundary conditions.

H does not contain the spins explicitly, and we can choose a basis where every

energy eigenfunction is also an eigenfunction of S2 and Sz, and thus has a definite

S value. Call the lowest energy of a given S value E(S).

The Lieb Mattis theorem states:

Theorem 1. If S > S ′, then E(S) ≥ E(S ′), with equality iff V is pathologic.

(The term “pathologic” is defined in the course of the proof. An example of a

pathologic potential is an infinite repulsive core.)

First, we separate Ψ into its space and spin parts. Let MΨ be a wavefunction

that is an eigenfunction of Sz with eigenvalueM . (MΨ satisfies the Pauli principle

and is thus totally antisymmetric.) Then, we can write MΨ as:

|MΨ〉 =
∑
j

|MΦj〉 ⊗ |GM
j 〉 (A.2)

where the |GM
j 〉 are spin functions; for example:

|GM
1 〉 = | − − · · · − −︸ ︷︷ ︸

p

+ + · · ·+ +︸ ︷︷ ︸
N−p

〉

with p = (N/2)−M .

Since MΨ is totally antisymmetric with respect to the xi, and since the GM
j are

related to each other by a permutation of the electrons, the MΦj are related to each

other by permutations of x1, · · · , xN . Therefore, if any MΦj ≡ 0, then all MΦj ≡ 0.

Furthermore, applying H to Eqn. (A.2), we see that if Ψ is an eigenfunction of H

with energyE, then so is each individualMΦj . For simplicity, we shall refer toMΦ1

as MΦ.
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Since |MΦ〉 ⊗ |GM
1 〉 must be antisymmetric, MΦ is nonvanishing and has the

form:

MΦ = Φ(x1, · · · , xp|xp+1, · · · , xN) (A.3)

where the placement of the vertical bar means that MΦ is antisymmetric both in

the variables x1, · · · , xp and in the variables xp+1, · · · , xN . (p = (N/2)−M , as given

above.)

Using Eqn. (A.2), we see that given any spatial function Φ with the symmetry

properties defined in Eqn. (A.3), we can generate a Pauli function MΨ given by

|MΨ〉 ≡
∑
σ

sgn(σ)(σ|MΦj〉)⊗ (σ|GM
1 〉)

where the summation is over all permutations σ of theN particles. Using the same

logic as above, if Φ is an eigenfunction of H , then so is MΨ.

Now, we want to see what conditions need to be applied to MΦ so that MΨ has

a definite S value. (That is, we want MΨ to be an eigenfunction of both S2 and

Sz.) In general, MΨ will have a mixture of S values. If we want a function M
MΨ

with definite S value of S = M , then a necessary and sufficient condition is that

S+
M
MΨ = 0, where S+ =

∑
Si+ is the raising operator.

A necessary and sufficient condition that MΨ be M
MΨ is that MMΦ be of the form

in Eqn. (A.3) and that MMΦ cannot be antisymmetrized with respect to xp, · · · , xN .

This is because when S+ acts on each of the GM
j , it generates GM+1

l , among others.

We want S+
M
MΨ = 0, so the coefficient of GM+1

1 in S+
M
MΨ should be 0. Expressing

this more precisely, (
1−

N∑
j=p+1

Pp,j

)
M
MΦ ≡ 0 (A.4)

where Pp,j in an operator that interchanges xp and xj . Lieb and Mattis express
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this condition concisely (and somewhat obliquely) with the phrase “the bar [in

Eqn. (A.3)] cannot be moved to the left.”

(We can see where Eqn. (A.4) comes from by applying S+ to the expansion of
M
MΨ in Eqn. (A.2):

Sz|MMΨ〉 =
∑
j

|MMΦj〉 ⊗ Sz|GM
j 〉

As explained above, the terms that contribute to GM+1
1 in S+

M
MΨ are of the form:

M
∑

j |MMΦj〉, so for the GM+1
1 term to vanish from S+

M
MΨ,

∑
i

|MMΦi〉 ≡ 0

where the sum over i adds up the coefficients M
MΦi of all GM

i that produce GM+1
1

(among other GM+1
i ’s) when acted upon by Sz. Now, note that all of these GM

i can

be related to each other by permutations, namely, permutations which exchange

xp with any of the xi>p. As mentioned above, the M
MΦj are all related to each other

by a permutation, and the relevant MMΦi are related to each other by the same per-

mutations which swap xp with xi>p that we just identified, and so we can rewrite

the above equation in the form given in Eqn. (A.4).)

Since S+ and S− commute with the Hamiltonian, E(S) is degenerate with re-

spect to the Sz eigenvalue M . Let E(M) and MΨ denote the lowest eigenvalue

and eigenfunction of the Hamiltonian with a given value of M ≥ 0. Lieb and

Mattis proceed to prove the theorem by showing that MΨ is M
MΨ, and thus that

E(M) = E(S), and furthermore, that E(M) ≤ E(M + 1) unless V is pathologic.

(Anotherway of stating this is that the lowest energy eigenfunction of theHamilto-

nian that can be written in the form of Eqn. (A.3) also satisfies the condition given

by Eqn. (A.4).)
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Let R be the full domain, (assume, for example, that we use one of the particle

in a box boundary conditions), given by R = {xi | 0 ≤ xi ≤ L}. Define RM ⊂ R

by:

RM = {xi | 0 ≤ x1 ≤ · · · ≤ xp ≤ L and 0 ≤ xp+1 ≤ · · · ≤ xN ≤ L} (A.5)

RM is simply the subspace of R in which the system (with Sz eigenvalue M ) is

restricted under the given ordering of xi due to the Pauli principle: the spin down

electrons (x1, · · · , xp) cannot “pass”each other in one dimension, nor can the spin

up electrons (xp+1, · · · , xN ).

The Schrodinger equation in RM is:

Hφ = Eφ (A.6)

with boundary condition

φ = 0 on the boundary of RM . (A.7)

(This boundary condition must be satisfied, because on the boundary of RM , for

two electrons labeled by i and j of the same spin, xi = xj when i 6= j. Due to the

Pauli principle, the probability of two electrons of the same spin occupying the

same position is 0, thus φ = 0 on the boundary.)

The ground state function φ0 of this system satisfies:

φ0 ≥ 0 in RM . (A.8)

(Suppose that the above equation were not satisfied; consider a function φ given

by φ = |φ0|. Since 〈φ|φ〉 = 〈φ0|φ0〉, and since Hφ = Eφ almost everywhere,

〈φ|H|φ〉 = E〈φ|φ〉 = E〈φ0|φ0〉 = 〈φ0|H|φ0〉
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So, φ has the same boundary conditions and the same energy expectation value

as φ0. Thus, assuming the possibility of degeneracy, there is at least one ground

state of the system that satisfies Eqn. (A.8). Lieb and Mattis also assert that if V is

bounded, φ0 6= 0 inside RM , and that there can be no degeneracy unless φ0 = 0

inside RM .)

The term “pathologic potential” can now be defined — it is a potential “with a

sufficiently strong infinity to cause φ0 to vanish inside RM .”

Consider permutationsP andQ, whereP permutes x1, · · · , xp, andQpermutes

xp+1, · · · , xN . Define PQ(RM) to be the domain given by permuting by P and Q

the xi in Eqn. (A.5). The interiors of the PQ(RM) are disjoint, and the union of all

the PQ(RM) is R. Now, we can extend a solution φ of Eqn. (A.6) to a function Φ

defined everywhere in R as follows:

Φ = sgn(P ) sgn(Q)PQφ (A.9)

Because of the boundary conditions in Eqn. (A.7), Φ is continuous and has contin-

uous derivative everywhere in R, thus,

HΦ = EΦ in R (A.10)

If we have an eigenfunction, Φ, ofH inR that satisfies Eqn. (A.3), thenwe canwrite

it in the form of Eqn. (A.9). Thus, Φ satisfies both Eqns. (A.6) and (A.7) in RM . So,

if φ0 is the ground state of Eqn. (A.6), then we can set φ = φ0 in Eqn. (A.9) to get

the ground state Φ of H with Sz valueM .

If any two functions SMf and S′
Mg have different S values but the sameM value,

then, since there are P !(N − P )! different domains PQ(RM) in R:

∫
R

(SMf)(S
′

Mg) = P !(N − P )!

∫
RM

(SMf)(S
′

Mg) (A.11)
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If S 6= S ′, then
∫
RM

(SMf)(S
′

Mg) vanishes.

Consider the function M
Mχ given by:

M
Mχ =

∣∣∣∣∣∣∣
1 x1 · · · xp−1

1
... . . . ...
1 xp · · · xp−1

p

∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣

1 xp+1 · · · xN−p−1
p+1

... . . . ...
1 xN · · · xN−p−1

N

∣∣∣∣∣∣∣
=

(∏p
j,k=1, j>k (xj − xk)

)(∏N
j,k=p+1, j>k (xj − xk)

) (A.12)

M
Mχ satisfies Eqns. (A.3), (A.4), and A.8. Also consider the ground state Mφ of H

with Sz value M . Both M
Mχ and Mφ are nonnegative in RM , so, we know from

Eqn. (A.11) that these two functions are not orthogonal in R. Thus, Mφmust have

S = M . (We assume the ground state is nondegenerate. In the case of a pathologic

potential, the ground state is degenerate, and then at least one of the ground state

functions has S = M .) To get a higher value of S, one must go to a higher energy

level than the ground state.

This proves the theorem; states with lower spin have lower energies. Therefore,

it is clear that the ground state of a system of N electrons must have total S = 0 if

N is even (or S = (1/2) if N is odd). The zero spin state, also known as the singlet

state, is antiferromagnetic. Thus, the ground state of a one dimensional system of

electrons with the given conditions is antiferromagnetic.
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Appendix B

Path Integral Monte Carlo

Path IntegralMonte Carlo (PIMC) is onemethod that can be used to study systems

at finite temperature. PIMC algorithms compute thermodynamic quantities by

performing the path integral over closed paths in imaginary time. We can write

the imaginary-time propagator as a path integral:

U(x, x′, τ) = 〈x|e−Ĥτ |x′〉 =

∫
[Dx]e−SE , (B.1)

where SE is the Euclidean action, and the path integral is over all paths connecting

x and x′ in imaginary time τ = it. Now, the partition function Z = Tr e−βĤ , can be

written as a sum of path integrals using Eqn. (B.1):

Z =

∫
〈x|e−Ĥβ|x〉dx =

∫
dx

∫
[Dx]e−SE , (B.2)

where the integral is over all closed paths of imaginary time length β.

To construct a PIMC algorithm in 1D, one generates worldlines for a system

that has one spatial dimension of length L and an imaginary-time dimension of
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L

x

τ

ε

β

Figure B.1: An example of a configuration sampled by a PIMC algorithm. This
shows one set of worldlines for a system of four electrons (two of each spin species)
with periodic boundary conditions in both space and time. Note the nontrivial
winding of the spin-up electrons.

length β. The system is periodic in imaginary time, and one can consider a variety

of boundary conditions in the spatial dimension. One discretizes imaginary time

into N time-slices, each separated by a length ε = β/N , and stores the positions of

each electron at each time slice. A sample configuration is shown in Fig. B.1

The weight for a set of N electrons at positions R to move to a new set of posi-

tions R′ at the next time slice is:

〈R′|e−εĤ |R〉 = (2πε)−N/2exp

(
−
∑
i

(Ri −R′i)2

2ε
−
∑
i<j

ε

|Ri −Rj|

)
. (B.3)

For this system, the Metropolis algorithm is inefficient, since it would only
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allow small local changes to the worldlines. Two types of updates are used to

deal with this, “directed loop” updates (or “worm algorithms”), and bisection or

“Brownian bridge” algorithms, that grow newworldlines that replace parts of old

worldlines. Bisection algorithms are more commonly used in condensed matter

systems (Ceperley, 1995); both types make large, global changes in a configura-

tion, and thus traverse configuration spacemuchmore quickly and efficiently than

Metropolis (Evertz, 2003). We wrote a PIMC code that uses the directed loop up-

date to study the interacting 1DEG; unfortunately, due to the subtleties of deal-

ing with the Coulomb interaction in 1D PIMC systems, our code was very slow,

though it did show qualitatively correct behavior, such as electron localization in

low density systems.

In one dimension, the fermion sign problem becomes much simpler to deal

with since the paths of two electrons of the same spin cannot cross. Even in a

periodic system, it is straightforward to keep track of the sign when two parti-

cles interchange by “winding around” the system. Studying fermions in higher

dimensions with PIMC is challenging, however, and strategies such as the fixed-

node approximation are used. PIMC has been used with great success to study

bosonic systems such as liquid helium, where exchange is not an issue (Ceperley,

1995).

145



Appendix C

Notes on Laplacian for Jastrow in Periodic
Wires

In this appendix, we outline the calculation of the Laplacian of a function of the

form φ(yi, yj, rij), as used in the Jastrow factor for periodic wires discussed in

Chapter 3.2.2.

We consider a system with several electrons in a quantum wire that is infinite

(periodic) in one dimension (the x direction), and is modeled by a harmonic con-

fining potential in the transverse (y) direction, V = 1
2
mω2y2. (For our purposes, we

only consider a 2-dimensional system.)

Usually, we consider a wave function with a Jastrow factor of the form de-

scribed in Eqn. (2.15):

J = JenJeeJeen = efen+fee+feen

where the en Jastrow term is a function of riα, the distance from the ith electron

to the αth center, the ee Jastrow term is a function of rij , the distance from the ith

electron to the jth electron, and the een term is a function of riα, rjα, and rij .
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In this case, for each center, we need to compute the Laplacian of a function of

the form φ(ri, rj, rij). (We’ve suppressed the index α used above.) This is calcu-

lated by Pekeris (1958, Eqn. 5), or in more detail by Hylleraas (1929, Eqns. 3-5).

Starting from:

∂φ

∂xi
=

∂φ

∂ri

xi
ri

+
∂φ

∂rij

xi − xj
rij

, and

∂2φ

∂x2
i

=
∂2φ

∂r2
i

x2
i

r2
i

+
∂φ

∂ri

(
1

ri
− x2

i

r3
i

)
+
∂2φ

∂r2
ij

(xi − xj)2

r2
ij

+
∂φ

∂rij

(
1

rij
− (xi − xj)2

r3
ij

)
+ 2

∂2φ

∂ri∂rij

xi(xi − xj)
ririj

,

it follows that, if D is the number of dimensions (D = 2 for wires and rings):

(∇2
i +∇2

j)φ(ri, rj, rij) =
∂2φ

∂r2
i

+
D − 1

ri

∂φ

∂ri
+
∂2φ

∂r2
j

+
D − 1

rj

∂φ

∂rj

+2
∂2φ

∂r2
ij

+
2(D − 1)

rij

∂φ

∂rij

+
r2
i − r2

j + r2
ij

ririj

∂2φ

∂ri∂rij
+
r2
j − r2

i + r2
ij

rjrij

∂2φ

∂rj∂rij
(C.1)

Now, for infinite wires, we only want to consider the distance from the central

axis of the wire to each electron as the “electron-nuclear” distance for the pur-

poses of calculating the en and een Jastrow terms. So, now we want to calculate

the Laplacian of a function of the form φ(yi, yj, rij). Calculating first and second
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derivatives, we get:

∂φ

∂xi
=

∂φ

∂rij

xi − xj
rij

∂2φ

∂x2
i

=
∂2φ

∂r2
ij

(xi − xj)2

r2
ij

+
∂φ

∂rij

(
1

rij
− (xi − xj)2

r3
ij

)
∂φ

∂yi
=

∂φ

∂yi
+

∂φ

∂rij

yi − yj
rij

∂2φ

∂y2
i

=
∂2φ

∂y2
i

+
∂2φ

∂r2
ij

(yi − yj)2

r2
ij

+
∂φ

∂rij

(
1

rij
− (yi − yj)2

r3
ij

)
+ 2

∂2φ

∂yi∂rij

(yi − yj)
rij

,

Combining these, we obtain:

(∇2
i +∇2

j)φ(yi, yj, rij) =
∂2φ

∂y2
i

+
∂2φ

∂y2
j

+ 2
∂2φ

∂r2
ij

+
2(D − 1)

rij

∂φ

∂rij

+2
yi − yj
rij

∂2φ

∂yi∂rij
+ 2

yj − y1

rij

∂2φ

∂yj∂rij
(C.2)
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Appendix D

Choice of Single-Particle Orbitals for the
Linear, Zigzag, and Liquid Regimes in

Quantum Rings

In this appendix, we present tables showing the types of single-particle orbitals

that resulted in the best trial wavefunctions and DMC energies for our study of

the zigzag transition in rings, discussed in Chapter 4.

In Table D.1 and D.2, we show the type of orbital used for each value of rs

at ω = 0.1 and ω = 0.6, respectively. In general, Gaussians worked best in the

linear regime and zigzag regimes, planewaves worked best in the liquid regime,

and LSDA orbitals were most appropriate at intermediate densities.

In the linear regime, we note that planewaves gave results nearly identical to

those obtained with floating Gaussians; as discussed in Section 3.1.1, when the

two different types of single-particle orbitals gave DMC energies that differed by

less than 0.001 Ha∗, other observables were almost identical. This points to the im-

portance and versatility of the Jastrow factor in our trial wavefunction. Gaussians
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gave VMC wavefunctions with a σ2
E that was ∼ 10% lower than planewaves, and

so we primarily present results with Gaussians in the linear regime.

In the zigzag regime, we primarily used Gaussians, and though the optimized

center positions of the floating Gaussian orbitals did form a small-amplitude stag-

gered zigzag pattern, most of the zigzag correlation appeared after optimizing the

Jastrow factor and running DMC. We did observe signatures of the zigzag regime

in some cases starting from LSDA orbitals, which further indicates that the zigzag

pattern is not merely an artifact of our choice of orbital. The quality of the opti-

mized LSDA-based wavefunctions was so inferior to the Gaussians, however, that

we did not pursue results based on them. For example, at rs = 3.7, ω = 0.1, LSDA

orbitals gave a VMC energy 0.02 Ha∗ higher and σ2
E twice as large compared to the

Gaussians.
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Table D.1: A summary of the best single-particle orbital type used for each run at
ω = 0.1. We note that in the linear regime, planewaves gave nearly identical results
to Gaussians, as discussed in Section 3.1.1

rs Best Orbital type Regime
1.0 Planewave Liquid
1.5 Planewave Liquid
2.0 LSDA Liquid
2.5 Gaussian Liquid/Zigzag
3.0 Gaussian Zigzag
3.4 Gaussian Zigzag
3.5 Gaussian Zigzag
3.6 Gaussian Zigzag
3.7 Gaussian Zigzag
3.71 Gaussian Zigzag
3.72 Gaussian Zigzag
3.73 Gaussian Zigzag
3.74 Gaussian Zigzag
3.75 Gaussian Zigzag
3.76 Gaussian Zigzag
3.77 Gaussian Zigzag
3.78 Gaussian Zigzag
3.79 Gaussian Linear
3.8 Gaussian Linear
4.0 Gaussian Linear
5.0 Gaussian Linear
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Table D.2: A summary of the best single-particle orbital type used for each run at
ω = 0.6.

rs Best Orbital type Regime
0.5 Planewave Liquid
0.65 Planewave Liquid
0.8 Planewave Liquid
0.95 Planewave Liquid
1.1 Gaussian Zigzag
1.2 Gaussian Zigzag
1.3 Gaussian Zigzag
1.35 Gaussian Zigzag
1.4 Gaussian Zigzag
1.45 Gaussian Linear
1.5 Gaussian Linear
2.0 Gaussian Linear
4.0 Gaussian Linear
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Appendix E

Finite Size Even-Odd Effect in Noninteracting
Rings

Consider a system of N noninteracting fermions at fixed rs confined to a ring of

radius R = Nrs/π. We wish to compute the addition energy ∆2E(N) = E(N +

1) + E(N − 1)− 2E(N).

The single-particle energy levels for a particle on a ring of radius R are (in

atomic units)

εl =
l2

2R2
=

2l2

N2r2
s

, (E.1)

where l = 0,±1,±2, . . ..

Thus, the the total energy E(N) for N noninteracting fermions is

E(N) =



(N−1)/2∑
l=−(N−1)/2

εl if N is odd,

N/2∑
l=−N/2−1

εl if N is even.

(E.2)
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Thus,

E(N) =
2π2

N2r2
s

×


2

(N−1)/2∑
l=1

l2 if N is odd,

N/2∑
l=1

l2 +

N/2−1∑
l=1

l2 if N is even.

(E.3)

Now, using
∑
n2 = n(n+ 1)(2n+ 1)/6, we have

E(N) =


π2(N2 − 1)

6Nr2
s

if N is odd,

π2(N2 + 2)

6Nr2
s

if N is even.

(E.4)

Thus, when N is odd,

∆2E(N) =
π2(3N2 − 1)

3r2
sN(N + 1)(N − 1)

. (E.5)

When N is even,

∆2E(N) = − π2(3N2 − 2)

3r2
sN(N + 1)(N − 1)

. (E.6)

Note that ∆2E(N) > 0 whenN is odd, and ∆2E(N) < 0 whenN is even, which

is consistent with our intuition that it costs less energy to go from evenN to oddN ,

since this involves adding a particle at the same |l| as the highest energy particle.

Also, this even-odd effect is a finite size effect, since asN →∞, the addition energy

∆2E(N) ∼ 1/N → 0 for both even and odd N .
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Appendix F

List of Supplemental Files:
Pair Density Animations

This dissertation is accompanied by video files containing animated plots of the

pair densities described in Chapter 4 for rings in the linear, zigzag, and liquid

regimes. This appendix contains a list and description of these supplemental files.

These animations show the pair density, 〈ρ̂(r, θ)ρ̂(r?, 0)〉/〈ρ̂(r?, 0)〉 at several dif-

ferent sets of parameters, listed below. The red star marks r?, which changes as a

function of time. The axes and color scales are as shown in the plots in Section 4.2;

each animation shows half of a ring; that is, 0 ≤ θ < π, and for each value of rs

and ω, the r − r̄ axis has the same range as shown in the corresponding plot in

Section 4.2. The color scale shows the pair density relative to the maximum value

for each plot.

These animations are saved as AVI format video files. They should be avail-

able from UMI/Proquest. They are also available on the internet, at http://www.

youtube.com/playlist?list=PLaqgNwHG5h6IIVnXTpiFe94bLyb7pwtwg

The names of the supplemental files, along with the values of rs, the harmonic
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confinement ω, and the number N of electrons shown in each file, are as follows:

pairden_w01_rs10_n60.avi rs = 1.0, ω = 0.1, N = 60

pairden_w01_rs20_n60.avi rs = 2.0, ω = 0.1, N = 60

pairden_w01_rs30.avi rs = 3.0, ω = 0.1, N = 30

pairden_w01_rs36.avi rs = 3.6, ω = 0.1, N = 30

pairden_w01_rs37.avi rs = 3.7, ω = 0.1, N = 30

pairden_w01_rs38.avi rs = 3.8, ω = 0.1, N = 30

pairden_w01_rs40.avi rs = 4.0, ω = 0.1, N = 30

pairden_w06_rs05_n60.avi rs = 0.5, ω = 0.6, N = 60

pairden_w06_rs08_n60.avi rs = 0.8, ω = 0.6, N = 60

pairden_w06_rs12.avi rs = 1.2, ω = 0.6, N = 30

pairden_w06_rs13.avi rs = 1.3, ω = 0.6, N = 30

pairden_w06_rs14.avi rs = 1.4, ω = 0.6, N = 30

pairden_w06_rs15.avi rs = 1.5, ω = 0.6, N = 30

pairden_w06_rs20.avi rs = 2.0, ω = 0.6, N = 30
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