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The physics origin of the hierarchy of bodies in space
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Here we show that bodies of the same size suspended uniformly in space constitute a system
(a “suspension”) in a state of uniform volumetric tension because of mass-to-mass forces of
attraction. The system “snaps” hierarchically, and evolves faster to a state of reduced tension when
the bodies coalesce spontaneously nonuniformly, i.e., hierarchically, into few large and many small
bodies suspended in the same space. Hierarchy, not uniformity, is the design that emerges, and it is
in accord with the constructal law. The implications of this principle of physics in natural
organization and evolution are discussed. VC 2016 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4941986]

INTRODUCTION

Recent progress on the physics basis of evolutionary
organization in nature1,2 continues to bring together phenom-
ena that were previously considered unrelated. To the ani-
mate and inanimate examples (animal locomotion, river
basins, turbulence) that were unified as a phenomenon of
free-morphing flow design for greater access over time,1–18

we are now adding examples that belonged traditionally
to solid mechanics. For example, the natural occurrence of
hexagonal basalt columns is attributed to a principle of maxi-
mum energy release.19 The occurrence of cracks in solids is
based on the same principle.20–22 Soil cracking under the
drying wind was explained as a phenomenon of evolutionary
design that enhances mass flow and accelerates drying.23

The aggregation of dust particles into clusters and dendrites
was shown to be the result of the same tendency, to relieve
electrostatic forces of attraction faster, through the evolution-
ary design of configuration.24

Here we add to this growing list of evolutionary
phenomena the natural occurrence of multi-size hierarchy
of bodies suspended in space. The hierarchy of sizes is
researched intensely and described regularly in planetary sci-
ence and astrophysics.25–31 Hierarchy emerges in two ways,
through accretion (coalescence) and fragmentation resulting
from collisions. Viewed from thermodynamics,32 the system
of bodies in space is in a state of internal tension because of
gravitational attraction between neighboring bodies. This
system “snaps” freely by flowing internally and changing its
configuration. Bodies coalesce into larger bodies, and their
collision (with fragmentation) dissipates the tension and
resulting kinetic energy, en route to reduced body-body
attraction throughout the system. This phenomenon has been
studied in celestial mechanics under several scenarios,25–27

and is recognized as the basis for the formation process of
planets and the asteroid belt.

Sizes increase over all scales through accretion.31 Yet,
the natural phenomenon is not only the growth of the body

sizes but also the spontaneous hierarchy. The fundamental
question that we address here is why “hierarchy” happens
spontaneously, and why a uniform distribution of bodies of
the same (growing) size does not happen. We show that the
gravitational effect alone does not explain the hierarchy of
sizes of bodies in space. The additional physics principle is
the natural evolution (selection) of flow configuration during
accretion such that the flow and evolution to equilibrium are
facilitated.1,2

MODEL

Consider the coalescence of masses suspended in space.
Forces of mutual attraction (gravitational) keep the system in
a state of internal tension. In time, the tension is relieved
through the creation of aggregates.

Two bodies attract each other with a force that is propor-
tional to the product of the two masses and inversely propor-
tional to their mutual separation distance squared.33 The
shape and relative motion of the bodies is not considered.
Assume that a space is filled initially with masses of one size
(m) that are motionless and distributed uniformly. The spac-
ing between two neighboring masses is constant (r). This
suspension is in a state of volumetric and isotropic tension.
The tensile force between two neighboring masses is propor-
tional to m2/r2.

The coalescence of small masses into larger masses is
driven by internal tension, which becomes smaller as a
result. Equilibrium will be characterized by zero tension and
total coalescence with all the individual bodies collapsed
into one large body.

In thermodynamic terms, the system is isolated and
exhibits internal changes (mass flows) that take it from an
initial state of internal tension toward a final state of no
tension and no movement. The classical thermodynamics of
such an isolated system is well known.32 Consider the time
evolution of the internal configuration of the system. Should
the system evolve as equidistant masses of one size that
increases through coalescence, or should the evolving design
be hierarchical, heterogeneous, with few large masses and
many small masses that feed the large masses?
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In summary, which should be the evolutionary design
that brings the initial suspension to coalesce into one
mass? Note that the natural evolutionary tendency of flow or-
ganization is not covered by the first and second laws of ther-
modynamics. In the present case, the flow consists of masses
(m) that come from everywhere and collapse (irreversibly,
with dissipation) into progressively larger masses. Greater
access means designs (organization, distribution of masses)
that facilitate this flow, and greater forces of attraction that
accelerate the decrease in the internal tension throughout the
system. The question is: What kind of organization, uniform
or hierarchical, will facilitate this evolution?

One Dimensional Organization. First, assume that the
initial masses (m) are distributed equidistantly on an infin-
itely long line. The spacing between two neighboring masses
(r) is much greater than the linear dimension of a single m.
In this first design (Fig. 1), each mass (m) is pulled left and
right by a force (F1) to which contribute all the other masses,
near or distant

F1 !
m " m

r2
þm " m

2rð Þ2
þm " m

3rð Þ2
þ ::: ¼ m2

r2
S1; (1)

where S1¼ p2/6¼ 1.645. First, assume that the coalescence
is distributed uniformly. If two adjacent masses collapse into
one mass of size 2 m, then the new spacing (between two
masses of size 2 m) is 2r, and the tensile force felt throughout
the system is

F2 !
2m " 2m

2rð Þ2
þ 2m " 2m

4rð Þ2
þ 2m " 2m

6rð Þ2
þ ::: ¼ m2

r2
S1;

(2)

which has the same value as F1. In conclusion, uniformly
distributed coalescence does not relieve the internal tension.

Next, consider a non-uniform pattern of coalescence.
One mass (m) fuses with its two neighbors and creates a
mass of size 3 m. Left between the two masses of size 3 m is
one small mass m. The spacing inside each (m, 3 m) pair is
2r. Each body of size m is pulled to the right and to the left
by a force proportional to

F3 !
m " 3m

2rð Þ2
þm " m

4rð Þ2
þm " 3 m

6rð Þ2
þm " 3m

8rð Þ2
þ :::

¼ 3m2

4r2
S2 þ

m2

4rð Þ2
S1; (3)

where S2 ¼ 1þ 1
9þ

1
25þ ::: ¼ 1:23. Comparing F3 with F1,

we find that F3/F1¼ 0.623, which indicates that the non-
uniform pattern offers a significant reduction in the internal
tension of the system. According to the constructal law, the
natural organization should be non-uniform coalescence.

Two Dimensional Organization. Contemplate the
same question with regard to coalescence in two dimensions.
Initially, the masses are equidistant (r) and of the same size
(m) (see Fig. 2). The square pattern is assumed for analytical
simplicity. We calculate the net tensile force (F1) felt in the
horizontal (x) direction by the mass (m) positioned at the ori-
gin (O).

An infinite number of forces contribute to F1. The
force F11 is aligned with x, due to a string of masses as
shown in the upper row of Fig. 1 and in Eq. (1); therefore,
F11¼ (m/r)2S1. Focus on the string of m-masses aligned on
the bisector of the x-y field. The spacing between masses is
21/2r, and the force in the bisector direction at the origin is
F12¼ (m/21/2r)2S1. What counts is the projection of F12 on
the x direction, namely, F12x¼ F12 cos 45' ¼ (m/r)22(3/2S1.
There are two bisectors—one at y> 0 and the other at
y< 0; therefore, the total x-contribution of the tension
along the bisectors is 2F12x ¼ (m/r)22(1/2S1.

The calculation continues accounting for all the in-
between directions such as F13 in Fig. 2. The next x-
contribution of the pull in this direction is 2F13x, where F13x is
the x-projection of the F13 force felt at the origin. In sum, the
total force in the x direction felt by the mass located at O is

F1 ¼ F11 þ 2 F12x þ 2 F13x þ :::þ 2F112x ffi 4:875
m2

r2
:

(4)

This estimate is not exact because we truncated the above
sum (4) by neglecting the contributions from some of the
forces aligned close to the y direction.

The first alternative to the uniform distribution (Fig. 2)
is the occurrence of uniform coalescence. Everywhere in
space, two neighboring masses (m) form a larger mass of
size 2 m. The resulting distribution is a new square pattern in
which the spacing between the 2 m masses is 21/2r. The netFIG. 1. One dimensional arrangement of masses forming strings in tension.

FIG. 2. Two dimensional arrangement of equidistant masses of the same
size.
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force on one 2 m mass in one direction (x) follows from the
same calculation as for Eq. (4), in which m is replaced by
2 m, and r is replaced by 21/2r

F2 ¼ 9:75
m2

r2
: (5)

The conclusion is that F2 is greater than F1. Uniform coales-
cence is not the design that decreases the tension throughout
the original suspension. Therefore, according to the construc-
tal law, uniform coalescence should not occur.

The competing alternative is the phenomenon of non-
uniform coalescence. Shown in Fig. 3, four of the original m
masses fused with the m mass between them and created one
mass of size 5 m. Spread equidistantly throughout the plane are
the remaining m-masses. The distance between one m mass
and the closest 5 m mass is 2r. The calculation of the total force
(F3) in the x direction at the origin in Fig. 3 begins with the
contribution from the non-uniform string aligned with x

F31 ¼
5m2

2rð Þ2
þ m2

4rð Þ2
þ 5m2

6rð Þ2
::: ffi 1:58

m2

r2
: (6)

Next are the contributions from the strings on the bisectors,
2F32x, where one F32 is aligned with one bisector, and F32x is
the projection of F32 on the x direction. The expressions for
F32, F33, are omitted. The final result reduces to

F3 ¼ F31 þ 2F31x þ 2F33x þ ::: 2F311x ffi 4:31
m2

r2
: (7)

This shows that F3 is sensibly smaller than F1. A smaller
force means a smaller acceleration of neighboring masses
that coalesce, and a slower coalescence. On the contrary,
non-uniform (hierarchical) coalescence is the design that
relieves the tension faster than no coalescence (F1), and even
faster than uniform coalescence (F2).

CONCLUDING REMARKS

The fundamental conclusion is that the hierarchical dis-
tribution of masses facilitates coalescence and brings the
entire suspension to equilibrium faster. We demonstrated

this in both scenarios, one dimensional (Fig. 1) and two
dimensional (Fig. 2). This prediction is in accord with the
constructal law1–4 and also in accord with observations. In
this way, the constructal law accounts for the origin of the
spontaneous hierarchy among celestial bodies. This phenom-
enon of self-organization is of the same nature as the hier-
archical cracking of elastic bodies in volumetric tension en
route to less tension throughout the volume.

In this article, the origin of spontaneous hierarchy of
bodies in space was explained on the basis of the simplest
possible model that retained the most important feature of all
evolutionary configurations in nature: the freedom to flow
(to move) and to morph while flowing. However simple and
limited, the arguments are strong in favor of hierarchy as a
natural tendency rooted in physics, and the findings deserve
to be further debated by the scientific community for more
realistic (general) models, for example, three-dimensional
with relative (orbital) motion between bodies.

The hierarchy prediction put forth in this article provides
a concrete answer to Ellis and Silk’s question of what is a
scientific theory.34 To see how, we must first review the con-
cepts that lead to and underpin any scientific theory:

(a) The human observation that certain things (images,
events) happen the same way innumerable times repre-
sents a distinct natural tendency, i.e., one universal
phenomenon of nature (physics).

(b) A law of physics is a compact statement (text, or for-
mula) that summarizes (a), i.e., the innumerable obser-
vations of the same kind everywhere. One law, for one
distinct universal phenomenon, is the structure of the
physics doctrine.

(c) To rely on the law (i.e., to invoke it) in order to experi-
ence a purely mental viewing of how things should be
in a particular set of circumstances (i.e., to predict
observations for that setting) is the particular theory
that became available for that setting because the law
is known.

In summary, there is one phenomenon, there is one law,
and the theories that spring from the law are as many as the
circumstances in which the thinker contemplates the phenom-
enon, i.e., the manifestations of the law. For example, there is
one constructal law and there are many constructal theories,
covering the board from biological to non-biological phe-
nomena: lung structure, rhythm (respiration, heartbeat), ani-
mal locomotion, river basin structure, river channel cross
sections, aircraft evolution, turbulent structure evolution,
snowflake evolution, and many more. Ellis and Silk34 argued
that “…the issue boils down to clarifying one question: What
potential observational or experimental evidence is there that
would persuade you that the theory is wrong and lead you to
abandoning it? If there is none, it is not a scientific theory.”
Sure, there are many observations of evolutionary design in
nature that validate the constructal law, for example:

1. A flat plume or jet should evolve into a round plume or
jet, never the other way around.16

2. Solid bodies that grow during rapid solidification (e.g.,
snowflakes) should be tree-like, not spherical.32

FIG. 3. Few large and many small: two dimensional arrangement of equidis-
tant masses of two sizes.
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3. The bigger moving bodies (animals, rivers, vehicles)
should live longer and travel farther, not live less and
travel less.17

4. The human lung should be tree-shaped with 23 levels of
branching.15

5. All animal speeds (swimming, running, flying) should be
proportional to the body size raised to the power 1/6, and
for a given body size should increase from swimmers to
runners and then flyers.1,18

The examples go on, and every single one is evidence in
answer to the question formulated by Ellis and Silk.34 There
is more to this than meets the eye. Some readers may be
tempted to argue that the evidence has long been available in
the past, and that the theory cannot predict “future” observa-
tions. This argument is incorrect, in two ways:

First, predicting an old phenomenon that was not recog-
nized and questioned previously is a theory. Think of
Galilei’s law of gravitational fall, and Clausius’ law of irre-
versibility (the second law). The fact that everything on earth
has weight (from which the word “gravity”) and that every-
thing flows from high to low (i.e., one way, or
“irreversibility”) are phenomena that were not brought into
physics before Galilei and Clausius questioned them and
summarized them in the form of two succinct laws.

Second, throughout the literature there are numerous
predictions that refer to future observations, such as exam-
ples no. 1 and no. 2 above, and many more evolutionary
designs that occur at short time scales that are comparable
with our life time, for example, the evolution of technology
(e.g., airplanes35) and sports.1 This should come as no sur-
prise, because all science is an artifact (an add-on) that
empowers humans to predict the future.

ACKNOWLEDGMENTS

Professor Bejan’s research was supported by the
National Science Foundation. The authors thank Allison
Wagstaff for editing the manuscript.

1A. Bejan and S. Lorente, “The constructal law and the evolution of design
in nature,” Phys. Life Rev. 8, 209–240 (2011).

2T. Basak, “The law of life: The bridge between physics and biology,”
Phys. Life Rev. 8, 249–252 (2011).

3A. H. Reis, “Constructal theory: From engineering to physics, and how flow
systems develop shape and structure,” Appl. Mech. Rev. 59, 269–282 (2006).

4L. Chen, “Progress in study on constructal theory and its applications,”
Sci. China Technol. Sci. 55, 802–820 (2012).

5A. F. Miguel, “Constructal pattern formation in stony corals, bacterial col-
onies and plant roots under different hydrodynamics conditions,” J. Theor.
Biol. 242, 954–961 (2006).

6A. F. Miguel, “The emergence of design in pedestrian dynamics:
Locomotion, self-organization, walking paths and constructal law,” Phys.
Life Rev. 10, 168–190 (2013).

7A. F. Miguel, “Quantitative unifying theory of natural design of flow sys-
tems: emergence and evolution,” in Constructal Law and the Unifying
Principle of Design (Springer, 2013), pp. 21–38.

8R. G. Kasimova, D. Tishi, and A. R. Kacimov, “Streets and pedestrian tra-
jectories in an urban district: Bejan’s constructal principle revisited,”
Physica A 410, 601–608 (2014).

9A. F. Miguel, “Fluid flow in a porous tree-shaped network: Optimal design
and extension of Hess-Murray’s law,” Physica A 423, 61–71 (2015).

10G. Lorenzini, C. Biserni, F. L. Garcia, and L. A. O. Rocha, “Geometric
optimization of a convective T-shaped cavity on the basis of constructal
theory,” Int. J. Heat Mass Transfer 55, 6951–6958 (2012).

11G. Lorenzini, C. Biserni, E. D. Estrada, L. A. Isoldi, E. D. Dos Santos, and
L. A. O. Rocha, “Constructal design of convective Y-shaped cavities by
means of genetic algorithm,” J. Heat Transfer 136, 071702 (2014).

12A. F. Miguel, “Toward an optimal design principle in symmetric and
asymmetric tree flow networks,” J. Theor. Biol. 389, 101–109 (2016).

13A. H. Reis and C. Gama, “Sand size versus beachface slope—An explana-
tion based on the constructal law,” Geomorphology 114(3), 276–283
(2010).

14A. F. Miguel, “Dendritic structures for fluid flow: Laminar, turbulent and
constructal design,” J. Fluids Struc. 26, 330–335 (2010).

15A. H. Reis, A. F. Miguel, and M. Aydin, “Constructal theory of flow archi-
tecture of the lungs,” Med. Phys. 31, 1135–1140 (2004).

16A. Bejan, S. Ziaei, and S. Lorente, “Evolution: Why all plumes and jets
evolve to round cross sections,” Sci. Rep. 4, 4730 (2014).

17A. Bejan, “Why the bigger live longer and travel farther: Animals,
vehicles, rivers and the winds,” Sci. Rep. 2, 594 (2012).

18A. Bejan and J. H. Marden, “Unifying constructal theory for scale effects
in running, swimming and flying,” J. Exp. Biol. 209, 238–248 (2006).

19M. Hoffmann, R. Anderssohn, H.-A. Bahr, H.-J. Weib, and J. Nellesen,
“Why hexagonal basalt columns?,” Phys. Rev. Lett. 115, 154301
(2015).

20V. K. Kinra and K. B. Milligan, “A second-law analysis of thermoelastic
damping,” J. Appl. Mech. 61, 71–76 (1994).

21L. Levrino and A. Tartaglia, “From elasticity theory to cosmology and
vice versa,” Sci. China: Phys., Mech. Astron. 57, 597–603 (2014).

22S. S. Al-Ismaily, A. K. Al-Maktoumi, A. R. Kacimov, S. M. Al-Saqri, H.
A. Al-Busaidi, and M. H. Al-Haddabi, “Morphed block-cracked preferen-
tial sedimentation in a reservoir bed: A smart design and evolution in
nature,” Hydrol. Sci. J. 58, 1779–1788 (2013).

23A. Bejan, Y. Ikegami, and G. A. Ledezma, “Constructal theory of natural
crack pattern formation for fastest cooling,” Int. J. Heat Mass Transfer 41,
1945–1954 (1998).

24A. H. Reis, A. F. Miguel, and A. Bejan, “Constructal theory of particle
agglomeration and design of air-cleaning devices,” J. Phys. D: Appl. Phys.
39, 2311–2318 (2006).

25H. Alfv!en and F. Arrhenius, “Origin and evolution of the solar system, II,”
Astrophys. Space Sci. 9, 3–33 (1970).

26H. Tanaka, S. Inaba, and K. Nakazawa, “Steady-state size distribution for
the self-similar collision cascade,” Icarus 123, 450–455 (1996).

27W. F. Bottke, Jr., D. D. Durda, D. Nesvorn!y, R. Jedicke, A. Morbidelli, D.
Vokrouhlick!y, and H. Levinson, “The fossilized size distribution of the
main asteroid belt,” Icarus 175, 111–140 (2005).

28D. Krioukov, M. Kitsak, R. S. Sinovits, D. Rideout, D. Meyer, and M.
Bogu~na, “Network cosmology,” Sci. Rep. 2, 793 (2012).

29A. S. Burrows and J. P. Ostriker, “Astronomical reach of fundamental
physics,” Proc. Natl. Acad. Sci. U. S. A. 111, 2409 (2014).

30N. Soker, “Astrophysical naturalness,” e-print arXiv:1511.00536v1 [physis.
gen-ph].

31S. Scaringi, T. J. Maccarone, E. K€ording, C. Knigge, S. Vaughan, T. R.
Marsh, E. Aranzana, V. S. Dhillon, and S. C. C. Barros, “Accretion-
induced variability links young stellar objects, white dwarfs, and black
holes,” Sci. Adv. 1, e1500686 (2015).

32A. Bejan, Advanced Engineering Thermodynamics, 3rd ed. (Wiley,
Hoboken, 2006).

33I. Newton, The Principia: Mathematical Principles of Natural Philosophy:
A New Translation by I. Bernard Cohen and Anne Whitman (University of
California Press, Berkeley, 1999).

34G. Ellis and J. Silk, “Defend the integrity of physics,” Nature 516,
321–323 (2014).

35A. Bejan, J. D. Charles, and S. Lorente, “The evolution of airplanes,”
J. Appl. Phys. 116, 044901 (2014).

094901-4 A. Bejan and R. W. Wagstaff J. Appl. Phys. 119, 094901 (2016)

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions.  IP:  152.3.34.5 On: Tue, 01 Mar 2016 16:46:32

http://dx.doi.org/10.1016/j.plrev.2011.05.010
http://dx.doi.org/10.1016/j.plrev.2011.07.003
http://dx.doi.org/10.1115/1.2204075
http://dx.doi.org/10.1007/s11431-011-4701-9
http://dx.doi.org/10.1016/j.jtbi.2006.05.010
http://dx.doi.org/10.1016/j.jtbi.2006.05.010
http://dx.doi.org/10.1016/j.plrev.2013.03.007
http://dx.doi.org/10.1016/j.plrev.2013.03.007
http://dx.doi.org/10.1016/j.physa.2014.05.031
http://dx.doi.org/10.1016/j.physa.2014.12.025
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2012.07.009
http://dx.doi.org/10.1115/1.4027195
http://dx.doi.org/10.1016/j.jtbi.2015.10.027
http://dx.doi.org/10.1016/j.geomorph.2009.07.008
http://dx.doi.org/10.1016/j.jfluidstructs.2009.11.004
http://dx.doi.org/10.1118/1.1705443
http://dx.doi.org/10.1038/srep04730
http://dx.doi.org/10.1038/srep00594
http://dx.doi.org/10.1242/jeb.01974
http://dx.doi.org/10.1103/PhysRevLett.115.154301
http://dx.doi.org/10.1115/1.2901424
http://dx.doi.org/10.1007/s11433-013-5169-3
http://dx.doi.org/10.1080/02626667.2013.838002
http://dx.doi.org/10.1016/S0017-9310(97)00301-3
http://dx.doi.org/10.1088/0022-3727/39/10/046
http://dx.doi.org/10.1007/BF00649952
http://dx.doi.org/10.1006/icar.1996.0170
http://dx.doi.org/10.1016/j.icarus.2004.10.026
http://dx.doi.org/10.1038/srep00793
http://dx.doi.org/10.1073/pnas.1318003111
http://arxiv.org/abs/1511.00536v1
http://dx.doi.org/10.1126/sciadv.1500686
http://dx.doi.org/10.1038/516321a
http://dx.doi.org/10.1063/1.4886855

