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1. Introduction

Nadarajah and Kotz [1] derived an analytical expression for the statistical distribution of difference
between two independent beta distributions. This result is useful for conducting exact Bayesian inference
for risk difference between two populations. However, when we implemented this method, we found
great discrepancies between the theoretical results based on their formula and simulation. Since the
main contribution of Nadarajah and Kotz [1] is providing the distribution formula, we feel obligated to
point out these mistakes and provide a corrected formula. In this short letter, we provide the corrected
formula and conduct simulation to verify it.

2. Main results

We first restate the main result in Nadarajah and Kotz [1]. Suppose that X1 and X2 are independent
beta random variables with densities defined by,

f1(x1)={B(a1,b1)}−1xa1−1
1 (1−x1)b1−1 and f2(x2)={B(a2,b2)}−1xa2−1

2 (1−x2)b2−1,

where B(a,b) is the beta function defined by:

B(a,b)=
∫ 1

0
wa−1(1−w)b−1 dw.

The probability density function of the difference D = X1 − X2 is expressed as

f NK
D (d)=�(a1 +b1)�(a2 +b2)
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(1)
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where F1 denotes the Appell function of the first kind defined by

F1(a,b,b′,c; x, y)=
∞∑

m=0

∞∑
n=0

(a)m+n(b)m(b′)nxm yn

(c)m+nm!n!
for |x |<1, |y|<1, (2)

and (c)k =c(c+1) . . . (c+k−1) denotes the ascending factorial.
However, carefully following the proof that was stated in Nadarajah and Kotz [1], we obtained a

different formula,

fD(d)=�(a1 +b1)�(a2 +b2)
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(3)

The differences between the density provided by Nadarajah and Kotz [1] f NK
D , i.e. equation (1), and

the density fD , i.e. equation (3), are

(i) the factor �(a1 +b1)�(a2 +b2) has been multiplied twice in f NK
D while once in fD;

(ii) when −1�d�0, the third parameter in the Appell function F1 is 1−a1 in f NK
D and 1−a2 in

fD .

In addition, we want to point out that in the formula f NK
D , the arguments, (1+d)/d for −1�d�0

and (d −1)/d for 0<d�1, of the Appell functions are not in the domain of original definition of the
Appell function (2), i.e. |(1+d)/d|>1 and |(d −1)/d|>1 for some d . This may create unnecessary
computational problem since Appell function may not be a finite number for values outside its domain.
To ease this concern, the transformation (9.183) in Gradshteyn and Ryzhik [2] can be used:

F1(a,b,b′,c; x, y)= (1−x)c−a−b(1− y)−b′
F1

(
c−a,c−b−b′,b′,c; x,

x − y

1− y

)
. (4)

Applying the transformation (4) to Equation (3), we obtained our final probability density function
of D = X1 − X2 as follows:

fD(d)=�(a1 +b1)�(a2 +b2)
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×F(b1,a1 +a2 +b1 +b2 −2,1−a1,a2 +b1;1−d,1−d2)

if 0<d�1.

(5)

3. Simulation

To verify our formula empirically, we conducted simulation studies using Monte Carlo methods. For
concreteness, we assumed that 2 out of 17 unrelated subjects from the first population experienced
some adverse event and 10 out of 13 unrelated subjects from the second population experienced the

1914

Copyright © 2011 John Wiley & Sons, Ltd. Statist. Med. 2011, 30 1913--1915



LETTER TO THE EDITOR

Risk Difference

0

0.5

1

1.5

2

2.5

3

1e+22
1e+23

1e+24

Risk Difference

0

0.5

1

1.5

2

2.5

3

Risk Difference

0

0.5

1

1.5

2

2.5

3

Figure 1. Histograms of 1 000 000 risk difference samples overlaid with density functions calculated by density
formula f NK

D (upper left panel), f NK
D correcting mistake (i) (upper right panel), and fD (lower left panel)

under independent Jeffreys prior.

same adverse event. The objective is to make Bayesian inference on the risk difference (RD), defined
as RD= X1 − X2 (X j is the risk of experiencing the adverse event for a subject from population j ,
j =1,2). We assumed independent Jeffreys prior on the risks X1 and X2 (i.e. �1 =�1 =�2 =�2 =0.5).
We drew one million samples of X1 and X2 independently from beta distributions with parameters
a1 =2.5,b1 =15.5 and a2 =10.5,b2 =3.5, respectively. For each pair of x1 and x2, we calculated the RD
and plotted the histogram. We then calculated the density function using density formulas f NK

D , f NK
D

correcting mistake (i), and fD , respectively. The density curves were overlaid on top of the histograms.
Figure 1 displays the histograms. Note that the density calculated from f NK

D (the dashed line in upper
left panel) is much larger than the histogram, whereas the density calculated from f NK

D after correcting
mistake (i) (upper right panel) is lower than the histogram. In contrast, the density calculated from
fD (lower panel) lines up nicely with the histogram. This empirical result suggests that the density
function formula fD is correct.

4. Conclusions

In this letter, we pointed out two mistakes in the formula given by Nadarajah and Kotz [1], provided
the corrected formula and a transformed formula to ease computational concerns, and verified it by
simulation studies. Both mistakes in Nadarajah and Kotz [1] are likely to be typographical errors. But
it is important to correct them since it may otherwise lead to misleading results in biomedical studies.
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