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Abstract—Single-cell screening is used to sort a stream of cells
into clusters (or types) based on pre-specified biomarkers, thus
supporting type-driven biochemical analysis. Reconfigurable flow-
based microfluidic biochips (RFBs) can be utilized to screen
hundreds of heterogeneous cells within a few minutes, but they
are overburdened with the control of a large number of valves.
To address this problem, we present a pin-constrained RFB
design methodology for single-cell screening. The proposed design
is analyzed using computational fluid dynamics simulations,
mapped to an RC-lumped model, and combined with inter-
valve connectivity information to construct a high-level synthesis
framework, referred to as Sortex. Simulation results show that
Sortex significantly reduces the number of control pins and fulfills
the timing requirements of single-cell screening.

Keywords—Biochips, depth-first search, design automation, flow-
based microfluidics, RC model, timing-aware synthesis.

I. INTRODUCTION

Reconfigurable flow-based microfluidic biochips (RFBs) en-
able single-cell analysis by providing unprecedented fluid-
handling capabilities for nanoliter droplets transported in a
flow medium [1]. This technology allows analytical operations
to be reduced to length scales on the order of single cells
and be reconfigured during run-time [2]. Using a microfluidic
system, a stream of heterogeneous cells can be screened in a
high-throughput manner, whereby every cell can be individ-
ually encapsulated into an aqueous droplet, incubated with a
secreted enzyme-reporter molecule, sorted using a fluorescence
sensing [3], and barcoded for single-cell analysis [4].

Flow-based microfluidics is today a commonly used technol-
ogy for microbiology-on-chip; thousands of integrated valves
can be used to manipulate droplets in a complex network of
channels [5]. Advances in fabrication techniques have moti-
vated design automation (“synthesis”) research [6]. Objectives
of synthesis methods thus far have included: physical design
of biochips [7]–[10], bioassay mapping and scheduling [11],
efficient control mechanisms for on-chip valves [12]–[15], and
reduction of the number of interfacing pins [16], [17]. How-
ever, these methods cannot tackle the complexities of RFBs
designed for high-throughput single-cell screening because of
the following challenges:
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(1) Scalable valve control: A large number of valves are
needed to sort and barcode several cell types. These valves
also need to be controlled in real-time in response to identified
cell types; the control actions for these valves are not known
a priori. In [18], an RFB solution was introduced for scalable
barcoding using a fully reconfigurable valve-based crossbar,
where an n-to-m crossbar can route a barcoding droplet from
any of the n inputs to any of the limited m outputs. However, it
can be shown that a simple 40-to-4 crossbar requires at least
1344 valves, thus direct-addressing of valves using pressure
ports is prohibitively expensive.
(2) Impact of chip parameters on performance: Parameters
such as channel diameter and elasticity of the deformable
membranes significantly influence the performance of the
microfluidic application [19]–[21]. For example, consider a
microfluidic channel as depicted in Fig. 1(a). We carried
out computational fluid dynamics (CFD) simulations using
COMSOL [22] to characterize laminar flow at the channel
output when a pressure step function is applied to the input.
As shown in Fig. 1(b), the steady-state pressure at the output
decreases as the input pressure and the channel diameter D
decrease. Next, we assume that this channel is connected to
a 90-kPa pressure source and it is used to actuate a valve
that requires at least a 2-kPa pulse to deform the membrane
(highlighted using a red line in Fig. 1(b)). We find that reliable
valve actuation can be achieved only if D is larger than 2
mm; see Fig. 1(b). Similarly, by analyzing the flow rate of
this pressure-driven mechanism (Fig. 1(c)), we find that the
flow rate decreases as D decreases (Fig. 1(d)).

Therefore, neglecting the correlation between chip parame-
ters and single-cell screening efficiency will invariably lead to
unacceptable screening rates or even unexpected behaviour. It
is important to investigate the delay associated with pressure-
driven fluid transport to precisely predict the timing character-
istics of a screening biochip. The result of this analysis can be
utilized as a latency constraint to synthesize a biochip that is
free of timing violations.

In this paper, we address the above challenges by investi-
gating the design of a pin-constrained RFB for scalable single-
cell screening. We utilize the delay model of pressure-driven
transport to design a cost-effective RFB with high throughput.
The contributions of this paper are as follows:

• We present a formal definition for the architecture of
an RFB that is used for high-throughput single-cell
screening.

• We describe a graph-theoretic algorithm that generates
all possible screening paths within an RFB. This al-
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Fig. 1: The correlation between the parameters of a microfluidic
channel and system performance: (a) geometric specifications, (b)
evaluation of output pressure, (c) velocity profile of pressure-driven
mechanisms, (d) dependence of flow rate on D.

gorithm is used as a pre-processing step, and it is a
key component in streamlining the use of our synthesis
methodology.

• We describe a pin-sharing scheme that offers real-time
multiplexed control of valves. An RC model is derived
to describe the delay of the multiplexed control path
and used to characterize chip performance. This model
is validated using CFD simulations.

• We describe and evaluate a timing-driven synthesis so-
lution for the control of RFBs. The solution (referred to
as Sortex: cell sorter using multiplexed control) reduces
the number of pins subject to performance constraints
associated with single-cell screening.

The rest of the paper is organized as follows. Section II
describes prior work and an RFB architecture for single-cell
screening. In Section III, we introduce multiplexed control and
the RC model. Next, Section IV presents the timing-driven
synthesis technique. Experimental evaluation is presented in
Section V and conclusions are drawn in Section VI.

II. PRELIMINARIES

In this section, we review synthesis techniques for flow-
based biochips and describe an RFB for single-cell screening.

A. Synthesis of Flow-Based Biochips
A typical flow-based microfluidic device is composed of two

elastomer layers, as shown in Fig. 2(a). The layers are bonded
using a sandwiched polydimethylsiloxane (PDMS) membrane,

Top layer channel 

(flow channel)

Bottom layer channel 

(control channel)
Applying vacuum

PDMS 

membrane

Valve seat

Displacement chamber

(a)

Elastomer layers

Closed Open
Flow 

blocked

Atmospheric 

pressure
Vacuum 

applied

(b)

Flow 

allowed

Fig. 2: (a) The components, and (b) the operation of a normally closed
valve (2-D cross-sectional view) [23].

which forms a valve that controls fluid flow through the
channels of the top layer [23]. Biochemical fluids are carried
at the top layer (flow layer) and the other layer (control layer)
provides the vacuum to deflect the PDMS membrane “outside”
the flow channel to permit fluid flow–this valve is characterized
as “normally closed” (Fig. 2(b)). Synthesis techniques have
been developed for channel placement and routing in each
layer separately [9], [10], [16], [24], [25]. These methods,
however, overlooked the interaction between the control and
flow layers, thus they may lead to infeasible solutions. The
interaction between the control and flow layers was highlighted
in [7], [8], [26], and solutions for pin-count reduction were
presented in [13], [16], [17]. These methods, however, are
inadequate for high-throughput screening due to the following
reasons:

(i) For control-pin minimization, [16] relies on activation-
based compatibility; valve-actuation patterns of a protocol are
mapped to a pin-count minimization strategy. A more flexible
approach in [13] explores compatibility among basic control
actions of individual fluidic operations. However, both tech-
niques assume that “compatible” valves can be simultaneously
addressed using the same pressure source—this assumption
is valid only with a small number of compatible valves due
to fan-out limits. Moreover, these approaches do not enable
independent actuation of valves, thereby preventing the recon-
figurability that is necessary for single-cell screening.
(ii) The work in [13] considered pressure-propagation delay
within fluidic-channel routing using a path-length model.
However, this model does not capture the correlation between
fluid dynamics and biochip parameters (e.g., channel width and
elasticity). Furthermore, [13] uses only the longest pressure-
propagation delay of a pin-sharing valve group to assess
performance. This approach cannot be used with multiplexed
control of independently addressable valves.
(iii) A control-layer multiplexer structure was adopted in [17]
to minimize the number of control pins. Unlike the above-
mentioned methods, this mechanism allows biochip valves
to be flexibly addressed, and it is similar to our proposed
pin-constrained method. However, [17] considers only relia-
bility issues, e.g., pressure degradation, associated with pin-
switching activities, and it does not take into consideration
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Fig. 3: An RFB for single-cell screening: (a) platform modules, (b) a
4-to-2 barcoding module [18], [27], (c) a 2-by-2 sorting network [1].

fluid dynamics and its impact on the application throughput.

B. An RFB for Single-Cell Screening
Fig. 3(a) shows an RFB architecture that screens N streams

of cells, classifies cells into K types, and barcodes the cells via
W ports (W << K). This platform consists of three modules:
valve-less fluorescence detection [3], barcoding crossbar [27],
and sorting network [1]. Adaptation is achieved via the detec-
tion of samples in the fluorescence-detection module, whereas
reconfiguration is carried out in response at both the barcoding
crossbar and the sorting network.

A valve-based crossbar is employed to barcode droplets and
route them towards the sorting network. A barcoding droplet
is routed from an input port Ik ∈ {I1, I2, ..., IK} to an
output port Bw ∈ {B1, B2, ..., BW } through channels, and
the routing path is configured online using a set of valves
Vp = {V1, V2, ..., VP }; P is the number of crossbar valves.
Fig. 3(b) shows a 4-to-2 crossbar that routes two different
barcoding droplets concurrently.

Connected to the crossbar is a sorting module that mixes a
sample droplet from a stream Sn ∈ {S1, S2, ..., SN} with a
barcoding droplet generated from Bw. This function needs to
be implemented by a programmable microfluidic platform that
performs biochemical operations on-the-fly. For this purpose,
we exploit the programmable microfluidic network proposed
in [1], where an N -by-W network can dynamically process
any pair of N × W input droplets. A set of valves Vq =
{V1, V2, ..., VQ}, where Q is the number of sorting-network
flow valves, are used to mix barcodes with cells and route
mixed droplets to output ports in the set {O1, O2, ..., OW }.
Fig 3(c) illustrates a 2-by-2 network.

While this RFB design offers reconfigurability, the efficiency
of single-cell screening depends on the topology of the flow
channels and how fast the flow valves in the set V = Vp ∪Vq
can be actuated. Since we consider a fixed topology for
the flow channels, we focus on delays associated with valve
actuation (pressurization or de-pressurization). We demonstrate
in the next section that an effective pin-constrained control
methodology for an RFB must consider the timing overhead of
valve actuation. Therefore, we consider valve-based modules
(the barcoding crossbar and the sorting network) to investigate
the action and delay of valve controls required to route a
barcode from Ik : {k ∈ N, k ≤ K} to Ow : {w ∈ N, w ≤W}
and to route the barcoded cell from Sn : {n ∈ N, n ≤ N} to
Ow : {w ∈ N, w ≤W}. This action is referred to as a control
vector and is denoted by Ht : {Ht ∈ {0, 1}X , t ∈ N, t ≤ T},
where X is the number of chip valves (X = P +Q) and T is
the total number of possible control vectors. The parameter T
can also be interpreted as the number of possible flow paths
that can be utilized by a single-cell sample of any type. In
addition, we use θ(X,Y ) to denote a screening biochip that
contains X valves and is actuated using Y control pins.

Our goal in this paper is to provide an architectural-level
synthesis scheme that allows the control of X valves using Y
pins (Y << X), while the latency of every control vector Ht

is less than a threshold. A solution to this problem leads to a
biochip that provides a desired screening throughput.

III. MULTIPLEXED CONTROL AND DELAY

In this section, we explain the pin-constrained design
methodology and the associated delay model.

A. Multiplexed Control
To reduce the number of control pins, we allow several

valves in a screening biochip to share a few pins using time-
division multiplexing (TDM) [23]. Fig. 4(b) shows an example
of multiplexed control for an 8-valve flow channel (shown in
Fig. 4(a)); i.e., T = 1. As shown in Fig. 4(b), the circles in blue
and orange represent the control pins of the biochip whereas
the circles in white represent the valves.

To implement TDM, two types of control pins are needed:
(1) A set of primary pins Ca (blue circles), used to provide
the pressure (or vacuum) through primary control channels to
actuate valves in the flow channel; (2) a set of demultiplexing
pins Cg (orange circles), used to direct the pressure-driven flow
from a primary pin to a particular valve in the flow channel
through demultiplexing control channels, thereby allowing
flow valves to be independently addressable. Each pin in Cg
is connected to an off-chip two-position solenoid valve, which
can pressurize and de-pressurize a set of valves, referred to as
control valves L (Fig. 4(b)) to avoid confusion with the flow
valves in Fig. 4(a).

For example, to actuate flow valve V2 in Fig. 4(a), de-
multiplexing pins Cg1 , Cg2 , and Cg3 (shown in Fig. 4(b)) are
first activated to switch the control valves l13, l9, and l2,
respectively1. By switching these control valves, a control path

1Recall that Cg
2 is a two-position selonoid valve. Therefore, when Cg

2 is
activated to open control valve l9, control valve l11 is also opened, whereas
both l10 and l12 are closed automatically.
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Fig. 4: (a) An 8-valve channel; (b) Multiplexed control of the channel
using 4 control pins.

is now opened between the primary pin Ca1 and the desired
flow valve V2. Next, Ca1 is actuated to open or close V2, which
in turn is a latching valve that can maintain its open or closed
state while disconnected from the controller [23].

Note that we can route a fluid through the flow channel in
Fig. 4(a) from A to B or vice versa only after all the 8 valves
are actuated. In addition, the flow circuitry in Fig. 4(a) and
the multiplexed control circuitry in Fig. 4(b) are located on
different layers.

By using multiplexed control and by considering the valve-
control signal as a binary signal, X flow valves can be
independently actuated using only a single primary pin and
dlog2Xe demultiplexing pins; i.e., Y = dlog2Xe+1 provides
a lower bound on the number of control pins needed to actuate
X valves. For example, the 8 valves in Fig. 4(a) can be
addressed using only 4 control pins. Similarly, the valves of
an 1024-valve biochip can be addressed using only 11 pins.

Note however that the addressing of a single flow valve
requires a sequence of pin actuations, which imposes timing
overhead. For the 8-valve channel in Fig. 4(a), Fig. 5(a-b)
illustrates multiplexed control for actuating all the channel
valves using 4 pins and 6 pins, respectively. Although Fig. 5
does not show the delays of control pulses through the control
circuitry (the delays are expected to be larger for the 4-pin
design), it is evident that the multiplexed control procedure is
less complicated with 6 control pins. Hence, there is a tradeoff
between pin-count reduction and the complexity of multiplexed
control, and therefore the performance of single-cell screening.

Consider a screening biochip θ(X,Y ) with multiplexed
control. Also, consider a variable dixy that specifies the delay
contributed by a pin Ciy of type i to actuate a valve Vx. Let λaxy
be a connectivity function such that λaxy = daxy if a primary pin
Cay ∈ Ca is used to actuate a flow valve Vx ∈ V with actuation
delay daxy , and λaxy = 0 otherwise. Likewise, λgxy = dgxy
indicates that a demultiplexing pin Cgy ∈ Cg is used in the
actuation of Vx with delay dgxy .

Definition 1. The connectivity vector φx ∈ RY of a valve
Vx is defined as φx = [λax1 λ

a
x2 ... λ

a
xA|λ

g
x1 λ

g
x2 ... λ

g
xG] =

[φa
x|φg

x], where A and G are the number of primary pins
and demultiplexing pins, respectively (Y = A + G), φa

x is
the connectivity associated with the primary pins, and φg

x is
the connectivity associated with the demultiplexing pins. In
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Fig. 5: Multiplexed control of an 8-valve channel using (a) 4 control
pins and (b) 6 control pins.

addition, the connectivity matrix that describes the connectivity
of all flow valves in θ(X,Y ) is defined as

Φ = [Φa|Φg] =

φ1

φ2

...
φX


where Φa and Φg are the connectivity matrices associated
with the primary pins and demultiplexing pins, respectively. 2

We use the multiplexed control designs in Fig. 5(a-b) for
explanation. In Fig. 5(a), the actuation of any flow valve
Vx ∈ {V1, V2, ..., V8} is accomplished using the same primary
pin Ca1 and the same three demultiplexing pins {Cg1 , C

g
2 , C

g
3}.

As a result, φx = [λax1|λ
g
x1 λgx2 λgx3], 1 ≤ x ≤ 8. Fig. 5(a)

depicts the control path associated with λa21. On the other
hand, in Fig. 5(b), the actuation of valves {V1, V2, V3, V4} is
accomplished using primary pin Ca1 and demultiplexing pins
{Cg1 , C

g
2}, whereas valves {V5, V6, V7, V8} are addressed using

primary pin Ca2 and demultiplexing pins {Cg3 , C
g
4}. Therefore,

φx and Φ are defined in this case as follows:

φx =

{
[λax1 0 |λgx1 λ

g
x2 0 0 ] if 1 ≤ x < 5

[ 0 λax2| 0 0 λgx3 λ
g
x4] if 5 ≤ x ≤ 8

Φ =

φ1

φ2

...
φ8


Fig. 5(b) depicts the control path associated with λg22. Note

that only a single primary pin can be used in the actuation
of a certain flow valve (i.e., Vx cannot be addressed by both
Ca1 and Ca2 ). Hence, flow valves are divided into groups; each
group is associated with a particular primary pin. To prevent
control interference between groups, each demultiplexing pin
can only be used in the actuation of flow valves that belong
to the same group. By this grouping method, different groups
of flow valves can be actuated concurrently.
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While the flow valves {V1, V2, ..., V8} construct only a
single control vector (i.e., T = 1), the following definition
considers the generic case where T > 1.

Definition 2. A control vector Ht : {t ∈ N, t ≤ T} is a
vector of length X such that Ht[x] = 1 indicates that a flow
valve Vx must be actuated as a part of the control vector,
and Ht[x] = 0 otherwise. In addition, the control (screening)
matrix of θ(X,Y ) is defined as

Γ =

H1

H2

...
HT


2

The simplest form of an RFB that contains more than a
single control vector is a 2-by-2 crossbar (also known as a
transposer [18]); see Fig. 6. Such a transposer consists of
six valves {V1, V2, ..., V6} that can be configured to route a
biochemical sample through four different paths (T = 4): I1
to B1, I1 to B2, I2 to B1, and I2 to B2. To activate the
second path (i.e., I1 to B2), valves {V2, V4} must be opened
and valves {V1, V6} must be closed. Hence the control vector
H2 is defined as follows: H2 = [1 1 0 1 0 1]. Note that
a pressure pulse for closing a valve and a vacuum pulse for
opening the same valve are considered to have the same delay
characteristics [23].

Next, we compute the latency associated with a control vec-
tor Ht. Recall that Φ is an augmented matrix; Φ = (Φa|Φg),
where Φa and Φg are the connectivity matrices associated
with the primary pins and demultiplexing pins, respectively
(Definition 1). By examining the multiplexed control procedure
for each flow valve, we observe that the demultiplexing pins
are used first to actuate the control valves, which in turn select
the control path within the multiplexed control circuitry. Next,
the primary pin is activated to actuate the target flow valve.
With this procedure, demultiplexing pins can be activated
concurrently, whereas a primary pin can be activated only after
a control path is available. This observation leads us to the
following lemma—the proof can be found in Appendix A.

Lemma 1. The control delay of a flow valve Vx is a value bx
= max{φa

x} + max{φg
x}, and the control delay vector for

all the valves in θ(X,Y ) is β = [b1 b2 ... bX ]ᵀ.

We use the multiplexed control example in Fig. 5(b) to
illustrate the above lemma. Recall that φ2 = [φa

2 |φ
g
2] =

[λa21 0|λg21 λ
g
22 0 0]. Since the demultiplexing pins {Cg1 , C

g
2}

are actuated concurrently, then the control delay is associated
with the worst-case (i.e., maximum) delay among {λg21, λ

g
22},

which is defined as max{λg21, λ
g
22, 0, 0} = max{φg

2}. Since

the primary pin Ca1 is actuated after the control path is opened,
then its associated delay is defined as λa21 = max{φa

2},
and the effective control delay associated with V2 is b2 =
max{φa

2}+ max{φg
2} = λa21 + max{λg21, λ

g
22}.

Based on this key result, we can compute the latency
of a control vector Ht, while taking into consideration the
grouping of flow valves according to the assigned primary
pins. The control valves that belong to the same group cannot
be actuated concurrently since they share the same primary
pin, but different valve groups can be actuated concurrently.
The concurrent actuation of different valve groups (even those
which belong to the same control vector; see Fig. 5(b)) can be
captured by considering only the worst-case delay among all
the groups. For this purpose, we define the connectivity of a
primary pin Cay as ρy = [λa1y λ

a
2y ... λ

a
Xy]ᵀ ∈ RX , y ∈ [1, A].

We use a binary vector sign(ρy) to specify the set of flow
valves that belong to primary pin group Cay . In other words,
the vector sign(ρy) contains 1’s if certain flow valves are
actuated using Cay , and 0’s otherwise.

Consider the vector operator ◦ that provides the element-
wise product of two vectors, i.e., E ◦ B = [e1 e2 ... en] ◦
[b1 b2 ... bn] = [e1b1 e2b2 ... enbn]. Hence, the vector
sign(ρy) ◦ β specifies the control delays associated with the
flow valves in group Cay . A subset of the flow valves in Cay
belongs to a control vector Ht and therefore they need to be
actuated serially if Ht is selected for single-cell screening. As
a result, the scalar quantity Ht · (sign(ρy) ◦β) computes the
cumulative control delay associated with a set of flow valves
that is characterized as follows: (1) the flow valves belong
to group Cay ; (2) the actuation of these valves is needed for
activating Ht. By computing the cumulative control delays
associated with all groups of flow valves within Ht, we obtain
the worst-case control delay among all groups as follows:
max

1≤y≤A
{Ht · (sign(ρy) ◦ β)}. Based on this observation, we

have derived the following theorem (proven in Appendix B),
which forms the basis for the Sortex synthesis procedure
(Section IV).

Theorem 1. If αt, where αt ∈ R, t ∈ N, t ≤ T , is the cumula-
tive control latency value associated with a control vector Ht

in a chip θ(X,Y ), then αt = max
1≤y≤A

{Ht · (sign(ρy) ◦ β)},
where ◦ is the element-wise product. In addition, the cumula-
tive control latency vector for all control vectors in θ(X,Y )
is Θ = max

1≤y≤A
{Γ · (sign(ρy) ◦ β)}.

Fig. 6 illustrates Theorem 1. Recall that the second control
vector is H2 = [1 1 0 1 0 1]. First, assume that all six valves
belong to the same group, i.e., they are actuated using the
same primary pin Ca1 . In this case, sign(ρ1) = [1 1 ... 1].
To activate H2, V1, V2, V4, V6 need to be actuated serially;
therefore the cumulative control latency is the sum of the
control delays associated with these valves. In other words,
α2 = H2 · (sign(ρ1) ◦ β) = [1 1 0 1 0 1] · [b1 b2 ...]ᵀ =
b1 + b2 + b4 + b6. Second, if two primary pins {Ca1 , Ca2 }
are used, where sign(ρ1) = [1 1 1 0 0 0] and sign(ρ2) =
[0 0 0 1 1 1], the cumulative control latency α2 is computed
as α2 = max

1≤y≤2
{[1 1 0 1 0 1] ·(sign(ρy)◦β)} = max{b1 +b2,
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Fig. 7: (a) A PDMS microfluidic channel expands when pressurized.
(b) Result of transient CFD simulation for an elastic channel under
pressure. (c) Lumped-RC model. (d) Distributed-RC model.

b4 + b6}.
The above discussion is focused on the latency of multi-

plexed control in an RFB. Since the topology of flow channels
in the proposed RFB is fixed, we can easily estimate the flow
latency of samples through these channels and therefore obtain
an accurate estimate of biochip throughput. Note that a sample
can be routed through a flow path only after the associated
control vector is activated. Therefore, if the flow latency
vector associated with the biochip control vectors is defined as
ω ∈ RT , then the effective latency vector of θ(X,Y ) is Θ+ω
and the worst-case latency is τ = max{Θ +ω}. To optimize
the throughput of single-cell screening, our synthesis method
in Section IV optimizes the multiplexed control scheme in
an RFB such that Y is minimized and τ ≤ η, where η is
a predefined value.

B. Delay of Pressure-Driven Fluid Transport

In electrical circuits, the delay of an electrical signal through
a wire can be characterized using a delay model [28]; a widely
used delay model, especially with wires characterized as RC
trees or ladders, is the Elmore delay model [28].

In analogy with electrical circuits, the delay of laminar flow
through a long elastic channel can be approximated using an
equivalent Elmore delay model, which is a practical alternative
to complex CFD simulations. For this purpose, there is a need
to define the model components, i.e., the hydraulic resistance
R and the hydraulic compliance M [29].

A laminar flow of a fluid through a long channel can
be described using the Hagen-Poiseuille equation: QH =
πs4·∆Pr

8µ·b , where QH is the flow rate, s is the channel radius,
∆Pr = Prin−Prout is the pressure drop across the channel,
µ is the dynamic viscosity of the fluid, and b is the length
of the channel. The analog of this law in electrical circuits is
Ohm’s law [30]. We use this analogy to estimate the hydraulic
resistance R, which is defined as R = ∆Pr

QH = 8µ·b
πs4 .

The above model makes the assumption that a microfluidic
channel is rigid. However, RFBs are fabricated using elastic
material (e.g., PDMS) hence pressure can cause the cross-
sectional area of a channel to change [31]; see Fig. 7(a). The
capability of an elastic channel to store fluid when pressurized
is known as hydraulic compliance (similar to capacitance
in electrical circuits). To verify this behavior, we conducted
transient CFD simulation using COMSOL for laminar flow

in a PDMS channel. Fig. 7(b) shows channel deformation
at different time steps when a pressure step Pr1 is applied
to the input. This deformation can be interpreted as the
potential of a channel to store fluid when pressurized; this
is referred to as hydraulic compliance M . We also observe
that the deformation distance and therefore M are correlated
with the material elasticity (i.e., channel dilatability γ). This
observation corroborates an analytic expression that specifies
the hydraulic compliance for an elastic circular channel [32]:
M = γ · πs2 · b, where γ is the channel dilatability, s is the
channel radius, and b is the channel length.

The closed-form equations for R and M can be used to
estimate fluidic delay. Furthermore, since the values of R
and M are specified based on the channel geometry and
material elasticity, the fluidic delay, and therefore the screening
throughput, can be tuned based on these parameters. According
to [33], a straightforward approach for modeling an elastic
channel is by using a lumped-RC model, as shown in Fig. 7(c).
For this model, the fluidic delay of the channel is simply R·M .
However, this lumped model does not take into account the
significant change in pressure across the channel. To capture
the variation in pressure and its impact on fluidic delay, we
use a distributed-RC ladder, as shown in Fig. 7(d). This model
offers three advantages: (1) increasing the number of model
segments n enhances model accuracy since every segment
exhibits an infinitesimal change in pressure; (2) similar to
the models of electrical interconnects [28], modeling various
segments of a channel provides the opportunity to design a
width-varying channel—this design method can be employed
to minimize both the fluidic delay and the channel area; (3)
the delay associated with a distributed-RC ladder (containing
n segments) can be estimated using the Elmore model [28]:
del =

∑n
i=1

(
Mi · (

∑i
j=1Rj)

)
, where del is the Elmore delay,

Rj and Mj are the resistance and compliance of segment
j, respectively. Hence, we adopt this model in our synthesis
framework to estimate the delay associated with flow and
multiplexed-control paths.

C. Advantages of Using the Distributed Model

We demonstrate the advantages of using the distributed
model through the following example. We consider designing
a flow-based channel that has the following specifications: (1)
the input terminal of the channel is connected to a pressure
source through a pin of radius 75 µm, and the pressure source
is configured to pump water at a rate of 33.5 mm3/s with an
input pressure of 700 kPa; (2) the channel length needs to be
2 cm; (3) the output terminal of the channel is used to control
a valve, and the valve membrane can safely be actuated using
a pressure in the range of 50 and 100 kPa; (4) the delay of
fluidic transport across the channel needs to be less than or
equal to 4 seconds.

Based on the above specifications, we provide two designs
of the flow channel. The first design, shown in Fig. 8(a),
is a uniform channel that has a constant radius along its
length, whereas the second design (Fig. 8(b)) is a non-uniform
channel that has a varying radius along it length. We ana-
lyze the fluidic delay associated with both designs using the
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Fig. 8: Comparison in terms of pressure and fluidic delay between the distributed model and the lumped model using (a) a uniform flow
channel, and (b) a non-uniform flow channel.

lumped-RC model, denoted by RClump, and the distributed-
RC model, denoted by RCdist. Moreover, we compute the
pressure levels across the channels in order to ensure that the
given specifications are fulfilled; see Fig. 8. To compute the
pressure when using RCdist for delay estimation, we adopt a
simplified method where we divide the channel into segments
and compute the pressure drop across each segment separately
using Hagen-Poiseuille equation2. We use Pdist to denote this
distributed pressure model and Plump to denote the lumped
model.

Fig. 8(a) shows the pressure and delay associated with the
uniform channel. The computed pressure within the channel is
similar for both Plump and Pdist, and both lead to an output
pressure (652 kPa) that is larger than 100 kPa, i.e., it does
not fulfill the above specifications. However, by using RCdist
(i.e., Elmore model) to estimate the delay, we observe that
this design satisfies the delay constraint (d ≤ 4 seconds); this
is opposite to the result we obtained using RClump. In other
words, the pessimistic nature of the lumped model may lead
to incorrect assumptions about the reliability of the channel
design.

Next, we use a non-uniform channel that has a varying
radius along its length, as shown in Fig. 8(b). In this case,
the model Plump relies on the average radius ( sin+sout

2 ) to
compute the pressure, whereas Pdist uses the average radius
within every segment. We notice that the pressure curve
obtained by Plump is highly inaccurate. Furthermore, unlike
Pdist, the model Plump leads to an incorrect assumption that
the proposed channel design violates the pressure constraint.

2Unlike electrical circuits, modeling fluid flow in a channel relies on the
continuum concept [33], meaning that we cannot compute the pressure drop
across a channel using conventional AC steady-state analysis methodologies
that are used in electrical circuits, or more specifically, RC-ladder circuits.

The above example corroborates the fact that using a
distributed model provides more accurate results compared
to lumped models. In this work, we focus only on delay
analysis using RCdist—pressure-drop analysis is left for future
research.

IV. SORTEX: SYNTHESIS SOLUTION

In this section, we discuss the problem formulation and the
proposed synthesis framework (Sortex).

A. Problem Formulation
We consider the following problem formulation in this work.

Input: (1) The specifications of a screening biochip θ(X,Y ),
which includes: (i) the locations of all the valves V and L; (ii)
the channels connecting the flow valves V using an adjacency
matrix form I; (iii) the maximum number of control pins (Ca
and Cg) and their locations; (iv) possible values of the channel
width D = {D1, D2, ...}.
(2) A fluidic delay model based on a distributed RC ladder.
(3) A threshold η ∈ R that represents the maximum latency.
(4) An upper bound Armax on the channel area.
Output: (1) The screening matrix Γ. (2) The connectivity
matrix Φ. (3) The worst-case latency τ . (4) The dimensions
of the control channels: lengths U = {u1, u2, ...} and widths
F = {f1, f2, ...}.
Constraints: (1) Screening latency constraint (τ ≤ η). (2)
Area constraint (

∑
i(ui × fi) ≤ Armax).

Objective: Minimize the number of control pins Y used for
multiplexed control of biochip valves.
Note that efficient channel routing is beyond the scope of this
paper. Sortex calculates control delays by using Manhattan
distances between different entities. This work can be extended
further by incorporating routing as in [13].



8

B. Computation of the Screening Matrix Γ

By using the sets V and I, we represent the set of flow
valves and their channel connections as a directed acyclic
graph (DAG) G = (S, E), where a vertex si ∈ S models a
flow valve Vi ∈ V , and an edge ei ∈ E represents a flow
channel connecting two valves. The orientation of an edge ei
is specified based on the direction of fluid transport inside
the associated channel. Note that a flow channel is allowed
to transport fluid only in one direction at all times to avoid
collisions. To simplify the computation, we also map the inlets
and outlets of the flow network into virtual vertices, which are
not considered in the final outcome of Γ. Fig. 9 depicts the
graph model of a 60-valve screening biochip.

Our goal is to leverage the graph model G to enumerate
all possible screening paths in the biochip. To achieve this
goal, we adopt depth-first search (DFS) to traverse all possible
paths between the inlet and outlet virtual vertices. Note that
we need to traverse the whole graph only once in order to print
all paths (time complexity O(|S|+ |E|)). However, recall that
a control vector Ht includes all flow valves that need to be
actuated to transport a droplet within the associated screening
path. In other words, we need to consider not only the valves
given by the DFS procedure, but also the neighboring valves
that need to be actuated in order to generate Γ. For this
purpose, after running DFS, we loop over the valves to specify
their neighboring valves (using I) and add those neighbors
to the screening path. As a result, the time complexity of
this algorithm is O(T.X2), where T is the number of control
vectors and X is the number of flow valves.

C. Sortex Algorithm
Recall that flow valves are assigned to groups; each group is

actuated using a dedicated primary pin. To reduce the number
of control pins, synthesis for multiplexed control must increase
the number of flow valves assigned to a group.

We use a heuristic method based on divide-and-conquer
(Algorithm 1). Initially, the proposed method selects a primary
pin (Line 13) and iterates over the flow valves in a pairwise
manner (Line 10) trying to connect every pair to the current
primary pin (Line 16). When the multiplexed-control scheme is
expanded, timing analysis is performed using the Elmore delay
model from Section III-B and the relation from Theorem 1 to
ensure that the latency constraint is not violated (Line 17). If
no constraint violation is detected, the expanded multiplexed
control is accepted and the associated valve/pin variables are
updated (Lines 18-21). However, if a violation is detected, the
proposed connection to the current primary pin is declined and
a new primary pin is selected for connection (Lines 23-24). In
this case, the flow valves are divided into two groups; one
group combines the valves that have already been connected
to the first primary pin and the second group combines the
remaining valves (including the current pair)—we call this
scheme divide-and-conquer. When the remaining flow valves
are connected to a second primary pin, we further divide the set
of valves into two groups according to the latency constraint.
This process continues until all the flow valves are addressed.

The order of selection of the valves impacts computational
performance. Random selection of valves may lead to high
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Fig. 9: The graph model of a 60-valve RFB.

CPU time because distant valves can be combined in a single
group, causing divide-and-conquer to be invoked frequently;
i.e., unnecessarily increasing the number of control pins. To
address this issue, we create a priority queue of the unad-
dressed flow valves (Line 2). The priority of valve selection is
decided according to the following policy: (1) select a valve Vf
randomly and place it at the head of the queue; (2) select a set
of flow valves that does not belong to the same control vectors
as Vf and sort these valves in an increasing order according to
their Manhattan distance from Vf ; (3) sort the remaining valves
according to their Manhattan distance from Vf . This priority
scheme (worst-case time complexity O(T · X + X · logX))
is invoked whenever a divide-and-conquer action takes place
(Line 25).

We next connect a new pair of flow valves to a primary
pin (i.e., TestMC function in Algorithm 1). To expand the
multiplexed control, control paths are designed to manage the
actuation of the new flow valves. The synthesis of a control
path is governed by two aspects: (1) the selection of control
valves L = {l1, l2, ...} through which the control path is
designed; (2) the selection of a new demultiplexing pin (if
needed) in order to actuate the control valve. Consider the
design of the control paths for the RFB in Fig. 10(a). To
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Algorithm 1 Sortex Procedure
1: Γ← ConstructScreeningMatrix(V, I);
2: VQ ← ConstructValvesPriorityQueue(V);
3: AssignControlValvesToLevels(L);
4: SortDecrChannelWidthsRange(D);
5: j ← 0; // Iterator
6: repeat
7: CCa ← ∅; CCg ← ∅; // Connected pins so far
8: U ← ∅; F ← ∅; Φ← [0]; τ ← 0; A← 0;
9: Dj ← ConsiderChannelWidth(D);

10: for (Vi, Vi+1) ∈ VQ do
11: X ← ∅; Y ← ∅; // Connected pins to the pair
12: if CCa = ∅ then
13: X ← selectNearestPrimaryPinLocation();
14: Y ← BuildMC(Vi, Vi+1,X ,“2-Pin”);
15: else
16: {Φ,Conf} ← TestMC(Vi, Vi+1);
17: τ ← CalculateLatencyUsingElmore(Φ, Dj);
18: if τ ≤ η and Conf = “1-Pin” then
19: Y ← BuildMC(Vi, Vi+1, “1-Pin”);
20: else if τ ≤ η and Conf = “0-Pin” then
21: BuildMC(Vi, Vi+1, “0-Pin”);
22: else
23: X ← selectNearestPrimaryPinLocation();
24: {X ,Y} ← BuildMC(Vi, Vi+1,X , “2-Pin”);
25: UpdatePriorityQueue(VQ);
26: UpdateVariables(U ,F ,Φ, τ );
27: CCa ← CCa ∪ X ; CCg ← CCg ∪ Y;
28: Ar ← CalculateChannelsArea(U ,F);
29: if Ar > Armax then break;
30: j ← j + 1;
31: until Ar ≤ Armax

32: return {U ,F , CCa, CCg, τ,Φ};

simplify the selection of control valves at each iteration, we
initially split L into logical levels (Line 3), where the first level
contains control valves that will be directly connected to the
flow valves, e.g., l1 in Fig. 10(b) and {l1, l2} in Fig. 10(c).
Such an organization is performed in advance and it enforces
two conditions: (1) two control valves cannot be connected
using primary control channels if they belong to the same
logical level; (2) a single demultiplexing pin can only be used
to actuate the control valves that belong to the same level and
are used in the actuation of a single group of flow valves. For
example, in Fig. 10(c), {l1, l2} can be actuated using only Cg1 ,
which cannot be used to actuate l3.

Based on the above hierarchy of control valves, the synthesis
of control paths associated with a new pair of flow valves
can be performed based on three different configurations
(associated with the variable Conf in Line 16), as shown in
Fig. 10(b-d). The first (2-Pin) configuration is applied when
a new primary pin is needed. This configuration is adopted
either at the first iteration (Line 12-14) or when there is a
need for a new primary pin in order to prevent violation of the
screening-latency constraint (Lines 23-24). In addition, a new
demultiplexing pin is also needed. For example, in Fig. 10(b),
a new primary pin Ca1 is connected to {V1, V2} using control
valves l1 and l2 that belong to Level 1. Since l1 and l2 are the
first valves to be used in Level 1, a new demultiplexing pin
Cg1 is connected.
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Fig. 10: Multiplexed control configurations used to connect a pair of
flow valves. (a) An 8-valve RFB with two control vectors. (b) 2-Pin
configuration. (c) 1-Pin configuration. (d) 0-Pin configuration.

The second and third configurations address the case where a
new primary pin is not needed. These configurations, however,
differ in how control valves are selected, and therefore, whether
a demultiplexing pin is needed. To demonstrate the difference
between the two configurations, we map the control valves and
their connectivity into a binary tree, referred to as control-
valves (CV) tree. Each node represents a connected control
valve, and the root represents the primary pin that is connected
to these control valves; see Fig. 10(c-d). Each node has two
interfaces (left and right) which are connected to two sub-
trees. Each interface is characterized by the maximum height
of the associated sub-tree. A CV tree is balanced only if the
interfaces of every node in the tree exhibit equal heights.

The CV tree evolves at every iteration whenever a new
pair of flow valves is selected; the tree evolves in a top-
down fashion; new leaves are added when new control valves
are connected. The second (1-Pin) configuration is selected
if the CV tree is currently balanced. Fig. 10(c) shows an
example for 1-Pin. Before the multiplexed-control scheme is
expanded for connecting the pair {V3, V4}, we observe that the
CV tree contains only two nodes {l1, l2} and it is balanced.
For connecting {V3, V4} to the same primary pin Ca1 , four
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new control valves {l3, l4, l5, l6} are connected. Since l3 and
l6 are the first valves to be connected at Level 2, a new
demultiplexing pin Cg2 is selected and the CV tree is expanded.

On the other hand, the third (0-Pin) configuration is applied
if either the CV tree or any sub-tree within the CV tree
is imbalanced. For example, in Fig. 10(d), we investigate
the multiplexed-control paths when a new pair {V7, V8} is
selected. The CV tree is imbalanced, because the difference
between the heights of the root is 1; this difference is called
the imbalance factor. Valve l10 is therefore called the source of
imbalance and its level (Level 2) is called the level of imbal-
ance. To connect {V7, V8} to the primary pin Ca1 , four control
valves {l11, l12, l13, l14} are connected. The valves {l12, l13}
connect the pair {V7, V8} and therefore they are located at
Level 1. The control valve l14 connects both {l11, l12} and it
is located at Level 2. However, l11 is located at Level z which
is determined as follows: z = level of imbalance + 1. The
control valve l11 is used to connect the source of imbalance
l10, the new control valve l14, and the primary pin Ca1 . This
configuration does not allocate new control pins. By using this
balancing scheme, we reduce the height of the tree and hence
decrease the number of demultiplexing pins.

The worst-case time complexity of this algorithm is O(X ·
|L| ·A ·G).

V. EXPERIMENTAL RESULTS

We implemented Sortex in a software simulation environ-
ment. All evaluations were carried out using a 3.4 GHz Intel
i7 CPU with 12 GB RAM. The architecture of single-cell
screening biochip (Section II-B) was used as a benchmark,
and four biochip configurations of different complexity were
adopted; see Table I (# FV: number of flow valves; # CV:
number of control vectors). During simulation, we consider a
single cell stream (N = 1), and we set an upper bound on
the number of control entities (i.e., control pins and valves);
locations of these entities were specified in advance. We opt
to fix the locations of the control entities since considering
these entities as variable would cause the problem complexity
to become untractable. Also, the channel width is always fixed
and it is assumed to be 3 µm, unless stated otherwise.

We evaluate the performance of Sortex using two metrics:
(1) the worst-case screening latency, measured in seconds (s);
(2) the number of used control pins. In all evaluations, we
consider air as a channel medium (µ = 1.983 ∗ 10−5Pa · s),
and the channel dilatability is set to γ = 10−5Pa−1 (PDMS).

While pin-constrained design has been studied earlier [8],
[13], [17], the trade-off analysis presented in this section can-
not be applied to these prior methods; therefore a meaningful
comparison is not applicable in this case.

TABLE I: Biochip configurations used in evaluation
Conf. (K,W ) # FV # CV Chip Complexity
CF1 (6,4) 52 72 Low
CF2 (8,6) 118 456 Low-Medium
CF3 (10,8) 208 2,784 High-Medium
CF4 (12,8) 272 6,132 High

Lower-bound latency Upper-bound latency
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Fig. 11: Comparison between Sortex and DA: (a) screening latency
(τ ) for CF1, (b) τ for CF2, (c) τ for CF3, (d) τ for CF4.

A. Comparison with Direct-Addressing

We compare Sortex with the direct-addressing (DA) method,
in which every valve is addressed by a dedicated control pin.
We evaluate DA and Sortex in terms of the screening latency
and we study the convergence of latency for Sortex by varying
the number of control pins. Fig. 11(a-d) show the screening-
latency results for CF1, CF2, CF3 and CF4, respectively.

Based on Fig. 11, the general trend of the screening latency
is that the latency decreases when the number of control
pins is increased. With more control pins, the complexity of
multiplexed control decreases, therefore the latency decreases.
However, we also observe that there is still a gap between the
latency for Sortex and for DA. Such a gap may still exist if
we increase the number of control pins even further due to the
complex connectivity of the multiplexed control compared to
the DA control.

By examining the latency results in Fig. 11(c-d), we observe
some cases in which using more control pins can lead to higher
latency values. Such counter-intuitive results, highlighted with
dotted red boxes, can be seen, for example, in Fig. 11(c)
when using 23 instead of 22 control pins, and in Fig. 11(d)
when using 25 instead of 24 control pins. We interpret this
outcome as follows. First, by fixing the total number of control
pins, multiplexed control of complex biochip designs can
be developed with different configurations of primary pins,
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Fig. 12: Detailed analysis of the screening latency for CF4.

demultiplexing pins, and control valves, entailing different
performance characteristics. To investigate this finding, we
run Sortex hundreds of times on CF4 while scanning several
values of the latency constraint η; the relationship between the
resulting latency τ and the associated control pins is shown in
Fig. 12. We observe that with a specific pin-count, e.g., 16
control pins, Sortex can provide different latency characteris-
tics, depending on the adopted pin-valve configuration during
simulation.

Second, achieving optimal results not only requires “local”
balancing of CV trees (i.e., for each primary pin indepen-
dently), but it also necessitates global balancing across all
primary and demultiplexing pins—this requirement cannot be
met using our greedy method, which seeks to connect primary
pins and balance their associated CV trees one at a time. As a
result, optimal combinations of control pins and control valves
may not be realized in Sortex.

B. Analysis of the Distributed-RC Model
We investigate the sensitivity of the distributed-RC model

and its impact on the synthesis performance. To perform
this study, we analyze the impact of changing the number
of segments in the channel delay model, denoted by n in
Section III-B, on the worst-case screening latency and the
number of utilized pins. Fig. 13(a-d) shows the screening-
latency results for CF1, CF2, CF3, and CF4, respectively, while
varying the number of segments (n) and the number of pins.

As shown in Fig. 13, it is obvious that reducing n from
80 segments down to only 2 segments triggers significant
degradation in synthesis performance (screening latency) and
the performance gap increases as the number of control
pins decreases. This result corroborates our findings in Sec-
tion III-C. In fact, we can identify cases where adopting fewer
segments can force Sortex to use more control pins to satisfy
the latency constraint. For example, by adopting a 2-segment
delay model in CF4 (Fig. 13(d)), we can satisfy a screening-
latency constraint of 720 seconds (highlighted in a dotted red
line) only using 35 control pins, whereas the same latency
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Fig. 13: Impact of the number of model segments n on performance
using (a) CF1, (b) CF2, (c) CF3, and (d) CF4.

constraint is achievable in a 40-segment or an 80-segment
model using only 24 control pins. Furthermore, it is also
noticeable from Fig. 13(a-d) that insignificant performance
gain is achieved by increasing n beyond 40 segments.

The performance gain we obtain by increasing n may be
impeded by an increasing computational cost. To investigate
this cost, we simulated synthesis for n =1, 2, 5, 10, 20, 40,
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tational cost.

60, 80, 100, 120, 140, 160, 180, and 200 using all the four
biochip configurations. Next, we consider the result for n =1
as a reference and we use it to normalize the results for the rest
of n values. By using the normalized values, we then compute
the average computation time across all the four configurations.
Fig. 14 shows the computation-time results, referred to as
normalized computational cost, based on the above procedure.

As expected, increasing n is accompanied by a significant
increase in the computational cost; this may impact our
method’s capacity to support larger biochip designs. As a
result, when choosing n, it is necessary to carefully weigh
the benefits of getting higher performance (by increasing n)
against the risks of losing support for highly complex designs.

C. Impact of Channel Width and Latency Constraint
We next evaluate the impact of chip parameters and design

constraints on screening performance. We focus here on the
channel-width parameter and the worst-case latency.

For each biochip configuration, we carried out two sets
of synthesis simulations. In each set, we consider a specific
latency constraint and report the number of control pins and
the worst-case screening latency while varying the channel
width. The latency constraints considered for CF1 are 35 s
and 70 s, and their associated results are shown in Fig. 15(a)
and Fig. 15(b), respectively. The latency constraints for CF2

are 170 s and 340 s, and their associated results are depicted
in Fig. 15(c) and Fig. 15(d), respectively. Also, the latency
constraints for CF3 are 294 s and 588 s, and their associated
results are shown in Fig. 15(e) and Fig. 15(f), respectively.
Similarly, for CF4, the latency constraints are 294 s and 588
s, and their associated results are shown in Fig. 15(g) and
Fig. 15(h), respectively.

We first investigate the number of control pins in Fig. 15. In
all eight cases, we observe that fewer control pins are needed
(to satisfy the latency constraint) when the channel width is
increased. This result is intuitive because using a wider channel
causes the Elmore delay for fluid transport to be minimized,
thus reducing the number divide-and-conquer procedures in
Sortex (Section IV-C).

Second, we investigate the screening latency reported in
Fig. 15. We observe that in Fig. 15(f), for example, that
the latency is nearly constant when the channel width is
increased from 2 µm to 4 µm. Since the increase in the channel
width leads to pin-count reduction, the impact of pin-count
reduction on increasing the latency is equivalent to the impact

of increasing the channel width on reducing the latency. We
also observe that the latency is decreased in Fig. 15(f) when
the channel width is larger than 4 µm as no further pin-
count reduction can be achieved, i.e., the minimum number
of control pins is reached (dlog2Xe+ 1). The same argument
also applies to all other cases in Fig. 15. These results show
the impact of the channel width, particularly narrow channels,
on the screening performance.

We finally investigate the impact of changing the latency
constraint on the number of control pins. As expected, by
relaxing the latency constraint (i.e., increasing its value),
the number of pins is reduced. For example, by comparing
Fig. 15(g) with Fig. 15(h), the number of pins is decreased
from 127 to 61 for a design with a 2 µm-channel width.

VI. CONCLUSION

We have introduced a timing-driven design method for a
pin-constrained RFB that performs single-cell screening. The
proposed design synthesizes multiplexed control that actuates
biochip valves independently while using shared control pins;
thus minimizing the number of control pins. We have also
described our methodology for supporting high-throughput
single-cell screening, which is based on satisfying a screening-
latency constraint. According to this methodology, we have
first analyzed parameters of fluid dynamics in biochip micro-
channels using CFD simulation. Next, we have employed these
parameters, namely hydraulic resistance and compliance, to
construct a delay model of pressure-driven transport; such
a model is adopted for targeting high-throughput single-cell
screening. The proposed method has been evaluated based on
the screening delay and the pin count.
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APPENDIX A
PROOF OF LEMMA 1: DERIVATION OF CONTROL DELAY

VECTOR β

Our objective here is to provide a proof by induction for
Lemma 1. We aim to derive the control delay value bx of a
flow valve Vx in a reconfigurable flow-based biochip (RFB)
θ(X,Y ) through investigating all possible configurations of
valve control. By deriving a relation for bx, we simply en-
capsulate all delay values {b1, b2, ..., bX associated with all
biochip valves in a vector β ∈ RX , which is known as the
control delay vector for θ(X,Y ). In other words, the vector β
only lists the delays associated with biochip valves separately
as we do not suggest any control interaction between these
valves at this stage.

Recall that the control of flow valves in an RFB requires
two types of control pins: (1) primary pins {Ca1 , Ca2 , ..., CaA},
where A is the number of primary pins; (2) demultiplexing pins
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Fig. 16: Control configurations for a valve Vx: (a) (1,0) configuration.
(b) (1,1) configuration. (c) (1,2) configuration. (d) (2,1) configuration.
(e) (2,2) configuration. (f) (2,2) configuration.

{Cg1 , C
g
2 , ..., C

g
G}, where G is the number of demultiplexing

pins. Hence, a generic control configuration of a valve Vx
in θ(X,Y ) can be performed using m primary pins and n
demultiplexing pins, where 1 ≤ m ≤ A, 0 ≤ n ≤ G.
This generic configuration is therefore denoted by (m,n). For
example, Fig. 16 shows six possible configurations (m,n),
where 1 ≤ m ≤ 2, 0 ≤ n ≤ 2.

Based on the number of primary pins m used in actuating
Vx, we introduce two types of valve control through the
following definition.

Definition A.1. A valve Vx in an RFB θ(X,Y ) can be actuated
using two different control schemes: (1) Multiplexed-control
(MC) scheme, where the actuation of Vx is performed by using
a single primary pin, i.e., m = 1, and n demultiplexing pins;
n ≥ 0. (2) Networked-control (NC), where the control of Vx is
performed by using an m primary pins and n demultiplexing
pins, where m > 1, n ≥ 1.

For example, the configurations in Fig. 16(a-c) are MC,
whereas the configurations in Fig. 16(d-f) are NC. Since the
paper is focused on MC-driven RFBs, we focus on deriving
bx for a valve Vx that has MC and keep the derivation for the
NC-driven valve for future work.

Note that adopting MC to actuate a valve Vx, i.e., by using
a single primary pin Cay , indicates that there is only a single
control path which connects Cay to Vx; see Fig. 16(b). In other
words, we do not consider the case where duplicate paths are
used for connection. Intuitively, if a primary pin Cay is unable
to actuate a valve Vx, then Cay must be busy actuating another
valve Vz through a different control path, and hence having a
duplicate path between Vx and Cay is meaningless.

Note that prior work in the synthesis of flow-based biochips
considers a single control pin (m = 1) for actuating a valve
Vx, even with employing pin-sharing among multiple valves.
Hence, the control configuration considered in the previous
work is also labeled as MC.

Recall that primary pins are used to provide the pressure
(or vacuum) to actuate the flow valves, whereas demultiplexing
pins are used to direct the pressure-driven flow through control
channels from a primary pin to a particular valve. These two
functions cannot be overlapping in any control configuration
(MC or NC), because the control channels need to be setup first
before a pressure (or vacuum) pulse is provided by a primary
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Fig. 17: Canonical MC configuration for a valve Vx.

pin. Analytically, this non-overlapping condition implies that
the control delay bx of a valve Vx can be interpreted as
bx = bax + bgx, where bax and bgx are the delay associated with
primary pins and demultiplexing pins, respectively. Through-
out the proof, we also refer to bgx as the delay associated with
control-path activation.

To derive the relation for bax and bgx, we first construct a
canonical MC topology for a valve Vx, as shown in Fig. 17.
A set of k demultiplexing pins {Cg0 , C

g
1 , ..., C

g
k−1} are used

to actuate the control path which connects Vx to a primary
pin Ca1 . The control path is activated if all the control valves
{l11, l21, l22, ..., lkk} are opened. An MC topology is canonical if
each demultiplexing pin is connected to a different number of
control valves. For example, the pin Cg0 is not connected to
any valve, the pin Cg1 is connected to a single control valve
l11, Cg2 is connected to two control valves {l21, l22}, and Cgk
is connected to k control valves. This design can capture all
possible control settings within the control path for an MC-
driven valve, and therefore offers a generic MC platform that
can be used to derive the relations for bax and bgx.

Using the canonical MC design in Fig. 17, the control
path, denoted by CP, that connects the primary pin Ca1 with
Vx can be activated only after all the control valves in the
set L = {l11, l21, l22, ..., lkk} are actuated. In other words, if a
demultiplexing pin Cgy is connected to a set of control valves
Ly ⊂ L, then CP cannot be activated before a fluid injected
via Cgy reaches all the valves in the set Ly = {ly1 , l

y
2 , ..., l

y
y}.

Consider a value dvyi that describes the delay of fluidic
transport from Cgy to a control valve lyi ∈ Ly . Based on the
above observation, we compute the actuation delay λgxy for a
demultiplexing pin Cgy as follows.

Definition A.2. Consider a demultiplexing pin Cgy that is
used in canonical MC of a valve Vx. Also, consider a set of
control valves Ly ⊂ L that is connected to Cgy , where Ly =
{ly1 , l

y
2 , ..., l

y
y}, and the fluidic delays associated with these con-

nections are presented in a vector DV y = [dvy1 dv
y
2 ... dv

y
y ]ᵀ.

The actuation delay λgxy of Cgy is defined as the minimum
duration through which a fluid stream injected from Cgy reaches
all control valves in Ly , and therefore the actuation delay λgxy
is estimated using the relation λgxy = max{DV y}.

Fig. 17 demonstrates the actuation delays λgx1, λgx2, and
λgxk associated with demultiplexing pins Cg1 , Cg2 , and Cgk ,
respectively.

Flow valve

Control valve

Primary control channel

Demultiplexing control channel
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𝑧

Control-path delay

Vx Vx Vx
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Fig. 18: The base MC configurations for a valve Vx: (a) No de-
multiplexing pins are connected; (b) A single demultiplexing pin is
connected; (c) Two demultiplexing pins are connected.

Recall from the paper that the connectivity vector of a valve
Vx is φx = [λax1 λax2 ... λaxA|λ

g
x1 λgx2 ... λgxG] = [φa

x|φg
x],

where λaxy > 0 indicates that a primary pin Cay is used
to actuate Vx with actuation delay λaxy , λgxy > 0 indicates
that a demultiplexing pin Cgy is used to actuate Vx with
actuation delay λgxy , A is the number of primary pins, G
is the number of demultiplexing pins, φa

x is the connectivity
associated with the primary pins, and φg

x is the connectivity
associated with the demultiplexing pins. By using the canonical
MC scheme to actuate Vx, the connectivity vector φx becomes
φx = [1|0 1 1 1 ... 1], where φx ∈ Rk+1. In the following
discussion, we redefine φx as φ{x,k} to consider the number
of demultiplexing pins connected to the control path for
Vx. Similarly, bax and bgx are redefined as ba{x,k} and bg{x,k},
respectively.

To derive the relation for ba{x,k} (using proof by induction),
we introduce the base cases for a canonical MC scheme.
Base Case: We investigate the simplest three MC
configurations for a valve Vx; see Fig. 18. The simplest
case (Fig. 18(a)) is where no demultiplexing pin is connected;
k = 0. In this case, the connectivity vector associated with
demultiplexing pins φg

{x,0} is empty, and there is no actuation
delay by any demultiplexing pin. In other words, bg{x,0} = 0
for this base case.

In the second base case, shown in Fig. 18(b), a single
demultiplexing pin Cg1 is connected to the control path, i.e.,
k = 1. Hence, the connectivity vector φg

{x,1} associated
with the demultiplexing pins is simply [λgx1], and therefore
the control delay associated with activating the control path
is bg{x,1} = φg

{x,1} = λgx1. Note that this case also applies
to an MC configuration where a single demultiplexing pin
is used to actuate any number of control valves located on
the control path; the connectivity vector φg

{x,1} does not
include information about the individual control valves, but
λgxy captures the longest fluidic delay among control-valve
connections.

The third base case is shown in Fig. 18(c). Two demulti-
plexing pins {Cg1 , C

g
2} are connected to the control path, i.e.,

k = 2. The connectivity vector associated with this case is
φg

{x,2} = [λgx1 λ
g
x2]. To obtain the value of bg{x,2} by using
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φg
{x,2}, we investigate the scenarios through which the control

path for Vx can be activated. We observe two control scenarios:
(1) Serial actuation of {Cg1 , C

g
2}, in which the biochip con-

troller pressurizes one demultiplexing pin at a time. By using
this control mechanism, bg{x,2} can be computed as follows:
bg{x,2} = λgx1 + λgx2 = sum{φg

{x,2}}. (2) Parallel actuation
of {Cg1 , C

g
2}, in which the controller pressurizes the two pins

concurrently. By using this control mechanism, bg{x,2} is com-
puted as follows: bg{x,2} = max{λgx1, λ

g
x2} = max{φg

{x,2}}.
Since the demultiplexing pins {Cg1 , C

g
2} are used to activate

only the control path for Vx, then parallel control of {Cg1 , C
g
2}

is considered, and therefore bg{x,2} = max{φg
{x,2}}.

Induction Hypothesis: Next, we study a generic MC con-
figuration, where k ≥ 3 demultiplexing pins are connected
to the control path for Vx. By using a biochip controller that
pressurizes all the k demultiplexing pins concurrently, then the
value of bg{x,k} can be computed similar to the base case as
follows:

bg{x,k} = max{λgx1, λ
g
x2, ..., λ

g
xk} = max{φg

{x,k}} (1)

Inductive Step: By expanding the control path to connect an
additional demultiplexing pin Cgk+1, we obtain the following
result.

Lemma A.1. Consider a valve Vx that is actuated using MC,
and k demultiplexing pins are connected to the control path.
If the control delay associated with activating the control path
is bg{x,k}, then the delay of control-path activation when k+ 1

demultiplexing pins are connected is max{bg{x,k}, λ
g
x(k+1)}.

Proof: By expanding the control path, an additional set
of control valves Lk+1 = {lk+1

1 , lk+1
2 , ..., lk+1

k+1} are added,
and these valves can be actuated using a demultiplexing pin
Cgk+1. By using the assumption that a biochip controller can
pressurizes all the k + 1 demultiplexing pins concurrently,
then the activation of the control path is associated with
a delay bg{x,k+1} = max{λgx1, λ

g
x2, ..., λ

g
xk, λ

g
x(k+1)} =

max{max{λgx1, λ
g
x2, ..., λ

g
xk}, λ

g
x(k+1)}. By using

Equation 1, we reach the following result: bg{x,k+1} =

max{bg{x,k}, λ
g
x(k+1)}.

Note that in all cases of MC for a valve Vx, only a single
primary pin Cax is used to actuate Vx after the control path is
activated. As a result, the actuation delay associated with the
primary pin is ba{x,1} = ba{x,2}) = ba{x,k} = λax1. If other m−1
primary pin are used to actuate other valves using MC, then
the connectivity vector φa

{x,k} associated with Vx is defined
as [λax1 0 0 ... 0], where φa

{x,k} ∈ Rm. Hence, the actuation
delay ba{x,k} is estimated using the following relation:

ba{x,k} = λax1 = max{φa
{x,k}} (2)

Using Lemma A.1 and Equation 2, and by induction, we
obtain the required result for b{x,k} (or simply bx) and β.

Lemma A.2. The control delay of a flow valve Vx is a value
bx = bax+bgx = max{φa

x} + max{φg
x}, and the control delay

vector for all the valves in θ(X,Y ) is β = [b1 b2 ... bX ]ᵀ.

S E

Ht

V1 V2

V3 V4

V5 V6

Flow valve Flow channel

Fig. 19: Demonstration of the flow path associated with a control
vector Ht.

APPENDIX B
PROOF OF THEOREM 1: DERIVATION OF CONTROL

LATENCY αt

Our objective here is to provide a proof by induction
for Theorem 1. This theorem extends the result obtained
by Lemma A.2 for a biochip that has a set of X valves
V = {V1, V2, ..., VX}, and a subset of these valves (V̂ ⊂ V)
are connected within a “flow” path3 that can be used to route
a sample droplet. Hence, we aim to derive the control latency
αt, which describes the duration for actuating all the valves
in V̂ and thus activating the flow path. We construct the proof
by considering all possible configurations of control pins.

Recall that a control vector Ht : {t ∈ N, t ≤ T} is a
vector of length X such that Ht[x] = 1 indicates that a flow
valve Vx must be actuated as a part of the control vector,
and Ht[x] = 0 otherwise. For example, Fig. 19 shows an
RFB with 6 flow valves, and the flow path from S to E can
be activated if only the valves {V1, V2, V5, V6} are actuated.
Hence, the control vector Ht associated with this flow path is
defined as Ht = [1 1 0 0 1 1]. We henceforth use the terms
“control vector” and “flow path” interchangeably. Throughout
this proof, we focus on a single control vector, i.e, T = 1 to
derive the relation for αt. Afterwards, we consider a generic
case, where T > 1, to obtain the control latency vector Θ
associated with all control vectors in θ(X,Y ).

Consider a biochip θ(X,Y ) that includes a set of flow
valves V = {V1, V2, ..., VX}. To derive the relation for αt,
we construct a canonical MC scheme for a control vector Ht.
Assume without loss of generality that Ht = [0 1 1 ... 1].
This indicates that only one valve (V1) does not need to be
actuated forHt (flow-path activation). This assumption is used
for illustrative purposes and it does not impact the procedure
of the proof. To avoid confusion, we henceforth refer to V1,
the valve that is not a part of Ht, as V ′.

A simple approach to construct a canonical MC scheme
for Ht is to replicate the canonical scheme from Fig. 17
for every valve Vx. However, recall that our previous analysis
considers that every MC-driven valve Vx is actuated using a
single primary pin and an independent set of demultiplexing
pins. Hence, by replicating the canonical MC for a valve Vx,
we unnecessarily double the number of control pins needed

3Flow path is not to be confused with control path. A flow path is fluidic
path that is used to route a sample through flow channels, whereas a control
path describes the fluidic path for actuating a valve Vx.
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for activating Ht.
To overcome this problem, we need a canonical MC scheme

for Ht that allows multiple valves to share a primary pin.
For this purpose, we construct a canonical MC topology that
connects m primary pins {Ca1 , Ca2 , ..., Cam} to X flow valves
{V ′, V 1

1 , V
2
1 , V

2
2 , ..., V

m
m }; see Fig. 20. Recall that an MC

scheme for an individual valve Vx is subject to the condition
that Vx is actuated using a single primary pin; this condition
must be fulfilled by a canonical MC scheme for Ht as well.
Also, note that the control latency for Ht is not affected by
which primary pin actuates the valve V ′, and therefore it is
left disconnected in Fig. 20.

An MC topology associated with Ht is canonical if each
primary pin is connected to a different number of flow valves
in the set {V 1

1 , V
2
1 , V

2
2 , ..., V

m
m }. For example, as shown in

Fig. 20, the primary pin Ca1 is connected to a single valve V 1
1 ,

Ca2 is connected to two valves {V 2
1 , V

2
2 }, and Cam is connected

to m flow valves {V m1 , V m2 , ..., V mm }. This design captures all
possible control settings needed for the activation of Ht, and
therefore offers a generic MC platform that can be used to
derive the relation for αt.

By using the canonical MC design in Fig. 20, Ht can be
activated only after all the valves in {V 1

1 , V
2
1 , V

2
2 , ..., V

m
m } are

actuated. Since these valves are actuated by different primary
pins, we introduce the connectivity Ωm below. We also present
a constraint on Ωm for an MC-compliant pin-sharing design.

Definition B.1. Consider a biochip θ(X,Y ) that has a set
of flow valves V = {V ′, V 1

1 , V
2
1 , V

2
2 , ..., V

m
m } that is actuated

using MC using m primary pins. We define the connectivity
vector of a primary pin Cay as ρy = [λa1y λ

a
2y ... λ

a
Xy]ᵀ ∈

RX , y ∈ [1, A]. In addition, we define a binary vector Λy =
sign(ρy), where Λy[x] = 1 indicates that a valve Vx ∈ V is
actuated using a primary pin Cay , and Λy[x] = 0 otherwise.
Furthermore, we define the connectivity matrix Ωm as follows:
Ωm = [Λ1 Λ2 ... Λm]ᵀ ∈ Rm,X . To provide an MC scheme
using primary pins, the following condition must be satisfied
for each valve Vx.

m∑
i=1

Ωm[i, x] = 1 (3)

This condition implies that a valve Vx can be actuated only
by a single primary pin. While a primary pin can flexibly be
shared among multiple valves, sharing of a demultiplexing
pin must also be compliant with the MC scheme (see Sec-
tion III-A). The following definition introduces an MC-related
constraint that regulates sharing of demultiplexing pins.

Definition B.2. Let Rkj be a binary variable, where Rkj =
1 if a demultiplexing pin Cgk is used in the activation of a
control path that is pressurized using a primary pin Caj , and
Rkj = 0 otherwise. An MC scheme that constitutes sharing of
demultiplexing pins must satisfy the following condition:

A∑
j=1

Rkj = 1 (4)
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Fig. 20: Canonical MC configuration associated with a control vector
Ht.

By fulfilling the condition in Equation 4, we ensure that
any demultiplexing pin can be used only in the activation
of control paths that are connected to a single primary pin.
For example, in Fig. 20, demultiplexing pins used in DP1 to
actuate V 1

1 cannot be used in DP2 or DPm. This condition
enables us to make the assumption that valves connected to
different primary pins, i.e., valves in different primary-pin
groups, can be actuated concurrently, if the biochip controller
supports parallel actuation. In other words, there are no control
dependencies between valves in different primary-pin groups.

Recall that Ht = [0 1 1 ... 1], Ωm = [Λ1 Λ2 ... Λm]ᵀ, and
β = [b1 b2 ... bX ]ᵀ (Lemma A.2). Also, consider the vector op-
erator ◦ that provides the element-wise product of two vectors,
i.e., E◦B = [e1 e2 ... en]◦[b1 b2 ... bn] = [e1b1 e2b2 ... enbn].
By using the canonical MC scheme (Fig. 20), we derive the
relation for αt (using proof by induction). In the following
discussion, we redefine αt as α{t,m} to consider the number
of primary pins connected to V . Similarly, Ht is redefined as
H{t,m}. We start the proof by introducing two base cases for
a canonical MC scheme.
The Base Case: We investigate the simplest two MC config-
uration associated with a control vector H{t,m}; see Fig. 21.
The simplest configuration (Fig. 21(a)) is where only a single
primary pin is used to actuate the valves in the set V =
{V ′, V 1

1 }, i.e., m = 1. In this case, the connectivity matrix
Ω1 includes only a single row/vector Λ1, which is defined as
Λ1 = [1 1]. Since only V 1

1 is located on the flow path, i.e.,
H{t,1} = [0 1], then activating this control path requires only
activating the valve V 1

1 using the primary pin Ca1 . Hence, the
relation for the control latency α{t,1} associated with H{t,1}
is derived as follows4: α{t,1} = b1 = [0 1] · ([1 1]◦ [b0 b1]ᵀ) =
H{t,1} · (Λ1 ◦ β).

In the second base case, shown in Fig. 21(b), two pri-
mary pins are used to actuate the valves in the set V =
{V ′, V 1

1 , V
2
1 , V

2
2 }, i.e., m = 2. In this case, the connectivity

matrix Ω2 includes two vectors {Λ1,Λ2}, which can be
defined as Λ1 = [1 1 0 0], Λ2 = [0 0 1 1]. Also, H{t,2} =
[0 1 1 1]. By using two primary pins and by considering an
MC-compliant demultiplexing network, a biochip controller

4To avoid confusion, we define the control delay value associated with the
valve V ′ to be b0.
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Fig. 21: The base MC configurations associated with Ht: (a) a single
primary pin is connected to a single valve; (b) a single primary pin
connected to two valves; (c) two primary pins are connected to three
valves.

can actuate two groups of valves {V ′, V 1
1 }, {V 2

1 , V
2
2 } con-

currently. Note however that the valves {V 2
1 , V

2
2 } need to be

actuated serially since they are connected to the same primary
pin. Also, note that V ′ does not have to be actuated to enable
H{t,2}. As a result, the control latency α{t,2} is associated
with the longest control latency among the two primary-
pin groups. In other words, α{t,2} = max{α1

{t,2}, α
2
{t,2}},

where αi{t,m} is the latency associated with the actuation
of a subset of valves {V i1 , V i2 , ..., V ii }, i.e., the valve group
of primary a pin Cai . Both α1

{t,2} and α2
{t,2} can be com-

puted as follows: α1
{t,2} = b1 = H{t,2} · (Λ1 ◦ β) and

α2
{t,2} = b2 + b3 = H{t,2} · (Λ2 ◦ β). Therefore, α{t,2} =

max{H{t,2} · (Λ1 ◦ β),H{t,2} · (Λ2 ◦ β)}.
Induction Hypothesis: Next, we study a generic MC configu-
ration, where m ≥ 3 primary pins are connected to the valves
in the set V . By considering an MC-compliant demultiplexing
network, the value of α{t,m} can be computed similar to the
base case as follows:

α{t,m} = max{α1
{t,m}, α

2
{t,m}, ..., α

m
{t,m}} =

max
1≤y≤m

{H{t,m} · (Λy ◦ β)} (5)

Inductive Step:
By expanding the MC to connect an additional primary pin
Cam+1, we obtain the following result.

Lemma B.1. Consider an MC-driven RFB θ(X,Y ) that has
a set of valves {V ′, V 1

1 , V
2
1 , V

2
2 , ..., V

m
m } and m primary pins.

Also, consider a control vector H{t,m} that is used to route a
sample droplet. If the control latency associated with activating
H{t,m} is α{t,m}, then the latency for a control vector
H{t,m+1} that is activated using m + 1 primary pins is
max{α{t,m},H{t,m+1} · (Λm+1 ◦ β)}.

Proof: By expanding the control vector Ht, the following
changes occur in the MC scheme: (1) an additional set of

flow valves Vm+1 = {V m+1
1 , V m+1

2 , ..., V m+1
m+1 } are added;

(2) a new primary pin Cam+1 is connected to these valves and
used for pressurization; (3) a new set of demultiplexing pins
are connected to the control paths of these valves. Hence, by
using the assumption that a biochip controller can pressurize
all demultiplexing pins concurrently, then the actuation of
flow valves in the set

⋃m+1
i=1 Vi is associated with a latency

α{t,m+1} = max{H{t,m+1} · (Λ1 ◦ β),H{t,m+1} · (Λ2 ◦
β), ...,H{t,m+1} · (Λm ◦ β),H{t,m+1} · (Λm+1 ◦ β)}.
Note that H{t,m} · (Λi ◦ β) = H{t,m+1} · (Λi ◦ β) if
i ≤ m, although the vectors H{t,m} and H{t,m+1} have
different lengths. When i ≤ m, all the additional entries in
H{t,m+1} will be cancelled by the dot product. Therefore,
α{t,m+1} = max{max{H{t,m} · (Λ1 ◦ β),H{t,m} · (Λ2 ◦
β), ...,H{t,m} · (Λm ◦ β)},H{t,m+1} · (Λm+1 ◦ β)}. By
using Equation 5, we obtain the following result: α{t,m+1} =
max{α{t,m},H{t,m+1} · (Λm+1 ◦ β)}.

By Using Lemma B.1 and Equation 5, and by induction, we
obtain the required result for α{t,m} (or simply αt) and Θ.

Theorem B.1. If αt, where αt ∈ R, t ∈ N, t ≤ T , is the
control latency value associated with a control vector Ht in a
chip θ(X,Y ), then αt = max

1≤y≤A
{Ht ·(Λy◦β)} = max

1≤y≤A
{Ht ·

(sign(ρy) ◦ β)}, where ◦ is the element-wise product. In
addition, the cumulative control latency vector for all control
vectors in θ(X,Y ) is Θ = max

1≤y≤A
{Γ · (sign(ρy) ◦ β)}.


